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��ok fXiiX imnkX orgk �� r�jrok h� frofX�iWro jX orgVX�g� kfmUs �k jX iq�X
VrhgsXk �oWk � rg� h� �UkrhgiWro jX kqkins Xk mq� X��rhW�gXk oro�hWoU�W�Xk � rg�
h� ��UjWfiWro jXk UfrghXs Xoik frs��XkkW� hXk Woki�iWroo�W�Xk � �Xk orgVX�g� kfmU�
s �k ��UkXoiUk k ����gWXoi irgk kg� hXk kfmUs �k ��r�rkUk ��� ��s Wop ro�  W�hhro Xi
� �s Wop ro�¡i�oXkfg�  W�hhro Xo Y jWs XokWrok k��iW�hXk �gW ¢ Xg� ¢ Tg�Xoi jU�WVUk jg
kfmUs � jX £Xkkq�mg���jsr� Xo goX jWs XokWro j �Xk��fX froki�gWi ¤ ���iW� jg
kfmUs � jUf�hU �WXo froog jX ����e�WXj�Wfmk � lXk kfmUs �k � XgVXoi ¥i�X frokWjU�
�Uk frssX Ui�oi irgk jg iq�X jX ¦rjgorV Xi roi �rg� f���fiU�WkiW�gX ��WofW��hX
j �UVWiX� h� �UkrhgiWro jXk ��r�hns Xk jX §WXs �oo �g� WoiX�T�fXk Xo giWhWk�oi Y
s �Whh�¨Xk jW©U�Xoik �rg� ¢ �Xk� XfiWVXs Xoi ¢ hXk ��k jX iXs�k ��W�k Xi Ws ��W�k � ªrg�
UVWiX� h� i�r� ¨��ojX jW©gkWro �sXoUX ��� hX kfmUs � jX ����e�WXj�Wfmk ¢ ro � Xg
�Xfrg�k ¤ h �giWhWk�iWro j �goX iXfmoW�gX orssUX «¬¡l� ¢ r�W¨Wo�hXs Xoi ��r�rkUX
��� V�o �XX� ¢ frokWki�oi ¤ �Xfroki�gW�X h� krhgiWro froki�oiX ��� fXhhg hX Xo goX
krhgiWro hWoU�W�X ��� fXhhg hX irgi Xo hWs Wi�oi hXk rkfWhh�iWrok ¨�fX ¤ h �giWhWk�iWro jX
TrofiWrok oro�hWoU�W�Xk � ®o r�iWXoi irgi j ��� r�j goX X�iXokWro Xo ¯ jWs XokWrok
k��iW�hXk kg� jXk s �Whh�¨Xk f��iUkWXok ki�gfig�Uk � °okgWiX ¢ orgk �� r�jrok hX f�k jX
s �Whh�¨Xk oro�ki�gfig�Uk frs�rkUk jX iUi��nj�Xk ¢ Xi h� Tr�sgh�iWro s�imUs�iW�gX
jg kfmUs � �kkr fWU ¤ fXk fXhhg hXk � ªrg� �UjgW�X hXk iXs�k jX f�hfgh ¢ go orgVX�g ¢
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kfmUs � jX iq�X fXoi�U TrojU kg� fXhg W jX £Xkkq�mg���jsr� s�Wk UVWi�oi h �giWhW�
k�iWro j �go ��k WoiX�s UjW�W�X ¢ Xi frs�rkU j �go orgVX�g ±g� Xki ��r�rkU Xo goX
Xi Y jWs XokWrok k��iW�hXk � rg� jXk s �Whh�¨Xk ki�gfig�Uk ¢ �gWk Xo ¯ jWs XokWrok kg�
jXk s �Whh�¨Xk oro ki�gfig�Uk frs�rkUk jX iUi��nj�Xk � �Xk �Ukghi�ik r�iXogk jU�
sroi�Xoi �gX hXk orgVXhhXk s UimrjXk kroi s rWok kXokW� hXk �g� s�Whh�¨Xk jUTr�s Uk
Xi �g �XhhXk kroi �hgk kWs �hXk ¤ s Xii�X Xo ²gV�X jg T�Wi �gX hX ��r�hns X jX §WX�
s �oo Xki UVWiU Xi �g ��gfgoX WoTr�s �iWro kg� h� jUfrs�rkWiWro jX h� jWkfroiWogWiU
Xo hXk jW©U�Xoik fm�s�k f���fiU�WkiW�gXk jg kqkins X o �Xki oUfXkk�W�X �
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Úo imWk imXkWk ÛX froki�gfi oXÛ �oWiX Vrhgs X sXimrjk Tr� imX krhgiWro rT oro�
hWoX�� mq� X��rhWf kqkiXs k jXkf�W�Wo¨ Woki�iWro��q frs��XkkW� hX ±rÛ k � �mX oXÛ
sXimrjk ��r�rkXj mX�X ��X ��kXj ro imX k�s X WjX�k im�i ¨�VX �WkX ir imX Y�
jWs XokWro�h �oWiX Vrhgs X sXimrjk rT ��s Wop ro�  W�hhro �oj ��s Wop ro�¡i�oXkfg�
  W�hhro � �mX h�iiX� ÛX�X ��kXj ro imX roX�jWs XokWro�h �oWiX jW©X�XofX s Ximrj
��r� rkXj �q £Xkkq�mg���jsr� jX�WVXj WikXhT T�rs imX ki�¨¨X�Xj ����e�WXj�Wfmk
kfmXsX � �mXkX s Ximrjk f�o � X VWXÛXj �k ¦rjgorV�iq� X sXimrjk �oj m�VX imX
�jV�oi�¨X ir �q��kk imX �XkrhgiWro rT § WXs �oo ��r�hXs k �i fXhh WoiX�T�fXk �q gkWo¨
iÛr ki�¨¨X�Xj sXkmXk �Xk� XfiWVXhq �i XVXo �oj rjj iWs X kiX�k � �r frs�Xok�iX Tr�
imX ÛXhh ÜorÛo mW¨m jW©gkWro rT imX ����e�WXj�Wfmk kfmXs X ¢ V�o �XX� �k «¬¡l�
iXfmoW�gX Wk ���hWXj ir imX ��kX s Ximrj t Wi frokWkik Wo �X�h�fWo¨ imX ¦rjgorV
�WXfXÛ WkX froki�oi fXhh TgofiWrok Û Wim �WXfXÛ WkX hWoX�� TgofiWrok froki��WoXj Û Wim
imX mXh� rT orohWoX�� hWs WiWo¨ TgofiWrok im�i WomW�Wi imX �����WiWro rT rkfWhh�iWrok �
� ¯ jWs XokWro�h X�iXokWro Tr� ki�gfig�Xj l��iXkW�o ¨�Wjk Wk ��ki jX�WVXj � �mXo ¢
imX s Ximrj Wk ��XkXoiXj Tr� goki�gfig�Xj iXi��mXj��h ¨�Wjk Û Wim imX s �imXs�iWf�h
Tr�sgh�iWro rT imX s Ximrj �kkrfW�iXj Û Wim imX jW�s roj jg�h fXhh � �mX frs�gi��
iWro iWs Xk ��X imXo �XjgfXj �q Woi�rjgfWo¨ � oXÛ Tr�sgh�iWro Tr� imX ±g� iX�s �
£gs X�Wf�h iXkik ��X � X�Tr�s Xj Wo Ý �oj Y k��iW�h j Ws XokWrok Tr� l��iXkW�o ¨�Wjk ¢
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�oj ro goki�gfig�Xj iXi��mXj��h ¨�Wjk Wo ¯ jWs XokWrok � �mX �Xkghik r�i�WoXj jX�
sroki��iX im�i �hh imXkX oXÛ goki�gfig�Xj sXimrjk ��X hXkk kXokWiWVX ir s XkmXk
Û Wim � mW¨m �k� Xfi ��iWr � �mXq ��X �hkr kWs �hX� ir frjX im�o gkg�h �oWiX VrhgsX
sXimrjk � Xf�gkX imX § WXs �oo ��r�hXs Wk �VrWjXj �oj mXofX or WoTr�s �iWro ro
imX fm���fiX�WkiWfk rT imX mq� X��rhWf kqkiXs Wk �X�gW�Xj �
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ùX Vrgj��Wk irgi j ��� r�j �Xs X�fWX� sro jW�XfiXg� jX �XfmX�fmX hX ��rTXkkXg�
ª�gh � �s Wop ro �rg� s ��VrW� jrooU s� fm�ofX Xi go kgp Xi jX �XfmX�fmX �gkkW
WoiU�Xkk�oi � �gkkW ¢ s � TXssX �rg� kro krgiWXo sr��h Xi ¢ jWkrok hX ¢ �o�ofWX� irgi
�g hro¨ jX sXk UigjXk � ùX �Xs X�fWX �gkkW « W¨gXh lm�¨oro Xi ��oWXh ®gWs Xi �gW
s �roi jrooU h �r ff�kWro j �����rTrojW� s ro X�� U�WXofX Xo WoTr�s �iW�gX úûU rgW
jUp ¤ Xo �Xfqfh�¨X ���ü � « X�fW ¤ £r� «�imWXg l�oiWo �rg� s ��VrW� Wo WiWU �g srojX
jX �Wog� � ¬o sX�fW i�nk k� XfW�h ¤ � hX��oj�X ��frs�X ¢ s ro VWXg� fr��Wo ¢ � rg�
kro krgiWXo sr��h Xi �rg� s ��VrW� �WjU ¤ �rW�X irgiXk fXk �Wn�Xk ��� «X�fW ¤ �ýWý
«�j��oX �rg� kro Xof�j�Xs Xoi Xi kro mgsrg� irgp rg�k i�nk kg�iWh � « X�fW �gkkW
¤ þXhh l�o�j� �rg� s ��VrW� jrooU h �r ff�kWro j �giWhWkX� hX �¬þ ÿ �rg� q frojgW�X
s Xk X�� U�WXofXk jX f�hfgh � °o�o ¢ p ��Ws X��Wk �Xs X�fWX� irgi ���iWfghWn�Xs Xoi h�
¡rfWUiU jg lmrfrh�i lUsrW � rg� s ro ���r�i �griWj WXo Xo f�TUWoX ���
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¢ go ��r�hns X jX § WXs �oo




ut + f(u)x = 0 �rg� tn ≤ t ≤ tn+1 Xi −∞ < x <∞

u(x,tn) =





ūn
i x < xi+1/2

ūn
i+1 x ≥ xi+1/2x

r4 hXk ūn
i
kroi p gkiXs Xoi hXk V�hXg�k srqXooXk fXhhg h�W�Xk kg� hXk�gXhhXk �X�rkX h�

s UimrjX � �� �UkrhgiWro jXk ��r�hns Xk jX §WXs �oo �X�gWX�i go iXs�k jX f�hfgh oro
oU¨hW¨X��hX fX �gW � Xgi jXVXoW� go WofroVUoWXoi Ws �r�i�oi hr�k�gX h �ro ¨UoU��hWkX
h� s UimrjX �g� ��r�hns Xk Xo Y rg ¯ jWs XokWrok k��iW�hXk � « ¥s X kW hXk �Ukghi�ik



Y

r�iXogk ��� ¦rjgorV Xi kXk frhh��r��iXg�k 0��1 Ui�WXoi jX i�nk �rooX �g�hWiU
�rg� h �U�r�gX ¢ Wh h�Wkk�WXoi jUkW�X� goX �s UhWr��iWro Xo fX �gW frofX�oX hXk iXs�k
jX f�hfgh Xi h �r�j�X jX ��UfWkWro � � �Ws�r�i�oik ��r¨�nk Tg�Xoi �ffrs�hWk ��� þr�Wk
Xi þrrÜ 0��1 ¢ V�o �XX� 0�� Ç �� Ç �� Ç �� Ç ��1 ¢ §r X 0�51 ¢ ®kmX� Xi frhh�� r��iXg�k
0��1 ¢ û ��iXo 0�5 Ç �6 Ç �71 �

�Xk �s UhWr��iWrok �X�rk�WXoi j �goX ���i úV�o �XX�ü kg� hX �Xs�h�fXs Xoi j �goX
����r� Ws �iWro froki�oiX ��� s r�fX�g� ú��r� rkUX ��� ¦rjgorVü ��� goX ����r� W�
s �iWro hWoU�W�X ��� sr�fX�g� rg ¢ Xofr�X ¢ �����rhW�gX ��� s r�fX�g� ú8rrjÛ��j
Xi lrhXhh� 0�61ü Xi j ��gi�X ���i ú§rX ¢ ®kmX� ü ��� hX �Xs�h�fXs Xoi jX h� �Ukr�
hgiWro X��fiX jg ��r�hns X jX §WXs �oo ��� goX krhgiWro ����r fmUX úkrhVXg� jX
§WXs �ooü � °o ¨UoU��hWk�oi h �����rfmX jX V�o �XX� ¢ 8rrjÛ��j Xi lrhXhh� ¢ Wh Tgi
�rkkW� hX j �r�iXoW� jXk s UimrjXk jWiXk 2°£® 93 V�h��hXk úimUr�W�gXs Xoiü �rg� jXk
r�j�Xk jX ��UfWkWro ���Wi��W�Xs Xoi ¨��ojk 0�51 �

� �ok j ��gi�Xk ����rfmXk ��� X�Xs�hX § WfmisqX��Vro £Xgs �oo 0��1 Xi § WfmisqX��
«r�iro 0�71 ¢ ro �p rgi�Wi goX fX�i�WoX �g�oiWiU jX 2VWkfrkWiU ��iW�fWXhhX3 �rg� ki��
�WhWkX� h� krhgiWro �g VrWkWo�¨X jX h� jWkfroiWogWiU � lXiiX ����rfmX ¢ krgVXoi Tr�i
giWhX ¢ frs�r�i�Wi fX� Xoj�oi h �WofroVUoWXoi j �X� W¨X� go �p gkiXs Xoi �kkXý jUhWf�i ¢ Xi
k� UfW��gX jg ��r�hns X frokWjU�U ¢ jX h� �g�oiWiU jX VWkfrkWiU ��iW�fWXhhX ¤ �p rgiX�
�g kfmUs � jX ����8Xoj�r© kg� hX�gXh fXiiX s UimrjX �X�rk�Wi �

�Xk krhVXg�k jX § WXs �oo ����r� Ws �iWTk úrg oroü frs�r�i�WXoi irgk hX s ¥sX
WofroVUoWXoi s �p Xg� � Úh Ui�Wi �rkkW�hX j �r�kX�VX� Xo �hgkWXg�k jWs XokWrok k��iW�hXk

c � : //')&,'22'( ') ;�) < /1,22$&�,%'



¯

jXk X©Xik jWi j �r�WXoi�iWro jX ¨�WhhX = hX ��r�hns X jX § WXs �oo �rkU �g� WoiX�T�fXk
jXk fXhhghXk kX �UkrhV�Wi j�ok h� jW�XfiWro or�s �hX ¤ fXk T�fXk � �rof ¢ h ��k� Xfi sgh�
iWj Ws XokWrooXh jg ��r�hns X Ui�Wi �Xki�XWoi ¤ h� �UkrhgiWro j �goX sghiWigjX jX
��r�hns Xk goWjWs XokWrooXhk j�ok hXk jW�XfiWrok or�s �hXk �g� T�fXk jXk fXhhg hXk �

�Xk s UimrjXk giWhWk�oi jXk ��k T��fiWroo�W�Xk 0�71 rg jXk jW�XfiWrok �hiX�oUXk
0��1 krg©��WXoi �gkkW ¢ Xoi�Xk �gi�Xk ¢ j �X©Xik j �r�WXoi�iWro jX ¨�WhhX � �¨�hXs Xoi ¢ goX
¨UoU��hWk�iWro jX fXk s UimrjXk kg� jXk s �Whh�¨Xk oro�ki�gfig�Uk Ui�Wi irgi ¤ T�Wi
Ws�Xok��hX ��X ��r�hns X �Xki�Wi jrof XoiWX� t frssXoi ��UkX�VX� �g s �� Wsgs hX
f���fin�X sghiWj Ws XokWrooXh j �go kqkins X mq� X��rhW�gX hr�k jX k� jWkf�UiWk�iWro>

e�Wi Ui��o¨X ¢ goX orgVXhhX krhgiWro ¤ fX ��r�hns X orgk ���VWoi jg ��kkU t hX
kfmUs � jX ����e�WXj�Wfmk úÝ��� ü � £Xkkq�mg Xi ��jsr� Xo Ý��Z 0��1 ��s Xo�WXoi ¤
h� V WX fX kfmUs � jX ����e�WXj�Wfmk Xo goX jWs XokWro k��iW�hX �rg� �o�hXs Xoi h�Wk�
kX� jX friU irgiX h� ¨��ojX T�s WhhX jXk kfmUs �k jX iq� X 2�sroi3 Xi kX frofXoi�X�
kg� jXk orgVX�g� kfmUs �k jWi jX iq� X 2fXoi�Uk3 ¢ � X�s Xii�oi j �UV WiX� h� �UkrhgiWro
jXk ��r�hns Xk jX §WXs �oo �g� WoiX�T�fXk ¨�fX ¤ h �Xs�hrW jg kfmUs � jUf�hU jX
����e�WXj�Wfmk Xo giWhWk�oi jXg� s�Whh�¨Xk p gs XhUk � � �s Wop ro Xi   W�hhro VW�Xoi
WssUjW�iXs Xoi hXk Ws�hWf�iWrok úiXs�k jX f�hfghk ¢ �UjjWiWro jg f���fin�X sgh�
iWj Ws XokWrooXh ���ü jX fXiiX orgVXhhXk T�s WhhX jX kfmUs �k Xi ¢ Whk ��r� rkn�Xoi goX
X�iXokWro i�nk ¨UoU��hX � rg� hXk s �Whh�¨Xk i�W�o¨gh�W�Xk oro�ki�gfig�Uk 071 Xi � rg�
hXk s �Whh�¨Xk f��iUkWXok Xo Y jWs XokWrok k��iW�hXk 061 � « �j��oX UiXojWi hX kfmUs �
�g� U�g�iWrok �WjWs XokWrooXhhXk jX £�VWX��¡irÜXk 0��1 �



�

�X iXs�k Ui�Wi jrof VXog j �UigjWX� fXiiX s UimrjX Xo ¯ jWs XokWrok j �Xk��fX ¢
fX �gW �i h �r�p Xi jX ori�X UigjX 0� Ç � Ç � Ç �1 �

�X �h�o jX fXiiX imnkX Xki hX kgWV�oi t
ÕÅ¼Ð ÁËÀÂ � � Úoi�rjgfiWro jg srjnhX s �imUs �iW�gX kg� hX�gXh orgk Vrghrok orgk
� XofmX� � ¬o ���� Xh jXk �Ukghi�ik jX ��kX kg� hXk U�g�iWrok mq� X��rhW�gX t krhgiWrok
T�W� hXk ¢ frojWiWro jX §�oÜWoX Xi ûg¨roWri ¢ krhgiWro Xoi�r�W�gX ¢ ��r�hns X jX §WX�
s �oo �
ÕÅ¼Ð ÁËÀÂ � � £riWrok jX ��kX oUfXkk�W�Xk ¤ h� froki�gfiWro jX kfmUs �k jX iq�X
VrhgsXk �oWk j �r�j�X kg�U�WXg� kg� jXk s �Whh�¨Xk ki�gfig�Uk t r�j�X ¢ froVX�¨XofX ¢
«¬¡l� ¢ hWs WiXg�k �
ÕÅ¼Ð ÁËÀÂ � � ª �UkXoi�iWro j �goX ¨UoU��hWk�iWro ¤ ¯ jWs XokWrok k��iW�hXk jX h�
s UimrjX �g� VrhgsXk �oWk j �� �s Wop ro ¢ ¡i�oXkfg Xi   W�hhro � £rgk orgk WoiU�Xkkrok
�gkkW ¤ goX X�iXokWro �WjWs XokWrooXhhX jX h� s UimrjX j ���s Wop ro Xi   W�hhro � rg�
jXk s �Whh�¨Xk ki�gfig�Uk �rg� VrW� kW h� Tr�s X jXk fXhhg hXk jg�hXk � goX Wo±gXofX
kg� h� �UkrhgiWro jX h� s UimrjX �
ÕÅ¼Ð ÁËÀÂ � � £riWrok jX ��kX oUfXkk�W�Xk ¤ h� froki�gfiWro jX kfmUs �k jX iq�X
VrhgsXk �oWk j �r�j�X kg�U�WXg� kg� jXk s �Whh�¨Xk oro�ki�gfig�Uk t XkiWs �iWro jXk
¨��jWXoik ¢ «¬¡l� ¢ hWs WiXg�k �
ÕÅ¼Ð ÁËÀÂ � � ¬oX Tr�sgh�iWro Xo ¯ jWs XokWrok j �Xk��fX �rg� jXk s �Whh�¨Xk oro
ki�gfig�Uk Tr�s Uk jX iUi��nj�Xk Xki jU�WVUX Xo k ����gq�oi kg� hXk WjUXk j �� �s Wop ro
Xi   W�hhro j�ok hX f�k jX s �Whh�¨Xk jX i�W�o¨gh�iWrok úY� ü�



�

ÕÅ¼ÐÁËÀÂ � � °o kX Troj�oi kg� hXk s UimrjXk jX iq� X £Xkkq�mg���jsr� jX jW�
s XokWro Ý¢ Y Xi kg� h� orgVXhhX Tr�sgh�iWro oro�ki�gfig�UX � rg� jXk iUi��nj�Xk ¢
go orgVX�g iq�X jX kfmUs � fXoi�U o �giWhWk�oi ��k jX ��UjWfiXg� Xi �UjgWk�oi kW�
¨oW�f�iWVXs Xoi hXk fr?ik jX f�hfghk Xki ��UkXoiU �
ÕÏÊÄÎÍÆÁÏÊ
�Xk i��V�g� �gW roi s XoU ¤ fXiiX imnkX roi T�Wi h �r�p Xi jXk �g�hWf�iWrok kgWV�oiXk t

úÝü ÕÅ¼Ð ÁËÀÂ � @ A B CDE FGHIG J C B KLMNOD J C B PQRDQGS Ç T UV W XYZ
[\Z]^ UY_]`YXa Y `Y\`_b]a aXc`de bUYcdXa f Y]cU g`ah^ U ^ Uci`Z_ j `d
_cXkk UdUZ lXdcU_]XY kd]Z_Ç ÐÍ	 ÎÁÈ !ÐÐÎÁÂÃ �ÍÉÂÀÁÄ¼Î Ò ¼ËÅÂÉ¼¾
ËÁÄÆ Ç �ÈÑÀÁÂÀ �55� Ç ×ÏÎ �5m� Ç ÐÐ ��6¾�n5 �

úYü ÕÅ¼Ð ÁËÀÂ � @ A B CDE FGHIG J C B KLMNOD Ç T UV _oXbU _cXkk UdUZ XYZ
c]^ U ]Y cUdaUXgUZ

2nd `dZUd f Y]cU g`ah^ U ^ Uci `Z_ Ç ÆÏÍÉ ÁÆ p !Ð¾
ÐÎÁÂÃ �ÍÉÂÀÁÄ¼Î Ò ¼ËÅÂÉ¼ËÁÄÆ �

ú¯ü ÕÅ¼Ð ÁËÀÂ � @ A B CDE FGHIG J C B PQRDQGS QGR C B KLMNOD J qrssstÇ
Th^ Ud]bXa _]^haXc]`Y `j [\u v `V_ V]ci X Y`Y\`_b]a aXc`de bUYcdXa
_bi U^ U `Y _cXkk UdUZ hY_cdh bchdUZ cUcdXi UZdXa kd]Z_Ç ÁÊ w ÀÏ ÄÂÂÃ �
7ËÅ �ÊË � ÕÏÊ � � ÏÊ xäÐÂÀ	ÏÎÁÄ w ÀÏ	 ÎÂÉ Æ Ç Ò ¼åÃÂ	ÍÀå yzÂÀÉ¼Êä {
¿Â	 � �7 ¾ Ò ¼À � � Ç �555 Ç x � ¿ÀÂÁÆËÍÂÅÎÂÀ ¼ÊÃ z � |¼ÀÊÂÄ}Â Ç ÂÃ ÁËÏÀÆ
ÐÍ	 ÎÁÆÅÂÃ 	ä � ÁÀ}Å¼ÍÆÂÀ Ç �ÊËÂÀÊ¼ËÁÏÊ¼Î ÔÂÀÁÂÆ Ï � �ÍÉÂÀÁÄ¼Î Ò ¼¾
ËÅÂÉ¼ËÁÄÆ �55� �Ô�� �¾6���¾�6��¾� Ç ÑÏÎ � ��5 y�55 �{ Ç ÐÐ ��n¾�7 �
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ú� ü A B CDE FGHIG J C B KLMNOD J q~��~t ¢ � '� 2nd �*�'* � +�+)' ��&�� ' � '�
)- ��� �)�,, '*'� +� ����' ��� ��)'*&'��'� +� �+� ' ¢ Wo ª�rfXXj � �im Úoi �
lroT � ro ûq�X�� rhWf ª�r�hXs k ¢ l�hWTr�oW� ú� �¬ ü «�� � Y� � Y� ¢ YZZY ¢ � �
ûrg �oj ° � ��jsr� ¢ XjWir�k �

ú�ü A B CDE FGHIG J C B PQRDQGS QGR C B KLMNOD qrssst ¢ � '� � ��� ��
�+� '��+���& � ����� �+& &�)�*� �'�)*�& � �+)' ��&�� ' � ')- ��� �� �)�,, '*'�
��*)'�+�� ,*+�� ¢ Wo �«�imXs�iWfk Wo ���hWf�iWrok �¢ ª�rf � rT � froTX�XofX
ir mrorg� �f�jXs WfW�o ¡ �� � ¦rjgorV ¢ £rVrkW� W�kÜ ú§gkkW�ü ú�g¨gki Ý���ü ¢
° �Ú � §rsXokÜWW ¢ Xj Wir� ¢ ir ���X�� �

ú�ü A B CDE FGHIG J C B PQRDQGS QGR C B KLMNOD J qrssst ¢ � '� ��� ��*+'�*+�-��
)�� ' � �+)' ��&�� ' � �- '� '� �� � ��� �� ��*)'�+�� �)�,, '*'� ,*+�� ¢�im �o�
og�h froTX�XofX rT imX le� ¡rfWXiq rT l�o�j� ¢ « �q ¯Z ir ùgoX Ý¢ Ý��� ¢
û �hWT�� ¢ ù � « WhWiýX� ¢ XjWir� ¢ �� �ú¯�¯ü� ú¯� ÝZü �

ú�ü A B CDE FGHIG J C B PQRDQGS QGR C B KLMNOD q~���t ¢ � ����� �+& &�)�*�
��� ��*+'�*+�-� )�� ' �'�)*�& � �+)' ��&�� ' � ')- ��� ( �* ��� � ��� �� ���
�)*� �)�*'� )')*�- '�*�& , *+�� ¢ im �oog�h froTX�XofX rT imX le� ¡rfWXiq rT
l�o�j� ¢ ùgoX ÝÝ� Ý¯ ¢ YZZZ ¢ «roi�X�h ¢ � � ªXhhXiWX� ¢ XjWir� ¢ Vrh Ý¢ �� � �¯�� �

úü A B CDE FGHIG QGR C B KLMNOD J q~�� rt ¢ � '� ��� ��*+'�*+�-��)�� ' � �+)'
��&�� ' � �- '� '� +� ��� ��� �� �+)- ��) )+� ' � *'�+�)�* �)'� ¢ ª�rfXXjWo¨k
rT imX �im �oog�h froTX�XofX rT imX le� ¡rfWXiq rT l�o�j� ¢ « �q Y��Y� ¢
YZZÝ¢ � WifmXoX� ¢ ®oi��Wr ¢ ¦ � ° �¡fmoXWjX� XjWir� ¢ �� � �¯�� �
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ú�ü A B CDE FGHIG J C B PQRDQGS QGR C B KLMNOD J qrssst ¢ � '� � ��� ��
�+� '��+���& � ����� �+& &�)�*� �'�)*�& � �+)' ��&�� ' � ')- ��� �� �)�,, '*'�
��*)'�+�� ,*+�� ¢ §Xk � §X�r�i l§«�Y��� ¢ lXoi�X jX §XfmX�fmXk «�imU�
s �iW�gXk ¢ ¬oWV � jX «roi�U�h ¢ s ��k YZZZ �

úÝZü A B CDE FGHIG J C B PQRDQGS J C B KLMNOD J q~�� rt ¢ ��� '*+��& �+��&�)+��
�( �� � ��� �+)- � ������ �+& &�)�*� �'�)*�& � �- '� ' �� ���)*� �)�*'� )')*�- '�
�*�& , *+�� ¢ § Xk � §X�r�i l§«�Y�ÝY ¢ lXoi�X jX §XfmX�fmXk «�imUs�iW�gXk ¢
¬oWV � jX «roi�U�h ¢ p �oVWX� YZZ Ý�

 ´¡µâ ¢£¤µ ¢´¡¶

ªrg� kX froTr�s X� �g� X� W¨XofXk jX h� e �� �¡ � ¥ orgk orgk jXVrok j �Woi�rjgW�X
X��hWfWiXs Xoi hXk froi�W�giWrok T�WiXk ��� h ��giXg� jX h� imnkX �g� ��iWfhXk ��UkXoiUk
j�ok goX imnkX giWhWk�oi hX Tr�s �i jX ��UkXoi�iWro ��� ��iWfhXk 0�71 úkXfiWro � �¯�
� �Ý�Y���¯ü �

�Xk ��iWfhXk ��UkXoiUk j�ok fXiiX imnkX kroi oriUk Xo ¨��k j�ok h �UogsX��iWro
jXk i��V�g� T�WiX fW�jXkkgk �

¦ � 0$1.2&" *'/ § &.*'/ ^.#"%,'.%'/ *' 2 ¨�),�'%/,&" *' © �)&%"$2





! ÀËÁÄÎÂ y�{ yÄÅ¼Ð ÁËÀÂ �{@ � Â� � ¼ÊÃ �¾Ã ÁÉ ÂÊÆÁÏÊ¼Î ÊÏÊ¾ÏÆÄÁÎÎ¼ËÏÀä
ÄÂÊËÀ¼Î 
ÊÁËÂ ÑÏÎÍÉÂ ÉÂËÅÏÃÆ �ÏÀ ÆË¼ååÂÀÂÃ Õ¼ÀËÂÆÁ¼Ê åÀÁÃÆ

úÝü � �X�iXokWro ¤ ¯ jWs XokWrok k��iW�hXk jX h� s UimrjX jX Vrhgs Xk �oWk jX iq� X
fXoi�U ¢ oro rkfWhh�irW�X ¢ ��r�rkUX Xo Y jWs XokWrok k��iW�hXk ��� � �s Wop ro�
  W�hhro�¡i�oXkfg Xi Wok�W�UX ��� hX kfmUs � �g� jW©U�XofXk jX £Xkkq�mg�
��jsr� ¢ Xo goX jWs XokWro k��iW�hX �

úYü � �X�iXokWro jX h� s UimrjX �Ukghi�oiX ¤ jXk kqkins Xk mq�X��rhW�gXk oro
hWoU�W�Xk �

ú¯ü � �UigjX j �goX fXhhghX jg�hX �hiX�o�iWVX ¢ �gW fr��Xk� roj�Wi �hgk ¤ h� fXhhg hX
jg�hX ��r�rkUX ��� � �s Wop ro�  W�hhro j�ok hX f�j�X jX s �Whh�¨Xk i�W�o¨g�
h�W�Xk oro ki�gfig�Uk �

ú� ü ªrg� hXk Y s UimrjXk jUf�WiXk �g� �rWoik úÝü Xi ú¯ü fW�jXkkgk t h� s WkX Xo
²gV�X jX �hgkWXg�k X�� U�WXofXk ogs U�W�gXk kg� jXk f�k iXkik jX �UTU�XofX
j�ok h� hWiiU��ig�X jX fX jrs�WoX �

! ÀËÁÄÎÂ y�{ yÄÅ¼ÐÁËÀÂ �{@ �ÍÉÂÀÁÄ¼Î ÆÁÉÍÎ¼ËÁÏÊ Ï � �¾Ø �Ï� Æ � ÁËÅ ¼
ÊÏÊ¾ÏÆÄÁÎÎ¼ËÏÀä ÄÂÊËÀ¼Î ÆÄÅÂÉÂ ÏÊ ÆË¼ååÂÀÂÃ ÍÊÆËÀÍÄËÍÀÂÃ ËÂËÀ¼ÅÂ¾
ÃÀ¼Î åÀÁÃÆ

úÝü lrhh��r��iWro �VXf � � «�j��oX �rg� h� froi�gfiWro jX h �X�iXokWro ¤ ¯ jW�
s XokWrok ¢ Xo s �Whh�¨X iUi��Uj�W�gX oro ki�gfig�Uk ¢ jX h� s UimrjX �rg� jXk



�

kqkins Xk mq� X��rhW�gXk �gW �V�Wi UiU ��UkXoiUX Xi UigjWUX ��� � �s Wop ro�
  W�hhro j�ok hX f�k jX s �Whh�¨Xk �W�j Ws XokWrooXhk i�W�o¨gh�W�Xk oro�ki�gfig�Uk
j�ok hX f�j�X j �goX U�g�iWro kf�h�W�X �

úYü « WkX Xo ²gV�X ���iW�gX jX h� s UimrjX kg� �gXh�gXk f�k iXkik kWs�hXk
j �UfrghXs Xoik frs��XkkW� hXk �

! ÀËÁÄÎÂ y�{ yÄÅ¼ÐÁËÀÂ �{@ � Â� ÆÐ¼ÄÂ ÆË¼ååÂÀÂÃ ¼ÊÃ ËÁÉÂ ÁÊËÂÀÎÂ¼ÑÂÃ
2nd ÏÀÃÂÀ 
ÊÁËÂ ÑÏÎÍÉÂ ÉÂËÅÏÃÆ

úÝü �igjX ¢ Xo goX jWs XokWro k��iW�hX ¢ j �goX V��W�oiX k�ok ��Xs WX� ��k ��U�
jWfiXg� jg kfmUs � jX £Xkkq�mg���jsr� ¢ fXiiX V��W�oiX �X� rk�oi kg� hX
��WofW� X jXk s UimrjXk jX iq� X 2sghiW��k hWoU�W�Xk3 �rg� hXk U�g�iWrok jWT�
TU�XoiWXhhXk �

úYü ¦UoU��hWk�iWro Xi s WkX Xo ²gV�X Xo Y Xi ¯ jWs XokWrok k��iW�hXk �VXf f�hfghk
jX f�k iXkik � rg� jXk kqkins Xk mq�X�� rhW�gXk �

� ª��+� � ª���'� )�)+�� � ª« ¬ � ��*�� ' « *)+�&'� � ') �® '�) ���� ¯ ���� &'� ��� '� '�
° &� � � �' �'))' )- ±� '� � �+�²� ª+& '�) &' � '�& ��)'�* ²�+ � ' � �+) � �� &' �+*'�)'�*
�' *'�- '*�- ' �� & ª��)'�* �' �'))' )- ±� '¬ � ��� ����� ³ �, ¯ ����'��´&' ²� ª+& ¯)�+)
��µ ���) � ª+� �&�*' � �� ��+� � ª���'� )�)+�� ') � �� �'&�+ �� �+*'�)'�* �' *'�- '*�- '¬
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ÂÃÂÃ Ä¡µâ´ã¤·µ ¢´¡
��ok fX fm��Wi�X ro ��UkXoiX hXk jU�oWiWrok Xi ��WofW� Xk jX ��kX kg� hXk U�g��

iWrok mq�X�� rhW�gXk � lXi X��rkU �X�rkX kg� hXk rgV��¨Xk jX �UTU�XofXk i�nk froogk
j�ok hX jrs�WoX t 0�� Ç �� Ç �6 Ç �� Ç �� Ç �71 � �X kqkins X j �U�g�iWrok �gW orgk
WoiU�XkkX Xki hX kgWV�oi t

Ut + ∇ · F(U) = 0, U = U(x,t) : R
d × [0,T ] → D ⊂ R

n, T > 0 úÝ�Ý�Ýü

jX T�Åro UVWjXoiX U = (u1,u2,...,un)> Xi F = (F1,F2,...,Fd)
� �Xk Fj

kroi jXk
VXfiXg�k jX jWs XokWro n k �X���Ws �oi frssX (fj1,fj2,...,fjn)> � �r�k�gX úÝ�Ý�Ýü Xki
frs�WoU ¤ fX�i�WoXk frojWiWrok jWiXk WoWiW�hXk ¢ orgk i��okTr�srok hX irgi Xo go
��r�hns X �VXf frojWiWrok Wo WiW�hXk rg ¢ �hgk ��WnVXs Xoi Ð �Ä �Á �� ª�� X�Xs�hX ¢ Wh Xki
i�nk frg��oi jX VrghrW� �Ukrgj�X hX ��r�hns X j�ok go jrs �WoX TX�s U Xi �r�oU ¢ fX
�gW Xki goX frojWiWro ���iW�gX � rg� h� �UkrhgiWro jX irgi ��r�hns X ��� r�jWo�iXg� �

£rgk �rgVrok Tr�sghX� jXg� iq� Xk jX ��r�hns Xk �VXf frojWiWrok Wo WiW�hXk jWT�
TU�XoiXk ¤ h ��WjX jg kqkins X úÝ�Ý�Ýü � �Xk �gXkiWrok jX ��r�hns X �WXo �rkU j�ok
hX f�k j �U�g�iWrok �g� jU�WVUXk ���iWXhhXk úU �j �� �ü �kkgp XiiWXk ¤ jWVX�kXk frojWiWrok



ÝÝ

WoWiW�hXk ¢ Xi j �X� WkiXofX jX krhgiWrok ¢ kroi jXk kgp Xik i�nk frs�hX�Xk � £rgk orgk
froiXoiX�rok ¢ WfW ¢ jX s Xii�X Xo �h�fX jXk frojWiWrok Wo WiW�hXk �gW jrooXoi go kXok
�mqkW�gX �g� ��r�hns Xk � ª hgk hrWo ¢ orgk UorofX�rok hXk ��WofW��hXk jUsroki��iWro
j �X� WkiXofX �XhWUXk ¤ fX�i�Wok iq� Xk jX frojWiWrok �g� �r�jk Xi Wo WiW�hXk �
ØÈ
ÊÁËÁÏÊ ������ w ÀÏ	 Î�ÉÂ É Á½ËÂ Ç ÁÊÁËÁ¼Î ÂË ¼Í½ ÎÁÉ ÁËÂÆ® � �+) U(x,t)

)'& &'
²� ' �¯� �+' '� �¬�¬�® ��'� U : Ω × [0,T ] → R

n � Ω ¯)��) �� ���'*) �'
R

d
¬ � +� '�

t = 0 U '�) �¯� �+' ��*

U0 = U(x,t = 0), x ∈ Ω úÝ�Ý�Yü

U|∂Ω = g(x), ∀t ∈ [0,T ], x ∈ ∂Ω úÝ�Ý�¯ü

�&�*� �¬�¬�® � �¬�¬�® ') �¬�¬�® ( �*� '�) �� � *�´&±� ' ÃÂ ÄÏÊÃÁËÁÏÊÆ ÁÊ ÁËÁ¼ ÎÂÆ
ywÕ� { ¬
ØÈ
ÊÁËÁÏÊ ����� � w ÀÏ	 Î�ÉÂ ÐÍÀÂÉÂÊË ÁÊ ÁËÁ¼ Î Ç ÏÍ ÃÂ Õ¼ÍÄÅä® � �+) U )'& &'
²� ' �¯� �+' '� �¬�¬�® ') )'& &' ²� ' U : R

d× [0,T ] → R
n
¬ ���� ����� ²� ª'� t = 0� U

� �+) �¯� �+' ��* U0(x) = U(x,0) ∈ R
n � �&�*� '� ��� ´+���) ° �¬�¬�® �'))' �'*�+±*'

����+)+�� +�+)+�&'� � ��� ( �*� ��� �� ÐÀÏ	 Î�ÉÂ ÃÂ Õ¼ÍÄÅä ¬
Úoi�rjgWkrok s �WoiXo�oi hXk s �i�WfXk p �fr�WXooXk �kkr fWUXk ¤ úÝ�Ý�Ýü t

ØÈ
ÊÁËÁÏÊ ����� � �'� É¼ËÀÁÄÂÆ Æ ¼ÄÏ	 ÁÂÊÊÂÆ �' �¬�¬�® � ��) Ç Aj =
∂Fj(U)

∂U

¬
� ��� �¯�+,� '*��� ��* A &' � '�)'�* ������ ¯ �'� � �)*+�'� (A1,A2,...,Ad)

¬ È ��* ��
�'�)'�* ²� '&���²� ' w ∈ R

d &' � *���+) � ��&�+*' A · w =
∑d

i=1Ai · wi
� '*� ��� '&¯

É¼ËÀÁÄÂ Ä¼À¼ÄËÈÀÁÆËÁ�ÍÂ ') � '*� ��)¯' ���� ' Ã(U,w)
¬



ÝY

�X kqkins X úÝ�Ý�Ýü �rkknjX jXk ��r��WUiUk ��jWf�hXs Xoi jW©U�XoiXk kXhro hXk jW�
VX�kXk V�hXg�k ��r��Xk �rkkW� hXk �gX � Xgi ��Xoj�X h� s �i�WfX Ã � £rgk o �UigjWX�rok
��k úÝ�Ý�Ýü � rg� irgiX s �i�WfX Ã s�Wk kXghXs Xoi hr�k�gX h� s �i�WfX f���fiU�Wk�gX
�Xoj hX kqkins X mq�X�� rhW�gX �g kXok kgWV�oi t
ØÈ
ÊÁËÁÏÊ ����� � �' ���)±� ' �¬�¬�® '�) �+) ÅäÐÂÀ	ÏÎÁ�ÍÂ �+ ∀w ∈ R

d �� �
²�' Ã � ��� ±�' n ��&'�*� � *�� *'� *¯'& &'� ') n �'�)'�*� � *�� *'� &+� ¯�+*'� '�) +��¯�
� '����)� ¬ � + �'� ��&'�*� � *�� *'� � ��) )��)'� �+�)+� �)'� �&�*� �¬�¬�® '�) �+) ÆËÀÁÄ¾
ËÂÉÂÊË ÅäÐÂÀ	ÏÎÁ�ÍÂ ¬

£rgk �Vrok s �WoiXo�oi �kkXý jX jU�oWiWrok kg� hXk kqkins Xk mq� X��rhW�gXk
�rg� orgk frofXoi�X� kg� go X�Xs�hX iq�W�gX Xi frof�Xi �

ÂÃÉ Ã ÊË¤Ìµ ¢´¡¶ ã ÍÎ¤¸ßâ

ª�rVXo�oi jX h� s Uf�oW�gX jXk ±gWjXk Xi srjUhWk�oi hXk UfrghXs Xoik frs��Xk�
kW� hXk ¤ h� hWs WiX oro�VWk�gXgkX ¢ hXk U�g�iWrok j �°ghX� �rg� hXk ¨�ý ���T�Wik frokiW�
igXoi h �X�Xs�hX ��WofW��h jX kqkins X mq�X�� rhW�gX �gX orgk UigjWX�rok � Úh Xki
fX�i�Wo �g �Wh Xo X� WkiX � X�gfrg� j ��gi�Xk �gW ��rV WXooXoi jX jW©U�Xoik jrs �WoXk
jX h� �mqkW�gX ú s �¨oUirmqj�rjqo�s W�gX ¢ ��r fXkkgk jX �U�fiWro úfrs�gkiWro üü �
�r�k�gX h �ro frokWjn�X hXk U�g�iWrok j �°ghX� j�ok

R
3 ¢ hX kqkins X srjnhX úÝ�Ý�Ýü Xki

frs�rkU jX � U�g�iWrok ú(n,d) = (5,3)ü � ¡rgk h� Tr�s X frokX�V�iWVX ¢ hXk U�g�iWrok
j �°ghX� k �Uf�WVXoi frssX t



Ý¯

Ut + F (U)x +G(U)y +H(U)z = 0 úÝ�Y �Ýü

�VXf U = U(x,y,z,t) = (ρ,ρu,ρv,ρw,ρE)> Xi F = (F,G,H) � �Xk ±g� k �X���Ws Xoi
jX T�Åro X��hWfWiX �WokW t

F(U) = (




ρu

ρu2 + p

ρuv

ρuw

u(ρE + p)




,




ρv

ρuv

ρv2 + p

ρvw

v(ρE + p)




,




ρw

ρuw

ρvw

ρw2 + p

w(ρE + p)




) úÝ�Y �Yü

�Xk V��W��hXk �mqkW�gXk �gW Tr�s Xoi hXk �g�oiWiUk frokX�VUXk kroi ρ h� jXokWiU
jg ±gWjX ¢ v = (u,v,w) k� VWiXkkX ¢ p h� ��XkkWro Xi E h �UoX�¨WX iri�hX ¢ f �Xki�¤�jW�X
h� krssX jXk UoX�¨WXk WoiX�oX Xi fWoUiW�gX � �� ��Xs Wn�X U�g�iWro �X��UkXoiX h�
frokX�V�iWro jX h� s �kkX ¢ h� jX�oWn�X h� frokX�V�iWro jX h �UoX�¨WX i�ojWk �gX hXk
¯ U�g�iWrok jg fXoi�X �X��UkXoiXoi h� frokX�V�iWro jX h� �g�oiWiU jX s rgVXs Xoi �
lX kqkins X jrWi ¥i�X frs�hUiU ��� goX U�g�iWro j �Ui�i �gW jU�oWi hXk ��r��WUiUk
imX�srjqo�s W�gXk jX h �UfrghXs Xoi Xo frokWjU��iWro � ªrg� go UfrghXs Xoi oro�
VWk�gXg� k�ok Ufm�o¨X jX fm�hXg� ¢ h �U�g�iWro �gW frs�hniX hX kqkins X Xki t

p = (γ − 1)(ρE − ρ

2
||v||2) úÝ�Y �¯ü



Ý�

�X ors��X γ �X��UkXoiX hX ����r�i jXk fr XÏ fWXoik jX fm�hXg� k� UfW��gX úγ =

Cp/Cv
ü ¢ j�ok ori�X f�k ¢ � rg� go ¨�ý ���T�Wi jW�irs W�gX ¢ γ = 1.4 � � �ok hXk fm��

�Wi�Xk kgWV�oik ¢ hr�k jXk f�hfghk ¢ Wh kX�� WoiU�Xkk�oi jX �X¨��jX� fX�i�WoXk �g�oiWiUk
�mqkW�gXk ¢ �gi�Xk �gX fXhhXk �gW WoiX�VWXooXoi jW�XfiXs Xoi j�ok hX kqkins X ¢ frssX
h� VWiXkkX hr f�hX jg kro Xi hX ors��X jX «�fm � �� V WiXkkX jg kro �g f���U Xki ��r�
�r�iWrooXhhX �g ����r�i jX h� ��XkkWro Xi jX h� jXokWiU t

c2 =
γp

ρ

�X ors��X jX «�fm �X��UkXoiX h� VWiXkkX jX h �UfrghXs Xoi ��� ����r�i ¤ fXhhX jg
kro úhr f�hXs Xoiü t

M =
||v||
c

®o jW�� ¢ jX T�Åro ¨UoU��hX ¢ �gX h �UfrghXs Xoi � rg� M >> 1 Xki kg� X�kroW�gX ¢
�rg� M << 1 Xki kg�kroW�gX Xi �gX �rg� M 2�girg�3 jX 1 h �UfrghXs Xoi kX��
i��okkroW�gX �

Úh T�gi U¨�hXs Xoi jWkiWo¨gX� Y iq� Xk j �UfrghXs Xsik t WoiX�oXk Xi X�iX�oXk � §Xk�
� XfiWVXs Xoi ¢ Whk fr��Xk� rojXoi ¤ Y iq� Xk jX frojWiWrok �g� �r�jk jg jrs�WoX
�mqkW�gX Xi jX f�hfgh � ª�� X�Xs�hX ¢ �rg� go UfrghXs Xoi X�iX�oX ¢ ro ��Xoj go
jrs�WoX kgÏ k�ssXoi ¨��oj Xi iXh �g ��g� �r�jk jg jrs�WoX ¢ h �UfrghXs Xoi � rk�
knjX jXk ��r��WUiUk kWs�hXk � Úh � Xgi ¢ ��� X�Xs�hX ¢ jXVXoW� h�s Wo�W�X �g� �r�jk �
� �UfrghXs Xoi �girg� j �goX �WhX j ��VWro Xki h �X�Xs�hX fh�kkW�gX j �go f�k X�iX�oX



Ý�

j �UfrghXs Xoi � � �Xoi�UX jX h ��W� j�ok h �Xk��fX �hgk �Xki�XWoi jg sriXg� � Xgi kX
jU�oW� frssX go UfrghXs Xoi WoiX�oX �

¡Xhro úÝ�Ý�Ýü ¢ Wh T�gi Ws �rkX� ¤ úÝ�Y �Ýü jXk frojWiWrok Wo WiW�hXk ���irgi kg� hX
jrs�WoX Xi jXk frojWiWrok �g� T�roiWn�Xk ú� W�WfmhXiü jg jrs �WoX �mqkW�gX Ω� £rgk
jUkW¨oX�rok ��� ∂Ω h� T�roiWn�X jg jrs�WoX �mqkW�gX � �X T�Åro ¨UoU��hX ¢ Wh q �
� iq� Xk jX frojWiWrok T�roiWn�Xk �rg� hXk UfrghXs Xoik srjUhWkUk ��� hXk U�g�iWrok
j �°ghX� � Úh q � jXk frojWiWrok j �Xoi�UX ΓE

¢ jX kr�iWX ΓS
¢ jX ¨hWkkXs Xoi hX hro¨ jXk

���rWk ΓB
Xi �o�hXs Xoi goX frojWiWro T�roiWn�X Γ∞

jWiX 2¤ h �Wo�oW3 �gW �rg���Wi
¥i�X VgX frssX goX frojWiWro j �Xoi�UX �rg� jXk UfrghXs Xoik kg�X�kroW�gXk � �V W�
jXssXoi ¢ h� T�roiWn�X jg jrs �WoX Ω kX jUfrs�rkX frssX ∂Ω = ΓB∪ΓE∪ΓS∪Γ∞

�
�� frojWiWro jX ¨hWkkXs Xoi Xki h� �hgk kWs�hX ¤ Ws�rkX� ¢ XhhX kiW�ghX �gX hX

±gWjX hX hro¨ jXk ���rWk oX frhhX ��k s �Wk ¨hWkkX úU�g�iWrok j �°ghX�ü � ¡rWi n go
VXfiXg� or�s �h ¤ h� ���rWk kg� h� �U¨Wro ΓB

�hr�k h� frojWiWrok v · n = 0 Xki
Ws�rkUX �
� ÂÉ¼À�ÍÂ ��� ��� �¬� ¬�® '�) &� ( �*� ' &���&' �'� ¯²��)+��� � ªÐ �&'*¬ � & '�) � ���+´&'
�' *¯�¯�*+*' �'� ¯²��)+��� � ��* �� ��&�� ' �' ���)*Ñ&' Ωk

� �'))' � ���'& &' ( �*��&��
)+�� ���� ( �*� ' +�)¯, *�&'� � ��� � '*� '))*� � ª+�� �� '* �' ( �Ò�� ( �+´&' &� ����+)+��
�' , &+�� '� '�)� ') �'� �+*'�)'� '�) ���� &� �+� �*¯)+��)+�� '� ��&�� '� � �+� ¬

ªrg� UigjWX� hXk �gi�Xk frojWiWrok �g� T�roiWn�Xk �Xki�oiXk ¢ goX UigjXk jXk
��r��WUiUk jX úÝ�Y �Ýü Xki oUfXkk�W�X �



Ý�

��� ��� w ÀÏÐÀÁÈËÈÆ ÃÂÆ È�Í¼ËÁÏÊÆ Ã ÓÌÍÎÂÀ

ØÈ
ÊÁËÁÏÊ ��� ��� Ô�' ( �� �)+�� f = f(x) : R → R
'�) �+)' - �� �, ±� ' �+ ∀λ ∈

R
�� � ²�' f(λx) = λf(x)

¬ �'�+ � ' , ¯� ¯*�&+� ' )*+�+�&'� '�) � ��*
R

n
¬ Ð� 'Õ ')�

F (U) : R
n → R

n � ���� ' ���� �¬� ¬�® � '�) - �� �, ±� ' �+ F (λU) = λF (U) ∀λ ∈ R
¬

w ÀÏÐÏÆÁËÁÏÊ ��� ��� È ��* &'� ¯²��)+��� � ªÐ�&'* �¬� ¬�® F '�) - �� �, ±� '¬

Ö×EIGØLDQLFIG B ªgWk�gX h �U�g�iWro j �Ui�i Xki jrooUX Xo úÝ�Y �¯ü ¢ orgk jUs ro�
i�rok h� ��r�rkWiWro kXghXs Xoi �rg� F j�ok F = (F,G,H) t

