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Résumé de la thése

Nous abordons deux sujets distincts dans cette thése : I'estimation de la volatilité
des prix d’actifs financiers a partir des données a haute fréquence, et I'estimation des

paramétres d’un processus aléatoire a partir de sa fonction caractéristique.

Le chapitre 1 s’intéresse a I'estimation de la volatilité des prix d’actifs. Nous suppo-
sons que les données a haute fréquence disponibles sont entachées de bruit de microstruc-
ture. Les propriétés que I'on préte au bruit sont déterminantes dans le choix de I'estimateur
de la volatilité. Dans ce chapitre, nous spécifions un nouveau modeéle dynamique pour le
bruit de microstructure qui intégre trois propriétés importantes : (i) le bruit peut étre
autocorrélé, (ii) le retard maximal au dela duquel 'autocorrélation est nulle peut étre une
fonction croissante de la fréquence journaliére d’observations; (iii) le bruit peut avoir une
composante correlée avec le rendement efficient. Cette derniére composante est alors dite
endogene. Ce modele se différencie de ceux existant en ceci qu’il implique que 'autocor-
rélation d’ordre 1 du bruit converge vers 1 lorsque la fréquence journaliére d’observation

tend vers l'infini.

Nous utilisons le cadre semi-paramétrique ainsi défini pour dériver un nouvel estima-
teur de la volatilité intégrée baptisée "estimateur shrinkage". Cet estimateur se présente
sous la forme d’une combinaison linéaire optimale de deux estimateurs aux propriétés
différentes, 'optimalité étant défini en termes de minimisation de la variance. Les simula-
tions indiquent que 'estimateur shrinkage a une variance plus petite que le meilleur des
deux estimateurs initiaux. Des estimateurs sont également proposés pour les parameétres
du modeéle de microstructure. Nous cloturons ce chapitre par une application empirique
basée sur des actifs du Dow Jones Industrials. Les résultats indiquent qu’il est pertinent
de tenir compte de la dépendance temporelle du bruit de microstructure dans le processus

d’estimation de la volatilité.

Les chapitres 2, 3 et 4 s’inscrivent dans la littérature économétrique qui traite de la
méthode des moments généralisés. En effet, on rencontre en finance des modeles dont la
fonction de vraisemblance n’est pas connue. On peut citer en guise d’exemple la loi stable

ainsi que les modeles de diffusion observés en temps discrets. Les méthodes d’inférence
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basées sur la fonction caractéristique peuvent étre envisagées dans ces cas. Typiquement,
on spécifie une condition de moment h; (7,0y) basée sur la différence entre la fonction
caractéristique (conditionnelle) théorique et sa contrepartie empirique. Dans I’expression
de cette condition de moment, 0, est la vraie valeur du parameétre d’intérét et 7 est la
variable de transformation de Fourier. Le défit ici est d’exploiter au mieux le continuum
de conditions de moment {ht (1,00),7 € Rd} pour atteindre la méme efficacité que le

maximum de vraisemblance.

Ce défit a été relevé par Carrasco et Florens (2000) qui ont proposé la procédure

CGMM (continuum GMM). La fonction objectif que ces auteurs proposent est de la forme :

Qr (a,0) = 9 Kthe (1,0) hy (7, 0)7 (1) dr

oil 7 (7) est une mesure finie absolument continue sur R?, hy (7,6p) est le complexe conju-
gué de hy (1,0) = %Zle hi (7,0) et K} est Pinverse régularisé de 1'operateur de cova-
riance empirique associé a la fonction de moment h; (7, 6). Le paramétre de régularisation
« assure a la fois existence et la continuité de Qr («v, #). Carrasco et Florens (2000) ont
montré que I'estimateur de 6y obtenu en minimisant @T (e, 0) est asymptotiquement aussi
efficace que I'estimateur du maximum de vraisemblance si « tend vers zéro lorsque la
taille de I’échatillon 7" tend vers I'infini. La nature de la fonction objectif du CGMM sou-
léve deux questions importantes. La premiére est celle de la calibration de o en pratique,
et la seconde est liée a la présence d’intégrales multiples dans 1’expression de CA)T (o, 0).
C’est a ces deux problématiques qu’essayent de répondent les trois derniers chapitres de

la présente these.

Dans le chapitre 2, nous proposons une méthode de calibration de a basée sur la
minimisation de lerreur quadratique moyenne (EQM) de I'estimateur. Nous suivons une
approche similaire a celle de Newey et Smith (2004) pour calculer un développement
d’ordre supérieur de 'EQM de l'estimateur CGMM de sorte & pouvoir examiner sa dé-
pendance en « en échantillon fini. Nous proposons ensuite deux méthodes pour choisir «
en pratique. La premiére se base sur le développement de 'EQM, et la seconde se base

sur des simulations Monte Carlo. Nous montrons que la méthode Monte Carlo délivre
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un estimateur convergent de o optimal. Nos simulations confirment la pertinence de la

calibration de « en pratique.

Le chapitre 3 essaye de vulgariser la théorie du chapitre 2 pour les modéles avec
d < 2. Nous commencons par passer en revue les propriétés de convergence et de norma-
lité asymptotique de I'estimateur CGMM. Nous proposons ensuite des recettes numériques
pour I'implémentation. Enfin, nous conduisons des simulations Monte Carlo basée sur la
loi stable. Ces simulations démontrent que le CGMM est une méthode fiable d’inférence.
En guise d’application empirique, nous estimons par CGMM un modeéle de variance auto-
régressif Gamma. Les résultats d’estimation confirment un résultat bien connu en finance :
le rendement est positivement corrélé au risque espéré et négativement corrélé au choc sur

la volatilité.

Lorsqu’on implémente le CGMM, une difficulté majeure réside dans 1’évaluation
numérique itérative des intégrales multiples présentes dans la fonction objectif. Les mé-
thodes de quadrature sont en principe parmi les plus précises que I'on puisse utiliser dans
le présent contexte. Malheureusement, le nombre de points de quadrature augmente expo-
nentiellement en fonction de d. L’utilisation du CGMM devient pratiquement impossible
dans les modeéles multivariés et non markoviens ou d > 3. Dans le chapitre 4, nous propo-
sons une procédure alternative baptisée "reéchantillonnage dans le domaine fréquentielle"
qui consiste & fabriquer des échantillons univariés en prenant une combinaison linéaire des
éléments du vecteur initial, les poids de la combinaison linéaire étant tirés aléatoirement
dans un sous-espace normalisé de R?. Chaque échantillon ainsi généré est utilisé pour
produire un estimateur du parameétre d’intérét. L’estimateur final que nous proposons est
une combinaison linéaire optimale de tous les estimateurs ainsi obtenus. Finalement, nous
proposons une étude par simulation et une application empirique basées sur des modéles

autorégressifs Gamma.

Dans ’ensemble, nous faisons une utilisation intensive du bootstrap, une technique
selon laquelle les propriétés statistiques d’une distribution inconnue peuvent étre estimées a
partir d’'un estimé de cette distribution. Nos résultats empiriques peuvent donc en principe
étre améliorés en faisant appel aux connaissances les plus récentes dans le domaine du

bootstrap.
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Summary of the Thesis

In estimating the integrated volatility of financial assets using noisy high frequency
data, the time series properties assumed for the microstructure noise determines the proper
choice of the volatility estimator. In the first chapter of the current thesis, we propose a
new model for the microstructure noise with three important features. First of all, our
model assumes that the noise is L-dependent. Secondly, the memory lag L is allowed to
increase with the sampling frequency. And thirdly, the noise may include an endogenous
part, that is, a piece that is correlated with the latent returns. The main difference between
this microstructure model and existing ones is that it implies a first order autocorrelation

that converges to 1 as the sampling frequency goes to infinity.

We use this semi-parametric model to derive a new shrinkage estimator for the
integrated volatility. The proposed estimator makes an optimal signal-to-noise trade-off
by combining a consistent estimators with an inconsistent one. Simulation results show
that the shrinkage estimator behaves better than the best of the two combined ones. We
also propose some estimators for the parameters of the noise model. An empirical study
based on stocks listed in the Dow Jones Industrials shows the relevance of accounting for

possible time dependence in the noise process.

Chapters 2, 3 and 4 pertain to the generalized method of moments based on the
characteristic function. In fact, the likelihood functions of many financial econometrics
models are not known in close form. For example, this is the case for the stable distribution
and a discretely observed continuous time model. In these cases, one may estimate the
parameter of interest 6y by specifying a moment condition A, (7, 6y) based on the difference
between the theoretical (conditional) characteristic function and its empirical counterpart,
where 7 € R? is the Fourier transformation variable. The challenge is then to exploit
the whole continuum of moment conditions {h; (7,0y),7 € RP} to achieve the maximum

likelihood efficiency.
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This problem has been solved in Carrasco and Florens (2000) who propose the

CGMM procedure. The objective function of the CGMM is given by :

Qr(a,0) = | K hy (7,0) hy (7,0)x (1) dr

R4

where 7 (7) is an absolutely continuous finite measure, h (7, f) is the complex conjugate of
hr (1,6) = + Zthl hi (,0) and K_; is the regularized inverse of the empirical covariance
operator associated with the moment function. The parameter o ensures the existence
as well as the continuity of Q7 (a,#). Carrasco and Florens (2000) have shown that the
estimator obtained by minimizing @T (o, 0) is asymptotically as efficient as the maximum
likelihood estimator provided that a: converges to zero as the sample size T' goes to infinity.
However, the nature of the objective function @T (a, 0) raises two important questions.
First of all, how do we select a in practice? And secondly, how do we implement the

CGMM when the multiplicity of the integrals embedded in the objective-function d is

large. These questions are tackled in the last three chapters of the thesis.

In Chapter 2, we propose to choose o by minimizing the approximate mean square
error (MSE) of the estimator. Following an approach similar to Newey and Smith (2004),
we derive a higher-order expansion of the estimator from which we characterize the finite
sample dependence of the MSE on a. We provide two data-driven methods for selecting
the regularization parameter in practice. The first one relies on the higher-order expansion
of the MSE whereas the second one uses only simulations. We show that our simulation
technique delivers a consistent estimator of . Our Monte Carlo simulations confirm the

importance of the optimal selection of a.

The goal of Chapter 3 is to illustrate how to efficiently implement the CGMM for
d < 2. To start with, we review the consistency and asymptotic normality properties of
the CGMM estimator. Next we suggest some numerical recipes for its implementation.
Finally, we carry out a simulation study with the stable distribution that confirms the
accuracy of the CGMM as an inference method. An empirical application based on the

autoregressive variance Gamma model led to a well-known conclusion : investors require
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a positive premium for bearing the expected risk while a negative premium is attached to

the unexpected risk.

In implementing the characteristic function based CGMM, a major difficulty lies
in the evaluation of the multiple integrals embedded in the objective function. Numerical
quadratures are among the most accurate methods that can be used in the present context.
Unfortunately, the number of quadrature points grows exponentially with d. When the data
generating process is Markov or dependent, the accurate implementation of the CGMM
becomes roughly unfeasible when d > 3. In Chapter 4, we propose a strategy that consists
in creating univariate samples by taking a linear combination of the elements of the original
vector process. The weights of the linear combinations are drawn from a normalized set of
R?. Each univariate index generated in this way is called a frequency domain bootstrap
sample that can be used to compute an estimator of the parameter of interest. Finally,
all the possible estimators obtained in this fashion can be aggregated to obtain the final
estimator. The optimal aggregation rule is discussed in the paper. The overall method
is illustrated by a simulation study and an empirical application based on autoregressive

Gamma models.

This thesis makes an extensive use of the bootstrap, a technique according to which
the statistical properties of an unknown distribution can be estimated from an estimate
of that distribution. It is thus possible to improve our simulations and empirical results

by using the state-of-the-art refinements of the bootstrap methodology.
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Chapter 1

Shrinkage Realized Kernels

Note: Cet article rédigé en collaboration avec Marine Carrasco est actuellement sous évaluation pour publi-
cation dans "Journal of Financial Econometrics"

Mots-Clés: Integrated Volatility, Method of Moment, Microstructure Noise, Realized Kernel, Shrinkage.

1.1 Introduction

Since the theoretical works by Jacod (1994), Jacod and Protter (1998) and Barndorff-Nielsen
and Shephard (2002), it is well established that the realized volatility (RV) is a consistent
estimator of the integrated volatility (IV) when prices are observed without error (see for
example Ait-Sahalia, Mykland and Zhang, 2005). However, it is commonly admitted that
recorded stock prices are contaminated with pricing errors known in the literature as the
"market microstructure noise" (henceforth "noise"). The causes of this noise are discussed
for example in Stoll (1989, 2000) or Hasbrouck (1993,1996). In the words of Hasbrouck (1993),
the pricing errors are mainly due to "... discreteness, inventory control, the non-information
based component of the bid-ask spread, the transient component of the price response to a
block trade, etc.". Its presence in measured prices causes the RV computed with very high
frequency data to be a severely biased estimator of the IV.

Many approaches have been proposed in the literature to deal with this curse. One of

them consists in choosing in an ad-hoc manner a moderate sampling frequency at which the

11
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impact of the noise is sufficiently mitigated!. Zhou (1996) and Hansen and Lunde (2006)

proposed a bias correction approach while Bollen and Inder (2002) and Andreou and Ghy-
sels (2002) advocated filtering techniques. Under the assumption that the volatility of the
high frequency returns are constant within the day, Ait-Sahalia, Mykland and Zhang (2005)
derived a highly efficient maximum likelihood estimator of the IV that is robust to both IID
noise and distributional mispecification. Zhang, Mykland, and Ait-Sahalia (2005) proposed
another consistent estimator in the presence of IID noise which they called the two scale re-
alized volatility. This estimator has been adapted in Ait-Sahalia, Mykland and Zhang (2006)
to deal with dependent noise. Since then, other consistent estimators have become avail-
able among which the realized kernels of Barndorff-Nielsen, Hansen, Lunde and Shephard
(2008a) and the pre-averaging estimator of Podolskij and Vetter (2006)%. An alternative line
of research pursued by Corradi, Distaso and Swanson (2008) advocates the nonparametric
estimation of the predictive density and confidence intervals for the IV rather than focusing
on point estimates.

In a simulation study, Gatheral and Oomen (2007) showed that consistent estimators
often perform poorly at the sampling frequencies commonly encountered in practice. One
can explain this result by saying that an inconsistent estimator necessarily delivers its best
performance at moderate frequency® while a consistent estimator may require quite high
frequency data in order to perform well. It turns out from our simulations study of Section 8
that the conclusion of Gatheral and Oomen (2007) strongly depends on the size of the variance
of the microstructure noise relative to the discretization error. In fact, the inconsistent
estimator tends to perform better than the consistent one only when the variance of the
microstructure noise is small. The main idea of the current paper is that even when the
variance of the inconsistent estimator is higher, it can still be optimally combined with the
consistent estimator to obtain a new one that performs better than both. The weight of the
linear combination is selected in order to minimize the variance and the resulting estimator
is called "shrinkage realized kernels".

However, a good estimator of the IV must be designed in accordance with the dependence

!See Andersen, Bollerslev, Diebold and Labys (2000); Andersen, Bollerslev, Diebold and Ebens (2001).
2See also Jacod, Li, Mykland, Podolskij and Vetter (2009).
3See Ait-Sahalia, Mykland and Zhang (2005 and Bandi and Russell (2008).
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properties of the noise. Awartani, Corradi and Distaso (2007) proposed an hypothesis test

to assess the impact of certain features of the noise on realized measures. Hansen and Lunde
(2006) construct a Haussman-type test to detect time dependence in the noise process. After
applying their test to real data, they concluded that the noise process is time dependent,
correlated with latent return, and possibly heteroscedastic!. More recently, Ubukata and Oya
(2009) proposed some procedures to test for dependence in the noise process in a bivariate
framework with irregularly spaced and asynchronous data.

In this paper, we restrict our attention to regularly spaced univariate data and advocate
a semi-parametric model for the noise. More precisely, we specify at the highest frequency
a parsimonious relation between the microstructure noise on the one side, and the efficient
return and the latent volatility process on the other side. We assume a general and flexible
type of noise that includes an independent endogenous part % and an L-dependent exogenous
part £;. Contrary to an AR(1) model with constant autoregressive root, the new model has
the implication that the correlation between two consecutive realizations of ¢; converges to
one as the frequency at which the prices are recorded goes to infinity. This model captures
the fact that two consecutive observations of €, become arbitrarily close in calendar time and
eventually coincide at the limit as the sampling frequency increases.

We derive the properties of common realized measures under the model and propose new
unbiased estimators for the IV. One unbiased estimator uses the samples available at all days
to estimate the IV of each day, while the second only uses within day data. The shrinkage
realized kernels are finally designed as the optimal linear combination of the standard realized
kernels of Barndorff-Nielsen and al. (2008a) with the unbiased within day estimator. We
also propose a framework to estimate the exogenous noise parameters. Unfortunately, the
endogeneity parameters are not identifiable.

We illustrate by simulation the good performance of the shrinkage realized kernels pro-
posed estimator. An empirical application based on fifteen stocks listed in the Dow Jones
Industrials shows strong evidences of correlation in the noise process and between the noise
and the latent returns. Indeed, the empirical results suggest that the memory parameter L

grows slower than /m in general. It should be mentioned that this result is derived under

4Kalnina and Linton (2008) propose a consistent estimator in the presence of a noise that exhibits diurnal
heteroskedasticity.
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the assumption that our model for the microstructure noise is true.

The rest of the paper is organized as follows. The next section motivates the use of
shrinkage estimators for the IV when the noise is IID. In Section 3, we present our theoretical
model in light of which we study the properties of three standard IV estimators in section
4. Inference procedures about the noise parameters are presented in section 5. In Section
6, we design the shrinkage realized kernels for the dependent noise case. Sections 7 and 8
present respectively a simulation study and an empirical application based on twelve stocks
listed in the Dow Jones Industrials. Section 9 concludes. The mathematical proofs and the

summaries of the results of Sections 7 and 8 are gathered in appendix.

1.2 Motivating Shrinkage Estimators for the IV

Basically, a shrinkage estimator is an optimal linear combination of several estimators. Here,
optimal means that shrinkage estimator minimizes the mean square error (MSE). To motivate
shrinkage estimators for the IV, we examine the contribution of the discretization error
and the microstructure noise to the MSEs of three estimators. More precisely, we try to
understand the trade-offs at play as one moves from a biased estimator to an unbiased
estimator on the one hand, and from an unbiased estimator to a consistent estimator on the
other hand.

To start with, we introduce some basic notation and concepts.

1.2.1 The Efficient Price and the Microstructure Noise

Let p% denote a latent (or efficient) log-price of an asset and p; its observable counterpart.

Assume that the latent log-price obeys the following stochastic differential equation:
dp: = 0, dWs; p5 =0 (1.1)

where W is a standard Brownian motion independent of o,.

Keeping in mind that we are working with high frequency data, the omitted drift is
proportional to ds which is negligible in front of the O, (\/E) volatility term. We assume
that the volatility process {03}3:0 is cadlag, implying that all powers of the volatility process
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are locally integrable with respect to the Lebesgue Measure®. Without loss of generality, we

condition all our analysis on the whole volatility path but the conditioning is removed from the
notations for simplicity. Therefore, all deterministic transformations of the volatility process
are treated as constant objects. In particular, the integrated volatilities IV, = ftt_1 o2ds,
t=1,2,3,.. T are fixed parameters we aim to estimate. We will consider a sampling scheme
where the unit period is normalized to one in calendar time.

It is maintained throughout the paper that there is neither jump nor leverage effect in
our model for the efficient price. If jumps that are uncorrelated with all other randomness
are added in the model, the estimators considered for the IV in the sequel are now designed

for the quadratic variation®

. If leverage effect is assumed in (1.1), some of our results can
be derived with a few more technical complications. We will check the robustness of our
conclusions to the presence of leverage effect in simulation.

By definition, the noise equals us = ps — p}, that is, the difference between the observed
log-price and the efficient log-price. Let r; denote the latent log-return at period ¢, and 7,

its observable counterpart. Under the above conditions, the process {r;} is a semimartingale

and we have:

reO= pr— P =Ty U — U (1.2)
¢
ry = / osdWs| {JS}ST:O ~ N (0,1V;) (1.3)
t—1

Suppose that we have access to a large number m of intra-period returns r; 1,742, ..., Tt.m,
where ¢t = 1,...,T are the period labels, m is the number of recorded prices in each period
and r;; is the j™ observed return during the period [t — 1, ¢]. In the sequel, we sometimes
use the expression "record frequency" to refer to the frequency m at which the data has been
recorded. The noise-contaminated (observed) and true realized volatility (latent) computed

at frequency m are:
m

RV™ =3"r, and RV =3 oy (1.4)
j=1

J=1

’See e.g Barndorff-Nielsen, Graversen, Jacod and Shephard (2006).
6Separating the IV from the contribution of the jumps in the quadratic variation would then be the new
issue.
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For simplicity, we assume that these observations are equidistant in calendar time. We have:

*

t—1+4+j5/m
g = p:—l—&-j/m_p:—l—k(j—l)/m:/t o dW,

Ty
~14(j-1)/m
*
Tej = Tp;+ Uy — Ui
Ut = Ut—1+j/m

Barndorff-Nielsen and Shephard (2002) show that RVt*(m) converges to IV, and derived

the asymptotic distribution:
RV;™ — IV,

2 m *4
\/ 3 Ej:l Ttj

as m goes to infinity. Meddahi (2002) studied the finite frequency behavior of the discretiza-

— N(0,1)

tion error RVt*(m) — IV, with a focus on the specific case where the true model belongs to the
Eigenfunction Stochastic Volatility family. Gongalves and Meddahi (2009) proposed some
bootstrap procedures as alternative inference tools to analyze the asymptotic behavior of
realized measures. In both papers, no microstructure noise is assumed.

In the presence of microstructure noise, RVt*(m) is no longer feasible. We review three

feasible estimators below.

1.2.2 Three Standard Estimators of the IV

In this subsection, we consider estimators v . of IV, such that:

Vo= oo ({righ i) + B ({ripms ) + £ ({was ¥y (L5)

with
Elfe ({ri}m)] = (16)
E | froa ({ripus})| = 0 (1.7)

and

froaa (1175,047) = fu ({047) =0 (L8)

It is further required that the three terms in (1.5) be uncorrelated.
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Below are three examples of estimators that can be decomposed as above.

Example 1 The realized volatility RV,"™ defined in (1.4) satisfies (1.5) with:
x 1M *2
e (frian) = o
froa (Lt ) = 20 (g — w7,

fu ({utj};n:l) = Em: (g — urg-1)*

Under IID noise, RVt(m) is biased and inconsistent and its bias and variance are linearly
increasing in m. See for example Zhang, Mykland and Ait-Sahalia (2005) and Hansen and
Lunde (2006).

Example 2 The first order autocorrelation bias corrected estimator of Zhou (1996) given by

(Ale ZT?J +Zrtj th+1+rt] 1) (19)
j=1 j=1
satisfies (1.5) with:
e ({7”:]};;) = Zrﬁ + ZT;j (r;j—l—l + r:,j—l)
j=1 j=1
frew ({Tf,j, Ut,j};n:1> = 2 Augry;+ Y Ay (rfi 1)
j=1 j=1

+ZT:] Aut3+1+AUtj 1)
7j=1

m

fu <{utj};n:1> = ZAuf]qLZAuw (Augjir + Augjq)
J=1

J=1
and Aug;j = uy; — U j_1.

Under IID noise, it is shown in Hansen and Lunde (2006) that RVt(AC’m’l) is unbiased
for IV while its variance is linearly increasing in m. Bandi and Russell (2006) and Hansen
and Lunde (2006) derived optimal sampling frequencies for RV;(m) and RVt(AC’m’l) based on

a signal-to-noise ratio maximization.
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Example 3 The realized Kernel of Barndorff-Nielsen, Hansen, Lunde and Shephard (2008a)

18 given by:

KNS — 1)+ S0k (M ) G (03 0) (1.10)

for a kernel function k (%) such that k (0) =1 and k (1) = 0. where:

Ve (2) = th,jxt,j—h (1.11)
j=1

for all variable x and h. If we further define:

’Vt,h(wa?ﬁ = th,jyt,jfh
Ki(o) = 0@+ 0k (U5 B (0) 420 @)

Ki(xz,y) = Yt,0

B
N
+
M=
™
N
>
m‘|
—_

) e (@,9) + 7,0 (,9)]
then KPNHLS satisfies (1.5) with:

foe ({r;"j}?ﬂ) — K ()
freu ({rzj, ut,j};n:l) = K (r*, Au) + K; (Au,r")
Ju ({ut,j}?;) = Ki(Au)

and Augj = Up; — U j—1.

Barndorff-Nielsen and al. (2008a) show that KZNL5 is consistent for IV} in the presence
of microstructure noise under various choice of kernel function. For example, setting k (z) =
1 — z (the Bartlett kernel) and H o« m*? leads to KPN#ES — [V, = O, (m~'/®) under
IID noise. Furthermore, this estimator is robust to special forms of endogeneity and serial
correlation in the microstructure noise process’. As we can see, the expression of KPVHLS ig
reminiscent of the long run variance estimators of Newey and West (1987) and Andrews and

Monahan (1992).

"In the current context, an endogenous noise is a noise that is correlated with the efficient price or return.
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1.2.3 Discretization Error versus Microstructure Noise

In this subsection, we examine the relative contribution of the discretization error and the

microstructure noise to the MSE of TV +. We first consider the bias term:

E [f\\/t] _IV,=E [fu ({ut,,»};ﬁ:l)} (1.12)

Because the additive terms in (1.5) are uncorrelated, the variance of IV, is given by:

Var [I/X\/t] = Var [fr* ({rzj };n:lﬂ + Var [fr*,u ({rzj,ut,j}?;l)]
+Var [fu <{Utj};n:1ﬂ

Hence the overall MSE is:
MSE [ﬁ/t] = Var [fT* ({rfj};nzlﬂ + Var [fmu ({rzj,umj};;l)] (1.13)
v [ ot + s (k)]

Because fr« <{r;j, O};n:1> = fu <{0}§”:1> = 0, the above MSE reduces to the variance of
S ({rf ; };n: 1) when there is no noise in the data. Based on this argument, we adopt the

following definition.

Definition 4 The contribution of the microstructure noise to the MSE of v ¢ 18:

MSE, [I/‘\/t} = Var [fr*u <{r2j,ut7j}£l>} + Var [fu ({um}?:l)] (1.14)

o [ ()]
Accordingly, we define the MSE due to discretization as:
MSE |IV,] = Var | fie ({ri,}7) ] (1.15)

This definition imputes to the microstructure noise the part of the MSE of v ¢ that
vanishes when there is actually no microstructure noise in the data. In the following table,

we examine the expression of f.« <{r2j };n: 1) for the three estimators listed in the examples.
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It is seen that this expression includes more and more terms as one moves from the top to the

(AC,m,l)

bottom of the table. In fact, RV, kills of the bias of its ancestor R‘/;(m) at the expense

of a higher discretization error. Likewise, KPN#E5 brings consistency upon conceding a

higher discretization error with respect to the unbiased estimator RVt(AC’m’l).

o <{7’Zj};n:1) Var VT* ({r:’j};n:lﬂ

RV,™ ST 23, o7
RV(AC,m,l) m 2
t Z] 17 "‘Z] lrt] (Tt]-i—l_'_rt] 1) E; 1Utj
+43 7 050 +0(mT?)
KfNHLS Z] 17 "‘ZJ 1Tt](rtj+1+rt,y 1) 2Zj 1‘7I§+42J 10:30:3 1

+ Zh:Q (%) DT (Tt,j+h + Tt,jfh) +4 Zh 2 (hT) D O,
+O(Hm™?)

Table 1: Part of the MSE due to discretization

We now turn to discuss the MSE due to IID microstructure noise. Unlike RVt(m) whose
bias equals 2mE [uf ], the estimators RVAY™ Y and KBNHLS are unbiased. As a conse-
quence, the MSE of RV,"™ increases at rate m? while those of RV,'“™" and KBNHLS are

only linear in m. On the other hand, the consistency of KPVL5 ensures that its variance

eventually becomes smaller than that of RVt(Ac’m’l)

(AC,m,l)

as m goes to infinity. But there is at least
two situations where RV, can have lower variance than KPNHES  The first situation
is the one in which the sampling frequency m is not large enough to make the asymptotic
results for KPVHLS reliable. In fact, the variance of KPV#LS can be arbitrarily high in fixed
frequency although it vanishes as m goes to infinity. The second situation is the case where
the variance of the microstructure noise is so small that it contributes very little to the MSE.
In this case, the MSE of the estimators basically reduces to the variance of f, ({7’;]- };n: 1)
which happens to be larger for KPNHES,

Our intuitions are supported by a simulation study by Gatheral and Oomen (2007).
These authors implemented twenty realized measures that aim to estimate the IV. Their

(ACmD) Sften

main finding is that even though inconsistent, kernel-type estimators like RV,
deliver good performances in term of MSE at sampling frequencies commonly encountered
in practice. Unfortunately, there is no clear rule indicating the minimum sampling frequency

required for the asymptotic theory of KPV7LS to be usable. Moreover, the microstructure
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noise is not observed so that it is difficult to tell whether or not its size is small compared to
the efficient returns.
It turns out that one can construct a linear combination of RV,“*“™") and KBNHLS that

outperforms either of the individual estimators. Let us define:
K7 = KPS 4 (1 — @) RyAO™Y (1.16)

Because both estimators are unbiased, the weight w that minimizes the variance of K[

conditional on the volatility path is given:

Cov [RVJAC’”“), RyACmD — [gpNHLS ]

Var |:RVt(AC’,m,1) _ KtBNHLS]

(1.17)

wt:

The resulting K7 is called shrinkage estimator of IV;. By construction, it satisfies:

Var (K7") < min (V‘“” (K7N2)  Var <RVt(AC7m’1)>>

KPNHLS while performing better

Hence the shrinkage estimator inherits the consistency of
than RVt(AC’m’l) in the problematic situations listed above. Although we are using a quadratic
loss function, other types of loss functions could have been considered. See Hansen (2007)
and references therein.

The estimator K7 is related to the estimator proposed in Ghysels, Mykland and Renault
(2008). In fact, Ghysels, Mykland and Renault (2008) observe that the volatility is quite
persistent in practice. Based on this, they propose a new estimator of I'V; which is a linear
combination of a current period estimator and an optimal forecast of I'V; from the previous

period. This can be thought of as shrinking the current period estimator toward the forecast.

We analyze below the asymptotic behavior of the optimal weight.
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1.2.4 Asymptotic Theory

It is maintained in this section that the microstructure noise is IID. This assumption is

relaxed later in Section 6. Let us assume that KPVHLS gatisfies:
KPNIES — TV, = 0, (m™") ,n > 0.

To ease the readability, let us define:

m m
2
91,t = 5 T +E Tt (Tt,j+1+7‘t,j—1)7

by = hZH;k (%) (Yen () + 30,0 (1) -

With these notations, we have:

R‘/;(Ac,m,l) — 01 £
KPR = 04+ by,

KF = 81775 + WQQJ.
It turns out that K7 is also a realized kernels with kernel function given by:

gw(o) = k(0)=1,
9w () = wk(z), Ve (0,1].

It is seen that lim g () = w while g, (0) = 1 so that g (x) is discontinuous at = =
z—0

0 whenever @ # 1. We may thus refer to the minimum variance estimator K7~ as the

"shrinkage realized kernels". The optimal shrinkage weight is given by:

_C’ov (01.4,6024) _ Var (61+)
Var (02:) P12 Var (02,)

*_
w, =

where p, , is the conditional correlation between 01, and 05;. Note that @} is equal to minus

the regression slope of 6, onto 0 ;.
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This optimal weight results in the following variance for K" :

Var (K7") = Var (61) [1 — piﬂ (1.18)
It is seen that in comparison with RVt(AC’m’l), the variance of K7 is smaller by a factor
(1 — pi2). The variance reduction with respect to KPNHLS is given by:

Var (KtBNHLS) —Var (KF) = pszar (014) +2C0ov (01 4,02:) + Var (02,)

_ (pw\/var (014) +\/Var (027,5))2 >0 (1.19)

To derive a rate for p, 5, we use Equations (1.18) and (1.19):

Var (K7) < Var (KPYPES) =0 (m™) &
Var (KPNHLS)
Var(01,)

L=pi, < =0 (m™)

We obtain the rate for p; , by applying the following rule:
—op—1\11/2 1 —2n—1
pra=—[1—=0(m>"")] %—1+§O(m 1), (1.20)

that is, p; , converges to minus one from above at rate O (m=2771). The sign follows from
the prior knowledge that Cov (61 4,02;) is negative.

Note that the consistency of K7~ implies that for large enough m, we have:
010 ~ —wilay + 1V,
This has two implications. Firstly, because Var (6;,) = O(m), we have:
1
EVar (024) — O(1)

And secondly, we have:

Var (KPNE) ~ (1 - @) Var (0y4) = O (m=27).
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These two implications allow us to conclude that:
1-w =0 (m—”—%) . (1.21)

In summary, (1.19) shows that the shrinkage estimator outperforms the estimator of
Barndorff-Nielsen and al. (2008a) in finite frequency while (1.21) shows that the two esti-
mators are asymptotically equivalent. The optimality of the weight w; relies on the unbi-
asedness of RV,*“™Y and KBNHLS However, the estimator RV,*“™ is biased when the
microstructure is time dependent. In the following section, we specify a dependent semipara-
metric model for the microstructure noise within which the suitable shrinkage estimator will

be derived.

1.3 A Semiparametric Model for the Microstructure
Noise

Our modeling approach is based on the assumption that the time series properties of the
microstructure noise are tied to the frequency at which the prices have been recorded. With
this in mind, we specify a link between the noise u; ; and the latent return rf; at the highest
frequency and then deduce the properties of the realized volatility computed at lower fre-
quencies. In a second step, we will study the properties of the kernel based estimators of
Hansen and Lunde (2006) and Barndorff-Nielsen and al (2008a) when the record frequency
m goes to infinity.

We assume that the noise process evolves in calendar time according to:
Upj = Qg Ty +Ergy J=1,2,...,m, for all ¢ (1.22)

where a,; is a time varying coefficient and ¢, ; is independent of the efficient high frequency
return r; ;. In the words of Hasbrouck (1993), &, ; is the information uncorrelated or exogenous
pricing error and a, 7y ; is the information correlated or endogenous pricing error. For sake
of parsimony, our model assumes that time dependence in the noise process can only be due

to its information uncorrelated part. We discuss more specifically the assumptions below.
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1.3.1 Assumptions

The following assumptions are maintained throughout the paper.

EO. a;; = By + 5L where B, and [3; are constants and

*2 )
VM9

t—1+4j5/m

a;fi. =Var (r;j) E/t o) o2ds.
C14(—1)/m

E1l. For fixed m, €, is a discrete time stationary process with zero mean and finite fourth

moments, and independent of {0} and 7} .

E2. E(erjetjn) =w (£) = wmp, 0< £ <L <1 and wy,, =0 forall b > L.
E3. w(0) = wmo = wo for all m, wpp — wmpyr = weO(m™*) for some a < 2/3,
h=0,..L—1.

E4. L o« m® for some § < av.
The aim of Assumption EQ is to introduce endogeneity in the microstructure noise process
in such a way that both homoscedasticity (5, = 0) and heteroscedaticity (5, = 0) are allowed.

This assumption implies that the variance of the endogenous part of the noise goes to zero

* *2 0-:3 B%
Var (at7jrt,j) = 5001:,]‘ + 28,54 . + m

Assumption El is quite standard in the literature. The semi-parametric nature of the

at rate m since:

model comes from Assumption E2 which only stipulates that ¢, ; is L-dependent. In fact, this
assumption does not specify a parametric family for the distribution of ¢, ;. Furthermore, L
may grow with the record frequency m according to E4. Assumption E3 implies that:

j—1
Cov (er0,€1j) = wo — Z (Wimh — Wi ht1) = wo — JwoO(m ™). (1.23)
h=0
Hence for any fixed j, Cov (5t,0,5t,j) converges to the constant variance wy as m goes to
infinity. Intuitively, the time length between e;( and &;; goes to zero as m increases to
infinity and these two realizations should coincide at the limit.
We now highlight an important link between assumptions E3 and E4. To this end, let us

assume that j = | Lc| for some constant ¢ € (0,1), where |2] denote the largest integer that
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is smaller than x. According to E3 and E4, we have:

COU (515,07 8,57]') = Wp — jwoO(m_O‘)

= wy — weeO(m’™®)

It is seen that the condition § — a < 0 is necessary in order for Cov (g, 1) to be bounded.

The requirement that o < 2/3 in Assumption E3 is only technical and is imposed to
ensure that § < 2/3. That condition turns out to be crucial for the convergence of the
realized kernels with Bartlett kernel. Indeed, the parameters o and ¢ play important roles in
the asymptotics. Note that the memory of noise as measure by L is longer for larger §, but
the time length % after which the correlation dies out converges to zero as m goes to infinity.

In summary, the proposed model for the microstructure noise has the implication that
the covariance between two consecutive realizations of e; converges to its variance as the
frequency at which the prices are recorded m goes to infinity. This model aims to capture
the fact that two consecutive observations of €, become arbitrarily close in calendar time
and must thus coincide at the limit. Consequently, the first order autocorrelation of ¢; must
converge to one contrary to what is implied for instance by an AR(1) model with constant
autoregressive root. The introduction of this feature comes at the cost that the memory
parameter L must not grow too fast as a function of m for the realized kernels to continue
to deliver their best performance at the largest available frequency.

Below, we compare our models with other specifications.

1.3.2 Nested and Related Models

Imposing 3, = 8, = 6 = 0 in our model leads to u;; = €, ; where ¢, ; is a moving average of
fix order L. This case has been considered in Hansen and Lunde (2006). Further imposing
L = 0 leads to the IID noise considered by Ait-Sahalia, Mykland and Zhang (2005) among
others. One gets a version of Roll’s model (1984) from our specification by setting 5, =
p1 =0and ¢ ; = +Q,;/2, where @, is the bid-ask spread. The model of Roll can thus be
regarded as nested within our specification with the difference that ¢, ; is now observable.
Hasbrouck (1993) used the restriction 8, = 0 with &, ; IID to model the microstructure noise

contaminating daily returns. This particular case results in an M A(1) representation for
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u;,; which, as a function of the original parameters, is identifiable if one further imposes the
restriction ¢, ; = 0 used in Beveridge and Nelson (1981) or the restriction 8, = 0 used by
Watson (1986).

Ait-Sahalia, Mykland and Zhang (2006) considered an exogenous noise with general mix-
ing properties. Kalnina and Linton (2008) advocated a microstructure noise model that fea-
tures endogeneity and diurnal heteroscedaticity. These two models cannot be nested within
our specification.

