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SOMMAIRE

En 1941, E. Post présenta le treillis des clones sur deux éléments [29]. Depuis,
on cherche & connaitre les clones plus généralement, ce qui permettrait de mieux
comprendre les algébres universelles. En effet, & chaque algeébre correspond un
clone : le clone de ses opérations termes. Malheureusement, le treillis des clones
sur un nombre plus grand d’éléments est beaucoup plus compliqué. Méme pour
trois éléments, il contient déja 2% clones et sa structure est trés riche et peu
connue.

Durant les vingt-cinq derniéres années, certains chercheurs ont étudié les in-
tervalles monoidaux. Ce sont des ensembles de clones ayant en commun le méme
monoide d’opérations unaires ; ils forment des intervalles dans le treillis des clones.
On connait maintenant la cardinalité de la plupart des intervalles monoidaux sur
trois éléments et la forme de certains intervalles. Plusieurs des résultats sur trois
éléments se généralisent a plus de trois éléments.

Mes recherches de doctorat se sont concentrées sur I’étude des intervalles mo-
noidaux pour les monoides de constantes et de permutations. Ces monoides sont
particuliérement intéressants puisque le clone des opération termes de plusieurs al-
gébres connues se retrouvent dans ces intervalles. Ceci m’a mené a la découverte

de certains monoides affaissants (dont l'intervalle monoidal ne contient qu’un
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clone) et de morceaux de certains intervalles infinis. Au cours de mes travaux, j’ai
trouvé certaines relations préservées seulement par des opérations essentiellement
unaires.

La présente these est par articles. Elle est composée d’une introduction en
francgais et du texte intégral (en anglais) de quatres articles, chacun introduit par
un court texte en frangais. Cette forme de thése méne inévitablement a certaines
répétitions : répétitions de définitions et d’idées de base d’un article a I'autre,
répétitions de conceptes entre les sections francaises et anglaises. Les articles

inclus dans la thése sont :

Collapsing monoids containing permutations and constants,
— The monoidal interval for the monoid generated by two constants,
— Clones on three elements preserving a binary relation,

— The clone of operations preserving a cycle with loops.

MOTS-CLES

clone, intervalle monoidal, monoide affaissant, opération préservant

une relation.



SUMMARY

In 1941, Post presented the lattice of clones on 2 elements [29]. Since then,
researchers have been trying to understand clones more generally. This would
advance our knowledge of universal algebras, since for each algebra there is a
corresponding clone : the clone of its term operations. Unfortunately, the lattice
of clones on bigger universes is much more complicated. Even for 3 elements,
it contains 2% clones and the structure of the lattice is very rich and generally
unknown.

For the last 25 years, certain researchers have been studying monoidal inter-
vals. These are sets of clones sharing the same monoid of unary operations; they
form intervals in the lattice of clones. We now know the cardinality of most of the
monoidal intervals on 3 elements and the shape of some of them. Furthermore,
several results on 3 elements generalize to more than 3 elements.

My research concentrated on monoidal intervals for monoids of permutations
and constants. These are particularly interesting since the clones of term ope-
rations of several known algebras are found in these intervals. This led me to
discover some collapsing monoids i.e. monoids with singleton monoidal intervals,
and parts of certains infinite intervals. In the course of this research, I found

certain relations which are preserved only by essentially unary operations.
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This thesis is by articles. It is composed of a French introduction followed by
the full text (in English) of four articles each introduced by a short explanatory
text in French. This type of thesis inevitably leads to repetitions; notably defini-
tions and basic ideas repeated in each article, as well as key concepts repeated in

the French and English sections. The four articles included in the thesis are :

Collapsing monoids containing permutations and constants,

The monoidal interval for the monoid generated by two constants,
— Clones on three elements preserving a binary relation,

— The clone of operations preserving a cycle with loops.

KEYWORDS

clone, monoidal interval, collapsing monoid, operation preserving a

relation.
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INTRODUCTION

0.1. LOGIQUE SYMBOLIQUE

On attribue généralement les débuts de la logique symbolique & G. Boole
qui publia The Mathematical Analysis of Logic en 1847. Les travaux de W.S.
Jevons, C.S. Peirce, E. Schroeder et A.Whitehead modifiérent et élaborérent le
systéme de Boole. En particulier, on proposait d’autres opérations de base et on
s'intéressait a la complétude de ces nouveaux systémes de logique ; a savoir si on
peut obtenir toutes les phrases logiques possibles a partir des opérations de base.
A cette fin, dans les années 1920, E. Post (entre autres) créa un nouvel outil, les
tables de vérité qui sont devenues la fagon standard de représenter et de calculer
les phrases logiques. Dans la méme période, J. Lukasiewicz proposa une logique
a trois valeurs et E. Post proposa une logique avec un nombre quelconque mais
fini de valeurs.

Les recherches sur la complétude et surtout l'identification des phrases lo-
giques & leur table de vérité marquérent un tournant en logique. On étudiait les
opérations elles-mémes, vues comme des fonctions a plusieurs variables, plutot

que les énoncés logiques et leur interprétation.
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Formellement, pour n € N, une opération n-aire sur un ensemble A (nommé
univers) est une fonction f : A" — A. On dénote généralement par (’)XL) I’en-
semble des opérations n-aires sur A et on pose O4 = J,-,,<, Ogl). Une opération
f e O™ dépend de sa premiére variable s'il existe x,y, s ..., 2, € A tels que
flz,xo. .. zn) # f(y,22,...,2,). Une opération est essentiellement unaire si elle
dépend d’au plus une variable. On compose ces opérations les unes avec les autres
comme suit : soient f € O™ et gy,..., g, € O leur composition est I'opération

m-aire flgi,...,g,| définie par

flors - gnl(@1, - sxm) = flgi(zr, o Zm), oy Gn(@1, o T)

0.2. CLONES SUR DEUX ELEMENTS : SYSTEMES ITERES DE POST

En partant de la complétude des logiques symboliques, E. Post s’intéressa aux
systémes non complets. Dans The two-valued iterative systems of mathematical
logic |29], il décrivit tous les systémes (ensembles) fermés (pour la composition)
de fonctions de vérité. C’est le début de la théorie des clones.

Un clone sur A est un sous-ensemble C' de O4 fermé pour la composition
et contenant toutes les projections. Nous rappelons que pour 1 < i < n, la

1-eme projection n-aire est 6571) € ng) définie par egn) (x1,...,x,) = x; pour tous

x1,...,%, € A. On écrit simplement e pour dénoter I'opération identité egl).
Un clone sur deux éléments {0, 1} est donc un systéme de fonctions de vérité,
mais qui en plus contient toutes les projections. Ces clones se retrouvent dans la

figure 0.1. Leur description se trouve dans les tableaux 0.1, 0.2 et 0.3 ou chaque

clone est décrit par un systéme de générateurs. Pour tout F' C Oy, il existe le



Fi1c. 0.1. Les clones sur deux éléments

plus petit clone contenant F', le clone engendré par F', dénoté par (F'). On dit
alors que les opérations dans F' sont des générateurs du clone. Voici la liste des

opérations utilisées dans les tableaux.

(1) L’identité e et les constantes ¢q et ¢,



4

(2) Les opérations de logique symbolique : V, A, -, <=, et autres écrites sous

forme de phrase logique,
(3) Les additions binaires et ternaires mod 2 : + et +©),
(4) L’opération majorité, maj, définie par maj(z,y,z) = i si ¢ = y = i ou

r=z=1iouy=2z=1,

(5) Les opérations n-aires h,, et H, pour n = 2,3, ..., définies par
n+1
ho(z1, ..., Tpe1) = 0 ssi sz <1
i=1
n+1

Hy(x1,...,xp41) = 1 ssi sz >n
i=1

Générateurs Générateurs
Cy | (V,A, ) Dy | (maj, +®) Générateurs
Co | (A, <) D, | {maj) Ry | (e) = (0)
Cs | (V,+) Ds | (maj,—) Ry | ()
Co | (VA +D) Ly | () Rs | (1)
Ay [V, N\ co,c1) || Lo | (<) Rs | {co)
Ay | (V, A1) Ls | (+) Ryq | {co, c1)
Az | (V, A, o) Ly | (+3) Ri3 | (co,c1,7)
Ag | (V,A) Ls | (+®),-)

TAB. 0.1. Description des clones C', A, D, L et R



Générateurs Générateurs
Sz (V) Py | (A)
Sy | (V,c1) Py | (A, co)
Ss | (V,co) Ps | (A1)
Se | (V,co,c1) Ps | (A, co,c1)

TAB. 0.2. Description des clones S et P

Générateurs Générateurs
F? | (maj,aV (bA=c)) | F2 | (maj,a A (bV —c))
FP' | (hp,aV (bA=e)) | F2 | (Hya A (DV —c))
Frel{aV (bA—c)) F2el{an (bV—c))
F§ | {maj, V) Fg | {maj, N)
E | (ha) Fg | (Hy)
F° | {aV (bAc)) Fe | (an(bVe))
F} | (maj,cp) F? | (maj, co)
Eg | (s 1) F7 | (Hy, co)
Fe | {aV (bAc),cr) FX | {an(bVc),co)
F}? | (maj,aV —b) FZ | (maj,a A —b)
Fy | (hy,aV —b) F | (Hp,a A —b)
F | {(aV —b) Fge | (a A —b)

TAB. 0.3. Description des clones F




0.3. TERMES

Au début du vingtiéme siécle, certaines technologies devinrent tellement com-
pliquées qu’elles durent étre étudiées mathématiquement. C’était le cas de lai-
guillage des trains, des circuits électriques, des centrales téléphoniques et plus
tard des ordinateurs, entres autres. On partait de composantes simples (types
d’aiguillage, portes logiques), et on construisait des systémes plus compliqués (les
chemins de fer de la France, un ordinateur). Le probléme était de savoir comment
obtenir le résultat voulu a partir des composantes. On s’apergut qu’on pouvait se
représenter les composantes comme des symboles et étudier le probleme algébri-
quement en concaténant ces symboles d’aprés certaines régles. Dans les années
1930, on fit le lien avec la logique symbolique.

Le probléme devenait donc : comment construire une phrase logique, un terme,
a partir des opérations (composantes) de base. On s’intéressa aussi (surtout en
informatique) a quelles opérations possibles on pouvait obtenir a partir des opé-
rations de base. Dans ce cas, la notion d’opération terme est plus utile. Une
opération terme est une opération obtenue par la composition des opérations de
base d'un systéme donné. L’ensemble de ces opérations termes est donc fermé
pour la composition et contient les projections (ceci correspond a pouvoir intro-
duire des variables fictives) ; c’est un clone.

La venue des ordinateurs a donné un nouvel essor a la théorie des clones. De
plus, commencant a la fin des années 1950, certains informaticiens s’intéressérent

aux systémes a plus de deux valeurs. Ils construisirent des portes logiques, et
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méme des ordinateurs basés sur trois valeurs. Ceci poussa les mathématiciens a

mieux connaitre les clones sur plus de deux éléments.

0.4. ALGEBRE UNIVERSELLE

En algébre universelle, on étudie des algébres en général. Une algebre uni-
verselle A = (A; F) est composée d'un ensemble de base ou univers A et d’un
ensemble d’opérations de base F' C O4. L’idée avait déja été anticipée dans Uni-
versal Algebra en 1898. A.N. Whitehead y exposa des ressemblances entre les
algébres connues : logique symbolique, arithmétique, algébre linéaire, etc. Mais
I’algébre universelle ne prit son essor qu’a partir des années 1930 avec les déve-
loppements en algebre abstraite initiés par E. Noether. Dans I’étude de ’algébre
universelle, I’approche la plus évidente est de grouper les algebres en variétés ; en
classes d’algébres dont les opérations de base sont de méme type et obéissent a
certaines régles. Par exemple, on a la variété des groupes, celle des treillis, etc.

Une autre approche consiste a considérer quelles sont toutes les algébres pos-
sibles sur un univers donné A. Pour ce faire, on considére habituellement des
algébres comme étant équivalentes si les opérations de base de 'une peuvent étre
exprimées comme des opérations termes de 'autre et vice versa. Des algébres
équivalentes sont trés semblables ayant les mémes endomorphismes, congruences,
sous-algébres, etc.

C’est dans cette optique que la théorie des clones devient utile en algébre
universelle. A chaque algébre (A; F), correspond donc le clone de ses opérations
terme (F'), et & chaque clone C, correspond 'algébre (A;C). L’énumération de

toutes les algebres possibles se résume donc a ’énumération de tous les clones. Les
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algébres sur un univers de deux éléments correspondent aux clones trouvés par
Post. Par exemple L3 est le clone des opérations termes du groupe (Zs; +, —, 0),
et bien s, C} correspond a l'algébre de Boole ({0,1}; A, V, ).

Une autre notion qui apparait réguliérement en algébre abstraite est celle
d’tnvariant ; une relation préservée par les opérations de base de 'algébre. Rap-
pelons qu'une relation h-aire p (h € N*') est un sous-ensemble de A". L’en-
semble des relations h-aires sur A est noté R(:), et on pose Ra = Upcpew RXL).

Maintenant, soient f € O%) et p € R4. L'opération f préserve p si pour tout

(GLZ‘, Ggyi, e ,ahyi) € 1% (Z = 1, . ,n),
(f(al,la a1,27 oo 7a1,n)7 f(a2,17 a2,27 s ’a2,n)7 ety f(a’h,h ah,Qu v )a’h,n)> € 1Y

Un important exemple est celui de la congruence ; une relation d’équivalence
sur A (c’est a dire une relation binaire réflexive, symétrique et transitive) qui est
préservée par les opérations de base de 'algébre. On se demande, par exemple,
quelles sont les congruences d’un groupe donné. Plus généralement, on veut
connaitre les relations qui sont préservées par les opérations de base (et donc
les opérations terme) d’une algébre. L’ensemble de toutes les relations d’arité
fini préservées par toutes les opérations dans un sous-ensemble F' de Oy, est
I’ensemble des invariants de F' et est dénoté par Inv F.

Un autre exemple est celui des fonctions monotones qui préservent un ordre
partiel sur A. On pourrait se demander quelles sont les opérations monotones
pour un ordre partiel donné. C’est le probléme dual de celui des invariants. Soit
p € R4. L’ensemble des opérations sur A qui préservent p est un clone dénoté

par Pol p. Plus généralement, pour R C R 4, I’ensemble des opérations sur A qui
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préservent toutes les relations dans R est un clone dénoté par Pol R. La notation
provient du mot polymorphisme qui n’est guére utilisé de nos jours.

Pour un ensemble A donné, les fonctions Pol et Inv établissent une corres-
pondance de Galois entre les sous-ensembles de Oy et ceux de R 4.
Théoréme 0.4.1 ([4], voir aussi [36] page 20-21 et [6] page 39). Soit A un

ensemble.
(1) Si Fi C Fy C Oy, alors Inv Fy D Inv Fy, de méme, si S; C Sy C Ra,
alors Pol S; D Pol S;.
(2) Pour F C Oy et SC Oy, FFCPollnv F et S CInvPolS.
(8) Pour F C Oy et S C Oy, InvEF =1InvPollnv F et Pol S = PolInv Pol S.

(4) Si A est fini et F' C Oy, Pollnv F = (F) est un clone.

Cette correspondance de Galois est au centre de I'étude des clones en algébre

universelle.

0.5. THEORIE DES CLONES

0.5.1. Clones sur plus de deux éléments

Connaissant essentiellement toutes les algébres d’ordre 2, ¢’est a dire les clones
sur deux éléments (Fig 0.1), on veut naturellement étendre ces résultats sur k
éléments ot k£ > 2. Ce n’est pas aussi facile qu’on pourrait le penser. Le treillis
des clones sur deux éléments est de cardinalité dénombrable X, mais le treillis des
clones sur trois éléments est de cardinalité 2% [17]. Et c’est la méme chose pour
les clones sur plus de trois éléments. De plus, la partie infinie du treillis des clones

sur deux éléments se limite & huit chaines reliées entre elles assez simplement.
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Mais le treillis des clones sur trois éléments contient des chaines de cardinalité
280 et aussi des anti-chaines de cardinalité 2%°. 11 est tellement compliqué que V.
G. Bodnarchuk, L. Kaluzhnin, V. Kotov et B. A. Romov déclarérent dans leur

article de 1969 que

Even for £ = 3, and more so for k > 3, the description of all Post
algebras (clones) is quite a hopeless task [4].

Les mathématiciens ont quand méme trouvé des facons d’aborder le probléeme :
— se concentrer sur trois éléments et espérer que ¢a se généralise,

— déterminer les clones maximaux et minimaux,

partitionner les clones en intervalles monoidaux,

— établir des liens entre les relations et les générateurs.

0.5.2. Généraliser a partir de trois éléments

Une approche qui a fait ses preuves est de commencer par étudier les clones sur
trois éléments. On sait que le treillis des clones sur deux éléments représente un cas
spécial. On espére que trois éléments suffisent pour nous donner une bonne idée du
cas général, et que les théorémes prouvés sur trois éléments pourront se généraliser
a plus de trois éléments assez simplement. Des théorémes généraux comme celui
de I. Rosenberg sur les clones maximaux [30, 31|, qui est une généralisation d’un
théoréme de S.V. Jablonskii [16] sur trois éléments, entretiennent cet espoir. La
présente thése appuie cette idée : les trois premiers articles qu’elle contient ont
commenceé par des théorémes ou des idées sur trois éléments qui ont été généralisés
a plus de trois éléments.

Pour mieux comprendre les clones sur trois éléments, certains chercheurs ont

établi de grandes listes ordonnées de ces clones. Mentionnons ici les algébres
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connues de J. Berman [2], les monoides de D. Lau [22, 23|, les clones préservant
une relation binaire de A. Fearnley [8, 11], et les groupoides de J. Berman et S.
Burris [3]. Ces listes sont des sources d’exemples, elles permettent d’identifier ou
au moins de localiser certains nouveaux clones et inspirent de nouveaux résultats

plus généraux.

0.5.3. Clones maximaux et minimaux

Une autre approche consiste & commencer par les clones maximauz : clones
proprement inclus seulement dans le plus grand clone O4, et les clones mini-
maux : clones proprement incluant seulement le plus petit clone (e) des projec-
tions.

