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SOMMAIRE
Cette thèse porte sur les questions d'évaluation et de ouverture des optionsdans un modèle exponentiel-Lévy ave hangements de régime. Un tel modèle estonstruit sur un proessus additif markovien un peu omme le modèle de Blak-Sholes est basé sur un mouvement Brownien. Du fait de l'existene de plusieurssoures d'aléa, nous sommes en présene d'un marhé inomplet et e fait rendinopérant les développements théoriques initiés par Blak et Sholes et Mertondans le adre d'un marhé omplet.Nous montrons dans ette thèse que l'utilisation de ertains résultats de la théoriedes proessus additifs markoviens permet d'apporter des solutions aux problèmesd'évaluation et de ouverture des options . Notamment, nous arrivons à ara-tériser la mesure martingale qui minimise l'entropie relative à la mesure de pro-babilité historique ; aussi nous dérivons expliitement sous ertaines onditions,le portefeuille optimal qui permet à un agent de minimiser loalement le risquequadratique assoié. Par ailleurs, dans une perspetive plus pratique nous ara-térisons le prix d'une option Européenne omme l'unique solution de visositéd'un système d'équations intégro-di�érentielles non-linéaires. Il s'agit là d'un pre-mier pas pour la onstrution des shémas numériques pour approher ledit prix.Cette thèse est omposée prinipalement de quatre artiles soumis à di�érentesrevues sienti�ques. L'un a été publié et deux autres ont été revisés et resoumis.Plus préisément :(1) On the Prie of Risk of the Underlying Markov Chain in a Regime-SwithingExponential Lévy Model [101℄, revisé et resoumis à la revue Methodologyand Computing in Applied probability ;(2) The Minimal entropy martingale measure for a Markov-modulated expo-nential Lévy model [102℄, aepté dans la revue Asia-Pai� FinanialMarkets et disponible en ligne ;(3) Loal risk-minimization under a partially observed Markov-modulated ex-ponential Lévy model [97℄, révisé et resoumis à la revue Applied Mathe-matial Finane ;(4) Visosity Solutions and the priing of European-style options in a Markov-modulated exponential Lévy model soumis dans la revue Stohasti Analy-sis and Appliations.
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Cette forme de présentation induit inévitablement de nombreuses répétitions no-tamment au niveau de la présentation du modèle, de sa motivation et aussi auniveau des onepts de base. Nous nous en exusons auprès du leteur.Mots-ClésProessus additif markovien, Inomplétude du marhé, minimisation du risqueloal, mesure martingale, solution de visosité, alibration de modèle.
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SUMMARY
This thesis fouses on the priing and hedging problems of �nanial derivatives ina Markov-modulated exponential-Lévy model. Suh model is built on a Markovadditive proess as muh as the Blak-Sholes model is based on Brownian motion.Sine there exist many soures of randomness, we are dealing with an inompletemarket and this makes inoperative tehniques initiated by Blak, Sholes andMerton in the ontext of a omplete market.We show that, by using some results of the theory of Markov additive proesses itis possible to provide solutions to the previous problems. In partiular, we hara-terize the martingale measure whih minimizes the relative entropy with respetto the physial probability measure. Also under some onditions, we derive expli-itly the optimal portfolio whih allows an agent to minimize the loal quadratirisk assoiated. Furthermore, in a more pratial perspetive we haraterize theprie of a European type option as the unique visosity solution of a system ofnonlinear integro-di�erential equations. This is a �rst step towards the onstru-tion of e�etive numerial shemes to approximate options prie.This thesis is mainly omposed of four papers, one aepted and two revised andresubmitted. More spei�ally, we have :(1) On the Prie of Risk of the Underlying Markov Chain in a Regime-SwithingExponential Lévy Model [101℄, revised and resubmitted in the journalMe-thodology and Computing in Applied Probability ;(2) The Minimal entropy martingale measure for a Markov-modulated expo-nential Lévy model [102℄, forthoming in the journal Asia-Pai� Finan-ial Markets and available online ;(3) Loal risk-minimization Partially Observed Under a Markov-modulated ex-ponential Lévy model [97℄, revised and resubmitted in the journal AppliedMathematial Finane ;(4) Visosity Solutions and the priing of European-style options in a Markov-modulated exponential Lévy model submitted in the journal StoahastiAnalysis and Appliations.This form of presentation leads inelutably to many repetitions : in the desrip-tion of the model, motivation and also in the presentation of basi onepts. Weapologize to the reader.
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INTRODUCTION GÉNÉRALE
MotivationLes hangements brusques et imprévisibles de la tendane générale des oursboursiers sont une réalité struturelle des marhés �naniers notamment sur lemoyen et le long terme. Ces hangements font alterner des périodes de roissane(rapide ou lente) et de déroissane omme l'illustre la �gure 0.1 tirée de [120℄et représentant l'évolution historique de l'indie boursier SP500 oté à la Boursede New-York.Fig. 0.1. évolution historique de l'indie boursier SP500.Ces ruptures de tendane trouvent souvent leur origine dans les évènements ex-térieurs au marhé à l'instar des hangements dans la politique éonomique, deshangements dans l'environnement soio-politique ou enore des modi�ations dela struture d'information des agents éonomiques. Hamilton [75℄ en 1989 futl'un des premiers à rendre ompte de la présene d'une telle non-linéarité dansles séries maroéonomiques à travers un modèle dont les paramètres sont desréalisations d'une haîne de Markov à espae d'états disret.De faon générale, la modélisation des systèmes évoluant dans un environne-ment suseptible de onnaître des hangements est ommune à de nombreuxdomaines omme par exemple, les phénomènes de �les d'attente (voir Asmus-sen [7℄) ; les téléommuniations (voir Breuer [21℄ et les référenes inluses) et labio-informatique (voir Hansen [76℄). Elle a par ailleurs onnu au ours des deuxdernières déennies un regain d'intérêt dans le hamp de la �nane mathématique([18, 24, 25, 30, 39, 50, 74, 87, 103℄, et.) omme une alternative à la mo-délisation de Blak-Sholes, apable de générer des modèles qui prennent mieuxen ompte la réalité des données boursières. Car en e�et, de nombreux travauxempiriques à l'instar de Mandelbrot [96℄ et Fama [61℄ parmi les plus aniens,Jorion [84℄ et Eberlein et Keller [47℄ pour les plus réents, ont mis en évidene laprésene des queues épaisses dans la distribution des ours boursiers et un ara-tère totalement disontinu pour la dynamique de es prix. Ces faits disréditentles hypothèses d'une trajetoire ontinue des prix et d'une distribution des rende-ments normale ave une volatilité onstante telles que prévues par le modèle de



2Blak-Sholes. D'autre part, en onfrontant les prix d'une option (d'ahat) Euro-péenne prédits par le modèle de Blak-Sholes à eux réellement observés sur lemarhé, MaBeth et Merville [94℄ ont mis en évidene une di�érene struturelleayant l'allure d'une ourbe en forme de U en fontion du prix d'exerie et de lamaturité au lieu d'être onstante selon Blak et Sholes : e phénomène est onnusous le nom de "smile" de la volatilité (voir [46℄ pour une reension).Le sujet entral de ette thèse est l'étude de la famille des modèles exponentiel-Lévy ave hangements de régime markoviens dans la perspetive de leur utilisa-tion en ingénierie �nanière. Ces modèles supposent une représentation du prix Sd'un atif boursier basée sur un proessus additif markovien (X, Y ), onrètement
St = S0 exp(Y

(X)
t ), t ≥ 0 (0.1)où Y (X) est un proessus onditionnellement additif dont les aratéristiques dé-pendent d'une haîne de Markov X.Ce type de modélisation assoie les avantages des modèles exponentiel-Lévy ba-sés sur les proessus de Lévy à une dépendane stohastique dans le temps. Ellepermet notamment une �exibilité apable de saisir les prinipaux faits observésdans les ours boursiers à l'instar de la variabilité (stohastique) temporelle de lavolatilité et des moments d'ordre supérieur, de la distribution (des rendements)asymétrique ave des queues épaisses, du "volatility lustering", -à-d., les grandesvariations de rendements ont tendane à être suivies par d'autres grandes varia-tions, de signe opposé, et de faon analogue pour les petites variations.Le point de départ de notre reherhe est qu'une meilleure ompréhension dela théorie des proessus additifs markoviens élaborée dans les années 70 par Ez-hov et Skorohod ([59, 60℄), Cinlar ([?, ?℄) et Grigelionis [73℄ permet de donnerdes solutions aux prinipaux problèmes inhérents à l'utilisation de es modèlespour l'évaluation et la ouverture des produits dérivés. A et e�et, deux types deproblèmes nous intéressent. Sur un plan théorique d'abord, il s'agit d'étudier leproblème de l'inomplétude du modèle de marhé basé sur un proessus additifmarkovien, et sur un plan pratique de voir omment les outils de l'ingénierie �-nanière peuvent être adaptés pour la détermination de prix des produits dérivés1et des paramètres du modèle qui soient onformes ave les prix observés sur lemarhé.Le problème de l'inomplétude du (modèle de) marhéL'une des innovations des travaux de Blak et Sholes [15℄ et Merton [98℄ a été demontrer que, sous l'hypothèse d'absene d'opportunités d'arbitrage (-à-d., l'im-possibilité de faire du pro�t sans prendre de risque), en supposant une dynamique1-à-d., des produits dont la valeur dépend de l'évolution des ours du marhé d'un atifappelé sous-jaent.



3de l'atif boursier S dirigée par un mouvement Brownien géométrique et un mar-hé parfait2, la valeur d'une option Européenne ne dépend pas des préférenesde l'agent investisseur et s'obtient omme solution d'une équation aux dérivéespartielles-l'équation de Blak-Sholes. Ces travaux ont posé le premier jalon dela �nane mathématique et leurs reformulations par Harrison et Kreps [78℄ etHarrison et Pliska ([79, 80℄) dans le langage de la théorie des martingales et del'intégration stohastique ont donné lieu à une théorie générale de l'évaluationdes options par arbitrage.Cette théorie stipule notamment que l'hypothèse d'absene d'opportunités d'ar-bitrage équivaut à l'existene d'une mesure de probabilité équivalente à la mesurehistorique sous laquelle tous les (proessus de) prix atualisés d'atifs sont desmartingales (premier théorème fondamental de l'évaluation par arbitrage) et deplus si le marhé est omplet, 'est-à-dire pour tout produit dérivé de payo� Hil est toujours possible de onstruire une stratégie de portefeuille dont la valeurterminale o�	nide ave H , il y a uniité de la mesure de probabilité équivalentepréédente. En partiulier, Harrison et Kreps [78℄ et Harrison et Pliska ([79, 80℄)montrent que le modèle de Blak-Sholes onduit à un marhé omplet et paronséquent, le "juste" prix d'une option Européenne d'ahat de payo� H est leoût initial du portefeuille le répliquant et s'obtient omme l'espérane de H sousl'unique mesure de probabilité martingale équivalente.L'un des traits aratéristiques des modèles qui généralisent le modèle de Blak-Sholes, à l'instar des modèles exponentiel-Lévy ave hangements de régime, estl'inomplétude du marhé à laquelle ils onduisent, -à-d., littéralement, l'impos-sibilité pour un investisseur dans un tel marhé de se ouvrir parfaitement ontrele risque dû aux �utuations des atifs. Dès lors, les problèmatiques de l'évalua-tion et de la ouverture des produits dérivés dans un tel marhé se posent aveune ertaine auité. Notamment, l'on herhe à répondre aux questions suivantes :
• Comment hoisir un opérateur d'évaluation parmi la multitude pour détermi-ner le "juste" prix pour un produit dérivé, dès lors que l'uniité de la mesure deprobabilité martingale équivalente n'est plus garantie malgré l'hypothèse d'ab-sene d'opportunités d'arbitrage ?
• Comment onstruire une stratégie de portefeuille qui assure à l'investisseur leminimum de risque maintenant qu'une ouverture parfaite n'est plus possible ?Ces questions ont donné lieu à une vaste littérature ([63, 64, 67, 100, 109, 115℄)désormais lassique et ontinuent enore aujourd'hui à ouper une plae de hoixen �nane mathématique ave la théorie des mesures de risque developpée parArtzner, et al. [6℄ et Delbaen [40℄ entre autres. Cette thèse explore quelques-unesdes approhes lassiques de solution au problème de ouverture et d'évaluation desoptions dans le adre spéi�que des modèles exponentiel-Lévy ave hangementsde régime.2absene de fritions et de oûts de transation, absene de ontraintes sur les stratégiesd'investissement.



4Les problèmes numériques liés à l'évaluation des optionset la alibration du modèleL'une des prinipales raisons d'être d'un modèle �nanier est de fournir un algo-rithme pour déterminer le "juste" prix d'un produit dérivé. Un tel prix fournit àl'investisseur une base rationnelle pour juger si les prix observés réellement sur lemarhé sont raisonnables et, don de pourvoir déider de l'opportunité d'aheterou pas.Les modèles de marhé basés sur des proessus de Markov ont la partiularitéque les prix des atifs sont solutions d'équations aux dérivées partielles. Ainsi larésolution de elles-i fournit des approximations du prix de es atifs. De faonspéi�que, le modèle exponentiel-Lévy ave hangements de régime est onstruitsur un proessus additif markovien et la détermination du prix d'une option Eu-ropéenne dans un tel modèle donne lieu à la résolution d'un système d'équations-intégro-di�érentielles qui est l'analogue de la élèbre équation de Blak-Sholespour le modèle éponyme. Un tel système n'admet généralement pas de solutionau sens lassique notamment en raison de la possible dégénéresene du oe�ientde di�usion. Cei rend sa résolution omplexe et requiert alors l'utilisation desméthodes numériques. Ainsi don, le dé� onsiste à trouver un adre fontionneladéquat qui assure l'existene et l'uniité de la solution et par suite de fournirdes algorithmes numériques e�aes.Par ailleurs, omme signalé préédemment le modèle de marhé basé sur un pro-essus additif markovien est inomplet e qui implique l'existene d'une multi-pliité de mesures martingales. Dans la pratique de l'ingénierie �nanière, il estourant de prendre omme mesure martingale d'évaluation elle "hoisie" par lemarhé. Conrètement, il s'agit de prendre omme paramètres du modèle euxqui permettent de répliquer ou du moins de se rapproher le plus possible desprix observés sur le marhé pour les produits dérivés liquides : Ce qui est l'objetde la alibration du modèle.Contributions et Struture de la thèseAprès avoir présenté les notions et onepts utiles à la ompréhension de ettethèse dans le hapitre ??, la disussion des deux problèmatiques évoquées plushaut onstitue l'essene des hapitres suivants. De faon spéi�que,
• La question de l'inomplétude du marhé assoié à un modèle exponentiel-Lévy ave hangements de régime est disutée dans les hapitres ??, ?? et 3.Chaun de es hapitres onstitue en soi un artile érit en ollaboration etsoumis pour publiation ;
• Les deux derniers hapitres ?? et ?? élaborent sur les questions relatives àl'utilisation pratique du modèle.Nous présentons dans la suite le résumé de nos ontributions.Le Chapitre ?? est basé sur l'artile Momeya et Morales [101℄ révisé et resoumisà la revue Methodology and Computing in Applied probability.



5Dans e hapitre, nous illustrons le aratère inomplet du modèle de marhéen dérivant deux opérateurs d'évaluation grâe à la transformation d'Essher quidans e adre prend une forme partiulière en raison de la présene de la haînede Markov X. Ce développement théorique s'inspire de Siu et Yang [123℄ et noussert à disuter de l'hypothèse de la non-prise en ompte du risque lié aux han-gements de régime généralement invoquée dans la littérature (voir par exemple[18, 20℄). A l'aide des simulations de Monte Carlo, nous montrons que e risqueest substantiel pour le prix d'une option Européenne. En partiulier, pour le mo-dèle de Blak-Sholes ave hangements de régime nos simulations on�rment aposteriori ertains résultats de la littérature (Naik [103℄ et Boyle et Draviam[20℄). Dans un seond temps, nous étudions l'in�uene des sauts sur e risqueà travers les modèles di�usion-sauts et Variane-Gamma ave hangements derégime. Là aussi, nous notons une in�uene signi�ative du risque de régime surle prix de l'option.Dans le Chapitre ?? basé sur l'artile Momeya et Ben Salah [102℄, publié dansla revue Asia-Pai� Finanial Markets et disponible en ligne, nous abordonsplus diretement le problème de l'inomplétude à travers le hoix d'une me-sure équivalente martingale pour évaluer un produit dérivé. Le ritère (de hoix)retenu du minimum de l'entropie relative est ouramment utilisé dans la litté-rature notamment en raison de sa relation (par dualité) ave le problème deouverture du risque pour un agent ayant une utilité exponentielle. Notre prin-ipale ontribution est la aratèrisation de la mesure équivalente martingalequi minimise l'entropie relative dans le adre d'un modèle exponentiel-Lévy avehangements de régime. Ce résultat est obtenu en travaillant onditionnellementà la trajetoire entière de la haîne, -à-d., en supposant onnue la �ltration
FX
T := σ(Xu : 0 ≤ u ≤ T ). En proédant ainsi, nous ramenons le problème à lasituation d'un modèle exponentiel-additif pour lequel un travail réent de Fuji-wara [70℄ donne une solution. Des exemples de alul sont donnés pour illustrerla méthodologie proposée.Le Chapitre ?? disute omme le préédent des onséquenes de l'inomplétudedu modèle de marhé à la di�érene qu'ii, il est moins question de l'évaluation duprix d'un produit dérivé que de la détermination d'une stratégie de portefeuillequi minimise le risque assoié suivant un ritère quadratique. Il existe dans lalittérature deux approhes pour e problème selon que la ontrainte d'auto�nan-ement ou de reprodutibilité est satisfaite :
• l'approhe mean-variane hedging (voir [19, 45, 117℄) onsistant à minimisersur l'ensemble des portefeuilles auto�nanés le risque quadratique global inter-preté omme la distane L2 entre le gain GT assoié à la gestion du portefeuilleet le payo� H du produit dérivé que l'on herhe à ouvrir ;
• l'approhe (loal) risk-minimization (voir [64, 114, 115℄) qui onsiste à mi-nimiser, sur l'ensemble des portefeuilles répliquant H et non néessairementauto�nanés, le risque quadratique loal dé�ni omme la variane ondition-nelle à l'information disponible à la date t des inréments ∆Ct du oût duportefeuille.



6C'est ette dernière approhe que nous avons suivie. Partant du fait que sousune �ltration élargie qui suppose la onnaissane de la trajetoire entière de X leproessus S est une semimartingale, nous montrons que le problème se ramène àelui de la minimisation du risque loal sous information partielle. La stratégie desolution onsiste alors de résoudre le problème sous information totale en suivantune méthodologie due à Colwell et Elliott [33℄. Pour e faire, nous établissonsun théorème de représentation martingale pour un produit dérivé de type Euro-péen. Ce qui permet d'obtenir sous une forme expliite le portefeuille optimal enas d'information totale. Par la suite, nous obtenons la solution sous la �ltrationdisponible é l'agent par projetion. Ce travail fait l'objet de l'artile [97℄, oéritave Menoukeu-Pamen, révisé et resoumis.Dans le Chapitre ??, nous dérivons formellement le système d'équations intégro-di�erentielles non-linéaires véri�é par le prix d'une option Européenne. Ensuite,nous aratérisons e prix omme étant l'unique solution de visosité d'un telsystème. Le hoix de e adre de solutions dites généralisées est qu'il impose peude ontraintes de régularité, e qui est partiulièrement intéressant ar, lorsque lemodèle fait intervenir des sauts, il est en général di�ile d'assurer la régularité dela solution. Ce travail est l'objet d'un artile soumis à la revue Stohasti Analysisand Appliations.Le Chapitre ?? porte sur des problématiques numériques assoiées à l'ingénieriedes modèles de Lévy ave hangements de régime à travers d'une part l'évalua-tion numérique des options et l'exerie de alibration qui onsiste à ajuster lesparamètres du modèle a�n de retrouver les prix d'options e�etivement obser-vés sur le marhé. Le dé� onsiste à développer des algorithmes de minimisationqui fournissent des résultats stables dans le temps. Notre approhe se veut plusexploratoire, en partiulier nous présentons les méthodes de Fourier d'évaluationqui semblent appropriées dans la perspetive de la alibration.



Chapitre 1
PRELIMINARIES

This hapter summarizes the basi terminology and notions of Stohasti Cal-ulus and the Mathematial Finane. We fous our attention on de�nitions andproperties we will need in the rest of the thesis.1.1. Review of Stohasti CalulusThe main purpose of this setion is to reall the basi onepts of stohasti al-ulus needed in this thesis. These elements are taken from various soures but werefer the interested reader to the monographs of Jaod and Shiryaev [83℄, Protter[111℄ and Sato [113℄ to deepen various aspets disussed here.In partiular, we present the main lasses of stohasti proesses whih are fore-ground objets in the modeling of �nanial markets. In subsetion 1.1.1, we de�nesome onepts and notation used in the sequel. In subsetion 1.1.2 we de�ne theimportant lass of semimartingales proesses whereas subsetion 1.1.3 deals withadditive, lass of proesses whih inlude the Lévy proess. Subsetion 1.1.4 des-ribes and presents some results of the literature on Markov additive proesseswhih are the main building blok fous of our modeling.1.1.1. Stohasti Notation and De�nitionsWe start by �xing
• a set T whih represents the time paramater set. This general set an be
T = {0, 1, 2, ...}, or T = [0,∞) or also T = [0, T ]. In this thesis, we will makelear whih set we are working on when needed ;
• a measurable spae (K,K) ;
• a �ltered probability spae (Ω,F ,F,P) where the �ltration F = (Ft){t∈T} issupposed to be right-ontinuous, i.e., Ft =

⋂
s>tFs.The �ltered probability spae (Ω,F ,F,P) is alled stohasti basis. (Ω,F ,F,P)is said omplete, or equivalently, is said to satisfy the usual onditions if the

σ-algebra F is P-omplete and if eah Ft ontains all P-null sets of F . By onven-tion, we denote F = F∞ =
∨
t≥0 Ft.



8De�nition 1.1. A stohasti proess (or, a K-valued proess) is a family Y =

(Yt){t∈T} of mappings Yt : Ω −→ K. When T = {0, 1, 2, ...}, Y is alled disrete-time proess and when T = [0,∞) or T = [0, T ], Y is alled ontinuous-timeproess. (K,K) is alled the state spae of Y .In this thesis, we onsider unless otherwise stated that K = R and then allproesses used in the sequel will be real-valued.The proess Y may be onsidered as a map from Ω × T into R via
(ω, t) 7→ Y (ω, t) = Yt(ω).In this ase, t 7→ Yt(ω) for ω ∈ Ω �xed is alled sample path or trajetory ofthe proess Y .De�nition 1.2. A proess Y is àdlàg if all of the trajetories are right-ontinuous(in other words, for almost all ω ∈ Ω the mapping t 7→ Yt(ω) is right-ontinuous,i.e., lims→t+ Ys = Yt) and admits left limits (i.e., ∃ lims→t− Ys =: Yt−).Similarly, a proess is àglàd if all his trajetories are left-ontinuous and admitright limits.De�nition 1.3. The jump of a àdlàg proess Y at time t is de�ned as ∆Yt :=

Yt − Yt−.De�nition 1.4. A proess Y is adapted to the �ltration F if Yt is Ft-measurable,for every t ∈ T.De�nition 1.5. A stopping time is a mapping T : Ω → [0,∞] suh that
{T ≤ t} ∈ Ft for all t ∈ T.For a stopping time T , the proess Y T de�ned as Y T

t = YTΛt, is alled proessstopped at time T .De�nition 1.6.1) The σ-algebra on Ω × T generated by all àg adapted proesses, namely
P := σ{Y : Ω × T → R|Y is àg}is alled preditable σ-algebra.2) The σ-algebra on Ω×T generated by all the àdlàg adapted proesses is alledoptional σ-algebra and denoted by O.3) A proess is said to be preditable or optional if it is measurable with respetto P or to O, respetively.



91.1.2. Basis on SemimartingalesThe lass of semimartingales is probably the most important in the theory ofstohasti alulus sine it an provide in all its generality the theory of stohas-ti integral. Also, beause it remains stable with respet to various operationslike, for example, hange of measure, hange of �ltration and stohasti hange oftime. It inludes in partiular the lass of martingales and that of proesses with�nite or bounded variation.Before de�ning the lass of semimartingales we need a few de�nitions.De�nition 1.7. Let p ≥ 1. The family of random variables Y : Ω → [0,∞], suhthat
||Y ||Lp := (EP[|Y |p]) 1

p =
(∫

Ω

|Y |pdP
) 1

p

<∞,is denoted by Lp(Ω,F ,P).A random variable Y is said to be integrable (resp. square-integrable) if Y ∈
L1(Ω,F ,P) (resp. if Y ∈ L2(Ω,F ,P). We de�ne an equivalene relation on
Lp(Ω,F ,P), by setting

X ∼ Y i� X = Y P-a.s.,for all X, Y ∈ Lp(Ω,F ,P). Then Lp(Ω,F ,P) is de�ned as the orrespondingfamily of equivalene lasses.De�nition 1.8. A proess Y is said to be uniformly integrable(UI) if it sa-tis�es the ondition
lim
n→∞

sup
t∈T

∫

{|Yt|≥n}
|Yt|dP = 0.Now, we de�ne the notion of martingale.De�nition 1.9. A proess M is alled a martingale if

• M is adapted with respet to F ;
• Mt is integrable, for all t ∈ T ;
• EP[Mt|Fs] = Ms P-a.s., for all s ≤ t ∈ T (known as Martingale property).We denote by M the family of all uniformly integrable martingales and by H2 thesub-lass of M whose elements are square-integrable martingales (i.e., M ∈ Mand supt∈T E

P[M2
t ] <∞).De�nition 1.10. A proess M is a loal martingale if and only if there existsan inreasing sequene (Tn)n∈N of stopping times (depending on M) suh that

limn→∞ Tn = ∞ a.s.(almost surely) and that eah stopped proess MTn is a mar-tingale. The sequene (Tn)n∈N of stopping times is alled a reduing or loalizingsequene.



10The family of all loal martingales (resp. square-integrable loal martingales) isdenoted by Mloc (resp. H2
loc). The following result gives a neessary ondition fora loal martingale to be a UI martingale.Theorem 1.1. (Protter [111℄, Thm I.51) Let Y be a loal martingale suh that

EP[sup0≤s≤t |Ys|] <∞ for every t ∈ T. Then Y is a martingale.If EP[sups∈T |Ys|] < ∞, then Y is an uniformly integrable martingale.Another important sublass of family of semimartingales is that of proesses with�nite or bounded variation whih we now de�ne .De�nition 1.11. A àdlàg and adapted proess A suh that A0 = 0 is alleda bounded variation proess if almost all of its sample paths t → At(ω) arefuntions with bounded variation over eah ompat interval [0, t]. In other words,for every t ∈ T we require
∫ t

0

|dAs| := lim
n→∞

mn−1∑

i=0

|Atni+1
−Atni | <∞, a.s. (1.1)for all partitions πn = {tn0 , tn1 , ..., tnmn

} of [0, t] suh that limn→∞ ||πn|| = 0 with
||πn|| := sup

0≤i<mn

|tni+1 − tni |,denoting the mesh of the partition.The family of all bounded variation proesses is denoted by V. The sub-lass of Vwhose elements are integrable (resp. loally integrable) (i.e., EP[
∫∞

0
|dAs|] < ∞)is denoted A (resp. Aloc).Now, we an give the de�nition of a semimartingale.De�nition 1.12. A semimartingale is a proess Y of the form

Y = Y0 +M + A (1.2)where Y0 is a �nite-valued random variable F0-measurable, M is a loal martin-gale beginning at 0, and where A a bounded variation proess.A speial semimartingale is a semimartingale Y whih admits a deomposition
Y = Y0 +M + A as above, with a proess A that is preditable.The spae of all semimartingales (resp. speial semimartingales ) is denoted by S(resp.Sp).



11Remark 1.1.1. If Y is a speial semimartingale then its deomposition Y =

Y0 + M + A with A that is preditable, is unique and is alled the anonialdeomposition of Y .In this thesis, we will use the notion of quadrati ovariation of semimartingales.We introdue it in the following.De�nition 1.13.Let Y a semimartingale. The quadrati variation proess of Y , denoted by [Y ],de�ned by setting,
[Y ]t := Y 2

t − Y 2
0 − 2

∫ t

0

Ys−dYs,for all t ∈ T.De�nition 1.14. Let Y, Z ∈ S. By using the polarization identity, we de�ne thequadrati ovariation proess of Y and Y as
[Y, Z] :=

1

2
([Y + Z] − [Y ] − [Z]).Remark 1.1.2. Let Y, Z ∈ S. By It��'s di�erentiation rule, we have that

[Y, Z]t = YtZt − Y0Z0 +

∫ t

0

Zs−dYs +

∫ t

0

Ys−dZs, (1.3)for every t ∈ T.Also, we introdue the notion of ompensator or dual preditable projetion fora �nite variation proess.Proposition 1.1 (Jaod et Shiryaev [83℄, Prop. 3.18).Let A ∈ Aloc. There exists a proess, alled the ompensator ou the dual pre-ditable projetion of A and denoted by Ã, whih is unique up to indistingui-shability, and whih is haraterized by being a preditable proess of Aloc suhthat A− Ã ∈ Mloc.Proposition 1.2 (Jaod et Shiryaev [83℄, Prop. 4.50).Let M,N ∈ M2
loc. Then [M,N ] ∈ Aloc and its ompensator is 〈M,N〉. If M,N ∈

M2 MN − [M,N ] ∈ M.With the above, we generalize the onept of ompensator to the semimartingaleswith loally integrable variation.The notion of orthogonality of two semimartingales is de�ned asDe�nition 1.15. Two P-semimartingales Y and Z are alled orthogonal undera measure P if [Y, Z] is a loal martingale under P.



12In this ase, we have 〈Y, Z〉 = 0 and some authors used this last property as thede�nition of orthogonality.We now introdue the notion of random measures, namely the random measuresassoiated with the jumps of a semimartingale, and their ompensators.De�nition 1.16.1) A random measure on T×R is a family π = {π(ω; dt, dx) : ω ∈ Ω} of non-negative measures on (T×R,B(T)⊗B) satisfying π(ω; {0}, dx) = 0 for all ω ∈ Ω.2) Let π be a random measure and let U be an optional funtion, i.e., O ⊗ B-measurable. The integral proess U ∗ π is de�ned as
U ∗ πt(ω) =

{ ∫
[0,t]×R

U(ω, s, x)π(ω; ds, dx) if the integral onverges
+∞ otherwise. (1.4)3) A random measure is said to be optional (resp. preditable) if the integralproess U ∗ π is optional (resp. preditable) for any optional(resp. preditable)funtion U .De�nition 1.17. Let Y be a semimartingale. The random measure N assoiatedto the jumps or jump measure of Y is de�ned as
N(dt, dx) =

∑

s>0,s∈T

1{∆Ys 6=0}δ{s,∆Ys}(ds, dx), (1.5)where δa denotes the Dira measure at point a.Remark 1.1.3 (Jaod and Shiryaev [83℄, Prop II.1.14, II.1.16).
N(·, ·) is integer-valued and optional. For any nonnegative optional funtion U ,we have

U ∗N(t, ·) =
∑

0<s≤t
U(s,∆Ys)1∆Ys 6=0. (1.6)Theorem 1.2 (Jaod and Shiryaev [83℄, Prop II.1.8).Let N(·, ·) be the jump measure of Y . The dual preditable ompensator under

P of N(·, ·), denoted νP (whih is unique up to a P-null set) is the preditablerandom measure whih satis�es one the following equivalent properties :(i) EP(U ∗ νP
∞) = EP(U ∗N∞) for every nonnegative preditable funtion U ;(ii) For every preditable funtion U suh that |U |∗N is �nite-valued and loally

P-integrable (whih is equivalent to |U | ∗ νP being �nite-valued and loally
P-integrable), U ∗N − U ∗ νP is a loal P-martingale.A key result in the theory of stohasti integration is It��'s lemma. This is a toolthat is often used in appliations in �nane. We give here a general version validfor the semimartingales.



13Theorem 1.3 (Generalized It��'s Formula, see [111℄).Let Y be a semimartingale and let f be a real-valued funtion twie ontinuouslydi�erentiable, i.e.f ∈ C2((R)) . Then f(Y ) is again a semimartingale, and thefollowing formula holds :
f(Yt) − f(Y0) =

∫

(0,t]

f ′(Ys−)dYs +
1

2

∫

(0,t]

f ′′(Ys−)d[Y, Y ]cs

+
∑

0<s≤t
{f(Ys) − f(Ys−) − f ′(Ys−)∆Ys}. (1.7)

1.1.3. Additive Proesses ( Lévy Proesses)The most used semimartingales in mathematial �nane are Lévy proesses ormore generally additive proesses (see Cont and Tankov [34℄). The main reasonof this omes from the property of independene of inrements whih allows nu-merial alulations. The de�nition given below is taken from Sato [113℄.De�nition 1.18.i) A stohasti proess L = {Lt}t≥0 on R is alled a Lévy proess if the followingonditions are satis�ed :(1) it has independent inrements, that is, for any hoie of n ≥ 1 any parti-tion 0 ≤ t0 < t1 < ... < tn, the random variables Lt0 , Lt1 − Lt0 , ..., Ltn −
Ltn−1 are independent ;(2) it starts at the origin, P(L0 = 0) = 1, or L0 = 0 a.s. ;(3) it is time homogeneous or stationary, that is, the distribution of {Lt+s −
Ls : t ≥ ǫ} does not depend on s ;(4) it is stohastially ontinuous, that is, for any ε > 0,

lim
h→0

P(|Lt+h − Lt| ≥ 0) = 0;(5) as a funtion of t, Lt(ω) is àdlàg a.s.ii) A stohasti proess L = {Lt}t≥0 is alled an additive proess if it satis�es(1),(2),(4) et (5).Additive proesses are intimately related to the in�nitely divisible distributionsand therefore an be haraterized by



14Theorem 1.4 ( Lévy-Khinthine representation).Let Y be a real-valued additive proess. Then, there is a unique ontinuous fun-tion ψ : (u, t) 7→ ψt(a) de�ned from R × T to C suh that ψ0(u) = 0 and
EP
[
eiu(Yt−Y0)

]
= eψt(u), (1.8)for all u ∈ R and t ∈ T.Also, ψt(u) an be written as

ψt(u) = iuγt −
1

2
u2Σt +

∫

R×[0,t]

(
eiux − 1 − iu x1|x|<1

)
ν(ds, dx) (1.9)where Σt, γt, and ν are uniquely determined and satisfy the following(1) t 7→ Σt is a ontinuous funtion from T to R+ suh that Σ0 = 0 and

Σt − Σs ≥ 0 for all s ≤ t ∈ T.(2) t 7→ γt is a ontinuous funtion from T to R suh that γ0 = 0.(3) ν is a Borel measure on T × R with ν(T, {0}) = 0, ν({t},R) = 0 for all
t ∈ T and, ∫

R×[0,t]

(|x|2 ∧ 1) ν(ds, dx) <∞. (1.10)Furthermore, {(Σt, γt, ν) : t ∈ T} uniquely determines all �nite distributions ofthe proess Y − Y0.Conversely, if {(Σt, γt, ν) : t ∈ T} is any triplet satisfying the three onditionsabove, then there exists an additive proess satisfying (1.8) and.(1.9).This extension of the lassi Lévy-Khinthine formula to additive proess is takenfrom Lowther [93℄ where the interested readers an �nd the proof.The funtion ψt is alled the harateristi exponent of proess Y . Another im-portant harateristi property of additive proess is obtained by studying itssample paths.Proposition 1.3 ( Lévy-It�� deomposition, Sato [113℄).Let Y = {Yt}t∈T be a real-valued additive proess with the system of triplets
{(Σt, γt, ν(·, t))}.For any G ∈ B(T) × B(R), let N(G) = N(ω;G) be the number of jumps at time
s with height Ys(ω) − Ys−(ω) ∈ G. Then N(G) has a Poisson distribution withmean ν(G).If G1, ..., Gn are disjoint, then N(G1), N(G2), ..., N(Gn) are independent. We ande�ne, for any t ∈ T and P-a.s for every ω
Y 1
t (ω) = lim

ε↓0

∫

ε≤|x|<1,s∈(0,t]

x{N(ω; ds, dx)−ν(ds, dx)}+
∫

|x|≥1,s∈(0,t]

xN(ω; ds, dx),(1.11)where the onvergene in the right-hand is uniform in t for any �nite time intervalof T a.s. The proess {Y 1
t } is a real-valued additive proess with the system of



15triplets {(0, 0, ν(·, t))}.Let Y 2 the proess de�ned as
Y 2
t (ω) := Yt(ω) − Y 1

t (ω). (1.12)Then Y 2 = {Y 2
t }t∈T is a real-valued additive proess ontinuous in t (a.s.) withthe system of triplets {(Σt, γt, 0)}. The two proesses Y 1 and Y 2 are independent.The proof of this an result an be found in Sato[113℄.