We now examine the continuous time limit of our model. As m goes to infinity, we have:

t
/ O'SdWS ~ Jtth7
t—1/m

t
m olds ~ o}

t—1/m
for all . From this, we see that the limit of (1.22) as m becomes very large may be defined

as:

us = BoosdWs + B,dW + €5, (1.24)

where W is the same Brownian motion as in (1.1). Equation (1.24) specialized to the case
By = P, = 0 is reminiscent of a case covered in Section 4.1 of Hansen and Lunde (2006).

Note that we have:

var (Byo,dW,) = Bioids =0 (ds),

var (,dWy) = % =0 (ds),

so that the noise basically reduces to its information uncorrelated part ¢, at the limit. Also,
we do not suggest that (1.22) can be deduced from (1.24) by aggregation.
The vanishing information correlated noise may happen to be a theoretical weakness in

some situations. In this regard, perhaps a more interesting specification is:

ug; = Bory; + B4 Z¢k \/_’] LB €y, J=1,2,...,m, for all ¢. (1.25)
t,j k

The above specification is suitable if there is a reason to think that the pricing errors are
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correlated with past information even at the limit. In this case, the limit as m becomes very

large may be cast as:

us = BoosdWy + 51/ & (s,t) dW; + & (1.26)

where ¢ (s, t) is a continuous function scaled in such a way that the variance of [°_ ¢ (s, t) dW,
is constant for all s. In studying model (1.25), the most challenging task will be to identify
the coefficients ¢, from the autocovariances of ¢; ;. Equation (1.26) specialized to the case

By = 0 and €5 = 0 is reminiscent of a case discussed in a comment of Hansen and Lunde
(2006) by Garcia and Meddahi (2006).

In the next subsection, we discuss some implications of model (1.22).

1.3.3 Some Implications of the Model

We first consider the unobservable implications of our postulated model. When 3, = 0, the

microstructure noise u; ; is identically distributed conditional on the volatility path:

2
uj[{os} ~ e+ N (0, %) for all (t,7)

Also, the variance of u; ; and the correlation between u; ; and 1} ; are given by:

Var (u;) = Elero

A
\V 6% + mwo .

It is seen that C'orr (um, 7“2‘7].) goes to zero as m goes to infinity.

* R—
Corr (Ut,j7 rt’j) =

When £, = 0 and 3, # 0, the noise process is no longer identically distributed. We have:

ups| {03}~ e+ N(0,550,%)
50‘72k,j

* JE—

Corr (ut’j, rt’j) = T
*

Boo_t,j + CUO

It is seen that Corr (uyy, T;:j) is no longer constant.

We now turn to examine the observable implications. The expression of the observed
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log-returns at the highest frequency m takes on the form:

s ; g ;
Tty = <1 + ﬁo + \/E—IO'ZJ rt,j - 60 + \/ETIZJ_I Tt,j—l + (6,5,]' — 5t,j—1) . (1.27)

The covariance between two consecutive returns is given by:

Bl /81 2
E(ryre i) = — —_ 1 — ) o5 — 20Wm1 — Wma (1.28
(Tt,jlrt,] 1) <Bo + \/ﬁazj_l + BO + \/EO_Z]'_I gt,j—l wo + 2w 1T Wm2 ( )

where we recall that E(e; jet j—n) = W, 5. This covariance is time varying and may be positive
or negative depending on the local variance 0;*3_1 and the values of the parameters. The

covariance between two non consecutive returns is:
E(ryrij—n) = —Wmp—1 + 2Wmp — Wiht1; b > 2. (1.29)

Hence E(ry jry j—r—1) = 0 from the L-dependence of ¢, ;. Note that if ¢, ; is IID, these formulas

reduce to:

E(Tt,jrt,j—l) - - <ﬁo + B—l*> (1 + 60 + ﬁ) 0':3;1 — Wo (130)

E(ryreg-n) = 05 h>2. (1.31)

In what follows, we examine the implications of the postulated microstructure noise model

for the traditional realized variance.

1.4 Properties of Three IV Estimators

We study successively the traditional realized variance, the kernel estimator of Hansen and
Lunde (2006) and the realized kernels of Barndorff-Nielsen, Hansen, Lunde and Shephard
(2008a). The bias of the realized provides one of the moment conditions that will be used
in Section 5 to estimate the correlogram of the microstructure noise. The properties of the

kernel estimators are mainly used in Section 6 to design the shrinkage estimator of the IV.
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1.4.1 The Realized Volatility

The estimator of interest here is the sparsely sampled realized variance given by:
RV™ =372, (1.32)

where 7, is the sum of ¢ consecutive returns, that is:

qk
- m
Teg = Z rej,k=1,...,my=—,g>1 (1.33)
J=qk—q+1 1

Hence if r}; is a series of one minute returns for instance, then r;; would be a sequence of
¢ minutes return. The following picture illustrates the corresponding subsampling scheme

which is quite standard in this literature.

Retums at some frequency mq= mJg

m
L 1 l | | 1
I I I I | I 1 i
W F 1 T i .- A . q(mq 1 T m=gTm,
q obs g obs g obs g obs

Returns at the highest frequency m

Figure 1: The subsampling scheme

If the noise process is correctly described at the highest frequency by equation (1.22),

then the expression of r;;, is given by:

8 = 8
ﬁ‘,k - <1 + 60 + *—1> T’qu + Z T:,j — <ﬂo + O'*—1> T;fk,qk:—q (134)

g
t,qk j=qk—q+1 t,gk—q

+ (Et.gk — Etgh—q) »
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for k =1,...,my and for all ¢, with the convention that ij q; g117t; =10 when ¢ = 1. The

covariance between 7y, and 7, ;_; is given by:

Cov(Fogs Frt) = — <ﬁ0+ 5 ><1+60+*ﬁ—1) o2 (135)

t,qk—q t,qk—q
—Wo + 2C"-)m,q - wm,Qq

The next theorem gives the bias and variance of R‘/;(mq). The expression of the bias will

be useful for the estimation of the correlogram of the microstructure noise in Section 6.

Theorem 5 Assume that the noise process evolves according to equation (1.22), and let

R‘/;(mq) =y ﬁk with mg = =, ¢ > 1 and m the record frequency. Then we have:
E [R‘/;(mq):| = [V; + ?mq (WO — wm’q)l

bias due to exogenous noise

262 28, (2 1
i §1+ 51(\/5%+ ); oy + 280 (Bg+1) thqk

(.

~
bias due to endogenous noise
26,0
*2 0~1 * *
+50 (OtU Ut,m) + —\/m ( 0 Ut,m)-

[ J/

endzgfects

Var [R‘/;(mq)} =mgyk + ’81 (Wo — Winyg) +
345 1 2

+8|:(+60) + ('\"/ﬁ%)ﬁl_'_ %1(

my/m
7(1+428,+282 )82 m
+4 (1 + 28, + Qﬁg) {w + 2 (wo — wm,q):| ke O‘:E}k

+8 (1+450+\6/[737§+453)ﬁ1 ’::ql g?’qk + 2 Z (ZJ o © >2
+16ﬁ0(1+50 it Zk 10% Jqk— qUt,qk + 8(1+BO)61 Z E?k qli g+1 U?,?ffqu
‘i‘—SBO(H\/EO = D i o ak—qTtqk T —850(1;@) & Dok O Jqk— qat qk

SBOBI > ngq; q+1 U:?"qu ¢ T2 (450 + 850 + 850 + 450) P Jqk
+4 <2/30 +55) 2ok D " 0330k 480 i D kg O ek g
483 (14 8,)° zk 0T+ 8 (w0 — wing) (83 + 22) + O(m™Y),

2
where k = quVar [Zk:l (Etkg — Etkg—q) ] )

1284

qm

505? Mq *
Wo = Wing) + mym | 2<k=19t,qk

Computing explicitly the exact expression of x is not of direct interest in our analysis.

Note that the dominant terms of the bias and of the variance of RV (™) are O(m,). In the
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case where ¢, ; is IID, replacing 5, = 3, = 0 in the above expressions yields the result of

Lemma 4 of Hansen and Lunde (2006) up to some changes in notations:

E [th(mﬂ = IV, + 2mywo (1.36)
Mq qk 2
Var [R‘/;(mq)} = mgk + 8wolV; + 2 Z ( Z aj}?)
k=1 \j=qk—q+1

where mgk = 4myE [} ;] 4+ 2 (w§ — E [¢},]) when &, is IID.
We see that the volatility signature plot may not be able to reveal the presence of the
noise in the data if £, ; = 0, since in this case the bias is equal to:
2/6% 1 - * — *2
— +206,(28,+1) — Z or g T 2080 (Bo+ 1) Z Orak = O(1) for all m,
q vm k=1 k=1
Moreover, this bias can be negative at some sampling frequencies provided that 3, < 0 or

By < 0. Finally, note that the total bias of the RV sampled at the highest frequency may

diverge at a lower rate than m, since:
2m (wo — Wm1) = O(wem' ™).

In the next section, we pursue with the examination of the implication of the microstruc-

ture noise model for two kernel-based estimators.

We examine successively the estimators of Hansen and Lunde (2006) and Barndorff-
Nielsen and al (2008) under our microstructure noise model. This exercise if a useful step in

the process of designing a good shrinkage estimator for the IV.

1.4.2 Hansen and Lunde (2006)

Hansen and Lunde (2006) proposed the following flat kernel estimator:

L+1

RYACmLTD) _ Yio (1) + Z (Yen () + 7o (1)) (1.37)
h=1
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where L is the memory of the noise as defined in E2 and v, (r) is defined in (1.11). Note

that when L = 0 so that & ; is IID, RVt(AC’m’LH) coincides with the estimator of French and

al. (1987) and Zhou (1996):

R‘/;(Aam’l) ="t 0 )+2 Z e, 1 ( Tt mA1Ttm — Te1Te 0) (1.38)

TV
end effects

The variance of RVt(AC’m’LH) is hard to derive in the general case. However, assuming that

e¢; is IID and neglecting the end effects in (1.38) leads to the following result for RI/;(AC7m71).

Theorem 6 Assume that the noise process evolves according to Equation (1.22). If e is
IID, we have:
E [RV(AC’m’l)} = IVi + (85 +26,) (072, — 073) — &V%%) (7im = 7i0)
Var [RVt(Acm 1)] o 8mw0 +2 Z] 1 Ut] +2 (E [E?J] N wg)
+51+651W0 + 851 + f/ﬁi |:(50+1) o1y fgﬁl + 2w (1 + 250)] Z;n:l o
+8 [% + (% —|—w0> (14 8,)? +2w050} > 01
P (14280 + 263) Sy 07,070 + 25 (14 B0) S, 0707,
B (145 B S 07, 1+ S (L 20 2 58) S o
+wz_] 1015207 +W2J 10150052
+4 (1428, + 365 + 265 + Bo) 2jmy 01510715

HAB5 (14 B)* X0y 072072y + B0 (m™1/?) M

Replacing f, = ; = 0 in this theorem yields a known result (Lemma 5 of Hansen and

Lunde, 2006):

B |:R‘/t(AC,m,1)i| — IV,
Var [R\/;(Ac’m’l)} ~ 8mwp + 8wolV; — 6wil70 +2 Z a;‘lj +4 Z af?af? 1-
j=1 =

When the exogenous noise is absent (¢, ; = 0) and 3, # 0 or 3, # 0, the estimator Ry ACm

is slightly biased and the bias vanishes at rate O (m™1).

20450 (e e

E [R‘/;(AC',M71)] -1V, = (60 + 260> (Utm — 0';%) — \/m tm — Ot
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By examining each of the individual terms in the expression of the variance of RVt(AC’m’l), it

is seen that RVt(AC’m’l) converges to IV, at rate \/m when g, ; = 0.

1.4.3 Barndorff-Nielsen, Hansen, Lunde and Shephard (2008a)

The expression of this estimator denoted KV /5 has already been introduced in Equation

(1.10). For practical purpose, we shall rewrite it as:

1
BNHLS __ BNHLS BNHLS
Kt Py ( t,Lead + Kt,Lag )

2
1

_ BNHLS BNHLS BNHLS
- Kt,Lead + 5 (Kt,Lag — M, Lead ) )

where
T rh—1
KENHES = 5 ()42 (—) o (7)

H
h—1
KIS = 4230k (M) 7 )

In studying the asymptotic properties of KPNHE5 the end effects % (Kfﬁlf LS _ Kij\édeS )

are difficult to handle. However, KZNHES and K fﬁf LS have the same expectation and similar

asymptotic variances while being imperfectly uncorrelated. This translates into the following

equations:

BNHLS BNHLS _
E[Kt,Lag t,Lead } =0

IN

Lo pyuLs | 1, BnmLS BNHLS
Var <§Kt,Lead + §Kt,Lag Var (Kt,Lead )
For simplicity, we shall thus ignore these end effects. In the worse case, this restriction will
give an upper bound for the true variance of KPN#5 Accordingly, we introduce the "Lead"

versions of K; (z) and K, (x,y) defined under Equation (1.10) in order to be able to write:

KPNHLS — [, (%) 4+ K, (rF, Au) + K, (Au, %) + K, (Au)
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where

T = Tt7j+Autj

Atng = (50 \/mUm T T \/_ Ot5—1 Fej-1 (8t’j - 675,3;1)-

Barndorff-Nielsen and al (2008a) show that their estimator is robust to an endogenous

ACm1) . )
(ACm.1) i< consistent

noise with 5; = 0. Also, we have seen in the previous subsection that RV,
for I'V; when there is no exogenous noise in the data. Interestingly, KP?N#L5 has the following

representation:

KBNHLS RV (AC,m,1) + Zk < i ) (%,h (r)+ Vi—h (T)) )

where 31, k(2) (Y4n (r) + 7¢_p (r)) is unbiased and consistent for zero when &;; = 0.
In fact, the observed log-return 7, ; is not autocorrelated beyond lag one in this case while
Var (r,;) = O(m™'). As aresult, KPNTLS is robust to the type of endogenous noise assumed
here. For simplicity, we shall thus focus below on the asymptotic behavior of KPN#L5 under

By = B1 = 0. We have the following theorem.

Theorem 7 Assume 8, = 3, = 0 and that E1 to E4 are satisfied with 6 # 0. Further let
k(x) =1 —x (the Bartlett kernel). Then for sufficiently large H and m, we have:

K, (r*) =1V, = O,(HY*m™?),

L 2
. 2w h+1
Var [K; (r*, Au)] =~ FO +4 E (Wm.h — Wi ht1) [1 _(hr 1)

H? ’
h=1
m m
4 2
2 2
K (Au) = —eoteim— 3 ) erjErjn — I > ernjcrj-n-1
=1 j=1
H-1
2 2
7] (€t0Et,—h — Et.mEtm—n) + I (EL0Et—H — Et.mEtm—H) -

>
||

2

where we Tecall that wy, 1+1 = 0 in the expression of Var [Ky (r*, Au)).

In the IID noise case, we have w,,, = 0 for all h > 1. Hence setting H o m?/3 yields
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immediately the same result as in Barndorff-Nielsen and al (2008a) up to the end effects:

KENIES V= 22y 4 €2+ Oy,

BNHLS
Kt

The estimator is thus consistent for IV} if we are willing to neglect the end effects

2 2 8
—€o T Etm -
In the dependent case, we have:

Var [K; (r*, Au)] ~ 4w, p [1 - — (1.39)

+woO <m—a Z [1 — %—21)2

= Awy, 1 + weO (m_(a_‘s))

)

where Y1, [1 - (h;;)j = O(L) = O(m?) and we recall that § < «a by construction. Here

we have two sub-cases:

Case 0 < a: The term woO (m_("‘_‘s)) vanishes so that:

lim Var [K: (r*, Au)] = 4 lim w,,, 1,

m—00 m—00

On the other hand, Equation (1.23), indicates that w,, , = wy — LwoO(m~*). Finally,

lim Var [K, (r*, Au)] = 4 lim (wg — wOO(m*a”)) = 4w,

m—00 m—00

Case 0 = a: Here the term wyO (m_(o‘_5)) o wp no longer vanish and:

lim Wm,L = lim (WO — woO(l)) oC Wy

m—00 m—00

This leads to:
lim Var [K; (r*, Au)] o wy

m—00

BNHLS
Kt

Strictly speaking, is not consistent in the dependent case. But overall, the estimator

8See BNHLS (2007) for the treatment of these end effects in practice.
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KPNHLS delivers its best performance for large m, no matter whether the noise is IID or not.

In the next section, we study the properties of the microstructure noise.

1.5 Inference on the Microstructure Noise Parameters

From now one, the notation v, is used for v, (r) where the latter is defined in (1.11). We

note from (1.28) that:

m

_ Bl 51 *2
Ebu) = =2 (b o) (1 g ) i

7=1
+m (—wo + 2Wim1 — Win2)

where we recall that w,, is the h" autocovariance of &, ; when observed at frequency m.
Let b™ = E [RVt(m) —1I V}} denote the bias of the realized volatility computed at the

record frequency. It follows from Lemma 8 in appendix that when ¢ = 1, we have:

4 = 23 (s i) (0o i) o

2
L (o= ol)

+2m (wo — wma) + B3 (075 — 012,) +

The endogenous parameters 3, and (; hidden in the expression of the bias bgm) are
unfortunately unidentified. We shall thus focus on the estimation of the bias as a whole
rather that tackling 3, and (3, individually. In subsection 5.1, we discuss the estimation of

™ and {Wmh}i:o while in subsection 5.2 we deal with the memory parameters (L, «, 6).

1.5.1 Estimation of the Correlogram

By neglecting the O(m™') end terms in the expression of the bias b,gm), we obtain the following

moment conditions:

E[th(m)—bﬁm)—lvt} =0 (1.40)

E ™ + (o1 +Voa) = 2m (g —wma)| = 0 (1.41)
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In addition, we also have:
E [(7t,h+1 + ytﬁhfl) —2m (=W p + 2Wm ht1 — wm7h+2)} =0, 1<h<L (1.42)

Given that w,,, = 0 for A > L, we have L 4 2T moment conditions to estimate L + 2T
parameters. Estimating these parameters by the method of moments is straightforward.

Solving first for w,, ;, and then proceeding by backward substitution yields:

T L—h+1
B = 2Tm; Z U (Yoss + Vonot)» h=1,..L (1.43)
N 1 T L+1
R T A w20 () (1.44)
s=1 [=2
——(AC,m,L+1) 1 <2
RV, = ot vt vt D0 D () (1.45)
s=1 [=2

7 (ACm,L+1
Wherewmh,b ) an dRV )

(AC,m,L+1) .

are unbiased estimators of wy, p, b )and T V, respectively?.
It is seen that RV is a bias corrected version of the standard realized variance which
uses the data available at all periods to estimate the IV of each period. To estimate the
variance wg, we use the expression of the bias of the RV sampled at the highest frequency.

We have:

T
~ 1 ZA(m) ~
Wop = W bt + Wm,1 (]_46)

t=1
T L+1
= 2mTZZ Yea N, l + W1

t=1 [=1

. . . -~ -~ ~ ~ !
To estimate the covariance matrix of &,, = (Wm0, W1 -.-» Om,1) , let us define:

~

_ ~ ~ !
m7 - - K i bl
Wm,(1-L) (wm 1, ame)

7t,(2—L) = (7t,2:-~-77t,L+1)/

where 7, j, = 5 3" 71 (rej—n + 714n) for all t and h. Then we have the following relation

9When the data are non equally spaced, the expressions of the autocorrelation estimators are more tedious.
See for example Ubukata and Oya (2009).
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between the autocovariances of the noise and those of the observed returns:

W, (1-L) = ZP Vi2-L)

where P is the L x L matrix with elements: P;; = —1, P;; 11 = 2, P40 = —1,and F;; =0
otherwise 1 <i,j < L.

If we further define:

~ 1 L+1 !
Wtm = —% Z (%,l + %,71) + (P_17t,(2fL))1 ) (P_lﬁt,(ZfL))/ )
=1

with (P*Wt’(% L)) , being the first element of P’lﬁt@, 1), then we are able to write:

Z (1.47)

’ﬂ |

It is seen that &y, depends on only time ¢ observations. Because r; is stationary with finite
fourth moments under our assumptions on the efficient returns and the microstructure noise,

the vector process Wy, admits a finite covariance matrix and we have:
VT (G — W) — N (0, Avar (@)

as T goes to infinity and m is fixed. The long run covariance matrix Avar (;,,) may be

estimated as in Newey and West (1987). For example:

T
— 1 o~
Avar (Oy,,) = T wt,mw;m (1.48)
t=1
T q
1 E—1\ . .
SN (B ERE I
t=1 k=1

where ¢ is the bandwidth.
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1.5.2 Assessing the true values of L, o and ¢

The knowledge of the memory parameter L is required to estimate the correlogram of the

microstructure noise. We suggest the following information criterion for its estimation:

T
~ 1 m 2
L = argmin {A(l) = — E (KtH’T - RV,EAC’ ’l+1)> } ,H oc m?3 (1.49)

_ T
0<I<H-1 P

where W,EACM’ZH) is defined as in (1.45) and:

H
c,m 1 h _ 1
KtH’T _ RV;(A ;m;1) + = Z Z (1 — T) (”Ys,h + ’Ys,—h)

s=1 h=2

To see the intuition underlying this information criterion, note that A(l) satisfies:

Emmhwm«mw Rv“mmv+p%&W’Rv“mmN

—=—(AC,m,l+1)

where the moments are taken unconditionally. On the one hand, RV, is obtained by

truncating the expression of % V' to [ autocovariance terms and is thus unbiased for IV, when
[ > L. On the other hand, KtH " is a smoothed version of RV (AGmH) Shich is also unbiased
for IV, due to L < H oc m?/3. Hence E (Kf’T RV (ACm 1 ))

[ < L and equals zero in the area [ > L. Because the term Var (KtH T — RV,

is decreasing in [ in the area
—=(AC,m, l+1)> i
increasing in [, there is a trade-off between bias and variance that results in a L-shaped curve
A(l). The power of this information criterion comes from the fact each of the statistics K&;""
and TV EL) fully exploits the stationarity of the exogenous noise across days. An illustration
is provided in the simulation study of Section 8.

We now discuss the estimation of o and §. Assumption E3 stipulates that wq is constant
for all m while wy, j, — Wi 1 = wWeO(Mm ™) for some a < 2/3, h =0, ..., L — 1. More precisely,
we write:

Wm,h — Wm -« ] C
Wmih = OmdtL e with O € [0

Wo

Taking the logs of both side of the equality and averaging over h yields:

L-1 L-1

-1 Wim,h — Wm,h+1 1
~ 1 ’ ’ log C
Llogmhz:%()g( w )+Llogmhz:%()g &

0
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where m 5;11 log C), € [1125%, 11252] so that this term shrinks to zero as m goes to infinity.

A consistent estimator of « is thus given by:

1
logm

L—1
a Z log (&-\}Tmh - @m,h-l-l) (150)
h=0

SIES

[Iog Wo —

Note that a is a Hill (1975) type estimator for the tail index of a distribution. It is
difficult to analyze the asymptotic behavior of this estimator as m goes to infinity. However,
we can exploit the functional relationship between & and {W,,},—, to obtain an asymptotic
distribution as 71" goes to infinity and m is fixed. Using the Delta method, we obtain the

following Central Limit result:

SF G N (0’ (V) Avar @) (m))

(log m)”

as T goes to infinity, where the elements of the vector Va are given by:

1 1
Va), = — — ——;
( )1 Wo L (wg — wl)
1 1
Vo = — 1 2<h<L
( )h L (wm,h72 - wm,h71> L (wm,hfl - wm,h)
1
(VCV)LH =

L(WL_l — (,UL>‘

)

To estimate the parameter ¢, we note that L oc m° according to Assumption E4. Assuming

again L ~ C'm?’ leads to:

(1.51)

log C

where we neglect the bias Tog "

Our next step is to propose a good estimator of the IV.

1.6 Shrinkage Realized Kernels

In subsections 2.3 and 2.4, we have designed and studied the asymptotic properties of a
shrinkage estimator of IV that is suitable for the IID noise case. In this section, we extend

the analysis to the case where the noise is dependent.
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On the one hand, we have the unbiased method of moment estimators RV, (ACym, L +1)

introduced in (1.45) which makes an efficient use of the data under the assumption that the
properties of the noise do not change over time. On the other hand, we have the realized
kernels KPVHLS of Barndorff-Nielsen and al (2008a) which delivers its best performance at

the highest possible frequency. We have:
KtBNHLS -1V, =0, (m_") , for some n >0

It is thus tempting to design the shrinkage estimator as an optimal linear combination of

(AC,m,L+1 ——(AC,m,L+1)
KPNHLS and RV ), However, we prefer not to use RV, for two reasons.

Firstly, the properties of the noise may be changing over time contrary to what we assumed.

V(AC’m ,L+1)

And secondly, an estimator that combines KPV7L5 and R cannot be written as

a proper realized kernel that uses only within day observations. So instead, of combining

KBNHLS and RV (AC,m,L+1) (AC,m,L+1)

denoted 91,1& :

, we combine KPNHLS and a smoother version of RV

2 = o)+ 3k ("7 ) G )7 0) (152)
A = 3 k() G 0) (1.53)
h=L+2

so that
KtBNHLS 9 —I— 92t

Also, «9%) is a smoothed version of RVt(AC’m’LH) and is unbiased for the IV when k () = 1—uz.

We can thus take linear combinations of the form:

KF = wkPVIS 1 (1-w)), weR. (1.54)

= 09 + wby)
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Indeed, K7 is a realized kernels with kernel function given by:

L
= k 0<z<—
gl) = k), 050
(1) = wh(z), Z<z<1
r) = wk(z), =<z
g HS'S
The function g (z) is discontinuous at x = £ unless @ = 1.

As in the IID case, the weight w is selected to minimize the quadratic loss function:
w; = argminF [(K[7 — V)| {o}] (1.55)

The optimal shrinkage weight is:

o
Wy =

Cov 617,651 {0}
Var |08 {o}]

(1.56)

However, these conditional second moments are not easy to compute. A simple strategy
is to look for a constant shrinkage weight «* that minimizes the marginal variance of K.

By the law of total variance, we have:

Varroa (K7) = Var[E(K7[{o})] + E[Var (K7[{o})]
= Var[lVi]+ E[Var (K7|{o})].

Therefore, choosing w to minimize the marginal variance of K7 is equivalent to choosing
w to minimize the expected conditional variance of K;7. While w* achieves on average the

same goal as the ideal weight @}, it is easier to estimate:

o= — — (1.57)

where 9§}, =7 egﬁ)‘
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The marginal variance of the shrinkage estimator with constant weight @™ is:
VaTTotal (KF*) = Va'rTotal (0%;)) [1 - p%,ﬂ

where p; 5 now denotes the marginal correlation between 0%5) and 95’%). This implies that the
rate at which 1 — P%,z goes to zero is slower compared to the IID case:

Vargow (K&
1— g2, = arro (K] )ZO(m—l). (1.58)

VaTTotal (05{2) )

In fact, this follows from:

Varroa (K7) < Var[IV)]+ E [Var (K79 {o})] = 0(1)
o) ) O( ‘:2,7) ’

Var [IV] + B [var (9§{;>| {a})l — O(m)

vaTTotal (9 gﬁf) )

-~

O(m)

The efficiency gain of the shrinkage estimator with respect to KPVHLS ig;

VarTotal (KtBNHLS) - VarTotal (KZZ*) =

2
(P1,2 \/VC””Total (014) + \/VCLTToml (92,t)> > 0

The consistency of K7~ implies at large frequency the approximation 95? = —w*@éﬁ)jtf V.

On the one hand, we have:

vafrTotal (KtBNHLS) - VaTTotal (9%;‘,) + 65{2)

= (1- w*)2 Var (024)
On the other hand,

Var s (KEY99) = Var 1] + B [Var (58755 )] = 001
A/—/ ~ -,
O(l) O(m*z”l)
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Putting the two together yields (1 — @*)? Var (f5,) = O(1) so that finally:

1 —w* =0(m™?) (1.59)

Hence the rate of the unconditionally optimal shrinkage weight does not depend of 7.
This shrinkage method can be used independently of the postulated microstructure noise
model. In particular, it can be adapted to the two scale realized volatility of Ait-Sahalia,

Mykland and Zhang (2006).

1.7 Monte Carlo Evidence

The aim in this subsection is to assess the performance of the shrinkage estimator of IV and

the quality of the estimators of {Wm,l}leo by simulations.

1.7.1 Simulation Design

We assumed that the efficient log-price process evolves according to the model of Heston

(1993):

dp;I< = Utdwl,t (160)

daf = K (a — Jf) dt + oy |:de1,7€ +v1- PdeQ,t} (1.61)

where Wi, and W5, are independent Brownian motions and the parameter p captures the
so-called leverage effect. Following Zhang and al. (2005), we set the parameters values as
follows:

k=>5;a=0.04;v=0.5;p€{0,-0.5}

where p = 0 corresponds to the no leverage assumption made in deriving our analytical
results. The case p = —0.5 is used to check the robustness of our conclusions. The unit
period in this specification is one year.

We simulated data for T = 1000 days using Euler discretization scheme at one second.
Assuming that the market opens from 9:30 am to 4:00 pm, this yields 23400 discretization

points within each day. We then consider four frequencies at which the price can be observed:
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30 seconds, one minute, two minutes and five minutes. This yields four data sets with
respectively m = 780, 390, 195 and 78 observations per day. Each data set is contaminated

with a microstructure noise process simulated according to the following model:

/6 * .
Ug,j = (60+\/_m—;_>;< rt,j—i_gt,j,]:la"'?m
t7j

where the exogenous noise €, ; is an MA(3).

€t = Ujt U1+ QU j o+ Q33
11D
vy ~ N(0, o)

We set the following values for the noise parameter:

Bo = 0.5; py =0.5;
a; = 0.5; as =0.2; ag =0.05.

In order to make this simulation design less arbitrary, we will vary aq in order to increase or

decrease the autocovariances of €, ;. In fact, we have:

wp = F (5”) = qp (1 + ozl + 02 + a3) = 1.2925a,
wm1 = FEl(e er-1) = g (o + agon + asag) = 0.61ay,
Wmo = El(eperj—2) = ap(ag + aras) = 0.225ay,
Wms = FE(e ej-2) = apas = 0.050,
Wimp = FEl(erjerj—n) =0foral h > 4.

Because the link between wy and ag is one-to-one, we will directly vary wy within the range:
wo € {2.25 x 107%,2.5 x 1077;2.25 x 107%,2.5 x 107°} .

The value wy = 2.5 x 1077 has been used in Zhang and al. (2005) at five minute sampling
frequency while wy = 2.25 x 107 has served in Ait-Sahalia and al. (2005) at frequencies that

range from one minute to thirty minutes.
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We consider three IV estimators: the unbiased estimator 95? (Equation (1.52)), the

consistent estimator KZV7LS (Equation (1.10) with Bartlett kernel) and the shrinkage esti-
mator K¥ (Equation (1.54) with w* given by (1.56)). After several trials, the bandwidth
H = [0.4m*?] seems to work well for KPNHLS,

First, we consider the volatility signature plots, that is, the curve of %Zthl RVt(m")
plotted against ¢ = mﬂq In Figure 2 of Appendix C, the left hand side graphs describe one
simulated sample without noise while the right hand side graphs describe a noisy version of
the same data. It is seen that the volatility signature plots (at the top) are quite informative
about the presence of the noise. Secondly, we estimate L from the first sample using the
plot of A(l) against [ as suggested in Equation (1.49). The curve of A(l) at the bottom of
Figure 2 is L-shaped with the bend located around L = 3. Because a slight overestimation
of L still results in an unbiased estimator 95{;), we will thus set once and for all L = 4 in the
subsequent computations for robustness check. Also, this is an economic choice that speeds

up the simulations.

1.7.2 Simulation Results

For any arbitrary estimator v ¢ of IV,, the empirical MSE of v ¢ is given by:

T
MSE(IV,) = %; (1V. - m>2 , (1.62)

Note that this MSE converges to the marginal variance of v ¢ for the three unbiased esti-
mators considered here. In Appendix B, table 2 displays the MSE of 9%?, KPNHLS and K&~
for the efficient price model with no leverage while Table 3 shows the results when leverage
is included. It is interesting to note that the introduction of leverage slightly reduces the
variance in all the scenarios. Otherwise, the two tables display qualitatively similar results.
Before analyzing the results, we recall that the efficient return data has been contaminated
with a Gaussian MA(3) microstructure noise driven by the same parameters regardless of
the sampling frequency. Hence for a given wy, the signal-to-noise ratio deteriorates as the
sampling frequency increases. Likewise for a fixed sampling frequency, the signal-to-noise

ratio deteriorates as wq increases.
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It turns out that the shrinkage weight allocated to the consistent estimator w* heavily
depends on the variance of the microstructure noise. In general, " is increasing in wy.
In large wy scenarios, the weight is close to one and tends to decrease very slowly as m
increases. By contrast, the weight is smaller in small wq scenarios and increases quite fast
as m decreases. Overall, the relative efficiency gain of the shrinkage estimator over the
consistent estimator is actually large when m is large and wg is small. Note that compared
to the consistent estimator KPNVHLS the MSE of K7~ is smaller by more than one half in
the scenario (wy = 2.25 x 1077, m = 780) and by about one third for (wy = 2.25 x 1077,
m = 390).

Not surprisingly, the unbiased estimator egf} performs better than the consistent estimator
in small wy scenarios (wo = 2.25 x 1077). In the large wy scenarios (wg > 2.25 x 1077), 6’%5) is
worse than KPVHLS at all the sampling frequencies considered while the best performance
of 9&? is achieved at lower frequencies. This is consistent with the fact that the optimal
signal-to-noise ratio of eﬁf} is attained at lower frequencies for larger wy. For a discussion
on optimal sampling frequencies in the IID noise context, see for example Bandi and Russell
(2006).

Tables 3 and 4 show the estimation results for the correlogram of the noise in the scenarios
(wo = 2.25 x 1077; m = 780) and (wo = 2.25 x 107"; m = 390) respectively. In the two
tables, the column labeled "True" contains the true values of the parameters. The estimates
are computed using the Equation (1.47) while the standard deviations are computed from
Equation (1.48) with ten lags. Firstly, we note that the estimator of wq is biased upward
and the bias decreases as the record frequency increases. In fact, the bias of &y is due
to the presence of endogenous noise. Under the assumption that o}, is stationary, the

unconditional bias of Wq is given by:

i L Bi@B+ 1)

E @] — wo = oo NG E [Uf,qk] +Bo(Bo+ 1) E [U:,%zk]

Hence while @, is biased for the variance of the exogenous noise, it does reflect the actual
size of the overall noise contaminating the asset prices.
The results suggest that the higher order autocovariances estimators {&3;}?21 are unbiased.

The Student-t statistics displayed in the last column indicate that the null hypothesis wy = 0
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cannot be rejected at level 5%.

We present an empirical application in the next section.

1.8 Empirical Application

We have shown in the simulation study that the shrinkage estimator K7 performs well
relatively to the benchmarks KPNPLS and 05?. We have also seen that the endogenous
parameters of the noise model are not identified although this raises no problem for estimating
the IV. Our focus in this empirical investigation will essentially be to test the assumptions
E1-E4 made on the exogenous noise. We describe the data in the first subsection below while

the empirical results are presented in the second subsection.

1.8.1 Data and Preprocessing

For this application, we used the data on twelve stocks listed in the Dow Jones Industrial'’.
The prices are observed every one minute from January 1%, 2002 to December 31", 2007
(1510 trading days). In a typical trading day, the market is open from 9:30 am to 4:00 pm,
and this results in m = 390 observations per day. There are a few missing observations (less
than 5 missing data per day) which we filled in using the previous tick method!!.

While Equation (1.1) assumes no jumps in the efficient price process, the conclusions of
many studies strongly suggest the presence of a jump component in real world prices (see e.g
Eraker (2004)). Thus following the same intuitions as in Barndorff-Nielsen and al (2008b)

for quote data!'?, we applied the following cleaning rule to the initial data which we denoted

oLD.
rolb:
OLD :¢ |,.OLD OLD
pNEW _ Tt if ‘Tt,j ‘ <@ xr
ti =3 )
J sign (rPEP) x Q x rOLP otherwise
where P is the empirical median of ‘rtOjLD | across t and j and. We use @ = 50, and the

NEW
t?j

N

resulting 7 is treated as our initial observed return ry; = 7"V, Our cleaning rule treat

10The data we use in this paper have been purchased from a private provider who has ensured its accuracy by
comparision with three other independent financial data providers. Please see Section 9 for the preprocessing
details.

1 This amounts to replace a missing data point by the most recent observation available.

2For quote data, BNHLS (2008b) suggest to delete entries for which the spread is more that 50 times the
median spread on that day.
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the jumps and outliers due to recording errors as the same. We advocate this approach for
three reasons. Firstly, we want to preserve the structure of dependence of the noise which

is of interest in our analysis. Secondly, the process |7’?J-L

b } obviously contains substantial
information about the range of the data. And finally, the median is robust to the extreme
values that arises in the series ngLD due to the presence of outliers. Figure 3 in Appendix C

show examples of the impact of this preprocessing on the data.

1.8.2 Empirical Results

We follow four basic steps in conducting this empirical study. The first step consists in
assessing the memory parameter L by mean of the criterion A (1) given in (1.49). In the
second step, the estimator L of L is used to compute the estimators of {me}ZL:l, « and ¢
given by Equations (1.43), (1.50) and (1.51). In the third step, we estimate the variance
of {@mJ}IL:l using Equation (1.48) and compute the Student-t statistics. Finally in the last
step, we compute the shrinkage estimator K7 for the IV. The empirical results are shown
in Appendix C.

For all the stocks considered, we found that the noise is L-dependent with the value of L
between 5 minutes (American Express) and 14 minutes (AIG and General Electric). The top
graphs of Figure 4 in Appendix C show the curves of A (1) for 3M Co, Alcoa and AIG. The
finding that the noise is autocorrelated is not new in the literature (see for example Hansen
and Lunde, 2006). What is new here is that we will use the estimates of L and {wm,l}le to
assess Assumptions E3 and E4 in the second step.

Table 5 of Appendix C shows the estimates @ and . It is seen that 6 < 4 < 2 /3 for
all the assets. The fact that 6 < @ is not surprising because this equality should hold by
construction. However, & < 2/3 is an interesting result because it indicates that the estimator
of Barndorff-Nielsen and al. (2008a) delivers its best performance at the highest available
frequency.

The graphs in the second row Figure 4 in Appendix C show the estimated correlogram
for 3M Co, Alcoa and AIG along with the estimated Student-t statistics. The t-stats are
essentially consistent with the choice of L based on the information criterion A (/). But

the Student-t test could have not been used to select L at the beginning because the prior
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knowledge of L is required in order to implement the whole procedure.