Sur deux éléments, les clones maximaux sont Cy, C3, Ay, L1, D3. S.V. Ja-
blonskii a déterminé les clones maximaux sur trois éléments [16] et I. Rosenberg
a étendu ces résultats & un nombre fini d’éléments [30, 31]. En continuant dans la
méme voie, D. Lau a trouvé les clones sous-maximaux sur trois éléments [21]. A
partir des clones maximaux, on peut partitionner les clones en classes dépendant
de leur inclusion ou non dans chaque clone maximal. M. Miyakawa détermina ces
classes sur trois éléments [26].

Les clones minimaux sur trois éléments ont été trouvés par B. Csakany [5].

Ce résultat a été partiellement étendu a plus de trois éléments.

0.5.4. Intervalles monoidaux

Les opérations unaires jouent un roéle particulier dans les clones puisqu’elles

forment un monoide avec la composition et 'identité. On peut partitionner les
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clones d’aprés leur monoide d’opérations unaires. C’est 'approche qu’utilisa E.
Post dans sa classification des clones sur deux éléments.

Pour ce faire, considérons les sous-monoides possibles de <(91(41); o, €e) pour un
univers fini A. Pour chaque sous-monoide M, considérons tous les clones dont
les opérations unaires sont exactement M. Ces clones forment un intervalle dans
le treillis des clones, c’est Uintervalle monoidal du monoide M : Int(M) =
{C | €W = M}. Le clone inférieur de l'intervalle est simplement (M) et le
clone supérieur est le stabilisateur de M, Sta(M) = {f € O4 | Vmy,...,m, €
M, flmy,...,m,] € M}.

Bien qu'il y ait 2™ clones sur trois (ou plus) éléments, certains intervalles
monoidaux sont finis ou dénombrables. Il y en a méme qui n’ont qu’'un seul clone,
on dit alors que le monoide est affaissant. A. Szendrei dit au sujet de I'importance

des intervalles monoidaux :

It is thought that Lat(A) (le treillis des clones sur A) is nice at
the top and at the bottom in the sense that the clones belonging
to those two parts can be explicitely described, while the middle of
the lattice, which contains the families of cardinality 2%, is hope-
less. Contrasted to this “horizontal” division, the intervals Int(M)
provide a natural “vertical” division of Lat(A) [36].

D. Lau a déterminé tous les sous-monoides de <(9§1); o,e) |22]. J'ai contribué a

cette liste en corrigeant certaines lacunes et en indiquant les monoides en double.
Une liste corrigée existe en manuscrit [23|. Pour presque tous ces monoides, on
connait au moins la cardinalité de leur intervalle monoidal. En particulier, M.

Dorman classifia tous les monoides affaisants sur trois éléments [7].
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0.5.5. Relations et générateurs

En 1977, 1. Rosenberg demanda : “For what clones C' does there exist a p
such that C' = Pol p.” [33]. La raison que ces clones sont intéressants est que tout
clone peut étre exprimé comme l'intersection de clones de la forme Pol p. Ces
clones forment donc une sorte de squelette du treillis des clones. Mon mémoire
de maitrise 8] traite ce sujet pour trois éléments.

On utilise généralement les relations pour décrire des grands clones, et les
opérations pour décrire des petits clones. A titre d’exemple, les clones maximaux
sont décrits avec des relations, mais les clones minimaux sont décrits & partir de
leur générateur. Il y a des exceptions notables & cette régle générale. Comme
nous avons vu plus haut pour |A| = 2, le plus grand clone Q4 est engendré par
{N\,V, =}, cest a dire que Pol() = (A, V,—). Le cas dual est plus récent. On dit
qu’une relation est fortement rigide si elle n’est préservée que par des projections.
En 1973, 1. Rosenberg trouva une relation fortement rigide ternaire sur deux
¢léments et une relation fortement rigide binaire pour tout A avec |A| > 3 [32].
Sur trois éléments, Pol{(0, 1), (0,2),(1,2),(2,0)} = (e)

Les clones d’opérations préservant une ou plusieurs relations et qui en plus
sont engendrés par des opérations connues explicitement forment des liens dans la
correspondance de Galois. Ils sont particuliérement faciles & comparer a d’autres
clones étant exprimés sous les deux formes, et ce surtout si les relations et opé-
rations sont simples et peu nombreuses.

Cette thése présente plusieurs clones qui sont connus a la fois par une relation

et par des générateurs. Pour certains, ceci découle trivialement du fait que leur
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monoide d’opérations unaires est affaissant, mais d’autres sont plus difficiles.
Certains exemples sur six éléments, peuvent étre trouvés dans les figures 0.2, 0.3

et 0.4.

Pol = (co, 1) Pol = (cp, ¢1, max, min)
; 2 3 défini pour l'ordre
1<2<3<4<5<0

Fia. 0.2. Exemples tirés du chapitre 2

1
Pol m = (cp, majg)

F1G. 0.3. Exemple tirés du chapitre 3

= <CO’ €1, (07 3)(17 4)(27 5))

FiG. 0.4. Exemples tirés du chapitre 4

Les relations binaires dans ces exemples et partout dans la thése sont repré-
sentées sous forme de graphes. Donc pour p € A2, on écrit a — b pour représenter
(a,b) € p. Par exemple, pour A = {0, 1,2}, la relation {(0,0),(0,1),(1,0),(1,2)}

peut étre représentée par le graphe suivant

Var
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0.6. ORGANISATION DE LA THESE

Les chapitres 1, 2, 3 et 4 se composent de quatre articles écrits dans le cadre
de mes études de doctorat. Les références de ces articles sont comme suit :
— Anne Fearnley et Ivo Rosenberg. Collapsing monoids containing permuta-
tions and constants. Algebra Universalis, 50 : 149-156, 2003.
— Anne Fearnley. The monoidal interval for the monoid generated by two
constants. Soumis pour publication, 2007.
— Anne Fearnley. Clones on three elements preserving a binary relation. Al-
gebra Universalis, 56 : 165-177, 2007.
— Anne Fearnley. Relations made up of a cycle and loops, and their clones.
Soumis pour publication, 2007.
Les contributions du coauteur du premier article sont définies au début du cha-
pitre 1 et les accords et autorisations de publication sont inclus dans 'annexe A.
L’introduction comprend I’historique du sujet, la motivation pour la recherche,
les définitions et I'organisation de la thése. Le chapitre 1 propose certaines classes
de monoides affaissants ne contenant que des permutations et des constantes. Le
chapitre 2 décrit une partie de I'intervalle monoidal Int{cg, ;). On y présente des
relations p et o telles que Pol p = (co, ¢1) et Polo = (cg, ¢1, min, max). Le chapitre
3 trouve une relation p telle que Pol p = (¢y, maj,). Le chapitre 4 démontre qu'un
grand nombre de clones de constantes et de puissances de cycles sans points fixes
préservent des relations binaires assez simples. La conclusion propose des direc-

tions possibles de recherche découlant de la thése. L’annexe A contient 'accord du
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coauteur de 'article Collapsing monoids containing permutations and constants

et I'autorisation des éditeurs des articles déja publiés.



Chapitre 1

COLLAPSING MONOIDS
CONTAINING PERMUTATIONS

AND CONSTANTS

AUTEURS : ANNE FEARNLEY ET IvO G. ROSENBERG

1.1. CONTRIBUTION DE AUTEUR A L’ARTICLE

La premiére version de 'article Collapsing monoids containing permutations
and constants ne comprenait que les deux premiéres sections (sections 1.4 et 1.5)et
une section qui n’a pas été retenue. Pendant la revision de I'article, I. Rosenberg
a généralisé le théoréme 1.5.3. Cette généralisation est le théoréme 1.6.1 que j’ai
inclu dans I'article. Le reste de la section 1.6 contient un corollaire et des travaux

additionels que j’ai fait a partir de suggestions de I'éditeur, A. Szendrei.
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1.2. MONOIDES AFFAISSANTS DE CONSTANTES ET DE PERMUTA-
TIONS

En étudiant la littérature sur le sujet des intervalles monoidaux, j’ai été séduite

par le théoréeme suivant.
Théoréme 1.2.1 (P. Palfy [27]). Soit A un ensemble fini de cardinalité au moins
3. Soit M un monoide d’opérations sur A contenant toutes les constantes et tel
que ses opérations non constantes sont des permutations. Alors |Int(M)| < 2,
avec égalité si et seulement si M est composé de tous les polynomes unaires d’un
espace vectoriel.

J’ai rapidement trouvé tous les intervalles monoidaux sur trois éléments dé-
terminés par ce théoréme. Certains monoides ne contenant que des permutations
étaient connus [34] et [28]. Et deux théorémes de A. Krokhin indiquaient la cardi-
nalité des intervalles monoidaux pour les monoides ne contenant qu’une constante
ou ne contenant que deux constantes [19].

J’ai pensé qu’il serait possible de déterminer la cardinalité des intervalles
monoidaux pour tous les monoides de permutations et de constantes sur trois
¢léments. Il ne me restait que les monoides ((0,1)), ((0,1), ca) et ((0,1), o, c1) ou
(0,1) dénote la transposition de 0 et 1. Je trouvai assez facilement qu’il existait des
opérations qui n’étaient pas essentiellement unaires contenues dans certains clones
des intervalles Int ((0, 1)) et Int ((0, 1), co). Mais I'intervalle Int ((0, 1), ¢g, ¢1) sem-

blait contenir trés peu de clones.
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Jai trouvé en effet que ((0,1),co,c1) était affaissant. Mais on pouvait faire
mieux. Le théoréme suivant (théoréme 1.5.3 dans 'article) est un résultat plus
général sur un nombre fini d’éléments.

Théoréme 1.2.2. Sin > 4 et M est un monoide d’opérations sur{0,1,...,n—1}
ne contenant que des permutations et exactement n — 1 constantes, alors M est
affaissant.

Inspiré par le théoréme 1.2.2, I. Rosenberg le généralisa pour qu’il s’applique
a plusieurs autres monoides, méme sur un nombre dénombrable d’élements (théo-
réme 1.6.1 dans l'article). Entre temps, A. Szendrei prouva que la cardinalité de
Int ((0,1), ca) est 2% [35]. Comme on peut voir dans le tableau 1.1, il ne reste que
la cardinalité de Int ((0,1)) a déterminer, mais au moins on sait que le monoide
n’est pas affaissant.

Depuis, M. Dorméan a déterminé tous les monoides affaissants sur trois élé-
ments [7]. Il s’est servi de cet article entre autres. Il y a 27 monoides affaissants

sur trois éléments.

1.3. ABSTRACT

In 1941, Post [29] presented the complete description of the countably many
clones on 2 elements. The structure of the lattice of clones on finitely many (but
more than 2) elements is more complex ; in fact the lattice is of cardinality 2%.
One approach is to study the monoidal intervals : the set of clones whose unary
operations form a given monoid. One surprising fact is that for certain monoids,
called collapsing, this interval contains just one clone. This article presents some

collapsing monoids containing only constants and permutations.
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1.4. INTRODUCTION AND PRELIMINARIES

Let A be a set and k a positive integer. A k-ary operation on A is a function
f : A¥ — A. The set of all k-ary operations on A is denoted by (’)I(f), and
O4 = Upcrew Off). For F C O4 and 0 < k < w, set F*®) .= FﬁOf).

We denote by ¢, the unary constant function a defined by c,(x) ~ a (the
symbol ‘~’ denotes equality for all x € A). For 1 < i < k, the k-ary i-th
projection is ef(xy, ... 1) = ;.

A set FF C Oy is closed under composition (also called substitution or super-
position), if for all f € F®) and gi,...,gx € FY, the [-ary operation f|gi,.. ., gi]

defined by

flors - grl(xe, ..o ) = f(gr (e, - sm), oo gr(2e, ..o, 2))

is also in F'. A clone on A is a subset F' of O4 which contains all the projections
and is closed under composition.

It is well known and easy to show that the intersection of an arbitrary set
of clones on A is a clone on A. Thus for ' C Oy, we can find the least clone
containing F, called the clone generated by F and denoted by (F'). The clones
on A, ordered by inclusion, form the complete lattice L 4.

Consider a transformation monoid M of unary operations on A; M contains
the identity self-map and is closed under the usual composition o. We denote by
Int(M) the set of clones C on A such that C") = M. Int(M) is an interval in
the lattice of clones on A [see [36], page 71| called the monoidal interval of M.

If Int(M) contains just one clone, then M is said to be collapsing.
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1.5. SOME COLLAPSING MONOIDS

If A is finite, we may assume that A = n := {0,1,...,n — 1}. For transfor-
mation monoids containing all the constants, we have the following result.
Theorem 1.5.1 (Palfy [27], see also [36]). Let A be a finite set containing at least
3 elements. Let M be a transformation monoid on A containing all the constants
and such that its non-constant functions are permutations. Then | Int(M)| < 2,
and equality holds if and only if M is a monoid of all unary polynomial operations
of a vector space.

Lemma 1.5.2. Let M be a transformation monoid on a set A. Let B ={a € A :

ca € M}, and let C be a clone on A such that CY) = M.

(A) For any f € C, we have f(B,...,B) C B, therefore f can be restricted

to B to get an operation f|g on B.

(B) In particular, for any m € M, m(B) C B. Moreover, if A is finite, then
every permutation in M permutes the elements of B and the elements of

A\ B.

(C) The restriction M|p = {m|g : m € M} of M to B is a transformation
monoid on B, and the restriction Clg = {f|p : f € C} of C to B is a

clone such that (C|p)V) = M|3.

PROOF. Statement (A) is trivially true if B = ). Otherwise, let f € C*®) and

bi,...,by € B. Then

f(bl, ey bk) = f(Cb1 (bl), e ,Cbk(bl)) = f[Cbl, e ,Cbk](bl).
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Now flcp,, ..., e € C and is unary. Therefore f[cy,, ..., ¢, | € M. Furthermore,
it is a constant, thus there exists b € B such that f[c,,..., ] = . Therefore
fb1, . bg) = flevy, - ep](b1) = (b)) = b € B.

To prove statement (B), let m € M, then by above, m(B) C B. Now let m
be a permutation in M and A be finite. Thus m(B) = B and m permutes the
elements of B. Therefore, m(A\ B) = A\ B and m permutes the elements of
A\ B.

Statement (C) is obvious. O
Theorem 1.5.3. If n > 4 and M is a transformation monoid on n containing
only permutations and exactly n — 1 constants, then M 1is collapsing.

Proor. Without loss of generality, we can assume that the n — 1 constants
are cop,Ci,...,C,_9. The idea behind the proof is to use Lemma 1.5.2 to reduce
the problem to one in n — 1, then deduce that the monoid is collapsing with the
aid of Theorem 1.5.1.

By Lemma 1.5.2, the permutations of M permute the elements of n — 1.
Therefore M~ := M|, is a transformation monoid on n — 1 satisfying the
conditions of Theorem 1.5.1. Let C' be a clone in Int(M), i.e. CV) = M. We
must show that all the operations in C are essentially unary. If f € C, then by
Lemma 1.5.2, we can restrict f to n— 1, and we write f~ := f|,_1. Similarly,
C~ = Clya.1 = {f : f € C}. By Lemma 1.5.2, (C7)") = M~. Therefore, by
Theorem 1.5.1, C'~ must be a clone of essentially unary operations or be a clone
of polynomial operations of a vector space.

Claim 1. '~ does not contain the clone of polynomial operations of a vector

space.
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PROOF. Suppose otherwise. Without loss of generality, we may assume that
0 is the zero of the vector space. Since C~ contains the operations x — y and
x + 1, then C' must contain a binary operation f and a unary operation g such
that f~(z,y) = v —y and ¢ (z) = = + 1. Thus f(x,z) =0 for all xt € n — 1,
which implies that the function f(z,x) must be the constant function 0 in C.
Hence f(n —1,n — 1) = 0. The unary operation g~ is a permutation, therefore g
cannot be a constant, thus it must be a permutation also, and by Lemma 1.5.2,
g(n — 1) = n — 1. Consider the unary operation h : n — n defined by h(x) ~
f(g(z),z). Clearly h € C, therefore h € M. But h(z) = (x +1) —z = 1 if
re€n—1,and h(n —1) = f(n — 1,n — 1) = 0, which is impossible. O
Claim 2. C' is a clone of essentially unary operations.

PROOF. By the previous Claim, C'~ is a clone of essentially unary operations.
Let f € C®, then f~ € C~ is essentially unary. Thus there exists an m € M
such that f~ is essentially equal to m~ € M~. Clearly, m(n — 1) = m~(0) if m~
is a constant, and m(n —1) = n—1if m~ is a permutation. We may assume that
f~ depends only on its first variable, i.e. that f~(xy,...,z5) & m™(xy).

Let x1,...,2 €n. Foreachi=1,... k, set

Cp, fax;#£#n—1

3

m; =

Note that m; € M for all ¢ = 1,..., k, therefore flm4,...,my| € C, and thus
flma,...,mg] € M. Also, if y € n — 1, then m;(y) € n—1, forall i =1,... k.

Thus for y en—1,
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Moreover f[myq,...,mgl(n —1) = f(mi(n—1),...,mg(n—1)) = f(z1,...,x%).
We distinguish two cases. If xr; € n—1, then my = ¢,,. For y € n—1,
Fimn, () = mim() = mlenw) = me). Thus fim,...m =
Cm(z), and f(x1, ..., 2x) = flm,...,my|(n — 1) = @) (n — 1) = m(x).
Now, if 21 = n — 1, then my = id. For y € n—1, flmy,...,mgl(y) =

m(mq(y)) = m(id(y)) = m(y). Thus flmq,...,mig] = m, and f(z1,...,2) =

flmi,...,mgl(n — 1) = m(n — 1) = m(x;). Therefore in both cases,
f(x1,...,x) = m(xy). This proves that f is essentially the unary operation
m. U

Claim 2 implies that M is collapsing. 0

Corollary 1.5.4 (Krokhin [19]). Let n > 4. Let M be a transformation monoid
on n consisting of n — 1 constants and the identity. Then M is collapsing.