U = (ρ,ρu,ρv,ρw,ρE)

= (ρ,m,n,l,o)

F = (m,
m2

ρ
+ p,

mn

ρ
,
ml

ρ
,
om

ρ
+
pm

ρ
)

p = (γ − 1)(o− 1

2
(
m2

ρ
+
n2

ρ
+
l2

ρ
))

Ù h ��WjX jX fXk jU�oWiWrok ∀λ ∈ R
t

p(λU) = p(((λρ,λm,λn,λl,λo)))

= (γ − 1)(λo− 1

2
(
λ2m2

λρ
+
λ2n2

λρ
+
λ2l2

λρ
))

= λ(γ − 1)(o− 1

2
(
m2

ρ
+
n2

ρ
+
l2

ρ
))

= λp(U)



Ý�

«�WoiXo�oi ¢ �rg� F ¢ h� ��XgVX Xki kWs �hX t

F (λU) = (λm,
λ2m2

λρ
+ λp,

λ2mn

λρ
,
λ2ml

λρ
,
λ2om

λρ
+
λ2pm

λρ
)

= λ(m,
m2

ρ
+ p,

mn

ρ
,
ml

ρ
,
om

ρ
+
pm

ρ
)

= λF (U)

�

lXiiX ��r��WUiU � X�s Xi j �Uf�W�X hXk U�g�iWrok krgk goX Tr�s X oro frokX�V�iWVX
�gW kX�� giWhWkUX j�ok hXk f�hfghk ogsU�W�gXk f�� hX ��rjgWi jXk s �i�WfXk p �fr�
�WXooXk krgk Tr�s X oro frokX�V�iWVX Xki � X�gfrg� srWok fr?iXg� �gX krgk Tr�s X
frokX�V�iWVX �

�Xk U�g�iWrok j �°ghX� Xo ¯ jWs XokWrok j �Xk��fX frs�r�iXoi � V�hXg�k ��r��Xk �
� �r�iXoiWro jX fXk V�hXg�k ��r��Xk ¢ �grW�gX UhUs Xoi�W�X ¢ jXs Xg�X goX ifmX T�kiW�
j WXgkX � ¬o hr¨WfWXh jX f�hfgh kqs�rhW�gX ���VWXoi ¤ h� � rooX �U� rokX Xo �gXh�gXk
kXfrojXk � �Xk V�hXg�k ��r��Xk kroi r�iXogXk ¤ ���iW� jX h� s �i�WfX f���fiU�WkiW�gX
�rg� go VXfiXg� ��Wi��W�X n ∈ R

3 t

λ1(n) = v · n − c, λ2,3,4 = v · n, λ5(n) = v · n + c úÝ�Y �� ü

�rof ¢ kXhro h� jU�oWiWro úÝ�Ý�� ü ¢ hXk U�g�iWrok j �°ghX� úÝ�Y �Ýü oX kroi ��k
ki�WfiXs Xoi mq� X��rhW�gXk f�� h� kXfrojX V�hXg� ��r��X jg kqkins X Xki i�W� hX úXi
hWoU�W�Xs Xoi jU¨UoU�UXü � �X kW¨oX jXk V�hXg�k ��r��Xk jrooX X��fiXs Xoi hX ors��X
jX frojWiWrok �g �r�j ∂Ω �gW jrWVXoi ¥i�Xk Ws �rkUXk �rg� �gX hX ��r�hns X krWi



Ý

�WXo �rkU � lXk frojWiWrok ����Úi�roi � X�gfrg� �hgk o�ig�XhhXk hr�k�gX orgk ��r��
jX�rok hX ��r�hns X jX §WXs �oo � �r�k jg i��WiXs Xoi jXk frojWiWrok �g� hWs WiXk
ogsU�W�gXk Wh q � go hWXo UV WjXoi Xoi�X X�i���rh�iWro jXk V��W��hXk jU� Xoj�oiXk
j�ok hX jrs�WoX jX f�hfgh Xi kW¨oX jXk V�hXg�k ��r��Xk jg kqkins X �
ª�Xorok n ∈ R

3 �rWoi�oi VX�k h �WoiU�WXg� jg jrs�WoX Ω t
ÌÊËÀÈÂ ÆÍÐÂÀÆÏÊÁ�ÍÂ t n Xi v �rWoiXoi j�ok h� s ¥s X jW�XfiWro jrof v · n ≥ 0

Xi v · n ≥ c

0 ≤ λ1 < λ2 = λ3 = λ4 < λ5
úÝ�Y ��ü

�Xk f���fiU�WkiW�gXk 2Xoi�Xoi3 j�ok Ω ¢ Wh T�gi jrof Ws�rkX� irgiXk hXk V��W��hXk
�mqkW�gXk ¤ h �Xoi�UX �
ÌÊËÀÈÂ ÆÍ	ÆÏÊÁ�ÍÂ t v · n > 0 Xi v · n < c

λ1 ≤ 0 < λ2 = λ3 = λ4 < λ5
úÝ�Y ��ü

Úh T�gi jrof Ws�rkX� � frojWiWrok �
ÔÏÀËÁÂ ÆÍÐÂÀÆÏÊÁ�ÍÂ t v · n < 0 Xi |v · n| > c

λ1 < λ2 = λ3 = λ4 < λ5 ≤ 0 úÝ�Y ��ü

�gfgoX frojWiWro ¤ Ws�rkX� �
ÔÏÀËÁÂ ÆÍ	ÆÏÊÁ�ÍÂ t v · n < 0 Xi |v · n| < c

λ1 < λ2 = λ3 = λ4 ≤ 0 ≤ λ5
úÝ�Y �ü

¬oX kXghX frojWiWro ¤ Ws�rkX� �
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ÂÃÛ Ã ÎÜ ¢¶µß¡·ß ã Í¤¡ß ¶´¸¤µ ¢´¡

� �X� WkiXofX j �goX krhgiWro � rg� hX kqkins X úÝ�Ý�Ýü krgs Wk ¤ fX�i�WoXk frojW�
iWrok Wo WiW�hXk jXs Xg�X go ��r�hns X i�nk frs�hX�X �gX orgk o ���r�jX�rok ��k �
£rgk orgk froiXoiX�rok ¢ WfW ¢ j �UorofX� hXk �Ukghi�ik Troj�s Xoi�g� Xi giWhXk ¤ h�
froki�gfiWro jX kfmUs �k �g� Vrhgs Xk �oWk hr�k�gX fXg��fW kX�roi �� r�jUk � �X hXf�
iXg� WoiU�XkkU ��� fXk �gXkiWrok � rg��� frokghiX� hXk rgV��¨Xk jX 0�6 Ç ��1 �

Úh Xki T�fWhX jX kX froV�Wof�X �gX s¥sX j�ok hX f�k kf�h�W�X goWjWs XokWrooXh
úÝ�Ý�Ýü � Xgi j�ok go WoiX�V�hhX jX iXs�k �oW ¢ frojgW�X ¤ jXk krhgiWrok jWkfroiWogXk
s ¥sX �rg� goX frojWiWro WoWiW�hX jX fh�kkX C∞ 0� 6 Ç �61 � �rof ¢ h �X� WkiXofX jX
krhgiWrok �g kXok 2fh�kkW�gX3 oX k �r�kX�VX �gX i�nk ���Xs Xoi �

ªrg� Uh��¨W� h� fh�kkX jXk krhgiWrok �js WkkW� hXk ¢ Wh orgk T�gi frokWjU�X� h� Tr��
sgh�iWro T�W� hX jg ��r�hns X úÝ�Ý�Yü � ÚoigWiWVXs Xoi ¢ orgk �hhrok jU�oW� fX �g �Xki
goX krhgiWro T�W� hX �g ��r�hns X úÝ�Ý�Yü Xo h� froki�gWk�oi ¤ ���iW� jX sr�fX�g�
jX krhgiWrok fh�kkW�gXk kU���Uk ��� go XokXs�hX �oW jX jWkfroiWogWiUk � �� V�hXg�
úm�giXg�ü jg k�gi Xoi�X fXk krhgiWrok kX�� goX �g�oiWiU �WXo jU�oWX �
ØÈ
ÊÁËÁÏÊ ��� ���

L∞
loc(X,Y ) = {u : X → Y | ||u||L∞(C,Y ) < ∞ ∀ C ������)® ⊆

X}
ØÈ
ÊÁËÁÏÊ ��� �� � � �+) u0 ∈ L∞

loc

¬ �� ��� '& &' � �&�)+�� ( �+´&' �� � *�´&±� ' �¬�¬�®
�� ' ( �� �)+�� �' �&��� ' L∞

loc(R
d ×R+)n )'& &' ²� ' U(x,t) ∈ D ⊂ R

n � ¬� ¬ ') ��)+�( �+�
���) &� *'&�)+�� +�)¯, *�&' ��+���)' Ç

∫ ∞

0

∫

Rd

{U · ∂φ
∂t

+ F · ∇φ}dxdt+

∫

Rd

U0(x) · φ(x,0)dx = 0 úÝ�¯ �Ýü



YZ

∀φ ∈ C1
0(R

d × R+)n

ØÈ
ÊÁËÁÏÊ ��� �� � �� ���� �� ' ²�'U '�) �' �&��� ' C1 ��*)��) ���( ��* �� ��� ´*'
�¯��� ´*�´&' �' ��*( ��'� &+�� '� �*+'�)�´&'� π® ���� & ª-�� '*� &�� (x,t)

¬ « �� ( *���
)+±*'� �¯&+� +)¯'� ��* &'� ��*( ��'� π � U ��´+*� �� ���) �� �+� ���)+��+)¯¬ �'� ¯)�)�
*'�� '�)+� '� '�) ° , ���- ' ') ° �*�+)' �' π � ' �¯��)'*��) ��* &'� &+� +)'� ��+���)'� Ç

U±(x,t) = limδ→0,δ>0 U((x,t)± δn)
¬ � �)'Ý ²� ' nπ = (n1,n2,...,nd,nt) = (n̄,nt)

'�)
&' � '�)'�* � �*� �& ° &� ��*( ��' π ���� & ª-�� '*� &�� (x,t)

¬
ÖÅÈÏÀ�ÉÂ ��� ��� � �+) U : R

d × [0,∞) → D ⊂ R
n �� ' ( �� �)+�� �' �&��� ' C1 ��*

� �*�'��� ���� ' ���� &� �¯� �+)+�� �¬�¬�® �&�*� U '�) �� ' ��&�)+�� �' �¬�¬�®
�� � '�� �'� �+�)*+´�)+��� ��*

R
d × (0, + ∞) ⇔ &'� � ����+)+��� ��+���)'� � ��)

��)+�( �+)'� Ç

Þ U '�) �� ' ��&�)+�� �&���+²� ' &° �ß U ∈ C1

Þ �' &��, �'� ��*( ��'� �' �+� ���)+��+)¯ π � U ��)+�( �+) &� ����+)+�� �' ���) Ç

(U+ − U−)nt = −(F(u+) − F(u−)) · n̄ úÝ�¯ �Yü

�� frojWiWro úÝ�¯ �Yü kX orssX �Xh�iWro jX §�oÜWoX Xi ûg¨roWri �
lX jX�oWX� imUr�ns X �X�s Xi j �Uh��¨W� h� fh�kkX jXk krhgiWrok �js WkkW� hXk ¢ s �Wk

Wh Xki s �WoiXo�oi �rkkW� hX jX i�rgVX� �hgkWXg�k krhgiWrok T�W� hXk k�iWkT�Wk�oi úÝ�Ý�Yü
úfrssX Wh Xki T�fWhX jX hX VU�W�X� ¢ ��� X�Xs�hX ¢ �rg� h �U�g�iWro jX þg�¨X�kü � Úh T�gi
jrof �p rgiX� goX frojWiWro rg froi��WoiX kg��hUs Xoi�W�X �rg� �rgVrW� jWkiWo¨gX�
goX 2�rooX3 Xi goX 2s�gV�WkX3 krhgiWro � lX h�o¨�¨X � Xgi kXs�hX� Ui��o¨X � rg� hX
srojX jXk s �imUs�iW�gXk ¢ s �Wk Wh T�gi irgp rg�k ¨��jX� ¤ h �Xk��Wi �gX fXk kqkins Xk



YÝ

mq� X��rhW�gXk ��rVWXooXoi j�ok h� s �p r�WiU jXk f�k jX kqkins Xk �mqkW�gXk � ª��
X�Xs�hX ¢ hXk U�g�iWrok j �°ghX� ��rV WXooXoi jXk U�g�iWrok �hgk ¨UoU��hXk jX £�VWX��
¡irÜXk � ªrg� kWs�hW�X� ¢ ro �Xgi frokWjU�X� goX VX�kWro srjW�UX jX úÝ�Ý�Ýü ¢ r�iXogX
Xo hgW �p rgi�oi go iX�s X jX jWkkW��iWro à VWkfrkWiU t

Uε
t + ∇ · F(Uε) = ε∆Uε, (ε > 0) úÝ�¯ �¯ü

�VXf frssX ��r�hns X jX l�gfmq srjW�U Uε(x,0) = Uε
0(x) → U0(x) � ®o �X�

s ���gX �gX hr�k�gX ε → 0+ ro �Xirs�X kg� hX s rjnhX mq�X�� rhW�gX � �rof ¢ Wh oX
T�gi ��k kX � r�oX� ¤ fmX�fmX� goX krhgiWro goW�gX k�ok �p rgiX� goX �gi�X froi��WoiX
¤ h� Tr�sgh�iWro T�W� hX UorofUX Xo úÝ�¯ �Ýü �

ÂÃá Ã â´âã¤¸Ìµ ¢´¡ ãÌµä¹ãÌµ ¢Ë¤ß ã¤ ·´¡·ßåµ ã Íß¡µâ´å¢ß

ªrg� �rgVrW� jWkiWo¨gX� Xi Uf��iX� fX�i�WoXk krhgiWrok oro �mqkW�gXk ¢ Wh orgk
T�gi �VrW� �Xfrg�k ¤ goX oriWro j �Xoi�r�WX � ®o VXgi �gX U k�iWkT�kkX úÝ�Ý�Ýü Xi
ro VXgi Xo �hgk �g �Wh X� WkiX jXk TrofiWrok kf�h�W�Xk U(U) Xi Fj(U)

jX
R

n
j�ok

R

iXhhXk �gX

Ut(U) + ∇ · F(U) = 0 úÝ�� �Ýü
�VXf F = (F1,...,Fd)

Xi U ′(U)Aj(U) = F ′
j(U) úÝ�� �Yü

r4 F ′
j := ∇U Fj(U) Xi U ′ := ∇U U úÝ�� �¯ü

ØÈ
ÊÁËÁÏÊ ��� ��� � �+) Ω �� '�� '� ´&' ����'� ' �'
R

n � �� ' ( �� �)+�� ����'� ' U :

Ω → R
'�) �� ' '�)*�� +' � ��* &' ���)±� ' �¬�¬�® � ª+& '� +�)' æd ç ( �� �)+��� Fj :



YY

R
n → R 1 ≤ j ≤ d� ��� '& &¯'� � �� '�)*�� +²� '�� )'& &'� ²� ' &� *'&�)+�� �¬è ¬�® � �+)
��)+�( �+)'¬

�X ��r�hns X kX �Ukgs X jrof ¤ i�rgVX� hXk TrofiWrok j �Xoi�r�WX Xi ¢ kW � rkkW� hX ¢
irgiXk hXk TrofiWrok j �Xoi�r�WX �kkr fWUXk �g ��r�hns X úÝ�Ý�Ýü � «�hmXg�XgkXs Xoi ¢
fXiiX orgVXhhX jW�XfiWro oX orgk s noX�� ¤ �WXo f�� ¢ i�rgVX� h �XokXs�hX jX fXk Trof�
iWrok Xki fmrkX jWÏ fWhX �rg� hXk kqkins Xk � ��ok hX f�k kf�h�W�X ¢ � �gýÜrV 0�71 �
i�rgVU goX TrofiWro jX ±g� �gW k�iWkT�Wi goX Tr�s X kf�h�W�X U�gWV�hXoiX ¤ úÝ�� �Yü
�rg� irgiX TrofiWro U ki�WfiXs Xoi froVX�X é ªrg� �WjX� ¤ h� �XfmX�fmX j �goX Trof�
iWro j �Xoi�r�WX U �kkrfWUX ¤ go kqkins X ro �Xgi giWhWkX� go fm�o¨XsXoi jX V��
�W��hXk � ¡W fX fm�o¨XsXoi jX V��W��hX kqs Ui�WkX úÝ�Ý�Ýü ¢ ro �Xgi �hr�k sroi�X�
�g �Wh �js Xi goX Xoi�r�WX ki�WfiXs Xoi froVX�X �
ÖÅÈÏÀ�ÉÂ ��� ��� ���� ����� ²�' �¬�¬�® ��� '))' �� ' '�)*�� +' U ��'� � �� ��*�
*'�� �����)� Fj

® ') � �+) {Uε}ε
�� ' ��+)' �' � �&�)+��� ��µ ���� '�) &+�� '� �' �¬�¬�®

)'& &'� ²� '
�® ||Uε||L∞(Rd×[0,∞+)) ≤ C � dC/dε = 0®
´® Uε →ε→0 U � ¬� ¬ ����

R
d × [0,T )

�&�*� U '�) �� ' ��&�)+�� ( �+´&' �' �¬�¬�® ') '& &' ��)+�( �+) &� ����+)+�� � ª'�)*�� +' Ç

Ut(U) + ∇ · F(U) ≤ 0 úÝ�� �� ü

�� � '�� �'� �+�)*+´�)+��� ��*
R

d × (0,+ ∞)



Y¯

Úh Xki s �WoiXo�oi �rkkW� hX jX jU�oW� fX �g �Xki goX krhgiWro Xoi�r�W�gX jX
úÝ�Ý�Yü �
ØÈ
ÊÁËÁÏÊ ��� �� � Ô�' ��&�)+�� ( �+´&' �' �¬�¬�® '�) �� ' ��&�)+�� '�)*�� +²� ' �+

U ��)+�( �+) ∀ U �' �¬è ¬�® ') ∀φ ∈ C1
0 ⊂ R

d × [0,∞)�

∫ ∞

0

∫

Rd

(U(U)
∂φ

∂t
+ F(U) · ∇φ)dxdt+

∫

Rd

U0φ(x,0)dx ≥ 0 úÝ�� ��ü

� ÂÉ¼À�ÍÂ ��� ��� �� � '�) �¯� �+* �� ' +� ¯, �&+)¯ �' )�� ' ê��ë+� ' ') ì�, ��+�)
� ��* U

Ç

(U(U+) − U(U−))nt ≤ −(F(U+) −F(U−)) · n̄ úÝ�� ��ü

Úh Xki jUfXV�oi jX froki�iX� �gX s¥sX �VXf irgi fXk UhUs Xoik jX imUr�WX s ��
imUs �iW�gX ¢ hX T�Wi �g �goX krhgiWro Xoi�r�W�gX jX úÝ�Ý�Yü krWi goW�gX �rg� jXk
kqkins Xk jX n > 1

U�g�iWrok Xo d ≥ 1
jWs XokWrok k��iW�hXk Xki Xofr�X ¤ h �Ui�i jX

frop Xfig�X � �� kXghX jUsroki��iWro j �X� WkiXofX froogX ¤ fX p rg� Xki jgX ¤ � �gý�
ÜrV 0�71 �rg� goX U�g�iWro kf�h�W�X sghiW�jWs XokWrooXhhX � úªrg� hX f�k kf�h�W�X ¢
U kX�� �Xs�h�fU ��� uü �
ÖÅÈÏÀ�ÉÂ ��� �� � í *�Ýë ��® ���� ����� ²�' u0 ∈ L∞(Rd)

�&�*� &' � *�´&±� ' �'
����-� �¬�¬�® � ��� ±�' �� ' ��&�)+�� '�)*�� +²� ' ��+²� ' u ∈ L∞(Rd×(0,T ))

¬ �'))'
� �&�)+�� ��)+�( �+) � ��* T ≥ 0

||u(·,t)||L∞ ≤ ||u0||L∞
� ¬� ¬® úÝ�� ��ü



Y�

�+ u ') v � ��) &'� � �&�)+��� '�)*�� +²� '� *'�� '�)+� '� '�) ��� ��+¯'� ° u0 ≥ v0

�&�*�

u(·,t) ≥ v(·,t) � ¬� ¬ ¬ � ¯� '���� �' ���)+�� ' � ¬� ¬ ��* *��� �*) ��� ����+)+��� +�+�
)+�&'� ¬® � + u0 ∈ L∞(Rd) ∩ BV (Rd)

�&�*� u(·,t) ∈ BV (Rd)
��'� TV (u(·,t)) ≤

TV (u0)
¬

lX imUr�ns X kX�� Troj�sXoi�h �rg� kUhXfiWrooX� hXk kfmUs �k ¢ �rg� hXk U�g��
iWrok mq�X�� rhW�gXk ¢ �gW �rg��roi froVX�¨X� VX�k jXk krhgiWrok Xoi�r�W�gXk Xi jrof
VX�k jXk krhgiWrok �js WkkW� hXk ÐÅäÆÁ�ÍÂÉÂÊË �

ÂÃî Ã ïâ´£¸ðãß ãß ñ¢ßãÌ¡¡

¬o X��rkU jg ��r�hns X jX § WXs �oo �X�s Xii�� jX frs��Xoj�X �gXh �V�oi�¨X
Wh q � ¤ Xo UVWiX� h� �UkrhgiWro ����rfmUX rg X��fiX �VXf hXk s UimrjXk k�ok krhVXg�
jX §WXs �oo ��r�rkUXk �g� fm��Wi�Xk kgWV�oik �
ØÈ
ÊÁËÁÏÊ ��� ��� �� ���� ' � *�´&±� ' �' ê +'� ��� )��) � *�´&±� ' ����) � ��* ´�)
�' *¯� ���*' �¬�¬�® &�*�²� ' Ã *'�� &' ���)±� ' -�� '*´�&+²� '® ��'� �� ' ����+)+��
+�+)+�&' U0

�+� ���)+��' �' &� ( �*� '

U0(x) =





UL x ∈ D−

UR x ∈ D+

�ß UL
') UR

� ��) �'� ¯)�)� ����)��) �'
R

n ') D+ ∪D− ∪ π = R
d
¬
π �¯�+,� ' �� '

-�� '*��*( ��' � ¯��*��)
R

d '� � ���'*)� D+
') D−

�+�� &'� '�) ���� '� '� ') ����)
&'� � *�� *+¯)¯� ��+���)'� Ç ∫

D+
dV > M � ∫

D−
dV > M � ∀M > 0

� ÂÉ¼À�ÍÂ ��� ��� Ð� , ¯� ¯*�&� �� ����+�±*' π ���� ' �� -�� '*� &�� �' ��*� �&'

n
�' ²�+ �+�� &+� ' , *���'� '�) & ª̄ )��' �� � *�´&±� '¬
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ªrg� frssXofX� orgk �Ukrgj�rok úÝ�Ý�Yü �rg� hX f�k kf�h�W�X goWjWs XokWrooXh
ú(n,d) = (1,1)ü � ��ok hX f�k kf�h�W�X ¢ orgk �Xs�h�Årok U ��� u � �X ��r�hns X jX
§WXs �oo k �UorofX s �WoiXo�oi �WokW t
§Ukrgj�X t

ut + fx(u) = 0 úÝ�� �Ýü

�VXf hXk frojWiWrok Wo WiW�hXk t

u0(x) =






uL x < x0

uR x ≥ x0

®o VU�W�X k�ok � XWoX �gX hXk frojWiWrok jX h� jU�oWiWro �hgk ¨UoU��hX úÝ�� �Ýü
kroi k�iWkT�WiXk � Úoi�rjgWkrok h �rgiWh �gW orgk �WjX�� Xo ¨��ojX ���iWX ¤ �Ukrgj�X
hX ��r�hns X jX § WXs �oo �
ØÈ
ÊÁËÁÏÊ ��� �� � È ��* �� ' ��&�)+�� U �' �¬�¬�® � �� ' ��*( ��' ∑ ����

R
d ×

[0,∞+)
����) � ��* ¯²��)+�� ξ(x,t) = 0 '�) �� ' -�� '*��*( ��'® ��*��)¯*+�)+²� ' ��

���)±� ' �¬�¬�® '� �� � �+�) (x0,t0)
�+ &� � �)*+�'

(
∂ξ

∂t
I + A(U) · ∇ξ)|(x0,t0) ≡ M|(x0,t0)

úÝ�� �Yü

'�) �+�,�&+±*' '� �' � �+�)¬



Y�

lXh� �XVWXoi ¤ i�rgVX� �g srWok goX V�hXg� ��r��X 2λk
3 jX Ã(U,∇ξ) iXhhX �gX

(∂ξ
∂t

+ λk(U,∇ξ))|(x0,t0) = 0 �rg� U goX krhgiWro jX úÝ�Ý�Yü �
w ÀÏÐÏÆÁËÁÏÊ ��� ��� � & � � �� ' ¯²�+��&'� �' '�)*' Ç
�® ∃ k )'& ²� ' (∂ξ

∂t
+ λk(U,∇ξ))|(x0,t0) = 0

�® �¯)(M|(x0,t0)) = 0

Ö×EIGØLDQLFIG B Ýü⇒ Yü t ªgWk�gX Ã(U,∇ξ) Xki jW�¨ro�hWk��hX ro � �gX Ã(U,∇ξ)) =

RΛR−1 jrof úÝ�� �Yü � Xgi k �Uf�W�X frssX RMR−1 = ∂ξ
∂t

I + Λ(U,∇ξ) jrof R Xi
R−1

jW�¨ro�hWkXoi M i�WV W�hXs Xoi � �Xk ��r��WUiUk jXk jUiX�s Wo�oik Xoi��ÚoXoi h�
kWo¨gh��WiU jX M t

det(RMR−1) = det(
∂ξ

∂t
I + Λ) úÝ�� �¯ü

= Πn
i=1(

∂ξ

∂t
+ λi)

úÝ�� �� ü

= (
∂ξ

∂t
+ λk))Π

n
i=1,i6=k(

∂ξ

∂t
+ λi)

úÝ�� ��ü

= 0 Πn
i=1,i6=k(

∂ξ

∂t
+ λi)

úÝ�� ��ü

= 0 =
det(R) det(M)

det(R)
= det(M) úÝ�� ��ü

jrof M Xki kWo¨ghWn�X �
Yü ⇒ Ýü t ®o k�Wi �gX R−1 Xi R jW�¨ro�hWkXoi M ¢ Xi hX �Ukghi�i Xki jrof WssUjW�i �

�

§XVXorok �g krgk�f�k kf�h�W�X goWjWs XokWrooXh � ®o � Xgi Uf�W�X h �U�g�iWro jX h �mq�
� X�kg�T�fX ξ(x,t) = φ(t) − x = 0 � � hr�k h �U�g�iWro jX h� kg�T�fX f���fiU�WkiW�gX



Y�

jXV WXoi t

∂ξ

∂t
+ f ′(u)ξx =

dφ

dt
− f ′(u(φ,t)) =

dφ

dt
− a(u(φ,t)) = 0 úÝ�� �ü

®o fmX�fmX hXk 2 (x0,t0)
3 iXhk �gX úÝ�� �ü krWi ýU�r �rg� u goX krhgiWro jX úÝ�Ý�Yü �

°o giWhWk�oi hX T�Wi �gX g Xki krhgiWro jX úÝ�Ý�Yü

du(φ(t),t)

dt
=
∂u

∂t
+
∂u

∂φ

∂φ

∂t
=
∂u

∂t
+ a(u(φ,t))

∂u

∂φ
= 0 úÝ�� ��ü

�rof ¢ h� krhgiWro u Xki froki�oiX hX hro¨ jXk frg�� Xk φ(t) = x � £rgk i�rgVrok
T�fWhXs Xoi �VXf fX �Ukghi�i �gX hXk φ(t) kroi jXk j�rWiXk x−x0

t−t0
= a(u(x0,t0))

� £rgk
VXorok jrof jX jUsroi�X� h� ��r��WUiX kgWV�oiX t
w ÀÏÐÏÆÁËÁÏÊ ��� �� � �'� ��*��)¯*+�)+²� '� �' �¬�¬�® � ��* u �� ' ��&�)+�� �&���+²� '
�� � *�´&±� ' � ��&�+*' ��+�+� '��+��� '& � ��) �'� �*�+)'� �� � &�� (x,t) &' &��, �'��
²� '& &'� u(x,t) '�) ����)��)'¬
w ÀÏÐÏÆÁËÁÏÊ ��� �� � � ��� &' ��� , ¯� ¯*�& � ��� ����� ²�' �+ U(x,t) '�) � �&�)+��
�� � *�´&±� ' �' ê +'� ��� �¬ò¬�® �&�*� U(ξ1,ξ2) = U(ax,at) ≡ V(ξ1,ξ2)

'�) ����+
�� ' ��&�)+�� ξ1 = (ξ1

1 ,ξ
2
1 ,ξ

3
1)
® ¬



Y

Ö×EIGØLDQLFIG B

∂U

∂t
=
∂U(ξ1,ξ2)

∂t
=
∂U

∂ξ1

∂ξ1
∂t

+
∂U

∂ξ2

∂ξ2
∂t

= a
∂U

∂ξ2

úÝ�� �ÝZü
∂F

∂x
=
∂F

∂ξ1
1

∂ξ1
1

∂x
=a

∂F (U(ξ1,ξ2))

∂ξ1
1

úÝ�� �ÝÝü
∂F

∂y
=
∂F

∂ξ2
1

∂ξ2
1

∂y
=a

∂F (U(ξ1,ξ2))

∂ξ2
1

úÝ�� �ÝYü
∂F

∂z
=
∂F

∂ξ3
1

∂ξ3
1

∂z
=a

∂F (U(ξ1,ξ2))

∂ξ3
1

úÝ�� �Ý¯ü

⇒ ∂V

∂t
+ ∇ · ~F =a(

∂U

∂ξ2
+ ∇ξ1 · ~F ) = 0 úÝ�� �Ý�ü

�

w ÀÏÐÏÆÁËÁÏÊ ��� �� � �'� � �&�)+��� U(x,t) �' �¯� '��'�) ²� ' �� *��� �*) ξ = x/t

U = U(ξ)® ¬
Ö×EIGØLDQLFIG B ��ok h� ��r� rkWiWro ��UfUjXoiX �rkX� a = 1/t �rg� t > 0 � �

Úh Xki s �WoiXo�oi � rkkW� hX jX i�rgVX� goX krhgiWro fh�kkW�gX � rg� hX ��r�hns X jX
§WXs �oo kf�h�W�X goWjWs XokWrooXh � ¡Xhro h� jX�oWn�X ��r�rkWiWro u = v(ξ)

jrof
ut + f(u)x = v′

t
(f ′(v(ξ)) − ξ) � ¡W v′ = 0 �hr�k v(ξ) = const. = u0(x0)

� �rof ¢
j�ok fX f�k Wh T�gj��Wi �VrW� u0(x)

froki�oi � ¡W ¢ ��� froi�X ¢ v′ 6= 0 Wh T�gi �gX
f ′(v(ξ)) = ξ = a(v(ξ)) � ¡g��rkrok �gX a−1 X� WkiX j�ok go VrWkWo�¨X jX v(ξ) �hr�k
v(ξ) = a−1(ξ) � ªrg� �gX a−1 X� WkiX Wh T�gi �gX f ′′ > 0 rg f ′′ < 0 � £rgk VXorok jrof
jX sroi�X� h �X� WkiXofX j �goX krhgiWro � rg� goX TrofiWro f ki�WfiXs Xoi froVX�X úrg
ki�WfiXs Xoi frof�VXü �

¡g��rkrok f ÄÏÊÑÂ½Â �hr�k ¯ f�k kroi �rkkW� hXk a(uL) > a(uR) ¢ a(uL) < a(uR)

Xi a(uL) = a(uR) = s �



Y�

Ä¼Æ � t hXk f���fiU�WkiW�gXk kX �Xofroi�Xoi Xo go iXs�k �oW � ªgWk�gX f ′′ > 0 ro �
Tr�fUs Xoi uL > uR

� �� �Xh�iWro jX §�oÜWoX Xi ûg¨roWri � X�s Xi jX jUiX�s WoX� h�
VWiXkkX Xi jrof h� �rkWiWro jX h� jWkfroiWogWiU �rg� irgi t > 0 t

s =
f(uR) − f(uL)

uR − uL

úÝ�� �Ý�ü

£rgk krssXk Xo ��UkXofX j �goX 2rojX jX fmr f3 �q�oi � rg� krhgiWro t

u(x,t) =





UL ξ < s

UR ξ > s

t

x

óFô B rBrB ¡rhgiWro oro�Xoi�r�W�gX jg ��r�hns X jX § WXs �oo

Ä¼Æ � t �Xk s ¥sXk r�kX�V�iWrok orgk � X�s XiiXoi jX frofhg�X �gX j�ok hX f�k j �go
±g� froVX�X Wh T�gi �gX uL < uR

� Úh Xki �rkkW�hX j �r�kX�VX� kg� hXk ¨���mW�gXk Ý�Ý¢
Ý�Y Xi Ý�¯ �g �Wh q � goX ýroX r4 h� krhgiWro Xki WojXiX�s WoUX � °o kX ����r�i�oi
¤ h� jUsroki��iWro j �X� WkiXofX ro � Xgi iXoiX� jX �Xs�hW� fXiiX �U¨Wro ¤ h ��WjX jX
h� krhgiWro v(ξ) = u(x,t) = a−1(ξ) � Úh kX��Wi � rkkW� hX jX frs�hUiX� fXiiX ýroX ���



¯Z

j ��gi�Xk krhgiWrok s �Wk f �Xki h� kXghX krhgiWro �gW k�iWkT�Wi h� frojWiWro j �Xoi�r�WX
j �® hXWo WÜ � �� krhgiWro rojX jX ���UT�fiWro rg 2jUiXoiX3 k �Uf�Wi jrof t

u(x,t) =






uL ξ < a(uL)

a−1(ξ) a(uL) ≤ ξ ≤ a(uR)

uR ξ > a(uR)

úÝ�� �Ý�ü

Ä¼Æ � t £rgk krssXk Xo ��UkXofX j �goX 2jWkfroiWogWiU jX froi�fi3 0��1 �

u(x,t) =






uL ξ < uL

uR ξ > uR

� ÂÉ¼À�ÍÂ ��� �� � � ��� &'� � ��� � *¯�¯�'�)� � ��� ����� +�� &+�+)'� '�) �)+&+� ¯ &�
����+)+�� � ª'�)*�� +' � ª�&'+�+ë ²�+ � ��� ����*' ���� &' � *'� +'* ��� �' &� � *¯� '� �'
� ª�� �- ��� � ��* &' � '���� ��� �' � ¯&'�)+��� '* &� ´��� ' ��&�)+�� ���� &� Ý �� ' �'
�¯)'�)'¬ �� ���� ' ����'�) �'))' *'&�)+�� æ����+)+�� , ¯�� ')*+²� 'ç � ª�&'+�+ë ��
'� ��*'� +� ¯, �&+)¯ � ª'�)*�� +' �' ��� ��&'+�+ëõ ���� &' ��� � ª�� ���)±� ' �� �)+&+� ' &�
����+)+�� �' ��� �¬ò¬�ö® ¬

t

x

?

U U L R
U= U=

óFô B rB~ B ¡rhgiWro Wofrs�hniX jg ��r�hns X jX §WXs �oo



¯ Ý
t

x

óFô B rB÷ B ¡rhgiWro Xoi�r�W�gX újUiXoiXü jg ��r�hns X jX § WXs �oo

ØÈ
ÊÁËÁÏÊ ��� �� � ����+)+�� , ¯�� ')*+²� ' � ª�&'+�+ë Ç ∀ u ∈ (uL,uR)

f(u) − f(uL)

u− uL
≥ s ≥ f(u) − f(uR)

u− uR

úÝ�� �Ý�ü

ØÈ
ÊÁËÁÏÊ ��� �� � Ð� ( �+���) )'��*' u→ uL
���� &' � '� ´*' �' , ���- ' ') u→ uR

���� &' � '� ´*' �' �*�+)'� � ��� �´)'� ��� & ª+� ¯, �&+)¯ � ª'�)*�� +' �' ��� ��&'+�+ë Ç

a(uL) ≥ s ≥ a(uR) úÝ�� �Ýü

�ß a(u) ≡ f ′(u)
¬

� ÂÉ¼À�ÍÂ ��� �� � È ��* f , ¯� ¯*�&'� &� � �&�)+�� �� � *�´&±� ' �' ê +'� ��� � '�) � '
)*���'* '� �)+&+���) ���� &' ��� uL < uR

& ª'��'&��� ' ����'� ' �' f ') ���� &' ���

uR < uL
& ª'��'&��� ' ��� ���' 0��1 � ¬ ø��øò® ¬

� ÂÉ¼À�ÍÂ ��� �� � �� ����+)+�� � ª�&'+�+ë � ¯&'�)+��� ' �' ( �Ò�� ��+²� ' &'� � �&��
)+��� ´�*� ¯'� �� � *�´&±� ' �' ê +'� ��� ¬

°o sXii�oi XokXs�hX h� krhgiWro fmrf ¢ h� ���UT�fiWro Xi h� jWkfroiWogWiU jX
froi�fi orgk froki�gWkrok go r� U��iXg� krhgiWro R = Rt̄

x̄(
x−x̄
t−t̄

; uL,uR)



¯Y

Rt̄
x̄(
x− x̄

t− t̄
; uL,uR) =









kW a(uL) > a(uR)

uL
x−x̄
t−t̄

< s

uR
x−x̄
t−t̄

> s




kW a(uL) < a(uR)

uL
x−x̄
t−t̄

< a(uL)

a−1(x−x̄
t−t̄

) a(uR) < x−x̄
t−t̄

< a(uL)

uR
x−x̄
t−t̄

> a(uR)




kW a(uL) = a(uR) = s

uL
x−x̄
t−t̄

< s

uR
x−x̄
t−t̄

> s

úÝ�� �Ý�ü

lXi r� U��iXg� i�rgVX�� kro giWhWiU hr�k jX h� jU�WV�iWro jX h� s UimrjX jX ¦rjg�
orV � £rgk �Vrok jrof r�iXog goX krhgiWro goW�gX úXoi�r�W�gXü �g ��r�hns X jX
§WXs �oo j�ok hX f�k kf�h�W�X goWjWs XokWrooXh �

��� ��� ÔäÆË�ÉÂÆ ÍÊÁÃÁÉÂÊÆÁÏÊÊÂÎÆ

£rgk UigjWrok WfW hXk ��r��WUiUk jg ��r�hns X jX l�gfmq �VXf h� jrooUX WoWiW�hX
jX § WXs �oo j�ok hX f�k jXk kqkins Xk n > 1 Xi d = 1 �

Ý �� �Ý �Ý� ��� &+� ¯�+*'

¡W h� s �i�WfX A Xki froki�oiX �hr�k h� krhgiWro jg ��r�hns X jX §WXs �oo Xki
jW�XfiXs Xoi froki�gWiX ¤ h ��WjX jX h� jW�¨ro�hWk�iWro jX A T�WiX ��� hXk s �i�WfXk



¯¯

R = (r1r2...rn) Xi R−1 = (l1l2...ln)T � lXiiX jX�oWn�X Xki � rkkW� hX ���fX �gX hX
kqkins X Xki mq� X��rhW�gX ¢ h� s �i�WfX A �jsXi jrof go XokXs�hX jX V�hXg� ��r��Xk
�UXhhXk �gX h �ro r�jrooX λ1 ≤ λ2 ≤ ... ≤ λn−1 ≤ λn

�
∂U

∂t
+ A

∂U

∂x
= 0 úÝ�� �YZü

∂R−1U

∂t
+ Λ

∂R−1U

∂x
= 0 úÝ�� �Y Ýü

°o �rk�oi W = R−1U = (w1,w2,...,wn) Xi W0 = R−1U0 = (w0,1,w0,2,...,w0,n) Wh
V WXoi t






∂W
∂t

+ Λ∂W
∂x

= 0

W (x,t = 0) = W0 = R−1U0

úÝ�� �YYü

�X kqkins X kX i�rgVX �WokW jUfrg�hU � Úh T�gi k�iWkT�W�X n U�g�iWrok kf�h�W�Xk
∂wk

∂t
+ λk

∂wk

∂x
= 0 úÝ�� �Y¯ü

¡rgk fXiiX Tr�s X ¢ ro �Xfroo�Wi h �U�g�iWro j ��jVXfiWro �g�X �gW � �rg� krhgiWro
úfh�kkW�gXü t

wk = w0,k(x− λkt)
úÝ�� �Y�ü

jrof ¢

w0,k(x− λkt) =lTk U0(x− λkt) =
n∑

i=1

liku
i
0(x− λkt)

úÝ�� �Y�ü

= < lk,U0(x− λkt) >= wk(x,t)
úÝ�� �Y�ü

⇒ U(x,t) =RW =
n∑

k=1

wk(x,t)rk =
n∑

k=1

< lk,U0(x− λkt) > rk
úÝ�� �Y�ü



¯�

U(x,t) =

n∑

k=1

< lk,U0(x− λkt) > rk
úÝ�� �Yü

� ÂÉ¼À�ÍÂ ��� �� � �'))' � �&�)+�� '�) ° &� ´�� ' �' ´+'� �'� � �&� '�*� �' ê +'� ���
�' )�� ' æ��� *��- ¯ç¬

lXiiX krhgiWro Xki V�hWjX � rg� goX jrooUX WoWiW�hX � r�oUX �gXhfro�gX � ªrg� hX
��r�hns X jX §WXs �oo Wh T�gi �Xki�XWoj�X U0

Xi jrof W �g� Tr�s Xk kgWV�oiXk t

U0(x) =





UL x < 0

UR x > 0

úÝ�� �Y�ü

W0(x) =






WL = R−1UL = (wL,1,wL,2,...,wL,n) x < 0

WR = R−1UR = (wR,1,wR,2,...,wR,n) x > 0

úÝ�� �¯Zü

�� krhgiWro �kkr fWUX ¤ fm��gX V�hXg� ��r��X Xki srjW�UX

wk(x,t) = w0,k(x− λkt) =





wL,k x/t < λk

wR,k x/t > λk

úÝ�� �¯ Ýü

ªrg� kX froV�Wof�X jX h� Tr�s X �o�hX jX h� krhgiWro �X¨��jrok fX �gW kX ��rjgWi
�rg� jWVX�k ����r�ik jX x/t t

ù ¡W x/t < λ1
�hr�k w1 = wL,1,w2 = wL,2,...,wn = wL,n ⇒ W = WL

ù ¡W x/t > λn
�hr�k w1 = wR,1,w2 = wR,2,...,wn = wR,n ⇒ W = WR

ù ¡W λp < x/t < λp+1
�hr�k w1 = wR,1,w2 = wR,2,...,wp = wR,p

Xi wp+1 =

wL,p+1,wp+2 = wL,p+2,...,wn = wL,n



¯�

�rof goX krhgiWro WoiX�s UjW�W�X j�ok h� �U¨Wro λp ≤ x
t
≤ λp+1

�Xgi k �Uf�W�X

U(x,t) =

p∑

k=1

wR,krk +

n∑

i=p+1

wL,iri
úÝ�� �¯Yü

Rt̄
x̄(
x− x̄

t− t̄
;UL,UR) =





UL x/t < λ1

p∑
k=1

< lk,UR > rk +
n∑

i=p+1

< li,UL > ri λp < x/t < λp+1

UR x/t > λn

úÝ�� �¯¯ü
� ÂÉ¼À�ÍÂ ��� �� � �� �+� ���)+��+)¯ +�+)+�&' ���� &' ��� �� ���)±� ' ��+�+� '��
�+��� '& � ��&�+*' � ' � ¯��*' '� n �+� ���)+��+)¯� ²�+ � ' � *���, '�) ° �'� �+)'�� '�

λk k ∈ [1,n] ') � ¯��*��) n + 1 ¯)�)� ����)��)� U1 = UL,U2,...,Un+1 = UR

¬ �'))'
�´� '*��)+�� � ��* �' ��� � � *+�*+ �+�� &' &�+�� ' � *¯��, '* ²� ' &' ��� � ���&+� ¯�+*' � '*�
)*±� ���� &'� '¬

��� �� � Õ¼Æ ÊÏÊ¾ÎÁÊÈ¼ÁÀÂ ÍÊÁÃÁÉ ÂÊÆÁÏÊÊÂÎ

�� s �i�WfX Xi hXk VXfiXg�k ��r��Xk �kkrfWUk roi goX jU�Xoj�ofX ��� ����r�i
¤ h� krhgiWro U ¢ fXfW Ws�hW�gX �gX A = A(U) ¢ rk = rk(U) ¢ lk = lk(U) ¢ λ1(U) ≤

λ2(U) ≤ ... ≤ λn−1(U) ≤ λn(U) �
ØÈ
ÊÁËÁÏÊ ��� �� � ÕÅ¼ÉÐ Ä¼À¼ÄËÈÀÁÆËÁ�ÍÂ Ç � ����'����' �' Rn '�, '��*¯ ��*

rk(U)
¬

ØÈ
ÊÁËÁÏÊ ��� �� � �' k �+±� ' �-��� ��*��)¯*+�)+²� ' '�) �+) ÑÀ¼ÁÉ ÂÊË ÊÏÊ¾ÎÁÊÈ¼ÁÀÂ
�+ ∇Uλk(U) · rkU 6= 0 ∀U ∈ Ω

¬



¯�

ØÈ
ÊÁËÁÏÊ ��� �6 � �' k �+±� ' �-��� ��*��)¯*+�)+²� ' '�) �+) ÎÁÊÈ¼ÁÀÂÉÂÊË ÃÈåÈ¾
ÊÈÈ �+ ∇Uλk(U) · rk(U) = 0 ∀U ∈ Ω

¬
ØÈ
ÊÁËÁÏÊ ��� �7 �

w '�) �� k �+���*+��) �' ê +'� ��� �+ ∇Uw(U) · rk(U) = 0

∀ U ∈ Ω
¬

ÖÅÈÏÀ�ÉÂ ��� ��� � & � � n−1 k �+���*+��)� �' ê +'� ��� w1,w2,..wn−1
® )'&� ²� '

&'� , *��+'�)� ∇wk
1 ,...,∇wk

n−1
� ��) &+� ¯�+*'� '�) +��¯� '����)� ¬

�Xk k�WoV��W�oik jX § WXs �oo kroi giWhWkUk hr�k jX h� �XfmX�fmX j �goX krhgiWro �
�r�k�g �Whk kroi irgk froki�oik j�ok goX �U¨Wro D �hr�k Whk frojgWkXoi ¤ goX k�rojX
jX ���UT�fiWro � �rf�hXs Xoi ¢ f �Xki�¤�jW�X j�ok D ¢ ro �Xi�rgVX hXk s ¥sXk ��r��WUiUk
�gX j�ok hX f�k kf�h�W�X �rg� hXk k�f���fiU�Wk�gX t XhhXk kroi jXk j�rWiXk kg� hXk�
�gXhhXk U Xki froki�oiX � lrssX j�ok hX f�k kf�h�W�X ¢ Wh Xki �rkkW� hX jX froki�gW�X
goX krhgiWro �g ��r�hns X jX § WXs �oo ¤ ���iW� jX ���UT�fiWrok ¢ jX fmr fk Xi jX
jWkfroiWogWiUk jX froi�fik �
ØÈ
ÊÁËÁÏÊ ��� �n � � �+) D ⊂ R × R

+ ') U ∈ C1(D,Rn) �� ' ��&�)+�� �� ���)±� '
-�� '*´�&+²� ' ��+�+� '��+��� '& �¬�¬�® ¬ � + )��) &'� k �+���*+��)� wi

� ��) ����)��)�
���� D �&�*� &� � �&�)+�� U '�) �� ' k¾ÏÊÃÂ ÃÂ À¼ÀÈ�¼ÄËÁÏÊ ¬
ØÈ
ÊÁËÁÏÊ ��� ��5 � Ô�' �+� ���)+��+)¯ ²�+ ��)+�( �+) &� ����+)+�� Ç

λk(UR) < s < λk+1(UR) úÝ�� �¯�ü

λk−1(UL) < s < λk(UL) úÝ�� �¯�ü

'�) �� k¾ÄÅÏ Ä �� � '�� �' ��� � �� �+) ����+ ²� ' &� �+� ���)+��+)¯ ��)+�( �+) &� ����+�
)+�� � ª'�)*�� +' �' ��� ¬



¯�

ØÈ
ÊÁËÁÏÊ ��� ���� � + &' �+)'�� ' s �' � *���, �)+�� � ª�� ' �+� ���)+��+)¯ '�) &� � ú� '
²�' &� �+)'�� ' ��*��)¯*+�)+²� ' λk

�'� � ��)¯� �' &� �+� ���)+��+)¯ �&�*� U '�) �� '

k
¾Ã ÁÆÄÏÊËÁÊÍÁËÈ ÃÂ ÄÏÊË¼ÄË ¬ �'� +� ¯, �&+)¯� ° ��)+�( �+*' � ��) Ç

λk(UR) ≤ s < λk+1(UR) úÝ�� �¯�ü

λk−1(UL) < s ≤ λk(UL) úÝ�� �¯�ü

� & ( ��) ¯�+�'�� '�) ²� ª�� � �+�� �� ' �'� +� ¯, �&+)¯� ≤ � �+) ��)+�( �+)' ��'� &' �+,� '

=
¬
£rgk UoroÅrok hX ��WofW��h �Ukghi�i j �X� WkiXofX froog �rg� hX ��r�hns X jX

§WXs �oo j�ok hX f�k jX kqkins Xk mq�X�� rhW�gXk goWjWs XokWrooXhk �
ÖÅÈÏÀ�ÉÂ ��� �� � � �+) UL ∈ R

n ') D �� ��+�+��, ' ���'*) �' UL

¬ ����+�±*��� &'
���)±� ' -�� '*´�&+²� '

∂U

∂t
+
∂F (U)

∂x
= 0 úÝ�� �¯ü

���� ����� ²�' � '� �-��� � ��*��)¯*+�²� '� � �+'�) &+� ¯�+*'� '�) �¯, ¯� ¯*¯� �� �*�+�
� '�) � ���&+� ¯�+*'� ���� D ¬ « &�*� +& '� +�)' �� ��+�+��, ' DR ⊂ D �' UL

)'& ²� ' ∀
UR ∈ DR

&' � *�´&±� ' �¬ò¬�û® ��� ´+� ¯ ° &� ����+)+�� +�+)+�&' Ç

U0(x) =





UL x < 0

UR x ≥ 0

úÝ�� �¯�ü

� ��� ±�' �� ' ��&�)+�� ¬ �'))' � �&�)+�� '�) ����)+)� ¯' � ª�� � &�� n+ 1 ¯)�)� ����)��)�
²�+ � '��'�) ú)*'� *'&+¯� ��* �'� �- ���� �'� ���'� �' *�* (̄ ��)+�� �� �'� �+� ���)+�
��+)¯� �' ���)��)¬ �'))' � �&�)+�� '�) ¯, �&'� '�) ��+²� '¬
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��� �� � Õ¼Æ ÉÍÎËÁÃÁÉ ÂÊÆÁÏÊÊÂÎ

£rgk o ��Vrok frokWjU�U p gk�g �¤ ��UkXoi �gX jXk �Ukghi�ik j�ok hXk f�k kf��
h�W�Xkàkqkins Xk goWjWs XokWrooXhk úd = 1ü � ªrg� d > 1 Wh o �q � ��k � X�gfrg� jX
�Ukghi�ik froogk � ªrg� n > 2 kXghXs Xoi fX�i�Wok kqkins Xk �jsXiiXoi go XokXs�hX
frs�hXi j �WoV��W�oik jX § WXs �oo � lrofX�o�oi h� froki�gfiWro j �goX krhgiWro �g
��r�hns X jX § WXs �oo ¢ jUp ¤ ¢ � rg� d = 2 fXhhX�fW jXVWXoi i�nk frs�hX�X 0��1 � �V W�
jXssXoi �rg� d = 3

jWs XokWrok k��iW�hXk ¢ h� froki�gfiWro j �goX krhgiWro X��hWfWiX
Xki go jrs �WoX jX �XfmX�fmX Xo krWi � �X hXfiXg� WoiU�XkkU � rg��� froki�iX� h �Ui�i
�figXh jX h� imUr�WX j�ok hXk hWV�Xk jX � � ¡X��X 0��1 Xi jX l � ��TX�srk 0�61 �

�X �gi jX fXi X�� rkU kg� hX ��r�hns X jX §WXs �oo Ui�Wi jX s Xii�X Xo UVWjXofX
k� frs�hX� WiU �gW orgk � rgkkX ¤ froki�gW�X go kfmUs � �gW Xo UV WiX h� �UkrhgiWro Xi
�WokW Xkk�qX jX ��UkX�VX� hX s ��Wsgs j �WoTr�s �iWro kg� hX kqkins X k�ok �rg� �g�
i�oi jXVrW� ��r fUjX� ¤ goX jUfrs�rkiWro f���fiU�WkiW�gX jg kqkins X ¤ h �UigjX � ¬o
X��rkU �kkXý frs�hXi jXk krhVXg�k X��fik Xi ����rfmUk jg ��r�hns X jX §WXs �oo
giWhWkUk j�ok h� froki�gfiWro jX s UimrjXk ogsU�W�gXk kX i�rgVX j�ok hX hWV�X jX
�r�r 0�51 �
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�Xk jWÏ fghiUk �Xofroi�UXk hr�k�gX orgk �Vrok Xkk�qU jX i�rgVX� jXk krhgiWrok
�o�hqiW�gXk ¤ jXk ��r�hns Xk mq�X�� rhW�gXk kf�h�W�Xk kWs �hXk Xi h ���kXofX jX �Ukgh�
i�ik j�ok hX f�k jX kqkins Xk Xo �hgkWXg�k jWs XokWrok k��iW�hXk p gkiW�Xoi h �giWhWk��
iWro j �go ��r fXkkgk jX jWkf�UiWk�iWro � rg� iXoiX� jX �Ukrgj�X ����r� Ws �iWVXs Xoi
jXk ��r�hns Xk � X�gfrg� �hgk frs�hX�Xk Xi �U�hWkiXk � °o T�Wi ¢ s ¥s X k �Whk kXs�hXoi
jWkp rWoik ¢ hXk fm�s�k jX �XfmX�fmX Xo � �� �ª� ÿ Xi Xo �o�hqkX ogsU�W�gX �rg� h�
�UkrhgiWro j �� �� �ª� � UoU�fWXoi sgigXhhXs Xoi jXk �V�ofUXk T�WiXk j�ok hXg�k jr�
s �WoXk �Xk� XfiWTk � ª�� X�Xs�hX ¢ kW h �ro jUsroi�X h �X� WkiXofX j �goX krhgiWro T�W� hX
Xoi�r�W�gX ¢ j�ok hX f�k j �go kfmUs � ¢ hr�k�gX h� jWkf�UiWk�iWro jXVWXoi 2 Wo�oWs Xoi3
��UfWkX �hr�k ¢ fXh� �XVWXoi ¤ jW�X �gX f �Xki goX jUs roki��iWro j �X� WkiXofX �g kXok
jXk � �� �ª�ú  rW� ��� X�Xs�hX ¢ h� jUs roki��iWro jX h �X� WkiXofX Xi goWfWiU jX h�
krhgiWro �rg� goX U�g�iWro mq�X��rhW�gX kf�h�W�X T�WiX ��� ® � ® hXWo WÜ 0��1 ¤ h ��WjX
jg kfmUs � jX ����e�WXj�Wfmk �ü

�� §-.$&,�)/ $.� !"%,�"'/ ÿ$%&,'22'/
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� ����� ÔÄÅÈÉ¼ ÃÂ zÏÃÍÊÏÑ

®o VXgi �Ukrgj�X hX ��r�hns X kf�h�W�X goWjWs XokWrooXh �gX orgk UoroÅrok
Xofr�X WfW t

ut + fx(u) = 0 , u(x,t = 0) = u0(x), x ∈ R, t ∈ [0,T ], 0 < T <∞ úY �Ý�Ýü

�� ��Xs Wn�X Ui�� X frokWkiX ¤ jWkf�UiWkX� hX �h�o (x,t)
jX T�Åro ����r��WUX frssX

��� X�Xs�hX ��� t xi = ih ¢ tn = n∆t � ªgWk�g �Xo n = 0 orgk froo�Wkkrok h� krhgiWro
�g ��r�hns X úu0(x)

ü orgk � rgVrok ���hW�gX� h �WjUX jX ¦rjgorV �gW frokWkiX ¤
T�W�X UVrhgX� j�ok hX iXs�k jXk froki�oiXk ��� sr�fX�g� jU�oWXk kg� hXk fXhhg hXk
Ci = [xi−1/2,xi+1/2]

�g hWXg jX fmX�fmX� ¤ �rg�kgWV�X h �UVrhgiWro jX h� krhgiWro
X��fiX ¢ fX �gW Xki hX �hgk krgVXoi Ws�rkkW� hX � lXk froki�oiXk ��� sr�fX�g� kX
jU�oWkkXoi frssX t

vn
i =

1

h

∫ xi+1/2

xi−1/2

u(x,tn)dx úY �Ý�Yü

��ok hX f�k jX u0
orgk �Vrok v0

i = 1
h

∫ xi+1/2

xi−1/2
u0(x)dx

Xi f �Xki ¤ ���iW� jX fXk
V�hXg�k froki�oiXk kg� hXk WoiX�V�hhXk Ci

�gX h� s UimrjX kX�� s WkX Xo ²gV�X � °o
WoiU¨��oi h �U�g�iWro X��fiX ¤ h ��WjX jg imUr�ns X jX ¦�XXo úY �Ý�Ýü kg� hX �Xfi�o¨hX
Ci × [tn,tn+1] orgk r�iXorok t

∫ xi+1/2

xi−1/2

{u(x,tn+1) − u(x,tn))}dx = −
∫ tn+1

tn
{f(u(xi+1/2,t)) − f(u(xi−1/2,t))}dt

úY �Ý�¯ü



� Ý

®o �Xs ���gX �gX hX s Xs��X jX ¨�gfmX � Xgi kX �X��UkXoiX� frssX goX srqXooX
úY �Ý�Yü t

hvn+1
i − hvn

i = −
∫ tn+1

tn
f(u(xi+1/2,t))dt+

∫ tn+1

tn
f(u(xi−1/2,t))}dt úY �Ý�� ü

°o x = xi+1/2,xi−1/2
kX �rkXoi �Xk� XfiWVXs Xoi Y ��r�hns Xk jX § WXs �oo fXoi�Uk Xo

(xi+1/2,t
n) ú�Xk� XfiWVXs Xoi (xi−1/2,t

n)ü jroi h� krhgiWro X��fiX orgk kX�� jrooUX
��� Ri+1/2(

x−xi+1/2

t−tn
,UL,UR) ¢ jrof �rg� UL = vn

i
Xi UR = vn

i+1
ú�Xk� XfiWVXs Xoi

UL = vn
i−1

Xi UR = vn
i
ü �

hvn+1
i − hvn

i = −∆t{f(Ri+1/2(0
−,vn

i ,v
n
i+1)) − f(Ri−1/2(0

+,vn
i−1,v

n
i ))} úY �Ý��ü

°o �UUf�WV�oi úY �Ý��ü orgk r�iXorok goX T�Åro jX T�W�X �V�ofX� hXk srqXooXk jX
tn ¤ tn+1 �

vn+1
i = vn

i − ∆t

h
{f(Ri+1/2(0

−,vn
i ,v

n
i+1)) − f(Ri−1/2(0

+,vn
i−1,v

n
i ))} úY �Ý��ü

� ���� � ÔË¼	 ÁÎÁËÈ

��o j �UVWiX� �gX hXk krhgiWrok jXk Y ��r�hns Xk jX § WXs �oo �jp �fXoik Xo xi−1/2

Xi xi+1/2
WoiX��¨WkkXoi �VXf hXg�k VrWkWoXk ¢ hX ��k jX iXs�k ∆t

jXV�� ¥i�X �Xki�XWoi �
ªrg� s WXg� frs��Xoj�X fX �gW kX ��kkX ¢ Wh Xki WoiU�Xkk�oi jX �X��UkXoiX� ¨���
�mW�gXsXoi hXk Y ��r�hns Xk jX § WXs �oo �g� WoiX�T�fXk xi+1/2

Xi xi−1/2
� ¡g� h�

�¨g�X Y �Ý¢ ro froki�iX �gX hX �rWoi P1
Xki h� ��Xs Wn�X WoiX��fiWro Xoi�X Y rojXk �gW

�UkghiXoi jX h� krhgiWro jXk ��r�hns Xk jX § WXs �oo Xo xi−1/2
Xi xi+1/2

� £rgk k�Vrok
�gX h� � XoiX jX fXk f���fiU�WkiW�gXk Xki WfW jrooUX ��� |∆t/h

2
| � � �ok h� �¨g�X Y �Y ¢



�Y

xx

t

t
n+1

n

i−1/2 1+1/2
vvv

t

x

P
1

n

i+1

n

i

n

i−1

óFô B ~ BrB le� ≤ 1/2

xx

t

t
n+1

n

i−1/2 1+1/2
vvv

t

x
n

i+1

n

i

n

i−1

P
2

P
3

óFô B ~ B~ B le� ≤ 1

h �WoiX��fiWro � hWXg �hgk i�i ¢ f �Xki�¤�jW�X ¢ hr�k�gX h� � XoiX jXk f���fiU�WkiW�gXk Xki
|∆t/h| � ªgWk�gX orgk oX Vrghrok ��k �Ukrgj�X go ��r�hns X jX §WXs �oo �VXf Wo�
iX��fiWro jX �hgkWXg�k Ui�ik froki�oik ¢ hX f�k jX h� �¨g�X Y �Ý Xki hX f�k hWs WiX j�ok
hX f�j�X jX h� krhgiWro R X��fiX �gX orgk �Vrok jU�oWX �g fm��Wi�X ��UfUjXoi � ®o
Vrgj�� jrof Ws�rkX� �gX h� jWki�ofX ���frg�gX ��� h � rojX h� �hgk ���WjX VX�k h�
j�rWiX krWi WoTU�WXg�X ¤ h/2 t

|a(u)|∆t ≤ h

2
⇒ ∆t

h
|a(vn

i )| ≤ 1

2
úY �Ý��ü



�¯

∆t kX�� jrof fmrWkW jX s �oWn�X �gX h �WoU¨�hWiU úY �Ý��ü krWi �Xk� XfiUX ���irgi kg� R

úrg kg� hX TX�s U ∪iCi ⊂ R
ü ¢ Wh T�gj�� Xs�¥fmX� irgiX WoiX��fiWro ¢ kg� hX s �Whh�¨X ¢

�rg� �rgVrW� ��kkX� jX tn � tn+1 t

∆t

h
max

i
|a(vn

i )| ≤ 1

2
úY �Ý�ü

®o orssX fXiiX frojWiWro 2 h� frojWiWro le�3 Xo h �mrooXg� jX lrg��oi�e�WXj�Wfmk
Xi �XÛq� l �Xki goX frojWiWro oUfXkk�W�X ¤ h� ki��WhWiU j �go kfmUs � �
� ÂÉ¼À�ÍÂ � ����� È�+�²� ' ���� &' ��&��& �' &� � �&�)+�� vn+1

i
� � '�&'� &'� ��&'�*�

Ri+1/2(0
−,vn

i ,v
n
i+1)

') Ri−1/2(0
+,vn

i−1,v
n
i ) +�)'*�+'�� '�) �� ��+) ²� ª'� � *�)+²� ' +&

'�) � ���+´&' �' *'���*+* ° &� ����+)+�� ��� � &�� , ¯� ¯*'�� '

∆t

h
max

i
|a(vn

i )| ≤ 1 úY �Ý��ü

��+* 0� � Ç �� Ç ��1 ¬
Úh Xki �rkkW� hX �gkkW jX T�W�X goX �o�hqkX jWiX jX Vro £Xgs�oo ú¤ h ��WjX jX

srjXk jX erg�WX�ü s �Wk go X��rkU frs�hXi jX fXiiX iXfmoW�gX kX��Wi jWÏ fWhX ¤
�UkgsX� Xo �gXh�gXk hW¨oXk � £rirok irgiXTrWk �gX fXiiX �o�hqkX oX ��Xoj ��k Xo
frs�iX hXk frojWiWrok �g� �r�jk úXhhX kg��rkX go jrs �WoX � U�WrjW�gXü � ¬oX �gi�X
iXfmoW�gX kX ��kX kg� h� Tr�s X s�i�WfWXhhX jg kfmUs � ��Xo�oi �WokW Xo frs�iX hXk
frojWiWrok �g� hWs WiXk �



��

� ���� � ÔÄÅÈÉ¼Æ ÄÏÊÆÂÀÑ¼ËÁ�Æ

Úh X� WkiX goX sghiWigjX jX kfmUs �k �gW � XgVXoi �Ukrgj�X hX ��r�hns X úY �Ý�Ýü �
£rgk � rgVrok ��Xk�gX irgk hXk Uf�W�X krgk h� Tr�s X t

vn+1
i = vn

i − ∆t

h
{gi+1/2(vi−k+1,...,vi+k) − gi−1/2(vi−k,...,vi+k−1)} úY �Ý�ÝZü

�� TrofiWro gi±1/2
Xki ��� XhUX �Í½ ÊÍÉÈÀÁ�ÍÂ �  rWfW �gXh�gXk X�Xs�hXk jX ±g�

ogsU�W�gXk ��kUk kg� f jX úY �Ý�Ýü t
»¼½¾¿ÀÁÂÃÀÁÄÅÆ t gLxF (u,v) = 1

2
(f(u) + f(v)) − h

2∆t
(v − u)

»¼½¾|ÂÊÃÀÏ� t gLxW (u,v) = f(u)+f(v)
2

− ∆t
2h
a(u+v

2
)(f(v) − f(u))

»¼½¾|ÂÊÃÀÏ� y�� ÁÄÅËÉäÂÀ� { t gLxW (u,v) = f(u+v
2

− ∆t
2h

(f(v) − f(u)))

!ÉÏÊË t gA(u,v) = a+u+ a−v

ØÈ
ÊÁËÁÏÊ � �����
gi±1/2

'�) �� �Í½ ÊÍÉÈÀÁ�ÍÂ ÄÏÉÐ¼ËÁ	 ÎÂ ��'� f � ¬�¬�® �+

g(u,...,u) = f(u)
¬

ØÈ
ÊÁËÁÏÊ � ���� � � + �� � �- ¯� � � '�) ú)*' ¯�*+) � ��� &� ( �*� ' � ¬�¬�ö® �� �+) ²� ª+&
'�) � ��� �ÏÀÉÂ ÄÏÊÆÂÀÑ¼ËÁÑÂ ¬ È &�� , ¯� ¯*�&'� '�)� �+ & ª�� ����+�±*' �� ���)±� '
°
n �+� '��+��� '� d �+� '��+��� ���)+�&'� ') ��� � d � �� ��� ¯*+²� '� Gm

��**'��
� �����)� m ∈ [1,d]� &' � �- ¯� � ��**'�� �����) � '*� � ��� ( �*� ' ���� '*��)+� ' �+ G1 :

R
n×(2k1)×(2k2+1)×(2k2+1)...×(2kd+1) → R

n �� '� ��*' Gl : R
n×(2kl)×Πd

(m6=l)=1
(2km+1) →

R
n
¬ �' � �- ¯� � � '*� ÄÏÊÆÂÀÑ¼ËÁ� � ª+& '�) � ��� ( �*� ' ���� '*��)+� ' ') �+ � '� � ��

���) �����)+´&'� ¬



��

¬oX ori�iWro �gkkW i�nk giWhWkUX � rg� jUoriX� hX kfmUs � úY �Ý�ÝZü ¢ �VXf h ��WjX
j �go r� U��iXg� krhgiWro H(vn

i−k,...,v
n
i+k)

¢ Xki h� kgWV�oiX t

vn+1
i = H(vn

i−k,...,v
n
i+k)

úY �Ý�ÝÝü

�r�k�gX hXk frojWiWrok jX ±g� ogsU�W�gX frs��iW�hX Xi Tr�s X frokX�V�iWVX jg
kfmUs � kroi �UgoWXk ¢ �gi�Xs Xoi jWi ¢ hr�k�gX hX kfmUs � Xki frokX�V�iWT ¢ kW h� kgWiX
jX krhgiWrok vh

ú�gW jUoriX goX krhgiWro r�iXogX �rg� go s �Whh�¨X j �Xk��fXs Xoi
hü froVX�¨X VX�k goX krhgiWro jX úY �Ý�ÝZü ¢ �hr�k h� hWs WiX Xki goX krhgiWro T�W� hX jX
úY �Ý�Ýü � lX imUr�ns X Tgi jUs roi�U ��� ��� Xi 8Xoj�r© 0�51 �rg� goX U�g�iWro
kf�h�W�X Xo goX jWs XokWro k��iW�hX t
ÖÅÈÏÀ�ÉÂ � ����� ��� ��'��*�Õ ® � �+) �� � �- ¯� � ���� '*��)+( ') v0

���� ' '�
� ¬�¬�® ¬ ���� ����� ²� ' vh

� �+) �� ' ��+)' �' � �&�)+��� ∆t ¯)��) �¯)'*� +� ¯ '�
, �*���) &' *��� �*) ∆t/h

����)��)® ') )'& &' ²� ' Ç
�® ||vh||L∞(R×[0,∞)) ≤ C

�® vh

����'*, ' ���� L1
loc(R × (0,∞)) � ¬� ¬ � '*� �� ' ( �� �)+�� u

�&�*� u '�) �� ' ��&�)+�� ( �+´&' �' � ¬�¬�® ¬

� ���� � ÔÄÅÈÉ¼Æ ÉÏÊÏËÏÊÂÆ

�X ��r�hns X �gX fX imUr�ns X oX �UgkkWi ��k ¤ �Ukrgj�X Xki Xofr�X fXhgW jX
froVX�¨XofX VX�k goX krhgiWro �mqkW�gX úXoi�r�W�gXü jg ��r�hns X jX jU���i � Úh
T�gi jrof �gX h� krhgiWro T�W�hX r�iXogX k�iWkT�kkX goX frojWiWro �gi�X �gX h�
frojWiWro jX §�oÜWoX Xi ûg¨roWri �g� k�gik à jWkfroiWogWiUk � ¬oX ��Xs Wn�X T�Åro



��

jX ��rfUjX� Xki j �Ws �rkX� úfrssX j�ok hX f�k �o�hqiW�gXü goX frojWiWro kg��hU�
s Xoi�W�X �
ØÈ
ÊÁËÁÏÊ � ���� � Ô� � �- ¯� � ²�+ � '�) � ª̄ �*+*' ���� ' '� � ¬�¬��® � '*� �+) ÉÏ¾
ÊÏËÏÊÂ �+ � ��* −q ≤ k ≤ q

∂Hi

∂un
i−k

> 0 úY �Ý�ÝYü

lXfW Xo¨Xoj�X h� ��r��WUiU �XfmX�fmUX j�ok hX f�k j �goX U�g�iWro kf�h�W�X Xo
goX V��W��hX k��iW�hX t
ÖÅÈÏÀ�ÉÂ � ���� � � �+) �� � �- ¯� � � ���)�� ' ���� '*��)+( ²�+ ��)+�( �+) '� � &�� &'�
'� +, '� �'� �� )- ¯�*±� ' �' ��� ��'��*�Õ �¬�¬�¬ « &�*� �+ vh →p.p. u

� u '�) �� ' ���
&�)+�� ( �+´&'� ') ��� � ��� '��*�+)� �ß &� � �&�)+�� '�) �+� ���)+��'� &� ����+)+�� �'
ê��ë+� ' ') ì �, ��+�) '�) ��)+�( �+)'õ '� � &�� &� &+� +)' u ��)+�( �+) ����+ &� ����+�
)+�� � ª'�)*�� +' � ª�&'+�+ë �¬ò¬��® � ') *'� *¯� '�)' ��� � &� � �&�)+�� '�)*�� +²� ' ��
� *�´&±� ' 2.1.1® ¬

«�hmXg�XgkXs Xoi ¢ h� frojWiWro jX sroriroWfWiU jg kfmUs � Xo¨Xoj�X úirgi
Xo �UkrhV�oi hX ��r�hns X jX h� froVX�¨XofXü goX hWs WiX kg� h �r�j�X s ��Ws �h jX
��UfWkWro j �go kfmUs � �
ØÈ
ÊÁËÁÏÊ � ���� � Ô� � �- ¯� � '�) ÐÀÈÄÁÆ Ã ÓÏÀÃÀÂ (p,q) �+ � ��* u �� ' ��&�)+��
�� � *�´&±� ' � ¬�¬�® �� �

||un+1 −Qvn|| = ∆t(O(hp) + O(∆tp)) = ∆t τ(p,q) úY �Ý�Ý¯ü

�ß τ(p,q) '�) &� � �)�)+�� � ��* & ª'**'�* �' ËÀÏÊÄ¼ËÍÀÂ ÎÏ Ä¼ÎÂ ¬



��

ÖÅÈÏÀ�ÉÂ � ���� � ì �*)'��ì �� ������ 0�n1® Ô� � �- ¯� � � ���)�� ' ���� '*��)+(
'�) � ª�*�*' 1� +¬'¬ τ(p,q) = O(h) + O(∆t)

¬
� ÂÉ¼À�ÍÂ � ���� � Ô� �'� � ³́ '�)+( � *'�- '*�- ¯� &�*� �' &� ����)*� �)+�� �' � �- ¯�
� �� '�) � ª�´)'�+* �� � �- ¯� � �' � *¯�+�+�� ¯&'�¯' '� �� ��� ´*' � +�+� �& � ª�� ¯*��
)+��� ¬ � ª'�� ¯*+'� �' � ��)*' ²� ª�� � �- ¯� � � ª�*�*' � '� '����' ') '� )'�� � � ª'�) ���
�*�+� '�) +�)¯*'����)¬ Ô� ' ��)*' �'� *�+� ��� ²�+ � ���� '�) ° '����'* � ª��,� '�)'*
& ª�*�*' � ª�� � �- ¯� � '�) ²� ª+& '�) � ���+´&' �' �¯� ��)*'* ²� ' &' ���)��) '�)*' &'�
�+� '*� '� ���'� '¬, ¬ � ��* &' � ����)±� '® ���� ' &'� *�* (̄ ��)+���� �- ��� ') �+� ����
)+��+)¯� �' ���)��)� � ��* �'� �+� ���)+��+)¯� æ( �+´&'� ç� � ��) &+�� '� ³ ��²� ª° & ª�*�*'
� ¬ � �� �� �� � �- ¯� � �'�*�+) ú)*' �� � �+�� � ª�*�*' � � ��* ��+�+* &' � �� +��� �'
� - ¯��� ±�'� � -��+²� '� ¬

� ���� � ÔÄÅÈÉ¼ Ö×Ø

Úh T�gi �hhU¨X� hXk frojWiWrok kg� hXk kfmUs �k �js WkkW� hXk � rg� � X�s Xii�X jX
iXoiX� h �X�iXokWro ¤ jXk kfmUs �k j �r�j�X jX ��UfWkWro UhXVU �
ØÈ
ÊÁËÁÏÊ � ���� � �� Ñ¼ÀÁ¼ËÁÏÊ ËÏË¼ÎÂ � ª�� ' ��+)' v = (vi,j,k)

� ' �¯� �+) ���� ' Ç

TV (v) =
∑

i,j,k

∆y∆z|vi+1,j,k − vi,j,k| + ∆x∆z|vi,j+1,k − vi,j,k| + ∆y∆z|vi,j,k+1 − vi,j,k|

úY �Ý�Ý�ü

ØÈ
ÊÁËÁÏÊ � ���� � �� ÊÏÀÉÂ L1 ÃÁÆÄÀ�ËÂ � ' �¯��)' ��* ||v||L1(h) = h3
∑

i,j,k |vi,j,k|
&�*�²� ' ∆x = ∆y = ∆z = h

¬



�

ØÈ
ÊÁËÁÏÊ � ���6 � Ô� � �- ¯� � '�) ��� 9 �+

TV (vn+1) ≤ TV (vn) úY �Ý�Ý�ü

� ��* n = 0,1,2,...
¬

ÖÅÈÏÀ�ÉÂ � ���� � Ô� � �- ¯� � � ���)�� ' '�) ��� ¬
ÖÅÈÏÀ�ÉÂ � ���� � � ��� &' ��� � ª�� ' � '�&' �+� '��+�� ���)+�&' +& � ª� � ��� �'
*'�)*+�)+�� ��* & ª�*�*' �' � *¯�+�+�� � ª�� � �- ¯� � ��� ¬ ����� �� ') �' �'²� ' ��)
� ��)*¯ ²� ª�� � �- ¯� � ��� ´+�+� '��+��� '& '�) �� � &�� � *¯�+� � ª�*�*' � �� � '��
�' &� � �*� ' L1 �+� �*±)' 0��1 ¬
� ÂÉ¼À�ÍÂ � ���� � �� � '�) � ' �'� ���'* ���� '�) ����)*�+*' �� � �- ¯� � � ª�*�*'
¯&'�¯¬ Ð � ( �+)� +& ( ��) ����)*�+*' '�� &+�+)'� '�) �� � �- ¯� � ²�+ '�) &� � ��� ' � ª��
� �- ¯� � � ���)�� ' �� ��� ') � ª�� )'*� ' �' � '���� �*�*'¬ � ª+�¯' '�) &� ��+���)'
0�n Ç �� Ç �� Ç �61 Ç

Þ �' � �- ¯� � )�)�& � ª'�) � �� ( �*�¯� '�) ��� ���* )��)'� &'� ��� ´+��+� ���
� ���+´&'� �� � �- ¯� � � ���)�� ' ') �� )'*� ' � ª�*�*' �® +& ( ��) ��� � )*���'*
&'� ��� ´+��+� ��� ��� +��+´&'� ²�+ *'�)*'+,� '�) &' � �- ¯� � ° �� ' æÝ �� ' ��� ç¬

Þ «�� �+� ���)+��+)¯�� &' � �- ¯� � *')�� ´' ��* �� � �- ¯� � � ���)�� ' � ª�*�*'
�¬

¡rgk fXk frojWiWrok ¢ ro ���hX j �go kfmUs � j �r�j�X �g�kW�jXg� rg ¢ Xofr�X ¢
j �r�j�X Y ��Xk�gX ���irgi � Úh T�gi jrof �Xfrg�W� ¤ fXi ��iW�fX � rg� � rgVrW� �g¨�
s XoiX� h �r�j�X j �go kfmUs � � £rgk �hhrok s roi�X� ¢ Xo goX jWs XokWro k��iW�hX ¢

c � ��&$2 �$%,$&,�) !,( ,) ,/+,)	



��

frssXoi frs�WoX� go kfmUs � sroriroX úhWoU�W�Xü Xi go iX�s X jX kXfroj r�j�X
úhWoU�W�Xü �rg� r�iXoW� h �r�j�X �g�kW�jXg� � ªrg� frssXofX� Wh orgk T�gi hX hXssX
kgWV�oi t
»ÂÉÉÂ � ����� � �+) L �� �� ¯*�)'�* ²�+ � '�) ú)*' � +� � ��� &� ( �*� '

Lvi = vi + ci+1/2∆+vi − di−1/2∆−vi,
úY �Ý�Ý�ü

�ß ∆+vi = vi+1 − vi
') ∆−vi = vi − vi−1

� �&�*� +& ��)+�( �+) &� � *�� *+¯)¯ ��� '�
�� ' �+� '��+�� ���)+�&' �+ ∀i ∈ N

&'� ��'µ �+'�)� ci+1/2
') di+1/2

� ��) � ��+)+( � ')
²� ' &� � ��� ' �' �'� �'�� �'*�+'*� � �+) +�( ¯*+'�*' ° 1 ci+1/2 + di+1/2 ≤ 1® ¬
ØÈ
ÊÁËÁÏÊ � ���7 � �� �+) � ª�� � �- ¯� � � ª̄ �*+���) vn+1

i = Lvn
i
L = � ¬�¬�
®®

²� ª+& '�) � ��� �ÏÀÉÂ ÁÊÄÀÈÉÂÊË¼ÎÂ ¬
��ok fX �gW V� kgWV�X λ jUkW¨oX�� ∆t

h
ú¤ oX ��k froTroj�X �VXf goX V�hXg�

��r��Xü � £rgk �hhrok frokWjU�X� � rg� hX ��r�hns X kf�h�W�X hWoU�W�X úY �Ý�Ýü �q�oi
�rg� TrofiWro jX ±g� f(u) = au úa > 0ü hX kfmUs � t

vn+1
i = vn

i − λa∆−v
n
i − λa

2
(1 − λa)∆−(φ(ri)∆+v

n
i ) úY �Ý�Ý�ü

�Xk Y ��Xs WX�k iX�s Xk jg s Xs��X jX j�rWiX �X��UkXoiXoi hX kfmUs � jUfXoi�U �sroi
Xi hX jX�oWX� iX�s X goX fr��XfiWro j �r�j�X Y � φ �rg���Wi ¥i�X frokWjU�U frssX go
jUiXfiXg� jX jWkfroiWogWiU rg hWs WiXg� �gW jU� Xoj jXk ����r�ik jXk jW©U�XofXk
∆−

Xi ∆+
úφ = φ(∆+ui,∆−ui) = φ(ri = ∆+ui/∆−ui)

ü � ri
Xki mXg�WkiW�gXsXoi

hX jUiXfiXg� j �rkfWhh�iWrok � ¡W ri < 0
VWkW� hXs Xoi ¢ orgk krssXk Xo ��UkXofX j �goX



�Z

rkfWhh�iWro ¢ Xi Wh T�gj�� jrof Ws�rkX� φ = 0 � �rof ¢ orgk i�rgVrok φ ≥ 0 �rg�
ri ≥ 0 Xi j�ok hX f�k ri < 0 ro Ws�rkX�� φ = 0 �
� ÂÉ¼À�ÍÂ � ���� � �' �- �+� φ ≥ 0 &�*�²� ' ri ≥ 0 '�) +�� �� ¯ ��* �� '´� �- �+�+) �'
*')*�� �- '* �' &� �+� ���+)¯ ��� ¯*+²� ' �� � �- ¯� � �� ��)¬ Ð� 'Õ ')� '� �¯� �+����)

a+ ') a− ��* a+ = 1/2(a + |a|) ') a− = 1/2(a − |a|)� &' �- ¯� � �� ��) � ª̄ �*+)
a > 0® Ç

vn+1
i = vn

i − λa

2
(vn

i+1 − vn
i−1) +

λa

2
(vn

i+1 − 2vn
i + vn

i−1)
úY �Ý�Ýü

�' )'*� ' &' � &�� ° �*�+)' *'� *¯� '�)' &� �+� ���+)¯ ��� ¯*+²� ' �� � �- ¯� � �� ��)¬
�' )'*� ' � ª�*�*' � � ¬�¬��® �- �+�+ � �* �� '´� *'� *¯� '�)' �� ' æ��)+��+� ���+)¯ ç ��
æ��)+��+Õ ��+��ç ��� ¯*+²� ' � ª�ß &' �- �+� φ ≥ 0 � ��* ri ≥ 0 ') � �� φ ≤ 0 � ��*

ri ≥ 0
¬

¬oX �gi�X frojWiWro kX��Wi jX i�rgVX� �rg� �gXhhXk V�hXg�k jX φ hX kfmUs �
úY �Ý�Ý�ü Xki � � � °o sXii�oi úY �Ý�Ý�ü krgk Tr�s X Wof�Us Xoi�hX ¢ ro i�rgVX �gX φ
jrWi k�iWkT�W�X h� frojWiWiro

0 ≤
{
φ(r)

r
,φ(r)

}
≤ 2, r ≥ 0 úY �Ý�Ý�ü

kW h� frojWiWro jX le� aλ ≤ 1 Xki �Xk� XfiUX � ¬oX jX�oWn�X frojWiWro Xki �gX
hX kfmUs � jrWi ¥i�X jg kXfroj r�j�X �rg� fX�i�Wok φ � ®o �Xgi frokWjU�X� goX
frs�Wo�Wkro froVX�X jX Y kfmUs �k j �r�j�X Y ú�gW oX kroi ��k Tr�fUs Xoi � � à
sroriroXkü t

φ(r) = [1 − ψ(r)]φLW (r) + ψ(r)φWB(r), ψ ∈ C0,1(R,[0,1]) úY �Ý�YZü



�Ý

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �2

r

(r)θ

1

óFô B ~ B÷ B §U¨Wro � �

                                                                                                                        

� � � � � � � � � � � � � � �� � � � � � � � � � � � � � �� � � � � � � � � � � � � � �� � � � � � � � � � � � � � �� � � � � � � � � � � � � � �� � � � � � � � � � � � � � �� � � � � � � � � � � � � � �� � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

r

(r)θ

1

1

óFô B ~ B� B §U¨Wro j �r�j�X Y

r4 φLW (r) Xki hX frXÏ fWXoi �g �Wh T�gi �rg� �gX úY �Ý�Ý�ü irs�X kg� hX kfmUs � jX
����8Xoj�r© Xi φWB(r) fXhg W �gW i��okTr�s X úY �Ý�Ý�ü Xo kfmUs � jX 8��s Wo¨
Xi þX�s úφLW = 1 Xi φWB = r �Xk� XfiWVXs Xoiü � °o WoiX�kXfi�oi hXk �U¨Wrok jg
�h�o (r,φ) �gW fr��Xk�rojXoi �g� frojWiWrok kg� φ ¢ orgk r�iXorok h� �U¨Wro � �
j �r�j�X Y �gX jXV�� �Xk� XfiX� hX hWs WiXg� φ �



�Y

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

1

2

1

θ(r)

r

óFô B ~ B� B §U¨Wro � � j �r�j�X Y

� ���� � »ÁÉ ÁËÂÍÀÆ

ØÈ
ÊÁËÁÏÊ � ���n � � ��� ��� '&'*��� ÎÁÉ ÁËÂÍÀ )��)' ( �� �)+�� φ ���� *+� ' ���� &�
*¯, +�� ��� � ª�*�*' � ¬
 rWfW �gXh�gXk X�Xs�hXk jX hWs WiXg�k t

É ÁÊÉÏÃ t φmm(r) = max{0,min{r,1}}
ÆÍÐÂÀ	 ÂÂ t φsb(r) = max{0,min{2r,1},min{r,2}}
×¼Ê ! Î	¼Ã¼ t φva(r) = r2+r

1+r2

×¼Ê »ÂÂÀ t φvl(r) = 2r
1+|r|

ÕÅ¼}À¼Ñ¼ÀËÅä ÂË �ÆÅÂÀ t φco(r) = max{0,min{r,β}} 1 ≤ β ≤ 2 �
¡ÛX�q r�iWXoi j�ok go froiX�iX �hgk ¨UoU��h úhX f�k oro�hWoU�W�Xü fXiiX �U¨Wro

� � j �r�j�X Y 0�n1 � Úh jXVWXoi i�nk UVWjXoi �g ��g� X�i�¥s �k hX kfmUs � Xki frs�
��iW� hX s �Wk j �r�j�X Ý kXghXs Xoi � �rof ¢ ro oX �Xgi ���hX� ¢ Xofr�X goX TrWk ¢ jX
kfmUs � j �r�j�X Y s �Wk �g�kW�jXg� �
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¬oX iXfmoW�gX frofX�igXhhXs Xoi �hgk kWs �hX �rg� r�iXoW� go kfmUs � j �r�j�X Y
frokWkiX ¤ �Xfroki�gW�X ¢ ¤ ���iW� j �goX krhgiWro froki�oiX ��� fXhhg hX ¢ goX TrofiWro
hWoU�W�X úrg s¥sX �g�j��iW�gXü ��� sr�fX�g� Xi j �giWhWkX� fXiiX �Xfroki�gfiWro
j�ok hX kfmUs � j �r�W¨WoX jU�oW � rg� jXk froki�oiXk ��� fXhhg hXk �

¡W gi+1/2(vi,vi+1)
Xki hX ±g� ogsU�W�gX j �go kfmUs � j �r�j�X Ý

vn+1
i = vn

i − ∆t

h
{gi+1/2(vi,vi+1) − gi−1/2(vi−1,vi)} úY �Ý�Y Ýü

�hr�k ro r�iWXoi go kfmUs � j �r�j�X Y Xo Xk��fX Xo h ����hW�g�oi �g� V�hXg� X�i���
�rhUXk �g� WoiX�T�fXk frssgoXk jXk fXhhg hXk Ci−1,Ci,Ci+1

t

vn+1
i = vn

i − ∆t

h
{gi+1/2(v

L
i+1/2,v

R
i+1/2) − gi−1/2(v

L
i−1/2,v

R
i−1/2)} úY �Ý�YYü

r4 hXk vL
i±1/2,v

R
i±1/2

kroi jXk X�i��� rh�iWrok hWoU�W�Xk p gk�g ��g� WoiX�T�fXk jXk fXh�
hghXk � lrof�niXs Xoi ro �Xgi ��� X�Xs�hX fmrWkW� jX ��rfUjX� ¤ goX X�i���rh�iWro
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hWoU�W�X goWh�iU��hX ¤ h �WoiX�T�fX xi+1/2
t

vL
i+1/2 = vi +

1

2
(ui − ui−1)

úY �Ý�Y¯ü

�X f�k �hgk ¨UoU��h Xki fXhg W jX h� �Xfroki�gfiWro �gW ��UkX�VX h� sroriroWfWiU jX h�
krhgiWro �Xfroki�gWiX � ÚoigWiWVXs Xoi kW hXk froki�oiXk ��� fXhhg hXk orgk ��rVWXooXoi
j �go kfmUs � sroriroX à � � Xi kW hX ��r fXkkgk jX �Xfroki�gfiWro o �Woi�rjgWi ��k
jX orgVX�g� X�i�¥s �k úrkfWhh�iWrokü j�ok fXiiX orgVXhhX krhgiWro �Xfroki�gWiX �hr�k
orgk r�iXorok go kfmUs � j �r�j�X Y úXo Xk��fXü �

vL
i−1/2 = vi−1 +

1

2
φ(ri−1)(ui−1 − ui−2),

úY �Ý�Y�ü

r4 φ(ri−1)
Xki o �Ws�r�iX �gXh hWs WiXg� froki�gWi j�ok h� �U¨Wro jX h� �¨g�X Y �� �
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t = tn+1/2
¬ Ð���+)'� �� ��&��&' uL,uR '� tn+1/2 ���� � ¬�¬��® ¬

�� frs�Wo�Wkro jX h� iXfmoW�gX «¬¡l� Xi jX h �giWhWk�iWro j �go ��k ��UjWfiXg��
fr��XfiXg� �VXf hX kfmUs � sroriroX jUf�hU jX ����e�WXj�Wfmk frojgWi Xo Ý� �g
kfmUs � jX £Xkkq�mg���jsr� ¢ Xi Xo ¯� ¤ go kfmUs � j �r�j�X Y Xo s�Whh�¨X f��iUkWXo
jroi h� froki�gfiWro TX�� h �r�p Xi jg fm��Wi�X kgWV�oi �
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£rgk ��UkXoirok goX X�iXokWro i�W�j Ws XokWrooXhhX jXk kfmUs �k jX ����e�WXj�Wfmk
Xi jX £Xkkq�mg���jsr� Xo goX jWs XokWro k��iW�hX kg� jXk s �Whh�¨Xk f��iUkWXok �
�X kfmUs � fXoi�U oro�rkfWhh�irW�X �g� jW©U�XofXk �oWXk jX £Xkkq�mg Xi ��jsr� ¢
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j�ok hX�gXh h� krhgiWro jXk ��r�hns Xk jX §WXs �oo Xki UVWiUX ¨�fX �g kfmUs �
jUf�hU jX ����e�WXj�Wfmk ¢ Xki ¨UoU��hWkU ¢ WfW ¢ ¤ go kfmUs � ¤ Y ��k ¢ oro�rkfWhh�irW�X ¢
i�W�j Ws XokWrooXh jX iq� X VrhgsXk �oWk �

�Xk WoiX�� rh�oik hWoU�W�Xk ��� s r�fX�g� ¢ giWhWk�oi �hgkWXg�k iXfmoW�gXk jX hW�
s Wi�iWrok jX iq� X V�o �XX� �rg� XkiWs X� hXk ¨��jWXoik úV�o �XX� ¢ V�o � h��j� ¢
¡g�X�þXX ¢ « Wosrjü ¢ frojgWkXoi ¤ go kfmUs � oro�rkfWhh�irW�X j �r�j�X k��iW�h kg�
� U�WXg� ¤ Ý� �X T�Wi �gX h �r�j�X Y oX krWi ��k �iiXWoi Xo ¯� Xki ��Xs Wn�Xs Xoi �o�hqkU
Xo frokWjU��oi go kXfroj s�Whh�¨X jg�h úXo Y� ü ¢ Xi Xo giWhWk�oi hX hWs WiXg� r�W¨Wo�h
jX V�o � h��j� Xo ¯� �

�Xk �Ukghi�ik ogsU�W�gXk �rg� h �U�g�iWro j ��jVXfiWro hWoU�W�X �rg� jXk jro�
oUXk Wo WiW�hXk froiWogXk Xi jWkfroiWogXk Xo Y Xi ¯� sroi�Xoi h� ��UfWkWro Xi h�
ki��WhWiU jX h� s UimrjX � ¬oX frs����Wkro Xki T�WiX Xoi�X hX kfmUs � Y� j �� �s Wop ro�
¡i�oXkfg�  W�hhro ¢ fXhgW jX ùW�o¨���jsr� Xi h� orgVXhhX Tr�sgh�iWro � ¬oX orgVXhhX
s UimrjX kWs�hX jX ��rp XfiWro �rg� hXk ¨��jWXoik Xki giWhWkUX j�ok hX orgVX�g
kfmXs � Y� � £rgk Wofhgrok �gkkW jXk iXkik Xo ¯� �rg� hXk U�g�iWrok j �°ghX� ú��r�
�hns X jX h� s ��fmX sroi�oiXü �

Û ÃÛ Ã "£¶µâÌ·µ
8X ��XkXoi � ¯� �oWiX VrhgsX ¨XoX��hWý�iWro rT imX Ý�jWs XokWro�h ����e�WXj�Wfmk

�oj £Xkkq�mg���jsr� kfmXsXk Tr� mq�X�� rhWf X�g�iWrok ro l��iXkW�o ¨�Wjk � �mX
oro�rkfWhh�ir�q fXoi��h j W©X�XofX kfmXsX rT £Xkkq�mg �oj ��jsr� ¢ Wo ÛmWfm imX
�XkrhgiWro rT imX § WXs �oo ��r�hXs �i imX fXhh WoiX�T�fXk Wk �q���kkXj im�oÜk ir
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imX gkX rT imX ki�¨¨X�Xj ����e�WXj�Wfmk kfmXsX ¢ Wk X�iXojXj mX�X ir � iÛr�kiX� ¢
i�W�j Ws XokWro�h oro�rkfWhh�ir�q fXoiX�Xj kfmXsX Wo �oWiX VrhgsX Tr�sgh�iWro �

ª WXfXÛ WkX hWoX�� fXhh WoiX��rh�oik gkWo¨ kXVX��h V�o �XX��iq� X hWs WiWo¨ iXfm�
oW�gXk ir XkiWs �iX imX ¨��jWXoi úV�o �XX� ¢ V�o � h��j� ¢ ¡g� X�þXX ¢ « Wo«rjü ¢ hX�j
ir � oro�rkfWhh�ir�q k��iW�h �XkrhgiWro rT r�jX� kg�X�Wr� ir Ý� �mX T�fi im�i imX
X��XfiXj kXfroj�r�jX� �XkrhgiWro Wk ori Tg hhq �ii�WoXj Wo ¯� Wk WoVXkiW¨�iXj ��ki �q
frokWjX�Wo¨ �o �hiX�o�iX jg�h ¨�Wj úWo Y� ü ¢ �oj �q gkWo¨ imX r�W¨Wo�h V�o � h��j�
hWs WiX� Wo ¯� �

£gs X�Wf�h �Xkghik Tr� � hWoX�� �jVXfiWro ��r�hXs Û Wim froiWogrgk �oj jWkfro�
iWogrgk Wo WiW�h frojWiWrok Wo Y� �oj ¯� kmrÛ imX �ffg��fq �oj ki��WhWiq rT imX
s Ximrj � � frs���Wkro Wk s �jX �XiÛXXo imX Y� ��s Wop ro�¡i�oXkfg�  W�hhro �oj
ùW�o¨� ��jsr� Tr�sgh�iWrok �oj imX oXÛ roX � � oXÛ kWs�hX ��rp XfiWro s Ximrj
Wk gkXj Tr� imX ¨��jWXoik Wo imX oXÛ Y� kfmXsX � 8X �hkr WofhgjX �Xkghik Tr� imX
¯� °ghX� kqkiXs úfm�ooXh Û Wim � Tr�Û��j T�fWo¨ kiX�ü �

Û Ãá Ã Ä¡µâ´ã¤·µ ¢´¡
�mX oro�rkfWhh�ir�q fXoi��h j W©X�XofX kfmXs X rT £Xkkq�mg �oj ��jsr� s�q

�X WoiX���XiXj �k � ¦rjgorV�iq� X kfmXsX Tr� roX�jWs XokWro�h mq�X�� rhWf frokX��
V�iWro h�Û k Wo ÛmWfm imX �XkrhgiWro rT imX § WXs �oo ��r�hXs k �i imX fXhh WoiX�T�fXk
Wk �q���kkXj im�oÜk ir imX gkX rT imX ki�¨¨X�Xj ����e�WXj�Wfmk kfmXs X � ªWXfXÛ WkX
hWoX�� «¬¡l��iq�X fXhh WoiX�� rh�oik �oj khr� X hWs WiX�k hX�j ir �o rkfWhh�iWro�T�XX
kXfroj�r�jX� �XkrhgiWro �
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Úo X��hWX� ��� X�k 071 0n1 061 ÛX ��XkXoiXj � iÛr� jWs XokWro�h �oWiX VrhgsX s X�
imrj ¨XoX��hWýWo¨ imX roX�jWs XokWro�h ����e�WXj�Wfmk 0��1 �oj £Xkkq�mg � ��jsr�
0��1 jW©X�XofX kfmXsXk Tr� mq�X�� rhWf frokX�V�iWro h�Û k ir goki�gfig�Xj i�W�o¨g�
h�� ¨�Wjk ¢ ÛmWhX Wo 0� Ç �1 ÛX froki�gfiXj � fr��Xk�rojWo¨ X�iXokWro Wo imX f�kX
rT Y�jWs XokWro�h l��iXkW�o ¨�Wjk � �mXkX 2fXoi��h3 �oWiX VrhgsX sXimrjk km��X
Û Wim imX ����e�WXj�Wfmk �oj £Xkkq�mg���jsr� kfmXsXk imX iÛr �jV�oi�¨Xk rT
�VrWjWo¨ imX �XkrhgiWro rT § WXs �oo ��r�hXs k �i imX fXhh WoiX�T�fXk ¢ �oj �XWo¨
oro�rkfWhh�ir�q�

Úo 0�71 ¢ ùW�o¨ �oj ��jsr� m�VX ��XkXoiXj � khW¨mihq jW©X�Xoi X�iXokWro ir iÛr�
jWs XokWro�h l��iXkW�o ¨�Wjk = imX jW©X�XofX � XiÛXXo �rim X�iXokWrok Tr� �Xfi�o�
¨gh�� ¨�Wjk Wk im�i Wo 0�1 ¢ imX «¬¡l� ú«roriroWf ¬�ki�X�s�fXoiX�Xj ¡fmXs X Tr�
lrokX�V�iWro ��Û kü V��W��hX X�i��� rh�iWro ú��Xfroki�gfiWro iXfmoW�gX �ü 0��1 ¢0��1
Wk ���hWXj � rim ir imX VXfir� rT frokX�V�iWVX V��W��hXk �oj ir imX ±g�Xk ¢ ÛmWhX
Wo 0�71 ¢ Wi Wk rohq gkXj Tr� imX frokX�V�iWVX V��W��hXk � � hh imXkX X�iXokWrok ir Y�
jWs XokWro�h ��r�hXs k hX�j ir oro�rkfWhh�ir�q¢ XkkXoiW�hhq kXfroj�r�jX� �ffg��iX
�oWiX VrhgsX sXimrjk �

Úo imWk ���X� ¢ ÛX ��ki ��XkXoi � �oWiX Vrhgs X X�iXokWro rT imX ��ki�r�jX�
�ffg��iX ����e�WXj�Wfmk kfmXs X ir im�XX�jWs XokWro�h l��iXkW�o ¨�Wjk ¢ �oj kmrÛ
im�i imX oXÛ kfmXs X Wk s roriroX gojX� �o ����r��W�iX le� frojWiWro � 8X imXo
froki�gfi imX fr��Xk� rojWo¨ X�iXokWro rT imX £Xkkq�mg���jsr� jW©X�XofX kfmXs X
ir � oro�rkfWhh�ir�q �oWiX Vrhgs X s Ximrj Tr� ¯�jWs XokWro�h ki�¨¨X�Xj l��iXkW�o
¨�Wjk ¢ ÛmWfm kmrghj Wo ��WofW�hX � X kXfroj�r�jX� �ffg��iX �



�Z

�k rg� ��ki ogs X�Wf�h X�� X�Ws Xoik WojWf�iXj r�jX�k � XiÛXXo 0.8 �oj 1.3 ¢ ÛX
WoVXkiW¨�iXj iÛr �VXogXk ir i�q �oj �XfrVX� �g�kW�kXfroj r�jX� �ffg��fq� e W�ki Wo
im�XX jWs XokWrok ¢ WT ÛX ���hq imX kWs �hW�Xj Tr�s rT imX V�o � h��j� hWs WiX� Wo
imX frs�gi�iWro rT imX ��XjWfir� ¢ �oj �oq �X�kro��hX hWs WiX� Tr� imX ¨��jWXoi rT
imX �WXfXÛ WkX hWoX�� �Xfroki�gfiWro �i iWs X tn ¢ ÛX r�i�Wo �ffg��fq r�jX�k � XiÛXXo
0.7 �oj 1.86

jX�XojWo¨ ro imX fmrWfX rT imX hWs WiX� Tr� imX �Xfroki�gfiWro kiX� �
� hiX�o�iXhq¢ WT ÛX ���hq¢ �k kg¨¨XkiXj �q  XoÜ�i�Ü�Wkmo�o 0��1 ¢ imX �*+, +��& V�o
� h��j� hWs WiX� 0�n1 ¢ � rim ir imX �Xfroki�gfiWro �i iWs X tn �oj ir imX ��XjWfir�
�i tn+1/2 ¢ ÛX r�i�Wo kXfroj�r�jX� �XkrhgiWro ¢ Wo imX L1

or�s ¢ Tr� �o ����r��W�iX
fmrWfX rT imX ����sXiX� � úkXX 0��1 �oj kXfiWro ú¯ �� ��üü � ¬oTr�igo�iXhq¢ ÛX imXo
hrkX ki�Wfi sroriroWfWiq ��XkX�V�iWro ¢ �oj ¨Xi ks �hh rkfWhh�iWrok Wo frs�gi�iWro�hhq
kXokWiWVX �X¨Wrok X �¨ � oX�� imX kg� X�kroWf Wo hXi ¢ �k Û�k imX f�kX Wo 0��1 � �mWk Wk
f�gkXj �q imX T�fi im�i imX kfmXsX hX�VXk imX �Xfroki�gfiWro ¨��jWXoik gohWs WiXj
r� �hsrki gohWs WiXj Wo imX oX���froki�oi �X¨Wrok ¢ �k r�kX�VXj �q  XoÜ�i�Ü�Wkmo�o
0��1 � lmrrkWo¨ imX ks �hhXki V�hgX rT � frs��iW�hX Û Wim kXfroj�r�jX� �ffg��fq
�hhrÛ k imX hWs WiX� ir �Xs �Wo �fiWVX oX��hq XVX�qÛmX�X X�fX�i Wo �X¨Wrok ÛmX�X imX
krhgiWro Wk i�ghq froki�oi ¢ �oj imgk hX�jk ir oX��hq � X�TXfihq srorirorgk ��r� hXk
ÛmX�X oXXjXj �

®g� kXfroj �Xhj rT WoVXkiW¨�iWro ¢ �k �X¨��jk imX �XfrVX�q rT kXfroj�r�jX� �ffg�
��fq ��� ��XkX�V�iWro rT s roriroWfWiq Û�k �Xh�iXj Û Wim rg� X��hWX� froki�gfiWro
0�1 ¢ Tr� Y�jWs XokWro�h l��iXkW�o ¨�Wjk ¢ rT � �oWiX VrhgsX ¨XoX��hWý�iWro rT imX
����e�WXj�Wfmk ú�eü �oj £Xkkq�mg���jsr� ú£� ü kfmXs Xk � �mWk ¨XoX��hWý�iWro ¢
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Tr� l��iXkW�o ¨�Wjk ¢ Wk ori imX jW�Xfi i��ok�rkWiWro ir �Xfi�o¨gh�� ¨�Wjk rT rg� X���
hWX� ¨XoX��hWý�iWro rT imX �e �oj £� kfmXsXk ir goki�gfig�Xj i�W�o¨gh�� ¨�Wjk 071
0n1 = WojXXj Wi TX�ig�Xk fXhhk ¢ � rim Tr� imX r�W¨Wo�h �oj jg�h ¨�Wj ¢ Û Wim kWjXk ����hhXh
ir imX � ¢ q ��Xk ú�¨g�X ú¯ �Ý hXTiüü ¢ ÛmWhX Tr� imX jW�Xfi �o�hr¨rgk ir rg� i�W�o¨gh��
kfmXs X ¢ imX �hiX�o�iX �g�j�Wh�iX��h fXhhk Llm

rT imX jg�h ¨�Wj kmrghj Wo T�fi � X
�´&+²� '¢ Û Wim kWjXk s �ÜWo¨ 45

jX¨�XX �o¨hXk Û Wim imX kWjXk rT imX r�W¨Wo�h fXhh Cij

úkXX �¨g�X ú¯ �Ý �W¨miü kmrÛ Wo¨ imX jg�h fXhh Lij
ü �

Cij Ci+1,j

Ci+1,j+1Ci,j+1

Lij
Ci,j

Lij
Ci+1,j

óFô B ÷ BrB Y� jg�h fXhhk � �XTi t r�W¨Wo�h Tr�s úoro�r�hW�gXü �W¨mi t
r�hW�gX f�kX

�mWk ����r�fm m�k � XXo ��XkXoiXj Wo 0� Ç �1 ¢ �oj m�k �hkr � XXo frokWjX�Xj ¢
WojX� XojXoihq¢ �q � �ik�rgoWk �oj �XVq 0�n1 = roX rT imX iXkik ��XkXoiXj Wo 0�n1
Wk imX k�s X �k rg� ��ki ogsX�Wf�h iXki mX�X ¢ Wok�W�Xj T�rs 0�71 ¢ �oj �Xkghik ��X
frs�����hX kWofX �rim kfmXsXk ��X VX�q kWs Wh�� � 8 Wim imWk oXÛ �r�hW�gX � VX�kWro
rT rg� Y�jWs XokWro�h �oWiX VrhgsX X�iXokWrok rT imX ����e�WXj�Wfmk �oj £Xkkq�mg�
��jsr� kfmXs Xk ir ki�¨¨X�Xj l��iXkW�o ¨�Wjk ¢ ÛX r�i�Wo kXfroj�r�jX� �ffg��fq



�Y

úTr� froiWogrgk krhgiWrokü �oj sroriroWfWiq ��XkX�V�iWro ¢ ��rVWjXj im�i ÛX gkX
ki�oj��j hWs WiX�k ¢ Û Wimrgi m�VWo¨ ir ���hq imX r�W¨Wo�h r� srjW�Xj V�o � h��j�
hWs WiX� �

Úo � Tr�imfrs Wo¨ ���X� ¢ ÛX s W¨mi X�iXoj imWk oXÛ �r�hW�gX jg�h ¨�Wj � ���
��r�fm ir imX fr��Xk�rojWo¨ ¯�jWs XokWro�h �oWiX Vrhgs X s Ximrj Û Wim r�hW�gX
jg�h fXhhk ¢ �oj kmrÛ im�i ÛX �¨�Wo r�i�Wo ¢ Wo imX f�kX rT � hWoX�� �jVXfiWro ��r�
�hXs Û Wim froiWogrgk Wo WiW�h TgofiWro ¢ kXfroj r�jX� �ffg��fq �oj sroriroWfWiq
��XkX�V�iWro Û Wimrgi m�VWo¨ ir �Xkr�i ir k� XfW�h hWs WiX�k kgfm �k imX r�W¨Wo�h V�o
� h��j� hWs WiX� ¢ �oj kWs�hq ���hqWo¨ imX ¯�jWs XokWro�h �o�hr¨ rT imX ki�oj��j hW�
s WiX�k kgffXkkTg hhq gkXj Û Wim �rim Y�jWs XokWro�h l��iXkW�o VX�kWrok úoro r�hW�gX
jg�h �Xfi�o¨gh�� fXhhk 0�1 ¢ r�hW�gX jg�h fXhhk �k jXkf�W� Xj Wo kg�kXfiWro ¯ �� rT imWk
���X�ü rT imX Y�jWs XokWro�h �oWiX Vrhgs X sXimrj Tr� l��iXkW�o ¨�Wjk � §X¨��jWo¨
imX �fig�h �ffg��fq roX kmrghj X��Xfi ir r�i�Wo ¢ hXi gk r�kX�VX mX�X im�i Wo imX
f�kX rT � orohWoX�� mq� X��rhWf X�g�iWro Û Wim � újWkfroiWogrgkü Wo WiW�h TgofiWro
u0 ∈ L∞(Rd)∩BVloc(R

d) ¢ �gXimX� 0� � Ç ��1 m�k �XfXoihq ��rVXj �o X��r� XkiWs �iX
rT r�jX� Z �Y� Tr� imX ����e�WXj�Wfmk�iq� X �oWiX Vrhgs X kfmXs X ro goki�gfig�Xj
¨�Wjk ¢ ÛmWfm Wk ori r�iWs �h = Wi Û�k WojXXj �XfXoihq ��rVXj �q ¡���f 0��1 im�i h1/2

Wk r�iWs �h Tr� ��ki�r�jX� kfmXsXk � er� kXfroj�r�jX� kfmXs Xk ¢ Wi Wk ��XkXoihq � XhWX�
VXj à frop Xfig�Xj im�i h1 Wk r�iWs �h � �gXimX� �k ��rrT rT imX h1/4�X��r� XkiWs �iX
Wk Wok�W�Xj T�rs imX Ûr�Ü rT û��kjroÜ ¢ � �r XoX� �oj §rmjX 0��1 �

ÚokiX�j rT srjWTq Wo¨ imX ki�¨¨X�Xjàjg�h fXhhk ¢ �orimX� �rkkW�hX ����r�fm frokWk�
iWo¨ rT srjWTq Wo¨ imX ogsX�Wf�h ±g� �q gkWo¨ �o Ws��rVXj �g�j��ig�X Tr�sgh�
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Tr� imX ±g�Xk �f�rkk imX � rgoj��WXk rT imX fXhhk m�k �XfXoihq � XXo ��r�rkXj �q
�WX �oj £rXhhX 0��1 � �mXW� kfmXs X Wk hXkk kXokWiWVX ir ¨�Wj r�WXoi�iWro X©Xfik �oj
hX�jk ir �o Ws��rVXj ��XkX�V�iWro rT kqssXi�WXk �k frs���Xj Û Wim imX r�W¨Wo�h
kfmXs X frokWjX�Xj mX�X �oj Wo 0� Ç �1 �oj 0�71 �

8X m�VX �XfXoihq ��r�rkXj � oXÛ VX�kWro Tr� Ý �oj Y�jWs XokWro�h l��iXkW�o
¨�Wjk �oj ¯�jWs XokWro�h goki�gfig�Xj iXi��mXj��h ¨�Wjk ¢ ÛmX�X � oXÛ ����r�fm
ir frs�giX imX ±g� �hhrÛ k ir �q��kk imX ��XjWfir� kiX� gkXj Wo �hh rT imX ��rVX
kfmXsXk ¢ imgk kg�ki�oiW�hhq �XjgfWo¨ frs�giWo¨ iWs Xk 0�1 �

�mX r�¨�oWý�iWro rT imWk ���X� Wk �k TrhhrÛ k � Úo kXfiWro ¯ �� ¢ ÛX jXkf�W� X rg�
¯�jWs XokWro�h fXoi��h �oWiX VrhgsX sXimrjk rT ��ki �oj kXfroj r�jX� �ffg��fq¢
ÛmWfm ¨XoX��hWýX imX �e �oj £� kfmXsXk ¢ �Xk� XfiWVXhq� �mX jg�h fXhhk gkXj mX�X
m�VX kWjXk ����hhXh ir imX frr�jWo�iX ��Xk ¢ �k Wo 0�1 � �mX ��ki�r�jX� �ffg��iX ����
e�WXj�Wfmk�iq� X �oWiX Vrhgs X s Ximrj Wk kmrÛo ir � X � ���)�� ' gojX� �o ����r�
��W�iX le� frojWiWro � 8X �hkr jXkf�W� X imX hWs WiX�k gkXj Wo imWk ��� X� � Úo kXfiWro
¯ �� ¢ ÛX froki�gfi imX jW�Xfi �o�hr¨rgk ¢ Tr� Y�jWs XokWro�h l��iXkW�o ¨�Wjk ¢ rT rg�
�oWiX VrhgsX ¨XoX��hWý�iWro rT imX £� kfmXs X Tr� goki�gfig�Xj i�W�o¨gh�� ¨�Wjk �
�mWk Y�jWs XokWro�h �oWiX VrhgsX sXimrj m�k r�hW�gX jg�h fXhhk � Úo kXfiWro ¯ �� ¢ ÛX
��XkXoi ogsX�Wf�h X�� X�Ws Xoik Tr� imX ¯�jWs XokWro�h s Ximrj rT kXfiWro ¯ �� �oj
Tr� imX Y�jWs XokWro�h r�hW�gX jg�h fXhh s Ximrj rT kXfiWro ¯ �� ¢ Û Wim ¢ Wo imX h�iiX�
f�kX ¢ � frs���Wkro Û Wim rg� X��hWX� Y�jWs XokWro�h �oWiX Vrhgs X sXimrj Û Wim jg�h
fXhh � rgoj��WXk ����hhXh ir imX ��Xk ¢ �oj Û Wim imX ùW�o¨���jsr� V��W�oi rT im�i
s Ximrj �
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Úo imWk kXfiWro ÛX ��WX±q jXkf�W� X mrÛ ir froki�gfi � ¯� �oWiX VrhgsX ¨XoX���

hWý�iWro rT imX £Xkkq�mg���jsr� úÝ� ü kfmXs X ro l��iXkW�o ¨�Wjk � � Y� X�iXokWro
ú�¡  ÿü ro �g�j�Wh�iX��hk ¢ TX�ig�Wo¨ oro r�hW�gX jg�h fXhhk ¢ Û�k ��ki ��r� rkXj
Wo Ý��� �q ��s Wop ro Xi �h � 0�1 � �mX �¡  �oWiX Vrhgs X sXimrj jW©X�k T�rs imX
£Xkkq�mg���jsr� kfmXsX �Xf�gkX ori rohq imX jX� XojXoi V��W��hX VXfir� ~U �gi
�hkr imX ±g�Xk ��X �Xfroki�gfiXj gkWo¨ � «¬¡l� iXfmoW�gX � erg� WiXs k ��X oXX�
jXj ir r�i�Wo imX � ¡  Tr�sgh�iWro úro ki�gfig�Xj goWTr�s mX��mXj��hkü ¢ Tr� X�fm
iWs X kiX� �

ù � fXoiX�Xj sroriroX kfmXs X ú ÛmWfm Ws�hWXk im�i imWk kfmXs X Wk rohq
��ki�r�jX�ü

ù � �Xfroki�gfiWro rT imX krhgiWro Û Wim imX «¬¡l� sXimrj ir r�i�Wo
kXfroj�r�jX� k��iW�h �ffg��fq

ù � ��XjWfir� Tr� imX ±g�Xk ¢ Tr� kXfroj�r�jX� iWs X �ffg��fq
ù � ��XfWkX le� frojWiWro ir ��XVXoi Û�VX WoiX��fiWro �XiÛXXo imX r�W¨Wo�h
�oj jg�h ¨�Wjk

�mX ��ki WiXs Wk jX�oXj Û Wim imX mXh� rT � ki�¨¨X�Xj ����e�WXj�Wfmk�iq� X ú�eü
�oWiX VrhgsX kfmXsX � �mWk kfmXs X gkXk � goWTr�s Tghhq ki�gfig�Xj mX��mXj��h ¨�Wj
Tr� imX jg�h ¨�Wj � 8X �hkr oXXj ir ��rVX im�i imWk �e�iq� X kfmXs X Wk sroriroX �

�� \%( ,)� �)_^&$)'/1._� ,$22�)
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�mX �Xfroki�gfiWro Wk imXo �X�Tr�s Xj mX�X �rim Tr� imX � rWoi V�hgXk ~Uijk
�oj Tr�

imX ±g�Xk úkXX 0�1ü � � ��XjWfir� úWo iWs Xü Wk imXo froki�gfiXj �q gkWo¨ � ��qhr�
X���okWro frs�WoXj Û Wim imX frokX�V�iWro h�Û ú¯ �� �Ýü � e Wo�hhq¢ imX le� frojWiWro
Wk frs�giXj gkWo¨ �o�hqiWf �oj ¨XrsXi�Wf ��¨gsXoik Wok�W�Xj �q û Wojs��km Xi
�h � 0��1 �oj 0n1 �

� �� ��� zÂÊÂÀÁÄ ÉÏÃÂÎ Â�Í¼ËÁÏÊ

8X frokWjX� imX ¯�jWs XokWro�h kqkiXs rT frokX�V�iWro h�Û k

~Ut + ~∇ · ~F (U) = ~Ut + ~fx + ~gy + ~hz = 0 ú¯ �� �Ýü
ÛmX�X ~U = (u1,u2,...,um)T

~F = (~f,~g,~h) = ((f 1,f 2,...,fm)T ,(g1,g2,...,gm)T ,(h1,h2,...,hm)T )

Û Wim imX WoWiW�h frojWiWro ~U(x,y,z,0) = ~U0(x,y,z)
� ¡qkiXs ú¯ �� �Ýü Û Whh � X �kkgsXj

ir �X mq�X�� rhWf Wo imX kXokX rT imX TrhhrÛ Wo¨ jX�oWiWro �
ØÈ
ÊÁËÁÏÊ � �� ��� �- ' ���)'� �¬ò¬�® +� ��+� )� ´' -�� '*´�&+� +( ��� &+� '�* ��� �
´+��)+�� �( )- ' m×m *���´+�� � �)*+�'� A(~U),B(~U),C(~U) �- '*'

~A = (A(~U),B(~U),C(~U)) = (
∂ ~f

∂~U
,
∂~g

∂~U
,
∂~h

∂~U
) ú¯ �� �Yü

-�� m *'�& '+, '���&� '� λk(~U)
��� m &+� '�*&� +��'� '��'�) *+,- ) ��� &'( ) '+, '��'��

)�*� ~r k(~U)
��� ~l k(~U)

)- �) ��)+�( �

~r i ·~l j = δij



��

¯ �� �Ý �Ý� � �)�)+���

�k imX ki�¨¨X�Xj ����e�WXj�Wfmk �oj £Xkkq�mg���jsr� kfmXsXk ��X roX� jW�
s XokWro�h iÛr kiX� kfmXsXk gkWo¨ iÛr ki�¨¨X�Xj ¨�Wjk �i �hiX�o�iX iWs X kiX�k ¢ rg�
im�XX�jWs XokWro�h �oWiX VrhgsX X�iXokWrok �hkr gkX iÛr ki�¨¨X�Xj ¨�Wjk �oj iÛr
iWs X kiX�k �

er� imX ��ki ¨�Wj ¢ imX froi�rh Vrhgs X r� fXhh Wk imX �X¨Wro Cijk = [xi− 1
2
,xi+ 1

2
]×

[yj− 1
2
,yj+ 1

2
] × [zk− 1

2
,zk+ 1

2
] ¢ ÛmWhX Tr� imX kXfroj ¨�Wj imX jg�h fXhh Û Whh � X jX�oXj

�k Lijk = [xi,xi+1] × [yj,yj+1] × [zk,zk+1]
�

� �� �� � ¿ÁÀÆË ËÁÉ Â ÆËÂÐ Ç »¿¾ËäÐÂ ÆÄÅÂÉÂ

Úo imX ��ki ú�oj Tg�imX� rjjü iWs X kiX� rT rg� ¯�jWs XokWro�h �oWiX VrhgsX
kfmXsXk ¢ ÛX ki��i T�rs WoWiW�h úr� ��XVWrgkhq r�i�WoXjü fXhh �VX��¨X V�hgXk ~UCijk

Tr�
imX fXhhk rT imX ��ki ¨�Wj ¢ �oj frs�giX fXhh �VX��¨X V�hgXk ~ULijk

Tr� imX úki�¨¨X�Xj ü
jg�h fXhhk rT imX kXfroj ¨�Wj � �mWk Wk jroX �q WoiX¨��iWo¨ ú¯ �� �Ýü ro �o X�iXojXj
froi�rh Vrhgs X Lijk×[tn,tn+1] ¢ ÛmX�X Lijk

Wk � fXhh rT imX jg�h ¨�Wj ¢ �oj �q �kkgs Wo¨
im�i ~ULijk

(tn + ∆t) Wk � WXfXÛ WkX froki�oi ro imX fXhhk rT imX kXfroj ¨�Wj � �mX
TrhhrÛ Wo¨ X�g�hWiq Wk X�kWhq VX�W�Xj Û Wim imX mXh� rT �¨g�X ú¯ �Yü ¢ kmrÛ Wo¨ jg�h
fXhh Lijk

�oj roX rT Wik frs�rkWo¨ kg� fXhhk ¢ Lijk ∩ Clmn
Wo imX ���iWfgh�� f�kX

l = i,m = j,n = k újriiXj �X¨Wro ü �

Lijk =
⋃

lmn
neighbour

Lijk ∩ Clmn
ú¯ �� �¯ü



��

ÛmX�X lmn
neighbour

sX�ok l = i,i + 1; m = j,j + 1; n = k,k + 1 �oj Wo imX kX�gXh ¢
∑
lmn

( ) ki�ojk Tr� ∑

lmn
neighbour

( ) � ¬ kWo¨ ú¯ �� �Ýü �oj ���hqWo¨ imX jWVX�¨XofX imXr�Xs ir
imX ±g� iX�s ¢ ÛX r�i�Wo

tn+1∫

tn

∫

Lijk

~UtdV dt+

tn+1∫

tn

∫

∂Lijk

~F · ~n dAdt = 0 ú¯ �� �� ü

r�
∫

Lijk

~U(x,y,z,tn+1)dV −
∫

Lijk

~U(x,y,z,tn)dV = −
tn+1∫

tn

∫

∂Lijk

~F (~U(x,y,z,t)) · ~n dAdtú¯ �� ��ü

er� � � *�)��*�'* ����*�)' ��� ��*+'�*+�-��)�� ' � ')- ��¢ imX § �û �¡ � Wk XV�hg�iXj
ú�ffr�jWo¨ ir imX hXTi �Xfi�o¨gh�� �g�j��ig�X Tr�sgh�ü �i iWs X tn ¢ gkWo¨ ú¯ �� �¯ü
�oj fXhh��VX��¨X V�hgXk t

V (Lijk)~ULijk
(tn+1) − ∑

lmn

V (Clmn ∩ Lijk)~Ulmn(tn) = −∆t

∫

∂Lijk

~F (~Un) · ~n dAú¯ �� ��ü

�mX TgofiWro V () f�hfgh�iXk imX VrhgsX rT imX �X¨Wro frssro ir imX fXhh Lijk

úkXfroj ¨�Wj ü �oj fXhh Clmn
ú��ki ¨�Wj ü � �Xi gk s XoiWro im�i imX fXhhk rT XWimX�

¨�Wj jr ori oXXj ir � X fg�Wf ¢ Wo T�fi ¢ imXq f�o � X �oq �Xfi�o¨gh�� ��Wks Wo
¯�k��fX �

er� � � '������*�'* ����*�)' � ')- �� ¨XoX��hWýWo¨ imX £� kfmXs X ¢ imX § �û �¡ �
rT ú¯ �� ��ü Wk XV�hg�iXj Û Wim imX s Wj�rWoi Tr�sgh� Tr� WoiX¨��iWro Û Wim �Xk� Xfi ir
iWs X

−
tn+1∫

tn

∫

∂Lijk

~F (~U(x,y,z,t)) · ~n dAdt ∼= −∆t

∫

∂Lijk

~F (~Un+1/2) · ~n dA ú¯ �� ��ü
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ÛmX�X ~Un+1/2 Wk krs X ��XjWfiXj V�hgX r�i�WoXj Û Wim imX mXh� rT ú¯ �� �Ýü � �mX
fr��Xk�rojWo¨ f�hfgh�iWrok Û Whh � X jXkf�W� Xj Wo kg�kXfiWro ú¯ �� ��ü �

� �� �� � ÔÂÄÏÊÃ ËÁÉ Â ÆËÂÐ Ç »¿¾ËäÐÂ ÆÄÅÂÉÂ

®ofX imX ��ki iWs X kiX� Wk frs�hXiXj ¢ ki��iWo¨ T�rs imX r�i�WoXj jg�h fXhh
V�hgXk ~ULijk

¢ ÛX frs�giX fXhh��VX��¨X V�hgXk ~UCijk

Tr� imX r�W¨Wo�h fXhhk Cijk
rT imX

��ki ¨�Wj = imX f�hfgh�iWrok ��X � X�Tr�s Xj Wo � kWs Wh�� s �ooX� úkXX 0�1 ¢071 ¢0n1 Tr�
jXi�Whk Wo imX Y�jWs XokWro�h f�kXü �

� �� �� � ¿ÎÍ½ÂÆ

�mX frs�gi�iWro rT imX ±g� Tr� imX kfmXs X ú§ �û �¡ rT ú¯ �� ��üü Wk s r�X frs�hX�
im�o im�i rT imX frokX�V�iWVX V��W��hXk � ûX�X ¢ �¨�Wo ¢ ÛX �kkgsX im�i imX ±g�Xk
��X �WXfXÛ WkX froki�oi ro ∂Lijk

�oj ∂Clmn
�Xk� XfiWVXhq�

8X � X¨Wo �q h�� XhhWo¨ X�fm rT imX T�fXk rT ∂Lijk
�oj imX fr��Xk�rojWo¨ or�s �h

VXfir�k �¨g�X ú¯ �Yü t

∂Lijk = ∂L1
ijk ∪ ∂L2

ijk ∪ ∂L3
ijk ∪ ∂L4

ijk ∪ ∂L5
ijk ∪ ∂L6

ijk

~n1 = −~nx ~n2 = −~ny ~n3 = −~nz
ú¯ �� �ü

~n4 = ~n1 ~n5 = ~n2 ~n6 = ~n3
ú¯ �� ��ü

~nx = (1,0,0), ~ny = (0,1,0), ~nz = (0,0,1) ú¯ �� �ÝZü



��

n1

n3

n2

(Xi,Yj,Zk)

Lijk

Z

X

Y

O

(Xi+1,Yj,Zk)

(Xi+1,Yj+1,Zk)

(Xi+1,Yj+1,Zk+1)(Xi,Yj+1,Zk+1)

óFô B ÷ B~ B ÚoiX�kXfiWro rT lXhh Lijk
�oj lXhh Cl=i,m=j,n=k

újriiXj �X¨Wro ü

�¨�Wo ¢ roX f�o jX�WVX �o X���XkkWro kWs Wh�� ir ú¯ �� �¯ü Tr� imX T�fXk � °�fm roX rT
imX T�fXk f�o � X Û �WiiXo �k imX goWro rT � kg�T�fXk �XkghiWo¨ T�rs imX WoiX�kXfiWro
Û Wim imX Clmn

rT imX ��ki ¨�Wj t

∂Lq
ijk =

⋃

lmn
neighbour

Clmn ∩ ∂Lq
ijk

ÛmX�X imX ori�iWro neighbour orÛ sX�ok im�i rohq Trg� rT imX XW¨mi WojX� frs�W�
o�iWrok fr��Xk�rojWo¨ ir imX ori�iWro ∪

lmn
neighbour

¨WVX �WkX ir � oro�Xs�iq WoiX�kXfiWro
kXi � ÚT A() Wk � TgofiWro im�i f�hfgh�iXk imX ��X� rT � ¨WVXo kg�T�fX ¢ imX ��ki kiX�



�Z

rT imX ki�¨¨X�Xj �e kfmXsX f�o �X Û �WiiXo Wo imX TrhhrÛ Wo¨ frs��fi Tr�s t

~ULijk
(tn + ∆t) =

1

V (Lijk)
(

∑

lmn
neighbour

V (Clmn ∩ Lijk)~Ulmn(tn)−

∆t

6∑

q=1

∑

lmn
neighbour

A(Clmn ∩ ∂Lq
ijk)

~Flmn · ~nq)

ú¯ �� �ÝÝü

ÛmX�X ~Flmn = ~F (~Ulmn(tn)) �oj ~Ulmn(tn) = ~UClmn
(tn)

Tr� lnm oXW¨m�rg� �
� �� �� � ÒÏÊÏËÏÊÁÄÁËä ÄÏÊÃÁËÁÏÊ

�Xi gk �Xf�hh mX�X krs X ��kWf jX�oWiWrok ir s �ÜX imX ��iWfhX kXhT�froi�WoXj �
ØÈ
ÊÁËÁÏÊ � �� �� � « , '� '*�& � �- '� ' ( �* )- ' � ��'& '²��)+�� �¬ò¬�® ��� ´' �*+))'�

~Un+1
Lijk

= H(~UCi−p,j−q,k−r
,...,~UCi+p′,j+q′,k+r′

) ú¯ �� �ÝYü
®g� �oWiX VrhgsX kfmXs X Wk � kg� f�kX rT imX Tr�s t

~Un+1
Lijk

= H(~UCi,j,k
,...,~UCi+1,j+1,k+1

) = H{~Ulmn(tn), (lmn neighbour)}ú¯ �� �Ý¯ü
ØÈ
ÊÁËÁÏÊ � �� �� � �- ' � �- '� ' �¬ò¬��® +� � ���)�� ' +( H +� � � ���)�� ' +� �*'��
�+�, ( �� �)+�� �( '��- �( +)� �*,�� '�)� ¬

0 ≤ ∂H
∂~Ulmn

lmn (neighbour)

�* '²�+��&'�)&� +( �& & '+, '���&� '� �( )- ' � �)*+� ∂H
∂~Ulmn

lmn �'+,- ´��*® �*' � ��
� ', �)+� '¬



�Ý

ÖÅÂÏÀÂÉ � �� ��� Ô��'* )- ' ����&+ë ' ����+)+�� �¬ò¬��® ´'&��� )- ' ���+� '��+���&
� �+)' ��&�� ' '� )'��+�� �¬ò¬��® �( )- ' �� ��- '� ' ( �* �)*� �)�*'� ��+( �*� �)�,, '*'�
,*+�� +� � ���)�� '¬
w ÀÏÏ � Ï � ËÅÂÏÀÂÉ � �� �� e�rs ú¯ �� �ÝÝü ÛX �oj

∂H
∂~Ulmn

=
V (Clmn∩Lijk)

V (Lijk)
I − ∆t

6∑
q=1

A(Clmn∩∂Lq
ijk)

V (Lijk)
~Almn · ~nq

ú¯ �� �Ý�ü
Tr� lmn oXW¨m�rg� � �r kWs�hWTq imX f�hfgh�iWrok ¢ ÛX Woi�rjgfX imX TrhhrÛ Wo¨ VXf�
ir� t

~K =

6∑

q=1

A(Clmn ∩ ∂Lq
ijk)

V (Lijk)
~nq = (Kx,Ky,Kz)

ú¯ �� �Ý�ü

ÛX imXo m�VX
6∑

q=1

A(Clmn ∩ ∂Lq
ijk)

V (Lijk)
~Almn · ~nq = ~Almn ·

∑

q

A(Clmn ∩ ∂Lq
ijk)

V (Lijk)
~nq

=
−→A lmn · −→K ≡ M ú¯ �� �Ý�ü

ûX�X ¢ M = M(l,m,n) �X��XkXoik � ÛXW¨miXj kgs rT imX ¯ p �fr�W�o s �i�WfXk
A,B,C. þq rg� �kkgs�iWro ro imX mq� X��rhWfWiq rT kqkiXs ú¯ �� �Ýü ¢ imX s �i�W�
M m�k �X�h XW¨XoV�hgXk λs (1 ≤ s ≤ m) �oj f�o �X jW�¨ro�hWkXj �q � kWs Wh��Wiq
i��okTr�s �iWro úkXX �hkr û W�kfm  rh �Ú Ú ¢ �� �Ý��� Ý� Ý Tr� imX °ghX� X�g�iWrokü � þq jX�
�oWiWro ú¯ �� �¯ü ¢ s roriroWfWiq rT rg� �oWiX Vrhgs X X�iXokWro rT imX ����e�WXj�Wfmk
kfmXsX Û Whh � X Xki��hWkmXj WT ÛX f�o ��rVX ¢ Wo VWXÛ rT ú¯ �� �Ý� ü � ú¯ �� �Ý�ü ¢ im�i

W ≡ V (Clmn ∩ Lijk)

V (Lijk)
I − ∆tM ú¯ �� �Ý�ü



�Y

Wk �rkWiWVX kXs W�jX�oWiX � þq imX k� Xfi��h imXr�Xs ¢ imX XW¨XoV�hgXk rT W ��X imX
ogs�X�k

V (Clmn ∩ Lijk)

V (Lijk)
− ∆tλs(M) ú¯ �� �Ýü

ÛmX�X λs(M) Wk �o XW¨XoV�hgX rT M � 8X imX�XTr�X oXXj

∆tλs(M) ≤ V (Clmn ∩ Lijk)

V (Lijk)

s = 1, . . . ,m lmn neighbour ú¯ �� �Ý�ü

r� �o�hhq

∆t max
1≤s≤m

{|λs(M)|} ≤ V (Clmn ∩ Lijk)

V (Lijk)
ú¯ �� �YZü

� ÂÉ¼À} � �� ��� � ) � +,- ) ��� '�* �) � *�) �+,- ) )- �) �¬ò¬�ö® ��'� � �) -��' )- '
�+� '��+���& ( �*� �( � ��� ����+)+��õ ´�) )- ' � �)*+� M +� '²��& )� )- ' � �)*+�
� *��� �) ~Almn · ~K �- '*' ~K +� �´�+���&� O(h−1)

´� �¬ò¬�ò® � �- '*' h +� )- ' � '�-
�+Ý ' +� )- ' x,y,z �+*'�)+���� ( �* )- ' ��� ' �( � ��+( �*� *'�)��,�&�* , *+�¬ �- ' '+, '��
��&� '� λs(M)

�*' )-�� O(h−1)
��� �¬ò¬�ö® ��'� -��' )- ' �+� '��+��� �( � ���

����+)+�� ¬
� ÂÉ¼À} � �� �� � ��* � � '*( '�)&� ��+( �*� - '� �- '�*�& , *+� )- ' ( ��)�* V (Clmn∩Lijk)

V (Lijk)

*'�� �'� )� 1
8
� ��� )- ' �'�)�* ~K )�ë '� )- ' �+�� &'* ( �*� ~K = 1

4h

6∑
q=1

δ(Clmn∩Lijk)~nq
�

� � )-�) )- ' � ���)��+�+)� ����+)+�� �¬ò¬�ö® +� � �) �'*� *'�)*+�)+� ' - '*' δ(·) *'�
� *'� '�)� � æí *�� '�ë '*�&+ë ' ç � ') ( �� �)+�� �-+�- +� '²��& )� Ý '*� �- '� )- ' �*,�� '�)



�¯

+� )- ' '�� )� � ')� �)- '*� +� ' +)� ��&� ' +� 1® õ +��''�� � ' )- '� �´)�+� )- ' ����+)+��

∆t

h
max

s
{|λs(~Ulmn)|} ≤ 1

2
ú¯ �� �Y Ýü

ì �� '�'* )- +� +� ��&� )- ' � ���)��+�+)� ����+)+�� ( �* � ����& � �� �)�,, '*'�® , *+��
)- ' ��*�� ')'* h +� �¬ò¬��® ���) ´' �+�+�'� ´� )� � ( �* �´�+��� , '�� ')*+� *'�� ���
�+� �' � ' �*' ��+�, �)�,, '*'� ,*+��® ¬ �- ' � ��& � ���)��+�+)� ����+)+�� ( �* )- '
� �+)' ��&�� ' ��� ��*+'�*+�-� � �- '� ' ��� )-�� ´' �*+))'� ��

∆t

h
max

s
{|λs(~Ulmn)|} ≤ 1

4
ú¯ �� �YYü

� ÂÉ¼À} � �� �� � �� )- ' � ��&�* ��� '� � ' ��� )- '*'( �*' '�� '�) )- ' ��� '*+��& � �&�)+��
uh

)� ����'*, ' )� )- ' ��+²� ' � �&�)+�� �( �¬ò¬�® ��)+�( �+�, )- ' '�)*�� � ����+)+���
�� h → 0� +( +) ��'� ����'*, '� � '' 0�5 Ç �5 Ç ��1 ¬ �� )- ' ���+� '��+���& ��� ' �(
���)*� �)�*'� )*+��,�&�* , *+��� � ' -��' � *��'� 061� ( �* � � ��&�* &+� '�* -�� '*´�&+�
'²��)+��� )- �) )- ' ��� '*+��& � �&�)+�� ��)+�� '� � �+� �*')' � �� +��� � *+� �+� &'� ���
����'*, '� � '�ë &�? )� � � '�ë ��&�)+�� �( �¬ò¬�® ¬ �- ' � *��( ��� ´' �+*'�)&� '� )'��'�
)� )- ' ��� ' �( ���+� '��+���& ��*)'�+�� ,*+��� �, �+� ( �* � � ��&�* &+� '�* -�� '*´�&+�
'²��)+�� ¬

� �� �� � ! ÆÂÄÏÊÃ ÏÀÃÂÀ 
ÊÁËÂ ÑÏÎÍÉÂ ÉÂËÅÏÃ Ñ Á¼ ÒÓÔÕ» ÄÂÎÎ� ÁÆÂ
ÁÊËÂÀÐÏÎ¼ËÁÏÊ

Úo imX roX�jWs XokWro�h £Xkkq�mg���jsr� jW©X�XofX kfmXsX ¢ imX ��ki r�jX�
�ffg��fq rT imX ����e�WXj�Wfmk kfmXs X Û�k ��WkXj ir kXfroj r�jX� �q imX gkX rT V�o
�XX� �k «¬¡l� 0��1 ¢0��1 fXhhÛ WkX �WXfXÛ WkX hWoX�� WoiX�� rh�iWro rT imX frokX�V�iWVX



��

V��W��hXk ú �gi ori rT imX ±g� TgofiWrokü ¢ �oj � s Wj�rWoi �ghX ����r�fm Tr� imX
iWs X jWkf�XiWk�iWro rT imX ±g� WoiX¨��h ¢ Ws�hXs XoiXj Û Wim � ��XjWfir��fr��Xfir�
i�X�is Xoi rT X�fm iWs X kiX� � Úo imX ¯�jWs XokWro�h �oWiX Vrhgs X ¨XoX��hWý�iWro ¢ ÛX
���hq imX k�s X ki��iX¨q ir � rim imX frokX�V�iWVX V��W��hXk �oj imX ±g� TgofiWrok
~f,~g,~h ¢ TrhhrÛ Wo¨ rg� Y�jWs XokWro�h ¨XoX��hWý�iWro rT imX £� kfmXs X ir l��iXkW�o
¨�Wjk 0�1 ��Xi M ~U

Clmn
(�Xk� � M ~f

Clmn
,M~g

Clmn
,M

~h
Clmn

)
jXoriX imX �WXfXÛ WkX i�WhWoX��

WoiX��rh�oi rT imX frokX�V�iWVX V��W��hX ~U ú �Xk� � rT imX ±g� TgofiWrok ~f,~g,~hü ro
fXhh Clmn

t
M

~U
Clmn

(~R) = ~UClmn
+ ∇~UClmn

· (~R − ~RClmn
) ú¯ �� �Y¯ü

ÛmX�X ∇~UClmn

Wk krs X hWs WiXj ����r� Ws �iX ¨��jWXoi rT imX WoiX�� rh�oi ¢ ir � X
jX�oXj h�iX� ú kXfiWro ¯ �� ��ü ú Û Wim kWs Wh�� jX�oWiWrok Tr� M ~f

Clmn

Xifü � ~R Wk imX
�rkWiWro VXfir� rT �o ���Wi���q � rWoi froi�WoXj Wo Clmn

¢ �oj ~RClmn

jXoriXk imX
fXoi�rWj rT imX k�s X fXhh �

§X�h�fWo¨ Wo ú¯ �� ��ü �hh imX fXhhÛ WkX froki�oi V��W��hXk �q imXW� hWoX�� �Xfrok�
i�gfiWro ú¯ �� �Y¯ü ¢ WoiX¨��iWo¨ Wo iWs X Û Wim imX mXh� rT imX s Wj�rWoi �ghX Tr� imX
±g� WoiX¨��h ¢ ÛX r�i�Wo

V (Lijk)~U
n+1
Lijk

=

∫

Lijk

M
~U
Lijk

dV−

∆t

∫

∂Lijk

(M
~fn+1/2

Lijk
nx +M~gn+1/2

Lijk
ny +M

~hn+1/2

Lijk
nz)dA

ú¯ �� �Y�ü

ÛmX�X M ~U
Lijk

�oj M ~fn+1/2

Lijk

��X imX �WXfXÛ WkX hWoX�� WoiX��rh�oik rT ~U �oj ~fn+1/2 =

~f(~U(tn+1/2)) ¢ �Xk� XfiWVXhq¢ Wo fXhh Lijk
= ~U(tn+1/2) Wk � ��XjWfiXj V�hgX jX�oXj �XhrÛ �



��

8X orÛ gkX imX jX�oWiWrok rT imX froi�rh VrhgsXk Cijk
�oj Lijk

�oj Woi�rjgfX
imX TrhhrÛ Wo¨ ori�iWrok t

∆xi = xi+1/2 − xi−1/2, ∆yj = yj+1/2 − yj−1/2, ∆zk = zk+1/2 − zk−1/2

Vijk = ∆xi∆yj∆zk, Aij = ∆xi∆yj

er� � goWTr�s �oj Wkri�r�Wf ¨�Wj ¢ ∆xi = ∆yj = ∆zk ≡ h �
er� kWs�hWfWiq¢ T�rs orÛ ro ¢ ~Uijk

Û Whh s X�o ~UCijk

W �X � imX V�hgX rT ~U �i imX fXoi�rWj
rT imX fXhh rT imX ��ki ¨�Wj � �Xfrs�rkWo¨ imX hWs WiXj ¨��jWXoi Woir Wik l��iXkW�o
���ik ¨WVXk t

∇~Vijk = (~V lim
ijk,x,

~V lim
ijk,y,

~V lim
ijk,z)

ú¯ �� �Y�ü

ÛmX�X Tr� �oq VXfir� TgofiWro ~V ¢ ~V lim
jXoriXk imX hWs WiXj VXfir� ~V � ®g� frs�

�hXiX � ¡ �iq� X úoro r�hW�gX l��iXkW�o ü ¯j �oWiX Vrhgs X ¨XoX��hWý�iWro rT imX £�
kfmXsX f�o orÛ �X jX�WVXj �oj Wk ¨WVXo Wo imX ��� '��+� � �mX WoiX�s XjW�iX�iWs X
±g�Xk ��X Trgoj Û Wim imX mXh� rT � ��XjWfir� kiX� t

~U
n+ 1

2
ijk = ~Un

ijk +
∆t

2
~Uijk,t(t

n) ú¯ �� �Y�ü

¬kWo¨ imX frokX�V�iWro X�g�iWro ú¯ �� �Ýü ¢ ú¯ �� �Y�ü f�o �X Û �WiiXo Wo � Tr�s ÛmWfm
Wk X�kq ir XV�hg�iX ¢ �X�h�fWo¨ imX ¨��jWXoik �q imXW� hWs WiXj ogsX�Wf�h ����r� Ws ��
iWrok t

~U
n+ 1

2
ijk = ~Un

ijk −
∆t

2
(~f lim

ijk,x + ~g lim
ijk,y + ~h lim

ijk,z)
ú¯ �� �Y�ü

ÛmX�X ~f lim
ijk,x

jXoriXk imX hWs WiXj jX�WV�iWVX rT ~f Wo imX x̂ jW�XfiWro �



��

ûX�X ¢ �o �hiX�o�iX fmrWfX Tr� imX ��XjWfir� f�o �X s�jX ¢ gkWo¨ imX ÜorÛo
ù�fr�W�o s�i�WfXk rT imX ±g� TgofiWro t

~U
n+ 1

2
ijk = ~Un

ijk −
∆t

2
(A · ~U lim ,n

ijk,x +B · ~U lim ,n
ijk,y + C · ~U lim ,n

ijk,z ) ú¯ �� �Yü

e�rs � frs�gi�iWro�h V WXÛ�rWoi ¢ krs X WofroVXoWXofXk ��WkX T�rs imX T�fi im�i
ú¯ �� �Yü Wk VX�q frkihq ir XV�hg�iX XVXo Tr� imX oro�frokX�V�iWVX ù�fr�W�ok úÛmWfm
m�VX � kWs �hX� Tr�s ü �

er� X�fm rT imXkX iÛr ��XjWfir�k ¢ iÛr ����r�fmXk ir jX�oX imX ��XjWfiXj V�hgXk
rT imX jX� XojXoi V��W��hXk �i iWs X tn+1 f�o �X gkXj � þq � ��r� X� i��okTr�s �iWro
úkXX 0��1 ¢ Ý��Z �oj 0��1 ¢Ý���ü ¢ roX f�o ��kk T�rs imX frokX�V�iWVX ir imX �mqkWf�h
V��W��hXk úÛmXo jX�hWo¨ Û Wim imX °ghX� X�g�iWrokü ¢ s �ÜX imX ��XjWfiWro �i tn+1/2

�oj imXo gkX Wi ir �Xfroki�gfi imX ±g�Xk �i tn+1/2 ¢ ir �o�hhq r�i�Wo ~Un+1 � �mX
rimX� ����r�fm Wk ir gkX imX ��XjWfir� ro imX frokX�V�iWVX V��W��hXk ¢ �oj imXo
�X�gWhj imX ±g�Xk Û Wim imX WoiX�s XjW�iX�iWs X ����r� Ws �iWrok �

� �� �6 � »ÁÉ ÁËÂÀÆ

�r ¨WVX � kmr�i jXkf�W�iWro rT imX «¬¡l� fXhh WoiX��rh�iWro frokWjX�Xj mX�X
Û Wim imX V��Wrgk hWs WiX�k s XoiWroXj X��hWX� Wo imWk kXfiWro �oj gkXj Wo rg� ogs X�
�Wf�h X�� X�Ws Xoik ¢ ÛX TrhhrÛ imX ori�iWro gkXj Wo 0��1 �oj 0�61 ¢ �oj frokWjX� +�
)- ' ���+� '��+���& ��� ' ( �* �+�� &+�+)� �WXfXÛ WkX hWoX�� �Xfroki�gfiWrok jX�oXj ¢ �i



��

imX fXhh WoiX�T�fX xi+1/2
¢ �q

uL
i+1/2 = ui +

1

2
ψ(θi)(ui − ui−1),

ú¯ �� �Y�ü

uR
i−1/2 = ui −

1

2
ψ(

1

θi
)(ui+1 − ui)

ú¯ �� �¯Zü

ÛmX�X

θi =
∆+ui

∆−ui
≡ ui+1 − ui

ui − ui−1

ú¯ �� �¯ Ýü

�oj ψ(θ) Wk imX úkhr� Xü hWs WiX� TgofiWro = ÛX i�ÜX ψ(r) ≡ 0
Tr� r ≤ 0 � Úo imWk ���X� ¢

ÛX m�VX gkXj imX TrhhrÛ Wo¨ hWs WiX�k �
úWü ¡Ws �hW�Xj V�o � h��j� 9 ú¡ � ü

ψV A(θ) =
θ2 + θ

θ2 + 1
ú¯ �� �¯Yü

8 Wim imWk hWs WiX� ¢ ú¯ �� �Y�ü i�ÜXk imX Tr�s

uL
i+1/2 = ui +

1

2

θ2 + θ

θ2 + 1
(ui − ui−1)

ú¯ �� �¯¯ü

Û Wim θi = ∆+ui

∆−ui
≡ ∆+

∆−

Tr� kWs �hWfWiq�
8X oriX mX�X im�i WT ÛX gkX � fXhh WoiX�T�fX V�hgX jX�oXj T�rs � fXoiX�Xj ����r� W�
s �iWro rT imX khr� X

uL
i+1/2 = ui +

1

2
R(θi)

ui+1 − ui−1

2
ú¯ �� �¯�ü

c � ^�\ + ^,(#2,,'* �$) \2�$*$ 2,( ,&'% � �-' /+�.2* ( ')&,�) +'%' &+$& ,) ./01 b &+'
�%,	 ,)$2 $)* /,(#2,,'* �$) \2�$*$ 2,( ,&'%/ +$�' � '') '�1+$)	'* � �$) \ 2�$*$ ¨/ �%,	 ,)$2 2,( ,&'%
%'$22a ,/ *',)'* �a �¦ �2 �¦3� b $/ 1�((.),1$&'* &� &+' , %/& $.&+�% �a � � �$) �''% ��



�

V�o � h��j� �k kWs �hW�Xj hWs WiX� sgki orÛ �X Û �WiiXo Wo imX Tr�s

R(θi) =
2θi

1 + θ2
i

ú¯ �� �¯�ü
Úi f�o �X X�kWhq VX�W�Xj im�i �rim ú¯ �� �¯¯ü �oj ú¯ �� �¯� ü f�o � X Û �WiiXo �k

uL
i+1/2 = ui +

1

2

∆2
+∆− + ∆2

−∆+

∆2
+ + ∆2

−

ú¯ �� �¯�ü

úWWü ®�W¨Wo�h V�o � h��j� ¥ ú® �ü
�mWk fmrWfX fr��Xk� roj ir srjWTq Wo¨ X�g�iWro ú¯ �� �¯�ü �k TrhhrÛ k t

uL
i+1/2 = ui +

1

2

(∆2
+ + ε2)∆− + (∆2

− + ε2)∆+

∆2
+ + ∆2

− + 2ε2
ú¯ �� �¯�ü

ÛmX�X ε2 Wk s �jX ��r�r�iWro�h ir (∆x)3 ¢ �q kXiiWo¨ ε2 = (K∆x)3 ÛmX�X K Wk
� froki�oi � £riWfX im�i �i �o X�i�Xsgs rT u r� Wo � �X¨Wro ÛmX�X u Wk oX��hq
froki�oi ¢ ε2 = O(h3) Û Whh jrs Wo�iX ∆2

+
¢ ∆2

−
�q ��qhr� �k imXr�Xs ¢ hX�jWo¨ ir �

oX��hq gohWs WiXj V�hgX uL
i+1/2

ú W �X � ψ ≈ 1ü Wo ú¯ �� �Y�ü ¢ ÛmWhX WT K Wk VX�q h��¨X
imX k�s X kWig�iWro Û Whh ��XV�Wh � Úi m�k � XXo VX�W�Xj �q  XoÜ�i�Ü�Wkmo�o im�i Tr� �
��Xj V�hgX rT K ¢ imX kfmXs X Û Whh iXoj ir � X kXfroj�r�jX� �ffg��iX ¢ �gi Û Whh ori � X
sroriroWfWiq ��XkX�V Wo¨ Tr� �o �jVXfiWro ��r�hXs � �mWk jWÏ fghiq ��WkXk T�rs imX
T�fi im�i imX kfmXs X �XkgsXk ir imX gohWs WiXj Tr�s ú¯ �� �¯� ü Û Wim R(θ) = 1 Wo imX
oX���froki�oi �X¨Wrok úkXX 0��1 Tr� jXi�Whkü � þq �Xki�WfiWo¨ imX �fiWro rT imX �*+, +�
��& V�o � h��j� hWs WiX� ú¯ �� �¯�ü ir imX oXW¨m�rg�mrrj rT i�gX X�i�Xs � rohq¢ ÛmWhX
gkWo¨ imX kWs �hW�Xj Tr�s ú¯ �� �¯Yü� ú¯ �� �¯�ü XhkXÛmX�X ¢  XoÜ�i�Ü�Wkmo�o r�i�WoXj �
¨hr��hhq kXfroj�r�jX� �ffg��iX kfmXsX úTr� �hh gkg�h or�s kü ÛmWfm Wk s roriroWfWiq
��XkX�VWo¨ úimX hWs WiX� Wk imXo imX r�W¨Wo�h V�o � h��j� hWs WiX� �i � i�gX X�i�Xsgs ¢



��

�gi imX kWs�hW�Xj V�o � h��j� Wo oX���froki�oi �X¨Wrokü � Úo imWk ��� X� ¢ Tr� kWs �hW�
fWiq¢ ÛX fmrkX imX TrhhrÛ Wo¨ hWs WiWo¨ ki��iX¨q t �X�oWo¨ umax

i ≡ max(ui−1,ui,ui+1)

�oj �Xfroki�gfiWrok rT imX Tr�s ui(x) = ui +ψ(θi)
ui−ui−1

∆x
(x−xi)

ÛX gkX imX r�W¨W�
o�h V�o � h��j� hWs WiX� ú¯ �� �¯�ü XVX�qÛmX�X X�fX�i ÛmXo �rim ∆̃+ = umax

i −ui
�oj

∆̃− = ui(xi+1/2) − ui
��X � XhrÛ � fX�i�Wo irhX��ofX im�Xkmrhj ¢ Wo ÛmWfm f�kX ÛX

i�ÜX imX hWs WiX� X�g�h ir Ý úor hWs Wi�iWro ü ��mWk V��W�oi rT imX r�W¨Wo�h V�o � h��j�
hWs WiX� Û Whh � X oriXj ® �� ú®�W¨Wo�h V�o � h��j� Û Wim �m�Xkmrhj ü �
úWWWü V�o �XX� ú �ü
Úo V�o �XX� �k ori�iWro ÛX frokWjX� �WXfXÛ WkX hWoX�� WoiX�� rh�oik

ũ(x) = ui + δi
(x− xi)

∆x
xi−1/2 ≤ x ≤ xi+1/2

ú¯ �� �¯ü

Û Wim θi
�k Wo ú¯ �� �¯ Ýü �oj

δi = R(θi)δ̂i
�oj δ̂i ≡

ui+1 − ui−1

2
ú¯ �� �¯�ü

imX fr XÏ fWXoi R(θi)
Wk � �khr� X hWs WiX� � �Xh�iXj ir ¡ÛX�q �k 0�71 ±g� hWs WiX� φ(r)

�q 0��1

φV L(r) =
R(θ)(1 + θ)

2θ
Û Wim ri =

∆−ui

∆+ui
=

1

θi

ú¯ �� ��Zü

8X imXo m�VX 0�� Ç ��1 imX fr��Xk� rojWo¨ Tr�s k rT V�o �XX� �k hWs WiX�k

R(θ) =
4θ

(1 + θ)2
θ ≥ 0 ú¯ �� �� Ýü



Z

�oj

φV L(r) =






2r
1+r

r ≥ 0

0 r < 0

ú¯ �� ��Yü

úWV ü « Wo«rj ú«« ü
Úo ¡ÛX�q �k ori�iWro ¢ imX s Wosrj hWs WiX� Wk jX�oXj �q

φMM(r) =





min(r,1) r ≥ 0

0 r < 0

ú¯ �� ��¯ü

Wo imX khr� X hWs WiX� ori�iWro

««(∆+,∆−) = 1
2
{k¨o(∆+) + k¨o(∆−)}min{|∆−|,|∆+|} ú¯ �� ���ü

úV ü ¡g�X�� XX ú¡þ ü

φSB(r) = max{0,min(2r,1),min(r,2)} ú¯ �� ���ü

Û Ã4 Ã 5$ã  Ìâµß¶ ¢Ì¡ 6â ¢ã ¶·äßãß á ¢µä ´£¸ ¢Ë¤ß ã¤Ì ¸ ·ß¸¸¶
"7 8
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� �� ��� � ÏË¼ËÁÏÊÆ

8X frokWjX� X�g�iWro ú¯ �� �Ýü Û Wim � ±g� TgofiWro ~F (~U) = (~f(~U),~g(~U)) Wo
krs X �Xfi�o¨gh�� �X¨Wro Ω rT imX x− y �h�oX ¢ Û Wim WoWiW�h frojWiWro