1.1.4. Markov Additive ProessesIn this setion, we introdue the notion of Markov additive proess (MAP) asdisussed in the seminal papers of Ezhov and Skorohod ([59℄,[60℄) and Çinlar([?℄),[?℄). For making this presentation learly, we reall the basi onepts fromthe theory of Markov proesses theory as found in Blumenthal and Getoor [17℄.We follow the same notation as in subsetion 1.1.1 and we onsider a measurablespae (E, E) where E is a loally ompat separable metri spae and (F,F) =
(Rm, B(Rm) the Eulidean spae of dimension m ≥ 1 equipped with its Borel
σ-algebra.Basis about Markov ProessesDe�nition 1.19. A funtion Ps,t(x,A) de�ned for s ≤ t ∈ T, x ∈ E, A ∈ E andtaking its values in [0, 1] is a transition probability measure on (E, E) if
• A → Ps,t(x,A) is a probability measure on E , for any (s, t, x) ∈ T × T × E�xed ;
• (t, x) → Ps,t(x,A) is a measurable funtion, for eah A ∈ E and (s, t) ∈ T×T�xed ;
• Ps,s(x,A) = δx(A) for s ∈ T ;
• for s ≤ u ≤ t in T and for x ∈ E, A ∈ E

Ps,t(x,A) =

∫
Ps,u(x, dy)Pu,t(y, A). (1.13)A transition probability measure Ps,t(x,A) on (E, E) is temporally homoge-neous if there exists a measurable funtion Pt(x,A) de�ned for t > 0, x ∈ E,and A ∈ E suh that

Ps,t(x,A) = Pt−s(x,A) for any s, t, x and A. (1.14)



16In this ase Pt(x,A) is alled a temporally homogeneous transition proba-bility measure on (E, E).De�nition 1.20. Let FX
t := σ(Xs : 0 ≤ s ≤ t) be the natural �ltration of Xaugmented with P−null sets of Ω.1) X is a Markov proess if

P
[
Xt ∈ A

∣∣∣FX
s

]
= P

[
Xt ∈ A

∣∣∣σ(Xs)
]
, for all s < t ∈ T and A ∈ E . (1.15)2) If {Gt : t ∈ T} is a �ltration with FX
t ⊂ Gt, ∀t ∈ T, X is a Markov proesswith respet to {Gt : t ∈ T} if (1.15) holds with FX

t replaed by Gt.Remark 1.1.4. The property 1.15 is generally known as the Markov property.De�nition 1.21. X is a Markov proess with transition probability measure
Ps,t(x,A) if

EP
[
f ◦Xt

∣∣∣FX
s

]
=

∫
f(y)Ps,t(Xs, dy) (1.16)for any s < t ∈ T and f a bounded test funtion de�ned on E.De�nition of a Markov additive proess (MAP)Let (X, Y ) = {(Xt, Yt), t ∈ T} be a bivariate Markov proess on (E × F, E ⊗ F)with respet to the �ltration {Ft, t ∈ T} with transition probability measure

Ps,t(x, y;A× B). Let {Qs,t : s < t; s, t ∈ T} be a family of transition probabilitymeasures de�ned from (E, E) into (E × F, E ⊗ F) and satisfying
Qs,t(x,A× B) =

∫

E×F
Qs,u(x, dy × dz)Qu,t(y, A× (B − z)) (1.17)for any s < u < t; s, t, u ∈ T, x ∈ E, A ∈ E , B ∈ F where B+a = {b+a : b ∈ B}for any a ∈ F .De�nition 1.22. (Çinlar [?℄)Let (X, Y ) = {(Xt, Yt), t ∈ T}. (X, Y ) is a Markov additive proess withrespet to the �ltration {Ft, t ∈ T} and with semi-Markov transition funtion Qs,tif

Ps,t(x, y;A× B) = Qs,t(x,A× (B − y)), (1.18)The above ondition means that :
Ps,t(x, y;A× B) = Ps,t(x, 0;A× (B − y)). (1.19)Equation (1.19) justi�es the name Markov proesses with homogeneousseond omponent used by Ezhov et Skorohod [59℄ for (X, Y ).



17De�nition 1.23. (Grigelionis [73℄)Let (X, Y ) = {(Xt, Yt), t ∈ T}. (X, Y ) is a Markov additive proess withrespet to the �ltration {Ft, t ∈ T} if
P
[
Xt ∈ A, Yt − Ys ∈ B

∣∣∣Fs

]
= P

[
Xt ∈ A, Yt − Ys ∈ B

∣∣∣Xs

]
P-a.s. (1.20)for all 0 ≤ s ≤ t ∈ T and A ∈ E , B ∈ F .The �rst result we an dedue from the de�nition above isProposition 1.4. (Ezhov and Skorohod [59℄)Let (X, Y ) = {(Xt, Yt), t ∈ T} be a Markov additive proess with respet to the�ltration {Ft, t ∈ T}. Then X is a Markov proess with respet to {Ft, t ∈ T}.Proof. Indeed, for any s < t ∈ T and A ∈ E

P
[
Xt ∈ A

∣∣∣Fs

]
= P

[
Xt ∈ A, Yt ∈ F

∣∣∣Fs

]

= P
[
Xt ∈ A, Yt ∈ F

∣∣∣(Xs, Ys)
]

= P
[
Xt ∈ A, Yt − Ys ∈ F

∣∣∣Xs

]

= P
[
Xt ∈ A

∣∣∣Xs

]
, (1.21)where we have suessively used the Markov property of (X, Y ), the fat that thetransition probability measure assoiated to (X, Y ) is translation invariant in Yand the de�nition of Markov additive proess.Remarque 1.1.1. From the de�nition 1.22, if {Qs,t : s < t; s, t ∈ T} is thesemi-Markov transition funtion assoiated to (X, Y ) then the omponent X is aMarkov proess with state spae (E, E) and transition probability measure {Ps,t :

s < t; s, t ∈ T} de�ned for all x ∈ E, A ∈ E Ps,t(x,A) := Qs,t(x,A× F ).Now, we introdue the notation FX
s,t := σ(Xu : s ≤ u ≤ t), FX

T := FX
0,T and

αts(z) = EP
[
ei〈z,Yt−Ys〉

∣∣∣FX
s,t

]
, for 0 ≤ s < t and z ∈ Rm,whih represents the onditional harateristi funtion of Yt − Ys given FX

s,t.We give here the harateristi properties of a Markov additive proess (X, Y )without proofs, the interested reader an onsult the referenes [59℄ and [73℄.Proposition 1.5 (Grigelionis [73℄).For all 0 ≤ s < t and z ∈ Rm,
EP
[
ei〈z,Yt−Ys〉

∣∣∣Fs ∨ FX
T

]
= αts(z), P-a.s. (1.22)Proposition 1.6 (Ezhov and Skorohod [59℄, Grigelionis [73℄).The omponent Y is a proess with independent inrement onditional on the
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σ-algebra FX

T generated by all the trajetories of X. In other words, for any
0 ≤ s < t ∈ T and B ∈ F we have

P[Yt − Ys ∈ B|Fs ∨ FX
T ] = P[Yt − Ys ∈ B|FX

T ], P-a.s. (1.23)or equivalently,for any integer n ≥ 1 and subdivision 0 ≤ t1 < t2 < ... < tn of T, if (hi)
n
1 are

F-measurable bounded funtions then
EP
[ n∏

i=1

hi(Yti − Yti−1
)
∣∣∣FX

T

]
=

n∏

i=1

EP
[
hi(Yti − Yti−1

)
∣∣∣FX

T

]
, P-a.s. (1.24)From these de�nitions, we an say that a Markov additive proess is a bivariateMarkov proess (X, Y ) suh that

• X is also a Markov proess ;
• the future of Y or any measurable funtion of Y will be independent from itspast given the present state of X.Therefore, X is alled the Markov omponent and Y is the additive omponentfor the MAP (X, Y ).Examples of Markov Additive ProessesWe give here some examples of Markov additive proesses. These examples arede�ned by speifying some onditions on one or the other omponent of a MAP.Most of the subjet of this setion are based on the book of Paheo et al.[106℄.Example 1 : The state spae E is a singleton {e}For any 0 ≤ s < t ∈ T,

P[Yt ∈ B|Ys = y] = P[Xt = e, Yt ∈ B|Xs = e, Ys = y]

= P[Xt = e, Yt − Ys ∈ B − y|Xs = e]

= P[Yt − Ys ∈ B − y], (1.25)where we have used suessively the fat that (X, Y ) is a MAP and the fat that
Y is onditionally independent. In this ase, Y is a proess with independentinrements or an additive proess. This allows us to see that the family of Markovadditive proesses is an extension of that of additive proesses. However, it mustbe said that in general, the additive omponent Y of a MAP does not haveindependent inrements.Example 2 : T = N and E is disreteIn this ase, the Markov additive proess (X, Y ) is a Markov Random Walk onspae state E×F with transition probability measure satisfying, for any 1 ≤ m <
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n integers, B ∈ F ; j, k ∈ E and y ∈ F

P[Xn = k, Yn ∈ B|Fm] = P[Xn = k, Yn ∈ B|Xm = j, Ym = y]

= P[Xn = k, Yn − Ym ∈ B − y|Xm = j]

= P[Yn − Ym ∈ B − y|Xn = k,Xm = j]

× P[Xn = k|Xm = j], (1.26)where we have used the Markov property and the fat that (X, Y ) is MAP. Notingthat the additive omponent Y an be written as Yn =
∑n

l=1(Yl − Yl−1), whihis like a random walk in the usual sense. When E is �nite, the Markov additiveproess an be haraterized by a matrix of transition probabilities
F (dx) = (Fij(dx))i,j∈E.Indeed, by setting

• Zn = Yn − Yn−1 ;
• Fij(dx) = Pi,0(X1 = j, Z1 ∈ dx) ;
• pij = Fij(F ) the (i, j)−element, i, j ∈ E, of the matrix of transition proba-bilities of X, we have

Fij(dx) = P[Z1 ∈ dx|X0 = i, X1 = j] × pij. (1.27)Therefore, given Hij(dx) := P[Z1 ∈ dx|X0 = i, X1 = j] we an determine entirelythe trajetory of Y one a sample path of X is known. This is how we proeed tosimulate a sample path of (X, Y ) or (X,S) (see Figure 1.1) as we will see laterin hapter 2.It is worth noting that the example of MAP desribed above is used to modellingthe regime swithes in Eonometris (see, e.g., [75℄) and in the swithing ARCH1modelling of volatility in the stok market.Example 3 : T is ontinuous time parameter set and E is �niteHere, the omponent X is spei�ed by an intensity matrix Λ = (λij)i,j∈E, and
• On an interval [s, s + t) where Xs ≡ i, Ys evolves like a Lévy proess withharateristi triplet (σ2

i , γi, νi(dx)) depending on i ;
• A transition of X from i to j, j 6= i has a probability qij of giving rise to ajump of Y at the same time, the distribution of whih has some distribution
Bij .For the last two examples, as the state spae E of the omponent X is �nite, theMarkov additive proess an be ompletely haraterized by its moment genera-ting funtion whih here an be expressed as a matrix. Thus, for a MAP (X, Y )if F̂t[α] is the matrix with (i, j)−element, i, j ∈ E EP[eαYt1{Xt=j}|X0 = i] then1AutoRegressive Conditional Heterosedasity



20Theorem 1.5. (Asmussen [7℄)1) If T is disrete, then F̂n[α] = (F̂ [α])n where
F̂ [α] = F̂1[α]

= (EP[eαY1{X1 = j}|X0 = i])i,j∈E

= (F̂ij [α])i,j∈E

= (pijĤij[α])i,j∈E. (1.28)2) if T is ontinuous, then the matrix F̂t[α] is given by etK[α], where
K[α] = Λ + Diag(κ(i)(α)) + (λijqij(B̂ij[α] − 1)),with κ(i)(α) = αγi + 1

2
α2σ2

i +
∫

R\{0}(e
αx − 1 − αx1|x|≤1)νi(dx) the harateris-ti exponent of Lévy proess Y (i). In this ase, Λ, γi, σ

2
i , νi(dx), qij, Bij are alledparameters of the Markov additive proess (X, Y ).Fig. 1.1. Sample path of a regime swithing VG proess.



211.2. Review of Mathematial FinaneThe literature goes bak to 1990, with Bahelier [8℄ as the �rst attempt to useprobabilisti models to desribe �nanial markets. However, it is the work of Blakand Sholes [15℄ and Merton [98℄ that has paved the way of mathematial �nanewhose main purpose is the priing and hedging of derivatives, i.e., ontrat whihprovides its holder a future payment that depends on the prie of one or severalprimitive seurity(ies). The asset underlying a derivative may be a stok, a stokindex, an interest rate, a foreign urreny, or a ommodity.In this setion, we will review main onepts of mathematial �nane suh asontingent laim, arbitrage, et. and relate them to the main result named theFundamental theorem of asset priing. The main referene of this setion is Cherny[29℄.1.2.1. Basi NotionsWe start by �xing a �nite time-horizon T and a stohasti basis (Ω,F ,F,P). Allproesses are de�ned on the above stohasti basis (in partiular, they are de�nedover the time interval [0, T ] and are adapted to the �ltration F = (Ft){t∈T}, whihwe shall assume obeys the usual onditions).We onsider a fritionless market2 with a single (for sake of simpliity) risky as-set available for hedging, denoted by S, and a bank aount, denoted by B. Theproess Y will represent the disounted asset, i.e., Y = S/B, and we suppose thatit is a speial semimartingale.Let L2(Y ) be the spae of all R-valued preditable proess φ suh that
||φ||L2(Y ) :=

(
EP
[ ∫ T

0

φ2
ud[Y, Y ]u

]) 1
2
<∞.De�nition 1.24. A trading strategy or dynami portfolio is a pair of pro-esses Φ = (φ, ψ) where ψ is an F-adapted proess and φ ∈ L2(Y ) is an F-preditable proess, suh that the (disounted) value proess3 V := φY + ψ hasright-ontinuous sample paths and EP[V 2

t ] <∞ for every t ∈ T(i.e., Vt ∈ L2(Ω,P)for every t ∈ T).For a trading strategy Φ = (φ, ψ), φ = (φt)t∈T denotes the number of units ofthe stok held at time t and ψ = (ψt)t∈T the disounted amount invested in themoney market aount at time t.2i.e., there are no transation osts, assets are divisible and it is possible to borrow frombank and sell short without restrition.3The onept of stohasti integration is related to the idea of alulating the hange invalue of the portfolio over time. So, we need to impose some onditions for its existene.



22De�nition 1.25. A trading strategy Φ suh that
Vt(Φ) = V0(Φ) +

∫ t

0

φsdYs,for all t ∈ T is alled self-�naning.De�nition 1.26. A ontingent laim or �nanial derivative is any positiverandom variable H of the form H = F (ST ), where F is a measurable funtionand S the stok prie proess above. In other words, a ontingent laim is a FT -measurable funtion. It is haraterized by its payo� H and its maturity T .De�nition 1.27. Let H be a ontingent laim whih is FT -measurable and square-integrable. H is said to be attainable or repliable if there exists a trading stra-tegy Φ suh that
VT = H, P-a.s.In that ase, we say that Φ is a hedging or a repliating strategy for H.De�nition 1.28. A trading strategy Φ = (φ, ψ) is said to be admissible if it isself-�naning and if there exists some α ∈ R+ suh that ∫ t

0
φsdYs > −α, a.s. forall t ∈ T. Roughly speaking, the amount of money one an borrow and invest, andthe amount of stok one an short are limited.De�nition 1.29. A market model is omplete if for eah bounded FT -measurable

H, there exists an admissible trading strategy Φ suh that(1) there exists onstants a and b suh that
P (∀t ∈ [0, T ], a ≤ Vt(Φ) ≤ b) = 1;(2) H = VT (Φ).1.2.2. Equivalent Probabilities and Change of MeasureWe disuss in this setion a main tool in mathematial �nane, the hange ofmeasure, whih shows how martingales and more generally semimartingales arehanged when a new absolutely ontinuous probability measure is introdued.Historially, it is the work of Harrison and Pliska [79, 80℄ who, by reformulatingthe results of Blak and Sholes, showed the importane of the hange of measurethrough the notion of an equivalent martingale measure.De�nition 1.30. A probability measure Q on (Ω,F) is said to be absolutelyontinuous with respet to P, indiated by Q ≪ P, if

P(A) = 0 =⇒ Q(A) = 0.If P ≪ Q and Q ≪ P, then the measures are said to be equivalent, indiated by
Q ∼ P.



23Theorem 1.6 (Radon-Nikodym, see [83℄).Let Q be a probability measure on (Ω,F). If Q ≪ P, then there exists an P-a.s.unique random variable Z ≥ 0 satisfying, EP[Z] = 1, suh that
Q(A) = EP[Z1A],for all A ∈ F . If Q ∼ P, then Z > 0 P-a.s..The random variable Z de�ned in Theorem 1.6 is alled the Radon-Nikodymderivative of Q with respet to P and is often written as dQ

dP
=: Z.We now give a result whih relates onditional expetations under two di�erentmeasures.Theorem 1.7 (Conditional Bayes' Theorem or Bayes' rule, see [2℄).Suppose G ⊂ F is a sub-σ-�eld. Suppose Q is another probability measure absolu-tely ontinuous with respet to P(Q ≪ P) and with a Radon-Nikodym derivative

dQ

dP
= Z.Then if U is any integrable F-measurable random variable,

EQ[U |G] =





EP[ZU |G]
EP[Z|G]

if EP[Z|G] > 0,

0 otherwise. (1.29)Theorem 1.8 (Girsanov-Meyer theorem, see [111℄).Let P and Q be equivalent. Let Y be a semimartingale under P with deomposition
Y = M + A. Then Y is also a semimartingale under Q and has a deomposition
Y = L+ C, where

Lt = Mt +

∫ t

0

1

Zs
d[Z,M ]sis a Q-loal martingale, and C = Y − L is a �nite variation proess under Q.1.2.3. Fundamental Theorems of Asset PriingA fundamental onept in Finane is the absene of arbitrage whih states thatthere is no opportunity to make an instantaneous pro�t without risk. This eono-mi priniple is the foundation of many results in Mathematial Finane, notablythe Fundamental theorem of asset priing. But this notion is "mathematially"too weak to provide the generality of this theorem as proved by Delbaen andShahermayer [41℄. It is replaed by the notion of No free lunh with vanishingrisk (NFLVR).De�nition 1.31. An arbitrage possibility is a self-�naning strategy Φ with thepropertiesa) V0 = 0 ;



24b) P(VT (Φ) ≥ 0) = 1 ;) P(VT (Φ) > 0) > 0.De�nition 1.32 (Cherny [29℄).A sequene of strategies Φk = (φk, ψk) realizes free lunh with vanishing riskif i) For eah k, ψk = 0 ;ii) For eah k, there exists ak suh that
P (∀t ∈ [0, T ], Vt(Φk) ≥ ak) = 1;iii) For eah k, Vt(Φk) ≥ − 1

k
, P-a.s. ;iv) There exist δ1 > 0, δ2 > 0 suh that, for eah k,
P (VT (Φk) > δ1) > δ2.A model satis�es the NFLRV ondition if suh sequene of strategies does notexist.Before stating the result whih links the onept of NFLVR to the existene ofrisk-neutral measures, we reall the following de�nitions.De�nition 1.33. A probability measure Q on (Ω,F) is alled an equivalent(loal) martingale measure or a risk-neutral measure if Q ∼ P and thedisounted prie proess Y is a (loal) martingale under Q.De�nition 1.34. A proess Y is an (Ft,P) σ-martingale if there exists an (Ft,P)loal martingale M and a F-preditable η suh that

Yt = Y0 +

∫ t

0

ηudMu, ∀t ∈ [0, T ] (1.30)Theorem 1.9 (The First fundamental theorem of asset priing).A semimartingale market model (B, Y ) as de�ned above, admits no free lunhwith vanishing risk if and only if there is a probability measure Q equivalent to
P suh that Y is a σ-martingale (or martingale transform) under Q.If Y is bounded (resp. loally bounded) the term σ-martingale may equivalently bereplaed by the term martingale (resp. loal martingale).We an also formulate the Seond fundamental theorem of asset priing whihan be viewed as the ounterpart of the previous result. We begin by de�ne thepreditable Representation property.



25De�nition 1.35. A proess Y has the preditable representation property(PRP) with respet to the probability measure Q if for any (Ft,Q)- loal martin-gale M = (Mt)t∈T, there exists a preditable, Y -integrable, proess ξ suh that
Mt = M0 +

∫ t

0

ξsdYs.Theorem 1.10 (The Seond fundamental theorem of asset priing).Suppose a semimartingale market model (B, Y ) satis�es the NFLVR ondition.Then, the following onditions are equivalenti) the model is omplete ;ii) the equivalent σ-martingale measure Q is unique ;iii) there exists an equivalent σ-martingale measure Q suh that Y has the pre-ditable representation property with respet to Q.Completeness is an ideal property for a market model. There are few examplesof omplete markets in ontinuous-time setting. We an nevertheless mention themodels based on a Brownian motion or on a Poisson proess. Indeed, we have thefollowing result.Theorem 1.11 (Cherny[29℄).Consider a model where the disounted stok prie is given by
S∗
t = S0 exp(Yt), S0 > 0and whih satis�es the NFLVR ondition. Moreover, we impose that Ft = FS

t .Then the model is omplete only in the following ases :(i) Yt = µt+ σWt, where W is a standard Brownian motion and σ > 0 ;(ii) Yt = bt+ δNt, where N is a Poisson proess with intensity λ and δb < 0.The lassial Blak-Sholes model is then omplete as shown in Harrison andPliska [79℄. Also, we dedue from this result that the exponential-Lévy modelsand the Regime-swithing exponential-Lévy models are inomplete.



Chapitre 2
ON THE PRICE OF RISK OF THEUNDERLYING MARKOV CHAIN IN AREGIME-SWITCHING EXPONENTIAL LÉVYMODEL

Ce hapitre est basé sur l'artile de Momeya et Morales [101℄, qui a été revisé etresoumis à la revueMethodology and Computing in Applied probability. Le premierauteur est Romuald Momeya et le seond auteur est le direteur de reherheManuel Morales.RésuméDans e hapitre, à la suite d'un artile de Siu et Yang [123℄, nous nous in-terrogeons sur l'impat sur le prix d'une option Européenne que peut avoir laprise en ompte ou non du risque lié aux hangements de régime. L'intér�at deette question vient de l'hypothèse généralement admise dans la littérature de lanon-prise en ompte de e risque. Pour e faire, nous onstruisons deux noyauxd'évaluation basés sur la transformation d'Essher dont l'un prend en ompte lerisque de régime et l'autre non. Cei est rendu possible par la substitution dans latransformation d'Essher de l'espérane inonditionnelle habituelle par une espé-rane onditionnelle sahant l'information disponible sur la ha� R©ne de Markovresponsable des hangements de régime. Les résultats numériques obtenus parsimulation montrent que l'impat de la prise en ompte du risque de régime estassez signi�atif et semble �atre mitigé par la présene des sauts (du proessusadditif). En partiulier, nous omparons les résultats obtenus ave eux de lalittérature, notamment Naik [103℄ Boyle et Draviam [20℄.AbstratRegime-swithing models (RSM) have been reently used in the literature as alter-natives to the Blak-Sholes model. Several authors favor RSM as being more rea-listi sine, by onstrution, they model exogenous maroeonomi yles againstwhih asset pries evolve. In the ontext of derivatives priing, these models lead



27to inomplete markets and therefore there exist multiple Equivalent MartingaleMeasures (EMM) yielding di�erent priing rules. A fair amount of literature (Buf-�ngton and Elliott[24℄, Elliott et al. [50℄) fouses on onveniently hoosing a fa-mily of EMM leading to losed-form formulas for option pries. These studiesoften make the assumption that the risk attributed to transitions in the state ofthe Markov hain is not pried. Reently, Siu and Yang [123℄, proposed an EMMkernel that takes into aount all risk omponents of a regime-swithing Blak-Sholes model. In this hapter, we extend the setting in Siu and Yang [123℄, intoa more general Lévy regime-swithing model that allows us to assess the in�ueneon the prie of risk of jumps in the prie proess . We speialize this general fra-mework to Regime-swithing Jump-Di�usion and Variane-Gamma models andarry out a omparative analysis of the resulting option prie formulas with exis-ting regime-swithing models suh as Naik [103℄ and Boyle and Draviam [20℄.2.1. IntrodutionRegime-swithing models (RSM) were originally introdued in order to model theanvas of maroeonomi yles against whih asset pries evolve (Hamilton [75℄).These yles are modeled by an underlying Markov hain that drives the assetpries through struturally di�erent market senarios against whih asset priesevolve with di�erent harateristis. Sine nineties, many papers onerning op-tion priing in a regime-swithing setup have been published with a view towardsappliations. In partiular, it is interesting to mention reent appliations in in-surane where regime-swithing proesses are suitable models for equity-linkedinsurane produts [see Hardy [77℄, Siu [121℄℄. This suitability is due to the longterm maturity of these produts where eonomi yles need to be taken intoaount. Regardless of the domain of appliation, most of the available litera-ture assume that the risk due to the underlying Markov hain is not pried (oris diversi�able), i.e., no premium is paid for suh a risk. For example, Kijimaand Yoshida [87℄ in a disrete-time model with Markov volatilities made someassumptions whih lead to the prie of volatility risk to be zero. Bollen [18℄ inhis regime-swithing lattie model supposes expliitly that the "regime-risk" isnot pried in the market. This assumption allowed him to work with the risk-neutrality argument. Boyle and Draviam [20℄ study a Blak-Sholes model wherethe volatility parameter depends upon a hidden Markov hain and they also as-sume, for the sake of simpliity, that the volatility risk is not pried. Reently, inLin et al. [91℄ we �nd an insurane appliation where equity-linked insurane arestudied under a regime-swithing model.Among the above mentioned artiles, to the best of our knowledge, only Naik[103℄ disussed the situation where the risk due to the jumps in volatility isnondiversi�able (or pried). In his artile, he makes a risk adjustment to thepersistene parameters of his model. Reently Siu and Yang [123℄, Elliott andSiu [56℄ and Elliott et al. [57℄ have expliitly addressed the issue of priing therisk due to the underlying Markov hain for a Regime-swithing Blak-Sholesmodel.



28The aim of this hapter is two-fold. First, we generalize the framework and results�rst introdued in Siu and Yang [123℄ to a more general setting. We study optionpries under a Regime-swithing exponential Lévy model. In partiular, we deriveexpressions for option pries in the speial ases of a regime-swithing jump-di�usion and variane-gamma models. Seond, we arry out numerial analysesin order to assess the impat of priing versus not priing the risk assoiated withthe underlying Markov hain. In these analyses, we ompare two oneptuallydi�erent derivative priing rules : one that takes into aount the risk assoiatedwith the Markov hain and a seond one that does not. We �nd a signi�ant gapbetween the pries given by these two priing rules whih illustrates the potentialerror that an be made when the risk of the underlying Markov hain is not takeninto aount.The hapter is organized as follows. Setion 2.2, presents a general Regime-swithing Exponential Lévy model and lays down the main onepts and notationused throughout this hapter.In Setion 2.3, we disuss how we an de�ne two EMM kernels leading to twooneptually di�erent derivative priing rules. These two kernels orrespond totwo assumptions : priing and not priing the risk assoiated with the Markovhain. Some speial ases are studied in more depth in Setion 2.4. In partiularthe Blak-Sholes regime swithing model of Boyle and Draviam [20℄ and Naik[103℄. Finally, in Setion 2.5, we present a simulation analysis of our model and aomparative study of the impat of priing versus not priing the risk embeddedin the Markov hain. Setion 2.6 onludes our work and disusses some futurework.2.2. A General Regime-Swithing Exponential Lévy Mo-del2.2.1. Desription of the ModelWe onsider a �nanial market with two primary seurities, namely a moneymarket aount B and a stok S whih are traded ontinuously over the timehorizon T := [0, T ] where 0 < T <∞.In order to formally de�ne this market, we �x a omplete probability spae
(Ω,F ,P) where P is the real-world probability.Let X := (Xt)t∈T denote an irreduible homogeneous ontinuous-time Markovhain on (Ω,F ,P) with a �nite state spae S. Let M ∈ N be the size of the statespae S, then X is haraterized by a rate (or intensity) matrix A := {aij : 1 ≤
i, j ≤ M, t ∈ T}.For simpliity sake, we follow the notation of Elliott [49℄ and we identify S withthe anonial basis of the linear spae RM . Let us denote the ith element of theanonial basis by ei, i.e., ei = (0, 0, . . . , 1︸︷︷︸i-th , . . . , 0). In this hapter, we set thestate spae to be S = {e1, . . . , eM}. This implies that the proess X is a vetor-valued Markov hain taking values in RM , i.e., X ∈ S = {e1, . . . , eM} ⊂ RM .



29Now, we an model the stohasti evolution of the instantaneous interest rate
r = (rt)t∈T of the money market aount B at time t as follows

rt := 〈r|Xt〉 =
M∑

i=1

ri〈ei|Xt〉, (2.1)where 〈·|·〉 is the usual salar produt in RM and r = (r1, . . . , rM) ∈ RM
+ . Herethe value ri, the ith entry of the vetor r, represents the value of the interest ratewhen the Markov hain is in the spae state ei, i.e., when Xt = ei. The priedynamis of B an now be written as

Bt = B0 exp
(∫ t

0

rsds
)
, B0 = 1, t ∈ T (2.2)Moreover, let µt and σt denote respetively the mean return and the volatility ofthe stok S at time t. Using the same onvention, we de�ne the following proesses

µt = 〈µ|Xt〉 =

M∑

i=1

µi〈ei|Xt〉 ,

σt = 〈σ|Xt〉 =
M∑

i=1

σi〈ei|Xt〉 ,where
µ = (µ1, µ2, ..., µM) ∈ RM ,and
σ = (σ1, σ2, ..., σM) ∈ R+

M .In a similar way, µi and σi represent respetively the mean value and volatility of
S when the Markov hain is in state ei, i.e., when Xt = ei.The prie dynamis of the stok S an now be desribed by the following expo-nential Markov modulated Lévy proess :

St = S0 exp(Yt), S0 > 0 (2.3)with
Yt =

∫ t

0

(
µs −

1

2
σ2
s

)
ds+

∫ t

0

σsdWs +

∫ t

0

∫

R\{0}
zÑX(ds, dz)

−
∫ t

0

∫

R\{0}
(ez − 1 − z)ρX(ds, dz). (2.4)Where ÑX(dt, dz) := NX(dt, dz) − ρX(dt, dz) denote the ompensated randommeasure assoiated to NX(dt, dz). NX(dt, dz) denotes the di�erential form ofa Markov-modulated random measure on T × R\{0}. We reall from Elliottand Osakwe [50℄ and Elliott and Royal [55℄ that a Markov-modulated randommeasure on T × R\{0} is a family {NX(ω; dt, dz) : ω ∈ Ω} of non-negativemeasures on the measurable spae (T × R\{0},B(T) ⊗ B(R\{0})), whih satisfy



30
NX(ω; {0},R\{0}) = 0 and has the following ompensator, or dual preditableprojetion :

ρX(dt, dz) :=
M∑

i=1

〈ei|Xt−〉 ρi(dz)dt (2.5)where ρi(dz) is the density for the jump size when the Markov hain X is in state
ei. We suppose that

M∑

i=1

∫

B

∫

R\{0}
min(z2, 1)ρi(dz)dt <∞ (2.6)for eah Borel set B ∈ B(T).Let W := (Wt)t∈[0,∞) be a standard Brownian motion on (Ω,F ,P) whih is sup-posed independent of X and NX .We refer to the model de�ned by (2.3) as a Regime-Swithing exponential Lévymodel. In suh a model, the evolution of asset pries is in�uened by the Markovhain X representing a maroeonomi regime of the market. One feature of thismodel is that during the time spent by the Markov hain in any given regime,the asset prie evolves as an exponential Lévy proess. And as the bakgroundenvironment moves from one regime to another, the stok pries are also modeledby di�erent exponential Lévy proesses representing the asset dynamis underthe urrent state of the market. The model in (2.3) is a generalization of existingmodels and it has been onstruted using the readily available theory of Mar-kov Additive Proesses [See, e.g., Cinlar ([?, ?℄), Grigelionis [73℄, Asmussen [7℄and Paheo et al.[106℄℄. Despite being a natural extension of previous regime-swithing models, it has been little studied in the literature in a general form[See Chourdakis[30℄℄. Interestingly, equation (2.3) ontains, as partiular ases,several models that have appeared in the literature. In the following subsetionwe brie�y disuss partiular ases that are of interest to our disussion.2.2.2. Some Partiular ModelsThe Regime-Swithing Blak-Sholes ModelThe simplest regime swithing model in ontinuous time that an be found inthe literature is the Blak-Sholes regime-swithing model. Introdued in Kijimaand Yoshida[87℄, it assumes a number M known, of states or regimes and onsi-ders that within eah possible market regime, asset pries evolve aording toa geometri Brownian motion. Eah regime spei�es di�erent model parametersaounting for di�erent prie dynamis. We an reuperate the Blak-Sholesregime-swithing model from equations (2.3) by setting NX(.; .) ≡ 0. In suh aase, there are no jumps and the equation (2.3)-(2.4) redue to a regime-swithinggeometri Brownian motion. We refer the reader to Di Masi et al.[39℄, Guo [74℄and Boyle and Draviam [20℄ for omprehensive studies regarding this model. Thismodel is the objet of our attention in Setion 2.5 where we provide numerialillustrations of the results of this hapter.



