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Résumé

Cette these s’intéresse a la théorie de Floer pour les immersions lagrangiennes. On com-
mence par montrer un théoréme de décomposition des disques pseudo-holomorphes a
bord dans une immersion générique. On donne ensuite une application au calcul du
complexe de Floer. On conclut par une esquisse d’un travail en cours sur le calcul de
I’obstruction de la chirurgie de deux lagrangiennes plongées et transverses.

Dans un deuxiéme temps, on se restreint au cas des surfaces. On montre qu’un groupe
de cobordisme dont les relations sont données par certains cobordismes lagrangien im-
mergés est isomorphe au groupe de Grothendieck de la catégorie de Fukaya. Au passage,

on calcule le groupe de cobordisme lagrangien immergé.

Mots-clés : Sous-variétés lagrangiennes, Immersions lagrangiennes, Polygones holo-
morphes, Cobordismes Lagrangiens, Groupes de cobordisme, Homologie de Floer, Caté-

gories de Fukaya.






Summary

In this thesis, we shall study Floer theory for Lagrangian immersions. In the first chap-
ter, we prove a decomposition theorem for pseudo-holomorphic disks with boundary on
a given generic Lagrangian immersion. We apply this result to the computation of cer-
tain Floer complexes. We conclude with work in progress on the computation of the
obstruction of the surgery of two transverse Lagrangian submanifolds.

In the second chapter, we consider surfaces. We show that a cobordism group, whose
relations are given by unobstructed immersed lagrangian cobordisms, is isomorphic to
the Grothendieck group of the derived Fukaya category. We also compute the immersed

Lagrangian cobordism group.

Key words: Lagrangian submanifolds, Lagrangian immersions, Holomorphic poly-

gons, Lagrangian cobordisms, Cobordism groups, Floer homology, Fukaya categories.
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Introduction

Quelques bases de topologie symplectique

Variétés symplectiques

Dans cette thése, on étudiera les variétés symplectiques. 11 s’agit des couples (M, w)
avec M une variété et w € Q*(M) une forme différentielle fermée et non dégénérée.
Ces objets apparaissent naturellement dans de nombreux champs de la géométrie. Voici
quelques exemples.

— L’espace complexe C" de coordonnées zp = xj + iy, peut étre muni de la forme
symplectique .
w= Z dxy N dy.
k=1
— Soit V' une variété, son cotangent T*V est naturellement muni d’une forme diffé-
rentielle A € QY(T*V), sa forme de Liouwville. Sa différentielle

w=dA\,

est une forme symplectique. Ces variétés permettent de donner une formulation
géométrique de la mécanique hamiltonienne®.
— En géomeétrie complexe, toute variété kihlérienne (M, J, w) est symplectique. Cela
inclut, entre autres, les variétés projectives et affines lisses.
Notons dés maintenant que la dimension d’une variété symplectique est nécessairement
paire, disons 2n avec n € N.
Pour classifier ces objets, on a besoin d'une notion de morphisme. On appelle sym-

plectomorphisme un difféomorphisme

w : (Ml,wl) — (MQ,CUQ)

Woir [Arn89] pour une trés belle introduction.



entre deux variétés symplectiques (M, w;) et (Ms,ws) tel que
¢*WQ = W1.

Une des spécificités du sujet est qu’a la différence du cas riemannien il n’y a pas

d’invariants locaux. En effet, soit x € M. Le théoréeme de Darbouzr affirme qu’il existe

des coordonnées locales x1, ..., 2, Y1, ..., ¥y, autour de x dans lesquelles
n
w= Z dx; N\ dy;.
i=1

On conclut que toutes les variétés symplectiques sont localement équivalentes !

Heureusement il existe des invariants, nécessairement globaux, permettant de dis-
tinguer ces objets. Avant d’expliquer cela, rappelons qu’une structure presque complexe
J € I'(End(T'M)) est une section du fibré des endomorphismes de I’espace tangent sa-
tisfaisant J? = —Id. La section J est dite compatible avec w si I'application bilinéaire
gy = w(-, J-) est symétrique, définie et positive. On note J(M,w) 'ensemble des struc-
tures presque complexes compatibles avec w. Muni de la topologie C*°, c’est un espace
non vide et contractile (voir par exemple [ALP94]).

En 1985, Gromov introduit les courbes pseudo-holomorphes dans l'article |Gro85].
Soient J € J(M,w) une structure presque complexe compatible avec w et (X, 7) une

surface de Riemann fermée. Une courbe pseudo-holomorphe est une application lisse
w:(3,7) — (M, J)
qui satisfait I’équation de Cauchy-Riemann
duoj = Jodu.

En étudiant ces applications, Gromov montre de nombreux résultats fondateurs et éton-
nants. Par exemple, fixons J € J(CP? wps) une structure presque complexe générique
sur le plan projectif complexe et deux points z; # z € CP?. A paramétrisation prés, il
existe une unique sphére pseudo-holomorphe u : CP! — CP" homologue 4 CP! ¢ CP?
passant par z; et zo. Dans ce cas, le comptage de courbes pseudo-holomorphes ne dépend
donc pas de la structure complexe et fournit un invariant symplectique !

Ces techniques ont donné naissance au sujet et les résultats sont donc trop nombreux
pour pouvoir tous les citer. Cependant, le livre de McDuff et Salamon [MS12] contient

une tres belle introduction ainsi que des références plus complétes.



Systémes hamiltoniens

La variété (M,w) posséde une famille importante d’automorphismes. On appelle ha-

miltonien (dépendant du temps) toute fonction
H € C>=([0,1] x M,R).
On associe a H le champ de vecteurs Xy défini par la formule
Lx,w = —dH.

Si Xy est complet, par intégration, on obtient un flot de transformations symplectiques
¢4 - M — M. 1l s’agit du flot hamiltonien associé a H.

Cette terminologie provient de la physique. En effet, considérons un systéme physique
dont I'espace de configuration est une variété V. L’espace dans lequel vit sa position et
son impulsion généralisée s’identifie alors naturellement au cotangent T*V tandis que
son comportement est décrit par une fonction H : V' — R qu’on appelle son hamiltonien.
L’évolution du systéme suit alors une trajectoire de T*V tangente au champ de vecteur
Xp.

L’étude de ces systémes dynamiques est le sujet d’une littérature trés riche qui re-
monte & Poincaré. Souvent, on s’attache a montrer 'existence d’orbites périodiques.
Comme ce n’est pas le sujet de cette thése, je renvoie les personnes intéressées au cha-
pitre 11 de [MS17]| pour un historique trés complet.

Sous-variétés lagrangiennes

Une immersion i : L™ & M?" est dite lagrangienne si son domaine est de dimension
n et la forme 7*w est identiquement nulle. Quand ¢ est un plongement, on parle de sous-
variétés lagrangiennes. Donnons quelques exemples.

— Le sous-espace vectoriel R" C C™.

— Le tore de Clifford est le produit Teug = S* x ... x S* € C" de n copies de S*.

— Pour z € V, la fibre TV au dessus de z.

— La section nulle V- C T*V.

— Soit H = {P7'(0)} C CP" l'ensemble des zéros d'un polynéme homogéne a
coefficients réels P € R[X3,... X, 11]. On suppose 'hypersurface H lisse. Alors,
sa partie réelle Hg := H N R" est lagrangienne.

Il y a de nombreuses raisons de s’intéresser a cette classe de sous-variétés et immer-
sions.

—Si ¢ (My,w;) — (Ms,ws) est un symplectomorphisme, son graphe gr() est
lagrangien dans la variété produit M; x M, munie de la forme —w; @ wo. Ainsi,



toute information sur les lagrangiennes de M; x Ms permet de caractériser les
symplectomorphismes ¢ : M; — M.
— Les sous-variétés (et immersions) lagrangiennes donnent des invariants en étu-
diant leur topologie et leur comportement sous les automorphismes de (M, w).
Soient 79 : L & M et iy : L % M deux immersions lagrangiennes, on appelle isotopie

lagrangienne entre ig et 71, une famille lisse d’immersions lagrangiennes
iv: L M, te]0,1].

Une immersion lagrangienne ¢ : L™ & M se reléve naturellement en une application de

fibrés :
F: TL — TM

(z,v) = dig(v)
qui est (i) linéaire, (ii) injective sur les fibres et (ii7) telle que 'image de chaque espace
tangent
di,(T,(L))

est lagrangienne. Gromov |Gro85| et Lees [Lee76] ont montré que deux immersions
lagrangiennes uo : L — M et i1 : L — M sont isotopes si et seulement si

— Il existe une famille continue (it)te[071] L — M,

— Il existe une famille continue d’applications de fibrés F; : T'L — T M relevant les

(i) telle que F; satisfait (i), (i), (i¢7) pour tout t € [0, 1].

On voit donc que décider si deux immersions lagrangiennes sont isotopes revient & un
calcul d’homotopie! On dit que les immersions lagrangiennes satisfont le h-principe (pour
principe d’homotopie). Suivant Gromov ([Gro87]), on dit que les problémes de topologie
symplectique qui se raménent & des calculs d’homotopie sont flexibles.

En revanche, les plongements lagrangiens n’obéissent pas a ces phénoménes de flexi-
bilité. Par exemple, Chekanov ([Che96]) introduit un tore Tcpe C C™ lagrangien qui
est lagrangien isotope au tore de Clifford. En revanche, il n’existe pas de symplectomor-
phisme v : C* — C” tel que

Y (Tenek) = Tong-
Cela peut se démontrer en comptant des disques pseudo-holomorphes dont le bord est
inclus dans Tepex et Topg (|[Che97],|CS10]). Les phénomeénes qui ne se raménent pas a
des problémes d’homotopie sont dits rigides.

Cette dichotomie entre phénomeénes rigides et flexibles est un des thémes majeurs de
la topologie symplectique. En particulier, c’est un des thémes majeurs de mon travail
de thése. Au passage, on notera que dans le cas du tore de Chekanov, la rigidité a été

détectée au moyen de courbes pseudo-holomorphes : cela semble étre un principe général
(|Elil5, 6.1]).



Quelques outils techniques

Théorie de Floer et rigidité

Homologie de Floer. Un exemple de technique permettant d’étudier les phénomeénes
de rigidité est donné par I’homologie de Floer.

Le probléme initial est le suivant. Etant données Ly et L; deux sous-variétés lagran-
giennes de (M, w). Peut-on modifier le nombre de points d’intersection entre Ly et L; en
déplacant une des lagrangiennes par un flot hamiltonien ? Quel est le nombre minimal
de points d’intersection ?

Cette question est en fait liée au comptage des orbites périodiques d’un hamiltonien
Hi: M x [0,1] — R. En effet, on a vu que la diagonale

A={(z2)|z e M}

est lagrangienne dans le produit M x M. Les points d’intersections de A et du graphe de
flot au temps 1 de H; sont en bijection avec les orbites périodiques de H;. Compter les
intersections entre ces deux lagrangiennes donne donc des informations sur la dynamique
du flot de H,!

Pour caractériser ces intersections Floer propose, durant les années 80, une construc-
tion assez remarquable que je vais maintenant expliquer (les articles fondateurs sont
[Flo88al,[Flo88b]|,[Flo88c]|).

Pour la suite de cette section, supposons que M soit fermée et asphérique (i.e.
mo(M) = 0). Soient Lo et Ly deux sous-variétés lagrangiennes fermées de M telles que
mo(M,L;) = 0 pour ¢ = 0,1. Soit H; : [0,1] x M — R un hamiltonien. Notons Py

I’ensemble des trajectoires hamiltoniennes allant de Ly a Ly, c’est a dire

PH:{W:[O,l]ﬁM

(00 € Lo, 2(1) € L, G = diate |

Ses éléments sont aussi appelés des cordes hamiltoniennes. L’ensemble Py est naturelle-
ment en bijection avec Ly N @4 (L1). On suppose que cette intersection est transverse de
sorte que Py est fini.

On fixe aussi une structure presque complexe
J e C>([0,1], (M, w))

qui dépend du temps t € [0, 1].
Soient v_ et 74 deux éléments de Py, Floer considére I’ensemble

M(f}/_,'}/_t,_, ‘]7 H)



des solutions u : R x [0, 1] — M de [’équation de Floer
Osu + Jy(u) (0w — Xy, (u(s,t))) = 0. (0.1)
satisfaisant les conditions aux limites

lim wu(s,t) =~v+(t), w(R x {0}) C Lo, w(R x {1}) C L4 (0.2)

s—+oo
et d’énergie finie

/ 10y — X, (u(s, 1)) < +o0. 0.3)
Rx[0,1]
Le groupe additif R agit sur ’ensemble M (7,74, J, H) par la formule

(so-u)(s,t) = u(s + sg, t).

On note M(vy_, v+, J, H) 'ensemble des orbites de cette action. Ses éléments sont appelés
trajectoires de Floer. Quand H = 0, un élément de M(y_,~, J, H) sera aussi appelé
un bande pseudo-holomorphe puisqu’il satisfait 1’équation de Cauchy-Riemann. Floer

commence par remarquer, suivant les idées de Gromov, que 1’espace

M(z,y, J,H)H( U M(z, 2z, J,H) x M(z,y, J,H))

2€EPy
admet une topologie naturelle qui en fait un espace métrisable compact. Rappelons qu’'un
sous-ensemble d’un espace de Baire est dit générique s’il contient une intersection dé-

nombrable d’ouverts denses. Il existe un ensemble générique
Treg(Lo, L1) € C=([0, 1}, T (M, w)),

tel que pour tout J € Jreg(Lo, L1), I'ensemble M(v_, vy, J, H) est une variété de dimen-
sion finie. Appelons M*(y_,~4,J, H) I'union des composantes connexes de dimension k
de M(v_,v4,J, H).

Si J € Jreg(Lo, L1), on montre que 'espace topologique

M0<7—77+a Ju H)
est compact. Des résultats difficiles d’analyse montrent que ’espace topologique

My v, H)H( U M=z 0, H) x MO(2,74, H)), (0.4)

2EPyH
est une variété compacte de dimension un dont le bord est donné par

U MO(vo 2, J H) x MO(2,54, J, H).

2EPy



Le complexe de Floer est I'espace vectoriel sur Z /27 engendré par les éléments de Py

CF(Ly, Ly, JJH) = P 2/2Z - ~.
YEPH
On le munit d'une différentielle d : CF(Ly, Lo, J, H) — CF(Ly, Lo, J, H) qui compte le

nombre de trajectoires entre deux cordes hamiltoniennes modulo 2,

d('y-i-) = Z#MO(,}/—av-‘rv J, H) Y-

L union
U M0<7—7 Zs J7 H) X MO('z? T+ J7 H)
z2EPy
est de cardinal pair puisque c’est le bord d’une variété de dimension 1. On déduit facile-

ment que Iapplication d satisfait d = 0.
L’homologie de Floer entre Ly et Ly est 'homologie du complexe (C'F(Ly, Lo, J, H),d)

HF(LlaL27 J7 H) = H<CF(L17L2a J’ H)’d)

On peut montrer que cet espace vectoriel ne dépend ni du choix de J € Jyeq(L1, L2), ni
du choix du hamiltonien H. Ainsi, on peut oublier J et H dans la notation.
Floer ([Flo88al) montre, en choisissant bien le hamiltonien H et la structure complexe

J, qu’il existe un isomorphisme
HF(L,L)~ H*(L,7Z/27).

En particulier, le nombre d’intersections d’une déformation hamiltonienne ¢}, (L) avec L

est minoré par la somme des nombres de Betti de L
#(LNoy(L) 2 Bu(L,Z/2Z).
k

On peut appliquer cela a la diagonale A pour obtenir un minorant du nombre de points
fixes d'un difféomorphisme hamiltonien ; cela prouve une forme faible d'une conjecture
d’Arnold.

Structure produit. Il est possible de définir des structures algébriques sur les groupes
d’homologie de Floer. Expliquons premiérement comment définir un produit.

Soient Lg, L1, Lo trois sous-variétés lagrangiennes. On peut définir une application
meo HF(Ll,L2)®HF(L0,L1) — HF(L(),LQ), (05)

qui compte des triangles pseudo-holomorphes dont les conditions de bord sont données

par Ly, Ly et Ly (voir la figure 1). Comme la construction est compliquée, je n’en dirai



L,
Ly

FIGURE 1 — A gauche, un polygone qui contribue & ms.
A droite, un polygone qui contribue a mg.

pas plus sur le sujet, mais on pourra consulter la section 2.3 du chapitre 2 pour un résumé
plus complet.

Il se trouve que le produit ainsi construit est associatif :
mg o (my ® Id) = my o (Id @my). (0.6)

Suivant une idée de Donaldson on peut définir une catégorie Don(M, w), dite de Donaldson-
Fukaya, dont
— Les objets sont les lagrangiennes compactes de (M, w),
— Les morphismes entre deux objets L; et Ly sont donnés par le groupe d’homologie
de Floer HF(Ly, L),
— La composition entre deux morphismes est donnée par 'application msy (0.5).

Malheureusement la catégorie de Donaldson-Fukaya est un invariant peu pratique

pour plusieurs raisons.

(A) Il n’est pas clair que la catégorie Don(M,w) posséde assez d’objets pour étre cal-
culée et manipulée algébriquement. En effet, elle n’est a priori méme pas additive
(elle n”’admet pas, a priori, de produits finis)! On aimerait donc travailler avec
un invariant qui admet plus de structure.

(B) Les groupes de morphismes de Don(M, w) sont des groupes d’homologie. Il existe
en réalité beaucoup d’information au niveau des chaines qui est perdue par ce
passage au quotient?.

Pour régler le probléme (B), Fukaya propose de construire une « catégorie » Fuk(M, w)

dont les objets sont toujours des lagrangiennes mais dont les morphismes sont donnés

2Une bonne analogie dans le cas d’une algebre différentielle graduée (A, d) est I'existence de produits de

Massey. Ceux-ci sont un invariant du complere A et ne peuvent pas étre retrouvés par la donnée de
lalgebre H(A,d).
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par les complexes de Floer
HomFuk(M,w)(Lly L2) = CF(Ll, LQ)

La composition est donnée par I’application ms dont j’ai esquissé la définition plus haut.
Malheureusement cette application n’est pas associative. Fukaya remarque qu'’il existe

des applications
ms : CF(Ls, Ly) ® CF(Ls, L3) ® CF(Ly, Ly) — CF(Ly, Ly)
qui satisfont la relation
mgo(me®1d) —myo(Id @ms) = doms+mso (d®I1d®?)+mgo(Id @d®1d)+mso (Id*2 @d).

Le produit ms est donc associatif & une homotopie ms pres! L’application ms est définie
par un comptage de polygones pseudo-holomorphes & condition de bord dans quatre
lagrangiennes (voir la figure 1).

Plus généralement, pour tout d > 1, il existe des applications
mgq : CF(Ld_l, Ld) XR...Q CF(LQ, LQ) — OF(LQ, Ld)

données par des comptages de polygones pseudo-holomorphes comme en figure 1 qui
satisfont les relations A

Z Mg—j41 © <Id®i ®@m; & Id®d_(i+j)> =0.

j=1..d
i=0...d—j

Cela munit Fuk(M,w) d’une structure de A, -catégorie .

Pour ce qui est du probléme (A), la bonne notion pour faire de I’algébre homologique
est celle de catégorie triangulée, due & Grothendieck et Verdier. Il s’agit d’une catégorie
additive munie d’une famille de triangles de la forme

AL B o An,

dits distingués qui satisfait un certain nombre d’axiomes. Dans un tel triangle, 'objet C'
est ’analogue du cone du morphisme f en algébre homologique.

En 1994 Kontsevich ([Kon95]|) propose de généraliser une construction de Bondal
et Kapranov (|BK90]) pour construire une catégorie triangulée a partir de Fuk(M,w).
Concrétement, la structure A, de Fuk(M,w) permet de définir une famille de triangles
distingués. Cette catégorie n’est cependant pas triangulée. On ajoute alors formelle-
ment les triangles distingués manquants pour obtenir la catégorie dérivée de Fukaya
DFuk(M,w).
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La construction de Fuk(M,w) est difficile et demande beaucoup d’analyse. Le pro-
bléme principal est que les espaces de courbes qui interviennent dans la définition ne
sont génériquement des variétés que pour les courbes simples, c’est-a-dire les courbes qui
n’ont pas de multiplicité®. Pour résoudre cela, on compte des polygones qui satisfont une
équation de Cauchy-Riemann perturbée. Tout cela est expliqué dans le livre de Seidel
[Sei08] dans le cas des variétés symplectiques exactes” dont le bord est convexe. Je donne
aussi un (court) résumé des points essentiels de la construction dans la section 2.3 du
Chapitre 2.

Bien que les catégories de Fukaya soient des objets algébriquement compliqués, elles
ont 'avantage de contenir beaucoup d’information géométrique. Par exemple, soit V' une
variété compacte. Désignons par p : T*V — V la projection sur la section nulle. En étu-
diant Fuk(7*V'), Fukaya-Seidel-Smith (|[F'SS08]) puis Abouzaid ([Abo12]) et Abouzaid-
Kragh ([AK18]) ont montré que que si L C T*V est une sous-variété lagrangienne exacte
et compacte, la projection de L sur la section nulle V' est une équivalence d’homotopie
simple! C’est un pas vers la preuve d’'une conjecture d’Arnold qui affirme que L est

hamiltonienne isotope a la section nulle.

Théorie de Floer et immersions lagrangiennes

Homologie de Floer et lagrangiennes immergées. Des travaux récents montre
qu'une certaine classe d’'immersions lagrangiennes, strictement plus grande que les plon-
gements, satisfait des propriétés de rigidité, malgré les h-principes. J’explique maintenant
d’ou provient cette classe : I'idée est de rechercher les immersions auxquelles on peut ap-
pliquer la théorie de Floer.

Plus précisément, soient ig : Lo & M et 11 : L1 & M deux immersions lagrangiennes.
On suppose que leurs points doubles sont transverses et qu’elles n’admettent pas de

points triples. On construit comme précédemment un complexe différentiel
CF(L07 Lla J7 H)

dont les générateurs sont les cordes hamiltoniennes de L; a Lo. La différentielle d compte
des applications u : R x [0,1] — M solutions de I’équation de Floer 0.1, d’énergie finie

0.3 et de bord satisfaisant 0.2. On exige de plus qu’il existe des applications
’703R->L0, ’yl:R—>L1
qui relévent la condition de bord

ig oy =u(-,0), iy 0y = u(-,1).

3La définition exacte est dans l'introduction du chapitre 1.
4Ce sont les variétés dont la forme symplectique satisfait w = dA pour une forme X € QY (M).
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Lo

FIGURE 2 — A gauche, une larme,
Au centre, une trajectoire de Floer avec un coin,
A droite, les configurations comptées par d?.

Cette hypothése élimine I'existence de « coins » (comme dessinés sur la figure 2).

Malheureusement, I'application d ne satisfait pas d> = 0. Un théoréme de compacité
da a Ivashkovich et Shevchishin ([IS02|) montre que la compactification des espaces
de solutions n’est pas aussi simple que 0.4. Expliquons rapidement quel est le terme
d’obstruction.

On appelle larme un polygone pseudo-holomorphe dont le bord est contenu dans L
et qui a un unique sommet (voir la figure 2). Si z est un point double de I'immersion iy
(avec k € {0,1}), on appelle

M(z, Ly, J)

I’ensemble des larmes pseudo-holomorphes dont le coin est x. Appelons de plus
M(nya V45 s Li> ‘])

I’ensemble des triangles pseudo-holomorphes dont les conditions de bord sont données
dans la figure 2. Si tous les espaces de courbes sont des variétés, le carré de la différentielle

est une somme formelle d’orbites

d2(7+>: Z <2A7,7+,m>7—- (0.7)

Y- €Pu T
Le coefficient A, ., , est donné par un comptage de configurations représentées en figure
2

A'y_,'y+,ac - #MO(P)/*v T+, T, L07 J)#M()(:U? Lla J)—i_#MO(P)/*? T+, T, L1> J)#Mo(x7 L07 J)
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Le complexe (C'F(Lg, L1),d) est donc différentiel quand les immersions Ly et L; sont
telles que ce comptage algébrique s’annule. On dit alors que Ly et Ly sont non obstruées.
Cela arrive par exemple quand les immersions n’admettent pas de larmes.

J'insiste : tout cela est valable lorsque tout les espaces considérés sont des variétés. Il
faut pour cela régler des problémes d’analyse importants ou analyser finement la structure
des courbes pseudo-holomorphes a bord dans une immersion. J’énoncerai, au chapitre 1,
un théoréme permettant de montrer que cette description est vraie pour une structure
complexe générique quand la dimension de la variété (M, w) est plus grande que six.

Comme je l'ai dit plus haut, I’homologie de Floer pour les immersions a été étudiée
par de nombreux auteurs sous des hypothéses permettant d’éliminer ces larmes pseudo-
holomorphes. Donnons-en une liste, forcément non exhaustive. . .

— En 2005, Akaho [AkaO5| est le premier a remarquer qu’on peut définir une va-
riante de I’homologie de Floer pour une sous-variété lagrangienne immergée L.
I1 suppose alors que (M,w) est compacte et que le groupe d’homotopie rela-
tif mo(M, L) est nul, ce qui implique en particulier qu’il n’existe pas de larmes
pseudo-holomorphes. Il en déduit une minoration du nombre de points d’inter-

section entre L et une déformation hamiltonienne ¢, (L)
#(LNoy(L)) = Bi(L,Z/2Z) + 2N,
k

ou N est le nombre de points doubles de I'immersion L.

— Plus tard, Akaho et Joyce [AJ10]| associent une algébre A, avec courbure a toute
immersion lagrangienne générique 7 : L & M d’une variété compacte. Il s’agit
d’une généralisation de la notion d’algébre A, qui tient compte de I'obstruc-
tion 0.7. La construction utilise les structures de Kuranishi et des techniques de
perturbations virtuelles.

— Abouzaid ([Abo08|) construit une A.-(pré-)catégorie A, dont les objets sont
des courbes immergées d'une surface S, de genre g > 2. Celles-ci n’admettent pas
de larmes pour des raisons topologiques. Je renvoie au chapitre 2 (2.3) pour une
construction plus précise.

— Dans [Shell]|, Sheridan calcule I'algebre A., associée & une immersion de la
sphére S™ dans une paire de pantalons généralisée P?". Ici, 'immersion est aussi
non obstruée pour des raisons topologiques. Dans [Shel5| et [Shel6]|, ce calcul
permet d’obtenir les catégories de Fukaya d’une hypersurface projective de degré
d compris entre 1 et n + 1.

— En adaptant la définition de Seidel [Sei08], Alston et Bao définissent une catégorie

de Fukaya dont les objets sont une certaine classe d’immersions. Celles-ci sont non
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obstruées pour des raisons analytiques. Pour faire simple, les configurations de la
figure 1 apparaissent en familles de dimension trop grande pour contribuer a la
différentielle.
Lagrangiennes immergées et catégorie dérivée de Fukaya. Un des problémes de la
catégorie DFuk (M, w) est que ses objets sont construits par un procédé algébrique formel
et n’ont donc pas d’interprétation géométrique évidente. Cornea et indépendamment
Kontsevich ont proposé la conjecture suivante.
Conjecture 0.1 (Cornea, Kontsevich). Tout les objets de DFuk(M,w) sont représentés
par des immersions non obstruées.
Biran et Cornea ont de plus proposé un programme pour montrer cette conjecture
que j’esquisse rapidement.
La catégorie DFuk(M,w) est construite a partir de Fuk(M,w) en ajoutant formelle-

ment pour chaque morphisme

le cone du morphisme c
C = CODG(LO i) L1>

qui fait partie d’un triangle distingué
Ly i> Li—C— Lo[]_]

On itére alors cette construction pour obtenir une catégorie triangulée. Le morphisme ¢
est un élément de C'F'(Lg, L1) et est donc représenté par une somme formelle de points

d’intersection entre Ly et L; & coefficients dans {0, 1}

c= E x,

r€ACLoNLy

ou A est un sous-ensemble fini de LyN L. Il existe une procédure qui permet de résoudre
les points d’intersection de ’ensemble A pour obtenir une immersion lagrangienne. Biran
et Cornea conjecturent alors
Conjecture 0.2 (Cornea). Cette immersion est non obstruée et représente Cone(Ly —
Ly).

La conjecture de Cornea est en réalité plus forte, elle affirme que DFuk(M, w) est équi-
valente & une catégorie dont les morphismes sont donnés par des cobordismes lagrangiens.
Ce qui nous ameéne & la prochaine sous-section.
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Cobordismes lagrangiens. . .

... et flexibilité. Soient Ly,...,L,, et Ny,..., N; des sous-variétés lagrangiennes im-
mergées de (M, w). Une sous-variété lagrangienne

V cCx M,

est un cobordisme lagrangien de Lq,..., L, vers Ny,..., Ny si en dehors d'un compact

K Cc C x M,V coincide avec une union de rayons horizontaux

[10 o0, =17 x {33 x 2 UTT(IL +oclx {5} x N).

Dans ce cas, on note
Vi(Ly,...,Lp) ~ (Ny,...,Ng).

En particulier, V' est un cobordisme lagrangien dont les bouts sont les variétés Ly, ... L,,
et Ni,..., Ng.
Remarque 0.1. On peut, bien str, parler de cobordismes immergés quand la sous-
variété V' est immergée ; ou encore de cobordismes orientés quand la sous-variété V' est
orientée et respecte 'orientation de ses bouts.

Les cobordismes lagrangiens ont été introduits par Arnold dans [Arn80| qui avait

en vue I’étude de la propagation de certains fronts d’ondes. Dans cet article, Arnold

imm,or

introduit le groupe de cobordisme lagrangien immergé S,

(M,w). C’est un groupe
abélien dont les générateurs sont les immersions lagrangiennes orientées de (M,w) et

dont les relations sont données par
Liy+...+L,=0
dés qu’il existe un cobordisme lagrangien immergé et orienté

Vi(Ly,..., L) ~ 0.

Qimm,or

b (M, w) ont été étrangement peu calculés. Ils sont souvent détermi-

Les groupes
nés par des invariants d’isotopie, & cause du h-principe de Gromov (et sont donc dits

flexibles). Par exemple, dans [Arn80]|, Arnold calcule

cob

Qimm,or (7—‘*5117 CU) ~7

ou l'isomorphisme est donné par le nombre de rotation du vecteur tangent. D’autres
calculs ont été faits par Eliashberg (|Eli84]) et Audin ([Aud85|). Je présenterai, au

chapitre 2, un calcul du groupe de cobordisme immergé

Qimm,or(Sg7 w)

cob
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d’une surface S, de genre g > 1.
... et rigidité. Supposons (M,w) fermée. Du coté de la rigidité, Biran et Cornea re-
marquent dans [BC13] que certains cobordismes lagrangiens plongés permettent d’ob-
tenir des relations algébriques dans les catégories de Fukaya.

Avant d’énoncer leur résultat, fixons une lagrangienne plongée L. En intégrant la

forme symplectique, on obtient un morphisme
[w] : m(M, L) — R.
On dispose aussi d'un autre morphisme, [ndice de Maslov
pr :moe(M,L) - R
obtenu en calculant un analogue du nombre de rotation de I'espace tangent a L le long
du bord d’un disque. La variété L est dite monotone s’il existe A > 0 tel que
[w] =X pr.

Cette condition permet de définir une catégorie de Fukaya dont les objets sont des
lagrangiennes monotones L telles que l'image de my(L) dans 71(M) est triviale (voir
[BC14],[Shel6)).

Biran et Cornea montrent donc le
Théoréme 0.1 (|[BC14|). Soient Ly, ..., L, et L des sous-variétés lagrangiennes, plon-
gées et monotones. On suppose qu’il existe un cobordisme lagrangien V plongé, monotone
et tel que l"image de m (V') — m(C x M) est nulle

V:(Ly,...,L,)~ L.
Alors, dans DFuk(M,w), L est isomorphe 4 un cone itéré de la forme
L ~ Cone(L,, — ...Cone(Ly — Lq)...).

L’énoncé algébrique de ce théoréme est un peu difficile. Expliquons donc ce qu’il
signifie pour m = 2. On suppose qu'’il existe un cobordisme lagrangien V' : (Lq, Ly) ~» L
satisfaisant les hypothéses précédentes. Les axiomes des catégories triangulées impliquent

que pour toute lagrangienne monotone N, il existe un suite exacte longue périodique’
HF(N,L,) - HF(N,Ls) - HF(N,L) — HF (N, Ly).

Les morphismes sont donnés par un compte de courbes pseudo-holomorphes dans (M, w)
et ce, méme s’ils dépendent de V. Cela permet donc de calculer I'homologie de Floer de

L a laide de celles de L et Ly quand les deux derniéres sont plus simples.

SRappelons que nos complexes ne sont pas gradués !
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Plus généralement, la conclusion du théoréme 0.1 permet de calculer 1’homologie
HF(L,N) a l'aide d’une suite spectrale (voir [Sei08, (51)]) dont les différentielles sont
données par un comptage de courbes pseudo-holomorphes dans (M, w).

Groupes de cobordisme plongé. Pour étudier la relation de cobordisme monotone,
Biran et Cornea proposent de construire une variante du groupe introduit par Arnold.
Le groupe de cobordisme lagrangien plongé et monotone est le groupe abélien engendré

par les lagrangiennes monotones satisfaisant Im(7y(L) — 71 (M)) = 0 et avec relations
Li+...+L,=0
pour chaque cobordisme lagrangien monotone
Vi (Lyy...,Lpy) ~ 0,

satisfaisant Im(m; (V') — m(C x M)) = 0. On le note Q2" (M, w).

Il existe un groupe semblable du coté algébrique. Le groupe de Grothendieck de
DFuk(M,w) est le groupe abélien engendré par les objets de DFuk(M,w) et dont les
relations sont

L3 = L2 - L17
pour chaque quasi-isomorphisme
L3 ~ Cone(L; — Ls).

On le note Ky(DFuk(M,w)).
On vérifie sans peine que le théoréme de Biran et Cornea 0.1 implique qu’il existe un

morphisme de groupes naturel

O QR (M,w) — Ko(DFuk(M,w))
SR 1 I (L]

On voit facilement que Opc est surjectif.
Question 0.1. L’application Op¢ est-elle un isomorphisme ? Si non, quel est son noyau ?
Dans [Haul5|, Haug montre que cette application est un isomorphisme dans le cas

du tore T lorsque les relations sont données par des cobordismes lagrangiens orientés.

Contenu de la thése

Contenu du chapitre 1

On a vu que I'étude des phénomeénes de rigidité pour les immersions lagrangiennes
fait intervenir un comptage de polygones holomorphes & bord dans celles-ci. Donnons

une définition plus précise. Soit ¢ : L & M un immersion générique, c’est-a-dire sans
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points triples et dont tout les points doubles sont transverses. Fixons aussi une structure
presque complexe J € J(M,w).
Au chapitre 1, je définis un polygone J-holomorphe avec bord dans L et des coins (cf

1.1.1). Il s’agit d’une application pseudo-holomorphe
u: (D,0D) — (M,i(L))

qui admet un certain nombre de coins x4, ..., xy.

Un point injectif de u est un point z € D tel que

du, # 0, u (u(2)) = {z}.

On dit que u est simple si 'ensemble de ses points injectifs est dense.
Le résultat principal du chapitre 1 est un résultat de décomposition en piéces simples
pour ces polygones.
Théoréme (1.1.3). On suppose que le disque u est d’énergie finie (i.e. [u*w < 400).
1l existe des polygones pseudo-holomorphes simples vy, ..., vn d’énergies finies et des
entiers naturels mq,...,my € N tels que
(1) Tm(u) = Uy—y.y Im(vr),
(i1) On a dans Ho(M,i(L))

[u] = mufv].

Il s’agit d’'une généralisation d’un résultat de Lazzarini ([Laz00|, [Laz11]) dans le
cas des disques a bord dans une lagrangienne plongée.

La démonstration du théoréme repose sur 'introduction d'un patron W(u) qui est
un graphe plongé dans le domaine I du polygone w (définition 1.2.2 et proposition
1.2.23). La restriction de u & chacune des composantes connexes du complémentaire est
un revétement multiple d’un polygone simple. Autrement dit, on retrouve les morceaux
simples de la décomposition en « découpant le polygone le long du patron ».

L’intérét du théoréme 1.1.3 est qu’il permet de montrer que certains espaces de
courbes pseudo-holomorphes sont des variétés pour un choix générique de J € J (M, w).
Comme on I’a vu plus tot, cela permet de définir des objets algébriques en comptant des
polygones.

Je donne ensuite des applications du Théoréme 1.1.3. La premiére est une géné-
ralisation d’un résultat de Lazzarini. Soient L; et L, deux sous-variétés lagrangiennes
transverses. On suppose que la dimension de M est plus grande que siz.

Proposition (1.3.4 et1.3.7). Il existe des ensembles génériques

Treg(M, L, w) C J(M,w) et Tpeg(M, Ly, Ly,w) C J(M,w)
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tels que

(1) Pour tout J € Jpey(M, L,w), toute larme a bord sur L est simple,

(11) Pour tout J € Jpey(M, Ly, Ly, w), toute bande pseudo-holomorphe est simple.

Je donne ensuite un exemple d’application de cette proposition a la définition d’un
objet algébrique, en 'occurence le complexe de Floer entre Ly et Ls.
Théoréme (1.3.12). Supposons (M,w) fermée et monotone. Il existe un ensemble géné-
rique

Treg(M,w, Ly, Ly) C J(M,w)
tel que le complexe
(CF(Ly, Ly, J),d)

est bien défini.

En d’autres mots, 'homologie de Floer peut se calculer en utilisant des structures
complexes indépendantes du temps !

J’al montré le théoréme 1.1.3 avec en vue une preuve de la conjecture 0.2 quand le
morphisme ¢ coincide avec un point d’intersection x € L; N L. Malheureusement, je

n’ai pour l'instant pu qu’obtenir des résultats partiels que je détaille dans la sous-section
1.3.3.

Contenu du chapitre 2

Dans le chapitre 2, on se restreint au cas d’une surface de genre g, S, munie d’une
forme d’aire w. On note x(.S,) sa caractéristique d’Euler.
Mon premier résultat est le calcul du groupe de cobordisme immergé Q" (S,) quand

le genre g est plus grand que un.

Théoréme (2.1.5). Supposons le genre g plus grand que un. Il existe un isomorphisme

" (Sg) = Hy(S;,Z) ® Z/X(5,)Z.

cob

Ce théoreme est encore un exemple de flexibilité. En effet, 'application

imm(sg> — HI(ng Z)

cob

est donnée par la classe d’homologie. L’application

Qimn(S,) — Z)x(Sy)Z

cob

est une variante du nombre de rotation originellement due a Chilllingworth (|[Chi72b]).
Ces deux quantités sont invariantes par isotopies lagrangiennes !
Je passe ensuite a I’étude des phénomeénes de rigidité. On doit alors supposer le genre

g plus grand que deux. Je commence par introduire une variante du groupe de cobordisme
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lagrangien
QR (s,

Celui-ci est engendré par les plongements S' < S, et ses relations sont données par
des cobordismes lagrangiens immergés, non obstrués et orientés (voir la définition 2.4.1).
Ici les cobordismes sont non obstrués si et seulement s’ils n’admettent pas de larmes
continues.

Il se trouve que les cobordismes non obstrués donnent aussi des relations dans les
catégories de Fukaya de la surface S, (Théoréme 2.4.2). On en déduit l'existence d'un

morphisme de groupe

cob

Opg : QP (S ) Ko(DFuk(S,)).

Je montre alors le
Théoréme (2.5.1). L’application Opc est un isomorphisme.

Abouzaid ([Abo08]) a calculé le groupe Ko(DFuk(S,)). Avec son résultat, on obtient
donc le

Corollaire (2.1.7). Il existe un isomorphisme

Qimm,unob<gg) ~R® Hl(Sga Z) S¥ Z/X(SQ)Z

cob

Le Théoréme 2.5.1 montre que les relations données par les cobordismes non obstrués
suffisent a définir K,(DFuk(S,)). Il s’agit donc d’un indice trés fort de la validité de la
conjecture 0.1!

Les preuves des Théorémes 2.1.5 et 2.5.1 sont toutes les deux trés géométriques. Elles
reposent sur une caractérisation de laction du groupe modulaire (ou Mapping Class
Group) :

Mod(S,) = Diff*(S,)/ Diff(S,),
sur les groupes Q™ (S,) et Q™ (S ). 1idée est initialement due a Abouzaid (voir
[Abo08]).

Il est connu que ce groupe est engendré par les twists de Dehn T}, autour d’une courbe
plongée a. La contribution principale de mon travail est donc de montrer une formule
qui caractérise I'action d’une telle transformation.

imm

Pour les groupes 2%

S,), cela repose sur la description de I'image T, d’une courbe
g g
£ au moyen d’une suite de résolutions successives de points doubles (qui est représentée

dans la figure 5).

Qimm,unob

Pour adapter cet argument au cas de €

(Sy), il faut montrer que toutes les

courbes et cobordismes qui interviennent dans cette procédure sont non obstrués. Pour
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cela, on découpe des disques holomorphes en utilisant (sans le dire) le patron défini ci-
dessus. On utilise de plus les propriétés des groupes d’homotopie des surfaces de genre
plus grand que deux. C’est le contenu des preuves des propositions 2.5.7 et 2.5.13.

On montre donc, en particulier, une forme trés faible de la conjecture 0.2 dans le cas

des surfaces de genre plus grand que deux.
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Chapitre 1

Structure des courbes pseudo-holomorphes & bord sur

une immersion Lagrangienne

Ce chapitre reproduit la prépublication Structure of J-holomorphic disks with immersed

Lagrangian boundary conditions, |Per18].

Résumé. Nous généralisons un théoréme de structure di a Lazzarini ([Laz11|) au cas
des courbes a bord sur une immersion lagrangienne. En appliquant ce résultat, on montre
que 'homologie de Floer entre deux lagrangiennes peut étre calculée a I’aide de structures
complexes indépendantes du temps. Nous donnons aussi quelques autres applications et

expliquons des projets futurs.

Abstract. We explain how to generalize Lazzarini’s structural Theorem from [Laz11]
to the case of curves with boundary on a given Lagrangian immersion. As a consequence
of this result, we show that we can compute Floer homology with time-independent
almost complex structures. We also give some applications as well as topics for future

work.

1.1. Introduction
1.1.1. Setting

Let (M,w) be a symplectic manifold and J € J(M,w) be a compatible almost
complex structure. It is well known that any J-holomorphic curve u : ¥ — M with X a

closed Riemann surface factors through a simple curve (see [MS12, Proposition 2.5.1|).
Let L C M be an embedded Lagrangian submanifold and

u: (D,8D) — (M, L)



be a J-holomorphic disk satisfying u(0D) C L. In general, it is not true that such a
map factors through a branched cover to a simple curve. However there are results of
Kwon-Oh (|[Oh97],[KOO00]) and Lazzarini ([Laz00|, [Laz11]) about the structure of
such disks.

Moduli spaces of disks with Lagrangian boundaries appear in the definitions of several
differential complexes associated to Lagrangian embeddings such as the pearl complex
(due to Biran-Cornea [BC07], [BC09]) or Lagrangian intersection Floer homology in the
monotone case (due to Oh, [Oh93a], [Oh93b]). The results of Lazzarini and Kwon-Oh

are essential to study the generic regularity of such moduli spaces.

1.1.2. Main theorem

In this paper, we shall explain how to adapt Lazzarini’s result ([Laz11]) to disks with
corners whose boundaries lie in the image of a Lagrangian immersion. In this section,
we provide the basic definitions of the objects we will consider.

From now on, we fix a connected symplectic manifold (M?*,w) and a Lagrangian
immersion i : L™ & M, with L a closed (not necessarily connected) manifold such that

(1) i does not have triple points,

(2) the double points of ¢ are transverse.

If this is satisfied, we say that i is generic.

Let

R={(p.q) € L x L|i(p) = i(q)}
be the set of ordered double points of i and i( R) be the set of their images. The hypotheses

on ¢ imply that this is a finite subset.

Moreover, we fix a (smooth) compatible almost complex structure J € J(M,w). We
now explain what we mean by an almost complex curve with corners and boundary on
L.

Definition 1.1.1. Let S be a compact Riemann surface with boundary 0S.

A J-holomorphic curve with corners and boundary on L is a continuous map
w: (S,058) — (M,i(L))

which satisfies the following assumptions.
(i) There are x1,...,xNn € OS with

V1< k<N, u(zg) €i(R).
(ii) There is a continuous map v : 0S\{x1,...,xn} — L such that

W9S\{a1,..an} = O Y-
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(11i) The map ~y does not extend to a continuous map 0S — L at any of the punctures.
(iv) The map u is a smooth J-holomorphic curve on S\{z1,...,zn}.
Remark 1.1.2. (1) Keeping the notations of Definition 1.1.1, we call 1, ..., zx the
corner points of the curve.
(2) We also consider maps u : S — M which satisfy the hypotheses (i), (i), (ii7)
without (iv). We call such a map a topological curve with corners.
For a J-holomorphic curve u : (S,05) — (M, i(L)) with corners and boundary on L,

a point z € Int(S) is an injective point if it satisfies

du, #0,u ' (u(z)) = {z}.

We say that such a curve is simple if the set of its injective points is dense.

We can now state the main theorem of this paper.
Theorem 1.1.3. Let u : (D,0D) — (M,i(L)) be a non-constant J-holomorphic disk
with corners, boundary on L and finite energy (meaning [u*w < +00 ).

There are simple finite-energy J-holomorphic disks vy, ...,vy with corners, boundary
on L and natural integers my, ..., my € N such that

(1) Tm(u) = Ugy. v Im(vg)

(i1) In Hyo(M,i(L)) we have

[u] = mlvg].

The proof of this is an adaptation of Lazzarini’s proof to the case of immersed La-

grangians.
1.1.3. Applications

Assume that the complex dimension n is greater than 3. For a generic almost complex
structure J, any finite-energy .J-holomorphic disk with corners and boundary on L is
either simple or multiply covered. The proof is an adaptation of [Laz11, Proposition
5.15].

Corollary 1.1.4. Assume that the complex dimension of M satisfies n > 3. There is a
second category subset

Treg(M,w, L) C J(M,w)
satisfying the following property.

Let J € Jpy(M,w) and u : (D,0D) — (M,i(L)) be a non-constant finite-energy
J-holomorphic disk with corners and boundary on L. Then there exist

(i) a holomorphic map p : (D, 0D) — (D, D) with branch points in Int(D) (in par-

ticular the map p restricts to a cover D — 0D ).
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(ii) a simple J-holomorphic disk with corners and boundary on L,
u' (D, 0D) — (M,i(L))

such that
u=1uop.
Recall that there are two morphisms w : mo(M, L) — Rand p : mo(M, L) — Z induced
respectively by the symplectic area and the Maslov class. A Lagrangian submanifold
L C M is monotone if there is a A > 0 such that

w = A\U.

Denote by Ny, the minimal Maslov number of a Lagrangian submanifold L. Consider two
transverse Lagrangian submanifolds L, and L, satisfying Ny, > 3 and Ny, > 3. As a
direct application of Corollary 1.1.4, we will see that for a generic time-independent J €
J(M,w), there is a well-defined Floer complex between these two objects. This differs
from the usual situation where one usually considers time-dependent almost complex

structures to achieve transversality (as considered in [Oh93a] or [FHS95]).

1.1.4. Outline of the proof of the Main Theorem

We prove the Main Theorem 1.1.3 in several steps which follow Lazzarini’s approach.
We will emphasize along the argument the differences with [Laz11].

First, we define a set W(u) C D called the frame of the disk which contains 9. This
is roughly the set of points where u "overlaps" with its boundary. We then prove that
this is a C'-embedded graph. We do this by providing an asymptotic expansion of the
J-holomorphic curve around its corners.

The simple or multiply covered pieces are found by cutting the curve along the graph
W(u). More precisely, we pick for each connected component €2 of D\WW(u) a holomorphic
embedding hq : (D,0D) — (2, W(u)). The curve u o hq satisfies W(u o hg) = 0D and
is therefore either simple or multiply covered. The pieces of the decomposition are the
simple curves underlying u o hg for 2 a connected component.

Notice that a connected component €2 of D\W(u) is not necessarily simply connected,
so we cannot immediately conclude that u o hq factors through a simple disk. It turns
out that if such a component exists, there is a simple holomorphic sphere v : CP — M
such that (D) = v(CP?'). From this, we conclude that each piece is a disk. Here the

details do not differ much from Lazzarini’s paper (|[Laz11]).
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1.1.5. Outline of the paper

The first section of the paper explains how to adapt Lazzarini’s proof (|Laz00],
|[Laz11]) to finite-energy curves with boundary on a given Lagrangian immersion ¢ :
L & M. We cut the curve into multiply covered pieces along a frame. This frame is a
C'-embedded graph. The proof of this fact is the main technical part of the argument.
Second, we explain how to get the decomposition from this.

The second section of the paper gives the proof of Corollary 1.1.4. In a second
subsection, we will explain why this implies that the Floer complex is well-defined for a
generic time-independent almost complex structure.

Lastly, we give some expected applications of the main theorem to a count of holomor-
phic curves with boundary on the surgery of two Lagrangian embeddings. These results

fit in a more general program of Biran-Cornea and is the subject of work in progress.
1.1.6. Acknowledgements:

This work is part of the author’s doctoral thesis at the University of Montreal under
the direction of Octav Cornea. I thank him for his thoughtful advice. I also thank Egor
Shelukhin for helpful discussions, as well as Emily Campling and Dominique Rathel-

Fournier for help with the exposition.

1.2. The Frame of a J-holomorphic curve

Fix uy : (51,051) — (M,i(L)) and uy : (S,05:) — (M,i(L)) two finite-energy
J-holomorphic curves with corners and boundaries on L.

We define the set of "bad points" of u; with respect to us :
Cluy, ug) = uy  (u1({z € Int(S))|duy(2) = 0}))
Uuy (ug({z € Int(Ss)|duy(2) = 0})) Uuy *(i(R))

The following definition is due to Lazzarini (|[Laz11]).
Definition 1.2.1. We keep the above notations. Let z; € Int(S1)\C(uy,uz) and zy €
Int(Sg)\C<U,2, Ul).

We let 21 R222 if and only if for any open neighborhoods Vi 3 2z (resp. Va 3 23),
there are open neighborhoods 0y 3 z1 (resp. Q2 3 2z9) in Vi (resp. Va) such that

Ul(Ql) = UQ(QQ).

Now if 2y € S1 and 29 € So, we let 2\ Ry220 if and only if there are sequences (2Y)u=0
(resp. (25)u=0) such that 2 € Int(S1)\C(u1,us) (resp. 2z € Int(S2)\C(uz,u1)), 21 — 2
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(resp. z4 — z9) and
Vv 20, 2/R,22;.
We now define the graph along which we will cut to get the simple pieces of the curve.
Definition 1.2.2. We let uy and uy be two finite-energy J-holomorphic curves with
corners and boundaries on L.

The frame of u; with respect to uy is the set of points related to the boundary of Sy:
W(ui, ug) == Ry2(052).
The completed frame of uy with respect to usy is the union of this with 0Sy:
W(ur, us) := R (9S5) U 9Sh.

Remark 1.2.3. Let u be a finite-energy J-holomorphic curve with corners and boundary
on L. We readily check
0S C W(u,u),

SO

From now on, we will abbreviate
W(u) := W(u,u).

In this section, we shall prove that the completed frame W(uy,us) is a C' embedded
graph in S;. This is however not the case for W(uy,uy). Along the way, we will prove

important properties of the relation R;?, always following Lazzarini’s proof.

Examples of frames and the decomposition

As explained in the introduction, the simple pieces of the curve are found among the
connected components of D\W(u).

The decomposition may introduce corner points which do not appear in the original
curve.

Example 1.2.4. Consider the 2-dimensional torus T? := R?/Z? equipped with the
standard area form dx A dy and the standard complex structure.

We let 7 be the immersion of two copies of S* drawn in Figure 1. Moreover, we let u
be a J-holomorphic polygon with corners and boundary on L, whose image is represented
in Figure 1. The parameterization of u is chosen so that u(—1) = z; and u(1l) = z4.
These are the only corner points of w.

It is an easy exercise to check that the frame of u is a graph with four vertices which

map to the double points of i. The restriction of u to each connected component of
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Tl T4

FIGURE 1 — The immersion i (blue, on the right), the disk u (shaded, on
the right) and its frame W(u) on the left

D\W(u) is a simple J-holomorphic curve with corners. Notice that each piece now has
corners which map to x5 and x3. These corners did not appear in .

Moreover, the frame need not be connected, as shown by the following example.
Example 1.2.5. Consider CP! = CU{c0} equipped with its standard complex structure
and let L C C be the ellipse with semi-major axis g and semi-minor axis % We consider

a map with domain the disk of radius 2

w: D0,2) - CuU{oo}
z — z+§ '

We claim that the frame of u is given by 0D(0,2) U dD(0, 3). Notice first that
1
W(u) C u (L) = oD(0,2) U OD (0, 5)

To prove the other inclusion, let z € 0]1])(0, %) Let (&,),en be a sequence of positive real

numbers converging to 0. Put z, = (1 + ¢,)z. Then the sequences (z,),en and <i>ueN

satisfy X
VveN, z,R!—
'lLZV

since

Vv eN, u(z,) = u(i)

2y

are non-zero. Hence zR%L € D, so z € W(u).

and the derivatives
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1.2.1. Local coordinates around double points of the immersion

In this subsection, we construct several local charts ¢ : U C C* — M around a
double point z = i(p) = i(q) of a generic Lagrangian immersion i : L — M. These charts
map the image of the immersion ¢ to the union of two transverse linear subspaces of C".

In order to characterize the analytic behavior of a pseudo-holomorphic polygon around
a double point, we need these charts to preserve complex and symplectic structures at
the origin. Therefore, we start by classifying the pairs of linear Lagrangian subspaces of
a symplectic vector space under the action of the unitary group. This is done in 1.2.1.
Then, we will exponentiate this local model in order to find local coordinates around a

given double point. This is done in 1.2.1.

Some linear symplectic geometry

We start by the linear case, i.e. the classification of pairs of transverse Lagrangian
subspaces under the action of the unitary group. It turns out that the orbits of this
action are classified by a n-uple of real numbers called the Kdhler angles ([JFOOO06,
Definition 54.11]).

In what follows, we equip the standard symplectic space

C"=R"xR"

with the standard symplectic form, scalar product and complex structures:

V(xh?h)a (952792) € R" x R, wstd((mla y1), (5132792)) =T1-Y2 — Y1 T,
gstd((%,.%), ($27y2)) =1%o+ Y1 Yo,
Jstd(mlayl) = (_ylaxl)'

Fix a symplectic vector space (V" w) of complex dimension n. Let Ly, Ly C V be
two transverse Lagrangian subspaces. Choose a compatible almost complex structure
JeJ(V,w).

There is a complex linear symplectomorphism

f : (Cn7gstd7 Jstd) — (V7 gJ,W) with f(Ll) =R (11)
To see this, we let fi,..., f, be a basis of L, orthonormal with respect to the scalar
product g; := w(-, J-). Moreover, denote by ey, ..., e, the canonical complex linear basis

of C*. Then, f : C* — V is the unique complex linear map such that f(e;) = f; for
ie{l,....,n}.
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The linear subspace f~!(L,) is transverse to L;. Hence, there is a unique linear map

A :R™ — R” such that
fH(Ly) = {(Az, z)|z € R"}. (1.2)
Since f~'(L,) is Lagrangian, the linear map A is autoadjoint. Therefore, by the spec-

tral theorem, there are eigenvalues A\, < ... < A\; € R and an orthonormal basis of

eigenvectors vy, ..., v, € R" such that
Vk € {1, e ,’I”L}, Avy, = Ay

We let
O<a <...<a, <7

be real numbers such that

) AL +1
Vk e {l,...,n}, % = —. 1.3
(Loom), e = S (13)
Notice, that with respect to the complex basis vq,...,v,, we have

fH(Ly) =™ Rx...xe R,

Definition 1.2.6. Following the above discussion, we let Ly, Ly be transverse Lagrangian
subspaces of the symplectic vector space (V,w) and f: C" — V as in equation 1.1.

We call the real numbers oy < ... < ay, defined in equation 1.5, the Kahler angles of
the pair (Ly, Ls).

These real numbers do not depend on the choice of f as in equation 1.1.

PrOOF. Welet g : C* — V be another complex linear symplectomorphism as in equation
1.1. We call 0 < ;... < B, < 7 the angles associated to the map g by the procedure
described above. Notice that

g (L) = (g o F)(f (L))

Since the map g~! o f is unitary and satisfies g1 o f(R") = R", there is B € O(n) such
that
V(z,y) € R* xR", (¢7" o f)(z,y) = (Bz, By).

Keeping the notation of equation 1.2, we obtain

g '(Ly) = {(BAxz, Bx)|r € R"}
= {(BAB'z,z)|x € R"}

Since BAB™! is conjugate to A, their eigenvalues are the same. Therefore, we conclude

Vke{l,...,n}, Ckk:Bk.
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OJ

Further, we also need to introduce some additional notation. We fix real numbers

0<a; <...<a, <m. We define the following vector space
Vo = {vGR”|eiav€eia1 ‘Rx...xe R} (1.4)
It is straightforward to check that there is a direct sum decomposition

R'= P V. (1.5)

Moreover, we let
To : R =V, (1.6)
be the linear projection onto V,, with respect to the decomposition 1.5. We abuse notation

slightly and denote its complexification 7, : C* — C" as well.

A bit of vocabulary

Recall that we fixed a generic Lagrangian immersion i : L — (M, w). Let (p,q) € R,
since di,, (resp. di,) is an immersion, there is an open neighborhood U, 3 p (resp. U, 3 q)
such that 7y, (resp. 7jy,) is an embedding. We call the submanifold i(U,) (resp. (Uy))
the branch of i at p (resp. at ¢) and denote it by L, (resp. L,).

In what follows, we will sometimes forget about U, and denote by L, the image of

any neighborhood of p on which 7 is an embedding.

Some local charts

We can now state
Proposition 1.2.7. Let i : L — (M,w) be a generic Lagrangian immersion. Fiz a
double point (p,q) € R and denote x = i(p) = i(q).

Then there are open neighborhoods U of 0 in C*, V' of x in M, U, (resp. U,) of p
(resp. q) in L together with a smooth chart ¢ : U — V satisfying the following properties.

(i) Let g5 := w(-,J-) be the metric induced by the almost complex structure J, and

Jsta e the standard scalar product on C"*. We have
¢"95(0) = gaa, ¢"J(0) = 1.
(ii) The chart maps the branches of i at x to linear subspaces :
H(UNR") =i(U,), p(UNe™ R x...x e -R)=i(U,).

Here oy < ... < ay, € (0,m) are the Kdhler angles of the pair (T,L,, T,,L,) with

respect to the complex structure J.
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PROOF. There is a smooth chart ¢ : U € C* — V C M such that ¢(R* N U) = L,NnV
and ¢(i - R*NU)=L,NV.

We now modify ¢ so that it satisfies the assertions of the proposition. For this pick an
orthonormal basis (with respect to the metric g;) B = (eq,...,e,) of T, L,. We assume

that, with respect to the complex coordinates given by B, we have
T,Ly=e"" R x...xe* R

We put (f1,..., fn) == (d({ﬁ_l(el), . ,d(ﬁ‘l(en)). Pick a real linear isomorphism A :
C™ — C" such that the image of the canonical basis of R?" is the basis (fi,..., f,). The
sought-after local chart is ¢ o A (it is defined on a small enough ball). O

We will modify this chart to get a more precise behavior along R".

Proposition 1.2.8. Recall that we fixed a generic Lagrangian immersion i : L & M.
There is a smooth local chart ¢ : U C C* — V C M such that
(i) we have ¢* Jrn =i and (¢*9s)o = Gstds

(ii) the preimages of the branches at x are linear subspaces

6 (L,NV)=R"NU, ¢ (L,NV) = (6 R x...x e -R)NU.

PROOF. By the preceding Proposition 1.2.7, one can assume that the two branches of the
immersion are the given linear Lagrangian subspaces, that the almost complex structure
J satisfies J(0) = i and that the metric g; satisfies g;(0) = gsta-

Now choose 1 : W — U C C" a local chart such that ¢*Jg» = ¢ and dy(0) = Id
(such a chart always exists, see the construction in [Laz11, lemma 3.7|).

Notice that ¢~!(L,) is an embedded submanifold whose tangent space at 0 is trans-
verse to R™ (it is given by e - R x ... x ¢ . R ). Therefore the implicit function
theorem implies that there is a smooth map f: W NR™ — R"™ such that

v (Ly) = {f(y) +iyly € R"}.

Consider the map ¢(z +iy) = f(y) — df (0) -y + x + iy. Its differential is given by the

matrix
Id df, — dfo
0 Id ’

so d¢y = Id and ¢ is a local diffeomorphism.

A small computation shows that dfy is given by a diagonal matrix

cot oy

cot ay,
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Hence for z = (z1,...,2,) € R", we have ¢(z) = (f(0) + 0 + x,0) € R". Moreover,
notice that

dfo(zyisinay, ..., x,sina,) = (x1c08aq, ..., T, COSQy),

hence
gb(mlew‘l, . ,mnem”) = f(zysinay, ..., x,8inq,) + i(zysinag, . .., 2, sinay,),

so p(R") = e - R x ... x ¢ - R. Moreover, for z € R", we have d¢, = Id so
¢*J, =i and ¢*g;(0) = gsta- O

Behavior of a J-holomorphic curve around an interior point

We describe precisely the asymptotic behavior of a J-holomorphic curve around an
interior point. For instance, the following is proved in Lazzarini’s paper [Laz11, Propo-
sition 3.3].

Proposition 1.2.9. Assume that J : D — GL(2n,R) is a C' map such that J* = —1d
and J(0) = Jyq is the standard complex structure. Let u : S — C" be a J-holomorphic
curve with u(0) = 0. Then there are

(1) an integer k > 1,

(2) a C-local chart ¢ : Q2 — D with Q and open neighborhood of 0 in D and ¢(0) = 0,

(3) a positive real number A, > 0 and a matriz A € U(n),
such that

uo ¢(z) = AMA(, U(2)),
with U(z) = O(2"11).

Behavior of a J-holomorphic curve around a double point

In this subsection, we describe, following [Laz11, section 3.2|, the local form of a
curve around the corner points.

For this, let us fix (p,¢) € R and put x = i(p) = i(¢q). As usual, we call
O<ap <...<a, <7

the Kéhler angles of the pair (7,L,,T,L,) with respect to J. We also choose a chart
¢ : U — V such as the one given in Proposition 1.2.7.

Proposition 1.2.10. Let DT = {z + iy||z + iy| < 1,y = 0} be the unit upper half-disk
and Df =D+ NR be its real part.
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Let w: (D%, DY) — (M,i(L)) be a non-constant J-holomorphic half-disk with bound-
ary on L and finite energy (i.e. [u*w < +00). Assume that the lift i1y (resp. Y10
of wio,1y (resp. w—1,0)) to L satisfies vjo,1y(0) = p (resp. vo1)(0) = ¢ )".

Then there are integers k € {1,...,n} and m > 0, together with a positive real

number § > 0 and a vector aj, € V> such that
ptou(z) = akz%’”rm + 0<Z&7’“+m+6>'
Moreover, we have
d(¢p~ ou)(z) = (% + m) akzaThrm—l + o<za7k+m+5—1>_

Note that this implies that there are no critical points in a sufficiently small punctured
neighborhood of a corner point.
Remark 1.2.11. We call the integer m + 1 the multiplicity of the curve u at 0.

PROOF. The proof is an application of a theorem of Robbin and Salamon (|[RS01, The-
orem B|) on the asymptotics of a finite-energy J-holomorphic strip.
To see this, fix » > 0, and define the strip-like end

g0 S:=[0,400) x [0,1] — (DT,Dy) .
(s,t) s —pe (st

For r < 1 consider the map
G:=¢ louoe : S — C"

Then u is pseudo-holomorphic with respect to the almost complex structure ¢*.J, has

finite energy with respect to the metric g4-; and satisfies the boundary condition
(0, +00) x {0}) C e R x ... x e R, @([0,+00) x {1}) C R".

Moreover, since u is continuous, for r small enough the map ¢! o u o , has relatively
compact image in C". Hence by [RS01, Theorem A|, u(s,-) converges uniformly to x
as § — +oo and its derivative d,u decays exponentially with respect to the usual C*
pseudo-distance.
We can now apply [RS01, Theorem B|. There exist a A > 0 and amap v : [0,1] — C"
such that
i0w = Av, v(0) € e R x ... x e R, v(l) € R,

lGeometrically this means that the curve has right boundary condition along the branch L, and left
boundary condition along the branch L.
2see 1.2.1 for the the definition of V,
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and a ¢ > 0 such that
1
u(s,t) = exp, (—Xe’\sv(t) + w(s,t)), lw|er < cpe” AT,

A small computation shows that there exist an integer m > 0, an o, and a vector v, € V,,,
such that

A = ay +mm, v(t) = elemiortmmt
Now notice that if z = —e~ ™5+ then 27 +m = e=slar+mm)gilartmm)(1-t)  Hepce,

(=D™

U(Z) = exp, (_T6_(ak+mﬂ)sei(a’“+m”)(1_t)>

Y

and so
u(z) = expy G%wﬁm + w(z)) .

This gives the relevant estimate.

The estimate on the derivative follows from the chain rule applied to ¢ ou o €. U

From now on, we will work locally in M with the help of the chart given by Proposition
1.2.8. Therefore, we shall consider J-holomorphic curves with values in C" equipped
with an almost complex structure J such that Jjgn = Jsq. We assume these curves have

boundaries on the union of the branches
L,=R"and L, =€ -Rx ... x e R, (1.7)

We shall describe their behavior around the double point 0.
Proposition 1.2.12. Recall that the branches L, and L, are given in equation 1.7.
Assume that v : (DT, D) — (C", L,UL,) is a pseudo-holomorphic curves which satisfies
the hypothesis of Proposition 1.2.10.

Then there exist

(1) an open neighborhood Q2 of 0 in DY,

(2) a C' chart

Y (,QNR) — (DY, Dy),
(3) a linear isometry A, € L(RY™Ver 'V, ) and a \, € Rt such that

Toy, (W0 Y(2)) = NA, (z%ﬂn, U(z))

with U(z) = 0<za7k+m+5>.
Moreover, if

U(Z) = Z Wa(uo¢(z)),

046{041 ,,,,, Oén}\{ak}
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we have
U(z) = 0<z%+m+5>, dU(z) = 0<za7k+m+5’1>.

PROOF. Replacing u by ¢ ou we can assume that u has values in C". Using Proposition
1.2.10, there are £ and a; € V,, such that

w(z) = apz =t + 0(2a7k+m+5>.
Choose an isometry A € L(R",V,, ) and a A, > 0 such that A(1,0) = A\,ax, then we have
T (U(2)) = Xz TMA(L + a(2), Uy (2))

with a(z) € C, a(z) = 0(2°) and U,(z) = o(2?).
Now if r > 0 is small enough, define ¢ on D(0,r) by

1

¢(2) = 2(1+a(z)) =+,
The map ¢ is C* on DT(0,7)\{0}, and if z # 0 we have
1 ZO/(Z) 1

¢(2) = (1 +al2)) F+dz + e a(z) F

Therefore ¢/(2) — 1 as z — 0. Hence, ¢ extends to a C* map on D*(0,r).

Now if z € R, we have 7, (u(z)) € RE™Var 50 A,z T (14-a(z)) € R and 1+a(z) €
R. If z € R_, since m,, (u(2)) € e - R4mVor we similarly obtain 1 + a(z) € R.

Since a(z) — 0 asz — 0, we can assume that for z € D(0, 7)NR we have 1+a(z) € R*.
Hence (14 a(z)) #+™ € R and ¢(z) € R.

We can now use the Schwarz reflection principle to see that ¢ extends to a map

defined on (0, r) with invertible differential at the origin. Therefore it admits a local
inverse. We will now assume that r» > 0 is small enough so that ¢ is invertible.

The image of D(0,7) by ¢ is an open subset of C with boundary a C! simple closed
curve. By the Jordan curve theorem, this image is cut by the real line R into two
connected components. These are necessarily the images of the connected components
of D(0,7)\R by ¢. We conclude that ¢(ID"(0,r)) is a subset of H.

Now

Ty (u(2) = MA(8(2) %77, U (2)
and so

o (u(671(2))) = )\UA<Z%“”, U, o qu(z)).
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Let us recall the analog of this (Proposition 1.2.12) in the case of a curve with
boundary along a single branch of the immersion. This is [Laz11, Lemma 3.5]. It is
proved in the same manner as above (with a bit less trouble).

Proposition 1.2.13. Recall that the branch L, is given in equation 1.7.

Assume that

u: (DY, DY) — (C*, L,)
is a finite-energy, J-holomorphic curve with u(0) = 0.

There are a matriz A, € O,(R), a A, > 0, a natural m € N and ¢ a C* local chart

around O such that
uo @(z) = MNAu (2", U(2)),
with U(z) = o(z™) and dU(z) = o(z™1).

These two propositions allow us to give the local behavior of these curves when they
have boundary conditions along L, rather than L,.

For this let us introduce Dy, . ., the n x n diagonal matrix with successive entries
e, . elon,

Proposition 1.2.14. Recall that the branch L, is defined in equation 1.7.

Assume that

u: (D", D) — (C", L,)
is a finite-energy, J-holomorphic curve with u(0) = 0.

There are a matriz B, € O,(R), a positive real number A\, > 0 such that
U(Z) = )\uDal,...,anBu(zmy U(Z)),
with U(z) = o(z™) and dU(z) = o(z™1).

PRrROOF. This follows directly from Proposition 1.2.13. To see this, consider the curve
v=D_q  _a,u.
Then v satisfies the hypotheses of 1.2.13 with the complex structure
D_o,. . ..—andDa,....an-

This immediately gives the conclusion. 0

The same trick allows us to give a local form around a corner point.
Proposition 1.2.15. Recall that the branches L, and L, are given in equation 1.7.

Assume that
u: (DT, DE) — (R", L, U Ly)
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is a finite-energy J-holomorphic curve such that w(0) = 0 and u([0,1)) C L, and
u((—1,0]) C L, (this implies in particular that there is a corner point at 0).

Then there exist

(1) an open neighborhood Q@ of 0 in DT,

(2) a C' chart

¥ (Q,QNR) = (DT, DF),
(3) an linear isometry B, € LRY™Ver V) and a \, € RT such that
To, (W0 P(2)) = Ny B, (Z%J“m, U(z))

with U(z) = o<z7r_7rak +m+5>.

Moreover, if

U(z) = > T (1 0 (2))
ac{ai,..., anf\{ag}
we have

T—QL

U(z) = 0(2 = +m+‘$>, dU(z) = 0<zw;ak +m+5’1).

PROOF. As before, consider the curve v = D_,, . _,,u. It satisfies the boundary condi-
tion v([0,1)) C R™ and v((—1,0]) C e -R X ... x e~ - R. Notice that the Kéhler
angles of the second boundary condition are 7 — aq, ..., 7™ — ay,.

We now apply Proposition 1.2.12 to obtain an oy, € (0,7), a A, > 0, a linear map B,
and a local C*> diffeomorphism 1) such that

o (0((2))) = AuBu (=

™) and § > 0. Notice that m,, (D_q,

T—

S U(2)

T

with U(z) = o( "= Capt) = e, (u), so

.....

T (w0 (=) = N By (274, 0(2)).

1.2.2. The relative frame of the curve is a graph

In this subsection, we will explain how to adapt the argument of [Laz11] to show
that given two finite-energy J-holomorphic curves with boundary on L, their relative
frame is a C'-embedded graph.

First let us state [Laz11, Lemma 3.10]. The proof adapts without difficulty.
Proposition 1.2.16. Recall that u; and us are two finite-energy J-holomorphic curves
with corners and boundary on L.

Let

p1: ST X Sy — 51
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be the projection onto the first factor. Then if Vi C S; and Vo C Sy, the map p; :
(Vi x Vo) "Rz — Vi is open if

(1) either Vo C Int(Sy) is open,

(2) or Vi is an open set such that Vi N W(uq,us) C 0S;.

PROOF. Let iR}2q; and let V; > ¢; be two open neighborhoods satisfying V5 C Int(S55)
and Vi3 N W(uy,uz) C 0S;. Assume that the V; are open half-disks or open disks and
that V1\{0} N C(uy,uz) = 0.

Up to reparameterization by z — wu;(Az) with A > 0 small enough, we can assume
that if (21, z2) € Vi x V4 is such that u;(2z1) = uz(29), then |25] < %

First, assume that z; is a corner point and 2, is not. There are constants such that

lur(Az)] < CLAF T [2[7H™ Jua(2)] > o2l

So if ug(29) = ui(Az1), we have
%+m|21 ﬂ—‘,—m'

™

Cyl 2| < Oy

22| < <%>\?+m> .
5

The right term goes to zero as A — 0. Therefore, the result is true for A small enough.

Hence

Second, assume that z, is a corner point and z; isn’t. Then there are constants such
that
ur(A2)| < LN [2]F, Juz(2)] > Colz|7 .

So if us(22) = uy(Az1), we have

02’2’2|%+m < |>\|k‘21|k7

Cl k;) al
2ol < | =A¥ | =tm
[22] <02

The right term goes to zero as A — 07. Therefore the result is true for A > 0 small

hence

enough.
Last assume that both z; and 25 are corner points. Then there are constants such
that
ur(A2)] < CIAT ™ 2| T4 Jup(2)] > Cal 2| 7
So if ug(z2) = uy(Az1), we have

02‘22"’72+m2 < ‘)\l%+m1’21’%+m1‘
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Hence

Cy
The right term goes to zero as A — 0. Therefore the result is true for A > 0 small

1
2] < (Cu“ﬁml)%sw

enough.
Now, let 2 = Ru2(V5) N (Int(V1)\{0}) C Int(V1\{0}) U 0S;.

e We have that © # 0. Indeed, there are sequences (¢1,) and (g2,) with values
in Int(S1)\C(uy,uz) and Int(S2)\C(ug, u;) such that ¢, — @1, @2, — ¢ and
¢1» # q1. Now for v large enough, ¢, € Vi\{q:} and ¢, € V2.

e The set  is open in Int(V}) : if z; € Q, then 21 € C(uy,us). Let 25 € V3 be such
that z;R;2z3. Then 2z, € Int(V5) since if z, € 0.5, we have z; € 95, which is a con-
tradiction. Moreover, du;(z1) # 0 and dus(z2) # 0. So the restrictions of the two
curves to small enough open neighborhoods of z; and z, are reparameterizations
of each other.

e The set (2 is closed in Int(V4)\{0} since if 2, , — 2z € Int(V)\{0}, thereis 2, € V;
such that 21, Ry?2,. One can assume that the sequence (29,,) converges to zs.
Since |zo| < %, we get 2o € V5.

Hence © = Int(V1)\{0} and the result follows by taking the closure of this in V; and V;

since Ry? is closed. U

Let us also recall a characterization of simple curves with corners and boundary on
L.
Proposition 1.2.17. Let u : (S,08) — (M, L) be a finite-energy J-holomorphic curve
with corners and boundary in L.

The curve u is simple if and only if R is the trivial relation.

PROOF. If RY is non-trivial, it is easy to show that w is not simple : see [Laz11, Corollary
3.16].

Assume that R = A and let N' = {z € Int(5)\C(u, u)|#u *(u(z)) > 2}. Suppose
that z1, — 21 € N and u(z1,) = u(zq,) with 25, — 20 € S and 21, # z2,. Then since
21 ¢ Cyu, we have that u(z1) € i(R), hence by [Lazll]|, z; Rz, and so z; = z5. This is

a contradiction since du(z1) # 0 and wu is locally injective around z. O

For the remaining part of this subsection, we fix u; and uy two finite-energy J-
holomorphic curves with corners and boundary on L. We now explain how to prove that
the set W(uy,us) is a C' embedded graph. The proof is still an adaptation of [Laz00|
and [Laz11]| with special care given to corner points.

Let us fix z; € S and 2, € 05, such that 2R;2z,. We will show that the desired

result holds locally around z;.
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There are several cases to consider depending on the type of the points z; and 2.
The proofs of all of these follow a variation of the same scheme (and are therefore inter-
changeable). Namely

(1) For i = 1,2 we find an expression of u; around z; of the type

with ¢; a positive real number and U;(z) = o(z%) (for this we apply one of the
Propositions 1.2.14, 1.2.13, 1.2.15, 1.2.12 according to the type of z; ).

(2) Since there are sequences 21, — 29 and 2y, — 2o which satisfy uy(21,) = ua(22,),
we deduce that A;(1,0) and As(1,0) are dependent over C and lie in the com-
plexification of V,,, for some p.

(3) We then use the complexification of the standard scalar product to conclude that
W(uq,uz) is included in a union of rays.

Lemma 1.2.18. In the above setting, assume that z; € 0S7 and that z; and 2z, are not
corner points.

Moreover, we suppose that uy(z1) = us(22) = i(p) = i(q) is a double point, that u,
has boundary condition along the branch L, around z and uy has boundary condition
along the branch L, around z,.

Then there is an open neighborhood Q0 of z; such that W(uy,us) NQ is a C'-embedded
graph in €.

PRrROOF. Using Propositions 1.2.8, 1.2.13, and 1.2.14, we can assume that
(1) u; and us have values in C,
(2) L, is given by R™ and L, is given by ¢ - R x ... x ¢*" - R,
(3) there are local C! diffeomorphisms 1, and 1, around z; and z, respectively with

images {2; and €2, such that
w(i(2)) = MARRU(2))
us(92(2)) = AoDay.. an3<zm, U(z)).
Replacing €2; and 25 by smaller neighborhoods if necessary, we can assume that
C(uy,uz) Ny C {0}.

We claim that there is a complex € C\ {0} such that pA(1,0) = D,,... 0, B(1,0)
and that there is an «y such that A(1,0) € V,,.

Since 2R}z, there are sequences (z1,,) and (z2,) of points distinct from z; and 2,
such that 21, — 27 and 29, — 29 and uy(21,) = ua(22,). There are p € C and v € R"™*
such that D, . a,B(1,0) = pA(1,0) + A(0,v).

.....
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If by contradiction p = 0, from the equality

B(0,U),

----- n

we get 27, = o(z4,). Therefore, we would have uy(z1,) = 0(25",) = 0o(uz(22,m)). This is
of course a contradiction.
From this, we deduce Alzfy ~ [1A22y",. Denote by m : R" — R" the real orthogonal

projection onto A(1,0)*. Since A is orthogonal, we get

o(#1,) = m(u1(21,)) = w(ua(220)) = 25 7(Day 0 B(1,0) + 0(22,)).

Hence, m(Da, ... 0, B(1,0)) = 0.

Moreover, we have pA(1,0) = Dq, .0, B(1,0) € e*t-Rx...xe"*-R and A(1,0) € R,
so A(1,0) € V,, for some p. We conclude that ; has argument aj mod 7.

Assume that z € 3 N W (uy, uz). Then u(z) € L,. Denoting by (-, -) the complexifi-

cation of the usual scalar product on R", we have
)\12]6 = <U1(Z), A(L O))

Since u1(z) € L, and A(1,0) € V,,, we have (u1(z), A(1,0)) € e - R, so z¥ € e’ - R.
We conclude that W(uy,us) C A where A is the union of rays given by

A= (U ei%’ﬂ'% 'R+> U (U ei%’ﬂ(zq:m -R+>.
q

q

We claim that the frame W(uy, u2)\{0} is a (possibly empty) union of connected
components of A\{0}. We prove this by showing that it is an open and closed subset of
A\{0}.

Notice that W(ui,uz) = R(9Sz) is closed, since R;?> and 0.S; are both closed. We
conclude that W(uy,us)\{0} is closed in A\{0}.

Since Q5 NC(uy, uz) C {0} any point of W(uy, u2)\{0} is not in C(uy, uz). Therefore,
we can apply the proof of [Laz11, Theorem 3.18] to conclude that W (uy, ug)\{0} is open
in A\{0}. O

Lemma 1.2.19. In the above setting, assume that z; € 05, and that z; is not a corner
point but zy 1is.

Moreover we suppose that uy(z1) = us(z2) = i(p) = i(q) and that uy; has boundary
condition along the branch L, around z.

Then there is an open neighborhood ) of zy such that W(uy,us) N2 is a Ct-embedded
graph in €.

PROOF. The curve uy can have two different types of boundary conditions. Accordingly,

we will consider two different cases.
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First Case: By the Propositions 1.2.8, 1.2.12, and 1.2.13 we can assume that
(1) the maps u; and uy have values in C",
(2) the branch L, is given by R™ and L, is given by € -R x ... x e’ - R,
(3) there are local C! diffeomorphisms 1, and 1y around z; and z, respectively with

images €2 and {2y such that
ur(¥1(2)) = MAL(2P, Ui (2))
with Uy(z) = o(2P),
T, (112 0 3 (2)) = AQAQ(Z“%W, Ug(z))

with Uy(z) = o(zaTkJ“m”) and

Z To(ug 0 1y(2)) = 0<za7k+m+‘5>.

ac{an,...,an}\{ox}
Moreover, we can assume that C(uy,uz) Ny C {0}.
We claim that A;(1,0) € V,, and that there is a y # 0 such that A;(1,0) = pAs(1,0).
Since z1R;2z, there are two sequences 21, # 21 and 2y, # 2z such that z;, — 21,
2o, — zo and wuy(21,) = ug(22,). Moreover, we let 11 € R and v be a real vector such
that m,, (A1(1,0)) = pA2(1,0) + A2(0,v). If, by contradiction, u = 0, from the equality

%k 4y o~
)\12{)71/71'5%141(1, O) + )\17'('0%141 (0, U1 (217,,)) = )\2142(22:;,4_ s U2(227V))7

we get
CI
/\12’]13,1,142(0, V) + Mo, A1(0,Ui(21,)) = /\2A2(sz§,+ Uz (22,0)),
2k m 2k m . . . .
S0 21, = 0<22f,/+ > Hence, uy(z1,) = O(ZQfV+ ) = 0(ua(z2,,)), which is a contradiction.

a

Zk m
In particular, we can deduce that pA;2], ~ )\22271,+ . Denote by 7 : V,, — V,, the

(real) orthogonal projection onto Ay(1,0)+. Since A, is orthogonal, we get
)\12{)71/142«), U) -+ /\17'(' O WakAl (O, U1 (’Zl,V)) = )\2 (O, 02(22},,)) .

“k
. —£4+m+d . . .
Hence, if v # 0, we have 2}, = 0(2{,, ), which is a contradiction.

Assume that z € Q; N W(uy,us), then we have ui(z) € R" Ue™ -R x ... X e - R.
Hence, from
(A1(1,0),w(2)) = 27,
and the fact that A;(1,0) € V,,, we deduce that zF € RU e - R.
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So z € A where A is the union of arcs given by

P E(P*aTk)
e

A=Jev rReU Y
q=0

q=0

iak+q7'r

P 'R+.

Now we show that the frame (W(uy,u2) N Qy)\{0} is a (possibly empty) union of
connected components of A\{0}.

Indeed it is closed in A\{0} and W(uq,us) = R(0Ss) is closed.

Since 25 NC(uy,uz) C {0} any point of W(uy, u2)\{0} is not in C(uy, us). Therefore,
we can apply the proof of [Laz11, Theorem 3.18] to conclude that W(uy, uz)\{0} is open
in A\{0}.

Second Case: This is practically the same as the first case. We explain the differences.

This time Proposition 1.2.15 implies that we can assume

Tay, (U 0 Pa(2)) = Ao’k Ay (z%“ﬂ U2(2)>

T—QL

with Us(z) = 0<z ™ +m5> and

Z To(ug 0 1y(2)) = 0<zw_ﬂak +m+‘5>.

acfar,...an\{ar}
The same argument as in case 1 shows that A4;(1,0) € V,, and that there is a real
p # 0 such that A;(1,0) = pAs(1,0).
Assume that z € Q; N W(uy, us). Then from u;(z) € R"Ue R x ... x ¢ -R and
(A1(1,0),u1(2)) = 2P we deduce 27 € RU e R. Hence z € A.
Now the proof is the same as in the first case. O

Lemma 1.2.20. In the above setting, assume that zy € 0S1 and that z1 is a corner point
but zy 18 not.
Moreover, we suppose that uy has boundary condition along the branch L, around z.
Then there is an open neighborhood 0 of zy such that W(uy,us) N2 is a Ct-embedded
graph in €.

PRrOOF. Exchanging the roles of u; and us, the proof is the same as in Lemma 1.2.19. [

Lemma 1.2.21. In the above setting, assume that zy € 051 and that both z; and zy are
corner points.

Moreover, we suppose that u; and uy have boundary condition along L, followed by
L, around z; and zy respectively.

Then there is an open neighborhood ) of z; such that W(uy,us) NS is a C'-embedded
graph in €.
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PROOF. We can assume by Propositions 1.2.8 and 1.2.12, that
(1) the maps u; and uy have values in C*,
(2) the branch L, is given by R™ and L, is given by € -R x ... x e’ - R,
(3) there are local C! diffeomorphisms 1, and 1y around z; and z, respectively with
images €2 and {2y such that

Mo (11(2)) = M A, (z%’“m, Ul(z)>

with Uy (z) = o(zaTk+m+5> and

Z Tao(u1(2)) =0 (z%”'”‘s) :

ac{ar,...,an}\{ow}

Moreover,

T (2(2)) = Ao Ay (ﬁﬂv, Ug(z)>

with Us(z) = 0(2%”*5) and

Z Ta(uz(2)) = 0(2%“’”).

046{0617...70477,}\{0&[}
Furthermore, there are two non-zero sequences (z1,) and (z2,) which converge to 0
such that uy(z1,) = ua(2a,).

First we can easily see that a; = a,. Assume the opposite. Then

[} %k
o(2, ") = M (12(220)) = Mo (a(210)) = M (213, Ur(210)).

Yk ol ]
Sk 4m Lip+s . 2Ltp
So 2, = o(zzfl, ) Exchanging the roles of a; and a;, we get that 2y, = =

1v

As usual, we claim that there is p € R\{0} such that A;(1,0) = pAy(1,0).

Let 4 € R and v be a vector such that A;(1,0) = pAs(1,0) + Az(0,v). Assume by
contradiction that p = 0. Then since

Xk
£ 4+m+4-0 ..
o(z n ), a contradiction.

[e3

2k 4tm el
)\121;/—'_ AQ(O, U) + )\1A1(0, U1 (Zl,l/)) = /\QAQ (ZQTV—HD, UQ(ZQ’I,)>,

o o

and since Ay is an isometry, we get zlfy+m = o<z2fy+p>. Hence, ui(z1,) = o(ua(22,)), a
contradiction.

o o

In particular ,u)\lzlf;rm ~ )\22’2’;,”. Moreover, applying the (complexified) orthogonal

projection onto Ay(1,0)*, we get

2k jalA s

Nz " Aa(0,0) + M A0, Ui (21,)) = oz, ")

This implies A3(0,v) = 0.
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Now assume that z € W(uy, ug). Then uy(2) € R"Ue™ R x ... X e -R. As usual,
we take the scalar product of m,, uy(z) with A;(1,0) to obtain that 2% ™ € RUe* - R.
Therefore z € A, where A is the set

[e3
m .oek.+q7'r E(Tker) . qm
iy iap
A= Ue =t Ry U U e =t Ry

q=0 q=0

We now show that the frame (V(uy,u2) N Q21)\{0} is a (possibly empty) union of
connected components of A\{0}.

It is closed in A\{0} since W(uy,uz) is closed.

Since 2 NC(uy,uz) C {0} any point of W(uy, ug)\{0} is not in C(uy, us). Therefore,
we can apply the proof of [Laz11, Theorem 3.18] to conclude that W(uy, uz)\{0} is open
in A\{0}. O

Lemma 1.2.22. In the above setting, assume that z; € Int(Sy) and that z5 is a corner
point.

Then there is an open neighborhood 0 of z1 such that W(uy,us) N2 is a Ct-embedded
graph in €.

PRrROOF. Using Propositions 1.2.8, 1.2.12 and 1.2.9, we can assume that
(1) the maps u; and uy have values in C”,
(2) the branch L, is given by R™ and the branch L, is given by ¢’ -R x ... x ¢"*n - R,
(3) there are local C!-diffeomorphisms 1, and ¢, around z; and z, respectively with

images €2 and (25 such that
ur (11(2)) = MAL (2%, Ur(2)),
with U;(z) = O(2"*!) and
Ty 0 Ua(U2(2)) = oo (2717, Ua(2) ),

with Uy(z) = 0(2%””“) and

Z To 0 Uz (1he(2)) = 0(2%“"”).

ac{ag,...,an}\{oqg}

Replacing €27 and €2, by smaller neighborhoods if necessary, we can assume that
C(Ul, Uz) N Ql C {0}

Moreover, since z;R;?22, there are non-zero sequences (z1,) and (zy,) converging to
0 such that uy(¢1(21,)) = u2(¢2(22,)).
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First, we easily see that for p # [, m,,A1(1,0) = 0. Indeed, assume by contradiction
that there is p such that m,,A;(1,0) # 0. Apply the projection m,, to the equality above
to get

ﬂ m
O(Z2TV+ ) = AlzfyﬂapAl(l, 0) + O(Zfl,).

So necessarily 2{, = o<zfi,+m> and ug(22,) = ui(21,) = 0<Zi+m>, a contradiction.
Now, we claim that there is a A € C\{0} such that A;(1,0) = AA(1,0). To see this,
let A € C and v be a complex vector such that

Ty (A1<1, O)) = )\Ag(l, O) + AQ(O, U).
If A =0, we apply the complexification of the real scalar product with A,(1,0) to get

o(zfyy) = )\iner + 0<z§/+m>.

Slo) z;ifm =o(z2f,) and uy(2,) = o(u1(21,)), a contradiction.

In particular, we have A)\lzf” ~ /\zz;Tl;m

Assume that 7 is the real orthogonal projection onto Ay(1,0)*. We apply its com-
plexification to get .

AN A5(0,v) = 0<zﬁ+m>.

This shows that A5(0,v) = 0.

Now assume that z € W(uy,us) N Qy, so ui(z) € (e R x ... -R) UR" De-
note by hgq the standard hermitian scalar product (which is complex linear in the first
variable). Then, since A; € U(n),

hstd(ul (Z), Al(l, 0)) = hstd (AleA1<1, 0) + Al (0, U1 (Z)), Al(l, O))
= )\12k.
Recall that A7t A;(1,0) € V,,. For v € ¢’ - R x ...e" - R, we have hgq (v, w> c
e . R. For v € R", hyq (v, @) e R.
In the end, we conclude that zF € X-RU Xe™ - R. Call fy € [0, 7] an argument of A
(resp. —A) if Im(X) > 0 (resp. Im()\) < 0). Then z € A where A is a union of half-rays
with extremities at 0,

E(2k-2201)

2k
. pT .pr+0y+oy
A::Uelk'R_;’_U U 62 k 'R+.

p=0 _ Oxtoy
p=5(-221)

Now we show that the frame (WW(uq,us) N Q1)\{0} is a (possibly empty) union of con-
nected components of A\{0}.
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Indeed it is closed in A\{0} since W(u1,uz) = R;2(0.S2) is closed.

Since 5 NC(uy,uz) C {0} any point of W(uy, u2)\{0} is not in C(u, us). Therefore,
we can apply the proof of [Laz11, Theorem 3.18| to conclude that W(uy, us)\{0} is open
in A\{0}. O

With the cases already proved in [Lazll]|, we readily conclude that the following
proposition holds.
Proposition 1.2.23. Recall that uy : (S1,051) — (M,i(L)) and uy : (S2,08;) —
(M,i(L)) are two finite energy J-holomorphic curves with corners and boundary in L.

Let D(uy,uz) be the set of isolated points of W(u1,us). The following is true

(1) D(uy, uz) C C(u,uz) NS,

(ii) W(uy,uz)\D(u1,uz) is a C'-embedded graph in Sy, its vertices are in C(uy, us).

(iii) W(uy,us) is a C'-embedded graph.

PROOF. First, note that (iii) follows immediately from (i) and (4i). We shall see that
(ii) follows from the lemmas proved above.

Let z € W(u1,uz) N Int(S)) so there is 2, € 0S; such that zR}2z;. Assume first
that zo is not a corner point. It follows from the proof of [Laz11, Theorem 3.18] that
W(uy,us) is a Cl-graph around z. The same results holds if 2, is a corner point, this is
the content of Lemma 1.2.22.

We prove, using that the frame relation is open in some cases (Proposition 1.2.16),
that z is not isolated in W(uy, us). To see this, pick an open neighborhood V; of z5 such
that VaNuy'(22) = {22} and a decreasing sequence of neighborhoods V;,, C Int(S;) such
that {z} = N,V1,. For v € N, the projection (V1, x V3) N Ri2 — V, is open (since
Vi, C Int(S1)). Hence, there are 2o, # 25 € 05 and z1, € Vi, with 21, Ry, us22,.
Necessarily 21, # 2 (otherwise ui(z1) = ua(zs,,) which would yield 2 € u; ' (ug(22))).
We conclude that z is an accumulation point of W(uy, us).

Now assume that z € W(uy,uz) N 0S; and and that z ¢ C(uy,us). Pick 2o such
that zR}?2z,. In particular z; is not a corner point, du;(z) # 0 and dus(z2) # 0. We
can apply |[Laz11, Proposition 3.13| : there are open neighborhoods w; and wy of z and
7y respectively such that ¢(ws N 0S2) = wi N IS, and zRy22 if and only if z = ¢(2').
Therefore w; N W(uy,uz) = 0S1 Nwy : the frame is a local Cl-graph around z and z is
not isolated in W(uy, us).

Assume that z is not a corner point, then Lemma 1.2.19 if z5 is a corner point, and
Lemma 1.2.18 if 25 is not, show that W (uy,us) is a graph around z.

If z is a corner point, Lemma 1.2.20 if z5 is not a corner point, and Lemma 1.2.21 if

2y 18, show again that W(uy,us) is a graph around z. O
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1.2.3. Frame and simple curves
Lifts of curves

Two simple curves which have the same images are reparameterizations of each other
through a biholomorphism ([Lazl1, Section 4]). In this section, we shall recall the
statement of these results as well as provide proofs when needed.

The relation that we just defined is not quite transitive. However, there still are
a few cases where transitivity holds. Let us consider three J-holomorphic curves with
boundary in L, w; : (S;,0S;) — (M, i(L)) with i =1...3.

Proposition 1.2.24 (Proposition 4.1, [Laz11]|). If (21, z2,23) € S X Sy X S3 satisfy
21 R32z and 2R3 z3, and one of the following holds
(1) z € Int(Sy) or z3 € Int(Ss),
(2) zy € OSy and there is a neighborhood we C Sy of zo such that W(uy, ug) Nwe C OS2
or W(ug, uz) Nws C 0o,

then 21 Ry z3.

Moreover, it turns out that the relation R has the lifting property with respect to
the projection on the second factor.

Proposition 1.2.25 (Lemma 4.3, |Lazl1]). Let z; € Si\(W(u1,u2) UC(uy,uz)) and
2y € Sy such that 21 Ry2 2.

Assume that v : [0,1] — S is a continuous map such that v1(0) = z; and for
t €[0,1], m(t) & W(uy,us) UC(uq,us).

There exists a unique continuous map ¥z : [0,1] — Sy such that ¥2(0) = z2 and for
t € [0, 1], m(t)Ryz2(t).

Proposition 1.2.26 (Lemma 4.4, [Laz11]). Let v, : [0.1] — W(u1,us) be a continuous
path such that v, (t) & C(ui,up) for 0 <t < 1. If z1 = 71(0) and 21 R}2z with 2, €
Int(Ss).

There is vo : [0,1] = W(ug;uy, uz) such that v2(0) = 2o and 71 (t)Ry2v2(t) for 0 <
t < 1.

Moreover, if v1([0, 1]) € W(uq,uz), then ([0, 1]) C W(ug, us). Otherwise, v(]0,1]) C
W(ug, uy).

Proposition 1.2.27 (Lemma 4.5, [Lazl1|). Assume 0Sy is connected. If C' is a con-
nected component of W(uy,us) with C C Int(S1), then for z € 0Sy there is w € C such
that wRy?z.

We also introduce the following notion.

Definition 1.2.28. The J-holomorphic curve u : (S,0S) — (M,i(L)) is properly bor-
dered if 0S is open in W(u,u).
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Simple curves are determined by their frames

Definition 1.2.29. Two J-holomorphic curves with boundaries on L defined on con-
nected surfaces uy and uy have relatively simple frames if R4 # 0, W(uy,uz) C 051 and
W(ug,uy) C Ss.

The argument of [Laz11, section 4| holds without modifications to yield
Theorem 1.2.30 (Theorem 4.13, |Lazl1]). If uy and up are two simple curves with
boundary in L, the following assertions are equivalent

(1) ui(S1) = ug(S2) and uy(9Sy) = uz(0Ss),

(2) W(uy,uy) = 051 and W(ug,uy) = 0S5,

(3) uy and uy have relatively simple frames,

(4) Rz # 0 and uy(0S1) = u2(0Ss2),

(5) There exist biholomorphism ¢ia : (S2,052) — (S1,051) such that

Uz = Uy © ¢12-

1.2.4. Factorizations of J-holomorphic disks
Factorization of curves

Proposition 1.2.31. Let u : (S,05) — (M,i(L)) be a non-constant, finite-energy, J-

holomorphic curve with corners and boundary on L. We assume
W(u) = 98S.
Let {z1,...,zn} C OS be the set of point related to z:
Rid{z} ={z1,...,2n}

There are simply connected open neighborhoods of z;, §2; > z; fori1=1,...,N such
that
QNC(u,u) C {2z}

and applications

i Q4 — Q_J
nonsuch that

(1) ij is the unique biholomorphism such that wo v;; = u,
(2) If (z,w) € Q; x Q;, we have zR%w if and only if w = ().

PROOF. Fori = 1...N, choose V; a neighborhood of z; and C' charts such that, in these

charts,

u(z) = a;(z — 2)" 4+ o(|]z — 2
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if z; is not a corner point, or
uw(z) = a;(z — zi)%J“m" +o(]z — zi|%+mi)

if z; is.

Moreover, we can assume that d|u|, is non-zero on V;. We choose an « € such that
0 < a < infsuy)ep. Then « is a regular value of |u|. Denote by €2; the connected
component of D*\|u|~'{a} such that Q; > 2;. Since

dlul(z = 2) = lasl? (£ + i) + (1)

is positive for z close enough to z;, we can assume (choosing « smaller if necessary) that
Q); is simply connected. It implies that it is biholomorphic to a disk. Furthermore, its
boundary is the union of an embedded arc in S and an embedded arc in the interior.

Let us show that the 1);; exist. Choose Z; € €y NInt(S) and 2 € Qy N Int(S). We
build 15 : ©2;\0D — Q\0D.

For this, choose z € ©,\0D. There is a continuous path v : [0,1] — §2;\0D from
Z to z. This path lifts to a unique continuous 7, : [0,1] — S such that 72(0) = 2,
and (t)Ri272(t). Notice that since W(u) = 95, we have v,(t) ¢ 9S. Moreover, since
lu(y(t))] < «a for all t € [0,1] and u(y2(t)) = u(y(t)), we get 1o(t) € Q2\S. We put
Y12(2) = 72(1).

It remains to see that ¥5(2) does not depend on the choice of . For this, suppose
that there is a homotopy H : [0,1] x [0,1] — ©,\0D such that H(0,-) = . By the
same argument as before, there is a unique lift A : [0,1] x [0,1] — Q,\0D such that
H(s, t)R“H(s,t). Tt is easy to see, using that there is no critical points of u in Q,\05,
that H is actually smooth. Thus the existence of 15 is proved.

Recall that there are no critical points of u in 25\ {22}. It is easy to see, using the
same argument, that 115 extends to a holomorphic map Q;\{z1} — Q2\{22}. In a local
chart for S, this is a bounded holomorphic map from D \{0} to Dg\{0} sending the real
line to the real line. Hence, it extends to a holomorphic map €; — €25.

To see that this is a biholomorphism, notice that the same argument allows us to build
a holomorphic map 19 : Qy — ) such that ¥5;(22) = Z;. Now ® =95 0m9 : ) —
satisfies uo® = u and ®(Z;) = Z;. Hence by the unicity of lifts of paths, it is the identity.
Exchanging the order of the composition, we get 115 0 19 = Id.

The unicity follows from a beautiful argument given in [Laz00, Proposition 5.9].
Assume that 1 is a biholomorphism §2; — €; such that u o ¢ = u. Since €); is simply
connected, we can assume that it is actually equal to D by the Riemann mapping theorem.
Then 1 has a fixed point, say zo. If 2o € 0D, then ¢"(z) — 2 for all z, so u is constant.

Hence 2y € D and we can assume 2o = 0 so ¥(z) = ¢z for some ¢ € JD. Either ¢ has
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infinite order, in which case u is constant, or it has finite order so u factors through

2+ zF. But u is an immersion on D, so k = 1. O

From this, we immediately get the following corollary.
Corollary 1.2.32. Recall that u : (S,0S) — (M,i(L)) is a finite energy J-holomorphic
curve with corners and boundary on L.

IfW(u) =0S and z,...,zy € OS are such that

Ridz1} =A{z1,-.., 20}

There are holomorphic charts h; : (D%, DE) — (S,0S) with h;(0) = z; such that h;(z) =
h;(2') if and only if 2Rz

We also have the following.
Corollary 1.2.33. Recall that u : (S,0S) — (M,i(L)) is a finite energy J-holomorphic
curve with corners and boundary on L.

Assume that its frame satisfies W(u) = 0S. Then, there is a simple, finite-energy
J-holomorphic curve v : (S’,08") — (M,i(L)) and a finite branched cover p : (S,05) —
(S',08") which restricts to an actual cover p : 0S — 05’ such that

U =17voDp.

PROOF. The relation R? is transitive by Proposition 1.2.24. Therefore, the quotient
S" = S/RY is well-defined.

It remains to define holomorphic charts on S’ such that the quotient map p: S — 5’
is holomorphic.

Let 2/ € &', let

p Hz)={z,...,25y} COS

be the preimages of z’. We consider the biholomorphisms hy, ..., hy given by Corollary
1.2.32. Then the restriction of p to each €); is a bijection. Remark that, up to taking
smaller neighborhoods, we can assume tahtthe €2; are relatively compact. Therefore, we
can assume that p restricted to each {2; is a homeomorphism onto its image. The chart
around 2’ is given by h; o phl

If the preimages of 2z’ are contained in Int(.S), the charts are constructed in [MS12,
Proposition 2.5.1].

Notice that this immediately implies that pjsg : 05 — 95’ is a finite cover.

The map u goes through the quotient to induce a holomorphic map v : (S’,05") —
(M,i(L)) which is simple. Call E = {yi,...,yn} the corner points of u and let ~y :
OS\E — L be the boundary condition of . Corollary 1.2.32 immediately implies that

if z € 0S is not a corner point and 2’ is such that zR"2’, then 2’ is not a corner point.
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We deduce that in a neighborhood of z, we have yoh, = yoh,.. Hence, we can quotient
out 7 to obtain a continuous map 7' : 9S"\p(£) which satisfies i 0 7' = vjg\p(p).-
It is now immediate from the definition of 4/ that each point of p(F) is a corner point.

Since p is a branched cover of finite degree, say d > 1, we have
/ u'w=d / vw,

The fact that v is simple is an easy consequence of the definition of S". If 2RV,

so [v'w < 4o0.

there are two sequences z, — z and 2], — z’ such that z, ¢ C(v), 2/, ¢ C(v) and z,R"z..
Now pick two sequences of lifts of these Z,, 2/, which converge (up to a subsequence) to
two points say Z and Z’. Notice that p is a branched cover, hence a local embedding
outside the critical points. With this in mind, z,R}z, implies Z,R"Z/. This implies in

turn ZRYZ'. So by definition z = p(2) = p(Z’). Hence, the relation R is trivial. Now

apply Proposition 1.2.17. O

We conclude with the following Theorem.
Theorem 1.2.34. Let u : (S,0S) — (M,i(L)) be a finite-energy J-holomorphic curve
with corners and boundary in L.

There are finite-energy simple J-holomorphic curves with corners
v (S;,08;) — (M,i(L))
fori=1...N such that N
Im(u) = U Im(v;).
i=1

Further, there are natural integers myq, ..., my = 1 such that

N

[u] = Zmi[vi] in Ho(M,i(L)).

i=1

PROOF. The proof of the first point proceeds as in Lazzarini’s paper. For each con-
nected component € of S\W(u), choose a complex embedding hg, : (Sq,05q) — (£2,00)
(|[Laz11, Lemma 2.6]) and consider the map u o hq.
We have
E(uohg) < E(ugq) < E(u) < +00.

The set of the preimages of double points ! (i(R)) is finite, hence by [Laz11, Lemma
2.4], the set (u o hq)~'(i(R)) is also finite. Therefore u o hg has a finite number of corner

points.
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Now we claim that W(uo hg) = 0Sq. To see this, let z € W(uo hg). There is
2’ € 0Sgq such that 'R z. From this, it follows that hq(z)Ruha (). If hy(z') € Int(S),
from hqo(2') € W(u) it follows that hq(z) € W(u) by transitivity. Hence, z € 0Sq.
Therefore, W(u o hg) C 0Sq and there is equality since the other inclusion holds by
definition.

By Corollary 1.2.33, there is a Riemann surface with boundary Sg,, a map pq : Sq —

Sq, and a simple curve vg : S, — (M, i(L)) such that
u o hQ = Vq ° pq-
Moreover, we see immediately that

Im(u) = U Im(vg),

where the union is taken over the set of connected components of D\W(u). O

Now the conclusion of the main Theorem 1.1.3 follows immediately from the following
proposition.
Proposition 1.2.35. Assume thatu : (D, 0D) — (M, L) is a finite-energy J-holomorphic
disk with corners and boundary on L. Keeping the notations of the proof of Theorem
1.2.34, each of the surfaces S, is biholomorphic to a disk.

Given what we have already shown, the proof of Proposition 1.2.35 does not differ
much from the proof of the corresponding proposition in [Laz11, Proposition 5.5|. For

the convenience of the reader, we shall recall the proof in the next subsection.

Connectedness of the frame and holomorphic spheres

The main result is the following proposition.
Proposition 1.2.36. Assume thatwu : (D, 0D) — (M, L) is a finite-energy J-holomorphic
disk with corners with W(u) not connected. There is a simple J-holomorphic sphere

v:CP' = M such that Im(u) = Im(v) and R* # 0.

PROOF OF PROPOSITION 1.2.35 ASSUMING 1.2.36 . First, assume that W(u) is con-
nected. Let  be a connected component of D\W(u). It is simply connected, hence
Sq is a disk. Keeping the notation of 1.2.34 in mind, let g;, be the genus of S¢,. The

Riemann-Hurwitz formula applied to the cover pq yields :

1 = deg(po)(1 — gg) —m

with m > 0 an integer. From m +1 > 0 and 1 — gg, < 1, we deduce gg, = 0.
Now assume that W(u) is not connected. Therefore, there is a simple J-holomorphic
curve v : CP' — M such that Im(u) = Im(v) and R%(CP') = D. Notice that if z € D,
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21 € CP! and z, € CP! are such that ZRYz and zRYzy, then z; = 25 (in other words
every element of D lifts to a unique point in CP'). Indeed by transitivity (Proposition
1.2.24), we get 21 RYz2 and since v is simple z; = 2z (see Proposition 1.2.17).

The points of C(u,v) are isolated. Therefore, Proposition 1.2.26 implies that the
boundary of u lifts to a continuous curve v : 9D — CP* such that u(z)R~(z) for z € D
and whose image is W(v,u). Hence W(v, u) is connected, so each connected component
Q of CPY\W(v,u) is simply connected and gives rise to a simple J-holomorphic disk
vio : 1 — M.

Consider 2 a connected component of D\W(u), and Sg, S5, as in the proof of 1.2.34.
If 2 is in the interior of S, there is a point Z € CP! such that 7Ry, Z. Let Q be the
connected component of CPY\W (v, u) containing Z.

Then one checks that R(9Q) = 9Q and R(9Q) = 99, so v} is a J-holomorphic disk
by Theorem 1.2.30. 0J

We will give the proof of Propositon 1.2.36 at the end of the next subsection after

some preliminary results.

Cutpoints and holomorphic spheres

In this subsection, we state some results whose proofs are in [Laz11]. An exception
is point (2) of Proposition 1.2.38 which is specific to our own situation. Nevertheless, for
the convenience of the reader, we shall sum up the main arguments.

First, we need to define the notion of cutpoint. Those are the points at the boundary
where the disk closes on itself.

Definition 1.2.37. Let u : (S,0S5) — (M,i(L)) be a finite-energy J-holomorphic curve
with corners and z € 0S.

The point z is a cutpoint if there is a complex embedding
h: (D', 0D%) — (S,08) with h(0) = 2

and a J-holomorphic disk
v:D—-M

such that 0 is a dead-end of W(v,uo h).

We denote by Cut(u) C 0S the set of cutpoints of u.

Here are some properties of the set of cutpoints.
Proposition 1.2.38. Letu : (S,05) — (M,i(L)) be a finite-energy J-holomorphic curve
with corners and boundary in L.

(1) If Cut(u) = 0, then W(u) has no dead-ends.

(2) If z € Cut(u), then z is not a corner point.
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(3) If z € Cut(u), there is a neighborhood w of z in 0S and a continuous involution

0w — w such that o(z) = z and zRY0(z) for z € w.

PROOF. The proof of (1) is clear. Assume zj is a dead-end, then there is a point z € 95
such that 29R"zp. Choose an embedding ¢ : D — S such that ¢(0) = 2o and ¢~ (W(u))
is an embedded Jordan arc. By definition W(u o ¢,u) = ¢~ (W(u)), so 0 is a dead end
of W(uo ¢, u). Now choose an embedding h : (DT, 9D") — (S,9S) with 2(0) = z. Then
W(uop,uoh) C W(uo¢,u) and the former is open in the latter by Proposition 1.2.16.
Hence 0 is a dead-end of W(u o ¢,u o h) and z € Cut(u).

Let z be a cutpoint. Assume by contradiction that z is a corner point mapping to
x =1i(p) = i(1). There are a disk v : D — M and an embedding h : (D, ID*) — (S, 05S)
with 2(0) = z such that OR“”"z and 0 is a dead end of W (v,u o h). Without loss
of generality, we can assume that v o h(Ry) C L, and uwo h(R_) C L,. The paths
v+ 1 [0,1) = Dt and v_ : (—1,0] — DT defined by ~v4(¢) = ¢ lift to continuous paths
J+ with values in W(v,u o h) such that 7. (t)RU"v.(#). Since the image of 74 is not
contained in C(u o h,v), the paths 44 are not constant. Hence, since the frame is locally
path-connected, there is a small neighborhood w of 0 in W(v,uo h) such that v(w) C L,
and v(w) C L, so v(w) C {0}. This implies that v is constant. This contradiction proves
(2).

As before, assume that z € Cut(u) and keep the notations of the proof of (2). By
Proposition 1.2.13 and (2), one can assume that h is such that in a suitable local chart
uoh(z) = A(z*,U(z)) with U(z) = o(z*). We conclude that the paths 7. are embeddings
with values in W(v,u o h) which is one-dimensional. Hence v o, (t) =vo~_(t) (and k

is even). The involution o maps h(y.(t)) to h(y_(1)). O

The next proposition gives a sufficient condition for a holomorphic disk to be a sphere.
Proposition 1.2.39. Let u be a J-holomorphic disk. Assume W(u) is open in 0S. If
there is a J-holomorphic diskv : D — M such that W(v,u) is an embedded Jordan curve,
then there is a simple J-holomorphic sphere w : CP* — M such that

Im(u) = Im(w),
and RY(CPY) # (.
PROOF. The idea of the proof is that the boundary of the disk u closes itself on the
image of W(v,u) by v.
First, one can assume without loss of generality that v is a simple disk.
Let zo be an extremity of W(v,u) and choose a point z € JD such that zyRiz (in

particular zy is a cutpoint of u). One can prove as in the preceding proposition that
there are two distinct paths v+ : R, — 0D, and a path 4 : Ry — W(v,u) satisfying
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(1) 7+(0) =
(2) 7(0) = =,
(3) 72 (ORLA(E).

Let N > 0 be the first number such that v, () = v_(¢). The surface S := D/ ~
with v, (t) ~ v=(t) for t € [0, N] is a topological sphere. The map u factors through
the quotient projection 7 : D — S to give a map w : S — M. It remains to see that S
admits a structure of Riemann surface such that 7 is holomorphic.

To construct charts, consider a point v, (to)R%y_(t9) with ¢y € (0, N) which is not
a cutpoint. The proof of Proposition 1.2.31 shows that there are local charts hy :
(D, 0D%) — (D, dD) and h (DT, dD+) — (D, W(v, u)) such that h(z )R8+ (2) if and
only if z; = z,. Since v is simple, there is a unique map ¢_ such that h(t) = h_(¢_(t)).
The surface D™ LU D'/ ~ where t ~ ¢_(t) has a structure of a Riemann surface with the
charts given by the union of the maps f~L+ and h_. The chart for the surface S is then
given by hy U h_. The map w restricted to this chart is holomorphic since equal to the
restriction of v to the images of h, and h_.

If we consider a point 7, (o) which is a cutpoint, one can check that (¢y) is an
endpoint of W(v, u). O

Proposition 1.2.40. Let u : (D,0D) — (M,i(L)) be a finite energy J-holomorphic disk
such that 0D is open in W(u). Moreover, assume that the frame W(u) is not connected
and that w 1s not a J-holomorphic sphere.

Pick zp,z1 € Cut(u) such that zgR"zy and let vy : [0,1] — OD be an embedded path
with v(0) = zg and (1) = z.

There are 0 < ty <t <1 such that y(t;) € C(u,u)\ Cut(u) with i € {0,1}.

PROOF. The point ¢; is the smallest ¢ € (0, 1] such that v(t) € C(u,u). It is enough to
show that y(t1) ¢ Cut(u) since this implies #; # 1.

The idea is as follows. Assume that y(¢;) is a cutpoint. Pick a connected component
C C W(u) N Int(D) and a lift 4 : [0, 1] — C such that J(¢)Riy(t). Since v(0) € Cut(u)
(resp. (1) € Cut(1l)), there is a J-holomorphic disk wy : Int(D) — M (resp. w; :
Int(D) — M) and an embedding hg : (DT,0D") — (M,i(L)) (resp. hy : (DT, 0D') —
(M,i(L))) such that 0 is a dead-end of W(wy, uo hg) (resp. W(wy,wo hy)). We also pick
an embedding h, : Int(D) — Int(ID) such that hy(—1,1) = (e, to—¢) and 0 & Ry2w, (D).
Now we attach the three disks wg, w; and wy using the relation R to obtain a disk w such
that W(w, u) is a Jordan arc. Therefore, u is a J-holomorphic sphere, a contradiction.

Let to be the largest ¢t € (0,¢;] such that v(t) € C(u,u). We are done if we show that
to # 1.
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Assume ty = t;. Since y(0)Ruy(1), one can choose v such that y(¢)Riy(1 —¢). One
can then check that this implies ¢y € Cut(u), a contradiction. O

All of this allows us to show that some disks are equivalent to disks whose frame does
not possess dead-ends.
Proposition 1.2.41. Let u : (D,0D) — (M,i(L)) be a finite-energy J-holomorphic disk
with corners and boundary in L such that 0S is open in W(u) and the frame W(u) is
not connected. We assume that u is not a J-holomorphic sphere.

There is a finite-energy J-holomorphic disk with corners and boundary wn L, u :
(D,0D) — (M, i(L)) such that

(1) Im(u) = Im(a),

(2) we have Cut(u) = (),

(3) there is a surjection mo(WW(u)) — mo(W(@)).

PROOF. The idea is to fold the boundary along the cutpoints.

More precisely, choose a a point z; € Cut(u) and let {z1, ..., 2y} be the set Ri{z} N
OD. Let z € Int(ID) be a point such that z;R%Z. There are injective paths v : [0,1] —
W(u) and ~; 1 : [0, 1] — 0D such that

(1) ARy (t) for i € {1,..., N},

(2) 7(0) = 2, (1) € Cu,u),

Notice that the preceding proposition shows that the points vy (1) are distinct for i =
1...N.

We let S := D/ ~ be the quotient of D identifying vy ;(¢) with v4 ;(¢) for i,5 €
{1,...,N}. Topologically, the surface S is a disk. Then u factors through a map v :
S — M. It remains to show that there is a complex structure on .S such that the quotient
map 7 : D — § is holomorphic.

As in Proposition 1.2.39, the idea is to build a chart around ~; 4 (¢) using as a chart a
quotient of a small disk around the corresponding point 5(t). For v; . (t) with ¢ € [0, 1)
it is the same process as in Proposition 1.2.39.

Consider the points ~; (1) and 7; (1) and assume that J(1) is not a vertex of the
graph W(u). Choose a small enough holomorphic embedding ¢ : Int D — I such that
$(0) = 7(1) and Im ¢NC(u, u) = v(1). The set ¢~ (W(u, u)) is divided in two arcs, one is
simply ¢~!(%) and we call the other 7/. Choose an embedding i/ : (D*,9D") — (D, ).
The graph W(u o ¢ o h,u) consists of the boundary(—1,1) and an arc going from 0 to
the outer boundary of the half-disk. We call this arc +”.

Using the proof of Proposition 1.2.31, we show that there are 4 embeddings

hy t (DY, 0DY) — (DT, 0DT Uy"), hy : (DF,8D1) — (D, D)
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with %4 (0) = 0 and h(0) = v.(1). These satisfy h(z;)Rh(2;) if and only if z; = 2.
As before one can attach the two half-disks along their boundaries and identify the
resulting surface with D' through the disjoint union of the maps hy.

Suppose that 4(1) is a vertex of the graph W(u). Let ¢ : IntD — D be a small

enough holomorphic embedding so that ¢(0) = 4(1) and Im ¢ N C(u,u) = v(1). The
paths (1 — t) lift to two (not necessarily distinct) arcs 77 and 2 in W(u,u). Let

h:(D*,0D%) — (IntD, ¢! (71 U~z)) be a holomorphic embedding with ¢~ (5) C Im(h).
We then proceed just as before!

The end product is a finite-energy J-holomorphic disk with corners v such that
# Cut(v) < # Cut(u) — 1.

We then repeat the process by induction to get the desired disk . O
After these results, we now return to the proof of Proposition 1.2.36.

PROOF OF PROPOSITION 1.2.36. Assume by contradiction that the map u is not a J-
holomorphic sphere. Then by Propositions (1.2.41), there is a finite-energy J-holomorphic
disk @ with corners and boundary on L which satisfies the following.

(1) The set 0D is open in W(u).

(2) The connected component © of DW(@) which contains 0D is not simply con-

nected. It is the unique connected connected component with this property.

(3) The set of cutpoints is empty.

(4) The map @ is not a J-holomorphic sphere.

Call Q; the connected component of D\W(u) which contains 0D and choose a map
h: (S,05) — (£1,09) which is a biholomorphism from Int(S) to Int(£2;). The map
ugq, := uo h factors through a simple .J-holomorphic map vg, : Sg, — M. We show that
this is a disk.

For C' a connected component of W(u), denote by )¢ the connected component of
D\W(u) with boundary C. It is simply connected, hence biholomorphic to a disk. Hence,
the map ugq. := u)q, factors through a simple disk vg,,.

Let z € 054, and pick a point Z € pg! (). There is s € C such that h(Z)RYs. Then,
either h(Z)RZg'fs or h(%)Rzgis In the first case, the J-holomorphic maps vg, and vg,
satisfy W(vq,, va.) = 01 and W(vg,,vg,) = 0Q¢. Hence, vg, and vg, are conjugate.

If there is no connected component such that h(E)Rzgfs, the surface Sq,/ Rzgi has
a unique connected component. Therefore, it is a disk

Now choose a connected component C'. We glue the disks vq, and vq along their
boundaries to get a J-holomorphic sphere v : CP! — M such RY(CP') # (. We readily
conclude that u is a sphere. This is a contradiction. 0
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1.3. Consequences of the main theorem

1.3.1. Simplicity of curves for generic almost complex structures

In this subsection, we give the proof of Corollary 1.1.4. The proof is basically con-
tained in [Lazl1l, Theorem B| and [BCO07|. Here, we sum up the main arguments
involved in the proof. Recall that we fixed a generic Lagrangian immersion i : L — M
whose set of double points is R = {(p,q) € L x L|p # q,i(p) = i(q)}.

Intersection points and indices of curves.

For each (ordered) double point (p,q) € R (with as usual x = i(p) = i(q)), denote by
G(T, M) the Lagrangian Grassmannian of 7,M. We choose once and for all a smooth
path

Apag) © [0,1] = G(T: M)
such that
Awa)(0) = dip(T; L) and A q)(1) = dig(T3L).
Moreover, we may assume that A ;) is A(, ) parameterized in the reverse direction.

Now define a Maslov pair (E, F') (we use the terminology of [MS12, Appendix C.3])

as follows. We let
E=HxT,M
be the trivial symplectic vector bundle over the closed Poincaré half-plane H with fiber
T, M equipped with the symplectic form w,.

Consider a strictly increasing smooth function f : R — [0, 1] such that f(¢) = 0 for

t << 0and f(t) =1 for t >> 0. Then the Lagrangian boundary condition is given by

VEER, Fy = Apg)(f(1)):

We endow H with the following strip-like end

e ]—00,0] x[0,1] — H
(S,t) — 6—7r(s+it)
and endow the bundle H x T, M with the trivial symplectic connection V. This satisfies
the hypotheses of [Sei08, section 8h|, hence admits an associated Fredholm Cauchy-
Riemann operator da between suitable Sobolev completions of the spaces of sections.

We denote by Ind(p, ¢) the index of this operator :
Ind(p, q) = Ind(éA).
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Now, choose a compatible almost complex structure J € J(M,w) and let

(Po; ), - - -+ (Pa,qa) € R

be d € N* ordered self-intersection points of 7.

Let ug : (D,0D) — (M,i(L)) and u; : (D,0D) — (M,i(L)) be two topological disks
with corners® at (po, o), - .., (pa,qa) in cyclic order. Let @g : D\{z1,...,24} — L and
@y : D\{z1, ..., zq} be their boundary lifts to L.

We say that ug and u; are homotopic (as topological disks with corners) if there are

e a continuous family (v¢)sejo,1) of maps (D, 0D) — (M, (L)),
e a continuous family (7¢)cjo1) of maps D\{z1,..., 24} — L,
such that
e for each t € [0, 1], the map v, is a topological disk with corners and with lift o,
e we have (v, %) = (ug, Uo) and (vy, 1) = (uq, Uy).

Let A be a homotopy class of topological disks with corners and corner points given
in cyclic order by (po, o), - - -, (Pa, qa)-

Assume first d > 2. Recall that there is a universal family S¢*! 5 R+ of disks with
d + 1 marked points. Fix a universal choice of positive strip-like ends *.

We let M(A, (po,qo); - - -, (Pa; qa), J) be the space of maps u : 7~ (r) — M for some
r € R satisfying the following conditions,

(1) w is a finite-energy J-holomorphic disk with corners and boundary on L,

(2) the corner points of u coincide with the limits of the strip-like ends and the switch

condition at the i-th marked point is given by (p;, ¢;),

(3) the homotopy class of u is A.

Each u € M(A, (po, @), - -, (Pa,qa), J) gives rise to the bundle pair (u*TM,uw*TL).
The linearization of the Cauchy-Riemann equation at u yields a Cauchy-Riemann oper-

ator between suitable Sobolev completions of the space of sections of this bundle pair
Dy : WFP(u*T M, u*TL) — WP (A% y*T M),

Fix such a u : 7~ !(r) — M and denote by x, . . ., x4 the marked points in the domain
ordered counterclockwise. There is a natural compactification of 771(r) given by the
union of 771(r) and d+1 copies of the interval [0, 1] topologized so that the positive (resp.
negative) strip-like ends ¢; : (0, +00[x[0,1] — 77 1(r) (resp. &; :]—00,0)x[0,1] = 7~1(r))
extend to homeomorphisms ¢; : (0, +00] x [0,1] — 7= (r) (resp. &; : [~00,0) x [0,1] —
71(r)). We denote it 7=1(r).

3See Remark 1.1.2 for the definition
4See [Sei08, Section (9)] for the relevant definitions
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The map v admits a unique extension to a continuous map u : 7~!(r) — M. This

gives rise to a Maslov pair (E, F') — (7=(r),0r=1(r)) as follows :
o for z € On~!(r), we put
F, = Tu(z)L7

e over each interval g;(+o00 x [0, 1]),
VYt € [0, 1], Tﬂ(ai(ioo,t)) = )‘pqu' (t)

The index of this Maslov pair only depends on the homotopy class A of the map w.
Therefore, we define the Maslov index of the class A by

pra = p(E, F).
The index of the operator D, is
d
Ind(D,) =n+pa— Y _ Ind(p;, q). (1.8)
i=0

See the paper of Akaho-Joyce [AJ10, Section 4.3, Proposition 4.6|, or the exposition in
Seidel’s book [Sei08, Section (11)].

For the case d = 1, we consider the space of J-holomorphic strips with corners at
(po, qo) and (p1, q1). More precisely, define Z = R x [0, 1]. We denote by

M(A, (po, q0), (01, q1), J)

the space of finite-energy J-holomorphic maps u : Z — M such that u(0,-) (resp. u(1,-))
lifts to a map y_ : R — L (resp. 74 : R — L) with

lim (3 (s),7+(5)) = (pra0),lim (7 (5), 74 (5)) = (po, o).

S$—+00

The index of such a curve is given by

Ind(D,) = pa + Ind(po, qo) — Ind(p1, ¢1)- (1.9)

For the case d = 0, we consider the space of J-holomorphic teardrops with corner at

(po, o). More precisely, we denote by
M(A, (po, 40), )

the space of finite-energy .J-holomorphic maps u : Hl — M such that ug lifts to a map
v:R — L with
lim 7(s) =po and lim ~(s) = qo.

§——00 S—+00
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The index of an element u € M (A, (po, o), J) of this moduli space is given by
Ind(D,) = pa + Ind(po, qo). (1.10)

Generic transversality of moduli spaces

Assume that d > 2 and denote by

M*(Aa (pan0)7 BRI (pd7qd)7 ‘]) C M(Aa (poﬂq0)7 ) (pd7qd)7 ‘])

the moduli space of simple J-holomorphic curves with corners at the (p;, ;). Standard
regularity arguments (such as in [MS12| or [FHS95|) imply that there is a second
category subset

Treg(M,w) C J(M,w)
such that for J € Jeq(M,w) the space

M*(Av (pOa qO)v SR (pda Qd)7 ‘])

is either empty or a manifold of dimension Ind(D,) + d — 2.
If d € {0,1}, we quotient M*(A, (po,q),---,(Pa;qa),J) by the space of conformal
reparameterizations leaving the marked points fixed and denote the resulting space by

M (A, (po,q0)s - - - (Pas qa), J)-

There is a second category subset
Treg(M,w) C T (M, w)

such that the space M*(A, (po, o), - - -, (Pa,qa), J) is either empty or a manifold of di-
mension Ind(D,,) +d — 2.
We let A; and A, be two homotopy classes of topological disks with corners at

(P0s90), - - -5 (Pa, qa) and (Do, Go)s - - -, (Pm, Gm) Tespectively. We define

M*(A17A27 (p07QO>7 R (pd7Qd)7 (ﬁ07q~0)7 R (ﬁmagm)a J)

to be the set of pairs of simple disks (u1, us) such that u; (D) ¢ us(D) and us(D) ¢ uy (D).
There is a second category subset Jiee(M, w) such that for each J € Jreq(M,w) the space

M*(Ab A27 (p07 qO)v e (ﬁma qu)a J)

is either empty or a smooth manifold of dimension 2n + pia, + pa, — >, Ind(p;, ¢;) —
ZZ‘ Ind(ﬁi, (jz)
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Now for k£ > 0 consider the moduli space of (parameterized) pairs of disks with
marked points at the boundary

MZ(Ala A2a (pOa (IO)7 cee (ﬁma qu)v J) = M*(Ah A27 (pO; q0)7 s (ﬁma qvm)v J) X (aD>2k
There is a smooth evaluation map

evi : Mi(A1, A2, (P0s90)s - - - (Pms Gm)s J) — L
(Up, Uy 21y« o« 2y T1y vy T) = (un (1), ua(2y), - un(2e), ua(zk)

Denote by A = {(z,z)|x € L} C L x L the diagonal. There is a second category
subset Jreg(M,w) such that for every J € Jreg(M,w) and k > 1, the evaluation map evy,
is transversal to the product A¥. Hence, if not empty, the set ev;l(Ak) has the structure
of a smooth manifold of dimension 2n+ g4, +pa, — Y Ind(p;, ¢;) — > Ind(p;, ;) +(2—n)k.

Assume that n > 3, then for k large enough, we have 2n+ pa, +pa, — > Ind(p;, ¢;) —
S Ind(ps, Gi) + (2 — n)k < 0, so ev, '(AF) is empty. We conclude that the following
proposition holds.

Proposition 1.3.1. There is a second category subset
jreg(Ma Law) - j(M,CU)
such that if
° J S jreg(M7L7w)7
® U C M*(Ah <p07 QO)7 ceey (pda Qd)v J )

® Uy € M*(A27 (]507 qu)a ey (ﬁma (’]Vm)7 J);
satisfy

u1(D) & uy(D) and us(D) € uy(D),
then the set
{21, 22 € OD|uy(21) = ua(22)}
s finite.
The same argument for self intersections yields

Proposition 1.3.2. There is a second category subset
Treg(M, L,w) C T (M, w)
such that if u € M*(A, (po,qo), - -, (Pa;qa4),J), then the set
{(21,22) € OD x OD|u(z1) = u(z9)}
s finite.

PROOF OF COROLLARY 1.1.4. The rest of the proof follows closely the proof of [Laz11,
Theorem B].
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FIGURE 2 — The surface Sq, the paths v and .

Since the space of continuous maps (D,0D) — (M,i(L)) is separable and locally
connected, the set of homotopy classes of polygons with corners and boundary on (L)
is either finite or countable.

Therefore, by Propositions 1.3.1 and 1.3.2, there is a second category subset
xZ“eg(Ma L7 W) C ereg(Ma W)

such that for every almost complex structure J € Jee(M, L, w) the following holds.
(1) If uy,ug : (D,0D) — (M,i(L)) are two finite energy, simple J-holomorphic poly-
gons then
e cither Im(uy) C Im(uz) or Im(us) C Im(uy),
e or the set {21, 22 € OD|uy(21) = ua(22)} is finite.
(2) If u: (D,0D) — (M,i(L)) is a finite energy, simple, J-holomorphic polygon with
corners, then the set {(z1, 22) € 0D x 0D|u(z1) = u(z2)} is finite.
We fix J € Jreg(M, L,w). Let u be a finite energy, J-holomorphic polygon with corners.
We will show that u is multiply covered by showing that its frame satisfies W(u) = 9D.
First, we claim that W (u) has no dead-ends. Assume the opposite, i.e. that there is
z € Int(D) which is a dead-end for W(u). Call Q2 the connected component adjacent to
this dead-end (see Figure 2). Recall that there are
e a Riemann surface S, as well as a biholomorphism hg : (Sq, 0Sq) — (£2,09),
e a holomorphic map pq : (Sq,0Sq) — (D, 0D), which restricts to a cover on the
boundary,
e and a simple, finite energy, J-holomorphic polygon with vq,
such that u o hg = vg o pg. Let v : [0,e) = W(u) be a C'-embedded path such that
7(0) = z. By definition of Sg, this lifts to two C! paths 74 : [0,e) — 9Sq with
0 74(0) = 1. (0),
e 7, orientation preserving and ~_ orientation reversing,

® hgorye =1.
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Again, we refer to Figure 2. Therefore, we have for all t € [0, ¢), vgopa(y+(t)) = uwo~y(t).
So vq is a simple pseudo-holomorphic polygon with infinitely many intersection points
at its boundary. This is contradiction, by property (1) of the definition of Jres(M, L, w).
Therefore, WW(u) has no dead-ends.

Assume that D\OW(u) has several distinct connected components. Pick two dis-
tinct, adjacent, connected components 2 and Qy of OD\W(w). Then, there are two
simple, finite energy, J-holomorphic polygons v; and vy and two holomorphic maps
p1: (Q1,09;) — (D,0D) and ps : (Qz, Q) — (D, D) such that

Vi = Ui, °© P, 1= ]-72

Let v : (—&,6) — W(u) be an embedded C' path whose image is contained in the
intersection 9Q; N 9Qs. Since yjq, (7(t)) = wja, ((t)), we get

Vt € (—e,e)vy o pp o y(t) = va 0 pa(7y(t)).

So, by property (1) of Jree(M, L,w), we can assume Im(vy) C Im(vy).

Then, Ry # (. To see this, let ¢ € (—¢,e) be such that p; o y(t) ¢ C(vi,v2)
and pay(t) ¢ C(vg,v1). Since duy(py o y(t)) # 0, the map vy is a local embedding
around p; o y(t) with image contained in vy. Moreover, vy is a local embedding around
p2o7y(t). So, we conclude that v; is a local reparameterization of vy near p; oy(t). Hence
p1ro(t) Ry? paon(t).

Moreover, we have W(vy, v2) C W(vy,u) C 9D and W(vq, v1) C W(vq,u) C OD. So
v; and vy have relatively simple frame. Therefore v; is a reparameterization of vy (and
vice-versa) by Theorem 1.2.30.

However, we also have v; o p; 0y = v9 0 ps 0y. Moreover, (up to a switch between v;
and vy) the map p; o has the same orientation as D while ps 0y does not. Therefore,
the polygon v; has infinitely many self-intersection point, a contradiction with property
(2) of the definition of Jreg(M, L,w).

Hence, it must be that D\W(u) is connected. Since W(u) has no dead ends, we have
W(u) = 0D. This finishes the proof. O

Generically teardrops and strips are simple

Definition 1.3.3. A finite-energy J-holomorphic disk w : (D,0D) — (M,i(L)) with
corners and boundary on L is a teardrop if it has a unique corner point

An elementary argument gives the following consequence of Corollary 1.1.4.
Corollary 1.3.4. Assume that the complex dimension of (M,w) satisfies n > 3. There

18 a second category subset
jreg(Ma L7 W) C j(Ma UJ)

67



such that the following holds.
If J € Jrey(M, L,w), every finite-energy J-holomorphic teardrop u with boundary in

L is simple.

PROOF. We assume that Jies(M, L, w) is the second category subset given in Corollary
1.1.4 (such that all the J-holomorphic curves are either simple or multiply covered for
J € Treg(M, L,w)).

Assume that v : (D, 0D) — (M, (L)) is a teardrop with finite energy. Denote by z; its
corner point. There is a simple disk v as well as a branched cover p : (D, 0D) — (D, 0D)
which restricts to a cover on the boundary such that u = vop. Notice that v has a corner
point at p(z;). Now if the the degree of p is more than 2, we see that u has corner points

at p~'{z}. This set is of cardinality greater or equal to 2, a contradiction. 0

Now, let 7; : Ly — M and 15 : Ly — M be two Lagrangian immersions. The disjoint

union give rise to a Lagrangian immersion

We assume that ¢ is generic (transverse double points and no triple points).
Definition 1.3.5. We assume Ly and Lo are two generic Lagrangian immersions, and
that the immersion 1 is the one defined in 1.11.

Let J € J(M,w) be a compatible almost complex structure, x_ and x be two inter-
section points between Ly and Ly. A J-holomorphic strip between L1 and Ly from x_ to
xy is a J holomorphic map w: R x [0,1] — M such that

(1) limg_y o u(s,t) =z, limg oo = 4,

(2) u(-,0) (resp. u(-,1)) admits a continuous lift v; to Ly (resp. a continuous lift vo

to Ls).

Remark 1.3.6. Precompose a J-holomorphic strip v with a biholomorphism
¥ :D\{-1,1} - R x [0, 1].

The resulting map u o 1 is a J-holomorphic disk with two corner points. The boundary

lifts are
Yr=mov and o =y 0.
We now have the following proposition about the structure of such strips.
Proposition 1.3.7. We assume that we are in the setting of Definition 1.5.5.

There is a second category subset
j(Ma L17L27w> - \7<M7w>

such that the following holds.
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If J € J(M, Ly, Ly, w), every finite-energy J-holomorphic strip® between i, and iy is

simple.

PRrROOF. Recall, from Corollary 1.1.4, that there is a second category subset
j<M7 Lla L27 W) - j(Mv W)

such that for every almost complex structure J € J(M, Ly, Ly,w), every finite-energy
J-holomorphic polygon with boundary on ¢ : Ly LI Ly — M is simple or multiply covered.
Let us fix one such J.

Let w : R x [0,1] = M be a finite-energy J-holomorphic strip from z_ to xz,. Let
Y D\{—1,1} — R x [0, 1] be a biholomorphism. Then, the map, uo is a finite-energy,
J-holomorphic polygon with two corner points at —1 and 1. It is therefore multiply
covered. There is a simple pseudo-holomorphic polygon v : D — M and a covering
p: D — D such that 4 = v o p. Assume by contradiction that the degree of p is greater
or equal than 2.

Then, the set p~'(p(1)) has a cardinal greater or equal than 2. Moreover, it is easy
to see that each z € p~!(p(1)) is a corner point. So p~!(p(1)) is the pair {—1,1}.

However, we claim that —1 ¢ p~'(p(1)). Indeed, for each z € p~!(p(1)), any conformal
embedding h : (DT,D}) — (D,0D) such that h(0) = z satisfies u o h(RT) C Ly and
uwo h(R™) C Ly. This can be seen, for instance, by using local charts. However, a
conformal local chart h : (DT, D) — (D, 9D) such that h(0) = —1 satisfies uo h(R™) C
Ly and uwo h(RT) C L. O

We need one last statement. For this, let d > 2 be a natural integer and

Lo,..., Ly C M

be d + 1 embedded Lagrangian submanifolds in general position. This means that the

induced immersion

d
[[zi—m
i=0
is generic.
Definition 1.3.8. Assume that we are in the above setting.
Fori € {0,...,d}, fir z; € L; N Liy;. A J-holomorphic polygon with boundary

condition Ly, ..., Ly is a J-holomorphic map

i Hr) = M

5see Definition 1.3.5.
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for some r € R¥! such that

Sli}gloou ogi(s,t) =y,

and the image by u of the arc between the i and i + 1 end is included in L;.

We now have the following proposition.
Proposition 1.3.9. Assume that Ly, ..., Ly are Lagrangian submanifolds as above (in
general position,).

There is a second category subset
J(M, Ly, ..., Lg,w) C J(M,w)

satisfying the following property.
If J € JM, L,...,Lgw), every J-holomorphic polygon u of finite energy with

boundary condition® Ly, ..., Ly is simple.

PROOF. As before, call i : | |L; — M the natural Lagrangian immersion. Recall from
Corollary 1.1.4, that there is a second category subset

J(M, Ly, ...,Ls,w) C T(M,w)

such that any finite-energy J-holomorphic disk with boundary on ¢ is simple or multiply
covered. Fix an almost complex structure J in the set J (M, Ly, ..., Lg,w).

Now let u be a J-holomorphic polygon of finite energy and fix a biholomorphism
Y : D — 77 1(r). Call yg,...,yq the preimages of the marked points of 7=!(r) by 4.
Then u o ¢ is a finite-energy disk with boundary on i. It is therefore multiply covered.
So there is a simple pseudo-holomorphic polygon v : (D, D) — (M, i(L)) and a covering
p:(D,0D) — (D,0D) such that uoy = pow.

As before, we see that for i # j, y; € p~*(p(y;)) since the image of any neighborhood
of z € p~*(p(y;)) in ID by wu intersects both L; and L;4.

Assume, by contradiction that the degree of p is greater or equal than 2. Then the
set p~!(p(y;)) has more than two elements. It therefore contains a corner point y; with
i # 7. This is in clear contradiction with the above claim. Hence, the covering p is of
degree 1. O

Remark 1.3.10. One should be aware that the set J(M, L1, ..., Lg,w) depends on the
Lagrangian submanifolds Ly, ..., Lys. In particular, the author does not know if for a

generic J, any J-holomorphic polygon (without restriction on the boundaries) is simple.

6See Definition 1.3.8
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1.3.2. Time-independent Floer homology

As an application of the Main Theorem 1.1.3, we show that we can compute La-
grangian intersection Floer homology with time-independent complex structures. This
is (as far as the author knows) new.

To do this, let us now assume that (M,w) is closed and monotone. Let
w]: Hy(M) — R
be the morphism induced by symplectic area. There is A > 0 such that
[w] = Aer (TM).

Let L1 C M and Ly C M be two embedded compact Lagrangian submanifolds and
denote by N; > 1 and Ny > 1 their minimal Maslov number. We assume that N, > 3

for p € {1,2}. Moreover, symplectic area and Maslov class induce two morphisms
w]: Hy(M,L) — R, puy, : Hy(M,L) — Z.

We assume that L, and L, are monotone :
6] = .
Further, we assume that L; and Lo are transverse.
For x and y two distinct intersection points in L; N Ly, and A a homotopy class of
finite-energy strips from x to y, we denote
e by Mv(x, y, L1, Lo, A, J) the set of J-holomorphic strips from z to y in the homo-
topy class A,
e by M(z,y, Ly, L, A, J) its quotient by the natural R-action,
e by ./T/l/*(a:, y, A, Ly, Lo, J) C ./W(:U,y, A, Ly, Ly, J) the set of simple J-holomorphic
strips,
e by M*(z,y, A, Ly, L, J) its quotient by the R-action.
From Proposition 1.3.7 and the standard transversality arguments (cf [FHS95]), we
immediately deduce the following.

Proposition 1.3.11. In the above setting, there is a second category subset
jreg(Ma le Lg,&)) - j<M7w>

such that
(1) If J € Trey(M, Ly, Lo, w), for each homotopy class of strips A, all J-holomorphic

strips are simple :

‘v’x,y c L1 N L2, M*(I,y,Ll,LQ,A, J) = M(I,y, LI,LQ,A, J)
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(2) If J € Trey(M, Ly, Ly,w), then for all the intersection points x,y € Ly N Ly, the
moduli space M(x,y, L1, Lo, A, J) is either empty or a finite-dimensional mani-
fold.

Now for such a generic J € J € Jree(M, L1, Ly,w) and a natural integer k& € N,

denote by
M(z,y, Ly, Ly, A, J)*
the k& dimensional component of M(x,y, Ly, Lo, A, J).
By a standard Gromov compactness argument, the set M°(x,y, A, J) is compact.

Furthermore, the set M'(z,y, A, J) admits a compactification
M (x,y,A,J)
which is a compact 1-dimensional manifold with boundary
8M1(:C,y,z4, J) = I_I MO(z,2,A,J) x M°(z,y, A, J).
z€L1NLy

The coefficients are over the Novikov ring of formal power series with coefficients in Zs :

AZ2 = Z CLZ'T)\i a; € ZQ

)\i—>+00,
Ai=0

As usual we define the Floer complex between L; and L to be the Az,-module generated

by the intersection points

The differential on this complex is given by a count of rigid J-holomorphic strips in Z,

d: CF(Ly, Ly, J) — CF(Ly, La, J)
Y = D ennm, # MO (2, y, AL J) T Ay,
It is immediate to see from the usual Gromov compactness argument that d? = 0, so
(CF(Ly, Ls),d) is a well-defined differential complex.
Since any generic almost complex structure is, in particular, a generic time-dependent
almost complex structure, the homology of this complex computes the usual Lagrangian
intersection Floer homology. Hence we can conclude that the following theorem is true.

Theorem 1.3.12. In the above setting, there is a second category subset

jreg(M7w7L1aL2) C j(M,OJ)

72



such that the Floer complex
(CF<L17 L27 J)? d)

is well-defined (as a differential complex). Moreover, its homology computes the usual

Lagrangian intersection Floer homology.

1.3.3. Work in progress

Since Akaho’s ([AkaO5|) and Akaho-Joyce’s (JAJ10]) work, it is well-known that
pseudo-holomorphic teardrops yield obstructions to the definition of Floer homology
for (generic) Lagrangian immersions. More precisely, let L; and Ly be two transverse
generic Lagrangian immersions. Assume that J is a compatible almost complex structure.
Using virtual perturbation techniques, Akaho and Joyce ([AJ10]) expressed the square
of the differential of the Floer complex between L; and L, with an algebraic count of
J-holomorphic teardrops with boundaries on on of the immersions L; or Ls.

On the other hand, an ongoing research program of Biran and Cornea aims to show
that some Lagrangian immersions are geometric representatives of distinguished cones
in the Fukaya category. I will informally describe the main idea of their research plan.
Assume that L; and Lo are two transverse, embedded, Lagrangians. Further, assume that
we are in a setting where Floer homology is well-defined (without virtual fundamental
cycle techniques). For instance, one can assume

e (M,w) is exact with convex boundary and L;, Ly are exact, graded, closed La-
grangians,
e or M, Ly, Ly are closed, weakly monotone with Maslov number greater or equal
than two.
Fix a cycle ¢ € CF(Ly, Ly) which is a formal sum of intersection points. Then, the
surgery of Ly and L, along these intersection points is expected to be an immersed
Lagrangian which represents, in a sense, the surgery between L; and Ls. Note that a
similar idea was used in [CDRGG17] to find generators of the wrapped Fukaya category
of a Weinstein sector.

Let us restrict to an exact symplectic manifold with convex boundary. We assume
that L, and L, are closed, exact, graded Lagrangian submanifolds. We expect that we
can use our work to prove Theorem 1.3.16. It asserts that, for a generic almost com-
plex structure, the algebraic count of pseudo-holomorphic teardrops with boundary on a
surgery equals an algebraic count of pseudo-holomorphic strips between the embeddings
Ly and L. This is the first step of Biran and Cornea’s program. Furthermore, we outline
the proof of this Theorem. We will highlight, along the way, the points that are not yet

proven.
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Framework

In this subsection, we describe some expected applications of the main theorems to
Floer theoretic properties of the surgery of two immersed Lagrangian submanifolds.

We assume that (M,w) is an exact symplectic manifold with Liouville form A, convex
boundary and complex dimension n > 3. We denote by M its completion.
Gradings: We assume that the first Chern class of (M, w) satisfies

2e1(TM) =0

in H*>(M,Z). This implies that the complex line bundle A"T*M @ A"T*M is trivial.
Hence, it admits a non-vanishing section 2.

For each Lagrangian subspace A € G(T,M), choose a real basis vy,...,v, of A and

define
QUi Ao AV, VAL A

detd(A) = .
a(A) Qv Ao AU, v AL A D)
If wy,...,w, is another basis of A, denote by A the transition matrix from the basis
(v1,...,v,) to the basis (wy,...,w,) . Then,

QUIA . AV, B AL AY)  det(APQwy AL AW, wi AL Awy)
QUi A AU, AL A det(A2Qwy AL AW, wi AL Awy,)|
Qi AL AW, Wi AL A Wy)
O Qwi A AW, wi AL Awy)|

Hence, the real number det?(A) does not depend on the choice of basis of the real vector

space A. Therefore, this defines a smooth function
detd, : G(TM) — R.
Definition 1.3.13. In the above setting, an exact graded Lagrangian immersion is a
tuple (L, 1, fr,01) with
e L a compact manifold,
e i : L% M a generic Lagrangian immersion,

e fr: L — R a smooth function such that i*0 = dfy,
e 0, : L — R a smooth function such that

¥ = det? ov

where v : L — G(T'M) is the map x — Im(di,).
Now, let L; and Lo be two transverse exact, graded, immersions which intersect
transversally. Let x € L; N Ly be an intersection point. Fix an adapted almost complex
structure J and denote by aj, ..., a, the K&hler angles of the pair (7. Ly,T,Ls). The
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indez of x as an element of CF(Ly, Ly) is the number

a+ ...+ o,
2| = n 4+ 0p,(x) — 0p, (z) — 17
Similarly, we can define the index of a self intersection point (p,q) € R of L; for
i=1,2:
a1+ ... +tay,
(0. )] =1+ 01,(g) = 01, (p) = =,

where oy, ..., a, are the Kahler angles of the pair (di,(T,L),di,(T,L)) with respect to
J.

Remark 1.3.14. There is a choice of path \,, such that the index Ind(p,q) (defined
in subsubsection 1.3.1) agrees with the index |(p,q)|. We refer to [Sei08, (11g)| for a
complete proof.

Lagrangian surgery: We describe the surgery of L; and Ly at an intersection point
following the presentation of Biran and Cornea (|[BC13, 6.1]).

For each intersection point y between L; and Ls, fix a Darboux chart
¢y : B(0,1,) C C" = (M,w) (1.12)

such that
¢y(0) =y, ¢y(R") C L1, ¢y(iR") C Ly
and whose image does not contain any other intersection point.

Now consider a smooth path
V(1) = (a(t),b(t)) € C, t € R,

such that

e (t) = (t,0) for t < —1,

e () =(0,t) for t > 1,

e d(t)>0and V/(t) >0 for t € (—1,1).
For € > 0, the set

H, = {(:pw(t), . ,xnv(t))’t €ER, (z1,...,7,) € Sn_l}

is a smooth Lagrangian submanifold of C" diffeomorphic to R x S™~1.

Let x € L; N Ly be an intersection point. For £ > 0 small enough, there is a generic
immersion L;#,.Ls obtained by removing the set ¢,(R™ U iR™) and replacing it by
¢.(H.). This has domain the connected sum Li#Ls of L; and Ly and turns out to be
exact. Moreover, if the index of x satisfies |x| = 1, the gradings of L; and L, canonically

induce a grading

g : Ll#L2 — R
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on Ly#, Ly which satisfies

OL:\6.(BO.r2)) = 0Ly
011\6.(BO.r2)) = 01,
This is a result of Seidel, see [Sei00, Lemma 2.13]).

For the remainder of this section, we assume that the submaniolds L; and L, are
embedded and compact. Let x € L1 U Ly be an intersection point of degree 1.

We somewhat restrict the space of almost complex structures we consider. Recall
that Jsq is the standard complex structure on C" and that we fixed Darboux charts ¢,
near each intersection point y € Ly N Lo (see 1.12).

We let J,(M,w) be the set of adapted almost complex structures such that

Vy € Ly N La, (¢y)Jssa = J on ¢, (B(0,7,)).

In the proof of Corollary 1.1.4, we proved the following Lemma.
Lemma 1.3.15. We let Ly and Ly be two exact, graded and compact Lagrangian sub-
manifolds as in the above setting.

There is a second category subset
T,reg(M,w) C Ty(M, w) (1.13)

such that
(1) any non-constant J-holomorphic disk with corners and boundary on the immer-
ston Ly U Ly % M s either simple or multiply covered,
(2) any simple J-holomorphic disk with corners and boundary on the immersion
Ly U Ly & M is reqular (meaning that the linearization of the Cauchy-Riemann

operator is surjective).
Surgery and count of holomorphic disks

We expect that we can apply our work to prove the following.
Theorem 1.3.16 (x). © We assume that L, and Ly are two transverse graded Lagrangian
submanifolds as in the above setting. Let (g,),en be a sequence of positive real numbers

which converges to 0 : €, — 0. There is a second category subset of 1.13

Tp,reg2(M,w) C T reg( M, w) (1.14)

and a natural integer vy € N such that the following holds.

"We use the symbol x to indicate the results that are work in progress.
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Letv > vy, J € Tprega(M,w) and y € Ly N Ly with |y| = 2. There is a bijection
M(ya J’ Ll#x,auLQ) — M(% Z, Ja Llu LQ)

between the set of J-holomorphic teardrops with boundary on Li#,.., Lo and the set of
J-holomorphic strips between Ly and Lo from y to x.

Below, we list the main steps expected to lead to this result.

Surgery and holomorphic disks

The proof of theorem 1.3.16 relies on three results. The first is a result about the
multiplicity ® of an isolated generic J-holomorphic strip at its corners.
Proposition 1.3.17. The Lagrangian submanifolds L, and Ly are as in the above setting.

There 1s a second category subset of 1.153
jd),reg,?)(Ma L17 L27 U.)) C ‘-7¢7T€9<M7 w)

such that if J € Jpreq3(M, L1, Ly, w), then every J-holomorphic strip of Fredholm index

1 has multiplicity 1 at its corners.

SKETCH OF THE PROOF. Fix z and y such that |z| — |y| = 1. Consider the universal
moduli space M*(Ll, Lo, 2.y, ]l) of pairs (u, J) with
e J a C' almost complex structure in J,(M,w),
e u a J-holomorphic strip between L; and L, from x to y.
The usual arguments (as in [MS12, Chapter 3|) show that M*(Ll, Ly, x,y, jl) ad-
mits the structure of a smooth separable Banach manifold.
Assume that (u,J) € M*(Ll, Lo, x,vy, jl), then (see Proposition 1.2.10)? the limits

evyjet(u, J) = SEr_n<>O e~ 2%u(s, ),
and
eVy?jet(u7 J) = SEI_POO eJr%su(S’ t)

exist. This defines two smooth maps
eVyjet 1 M*(z,y, L1, Ly, JT) — R”

and
EVy,jet - M*($7y7L17L2a \7) — R".

Notice that evy i (0) (resp. evy, jlet(O) ) is the set of J-holomorphic strip with multiplicity

x,jet

greater than 1 at = (resp. y).

8See Remark 1.2.11 for the definition of multiplicity.
9However, in this setting there is no real necessity to use [RS01]. Since the curves are holomorphic near
the double points, we can use the Schwarz reflection principle twice.
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A variation of the arguments of [MS12, 3.4| show that these are submersions. Hence,

the sets ev_ jlet(O) and ev_ @ (0) are smooth submanifolds of codimension n.

y.jet
Now, one can see from the Sard-Smale theorem and an argument due to Taubes

(see [MS12, 3.2] or [FHS95, Section 5]) that there is a generic subset J C J, ¢(M, w)
satisfying the following. For each J € J, ev;’jlet(()) NM*(x,y, Ly, Ly, J) is a submanifold
of codimension n in M*(z,y, L1, Ly, J) which has dimension 1. It is therefore empty
(since the complex dimension satisfies n > 3).

The conclusion follows since any J-holomorphic strip is simple (c¢f Proposition 1.3.7).

O

In complex dimension greater than 3, the same conclusion holds for teardrops.
Proposition 1.3.18. Here, L1 and Lo are graded, exact and compact Lagrangian sub-
manifolds as in the above setting.

There is a second category subset of 1.13
j¢77’eg74(M7 L1> L27 w) - j¢,T€g(Ma Lla L27 W)

such that the following holds.
Let J € Tprega(M, L1, Ly,w) and v > 0 be a natural integer. Every J-holomorphic
teardrop of Fredholm index 2 and boundary on the immersion Li#, ., Lo has multiplicity

1 at its corner.

PrOOF. Fix v € N, as in the proof of Proposition 1.3.17, there is a second category subset
NS reg(M ,w) such that every J-holomorphic teardrop with boundary on L;#,., L, has
multiplicity 1 at its corner.

Now the countable intersection

j¢,reg,3(M7 L17L27w) = ﬂ jdl;,reg(M7 w)

v=>0

is of second category and satisfies the conclusion of the theorem. O
Consider an a > 0, a complex structure
J € Tpreg3(M, L1, Lo,w) N Tprega(M, L1, Lo, w)
and an intersection point y € Ly N Ly with |y| = 2. We let
My, Li#ec, o Lo, J, ) C M(y, Li#c, L2, J)

be the set of elements of M(y, L1#-, L2, J) represented by a u € Mv(y, L#., Lo, J)
such that there is a strip w € M(y, z, Ly, Lo, J) with

sup dj(u(z),w(z)) < a.

78



Here, d; is the distance induced by the metric g;.
By the propositions above, there is a second category subset Jregs(M,w, L1, L) such
that for J € Jregs(M,w, Ly, Lo)
e Every J-holomorphic strip in M(y,x, Ly, L, J) for y € L1 N Ly with |y| = 2 is
regular, simple and has corners of multiplicity 1,
e every J-holomorphic teardrop in M(y, L1#., Lo, J) for v > 0 is regular, simple
and has a corner of multiplicity 1.
Since the Lagrangians L; and Ly are exact, Gromov compactness for J-holomorphic
strips and regularity imply that the space M(y, z, L1, Lo, J) is compact.
Therefore, we can apply a result stated in [FOOOO06, Theorem 5.11] to obtain the
following corollary.
Corollary 1.3.19 (%). Here, Ly and Ly are compact, exact, graded submanifolds as in
the above setting.
There is a second category subset Ty reg5(M, L1, Lo, w) such that the following holds.
Let J € JTpregs(M,w, Ly, Ly). There exist o« > 0 and a natural integer vy > 0 such
that for any v > vy there is a bijection

M<y7 LI#EU@L% J7 O[) — M(ywr?Lla L27 J)

Gromov compactness

Last we need a version of Gromov compactness for J-holomorphic curves as the
surgery parameter €, goes to 0. We emphasize that it is not (to our knowledge) proved
in the literature and that it is the subject of future work.

A d-leafed tree is a planar tree T C R? with a choice of vertex a called the root,
oriented so that the root has no incoming edge and with d leaves (beware that it is not
the definition of [Sei08, (9d)] ). For each vertex v of T, we denote by |v| its valency.
Definition 1.3.20. Let T be a d-leafed tree. A labeled domain consists of

(i) a d-leafed tree T,

(ii) for each vertex v, an element r, € R,

(iii) for each wvertex v, k, € N cyclically ordered marked points at the boundary
Zlyeney 2k, € OTy,

(iv) for each connected component C' of Or,\{z1,..., 2k, }, an element Lo € {L1, Lo},
which satisfy the following conditions.

(1) If Cy and Cy are two adjacent connected components, then the labels Lo, and L,

should be different,

(2) for every leaf v, k, > 1.
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FIGURE 3 — A labeled domain and its underlying tree
Red corresponds to a label Ly and blue to Lo
The dots are mapped to x

Remark 1.3.21. For each vertex v one can number the outgoing edges as counterclock-
wise (remember that 7" is embedded in R?). The number of an edge e going from v; to
v9 Will be denoted n..