~U(x,y,t = 0) = ~U0(x,y)(x,y) ∈ Ω ú¯ �� �Ýü

8X km�hh jXkf�W� X imX kfmXs X Wo imX f�kX rT � goWTr�s �Xfi�o¨gh�� ¨�Wj ÛmWfm
���iWiWrok Ω Woir M2 k�g��Xk rT X�g�h ��X� = imX X�iXokWro ir ���Wi���q �Xfi�o¨gh��
¨�Wjk Wk ki��W¨miTr�Û��j ¢ X�fX�i Tr� imX WoWiW�hWý�iWro ¢ ÛmWfm �X�gW�Xk ogsX�Wf�h
WoiX¨��iWro ¢ �oj imX ��r¨��ss Wo¨ ���i rT imX �XkrhgiWro ¢ ÛmX�X ÛX m�VX ir ��rfXXj
�k Wo imX f�kX rT � Tghhq goki�gfig�Xj ¨�Wj � ÚT h = ∆x = ∆y = xi+1/2 − xi−1/2 =

yj+1/2 − yj−1/2
Wk imX s Xkm kWýX ¢ imX orjXk rT imX ��ki ¨�Wj ��X imX �rWoik (xi,yj) =

(ih,jh)
Tr� 0 ≤ i,j ≤M � 8X Woi�rjgfX � ogs�X�Wo¨ rT imXkX orjXk ¢ oriXj

ai 1 ≤ i ≤ (M + 1)(M + 1) ú¯ �� �Yü

�oj frokWjX� ¢ Tr� �o ���Wi���q orjX ai
¢ imX �oWiX Vrhgs X fXhh Ci

jX�oXj ¢ Tr� imX
��ki ¨�Wj ¢ �k imX k�g��X ú�g�j�Wh�iX��h Wo imX f�kX rT �o ���Wi���q �Xfi�o¨gh�� ¨�Wjü
r�i�WoXj �q p rWo Wo¨ imX fXoi�rWjk rT imX Trg� k�g��Xk �jp �fXoik ir ai

ú�¨g�X ú¯ �¯üü �
er� imX kXfroj újg�hü ¨�Wj ¢ imX orjXk ��X imX s Wj�rWoik mij

rT kWjXk kgfm �k ai
¢ aj

rT imX r�W¨Wo�h ¨�Wj � �mX fr��Xk� rojWo¨ r�hW�gX jg�h fXhh Lij
Wk jX�oXj �q p rWo Wo¨

imX �rWoik ai
¢ aj

ir imX fXoi�rWjk Iij �oj Sij
rT imX k�g��Xk km��Wo¨ imX frssro

kWjX aiaj
�
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óFô B ÷ B÷ B lXhh Ci
�oj lXhh Lij

�Xi ~Un
i
∼= ~U(ai,t

n) �oj ~Un+1
ij

∼= ~U(mij ,t
n+1)

jXoriX imX orj�h r� fXhh �VX��¨X
V�hgXk Wo imX ��ki �oj kXfroj ¨�Wj �i iWs X tn �oj tn+1 ¢ �Xk� XfiWVXhq ún XVXoü � Úo
imX ��ki kiX� ¢ ÛX frs�giX imX ����r� Ws �iWro ~Un+1

ij
rT imX ��r�hXs ú¯ �� �Ýü� ú¯ �� �Ýü

�i imX fXoi�rWj rT imX r�hW�gX fXhh Lij
¢ gkWo¨ � �oWiX Vrhgs X ����r�fm �

� �� �� � ¿ÁÀÆË ËÁÉ Â ÆËÂÐ

ÚoiX¨��iWo¨ ú¯ �� �Ýü Wo imX X�iXojXj fXhh Lij × [tn,tn+1] = [(Lij ∩ Ci) ∪ (Lij ∩

Cj)] × [tn,tn+1] ¢ ÛX r�i�Wo

∫ tn+1

tn

∫∫

Lij

~UtdAdt = −
∫ tn+1

tn

∫∫

Lij

∇ · ~FdAdt ú¯ �� �¯ü



¯

r� gkWo¨ ¦�gkk � j WVX�¨XofX imXr�Xs

∫∫

Lij

~U(x,y,tn+1)dA =

∫∫

Lij∩Ci

~U(x,y,tn)dA

+

∫∫

Lij∩Cj

~U(x,y,tn)dA−
∫ tn+1

tn

∫

∂Lij

~fnx + ~gnydσdt
ú¯ �� �� ü

ÛmX�X imX hXTi�m�oj kWjX jX�oXk imX oXÛ fXhh V�hgX ~Un+1
ij

A(Lij)~U
n+1
Lij

∼=
∫∫

Lij

~U(x,y,tn+1)dA ú¯ �� ��ü

�mX ��ki iÛr WoiX¨��hk Wo imX �W¨mi�m�oj kWjX rT ú¯ �� �� ü f�o �X Û �WiiXo �k

(

∫∫

(Lij∩Ci)S

+

∫∫

(Lij∩Ci)I

)~U(x,y,tn)dA+ (

∫∫

(Lij∩Cj)S

+

∫∫

(Lij∩Cj)I

)~U(x,y,tn)dA ú¯ �� ��ü

ÛmX�X (Lij ∩ Ci)S = i�W�o¨hX aimijSij, (Lij ∩ Ci)I = i�W�o¨hX aiIijmij

(Lij ∩ Cj)S = i�W�o¨hX ajSijmij , (Lij ∩ Cj)I = i�W�o¨hX ajmijIij

ÚokiX�j rT k�hWiiWo¨ imX WoiX¨��h ro Lij
Woir imX froi�W�giWrok rT Trg� i�W�o¨hXk ¢

�k ��rVX ¢ ÛX f�o k�hWi Wi Woir rohq iÛr i�W�o¨hXk Û Wimrgi fm�o¨Wo¨ imX �ffg��fq
rT imX ����r� Ws �iWro � �mX jXfrs�rkWiWro Woir Trg� i�W�o¨hXk Û Whh � X gkXj Tr� imX
§ �û �¡ rT ú¯ �� �¯ü �



�

er� � goWTr�s l��iXkW�o ¨�Wj ÛX m�VX ¢ ir kXfroj�r�jX� �ffg��fq t
∫∫

Lij

~U(x,y,tn)dA ∼= {~U(xi +
∆x

3
,yi)A(Lij ∩ Ci)

+ ~U(xj −
∆x

3
,yj)A(Lij ∩ Cj)} ú¯ �� ��ü

�r r�i�Wo kXfroj�r�jX� �ffg��fq �oj ��XkX�VX s roriroWfWiq rT imX krhgiWro ¢ ÛX
Woi�rjgfX V�o �XX� �k ú«¬¡l�ü �WXfXÛ WkX hWoX�� WoiX�� rh�oi ¢ jX�oXj �i � orjX ai

úWo �o�hr¨q Û Wim ú¯ �� �Y¯ü ¢ú¯ �� �Y�üü �q

~̃U i(x,y,t
n) =~Un

i + ~U lim ,n
i,x

(x− xi)

∆x
+ ~U lim ,n

i,y

(y − yi)

∆y
ú¯ �� �ü

lrs�WoWo¨ ú¯ �� ��ü �oj ú¯ �� �ü orÛ ¨WVXk
∫

Lij

~U(x,y,tn)dA ∼= ~Un
i A(Lij ∩ Ci) + ~Un

j A(Lij ∩ Cj)

+
1

3
~U lim ,n

i,x A(Lij ∩ Ci) −
1

3
~U lim ,n

j,x A(Lij ∩ Cj)
ú¯ �� ��ü

Úo imX ±g� WoiX¨��h ¢ imX WoiX¨��iWro Û Wim �Xk� Xfi ir iWs X f�o �X ����r� Ws �iXj ¢
ir kXfroj�r�jX� �ffg��fq¢ �q imX s Wj�rWoi �ghX = imX �W¨mi�m�oj kWjX rT ú¯ �� �¯ü Wk
imgk ����r� Ws �iXj �q

∆t

∫

∂Lij

(~f(~U(x,y,tn+1/2))nx + ~g(~U(x,y,tn+1/2))ny)dσ
ú¯ �� �ÝZü

ÛmWfm �X�gW�Xk � ��XjWfiWro �i imX WoiX�s XjW�iX iWs X tn+1/2 ¢ � rim Tr� ~U �oj Tr� imX
±g�Xk ¢ �i imX fXhh WoiX�T�fXk = Tr� X��s�hX ¢ ÛX oXXj � ��XjWfiWro �i imX s Wj�rWoi
a−ij

rT hWoX kX¨sXoi aiIij
ú�¨ �¯ �¯ü ir frs�hq Û Wim imX �  Tr�sgh�iWro 071 ¢ 061 ¢ 0n1 =

imWk m�j ori � XXo ���hWXj Wo 0�1 ¢ ÛmX�X ÛX m�j gkXj � «¬¡l� �Xfroki�gfiWro rT



�

imX ±g�Xk frs�WoXj Û Wim �o XV�hg�iWro ¢ �i iWs X tn+1/2 ¢ � X�Tr�s Xj jW�Xfihq �i imX
VX�iWfXk � 8X TXXh Wi Wk imX X�iXokWro rT imWk ��r fXjg�X ÛmWfm Wk ¢ Wo ¯ jWs XokWrok ¢
�Xk�rokW� hX ú�i hX�ki Wo ���iü Tr� imX hrkk rT �ffg��fq sXoiWroXj Wo imX Woi�rjgf�
iWro ¢ XVXo imrg¨m �hh kiX�k rT imX ����r� Ws �iWrok ��X Wo T�fi iWs X � �oj � k��fX
kXfroj � r�jX� �ffg��iX �

8X Û Whh gkX imX TrhhrÛ Wo¨ ��XjWfiWro �i a−ij ¢ frokWjX�Xj �k imX V�hgX �hro¨ hWoX
kX¨sXoi aiIij

t

~U
n+ 1

2
aiIij

= ~̃U i(a
−
ij,t

n) +
∆t

2
~Ut(a

−
ij ,t

n) ú¯ �� �ÝÝü

Úo V WXÛ rT ú¯ �� �Ýü ¢ ÛX ¨Xi

~U
n+ 1

2
aiIij

= ~̃U i(a
−
ij ,t

n) − ∆t
2

(A( ~̃U i(a
−
ij ,t

n))~U lim
i,x +B( ~̃U i(a

−
ij ,t

n))~U lim
i,y ) ú¯ �� �ÝYü

8X oriX ~f(~U
n+ 1

2
aiIij

) imX fr��Xk� rojWo¨ ��XjWfiXj ±g� frs�giXj �i imX s Wj�rWoi a−ij
rT aiIij

¢ �i iWs X tn+1/2 ¢ Û Wim imX mXh� rT ú¯ �� �ÝYü � er� � goWTr�s k�g��X ¨�Wj ¢ imX
�g�j�Wh�iX��h fXhh Lij

Wk Wo T�fi � k�g��X �ri�iXj �q 45
jX¨�XXk � �mX goWi VXfir�k

or�s �h ir imX �rgoj��q rT Lij
ú�¨ �¯ �¯ü ��X

~n1 = −
√

2

2
(1,1),~n2 =

√
2

2
(1,− 1),

~n3 =

√
2

2
(1,1),~n4 =

√
2

2
(−1,1) ú¯ �� �Ý¯ü



�

þq ú¯ �� �ÝZü ¢ imX �W¨mi�m�oj kWjX rT ú¯ �� �¯ü Wk imgk ����r� Ws �iXj �k TrhhrÛ k t

∫ tn+1

tn

∫

∂Lij

(f~nx + g~ny)dσdt =

∫ tn+1

tn
(

4∑

q=1

∫

∂Lq
ij

(~f~nx,q + ~g~ny,q)dσ)dt =

∆t
√

2
2

((−~f (~U
n+1/2
aiIij

) − ~g(~U
n+1/2
aiIij

))l(aiIij) + (~f(~U
n+1/2
ajIij

) − ~g(~U
n+1/2
ajIij

))l(ajIij)

+(~f(~U
n+1/2
ajSij

) + ~g(~U
n+1/2
ajSij

))l(ajSij) + (−~f(~U
n+1/2
aiSij

) + ~g(~U
n+1/2
aiSij

))l(aiSij))

er� imX �ri�iXj k�g��X fXhh Lij
¢ ÛX m�VX

l(aiIij) = l(∂1
ij) =

√
2

2
h

�mX ��ki iWs X kiX� imXo i�ÜXk imX TrhhrÛ Wo¨ Tr�s t

~Un+1
Lij

A(Lij) =
h2

4
((~Un

i + ~Un
j ) +

1

3
(~U lim

i,x − ~U lim
j,x ))

− 1

2
h∆t((−f(~U

n+1/2
aiIij

) − g(~U
n+1/2
aiIij

)) + (f(~U
n+1/2
ajIij

) − g(~U
n+1/2
ajIij

))

+ (f(~U
n+1/2
ajSij

) + g(~U
n+1/2
ajSij

)) + (−f(~U
n+1/2
aiSij

) + g(~U
n+1/2
aiSij

))

ú¯ �� �Ý�ü

mXofX t

~Un+1
Lij

=
1

2
(~Un

i + ~Un
j ) +

1

6
(~U lim

i,x − ~U lim
j,x )

−∆t

h
((−f(~U

n+1/2
aiIij

) − g(~U
n+1/2
aiIij

)) + (f(~U
n+1/2
ajIij

) − g(~U
n+1/2
ajIij

))

+(f(~U
n+1/2
ajSij

) + g(~U
n+1/2
ajSij

)) + (−f(~U
n+1/2
aiSij

) + g(~U
n+1/2
aiSij

)) ú¯ �� �Ý�ü



�

er� � jg�h ¨�Wj fXhh Lik
kgfm im�i aiak

Wk ����hhXh ir imX y �� Wk ¢ krs X s Wor� fm�o¨Xk
��X oXfXkk��q �oj ÛX r�i�Wo

~Un+1
Lik

=
1

2
(~Un

i + ~Un
k ) +

1

6
(~U lim

i,x − ~U lim
k,x )

−∆t

h
((f(~U

n+1/2
akIij

) + g(~U
n+1/2
akIij

)) + (−f(~U
n+1/2
akIij

) + g(~U
n+1/2
akIij

))

+(−f(~U
n+1/2
aiSij

) − g(~U
n+1/2
aiSij

)) + (−f(~U
n+1/2
aiSij

) − g(~U
n+1/2
aiSij

)) ú¯ �� �Ý�ü

� �� �� � ÔÂÄÏÊÃ ËÁÉ Â ÆËÂÐ

er� imX kXfroj ú�oj Tg�imX� XVXoü iWs X kiX� ¢ ÛX frokWjX� imX r�W¨Wo�h fXhh Ci

ú�¨ �¯ �¯ü �oj imX iWs X WoiX�V�h tn+1 → tn+2 úo XVXoü � ª�rfXXjWo¨ �k Tr� imX ��ki
kiX� ¢ ÛX r�i�Wo

~Un+2
Ci

A(Ci) =

∫∫

Ci

~U(x,y,tn+2)dA ∼=
∫∫

Ci

~U(x,y,tn+1)dA− ∆t

∫

∂Ci

(~f(x,y,tn+3/2)νx + ~g(x,y,tn+3/2)νy)dσ

ú¯ �� �Ý�ü
�mX ��ki WoiX¨��h Wo imX § �û �¡ � f�o �X jXfrs�rkXj Woir  ���ik ¢ �oj r�VWrgk
kqssXi�WXk Wo imX f�kX rT � goWTr�s k�g��X ¨�Wj �XjgfX imWk ir � ���ik t

∫∫

Ci

~U(x,y,tn+1)dA = h2

4
((~Un+1

c ] − 1
6
~U lim ,n+1

c,x ) + (~Un+1
d − 1

6
~U lim ,n+1

d,y )

+(~Un+1
a + 1

6
~U lim ,n+1

a,x ) + (~Un+1
b + 1

6
~U lim ,n+1

b,y )) ú¯ �� �Ýü

�mX ±g� WoiX¨��h Wk i�X�iXj �k ��rVX ¢ gkWo¨ imX goWi or�s �h VXfir�k

νa = (−1,0) , νb = (0,− 1) , νc = (1,0) , νd = (0,1)





ÛX r�i�Wo
∫

∂Ci

(~fνx + ~gνy)dσ ∼=

∆t
2

(~f(~U
n+ 3

2
c−1/2) + ~f(~U

n+ 3
2

c1/2 ) − ~f(~U
n+ 3

2
a1/2 ) − ~f(~U

n+ 3
2

a−1/2)

+~g(~U
n+ 3

2

d1/2
) + ~g(~U

n+ 3
2

d−1/2
) − ~g(~U

n+ 3
2

b−1/2
) + ~g(~U

n+ 3
2

b1/2
))

�mX kXfroj kiX� rT imX kfmXs X f�o imX�XTr�X � X Û �WiiXo �k

~Un+2
Ci

A(Ci) =
h2

4
(~Un+1

a + ~Un+1
b + ~Un+1

c + ~Un+1
d )+

h2

24
(~U lim ,n+1

b,y − ~U lim ,n+1
d,y + ~U lim ,n+1

a,x − ~U lim ,n+1
c,x )−

∆t h

2
(~f(~U

n+ 3
2

c−1/2) + ~f(~U
n+ 3

2
c1/2 ) − ~f(~U

n+ 3
2

a1/2 ) − ~f(~U
n+ 3

2
a−1/2)

+ ~g(~U
n+ 3

2
d1/2

) + ~g(~U
n+ 3

2
d−1/2

) − ~g(~U
n+ 3

2
b−1/2

) + ~g(~U
n+ 3

2
b1/2

)) ú¯ �� �Ý�ü

Û Ã= Ã (¤ãßâ ¢·Ì ¸ ßÜåßâ ¢ãß¡µ¶

£gsX�Wf�h X�� X�Ws Xoik Tr� imX s Ximrjk ��XkXoiXj Wo kXfiWrok ¯ ���¯ �� Û Whh � X
jXkf�W� Xj Wo imX oX�i iÛr kg�kXfiWrok �

� �6 ��� �¾ÃÁÉ ÂÊÆÁÏÊ¼Î ! Ô× �ÏÀÉÍÎ¼ËÁÏÊ yÊÏÊ Ï	 ÎÁ�ÍÂ ÃÍ¼Î ÄÂÎÎÆ{

¯ �� �Ý �Ý� � +� '�* ���'�)+��
8X frokWjX� imX kf�h�� �jVXfiWro X�g�iWro

ut + aux + buy + cuz = 0



�

Û Wim WoWiW�h frojWiWro u(x,y,z,0) = u0(x,y,z) ≡ f
iXki
0

ÛmX�X (a,b,c) Û Whh � X fmrkXo
X�g�h ir (1,1,1) mX�X �8X frokWjX� imX f�kXk rT � jWkfroiWogrgk �oj rT � froiWogrgk
WoWiW�h TgofiWro t

f
iXki Ý
0 (x,y,z) =






0.5 WT (x,y,z) ∈ [ 7
20
,12
20

]3

0 XhkX

f
iXki Y
0 (x,y,z) = cos(2πx) cos(2πy) cos(2πz)

�mX k��iW�h frs�gi�iWro�h jrs �Wo Tr� � rim iXkik Wk imX fg�X [0,1]× [0,1]× [0,1] � Úo
i��hX ¯ �Ý¢ L1

jXoriXk imX X��r� f�hfgh�iXj Û Wim imX L1 or�s ¢ �oj N Wk imX ogs�X�
rT WoiX�V�hk Wo X�fm k��iW�h j W�XfiWro � Úo i��hXk ¯ �Ý �oj ¯ �Y ¢ ¡ � à � sX�ok im�i
imX kWs�hW�Xj V�o � h��j� hWs WiX� Û�k gkXj Tr� imX ��XjWfiWro �oj imX V�o �XX�
hWs WiX� Tr� imX �Xfroki�gfiWro ¢ Û Wim kWs Wh�� kW¨oW�f�iWro Tr� ¡ � à«« ¢ ¡ � à¡þ
úW �X � ��XjWfir� à �Xfroki�gfiWro ü �
���hX ¯ �Ý kmrÛ k imX �Xkghik Tr� imX jWkfroiWogrgk Wo WiW�h TgofiWro = ÛX oriX im�i

Wo im�XX jWs XokWrok ¢ imX hWs WiX�k ÛmWfm ��X ks rrimX� ¨WVX � XiiX� �ffg��fq¢ �k m�k
¨XoX��hhq � XXo r�kX�VXj Wo imX hWiX��ig�X 0�� Ç �61 � �mXkX �Xkghik ¨WVX krs X WokW¨mi
Woir imX jWÏ fghiWXk XofrgoiX�Xj Wo ¯�jWs XokWro�h f�hfgh�iWrok � 8X r�kX�VX im�i
imX kXfroj ¨�Wj �X�oXs Xoi Wk sgfm sr�X XÏ fWXoi im�o imX ��ki = imX r�jX� OL1

WojWf�iXj Wo imX h�ki frhgso Wk imX �VX��¨X rT imX iÛr r�jX�k r�i�WoXj T�rs X�fm
¨�Wj �X�oXs Xoi �

���hXk ¯ �Y �oj ¯ �¯ ��XkXoi � iXki Û Wim � froiWogrgk Wo WiW�h TgofiWro � 8X kXX
im�i Û Wim imX ks rrimX� kWs�hW�Xj V�o � h��j� �oj V�o �XX� hWs WiX�k ¢ kXfroj�r�jX�



�Z

�ffg��fq Wk ����r�fmXj ÛmWhX Wi Wk XVXo khW¨mihq X�fXXjXj Û Wim imX r�W¨Wo�h V�o
� h��j� hWs WiX� �

e W¨g�X ¯ �� kmrÛ k imX X©Xfi rT V��qWo¨ imX ����sXiX� K Wo ε2 = (K∆x)3 � er�
ks �hh V�hgXk rT K úk�q hXkk im�o ¯ü imX r�jX� Wof�X�kXk Û Wim � ¢ �gi ÛX Trgoj im�i
sroriroWfWiq Wk or hro¨X� ��XkX�VXj WT � ¨�rÛ k �Xqroj � ���iWfgh�� V�hgX ÛmWfm
jX� Xojk ro imX ksrrimoXkk rT imX WoWiW�h TgofiWro = ks rrimX� j�i� �hhrÛ mW¨mX�
V�hgXk rT K �XTr�X XofrgoiX�Wo¨ sroriroWfWiq ��X�fmXk �

¯ �� �Ý �Y � ��� +� '��+���& Ð�&'* '²��)+���
8X frokWjX�Xj imX fh�kkWf�h iXki ��r�hXs 0��1 rT kg� X�kroWf ±rÛ Wo � fm�ooXh

Û Wim � Tr�Û��j T�fWo¨ kiX� ¢ X�iXojXj mX�X ir � im�XX�jWs XokWro�h ¨XrsXi�q fr��Xk�
�rojWo¨ ir imX frs�gi�iWro�h jrs�Wo [0,3]× [0,1]× [0,1]úWo jWs XokWrohXkk goWikü �
�mX hXo¨im ¢ Û Wjim �oj mXW¨mi rT imX kiX� ��X 2.4 ¢ 1 �oj 0.2 ¢ �Xk� XfiWVXhq�

e W¨g�X ¯ �� úhXTiü kmrÛ k imX �Xkghik r�i�WoXj úWo imX goki�iWro��q srjXü Û Wim
imX kWs �hW�Xj V�o � h��j� hWs WiX� ¢ �i iWs X t = 3.05 � � himrg¨m imX jXokWiq froirg�k
��X ksrrim ¢ imX Tr�Û��j kmrfÜ Wk ori VX�q km��� �oj imX �X±XfiXj roXk XVXo ÛX��
ÜX� � eW¨g�X ¯ �� ú�W¨miü ��XkXoik imX �Xkghik r�i�WoXj Û Wim imX r�W¨Wo�h V�o � h��j�
hWs WiX� ¢ Û Wim K = 3 � �mX Tr�Û��j �oj �X±XfiXj kmr fÜk ��X krs XÛm�i km��� X� ¢
�gi ÛX ��X kiWhh T�� T�rs imX km��� ki�gfig�X r�kX�VXj X �¨ � Wo 0�� Ç �1 � �mWk Wk
ori rohq imX frokX�gXofX rT krs X jWÏ fghiWXk ÛmWfm s W¨mi m�VX � XXo XofrgoiX�Xj
�q rg� s Ximrj ¢ �gi f�o �hkr � X �ii�W�giXj ¢ �i hX�ki Wo ���i ¢ ir imX T�fi im�i ÛX
��X jX�hWo¨ Û Wim im�XX�jWs XokWro�h kmrfÜk � ®g� �Xkghik mX�X frs���X T�Vrg���hq¢



� Ý
�Ws WiX�k L1,N = 16 L1,N = 32 L1,N = 64 OL1

® �� > ú�#¯ü Z �Z ÝZ��� Z �ZZ���Y Z �ZZ¯��� Z ���
 � ? Z �ZZ�Z¯Z Z �ZZ�¯ Ý� Z �ZZYZ¯ Z ���
«« @ Z �Z Ý��YY Z �Z ÝÝÝY� Z �ZZ�Ý�Y Z ��Y
¡þ A Z �Z Ý� Ý� Z �Z ÝZ�Y� Z �ZZ�¯� Z ���

¡ � Bà � Z �ZZ�Ý� Z �ZZ�¯ Ý� Z �ZZ¯�¯Y Z ���
¡ � à«« Z �Z ÝÝZ�Y Z �Z ÝÝ� Ý� Z �ZZ�Z�Z Z �Y Ý
¡ � à¡þ Z �Z ÝZ��� Z �Z ÝÝÝÝ� Z �ZZ���Y Z �¯�

CQD B ÷ BrB
L1 � X��r� �oj �ffg��fq r�jX� ¢ j WkfroiWogrgk ��r�hXs

úiXki Ýü ¯� f�kX

imrg¨m ¢ Û Wim kWs Wh�� �Xkghik ��XkXoiXj ¢ Tr� imX kXfroj r�jX� g�Û Woj kfmXsX �oj
goki�gfig�Xj iXi��mXj�� r�i�WoXj T�rs �o r�W¨Wo�h ki�gfig�Xj fg�Wf ¨�Wj ¢ ÛmX�X
imX fg�Xk ��X jXfrs�rkXj Woir iXi��mXj�� ¢ Wo 0��1 � 8X � XhWXVX im�i s Xkm �j���
i�iWro ¢ ÛmWfm ¢ goTr�igo�iXhq¢ Û�k ori �V�Wh��hX ÛmXo rg� ogs X�Wf�h X�� X�Ws Xoik
ÛX�X � X�Tr�s Xj ¢ Ûrghj hX�j ir kW¨oW�f�oi Ws��rVXsXoik ¢ Wo imX ¯�jWs XokWro�h
f�kX ¢ �k Û�k r�kX�VXj Wo 0�1 Wo imX Y�� f�kX ¢ �oj WoiXoj ir kigjq imWk �k� Xfi rT
rg� ¯�� frs�gi�iWrok Wo imX Tgig�X �

2 � < %,	 ,)$2 �$) \2�$*$ � ,&+ &+%'/+�2*
E � �$) �''%
3 � © ,)© �*
F � ^.#'%� ''
G � ^,(#2,,'* �$) \2�$*$



�Y

�Ws WiX� L1,N = 16 L1,N = 32 L1,N = 64 OL1

¡ � Z �Z¯Y�YZ Z �ZZ��Z Z �ZZY��� Ý���
¡ � à � Z �ZY¯��� Z �ZZ��Z� Z �ZZ ÝÝ¯ Ý��
¡ � à«« Z �Z��¯Y� Z �Z ÝÝ�� Z �ZZ¯�YZ Ý�Z
¡ � à¡þ Z �ZYÝ�� Z �ZZ�Z�Z Z �ZZYZ¯ Ý��

CQD B ÷ B~ B
L1 � X��r� �oj �ffg��fq r�jX� ¢ froiWogrgk ��r�hXs úiXki

Yü ¢ ¯� f�kX

N L1 ú�#Zü OL1 L1 ú�#Z ���ü OL1 L1 ú�# Ý��ü OL1

 Z �Z��Ý� Z �Z¯YÝÝ� Z �ZY����
Ý� Z �Z¯Y�YZ Ý��� Z �ZZ�Z�Z Ý�Y Z �ZZ���� Ý���
¯Y Z �ZZ��Z Ý��� Z �ZZY��� Ý�� Z �ZZ Ý�� Y �Z¯

CQD B ÷ B÷ B froiWogrgk ��r�hXs úiXki Yü r�W¨Wo�h V�o � h��j� hWs WiX� ¢
¯� f�kX

0.001

0.01

0.1

10 100

L1

GRIDS:16,32,64

Continuous problem with Original van Albada limiter (for predictor and reconstruction)

K=0.25
K=0.5

K=0.75
K=1.0

K=1.25
K=1.5

K=1.75
K=2.0

óFô B ÷ B� B
L1 X��r� ®�W¨Wo�h V�o � h��j� hWs WiX� Û Wim K ∈ [0.25,2.25]



�¯

XY

Z1

23

    0  0.69   1.4   2.1   2.7   3.4   4.1   4.8   5.5   6.2   6.9

rho

1

23

    0  0.71   1.4   2.1   2.9   3.6   4.3     5   5.7   6.4

rho

XY

Z

óFô B ÷ B� B �XokWiq i#¯ �Z� ¢ � Ý froirg�k ¢ ¦�Wj Y�Z� ÝZ�Z ¢ kWs�hW�Xj
V�o � h��j� úhXTiü �oj ® �� Û Wim �# ¯ ú�W¨miü

� �6 �� � � Â� �Ø ! ÔÕ× �ÏÀÉÍÎ¼ËÁÏÊ y�	 ÎÁ�ÍÂ ÃÍ¼Î ÄÂÎÎÆ{

8X frokWjX�Xj WoWiW�h V�hgXk ��r�hXs k Tr� imX �jVXfiWro X�g�iWro

ut + aux + buy = 0 0 ≤ x,y ≤ 1

ÛmX�X ÛX fmrkX a = b = 1 mX�X ¢ Û Wim imX WoWiW�h TgofiWrok

f
iXki Ý
0 (x,y) =





0.5 WT (x− 1/2)2 + (y − 1/2)2 < 1/8

0 XhkXÛmX�X

�oj f
iXki Y
0 (x,y) = sin(π(x+ y))

���hX ¯ �� kmrÛ k imX �Xkghik r�i�WoXj ¢ Tr� imX jWkfroiWogrgk Wo WiW�h TgofiWro ¢ Û Wim
imX oXÛ 2r�hW�gX jg�h fXhh3 �¡l  �oWiX VrhgsX sXimrj ¢ gkWo¨ imX kWs�hW�Xj V�o
� h��j� hWs WiX� ú¡ � ü � £ Wk imX ogs�X� rT WoiX�V�hk Wo X�fm k��iW�h j W�XfiWro ¢ �oj
Nt
Wk imX ogs�X� rT jrg�hX iWs X kiX�k � ®o imX �W¨mi m�oj kWjX ¢ Tr� frs���Wkro �k



��

k�ÜX ¢ ÛX m�VX ¨WVXo imX �Xkghik r�i�WoXj Û Wim imX Tr�s X� � ¡  sXimrj úÛ Wim fXhh
� rgoj��WXk ����hhXh ir imX x r� y ��Xkü ¢ gkWo¨ V�o �XX� �k hWs WiX� ú �ü �

er� imWk jWkfroiWogrgk ��r�hXs ¢ � rim sXimrjk kXXs ir � X frs�����hX � �mX
khW¨mi �jV�oi�¨X ��rV WjXj �q imX �¡  sXimrj frghj � X jgX ir imX �Xfroki�gfiWro
rT imX ±g�Xk �oj imX T�fi im�i V�o �XX� �k hWs WiX� s W¨mi ¢ Wo krs X f�kXk ¢ hX�j ir
� XiiX� �Xkghik im�o imX kWs�hW�Xj V�o � h��j� hWs WiX� ¢ �k �h�X�jq r�kX�VXj Tr� rg�
¯�jWs XokWro�h iXkik úi��hXk ¯ �Ý �oj ¯ �Yü �

er� imX kXfroj úfroiWogrgkü iXki TgofiWro ¢ ÛX m�VX frs���Xj imX oXÛ r�hW�gX
jg�h fXhh s Ximrj úi��hX ¯ ��ü Û Wim imX �Xkghik r�i�WoXj �q ùW�o¨ �oj ��jsr� 0�71
Tr� imX k�s X iXki úi��hX ¯ ��ü Û Wim � Y�jWs XokWro�h X�iXokWro rT imX £Xkkq�mg�
��jsr� kfmXsX kWs Wh�� ir imX � ¡  X�iXokWro �gi Û Wimrgi �Xfroki�gfiWro rT imX
±g�Xk �

�mX oXÛ �¡l  sXimrj hX�jk ir � XiiX� L1 �oj L∞ X��r� Û Wim imX �o�h ¨�Wj ¢
�oj ir mW¨mX� r�jX�k rT �ffg��fq� 8X oriX im�i ÛX m�VX � X�Tr�s Xj 400

jrg�hX
iWs X kiX�k ¢ ÛmWhX imX ogs�X� rT iWs X kiX�k � X�Tr�s Xj Wo 0�71 Wk ori WojWf�iXj �

£ Nt
¡ � V�o �XX�

X��r�k t L1 L∞ L1 L∞

� ¯Z Ý�Ý��°�Y Y �� Ý�°�Ý � �¯�°�¯ Y ��Y�°�Ý
CQD B ÷ B� B iXki Ý oXÛ Y� kfmXsX �¡l  ú&'( ) ü rhj kfmXsX �¡  ú*+,- ) ü



��

�¡l 
£ L1 L∞ OL1 OL∞

�Z Y �¯�Y°�Y � �ZZ¯°�Y
Z � ����°�¯ Y �¯Z¯°�Y Y �Z¯ Ý�¯
Ý�Z Ý�¯��°�¯  ����°�¯ Y �ÝZ Ý�¯�

CQD B ÷ B� B iXki Y ¢ oXÛ Y� kfmXsX �¡l 

ùW�o¨���jsr� 0�71
£ L1 L∞ OL1 OL∞

�Z Ý��¯°�Y � �� Ý°�Y
Z � ��Z°�¯ Y �ÝY°�Y Ý��� Ý�Y Ý
Ý�Z Ý���°�¯  ��Z°�¯ Ý� Ý�Y�

CQD B ÷ B� B iXki Y ¢ Y� £�

Û ÃH Ã  ´¡·¸¤ã ¢¡6 âßãÌâI¶
8X m�VX ��XkXoiXj oXÛ Y �oj ¯�jWs XokWro�h oro rkfWhh�ir�q fXoi��h �oWiX

VrhgsX sXimrjk Tr� ki�¨¨X�Xj ¨�Wjk � ¡i��iWo¨ T�rs rg� iÛr�jWs XokWro�h �oWiX Vr�
hgs X ¨XoX��hWý�iWro Tr� l��iXkW�o ¨�Wjk rT imX £Xkkq�mg���jsr� Ý�jWs XokWro�h
�oWiX jW©X�XofX kfmXsX ¢ ÛX m�VX X�iXojXj Wi ir � ¯�jWs XokWro�h �oWiX VrhgsX
sXimrj gkWo¨ iÛr ki�¨¨X�Xj l��iXkW�o ¨�Wjk �i �hiX�o�iX iWs X kiX�k � ®g� og�
s X�Wf�h X�� X�Ws Xoik m�VX kmrÛo im�i Tr� froiWogrgk WoWiW�h j�i� ¢ imX s Ximrj Wk
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oro�rkfWhh�ir�q �oj kXfroj r�jX� �ffg��iX ÛmXo frg�hXj Û Wim imX r�W¨Wo�h V�o
� h��j� hWs WiX� = khW¨mi gojX�àrVX�kmrrik ¢ Tr� jWkfroiWogrgk j�i� ¢ f�o ��WkX Tr� Wo�
�jX�g�iX fmrWfXk rT imX hWs WiX� ����sXiX� K � « Xkm �j��i�iWro Ûrghj ��r���hq
��Wo¨ kg�ki�oiW�h Ws��rVXsXoik ¢ �oj Û Whh � X kigjWXj �

û�VWo¨ r�kX�VXj imXkX gojX�àrVX�kmrrik ÛmXo gkWo¨ imX r�W¨Wo�h V�o � h��j�
hWs WiX� ¢ �oj r�jX�k rT �ffg��fq WoTX�Wr� ir imX imXr�XiWf�h kXfroj r�jX� ��XjWfiXj ¢
Wo imX ��kXofX rT jWkfroiWogWiWXk ¢ �q imX ��WofW� hX rT imX s Ximrj ÛmXo gkWo¨ imX
kWs �hW�Xj V�o � h��j� hWs WiX� ¢ �oj Wo �o X©r�i ir kWs �hWTq imX frs�gi�iWro�h frs�
�hX� Wiq rT rg� X��hWX� Y�jWs XokWro�h s Ximrj ¢ ÛmX�X imX �Xfroki�gfiWro kiX� Û�k ���
�hWXj �rim ir imX jX� XojXoi V��W��hXk �oj ir imX ±g�Xk ¢ ÛX m�VX WoVXkiW¨�iXj mX�X
imX � rkkW� WhWiq rT � jW�Xfi i��ok�rkWiWro rT rg� Y�jWs XokWro�h �oWiX Vrhgs X s Ximrj
Tr� ki�¨¨X�Xj goki�gfig�Xj i�W�o¨gh�� ¨�Wjk ir imX f�kX rT Y�jWs XokWro�h l��iXkW�o
¨�Wjk � �mWk oXÛ 2r�hW�gX jg�h fXhh3 úr� 2jW�sroj3 jg�h fXhhü s Ximrj ú� ¡l  ü kXXs k
ir froVX�¨X T�kiX� Wo �hh or�s k im�o imX ùW�o¨���jsr� Y�jWs XokWro�h X�iXokWro
rT imX £� kfmXs X ¢ ÛmWhX m�V Wo¨ frs�����hX �ffg��fq = ro imX rimX� m�oj ¢ Wik �f�
fg��fq Wk frs�����hX Û Wim imX X��hWX� Y�jWs XokWro�h VX�kWro ú� ¡  ü úoro r�hW�gX
jg�h fXhhkü ¢ �gi frs�giWo¨ iWs Xk ��X �XjgfXj kWofX ÛX jr ori �Xfroki�gfi imX
±g�Xk = imX Y�jWs XokWro�h � ¡l  sXimrj f�o imX�XTr�X � X frokWjX�Xj �k � khW¨mi
Ws��rVXsXoi rT � rim X��hWX� s Ximrjk ú� ¡  �oj ù� ü�

�mXkX frokWjX��iWrok m�VX Xofrg��¨Xj gk ir ��rfXXj ir im�XX�jWs XokWro�h frs�
�gi�iWrok ro goki�gfig�Xj iXi��mXj��h ¨�Wjk ¢ gkWo¨ ¨�Wj �j��i�iWro 0�1 �
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Û ÃJ Ã "·I¡´á ¸ßã6ãß¡µ¶

¡�XfW�h im�oÜk Tr� imX l£Ú fXoiX� ��&��& � �� ¯*+²� ' ��)'��+( ÿK Tr� �hhr f�iWo¨
iWs X ro imX ��� �*+, +��ööö �oj ir imX l°§l� �'�)*' �' ê'�- '*�- ' '� ��&�� &
«�� &+²� ¯ Tr� imX �� krTiÛ��X ÿÿ �8X �hkr im�oÜ ��rTXkkr� þ � V�o �XX� Tr� ogsX�rgk
��WV�iX jWkfgkkWrok ro hWs WiX�k ¢ �oj mWk kg��r�i Tr� rg� Ûr�Ü ÛmWhX imX ��ki iÛr
�gimr�k ÛX�X V WkWiWo¨ imX ¬oWVX�kWiq rT « WfmW¨�o � e Wo�hhq¢ ÛX ��X VX�q ¨��iXTgh
ir imX � hX��ojX� Vro ûgs�rhji�ergoj�iWro úþroo ¢ ¦X�s �oqü Tr� imX ¨XoX�rgk
kg��r�i Wi ��rVWjXj ir imX ��ki �gimr� ¢ jg�Wo¨ � �XkX��fm ki�q �i imX ¬oWVX�kWiq
rT 8 L�ý�g�¨ �

Û ÃÂM Ã "ååß¡ã ¢Ü

¬kWo¨ X�g�iWro ú¯ �� �ÝÝü �oj imX �Xfroki�gfiWro ú¯ �� �Y¯ü ¢ imX frs�hXiX �¡ 
kXfroj r�jX� kfmXsX Wo ¯� f�o � X Û �WiiXo t
e W�ki iWs X kiX�
úWü �Xfroki�gfiWro rT frokX�V�iWVX V��W��hXk

M
~Un

Clmn
(~Rijk) = ~Un

Clmn
+

1

2
∇~Un

Clmn
· (~Rijk − ~RClmn

) ú¯ �ÝZ �Ýü

~Rijk
�X��XkXoik imX fXoiX� rT fXhh Lijk

�oj ~RClmn

imX fXoiX� rT fXhh Clmn
�

�d � NOOP QRRSSS TUVWXYUW TZ[\]O^_`a TUb
��� NOOP QRRSSS Tc_^ c` Tde\]O^_`a Tc`Rfcg_] c_Rhd TNOe a



�

úWWü ��XjWfir�

~U
n+ 1

2
ijk = ~Un

ijk −
∆t

2
(A · ~U lim ,n

ijk,x +B · ~U lim ,n
ijk,y + C · ~U lim ,n

ijk,z ) ú¯ �ÝZ �Yü

úWWWü �Xfroki�gfiWro rT imX ±g�

~F
n+1/2
ijk = ~F (~U

n+ 1
2

ijk )

M
~F n+1/2

Clmn
(~R∂Lq

ijk
) = ~F

n+1/2
Clmn

+ ∇~F
n+1/2
Clmn

· (~R∂Lq
ijk

− ~RClmn
) ú¯ �ÝZ �¯ü

~R∂Lq
ijk

Wk imX fXoiX� rT T�fX q rT imX Lijk
fXhh �

¬kWo¨ imX T�fik im�i ∆x = ∆y = ∆z = h �oj V (Clmn∩Lijk)

V (Lijk)
= 1

8
�oj A(Clmn∩∂Lq

ijk)

V (Lijk)
=

1
4h
¢ ú¯ �� �ÝÝü f�o � X �X�Û �WiiXo �k t

úWV ü fr��Xfir�

~Un+1
Lijk

= 1
8

∑

lmn
neighbour

M
~Un

Clmn
(~Rijk) − ∆t

4h

6∑
q=1

∑

lmnoXW¨m�rg�
M

~F n+1/2

Clmn
(~R∂Lq

ijk
) · ~nq

ú¯ �ÝZ ��ü

¡Xfroj iWs X kiX�
§X�XiX kiX�k úWü ir úWV ü ki��iWo¨ T�rs imX V�hgXk ro imX ki�¨¨X�Xj ¨�Wj Lijk

�



i öi$ ö.!��jÀ öõ
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k²m n o pqr·tuvt w p o ¸yzqyt{ ytz p o ¹º»¼½q w |}~~~�� � �¾ ¿�� ��������À���ÁÂÃ �
Ä ��Á� ����� � �À� �� �� �� Å ��� ÆÇ È��Á����� �Á��� ���� ����� �°¢É ¦  §¦ ©¥ Ê£¤£ ©£
¥Ê ¢É£ ËÌÍ Î¥©¨£¢Ï ¥Ê Ë¦ ¦Ð¦ � Ñ ¦Ï ¯Ò ¢¥ ¬§ £ l� lÓÓÓ � Ô¦¨Ê¦Õ � ¬ � Ñ ¨¨¢Ö£¤ � £Ð¨¢¥¤ �
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k¯m n o pqr·tuvt w p o ¸yzqyt{ ytz p o ¹º»¼½q w |}~~~�� � �¾ Å ��� Æ���� ��������
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�� Æ�Ç Þ �¾� ¾�Á� � ������À�� ��Á��Â À��Á��� �À� �� � �� �Á��� ���� ���Á��ÀÁ���� Á��
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©¥ Ê£¤£ ©£ ¥Ê ¢É£ ËÌÍ Î¥©¨£¢Ï ¥Ê Ë¦ ¦Ð¦ � Ñ ¦Ï ²°¶²Ó � ²ÒÒ l� ó ¨¢©É£ £¤ � ô ¢¦¤¨¥ �
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kÓm n o pqr·tuvt w ¸ o¼ o é ·yêêvt ytz p o ¸yzqyt{ w |}~~þ�� ì � ���Á� ����� �
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klÒm ¸ o ¼qytzyêê ytz p o ¸yuzy w |}~�ö�� � ���Á��� ��� ����À� �ÃÃ ��� �� �Á���� � ��
�À���� À�������Á��� ��¾�� Ñ ¦¢É � Ë¥�³ �� ¯Ý �  ¥ � lÝÓ � ³³ � l¶² l�

kllm ¸ o �{·�{t»� ·{qæ{ w |}~~þ�� � ��� �� ����� �Ã ¾��� � À� �� �� � �� Á� � È��Ã ����
��î�� ÿ ���� ÿ ���Á���� �� í�� ����Ã �����Á ú��� �Á���� �� ÆÇ � Í ¨¡¡£¤¢¦¢¨¥ 	¢É£¡¨¡ �
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kl²m � o �vzê{� æ · ytz n op o �y� ·yqº w |}~~� � � � �� ���À�� ìÃÃ ��� �� �Á��� �� � Â�
Ã ��î���À �Â�Á�� � �� È�������Á��� ¿�¾�� Î³¤¨ á£¤¶®£¤¦á � ± £� �¥¤ä �

��¯� � � �vzê{� æ · ytz � �� � �y� ·yqº w |}~~ }�� � ÂÃ ��î���À �Â�Á�� � �� È�������Á���
¿�¾�� ùÐ¨¢¨¥ ¡ ù¨³¡£¡ � ß¦¤¨¡ �

��Ý � � � ��� æz�� � å � ���{�{� ��z ¼ � �� z{ � |õööö�� È������ ��À� �� � �Á��� ��
��� ¿�� ��������À�� � À� �� � � �� ������ ��� À�������Á��� ��¾� �� ���Á��ÀÁ���� Á¾��
��� �������� � ����� ß¤£³¤¨ ¢ ±¥ � Ò°	²ÒÒÒ � Ñ ¦¢É£� ¦¢¨¡©É£ Ì¦ä§£¢¦£¢ � 
 ¨Ü£¤¡¨¢Ï
¥Ê Ì¤£¨à§¤á � â£¤� ¦ Ï� �³¤¨ ²ÒÒÒ � ß§à¨¡É£Ð ¨  ±§� £¤¨¡©É£ Ñ ¦¢É£� ¦¢¨ä � Ü¥ � µµ
ª²ÒÒ �« ³³ � Ý´Ó¶ÝµÝ �

��´� � �¼ � � ·�z!��æ � � �¸ � ��{æ � ��z å �" � �� ·## ·º æ � |}~�þ�� í�� �Á�î���ÁÂ
�� ��Ã ��À�Á ÿ ���� Á�� � ��Á�� ��Á��� � �� À��Á��� Ä ��Á� ��� ����À� �ÃÃ ��� �� �Á���� ��
Á� � ���Á���� �������� ����ÀÁ��� ��� ����� ����Á��� � � ¢ � ¬ � Ê¥¤ ±§� £¤¨©¦ Ñ £¢É¥Ð¡
¨  Ì§¨Ð¡ � Ý � µ´¯¶Ó° �

��Ø� ¼ � � ·�æç � |}~~ö�� � �� ���À�� È��Ã �Á�Á��� �� $�Á����� ��� ÿ� Á����� � ��¾�ø
���%$ ø÷&''ø ���%$$ ø÷&&(ø )��� *���Âø � �¾ +��� %

��°� � � ,�!{æ�� � |}~~-� � ÿ ����Á��� ÿ ��� �� Á� �� È��Ã �Á�Á����� ì �� ���Á��� � �� ì����
�Â��� �À ì���Â��� ��� Ç ����� � �Ë�Îù ×£³ ¥¤¢ ±¥ � Ó°¶Øµ �

��µ� � � , ·��. ��/ � � 0�/!�� � |}~~� �� � �����À�� ��Á��Â È��Á��� � À� �� �� � �� � ���
Á���� �������� � ÂÃ ��î���À È�������Á��� ¿�¾�� Î��Ñ ¬ � Î©¨£  � Ë¥�³ �� ®¥ � �Ó �±¥ �
Ø � ³³ � �µÓ²¶ �Ó �° �

��Ó� 0 � ��ºæ��1� ·æ ��/ å � 2{�½ � |}~~~�� ì � ���Ä �� � Á��ÀÁ���� È��Á��� � À� �� � � ��
ÅÇ � ÂÃ ��î���À È�������Á��� ¿�¾�� �³³¨£Ð Ñ ¦¢É£� ¦¢¨©¡ ï£¢¢£¤¡ �² ªØ« �� �§á§¡¢
ª�ÓÓÓ« � ³³ � µÓ¶µØ �
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�²Ò� ¹ �4 � ��15 �� � |}~-ö�� � ���Á������ �������� ��� ����Á���� ¾ �Á� ������� �Ã �À� ���
���î���� Ñ ¦¢É � Îà ¥¤ ¨ä � �²¯ � ³³ � ²²µ¶²´´ 6 ù á¨¡É ò¤¦ ¡ � ¨  Ñ ¦¢É � 
 ÎÎ× Îà ¥¤ ¨ä �
�Ò ª�Ó°Ò« � ³³ � ² �°¶²Ý¯ �

�² �� ¸ � �1{º {� � |!�½ õööö�� ì Ã ����� ��� � Ã��Á������ ����� ��Á�� �Á�� � �� Á� �
�Á��� ���� ¿�� ��������À�� �À� �� � �� ���Á����� ������� � �� �À���� ������ ��� À������
��Á��� ��¾�� ß¤£³¤¨ ¢ ±¥ � �Ó	²ÒÒÒ � Ñ ¦¢É£� ¦¢¨¡©É£ Ì¦ä§¢¦£¢ � 
 ¨Ü � ¥Ê Ì¤£¨à§¤á �
â£¤� ¦ Ï�

�²²� ¸ � �1{º {� � |õöö }�� ÿ ���� ��Á�� �Á�� � �� Á� � �Á��� ���� ¿�� ��������À�� �À� �� �
�� ���Á��ÀÁ���� ������ �À����� ¢¥ ¦³³ £¦¤ ¨  Î��Ñ ¬ � ±§� £¤ � � ¦ ��

�²¯� � �å � 2�7 � |}~ëþ�� *��� ����Á���� �� ������ ��� �ÂÃ ��î���À ����Á��� ��� Á� ���
��� ���À�� À��Ã �Á�Á��� � Ë¥�� � ß§¤£ ¦ Ð �³³¨£Ð Ñ ¦¢É �° � ³³ � �´Ó¶ �Ó¯ �
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�²Ø� " � ¹���ç � =>~~-� � í� � �Ã Á�� �� À������ ��À� ��Á� �� � ���Á��� Ä ��Á� ��� ����À�
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_ `a` bcdefghid jfc
klmn op oqlrstup v wpn xyzmsts{mn xp |lnp r{}u wl ~ymyulwsnlts{m xpn � ytq{xpn

xp �{w}�pn zmsn � xpn � lswwl~pn m{m�ntu}ot}uyn n{mt ruynpmtypn � �{}n o{mnsxy�
u{mn t{}t x �l|{ux }mp tytul�xusnlts{m lx� snns| wp pt m{}n �{mtu{mn w �y�}s�lwpmt
m{m�ntu}ot}uy xp wl � ytq{xp xp �{x}m{� � �l tpoqms�}p ����� pnt ytpmx}p l}�
�lswwl~pn m{m ntu}ot}uyn xp tytul�xupn pt xs�punpn tpoqms�}pn xp upo{mntu}ots{mn
n{mt p�rws�}ypn � kpn �{mots{mn � {}lmt wp u�wp xp ws� stp}u r {}u �{uopu wp upnr pot x}
rusmosr p x} � l� s�}� n{mt ruynpmtypn v pm rlutso}wspu wp ws� stp}u xp �pm�ltl�usnq�
mlm �

_ `� ` �� j������ �g� j��j����
�pn p�ptn x �}m �l}�lsn � lswwl~p n}u t{}tp � ytq{xp xp �{w}�pn � ywy� pmtn �

xs�yupmopn zmspn o{mntst}pmt }m rqym{��mp ~ulmxp�pmt upo{mm} rlu wl o{��}�
ml}ty xpn m}�yusospmn v � lsn opn p�ptn upntpmt xs� oswpn � xy�{mtupu �  {}u yws� smpu
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opn p�ptn l} �l�s�}� v xpn o{mxsts{mn upntusots�pn nywpots{mmlmt oputlsmn t¢r pn xp
� lswwl~pn n{mt smtu{x}stpn v wl rw}rlut x} tp�rn r{}u ns�rwszpu wp o{mtp�tp xpn
xy� {mntults{mn xp o{m�pu~pmop xpn � ytq{xpn �
£¤¥¦§¨§©¦ ª «¬ «« ®¯ ° ±²³ ³±´ µ T ¶µ R

d µ·¸ ¶²¸ ¹º» §¼¼§½ ¾¿ À¬ Á ·² Â
Ã ²³ µ·¸ ¶Ä¯¯ Å Æ±Ç ³ ÈÉ¯²Ä¯ ¶µ Æ Ä³Ê´ Ä¯ µ· ·²°Æ ³µ° µ¯¸ ËÄ¯¯ µÌ µ·Í ¶²·Î Ä²¯¸· ¯ Ä¸Å· Ωi Ï
ÐT = ∪iΩiÑ Ï Ò Ä¸Ä¯· Æ±Ç

h = sup{¶²±°{Ωi},Ωi ∈ T } <∞ Ï
¬Ã ²³ µÌ ²·¸µ

α > 0
¸µ³ ÓÉ µ ∀i

αhd ≤ m(Ωi) ÔÕ �3 �ðÖ

m(∂Ωi) ≤
1

α
hd−1 ÔÕ �3 �3Ö

Ä× m(Ωi)
µ·¸ ³± ° µ·ÉÇµ ¶µ ØµÙµ·´É µ ¶µ Ωi

µ¸ ¶µ Ú ±ÛÄ¯ ±¯±³Ä´É µ m(∂Ωi)
ÇµÆ ÇÅÜ

· µ¯¸µ ³± ° µ·ÉÇµ ¶µ ØµÙµ·´É µ µ¯
R

d−1 ¶²° µ¯·²Ä¯· Ï Ni

µ·¸ ³ Èµ¯· µ° Ù³µ ¶µ· ²¯¶²Ëµ·
¯É° ÅÇÄ¸±¯¸ ³µ· Æ Ä³Ê´ Ä¯ µ· ÝÄ²·²¯· ¶µ Ωi Ï

_ `Þ ` ßfe�h��d jfc i����jàh�
�{st

Ωi

}m �{w}�p xp o{mtu�wp upnr potlmt wl xyzmsts{m x �}m r{w¢~{mp x}
�lswwl~p lx� snns| wp lw{un v � w �lsxp xp Ôð �ð �3Ö m{}n l�{mn pm smty~ulmt n}u

[tn,tn+1]×

Ωi á

∫∫

[tn,tn+1]×Ωi

(Ut + ∇ · ~F (U))dV dt = 0 ÔÕ �C �ðÖ
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pm smty~ulmt rlu rlutspn rlu ulrr{ut l} tp�rn pt pm }tswsnlmt wp tqy{u�� p xp
ã}��xs�pu~pmop sw � spmt á

∫

Ωi

U(~x,tn+1)dV =

∫

Ωi

U(~x,tn)dV −
∫ tn+1

tn

∫

∂Ωi

~F (U) · n̂dAdt ÔÕ �C �3Ö

�pttp xpums�up �{u�}wp pnt p�lotp olu l}o}mp lrru{� s� lts{m m �l pmo{up yty �lstp �
�pos wlsnnp pmtpmxup smt}sts�p� pmt �}p w �{uxup xp ruyosns{m x} noqy� l npul xsoty
rlu w �{uxup xpn u�~wpn x �smty~ults{mn m}�yus�}pn }tswsnypn � äm uprupmlmt w �sxyp xp
�{x}m{� pt pm }tswsnlmt xpn o{mntlmtpn rlu opww} wpn xyzmspn lsmns á

Ūn
Ωi

=
1

m(Ωi)

∫

Ωi

U(~x,t)dV ÔÕ �C �CÖ

ÔÕ �C �3Ö xp�spmt á
Ūn+1

Ωi
= Ūn

Ωi
− 1

m(Ωi)

∫

∂Ωi

∫ tn+1

tn

~F (U) · n̂ dAdt ÔÕ �C �Õ Ö

ämo{up }mp �{sn v wl �{u�}wlts{m pnt y�}s�lwpmtp � ÔÕ �C �ðÖ ns wpn
Ū

n{mt p�lotpn �
�mp rup� s�up lrru{� s� lts{m o{mnsntp � rupmxup wl u�~wp x} upotlm~wp ~l}oqp r {}u
w �smty~ulwp pm tp�rn xlmn wp tpu� p xp ã}� Ôopos up�spmt � rupmxup ä}wpu�p�rwsostp
r{}u wl xyus�lts{m pm tp�rn xlmn wp oln xp xs�pupmopn zmspnÖ pt

U
o{mntlmt rlu

opww} wp v opos o{mx}st �

Ūn+1
Ωi

= Ūn
Ωi

− ∆t

m(Ωi)

∑

j∈Ni

∫

∂Ωi∩∂Ωj

~F (U(~x,tn)) · n̂ijdAdt ÔÕ �C �¡Ö

�}rr{n{mn �}p wl n{w}ts{m
U

n{st o{mntlmtp xlmn
Ωi

lw{un wp tpu� p xp ã}� n �lr�
ru{� s� p o{��p ~F (U( ~xij ,t

n)) · n̂ij = Gij(Ū
n
i ,Ū

n
j ; n̂ij)

� �p ru{|w�� p xp åsp� lmm
pnt ru{� pty w{ olwp� pmt n}u wl m{u� lwp

n̂ij
x} rwlm �{u� y rlu w �smtpunpots{m xpn 3



ðñæ

opww} wpn �{snsmpn
i
pt
j
�  }sn�}p opttp n{w}ts{m v �}s r p}t çtup w{ olwp� pmt lnns� swyp �

}m ru{|w�� p }msxs� pmns{mmpw v pnt o{ètp}np � uyn{}xup r {}u }m n¢nt�� p v xs�punpn
tpoqms�}pn n{mt }tswsnypn r{}u ns� rwszpu wpn olwo}wn pm np �{mxlmt n}u }m ru{|w�� p
xp å sp� lmm élrru{oqyê Ôrlu p�p�rwp wpn n{w�p}un xp å{p v ë�� pt äsm�pwtx Ôë��äÖ
À¬ì í îïÁÖ � �pn n{w�p}un myopnnstpmt t{}n }mp o{mmlsnnlmop zmp x} n¢nt�� p �} �swn
tpmtpmt xp uyn{}xup olu swn np �{mxpmt n}u w �}tswsnlts{m xpn �lusl|wpn olulotyusnts�}pn
pt x{mo x �}mp o{mmlsnnlmop xpn �lwp}un pt �potp}un ru{rupn lnn{osyn � wl � ltusop
olulotyusnts�}p �

Ūn+1
Ωi

= Ūn
Ωi

− ∆t

m(Ωi)

∑

j∈Ni

m(∂Ωi ∩ ∂Ωj)Gij(Ū
n
i ,Ū

n
j ; n̂ij) ÔÕ �C �âÖ

_ `_ ` ð�iñcjàh� �òóôõ ö�÷dñfg� g� ø�c õ��eù
�{��p xlmn wp oln ntu}ot}uy v sw pnt r{nns| wp x �l}~� pmtpu wl ruyosns{m nrltslwp

xp wl � ytq{xp pm smtu{x}snlmt }mp ytlr p xp upo{mntu}ots{m � w �lsxp x �smtpur{wlmtn
o{mntu}stn � rlutsu xpn � {¢pmmpn opww} wlsupn �

� �ytlr p o{mntst}lmt � rupmxup wl � {¢pmmp xp wl �{mots{m
U

n}u wp �{w}� p xp
o{mtu�wp

Ωi

pnt wsmylsup á

Ai(aU + bV ) = aŪi + bV̄i =
a

m(Ωi)

∫

Ωi

U(~x,t) +
b

m(Ωi)

∫

Ωi

V (~x,t)dV ÔÕ �Õ �ðÖ

= aAiU + bAiV , ÔÕ �Õ �3Ö
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{û
Ai

pnt w �{r yultp}u xp � {¢pmmp nrltslwp n}u wl opww} wp
Ωi

� kp rw}n v
Ai

pnt }mp
üý©þ ¿ÿ¨§©¦ olu

AiAiU = AiŪi = Ūi

�
£¤¥¦§¨§©¦ ª «ª «« ®¯µ ÇµËÄ¯·¸ÇÉ Ë¸²Ä¯ � ³ ÈÄÇ¶Çµ k � Æ±Ç¸²Ç ¶µ· ° ÄÊµ¯¯ µ· · µÇ± ¯ÄÜ
¸Åµ

Uk
i = RkŪi Ï �µ³ ³µÜË² · µÇ± É¯ µ Ë±¯¶²¶±¸µ ±ËËµÆ ¸±Ù³µ ·² µ³ ³µ ·±¸²·Ú ±²¸ ³± Æ ÇÄÆ Ç²Å¸Å

·É²Ý±¯¸µ ¶µ ËÄ¯· µÇÝ±¸²Ä¯ ¶µ ³± ° ÄÊµ¯¯ µ AUk
i = Ūi

µ¸ ·² µ³ ³µ ·±¸²·Ú ±²¸ ³± Æ ÇÄÆ Ç²Å¸Å
¶²¸µ ¶µ k ÜµÌ ±Ë¸²¸É¶µ Â RkAU = U

Í ∀ U ∈ Pk

ÐPk

Å¸±¯¸ ³ Èµ¯· µ° Ù³µ ¶µ· Æ Ä³Ê¯�° µ·
¶µ ¶µ´ÇÅ kÑ ÐÀÁÑ Ï

ª «ª «« � ¿ÿ©¦¼¨ý�ÿ¨§©¦ º¿¼ �ý¹º§¿¦¨¼

�{}n p�r {n{mn sos wpn 3 tpoqms�}pn wpn rw}n o{}ulmtpn r {}u wl upo{mntu}ots{m
xpn ~ulxspmtn �

Õ �Õ �ð �ð � �Çµµ¯Ü�±É··

��¤©ý	»¿ ª «ª «« 
 Ä²¸ u É¯ µ Ú Ä¯ Ë¸²Ä¯ · Ë±³±²Çµ µ¸
Ωi

É¯ ÝÄ³É° µ ¶µ ËÄ¯¸Ç�³µ ·²° Ü
Æ ³µ° µ¯¸ ËÄ¯¯ µÌ µ ±³ÄÇ·

∫

Ωi

∇udV =

∫

∂Ωi

un̂dA ÔÕ �Õ �CÖ

������������ � r{n{mn ~F = um̂
pt smt�~u{mn n}u

Ωi

wl �{mots{m ∇ · ~F � lw{un
x �lru�n wp tqy{u�� p xp ã}��xs�pu~pmop wp uyn}wtlt pnt s��yxslt olu

m̂
pnt �}pw�

o{m�}p �
�

 {n{mn
∂Ωij = ∂Ωi ∩ ∂Ωj

pt m{t{mn rlu
U |∂Ωij

wl �lwp}u xp
U

� wl �u{mts�up pmtup
wpn opww} wpn

Ωi
pt

Ωj
� � w{un sw pnt r{nns|wp x �yousup }mp lrru{� s� lts{m xpn ~ulxspmtn
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n}u wl opww}wp
Ωi

xp wl �l�{m n}s�lmtp á
∫

Ωi

∇udV =

∫

∂Ωi

un̂dA ÔÕ �Õ �Õ Ö

=
∑

j∈Ni

∫

∂Ωij

u|∂Ωij
n̂dA ÔÕ �Õ �¡Ö

äm rupmlmt r{}u lrru{� s� lts{m xp
u|∂Ωij

∼= 1
2
(ūi + ūj)

{m {|tspmt á
∫

Ωi

∇udV ∼=
∑

j∈Ni

∫

∂Ωij

1

2
(ūi + ūj)n̂dA

=
1

2
ūi

∑

j∈Ni

∫

∂Ωij

n̂dA+
1

2

∑

j∈Ni

ūj

∫

∂Ωij

n̂dA

=
1

2

∑

j∈Ni

ūj

∫

∂Ωij

n̂dA ÔÕ �Õ �âÖ

k{mo v pm }tswsnlmt wl m{tlts{m smtu{x}stp pm ÔÕ �Õ �ðÖ r{}u wpn �{¢pmmpn opww} wlsupn v
sw � spmt

Ai∇u =
1

2m(Ωi)

∑

j∈Ni

ūj

∫

∂Ωij

n̂dA ÔÕ �Õ �æÖ

� ¿»¹ý��¿ ª «ª «« Øµ Ë� Ä²Ì u|∂Ωij
∼= 1

2
(ūi + ūj)

²°Æ ³²ÓÉ µ ÓÉ µ ³± Ú ÄÇ°É³µ Ð� Ï� Ï�Ñ
µ·¸ µÌ ±Ë¸µ ³ÄÇ·ÓÉ µ u ∈ P1 Ï
� ¿»¹ý��¿ ª «ª «¬ « Øµ ¸µÇ° µ

ūi

¯ È±ÆÆ±Ç±�¸ Æ ±· ¶±¯· ³ ÈµÌÆ Çµ··²Ä¯ Ð� Ï� Ï�Ñ Ë±Ç
∑

j∈Ni

∫

∂Ωij

n̂dA = 0 ÔÕ �Õ �úÖ

Õ �Õ �ð �3 � � Ä²¯¶Çµ· Ë±ÇÇÅ·

�l �{u�}wlts{m x} ru{|w�� p xp o{mntu}ots{m x} ~ulxspmt pnt rw}n �loswp� pmt
~ymyulwsnl|wp � xpn xyus�ypn x �{uxup rw}n ywp�y w{un�} �{m �{u�}wp wp ru{|w�� p xp
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upoqpuoqp xpn ~ulxspmtn pm }mp � sms� snlts{m xlmn
l2
� �pttp tpoqms�}p v pm rw}n xp

x{mmpu wp ~ulxspmt {rts� lw xlmn
l2
v pnt �{smn npmns| wp l} |u}st �l}nnspm �}p wl

tpoqms�}p xp �uppm��l}nn �
�}rr{n{mn }mp upo{mntu}ots{m wsmylsup xsupotp� pmt {|tpm}p � rlutsu x �}mp nyusp

xp  l¢w{u á

ui(~x) = ūi + (∇ui) · (~x− ~xi) ÔÕ �Õ ��Ö

�{t{mn rlu
uij

wpn
ui(~xj)

tpwn �}p
j ∈ Ni

lw{un wl �{mots{m � � sms� snpu pnt

ψ(∇ui) =
∑

j∈Ni

(−uij + ūi + (∇ui) · (~xj − ~xi))
2 ÔÕ �Õ �ðñÖ

� �smo{mm}p pnt x{mo ∇ui = (pi,qi,ri)
pt m{t{mn

~xj − ~xi = (∆xji,∆yji,∆zji)
� äm

xyus�lmt
ψ

rlu ulrr{ut l}� C smo{mm}pn sw pm uyn}wtp wp n¢nt�� p wsmylsup n}s�lmt á

∑

j∈Ni




∆x2
ji ∆xji∆yji ∆xji∆zji

∆yji∆xji ∆y2
ji ∆yji∆zji

∆zji∆xji ∆zji∆yji ∆z2
ji







pi

qi

ri




=
∑

j∈Ni

(uij − ūi)




∆xji

∆yji

∆zji




�} �sw �l}t uyn{}xup r{}u t{}t
Ωi

x} � lswwl~p �
ª «ª «¬ « ! §» §¨¹¨§©¦

�pn ~ulxspmtn x{s�pmt çtupn ws� styn r{}u �{uopu w{ olwp� pmt wp upnr pot x} rusm�
osr p x} � l�s�}� pt tpmtpu x �p�rçoqpu wl �{u� lts{m xp m{}�pl}� p�tup�}�n pt
x{mo x �{noswwlts{mn �
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�{mou�tp� pmt n{spmt
uimax

pt
uimin

wpn � l�s�}� pt � sms�}� xpn
ū
�{snsmn xp

ūi Ôuimax = maxk∈Ni
{ūk}

Ö � "m oqpuoqp x{mo � s�r{npu � wl upo{mntu}ots{m
ui(~x) á

uimin
≤ ui(~x) ≤ uimax ÔÕ �Õ �ððÖ

��¤©ý	»¿ ª «ª «¬ « # ³ µ·¸ ·É$ ·±¯¸ ¶ È²°Æ Ä· µÇ ³± ËÄ¯¶²¸²Ä¯ Ð� Ï� Ï%%Ñ · µÉ³µ° µ¯¸ ±ÉÌ
Æ Ä²¯¸· ¶µ ÓÉ±¶Ç±¸ÉÇµ·Í Ë Èµ·¸Ü�Ü¶²Çµ ±ÉÌ Æ Ä²¯¸· Ä× ³± ÇµËÄ¯·¸ÇÉ Ë¸²Ä¯ · µÇ± ÅÝ±³É ÅµÏ
������������ �  lu p�p�rwp ÀÁ �

�

�p xpumspu tqy{u�� p ns�rwszp w �lw~{ustq� s�}p myopnnlsup � wl � snp pm &}�up x}
ws� stp}u n}u xpn � lswwl~pn m{m ntu}ot}uyn �
£¤¥¦§¨§©¦ ª «ª «¬ « PQi

µ·¸ ³ Èµ¯· µ° Ù³µ ¶µ· Æ Ä²¯¸· ¶µ R
d Ä× ³± ÇµËÄ¯·¸ÇÉ Ë¸²Ä¯ · µÇ±

ÅÝ±³É Åµ ¶±¯· ³± Ëµ³ ³É ³µ Ωi

Â Ëµ · Ä¯¸ ³µ· Æ Ä²¯¸· ¶µ ÓÉ±¶Ç±¸ÉÇµ Æ ÄÉÇ ³µ· ²¯¸Å´ Ç±³µ· ¶µ
ÝÄ³É° µ µ¸ ¶µ ·ÉÇÚ ±Ëµ ÓÉ² ±ÆÆ±Ç±²·· µ¯¸ ÐÆ ÄÉÇ d = 3Ñ ¶±¯· Ð� Ï' Ï(Ñ Ï
£¤¥¦§¨§©¦ ª «ª «ì « ®¯µ ÇµËÄ¯·¸ÇÉ Ë¸²Ä¯ ³²° ²¸Åµ · µ ¶Å·²´¯ µÇ± Æ±Ç Â

ui(~x) = ūi + φi∇ui · (~x− ~xi) ÔÕ �Õ �ð3Ö

£¤¥¦§¨§©¦ ª «ª «ª « 
 Ä²¸ ~xk
É¯ Æ Ä²¯¸ ¶µ PQi

±³ÄÇ· ³± º¤ý§)¤¿ º§ý¿ÿ¨§©¦¦¿¾¾¿ ¶µ
ui ¶±¯· ³± ¶²ÇµË¸²Ä¯ ~xk − ~xi

· µÇ± ¶Å* ¯²µ Æ±Ç

ui(~xk) − ūi = (∇ui) · (~xk − ~xi) ÔÕ �Õ �ðCÖ

ÓÉ² µ·¸ µ¯ Ú ±²¸ Ð� Ï� Ï%(Ñ ÅÝ±³É Åµ µ¯
x = xk

±ÝµË
φi = 1 Ï
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£¤¥¦§¨§©¦ ª «ª «+ « Øµ· º¤ý§)¤¿¼ »¹, §» ¹¾¿ ¿¨ » §¦§»¹¾¿ ·ÉÇ É¯ µ Ëµ³ ³É ³µ Ωi

∀ ~xk ∈ PQi

· µÇÄ¯¸ ¶Å* ¯²µ· Æ±Ç Â

uimax − ūi ÔÕ �Õ �ðÕÖ

µ¸ Çµ·Æ µË¸²Ý µ° µ¯¸

uimin
− ūi ÔÕ �Õ �ð¡Ö

£¤¥¦§¨§©¦ ª «ª «î « 
 Ä²¸ Ψ(r) É¯ µ Ú Ä¯ Ë¸²Ä¯ ¶µ ³²° ²¸±¸²Ä¯ ¸µ³ ³µ ÓÉ µ ¶Å* ¯²µ ¶±¯· ³±
· µË¸²Ä¯ ( Ï% Ï- ±³ÄÇ· Æ ÄÉÇ ~xk ∈ PQi Ä¯ ¶Å·²´¯ µÇ± Æ±Ç

φk

³± ³²° ²¸±¸²Ä¯ ´ Å¯ ÅÇÅµ Æ±Ç
³µ Æ Ä²¯¸ ¶µ ÓÉ±¶Ç±¸ÉÇµ ¶µ ³± ° ±¯².Çµ ·É²Ý±¯¸µ Â

φk =





Ψ(r =
uimax−ūi

ui(~xk)−ūi
)

·²
ui(~xk) − ūi > 0

Ψ(r =
uimin

−ūi

ui(~xk)−ūi
)

·²
ui(~xk) − ūi < 0

1
·²
ui(~xk) − ūi = 0

ÔÕ �Õ �ðâÖ

£¤¥¦§¨§©¦ ª «ª «/ « Ø± Ý±³µÉÇ * ¯±³µ ¶É ³²° ²¸µÉÇ Æ ÄÉÇ ³± ÇµËÄ¯·¸ÇÉ Ë¸²Ä¯ ui(~x)
· µÇ±

¶Ä¯¯ Åµ Æ±Ç Â

φi = min
~xk∈PQi

{φk} ÔÕ �Õ �ðæÖ

±ÝµË
φk ¶Ä¯¯ Å Æ±Ç ³ ÈµÌÆ Çµ··²Ä¯ Ð� Ï� Ï%-Ñ Ï

� ¿»¹ý��¿ ª «ª «ì « Øµ· ËÄ¯¶²¸²Ä¯· ¶µ ³ ÈµÌÆ Çµ··²Ä¯ Ð� Ï� Ï%-Ñ ¯ µ · Ä¯¸ Æ±· ÇÅ±³²·±Ù³µ·
·ÉÇ É¯ ÄÇ¶²¯±¸µÉÇÏ 0¯ µ1 µ¸Í ²³ Ú ±É¸ ¶Ä¯¯ µÇ É¯ µ ¸Ä³ÅÇ±¯ Ëµ ε°±Ë� ²¯ µ ÓÉ² ÇµÆ ÇÅ· µ¯¸µ
³µ 2¿ý© »¹ÿ� §¦¿ ÓÉ²Í ³É²Í ¶ÅÆ µ¯¶ ¶É ¯Ä° ÙÇµ ¶µ Ù²¸· É¸²³²· Å· Æ ÄÉÇ ÇµÆ ÇÅ· µ¯¸µÇ ³µ·



ððC

¯Ä° ÙÇµ· ¶ÅË²° ±ÉÌ Ð³±Ç´ µÉÇ ¶µ ³± ° ±¯¸²·· µÑ Ï Ø ÈµÌÆ Çµ··²Ä¯ Ð� Ï� Ï%-Ñ ËÄÇÇ²´ Åµ · µ ³²¸
° ±²¯¸µ¯±¯¸ Â

φk =





Ψ(r = uimax−ūi

ui(~xk)−ūi
)

·²
ui(~xk) − ūi > ε°±Ë� ²¯ µ

Ψ(r =
uimin

−ūi

ui(~xk)−ūi
)

·²
ui(~xk) − ūi < −ε°±Ë� ²¯ µ

1
·² |ui(~xk) − ūi| ≤ ε°±Ë� ²¯ µ

ÔÕ �Õ �ðúÖ

Õ �Õ �3 �ð � Ø ²° ²¸µÉÇ ¶µ 3µ¯4±¸±4Ç²·�¯±¯

�p ws� stp}u xp �pm�ltl�usnmlm ÀîîÁ pnt }m xpn ws� stp}un wpn rw}n u{|}ntpn n}u
xpn � lswwl~pn m{m ntu}ot}uyn pt �l�{usnlmt wl o{m�pu~pmop �pun xpn ytltn ntlts{m�
mlsupn | pl}o{}r rw}n ulrsxp� pmt pm t{wyulmt xp r ptstpn {noswwlts{mn pm w �l|npmop
xp oq{on �
£¤¥¦§¨§©¦ ª «ª «5 « 
 µ³Ä¯ ³µ ·²´¯ µ ¶µ ui(~xk) − ūi

ÐÝÄ²Ç � Ï� Ï%-Ñ Í Ä¯ ¶Å·²´¯ µÇ± Æ±Ç
∆+

³± ¶²1 ÅÇµ¯ Ëµ
(uimax − ūi)

·² ³± ¶²1 ÅÇµ¯ Ëµ
(ui(~xk)− ūi)

µ·¸ Æ Ä·²¸²Ý µ µ¸
(uimin

− ūi)

·²
(ui(~xk) − ūi)

µ·¸ ¯ Å´ ±¸²Ý µÍ µ¸ Æ ±Ç
∆̄−

³± ÓÉ±¯¸²¸Å (ui(~xk) − ūi) Ï 6 ÄÉÇ ÅÝ²¸µÇ ³µ·
Æ ÇÄÙ³.° µ· Çµ³²Å· � ³± ¶²Ý²·²Ä¯ Æ±Ç 7 ÅÇÄ ³µ ´ Ç±¶²µ¯¸ ° ²¯²° ±³ · µÇ± Çµ¶Å* ¯² ±²¯·² Â
∆− =

·²´¯
(∆̄−)(|∆̄−| + cε°±Ë� ²¯ µ) ±ÝµË

c > 0 Ï
�p ws� stp}u xp �pm�ltl�usnqmlm pnt xyzms rlu á

Ψ = Ψ(r =
∆+

∆−
) =

∆2
+ + 2∆−∆+ + ε2

∆2
+ + 2∆2

− + ∆−∆+ + ε2
ÔÕ �Õ �ð�Ö

{û
ε2 = (K∆x)3 � K upruynpmtp wl t{wyulmop l}� {noswwlts{mn � ns K = 0

wp ws� stp}u
pnt lots� rlut{}t n}u wp � lswwl~p �

∆x
v r {}u }m � lswwl~p m{m ntu}ot}uy v upruynpmtp

qp}usnts�}p�pmt v r{}u xpn tytul�xupn v wp xsl� �tup Ôrw}n ~ulmxp luçtpÖ �}p w �{m
{|tspmxulst pm �lswwlmt xp �l�{m }ms�{u� p l�po xpn tytul�xupn wp x{�lsmp xp olwo}w �
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D `a` Ehd�he�

F  l}w � u� sm� {m
F �GsG �lxulmp
F ��s� �t��¢u

D `� ` H÷�h�÷
�{}n ruynpmt{mn }mp ~ymyulwsnlts{m Ck l}� �{w}�pn zmsn xpn noqy� ln ðk xp

�l��Iuspxusoqn pt xp �pnn¢lq}� lx�{u r{}u xpn y�}lts{mn q¢r pu|{ws�}pn n}u xpn
� lswwl~pn m{m ntu}ot}uyn o{�r{nyn xp tytul�xupn ��p noqy� l opmtuy m{m�{noswwlt{sup
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l}� xs�yupmopn zmspn xp �pnn¢lq} pt  lx�{u v xlmn wp�}pw wl n{w}ts{m xpn ru{|w�� pn
xp åsp� lmm pnt y�styp ~ulop l} noqy� l xpolwy xp �l��Iuspxusoqn v pnt ~ymyulwsny v
sos v � }m noqy� l � 3 rln v m{m�{noswwlt{sup v tus�x s� pmns{mmpw xp t¢r p �{w}�pn zmsn �
kpn smtpur{wlmtn wsmylsupn rlu �{uopl}� v }tswsnlmt wp ws� stp}u xp �pm�ltl�usnqmlm
o{�|smy � xpn tpoqms�}pn xs�punpn r{}u pnts� pu wpn ~ulxspmtn o{mx}snpmt � }mp
uyn{w}ts{m nrltslwp m{m�{noswwlt{sup x �{uxup 3 � �p �lst �}p w �{uxup 3 mp n{st rln
lttpsmt pm Ck pnt nlmn x{}tp ol}ny rlu w �l|npmop x �lxlrtlts{m xlmn m{n olwo}wn �
kpn uyn}wtltn m}� yus�}pn r{}u w �y�}lts{m x �lx�pots{m wsmylsup r{}u }mp x{mmyp
smstslwp o{mtsm}p pm Ck �{mtup wl ruyosns{m xp wl � ptq{xp pt nl ntl|swsty � �{}n
smow}{mn l}nns xpn uyn}wtltn r{}u wpn y�}lts{mn x �ä}wpu Ôt}| p l oq{o xp �{xÖ �

D `Þ ` E��de�id
Jp rupnpmt l Ck zmstp �{w}�p ~pmpulwsGlts{m {� tqp ð�x s� pmns{mlw �l��Iuspxusoqn

lmx �pnn¢lq}� lx�{u noqp�pn �{u q¢r pu|{wso p�}lts{mn {m }mntu}ot}upx tptulqp�
xulw ~usxn �  qp m{m�{noswwlt{u¢ opmtulw xs�pupmop noqp� p {� �pnn¢lq} lmx  lx�{u v
sm Kqsoq tqp upn{w}ts{m {� tqp å sp� lmm ru{|wp� lt tqp opww smtpu�lopn sn |¢�rlnnpx
tqlm�n t{ tqp }np {� tqp ntl~~pupx �l��Iuspxusoqn noqp�p v sn p�tpmxpx qpup t{ l
tK{�ntpr v tqupp�xs� pmns{mlw m{m�{noswwlt{u¢ opmtpupx noqp�p sm zmstp �{w}�p �{u�
�}wlts{m �   spopK snp wsmplu opww smtpur{wlmtn }nsm~ �pm�ltl�usnqmlm �n ws� stpu o{��
|smpx K stq xs�punp tpoqms�}pn t{ pnts� ltp tqp ~ulxspmtn wplx t{ l m{m�{noswwlt{u¢
nrltslw upn{w}ts{m {� {uxpu 3 �  qp �lot tqlt tqp p�rpotpx npo{mx {uxpu upn{w}ts{m
sn m{t �} ww¢ lttlsmpx sm Ck �{u m{mwsmplu n¢ntp� n � s~qt | p ol}npx |¢ tqp l|npmop
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{� ~usx lxlrtlts{m sm {}u olwo}wlts{mn � �}�pusolw upn}wtn �{u l wsmplu lx�pots{m
ru{|wp� K stq o{mtsm}{}n sm stslw o{mxsts{mn sm Ck nq{K tqp loo}ulo¢ lmx ntl|s�
wst¢ {� tqp � ptq{x � Jp lwn{ smow}xp upn}wtn �{u tqp Ck ä}wpu n¢ntp� Ônq{o� t}|p
ru{|wp� Ö

D `_ ` bcdefghid jfc
Lm pluwspu rlrpun À+ í îÁ Kp rupnpmtpx l tK{�xs� pmns{mlw zmstp �{w}�p � ptq{x

~pmpulwsG sm~ tqp {mp�xs� pmns{mlw �l��Iuspxusoqn À¬Á lmx �pnn¢lq}� lx�{u ÀîÁ
xs�pupmop noqp�pn �{u q¢r pu|{wso o{mnpu�lts{m wlK n t{ }mntu}ot}upx tuslm~}wlu
~usxn v Kqswp sm Àª í ¬Á Kp ql�p lwn{ o{mntu}otpx l o{uupnr{mxsm~ p�tpmns{m �{u 3�
xs� pmns{mlw �lutpnslm ~usxn � " tqpu upopmt o{mtus|}ts{mn sm tqp olnp {� �lutpnslm
~usxn olm |p �{}mx sm Àï í í ì í ª Á �

� ww tqpnp p�tpmns{mn t{ 3�xs� pmns{mlw ru{|wp� n wplx t{ m{m�{nosw�
wlt{u¢v pnnpmtslww¢ npo{mx {uxpu loo}ultp zmstp �{w}�p �ptq{xn �

Lm À¬ í ìÁ Kp rupnpmtpx lm p�tpmns{m t{ ntl~~pupx ntu}ot}upx tqupp�xs� pmns{mlw
�lutpnslm ~usxn {� {}u tK{�xs� pmns{mlw zmstp �{w}� p
�ptq{x �{u �lutpnslm ~usxn �Jp ru{�px tqlt tqp zunt {uxpu tqupp�xs� pmns{mlw zmstp
�{w}�p p�tpmns{m {� tqp �l��Iuspxusoqn noqp� p sn �{m{t{mp }mxpu lm lrru{rusltp
�I� o{mxsts{m � �{� p xs� o}wtspn pmo{}mtpupx sm tqp m}� pusolw p�r pus� pmtn wpx }n
t{ o{mnsxpu l nr poslw t¢r p {� ws� stsm~ �}mots{m ru{r{npx |¢ �pm�ltl�usnqmlm �  qp
�ptq{x ntsww x snr wl¢px t{{ �}oq xsnnsrlts{m lmx up�}supn n{� p lx� }nt� pmtn �



ððæ

Lm tqsn rlrpu v Kp zunt rupnpmt l zmstp �{w}�p p�tpmns{m {� tqp zunt {uxpu
loo}ultp �l��Iuspxusoqn noqp�p t{ tqupp�xs� pmns{mlw tptulqpxulw ~usxn � Jp tqpm
o{mntu}ot tqp p�tpmns{m {� {}u tK{�xs� pmns{mlw zmstp �{w}�p �ptq{x t{ l �}lns�
npo{mx {uxpu loo}ultp m{m�{noswwlt{u¢ zmstp �{w}� p � ptq{x {� Mopmtulw t¢r p Mv
�{u ntl~~pupx }mntu}ot}upx tptulqpxulw ~usxn v Kqsoq olm |p �spKpx ln l zmstp
�{w}�p ~pmpulwsGlts{m {� tqp ð�xs� pmns{mlw �pnn¢lq}� lx�{u xs�pupmop noqp� p
t{ C�xs� pmns{mlw }mntu}ot}upx tptulqpxulw ~usxn �

D `D ` ��dñ���d ji�� �fg���jc�

+ «+ «« N©)¿ý¦§¦� ¿��¹¨§©¦¼

�pt
Ω ⊂ R3 |p tqp x{�lsm {� smtpupnt {� tqp ã{K lmx

Γ
| p stn |{}mxlu¢v Kp K ustp

Γ = ΓB ∪ Γ∞ ∪ ΓE

v Kqpup
ΓB

xpm{tpn tqlt rlut {� tqp |{x¢ |{}mxlu¢ Kqsoq
sn upwp�lmt �{u tqp o{�r}tlts{mlw x{�lsm �

Γ∞
sn tqp Ô}rK smx Ö �luzpwx |{}mxlu¢v

lmx
ΓE

sn tqp Ôx{KmK smx Ö p� st rlut {� tqp | {}mxlu¢�  qp p�}lts{mn xpnous| sm~
C�xs� pmns{mlw o{�rupnns| wp sm�snosx ã{K n lup tqp ä}wpu p�}lts{mn v K usttpm qpup sm
tqpsu o{mnpu�lts{m �{u� v ~s�pm |¢

∂U

∂t
+
−→∇ · −→F (U) = 0

Kqpup
U = (ρ,ρu,ρv,ρw,E)T ,

−→F (U) = (F (U),G(U),H(U))T , Ô¡ �¡ �ðÖ
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−→F (U)
xpm{tpn tqp o{m�pots�p ã}� v

ρ
sn tqp xpmnst¢v −→

V = (u,v,w)
sn tqp �pw{ ost¢

�pot{u v
E = ρe = ρε+ 1

2
ρ(u2+v2+w2)

sn tqp t{tlw pmpu~¢ rpu }mst �{w}�p � r sn tqp
rupnn}up {� tqp ã}sx � �pt

A
v
B

lmx
C

xpm{tp tqp Olo{|slm �ltusopn
∂F (U)/∂U

v
∂G(U)/∂U

lmx
∂H(U)/∂U

v upnr pots�pw¢� ä� �Ô¡ �¡ �ðÖ olm |p K usttpm sm tqp m{m�
o{mnpu�lts�p �{u� á

∂U

∂t
+ A(U)

∂U

∂x
+B(U)

∂U

∂y
+ C(U)

∂U

∂z
= 0 Ô¡ �¡ �3Ö

D `P ` Q j�ie�d jR�d jfc S jdñ e��T�id df �T�i� �cg d j��
+ «î «« £¿¥¦§¨§©¦¼ í º¿¼ÿý§ü¨§©¦ © U ¨�¿ ¥ý¼¨B©ýº¿ý »¿¨�©º

Jp lnn}�p tqlt
Ω

sn l r{w¢qpxulw |{}mxpx x{�lsm {�
R3 v lmx ntlut �u{�

lm lu|stulu¢ Iä� tptulqpxulw ~usx Th
v Kqpup

h
sn tqp � l�s� lw wpm~tq {� tqp

px~pn sm Th

� Jp mppx tqp �{ww{K sm~ m{tlts{mn á Tij

xpm{tpn tqp npt {� lww tptulqpxul
Kqsoq nqlup px~p

[i,j]
ln l o{��{m px~p � �pt

M
xpm{tp tqp npt {� smxsopn {�

lww n}|�tptulqpxul {� tqp {us~smlw tptulqpxulw ~usx v xpzmpx |¢ tqp �pxslm rwlmpn
n}oq ln á iM1GG1

v
iM1GG3

v
jM1GG1

lmx
jM1GG3

{m z~ � ¡ �ð � �pt
m(i,j,τ,l)

|p
{mp n}oq smxp� o{mtlsmpx sm

M
v Kqpup

τ ∈ Tij

lmx
l (1 ≤ l ≤ 4)

sn tqp smxp�
{� {mp {� tqp �{}u n}|�tptulqpxul nqlusm~ px~p

[i,j]
lmx o{mtlsmpx sm tptulqpxu{m

τ
� L�

l = 1,3
tqpm tqp smxp� xpm{tpn n}|�tptulqpxul ql�sm~ m{xp

ai

sm o{��{m v
lmx v s�

l = 2,4
tqp¢ nqlup m{xp

aj
� �m¢ n}oq n}|�tptulqpxu{m K sww | p m{tpx

lk

Kqpup
k ∈ M

�
K(i)

sn tqp npt {� m{xpn Ô�putsopnÖ Kqsoq lup mps~q|{}un {� m{xp
ai
� �pt

nv
| p tqp m}�|pu {� �putsopn {�

τ ∈ Th
� I{u p�pu¢ �putp�

ai
v
1 ≤ i ≤ nv
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ÔK usttpm s �{u ns�rwsost¢ {m z~ � ¡ �ðÖ {� lm lu|stulu¢ tptulqpxu{m
τ ∈ Th

v Kp xpzmp
tqp Ô�putp� opmtpupxÖ |lu¢opmtuso opww

Ci

ln �{ww{K n Ôtqsn lrru{loq Kln smtu{x}opx
sm ÀÁÖ á p�pu¢ tptulqpxu{m {� Th

sn n}|xs�sxpx sm 3Õ n}|�tptulqpxul
lk

|¢ tqp
�pxslm rwlmpn �  qp opww

Ci

sn tqp }ms{m {� tqp upn}wtsm~ n}|�tptulqpxul nqlusm~
ai

ln l �putp�
Ci =

⋃
j∈K(i)

⋃
τ∈Tij

lm(i,j,τ,{1,3})
�  qp �lopn {� smtpupnt lnn{ osltpx

K stq ploq n}|�tptupqpxu{m
lk Ôk ∈ M

Ö lup v zunt v tq{np Kqsoq x{ m{t nqlup lm¢
px~p � sxr{smt Ôn}oq ln

M1

sm z~ � ¡ �ðÖ m{tpx
∂l1k Ôn}oq ln

jGG1

{u
jGG3

{m z~ �
¡ �ðÖ v lmx npo{mxw¢v tqp �lopn Kqsoq x{ m{t o{mtlsm �putp�

ai

sm tqpsu o{�r{nsts{m v
m{tpx

∂l2k
�  qp {}tKlux m{u� lwn t{ tq{np �lopn K sww | p m{tpx

nk

�{u
∂l1k

lmx
νk

�{u
∂l2k Ôn}oq ln v {m z~ � ¡ �ð v

M1GG1

{u
M1GG3

Ö � �{tp tqlt Kp }np m{u� lw
�pot{un n}oq tqlt ||nk|| = Area(∂l1k)

lmx ||νk|| = Area(∂l2k)
�  qp |{}mxlu¢

∂Ci

{�
Ci

olm |p o{mntu}otpx K stq
∂l2k Ô ∂Ci =

⋃
j∈K(i)

⋃
τ∈Tij

∂l2m(i,j,τ,{1,3})
Ö � � n Kln

.

.

.

.

i

j

k l

.
.
. .

.

.

.
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G

M

G

G

G

M
M

1

2
2

3

3

1

.

.

.

.

i

j

k l

.
.
.

.

.

.

G

M

GG 13

1

. .

Y�Z � [ �\� ]lu¢opmtuso opww
Ci

lmx xsl� {mx opww
Lij

tqp olnp sm {}u 3�xs� pmns{mlw p�tpmns{mn v {}u C�k p�tpmns{m lwn{ }npn l x}lw
~usx v K stq x}lw opwwn

Lij
lnn{ osltpx K stq tqp px~pn {� Th

�  qp x}lw ÔMxsl�{mx MÖ
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opww
Lij

sn o{�r{npx |¢ tqp n}|�tptulqpxul Ôxpzmpx l|{�pÖ nqlusm~ px~p
[i,j] Ô

Lij =
⋃

τ∈Tij
lm(i,j,τ,{1,2,3,4})

Ö � "K sm~ t{ tqp tqp �lot tqlt
∂l1k

xpm{tpn {mp {� tqp
�loptn {�

∂Lij

v Kp olm �{u�}wltp tqp xpr pmxpmop {�
∂Lij

{m tqp npwpotpx �lopn Ôs �p �
K stq n}rpunousrt smxp� ðÖ {� tqp n}|�tptulqpxul Kqsoq o{�r{np

Lij á

∂Lij =
⋃

τ∈Tij

∂l1m(i,j,τ,{1,2,3,4}) =
⋃

τ∈Tij

∂l1m(i,j,τ,{1,3}) ∪ ∂l1m(i,j,τ,{2,4}) Ô¡ �â �ðÖ

�pt
i,j,k,l

| p tqp �{}u m{xpn xpzmsm~ l tptulqpxu{m
τ
nqlusm~ m{xp

ai

v tqpm tqp
opww | {}mxlu¢ pwp� pmt {� opww

Ci

v lnn{ osltpx K stq
τ
lmx px~p

[i,j]
sn

∂Ci ∩ τ ∩ Lij = Triangle(M1GG1) ∪ Triangle(M1GG3)

= ∂l2m(i,j,τ,{1,3}) = ∂l2m(i,j,τ,1) ∪ ∂l2m(i,j,τ,3) Ô¡ �â �3Ö

�pt
mij

xpm{tp tqp � sxr{smt {� px~p
[i,j]

v lwn{ K usttpm ln
M1

l|{�p v lmx wpt
Un

i
∼= U(ai,t

n)
lmx

Un+1
ij

∼= U(mij ,t
n+1)

xpm{tp tqp m{xlw Ôupnr � opww l�pul~pÖ
�lw}pn sm tqp zunt lmx npo{mx ~usx lt ts� p

t = tn
lmx

t = tn+1 v upnr pots�pw¢ Ôn
p�pmÖ �
 qp }ms{m {� lww tqp |lu¢opmtuso opwwn o{mntst}tpn l rlutsts{m {� tqp o{�r}tlts{mlw
x{�lsm

Ωh
lmx tqp nl�p q{wxn �{u xsl� {mx opwwn á

Ωh =

nv⋃

i=1

Ci, Ωh =

ne⋃

k=1

Lk

Kqpup
nv

lmx
ne

lup tqp m}�|pu {� �putsopn lmx m}�|pu {� px~pn v upnr pots�pw¢v {�
tqp {us~smlw zmstp pwp� pmt tuslm~}wlts{m Th

� Jp m{K xpzmp tqp tK{ ntprn {� {}u
zunt {uxpu loo}ultp Ôntl~~pupx v �l��Iuspxusoqn t¢r pÖ zmstp �{w}�p �ptq{x á
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^ §ý¼¨ ¨§»¿ ¼¨¿ü _
Lm tqp zunt Ôlmx �}utqpu {xxÖ ts� p ntpr {� {}u C�xs� pmns{mlw zmstp �{w}� p noqp�p v
Kp ntlut �u{� smstslw Ô{u rup�s{}nw¢ {|tlsmpxÖ opww l�pul~p �lw}pn ~Ui

�{u tqp |lu¢�
opmtuso opwwn {� tqp zunt ~usx v lmx o{�r}tp opww l�pul~p �lw}pn −→

U ij

�{u tqp Ôntl~�
~pupxÖ x}lw opwwn {� tqp npo{mx ~usx �  qsn sn x{mp |¢ smtp~ultsm~ Ô¡ �¡ �ðÖ {m lm
p�tpmxpx o{mtu{w �{w}�p

Lij × [tn,tn+1]
v Kqpup

Lij

sn l Ôxsl� {mxÖ opww {� tqp x}lw
~usx v lmx |¢ lnn}� sm~ tqlt −→

U Lij
(tn +∆t)

sn r spopK snp o{mntlmt {m tqp opwwn {� tqp
npo{mx ~usx � � nsm~ Ô¡ �¡ �ðÖ lmx lrrw¢sm~ tqp xs�pu~pmop tqp{up� t{ tqp ã}� tpu� v
Kp {|tlsm

tn+1∫

tn

∫

Lij

Utd~xdt +

tn+1∫

tn

∫

∂Lij

−→F (U) · −→n dAdt = 0 Ô¡ �â �CÖ

�pt
m(1,3)

| p p�}lw t{
m(i,j,τ,{1,3}) lmx

m(2,4) = m(i,j,τ,{2,4}) �{u ns�rwsost¢v
ÔKqpup m(1,3)

sn sm �lot xpr pmxpmt {m
i,j,τ

Ö �Kp {|tlsm

Un+1
ij =

1

2
(Un

i + Un
j )

− ∆t

V ol(Lij)

∑

τ∈Tij

{−→F (Un
i ) · −→n m(1,3) +

−→F (Un
j ) · −→n m(2,4)}

− ∆t

V ol(Lij)

∫

∂Lij∩ΓB

−→F (U(~x)n) · −→n dA

− ∆t

V ol(Lij)

∫

∂Lij∩Γ∞

−→F (U(~x)n) · −→n dA Ô¡ �â �Õ Ö

`¿ÿ©¦º ¨§» ¿ ¼¨¿ü _ �tlutsm~ �u{� tqp �m{Km xsl�{mx opww �lw}p
Un+1

ij

v Kp o{��
r}tp tqp |lu¢opmtuso opww �lw}p

Un+2
i Ô1 ≤ i ≤ nv

Ö |¢ smtp~ultsm~ Ô¡ �¡ �ðÖ {m lm
p�tpmxpx o{mtu{w �{w}� p

Ci × [tn+1,tn+2]
v lrrw¢ sm~ tqp xs�pu~pmop tqp{up� t{ tqp
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ã}� tpu� v lmx {|npu�sm~ tqlt

∂Ci =
⋃

j∈K(i)

{∂Ci ∩ ∂Cj} ∪ {∂Ci ∩ ΓB} ∪ {∂Ci ∩ Γ∞}.