31The Naik ModelA seond model that takes into aount possible shifts in maroeonomi marketenvironments through regime swithing is the one in Naik [103℄. He generalizesthe previous ones by introduing some jumps in the dynami of stok prie. InNaik [103℄, he assumes two distint market regimes where in eah the risky assetdynamis is a jump-di�usion proess. The jumps have only two sizes and ouronly whenever there is a regime shift. From equations (2.2)-(2.3), we an alsoreuperate this model by making the following assumptions,(1) Two regimes, i.e., M = 2,(2) One interest rate and one mean return aross regimes, i.e., r1 = r2 and
µ1 = µ2 ;(3) Within eah Markov state, e1 or e2, the Poisson random measure N i (for
i = 1, 2) has as a ompensator λi ;(4) The size of jump in the stok prie level takes only one value yi in eahMarkov state, ei (i = 1, 2).In Setion 2.5, we look for a slightly modi�ed version of the Naik model ; inpartiular we suppose that the size of jumps is gaussian.Other ModelsIn Elliott and Osakwe [50℄, the authors have introdued a model for asset priesin terms of the exponential of a pure-jump proess with an M-state Markovswithing ompensator. Their model extended that of Konikov and Madan [88℄in whih a two-state Markov hain modulates two Variane-Gamma proesses.In this hapter, the model de�ned in equation (2.3) ontains in fat a family ofmodels that evolve as a Lévy proess within eah possible market regime verymuh like those in Elliott and Osakwe [50℄. Well known examples that ouldbe used are Normal Inverse Gaussian, Hyperboli and Variane-Gamma Lévyproesses. We ould also remark that if we set M = 1, i.e., the model have justone regime, then we retrieve the well-known family of exponential-Lévy models.In Setion 2.5, we work out a numerial illustration of suh a model based on theVariane-Gamma Lévy proess.2.3. Two Coneptually Different Priing KernelsOne of the main features of the Regime-swithing exponential Lévy model isthat it leads to an inomplete market ; that means that there exist in�nitelymany equivalent martingale measures desribing the risk-neutral prie evolution.Eah of these measures gives rise to a set of derivatives pries ompatible withno arbitrage requirement, hene the problem of seleting one of them is ruial.A popular hoie for �nding an equivalent martingale measure is based on theEssher transform [See, e.g., Gerber and Shiu [71℄, Kallsen and Shiryaev[86℄℄.In the framework of Regime-swithing model, Elliott and his oauthors [See El-liott et al. [50℄, Siu and Yang [123℄℄ introdued the notion of Regime-swithing



32Essher transform in order to prie ontingent laims. This hange of measureis an adaptation of the onept of onditional Essher transform introdued byBühlmann et al.[23℄. The form of this new hange of measure inludes the un-derlying Markov hain whih auses the regime shift. The di�erene with thestandard Essher transform hange of measure lies in the expetation operatorused in its de�nition. It is standard to de�ne the Essher transform through themoment generating funtion (mgf) of the random variable or stohasti proess athand. In the Regime-swithing extension of Elliott et al.[50℄, due to the partiularrole of the Markov Chain X, the alulation of the mgf is onditional to a subsetof the information available on X. This gives rise to two a priori di�erent priingkernels based on the onditional Essher transform. In the following Setion wedisuss these onepts further.2.3.1. Priing Kernel that Ignores the Risk Assoiated with theMarkov ChainHere, we present the onstrution of an Essher hange of measure that produesa priing kernel that does not take into aount the risk assoiated with theMarkov hain. In other words, this hange of measure is based on a onditioningargument that assumes knowledge of the whole history (past and future) of theunderlying Markov hain. In the literature, this is often referred to as ignoringthe risk assoiated with the Markov hain [See, for example Naik [103℄, Boyleand Draviam [20℄, Siu and Yang [123℄ and Lin et al.[91℄℄. Following Elliott etal.[50℄, we start by introduing some notation.Let FX := {FX
t }t∈T and FY := {FY

t }t∈T denote the right-ontinuous, P-ompleted�ltrations generated by X and Y respetively. Moreover, we de�ne for t ∈ T,
Gt := FX

T ∨ FY
t and G := {Gt : t ∈ T}.We also make use of the following de�nition of Siu and Yang [123℄. We set

Θ :=

{
(θt)t∈T | θt :=

M∑

i=1

θi〈Xt− |ei〉 with (θ1, θ2, ..., θM) ∈ RMsuh that EP
[
e−

R t

0
θrdYr

∣∣∣FX
T

]
<∞

}
.And for θ := (θt)t∈T ∈ Θ, we de�ne the generalized Laplae transform of a G-adapted proess Y as

MY (θ)t := EP
[
e−

R t

0 θsdYs

∣∣∣FX
T

]
. (2.7)Notie that the expetation is taken onditional on the information of all thefuture values of the Markov hain X. With this extended de�nition of a Laplaetransform, we an now de�ne the kernel of a generalized Essher transform (withrespet to the parameter θ, thus alled Essher parameter).



33Let Λ = {Λt}t∈T denote a G-adapted stohasti proess de�ned as
Λt :=

e−
R t

0
θsdYs

MY (θ)t
, t ∈ T; θ ∈ Θ. (2.8)It an be shown that (See e.g., Elliott et al. [50℄)

Λt = exp

[
−
∫ t

0

θsσsdWs −
1

2

∫ t

0

θ2
sσ

2
sds−

∫ t

0

∫

R\{0}
θs−zÑ

X(ds; dz)

−
∫ t

0

∫

R\{0}

(
e−zθs − 1 + θsz

)
ρX(dz)ds

]
. (2.9)It is a straightforward exerise to show that the proess in Equation (2.8) is adensity proess induing a hange of measure in the probability spae (Ω,G). Thisfat is a diret onsequene of the following result.Proposition 2.1 (Siu and Yang [123℄).The stohasti proess Λ = {Λt}t∈T de�ned by (2.8) is a positive (G,P)-martingaleand

EP[Λt] = 1, ∀t ∈ T. (2.10)Proposition 2.1 immediately implies that Λ is a density proess and it is possibleto de�ne for eah proess θ in Θ a new probability measure Qθ equivalent to Pby setting
dQθ

dP

∣∣∣
Gt

= Λt , t ∈ T. (2.11)We derive the priing kernel assoiated to this equivalent probability measure byimposing some onditions on θ. We shall disuss this issue in subsetion 2.3.32.3.2. Priing Kernel that takes into Aount the Risk Assoiatedwith the Markov hainIn this subsetion, we present the onstrution of an Essher hange of measurethat produes a priing kernel that takes into aount the risk assoiated with theMarkov hain. In other words, this hange of measure is based on a onditioningargument that assumes knowledge of only the starting state of the underlyingMarkov hain. Unlike the �rst hange of measure of the previous subsetion, thedenominator of the kernel presented here does not assume knowledge of the wholepath of the Markov hain but only its initial state. In order to onstrut the se-ond priing kernel, we give an alternative de�nition of the generalized Laplaetransform of X by onditioning on the initial value of the Markov hain X insteadof onditioning on the whole path of X. Let us �rst introdue a new �ltrationin our spae namely G := {Gt = FX
t ∨ FY

t : t ∈ T} whih denotes the right-ontinuous, P-omplete �ltration generated by the bivariate proess (X, Y ). Weintrodue also the set
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Θ∗ :=

{
(θ∗t )t∈T | θ∗t :=

M∑

i=1

θ∗i 〈Xt−|ei〉 with (θ∗1, θ
∗
2, ..., θ

∗
M) ∈ RMsuh that EP
[
e−

R t

0
θ∗rdYr

∣∣∣X0

]
<∞

}
.and de�ne following Siu and Yang [123℄ the new kernel Λ∗ = {Λ∗

t}t∈T as a G-adapted stohasti proess as follows



Λ∗
0 := 1

Λ∗
t := EP

[
e−

R T
0 θ∗s dYs

EP[e−
R T
0 θ∗s dYs |X0]

∣∣∣∣∣Gt
]
, t ∈ (0, T ]; θ∗ ∈ Θ∗.

(2.12)By onstrution, {Λ∗
t}t∈T is a positive G-martingale whih veri�es

EP[Λ∗
t ] = 1, ∀t ∈ T .It is lear that we an now de�ne a family of probability measures {Qθ∗ : θ∗ ∈ Θ∗}equivalent to P through

dQθ∗

dP

∣∣∣
Gt

= Λ∗
t , t ∈ T . (2.13)As for the family {Qθ : θ ∈ Θ} introdued above, the family {Qθ∗ : θ∗ ∈ Θ∗}de�ne a priing kernel under some onditions on θ∗. These onditions are disussedin the next subsetion.Remark 2.3.1. The �rst kernel an be viewed as the one resulting from assumingknowledge of the whole sample path (past and future) of the Markov hain, soone an suppose that in this ase an agent has muh information for hedginghimself from the risk due to the regime hange thus he doesn't need a premiumfor this risk. Contrarily to the �rst, the seond kernel (2.12) is de�ned only oninformation of the initial state X0 of the Markov hain thus we an think that anagent will require some premium for taking into aount the risk assoiated withregime shifts.Despite the resemblane, the two kernels de�ned above have some fundamentaldi�erenes [See Appendix 2.7.1℄. In partiular, they lead to di�erent measurehanges whih in turn imply di�erent priing rules. The purpose of this noteis to numerially illustrate these di�erenes. At this point, we have two densityproesses (2.8) and (2.12) induing two di�erent families of equivalent measurehanges {Qθ : θ ∈ Θ} and {Qθ∗ : θ∗ ∈ Θ∗}. From the fundamental theorem ofasset priing we know that any ontingent laim in any �nanial market wouldbe pried under an equivalent martingale measure and, in order to derive suhpriing rule, we need to impose the so-alled martingale ondition to the kernelsde�ned above. This is arried out in the next subsetion.



352.3.3. Martingale ConditionConsider the market omposed of two assets B and S as de�ned in equations(2.2) and (2.3). We denote by {S∗
t := St

Bt
: t ∈ T} the disounted prie proess.A key element in the theory of option priing is that of Equivalent MartingaleMeasure (EMM). Indeed, a milestone in mathematial �nane is the fundamentaltheorem of asset priing [see Harrison and Pliska ([79℄, [80℄)℄ whih states thata no-arbitrage prie of a ontingent laim in this market is given in terms of anequivalent measure satisfying

EQ
[
S∗
t |G0

]
= S∗

0 , (2.14)with Q ∈ {Qθ,Qθ∗}. This is known as the martingale ondition and impliitlygives the ondition on the proess θ (resp. θ∗) that determines an EMM withinthe families {Qθ : θ ∈ Θ} and {Qθ∗ : θ∗ ∈ Θ∗}.The family of equivalent measures {Qθ : θ ∈ Θ} and {Qθ∗ : θ∗ ∈ Θ∗} in (2.11)and (2.13) were introdued and studied in the ontext of derivative priing [SeeElliott et al. [50℄ and Siu and Yang [123℄℄. In both ases, there exist results thatidentify expliitly the martingale ondition [See, for example Elliott et al. [50℄ andSiu and Yang [123℄ for regime-swithing Blak-Sholes model℄. Here we present amore general ondition that identi�es the equivalent martingale measure withinthe families {Qθ : θ ∈ Θ} and {Qθ∗ : θ∗ ∈ Θ∗} under the general regime-swithingexponential Lévy model de�ned in (2.2) and (2.3).The neessary and su�ient ondition for Qθ to be an equivalent martingalemeasure is a somewhat straightforward result and we present it here in the formof the following proposition.Proposition 2.2.Consider the Lévy regime-swithing market de�ned in (2.2) and (2.3). An equi-valent probability measure Qθ de�ned through (2.11) is an equivalent martingalemeasure on (Ω,GT ), i.e., it satis�es ondition (2.14), if and only if θ satis�es thefollowing equation
µi − ri − θiσ

2
i +

∫

R

(ez − 1)(e−zθi − 1)ρi(z)dz = 0 , (2.15)for i = 1, 2, ...,M .Proof. The proof is a straightforward adaptation of that of Proposition 2.2 in El-liott et al. [50℄. The main ingredient is an expliit omputation of the generalizedLaplae transform de�ned as (2.7).�As for the neessary and su�ient ondition for Qθ∗ to be an equivalent martingalemeasure on (Ω,GT ), the result is more ompliated and we need to lay down somepreliminary results before. First we reall the following result for the oupationtimes of a Markov hain whih is adapted from Elliott and Osakwe [54℄.Lemma 2.1.Consider an irreduible homogeneous ontinuous-time Markov hainX := (Xt)t∈Ton (Ω,GT ,G,P) with a �nite state spae S of size M ∈ N and with an intensity



36matrix A := {aij : 1 ≤ i, j ≤M}. Let
J(u, v) := (J1(u, v), J2(u, v), ..., JM(u, v)) (2.16)denote the vetor of the oupation times of X during a period of time [u, v] ⊂ T.The onditional moment generating funtion of J(u, v) is given by

MJ(u, v)(ζ) := EP
[
e

PM
k=1 ζkJk(u,v)

∣∣∣Gu
]

=
〈
e(A+Diag(ζ))(v−u)Xu

∣∣∣1
〉
, ζ ∈ RM (2.17)where 1 = (1, 1, ..., 1)

′ ∈ RM , 〈· |·〉 is the usual salar produt in RM and Diag(ζ)is a M ×M diagonal matrix of the formDiag(ζ) =




ζ1 0 · · · 0 0

0 ζ2 0 · · · 0... . . . . . . . . . ...... . . . . . . ζN−1 0

0 · · · 0 0 ζM




..Proof. The proof is easily adapted from that of Proposition 2 in Elliott andOsakwe [54℄. �Lemma 2.1 gives the expliit form of the moment generating funtion of a Markovhain in terms of the oupation times. This is useful when we study the kernel(2.12) whih is de�ned in terms of one suh moment generating funtion.Using Lemma 2.1 we have the following proposition whih is an extension oflemma 3.1 of Siu and Yang [123℄.Proposition 2.3.Let {S∗
t := St

Bt
: t ∈ T} be the disounted prie proess in the market de�ned inequations (2.2) and (3.4) and let Qθ∗ be the family of equivalent measures de�nedthrough (2.12) and (2.13) on (Ω,GT ). Then, for all u, v ∈ T suh that u ≤ v

EQθ∗ [S∗
v |Gu] = S∗

u

〈e(A+Diag(ξ̃(θ∗)))(v−u)Xu|1〉
〈e(A+Diag(ξ(θ∗)))(v−u)Xu|1〉

, (2.18)where
ξ(θ∗) = (ξ1(θ

∗
1), ξ2(θ

∗
2), ..., ξM(θ∗M )) ,

ξ̃(θ∗) = (ξ̃1(θ
∗
1), ξ̃2(θ

∗
2), ..., ξ̃M(θ∗M )) ,with

ξi(θ
∗
i ) = −θ∗i (µi −

1

2
σ2
i ) +

1

2
(θ∗i )

2σ2
i +

∫

R

(
e−zθ

∗
i − 1 + θ∗i (e

z − 1)
)
ρi(z)dz ,
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ξ̃i(θ

∗
i ) = −ri − (θ∗i − 1)(µi −

1

2
σ2
i ) +

1

2
(θ∗i − 1)2σ2

i

+

∫

R

(
e−z(θ

∗
i −1) − 1 + (θ∗i − 1)(ez − 1)

)
ρi(z)dz ,for i = 1, 2, ...,M .Proof.For all u, v ∈ T so that u ≤ v and by a version of the Bayes' rule [See, Aggounand Elliott [2℄℄

EQθ∗ [S∗
v |Gu] =

EP[Λ∗
vS

∗
v |Gu]

EP[Λ∗
v|Gu]

= EP

[
Λ∗
v

Λ∗
u

S∗
v

∣∣∣∣∣Gu
]

(sine Λ∗ is a G-martingale). (2.19)Using the expressions in (3.4) and (2.12) we an expliitly write
S∗
v = S∗

ue
−

R v

u
rsdse

R v

u
dYs , (2.20)

Λ∗
v

Λ∗
u

= e−
R v

u
θ∗sdYs

EP[e−
R T

v
θ∗sdYs|Gv]

EP[e−
R T

u
θ∗sdYs|Gu]

. (2.21)A simple substitution of equations (2.20) and (2.21) into (2.19) yields,
EQΘ[S∗

v |Gu] = S∗
u

EP

[
e−

R v

u
rsdse−

R v

u
(θ∗s−1)dYsEP[e−

R T

v
θ∗sdYs|Gv]

∣∣∣Gu
]

EP[e−
R T

u
θ∗sdYs|Gu]

. (2.22)If we use the fat that X is a homogeneous Markov hain, we an write (2.22) interms of the vetor of oupation times J de�ned in (2.16)
EQΘ [S∗

v |Gu] =

EP

[
e

PM
i=1 ξ̃i(θ

∗
i )Ji(u,v)EP

[
e

PM
i=1 ξi(θ

∗
i )Ji(v,T )

∣∣∣∣∣Gv
]∣∣∣∣∣Gu

]

EP

[
e

PM
i=1 ξi(θ

∗
i )Ji(u,v)EP

[
e

PM
i=1 ξi(θ

∗
i )Ji(v,T )

∣∣∣∣∣Gv
]∣∣∣∣∣Gu

] . (2.23)This last equation an be simpli�ed if we use the following property of homoge-neous Markov hains (See, for example Norris [104℄),
Law1 (J1(v, T ), ..., JM(v, T )

∣∣∣Gv
)

= Law
(
J1(v, T ), ..., JM(v, T )

∣∣∣Xv

) (2.24)
= Law

(
J1(0, T − v), ..., JM(0, T − v)

∣∣∣X0

)
.



38By using property (2.24) in (2.23), we have
EQΘ[S∗

v |Gu] = S∗
u

EP

[
e

PM
i=1 ξi(θ

∗
i )Ji(0,T−v)

∣∣∣∣∣X0

]
EP

[
e

PM
i=1 ξ̃i(θ

∗
i )Ji(u,v)

∣∣∣∣∣Gu
]

EP

[
e

PM
i=1 ξi(θ

∗
i )Ji(0,T−v)

∣∣∣∣∣X0

]
EP

[
e

PM
i=1 ξi(θ

∗
i )Ji(u,v)

∣∣∣∣∣Gu
]

= S∗
u

EP

[
e

PM
i=1 ξ̃i(θ

∗
i )Ji(u,v)

∣∣∣∣∣Gu
]

EP

[
e

PM
i=1 ξi(θ

∗
i )Ji(u,v)

∣∣∣∣∣Gu
] . (2.25)If we now use Lemma 2.1, we �nally obtain

EQΘ[S∗
v |Gu] = S∗

u

〈e(A+Diag(ξ̃(θ∗)))(v−u)Xu|1〉
〈e(A+Diag(ξ(θ∗)))(v−u)Xu|1〉

. (2.26)
�Proposition 2.3 gives a partiular form for the martingale ondition (2.14) for anequivalent probability measure Qθ∗ de�ned on (Ω,GT ). It immediately yields aharaterization of the martingale measures in {Qθ∗ : θ∗ ∈ Θ∗} as stated in thefollowing result whih is adapted from Siu and Yang [123℄.Theorem 2.1. Consider the Lévy regime-swithing market de�ned in (2.2) and(2.3). An equivalent measure Qθ∗ de�ned through (2.13) is an equivalent mar-tingale measure on (Ω,GT ), i.e., it satis�es ondition (2.14), if and only if θ∗satis�es the following equation

〈e(A+Diag(ξ̃(θ∗)))tX0|1〉 − 〈e(A+Diag(ξ(θ∗)))tX0|1〉 = 0 , (2.27)where we use the same notation as in Proposition 2.3.Proof. By set v = t and u = 0 in equation (2.18) we have immediately that themartingale ondition
EQΘ

[
S∗
t |G0

]
= S∗

0 , (2.28)is equivalent to equation (2.27). �2.3.4. Some ApproximationsThe importane of Proposition 2.2 and Theorem 2.1 is that they haraterizethe equivalent measures within the families {Qθ : θ ∈ Θ} and {Qθ∗ : θ∗ ∈ Θ∗}under whih the disounted prie proess S∗ is a martingale. Under non-arbitrageassumptions, so-alled equivalent martingale measures are needed in order toprie any ontingent laim on the underlying proess S. These results endow uswith a means to evaluate derivative produts under two oneptually di�erentassumptions regarding the underlying market regimes. In view of this, it is ofuttermost importane to expliitly determine the martingale onditions in both



39Proposition 2.2 and Theorem 2.1. We fous our attention to the ondition forthe family {Qθ∗ : θ∗ ∈ Θ∗} sine it is a more ompliated objet. In fat, thepresene of a matrix exponential in equation (2.27) makes it very umbersomefor the determination of Essher parameters (θ∗1, θ
∗
2, ..., θ

∗
M). It is often the asethat approximations are needed in order to �nd the solution of equation (2.27). Itturns out that a standard approximation for the matrix exponential in (2.27) leadsto interesting insight about the di�erene between the two families of equivalentmeasures QΘ and Q∗

Θ and their underlying assumptions. In this Setion we arryout a omparative analysis (in line with Siu and Yang [123℄)of these two familiesvia ertain types of approximations for the martingale ondition in (2.27). Reallthat a matrix exponential of a square matrix C is de�ned as
exp(C) :=

∞∑

k=0

Ck

k!
. (2.29)A Comparison between Qθ and Qθ∗By replaing the expression of matrix exponential exp(C) in the equation (2.27)by its �rst-order approximation, i.e.,

exp(C) ≈ I + C (2.30)where I denoted the identity matrix. We have that :〈(
I +

(
A + (ξ̃(θ))

)
t
)
X0

∣∣∣1
〉
−
〈(
I +

(
A +Diag(ξ(θ))

)
t
)
X0

∣∣∣1
〉

= 0. (2.31)And by taking X0 = ei; i = 1, ...,M the last equation is equivalent to this systemof N equations
(

M∑

k=1,k 6=i
aki + 1 +

(
aii + ξ̃i(θi)

)
t

)
−
(

M∑

k=1,k 6=i
aki + 1 +

(
aii + ξi(θi)

)
t

)
= 0.(2.32)Thus, for i = 1, ...,M

ξ̃i(θi) − ξi(θi) = 0 beause t > 0. (2.33)or, for i = 1, ...,M

µi − ri − θiσ
2
i +

∫

R

(ez − 1)(e−zθi − 1)ρi(z)dz = 0. (2.34)Notie that this last expression is exatly the martingale ondition for the family
{Qθ : θ ∈ Θ} as given in equation (2.2). In fat, this shows that the martin-gale ondition for the family QΘ in (2.2) is the �rst-order approximation of themartingale ondition for {Qθ∗ : θ∗ ∈ Θ∗} in (2.27). This has an interesting inter-pretation with respet to the underlying assumptions behind these two families,we an think of the seond priing kernel Λ∗ as having more information thanthe �rst one Λ. Indeed, the seond kernel Λ∗ is obtained under the assumptionthat only the initial state of the market regime is known, whereas the �rst kernel
Λ operates under the less realisti assumption that the whole path of the market



40regimes are known. Apparently, under kernel Λ∗, a �rst-order approximation toidentify the martingale ondition is equivalent to assuming that the whole pathof the Markov hain is known, whih in turn redues to using kernel Λ. This re-sult had been previously observed in Siu and Yang [123℄ for a Regime-swithingBlak-Sholes model, here we have established the same result for a slightly moregeneral regime-swithing model.When working with the seond kernel Λ∗, there are higher-order approximationsthat an be used to ompute the martingale ondition (2.27) through the series(2.29). In view of the previous disussion, we an see higher-order approximationsas giving new degrees of information that allow us to move away from an unlikelyassumption where the whole path of the Markov hain is known towards a moreseemingly assumption where only the initial state of the Markov hain is known. Inthe following subsetion, we disuss a seond-order approximation in a partiularexample.Further ApproximationHere, we derive expliitly the martingale ondition for Qθ∗ by taking a two-orderapproximation for matrix exponential. For simpli�ations we take N = 2.By setting a11 = −a12 = −a1; a22 = −a21 = −a2; a1, a2 ≥ 0 and for t > 0,
M =

(
A + (ξ̃(θ∗))

)
t (2.35)expliitly we have

M =

(
−a1 + ξ̃1(θ

∗
1) a1

a2 −a2 + ξ̃2(θ
∗
2)

)
t (2.36)hene

exp(M) ≈ I +M +
M2

2
=

(
A11 A12

A21 A22

)where
A11 = 1 − a1t+ ξ̃1t+

1

2
a1a2t

2 +
1

2
(a1 − ξ̃1)

2t2

A12 = a1t+
1

2
a1(ξ̃1 − a1 − a2 + ξ̃2)t

2

A21 = a2t+
1

2
a2(ξ̃1 − a1 − a2 + ξ̃2)t

2

A22 = 1 − a2t+ ξ̃2t+
1

2
a1a2t

2 +
1

2
(a2 − ξ̃2)

2t2 (2.37)



41So the martingale ondition (2.27) gives for X0 = e1 = (1, 0) :
(
ξ̃1(θ

∗
1) − ξ1(θ

∗
1)
)
t+

1

2
t2

[(
ξ̃1(θ

∗
1) − ξ1(θ

∗
1)
)(
ξ̃1(θ

∗
1) + ξ1(θ

∗
1)
)

+
(
a2 − 2a1

)(
ξ̃1(θ

∗
1) − ξ1(θ

∗
1)
)

+ a2

(
ξ̃2(θ

∗
2) − ξ2(θ

∗
2)
)]

= 0. (2.38)and for X0 = e2 = (0, 1) :
(
ξ̃2(θ

∗
2) − ξ2(θ

∗
2)
)
t+

1

2
t2

[(
ξ̃2(θ

∗
2) − ξ2(θ

∗
2)
)(
ξ̃2(θ

∗
2) + ξ2(θ

∗
2)
)

+
(
a1 − 2a2

)(
ξ̃2(θ

∗
2) − ξ2(θ

∗
2)
)

+ a1

(
ξ̃1(θ

∗
1) − ξ1(θ

∗
1)
)]

= 0. (2.39)Equations (2.38) and (2.39) are examples of the type of equations that needto be solved in order to identify the martingale ondition. These equations aresomewhat more tratable than (2.27) and they will be used to determine the EMMparameters for the numerial illustrations. In the following Setion we arry outnumerial examples for ertain partiular ases using equations (2.38) and (2.39).2.4. Partiular CasesIn this Setion we present in detail the developments made above for partiularmodels. In the sequel we take M = 2, i.e., the Markov hain X moves onlybetween the two states e1 = (1, 0) and e2 = (0, 1).2.4.1. The Regime-swithing Blak-Sholes modelBy taking into aount the assumptions of no jumps in equation (2.2), we obtainthe martingale ondition for Qθ as
µi − ri − θiσ

2
i = 0, (2.40)for i = 1, 2 and we dedue easily the Essher parameter

θi =
µi − ri
σ2
i

, i = 1, 2. (2.41)The martingale ondition assoiated to Qθ∗ leads to this system of equations in
(θ1, θ2) :
σ4

1t
2

2
θ3
1 −

(3µ1 − r1)σ
2
1t

2

2
θ2
1 +

(
σ2

1t+
(µ1 − r1)(σ

2
1 + 2µ1)t

2 + σ2
1(a2 − 2a1)t

2

2

)
θ1

+
a2σ

2
2t

2

2
θ2−

(
(µ1 − r1)

2 + (a2 − 2a1)(µ1 − r1) + a2(µ2 − r2)

2

)
t2−(µ1−r1)t = 0,for 0 < t ≤ T. (2.42)
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σ4

2t
2

2
θ3
2 −

(3µ2 − r2)σ
2
2t

2

2
θ2
2 +

(
σ2

2t+
(µ2 − r2)(σ

2
2 + 2µ2)t

2 + σ2
2(a1 − 2a2)t

2

2

)
θ2

+
a1σ

2
1t

2

2
θ1−

(
(µ2 − r2)

2 + (a1 − 2a2)(µ2 − r2) + a1(µ1 − r1)

2

)
t2−(µ2−r2)t = 0,for 0 < t ≤ T. (2.43)2.4.2. The Regime-swithing Merton Jump-Di�usion ModelThis model is obtained by supposing that all the parameters of the lassi MertonJump-Di�usion are modulated by a Markov hain X. So, we have this dynamisfor the risk asset
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]where
• the jump proess NX

JD(t, dz) is ompound Poisson with a stohasti intensity
λXt = λ(t, Xt) = 〈λ|Xt〉, where λ = (λ1, λ2) ∈ R+

2 ;
• the Lévy measure in this ase is given by :
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} (2.44)with µXJ = µXJ (t, Xt) = 〈µJ |Xt〉 and δX = δX(t, Xt) = 〈δ|Xt〉 where µJ =
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+.The martingale ondition for Qθ is given by :
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= 0(2.45)for i = 1, 2.In the other side, the martingale ondition for Qθ∗ inludes omplex expressions.Indeed, we have to replae in Equations (2.38)-(2.39) for i = 1, 2, the expressions

ξ̃i(θ
∗
i ) − ξi(θ

∗
i ) = µi − ri − θ∗i σ

2
i + λie

−θ∗i µX
J + 1

2
(θ∗i )2δ2i

(
e−θ

∗
i δ

2
i +µX

J + 1
2
δ2i − 1

)

− λi(e
µX

J
+ 1

2
δ2i − 1) (2.46)



43and̃
ξi(θ

∗
i ) + ξi(θ
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. (2.47)2.4.3. The Regime-swithing Variane-Gamma ModelThis model is obtained from the general ase by setting the dynamis of riskproess S as
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, (2.48)where the jump proess NX

V G(t, .) has the ompensator or dual preditable pro-jetion
νXV G(dz)dt =
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〈ei|Xt−〉νV Gi (z)dt (2.49)with
νV Gi = Ci

e−Gix

x
1{x>0} + Ci

e−Mi|x|

|x| 1{x<0},the Lévy measure assoiated to the Variane-Gamma proess V G(Ci, Gi,Mi).By alulating expliitly integrals involved in Equation(2.2), we obtain the follo-wing system of equations from the martingale ondition assoiated to Qθ :
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)
+Ci log
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)
= 0for i = 1, 2. (2.50)

And for Qθ∗ , the following system of non linear equations in (θ1, θ2) is obtained :
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)}
= 0. (2.52)In general, solving the system of equations obtained from the martingale onditionfor Qθ∗ is quite involved. Thus, the only way to solve it is by numerial tehniques.The solutions are not unique therefore we need to use some riterion to selet the�nal Essher parameters. We disuss this issue in the next Setion.



452.4.4. Criterion for Seleting Essher ParametersIn many ases, the system of equations in (θ1, θ2) resulting to the martingaleondition for Qθ∗ has more than one solution. Following the idea of the two-stage priing method proposed by Siu and Yang [123℄, we impose a riterion forseleting one set of (θ1, θ2) for priing purposes.So we hoose θ = (θ1, θ2) as solution of the following minimization problem
min
θ∈Γ

I(Qθ∗ ,P) (2.53)with Γ := {θ ∈ R2| θ solution of (2.38)-(2.39)} and
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. (2.55)2.5. Numerial AnalysisIn this Setion, many numerial experiments are onduted to illustrate the e�etof priing regime-swithing risk partiularly on the prie of an European all. Todo this, we ompare the pries obtained by eah of the two priing kernels intro-dued in Setion 2.3 and for the di�erent models presented above.Firstly, we present how we have proeeded.2.5.1. DisretizationTo obtain numerial approximations of the prie of the European Call, we shalluse Monte Carlo simulations. This assumes that the dynami proess of assetpries are given for a disrete grid. To do so, we subdivide the time horizon [0, T ]in J intervals of length ∆ := T/J with J a positive integer. This gives rise to thefamily of points {tj = ∆j : j = 0, 1, ..., J} where t0 = 0 and tJ−1 = T .The ontinuous-time Markov hain X is approximated as in Yuan and Mao [126℄and we refer to this work to see the details. One the simulated path {Xtj}Jj=1 of
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X is known, we dedue those of {µtj}Jj=1, {rtj}Jj=1,{σtj}Jj=1. Now, we an use theseto onstrut an Euler-forward sheme for the log-return proess Y as follows :
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zρXj (dz)dt. (2.57)Given {Xtj}Jj=1 and Y0 = 0, we then sample {Ytj}Jj=1 using (2.56) reursively.2.5.2. Monte Carlo SimulationsThe simulation proedure is inspired from Siu and Yang [123℄ and is summarizedas follows :Step 1For eah l = 1, 2, ..., L, simulate the disrete-time version of the Markov hain Xand obtain {X(l)
j }Jj=1.step 2Given {X(l)

j }Jj=1, identify the samples paths of the proesses
{µ(l)

j }Jj=1, {σ(l)
j }Jj=1, {θ(l)

j }Jj=1, {r(l)
j }Jj=1, for l = 1, 2, ..., L.Step 3for eah l = 1, 2, ..., L, simulate the disrete-time version of the log-return proess

Y and obtain {Y (l)
j }Jj=1.Step 4Approximate the all prie for both kernels respetively by :
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47where θ (resp. θ∗) are obtained through equations (2.34) (resp. (2.38) and (2.39))whih are expressions of the Martingale ondition in the general form. For the par-tiular ases of last Setion, this speializes aording to the form of the dynamisof the risky asset.2.5.3. Experiments and ResultsFor our experiments we work with three models, namely : Regime-swithingBlak-Sholes model (model I ) ; Regime-swithing Merton Jump-Di�usion mo-del (model II ) and Regime-swithing Variane-Gamma (model III ). For the �rstone whih is the most ommon regime-swithing ontinuous model in the litera-ture, we ondut several numerial analysis to ompare our results with those ofthe literature, espeially with Naik [103℄ and Boyle and Draviam [20℄.We set the parameters to be J = 2 and(1) r = (0.05, 0.05) ;(2) µ = (0.35, 0.05) ;(3) σ = (0.15, 0.25) ;(4) A =

(
−a1 a1

a2 −a2

) with a1 = a2 ∈ {0, 0.25, 0.5, 0.75, 1, 1.25, 1.50, 1.75, 2} ;(5) K = 100;X0 ∈ {1, 2} and S0 ∈ {94.0, 96.0, 98.0, 100.0, 102.0, 104.0}.We note that the solution by Naik [103℄ is obtained from an analytial losedform, that from Boyle and Draviam [20℄ ame from a numerial resolution of asystem of weak-oupled PDE and ours is obtained by Monte- Carlo simulations.The tables 2.1 and 2.2 present numerial results for pries of European Calloptions at time zero for di�erent values of moneyness (S0/K). The �gures ofthe last two olumns are estimated by simulating 50, 000 trajetories of Y andthis proedure is repeated independently 10 times to provide an estimate of thestandard errors. No variane redution tehnique is used and all omputationsare done in MATLAB odes.Tab. 2.1. Comparison with existing results for T = 1, X0 =

1 and a1 = a2 = 0.5.
S0/K B-S Naik Boyle-D Risk no pried Risk pried0.94 5.1096 5.8620 5.8579 5.8749(.0850) 18.7601(.0850)0.96 6.1624 6.9235 6.9178 6.9369(.0863) 20.6900(.0863)0.98 7.3248 8.0844 8.0775 8.0961(.0600) 22.7037(.1068)1 8.5917 9.3401 9.3324 9.3303(.0573) 24.7740(.0856)1.02 9.9563 10.6850 10.6769 10.7061(.0622) 26.8103(.1100)1.04 11.4110 12.1127 12.1045 12.1304(.0967) 28.9475(.0938)



48Tab. 2.2. Comparison with existing results for T = 1, X0 =

2 and a1 = a2 = 0.5.
S0/K B-S Naik Boyle-D Risk no pried Risk pried0.94 8.8557 8.2292 8.2193 8.2503(.0550) 7.2390(.0463)0.96 9.9510 9.3175 9.3056 9.3302(.0869) 8.1968(.0626)0.98 11.1190 10.4775 10.4647 10.4682(.0810) 9.2208(.0571)1 12.3360 11.7063 11.6929 11.6853(.0828) 10.2929(.0547)1.02 13.6206 13.0008 12.9870 12.9901(.0851) 11.4228(.0821)1.04 14.9629 14.3575 14.3436 14.2823(.1069) 12.5857(.0781)In Figure 2.1 we have a visual representation of these results.Fig. 2.1. European Call pries versus Moneyness



49We have also made some omparisons for di�erent maturities (T ) and for di�erentvalues of intensity rate that haraterize the Markov hain. Figures 2.2 and 2.3present the results.Fig. 2.2. European Call pries versus Time to maturityFig. 2.3. European Call pries versus intensity rateIn light of what preede, we may draw the following onlusions for model I :
• the impat of risk due to regime is signi�ant (the relative di�erene in thepries ranges between 0.2 % and 97%) ;
• the regime-risk is too sensitive to market parameters like volatility or intensityrates of leaving(for eah state).Turning now tomodel II, in order to outline the e�et of the introdution of jumpsin the previous model and to see how the regime-risk is sensitive we onstraintas in Ballotta [9℄ the value of the volatility in eah state to be onstant equal tothe instantaneous volatility of log-return in model I.We set the parameters to be J = 2 and(1) r = (0.035, 0.035) ;(2) µ = (0.35, 0.35), µ

J
= (−.0537 − .0537) ;(3) σBS = (0.2, 0.2), σJP = (.01884, .1884)(4) A =

(
−.5 .5
.5 −.5

)(5) S0 = 100;X0 ∈ {1, 2} and K ∈ {60, 70, 80, 90, 100, 110, 120, 130, 140}.



50The following panel shows the results.Fig. 2.4. RSBlak-Sholes vs RSJump-Di�usion : Call priesaross StrikesFig. 2.5. RSBlak-Sholes vs RSJump-Di�usion : Call priesaross MaturitiesWe remark �rstly that there is a di�erene between the pries in eah regime-swithing model. For the small maturities, the pries given by the RS-JD modelwith regime risk pried are higher than those given by the RS-JP model with re-gime risk not pried whereas for the RS-BS model, the di�erene aross the strikeare not pereptible. For the long maturities, the di�erene (aross the strike) bet-ween the regime-risk, pried and not, are signi�ant in both models. Partiularly,in the RS-JD model the di�erenes(aross the strike) seem onstant whereas inthe RS-BS model these di�erenes seem to grow as the time.The last model we have to look at is model III. We present in Figures below theresults of our simulation. The parameters are set to be(1) r = (0.05, 0.015) ;(2) µ = (0.35, 0.05) ;(3) C = (2, 3), G = (4, 5), M = (8, 6)(4) A =

(
−.5 .5
.5 −.5

)(5) S0 = 100;X0 ∈ {1, 2} and K ∈ {60, 70, 80, 90, 100, 110, 120, 130, 140}.The panel below displays the resultsFig. 2.6. RSVariane-Gamma model : Call pries aross MaturitiesFig. 2.7. RSVariane-Gamma model : Call pries aross StrikesWe see that even in this ase, there is a pereptible di�erene between the prieof option when the regime-risk is pried and the ase where it is not pried.



512.6. ConlusionIn this hapter, we evaluate the impat of taking into aount or not of the regime-risk in a Regime-Swithing Levy Model. We derive two priing kernels to illustratethis situation. Numerial experiments made show us the signi�ant departure ofvalues of pries of an European Call from when the regime-risk is not pried toone when it's pried. We also look the in�uene of the introdution of jumpsin this analysis. Although the analysis presented would e�etively highlight theimportane of the regime-risk in the pries, it does not however expliitly quantifyit. This aspet of things will be of our attention in the future.



522.7. Appendix2.7.1. An expliit Comparison between Λ and Λ∗Let α ∈ Θ ∩ Θ∗, for all t ∈ T we have by using lemma 2.1
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∣∣∣FX
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= 〈e(A+Diag(ξ(α)))tXT |1〉. (2.60)Thus,
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αsdYs × 1

〈e(A+Diag(ξ(α)))tXT |1〉
. (2.61)Also,
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αsdYs × 〈e(A+Diag(ξ(α)))(T−t)Xt, 1〉
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. (2.62)Therefore we have that
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〈e(A+Diag(ξ(α)))TX0|1〉

. (2.63)



Chapitre 3
LOCAL RISK-MINIMIZATION UNDER APARTIALLY OBSERVEDMARKOV-MODULATED EXPONENTIALLÉVY MODEL

Ce hapitre résulte d'une ollaboration ave Olivier Menoukeu-Pamen. Il existesous forme de rapport de reherhe [97℄ et il a été révisé et resoumis dans la revueApplied Mathematial Finane. Notre ontribution a onsisté en la formulation duprobl��me et à la reherhe des premi��res ébauhes de solution. Ave notre o-auteur, nous avons formulé les résultats du probl��me sous information partielle.La rédation de l'artile a été faite en partie par nos soins.RésuméCet artile adresse la question de la ouverture quadratique du risque loal as-soié à une option de type Européenne dans un mod��le exponentiel-Lévy avehangements de régime. Nous ommen��ons par observer que sous une �ltrationélargie, le proessus de prix S est une semimartingale e qui nous permet d'implé-menter la méthodologie due à Colwell et Elliott [33℄ pour résoudre le probl��mede minimisation sous information totale. En�n, nous obtenons la solution pour la�ltration aessible à l'agent par projetion.AbstratThe option hedging problem for a Markov-modulated exponential Lévy modelis examined. We employ the loal risk-minimization approah to study optimalhedging strategies for European-type derivatives under both full and partial in-formation. Then, we projet the hedging strategies on the observed informationto obtain hedging strategies under partial information.



543.1. IntrodutionUnpreditable strutural hanges in the trends of asset pries or stok indies on�nanial markets are a reality urrently . They are not usually aused by inter-nal events of the market itself but are more losely related to the global soio-eonomial and politial environment. To aount for these features, Markov-modulated (or regime-swithing) models have sine been widely used in eono-metris and �nanial mathematis. See for instane, Hamilton [75℄ for exhibitingthe non-stationarity of maroeonomi times series, Elliott and Van der Hoek[52℄ for asset alloation, Pliska [110℄ and Elliott, et al. [48℄ for short rate models,Naik [103℄, Guo [74℄ and Bu�ngton and Elliott [24℄ for option valuation.The Markov-modulated exponential Lévy model is very attrative as an alter-native to the lassial Blak-Sholes model beause it ouples the bene�t of anexponential Lévy model, i.e., the presene of jumps, with the possibility, thanksto the Markov hain, of having long-term variability of some harateristis of thereturn distribution. However, in the ontext of derivative priing, these modelslead to inomplete markets. Therefore, the question of hedging beomes a ruialone.In this paper, we onsider the problem of optimal quadrati hedging of a Euro-pean derivative ontrat in a market driven by a Markov-modulated Lévy model.Typially, in this model full information about the modulating fator X is notavailable in the market and the agent has only aess to the information ontai-ned in past asset pries. Consequently, we shall deal with an optimal quadratihedging problem for a partially observed model (or partial information senario).This kind of problem has been extensively studied in the literature. Di Masi, Pla-ten and Runggaldier [39℄ were the �rst to disuss the problem of risk-minimizing(mean-variane) hedging under restrited information when the stok prie is amartingale and the pries are observed only at disrete time instants. In [118℄,Shweizer made expliit for general �ltrations G := {Gt}t∈T ⊆ {Ft}t∈T := Fa risk-miminizing strategy based on G-preditable projetions. Pham [109℄ sol-ved the problem of mean-variane hedging for partially observed drift proesses.Frey and Runggaldier [65℄ determined a loally risk-minimizing hedging strategywhen the asset prie proess follows a stohasti model and is observed only atdisrete random times. Frey [66℄ onsidered risk-minimization with inompleteinformation in a model for high-frequeny data. In the same framework, but formore general model, Cei [27℄ omputed the optimal hedge strategy under theriterion of risk-minimization. In all these papers, the method onsists �rstly, todetermine the optimal strategy under the full information, and seondly, to de-termine the �nal solution by projeting on the �ltration available to the investor.Then the natural question arises : given a Markov-modulated Lévy model, an weapply the above methods to study the problem of loal risk-minimization underpartial informationThe aim of this paper is to give an answer to the previous question. In fat, weshow that under some restritive onditions on our model, we an apply the sametehniques used by the preeding authors to obtain an optimal hedging strategyfor loal risk-minimization under partial information. In fat, we �rst derive a



55martingale representation for the wealth proess under full information. Then weproeed, as in the lassial setting, by solving a loal risk minimization underfull information. The optimal strategy obtained under full information is quiteexpliit. Finally, using the fat that our proesses do not jump simultaneously, wededue an orthogonal projetion of the laim with respet to the smaller �ltrationand therefore the optimal strategy.The paper is organized as follows. Setion 3.2 desribes in detail our model se-tup and onstruts two di�erent �ltrations that haraterize the situation whereinvestors have full and partial information. In Setion 3.3, we reall some basiresults on risk-minimization. Setion 3.4 ontains the main results, namely themartingale representation property for the value proess, and the existene ofoptimal strategies in our market model under full and partial information.3.2. The ModelIn this setion, we introdue the setting in whih we are going to solve loal-risk minimizing problem. We shall onstrut two �ltrations that haraterize thesituation where investors have full and partial information.3.2.1. FrameworkWe onsider a �nanial market with two primary seurities, namely a moneymarket aount B, and a stok S whih are traded ontinuously over the timehorizon T := [0, T ], where T ∈ (0,∞) is �xed and represents the maturity timefor all eonomi ativities. To formalize this market, we �x a (omplete) �lteredprobability spae (Ω,F ,F = (Ft)t∈T,P) that satis�es the usual onditions. Wesuppose also that FT = F and that F0 ontains only the null sets of F and theiromplements. All proesses are de�ned on the stohasti basis above. Further,we shall add to this setup a �ltration whih spei�es the �ow of informationsavailable for the investors.Let X := {Xt : t ∈ T} be an irreduible homogeneous ontinuous-time Markovhain with a �nite state spae S = {e1, e2, . . . , eM} ⊂ RM haraterized by a rate(or intensity) matrix A := {aij : 1 ≤ i, j ≤ M}. Following Dufour and Elliott[44℄, we an identify S with the basis set of the linear spae RM . From now,we set ei = (0, 0, . . . , 1︸︷︷︸i-th , . . . , 0). It follows from Elliott [50℄ that X admits thefollowing semimartingale representation
Xt = X0 +

∫ t

0

AXs + Γt, (3.1)where Γ := {(Γit)Mi=1 : t ∈ T} is a vetor-martingale in RM with respet to the�ltration generated by X.Let rt denote the instantaneous interest rate of the money market aount B attime t. If we suppose that rt := r(t, Xt) = 〈r|Xt〉, where 〈·|·〉 is the usual salarprodut in RM and r = (r1, r2, . . . , rM) ∈ R+
M , then the prie dynamis of B is



56given by :
dBt = rtBt dt, B(0) = 1 for t ∈ T. (3.2)The appreiation rate µt and the volatility σt of the stok S at time t are de�nedas
µt := µ(t, Xt) = 〈µ|Xt〉,
σt := σ(t, Xt) = 〈σ|Xt〉, t ∈ T (3.3)where µ = (µ1, µ2, . . . , µM) ∈ RM and σ = (σ1, σ2, . . . , σM) ∈ RM

+ .The stok prie proess S is desribed by this following Markov modulated Lévyproess :
dSt = St−

(
µtdt+ σtdWt +

∫

R\{0}
(ez − 1)ÑX(dt; dz)

)
, S(0) = S0 > 0. (3.4)Here W := (Wt)t∈T is a one-dimensional standard Brownian motion or Wienerproess on (Ω,F ,P), independent of X and NX , and the ompensated randommeasure

ÑX(dt, dz) := NX(dt, dz) − ρX(dz)dt, (3.5)where NX(dt, dz) is the di�erential form of a Markov-modulated random mea-sure on T × R\{0}. We reall from Elliott and Osakwe [54℄ and Elliott andRoyal [55℄ that a Markov-modulated random measure on T × R\{0} is a fa-mily {NX(dt, dz;ω) : ω ∈ Ω} of non-negative measures on the measurable spae
(T × R\{0},B(T) ⊗ B(R\{0})), whih satis�es NX({0},R\{0};ω) = 0 and hasthe following ompensator, or dual preditable projetion

ρX(dz)dt :=
M∑

i=1

〈Xt−|ei〉ρi(dz)dt, (3.6)where ρi(dz) is the density for the jump size when the Markov hain X is in state
ei and satisfying ∫

|z|≥1

(ez − 1)2ρi(dz) <∞. (3.7)The general setting onsidered here an be seen as an extension of the exponential-Lévy model desribed in Cont and Tankov [34℄ where a fator of modulation isintrodued. Hene, we an retrieve in a simple way most of some urrent modelswhih exist in the literature (for example, the lassial Blak-Sholes model andthe family of exponential-Lévy models.)The subsequent assumption shall be fundamental, partiularly in Setion 3.4.1 toobtain a martingale representation for the value proess.Assumption 3.1. We assume that a transition of Markov hain X from state
ej to state ek and a jump of S do not happen simultaneously almost surely.Let ξ := {ξt}t∈T denote the disounted stok prie. Then,

ξt :=
St
Bt

= e−
R t

0
ruduSt.



57If Rt = e
R t

0
rudu, for eah t ∈ T. Then, the disounted stok prie proess is givenby :

{
dξt = Fµ(t, ξt−, Xt)dt+ Fσ(t, ξt−, Xt)dWt +

∫
R\{0} Fγ(t, ξt−, Xt)Ñ

X(dt; dz),

ξ(0) = S0 > 0 P a.s, (3.8)where 



Fµ(t, ξt, Xt) :=
(
µ(t, Rtξt, Xt) − r(t, Rtξt, Xt)

)
ξt

Fσ(t, ξt, Xt) := σ(t, Rtξt, Xt)ξt
Fγ(t, ξt, Xt) := ξt(e

z − 1).

(3.9)The theory of stohasti �ows shall also be used to identify the integrands in thestohasti integrals involved in the martingale representation property in Setion3.4.1.Let now onsider a general form of stohasti di�erential equation (SDE) (3.8) :
{
dξt = Fµ(t, ξt−, Xt)dt+ Fσ(t, ξt− , Xt)dWt +

∫
R\{0} Fγ(t, ξt−, Xt)Ñ

X(dt; dz),

ξs = x > 0 P-a.s. for 0 ≤ s < t ≤ T. (3.10)We assume that the oe�ients Fµ, Fσ, Fγ are smooth enough to guaranty theexistene and uniqueness of an adapted àdlàg (strong) solution ξs, t(x) (see Fu-jiwara and Kunita [68℄). Furthermore, this solution forms a stohasti �ow ofdi�eomorphisms Φs, t : (0,+∞) × Ω → (0,+∞) given by
Φs, t(x, ω) = ξs, t(x)(ω), (3.11)for eah (s, t) suh that 0 ≤ s < t ≤ T , x ∈ (0,+∞) and ω ∈ Ω. (Φs, t)s<t veri�esthe following properties :

• Φs, t = Φ0, t ◦ Φ−1
0, s for all s < t ;

• Coyle property : Φs, u = Φt, u ◦ Φs, t for all s < t < u ;
• Conditional independent inrements : for t0 ≤ t1 ≤ . . . ≤ tn,Φt0, t1 ,Φt1, t2 , . . . ,Φtn−1, tnare onditionally independent given FX

T .Let x = ξ0, t(x0), for eah t ∈ T. By the uniqueness of solutions of SDE and thesemi-group property, we get
ξ0, T (x0) = ξt, T (ξ0, t(x0))

= ξt, T (x). (3.12)Di�erentiating (3.12) with respet to x0, we obtain :
∂ξ0,T (x0)

∂x0
=
∂ξt, T (x)

∂x

∂ξ0, t(x0)

∂x0
. (3.13)3.2.2. Market InformationIn general, the Markov-modulated Lévy model, as desribed by Equation (3.4),is based on the mathematial framework of Markov additive proesses (MAP).These proesses are widely studied in stohasti analysis (See, e.g., [?, ?, 59, 72℄.)In partiular, the ouple (X,S) is a Markov additive proess and yields twoimportant �ltrations as we shall see below.



58Let FX := {FX
t }t∈T and FS := {FS

t }t∈T denote the right-ontinuous, P-omplete�ltrations generated by X and S respetively. We de�ne for t ∈ T,
Gt := FS

t (3.14)and
Gt := FX

T ∨ FS
t . (3.15)The �ltration G := {Gt}t∈T represents all the information up to time t gainedfrom the observations of the prie �utuations S. The stritly larger �ltration

G := {Gt}t∈T denotes the information about the stok prie history up to time tand the information about the entire path FX
T of the modulation fator proess

X.We shall assume in the last setion of this paper that the investors in the marketonly have aess to the former �ltration, whih is thus the one used pratially,whereas the latter �ltration serves mainly for theoretial purposes.It is easy to see that under G, the disounted prie ξ is a speial semimartingaleand its anonial deomposition is given by
ξt = S0 +

∫ t

0

Fµ(s, ξs−, Xs)ds

︸ ︷︷ ︸�nite variation part
+

∫ t

0

Fσ(s, ξs−, Xs)dWs +

∫ t

0

∫

R\{0}
Fγ(s, ξs−, Xs)Ñ

X(ds; dz)

︸ ︷︷ ︸loal-martingale part . (3.16)3.2.3. Essher Transform Change of MeasureOne of the main features of the Markov-modulated Lévy model is that it leadsto an inomplete market. We shall therefore employ the regime-swithing Esshertransform as in Elliott et al. [50℄ to determine an equivalent martingale measure.For doing so, we de�ne the proess Y by
Yt =

∫ t

0

(
µr −

1

2
σ2
r

)
dr +

∫ t

0

σrdWr +

∫ t

0

∫

R\{0}
zÑX(dr; dz)

−
∫ t

0

∫

R\{0}
(ez − 1 − z)ρX(dz)dr (3.17)As in [122℄, onsider the following set

Θ :=

{
(θt)t∈T

∣∣∣∣∣ θt :=

M∑

i=1

θi〈Xt−|ei〉 with (θ1, θ2, ..., θM) ∈ RMsuh that EP
[
e−

R t

0 θrdYr

∣∣∣FX
T

]
<∞

}
.



59For θ := (θt)t∈T ∈ Θ, the generalized Laplae transform of a G-adapted proess
Y is de�ned as

MY (θ)t := EP
[
e−

R t

0 θrdYr

∣∣∣FX
T

]
. (3.18)Notie that ontrary to the usual Essher transform, the expetation involvedhere is taken onditionally on the information regarding the future of the Markovhain X. With this extended de�nition of a Laplae transform, we an now de�nethe generalized Essher transform (with respet to the parameter θ, alled theEssher parameter).Let Λθ = {Λθ

t}t∈T denote a G-adapted stohasti proess de�ned as
Λθ
t :=

e−
R t

0 θrdYr

MY (θ)t
, t ∈ T; θ ∈ Θ. (3.19)It an be shown that (See, e.g., [50℄)

Λθ
t = exp

[
−
∫ t

0

θrσrdWr −
1

2

∫ t

0

θ2
rσ

2
rdr −

∫ t

0

∫

R\{0}
θr−zÑ

X(dr; dz)

−
∫ t

0

∫

R\{0}

(
e−zθr − 1 + θrz

)
ρX(dz)dr

]
. (3.20)Moreover, as shown in [122℄, the stohasti proess Λθ = {Λθ

t}t∈T de�ned by(3.19) is a positive (G,P)-martingale and
EP[Λθ

t ] = 1, ∀t ∈ T. (3.21)From Equation 3.21, we dedue that the proess Λθ = {Λθ
t}t∈T given by Equation(3.20) is a density proess induing a hange of measure in the probability spae

(Ω,GT ). Indeed, by setting
dQθ

dP

∣∣∣
Gt

= Λθ
t t ∈ T, (3.22)we de�ne for eah proess θ in Θ a new probability measure Qθ equivalent to

P. Atually, Qθ is just an equivalent probability measure. To transform it into amartingale equivalent measure, we need to impose a ondition generally knownas the martingale ondition. It stipulates that the disounted stok prie {ξt}t∈Twill be a G-martingale under Qθ. Then,
EQθ

[
ξt

∣∣∣G0

]
= ξ(0), ∀t ∈ T. (3.23)Hene, we haveProposition 3.1. An equivalent probability measure Qθ de�ned by (3.22) is anequivalent martingale measure on (Ω,GT ), i.e., it satis�es ondition (3.23), if andonly if the proess θ satis�es the following equation

µt − rt − θtσ
2
t +

∫

R\{0}
(ez − 1)(e−zθt − 1)ρX(dz) = 0, ∀t ∈ T. (3.24)



60Proof. The proof is a straightforward adaptation of that of Proposition 2.2 in El-liott et al. [50℄. The main ingredient is an expliit omputation of the generalizedLaplae transform de�ned by (3.18). �However, the proess θ is ompletely determined by the vetor (θ1, θ2, . . . , θM )solution of the system of equations
µi − ri − θiσ

2
i +

∫

R

(ez − 1)(e−zθi − 1)ρi(z)dz = 0, (3.25)for i = 1, 2, . . . , N .For priing purposes, we need to know the dynamis of the disounted stok prieunder the martingale probability measure Qθ. The following proposition states aresult in this diretion.Proposition 3.2. Under the risk-neutral probability measure Qθ, the disountedstok prie proess ξ is the solution to the following stohasti di�erential equation{
dξt = Fσ(t, ξt−, Xt)dW

θ
t +

∫
R\{0} Fγ(t, ξt−, Xt)Ñ

θ
(dt; dz)

ξ(0) = S0 > 0 P-a.s. for 0 ≤ t ≤ T,
(3.26)where

• W θ de�ned as
W θ
t := Wt +

∫ t

0

θrσrdr, (3.27)is the standard Brownian motion under Qθ ;
• Ñ θ de�ned as

Ñ
θ
(dr; dz) = NX(dr; dz) − ρθ

X

(dz)dr, (3.28)is the ompensated measure of NX under Qθ with ρθX

(dz) := e−θzρX(dz).Proof. This follows easily from (3.8) by the appliation of the Girsanov-MeyerTheorem (See Øksendal and Sulem [105℄, Protter [111℄). �3.3. The Loally Risk-Minimizing Hedging ProblemIn this setion, we reall some terminology on loal risk minimization. We shallsimply give essential results ; for further information, the reader is referred to thesurvey of Shweizer [119℄, to whih our presentation owes muh.3.3.1. Review of Some Notions on The Risk-MinimizationApproahThis onept has been introdued by Föllmer and Sondermann [64℄ for a non-redundant ontingent laim written on a one-dimensional, square-integrable dis-ounted risky asset ξ whih is a martingale under the original measure P. Conre-tely, given a stohasti basis as above, the goal onsists of minimizing the ondi-tional remaining risk :Rt := EP[(CT−Ct)2|Ft] for all t ∈ T. Here Ct stands for the



61ost proess and is de�ned as the di�erene between the value of the (portfolio)strategy detained by the investor at time t and the gains made from trading inthe �nanial market up to time t. Let L2(ξ) the spae of all R-valued preditableproess φ suh that
||φ||L2(ξ) :=

(
EP
[ ∫ T

0

φ2
ud[ξ, ξ]u

]) 1
2
<∞,A trading strategy is a pair of proesses ϕ = (φ, ψ) where ψ is an adaptedproess and φ ∈ L2(ξ) is a F-preditable proess, suh that the value proess

V := φξ + ψ has right ontinuous sample paths and EP[V 2
t ] < ∞ for every

t ∈ T(i.e., Vt ∈ L2(Ω,P) for every t ∈ T).Consider a trading strategy ϕ = (φ, ψ), where φ = (φt)t∈T denotes at time t,the number of stoks held and ψ = (ψt)t∈T is the amount invested in the moneymarket aount.Let H be a laim whih is FT -measurable and square-integrable. Consider stra-tegies that repliate the ontingent laim H at time T ; that are the strategieswhih satisfy the assumption :
VT = H P-a.s.Suh strategies are alled H-attainable1.A trading strategy ϕ suh that Ct(ϕ) = C0(ϕ) for all t ∈ T is alled self-�naning.Furthermore, if the ost proess Ct(ϕ) is a P-martingale then ϕ is said to be meanself-�naning.De�nition 3.1. Let (φ, ψ) and (φ̃, ψ̃) be H-attainable strategies. Then (φ̃, ψ̃) isalled a H-attainable strategy ontinuation of (φ, ψ) at time t ∈ [0, T ) if φ̃s = φsfor s ∈ [0, t] and ψ̃s = ψs for s ∈ [0, t).The following result obtained by Föllmer and Sondermann [64℄ is based on theGalthouk-Kunita-Watanabe (GKW) deomposition (see Kunita-Watanabe [90℄)of H and gives a risk-minimizing hedging strategy under full information.Theorem 3.1. Assume the GKW deomposition of the laim H ∈ L2(Ω,P) givenby

H = H0 +

∫ T

0

φHs dξs + LHT ,with φH ∈ L2(ξ), LH a square-integrable P-martingale orthogonal to ξ with H0 =

EP[H ] P-a.s.Then, the trading strategy ϕ⊗ = (φ⊗, ψ⊗) de�ned as
(φ⊗

t , ψ
⊗
t ) := (φHt , H0 +

∫ t

0

φHs dξs − φHt ξt + LHt ), ∀t ∈ T (3.29)is H-attainable and risk-minimizing. Its assoiated risk proess R⊗ is given by
R⊗
t = EP[(LHT − LHt )2|Ft], P-a.s. ∀t ∈ T. (3.30)Furthermore, this strategy is unique.1In [64℄, the authors refer to that as H-admissible.



62From now on, we assume that the one-dimensional disounted asset ξ is no longera martingale under the measure P but only a semimartingale with the followingdeomposition
ξ = ξ0 + Z + A (3.31)where Z is a square-integrable martingale for whih Z0 = 0, and A is a preditableproess of �nite variation |A|(i.e., supτ

∑Nτ

i=1 |Ati −Ati−1
| <∞) for every partition

τ of T. In this situation, we an no longer apply the preeding result of Föllmerand Sondermann [64℄. To deal with suh a ase, Shweizer [118, 119℄ introduedthe onept of Loally risk-minimizing strategy where the onditional varianesare kept as small as possible but now in a loal manner. Now, to adapt thede�nition of a trading strategy in this ase we need that φ ∈ L2(Z) and that∫ T
0
|φudAu| ∈ L2(Ω,P).De�nition 3.2. (small perturbation). A trading strategy ∆ = (δ, ǫ) is alled asmall perturbation if it satis�es the following onditions :

• δ is bounded ;
•
∫ T
0
|δu||dAu| is bounded ;

• δT = ǫT = 0.For any subinterval (s, T ] ⊂ T, we de�ne the small perturbation ∆
∣∣
(s,T ] :=

(δ1(s,T ], ǫ1(s,T ]).Now we an de�neDe�nition 3.3. (loally risk-minimizing strategy). For a trading strategy ϕ, asmall perturbation ∆ and a partition τ of T the risk-quotient (R-quotient) rτ [ϕ,∆]whih is a sort of relative loal risk is de�ned as
rτ [ϕ,∆] :=

∑

ti,ti+1∈τ

Rti(ϕ+ ∆
∣∣
(ti,ti+1] ) −Rti(ϕ)

EP[〈Z〉ti+1
− 〈Z〉ti|Fti]

1(ti,ti+1]. (3.32)A trading strategy ϕ is alled loally risk-minimizing if
lim inf

n→∞
rτn [ϕ,∆] ≥ 0, P × 〈Z〉-a.s.for every small perturbation ∆ and every inreasing sequene (τn) of partitions of

T suh that ||τn|| → 0.To present the main results, we need the following tehnial assumptions :Assumption 3.2.
• (A1) For P-almost all ω the measure on T indued by 〈Z〉(ω) has the wholeinterval T as its support, i.e., 〈Z〉 should be P-almost surely stritly inreasingon the whole interval T.
• (A2) A is ontinuous.
• (A3) A is absolutely ontinuous with respet to 〈Z〉 with a density α satisfying

EP
[ ∫ T

0

|αu|max(log |αu|, 0)d〈Z〉u
]
<∞.



63A su�ient ondition for (A3) is that EP

[ ∫ T
0
|αu|2d〈Z〉u

]
<∞ and one refers tothat by saying : ξ satis�es the Struture Condition (SC). We an remark that withassumption (A2), ξ is a speial semimartingale. We an now state the optimalityresult.Theorem 3.2. A ontingent laim H ∈ L2(Ω,P) admits a (pseudo-optimal)loally risk-minimizing strategy ϕ⊙ = (φ⊙, ψ⊙) with VT (ϕ⊙) = H P-a.s. if andonly if H an be written as

H = H0 +

∫ T

0

φHs dξs + LHT P-a.s. (3.33)with H0 ∈ L2(Ω,P), φH ∈ L2(ξ), LH a square-integrable P-martingale null at theorigin and P-strongly orthogonal to M . The strategy ϕ is then given by
φ⊙
t = φHt , t ∈ Tand

Ct(ϕ
⊙) = H0 + LHt , t ∈ T;its value proess is

Vt(ϕ
⊙) = Ct(ϕ) +

∫ t

0

φ⊙
s dξs = H0 +

∫ t

0

φHs dξs + LHt , t ∈ T. (3.34)Proof. See Proposition 3.4 of Shweizer [119℄. �Equation (3.33) is alled the Föllmer-Shweizer deomposition (FS) for the ontin-gent laim H . In pratie, it is very di�ult to obtain this deomposition so themore natural approah introdued by Föllmer and Shweizer [63℄ onsists of usinga Girsanov transformation to shift the problem bak to a martingale measurewhere standard tehniques shuh as Galhouk-Kunita-Watanabe projetion areavailable.3.4. Main ResultsThis setion is devoted to the main results of this paper. We shall �rst derivea martingale representation for the wealth proess of a laim written on a riskyasset whose prie evolution is given by a Markov-modulated exponential Lévyproess. After, we solve the problem of loal-risk minimization under full andpartial information.3.4.1. A Martingale Representation PropertyIn this setion, we give an expliit representation of a martingale whih is usefulfor the problem of hedging in the ontext of a Markov-modulated Lévy model.The proof of the result is similar to the one given by Elliott et al. [53℄. We givean expliit martingale representation of the wealth proess whih will be usefullater on in the �nding of an optimal strategy the proof of our main result.



64First, it is easy to see that the Essher transform hange of measure Λθ introduedin Setion 3.2.3 is the solution to the following SDE




Λt, u(x) = 1 +
∫ u
t

Λt, r−(x)(−θrσr)(r, ξt, r−(x), Xr)dWr

+
∫ u
t

∫
R\{0} Λt, r−(x)(e−zθr(r,ξ

t, r−(x),Xr) − 1)ÑX(dr; dz)

Λt, t(x) = 1 P-a.s. for 0 ≤ t < u ≤ T.

(3.35)Indeed, for all t ∈ T, Λθ
t = Λ0, t(x).Now, onsider a funtion c(·) : (0,+∞) → R suh that c(·) is twie di�erentiableand c(·) and ∂c(·)

∂x
are at most linear growth in x. We shall determine the urrentprie at time t of a ontingent laim of the form c(ST ), whih is the payo� ofthe laim at maturity T > t. In the sequel, we have to work with the disountedlaim as funtion of the disounted stok prie, that by :
ĉ(ξ0,T ) := R−1

T c(RT ξ0,T (x0)) = R−1
T c(ST ). (3.36)So, we assume that the proess θ is hosen suh that EQθ

[ĉ2(ξ0,T (x0))] < ∞ andthen we de�ne the square-integrable (G,Qθ)-martingale {Vt}t∈T by :
Vt := EQθ

[ĉ(ξ0,T (x0))|Gt], t ∈ T. (3.37)As (X, ξ) and (X,Λ) are Markov additive proesses (See Çinlar [?℄), they verifythe Markov property with respet to the large �ltrationG. Hene, by using Bayes'rule, we obtain :
Vt := EQθ

[ĉ(ξ0, T (x0))|Gt]

=
EP[Λ0, T (x0)ĉ(ξ0, T (x0))|Gt]

EP[Λ0, T (x0)|Gt]

= EP
[Λ0, t(x0)Λt, T (x)ĉ(ξt, T (x))

Λ0, t(x0)

∣∣∣Gt
]
, beause EP[Λt, T (x)|Gt] = 1;

= EP[Λt, T (x)ĉ(ξt, T (x))|Gt]
= EP[Λt, T (x)ĉ(ξt, T (x))|(Xt, ξ0, t) = (e, x)]. (3.38)Thus, we de�ne for eah x ∈ (0,+∞) and e ∈ S,

V (t, x, e) := EP[Λt, T (x)ĉ(ξt, T (x))|(Xt, ξ0, t) = (e, x)] (3.39)
(= EQθ

[ĉ(ξt, T (x))|(Xt, ξ0, t) = (e, x)]).For eah (t, u) suh that 0 ≤ t < u ≤ T , let introdue the following proesses :(1) L de�ned as
Lt, u :=

∫ u

t

∂(−θrσr)
∂ξ

(r, ξt, r(x), Xr) ×
∂ξt, r
∂x

dW θ
r

+

∫ u

t

∫

R\{0}

[
ezθr(r, ξ

t, r−(x), Xr)∂e
−zθr(r, ξ

t, r−(x), Xr)

∂ξ
× ∂ξt, r−

∂x
(x)
]
Ñ
θ
(dr, dz),



65(2) K de�ned as
Kt, u :=

∫ u

t

Λt, r(x+ ζt(y))

Λt, r(x)

×
[
(−θrσr)(r, ξt, r(x+ ζt(y)), Xr) + (θrσr)(r, ξt, r(x), Xr)

]
dW θ

r

+

∫ u

t

∫

R\{0}

Λt, r−(x+ ζt(y))

Λt, r−(x)

×
[e−zθr(r, ξ

t, r−(x+ζt(y)), Xr) − e−zθr(r, ξ
t, r−(x), Xr)

e−zθr(r, ξ
t, r−(x), Xr)

]
Ñ
θ
(dr, dz)with ξt− = x, ζt(y) := ζ(t, x, y).(3) V the vetor proess de�ned as

V(t, ξ0, t(x0)) :=
(
V (t, ξ0, t(x0), e1), V (t, ξ0, t(x0), e2), . . . , V (t, ξ0, t(x0), eM)

)
.Now, we are able to give a martingale representation for the {Vt}t∈T.Proposition 3.3. The (G,Qθ)-martingale {Vt}t∈T has the representation

Vt = V0 +

∫ t

0

φcr(ξr, Xr)dW
θ
r +

∫ t

0

∫

R\{0}
φdr(z, ξr−, Xr−)Ñ

θ
(dr, dz)

+

∫ t

0

〈αr, dΓr〉, (3.40)where φc, φd and α are suh that,
• EQθ

[ ∫ T
0

(Φc
r)

2dr
]
<∞,

• EQθ
[ ∫ T

0
||αr||2dr

]
<∞ and

• EQθ
[ ∫ T

0

∫
R\{0}(φ

d
r(z))

2ρX(dz)dr
]
<∞,with the following expliit expressions

φcr(ξr, Xr) = EQθ
[
Lr, T ĉ(ξr, T (x))

+
∂ĉ

∂ξ
(ξr, T (x))

∂ξr, T
∂x

(x)
∣∣∣(Xr, ξ0, r(x0)) = (e, x)

]
σr(r, ξr, Xr), (3.41)

φdr(y, ξr−, Xr) = EQθ
[
(Kr, T + 1)ĉ(ξr, T (x− + ζr(z)))

− ĉ(ξr, T (x))
∣∣∣(Xr, ξ0, r(x0)) = (e, x)

]
, (3.42)
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αr = V(r, ξ0, r(x0)) ∈ RM . (3.43)with x = ξ0, r(x0) and x− = ξ0, r−(x0).In order to prove Proposition 3.3, we need the subsequent resultLemma 3.1. The following identities hold
∂Λt, T

∂x
(x) = Λt, T (x) × Lt, T (3.44)and

Λt, T (x+ ζ(z)) − Λ(x) = Λt, T (x) ×Kt, T . (3.45)Proof. See Appendix. �Now, we give the proof of the Proposition 3.3.Proof. Noting that
V (t, ξt, Xt) = 〈V(t, ξt)|Xt〉, (3.46)we obtain by di�erentiation

dV (t, ξt, Xt) = 〈dV(t, ξt)|Xt〉 + 〈V(t, ξt)|dXt〉, (3.47)and from It� di�erentiation rule
dV (t, ξt, Xt) =

〈
V(t, ξt)

∣∣∣∣∣dXt

〉
+

〈
∂V

∂t
dt+

∂V

∂ξ
dξt +

1

2

∂2V

∂ξ2
d[ξ, ξ]ct (3.48)

+

∫

R\{0}

[
V(t, ξt−e

z) − V(t, ξt−) − ∆ξt
∂V

∂ξ

]
NX(dt, dz)

∣∣∣∣∣Xt

〉
.From (3.31), we dedue that

dXt = AXt−dt+ dΓt. (3.49)By replaing this last expression in (3.48), we obtain
dV (t, ξt, Xt)

=

〈[
∂V

∂t
+

1

2
σ2
t ξ

2
t−
∂2V

∂ξ2
+

∫

R\{0}

[
V(t, ξt−e

z) − V(t, ξt−)

− ξt−(ez − 1)
∂V

∂ξ

]
ρθ

X

(dz)

]
dt

∣∣∣∣∣Xt

〉

+

〈
V(t, ξt)

∣∣∣∣∣AXt−

〉
dt+

〈
V(t, ξt)

∣∣∣∣∣dΓt
〉

+

〈
σtξt−

∂V

∂ξ
dW θ

t +

∫

R\{0}

[
V(t, ξt−e

z) −V(t, ξt−)
]
Ñ
θ
(dt, dz)

∣∣∣∣∣Xt

〉
. (3.50)



67As {Vt = V (t, ξt, Xt)}t∈T is a (G,Qθ)-martingale, the ontinuous �nite variationpart is identially equal to zero Qθ a.s, thus〈
∂V

∂t
+

1

2
σ2
t ξ

2
t

∂2V

∂ξ2
+

∫

R\{0}

[
V(t, ξt−e

z)

− V(t, ξt−) − ξt−(ez − 1)
∂V

∂ξ

]
ρθ

X

(dz)

∣∣∣∣∣Xt

〉

+

〈
V(t, ξt)

∣∣∣∣∣AXt−

〉
= 0. (3.51)This is equivalent with Xt = e to :

∂V

∂t
(t, ξt, e) +

1

2
σ2
t ξ

2
t

∂2V

∂ξ2
(t, ξt, e) +

〈
V(t, ξt)

∣∣∣AXt−

〉

+

∫

R\{0}

[
V (t, ξt−e

z, e) − V (t, ξt−, e) − ξt−(ez − 1)
∂V

∂ξ
(t, ξt, e)

]
ρθ

X

(dz) = 0.(3.52)Hene, by going bak to Equation (3.50), we dedue that
V (t, ξt, e) = V (0, ξ0, X0) +

∫ t

0

σsξs
∂V

∂ξ
(s, ξs, Xs)dW

θ
s

+

∫ t

0

∫

R\{0}

[
V (s, ξs−e

z, Xs) − V (s, ξs−, Xs)
]
Ñ
θ
(ds, dz)

+

∫ t

0

〈
V(s, ξs)

∣∣∣dΓs
〉
. (3.53)We dedue from the uniqueness of the deomposition of the speial semimartingale

V that for any t ∈ T
• Φc

t(ξt) = σtξt
∂V
∂ξ

(t, ξt, e) ;
• Φd

t (z, ξt−) = V (t, ξt−e
z, e) − V (t, ξt, e) ;

• αt = V(t, ξt).To obtain more expliit expressions for these quantities, we note that ξ0, t = xand ξ0, t− = x− therefore for any t ∈ (0, T ]
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Φc
t(ξt) = xσt(t, x, e)

∂V

∂x
(t, x, e)

= xσt(t, x, e)
∂

∂x
EP[Λt, T (x)ĉ(ξt, T (x))|(Xt, ξ0, t) = (e, x)] by (3.39)

= xσt(t, x, e)EP
[∂Λt, T

∂x
(x)ĉ(ξt, T (x)) + Λt, T (x)

∂ĉ

∂ξ
(ξt, T (x))

∂ξt, T
∂x

(x)
∣∣∣(Xt, ξ0, t(x0))

]

= xσt(t, x, e)EP
[
Λt, T (x)Lt, T ĉ(ξt, T (x))

+Λt, T (x)
∂ĉ

∂ξ
(ξt, T (x))

∂ξt, T
∂x

(x)
∣∣∣(Xt, ξ0, t) = (e, x)

] (Lemma 3.1)
= xσt(t, x, e)EQθ

[
Lt, T ĉ(ξt, T (x)) +

∂ĉ

∂ξ
(ξt, T (x))

∂ξt, T
∂x

(x)
∣∣∣(Xt, ξ0, t) = (e, x)

]
. (3.54)In the same way,

Φd
t (z, ξt−) = V (t, ξt−e

z, e) − V (t, ξt−, e)

= EP
[
Λt, T (x− + ζr(z))ĉ(ξt, T (x− + ζr(z)))

∣∣∣(Xt, ξ0, t) = (e, x)
]

−EP
[
Λt, T (x)ĉ(ξt, T (x))

∣∣∣(Xt, ξ0, t) = (e, x)
]

= EP
[(

Λt, T (x− + ζr(z)) − Λt, T (x)
)
ĉ(ξt, T (x− + ζr(z)))

∣∣∣(Xt, ξ0, t) = (e, x)
]

+EP
[
Λt, T (x)

(
ĉ(ξt, T (x− + ζr(z))) − ĉ(ξt, T (x))

)∣∣(Xt, ξ0, t) = (e, x)
]

= EP
[
Λt, T (x)Kt,T

(
ĉ(ξt, T (x− + ζr(z))

)

+Λt, T (x)
(
ĉ(ξt, T (x− + ζr(z))) − ĉ(ξt, T (x))

)∣∣∣(Xt, ξ0, t) = (e, x)
] (Lemma 3.1)

= EQθ
[
(Kt,T + 1)ĉ(ξt, T (x− + ζr(z))) − ĉ(ξt, T (x))

∣∣∣(Xt, ξ0, t) = (e, x)
]
. (3.55)Finally, we have to show that the di�erent omponents involved in (3.53) aremutually orthogonal (G,Qθ)-loal martingales, that is, the di�erent produts

W θ · Ñ θ
(·, dz), W θ · Γ and Γ · Ñ θ

(·, dz) are (G,Qθ)-loal martingales. The laimis easily veri�ed in the �rst ase by noting that W θ is a ontinuous (G,Qθ) loal-martingale suh that W θ
0 = 0 whereas Ñ θ

(·, dz) and Γ are pure jump (G,Qθ)loal-martingales. For the last ase, we have ∀t ∈ T and ∀i ∈ {1, 2, ...,M}
[Γi, Ñ

θ
(·, dz)]t =

∑

0≤s≤t
∆Γis∆Ñ

θ
(s, dz)

= 0. (3.56)This result omes from Assumption 3.1 and the deomposition theorem of the(additive) omponent of the MAP (X,S) given in [32, Theorem 2.23℄. �



69Remark 3.4.1. On one hand, this result an be viewed as a spei�ation of ageneral result of a representation theorem for square integrable martingales. (See[43, 90℄.)On the other hand, this theorem is a generalization of the representation theoremfor Lévy martingales (see [13℄) to the ase of a Markov modulated exponentialLévy proess.3.4.2. The Loally Risk-Minimizing Hedging Problem under FullInformation for The Model (3.4)-(3.2)In this setion, we onsider the problem of hedging a ontingent laim H in theMarkov-modulated exponential Lévy model given by (3.2)-(3.4) given that theinformation set is G. In general, in suh a market the laimH annot be perfetlyhedged. Therefore, we need to take into aount the market partiipant's attitudetoward risk in the searh of the viable market transations. One way of doing this,in the literature, onsists of optimizing a given riterion whih may be based onthe preferene of the market partiipant. In partiular, the hoie of the quadratiriterion is quite natural and pertinent beause it leads to a linear priing rulewhih is very meaningful in �nanial eonomis.Let B be a ontingent laim with a disounted payo�H = ĉ(ξ0, T (x0)) ∈ L2(Ω,P).Following Shweizer [115℄, a loally risk-minimizing strategy ϕ = (φ, ψ) whihgenerates ĉ(ξ0, T (x0)) must be suh that(1) VT = ĉ(ξ0, T (x0)) P-a.s. ;(2) Vt(ϕ) = V0(ϕ) +
∫ t
0
φrdξr + Υt, for all t ∈ T ;(3) Υ is a martingale under P and Υ is orthogonal to the martingale part Zof ξ under P.We shall require that (Vt(ϕ))0≤t≤T is a (G,Qθ)-martingale. With this assumptionand Equation (3.39), we have

Vt(ϕ) = EQθ

[VT (ϕ)|Gt]
= EQθ

[ĉ(ξ0, T (x0))|(Xt, ξ0, t) = (e, x)]

= V (t, x, e).Now we an state the main proposition if this setion.Proposition 3.4. Assume that σt > 0 for any t ∈ T. If there exists a proess θ∗satisfying (3.24) and suh that
θ∗t =

µt − rt
σ2
t +

∫
R\{0}(e

x − 1)2ρX(dx)
, (3.57)

e−zθ
∗
t − 1 = − (µt − rt)(e

z − 1)

σ2
t +

∫
R\{0}(e

x − 1)2ρX(dx)
, ∀z ∈ R (3.58)then there exists a minimal martingale measure de�ned by the Essher transform

Λθ∗. Furthermore, the loally risk-minimizing strategy for the ontingent laim H



70is given by
φ∗
t =

1

ξt−
×
σtφ

c
t(ξt, Xt) +

∫
R\{0}(e

z − 1)φdt (y, ξt−, Xt−)ρX(dz)

σ2
t +

∫
R\{0}(e

x − 1)2ρX(dx)
, (3.59)and

ψ∗
t := Vt(ϕ) − φ∗

t ξt

= EQθ∗

[ĉ(ξ0, T (x0))|(Xt, ξ0, t) = (e, x)] − φ∗
t ξt. (3.60)Proof.1- We have to show that if there exists a proess θ∗ satisfying the Equations (3.24),(3.57) and (3.58), then the proess Λθ∗ de�nes a minimal martingale measurein the sense of Shweizer [114℄. Indeed, under these assumptions we have fromEquation (3.35)

Λθ∗

t = 1 +

∫ t

0

Λθ∗

s−(−θ∗sσs)dWs +

∫ t

0

∫

R\{0}
Λθ∗

s−(e−θ
∗
sz − 1)ÑX(ds, dz)

= 1 −
∫ t

0

Λθ∗

s−

[ µs − rs
σ2
s +

∫
R\{0}(e

x − 1)2ρX(dx)

][
σsdWs +

∫

R\{0}
(ez − 1)ÑX(ds, dz)

]

= 1 −
∫ t

0

Λθ∗

s−
1

ξs−
×
[ µs − rs
σ2
s +

∫
R\{0}(e

x − 1)2ρX(dx)

]
dZs, (3.61)where Z denotes the martingale part of the (speial) semimartingale ξ. UsingAssumptions 3.57 and 3.58, it is easy to see that the proess λ given for t ∈ T :

λt :=
dAt
d〈Z〉t

=
1

ξt−
×
σ2
t θ

∗
t +

∫
R\{0}(e

z − 1)(e−θ
∗
t z − 1)ρX(dz)

σ2
s +

∫
R\{0}(e

x − 1)2ρX(dx)

=
1

ξt−
× µt − rt
σ2
t +

∫
R\{0}(e

x − 1)2ρX(dx)
(3.62)is G-preditable and veri�es ∫ t

0
λ2
sd〈Z〉s <∞ P-a.s. Hene, we see that

Λθ∗

t = 1 −
∫ t

0

Λθ∗

s−λsdZs. (3.63)This de�nes preisely the minimal martingale measure aording to Föllmer andShweizer [63℄.In the sequel we shall denote it by Qθ∗ .2- From Föllmer and Shweizer ([63℄) we know that one a MMM is found, theloally risk-minimizing strategy of the ontingent laim is uniquely determinedfrom the (G,Qθ∗)-projetion of the Galthouk-Kunita-Watanabe deompositionof ĉ(ξ0, T (x0)).



71From Proposition 3.3, we have for all t ∈ [0, T ℄,
Vt = V0 +

∫ t

0

φcr(ξr, Xr)dW
θ∗

r +

∫ t

0

∫

R\{0}
φdr(z, ξr−, Xr−)Ñ

θ∗

(dr, dz) +

∫ t

0

〈αr|dΓr〉(3.64)where φc and φd are given by Equations (3.41) and (3.42) respetively. Therefore,we have from (2)

Υt = Vt(ϕ) −
∫ t

0

φrdξr − V0(ϕ)

=

∫ t

0

[
φcr(ξr, Xr) − σrξrφr

][
dWr + θ∗t σrdr

]

+

∫ t

0

∫

R\{0}

[
φdr(z, ξr−, Xr−) − ξr−(ez − 1)φr

][
NX(dr, dz) − e−θ

∗
rz)ρX(dz)dr

]

+

∫ t

0

〈αr|dΓr〉. (3.65)From (3), Υ should be a (G,P)-martingale thus the drift term in (3.65) shouldbe zero or equivalently
ξt−φt

[ ∫

R\{0}
(ez − 1)(e−θ

∗
t z − 1)ρX(dz) − θ∗tσ

2
t

]

=

∫

R\{0}
φdt (z, ξt− , Xt−)(e−θ

∗
t z − 1)ρX(dz) − φct(ξt, Xt)θ

∗
t σt. (3.66)Hene

Υt =

∫ t

0

[φcr(ξr, Xr) − σrξrφr]dWr +

∫ t

0

〈αr|dΓr〉

+

∫ t

0

∫

R\{0}
[φdr(z, ξr−, Xr−) − ξr−(ez − 1)φr]Ñ

X(dr, dz). (3.67)The requirement (3) stipulates also that Υ is orthogonal to the martingale part
Z of ξ under P. This is veri�ed if and only if ΥZ is a (G,P)-martingale, therefore

ξt−φt

[ ∫

R\{0}
(ex − 1)2ρX(dx) + σ2

t

]
= φct(ξt, Xt)σt

+

∫

R\{0}
φdt (z, ξr− , Xr−)(ez − 1)ρX(dz).(3.68)Realling the martingale ondition (3.24) and substituting it in Equation (3.66)we obtain

ξt−φt(rt − µt) =

∫

R\{0}
φdt (z, ξt−, Xt−)(e−θ

∗
t z − 1)ρX(dz) − φct(ξt, Xt)θ

∗
tσt, (3.69)



72and using Equation (3.68), we know that θ∗ satis�es
[
θ∗t −

µt − rt
σ2
t +

∫
R\{0}(e

x − 1)2ρX(dx)

]
φct(ξt, Xt)σt

−
∫

R\{0}

[
(e−θ

∗
t z − 1) +

(µt − rt)(e
z − 1)

σ2
t +

∫
R\{0}(e

x − 1)2ρX(dx)

]
φdt (y, ξt−, Xt−)ρX(dz) = 0.(3.70)Thus, if there exists a proess θ∗ verifying (3.24) and suh that ∀t ∈ T

θ∗t =
µt − rt

σ2
t +

∫
R\{0}(e

x − 1)2ρX(dx)and
e−θ

∗
t z − 1 = − (µt − rt)(e

z − 1)

σ2
t +

∫
R\{0}(e

x − 1)2ρX(dx)
, ∀z ∈ R\{0},then a loally risk-minimizing strategy exists (independently of the laim to behedged) and is dedued from Equations (3.68) and (3.29)

{
φ∗
t = 1

ξ
t−

× σtφc
t+

R

R\{0}
φd

t−
(z)(ez−1)ρX (dz)

σ2
t +

R

R\{0}
(ex−1)2ρX(dx)

ψ∗
t = V0 +

∫ t
0
φ∗
sdξs − φ∗

t ξt + Γt.
(3.71)The expression of ψ∗ follows from the de�nition of the portfolio value proess V .This ends the proof. �We an derive easily the expression of the residual G-risk proess Υ for all t ∈ Tas

Υt =

∫ t

0

1

σ2
r +

∫
R\{0}(e

x − 1)2ρX(dx)

×
[
φcr

∫

R\{0}
(ez − 1)2ρX(dz) − σr

∫

R\{0}
φdr−(z)(ez − 1)ρX(dz)

]
dWr

+

∫ t

0

∫

R\{0}

1

σ2
r +

∫
R\{0}(e

x − 1)2ρX(dx)
×
[
σ2
rφ

d
r−(z) − (ez − 1)σrφ

c
r

]
ÑX(dr, dz)

+

∫ t

0

〈αr|dΓr〉. (3.72)Remark 3.4.2.
• It is possible that Equation (3.70) does not have a unique solution, for exampleif φc ≡ 0 ≡ φd.
• This result is an expliit representation of the hedging strategy as omputed in[43℄.



733.4.3. The Loally Risk-Minimizing Hedging Problem under PartialInformationThis setion onsiders the problem of the loal risk-minimization of the ontingentlaimH when the asset dynamis follows Equation (3.4) from the viewpoint of aninvestor/hedger who does not have at his disposal the full information as desribedby the �ltration G = {Gt}t∈T, but only the information set G = {Gt}t∈T ; with
Gt ⊂ Gt for all t ∈ T. We have that GT = GT . Thus the ontingent laim H =
ĉ(ξ0,T (x0)), whih is GT -measurable, will also be GT -measurable.We aim at �nding a G-loally risk-minimizing strategy. From the previous setion,we have the following representation

Vt(ϕ
∗) = V0(ϕ

∗) +

∫ t

0

φ∗
rdξr + Υt, for all t ∈ T, (3.73)where Υ is a (G,P)-martingale whih is orthogonal to the martingale part Z of ξunder P. Sine we only admit strategies ϕ = (φ, ψ) suh that the proess (V )t∈Tis square-integrable, has right ontinuous paths and satis�es VT = H , we havethat

H = H̃0 +

∫ T

0

φ∗
rdξr + ΥT , (3.74)where H̃0 = V0(ϕ

∗) is G0-measurable and φ∗ = (φ∗
t )t∈T is G-preditable.In the sequel, we make the following assumption

EP
[
H̃2

0 +

∫ T

0

(φ∗
r)

2d〈ξ〉r +
(∫ T

0

|φ∗
r|dAr

)2]
<∞. (3.75)Let P (resp.P̃) denote the σ-�eld of preditable subsets on Ω = Ω×T assoiatedto the �ltration (Gt)t∈T (resp.(Gt)t∈T). We denote by P the �nite measure on Pde�ned by

P(dω, dt) = P(dω) × d〈ξ〉t(ω).

Q
θ∗ is de�ned in the same way. We an now state a Föllmer-Shweizer typedeomposition result. This result is adapted from Föllmer and Shweizer [63℄Theorem 3.3.Giving the deomposition (3.74), H admits the following representation (Föllmer-Shweizer deomposition)

H = H0 +

∫ T

0

φHr dξr + LHT (3.76)with H0 := EP[H̃0|G0], where
φH = EP[φ∗|P] (3.77)is the onditional expetation of φ∗ with respet to P and P, and where LH :=

(LHt )t∈T is the square-integrable G-martingale orthogonal to Z assoiated to
LHT = H̃0 −H0 +

∫ T

0

(φ∗
r − φHr )dξr + ΥT ∈ L2(Ω,GT ,P). (3.78)



74Proof.1- We need to show in a similar way as in Föllmer and Shweizer [63℄ that all om-ponents in (3.76) are square-integrable. From Assumption 3.75, φ∗ ∈ L2(Ω,P,P)and thus φH ∈ L2(Ω,P,P) by Jensen's inequality. Sine φH ∈ L2(Ω,P,P), byDoob's maximal inequality we have that ∫ T
0
φHr dZr ∈ L2(Ω,GT ,P).To show that ∫ T

0
φHr dAr ∈ L2(Ω,GT ,P), we have by the preditable projetion,Assumption 3.75 and Doob's maximal inequality that the appliation

ϑ −→ EP

[
ϑ
∫ T
0
φHr dAr

] de�ned on L2(Ω,GT ,P) is an element of the dual of thisspae. This dual is exatly (up to an isomorphism) L2(Ω,GT ,P).2- Now, Let us show that LHT is orthogonal to all square-integrable stohastiintegrals of Z. It is su�ient to show that for any bounded P-measurable proess
χ = (χ)t∈T the following holds :

EP
[( ∫ T

0

(φ∗
r − φHr )dξr

)
.
(∫ T

0

χrdZr

)]
= 0

⇔ EP
[( ∫ T

0

φ∗
rdξr

)
.
(∫ T

0

χrdZr

)]
= EP

[( ∫ T

0

φHr dξr

)
.
(∫ T

0

χrdZr

)]
.But the left hand side an be deomposed into two omponents. So, by It�-typeisometry

EP
[( ∫ T

0

φ∗
rdZr

)
.
(∫ T

0

χrdZr

)]
= EP

[ ∫ T

0

φHr χrd〈ξ〉r
]and by the preditable projetion, we have

EP
[( ∫ T

0

φ∗
rdAr

)
.
(∫ T

0

χrdZr

)]
= EP

[ ∫ T

0

φ∗
r.
( ∫ r

0

χsdZs

)
d〈ξ〉r

]
.Now, we an replae in both parts φ∗ by φH whih �nally gives the result.3- It remains to show that ΥT is orthogonal to all square-integrable stohasti in-tegrals of Z. This follows from the fat that (Υt)t∈T is orthogonal to Z. Therefore,

L is orthogonal to Z. �Remark 3.4.3. The last result states that the ontingent laim H has an or-thogonal deomposition with respet to the smaller �ltration. This result followsfrom the fat that the same deomposition is available with respet to the larger�ltration. However, as pointed by Arai [5℄, it is not always true in general thatthe ontingent laim will have an orthogonal deomposition when dealing with adisontinuous market model. Suh an orthogonal deomposition holds for instanewhen making the restritive assumption that jumps of proesses Z, L and Λθ donot happen simultaneously almost surely. Our model is one of those where theorthogonal deomposition (3.76) holds, this leads to the following proposition.Proposition 3.5. Under the hypothesis of Proposition 3.4 and Theorem 3.3,there exists a unique G-loally risk-minimizing hedging strategy (Gφ∗,G ψ∗) given



75by
Gφ∗ = E

Qθ∗

[φ∗|P]
Gψ∗ =G V −G φ∗.ξ

(3.79)with GVt := EQθ∗

[H|Gt] for t ∈ T.Proof. The existene and the uniqueness of the G-loally risk-minimizing hedgingstrategy follows from Theorem 3.3 and Proposition 3.2. For the expliit expressionof this strategy we need to show that
φH = E

Qθ∗

[φ∗|P]where
φH = EP[φ∗|P].Without loss of generality, we an suppose that φ∗ ≥ 0, otherwise we an de-ompose it into the di�erene of two non-negative terms. So, it is equivalent toshowing that

EQθ∗
[ ∫ T

0

ϑrφ
∗
rd〈ξ〉s

]
= EQθ∗

[ ∫ T

0

ϑrφ
H
r d〈ξ〉s

]for any non-negative P-measurable proess ϑ. By the de�nition of Qθ∗ ,
EQθ∗

[ ∫ T

0

ϑrφ
∗
rd〈ξ〉s

]
= EP

[
Λθ∗

T

∫ T

0

ϑrφ
∗
rd〈ξ〉s

]

= EP
[ ∫ T

0

Λθ∗

r ϑrφ
∗
rd〈ξ〉s

] by preditable projetion
= EP

[ ∫ T

0

Λθ∗

r ϑrφ
H
r d〈ξ〉s

] by de�nition of φH
= EP

[
Λθ∗

T

∫ T

0

ϑrφ
H
r d〈ξ〉s

]

= EQθ∗
[ ∫ T

0

ϑrφ
H
r d〈ξ〉s

] (3.80)
�3.5. Conluding RemarksThe problem of loal risk-minimization under a Markov-modulated exponentialLévy model was studied. By noting that it onsists of �nding a loally risk-minimizing strategy for a partially observed model (or partial information se-nario), we �rst solve the problem in the ase of full information by providing auseful expliit martingale representation for the ontingent laim. After that, wegive a solution to the main problem by using the preditable projetion.For pratial purpose, it would be interesting to give a omputational algorithmfor the optimal strategy. To this end, we shall use �ltering theory and this willbe objetive of future researh.
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Λt, T (x) = 1 +

∫ T

t

Λt, r(x)(−θrσr)(r, ξt, r(x), Xr)dWr

+

∫ T

t

∫

R\{0}
Λt, r−(x)(e−zθr(r,ξ

t, r−(x),Xr) − 1)ÑX(dr, dz)and by di�erentiation we obtain that
∂Λt, T

∂x
(x)

=

∫ T

t

(−θrσr)
∂Λt, r

∂x
(x)dWr +

∫ T

t

∫

R\{0}

∂Λt, r−

∂x
(x)(e−zθr− − 1)ÑX(dr, dz)

+

∫ T

t

Λt, r
∂(−θrσr)

∂ξ
× ∂ξt, r

∂x
(x)dWr

+

∫ T

t

∫

R\{0}
Λt, r−

∂(e−zθr)

∂ξ
× ∂ξt, r−

∂x
(x)ÑX(dr, dz). (3.81)Also, by applying the It�'s di�erentiation rule to the produt Λt, T (x)Lt, T , wehave

Λt, T (x)Lt, T

=

∫ T

t

(−θrσr)Λt, r(x)Lt, rdWr +

∫ T

t

∫

R\{0}
Λt, r−(x)Lt, r−(e−zθr− − 1)ÑX(dr, dz)

+

∫ T

t

Λt, r
∂(−θrσr)

∂ξ
× ∂ξt, r

∂x
(x)dWr

+

∫ T

t

∫

R\{0}
Λt, r−

∂(e−zθr)

∂ξ
× ∂ξt, r−

∂x
(x)ÑX(dr, dz). (3.82)Comparing Equations (3.81) and (3.82), we have by the uniity of solution ofSDE that

∂Λt, T

∂x
(x) = Λt, T (x) × Lt, T . (3.83)



77For the seond part, we remark that
Λt, T (x− + ζ(z)) − Λt,T (x)

=

∫ T

t

[
(−θrσr)(r, ξt, r(ξt + ζ(z)), Xr) + (θrσr)(r, ξt, r(ξt), Xr)

]
dWr

+

∫ T

t

∫

R\{0}
Λt, r−(ξt− + ζ(z))

×
[
e−zθr−(r, ξ

t, r−(ξ
t−+ζ(z)), Xr) − e−zθr−(r, ξ

t, r−(ξt), Xr)
]
Ñ(dr, dz)

+

∫ T

t

[
Λt, r(x+ ζ(z)) − Λt,r(x)

][
(−θrσr)(r, ξt, r(ξt), Xr)

]
dWr

+

∫ T

t

∫

R\{0}

[
Λt, r−(x− + ζ(z)) − Λt,r−(x)

]
×
[
e−zθr−(r, ξ

t, r−(ξt), Xr) − 1
]
Ñ(dr, dz).(3.84)On the other hand, by applying It� di�erentiation rule

Λt, TKt, T =

∫ T

t

[
(−θrσr)(r, ξt, r(ξt + ζ(z)), Xr) + (θrσr)(r, ξt, r(ξt), Xr)

]
dWr

+

∫ T

t

∫

R\{0}
Λt, r−(ξt− + ζ(z))

×
[
e−zθr−(r, ξ

t, r−(ξ
t−+ζ(z)), Xr) − e−zθr−(r, ξ

t, r−(ξt), Xr)
]
Ñ(dr, dz)

+

∫ T

t

Λt, r−(x)Kt, r

[
(−θrσr)(r, ξt, r(ξt), Xr)

]
dWr

+

∫ T

t

∫

R\{0}
Λt, r−(x)Kt, r−

[
e−zθr−(r, ξ

t, r−(ξt), Xr) − 1
]
Ñ(dr, dz).As above, we dedue the seond identity from the uniqueness of solution of SDE.

�



Chapitre 4
VISCOSITY SOLUTIONS AND THE PRICINGOF EUROPEAN-STYLE OPTIONS IN AMARKOV-MODULATED EXPONENTIALLÉVY MODEL
Ce travail fait l'objet d'un artile dont nous sommes le seul auteur et qui estsoumis à la revue Stohasti Analysis and Appliations.RésuméNous montrons dans et hapitre que le prix d'une option Européenne dans unmodéle exponentiel-Lévy ave hangements de régime véri�e un systéme d'équa-tions intégro-di�érentielles non-linéaires qui peut être dégénéré. Par suite, nousdémontrons qu'il se aratérise omme l'unique solution de visosité d'un tel sys-tème. Ce adre fontionnel introduit par Crandall et Lions [38℄ s'avère adéquatar il ne requiert pas d'hypothèse sur la solution autre que la ontinuité, e quipermet notamment de prendre en ompte une possible dégénéresene. Le résul-tat obtenu généralise notamment eux de Pemy [107℄ et Volthkova [125℄ à unmodèle qui semble plus prohe des réalités des données de marhé.AbstratWe address in this paper the valuation of European-style ontingent laims undera Markov-modulated exponential Lévy model. This type of models has beomea reurrent theme in the literature notably by the fat that they allow, by in-troduing a modulator fator, to take into aount the empirial fats observedin asset pries dynamis suh as the long-term (stohasti) variability and timeinhomogeneities. Although there exists some works in the literature about theoption valuation under the simple ase of regime-swithing Blak-Sholes model,the most general ase has not yet retained muh attention. To �ll this gap, wegive in this paper a haraterization of the value of an European option as theunique visosity solution of a system of oupled linear Integro-Partial Di�erentialEquations (IPDEs) when the payo� funtion satis�es a Lipshitz ondition.



79Keywords : Visosity solutions, Lévy proess, regime-swithing model, Integro-partial di�erential equation, omparison priniple.4.1. IntrodutionThe Markov-modulated exponential Lévy models are attrative in part beausethey have the bene�t of the Lévy models1 with the possibility thanks to theMarkov hain of having a long-term variability of some harateristis of thereturn distribution. One the model is hosen, the main task is to �nd an e�ientalgorithm to determine the prie of a ontingent laim. Three approahes areurrently used in the literature : the �rst onsists of solving (analytially or)numerially some partial di�erential equations. This approah is studied by Blakand Sholes [15℄. The seond approah uses integral transforms (Fourier, Laplae,Mellin) to obtain an approximated value of the prie and the third one onsists inusing Monte-Carlo simulations to approximate the value of the expetation whihgives the option prie under a risk-neutral measure by no-arbitrage as shown byHarrison and Kreps [78℄ and Harrison and Pliska [79℄.In using numerial methods to solve PDE/IPDEs related to option pries, one �rstneeds to show the existene and the uniqueness of the solution in the adequatefuntional spaes. This theoretial issue is not always addressed in the literature.So, the main purpose of this paper is to give an answer to this prerequisite in thease of priing an European option in the Markov-modulated exponential Lévymodel. In partiular, we haraterize the value of an European option as theunique visosity solution of a system of oupled linear Integro-partial di�erentialequations when the payo� funtion satis�es a Lipshitz ondition.There are many studies in the literature onerning the visosity solutions in�nanial problems. We an mention Barles and Soner [10℄, Pham [108℄, Benth,et al. [12℄ and Cont and Volthkova [36℄ . The framework of visosity solutionsis partiularly useful for dealing with the possibly degeneray of the di�usionoe�ient whih arises in the ase of pure jumps models.The paper is organized as follows. In Setion 4.2, we desribe the model setupand derive the system of IPDE veri�ed by an European-style option prie. Themain problem is disussed in Setion 4.3 . In partiular, we argue that the lass ofvisosity solutions is the adequate framework in whih we an disuss the existeneand uniqueness of solutions for suh type of IPDE. We onlude with Setion 4.4by giving some possible extensions and indiating some further disussions whihshall hold our attention in the future.4.2. PreliminariesIn this Setion, we �rst de�ne the Markov-modulated exponential-Lévy modelwhih an be seen as an extension of that desribed in Cont and Tankov ([34℄,1notably the presene of jumps



80p.283) where a fator of modulation is introdued. Then, we derive the systemof IPDE satis�ed by an European option prie under the assumption of su�ientregularity.4.2.1. The model setupWe onsider a �nanial market with two primary seurities, namely a bond B,and a stok S whih are traded ontinuously over the time horizon T := [0, T ],where T ∈ (0,∞) represents the maturity time for investment. To formalize thismarket, we �x a omplete probability spae (Ω,F ,P) where P is the real-worldprobability. Further, we shall add a �ltration to this setup whih spei�es the �owof information available for the investors.Let X := {X(t) : t ∈ T} denote an irreduible homogeneous ontinuous-timeMarkov hain on (Ω,F ,P) with a �nite state spae S = {e1, e2, ..., eM} ⊂ RMharaterized by a rate (or intensity) matrix A := {aij : 1 ≤ i, j ≤M} . FollowingElliott [49℄, we an identify S with the basis set of the linear spae RM . By now,we set ei = (0, 0, . . . , 1︸︷︷︸i-th , . . . , 0) and often we denote it by i. From Elliott [50℄,
X admits the following semimartingale representation

X(t) = X(0) +

∫ t

0

AX(s)ds+ Γ(t) (4.1)where {Γ(t) : t ∈ [0, T ]} is a vetor-martingale in RM with respet to the �ltrationgenerated by X.Let rt denote the instantaneous interest rate of the money market aount B attime t. We suppose that rt := r(X(t)) = 〈r|X(t)〉 where 〈·|·〉 is the usual salarprodut in RM and r = (r1, r2, ..., rM) ∈ RM
+ , then the prie dynamis of B isgiven by :

dB(t) = rtB(t), B(0) = 1 for t ∈ T. (4.2)Let µt and σt denote the appreiation rate and the volatility of the stok S attime t, we suppose respetively that
µt = 〈µ|X(t)〉,
σt = 〈σ|X(t)〉, (4.3)where

• µ = (µ1, µ2, ..., µM) ∈ RM ;
• σ = (σ1, σ2, ..., σM) ∈ RM

+ .The stok prie proess S is desribed by the following Markov modulated Lévyproess :
dS(t) = S(t−)

(
µtdt+ σtdWt +

∫

R\{0}
(ez − 1)ÑX(dt; dz)

)
, S(0) = S0 > 0(4.4)where we set as the ompensated random measure

ÑX(dt, dz) := NX(dt, dz) − ρX(dz)dt, (4.5)



81where NX(dt, dz) denotes the di�erential form of a Markov-modulated randommeasure on T × R\{0}. We reall from Elliott and Osakwe [54℄ and Elliott andRoyal [55℄ that a Markov-modulated random measure on T × R\{0} is a family
{NX(ω; dt, dz) : ω ∈ Ω} of non-negative measures on the measurable spae (T ×
R\{0},B(T) ⊗ B(R\{0})), whih satis�es NX(ω; {0},R\{0}) = 0 and has thefollowing ompensator, or dual preditable projetion :

ρX(dz)dt :=
M∑

i=1

〈X(t−)|ei〉ρi(dz)dt. (4.6)
ρi(dz) is the Lévy Measure for the jump size when the Markov hain X is in state
ei, i.e., a σ-�nite Borel measure on R\{0} with the property∫

R\{0}
min(1, z2)ρi(dz) <∞. (4.7)We suppose furthermore that ρi(dz) satisfying∫

|z|≥1

|ez − 1|ρi(dz) <∞. (4.8)This additional integrability ondition assures that Equation (4.4) is well de�ned.
W := (Wt)t∈T denotes a standard Brownian motion on (Ω,F ,P) whih is suppo-sed to be independent of X and NX .From Equation (4.4), by using It�'s formula we obtain that :for 0 ≤ s < t ≤ T,

S(t) = S(s) exp

[∫ t

s

(
µu −

1

2
σ2
u

)
du−

∫ t

s

∫

R\{0}

(
ez − 1 − z

)
ρX(dz)du

+

∫ t

s

σudWu +

∫ t

s

∫

R\{0}
zÑX(ds; dz)

]
. (4.9)If we substitute µs, σs and ρX(dz)ds in (4.9) by their expressions given in (4.3)and (4.6) respetively, we dedue that (X(t), S(t)) is Markovian with in�nitesimalgenerator L given as follows :

Lf(t, S, k) =
∂f

∂t
(t, S, k) + µkS

∂f

∂S
(t, S, k) +

1

2
σ2
kS

2 ∂
2f

∂S2
(t, S, k)

+ Af(t, S, ·)(k) +

∫

R\{0}

[
f(t, Sez, k) − f(t, S, k)

− S(ez − 1)
∂f

∂S
(t, S, k)

]
ρk(dz), (4.10)(4.11)for any funtion f suh that for eah state ek (or simply k ∈ S) and f(·, ·, k) ∈

C1,2
0 ([0,∞) × R) where Af(t, S, ·)(k) :=

∑
l 6=k, l∈S akl

(
f(t, S, l) − f(t, S, k)

)
.