It is clear that Theorem 1.5.3 need not be true for n = 3, because Palfy’s
theorem (Theorem 1.5.1) is only valid for 3 or more elements. For example, Co-
rollary 1.5.4 does not hold on 3 elements; the monoid M = ({cg,c1}) is not
collapsing, in fact, | Int(M)| = 4 [19]. The following result is true for n > 3.
Corollary 1.5.5. Let n > 3. Let M be a transformation monoid on n consisting
of the powers of an (n — 1)-cycle and n — 1 constants. Then M is collapsing.

PrOOF. By Theorem 1.5.3 all that remains is to prove the 3-element case.
We must show that M = {id, ¢y, c1, 7} is collapsing where 7 is the transposition
defined by 7(0) =1, 7(1) =0, 7(2) = 2.

The proof is very similar to the proof of Theorem 1.5.3. It is identical up to
the reference to Theorem 1.5.1. Here, n — 1 = 2 and we can use Post’s lattice

[29]. We find that C~ must be one of 3 clones : the clone of essentially unary
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operations (Rj3), the clone of polynomial operations of the 2-element vector space
(Ly), or the clone of all operations (Cy). The cases C~ = Ly and C~ = C} lead
to a contradiction (see Theorem 1.5.3, Claim 1). Therefore C~ = Ry3, the clone
of essentially unary operations, and C' is a clone of essentially unary operations
(see Theorem 1.5.3, Claim 2). O

We can now state which of the transformation monoids, containing only
constants and permutations, are collapsing on the 3-element set 3. There are
24 submonoids of S3 U {cg, 1,2} in 12 isomorphism classes. Table 1.1 shows
one submonoid for each class, the cardinality of its interval (if known), and a
reference for the cardinality. The operations used are the constants cg, ¢1, ¢o, the

transposition 7 (transposing 0 and 1), and the cycle ¢ (adding 1 modulo 3).

1.6. A GENERALIZATION OF THEOREM 1.5.3

It is possible to use the ideas in the proof of Theorem 1.5.3 to prove a more
general theorem about transformation monoids containing operations other than
just constants and permutations and not restricted to finite universes.
Theorem 1.6.1. Let M be a transformation monoid on a set A such that B :=

{a € A:c, € M} is non-empty and
(1) A\ B =A{dy,...,d;} is finite,
(2) every m € M is completely determined by m|g,

there exist m;; € such that m;; = 1da and m; (d;) = d;, for a
3) th ' J M h th 7 d d m;(d d;, f Il

1<i,j<landi#j,

(4) the monoid M|p is a collapsing monoid on B.
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M | Int(M)| | Reference or proof
{id} 2% Marchenkov [24]
(co) 2% Krokhin [19]

(o, 1) 4 Krokhin [19]

(o, 1, C2) 1 Palfy [27]

(1) > 1 Not weakly transitive [15]
(7, ca) 2% Szendrei 35

(T, co,c1) 1 Corollary 1.5.5

(T, o, 15 2) 1 Palfy [27]

(o) 3 Szendrei [34]
(0,co, 1, C2) 1 Palfy [27]

Ss 1 Pélfy, Szendrei [28]
Ss U{co, c1, 02} 2 Palfy [27]

TAB. 1.1. Monoids on 3 elements containing only constants and permutations

Then M is a collapsing monoid on A.

PROOF. The restrictions m|p and M|z make sense by Lemma 1.5.2. If A\ B =
(), then the theorem is trivially true. We assume that A\ B # (). Let C be a clone
in Int(M), let f € C®. By Lemma 1.5.2, we know that f|s € C|p. By Condition
4, M|p is collapsing, therefore f|p is essentially unary. We may assume that f|p
depends only on its first variable. This implies that there exists m € M|p such
that f(by,...,bx) =m(by) for all by,... by € B.

Let m™ be the unique extension of m to a function in M (Condition 2). Let

ai,...,ar € A, we must show that f(ay,...,ar) = m*(ay). For i = 1,... k,
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define
if a; € B

Ca,

(3

mi =19 mys ita; € Banda; =d;

mys if ap = d; and a; = d;
L T,

(where the m, ; are from Condition 3). Since m; € M fori=1,...,k and f € C,
then clearly f[my,...,mg] € M. Furthermore, for every b € B, f[my,...,my|(b) =
f(ma(b), ..., me(b)) = m(mq(b)).

If a; € B, then m; = ¢, and for b € B, we have flmy,...,my|(b) =
m(mq(b)) = m(cq, (b)) = m(ay). Therefore, fimy,...,mi] = Cp(a,) by Condition

2. The definition of m; and Condition 3 imply, for ¢ = 1,... &, that

Cai<dl) = a; if a; € B
ml,s(d1> = ds = Q; if a; = ds
Consequently f(ai,...,ar) = f(mi(di),...,mi(d1)) = Cma)(d) = m(a1) =
m*(ay) as required.
Now, if a; € B, then a; = d; for some 1 < t < [. For b € B, we have
flma,...,mg](b) = m(my(b)) = m(my(b)) = m(idg(b)) = m(b). Therefore

flm1,...,mg] = m™ by Condition 2. Also, the definition of m; and Condition

3 imply, for 2 =1,...,k, that

Ca,(dy) = a; ifa; € B
m,;(al) = mz(dt) =
mes(dy) =ds = a; if a; = d;
Consequently, f(ai,...,ar) = f(mi(a1),...,mg(ar)) =mt(a1) as required. O
Theorem 1.6.1 helps us to find new collapsing monoids. Since most of the

collapsing monoids already known contain only constants and permutations, the

following proposition should be useful.
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Proposition 1.6.2. Let M be a transformation monoid on a finite set A such that
B:={a€ A:c, € M} is non-empty. If every m € M is completely determined
by m|g, and the monoid M|p contains only permutations and constants, then M
also contains only permutations and constants. Furthermore the permutations in
M permute the elements of B and the elements of A\ B.

PROOF. The restrictions m|p and M|g make sense by Lemma 1.5.2. Choose
m € M not a constant. Then m|p is not a constant and thus must be a permuta-
tion. Let k be the order of m|p, i.e. (m|g)* = idp. Clearly idp must be extended
to id 4, which implies that m* = id4. Now, to prove that m is a permutation, sup-
pose that m(a;) = m(ay) for some a;,ay € A. Then a; = m*(a;) = m*(az) = as.
Therefore m is a permutation as required. The rest is taken from Lemma 1.5.2. [

Proposition 1.6.2 shows that if M is a transformation monoid on a finite set
that satisfies Condition 2 of Theorem 1.6.1, then M contains only permutations
and constants if and only if M|z contains only permutations and constants. Note
that in Theorem 1.6.1, Condition 2 combined with the assumption that B is non-
empty implies that |B| > 1. The corollary below restates Theorem 1.6.1 for the
special case when M contains only permutations and constants.
Corollary 1.6.3 (A. Szendrei). Let A be a finite set and B a subset of A with
|B| > 1. Let M = {¢, : b € B} UG where G is a permutation group on A such
that A\ B is an orbit of G, and the restriction map G — G|p is injective. Then
M s collapsing if M|p is.

There are no collapsing monoids on a 2-element set B. Therefore, in order to
get new collapsing monoids from Corollary 1.6.3, we must have |B| > 3. The case

|A| = |B| 4 1 is settled completely by Theorem 1.5.3. However, if |A| > |B| + 1
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(and hence |A| > 4), then Corollary 1.6.3 yields a large family of new collapsing
monoids. Below we give examples of such monoids on 5 and 6 elements.
Example 1. On 5 elements, let A =1{0,1,2,0,1'} and G = ((0,1)(0',1")). The
monoid M = {co,c1,c2} UG is collapsing.
Example 2. On 6 elements, let A ={0,1,2,0',1",2'} and G = {(0,1,2)(0/,1",2")).

The monoid M = {co, c1,c2} UG is collapsing.
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Chapitre 2

THE MONOIDAL INTERVAL

FOR THE MONOID

GENERATED BY TWO CONSTANTS

AUTEUR : ANNE FEARNLEY

2.1. L INTERVALLE DU MONOIDE ENGENDRE PAR DEUX CONSTANTES

A. Krokhin avait énnoncé en 1995 [19] que le monoide composé d’exactement
k — 1 constantes était affaissant sur un univers de k£ éléments ou k > 4. 1l avait

aussi trouvé que Int{cy, c;) avait la forme suivante (figure 2.1) sur trois éléments.

(o, €1, min, max)

(o, €1, min) {co, €1, max)

(co,c1)

F1G. 2.1. L’intervalle Int(cy, ¢;) sur trois éléments

Comme mentionné plus tot dans 'introduction, on espére que ce qu’on observe
sur trois éléments en théorie des clones se retrouve sur les univers finis de plus

de trois éléments. On pourrait s’attendre peut-étre a avoir une structure plus
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complexe (mais quand méme semblable) sur plus d’éléments, mais une structure
plus simple serait surprenant. Or c’est ce qui arrive dans ces deux théorémes de
A. Krokhin.

J’ai donc pensé a généraliser autrement. Est-ce que la structure de Int(cy, ¢1)
sur plus de trois éléments pourrait ressembler & la structure de la figure 2.1 7 Cet
intervalle a la cardinalité du continu [19], mais il se pourrait que la structure
apparaisse dans l'intervalle de facon marquante. Dans mon mémoire de maitrise

8], j’avais déja montré que

Pol{(0,0), (1,1), (0, 1), (1,2), (2,0)} = {co, 1)

Semblablement, & partir de mon mémoire et des résultats de Krokhin, il était

assez facile de vérifier que

Pol{(0,0),(1,1),(1,2),(2,0)} = (co, ¢1, min, max)

Serait-il possible de généraliser ces résultats a plus de trois éléments ?
J’ai trouvé, en effet, les théorémes suivants qui sont les théorémes 2.5.1 et
2.6.1 dans I'article.

Théoréme 2.1.1. Soient k >3 et A={0,1,...,k— 1} et soit

p=1(0,0),(1,1),(0,1),(1,2),(2,3),...,(k—1,0)}

alors Pol p = (co, c1).

Théoréme 2.1.2. Soient k >3 et A={0,1,...,k— 1} et soit

o =14(0,0),(1,1),(1,2),(2,3),...,(k—1,0)}
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alors Polo = {(cy, ¢1, min, max) ot min et max sont déterminées d’apres la chaine
O<k—-1<k-2<...<2<1

Ces clones forment le bas et le haut respectivement de losanges semblables a
celui de la figure 2.1 dans 'intervalle Int(cg, ¢1) sur k éléments. Différents losanges
sont obtenus en permutant les éléments autres que 0 et 1. Puisqu’il n’y a pas
de telles permutations sur trois éléments, ceci explique en partie la plus grande
complexité de l'intervalle sur plus de trois éléments.

Il est rare que ce qui se passe sur deux éléments ressemble & ce qui se passe
sur plus de deux éléments en théorie des clones (voir [1]). Mais c’est le cas ici

puisque l'intervalle Int{cy, c1) sur deux éléments est

Al = <Co,61,/\,\/> = Pol S

Fs = (co, 1, N\) Se = (co, 1, V)

Ry = <Co701>

F1G. 2.2. L’intervalle monoidal Int{co, ¢;) sur deux éléments

2.2. ABSTRACT

Post (1941) presented the complete description of the countably many clones
on 2 elements. The structure of the lattice of clones on finitely many (but more
than 2) elements is more complex ; in fact, the lattice is of cardinality 2. One
approach is to study the monoidal intervals : the set of clones whose unary ope-
rations form a given monoid. In this article, we study the monoidal interval for
the monoid generated by two constants on k elements for k finite. This interval

contains the clones of term operations of the bounded lattices of k elements.
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2.3. PRELIMINARIES

Let A be a finite set and n a positive integer. An n-ary operation on A is a
function f : A — A. The set of all n-ary operations on A is denoted by (9%),
and O = Uycpes (954”). For F C Oy, set F™ = Fn Off). For 1 <i < n,
the n-ary i-th projection is defined as e,(;n) (x1,...,2,) = a; for all xq,...,2,. We
write e for the identity operation. For a € A, the n-ary constant operation a is

defined as c((ln)(arl, .ooyxy) =aforall zy,... x,. We write simply ¢, for the unary

constant operations cl(ll).

For f € O™ and ¢1,...,g9, € O™ we define their composition to be the

m-ary operation f[gi,...,g,] defined by

flors - gnl(@i, - sxm) = flgi(zr, o Tm), oy Gn(X1, o T)

A clone on A is a subset F' of O, that contains all projections and is closed
under composition. It is well known and easy to prove that the intersection of an
arbitrary set of clones on A is a clone on A. Thus for F' C O, there exists the
least clone containing F, called the clone generated by F and denoted by (F').
Equivalently, (F') is the set of term operations of the algebra (A; F'). The clones
on A, ordered by inclusion, form a complete lattice, £ 4.

Let h be a positive integer. An h-ary relation p is a subset of A". When
dealing with a fixed p € A2, we write a — b for (a,b) € p. The relations may
then be drawn as directed graphs. For example for A = {0, 1,2}, the relation

{(0,0),(0,1),(1,0),(1,2)} may be represented as in Figure 2.3
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0
1/ .2
F1G. 2.3. Example of a relation

Let f € O™ and let p be an h-ary relation on A. The operation f preserves

p if for all (a1, a0, ...,an:) €p (i=1,...,n),

(f(al,la a1,27 L 7a1,n)7 f(a2,17 a?,?a s 70’2,71)7 ceey f(ah,ly ah727 cee 7ah,n)) S p

The set of operations on A preserving p is a clone denoted by Pol p.

Consider a transformation monoid M of unary operations on A; M contains
the identity self-map e and is closed under the usual composition. Denote by
Int(M) the set of clones C' on A such that CY) = M. It is well known that
Int(M) is an interval in the lattice of clones on A, called the monoidal interval
of M. The smallest clone in Int(M) is (M). The largest clone in Int(M) is the

stabilizer of M

Sta(M) ={f € (92”) | n>0and flm,...,m,] € M for all my,...m, € M}
= Pol{(m(ay),...,m(ay)) | m € M}

for A = {ai,...,ax} finite (see [36]). If Int(M) contains just one clone, i.e.

Int(M) = {(M)}, then M is said to be collapsing.

2.4. MOTIVATION

In 1995, Krokhin [19] showed that the monoidal interval Int{cg,cy,...cx_2)
on k elements (i.e. for A = {0,1,...,k — 1}) is collapsing for k > 3. For k = 3,

he showed that the monoidal interval Int(cy, c;) has 4 clones. These correspond
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to the 3 types of algebras ennumerated by Berman, with free-spectra beginning
with 2,3 [2]. Its diamond shaped Hasse diagram is in Figure 2.4. Here min and

max are defined with respect to the chain 0 < 2 < 1.
(o, €1, min, max)

(co, €1, min) (o, €1, max)

(co,c1)

F1G. 2.4. The interval Int(co, ¢;) on 3 elements

We propose to generalize the interval of Figure 2.4 in a different way, by
considering the interval Int(cy, ¢;) for universes of at least 2 elements.
Al - <CO) C1, /\7 \/>

Ps = (co, c1,N\) Se = (co, 1, V)

Ry = <CO,01>

F1G. 2.5. The interval Int{cg, ¢;) on 2 elements

On {0, 1}, Post [29] showed that the interval Int(co, ¢;) is the one in Figure 2.5
where A and V are min and max with respect to the chain 0 < 1, or equivalently,
the conjunction and disjunction from symbolic logic.

In Section 2.7, we show that for any finite bounded distributive lattice
(A;V, A, 0,1), the interval [(co, 1), (co, c1, V, A)] in the lattice of clones on A has
the same Hasse diagram as in Figure 2.5. Note that for A finite and |A| > 3, it
is well known that | Int{co,c;)| = 2% [19]. Thus the diamond shaped intervals
mentioned above cannot be the whole interval Int{cg, ¢;), but they do appear in

the bottom of it.
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In [8], it was shown that, for A = {0, 1,2}, the clone

Pol{(0,0),(1,1),(0,1),(1,2),(2,0)} = {co, c1)

which is the smallest clone in the interval. In Section 2.5, we generalize this result
to universes of k elements for k£ > 3. Note that this is a non-reflexive strongly C-
rigid relation [20] (i.e. a relation preserved only by constants and permutations).

Combining results from [19] and [8] for A = {0, 1,2}, it is easy to show that

Pol{(0,0),(1,1),(1,2),(2,0)} = (co, ¢1, min, max)

which is the largest clone in the interval. In Section 2.6, we exhibit a relation
that is preserved by the clone at the top of each min, max diamond for larger
universes. This theorem even works for 2 elements; it is the well-known result

that Pol(<) = (co, c1, A, V) (see for example [36]).

2.5. A RELATION PRESERVED BY (cg, ¢;)

In this section we exhibit a relation for the smallest clone in the monoidal
interval Int{cg, ¢1). This result is a generalization of a theorem in [8|, which dealt
with the 3-element case and stated that Pol{(0,0), (1,1),(0,1),(1,2),(2,0)} =
(co,1).

This result ties into research by Lénger and Poschel. A relation p is strongly
C-rigid if every operation on A preserving p is a projection or a constant function.
Léanger and Poschel [20] presented many reflexive strongly C-rigid relations. The

relation in Theorem 2.5.1 is a strongly C-rigid relation that is not reflexive.
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Theorem 2.5.1. Let k>3 and A={0,1,...,k—1}. Let

p=1(0,0),(1,1),(0,1),(1,2),(2,3),...,(k—1,0)}

Then Pol p = (co, c1).

F1G. 2.6. A relation preserved by (co, ¢1)

As an oriented graph, p consists of a k-cycle and two loops (Figure 2.6).

Before proving the theorem, let us state a pair of definitions and prove some
lemmas. We define two unary operations on A : x— defined by 07 =0, 17 =1,
jo=j+lifl<j<k—1land (k—1)" =0, and 2= defined by 0~ =0, 1= =1
and j~ = j—1if 1 < j < k—1. We write a’~ and a~ for the composition ¢ times
of the arrow operations. The following proposition follows from the definitions.
Proposition 2.5.2. (4) a= —a—a~ foralla € A.

(B) a"= « a"V" and '~ — oV~ for alla € A and i € {1,2,...}.

(C) a*=2= a*=2= c {0, 1} for alla € A.
Lemma 2.5.3. Let f € Polp be an n-ary function and let x,...,x, € {0,1}.
Then f(xy,...,x,) € {0,1}.

PROOF. For m = 1,...,n, x, < . Thus f(zq,...,2,) < f(x1,...,2,).
Therefore f(z1,...,2,) € {0,1}. O
Lemma 2.5.4. The unary functions in Pol p are exactly co, ¢; and e.

PROOF. Note that cg, c1,e € Pol p.

Let f € (Pol p)"). By lemma 2.5.3, £(0), f(1) € {0, 1}.
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CASeE 1:If f(0) = 1, we have 1 = f(0) — f(1), which along with Lemma 2.5.3,
implies that f(1) = 1. Now 1 = f(1) — f(2) - ... = f(k—1) — f(0) =1; a
(k — 1)-cycle. This implies that f(2) =... = f(k —1) = 1. Therefore f = ¢;.

CASE 2 : If f(1) =0, we obtain that f = ¢y by a similar reasoning,.

Case 3 : If f(0) = 0 and f(1) = 1, we have 1 = f(1) — f(2) — ... —
f(k—1) — f(0) = 0. This implies that f(2) =2,..., f(k—1) = k — 1. Therefore
f=e. ([l

PROOF. (of Theorem 2.5.1). For every f € (Pol p)(™, we consider the corres-
ponding Boolean function f|q1; : {0,1}" — {0,1}. This is possible because of
Lemma 2.5.3. Note that the constants on k& elements correspond to the Boolean
constants. Now define (Pol p)|0,1} := {fl0,13 | f € Polp}. Clearly, (Polp)|0.1; is
a clone on {0, 1}.

Claim 1. (Polp)|0.13 = (co,1).

PROOF. We use Post’s classification [29]. Since co,c; € (Polp)|f0,1}, clearly,
R C (Polp)fo,13-

By Lemma 2.5.4, the unary functions in (Pol p)|{o,1} are exactly c, ¢; and e.
Thus — ¢ (Pol p)|{0,13, which implies that Ry € (Pol p)|;0.1}

Suppose for the sake of contradiction that A € (Polp)|{01}. Then there must

be some f € Polp such that f|q1; = A. We thus have

1=f(1,1)— f(1,2) = f(1,3) = ... = f(L,k—1) — f(1,0) =0

which implies that f(1,a) = a for all a € A.
It follows that 0 = f(0,1) — f(1,2) = 2, which is impossible. Therefore

A & (Polp)|o.13, which implies that P, € (Pol p)|;0,13. Similarly V ¢ (Pol p)|{0.13,
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which implies that Sy & (Polp)|f013. Therefore (Polp)|13 = Rii = {(co,¢1) as
required. 0
Claim 2. Polp C (cp, c1).

PROOF. Let f € (Polp)™. By the previous Claim, flioy € (co,c1), thus

flf0,13 must be ¢f or cf or e, for some m € {1,...,n}.

-----

Now suppose that f|q,.. ;3 = ¢ for a certain j with 1 < j < k — 2. We

,,,,,

must prove that flo,. j+13 = ¢§. Let z1,...,2, € {0,...,7 + 1}. Note that

.....

xy, ...,z € {0,...,7}. By Proposition 2.5.2 and the induction hypothesis,

0 = cglay,...,zy) = fley,...,xy) — flar,...,xn) — fla7,.. . 2,)) —
— T Ty = @ YTy = 05 a (k= 1)-cycle, so

they are all 0. In particular, f(x1,...,2,) = 0, which implies that f|q, . 413 = ¢§
as required. Therefore, f = ¢ € (co, 1), by induction.
CASE 2 : flio13 = ¢f. Then f = ¢} € (cp,c1) in a similar way.

CASE 3 : flg13 = e, on {0,1} for some m € {1,...,n}. Without loss of

generality, flgo13 = ef-

1111

i, ...,z € {0,...,5}. Therefore, f(z1,...,2,) «— f(zi,..., 2, ) = z7 . The

only way for f(zy,...,2,) # x; would be if z; = 0 and f(zq,...,2,) = 1,

or if zy = 1 and f(zq,...,2,) = 2, or if zy = 2 and f(zy,...,z,) = 1. By
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Proposition 2.5.2,

Flan, . ) = fay, . a) = o= f@F7 L gy = gl
(2.5.1)
which is a chain of length k — 2. If 2 = 0 and f(zy,...,2,) = 1, then (2.5.1)
becomes 1 — ... — 0, which is impossible. If z; =1 and f(xy,...,z,) = 2, then
(2.5.1) becomes 2 — ... — 1, which is impossible. If x; = 2 and f(z1,...,2,) = 1,
then (2.5.1) becomes 1 — ... — 2 =2~ = 0 which is impossible. Therefore
f(z1,...,2,) = x; as required. O

Lemma 2.5.4 implies that (co, ¢c;) C Pol p. Using this and Claim 2, we conclude

that Pol p = (co, c1). O

2.6. ANOTHER CLONE IN THE INTERVAL

Theorem 2.5.1 gave a relation for the bottom of the interval. The following
theorem describes a relation for the top of the diamond. Note that for 3 elements,
the relation is {(0,0),(1,1),(1,2),(2,0)} as expected. Although the theorem is
not proved for 2 elements in the same way, we will show that the relation is
indeed {(0,0),(1,1),(1,0)}.

Theorem 2.6.1. Let k>3 and A={0,1,...,k—1}. Let

o ={(0,0),(1,1),(1,2),(2,3),...,(k—1,0)}

Then Polo = (co, ¢1, min, max) where min and max are defined according to the
chain 0 <k—-1<k—-2<...<2<1.
As an oriented graph, o consists of a chain of length £ — 1 and two loops at

its end points (Figure 2.7).
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Fi1G. 2.7. A relation preserved by (co, ¢1, min, max)

We will use the operators £ and = from Theorem 2.5.1. Note that Propo-
sition 2.5.2 holds for o.

Lemma 2.6.2 (Post [29], see also [36]). For k = 2, Polo = (cg, ¢1, min, max) =
Ay, the mazimal clone of monotone Boolean functions

Lemma 2.6.3. Let f € Polo be an n-ary function and let xy,...,z, € {0,1}.
Then f(xq,...,x,) € {0,1}.

PROOF. Identical to the proof of Lemma 2.5.3. 0
Lemma 2.6.4. The unary functions in Polo are exactly cq, ¢1 and e.

PROOF. Almost identical to the proof of Lemma 2.5.4. O

PROOF. (of Theorem 2.6.1). The Theorem is true for k£ = 2 by Lemma 2.6.2.
From now on, we assume that k£ > 3.

Claim 1. ¢y, ¢, min and max are in Polo.

PROOF. By Lemma 2.6.4, we know that cy,c; € Polo.

Let aq,a9,b1,bs € A such that a1 — as and by — by. If a1 = ay = 0, then
min(ay, b;) = min(0,b;) = 0 — 0 = min(0,by) = min(ag, b2). If a3 = as = 1,
then min(ay,by) = min(1,b;) = by — by = min(1, by) = min(as, by). Similarly, if
by = by, we have that min(as,b;) — min(ag, by). The last case is if ay = a3 + 1,
by = by + 1 and ay,b; # 0. Here min(ay, b;) — min(a; + 1,b; + 1) = min(az, bo).
In all cases min(ay, b;) — min(as, bs).

Similarly, we find that max(ay, b;) — max(as, b). O
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For every f € (Polo)™, we consider the corresponding Boolean function
flioay : {0,1}" — {0,1}. This is possible because of Lemma 2.6.3. Note that
min |91} = A, max |fp13 = V and that the constants become the corresponding
Boolean constants. Now define (Polo)|q1} = {flfq,1} | f € Polo}. Clearly,
(Polo)lf0,13 is a clone on {0, 1}.

Claim 2. (Polo)|qo1} = (co,c1, A, V) the mazimal clone of monotone Boolean
functions.

PROOF. Since ¢y, ¢1, A and V are in (Pol o)1}, clearly, A; C (Polo)|{o,13-
By [29], (Polo)|;0,13 must be A; or 4, the clone of all Boolean functions.

By Lemma 2.6.4, the unary functions in (Polo)|f1; are exactly co, ¢; and e,
thus = ¢ (Polo)|(013. Therefore (Polo)|013 = A1 = (co, c1, A, V). O
Claim 3. Polo C (cg, ¢, min, max).

PROOF. Let f € (Polo)™. By Claim 2, fli1; € (co,c1, A, V). Therefore,
fl0,13 can be written as a term using the functions o, ¢1, A and V. Define a new
function g : A" — A from the term for f|fo1; by replacing all occurrences of the
constants by the corresponding constants on A, and by replacing all occurrences
of A and V by min and max respectively. Clearly, g € Polo. We will prove that
g = f. In fact, we will prove by induction on i, that for all ¢ = 1,...,k —
1 and for xy,...,2z, € {0,1,...,i}, we have f(zy,...,z,) € {0,1,...,i} and
g(xy, .. xn) = f(z1,. .. 20),

For i = 1, we know by Lemma 2.6.3 that f(zi,...,z,) € {0,1} for all

Ty,..., T, €{0,1}, and it is trivially true that g|ro1y = f|f0,13-
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Suppose that for some j € {0,1,...,k—2} and forall 24, ..., 2, € {0,1,...,j},

we have that f(z1,...,2,) € {0,1,...,5} and g(x1,...,2,) = f(x1,...,2,). Let

a,...,a, €{0,1,...,5+1}. Then f(ay,...,a,) < fla7,...,a;) €{0,1,...,5}.
Therefore f(ay,...,a,) € {0,1,...,7+1}.

Note that by the definition of g, we have g(ay,...,a,) € {0,1,...,j + 1}.

Since aj,...,a; € {0,1,...,j}, by the induction hypothesis, f(ai,...,a;) =

glay,...,a; ). We have

glay,...,a )= flay,...,a,) — f(ai,...,a,)

and g(ay,...,a, ) — g(ay,...,a,)

’'n

We distinguish 4 cases. CASE 1 : g(aj,...,a;) = 0. Then f(ai,...,a,) =
0=gl(ay,...,a,).

CASE 2 : g(aj,...,a; ) = 1. Suppose to the contrary that f(ai,...,a,) #
g(ay,...,a,). Then either f(ay,...,a,) =1 and g(ay,...,a,) = 2, or conversely

flai,...,a,) =2 and g(ay,...,a,) = 1. If f(a1,...,a,) =1 and g(aq,...,a,) =

2, then using Proposition 2.5.2, we have

2=g(ay,...,a,) = glay’,...;a,) — ... — g(agk_m_), a7y e {01}

Therefore g(al* 27, ... a¥7?7) = 0. Also,

1= f(a,...,a,) — flai,...;a,)) — ... — f(agk_Q)_’,...,a(k_Q)H) € {0,1}

n

is a chain of length k — 2. Therefore f(a* 27, ..., a"7) = 1. By the definition

of g, 1 = f(agk_Q)_’, . ,aﬁf‘”*) = g(agk_Q)_’, . ,a,(@k_Q)_’) = 0, a contradiction.
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Similarly, it is impossible that f(a4,...,a,) =2 and g(a,...,a,) = 1. Therefore
flay,...,a,) =glag,...,a,).

CASE 3 :g(ay,...,95) =a € {2,...,k—2}. Then g(a1,...,a,) =a+1=
flay, ... a,).

CAseE 4 : g(ay,...,g,) =k —1. Then g(a,...,a,) =0= f(ay,...,an).

In all cases, g(ai,...,a,) = f(ai,...,a,). By induction, f = g. Therefore,
f € {co, c1, min, max). d

By Claim 1 and Claim 3, Polo = (¢, ¢;, max, min). O

When A = {0,1},

Sta(co, c1) = Sta{co, c1, e}
= Pol{(0,0),(1,1),(0,1)}
= Pol{(0,0),(1,1),(1,0)}

= Polo

Therefore (cg, ¢;, max, min) = Polo is the largest clone in the interval. This was
already known [29].

For A = {0,1,2}, we know that (cg, ¢;, max, min) is the largest clone in the
interval Int{coy, c;) [19]. Given that (cy, ¢;, max, min) = Polo, we can also prove
this result easily using the following theorem.

Theorem 2.6.5 (Bodnar¢uk, Kaluznin, Kotov, Romov [4]). Let A be a finite set.
Let p C A", and let 0 C A' be a relation without repetitions of coordinates. Then

Polp C Polo iff there exist m > 1, n < m" and an n x h matriv X = (z; ;) with
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z;; € {1,...,m} such that

(a1,...,q) €Eo
iff there exist ajyq, ..., a,, such that
foralli=1,...,n,(az,,,00,5, - -,0z,) €p

Corollary 2.6.6 (See [19]). On A = {0, 1,2}, the clone (cy, ¢, max, min) is the
largest clone in the interval Int{cy, c1).

PROOF. By Theorem 2.6.1, we know that
(co, c1, max, min) = Pol{(0,0), (1,1),(1,2),(2,0)}
The largest clone of the interval Int{cg, ¢;) is the stabilizer
Sta{co, 1) = Sta{co, c1,e} = Pol{(0,0,0),(1,1,1),(0,1,2)}
By Theorem 2.6.5, using the matrix X = i ;l ; , we obtain
Pol{(0,0,0),(1,1,1),(0,1,2)} C Pol{(0,0),(1,1),(1,2),(2,0)}

By Lemma 2.6.4, we know that Pol o € Int(co, ¢1), and thus Pol o = Sta{cy, ¢1).
This implies that (cg, ¢, max, min) is the largest clone in the interval Int{(cy, c1).
U

For universes of more than 3 elements, it is no longer true that Sta{cg,c;) =
(co, €1, max, min). For example, for A = {0,1,2,3}, the function max’ defined
according to the chain 0 < 2 < 3 < 1is in Sta(cy, ¢1) but max’ ¢ (cy, ¢;, max, min)
where min and max are defined as in Theorem 2.6.1 (according to the chain

0<3<2<1).



46

2.7. THE STRUCTURE OF THE INTERVAL

So far, we know what the monoidal interval Int{co, ¢;) looks like on 2 elements
and 3 elements. They can be found in Figures 2.8 and 2.9 (where min and max

are defined according to the ordering 0 < 2 < 1).
Al = <Co, Cy, /\7 \/> = Polo

Ps = (co, c1, \) Se = (co, 1, V)

Ry = <Co,01>

F1G. 2.8. The monoidal interval Int{cy, ¢;) on 2 elements

(o, €1, min, max) = Pol o

(co, €1, min) {co, €1, max)

<Co, Cl> = PO]p

F1G. 2.9. The monoidal interval Int(cy, ¢;) on 3 elements

We want to know what Int{co, c;) looks like in general. This is very difficult
since | Int{cy,c;)| = 2%. But, we will present some of the structure near the
bottom of the interval.

Proposition 2.7.1. Let (A; A\, V, ¢y, c1) be a finite lattice with top element 1 and
bottom element 0 such that |A| > 2. Then the clone {(cy, c1, A, V) is in the monoidal
interval Int{cy, c1) for the universe A.

PROOF. Straightforward. O
Theorem 2.7.2. Let (A;\,V, co,c1) be a finite distributive lattice with top ele-
ment 1 and bottom element 0 such that |A| > 2. Then [{co, 1), (co,c1, N\, V)] is

the interval in Figure 2.10.
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<007 (1, /\7 \/>

(co, €1, ) (co, €1, V)

(co, 1)

F1G. 2.10. A subinterval of Int(cy, ¢;) for distributive lattices on k elements

Note that for |A| = 2, this was proved by Post [29]. For |A| = 3, it was proved
by Krokhin [19] since the only possible lattice in this case is (A4; min, max, ¢, ¢1),
which gives the result stated above.

PROOF. (of Theorem 2.7.2). Let |A| > 2. Let f € (co,c1,A,V) be n-ary
and not constant. There exists a non-void and inclusion-free family F of non-
void subsets of N = {1,...,n} (le. X € Y for all X,Y € F) such that for all

ai,...,a, € A

flay,..an) =\ () @)

If 7 ={{i}}, then f = e
Claim 1. [f there exists X € F with | X| > 2, then A € (co, c1, f).

PROOF. For notational simplicity, let X = {1,2,...,i} where ¢ > 2. Form
g(x1,22) = f(x1,29,¢1,...,¢1,C0,...,¢0) where the first ¢ is in the (i + 1)-st
place. Given that Y C X for no Y € F, clearly g = A. Il
Claim 2. If |F| > 2, then V € (¢, 1, f).

PROOF. Choose distinct X, Y, € F with minimum |X U Y|. For notational
simplicity, let 1 € X \Y,2€ Y\ X and XUY ={1,2,...,i} where i > 2.

We claim that every Z € F such that Z C X UY satisfies 1,2 € Z. Indeed
suppose to the contrary that Z C (X UY)\{1}. Then1 ¢ Z and [YUZ| <i—1

contrary to the minimality of ¢. Similarly, | X U Z| is contrary to the minimality of
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iif Z C(XUY)\{2}. Set h(zy,x9) = f(x1,29,¢1,...C1,Cp,...,Co) where the first
co is at the (i41)-st place. Now h(xq, x9) & x1V g or h(xy, x9) & 11V oV (21 AXs)
depending on if there exists such a Z. In the latter case, the absorption law yeilds
h(z1,x9) = 1 V 9 O

Examining all the possible cases, we obtain exactly Figure 2.10. 0
(co, €1, min.,, max.,) = Polo_,

<607 C1, min<z‘> <007 Cy, ma’X<i>

(co,c1) = Polp

Fi1a. 2.11. General min-max subintervals
Theorem 2.7.3. Let A={0,...,k—1} and k > 3. Let {<;| i € {0,...,(k—2)!}}

be all the possible chains of A such that 0 is the smallest and 1 the largest elements

in the chain. Define

p=1(0,0),(0,1),(1,1),(1,2),(2,3),...,(k—1,0)}

and for each i € {0, ..., (k —2)!}, define

o<, ={(0,0),(1,1), (az,0), (as,az), ..., (1,ar_1)}

where 0 <; as <; az <; ... <; ax—1 <; 1, and define max., and min., according

to the ordering <;. Then for each <;, the interval [Pol p, Polo. ] is contained in

the monoidal interval Int{cy, c1) and has Figure 2.11 as its Hasse diagram.
PROOF. Follows from Theorems 2.5.1, 2.6.1 and 2.7.2, and Proposition 2.7.1.

O
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St&(Co, Cl>

(co,c1,Niy V)

(corc)

F1G. 2.12. The interval Int(co, ¢1) for finite universes

Theorem 2.7.4. Let A = {0,...,k — 1} and k > 4. Consider all the possible

distributive lattices on A with top element 1 and bottom element 0 :
{<A7 Ai’ \/iy CO7 Cl> ’ Z € I}

Then the lower part of the monoidal interval Int{cy,c1) contains the diamond
shaped intervals [(co, c1), (co, c1, Ni, Vi)] as shown in Figure 2.12.

PRrROOF. Follows from Proposition 2.7.1 and Theorem 2.7.2. 0



Chapitre 3

CLONES ON THREE ELEMENTS

PRESERVING A BINARY RELATION

AUTEUR : ANNE FEARNLEY

3.1. CONTRIBUTIONS NOUVELLES DE L’AUTEUR

L’article Clones on three elements preserving a binary relation annonce les
résultats de mon mémoire de maitrise. Il est inclus dans cette thése car il contient
un nouveau résultat, le théoréme 3.6.4 qui a été découvert pendant mon doctorat
et qui est représentatif des méthodes que j’ai élaborées dans mes recherches.

L’article [10] présenté dans ce chapitre contient les théorémes et quelques
résultats de mon mémoire de maitrise [8]. La version compléte [11]| étant trop
longue, Algebra Universalis a quand méme tenu & publier I’article en partie. J’ai

I'intention de faire publier la version compléte prochainement.
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3.2. CLONES SUR TROIS ELEMENTS QUI PRESERVENT UNE OPE-

RATION BINAIRE

La rédaction en vue de publication des résultats de ma maitrise 8], interrom-
pue par la recherche contenue dans [12], reprenait de plus belle. Mon mémoire
de maitrise est la liste de tous les clones sur trois éléments qui sont de la forme
Pol p pour p une relation binaire, et comment ils sont ordonnés par inclusion.

La plupart des inclusions sont prouvées a partir du théoréme 3.7.1. Deux petits
clones connus complétement générent aussi un grand nombre d’inclusions. Ils sont
Pol(£\) = Pol(A\) = {e) et Pol(oﬁk) = (cp, c1). Ils sont tous deux généralisés
a plus de trois éléments; le premier dans [32] et 9], le deuxiéme dans [12] qui
est au chapitre 2 de la présente these.

Mon mémoire de maitrise contenait aussi plusieurs petits théorémes pour
prouver l'inclusion d’un clone dans un autre pour laquelle je n’avais pas pu trouver
une matrice pour le théoréme 3.7.1. Ces petits théorémes m’agacaient. Je réussis
a trouver quelques matrices pour pour prouver certaines des inclusions. Les cas

qui restaient impliquaient tous le clone Pol(z,). Je prouvai finalement que
Pol(/i) = (cp, majg)

ol

1, fr=y=iorx=z=iory=z2=1;
majy(z,y, z) =

0, sinon.

Inspirée par le théoreme 2.5.1, je généralisai le résultat ci-haut de la fagon

suivante.
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Théoréme 3.2.1. Soit A =1{0,1,...,k—1} ot k > 2. Soit p une relation binaire

sur A définie par

p=1(0,0),(0,1),(1,2),.... (k- 2,k — 1), (k — 1,1)}

(voir la figure 3.1). Alors Pol p = (¢, maj,).

F1G. 3.1. Une relation preservée par (cy, maj,)

Bien que ma thése se concentre surtout sur les clones ne contenant que des
constantes et des permutations, les théorémes 3.2.1 et aussi 2.6.1 montrent que

ce genre preuve s’applique plus largement.

3.3. ABSTRACT

We describe the clones on 3 elements that can be expressed as Polp for p a
binary relation. We present the poset of these clones ordered by inclusion. This

article is a shortened version to give an idea of the whole work.

3.4. INTRODUCTION

In 1941, Post presented a complete description of the countably many clones
on 2 elements [29]. The structure of the lattice of clones on finitely many (but
more than 2) elements is more complex; in fact the lattice is of cardinality 2%

[17]. Tt is hoped that by studying clones on 3 elements, we might get an idea of
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the general structure of the lattice of clones on any finite set of cardinality greater
than 2.

It is also known that every clone C' on a set A can be expressed as the clone of
those operations preserving a set of relations on A, i.e. C' = Pol R where R is a set

of relations on A. This may be rewritten as C' = ) _p Pol p. Hence those clones

pER
of operations preserving a single relation may be viewed as a sort of skeleton for
the whole lattice £4. If we consider only the clones of operations preserving a
single binary relation on 3 elements, we already have 266 clones in 67 equivalence
classes. Included among them are 16 of the 18 maximal clones.

The author’s Master’s thesis was a compilation and an ordering by inclusion
of the clones on three elements which preserve one binary relation. This article
is a translation and a rewriting of part of that thesis. Errors have been corrected,
and several inclusions have been simplified, in part due to Theorem 3.6.4, which
is new. Some of the diagrams have been redrawn for clarity and a couple have
been added. The Non-Inclusions section of the thesis has been omitted for brevity
and because it is straightforward. Due to the great length of the list of all clones
on three elements which preserve one binary relation and the size of the diagrams

describing all the inclusions between such clones, only a sample is shown in this

article. The complete list of relations and all the diagrams can be found in [11].

3.5. DEFINITIONS

Let A be a finite set and n a positive integer. An n-ary operation on A is a
function f : A — A. The set of all n-ary operations on A is denoted by Oﬁf),

and O := Uycpew Ogn). For 1 <4 < n, the n-ary i-th projection is defined as
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e§”) (x1,...,2,) = x; for all zy,...,x,. We write e for the identity operation. For
a € A, the n-ary constant operation a is defined as ) (x1,...,2,) = a for all
X1, ..., T,. We write simply ¢, for unary constant operations.

For f € O™ and ¢1,...,g, € O™ we define their composition to be the

m-ary operation f[gi,...,g,] defined by

flors s gnl(@1, o yxm) = flgi(ze, oo Zm), oy Gn(@1, o T)

A clone on A is a subset F' of O4 which contains all the projections and is closed
under composition. It is well known and easy to prove that the intersection of an
arbitrary set of clones on A is a clone on A. Thus for F' C Oy4, there exists the
least clone containing F', called the clone generated by F and denoted by (F).
Equivalently, (F') is the set of term operations of the algebra A = (A; F') usually
denoted by T'(A). The clones on A, ordered by inclusion, form the complete lattice
La.

Let h be a positive integer. A h-ary relation p is a subset of A". For p € A?, we
write a — b for (a,b) € p. The relations may then be drawn as directed graphs.
For example, for A = {0,1,2}, the relation {(0,0),(0,1),(1,0),(1,2)} may be

represented as in Figure 3.2 :
0
1/ .2
F1G. 3.2. Example of a relation

Let f € O™ and let p be an h-ary relation on A. The operation f preserves

p if for all (a1, a0, ...,an;) €p (i=1,...,n),

(f(al,la a1,27 L 7a1,n)7 f(a2,17 a?,?a s 70’2,71)7 ceey f(ah,ly ah727 o 7ah,n)) S p
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The set of operations on A preserving p is a clone denoted by Polp. A relation
p is strongly rigid if it is preserved only by the projections.

From now on, we will assume that we are working on the set 3 := {0, 1,2} and
that relations are binary. When we draw them as directed graphs, we will omit
the numbers; they will be assumed to be in the same configuration as in Figure
3.2. Note that the unary relations are equivalent to certain binary relations. For
example, the unary relation {0, 1} can be represented as {(0,0), (1,1)}, so that

we are in fact studying all unary relations as well.

3.6. DESCRIPTION OF SOME CLONES

It is easy to see that the trivial relations () and 3" are preserved by all ope-
rations. For binary relations, that means that . ", , o&o and OOO (because it
corresponds to the full unary relation) are preserved by all operations.

The following four theorems exhibit relations for which we know all the ope-
rations that preserve them.

Theorem 3.6.1 (Rosenberg [32]). The relation [\ is strongly rigid.
Theorem 3.6.2 (Fearnley [9]). The relation /\ is strongly rigid.

Theorem 3.6.3 (Fearnley [12]). Pol(d}_qk) = (o, ).

Theorem 3.6.4. Let A = {0,1,...,k — 1} where k > 2. Let p be the following

binary relation on A (see Figure 3.3)

p=1(0,0),(0,1),(1,2), ..., (k— 2,k —1), (k- 1,1)}
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Then Pol p = (co, maj,) where maj, is the ternary operation defined by
i, ifr=y=iorrx=z=tory=z=1;

majO(xa Y, Z) =

0, otherwise.

F1G. 3.3. A relation preserved by (cy, maj,)

Before proving the theorem, let us state a pair of definitions with some of
their properties, and prove a lemma. We define two unary operations : £~ given
by 07 =0,a” =a+1if0<a<k—1and (k—1)" =1, and 2= given by
0" =0anda” =a—1if 0 <a<k—1. We write a®> instead of a~, and so
on. We define a*~ similarly.

Proposition 3.6.5. (4) a — a~ and a*"V~ = q for all a € A.

(B) a= — a, a* 2= € {0,1} and a* "V~ =0 for all a € A.

(C) Either {a,a”,a*",...,a* 2=} ={1,2,... k- 1}

2—s

ora=a" =a*" =...=a* 2> =0.

(D) Let f € Polp be an n-ary operation. Then
flar, .. x)) = (f(z1,...,2,))" forallxy,...,z, € A

PROOF. Statements (A) and (B) are trivial. Statement (C) is derived from
2

statement (A) since a — a~ — a*~ — ... — a* V7 =q.

To prove statement (D), let x1,...,x, € A. By (A), we have that

flz, .o xn) = flor,.. o @) (3.6.1)
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Since f € Polp, and since by (A), x; — a7, ..., x, — x,,, it follows that

flxe, .. xn) — fla7,. . z,). (3.6.2)

If f(xy,...,2,) # 0, then f(x",...,x;") is uniquely determined, so by equa-
tions (3.6.1) and (3.6.2), we have f(x,...,x,) = (f(z1,...,2,))" as required.
If f(z1,...,2,) = 0 and f(a,...,z,) = 0, then the equality is fulfilled. Ho-
wever, if f(xy,...,2,) = 0and f(z,...,2;7) = 1, then from (3.6.2), it follows

n

that 1 = f(a,...,z;) — f(z37,...,227) — ... — f(xgk_l)_), e ,:v,(f_l)_)) =
f(z1,...,2,) =0, which is a contradiction. O
Lemma 3.6.6. Let f € Polp be an n-ary operation, and let z1,...,x, € {0,1}.
Then f(0,...,0) =0 and f(xq,...,x,) € {0,1}.

PROOF. Since 0 <> 0, we have f(0,...,0) < f(0,...,0). Thus f(0,...,0) = 0.
Now 0 — x; for i = 1,...,n, thus 0 = f(0,...,0) — f(x1,...,2,). Therefore
flz1,...,z,) € {0,1}. O

PROOF. (of Theorem 3.6.4). We begin by showing that (¢, maj,) C Polp.
Then, for an operation f € Polp, we consider its diagonal, which, being unary,
must be a constant or the identity. We show that a constant diagonal implies
that the original operation is a constant. When the diagonal is the identity, we
consider the restriction of f to {0,1}. The Boolean clones are all known [29]. We
find that f|r13 C (co,maj) on {0,1}. Finally, we show that what happens on
{0,1} determines what happens on the whole set. This completes the proof.
Claim 1. ¢y and maj, are in Polp.

PROOF. For ¢y, note that if @ — b then co(a) = 0 — 0 = ¢y(b). Therefore

co € Polp.
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For maj,, let a1, as, by, by, c1,c0 € A such that a3 — ag, by — by and ¢; — co.
If ag = by # 0, then ay = a7” = by. Thus majy(aq,b1,¢1) = majy(ar,ar,¢1) =
a; — ay = as = majy(ag, as,ca) = maj,(asg, by, c2) as required. The cases where
a; = ¢ # 0 and by = ¢; # 0 are similar. In all other cases, maj,(ai,b1,c;) = 0,
and the only way we could fail to have maj,(a, by, ¢1) — majy(ag, b, ¢o) would be
if maj,(az, be, c2) ¢ {0,1}. For that to happen, we would need to have as = by ¢
{0,1} or ag = ¢ ¢ {0,1} or by = 5 ¢ {0, 1}, which have already been covered in
a previous case. Therefore maj, € Pol p. O

Let f € Polp be an n-ary operation. Define its diagonal operation d : A — A
by d(x) := f(x,...,z) for all z € A.

Claim 2. Either d =cy ord = e.

PROOF. By Lemma 3.6.6, d(0) = f(0,...,0) =0 and d(1) € {0,1}. If d(1) =
0,wehave d(2) — ... — d(k—1) — d(1) = 0. Therefore d(2) = ... = d(k—1) =0,
which implies that d = ¢q. If d(1) = 1, we have 1 = d(1) — d(2) — ... —
d(k — 1) — d(1) = 1. Therefore d(a) = a for all a € A, which implies that
d=e. U
Claim 3. Ifd = ¢y then f = c(()”).

PROOF. Let z1, ..., x, € {0,1}, then :cg’“‘”* € {k—1,0} and hence xgk_2)_’ —
Lforalli =1,...,n. By Propositions 3.6.5(A) and (D), we obtain f(z1,...,2,) —
flar, . a7) — o= YT YTy S, 1) = d(1) = 0. The-

refore f(xq,...,2,) = 0 for all z1,...,2, € {0,1}. Now let xy,...,2, € A. By

Propositions 3.6.5(A), 3.6.5(D) and the result above, we have

flzy, ... my) — flay,. ..,z ) «— ... <—f(x§k_2)<_,...,x(k_2)‘_) = 0.
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Thus f(z1,...,z,) € {0,..., k — 2}. Similarly,

(F@e, . x)? " (fzy, . z)) 2= e o, ...k — 2.

By Proposition 3.6.5(C), this implies that f(z1,...,z,) =0. O
For every f : A" — A in Pol p, we consider the corresponding Boolean ope-

ration f|goq1y : {0,1}" — {0,1}. This is possible because of Lemma 3.6.6. Note

that majy |0,1; = maj (the usual Boolean majority operation) and that cy become

the corresponding Boolean constant co. Now define (Polp)|q0.13 := {flr01} | f €

Pol p}. Clearly, (Pol p)|{0,1} is a clone on {0, 1}.

Claim 4. (Pol p)|{0,1} = (co, maj).

PROOF. Using Post’s classification [29], we can find what (Pol p)|{o1y is. By
Claim 2, we need only consider the clones on {0,1} which contain ¢, but not
c1. These clones are shown in Figure 3.4, along with the clones F2°, Dy and S5,
which are refered to in this proof, and a few other clones needed to situate them.

Since ¢g and maj are in (Pol p)|(o,13, that means that (c;) = Rg and (maj) = D
are included in (Pol p)|;0,1}, hence F? = (¢, maj) C (Polp)|f0,13-

But the operation g(z,y, 2) :== xA(yV—-z) & (Pol p)|0,1y since otherwise, there
would be an operation f € Pol p such that f|io1y(2,y,2) = A (y VvV —z). Such an
operation would have the property that 1 = f(1,0,0) — f(2,0,0) — ... — f(k—

1,0,0) — f(1,0,1) = 0, which is impossible. Therefore (g) = F° Q (Pol ,0)|{071}.
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Rg = <Co>

F1G. 3.4. A part of Post’s lattice

The operation xVy ¢ (Pol p)|(0,1}, since otherwise, there would be a operation
[ € Polp such that f|q1)(z,y) = =V y. Such an operation would have the

property that

1=f(0,1) = f(1,2) = ... = f(k—3,k—2) = f(k—2k—1) — f(k—1,1)

which implies that f(k —1,1) =1, and

1= f(1,0) = f(2,0) = ... — f(k—2,0) = f(k—1,1) =1

which is impossible because it is only a (k — 2)-cycle. Therefore (V) = Sy ¢

(Pol p)|{0,13- Hence (Pol p)|f0,13 = F? = (co, maj). O

Claim 5. Let f,g € Polp such that f|1y = glq1y- Then f = g.
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PrROOF. Let f,g be n-ary and let x1,...,x, € A. By Proposition 3.6.5, we

have for all i € {0,..., k — 2},

()R ) ) = () () D)
= (@) @) = ) = (@)

Furthermore, by Lemma 3.6.6, f((z{~)* =2 ... (277)#=2<) € {0, 1}. If there
exists an i such that f((zi7)*=2= ... (227)*=2<) = 1, then for that i we would

have
(g(z1, - n)” =k = 1= (flze, .., 20))"

which implies that

g(xy, ... x) = (k— 1)((]“_1)_1‘)a = f(z1,...,2,)

as required. Now suppose that f((zi)#=2< . (207)*=2<) = 0 for all i €
{0,...,k—2}. In that case, (f(z1,...,2,)), (g(z1,...,2,))"~ €40,..., k —2}.
Therefore, by Proposition 3.6.5, g(x1,...,x,) = 0 = f(z1,...,z,) as required.
0]

Thus f € Polp is entirely determined by f|o13. By Claim 4, f|g1y can be
written as a term made up of ¢y and maj on {0, 1}. If we replace all occurrences
of ¢y and maj in the term by the corresponding operations on A, we must obtain
f. Therefore f can be written as a term made up of maj, and ¢y on A. In other

words, f € (co, maj,). Therefore, by Claim 1, Pol p = (¢, maj,). O

Corollary 3.6.7. For A =1{0,1,2}, Pol(./i) = Pol(.&) = (cp, maj,).
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3.7. INCLUSIONS

For the relations not covered in Section 3.6, we must find out which clones
are included in which others. The following theorem provides a way of finding
inclusions directly from the relations. Note that a relation p C A" is without
repetitions if p € {(a1,...,an) € A" | a; = a; if (i,j) € €} for any equivalence
¢ € {1,...,h}? other than the trivial equivalence {(1,1),(2,2),...,(h,h)}. For
binary relations on 3 elements, this means that p ¢ {(0,0), (1,1), (2,2)}. Also note
that if p C {(0,0), (1,1),(2,2)}, then Pol p = Pol p™") where pt) = {a | (a,a) € p},
which is without repetitions.