To compute the realized kernels in the last step, we set H = 30 for the bandwidth except
for the American Express index (AXP) which has necessitate H = 10. These bandwidth
values appear to produce better results than {(390)2/ ?’J = 53. We have also estimated the
bias of the RV by the alternative formula b, = RV (™ — K7Z" which tends to have less
variance than the natural method of moment estimator B,E”” given in (1.44). The time series
plots of K¥ and b, are displayed respectively in the third and fourth row of Figure 4. Our
results suggest that the sign of Et is not constant through time. It turns out that when the
correlogram is positive as we found for 3M Co, Alcoa and AIG, a negative bias can only be
due to a negative correlation between the noise and the latent return. In light of this, these

empirical results suggest that either 3, or 3, is negative.

1.9 Conclusion

This paper proposes a flexible semi-parametric model for the market microstructure noise.
We specify the microstructure noise as the sum of an information correlated process and
an information uncorrelated process. The information uncorrelated noise is modeled as an
L-dependent process, where L is allowed to increase with the frequency at which the prices
are recorded. In light of this model, we study the properties of common realized measures
that aim to estimate the integrated volatility.

We propose a new shrinkage realized kernels which is an optimal linear combination of
the consistent realized kernels of Barndorff-Nielsen and al (2008a) and an unbiased estimator
constructed for this purpose. It is shown theoretically that the shrinkage estimator has
lower variance than the consistent estimator in small samples while both estimators are
asymptotically equivalent in large samples. The Monte Carlo simulations show that the
relative efficiency gain of the shrinkage realized kernels over the standard realized kernel is
substantial in situations where the variance of the microstructure noise is small. When the
variance of the noise is large, the inconsistent estimator is markedly dominated.

Finally, we propose a framework to assess the true values of the noise parameters via
the observed returns. Unfortunately, the endogenous parameters are not identified. Our

empirical findings about the noise confirm the conclusions of Hansen and Lunde (2006): there
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is strong evidence that the noise is autocorrelated and correlated with the latent returns. Our

contribution here is to show how to estimate the rate at which L increases with the sampling

frequency. We found that in general, L increases slower than \/m.
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Appendix A: Proofs

The following Lemma will be used in the proof of Theorem 5.

Lemma 8 Assume that ry; = (1 + ay ;) v}, —arj17f; 1+ (€1 — €1,5-1) for some determinis-
tic sequence {a; ;Y , j=1,....m. Let T, be the serie of non-overlapping sums of q consecutive
JJo ? ? ;

observations of ry j:

qgk—1
Tep = (14 argr) 7y Jqk + § — Qrgk—qTy, qk—q T (Et,gk — Et,gb—q)

=gk—q+1
for k =1,...,m, and some positive integer ¢ > 1 such that m, = m/q, with the convention

that ngq; g17e; =0if g=1. Then we have:

E [RV Mg } =1V, +2> 1, (at ok + a; qk) o2 qk + atoaf% afqmqaﬁm + 2my (Wo — Wing) »
Var [RV } =2 Zk:l [(1 + at,qk) + at,qk} 0y qk+2 Z <Zlqiqkl—q+1 quk qli g+1 U:,%“ﬁ)
+Var [0 (eoar = etan-q)’] + 4200 it gir (L+ ara)* 05072,
+4 ZZL‘H (1+ at,qk) a’t qk— qat qk— qat gk T 42 Z?k q; q+1 at qk— qa;"gaqu q
+8 (wo — Win,g) Zk:l (1+a qk) o o T8 (WO — Wm.g) 21:511 Zg‘iq;—qﬂ 02‘3
*4

Mg 2
+8 (UJO - w”%‘]) Zk:l ay ,qk— qat qk—q + 2at OU - 2at,qmq Ut,qmq

2 2 x4
—4a3 gm, (1 + at,qmq) Ot.qmg-

Proof of Lemma 8:

RYma) — i;gk = (1) + (2) + (3) + (4) + (5) + (6) + (7) + (8) + (9)

_ mq 2 2 *2 2 *2
- = [(1 + a qk) + at,qk] Tt ,qk + a’t 0Tt0 — G qmqrt,qmq

) 2

)= (S )

) =20ty (Ergr — Et,qqu)2 -

9 =20 5 g (L ange) 1,77
) = QZk 1 (1 + atqk) Qt,qk— qrtqk qrtqk
) =2 Zk (1 + agr) (Etgk — Etgh—q) 77 k-
) =

qgk—1
—23 Zg g1 Otgk—qT T qh—q-
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k—1
(8) = 2305 Y5 kg1 (Ctar = Etab—a) iy
(9) = =230 argh—q (Ergk — Etgh—q) Th g

Only squared terms have nonzero expectation:

Mq
E [Rv(mq)] — qu [<5t,qk — Etqu_q)z] + Z [(1 + at,qk) + ay qk} O—:?ﬂc
k=1
myq gk—1

*2 2 *2
+ E : E : Jt ,J + at Ogt 0 @& ,qMg Ot,qmq
k=1 j=qk—q+1

mq
_ 2 *2 2 *2
= 2my (wo — u}m,q) +1Vi+2 E , (at,qk + at,qk) Ut gk T at 0060 = At gm O t.gmy-
k=1

where w,,, = E[e1jct—4 is independent of ¢ and j. Also, all the terms involved in the

expression of RV (™4) are uncorrelated and thus:

Var [RV™)] = Var((1)) + Var((2)) + Var((3)) + Var((4))
+Var((5)) + Var((6)) + Var((7)) + Var((8)) + Var((9)),

Var((1)) =230 [(1+ apgr)® + af’qk} ort, + 20t 007

—2afqmqaz“;m — 402 . (14 Grgmg)” OFhm,-
Var((2)) = 2550 (S S 0203
Var((4)) =4 quqk g+1 (1+a qk) Ufgaﬁk
Var((5)) = 4Ek (L4 agr)’ af Otk aTh
Var((6)) = k:q1 (1+ at,qk) Var (eiqk — Etqp—q) Var (T;fk,qk:)

= 8 (wo — wmg) Sy (1 + argr)’ 072,

Var((7)) =43, ngq; q+1 atqk qaﬁaﬁk a
Var((8)) = 8 (wo — W) i Yok g1 012
Var((9)) =8 (wo — wm,q) Zk:l at,qk—qatfjk—q'
Hence:
Var [RVM)] = 250 [(1+ apg)® + a2, o7,

P23 (S g D 012033)

FVar [0 (Etar — nar-a)’] + 400 i g (1 acar)’ 07507,
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k—1
+4 Z;n:ql (1 + at,qk) at ,qk— qo-t qk— qgt qk + 4 Z Zg qk— q+1 a?qk qo-rio-:%jk
k—1
+8 (Wo — Wing) Doty (1 + at,qk) o ak T8 (WO Win,g) Z? qk—q+1 7 *2
+38 ((‘UO Wm Q) Zk; 1 a’t ,qk— qat qk—q + 2a’t OU - 2a?,qmqo-;€kj]mq

A2 2 x4
4at,(1mq (1 + atvqmq) O qmg” a



The following Lemma will be used in the proof of Theorem 6.

Lemma 9 Under the assumptions of Theorem 6, we have:

E [RV;(AC””’”} — IV, + (201 + a2,,) 072, — (2a,0 + a2y) 073

Var [RVACD | =257 it 4+ A0 (14 0y + aggang 1) o207
+4Zj:1 (1+ atj) afg 2‘7::3‘7:3 o+ 8wo Z] (1 at,y) 0:3
+8wo Y.y a7 ;073 + 8mwp + 2 (E [ef ;] — wp) + 2 (2a10 + o 0) o
+2 (2ay, + at7m) ot + 2 (2am + ai ) o7t + 40} a0t g0 070
=8t m—1tm (1 + G + G nGim—1) Ut2m 102‘%
+4a?m—la§m0:3n 1050+ 8wo (075,21 — 07%)
+8uw (af _1072 ) + 207 078 + m0r,)

*2
—8wo (atm 1Utm 1+atm 10tm— 1)

Proof of Lemma 9: We first note that:

m m
(AC,m,1) 2
RV, = E Tt,j+2§ T
- =

= g.;)—l—(II)+(I]I)—i—(]V)—l—(V)+(V])+(V]I)+(V]I])+(IX),

where
(I) = Z;nlrt] + (2atm +atm) Tﬁn (2at0 +a§0) Tf%
(I1) = 223 V(U +agjag; 1) ry gy 2as 10807 1TF g — 20tm—106m T 1T -
(I11) = 2Z] L (Lt an;) an;- 2T Tt o
(IV)y=2 Zj (e —erj1) i = 2at0 (10 — €1,-1) Tho + 20em (Etm — Etm—1) Th -
(V)= 22] L (L+agg) (erjm1 — enj—2) 175
(VI) = 22; 1 (8t —erg-1) T o1

(VII) = 22; 12 (Etg — Ej-1) 1) o

(VIII) =237 (1 — €rj—1) (-1 — Er—2) -

(IX) = Z] 1 (8 — 6lt,jfl)2-

Because only squared terms will have nonzero expectation, we have:

E[RVACTD] = IV + Qaum + 2,,) 012, = (200 + a2o) 075
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The calculation of that variance is simplified by noting that only the terms (V') to (/X)) are

possibly correlated. Thus we have:
Var((I)) =237, 015 +2 (2a40 —|—at0) oro +2 (2a1m —i—atm) Tim
+2 (2at7m + aam) O'I%n
Var((I1)) = 42;'”:1 (1 +ar; + agjag ;- 1) Uf%“:? 1+ 4% 1at Oat 1Ut0

2 *2 *2
+4at,m—1at mTt ,m— 1Ut m

—8atm—10tm (1 + apm + QrmGim—1) atfn 102‘%
Var((I11)) = 42;”:1 (1+ am) afj 20;‘?02‘3 9
Var((IV)) = 8wolV, + 8wy (a7 4078 + a7 ,,072,) + 16woarmo;2,
2Cou ((IV), (V) = 83271, (L4 ary) E (e — e15-1) (211 — €0j-2)] E (r75)
= —8wolV; — 8wy Z;n:l at7j0;"3-

2Cov ((IV), (V1)) =831 E(er01 — &1) (60 — rj—1)] E (172)

= —8wolV; + 8woo2,
2Cov ((IV), (VII)) = =83 1" P ay ;B [(e1j — €1j1) (rjsn — rje1)] B (rf2) =0
2Cou (IV), (VIIT)) = 2Cou (IV), (IX)) = 0
Var((V)) = 8wo > i, (1+ a;)” o2
2Cov ((V), (V1)) =2Cov ((V),(VII)) =

2Cou((V), (VIIT)) = 2Con((V), (IX)) = 0
Var((VI)) = 8wolV; — 8wooi
2Cov ((VI), (VD)) = =837 2 a1 F[(e1 541 — €1)) (€rjra — €541)]E (r:2)

= 8w Y1ty 410} 5 — 8w (atm-1072_1 + armoi2,)
2Cou(VI), (VIII)) = 2Cov((VI), (IX)) = 0
Var(VII)) = 8wy ZJ ) (Lt]Ut] + 8wy (at 10t >+ atoato atm 10?%,1 . atmaz‘%n)

Cou((VII),(VIIT)) = Cov((VII), (IX)) =0
Var(VIID) = Var |25 (205 = £5-1) (B30 — 202)]
= 4Var [2 D iy Eeg€tio1 €008t -1 F EtmEtm—1 T D1y FErEr 2+ D iy Eij—l}
= 4mEle} ;] + 16mw§ — 8wj
2C0v ((VIII), (IX)) = 4C0ov |7y (20 = €051) (Eng1 — 2052) s Sy 0k — 20 1)’]
= — (8m —4) (Elzy] + i)

since we have:

E[(etjsk — tjrn—1)’ (g — €1jm1) (Erjo1 — €rj)] = =203 ¥ k > 1
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E[(er; — €rj-1)° (etjo1 — €1j-2)] = —E[et;] — 3w? (for k = j)

El(er; — e1j1) (11 — e15-2)°] = —Elet;] — 3w (for k = j — 1)
El(ery = €1-1) (o1 — €1j-2) (k1 — rjk2)] = =205 V k> 1
= E [(Z;’ll (ety —etj—1) (Erj—1 — 5t,j—2)> (ZT:l (ety — €t,j—1)2>]
= (=2m + 1)Ele} ;] + (—2m* — 2m + 1)wj
Also: FE <Z§”_1 (et — €tj—1) (etj—1 — 5t,j,2)> = —mwy
and F (Z] (e — 5t,j_1)2) = 2muwy
Thus Cov (VIII),(IX)) = (=2m + 1)E[e} ;] + (=2m® — 2m + 1)w§ + 2m>w;
= —(2m — 1) (Ble};] +wj)
Var((IX)) =4mE [é‘ij] +2 (w% [5”])

(
(

The sum of all these terms gives:

Var [RGAC™D] = 2500 ot 4 457 (14 a0y + aggas ) 02072,
+4 Zj—l (1+ at]) a; ;0750155 + 8w Zj:l (1+ at,j) oy
+8wo Y1 a7 ot + 8mwf + 2 (E [ef] —wp) + 2 (210 + ato) orh
+2 (2at,m + atym) at T2 (2at m T+ a; m) at w+4a; _jaf a0t 0t

*2 *2
_8at,m71at,m (1 + a; m + At m At mfl) Oy m— 1Ut m

2 2 2 %2

+4at,mflatmatm 1‘7tm + 8wo (Utm 1 Uto)
2 %2

+8wo (at 1‘7t |+ 2a? 0010 2+ a mat’m)

—8wo (atm 1Utm 1+atm 1Utm 1) u

Proof of Theorem 5: Substituting for a,; = 3, + B 1* in Lemma 8, we get for the

2
B1 0.*2
N ok t,qk

expectation:

E[th(mq)}:ﬂ/t—l—2mq( — Wing) + 2D 8 1{ 0+¢m6;;qk+(60+

+ (50 + \/m—;t*() Ot — (50 + x/ﬁ;f{,m> Otm

Hence:

267 | 2(28,+1) B
E[RV™] = IV, +2m, (wo — wn ! 0 PN gy
t o 2my (w0 — i) =t = got,qk

+280 (8o + 1) Zatqk"‘ﬁg (‘7: Utm)+

For the variance, we have:
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(mq) m 5 ) s V7
Var [RV 9] = 2370, [(1 + o+ 7= )+ (Bo+ ) } ot
m k—1 k—1 «2 % m 2
+2) ey <Z?=qqu+1 Z? qk—q+1 Ut?“t%) + Var [Zk:ql (Et.kq — Etbg—q) }
2
k—1 B8 * *
+4Z Zj qk—q+1 (1 + By + f;t’qk) Utiat%;k
2
m 8 *2 *2
+4> 4 <1 + B0+ ﬁqu) (50 + W) Tt9k—q%t,qk
k—1 *2 _x
+4300 Z? qk— q+1< + \/mfglk q) O-tggt%k q
2
+8 (Wo — Wmn,q) (1 + Bo + \ﬁg ) U:,?Jk
2
m k—1 m 5 *
+8 (Wo — Winyg) D_pty Z? gh—q+1 Ut] + 8 (wo — W) D_py (50 + m> O-t,?;qu
5 \! 4 5\’ 8\
+2 (50"’_\/%;;0) oro— <50 > Ofm— <50 JoT ) (1+50+\/m;;m) Ttm:
In details, we have:
m 5\ s V1
QZk:ql [(1 + 5+ ﬁ;:,qk> * <60 + 1* k) } Ttak =
2 (1448, + 863 + 865 +48;5) Dty ophe + f/’ll (1448, + 6835 +465) Yoy o33,
+1908 (14 88y + 363) Tty 072 + 2lL (14 280) Yty of g + L.
2
k—1 *2 _x k—1 *2 _x
430 D (1 + By + #) ortoree =4 (1+ 28, +65) X D kg1 OO oy
2
861 (1 + 50) Z Z?kq; q+1 Uiio—qu + %IW
2
D (1 B0t 72) (Bot gl oyt =
8
45%(1+ﬁ0) Zk 1atqk qo-t?lk_'_ ﬁlﬁO( +BO) Zk latqk qatqk
8 16
ﬁlﬁo(l"‘ﬁo)Zk 1thk Otae + Blﬁoﬂ"‘ﬁo)Zk 1 0t gh—qOt.qk
4 m * 4 m *
R Bl (14 Bo)* S, oi+ 6150 P Uthqu
8 8 o 434
+ /Bl (1+50)Z thk+ 51 50 tqk q+%
2
k 1 * * m k—1 * *
42 Z;] qk— q+1< + \/mgfk q) Ut?”t%;k q _450 k1 Z;] gk—g+1 Ut%“tfﬂf q
8 k—1 2 % 4
61502 z;} qgk—q+1 O-tio-tqk q ﬁl%
2
8 et =) % (14 B+ ) i =8 0 = wma) (1 80)* 075
+16/81 (1+ 60) Zk 1 0} gk T 61 (Wo — Winyg) -
2
8 (Wo — Wm,q) Zk:l (50 + \/Fw—) Uquk g =38 (wo — wm q)ﬁo ke Uf?qqu
16 mg * 8
+¢&< Wm,q)ﬁo k= lo_tqk q+ L (wo_wmQ)
Also, Var [Y7) (€t kg — Etkg—g ] ). We thus define:

k= —Var
Mg

Mq
Z (€t kg — 5t7kq—q)2] .

k=1



65

The sum of all these terms yields:

Var [RV)] = mgr + 16(16% (Wo — Wing) + 125]

qm
345 1 2
+8[(;5Qﬁ i (t%?m_+ @gl@m__wmg)+_mﬂl}§:k10%%
7(14289+265)8
+4 (1 + 28, + 25(2)) {—( (;n 8)0% + 2 (wo — wmyq)} S or? ok

14+460+662+453) 81 —m 2
+8< ° \/ﬁo 0) - Zk:ql U?,qk + 2 Z (Z] =qk—q+1 Ut,])
1684 (14+59)B 14+54)8 k— x2 %
+M Zk 1Ut ,qk— qat,qk + l O ! Z Zq qk—q+1 O-tzo-t qk
863 (1+8,)8 880(1+8)°8
+% Zk 1 Ut ,qk— qat qk + % Zk 1 gt,qk qUt qk
4 88 ,8 k—1 .
0 ' Z Z? gk—q+1 Ut?”t gh—q T2 (450 + 850 + 850 + 450) Zk 1 thk
k—1 * * k—1 * *
+4 (250 + Bo) Z = q —qk—q+1 Utfjat?]k + 450 Z 2 q —qk—g+1 Ut?“t?;k q
+460 (1+ 50) k= 10:,%19 qUt,qk + 8 (wo — Win,q) (50 25051) + Q.
where
3 4 4, 2 B \?
Q=2 (8o 2 ) o2 (60 o) ot (Bo+ 72 ) (14 8o+ 72 ) ot
3
+§;18\1/€72 <O-;‘,k,[) - O-;qmq> + 4ﬁ1[80 <0t0 - O-;Ekzqm ) = O<m_1).

Proof of Theorem 6: Substituting for a; ; = 3, +

B sald-
N Lemma 9, yield:

26, (1+ By) (

E |:R‘/;(A0,m,1)} =1V, + (85 +28,) (072, — 073) — NG

* *
Otom — Ut,o) .

For the variance, we have:
Var [RVt(AC’ml ] =230 oA (Lt a; + ajag; ) oi2or?
+AY L (L atj) a; ;0750155 + 8w > (T4 am) o
+8uwo Y0, ai jor% + 8muwg + 2 (E [e};] —wd) + R
where
Rm:2@%wﬂﬁgaw+2@%m+%m)@m+2@%m+nmgﬂg
+4a? 71af00*2 1at0 8t m—10tm (1 + apm + GtmGim—1) ot%n la;*?m
a7 1, 107 075107, + 8wo (0121 = 07%)
+8wo (at 1‘7t > 1+ 24 0‘7t0 + atmo—t%n CLtm"wl‘ﬁ:‘,?rn 1 atm 1‘7:371 1)
m =481 + 3Biwe + O (ByBym~1/?).
AN (Lt g + aggan ) o0y = 20 4 iy o
‘*’% (1 + ﬂo_ﬁ) >0t t % (1428, +265) Y7L, 0508 -1
450/81 Zg 10 *2 5t MZ?; ‘7:3‘71 + % ( + By +ﬁo) Z 10I20t,g 1
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+f/@(1+250+233+53) Z;nlgtg 101;3"’4 (1"‘250‘1“350"’250‘1“50) 271‘7?? 1‘7:3-

*2 %2 45 88055
4Zj:1 (1+am) at] 20150150 = b+ oy Zg 10
8(1+50)53 4595 *2 83 (1+5 )5 *2
+ . Zj:l gt 23:1 T \/mo Zm

m~/m j=1 th 2Ut 2J
483 (148)* ~m *2 16505 (1+B0) M *
R E—— Z] 1045 1 m Zj:l 0t,j0t,5-2

—l—% 251 0?3‘7:] 2 +480 (14 B9)° X7y 035075 .
Buo 7Ly (14 a1y)” 07 = B} + 020 5 o
+8uwp (1 + B,)? > i o1
8wy Z] 1 atgat] = 8W051 + 16%6150 Z —10%; T 8“}060 Z =1 02‘3
Hence:
Vor [RO) s 250+ (1] <)
_1_% + 851 + f/@ [(BOH) i \ﬁrl + 2wo (1 + 250)} 27:1 O
+8 [% + (& o) (1+60)" + 2w008] 77 033
+39 (1 428, + 262) 201001t 195051 (1 + ) 2 je1 0500
—l—% (1 +60+50) Zy 10;:%0:9 1+ ig/i*1 (1+260+250+60) Z] 10:3 178
+w Z] 1 gty 2015+ w ZJ 10:30:’] 2
+4 (14280 + 332+ 285 + 50) X0 0721024482 (1 + By)* Y 072072y + 5,0 (m=2) .M

Proof of Theorem 7:

We examine the term KPNILS (% Ag):

H
KBNHLS (1% Ag) = Yeo (", Ag) +2 Z k (T) Ve (17, Ag).
h=1

Let us define ® = (1, k (%) Jk (%) ok (%))’ Then, we have:

€tj — Etj-1

e 2(p -1 — €1
KtBNHLS (T*,AE) _ @/Zr;j ( t,j—1 t,j 2)

2(etj—m — €tj—H-1)
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Note that:

Var [KtBNHLS (T*,AS)} = Var [E [KtBNHLS (r*, Ae) [{(etj—n — 5t,j—h—1)}hH=0H
+B [Var [KENES (1, Ae) [ {(eesn — evgon 1) H|
— B [Var [KPYES (1, 86) [{(et-n = Sug-n-1) Yo

= 1V;®'Var (A" @,

where A€H = (Et,j — Et,j—1, 2 (et,j—l — 5t,j—2) g eeny 2 (Et,j—H — gt,j—H—l))-

We now compute explicitely Var (AgH ):

E[(et; —erj-1)’] = 2(wo—wmy1)
E [(Et,j - 5t,j—1) (€t,j—h - 5t,j—h—1)] = —Wmh-1 1 2Wmh — Wmhtl
E [(St,j—h —erjh-1) (et j—k — €t,j—k—1)] = —Wmh-k-1+ 2Wmh—t — Wi h—k+1, b > k.

Let Awy, = Wi h — Wit for all h. Then:

Var (Aef) = 2x

Awg ° ° °
(—AWO -+ Ame) ZAWO [ ] [
(—Ame + Awmg) 2 (-AWO + Awm,l) [} [

2 (—Awpm1 + Awyy,2)
QAUJO L]

(—Awm -1+ Awmp) 2(—Awmp—2+ Awmp-1) .. 2(—Awy+ Awpi1) 2Awg

To ease the calculations, a simplified representation of Var (AeH ) is needed. To that

end, let us define:

1 -1 e °
-1 2 -1
SO =1 0 -1 2 .
(H4+1xH+1)
-1
0 0o -1 2

Also let S be the symmetric matrix of size H + 1 with elements Sj'fk =1ifj=k+hor
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j:k:—h,Sj}fk:—lifj:k+h+1orj:k—h—1, andeffk:OotherWise. In fact, S®

is the sparse matrix with ones on the h'" diagonals and minus ones on the h + 1** diagonals.
Finally, let S" be the matrix S" with the nonzero elements of the first row and first column

replaced by zero. Then we have:
L o~
d'Var (AEH) D=2 (wy — W) PSP +2 Z (Wimp — Winpt1) P (Sh + Sh) d.

h=1

We easily check that:

H 2 1
h+1 h 1 1
S0P = (k:(— —k:(—)) a—/ K (2)dr = —.
Z H H H J, () H
4H

h=0
vsio oo — k(B) k() L ATS L (L
- "\F H H & "\H)
1 -t 1 (h+1)?
— 14 k(x)dr = — +2 |1
H+/O (v)de =g+ H?

Focusing on the dominant terms, we have:

2 & < (h+1)
'Var (AsH) ¢ = T Z (Winh — Winhg1) + 4 Z (Wb — Winyht1) [1 T
h=0 h=1
L+1)°

+4wm,L [1 - % )

2w0+4Lzl( )[1 (h+ '] [1 (L + 1)
= — Wik — Wmh1) |1 — 5 Win,r |1 — 5

H — H H

This yields the second result. The remaining term to examine is thus KZV7L5 (Ag). We

have:
KtBNHLS (Aé) = Z (5t,j — gt,j_1)2 + 2 Z k (T) Z (637]' — 637]'_1) (6513'_}1 — 5s,j—h—1) ,
j=1 h=1 j=1
— ‘/t(AC,m,l) +2 Z k (T) Z (Es,j — €s’j,1) (5s,j7h — 5s,j7h71) .
h=2 j=1

A
VACD = S ey — ergo1)’ + 200 (e — €nget) (et — Erj—2)



= =23 erj2(erj — €rj-1) — 1o + €1
=2 Z;”Zl et (Etjo1 — Etj2) — 5?70 + Efm + 2 (€1,06t,-1 — Et.mEtim—1) -
And for h > 2, we have:
>oiiy (eg = €rg1) (Erjon — Erjon—1) =
D i1 EtiEti—h = D1 Etj—1Eti—h = Dj1 EtjEtj—h—1 + X i q Etj1Etj—h-1 =
=D it EgEt—hrt + 20000 € h — Do Et €t —h-1
— (et.08t,—ht1 — EtmEt;m—h+1) + (€406t —h — Et.mEtm—h)-
Summing over H yields:
23 ok (7)o (erg — €rje1) (Erjon — Evjn-1)
=2 Z;n:l Et,j (€t,j71 - 5t,j72) - % Z;nzl Et,j€tj—H
—% Z;n:l Et,j€tj—H-1 — % Zth—; (5t,05t,—h - €t,m€t,m—h)
—2 (et06t,-1 — Et.mEtm—1) + % (€10Et—H — Et.mEt,m—H)-

Finally, we have:

4 & 2 —
BNHLS _ 2 2
K (Ae) = —eio+¢cim— I ) erjEnj-n — Vi ) " ericni-n1
=1 j=1
H-1
2 2
T 2 (€t0Et,—h — Et.mEt,m—n) + i (Et0Et—H — Et.mEt.m—H)

= —&lg+er, + Op(H'm'?).
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Average RV

delta(lag)

Appendix B: Simulation Results

ea 10° Simulated data without noise 53X 10° Simulated data with AR(3) noise
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Figure 2: Detecting Noise in the Data

Left: data with no noise. Right: data with MA(3) noise.
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Variance of £, ; | Frequency MSE (x1076) Shrinkage weight
wo m KPNHLS eg? K7 vl
2.25 x 1078 780 0.0016 | 0.0009 | 0.0009 0.2525
390 0.0022 | 0.0018 | 0.0015 0.3988
195 0.0029 | 0.0028 | 0.0025 0.4721
78 0.0050 | 0.0052 | 0.0047 0.6036
2.5 x 1077 780 0.0017 | 0.0017 | 0.0012 0.4962
390 0.0022 | 0.0022 | 0.0017 0.5125
195 0.0030 | 0.0033 | 0.0026 0.5719
78 0.0051 | 0.0055 | 0.0049 0.6438
2.25 x 1076 780 0.0049 | 0.0165 | 0.0048 0.9263
390 0.0045 | 0.0113 | 0.0044 0.8955
195 0.0050 | 0.0095 | 0.0049 0.8387
78 0.0071 | 0.0092 | 0.0070 0.8546
2.5 x107° 780 0.3572 | 1.6563 | 0.3571 1.0040
390 0.2314 | 0.7405 | 0.2314 1.0014
195 0.1597 | 0.3862 | 0.1596 0.9845
78 0.1126 | 0.1674 | 0.1126 0.9714

Table 2: Evaluating the performance of the shrinkage estimators of /V; by Monte Carlo:

Case with no Leverage Effect.
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Variance of £, ; | Frequency MSE (x1076) Shrinkage weight
wo m KPNHLS eg? K7 vl
2.25 x 1078 780 0.0016 | 0.0008 | 0.0007 0.2223
390 0.0021 | 0.0016 | 0.0014 0.3172
195 0.0029 | 0.0028 | 0.0025 0.4583
78 0.0048 | 0.0055 | 0.0047 0.7701
2.5 x 1077 780 0.0016 | 0.0014 | 0.0010 0.4359
390 0.0022 | 0.0022 | 0.0017 0.4867
195 0.0030 | 0.0031 | 0.0026 0.5216
78 0.0050 | 0.0057 | 0.0049 0.7724
2.25 x 1076 780 0.0047 | 0.0173 | 0.0046 0.9108
390 0.0044 | 0.0113 | 0.0042 0.8696
195 0.0048 | 0.0088 | 0.0047 0.8685
78 0.0065 | 0.0084 | 0.0064 0.8679
2.5 x 107° 780 0.3461 | 1.5821 | 0.3461 0.9997
390 0.2217 | 0.8107 | 0.2217 1.0065
195 0.1554 | 0.3740 | 0.1554 0.9976
78 0.1083 | 0.1529 | 0.1077 0.9249

Table 3: Evaluating the performance of the shrinkage estimators of /V; by Monte Carlo:

Case with Leverage Effect.
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True (x1077) | Estimate (x1077) | Std. Dev. (x1077) | Student-t
Wo 2.2500 3.8423 0.4218 9.1095
W1 1.0619 1.0722 0.1224 8.7595
W 0.3917 0.3946 0.0512 7.7072
W3 0.0870 0.0932 0.0210 4.4365
Wy 0.0000 0.0082 0.0098 0.8432
m="780
True (x1077) | Estimate (x1077) | Std. Dev. (x1077) | Student-t
Wo 2.2500 5.4195 0.5989 9.0489
W1 1.0619 1.0885 0.1386 7.8517
W 0.3917 0.4109 0.0689 5.9660
W3 0.0870 0.1006 0.0375 2.6806
Wy 0.0000 0.0021 0.0212 0.0995
m=390

Table 4: Estimated correlogram of the noise (Simulated Data).
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Appendix C: Empricial Results

~

L a (5a) 5
3M Co (MMM) 12 | 0.5301 (0.0367) | 0.4165
Alcoa Inc (AA) 12 | 0.4797 (0.0116) | 0.4165
American International Group (AIG) || 14 | 0.4715 (0.0123) | 0.4423
Americal Express (AXP) 4 | 0.3151 (0.0087) | 0.2324
Dupont and Dupont (DD) 12 | 0.4805 (0.0104) | 0.4165
Walt Disney (DIS) 9 | 0.4773 (0.0146) | 0.3683
General Electric (GE) 14 | 0.5303 (0.0233) | 0.4423
General Motors (GM) 13 | 0.5117 (0.0658) | 0.4299
IBM 12 | 0.4802 (0.0149) | 0.4165
Intel Corp. (INTC) 11 | 0.5048 (0.0238) | 0.4019
Hewlett-Packard (HPQ) 12 | 0.4942 (0.0115) | 0.4165
Microsoft (MSFT) 11 | 0.4960 (0.0228) | 0.4019

Table 5: Estimates of L, o and 0 for twelve stocks listed in the DJI.

04 is the estimated standard deviation of &
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Chapter 2

Efficient Estimation Using the

Characteristic Function

Note: Cet article rédigé en collaboration avec Marine Carrasco est actuellement sous évaluation pour publi-
cation dans "Fconometric Theory"
Mots-Clés: GMM, Continuum of moment conditions, MSE, Stochastic Expansion, Tikhonov regulariza-

tion.

2.1 Introduction

The empirical characteristic function (henceforth ECF) has played an increasing role in econo-
metrics and finance. Paulson et al. (1975) used a weighted modulus of the difference between
the ECF and the theoretical characteristic function (henceforth CF) to estimate the parame-
ters of the stable law. Feuerverger and Mureika (1977) initiated its use for inference. Since
then, many interesting applications have been done including Feuerverger and McDunnough
(1981b,c¢), Koutrouvelis (1980), Carrasco and Florens (2000), Chacko and Viceira (2003), and
Carrasco, Chernov, Florens, and Ghysels (2007)!. The CF has the appealing property that,
as the Fourier transform of the probability distribution function, it fully characterizes the

distribution of the underlying random variable. An estimation procedure based on the CF

!See Jun Yu (2004) for a comprehensive review of empirical characteristic function based estimation
methods.

7
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is thus expected to have the same level of efficiency as maximum likelihood. Moreover, the
likelihood function is often either unavailable in closed form (stable law, discretely sampled
continuous time process) or difficult to handle (mixtures of distributions). In the field of
finance, it is usually assumed that asset prices follow continuous-time diffusion processes.
But, as mentioned by Singleton (2001), the conditional density of discretely sampled returns
are not known in closed form except for the very special cases of Gaussian or square-root
diffusion. Fortunately, the conditional CF is available in closed form for a wide range of
commonly assumed dynamics in finance. In the context of stochastic volatility models, Ait-
Sahalia and Kimmel (2006) proposed closed form expansions of the log-likelihood function of
various continuous-time processes. But their method cannot be applied to other situations
without solving a complicated Kolmogorov forward and backward equation.

For the simplicity of the presentation, let’s assume an IID sample (x1,...,z7) of a mul-

tivariate process x; € R? and let ¢, (7) denote its ECF, that is:

T

pr(r) ==Y 7" r RV, (2.1)

t=1

The ECF is related to its theoretical counterpart ¢ through the following:
@(7,00) = E® (or(7) = B (&) ;7 € R (2.2)

where 6y € © C R? is the true value of the finite dimensional parameter that fully charac-
terizes the true data generating process, and E% is the expectation operator with respect to
that data generating process.

Feuerverger and McDunnough (1981b) proposed an estimator that is obtained by mini-
mizing the distance between the ECF and its theoretical counterpart. The objective function
they propose involves an optimal weighting function which depends on the true likelihood
function that may be unknown. Feuerverger and McDunnough (1981c) proposed to apply
the Generalized Method of Moments (GMM) to the discrete set of moment conditions:

h(Tk,0) = el o(1k,0), 7) € (T1,T2,..7q) CR?
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where h; (7, 0) depends on 6, through the data. They show that the asymptotic variance of

the resulting estimator can be made arbitrarily close to the Cramer-Rao bound by selecting
the grid sufficiently fine and extended. But one should note that ¢ < T is a necessary (but
not sufficient) condition for the covariance matrix of the moment conditions to be invertible.
Indeed, singularity will arise whenever the number of points in the grid (71, 72, ...7,) exceeds
the sample size T'. Moreover, operator theory is necessary to handle the estimation procedure
at the limit because as one refines and extends the grid, the discrete set of moment conditions

converges to the moment function:
he(7,0) = €7 — o(7,0),7 € RP (2.3)

and the covariance matrix of the moment condition converges to the covariance operator
associated with that moment function. Other discretization approaches can be found in
Singleton (2001) and Chacko and Viceira (2003).

To deal with these problems, Carrasco and Florens (2000) (referred to as CaFl subse-
quently) propose a method that can efficiently use the whole continuum of moment conditions
given by

E% [hy(7,00)] =0, ¥V 7 € RP. (2.4)

The resulting method has been termed CGMM (Continuum GMM or GMM with a continuum
of moment conditions). Their approach is original in that the moment functions are treated
as elements of some Hilbert space endowed with a properly defined scalar product denoted

(.,.). The objective function of the CGMM thus takes the following form:
§ = argmin <BTET(.,9),ET(.,9)>. (2.5)

where Br is a sequence of linear operators converging to a limiting operator B as the sample

size T' goes to infinity, and
T

hi(r,0) = 7 3 hu(r. ) (2.6)

t=1
In theory, the CGMM estimator is optimal when Br is the inverse of the empirical co-

variance operator K associated with the moment conditions. But the operator K is not
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necessarily invertible. CaFl thus suggest to use a regularized inverse of the following form:
Bur = (K2 + arl) ' Kr = Kur, (2.7)

where I denotes the identity operator, Kp is the sample counterpart of K, and ar is a
regularization (or smoothing) parameter that needs to be selected in practice. It is shown
in CaF1 (2000) that the CGMM estimator 6 is root T consistent, asymptotically normal and
asymptotically as efficient as the MLE if a; converges to zero at a certain rate.

However, the small-sample properties of the estimator will be affected by a7 in a complex
way. To gain more insight on the role of ap, we derive a higher order expansion of the
CGMM estimator. Then we address the issue of the optimal selection of ar. Ideally, we
want to select ay so that it minimizes the MSE of 0 at any given sample size. However, that
MSE is not known in closed form. We propose two ways to approximate the MSE. The first
method relies on the first terms of the higher-order expansion of the MSE. The second one
uses an average over simulated data. We show that our second selection procedure delivers
a root T consistent estimator of the optimal az. It is an adaptive method in the sense that
it does not require the knowledge of the regularity of the moment functions.

The rest of the paper is organized as follow. In Section 2, we briefly review the estimation
procedure both in the IID and Markovian cases, and establish the asymptotic properties
of the CGMM estimator. In Section 3, we derive the higher-order expansion of the mean
square error of the CGMM estimator f7 similar to that in Newey and Smith (2004). From
that expansion, we gain more insight on the asymptotic behavior of the higher order terms.
In Section 4, we study two methods to select the optimal value of the tuning parameter
a. Section 5 presents Monte Carlo experiments for a stochastic frontier models involving a
convolution of an IID normal with an exponential distribution. Section 6 concludes. The

proofs are collected in appendix.

2.2 Overview of the CF-based CGMM

CaF1 (2000) focus on the case where the p-dimensional process {z;} is IID and proposed

to estimate 6y by considering moment restrictions of type (2.3). More recently, Carrasco,
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Chernov, Florens and Ghysels (2007) (referred to as CCFG) extend the set up to more

general situations where the data can be Markovian or weakly dependent. In this paper, we
will consider IID and Markov cases only.