824.2.2. A system of seond-order oupled linear IPDE veri�ed by anEuropean optionIn this setion, we derive formally the system of oupled integro-partial di�erentialequations that will be satis�ed by the the prie of an European option. The star-ting point is to onsider an European option with terminal payo� H(S(T ), X(T )),strike K and maturity T . We suppose that we already have hosen an equivalentmartingale measure Q. This an be done by using a generalized form of the Es-sher transform [See, Momeya and Morales [101℄℄. Under this martingale measure
Q the risk neutral dynamis for asset prie S is given by the following stohastidi�erential equation

dS(t) = S(t−)
(
rtdt+ σtdWt +

∫

R\{0}
(ez − 1)ÑX(dt; dz)

)
, S(0) = S0 > 0(4.12)or more expliitely by using It�'s formula,

S(t) = S0 exp(Y (t)), t ∈ T (4.13)where
Y (t) =

∫ t

0

(
rs −

1

2
σ2
s

)
ds−

∫ t

0

∫

R\{0}
(ez − 1 − z)ρX(dz)ds+

∫ t

0

σsdWs

+

∫ t

0

∫

R\{0}
zÑX(ds; dz). (4.14)Let Ṽ (t, T, ·, ·) the disounted European option prie at time t; t ∈ T, i.e.,

Ṽ (t, T, ·, ·) = e−
R t

0
rsdsV (t, T, ·, ·)We know from the fundamental theorem of asset priing (Harrison and Pliska[79℄, [80℄) that {Ṽ (t, T, ·, ·) : t ∈ T} is a (G,Q)-martingale, and its terminalvalue at time T is

Ṽ (T, T, ·, ·) = e−
R T

0
rsdsH(S0e

Y (T ), X(T )).Therefore, by the martingale property
Ṽ (t, T, ·, ·) = EQ

[
e−

R T

0
rsdsH(S0e

Y (T ), X(T ))
∣∣∣Gt
]

= EQ
[
e−

R T

0
rsdsH(S0e

Y (T ), X(T ))
∣∣∣(X(t), S(t))

]

=: Ṽ (t, T,X(t), S(t)) (4.15)where the seond equality omes from the Markov property of (X,S). Further-more, it is known from the property of the in�nitesimal generator of a Markovproess that for any smooth funtion f(·, ·), the proess
Υt := f(X(t), S(t)) −

∫ t

0

Lf(Xu, Su)du



83is a (G,Q)-martingale. In partiular, by taking f as the disounted Europeanoption prie Ṽ (t, T, ·, ·) we have, assuming su�ient regularity of Ṽ (t, T, ·, ·), thatthe bounded variations terms of Υ whih are not martingales must sum to zero.Thus, we obtain that Ṽ (t, T, ·, ·) satis�es
∂Ṽ

∂t
(t, T, S, k) + rkS

∂Ṽ

∂S
(t, T, S, k) +

1

2
σ2
kS

2∂
2Ṽ

∂S2
(t, T, S, k) + AṼ (t, T, S, .)(k)

+

∫ +∞

−∞

[
Ṽ (t, T, Sez) − Ṽ (t, T, S) − S(ez − 1)

∂Ṽ

∂S

]
ρk(dz) = 0. (4.16)Using the relation between Ṽ and V , we have

∂Ṽ

∂t
= e−

R t

0 rsds
(
− rkV +

∂V

∂t

)
,

∂Ṽ

∂S
= e−

R t

0 rsds
∂V

∂Sand �nally the European option prie satis�es the system of IPDEs
∂V

∂t
(t, T, S, k) + rkS

∂V

∂S
(t, T, S, k) +

1

2
σ2
kS

2∂
2V

∂S2
(t, T, S, k)

− rkV (t, T, S, k) + AV (t, T, S, .)(k)

+

∫

R\{0}

[
V (t, T, Sez, k) − V (t, T, S, k) − S(ez − 1)

∂V

∂S
(t, T, S, k)

]
ρk(dz) = 0,(4.17)for (t, S) ∈ (0, T ) × R+ and k = 1, 2, ...,M assoiated with terminal onditions

V (T, T, S(T ), k) = H(S0e
YT , X(T ) = k), k = 1, 2, ...,M. (4.18)4.3. Visosity Solutions for The Coupled System of IPDE(4.17)-(4.18)In general, when we �nd the value of an European option in an exponential Lévymodel we have to solve an IPDE. Cont and Volthkova [36℄ evoke some di�ultiesthat arise in this situation : the non-loal harater of the integral operator,nonsmoothness of initial onditions, the singularity at zero of the integral kerneland the possible degeneray of the di�usion oe�ient. All these di�ulties anour in the ase of the regime-swithing exponential Lévy model. Thus, we haveto �nd solutions in the framework of visosity solutions, introdued by Crandalland Lions [38℄ for PDEs and extended later by many authors [see, e.g., [3℄, [11℄,[16℄℄.First, we write the dynamis of stok prie (4.12) in the following more generalform,
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dS(t) = µ(t, S(t), X(t))dt+ σ(t, S(t), X(t))dWt

+
∫

R\{0} γ(t, S(t), X(t), z)ÑX(dt; dz)

S(s) = x, x ∈ R; 0 ≤ s ≤ t ≤ T.

(4.19)where the funtions
µ(·, ·, ·) : [0, T ] × R × S → R,

σ(·, ·, ·) : [0, T ] × R × S → Rand
γ(·, ·, ·, ·) : [0, T ] × R × S × R → Rsatisfy the following properties.

• Lipshitz ontinuity : For eah i ∈ S and for all (t, x, y) ∈ [0, T ] × R × R,there exists a onstant α > 0 suh that
|µ(t, x, i) − µ(t, y, i)|2 + |σ(t, x, i) − σ(t, y, i)|2

+

∫

R\{0}
|γ(t, x, i, z) − γ(t, y, i, z)|2ρi(dz)dt < α|x− y|2. (4.20)

• Growth ondition : There exists a onstant β > 0 suh that
|µ(t, x, i)|2 + |σ(t, x, i)|2 +

∫

R\{0}
|γ(t, x, i, z)|2ρi(dz)dt < β(1 + |x|)2. (4.21)4.3.1. Charaterization of the European Option PrieIn this Setion, we prove that the European option prie satis�es ertain growthand ontinuity properties. The proofs of these results are adapted from Pemy[107℄.Lemma 4.1. For eah i ∈ S, the European option prie at time s ∈ [0, T ] givenby (S(s), X(s)) = (x, i), denoted by v(s, x, i), is a ontinuous funtion in (s, x)and has at most a polynomial growth.Proof. We only prove the lemma for the ase of an European Call option, thease of an European put option is similar. So, we have

v(s, x, i) = EQ
[
e−

R T

s
rξdξ(S0e

YT −K, 0)+
∣∣∣(S(s), X(s)) = (x, i)

]To show the ontinuity of v(s, x, i) in x, let S1 and S2 be two solutions of (P )with initial values S1(s) = x1 and S2(s) = x2 respetively. For eah t ∈ [s, T ], wehave
S1(t) − S2(t) = (x1 − x2) +

∫ t

s

[µ(ξ, S1(ξ), X(ξ))− µ(ξ, S2(ξ), X(ξ))]dξ

+

∫ t

s

[σ(ξ, S1(ξ), X(ξ))− σ(ξ, S2(ξ), X(ξ))]dWξ

+

∫ t

s

∫

R\{0}
[γ(ξ, S1(ξ), X(ξ), z) − γ(ξ, S1(ξ), X(ξ), z)]ÑX(dξ; dz).(4.22)



85Then, using the elementary inequality |∑M
i=1 ai|2 ≤M

∑M
i=1 |ai|2 for all real num-bers ai, it turns out

(S1(t) − S2(t))
2 ≤ 4|x1 − x2|2 + 4

(∫ t

s

|µ(ξ, S1(ξ), X(ξ))− µ(ξ, S2(ξ), X(ξ))|dξ
)2

+4
(∫ t

s

|σ(ξ, S1(ξ), X(ξ))− σ(ξ, S2(ξ), X(ξ))|dWξ

)2

+4
(∫ t

s

∫

R\{0}
|γ(ξ, S1(ξ), X(ξ), z)

−γ(ξ, S1(ξ), X(ξ), z)|ÑX(dξ; dz)
)2

. (4.23)For the �rst part of the proof we assume that all expetations are taken underthe ondition that S1(s) = x1, S2(s) = x2 and X(s) = i.Using Jensen's inequality, we have
(∫ t

s

|µ(ξ, S1(ξ), X(ξ))− µ(ξ, S2(ξ), X(ξ))|dξ
)2

≤ (t− s)

∫ t

s

[µ(ξ, S1(ξ), X(ξ))− µ(ξ, S2(ξ), X(ξ))]2dξ (4.24)and by the It�-Lévy isometry (see, e.g., Oksendal and Sulem [105℄)
EQ
(∫ t

s

|σ(ξ, S1(ξ), X(ξ)) − σ(ξ, S2(ξ), X(ξ))|dWξ +

∫

s

∫

R\{0}
|γ(ξ, S1(ξ), X(ξ), z)

− γ(ξ, S1(ξ), X(ξ), z)|ÑX(dξ; dz)
)2

= EQ

∫ t

s

[σ(ξ, S1(ξ), X(ξ))− σ(ξ, S2(ξ), X(ξ))]2dξ

+EQ

∫ t

s

∫

R\{0}
[γ(ξ, S1(ξ), X(ξ), z)

−γ(ξ, S1(ξ), X(ξ), z)]2dξ. (4.25)Therefore, the Lipshitz ondition (4.20) implies that there exists a onstant
C1 > 0 suh that
EQ(S1(t) − S2(t))

2 ≤ 4|x1 − x2|2 + C1(T + 1)

∫ t

s

EQ(S1(ξ) − S2(ξ))
2dξ. (4.26)Applying Gronwall's inequality, we have

EQ(S1(t) − S2(t))
2 ≤ 4|x1 − x2|2eC1(T+1). (4.27)



86Thus,
|v(s, x1, i) − v(s, x2, i)| =

∣∣∣EQe−
R T

s
rξdξ
(
(S1(T ) −K)+ − (S2(T ) −K)+

)∣∣∣

≤ EQ
[
e−

R T

s
rξdξ
∣∣∣S1(T ) − S2(T )

∣∣∣
]

≤
(
EQe−2

R T

s
rξdξ
) 1

2
(
EQ|S1(t) − S2(t)|2

) 1
2

≤ C̃|x1 − x2|eC1T . (4.28)This implies the (uniform) ontinuity of v(s, x, i) with respet to x.Now, we show the ontinuity of s→ v(s, x, i).Let S(t) be the solution of the SDE (P ) that starts at t = s with S(s) = x and
X(s) = i. Let s′ ∈ [s, T ], we de�ne

{
S ′(t) = S(t− (s′ − s)),
X

′
(t) = X(t− (s′ − s)).

(4.29)Let us onsider the hange of variable u = t − (s′ − s), thus we obtain dt = du,
dWt = dWu and ÑX(dt; dz) = ÑX(du; dz). Moreover,
S(t) = x+

∫ t

s

µ(ξ, S(ξ), X(ξ))dξ +

∫ t

s

σ(ξ, S(ξ), X(ξ))dWξ

+

∫ t

s

∫

R\{0}
γ(ξ, S(ξ), X(ξ), z)ÑX(dξ; dz),

S ′(t) = x+

∫ t

s′
µ(ξ, s′(ξ), X

′

(ξ))dξ +

∫ t

s

σ(ξ, s′(ξ), X
′

(ξ))dWξ

+

∫ t

s

∫

R\{0}
γ(ξ, s′(ξ), X

′

(ξ), z)ÑX
′

(dξ; dz).With this in mind, we have
(S(t) − S ′(t)) =

∫ t

t−(s′−s)
µ(ξ, S(ξ), X(ξ))dξ+

∫ t

t−(s′−s)
σ(ξ, S(ξ), X(ξ))dWξ

+

∫ t

t−(s′−s)

∫

R\{0}
γ(ξ, S(ξ), X(ξ), z)ÑX(dξ; dz). (4.30)For the seond part of the proof, we assume that all expetations are taken underthe onditions that S(s) = x = S ′(s′) and X(s) = i = X

′
(s′). Thus for anyrandom variable η, we denote

EQ[η] = EQ[η|S(s) = x = S ′(s′), X(s) = i = X
′

(s′)].



87Consequently, we have
EQ(S(t) − S ′(t))2 ≤ 3EQ

(∫ t

t−(s′−s)
µ(ξ, S(ξ), X(ξ))dξ

)2

+3EQ
(∫ t

t−(s′−s)
σ(ξ, S(ξ), X(ξ))dWξ

)2

+3EQ
(∫ t

t−(s′−s)

∫

R\{0}
γ(ξ, S(ξ), X(ξ), z)ÑX(dξ; dz)

)2

.Using the It�-Lévy isometry and the linear growth ondition (4.21) we obtain
EQ(S(t) − S ′(t))2 ≤ 3β

(
s′ − s+ 2

)(
s′ − s+

∫ t

t−(s′−s)
EQ|S(ξ)|2dξ

)
. (4.31)In addition, by the existene and uniqueness theorem of solution of stohastidi�erential equation (P ) [see, e.g., Applebaum [4℄℄ there exists a onstant δ1 > 0suh that EQ|S(ξ)|2 < δ1 almost everywhere in the interval [0, T ]. Therefore

∫ t

t−(s′−s)
EQ|S(ξ)|2dξ < δ1(s

′ − s),whih implies from (4.31) that
EQ(S(t) − S ′(t))2 ≤ δ2(s

′ − s). (4.32)where δ2 = 3β(δ1 + 1)(s′ − s+ 2).Moreover, we have
|v(s, x, i) − v(s′, x, i)| ≤

∣∣∣EQ
(
e−

R T

s
rξdξ(S(T ) −K)+ − e−

R T

s′
rξdξ(s′(T ) −K)+

)∣∣∣

≤
∣∣∣EQ

(
e−

R T

s
rξdξ
(
(S(T ) −K)+ − (s′(T ) −K)+

)∣∣∣

+
∣∣∣EQ

(
(s′(T ) −K)+(e−

R T

s
rξdξ − e−

R T

s′
rξdξ)

)∣∣∣

≤
(
EQe−2

R T

s
rξdξ
) 1

2
(
δ2(s

′ − s)
) 1

2

+(s′ − s)
(
EQe

−2
R T

s0
rξdξ
) 1

2
(
EQ|(s′(T )|2

) 1
2
, (4.33)where we have used the mean value theorem for the last inequality.Finally, we have

|v(s, x, i) − v(s′, x, i)| ≤
√

(s′ − s)

(√
EQe−2

R T

s
rξdξ +

√
δ1(s′ − s)

√
EQe

−2
R T

s0
rξdξ

)
.(4.34)whih implies the (uniform) ontinuity of s→ v(s, x, i).Global ontinuity follows from the following inequality

|v(s, x, i) − v(s′, y, i)| ≤ |v(s, x, i) − v(s, y, i)|+ |v(s, y, i)− v(s′, y, i)|



88and the fat that the �rst bound is independent of s.Now let us prove that v(s, x, i) has at most a polynomial growth.Let (s1, x1), (s2, x2) ∈ [0, T ] × R, we have that
|v(s1, x1, i) − v(s2, x2, i)| ≤

∣∣∣EQ
(
e

R T

s1
rξdξ(S1(T ) −K)+ − e

R T

s2
rξdξ(S2(T ) −K)+

)∣∣∣

≤
∣∣∣EQ

(
e

R T

s1
rξdξ
(
(S1(T ) −K)+ − (S2(T ) −K)+

)∣∣∣

+
∣∣∣EQ

(
(S2(T ) −K)+(e

−
R T

s1
rudu − e

−
R T

s2
rudu)

)∣∣∣

≤ EQ
[
e−

R T

s
rξdξ
∣∣∣S1(T ) − S2(T )

∣∣∣
]

+
∣∣∣EQ

(
(S2(T ) −K)+(e

−
R T

s1
rξdξ − e

−
R T

s2
rξdξ)

)∣∣∣

≤ C̃|x1 − x2|eCT

+|s1 − s2|
(
EQe

−2
R T

s0
rξdξ
) 1

2
(
EQ|(S2(T )|2

) 1
2

. (4.35)We have that EQ|S2(T )|2 < δ1, thus there exists a onstant C1 > 0 suh that
|v(s, 0, i)| = |EQe−

R T

s
rξdξ
(
(S2(T ) −K)+

)
| ≤ EQe−2

R T

s
rξdξEQ|S2(T )|2 < C1.Setting x1 = x, s1 = s = s2 and x2 = 0 in (4.35), we have

|v(s, x, i)| ≤ C̃|x| + |v(s, 0, i)| ≤ max(C1, C̃e
CT )(1 + |x|). (4.36)This ompletes the proof of the lemma. �4.3.2. Visosity SolutionIn this setion, we haraterize the European option prie as the unique visositysolution of the oupled system of IPDE (4.17)-(4.18). To simplify the presenta-tion, we introdue the following notationsFor i ∈ S, s ∈ (0, T ), x ∈ R, let

H
(
i, s, x, f(s, x, i), f(s, x, ·), ∂f(s, x, i)

∂s
,
∂f(s, x, i)

∂x
,
∂2f(s, x, i)

∂x2
, I(s, x, i, f)

)

:=
∂f(s, x, i)

∂s
+ r(i)x

∂f(s, x, i)

∂x
+

1

2
σ2(i)x2∂

2f(s, x, i)

∂x2
− r(i)f(s, x, i)

+ Af(s, x, ·)(i) + I(s, x, i, f), (4.37)where
I(s, x, i, f) :=

∫

R\{0}

[
f(s, xez, i) − f(s, x, i) − x(ez − 1)

∂f(s, x, i)

∂x

]
ρi(dz).Equation (4.17) takes the following form

H
(
i, s, x, f(s, x, i), f(s, x, ·), ∂f(s, x, i)

∂s
,
∂f(s, x, i)

∂x
,
∂2f(s, x, i)

∂x2
, I(s, x, i, f)

)
= 0(4.38)



89for i ∈ S.Due to the fat that the Lévy measure ρi(dz) for i ∈ S ould present a possiblesingularity in zero, we need to be more spei� about the meaning of integro-di�erential operator I(s, x, i, f).To do this, let CLip([0, T ] × R × S) be the set of funtions f(s, x, i) de�ned on
[0, T ] × R × S whih are Lipshitz ontinuous with respet to the variable x.We de�ne for any κ ∈ (0, 1), (s, x, i) ∈ (0, T ]×R×S, g ∈ CLip([0, T ]×R×S) and
p ∈ C1(R),

Iκ(s, x, i, g, p) :=

∫

|z|>κ

[
g(s, xez, i) − g(s, x, i) − x(ez − 1)p

]
ρi(dz).The integral of Iκ(s, x, i, g, p) is bounded by Const(x, p, κ, i) × (1 + |ez − 1|) andthanks to (4.8) this integral is onvergent for every κ > 0.Also, for κ ∈ (0, 1), (s, x, i) ∈ [0, T ]×R× S and h : [0, T ]×R× S → R suh that

h(s, ., i) ∈ C2(R) we de�ne
Iκ(s, x, i, h) :=

∫

|z|≤κ

[
h(s, xez, i) − h(s, x, i) − x(ez − 1)

∂h(s, x, i)

∂x

]
ρi(dz).By Taylor's formula

h(s, xez, i) = h(s, x, i) + x(ez − 1)
∂h(s, x, i)

∂x
+ (x(ez − 1))2∂

2h(s, ξ0, i)

∂x2
,where ξ0 lies in the segment (x, xez). Hene, the integrand of Iκ(s, x, i, h) is boun-ded by Const(x, κ, i) × |ez − 1|2 and the integral is onvergent sine every Lévymeasure integrates z2 in a neighborhood of zero. Also note that

lim
κ↓0

Iκ(s, x, i, h) = 0. (4.39)Now, we an de�ne for g, h ∈ CLip([0, T ] × R × S) suh that h(s, ·, i) ∈ C2(R) theintegro-di�erential operator I by
I(s, x, i, g, h) := Iκ(s, x, i, g, ∂h

∂x
) + Iκ(s, x, i, h). (4.40)It follows that the system of IPDE (4.17) with terminal ondition (4.18) veri�edby the European option prie is well-de�ned for all v ∈ CLip([0, T ] × R × S) suhthat v(s, ·, i) ∈ C2(R).In general, for a �nanial model whih involves Lévy proess as dynamis of theasset prie, the European option prie is not a regular funtion of the under-lying's prie. We refer to Volthoka [125℄ for a deep disussion of this question.Consequently, the system of IPDEs (4.17) should be interpreted in a weaker sense,notably in the framework of visosity solutions. The preise de�nition goes as :



90De�nition 4.1. We say that f(s, x, i) is a visosity solution of the system
(P)





H
(
i, s, x, f(s, x, i), f(s, x, ·), ...

∂f(s,x,i)
∂s

, ∂f(s,x,i)
∂x

, ∂
2f(s,x,i)
∂x2 , I(s, x, i, f(·), h)

)
= 0

f(T, x, i) = H(x, i)

for s ∈ (0, T ), i ∈ S, x ∈ R and h(s, ·, i) ∈ C2(R).

(4.41)if(1) For eah i ∈ S, f(s, x, i) is ontinuous in (s, x) ∈ [0, T )× R and there existpositive onstants C1 and m suh that
f(s, x, i) ≤ C1(1 + |x|m).(2) For eah i ∈ S, f(T, x, i) ≤ H(x, i) and

H
(
i, s0, x0, f(s0, x0, i), f(s0, x0, ·),

∂ϕ(s0, x0)

∂s
, ...

∂ϕ(s0, x0)

∂x
,
∂2ϕ(s0, x0)

∂x2
, I(s0, x0, i, f(·), ϕ)

)
≤ 0, (4.42)whenever ϕ(s, x) ∈ CLip([0, T ]×R)∩C1,2((0, T ]×R) suh that f(s, x, i)−ϕ(s, x)has loal maximum at (s0, x0) ∈ (0, T ) × R.(3) For eah i ∈ S, f(T, x, i) ≥ H(x, i) and

H
(
i, s0, x0, f(s0, x0, i), f(s0, x0, ·),

∂φ(s0, x0)

∂s
, ...

∂φ(s0, x0)

∂x
,
∂2φ(s0, x0)

∂x2
, I(s0, x0, i, f(·), φ, ∂φ

∂x
)
)
≥ 0, (4.43)whenever φ(s, x) ∈ CLip([0, T ]×R)∩C1,2((0, T ]×R) suh that f(s, x, i)−φ(s, x)has loal minimum at (s0, x0) ∈ (0, T ) × R.Let f be a funtion that satis�es (1) and (2) [resp. (1) and (3)℄. Then f is saidto be a visosity subsolution (resp. supersolution).Remark 4.3.1. The notation f(·) in the integro-di�erential operator I indiatesthat nonloal terms are used on f(·), not only from x.We are going to state the main result of this setion.Theorem 4.1. The prie of the European option is a visosity solution to thesystem (P).Proof. Note that for t = T ,

v(T, x, i) := EQ[H(S(T ), X(T ))|(X(T ), S(T )) = (i, x)] = h(x, i).



91In the sequel, we denote EQ[η(·)|X(s) = i, S(s) = x] by EQ
s,x,i[η(·)].Following De�nition 4.4, it su�es to show that v(·, ·, i) is a visosity subsolutionand supersolution.Let Xs ∈ S. First, we want to show that v(·, ·, Xs) is a visosity supersolution.Let φ ∈ C1,2([0, T ]×R) and (t, x) ∈ [0, T ]×R suh that v(t, x,Xs)−φ(t, x) attainsits loal minimum on a neighborhood V(s,xs) at (s, x) ∈ (0, T ] × R. We de�ne anew funtion Ψ as follows :

Ψ(t, x, i) =

{
φ(t, x) + [v(s, xs, Xs) − φ(s, xs)], if i = Xs,
v(t, x, i), if i 6= Xs.

(4.44)Let τ = inf{t ≥ s : X(t) 6= Xs} the �rst jump time of X(·) from the state Xs.From the hypothesis of irreduibility of X(·), we have Q(τ <∞) = 1.Now, onsider θ ∈ [s, τ ] to be suh that (t, X(t)) starts at (s,Xs) and stays in
V(s,xs) for s ≤ θ. Sine θ ≤ τ we have X(t) = Xs, for s ≤ t ≤ θ. Realling that
v(·, ·, Xs) − φ(·, ·) attains its minimum in V(s,xs) at (s, xs), for s ≤ t ≤ θ we have

v(t, S(t), Xs) ≥ φ(t, S(t)) + v(s, xs, Xs) − φ(s, xs) = Ψ(t, S(t), Xs). (4.45)Hene,
EQ
s,xs,XS

[
e−

R θ

s
rξdξv(θ, S(θ), Xs)

]
≥ EQ

s,xs,XS

[
e−

R θ

s
rξdξΨ(θ, S(θ), Xθ)

]
.By Dynkin's formula for jump-di�usion proesses [see, e.g., Oksendal and Sulem[105℄℄, we have

EQ
s,xs,Xs

[
e−

R θ

s
rξdξΨ(θ, S(θ), Xs)

]
− Ψ(s, xs, Xs)

= EQ
s,xs,Xs

∫ θ

s

[
e−

R t

s
rξdξ
(
− r(Xs)Ψ(t, S(t), Xs) + LΨ(t, S(t), Xs)

)]
dt. (4.46)and thus,

EQ
s,xs,XS

[
e−

R θ

s
rξdξv(θ, S(θ), Xs)

]
− v(s, xs, Xs)

≥ EQ
s,xs,XS

∫ θ

s

[
e−

R t

s
rξdξ

{
− r(Xs)Ψ(t, S(t), Xs)

+
∂φ(t, S(t))

∂t
+ r(Xs)S(t)

∂φ(t, S(t))

∂x

+
1

2
σ(Xs)

2(S(t))2∂
2φ(t, S(t))

∂x2
+ AΨ(t, S(t), .)(Xs)

+

∫

R\{0}

[
Ψ(t, S(t)ez, Xs) − Ψ(t, S(t), Xs)

−S(t)(ez − 1)
∂Ψ(t, S(t), Xs)

∂x

]
ρXs

(dz)

}]
dt.(4.47)



92Moreover, we have
AΨ(t, S(t), .)(Xs) =

∑

l 6=Xs, l∈S

aXsl

(
Ψ(t, S(t), l) − Ψ(t, S(t), Xs)

)

≥
∑

l 6=Xs, l∈S

aXsl

(
v(t, S(t), l) − v(t, S(t), Xs)

)

≥ Av(t, S(t), .)(Xs). (4.48)Combining the inequalities (4.47) and (4.48), we have
EQ
s,xs,XS

[
e−

R θ

s
rξdξv(θ, S(θ), Xθ)

]
− v(s, xs, Xs)

≥ EQ
s,xs,XS

∫ θ

s

[
e−

R t

s
rξdξ

{
− r(Xs)v(t, S(t), Xs)

+
∂φ(t, S(t))

∂t
+ r(Xs)S(t)

∂φ(t, S(t))

∂x

+
1

2
σ(Xs)

2(S(t))2∂
2φ(t, S(t))

∂x2
+ Av(t, S(t), .)(Xs)

+

∫

R\{0}

[
Ψ(t, S(t)ez, Xs) − Ψ(t, S(t), Xs)

−S(t)(ez − 1)
∂Ψ(t, S(t), Xs)

∂x

]
ρXs

(dz)

}]
dt.(4.49)By using the fat that

EQ
s,xs,XS

[
e−

R θ

s
rξdξv(θ, S(θ), Xθ)

]
− v(s, xs, Xs) = 0,due to the martingale property of the disounted European option prie

{e−
R t

s
rξdξv(t, S(t), X(t)) : t ∈ [0, T ]} for a �xed s ∈ [0, T ], we obtain

EQ
s,xs,XS

∫ θ

s

[
e−

R t

s
rξdξ

{
− r(Xs)v(t, S(t), Xs)

+
∂φ(t, S(t))

∂t
+r(Xs)S(t)

∂φ(t, S(t))

∂x
+

1

2
σ(Xs)

2(S(t))2∂
2φ(t, S(t))

∂x2
+Av(t, S(t), .)(Xs)

+

∫

R\{0}

[
Ψ(t, S(t)ez, Xs)−Ψ(t, S(t), Xs)−S(t)(ez−1)

∂Ψ(t, S(t), Xs)

∂x

]
ρXs

(dz)

}]
dt ≤ 0.(4.50)



93Multiplying both sides by 1
(θ−s) > 0 and letting θ ↓ s, it turns out that

− r(Xs)v(s, S(s), Xs) +
∂φ(s, S(s))

∂s
+ r(Xs)S(s)

∂φ(s, S(s))

∂x

+
1

2
σ(Xs)

2(S(s))2∂
2φ(s, S(s))

∂x2
+ Av(s, S(s), .)(Xs)

+

∫

R\{0}

[
Ψ(s, S(s)ez, Xs)−Ψ(s, S(s), Xs)−S(s)(ez−1)

∂Ψ(s, S(s), Xs)

∂x

]
ρXs

(dz) ≤ 0.(4.51)Hene, realling that S(s) = xs and
φ(s, xse

z, Xs) − φ(s, xs), Xs) = φ(s, xse
z) − φ(s, xs)

≥ v(s, xse
z, Xs) − v(s, xs, Xs) (4.52)by the loal minimum property of v(·, ·, Xs) − φ(·, ·) at (s, xs), we obtain �nally

r(Xs)
(
v(s, xs, Xs)−x

∂φ(s, xs)

∂x

)
−∂φ(s, xs)

∂s
−1

2
σ(Xs)

2(x)2∂
2φ(s, xs)

∂x2
−Av(s, xs, ·)(Xs)

−
∫

R\{0}

[
v(s, xse

z, Xs) − v(s, xs, Xs) − x(ez − 1)
∂φ(s, xs, Xs)

∂x

]
ρXs

(dz) ≥ 0(4.53)whih is the desired inequality.Now, let us prove the subsolution inequality.Let ϕ ∈ C1,2([0, T ] × R) and (t, x) ∈ [0, T ] × R suh that v(t, x,Xs) − ϕ(t, x) hasa loal maximum on a neighborhood V(s,xs) at (s, xs). We de�ne a funtion Φ asfollows :
Φ(t, x, i) =

{
ϕ(t, x) + [v(s, xs, Xs) − ϕ(s, xs)], if i = Xs,
v(t, x, i), if i 6= Xs.

(4.54)Let τ be de�ned as above and let θ0 ∈ [s, τ ] be suh that (θ,X(θ)) starts at (s,Xs)and stays in V(s,xs) for s ≤ θ ≤ θ0. Note that S(θ) = Xs for s ≤ θ ≤ θ0. Moreover,reall that v(t, x,Xs)−ϕ(t, x) attains its maximum at (s, xs) in V(s,xs) ; it followsthat for any θ ∈ [s, θ0], v(θ, S(θ), Xθ) − ϕ(θ,Xθ) ≤ v(s, xs, Xs) − ϕ(s, xs).In view of the de�nition of Φ in (4.54), we have for any θ ∈ [s, θ0]

v(θ, S(θ), Xθ) ≤ Φ(θ, S(θ), Xθ). (4.55)This implies,
EQ
s,xs,XS

[
e−

R θ

s
rξdξv(θ, S(θ), Xs)

]
≤ EQ

s,xs,XS

[
e−

R θ

s
rξdξΦ(θ, S(θ), Xθ)

]
.



94And by using Dynkin's formula, we have
EQ
s,xs,XS

[
e−

R θ

s
rξdξv(θ, S(θ), Xs)

]
≤ v(s, xs, Xs)

+EQ
s,xs,XS

∫ θ

s

[
e−

R t

s
rξdξ

{
− r(Xs)v(t, S(t), Xs)

+
∂ϕ(t, S(t))

∂t
+ r(Xs)S(t)

∂ϕ(t, S(t))

∂x

+
1

2
σ(Xs)

2(S(t))2∂
2ϕ(t, S(t))

∂x2
+ AΦ(t, S(t), .)(Xs)

+

∫

R\{0}

[
Φ(t, S(t)ez , Xs) − Φ(t, S(t), Xs)

−S(t)(ez − 1)
∂Φ(t, S(t), Xs)

∂x

]
ρXs

(dz)

}]
dt.(4.56)Moreover, we have

AΦ(t, S(t), .)(Xs) =
∑

l 6=Xs, l∈S

aXsl

(
Φ(t, S(t), l) − Φ(t, S(t), Xs)

)

≤
∑

l 6=Xs, l∈S

aXsl

(
v(t, S(t), l) − v(t, S(t), Xs)

)

=: Av(t, S(t), .)(Xs). (4.57)Combining (4.56) and (4.57), and the fat
v(θ, S(θ), Xs) = v(θ, S(θ), Xθ) we have
EQ
s,xs,XS

[
e−

R θ

s
rξdξv(θ, S(θ), Xθ)

]
≤ v(s, xs, Xs)

+ EQ
s,xs,XS

∫ θ

s

[
e−

R t

s
rξdξ

{
− r(Xs)v(t, S(t), Xs)

+
∂φ(t, S(t))

∂t
+ r(Xs)S(t)

∂φ(t, S(t))

∂x

+
1

2
σ(Xs)

2(S(t))2∂
2φ(t, S(t))

∂x2
+ Av(t, S(t), .)(Xs)

+

∫

R\{0}

[
Φ(t, S(t)ez, Xs) − Φ(t, S(t), Xs)

− S(t)(ez − 1)
∂Φ(t, S(t), Xs)

∂x

]
ρXs

(dz)

}]
dt.(4.58)Now, using the fat that

EQ
s,xs,XS

[
e−

R θ

s
rξdξv(θ, S(θ), Xθ)

]
− v(s, xs, Xs) = 0



95due the martingale property of the disounted European option prie
{e−

R t

s
rξdξv(t, S(t), X(t)) : t ∈ [0, T ]} for a �xed s ∈ [0, T ], we dedue that

EQ
s,xs,XS

∫ θ

s

[
e−

R t

s
rξdξ

{
− r(Xs)v(t, S(t), Xs)

+
∂φ(t, S(t))

∂t
+r(Xs)S(t)

∂ϕ(t, S(t))

∂x
+

1

2
σ(Xs)

2(S(t))2∂
2ϕ(t, S(t))

∂x2
+Av(t, S(t), .)(Xs)

+

∫

R\{0}

[
Φ(t, S(t)ez , Xs) − Φ(t, S(t), Xs)

− S(t)(ez − 1)
∂Φ(t, S(t), Xs)

∂x

]
ρXs

(dz)

}]
dt ≥ 0. (4.59)Dividing both sides by (θ − s) > 0 and taking the limit as θ ↓ s

− r(Xs)v(s, S(s), Xs) +
∂ϕ(s, S(s))

∂s
+ r(Xs)S(s)

∂ϕ(s, S(s))

∂x

+
1

2
σ(Xs)

2(S(s))2∂
2ϕ(s, S(s))

∂x2
+ Av(s, S(s), .)(Xs)

+

∫

R\{0}

[
Φ(s, S(s)ez, Xs) − Φ(s, S(s), Xs)

− S(s)(ez − 1)
∂Φ(s, S(s), Xs)

∂x

]
ρXs

(dz) ≥ 0. (4.60)Hene, realling that S(s) = xs and
Φ(s, xse

z, Xs) − Φ(s, xs, Xs) = ϕ(s, xse
z) − ϕ(s, xs)

≥ v(s, xse
z, Xs) − v(s, xs, Xs) (4.61)by the loal maximum property of v(·, ·, Xs) − φ(·, ·) at (s, xs), we obtain �nally

r(Xs)
(
v(s, xs, Xs)−xs

∂ϕ(s, xs)

∂x

)
−∂ϕ(s, xs)

∂s
−1

2
σ(Xs)

2x2
s

∂2ϕ(s, xs)

∂x2
−Av(s, xs, ·)(Xs)

−
∫

R\{0}

[
v(s, xse

z, Xs) − v(s, xs, Xs) − xs(e
z − 1)

∂ϕ(s, xs)

∂x

]
ρXs

(dz) ≤ 0 (4.62)This last inequality is what we want to prove. �4.3.3. Comparison Priniple : Existene and Uniqueness of the Vis-osity SolutionIn this setion, we prove a omparison result from whih we obtain the existeneand uniqueness of the solution of the oupled system IPDE (P). In proving om-parison results for visosity solutions, the notion of paraboli superjet and subjetas de�ned in Crandall, Ishii and Lions [38℄ is partiularly useful.