Jp {|tlsm

Un+2
i =

∑

j∈K(i)

V ol(Ci ∩ Lij)

V ol(Ci)
Un+1

ij − ∆t

V ol(Ci)

∑

j∈K(i)

∑

τ∈Tij

−→F (Un+1
i ) · −→ν m(1,3)

− ∆t

V ol(Ci)

∫

∂Ci∩ΓB

−→F (Un+1) · −→ν dA

− ∆t

V ol(Ci)

∫

∂Ci∩Γ∞

−→F (Un+1) · −→ν dA Ô¡ �â �¡Ö
+ «î «¬ « a §��B©ýº¿ý ¹ÿÿ�ý¹¨¿ ¹üüý©, §»¹¨§©¦¼

 { {|tlsm npo{mx�{uxpu loo}ulo¢v Kp smtu{x}op opwwK snp rspopK snp wsmplu sm�
tpur{wlts{m Ô����� vÀ/ÁÖ v tqp xpus�lts�pn {� tqp

P1 Ô�lwpu�sm Ö smtpur {wlts{m À5 Á v
�plnt ��}lupn ÀîÁ v lmx tqp �l}nn��uppm �{u�}wl À/Á �
^ §ý¼¨ ¼¨¿ü _ Jp smtp~ultp Ô¡ �¡ �ðÖ {m lm p�tpmxpx o{mtu{w �{w}� p

Lij × [tn,tn+1]
v

lnn}� sm~ Kp ql�p {|tlsmpx �u{� tqp opww l�pul~p �lw}pn
Un

i

rspopK snp wsmplu up�
o{mntu}ots{mn ~s�pm |¢

Uh(x,y,z,t
n)|Ci

= Li(x,y,z,t
n)

=Un
i + (x− xi)P

n
i + (y − yi)Q

n
i + (z − zi)R

n
i (x,y,z) ∈ Ci Ô¡ �â �âÖ

I{u tqp smtp~ults{m K stq upnr pot t{ ts� p v sm {uxpu t{ pmn}up Mmpluw¢ M npo{mx�{uxpu
loo}ulo¢v Kp lx{rt l M �}lns�� sxr{smt �{u�}wl M ts� p xsnouptsGlts{m v Kqpup tqp
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o{m�pots�p ã}� sn o{�r}tpx lt tqp smtpu� pxsltp ts� p
tn+ 1

2 Ô tq}n up�}susm~ tqp
o{�r}tlts{m {� üý¿º§ÿ¨¿º �lw}pn

Uh(x,y,t
n+ 1

2 )
lw{m~

∂Lij
Ö v sm tqp smtp~ults{m

K stq upnr pot t{ ts� p �
b ý¿º§ÿ¨©ý c^ §ý¼¨ ¼¨¿ü Ã _

"m ploq �lop {� tqp opww
Lij

v }nsm~ tqp ä}wpu p�}lts{mn v Kp xpzmp l rupxsotpx
�pot{u

U
n+1/2
ai,G1,G = Un

ai,G1,G

− ∆t

2

{
F ′(Un

ai,G1,G)P n
i +G′(Un

ai,G1,G)Qn
i +H ′(Un

ai,G1,G)Rn
i

} Ô¡ �â �æÖ

Kqpup v }nsm~ Ô¡ �â �âÖ v tqp �lw}p {�
Un

h

lw{m~ tqp �lop
ai,G1,G

{� xsl� {mx opww
Lij

sn tl�pm p�}lw t{

Uh(x,y,z,t
n) ∼= Un

i +
1

2
(xai,G1,G − xi)P

n
i +

1

2
(yai,G1,G − yi)Q

n
i

+
1

2
(zai,G1,G − zi)R

n
i ≡ Un

ai,G1,G Ô¡ �â �úÖ

 qp o{uupot{u olm m{K |p K usttpm v }nsm~ Ô¡ �â �æÖ v ln d©ýý¿ÿ¨©ý c^ §ý¼¨ ¼¨¿ü Ã

V ol(Lij)U
n+1
ij −

{∫

Lij∩Ci

L(x,y,z,tn)d~x+

∫

Lij∩Cj

L(x,y,z,tn)d~x

}

+ ∆t
∑

τ∈Tij

{
∫

∂l1
m(i,j,τ,{1,3})

+

∫

∂l1
m(i,j,τ,{2,4})

}−→F (U
n+ 1

2
h ) · −→n dA

+ ∆t

∫

∂Lij∩ΓB

−→F (Un
h ) · −→nijdA+ ∆t

∫

∂Lij∩Γ∞

−→F (Un
h ) · −→nijdA = 0 Ô¡ �â ��Ö
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Kqpup

∫

Lij∩Ci

L(x,y,z,tn)d~x =
∑

τ∈Tij

V ol(lm(1,3))L(xGm(1,3)
,yGm(1,3)

,zGm(1,3)
,tn) Ô¡ �â �ðñÖ

Kqpup Gm(1,3)

sn tqp opmtu{sx {� n}|�tptulqpxu{m
lm(1,3)

� �{tp tqlt �u{� tqp o{xsm~
�spKr{smt tqpup sn l ns� rwszolts{m nsmop tqp tK{ n}|�tptul�
qpxul

(1,3)
lwn{ �{u� l o{m�p� r{w¢qpxu{m tqp |lu¢opmtpu {� Kqsoq olm |p olwo}�

wltpx v lmx tqp wlnt smtp~ulw olm | p ns� rwszpx �
`¿ÿ©¦º ¼¨¿ü
 { {|tlsm tqp npo{mx ntpr {� tqp ts� p xsnouptsGlts{m v Kp smtp~ultp Ô¡ �¡ �ðÖ {m tqp
opww

Ci × [tn+1,tn+2]
v lnn}� sm~ Kp ql�p {|tlsmpx v �u{� tqp xsl� {mx opww l�pul~p

�lw}pn
Un+1

ij

o{�r}tpx sm tqp zunt ts� p ntpr v rspopK snp wsmplu upo{mntu}ots{mn v
~s�pm |¢

Uh(x,y,z,t
n+1)|Lij

= Lij(x,y,z,t
n+1)

= Un+1
ij + (x− xij)P

n+1
ij + (y − yij)Q

n+1
ij + (z − zij)R

n+1
ij Ô¡ �â �ððÖ

 u{oppxsm~ ln �{u tqp zunt ntpr v Kp {|tlsm
b ý¿º§ÿ¨©ý c¼¿ÿ©¦º ¼¨¿ü Ã

U
n+ 3

2
G,G1,M1,G3

= Un+1
G,G1,M1,G3

− ∆t

2

{

F ′(Un+1
G,G1,M1,G3

)P n+1
ij +G′(Un+1

G,G1,M1,G3
)Qn+1

ij +H ′(Un+1
G,G1,M1,G3

)Rn+1
ij

} Ô¡ �â �ð3Ö
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Kqpup

Uh(x,y,z,t
n+1) ∼= Un+1

ij

+
1

2
(xG − xM1)P

n+1
ij +

1

2
(yG − yM1)Q

n+1
ij +

1

2
(zG − zM1)R

n+1
ij

≡ Un+1
G,G1,M1,G3

Ô¡ �â �ðCÖ

xpzmpn lm lrru{� s� lts{m {� tqp �lw}p {�
U

{m tqp |{}mxlu¢ pwp� pmt
[G,G1,M1,G3]

{� opww
Ci

� d©ýý¿ÿ¨©ý c¼¿ÿ©¦º ¼¨¿ü Ã

V ol(Ci)U
n+2
i −

∑

j∈K(i)

∫

Ci∩Lij

Lij(x,y,z,t
n+1)d~x

+ ∆t
∑

j∈K(i)

∑

τ∈Tij

∫

∂l2
m(i,j,τ,{1,3})

−→F (U(x,y,z,tn+3/2) · −→ν dA

+ ∆t

∫

∂Ci∩ΓB

−→F (Un+1
h ) · −→ν dA+ ∆t

∫

∂Ci∩Γ∞

−→F (Un+1
h ) · −→ν dA = 0 Ô¡ �â �ðÕÖ

Kqpup

∫

Ci∩Lij

Lij(x,y,z,t
n+1)d~x =

∑

j∈K(i)

∑

τ∈Tij

{V ol(lm(i,j,τ,1,3))L(xGm(i,j,τ,1,3),yGm(i,j,τ,1,3),zGm(i,j,τ,1,3),t
n+1)} Ô¡ �â �ð¡Ö

sn o{�r}tpx loo{uxsm~ t{ ¡ �â �ðñ K stq tqp upnr pots�p |lu¢opmtpun {� tqp n}|�
tptulqpxul Ôl~lsm v l ns�rwszolts{m sn r{nns|wpÖ �
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¡ �â �3 �ð � eÆÆ ÇÄÌ ²° ±¸²Ä¯ ÄÚ ¸� µ ·³ÄÆ µ· ±¯¶ ³²° ²¸±¸²Ä¯

Lm {uxpu t{ o{�r}tp tqp ~ulxspmt
(P n

i ,Q
n
i ,R

n
i )

{� tqp rspopK snp wsmplu smtpur {�
wlmt

L(x,y,z,tn)
�{u tqp opww

Ci

v Kp }np tqp
P1 Ô�lwpu�sm Ö smtpur{wlts{m À5Á v �plnt

��}lupn ÀîÁ lmx �l}nn��uppm À/Á � I{u tqp ws� stlts{m Kp }np np�pulw ru{opx}upn v
npp À/Á � �}�pusolw p�r pus� pmtn ql�p wpx }n t{ oq{{np tqp �l}nn��uppm �{u�}wl
�{u tqp ~ulxspmtn }npx sm tqp upo{mntu}ots{m �{u tqp opwwn

Ci

lmx l wplnt n�}lupn
Kps~qtpx ru{opx}up �{u tqp opwwn

Lij

�

¡ �â �3 �3 � 
 ¸±Ù²³²¸Ê

Jp up�pu t{ À+ Á �{u l ntl|swst¢ nt}x¢ {� wsmplu �}wtsx s� pmns{mlw lx�pots{m
�{xpwn tqlt sn lwn{ �lwsx sm tqp C�k olnp � I{u tqp npo{mx ts� p ntpr á

∆ti =
V ol(Ci)

λi
max

∫

∂Ci

dA

Kqpup
λi

max = max(λi, max
j neighbour of i

λj)

lmx
λi = ||−→V i|| + ci

−→
V i, ci

up�pu t{ tqp �lw}pn sm tqp opww
Ci

{� tqp �pw{ ost¢ �pot{u lmx n{}mx nr ppx v
upnr pots�pw¢� Jp tqpm oq{{np tqp � sms�}�

∆ti
�{u lww smxsopn

i (1 ≤ i ≤ nv)

∆t = min
1≤i≤nv

{∆ti}
K stq l ns� swlu ts� p ntpr xpzmsts{m �{u tqp zunt Ô{xxÖ ntpr

(tn → tn+1)
�
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D `f ` gh��eji�� �hT�ej��cd�
+ «/ «« ! §¦¿¹ý ¹º)¿ÿ¨§©¦ üý©½ ¾¿»

I sunt v t{ o{mzu� tqp nrltslw loo}ulo¢ {� tqp noqp� p v l ns� rwp lx�pots{m tpnt sn
r pu�{u� px {m l n�{{tq smstslw x sntus|}ts{m �  qp xsntus|}ts{m sn lx�potpx mplu tqp
|{}mxlu¢ {� tqp o}| p

[0,1]3
lmx o{�rlupx K stq tqp p�lot n{w}ts{m {� tqp �{ww{K sm~

ru{|wp� á
ut + ux + uy + uz = 0 Ô¡ �æ �ðÖ

u(x,y,z,t = 0) = f(r2) =





cos(4πr2)
s�
r2 ≤ 1/8

0
{tqpuK snp

Kqpup
r2 = (x− 1/2)2 + (y − 1/2)2 + (z − 1/2)2 �

k sl� ptpu �{xpn
L1�puu{u " uxpu

ñ �ðCÕñ¡æ Õñ�¡ ñ �ñÕúæ¡âú
ñ �ð3C�ææ ¡æCC ñ �ñÕ ðâ� ðC 3 �ññ3æ

i�j � [ �\�
L1 � puu{u lmx loo}ulo¢ {uxpu v o{mtsm}{}n ru{|wp�

 l|wp ¡ �ð nq{K n tqp
L1

�puu{u lmx loo}ulo¢ {uxpu � tqp ws� stsm~ �}mots{m }npx
Kln tqp {mp ru{r{npx |¢ �pm�ltl�usnqmlm À5 Á �

+ «/ «¬ « `�©ÿk ¨�½¿ üý©½¾¿»

 { sww}ntultp tqp loo}ulo¢ {� {}u noqp� p v Kp rupnpmt m}� pusolw upn}wtn �{u l
C�k p�tpmns{m {� tqp nq{o� t}|p ru{|wp� smtu{x}opx |¢ �{x � Lm tqsn ru{|wp� v lm
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smstslw x sno{mtsm}st¢ sm tqp tqpu� {x¢ml� solw ntltp {� tqp ~ln |upl�n smt{ l nq{o�
Kl�p �{ww{Kpx |¢ l o{mtlot xsno{mtsm}st¢ lmx l ulup�lots{m Kl�p � I sm stp pwp� pmt
�pnqpn K stq �ñ� vðúñ� lmx Câñ� m{xpn lup }npx lmx tqp smstslw o{mxsts{mn lt

t = 0

lup nr poszpx |¢ tqp xltl




ρ = 1; u = 0; v = 0;w = 0; p = 1.0 x ∈ [0,1/2]

ρ = 0.125; u = 0; v = 0;w = 0; p = 0.1 x ∈ [1/2,1]

Ô¡ �æ �3Ö

 qp ru{z wpn {� xpmnst¢v �pw{ ost¢v rupnn}up lmx tp�rpult}up lup o{�rlupx K stq
tqp lmlw¢tsolw n{w}ts{m lt

t = 0.16
�  qp m}�pusolw n{w}ts{m {� tqp C�xs� pmns{mlw

l mnopq
L2 ρ

ô ropr
L2 Vz

ô ropr
L2 P

ô ropr
s ts � usu v twuwpxsy u tuwvpxsy v tzzwpxsy
s tssy �wsu � tyyypxsy s twuw { t|uupxsy s t{} � � t�u{pxsy � tv �{

i�j � [ �~ �
L2 � puu{u lmx loo}ulo¢ {uxpu v �{x �n ru{|wp�
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pe]q r`sqtchecq ]ct ut`qbec aevbwst v] qxysa \ vt ptqqk\y]iz\vae` ;pz Q
tc ]ct vba tcqbec { th ^tq ce]ut^^tq ut`qbecq xe``tqrecv\chtq tc � th ñ| bcrb`stq
v] qxysa \ vt pz } |\cq ^t x\q ~biv ba tcqbecct^ ce]q r`sqtchecq ^t qxysa \ tc
a\b^^\�tq qh`]xh]`sq x\`hsqbtcq { h\cvbq �] �tc ñ vba tcqbecq ce]q xecqh`]bqecq ^\
ut`qbec xtch`st aevbwst vt ^\ a shyevtq vt ue^]a tq wcbq ~\qst q]` ^t qxysa \ vt
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pz re]` vtq a \b^^\�tq cec qh`]xh]`sq vt hsh`\y�v`tq } jthht a evbwx\hbec subht
^ �]hb^bq\hbec v �]c r\q vt r`svbxhbec tch`t ^tq sh\r tq tn th tn+1 } ��at qb xt xy\ci
�ta tch ct xecv]bh r\q ut`q vtq \a s^be`\hbecq v`\qhb�]tq v\cq ^\ r`sxbqbec e] ^\
ubhtqqt vt x\^x]^ tc �| { v\cq ^tq x\q � th h`biv ba tcqbecct^ { ^\ ut`qbec aevbwst
xecv]bh � v �ba re`h\chtq `sv]xhbecq vtq htarq vt x\^x]^q }

R S� S ��ZWY��W

_ ct� aevbwtv ut`qbec e� hyt ptqqk\y]iz\vae` ;pz Q �ivba tcqbec\^ wcbht
ue^]at xtch`\^ qxyta t bq r`tqtchtv { \q �t^^ \q xe``tqr ecvbc� ct� ut`qbecq �e`
�|iqh`]xh]`tv \cv �|i]cqh`]xh]`tv �`bvq bcqrb`tv �`ea hyt pz qxyta t } zyt aei
vbwx\hbec \uebvq hyt bcht`a tvb\ht r`tvbxhe` hba t qhtr ~th�ttc tn \cv tn+1 } _ ^i
hye]�y hybq vetq ceh `t\^^k ~`bc� \~e]h q]~qh\chb\^ \xx]`\xk � xear]ht` hba t
bar`eutatchq bc hyt �| x\qt { bc hyt � \cv � vba tcqbec\^ x\qtq { hyt aevbwtv
qxytat vetq ^t\v he bare`h\ch `tv]xhbecq bc xear]ht` hba tq } �| xear\`\hbut
qba]^\hbecq �e` hyt qye xf h]~t r`e~^ta \cv �e` \ q]rt`qecbx bcubqxbv �e� hy`e]�y
\ xy\cct^ � bhy \ �� xb`x]^\` ~]ar \`t r`tqtchtv }
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R S� S ��WY��V�W ���

�t xecqbvt` xtch`\^ a thyevq �e` qx\^\` ykrt`~ e^bx xecqt`u\hbec ^\� q e` xe`i
`tqrecvbc� qkqhta q �

ut + f(u)x = 0

� bhy bcbhb\^ v\h\ u(x,t = 0) = u0(x)
;� }� }�Q

\q �t^^ \q hytb` � \cv �ivba tcqbec\^ \c\^e�]t { he ~ t vtqx`b~ tv ~ t^e� }
zyt cecieqxb^^\he`k xtch`\^ v b�t`tcxt qxyta t e� ptqqk\y] \cv z\vae` a\k

~t bcht`r`thtv \q \ �ev]ceuihkr t qxytat �e` ectivba tcqbec\^ ykrt`~ e^bx xecqt`i
u\hbec ^\� q bc �ybxy hyt `tqe^]hbec e� hyt � bta \cc r`e~^ta q \h hyt xt^^ bcht`�\xtq
bq ~kir\qqtv hy\cfq he hyt ]qt e� hyt qh\��t`tv  \¡i¢`btv`bxyq qxyta t } [btxt� bqt
^bct\` �£gj ihkrt xt^^ bcht`r e^\chq \cv q^er t ^ba bht`q ^t\v he \c eqxb^^\hbeci�`tt
qtxecvie`vt` `tqe^]hbec }

¤c t\`^bt` r\rt`q ¥¦ § ¨© § ª« \ h�ei vba tcqbec\^ wcbht ue^]at athyev �\q
r`tqtchtv { �tct`\^b¬bc� hyt ectivba tcqbec\^  \¡i¢`btv`bxyq ¥©« \cv ptqqk\y] i
z\vae` ¥« vb�t`tcxt qxyta tq �e` ykrt`~ e^bx xecqt`u\hbec ^\� q he ]cqh`]xh]i
`tv h`b\c�]^\` �`bvq { �yb^t bc ¥® § F § ¯« \ xe``tqrecvbc� t¡htcqbec bc hyt x\qt
e� �ivba tcqbec\^ j\`htqb\c �`bvq �\q xecqh`]xhtv } zytqt °xtch`\^± wcbht ue^]at
athyevq qy\`t � bhy hyt  \¡i¢`btv`bxyq \cv ptqqk\y]iz\vae` qxyta tq hyt h�e
\vu\ch\�tq e� \uebvbc� hyt `tqe^]hbec e� � bta \cc r`e~^ta q \h hyt xt^^ bcht`�\xtq {
\cv ~tbc� cecieqxb^^\he`k}
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¤c ¥¨²« { ³b\c� \cv z\vae` y\ut r`tqtchtv \ q^b�yh^k vb�t`tch t¡htcqbec he h�ei
vba tcqbec\^ j\`htqb\c �`bvq ´ hyt vb�t`tcxt ~ th�ttc ~ehy t¡htcqbecq �e` `txh\ci
�]^\` �`bvq bq hy\h bc ¥®« { hyt �£gj  ;�ecehecbx £rqh`t\aixtcht`tv gxyta t �e`
jecqt`u\hbec  \� qQ u\`b\~^t t¡h`\r e^\hbec ;µ`txecqh`]xhbec htxycb�]t µQ ¥ª« {¥F©«
bq \rr^btv ~ ehy he hyt utxhe` e� xecqt`u\hbut u\`b\~^tq \cv he hyt �]¡tq { �yb^t
bc ¥¨²« { bh bq ec^k ]qtv �e` hyt xecqt`u\hbut u\`b\~^tq } _ ^^ hytqt t¡htcqbecq he �i
vba tcqbec\^ r`e~^ta q ^t\v he cecieqxb^^\he`k{ tqqtchb\^^k qtxecvie`vt` \xx]`\ht
wcbht ue^]at athyevq }

�txtch^k bc ¥² §  § ¶« ct� t¡htcqbecq e� hyt  ¡¢ \cv pz �ivba tcqbec\^ wcbht
vb�t`tcxt qxytatq he xtch`\^ wcbht ue^]a t athyevq �e` �ivba tcqbec\^ ykr t`~e^bx
qkqhta q ec HAJK?HMKH?BL KBK?@·BL?@I ¸?>LJ �t`t r`tqtchtv } zyt `tq]^hq e� hyt
qba r^t c]at`bx\^ qba]^\hbecq �t`t `t\qec\~^k �eev ~]h bcvbx\htv hyt cttv �e`
ae`t xear^bx\htv htqh x\qtq } � `bv \v\rh\hbec xe]^v ~ t ]qtv he x]`t hyt qa t\`bc�
e� qye xfq \^hye]�y ]qbc� q]xy \ xear^ta tch xe]^v qy\ve� hyt `t\^ r`er t`hbtq �
vtwxbtcxbtq e� hyt qxytat }

¤c ¥¯« \ wcbht ue^]a t t¡htcqbec e� hyt w`qhie`vt` \xx]`\ht  \¡i¢`btv`bxyq
qxytat he hy`ttivba tcqbec\^ j\`htqb\c �`bvq �\q r`tqtchtv { \cv hyt ct� qxyta t
�\q r`eutv he ~ t a ecehect ]cvt` \c \rr`er`b\ht j¢  xecvbhbec } _ xe``tqr eci
vbc� t¡htcqbec e� hyt p } z } vb�t`tcxt qxytat he \ cecieqxb^^\he`k wcbht ue^]at
athyev �e` �ivba tcqbec\^ qh\��t`tv j\`htqb\c �`bvq �\q hytc xecqh`]xhtv } zybq
t¡htcqbec qye]^v bc r`bcxbr ^t ~ t qtxecv e`vt` \xx]`\ht }
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_q c]at`bx\^ t¡r t`ba tchq qye�c bc ¥F § ¯« bcvbx\htv e`vt`q ~ th�ttc 0.8 \cv
1.86 { \ a e`t x\`t�] ^ ^eef \h hybq r`e~^ta �\q cttvtv ´ w`qh bc � vba tcqbecq { qtxecvi
e`vt` \xx]`\xk �\q tqqtchb\^^k `txeut`tv ~k `tqe`hbc� he hyt e`b�bc\^ u\c _ ^~\v\
^ba bht` ¥¦« { \^~ tbh \h hyt xeqh e� ^eqbc� qh`bxh a ecehecbxbhk qtt ¥F ¨§ ¯« } ¤c hyt
h�eivba tcqbec\^ x\qt { 2nd e`vt` \xx]`\xk �\q \^qe `txeut`tv ~k bch`ev]xbc� ct� {
e~^b�]t v]\^ xt^^q ;±v b\aecv xt^^q± Q ¥F § ¯« bcqht\v e� hyt v]\^ xt^^q � bhy qbvtq r\i
`\^^t^ he hyt \¡tq ;xecqbvt`tv bc ¥®«Q ;w� � }�Q } zytqt vb\aecv xt^^q �t`t bc �\xh hyt
vb`txh \c\^e�]t e� hyt �]\v`b^\ht`\^ v]\^ xt^^q bch`ev]xtv bc hyt �ivba tcqbec\^ wi
cbht ue^]at t¡htcqbecq e� hyt pz qxyta t vtqx`b~ tv bc ¥¦ § ª § ¨©« { �e` ]cqh`]xh]`tv
h`b\c�]^\` �`bvq } zytk y\ut \^qe ~ ttc xecqbvt`tv { bcvtr tcvtch^k{ ~k º\hq\e]cbq
\cv  tuk ¥¨®« ´ xea~bctv � bhy hyt ]qt e� qh\cv\`v ^ba bht`q { hytk ^t\v he 2nd e`vt`
\xx]`\xk \cv aecehecbxbhk r`tqt`u\hbec { bc hyt x\qt e� xechbc]e]q bc bhb\^ v\h\ }
�e`teut` { hyt a thyev vtqx`b~ tv bc ¥F § ¯ § ¨®« r`tutchq hyt x`eqqbc� e� vbqxechbc]bi
hbtq bc hyt ce`a \^ vb`txhbec ¥¨®« } ¤c hyt x\qt e� \ cec^bct\` ykrt`~e^bx t�]\hbec
� bhy \ ;vbqxechbc]e]qQ bc bhb\^ �]cxhbec u0

bc L∞(Rd)∩BVloc(R
d) { º»hyt` ¥¨¦ § ¨ª«

y\q `txtch^k r`eutv \c t``e` tqhba \ht e� e`vt` ¼ }�� �e` hyt  \¡i¢`btv`bxyqihkr t
wcbht ue^]at qxytat { �ybxy bq ceh erhba \^ ´ bh �\q bcvttv `txtch^k r`eutv ~k g\i
~\x ¥F« hy\h h1/2 bq erhba \^ �e` w`qhie`vt` qxytatq } ¢e` qtxecv e`vt` qxyta tq bh
bq r`tqtch^k ~ t^btutv e` xecd txh]`tv hy\h h1 bq erhba \^ } º»hyt` �q r`ee� e� hyt h1/4

i t``e` tqhba \ht bq bcqrb`tv �`ea hyt �e`f e� ½\\qvecf { º`¾ct` \cv �eyvt ¥¨F« }
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Cij Ci+1,j

Ci+1,j+1Ci,j+1

Lij
Ci,j

Lij
Ci+1,j

ÀÁÂ Ã Ä ÃÅÃ �| v]\^ xt^^q �e` � ^t�h � e`b�bc\^ ;cecie~^b�]tQ `b�yh � e~^b�]t
x\qt

¤cqht\v e� aevb�k bc� hyt v]\^ xt^^q he bar`eut hyt \xx]`\xk{ \cehyt` reqqb~ ^t
\rr`e\xy xecqbqhbc� e� aevb�k bc� hyt c]a t`bx\^ �]¡ ~k ]qbc� \c bar`eutv �]\i
v`\h]`t �e`a]^\ �e` hyt �]¡tq \x`eqq hyt ~e]cv\`btq e� hyt xt^^q y\q `txtch^k ~ ttc
r`er eqtv ~k  bt \cv pet^^t ¥ ¨« } zytb` qxyta t bq ^tqq qtcqbhbut he �`bv e`btch\hbec
t�txhq \cv ^t\vq he \c bar`eutv r`tqt`u\hbec e� qkaath`btq \q xear\`tv � bhy hyt
e`b�bc\^ h�e vba tcqbec\^ wcbht ue^]at t¡htcqbecq e� hyt pz qxytat xecqbvt`tv
yt`t \cv bc ¥F § ® § ¯« \cv ¥¨²« }

¤c hybq r\rt` { �t bcutqhb�\ht \cehyt` �\k he bar`eut e]` � \cv �ivba tcqbec\^
xtch`\^ wcbht ue^]at a thyevq bcqrb`tv �`ea hyt  \¡i¢`btv`bxyq \cv ptqqk\y]i
z\vae` vb�t`tcxt qxytatq } zytqt a thyevq `t�]b`t hyt ba r^ta tch\hbec { \h t\xy
hba t qhtr { e� \c bcht`a tvb\ht y\^�ihba t qhtr { bc hyt �e`a e� \ r`tvbxhe` �e` hyt
u\^]tq un+1/2 cttvtv he xear]ht hyt xt^^ibcht`�\xt �]¡tq � bhy hyt a bvrebch `]^t }
gbcxt hyt t¡tx]hbec e� hybq r`tvbxhe` qhtr ~txea tq ae`t \cv ae`t hba t xecq]a bc�
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bc � \cv � vba tcqbecq { �t qy\^^ r`tqtch yt`t \ u\`b\ch e� e]` qxyta tq �ybxy
\uebvq hytqt r`tvbxhe` qhtrq } zyt ct� athyev bq bcqrb`tv ~k a]^hbqhtr athyevq
�e` Ç`vbc\`k | b�t`tchb\^ È�]\hbecq { \cv xear]htq hyt �]¡tq � bhy hyt yt^r e� hyt
u\^]tq e� hyt vtr tcvtch u\`b\~^tq \h hyt ^\qh h�e hba t qhtrq } gbcxt hyt pz qxyta t
\cv e]` wcbht ue^]at t¡htcqbecq ]qt h�e qh\��t`tv �`bvq \h \^ht`c\ht hba t qhtrq {
hyt qe^]hbec \h hba t tn+1 bq xecqh`]xhtv � bhy hyt yt^r e� hyt �]¡tq \h tn \cv tn−2 {
~ ehy e~h\bctv �`ea hyt q\a t �`bv }

_ ^hye]�y hyt ct� athyev vetq ceh ^t\v he qb�cbwx\ch xear]ht` hba t `tv]xhbec
bc hyt ect vba tcqbec\^ x\qt { bh `t\^^k ~ txea tq \vu\ch\�te]q bc h�e \cv tutc ae`t
qe bc hy`tt qr\hb\^ vba tcqbecq { �yt`t bh x\c ^t\v he `tv]xhbecq ]r he �¼� bc heh\^
xear]ht` hba tq }

zyt e`�\cb¬\hbec e� hybq r\r t` bq \q �e^^e� q }
¤c qtxhbec � { �t r`tqtch { \�ht` \ qye`h `tubt� e� hyt pz qxytat { e]` ct�

athyev bc hyt ectivba tcqbec\^ x\qt { �yb^t hyt h�e \cv hy`ttivba tcqbec\^ x\qtq
\`t r`tqtchtv bc qtxhbec � }

¤c qtxhbec � �t vtqx`b~ t qea t qbar^t c]a t`bx\^ t¡r t`ba tchq { bcx^]vbc� \ xeai
r\`bqec � bhy hyt `tq]^hq e~h\bctv � bhy e]` �e`a t` wcbht ue^]at t¡htcqbec e� hyt
pz qxyta t }
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�t xecqbvt` hyt bc bhb\^ u\^]t r`e~^ta ;� }� }�Q \cv hyt ;w`qhie`vt` \xx]`\htQ
 \¡i¢`btv`bxyq qxyta t ¥©« � `bhhtc bc { bhq qh\��t`tv �e`a { \q

un+1
i+1/2 =

1

2
(un

i+1 + un
i ) − λ(f(un

i+1) − f(un
i )) (λ ≡ ∆t

h
≡ ∆t

∆x
)

;� }� }�Q

gh\`hbc� �`ea bcbhb\^ u\^]tq

u0
i =

1

h

∫ xi+1/2

xi−1/2

u0(x)dx
;� }� }�Q

hyt w`qh ;e` �]`hyt` evvQ hba t qhtr e� ;� }� }�Q { � bhy n = 0
;e` n = 2n′ {n′ =

1,2,...Q ^t\vq he qh\��t`tv u\^]tq {u1
i+1/2}

;e` {u2n′+1
i }Q �ybxy x\c ~ t xecqbvt`tv

\q rbtxt� bqt xecqh\ch ec hyt xt^^q Ci+1/2
e� hyt qh\��t`tv { v]\^ �`bv �

Ci+1/2 = {x|xi = ih < x < xi+1}
;� }� }�Q

¤c hyt ct¡h ;tutcQ hba t qhtr ;� bhy cÙ¼ {� {}}}Q

un+2
i =

1

2
(un+1

i+1/2 + un+1
i−1/2) − λ(f(un+1

i+1/2) − f(un+1
i−1/2))

;� }� }� Q

�t e~h\bc u\^]tq {un+2
i }n=0,2,4,...

�ybxy vtwct \ rbtxt� bqt xecqh\ch \rr`e¡ ba \hbec
e� u(x,t = tn+2) ec hyt xt^^q Ci = {x|xi−1/2 < x < xi+1/2} e� hyt e`b�bc\^ �`bv } ze
e~h\bc \ qtxecvie`vt` \xx]`\ht qxyta t { ptqqk\y] \cv z\vae` ¥« bch`ev]xtv
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u\c  tt` �q �£gj izkr t ¥ª« rbtxt� bqt ^bct\` `txecqh`]xhbec e� hyt rbtxt� bqt
xecqh\ch qe^]hbec e~h\bctv \h hyt r`tube]q qhtr ;b }t } \h hba t tnQ �

u(x,tn) = Li(x,t
n) = un

i + (x− xi)
u′i
∆x

x ∈ Ci

;� }� }�Q

�yt`t

u′i = (un
i )′ ∼= h

∂

∂x
u(x,tn)|x=xi

+O(∆x2)
;� }� }�Q

\rr`e¡ ba \htq hyt q^er t he w`qhie`vt` \xx]`\xk{ hybq ^t\vq he qtxecvie`vt` qr\hb\^
\xx]`\xk} gtxecvie`vt` \xx]`\xk � bhy `tqr txh he hba t bq hytc e~h\bctv ~k \rr`e¡ bi
a \hbc� hyt �]¡ bcht�`\^q \rrt\`bc� bc hyt bcht�`\^ �e`a e� hyt r`e~^ta ;� }� }�Q {
\q �e^^e� q }

¤cht�`\hbc� ;� }� }�Q bc hyt `txh\c�^t Rn+1/2
i+1/2 = [xi,xi+1]× [tn,tn+1] \cv \rr^kbc�

�`ttc �q �e`a]^\ �butq

0 =

∫∫

R
n+1/2
i+1/2

(ut + f(u)x)dxdt = −
∮

∂R
n+1/2
i+1/2

[u(x,t)dx− f(u(x,t))dt]
;� }� }¹Q

�ybxy x\c ~t � `bhhtc \q
∫ xi+1

xi

u(x,tn+1)dx =

∫ xi+1

xi

u(x,tn)

− {
∫ tn+1

tn
f(u(xi+1,t))dt−

∫ tn+1

tn
f(u(xi,t))dt}

;� }� }¿Q

g]~qhbh]hbc� ;� }� }�Q bche ;� }� }¿Q \cv \rr^kbc� hyt a bvrebch `]^t he hyt �]¡ bchti
�`\^q hytc �butq { �e` hyt xt^^ \ut`\�tq

un+1
i+1/2 =

1

h

∫ xi+1

xi−1

u(x,tn+1)dx
;� }� }ÆQ
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ptqqk\y] \cv z\vae` �q �e`a]^\ ¥« �

un+1
i+1/2 =

1

2
(un

i+1 + un
i ) +

1

8
((un

i )′ − (un
i+1)

′) − λ(f(u
n+1/2
i+1 ) − f(u

n+1/2
i ))

;� }� }�¼Q

�yt`t un+1/2
i

bq \c \rr`e¡ ba \ht u\^]t vtwctv ~k \c bcht`a tvb\ht G?BL>MK=? JKBG
\h hba t tn+1/2 �

u(xi,t
n+1/2) ∼= u(xi,t

n) +
∆t

2
ut(xi,t

n) ∼= un
i − ∆t

2
f(u)x|(xi,tn)

∼= un
i − ∆t

2h
f ′

i ≡ u
n+1/2
i

;� }� }��Q

�yt`t 1
h
f ′

i
bq \c @GG?=C >×@KB ÚHC LB?><@K><B �ybxy x\c ~t xyeqtc ¥« \q

f ′
i =





MinMod{∆fi−1/2,∆fi+1/2}

MinMod{α∆fi−1/2,
1
2
(fi+1 − fi−1),α∆fi+1/2}

;� }� }��Q

e` qbar^k \q

f ′
i = a(un

i )(un
i )

′ ;� }� }��Q

;� }� }�� }�Q \cv ;� }� }��Q { \q �t^^ \q ;� }� }�� }�Q �e` 1 ≤ α ≤ 2 { � bhy qba b^\` xyebxtq �e`
u′i
{ ^t\v he \ zÛ| qxyta t ¥« } ¢e` a]^hbv ba tcqbec\^ t¡htcqbecq e� hyt ptqqk\y]i

z\vae` qxyta t { qtt ;~k xy`ece^e�bx\^ e`vt`Q ¥¦ § ® § ¨© § ¨² § F § ¨®« }

¯ E® E E ÜABNL >× BAJ>=A@I ÕÒNKÖGB JM·B×B Ý >K·=HK G?BL>MK=? JKBG

zyt ct� athyev bq ~\qtv ec hyt pz qxyta t ;bc � vba tcqbec Q } ¤cqht\v e�
r t`�e`a bc� hyt ]q]\^ ;pz Qir`tvbxhe` he e~h\bc qtxecv e`vt` \xx]`\xk bc hba t �e`
hyt `tqe^]hbec e� ;� }� }�Q { hyt �]¡ �]cxhbec `t�]b`tv �e` hyt xear]h\hbec e� hyt
�]¡ bcht�`\^q \rrt\`bc� bc ;� }� }¿Q � b^^ ~ t `txecqh`]xhtv � bhy hyt yt^r e� r`tube]q
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u\^]tq bc \ a\cct` bcqrb`tv ~k ^bct\` a]^hbqhtr athyevq �e` e`vbc\`k vb�t`tchb\^
t�]\hbecq }

�t qh\`h �`ea ;� }� }¿Q \cv `t� `bht bh { \�ht` x\^x]^\hbec e� hyt w`qh h�e bcht�`\^q {
\q

un+1
i+1/2 =

1

2
(un

i+1 + un
i ) +

1

8
((un

i )′ − (un
i+1)

′) − 1

h
(D.F.I.)

≡ ũn
i+1/2 −

1

h
(D.F.I.)

;� }� }��Q

�yt`t D.F.I. bq hyt vb�t`tcxt e� hyt �]¡ bcht�`\^q \rr t\`bc� bc hyt ~`\xfth e�
;� }� }¿Q { \cv ũn

i+1/2
bq hyt \ut`\�t e� hyt `txecqh`]xhtv �]cxhbec ;� }� }�Q ec hyt v]\^

xt^^ Ci+1/2 = {x|xi < x < xi+1} }
 th P(x,t) vtceht hyt w`qh vt�`tt  \�`\c�t r e^kcea b\^ bcht`re^\hbc� hyt �]cxi

hbec f(u(x,t)) \h hyt cevtq tn−2 { tn ;xecqbvt`bc� x \q \ r\`\a tht`Q �

P(x,t) =
(t− tn−2)f(u(x,tn)) + (tn − t)f(u(x,tn−2))

tn − tn−2

;� }� }��Q

|twcbc� hyt �]¡ vb�t`tcxt ∆if(u(xi,t
n)) ≡ f(u(xi+1,t

n))− f(u(xi,t
n)) \cv ]qbc�

hyt ^bct\`bhk e� P �t x\c � `bht

D.F.I. =
1

2(tn − tn−2)
{−[(tn − t)2]t

n+1

tn ∆if(u(xi,t
n−2))

+ [(t− tn−2)2]t
n+1

tn ∆if(u(xi,t
n))} ;� }� }��Q

= ∆tn+1{A2∆if(u(xi,t
n−2)) + A1∆if(u(xi,t

n))} ;� }� }�¹Q

∼= ∆tn+1{A1[f(un
i+1) − f(un

i )] + A2[f(un−2
i+1 ) − f(un−2

i )]} ;� }� }�¿Q
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�yt`t

A1 = 1 +
∆tn+1

2(∆tn−1 + ∆tn)
, A2 = 1 −A1

;� }� }�ÆQ

\cv ∆tn = tn − tn−1 }
g]~qhbh]hbc� hybq bche ;� }� }��Q ce� �butq e]` aevbwtv �e`a e� hyt pz qxyta t

un+1
i+1/2 =

1

2
(un

i+1 + un
i ) +

1

8
((un

i )
′ − (un

i+1)
′)

− ∆tn+1

h
{F(un

i+1,u
n−2
i+1 ) − F(un

i ,u
n−2
i )} ;� }� }�¼Q

�yt`t

F(un
i ,u

n−2
i ) ≡ A1f(un

i ) + A2f(un−2
i )

;� }� }� �Q

x\c ~ t ubt�tv \q \ aevbwtv c]a t`bx\^ �]¡ bc�]tcxtv ~k hyt hyte`k e� a]^hbqhtr
athyevq �e` Ç|È �q { \^ec� hyt ^bctq e� _v\a qiÞ\qy�e`hy a thyevq ´ hyt \rr\`tch
vb�t`tcxt � bhy hyt qtxecvie`vt` _Þ athyev bq v]t he hyt �\xh hy\h �t ]qt tn \cv
tn−2

;bcqht\v e� tn \cv tn−1 �e` _Þi�Q { bc e`vt` he a \ft ]qt e� hyt ^\htqh u\^]tq
ec hyt q\at �`bv } ¢e` xecqh\ch hba t qhtrq ;� }� }�ÆQ ^t\vq he A1 = 5

4
{A2 = −1

4
{

xear\`tv � bhy A1 = 3
2
{A2 = −1

2
�e` hyt x^\qqbx\^ _v\a qiÞ\qy�e`hy a thyev e�

e`vt` � }
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£qbc� hyt �e^^e� bc� aevt^ t�]\hbec bc � e` � qr\hb\^ vba tcqbecq ;~F : R →

R
(2,3)Q �

ut + ∇ · ~F (u) = 0

� bhy �

u(~x,0) = u0(~x)
;� }� }�Q

\^^e� q ]q he vt`but hyt ct� qxytat } gbcxt ec^k hyt hba t vt`bu\hbut � b^^ ~ t aevbwtv
� bhy `tqr txh he hyt e`b�bc\^ ptqqk\y]iz\vae` qxytat { hyt t¡htcqbec he qtut`\^
qr\hb\^ v ba tcqbecq bq �]bht qh`\bhy�e`�\`v } Çct ec^k cttvq he `tr^\xt hyt �]¡tq
bc hyt e`b�bc\^ qxyta tq � bhy hyt ct� �]¡ } | b`txh^k h`\cqr eqbc� hyt �e`f e� ¥ § ² §
¯ § ® § ¨²« ^t\vq bc \^^ x\qtq he hyt ct� qxyta t }

[`exttvbc� \q bc qtxhbec � �e` hyt �ivba tcqbec\^ x\qt { �t `t� `bht ;� }� }�Q \q
�e^^e� q bc \ athyev e� ^bctq �\qybec �

ut = −∇ · ~F (u) ≡ G(u) =
∂u

∂t

;� }� }�Q

¤c hyt e`b�bc\^ wcbht ue^]at �e`a]^\hbec �e` hth`\ytv`\^ �`bvq ;qtt ¥ § ²« �e`
vth\b^qQ { t�]\hbec ;� }� }�Q bq bcht�`\htv � bhy `tqr txh he qr\xt ec hyt v]\^ xt^^q Lij

\cv � bhy `tqr txh he hba t �`ea tn he tn+1
;qtt w�]`t � }� �e` vth\b^qQ } ¤cqht\v e� bchti

�`\hbc� hyt �]cxhbec G(u) �t bcht�`\ht bhq P1
i \�`\c�t bcht`r e^\hbecir e^kcea b\^
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� bhy `tqr txh he hba t ;
x ~tbc� xecqbvt`tv \q \ r\`\atht`Q �

P(~x,t) =(
(t− tn−2)G(u(~x,tn))

∆tn + ∆tn−1
+

(tn − t)G(u(~x,tn−2))

∆tn + ∆tn−1
)

;� }� }�Q

_rr^kbc� w`qh bcht�`\hbec ~k r\`hq he hyt bcht�`\hbec � bhy `tqr txh he hba t �butq
∫

Lij

u(x,tn+1)dV =

∫

Lij

u(x,tn)dV +

∫

Lij

{
∫ tn+1

tn
P(~x,t)dt}dV +O(∆t)2 ;� }� }� Q

£qbc� hyt xt^^ \ut`\�t u\^]tq uLij
(tn) ≡ un

Lij

\cv \ x\^x]^\hbec qba b^\` he hyt ect
rt`�e`a tv bc qtxhbec � ce� �butq

uLij
(tn+1)vol(Lij) =

∫

Lij∩Ci

u(x,tn)dV +

∫

Lij∩Cj

u(x,tn)dV

+

∫

Lij

{A1G(u(~x,tn)) + A2G(u(~x,tn−2))}dV ;� }� }�Q

�yt`t A1,A2
\`t \�\bc vtwctv ~k ;� }� }�ÆQ } g]~qhbh]hbc� hyt u\^]tq e� G \cv

\rr^kbc� hyt vbut`�tcxt hyte`ta wc\^^k ^t\vq he

uLij
(tn+1)vol(Lij) =

∫

Lij∩Ci

u(x,tn)dV +

∫

Lij∩Cj

u(x,tn)dV

−(

∫

∂Lij∩Ci

+

∫

∂Lij∩Cj

){A1
~F (u(~x,tn)) + A2

~F (u(~x,tn−2))} · n̂dA ;� }� }�Q

�ybxy `tr`tqtchq hyt ÕÒNKÖGB äA>KB <=IH×B ×BK·=L Ý >K·=HK G?BL>MK=? bc
bhq ut`qbec u\^bv �e` FNL>× BAJ>=A@I HAJK?HMKH?BL KBK?@·BL?@I ¸?>LJ }

¢ b� } � qye� q hyt r\`h e� hyt ~\`kxtch`bx xt^^ Ci

;xtcht`tv \h cevt iQ �ybxy bq
xech\bctv bc hyt hth`\ytv`\ ijkl { \cv hyt v]\^ xt^^ Lij

xecqh`]xhtv \~e]h hyt tv�t
ij }
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GG 13

1

. .

ÀÁÂ Ã Ä Ãè Ã Þ\`kxtch`bx xt^^ Ci
\cv vb\aecv xt^^ Lij

� }� }¼ }�} é êë ìíî

ïð ê ñ òóôõ òë öìó ö÷ øòõ÷ùíú øùêû öõ ìõ öõùêíóêìüêû ýìôþ ÷î öññ öõÿ ùð ê ûìùì � íòë
ùð ê ñ íêüöòú÷ ÿ íöû� ð êõ øêþ òõóô öõ� òíë ìùöòõ òõ öûêõùöøìó ÿ íöû÷ ö÷ ú÷ êû ùò öõùêíñ òóìùê�

R S� S �W���Í�WÏ

zyt qh]vk e� qh\~b^bhk �e` e]` ct� qxytat ;� }� }�¼Q bq ae`t vb� x]^h hy\c hyt
xe``tqrecvbc� bcutqhb�\hbec �e` hyt ptqqk\y]iz\vae` qxyta t { v]t he hyt u\^]tq
e� f(un−2

i ) \rrt\`bc� bc ;� }� }� �Q } �t y\ut h`btv he ]qt \ yt]`bqhbx j¢  xecvbhbec
e~h\bctv ~k a]^hbr ^k bc� ~k 1

A1

;≡ 4
5
bc hyt x\qt e� xecqh\ch ∆tQ hyt a \¡ ba]a

j¢  c]a~t` ]qtv bc hyt x\qt e� hyt xe``tqrecvbc� qxytatq � bhye]h exx]`tcxt
e� hyt u\^]tq \h hba t tn−2 } ¢e` bcqh\cxt �e` hyt ectivba tcqbec\^ pzihkrt qxyta t
� bhye]h r`tvbxhe` { bh �\q e~qt`utv bc ¥« hy\h bc r`\xhbxt { hyt pz qxytat � b^^



��¿

~t zÛ| �e`

λmax
i

|f ′(ui)| ≤ β
;� }¹ }�Q

� bhy

β ≤ 1

2

;� }¹ }�Q

�t hyt`t�e`t ]qtv \ j¢  c]a~t` e� hyt e`vt` e� 4
5
· 1

2
= 2

5
} �t y\ut �e]cv \

yt]`bqhbx d ]qhbwx\hbec �e` hybq �\xhe` 4
5
e` ae`t �tct`\^^k 1

A1

~k xecqbvt`bc� hyt
qba r^tqh r eqqb~ ^t qbh]\hbec e� \ ^bct\` �]¡ f(u) = αu } zyt qxytat ;� }� }�¼Q x\c
hytc ~ t � `bhhtc \q

un+1
i+1/2 =

1

2
(un

i + un
i+1) +

1

8
[(un

i )′ − (un
i+1)

′]

− ∆t

h
{A1(αu

n
i+1 − αun

i ) + A2(αu
n−2
i+1 − αun−2

i )}

≡ H(un
i ,u

n
i+1,u

n−2
i ,un−2

i+1 )
;� }¹ }�Q

\cv �bu bc� ]r hyt 2ndie`vt` qr\hb\^ \xx]`\xk ~k xyeeqbc� (un
i )′ = 0 �e` \^^ i { �t

xe]^v h`k he bareqt { \h ^t\qh r\`hb\^^k{ \ fbcv e� r eqbhbu bhk xecvbhbec } gr txbwx\^^k{
bareqbc� ∂H

∂un
i
≥ 0 { ∂H

∂un
i+1

≥ 0 ^t\vq he hyt `tqh`bxhbec




∂H
∂un

i
= 1

2
+ αA1∆t

h
≥ 0

∂H
∂un

i+1
= 1

2
− αA1∆t

h
≥ 0

;� }¹ }� Q

�`ea �ybxy �t e~h\bc

|α|A1∆t

h
≤ 1

2

;� }¹ }�Q



��Æ

\cv hy]q

|α|∆t
h

≤ 1

2A1

;� }¹ }�Q

_ ^hye]�y hybq a thyev qtta q he ^t\v he �eev `tq]^hq { bh ve tq ceh `t\^^k �\^^ � bhybc
hyt �`\a t e� hyt qh\~b^bhk \c\^kqbq r`tqtchtv ~k gy] ¥¨¨« �yt`t a]^hbqhtr athyevq
� bhy ct�\hbut xet� xbtchq \`t bch`ev]xtv \cv y\cv^tv � bhy hyt yt^r e� hyt \vd ebch
qr\hb\^ \rr`e¡ ba \hbec er t`\he` } Çhyt` a thyevq ]qbc� hyt a]^hbqhtr \rr`e\xy
y\ut ~ ttc xecqbvt`tv { \a ec� ehyt`q { ~k ¥² § ® § ¨¨« ´ ¥²« �butq \c bcht`tqhbc�
\c\^kqbq e� hyt qh\~b^bhk r`e~^ta �e` a]^hbqhtr qxytatq e� hyt �e`a

un+1 =
m∑

k=0

(αku
n−k + ∆tβkG(un−k))

;� }¹ }¹Q

�yt`t G(u) = −f(u)x
e` G(u) = −∇ · ~F (u(~x,t)) } zybq \c\^kqbq \qq]atq hy\h b�

ect e� hyt xe t� xbtchq αk
u\cbqytq { hytc βk

a]qh \^qe u\cbqy } £c�e`h]c\ht^k{ hy bq
xecvbhbec bq ceh q\hbqwtv ~k e]` pzihkrt wcbht ue^]at athyev � bhye]h r`tvbxhe`
qhtr } Þ]h hyt j¢  xecvbhbec ;� }¹ }�Q bq q]~qh\chb\^^k ^tqq `tqh`bxhbut hy\h hyt erhbi
a \^ xecvbhbec �e]cv bc ¥² § ¨¨« ; �ybxy �t\h]`tq 1

2
\q \ a]^hbr ^bx\he` e� hyt j¢ 

c]a~t` u\^bv �e` hyt �e`�\`v È]^t` a thyev { bc xech`\qh � bhy 1
A1

= 4
5
Q } ¤c �]h]`t

`tqt\`xy { �t bchtcv he h`k \cv e~h\bc \c t¡htcqbec e� gy] �q qh\~b^bhk \c\^kqbq he
hyt x\qt e� e]` bcht`^t\utv qxyta t }

jecqbvt`bc� ce� hyt ]cqh`]xh]`tv hth`\ytv`\^ �| x\qt { `tx\^^bc� hyt e`b�bi
c\^ qxyta t w`qh r`tqtchtv bc ¥ § ²« { �e` hyt È]^t` t�]\hbecq { \cv \rr^kbc� hyt
xecvbhbec �e` \ aecehect qxytat ∂H

∂un
j
≥ 0 { �t y\ut ]qtv hyt �e^^e� bc� hba t qhtr



��¼

�òí ùð ê ÷ êøòõû ùöë ê ÷ùêñ �� ï	 �

∆ti =
V ol(Ci)

λi
max

∫

∂Ci

dσ

�yt`t

λi
max = max(λi, max

j∈N (i)
λj) \cv λi = ||−→V i|| + ci

\cv −→
V i, ci `t�t` he hyt u\^]tq bc hyt xt^^ Ci

e� hyt ut^e xbhk utxhe` \cv qe]cv qr ttv {
`tqr txhbut^k} �t hytc xyeeqt hyt a bcba]a ∆ti �e` \^^ bcvbxtq i (1 ≤ i ≤ nv)

∆t = min
1≤i≤nv

{∆ti} � bhy \ qba b^\` hba t qhtr vtwcbhbec �e` hyt w`qh ;evvQ qhtr
(tn → tn+1) }

�t hytc ]qtv hyt a]^hbr ^bt` 4
5
he e~h\bc e]` hba t qhtr �e` hyt ct� qxyta t }

�òí ùð ê ÷ êøòõû ùöë ê ÷ùêñ �� êý ÷ øð êë ê	 �

∆ti =
4V ol(Ci)

5λi
max

∫

∂Ci

dσ

R S
 S �XYâ�Yo���X

zyt a \d e` `tqh`bxhbec bc hyt ptqqk\y]iz\vae` qxyta t bq hy\h hyt`t a]qh ~ t
\ r`tvbxhe` qhtr t¡tx]htv ~ t�e`t hyt tu\^]\hbec e� hyt �]¡tq } gr txbwx\^^k{ qbcxt
hyt r`tvbxhe` qhtr bc hyt ptqqk\y]iz\vae` qxytat bq ]qbc� hyt u\^]t e� ut

bc hyt
z\k^e`it¡r\cqbec \ r`tix\^x]^\hbec e� hyt �]¡tq bq cttvtv } zytqt xecqbvt`\hbecq



���

a b�yh qtta y\`a ^tqq �e` \ �| qe^ut` ~]h { �ytc xecqbvt`bc� yb�yt` qr\hb\^ v ba tci
qbecq { � tu\^]\hbecq e� hyt �]¡tq \h t\xy hba t qhtr a \k ~ txeat qea t�y\h hba t
xecq]a bc� \cv �ytc hyt qe^ut` bq \rr^btv he qkqhta q { � a \h`b¡iutxhe` a]^hbr ^bi
x\hbecq \`t cttvtv bc �| \cv � a\h`b¡iutxhe` a]^hbr ^bx\hbecq \`t cttvtv bc �| }
zyt ct� r`ereqtv � bta \cc qe^ut`i�`tt qxyta t vetq ceh ]qt \ r`tvbxhe` qe hy\h
hyt �]¡tq cttvtv bc hyt ct¡h hba t qhtr x\c ~t qhe`tv �yb^t x\^x]^\hbc� hyt \xh]\^
qe^]hbec \h tn+1 } zyt ec^k bcxecutcbtcxt bq hy\h hyt qxytat a]qh ~ t qh\`htv � bhy
h�e hba t qhtrq e� hyt ptqqk\y]iz\vae` ut`qbec } Þ]h { b� ect vetq ceh a bcv ]qbc�
w`qh e`vt` qh\`hbc� u\^]tq { bh bq r eqqb~ ^t he qth A2 = 0 { A1 = 1 bc hyt ct� qxyta t
�ybxy hytc `tut`hq he hyt  ¡¢ qxytat � bhy \c e`vt` e� \xx]`\xk O(∆t) +O(h2) }
peht hy\h bc �| hyt ^\qh erhbec �\q ]qtv qbcxt bh `t^t\utq hyt xevt` �`ea hyt
ctxtqqbhk he bar^ta tch \ vb�t`tch qxytat �e` hyt w`qh h�e hba t qhtrq ec^k} Þ]h {
b� �`bv \v\rh\hbec bq \rr^btv { hytc hyt h�e qxytatq a]qh ~ t xevtv }

�tqy � ;��¿�� � È^ta tchqQ bht`\hbecq hba t ;qtxQ pe`a \^b¬tv
Ç`b�bc\^ gxytat ��Æ� �¿�¿ �}¼¼

¤cht`^t\utv gxyta t ���� ��¿� ¼ }��
�� Ã Ä ÃÅÃ jear\`bqec e� hyt h�e qxytatq �e` \ w¡tv `tqbv]\^

R S� S ÎVoXY���Í YXZVÍWZ

¤c \^^ qh`]xh]`tv htqhq hyt ë öõë òû�� ^ba bht` ;b }t } � bhy α = 2 bc ;� }� }��QQ
�\q ]qtv { �yb^t ec ]cqh`]xh]`tv �| �`bvq �e` hyt qye xf h]~ t r`e~^ta hyt ct�



���

Ûtcf\h\f`bqyc\c ^ba bht` �\q \rr^btv } ¢e` hyt ~]ar r`e~^ta { u\c  tt` �q ^ba bht`
�\q ]qtv ~tx\]qt e� bhq ^e� xear]h\hbec\^ xeqh } ¢e` vth\b^q ec hyeqt ^ba bht`q { ect
x\c xecq]^h ¥ª § F© § F ¨§ ¯ § ¨²« }

¯ Eª E¨E � B×@?�

¤h bq �e`hy a tchbecbc� hy\h ce \`hbwxb\^ xear`tqqbec �\q \rr^btv ec hyt pz
qxytat bc \ck vba tcqbecq } |ebc� qe �e]^v �`t\h^k ba r`eut hyt �]\^bhk e� hyt
qe^]hbec { r\`hbx]^\`^k �e` hyt xech\xh vbqxechbc]bhbtq { \cv xe]^v ~t \rr^btv he \^^
e� hyt ct� ^k r`ereqtv athyevq }