The following moment condition has been proposed by CCFG (2007) for the Markov case:
hi(T,0) = |57+ — o(s,0, 3,) | e (2.8)

where ¢(s,0, ;) = E?(e*'*+1|x,) is the conditional CF and 7 = (s,r) € R?. In equation
(2.8), the set of basis functions {e"'*} is used as instruments. These instruments are optimal
given the Markovian structure of the model (see CCFG (2007) for a discussion). Moment
conditions defined by (2.3) are IID whereas equation (2.8) describe a martingale difference
sequence. From now on, the generic notation hy(7,0), 7 € R? will denote a moment function
defined by (2.3) or (2.8) where d = p for (2.3) and d = 2p for (2.8).

Let 7 be a probability density function on R? and L?(7) denote the Hilbert space of

complex valued functions that are square integrable with respect to m:

L2(r) = {f : R? = C| / FEVFEr(r)dr < ool (2.9)

If the moment functions are based on the (conditional) CF as it is the case here, h(.,0)
belongs to L2(7) for all € © and for any probability density function 7 because |hy(., 0)]> < 2
for all § € ©. We can thus define the scalar product (.,.) on L?(7) x L?(r) in the following
way:

(f.9) /f : (2.10)

As shown by CaFl (2000) and CCFG (2007), the optimal CGMM estimator should be
defined as:
§ = argmin <K*1ﬁT(.,9),ﬁT(.,9)>. (2.11)

where K1 is the inverse of the asymptotic covariance operator K associated with the moment

conditions and ET(., 0) is defined in (2.6). In fact, K is the integral operator defined by:

Kf(r)= /_OO k(ti,7)f (1) 7 (7)dr (2.12)

[e.o]
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for any function f € L? (7), where the kernel k(71,7) is given by:

k(T1,72) = E | hi(71,0)hi(72,0) | (2.13)

Unfortunately, K¢ does not exist for all g. Moreover, K !¢ when it exists is highly unstable

to small perturbations in g. To circumvent this difficulty, one may replace K ! by
K'=(K*+al) 'K

in the objective function. The asymptotic optimality is achieved for the resulting estimator
by letting v go to zero as T goes to infinity, provided that there exists g(7,#) such that
Kg(1,0) =F [ET(T, 9)}

With a sample of size T and a consistent first step estimator 51 in hand, we can estimate

the kernel of K by

A1 ~1

A1 - 1
kT(TlaTQa th 7—17 )ht(7—279 ) (214)
t=1

In the specific case of IID data, an estimator of the kernel that does not use a first step

estimator is available and is defined as

]{Z 7'177'2 =

M:

( itz 1)) (ei‘r’ﬂt _ @T(7_2>). (2.15)

t=1

~1
where $p(71) = 7 Zt . ¢'™1%t, Let K be the empirical operator with kernel kp (71, 72,6 ) or
kr(1,72). Then K~! can be estimated by K} = (K2 4+ o) ' K7 and the feasible CGMM
estimator is given by:

/H\T(a; 0o) = arg mein@T (a,0). (2.16)

where Or (a, 0) = <K—1ET(.,9),ﬁT(.,9)>.

Note that K} is a regularized inverse of Kr. It has the property that for any function
f in the range of K and any v/T-consistent estimator fT of f, the function K ;T fT converges
to K1 f as T goes to infinity and the regularization parameter o goes to zero. Our expres-
sion of K} uses Tikhonov regularization, also called ridge regularization. Other forms of

regularization could have been used (see Carrasco, Florens, and Renault (2007), Carrasco
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(2008)). The advantage of Tikhonov regularization is its simplicity. A simple expression
of the objective function Q7 (v, 6) in matrix form is given in CCFG (Section 3.3.). In the

sequel, the following regularity conditions are assumed.

Assumption 1: The probability density function 7 involved in the scalar product defined
by equation (2.10) is strictly positive on R? and admits all its moments.

Assumption 2: The equation
E% [hy(7,0)] = 0 for all 7 € R? 7 — almost everywhere,

where E% denotes the expectation with respect to the data generating process for 6 = 6,
has a unique solution 6y which is an interior point of a compact set ©.
Assumption 3: h(7,0) is three time continuously differentiable with respect to 6.
Assumption 4: E%[hy(.,0)] € ®5 (for some 8 > 1) for all § € O, and the first
two derivatives of E% [hr(.,0)] with respect to 6 belong to ®; (for the same 8 > 1) in a

neighborhood of 6y, where
O3 = {f € L?(m) such that |[K"f|| < oo} (2.17)

Assumption 5: The random variable z; is stationary Markov and satisfies z; = r (z4_1, 0o, &¢)
where 1 (x;_1, 0p,&;) is three times continuously differentiable with respect to 6y and &, is a

IID white noise whose distribution is known and does not depend on 6.

Assumption 1 and 2 are standard and have been used in CaFl (2000). Assumption 3
ensures some smoothness properties for ET(oz; 6y). The largest real 5 such that f € @5 in
Assumption 4 is the level of regularity of f with respect to K. The larger [ is, the better
f is approximated by the eigenfunctions of K. Because K f(.) involve dim (7) integrations,
£ may be affected by both the dimensionality of the index 7 and the smoothness of f. But
CCFG show that in the context of CF-based CGMM, we always have g > 1.

Assumption 5 implies that the data can be simulated upon knowing how to draw from
the distribution of ;. It is satisfied for all random variables that can be written as a location
parameter plus a scale parameter time a standardized representative of the family of distrib-

ution. Examples include the exponential family and the stable distribution. The IID case is
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a special case of Assumption 5 where 7 (z;_1, 6y, €;) takes the simpler form 7 (6y, ;). Further
discussions on this type of model can be found in Gourieroux, Monfort, and Renault (1993) in
the indirect inference context. Note that the function r (z;_1, 60, ;) may not be available in
analytical form. In particular, the relation x; = r (x;_1, 6o, &;) can be the numerical solution
of a general equilibrium asset pricing model as in Duffie and Singleton (1993). However, the
differentiability of 7 (x;_1, 0o, &¢) is crucial for the proof of the optimality of our regularization
parameter selection procedure.

Propositions 3.2 and 4.1 of CCFG show that under Assumptions 1 to 5, the CGMM esti-
mator defined by (2.16) is consistent and asymptotically normal and its asymptotic variance
reaches the Cramer-Rao bound. Interestingly, the asymptotic distribution of the CGMM

estimator does not depend on the weighting function = (.) as stated in the following theorem.

Theorem 1 Under Assumptions 1 to 5, the CGMM estimator defined by (2.11) is consistent

and satisfies:

/2 <§T(a; 6o) — 90) L N0, 1))

as T and oT"? go to infinity and o goes to zero, where Iy, 1 denotes the inverse of the Fisher

Information Matrix.

Because K is self-adjoint, the ideal objective function of the CGMM can be equivalently
defined as
<K*1/2ET(., 0), K~2hp(., 9)> .

In this case, the feasible objective function of the CGMM would be

Qr (0,0) = (Ko *hr(.,0), Ko *hr(.,0) )

where K;Tl/z = (K% + 04[)71/2 K%/Q. We have chosen to use (2.11) in this paper because it
simplifies some proofs. One advantage of @T (o, 0) is that it is well defined at the limit for
£ > 1/2 in Assumption 4, a less restrictive condition than 8 > 1 (see Appendix A for some
basic properties of the operator K). But @T (c, 0) coincides with @T (v, 0) when > 1.

In what follows, we investigate how the higher order properties of §T(a; o) defined in

(2.16) are affected by «.
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2.3 Stochastic expansion of the CGMM estimator

Many studies have investigated the higher order properties of various types of estimators.
For the GMM type estimators, example of such studies include Rothenberg (1983, 1984),
Koenker et al. (1994), Rilstone et al. (1996) and Newey and Smith (2004). Other examples
in the linear simultaneous equation framework can be found in Nagar (1959), or more recently
in Buse (1992) and Donald and Newey (2001). The approach we follow is similar to Nagar
(1959) and Newey and Smith (2004) in that the expression we derive for the MSE is based
on the leading terms in an expansion of the estimator.

The terms of the expansion depend on a combination of v and T'. Two difficulties arise
when analyzing the terms of the expansion. First, when the rate of decrease of o as a function
of T" is unknown, it is not always possible to order the terms of the expansion in monotonically
decreasing order. A second difficulty lies in a result that dramatically differs from the case
with a finite number of moment conditions. Indeed, when the number of moment conditions

is finite, the quadratic form

Thy (60) K hy (6,),

follows asymptotically a chi-square distribution with degrees of freedom given by the number
2

is
2

of moment conditions, hence it is O, (1). However, the quadratic form HK ~1/2\/Thy (0o)

KN Thy (69)

is well defined but diverges as T' goes to infinity and « goes to zero. We are able to state the

following rate for the norm of Ko /*v/Thr (0o):

not well defined in presence of a continuum of moment conditions. Also,

HK;UQ\/T/};T (QO)H = Op (04_1/4) .
Indeed, we have

HK;W\/TET (eo)H

< |2+ an) | (24 @) K| |V T (60)| (2.18)

<a~1/4 <1 =0,(1)

= 0, (071/4) )
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The expansion we derived for ?0}(04; 0o) — 0y is of the same form for both the IID and

Markov case. Namely, we have:

O7(0;00) — 0 = Ay + Ay + As + 0, (7' T71) + 0, <a 1/2) (2.19)

where

A = 0, (T—1/2)
AQ _ Op( min( )T—1/2>
As = Op( T )

Appendix B provides details about the above expansion whose validity is ensured by the

consistency result stated by Theorem 1. The following result gives an insight on the behavior

of the higher order MSE of the CGMM estimator.

Theorem 2 Assume that Assumptions 1 to 5 hold. Then we have the followings:
(i) The MSE matriz ong(a; 6o) is decomposed as the sum of the squared bias and vari-
ance:

TE {(@T(a; 0o) — (90) (@T(a; 6o) — 90>/1 = TBias * Bias' + TV ar

where

TBias * Bias' = O (a*T7"),

TVar = L' +0 (a™(55)) £ 0 (a'T12).

(i1) The a that minimizes the MSE of §T(a; 6o), noted ar (6y), satisfies a2 (0g) T — oo

and

7 (0o) = O <T_max(%’2ﬂl+1)) _

Remarks.
1. We have the usual trade-off between a term that is decreasing in o and another that is
increasing in «. Interestingly here, the bias term is dominated by two variance terms whose

rates are equated to obtain the optimal regularization parameter. The same happens for the
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Limited Information Maximum Likelihood estimator for which the bias is also dominated by
variance terms (see Donald and Newey, 2001).

2. The rate for the O (amin(g’%» variance term does not improve for 5 > 3. This
is due to a property of Tikhonov regularization which is well documented in the statistics
literature on inverse problems, see Carrasco, Florens and Renault (2007). The use of another
regularization such as spectral cut-off or Landweber Fridman would permit to improve the
rate of convergence for large values of §, however it would come at the cost of a greater
complexity in the proofs (in the spectral cut-off, we would lose the differentiability of the
estimator with respect to «).

3. Our expansion is consistent with the condition of Theorem 1, since the optimal regu-

larization parameter ar satisfies o (6y) T — oo.

4. The rate for ar does not coincide exactly with T max(%,wﬂrl), unless the derived big O
rates in the expression of the MSE are based on equivalent expressions rather than on upper
bounds.

5. It follows from Theorem 2 that the optimal regularization parameter ar, that is, the

a7 that minimizes the MSE of the CGMM estimator is of the form
ar (0o) = c(0) TP, (2.20)

for some positive function ¢ (6y) that does not depend on 7" and a positive function g (/) that
satisfies max (%, mﬁ) <g(B)<1/2.

An expression of the form (2.20) is often used as starting point for optimal bandwidth
selection in nonparametric density estimation. Examples in the semiparametric context in-

clude Linton (2002) or Jacho-Chavez (2007). In what follows, we approximate the MSE of

Or (a; 0p) in order to provide a data-driven method for selecting ar (6y).

2.4 Optimal selection of the regularization parameter

In Section 3, we showed that the optimal rate regularization parameter satisfies o ()
= c(0p) T~9¥) where ¢ > 0 and g (§3) is some positive and bounded function of 3. But the

constants ¢ () and 8 and the function g (/) are unknown in general so that ar needs to
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be estimated in practice. The question of the selection of the regularization parameter ar
in our CGMM context is analogous to that of selecting the optimal bandwidth in the kernel
density estimation. Ideally, it should be selected so as to minimize the mean square error of

Or(a; 0o) as a function of « for a given sample of size T

ar(6y) = arg min Yr(a; 6p). (2.21)

a€(0,1]

where Y (a; 0) is defined as the trace of the MSE matrix, that is:
. N
ET(OZ; 00) =TF |:<9T(Oé, 00) — 00) (QT(Oé, 00) — 00):| . (222)

From now on, we shall use the term MSE to refer to X («; 6p).

Note that X7(6p) is a function of fy according to (2.22). Finding ar(fy) gives rise to at
least two problems: (i) 6, is unknown, and (ii) even if 6, were given, the exact finite sample
distribution of 5T(oz;90) — 6y is not known so that ¥r(a;6y) can only be approximated.
It should be stressed that in this paper, we adopted a fully parametric approach from the
beginning where the model is completely specified. Indeed, it would not be possible to obtain
MLE efficiency otherwise. Hence, the model can be simulated. We are going to exploit this
feature to approximate the unknown MSE by simulations. The estimation of Y7 (c;6g) will
rely on a first step consistent estimator ?O\IT of #y and a large number of independently simulated
samples, say Xéj)(gl) for j =1,2,..., M.

The first step estimator ng can be either a classical GMM estimator that uses a finite
number of moment conditions built from a discretization scheme, or a CGMM estimator ob-
tained by replacing the covariance operator with the identity operator. The samples Xéj ) (5;)
can be generated by path simulation (see Gouriéroux and Monfort (1996)). From assumption
5, we have x; = r (z;_1,0,&;). One generates MT IID random realizations drawn from the
known distribution of the errors, denoted sgj ). For arbitrary starting values a:(()j ), one can gen-
erates M time-series xgj e (xﬁ{)l,@;, ggj )) of size T' for j = 1,2, ..., M. To avoid transient
effects, it is usual to simulate more data than needed and discard the first observations, or

alternatively, to condition the simulation on the first observations of the actual sample.

We consider two different ways to compute the approximate MSE, leading to two different
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ways to estimate a(6p). The first method uses the analytical approximation of 0 — 0o given
in the preceding section, and the second method uses a large number of IID copies of a

consistent approximation of §T(a; o) — 0p. We discuss each of these approaches below.

2.4.1 Estimating the MSE using its higher order expansion

This first approach consists in approximating the unknown Y7(«; 6y) by EAJ% 2 (a 51), a Monte
Carlo estimation of the MSE based on the higher order expansion of /Q\T(a; 0o) — 0o given in
(2.19):

Ap =A1+ A+ Ag

The expressions of A;, j = 1,2,3 depend on both deterministic and random quantities. The
deterministic quantities are the true parameter 6, the covariance operator K, the probability
limit of the gradient of the moment function G (7, 6y) and the regularization parameter cv. The
random quantities are the moment function /HT (7,00) and the empirical covariance operator
K. We can write

Ar = A (K (0),G (., 00), Xr (60))

where A depends on the sample X (6y) through hr (1,00) and K.

To implement the current approach, the first step consists in replacing 6, by a first step
consistent estimator 51 computed from the actual data. Secondly, one uses 51 to simulate a
single very large sample (e.g. 100 times larger than 7" whenever possible). That large sample
is used to compute highly accurate estimations of K and G (7, 6) denoted K (51) and G (.,51)
respectively?. If closed form expressions were available for all the terms involved in E (A’A),
it would be possible to estimate A in one shot using K (51), 5’(,/9\1) and the actual data
Xt (6p). Unfortunately, Cov (A1, Az) cannot be computed explicitly even though A; and Aj

are given in closed form. We shall thus resort to simulations.

Let X:(pj) (00),7=1,..., M be M samples of size T" simulated using 51 and define

~ 1l o~ 1

AP = A (K(e ),G(,8), X9 (90)) .

~ 1
2We choose the size of the simulated sample large enough to ensure that K ~1(# ) can be computed without
~ 1
regularizing the numerical approximation of K (6 ). See Appendix D for the numerical algorithm.
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Finally, 34, (a, (a ) is given by

M
$4. (a,0) Z AYA (2.23)
7=1

where the superscript A stands for “analytical approximation”, the subscripts 7" and M
indicates respectively the sample size and the number of Monte Carlo replications. Our

estimation of the optimal « is thus:

ary (§1> = arg mini?M(a,gl). (2.24)
a€gl0,1]

The Law of Large Numbers ensures that for sufficiently large M, i%M(a,gl) R~ ET(a,gl)
so that if § is close enough to y, we also obtain ET(a,gl) ~ Y7 (a,0p). This gives an
intuition of why az, (§1> can be a good estimator of ar(6y). This procedure can be fast
as it does not require a parameter estimation at each Monte Carlo replication. On the other

~1
hand, it may need very large sample sizes to obtain accurate estimates of # , K, and G.

2.4.2 Estimating the MSE by standard Monte Carlo

From a large number of independently simulated samples of size T, X%(QO), j=12 ..M,
we can compute M IID copies of the CGMM estimator @JT(oz; 6y) for any fixed .. A natural
estimator of the MSE is then:

sMC i( (cv; o) 90)'(5§<a;90)—90). (2.25)

Jj=1

ilﬂ

a00

The above estimator of the MSE would thus naturally yield an estimator of the optimal « of
the form:

ary (0) = argminSMC (o, 6y) | (2.26)
a€l0,1]

where the superscript MC stands for “Monte Carlo approximation” and the subscript M
indicates the number of Monte Carlo replications.
For a sufficiently large value of M, the Law of Large Numbers ensures that i%\g (cv; 09)

converges to its expectation Yr(a;6y). But as 6y is not known, a feasible Monte Carlo
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~1
approach simply consists in replacing ¢, with a consistent first step estimator # in the
simulation scheme, that is, choosing the optimal regularization parameter according to
~ e —smc (gt
ary (0 ) = arg min¥y,; <a,9 ) . (2.27)
a€gl0,1]
It is important to note that X7 (a, 0 ) is simulated conditional on # . As a consequence,
~ ~1 ~1
lim LMC (a, 0 ) =Xr (a, 0 ) Minimizing this limiting MSE would yield the true value of

M—o0

~1
the optimal « if the true value of the parameter of interest was the point estimate 6 :

ar </9\1> = argminXp (a,51> . (2.28)
a€l0,1]
As such, arp (§1> is a deterministic and continuous function of a stochastic argument, while
QT <§1> is doubly random, being a stochastic function of a stochastic argument.

Given this construction and oy (51) =c @1) T-9¥) it is easy to show that c(.) is a
continuous function using the Maximum Theorem (see Lemma 17 in Appendix). Although
ar @1) is not feasible, its properties will be a key ingredient in establishing the consistency
of its feasible counterpart ary, <51>

This second approach is computationally demanding because it requires computing a
CGMM estimation at each of the M Monte Carlo iterations. But it has the main advantage

of avoiding the cumbersome calculations involved in the higher order expansion of the MSE.

~1
In the next subsection, we prove the optimality of iy, <¢9T>.

2.4.3 Optimality of the data-driven selection of the regularization

parameter

We focus below on the optimality of the second approach. We are able to prove the following

result.

~1
Theorem 3 Let 0 be /T — consistent estimator of 0y. Then under Assumptions 1 to 5, we

have
ar(@)
ar(0o)

— 1 converges in probability to zero as T goes to infinity.
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~1
In Theorem 3, the function ay(.) is deterministic and continuous but the argument 6

~1
is stochastic. Note that as T goes to infinity, § gets closer and closer to #y, but at the

same time ap(fy) converges to zero at some rate that depends on 7'. This prevents us from

~1
claiming without caution that % —1 = 0,(1) since the denominator is not bounded away

~1
from zero. To be able to write this, one needs to ensure that the residual ar(6y) — ar(0)

converges to zero faster than ar(6y) itself.

arn (fo)

The next theorem gives the rate of convergence of ar (o)

ary (0o)
a(0o)

Theorem 4 Under assumptions 1 to 5, the term — 1 converges in probability to zero

at rate M~Y2 as M goes to infinity and T is fized.

In Theorem 4, aipps(0p) is the minimum of the empirical MSE simulated with the true 6.
In the proof, we first show that the conditions of the uniform convergence in probability of the
empirical MSE are satisfied. Next, we use the Theorem 2.1 of Newey and McFadden (1994)

and the fact that ar(6y) is bounded away from zero for finite 7" to establish the consistency

ar (fo)
of sT(Go)

. In the next theorem, we revisit the results of Theorem 4 when 6 is replaced by

~1
a V1T —consistent estimator 6 .

~1
Theorem 5 Let § be a /T —consistent estimator of 6. Then under assumptions 1 to 5, we
arm (@
0

have: <225 )) —1=0,(T7Y?) 4+ 0,(M~%?) as M goes to infinity first and T goes to infinity

second.

The result of Theorem 5 is obtained using a sequential limit in M and T'. Such sequential

approach has been used in other fields of econometrics, such as panel data. It is also used
~1

implicitly in the theoretical analysis of bootstrap. Theorem 5 implies that arp (6 ) benefits
from an increase in both M and 7. In practice, one clearly has more freedom in setting M

than in setting 7. For a given sample size T, setting M ~ T" permits to achieve the best rate

- 1
%(gi)) at the lowest computing time. In fact, increasing M significantly increases the
~1

precision of the estimator ary/ (0 ) only in the region M < T. When M becomes larger than

for

= 1
T, the O,(M~'/2) term in the expression of %éi)) becomes a higher order term so that the
—~ ~1

%(gz)) — 1= 0,(T~'/?) does not improve.

Overall, our selection procedure of o is optimal and adaptive as the a priori knowledge

rate

of the regularity of the moment function and its derivatives (the value of /3) is not needed.
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Using these results, we obtain a fully feasible CGMM estimator of the form /Q\T(a; 6p). In

what follows, we provide some Monte Carlo simulations that illustrate the relevance of tuning

the regularization parameter in the CGMM estimation.

2.5 Monte Carlo Simulations

Our focus in this Monte Carlo experiment is to illustrate the properties of the estimator
~ /\1 . . . . .

ary(0) proposed in the previous section. For this purpose, we select a model that is at the
same time simple and widely used in the empirical literature. We present below the model

and the design of the experiment.

2.5.1 The simulation design

For this study, we consider a model of convolution of a normal distribution with an expo-
nential distribution. This type of mixture is commonly encountered in the stochastic cost
frontier literature. A cost frontier typically describes the minimum level of cost involved in
the production of a given level of output at a given level of prices. The following specification

has been used in Meeusen and van den Broeck (1977):
Yt :Xtﬁo—l—ut—i—’ut, t = 1,2,...,T. (229)

where 3, is the log cost for plant #, X; is a vector of independent variables, u; and v, are
independent, wu; PN (0,02) is a term accounting for measurement error, v o Exp(\o)
is a non negative error term measuring the plant inefficiency, and Exp(\g) denotes the ex-
ponential random variable with mean 1/\g. Many authors including van den Broeck, Koop,
Osiewalski and Steel (1994) provide a Bayesian treatment to this model. We illustrate below
an alternative CGMM approach.

In our simulations, we shall focus on the following simplified version of the model:

yt:Ut+Ut7 t: 1,2,...,T. (230)
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The moment function for this model is:

Nexp (—7%02/2)
A —iT

he (1,0%,X) = exp(iTy;) — . (2.31)

In the sequel, we simulate M independent samples of size T" and estimate ar(6y) by standard

Monte Carlo by varying « on the finite grid:

[5x 107810775 x 1077;107%5 x 1075,107°;5 x 107, 7 x 107510, (2.32)

3x107%45x 10747 x 107410733 x 107%,5 x 1072;,7 x 1073;1072].

The bounds of the grid must be adapted to the particular application under consideration.
We choose a Gaussian form for the weighting function 7() embedded in the objective function
of the CGMM, which allows us to use Gauss-Hermite quadrature points to compute the
integrals (see Appendix D). We use a common random numbers simulation scheme in order
to facilitate the comparision of the MSE accross the values of a. Finally, we consider different

sample sizes T and numbers of replications M (T, M = 100, 250, 500 and 1000).

2.5.2 The simulation results

Table 1 shows the values of ar); obtained by using the procedure described in the previous
subsection. It is seen that for each sample size T', the estimated values differ as M varies.
Because the empirical criterion i%\? (c;00) gets closer and closer to the targeted criterion
Yr(a;6p) as M increases, we can claim that our best approximation of ar(6p) in this table
is given by 11000 for each 7. Hence using 71000 @s @ benchmark, we see that the precision

of air ps increases as M increases.

M T=100 T=250 T=500 T=1000
100 | 0.0070 (9.59) | 0.0070 (7.35) | 0.0003 (7.72) | 0.0005 (8.03)
250 | 0.0070 (9.67) | 0.0050 (8.15) | 0.0003 (8.05) | 0.0003 (8.18)
500 | 0.0070 (10.55) | 0.0030 (9.08) | 0.0003 (8.38) | 0.0007 (8.90)
1000 | 0.0050 (10.62) | 0.0030 (8.94) | 0.0005 (8.58) | 0.0007 (9.02)

Table 2.1: Estimation of the optimal regularisation parameter for different 7" and M.

)
)
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The numbers in brackets are T' times the MSE of /Q\T (aTM).

Also, it is seen that oy decreases as 1" increases from 100 to 250 and from 250 to 500
while the difference between 500 ar and @igg0,as is negligible for all M. The fact that @s00.1000
is a bit lower than ;00,1000 should not be controversial because the MSE of ET(oz; 0o) is very
flat around the optimal a, and as we are approximating ar(y) from a finite grid, it is easy
to slightly overestimate or underestimate the target. This is well illustrated by the following
plots of T'x MSE </9\T(@; 90)) of the CGMM estimator in the scenarios (7" = 500, M = 1000)
and (7' = 1000, M = 1000).

70 T T T T T T T T
T=500,M=1000

60 |- —— T=1000,M=1000 |
50 -
40 .
30 -
20 .
10 B —e =

0 1 1 1 1 1 1 1 1

0 2 4 6 8 10 12 14 16 18

Figure 2.1: MSE of the CGMM estimator
Y-axis: 1" times the MSE of /(‘)\T(a; 6p) for T=500 and T=1000.

X-axis: Rank of o in the grid given by (2.32).

2.6 Conclusion

The goal of this paper is the provide a way to optimally choose the regularization parameter
in the CGMM estimation proposed by Carrasco and Florens (2000). To this end, we derive
a higher order expansion of the CGMM estimator that sheds light on how the finite sample
MSE depends on the regularization parameter a. We propose two selection procedures based

on two methods for approximating the MSE. In the first procedure, the approximation relies
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on its higher-order expansion while in the second procedure, the approximation is based
on simulations. The second method is shown to be optimal. The optimal selection of the
regularization parameter in the CGMM estimation procedure permits to devise a fully feasible
estimator and to establish CGMM as a real competitor to maximum likelihood estimation.
Our simulation-based selection procedure has the advantage to be easily applicable to
other estimators, for instance it could be used to select the number of polynomial terms in

the efficient method of moments procedure of Gallant and Tauchen (1996).
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Some basic properties of the covariance operator

For more formal proofs of the results mentioned in this appendix, see Carrasco, Florens
and Renault (2007). Let K be the covariance operator defined in (2.12) and (2.13), and
Iy (7,6) the moment function defined in (2.3) and (2.8). Finally, let ®; be the subset of
L? (7) defined in Assumption 4.

Definition 6 The range of K denoted R(K) is the set of functions g such that K f = g for

some f in L2 ().
Proposition 7 R(K) is a subspace of L* (r).
Note that the kernel functions k(s,.) and k(.,r) are elements of L? (7) because
k(.0 = | [0, @] | <4, ¥(5.r) e R®

Thus for any f € L? (1), we have

K f (s)] ‘/’f(sar)f(r)ﬁ(r) dr| < /Ik(sar)f(r)lzﬂ(f) dr

4/|f(r)|27r(r)dr<oo,

IA

implying
||Kf||2:/|Kf(s)|27T(s)ds<oo:>Kf€L2(7r).

Definition 8 The null space of K denoted N(K) is the set of functions f in L*(m) such
that K f = 0.

The covariance operator K associated with a moment function based on the CF is such

that N(K) = {0} (See CCFG, 2007, for a proof).
Definition 9 ¢ is an eigenfunction of K associated with eigenvalue p if and only if K¢ = p¢.

Proposition 10 Suppose iy > piy > ... > p; > ... are the eigenvalues of K. Then the

sequence {,uj} satisfies: (i) p; >0 for all j, (i) py < oo and lim p; = 0.
j—00
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Remark. The covariance operator associated with the CF-based moment function is

necessarily compact.
Proposition 11 FEvery f € L*(r) can be decomposed as: [ = Z;; <f, ¢j> b,
As a consequence, K f = Z;; {f, ¢j> Ko¢; = Z;; {f, ¢j> 10,
Proposition 12 If 0 < 3, < 35, then $g, C Ppg,.
We recall that ®g is the set of functions such that |[K~7f| < co. In fact, f € R(K"2) =

K52 f exist and HK*%J‘”HQ =0 ,uj_QBQ ‘<f, ¢j>}2 < oo. Thus if f € R(K?2), we have:

e D W T [N
j=1

S M?(ﬁg*ﬁﬁ ZM;252 |<f, ¢j>|2 < 00
j=1

= K71 f exist = f € R(K®). This means R(K) C R(K'/?) so that the function K~/2f is
defined on a wider subset of L*(r) compared to K~'f. When f € @, (K~V2f K~V2f) =
(K~1f, f). But when f € ®g for 1/2 < 8 < 1, the quadratic form (K~V/2f, K~1/2f) is well
defined while (K1 f, f) is not.

Expansion of the MSE and proof of Theorems 1 and 2

Preliminary results and proof of Theorem 1

Lemma 13 Let K;' = (K? + ol) 'K and assume that [ € ®5 for some 3 > 1. Then as

a goes to zero and n goes to infinity, we have:

[ = K| = Op (a727712), (2.33)
[(Ker = K £ = Op (@771, (2.34)
(K =K g = 0 (am=05D), (2.35)

<(K—1 _ K;l) 7, f> — 0 <Oémin(1’25271)> ' (2.36)

Proof of Lemma 13. In the sequel, ¢;,j = 1,2...,00 denote the eigenfunctions of the

covariance operator K associated respectively with the eigenvalues fi;, j = 1,2..., 00. We first
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consider (2.33):

(K7 +al) 'Ky — (K?+ o) 'K|| <
(K7 +al) (K7 — K)|| + |[[(K; + o) 'K = (K* + o) 'K|| <
|(KZ + a[)’IHJKT: K)||+ ||[(K7 +al)™ = (K* +al) ] K| <

<aq-1 :Op(T_l/Q)

We have:

| [(KF+al)™ = (K*+al) '] K|

= (K7 +al)™" (K* = K7) (K* + o) 'K||

IN

7 +al) ||| (K2 = K3)|[[| (57 + o) ||| (K? + o) 2K]|

-~ -~ -~ -~

<a~! =0, (T1/?) <a~1/2 —1

This proves (2.33).
The difference between (2.33) and (2.34) is that in (2.34) we exploit the fact that f € ®g
with > 1, hence ||K ! f|| < oo. We can rewrite (2.34) as

|(Kar = K | = [(Kar = K KK ]|
< |[(Eor = K K[ [

We have

(Kop — KJ') K
= (K2 +al)'KrK — (K? +al) ' K?
= (Ki+aol) ' (Kr—K)K (2.37)

+ (K} +al)™ ' = (K*+al) '] K*. (2.38)
The term (2.37) can be bounded in the following manner

(K2 +al) ™ (Kr — K) K| < |[(EZ+al)7Y| || Kr — K| | K|
= 0, (a'T71?).
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For the term (2.38), we use the fact that A2 — B71/2 = A-1/2(BY2 - AV2) B=1/2 Tt

follows that

|[(K7 4+ ol)™ = (K* +al) '] K|
= (K7 +al)™ (K? — K}) (K* 4+ of) ' K?||

< \H(K%—i_a])_leQ_K%}u‘(K2+a])_lK2H,

-

gjxr—l :OP(T*/Z) rl

— 0, (a7 T,

This proves (2.34).

Now we turn our attention toward equation (2.35). We can write

o ey
B Zl(oz—i—,u] 1) Mg (bj

(K*+al)'Kf—K'f = i{ Hi i

We now take the norm:

(235) = [[(K*+al)'Kf—K'f|
_ (i(#_ ) !<f:j>\)
_ <§M§52 (#_ > 1<fj>\>
. <;|<f¢>\> s

Recall that as K is a compact operator, its largest eigenvalue p; is bounded. We need to

find an equivalent to

sup = sup A2 [1— (2.39)
ospsu Ot H] o<a<u a/A+1
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Case where 1 < 3 < 3: We apply another change of variables z = a/\:

QB2
ilggx,@ﬂflﬂ (1 —l—x) :

We see that an equivalent to (2.39) is a*/2~/2 provided that P oy (Hix)is bounded on R*.

_ 282
Note that g (z) = =

is continuous and therefore bounded on any interval of (0, +00). It

goes to 0 at +00 and its limit at 0 also equals 0 for 1 < § < 3. For § = 3, we have:

g(z) =

Then g (z) goes to 1 at x = 0 and to 0 at +o0.
Case where [ > 3: We rewrite the left hand side of (2.39) as

2
g-1_ @ 5-3_ Hj B3
; = au < « :O ).
——
€(0,1)

To summarize, we have for f € ®g:
(2.35)= O <amm<ly%>) .

Finally, we consider (2.36). We have:

236) = ¥ <i - M;i a) (1,6,

For 8 > 3/2, we have:
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For 3 < 3/2, we apply the change of variables r = o/u? and obtain

T a\ "2 28-1
su — :O<a 2 )

due to the fact that f(x) = HLIJ?_L; is bounded on R*. Finally,

(2.36) = O (amin“’”%)) .
n

Lemma 14 Suppose we have a particular function f(6) € ®z for some 8 > 1, and a sequence

of functions fr(0) € ®5 such that sup || fr(0) — f(0)|| = O,(T~Y/2). Then as a goes to zero,
€O

we have

Sup HKaT/sz( K12 H _ —1T—1/2) L0 (aminu,%)) .
Proof of Lemma 14.
SUP” o fr(0) — K7 f(0)]| < By + B,
with

Bi = sw||[Kpfr(®) = Ko SO,

By = sup||(K;—K™") f(9)|| .
0cO
We have

B < |K THsupllfT 0)— Ol

—-1/2

IN

U (ap + K2) 77 M ar + K7 KTH?E%J 1f(0) — f(0)]

~~ ~ (N s

<a;1/2 —1 =0,(T-1/2)

- Op(a;l/QT_l/Q) :




On the other hand, Lemma 13 implies that:

B,

= Kz = E) £
< |[(Bar = K3) SO + [[(KH = K1) FO)]
- 0, ( ~1p- 1/2)+O< min( 751)>.

Hence, B is negligible with respect to By and the result follows.ll

Lemma 15 For all nonrandom functions (u,v) , we have:

E [<U,ET(.,9)> <U,BT<.,9>>] _ %<u,m>

Proof of Lemma 15. We have:

_ //E (1. O (r2.0)] (1) 0 () (1) 7 () sy,

By noting that

we have

//hT 71,0)hr (T2, 0)u (1) v (7’2)7’(’(7’1)71’(7'2)d7’1d7’2j|

1

B [Ra(ra, 000 (72,0)] = 2B [u(ra, 072, 0)] = b (72,72),

B | (whnl0)) (1.7l 0))

% / ( / k (11, 72)v (T2)7 (72) drg)lu (71) 7 (71) dT1
Ro(rn)
% (0, Kv) .

107
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Lemma 16 For all nonrandom points 0ina neighborhood of 0y and for sufficiently large T,

Im <K;;@T(-,5)ﬁT(-75)> =0, l(’é - 90), (5 - 9“)1

where @T(., ) = aﬁgg,g)'

we have:

Proof of Lemma 16 We have:

he(,0) ~ hr(.,00) + Gr(.,00) (5—90)
Gr(,0) =~ GT(,90)+§:HJT(,90) (9] ej())

Hence

(K3Cr(.0).he(,0)) ~ (K FGr(.60).hr(60))
+ (K3Gr(00),Gr(,00)) (7 60 )

30 (K0, Gt (- 0,0 (3 )

where H ir(.,0) = Mgfo(fﬂ) and a higher order term is omitted. Note that 6 is deterministic
J

and does not depend of T'. For sufficiently large T', we have:

(K360, E [h(.0)]) ~ (KiG(.00),G(. 90)>(5—90)
+Z<K LH; (., 00), G(., 00)) (5]- —9]-,0) (5—90)

where G(.,0) = Plim Gr(.,0) and H,7(.,6) = Plim H;1(.,0). It is scen that the first term
of the right hand side is real. Consequently, the imaginary part of <K ;%@T(.,E),ET(.,5)>
can only come from the second term which is proportional to <5J — 9j70> (5 — 90> [ |

Proof of Theorem 1. The proof follows the same step as that of Proposition 3.2 in
CCFG. However, we now exploit the fact EVyh, (0) € ®z with f > 1. The consistency

follows from Lemma 14 provided aT%? — oo and a@ — 0. For the asymptotic normality to
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hold, we need to find a bound for the term B.10 of CCFG. We have:

1B.10| = ‘< K1 Vohy <9T) ~K'E <V9iLT (00)> NThy (00)>‘
< HK 12 by (éT) _ K2R (V@HT (00)) H H\/TBT (%)H
—

- 0, (a—l/QT—l/Q) 10 <amin(1,%)>

Hence the asymptotic normality requires the same conditions as the consistency, that is,

aTV? = 00 and a — 0.1

Stochastic expansion of the CGMM estimator: IID case

The objective function is

0 = argmin {QQT (0) = <K;;BT<., 8), hr(.. e)>} .

where hp(7,0) = %z;‘ll (e — ¢(7,0)). The optimal 6 solves:

% — 2Re <K;;G(.,5),ﬁT(.,§)> ~0 (2.40)

where G(.,0) = —%.

A third order expansion gives

- D00 FOur 0 5y 3G N)%z?g_za(z)(@_eo),

Jj=1

where 0 lies between 6 and 6. The dependence of § on (e, o) is hidden for convenience.

Let us define

. B _8@(7,9) B 0?p(1,0)
Gi(,0) = 00 H(.0) = - 0000
Pelrh) | __Polrh)

i(-9) = C0000;, T 00,0000
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and

Ur(fy) = Re<K;T1G(.,90),ET(.,90)>,
Wr(6) = <K;T1G(.,90),G(.,90)>+Re<K;;H(.,90),ET(.,90>>,
he(.,0

Bir(0) = 2Re(KFG(,0), H;(.0)) + Re (K AL;(-.0).r(.0))
+Re (K ;H(.,0),G;(.,0)).