96De�nition 4.2. Let f(s, x, i) : [0, T ] × R × S → R be a funtion. We de�ne
f ∗(s, x, i) : [0, T ] × R × S → R by

f ∗(s, x, i) := lim sup
r↓0

{f(t, y, i : (t, y) ∈ Br(s, x)}.

f ∗(s, x, i) is alled the upper semiontinuous envelop of f(s, x, i).Similarly we de�ne f∗(s, x, i) : [0, T ] × R × S → R the lower semiontinuousenvelop of f(s, x, i) as follows
f∗(s, x, i) := lim inf

r↓0
{f(t, y, i : (t, y) ∈ Br(s, x)}.De�nition 4.3. Let f(s, x, i) : [0, T ] × R × S → R. De�ne the paraboli superjetby

P2,+f(s, x, i) = {(p, q, L) ∈ R×R×R : f(t, y, i)−f(s, x, i)−p(t−s)− q(y−x)

+
1

2
L.(y − x)2 ≤ o(|y − x|2) as (t, y) → (s, x)},and its losure as

P2,+
f(s, x, i) = {(p, q, L) = lim

n→∞
(pn, qn, Ln)with (pn, qn, Ln) ∈ P2,+f(sn, xn, i)

and lim
n→∞

(sn, xn, f(sn, xn, i)) = (s, x, f(s, x, i))}.Similarly, we de�ne the paraboli subjet P2,−f(s, x, i) = −P2,+(−f)(s, x, i) andits losure P2,−
f(s, x, i) = P2,+

(−f)(s, x, i).We have the following result for whih we an �nd a proof in Fleming and Soner[62℄.Lemma 4.2. P2,+f(s, x, i)(resp.P2,−f(s, x, i)) onsist of the set of(
∂φ(s,x)
∂s

, ∂φ(s,x)
∂x

, ∂
2φ(s,x)
∂x2

) where φ ∈ C2([0, T ] × R) and f − φ has a global maxi-mum(resp. minimum) at (s, x).With this in mind, we have this equivalent formulation of the notion of visositysolutionDe�nition 4.4. A funtion u(s, x, i) ontinuous in (s, x) satisfying the polyno-mial growth ondition is a visosity solution of
H
(
i, s, x, f(s, x, i), f(s, x, ·), ∂f(s, x, i)

∂s
,

∂f(s, x, i)

∂x
,
∂2f(s, x, i)

∂x2
, I(s, x, i, f(·), h)

)
= 0if (1) for eah i ∈ S, u(·, ·, i) is upper semiontinuous and for all

(s, x) ∈ [0, T ] × R, u = (u(·, ·, i) : i ∈ S), A1 ∈ R and
(a, p, L1) ∈ P2,+u(s, x, i)
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H(i, s, x, u,u, a, p, L1, A1) ≤ 0,in this ase u is a visosity subsolution,(2) for eah i ∈ S, u(·, ·, i) is lower semiontinuous and for all

(s, x) ∈ [0, T ] × R, u = (u(·, ·, i) : i ∈ S), A2 ∈ R and
(b, q, L2) ∈ P2,+u(s, x, i)

H(i, s, x, u,u, b, q, L2, A2) ≥ 0,in this ase u is a visosity supersolution.To prove our omparison result, we need the following result from Crandall, Ishiiand Lions [37℄.Theorem 4.2 (Crandall, Ishii, Lions [37℄).For i = 1, 2, let Ωi be loally ompat subsets of R, and Ω = Ω1 × Ω2, let ui beupper semiontinuous in [0, T ] × Ωi, and P2,+

Ωi
ui(t, x) the losure of the parabolisuperjet of ui(t, x), and Φ be twie ontinuously di�erentiable in a neighborhoodof [0, T ] × Ω.Set

w(t, x1, x2) = u1(t, x1) + u(t, x2),for (t, x1, x2) ∈ [0, T ]×Ω, and suppose (t̂, x̂1, x̂2) ∈ [0, T ]×Ω is a loal maximumof w − Φ relative to [0, T ] × Ω.Moreover, let us assume that there is an r > 0 suh that for every ∆ > 0 thereexists a C = C(∆) suh that for i = 1, 2

bi ≤ Cwhenever the following ondition is satis�ed :
|xi − x̂i| + |t− t̂| ≤ r and |ui(t, xi)| + |qi| + |Li| ≤ ∆. (4.63)for (bi, qi, Li) ∈ P2,+

Ωi
ui(t, xi).Then for eah ζ > 0, there exists Mi ∈ S(1) = R suh that(1) (bi, Dxi

Φ(t̂, x̂),Mi) ∈ P2,+

Ωi
ui(t̂, x̂) for i = 1, 2.(2)

−
(1

ζ
+ ||D2

(x1,x2)
Φ(t̂, x̂)||

)
I2 ≤

(
M1 0

0 M2

)
≤ D2

(x1,x2)
Φ(t̂, x̂) + ζ(D2

(x1,x2)
Φ(t̂, x̂))2.(4.64)(3)

b1 + b2 =
∂Φ(t̂, x̂)

∂t
. (4.65)Now we an state our omparison result.



98Theorem 4.3 (Comparison Priniple).If v1(t, x, i) and v2(t, x, i) are ontinuous in (t, x) and are respetively visositysubsolution and supersolution of the system (P) with at most linear growth, then
v1(t, x, i) ≤ v2(t, x, i) for all (t, x, i) ∈ [0, T ] × R × S. (4.66)Proof. For β, ǫ, δ, λ > 0, we de�ne the auxiliary funtions ϕ : (0, T ]×R×R → Rand Ξ : (0, T ] × R × R × S → R by :
ϕ(t, x, y) =

β

t
+

1

2ǫ
|x− y|2 + δeλ(T−t)(|x|2 + |y|2), (4.67)and

Ξ(t, x, y, i) = v1(t, x, i) − v2(t, x, i) − ϕ(t, x, y). (4.68)By using the linear growth of v1 and v2, we have for eah i ∈ S

lim
|x|+|y|→∞

Ξ(t, x, y, i) = −∞. (4.69)Then, sine v1 and v2 are uniformly ontinuous with respet to (t, x) on eah om-pat subset of [0, T ]×R and that S is a �nite set we have that Ξ attains its (global)maximum at some �nite point belonging to a ompat K ⊂ (0, T ] × R × R × S,say, (tǫ, xǫ, yǫ, Xǫ).Writing that 2Ξ(tǫ, xǫ, yǫ, Xǫ) ≥ Ξ(tǫ, xǫ, xǫ, Xǫ) + Ξ(tǫ, yǫ, yǫ, Xǫ) and using theuniform ontinuity of v1, v2 on K we have
1

ǫ
|xǫ − yǫ|2 ≤ v1(tǫ, xǫ, i) − v1(tǫ, yǫ, i) + v2(tǫ, xǫ, i) − v2(tǫ, yǫi)

≤ 2C|xǫ − yǫ|. (4.70)Thus
|xǫ − yǫ| ≤ 2Cǫ, (4.71)where C is a positive onstant independent of β, ǫ, δ, λ. From the inequality

Ξ(T, 0, 0, Xǫ) ≤ Ξ(tǫ, xǫ, yǫ, Xǫ) and in view of the linear growth for v1 and v2, wehave :
δ(|xǫ|2 + |yǫ|2) ≤ e−λ(T−tǫ)

(
v1(tǫ, xǫ, i) − v1(T, 0, i) + v2(T, 0, i) − v2(tǫ, xǫ, i)

)

≤ e−λ(T−tǫ)C2(1 + |xǫ| + |yǫ|). (4.72)It follows that
δ(|xǫ|2 + |yǫ|2)
(1 + |xǫ| + |yǫ|)

≤ C2.Consequently, there exists Cλ > 0 suh that
|xǫ| + |yǫ| ≤ Cλ. (4.73)



99This inequality implies that the sets {xǫ, ǫ > 0} and {yǫ, ǫ > 0} are bounded by
Cλ independent of ǫ.It follows from inequalities (4.71) and (4.73) that, along a subsequene, (tǫ, xǫ, yǫ, Xǫ)onverges to (t0, x0, x0, Xǫ) ∈ (0, T ] × R × R × S, as ǫ ↓ 0.Now, if tǫ = T then writing that Ξ(t, x, x,Xǫ) ≤ Ξ(T, xǫ, yǫ, Xǫ), we have
v1(t, x, i) − v2(t, x, i) −

β

t
− 2δeλ(T−t)|x|2 ≤ v1(T, xǫ, i) − v2(T, yǫ, i) −

β

T

− 1

2ǫ
|xǫ − yǫ|2 − (|xǫ|2 + |yǫ|2)

≤ v1(T, xǫ, i) − v2(T, yǫ, i)

=
(
v1(T, xǫ, i) − v2(T, xǫ, i)

)

+
(
v2(T, xǫ, i) − v2(T, yǫ, i)

)

≤ C1|xǫ − yǫ|, (4.74)where the last inequality follows from the uniform ontinuity of v2 and by as-sumption that v1(T, xǫ, i) = H(x, i) = v2(T, xǫ, i).Sending β, ǫ, δ ↓ 0 and using estimate (4.71), we have : v1(t, x, i) ≤ v2(t, x, i).Assume now that tǫ < T.Applying Theorem 4.2 to the funtion ϕ(t, x, y) at the point (tǫ, xǫ, yǫ) ∈ (0, T )×
R × R × S, we an �nd p0,Mǫ, Nǫ ∈ R suh that :
(
p0 −

β

t2
− λδeλ(T−tǫ)(|xǫ|2 + |yǫ|2),

1

ǫ
(xǫ − yǫ) + 2δeλ(T−tǫ)xǫ,Mǫ + 2δeλ(T−tǫ)

)

∈ P2,+

Ωi
v1(t, x, i),

(
p0,

1

ǫ
(xǫ − yǫ) − 2δeλ(T−tǫ)yǫ, Nǫ − 2δeλ(T−tǫ)

)
∈ P2,−

Ωi
v2(t, x, i)and

−
(1

ζ
+ ||D2

(x,y)ϕ(tǫ, xǫ, yǫ)||
)
I2 ≤

(
Mǫ 0
0 −Nǫ

)
≤ D2

(x,y)ϕ(tǫ, xǫ, yǫ)

+ ζ(D2
(x,y)ϕ(tǫ, xǫ, yǫ))

2. (4.75)Note that,
Mǫx

2
ǫ −Nǫy

2
ǫ = (xǫ, yǫ)

(
Mǫ 0
0 −Nǫ

)(
xǫ
yǫ

)
. (4.76)



100Thus,
Mǫx

2
ǫ −Nǫy

2
ǫ ≤ (xǫ, yǫ)

[
ǫ+ ζ(2 + 4δǫeλ(T−tǫ))

ǫ2

(
1 −1
−1 1

)

+
(
2δ + 4ζδ2ǫeλ(T−tǫ)

)
eλ(T−tǫ)

(
1 0
0 1

)](
xǫ
yǫ

)
. (4.77)Letting δ ↓ 0 and taking ζ = ǫ

2
, we obtain

Mǫx
2
ǫ −Nǫy

2
ǫ ≤ (xǫ, yǫ)

[
2

ǫ

(
1 −1
−1 1

)](
xǫ
yǫ

)

≤ 2

ǫ
|xǫ − yǫ|2. (4.78)Furthermore, the de�nition of the visosity subsolution v1 and supersolution v2implies that

r(Xǫ)v1(tǫ, xǫ, Xǫ) −
(
p0 −

β

t2
− λδeλ(T−tǫ)(|xǫ|2 + |yǫ|2)

)

−xǫr(Xǫ)
(1

ǫ
(xǫ−yǫ)+2xǫδe

λ(T−tǫ)
)
−1

2
σ2(Xǫ)x

2
ǫ

(
Mǫ+2δeλ(T−tǫ)

)
−Av1(tǫ, xǫ, ·)(Xǫ)

− Iη(tǫ, xǫ, Xǫ, φ1,
∂φ1

∂x
) − Iη(tǫ, xǫ, Xǫ, v1,

1

ǫ
(xǫ − yǫ) + 2xǫδe

λ(T−tǫ)) ≤ 0, (4.79)and
r(Xǫ)v2(tǫ, yǫ, Xǫ) − p0 − yǫr(Xǫ)

(1

ǫ
(xǫ − yǫ) − 2yǫδe

λ(T−tǫ)
)

− 1

2
σ2(Xǫ)y

2
ǫ

(
Nǫ − 2δeλ(T−tǫ)

)
− Av2(tǫ, yǫ, ·)(Xǫ) − Iη(tǫ, yǫ, Xǫ, φ2,

∂φ2

∂x
)

− Iη(tǫ, yǫ, Xǫ, v2,
1

ǫ
(xǫ − yǫ) − 2yǫδe

λ(T−tǫ)) ≥ 0, (4.80)for some φ1, φ2 ∈ C1,2([0, T ] × R).Let us de�ne the operator F(x, v, φ,Ξ, Z) by
F
(
x, v, φ,Ξ, Z

)
:= −xr(Xǫ)Ξ − 1

2
σ2(Xǫ)Zx

2 − Av(tǫ, x, ·)(Xǫ)

−Iη(tǫ, x,Xǫ, φ,
∂φ

∂x
) − Iη(tǫ, x,Xǫ, v,Ξ). (4.81)By using this operator, the inequalities (4.79) and (4.80) beome respetively

r(Xǫ)v1(tǫ, xǫ, Xǫ) −
(
p0 −

β

t2
− λδeλ(T−tǫ)(|x2

ǫ | + |y2
ǫ |)
)

+ F
(
xǫ, v1, φ1,

1

ǫ
(xǫ − yǫ) + 2xǫδe

λ(T−tǫ),Mǫ + 2δeλ(T−tǫ)
)
≤ 0, (4.82)



101and
r(Xǫ)v2(tǫ, yǫ, Xǫ) − p0

+ F
(
yǫ, v2, φ2,

1

ǫ
(xǫ − yǫ) − 2yǫδe

λ(T−tǫ), Nǫ − 2δeλ(T−tǫ)
)
≥ 0. (4.83)Subtrating these last two inequalities, we have :

r(Xǫ)
[
v1(tǫ, xǫ, Xǫ) − v2(tǫ, yǫ, Xǫ)

]
+
β

t2
+ λδeλ(T−tǫ)(|xǫ|2 + |yǫ|2)

≤ −F
(
xǫ, v1, φ1,

1

ǫ
(xǫ − yǫ) + 2xǫδe

λ(T−tǫ),Mǫ + 2δeλ(T−tǫ)
)

+ F
(
yǫ, v2, φ2,

1

ǫ
(xǫ − yǫ) − 2yǫδe

λ(T−tǫ), Nǫ − 2δeλ(T−tǫ)
)
. (4.84)However, the right hand side of the inequality (4.84) is equal to

RHS =
1

2
σ2(Xǫ)

[
Mǫx

2
ǫ −Nǫy

2
ǫ + 2δeλ(T−tǫ)(|xǫ|2 + |yǫ|2)

]
(A1)

+r(Xǫ)
[1
ǫ
|xǫ − yǫ|2 + 2δeλ(T−tǫ)(|xǫ|2 + |yǫ|2)

]
(A2)

+
[
Av1(tǫ, xǫ, ·)(Xǫ) − Av2(tǫ, yǫ, ·)(Xǫ)

]
(A3)

+
[
Iη(tǫ, xǫ, Xǫ, φ1,

∂φ1

∂x
) − Iη(tǫ, yǫ, Xǫ, φ2,

∂φ2

∂x
)
]

(A4)

+
[
Iη(tǫ, xǫ, Xǫ, v1,

1

ǫ
(xǫ − yǫ) + 2xǫδe

λ(T−tǫ))

−Iη(tǫ, yǫ, Xǫ, v2,
1

ǫ
(xǫ − yǫ) − 2yǫδe

λ(T−tǫ))
]
. (A5) (4.85)Thus, (4.84) beomes

r(Xǫ)
[
v1(tǫ, xǫ, Xǫ) − v2(tǫ, yǫ, Xǫ)

]

+
β

t2
+ λδeλ(T−tǫ)(|xǫ|2 + |yǫ|2) ≤ A1 + A2 + A3 + A4 + A5. (4.86)From (4.78),

A1 + A2 ≤
(2

ǫ
|xǫ − yǫ|2 + 2δeλ(T−tǫ)(|xǫ|2 + |yǫ|2

)(1

2
σ2(Xǫ) + r(Xǫ)

)
. (4.87)Using the Lipshitz ondition for v1 and v2, we have

A3 ≤ 2|xǫ − yǫ|
( ∑

l∈S, l 6=Xǫ

aXǫl

)
. (4.88)Also, by remark 4.39

lim sup
η↓0

A4 = 0.



102By easy alulations, we have that
A5 =

∫

|z|>η

[
Ξ(tǫ, xǫe

z, yǫe
z, Xǫ) − Ξ(tǫ, xǫ, yǫ, Xǫ) + (ez − 1)2

( 1

2ǫ
|xǫ − yǫ|2

+δeλ(T−tǫ)(|xǫ|2 + |yǫ|2)
)]
ρXǫ

(dz)

≤
( 1

2ǫ
|xǫ − yǫ|2 + δeλ(T−tǫ)(|xǫ|2 + |yǫ|2)

)∫

|z|>η
(ez − 1)2ρXǫ

(dz) (4.89)where for the last inequality, we use the fat that (tǫ, xǫ, yǫ, Xǫ) is a maximumpoint of Ξ ∈ (0, T ] × R × R × S.Writing that Ξ(t, x, x, i) ≤ Ξ(tǫ, xǫ, xǫ, Xǫ) for i ∈ S and using the inequality(4.84), we have by noting that r(Xǫ) and β are greater than 0 :
v1(t, x, i) − v2(t, x, i) −

β

t
− 2δeλ(T−t)|x|2 ≤ v1(tǫ, xǫ, Xǫ) − v2(tǫ, yǫ, Xǫ) −

β

t

− 1

2ǫ
|xǫ − yǫ|2δeλ(T−tǫ)(|xǫ|2 + |yǫ|2)

≤ 1

r(Xǫ)

[(
A1 + A2 + A3 + A4 + A5

)

− β

t2
− λδeλ(T−tǫ)(|xǫ|2 + |yǫ|2)

]

≤ 1

r(Xǫ)

(
A1 + A2 + A3 + A4 + A5

)

− λδ

r(Xǫ)
eλ(T−tǫ)(|xǫ|2 + |yǫ|2) (4.90)Sending ǫ, η ↓ 0, with the above estimates of (A1)-(A2)-(A3)-(A4)-(A5), we ob-tain :

v1(t, x, i) − v2(t, x, i) −
β

t
− 2δeλ(T−t)|x|2 ≤ 2δ

r(X0)
|x0|2eλ(T−t0)(2 + c− λ) (4.91)Choose λ su�iently large positive (λ ≥ 2+c) and send β, δ ↓ 0 to onlude that

v1(t, x, i) ≤ v2(t, x, i).This ompletes the proof. �The uniqueness of the visosity solution of the system (P) follows immediatelyfrom this theorem beause any visosity solution is both a visosity subsolutionand supersolution.4.3.4. Existene of a visosity solution for the system (P)In this last setion, we give a result for the existene of the visosity solutionof the system (P) based on the Perron's method. We make the remark that, byusing the hange of variables (t, ξ) = (T − s, ln x) the terminal value problem
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(P) an be onverted to an initial value problem (or Cauhy problem) (P0) [seeAppendix℄. Thus, we an see our problem as a partiular ase of that disussedin Biswa et al.[16℄. Before giving the main proposition of this setion, we needsome preparatory results.Proposition 4.1. Let S be a non-empty family of subsolutions of (P0) and for
i ∈ S,

v(t, ξ, i) := sup{u(t, ξ, i) : u(·, ·, i) ∈ S} for (t, ξ) ∈ (0, T ] × R.Suppose v∗(t, ξ, i) <∞ for (t, ξ, i) ∈ (0, T ]×R×S, then v∗(·, ·, i) is a subsolutionof (P0).Proof. We reall that v∗ denote the upper semiontinuous envelope of v. For
i ∈ S, we want to prove that v∗(·, ·, i) is a subsolution of (P0). First, we hekthat the initial ondition is satis�ed. To do so, we use a barrier argument.For every z ∈ R and ǫ > 0, de�ne φz,ǫ(ξ, i) = H̃(ξ, i) + κi(|ξ − z|2 + ǫ)1/2,where κi is the Lipshitz onstant of H̃(ξ, i). It follows that

φz,ǫ(ξ, i) ≥ H̃(z, i),for all ξ, z ∈ R, i ∈ S, ǫ > 0.For a some onstant Aǫ ≥ 0, it is easy to veri�es that Uz,ǫ(t, ξ, i) := Aǫt+φz,ǫ(ξ, i)is a supersolution of (P0). Therefore, by using the omparison priniple and thede�nition of v,
v(t, ξ, i) ≤ Uz,ǫ(t, ξ, i) for all ξ, z ∈ R, i ∈ S, ǫ > 0,and hene v∗(t, ξ, i) ≤ (Uz,ǫ)

∗(ξ, i) = Uz,ǫ(t, ξ, i).So, by setting t = 0 and minimizing with respet to z, ǫ, the initial onditionfollows :
v∗(0, ξ, i) ≤ inf

z,ǫ
(Uz,ǫ)

∗(0, ξ, i) = inf
z,ǫ
φz,ǫ(ξ, i) = H̃(ξ, i).Next, we need to prove that for all funtion φ ∈ C1,2((0, T ]×R), ifmax(0,T ]×R[v∗(·, ·, i)−

φ] = [v∗(·, ·, i) − φ](t, ξ)then at (t, ξ),
H
(
i, t, ξ, v∗(t, ξ, i), v∗(t, ξ, ·), ∂φ(t, ξ, i)

∂t
,
∂φ(t, ξ, i)

∂ξ
,
∂2φ(t, ξ, i)

∂ξ2
, I(t, ξ, i, v∗(·), φ)

)
≤ 0.Without the loss of generality, assume that [v∗(·, ·, i)−φ](t, ξ) = 0, we an alwaysreplae φ with φ+ [v∗(·, ·, i) − φ](t, ξ) to ahieve this ;Set now ψ(t, ξ) = φ(t, ξ) + |ξ − ξ|4 + |t− t|2, then [v∗(·, ·, i)− ψ] attains its stritmaximum in (0, T ] × R at (t, ξ) so

(v∗(·, ·, i)−ψ)(t, ξ)+|ξ−ξ|4+|t−t|2 = [v∗(·, ·, i)−ψ](t, ξ) ≤ 0 = [v∗(·, ·, i)−ψ](t, ξ)and
[v∗(·, ·, i) − ψ](t, ξ) ≤ −|ξ − ξ|4 − |t− t|2.



104By the de�nition of v∗, there is a sequene of (tk, ξk) ∈ [0, T ]×R, (tk, ξk) → (t, ξ)suh that
lim
k→∞

ak = [v∗(·, ·, i) − φ](t, ξ),with ak = [v∗(·, ·, i) − φ](tk, ξk).For (t, ξ) ∈ [0, T ) × R, let v(t, ξ, i) := sup{u(t, ξ, i) : u(·, ·, i) is a subsolution ofproblem (P0)} then there is uk subsolution of problem (P0) suh that
v(tk, ξk, i) −

1

k
< uk(tk, ξk, i)and

ak −
1

k
≤ [uk(·, ·, i) − φ](tk, ξk, i) ≤ [u∗k(·, ·, i) − φ](tk, ξk, i).But uk(·, ·, i) ≤ v(·, ·, i) so
[u∗k(·, ·, i) − ψ](t, ξ) ≤ −|ξ − ξ|4 − |t− t|2.Noting that (0, T ] × R is loally ompat, there is a ompat neighborhood V of

(t, ξ) suh that [u∗k(·, ·, i)−ψ] is upper semiontinuous on (0, T ]×R and has upperbound, then its attains maximum on V at (sk, ζk) ∈ V, so
ak −

1

k
< [u∗k(·, ·, i) − ψ](tk, ξk) ≤ [u∗k(·, ·, i) − ψ](sk, ζk) ≤ −|ζk − ξ|4 − |sk − t|2,and we have by noting that limk→∞ ak = 0, (sk, ζk) → (t, ξ) by onsidering theextreme terms in the last inequality. Therefore,

lim
k→∞

[u∗k(·, ·, i) − ψ](sk, ζk) = 0,thus,
lim
k→∞

u∗k(sk, ζk, i) = lim
k→∞

ψ(sk, ζk),and �nally,
lim
k→∞

ψ(sk, ζk) = ψ(t, ξ) = v∗(t, ξ, i).Sine that uk(·, ·, i) is a subsolution of (P0), we have at (t, ξ)

H
(
i, t, ξ, uk(t, ξ, i), uk(t, ξ, ·), ...

∂ψ(t, ξ, i)

∂t
,
∂ψ(t, ξ, i)

∂ξ
,
∂2ψ(t, ξ, i)

∂ξ2
, I(t, ξ, i, uk(·), ψ)

)
≤ 0,



105we then get by letting k → ∞ and using the ontinuity of operator H(i, ·) that
H
(
i, t, ξ, v∗(t, ξ, i), v∗(t, ξ, ·), ...

∂ψ(t, ξ, i)

∂t
,
∂ψ(t, ξ, i)

∂ξ
,
∂2ψ(t, ξ, i)

∂ξ2
, I(t, ξ, i, v∗(·), ψ)

)
≤ 0.But at (t, ξ), ∂ψ

∂t
= ∂φ

∂t
, ∂ψ
∂ξ

= ∂φ
∂ξ
,∂2ψ
∂ξ2

= ∂2φ
∂ξ2
, so

H
(
i, t, ξ, v∗(t, ξ, i), v∗(t, ξ, ·), ...

∂φ(t, ξ, i)

∂t
,
∂φ(t, ξ, i)

∂ξ
,
∂2φ(t, ξ, i)

∂ξ2
, I(t, ξ, i, v∗(·), φ)

)
≤ 0.This ompletes the proof that v∗(·, ·, i) is a subsolution.�Lemma 4.3. Let v : (0, T ] × R → R be a supersolution of (P0). For i ∈ S, let

Sv,i := {v : v(·, ·, i) is a subsolution of (P0) and v(·, ·, i) ≤ v}If v(·, ·, i) ∈ Sv,i and v(·, ·, i) ≥ w(·, ·) for all w(·, ·) ∈ S, then v∗(·, ·, i) is asupersolution of (P0).Proof. For i ∈ S. Let v∗(·, ·, i) be the lower semiontinuous envelope of v(·, ·, i),where v(·, ·, i) ∈ Sv,i and suh that v(t, ξ, i) ≥ w(t, ξ), (t, ξ) ∈ (0, T ] × R for all
w(·, ·) ∈ S.We laim that v∗(·, ·, i) is a supersolution of (P0).We start by heking the initial ondition. For z ∈ R and ǫ > 0, let Φz,ǫ(ξ, i) =

H̃(ξ, i) − κ(|ξ − z|2 + ǫ)1/2 and Vz,ǫ(t, ξ, i) = −Aǫt+ Φz,ǫ(ξ, i) where κ = maxi κ
iand Aǫ is a onstant. Note that Φz,ǫ(ξ, i) ≤ H̃(ξ, i) for all ξ, z, ǫ.It is straightforward to verify that there is a onstant Aǫ suh that Vz,ǫ(·, ·, i) is asubsolution of (P0). Therefore, Vz,ǫ(t, ξ, i) ≤ v(t, ξ, i). It follows that Vz,ǫ(t, ξ, i) ≤

v∗(t, ξ, i) and hene the initial ondition holds :
v∗(0, ξ, i) ≥ sup

ǫ,z
Vz,ǫ(0, ξ, i) = sup

ǫ,z
Φz,ǫ(ξ, i) = H̃(ξ, i).We ontinue with proving that for a funtion-test ψ ∈ C1,2((0, T ]×R) the inequa-lity

H
(
i, t, ξ, v∗(t, ξ, i), v∗(t, ξ, ·),

∂ψ(t, ξ)

∂t
,
∂ψ(t, ξ)

∂ξ
,
∂2ψ(t, ξ)

∂ξ2
, I(t, ξ, i, v∗(·), ψ)

)
≥ 0,holds at some point (t, ξ) ∈ (0, T ] × R.By ontradition.



106We suppose that there exist a point (t0, ξ0) ∈ (0, T ] × R and a funtion-test
φ ∈ C1,2((0, T ] × R) suh that

min
(0,T ]×R

[v∗(·, ·, i) − φ] = [v∗(·, ·, i) − φ](t0, ξ0),and
H
(
i, t0, ξ0, v∗(t0, ξ0, i), v∗(t0, ξ0, ·),

∂φ(t0, ξ0)

∂t
,

∂φ(t0, ξ0)

∂ξ
,
∂2φ(t0, ξ0)

∂ξ2
, I(t0, ξ0, i, v∗(·), φ)

)
< 0. (4.92)We may assume [v∗(·, ·, i) − φ](t0, ξ0) = 0, sine the funtion φ an be modi�edas φ+ [v∗(·, ·, i) − φ](t0, ξ0).Let us prove that v∗(t0, ξ0, i) < v(t0, ξ0). It is the ase, otherwise as v∗(t0, ξ0, i) ≤

v(t0, ξ0) we will have v∗(t0, ξ0, i) = v(t0, ξ0) and thus v − φ has a loal minimumat (t0, ξ0). But, Inequality (4.92) would ontradit the fat v is a supersolution of
(P0). Then v∗(t0, ξ0, i) < v(t0, ξ0).Now, for r > 0, ǫ > 0 suh that Br(t0, ξ0) ⊂ (0, T ] × R (losed ball entered at
(t0, ξ0) andi) H

(
i, t, ξ, φ(t, ξ)+ ǫ, φ(t, ξ)+ ǫ, ∂φ(t,ξ)

∂t
, ∂φ(t,ξ)

∂ξ
, ∂

2φ(t,ξ)
∂ξ2

, I(t, ξ, φ(t, ·)+ ǫ, φ)
)
≤ 0,

∀(t, ξ) ∈ Br(t0, ξ0).(This is possible, thanks 4.92 and by ontinuity of φ) ;ii) [v∗(·, ·, i) − φ](t, ξ) > ǫ ∀(t, ξ) ∈ ∂Br((t0, ξ0)).(This is possible beause [v∗(·, ·, i)− φ] has a strit loal minimum at (t0, ξ0)and v∗(t0, ξ0, i) = φ(t0, ξ0)) ;iii) φ(t, ξ) < v(t, ξ) − ǫ ∀(t, ξ) ∈ Br(t0, ξ0).(This is possible beause v is lower semiontinuous and φ(t0, ξ0) = v∗(t0, ξ0, i) <
v(t0, ξ0)).Let
z(t, ξ, i) :=

{
v∗(t, ξ, i) if (t, ξ) ∈ (0, T ] × R\Br(t0, ξ0)
max{v∗(t, ξ, i);φ(t, ξ) + ǫ} if (t, ξ) ∈ Br(t0, ξ0). (4.93)We laim that z(·, ·, i) is a subsolution of (P0).Let ψ a test-funtion suh that z(·, ·, i) − ψ has a loal maximum at (t1, ξ1) ∈

(0, T ]×R. If z(t1, ξ1, i) = v∗(t1, ξ1, i) then v∗(·, ·, i)−ψ has also a loal maximumat (t1, ξ1) and thus,
H
(
i, t1, ξ1, z(t1, ξ1, i), z(t1, ξ1, ·),

∂φ(t1, ξ1)

∂t
,

∂φ(t1, ξ1)

∂ξ
,
∂2φ(t1, ξ1)

∂ξ2
, I(t1, ξ1, i, z(·), φ)

)
≤ 0. (4.94)beause v∗(·, ·, i) is a subsolution of (P0) as proven in Proposition 4.1.Suppose now that z(t1, ξ1, i) > v∗(t1, ξ1, i). Then, from the de�nition of z(·, ·, i),we have that (t1, ξ1) ∈ Br(t0, ξ0).



107Note that z(·, ·, i) = max{v∗(·, ·, i);φ+ǫ} onBr(t0, ξ0), thus z(t1, ξ1, i) = φ(t1, ξ1)+
ǫ, and ii) implies that (t1, ξ1) ∈ Br(t0, ξ0).Therefore, φ+ ǫ− ψ has a loal maximum at (t1, ξ1) and this implies

∂ψ

∂t
=
∂φ

∂t
,
∂ψ

∂ξ
=
∂φ

∂ξ
,
∂2ψ

∂ξ2
≥ ∂2φ

∂ξ2
,

φ(t1, ξ1 + y) − φ(t1, ξ1) ≤ ψ(t1, ξ1 + y) − ψ(t1, ξ1),for y suh that (t1, ξ1 + y) ∈ Br(t0, ξ0). Hene, by i)
∂ψ(t1, ξ1)

∂t
−
(
r(i) − 1

2
σ2(i)

)∂ψ(t1, ξ1)

∂ξ
− 1

2
σ2(i)

∂2ψ(t1, ξ1)

∂ξ2

+ r(i)ψ(t1, ξ1) − I(t1, ξ1, i, ψ(·), ψ) ≤ 0. (4.95)This omplete the proof that z(·, ·, i) is a subsolution of (P0).We an now provide the proof of the lemma sine z(·, ·, i) is a subsolution satis-fying
z∗(t, ξ, i) ≥ sup{φ(t, ξ) + ǫ, v∗(t, ξ, i)} = φ(t, ξ) + ǫ ≥ v∗(t, ξ, i) + ǫwhere the last inequality omes from the de�nition of v∗(·, ·, i).Thus, z(s, y, i) > v(s, t, i) for some (s, y) ∈ (0, T ] × R. This ontradits thede�nition of v(·, ·, i), so v∗(·, ·, i) is a supersolution of (P0). �Now, we an state the main result on the existene of visosity solution of problem

(P0).Theorem 4.4 (Existene).Assume onditions 4.20-4.21. Let u, v : [0, T ) × R → R, two bounded ontinuousfuntions whih are respetively sub- and supersolutions of the system (P0) andsuh that u ≤ v. Then there exists a bounded ontinuous visosity solution u tothe the system (P0) satisfying u ≤ u ≤ v.Proof. We will use Perron's method. As in Lemma 4.3, for i ∈ S we set
Sv,i := {v : v(·, ·, i) is a subsolution of (P0) and v(·, ·, i) ≤ v}.We have that u ∈ Sv,i, so Sv,i 6= ∅.De�ne

u(·, ·, i) = sup{v : v(·, ·, i) ∈ Sv,i},by Proposition 4.1, u∗(·, ·, i) is a subsolution of (P0), so u∗(·, ·, i) ∈ Sv,i sine
u∗(·, ·, i) ≤ v. Then by Lemma 4.3, u∗(·, ·, i) is a supersolution of (P0) and wehave u ≤ u∗(·, ·, i) ≤ u∗(·, ·, i) ≤ v. Sine,by the omparison priniple, u∗(·, ·, i) ≤
u∗(·, ·, i) we have that u∗(·, ·, i) = u∗(·, ·, i) This onludes the proof. �4.4. Conluding RemarksWe have haraterized in this paper the value of an European option under theMarkov-modulated exponential Lévy model. In partiular, we have shown thatit is the unique visosity solution of a system of oupled linear integro-partial



108di�erential equations. The present work is a prerequisite for �nding the nume-rial proedures to approximate the option prie. Our future work looks to thisdiretion with in mind the model alibration problem.AknowledgmentWe wish to thank here my PhD advisor Manuel Morales and Mustapha Pemy forhelpful omments and suggestions.Appendix
(P0)





H
(
i, t, ξ, f(t, ξ, i), f(t, ξ, ·), ∂f(t,ξ,i)

∂t
, ∂f(t,ξ,i)

∂ξ
, ∂

2f(t,ξ,i)
∂ξ2

, I(t, ξ, i, f(·), h)
)

= 0

f(0, ξ, i) = H̃(ξ, i)

for t ∈ (0, T ], i ∈ S, ξ ∈ R and h(t, ·, i) ∈ C2(R).(4.96)Here,
H
(
i, t, ξ, f(t, ξ, i), f(t, ξ, ·), ∂f(t, ξ, i)

∂t
,
∂f(t, ξ, i)

∂ξ
,
∂2f(t, ξ, i)

∂ξ2
, I(t, ξ, i, f(·), h)

)

:=
∂f(t, ξ, i)

∂t
− (r(i) − 1

2
σ2(i))

∂f(t, ξ, i)

∂ξ
− 1

2
σ2(i)

∂2f(t, ξ, i)

∂ξ2
+ r(i)f(t, ξ, i)

− Af(t, ξ, ·)(i) − I(t, ξ, i, f(·), h). (4.97)



Chapitre 5
NUMERICAL ISSUES AROUND THEREGIME-SWITCHING EXPONENTIAL-LÉVYMODEL : PRICING AND CALIBRATION

Dans e hapitre, il est question de la alibration d'un modèle �nanier. Ce pro-blème onsiste à la détermination des paramètres du modèle qui le rendent onsis-tant ave les observations du marhé. Il s'agit de la démarhe inverse à elle del'évaluation des prix d'options. Notre étude proède au préalable à la reension destehniques de Fourier utilisées pour déterminer le prix d'une option Européennedans un modèle exponentiel-Lévy ave hangements de régime. Une appliationest présentée pour illustrer l'appliabilité des résultats théoriques.5.1. IntrodutionIn this hapter, we deal with the numerial problems arising in the pratialimplementation of a regime-swithing exponential-Lévy model. These problemsmainly onern the numerial valuation of an option when the model parametersare known, and its reverse, the alibration of the model parameters onsistentwith option pries observed in the market. More partiularly, this exploratorystudy aims at exposing the di�erent (Fourier) approahes of solution found in theliterature.Determining the theoretial prie of a liquid option 1, i.e., the prie obtainedfrom the model, is neessary to alibrate the model to market data. In Chapter4, we derived a system of integro-di�erential equations satis�ed by the prie ofan European option in a regime-swithing exponential-Lévy model. In general,suh a system does not admit analytial solutions, therefore we often resort tonumerial methods in order to obtain approximate solutions (See, e.g., [20℄).In this regard, numerial methods ommonly used in �nanial engineering are�nite di�erenes shemes (see [125℄ and [22℄ and referenes therein) and �niteelements methods (see [1℄). However, these tehniques beome triky in the aseof this model, partly beause of the presene of an integral term. Thus, methods1e.g., a European option.



110based on diret alulation of the priing operator given as the expetation of arandom quantity have proved to be suitable. These methods inlude Monte Carlotehniques and methods based on Fourier transform. The Monte Carlo tehniques(see hapter 2) have the advantage that they an be applied to most types ofsituation (di�erent models and payo�s), but their major drawbak is that theyare time-mahine onsuming and inrease the omputational omplexity. This isa handiap espeially in regard to the alibration to market data and in thisase, Fourier methods provide a omparative advantage. At this point, we shouldremark that the literature whih addresses these issues is quite limited. One anite Chourdakis [30℄ whih in a framework similar to ours proposes to use theQUAD algorithm to determine pries of exoti options and Liu et al. [92℄ whoadapt the method of Carr and Madan to determine the prie of a Europeanoption in a regime swithing Blak-Sholes model. Reently, Jakson et al. [82℄proposed an algorithm based on the Fourier transform of the system of equations(4.17)-(4.18).In Setion 5.2, we present the algorithm developed in [82℄ and we also desribehow the method of Carr and Madan an be applied in our ontext. In Setion5.3, we address the alibration problem with a few examples.5.2. Fourier Methods for an European Option ValuationIn this setion, we desribe the state of art on Fourier methods for option priingin a regime-swithing exponential-Lévy model. Firstly, we begin by realling somebasis on the Fourier transform as we an see in any alulus book.5.2.1. Basis on the Fourier TransformDe�nition 5.1. Let f : R → R be an L1-integrable funtion. The Fourier trans-form of f denoted by f̂ is the funtion de�ned by
f̂(ω) = ℑ[f ](ω) :=

∫ +∞

−∞
f(x)eiωxdx, ω ∈ R. (5.1)When f̂ is L1-integrable then one an retrieve the original by taking the inverseFourier transform as

f(x) = ℑ−1[f̂ ](x) :=
1

2π

∫ +∞

−∞
f̂(ω)e−iωxdω a.s. x ∈ R. (5.2)The main properties of the Fourier transform are given below.(1) f̂ is a bounded and ontinuous funtion.(2) ∂̂nf

∂xn (ω) = (iω)nf̂(ω)(3) f̂ ∗ g(ω) = f̂(ω)ĝ(ω)



1115.2.2. Algorithm of Jakson, et al. [82℄The aim is to solve the system of nonlinear integro-di�erential equations satis�edby the European option
∂V

∂t
(t, T, S(t−), k) + rkS(t−)

∂V

∂S
(t, T, S(t−), k) +

1

2
σ2
kS

2(t−)
∂2V

∂S2
(t, T, S(t−), k)

− rkV (t, T, S(t−), k) + AV (t, T, S(t−), .)(k)

+

∫

R\{0}

[
V (t, T, S(t−)ez, k) − V (t, T, S(t−), k)

− S(t−)(ez − 1)
∂V

∂S
(t, T, S(t−), k)

]
ρk(dz)

= 0, (5.3)for k = 1, 2, ...,M assoiated to the terminal ondition
V (T, T, S(T ), k) = H(S0e

YT , X(T ) = k), k = 1, 2, ...,M. (5.4)By supposing the L1-integrability of S 7→ V (t, T, S, k) we have that its Fouriertransform ω 7→ V̂k(t, ω) satis�es
∂V̂k
∂t

(t, ω) + iωrkV̂k(t, ω) +
1

2
σ2
kω

2V̂k(t, ω)

− rkV̂k(t, ω) + AV̂k(t, ω)

+

∫

R\{0}

[
eiωz − 1 − iω(ez − 1)

]
V̂k(t, ω)ρk(dz) = 0 (5.5)and

V̂k(T, ω) = Ĥ(ω), k = 1, 2, ...,M. (5.6)Setting
V̂(t, ω) = (V̂1(t, ω), V̂2(t, ω), ..., V̂M(t, ω))

′and
Ψ(ω) = (Ψ(1)(ω),Ψ(2)(ω), ...,Ψ(M)(ω))

′where
Ψ(k)(ω) = iωrk −

1

2
σ2
kω

2 +

∫ +∞

−∞

[
eiωz − 1 − iω(ez − 1)

]
ρk(dz) (5.7)denotes the harateristi exponent (under Q) of the Lévy proess Y (k) when theMarkov hain state is ek.Equations (5.5)-(5.6) an be written as

{
∂t V̂(t, ω) + (A + Diag(Ψ − r))V̂(t, ω) = 0

V̂(T, ω) = Ĥ(ω) · 1 (5.8)



112Thus, we have a linear dynamial system in V̂(·, ω) with terminal ondition whihan be solved easily. Indeed, for any t ∈ T, one an verify that the solution attime t of (5.8) is given by
V̂(t, ω) = exp

{(
A + Diag(Ψ(ω) − r)

)
(T − t)

}
· Ĥ(ω) · 1. (5.9)In general, we have by the �ow property

V̂(s, ω) = exp
{(

A + Diag(Ψ(ω) − r)
)
(t− s)

}
· V̂(t, ω), 0 ≤ s < t ∈ T.(5.10)Taking the inverse Fourier transform in Equation 5.10, we obtain

V(s, T, Y ) = ℑ−1
[
exp

{(
A + Diag(Ψ(ω) − r)

)
(t− s)

}
· V̂(t, ω)

]
(Y ), 0 ≤ s < t ∈ T(5.11)with V(s, T, Y ) =

(
V (s, T, Y, e1), V (s, T, Y, e2), ..., V (s, T, Y, eM)

)′ .This last result is the basis of the algorithm developed in [82℄ whih we desribein the following.
•"Fourier Spae Time(FST)" AlgorithmWe begin by disretizing the ontinuous-time Markov hainX. To do so, we de�nea partition of the time domain T = [0, T ] in intervals {(tn, tn+1] : tn = n∆t, n ∈
N} with mesh size ∆t suh that X is held onstant in eah interval and swithfrom one to another state with transition probabilities

Pkl :=

{
1 + all∆t, k = l
akl∆t, otherwise.

(5.12)Using the martingale property of {Ṽ (t, T, Yt, Xt) : t ∈ T} and the fat that
V (tn, T, Ytn , Xtn) = e−r(Xtn )Ṽ (tn, T, Ytn, Xtn) on (tn, tn+1], we obtain
V (tn, T, Ytn , Xtn) = EQ

[
V (tn+1, T, Ytn+1 , Xtn+1)

∣∣∣FX
tn ∨ FY

tn

]

= EQ
[
EQ
[
V (tn+1, T, Ytn+1 , Xtn+1)

∣∣∣FX
tn+1

∨ FY
tn

]∣∣∣FX
tn ∨ FY

tn

]

= EQ
[
EQ
[
V (tn+1, T, Ytn+1 , Xtn+1)

∣∣∣σ(Xtn+1) ∨ FY
tn

]∣∣∣σ(Xtn) ∨ FY
tn

](5.13)beause FX
tn ∨ FY

tn ⊂ FX
tn+1

∨ FY
tn and X is markovian.Furthermore, by the fat that Y is a Lévy proess with harateristi exponent

Ψ(Xtn+1 )(ω) on (tn, tn+1] we have
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V (tn, T, Ytn , Xtn) = EQ

[
EQ
[
V (tn+1, T, Ytn+1 , Xtn+1)

∣∣∣σ(Xtn+1) ∨ FY
tn

]∣∣∣σ(Xtn) ∨ FY
tn

]

= EQ
[
ℑ−1

[
exp

{(
Ψ(Xtn+1 )(ω) − r(Xtn+1)

)
∆t
}

× V̂Xtn+1
(tn+1, ω)

]∣∣∣(Ytn, Xtn)
]
, (5.14)where the last equality follows from (5.11). Finally, for Xtn = ej we dedue

V (tn, T, Ytn , j) =

M∑

k=1

Pjkℑ−1
[
exp

{(
Ψ(Xtn+1)(ω) − r(Xtn+1)

)
∆t
}
· V̂Xtn+1

(tn+1, ω)
]
(Ytn)(5.15)This reursive proedure allows to ompute the prie of a European option inevery state of the hain X at the present assuming that we know the prie of theprevious period.5.2.3. Algorithm of Carr and Madan ([26℄)The method of valuing a European option due to Carr and Madan [26℄ hasbeome a referene in �nanial engineering over time . It makes possible to om-pute, with good auray and minimum time, option pries for a family of strikepries K. This is interesting in view of the alibration model's performane. Thistehnique was �rst used for a regime-swithing model by Liu, et al. [92℄. In thissetion, we show that it an be adapted to the broader ontext of regime-swithingexponential-Lévy models.

•Method of Carr and Madan (CM)We aim at �nding the numerial value C at time 0 of a European all written onan underlying S with strike K > 0 and maturity T > 0, knowing that the stateof the Markov hain X is X0 = ej .By the fundamental theorem of asset priing (see [79, 80℄) and Equation 4.15,we know that this value is given by
C(K, T, j) = EQ

[
e−

R T

0 rsds
(
S0e

YT −K
)+∣∣∣X0 = j, S0

]

= S0E
Q
[
e−

R T

0
rsds
(
eYT − ek

)+∣∣∣X0 = ej , S0

]

=: C̃(k, T, j), (5.16)where we have set k = log(K/S0).Assume the initial state X0 = ej is �xed, C(k, T, j) is not rapidly dereasing be-ause C̃(k, T, j) = S0 as k → −∞. Therefore, C̃(k, T, j) is not Fourier-integrable.To overome this problem, Carr and Madan [26℄ have de�ned a modi�ed prieas :
Cmod(k, T, j) := eαkC̃(k, T, j), (5.17)



114where α > 0 is hosen suh that Cmod(k, T, j) satis�es the integrability ondition∫ ∞

−∞
|Cmod(k, T, j)|dk <∞. (5.18)Thus, the Fourier transform of the modi�ed prie is

ψT (ω, j) :=

∫ ∞

−∞
eiωkCmod(k, T, j)dk, (5.19)and we dedue the original all prie C̃(k, T, j) by taking the inverse Fouriertransform of ψT (ω, j) multiplied by a orretion term

C̃(k, T, j) =
e−αk

2π

∫ ∞

−∞
e−iωkψT (ω, j)dω

=
e−αk

π

∫ ∞

0

e−iωkψT (ω, j)dω, (5.20)where the last equality follows from the fat that the funtion ω → e−iωkψT (ω, j)is even.To obtain a numerial value of C̃, we only need an analytial expression of
ψT (ω, j). This is quite simple beause onditionally on �ltration FX

T , Y is a Lévyproess whih has a harateristi funtion given in a losed form in many ases.If fT (x) denotes the onditional density funtion of YT 2 given the �ltration FX
Tthen, by double expetation law and Fubini theorem

ψT (ω, j) = S0

∫ ∞

−∞
eiωkeαkEQ

[
e−

R T

0 rsds
(
eYT − ek

)+∣∣∣X0 = ej , S0

]
dk

= S0

∫ ∞

−∞
eiωkeαkEQ

[
e−

R T

0 rsds

∫ ∞

k

(
ex − ek

)
fT (x)dx

∣∣∣X0 = ej, S0

]
dk

= S0E
Q
[
e−

R T

0 rsds
{∫ x

−∞
eiωk
(
ex+αk − e(1+α)k

)
dk
}
fT (x)dx

∣∣∣X0 = ej, S0

]

= S0

EQ

[
e−

R T

0 rsdsφT (ω − i(1 + α))
∣∣∣X0 = ej , S0

]

α2 + α− ω2 + i(2α + 1)ω
, (5.21)where φT (ω) denotes the onditional harateristi funtion of YT given the �l-tration FX

T . By noting that
YT =

∫ T

0

(µs −
1

2
σ2
s )ds+

∫ t

0

σsdWs

︸ ︷︷ ︸
Y

(1)
T

+

∫ T

0

∫ +∞

−∞
zN̂X(ds; dz) −

∫ T

0

∫ +∞

−∞
(ez − 1 − z)ρX(dz)ds

︸ ︷︷ ︸
Y

(2)
T

, (5.22)2We suppose that YT is independent of S0.



115we obtain
φT (ω) = EQ

[
eiωYT

∣∣∣FX
T

]

= EQ
[
eiωY

(1)
T

∣∣∣FX
T

]
EQ
[
eiωY

(2)
T

∣∣∣FX
T

]

:= φ
(1)
T (ω)φ

(2)
T (ω). (5.23)If we set RT :=

∫ T
0
rsds and VT :=

∫ T
0
σ2
sds then Y (1)

T has a normal distributionwith mean (RT − 1
2
VT ) and variane VT . Therefore,
φ

(1)
T (ω) = exp

(
iω(RT − 1

2
VT ) − 1

2
ω2VT

)
. (5.24)Also, one an easily hek that (see [51℄)

φ
(2)
T (ω) = EQ

[
eiωY

(2)
T

∣∣∣FX
T

]

= exp
[ M∑

j=1

∫ T

0

〈Xs−|ej〉ds
∫ ∞

−∞

(
eiωz − 1 − iω(ez − 1)

)
ρj(dz)

]
.(5.25)The general formula admits more simpler expressions depending on the modelused. Indeed, we have :
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Tab. 5.1. Expression of ∫∞
−∞

(
eiωx − 1 − iω(ex − 1)

)
ρj(dx) depending on the type of model.regime-swithing model Lévy measure ρj ∫∞

−∞

(
eiux − 1 − iu(ex − 1)

)
ρj(dx)Blak-Sholes NA NAMerton Jump-Di�usion λj

δj
√

2π
exp

[−(x−µJ
j )2

2δ2j

]
λi

[(
eiuµ

J
j − 1

2
δ2j u

2 − 1
)
− iu

(
eµ

J
j + 1

2
δ2j − 1

)]
.Kou Jump-Di�usion pη+

j e
−η+j x1{x>0} + (1 − p)η−j e

−η−j |x|1{x<0} piu
[

1
η+j −iu

− 1
η+j −1

]
− (1 − p)iu

[
1

η−j +iu
+ 1

η−j +1

].Variane-Gamma (C,G,M) Cj
e−Gjx

x
1{x>0} + Cj

e−Mj |x|

|x| 1{x<0} Cj log
(

GjMj

GjMj+(Mj−Gj)iu+u2

)
− iuCj log

(
GjMj

GjMj+(Mj−Gj)−1

)CGMY Cj
e−Gj |x|

|x|1+Yj
1{x>0} + Cj

e−Mj |x|

|x|1+Yj
1{x<0} CjΓ(−Yj)

[
G
Yj

j (Gj − iu)Yj −G
Yj

j − iu
(
(Gj − 1)Yj −G

Yj

j

)]+CjΓ(−Yj)
[
M

Yj

j (Mj + iu)Yj −M
Yj

j − iu
(
(Mj + 1)Yj −M

Yj

j

)]



117Expressions (5.24) and (5.25) an be made expliit by using the sojourn time indi�erent states of X. Indeed, by letting
Tj =

∫ T

0

〈Xs−|ej〉ds, j = 1, 2, ...,M (5.26)the sojourn time of X in the state ej during the time interval [0, T ] we have∑M
j=1 Tj = T and

RT =
M−1∑

j=1

(rj − rM)Tj + rMT,

VT =

M−1∑

j=1

(σ2
j − σ2

M)Tj + σ2
MT. (5.27)If we set for j = 1, 2, ...,M − 1

A1(ω, j) =
[
(rj − rM) + (

1

2
+ α)(σ2

j − σ2
M)
]
ω +

1

2
i(σ2

j − σ2
M)ω2 − i

[
α(rj − rM)

+
1

2
α(1 + α)(σ2

j − σ2
M)
]
,

B1(ω,M) = iω
[
rM + (

1

2
+ α)σ2

M

]
− 1

2
ω2σ2

M + αrM +
1

2
α(1 + α)σ2

M . (5.28)then
e−

R t

0 rsdsφ
(1)
T (ω − i(1 + α)) = exp

(
B1(ω,M)T

)
exp

(
i

M−1∑

j=1

A1(ω, j)Tj

)
. (5.29)In the same line, by letting for j = 1, 2, ...,M − 1

ϕ(ω, j) =

∫ ∞

−∞

(
e(iω+1+α)z − 1 − (iω + 1 + α)(ez − 1)

)
ρi(dz) (5.30)we obtain

φ
(2)
T (ω − i(1 + α)) = exp

(
ϕ(ω,M)T

)
exp

(M−1∑

k=1

(ϕ(ω, k) − ϕ(ω,M))Tk

)
. (5.31)Therefore, we dedue from the previous alulations an expliit expression ofFourier transform of the European all prie :

ψT (ω, j) = S0

exp
(
B(ω,M)

)
EQ

[
exp

(
i
∑M−1

k=1 A(ω, k)Tk

)∣∣∣X0 = ej, S0

]

α2 + α− ω2 + i(2α + 1)ω
(5.32)where

A(ω, k) = A1(ω, k) − i(ϕ(ω, k) − ϕ(ω,M)), k = 1, 2, ...,M − 1

B(ω,M) = B1(ω,M) + ϕ(ω,M).In onlusion, the determination of ψT (ω, .) is redued to alulating the hara-teristi funtion of the random vetor of sojourn time (T1, T2, ..., TM−1) for whih



118we have an expliit expression given by lemma A.1 of Bu�ngton and Elliott [24℄,
EQ
[
exp

(
i

M−1∑

j=1

θjTj

)∣∣∣X0

]
=
〈

exp[(A+ i Diag(θ1, θ2, ..., θM−1, 0))]X0

∣∣∣1
〉(5.33)where 1 = (1, 1, ..., 1) ∈ RM .5.2.4. Comparison of the Algorithms "Fourier-Stepping Time(FST)"and "Carr-Madan(CM)"Both algorithms presented above have many similarities but also some di�erenes.

• The algorithm of Carr and Madan is based on the transformation of strikevariableK, while the FST algorithm uses a transformation of the terminal prie
ST . This has important impliations : �rstly, for the alibration proedure weneed to provide the theoretial pries of options for a wide range of strikesK in ashort time and in this ase the method of Carr-Madan is the most ompetitive ;seondly, when the number of states M of the Markov hain X is greater than2, the algorithm of Carr and Madan involves an exponential matrix whoseestimation needs long alulations, thus it is more time-onsuming. Contrarily,the FST algorithm performs better in this ase beause the number of states isalready involved in the variable ST .

• Both algorithms provide quite similar results : we will hek this by alulatingthe prie of a European all option in a regime-swithing Blak-Sholes modeland a regime-swithing Jump-Di�usion model with two states. The results arepresented in the following.For our alulations, we onsidered a two-state RS-Blak-Sholes model with pa-rameters : r = (0.05, 0.1), σ = (0.5, 0.3), a12 = 20, a21 = 30, S = 100 and
T = 1 and a two-state RS-Jump-Di�usion model with parameters r = (0.05, 0.1),
σ = (0.5, 0.3), µ = (−0.3,−0.5), δ = (0.1, 0.5), λ = (5, 1), a12 = 20, a21 = 30,
S = 100 and T = 1.

Fig. 5.1. Comparison of the two algorithms "FST" and "Carr-Madan" by the implied volatility generated



119Tab. 5.2. FST versus Carr-Madan : European all priesin a two-state RS-Blak-Sholes model.
log(K/S0) regime 1 regime 2FST CM Rel. Err. FST CM Rel. Err.-0.3 34.7666 34.7736 0.02% 34.7507 34.7417 0.03%-0.2 29.6855 29.6958 0.03% 29.6588 29.6423 0.06%-0.1 24.7501 24.7635 0.05% 24.7127 24.6886 0.10%0 20.1000 20.1160 0.08% 20.0533 20.0224 0.15%0.1 15.8625 15.8806 0.11% 15.8091 15.7735 0.23%0.2 12.1377 12.1569 0.16% 12.0810 12.0433 0.31%0.3 8.9865 9.0059 0.22% 8.9302 8.8932 0.42%Tab. 5.3. FST versus Carr-Madan : European all priesin a two-state RS-Jump-Di�usion model.
log(K/S0) regime 1 regime 2FST CM Rel. Err. FST CM Rel. Err.-0.3 39.5131 39.4952 0.05% 39.5606 39.5902 0.07%-0.2 35.0067 34.9904 0.05% 35.0517 35.0803 0.08%-0.1 30.5208 30.5064 0.05% 30.5612 30.5872 0.09%0 26.1425 26.1306 0.05% 26.1766 26.1987 0.08%0.1 21.9625 21.9532 0.04% 21.9890 22.0062 0.08%0.2 18.0676 18.0609 0.04% 18.0860 18.0976 0.06%0.3 14.5328 14.5285 0.03% 14.5433 14.5493 0.04%



1205.3. Calibration of a Family of Regime-Swithing Expo-nential Lévy ModelsThe alibration model an be de�ned as the statistial estimation of the para-meters of that model from real data. This data is then viewed as realizations orsamples of the underlying stohasti proess. In �nanial engineering, we workpartiularly with a probability measure alled risk-neutral Q whih is equiva-lent to the historial probability measure P with the property that it does notlead to arbitrage opportunity. Then, determining the model parameters that areonsistent with observed pries of liquid options is useful to evaluate and toonstrut optimal hedging strategies for non-traded or over-the-ounter deriva-tives.In this setion, we disuss the alibration problem through a few examples.5.3.1. Problem SettingIn general, if the set of parameters of a regime-swithing exponential-Lévy modelis given by a vetor θ = (θ1, ..., θN), then the alibration problem onsists in :Finding θ suh that for a set of observed option pries{
C∗
ij(Ti, Kj); (i, j) ∈ {1, ..., NT} × {1, ...,MK}

}with maturities and strikes (Ti, Kj) we have :
C∗
t (Ti, Kj , θ) = EQθ

[e−
R Ti
t rsdsH(STi

, Kj)|Ft], (i, j) ∈ {1, ..., NT} × {1, ...,MK}(5.34)where H denotes the payo� of the European option of maturity T and strike K.The problem is the reverse of that of option priing. Beause of possible over-determination of the model, it is possible to �nd several sets of parameters θ thatare ompatible with the option pries observed on the market with the event thatthe solution is not spei� to the problem. Thus, the problem 5.34 is in the lassof problems alled ill-posed. To avoid this, the alibration problem is formulatedin terms of minimizing a ertain distane between the theoretial pries derivedfrom the model and the pries atually observed, namely :Finding θ suh that for a set of observed option pries{
C∗
ij(Ti, Kj); (i, j) ∈ {1, ..., NT} × {1, ...,MK}

}with maturities and strikes (Ti, Kj) we have :
θ = arg min L(θ) (5.35)where

L(θ) =

NT∑

i=1

MK∑

j=1

ωij
(
Cθ
t (St, Ti, Kj) − C∗

t (Ti, Kj)
)2
.
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ωij > 0 denoted a weight optimally hosen as the inverse of the variane ofthe residuals and Cθ(·, ·, ·) the option prie given by the model. In pratie, theweights {ωij : (i, j) ∈ {1, ..., NT} × {1, ...,MK}

} are hosen as the inverse ofsquare of bid-ask spread , i.e.,
ωij ∝

1

(CAsk
t (ti, Kj) − CBidt(ti, Kj))2

.The idea is to estimate the parameters of the model whih assure that the distanebetween the pries given by the model and those atually observed in the marketis as small as possible.Besides the hoie of weighted least squares as loss funtion, there are otherexamples that are used in the literature as shown in the Table below. 5.4.Tab. 5.4. Usual loss funtions used for model alibration.Root Mean SquareError (RMSE) L(θ) =
√∑NT

i=1

∑MK

j=1
(Cθ

t (St,Ti,Kj)−C∗
t (Ti,Kj))2no. of optionsAverage RelativePerentage Error(ARPE) L(θ) = 1no. of options∑NT

i=1

∑MK

j=1

∣∣∣C
θ
t (St,Ti,Kj)−C∗

t (Ti,Kj)

C∗
t (Ti,Kj)

∣∣∣Average AbsoluteError(AAE) L(θ) = 1no. of options∑NT

i=1

∑MK

j=1

∣∣Cθ
t (St, Ti, Kj) − C∗

t (Ti, Kj)
∣∣In the following, we shall disuss the alibration problem through three examplesof regime-swithing exponential Lévy model.Problem 1 : Case of the Regime-Swithing Blak-SholesIn this model, the parameters r, µ et σ depend on a ontinuous-time Markovhain X. Then, the dynamis of the stok S under the risk-neutral measure isgiven by :

St = S0 exp
[ ∫ t

0

r(Xs)ds+

∫ t

0

σ(Xs)dWs

] (5.36)Here, we suppose that X has only two states, 0 and 1, and its intensity-matrixis :
Q =

(
−λ0,1 λ0,1

λ1,0 −λ1,0

)
. (5.37)The set of parameters we have to alibrate is

Θcal = {σ0, σ1, λ0,1, λ1,0} (5.38)where σi, λ0,1, λ1,0 ≥ 0.



122Problem 2 : Case of the Regime-Swithing Jump-Di�usion ModelThis model extends the previous one by adding a jump omponent. So, in additionto r, µ et σ, we have the parameters orresponding to the jump α, µJ and δ whihalso depend on X. Preisely, the risk-neutral dynamis of the stok is given by
St = S0 exp

[ ∫ t

0

r(Xs)ds+

∫ t

0

σ(Xs)dWs +

∫ t

0

∫

R\{0}
zÑX

JD(ds, dz)

−
∫ t

0

∫

R\{0}
(ez − 1 − z)ρXJD(dz)ds

]
. (5.39)where the jump proess NX

JD(t, .) admits as preditable ompensator
ρXJD(dz)dt =

1∑

i=0

〈ei|Xt−〉ρJDi (z)dt. (5.40)The Lévy measure of Y when X is in state ei is
ρJDi (z) = αi

1

δi
√

2π
exp

{
− (z − µJi )

2

δ2
i

}
.where αi, δi are positive onstant. The Markov hainX has the same harateristias above. Then, the set of parameters to be alibrated is

Θcal =
{
α0, α1, µ

J
0 , µ

J
1 , δ0, δ1, σ0, σ1, λ0,1, λ1,0

} (5.41)where αi,δi,σi, λ0,1, λ1,0 ≥ 0.Problem 3 : Case of the Regime-Swithing Variane-Gamma ModelThe details of this are given in hapter ??. We reall the risk-neutral dynamisof the stok :
St = S0 exp

[∫ t

0

r(Xs)ds+

∫ t

0

∫

R\{0}
zÑX

V G(ds, dz)

−
∫ t

0

∫

R\{0}
(ez − 1 − z)ρXV G(dz)ds

] (5.42)where the jump proess NX
V G(t, .) has as preditable ompensator

ρXV G(dz)dt =
1∑

i=0

〈ei|Xt−〉ρV Gi (z)dt. (5.43)The Lévy measure of Y when X is in state ei is
ρV Gi = Ci

e−Gix

x
1{x>0} + Ci

e−Mi|x|

|x| 1{x<0}.



123where Ci, Gi and Mi are positive onstants. Then, the set of parameters to bealibrated is :
Θ = {C0, C1, G0, G1,M0,M1, λ0,1, λ1,0} (5.44)where λ0,1, λ1,0 ≥ 0.5.3.2. Numerial ResultsIn this �nal setion, we worked out the previous alibration problems by usinga sample data set onsisting of 155 observed European all pries on the DowJones Industrial average Index. Our data are reorded on Marh 3th, 2008 andare given in Table 5.8 (see Appendix). The spot prie at this moment is US$ 122.5The risk-free rate is taken pieewise onstant along eah of the �ve intervals ofmaturities and the dividend rate is taken to be zero. We have supposed that thesetwo quantities are the same in the two states of our model.We have made a sequential alibration, i.e., for eah Ti ∈ {47, 75, 110, 201, 292}we solve the problem

θ(Ti) = arg min
θ

MK∑

j=1

(
Cθ
t (St, Ti, Kj) − C∗

t (Ti, Kj)
)2 (5.45)where Kj ∈ {98, 99, ..., 127, 128}. All odes for minimization are in MATLAB.For problem 1, the alibrated parameters are shown in Table 5.5 and it also in-ludes the alibration error (RMSE) de�ned in Table 5.4.Tab. 5.5. Calibrated parameters for problem 1.interval of maturities σ̂0 σ̂1 λ̂0,1 λ̂1,0 RMSE(0-47℄ 0.2458 0.2463 0.1203 0.1525 0.0039(47-75℄ 0.2401 0.2408 0.2841 0.3599 0.0043(75-110℄ 0.2379 0.2387 0.3807 0.4824 0.0051(110-201℄ 0.2298 0.2307 0.1294 0.1640 0.0055(201-292℄ 0.2209 0.2220 0.1072 0.1358 0.0055Fig. 5.2. RSBlak-Sholes model : Comparison between the mar-ket pries 'o' and model pries '*'For problem 2, the alibrated parameters are given in Table 5.6.
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Tab. 5.6. Calibrated parameters for problem 2.interval of maturities µ̂0 σ̂0 α̂0 δ̂0 µ̂1 σ̂1 α̂1 δ̂1 λ̂0,1 λ̂1,0 RMSE(0-47℄ -0.0129 0.2457 0.2419 0.0304 -0.1056 0.2444 0.0585 0.0153 1.2088 0.0266 0.0038(47-75℄ -0.0019 0.2407 0.0315 0.0045 -0.0142 0.2409 0.0080 0.0020 0.1571 0.0034 0.0043(75-110℄ -0.0281 0.2371 0.0603 0.0591 -0.1414 0.0007 1.9952 0.1041 0.5042 4.2449 0.0033(110-201℄ -0.0030 0.2296 0.0052 0.0064 -1.5708 0.1633 0.0694 0.9753 0.5044 2.5482 0.0037(201-292℄ -0.0014 0.2209 0.0023 0.0028 -0.7015 0.1614 0.0947 0.43772 0.23301 1.1468 0.0037



125Fig. 5.3. RSJump-Di�usion model : Comparison between the mar-ket pries 'o' and model pries '*'The alibrated parameters for problem 3 are given in Table 5.7.
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Tab. 5.7. Calibrated parameters for problem 3.interval of maturities Ĉ0 Ĝ0 M̂0 Ĉ1 Ĝ1 M̂1 λ̂0,1 λ̂1,0 RMSE(0-47℄ 7.5957 8.1103 0.4907 0.8701 0.8429 0.2453 6.2510 0.5885 0.0038(47-75℄ 10.6480 11.4777 0.6980 1.0059 0.8099 0.3490 8.7628 1.3056 0.0037(75-110℄ 9.0202 17.3724 0.0760 9.0683 15.0383 0.0608 0.6564 1.4792 0.0010(110-201℄ 7.6622 14.0319 0.0612 7.5966 12.1641 0.0489 0.5197 1.1973 0.0015(201-292℄ 9.8108 0.0426 1.2748 5.5107 8.5315 0.0341 0.3442 0.8586 0.0014



127Fig. 5.4. RSVariane-gamma model : Comparison between themarket pries 'o' and model pries '*'Looking from the tables 5.6 and 5.7, we see that the alibration results are moreaurate when we add jumps to the �rst model. Indeed, the RMSE dereaseswhen we move from regime-swithing Blak-Sholes to regime-swithing Variane-gamma model. Figure 5.2, Figure 5.3 and Figure 5.4 show the result of the a-libration to Dow Jones options for the three models. When we move from the�rst to the third model, the �t is pratially indistinguishable and the alibrationperforms well with slightly less suess on the shortest maturity.



128Appendix Tab. 5.8. DJX options pries.Strike S/K Time to maturity (in days)47 75 110 201 29298 1.25 24.43 24.60 24.95 25.88 26.6399 1.23 23.40 23.63 24.10 25.03 25.83100 1.22 22.50 22.73 23.20 24.18 25.03101 1.21 21.55 21.80 22.30 23.35 24.20102 1.20 20.63 20.88 21.40 22.53 23.40103 1.19 19.68 20.08 20.55 21.70 22.68104 1.18 18.75 19.15 19.70 20.90 21.88105 1.16 17.83 18.25 18.85 20.10 21.13106 1.15 16.90 17.30 18.00 19.30 20.38107 1.14 15.98 16.53 17.15 18.53 19.63108 1.13 15.10 15.60 16.33 17.75 18.90109 1.12 14.23 14.75 15.50 17.03 18.18110 1.11 13.33 13.98 14.70 16.28 17.35111 1.10 12.45 13.10 13.93 15.53 16.65112 1.09 11.63 12.30 13.18 14.80 16.00113 1.08 10.78 11.50 12.40 14.10 15.35114 1.07 9.95 10.80 11.65 13.40 14.63115 1.06 9.18 9.98 10.93 12.70 13.98116 1.05 8.40 9.30 10.23 12.03 13.33117 1.04 7.68 8.58 9.53 11.35 12.73118 1.04 6.93 7.85 8.83 10.73 12.05119 1.03 6.23 7.20 8.18 10.10 11.45120 1.02 5.58 6.58 7.55 9.50 10.85121 1.01 4.95 5.93 6.93 8.90 10.33122 1.00 4.35 5.35 6.35 8.33 9.75123 0.99 3.80 4.80 5.78 7.78 9.23124 0.99 3.25 4.23 5.23 7.23 8.63125 0.98 2.74 3.75 4.73 6.73 8.15126 0.97 2.28 3.25 4.23 6.23 7.63127 0.96 1.90 2.79 3.78 5.73 7.15128 0.95 1.52 2.37 3.35 5.28 6.70
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