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Abstract

In this thesis we consider a variation of the Mahler measure where the defining integral is
performed over a more general torus. Our work is based on a tempered family of polynomials
originally studied by Boyd, Py(z,y) = = + % +y+ i + k with k£ € R>4. For the k = 4 case
we use special values of the Bloch-Wigner dilogarithm to obtain the Mahler measure of P,
over an arbitrary torus T2, = {(z,y) € C* x C* : |z] = a, |y| = b} with a,b € Rs. Next we
establish a relation between the Mahler measure of Py over a torus Ti va and its standard
Mahler measure. The combination of this relation with results due to Lalin, Rogers, and
Zudilin leads to a formula involving the generalized Mahler measure of this polynomial given
in terms of L'(F,0). In the end, we propose a strategy to prove some similar results for the
general case k > 4 over T, , with some restrictions on a, b.

Keywords : Mahler measure, Bloch—Wigner dilogarithm, L-functions of ellip-

tic curves, arbitrary torus, regulator.






Résumé

Le présent mémoire traite une variation de la mesure de Mahler ot 'intégrale de définition
est réalisée sur un tore plus général. Notre travail est basé sur une famille de polynomes
tempérée originellement étudiée par Boyd, Py (z,y) = z+ % +y+ % +k avec k € R>4. Pour le
k = 4 cas, nous utilisons des valeurs spéciales du dilogarithme de Bloch-Wigner pour obtenir
la mesure de Mahler de P, sur un tore arbitraire T2, = {(z,y) € C* x C* : |z| = a, [y| = b}
avec a,b € R.y. Ensuite, nous établissons une relation entre la mesure de Mahler de Py
sur un tore Ti, Ja et sa mesure de Mahler standard. La combinaison de cette relation avec
des résultats de Lalin, Rogers et Zudilin conduit & une formule impliquant les mesures de
Mabhler généralisées de ce polynéme données en termes de L'(F,0). Au final, nous proposons
une stratégie pour prouver des résultats similaires dans le cas général k > 4 sur T7, avec
certaines restrictions sur a, b.

Mots clés : La mesure de Mahler, la dilogarithme de Bloch—Wigner, les fonc-

tions L des courbes elliptiques, un tore d’intégration variable, régulateur.
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Introduction

0.1. Mahler measure

The (logarithmic) Mahler measure of a non-zero rational function P € C(zy,...,x,) is
defined by
1 dxq dx,,
P)=m(P(z1,...,2,)) i= — [ log|P(x1,...,2n) | — - —=,
W (P) = m(Ple....a) i= s [ ogP(ar, ) 52
where T" = {(x1,...,2,) € C* x C* x -+ x C* : |z1| = -+ = |z,| = 1}. We define the

Mahler measure as M (P) = e™),
In the early 80’s Smyth [42] discovered the following remarkable identity, which is one of

the initial formulas for multi-variable cases:

m(z+y+1)=L'(x_3—-1) = i—\fL(Xg, 2), (0.1.1)

where
- 1 n =1 (mod 3),
L(x_3,8) = Z X;gm with x_3(n) =4 —1 n=—1 (mod 3), (0.1.2)
" 0 n =0 (mod 3),

is a Dirichlet L-function. Smyth also extended the above example to three variables (the

calculation can be found in the Appendix of [16]):

7
m(1+x+y+z):2—ﬂ2 (3).

Interest in Mahler measure of several variable polynomials arose in connection to the
identities proved by Smyth [42].
When n = 1, Jensen’s formula (see 1.1.1) gives the identity

M(Q) = |col H |83l (0.1.3)

|Bi|>1



where Q(x) = ¢o [[}_,(z — ;) is a polynomial in C[z]. This quantity was introduced first by
D.H. Lehmer [33] in early 1930’s while investigating methods to find new large primes. He
was interested, after Pierce [36], in the factors of the integers A,, = [];_,(5" — 1) associated
to a monic polynomial @ € Z[x] defined as Q(z) = Y1, cniz’ = ¢o [[1-,(x — 53;). Lehmer
checked that A,, grows with m roughly like M (Q)™. It is easy to see that for Q) € Z[z] we
have M(Q) > 1. A polynomial in Z|z] is called primitive if the coefficients have no non-trivial
common factor. If @) is a primitive polynomial such that M (Q) = 1, then a classical theorem
of Kronecker [26] establishes a relation between the roots of @ and the fact that M(Q) = 1.
Theorem 0.1.1 (Kronecker [26]). If P is a primitive polynomial and P(0) # 0 then M (P) =

1 occurs only if all the roots of P are roots of unity.

PROOF. Let
d
“Yus
r=0
is a primitive polynomial with aqag # 0, and the roots of P are aq,as,...,ay. Then we

consider the family of polynomials

d
HiL‘—Oz =z —i—mex.
7j=1

Condition M(P) = 1 implies that |as] = 1 and |o;| < 1 for j = 1,2,...,d. Indeed, from
(0.1.3) we get 1 = M(P) > |aql, and as a4 € Z\ {0} we have a4 = £1. Similarly, if any of the
roots of P has modulus greater than 1, then by (0.1.3) we get M (P) > 1, which contradicts

M(P) = 1. Now, since |aq| = 1, ag is a non-zero integer and |ag| = |aq] - ‘H?Zl aj| <1, we

also get that |ag| = 1 and || = 1 for j = 1,2,...,d. This implies that the coefficients of
P are bounded above by 2¢. Let K/Q be the splitting field of P. As Galois conjugates of
the roots of P, are also roots of P,, we obtain that 7(P,(z)) = P,(x) for all 7 € Gal(K/Q),
and therefore, P,(z) € Q[z] for all n € N. Now, notice that each «; is an algebraic integer,
because either P or —P is a monic polynomial in Z[x] such that P(a;) = 0. Then, each o
is also an algebraic integer for n > 1, and so are the coefficients of P,, because they are
elementary symmetric polynomials in of, a3, ..., aJ. In other words, each b, ,, is an element
of ZNQ = 7Z, where Z is the ring of all algebraic integers. Therefore, P,(x) € Z[z] for
all n > 1. Also, the fact that |oz ’ 1 for all n € N and j € {1,2,...,d} implies the

coefficients of P, are bounded by 2¢ for all n. Since the coefficients of P, are integral, there



are finitely many choices for them. This shows that the family {P,},>; has finitely many
elements, and therefore, by pigeonhole principle we must have P, = P, for some 1 <[ < t.
Let R, = {a} : 1 < j < d} be the set of roots of P, for all n > 1. Then, the two sets R; and
R; must be equal up to a permutation, i.e

1t
o, = Oéo_(

J J)

for j = 1,2,...,d and 0 € Sy, where S; is the symmetric group of degree d (group of all

permutations on d symbols). Let m be the order of ¢ in S;. Then we have

ym—1 m—1 tym—2 tm—2

aj =(05)  =(agy) = (o) = (%) == ey = 5
for 1 < 5 < d. This implies that
af" " =1,
i.e. each a; is a root of unity, and thus deducing Theorem 0.1.3. U

In other words, if @) is a primitive polynomial then we get M (@) = 1 only when Q(x) is a
power of z times a product of cyclotomic polynomials in x. In light of this Lehmer proposed
the following question regarding the Mahler measure of a single variable polynomial:

Is there a constant C' > 1 such that for every polynomial P € Z[x] with M (P) > 1, we have
M(P)>C?

The smallest value he was able to find was
Mz +2° — 2" —2® —2® -2 —2® + 2+ 1) = 1.17628081 . . .,

which is still the smallest known positive value of M (P). Lehmer’s question remains open
nowadays.

We can define the Mahler measure of an algebraic number ¥ in the following way. Let
Py(x) € Z[z] be the minimal polynomial of ¥). Then Mahler measure of ¢ is defined as
M (V) := M(Py). In fact,

_ log(M(¥))
h) = degree of Py’

where h(0) is the Weil (or absolute) height of 9. In the Appendix we will provide a derivation
of the above fact.



Cassaigne and Maillot [34] generalized the formula found by Smyth to m(a + bz + cy)
for arbitrary complex constants a,b, and c. If |al|, |b|, and |c| are the lengths of the sides of

a planar triangle while «, 3, and ~ are the respective opposite angles then

mm(a + bz + cy) = alog|a| + flog |b| + vlog |c| + D (%eic) ,

where D is the Bloch-Wigner dilogarithm (for definition see (0.3.1)). Alternatively, when

lal, |b], and |c| are not sides of a triangle we have
m(a + be + cy) = logmax{Jal, b], e}

Boyd [17] systematically examined families of polynomials associated to elliptic curves,
and found numerical connections between their Mahler measure and special values of their

L-functions. For example, Boyd considered the following family of two-variable polynomials,
1 1
Pulz,y) =+ —+y+-+Fk
r Y

where k is a parameter in C.
We know that for & # 0,4, Cy : P, = 0 is a genus one curve which is birationally
equivalent to an elliptic curve Ey (), where N (k) denotes the conductor. For k integral Boyd

numerically found many formulas of the form
m(Py(z,y)) = reL By, 0), (0.1.4)

where 7, is a rational number of low height, and the question mark stands for a numerical
formula that is true for at least 20 decimal places. In this thesis we consider the cases where
k € R.4. The computation of Mahler measure for the case k = 4 is simpler.

Deninger [23| bridged the gap by showing how to interpret m(P) as a Deligne period of
mixed motives when P(z,y) does not vanish on T”. In fact, identities such as Smyth’s and
Boyd’s (conjectured) can be demystified by combining Deninger’s method and the Beilinson
conjectures. Rodriguez-Villegas [37] further investigated this connection, and proved some of
these formulas involving P, when the associated elliptic curves have complex multiplication
and k?> € Z. The case k = 4, for which C} is a genus 0 curve, is very similar to that of
Smyth’s. Indeed by direct manipulations of the integral defining m(F;) Boyd [17] showed
that

m(Py) = 2L (x4, —1),



where y_4 is the quadratic Dirichlet character of conductor 4. A detailed computation of

m(P,) can be found in [22], where it is shown that
mm(Py) = 4D(1),

where D is the Bloch-Wigner dilogarithm (defined in (0.3.1)). We note down in Table 0.1
some identities of this kind which were proved by Bosman|[14], Bertin [3, 4, 8, 9|, Touafek
[44, 45, 46] et al. The family of polynomials considered in that table are:
Qi(w,y) = 9> + (2* +ta® + 2t + to + 1)y + 2*,
Ty(w,y) = (x + 1)y’ + (2 + pr + D)y + (¥ +x),
Mj(z,y) = y*(x + 1)° +y(2® + jr + 1) + (z + 1),

with ¢, 7 € C and p € Z. Recall that y_4 is the quadratic Dirichlet character of conductor 4
and x_3 is defined in (0.1.2).

Identities Author(s) Year
m(Qs(z,y)) = 4L (x—4,—1) J. Bosman 2004
m(Q_1(x,y)) = 2L (x—3, —1) J. Bosman 2004
m(Ms(z,y)) = $L'(x—4,—1) N. Touafek 2008
m(75(x,y)) = 2L (x—3,—1) | M. J. Bertin and W. Zudilin | 2015

Table 0.1. Identities of the form m(P) = rL'(x,s) with r € Q

Further identities like (0.1.4) were proved by Bertin and Zudilin [8, 9], Brunault [18,
19, 20|, Lalin |7, 28, 29, 30|, Rodriguez-Villegas [37, 38|, Mellit [35], Rogers and Zudilin
[39, 40| et al. Some of those results are gathered in Table 0.2. The family of polynomials

considered in that table are:
1 1
Py(z,y) =+ —+y+—+k,
z Yy

Rou(z,y) = (1+2)(1 +y)(z +y) — may,
Tp(z,y) = (x + 1)y* + (¢® + pr + D)y + (2 + ),

with £,m € C and p € Z. Here Ey represents an elliptic curve of conductor N.



Identities Author(s) Year

m(P, 5(x,y)) = L' (Ee4,0) F. Rodriguez-Villegas 1997
m(Py 5z, y)) = L'(Es2,0) F. Rodriguez-Villegas 1997
m(P(z,y)) = L'(E15,0) M. Rogers and W. Zudilin 2010

m(Ps(z,y)) = 6L (E5,0) M. Lalin 2010
m(Py(x,y)) = L'(Ey,0) A. Mellit 2011

m(Py(z,y)) = L'(FEy,0) M. Rogers and W. Zudilin 2012

m(Ry(z,y)) = 2L/ (E,0) M. Rogers and W. Zudilin 2012
m(P;(x,y)) = 2L/'(E17,0) W. Zudilin 2014

m(Ps(z,y)) = 2L (E5,0) | F. Brunault, M. Lalin, D. Samart and W. Zudilin | 2015
m(Pia(z,y)) = 2L (Eys,0) F. Brunault 2015
m(T(x,y)) = L'(F14,0) M. J. Bertin and W. Zudilin 2015

Table 0.2. Some proven identities of Mahler measure of Boyd’s families of polynomials

We will now look into a different perspective for studying Mahler measures of several

variable polynomials.
0.1.1. Periods and Mahler measure

Kontsevich and Zagier [25| defined “Periods” in the following way.
Definition 0.1.2. A period is a complex number whose real and imaginary parts are values
of absolutely convergent integrals of rational functions with rational coefficients over domains
i R™ given by inequalities with rational coefficients.

We can replace “rational” with “algebraic” in the above definition to obtain a period, be-
cause the algebraic functions occurring in the integrand can be replaced by rational functions
by introducing more variables. It is easy to see that the set of all periods P is countable.

For example, 7 and ((s) (where s > 2 is an integer) are periods. Indeed,

1
4
71':/ ———dz,
o r¢+1



and ((3) has an integral representation as

/// dxdydz
0<;B<y<z<1 )yz

It is conjectured that 1, e and v (Euler-Mascheroni constant) are not periods.

Periods are intended to bridge the gap between algebraic numbers and transcendental
numbers. The class of algebraic numbers is too narrow to include many common mathemat-
ical constants, while the set of transcendental numbers is not countable, and its members
are not, generally computable.

For many purposes it is convenient to widen our previous definition and consider also
elements of the extended period ring P = P[ﬁ], which is an algebra. In particular,
it follows from the definition that the (logarithmic) Mahler measures of polynomials are
elements of P. Zagier noted that L-functions of elliptic curves at some special integral values
produce examples of periods, and it is also conjectured that any two integral representations
of a period can be obtained from each other just by using additivity of integrals, changes of
variables, or Stokes’ theorem. In other words, proven identities in Table 0.2 regarding the
relationships between Mahler measure of polynomials and special values of the L-functions
of certain elliptic curves are some of such examples.

In a series of papers [5, 6], Bertin derived identities between the Mahler measure of a
polynomial defining an elliptic K3 surface and L(f,3) for some associated newform f of
weight 3. In fact, Kontsevich and Zagier argued in [25] that, for a modular form f of weight
k> 2, L(f,m) € P for all m > k (as well as for the critical values 0 < m < k). If f is also

a Hecke eigenform and k is even with

- /Oo f)e =t dt = —L*(f, k — s) / flat)t 1,
0

then L'(f,k/2) € P.

Periods can also be seen as the values of integrals of algebraically defined differential forms
over certain chains in algebraic varieties. If these forms and chains depend on parameters then
the integrals, considered as functions of the parameters, typically satisfy linear differential
equations with algebraic coefficients, such as Picard—Fuchs differential equations for elliptic
curves whose solutions describe the periods of the elliptic curves. Special values of the
solutions of these differential equations at algebraic arguments produce examples of periods.

For example, consider the family of elliptic curves over C given by the Legendre equation



E, :y*=z(z — 1)(z — \) with X\ € C. The period integrals of this family are

/ \/a:a:—l x—N) / \/:cx—l )z —N)

They are examples of periods when A € Q \ {0,1}. For example, if A\ € Q.; is a positive

rational, then we have

1 dr [t dx
R e e v

= z// dxdv,
{A<z<L1}n{v2z(1—2)(z—X)<1}

and therefore, this is a period according to Definition 0.1.2. The period integrals also satisfy

the Picard-Fuchs differential equation for E)

A = D) + (23— DY) + im) —0.

N /100 NEE —df)(x vk (% % ; A) ’

where F'(a, b, c; ) is the Euler-Gauss hypergeometric function. It is defined as

Also,

F(a,b,c;x) i (@)n( (where (t), :=t(t+1)---(t+n—-1),(0),=1), (0.1.5)

— (c an!

for a complex variable z, and a,b,c € C with ¢ € Z<,. The series converges absolutely for
all |z| < 1. It has a continuation as a single-valued function of x in the complex plane from
which a line joining 1 to oo is deleted. If a,b,c € Q, and ¢ ¢ Z<y, then the differential
equation satisfied by the Euler-Gauss hypergeometric function is also of Picard—Fuchs type.
The next theorem shows that, given certain conditions on a, b, ¢ and z, F(a,b,c;x) admits
an integral representation [2].

Theorem 0.1.3 (1|, Theorem 2.2.1). If |x| < 1, a,b,c € C* with ¢ ¢ Z<y and
min{Re(a), Re(b), Re(c — a)} > 0, then we can express F(a,b,c;x) as

F(a,b,c;x) = %/{) Y1 — ) (1 — 2y) Pdy, (0.1.6)

where I'(+) denotes the Gamma function. Here it is understood that argy = arg(l — y) = 0,

and (1 — 2y)~° has its principal value.



A proof of Theorem 0.1.3 is provided in the Appendix for the sake of commpleteness.
Since the integral in (0.1.6) is analytic in C\ [1, c0), the above integral representation may be
viewed as the analytic continuation of F), as a function of z, outside the unit disc, but only
when Re(c) > Re(a) > 0 [1]. Given the conditions on a,b, ¢ in the statement of Theorem
0.1.3, if we also consider Re(c—a—0b) > 0, then the series in (0.1.5) also converges absolutely
when |z| = 1. In fact, as x approaches 1, the equation (0.1.6) yields ([1], Theorem 2.2.2)

I'(e)l'(c—a—Db)
['(c—a)l'(c—b)

F(a,b,c;1) = (0.1.7)

Indeed, for a,b,c € C* with ¢ & Z<y, and min{Re(a), Re(b), Re(c — a),Re(c —a —b)} > 0,

we have

lim F(a,b,c;x) = lim
z—1— rz—1—

F<C) 1 a—1 c—a—1 b
{m/o y' (=) (1 —ay) My |

[1—2|
1—|z|

application of Abel’s Limit Theorem (see Theorem (A.2.1) in the Appendix) yields that the

where |z| < 1 and z tends to 1 in such a way that remains bounded. Then, an
above limiting value of the power series F'(a,b,c;z) is in fact F(a,b,c;1).

For x algebraic with |z| < 1, Zagier [25] showed that

r 1 1 .
F(a,b,c;x) = 9 ) / Y 1 —y) T (1 —ay) Py € ;7’ CP,
0

Fa)'(c—a

when a,b, c € Q" with ¢ € Z<,. For example, if we evaluate F'(a,b,c;z) at a =b = %, c=2,
and x = 1 using (0.1.7), we obtain F (%, %,2; 1) = % € P. Rodriguez-Villegas [37] showed
that this type of hypergeometric functions is directly related to the Mahler measure of multi-
variable polynomials.

It would be interesting to obtain connections among Mahler measure of polynomials,
periods and special values of L-functions of elliptic curves or modular forms or characters.

Including these particular relationships Kontsevich and Zagier gave a more detailed and

thorough discussions on periods in [25].

0.2. Mahler measure over arbitrary tori

Let a = (a1,...,a,) € (Ryo)” and T =T7 ={(z1,...,2,) €C*xC* x--- xC*:

Alyeeey an

|z1] = a1,...,|zn| = an} = Ty, x --- x T, , where T,, := {x € C : |z| = a;}. Then the



Mahler measure of a non-zero rational function P € C(xy,...,z,) over T? is defined by

dxq dz,

1
an (P) =g, 0, (P(21,...,2,)) i= — log |P(x1,...,2,)|— - —.
o (P) =t (Par, o) = e [ g P (o) |52

n
a

The formula found by Cassaigne and Maillot in [34] can be interpreted as mg; .(x+y+z).
Some cases of the formulas due to Vandervelde (47| for the Mahler measure of agzy + a2z +
asy + a3 may also be viewed in this context.

Lalin and Mittal [31] explored this definition to obtain relations between polynomials

mentioned in Boyd’s paper [17], namely

Roy(z,y) = 1+2)1+y)(r+y)+ 22y,
So_1(z,y) =y*+ 2y — 2° +z,

over Ti% . and ']I‘aq respectively for some values of ¢ € R+.

Our goal is to investigate this definition for other polynomials, specifically for the par-
ticular family of polynomials due to Boyd Py(z,y) = = + % +y+ % + k, where k € R>y4. To
prove the theorems in this thesis we will follow a direction similar to the one used in [31].
The results we got here depend on the genus of the family of curves Cy : Py(z,y) = 0. In
particular they involve L-functions of elliptic curves when the genus is 1, and the Bloch—
Wigner dilogarithm when it is 0. Rogers and Zudilin [40], Lalin [30], Lalin and Rogers [32]
showed formulas of the form m(Py(z,y)) = L' (Enw),0) for k = 1,5,8,16, where 1, € Q*.
We explore the k = 8 case over the torus Ti Jar The calculations for £ = 5,16 in a similar
setting will follow from the previous case. In fact the calculations that we have provided for
the case k = 8 also hold for all k£ > 4.

Let ap = (5—2v2) +/(5—2v2)" =1 = 4.0991954.... In this thesis, we explicitly

showed that for a € [é, ao]

m,,a(yPs(,y)) = m(yPs(z,y)) = 4L'(En(s), 0), (0.2.1)
where Eyg)(X,Y) == V2 — X (X2 + (% — 2) X + 1) is an elliptic curve of conductor

N(8) = 24. Notice that Ps(x,y) = Ps(y,z). Therefore, we have m(FPs(z,y)) = m(Ps(y,x))

from the definition of Mahler measure. However, it is easy to see that m, . (Fs(z,y)) #
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m, /z(Ps(y,z)) when a # 1. Indeed, we have
1 1
m,, /a(Fs(2,y)) = m(Ps(z,y)) - Sloga =m(B(y,z)) - 5 loga,
ma,\/a(PS(yax)) = m(PB(ya .77)) - lOgCL = m<P8<x7y)) - lOg&a

for certain values of a € R.y. On the other hand, we have

mg, a(yPs(z,y)) = m(yFs(z,y) = m(yFs(y, z)) = m,, &y sy, ).

Therefore, we obtain an equality between a symmetric case, where the Mahler measure is
considered over Til, and a non-symmetric case, where the domain of the integral is TZ, va
with a # 1.

The results we got are restricted to the conditions on a for the case k > 4 due to technical
difficulties involving the study of the integration path, such as if it is closed or not, etc. These
results are similar to some earlier formulas from [28] that involve a single varying parameter
and relate the Mahler measure of some polynomials to polylogarithms.

By changing variables, namely z — ax and y — \/ay, we get the same results in terms of
non-tempered polynomials (see Definition 1.1.5). The fact that we cannot apply K-theory

framework in this case makes it very interesting on its own.
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0.3. Main Theorems

Pi(z,y)=z+14+y+ i + k is a family of Laurent polynomials in z and y with k£ € C.
We restrict ourselves to those cases when & € R>,. In this thesis we prove two theorems
involving two particular cases when k = 4, corresponding to a genus 0 curve, and k = §,
where we have a genus 1 curve.

We generalize some of the results numerically found by Boyd [17] concerning the connec-
tion between Mahler measure of Py(z,y) = z+ % +y+ i + k and special values of L-functions
of elliptic curves associated to Py, where x and y take values in an arbitrary torus. Our fam-
ily of polynomials is a tempered family (for more details see Definition 1.1.5 Section 1.1.3).
Therefore, Deninger’s [23| observation regarding the general conjectures of Bloch—Beilinson
about predicting the connection between the standard Mahler measures of some two-variable
polynomials P(x,y), when their zero loci define genus one curves, and the special values of
L-functions of the corresponding elliptic curves holds here.

We now state the theorems which we will prove in the next chapters, and then in later
sections we will predict and, in some cases, prove similar results for a more general case,
namely when k& > 4.

Let a and b be positive real numbers. We consider the torus T, = {(z,y) € C* x C* :
|z = a,[y| = b}.

We denote the Bloch-Wigner dilogarithm by D(z), which is defined for z € C as

D (z) =1Im (Lis (2) + iarg (1 — 2)log|z|), where Liy (z) = — /OZ w

dv.  (0.3.1)
Note that if z € R.; then D(z) is still well-defined. Indeed, the function Lis(z), extended
to C\ [1,00), jumps by 2imlog |z| as z crosses the cut. Thus the modified function Liy(z) +
iarg(l — z)log|z| is continuous, where arg denotes the branch of argument lying between
—m and 7. The Bloch-Wigner dilogarithm is continuous in C U {co}, with D(c0) = D(0) =
D(1) = 0. In fact, it is real-analytic in C\ {0, 1}.

Now we can state our first theorem.

Theorem 0.3.1. Let a and b be positive real numbers. If —1 < Atab@a=b) < 1 4nd ab # 1,

2v/ab(a+b)
: . (+4ab)(a=b) , m . . (1+ab)(a=b) _ .
we define sina = “aboth) with a € [—5,0), when b > a, and sin § = “Iablath) with

B e (0, g), when b < a. Then, for k = 4, the values of

1
Ra,b = 5 [ma,b <P4($,y)) + lOg b]

12



are given by the following table:

Condition 1| Condition 2| Extra conditions | Values
b=a L (2D (ia)
- (log \/@) tan ! (2@) )

~1<sina<0 %(D (i\/@e_m) +D (imébl)

b>a — (log V ab> tan~! <2‘/£’%> )
(1t+ab)(a=b) _
ab 7é 1 m < -1 0

0<sing <1 %(D (i\/@e—zﬂ> D (z'\/%eiﬂ)

b<a — (log V ab> tan! (2‘/55—_‘:‘;55> )
(1+ab)(a—b)
2v/ab(a+b) >1 0

b=a 2D (i)

ab=1 b>a %(D <_e—2“°“( Z))

b<a %<D <_e—2“0t‘1(\/3))

+D (62“‘“‘1( Z)) )

Table 0.3. Values of R,

Recall that ag = (5 — 2\/5) + \/(5 — 2\/5)2 —1=4.0991954 . ... We have the following
theorem:

Theorem 0.3.2. If k=8 and ~ < a < qg then

ag

m, e (Y (r,y) = m (yFs (z,y)) - (0.3.2)

13



Moreover,
1 , 1
m, s (Ps (x,y)) =m (P (x,y)) — 3 loga = 4L'(En(s),0) — 3 log a, (0.3.3)
where

82
Eng(X,Y)=Y*-X (X2 + (Z — 2) X + 1)

is the Weierstrass form of an elliptic curve of conductor N(8) = 24.

In fact, it is enough to prove (0.3.2) in order to deduce Theorem 0.3.2.

PROOF OF (0.3.2) IMPLIES (0.3.3). In order to prove this implication we consider the equal-

ity
m (P (z,y)) = 4m (P, (z,y)), (0.3.4)

which was proven by Lalin and Rogers in [32] building on work of Kurokawa and Ochiai in

[27]. Later Rogers and Zudilin showed in [39] that
m (P (z,y)) = L'(En), 0). (0.3.5)
Combining (0.3.4) and (0.3.5) we obtain
m(Ps(z,y)) = 4m(Py(z,y)) = AL (En(s), 0). (0.3.6)

Now, from the definition of Mahler measure we have

dx dy
Y

m(y (7, y)) = / log [y P (, y)

1
(27T )”

dx d
log |y Ps (x, y) atd
z|=1,|y|=1 Yy

dr d
log | Ps (z,y) ——y

z|=1,]y|=1

= m(Pg(x, v)), (0.3.7)

14



where the penultimate step follows from the fact that log|y| = log1 = 0 when (z,y) € T

From the definition of Mahler measure over the torus TZ Ja we also have

dx dy
)

/ / log |y Ps (x, y)
(271)* JJej=ay=va
log | Ps (2, y) |7? +log (V)

1
m, a(yPs(r,y)) = (2m.>2 / 1og\yPs(:v y)

dx dy

|z|=a,ly|=va

1
= maﬂ/&(Ps(,I” y)) ‘l— 5 log a, (038)

where again the penultimate equality follows from the fact that log |y| = log (v/a) = 1 5loga

2 dm@ _
when (z,y) € T2 va» and (27”)2 | f wl=alyl=va =y — 1 Therefore, if we can show that, for
o Sa<a,

mg /z (yPs (7, y)) = m (yF (7,9)),

then a combination of the equalities in (0.3.6), (0.3.7) and (0.3.8) yields

1 1
Ina,,\/a (PS (27, y)) =1 (PS (I, y)) - 5 IOgCL = 4L/<EN(8)7 0) - 5 lOg a,
and thus proving (0.3.2) implies (0.3.3). O

Let

2

k
EN(k)ZY2:X3—|— (Z—2> X2—|—X,

where k # 0, £4. Rogers and Zudilin [40| showed that

1 1
Note that Ene), En(s), and

z)(2+X

EN(1)2Y2:X3— 1

are isogenous elliptic curves of conductor 15. Following the discussions in [32] we can ex-

plicitly describe these isogenies.

Let E:y?> =x(2?+ax+0b) and B’ : y? = 2/(2” — 2a2’ + (a® — 4b)) be two elliptic curves
over C) with a* — . There is a well-known isogeny of degree
C) with a® — 4b # 0. There i 11-k isogeny of degree 2

Vv E— F

15



defined by

gy | (BHE) when @) 2 00),
7 Op when (z,y) = (0,0),

and ¥(Og) = Opg, where Op and Op are the identity elements of the additive groups
(E(C),+) and (E'(C),+), respectively. By using this we get the following isogenies [32]:

1) Y1, F 1\ — Enan2), which is defined by
: N(2(n+2)) (4n?)

(X.Y) — X(n*X +1) _n3Y(X2+2n2X+1)
T n2+X (n?+ X)? ’

(2) Yo EN(Q(M%)) — EN(%) given by

n

(X,Y)— (X<n2 +X)  Y(rPX 42X + n2>>

n?X +1 ° n(n?X 4+1)?

Now if we take n = %, then (1) gives an isogeny @/}17% : En5) — En(1), which is defined
by

(XY) s (X(X+4) Y(2X2+X+2)>

AX+1 7 (4X +1)

From (2) we obtain an isogeny 1,1 from Ens) onto Ey(ig) given by

X(1+4X) 8Y(X2+8X + 1))

<X’Y)H< X144 ' (X tap

We can construct an isogeny from Ex(6) onto En (1) by composing ¢, 1 with the unique dual
isogeny of 1, 1.

In her paper [30] Lalin showed that

m(Ps(z, y))
6

m(P16(SUay))‘

= m(Pi(a,y) =

Therefore, we can follow a similar manipulation as in the proof of our theorem, for the case
k = 8, to obtain that, for by = 5+ 2v/6 and ¢y = T2VEy (7_2\/5)2_4, we have

2

1 1
m, /a (Pig (x,y)) = 11L’(EN(16),0) — §log a, for a € (b—,bo) ,
0

and

1 1
m, s (Ps(z,y)) = 6L (En(s),0) — §log a, for a € <C—,CO> ,
0

where En6) and Eys) are isogenous elliptic curves of conductor N(16) = N(5) = 15.
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0.4. Structure of this Thesis

A remarkable breakthrough involving the Mahler measure of several variable polynomials
was obtained by Deninger [23|, where he interpreted the Mahler measure of certain Laurent
polynomials P(x,y) as a regulator map r evaluated in a certain K-theory group at some

homology class. In other words, he showed that

m(P) = 5-r(©)(1))

where £ is a certain element in an appropriate group in K-theory, and [y] is an equivalence

class of paths (a homology class) in the curve P(z,y) = 0.

In Chapter 1 we describe this regulator map explicitly. In fact, we establish that the
Mabhler measure is the integral of a certain differential form 7, which corresponds to the
regulator map. The differential form 7 is closed in its domain of definition. For the case
k = 4, the curve Py = 0 is of genus 0 and 7 is exact. The integral of n over a path is
then given by a version of the dilogarithm which gives rise to special values of Dirichlet
L-functions. In essence of this, we recall some properties of the Bloch—-Wigner dilogarithm
and its relation with the closed differential form 7. In the case k > 4, the genus is 1. But we
see that 7 is not exact here. In this case a theorem of Bloch [11] relates the regulator to the
elliptic dilogarithm, which is conjectured to yield special values of the associated L-function.
We then describe the framework connecting the Mahler measures of polynomials and the
values of L-functions of their associated elliptic curves using the elliptic regulator. We start
with the discussion of Newton polygons and tempered polynomials. These definitions are
necessary for some technical conditions coming from K-theory. We continue to describe
some properties of the elliptic dilogarithm by introducing the diamond operator, which is
necessary to evaluate the regulator. Later we state the theorem of Bloch [11] which relates
the elliptic dilogarithm with the elliptic regulator, and therefore, with the Mahler measure.
We close the chapter with a discussion on Mahler measure over an arbitrary torus and its

relationship to the regulator.

In Chapter 2 we prove Theorem 0.3.1, where we consider the polynomial Py(z,y) over

TZ

oy for a,b € R.g. Following the discussion in Chapter 1, we concentrate on expressing 7 as

an exact differential form to calculate the regulator in this case, and relate it to the Bloch—

Wigner dilogarithm. In order to do so, we use a change of variables to factorize Py(x,y) as
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a product of linear polynomials in two variables and a monomial. We also show that the
linear polynomials have the same Mahler measure by using another change of variables. This
change of variables leads to a change on the integration torus from T7 , to T ;, where ¢, d can
be expressed as ¢ = vab and d = \/g . We do this because it is easier to express 7 in an exact
form when it is evaluated in linear polynomials. We state some results regarding the relation
between 1 and the Bloch—Wigner dilogarithm D that we need to deduce the theorem. Note
that the integral of an exact form over a path is determined completely by the endpoints
of that path (by Stokes’ theorem). Therefore, we calculate the endpoints of the integration
paths for different values of ¢ and d. After obtaining the Mahler measures of those linear
polynomials using these endpoints, we end the chapter by concluding the proof of Theorem

0.3.1 by establishing a relation between these Mahler measures and m, ,(Py(x,y)).

In Chapter 3 we consider the case k& > 4. The first part of Chapter 3 deals with the
proof of Theorem 0.3.2. As noted above, the differential form 7 is not exact in this case. In
favorable cases (when the integration path is closed), the integral of 7 can be computed by
means of the elliptic dilogarithm. This allows us to relate the Mahler measure of Py over an
arbitrary torus to the standard Mahler measure of P,. We first concentrate on calculating

the Mahler measure of Ps over ']I‘Z va with a € R.g. We choose Ps because m(Fg) is proven

)

to be related to L'(En(s),0) in this case |32, 39]. To achieve this we consider a birational
transformation ¢ between Py and Ey(g). In this context, we factorize yPs(x,y) in m[y],
and argue that if a + % < 6 then we can restrict the integral to only one of the well-defined
roots of yPs(z,y) in C(z). Next we determine the values of a such that the integration path
is closed. As the integral of n only depends on the homology class, we describe the homology
class of the integration path in H;(Eys), Z) using the invariant holomorphic differential w of
En) and the birational transformation ¢. This allows us to apply the theorem by Bloch to
evaluate the Mahler measure in terms of elliptic dilogarithm, and relate it with L'(Exs),0).
We then conclude our proof by evaluating the integral. In the next part of this chapter,

we describe some interesting results obtained by a similar calculation regarding the Mahler

2
a,b’

measure of P, over T7, when k& > 4 and a,b € R.y. We close the chapter with an explicit
calculation of m(Ps) using the elliptic dilogarithm and the diamond operator, for the sake

of completeness.
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In Chapter 4 we conclude this thesis with some comments on further questions related

to our results which can be pursued in the future.

The last chapter is an appendix where we include additional information on the homol-
ogy cycle mentioned in Chapter 3, which we believe provides a valuable perspective to the
discussion in that chapter in spite of not being strictly necessary in the proof. We also pro-
vide a statement of the Abel’s Limit Theorem, a proof of Theorem 0.1.3, and a derivation of
the relation between the (logarithmic) Mahler measure of an algebraic number and its Weil

height.
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Chapter 1

Prerequisites

We briefly review some necessary background in this chapter before proving the theorems

in the next ones.

1.1. The Bloch—Wigner dilogarithm and The Elliptic Regulator

In this section we first discuss the relationship between Mahler measure and dilogarithm
when k& = 4, and later for the case k > 4, we describe how Mahler measure and the regulator

are related.

1.1.1. Jensen’s Formula and applications

We recall a special case of Jensen’s formula. Let zy € C. Then

log | zo| |20| > 1,

1 dz
s log |z — zo|— =
21t z

0 |Z()| S 1.

Let C be a curve over C which defines a compact Riemann surface, and let C(C') be its

field of fractions. For f,g € C(C)* we define

n(f,g) :=log|fldargg —log|g|darg f, (1.1.1)

where dargz is defined by Im(%). Note that, 7 is a real C* differential 1-form on C'\ S,
where S contains all the zeroes and poles of f and g. The following lemma consists of some

useful properties of 1 which we will be using in later sections.

Lemma 1.1.1. Let f,g,h,v € C(C)* and a,b € C*. Then we have

(1) n(f,9) = —nl(g, f), i.e. n is anti-symmetric,



(2) n(fg, ) =n(f,h) +nl(g, h) +n(f,v) +nlg,v),
(8) n(a,b) =0,

(4) n is a closed differential form.

PROOF. The equality in (1) holds because

n(f,g) =log|f|ldarg g —log|g|darg f = —(log |g|darg f —log|f|darg g) = —n(g, f).

By definition of n we have

n(fg, hv) = log| fg|darg(hv) — log |hv|d arg(fg)

= (log | f| + log|g|)(darg h + dargv) — (log |h| + log |v|)(d arg f + darg g).

Expanding the last line gives the equality in (2).
As a, b are complex constants we have darga = dargb = 0, and thus proving (3).

From the definition of 7 in (1.1.1) we have

dn(f,g) =Im (dlog f A dlogg) = Im (% A %) .

But as C' is a Riemann surface, it has complex dimension 1. On the other hand,

(dlog f Adlogg) is a complex 2-form, and any complex 2-form of a Riemann surface is

0, i.e.
dn(f,g) =0.

This implies that 7 is a closed form, and thus proving (4).

Let P(x,y) be a Laurent polynomial in two variables. We can always multiply P(z,y) by

suitable power of y to get a polynomial in C(x)[y]. Therefore, we can assume that P(x,y) €

C(z)[y] is a polynomial of degree d in y, where d > 0. Then we can factorize P(x,y) over

W to get
P(z,y) =P (2)(y =y (2) (y —y2(2) - (v —va (x)),

where P* (x) € C[z] and y; := y, (z) is an algebraic function of x for j € {1,2,...,d}.
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We apply Jensen’s formula with respect to the variable y in the standard Mahler measure
formula for P(x,y), and we obtain

[ 08 1P (@) |5 = (P () (1.12)

dx d
27?2) / <Zlog|y vi (@ |) ?Jy

jf

1 d dx
=— log |y; (x) |—
2 z:: =Ly @z T

d

/ (2,33 (1.13)
|z[= 1|yg(x)|>1

m (P(z,y)) —m (P () =

1
27
where 7 is defined by (1.1.1), and

] dx
n(x,y;) = log |x|dargy; — log |y;|darg x = ilog |y;(x )I?

Here we used the fact that log |z| = log1 = 0 and £ = d(log |z| 4 i arg ), where we consider
arg(z) € [—m, 7).

Following the discussion in [37]| we define H;(Enk),Z)~ to be the subgroup of elements
in Hy(En), Z) which change signs under complex conjugation. Also let Hy(Enk),Z)" be
the subgroup of elements in H;(Enk),Z) which are invariant under complex conjugation.

Therefore, we have
H, (Exw),Z) = Hi (Exw),2)" ® Hy (Exw,Z) ",

a direct sum of two free Z-modules, as it follows from their definitions that these two com-
ponents are mutually exclusive.

Remark 1.1.2. If we integrate n(x,y) over a path in Hy(Eyq, Z)*, we will get 0. Indeed, the
path we are considering stays invariant under complex conjugation and m = —n(x,y).
Therefore, we are interested in showing the path {|x| = 1, |y;(x)| > 1} is closed, and a cycle
in Hi(Eng, Z)~ rather than just in Hy(Enag, Z).

1.1.2. Bloch—Wigner dilogarithm and Mahler measure

Following the discussion in the introduction we know that Cy : Py, = 0 is a genus 0 curve.
There is a certain relation between 1 and D (defined in (0.3.1)) which we can use to calculate

the integral in (1.1.2) to obtain the Mahler measure in this case.
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Lemma 1.1.3. Let C be a curve over C which defines a compact Riemann surface. Then,

for z,1 —x € C(C)*, we have

n(x,1 —xz)=dD (z). (1.1.4)

PRrROOF. Recall that

Lis(v) = — /OU log(1 — u)%, (1.1.5)

where we choose the branch of log(1 — u) defined in C\ [1, 00) such that log(1 — 0) = 0. We
will first prove (1.1.4) when C' = P!(C), i.e. we will show that if C' = P!(C) with parameter
t,i.e. C(PY(C)) = C(t), then

where t Z 0, 1, cc.

We now identify P'(C) with C U {occ}. For t,e € P!C) \ {0,1,00}, we know
that [ "n(u,1 — u) is path-independent. Indeed, it follows from Stokes’ theorem us-
ing the fact that n(t,1 — t) is a closed C*> differential 1-form on P!(C) \ T, where
T = {poles and zeros of t and 1 — ¢ in P}(C)} = {0, 1, 00}. Indeed, if 1,7, are two paths
joining € and ¢ avoiding all points of singularity of 7 in P!(C) and the branch cut [1,c0),

Lln(u,l—u)—LQU(u,1—u):An(u,1—u):/Adn(u,1—u):0,

where v = 71 U (—72) is a closed path passing through e and ¢, and € be the region closed

then

by v containing no singularities of n. In other words, we obtain

/%n(u@—u):/wn(ug_u).

We restrict € to (0,1) and define
¢
n(e) = tim [ o1 - ),

€

where the integral is taken over a path connecting e and t avoiding the point 0. Then, by

the definition of 7 we have

t t
h(t):lg%/g log\u|darg(1—u)—11_r>%/€ log |1 — uld arg(u),
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where we are assuming that arg z € [—m, 7). We also have

log(1 —u) =log |l —u| +iarg(l —u),

d
- dlog |u| + id arg u. (1.1.6)
u

We substitute v = ¢ in (1.1.5), and combine it with (1.1.6) to get that

t t
Im(LiQ(t)):—/ arg(1—u)d1og|u\—/ log |1 — uldarg u, (1.1.7)
0 0

where log(1 — u) is defined in C \ [1,00). As the value of the integral in h(t) is the same
for homologous paths, we choose a path which does not intersect the branch cut [1,00) to

evaluate h(t) in terms of Im(Liy(¢)), and therefore, in terms of D(t).

t
Ct

— ¢ 0 €1

Figure 1.1. Integration path ~

Let 7! be a curve which starts at € and ends at ¢, defined as follows. 7! consists of three

components (see Figure 1.1):

')
(1) a semicircle C. of radius € centered at 0, starting at ¢ and ending at —e (we consider

this arc to avoid the pole of n(u, 1 — u) at 0),
(2) a line E, starting from —e and ending at —|¢,
(3) an arc gt of radius |t| centered at 0, which connects —|t| and t.
Note that argw is constant on E, and therefore, on that line d argu = 0 with arg(1—u) = 0.

~ ~
Also, |u| is constant on C* and C, , which implies dlog |u| = 0. In particular,

11_1}(1) y arg(l — w)dlog|u| = 0.
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')
On C, , we have

‘/ﬁlog\l—u\dargu < mlog(l+e),
Ce

which goes to 0 as € — 0. Therefore, we get
fm(Lis(£)) = —lin%/ log |1 — uld arg u = h(t) — 111%/ log |uldarg(1 — ). (1.1.8)
NRAAH ARV

%
But again, for € close to 0, we have arg(1 —u) =0 on [} and

Keloge
<—7
(1€

‘/ﬂ log |u|d arg(1 — )
Ce

where darg(l —u) = Im <d(11:;)> and K € R.,; is a constant which does not depend on e.

This implies that
lir%/ log |u|darg(l — u) = /m log |u|d arg(1l — u) = arg(1 — t) log |¢|,
€E— ,yg Ct

which combined with (1.1.8) and (0.3.1) gives

t

h(t) =lim [ n(u,1 —u)=Im(Liz(¢)) + arg(l — ) log |t| = D(t).

e—0

In other words, when C' = P!(C) we have n(t,1 — t) = dD(t), where t,1 — ¢ belong to the
domain of definition of 7.

For the general case, note that there is a one-to-one correspondence between C(C')U{o0}
and {rational maps C' — P!(C) defined over C}. More precisely, for z € C(C)*, there exists
a rational map 7 : C' — P!(C) defined by

[x(P),1]  if z is regular at P,
[1,0] if x has a pole at P,

P+—

which induces an injection
™ : C(t) — C(C), ™(f)=for,

where C(t) and C(C) are the function fields of P!(C) and C, respectively. Then, for f = t,
we have t o 7 = . Therefore, we have the following diagram:
C ——— P}C)
\ lD

CU {o0}
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Let S be a set containing poles and zeros of x and 1 — z. Then restricting the map 7 to

C\ S — PYC)\ T we obtain (1.1.4), i.e
n(x,1 —x)=ntor,(1—t)or)=7"n(t,1 —t) =7"dD(t) =dD(toT) = dD(x),
where T'= {0,1,00}, and n(t,1 — t) = dD(t) is (1.1.4) when C = P!(C). O

Therefore, if we can write
1‘ y] Zajkn ijv ij) = Za’jde(zjk)7 (1'1'9>
k

where z;,, (1 — z;,) € C(C)* are algebraic functions of x, and the sum is finite. Then, from

(1.1.3) we obtain

wPlg)—mP @) =g 3 [ )

ZZ% (Z3i) logiel=1, 1y ()21 (1.1.10)

where 0{|z| = 1, |y;| > 1} is the set of boundary points of {|z| =1, |y;| > 1}.
Remark 1.1.4. As mentioned in [15] and [48], we may have some extra terms of the form
n(c,z) in (1.1.9), where ¢ is a constant complex number and z is some algebraic function.
But we can still reach a closed formula by integrating n(c, z) directly (i.e. by integrating
log |c|darg z). Also if v is a constant such that |v| = 1, then we have n (v, z) = log |v|darg z =
0.

Now we note down some relations and properties of the Bloch—-Wigner dilogarithm D
(for more details see [51]) :

e Note that, for z € C,
D(z)=-D(2), (1.1.11)

which we will use frequently in the proof of Theorem 0.3.1. This property of D follows
from its definition, and shows that D(r) = 0 for all r € R.
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o Five-term Relationship : For z,y € CU {0}

D(x) + D(y) + D(1 — a2y) + D (11__;) +D <11__xyy> =0,

where we recall the convention D(oco) = 0. This equality is obtained from a similar
relationship involving Lis ().

e We can obtain the following relations from the “Five-term Relationship” :

(1) If we take y = % in the “Five-term Relationship”, we get

p(1) - e

(2) Evaluating the “Five-term Relationship” at y = 1 we obtain
D(1 —z) =—D(z).

(3) If we take x = y in the “Five-term Relationship”, and use the above relations, we
get
2D(z) 4+ 2D(—x) = D(2?).
e The Bloch—Wigner dilogarithm also satisfies
0 oo .
, B 260\ sin(2m0)
_2/0 log [2sinu|du = D (¢*) = Z Y

m=1

1.1.3. The Elliptic Regulator

We will now recall the definition of the regulator map on the second K-group of an elliptic
curve F/, given by Bloch and Beilinson. Then we will explain its relation with the elliptic
dilogarithm, and recover its relationship with Mahler measure.

Let F be a field. By a theorem of Matsumoto, the second K-group of F' can be described

as
Koy(F)2 NF*/{zr® (1 —x):2€ Fa#0,1}.

Given a Laurent polynomial P(z,y) = >_; jcze aijz'yl, let A(P) be its Newton polygon,

which is the convex hull of the points in (i,j) € Z? such that the coefficient of x'y’ is

non-zero in P(z,y). The Newton polygons A(F;) for Py(z,y) = 2 + 1 +y + % + k, are

convez lattice polygons with only one interior point ([37]). Indeed, if we consider the convex
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hull of the points (4, j) such that 'y’ in Py (z,y) has non-zero coefficient, we have the square
of vertices
(1,0), (0, =1),(=1,0), (0, 1),

with the sole interior point (0,0) (see Figure 1.2). A one-variable polynomial can be as-
sociated for each side of the corresponding Newton Polygon A(P), whose coefficients are
identified with the coefficients of P(z,y) associated to the points that lie on that side. Let
7 denote a side of A(P). We parametrize a side clockwise around A and in such a way
that 7(0),7(1),... are the consecutive lattice points in 7. To every side we then associate a

one-variable polynomial

P.(u) = ZaT(l)ul € Clul,

1>0
where

Ar(l)y = Qi i
for 7(1) = (ir@), jr@)) € 7. For example, the Newton polygons A(F;) for Py(z,y) =z + % +
Y+ i + k with k € C have four vertices, namely

(1,0),(0,—1),(—1,0),(0,1).

y axis
0
|
|
|
Ty 71
—_—— = ,,,,> .
5 4 X axis

Figure 1.2. Newton Polygon of P

Let the sides of the Newton polygon A(Py) be 7y, 7,73, and 74 (see Figure 1.2). The
corresponding one-variable polynomials associated to the sides of the Newton polygon A(Py)
are the same for every side, namely (1 + u), as each side 7 contains only two points (the
vertices) such that coefficients of Py(x,y) associated to them are non-zero (see Table 1.1).

Note that the standard Mahler measure of (1 + u) is 0, i.e.

m(1l +u) =0.
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Sides (7;) | Corresponding Polynomials | Points (7;(1)) | Coefficients of Py | Py, (u)
71(0) = (0, 1) 1

T1 rT+y 1+u
(1) = (1,0) 1
7(0) = (1,0) 1

T2 x + %/ 14+u
To(1) = (0,—1) 1
73(0) = (0, -1) 1

T3 % + i I+u
73(1) = (—1,0) 1
74(0) = (=1,0) 1

T4 % +vy 14+u
(1) = (0,1) 1

Table 1.1. Sides of Newton polygons A(P;) and associated polynomials P,

We can similarly construct the Newton polygon A(Py .p) of Py ap(z,y) = ax + é + by +
é + k, where k € C, and a,b € C* with |a| # [b|]. A(Pyqp) is still a square with vertices
(1,0),(0,—1),(—1,0), and (0, 1), but the coefficients are different. Let the sides of A(Py 4)

2

be 7', 72,73, and 7.

2 73 and 7 of

The corresponding one-variable polynomials associated to the sides 71,7
the Newton polygon A(Py,p) are b+ au,a + %,% + # and % + bu, respectively (see Table
1.2). Notice that the standard Mahler measures of P,: are generally not all zero. Indeed, as
la| # |b|, we have that at least one of the following is non-zero:

m(b + au) = max{log |al|,log |b]}, m <a + %) = max{—log|b|,log|al},

1 1
m (E + E) = max{—log|al,—log [b]}, m (— + bu) = max{log |b|, — log |a|}.
a a

Now we have the following definition due to Rodriguez-Villegas (for more details see

[37]):
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Sides (7*) | Corresponding Polynomials | Points (7°(1)) | Coefficients of Py .5 | Pri(u)
10) = (0,1) b

Tl ax + by b+ au
(1) = (1,0) a
72(0) = (1,0) a

72 az + 5 a+ 3
72(1) = (0,—-1) z
7(0) = (0,-1) z

7 =t b+ e
(1) = (-1,0) .
(0) = (=1,0) a

A é + by i + bu
(1) = (0,1) b

Table 1.2. Sides of Newton polygons A(P ;) and associated polynomials P,

Definition 1.1.5. P(x,y) is called tempered if the polynomials constructed from the sides
of A(P) have Mahler measure zero.

For example, {P;(x,y)}kec is a tempered family of polynomials, but { Py .s(%, ¥) }rec is
a non-tempered family. We will see that this condition plays a role in understanding the
K-theory framework of the regulator.

For a field F' with discrete valuation » and maximal ideal M, the tame symbol is given

by

(see [37]). Note that in particular, (x,y), = 1 if v(z) = v(y) = 0.

For a curve C' over C which is a compact Riemann surface, its field of fractions is denoted
by C(C). A point P € C(C) defines a valuation vp on C(C), which is determined by the
order of the rational functions at the point P € C(C). We follow the notation in [37] to
denote the tame symbol given by vp as (-,-)p. We also have the residue map, which is a

linear form determined by P,

Resp : H'(C'\ {P},R) = R
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(for more details see [37]).

Let ¢ : U — C be a local chart of C' with P € U such that ¢(P) = 0. We define vp
as the pre-image by v of a small circle in C centered at zero and oriented counterclockwise.
Therefore, vp is a closed path (oriented counterclockwise) in C(C) with P in its interior

region (the region bounded by the path). Then, for £ € H'(C'\ {P},R), we have

Resp(€) = 5-&(hw)) € B,

where [vp] is the homology class of vp in Hy(C' \ {P},Z). In fact, since the construction is
local, Resp extends to a linear form mapping H'(C' \ S,R) to R for any finite set S with
Resp is identically zero if P ¢ S.

We also have the following lemma which relates the differential form 7 to the tame symbol.
Lemma 1.1.6 (see [37]). Let P € C(C), z,y € C(C)*, and S C C(C) a finite set containing

poles and zeroes of x and y. Then

Resp(n(z,y)) = log|(z,y)p|.

The proof of this is an application of Jensen’s formula, and follows from properties of log

and 7 (Lemma 1.1.1). Note that, for a closed path v in C'\ S, the map

v An(w,y)

only depends on the homology class [y] € H;(C'\ S,Z), and therefore determines an element
in H'(C'\ S,R), say #(x,y). From (1.1.4) we also have n(z,1 —2z) =01in H'(C' \ S,R), i.e.

/n(m,l—x) —0 Ve H(C\SZ).

Given a finite set S C C we can define
Ky5(C) = (] ker Ap C K(C(C)),
Pgs
where Ap : K5(C(C)) — C* is the corresponding map of the tame symbol (-,-)p (see [37]).
Now by the Lemma 1.1.6 and the discussion above we have the following commutative

diagram for every P € S':
Ky 5(C) —— HYC\ S,R)

l)\ P lRes P

¢t g
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Finally, for an elliptic curve E over Q we can define a tame symbol corresponding to a

point 7' € F(Q) as a map K»(Q(F)) — Q(T)*. We also have an exact sequence

0= K(B) Q= KQE)2Q— [[ QI) xQ,

TeE(Q)

where the last arrow corresponds to the coproduct of the tame symbols (for more details see
32]).

We will interpret H'(E, R) as the dual of the first homology group of E with coefficients
in Z, namely H,(E,Z). Let [y] € Hi(E,Z). Now we can define the regulator map.
Definition 1.1.7. The regulator map of Bloch [12] and Beilinson [10] is given by

rp: Koy(B)®@Q — HY(E,R)

fr.g} - {[W]%/vn(:v,y)}-

Remark 1.1.8. We note down some observations regarding the requlator map.

e Let £ be the Néron model of the elliptic curve E. Then the requlator is actually defined
over Ko(E). But from [11|, we also have that K5(E) ® Q is a subgroup of K2(E) ® Q
determined by finitely many extra conditions.

e Note that the regulator map is trivial for the classes in Hy(Enwy),Z)". Therefore it
suffices to consider the requlator as a function on Hy(Engu),Z)”. In other words, we
consider an element in Hy(Eng, Z)~ rather than in Hy(E Ny, Z)* while integrating
n, which is an alternative way of stating the reason given in Remark 1.1.2 in terms
of the regulator map.

Rodriguez-Villegas [37] proved that the condition of P(z,y) being tempered is equivalent
to the triviality of tame symbols in K-theory, thus giving us a way to produce elements in

Ky 9(E), where E is an elliptic curve over Q. We can therefore define a map
7 Kyp(E) — R

by ¢ = 5=7()(co), where ¢g € Hy(E, Z) is the cycle determined by the connected component
of E(R). Following a similar process we may obtain a formula like (1.1.16) for cases when
the polynomial is tempered.

Let H = {z € C : Im(z) > 0} the complex upper-half plane. We will now concentrate
on the integral of n(z,y). Recall that if £/Q is an elliptic curve, then we have the following
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sequence of isomorphisms,
E(C) = C/(Z+712) = C*/¢"
(1.1.12)
T =(p(s),¢'(s)) — smodA, — z=e?
where @ is the Weierstrass function, A, is the lattice Z + 7Z, 7 € H, and ¢ = ¢*™". In other
words, Uniformization Theorem implies that there exists a lattice A = w1Z + woZ C C with
22 € C\ R (by swapping w; and wy if necessary we may assume that 2 € H) such that,

(1) E(C) corresponds to the lattice A,

(2) =2 €H,

(3) A and A, are homothetic, i.e. A = wiA,.

Therefore C/A is isomorphic to C/A,, and this isomorphism induces the first isomorphism
in (1.1.12).

Although we will not be using the elliptic dilogarithm and diamond operator explicitly in
our proofs, we will state their definitions and a theorem due to Bloch because we believe they
provide a valuable perspective to the discussion about Mahler measure of several variable
polynomials in general. We also include some additional calculations from [32] to obtain
values of the standard Mahler measure of Py(z,y) = = + % +y+ i + k for k > 4 in terms of
elliptic dilogarithm in Section 3.6 for completion.

Now we recall the definition of the elliptic dilogarithm, due to Bloch [12].

Definition 1.1.9. The elliptic dilogarithm is a function on E(C) given as follows. For
T € E(C) corresponding to z € C* /¢%,

D"(T):=) D(q"z), (1.1.13)

where D is the Bloch—Wigner dilogarithm defined by (0.3.1).
Let Z[E(C)] be the group of divisors on E, and let

ZIEC))” = ZIEC)]/{(T)+ (-T): T € E(C)}. (1.1.14)
Let f,g € C(E)*. We define the diamond operation by
o: N*C(E)* — Z[E(C)]”

(f)o(g) = Zminj(Pi — Q)
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where
(f) = 2_mi(P:) and (9) = > n;(Qy).

We have the following result.
Theorem 1.1.10. (Bloch [12|) The elliptic dilogarithm D extends by linearity to a map
from ZIE(Q)]™ to C. Let x,y € Q(E) and {x,y} € Ky(E). Then

re({z, y}) ] = DF((z) o (y)),

where [y] is a generator of Hi(F,7Z)

Remark 1.1.11. The result above also implies
D¥((f)e (1= 1) =0

for any f € Q(E).

For two elements u,v € Z[E(C)]~, we write
u~v when DF(u)= DF(v).
In particular, Remark 1.1.11 implies that u ~ v if
u—v= Zcz(xz) o (1l —ux;) for some z; € C(E)", ¢ €Z. (1.1.15)
Deninger [23| was first to write a formula of the form

m(P) = or({r.y D)) (1.1.16)

where 7 is the elliptic regulator corresponding to the polynomial P.
Rodriguez-Villegas was able to prove identities between two Mahler measures in [38] after

a thorough study of the properties of n(x,y) and elliptic dilogarithm.

1.2. Arbitrary Tori and Mahler measure

We follow an analysis similar to the one in [31] if the integration torus is arbitrary. We
continue to consider that P(x,y) is a Laurent polynomial and P*(z) € C[z]|. For simplicity

we take d = 2, where d is the degree of y in P(x,y).
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Let x = az’ and y = by'. Then y; = y;(x) = byj is an algebraic function of x for

J € {1,2}. We have

s (P(.9) — s (P @) = [ 1og P ()| T2 — mas (P (2.0)
(271)" J Jjal=alyl=b Ty
= [ esIP e ) T ey ()
=QW/LH#X§PmW—mmﬂy§%
2 o ,
:(27::2')2 //x’:yw:l (; g/ = (Zw ) D dw_z’dy_?{/

2 // dz’" dy
+— log b)— —
(27TZ)2 \:v’\:|y’|:1( ).CE/ y/

2
1
=2logb+ — / log | ==7—
271 (Z |z'|=1,|y; (az’)|>b

J=1

1 2 dx’
=2logh+ — / log [y | — | , 1.2.1
27TZ <Z |:c/|:1,|y;|21 | ]’ CL’/ ( )

Jj=1

where the penultimate equality follows from Jensen’s formula and the fact that f‘z|:1 % =

2mi. Now using a similar derivation as in (1.1.3) we get

, da’
n(x',y;) = ilog |y}’7

for j = 1,2. Then (1.2.1) becomes

: 1 1
e (P(2,9)) — ms (P*(2) =2logh — o )= [ n
T S/ |=1,]yj|>1 TSl |=1 ]y |>1
1
=2logb — — n(z/a,y1/b)
27 Jjo|=a,ly|>b
1
- = n(x/a,y2/b), (1.2.2)
27 Jjo|=a,lya|>b

where the penultimate step follows from Lemma 1.1.1. Each of the terms in the last line can

be further simplified using (2) of Lemma 1.1.1 as

1 1
—— n(z/a,y;/b) = — — (n (z,y;) — n(a,y;) — n (2,b))
27 J o=, ly; 1 >b ’ 270 J\o)=a,lys|>b ’
1
= —logh— P (n(z,y;) —log (a) dargy;)

|lz|=a,|y;|=b
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where
1 1 d
- n(z,b) = —/ ilog |b|ZL = —logb.
27 J izl =a,ly;|>b 27 J\aj=a.ly;|=b x

As mentioned in the beginning, if P(x,y) is tempered then we reduce to the classical case

to evaluate
1

Cor

If we can show that {|x| = a, |y;| > b} is a closed path, which can be characterized as a cycle

n(z,y;) . (1.2.3)

|z|=a,ly;|=b

in Hy(F,Z)~ (where FE is the corresponding elliptic curve of P(z,y) = 0), the integration
becomes simpler due to Deninger [23].
Now for the term with dargy;,

1
oga/ dargy; (1.2.4)
27 Jyal=alu;|>b

leads to a multiple of loga if {|z| = a, |y;| > b} is a closed path.

If we have a genus 0 curve (such as Cy : Py(z,y) = 0) then, instead of proceeding as in the
direction above, we may be able to use Lemma 1.1.3 to relate the Bloch-Wigner dilogarithm
and n for evaluating the Mahler measure as in (1.1.10). The evaluation is much simpler in

this case.
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Chapter 2

Proof of Theorem 0.3.1

In this chapter our goal is to prove Theorem 0.3.1. The methods used to prove the
theorem are mostly inspired by those used in [22]. We start by considering the factorization
of Py(z,y) due to Boyd (see Section 2A in [17]) to obtain an equality as in (1.2.2). We adapt
the notation used in the proof of Theorem 12 in [22]. We substitute the change of variables
r 2 and y— wz in Py(z,y) = <x+%+y+§+4> to get

1 1
Q(w,z) =P, (E,wz) —dwrt— A= — (14 w4+ iz +wz) (1 —iw — iz + wz) .
z wz oz W wz
(2.0.1)
Therefore we can concentrate on finding the Mahler measure of the new simpler polyno-
mial @ (w,z) for the tori T?,; = {(w,2) € C* x C* : |w| = ¢,|z| = d} (where ¢,d € Rs)
and later use the above change of variables to discover the values of Py(z,y) for the tori

be’b ={(z,y) € C* x C* : |z| = a, |y| = b}. From the change of variable we get that
b
c=Vab, d= \/j
a

1
mq (Q(w, 2)) = meq (—) +2me 4 (1 +iw + iz + w2), (2.0.2)
wz

Now we have

because we can apply a further change of variables, namely z — —z and w — —w, to obtain
meg (1 —iw—iz+wz) =meq (1 +iw+iz+wz),

since it does not alter the Mahler measure. Let @ (w, z) = 1 4 iw + iz + wz. It remains to

evaluate m. 4 ( L ) and m. 4 (Q; (w, z)) to deduce Theorem 0.3.1.
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2.1. Outline of the proof of Theorem 0.3.1

We recall Theorem 0.3.1:

"y . (1+ab)(a—b)
Theorem 0.3.1. Let a and b be positive real numbers. If —1 < “Iablat?) <1 andab # 1,

: . (+ab)(a=b) _ . o . . (14ab)(a—b) .
we define sina = Vab(ath) with o € [ 2,0), when b > a, and sin § = “Vab(aih) with

B e (O, g), when b < a. Then, for k =4, the values of Rqyp = 5 [mgy (Ps(z,y)) + logb] are

giwen by the following table:

Condition 1| Condition 2| Extra conditions | Values

b—a L (2D (iab)
)

—1<sina <0 %(D (i\/%e—m> +D (i\/%elbé)
b>a _ (log @) tan—l <2\/$f(isa> >

(1+ab)(a—b) i
ab # 1 G < -1 0

0<sinf <1 %(D (ime—ﬂ D (i\/@ew>
@) (o))

(14+ab)(a—b)
2v/ab(a-+b) =1 0
b=a 2D (i)

ab=1 b>a %(D (—eQiCOt_1< Z))

b<a %(D (_6‘2“0“(\/5))

)

Table 2.1. Values of R,
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Instead of a direct approach to deduce the theorem we start by finding the values of
m.q(Q(w, z)) for different values of positive real numbers ¢ and d. We can compute m, 4 (=)
and m, 4(Q1(w, z)) separately, and add them via (2.0.2) to obtain the values of m, 4(Q(w, 2)).
Though computation of the first term follows directly from the integral, we use the exactness

of n to evaluate the second term. In fact, following the discussion in Section 1.2 we can write

m.q4(Q1(w, 2)) as

1 1 w
mea(Q1(w,2)) = = (1 (w, 21) — log (¢) darg ) = —— n(5.a),
27 Jjwl=c )z [>d 27 Jjwl=c o1 |>d C( |
2.1.1
where
1 +w
2 =2z (w) = — "

is a rational function of w, and the last equality in (2.1.1) is obtained by using (2) of Lemma
1.1.1.

Let w = ce® with 6 € [—m, 7). Our first goal in this case is to determine the values of 6,
c and d such that

lw| =c=|z| >d. (2.1.2)

Next we want to express n(w, z1) in terms of an exact differential form by writing it as a
sum of n(uj, 1 — u;), where u; are algebraic functions of w, and apply Lemma 1.1.3 to get
the required values. For the integral

% ) log (¢) darg 2,

|w|=c,|z1|>d
we propose a simplification of the term darg z; in terms of ¢ and 6, and use the obtained
values of # satisfying (2.1.2) to evaluate the integral. It only remains to deduce a relation
between mg,(Py(z,y)) and m.q(Q(w, z)) via the change of variables x +— % and y — wz,

and thus concluding the proof of Theorem 0.3.1.

2.2. Proof of Theorem 0.3.1

We prove Theorem 0.3.1 as an application of the following results.
Let w = cw’ where w' = € for § € [—, 7).

Proposition 2.2.1. For c,d € R+, we have

1
m. g <—> = —log |cd|.
wz
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Lemma 2.2.2. If ¢,d are positive real numbers, then the condition |z (w)| > d can be

rewritten as:

(1) —1 <sinf < 1;302 ;gz, when ¢ # 1,
2) leot (2E2)| > d. when ¢ = 1.
( 1 )

Lemma 2.2.3. For c € R., we can decompose n (%, zl) =n(w', z1) as

1+ icw
!/ — o / 1 (s / _ - / 1 _ / _ - )
0 20) = (el 1= (icw) = iew', 1 = dew’) = ()
Therefore, using Lemma 1.1.8 we can rewrite n(w', z1) as
1 +icw'
! =dD (—icw") — dD (icw') — —_—
n(w', z1) (—icw') (icw") —n (c, = icw’) :

where D is the Bloch—Wigner dilogarithm given in (0.3.1) as
D (z) = Im (Liy (2) + iarg (1 — z)log|z]),

with z € C.
Lemma 2.2.4. Let ¢ = 0 + 5. Then, for c € Ryg and § € [—7,7) we have
darg (1 —i—icw’) _ ( 2(c™t —¢)costp
c

1 —dcuw’ —1—0)2+4sin2w '

< 1, we define T € [—%,%} such that sint = < 1=

2¢ 1+4d? 2¢ 1+4d?-

Then, for c,d € Rsg and ¢ # 1, we have

. 2 1_2
(1) Zf‘l—gcc }+§2

Proposition 2.2.5. If ‘ﬁﬂ

> 1, then m.4(Q1(w, 2)) =0,

(2) if ‘ 1;“52 };gz <1, then
1 . ir . ir 1 ( 2cosT
me 4(Q1(w,2)) = — | D(ice™"") 4+ D(ice'™) — (log ¢) tan — - (2.2.1)
T c—c

Remark 2.2.6. Note that, if 1;52 ;Zz = =£1, then 7 = 7, respectively. Now, replacing this

value in (2.2.1) with the fact that D(R) = {0} (see (1.1.11)) we get that m.4(Q1(w, z)) = 0.

Moreover, a and (3, defined in the statement of Theorem 0.3.1, are nothing but T = a when
7€ [-2,0), and 7= B when 7 € (0,%).

Proposition 2.2.7. If c=1 and d € R+, then

m0(Q: (w, 2)) = % (D (_€f2icot_1d> D (eQicot_1d>> _
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Lemma 2.2.8. The change of variables
w
x— — and y — wz
z

implies that

mc,d(Q(w’ Z)) = ma,b(P4(m7 y))

PROOF OF THEOREM 0.3.1: The proofs of Propositions 2.2.5 and 2.2.7 follow from Lem-
mas 2.2.2, 2.2.3 and 2.2.4. We conclude the proof of Theorem 0.3.1 by combining the
results in Propositions 2.2.1, 2.2.5 and 2.2.7 with the relation in (2.0.2) and the fact that
m.q(Q(w, 2)) = myp(Ps(z,y)), which can be obtained from Lemma 2.2.8. Note that the

change of variables establishes the following relations among a, b, ¢ and d:

b
c=ab, d= = azgandb:cd. (2.2.2)

We replace the above values of ¢, d in the formulas of m, 4(Q(w, 2)), obtained from Proposi-

tions 2.2.5 and 2.2.7, to deduce the list of values in Table 2.1. 0

The rest of this chapter deals with the proofs of the propositions and lemmas mentioned

above.

2.3. Evaluation of m.g4 ( 1 )

wz
We start by evaluating m, 4 ( L ) )

wz

PROOF OF PROPOSITION 2.2.1: For ¢,d € R, we have

1 1 1 |dwd
me g (—> = . 2/ / log |— awaes — log |cd|. (2.3.1)
wz)  (218)" Jjwl=e Jizl=a  [WE] W2
U
Next we consider the main term m. 4 (Q1 (w, 2)).
2.4. Evaluation of m. 4 (Q:(w, 2))
For simplicity we have considered w = cw’ with |w'| = 1. Now Q4 (w, z) is a non-zero
polynomial of degree 1 in z. Recall that z; = 2z (w) = —ijff, a rational function of w, is
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the solution of Q; (w, 2). Let w = ce? with —m < 0 < 7. To evaluate m. 4 (Q; (w, 2)) we use
(1.2.2) to get
1

_%‘

meq (Q (w,2)) = L (E, z1> . (2.4.1)

w|= ¢

Our goal is to rewrite 7 (2, z) in a similar manner given in (1.1.9), and obtain an expression
of the form (1.1.10) to evaluate m.q (@1 (w,z)). To begin with, we need to find all the
elements of 0{|w| = ¢, |z1| > d}, the set of boundary points of {|w| = ¢, |21| > d}. Note that
the set of values of w at the endpoints of the intervals of 6 such that |z;(w)| > d is in fact

the set Of|w| = ¢, |z1| > d}.
PROOF OF LEMMA 2.2.2: We have

>d&

> d. (2.4.2)

l—i-iw‘

L
|zl(w)]2d<:)’ ‘ “w’
w

— 1w
The denominator |1 — jw| is a non-negative real number. We want to consider distinctly the

cases when it is always positive and when it can be zero. In order to do so we substitute

w = ce in |1 — jw| and square it to get
|1 —dw]* = (1 + csinf)® + (ccos0)® = 1+ 2csin @ + 2.

Now the term 1 + 2csinf + ¢? is 0 only when ¢ = 1 and sin§ = —1. Therefore, we consider
the cases ¢ # 1 and ¢ = 1 separately below.
(1) ¢ # 1: We rewrite (2.4.2) by substituting w = ce? and taking squares on both sides
to obtain
1+ @ic(cosg + zjs%n@) 2 DN (1 —csinf)”® + (ccos ) .y
1 —ic(cosf +isinf) (14 ¢sind)® 4 (ccos )’

- 1—2cs%n9+02 o 2
14 2csinf +c2 —

=1 —2¢csinf + 2 > d? (1 —1—2051119—1—02)

& 2esinf (14+d°) < (1-d%) (1+ ) (2.4.3)

where we have assumed that ¢ # 1. Therefore, inequality (2.4.3) gives us a restriction
on 6 for the condition |z; (w)| > d, namely

14+c21—d?

—1<sginf < .
R PR 2

(2.4.4)
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(2) c=1: We have w = w' = ¢ with § € [, 7). Then the inequality |z;(w)| > d
becomes

14w

w+1

1+ 2w
\zmw)\:\

w—+1

>

14w 20+ 7
= = > d. 2.4.

O

In order to use the exactness of n to compute the integral in 2.4.1, we now prove Lemma

2.2.3.

Proor oF LEMMA 2.2.3: Using properties of 7 in Lemma 1.1.1 we can decompose

n(w', z) as

1+ dcw’
/ o /
n(w', z1) =1 (w e icw,)

=n(w,1+icw') —n(w,1—icw)
= n(—icw’, 1 — (—icw")) —n(—ic,1 +icw') —n (icw', 1 — icw’) + n (ic, 1 —icw")
1+icw 1+ dcw’
_ . / 1_ . / o . / 1_ . N - ey o et
n (—icw', (—icw")) —n(icw', 1 —icw') n(c, 1—z'cw/) 77(@, 1—icw’)
—n(=1,1+icw')
1+ icu'
_ . / 1 (. 12 . . / 1 o AN - ey
n (—icw', (—icw")) —n (icw', 1 —icw") n(c, l—icw’)
1+icw’)

= dD (—icw') — dD (icw') — 2.4.6
(miew') = dD (iew!) = (e, (2.46)
where the penultimate equality follows from Remark 1.1.4, because ¢ and —1 are 4th and

2nd roots of unity respectively. 0

We replace the decomposition of 1 (w', z1) given by (2.4.6) in
1

/
_2_ U(w 721)
T Jjcwt|=c o1 >d

meq (@1 (w,2)) =

to get
1 1+ icw
c = — — dD (—icw") — dD (icw'") —
. log ¢ 1+ icw
=— — (D (—icw') — D (icw’ w'|=1,|z d
271—< ( ch) (ch )) ‘3{\ |=1,z1]>d} + 2m /|w/1,|z12d e (1 —icw'>
(2.4.7)

where 0{|w’| =1, |z1| > d} is the set of boundary points of {|w'| =1, |z| > d}.
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2.4.1. Simplification of darg (1+z:cwi>

1—icw
In this section, we will deal with the simplification of the last term in (2.4.7).

Proor oF LEMMA 2.2.4: We know that dargz = Im (%) Then

1
darg( +ch)—darg(1+zcw) darg(l—icw'):lm(
1 —icw’

1edw’ 1edw’
1+icw 1—icw

cdw cdw
=Im — + -],
l+cw  1—-cw
where @ = iw'. Let w = €™, i.e. ¢ = 0+ Z. Then

~ ~ . Z’[l] . 711[)
Im( cdw N cdw~> :Im(zce d¢+zce dw)

l4+cv  1—cw 14+ce® 1 —ce

ce“/’d@Z) cedip
1+ cew 1 —ce®

< ce’? d@/} ce dip >

1+ ce“/’ 1 — cew

2ce'
1 — c2e2iv eQW

—2Re (C_le_w — dqp) . (2.4.8)

We can simplify the denominator of the last expression as

cle™™ — ce™ = (c_l — c) cosy — 1 (c_1 + c) sin ).

Therefore (2.4.8) becomes

1 1
2Re <c—1e—i¢ — ceW dw) =2Re ((0—1 —c)cosyp —i(ct 4 ¢) sinz/;dw)

1 1
- 5((0—1 —c¢)cost) —i(c™! + ¢)sine

1
* (et —¢)cosyp +i(ct +¢) sinz/;)dw
2(c7t —¢)cosp
(¢! —¢)? cos?h + (¢! + ) sin 1
2(c™! —¢)cosp

= o+ e wdz/}. (2.4.9)
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2.4.2. Values of m4(Q1(w,2)) when ¢ # 1

PROOF OF PROPOSITION 2.2.5: To evaluate m. (G (w, 2)), when ¢ # 1, using (2.4.7)
we now consider several cases depending on whether d =1,d > 1, or d < 1.

Note that, to prove (1) we need to consider only d > 1 and d < 1, because the case d = 1

1+c2 1-d?
2¢ 1+d?

d > 1: If d > 1, then we have 1 — d? < 0. Therefore, the given condition can be written

implies = (. Therefore, we have the following cases:

as
1+c21—d? 1+c21—d2< ]
2¢ 1+ d? 2¢c 1+ d? ‘
From (1) of Lemma 2.2.2 we therefore obtain
1 21— d?
0:—1<sinf < te =
2¢c 14 d?

In other words, the integration path is empty, i.e. {|w| = ¢, |z (w)| geqd} = &, with

w = ce. This information applied to (2.4.7) concludes

e (Q1 (w, 2)) = 0.

d < 1: In this case we have 1 — d*> < 0. Therefore, the interval of values of 6 satisfying

14+ 21— d? 14+ 21— d?

1. ie. > 1
2 1+ 7" T 1y

18

1 21— d?
f:—-1<sinf <1< te = [—m,7),
2¢ 1+ d?

where 2 = w’ = €. In other words, we have
lw'| =1 = |z (w)] > d.

Now, we conclude our proof of (1) by proving the following proposition.

Proposition 2.4.1. If the inequality considered above is satisfied, then,

1
meq (Q1(w, 2)) = — o7 S, |>d77(w/721)
w!|=1,|z1|>
1 /
= T 5= n(w 721)
2T lw|=1

= 0.
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PROOF. We start by expanding (the integrand in) m.q(Q; (w, z)) (see (2.4.1)) in

terms of “log”.

Let z; (cw') = }J“Z?w”,, a rational function in w = cw’ where w' = ¥ with —7 < 6 < 7.

Then we have

1 dw' dz'

(2mi)? 2!
1 1+ icw | duw'
Py log |-———| —
27TZ [w!|=1,|z1 (cw)|>d 1—cw w
1™ |1+ice®
_ 1 o + ice 20
2r 1 —icei®

1 /01 1+ ice' ol + 2 /”1 1+ ice®
=— og|—— — g |——
27 | ), S 11— ice® 27 | Jo 811 —ice®

where we used the fact that |w'| = 1 = |z;| > d in the third step. We use two changes

d@} . (2410

of variables, namely ¢ + 5 +— ¢ and 0 — § ~ 7 for the first and second integral in

(2.4.10) respectively, and we obtain

NIE]

1+ ce®
1 — ce®

m. g (Q1(w, 2)) :% [/_ log

1 3 1 — ce'™
do — lo d
z ] + 27 [/W g’l"‘C@” T

2

= 0.

Now we concentrate on proving (2). As mentioned in the beginning of this proof, we will
study the cases d < 1, d =1, and d > 1 separately.
Case 1: If d = 1, then 1 — d*> = 0. By (2.4.4), we have —1 < sin@ < 0. Therefore,

when — 7 <0 <0, we have |z, (w)| > d.
Thus we should integrate (2.4.6) between w'|p=_r = ¢™™ = —1 and w'[p—g = € = 1.

In other words, we have d{|w| = ¢, |z1| > 1} = o{|w'| = 1,|z1| > 1} = {—1,1}. As
the values of the integrals with integrands of the form dD (z) only depend on the
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endpoints, from (2.4.7) we have

1 , :
e (@1(o0,2)) = — o= (D(iew!) — Dlieu) |1
1 1+ icw’
| loge darg( +z'cw/)
2w lw!|=1,]z1|>d 1 —cw
1
=— 2—(D(—ic) — D(ic) — D(ic) + D(—ic))
s
. /
+logc/ darg(1+l,cw,)
2T Jjwt|=1,z1|>d 1 —icw
1 , loge 2 2(c™' —¢)cost
— L (_4D d 2.4.11
2m ( (ie)) + 2m /_;r (¢! — )2+ 4sin® ¥ v ( )

where the last step follows from (1.1.11) and Lemma 16 of [22] which states the
following result.

Lemma 2.4.2. If R € Ry and v = € with § € [~m,7) then we have

' 1+ Rv\ . 2
/_idarg (1—RU) = —2tan (m) .

Now we use the change of variables sin + ¢ in (2.4.11), and in the following step we

—2L+ — u to obtain

consider another change of variable

1 , loge 1 2(c'—¢)
2

1 , loge [T du
=——(—4D -

27‘( ( (ZC)) 27_[_ 7% 1 + u2
1 , loge 2
= — o (~4D(ie)) - 2 tan (C_ )
! 2D(ic) — (logc) tan™" 2 (2.4.12)
T & c—c 1))’ o

Case 2: We now consider d > 1. From (2.4.4) we have

1+ _1+d? 1+c21—d?
> 02> > —1. 2.4.13
2¢c T d*—-1 - 2c 14d*~ ( )
Recall the definition of « given in the statement of Theorem 0.3.1 as sin o := %%

with —Z < o < 0.

Therefore, when —1 < sin < sin «, we have |21 (w) | > d, i.e.

when —7m—a <60 <a<0, we have |2, (w)| > d
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where w = ce?®. A similar reasoning as in Case 1 implies that we have to integrate
between w'|g—_r_o = €Y = —e7 and w'|g—, = €, i.e. the set of boundary
points d{|w| = ¢, |z1] > d} = H{|w'| = 1,|z1] > d} = {—e ", e"*}. Therefore, from
(2.4.7) we have

mea (Qi(w, 2)) = = % (D(—icw') — D(icw')) "

_e— i

+logc/ darg(l—I—icw’)
2T [w'|=1,|21|>d 1 —cw

1 | | | |
T o (D(—ice’™) — D(ice™) — D(ice™) + D(—ice™™))
m
log c 1+ dcw’
o darg | ————
270 Jjwt=1 |z 2d 1 —icw
1 | ,
= — 5~ (=2D(ice™™) = 2D(ice™))
loge (57 2(c' —c)cosy)

21 Jo(z+a) (¢! = )’ + 4sin?¢

:% (D(ice™™) + D(ice™))

B lOgctan_l (2005@1) ’

™ cC—C

where the third step is obtained by using the change of variable ¢ = 0 + § and a

similar calculation to (2.4.12). So we get, in this particular case,

c—ct

Meq (Q1 (w,2)) = % (D (ice™™) + D (ice™) — (log c) tan™" ( 2cosa )) L (2.4.14)

Case 3: The last case is when d < 1. Let,

0<1+02<1+d2<:>1+621—d2<1
2¢ 1—d2 2¢c 14 d? '

Recall the definition of 8 given in the statement of Theorem 0.3.1 as sin 3 := %%

with 0 < 8 < . Therefore, when —1 < sinf < sin 3, we have [z, (w) | > d, i.e.
when 0 € [—, (] U[ﬂ' — B, 7], we have |z (w)| > d,

where ¥ = w' = e, So, we have to integrate between

{w'p=—r = 7™ and w'|p—s = €?} and {w'|p=r_ps = ™) and w'|g—, = €"}. This
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implies that o{|w| = ¢, |z1| > d} = H{|w'| = 1,]z1| > d} = {—e7 ") ¥ ™} as
e'™ = =™, Therefore, following the discussion in 2.4, we can rewrite (2.4.7) as

1

iB

e (Qu(1,2)) = — o (D(ieut) — Dliew’) |-
1 T
— - (D(-ien!) - DGiew) 5
1 1+ dcw’
| loge dare ( + z’cw/)
2w w'|=1,|z1|>d 1 —cw
1 . ) oiB
=5 (D(—icw") — D(icw’)) | —is

+logc/ p (1+icw’)
arg [ ———
2T lw!|=1,]z1|>d 1 —cw'

(1 + icw’)
— darg | ——— |,
2 w'|=1,|21|>d 1 —cw

(2.4.15)

where the penultimate step holds because €™ = ¢~ and the last step follows from

(1.1.11). Now we will calculate the remaining integral in (2.4.15), namely
log ¢ 1+ dcw loge [P 1+ ice®
darg — | = darg | ————
2T Jjwl|=1,)z1|>d 1 —icw 2 ), 1 —ice
loge [T 1+ ice®
d — . 2.4.16
o /ﬂ_ﬁ ae <1 — ice“‘)) ( )
We use the change of variable § — 27 +— 7 for the second integral in (2.4.16) to get
log ¢ p 1+ icw’ log ¢ /5 g 1+ ice®
— ar = arg | ——
27 S =1, 2| >d S\ —icw 27 ) . S\ 1 ice

1 - 1+ icel™
| loge darg( + ice )

2 1 —ice’™
loge [ 1+ ice®
=— darg | ———
2 J_rp 1 —icet

_logc/g+'3 2(c7! —¢)cosy
2 J_z_5 (¢t —¢)? +4sin’y

__ loge (tan—l ( 2COS€)> : (2.4.17)
T cC—C

where we obtain the penultimate line using a similar calculation to the one in (2.4.11)

with a change of variable § + 7 + ~. From (2.4.15) and (2.4.17) we get, in this
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particular case,

Meq (Q1(w, 2)) = % (D(ice_w) + D(ice’®) — (log c) tan™ (QCOS f)) . (2.4.18)

Combining (2.4.12), (2.4.14), and (2.4.18) with Remark 2.2.6 conclude the proof of Proposi-
tion 2.2.5. O
Next we will describe the case when ¢ = 1, and deduce Proposition (2.2.7).

2.4.3. Values of m ;4 (Q:(w, z)) when ¢ =1

14w . 14ie®
w+i i+eif -

When ¢ = 1 we have w = € and z; = z; (w) =

in (2.4.5) that if ¢ = 1, then
cot (262_ W)‘ > d.

PrROOF OF PROPOSITION 2.2.7: We now consider again several cases regarding the val-

We already obtained

>ds

1+ w
|zl<w>|:\

w41

ues of d as before.
Case 1: d >1
To find the interval(s) of § such that |z| > d we first look for solutions of |cot (24%)| =
d for 0 € [—m, 7):

'cot (2HIW>’ =d < cot (QQZW> = +d

N 20 +
4

_ Hcot'd—m
B 2

=cot™! (d) = £ cot ™' d

&0

= +2cot'd — g (2.4.19)

Note that d > 1 implies that we are considering the case when 0 < cot™!(d) < Z with
0 € [—m,m). Therefore, if d < 1, then

ot (27)| 2 o (acot a2 ) <05 (2o ).
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which implies d{|w| = 1,]z1| > d} = {—6_i<2C°tfld+g),ei(QCOtfld_g)}, Now using
this restriction on ¢ and the fact that 7 (1, 7£22) = 0 in (2.4.7), we have

?1—4

1

270 Jjw)=1,z1|2d

my 4 (Q1(w,2)) = (dD(—iw) — dD(iw))

. r—1 s
z(QLot dfj)

1 ) ) e
== (D(—iw) — D(iw)) ‘e—i(Qcot_l a+3)

= — 2i (D <_€2’i00t_1d> - D <€2icot_1d)
T
- D (_G—Zicot*1d> +D <€—2icot*1 d) )

_ 21 (_2 D (_6_2icot—1d> 9D (62icot—1d>>
™

1 L A
__ (D (_B—QZCot 1d> + D <e2zcot 1d>> ’ (2420)

™

where the penultimate step follows from (1.1.11).

Case 2: d=1

Following a similar calculation to (2.4.19) we obtain

20
cot( Iw>‘21<:>—7r§9§0, (2.4.21)

ie. H{|jw|=1,]z] > 1} ={e ™, e = {-1,1}. In [17], Boyd gives the main idea to
obtain the Mahler measure for this case. Here we reproduce the steps in the proof of
Theorem 12 in [22] to obtain the standard Mahler measure of Q1 (w, z). We know that
n(1,14%) = 0 in (2.4.7). Combining this fact with the restriction on 6 in (2.4.21) we

7 1—tw

have

m(Qy(w, 2)) = — — (dD(—iw) — dD(iw))

27 Jjw|=1,z1|>d

where the penultimate step follows from (1.1.11). In fact, in this case

T 70
cot td=cot™ 1=~ -1+ =,
1"y
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If we replace these values in (2.4.20), then (2.4.22) follows from (1.1.11), i.e.

1 (D <_6_2icot—11> D <62m—11>> _ 2D,
s T
Case 3: d< 1
Note that d < 1 implies that we are considering the case when 7= cot™1d < 5 with
0 € [—m, 7). Following a calculation similar to the one in (2.4.19) and using the fact
that d < 1 we have

20 4+ 1 1 s 3T 1
cot( 1 )‘2d<z>0€[—7r,200t d_g]U[T_QCOt d,ﬂ'}.

Therefore, the set of boundary points
H{wl =1,|a] > d} = {e—m,ez‘(%ot*d—g),e—i(zcot—ld—%)’em} '

We also have 1 (1, 1£2) = 0 in (2.4.7). Therefore, we obtain

0 (Q1 (w, 2)) = — % D) D))
1 ei(zcorl d—g)

- {(D(—z’w) — D(iw)) | .,

+ (D(—iw) — D(iw))

ei'/r
—i —14_3m
e z(200t d ] )

- _ [D (_eQicot*1d> _D (emcovld) — D(i) + D(—i)
+D(i) — D(—i) — D (_672icot’1d> D <e2icot1d>:|

— L <_2D <_€f2icot_1d) —9D <€2icot_1 d))
2T

1 R R
_ <D (_67216013 1d> +D <621cot 1d)> ’ (2423)

™

where the penultimate step again follows from (1.1.11).

This conclude the proof of Proposition 2.2.7. U

2.5. Evaluation of m.4(Q(w, z))

Now that we have obtained the values of m, 4 (Q:(w, z)) for different values of ¢ and d,

we can use Propositions 2.2.1, 2.2.5, and 2.2.7 to evaluate m. 4 (Q(w, 2)) for each of the cases
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described above. Rewriting the equalities in (2.0.2) and (2.3.1) we have

1

2

(me.q (Q(w, 2)) +log(cd)] = meq (Q1(w, 2)) -

We now gather the values of m. 4 (Q1(w, z)) which we obtained in Section 2.4, and rewrite

them in Table 2.2.

Values of ¢ | Values of d Extra conditions Values of m. 4 (Q1(w, 2))
d=1 1 (2D(ic) — (logc) tan™! (—2+))
a € [-3,0) %(D (ice™™) + D (ice™)
d>1 1< %};gz =sina < 0| —(logc) tan™? (zf"%))
c#1 e ie <1 0
5e(0,2) 1 (D (ice= ) + D (ice”)
d<1 0< 1‘552 1;22 =sinf <1 | —(loge)tan™t (%) )
c2 7d2
1J2rc i+d2 > 1 0
d=1 2D(i)
c=1 d>1 1D <—e_2”°t_1d>
+D <€2icot_1 d> )
d<1 (D (_6—2ic0t*1 d)
+D <e2z‘cot*1 d) )

Table 2.2. Values of m. 4 (Q1(w, 2))

Now it only remains to establish the relation m. (Q(w,z)) = mg,(Ps(z,y)), where the

variables w, x,y, and z are related via the change of variables

w
r+— — and y — wz.
z

%)




2.6. Change of variables and proof of Lemma 2.2.8

Lemma 2.2.8 is a corollary to the following result from [24] (pg. 52):
Proposition 2.6.1. Let

P(x) = Zcmxm € Clxy, xa, ..., x,),

where £™ = x" - - a2, Let A be an n X n integer matriz with non-zero determinant, and

define P (x) = 3" cppx™A. Then

Note that we can write mcd(Q(

dw dz
m.q(Q(w, 2) 2m //w| e d10g|Q(w z)|__

:/ / log |Q(ce® ™, de* ™) | drydrs
0 Jo

11
_ / / log ‘P4(CL€2W(T1_T2), b62i7r(7'1+7'2))‘ dTldTQ, (261)
o Jo
where we use (2.2.2), (2.0.1)) to deduce the last step.

PRoOOF OF LEMMA 2.2.8: We consider the matrix
1 —1
1 1

A:

Let g(u) = g(uy, ug) := Py(auy, buy) = auy + a—il + buy + ﬁ + 4 be a Laurent polynomial in

u = (uy, us) € T? Then we have

+4

U U 1
gD () =a— + — + buyuy +
Uy auy buyusg

d
=S TR cdugus +

+4
duy  cuy cduqug

:Q(CuladUQ)v (262)
where we use the relation among a, b, ¢ and d from (2.2.2) in the penultimate line, namely

, b=cd.

a =

% &l a

Let w = cu; and z = dug, where (ug,us) € T?. Then, the relation

meq(Q(w, 2)) = m(Q(cus, dus))
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follows from the definition of Mahler measure. Using (2.2.2), (2.6.2) and Proposition 2.6.1

we get

mea(Q(w, 2)) = m(Q(cur, dus)) =m(g“ (uy, uy))
:m(Q(Ub Uz))

<P4 auq, bUQ))

du1 dUQ

log | Py(auq, busg)|— —
2m //u1| st g | Py(auy, buy)| U1 U
— / / log | Py(ae®™ be?™02)|df, df,

0 0

=ma,(Pa(7,9)),

which concludes the proof of Lemma 2.2.8. O
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Chapter 3

Proof of Theorem 0.3.2 and generalization

In this section our main goal is to prove Theorem 0.3.2. Later we will consider a more
general case, namely Py(z,y) = = + % +y+ i + k when k£ > 4. Our methods to prove the

theorem are mostly inspired by those used in [31].

3.1. The birational transformation

In order to establish a relation between the Mahler measure of P, and a Weierstrass form
of a family of elliptic curves En), we begin with considering a birational transformation
connecting these families of curves. Notice that these transformations work for k # 0, +4,
but we will be using it only for the cases k£ > 4. In Section 3.4.2 we use this transformation to
integrate the invariant holomorphic differential of En ) over certain integration paths which
are closed to determine their homology class(es) in Hq(Enk),Z)~ (as mentioned in Chapter
2).

Let C} be the curve defined by Py(x,y) = 0. The change of variables
( 1

X =-——,
y

, :(y—x)(1+g%y)’

L 2xy
and
kX =27
TTOX(X —1)
(3.1.1)
kX +2Y
)

T 2X(X — 1)



gives a birational transformation
between

1 1

Pe(v,y) =2+ —-+y+-+k

z Y

and
k‘2
Exg(X,Y)=Y?-X (X2 + (Z — 2) X+ 1) ,

which is an elliptic curve for k # 0, +4.

3.2. Outline of the proof of Theorem 0.3.2

Recall that aq = {(5 — 2\/5) + \/(5 — 2\/5)2 — 1] . Then, the statement of Theorem
0.3.2 is as follows:

Theorem 0.3.2. If £k =8 and i <a<ay then

mg, vz (yPs (7, y)) = m (yF (2,y)) -
Moreover,
1 , 1
m, 7 (B (7,y)) =m (B (z,y)) — 3 loga = 4L (Ens),0) — 3 loga,
where

4

is the Weierstrass form of an elliptic curve of conductor N(8) = 24.

82
Ene(X,Y) =Y’ - XX+ (——-2)X+1
®)

We start by factorizing yPs(x,y) in C(x)[y] as

wPeCa) =y (a4 Fyt 0 +8) = (=3 (o) - (),

where

—(8+x+§)—\/(8+x+§)2—4

yi(z) = 5 : (3.2.1)
o) _—(B+a+]) +\2/(8—|—:c+%)2—4'

Notice that y;(z) is well-defined for each ¢ € {1,2} because the square root is taken whenever
[(8 +x+ %)2 — 4] > 0. In particular, we will show in Lemma 3.3.1 that we can fix a certain

branch of the square root for every « where |z| = a with a € Ry and a + % < 6.
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Following the discussion in Section 1.2, we can write m,, (yPs (x,y)) as

1
Mg p (yPS(J:ay)) ZQIOgb_ o n($/aayl/b)
T Jz|=a,ly1|>b
1
- 2_ 77(37/@7y2/b)
T Jz|=a,ly2|>b
1
=—5- (n (z,41) —log (a) darg y1)
T J|z|=a,ly1|>b
1
~ 5 (1 (2, y2) —log (a) darg ya) , (3.2.2)
T Jlz|=a,ly2|>b
where in our case we have b = y/a, and
, dz
n(z,y;) = ilogly;|— (3:2.3)

for j = 1,2. To calculate the integral using methods developed by Deninger [23|, we need to
obtain values of a such that {|z| = a, |y;| > v/a} is a closed path and a cycle in Hy(Ens), Z).
In fact, following the discussion in Remark 1.1.2 we will show that {|z| = a,|y;| > Va} is a
cycle in Hy(Eys),Z)~ for those values of a. We can rephrase the closedness of the integration
path by identifying {|z| = a, |y;| > v/a} with {|z] = a} for certain values of a.

Note that y; (z) - y2 (z) = 1. So if |y; (z) | > +/a, then |y; ()| < \/ia, where ¢ # j and
{i,j} = {1,2}. If we have a > 1 then, for i # j,

< V.

lyi (2) | = Va < |y; ()| <

-

—

As Py (z,y) is invariant under the transformations x — - and y %, it is enough to consider
the case when a > 1 (a = 1 is done in [39]). We will follow a similar approach to this problem
as the one taken in [31].

In few words, our main aim is to first determine which y;(x), between y;(x) and ya(x),
we should consider such that |y;(x)| > y/a whenever |z| = a; later we will study the behavior
of min,_ v gefo,2m |yj ()| With different values of a to find the values of a such that {|z| =
a, |y;(z)| > /a} is a closed path. A comparison of values of |y;(x)| at = a with /a yields
that it is enough to consider y; () for rest of the proof. Now we can concentrate on obtaining
minge(o,2r) ly1 (aew) |. Proposition 3.3.3 shows that this minimum is attained at § = 7.
Therefore, in order to obtain values of a such that the integration path {|z| = a, |y1| > v/a}

is closed, we just need to find intervals of positive reals satisfying

lv1 (ae™) | = |y1(—a)| > Va.
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But as noted in Remark 1.1.2, we have to show that, for these values of a, the integration
path is in fact a representative of certain homology class in Hq(Ens),Z)”. Once we prove
this fact using Lemma 3.3.5, the only integral in (3.2.2) remains to be calculated is

1

o | dargy,.

|z|=a,ly1|>va
Lemma 3.3.6 deals with this integral, and we obtain that the value of this integral is 0 for the
above obtained values of a. These results and the relation between elliptic dilogarithm and
regulator map (see Theorem 1.1.10) can be combined with the relation between regulator

map and Mahler measure (see [23|) to deduce the desired result.

3.3. Proof of Theorem 0.3.2

Following the discussions in Sections 3.2 we prove Theorem 0.3.2 as an application of the
following results.

Lemma 3.3.1. Ifa—i—% <6 anda € Ry, then (8 +x+ %)2 —4 ¢ (—00,0), where v = ae®
and 6 € [0, 2m).

Note that if we consider the case where @ > 1 and a + 1 > 10, then |y (—a)| <1 < /a
and |y2(a)| < \/La Lemma 3.5.1 gives a detailed description of this fact for a general case,
namely when a + % > k + 2 for k > 4. Also in this case (k = 8) if a < 1, then we can
show that |y;(ae’s)| < a. And if 6 < a + £ < 10 then [(8—@— %)2 —4} < 0. We

want to avoid the case where [(8 —a— i)z — 4] < 0, because then we will not be able

to work with a fixed branch of the square root of [(8 +x+ %)2 — 4} . In case of equality
we have y;(z) = yo(z) = £1 (as y1(x) - y2(x) = 1), which after replacing in (3.2.3) yields
n(z,y;) = 0 for j € {1,2}, and as a result we get m, (Ps(x,y)) = 0. More details on these
results is provided in Section 3.5. Once we fix a branch (principal branch) of square root of
(8+az+ %)2 — 4, we have two well-defined the algebraic functions of x, namely y;(x) and
y2(x), when |z| = a.
Lemma 3.3.2. Let y1(z) and yz(x) be defined by (3.2.1), where |x| = a with a € R+ and
a++ < 6. Then |y (a)| > |yz(a)|. We also have |yi(a)| > v/a.

Therefore, we can concentrate on obtaining minge(o.2x) |y1 (ae”) | for |z = a.
Proposition 3.3.3. Ifa+2 < 6 and a € Rxo, then |y (z)| = |y (ae®) | attains its minimum
at Oin = m, where 6 € [0,27).
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Note that ag = {(5 — 2\/5) + \/(5 - 2\/5)2 — 1} > 1.

Lemma 3.3.4. Fora € [a—lo,ao} , the integration path {|z| = a,|y1| > v/a} is closed.
Lemma 3.3.5. Let a € R be such that +~ < a < ay. Then

ag —

/ w € 1R,
¢+ (|z|=a)

where the integral is performed over the path {|x| = a, |y1(x)| > \/a}, where y1(z) is given
by (3.2.1) and satisfies Py (x,y;) = 0.
If a satisfies the conditions of Lemma 3.3.5, then the fact that the value of the above

integral is independent of a implies
[0+(lz| = a)] = £[. (|2 = 1)] = £[|X]| = 1],

where [|X| = 1] € H,(Es,Z)~. It can also be shown that the sign is independent of @ in this
case. This will imply

[0:(|z] = a)] = [ou(|z] = )] = [|[X] = 1] € H1(Es, Z)".

In particular, the above homology classes are identified as the generator of the component

_ 1
1 ) ) . ) a0’
H\(Ens), Z)~ of the group H;(Ens), Z). In fact, for a € [ - ag} we have

a

i (1
w=—K (—) , (3.3.1)
/¢*<|x=a> 2 \2

2 do
K(k) ;:/ —
0 1 —k2sin“ 6

is the complete Elliptic Integral of the First Kind. We give a proof of this fact in the

where

Appendix (Lemma A.1.1). The next lemma deals with the value of
1

— dargy;.
27 Jizl=a |2 va

Lemma 3.3.6. Let y; be the root of yPs (x,y) = 0 given by (3.2.1), and let a € Roq be such
that a € [%, ao} . Then,

1 1
— dargy; = — dargy; = 0.
27 Jizl=a,ly1>va 27 J\uj=a

Before we proceed to prove these results, we use them to deduce Theorem 0.3.2.
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PrROOF OF THEOREM 0.3.2: From (3.2.2) and Lemma 3.3.6 we obtain that

1

—a_ n ($, yl) .
27 Jjol=a 1 |>va

Mg,z (YFs(r, ) =

We use Lemmas 3.3.4 and 3.3.5 to get

1 _ _
/ n(fv,yl)z/ n(x,yl)ZQ—/ n(zod™yoo™), (3.3.2)
jel=aui[>a j#l=a ™ Jou(lzl=a)

where ¢ is the birational transformation in (3.1.2) with & = 8. But, from Lemma 3.3.5 and

(3.3.1) it follows that

1

1
— n(rog yoo™ ') =
270 J 4. (j2|=a) ( )

T or

/ n (xo¢*1,yo¢*1) ) (3.3.3)
¢+ (|z|=1)

The relation between Ps(z,y) and Ey)(X,Y) via the birational transformation ¢ implies

that
1 1

n(X,Y) = —/ n(zod™yoo ). (3.3.4)
o= (z|=1)

% |X|=1 27

1
ap’

Therefore, using (3.3.2), (3.3.3) and (3.3.4) we can now write, V a € [ ao],

1 1 1
XY)= — -1 -1y _ / i 1y
n(X,Y) 27r/¢*(|x:1)77($0¢ ,yog ') o= ¢*(Ilza)n(l’0¢ ,yog ')

21 Jix1=1
We can now conclude that, V a € [%, ao} )

1
27 J 4. (j21=a)
1

=— n(zogp " yoop™!
270 J g (ja)=1) ( )

=m (yBPs(z,y)) = m (Ps(z,y)) .

m,, /z (yPs(x,y)) = n(rod™yod)

In other words,

1
m, /g (Ps) =m(Ps) — 5 log a. (3.3.5)
We conclude the proof by combining (3.3.5) with the results
Hl(Pg) :4H1(P2)7
due to Lalin and Rogers [32], and

m (PZ) = L/(EN(S)v O)a
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proved by Rogers and Zudilin [39]. Combining these results we obtain
(Py) = m () — ~loga = 4L (Exg), 0) — ~1
mg, /a\Lg) = 1M I8 9 oga = N(8)5 9 og a,
thus deducing Theorem 0.3.2. O

Next section deals with the proofs of the proposition and lemmas mentioned in this

section.

3.4. Proof of the proposition and lemmas

Our first task is to find the values of a € Ry such that {|z| = a,|y; (z)] > Va} is a
closed path, where y; (z) is an algebraic function in z for i = 1,2, and satisfies Py (z,y;) =
0. In particular, we will show that {|z| = 1,|y; (z)| > 1} is a closed path. Once we
recover those values of a we conclude that the above path is homologous to the closed path
{|z| = 1,]yi (x) | > 1}, and therefore we will be able to prove Lemmas 3.3.4 and 3.3.5. The

importance of considering Ey ) follows from the formula in (1.1.16), found by Deninger [23].

3.4.1. The integration path {|z| = a,|y;| > v/a} for i = 1,2
Based on numerical experiments, Boyd [17] hypothesized that

m(Ps(z,y)) = 4m(Py(z,y)) = 4L'(En), 0), (3.4.1)

where Eng)(X,Y) == Y? - X <X2 + <% - )X + 1). The relation between the Mahler

measures was then proved by Lalin and Rogers [32] by establishing functional equations for
the function m(P;(z,y)), and combining them with other functional equations proved by
Kurokawa and Ochiai [27]. The relationship with the L-function was eventually proved by
Rogers and Zudilin [39] using a relation between Mahler measure and hypergeometric series.
There are also similar results to (3.4.1) when k£ = 16 and & = 5 (for more details on the
standard Mahler measure in these cases see [30], [32] and [40]).

We can extend our method for the cases when k£ = 5,16 and obtain a relation involving
m(Py) and the Mahler measures of the corresponding polynomials considered over Ti Ja In
particular, if we consider T7 , instead of Ti @ as our integration torus then some restricted
results for the cases when k£ > 4 (see Section 3.5) will follow from an argument similar to

the one provided below.
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As mentioned above, our main aim in this section is to first determine which y;(x),
between y;(x) and yo(z), we should consider such that |y;(z)| > /a whenever |z| = a; later
we will study the behavior of min,_,eis gejo2x) [y;(z)| with different values of a to find the

values of a such that {|z| = a, |y;(x)] > /a} is a closed path.

PROOF OF LEMMA 3.3.1: After substituting z = ae” the given expression can be ex-

panded to
h(a,0) = (84 ac” + a_le_ie)2 —4=84(a+a")cosh+i(a—a") sin@)2 —4
=8+ (a+ a_l) cos«9)2 —(a— a_1)2 sin? 0 — 4
+2i (8+ (a+a")cosh) ((a—a")sind).
Now h (a,0) € (—o0,0) only if both of the following conditions hold.
e Im(h(a,0))=0,ie 28+ (a+at)cosh)((a—a')sinh) =0.
Asa € Rygand a + % < 6, we get that the above will happen if and only if
(a — a_l) sinf = 0,
i.e. if and only if (a —a™') = 0 or sinf = 0 or both.
e Re(h(a,f)) < 0. Replacing the values of a and 6 obtained above, we get
(a —a')sinf = 0. But again using the conditions in Proposition 3.3.3, we obtain
(84 (a+a)cosh)’ —4 > 0. In other words, Re(h(a,0)) > 0 for all a and 6

satisfying the given conditions.

Thus, for z = ae®, § € [0,27) and a—i—% < 6, (8+x+ %)2 —4 ¢ (—00,0). O

Before starting the proof of Lemma 3.3.2 we fix a branch of the square root for the rest of

the section in order to make the expressions of y;(z) in (3.2.1),for j = 1,2, well-defined.

PrRoOOF OF LEMMA 3.3.2: We start by evaluating |y;(z)| at § = 0 (viz. x = a) for
je{1,2}:

o —(8+a+§)—\/(8+a+§)2—4 (8+a+§)+\/(8+a+§)2_4

1 (ae”) | = : — : ,

2 (ac”) | —(Erat+y/Era+d)—a| Bra+d)—y/(Bra+)’ -4

Yo (ae = — :
2 2
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where we use the fact that a + % > 2 because a € R.g, and therefore, (8+a—i— %) >
\/(8 +a+ %)2 — 4. We obtain |y; (a) | > |y2 (a)|. Tt remains to find if |y;(a)| > /a.
We denote g (a) := 4 (|y; (a) |* — a). If we can show that g(a) > 0 for a € R.g, then we

get
e if a > 1, then |y;(a)| > v/a, and simultaneously |y (a) | < \/La <a;
o if a <1, then |yi(a)| = |11 ()| > \/La > y/a, and simultaneously |yz(a)| < /a, where
we use the fact that y(z) and y,(x) are invariant under the transformation z — <
when |z] = a.
We can then concentrate on finding the values of a such that |y, (z) | > /a, for all x satisfying

|z| = a. But observe that

2
g(a):4(|y1(a)|2—a):2<8+a+é) — 4+ f(a) —4a > 2a* +4 —4a > 0,

where f (s) =2 (8 + s+ %) <\/(8 + s+ %)2 — 4> > 0 for any positive real s, and this proves

our lemma. O

Our next goal is to prove Proposition 3.3.3. In order to prove it, we start with the
following auxiliary lemma.
Lemma 3.4.1. If Re(z) > 0 and arg(z) € (—m, 7], then Re(y/z) > /Re(z), where the

square root is taken with the principal branch.

PROOF. Let z = re? where r = |z|. We also have Re(y/z) > 0 because arg(z) € (—, 7]. So

we have

0 1
Re(\/z):ﬁcosiz 57"(1—1—0050)2\/7“0050:\/Re(z),
where the penultimate step is true because | cosf| < 1. U

As (8 +x+ %)2 —4 ¢ (—00,0), we can assume that, for ¢t = (6 + ae’ + aile*w) with

6 € [0,2m),
arg(t(t +4)) = arg((t +2)* — 4) = arg (8 +a+ é) - 4] € (—m, 7).

We will now prove Proposition 3.3.3.
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PROOF OF PROPOSITION 3.3.3: We write |y, (7) | = |y1(ae)| in terms of ¢ as

2|y1 (ae”) | =|— (8 +ae” +a'e ™) - \/(8 + ae?® 4+ a-le=?)? — 4
=|t+2+ (t+2)2—4’

= t+2+\/t(t+4)‘.

As mentioned before, we fixed that arg(t(t +4)) = arg((t +2)> — 4) € (—n, 7], which implies
arg(\/t(t +4)) € [-Z,Z). We also have from Lemma 3.3.1 that /t(t + 4) is well-defined

272

and so is 2|y;(ae®)|. Also note that

2

‘t+2+\/mr: [Re(t—|—2)+Re( t(t+4)>r+ [Im(t—i—?)—l—lm( t(t+4)>}

> [Re (t) —|—2+Re( t(t+4)>]2, (3.4.2)

where the equality holds if [Im (t+2)+Im ( t(t+ 4))] = 0.

Now to minimize 2|y, (ac”) | we first need to minimize Re (¢ +2) + Re (M)
From the proof of Lemma 3.3.1 we have that Re (¢t +2) ,Re (¢ (¢t +4)), and Re < t(t+ 4)>
are positive for a > 0,a + % < 6 and 6 € [0,27). Indeed, as we have considered the principal
branch of the square root of (¢(t+4)), we obtain arg (M) € [-Z,2), and this implies
Re < t(t+ 4)) > (. Therefore,

t+24 1/t (t+4)

min
0€[0,27)

2> min [Re(t+2)+Re( z&(zt+4)ﬂ2

~ 0€gl0,27m)

> { min (Re (¢ + 2)) + min)(Re( t(t+4))>r. (3.4.3)

0e[0,2m) 0€[0,2m
First we will minimize Re (¢ + 2). If it attains its minimum at Oy t+2 € [0, 27), then we get
Omin t+2 = T, because

1
. . . -1 _ _
een[(l)glﬂ) Re(t+2) = eg(l)glﬁ) (8+ (a+a"')cosb) =Re(t+2) |9min,t+2:7r =8—a— o

where 2 < a + £ < 6. Note that we have ¢(t +4) = (t +2)* — 4, Re(t(t +4)) > 0 and
arg(t(t +4)) € [—m, 7) in our case. In other words, we can apply Lemma 3.4.1 to ¢(t +4) to
get

Re( (t+2)2—4> > \/Re((t+2)2) —4 = \/[Re(t+2)]2—[Im(t+2)]2—4,

68



and

min [[Re (¢ +2)]> — Im (¢ + 2)]* — 4] = [[Re (t +2)]* — [Im (¢ + 2))* —

4 . .
0€[0,27) } |COS 0=—1,sin 6=0

Note that we have Re (¢t + 2) ‘9:0 > Re (t +2) ‘9:7:' and

oo = 0= [ (VEET+D)]

Therefore, if Re(t(t +4)) = Re((t + 2)* — 4) attains its minimum at G414y € [0, 27),

[Im (¢ + 2)]

sin =0 '

then Ominy¢+4) = 7. Thus, if we can minimize Re (t + 2), we will simultaneously minimize
Re (¢ (t 4 4)). In other words, we have Oniy 12 = Omin,t(t+4) = Omin = 7,
[Im (t+2) +Im ( T+ 4))} ‘ —0, (3.4.4)

and

Re( t(t+4)> ‘Gmm:Re( (t+2)2—4) — \/Re ((t +2)?) —4

emin min

The equations (3.4.2) and (3.4.4) combined with the fact that Re(¢ 4+ 2) and Re < t(t + 4))
are strictly positive when 6 € [0, 27) imply that the equality holds through out (3.4.3), and

we get
2
L+ 24+ E(E+4) ‘ Re (t + 2 Re ( 1)
oMy [P 2+ VI [m eli+2)+ min Re{vili+4) }
2
— [Re (t+2)], _ +Re (x/t (t+ 4)) |0min:ﬂ}
- 2
1 1
- 8—a———|—\/(8—a——> — 4| . (3.4.5)
a a
Therefore, if a + 2 < 6 and a € Ry, then |y;(z)| = |y1 (ae”) | attains its minimum for
0 € [0,27) at Oy, = . O

To determine the values of a such that {|z| = a, |y (x)| > /a} is a closed path, we now

just have to consider the cases where |y;(ae™)| = |y1(—a)| > Va.

Proor oF LEMMA 3.3.4: Note that it is enough to find the positive real roots of
1 1\?
Glu)=8—u———2Vu+ (8—u——> —4
u u
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such that u + = < 6. Indeed, once we find the roots we can determine the interval(s) in the
real line where G(u) > 0, following the conditions on u, and that will give us our required
values of a.

By setting G(u) = 0 we obtain

1 1\?
S—u——+4/[8—u—=) —4=2Vu
u u
1 1\?
S8—u——=2/u—/[8—u—=) —4
u u

1\? 1\? 1\?
<:><8—u——> :4u+(8—u——) —4 -2 u<(8—u——> —4)
u u u
1 2
:>4(u—1)2:u<(8—u——) —4)
u
1\? 1
u u
1\? 1
<:><1—u——> —|—18(1—u——>+7220
u u
1 2
<:><10—u——) =92 _ 72
u

1
Sut—=10+4V2.
u
Since we assumed that u + % < 6, we are left with only one choice, namely

1
ut+ = =10 —4v2
u

<:>u:<5—2\/§>ﬂ:\/(5—2\/5)2—1:a00ru:i, (3.4.6)

Qo

> 1.

where ay = [(5 — 2\/5) + \/(5 _ 2\/5)2 1
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Notice that ug = 4 (17— VAT + v/314 = 34V/1) = 5.10245374... s a root of G(u).

Indeed, after clearing the fraction in the equation G(u) = 0, we square both sides to obtain

1\2
= 1—8u—|—u2—u\/(8—u——) —4
U

Now, we open the square on the right-hand side, and rearrange the terms to isolate the

radicals. Next we square both sides, and multiply the equation through a suitable power of

u to obtain a polynomial equation in u, namely
16u®(u* — 17 + 64u* — 17u + 1) = 0.

As the domain of the function G(u) under consideration is contained in R+, it only remains
to solve the equation

(u* — 17u® + 64u* — 17u + 1) = 0. (3.4.7)
As u > 0, we consider U = u + % to get

U? - 17U + 62 = 0,

which has roots at 1”2‘/5 and 17’2‘/5. Then, the possible solutions of the equation (3.4.7)

are
1 1
=1 <\/ +17+1/314+ 34\/41) Loru= (\/41 +17— /314 + 34\/41> :
1 1
oru= (17 VAL + /314 — 34\/41) Loru= (17 VA1 — /314 — 34\/41) .

But, only ug = 1 (17 — V41 4+ v/ 314 — 34 41> satisfies the equation G(u) =
Now, if 1 < wu <5 then u + <5+ —, which yields that G(u) > 0 when u € [%,5] )

In partlcular, we have = < % <1< a <5, and G(1) = 4+ V32 > 0. Therefore,

5
G(u) >0 Vucl[;, a

Therefore, if a € [1,aq], then {|z|] = a,|y;] > /a} is a closed path. But note that
ly1(z)| = |y1(z71)|, and if @ < 1, then \/a < \/%; In this case we have |yi(—a)| = |y (=1) | >
\/La > y/a. So, if a € [%, 1) , we still have a closed path, namely {|z| = a, |y;| > v/a}. Thus

proving our lemma. ]

In conclusion, we can now remove the restriction on a of being greater than 1, and we

can proceed to find the values of m,  (FPs(z,y)) for a € [— ao}
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3.4.2. Homology class of the integration path in H,(Eys),Z)

We have concluded that the integration path is closed under certain conditions. In
this section we study its class in the homology group H; (EN(g),Z). We substitute & =
8 in (3.1.1), and consider the invariant holomorphic differential of the Weierstrass form
Ene)(X,Y), namely w. Let S = {oq, a2} be a set of generators of the group Hy(En(s), Z),

which is a rank 2 free Z-module. We consider the complex analytic isomorphism
EN(g)(C) — (C/A,

defined by P fopw (mod A), where A = wiZ + wyZ with fai w=uw;, fori=1,2, and O is
the identity element of the additive group (EN(g)((C), +) . This map implies that any path
f OP w is well-defined up to addition of a complex number of the form n w; + nows, for n; € Z.
Therefore, the integral of w over a closed path is 0 (mod A). Let 7, and 72 be two closed
paths which do not self-intersect. In order to show that the two paths v, and 7, define the
same homology class, we first need to show that f% w=m fw w, for some positive integer
m. In other words, we need to show [y;] = m[y2]. But as 7y and ~, are closed and do not
self-intersect, then they must be generators, and m = +1. In our case, our goal is to show
that the homology classes [¢.(|z] = a)], [¢«(|z] = 1)] and [|X| = 1] are equal as elements
of H\(Ens),Z)”, which is a rank 1 free Z-module. In order to do so, we follow a similar
argument to the one given in [31] to show that the integrals f7 w are in fact elements of iR,
where ~ is a representative of one of the above mentioned homology classes, and they are

also positive multiples of each other.

Recall that ag — [(5 —2v2) +4/(5-2v2)" - 1] .

PROOF oF LEMMA 3.3.5: We will prove the above result for a € (%, a0> and the bound-

ary cases will follow by continuity. Since we have

/ W= P*w, (3.4.8)
¢« (|z|=a) |z|=a

we need to find an explicit expression for ¢*w. From the change of variables in (3.1.1), we

obtain

1 1

dX =
x2y Y2

dy.
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By differentiating the expression P (z,y) = 0, we get

1 1
<1—;)dw+(1—;)dy:0.

Now, we replace dy in the expression of dX to get

_ 1
dX = L_}_M

2
w0 ()

Also we have

y-2)(1+3)

1Y

2Y =

Therefore, ¢*w is given by

ax _ [Lﬁ%} " {“%} "
Y wo(d) (o) ey 1)

y
We also have y; (z) - yo () = 1. As we are working with y; := y; (), we replace y with y;

in the above expression, where y; () is given by (3.2.1). Before doing so we denote

1\ 2
Ag = (8—{—.7:+ E) — 4, ie yo(z) —yi(x) = /As.

Let yo := ya(x). We now rewrite the expression of % with y; to get

dx

T (1—51) (1+zy1) (#—1)
\/A_s—i‘l’—%

— 0290 (L1 700) \/A_gdx (using v - yo = 1)
_ VAs +a— 2 "
(I =z (g2 — 1) — 22) VA
1 dx
VA

(3.4.9)

Therefore, we find that

/ " / 1 dz
w = w = — -
¢+ (|z|=a) |z|=a |z|=a VAg x
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We now substitute z = ae® for § € [0,27) in the above expression. We know from Lemma,

3.3.1 that we can consider a fixed branch of square root of Ag. Therefore, we can write

/ & / 1 dx

W = W = — R

6 (|2l=a) la|=a jal=a VAg T
o

2m
i
0 \/(8 + ae 4 a~le=i0)? — 4
,/7r dr
=—1
-7 \/<8 + ael™ + aflefiT)Z —4

d

= —2iRe / T
0 \/(8 + aeiﬂ' + a7167i7)2 —1

Y

where we used the change of variables § — 7 +— 7 in the second line. We then have

/ w = ¢*w € iR.
¢« (|z|=a) |z|=a

On other hand we know that ¢ : Py — Es) induces ¢, : Hy (Cs,Z) — H, (EN(S), Z), where
Cs : Py(x,y) = 0. Using the Uniformization Theorem we get that there exists a lattice A C C
such that Ey) (C) = C/A is a complex analytic isomorphism. We therefore get a group
isomorphism H; (En) (C),Z) = Hy (C/A,Z). But the last term is a rank 2 free Z-module.

But we can also write

Hy (Ens) (C),Z) = Hy (Exgs) (C),Z)" @ Hy (Eng) (C),Z)

which shows that H; (Ey) (C) ,Z)+ and Hy (Ens) (C),Z)  are free Z-modules of rank 1.

From Remark 1.1.2 and the above discussion we know that [¢,(|z] =a)] €
Hi (Eng),Z) .  Taking a = 1 we also get [¢.(|z|=1)] € Hi(Enes),Z) . But
Hi (En@),Z) is a rank 1 free Z-module, and the closed integration paths ¢, (|z| =1)
and ¢, (|z| = a) do not self-intersect. Therefore, we obtain [¢, (|z| = 1)] = c[¢. (|z]| = a)]
and d[¢. (|z| = 1)] = [¢« (|z| = a)] for some ¢, € Z \ {0}. This implies that ¢ = ¢ and
c € {—1,1}. Also, from [32] and [39], we have

/ W= / w € iR, for (z,y) € T,
|X|=1 #+(|z|=1)
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and [, (|z| = 1)] = [|X] =1]. As a+1 <6, the sign of the integral in (3.4.8) is independent
of the values of a. In fact, we will argue that ¢ = ¢ = 1 in the Appendix. Combining these

results we get our desired relations. 0
3.4.3. The integral over dargy
It remains to compute the integral (1.2.4).

Proor oF LEMMA 3.3.6: We have shown in Lemma 3.3.1 that (8+x+ %)2 —4 ¢
(—00,0), when |z| =a € Ryp and a+ % < 6. This implies that we can consider the principal
branch of the square root of (8 +x+ i)Q — 4. Therefore, we have a well-defined algebraic

function of x when |z| = a, namely

(8+x+§+\/(8+x+§)2—4)

2

() = —

The above discussion leads to the fact that y; (2) is holomorphic on the annulus A =
{zeC: i < |z| < ag}. We claim that y; (z) does not vanish for any z € A. Suppose it

vanishes at least at one point, say xy. In other words,

Y1 (z0) =0

1 1\?
< — 8+l‘0+— = 8+JIO+— —4
o) Zo

1\? 1\?
@(84‘1’0‘}‘—) :(8+ZEO+—) —4,
Zo Zo

which is impossible. Therefore, 3, (z) is holomorphic and non-vanishing in A.

-
Let v, = =t U iy ! u %, where ¥, is the path obtained by traveling the circle

_>
|z| = r counter-clockwise with r € (%, a0> and [ is the straight line along the imaginary
axis starting from ¢ and ending at ta. We also have Cauchy’s Theorem in our domain of

definition A, which says
1 /

e,

2mi ), f

for any f which is non-vanishing and holomorphic in A and v is a simple closed path

contained completely in A. We take f = yi, i.e. f(z) = yi1(2) and v = ~,. Let I (r) =
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= fgr_ W1 where r € (%,a()). We have

)= [ gy L g Ly Sy —o,

2mi Jm 210 Je g 21l ),

where the last expression follows from Cauchy’s Theorem and the fact that integration along

%
the paths 7 and [ cancel each other. Therefore, it is enough to calculate I (1). But

1 d [T 2sin 6
I(a):[(l):—[r_ﬂzi o do

2mi s e 2T o \/(8—1-2(:089)2—4
2
/ SIn T dr [Change of variable: § — 7 — 7]
\/ — 2 cos 7' —4

The last step follows from the fact that the integrand is an odd function in 7, and the previous

steps follow from the following calculation:

o d(8+z+§+\/(8+z+§)2—4)
(1)_2_7ri/fﬁ (8+z+§+\/(8+z+§)2—4)

1 z—% dz

2mi %—1\/ 8424 1) 47

2sin 0

/ \/8+20089 —4
/ 2s8inT dr,
Ve

de [Change of variable: z — ew]

8 —2cosT) 2 4

where we used the change of variable § — 7 — 7 in the last line.

We know that dargy; = Im (éy:) Therefore we can rewrite I (1) as

1 1
= [ LT (") [ (Y] 2o
21 J&5 2 | )& Y1 1 (1

Therefore, for a € (L, ag) we have
ao

1 1 d
— dargy, = m () =o.
2 27T |z|=a U1

|z|=a
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By continuity we get Va € [%, ao} ,

1
— dargy, = 0.
2T

|z|=a

3.5. Partial results when k£ > 4

We now describe some partial results that we obtained using a similar method as above,
regarding the values of m,; (Py(z,y)) when b € Rsy, a € Ry with b not necessarily a
function of a. We also restrict ourselves to k£ € Roy.

We can factorize yPy(z,y) over C(x) as

yPy (z,y) = (y — Y1,k (z)) (y — Y2,k (z)),

where

—(l{:+zz+%)—\/(k+:p+%)2—4

e (z) = 5 : (3.5.1)
s ) _—(k+a+]) +\2/(k+x+i)2—47

are algebraic functions in .

Our main goal is to determine when the integration path {|z| = a, |y; x| > b} is a closed
path for ¢ € {1,2}.

Firstly, a discussion similar to the one in the proof of Proposition 3.3.3 implies that the

minimum of |Ag| = ‘(/{: +a+ §)2 — 4| is attained at x = —a. As described in the proof of

Lemma 3.3.5, we consider a restriction on a so that A, ¢ (—o0,0). We can even omit the
case when Ay = 0 for all x € T}, because in that case we have y; ,(z) = yoi(z) = £1. In
other words, we want to consider a fixed branch of the square root of Ay for our computation
to conclude when {|z| = a, |y;x(z)| > b} is a closed path for ¢ € {1,2}. In fact, we want to
consider the principal branch of the square root of Ay.

To do so we need

Ag|,_ = <k—a—é)2—4: <k—a—%+2> <k—a—%—2> € C\ (—o0,0].

But as Ak|
if a4+ > k+2, then {|z| = a, |y;x(2)| > b} is not a closed path for any i € {1,2}. Therefore,

, € R, we can restrict our search to the case when Ak} , > 0. We claim that

rT=— r=—
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according to our claim we will have the liberty to work with a + % < k — 2 as we did in
“k = 8 case. In order to prove our claim, we search for values of = such that |y;x(z)| < b
for i € {1,2}. As mentioned above we are restricting our computations to b € [1,00). The
following lemma provides us those particular values of x.
Lemma 3.5.1. Let yy x(x) and yai(x) be defined by (3.5.1), where |z| = a with a € Ryy.
We now have the following relations between them:

* [y1r(a)] > [yak(a)l,

o Ifa+2>k+2then |y p(ae™)| = |yiu(—a)| <1 <0,

° [y2i(a)] <1<

PROOF. We have proved |y x(a)] > |y2x(a)| in 3.4.1 for the special case k = 8. The proof
for k > 4 follows a similar direction.
For the second part, we denote —N = (k: —a— l). Then, we have N > 2 as a+% > k42.

a

Now we rewrite |y; x(—a)| in terms of N as

(k—a=Y+y/(k—a—1)* -1 ‘—mm
2

N —+/N?2—-4
2 )

y1s(~a)] = } -

where the last equality holds because N > v/N? — 4. Now note that N — 2 > 0, and we get

(N —2) < /(N =2)(N +2).

In other words,
N —+/N2—4

<1,
2

which proves the result.
The third part follows from a proof similar to the one above by considering Ny = k+a+

é > 2, and noting that

Ny — /N2~ 1

< 1.
2

[Y2.k(a)] =
U

Lemma 3.5.1 implies that if a + 1 > k + 2, then {|z| = a, [y11(x)| > b} is not a closed
path because we have |y x(ae™)| = |y1 x(—a)| < b. Similarly it also shows that |ysx(a)| < b,
which combined with the previous statement proves our claim that if a + % > k + 2, then
{lz| = a, |yix(z)| > b} is not a closed path for any ¢ € {1,2}. In particular, we can restrict

ourselves to a + % < k-2
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Now that we have a + % < k — 2, we can proceed similarly as we did in k£ = 8 (simply by
replacing 8 with k).

For a+ 1 <k — 2, we write z = ac” to obtain

ol (2) 1= Iy (ae™) | = loni(=a)l

and

] 1
min |ys k() | =
0€0,27) | 2 ( ) | maXgelo,2r) ’yl,k (37) ‘

= lyrp (ae®) [

= |2k (aeio) | = [y2.x(a)].
The first equality can be justified from an argument similar to the proof of Proposition 3.3.3,
and the second equality follows from the following lemma.

Lemma 3.5.2. Ifa € R.g and a+2 < k—2 then |y1 ()| = |y1x (ae®) | attains its mazimum
in [0,27) at Opax = 0.

PROOF. We use the expression of y; ; from (3.5.1) and the above mentioned conditions on

a to get
—(k+x+§)—\/(k+x+§)2—4
k()| = 9
k+a+1 |\/(’f+fc+%)24
< |l—=2| +
- 2 2
k+o+ 1] VM—Q+£+§‘M+2+I+ﬂ
— T +
2 2
k:+a+§+\/(k:+a+§)2—4
< 9 :‘yl,k(a)‘>

where the last inequality follows from the fact that
I a+ 1 < k-2, which implies (k + = + §)2 —4 ¢ (—00,0] for z = ae® with 6 € [0, 27)

(see Lemma 3.3.1),
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I1. |cosd|,|sinf| are bounded by 1, and writing x = ae®, we have

2 1 2 1 2
= (L+ (a+—> cos&) + (a——) sin’ @
a a
1 2
S(L—I-a+—) :
a

where L € {k —2,k, k + 2}.

) 1
‘L —+ ae’? + —5
ae’

Therefore, |y; x(ae®)| attains its maximum at 6,,,, = 0, where 6 € [0, 27). O
e Main Result : The conditions a € Ry and a + % < k — 2 implies that if
max{1, [y2(a)[} <b < |p1k(—a)l,
then
Mo (Y B (2,9)) = m (y Py (z,y)) < mayp (P (2,y)) = m (P (2,y)) — logb,

where k£ > 4. The proof of the above results is very similar to the proof of the £ = 8

case before.

Now let

1 dx

My p 1k = Gy log ‘ylk(iﬂ)‘_

T J)z|=a,|y1 k()| >b x

and

1 dx
a = | —

Mg b2k o 0g|y2,k($)’ -

|z[=a,ly2,k ()20

If we let 0 < b < |yax(a)| <1, then, as y; k() - y2x(x) = 1, we can derive that
ma,b(ypk(l‘; y)) =Mgpik +Mep2k =Mep1k — Mep1k = 0.

In other words, if a € Ryg, a+ + <k —2and 0 < b < |ys4(a)| < 1 then,
1
m,p(Pr(z,y)) = log (5) :

3.6. Additional calculation with the diamond operator

We have shown m, ,(y Py (z,y)) = m(yPx(z,y)) for some restricted values of a and b when
k > 4. Note that, except for computing integrals of w and dargy over some closed paths
in section 3.4.2 and 3.4.3 we are not using the birational transformation ¢ explicitly in our
proof. In fact, we have shown that, for certain values of a and b, the Mahler measures of

this family of polynomials are the same as their standard Mahler measures, and to do so we
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obtained values of a, b in R-( such that the integration path {|z| = a, |y; x| > b} is closed for
i € {1,2} and homologous to {|z| =1, |y; x| > 1}.

Although we have not used the elliptic dilogarithm and the diamond operator in our
proof explicitly, we add this section here for the sake of completeness.

We will follow [32] and [30] to calculate m, (P (z,y)) in terms of elliptic dilogarithm
when k& > 4 for certain values of a,b (obtained in Section 3.5). As we have the equality
me (Y Pr(x,y)) = m(yPy(x,y)) for certain values of a and b, it is enough to consider the case
where a = b = 1.

From Definition 1.1.9 we know that for 7" € En¢)(C), corresponding to z € C*/q%, the
elliptic dilogarithm is

DP¥w)(T) = DP¥® (z) := >~ D(q"2).

In our context, it is enough to take into account that

"y {30, Unay ] = DEYO ((2nw) © (Yny)), (3.6.1)

where 7, is the regulator map due to Bloch [12] and Beilinson [10], {zn ), ynk) } 1s an
element of K>(C(Enk))), D"V® is the elliptic dilogarithm in Ey ) constructed by Bloch
[12], and [v] is a generator of Hi(Enk),Z)”, which is a rank 1 free Z-module.

Our goal is to prove equality (0.3.4), namely

Hl(Pg (I,y)) = 4IH(P2 (ZL’,y)) )
following the steps in [32]|. To begin with we recall two functional equations of m(Fy):
(1) Kurokawa and Ochiai [27] showed that, for h € R\ {0} we have
m(Pya) +m (Py ) =2m (Py.1)) (3.6.2)
(2) Lalin and Rogers [32] showed that, for h # 0, and |h| < 1 we have
w (Puey) + 0 (Pagae gy ) = m (Ps). (3.6:3)
Setting h = \% in (3.6.2) and (3.6.3) we obtain

m(Py) + m(Ps) = 2m(Py ), (3.6.4)

and

m(Pgﬂ) + m(PZﬁ) = m(Pg), (365)
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respectively. Therefore it remains to obtain a relation between m(P; 5) and m(F, ;) to
finish the proof of (0.3.4).

First we consider the torsion group of En ) over Q. It is not hard to see that (En k) (Q))sor
is isomorphic to Z/4Z with generator P = (1,%k/2) € Enay(Q). Notice that, 2P = (0,0),
3P =(1,—k/2), and 4P = O.

From [32] and (3.1.1) we also have

(X) = 2(2P) — 20,
(z) = (P) — (2P) — (3P) + O, (3.6.6)

(y) = —(P) — (2P) + (3P) + O.
Applying the diamond operator between (x) and (y) we get
(z) o (y) = 8(P). (3.6.7)

Note that Q) = (—%, O) is a point of order 2 in Ey) when k = 2 (h + %) . It is easy to
see that P+ Q) = (—1,h— %) , 2P+ Q = (—h?0)and 3P +Q = (—1,%—h).
For simplicity we will denote En ) as £} and TEngy 88 Tk in the future.

Now we use the isomorphism
Q: EQ(H%) — EQ(Z.H%), (X,)Y) = (—=X,1Y), (3.6.8)

to pull some rational functions u,v € C (E2( )> back to C <E2( )> . This implies that

ih+3; ht g

T2(ih+%)({ua U}) = TZ(h_F%)({u cp,vo 80}) (3.6.9)

Recall that H is the complex upper-half plane. The Uniformization Theorem says that
there exists a lattice A’ C C such that E; 5(C) =2 C/A’ is a complex analytic isomorphism.
Let w],w) be complex numbers such that A’ = wjZ + wiZ with :—% € C\ R (by swapping w]
and w), if necessary we may assume that :—é € H). We denote 7 := “ ¢ H. Then we combine

1 w1

(1.1.12) and (3.6.8) to get the following commutative diagram :

P

C/A, —=— C* /¢
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where A, = Z + 77Z, and ¢ = ¢*™. Note that A, and A’ are homothetic, i.e. A’ = WA, .
The above diagram implies that for T' € E; 5(C), we have

D¥wv2(p(T)) = D" (T).

We write 1, y1, X1, Y1 for the rational functions in Ey 5, and 3, y2, Xo, Y5 for the corre-
sponding objects in E; 5. The relations among the above set of rational functions in Fj 5

and the relations among 3, y2, X», Y2 in E; 5 can be written using (3.1.1) as

( ki X; — 2,
T OX (X, — 1)
J J
(3.6.10)
kX 42,
TG (x, 1)

for j € {1,2} with k; = 3v/2 and ky = iv/2.

We have a commutative triangle in this following diagram:

P35

(see (3.1.2) for more details on the birational transformation ¢). Therefore, it follows from

[37] that some integer multiples of

&1 = {xlayl} and § = {952 ©@Y,Y2 © 90}

are in Ky(Ejy 5). From the above diagram and (3.6.10) we can write x5 0 ¢ and y; o ¢ in

terms of X1,Y; as

—ko Xy — 21Y4
oY T OXI(X 1)
(3.6.11)
—ko X1 + 2tY;
VOY T OXIX 1)
Combining (3.6.11) and a calculation similar to (3.6.6) we obtain
(w209) 0 (y209) =8(P+Q). (3.6.12)
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Also note that we can rewrite (3.6.7) in terms of rational functions in Ej 5 as

(z1) © (11) = 8(P).

Now, in order to obtain a relation between m(P; ;) and m(P, 5) we have to find relations
between (P) and (P + Q) in Z [E, 5(C)] ", where Z [E, 5(C)] is the group of divisors on
Ey 5 (see (1.1.14)). In other words, we need to relate the dilogarithm D"sv2 evaluated in
both elements (21)o(y1) and (z20¢)o(y20¢) of Z [Ey 5(C)] . We want to find combinations
of tame symbols (also known as Steinberg symbols) {f,1 — f} with f € C(E, ;) such that
the corresponding combination (f) < (1 — f) yields a linear combination of (P) and (P + Q).
From Remark 1.1.11 we know that {f,1 — f} is trivial in K-theory. Thus giving us a linear
combination involving (P) and (P + Q).

In order to do so we consider the function f = % in C(F; s5). Note that

(ﬂm—xl

5 ) = (2P) +2(P + Q) — 30,

(1_ %) — (P)+(Q) + (3P + Q) - 30.
We now apply the diamond operation to get
(f) o (1= f)=6(P)=10(P + Q).
But the discussion on the previous paragraph, Remark 1.1.11 and (1.1.15) yield
6(P) ~ 10(P + Q) <= 6D"svz(x; 0 y;) = 10D"v2 (250 ) o (32 0 ))
because of the triviality of (f) ¢ (1 — f) in K-theory. In other words, using (3.6.1) we get

6r35({71,41}) = 613,5(&1) = 1073, 5(82) = 1073 5({72 0 0,42 0 }) = 107, 5 ({72, y2}),

where last equality follows from (3.6.9). Therefore, we have
3m(Py 5) = 5m(P; ). (3.6.13)

From (3.6.4), (3.6.5) and (3.6.13) we conclude that

8
m(Pg) = gm(Pg\/i) = 4H’1(P2) = 4LI(EN(8), O),

where the last equality was proved by Rogers and Zudilin [39].

Recall that ag = {(5 — 2\/5) + \/(5 — 2\/5)2 — 11 )
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In fact we have proved above that, for a € [%, ao] , we have

1
m, /z(Ps) = m(Ps) — 5 loga = 4L'(Ens),0),

thus proving Theorem 0.3.2.
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Chapter 4

Conclusions and further questions

We have used a dependence of b on a or vice-versa while proving the results for £ > 4
cases. It would be interesting to investigate the cases where we remove this dependence and
vary a and b independently.

There are many additional problems which could be addressed. The most immediate
ones that we have to investigate are the cases when k € R, such as when k* € Z_,. We may
be able to obtain a similar string of results for such cases with the help of our method. It will
be challenging to consider £ € C\ R as our method may not work in those cases. Another
intriguing problem will be to compute the Mahler measure of non-tempered polynomials over
arbitrary tori, as it is not certain that the K-theory framework works in such cases.

It would be also natural to consider the cases where the integration paths are not closed,
and they are not easily identifiable as cycles in the homology group.

A different direction would be to consider other families of polynomials due to Boyd.

Finally as mentioned in 0.1.1, it would be interesting to look for periods in terms of the
Mabhler measure of several variable polynomials and special values of L-functions of elliptic

curves or modular forms.
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Appendix A

Additional results

A.1. Evaluation of the integral in Lemma 3.3.5

Here we describe an approach to show that the sign of the integral in Lemma 3.3.5 is

independent of a if a € [%, ao], where

ao = [(5—2\/§>+\/<5—2\/§)2—1].

Moreover, we will show that ¢ = ¢ = 1 as mentioned at the end of the proof of Lemma 3.3.5

in 3.4.2.

Lemma A.1.1. Let a € Ry be such that % <a<ay Then

A
)
b2 (j]=0) 2 \2

2 do
K (k) ::/ —
0 v/1—k=2sin“@

1s the complete Elliptic Integral of the First Kind. Thus if a belongs to the given interval

where

then the sign of the integral is independent of a.

PRrROOF. Recall that we have shown in Lemma 3.3.5 that

T d
/ W= ¢*w = —2iRe / T
o« (|z|=a) |z|=a 0 \/(8 + qeim + a—le—i7)2 —4

We use the change of variable % — u and the fact that Re(z) = Re(Z) to obtain

at

W1
/ Ly -
w = —iIm ,
b (||=a) _ara=l o J(u? — 1) (u+ 3)(u+5)

(A.1.1)




where the integral is over an arc in the complex upper half plane H, joining two real points
— (Lg_l) and <%‘l_l) We close the curve by connecting these two real points with a
straight line along the real line. Let the complete closed path be T'.

It is easy to see that 1 < % < 3, for a satisfying a + é < 6 and a € Ryy. Also if S
is the set of poles of the denominator of the integrand then S C {—5,—-3,—1,1}. Indeed,
notice that the polynomial in v under the square root has four roots w1, us, us, and uy, which

satisfy
U =1>u=-1>u3=-3>uy = —5. <A12)

The poles of the integrand are not in the interior of the region covered by I'" but on the real

line joining the two points mentioned above. Now note that

—1 —1
a+a S_1<1§a+a

_3<_
2 2

< 3.

Therefore, to avoid the poles we modify the integration path by subtracting a semicircle of
radius € around each pole. Notice that the integrals over these semicircles approach 0 as
¢ — 0. In addition, the imaginary parts of the integrals over [—%, —1] and [1, %“_1]

are zero because the integrand is real in those intervals. Therefore, we get

/ w=—1 Im/
¢ (|z|=a) -

= —3Im

g du

ata=l \/(u? — 1)(u + 3)(u + 5)
! du

17/ =) (u+3)(u+5)

We will now state a result which we will use to prove our lemma.
Proposition A.1.2 ([21], formula 256.00 page 120). Let a > b > ¢ > d be real numbers and

a>r>b. Then

/7' dt
b\ (a—t)(t—Db)(t—c)(t —d)

_ 2 Jo \/(a—c)(r—b) \/(a—b)(c—d)
(a—c)(b—d) (a=b)(r—c) )] | (a=c)(b—4d) )’

where
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Notice that K(I) = F (g, l). Now replacing the values of
a=1r=1u;,b=1uyc=uz,d=uy,

(given by (A.1.2)) in Proposition A.1.2, we have
/ o 2 % (w1 — u2)(ug — uaq)
¢+ (|z|=a) V(= ug)(uz — ua) (w1 — uz)(uz — uq)

i (L)
2 2

which proves our result. O

Therefore, for a € [a—lo, ao} we have that

/1
)
6 (j|=a) 2 \2

which implies that [¢, (|z| = a)] = [¢. (Jz| = 1)] = [|X]| = 1] is a generator of Hy(Ens),Z)" .

A similar calculation holds for the more general case k > 4 when a + % <k-—2.

A.2. Abel’s Limit Theorem

Theorem A.2.1. Let f(z) = > 7 a,z" be a power series such that >~ a, converges.

Then for any K > 1, f(z) tends to f(1) as z tends to 1 within
Drk={z€C:lz|<land |l -z <K(1—|z|)}

Note that the fact Y~  a, converges implies that the radius of convergence of f(z) is at

0o
=0

least 1. In particular, > >  a,2" converges when |z| < 1.

A.3. Integral representation of F'(a,b,c;x)

Recall that

F(a,b,c;x) = Z (a);(fl)'"x” (where (), :=t(t+1)--- (t+n—1),(0), = 1),

— (¢)pn!

where z is a complex variable, and a,b,c € C with ¢ € Z<,. In fact, the series converges
absolutely for all |x| < 1. We will now prove Theorem 0.1.3 in order to obtain an integral

reperesentation of F'(a, b, c;z) given by (0.1.6).
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Theorem 0.1.3. If |z| < 1, a,b,c € C* with ¢ & Z<y and min{Re(a), Re(b), Re(c —a)} > 0,

then we can express F(a,b,c;x) as

F(a,b,c;x) = L(e) ] /0 y (1 —y) (1 — zy) bdy, (A.3.1)

Ia)l'(c—a
where I'(+) denotes the Gamma function. Here it is understood that argy = arg(l —y) = 0,
and (1 — zy)~° has its principal value.

PROOF. In order to obtain (A.3.1) from the definition of F'(a,b,c;x), we first notice that

(a), _ I'(e)['(a+n) _ I'(c)
(¢)p  T(a)T(c+n) T(a)l(c—a
(

1
/ ya—i—n—l(l o y>c—a—1dy’
) Jo

when a,c € C* with ¢ € Z<p,Re(a) > 0 and Re(c — a) > 0. We also have the binomial

expansion

Z %u” =(1—-u)",

n!
n=0

where |u| < 1 and b € C with Re(b) > 0. Therefore, if || < 1 then combining all of these we

obtain

oo (a)n(b)n I'(c) n 1 —a—1
n_ nna 1 c—a d
F(a,b,c;x) E (©)n AT (e — E / ol ( Y) Y

(©
T
_ I'(c) ' a=1(] — y)e-a-1 — (O)n o s
e a0 {Zm“}
(

n

C) ! a—1 c—a—1 -b
:m/o Y (1 —y) (1 —zy) " dy,

where the interchange of the sum and the integral in the first step follows from Fubini’s

Theorem, i.e. we can take the infinite sum inside the integral because, for |z|, |y| < 1, we

have
Z/ (B)n YL — g)ema Ly i ' yRe(@=1(1 _ y)Relc-a)=1g,
-0
= B (Re(a), Re(c — a) i b> 00,
n=0
where we used the fact that min{Re(a), Re(b), Re(c —a)} > 0. O

This Euler’s integral representation of the hypergeometric function is convergent on the

given domain. Here, we assume |z| < 1 to avoid the singularity of (1 — zy)~. Note that if
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|z] < 1,a,b,c € C* with ¢ € Z<, and min{Re(a), Re(b), Re(c — a),Re(c — b)} > 0, then a

derivation similar to (A.3.1) yields

F(a,b,c;x) = Ho) )/0 y (L —y) (L — wy) "y,

T(®)C(c—b

where again it is understood that argy = arg(1 — y) = 0, and (1 — zy)~* has its principal

value.

A.4. Mahler measure of an algebraic number

A.4.1. Product formula

Let K be a number field and let Q, be the field of p-adic numbers with the usual valuation
|- |,- We consider a complete set of inequivalent valuations |- |, of the field K, normalized so
that for v|p, |- |, =1 -], on @,. Then we have the following result.

Proposition A.4.1 (Product Formula, see e.g. [50], [13]). Let K, be the completion of K
with respect to |- |,. It is possible to choose a set My of representatives of equivalence classes

of absolute values on K in such a way that for all a € K*

IT lalé =1,

veMg

where d, == [K, : Q,].
In the next section we use this proposition to prove that the (logarithmic)Mahler measure
of an algebraic number equals the product of the degree of its minimal polynomial and its

Weil height from Section 0.1.

A.4.2. Mahler measure and Weil Height

Recall that the Mahler measure of algebraic number is defined as the Mahler measure
of its minimal polynomial over Z. The Mahler measure is actually a height function on
polynomials with integer coefficients, as there are only a finite number of such polynomials
of bounded degree and bounded Mahler measure. In fact, we can relate the Mahler measure
of an algebraic number with its Weil height. In order to do so we need to consider the New-
ton polytope of its minimal polynomial with respect to valuations of the smallest algebraic

extension of Q containing the algebraic number.
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Let Q, be the completion of @ with respect to |- |,. Given a polynomial P € Q,[z] we
can associate a polygon in R?. To each term of P(z) = )" bz’ we assign a point in R? in

the following manner:

if bz’ # 0, take the point (i, (b)),

if biz' = 0, take the non-existent point (i,00) = (i,v(b;)).
Now, we consider the (lower) convex hull of the set of points

{(G,v(b;)) :i=0,1,...,n}.

The polygon thus determined is called the Newton polytope of P(z) with respect to v.
Note that the Newton Polygon defined in Section 1.1.3 differs from this definition. In fact,
we have considered the exponent polytope (see [41]) of a two-variable polynomial in Section
1.1.3 instead of the Newton polytope of the polynomial. In other words, we have considered
the convex polygon of a two-variable polynomial constructed by taking the projection of
its Newton polytope on its first two coordinates (for more details on Newton polytopes see
43)).

Let ¥ be an algebraic number and let Py(x) = Z?:o a;z' € Z[x] be the minimal poly-
nomial of ¥. We can consider a complete set of inequivalent valuations | - |, of the field
K := Q(?), normalized so that, for v|p, |- |, = ||, on Q, as in A.4.1. Then we get

laol = [ laol," = T J[meax(1, [9]2), (A.4.1)

p<oo p<oo 1/|p

which can be derived from the product formula on Q (see Proposition A.4.1), and from
considering the Newton polytopes of irreducible factors (of degree d,) of Py with respect to
v over Q, (as v|p) (see e.g. [50]).

Let My be the set of places on K, with representatives chosen in such a way that the

product formula holds (see Proposition A.4.1). Then from (0.1.3) and (A.4.1) (see [13], [49])

we have
M) = M(Py) = [] max(L,[9]2),
vEMK
and
1 M a4y
h) == 222 = N dogt [l
veMg
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where )

log™ |p| =/ log [e*™ — p|dt = max(0,log p]),
for some non-zero complex numbe;) p. Here h(9) is the (absolute logarithmic) Weil height of
Y. In sum, we see that the (logarithmic) Mahler measure of an algebraic number is same as
the product of its (logarithmic) Weil height and the degree of its minimal polynomial, and

the Mahler measure is indeed a height function on polynomials.
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