Then we can write:
q

0= Wr(fo) + Wir(6o) (9 - 90) +3 (Ej - ej,o) B, +(8) (5 - 90) |

j=1

Note that the derivatives of the moment functions are deterministic in the IID case. We

decompose Yr(6y), Wr(6y) and B;(0) as follows:
Ur(to) = Vro(fo) + ¥ralto) + ‘I’T,a(eo),
where

ro(6o) = Re(K'G,hr) =0, (")

Ura.(0o) = Re <(K;1 — K*l) G)ﬁT> ~0, (amin(LT)T,l/g)
EJT@(QO) = Re <(K(;% - K.Y GﬁT> =0, (a‘lT_l)

where the rates of convergences are obtained using the fact that [(f, ¢)| < ||f]| ||¢g|| and the
results of Lemma 13. Similarly, we decompose Wr(6y) into various terms with distinct rates

of convergence:

Wr(00) = Wo(6o) + Wa(0o) + Wa(00) + Wro(00) + Wr.a(6o),
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where

Wol0y) = (K'G, G> o1

Walb) = ((K;'—K1)G, G> 0( min 25{1)),

Walbo) = (Kb —K;N)G,G)=0,(a'T1?),

Wro(f)) = Re <K— H(.,eo),ﬁT(.,90)> — 0, (1717,

Wra(fy) = Re<(K— K H(.,eo),ﬁT(.,90)>:op (a7,

We consider a simpler decomposition for B;1(6):

Bj1(0) = B;(0) + (Bjr(0) — B;(0))

where

Bj(6) = 2Re(K'G(.0), H;(.0)) +Re (K "H(.,0),G,(.,0)) = 0(1),
Biz(0) = Bi(8)+0 (a “““*)+0 (a™1T172)

By replacing these decompositions into the expansion of the FOC, we can solve for 0— 0o

to obtain:
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To complete the expansion, we replace 0— 0o by =Wy 1(00)\1110(90) in the higher order terms:

0—0p=A1+Ay+Ag+Ay+As+ R

where R is a remainder that goes to zero faster than the following terms:

Ay = =Wy H00)¥ro(by),
Dy = —W5H(00) [¥r,a(00) — Wal(b0) W5 ' (60)¥ro(fo)] ,
By = =W (00) [ Fr.a(0o) — Wallo)Wy (60)Uro(0o)] .

Ay = W5 (0o)Wro(6o) Wy ' (60)¥r0(60)

- Z (Wo ' (00)¥r,0(00)) ; Wo ' (80) Bj (0) Wy (60) Wr0(6o),

As = — Z 60 \I’Towo)) WJI(QO)(BJ,T@ - Bj(é))Wofl(eo)‘I’T,o(eo)-

To obtain the rates of these terms, we use the fact that |[Af| < ||A|| |f|. This yields immedi-

ately:

Al = Op (T_l/Q) : Ag — Op (amin(l,Zﬁz_l)T—l/2> ’
Ag = Op (a—lT—l) : A, = Op (T—l) 7
A = O a0 ST 4 0, (aT-0).

To summarize, we have:

0= 0= A+ D5+ Ay + 0, (7T ) + 0, (@m0 50T12) (2.41)

Stochastic expansion of the CGMM estimator: Markov case

The objective function here is given by:

0= argmln {QQT( ) = <K;%/f;T<.,9),ET<.,9)>} )

where hp(t,0) = S (™ — (s,0,2,)) e and T = (s,r) € R?®. The optimal 0



solves

8C)ozT (b\) A PR N
go 2Re <KaTGT(-v 0), hr(., 9)> =0
where CA}T(T, 0) = _% thl 3@(23,%)6“»’@_

The third order Taylor expansion of (2.42) around 6, yields:

0— 0Qur (6) " *Qar (00) <’9\ B 90) I i (’9\] _ 9],70) M (79\ - 90> ;

99 0000’ . 96,0000
7j=1
where 8 lies between § and 6.
Let us define:
]/'—]\' ( 9) — _lXT: a2€0(870’xt)6i'r"wt
P L ’
a ( 9) = _liM ir'we f[ ( 9) _ _l - 8290(5797$t)
3,7 T, - T = ae] e 5 3,1 T, = T - —aejae

T
~ 1 83@(579,1}) ir' oy
Lia(r0) = =72 55 005 ©

and
Tr(0y) = Re<K;;§T(.,90>,ﬁT(.,90)>,

~

Bj,T(Q) = 2R6<K(;71«@T(.,9>,Hj77“(.,0)>+RG<K;%I/;T(.,9),G]'7T(.,

+ Re <K—;ij,T<., 8), Tur (., 9>> .

o

Then the expansion of the FOC becomes:

q

0 = 7 (80) + Wr(0) (8- 00) + > (8 — 050) Bir@) (0 - 60)

=1

Wr(6y) = <K;;@T(.,90),(§T(.,O>>+Re<K;T1ﬁIT(.,90),ET<.,90)>,

0

ir' xy

)

Y
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(2.42)

Unlike in the IID case, the derivatives of the moment function are not deterministic. We



thus define:
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00

T—o0

G(r.0) = th@T(T,H) =F [Meir’xt} ’

~ 2 y
H(r,0) = I;MmHT(T,mEE[Mem],

000"

G](7_7 9) - Plimé],T(’[" 9) = E' [Me”’,xt} ’

T—oo 39J
. . 82()0(8797561‘/) ir'xy
.(7'79) = g_l}ol’ngLT(T,e) = E {T@e]e :| .
G(1,0) — Gr(r,0) = O, (T,
H(r,0) — Hy(r,0) = O, (T'?),
Gy(1,0) = Gip(1,0) = O, (T7Y?),
Hy(7,0) — Hyr(r,0) = O, (T7?)

We have the following decomposition for Wy (6p):

U1 (00) = Ur0(00) + Ur.a(00) + Ura(0o) + Ura(fo) + Vo).

Using the fact that |Af| < ||A]| |f|, the rates of convergence are:

Re (K~'G,hr) = 0, (T71?),

-1

Re <(K;1 — K1) G,ET> -0, <amin(17T)T_1/2> |

Re( (K~ K,") Gl
Re (K (Gr - G) ir) = 0, (™17,

O, (a7'T71),

Re (K.t~ K,") (Gr = G) Jhr) = Oy (a7 ¥2T772)

The difference between the above decomposition of \/I}T<00) and the one in the IID case only

comes from the additional higher order terms \/I\/T@(@O) and {IVIT@(@O). Hence we can write



\TJT(QO) as:

U1 (00) = Uro(00) + Ura(0o) + Ura(fo) + Ry

where Ry = 0, (™ 'T 1) + o, ( min(1, 552~ 1/2>

We have a similar decomposition for WT(QO):

where

W) = Wolfo) + Wa(f) + Wa(fo) + Wa(0o) + Wa(6o)

Wia(f) =

Wl,a(90> =

Rwa =

+W1(6o) + Wia(0o) + Wl,a(QO) + Wl,a(QO) + Wl,a(HO)

= < K@, G> o1

e oo 0 (w50,
= (Ko — KJ')G,G) =0, (a7'T712),
= <Ka <GT— ) G’>:Op (a_1/2T_1/2),

~ Re(KH ) + (K6 Gr— G = 0, (1),

- {8 (@) €) =0y o)

Re (K" = K~) Hhr )+ ((K;' = K7) G,Gr - G
O (amn5h-1/2)

Re ((Kaf — %) Hohr) + (Kb - K,) 6.Gr - @)
(

Re <K;1 (ﬁIT - H) ,ET> + <K;1 (@T - G) G — G>
(

Re <(K;; ~ K <ﬁT - H) ,ET>

+ <(K_T1 - K.Y (éT - G) G — G> = 0, (a~*2T—%/2)
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For the purpose of finding the optimal «, it is enough to consider the shorter decomposi-
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tion:

Wr(00) = Wo(0o) + Walbo) + Walfo) + Walfo) + Wi(fo) + Wia(6o) + Ry
with
Ry = Wia00) + Wia(0) + Wia(fo) + Ry = Oy (a7'T71) + O (@m0 50771/2).

Finally, we consider again a simpler decomposition for B;r(6):

Bjr(0) = B;(0) + (B;r(0) — B;(0))

where

Bi(#) = 2Re(K'G(.0), H;(.,0)) +Re (K H(.,0),G;(..0)) = O(1
Biz(0) = B(0)+0 (a™50) 4 0, (a1 T712).

We replace these decompositions into the expansion of the FOC and solve for 0 — 0o to

obtain:

-0, = —W;"'(60)Tr0(b0)
— Wi (6,) [\IfTa(eo W (6o) (9 90)]
90)] WL (60) W (6o) (@—00)
)

)
W5 (60) |¥r.(60) + Wa(60)
) ]0) Wo 1(90)3 (9) (5— 90)

(@
W (0) W (6, (5 - 90> . zq: (9
— Wy 1 (60) W1 a(60) (5 - 90)
- Z (85— 030) Wo (00) (Byr() — B,(0)) (0 - 6

Wi L(8o) Rw (9 _ eo) — Wy (00) Ry

Next, we replace 6 — 8y by —W; 1(60)¥10(60) = O, (T7'/%) in the higher order terms. This
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yields:
0 —0p=A, +Ay+As+ R +Ry+ Rs + Ry
where:
Ay = —Wy00)Tro(0o) = O, (T?),
DNy = =Wy (60) [Ur,a(60) — Wal(Bo)Wy ' (60)¥r0(fo)] = O, (amin(l’w%)T_l/Q) ,
Ay = —Wy'(6o) [‘T’T,a(%) - Wa(eo)Wofl(eo)‘I’T,o(QO)] =0, (a'T7),

R = W5 (00)Wa(00)Wy (06)Ur0(60) = O, (V2T
Ry = W5 (00)W1(00) W5 (60) ¥r0(0)

q

- Z (Wo_l(eo)‘I’T,o(eo))j Wy H(00) B (0)Wy ' (B0)¥r0(6) = Op (T71),

Jj=1

Ry = W(fl(QO)WLQ(HO)ng(90)\1110(90) =0, (a*3/2T*3/2) :
and

Ry = —W;'(0o)Ry + W071(QO)RWwoil(GO)\DT,O(QO)

=D (W (00)¥ro(0o)), Wo ' (00)(Bjir (0) — B;(0)) W () Yr,0(6o)

)

J
= 0, (oflT’l) + 0, (amin(l’%)T’lm) )
In summary, we have:
B—1

/é — 90 = Al + AQ + Ag + Op (OéilTil) + Op <Oémin(1’T)T71/2> (243)

which is of the same form as in the IID case.

Proof of Theorem 2.
Using the expansions given in (2.41) and (2.43), we obtain:

00y =01+ Do+ Ay +0, (T7Y)

As T increases, the consistent estimator [ eventually falls (with probability approching one)
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in a neighborhood of 6y on which Lemma 16 holds. This ensures that all the terms that are

slower than O, (T~!) in the expansion of the FOC are real so that the Re symbol may be
removed from the expression of Ay, Ay and As.
Asymptotic Variance

The asymptotic variance of 0 is given by

TV(ZT (Al) = TW()_lE [\I/T70(00)\I/T70(90),] Wo_l
— TW;'E [<K—1G,ET> <K—1G,ET>} Wit
= Wy (K'G,G) Wyt

where the last equality follows from Lemma 15. Hence,
TVar (A) =Wy ' (KT'G,G) Wyt =Wy

Higher Order Bias

The terms A; and A, have zero expectations. Hence, the bias can only come from As:

o~

Bias = E[Q—QO] — E[A]
- _W;E [CIET,Q L WE [’W}ng\ym}
— 0o

where we used the rule F [0, (a™'T7)] = O (a='T~"'). This rule gives the worst case rate

because the true bias may converge to zero faster. The squared bias satisfies:
T Bias * Bias' = O (a_2T_1) .

Higher Order Variance

The dominant terms in the higher order variance are

Cov (A1, Asg) + Var (Ay) + Cov (A, Ag) .
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We first consider Cov (Aq, Ay):

Cov (A1, Ng) = Wy ' E [Ur,0Ur(00) ] Wyt — Wi ' E [UrgWh | Wo ' W Wy

From Lemma 15, we have:

E[Vro¥;,] = % (K;' =K G,G) =W,.

a

and E [Ur,0V], ] = Wo. Hence,

1 1
Cov (A, Ay) = fWO—lWanl—fW(#WOW(;lWaWO—l

= 0.
Now we consider the term Cov (Aq, A3):
Cov (A1, As) = Wi LE [WT,O\II’T,Q} Wil - WilE [\IIT@\I!’T@WO‘IWQ} WL,
We first consider:
E [@T,O\Tﬂm] —F [<K—1G,ﬁT> <(K;T1 ~ K G,ﬁTﬂ .
Using Equation (2.34) in Lemma 13, we have

(K716, hr) (Kot = K1) Gor) = 0, (T72) x 0y (a7'T712) x O, (T
O

(0T
Hence we conclude for the first term of Cov (A, A3) that

Wi B [WroWh, | Wo' = 0 (a7 T72).
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We now turn to examine the second term of Cov (A, As).

E [\IIT,OIII’T’()WO*/W@}

_F {<K‘1G,ET> <K—1G,ET>'WO—1 (K k- KN G,GY .
Using again Lemma 13, we have

(G Rw) (K716Rr) Wi (Kot = K2 6. 6)
= 0, (T—1/2) x O, (T—1/2) x 0 (1) x 0, (a—lT—l/Q) =0, (oflT_?’/Q) ‘

so that we can conclude:
~ ~ !
E [<K‘1G, hr) (K716 ) Wo (Kb = K1) G.GY| = O (a7 T2
Overall, the rate of Cov (A1, A3) is thus given by
T x Cov(Ay,A3) =0 (a_lT_l/Q) .
We are left with the rate of Var (Az). We recall that
Ay = —Wy g, + Wy W Wy .
We have

Var (Ag) = Wy 'E [Yro U JWo' =W E [Oro V| Wo ' W Wi
—Wy "W W E (U0 Wot W "W WG E [Urg W] Wo ' W W

Replacing E [VUroW} | = zW, and E [Ur,00) ] = £Wo, we see immediately that the last

two terms cancel out so that

Var (D) = Wi E [Ur W0 | Wot — W ' W Wo "W Wy
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For the first term of Var (Ay), we use Lemma 15 to obtain:

Elonath) = B[tk (G50
1

= —((K;'- K—l) G, (K—l - K') KG)

g ,Uj lu’]
G 2
< Z< Cb sup( H 1) ’u2[3+1'
; p<p \H2 o p

pita p

1 % ) (28+1)/2 < > ) B—1/2
sup ( —— ——— | p =sup (1l——— | u :
p<py (M 1+ a 1<py 1+«

Case where > 5/2

2
We focus on the square-root of (—2L — l) ©28*1 namely:

2 B—1/2
sup (1 — 2”—) ,uﬁ_l/Q = « sup a
1<ty pe A+ p< M2+
< asup pf < apl

<y

Case where [ < 5/2
We apply the change of variable x = «//u? and obtain

% 1Y a2
) o)
p<py He+ o >0 I+ua T

2

26— r 281
= a’" sup xT
>0 1+
. _28-1 . .
The function f(z) = {fz#7 © is continuous and hence bounded for  away from 0 and

infinity. When = goes to infinity, f (x) goes to zero because 28 — 1 > 0. When x goes to zero,
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goes to zero because 5 — 23 > 0. Hence, f (x) is bounded on R*. In conclusion, the rate of

convergence of E (Ur,,V ) is given by:
omin (2,25 ) -1

Note that this rate is an equivalent, not a O.
For the second term of Var (As), we use the fact that W, = O <amin(1’w%)> according
to Equation (2.36) in Lemma 13:

1
T
28—1

_ % % 0(1) x O (@m0

- 0O (amin(272ﬁ—l)T—l) )

Wy W Wy tw, Wyt

28

>) x O (1) x O <amin<1v 51)) x O (1)

Optimal Rate for «

Note that the bias term T'Bias * Bias' = O (o ?T~') goes to zero faster than the covari-
ance term TCov (A1, Az) = O (a~'T~/2). Hence the optimal « is the one that achieves the
best trade-off between TV ar (Ay) ~ a™™25~3) which is increasing in @ and TCov (A1, Ag)

which is decreasing in «. We have

QMinEB=3) — ~lp-1/2 e max(§i)

Consistency of ary, <§1>

First we recall the notations. Let §T(a; 0) be a CGMM estimator of ¢ built from X (6),
a sample of size T and the value « for the regularization parameter. The sample X7 (0)
is supposed to be drawn from the DGP indexed by #. One can construct M IID copies of
the random variable b\T(Oé; ) by drawing M independent samples from the DGP to obtain
5;(04; 0), 7 =1,2,..., M as described in Section 4.

Let S7(c, #) denote the MSE of f7(a; ), that is:

Yr(a,0) =TFE {(@T(a;ﬁ) - 49>/ (5T(oz; ) — 6’)} :
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We estimate Xr(a;6p) in a natural way as:

M
~ T ~j N
MC _ ) — 0) —
S (0,0) = - ;:1: (i)~ 0) (Fr(c:0) ).
Note that Y7(a,0) = E [i%ﬁ(a, 9)] We further define:

ar(f) = arg min Yp(o;0)
a€gl0,1]

ary (0) = arg min SMC(a:0)
a€l0,1]

~1 ~1
The estimator of ar (6y) we are considering is Qs (0 ) where 0 is a v/T-consistent first

step estimator of #y. The following lemma is useful for the subsequent derivations.

Lemma 17 Under Assumptions 1 to 5, /éT(Oé; o) is once continuously differentiable with
respect to a and twice continuously differentiable with respect to 0y and ar(6y) is a continuous

function of 0.

Proof of Lemma 17 Note that Qr (c, §) involves

where ;#Ej is the eigenfunction of Kr associated with the eigenvalue 7i;. By assumption 3,
the moment function ﬁT(.,Q) is three times continuously differentiable with respect to 6,
the argument with respect to which we minimize the objective function of the CGMM. By
assumption 5, x; = x(x4_1,0,6;) where r is three times continuously differentiable with
respect to 0y (the true unknown parameter) and ¢; is an IID white noise whose distribution
does not depend on . Thus as an exponential function of z;, the moment function is also
three times continuously differentiable with respect to 6y. Thus Assumptions 3 and 5 imply
that the objective function of the CGMM is three times continuously differentiable with
respect to 6 and #y. Now we turn our attention toward the differentiability with respect to
a. It is easy to check that

BK I hr(,0) ~ ~
el = Karhr(.,9)
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where Ko = — (K2 + arI) > Kr which is well defined on L2 () for ar fixed. When ar

goes to zero, we have to be more careful. We check that

~ ~

’<KaTﬁT('> 0), hr(., 9)>‘

is bounded. We have

(Rarhe(,0)hr(.,0))|

< KQTET(.,Q)H HET(.,Q)H

< |l(x2 + arn) KTH HET(.,G) i

— || (83 + arD) ™ | (53 + arD) ™ K| [[fr (. 9)”2
h <o A <1 A:o,}?fl) .

= 0, <a;3/2T’1)

= 0,(1),

where the last equality follows from Theorem 2(ii). This shows that Qr (c, 0) is once con-
tinuously differentiable with respect to a and three times continuously differentiable with

respect to (6,60). By the implicit function theorem,
O7(a;60y) = argminQr (o, 0)
0

is once continuously differentiable with respect to a and twice continuously differentiable

w.r.t. 6p. The MSE /H\T(a; 6) is an expectation of a quadratic function in ET(oz; 6o):
. N
ZT(O./) =TF |:<(9T(O[, 90) — 90) <0T(Oé, 90) — 90>:| s

hence Yr(a;6p) is also once continuously differentiable w.r.t. « and twice continuously

differentiable w.r.t. 6y. Now, the Maximum theorem implies that

ar (6p) = argminXr(«; 6p)
a€l0,1]
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is continuous w.r.t. 6.1

Proof of Theorem 3

Using (?7), we see that

~1
Moreover by Lemma 17, az(f) and hence ¢ are continuous functions of 6. Since 6 is a

consistent estimator of §y, the continuous mapping theorem implies that

[ |
Proof of Theorem 4

We can write SMC (a; 8,) = = Zj‘il m; (o) where
m; (@) = (Gp(as06) = 0) (e 60) — bo)

are IID (across j) and continuous in or. We have

M

~ 1

Y (0 00) = Dr(ai ) = 12 > (m (m; ().
le

If we can show that there exists a function by > 0 independent of o such that

e

‘ < bT, (244)
and F (br) < oo, then, by Lemma 2.4 of Newey and McFadden (1994), we would have

sup ‘ETM a;60) — Xp(o; 00)‘ =0, (M%),

a€l0,1]

Hence, it would follow from Theorem 2.1 of Newey and McFadden (1994) that

&TM (00) — QT (90) = Op <M71/2) .
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As T is fixed, ar (6y) is bounded away from zero and we would obtain

ara(bo)

1 ~1/2
wr(00) 1=0,(M'?).

To prove inequality (2.44), we first compute:

om («) B a/Q\T(oz; 00), ~
oo 2 O (9T(a’ Oo) — 90)

where by the implicit function theorem:

r(a;0)  [020r(,0)] " 8Qr (a,0)
da 2606 9000

The expressions involved are:

02@ a, A ~ PN ~
i = (Kt Gr(00.Gr(.00) + (Kt (00, B . 00),
9?Qr (., 0 . A ~ - N

Og(ga ) _ (K Gr(,00), Tl 00) ) + ( Kighr(, 60), Gr(., 60))

and K, = — (K% + al) > K.

Next recall that for fixed T', ar (6y) is bounded away from zero because the objective
function of the CGMM as well as the MSE of the CGMM estimator diverge as a approach
zero and T is fixed. Thus there exists at least one sequence ar such that ar (0y) >ar for all

T so that the problem of choosing @ may be written as:

a (0g) = arg minXp(a; o)

a€lap,1]
For one such sequence,
_ om (@T)
O e R
where ap = arg sup ‘argg)‘) H because % d % are continuous with respect to a.

acap,1]

Hence the result.ll
Proof of Theorem 5
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We first make the following decomposition

aru(®) | (ax@) ar@®) |\ (@rn@) arn(@)
orlb) (www 1>+(w<eo> 1) (E@S 1)*(2@5 1)‘

~1 .
By Theorem 3, g;EzO; — 1 = 0,(T~*?). According to Theorem 4, STAE(S?))) —1 = 0,(M~%/?)

for T fixed. We can keep this rate of convergence if one takes a sequential limit, first in M

~1 — ~1
and second in T. Noting that the product of (2;22(3 - 1) and (aTMfg)) - 1> is negligible
ar

with respect to either of the other two terms, the result follows, that is:

~

OéTM(Q )

_ 1= -1/2 —1/2
o (00) 1L=0,(T %)+ Op(M~%).

Numerical algorithms: Computing the objective function of the CGMM
Let L? () be defined by (2.9). It turns out that h, (6,7) € L? (7) for any finite measure
7. Thus without loss of generality, we can take 7 (7) to be the standard normal density up

to a multiplicative constant: 7 (7) = exp {—7'7} . Recall that:
Kl (0.7) = [ Tor (s,7) e (6, 5)exp () ds.
Rd

This kind of integral can easily be well approximated numerically using the Gauss-Hermite

quadrature. This amounts to find m points s1, so, ...s,, and weighs wi, ws, ...w,, such that:
m
[ o) ep{=s'shdn =3~ wupsn)
R k=1

for any polynomial function p(.) of order smaller than or equal to 2m — 1. See for example
Liu and Pierce (1994).
If f is differentiable at any order (for example an analytic function), it can be shown that

for any positive e arbitrarily small, there exist m such that:

/Rd f(s)exp{—s's}tdx — Zwkf(sk) <e.
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More importantly, the choice of the quadrature point does not depend on the function f.

The quadrature points and weights are determined by solving:

/sl exp{—s°}ds = Zwksﬁc foralll=1,...,2n —1

k=1

Applying that method to evaluate the above integral, we get

KThT 9 7' ZwkkT Sk, T )hT (0 Sk)

k=1

~ ~ ~ ~ / —~
Let hy(0) denote the vector (hT (0, sx),hr (0, 88) ... hr (0, sk)) and Wy denote the matrix

with elements: W;;, = wk%T (Sk,sj). Thus we can simply write:
KT}L\T (6)) ~ /WT/};T (9) .

For any given level of precision, the matrix WT can be looked at as the best finite dimensional
reduction of the operator K. From the spectral decomposition of K ;%7 it is easy to deduce

the approximation:

~ — 1 ~
K hr (0) ~ (W% + a[) Wrhr (8) = hr (6).
Finally, the objective function of the CGMM is computed as:

<K077I“ET(97')£T(97-)> = /‘K 1/ZhT 0,7) eXp{—T’T}dT

=~ Zwk ‘ET (9, Sk)
k=1

where hp (6, s,) is the k™ component of hy (6).



Chapter 3

Applications of the Characteristic
Function Based Continuum GMM in

Finance

Note: Cet article dont je suis 'unique auteur est actuellement sous évaluation pour publication dans " Com-
putational Statistics € Data Analysis". Nous remercions Marine Carrasco pour ses commentaires utiles.
Mots-Clés: Continuum of Moments Conditions, Simulation, Stable Distribution, Autoregressive variance

Gamma model

3.1 Introduction

For many interesting financial econometric models, the characteristic functions (CF) is avail-
able in closed form while the likelihood functions is not. This is for example the case of the
stable distribution, or a discretely sampled continuous time process. Exceptionally, a discrete
sample from the square root diffusion model has a closed form conditional likelihood, but its
expression is an infinite sum that must be truncated in practice. In the discrete time liter-
ature also, many models (e.g the variance gamma model) has known closed form likelihood
functions that are not convenient for numerical optimization. In these situations, the use of
the CF for inference is attractive. In fact, two random variables have the same distribution if

and only if their CF coincide on the whole real line. This suggests that an inference method

129
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that adequately exploits the information content of the CF have the potential to achieve the

same level of efficiency as a likelihood-based approach. One such inference method proposed
by Carrasco and Florens (2000) for IID models exploits the whole continuum of moment con-
ditions based on the difference between the empirical and theoretical characteristic functions
to estimate a model. The method has been extended by Carrasco, Chernov, Florens and
Ghysels (2007) to deal with Markov and dependent models. Other leading works in this area
include Singleton (2001), Knight and Yu (2002), Knight, Satchell and Yu (2002) and Chacko
and Viceira (2003). A good review of this literature is provided by Yu (2004).

The goal of this paper is to make the CF based GMM with a continuum of moment condi-
tions (henceforth CGMM) accessible to applied researchers. Our focus will be on the approach
proposed by Carrasco and Florens (2000) and its extension by Carrasco and al (2007). First
of all, we review the theory underlying the CGMM. We recall the main assumptions that are
useful for the consistency and asymptotic normality of the CGMM estimator. Next, we dis-
cuss in details the important steps of the implementation of the CGMM in practice. Finally,
we provide a simulation study with the stable distribution and an empirical application with
the autoregressive variance gamma model.

The Stable Distribution have been introduced in finance to fit the asymmetry and fat tails
observed empirically in the distributions of assets returns (Mandelbrot (1963) or McCulloch
(1986)). Different parametrizations coexist in the literature for this distribution, and this has
sometimes been a source of confusion. In the common parametrization adopted in this paper,
the stable distribution has a stability parameter « €]0, 2|, a skewness parameter 5 € [—1, 1],
a scale parameter ¢ > 0 and a location parameter ; € R. The moments of order larger than
« do not exist for the stable distribution when o < 2. When a = 2, all the moments exist
but the asymmetry parameter [ is no longer identifiable. We present an overview of the
Stable Distribution and discuss its different parametrizations and simulation strategies. Our
results show that the CGMM produces reliable estimators for the parameters of the model.
However, the variance of the estimators cannot be computed analytically when the vector of
parameters is close to the non identification region (that is, when « is close to 2). One then
has to rely on Monte Carlo simulations to build confidence intervals.

The fact that the asymmetry and fat -tailedness of the stable distribution vanish when

its variance exist is a limit to its use for the purpose of modeling assets returns. A simple



131
solution to this limitation consists in modeling the variance of the returns as a Gamma

variable. This yields the variance gamma model. The symmetric variance gamma model
has been propose by Madan and Senata (1990). Madan, Carr and Chang (1998) extend the
basic model to include asymmetry. These two models unfortunately assume that the variance
is ITD. We relax this assumption by assuming that the variance follows the autoregressive
gamma process studied in Gourieroux and Jasiak (2005). The resulting model for assets
returns is termed the "autoregressive variance gamma model”. We propose an estimation
strategy in two steps. In the first step, we fit the autoregressive gamma model to a consistent
estimator of the integrated variance (used as a proxy for the true variance). And secondly,
we estimate a relation between the returns and the volatility that allows to disentangle the
risk premium from the leverage effect. An empirical application with the Alcoa index (listed
in the Dow Jones Industrial Average) shows that investors require a positive premium for
bearing the expected risk while a possibly time varying negative premium is attached to the
unexpected risk.

We organize the rest of the paper as follows. The next section reviews the main theoretical
results on the CGMM. In section 3, we discuss the numerical aspects of its implementation.
In section 4, we present a simulation study of the performance of the CGMM to estimate the
stable distribution. In section 5, we present and estimate the autoregressive variance gamma
model with real data. Section 6 concludes. A few graphs and mathematical formulas are left

in appendix.

3.2 The CGMM: a Brief Theoretical Review

In this section, we present the theoretical framework underlying the CGMM estimation.
The first subsection reviews the IID framework while the second subsection deals with the
dependent case. In the third subsection, we discuss the assumptions needed in order for the

CGMM estimator to have good asymptotic properties .

3.2.1 The CGMM in the IID Case

Let (x1,...,x7) be an IID sample of an m—dimensional vector process whose CF is given by

E% (ei™*t) = (T, 0)), where 0 is a finite dimensional parameter that fully characterizes the
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distribution of {z;}. By the definition of ¢(7,8y), the following set of moment functions can

be considered for the purpose of estimating the parameter 6g:
hy (7,00) = €™ — (T, 6p), for all 7 € R™. (3.1)

Note that these moment functions are indexed by 7 € R™, and hence we have a continuum
of moment conditions. Because the CF contains the same information as the likelihood
function, an efficient use of the whole continuum of moment conditions can permit to achieve
the maximum likelihood efficiency.

As in Feuerverger and McDunnough (1981b), Singleton (2001) or Chacko and Viceira
(2003), one may choose to use the GMM based on a discrete subset of the continuum (3.1).
The implementation of such a GMM is done in the standard way, as proposed by Hansen
(1982). More precisely, let {h; (Ty,00)}{_, be a discrete subset of {h; (7,6y),7 € R™}, and
define the vector g; (6y) by:

gt (00) = (Re ht (7'1, 90) g eeey Re ht (Tq, 90) ,Im ht (7'1, 90) g eeny Im ht (Tq, 00))/
The objective function of the GMM may be defined as:
ming (o) WG (6o)

where § (0o) = £ Y1, g: (0) and W = £ 3", g, (60) s (6o)"

Feuerverger and McDunnough (1981b) claim that the asymptotic variance of the result-
ing estimator can be made arbitrarily close to the Cramer-Rao bound by selecting the grid
(T1,...,74) sufficiently refined and extended. This confirms in fact that the maximum like-
lihood efficiency can be achieved only by using the whole continuum of moment function
{h¢ (1,00) ,7 € R™}. However, as one refines and extends the grid the discrete set of moment
conditions converge to the continuous moment function hy(7,60) = ¢ — p(7,0), 7 € R™,
while the covariance matrix W converges to the covariance operator associated with that
moment function. Moreover, one should note that 2¢ < T is a necessary condition for the
covariance matrix W to be invertible.

Different methods that match continuously the empirical CF to its theoretical counterpart
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has been proposed as far back as in Press (1972) and Paulson and al. (1975), but the ideal

objective function has been introduced more recently by Carrasco and Florens (2000). That

objective function is given by:
0= < K Y2he(,0), K~Y2hop(., 9>> , (3.2)

where ( ., . ) is a scalar product on the Hilbert space of square integrable functions, and K
is a linear operator.

To be more precise, let 7 be a probability density function on R™ and L?*(7) denote the
Hilbert space of complex valued functions that are square integrable with respect to 7, that
is:

L*(r) = {f : R™ — C such that /f(T)mﬂ'(T)dT < 00}

Interestingly, h:(7,0) is bounded in modulus and consequently belongs to L?(r) for all § € ©
and any choice of . The scalar product (.,.) on L*(7) x L?(7) is defined by:

(f.g) = / F()gIn(r)dr.

Carrasco and Florens (2000) show that the maximum likelihood efficiency is achieved when

K is the asymptotic covariance operator associated with the moment function h; (7, 6y). The
kernel of K is given by:

k(s,7)=F [ht(s, Q)W] (3.3)

and for any function f € L*(w), Kf = [k(s,7)f (s) 7 (s)ds. It can be shown that Kf €
L?(r) for all f € L?(7) so that K ! f exists for all f € L?().

In practice, one has to use the empirical counterpart K, of K. The operator Kr is the
one got by replacing the kernel k(s,7) by a consistent estimator. A natural estimator of

k(s,T) is given by:
T

~1 1 ~1. . Al
kp(s, 7,0 ) = ?th(s,e Vau(7,0), (3.4)

t=1

~1
where ) is a consistent first step estimator of 6y. In the specific case of IID data, an estimator
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of the kernel that does not use a first step estimator is given by:

brls,7) = o 3 (6 — Br(s)) (5 — (o). (35)

t=1

where Pp(s) = L S50 et

It turns out that Kr is not invertible on the whole L?(m) space. Carrasco and Florens
(2000) then proposed to work with a generalized inverse of type! Kii = (K2 + /\TIT)fl Kr,
where I is the identity operator and Ay is a regularization parameter that is function of the

sample size T'. The feasible CGMM estimator is thus given by:

@T,,\ = argmin@\T,,\, where (3.6)

Qra = (K7 (.0), KXh(0))

and K;i\m = (K2 + )\T[T)fl/2 K}ﬂ. It is shown in Carrasco and Florens (2000) that the ML
efficiency is achieved when A converges to zero at a certain rate as the sample size diverges

to infinity. We discuss the assumption underlying these results in Section 2.3.

3.2.2 The CGMM with Dependent Data

When {z;} is Markov instead of being IID, it may not be possible to identify 6, from the
marginal CF. In this case, Carrasco, Chernov, Florens and Ghysels (2007) proposed to use

moment functions based on the conditional CF:
he(7,0) = [€7 — (0, 5,24)] €, (3.7)

where ¢(s,0,z;) = E°(e*™+|z;), 7 = (s,7) € R*™. In the above expression, the manifold
{e"*t r € R™} is used as instruments. Carrasco, Chernov, Florens and Ghysels (2007) show
that these instruments are optimal given the Markov assumption.

There also exist many interesting situations where the process {z;} is mixing instead of

being Markov or IID. In a typical stochastic volatility models for instance, the joint process

!This is the Tikhonov regularization. Other types of regularized inverse can also be used (e.g spectral
cutt-off).
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of the observed return and the latent volatility is Markov but the return process alone is not.

In that case, the idea is to use the moment conditions built from the joint CF:
hi(T,0) = ™ — E?(™), 7 € R™P (3.8)

where Y; = (24, T4—1, ..., Tt—p41). In theory, the larger p the more efficient the estimator. But
in practice, the quest for efficiency must be balanced with the computing cost. For more
discussions on this point, see Feuerverger (1990), Carrasco and Florens (2002), Jiang and
Knight (2002), Yu (2004) and Carrasco, Chernov, Florens and Ghysels (2007).

The objective function of the CGMM for Markov and dependent models has the same
expression as in (3.2), except that the kernel of the asymptotic covariance operator K as-

sociated with the moments conditions is now given by (see Carrasco, Chernov, Florens and

Ghysels (2007)):

k(s,r) = E [ht(s, 0) (7, 9)] (3.9)

+ i E [ht(sa 0) (ht—j(77 0) + hiys (7, 0))]

Note that moments conditions of type (3.1) are IID while those of type (3.7) are martin-
gale difference sequence. Hence in the Markov case, k(s,7) reduces to (3.3) and can thus
be estimated by (3.4). On the other hand, the moment conditions described by (3.8) are
autocorrelated even if the process {x;} is Markov. In the latter case, k(s, ) can be estimated

as in Newey and West (1987) or Andrews and Monahan (1992) using the Bartlett kernel:

T -
k(s m,0) = %th(s,?)ht(Tﬁ) (3.10)
t=1
T j—1 d ~1 ~1 ~1
+;(1— JT >tZ:1:ht(S,9 )(htj(T,e )+ht+j(7',9 )),

~1

where 6 is a consistent first step estimator of 6 and Jr is a bandwidth that is increasing in
~1

T. Again, the operator K with kernel kr(s, 7,6 ) is not invertible on the whole reference

space, and the feasible CGMM estimator is defined in the same fashion as in (3.6).

In the sequel, we shall focus on the IID and Markov case and use the generic notation
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hi(7,0), T € RY, where d = m for moments conditions of type (3.1) and d = 2m for moments

conditions of type (3.7).

3.2.3 Basic Assumptions of the CGMM

To derive the theoretical properties of the CGMM estimator, the following regularity condi-
tions are assumed.

Assumption 1: The p.d.f 7 involved in the definition of scalar product ( . , . ) is strictly
positive on R? and admits all its moments.

Assumption 2: The equation
E% [hy(r,0)] = 0 for all 7 € R%, 7 — almost everywhere,

where E% denotes the expectation with respect to the distribution of z; for # = 6, has a
unique solution #, which is an interior point of a compact set ©.

Assumption 3: h(7,0) is three time continuously differentiable with respect to 6.

Assumption 4: For all 0, E% [hy(.,0)] and its first three derivatives with respect to
belong to the range of K” for some 8 > 1/2.

Assumption 5: The random variable x; is stationary and satisfies x; = z (0o, &, Z;—1)
where x (., &4, Z;_1) is three times continuously differentiable with respect to , ¢, is a IID
white noise whose distribution is known and does not depend on 6y, and Z;_; can only contain
lagged values of x;.

Assumption 1 ensures that the norm associated with the scalar product (.,.) is well de-
fined while Assumption 2 is a global identification requirement. The CGMM estimator is
still well defined if Assumption 3 is weaker, for example if h;(7,6) is only once continu-
ously differentiable, but the derivation of some of the asymptotic properties of the estimator
become difficult. Assumption 4 ensures that the limit of the objective function as T" goes
to infinity is well defined. The real number 3 in this assumption is the level of regularity
of E% [hr(.,0)] with respect to the operator K, that is, the largest real number such that
|K=PE% [hr(.,0)]]] < oo.

Under assumptions 1 and 2, the estimator of the covariance operator satisfies in the IID
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and Markov case:

|Kr — K| = 0, (T7/?)

The regularized inverse K;A/ ? has the property that for any function f in the range of K'/2,
Ky }\/ i converges to K~/2f as T goes to infinity and A goes to zero at some rate.

In the IID and Markov case, assumptions 1 to 4 ensure that the CGMM estimator satisfies:
/2 @T(AT) - 90) L N0, 1)) (3.11)

as T and A\3T go to infinity and A goes to zero, where I 00 ! denote the inverse of the Fisher
Information Matrix. Carrasco and Kotchoni (2008) show that this result still holds even
when )\E}/ T diverges as T goes to infinity.

Assumption 5 is not crucial for the good properties of the CGMM. It has been used in
Carrasco and Kotchoni (2008) to derive the properties of the optimal sequence of regulariza-
tion parameters A\p. A similar assumption is also used in Gourieroux, Monfort and Renault

(1993) to derive the properties of indirect inference estimators.

3.3 The CGMM in Practice

In this section, we discuss two numerical methods to evaluate the objective function of the
CGMM. The first method is based on Gauss-Hermite quadratures while the second uses
Monte Carlo integration. We show how to compute the variance of the CGMM estimator

and review the simulation based selection of the regularization parameter Ar.

3.3.1 Computing the Objective Function by Quadrature Method

The challenge in implementing the CGMM is the accurate computation of the multiple

integrals embedded in its objective function:

. o~ 2
Op = / d‘KT;/th(T,e) (r)dr
R

To start with, let us consider the univariate case d = 1, and assume that a function f (7,0)

is continuously differentiable up to order 2n. Then f (7,6) can be well approximated by a
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polynomial function of 7, that is:

2n—1

F(r,0)=> ar(0)7" +&(r,0) (3.12)

k=0

where the residual of the polynomial approximation € (7, 6) is negligible for large n. In that

case, the weighting function 7 (s) = exp (—s?) is quite convenient to work with. We have:
Krhy (1,0) = /kT (7, ) hr (s,0) exp (—s?) ds. (3.13)

Interestingly, Krhy (7,0) can be well approximated by the Gauss-Hermite quadrature. This

amounts to find n points (sy, ..., s,) and weighs (w1, ...,w,) such that:

[ pls) exp{-sds = Y wnn(sn) (3.14)

for any polynomial function p(.) of order smaller or equal to 2n — 1. We thus have:

‘/f(s) exp{—s"}ds — Y wif(si)

_ ' / £ (7,0) exp (—s?) ds

If Krhy (7,0) is analytic as a function of 7, the residual |f e (1,0) exp (—s?) ds| can be made
arbitrarily small by increasing n. Note that the choice of the quadrature points and weights
does not depend on the particular function f (7,6). The quadrature points and weights are

determined by solving:
/sl exp{—s®}ds = Zwksi foralll=1,...2n—1
k=1
Applying this quadrature method to (3.13) yields:
Krhr (0) ~ Wrhr (0) (3.15)
where Wy is the matrix with (7, k) elements W;, = wikr (s;, si), and:

o~

he(0) = (b (51,0) .. or (sn,9)>'.
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For any given level of precision, the matrix WT can be looked at as the best finite dimensional

reduction of the operator Kr. The resulting approximation of K;;\/ % is:

—1/2

Koy = (W24 A1) W%,

that is:
—1/2

KoX*hr (0) ~ (W3 + A1) Wil%he (6). (3.16)

Substituting for K, IA/ “hr (0) in the objective function of the CGMM yields:

7 > ~ 2
(Ki R0 K3 at0)) = [ | atr o) ep{—r*}ar

2

Q

Zwk )K;i\/%T(sk,@) (317)

k=1

where Kif\/z?zT(sk, 0) is the k' element of the vector KEIA/TET(H) given in (3.16).
In theory, the extension of the above quadrature method to the multivariate case is
straightforward. When 7 € R, the d—dimensional set of multivariate quadrature points is

given by the Cartesian product:
D = {T = (Ta), - T@) : T € {51,..-,sn} foralli =1 to d} , (3.18)

where {s1, ..., s,} is the set of n univariate quadrature points with weights {w1, ...,w,}, and

T is the i coordinate of 7. Associated with each 7 € D is the weight:
w(r) =w(r)w(r2)..w(Ta) (3.19)

where w (7;) = wg if 75y = s, i =1, ..., d.

The multivariate Gauss-Hermite quadrature has the undesirable feature that Card(D) =
n?. This raises a "curse of dimensionality" because the size of the matrix WT is precisely n?
while we need to take n quite large (n ~ 10) to accurately evaluate the objective function of
the CGMM. Because /WT must be inverted at each iteration of the optimization algorithm,
the CGMM becomes virtually unfeasible by quadrature method when d > 3. We shall thus

limit ourselves to the case d < 2 in the sequel, leaving the discussion on the large d case for
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further research.

3.3.2 Computing the Objective Function by Monte Carlo Integra-
tion

This approach does not require the differentiability of f (7,0) = kr (7, s)/sz(T, ) and relies
on the alternative formula of the objective function of the CGMM provided in Carrasco,

Chernov, Florens and Ghysels (2007):

1

Qr = v(8Y [MT + 6%] (), (3.20)

where Cr = Cr <§1> is the square matrix of size T with (¢,1) element ¢;;/(T — q), I is the

identity matrix of size T, and v(#) = (v1, ..., vp)’ with:

~1

v = /ht(T,H Yhp(T,0)7 (T) dT, (3.21)

= / ha(r 8 ()7 () dir (3.22)

The main drawback of the above expressions lies in that it involves the inverse of the
matrix GT which has size T'. But this should be balanced with at least one computational
advantage: the integrals embedded in v; and ¢;; can be approximated by Monte Carlo. If we
set 7 (7) to be the multivariate standard normal density and (T(l), M )) be M values of

7 simulated according to 7 (7), the Monte Carlo approximations of v; and ¢;; are:

M
1 ~1
i > Uh(r®. 6 ) (r®),0), (3.23)
k=1
1 U ~1 ~1
g7 > U(r®, 6 )y (79,0). (3.24)
k=1
For the optimization algorithm to converge, it is crucial to simulate the set (7(1), oy TM ))

only once at the beginning of the estimation process and supply this as a fixed array to the

code that evaluates the objective function of the CGMM.
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3.3.3 Computing the Variance of the CGMM Estimator

The asymptotic variance of the optimal CGMM estimator is derived in Carrasco and Florens
(2000):
AVar (5) = Var [\/T <§— 90)}
. . -1
- <K*ﬂE<GAw@>rK*”E<GAWm>> (3.25)

where (A}’t(T, 0) = W is a column vector of length ¢ whose i** element is @m’(T, 0) = %9:’9),

and for every two vectors functions f and g, we have: (f,g),; = (fi,g;). This asymptotic

variance can be consistently estimated by:
L ~ ~ ~ o\ -1
Avnr(e)::<A;j”GT@;m,K;j”GT@;m> (3.26)

where Gr(7,0) = %Zle G,(7,6). The above formula is convenient to work with when the

scalar products are evaluated by quadrature methods. Define:

~ ~ —~ /
Gr(0) = (GT,Z‘ (71,0), ..., Gr (TN,9)>
K;%/ZéTﬂ(@) = (Kz_ai\/zéT’z (T17 6) g oeey K;;\mam (TN, 9))
where N = n? and @T,i(r,g) = %23:1 @t,i(T,/Q\). Then we have:

PN __ —1/2 o~
KrX*Gri(0) = (W + MeD) " WiGri(0),

_ 81
where W is defined in (3.15). The (i, j) element of AVar (9) can then be computed as:
= 7\ - 124 —TiRA
(AVar <9) > = Zwk (Ki)\/ GT’i<0))k (KE/\/ GTJ-(@))k (3.27)
i k=1
where (K;’IAMGT”'(G))/Q is the k' coordinate of K;i\m@m(ﬁ).
Carrasco, Chernov, Florens and Ghysels (2007) established the following alternative ex-
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pression for AVar (@)

AVar (7) = (TL_qV(E)' Drtr+ 3] - %) B (3.28)

where C is the same square matrix as in (3.20), V(6) is the (T, ¢) matrices with (,7) element:
Vii= [ Wlr.0)Gritr.0r (r)dr,

The formula (3.28) best suites when the Monte Carlo integration is used to evaluate the

scalar products. In this case, V;; is approximated by:
1 L ——
‘/tﬂ: ~ M kX; ht(T(k)’ Q)GTJ (T(k)y 9)7

where (T(l), 7™M )) are M values of 7 simulated according to the multivariate normal density

7 (7).

3.3.4 Data-driven Selection of the Regularization Parameter

The CGMM estimator is consistent for any reasonable choice of the regularization parameter
Ar. In most applications, an arbitrary choice of A\ between 107% and 10~2 works quite well.
However, if the spectrum of the empirical covariance operator is severely discontinuous, such
an arbitrary choice is not advised. To get close to the optimal CGMM in the mean square
error (MSE) sense, Carrasco and Kotchoni (2008) proposed two simulation based methods to
select the Ar. The first method uses the higher-order closed form approximation of the MSE
whereas the second method relies on the Monte Carlo simulations of the MSE. We briefly
review the second method here.

Let Ar (6p) be the optimal value of the regularization parameter when 6y is the true

parameter of interest and 7' is the sample size:

A7 (0p) = arg mindp (A, 0p) . (3.29)

X€(0,1]



143
where X (Ar,0p) = E {(@T()\T; o) — 90), (ET(AT; o) — 00)} is the trace of the MSE matrix
and ET()\T; 0o) is the CGMM estimator computed from an arbitrary sample of size T' generated
from the true distribution, and using A as the regularization parameter. To approximate the
MSE Y71 (Ar, 6p), assume that we can draw samples of size T' from the true data generating
process of {x;}, and let 5;()@; 0o) denote the CGMM estimator of §, computed using the ;"

independently simulated sample. A natural estimator of Y1 (A7, 0) is given by:

M
1 .
Srar(r,00) = 72> (9r(rs 00) - 90> (07w 00) = 65 (3.30)
j:l
where the subscript 7'M indicate that T is the sample size and M is the number of Monte
Carlo replications. If feasible, the above estimator of the MSE would naturally yield an

estimator of the optimal A\ of the form:

/):TM (00) = arg miniTM ()\, 90) y (331)
A€(0,1]
For a sufficiently large value of M, the Law of Large Numbers ensures that EA]TM(/\,QO)
converges to its expectation X7(\,0g). But as 0y is not known, a feasible Monte Carlo
~1
approach simply consists in replacing ¢y with a consistent first step estimator # in the
simulation scheme, that is, choosing the optimal regularization parameter according to:
N at smc (v Bt
AT (9 ) = arg min¥y,; ()\,6 ) . (3.32)
A€[0,1]
~ ~1
It is important to note that Y30 ()\, 0 ) is simulated conditional on the first step estimator
~1 ~ ~1 ~1
6, and that X240 ()\, 0 ) converges to X ()\, 0 > as M goes to infinity. The minimizer of
1
this limiting MSE is A (9 ) , the theoretically optimal \ if the true 6y was the point estimate

~1
0 and the sample size is T"

A7 </9\1> = argminXp ()\,/9\1> : (3.33)

A€[0,1]

Under Assumption 1 to 5, Carrasco and Kotchoni (2008) established that as M and T go to
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infinity, we have:
~1

% —1=0,(TY*) +0,(M*?) (3.34)
Finally, the optimal feasible CGMM estimator is /9\;2 - /Q\T(/):*T a5 0o), that is, the second step
estimator of 6y computed with the actual data by using the point estimate of the optimal
regularization parameter X*TM = XTM (/9\1> In practice, f)TM()\T, o) should be simulated
using common random numbers accross the different values of Ar.

In the sequel, we propose two illustrative applications of the CGMM.

3.4 Estimating the Stable Distribution by CGMM: a
Simulation Study

In modeling time series, the stable distributions is a way to depart from the usual normality
assumption in case the latter seems too restrictive. This family is rich enough to capture
heavy tails as well as asymmetry, as pointed out by Mandelbrot (1963), Fama (1965) or
McCulloch (1986). However, the stable distribution does not admit a closed form likelihood
function. This has led researcher to investigate alternative inference methods. CF based
inference has been used in Paulson, Holcomb and Leitch (1975) and Feuerverger and Mc-
Dunnough (1981a), while a regression-based approach is presented in Koutrouvelis (1980).
Garcia, Renault and Veredas (2006) have resorted to indirect inference. Cornea and David-
son (2009) proposed a refined bootstrap method for testing an hypothesis about the mean of
the stable distribution.

The stable distribution has been represented under different parametrizations in the liter-
ature. Some of these parametrizations are more or less tied to particular simulation strategies.
Because our inferences are based on Monte Carlo simulation, we will carefully review below

the most used parametrizations and simulation methods.

3.4.1 Parametrizations of the Stable Distribution

The standard Stable Distribution has two parameters: the stability parameter « €]0, 2], and

the skewness parameter § € [—1,1]. A random variable Z is said to follow the standard
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stable distribution if and only if its CF is given by:

Elexp (itZ)] = exp {— |7|" [L +iBysign (1) g (T, )]} (3.35)

where g(7,a) = —tan %" if @ # 1 and g(7,«) = 2In|7| if @ = 1. A random variable X

follows a a-Stable Distribution if and only if it is linked to the standard variable Z by:

X— UZ+M0, O(?él
N UZ+MO+%BOUInU, a=1

The CF of X is given by:
Elexp (it X)] = exp {ipor — of |7|* [1 + ifgsign (1) g (7, )]} (3.36)

where 1, is a location parameter and oy is the scale parameter. The notation X ~ S, (8, 00, o)
is often used to mean that the random variable X has a a—Stable Distribution with CF (3.36).
Unfortunately, this CF is discontinuous around o = 1 whenever 3, # 0. To circumvent

this, Zorotalev (1986) proposed to parametrize:
_ J 1o+ Boog tan 5F, a # 1
! MO? a = 1

This results in the following expression for the CF which is continuous with respect to all

the parameters:

exp {iulT —0g [|T|a —i7fy (|7'|0[_1 - 1) tan a_;] } , a#l

3.37
exp {ipy 7 — oo |7| [1 4 i2Bysign (t)In|7|] }, a=1 (3:37)

E exp (it X)] = {

We will refer to the parametrization (3.36) as S° (83,, 00, f9) and to (3.37) as SL (8, oo, i11)-
Using (3.36) as starting point, Nolan (1997) proposed:

[ o+ Boootan F, a # 1
2 to + 2Bgo0lnog, a=1
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This yields another continuous representation of the CF":

E [exp (it X)] (3.38)
B { exp {ip,m — of |7|" [1 + iBysign (1) (|007'|1_a —1)tan<F]}, a #1
— lexp {ipyT — oo || [L +i2B,sign (1) In|ooT|] } a=1

The parametrization (3.38) will be referred to as S2 (83,, 0o, 115). An important feature of this

X—pg

parametrization is that ~ 5% (8B,,1,0), no matter the value of . This is true for the

oo
two other parametrizations only when o # 1.
An alternative parametrization S3 (5,09, i3) tied to the data simulation method of

Chambers, Mallows and Stuck (1976) is got by setting:

B { fo + Boootan G, a # 1
° no, a=1
This is identical to S2 (8,00, its) for the case a # 1. As pointed out by Nolan (2008),
these small changes in parameterization have caused many confusions in the literature. For
instance, some papers build their theoretical framework on the parametrization S° (3, o, jio)
but simulate the data under the parametrization S2 (8, 0o, fi3)-

Another important parametrization proposed in Zorotalev (1986) allows to derive an
integral representation of the probability distribution function of a-stable random variables?.
In a few cases, the density of the stable distribution is available in a tractable closed form.
The case @ = 2 for example reduces to a normal distribution N («,203). When o = 1
and B, = 0, we get the Cauchy distribution. The case o = 1/2 and 5, = 1 results in to
the so called Levy distribution. Finally, an identity established by Zorotalev (1986) and
commented in Weron (1996) allows to get the density for the case @ = 1/2 and 5, = —1
from the previous one. For all other values of the parameter, numerical approximations of
the likelihood function must be used. Important progress have been made in that direction
by Nolan (1997, 1999) and McCulloch (1998).

The parametrization S° (3, 0, f1o) will used in the sequel.

2See Zolotarev (1986) Remark 1, page 78 or Weron (1995).
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3.4.2 Simulating from the Stable Distribution

A method to simulate from the parameterization S° (3,, oo, 4y) is presented in Weron (1996).
To start with, one draws two independent uniforms v and w in [0,1] and calculate: V =
7m(u—1/2) and W = —Inw. Then Z ~ 59 (3,,1,0) and X ~ S (8,, 70, ity) are obtained as
follows:

- If a # 1, one computes:

—1+1/c
sin (aV 4+ aBag,) [cos ((1—a)V —aBag,) o
Z = Sap, v, ’ : (3.39)
(cos V) * W
I B . arctan(ﬁo tan %) . 2 9 ar i
where B, 5, = —————=2~% and S, g, = (1 + 8 tan® %) 2*. Then we have
X = O-OZ+:LLONSg (507007/1’0>
am
X = 002+ — @008t3n7 ~ S, (Bo, 00, 1)
ar
X = o9 (Z — f tan 7) + piy ~ 3 (B, 0, 12)
- If @ = 1, one computes instead:
2 | /m WcosV
Z==|(5+8V)tanV - Blog (7o 3.40
(G o)y - (255 (340
We then have:
2 0
= 002+ + ;5000 Inog ~ 57 (Bo, 00, to)
2
= 00Z+ 1+ ;5000 Inog ~ Sy (By, 70, 1)
X = O-UZ+:LL2NS%(BO7O-07:U’2)
The simulation strategy of Z for the case o = 1 is quite standard in the literature.

However, other methods (than the one above) have been used in the literature for the case
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a # 1. We show the link between (3.39) and two of them below. To start with, note that:

sin (aV + ozBa”gO) = sinaVsinaB, g, + cosal cosaB, g,

cos ((1—a)V —aB,g,) = cos(l—a)VcosaBag, +sin(l —a)VsinaB,g,
Also, due to sina = cosatana for all a, we have: sinaB, g, = B, tan % cos aB,, g, so that:
2By, = 1 — sin® By, = 1 — B2 tan® == cos® aB
cos” aB, g, =1 —sin“aB, s, =1 — F;tan — 08" aBag,,

The last equation implies:
1

2 —
cos” aB, g, = 1+ 32 tan? o=
2

Replacing this in the expressions of sin (aV + aBag,) and cos ((1 — ) V — aBag,) yields:

Sagy, = (cos O‘Ba,ﬁo) ~He

B tan 5 sinaV + cosaV

\/1+ 85 tan? &
—1+1/c

cos (1 —a)V + Bytan G sin (1 — o) V
\/1+ B tan? &

Putting these expression together in Equation (3.39) yields:

sin (aV + aBaﬁO) =

cos ((1 —a)V — aBaﬂo)

A

_ Boptan G sinaV +cosaV (cos (1 — )V + Bytan G sin (1 —a) V ~1+1/a .
- (cos V) w (3.41)

Adding —f3tan %" to the above expression yields the formula of Chambers, Mallows and
Stuck (1976). To get the alternative expression of Nolan (2008), Theorem 1.19, it suffices to
substitute for S, 5, = (cos aBa,BO)_l/ “ in Equation (3.39). This yields:

(3.42)

sin (aV + aBag,) (COS (1—a)V —aBag,) ) e

(cos By, cos V) He w

As pointed out by Nolan (2008), the evaluation of (3.42) for values very close to o = 1

raises some numerical problems. By avoiding the division by cosaB, g, the expressions
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(3.39) and (3.41) are more numerically stable and accurate.

3.4.3 Monte Carlo Experiments

With in hand a method to simulate data from the stable distribution, we can now evaluate
by Monte Carlo the ability of the CGMM to identify the true parameters from finite sample.
To this end, we consider a stable AR(1) model specified as:

Yt = Po T P1Ye—1 + &t (3-43)

where g; ~ S (83,,00,0) is IID. Note that this amount to say that y; ~ SO (3, 00, 11;) with
t; = po + p1yi—1. The parameter of the model are gathered in § = (py, py, a, By, 7o)

To estimate 6, the following continuum of moment conditions is considered:
he (1,0) = [einyt — ¢ (11, 9)} el (3.44)
where 7 = (71,72) € R? and:

. ol o . am
¢, (11,0) = exp {z(po + p1Yi—1)T1 — 0% |11 [1 —ifsign (71) tan 7] } (3.45)

The following gradients are useful for the analytical computation of the variance of the

CGMM estimator:

8ht (7—7 0)

Ape = —iT1p, (71,0) e
%;;9) = —iT1y 1, (11,0) €T
W = {log (o |71]) [1 — ifsign (1) tan %] _ %}
xo® 1| gy (71,0) €2
%;79) = —0|7r1|"isign (71) tan %% (11, 0) 2=
W ac® |y |” [1 —ifsign (1) tan %} o, (11,0) eim2r=1

We consider the following two vectors of true parameters in our simulations: 6y =
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(0,0.1,1.5,0,0.5) and #p2 = (0,0.1,1.95,0,0.5), the specificity of 0y being that it is quite

close to the non-identification region of 3. To ease the numerical optimizations, the following

transformations are imposed on the parameter space:

exp (o) ~
= 1+ ————-—¢€]1,2] for all R
Qg +1+exp(&0) €)1, 2] for all ag €
2 exp <Bo> ~
By = ————<——1le[-1,1]forall 5, €R
1+exp <ﬁ0)
og = exp(ag) >0 for all 65 € R

After these transformations, the new objective function of the CGMM is written in terms of
the unconstrained parameters a, E, oo and .

The Monte Carlo experiments are conducted in two steps. First, we run a small scale
simulation (100 replications) for the purpose of selecting an approximately optimal A. In this
small scale simulation, we compute the objective function with N = 64 Hermitian quadrature

points in R2. The first simulated sample is used to compute the following first step estimator:

2

~1

0, = arg mein HET(, 6) (3.46)

For each )\, and each simulated sample, we compute the second step estimator as:

~(j) 2

07 (\x) = arg mgin HK;}\?ET(., 0)

where:
—~1/2

. ~ / .
Koy (00) = (83 (0r) + M) 55 (07)

for A\ € {10775 x 1077, ..., 5 x 10~*}. The selection of \; is based on the criterion:

A" = arg miniTM (Ak)
Ak
a 1 ~(7) A1\ () ~1 .
where Y7y (M) = 372 <9T (Ak) — HT) (HT (Ak) — 0T>. The following figure shows the
plot of EAJTM (Ax) as a function of A;. On the considered grid, EAJTM (Ax) is minimized at

AN'=5x10"".
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Figure 3.1: Choosing the optimal regularization parameter.
y-axis: MSE 07 (A )of as function of A.

x-axis: values of A\

In a second step, the selected \* is used in a large scale simulation to assess the perfor-
mance of the CGMM estimator. We draw M = 1001 samples of size T' = 501 and estimate
Ooi,i = 1,2. To speed up the simulation, we reduce the number of quadrature points to
N = 36. The following table shows some statistical properties of 7 (A*) when the true
parameter is 0y; = (0,0.1,1.5,0,0.5).

Po P1 o Bo 0o
True Values 0 0.1 1.5 0 0.5
Mean Bias 0.0044 | —0.0032 | 0.0072 | 0.0075 | —0.0033
Median Bias 0.0007 | —0.0026 | 0.0066 | 0.0078 | —0.0038

Emp. Std. Dev. | 0.0869 | 0.0482 | 0.1033 | 0.2133 | 0.0305
Ana. Std. Dev. | 0.1137 | 0.0496 | 0.1027 | 0.2597 | 0.0243
IC1(95%) —0.0032 | 0.0925 | 1.4982 | —0.0112 | 0.4940

1C2(95%) 0.0120 | 0.1010 | 1.5163 | 0.0262 | 0.4993
Table 3.1: Simulation Results for the Stable Distribution with o = 1.5 (far from 2)

(1000 Monte Carlo replications)

In this table, 'Emp. Std. Dev’ is the standard deviation of the simulated empirical
distribution of 67 (\*), while ’Ana. Std. Dev.’ is the average standard deviation computed

according to the analytical formula (3.28); Interestingly, the standard deviations computed in
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these two ways are quite close for all the parameters. IC1(95%) and 1C2(95%) are respectively

the lower and upper bound of the 95% confidence interval for the true mean of the empirical

distribution, assuming normality for the empirical mean of the estimates:

IC1(95%) = 6:—1.96 %3 /v/M
1C2(95%) = 6;+1.96 3 /v/M

where @ is the i*" component of 5, 5@ and §§i are respectively the empirical mean and standard
deviation of 52 and M is the number of independently simulated copies of /9\1 The confidence
intervals reveal that the estimator of o( is slightly biased downward. This problem can
be fixed by increasing the number of quadrature points used to approximate the objective
function of the CGMM. All the other estimators display quite good statistical properties.
The following table displays the same Monte Carlo statistics when the true parameter is

B2 = (0,0.1,1.95,0,0.5).

Po P1 a Bo 90
True Values 0 0.1 1.95 0 0.5
Mean Bias 0.0020 | —0.0043 | 0.0081 | —0.0516 | —0.0011
Median Bias 0.0023 | —0.0020 | 0.0366 | —0.0146 | —0.0019

Emp. Std. Dev. | 0.0383 0.0583 | 0.0536 | 0.5752 0.0211
IC1(95%) —0.0014 | 0.0906 | 1.9534 | —0.1019 | 0.4971

1C2(95%) 0.0054 0.1008 | 1.9628 | —0.0012 | 0.5008
Table 3.2: Simulation Results for the Stable Distribution with o = 1.95 (close to 2)

(1000 Monte Carlo replications)

In this case, the estimator of 3 is highly volatile due the fact that the objective function
is unable to identify 3, when « is close to 2. The empirical gradient turns out to be badly
conditioned so that it is not possible to compute the variance analytically. Also, the distrib-
utions of the @ and Bo are far from normality in the region around 6y, (see figures at the end

of this section). The Monte Carlo statistics of the estimators other than Bo are quite good.
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3.5 Fitting the Autoregressive Variance Gamma Model

to Assets Returns

The basic Variance Gamma model has been proposed by Madan and Seneta (1990). A

random variable r; is said to follow a symmetric Variance Gamma distribution if:
r|Vi ~ N(6,0°V;), with V, 2 Gamma (1/~,1/%) (3.47)
The density of V; is given by:

Ul/'yfl
P (=v/7)

M= S

where I' (1/7) = [;° u!7 e "du. It can be easily checked that E (V) = 1.
Unlike the stable distribution, all the conditional and unconditional moments of r, exist.

It can be checked that E[r] = & and E [(r, — 5)2] = 02. The kurtosis of r; is given by:

E [(rt — 5)4] 5
T =3
B [(r—0)"] 7

which shows that the distribution of r; is more fat tailed than the normal whenever v > 0.
To introduce skewness into this basic set up, Madan, Carr and Chang (1998) expressed the

mean of r; as a linear function of V;:
re|Vi ~ N (60 + 61V;, 0°V;), with V ~ Gamma (1/7,1/7) (3.48)

where v > 0. If r; is a series of returns, the parameter §; captures the so-called leverage effect
while 0y measures the risk premium. Note that when §; = —dy, the leverage effect offsets the
risk premium so that the conditional mean of r; is zero, but the skewness is nonzero unless
01 = 0.

Many studies have diagnosed patterns like persistence and clustering in the time series
properties of the volatility assets returns. Unfortunately, the basic Variance Gamma models
assumes that V; follows an IID process. In an effort to correctly measure the volatility, Engle

(1982) and Bollerslev (1986) introduced respectively the ARCH and GARCH models that
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usually have good filtering properties. In the stochastic volatility literature, the volatility is

often specified as a latent state variable that determines the distribution of the returns. For

example, Jacquier, Polson and Rossi (1994) postulated:

e = \/vtgt

logV, = a+blogV,_1+ u

where ¢; and u; are uncorrelated and r;|V; ~ N(0,V;). This model may be viewed as a
discrete time version of Hull and White (1987). It has been extended in Jacquier, Polson and
Rossi (2004) to allow for correlation between ¢; and u;. Other famous examples in continuous
time include Stein and Stein (1991) and Heston (1993).

In the next subsection, we extend of the basic variance Gamma model.

3.5.1 The Autoregressive Variance Gamma Model

The Autoregressive Variance Gamma Model (henceforth ARVG) is a stochastic volatility
model in which the return process r; is a function of the expected variance E [V;|V;_1] and

the innovation V; — E [V;|V;_4]:

re = g+ i E[Vi|Vic1] + 0 (Vi — E[Vi|Viza]) + V Vie (3.49)

where &, 0N (0,1) is uncorrelated with past, current and future realizations of V;, u > 0

and 6 < 0. In turn, V; follows an Autoregressive Gamma process with conditional density:

fVil{Vierdi) = f(ViVier) (3.50)
o VtJ'Jrqflcj—i-q
= jgo TG+ exp (—cVi) p; (Vie1)

with (k,8,0) >0, c = %, q= 2;—26 and p; (V;_1) is a Poisson weight given by:

ce "V, 1)
p; (Viey) = (j+'t1)exp (—06_”‘/}_1)
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The term py+/F [V;_1|V;_1] in the expression of the return aims to capture the premium

investors require for bearing the expected risk while 6 (V; — E [V;|V;_1]) is a penalty attached
to the unexpected risk.

The postulated distribution for V; is also known as the non-centered Chi-square?. It has
been proposed in Gourieroux and Jasiak (2005) as a model for intertrade durations. The
conditional CF of V; is given by:

. —q . —K
E[e™V,] = (1 = %) exp (M) (3.51)

1T
1 c

By looking at the expression above, we see that the autoregressive Gamma family nests the
univariate Wishart autoregressive process of Gourieroux, Jasiak and Sufana (2005). The

expressions of the conditional expectation and variance of V; are the following;:

EViVii] = B(l—e ™) +e Vi (3.52)
Var [V)|Vi_1] = % [B(1—e")+2e"V,4] (3.53)

To assess the potential of the ARVG model to capture asymmetry and fat tails in the
distribution of stock returns, we examine below the third and fourth conditional moments of

r:. We have:
E [(re = E[reViea])* |Vier] = 8B [(V; — E [VilVier])® [Viod] (3.54)

Because V; is positively skewed like any Gamma distribution, r;, has a time varying negative
skewness whenever § < 0. It is difficult to say wether r; is fat-tailed in general. However, it

can be shown that when 6 = 0 the conditional kurtosis of r; is:

E|[(r, — E[r,|Vi.D* Vi 3Var [V,|V,_
(e = BInVerd) W] _ 5 3Var VilVis) (3.55)
Var [ry|Vi_4] Var [ry| V]

We present a method to simulate the ARVG model below.

3When 2x83 > o2, the process V; can be viewed as discrete observations of the following Square-Root
diffusion (see Feller, 1951): dVy = k(8 — V5) ds + o/ VidWs.
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3.5.2 Simulating the ARVG model

A method to simulate V; can be inferred from the Poisson-Mixing-Gamma representation of
its density given in (3.50) (Devroye (1986)). The simulation algorithm may be initialized to
the unconditional mean V; = 8 or by drawing V; from the stationary distribution* of V;. At
t = 1, one draws an integer j, from the Poisson distribution with parameter ce™*V,. The
current realization V; of the autoregressive Gamma process is then drawn from the Gamma
distribution with density f;, (v) given by:

'Uj+q7 1 C]Jrq

fio (v) = TGt a) exp (—cv)

A t = 2, one draws again an integer j; from the Poisson distribution with parameter
ce "V1. The new realization V5 of the autoregressive Gamma process is now drawn from the
Gamma distribution with density f;, (v), and so forth. At an arbitrary step ¢, the realization
V; is drawn from the Gamma distribution with density f;, , (v), where j,_; is a draw from
the Poisson distribution with parameter ce™V,_;. To minimize transient effects, a good idea
is to simulate 7'+ Tj + 1 observations and keep only the last 7"+ 1 ones.

Let (Vo, V4, ..., Vr) be the simulated path for the volatility process. Because r, depends
on two consecutive realizations of V;, its simulation starts at ¢ = 1. We generate a sample of

size T' of the return process using the equation:

Ty = [ T My \/5 (I—e*)+er Viqg+0 [Vt - (1 - 6_’{) - e_ﬁ‘/}—l} + v/ Vigs

fort =1,...,T, where ¢; is an IID draw from the standard normal distribution.

In what follows, we present an estimation strategy for the ARVG model.

3.5.3 Estimating the ARVG Model from High Frequency Data

This section explains why and how one can construct a proxy for V; using high frequency

data. Let us consider an arbitrary asset whose instantaneous log-price p, follows a Brownian

4The stationary distribution of V; is a Gamma with density: f (V;) = % (2—“)q exp (_022“‘/;)

o2
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diffusion with drift:

dps = m (s,05)ds + o,dWj (3.56)

where W is a standard Brownian motion uncorrelated with o,. It is further assumed that
o itself follows a positive diffusion. If we normalize a trading day to be one period, then the

daily returns satisfies:
t t
T =pr— P = / m(s,05)ds +/ o dW; (3.57)
t—1 t—1

and r,| {0} g ™ <ft  m(s,o5)ds [V}) where [V, = ftt_l o2ds is the integrated volatility.
A strategy to estimate the ARVG model from high frequency data consists in assuming

the following intuitive matching:

v, = 1V (3.58)
t
/ m(s,00ds = o+ mv/EViIVia + 6 (Vi — E [Vi|Via)) (3.59)
t—1

Equation (3.58) suggests that the integrated volatility can be used as proxy for V;, while
the second equation can be interpreted as the linear projection of the integrated drift onto

E Vi Via].
If 1V, is observed, the ARVG model can be estimated in two steps. In the first step, we

estimate an Autoregressive Gamma model for V; by CGMM, using the moment function:
he (1,61) = (exp (iT1V;) — E'[exp (iT1V}) |Vi-1]) exp (i12Vi-1) , (3.60)

where E [exp (i71V}) |V;_1] is given by (3.51), 7 = (71,72) and 6; = (x,3,0?%). In the second
step estimation, 6y = (11, 111, 9) is estimated by Gaussian maximum likelihood based on the

distribution of &, conditional on V;_1, as postulated in (3.49). We have:

Tt—ﬂo_/h\/?t—é(‘/t—@)

Nl

2 = ~ N(0,1) (3.61)

where XA/t = B (1 — 6_2) + e V.

In reality, IV, is not observed. To construct a proxy, let us assume that in each day
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trading we observe m + 1 equidistant prices. These prices can be used to compute exactly m

high frequency returns 71,72, ..., 7t m, that is:

Ttj = Di—1+4j/m — Pt—1+4(j—-1)/m

Jacod (1994), Jacod and Protter (1998) and Barndorff-Nielsen and Shephard (2002) show
that for large m, the realized volatility RV,"™ = > oitiri; is a fairly good proxy for IV;.
In practice however, the observed prices are contaminated with the market microstructure
noise which causes the naive realized volatility to be a biased estimator of IV;. The following
estimator proposed by Barndoff-Nielsen, Hansen, Lunde and Shephard (2008) is known to

be consistent for IV; even in the presence of microstructure noise:

K™ =0+ Z (1 - —) (Ve + Vi) (3.62)

where 7, , = 37" 7170 To further reduce the variance of Kg¥""%, we will use the

following shrinkage estimator proposed in Carrasco and Kotchoni (2009):

Kg, = wKEYHES 1 (1 - @)V, (3.63)
where
. | Lo L
IVi=v0+ Y+t T Z Z (Vo +Vsm) (3.64)
s=1 1=2

The shrinkage weight @ is chosen so as to minimize the marginal variance of K ,:
« . - 2
w, = argmink [(KH¢ — ]V}) ]
w

Cov[ﬁ/t,ﬁ/th}B}fHLS]
Var[l/\\/thEf;fHLS]

It is easy to show that w; = , which we estimate in the simplest way from

the data by:
S (Ve = KRS ) IV,

—~ 2
S (Ve - kg

A~ %

An empirical application is presented in the next section.
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3.5.4 Empirical Application

The data used in this section are the transaction prices of Alcoa, an index listed in the
Dow Jones Industrials. The prices are observed every one minute from January 1%, 2002 to
December 31", 2007 (T = 1510 trading days). In a typical trading day, the market is open
from 9:30 am to 4:00 pm, and this results in m = 390 observations per day. There are a few
missing observations (less than 5 missing data per day) which we filled in using the previous
tick method.

The estimation takes place in several steps. First of all, we compute the first step CGMM

estimator of 0, = (k, 3,0?) based on the moment function (3.60):

2

~1

0, = arg n;in H?LT<, 61)

~1 ~1
Secondly, we use 0, to estimate the covariance operator Ky (91> associated with the
moment function. We shall use the ad-hoc value X = 107° for the regularization of the

~1
inverse of Krp (917T>, that is:

K2, (91) - <K% (91) 41075 x 1) KY? (91)
The second step estimator of 6; is thus:

2

K_1/2 ﬁT(’? 61)

~2
7,106

0, = argmin
01

where K./%, = K '/2 (51)

T7,10-6 — }7,10-6

Thirdly, we estimate the variance of /H\i Unfortunately, the analytical expression (3.26)
is unusable because the gradient of ET<T, 0,) is extremely badly scaled®. This is due to the
fact that the likelihood function of Gamma distributions (like some Student distributions)
are very flat around the true value of the degree of freedom parameter. As a result, the
derivative of the objective function with respect to the degree of freedom parameter is very
small relatively to the derivatives with respect to the remaining parameters. In other words,

the matrix of gradient is so badly scaled that it is numerically singular. The problem is even

’The gradients of the moments conditions (3.60) are given in appendix.
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o2 )

more severe in the Autoregressive Gamma model because the degree of freedom is ¢ =
that is, a function of all three parameters of interest. However, this numerical singularity
does not imply that the model is not identified®. We can thus resort to bootstrap to evaluate
the variance of 53 The experiment is conducted as follows.

We use the initial sample of size T = 1510 to compute 1509 moment functions: {h; (1,61)},_,.
Note that h; (7,6;) is a function of two consecutive observations (V;, V;_1). Next, we draw
500 moment functions with equal probability and replacement from the above set to get

~b) 500 ~b) 500
{hj (T, 01)}j1, forb=1,2,..., B =1000. Each sample {hj (T, 491)} ‘
pute an estimator 5171, for 6; = (k, 8, 0?). Finally, ?0\1,1) is used together with the realizations of
~ 500 ~
V; on which {h;b) (T, 61)} depend to compute an estimator 6y, for 05 = (140, 141, 6). In com-
j=1

is then used to com-

puting /052717, the constraints 1 > 0 and § < 0 are explicitly imposed. Likewise, (k, 3,0?) > 0 is
imposed in the estimation of 6. The following table summarizes the empirical distributions

of b\l,b and /052’1).

01 O
R By 7 fos | B | O
Mean 0.8825 0.0004 0.0006 —0.0032 | 0.1665 | —3.2039
Median | 0.8859 0.0004 0.0006 —0.0010 | 0.0023 | —0.0320
Std. Dev. | 0.0281 | 2.3 x 1075 | 7.8 x 107° | 0.0046 | 0.2422 | 5.3613
IC1(95) | 0.8135 0.0003 0.0005 —0.0154 | 0.0000 | —19.807
1C2(95) | 0.8917 0.0004 0.0008 0.0008 | 0.8009 | 0.0000

Table 3.3: Bootstrap statistics (B = 1000 samples of size 500).

The estimator 51’;, is less volatile than /6\2,;,. This shows up as relatively large confidence
regions for the components of /0\2’1,. Part of the variability of the latter can be explained
by the fact it has been computed conditional on the point estimated 79\171,. However, it may
be the case that the true parameter 5 is not constant across time. If #5 happens to be
constant across time, the large standard deviations of /H\Q,b primarily mean that the true 6,
is not significantly different from zero. However, if 0, is time varying, the large standard
deviations of /9\27;, take a quite different meaning. Namely, they may be interpreted as the

level of heterogeneity of the possible realizations of the true parameter 5.

6Even in the discrete GMM, it is possible to construct an overidentified set of restrictions that is first
order underidentified. See Dovonon and Renault (2009).
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In this application, the large standard deviations of ?0\27;, are most likely due to time

variation in f,. In fact, the empirical distributions of 7, ; and ;5\1, are very skewed: there are
large differences between the means and the medians. Also, 50% of the realization of i,
are above 0.0023 while 50% of the realizations of gb fall below —0.0320. Hence a significant
proportion of samples lead to the conclusion that the returns are positively correlated with

the expected risk and negatively correlated with the unpredictable risk.

3.6 Conclusions

The goal of this paper was to illustrate how to implement the CGMM. To start with, we
briefly reviewed the useful theoretical properties of the CGMM estimator. Next, we exposed
in details some helpful numerical recipes for the implementation of the CGMM. Finally, we
applied the estimation method to the stable distribution and the autoregressive variance
Gamma model.

When the parameter « of the stable distribution is close to 2, the asymmetry parameter
[ becomes hard to identify. As a result, the gradient of the moment function is numerically
singular and one has to rely on Monte Carlo simulations for inference on the identifiable
parameters. When « is far from 2, the gradient of the moment function is of full rank and
the standard errors of the estimators can be computed using the standard analytical formulas.
Overall, the parameters of the stable distribution can be reliably estimated by CGMM.

In the autoregressive Gamma model, the variances of the estimators cannot be computed
analytically because the gradient of the moment is numerically singular. This problem is
due to the fact that the objective function is extremely flat around the true values of the
parameters, and can be linked to the difficulties inherent to the estimation of the degree of
freedom parameter in Gamma distributions or Student distributions. We elude this problem
by generating the empirical distributions of the estimates by resampling from the original
sample. The empirical application with the Alcoa index suggest that the returns are positively

correlated with the expected risk and negatively correlated with the unpredictable risk.
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A. Estimation of Stable Distribution. Empirical distributions of the estimators

for 1000 Monte Carlo replications.

Left: 0= (0,0.1,1.5,0,0.5) Right: 0g2=(0,0.1,1.95,0,0.5)

estimates of rho0,alpha=1.5 estimates of rho0,alpha=1.95

estimates of rhol,alpha=1.5 estimates of rhol,alpha=1.95
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estimates of alpha,alpha=1.5 estimates of alpha,alpha=1.95
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estimates of beta,alpha=1.5 estimates of beta,alpha=1.95

Estimates of 3
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B. Derivatives of the Conditional CF of V; in the ARVG model

The CF of V, conditional on V;_; is:

_2kB
iTo? (1 —e ")\ <2
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5 (0.Viy) = (1 2ikTe "V >
y Vi— - -

exp (2/{ —ito? (1 —e™%)
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Chapter 4

A Solution to the Curse of
Dimensionality in the Continuum

GMM

Note: Cet article dont je suis I’'unique auteur sera bient6t soumis pour publication dans un journal d’économétrie
appliquée. Nous remercions Marine Carrasco et Pierre Evariste Nguimkeu pour leurs commentaires utiles.

Mots-Clés: Autoregressive Gamma, Bootstrap, Continuum of Moments Conditions, Realized Volatility

4.1 Introduction

The generalized method of moment (henceforth GMM) has been extended to handle a con-
tinuum of moments conditions by Carrasco and Florens (2000), and the resulting estimation
procedure has been termed continuum-GMM (henceforth CGMM). A continuum of moment
conditions arises for instance when one tries to estimate a parameter using moment condi-
tions based on the characteristic function (henceforth CF). More precisely, let z; € R? be a
series of IID random variable, and assume that the distribution of x; is fully characterized

by a finite dimensional parameter 6, € R’. Let us consider the function h; (7,6,) given by:

ht (Ta 90) = exp (?:Tlxt) 2 (7-7 90) T € Rda (41)
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where ¢ (7,0p) = E% [exp (i7'z;)] and E% is the expectation operator with respect to the

true data generating process. Because E% [h; (7,0,)] = 0 for all 7 € RY, we have a continuum
of valid moments conditions that can be used to estimate 6, from observed sample. Moments
conditions based on the CF are useful when the likelihood is either unavailable in closed form
or non convenient to work with. For instance, the stable distribution and certain discretely
sampled diffusion processes have known CF's but unknown likelihood functions.

Basically, the CGMM builds on the same philosophy as the GMM of Hansen (1982). In
particular, both are based on the minimization of a quadratic form associated with some
scalar product. But while the scalar product of the GMM is defined on a finite dimensional
vector space, that of the CGMM is defined on an infinite dimensional Hilbert space. To fix
ideas, let 7 (7) be a probability density function on R? and L?(7) denote the Hilbert space

of complex valued functions that are square integrable with respect to 7, that is:
L%*(7) = {f : R? — C such that /f(T)f(T)?T(T)dT < 00}. (4.2)
A scalar product (.,.) on L?(r) x L?(r) is given by:

(f.9) = / f()gm)n(r)dr (4.3)

I
&
—
=
9
~—
3
—~
BN
~—
—

where 7 is the complex conjugate of z and W](LZ) [ ] is the expectation with respect to the
density (7). It is easily checked that the moment function h; (7, 6y) is bounded in modulus
and hence, belongs to L?(7) for any 7. Taking advantage of this, Carrasco and Florens (2000)
defined the objective function of the CGMM by mean of the quadratic form associated with

the above scalar product:

Qr(0) = <K’1/2ET(., 8), K~2ho(., 9)> (4.4)

23 [K*l/QﬁT(T, 0)K—1/2hy (7, e)J ,

where hp(r,0) = %ZL hi(7,6) and K is the covariance operator K associated with the
moment function. Finally, the CGMM estimator is defined as the particular value of # that

minimizes Qr ().
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In implementing the CGMM when z; is multivariate (d > 1), a major difficulty lies in the

evaluation of the multiple integrals embedded in the objective function Qr (6). Typically,
one would choose the weighting function 7(7) = exp (—7'7) in order to be able to use Gauss-
Hermite quadrature methods. Quadrature methods are fast and accurate when d < 2.
However, the complexity of the numerical integration grows exponentially as the dimension
of 7 increases. More precisely, if 10 quadrature points are needed to achieve a certain level
of precision for a one-dimensional integration, about 10¢ quadrature points are required to
obtain the same level of precision in evaluating @ (¢). This is a well known "curse of
dimensionality" in computational fields.

The situation gets even worse when x; is not IID but Markov of order one. In this case,

the moment function would be defined as:

hit1 (7, 00) = [exp (iT12441) — @ (11, 00, 2¢)] exp (iT51¢) (4.5)

where 7 = (11,72) € R* and ¢ (71,00, 2:) = E% [exp (it} x411) |74 is the CF of 2, given
z;. Accordingly, we would define the scalar product (.,.) on L?(7) x L?(7) in the same way
as above but now using a probability measure 7 (71,72) on R?*?. If 10 quadrature points
are required to get a desired level of precision for a one dimensional integration, about
10%? quadrature points are required to obtain the same precision in evaluating Q7 (). This
implies 10000 quadrature points when x; is bivariate and 1000000 quadrature points when z;
is trivariate. Hence for values of d as low as 3, the implementation of the CGMM procedure
becomes quickly an unfeasible task!. To circumvent this problem, a solution may consists
in (i) discarding quadrature points that have very low weights, or (i) reducing the number
of quadrature points. Unfortunately, none of these solutions provide a substantial numerical
efficiency gain without jeopardizing the accuracy of the overall estimation procedure.

The goal of this paper is to propose a solution to the type of curse of dimensionality just
described. Our approach consists in turning an unfeasible optimization problem involving
d-dimensional integrals into several feasible small scale optimizations problem involving only

one-dimensional integrals. More precisely, instead of using the CF of x; € R? in the CGMM

! This is particularly true when a large number of iterative evaluations of the objective function is required
for the convergence of the minimization algorithm
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procedure, we use the CF of y,, = 7'z, € R, for some fixed 7 in the normalized set S? given
by:
S = {T cR%: 7l = 1} , (4.6)

and |||z is the Euclidian norm. In the IID case for example, we would use the moments

conditions:

hr+(u,0) = exp (iuy,+) — E [exp (iuy,+)], u € R, (4.7)

where 7 is fixed and u is the Fourier transformation variable. A suboptimal CGMM estimator
is given by:
~(1
5" (1) = argmin@, r (6), (4.8)
0

where

Qe (0) = E [her(u, O)hr.r(u.0)]

w U

w (u) is a univariate density on R and ET,T(u, 0) = %ZtT:l hr+(u,0). To make the overall

estimation procedure independent of 7, we define the final estimator as the average:

.= E

[A(l)
(7)

0" (7). (4.9)
where 7 (7) is a density on S%.

Because each draw from the distribution 7 (7) gives rise to a new sample y,, = 7'z, the
proposed solution is basically a resampling technique. The sample y., contains the signature
of the original multivariate distribution of x; at the particular frequency 7. We shall thus
refer to @r as the frequency domain resampling CGMM estimator (henceforth FCGMM). Two
major theoretical issues are discussed in the sequel: the design of the optimal aggregating
weight 7 () and the efficiency of f,- relatively to the maximum likelihood estimator. We
found that the optimal weighting scheme is closely related to the inverse of the covariance
operator associated with 5(1) (1) viewed as a function of 7. We review the conditions under
which gﬂ* is as optimal as the unfeasible maximum likelihood estimator.

A similar approach has been advocated by Chen, Jacho-Chavez and Linton (2009).
These authors face a set of conditional moment restriction of type E [p(Z:,6p)|X:] = 0,

for some scalar function p (Z;, y). The standard approach in this literature consists in turn-
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ing these conditional moment restrictions into unconditional moment restrictions by using
Elp(Z, 0p) A(Xy)] = 0, for any vector function A (X;). One then estimates the optimal in-
strument function A,;, (X;), and the GMM estimator gm-v based on the unconditional moment
restrictions E [p (Z:,6p) Aoiv (X:)] = 0 is called the optimal instrumental variable estimator.
Chen, Jacho-Chavez and Linton (2009) proposed the alternative estimator 00 = Zjvzl /U,)j/e\j,
where N is allowed to increase with the sample size, /G\j is the GMM estimator based on the
moment restrictions £ [p (Zy,00) A; (X¢)] = 0, and {A; (X;)}>Z, are basis functions chosen
by the econometrician. It is shown in the paper that 5,1} is as efficient as b\oiv for optimally
designed N and w = {wj}j.vzl.

The rest of the paper is organized as follows. In the next section, we present the gen-
eral framework. In Section 3 we discuss the properties of the CGMM estimators 5(1) (7).
In Section 4 we derive the theoretically optimal aggregating weight 7* (7) for the FCGMM
estimator @,r, In particular, we compare the best FCGMM estimator g,r* to the maximum
likelihood estimator. In Section 5 we present the feasible FCGMM estimator and show its
asymptotic equivalence with /Q\W*. Section 6 presents a Monte Carlo study based on the Au-
toregressive Factor Gamma Model. In Section 7 we used the FCGMM to fit an Autoregressive

Variance Gamma of order p to the joint dynamic of the daily return on Alcoa and its realized

variance. Finally, Section 8 concludes the paper. The proofs are gathered in appendix.

4.2 The General Framework

4.2.1 The Objective functions

Depending on the model under consideration, three types of moment functions can be used
to implement the CF based CGMM. When z; is IID, the moment function to use is given by
(4.1). In the Markov case, the appropriate moment function is given by (4.5). When z; is
dependent so that its distribution depends on its entire past, a suggestion is to use a moment

function based on the joint CF:

he(r,0) = ™Y — B0 ) 1 e R, (4.10)



175
where Y; = (24, 24_1, ..., 24_p+1). In theory, the larger p the more efficient the CGMM esti-

mator. But in practice, the quest for efficiency must be balanced with the computing cost.
In particular, the curse of dimensionality described in the introduction will show up quickly
as p increases. For more discussions on the use of the moment function (4.10), see Jiang and
Knight (2002), Yu (2004) and Carrasco, Chernov, Florens and Ghysels (2007).

From now on, let us use the generic notation h(7,0), 7 € S¢ for any of the moments

functions described above (that is, d denotes the dimension of 7 in either model), and define:
Tra(u,0) = hy(ur,0), u € R,

where we recall that S* = {7 € R?: ||7||, = 1}. Note that in the IID case, the moment

function /f;m(u, 6) reduces to (4.7) while in the Markov case, /ﬁm(u, 6) can be written as:

Tor 4w, 0) = [exp (iuys, 1) — B (exp (iuyy, )] exp (iugr, 1) , (4.11)

where y,, ; = Tz and 7 = (71, 72) € S Note that y,,; 1 = 752 is being used as instrument
in (4.11). Here if 7; was not kept fixed, the FCGMM estimator would be the continuum
version of the alternative optimal instrumental variable of Chen, Jacho-Chavez and Linton

(2009). Finally in the dependent case, the moment function may be designed as follows:
/];T’t(u’ 9) _ eiuYri Ee(eiUYT’t),

where 7 = (71,...,7p) €SL, Y =Y 0 yror and Yr, ¢ = ThTi— i1

Having defined the appropriate moment function for the model under consideration, the
suboptimal CGMM estimator O (7) indexed by 7 is defined as in (4.8). In practice, O (1)
may be use to estimate the covariance operator associated with the moments function K,

that enters in the definition of the optimal second step CGMM estimator indexed by 7:
(2)

0" (r) = argminQ®), (9), (4.12)
0

where

Q% (0) = E | K V?h, r(u, 0) K7 ?he p(u,0)|

w(w)
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In IID and Markov models, K, is the linear operator with kernel

kr (w1, us) = E% [hm(ul, 0) 1o, 1 (uz, 9)] , (4.13)
and K, f (u1) = [k (u1,u2) f (u2) dug for all f: R — R. In dependent models, we have:

ko (ur,up) = E% [hm(ul, 0) Iy 1 (us, 9)] (4.14)

5 i) (5 + )
j=1

We now discuss the useful assumptions in this framework.

4.2.2 The Assumptions

The following assumptions will be used to study the properties of the estimators.
Assumption 1: The pdf w () is strictly positive on R and has finite moments at any
order.

Assumption 2: For all 7 € SY\R, the equation
E% [h, +(u,0)] = 0 for all u € R, w — almost everywhere,

has a unique solution 6y which is an interior point of a compact set ©, where N is a null set
with respect to 7, E£% denotes the expectation with respect to the distribution of the data
at 0 = 6.

Assumption 3: For all 7 € SN\, h, ;(u, ) is three time continuously differentiable with
respect to 6.

Assumption 4: For all § and 7 € SU\X, E% [h, r(.,0)] and its first three derivatives
with respect to @ belong to the range of K for 3 > 1/2, but not to the range of K’*¢ for all
e > 0, where K is the asymptotic covariance operator associated with the moment function
hra(,0).

Assumption 5: h,.(u, ) is at least twice continuously differentiable with respect to 7
in S?\NR.

8;(%9’7 is positive definite and (ii) PQr.r is of full rank in Sd\N.

Assumption 6: (i) 505
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Assumption 7: The measure 7 (7) on S? satisfies: [ (7)dr = 1.

Assumption 8: The random variable x; is stationary and satisfies x; = z (0o, &, Z;_1)
where x (.,&;, Z;_1) is three times continuously differentiable with respect to 6, ¢; is a I1ID
white noise whose distribution does not depend on 6y, and Z; ; can only contain lagged
values of x;.

The first assumption ensures that 0 < %? : [ f (u)m] < oo for all f # 0. Assumption
2 is an identification assumption that maywnq:)t hold in all situations. This assumption will
hold in a model of a univariate process x; conditional on past realizations (x;_1, ..., Ty_q+1),
where the curse of dimensionality comes from conditioning on long lagged. This assumption
may not hold in the joint model of (14, xay, ..., xay) if each x;; is draw from a given stable
distribution, since in this case y,; = Z?Zl T:x; ¢ also belongs to a stable distribution with
same stability index. In this case, the mean parameters of the individual z;+s may not be
identifiable from the marginal distribution of y,;. This problem can be circumvented by
adopting a copula-type approach, where the specification of the margins of the z; ;s are made
independent from the form of the co-dependence between the z;s.

The CGMM estimator can be derived under weaker conditions than in Assumption 3,
but the derivation of some of the asymptotic properties may become difficult. Assumption 4
ensures that the limit of the objective function as T' goes to infinity is well defined. Assump-

~(1
tions 5 and 6 ensures that 9( : (7) is unique and is a smooth function of 7. Assumption 2

82QT,T
8600’

already ensures the positive definiteness of as T goes to infinity, but we request this in
finite sample for simplicity. The measure 7 (7) in Assumption 7 need not be positive for all
7. Finally, Assumption 8 is used in Carrasco and Kotchoni (2009) to select a regularization
parameter that enters in the expression of the feasible optimal second step CGMM estimator
5% (7).

~(2)

0
In the next section, we recall the properties of the CGMM estimators 5(1) (1) and 6

(7)-

4.3 Properties of the CGMM Estimators

~1
Under assumptions 1 to 4, e (1) is consistent for 0y (for almost all 7) and is asymptotically
normal. The proof of this statement can be found in Carrasco and Florens (2000) and

Carrasco, Chernov, Florens and Ghysels (2007). The following property also holds for 5(1) (7).
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~1
Proposition 1 Under Assumptions 1 to 6, e (1) is unique for each T in ST\N. Moreover,

~(1
9( : (1) is continuously differentiable with respect to T.

This result is useful for the derivation of the minimum variance FCGMM estimator and

for the comparison of the latter with the maximum likelihood estimator. A key ingredient

62Q7’,T

for the derivation of this result is the positive definiteness of the matrix
guaranteed to hold according to Assumption 6.

The estimator 5(1) (1) is not optimal in the sense that its variance does not reach the
Cramer-Rao bound associated with the likelihood of y, ;. However, it can be used to consis-
tently estimate the covariance operator K .. In IID and Markov models, a natural estimator
of K, is given by the linear empirical operator K, with kernel:

A(l)
u1> Tt<u27 9

w)

), (4.15)

u17u2 -

I\M’ﬂ

where 9 = 9" (7) is defined in (4.8). In IID models specifically, the first step estimator

~(1)

0" " (1) may be bypassed by using:

™
—
Mq

eyt _ T) (eiulyr,t — @777,)7 (4.16)

u17 u2 =
t=1

where o, p = %ZL e™1¥=t Finally, in the dependent model, k, (uy, us) is estimated by:

~ 1 « (1) G

(i, uy) = > heg(ur,0 Yhey(u, 0 (4.17)
t=1

Jr . T
1 ~(1) 7 "
+ Z ( ’ JT ) tz_; hT,t(Uh 0 ) (hT,t—j<u27 0 ) + hTﬂH’j (Ug, 0 )> ’

and Jr is a bandwidth that is increasing in 7'.

The operator K, has an infinite and discrete spectrum . By letting [, ; be its eigenvalue
associated with the eigenfunction ¢, ; and assuming that [;; is decreasing in i, we have:
(i) ;1 < oo, (ii) lr; > l;441 > 0 for all 4, and (iii) z‘li»r?olT’i = 0. By contrast, K, has a
degenerate spectrum. More precisely, if we let lA” be an eigenvalue of K, 1 associated with

the eigenfunction 12 then we can label l” and ¢ so that: (i) lT 1 < 00, (ii) l” > lT i1 >0

’T,Z’
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for all 4, and (iii) lA” =0 for all : > T, where T is the sample size?. As a result, K, 7 is not

invertible on L? (w). To estimate K !, the following generalized inverse is used:

Kb, = (K2p+al) Ko

7-7,1-'7aT

With the same notations as above, it can be checked that @Tﬂ- is an eigenfunction of K ilf,aT

l‘r,i

lT,i+aT

associated with the eigenvalue

In IID and Markov models, Under Assumptions 1 and 2 K r satisfies:
| Kz = K|l = 0, (T72).

where K is the covariance operator defined in equation (4.4). The regularized inverse K~ ilf,aT

has the property that for any function f in the range of K i/ﬁ, the function K %/ iT f converges
to K~'/2f as T goes to infinity and ap goes to zero. Assumptions 1 to 4 then ensure that

replacing K, /% by K_2? in (4.12) yields?:

T)TzaT

TV/? (5(2) (r) = 60) 5 N(0, I3,). (4.18)

) T790

as T and a?}/ ’T go to infinity and ar goes to zero, where I~ ;0 denote the inverse of the Fisher
Information Matrix associated with the likelihood of y; ;.

In dependent models however, only the CGMM efficiency can be attained under some
additional technical assumptions discussed in Carrasco, Chernov, Florens and Ghysels (2007).
By CGMM efficiency, it is meant that 5(2) (7) is optimal among the following class indexed

by a linear operator B:

arg min £ [B/ETjT(u,H)BﬁﬂT(u,G) .

o w(u)

2See Carrasco and Florens (2000) and Carrasco, Florens and Renault (2007) for more details on covariance
operators.

3The consistency and optimality is guaranted for 3 > 1/2. However, the asymptotic normality has been
proved in Carrasco, Chernov, Florens and Ghysels (2007) only under 8 > 1 in Assumption 4, which is satisfied
in the characteristic function based CGMM.
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~(2
In order for 8 (7) to be truly optimal in the sense of (4.18), the regularization parameter
ar needs to be calibrated in practice. Let ar (6) be the value of ap that optimal in the

mean square error sense, that is:

ar (0p) = argminF [(5(2) (1) — 90>I (5(2) (1) — 00)] :

«

Under Assumptions 1 to 4 and Assumptions 8, Carrasco and Kotchoni (2008) showed the

consistency of ar for ag (6y), where:

S (0% -1 @) (1 -1 ).

k=1

iIH

ar = arg min

~(2,k . . . .
and G(T ) (1) is the second step CGMM estimator of 6, computed using a sample simulated
~(1
from the data generating process indexed by the point estimate 0( : (1), and M is the total
number of simulated samples.

In the next section, we discuss the properties of the FCGMM estimator.

4.4 The Ideal FCGMM Estimator

In Equation (4.9), we have defined the FCGMM estimator as the weighted sum of an infinite

number of v/T-consistent estimators indexed by 7, that is:

/ A(l)
dr

~(1
where 7 (7) is a pdf on S¢. The continuity of 9( ) (1) as a function of 7 allows to consider
the use of continuous pdfs 7 () for the weighting function. Below we discuss the consistency
of 0. and derive the weighting function 7* that minimizes the variance. The ideal FCGMM

estimator /H\ﬂ* is then compared to the maximum likelihood estimator.
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4.4.1 Consistency and Optimal Aggregating Measure

For any A € RY, the variance of N0, is given by:

Var \/_)\9 //gTA T1,T2) T (7T1) ™ (T2) dT1dT2, (4.19)

where

gr (11, 72) = NCov (\/Tg(l) (11), \/Tg(l) (7'2)> A (4.20)

~(1
A first order Taylor expansion of 0( ) (1) deduced from the first order condition it solves can

be used to show that:

gx (T1,72) = Plimgry (71, 72) (4.21)
= NW (G (. 00), Kry7,Gry (-, 00)) WLEA,

where K, -, is the operator with kernel:
kry 7y (u,v) = Cov <ﬁﬁTl,T(u, 6o), ﬁ/f\LT%T(U, 90)> ,

and B
8hT,T (U, 0

00

(7))

W, =(G-(.,00),G-(.,00)); G-(u,0p) = Plim

We have the following consistency result for /Q\ﬂ.

Proposition 2 Under Assumptions 1 to 4 and Assumptions 7, the FCGMM estimator sat-
isfies: /H\W — 0y =0, (T_l/z).

Clearly, the optimal aggregating measure depends on the choice of A. In practice, A may
be set according to some particular hypothesis one which to test on @r. The ideal measure

7} (T) solves:

T\ = arg min//g,\ (11, 72) w (71) 7 (T2) dT1dT2, (4.22)

subject to [ 7 (71)dr1 = 1.

Let V) be the linear operator with kernel g, (71, 732), that is, the asymptotic covariance
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~(1
operator associated with )\'0( : (7). The operator V) is compact if we have:

/d /d (92 (71772)}2d7'1d7'2 < 00
sd Js

This condition is satisfied because S¢ is a bounded set while gy (71, 72) is finite and continuous
at all (71,72). These properties of g (71, 72) follow from the consistency of O (1) and its
continuity as a function of 7. The compactness of the covariance operator V) ensures that
it has a discrete spectrum. If we let ¢, ; (71) denote the eigenfunction of V) associated with
the eigenvalue v, ;, then we have v, ; > 0 and ¢, ; (71) and ¢, ; (71) are orthogonal for all

it # j. The following proposition characterizes the optimal weighting function.

Proposition 3 The solution of (4.22) w4 (1) with minimal norm is given by:

™\ (7) = [2 %] (/ P j (Tl)dTl) 2]

At the optimum, the variance of X/H\W 18:

Var (A@; ) - [2 % ( / by (7) dT) 2] 1. (4.24)

Note that 7% (7)+ f (7) is also a solution of (4.22) for any function f (1) in the null set of

7100

S (foutan)ose,  am

Vi, and 75 (7) is the unique solution if the null set of V) reduces to the null function. Below,

we compare the efficiency of /H\ﬁ to that of the maximum likelihood estimator.

4.4.2 Comparison with the Maximum Likelihood

The CGMM estimator may be used when the computation of the maximum likelihood is more
costly. In a situation where even the CGMM estimator itself is unfeasible due to the curse
of dimensionality, the FCGMM becomes an excellent alternative that delivers at least a v/T-
consistent estimator of the parameter of interest. In this section, we discuss the conditions
under which @r; is as efficient as the unfeasible maximum likelihood estimator.

Let EML g be the unknown maximum likelihood estimator of 6y, and define the linear
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manifold Dr (6p) by:

Dy (6)) = {9 ERY 5.t § = / 7 (1)8" (r)dr and / () dr = 1} . (425)

For a given sample, gMLE and IA)T (fg) are deterministic functions of the data. Let us thus

assume that for each given sample, there exist 7* (7) such that:
RN ) ~
(1) 0 " (7)dr = OnmrE, (4.26)
In this case, @M LE € lA?T (0y) for each sample and we have:

Var (X@T;) = argmin Var (X@,,) < Var (X/H\MLE) .

0-€Dr(60)

When d = 1, the normalized set S reduces to the singleton {7 =1} and Dy (6,) =
{/9\(1) (1)} In this case, it is clear that )‘@Wi is never as efficient as the X@MLE. But when

~(1
d > 2, 8¢ contains a continuum of normalized vectors 7 and {9( ) (r),7€ Sd} is a continuum
of estimators. The following proposition then gives a condition under which Equation (1.31)

is satisfied.

Proposition 4 Under Assumptions 1 to 7 and d > max{q,2}, the optimal FCGMM esti-

mator X@r; is as efficient as the unfeasible maximum likelithood estimator )\@M LE-

The intuition behind this result is the following. Around a particular 7, we have:

96" ()
ot

/0\(1) (T+ 7o) = 5(1) (1) + To. (4.27)

When the rank of % is equal to the dimensionality of 6, the linear manifold Dy (6,)
replicates the entire parameter space ©. In this case, )\@ﬂ; is as efficient as N0yp because
(4.26) then holds. Note that a necessary condition for this rank condition to be satisfies is
q < d, that is, we must have less coordinates in 6, than there are dimensions in .

If ET (0o) has less than ¢ dimensions, it can still encompass EM . but there is no simple
way to verify this. Intuitively, ZA?T (0p) is more likely to encompass @\M LE is there is enough

~(1
variability in the set e (7) across 7. In this regard, using the suboptimal CGMM estimator
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O (7) in the definition of 6, has two advantages. First of all, 7" (1) is less efficient than
7? (7) and thus has more variability than the latter, thus allowing the manifold Dy (o) to
have more probability to encompass the maximum likelihood estimator. And secondly, the
use of 5(1) (7) makes the computation of the FCGMM estimator easier because this allows to
1/2

bypass the estimation of K,
In the next section, we discuss the feasible FCGMM.

4.5 The Feasible Optimal FCGMM

If we knew how to draw from the optimal aggregating measure 73 (), a natural way to
implement the CGMM would be to draw 741, ..., 7g from this distribution, compute [ (15) for
each 7, and take the average. We would have:

S

/9\”3 ~ %Z@(TS).

s=1

where 7 is a draw from 73} (). This would be a Monte Carlo approximation of the integral
/H\ﬂ =/ 0 (1) 7% (7) dr. Unfortunately, 7} (7) has an intractable form and we do not know how
to draw directly from this distribution. Interestingly, another Monte Carlo approximation of

this integral is given by:
S

Ors = > 15 (1) 0 (1), (4.28)

s=1
where 7, is a draw from the multivariate uniform distribution on S¢. When implementing
(4.28), the main challenge is to estimate the optimal aggregating weight 73 (). This requires
the estimation of the asymptotic covariance operator V) whose kernel g, (71, 72) is given by
(4.21). The expression of gy (71, 72) involves the gradient G, (., #y) which is not always easy to
compute by hand. To avoid this difficulty, we suggest to use a simulation approach presented
below.

To start with, we note that the kernel function g, (71,72) can be simulated using the

formula: .

G () = N (B =0 (1) (B, 0 (D)) A (4.29)

=1
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where 5(7’1,[) =1 lel/Q\(Tl,l) and {/Q\(Ti,l)}fl are | independent copies Of/é(Ti,l) =
1,2.

Let 71,...,7g be S draws from the multivariate uniform distribution on S? and assume
that we can simulate from the true data generating process. Further let {xil) }tT g l=1,..,L
be L independent samples of size T' simulated from the distribution of x;. FO; each sample

indexed by [ and each 74, we compute the univariate samples:

{yﬁit} - {T;xf)} s=1,..Sandl=1,.. L. (4.30)

Finally, let 5(75, [) be the first step CGMM estimator based on the sample {yﬁ’j,t}, and O,
be the L x S matrix with (I, s) element given by N8 (7,,1). Note that 6 (7,,1),1 = 1,...,L
are IID copies of the CGMM estimator 5(1) (7s). Rigorously, it is not possible to draw from
the true data generating process because 6, is unknown. However, one can proxy 6y by the

~(1)

consistent estimator 0 = % 5% 8 (r,) computed from the actual data.

~(1
A degenerate estimator of the covariance operator associated with 0( ) (7) is given by the

(S x S) empirical covariance matrix of ©,:
~ 1 /7~ =\ /~ =
=1 (@A - @A) <@A - @A) , (4.31)

where 6,\ is the matrix with (I,s) element given by A6 (1s,1). The following proposition

shows that 17)\ is consistent for V) in the following sense:

Proposition 5 Let us define f = (f (11),..., f (15))" where 71,...,7s are S draws from the

multivariate uniform distribution on S%. Then as L and S go to infinity, we have:
(Vaf) =Vaf (7) = 0, (L72) + 0, (57%)

for all 7;1

We may thus use ‘7,\ to estimate the optimal aggregating weight 73 by:

~ -1 ~
o= Fra (1), Fra (7)) = (VTide) 0T, (4.32)
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where ¢ is a vector of ones and XA//\_; is the regularized inverse of YA/,\ defined as:

~

~ -1
V):ot = <V)\2 + OZ]) V)\v OAS (07 1) (433)

This regularization is necessary because \7)\ is nearly singular or singular for sufficiently large
S due to the fact that any two elements of the set 71,...,7¢ can eventually be arbitrarily
close. The following result are the main ingredient for the proof of the consistency of the

feasible optimal FCGMM estimator given by:
7 > ~(1)
brs, = D Tra (1)0 (7). (4.34)
s=1

~1
where 9" (75) is computed from the actual data.

Proposition 6 Let f be a function such that € is the largest real number for which ||V)\_6 f H <

o0, and € > 1. Then under Assumptions 1 to 7, we have:

H‘/}/\j _ V)To% = 0, (of?’/QL*l/z) +0, (073/2571/2) : (4.35)
|(%2=vi) o] = 0u@ L) 40, (a7572). (4.36)
[(vid =vi) ol = 0 (amm=h). (4.37)

The next step is to show that the estimated optimal weighting function converges to the

theoretical one. We have the following proposition:

Proposition 7 Under Assumptions 1 to 7, T\, (7) converges to 5 (1) and we have:

e—1

T =1 =0 (70 7) 40, (a7 L) + 0, (a5

as L and S go to infinity and o, a *L=Y2 and a=*S~Y/? goes to zero. Moreover, the asymp-

totic variances of Ozs and 0.1 are the same.

We can also define the simulated estimators:

S
0 =N @ (r)B(ral), I=1, .. L. (4.38)

7'(')\7(1
s=1
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~(1 ~ ~
By noting that Q;i 0 =1,..., L are IID copies of 0z , the covariance matrix of 0z; = can be

estimated by:

. 1 &
Var <9%;,a> =7 Z

i =(1) ) =0\’
(9;3 0. )(9;3 0. ) (4.39)
A« A, A, Ao
=1

Clearly, the higher order asymptotic of 5%;(1 will depend on the regularization parameter

=() ~(1
where =1 SE o)

%;,a ﬂ—)\,a.
a. The optimal o can be estimated by minimizing the following approximate mean square

error: .
o~k 1 ~(1) ~\' (20 -~
" = argmin— (9%* —95) (9%* —95), (4.40)
a€e(0,1) L kX_; Ao Mo
~ ~(1
where 05 = % S e (T5) is the proxy used for 6.
Instead of using Monte Carlo simulations to obtain the samples, one can also resort
~ T
to bootstrap. To this end, we let {hTS,t(u, 0),u € ]R} be the set of moments functions
t=1
based on the observations {yTS7t}tT:1, and (tgl) s tg?) be B independent uniform draws with

replacement from the discrete set {1,2,...,T}, for | = 1,..., L. Define the sets of moment

functions:
B

{ﬁ t(z)(u,H)} d=1,..Lands=1,..5. (4.41)
Tsolp b=1
The remaining steps of the estimation are the same as in the Monte Carlo simulation case once

we define /0\(7'5, [) as the first step CGMM estimator based on the set of moment functions

{/f;m,tl()z) (’LL, 9) }B

Two illustrations of the use of the FCGMM procedure are presented in the sequel.

4.6 A Simulation Study

In a universe where agents are rational and risk averse, the expected return should be posi-
tively correlated with the expected risk. French, Schwertz and Stambaugh (1987) documented
this fact more than two decades ago by performing the regression of the excess return onto
estimates of the expected and unexpected volatility. They also found that the excess return
is negatively correlated with the unexpected risk. The increase in the expected excess return

following an increase in the expected risk is driven by the risk premium while the negative



188
correlation between the excess return and the volatility shocks is often called the leverage

effect.

However, it is not clear whether the risk on a financial asset should be solely measured
by its volatility. For this simulation study, we consider a latent risk factor model for assets
returns. This model assumes that the returns are positively correlated with some latent risk
factor while being negatively correlated with the innovations of that factor. Because the
considered latent risk factor is not exactly the variance of the return, this model offers an

alternative framework to assess the risk premium and the leverage effect on financial markets.

4.6.1 The Autoregressive Factor Gamma Model

The Autoregressive Factor Gamma Model (henceforth ARFG) is a stochastic volatility model
for asset returns. The return 7, is expressed as linear function of lagged realization of some

latent risk factor V;_; and its contemporaneous innovation V; — E [V;|V,_4], that is:
re = g+ pVie1 + 6 (Vi = E[Vi|Viei]) + 0264, (4.42)

where &, 2N (0,1) is uncorrelated with V;_; and V; — E'[V;|V;_4]. The risk premium is
modeled as a positive relationship between the return and the expected risk (p; > 0) while
the leverage effect is modeled as a negative relation between the return and the unexpected
risk (0 < 0). The latent variable V; is assumed to follow an Autoregressive Gamma process

of order one:
[e9) i+q—1 4
1 rtj +q J +q

f(VilVir) = > Tt

exp (—cVi) pj (Vie1) (4.43)

2K

WlthC: m, q

= 2;—25, (k,B,0) >0 and p; (Vi_1) are Poisson weights given by:

ce V1)
pj (Vim1) = (]—,tl) exp (—ce "Vi_1) . (4.44)

The marginal distribution of V; is a Gamma with density given by:

F V) = % (i—)p (). (4.45)
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Its conditional and unconditional CF are:

. —q . —k
E[e™Vi] = <1 — %T) exp (%) (4.46)

;2 —q
E[¢™] = (1-21) .
2K

By looking at the above conditional CF, we see that the distribution of V; is nested by the

Wishart Autoregressive process of Gourieroux, Jasiak and Sufana (2005). In particular, the
series V; can be thought of as a discrete sample from the CIR diffusion.

The conditional expectation and variance of V; are given by*:

EVilViea] = B(1—e ) +e "V, (4.47)
602 —r)2 02 —K —K
Var [Vi|Viei] = o (1—e) +—e (1—e") Vis. (4.48)

This implies that the conditional mean and variance of r; are linear in the lagged realization

of the risk factor:

ErdViaal = po+ Vi, (4.49)
Var[rVi1] = *Var Vi|Via] + 0’?
52 2 52 2
= 25,: (1—e")+o2+ ,j e (1—e ™) Vi (4.50)

In particular, F [r|V;_1] is a linear function of Var [ry|V;_1].

We derive similarly the third and fourth conditional moments of V;:

4 3 4 _—kKk
E[(V, = E[Vi[Viua])’ [Vied] = é% (1—e")%+ 02:2 (1—e") Vi, (4.51)
E (Vi = E[Vi|Viei)* Viea] = 3Var [Vi|Vie)? (4.52)
306 —r\4 —K —r)3
+4_/<;3<6(1_6 ) + 4de (l—e ) Vt_1>.

Equation (4.52) shows that V; has a positive excess kurtosis. The third and fourth conditional

L . O"E iTVy V,_
*The noncentered conditional moments of are given by E[(V;)" |Vi_1] = i%%h:o. These

derivatives may be computed using a mathematical software.
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moments of r,; are linked to those of V; by:

E[(re— ErdViaa])* Vi) = B [(Vi — E[Vi|Vie))® Vi ] (4.53)
E[(ri— ErVie)' |Vied] = 3*E[(Vi — E[Vi|Via])* |[Viea] + 302 (4.54)

Hence r; has a time varying negative skewness whenever § < 0. To see the implications of

the model in term of kurtosis, we note that the last equality implies:

35%8¢e"
E[(r—E[rVia)* Vi) = 3VarnVial + ——— (1— )’ Vi, (4.55)

2K3
36202 (6204
= (Fr -y =)oy

2 2 2 4
607 ((S 7 (1 — e_”)2 — O'?) e " (1 — e_”) Vi1

K 42

It is seen that this model can reproduce fat tailed distributions. In particular, the distribution

520t
4K2

of r; given V; is fat tailed when (1 —e")? — o2 is positive’.

In what follows, we present an estimation strategy for the ARFG model.

4.6.2 Estimating the ARFG Model from Observed Returns

While the joint process of observed return and latent risk factor (r;, V;) is Markov, the process
r; alone is not. Since only the returns are observed, the estimation strategy will necessarily
be based on the joint CF of the returns. Writing r; as a linear function of (V;, V;_1) allows

to easily integrate out the latent factor.

Proposition 8 The joint CF of (ry,...,ri11-4) 1S given by:

d
E |exp (ZiTth+1k>] (4.56)
o d 52
= o (o= a9 (1] L § 313)
k=1 k=1

This is only a sufficient condition, not necessary.
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where:

up = T710;
Up_1€" "
up = %4-7'1@—1 (y —0e™™) + 740, k=2, ..., d;
uge " e
Ugp1 = 1_m_d—i—7'd(,u1—5e )

The details of the derivation of this CF are left in Appendix. The moment function we

will use in the FCGMM procedure is:

d
hrt (u,0) = exp (zuz TkT’t+1_k) —F

k=1

d
exp <zu Z Tkrt+1_k> ] , (4.57)

k=1

where 7 = (74,...,74) € 8%, u € R, 0 = (119, 11, 0, 8, k, 0, 52)". Note that Equation (4.57) is a
moment function of type (4.10).
In the next section, we evaluate by Monte Carlo the performance of the FCGMM in

estimating this model.

4.6.3 Monte Carlo Experiments

To generate a return process 7, from the ARFG model, we need to first generate the latent
factor V;. This is done using the Poisson Mixing Gamma representation (4.43) as suggested
by Devroye (1986). At time ¢ = 0, one draws an initial value V; from the stationary Gamma
distribution (4.45). At t = 1, one draws an integer j, from the Poisson distribution with
parameter ce”"*Vy. The current realization V; of the state variable is then drawn from the

Gamma distribution with density f;, (v), where:

v]+q71 Cj+q

fio (v) = TUota)

exp (—cv).

At t = 2, one draws again an integer j; from the Poisson distribution with parameter ce™*V;.
The new realization V5 of the state variable is now drawn from the Gamma distribution
with density f;, (v), and so forth. At an arbitrary step ¢, the realization V; is drawn from the

Gamma distribution with density f;, , (v), where j;_; is a draw from the Poisson distribution
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with parameter ce*V,_;. Having simulated a path (V, Vi,...,Vr) as described above, a

sample of returns (71, ...,77) can be generated using Equation (4.42).

In this Monte Carlo experiment, we set d = 10 so that the estimation of #, is based on
the joint CF of the vector (ry,...,7_9). We used T' = 500 for the sample size and M = 100
for the number of replications. The optimal weight 7} , and regularization parameter o are
estimated by generating S = 100 draws of 7 for each Monte Carlo replication. We arbitrarily

fixed A = (1,...,1)" and compute 73 , for o on the grid:

a € [7Tx107% 5x107* 3x107*, 1x107* 7x107°,

5x107°, 1x107°, 5x107°%, 1x107°%, 1x1077]

For each %iw we compute the mean square error of the FCGMM estimator using the formula:

MSE (o) =

e~ =

EL: @;rli - 90>, (57(?2 - 90) (4.58)
k=

1

where 5;2 . is defined in (4.38) and:

90 = (/’LOnu’l?éaﬂa’%ao-?U?),
(0,1072, -5 x 1072,1074,2 x 10725 x 1072,2 x 1074’

The following figure shows the plot of M SE («) against «. For this application, the mean
square error is minimized for a* = 10*. We see that the graph of M SE («) is L-shaped.
The MSE increase faster when o moves from a* to zero than when o moves in the opposite

direction. This suggests that an overestimation of « is preferable to its underestimation.

0.025

0.015

mean square error

0.005
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Figure 4.1: The mean square error of the FCGMM estimator as a function of the regularization

parameter .

The following table shows the simulation results. The column labeled "Mean", "Median"
and "Std. Dev" contain respectively the empirical mean, median and standard deviations

of 5;2 . IC1 and IC2 are respectively the lower and upper bound of the 90% confidence

interval.
Parameters Mean Median Std. Dev. IC1 1C2
Lo —40x107° —35x107° 39x107* —69x107* 58x10~*
1y 1.0x1072 1.0x1072 16x107* 98x1073 1.0x 1072
) —48x107%2 —48x1072 26x10% —54x102 —4.5x 1072
B 1.0x10™* 10x10™* 59x10% 90x10™® 1.0x10™*
K 19x1072 19x1072 89x10* 1.7x1072 2.0 x 1072
o 50x 1072 48 x 1072 7.7x10% 41x1072 6.3x1072
o2 19x107* 20x10™* 45x10™° 93x10™° 23x10~*

Table 4.1: Monte Carlo simulations results for the ARFG Model estimated by FCGMM.
~(
We draw L = 100 independent samples, [ = 1, .., L = 100. For each sample [, the FCGMM 9(% .

is computed using S = 100 draws of 7. The true vector of parameters is

fo=(0,1072, =5 x 1072,107%,2 x 1072,5 x 1072,2 x 10~%)’

The standard deviations of the estimators are small compared to their means, and the
90% confidence intervals contain the true values for all the parameters. Although the number
of monte Carlo replications L and the number of draws S of 7 are quite moderate, the results
of this experiment suggest that the suggested FCGMM is a reliable inference method.

In what follows, we present an empirical applications.

4.7 An Empirical Application

The present empirical application is based the Autoregressive Variance Gamma model (ARVG)
of order p presented below. Unlike the in ARFG model, it is assumed here that the risk factor

is observed. Moreover, this risk factor is assumed to be the integrated volatility.
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4.7.1 The Autoregressive Variance Gamma Model or Order p

The Autoregressive Variance Gamma model of order p (henceforth ARVG(p)) specifies the
return process r; as a function of the expected variance E [Vi| {Vi—x},_,] and the innovation

Vi = E[Vi[{Vier }pa:

Ty = [ho T My \/E [V;t| {%—k}izl] +4 (V;f —-F [V;f| {%—k}Z:J) + v Vier (4-59)

where ¢, TN (0,1) is uncorrelated with past, current and future realizations of V;, p; > 0
and 0 < 0. Like in the ARFG model considered in the previous section, the parameter i,
captures the premium for bearing the expected risk while 0 is the leverage effect. The variance
V; is assumed to follow an Autoregressive Gamma process of order p whose conditional density

is given by:

fWVil{Viekhin) = fVil{Vicrtioy)
o ‘/;j+q—1cj+q »
= JZO TO+q) exp (—=cVi) pj ({Viekbiey)

where p; ({Vi—,}i_,) are Poisson weights given by:

by (Vi) = C2bm Vo)’ o, (‘Czpm_k>

1
J: k=1

The parameters of the model are (k, 5, 0, {p; }}_g s o, 111, 0). In addition to p; > 0 and 6 <0,

we further have the constraints:

p
(57570) > 07 {pl 220207 Zpkzl
k=0

2K 206k

The specified dynamic for V; extends the model of Gourieroux and Jasiak (2005) which
is an autoregressive Gamma or order one. Likewise, the model studied in Kotchoni (2009)

is the Autoregressive Variance Gamma model of order one. The conditional CF of V; is an
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exponential affine form given by:

iTV; D 1T 1 1T P
Bl Viatia] = (1-7) e | % > oV (4.60)

c k=1

This CF shows that the Autoregressive Gamma model of order p is identical (up to a repara-
metrization) to a univariate Wishart autoregressive process of order p discussed in Gourier-
oux, Jasiak and Sufana (2005)°. The following moments can be computed by using the two

first derivatives of the above conditional CF evaluated at zero’:

EVi[{Vix}po] = B <1 - Z%) + > oVio (4.61)

Var [Vi[{Viee i) = % [ﬁ (1 - Zpk> +2) e Viok (4.62)
k=1 k=1

It is seen that the conditional mean and variance of V; are linear in its lagged realizations.
Moreover, the ARVG model has the potential to generate asymmetry and fat tails. In fact

we have:

E|(ry = B[ {Vi-s}ioy))’ th—l] =8 E [(Vi = E[Vi[Vin1])* Vi

so that the return process has a negative and time varying skewness whenever § < 0. In the
specific case where p = 1, kK = —log p; and § = 0 the conditional excess kurtosis of r; is given

by:
E(r = EfrVial) ' Via] _, _ 3Var [Vi|Vii]

Var [rt|Vt,1]2 " Var [Tt|Vt,1]2

Equation (4.61) provides a good forecasting formula for the volatility. If the lagged
variables (V;_1,...V;_,) are such that E'[V,_;] = § for all £ = 1,...,p, then we also have
E[V;] = B. This indicates that the stationary autoregressive Gamma process of order p has
to satisfy E'[V;] = 8 for all ¢. In the next subsection, we present an estimation strategy for

the ARVG(p).

6See Gourieroux, Jasiak and Sufana (2005), Section 2.3, Definition 2.
"The noncentrered conditional moments of V, are given by: E((V)" [ {Vickti] =

L BTV (Vi )2 ]
o o™ |T:O
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4.7.2 Estimation of the ARVG(p) Using High Frequency Data

Unlike the ARFG model previously discussed, the ARVG(p) satisfies:
Var [ {Vier}io] = V4 (4.63)

Hence if we let V; = ftil o2ds where {0} is a spot volatility process, this equation becomes:

t
Var [rl{o}2 ] = [ ots (464)
t—

The above equation is a standard implication of continuous time models of assets (log) prices.
We will use this argument to proxy V; by a good estimator of the integrated volatility, as in
Kotchoni (2009).

The estimation may be done in two steps. In the first step, we estimate by CGMM an

Autoregressive Gamma model for V;, using the moment function:

p
he (1,01) = (exp (i1, V3) — E [exp (i1, V3) [ {Vi-r };_1]) exp (Z i1k+1‘/15—k) ,
k=1
where E [exp (i7,V}) | {Vi— }7_1] is given by (4.60), 7 = (74, ..., 41 ) and 01 = (py, ..., p,. 5, 5, 07).
In the estimation process, V; is replaced by any good estimator of the integrated volatility,
e.g the realized kernels of Barndorff-Nielsen, Hansen, Lunde and Shephard (2008) or the
shrinkage realized kernels of Carrasco and Kotchoni (2009).

Having computed 51, the expected variance ‘A/t is estimated by:
R R p p
Vi=p 1—27513 +Z@;Vt—k
k=1 k=1

The remaining set of parameters 65 = (yq, ft;,0) can then be estimated in the second step by
Gaussian maximum likelihood based on the distribution of ¢;, where the following proxy is

used for &;:

&=V r= o= w2 =6 (Vi V)] ~ NOD)

We implement the ARVG(p) with real data in the next subsection.
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4.7.3 An Application with the Alcoa Index

The data used in this section are the transaction prices of Alcoa, an index listed in the
Dow Jones Industrials. The prices are observed every one minute from January 1%, 2002 to
December 31", 2007 (T = 1510 trading days). In a typical trading day, the market is open
from 9:30 am to 4:00 pm, and this results in m = 390 observations per day. There are a few
missing observations (less than 5 missing data per day) which we filled in using the previous
tick method. As in Kotchoni (2009), we construct the proxy of V; using the shrinkage realized
kernels of Carrasco and Kotchoni (2009).

The implementation of the FCGMM is conducted exactly as in the previous section,
except that the Monte Carlo step is replaced by a resampling with replacement from the set
of moment functions computed with the actual data, as illustrated by Equation (4.41). We
resample L = 100 times in the time domain and use S = 50 draws of 7. Finally, we set
p = 30 (six weeks) in order to assess the level of persistence of the volatility process.

To select the regularization parameter «, we choose to minimize the tracking error:

2

T
MSE (a) = % >
t=1

p 30
Vo3 (1 —zﬁk) S
k=1 k=1

The following graph suggests that the optimal regularization parameter is around o* = 10~*

for these data.

-7

1.96

1.94

1.92f

1.9}

1.88}

1.86}

Mean Square Error

1.84

1.82

1.8}

1.78

o 1 2 3 4 5 6 7 8
alpha x 10

Figure 4.2: Selecting the regularization parameter

We compute the optimal weighting function using that value of a*. The following Table
shows the summary of the results for the parameters (k, 3, 02) and (g, f11,). One important

difference between the current results and those of the case p = 1 presented in Kotchoni
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(2009) is that the estimates of x are considerably lower here. The variances of the estimators

are relatively high due the the fact that they are estimated using only L = 100 samples.

Accordingly, the confidence intervals are also large.

PO) —~
0, 02
K B Ca o iy 0

Mean 0.0528 | 0.0017 | 0.0082 | —0.0007 | 0.0262 | —0.1886
Median 0.1358 | 0.0003 | 0.0077 | —0.0005 | 0.0000 | 0.0000
Std. Dev. | 0.3656 | 0.0023 | 0.0045 | 0.0014 | 0.0689 | 0.9688

IC1(95) | —0.8730 | —0.0000 | 0.0007 | —0.0043 | 0.0000 | —0.7724

1C2(95) 0.4516 0.0060 | 0.0145 | 0.0009 | 0.1618 | —0.0000
Table 4.2: Summary of the Estimation Results

Below, we plot the estimators of the autoregressive coefficients (p,, ..., p3)-

Autoregressive Coefficients

Median

First decile -
Nineth decile

Figure 4.3: Estimated Autoregressive Roots for the Volatility

It is seen that the volatility strongly responds to its own lags lying within one week. This
finding is consistent with the volatility clustering. There also seems to be some responses of
smaller magnitude to lags lying between 20 and 25 days.

Finally, the following graph shows the volatility and its estimated expectation conditional

on past realizations.
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x 10

Realized Vol
Fitted Values

600

Figure 4.4: Fitted Values for the Volatility

It is seen that the conditional expectation of the volatility is very smooth compared to
actual series. In fact, the Autoregressive Gamma model ignores the erratic fluctuations and
jumps of the volatility and focus on the trend. This suggest that the current model may
be used to decompose the volatility into its continuous component and its noise plus jump
component. More precisely, one can test the presence of jumps in the volatility by using the

residuals of the Autoregressive Gamma model.

4.8 Conclusion

The Generalized method of moments with a continuum of moment conditions (CGMM) in-
troduced by Carrasco and Florens (2000) aims to deliver estimators that are as efficient as
the maximum likelihood. The objective function of the CGMM is a quadratic form associ-
ated with a scalar products on Hilbert spaces. When the characteristic function is used to
build the moment conditions, that objective function involves as many integrals as there are
dimensions in the data. Unfortunately, the complexity of the numerical integration grows
as an exponential function of the dimensionality of the vector of observation. This makes
the use of the CGMM unattractive in multivariate Markov model and non-Markov models.
To circumvent this "curse of dimensionality", we propose to work with univariate samples
obtained by taking linear combinations of the initial vector of observations. Each sample
obtained in this way is called a frequency domain sample and can be used to estimate the

parameter of interest by CGMM. Finally, all the possible estimators obtained in this fashion
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are aggregated to obtain what we called a frequency domain resampling estimator.

We derived the optimal aggregation rule for the CGMM frequency domain resampling
estimator and propose two illustrations. The first one is a Monte Carlo study based on the
autoregressive factor gamma model. In this model, the return of a financial asset depends
linearly in the realizations of a latent autoregressive gamma risk factor. The latent factor
is not observed and must be integrated out, and this results in a non Markov model for
the observed returns. The second illustration is an empirical application based on the Au-
toregressive Variance Gamma model of order p. Although the estimated variances of the
estimators are relatively high due to the small number of resampling replications, this appli-
cation tends to confirm that a positive risk premium is required by investors for bearing the
expected risk while the returns are negatively correlated with the shocks on its variance. In
future investigations, we will try to improve our simulations and empirical results by making
use of the refinements of the bootstrap technique developed for example by Davidson and

Mckinnon (2000).
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Proof of Proposition 1: Under Assumptions 1 to 4, /9\(1) (1) is a well-defined consistent
estimator of fy. Furthermore, Assumption 6(i) ensures O (7) is the unique minimizer of Q7.
According to Assumptions 3 and 5, @, 7 () is twice continuously differentiable with respect
to 7 and 6. Hence by the implicit function theorem, 5(1) (1) is continuously differentiable

with respect to 7 and we have:

o0

(1) [0°Q-r] " PQur
or 0000’ 000t

where the inversibility of 8;6%76’7 follows from Assumption 6(i)H

Proof of Proposition 2: According to Assumptions 1 to 4, each CGMM estimator

O (7) is consistent for 0y (See for example Carrasco and Kotchoni, 2009). Hence for any

choice of measure 7 satisfying Assumption 7, we have:

Var ()\'/H\ﬂ> = ///\C’ov 0 ),9 (7’2)) AT (T1) w(T2) dT1dT2
< max [)\'Var (9 )\ //W (12) dT1dTo

= max [XV(M“ (0( (7’)) )\

T

The result follows from max [)\’Va?" (5(1) (’7’)) )\} =0, (T7!) for 7 € S\XE

Proof of Proposition 3: The ideal measure 75 (7) solves:

= argmin//gA (11, 72) w (71) 7 (T2) dT1dT2,

/w@gm1:1

where gy (71,72) = N Cov (5(1) (T1) ,5(1) (72)> A. The Lagrangian for this problem is given

by:
' ://gA (11, 72) w (71) ™ (T2) dT1dT2 + 11 <1—/7T(T1)d7'1)7

where u, is a Lagrange multiplier. The first order necessary condition for this problem is

subject to:
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obtained by differentiating £ (7) with respect to m (71):

/gx(TlaTz)W(ﬁ)deZMI(Tl)y

where I (71) = 1 for all 7; in S#\R.

Let V) be the linear operator with kernel vy (71, 73). The first order condition becomes:
Vam (11) = I (71) (4.65)

Because V), is compact a covariance operator, it has a discrete nonnegative spectrum with or-
thogonal eigenfunctions. Let ¢, ; (7) be the eigenfunction of V) associated with the eigenvalue

vy,;. For any function f (1), 71 € S? we have:

£ =3 ([ ns 5 ) 60,0+ T,

Jj=1

J/

fi oz:l)

where f is in the null set of Vj so that Vi f (71) = 0. Hence if fo (1) solves (4.65) for  (71),
then f (11) = fo (1) +f (71) also solves (4.65) for m (71). The solution of (4.65) with minimal

norm is the one in which f(ﬁ) = 0. This is given by:

7 (r1) = Vi (7) uAZ 7(/% dr)cm(ﬂ)

The Lagrange multiplier is identified using the constraint [ 7 (1) dry = 1. This yields:

s = [fji ([ d)] _

We substitute this for p, in 75 (71) to obtain:

w";(Tl):[zi(/m,j(ﬂmﬂ i (/% dT)qu(m
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At the solution 7% (71) = p, Vi 'I (1), we have:

= [y [V,\V/\ (11 dTl] 7\ (T2) dTo

= MA/Wf\ T2) dTo = puy

[ |
Proof of Proposition 4: By Proposition 1 (which holds under Assumptions 1 to 6),

~(1
0( ) (1) is continuously differentiable with respect to 7 and we have:

0@ [PQr] T Qs
or o 06000’ 000T

Around a particular 7 in S?\R, we have:

_ 96" ()

B(r+70)=0(7) + —5-—70.

a5
By assumption 6(ii), 62?5 T is of full rank so that 2 ( ) is also of full rank. This implies that

for d > max {q, 2}, ¢ linearly independent vectors of type O (T + 70) can be constructed by

varying 7¢. As a consequence, the manifold lA)T (0o) defined by:
Dr (0o) = {9 eERIst 6= /71'(7’1)5(1) (11) dr1 and /W(Tl)dﬁ = 1}

has exactly ¢ dimensions. In particular, there exist a basis g(j), 7 =1,...,q such that §M LE =
ijg(j) c Dy (6p). Hence Var (X@,r;) < Var (X@MLE> [
Proof of Proposition 5: We have defined:

- (0,-6) (6-8)
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The (i, 7) element of V) is given by

%ix () =) (0G0 =0 (D) A

=1

§>\(Ti77j):

Let f= (f(71),.... f (7s))". Then as L goes to infinity, we have:

) Zwov( ) 0 (73D M (7) = O (L72)

On the other hand, we assumed that 7, is drawn using the uniform distribution on S¢. Hence

as L and S go to infinity, we have:

(XA/Ai>l — /)\’COU (5 (1i,1) ,5(7, l)) M(T)=0, (L71/2) 10, (571/2)
This shows that
(f) Vo (r) = 0, (72 + 0, (57

|
Proof of Proposition 6: We first consider (4.35):

H(W al) W — (V24 oz])_lV)\H <
H(fff +al) (V- VA)H + H(fff +al) W — (V2 + al) ’1VAH <
| +an?| [B-w|  +|[T2ran - 0F+an | <
S;Cl =op(L—1/2;rop(s—1/2)
The result follows from:
H (T2 +aD™ = (V +aD) ] VAH

- H (V2 +al)™! (Vf - vf) (V2 + al) 1VAH

< [@xan] (-] 402+ an 207 +an) 0
S;:l =Op(L 1/2) Op(S 1/2) <q~1/2 —1

The difference between (4.35) and (4.36) is that in (4.36) uses the fact that ||V, f

‘<oo
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with € > 1. We can rewrite (4.36) as

|l =) o] = (T v s
< | (W - v vl

We have

(k=) 14
= (V2+al) ViV — (V2 +al) V2

= (W+al)™? (‘A& - VA) Vi (4.66)
+ [(W al)t— (V2 + al)—l] V2. (4.67)

The term (4.66) can be bounded in the following manner

@ won (B -w)u] < @ wan [ -vm
= O, (@ 'L7V?) 4+ 0, (a7 '571?).

For the term (4.67), we use the fact that A2 — B71/2 = A=1/2(BY2 — AV2) B=1/2 Tt
follows that

[V +an = 2 +an] V2|
= || @+ ant (vi-TR) 2+ any 2

< H(‘A/f +al)™t

|ve-w|  JoR+anvi

—1

-~

§;’*1 :OP(L_1/2>+OP(S_1/2>
= O, (@ 'L7V*) + 0, (a7 'S71/2).

Now we turn our attention to the equation (4.37). We can write

<V>\2 +O‘—,)_1V>\f - V,\_lf = Z {a—l—y - yi} <f7 ¢j>¢j
j=1 J

N Z(a+1/ 1) <f;/—<-bj>¢f'

j=1 J
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We now take the norm:

4.37) = [[(VZ+al)Vaf — Vi
(=2 Vel
- (S(F ) )

00 /
_ 22 2’ 1 2‘<f’¢j>}2 v
- J a—i—y V?e

]:

0o } 2 1/2
S

=1 1<j<00

IN

—J _1].
a—i—y?

Recall that as K is a compact operator, its largest eigenvalue v, is bounded. We need to

find an equivalent to

2
1 v e—1 1
sup ¢ 1— = sup A2z ([1— ——— 4.68
ogzé)yl ( o+ 1/2> 095& ( a/+ 1) ( )

Case where € < 3/2

We apply another change of variables to the objective function (4.68), x = a/ and obtain

ae/271/2 1
s (1 7 )

We see that an equivalent to (4.68) is a“/?2~1/2 provided that

1 ) 1
Sli]gx/z 1/2 _x+1 )

is bounded. We study the properties of

_ 1 (1
9@ =\ o)

Note that ¢ (x) is continuous and therefore bounded on any interval of (0, +00). It remains

to study its behavior at 0 and +oo. It goes to 0 at +oo (for any € > 1). For the limit at 0,
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we apply I’Hopital’s rule and obtain

provided € < 3/2. For ¢ = 3/2, we have

1

(5)

g(x) ~

Hence ¢ (x) is bounded on R* for all € < 3/2.
Case where € > 3/2

We rewrite (4.68) as

1
e—3 <1 - Oé/>\+1)

sup a\ 2
0<A<V2 /A

The term

)\% (1 B a/)1\+1)
a/\

is the product of an increasing function of A, namely A7 (which is bounded because A is
bounded) and a function of the form (1 — #1) Jx. It is easy to show using the ’'Hopital’s

rule that (1 — —5) /= is bounded on R*.

PRI
.’L’—l—l x+oo
1
1— ~1
< :z:—i—l)/xo

Hence the rate of (4.68) is given by a.
Finally, f € ®.:

(4.37) =0 (aminW?)) .

[
Proof of Proposition 7: According to Equation (4.36) of proposition 6, ¢/ ‘//\;\T;L is
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consistent for ¢/ V)\_ib since we have:

Via = LIVA_,i +0Op (a_lL_l/Q) +0Op (a—15—1/2)

,Q

On the other hand, we can use the Delta method to obtain:

T
5
Q
NG

|
2

(L,V):;L)il — (L/V/\_’;L) 2y <YA/)\_01 — Vgi) L
= (L,V/\jil/)_l + 0, (oz_lL_l/Q) +0, (04_15_1/2)

This yields immediately:

-1
e = (L/VA_1L> ATA
_ (L/V/\le)ﬂ I/IV)\Tl L0, (oflLfl/Z) L0, (Oflsq/z)

Furthermore, using Equation (4.37) of proposition 6 yields:

e—

%:,a —my =0 (Ozmin(l’ 21)) + 0, (OFIL*IQ) + O, (0471571/2)

Hence 7} , is consistent for 73 provided that o, a *L=*% and a~'S~/2 go to zero as L and

S increase to infinity.

~(1) ~(1)

—~ !
Next, 8V = <9 (T1) ..., 0 (7’1)> . We have:

S
b, = D Balr)d ()
s=1
SUPRPNEY S )
= Z T (75)0 " (7s) + Z (7T)\oz (75) — ) (7'5)) 0" (7s)
s=1 s=1
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We first consider the second expression:

:]_S .
= 6> (R (ms) =5 (1)) + D (Fha (rs) — 75 (7)) (5(” (r,) — 90)

- ES: (Fra (T5) = T3 (75)) (5(1) (7s) = 90)

which shows that the last expression goes to zero faster than 7'/2 and only contributes to
the higher order variance.

Proof of Proposition 8: The joint CF of (r;,7,_1,...,741-4) is derived as follows:

r d
E |exp Z iTth+1—k) | {Vt—k}i:l
L k=1
r d
= E |exp Zim (o + 1 Vick + 0 (Vigrg — B (L —e7") — e "Viy) + a@&) | {Vt_k}ill
L k=1
r d 02 &
= F |exp Zim (1o — 0B (1 —e™™) + (g — 6e™) Ve + 6Viga ) — 76 ZT ) | {Vtk}Z:1]
L k=1 k=1
-y ,
= exp Z (m‘k (o — 08 (1—e™)) — 7572)]
L k=1
r d-1
xE |exp (@'Td (,ul — 56_”) Vica + (iTk (,ul — 56_”) + i7k+16) Viek + Z'7'15Vt> | {Vt_k}zll
| k=1

Hence:

— exp [zd: (nk[ —op(1—e n)}_%%)]

k=1

X exp [m'd ( — e " Vt d+ Z ZTk — de~ 'f) + iTk+15] Vi k

) de "
(1 — ”Tl) exp [(ZlTi fﬁé + 17 (Ml — 56_H) + i725> Vica

T10e "

Let uy = 716 and uy = G + 71 (pu; — de™ ") + 150. Taking the expectation with respect to
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Vi1 yields:
d
E |exp (Z ’57'k:7"t+1—k) | {W—k}z_zl
k=1
d 2
= exp [; (iTk [Mo —op (1 — e_”)} — ?T%)]
d—1
X exp lzrd ( — e " V} d+ Z zm — de” 'f) + iTk+15] Vi k
k=2
12U 1 .
(1 - T) E lexp (iugV;_1)]
d 52
= exp LZ; (m‘k [ —op (1 —e ”)} — 3‘57%)]
d—1
X exp [m’d ( — e " Vt d+ Z zrk —de” “) + z’Tk+15] Vi
k=3
. —q —q
X (1 — %) (1 — %) exp [iuzV;_s]
c c
where us = wz = 7 (11y — de ")+ 730. Integrating out recursively V;_, conditional on V;_3,

Vies conditlonal on V;_4 and so forth, we get:

E

d
exp (Z iTth+1k> |Vi—a
k=1
al o? jug\ Y
Hexp (iTk (o =68 (1—e )] — ?ET,C) (1 - 7)
k=1

X exp [itas1Vid

where:

uy = 7—15
U1 " k
U = 1_£uk71 + Tk—1 (/“l’l — de ) —|—T]€(5, k:2’7d
uge "™ . K
Ugy1 = - +17q (:u’l — oe )

1 — iU
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Finally, integrating out V;_, yields the joint CF of (r,...,7411-4):

E
k=1

oo (S| = o (=950 Tim -5 3A)
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Conclusion Générale

La présente these s’inscrit dans deux littératures voisines: 1’économétrie financiére et
I’économétrie théorique. Le volet économétrie financiére est abordé dans le chapitre 1 tandis
que le volet économétrie théorique est abordé dans les chapitres 2, 3 et 4. Le chapitre 3 est
une application de la théorie du chapitre 2 tandis que le chapitre 4 en est une extension. Les
quatre chapitres sont passés en revue ci-apres.

L’objectif du chapitre 1 est de proposer un modeéle de bruit de microstructure réaliste
qui servira de cadre pour étudier la qualité des estimateurs de volatilité intégré construits a
partir de données & haute fréquence. Le modeéle que nous proposons pour le bruit prévoit non
seulement qu’il peut étre autocorrélé jusqu’a 'ordre L, mais aussi qu’il peut étre corrélé aux
rendements efficients. En outre, nous formulons une hypotheése explicite sur la facon dont le
corrélogramme du bruit varie en fonction de la fréquence des observations m. Cette hypothese
implique, entre autre, que l'autocorrélation d’ordre un du bruit tends vers un lorsque m
tends vers I'infini. En formulant cette hypothése, notre but est de traduire le fait que les
observations sont de plus en plus rapprochées dans le temps lorsque m augmente. Ceci est une
innovation majeure comparée aux modeles qui consideérent une structure d’autocorrélation
invariante & la fréquence des observations.

Nous utilisons ce cadre pour dériver les propriétés de trois estimateurs couramment ren-
contrés dans cette littérature. Cet exercice préliminaire nous a permit de construire un
nouvel estimateur qui combine linéairement deux estimateurs aux propriétés différentes en
présence du bruit de microstructure: 'un est sans biais et se détériore a haute fréquence,
I’autre est convergent dans le sens que sa variance décroit lorsque la fréquence des observa-
tions croit. Par ailleurs, ’estimateur sans biais a tendance a étre le meilleur des deux lorsque
la magnitude du bruit de microstructure est faible. Les poids affectés aux estimateurs dans la
combinaison linéaire sont choisis de fagon & minimiser la variance de ’estimateur obtenu que
nous baptisons "estimateur shrinkage". Les simulations ont montré que ’estimateur shrink-
age a une variance plus faible que le meilleur des deux éléments de la combinaison linéaire.
Dans la partie empirique, nous testons si la mémoire maximale L de ’autocorrélation du
bruit augmente avec la fréquence des observations. Les données suggerent que si ceci est le

cas, L n’augmente pas plus vite que /m.
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Le chapitre 2 examine les propriétés théoriques de I'estimateur CGMM dans les modéles

IID ou Markoviens, 1'objectif étant de proposer un critére du choix du parameétre de régu-
larisation « dont dépend la fonction objectif. En effet, ce paramétre de régularisation a un
impact important sur erreur quadratique moyenne (EQM) de lestimateur CGMM. Nous
suivons une approche similaire & Newey et Smith (2004) pour dériver une expansion stochas-
tique de l'estimateur CGMM. De ce résultat, nous déduisons une expansion de 'EQM qui
permet de caractériser la facon dont celle-ci dépend de « & distance finie. Nous montrons que
I’estimateur CGMM est optimal lorsque a converge vers zéro & une certaine vitesse en fonc-
tion de la taille de ’échantillon 7. Nous proposons deux méthodes pour estimer le o optimal
en pratique, ce dernier étant défini comme celui qui minimise 'EQM. La premiére exploite
I’approximation analytique de 'EQM tandis que la seconde est basée sur une simulation de
Monte Carlo. Nous montrons que la seconde méthode délivre un estimateur v/7-convergent
de l'estimateur de . Des simulations de Monte Carlo basées sur un modeéle de frontiere
stochastique confirment qu’il faut accorder de 'importance & la sélection optimale de «.
L’objectif du chapitre 3 est de rendre I'utilisation du CGMM accessible aux praticiens.
Nous avons donc choisi d’illustrer la théorie du chapitre 2 dans le cadre de modéles Markoviens
pour lesquels la dimensionnalité des intégrales de la fonction-objectif est au plus égale a 2.
Dans ce cas, les quadratures de Gauss-Hermite peuvent étre utilisées avec efficacité. Nous
commencons par réviser la théorie du CGMM. Ensuite, nous exposons des recettes numériques
utiles. Enfin, nous proposons un exercice de simulation basé sur la loi stable et une étude
empirique basée sur un modeéle de variance autorégressif Gamma. Certains parameétres de la
loi stable ne sont pas identifiés lorsque le parameétre de stabilité est proche de 2. Lorsque le
parameétre de stabilité est proche de la zone de non identification, les distributions exactes
des estimateurs CGMM ne sont pas gaussiennes mais peuvent étre obtenue par simulation de
Monte Carlo. Dans la partie empirique, nous testons I'existence d’une liaison positive entre
rendement et risque espéré ainsi que d’une liaison négative entre rendement espéré et risque
non espéré. Un modele autorégressif Gamma d’ordre 1 est utilisé pour séparer un proxy
de la volatilité intégré entre son espérance conditionnelle et une innovation. Le proxy de la
volatilité intégrée est obtenu & partir de données a hautes fréquence selon les méthodes du
chapitre 1. Nos résultats indiquent que ces liaisons existent, mais la largeur des intervalles

de confiance limitent la portée des résultats.
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Le chapitre 4 vient combler un vide laissé par le chapitre 3. En effet, le temps de calcul de

I’évaluation de la fonction objectif du CGMM par les quadratures augmente exponentielle-
ment en fonction de la multiplicité des intégrales présentes dans I’expression de la fonction
objectif. Dans les modéles non markoviens ot I’on souhaite conditionner sur plusieurs retards,
cette multiplicité augmente linéairement avec le nombre de retards et avec la dimensionnal-
ité du modele. Etant donné que la fonction-objectif doit étre évaluée itérativement lors de
I’optimisation numérique, la mise en oeuvre du CGMM devient vite laborieuse, voire impos-
sible dans les modeles de dimensions d > 3. La solution proposée consiste a fabriquer des
échantillons univariés & partir de combinaisons linéaires du vecteur initial d’observations, les
poids de la combinaison linéaire étant tirés aléatoirement dans un sous-espace normalisé de
R9. Chaque échantillon ainsi généré peut servir a estimer le paramétre d’intérét 6, 4 moindre
cotit. Enfin, 'ensemble des estimateurs qui en découlent peuvent étre combinés linéairement
pour obtenir un estimateur final. Cette nouvelle méthode d’estimation est baptisée "re-
échantillonnage dans le domaine fréquentiel". Dans la suite de I'article, nous discutons de la
régle d’agrégation optimale et nous proposons une marche a suivre pour son implémentation.
Nous conduisons une simulation de Monte Carlo basé sur un modele & facteur autorégressif
Gamma. Dans ce modeéle, le rendement d’un actif est exprimé comme une fonction linéaire
d’un facteur de risque latent, ce dernier étant a son tour modélisé comme un processus autoré-
gressif Gamma d’ordre 1. Il est & noter que le facteur de risque ne se confond pas exactement
avec la volatilité des rendements. Lorsqu’on marginalise le modéle, la dynamique des rende-
ments n’est plus markovien. Pour étre efficace, le CGMM doit donc se baser ici sur la fonction
caractéristique d’un vecteur de L observations consécutives, pour L assez grand. Les résul-
tats de la simulation indiquent que le re-échantillonnage dans le domaine fréquentielle est une
méthode d’inférence fiable qui élargit un peu plus le champ d’utilisation du CGMM. Nous
proposons une étude empirique pour cloturer ce chapitre. Dans cette étude, nous reprenons
la problématique de la partie empirique du chapitre 3 et utilisons un modeéle autorégressif
Gamma d’ordre p a la place du modele autorégressif d’ordre 1. Nous observons une réduction
importante des intervalles de confiances des estimateurs des parameétres décrivant la liaison
entre le rendement et la volatilité. En outre, nous constatons que le filtre autorégressif de
la volatilité qui découle de cette modélisation pourrait étre utilisé pour séparer la volatilité

entre la partie continue et les sauts.
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Deux avenues de recherches peuvent étre explorées dans le futur. La premiére consisterait
a explorer I'extension des idées du chapitre 1 au cas multivarié, c’est a dire a I’estimation
des matrices de covariances intégrées en présence de bruit de microstructure multivariés. Ce
travail exigera surtout un travail d’adaptation des hypotheéses formulées ici aux cas multidi-
mensionels. La seconde avenue de recherche est en relation avec les trois derniers chapitres de
la these et consiste & établir une analogie théorique entre ’estimation de densité par noyaux
et le CGMM. Parallélement, un travail de promotion de l'utilisation des CGMM dans des

domaines variés mérite d’étre fait.