¯ Eª E E �@?KBJ>@A ¨�

� }Æ }� }�} � øìóìí õ òõ �óöõ êìí ê�úìùöòõ

�t qe^ut hyt Þ]`�t`q t�]\hbec � bhy hyt pz \cv P1
ipz qxytatq �e` \ xechbi

c]e]q bc bhb\^ xecvbhbec \cv { \^qe { \ vbqxechbc]e]q bcbhb\^ xecvbhbec } zyt xechbc]e]q
bcbhb\^ �]cxhbec bq u0 = sin(πx) �yb^t hyt vbqxechbc]e]q ect bq hyt qhtr �]cxhbec
xtcht`tv \h x = 0 \cv t�]\^ he 1 �e` x < 0 { \cv 0 �e` x > 0 } Þehy hyt xechbc]e]q
\cv vbqxechbc]e]q bcbhb\^ �]cxhbecq ;w� } � }� { � }�Q �but `bqt he vbqxechbc]bhbtq { \q
hba t tue^utq { \q hyt xechbc]e]q bc bhb\^ �]cxhbec u0(x) bq vtx`t\qbc� �e` 1

2
≤ x ≤ 1 }

zytqt vbqxechbc]bhbtq \`t �\b`^k �t^^ x\rh]`tv ~k ~ehy qxyta tq } ;N vtcehtq hyt
c]a~t` e� qr\hb\^ xt^^q�bcht`u\^q e� ^tc�hy h = 2

N
}Q



���

� }Æ }� }� } �ô÷ùêë÷

zyt È]^t` qkqhta bq qe^utv �e` gev �q qyexf h]~t r`e~^ta ¥¯« } Þehy hyt pz
qxytat \cv hyt pzihkr t qxytat rt`�e`a �t^^ ec hy\h htqh ;w� } � }� {� }�Q { � bhy hyt
`tqh`bxhbec hy\h \ q^b�yh ]cvt`qyeeh ec hyt `b�yhiy\cviqbvt e� hyt `\`t�\xhbec \cv
xech\xh vbqxechbc]bhk \cv eut`qyeeh ec hyt  ½g e� hyt xech\xh \`t r`tqtch �e` hyt
e`b�bc\^ pz qxyta t { �ybxy a b�yh y\ut ~ ttc x\]qtv ~k e]` ]qt e� hyt a \¡ba \^
j¢  c]a~t` ~ ehy �e` hyt pz qxyta t \cv hyt ct� �]¡ }
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ÀÁÂ Ã Ä Ã� Ã jechbc]e]q r`e~^ta �| \h t = 2.0 { pÙ�¼¼
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ÀÁÂ Ã Ä Ã� Ã vbqxechbc]e]q �| \h t = 0.4 { pÙ�¼¼

¯ Eª EF E �@?KBJ>@A �

� }Æ }� }�} �ô÷ùêë÷

ge^u bc� \�\bc gev �q qyexf h]~ t r`e~^ta t¡htcvtv he � qr\hb\^ v ba tcqbecq
\cv h\fbc� \ h`\cqut`q\^ x]h bc hyt �| r^\ct �butq hyt vtcqbhbtq qye�c ec w�]`tq
;� }¹ {� }¿Q ;he ~ t xear\`tv � bhy hyt `tq]^hq e� hyt �| qxytatQ } zyt `tq]^hq \`t ut`k
qba b^\` �e` ~ehy qxyta tq \cv �tct`\^^k �eev { t¡xtrh �e` hyt xech\xh vbqxechbc]bhk
�ybxy bq qea t�y\h qa t\`tv }
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Exact

ÀÁÂ Ã Ä Ã� Ã gev �q qyexf h]~t �| pÙ�¼¼ \h t = 0.16

¯ Eª E² E �AJK?HMKH?BL F�

� }Æ }� }�} �ð òøî ùú�ê

¢e` xear\`bqec r]`reqtq { hyt qye xf h]~t r`e~^ta bq \�\bc qe^utv yt`t ~k
\rr^kbc� hyt ]cqh`]xh]`tv hth`\ytv`\^ �| qxytatq } �tq]^hbc� vtcqbhbtq e~h\bctv
`tqr txhbut^k ~k hyt ]qt e� hyt ptqqk\y]iz\vae`i^bft qxytat ;� bhy r`tvbxhe`Q \cv
� bhy hyt ct� r`ereqtv ;�\qht`Q qxyta t ;� bhye]h r`tvbxhe`Q \`t �butc bc w�]`tq
;� }Æ {� }�¼Q } _ q bc hyt �i| x\qt { zyt `tq]^hq �e` ~ ehy qxytatq \`t r`\xhbx\^^k bcvbqi
hbc�]bqy\~^t } ½t`t bc �| { hyt xeqh e� r t`�e`a bc� hyt y\^� hba t qhtr bq qb�cbwx\ch



���

qbcxt � a \h`b¡iutxhe` a]^hbr ^bx\hbecq \`t cttvtv \h t\xy cevt } zyt e`vt` e� xecut`i
�tcxt e� hyt qxyta t y\q ~ ttc e~qt`utv he ~ t ec^k �}�� �e` cec^bct\` qkqhta q bc
¥ § ²« �ybxy y\q ~ ttc xecw`a tv ~k hyt `txtch hyte`thbx\^ `tq]^hq e� ¥¨¦ § ¨ª § ¨¶«
�e` \ h`]^k cec^bct\` qx\^\` t�]\hbec }

� }Æ }� }� } �ðìõõ êó ý öùð ì � � øöíøú óìí ìíø �úëñ ýöùð M∞ = 1.65

 íöÿ öõìó !" �úõ÷ùíú øùúíêû � øð êë ê

_c bcu bqxbv q]r t`qecbx �e� bq xecqbvt`tv eut` \ xb`x]^\` 4% \`x ~]ar ´ hybq htqh
x\qt �\q w`qh r`ereqtv \q \ ~ tcxya \`f r`e~^ta ~k Èbvt^a \c th \^ } ¥¨« }zyt ^t�h
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��¹

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0 0.2 0.4 0.6 0.8 1

de
ns

ity

position

NEW FLUX
NT

Exact

ÀÁÂ Ã Ä Ã# Ã gev �q qyexf h]~t �| pÙ�¼¼ \h t = 0.16

~e]cv\`k e� hyt xear]h\hbec\^ vea\bc bq xecqbvt`tv \q hyt bc ^th e� hyt �e� � bhy
\ r`tqx`b~ tv q]rt`qecbx xecvbhbec { c\a t^k � (ρ,u,v,w,p) = (1.4,1.65,0,0,1) \cv hyt
`b�yh ~e]cv\`k bq xecqbvt`tv \q \ q]r t`qecbx e]h^th } ¢e` hyt q\ft e� xear\`bqec
� vb�t`tch a tqytq \`t r`tqtchtv } zyt w`qh a tqy y\q \ xy\`\xht`bqhbx ^tc�hy e�
1/10

;w� } � }��Q { �ybxy bq �]bht xe\`qt ~]h r`ev]xtq `tqec\~^k \xx]`\ht `tq]^hq
;w� } � }��Q xecqbvt`bc� hy\h ce �bta \cc qe^ut` \`t ]qtv } _c bcht`a tvb\ht a tqy
e� ^tc�hy 1/20 bq qye�c ;w� } � }��Q � bhy xe``tqr ecvbc�^k ae`t \xx]`\ht `tq]^hq
;w� } � }��Q } zyt wc\^ �`bv y\q \ xy\`\xht`bqhbx ^tc�hy e� 1/30 \cv bq xeareqtv
e� 138561 hth`\ytv`\ � bhy { qbcxt ~ehy v\h\ qh`]xh]`tq \`t cttvtv { 23279 cevtq
\cv 154535 tv�tq ;w� } � }��Q } zyt `tq]^hq \`t xear\`\~^t bc `tqe^]hbec he hyt
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qh`]xh]`tv x\qtq r`tqtchtv bc ¥¨¯« qbcxt hyt c]a~t` e� ]cfce�cq \`t \~e]h hyt
q\a t } _c bcht`tqhbc� r`er t`hk e� hyt r`ereqtv qxytat bq hyt xecut`�tcxt `\ht he
ht qh\hbec\`k qe^]hbec ;w� } � }�¿Q � hyt qbc�^t r`txbqbec a\xybct trqb^ec bq `t\xytv
� bhye]h `t�]b`bc� \ck qr txb\^ ^ba bhbc� �]cxhbec ^bft hyt ect r`er eqtv ~k Ûtcf\i
h\f`bqyc\c { ytcxt r`tutchbc� \ck eut` � ]cvt` qyeeh \q e~qt`utv bc ¥¨§ ¨¯« }

!" �úõ÷ùíú øùúíêû %õùêíóêìüêû � øð êë ê

zyt qtxecv qxytat r`ereqtv bc hybq r\r t` ve tq ceh `t�]b`t \c t¡r^bxbh r`tvbxhe`
qhtr \q `t�]b`tv ~k hyt e`b�bc\^ ]cqh`]xh]`tv qxytat r`ereqtv bc ¥² « } gbcxt hyt
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X

Y

Z

ÀÁÂ Ã Ä ÃÅÅÃ ¢b`qh a tqy � bhy xy\`\xht`bqhbx ^tc�hy 1/10
;
18079 zth`\ytv`\Q

X

Y

Z

ÀÁÂ Ã Ä ÃÅè Ã gtxecv a tqy � bhy xy\`\xht`bqhbx ^tc�hy 1/20
;
64099 zth`\ytv`\Q

qxytat bq t¡r^bxbh \cv ~ehy tv�t ~\qtv \cv ut`ht¡ ~\qtv v\h\ qh`]xh]`tq \`t
]qtv { hyt �\bc bq tu\^]\htv ec \ hth`\ytv`ec ~\qbq (qtxecv/(xt^^× bht`\hbec)) } zyt
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Z

ÀÁÂ Ã Ä ÃÅ� Ã ¢ bc\^ a tqy � bhy xy\`\xht`bqhbx ^tc�hy 1/30
;
138561 zth`\ytv`\Q

ÀÁÂ Ã Ä ÃÅ� Ã ¤qea \xy ;
18079 zth`\ytv`\Q

e`b�bc\^ qxyta t `t�]b`tq 2.5 × 10−5 qtxecv �yb^t hyt bcht`^t\utv qxytat `t�]b`tq
ec^k y\^� e� hy\h hba t b }t } 1.25 × 10−5 qtxecv/xt^^ × bht`\hbec } zybq \xxt^t`\hbec
`t�txhq vb`txh^k bc hyt x\^x]^\hbecq qbcxt bh bq r eqqb~ ^t he ]qt h� bxt \q a \ck xt^^q
\cv e~h\bc \ q]~qh\chb\^^k wct` qe^]hbec bc \~ e]h hyt q\at \ae]ch e� hba t \q



���
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ÀÁÂ Ã Ä ÃÅ# Ã ¤qea \xy bcht`^t\utv ;
138561 zth`\ytv`\Q
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ÀÁÂ Ã Ä ÃÅ$ Ã jecut`�tcxt ybqhe`k ;`tqbv]\^qQ

hy\h cttvtv �e` hyt w`qh a thyev he qe^ut hyt q\a t r`e~^ta ec \ xe\`qt` a tqy }
zyt `tq]^hq \`t r`\hbx\^^k bcvbqhbc�]bqy\~^t �`ea hyeqt e~h\bctv � bhy hyt qxyta t
� bhy r`tvbxhe` { qe hy\h w� } � }�� { � }�� { � }�� \`t u\^bv �e` ~ehy qxytatq } _ r^eh
e� hyt bqea \xy ^bctq bq �butc bc w� } � }�¿ } _ q `t�\`vq xecut`�tcxt he hyt qht\vk
qh\ht { hyt a \xybct he^t`\cxt bq `t\xytv bc ^tqq hy\c �¼¼¼ bht`\hbecq �e` hyt e`b�bc\^
qxyta t { \cv ��¼¼ bht`\hbecq �e` hyt ct� qxytat } |tqrbht hyt �\xh hy\h hyt j¢ 
xecvbhbec ]qtv � bhy hyt bcht`^t\utv qxytat bq ae`t `tqh`bxhbut { hy]q `t�]b`bc�
ae`t hba t qhtrq he `t\xy hyt qh\hbec\`k qh\ht { hyt xear]hbc� hba tq \`t `tv]xtv
~k \rr`e¡ ba \ht^k �¹� ;z\~^t � }�Q }
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ÀÁÂ Ã Ä ÃÅ& Ã jecut`�tcxt ybqhe`k ;pe`a \^b¬tv `tqbv]\^qQ

R ST( S )���ÍVZ���

�t y\ut r`tqtchtv \ ct� qh`]xh]`tv \cv ]cqh`]xh]`tv �bta \cc qe^ut`i�`tt
xtcht`tv wcbhtiue^]at qxyta t �e` qe^u bc� qkqhta q e� xecqt`u\hbec ^\� q bc �{� \cv
� qr\hb\^ v ba tcqbecq } zyt ct� qxytat bq qb�cbwx\ch^k �\qht` bc hyt ]cqh`]xh]`tv
x\qt \cv bc hyt qh`]xh]`tv �| x\qt �e` qkqhta q } zyt `tqe^]hbecq \`t xear\`\~^t bc
\^^ qr\hb\^ vba tcqbecq he hyt pz qxytat \cv bhq a]^hbv ba tcqbec\^ t¡htcqbecq } zybq
a \ftq hyt ct� qxyta t xear]h\hbec\^^k ae`t t� xbtch �yb^t ~ tbc� xear\`\~^t {
�e` \xx]`\xk{ � bhy hyt ptqqk\y]iz\vae` qxyta t \cv bhq j\`htqb\c �|it¡htcqbecq
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~k ~ehy _`a bcd ecigh\ctqx]iÛ b\^^ec \cv ³b\c�iz\vae` { \cv { wc\^^k{ � bhy hyt �|
xtch`\^ wcbht ue^]a t qxyta tq �e` hth`\ytv`\^ �`bvq r`ereqtv bc ¥ § ²« }

� }�¼ }¼ }� } * øîõòý óêûÿ êë êõù÷

zyt \]hye`q �e]^v ^bft he hy\cf ³ } ¢ } �ta \x^t \h �tcqqt^\t` [e^khtxycbx
¤cqhbh]ht �e` hyt �`tt^k \u\b^\~^t a tqy �tct`\he` ��g½ + \cv hyt jÈ�j_ , �e`
hyt Û£ - ubq]\^bq\hbec qe�h�\`t }
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|\cq xtq h`\u\]¡ ce]q \uecq r`sqtchs � ce]ut^^tq a shyevtq vt ue^]a tq wi
cbq r e]` ^tq qkqh�a tq ykr t`~e^b�]tq vt ^ebq vt xecqt`u\hbecq �]b �ech \rr t^ �
vt]¡ a \b^^\�tq ta~e �hsq { utc\ch vt ^\ �scs`\^bq\hbec v] qxysa \ vsx\^s vt  \¡i
¢`btv`bxyq { �]b qech ]hb^bqsq \^ht`c\hbuta tch \]¡ r\q vt htarq r\b`q th ba r\b`q
re]` subht` ^\ `sqe^]hbec v] r`e~^�a t vt � bta \cc { ce`a \^ta tch \qqexbs � he]ht
a shyevt vt ue^]a tq wcbq { \]¡ �`echb�`tq vtq xt^^] ^tq }

Èc r`ta bt` ^bt] { ]ct t¡htcqbec h`bv ba tcqbecct^^t vtq qxysa \q v �_ `a bcd eci
gh\ctqx]iÛ b\^^ec th vt ³b\c�iz\vae` re]` vtq a \b^^\�tq x\`hsqbtcq h`bv ba tcqbeci
ct^q �]h xecqh`]bht re]` vtq qkqh�a tq ykrt`~e^b�]tq } ��\^ta tch { ]ct ce]ut^^t
xt^^] ^t v]\^t �]h ]hb^bqst tc vt]¡ vba tcqbecq qr\hb\^tq r e]` sh]vbt` ^tq t�thq v]
xyeb¡ vt ^\ xt^^] ^t v]\^t tc a\b^^\�t x\`htqbtcq }  tq `sq]^h\hq e~htc]q re]` ^tq
s�]\hbecq v �È]^t` q\cq \v\rh\hbec aech`tch �]t ^\ a shyevt h`bv ba tcqbecct^^t tqh
vb�]qbut xear\`\hbuta tch � ^\ a shyevt ~bvba tcqbecct^^t }

Èc qtxecv ^bt] { ec \ e~htc] ]ct t¡htcqbec { re]` vtq a \b^^\�tq ceciqh`]xh]`sq
xecqhbh]sq vt hsh`\�v`tq { vt ^\ a shyevt ~bvba tcqbecct^^t v �_ `a bcd eciÛ b\^^ec }
  �e`v`t r`tq�]t � r`er`t \]¡ qxysa \q ]hb^bq\ch ^\ htxycb�]t �£gj  tqh us`bi
ws t¡rt`ba tch\^ta tch � ^ �\bvt vt ^ �]hb^bq\hbec v] ^ba bht]` vt Ûtcf\h\f`bqyc\c �]b
`t^\¡t ^\ xecvbhbec vt aecehecbxbhs v] qxysa \ ^ebc vtq t¡h`ta]a q { x �tqhi�ivb`t
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v\cq ^tq `s�becq e� ^\ qe^]hbec tqh r`tq�]t xecqh\cht } £ct qba]^\hbec re]` ^tq
s�]\hbecq v �È]^t` r t`a th vt ueb` �]t ^t qxysa \ x\rht ~btc ^tq xyexq th aebcq
~btc ^tq vbqxechbc]bhsq vt xech\xh { xtxb sh\ch tcxe`t v� \] �\bh �]t ^t qxysa \ tqh
h`�q vb�]qb� }  t `sq]^h\h ^t r^]q \rr`sxb\~^t tqh ^t �\bh �]t vtq a \b^^\�tq y\]hta tch
vs�e`a sq r t`a thhtch �]\cv a �a t v �e~htcb` ]c `sq]^h\h rykqb�]t xt �]b c �tqh r\q
^t x\q r e]` ]c �`\cv cea~`t vt ashyevtq tc ue^]atq th s^sa tchq wcbq }

[e]` ht`a bct` { ^\ �]\h`b�a t a shyevt vt ue^]atq wcbq r`sqtchst v\cq xtq h`\i
u\]¡ xecqbqht � subht` ^t r\q vt r`svbxhbec csxtqq\b`t re]` he]ht xthht �\a b^^t vt
a shyevtq vt`bustq v] qxysa \ vt  \¡i¢`btv`bxyq { r e]` ^ �e~htchbec vt ^ �e`v`t vt]¡
htare`t^ }  t xe�h v] r\q vt r`svbxhbec tqh qb�cbwx\hb� r e]` ^tq qkqh�a tq h`bv ba tci
qbecct^q x\` ]ct a]^hbr^bx\hbec r\` ^tq a \h`bxtq d \xe~btcctq \qqexbstq \]¡ �]¡
v] qkqh�a t tqh csxtqq\b`t } jthht ce]ut^^t a shyevt tqh a \bchtc\ch vbht °tch`ti
^\xst± tc htarq { r\` ^ �]hb^bq\hbec vt htxycb�]tq r`er`tq \]¡ ashyevtq a]^hbir\q
^bcs\b`tq { th vsx\^st tc tqr\xt r\` ^ �]hb^bq\hbec v] qxysa \ vt  \¡i¢`btv`bxyq }  tq
`sq]^h\hq e~htc]q qech xear\`\~^tq tc e`v`t vt r`sxbqbec \]¡ \]h`tq a shyevtq
]cbi~ b th h`bv ba tcqbecct^^tq }  t �\bc xecxt`ct q]`he]h ^tq htarq vt x\^x]^q r^]q
xe]`hq }   �\u\ch\�t vt xthht �scs`\^bq\hbec tqh �] �b^ tqh tcq]bht `t^\hbuta tch qbar^t
v �e~htcb` vtq e`v`tq vt `txecqh`]xhbec htare`t^q r^]q s^tusq �]t � }

£c \v\rht]` vt a \b^^\�t ceciqh`]xh]`s h`bv ba tcqbecct^ sh\ch h`�q vb� xb^t �
e~htcb` v\cq ]c a b^bt]¡ cecibcv]qh`bt^ { ce]q c �\uecq r\q shs tc atq]`t { xeaat
xt^\ \u\bh shs ^t x\q tc vt]¡ vba tcqbecq qr\hb\^tq { v �sh]vbt` ^tq t�thq vt qec
]hb^bq\hbec q]` ^\ u bqxeqbhs c]a s`b�]t v] qxysa \ }
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Èc xt �]b xecxt`ct ^ �e`v`t vt r`sxbqbec vtq a shyevtq r`sqtchstq bxb { ]ct \]h`t
\rr`exyt { �]b qt`\ sh]vbst v\cq ]c h`\u\b^ � r\`\�h`t { r e]` u\^bvt` ^ �e`v`t � v\cq
^t x\q ceci^bcs\b`t { xecqbqht � tc^tut` ]ct rthbht `s�bec \] uebqbc\�t baasvb\h vtq
vbqxechbc]bhsq { th x\^x]^t` ^ �t``t]` tc ]hb^bq\ch qt]^ta tch ^tq veccstq c]a s`b�]tq
r^]q ^bqqtq r`eutc\ch vt ^\ `s�bec xear^sa tch\b`t }

[\` \b^^t]`q { ce]q \uecq `sxtaatch xeaatcxs � �scs`\^bqt` ^\ a shyevt ]cbi
v ba tcqbecct^^t t¡r^bxbht � ]ct ashyevt bar^bxbht }  tq `sq]^h\hq qta~^tch h`�q r`ei
a thht]`q x\` b^q ce]q ech �\bh e~qt`ut` �] �b^ sh\bh r eqqb~ ^t vt �\b`t \u\cxt` qba]^h\i
csa tch � qe^]hbecq q]` ^tq � a \b^^\�tq vsx\^sq th vt ^tq `txe]r^t` r\` ^\ qe^]hbec v]
qkqh�a t ^bcs\b`t r`eutc\ch v] r\q vt htarq bar^bxbht } jtxb xecv]bh � ]ct ashyevt
�]b re]` x\^x]^t` 2N rebchq bar^bxbhta tch ct csxtqqbht �]t ^\ `sqe^]hbec v �]c qkqi
h�a t q �t¡r`ba \ch � ^ �\bvt v �]ct a \h`bxt h`b\c�]^\b`t q]r s`bt]`t vt vba tcqbecq N2

;\] ^bt] vt 4N2 �Q th r t`a th vt h`e]ut` ^\ qe^]hbec q]` ^t qtxecv a\b^^\�t r e]`
^t r`b¡ v �]c r`ev]bh a \h`bxt � utxht]` }  t �\bh �]t � qe^]hbecq qebtch vbqrecb~^tq
^\bqqt r`sq\�t` �] �]ct `txecqh`]xhbec qr\hb\^t v �e`v`t r^]q s^tus qt`\bh reqqb~^t vt
�\ ec h`�q xear\xht { e] { tcxe`t �] �]ct tqhba \hbec vt ^ �t``t]` vt h`ecx\h]`t ^e x\^t
qt`\bh c\h]`t^^ta tch e~htc\~^t r e]` ^ �]hb^bq\hbec vt htxycb�]tq a]^hbi�`b^^tq }
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+ ST S U YW ��ÍX ,

jbivtqqe]q ^tq \]he`bq\hbecq csxtqq\b`tq re]` ^ �\`hbx^t r`sqtchs \] xy\rbh`t � th
GH- I>P v\cq ^t d e]`c\^ _rr^btv p]at`bx\^ �\hyta \hbxq �su`bt` �¼¼� { Ûe^ �¼�� {
rr ��¹i�Æ¼ }
ÓBKK?B LB IOPL>KBH? .
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ÀÁÂ Ã / ÃÅ Ã c]as`bq\hbec vt ^\ ^thh`t vt ^ �svbht]`
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+ Sl S U YW ��ÍX ß

jbivtqqe]q ^tq \]he`bq\hbecq csxtqq\b`tq re]` ^ �\`hbx^t r`sqtchs \] xy\rbh`t �
th GH- I>P \]¡ tvbhbecq Þ b`fy\]qt` v\cq ^\ xe^^txhbec ¤cht`c\hbec\^ gt`btq e� p]i
a t`bx\^ �\hyta \hbxq �¼¼� ¤gÞp �i¹���i�¹��i� r\` ^tq svbht]`q ½ } ¢`tbqh]ty^t` th
� } �\`ctxft v\cq ^t x\v`t vt ^\ 8

b�a t jec�s`tcxt bcht`c\hbec\^t q]` ^tq qkqh�a tq
ykr t`~e^b�]tq \k\ch t] ^bt] � �\�vt~]`�
ÓBKK?B LB IOPL>KBH? .
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ÀÁÂ Ã / Ãè Ã c]as`bq\hbec vt ^\ ^thh`t vt ^ �svbht]`
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+ S� S U YW ��ÍX á

  �\`hbx^t r`sqtchs \] xy\rbh`t � tqh J=H× >J \] d e]`c\^ _rr^btv p]at`bx\^
� \hyta\hbxq ´ ^e`q vt ^\ qe]a bqqbec s^txh`ecb�]t { ce]q \uecq cehs �]t xth \`hbx^t
qt`\bh \]qqb r]~^bs v\cq xthht hy�qt }
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± ² }³� ³|�y z �}�¨}��|© ©z�}~ª �x� �~z© ��y x¯ x }� ����~����~x� �x�~zy x�~z© ´ ~|�� v
è �Ï � è�Å ��¶ �� � �ÕÉÆ v º��¶�� À� è�¸·��¸·� Ã �¶·���¶¾���Ï v þ�¾� � À� Ã ��¶���� v
º���À� �



�}�

ZÕ\   ^ _pdej¡bj f _ ^ ]ikpijl f _ ^ na¢£¤p q¥¦¦¦u § �¯ x~|�z© �|¯�©z�|}� }� °¨
± ² }³� ³|�y z �}�¨}��|© ©z�}~ª �x� �~z© ��y x¯ x }� ����~����~x� �x�~zy x�~z© ´ ~|�� v
µ¶· ������ ¸��¹����¸� �¹ ¶·� º»¼ ½�¸¾�¶¿ �¹ º���À� v ���� [[ ¶� ���� [� v �ÂÂÂ v
Ã ��¶���� v ¼ � Ä����¶¾�� v �À¾¶�� �

ZÉ\   ^ _pdej¡bj f g ^ naijlcÖ× ijk ] ^ £ ^ Ø eiÙÙbj f qrsstuv Ú �³}¨�|¯ x��|}�z©
® �|�x {}©�¯ x x« �x��|}� }� �yx �z« ¨¬~|x�~|�y� z�� § x��ªzy�¨ �z�¯}~ ��y x¯ x� � }~
�}¯ ~x��|Û©x ² }³�v Ä�� ¸ ��¹ ¶·� Õ¶· � ��¶ � ½¿�Å � �� º��Å � »��¾À ¼¿��� ¾¸Ï v Ü�Ó�
Ý�·�� Í����À�Î ½�Å¶��� �� ÆÁµ v [��� v Ã �Ê �¹�Ì ��À Þ � ßÏ·¾� � v �À¾¶��Ï v ��� � �� v
ÅÅ � ÉÁ [Æ �

Zµ\   ^ _pdej¡bj ijk ] ^ £ ^ Ø eiÙÙbj f qrsstuv äå� å~z©|�z�|}� �� ��y å¯ z �x
§ x��zªzy�¨�z�¯ }~ }�~ ��x å��z�|}� yª x~Û}©|��x æ �x�« �|¯ x��|}�� � çx�z�xv
º �è � �¸�À � ½¸¾ � Ä��¾Ï v ¶ ���Â v Ï��¾� � v ������¿ [��� v ÅÅ � µ�Áµµ �

Z�\   ^ _pdej¡bj ijk ] ^ £ ^ Ø eiÙÙbj f qrsssuv È}�{x~´ x��x }� z ® �|�x {}©�¯ x
x« �x��|}� }� �y x § x��ªzy�¨ �z�¯ }~ ��y x¯ x }� ��� �~����~x� ´~|�� � }~ z �³}¨
�|¯ x��|}�z© ©|� xz~ yª x~Û}©|� x��z�|}� v ½��Ã � ���� ��¾¸�� ����¿Ï¾Ï v ��� � �Õ v
�� �� v ÅÅ � É�µÁÉÉ[�

Z[Â\   ^ _pdej¡bj f ] ^£ ^ Ø eiÙÙbj ijk _ ^ ]ikpijl f qrsséuv Ú ¬ |�|�x ê}©�¯ x
ë« �x��|}� }� �yx �z« ¨¬~|x�~|�y� z�� § x��ªzy�¨�z�¯ }~ ì�y x¯ x� � }~ È}��x~{z�|}�
�z³� }� ��� �~����~x� ä~|��v ���¾Ï�À ���Ï¾�� í ¾¶· ��� ��¾¸�� �ÅÅ�¾¸�¶¾��Ï v ��¶ � � �
�¹ º��Å � »��¾À ¼¿��� ¾¸Ï Í[��ÉÎ v ��� � � v �� � [v [Á�� �

Z[[\ m ^ ñ ^îipaò ijk g ^ £ ^ñlc�lpclj f qrsùsuv �y x �x�|´� z�� z ©|�z�|}� }� � ¨
³ |�� ��y x¯ x� }� ����~����~x� ¯ x�y x�v� ��� Ä�Å �� �� � µ�ÁÂ�ÕÕ v �É¶· ����ÏÅ�¸�
Ï¸¾��¸�Ï � ��¶¾�Ð v ������¿ �Á [� v [�µ� v è��� v � ���À� �



�}�

Z[�\ ñ ^   ^ îbpec f g ^ � ^ îbbï qrsõ� u v ¬ ©�« �}~~x��x� �~z��}~� � â ìöÚì �Ú â z ² �|�
�~z��}~� z©´ }~|�y¯ �yz� ³}~
�v � � º��Å � Ä·¿Ï �v [[v ÅÅ � �µÁÕ� �

Z[�\ £òid� elp fn ^f qrss¥uv È}�{x~´ x��x �x ��y å¯ z� ��¯ å~|��x� �ª x ê}©�¯ x� ¬ |�|�
}�~ ©z ~å�}©� �|}� � çå��z�|}�� yª x~Û}©|��x�v Ä· � ¼ � À¾ÏÏ��¶�¶¾�� v þ�¾� � À� ½¶Á
� ¶¾���� v »���¸� �

Z[Æ\ m ^ £òijÿ ijk n ^ �ijÿ qrsstuv �³}¨�|¯ x��|}�z© � |x¯ z��  ~}Û©x¯ � � }~ ìª�¨
�x¯� }� È}��x~{z�|}� �z³�v Ä ¾¶� �� ����Ð��Å·Ï ��À Ï����¿Ï ¾� �ÅÅ�¾�À � �¶·�Á
� �¶¾¸Ï �

Z[�\ ] ^ £pijkiÙÙ ijk _ ^ ]i¡ki f qrsù¦uv � }�}�}�x �|� x~x��x z ~}« |¯ z�|}��
� }~ ��z©z~ �}��x~{z�|}� ©z³�v Ã �¶· � º��Å �v �Æ v �� � [Æ� v ÅÅ � [Á� [�

Z[Õ\ gio ek ô ^ £×ÙÙlp f ñi c� ejklp  iÙ nejÿò ijk _jbb� h×�ai qrsssuv z~z©¨
©x© È}¯ � �x~ Ú ~�y|�x���~x Ú ö z~�³z~x� ì}� �³z~x Ú ~}z�y v Ã ��Ð�� Þ��¹� ���
Ä���¾Ï·��Ï v ��¸ �v Í[Â�� Å�Ð�ÏÎ �

Z[É\ £ ^ ] ^ gi`lpdbc q¥¦¦¦uv ö ª x~Û}©|� �}��x~{z�|}� ©z³� |� �}� �|���¯  yª�|�� v
� ½��¾�Ï �¹ º��Å��·��Ï¾�� ½¶�À¾�Ï ¾� Ã �¶·�� �¶¾¸Ï v ��� � ��� v ½Å�¾�Ð��Á�����Ð
Ô���¾� Ê�¾À��� ��Ð �ÂÂÂ v ÍÆÆ� Å�Ð�ÏÎ �

Z[µ\ �iÖ×Ùa� klc �a×klc c×��pel×plc q¥¦¦ ruv ä�|�x  ~å� x� �z�|}� x� � çå{z©�z�|}�
�x� ¯ å¯ }|~x� �x ¯ z��~|�x x� �x� �y ��x� �x �}��}~z�v »�¸��¶� À�Ï �¶�À�Ï Ï�Å ��¾����Ï
À� � �þ�¾���Ï¾¶� À� Ã ��¶���� v �������� �À¾¶¾�� ����� v ¸���¾Ð�� � ¾Ï� � � ��� �� � ��Ï
�ÂÂ [�

Z[�\ �l�b×e f� ^f �ijalpe fn ^ f �ippb×a×pb× fî ^ ijk �Ùeo elp f£ ^f qrsùsuv �å�}¨
©� �|}� § �¯ å~|�� x �x� � ��z�|}�� �x § z{|x~¨ì �}
 x� }�~ �� ¬ ©�|�x È}¯ ~x��|Û©x



�}�

x� � z|© ©z´ x �~|z�´�©z|~xv ��è�� è�Ï � è �Å � �� � [Â�� v ��Ï¶ � ��¶¾���� À� è�¸· � ��
��¹��� �¶¾��� �¶ ��¶�� �¶¾��� v è�¸����¸���¶ v Éµ [�� Ü� º·�Ï��¿v »���¸� �

Z�Â\ �l�b×e f� ^f nalol f û ^ ijk nlÙdej f Ø ^ qrsùùu ì |¯�©z�|}� ��¯ å~|�� x � çå�}�¨
©x¯ x� �� �}¯ ~x��|Û©x� °¨± z~ �� ��y å¯ z �å�x� �~å x� ¯ z|© ©z´ x �}�¨� �~����~åv
��è �� è�Ï � è �Å � �� � Âµ�� v ��Ï¶¾¶�¶ ��¶¾���� À� è�¸·��¸·� �� ��¹��� �¶¾��� �¶
��¶�� �¶¾��� v è�����¸���¶ v Éµ [�� Ü� º·�Ï��¿v »���¸� �

Z� [\ ø ^ ô¤dipk f m ^ hiÙÙb×la ijk ø ^ ûlpðej qrssõuv ¬ |�|�x ê}©�¯ x � x�y}�� v
Ä��Å���¾¸�¶¾�� �� � �ÉÁ [� À� Ü�ÄÝ v þÃè ÕÕ�� v Ã ��Ï�¾��� v ¶� �ÅÅ ��� ¾� Ê ��� ��Ó
�¹ ��� ��¾¸�� ����¿Ï¾Ï v Ä� Ñ � º¾����¶ v � � Ü � Ü ¾��Ï �ÀÏ �

Z��\ ô ^ hbkÙl� cïe ijk   ^_ ^ øio eipa qrss ruv ö ª x~Û}©|� ìª��x¯� }� È}��x~{z¨
�|}�� �z³�v ãÀ¾¶¾��Ï ã��¾ÅÏ�Ï v Ä��¾Ï �

Z��\ ô ^ hbkÙl� cï e ijk   ^_ ^ øio eipa qrss� uv § �¯ x~|�z© Ú ~}« |¯ z�|}� }� ö ª¨
 x~Û}©|� ìª��x¯� }� È}��x~{z�|}� �z³�v ½Å�¾�Ð��Á�����Ð v � �í ���Ó �

Z�Æ\ hbk×jbo n ^ ü ^ qrstsuv ¬ |�|�x �|� x~x��x� ¯ x�y}�� � }~ ��¯ x~|�z© �}¯ � �z�|}��
}� �|��}� �|��}�� �}©� �|}�� }� �yx x��z�|}�� }� ² �|� �ª�z¯ |�� v �Ã �¶ � ½� ���¾Ó ÆÉ v
�É[Á�ÂÕ �

Z��\ hbk×jbo n ^ ü ^f �iðpbkej _ ^ Ø ^f �oijbo ] ^f üpeïb _ ^ ijk  pbïb�bo
h ^   ^ qrsõ� uv �å��©}�|}� § �¯ å~|��x �x�  ~}Û©�¯ x� ¯� �|�|¯ x��|}��x©� �x ©z
�ª�z¯ |�� x �x� ´ z� v �À¾¶¾��Ï Ã ¾� � �Ï¸�� [�É� �

Z�Õ\ ñ ^ î ^ hbbkdij f ø ^ ñ ^ �lØl�×l f qrsùtuv ú� �y x z���~z�ª }� ��zÛ©x ��y x¯ x�
� }~ Ç± ��z©z~ �}��x~{z�|}� ©z³�v Ã �¶· � º��Å�¶ �v Æ� v [�Á� [�



�}n

Z�É\ _ ^ ûipalj f qrsõùuv �y x Ú~�|® �|z© È}¯ ~x��|}� � x�y}� � }~ È}¯ � �z�|}� }�
ìy}�
� z�� È}� �z�� ± |��}� �|��|�|x�â��� � ì x©� ¨Ú�� ���|�´ ö ªÛ~|� ì�y x¯ x�v Ã �¶· �
º��Å�¶ �v ��� � �� v ��í ���Ó v ÅÅ � �Õ�Á�µ� �

Z�µ\ _ ^ ûipalj f qrsù� u v ö |´y �x�}©� �|}� ì�y x¯ x� � }~ ö ª x~Û}©|� È}��x~{z�|}�
�z³�v � � º��Å�¶ � Ä·¿Ï¾¸Ï v ��� � Æ� v [�µ� v ÅÅ � ��ÉÁ��� �

Z��\ _ ^ ûipalj f ñ ^ ] ^ û¤dij ijk   ^ �i� f qrsõ� u v ú� ® �|�x¨�|� x~x� �x z ~}« |¨
¯ z�|}�� z�� x� �~} ª �}��|�|}�� � }~ �y}�
�v º��� � �ÅÅ� � Ã �¶· �v �� v ÅÅ � ��ÉÁ��� �

Z�Â\ _ ^ ûipalj f n ^ � còlp f n ^ ø ^ £òiïpioipa¤ qrsùõuv ��|� }~¯ ©ª y|´y }~�x~
z���~z�x x��x� �|z© ©ª �}�¨}��|© ©z�}~ª ��y x¯ x� � ��� v �ºÄv É[v ÅÅ � �� [Á�Â� �

Z� [\ _ ^£ ^ û ejkdipcò f   ^] ^ hplcòb ijk g ^� ^ hpe``eaòc f qrsùéuv �yx � �zÛ|©|�ª
}� x« ©|�|� ë�©x~ �|¯ x |� �x´ ~z�|}� � }~ �x~ �z|� ® �|�x �|� x~x��x z ~}« |¯ z�|}�� }�
�yx ¯�©�|�|¯ x��|}�z© z�{x��|}� �|� ��|}� x��z�|}� v ��¶ � � � ¹�� ��� ��¾¸�� Ã �¶·�ÀÏ
¾� »��¾ÀÏ v Æ v µ��Á�É �

Z��\ £ ^ û epcÖò v § �¯ x~|�z© È}¯ � �z�|}� }� �� �x~�z© z�� ë« �x~�z© ¬ ©}³�â ê}©�� âá���â
ê}©��� âá���â �}y� 	|©xªâ § x³ �}~
 �

Z��\ � ^ ûýpdijklp qrssõuv �x���~x� }� § }�©|� xz~ ö ª x~Û}©|� ± |� x~x� �|z© ë ��z¨
�|}�� v Ã �¶·���¶¾���Ï �¶ �ÅÅ�¾¸�¶¾��Ï �Õ v ½Å�¾�Ð��Á�����Ð Ô���¾� Ê�¾À��� ��Ð �

Z�Æ\ _ ^ ñidlcbj qrssõuv ë ��x� �|z© ë ©x¯ x� �� }� È}¯ � �z�|}�z© Ú ©´ }~|�y¯� � }~ Úx¨
~}�ª�z¯ |� Ú�z©ª�|� z�� ± x�|´� v �º�½ã è�Å ��¶ �� � �ÉÁÕµ �

Z��\   ^ñi�iòip ijk û ^üidiaò q¥¦¦¦u Ú ö |´y¨�x�}©� �|}�  ~}�x��~x � }~ ë �©x~
z�� § z{|x~¨ì �}
x� È}¯ � �z�|}�� }� ����~����~x� ä~|�� v � � �¹ º��Å � Ä·¿Ï¾¸Ï v
��� � [ÕÆ v �� � [v ß¸¶ �ÂÂÂ v ÅÅ � [Õ�Á�Â� �



�}}

Z�Õ\ h ^ ñeijÿ ijk ô ^ mikdbp f qrssùuv § }�¨}��|© ©z�}~ª Èx� �~z© ì �y x¯ x� � }~ � �©¨
�|�|¯ x��|}�z© ö ª x~Û}©|� È}��x~{z�|}� �z³�v ½��Ã � � �� ½¸¾��¶¾�¸ º��Å�¶¾�Ð v
[� v ÅÅ �[µ��Á [� [É �

Z�É\ g ^ üpýjlp f qrssõuv § �¯ x~|�z© ì �y x¯ x� � }~ È}��x~{z�|}� �z³�v ��·� Ò ¾��¿
��À ½��Ï Íã�Ð���ÀÎ í ¾¶· Ô �Ñ � Ý������ ÍÑ��� ��¿ Î v �Âµ Å�Ð�Ï �

Z�µ\ n ^� ^ üp×�òïbo f qrsõ¦uv ¬ |~�� }~�x~ ��z�|©|� xz~ x��z�|}� ³|�y �x{x~z© |��x x�¨
�z� � {z~|zÛ©x�v Ã �¶· � ½� ���¾Ó þ½½è v �� � [Â v ÅÅ � � [ÉÁ�Æ� �

Z��\   ^g ^ �i� f qrstéuv 	xz
 �}©� �|}�� }� �}�©|� xz~ yª x~Û}©|� x��z�|}�� z�� �yx|~
��¯ x~|�z© �}¯ � �z�|}� v º��� � Ä��� ��À �ÅÅ�¾�À Ã �¶· �É v ÅÅ � [��Á [�� �

ZÆÂ\   ^ �i� f î ^ ó ljkpb`` f qrs�¦uv ìª� �x¯� }� �}��x~{z�|}� ©z³�v º��� � Ä���
�ÅÅ� � Ã �¶· �v [� v ÅÅ � [ÉÁ��É �

ZÆ [\ ø ^ ñ ^ �lØ l�×l f qrsùtuv �z~´ x �|¯ x ��x �y}�
¨�z ��~|�´ �x�y�|�� x� � }~ ��z©z~
�}��x~{z�|}� ©z³�v º��� � Ä��� �ÅÅ�¾ � Ã �¶· �v �É v ÅÅ � ÆÕ�ÁÆÉÉ �

ZÆ�\ _ ^ ]ikpijl f qrssùuv È}�� �~���|}�� }� � x³ ® �|�x {}©�¯ x�® �|�x x©x¯ x� � ¯ x¨
�y}�� � }~ �~z��}�|�� �� x~�}�|� �}¯ ~x��|Û©x ² }³�v Ä· � ¼ � À¾ÏÏ��¶�¶¾�� v þ�¾���Ï¾¶�
À� Ã ��¶���� v ¼ �Å��¶�� ��¶ À� Ã �¶·���¶¾���Ï �¶ ½¶�¶¾Ï¶¾��� �

ZÆ�\ û ^ �lcc¤iò× ijk ô ^ mikdbp f qrss¦uv § }�¨}��|© ©z�}~ª �x� �~z© �|� x~x� �|�´ � }~
yª x~Û}©|� �}��x~{z�|}� ©z³�v � � º��Å � Ä·¿Ï �v µÉ v �� � � v ÅÅ � ÆÂµ�ÆÕ� �

ZÆÆ\ ñ ^ obj �l×dijj f ø ^ g ^ ø eÖòad¤lp rst¦ v � x�y}�� � }~ �yx ��¯ x~|�z© �z©��¨
©z�|}�� }� yª�~}�ª�z¯ |�z© �y}�
� � � Ã �¶· � Ä·¿Ï �v � [v Å ��� �

ZÆ�\ n ^ � còlp qrsùéuv � |x¯ z�� ì}©{x~�â �yx ë � �~} ª È}��|�|}�â z�� ± |� x~x��x Ú ¨
 ~}« |¯ z�|}��v ½��Ã � � ��� �� � ���� �v � [v ÅÅ � � [ÉÁ��� �



�}o

ZÆÕ\  l¤pla f ø ^ ijk mi¤Ùbp f m ^¢g ^f qrsù� uv È}¯ � �z�|}�z© � x�y}�� � }~ ¬ ©�|�
¬ ©}³ v ½Å�¾�Ð��Á�����Ð v � �íÁ���Ó v Ê�¾À��� ��Ð v Ô���¾� �

ZÆÉ\ ] ^ øljipk¤ ijk ø ^ £ ^ øbÿlpc f qrss� u Ú� |� �~}����|}� �} z~�|z© �|� x~x� �|z©
x��z�|}�� v Ý�Ë¶Ï ¾� �ÅÅ�¾�À � �¶·�� �¶¾¸Ï v �� � [� v ½Å�¾�Ð��Á�����Ð v ��í ���Ó v Æ�µ
Å�Ð�Ï �

ZÆµ\ ø ^ g ^ ø eÖòad¤lp f ü ^ ó ^ ]bpabj qrs�õuv ± |� x~x��x � x�y}�� � }~ ��|�|z©¨
{z©� x  ~}Û©x¯ �v Ò ¾��¿Á��¶��Ï¸¾��¸� �

ZÆ�\ _ ^ó ^ ø e�� e ijk û ^ Ø eo eijk qlkc ^u f qrsù¥uv § �¯ x~|�z© ¯ x�y}�� � }~ �yx
�}¯ � �z�|}� }� |�{|��|� �~z��}�|� ² }³� ³|�y �y}�
 ³z{x�v � ¾�í�Ð ��À ½�·� v
Ô����Ï¸·í�¾ÐÁÒ ¾�Ï��À�� �

Z�Â\   ^� ^ øbl qrsù ruv Ú ~}« |¯ z�x � |x¯ z�� �}©{ x~�â  z~z¯ x�x~ {x��}~� z�� �|� x¨
~x��x� ��y x¯ x�v � � º��Å � Ä·¿Ï �v Æ� v ÅÅ � ��ÉÁ�É� �

Z� [\ nlÙdej f Ø ^ qrsùõu § �¯ x~|�z© �|¯�©z�|}� }� °¨± ² }³� ³|�y z ® �|�x x©x¯ x� � ¯ x¨
�y}�â ��è�� è�Ï � è �Å � �� � ÂÉÂÕ v ��Ï¶¾¶�¶ � �¶¾���� À� è�¸·��¸·� �� ��¹��� �¶¾���
�¶ ��¶�� �¶¾��� v è�����¸���¶ v Éµ [�� Ü� º·�Ï��¿v »���¸� �

Z��\ g ^ nlppl qrss� u v ìª� ��¯ x� �x �}|� �x È}��x~{z�|}� v¼ ¾À���¶ v Ä��¾Ï �
Z��\ ] ^ njep la _Ù ^ qrss� u v �� � �yx È}¯ ©x�x �x� x~x��xv Ý·� Ã �Ý Ä��ÏÏ v º�� Á

��¾ÀÐ� v Ã �ÏÏ�¸·�Ï�¶¶Ï v Ü��À�� v ã�Ð���À �

Z�Æ\ h ^_ ^ nbk f qrsùtuv § �¯ x~|�z© ¯ x�y}�� |� ² �|� �ª�z¯ |�� v º����¾ÀÐ� þ�¾���Ï¾¶¿
Ä��ÏÏ v º����¾ÀÐ� �

Z��\ h ^_ ^ nbk f qrsõùuv Ú ��~{xª }� � x{x~z© ® �|�x �|� x~x��x ¯ x�y}�� � }~ �ª� �x¯� }�
�}�©|� xz~ yª x~Û}©|� �}��x~{z�|}� ©z³�v � �º��Å �Ä·¿Ï¾¸Ï v ��� � �É v ÅÅ � [Á� [�



�o¼

Z�Õ\ ñ ^ ndbÙÙlp qrsséuv ìy}�
 	z{x� z�� �xz��|}�¨± |� ��|}� ë ��z�|}��v Ñ���À��·Á
��� À�� � �¶·�� �¶¾Ï¸·�� Ò ¾ÏÏ��Ï¸·�¹¶�� ��µ v ½Å�¾�Ð��Á�����Ð v � �íÁ���Ó Í½�¸ �
�À � [��Æ Î �

Z�É\ n ^   ^ n�lïple¡cl qrsùõuv � �©�|´ ~|� �}©� �|}� }� ¯ }�}�}�x �x�}��¨}~�x~ �|��~x¨
�|�z�|}�� }� yª x~Û}©|� �}��x~{z�|}� ©z³�v Ã �¶· �º��Å �Æ� Í[�µÉÎ v ÅÅ � [��Á [�Õ �

Z�µ\ h ^ napijÿ qrs�ùuv ú� �yx �}���~���|}� z�� �}¯z~|�}� }� �|� x~x��x ��y x¯ x�v
½��Ã � � ��� � ���� �v � v ÅÅ � �ÂÕÁ� [É �

Z��\   ^ü ^ n� lð¤ qrsùéuv ö |´y ~x�}©� �|}� ��y x¯ x� ��|�´ ² �« ©|¯ |�x~� � }~ yª x~Û}©|�
�}��x~{z�|}� ©z³�v ½��Ã � � ��� � ���� �v � [v ÅÅ � ���Á [Â [[�

ZÕÂ\ ô ^ � ^ mbpb q¥¦¦ ru � |x¯ z�� ì}©{x~� z�� § �¯ x~|�z© � x�y}�� � }~ ¬ ©�|� ± ª�z¨
¯ |�� � Ú  ~z��|�z© |� �~}����|}� �Ç�� x� �� v ½Å�¾�Ð��Á�����Ð v�ÂÂ [�

ZÕ [\ h ^g ^ oij _Ùðiki f î ^ oij �llp f ó ^ó ^ øbðlpac f qrsù¥uv Ú �}¯z~z�|{x
� ���ª }� �}¯ � �z�|}�z© ¯ x�y}�� |� �}�¯ |� ´ z� �ª�z¯ |�� v � Ï¶��� � �Ï¶��Å·¿Ï � [Âµ v
ÅÅ ÉÕÁµÆ �

ZÕ�\ î ^ oij �llp f qrsõéuv �}³z~�� �yx �©�|¯ z�x �}��x~{z�|{x �|� x~x��x ��y x¯ x �� �
�}�}�}�|�|�ª z�� �}��x~{z�|}� �}¯ Û|� x� |� z �x�}��¨}~�x~ ��y x¯ xv � � º��Å �
Ä·¿Ï¾¸Ï v [Æ v ÅÅ � �Õ [Á�ÉÂ �

ZÕ�\ î ^ oij �llp f qrsõõuv �}³z~�� �yx �©�|¯ z�x �}��x~{z�|{x �|� x~x��x ��y x¯ x � ê�
Ú �x³ z ~}z�y �} ��¯ x~|�z© �}�{x��|}� v � � º��Å � Ä·¿Ï¾¸Ï v �� v ÅÅ � �ÉÕÁ��� �

ZÕÆ\ î ^ oij �llp f qrsõsuv �}³z~�� �yx �©�|¯ z�x �}��x~{z�|{x �|� x~x��x ��y x¯ x ê�
Ú ìx�}��¨ú~�x~ ì x��x© �} ä}���}{ ç� � x�y}�v � �º��Å �Ä·¿Ï¾¸Ï v �� v ÅÅ � [Â [Á [�Õ �



�o �

ZÕ�\ î ^ oij �llp f qrsù� u v È}¯ � �z�|}�z© � x�y}�� � }~ ��xz© È}¯ ~x��|Û©x ¬ ©}³ v ���
Þ��� �� ��Ï¶¾¶�¶� ¹�� » ��¾À ¼¿��� ¾¸Ï v Ü�¸¶��� Ï��¾�Ï [�µ�ÁÂÆ v º��Å�¶�¶¾����
» ��¾À ¼¿��� ¾¸Ï v Ã ��¸· ÉÁ [[v [�µ� �

ZÕÕ\ Ø ^ Øljïiaiïpecòjij f qrsstuv È}�{x~´ x��x �} ì �xz�ª ì �z�x ì}©� �|}�� }� �yx
ë�©x~ ë ��z�|}�� }� ��� �~����~x� ä~|�� ³ |�y � |¯ |�x~� v � � º��Å � Ä·¿Ï � [[µ v ÅÅ �
[�ÂÁ [�Â �

ZÕÉ\   ^ óbbk�ipk ijk   ^ £bÙlÙÙi f qrsùéuv �yx § �¯ x~|�z© ì |¯�©z�|}� }� �³}¨
± |¯ x��|}�z© ¬ ©�|� ¬ ©}³ ³|�y ��~}�´ ìy}�
�v � � º��Å � Ä·¿Ï � �Æ v ÅÅ � [[�Á [É� �


