Université de Bourgogne
et
Université de Montréal

Cyclicité finie des boucles homoclines dans R3 non
dégénérées avec valeurs propres principales réelles
en résonance 1:1

par

Louis-Sébastien Guimond

Laboratoire de topologie U.M.R. 5584, département de mathématiques
UFR des sciences et techniques
et
Département de mathématiques et de statistique

Faculté des arts et des sciences

Thése de doctorat effectuée en cotutelle présentée a

I’UFR des sciences et techniques
en vue de l'obtention du grade de
Docteur de I’Université de Bourgogne
en mathématiques

et

la Faculté des études supérieures
en vue de l'obtention du grade de
Philosophie Doctor (Ph.D.)
en mathématiques

Orientation mathématiques pures

Janvier 1999

© Louis-Sébastien Guimond, 1999



Université de Bourgogne
UFR des sciences et techniques

et

Université de Montréal
Faculté des études supérieures

Cette thése intitulée

Cyclicité finie des boucles homoclines dans R3 non
dégénérées avec valeurs propres principales réelles
en résonance 1:1

présentée par
Louis-Sébastien Guimond

et soutenue publiquement, a été évaluée par un jury composé des personnes suivantes :

Dana Schlomiuk

(président-rapporteur de ’Université de Montréal)

Christiane Rousseau

(codirectrice de recherche a 1'Université de Montréal)

Robert Roussarie

(codirecteur de recherche a I’Université de Bourgogne)

Pavao Mardesic

(membre du jury de 'Université de Bourgogne)

Freddy Dumortier

(examinateur externe)

Jiri Tichmann

(représentant du doyen de la FES de 1'Université de Montréal)

Theése acceptée le :




A mes grands parents qui m’ont tout donné,

jusqu’a leurs enfants.



SOMMAIRE

Dans cette thése nous étudions les bifurcations des boucles homoclines des
champs de vecteurs dans R® qui sont non dégénérées au sens de Deng [Den93|,
twistées et dont les valeurs propres principales sont en résonance 1:1. De tels
champs de vecteurs possédent une 2-variété M, invariante dépendant du para-
meétre et contenant la boucle homocline I'y pour la valeur nulle du paramétre
ainsi que toutes les orbites périodiques créées par perturbations de T’y (voir
[Hom96|,[San96| ou [RR96]). Cette variété est un anneau (cas non twisté) ou
un ruban de Mdbius (cas twisté). La dynamique est alors donnée par une appli-
cation unidimensionnelle P,(¢) et toutes les orbites périodiques sont de période
1 ou 2. Notre résultat principal est le calcul d'une borne explicite de la cyclicité
absolue de ce type de boucle homocline dans le cas twisté, i.e. le nombre d’orbites
périodiques générées par perturbation . Pour démontrer ce résultat nous calcu-
lons le développement asymptotique d’une fonction Vj(¢) lice & PE(t) — ¢, puis en
bornons le nombre de zéros.

Dans notre premier article, nous considérons les cas de petites codimensions.
Pour calculer la borne, nous projetons la dynamique sur M puis appliquons les
techniques exposées par Jebrane et Mourtada [JM94| pour I’étude de la boucle
en huit dans le plan. Dans le second article, nous étudions le cas général. Dans ce
cadre nous ne pouvons projeter la dynamique sur M. Les calculs pour obtenir
la borne sont alors beaucoup plus techniques et reposent sur une généralisation

des techniques exposées dans [JM94| ainsi que sur la théorie des fewnomials



de Khovanskii [Kho91| permettant de réduire I’étude d’un systéme d’équations

transcendantes a 1’étude de systémes polynomiaux non-dégénérés.
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INTRODUCTION

Je suppose que pour =0, la courbe K soit fermée, mais qu’elle cesse
de ’étre pour les petites valeurs de pu.

Soit Ag un point de K. La position de ce point dépendra de p; pour
1w =0, la courbe K est fermée, de sorte que, apres avoir parcouru cette courbe
a partir de Ay, on revient au point Ag; si o est trés petit, il n’en sera plus

de méme, mais on reviendra passer trés pres de Ap...

Henri Poincaré, 1899

Voila un siécle, Poincaré proposait d’étudier la dynamique d’un champ de
vecteurs au voisinage d'une orbite périodique a l’aide de I’application premier
retour, aussi appelée maintenant [’application de Poincaré. Ses travaux lui per-
mirent de constater qu’il y avait deux types de dynamiques, que nous appelons
aujourd’hui chaotiques et non chaotiques. Motivé par I’étude du probléme des
trois corps, Poincaré constate que I'existence de courbes homoclines peut engen-
drer une dynamique chaotique. En 1972, Gavrilov et Sil’nikov [GS72] montrent
que les bifurcations homoclines peuvent donner naissance a des fers-a-cheval bien
que ces bifurcations soient parmis les phénoménes globaux les plus simples.

Le résultat de Gavrilov et Sil'nikov est lié au fait que le point de selle s
par lequel passe la boucle homocline peut posséder des valeurs propres dont les
parties imaginaires sont grandes. En 1963 Sil’'nikov [Sil63| obtient que si les

valeurs propres principales de s sont réelles de somme non nulle alors, dans un



voisinage suffisamment petit de la boucle, de petites perturbations du systéme
engendrent au plus une unique orbite périodique.

Plus récemment, beaucoup ont étudié la famille des champs de vecteurs de
R? ayant une boucle homocline I’y passant par un point singulier hyperbolique
dont les valeurs propres sont réelles. (Sans perte de généralité, on peut supposer
qu’il y a une unique valeur propre positive.) La boucle homocline est dite non
dégénérée au sens de Deng [Den93| si: (1) elle rentre en s le long du vecteur
propre principal stable; (2) la variété stable et son espace tangent approchent
lorigine dans la direction de la variété fortement stable le long de I'y.

Si la boucle homocline est non dégénérée et la somme des valeurs propres
principales est non nulle, alors elle est de codimension un dans la famille. Il existe
trois cas de codimension 2. Dans deux de ces cas la boucle homocline est dégénérée
au sens de Deng. Dans le troisiéme cas, elle est non-dégénérée au sens de Deng et la
somme des valeurs propres principales est nulle. Il y a une dizaine d’années, Chow,
Deng et Fiedler [CDF90| ont étudié ce cas, obtenu les courbes de bifurcations
du diagramme de bifurcation et montré que, sous certaines hypothéses, la boucle
homocline T'y est de cyclicité absolue finie (i.e. donne naissance a un nombre fini
d’orbitres périodiques dans tout perturbation). Des études ultérieures ont permis
de lever ces hypothéses et d’obtenir le diagramme de bifurcation complet du cas
non dégénéré au sens de Deng de codimension 2. Quelques années plus tard Deng
[Den93| & montré que si Iy est dégénérée, alors la dynamique est chaotique.

Il est maintenant connu que les familles de systémes d’un multi-paramétre
possédant une boucle homocline I'y non dégénérée pour la valeur nulle du para-
meétre possédent une 2-variété invariante dépendant du paramétre et contenant I
pour la valeur nulle du paramétre ainsi que toutes les orbites périodiques créées

par perturbations de I'y (voir [Hom96|, [San96| ou [RR96|). L’existence de



cette variété invariante est importante car elle impose que les orbites périodiques
soient de période au plus deux.

Dans le cas ou la 2-variété invariante est un anneau orientable (cas non
twisté), Roussarie et Rousseau [RR96] ont montré que pour tout entier naturel
k, une boucle homocline non dégénérée de codimension £ est de cyclicité absolue
finie. De plus ils ont donné une borne explicite (fonction de k) de la cyclicité
absolue. Leur approche du probléme a ceci de nouveau, dans I’étude des champs
de vecteurs dans R?, qu’ils utilisent le calcul explicite de I’application de premier
retour pour obtenir leur résultat, la technique étant utilisée couramment pour les
problémes de cyclicité planaires. En effet, dans le cas non twisté, la dynamique
est donnée par les points fixes d’une application unidimensionnelle admettant
un développement asymptotique similaire & ceux des applications de retour de
certains graphiques planaires (cf. [RR96)).

Considérant le cas twisté, i.e. pour lequel la variété invariante est un ruban de
Mébius, Yanagida [Yan87]| a montré que les boucles homoclines de codimension
supérieure a un peuvent engendrer des orbites périodiques de période deux. En
effet, Chow, Deng et Fiedler [CDF90| ont démontré I'existence de telles orbites
dans le cas de codimension deux. Comme |’existence de la variété invariante im-
pose des orbites périodiques de période inférieure ou égale a deux, il est naturel,
dans I’étude de la cyclicité du cas twisté, de considérer une fonction V)(¢) liée a
P}(t) —t et d’en borner le nombre de zéros.

Dans cette thése, nous étudions les bifurcations des boucles homoclines twis-
tées, non dégénérées au sens de Deng et dont les valeurs propres principales sont
réelles en résonance 1:1. Notre approche consiste, dans un premier temps, a utiliser

des techniques planaires afin d’obtenir le développement asymptotique de V) (%),



puis, subdivisant I’étude en deux cas, a utiliser soit des algorithmes de dérivation-
division soit la théorie des fewnomials de Khovanskii afin d’obtenir une borne au
nombre de solutions périodiques pouvant étre générées par perturbation de I'.

Certaines techniques planaires nous seront fort utiles et ce malgré que toute
solution périodique d’un champ planaire soit de période un. En effet, la diffi-
culté de I’étude des orbites de période 2 n’est pas tant leur période mais bien
qu’elles passent deux fois au voisinage de la singularité, ceci compliquant alors
le calcul du développement asymptotique de V) (t). Cette difficulté est également
présente dans 1’étude de certains graphiques planaires, entre autre dans I’étude des
“grands” cycles générés par des perturbations de la “boucle en huit” (cf. [JM94]
and [KR96]).

Dans le premier article, nous étudions les cas de petite codimension. Nous
pouvons projeter la dynamique sur la 2-variété invariante et ainsi obtenir le déve-
loppement asymptotique de V) (¢), un développement similaire & celui de Iappli-
cation premier retour de la boucle planaire en huit. La codimension de la boucle
homocline est définie & ’aide de ce développement asymptotique dont le premier
terme non nul est intrinséque. Notre objectif est de borner le nombre de zéros de
cette application.

Le probléme technique auquel nous devons faire face et qui est aussi présent
dans I’étude de la boucle planaire en huit est I’étude des zéros d’une fonction
au voisinage de l’origine dont le développement asymptotique posséde non pas
un mais bien deux types de mondmes généralisés non analytiques en l’origine
(voir chapitre 1). L’approche proposée par Jebrane et Mourtada [JM94| est de
faire un éclatement des coordonnées. L’éclatement doit étre tel que le domaine de
définition de la variable d’éclatement soit un intervalle I compact indépendant

du parameétre, et qu’en chaque point de cet intervalle, au plus un des deux types



de monomes généralisés soit non analytique. La géométrie inhérante au probléme
suggeére I’éclatement.

L’étude de la cyclicité est équivalente a ’étude des zéros de la fonction sur
Iintervalle et un argument géométrique nous permet de nous limiter a deux cas:
I'étude des zéros de V) (t) au voisinage de ¢ = 0, puis I’étude des zéros de V(%)
dans un sous intervalle compact I', I' C .

L’étude de V) (t) au voisinage de l’origine consiste a réécrire le développement,
d’un certaine dérivée V)fk) (t) de Vi(t) de telle sorte que tous les monomes du
développement forment un ensemble de Tchebychev. Nous pouvons alors utiliser
'algorithme de dérivation-division exposé dans [Rou86| et obtenir une borne
explicite pour le nombre de zéros de la fonction au voisinage de 1’origine.

L’étude des zéros de V) (t) sur un sous intervalle compact I’ peut étre ramenée
a l'étude des zéros d'un polynome. En effet nous pouvons réécrire le développe-
ment asymptotique de VA(k) (t) comme la perturbation d’un polynéme (non trivial)
et pouvons ainsi obtenir une borne en appliquant le théoréme de Rolle et un ar-
gument de [JM94|.

Finalement, utilisant un argument de compacité, nous pouvons obtenir une
borne du nombre de zéros de V) (¢) sur [0,1]. Notre résultat a comme corollaire de
démontrer la complétude du diagramme de bifurcation du cas non dégénéré de
codimension deux proposé par Chow, Deng et Fiedler [CDF90| (complétude qui
a entre autre été montrée dans [KKO93|). De plus il peut étre généralisé aux
boucles homoclines du méme type dans R”.

Dans le second article, nous étudions le cas général et obtenons une borne
explicite de la cyclité absolue d'une boucle homocline non dégénérée au sens de

Deng de codimension finie arbitraire. Cette borne est fonction de la codimension.



Dans le traitement du cas général, la faible différentiabilité de la variété inva-
riante ne nous permet pas d’y projeter la dynamique et nous devons alors travailler
avec une application de Poincaré bidimensionnelle Py (Y,Z). Les problémes tech-
niques qui se posent alors a nous sont non seulement la présence de deux types de
monodmes généralisés (comme dans le cas de petite codimension), mais de plus le
fait que ces monodmes sont fonctions des deux variables. Finalement, ’application
de Dulac n’est pas inversible en ’origine.

L’étude de la cyclicité est faite en deux temps. En premier lieu nous appli-
quons le théoréme des fonctions implicites afin de ramener ’étude a celle d’une
application unidimensionnelle. Pour se faire, premiérement nous cherchons, parmi
les changements de paramétrages sur les sections laissant invariante la structure
de la forme normale, un paramétrage pour lequel chaque type de monomes géné-
ralisés est fonction d’une unique variable. Nous utilisons aussi un éclatement des
variables (Y,Z) = ®(s,t) nous permettant d’étendre I'inverse de 1'application de
Dulac en l'origine.

La fonction 6y(s,t) = (d1,1(s,t),02.1(5,t)) que nous obtenons n’est cependant
pas une fonction différentiable de (s,t). Suivant l'idée exposée dans [Rou97],
nous remarquons que le développement asymptotique de d5 5(s,t) correspond au
développement, asymptotique d’une fonction différentiable F'(s,t,vq,v9,v3) ot les
v; sont des monomes généralisés ne dépendant que de la variable . Nous pouvons
alors appliquer le théoréme des fonctions implicites pour résoudre s en fonction
de t et des trois mondmes généralisés, i.e nous pouvons exprimer s comme une
fonction s(t) de t. La codimension de la boucle homocline est définie a 'aide du
développement asymptotique de d; x(s(¢),t) dont le premier terme non nul est

intrinséque.



Comme dans le premier article, la fonction unidimensionnelle V) (¢) = 01 x(s(%),t)
est définie sur un intervalle compact, ’étude de la cyclicité est équivalente a
I’étude des zéros de la fonction sur cet intervalle et un argument géométrique
nous permet de limiter notre étude au voisinage de 1’origine et a un sous-intervalle
compact du premier.

L’étude de dy 5(s(t),t) au voisinage de 'origine consiste & réécrire le dévelop-
pement d'une dérivée 55’3(3(15),15) de 01 1(s(t),t) de telle sorte que tous les monomes
du développement forment un ensemble de Tchebychev. Nous pouvons alors utili-
ser l'algorithme de dérivation-division exposé dans [RR96| (ou une légére adap-
tation) et obtenir une borne explicite pour le nombre de zéros de la fonction au
voisinage de l’origine.

Contrairement a I’étude des petites codimensions, ’étude des zéros sur un
sous intervalle compact ne peut étre ramenée a I’étude des zéros d’un polynome.
Dans le cas général, nous pouvons réécrire le développement de 6§]f))\(s(t),t) comme
une fonction G, dont la partie principale est polynomiale en les trois types de
monomes suivant: ¢, t* et (1 — ¢)* avec p(0) irrationnel.

Afin d’obtenir une borne explicite pour le nombre de zéros de g(t,t“,(l —t)”),
nous considérons la partie principale de la fonction comme un systéme composé
d’une fonction polynomiale a trois variables G(¢,y,z) et de deux fonctions trans-
cendantes y — t* et z — (1 — ¢)*. Nous appliquons alors la méthode de Khovanskii
qui nous permet de réduire 1’é¢tude d’un systéme d’équations transcendantes a
I’étude de systémes polynomiaux non dégénérés. Il est intéressant de noter que
notre cas est parmi les cas non triviaux les plus simples de la théorie. Les équa-
tions transcendantes du systéme doivent vérifier certaines propriétées, 'une d’elles

étant d’étre des solutions séparantes d’une équation polynomiale de Pfaff.



La méthode de Khovanskii, dont nous exposons une partie en appendice du

second article, est composée de quatre étapes principales.

i. Nous devons premiérement vérifier que le systéme initial posséde un nombre

fini de solutions qui sont dés lors isolées.

ii. Nous déployons ce systéme transcendant afin d’éliminer toute dégénéres-

cence.

iii. Utilisant le fait que chaque équation transcendante du systéme définit une
solution intégrale d’un systéme polynomial d’équations de Pfaff, nous plon-

geons le systéme dans un systéeme S non dégénéré d’équations polynomiales

de Pfaff.

iv. Finalement nous itérons ce processus afin de borner le nombre de zéros du
systéeme S par le nombre de racines de systémes polynomiaux non dégénérés

auxquels nous pouvons appliquer le théoréme de Bezout.

Nous obtenons ainsi une borne explicite (non optimale) pour la cyclicité des
boucles homoclines non dégénérées twistées et dont les valeurs propres principales
sont réelles en résonance 1:1. Utilisant un argument de compacité nous pouvons

obtenir une borne du nombre de zéros de d; »(s(t),t) sur [0,1].



Chapitre 1

PREMIER ARTICLE: HOMOCLINIC LOOP
BIFURCATIONS ON A MOBIUS BAND

L’article Homoclinic Loop Bifurcations on a Mdbius Band a été rédigé par

Louis-Sébastien Guimond et sera publié dans Nonlinearity (1998).



HOMOCLINIC LOOP BIFURCATIONS ON A MOBIUS BAND.

Louts-SEBASTIEN GUIMOND

DEPARTEMENT DE MATHEMATIQUES ET DE STATISTIQUE
UNIVERSITE DE MONTREAL

AND

LABORATOIRE DE ToPoLOGIE, U.M.R. 5584 pu C.N.R.S.
UNIVERSITE DE BOURGOGNE

STRESzCZENIE. In this paper, we study 1l-homoclinic loop bifurcations on a
non-orientable 2-manifold: the M6bius band. The technics for studying bifur-
cating dynamics of the 1-homoclinic loop on this manifold are similar to the
ones for a figure eight loop in the plane. We adapt the technics exposed in
a paper of Jebrane and Mourtada [JM94] treating the subject: we are able,
studying the 2-return map where it exists, to give an explicit bound for the
cyclicity of the 1-homoclinic loop for all arbitrary finite codimensions. The
key ingredient is a blow-up. A simple corollary is to prove the completeness of
the bifurcation diagram given by Chow, Deng and Fiedler in [CDF90].

INTRODUCTION

Since M. M. Peixoto [Pei62], it is well known that a planar vector field having
a homoclinic loop is structurally unstable. The study of the bifurcations of homo-
clinic loops requires powerful mathematical tools. In 1986, using expansion with
generelized monomials, Roussarie [Rou86] gave an asymptotic expansion of the fam-
ily of Dulac maps induced by a family of planar vector fields having a hyperbolic
saddle point s. He was then able to show that generic planar homoclinic loops had
finite cyclicity. (In [Rou86], Roussarie gives an explicit bound for the cyclicity of
homoclinic loops, Joyal [Joy88] and II’yashenko and Yakovenko [IY91] proved that
the bound is optimal.)

The bifurcation of homoclinic loops in R?, as one could expect, is a much more
difficult problem. Already in 1972, Gavrilov and Sil’nikov [GS72] proved that a ho-
moclinic loop can lead to horseshoes and, in particular, to chaos. However vector
fields having a loop through a saddle point, the two principal eigenvalues of which
are real, present great similarities with the planar case when generic geometric
assumptions are added. Our study is linked to the study of one subfamily of codi-
mension > 2 cases: when the two principal eigenvalues are in 1:1 resonance and no
other resonances occur (we say the vector field is strongly 1-resonant). The generic
case, when the sum of the principal eigenvalues does not vanish, was first studied
by Sil’nikov [Sil63]. In 1987, Yanagida [Yan87] showed that resonant bifurcation

Date: 11 wrze$nia 1999.
This work was supported by Le Ministére de I’Education Nationale de ’Enseignement Supérieur
et de la Recherche, in France, by NSERC and FCAR in Canada, and by AUPELF-UREF.
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HOMOCLINIC LOOP BIFURCATIONS 11

leads systematically to the birth of periodic curves of period 2. In 1990, Chow,
Deng and Fiedler [CDF90] studied the codimension 2 strongly 1-resonant case.

Homoclinic loops of higher codimensions were later studied by Roussarie and
Rousseau [RR96]. They noticed that the heuristic argument used on a model in
section 2 of [CDF90] could be transformed verbatim into a proof using planar
technics: the exact calculation of the transition map in a neighbourhood of the
saddle point composed with a C*-diffeomorphism gives the first return map. A
derivation-division algorithm is then used to bound the number of fixed points.
The question of the optimality of the bound was not considered. They were able to
reduce the problem to the study of homoclinic loops bifurcations on a 2-dimensional
manifold (either an open cylinder in the non-twisted case, or a Mébius band in the
twisted case), yielding the non-existence of n-orbits for n > 1 (non-twisted case)
or n > 2 (twisted case). They then specialized to the non-twisted case and gave
an explicit bound for the cyclicity in all finite codimensions. They did not study
the twisted case which present additional difficulties since the second iterate of the
Poincaré map must be considered.

The existence of an invariant 2-manifold containing the bifurcating dynamics,
which is the key ingredient in the work of Roussarie and Rousseau, was done in-
dependently in two other papers, namely the thesis of Homburg [Hom96] and the
thesis of Sandstede [San93]. Let us also note that the non-existence of N-homoclinic
or N-periodic orbits with N > 2 in the non-twisted case and N > 3 in the twisted
case was also proven by Kisaka, Kokubu, and Oka [KK093].

In this paper we first prove the finite cyclicity property of finite codimension
homoclinic loops on a C¥-Mé&bius band and give an explicit bound (theorem 7). A
simple corollary is to prove the completeness of the bifurcation diagram given by
Chow, Deng and Fiedler in [CDF90] of codimension 2 homoclinic loops in R?* under
an additional smoothness condition: the band must be at least C®. An additional
consequence is a result of finite cyclicity for twisted homoclinic loops in R™ when
the codimension is sufficiently small in front of the non-principal eigenvalues.

The paper is divided in three parts as follows.

In the first two parts we look at 1-homoclinic loops on a C¥-Mgbius band. The
first part contains preliminary results. The second part is devoted to the proof of
the finite cyclicity property of a generic loop.

Finally, in the last part we give a result about strongly 1-resonant vector fields
in R™.

Czeséé 1. Setting up the proof of the C¥-Mébius case.
1.1. NOTIONS AND VISUALIZATION

DEFINITION 1. Let T be an orbit of a vector field Xo(z) on a manifold M. We
have the following general definitions:

1. If the a—limit set and w—1Ilimit set of ' are one and the same saddle point s,
then we call I' U {0} a homoclinic loop.

2. Let Ty be a homoclinic loop of Xo(x). Fiz U a small tubular neighborhood of
To. Assume T C U with T some orbit of X, (x) intersecting a section of U N
times. If T is a homoclinic loop then it is called an N-homoclinic loop. If
I" is a periodic curve then it is also called an N-periodic curve.

3. An N-curve is either an N-homoclinic loop or an N-periodic curve.
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Remark. Aslong as U is chosen small enough, the above definitions are indepen-
dent of the choice of U and are valid for small perturbations X (z) of Xo(z).

To help visualize the dynamics on the Mdbius band, we use the projection of the
band illustrated in figure 1.

(a) Projection of the band. (b) Projection of the vector field.

RYSUNEK 1. Singular projection of the Mdbius band on the plane.

More precisely, we will be working in the following framework.

DEerINITION 2 (Framework for the differentiable M&bius band). Let M? be a C¥ -
smooth Mébius band, and X : M2 x A" — TM? be a CX -smooth p-parameter local
family of vector fields on M? (A" is a neighborhood of the origin in RP ). Let s € M?
be a hyperbolic saddle point with eigenvalues — 1, o satisfying, for A = 0, the res-
onance relation 0 < us = py. Let Ty be a homoclinic loop of the vector field Xg
through the saddle s and turning around the Mdébius band, and let U be a sufficiently
small tubular neighborhood of Tg. Let 31 be a transversal of X intersecting the
local stable manifold of s and intersecting OU in two points, and Ty a transversal of
X\ intersecting the local unstable manifold of s and intersecting OU in two points
and this for all A\ € A'. We parametrize ¥, (resp. T1) so that the origin corre-
sponds to the intersection point with the invariant stable (resp. unstable) manifold
and with orientation as in figure 1(b).

Take a chart in M? around s in which s is the origin. Since (0,0) € R? x A’ is
hyperbolic, we take a small neighborhood A’ of A = 0 such that the saddle point
has eigenvalues —pu (A) < 0 < p2(A), where p;(0) = p;.

DEFINITION 3. The hyperbolicity ratio r(\) of the saddle point (0,)) is de-
fined as

DEFINITION 4. Let {XA})\eA’ be a family of CX vector fields on M?. Let T
be a compact subset of M? invariant by Xo. We say that T has finite cyclicity
in the family {XA}AeA’ if there exists N € N, € > 0 and a neighborhood Ay of Ao
in A" such that for all X € Ao, the number n(e, \) of limit cycles (isolated periodic
orbits) v of X with disty(y,T') < € is less than N, where disty is the Haussdorff
distance on compact sets.

Using the notation of Jebrane and Mourtada, let
(1) n(e, o) = sup {n(e,\)}.
AEAQ
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We can thus define the cyclicity of I in the family {XA}AGA’ to be the minimum
integer n(e, Ag) when € and the diameter of Ay go to 0.

1.2. GEOMETRICAL RESULTS

The purpose of this section is to give geometric conditions (proofs can be found
in [Gui99]) for the existence of periodic solutions which will be of importance to
simplify the proof of the finite cyclicity property.

Let Py(z) be the first return map on ¥;. Then on the Mdbius band M?:

1. there is at most one 1-periodic curve bifurcating from a homoclinic loop
([RR96]);

2. if there is a 2-curve, then there exists one 1-periodic curve which coexists with
the 2-curve: let z; and x5 be the intersection points of the 2-curve with X,
the fixed point of P, is located between z; and z»;

3. we only have to look for N-curves with N = 1 or N = 2 intersecting some
compact interval of Xj.

Thus to have limit cycles, there must exists a 1-curve. From 1-3 we have that
Cycl(Typ) is exactly the number of 2-curves plus 1.

LEMMA 5. Let 2o(\) be the fized point of Py(x) with X € A, a small neighborhood
of the origin, and Zy = {x € 1| P}(z) =z and 0 <z < zo(\)} . Let

(2) N = ilelg (C’ard(ZA)).

The cyclicity of Ty is equal to N + 1.

Let Ra(y) be the regular transition map from T; to X; defined by the flow. In
fact, Ra(y) is CK since X, is of class C¥, and its Taylor expansion is

K-1
(3) Ra(y) = do(N) + Z d;(Ny' + Oy (v,

where do(0) = 0 and d; (0) < 0 (orientation reversing).

Remark. Since d;(0) < 0, there exists a diffeomorphism H(y) such that:
K/ '

(4) HoRyoH ' (y) =do(A) + D daici(Ny" + Ox (v%).
i=1

PROPOSITION 6. Let the above framework be assumed. Denote by B(\) the
first intersection of the unstable manifold of the origin with X1 (i.e. B(A) = do(N)),
and let a(X\) be the second (if it exists) intersection (with reverse time) of the stable
manifold of the origin with X1 (cf. figure 2). We have the following results:

1. In order to have an N-curve, it is necessary to have S(X) > 0, in which case
a(N) exists and is positive. The case B(A\) = 0 corresponds to having only a
1-homoclinic curve.

2. If x € Xy belongs to an N-curve then x € [0,3(N\)], the return map Py\(zx) is
well defined on [0, B(A\)], and the second iterate of the first return map (call it
the 2-return map or the second return map) P (z) is well defined on [0, &(N)].
Moreover, the fized points of P} (x) (if they exist) are contained in [0,m(N)],

where m(\) f min{8(A\),&(A)} > 0.
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RYSUNEK 2. Notation for proposition 6.

Czesé 2. Proof of the finite cyclicity property.

In this part we give a definition of the codimension for a homoclinic loop on a
Mobius band (definition 11). This definition depends only on Xy and not on the
family. We prove the following theorem which is one of our main results:

THEOREM 7. Let Ty as in definition 2. If 'y is of finite codimension and the
band is sufficiently smooth (i.e. K sufficiently large), then Ty has finite cyclicity.
If Ty is of codimension 3k and K > 8k + 2, then Cycl(T'y) < 3k. If Ty is of
codimension N (where N = 3k+1 or N = 3k+2) and K > 8k + 6, then Cycl(Ty) <
3k + 2.

COROLLARY 8. Let Ty be of codimension 3k or 3k + 2, then Cycl(To) < codi-
mension of y.

From corollary 8, we expect the bounds for the cyclicity of I’y to be optimal
when the loop is of codimensions 3k and 3k + 2. Unfortunately the bounds are not
optimal for loops of codimension 3k + 1.

2.1. GENERELIZED MONOMIALS AND THE DEFINITION OF CODIMENSION

We are interested in counting the fixed points of P?, i.e. the zeroes of Py — P;l.
One important planar technic is to view the Poincaré map P, as the composition
of the regular map R (cf. equation (3)) and a transition map D) near the saddle
point.

The transition map near a saddle point in the plane has been thoroughly studied.
Its asymptotic expansion uses generalized monomials which are well ordered and
behave adequatly under differentiation (cf. [Rou86], [Mou89], [EM93] and [Rou98]).
These generalized monomials have the form z'w/(z, \) where:

(5) ar(A) =1-r(})
g 1
— if A)#0
© s ={ amm T W7
—In(z) if a;(\)=0
The generalized monomials have the property that for all £ > 0,
oo (z,A) = —a" In’ (),

and this holds uniformly on [0, X] for any fixed X > 0.
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DEFINITION 9 ([Mous9]). Let K € N, 1(z,\) a CK -function on ]0,e[x Ay such
that ¥(0,0) = 0, and a positive continuous function &(x,\) with £(0,\) = 0. We
say that ¢(z, ) is I (£(z, X)) if for every n € N such that n < K, we have

lim €"(z, A)L‘Z’(m’ A

z—0 oz =0

uniformly on Ag.
The generalized monomials z¥w(z, \) are I (p(z, \)), where p(z, \) = 21 +*1 M w(z, \).

ProrosiTIiON 10 ([Rou86]). Let the family Xy as defined in definition 2. Then
there exists a decreasing positive sequence of positive numbers {0n}n>1 and C*-
functions ay,(\) defined on A,, = {\ € A’\|a1 ()\)| < 6n} such that for all K € N,
there exists € > 0, a neighborhood Ay of A\ = 0, and transversals ¥, and T, C¥-
parameterized by x and y respectively such that the Dulac map defined from X, to
T1 can be written in the following form:

K
(7) Dy(z) =z + Z a;(N)z'w(z, A) (1 +i(z,\) + dx (2, N).

The function ¢ is CX and K-flat at x = 0. The functions 1; are IF (p(a:, )\)) ; more
precisely, they are  finite linear combinations of  monomials
2" w™(x, N) with coefficients being polynomials in ay(\) wherei <1 < K andm € Z.

The inverse function D} ' (y) is now easily computed. Instead of inverting equa-
tion (7), it is better to apply proposition 10 to the field with reverse time. Under
the hypothesis of proposition 10, the inverse function D;l(y) is of the following
form:

(8) Di'(y) =y + Z@i(/\)yiw(y, A (1+9;(y,N) + b (y, \),

with @; (A) = 1—-1/r(X), @;(A) = —a;(A) +pi(A), pi(A) being polynomials in a;(A)
with 7 < . Moreover

y—al (N _ 1 . -
(9) SN ={ mey T N
—In(y) if a;(\)=0

functions ; are I (p(y, \)), where 5(y,\) = y' @ N@(y, \), and ¢y is CK and
K-flat at y = 0.
Geometrically, the functions Ry (y) : Ty — X1 and Dy (z) are given in figure 3.

RYSUNEK 3. Applications Ry(y) and Dy(z).

We now want to give a suitable definition of the codimension of a homoclinic loop
['o on M2. Since 2-curves can occur in the bifurcation of such a loop (cf. [CDF90]),
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it seems necessary to use the asymptotic expansion of the 2-return map to give this
definition. To simplify the computations, we consider a function associated to the
2-return map. We first need to extend equation (8) to the negative values of y.
This extension can be found in [RZ91] (recalled in [Gui99]) and, parameterizing ¥,
as on figure 4, is of the following form:

K
(10)  DFMy) == |y+ D @Ny'@(lylA) (1+ iy, V) +5K(y,k)] :
Now let
1) 20 Y D) - G\) (6x®) & Ra o Dy o RA)).-

Using equation (10), fonction Z)(y) is well defined at least on {y € T; | y < 0}.
From proposition 6, when 8(\) > 0, there exists b(A) > 0 with 3(A\) =0< b(\) =0
such that Zy : {y € Ty | y < b(\)} = ;. Moreover, the 2-return map is defined
only on the interval [0,b())] (or a subinterval) on which it has, for all sufficiently
small A, the same number of fixed points as the number of zeroes of function Zy(y).
Functions Go(y) and Dy (y) are illustrated in figure 4.

Since we have the expansion of Ro(y) on the whole section Ty, from proposi-
tion 10 we can get the asymptotic expansion of Go(y).

As we will show in the next section, in any parameterization, Z,(y) at A = 0 has
the following form:

K K
(12) —Zo(y) =Y _Biy' + > o In(ly]) + o(¥),

i= i=1

where BI(O) =1+ l/dl(O), O'Z(O) = 041(0)(|d1(0)|1_l + (—l)i), with 61(0) to be
defined later.

DEFINITION 11. Let Ty as given in definition 2, and let the 3;(\) and o;(\) as
given in equation (12).
1. Ty is non-degenerate of finite codimension if one of the 5;(\) or a;(A\) does
not vanish at A = 0.
2. If there exists k such that a;(0) = 0 = B;(0) for i < k and ay41(0) # 0, then
we say that Ty is logarithmic of order k + 1, noted O, (o) = k + 1.
3. If there exists k such that 8;(0) = «;(0) =0 fori < 2k+1, ask11(0) =0, and
Bak+1(0) # 0, then we say that Ty is analytic of order k, noted O4(To) = k.
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4. Ty is of codimension 3k if it is logarithmic of order 2k; codimension 3k+1
if it is logarithmic of order 2k+1; [y is of codimension 3k+2 if it is analytic
of order 2k + 1.

ProposiTION 12. Definitions 11.2, 11.3 and 11.4 are intrinsic.

Proof. There is a total order on the monomials appearing in Zy(y) (and also in
Do(x) and D5 (y)),

(13) L<yl|y| <y <y’lnfy| <y* < ..

The definitions correspond to the one defined on an expansion such as (13) by
means of the lowest order term with non-vanishing coefficient. This is known to be
invariant under composition by C*-diffeomorphisms. |

2.2. PARAMETERIZATION AND THE BLOW-UP

The major difficulty that we encounter comes from the terms w(Rx(y)) in the
expansion of function Dy o Ry (y). To simplify w(Rx(y)), we first need to find a
nice parameterization for which R (y) is an affine map. Then we use a property
(stated below in lemma 13) of function w(z,\) to get a nice expansion of Dy in
that parameterization.

LEMMA 13 ([IM94]). Let f(z,)) be a CE -function on [0, zo[x A such that (0, ) = 0.
Then there exists a CX-function, g(x, ), with g(0,\) = 0 and such that for all
a > 0, we have

(14) w(az(l + f),)) = [a +0(a (/\))]w(a:, ) + g(z, \) — In(a) [1 + o(al(x))] :

We have 8(\) = R, (0) and b(\) = R;'(0). Let 21 € ¥;. We note by y its image
on Ty by the diffecomorphism R, !, i.e. y = R, *(z1). We have that
(15) y =b(A) +ra(z1),
where r(0) = 0, and r)(z) is a smooth diffecomorphism. A priori, b(A) and S())
need not be the same, but since Ry o Ry (z) is smooth, we have the following:
9,72 (0) = 8, R;'(0) <0 (since Ry is orientation reversing)
_ 1 _ 1
T ORA) [y () +O(BN)
for a sufficiently small neighborhood A of A = 0.

Set
(16) r=—rx(z1) = Sx(71)
as the new parameterization of ¥ (it is smooth). Let us note by R (y) the function
Ra(y) expressed in the new parameterization, i.e. Ry(y) = —rx (Rk(y)) =S\o0

Ra(y), and similarly R, *(z) = b()\) — z.
We can suppose that  varies in a domain [0, 2] which is independent of A € A.
We have that

K
(17) 1 =t (—z) = a(\)z + Z (Nt + ra g (2),
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where a™*(X) = —d;(A) + O(b(\)) and the 7;()\) are polynomials in b(\) and d;(\)
with j <4, the function ry g is CK and K-flat at = = 0.
In parameterization (16), we have that

(18) Ry (0) = —rA (B(N).

_ Therefore, in the parameterization we have introduced, Ra(y) is the affine map
Ra(y) = —rA(B(N)) —y and thus 0 = Ry o R3(0) = —ra(B(X) — b(N), ie

Ra(0) =b(A) =R (0) and  Ra(y) =b(N) —

Rewriting equations in parameterization (16), the Dulac map has a more com-
plicated expansion than equation (7) since it is composed with a C*-map.

LEMMA 14. Let the transversal £,. Dy(z) = D) o S5 (z) is of the following
form:

K
(19) Dy(z Z% Z l()\)ai()\)miw(x,)\)[l + hi(x,)\)] + Hg(x, N,

where h; is a CX-function in x and verifying I (p(a:, )\)) The function Hg (z,\)
is K-flat at x = 0; a”*(A) = —di(A) + O(b(N)); m(A) = a(A) and v;(N\) are
polynomials in 1n;(N), aj(A) (5 < i) and b(N\). This result is valid for all K less than
the differentiability of X .

Proof. By proposition 10, we have

(20) NE2 —w1+Zal Yol w(zy, )(1+1/1i(:n1,)\)) + o (w1, ).
Using equation (17) and lemma 13, the Dulac map is of the following form in
parameterization (16):

K K

(21) Da(e) =Y mNz' + Y ai(Nai (N)a' [1+ hy iz, V)] [(1 +

i=1 i=1

+ 01 (Vo (w, 1)) (@, X) + by (2, X)| + Hic (2, 3),
where 1 (\) = a(\), the hy ;(z,\) are CK and verify I (p(z,N)). Setting
fi(xv >‘) = BQ(ma >‘) (1 + hl,i(xa >‘)) gt(xv >‘) = ;L3(£U, >‘) (1 + hl,i(xv >‘)) >

we obtain the following expression for D) (z):

K
(22) Dy(z Zn, )t +Zai(,\)ai(/\)g;i[(1 +ar(\) filz, \)w(@,\) +

+ gi(w, V)] + Hic(, ),

where the f;(z,)) are CX and verify I (p(z,\)). To get the final form (19), we
expand, using Taylor series, the functions f; and add the K -first terms to the first
term on the right side of equation (22) and the rest to Hg (z,\). O
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LEMMA 15. Let z € ;. The function Gx(y) has the following form:

K K
(23) Gal(y) =B(N) —b(N) +y + Z Bi(N)a' + Z ai(Ndi (Na' (Na'w(z, X)[1 +

+ hy(x, )\)] + Hg (z, N),

where © = b(X) —y, f1(A) = 1 —a(N) and B;(\) are polynomials in b(X), n;(N),
a;(X) and d;(X) with j <i.

Proof. Since Gx(y) = Ry o Dy o Ry(y), from equations (3) and (19) we get an
expansion of the form of equation (23). The result comes from the fact that

K K J
(24) (Z%(/\):ri+Zai(/\)ai()\)a:iw(:r,/\) [1+ fi(z,))] +FK(Q;,A)> =

K K
Z BNzt + Z N @ (N aiw(z, ) [1+ hi(z,N)] + Hie (2, \).

O

From lemma 15 and equation (8), we have the following proposition:

PROPOSITION 16. In the normal form coordinates, the zeroes of Z5(y) coincide
with the zeroes of the function ¥(y, \), where

k k
(25) TN =3 BN+ (ai()\)dl()\)ai()\)miw(x, N1+ filz, V)] +
=0 i=1

- ai(/\)yiw(yv /\) [1 + ?z(y; A)]) + Hj, (1‘, >‘) + 51((% /\);

with Bo(A) = B(A) —b(A), z = b(A) —y. The B; are the ones given in equation (23),
and the @;(A\) are the ones given in equation (8). They are C! in X\. The f; and
f; are I (p(z,N) and I (p(y,\)) respectively.

Remark. The differentiability class K is arbitrarily chosen but sufficiently large to
allow all needed differentiations. Let 'y of order k, taking a smaller neighborhood
of A =0, we may take K > 4k + 2 if k is odd and K > 4k + 6 if k is even (K is the
differentiability class of M?2.). Thus for the codimension two case, K > 6.

To prove theorem 7, we bound the number of zeroes of ¥(y,A) on the interval
given in proposition 6, i.e. [0,b(A)] with b(X) > 0. (It is of course sufficient to work
on [0, m()\)], but for simplicity reasons, we work on a possibly larger interval.) We
will have to work with terms in w(b(/\) — y), a function of the two independant
variables b(A) and y, both arbitrarily small. To simplify these terms, and then
simplify the equation of its derivative, we blow-up the xz and y variables in the
following way: we set

(26) y=b(\)(1—t(\) (and z =t(A)b(N)),

where, by proposition 6, ¢ € [0, 1].
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ProposiTION 17. Choosing A sufficiently small, there exists € > 0 such that

)

(27) Cyel(To) < sup ‘{t €10,1—¢ | T(BA)(1 —1),)) =0}
AEA

i.e. we only need to bound uniformly on A the number of zeroes of ¥ (b(\)(1—1t),\)
on [0,1 — €] to bound the cyclicity of Ty.

Proof. Let yo(X) = b(A)(1 — to(X)) be the fixed point of Py(y) on Ty: to(N) is a
zero of:

(28)  (Dx — RyY)(bt) = b(t — 1) + abt[(bt) =™ — 1] + O(bt) + O (btw(bt, \)).
Moreover

(Dr = £57) (b)) |

(29) 0

t=0 __ -1
- )

thus, for sufficiently small A and by continuity of equation (28) with respect to ¢
and A there exists €; > 0 such that ¢(A) > € on A.
The result follows from lemma 5 with e = 1 — €;. [l

2.3. THE FINITE CYCLICITY PROPERTY: A PROOF

2.3.1. Proof of Theorem 7: case I'y is logarithmic. This is the case where
d;1(0) = -1, ;(0) = 5;(0) =0 for i <k —1 and ax(0) # 0.

We first homogenize the principal part of ¥ (b(\)(1 —t),\) with respect to b(\)
by means of a blow-up of the coefficients a;(A) with ¢ < k. More precisely, following
the idea in [JM94], we define the following functions ¢;(X) for i < k.

(30) ai(\) = t; (MY N for 1 <i < k

The ¢;(A) are not bounded, but since ay(0) # 0, we have that for A a neighborhood
of A = 0 sufficiently small and A € A, there exists § > 0 such that

k 1/2
L\ = (th(A)) > 4.

We can then compactify the coefficients space by setting

T L7
where |7;(A\)| < 1foralli <k, XA € A, and Zle 2(A) = 1 for all X € A, i.e. the
new coefficient space is a subset of S*.
The blow-up destroys the order relation between the coefficients. Therefore it is

necessary to divide our study in the following cones in the parameter space. For all
1 <5<k, welet

(31) B, {)\ €A/ || = s |Ti(A)|} .

1<i
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Our first step is to compute the (k+1)!" derivative of ¥(y, ) using equation (25).
We have that

(32) Z_o;:(m,/\) = - 1 = N (Nw(,A) + 1)
o i—j—a1(X) ; j
i f wxit 1<)
(33) awxw_{*l+*w =7
O Hpin (1 + fi(x, A ; 3
(34) T CU( + fi(w, )) = i (k1) =1 (}) (Al(A) + Fi(z, A))’

YEs]
where 4;(0) # 0, fi(0,\) = 0 = F;(0,)), and * are non-vanishing functions of A.
Since we will only be interested in the behavior of functions F;(x, \) for small z, to
simplify the notation we will simply write

O Haiw(1+ fi(z, )

Opkt1

noting that now the new fi(z,)) is only I (k+1)( (z,)A)). We then have the
following expression for the (k + 1)*® derivative of equation (25):

(35) = g~k D=a N (4,(N) + fi(z, N)),

k+1 k )
(36) %ﬁ’{’” => ((—1)’°ai(A)mZ*<k+1> N [4;(N) + filz, V)]

=@y FD TN B ) + Fily V] ) + firr (20) + Frp (9:3),

where fii1(z, ) (resp. }Nk_H(y,)\)) is CK—(k+1) and 1-flat at = 0 (resp. y = 0);
A;(0) = B;(0) # 0.
LeMMA 18. Let

k
(87) T (t,N) =Z(n<x>ti—<’“+” SO 4,0 + (V)] +

DR IO (1RO By + ()],

with T;(X) = —7;(A) + Pi(X), Pi(X) are polynomials in b(A) and in 7;(N) with j < i

such that p;(0) = 0. The functions f;(t, \) are Ig(f(kﬂ)(t) and the functions f,(t, \)
K—(k+1)

are I, (1-1).

There exists a function of the form of equation (37) such that the number of
zeroes of 6§+1\Il(y, A) in a small neighborhood of (0,0) in R x A’ is the same as the
number of zeroes of Ti+1(t,\) in [0,1] x A, where A is a small neighborhood of 0
in A
Proof. We first multiply equation (36) by (—1)Ft1p2t(N+1(X)/L(\) and use the
coordinates (26). It is equivalent to the following equation:

k+1gy k
) g =2 (ROt AW + £ )] +

=1

+ (_l)k—i-l?i()\)bm( )_al()\)(l _ t)i—(k+1)—al(>\) [Bi(A) +fi(t, )\)]) +

+ .fk+1 (t7 >‘) + 7k+1(t7 >‘)
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Looking at Ej # 0 with j < k + 1, we can include the function fr4q1(¢,\) in the
term with coefficient 7;(\) by letting the following:

t,A) . o
(39) 7o) = £9003) 4 L) sty
J

(To simplify the notation, we again let f; = f2*%). We do the same with the function

frq1(t, ), ie. we include it in the function ?j(t,/\). That functions f;(¢,\) are
Ig(f(kﬂ)(t) and functions f,(t,\) are Ig(f(kﬂ)(l —t) can be shown as follows. In
equation (38), the functions f;(z, ) are I~ ("1 (p(z, X)), the functions fi(z,N)
are JX (1) (p(y, ), and fr41(z,N) is of class CK=(k+1) and 1-flat at = = 0; i.e.
we have for all 0 <n < K — (k+ 1)

1+al(>\)w)n8"fi(y: A)

(40) lim (a:l"""lo‘)o.i)nM =0=lim (y 3
yn

0 oz y—0

uniformly for A € A. Since z/z'+*1 My (z, A) is bounded, we then have the following
limits:
i g O i Y) i i)
n — — n 3
() T T

Using the variables (26), the following relations are easily obtained for all 0 < n <
K—(k+1):

(42) fm ZSGN gy, 2LGN
b(A\)—0  Ot™ b(A\)—0  Ot™
(43) St = 0= im( - )" =5
the last limits being uniform in A. |

From lemma 18, we see that coefficient b(A)**(N)~@1(N) will be of some impor-
tance. Since both b(A) and a; () tend to zero with the parameter, the quantity
b(A)*1 (M= (M) could lead to some serious problems. Let us show:

LEMMA 19. If the 2-return map has a fized point for small t, then b(\)*r (M) —71(N)
is bounded from above.

Proof. Tndeed, since @; (0) = —a;(0), i.e. a;(A) —@i(A) ~ 2a1(X), b(A)@r M) =21 (A)
is not bounded precisely when a;()) is negative, in which case b(A\)** ™ is not
bounded. Using proposition 16 we have that

(44) WO~ 1), )]z = BO) +N) [1= (b)) ~1) x
(14 £:00), 0)] + O (B> [L +B(b(A), V)]).-

Assume b**™) is not bounded and can thus be taken as large as necessary. Since
b(A)~*r™) | B(X) and b(\) can be taken sufficiently small, we have that for suffi-
ciently small neighborhood A of A = 0, there exists a constant M > b~1()\) such
that for all sufficiently small ¢ > 0, ¥ (b(A)(1—¢t),\) < B(A) — Mb(A)<0. Therefore
the 2-return map has no fixed points. O
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From proposition 17 and since y = b(A)(1 — t), we only have to study the zeroes
of equation (37) on the intervals [0, 1] and [e2,1 — €3] with €1 > €3 > 0 sufficiently
small.

PROPOSITION 20. There exists e1 > 0 and a neighborhood Ay C A of A =0
such that for all A € E; N Ao, the equation Tj41(t,A) = 0 has, on [0,€1], at most
(j — 1) roots.

Proof. We first multiply equation (37) by t*721 (M) to obtain the following equation:

k
(45) Tra(t,X) =Y 7 (1N A () + hit, V).

From equations (42) and (43),

(46) i 2 T A _ " F(t,\)

t—0 otn b(A)—0 Ot

)

0 <n < K — (k+1). Moreover, since b(A)**N =10 is hounded on [0, ¢;] for €;
sufficiently small (by lemma 19), we have that

lim ¢" 0"hilt, \)

t—0 otn =0,

i.e. the h;(t,\) are IX(t). Having such functions allows us to differentiate j — 1
times and show that, for some small neighborhood Ay of A = 0, the number of
zeroes of equation (45) in the set E; N Ag with ¢ < € for €; sufficiently small is
bounded by j — 1. O

The following lemma states that under some hypothesis, the number of zeroes
of equation (37) is bounded by the number of zeroes (counted with multiplicity) of
a polynomial on an interval of the form [to, 3] with ¢; > 0:

LEMMA 21 (cf. [JMO4]). Let 0 < ty < t5. If T(t,\) < P(t,\) + f(t, ) where
P(t,\) is some polynomial of degree k with coefficients in X and f(t,\) such that
for all n < k we have on [ts, t3],

Ot A)
) fin

then exists a neighborhood Ap C A of A = 0 such that for all A € Ap, the number
of zeroes of T'(t,\) on [t2,t3] is bounded by the number of zeroes of P(t, ).

=0,

ProprosiTiON 22. Let t, € (0,1/2). There exists a neighborhood A; C A of
A = 0 such that for all A € E; N A4, the equation Tjy1(t,A) =0 has, on [t1,1—t1],
at most 2k — 1 roots.

Proof. First we write T4+1(t,A) as a polynomial plus some K — (k + 1)-flat rest
f(t,A) and then prove the statement using lemma 21. We will be working with the
two functions Fj11(t,A) and P(t,\), with

(48) Frpa(t,)) = (t’“*“l“) (1- t)’“*al“)) Tis1 (£, N).
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P(t, ) is the following (non-trivial) polynomial:
(49) Zml( 1— )% Ay + (—1)Fpo k(1 — t)iB,»H)

(50) —Zc, )t +o(tF 1),

where if Vi = (co,cat,...,cpth™), Vo = (11, 7,...,7%) and M(t,\) is the lower
triangular k by k matrix with m;(t, \) = xA;(A\)#=L (i > 7), then V;T = M(t,\) -
VL. P(t,\) is non-identically zero since Vo # 0 and M(t, ) is inversible for all
(EN) € [t 1 — ] x A

We then have Fiy1(t,A) = P(t,A) + f(¢,\), with

(51) ZTZH( (1= 8)F [Agpr (1= )TN — 1) 4

H(1=t)" W fi (¢, A)]+(=1)Fb* =t (1—1)" [Bia (talm -1) +ta1()\)7i+1 (t,\)] ) ,

0<n<K-(k+1), ;\in}) 7 f(t,A) =0 uniformly for ¢ € [t1,1 — ¢;]. To prove this
—

limit, which is valid for the f;(¢,A) and the f;(¢, \), we only need to show that it is
valid for terms of the following form:

(52) A (=)™ —1) and By (¢ —1).

We now use the fact that «1()\) and @;(\) converge to zero with A, and that
t € [t1,1 — t1]. The case n = 0 follows directly from equation (52). For the cases
n > 0, both terms in equation (52) are of the form a; (A)h(t,\) and @; (A\)h(t, \)
respectively, where h(t,\) and h(t,\) are analytic on [t;,1 — #;]. We thus obtain
the limit.

Let equation (37) and ¢; > 0. On the interval [t;, 1 — 1], the zeroes of Tjy1(t, A)
are given by the zeroes of Fiy1(t,\). The proposition follows from lemma 21 by
taking to = t1, t3 = 1 — t; since P(¢,\) is a (non-trivial) polynomial of degree at
most 2k + 1 vanishing at 0 and 1. O

From propositions 20 and 22 we have that Tj11 (¢, A) has, for some small neigh-
borhood Ag C A of A =0, 3k — 1 roots on [0, 1 — €], for some small e. Consequently,
if Ty is logarithmic of order k then, from proposition 17 Cycl(T'o) < 3k + 1.

PROPOSITION 23. There exists a neighborhood A of A\ = 0 such that for all
A € E;NA, the equation Ti11(t,A) = 0 has at most 2k — 1 roots on [0,1] for all
1<j<k.

Proof. Let 1 < j < k. Assume that Tg41(¢, A) has d zeroes (d being the maximum)
on E;. Choose a sequence {\,}nen converging to 0 such that Tyyq (¢, \,) has d
zeroes. Of those d zeroes, assume mg go to 0 and m4 go to 1 (the m; can of course
be 0). Let 1 —¢; be the lower bound of the set of roots that go to 1 and ¢, the
upper bound of the set of roots that go to 0. Note €2 = min{ty,¢2}, the minimum
of the two. We have two cases: when b(A)**(N) =@ (V) is hounded, and when it is not.
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(i) Suppose b(A)*1(N=21(N) js bounded by some positive constant M > 0. Taking
a converging subsequence, we have that

lim (X)) =3 n) = 4 € [0, M].

n—o0

We then have that Ty (¢,0) is of the following form:

k—1

(53) Ty41(t,0) = Z Tip1 Agpr t0(1 — )™ (ti_mo(l —t)fmm
i=0

4 (=1)FFLygh—mo(1 — t)i’ml),

The number of roots of Ty (t,0) with ¢ € [e2, 1 —€3] is thus bounded by the number
of roots of the polynomial Pj1(t), where

k*(m0+1)
(54) Pepr() = Y Titmot1(0)Aipmora (0)8 (1 —1)F~™
=0
k*(m1+1)

+ D (D) iy 1(0) Agpmy 41 (0)wot* ™o (1 — 1)
=0

The result follows from the fact that P(t,0) is a (non-trivial) polynomial of de-
gree 2k — (mg + my + 1) and that in the worst case scenario, mg(0) = 0 = m(0).

(ii) From equation (50), in the case where b(\)**(N) =31 (M) is not bounded, ¢ is a
zero of P(t,\,) on [e3,1 — €] only if it is a zero of

k—1
(55) P(t,An) = D Tis1 (M) Big1 (M) (1 = 1),
i=0

and P(t,0) is of the following form:

k*lfmg

(56) Pt,0)= Y Tirt(Aa)Bini ()1 - 1),
i:m1
i.e. P(t,0) is of degree at most k — (mg +my + 1). O

Using proposition 17, part one of theorem 7 is a corollary of proposition 23.

COROLLARY 24.
1. If Ty is of codimension 3k, i.e [y is logarithmic of order 2k, then Cycl(T'y) <
3k.
2. If Ty is of codimension 3k + 1, i.e Ty is logarithmic of order 2k + 1, then
Cycl(Ty) < 3k + 2.

As we announced, we expect the bound to be optimal for loops of codimension
3k, but for loops of codimension 3k + 1, the bound is not optimal. For the case
of codimension 1 (k = 0), it is shown in [Kuz95] (c.f. theorem 6.4, p. 197) that
the homoclinic loop has cyclicity 1 and not 2. The reason of non-optimality comes
from our method itself in which we take one to many derivative: in the case of
codimension 1, we study the second derivative of ¥(y, \), whereas the result can be
obtained directly by looking at the first derivative which is of the form t'—21 (1 +
O(\)) when a;(0) > 0 or (1 —¢)t'T*1(1+ O())) otherwise.
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2.3.2. Proof of Theorem 7: case Iy is analytic. This is the case where ;(0) =
0= Bi(0) for i <k —1, ax(0) = 0 and B1(0) # 0 (with k& odd).

As for the previous case, we homogenize the principal part of ¥ (b(A)(1 —t),\)
with respect to b(\) variables and compactify the space of coefficients a;(A\) with
i <k and Bi(N\):

(57) (N = t; (MBI for 1 < i < k and tgpq (N) = Br(N).

The t;(\) are not bounded, but since 8 (0) # 0, we compactify the coefficient space
as described in the previous section. Moreover we use the same cones (taking the
sup over 1 <i<k+1).

Our first step is to compute the k** derivative of ¥(y, ) using equations (25),
(32), (33) and (34). If £ > 2, we obtain the following equation:

k—1

(58) 6’“\1’ y, Z( DR (V)i kM 4,0 + fi(z, )]

- ai(A)yl—’“—M( [BiY) + Fily, M]) + (1 ar(Vew(a, )[4k (V)
+ Fr(@, V)] = AT, A) [Bie (V) + (1, M] B8N [+ Frsr (2, )+ Frpt (3, V)],

where functions f;(z, \) are I&* ¥ (p(z, \))and functions f.(y, \) are I (p(y, \),

F(z,)\) and Fy1(y,\) are k—flat at © = 0 and y = 0 respectively, and by hypoth-

esis B (0) # 0. (Note that the rest functions have been included in the Sj-term.)
Let, for £ > 1,

k-1
(39) Ti(t,\) =3 (Ti()\)ti_k_al b= [A; + fi(t, \)]
(—1)F7(\)b Tt (1 — )ik [Bi + F.(t, )\)]) + 1 (Nw(z, A) [Ak + fr(t, A)]
(=1)*"75(y, A) [Br, + fi(t, \)] + Togr [k + Figr (8, X) + Frpa (y, V)],

where the functions f;(t, \) are I* " (t) and the functions f,(t, \) are I;*7%(1 —t).

Looking at equation (59), we see why this case is more complicated than equa-
tion (37): we have to deal with terms in w(z, A) and W(y, A). Fortunately, we only
need to look at ¢ € [0,1 — €] for some small e. For values of ¢ in [e,1 — €], we divide
the proof in two cases: whether all 7;(A)=0 for i < k or not. For ¢ in [0, €], we
use the same differentiation-division algorithm as for equation (37) since @W(y, A) is
analytic in ¢ in this interval.

First, we prove that if ¢ € [¢,1 — €], then the number of zeroes of Ty(¢,\) is
bounded. To simplify our study, we will divide the set Ej4; in the two following
subsets:

Bt ={\€E |m(0) =0, i<k} and Ei,, = Ew\Eb,.

(Note: Ejy = {\ € Exy1 |th41(A) = 1} and that for X € E}, |, there exists i < k
for which 7;(A) #0.)
Then, we have the following proposition:

PROPOSITION 25. Let e, € (0,1/2). There exists a neighborhood A, C A of
A =0 such that:

L. For all X € E}j | N A, the function Ty(t,\) has no zeroes on [ez,1 — €3].
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2. For all X € E} | NA.,, the function Ty(t,\) has at most 2k zeroes on [ez,1 —
62].

Proof. Let €3 € (0,1/2) and t € [e2,1 — €3], then all w(z, A), W(y, \) and f;(¢, \) are
analytic.

First, we easily see that there are no zeroes on Ellc+1‘

The study on E,%H and on E; with j < k41 is more complicated. First we divide
Ti(t,\) by the unit (k! + Fry1(t,\) + Frp1(t,A)) (but use the same notation for
Tk(t,\)) and differentiate once again (this kills the term with coefficient 7441 (X)).
Knowing that /0t = b(X\)9/0x, if k > 2, we get the following:

k
=3 (ROOp VD= T () 4 gi(2, 0]+

i=1

+(=1)R7 ()b T (1 — )= DT (B () + 34, /\)]) :

(60) 51

with A; = xA;, B; = xB; where % are non-vanishing functions of X, and for each X
there exists an i < k with 7;(A) # 0. To simplify, we again subdivide the set E,%_H
in the following subsets:

E,%H’j = {)\ € Ep,, ‘ |Tj()\)| = sup |TZ()\)| > 0}.

i=1,2,....,k

Since equation (60) is similar to equation (37), we can use the method exposed
in the proof of proposition 22 to bound the zeroes of 9;Ty(t,\) on [e3,1 — €o] for
A€ A=Ay O

PROPOSITION 26. There ezists 0 < ¢; < 1 and a neighborhood A, C A of
A = 0 such that for all X € A, N Ej, the function Ty(t,\) has at most k roots on

(0,61).

Proof. First of all, from lemma 19 we can suppose that both b‘“oi()\) and b~ (M ())
are bounded. In this case, having T (¢, A) = 0 is equivalent to T (¢, \) = 0, where
if k> 2:

k—1
(61) Ti(t,A) =Y _ =N n (A0 (Ai(N) + hi(t, V)] +

L) (Tk( N (2, \) [Ae (V) + fr(t, V)] +

(=1 7K@, ) [Be() + Tt )] + 701 0 (K + Fiega (6 3) + Fra (6] ).

Let A € Ej, we can then include function Fjy1(t,\) in the term with the factor
Tj ()\) .

To get rid of the terms in the summation, we use a differentiation-division algo-
rithm: we differentiate T (¢, \) (k — 1)-times and before the i*!" differentiation, we
divide by the unit *(1+ h;). Taking a smaller neighborhood of A = 0, we have that
the number of zeroes of Ty (¢, A) is bounded by (k — 1) plus the number of zeroes of
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the following function:

(62) (7Nl ) (46N + filt, V) +
 (CDFTLD( ) (B + Tult ) ) + 7hs ) (K + Fea (,3) =0

(we have multiplied by b~ ®1(M¢—21(N),

As the function fj (¢, \), the function f (¢, \) now is I (p(tb)), W(y, A) = w(b(1—
t),A) is analytic for small values of ¢, and Fy41 (¢, \) is 1-flat at ¢ = 0. To eliminate
the problem with the fj, we now divide the equation (62) by the unit (Bg(\) +
i, )\)) We get the following equation:

(63) TR(Nw(z, A) (Ax(\) + fir(t, N)
+ (=D Ny, A) + i1 (V) (Crsr (N) + Fiqa (£,1)) = 0.

Dividing by (w(x,)\) (AN + fr(t,N) + (—l)ka()\)w(y,)\)) (which is non-zero
since y = (1 —t)b(A\) with small ¢) and differentiating one last time with respect to
t we obtain an equation equivalent to the simplified equation

(64)
(Chr1+Fipr (8, 2) (Ax+fi(t, VFO (' T ON)) 40 (2 Voo, 1)) +O (Fiy, (1, 1))

(This result is also true for £k = 1.) We now have the following limits:
. 3 _ T - T vl T
(65) }Ef(l) fk(tv /\) =0= %E}% FkJrl(t) >‘) - }E}%Fk+1(t7 /\) - %E}I[I)Z‘

Thus choosing €; sufficiently small, equation (64) is equivalent to Cjy1(A)Ar(X) #
0. We hence have that the number of zeroes of Ty (t,A) in (0,€1) is bounded by
k. O

From propositions 25 and 26, we have that Ty (¢, A) has, for some small neigh-
borhood Ag C A of A =0, 3k + 2 roots on [0, 1 — €], for some small e. Consequently
from proposition 17, if T'g is analytic of order k, then Cycl(T'y) < 3(k + 1).

PROPOSITION 27. There ezists a neighborhood A of A\ = 0 such that for all
A € E;NA, the equation Ty(t,\) = 0 has at most 2k roots on [0,1], this for all
1<j <k

Proof. The proof of this proposition is essentially the same as for proposition 23.
However there are some differences: in equation (59), we have to deal with both
b= and b~M N,

As before we note e; = min{t1,¢>} and let (\,) be a converging sequence such
that T (t, A,) has d roots.
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Multiplying equation (59) by t*(1 — t)¥, we get the following equation:

kol

(66) Sk(t,\) = 3 T,»(A)(ti*m(*)a—t)kb*m(*) [Ai(A) + fi(t, )] +

=1

+ (_l)k-‘rlb—al()\)tk(l . t)i—E1(>\) [BZ()\) + ?i(ta )\)])
V(L= ) [ (w(, ) [A6() + filt, V)] +

+ (=) F (@Y, N [Be(N) + Filt, A)]) + Tt (V) [+ frra (2, /\)]] :

(i) Assume b= or b= (M) diverges, then using the technics used to prove propo-
sition 23, we show that Sy (¢, A) has at most k — (mg +my + 1) zeroes on [e2,1 — €a].

(ii) Assume b= and b= (M) both converge. We then have two cases.

1. Assume lim,, o Tgt1 ()\n) = 1. Since 0;(0) = 0, at the limit we get that
Sk (t,0) is equivalent to a polynomial in t of degree 2k and thus has at most
2k roots on the interval.

2. When lim A, € E,%_H, we can then use the same technics as for equation (60).
n—o0

We obtain a polynomial of degree at most 2k — 1 whose number of zeroes is
equal to the number of zeroes of T (t,\) on [e2,1 — €3], minus one. Again
using the technics used to prove proposition 23, we can show that S (¢, \) has
at most 2k — (mg + m1) zeroes on [e3,1 — €3].

O
We get the second part of theorem 7.

COROLLARY 28. If Ty of codimension 3k+2, i.e. analytic of order 2k+1, then
Cycl(Tp) <3k+2 .

Note that Jebrane and Mourtada ([JM94]) forgot, in writing the explicit bound,
that they where working with the &' derivative and thus their bound is in fact
2(2k + 1) instead of 3k + 2. This later bound can be improved using a proof like
in proposition 27 and would give that Cycl(T'g) = 3k, i.e. the same as in their
logarithmic case.

Czesé 3. Applications: bifurcation of almost planar twisted homoclinic
loop of small codimendion in R"

In [San93], and also in [San96], Sanstede studies homoclinic loops of vector fields
in R*. He shows that if the vector field is sufficiently smooth and satisfies cer-
tain global conditions, then there exists a C*™ini{ki}—k two-dimensional invariant
manifold homeomorphic to a Mobius band, where u = (u1, 2, ..., fn—2) are the
nonprincipal eigenvalues and k < min;{u;}, i.e. the Mobius band is of class at least
C'mini{ni}]

From the remark after proposition 16, we get the following;:

PROPOSITION 29. Let X (z) be a strongly 1-resonant vector field in R™. Let

Ty be a homoclinic loop of Xo(x) passing through a hyperbolic saddle at the origin,
the saddle having eigenvalues —1 <0< 1< u;, it =1,--- ,n— 2. Let the following
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generic geometric assumptions holds: Ty is neither of orbit flip nor inclination flip
type [Nau96].

If Tg is of codimension 3k and p; > 8k + 2 for all i, then Cycl(Ty) < 3k. If Ty
is of codimension N (where N = 3k + 1 or 3k + 2) and u; > 8k + 6 for all i, then
Cycl(Tp) < 3k + 2.

Let us consider the case of codimension 2. In lemma 6.2 of [CDF90], the authors
show the existence of a unique C'™-curve of period doubling of the 1-periodic (cf.

figure 5), thus the following result is a trivial corollary of proposition 29 and theorem
B in [CDF90]:

COROLLARY 30. Under the hypothesis of proposition 29, if Ty is of codimension
2 (i.e. of analytic order 1, c¢f. definition 11), then Cycl(To) = 2, i.e. we have at
most one orbit of period 1 and one orbit of period 2 and thus there are no multiple
orbits of period 2. The bifurcation diagram is given in figure 5 .

one 1-periodic curve
and one
2-homoclinic loop

one 1-periodic curve
and
one 2-periodic curve

one 1-periodic curve

one 1-periodic curve

-

(period doubling)

one 1-periodic curve

1o N-curves one l—homi)clinic loop @(A)

RyYsUNEK 5. Codimension 2 bifurcation diagram. When §;(0) <
—2, then @(\) = a1()\), and when —2 < 51(0) < —1 then &(\) =
—Q ()\)

3.1. DIRECTIONS FOR FURTHER RESEARCH

A number of interesting questions remain to be studied. Let us mention some
directions for further research.

1. For the non-twisted case it was possible to bound the cyclicity in the high
codimension cases even in cases with small values of p (cf. [RR96]). Indeed
the dynamics could be projected on the plane, allowing to by-pass the lack of
smoothness of the invariant ring. A similar, although more involved, proce-
dure can be used in the twisted case. The main difference is that we have to
work with generalized monomials in two variables: z and y. This result will
appear in [GR9S].

2. What are exactly the independant coefficients in the development (25), and
what is the exact cyclicity?

As a final remark, let us note that theorem 7 can be extended to the study of
homoclinic loop bifurcations differentiable surfaces. In fact, on non-orientable sur-
faces we can have loops for which exists an orientable neighborhood, the bifurcation
of which can be treated as in the planar case, and loops for which all sufficiently
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small neighborhoods are Md&bius bands, the bifurcation of which can be treated as
we showed in this paper.
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Chapitre 2

SECOND ARTICLE: FINITE CYCLICITY OF
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ABsTRACT. In this paper we study homoclinic loops in R? which are nonde-
generate in the sense of Sil’'nikov ([Sil68]) and with real principal eigenvalues
in 1 : 1 resonance, i.e. loops which have the strong inclination property and
which arise from the equilibrium point along the principal eigenvectors. We
are interested here in the higher codimensions. It is known that the dynamics
of such systems is given by a 1-dimensional map. Using the ideas exposed in
[Gui98], we are able to show that, as for the “nontwisted” loops (cf. [RR96]),
this 1-dimensional map admits a nice asymptotic expansion allowing to treat
homoclinic loop bifurcations of arbitrarily high codimension and to exhibit an
explicit bound for the number of isolated periodic solutions generated under
small perturbation. The computations of the bound rely on derivation-division
algorithms and Khovanskii’s fewnomials theory.

INTRODUCTION

Mathematicians have been interested in homoclinic bifurcations in R® for the
past thirty years. They are among the simplest “global” bifucations leading to
the creation of periodic solutions and can generate complex dynamics: in 1972,
Gavrilov and Sil’nikov proved that a homoclinic loop can lead to horseshoes and,
in particular, to chaos (cf. [GS72]). This is linked to the presence of eigenvalues
with large imaginary parts. We consider here the special case of homoclinic loops in
R?, nondegenerate in the sense of Sil’nikov, with real principal eigenvalues in 1:1
resonance, i.e. loops satisfying the following two properties (if the singular point
has two negative eigenvalues): (1) it approaches the equilibrium point (with reverse
time) along the principal stable eigenvector; (2) the stable manifold together with its
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tangent space approaches the strong stable manifold along the homoclinic orbit, i.e.
in a tubular neighborhood of the invariant 1-manifold the strongly stable manifold
is part of the adherence of the stable manifold. In such systems, the bifurcating
dynamics is contained in a topological 2-dimensional invariant manifold. ([Hom96],
[San93] and [San96], [RR96].) From the view point of chaos, these systems are
trivial yielding the hope that the homoclinic loop bifurcates into at most a finite
number of periodic orbits. (The invariant 2-manifold is in fact at least C!, as shown
by Sandstede who gave a precise estimate of the class of differentiability.)

The codimension 1 case, when the sum of the principal eigenvalues does not van-
ish, was studied by Sil'nikov in [Sil63] and [Sil68], and leads under perturbation to a
unique periodic orbit. In 1987, Yanagida [Yan87] showed that resonant bifurcation
could lead to the birth of periodic curves of period 2. In 1990 Chow, Deng and
Fiedler [CDF90] studied the codimension 2 case. Inspired by heuristic arguments
on a model (cf. [CDF90, section 2]), their method uses the Sil’nikov’s variables and
the Lyapunov-Schmidt reduction.

Nondegenerate homoclinic loops (in the sense of Sil’nikov) with the two real
principal eigenvalues in 1 : 1 resonance were later studied in [RR96] with the fol-
lowing method. By a geometric argument the problem is reduced to the study
of homoclinic loop bifurcations on an invariant 2-dimensional manifold (either an
oriented annulus, the nontwisted case, or a Mobius band, the twisted case), yield-
ing the nonexistence of N-orbits for N > 1 (nontwisted case) or N > 2 (twisted
case) (see also [Hom96|, [San93] and [KK093].) The paper then specializes to the
nontwisted case: a suitable reduction to normal form allows the exact calculation
of the transition map (Dulac map) in a neighbourhood of the saddle point and its
composition with a C*-diffeomorphism gives the first return map. The use of a
derivation-division algorithm and Khovanskii’s fewnomials theory allows to bound
the number of fixed points. The method provides a bound for the number of iso-
lated periodic solutions generated under perturbation of the higher codimension
homoclinic loops, i.e. what we call the finite cyclicity property of the loop and al-
lows to show the finite cyclicity property for all finite codimensions. The optimality
of the bound is still an open question which we do not consider here.

The study of the twisted case for small codimension was done in [Gui98] in the
case where the Mobius band is sufficiently differentiable. It was done by projecting
the dynamics on the band. In the present paper we extend the result to arbitrary
finite codimension. Since the M&bius band is not sufficiently differentiable, we do
not project the dynamics on the band. We exhibit a bound for the number of
isolated periodic solutions generated under perturbation of a twisted homoclinic
loop of arbitrary finite codimension (finite cyclicity property).

As we need to study periodic solutions of period 2, it is natural to work with
the 2-return map (the second iterate of the Poincaré map) or at least a related
function which admits a nice asymptotic expansion. Using the implicit function
theorem and geometric constraints, we are able to bring the problem down to the
study of a one dimensional map V) (¢) on a compact interval I. We give a definition
of the codimension of a homoclinic loop by means of the lowest order term with
nonvanishing coefficient of the asymptotic expansion of V) (t). This definition of
the codimension is intrinsic.

To derive the finite cyclicity property we use a blow-up (a method first introduced
by Jebrane and Mourtada [JM94]) allowing to divide the discussion in three different
cases. The conclusion close to the stable manifold or unstable manifold (end points
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of I) uses an asymptotic expansion. In the middle region the function Vy(t) is
analytic and we use Khovanskii’s fewnomials’ method of reducing a transcendental
system to nondegenerate polynomial ones.

The paper is divided in two parts. The first part contains preliminaries, the
definition of codimension and of the function V) (¢). In the second part, we prove
the finite cyclicity property of twisted nondegenerate homoclinic loops of finite
codimension.

Part 1. The asymptotic expansion of the 1-dimensional map.
1.1. SETTING AND FRAMEWORK OF THE PROBLEM

Consider a p-parameter family X, of C'*°—vector fields on R® which has for A = 0
a homoclinic loop Iy through a saddle point at the origin (figure 1). Moreover
the origin is a hyperbolic strongly 1-resonant saddle, i.e. the set of eigenvalues of
the linearization of Xy at the origin of R® is {r1(0),—»2(0), —x(0)} and is such
that 0 < v1(0) = 12(0) =1 < p(0) and ©(0) ¢ Q (the only resonances come from
v2(0) = v1(0)). The resonant monomial u is given by u = zy.

Since (0,0) € R® x RP is hyperbolic, we take a small neighborhood A of A = 0
such that the saddle point has eigenvalues —v1(A) < 0 < ().

Definition 1. The hyperbolic ratio r(\) of the saddle point (0, ) is defined as

_ I/Q()\)
r(\) = EYE

There exists a CN-change of coordinates and rescaling of time such that the
system defining the family can by written in the neighborhood of the singular point
in the following way (cf. theorem 3 in [IY91]):

r=x

K .
Uu=u (al()\) + Z ai+1()\)u’>

z;(l |
2=2z (—u()\) + ZBi(A)UZ> ,

where u = zy, a1 (A) =1 —r()\). We can suppose (possibly after scaling) that the
normal form is valid in a ball of radius 2.

The first return map (the Poincaré map) is the composition of two maps: a local
transition map A between two sections to the stable and unstable manifolds, which
we call the Dulac map as in the planar case and which is defined in a neighborhood
Up of the singularity and calculated using the normal form coordinates, and a
regular map R, defined far from the singularity by the flow near I'y.

Definition 2. Let the origin be a saddle point with two negative eigenvalues —u <
—vy < 0. The homoclinic loop Ty is nondegenerate in the sense of Sil’nikov
if it satisfies the following two properties:
1. Ty approaches the equilibrium point (with reverse time) along the principal
stable eigenvector (i.e. the eigenvector of the eigenvalue —vs);
2. the stable manifold together with its tangent space approaches the strong stable
manifold along the homoclinic orbit, i.e., in a tubular neighborhood of the
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invariant 1-manifold, the strong stable manifold is part of the adherence of
the stable manifold.

Let U be a sufficiently small tubular neighborhood of T'g. For all A € A C RP with
A a neighborhood of 0 € R?, let ¥; = {y = 1} be a transversal of X, intersecting
the local stable manifold of the origin, and let Ty = {& = 1} be a transversal of ¥
intersecting the local unstable manifold of the origin (cf. figure 1). (x,y, z) provides
natural parametrizations (z,z) of ¥ and (Y1, Z;) of T; (cf. figure 1).

FIGURE 1. The homoclinic loop T'y.

The regular transition map Ry (Y1, Z1) from T; to ¥; is a CX—orientation pre-
serving diffeomorphism:

K
CoN) + Y Ciy(VYiZd
(2) Ra(Y1,2y) = =0 + R\(Y1,71),

K
Do(\) + > Di(WNY{Z{
i+j>0

where C10(0)Dg1(0) — Co1(0)D19(0) > 0 (orientation preserving), Co(0) = 0 but

Dy(0) = zp need not vanish, and Ry (Y1, Z;) is CK and K-flat at Y1 =0 = Z;.

Lemma 3. System (1) is nondegenerate if C19(0) # 0. The loop is twisted (resp.
nontwisted) if C10(0) < 0 (resp. C10(0) > 0). The stable manifold for the twisted
case is illustrated in figure 2.
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FIGURE 2. The invariant stable manifold in the twisted case.

Definition 4.

1. Let {%A}AeA be a family of C¥ vector fields on R® such as in our framework.

We say that Ty has finite cyclicity in the family {%A}AeA if there exists
N €N, € >0 and a neighborhood Ay of Ao in A such that for all X € Ag, the
number n(e, \) of isolated periodic orbits v of X with disty(v,T) < € is less
than N, where disty is the Hausdorff distance on compact sets.

. Let

n(e,Ag) = )\s:[{ao {n(e,N)}.

The cyclicity of T in the family {xA}AeA is the minimum integer n(e, Ag)
when € and the diameter of Ay go to 0. We note it Cycl(To, X))-

. We say that Ty has absolute finite cyclicity if there exists a finite upper

bound to all n(e, Ao) in any family {%A}AGA and sufficiently small € and we
note it Cycl(Ty).

1.2. THE RETURN MAP

Let Py = (P1,x, P2,n) be the first return map on Ty, i.e. Py def Ay oRy.
The transition maps for planar systems have been thoroughly studied. Rous-

sarie for instance uses generalized monomials which are well-ordered and behave
adequately under differentiation (cf. [Rou86], [Mou89], and [Rou98]). These mono-
mials have the form z‘w’(x, \) where:

(3)

(4)

ar(A) =1—-r(\)

TSl e ) #£0
() = ) if  ai(\) #
—In(z) if a;(\)=0
The generalized monomials have the property for all £ > 0:
li (2, \) = —a¥ In’
o (z,A) = —a" In’ (),

and this holds uniformly on [0, X] for any fixed X > 0.
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Y

R
)

Ay

FIGURE 3. The maps Ry and A,.

Definition 5.
1. ([Mou89]). Let K € N, (z,\) a CK —function on )0, e[x Ag such that 1(0,0) =
0, and a positive continuous function &(x, \) with £(0,\) = 0. We say that
Y(z, N) is I (5(3}, /\)) if for every n € N such that n < K, we have

9" p(x,\)

oz =0

lim £"(z, A)
uniformly on Ag.
2. Let ¥(x,)\) € I({((f(a:,)\)). We say that ¥(x,\) € J[{((f(a:,)\)) if for every
n € N such that n < K, we have
lim 9" (w, A)
A0 Oz™
uniformly on [0, X] for all fized X .

=0

The generalized monomials zfw(z, A) are I (p(z, \)), where p(z, A) = 21+ (M) x
w(z, A).

Lemma 6 ([JM94]). Let f(z,)) be a CK —function on [0, zo[x A such that f(0,\) =
0. Then there exists a CX —function, g(z,\), with g(0,\) = 0 and such that for all
a > 0, we have

(5) w(aa(l+f),)) = [1+0(a (V) |z, ) + g(z.A) = In(@) [1+ O (a1 (V) .
The Dulac map Ay = (Ay.x, Ay ») from ¥; to T; has the following form [RR96]:

K
T+ Z a;(N)ztw(@, \) (1 + (2, ) + é1x (x,\)

zx“o‘)(l + <p2,K(a:,/\))
(N
=z )

where 1;(z,\) are Io* ' (p(z, ), @2,k (2, \) is I (p(z, ), and ¢1 k(z,A) is CK
and K-flat at z = 0.

(6) Ax(z,z)
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Note that the Dulac map is not one to one for points of the form (0,z). The
inverse AY' (Y1, Z1) of the Dulac map Ay (z, z) is computed by writing equation (6)
for the system with reverse time. In fact, for points of Ty with Y; > 0, it is of the
form:

(7) A;\l(Yl 7)) = Zaz Y1°J Y, )(1 +Ei(Y1,/\)) +51,K(Y1,>‘)

T
(7)
where functions ,(Y1, ) are Tg(ﬂ(ﬁ(Yl,A)), P (Y1, ) are Té( (p(¥1,))), and
61 (Y1, A) is CK and K-flat at Y3 = 0. Moreover @ (A) = —a1 /(1 — ay), @;(A) =
—a;(A) + P;(A\) where p;(\) is some polynomial in the a; with i’ < i. Note that
Ay 1(Y1,71) is not defined at Y; = 0, however Z1Y; —#N) {5 bounded on Ax(Zy),

the region of Ty where N—curves can appear.
As mentioned in [GR97], a change of coordinates

(8) (z,y,2) = (7,7,2)

tangent to the identity preserving the type of the normal form (1) generates a pair
of maps fi and f3 such that

9) fAoAyo fy =Ay,

where A, is the Dulac map expressed in the (%,7,%) coordinates.

Zy " # (1+ P, (Y1, )

Lemma 7. In equation (9), the maps fi and f} have the following form:

K
(10) iy, z) = ( <1+Za ),Z<1+Zb}(/\)Yi>>,

and
K
R =< <1+Za >,Z<I+Zb?(>\)xi>>.
i=1
Proof. Let
K
(12) fA(Y,2)= 1+ Z MYz z 1+ S b (yizd
i+j=1 i+j=1
and

K
(13) fA@2)= |z |1+ Z Nzizd |,z [ 1+ Z OV
i+j=1 i+j=1
We want to find coefficients afj (M) and bfj()\)‘ such that the relation f} o Ayo ff =
A, holds. Looking at the coefficients of z7# in f} o Ay o ff, one obtains that
aj;(A) = a3;(X) = 0 and bj;(\) = b3;(A\) =0 for j > 0. O

ij



NONDEGENERATE HOMOCLINIC LOOP IN R? 41

1.3. GEOMETRIC PRELIMINARIES

The hypotheses we made on the problem impose important geometric constraints
on the bifurcating dynamics.

Definition 8. Let I'y be a homoclinic loop of Xo(x). Fiz U a small tubular neigh-
borhood of Ty. Assume T’ C U with ' some orbit of X,(x) intersecting a section of
U N —times.

1.
2.
3.

If T is an homoclinic loop then it is called an N-homoclinic loop.
If T is a periodic curve then it is called an N—periodic curve.
An N-curve is either an N-homoclinic loop or an N-periodic curve.

As long as U is chosen small enough, the above definitions are independent of
the choice of U.

Facts 9. In our framework, we have the following facts:

1.

There exists a C'"1-Mobius band depending on X and containing the bifurcat-
ing dynamics (cf. [San93| and [San96]).

. If there is a 2-curve on the Mdbius band then there is one and only one 1-

periodic curve that coexists with the 2-curve.

. The cyclicity of Ty is bounded by 1 plus the number of 2-curves bifurcating

from Ty.

. Denote by B(X) = (Co(N), Do(N)) the first intersection of W* with Sy (cf.

figure 4). A necessary condition for the existence of periodic solutions is
Co ()\) > 0.

. All fized points (Y1,Z1) € T1 of the 2-return map satisfy, for \ sufficiently

small, Rly)\(}/l,Zl) S [0,00()\)]

FIGURE 4. Parts of the bifurcated 1-homoclinic loops in R3.

1.4. MAIN RESULT

Definition 10 ([RR96]). The generalized monomials {1, z't7*wt(z, X) |1 < i+j <
K,0<£<14, and £ <1 if j = 0} are totally ordered with respect to flatness at x = 0
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in the following way:

i+ju<i'+ju or

14 iy (2, \ < g it T,\) <—
(14) T w(x, A) (z, ) i+ju=1di+5u andl>".

We will only be working with monomials of the form (,0,¢) and (i, j,0).

Definition 11. Let k(i1,12,7,£) denote the number of generalized monomials of the
form (i,0,£) and (i,7,0) and of order lower than xTi%2+ikyt(z X).

Here are some orders (depending on the value of u):

15) 1<azw<z<at<2?w<z? <<z <a? 8w <--- Jifl<p<lb
1

(16) 1<ow<z <z <s’w<z? <2 ™ <dw<ed <o Jifli<pu<?2

17) 1<aw<z<2’w<z? <zt <w<d <™ <. if2<pu<3.
I

In equations (15) and (16), k£(2,0,0,1) = 4 and in equation (17), k(2,0,0,1) = 3.

Definition 12. Let Ty and equations (2) and (6).

1. Ty is nondegenerate of finite codimension if it is not degenerate in the sense
of Sil’nikov [Si168] and one of the following generic conditions holds:

(a) a1(0) =0 and C10(0) # —1, we say that Ty is of type (1,0,0,0).

(b) 3 I such that Clo(O) = -1, Oél(O) =Cjo (0) =0 fO?" alli < Iy, Cij (O)Dm(O) =
0 for all i + j¢ + ju < I, and ay, (0) # 0, we say that Ty is of type
(Ila 0> 07 1) .

(¢c) 3 I such that C19(0) = —1, a;(0) = Ci(0) = 0 for all i < 2I; + 1,
C”(O)Dgo(()) =0 for all i + jL + ju < 201 + 1, asr,+1(0) = 0, and
Cor,+1,0(0) #0, we say that Ty is of type (2I1 + 1,0,0,0).

(d) 31,1, J, with J > 0, such that C19(0) = —1, a;(0) = Cy(0) = 0 for all
i <Ii + LJ+ Ju, Cij(0)D(0) =0 for all i + jl+ ju < L + LJ + Ju,
and Cr, 7(0)Dr,0(0) # 0, we say that Ty is of type (I, 12, J,0).

2. Let Ty be of finite type. If (I1,1Is,J, L) is the type of Ty, then Ty is said to be

of codimension k with k = k(I,, >, J, L).

Proposition 13. Conditions la-1d are intrinsic.

Proof. Using lemma 7 we can simplify the expression of Ry so that for the first
nonvanishing Cy, ¢’ is odd. Moreover, for each j > 0, the first nonvanishing C;;
is intrinsic; the first nonvanishing Djq is intrinsic. Also the first nonvanishing «a; is
intrinsic. Indeed, the action of maps as the fi of lemma 7 allows to simplify the
expression of R. In the case C10(0) < 0, we can choose fi such that:

(18) froRxo fy'(Y1,21)
K

CoN) + Y CioWYi+ 3 CyNYiZ]
i=1 0<i+j<K

= 7>0 +R\(Y1,Z1),

K
Do(\) + Y Di(VY{Z]
i+§>0
where, if there exist i’ such that Cj(0) # 0, the minimum of such i’ is odd. O

The finite cyclicity property can be stated in the following way:
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Theorem 14. If Ty is of codimension k(I,,I»,J,L), I = I, + JI, and n =
2(I+[Jp]) + 1. Then

n(4n? + 16n + 37) + 3
4

=n®+4n> +9n + {nTH]

Cyel(To) <

For all values of 1 > 1, the condition to have a homoclinic loop of codimension
lisa; #0. If ; =0 and Cyo # —1, then 'y is of codimension 2. For all higher
codimensions, the conditions depend on the value of p. In table 1, we give the
conditions for small codimensions.

From now on we will assume that I'g has finite codimension k, i.e. that there
exists I1, I, J and L such that Ty is of type (1,12, J, L).

1.5. NEwW PARAMETRIZATION ON T; AND THE BLOW-UP

It was shown in the study of the CK-Mobius band (cf. [Gui98]) that the paramet-
rization can play a key role in finding a suitable blow-up that allows us to divide
our study in several regions and overcome the difficulties.

Following the ideas introduced by Jebrane and Mourtada in [JM94] and the
techniques used in [Gui98], we look for a “good” parametrization of the transversals
21 and Tl.

Let (Y1, Z1) € T1. We note by (z, z) its image on X1 by the diffeomorphism Ry,
i.e. (z,2z) = Ra(Y1, Z1). Then from equation (2) we have the following:

19 maz=(7) = () * o) + (i 70)
where f; x(0) =0 =1r;,(0,Z). Let

(20) OV, 7)) = ( A )

and set (Y, Z) = ©(Y1, Z1) as the new parameterization of T;. Since by hypothesis
C10(0) # 0, we have:

—Cip(A) 0
1

(21) JG,C(YLZl)(Y, Z)(0,0) = ‘ 0

‘ = —C10(>\) > 0,
for all A € A. We can thus inverse equation (20). We obtain a solution (Y7, 2;) =
0~YY, Z), where

Z nij()\)YiZj +Y-G,K7)\(Y, Z),
(22) O 1Y, Z2) = | 1<iHi<K
i>0

A
in which ax (Y, Z) is CX~1 and (K — 1)-flat at (0,0).

Lemma 15. The coefficients 1;;(\) in equation (22) are given below.
1

1. 7710()\) = (— Clo(A))_ 5
2. i (N) = Cij LT (N) + Py (\), where Py;()\) is a polynomial in Cpy' (\) and
the Cm (X) with (I,m) < (i,7).

Proof. We simply substitute equation (20) in equation (22).
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codim

3 4 5 6 7 8
values of u
] = g = 0 0 0
Cro = _1 0 == 0 1 2 1 2 3
Cio=-1 Cio=-1
QHHO QSHO QEH|H
] = 0 QSNU@ =0 QOH.UO =0
Cio=-1 Ci11Do #0 Co1Dg =0
l<pu<1d Cip=-1 C11Dy =0 C11Dg =0
Co1Dp =0 ar =as =0 Co1D190 =0
Co1Do #0 Co1D1o =0 Co1D1o =0
(65) wm 0 QHO =-1 Q:NUO =0
Co2Dg =0 Co2Dg =0
Dy=0 Co2Do # 0
Q3 *O Qwowmo
Co1D1o #0
Q] = 0y = 0
Cio=-1 ay =az =0 g =ay=a3=0
0 QHHO QOH =0 QHoH|H QHoH|H
a1 =
Cio=—1 C11Dg #0 Co1Do =0 Co1Do =0
15<p<? Co = 1 10 11Do # 01o 01o
QOH.UO =0 Q] = 0y = 0 Q:NUO =0 QENU@ =0
Co1Do # 0
ay #0 Cio=-1 Co1D1p =0 Co1D1p=0
Uo =0 a3 wm 0 Qwo wm 0
Co1D1o #0
QHHQNHO QHHQMHQwHO
a; =0 a; =ay =0
Cro=-1 Cro=-1
MA\&AW QHO”'H QHOH'H
QSUO =0 QOHUO =0
as #0 Co1Do #0
wamo Qwoﬂo
QHHO QHHQmHO QHHQNHQwHO
p>3 Cro= -1 Cro=-1 Cio = -1
az #0 az #0 C30 #0

TABLE 1. Conditions for small codimensions.
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1. For the coefficient of Y, we obtain the relation

(23) —110(A)Cro(A) = 1.
2. Using induction, we obtain that the coefficient of Y;! Z{ is given by the relation
(24) (=)' CloMnrs(N) + P (A) = mo(\)Crs (V) = 0.

O

Let us note by Rx(Y,Z) = Ry 0 © (Y, Z) the expression of Ry in the new
parameterization (20):

N ~(Co(N) finZ) =Y
(25) B.2) = (DO(A)> i <f2,A(Z) +raa(Vi(Y, Z)’Z)>,

where every function is C¥ in (Y, Z, \).
Consider the displacement map:

(20) a2 = (02— 6wz - A7 2)

(Y, 2) Y Ry 0 Ay o Ry 0 ©7L(Y, Z)
Ay, 2) Y At o0 (Y, 2)

The map 8,(Y, Z) has, for small values of the parameter, the same number of
zeroes as the 2-return map.

Let X = Co(\) + fin(Z) =Y = Ry A(Y, Z). Then from equations (6) and (25),
we have that:

(27) A)\ o R)‘(Y, Z)

K
X + Z a; X w(X,\) (1 + 9ia (X)) + ¢1, ko (X)

_ i=1

K
XH Z Dij (7710Y)ZZ] ((1 + O()\) + (Pij7)\(X, Z)) + ¢2,K,)\(X, Z)
i+5=0

where Doo(X) = Do()), every coefficient is a function in A, ¢;;x(X,0) is I&(X),
©ijx(0,2) and ¢; kA (X, Z) are CK and K-flat.

Since the map (Y, Z) — (X, Z) is a diffeomorphism, we can work with either
system of coordinates.

The main step in bounding the number of zeroes of equation (26) is to use an
adequate blow-up that will allow us to:

o extend the function A, (Y, Z) to Y = 0.
e reduce the dynamics to that of a 1-dimensional map defined on the unit
interval via the implicit function theorem;
e divide the study of this dynamics in several regions in order to avoid to have
simultaneously X and Y small.
We will blow-up the variables X and Z (this will induce a blow-up of the ¥
variable).
Before introducing the blow-up, we notice that the system in normal form (1) is
invariant under coordinate changes of the form:

(28) (z,y,2) = (2,9, Az),
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so we can assume either zp = 0 or zp = 1/2. (We choose zp = 1/2 instead of zp = 1
because this allows to work in the region |z| < B < 1). Also, from equation (6), we
have:

(29) Ao\ (z,2) = 2N 1+ @2,k x(7)],

where, by fact 9.5, z € [0, Cy(\)] and, since we are working in a small neighborhood
of (0,20) € X1, z € [20 — €0, 20 + €0] With €9 > 0 as small as we want. We have that:

(30) 2] = |Asa(,2)] < (J20] + €0) " V1 + &] < 2+,

where Co(A\) < ¢ for all A € A, i.e. N—curves intersect transversals Ty and ¥; in
specific regions which we call domains of interest.
This suggests the blow-up (X, Z) = ®(s,t), where:

(31) 26,0 = uvpy ) = (3)

where, by fact 9.5, t € [0, 1].

This blow-up has two important consequences:

1. In the blow-up coordinates, the point corresponding to [y has coordinates
(s,t) = (s0,0), where sy = zo( — C19(0)) ". Indeed, it is clear, from the
construction of the blow-up, that ¢ = 0 corresponds to the z—axis on Xj.
Its inverse image by R, yields the upper bound of the coordinate Y of the
domain of interest on T;. This is reflected in the formula (25.1):

(32) Y =Co(A) + fia(2) = X = Co(N)(1 = t) + fia(2).
On the other hand,
(33) ALY, 2),Z) = A5V, Z)
= A, (tCo(N), sCH™ (A))‘wzozt
= 50( Co1(0))"

= Ro (tCo(N), sCE™ () ‘\M:O:t

= 2.

Equation (33) also implies that s( — 010(0))“ € [20 — €0,20 + 60].

2. Geometrically, this blow-up acts on T; by separating curves with different
asymptotic behavior at Y = 0 allowing an extension, in the domain of interest
on X, of the diffeomorphism A (z,2) to the values with 2 = 0 (cf. figure 5
for the case zp = 1/2): the domain of interest on ¥y (DZx,) is illustrated in
figure 5(a) ; the image of DZx, by Ay, noted DZr, is illustrated in figure 5(b);
finally, we illustrate DZr, in the blown-up coordinates (s, t).

1.6. DIVIDING THE STUDY IN TWO REGIONS

We study the zeroes of equation (26) in the blown-up coordinates for ¢ € [0, 1].
It is convenient to divide the study into the following three regions:

(34) tel0,e] , tele,1—¢ ,and te[l—el]

In this section we will show that it is sufficient to only consider the values ¢ €
[0,1 — €], i.e. only the two regions t € [0,¢] and ¢ € [e,1 — €].
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DI, 't

\|/# ’

= N -

D T,

20 — €3

20 20 ‘1- & $
(a) Domain of interest (b) Domain of interest (¢) Blow-up of the do-
on ¥y: DIy, . on Ty: DI, . main of interest on T.

FIGURE 5. Effect of the blow-up on Ay (X)) in the case zp = 1/2.

Definition 16. The notation Oy, is used to denote a function which is at least

Jg(_Q(IﬁJIH[J”]H). (A is a multi-index to number such functions.)

Let U(t) = Co(A)(1 —¢t). For all 0 < € < 1 we have that in the blown-up
coordinates and for ¢ € [0,1 — ¢]:

Co(\)(1—1)
= U(t)(1+ O1a(5,1),

(35) Y =Co\)(1—t) + fir(CEN)s) = Co(A)(1 — 1) (1 + M)

and:

(36) Yi :nloU(t)(l-FOQ,)\(S,t))

K

> 0 Cy (A = 1)'s7 (L4 05,050 (s,1)) + CH O ke (s,1).
i+j=1

Lemma 17.

(37) Yi@(Yi, ) = i " VUi D(U ), \) (1 + 05,01 (s,1))
+ 750U () (Bm0, ) (1 + Os a(5,1)) + Ora(5,1)) ).

Proof. From equation (36) we have

(38) @1, A) =F(U(1),N) (™™ + Osa(5,) +3(mo - (14 Oo(5.1)),A).
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Lemma 18.

> ngC (1 =)' (G(A) + Or0,ija (s, 1))

(39) A lod(s,t) = 15(?;751(

Mo (1 —t)” “3(1 + Oll,A(Sat))

N Zamio CU D (U6, M) (1 + Os,ix(5,1)) + Oy b3 ke x(5,1)

0
where G;(A) = 1+ nio@ (1m0, A) and g 5 is CX and K-flat at 0.

Proof. We substitute equation (37) in the first component of equation (7) and
equation (36) in the second. O

Lemma 19. Let X (t) = Co(A)t.

(40) Gy o®(s,t) = <g‘;> + <IC)11?)> gaié\,’i(t)w()\,’(t),)\) (1 + Ou,m(t)>

+ Z ( Dy )XH-;H( )(Do + far(Cls) +rap (Vi 0 ‘P(s,t),cgs)>j
(
(

i+j=1
¢3,k,0(8,1)
+Cog ()
0 <¢4,K,A s,t)

where ¢; i\ are CK and Kflat at 0.

Proof. The result comes from the fact that Cio(A) # 0 and that

(41) XWX, N1+ f) + X TR0l (X, 0) (1 + g) = ar X 'w(X, A) (1 + h)

and if £ < k

(42) X (X, A) (1 + f) + %, X RO (X, 0) (1 4 g) = ar X w(X, \)(1 + h)

where if f and g are I, his IE. O
Let us note:

(43) 01, (s, t) = 61 a0 B(s,t).

Proposition 20. There exists € > 0 sufficiently small such that for each intersec-
tion point (s,t) of a 2-periodic orbit with the transversal T1 with t € (1 — €, 1], the
t-coordinate of the second intersection point necessarily belongs to [a,1 — €] with
a € [0,€]. Hence the number of 2—periodic orbits is bounded by the number of fized
points of P with t-coordinate in [0,1 — €].

Proof. We are looking for orbits of period 2. Any such orbit generates two fixed
points of the 2-return map. Also, when there exists an orbit of period 2, the orbit
of period 1 exists.

Let M? be the 2-dimensional invariant manifold containing all the bifurcating
dynamics, ¢1(\) and ¢2 () be the t-coordinates of the intersection points of the orbit
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of period 2 with Ty, and to(A) be the one with the orbit of period 1. It was shown
in [RR96] that the intersection of M? with ¥; (and thus with Ty) is a graph, thus
t1(A) < to(A) < t2(N).

To show the lemma, it is then sufficient to show that, whenever an orbit of period
2 exists, then t1(\) and #3(\) can not be both close to 1 for X € A.

Let us first look at equation (26). We have that:

(517)‘(S,t)

(44) Co(N)

=1+ Cro(\)Cy MV (At

~ (NG VN1 - )N L o).

Let L£15 be the straight line in T; passing through (¢1,s1) and (f2, s2). L£12 can be
parametrized by ¢. The first derivative of the restriction of 61 (s, t) to Li2 is of the
form:

(45) «CT V(M) o™ N (A (1= 6N 1 o).

Since d1 x(s,t) has at least two zeroes in Ly, equation (45) has at least one zero t3.

Thus for any € > 0 sufficiently small, both C; **™ and Cy; ™) must be bounded,
i.e. we are interested in the region A; of the parameter space A where there exists
m, M > 0 such that:

(46) 0<m<Cy ™M) < M.

Indeed, when t3 € [e1,1 — €], condition (46) follows directly from the vanishing
of (45). If t3 € [0,€1) or t3 € (1 — €1, 1], then we need to make the discussion in
the two cases a; < 0 or a; > 0. In the case a; > 0 and for sufficiently small A,
Cy ™M (A) > 0 and C; ™ (A) is small. Moreover, we have that for all £ € (0,1):

(47) 0< (-t ™™ <1,

(48) t—r N > 1,

From equation (48), CO_D”(A) (AN)t=21(M) > 0. The vanishing of equation (45) at t3
excludes t3 small and t3 large.

In the case a; < 0 we use the same argument as in the case a; > 0 where we
interchange t and (1 —¢), and also a;(\) and @ (\). O

Part 2. The finite Cyclicity Property
2.1. SOLVING FOR s IN THE REGION ¢ € [0,1 — €]

We can use the implicit function theorem to solve dy x(s,t) = dy.x 0 ®(s,t) = 0
yielding s as a function of ¢.
Let us introduce the two following variables:

(49) v = X(w(X(t),\) and vy =U()0(U(t),\).

Since Y = U(t) + f1,,(Cl's) and using lemma 17, we can consider the principal
part of function d2,5(s,t) as a C¥ function of the variables s,t,*,v; and v2, and
the higher order terms as a C¥ function of s and ¢. We use the notation:

(50) Fy (s, t,t",11,v2) = 02,2 (s,1),
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i.e. Fy is CX in its variables. For all points of the curve
(51) s1(t) = Doy (0)(1 — )",

we have:

(52) {Fo (s1(£),,0,0) = 0

05 Fp (s1(£),1,0,0) = —( = Cp" (0)(1 = 1)) * <0.

We can apply the implicit function theorem to equation (50) to solve for s around
any solution of equation (51) in a small neighborhood of A = 0. Moreover, for
a sufficiently small neigbourhood A’ of A = 0 we can write s explicitly in terms
of (t,t",v1,vs) which are functions of ¢ only. From lemmae 18 and 19, equation
F, =0 is equivalent to (after substitution of the v; using equation (49)):

(53) s- (14 O13a(s,t)) =

i

K K
(=1 |> " Dio | Cot + Y aj(Cot)w(Cot, \) (1 + O14,5(t))) | + Dor(Cot)"
i=0 j=1

i=0

K
X (Z Dignio (Cg(]. — t))l(]_ + Olsyi,A(s)t)) + D(nCéLS(]. + 0167)‘(8,15))>‘| .

Lemma 21. The zeroes of d2x(s,t) in the neighbourhood of a solution of equa-
tion (51) are of the form (s(t),t) where:

(54) s(t) =nip(1 - )

K i
X Z Di[) [ (Cgt(]. + 017(t)) + (651 (Cgt)W(Cot, )\) (]. + Olg(t))>
i=0
+ D0177§003+utu(1 — t)i (1 + Olg7i(t))]
Proof. Equation (54) is obtained directly from equation (53) using the fact that

since D1g # 0 or Doy # 0 (because R is a diffeomorphism) we can group all terms
either in a term with a coefficient D;g # 0 or with coefficient Doy . O

We use the notation:

(55) Va(t) = 81 (s(t),t).
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Proposition 22. The fized points of the 2-return map are in one to one corre-
spondance with the zeroes of the map V) (t), where:

K
(56) V)\ (t) =c+ Z C’(Z) (aitiw(Cot, )\) (1 + 02077; (t))
i=1
—a@(1—t)@(Co(1 —1),\) (1 + O21,i(t))>
Ko A L
e > s () TToach™ (Cijt’”““ (L4 O (1)
i+j=1 ZUI]Z(‘:Z) £=0
0<e<k

— (1= 8i0)mj (1 — t)Famgbme (1 4 O23,M,i,j(t))>

where ¢ = ¢(N) is some constant, d;o is the Kronecker delta, and (]f/‘,) is the multi-
nomial coefficient:

) (30) =t ot

Remark: Note that Iy is of finite codimension if and only if at least one of the
coefficients in V) (¢) is nonvanishing, up to an adequate power of Cy.

Proof of proposition 22. We need to apply lemmae 18 and 19 in which we replace
s by its value s(t) given in lemma 21. To substitute it in equations (39) and (40)

we first need to calculate s/ and (Do + fa, A(Cl's) + 72,5 © <I>(s,t))3.

. K

=3 =0

+ oy (C()t)w(COt, )\) . FL]")\(t)) .
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Also we have:
(59) Do+ fox(Cl's) + T2\ 0 D(s,t)
= Do (1 + O25(t)) + Do1Cls(1 + Oa4(1))

K
+ Z Dion%C’é(l - t)i(l + (’)27,1’(”)

i=1

= Do(1+ Oas(t)) + Z DionioC(1 — ) (1 + Oag 4(t))
i=1

K
+ Do1 Cymip (1 MZD ((Cot 1+ O30,(t))

i=1

+ oleotw(Cot, )\) (1 + 0317i(t)))l + D01Cé+ut”(1 — t)l(l + 0327i(t))>

K
=Dy (1 + Ozgyi(t)) + Z DzOC[l)(]- — t)i (7710(]. + Ozg’i(t)) + *C(‘)Lt“()g&i(t))
i=1
K i
+ D01C’(’fn{‘0(1 — t)'u Z Dig (C()t(l + O3O7i(t)) + a1C0tw(Cot, )\) (1 + 03171'(75)))
i=1
K . . .
= Do(1+ O02s(t)) + Y _ DionigCa(1 — 1) (1 + O34,4(t))
i=1
K
+ DmC’(’)‘nfO(l — t)'u Z Dioalc[)tOJ(Cgt, )\) (]. + O31yi(t))F2’i’)‘(t),
i=1

where Fy 1 x(t) =1 and for i > 1, the Fy; \(t) are I£(t). Therefore:

(60) (Do + for(Cls) + Fyr 0 B(s, 1))’
. K
= > <J{4> [T (PeomioCa(1 = 6))™ (1 + Oss,1(1))
=0
+ alCé"““tw(Cot,)\)Fw\(t),

where, for terms in w, all the D;y are included in F5 »(t) which is IX (¢). The result
follows from lemmae 18 and 19. We have used the hypothesis that 'y is of finite
codimension to get rid of the higher order terms in the expansion. Indeed there
exists at least one nonvanishing term of the expansion in which we can include the
higher order terms. O

Corollary 23. For codimensions 1 and 2, Vy\(t) is of the same form as studied in
[Gui9g], i.e.

(61) Va(t) = c+ Co (artw(Cot, A) (1 + Oz0,1 (1))

—a (1= t)w(Co(1—1t),\)(1+ 021,1(75))) + Cot(Cro + mo) (1 + Os4(2)).
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We will limit our study to codimensions k > 2 (i.e. a1(0) = 0 and C10(0) =
—1= —7710(0)).

2.2. THE DIFFERENTIABILITY PROPERTIES OF THE GENERALIZED MONOMIALS

In the region ¢ € [0, €], we use a derivation-division algorithm on V) (¢) which is a
generalization of Rolle’s theorem. Each derivation must kill one term. In between
the derivations we multiply the function by functions which are positive for ¢ in the
whole region (0,1 — €). The details of the algorithm are long to write and lead to
an explicit bound which is a function of ().

We recall the nice differential properties of the generalized monomials (which
can be found in [RR96] for instance).

1. Everywhere in the sequel, * denotes a nonvanishing constant (which may be
a differentiable function of \).

2.
(62) % = —g~lma) = 57! (a1 (Nw(z,\) +1).
3. The derivative of a monomial g = z%w(z, \) is:
d
(63) B a1t N1+ g1 ),

where g (z,A) is I (z).
4. More generally, if i and £ are integers such that ¢ <i < h, then:

—1
' pi—h—a1()) Z swl(z,\) ifi<h
d" (z'wt(z, ) i=0
(64) T agh ) ¢
Z xw! (z,\) ifi = h.
=0
5. If h < :
dh (2Bt (z, A
(65) M — *lﬁfhwl(l’, A)[]. + fﬁhl(x) A)])

dzh

where fane(z, ) is IE ().
The n—th derivative of a generalized monomial f; = z'T7#w’(z, \) is thus given by:
L ifj>1or
sgpi—nHin(N) 0 (.7;, )\) [1+ fijen(z, )] P20 andn <
onfi )L
orn Z*wk(m,/\) ifj=0andn=1

k=0

xgi N (2 N[+ fijen(z,A)] if j=0and n > i,

where fijin (2, \) are I " (z).

(66)

Lemma 24.
1. Let fi(X,\) be IE="(p(X,\)), and let Fi(t) < f;(tCo(N)). Then F(t) is
JET(t).
2. Let T,(V, ) be IX"(5(Y, ), and let Fi(t) < Fo(Co)(1 =t + F1 (1))
Then on [0,1 —€], F;(t,\) is analytic in t and limy_,o F;(t,\) = 0 uniformly.
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Proof. We have that for all 0 <n < K — (k+ 1):
. n O™ fi( X, \) . = (0" f (Y, )
14+a1(A) ) N — 1+ai1(N) i\t
(67) hm0 (X w) —oxn = 0= }l/lHlO (Y w) —ayn

X
XTHon(N(X, \)

uniformly for A € A. Since is bounded, we then have the following

limit:
—C L /16, SP) INNP——C L 1 $D
(68) M X o S O0= I Y e
We easily obtain that for all 0 <n < K — (k + 1):
(69) lim OFi(t, ) = lim O"Fi(t, A) =0= im 75"78 ilt, A),
Co(A)—0  Ot" Co(A\)—0  Ot™ (t,A)—(0,0) otn
the first limits being uniform in A. O

2.3. ALGORITHM FOR t € [0,€¢] WITH 'y OF CODIMENSION k

In this section, the notation O, (t) is used to note a function such that if we note
OA(0) = £(N), then f(A) = O(X) and Ox(t)— F(A) is at least J& 2D/ LALIul+ D) )
Thus

li IO, (t) =
(70) (t’x)gr%w)@tox() 0,

foral 0 <j < K —2(I; + JIr + [Ju] + 1).

2.3.1. Case 1: I'g of type (I1,I2,J, L) with (J,L) # (0,0). This is the case
where ay,(0) #0 or Cp, yDp0 #0. Let I = I; + JI, and

I. if I #0
(71) I, = 2 i 1 7é
I =1, otherwise.

The introduction of I3 is motivated by the fact that when Dy, # 0, then terms
D;y with ¢ > I» can be grouped with the Dy,o term.

Lemma 25. Fort € (0,¢€], the vanishing of the (I + [Ju] +1)™ derivative of equa-
tion (56) is equivalent to the vanishing of:

I+[Ju]
(72) Trirgp+ia(t) = Z *Chat’ (1 + Os7,:1(1))
i1
+ Y G (IR (14 Ogg 50 (1)),
1<iti<I+JIp
J#0
where
def 2
e 7 mel—1 m
@ Y Y sciEeeig (HDZOZ),
[MI1=i i<ip+5 mpl<I+{(7—i)ul =0
M=(m¢) 0<iy<i
0<e<Ty

and * are nonvanishing functions of \.
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Proof. For t € (0,€], VA(t) (equation (56)) is of the following form:

I+[Jp) ' '
(74) W(t) =c+ Z c} (aitlw(C’ot, A) (]. + O3gyi’)‘(t))

—@;(1—t)@(Co(1 —1),N) (1 + Omw(t))) + Vi (1),

where, using the relation (1 — #)4 = E?:o «t’ | the rest function Vy(t) is of the

form:

I+Jp . I
75) Wh(t) = oitin AR DpCO™ | Ot Tir (1 — )2 e
0 M 0 J
i+iju=1 || M||=3j =0
M:(m[)
0<e<k

X (]. + OSO,M,i,j(t)) — (]. — (520)77”(1 — t)i+jutzlmg (1 + OSI,M,i,j(t))>

I+Jp o ) ) I3 .
= 2 Céﬂutl[ 2 > «Co t=m ey, (HD%J "
|

i+ju=1 IM||=j i<i1+¥X mg<I+[(J—3j)u] =0
M=(mpy) 0<iq <i
0<e<I3
X (14 Os9,ar6, jn (1) — E E *(1 = diy0)
WNII=7 i<io+ 3 nel ST+[(T )]
ogegrg
0<T npe<i

I3
x Oty (H D%) (1= t)7" (1 4 Oso, 8,15, jr (1)) [ +Co T Our i (1),
=0

The rest function C[{J“]“(’)M,k,)\(t) can be included in the term with coefficient
x*Clay or *C’é+J“ChJD{20. The (I + [Ju] + 1)* derivative of equation Vy(t) is
then of the form:

I+[Jp) '
OEDS i Mg, (ti—(1+[Ju]+1+m(>\)) (14 Opin(®) +#(1+ @43’“(,5)))

i=1

+ Vrgru+1a(t),

where Vi (7,141,2(f) is of the following form:
(77) Vigrig+1a(t)

= > Céﬂu[ 2 > #Cy =IO,

1<itip<I4+dp [IM]|=] i<ii+5 moe<I+[(J—i)nl
i#0 M=(m, 0<ip <i
0<e<Ig

I3
% (H ngz) tz—(I+[Ju]+1)+Ju(1 + O44,M,i1,j,>\(t))

{=0
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. . Is
3 Z Z *Céz+z ml—z(l — 04,0 in; (H D%)

UNII=5  i<in+3 nel<I-+[(J—j)u] =0
N=(ng)

0<e<Ig
0<T npl<i

x (1+ O45,N,i,j,>\(t))> .

Indeed for all i + ju < I+ [Ju] + 1:
A+ (] — p)in

(78) dtI+1Tu]+1

= (1 + O46,i,j,>\(t))-

We multiply equation (76) by #/*l/m+1+21(}) and in the first summation we
include C’O_alo‘) in * using equation (46). We can then factorise ¢! in the term with
coefficient *C}ay;:

(79) (ti(l + Ouain(t)) + sl HTulH 1+ (A) (1+ (943,1',)\(75))) =1 (14 O37,i1(1)).
Moreover, if j # 0,
(80) ini(N) = Cij N+ Y Cir (V) - O(N).

0<y' <, <iz
Hence all terms in the second summation of Vy (.41, (t) (equation (77)) have the
form *Cy ;v ( ?:0 D%l) multiplied by at least the same power of Cy and a greater
power of ¢ than the corresponding term in the first summation. Thus:

I+Jp

(81) VH—[Ju]-HA Z CerJu tz+Ju ai (X )(1+O38,i,j,)\(t))-
i+jpu=1

Indeed, fix (¢,42,7, N) with:

IV =
3
0<> nel <i
(52) =i
i <iy+ > ml <T+[(J = j)ul,
\ £=0
then from equation (80):
I3
(83) Thzj (H D?Qz) t[+[JM]+1 —
£=0
I3
Cos+ 3. Cop(3)-00 (H D%) R
0<j'<j, i <iz £=0

Moreover, if j > j' and N = N' + N" with any N’ = (n}) such that ||[N'|| = j,
then:

I "
(84) HD —HD xﬁD%.
=0 =0
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Let equation (83) and for each j' < j choose such a N'. Then:

I3

G (H D%) R =

£=0

I I
Ciai M) (H D%) LINED DR A (1‘[ D%> SO | #rHm
=0

{=0 1<i’+j' p<iotip
(3" #£0)

i.e. the term in equation (85) with coefficient Cy () can be included in the rest
function of the corresponding term in the first summation of equation (76) with
M =N" O

Let the following homogenization of the coefficients.
(6) vai(N) = Gy
#pij(A) = xCoN)=IHI=Dmp,.(0) - (j #0).
Coefficients 7;()) and p;;(A) may not be bounded at 0. To eliminate this problem,
let:
1/2

(87) L(\) = Yo FHW+EEW) >8>0,

() (I,7)
7720

where the first inequality comes from the finite codimension hypothesis. Indeed:

77(0) = ar(0) £ 0 ifL=1

(88) 715(0) = pra(0) = Crys (0)D1y(0) #0 L =01
Let:
oy =W
pii(N) = pij(A)
N L(A) -
Remark 26. There are N = k(I;,I>,J,L) — (I + [Ju]) equations in system (89).

Hence, even if L(\) is not bounded at A = 0, at least one of the inequalities
7i(A) > 1/N or p;;(A) > 1/N is satisfied.

We divide T4 (7,41, (t) (equation (72)) by C5T7*L(\):

I+[Jp] .
(90) Triprugsaa(t) = Z Tit" (1 + Ouzi 0 (1))

i=1
+ Y et I (14 Oug (1)),

1<itjpn<I+Jp
J#0

Proposition 27. For sufficiently small A € A, V) (t) has at most k(I1, >, J,L)+1
zeroes in [0, €].
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Proof. All terms corresponding to polynomial terms in equation (56) have been
killed by derivation, thus there are at most k(Iy,Is,J, L) — (I + [Ju]) terms in
equation (90). Moreover, monomials #* and ¢i+7#+t21(N) with j # 0 are well ordered
and form a Chebyshev system (cf. [RR96]). Using a derivation-division algorithm
in each cone where either 7; or p;; is the largest coefficient, we thus obtain that for
sufficiently small X € A, Try[7u)41,1(t) has at most k(Iy, I2, J, L) — (I +[Jp]) zeroes
in [0, €]. The result follows from Rolle’s theorem. O

Remark 28. As stated in the previous proof, monomials ¢! and titirter(N) with
j # 0 are well ordered and form a Chebyshev system. If a function has an expansion
in these monomials and if at least one of the coefficients is nonvanishing, then a
derivation-division algorithm yields that the number of its small zeroes is at most
the order of the nonvanishing coefficient minus one.

2.3.2. Case 2: Ty of type (2I1 +1,0,0,0). When I'y is of type (I,0,0,0), with
I = 2I; + 1, we must be careful in the algorithm not to kill the leading term #! with
coefficient *C{Cro. Indeed, following the proof of lemma 25, the I'*" derivative of
equation (56) is of the form

I-1

91) Tra(t) = S xChait TN (14 Og,1.1(1))

i=1

++Clar (w(C’Ot, N) (14 Oso.1 (1)) + #3(Co(1 — ), \) (1 + (’)51711)\(75)))

+ ( Z *CéJrjupij (/\)ti_1+ju (1 + Os2,Mm,i,5 (t))) + *Cép[()(l + (/)53,[’)\(15)).

1<i4+jpu<lT
i#0

where, up to multiplication by a nonvanishing function of A, the p;;(A) are the ones
given in equation (73), and

(92) pro(N) = *(Cro(A) + (=1) " nr0(N).

Let the homogenization given in equation (86). We subdivide the parameter space
in the following cones:

93)  B(A)E (ed|[Inl) = max  (mO)]loma (V) }

(m,n)<(,0)

90)  Ey(A)E {Aedi|lpyW = max (I Ipma (V)

(m,n)<(,0)

The only cone which requires a discussion different from proposition 27 is the
cone Ero(A1). We need to subdivide the cone Erg(A1) in the following ones:

(95) El(A) € (N e Er(Ay) | |mi] < |ml}
(96) Efo (A1) = A \Efo(Aq).
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Since (7;(A), pij () € S¥,

0<itju<I
(i#0)

I
(97) A= (U EZ(A1)> U U BEs) | En).
£=0

Notice that if:
98)  Ej(h)E {xe BL(A) | InW = max (I, [pmn(V]) }

(m,n)<(I,0)

99)  Eu(h) E {xe BL(A) |lp V= max  (mW)] [pmn WD)},

(m,n)<(1,0)
then
I
(100) Efy(Ay) = (U Eé(A1)> U U Ej;n)
=0

Proposition 29. For sufficiently small X € A, V)\(t) has at most k(I,0,0,0) zeroes
in [0, €.

Proof: We first divide equation (91) by C{L(\) and note by T; x(t) the resulting
equation.

1. Let A € Ejy(A). In T; A(t), we group the terms with coefficient in 7; with the
terms with coefficient in 7y (|77/m1| < 1if 71 # 0 or both terms vanish). The
monomials in T[, » are then well ordered and form a Chebyshev system, the
result follows from remark 28.

2. Let A\ € E3)(A1). We first divide Trx(t) by (1 + Os3,7.1(t)) and then dif-
ferentiate once with respect to t. We obtain a function whose vanishing is
equivalent to the vanishing of Tr1 x(t), see equation (90). The result follows
from proposition 27 and equation (100). O

2.4. ALGORITHM FOR t € [¢,1 — €] WITH [’y OF CODIMENSION £k

2.4.1. Case 1: Ty of type (I1, I2,J, L) with (J,L) # (0,0). Let I =1, + JI»
and, as in the previous section,

I. if I.
(101) Iy =" if 570
I =1, otherwise.

Lemma 30. For t € [¢,1 — €] the vanishing of the (I + [Ju] + 1) derivative of
equation (56) is equivalent to the vanishing of:

- I+[Ju]
(102) Tripgusin® = Y Coo (tl(l — )T (1 4 Os40(8))
i=1

+ (~ )T IR ()i (14 055,i7x(t))) + ) cptre

1<i+juI+Jp
J#0

x (qijtj"(l — )T (14 O35, 5,0 (1)) = Gyt (L =) 7 (14 057,i7j7>\(t))),
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where:
— def
(103) qij(k) =
1 m —1 m
> x (e ) cuw,
[1M]]=35 0<iy <i —0
M=(my) i<ii+X mpl<I+(J—j)p
0<e<I3
and:
def

(104)  g;;(A)

I3
Z Z *032+Z net (H (DlO(A))ne> (1 - 6120)7712](>‘)
[IN|=3 0< Y npt<i -0
N=(ng) i<io+X ngt<I+(T—i)p

0<e<I3

Remark: All coefficients ﬁij()\) in the summation are equal, up to multiplication
by a nonvanishing function of A, to the corresponding coefficient p;;(\) defined in
equation (73).

Proof of lemma 30. The (I + [Ju] + 1)*! derivative of equation (56) has the form:

I+Ju] '
(105) Z *C(z)—oa()\) (aitl(1+[Ju]+1+a1(>\)) (1 + OSS,i,A(t))

i=1
+ (—I)H[J“]“ai(l . t)z’—(1+[Ju]+1+al(>\)) (1 + (95971,7)\(,5))) 4 VIHJM]H,A(t):

where

(106) Vigm+ia(t) =

> Cot " (pil,j,A,B,Mt“““A(l — )= B (1 4+ Ogo,01,i,,4,81 (1))
1Si+j.H%I+JIJA
|| M]||=3j

A+B=I+[Jp]+1
0<BL<Y myl

i1+ myl=i
— iy, mt= ™ B (L — )AL OGl,M,h,j,A,B,AU))) ,
with
def s
(107) PivgaB MmN = frias v (H (DZO(A))ml> Cirj (N,
=0
and
def [s
(108)  Piyja,mmN) = fo 480N (H (Dlo(A))ml> (1 = 6i0)mi15(N)s
=0

where coefficients f;;, j 4,81 () are nonvanishing functions appearing as a result
of the derivations which, in the sequel, we simply write as *.
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We multiply equation (105) by t/T[/#l+1(1 — t)I+[7u+1 and, in the first summa-

tion, we include C’O_alo‘) in * using equation (46). We can then factorise ¢! in the

term with coefficient *Céa;. Indeed, using the identity $ =21 (N = ¢/(1 4 (¢~ (V) —
1)) =t'(1+ Og2,i1(1)):
(109) #1721 — ) FIHH (1 + O55 5 1(1)
4 (= 1)THIH TR (i@ () (1+ Os0.01(2))
= ¢'(1 — )T (14 Oy 50 (1)) + (= 1) HTH TR (L — 4)E (1 + Os550(1)).
From equation (105), we then obtain a function of the form:

O/ .
(110) 7 «Chas(H(1 =) (14 O 0 (1))

i=1

+ (_1)I+[Ju]+1t1+[Ju]+1(1 _ t)i(l + O55,i,)\(t))) + §I+[Ju]+1,)\(t):

where:
(111) §I+[Ju]+1,>\(t) = Z cytr Z Z [(1 — ¢)THul+t
1<i+jp<I+Jp IM||=j  A+B=I+[Jp]l+1
J#0 i1+ myt=i O0<BLY mgl

x (pi1,j,A,B,Mt““HJ”]““”_A(1 — ) =mt=B(1 4 Oﬁo,M,il,y’,A,B,A(t)))
e (pil,j,A,B,MtE mel=B (gt = (1+061,M,i1,j,A,B,A(t)))] .

Consider, for fixed (4,7, M), the polynomial:

(112) Z Z CitEmel=ip. g gt LI-A

i<i — ) A+B=T+[Tul+1
i<in+3 mel<I+(J—j)p s ien

x (1— t)ZmM_B,

and, for fixed (i, j, N), the polynomial:

io+> nel—i o
(113) > ) e/ Di1,j,A,B,N
i<i — iV A+B=I+[Jpl+1
i<io+> nl<I+(J—j)p OSBSE[n}Z]e

% tz nge—B(l _ t)i2+l+[Ju]+1—A_

Let B; j ar(A) (resp. B; j (X)) be the coefficient of the monomial ¢ in equation (112)
(resp. (113)) after expansion of terms of the form (1 — ¢)*. Then from equa-
tion (111):

(114) Vigpura® = > CoH* |1 — T+t

1<it+juI+Jp
J#0

X( > S pijaputt TTIHRIA g XmeB

[IM]||=3 A+B=I+[Jpul+1
14T mel=i 0SB mot
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x (1+ OSO,M,ihj,A,B,)\(t))) — I gyin

X( > > Pujapnt=mB (L - gt =A

[IN=3 A+B=I+[Jp]+1
irtTngl=i 0BT ngl

x (1+ OSI,N,Q,]’,A,B,A@)))]

= Z Cé—‘rjuti |fjﬂ(1 — t)I+[Ju]+1 ( Z ﬁi,j,M(l + 063,M,i,j,)\(t))>

1Siins<I+ip e
0 M=(my)
0<e<Ig

_ tI+[Ju]+1(1 _ t)”‘ ( Z 1—5i’j’N(1 + 06471.7],7)\(,5)))

[IN|[=j

. O

N=(ny)
0<e<Is

Let the following homogenization of the coefficients:
xa;(A) = C§ 79Tz, (0)
(115) #;;(A) = CO(/\)IfiJr(J*j)uﬁij(/\),
#;5(A) = Co(N) == 5,5(N).
Once again coefficients 7;()), p;;(A) and p;;(A) may not be bounded at 0. However,
since

I
(116) p7,,(A) =Cru(N) (sz,o(/\) + Y Diz,ohh,iz,J(A)>
i12=0
Ii+JIx+Jp
+ Y CiyDiyohiy i (V)

i1+jie+jpn=1
where h;, i, j(A) are polynomials in Cj;(A) and Dgo()), either 7;(0) = a;(0) # 0
or pr ;(0) = C[lJ(O)D{27O(O) # 0. We can thus compactify the coefficients space as
we did in section 2.3.1.
Lemma 31. For t € [¢,1 — €] the vanishing of the (I + [Ju] + 1) derivative of
equation (56) is equivalent to the vanishing of Gri (7141, (t, (1- t)“,t“), where:

2I4-[J ]+ T p+1

(117) Greppia(ty,z) = oo Gat'yz + Ogs k(. 2),
i+(jH)p=1

with &1 (X) polynomials in Ty (X), pirj (X) and pyjr ().

Proof. We divide %I+[Ju]+17)\(t) (equation (102)) by CITEL(N) and obtain:

~ I+[Jp]
(118) TIHJM]Jrl,A(t) _ Z m(t(1 - $)IFIHIHL () IHm (g t)zt1+[Ju]+1)
i=1
Y (gt = TR L — )78 ) 4 O (1),

1<itjp<I+Jp
370
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The result follows by setting &;;;(\) such that G (¢, (1—t)*, t") = ZI:“IHJH]H’)‘(t). O

Proposition 32. Let n = 2(I + [Ju]) + 1. For sufficiently small X € A, Vy(t) has
at most 3 (n(4n® + 16n + 37) + 1) zeroes in [e,1 — €].

To prove this proposition, we will need the following lemma:

Lemma 33. Let 0 < t» < t5. If T(t,N) < P(t,)\) + f(t,\) where P(t,)\) and
f(t,A) are some analytic fonctions depending on A and f(t,\) such that for all
n < k we have on [ts, 3],

.0 f(t,N)
11 lim ——————=
(119) A0 9tn
We suppose P(t,0) Z 0. Let N be a bound for the number of zeroes of P(t,\) on
[t2, 3], for X in a neighborhood of Ag. Then there exists a neighborhood Ap C Ag
of A =0 such that T'(t,\) has at most N zeroes on [ts, t3].

=0.

Proof. This result is stated in [JM94] for P a polynomial. The proof is similar.
Let N € N such that for all sufficiently small A\, P(t,A) has at most N zeroes

counted with multiplicities on [ts,t3]. Moreover, assume there exists a sequence

(An)nen converging to 0 and such that T'(¢, A\,,) has at least M zeroes counted with

multiplicities in [tq, t3]:

(120) t < tgf) << t%M).

n

We can take a subsequence (A, )n,en such that the t£§,3 converge on [ts, t3] to t(%)

with:
(121) tM <t <0< (D)

Since limy_o f(¢,A) = 0 uniformly on [t2, 3], we have that P(t(i),O) = 0 for all
1<i<M.

We now show that the zeroes (9 of P(t,0) are counted with multiplicities: this
is done using Rolle’s theorem. Let t¢) = tU+D) = ... = t(+s) Using Rolle’s
theorem for the derivatives of T'(t, A, ), we can find convergent sequences (¢, ¢)

with lim, o tn, 0 = #0) such that £ < t,, <3, and

¢
T
(122) %(tnk’lg,/\nk) =0 forl<j-—L1
Since:
Ot A)

(123) i =m =0
uniformly in ¢ € [t2, 3], we have:

o'rP, ,
(124) W(t(”,o) =0 for £ <j—1.

Therefore T'(t, A) has at most N zeroes counted with multiplicities, i.e. M < N. O

Proposition 32 can be proven using lemma 33 and the following theorem:

Theorem 34. Let fi(t,t*, (1 — t)*) be a polynomial of degree at most n in the
variables t, t* and (1 — t)*, f Z 0, and let P,(t) = fi(t,t*, (1 — t)*). Then for
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all € > 0 and p irrational, the number of zeroes of P, (t) on [e,1 — €] counted with
multiplicity is bounded from above. Moreover

(125) #0(Pa(t)) Y #{t € [e,1— €] | Pu(t) = 0} < n(2n> + 8n + 18),

where the solutions t are counted with multiplicities.

Proof. The proof is delayed until section 2.6. |

Proof of proposition 32. As shown in the proof of lemma 31, the vanishing of the
(I+[Jpu]+1)*" derivative of equation (56) is equivalent to the vanishing of Gy (41, (£, t*, (1—
t)*) which is of the form stated in lemma 33: let

21 +[Jpl+JTp+1

(126) P)\(tayVZ) = Z gl]ltlyjzla
i+(j+)p=1

and

(127) fA(t,yaZ) = OG5,>\,k(tay72)7

then from equation (118):
(128) g[+[Ju]+1,)\ (tatua (1 - t)u) = P)\ (tatua (1 - t)ﬂ) + f)\ (tatua (1 - t)ﬂ)

To conclude, we use theorem 34. To apply the theorem we must simply show
that Py (t,t", (1 —t)*) is not trivial. We compactify the coefficient space as we did
in section 2.3.2.

1. Let A € Ei1 (Al), then:

(129) g}\(tay7z) = t(l - t)Pl,A(t) + Z fljltzyjzl + OG?,k(tawaz)a

1<i+(G+HD)p <20+ [Jp]+Tp
j+i>0

where P; »(t) is the following (nontrivial) polynomial:

I+[Jp]—1
(130) PL)\(t) — Z Tig1 (tl(l _ t)I+[JM] + (_1)I+[JM](1 _ t)itl+[Ju])
i=0
I+[Jp]—1
= Y Wt o),
=0
where the ¢;(\) are obtained by expanding all terms (1 —¢)4. P; \(t) is non-
trivial. Indeed, let Vi (t) = (co,c1t, ..., cripm 1t VA, Vo = (r, 1y o T )
and let My (¢) be the lower triangular (I + [Ju] X I + [Jp]) matrix with
mja(t) =t such that ViT' () = My (t)- VL. Then Py »(t) is not identically
zero since Vo # 0 (15, # 0) and M, (¢) is inversible for all (£, A) € [e, 1 —¢€] X A;.
2. Let X € Ej, 5, (A1), then

(131)  Galty,2) = (L— ) VML Py s(6) + 3 nt'y? 2! + Ot 2, 2),
J#5
where P, »(t, z) is the following (nontrivial) polynomial:

IT+{(J=5)n]

(132) Poa(t)y= D pit

i=0
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We have thus shown that for sufficiently small A € A, T I+[7u]+1,1(t) has at most
n(2n? + 8n + 18) zeroes and the result follows yielding at most n(2n? + 8n + 18) +
2(n + 1) zeroes for Vy(t). O

2.4.2. Case 2: I'g be of type (2 + 1,0,0,0).
Proposition 35. Let n = 41 + 3. For sufficiently small A\ € A, V) (t) has at most
2 (n(4n? + 18n + 37) + 1) zeroes in [e,1 — €].

Proof. We proceed as in the proof of proposition 29, but we subdivide the cone
Ero(A1) in a different way.
We have that the vanishing of the I*" derivative of equation (56) is equivalent
to the vanishing of:
I—1
(133) Tra(t) = 3 m(#777 (14 Oppia (0) ++(1 = )77 (14 Oro,12(1)) )

i=1

71 (w(Cot, A) (1 + O 1 a (1) + 53 (Col1 = 1), 3) (1 + Ora, 11 (1))

Y (pijti”“*[ (14 Or3,i, A (1) = #pit" (1 = )7 (1 + Om,i,j,x(t)))
1Si+j/;SI+JM
J#0

+ p]()(l + 075717>\(t)).

Let:
(134) Ely(A) Y (he | Iml <IN - Inl)
(135) E?'o'(A) A1\E]o (Aq).
As before, if:
(136)
de
Ef(A) E (Ne B (A) [ In)] = max (I [oma V)], [71(V)]) }
(m,n)<(I,0)
(137)
def
B (M) (e B (M) | ol = max (15N loman V] 77V },
(m,n)<(1,0)
then
(138) Efy (A (U E'(A )U U B
G

1. Let A\ € E}, (A1). In Tr(t) we group the term with coefficient in 7; with
the term with coefficient in 7y (|77/71| < |\| if 7; # 0 or both terms vanish).

We obtain a function of the form of Ty, see equation (118). Note that in
proposition 29, the term with coefficient in 7; is added as O(t) whereas here
it is added as O(\).

2. Let A € B3y (A1). We divide T71(¢) by (1 + O7s1,(t)) which is nonzero on
[e,1—¢€] for A in a sufficiently small neighborhood and differentiate once more

with respect to t. We obtain a function of the form of 7741 » (but in which
all coefficients may be small), see equation (118).
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The result follows using the same argumentation as in the proof of proposition 32.
O

2.5. GENERAL CONCLUSION FOR t € [0,1] WITH I'g OF CODIMENSION k

Proposition 36. Let Ty be of type (I1,15,J,L), I = I} + JIs, and n = 2(I +
[Ju]) + 1. There exists a neighborhood Ay of A = 0 such Vy\(t) has at most N =
2 (n(4n® + 16n + 37) + 1) roots on [0,1].

Proof. As we saw in the previous sections, we can divide the coefficient space in
several cones noted E;(A1) and E;;(A1). We prove the result on each cone.
Let us restrict the parameter space to any of the cones. Moreover, assume the

n*t-derivative VA(n) (t) of Vx(t) has a maximum of d zeroes on this cone. Choose a

sequence {A; };en converging to 0 such that VA(l_n) (t) has d zeroes. Of those d zeroes,
assume mg go to 0 and m; go to 1 (the m, can of course be 0). Let 1 — ¢; be the
lower bound of the set of roots that go to 1 and ¢, the upper bound of the set of
roots that go to 0. Note €2 = min{ty, >}, the minimum of the two.

We then have that V\™ (£) is of the following form:
I+[J ]
(139) VO(n) (t) = Z - (ti(l _ t)I+[Ju]+1 + (_1)I+[Ju](1 _ t)it1+[Ju]+1)
i=1
Y (gt L i) 1 VD ),

1<i+jplI+Jp
i#0

in which we can factorize t™°(1 — ¢)™* and where:
if (J,L) £ (0,0)
Trpgu (1 — )i+ Tn ((1 —t)+ (—l)IHJ“]t) or if the cone is
E?o (A1);
pro(1 — )1t otherwise.

V() =

Let G (t, (1 — t)*,t") = ‘™ (#). As in the proof of proposition 32, the result
follows from Khovanskii’s fewnomials theory if equation (139) is nontrivial, which
was proven either in proposition 32 or in proposition 35, since G (t,y, z) is of degree
at most 2( + [Ju]) +1 —mo —my. O

Corollary 37. Let Ty be of type (I, I>, J,L), I = [ +J I, andn = 2(I +[Jpu])+1.
Then Cycl(To) < % (n(4n® + 10n + 37) + 3).

Proof. The result follows from proposition 36 and facts 9. |

2.6. KHOVANSKII'S FEWNOMIAL THEORY AND PROOF OF THEOREM 34.

In this section we prove theorem 34. The result is obtained using Khovanskii’s
method of reducing a transcendental system to nondegenerate polynomial ones;
our setting is one of the simplest nontrivial cases of the theory. The theory in
its full generality can be found in [Kho91]. In their article [IY95], I’yashenko
and Yakovenko used the theory to bound the cyclicity of elementary polycycles on
R? in generic families. Section 2 of their paper is certainly a good introduction
to the subject. We illustrate the theory for the simplest case, when P,(t) has
nondegenerate zeroes.
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2.6.1. The zeroes of P,(t) are solutions of a system of transcendental
equations on R®. We first transform the problem of bounding the number of
zeroes of P, (t) to bounding the number of solutions of a transcendental system on
R3.
Define the following two functions on R3:
def

t = y— At

(140) {fQ,A( 7y72) Yy

fa(ty,2) Y 2 =B -1y,

where (A, B) € R*” and consider the system of transcendental equations:

fl (t) Y, Z) =0

(141) SO = f2,1(t7yyz) = 0
f31(t,y,2) =0,

defined on D, where:

(142) D e 1—dx [en, (1-er] C R

Lemma 38. Solving P,(t) = 0 on [¢,1 — €] is equivalent to solving system So on
D..

We use Khovanskii’s method to compute an explicit upper bound for the number
of isolated zeroes of the transcendental system Sg, system (141). The method
consists in transforming the transcendental problem in algebraic ones, allowing to
use Bezout’s theorem. This is done in four main steps:

1. We verify that the system has a finite number of solutions which are then
isolated.

2. We unfold the transcendental system in a family of system where all degen-
eracies have been eliminated in the generic systems.

3. Using the fact that manifolds {f> 4 = 0} and {f3 g = 0} are integral separat-
ing solutions of polynomial Pfaff equations (to be defined below), we embed
the system in a nondegenerate system S of Pfaff forms and polynomials. In-
deed the transcendental functions f>; and fs 1 in S¢ are separating solutions
of polynomial Pfaff 1-forms. For instance the function f»; is an integral
solution of the polynomial Pfaff 1-form

(143) wWa def tdy — pydt,

and the function f3; is an integral solution of the polynomial Pfaff 1-form

(144) ws ¥ (1= t)dz + pedt.
The two solutions in D, are given in figure 6.
4. Finally we iterate Khovanskii’s reduction method to bound the number of

zeroes of S by the sum of the number of zeroes of polynomial systems having
nondegenerate roots and to which we can apply Bezout’s theorem.

2.6.2. The smooth manifold with boudary M, O D.. The theory applies to
systems defined on smooth manifolds. We must thus define a smooth manifold with
boundary M, which contains D, and on which the system (140) is smooth. Let

(145) M. {(t,y,2) € B|F(t,y,2) “C t(1 — )y(1 — y)=(1 — 2) > (1 — e)*},
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FIGURE 6. The manifolds {f,; =0} and {f;; =0} in D,.

and note its interior MEO. We then have that M. D D.. We can also choose € small
and such that the algebraic surface f; = 0 is in general position with respect to the
boundary F = €3#(1 — €)3.

2.6.3. Bounding the number of solutions of Sp.

Lemma 39. For all (A,B) € ]R+2, the system

fl (t) Y, Z) =0
(146) So,4,B = 4 fo,a(t,y,2) =0
f3,B(tay72) =0

has a finite number of solutions.

Proof. By hypothesis the polynomial fi(t,y,z) has at least one nonzero coefficient.
1. If f; is a polynomial in only one of the variables ¢, y, or z, the result follows
(e.g. from Rolle’s theorem).
2. If f; is a polynomial in at least the y and ¢ variables, we can write f; as a
function of y of the following form in the neighbourhood of 0:

i>0

Zeroes of fi are thus solutions of the following equation:

(148) _.f()(th) = Z.fl(t)z)yl
i>1
There exists ¢ € N* such that after expanding z = B(1 — )" (if it occurs in
the f;) as a function of ¢ in the neighbourhood of 0 and substituting y = At*,
equation (148) can be written in the following form:

(149) ap t" (L4 O(t)) = byt (1 + O(t)),

where by, # 0. Let k3 = min{k;, ko+iu}, and let cg, be the nonzero coefficient
corresponding to k3. Dividing equation (149) by t** and taking t = 0, we get
that there exists € > 0 sufficiently small such that the system has no zeroes
for t € (0,€). From the analycity of the functions on (0,1)3, we have that on
any M, with € > 0 the system has a finite number of solutions.

3. If f; is a polynomial in only the z and t variables, we use the same argument,
as in the previous case where we interchange y and z, and expand around
z=0and t =1.

O
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2.6.4. Khovanskii’s reduction procedure. In this section, we will only consider
the case where f; = 0 is a nondegenerate algebraic surface (a regular surface), i.e.
fi = 0 has no singular points in M, and fi; = f3,1 = 0 is a nondegenerate curve in
f3,1 = 0. This simple case illustrates all important geometric ideas of the method.
The result is true for a general algebraic surface f; = 0, but the generalization of
the method is much more technical since we need to control all possible pathologies
(cf. [Kho91], chapter 3).

Definition 40. A contact point of a curve and a vector field in the plane is a
point of the curve in which the tangent vector to the curve and the vector of the
vector field are collinear.

FIGURE 7. Example of contact points on {f31 = 0}: ¥ = {f1 =
fsau=0}and 'y = {fo1 = f3,1 =0}

It is easily seen that between two points of intersection of a connected component
of fi = f3,1 = 0 with fo; = 0 there exists a contact point of f; = f31 = 0 and w»
(figure 7) . Hence

(150) #o (Pn(t)) < number of contact points of f; = fo; =0 and wy =0
+ number of noncompact connected components of f; = fs1 = 0.

Define the following map * mapping 3-forms to functions.
Definition 41. Let a = fdx Ady A dz be a 3-form on M.. Then
(151) x(a)

The equation of the contact points on f; = f3; = 0 is given by:
(152) fi=f1=0

(153) W1 déf *(’w3 A ws A dfl) (deg W1 =n-+ 1),
which we can again consider as a Pfaffian system:

fi=0
(154) Si=¢W1 =0

w3:0.
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Each noncompact connected component of f; = f31 = 0 intersects dM, in at
least two points. Hence the number of noncompact components is bounded by:

1
(155) 5#{f1 = f3, = F =0},
where OM, = {F = 0}. We can also consider (155) as a Pfaffian system:
fi=0
(156) So=¢F=0
w3 = 0.

The elimination of ws in systems (154) and (156) is similar although it is simpler
in system (156). We now consider the curve f; = W; = 0 which for the moment
we suppose regular.

Between two intersection points of fi = W; = 0 with f3; = 0 there is at least
one contact point with ws. Hence:

(157) #o{fi =Wi = f31 =0} <#{fi = Wi =*(dfy NdW1 Aws)}
+%#{f1:W1=F=0}
=2n*(n+ 1)+ 3n(n+1).

Let
(158) Wo < w(dfy A dWy A ws) (deg = 2n)
(159) Wi Y w(dfy A dF A ws) (deg = n + 5).

In the case of system (156), F' = 0 is a compact manifold without boundary. Hence:

(160) #o{fi=fau=F =0} <#{fi =F =W3} =6n(n+5).

Therefore:

(161)  #0o(Pu(t)) < #{fr = W1 =Wy}
+%(#{f1 =W =F=0}+#{hQ :F:W3}),

(162)  #o(Pa(t)) <2n%(n + 1) +3n(n+1) + 3n(n + 5) = n(2n® + 8n + 18).

2.6.5. The case of degenerate systems. As we have seen, the case of degenerate
systems can be of different nature:

1. the intersections are not transversal: the remedy is to count points with
multiplicity;

2. the surface f; = 0 is not regular;

3. the intersection of the surface fi =0 with f3 1 =0 is not a regular curve;

4. the curve f; = W; = 0 is not regular.
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The solution exhibited by Khovanskil is to introduce an unfolding of the Pfaffian
system:

( k
d . -
1A ef fi(t) + Z aijlt’y]zl =0
t+jpu=0
3
d
(163) Sae = § won = wy + D (G20 + Eaint + aivy + Eaisz)da; =0
" z§1
e
wyx = ws+ Y (&sio + &t + Loy + Esisz)dw; =0
\ i=1

with r1 = t, Ty =Y, T3 =% and \ = (aiﬂ,fmj,{gij).

We repeat the previous argument (section 2.6.4) for all systems Sy g where A is a
regular value of the parameter (a value for which none of the previous pathologies
occur) in a small neighborhood A of 0. Let Ag C A be the set of regular values of
the parameter and B(\) the bound obtained by the method. (This set Ay is of full
mesure, cf. [Kho91, prop. 3, section 3.9].) Then

(164) #o(Pu(t)) < max B(A).

This ends the proof of theorem 34.
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CONCLUSION

“My dear Watson, try a little analysis yourself,” said
he, with a touch of impatience. “You know my methods.

Apply them, and it will be instructive to compare results.”

— Conan Doyle, The Sign of the Four (1890)

En guise de conclusion nous mentionnons quelques-unes des questions inté-

ressantes soulevées par nos travaux et auxquelles nous aimerions nous attaquer.

1. Afin d’améliorer I’énoncé du théoréme 12 du second article, nous voudrions
montrer le résultat suivant:

St aucune des conditions 10.1.a—10.1.d n’est vérifiée, alors pour
tout N et tout voisinage Uy de Ty, il existe une perturbation X,
de Xy possédant au moins N orbites périodiques dans Uy.

2. Les bornes de la cyclicité absolue que nous avons obtenues ne sont pas
optimales. La question suivante se pose alors d’elle-méme: Quels sont les
coefficients essentiels du développement des équations (25) (premier article)
et (60) (second article), et quelle est la cyclicité absolue exacte d’une boucle

homocline de codimension k£ du type étudié?

3. Quels sont les diagrammes de bifurcation pour les cas de petite codimension

(supérieure a 2)?
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4. Dans nos travaux, nous avons toujours pris comme hypothése qu’il y avait
une unique résonance. Notre résultat est-il valide en la présence d’une ré-
sonance suplémentaire p € Q7 Trés certainement la réponse est affirmative
dans le cas ou les conditions de généricité viennent de termes d’ordre in-
férieur aux nouveaux monodomes résonants. Quels sont les nouveaux phéno-
meénes géométriques apparaissant lorsque les conditions de généricité concer-
nent des termes d’ordre supérieur ou égal a celui des premiers monoémes

résonants?

5. Soit un systéme dans R” de méme type que ceux de notre étude et dont le
point de selle a pour valeurs propres v1(0) = —15(0) = 1 et, pour 3 < i < n,
|p;(0)] > 1. Pour un tel systéme, Sandstede [San96| a montré 'existence
de la 2-variété invariante, il nous semble donc qu'une légere adaptation de
notre argumentation permet de généraliser a R" le théoréeme 12 du second
article: en 'occurrence de considérer 1’éclatement

D (51,52, .48y 2,t) = (C[]()\)Sl,O[]()\)SQ, e ,CO()\)SH,Z,C’U()\)t)
= (21,29, ..\ Zn_2,X),
et d’utiliser le théoréme des fonctions implicites pour résoudre, en fonction

de t, (s1,S2,...,5, 2). L’équation unidimensionnelle serait alors de la méme

forme que dans le second article aprés substitution de ju par Z?:3 L.
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Cyclicité finie des boucles homoclines dans R* non
dégénérées avec valeurs propres principales réelles en
résonance 1:1

par Louis-Sébastien Guimond

Résumé

Dans cette thése nous étudions les bifurcations des boucles homoclines des champs de
vecterus dans R® qui sont non dégénérées au sens de Deng, twistées et dont les valeurs propres
principales sont en résonance 1:1. De tels champs de vecterus possédent une 2-variété M
invariante dépendant du paramétre et contenant la boucle homocline 'y pour la valeur nulle du
paramétre ainsi que toutes les orbites périodiques créées par perturbations de I'y. Cette variété
est un anneau (cas non twisté) ou un ruban de Mobius (cas twisté). La dynamique est alors
donnée par une application unidimensionnelle Py(t) et toutes les orbites périodiques sont de
périodes 1 ou 2. Notre résultat principal est le calcul d’une borne explicite de la cyclicité absolue
de ce type de boucle homocline dans le cas twisté, i.e. le nombre d’orbites périodiques générées
par perturbation . Pour démontrer ce résultat nous calculons le développement asymptotique
d’une fonction Vy(¢) liée & P7(t) — t, puis en bornons le nombre de zéros.

Dans notre premier article, nous considérons les cas de petites codimensions. Pour calculer
la borne, nous projetons la dynamique sur M puis appliquons les techniques exposées par Je-
brane et Mourtada pour I’étude de la boucle en huit dans le plan. Dans le second article, nous
étudions le cas général. Dans ce cadre nous ne pouvons projeter la dynamique sur M. Les
calculs pour obtenir la borne sont alors beaucoup plus techniques et reposent sur une générali-
sation des techniques exposées par Jebrane et Mourtada ainsi que sur la théorie des fewnomials
de Khovanskii permettant de réduire I’étude d’un systéme d’équations transcendantes a I’étude
de systémes polynomiaux non-dégénérés.

Discipline: mathématiques

Mots clefs: champs de vecteurs; application premier retour; ruban de Mobius; boucle homocline
twistée; monomes généralisés; éclatement; algorithme derivation-division; fewnomials.
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