Theorem 3.7.1 (Bodnar¢uk, Kaluznin, Kotov, Romov [4]). Let A be a finite set.

Let p C A", and let 0 C Al be a relation without repetitions. Then Pol p C Polo

iff there exist m > 1, n < m" and an nx h matriz X = (z;;) with r;; € {1,...,m}
such that (a1, ...,a;) € o iff there exist aji1,. .., an such that for alli =1,...,n,
(arz‘,u Az oy - - 7a1"z‘,h> cp

We can greatly decrease the number of relations we need to examine by consi-
dering the following results.
Proposition 3.7.2. Let © be a permutation of A, p an h-ary relation on A and
f an n-ary operation on A. Set w(p) := {(n(ar),...,7(an)) | (a1,...,asn) € p},
and fr : A" — A defined by fr(x1,...,2,) = 7(f(m Y (z1),..., 7 Yz,))). Then
Pol(n(p)) = (Pol p) := {fs | € Pol p}.
Corollary 3.7.3. Let p be a binary relation on A. Set p' = {(b,a) | (a,b) € p}.
Then Pol p = Pol p'.

PROOF. Use Theorem 3.7.1 with the matrix (1 0). 0
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Theorem 3.7.4 (Jablonskij [16] and Rosenberg [30] and [31]|). There are 18
mazimal clones in the lattice of clones on 3 elements. The 16 that are preserved
by binary relations, are of 6 types. These relations are : .O., Oo., ,L\L, G/OU
O&U and C/O\)

Theorem 3.7.1 gives a necessary and sufficient condition for inclusion. In prac-
tise, proving that there is no inclusion, using the theorem, is difficult. To show
that the clone Pol p is not included in the clone Pol o, we only need to find an
operation f which preserves p but not 0. We have found such a function for each
pair of relations o, p for which Pol p € Polo. Finding such operations is straight-
forward : the operations used are at most 4-ary, and almost all are at most binary.
The tables of operations will not be included in this paper, but they can be found
in [8|.

The complete version of this paper contains a list of all the binary relations
and what relations they are equivalent to and why. For each relation p, up to
equivalence, we indicate which relations ¢ are such that Pol p C Pol ¢ minimally
(within the scope of this study), along with the matrix or theorem that proves it.
Here, we present the relations of cardinality 0, 1 and 2 to give an idea of what is

known. The complete list of relations can be found in [11](Section 5, pp.7-19).

Cardinality 0

Greatest clone (Section 3.6)

Cardinality 1

< .. Maximal clone



o< ~ {0}

< o5 . ={1}

Cardinality 2

O )

©
< 4 - ~ {0,1}
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< 5 5 ~{L,2}
/o<, ~ {0,1}
L. < [

< .\
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1 2

2 1

7 NN
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Maximal clone
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—
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[\
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N~—

—
w N
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< )
4
3
< oy 4 2
Hh 4
<OA i

3.8. INCLUSION DIAGRAM

The whole inclusion diagram for clones preserving one binary relation can be
found in the complete version of this paper on the author’s website [11](Section
7, pp. 29-45). It is separated into sub-diagrams which are either one or more
intervals, or a set of clones satisfying a certain property. Only the first sub-diagram
is included here. All the diagrams are Hasse diagrams. That is A C B is indicated
by linking A and B by a line such that A is lower than B on the page. Throughout,
we write simply the relation to represent the clone preserving that relation.

Figures 3.5 and 3.6 show the interval from i to . 7 . in two parts. These are
the clones containing the constant ¢y but no other constants. The greatest and

smallest clones are also indicated.

3.9. CONCLUSION

I have found the clones on 3 elements preserving one binary relation to be
a useful framework and source of examples for understanding clones in general.
An obvious way to extend this research would be to consider relations of greater

arity. One could also consider binary relations on 4 or more elements to look for
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F1G. 3.5. Interval of clones containing the constant cg, but no other

constants. Part 1.

any generalizations. This approach has yielded some results [9], [12]. T am also
interested in linking up the clones in this study with other lists of clones on 3

elements.
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F1G. 3.6. Interval of clones containing the constant cg, but no other

constants. Part 2.
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Chapitre 4

THE CLONE OF OPERATIONS PRESERVING

A CYCLE WITH LOOPS

AUTEUR : ANNE FEARNLEY

4.1. LE CLONE D’OPERATIONS PRESERVANT UN CYCLE ET DES

BOUCLES

Apreés la rédaction de I'article The monoidal interval for the monoid generated
by two constants (chapitre 2), je sentais qu’il y avait plus a dire au sujet des
relations formées d'un k-cycle et de boucles sur k éléments. J’étais intriguée par

les ennoncés suivants pour k£ > 4 :

Pol
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qui est le théoréme 2.5.1 de la présente these et

Pol = (co,C1y .- Ck_2)

qui est une conséquence facile du théoréme 4.1.1. Puisque les seules opérations
unaires préservant cette relation sont les constantes ¢y, . . ., cx_o, le théoréeme 4.1.1,
garantie que les seules opérations (de n’importe quelle arité) préservant la relation
sont engendrées par les constantes cg, ..., cp_o.

Théoréme 4.1.1 (A. Krokhin [19]). Soit A ={0,1,...,k—1} tel que k > 3. Le
monoide {(cg, ¢y, ...Cx_o) est affaissant sur A.

En méme temps, I. Rosenberg me demanda si I’on pouvait étendre le théoréme
2.5.1 aux relations formées d’'un k-cycle et de deux boucles pas nécessairement
voisines.

Ces idées portérent fruit au dela de nos espérances. Dans I’article, je considére
toutes les relations binaires sur k éléments qui sont formées d'un k-cycle et de
boucles quand elles sont écrites sous forme de graphe. Je montre que si £ > 3 et
que la relation a au moins deux boucles, alors la relation n’est préservée que par
des opérations essentiellement unaires. Dans tous les autres cas, la relation est

préservée par des opérations dépendant de plusieurs variables.
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4.2. ABSTRACT

We consider all the binary relations on k elements which, when viewed as
directed graphs, consist of a k-cycle and some loops. If £ > 3 and the relation has
at least 2 loops, we show that it is only preserved by essentially unary operations.
In all other cases, the relation is preserved by operations that depend on a greater

number of variables.

4.3. PRELIMINARIES

Let A be a finite set and n a positive integer. An n-ary operation on A is a
function f : A — A. The set of all n-ary operations on A is denoted by Ogl),
and O4 = Uy<pew 054”). For F C Oy, set F™ .= F'n OXL).

For 1 <i < n, the n-ary i-th projection is defined as el(-n) (x1,...,2,) = x; for
all x1,...,x,. We write e for the identity operation. For a € A, the n-ary constant
operation a is cgn)(xl, .o, Ty) = a for all xq,...,z,. We write simply ¢, for the
unary constant operations V. An operation f € O™ depends on its first variable
if there exist z,y,z5...,x, € A such that f(z,z9...,2,) # f(y,22,...,2,). An
operation is essentially unary if it depends on at most one of its variables.

For f € O™, and ¢1,...,9, € O™ we define their composition to be the

m-ary operation f[gi,...,g,] defined by

f[gla---vgn](xla---7$m) = f(gl(l'lw"axm)a-"agn(xlv"->xm))

A clone on A is a subset F' of O4 that contains all projections and is closed
under composition. It is well known and easy to prove that the intersection of an

arbitrary set of clones on A is a clone on A. Thus for F' C Oy4, there exists the
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least clone containing F, called the clone generated by F' and denoted by (F').
Equivalently, (F') is the set of term operations of the algebra (A; F'). The clones
on A, ordered by inclusion, form a complete lattice, £ 4.

Let h be a positive integer. An h-ary relation p is a subset of A". When
dealing with a fixed p € A?, we write a — b for (a,b) € p. The relations may
then be drawn as directed graphs. For example for A = {0, 1,2}, the relation

{(0,0), (0,1), (1,0), (1,2)} may be represented as in Figure 4.1
0
1/.,.2
F1G. 4.1. Example of a relation

Let f € O™ and let p be an h-ary relation on A. The operation f preserves

P if for all (au,ag’i, RN ,Clhﬁ') cp (Z = 1, RN ,77,),

(f(am, a2, - - - ,G1,n), f(a2,1, a2, ... 7612,n), cee f(ah,h ap2;y - - - >ah,n)> ep

The set of operations on A preserving p is a clone denoted by Pol p.

Consider a transformation monoid M of unary operations on A; M contains
the identity self-map e and is closed under the usual composition. Denote by
Int(M) the set of clones C' on A such that C) = M. Tt is well known that
Int(M) is an interval in the lattice of clones on A, (see [36]) called the monoidal

interval of M. 1f Int(M) contains just one clone, then M is said to be collapsing.

4.4. SOME COLLAPSING MONOIDS

As we will see in Section 4.5, the unary operations preserving a k-cycle and at

least 2 loops are some constants and some special permutations. It is interesting
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to find out which monoids of that type are collapsing. We begin with the well
known theorem by Palfy.

Theorem 4.4.1 (Palfy [27], see also [36]). Let A be a finite set containing at least
3 elements. Let M be a transformation monoid on A containing all the constants
and such that its non-constant operations are permutations. Then | Int(M)| < 2,
and equality holds if and only if M is a monoid of all unary polynomial operations
of a vector space.

Corollary 4.4.2. Let A be a finite set containing at least 3 elements. Let M be
a transformation monoid on A. If M consists exactly of all the constants and the
wdentity, then M s collapsing.

Theorem 4.4.3 (Krokhin [19]). Let A = {0,1,...,k — 1} where k > 4. The
monoid (co,C1,...Cx—2) is collapsing on A.

The only collapsing monoids containing only constants and the identity are
given by Corollary 4.4.2 and Theorem 4.4.3. In fact all other monoids of that type
give rise to monoidal intervals of cardinality 2% [17], [19], [28].

We will now look at monoids on A = {0, 1,...,k—1} containing constants and
those special permutations which we will call shifts. A shift is a unary operation
that is a power of the permutation s = (0,1,...,k — 1). Note that s*(z) = a+ x
for all x € A where 4+ denotes addition mod k.

Theorem 4.4.4. Let A = {0,...,k — 1} where k > 3. Consider the monoid
M = {cy,c1,...,¢1,8") on A where j € N. M is collapsing.
PROOF. Note that the case j = 0 is simply Corollary 4.4.2. By Theorem 4.4.1,

either M is collapsing, or there is a clone whose monoid of unary operations is
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exactly M and contains a binary operation (corresponding to the addition in the
vector space) depending on both its variables.

Let C be a clone on A such that C(Y) = M. Let f € C be a binary operation.
Let us define some unary operations associated with the table of f : the diagonal
d(x) = f(x,z), the horizontals h;(x) = f(i,x) = f(ci(z),z) and the verticals
vi(z) = f(x,i) = f(x,¢(x)) for all i,z € A. Note that d, h;,v; € C for every
i € A; hence d, h;,v; € M for every i € A. Note also that h,(y) = f(z,y) = v,(z)
for all x,y € A.

Since d € M and d(0) = f(0,0), it is clear that d can only be either cs( ) or
sf(0.0  Note that s/(®% might not even be in M. This is not a problem in what
follows since we need only omit all reference to the function s/,
Claim 1. If d = ¢y, then f = c{y .

PROOF. Since ho(0) = f(0,0), thus hg = cs(0) or hg = s7%. Suppose that
ho = s700 then v1(0) = ho(1) = s7O0(1) = 14 £(0,0) and v,(1) = d(1) =
cro0(1) = f(0,0). This is impossible since v; € M. Therefore hy = ¢,
Similarly, vo = cf0,0)- Now hi(0) = vo(1l) = cpo,0)(1) = f(0,0) and hy(1) =
d(1) = cp0,0)(1) = £(0,0). Therefore hy = cs(0,0).-

Now, let i € A, we have v;(0) = ho(2) = cf0,0)(1) = f(0,0) and v;(1) = hy(2) =
cr0,0)(1) = f(0,0). Therefore v; = cf) for all i € A. Finally, let 2,y € A, then
f(x,y) = vy(x) = cpo0)(z) = f(0,0). Therefore f = 0;2()070) as required. O
Claim 2. If d = s7©0 then cither f = s/ o ¢{? o f = s/(0.0) 5 (P

PROOF. Since ho(0) = f(0,0), thus hg = cf(o) or hg = s/©0,

CASE 1 : hg = ¢p(0,0)- Let us consider v; and v, : we have v1(0) = ho(1) =

ct00)(1) = £(0,0) and v;(1) = d(1) = s'©9(1) = 1 + f(0,0). Therefore v; =
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s700)  Similarly, v,(0) = f(0,0) and v5(2) = 2 + £(0,0), which imply that v, =
5700 Now let us consider all the horizontals : for i € A, we have h;(1) = v, (i) =
sPO0 () = i 4+ f£(0,0) and hy(2) = vy(i) = /@) = i + £(0,0). Therefore
hi = ciipo,0) for alli € A. Let z,y € A, we have f(z,y) = ho(y) = Catro0)(y) =
z + £(0,0) = s7©9(z). Therefore f = s/ o ¢{?) as required.

CASE 2 : hy = s/(®9. Let us consider v; and v, : we have v1(0) = hy(1) =
s7O0(1) = 14 £(0,0) and v;(1) = d(1) = s/©9(1) = 14 £(0,0). Therefore
V1 = C11f(0,0))- Similarly, v2(0) =2+ £(0,0) and v,(2) = 24 f(0,0), which imply
that vy = c(247(0,0))- Now let us consider all the horizontals : for i € A, we have
hi(1) = vi(i) = cairoop(@) = 1+ f(0,0) and hi(2) = v2(i) = ciso0)(i) =
2 + £(0,0). Therefore h; = s/©9 for all i € A. Now, let z,y € A, we have
F(2,y) = ha(y) = s700(y) = y + £(0,0) = s'®0(y). Therefore f = s/ o ¢f?
as required ([l

By the Claims, f is essentially unary. Therefore M must be collapsing. ([l
Corollary 4.4.5. Let A ={0,...,k—1} where k > 3. Let p be the binary relation
on A defined by p = {(0,1),(1,2),...,(k—1,0),(0,0),...,(k — 1,k — 1)} Then
Pol p = (co, s).

PROOF. By Theorem 4.4.4, {cy,s) = (co,c1,...cx1,5) is collapsing. Thus
it suffices to show that (Polp)™) = (cy,s). Clearly co,s € (Polp)M). Let f €

(Pol p)V. Tf £(0) = f(1), we have

f0)=f1) = f2) = ... = f(k=1) = f(0)
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a (k —1)-cycle, hence they are all equal. Therefore f = cgq) = s70 o ¢y € (cp, 5).

Now suppose that f(0) # f(1). Since f(0) — f(1), then f(1) = f(0) + 1, and

FO+1=f1) = f2) = ... = f(k=1) = f(0)

which implies that f(z) = f(0) +x for every x € A. Therefore f = s/ € (cy, s).
In both cases f € (¢, s) as required. O
Using the following theorem and Theorem 4.4.4 we can find a result analo-
guous to Theorem 4.4.3 for constants and shifts.
Theorem 4.4.6 (A. Szendrei, see [14]). Let A be a finite set and L a subset of
A with |L| > 1. Let M = {c, | a € L} UG where G is a permutation group
on A such that A\ L is an orbit under the action of G, and the restriction map
G — G|, is injective. Then M is collapsing if M|, is.
Corollary 4.4.7. Let A=1{0,...,k—1} where k > 3. Let M be a monoid on A
containing only constants (at least 3) and shifts. Let L = {a € A | c, € M}. If
A\ L is an orbit under the action of the permutations in M, then M is collapsing.
PROOF. The permutations of M must form a group G since A is finite; we
may write M = {c, | a € L} UG as in Theorem 4.4.6. Take the smallest power
t such that s* € G and set r = s'. It is well known from Group Theory, that
G = (r). It is easy to verify that the restriction map G — G|, is injective. By
Theorem 4.4.6, M is collapsing as long as M|, is. But M| is indeed collapsing

by Theorem 4.4.4 implying the desired result. 0
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4.5. THE RELATIONS MADE UP OF A CYCLE WITH LOOPS

We are interested in studying binary relations on A = {0,...,k — 1} which,
when represented as graphs, are made up of a k-cycle and a certain number of
loops. As usual the case A = {0,1} is exceptional. A relation with no loops or
with only one loop is also different from the rest. These cases will be discussed in
Section 4.6.

We already know what happens when we have a k-cycle and 2 loops that
follow one another on the cycle.

Theorem 4.5.1 (Fearnley [12]). Let k >3 and A= {0,1,...,k—1}. Let

p=1(0,0),(1,1),(0,1),(1,2),(2,3),...,(k—1,0)}

Then Pol p = (co, c1).

We will extend this result to all relations made up of a k-cycle and at least 2
loops placed anywhere on the cycle. In Theorem 4.5.3, we show that these relations
are preserved only by constants, and operations that are essentially shifts (powers
of the permutation s = (0,1,...,k —1)).

The basic idea is to consider what happens on the set L = {ay,...,q;} of
elements that have loops. Without loss of generality, we may assume throughout
that 0 € L. As in [12], we define two unary operations on A : 2~ defined by
a”=aifa€ Landa” =a+1ifa¢ L, and 2= defined by a~ = a if a € L and
a” =a+ (k—1)if a ¢ L where + is the addition in Z;. We write a®>~ instead of
a~~, and so on. We define a*~ similarly. The following proposition follows from
the definitions.

Proposition 4.5.2. (4) a= —a—a~ foralla € A.
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(B) '~ « a"V" and = — otV foralla € A and i € {1,2,...}.

(C) a*V= a*=D= e [ for alla € A.
Theorem 4.5.3. Let A={0,...,k—1} where k > 3. Let p be the binary relation
on A defined by p = {(0,1),(1,2),...,(k—1,0),(ar,a1),...,(a;,a;)} where 2 <
|<kanday,...,qy €A. ThenPolp= {cs,...,Cq,5) for somej € {0,1,2,...}.

As stated above, we will assume that 0 € L throughout the proofs of the lem-
mas and the theorem. Theorem 4.5.3 naturally separates into 2 cases depending
on whether the relation has rotational symmetry. The case without rotational
symmetry is generally easier.
Lemma 4.5.4. There exists a permutation, v = s*, such that Polp N Sy, = (r).

PROOF. If Polp N Sy = {e} (i.e. if p has no rotational symmetry), then set
j =0 and r = e. Otherwise, let p € Polp N Sy such that p # e. Since p € Pol p,
we have that p(0) — p(1), and since p € S, we know that p(0) # p(1). Therefore
p(1) = p(0) 4 1. Similarly p(2) = p(0) + 2. In general p(z) = p(0) + = for all
x € A. Therefore p = s”©). As in Corollary 4.4.7, take the smallest power ¢ such
that s* € Polp and set r = s'. Thus Pol p N Sy, = (r) as required. O
Lemma 4.5.5 (Fearnley and Rosenberg [14|). Let M be a transformation monoid
on a set A. Let L = {a € A| ¢, € M}, and let C be a clone on A such that

cW = M

(A) For any f € C, we have f(L,...,L) C L, therefore f can be restricted to

L to get an operation f|; on L.
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(B) In particular, for any m € M, m(L) C L. Moreover, if A is finite, then
every permutation in M permutes the elements of L and the elements of
A\ L.

(C) The restriction M|, = {m|, | m € M} of M to L is a transformation
monoid on L, and the restriction C|p, = {f|. | f € C} of C to L is a
clone such that (C|)V = M|y.

Lemma 4.5.6. For xz € A, denote by r*(z) the orbit of x under the action of (r).
Let R={0,...,7(0) + (k- 1)}

(A) For each x € A, r*(z) C L orr*(x) C A\ L,

(B) For each x € A, there exists a unique x~ € R such that x € r*(x7), i.e.
such that x = r*(z~) for some integer i.

(C) r*(R) = A.

(D) x= =y~ if and only if x € r*(y).

(E) For anyx € A, ()" = ((z7)7)” and (z7) = (x7)".

(F) For any x € A, (z"7)” = ((z7)"7)” and (")~ = (7).

PROOF. Note that in the case without rotational symmetry, this lemma be-
comes trivial since r*(x) = {2} forallz € A, R= A, and 2~ =z for all z € A.
In all other cases, R = {0,...,7(0) — 1}

Statement (A) is true by Lemma 4.5.5 (B). Statements (B), (C) and (D) are
obvious. To prove statement (E), let x € A. There exists an integer ¢ such that
x=r'(z")=a" +it,since r = s". If & € L, then 2~ € L, and we have (z7)~ =
x-=(x")"=((x7)") . Ifx ¢ L,thenz~ ¢ L. Now, ((x7)~)” = (x~+1)", and

(=) = (1) = (i) $1)7 = (@ + 1) Fit)™ = (e 1)) = @ +1)
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The second part is similar, it is simpler to state because 0 € L. Statement (F) is
derived from Statement (E) by a simple induction. O
Lemma 4.5.7. (Polp)M) = (r,c,,,...,cq,) as a monoid.

PROOF. Remembering that r is defined to be e if p has no rotational symmetry
(Lemma 4.5.4), it is clear that r,c,,, .. .,cq € (Polp)V). Let f € (Pol p). Since
0€ L, 0« 0, thus f(0) < f(0) and therefore f(0) € L. We have f(0) — f(1),
therefore f(1) € {f(0), f(0) + 1}.

If f(1) = f(0), then we have

f0)=f1) = f2) = ... = f(k=1) = f(0)

a k — l-cycle, thus f(0) = f(1) = ... = f(k — 1). Therefore f = cy(.

Now, if f(1) = f(0) + 1, then we have

FO)+1=f1) = f2) = ... = f(k=1) = f(0)

which implies that f(z) = f(0) 4+« for all z € A. Therefore f is the permutation
sf0 € Pol pN S.. By Lemma 4.5.4, f € (r).
In both cases, f € (r,cay, ..., Cq)- O
PROOF. (of Theorem 4.5.3). By Lemma 4.5.5 (C), (Polp)|; is a clone on
L, and by Lemma 4.5.7, its unary operations are exactly the identity, all the
constants and the powers of r|y.

Claim 1. If p has only 2 loops and no rotational symmetry, then (Polp)|, =

(Car» Cay)-
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PROOF. Since 0 € L, let us write L = {0,a}. We need only study the case
2 < a <k — 2, since Theorem 4.5.1 shows the Claim to be true when a = 1 or
a =k — 1 (by renumbering).

We use Post’s classification [29] making the 0 correspond to the ‘false’ of Post
and a to ‘true’. By Lemmas 4.5.5 and 4.5.7, the unary operations in (Pol p)|., are
exactly ¢, ¢, and e. The monoidal interval on 2-elements for the monoid {co, ¢4, €}

is represented in Figure 4.2
A
SG - <CO,Ca,\/> PG - <CO,Ca,/\>

11 = <C()7 Ca>

F1G. 4.2. The monoidal interval Int{cy, cq,e} on {0, a}

Now suppose for the sake of contradiction that A € (Pol p)|.. Then there must
be some f € Polp such that f|, = A; ie. f(0,0) = f(a,0) = f(0,a) = 0 and

f(a,a) = a. We thus have
a=fla,a) > fla,a+1) = ... > f(a,0)=0— f(a,1) = ... > f(a,a) = a
which implies that f(a,z) = = for all 2 € A. Also,
0= £(0,0) = f(0,1) — ... — f(0,a) = 0

an a-cycle. Since a < k, all the elements of the cycle must be equal to 0. In

particular, f(0,1) = 0. Consider the following chain :
0=/(0,1)— f(1,2) - ... = f(a,a+1)=a+1

This is impossible since a # k — 1. Hence A ¢ (Polp)|r, which implies that

Ps & (Polp)|. Similarly V ¢ (Pol p)|.,, which implies that Sg € (Pol p)].
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Therefore (Polp)|, = R11 = (co, ¢a) as required. O
Claim 2. If p has only 2 loops and exhibits rotational symmetry, then (Pol p)|, =
(co, crs2, (0,K/2)).

PROOF. The only way that p can have rotational symmetry is if k is di-
visible by 2 and L = {0,k/2}. By Lemmas 4.5.5 and 4.5.7, ((Polp)|.)V) =
{e,co, cry2,(0,k/2)}. Note that since k > 3, we know that k/2 < k — 1.

We use Post’s classification [29] making the 0 correspond to the ‘false’ of Post
and k/2 to ‘true’. Clearly, the permutation (0, k/2) corresponds to negation. The
monoidal interval on 2-elements for the monoid {co, cx/2, 7, €} is represented in

Figure 4.3

Ch
L, = <ﬁ, -|->

Rz = <007 Crk/2, ﬁ)

F1G. 4.3. The monoidal interval Int{cy, cx/2, 7, e} on {0, k/2}

Now suppose for the sake of contradiction that + € (Polp)|, where + is
addition mod 2. Then there must be some f € Polp such that f|, = +; ie.

£(0,0) = f(k/2,k/2) = 0 and £(0,k/2) = f(k/2,0) = k/2. We thus have
0=£(0,0) = £(0,1) — ... — £(0,k/2) = k/2
which implies that £(0,1) = 1. Similarly,
kJ2 = f£(0,k/2) — f(1,k/2) — ... — f(k/2 = 1,k/2) — f(k/2,k/2) =0
which implies that f(k/2 — 1,k/2) = k — 1. Therefore

1=£(0,1) = f(1,2) = ... — f(k/2 = 1,k/2) =k — 1 # k/2
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which is impossible.

Hence + ¢ (Pol p)|, which implies that L; € (Pol p)|.. Therefore (Pol p)|, =
Ri3 = (co, cry2, (0, k/2)) as required. O
Claim 3. If p has more than 2 loops, then (Polp)|p = (cay,-- - Cay,7|L)-

PRrROOF. CASE 1 : If p has no rotational symmetry, then the unary operations
of (Polp)|, are e,cqy,...,Cq, ie.all the constants and the identity on L. By
Corollary 4.4.2, (Pol p)|, is essentially unary as a clone on L. Therefore (Pol p)|, =
(Cays ey Cay)-

CASE 2 : If p has rotational symmetry, then by Lemma 4.5.7, the unary

operations in Polp are e, c,,, ..., ¢, and the powers of r. By Lemma 4.5.5 (C),

1
the unary operations of (Pol p)|,, are all the constants and the powers of r|;. Note

that 7|, is a power of the permutation (aq, ..., ;). By Theorem 4.4.4 the monoid

generated by all the constants and r|y, is collapsing as a monoid on L. Therefore

(Polp)|r = (Cays - - -, Cays7|L) @s required.
In both cases, (Polp)|r, = (¢a,---,Cq,7|L), since we had defined in Lemma
4.5.4 that r = e whenever p was without rotational symmetry. O

Considering the relation p as a directed graph, each point in the graph must
be either on a loop or in a loop-less chain : ]a,a’| defined as the segment
{z1,...,2n} C A such that a,a’ € L, x1,...,2,, ¢ Land a — ;1 — ... —
Ty — a.

If p had no rotational symmetry, we could index the elements that do not have
loops, then prove the rest of the theorem by induction, adding those elements one
by one. The possibility that p has rotational symmetry can be handled by using

orbits instead of just elements. With that in mind, let us index the elements of R =
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{0,...,7(0) — 1} that do not have loops by setting R\ (LN R) = {b1,b2,...,by}
where by < by < ... < b, . Note that 7*(b;) N 7*(b;) = (0 whenever i # j
and L Ur*(by) Ur*(be) U...U7r*(by) = A. The rest of the proof is basically an
induction obtained by adding the orbits 7*(b;) one by one. We use the following
fact to establish the induction.
Claim 4. Let x € LU7r*(by) U ... U7r"(bjs1) where j < m. Then x= € LU
r*(b1) U ... Ur*(b;). Furthermore, let bj+1 be in the loop-less chain b — 1,d'].
Then x@+E=D= c LUur*(b)U...Ur*(b;).

PROOF. Let x € LUr*(by)U...Ur*(bjs1). If v € L, then = € L. If z € r*(b;)
for some 1 < i < j+ 1, then = = b;. By Lemma 4.5.6 (E), (z)” = (27)" =
bi- € LU{by,...,b;}. Therefore = € LUT*(by)U...U7r"(b;) as required.

For the second part, note that (¢’ + (k — V')) is really just the length of the
loop-less chain, written in such a way so as to work even with the 0.

CASE 1 :If z € L, then z@+*-0)= — ¢ L.

CASE 2 :Ifx ¢ L and = € |b/ — 1,d/[, then by Lemma 4.5.6 (F),

(2@ HE=YD=) = = ()@ FHE=)=) = — (o)~

But o’ € L, so by Lemma 4.5.6 (A), (a')~ € L, and hence (@ +:-¥)= ¢ [,
CASE 3:Ifx ¢ L and = ¢ |b/ — 1,d'[, then = < b’ — 1. This implies that
(27)@HE=¥)= < B — 1 < b4y, which means that (z7)@++=¥)= ¢ R Therefore

by Lemma 4.5.6 (F),

(x—)(a’-i-(k—b’))—> _ ((x—)(a’4—(k—b’))—>)— _ (aj(a’+(k—b’))—>)—
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impliying that (z(@*+#=¥D=)= < p.. | Therefore (2@ TE=D=)= ¢ LU{by, ..., b;},
hence 2@ TE=Y)= ¢ LU (b)) U...Ur*(b)).

In all cases 2@ =¥~ c L Ur*(b))U... Ur*(b;) as required. O

Claim 5. Let f € Polp. If f|1, is a constant, then f is a constant.

(n)

PROOF. Set f|r = ¢/

)- Let us show by induction on j that

floor@u.or @) = c&’}é,,_wo)

)

0,..0)" Now suppose

The base case j = 0 is simply the statement that f|, = CSZ(L
that f\LuT*(bl)u,..Ur*(bj) = cgféé 0) for some 0 < 5 < m. Now let zy,...,2z, €

LUr*(by)U...Ur*(bjs1). Notice that by Claim 4, x;- € LU7r*(by) U...Ur*(b;)

for each i € {1,...,n}. Thus by Proposition 4.5.2 (C), we have

F0,.0) =t @) = Flooe oo )@ 2y

= f(zy,...,2,)

— f(x1,...,2,)

— .

= @)
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a (k—1+1)-cycle. Since [ > 1, they must all be equal to f(0,...,0). In particular,
f(xy,...,m,) = f(0,...,0) € L. Hence f|rur(o,)u...ur(b;.,) 15 well defined and
f|LUT*(b1)U”_UT*(ij) = CSZZ()),-.-,O)‘ By induction, we conclude that f = CSZZ()),.--,O)' [
Claim 6. Let f € Polp. If f|1, is essentially a power of r|r, then f is essentially
a power of r.

PROOF. This proof may be easier to understand if you consider first the case
where p has no rotational symmetry and f|; is the first projection e;. In that
case f|z is essentially e = s = 5/(0-0),

When we say f|,, is essentially a power of r|,, we mean that f|; is essentially
unary and equals a power of r|; in the only variable it depends on. Without
loss of generality, we may assume that f|; depends only on its first variable;
in other words f|;, = (r|;)" o el for some integer i. In fact, r* = s/ 5o
(r|p)" = ri|p = (s7©9)|.. Note that these operations are well defined by Lemma

4.5.5.

Let us show by induction on j that

(n)

f(o’""o)|LUr*(b1)u...Ur*(bj) e

f|LUr*(b1)U...Ur*(bj) =S

The base case j = 0 is simply the statement that f|, = s/@-9|, o ™. Now,

suppose that f|LU7"*(b1)U...UT*(bj) = Sf(o""’o)|LUT*(b1)u...uT*(bj) © €§n) for some 0 < j <

m. Let z1,...,x, € LU7r*(by) U...Ur*(bj;1). Notice that by Claim 4, z; €

LUr*(by)U...Ur*(b;) for each i € {1,...,n}. Thus by Proposition 4.5.2 (C), we
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have

7 4 f(0,...,0) = s7O=0 () (4.5.1)
= floors@ou..ore) (X755 2y,)
= f(zy,...,2,)
— f(z1,. .., x)
N
= @7 0T)
= Sl )

CASE 1 : x; € L. In this case, 7 = ;1 = z7”, and (4.5.1) becomes

21 £(0,...,0) = 27+ £(0,...,0)

— f(z1,...,x,)

— 271 f0,...,0)

:xl—l—f(O,,O)

a (k—Il+41)-cycle. Since | > 1, they must all be equal. In particular, f(zq,...,2,) =
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CASE 2:x1,21—1 ¢ L. Note that since 0 € L, 21 # 0, then 27 = 27+ (k—1) =

z1 — 1. Equation (4.5.1) becomes

required.
CASE 3 : 27 is in the loop-less chain |z; — 1, a[, and bj4 is in the loop-less
chain |b'—1, /[ (note that the two loopless chains could be the same). By Claim 4,

xz(aljr(kfbl))ﬂ e LUurt(b;)U...Ur*(b;) fori=1,...n. We get from (4.5.1) :

(21 — 1)+ £(0,...,0) = flz1,...,2,) (4.5.2)
— .
— = )
— flLU'f'*(bl)UmUT*(bj)(Q}'ga +(l€7b ))"’ e x;a’%(k*b’))ﬂ)

(o 0)(mga’+(k—b’))—>>
= 2{"TEYD= 4 0, 0)

If the chain |0’ —1,a’[ is no longer than the chain |z, —1, a[, then xgaur(k*b/))ﬂ =

x1+ad + (k—=V) and (4.5.2) implies that
f(xl,...,xn):(xl—l)—Ff(O,...,O)—i—l:xl—i—f(O,...,O):sf(o """ 0)(301)

as required.
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Suppose now that the chain |0’ — 1,d/[ is longer than the chain ]z; — 1,a].
From (4.5.1), we have f(x1,...,2,) «+ (x1—1)+£(0,...,0) = s/@=0 (2, -1) € L

by Lemma 4.5.5 (B) since x; — 1 € L. Therefore

flz, . xn) € {(x1 — 1)+ f(0,...,0),(xy — 1)+ f(0,...,0)+ 1}

€ {(xy — 1)+ f(0,...,0), 21 + f(0,...,0)}

If f(x1,...,2,) = s/ @9 (), we are done. So suppose that

We have :

(k1 — 1)+ f(0,...,0) = f(x1,29,...,2,)

— flry +1,25,...,2,))

= flay— 1,287, a7
= flo(a =Ly ™07 el
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a (k — 1)-cycle, so they are all equal to (z; — 1) + f(0,...,0). In particular,

(z1— )4 £(0,...,0) = flz1 + (a —a1), 287, gle=)=)  (4.5.3)

= f(aa xgaixl)H7 cee ’x;a—ocl)—>>
Since a € L, by modifying (4.5.2) a bit, we get :

a+f(0,,0):f(@,$;,7$:)

— fla,za,...,x,)

— .

— f(a, xéa’+(k—b’))—>’ o ’l,7(1a’—5—(k—b’))—>)
=a+ f(0,...,0)

a cycle of length (¢’ + (k —¥')) + 1 < k. Therefore every element is equal to
a+ f(0,...,0). Since the chain |0’ —1,d'[ is longer than the chain |z; —1,a[, we

get in particular :
; - (a—z1)— (a—z1)—
a+ f(0,...,0) = f(a,xs fe e T )

Hence, by (4.5.3), 21 — 1 = a, which is impossible since a > ;.

Therefore, in all four cases,

oy, wy) = s"O=0(p)) =ri(z) € LUr*(b)U...Ur*(bjy)

Hence f|rom(b1)u..ur (b4 is well defined and equals s7(0--0) o e&"). By induction,

we conclude that f = /00 o ¢, O

Claim 7. Polp C (¢4, .., Cqp7)-
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PROOF. Let f € Pol p be an n-ary operation. If p has no rotational symmetry,
then by Claims 1 and 3, f|, € {c((l”) |a€ LneN}U {egff) |me{l,...,n},n €
N}. This implies, by Claims 5 and 6, that f € (c,,,...,¢,,) as required.

Now, if p has rotational symmetry, then by Claims 2 and 3, f|, € {cff‘) | a €
Line N}yU{(rl) o el | m € {1,...,n},i,n € N}. This implies, by Claims 5
and 6, that f € (cq,,...,¢q,7) as required.

In both cases, f € (cay,-..,Cq,7), since we had defined in Lemma 4.5.4 that
r = e whenever p was without rotational symmetry. O

Lemma 4.5.7 implies that (c,,, ..., cq,7) C Pol p. Using this and Claim 7, we

conclude that Polp = (¢4, ..., CaysT)- O

4.6. SPECIAL CASES

Theorem 4.5.3 states that on a universe A of at least 3 elements, a relation
made up of a |A|-cycle and at least 2 loops is preserved only by essentially unary
operations. What can we say about a cycle and loops on fewer than 3 elements
or with fewer than 2 loops?

For A = {0, 1}, the relations made up of a 2-cycle and some loops are py =
{(0,1),(1,0)}, pr = {(0,1),(1,0),(0,0)} (and the dual {(0,1),(1,0),(1,1)}), and
p2 = {(0,1),(1,0),(0,0), (1,1)}. Using Post’s classification [29], it is easy to check
that Polpy = D3, Polp; = FZ and Pol p, = Pol A2 = (), which are all clones
containing operations other than the essentially unary ones.

For A ={0,...,k — 1} where k > 3, let us consider the relation

p=1{(0,1),(1,2),...,(k—1,0)}
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made up of only a k-cycle. Let f : A2 — A be defined as

x ifx#vy;
flz,y) =
r+1 ifx=y.

It is easy to check that f € Polp and that it is not essentially unary. For more
information about this clone and the monoidal interval it is in, please refer to [34]
Now, let us consider the relation o = {(0,0),(0,1),(1,2),...,(k —1,0)} on
the same A, made up of a k-cycle and one loop. In that case, eqy € Polo where
eqo is defined by eqy(z,y) = x if x = y and eqo(x,y) = 0 otherwise. It is obvious
that eqq is not essentially unary.
Therefore, Theorem 4.5.3 states all the cases where a relation consisting of an

|A|]-cycle and some loops is preserved only by essentially unary operations.

4.7. IDEAS FOR FUTURE RESEARCH

While working on this paper, I was struck by the similarities between monoids
generated by only constants and those generated by constants and a power of a
cyclic fixed point free permutation. This is already alluded to by Péalfy (Theo-
rem 4.4.1) in a more general form. The similarity is most obvious when comparing
Corollary 4.4.2 and Theorem 4.4.4. For universes of at least 4 elements, Theo-
rem 4.4.3 and Corollary 4.4.7 are another pair of similar results. Theorem 4.4.3
deals with monoids that have constants on all but one element of the universe,
and Corollary 4.4.7 deals with monoids that have certain fixed point free permu-
tations and constants associated to every element except for one orbit under the

action of those permutations.
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I used this idea in Theorem 4.5.3; I had proved it first in the case without
rotational symmetries, which is much simpler. Inspired by the link between Theo-
rem 4.4.3 and Corollary 4.4.7, I was able to transform the proof of the case without
rotational symmetry to the one with rotational symmetry (rotational symmetry
implying the existence of a cyclic fixed point free permutation). The induction
in the proof for the case with rotational symmetry works by adding orbits of
non-constant elements one by one, similarly to the original induction on the non-
constant elements themselves in the case without rotational symmetry.

All this makes me wonder if it is possible to extend this idea further. For
example, could we use what we know about the size and structure of the monoidal
intervals for monoids containing only constants (see for example [19]), to learn
more about the monoidal intervals generated by a power of a cyclic fixed point
free permutation and some constants ?

We might even be able to go further. Theorem 4.4.1 and Theorem 4.4.6
deal more generally with certain permutation groups. Could we generalize re-
sults about monoids of constants to those made up of some constants and certain

permutations 7



Chapitre 5

CONCLUSION

Mes recherches de doctorat suggérent plusieurs directions possibles pour des
recherches futures. Il serait intéressant de connaitre la cardinalité de tous les in-
tervalles monoidaux sur trois éléments. Cette tache semble maintenant réalisable
étant donné tout ce qui a été découvert dans les vingt-cinq derniéres années. Il
serait aussi intéressant de mieux connaitre la structure de ces intervalles, incluant
une idée de la structure des intervalles infinis.

On pourrait peut-étre généraliser ces informations a plus de trois éléments.
Les intervalles pour les monoides de constantes et de permutations découlants
des chapitres 2 et 4 (|12, 13|) me semblent particuliérement intéressants. Dans le
chapitre 2, on trouve une ébauche du bas de U'intervalle Int{c, ¢;) et il me semble
qu’on pourrait développer cette idée pour en apprendre plus sur la structure de
I'intervalle au complet.

Pour mieux comprendre le treillis des clones sur trois éléments, il faudrait
faire des liens entre tout ce qui est connu. En particulier, il faudrait placer les
clones des grandes listes (algébres de J. Berman [2], clones d’opérations préservant

une relation binaire de A. Fearnley [8], groupoides de J. Berman et S. Burris [3])
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dans les partitions connues (intervalles monoidaux et partition de Miyakawa [26]).
En plus de rassembler les informations, ce travail pourrait nous guider vers des
régions du treillis des clones sur k éléments qui pourraient étre particuliérement
intéressantes et proposer des résultats généraux.

Dans cette optique, ces clones qui sont connus, et par leurs générateurs et
comme préservant certaines relations, peuvent jouer un réle important. Ceci est
surtout vrai quand les générateurs et les relations sont simples et peu nombreux.
De tels clones sont faciles & comparer aux autres (pour l'inclusion) et a placer
dans les partitions. Ils servent en quelque sorte d’ancres dans le treillis. On en
trouve dans les chapitres 2, 3 et 4, et j’espére en trouver d’autres au cours de mes

recherches futures.



BIBLIOGRAPHIE

[1] Joel Berman. Algebraic properties of k-valued logics. In Proceedings. of the tenth

International Symposium on Multiple-valued logics. IEEE, 1980.

[2] Joel Berman. Free spectra of 3-element algebras. In Universal algebra and lattice
theory (Puebla, 1982), volume 1004 of Lecture Notes in Math., pages 10-53, Berlin,

1983. Springer.

[3] Joel Berman and Stanley Burris. A computer study of 3-element groupoids. In
Logic and algebra (Pontignano, 199/4), volume 180 of Lecture Notes in Pure and

Appl. Math., pages 379-429. Dekker, New York, 1996.

[4] V. G. Bodnar¢uk, L. A. Kaluznin, V. N. Kotov, and B. A. Romov. Galois theory
for Post algebras. I, II. Kibernetika (Kiev), (3;5) :1-10 (in #3); 1-9 (in #5), 1969.

(en russe, traduction anglaise dans Cybernetics (1969)).

[5] B. Csakany. All minimal clones on the three-element set. Acta Cybernetica,

6(3) :227-238, 1983.

[6] Klaus Denecke and Shelly L. Wismath. Universal algebra and applications in theo-

retical computer science. Chapman & Hall/CRC, Boca Raton, FL, 2002.

[7] Mikloés Dorman. Intervals of collapsing monoids. Acta Sci. Math. (Szeged), 68(3-

4) :561-569, 2002.



8]

19]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

96
Anne Fearnley. Les clones sur trois éléments de la forme Pol p ol p est une relation

binaire ou unaire. Master’s thesis, Université de Montréal, 1992.

Anne Fearnley. A strongly rigid binary relation. Acta Sci. Math. (Szeged), 61(1-
4) :35-41, 1995.
Anne Fearnley. Clones on three elements preserving a binary relation. Algebra Uni-

versalis, 56(2) :165-177, 2007.

Anne Fearnley. Clones on three elements preserving a binary relation (complete ver-

sion). Manuscript, sur le site www.dms.umontreal.ca/ fearnley /Masters.pdf, 2007.

Anne Fearnley. The monoidal interval for the monoid generated by two constants.

Soumis pour publication, 2007.

Anne Fearnley. Relations made up of a cycle and loops, and their clones. Soumis

pour publication, 2007.

Anne Fearnley and Ivo Rosenberg. Collapsing monoids containing permutations

and constants. Algebra Universalis, 50 :149-156, 2003.

T. Thringer and R. Poschel. Collapsing clones. Acta Sci. Math. (Szeged), 58(1-
4) :99-113, 1993.
S. V. Jablonskii. Functional constructions in a k-valued logic. Trudy Math. Inst.

Steklov, 51 :5-142, 1958. (en russe).

Ju. I. Janov and A. A. Mu¢nik. Existence of k-valued closed classes without a finite

basis. Dokl. Akad. Nauk SSSR, 127 :44-46, 1959. (en russe).

William Kneale and Martha Kneale. The development of logic. Clarendon Press,

Oxford, 1962.

Andrei A. Krokhin. Monoidal intervals in lattices of clones. Algebra i Logika,

34(3) :288-310, 1995. (en russe, traduction anglaise dans Algebra and Logic, 34).



[20]

[21]

[22]

23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

97
Helmut Langer and Reinhard Poschel. Relational systems with trivial endomor-
phisms and polymorphisms. Journal of Pure and Applied Algebra, 32(2) :129-142,
1984.
Dietlinde Lau. Submaximale Klassen von Ps. Elektronische Informationsverarbei-
tung und Kybernetik, 18(4-5) :227-243, 1982. (en allemand).
Dietlinde Lau. Unterhalbgruppen von (Pgl,*). Rostocker Mathematisches Kollo-
quium, (26) :55-62, 1984. (en allemand).
Dietlinde Lau. Unterhalbgruppen von (Pi,x). Pre-print, version corrigée de [22]
(en allemand), 1995.
S. S. Marchenkov. Closed classes of self-dual functions of multi-valued logic. Pro-
blemy Kibernet., 36 :5-22, 1979. (en russe).
R.N. McKenzie, G.F. McNulty, and W.F. Taylor. Algebras, Lattices and Varieties.
Wadswort and Brooks/Cole, 1987.
Masahiro Miyakawa. Classification of three-valued logical functions. Multiple-
Valued Logic, 8(4) :473-493, 2002. Ivo G. Rosenberg’s 65th birthday, Part 3.
P. P. Palfy. Unary polynomials in algebras [. Algebra Universalis, 18 :262-273, 1984.
P. P. Palfy and A. Szendrei. Unary polynomials in algebras II. In Contributions
to General Algebra 2, (Klagenfurt 1982), pages 273-290, Vienna, 1983. Holder and

Pichler and Tempsky.

Emil L. Post. The two-valued iterative systems of mathematical logic. Number 5 in
Annals of Math. Studies. Princeton Univ. Press, 1941.

Ivo Rosenberg. La structure des fonctions de plusieurs variables sur un ensemble

fini. C. R. Acad. Sci. Paris, 260 :3817-3819, 1965.

Ivo Rosenberg. Uber die funktionale Vollstindigkeit in den mehrwertigen Logi-

ken. Struktur der Funktionen von mehreren Verénderlichen auf endlichen Mengen.



98
Rozpravy Ceskoslovenské Akad. Véd Rada Mat. Prirod. Véd, 80(4) :93, 1970. (en

allemand).

[32] Ivo Rosenberg. Strongly rigid relations. Rocky Mountain Journal of Mathematics,

3 :631-636, 1973.

[33] Ivo Rosenberg. Completeness properties of multiple-valued logic algebras. In Com-
puter science and multiple-valued logic : Theory and applications, pages 144-186,

Amsterdam, 1977. North-Holland Publishing Co.

[34] A. Szendrei. Algebras of prime cardinality with a cyclic automorphism. Archiv der

Mathematik (Basel), 39 :417-427, 1982.
[35] A. Szendrei. Term minimal algebras. Algebra Universalis, 32 :439-477, 1994.

[36] Agnes Szendrei. Clones in universal algebra, volume 99 of Séminaire de mathéma-

tiques supérieures. Les presses de 'Université de Montréal, Montréal, 1986.



Annexe A

ACCORD DES COAUTEURS

ET PERMISSIONS DES EDITEURS



A-ii

A.1. ARTICLE Collapsing monoids

A.1.1. Identification de I’étudiant

Nom de I’étudiant : Anne Fearnley

Code permanent : FEAA09616309

A.1.2. Description de ’article

Anne Fearnley et Ivo Rosenberg. Collapsing monoids containing permutations

and constants. Algebra Universalis, 50 : 149-156, 2003.

A.1.3. Déclaration des coauteurs autres que I’étudiant

A titre de coauteur de l’article identifié ci-haut, je suis d’accord pour que
ANNE FEARNLEY inclut cet article dans sa thése de doctorat qui a pour titre :

Clones de constantes et de permutations et leur intervalle monoidal.

IVO ROSENBERG

Coauteur Signature Date

A.1.4. Permission de I’éditeur

Dear Ms Fearnley,

Thank you very much for your permission request from Algebra
Universalis. Permission is herewith granted under condition
that full reference to the original source of publication is
made, your publication should not be prior to our publication
though.

If this informal letter does not cover your needs, please let
me know.

Sincerely,
Liv Etienne
Rights & Licences



A-ii

K 3 ok 3K K K ok K 3 ok ok K oK ok K oK ok K oK ok 3k ok ok 3 3 ok ok K oK ok 3k 3 ok ok K ok ok sk ok ok 3 3 ok sk Ok ok 3 ok ok ok ok K K
BIRKHAUSER VERLAG AG

Viaduktstrasse 42

CH-4051 Basel

Tel. : +41 (0)61 / 205 07 13

Fax: +41 (0)61 / 205 07 99

etienne@birkhauser.ch

www.birkhauser.ch

>Date: Sat, 17 Jun 2006 10:34:57 -0400

>From: Anne Fearnley <fearnley@DMS.UMontreal.CA>
>To: hempfling@birkhauser.net

>Subject: Permission to include articles in a thesis

>Dear Prof. Hempfling,
>I would like permission to include the following articles in
>my Ph.D. thesis.

>The articles are:

>Anne Fearnley and Ivo Rosenberg. Collapsing monoids containing
>permutations and constants. Algebra Universalis, 50: 149-156,
>2003.

>Anne Fearnley. Clones on three elements preserving a binary
>relation. Accepted by Algebra Universalis, 2005.

>The second article is not published yet, but will probably be
>published by the time of my thesis defense, so I am not
>entirely sure what to do about it at this point as far as
>obtaining permissions.

>My thesis will be called: Clones de constantes et de
>permutations et leur intervalle monoidal (Clones of constants
>and permutations and their monoidal intervals) and my professor
>is Ivo Rosenberg at Université de Montréal.

>The copyright of the thesis will be non-exclusively given to
>the National Library of Canada.

>Could you please send your authorization letter to the address
>below. Thank you in advance,

>Anne Fearnley



A-iv

>Département de Mathématiques et statistique
>Université de Montréal

>CP 6128

>succ. Centre-Ville Montréal, Qc

>H3C 3J7

>CANADA



A-v

A.2. ARTICLE Clones preserving a binary relation

A.2.1. Identification de I’étudiant

Nom de I’étudiant : Anne Fearnley

Code permanent : FEAA09616309
A.2.2. Description de ’article

Anne Fearnley. Clones on three elements preserving a binary relation. Algebra

Universalis, 56 : 165-177, 2007.

A.2.3. Permission de I’éditeur

Dear Ms Fearnley,

Thank you very much for your permission request from Algebra
Universalis. Permission is herewith granted under condition
that full reference to the original source of publication is
made, your publication should not be prior to our publication
though.

If this informal letter does not cover your needs, please let
me know.

Sincerely,

Liv Etienne

Rights & Licences

st 3k ok ok K ok ok sk o ok ok sk ok ok ok ok ok K ok ok ok K ok ok sk 3k ok ok sk ok ok sk ok ok sk ok ok sk ok ok sk sk ok ok sk ok ok K ok ok ok ok ok Kk
BIRKHAUSER VERLAG AG
Viaduktstrasse 42

CH-4051 Basel

Tel. : +41 (0)61 / 205 07 13
Fax: +41 (0)61 / 205 07 99
etienne@birkhauser.ch
www.birkhauser.ch

>Date: Sat, 17 Jun 2006 10:34:57 -0400
>From: Anne Fearnley <fearnley@DMS.UMontreal.CA>



A-vi

>To: hempfling@birkhauser.net
>Subject: Permission to include articles in a thesis

>Dear Prof. Hempfling,
>I would like permission to include the following articles in
>my Ph.D. thesis.

>The articles are:

>Anne Fearnley and Ivo Rosenberg. Collapsing monoids containing
>permutations and constants. Algebra Universalis, 50: 149-156,
>2003.

>Anne Fearnley. Clones on three elements preserving a binary
>relation. Accepted by Algebra Universalis, 2005.

>The second article is not published yet, but will probably be
>published by the time of my thesis defense, so I am not
>entirely sure what to do about it at this point as far as
>obtaining permissions.

>My thesis will be called: Clones de constantes et de
>permutations et leur intervalle monoidal (Clones of constants
>and permutations and their monoidal intervals) and my professor
>is Ivo Rosenberg at Université de Montréal.

>The copyright of the thesis will be non-exclusively given to
>the National Library of Canada.

>Could you please send your authorization letter to the address
>below. Thank you in advance,

>Anne Fearnley

>Département de Mathématiques et statistique
>Université de Montréal

>CP 6128

>succ. Centre-Ville Montréal, Qc

>H3C 3J7

>CANADA