We now define the limit curves when the handle parameter goes to 0.
Definition 1.3.22. A broken strip from y to x modeled on the labeled domain T' consists
of

(i) for each vertex v, |v| + 1 intersection points yg, ... s Yoy € L1 N Ly such that if e

is an edge from vy to vy then y,! = yy°,

(ii) for each vertexv a J-holomorphic curve with corners w, : (r,, 0ry,) — (M, LiULs),

such that

(1) for each vertex v and connected component C of Or,\{z1, ..., 2z, }, we have
UU(C) C Lc,

(2) for each vertexv and i € {1,... k,}, we have v(z;) = x,

(3) for the root vertex a, u, converges toy on the 0-th strip-like end of 7,

(4) for each vertex v, the curve u converges to y! on the i-th strip-like end of r,.

We expect that the following proposition is an adaptation of the neck-stretching
procedure (as it appears in [BEH03| and [CMO5]) for curves with boundary on a
Lagrangian manifold.
Proposition 1.3.23 (%). Recall that we fized two transverse, compact, exact, graded
Lagrangian submanifolds Ly and Lo Fix an almost complex compatible structure J &
‘7¢(M’ OJ).

Let (u,),en be a sequence of J-holomorphic teardrops such that

Vv > 0, u, € M(y, Ll#x,syL27 J)

There is a subsequence (uy, k=0 which Gromov converges to a broken strip v from y to x.
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Proof of Theorem 1.5.16 (x)

We now prove Theorem 1.3.16 assuming that Proposition 1.3.23 is true. For this fix
J € Tpregs(M,w).

Given the conclusion of Corollary 1.3.19, it only remains to check that there is vy such
that for all v > 14, any teardrop v € M(y, J, Li#:,Ls) is « close to a J-holomorphic
strip v € Mv(y,x, J, Ly, Ls).

Assume by contradiction that there is a strictly increasing sequence (1), and a se-
quence of teardrops u,, € M(y, J Li#ze, L) such that

Vv € Mv(y,x, J, Ly, Ls), sug dj(u(z),v(2)) = a.
z€

By Proposition 1.3.23, there is a subsequence of (u,,) which converges in the sense
of Gromov to a broken strip w.

To conclude, it remains to see that v is an actual teardrop.

Lemma 1.3.24. In the above setting, let w = (uy,),er be a broken strip with underlying
tree T such that all u, are simple. Then the tree T consists of one vertex and w is a

strip from y to x.

PROOF. The conclusion follows from a simple combinatorial argument which uses regu-
larity and simplicity of the underlying holomorphic curves.

First, notice that the index of = as an element of CF(Lsy, L;) is n — 1 which is greater
than 1 since n > 3.

For v € T different from the root, call y, the incoming limit point and z,,...x, the
outgoing limit points. Moreover, assume that there are k;, marked points mapping to
x going from L; to Ly and ks, marked points mapping to = going from L, to L;. Since

the curve wu, is regular, we have

p
Yol = D |l = k1w = kaw(n = 1) + kyy + ko + 0] =3 20,
=1

SO )
o = > il + o] =3 > 0.
i=1
Similarly, if v is the root, we get
p
|y| - Z|xz| - kl,v - k?,v(n - ]-) + k:l,'u + kQ,v + |U| +1-3 2 07
i=1
SO

p

lyl = > lail + v =2 > 0.

=1
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Adding these equalities for v € T', we obtain
|+ o] = 3V(T) +1 >0,
veT

where V/(T') is the number of vertices of 7. Now notice that ) _.|v| is twice the number
of edges of T and therefore equal to 2V (1) — 2. So

2=yl =1+ V(T).

Hence V(T') = 1. Therefore we have a single curve w with one corner at y and the others
at x.

Now since y is an incoming point from L; to Lo, there are 2k — 1 other corners
mapping to x (with k& an integer greater than 1). Among them, k are outgoing points

from Ly to Ly and k — 1 are outgoing points from Ly to L;. Since w is regular, we get
lyl —k—(n—1)(k—1)+2k—-3 >0,

S0
ly = (n—2)k+n—4>0,
hence (since |y| = 2)
n—22=(n-2)k.

Since n — 2 > 1, we readily conclude that 1 > k hence k = 1. OJ

Lemma 1.3.25. In the above setting, let w = (u,)yer be a broken strip with underlying
tree T. There is a tree Ty and a broken strip wy = (uy1)ver with underlying tree 1 such
that the following assertions hold.
(1) For each v € T, the curve u,, is simple.
(2) There is an injective tree morphism f : Ty — T mapping the root of Ty to the
root of T' satisfying the following. If v € Ty, the underlying simple curve of us)
IS Uy -

(3) If V(T) = 2, then V(T}) > 2.

PROOF. We build the simple curve by induction.

Start with the root vy. The curve w,, is multiply covered by the choice of almost
complex structure J. Let u,,; be the underlying simple curve : there is a branched cover
m such that u,, = u,,1 o 7. We associate the curve u,,; to the root of 7;.

The domain of u,,; has one incoming strip-like end (the image of the incoming
strip-like end of r,, by 7) and m, € N outgoing strip-like ends. Call (i, ..., (y, their
asymptotic points. For each (; we put an outgoing edge e.,. Call v, the outgoing end of

6@. .
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For each i € {1,...,m,}, choose a point = Ty, Such that W(EZ) — (,. Each (; is the
limit of an outgoing strip-like ends and corresponds to an edge in T" with endpoint Vg, -
The curve Uy, 18 the simple curve underlying U -

If we repeat this process by induction, we see that the end-product is a broken strip

satisfying the hypotheses. O
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Chapitre 2

Groupes de cobordisme lagrangien

Ce chapitre reproduit la prépublication Lagrangian cobordism groups of higher genus
surfaces, |[Per19].

Résumé. Nous étudions les groupes de cobordisme lagrangien de surfaces orientées
de genre plus grand ou égal a deux. Nous calculons le groupe de cobordisme lagrangien
immergé. On montre ensuite qu’une variante de ce groupe dont les relations sont données
par des cobordismes lagrangiens non-obstrués calcule le groupe de Grothendieck de la

catégorie dérivée de Fukaya. La démonstration repose sur un argument d’Abouzaid.

Abstract. We study Lagrangian cobordism groups of oriented surfaces of genus greater
than two. We compute the immersed oriented Lagrangian cobordism group of these
surfaces. We show that a variant of this group, with relations given by unobstructed im-
mersed Lagrangian cobordisms computes the Grothendieck group of the derived Fukaya

category. The proof relies on an argument of Abouzaid [Abo08].

2.1. Introduction

2.1.1. Immersed Lagrangians and cobordisms

In this paper, we consider a (Riemann) surface S, of genus ¢ > 1 equipped with an
area form w.

We recall the definition of a Lagrangian cobordism following Biran-Cornea (|[BC13]).
Definition 2.1.1. Let vg,...,yv @ ST & S, and Fo,... 9y : ST & S, be immersed
curves. Let F':'V & C x S, be a Lagrangian immersion.

We say that F' is an immersed Lagrangian cobordism from ~i,...,vn to 1, ... 9 of



(i) there is € > 0 such that outside [—¢,¢| X R, F' is an embedding with image

H (—o0,—¢€] x v U H e, 00) X 7,
i=1..N j=1..M

(ii) the set F~1([—¢,e] x R) is compact.

Such a cobordism will be denoted by V' : (y1,...,n) ~> (A1, 3N)-

Remark 2.1.2. (1) If V is oriented and its orientation agrees with the natural ori-
entations of (—oo, —¢] x7; and [, 00) X 7;, we say that V is an oriented immersed
Lagrangian cobordism.

(2) When the curves ~;, 4; and the surface F' are embedded, we will say that V' is a
Lagrangian cobordism.

(3) The definition goes back to Arnold ([Arn80]). The reader should be aware that
the definition in [Arn80]| is slightly different from ours although equivalent (see
Lemma 2.2.6).

Now, consider the set Ly,,,, of Lagrangian immersions from an arbitrary number of

copies of S to Sg. Define an equivalence relation ~ on Ly, by

Y12

if and only if there is an immersed Lagrangian cobordism from ~; to 7s.
Here v, and ~, are two elements of Ly,,,.

Definition 2.1.3. The immersed Lagrangian cobordism group of S, is the quotient

/Clmm/ ~ .
We will denote it by Q7™(S,)

cob

The set Q™ (S,) an abelian group whose sum is given by disjoint union. The neutral
element is the void set. The inverse of a generator v : S' — S, is the curve 4! obtained
by reversing the orientation of ~.

The following Lemma shows that this group effectively detects the cobordism class
of a curve.
Lemma 2.1.4. Let v1,...,7, : S* & S, be immersed curve in S,. Their classes in

min(Sy) satisfy

Ml +. .+ =0

if and only if there is an oriented immersed Lagrangian cobordism

V3(71>---77n)“">®-

Due to Gromov’s h-principle for Lagrangian immersions, topological invariants de-

termine the Lagrangian cobordism group of the surface 5.
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Theorem 2.1.5. We denote by x(Sy) the Euler characteristic of S,. There is an iso-
morphism
Qmm(S,) — Hi(Sy, Z) ® Z/x(Sy)Z.

cob

cob

Quum(S ) — Z/x(S,) is a variant of a topological index defined by Chillingworth (see

cob

Here, the map Q™™ (S,) — H;i(S,,Z) is the homology class. Meanwhile, the map

[Chi72al, see also [Abo08, Appendix Al). Along the way, we give an alternate definition
of this index in line with the usual definition of the Maslov index in symplectic topology.
Remark 2.1.6. We can find many computations of Lagrangian cobordism groups in the
literature. In [Arn80], Arnold computed the Lagrangian cobordism groups of R? and of
the cotangent bundle 7*S*.

Eliashberg showed in [E1i84] that some of these groups are isomorphic to fundamental

groups of some Thom spaces. Audin used these results to compute the generators of some
other cobordism groups ([Aud85| and [Aud87]).

2.1.2. Floer theory and cobordism groups

Let L be a Lagrangian submanifold of a symplectic manifold (M,w). The Maslov
index induces a morphism
pr s m(M, L) — Z.

On the other hand, symplectic area induces a morphism
w:m(M,L) — R.
The lagrangian submanifold L is monotone if there is A > 0 such that
Wwp = A\UL.

In this case, there is a well-defined Fukaya category Fuk(M,w) whose objects are
monotone Lagrangian submanifolds satisfying a topological condition (see [BC14] or
[Shel6]). The A.-category Fuk(M,w) has a derived category DFuk(M,w) (defined
in [Sei08]). Note that this category is not the split-completion of DFuk(M,w). The
category DFuk(M,w) is triangulated, so one can speak of its Grothendieck group

Ko(DFuk(M, w)).

Recall that this is the abelian group generated by the objects of DFuk(M,w) with rela-
tions given by
Y=7+X

whenever there is an exact triangle

X =Y —Z— X[1].
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Now, Biran and Cornea proved that there is a natural surjective group morphism ([BC14,
Corollary 1.2.1])
Opc : P (M, w) — Ko(DFuk(M,w)). (2.1)

cob

There are several results on this map. In [Haul5|, Haug shows that the map 2.1 is
an isomorphism when (M, w) is a torus of dimension 2 and the Lagrangians are equipped
with local systems.

In [Hen17|, Hensel gives algebraic conditions under which the map 2.1 is an isomor-
phism. These are, in particular, verified for the torus.

More recently, in [SS18b|, Sheridan and Smith use Mirror symmetry to prove the
existence of certain Maslov 0 Lagrangian tori in K3 surfaces. In [SS18a]|, they study
Lagrangian cobordism group in Lagrangian torus fibrations over tropical affine manifolds.

The main Theorem of our paper is a generalization of Haug’s result to surfaces of
genus g > 2. For this, we use a version of the cobordism group which takes a broader
class of cobordisms into account.

Theorem 2.1.7. There is an isomorphism

Qimm,unob<sg) - R @ Hl(Sga Z) @ Z/X(SQ)Z

cob

In [Abo08|, Abouzaid showed that the abelian group Ky(DFuk(S,)) is isomorphic
to R@ Hy(Sy,Z) & Z/x(S,)Z as well.

Therefore, the two groups are isomorphic. We show a slight improvement of this: a
version of the map 2.1 (see Corollary 2.4.4) is an isomorphism as well.
Theorem 2.1.8. Assume that the genus g of S, is greater or equal than 2. There is a

natural isomorphism

Opc : Qmmenet(§ ) 2 Ko(DFuk(S,)).

cob

Unobstructed Lagrangian cobordisms give the relations of Q™™ (S ). These are
immersed Lagrangian cobordism which satisfy a technical condition. We postpone the
actual definition to section 2.4.

We shall consider a variant of the Fukaya category whose objects are defined below.
Definition 2.1.9. An immersion vy : ST & S, is unobstructed if it satisfies the following
assumptions.

(i) It has no triple points and all its double points are transverse.

(ii) Let S, be the universal cover of S,, the curve « lifts to a curve 7 : R — S,. We

assume that v 1s properly embedded.
Remark 2.1.10. When (7) holds, we say that v is generic.
At this point, there is only one thing the reader needs to keep in mind. Unobstructed

objects do not bound teardrops which are polygons with a unique corner (see figure 1).
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FIGURE 1 — An obstructed immersed curve and a teardrop (shaded)

It is indeed well-known that these give an obstruction to the definition of Floer theory
of immersed objects. See the work of Akaho and Joyce ([AJ10]), Abouzaid ([Abo08]),
Alston and Bao ([AB18]).

2.1.3. Relation with [Haul5|

In [Haul5|, Haug actually showed that there is a (split) exact sequence

0 R/Z 5 QM (M, w) — Hy(T?, Z) — 0. (2.2)

cob

The proof requires Mirror symmetry. More precisely, using geometric arguments, Haug
proves that the kernel of QP(M w) — H,(T?,Z) is the image of i. On the other
hand, Mirror Symmetry for the torus yields an equivalence DFuk(7?) ~ Db(X) between
the derived Fukaya category of the torus, whose objects are curves equipped with local
systems, and the bounded derived category of Coherent sheaves of an elliptic curve X
over the Novikov field A. Haug uses this to show that the application 7 is injective.

In our paper, we show that there is an analog of the exact sequence 2.2 for the group

Qimm,unob
cob

is as follows. We do not use Mirror symmetry for the proof. Moreover, we do not take

(S,) (see Theorem 2.5.1 for the precise statement). However, the main difference

local systems into account. Therefore, our main result is purely geometric.
This is in contrast with all the results above which use ideas coming from mirror

symmetry to study Lagrangian cobordism groups.

2.1.4. Outline of the paper

The proofs of both Theorems 2.1.5 and 2.5.1 use the action of the Mapping Class
Group of S, to find generators of Q™™(S,) and Q™™"™°(S,). This idea is due to
Abouzaid [Abo08].
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In the first section, we study the immersed Lagrangian cobordism group QM2(S,)

and give the proof of Theorem 2.1.5. Most of the results and definitions are not new
(some even date back to Arnold). However, we tried to give details which we did not
find in the literature.

In the second section, we define the Fukaya category of unobstructed curves following
Seidel’s book [Sei08] and Alston and Bao’s paper [AB18|. We also give a combinatorial
description of this category.

In the third section, we give the definition of an unobstructed Lagrangian cobordism.
We explain why Biran-Cornea’s map 2.1 extends to this setting.

In the fourth section, we prove Theorem 2.1.8 and 2.1.7. To do this, we describe

imm,unob
cob

the action of the Mapping Class Group on 2 (Sy) using unobstructed Lagrangian

cobordisms.

2.1.5. Acknowledgements

This work is part of my doctoral thesis at Université de Montréal under the direc-
tion of Octav Cornea. I wish to thank him for proposing me this project and his very
thoughtful guidance over these years!

I also wish to thank Jordan Payette for explaining the proof of Lemma 2.5.3 to me
as well as Jean-Philippe Chassé for reading the text and pointing out some mistakes.

At last, many thanks to Alexandru Oancea for his careful relecture of the text and

his remarks about the exposition.

2.2. Computation of the immersed cobordism group

In this section, we give the proof of Theorem 2.1.5. In the first subsection, we show

that embedded curves generate (250}

(Sy). In the second subsection, we define a map

imm(Sg) — Hl(Sga Z) D Z/X(SQ)Z‘

cob

We check that it is well-defined and surjective. At last, we modify a geometric argument
of Abouzaid ([Abo08]) to show that this map is injective.

2.2.1. Properties of the immersed cobordism group
Lagrangian cobordism and isotopy

We will use the following Lemma.
Lemma 2.2.1. Assume that y_ : S* & S, and v, : S* & S, are two isotopic immersed
curves, then there is an immersed Lagrangian cobordism from vy_ to ..
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PROOF. Choose an isotopy (7s(t))ser such that

{ vs(t) =~v_(t) fors < 0
vs(t) = vy (t) for s > 1
Now, consider the following immersion
f: RxS" —» CxGS,
(s,t) = (s,75(1))-
This map is covered by an isotropic bundle map

F:TRxTS'—TCxTS,
defined by

F(3,) = (1,0), F(3,) = (0, d”;ft))

Moreover, since H*(R x S*,R) = 0, we have f*(dx Ady +w) = 0 in H*(R x S', R).
We can now apply [EMO02, 16.3.2] to find an immersion f : S* x R — C x S, whose

ends coincide with f. The map f is the relevant Lagrangian cobordism. U

Resolution of double points

We will use a variant of the Weinstein neighborhood Theorem for Lagrangian immer-
sions constantly throughout this section.

Recall that there is a canonical identification between the fiber bundle 7 : 7*S! — S*
and the product bundle S* xR — S'. We denote by T*S? the set {(q,p) € T*S*||p| < €}.
Lemma 2.2.2. Let v : S — S, be an immersed curve. There are ¢ > 0 and a local
embedding

Y :TrS' — S,
such that
e 1) restricted to the zero section is equal to 7,
e *w is the standard symplectic form wgq on T*S*.

The proof is a simple exercise.

Lemma 2.2.3. Let v : S* & S, be an immersed curve. Then v is Lagrangian cobordant
to a generic' immersed curve y : S* & S,
Remark 2.2.4. The proof uses a variant of the Lagrangian suspension (|ALP94, 2.1.2]).

If (¢% )iepo,1] is a Hamiltonian isotopy of S, and 4 an immersed curve, then the immersion

(t,x) € 0,1] x S* = (t, H 0 ¢y 0 v(x), iy 0 v())

1See 2.1.10 for the definition
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is a Lagrangian cobordism between 7 et ¢k (7). Notice that this cobordism is embedded

if 7 is.

PROOF. We call 9 the local embedding given by Lemma 2.2.2. We let z € S*. Choose
a disk neighborhood U, C S! containing  such that Yir-1(v,) 18 an embedding which we
denote by ®. Moreover we let U = v~ 1 (¢(U,))\U,

Let > 0. We claim that there is a function f, : S* — R such that the following
holds.

e The derivatives of f, satisfy |f.| <n and |f/] <.
e Denote by 7, the immersion ¢ — (¢, —f1(t)). If v.(t1) = 7.(t2) with ¢, € U,,
then ~/(t1) and . (t2) are transverse.

The proof is an application of Sard’s Theorem. Consider the map F = mro @' oyp.
For every a > 0, there is a regular value z of F' satisfying |z| < a. Now we let f,
be a smooth function such that —f’ is constant equal to a regular value over U, and
|f21, 1 f7| < n. The reader may easily check that this is the desired function.

The curves v and ~, are cobordant. Indeed, choose a smooth cutoff function 5 : R —
R such that §(t) = 0 for ¢ < 0 and §(t) = 1 for ¢t > 1. The relevant cobordism is the

image of the map

Rx St — Cx S,
(tz) = (tB8(1)f(2), (=, —B()f ()
Now choose 1, ..., zy such that Uy, ,...,U,, is a covering of S'. We use the con-

struction above iteratively to get an immersed curve which is cobordant to v and with

transverse double points. 0

We can solve any double point of a generic immersion through a cobordism ([Arn80,
page 9], see also [ALP94, 1.4]). For the convenience of the reader, we will summarize
the proof of this fact and fill in some details.

First, we recall the (standard) procedure for solving the double point of a generic
immersion. This is a particular instance of the Lagrangian surgery (see |[LS91| and
[Pol91]). Let v : S* &= S, be a generic immersed curve and z = vy(p) = v(q) a double
point with p # ¢ € S*. There are

e an open neighborhood U of z,
e a real number r > 0,
e a symplectomorphism ¢ : U — B(0,r) C C
such that ¢ o~ parameterizes the real axis near p and parameterizes the imaginary axis
near q.
Pick a smooth path ¢: R — C such that
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1) for t < —1, ¢(t) =t,

2) for t > 1, c(t) = it,

3) the derlvatlves 2’ and ¥ satisfy 2/ > 0 and y' > 0,

4) for all t € R, (2(—1),y(—t)) = (—y(t), —2(1)).

The surgery of v at the point (p,q) with parameter € > 0 is the curve obtained by

o~ o~~~

replacing the image of v by the images of the curves ec and —ec in the chart ¢. We
denote it by 7(p.¢),4.e- Note that this curve depends on the ordered pair (p, q).

Notice in particular that all surgeries at a given double point are isotopic to one
another, hence Lagrangian cobordant by Lemma 2.2.3.

We shall prove the following Proposition.
Proposition 2.2.5. Let v : ST & S, be a generic immersed curve and x = v(p) = v(q)
a double point with p # q € St.

There are a chart ¢ and a real number € > 0 such that 7y is cobordant to (p.¢).¢.c-

PrOOF. First, we need the following.

Lemma 2.2.6. Let X a compact surface with boundary and let
F:(3,08) % ([-1,1] x R x 5,5, 0[-1,1] x R x S,)

be a Lagrangian immersion transverse to d[—1,1] x R x C along 0%.

Then, the projection of Flos to Sy is the union of two immersions y_ and i lying
over {—1} x R x S, and {1} x R x S, respectively.

There is an tmmersed Lagrangian cobordism from ~vy_ to v, .
Remark 2.2.7. Such immersions are what Arnold called Lagrangian cobordisms in his
original paper(|Arn80]). Therefore, we will call these objects Lagrangian cobordisms in

Arnold’s sense.

PROOF OF LEMMA 2.2.6. Denote by 07X the union of connected components of 9%
which projects to {1} x R in the C factor. We identify 073 with a disjoint union of
copies of S' 1 OTY = ;=1 nS*. On 97X, F is of the form ¢ — (1, f(t), v, (¢)) with
f: 07X — R a smooth function.

By Lemma 2.2.2, we can extend v, to a local symplectomorphism

v [T S x ) = S,
i=1...N
We choose a smooth function f with
fo 1l xS'x (—,6) — Sy
if [t] > %
(5,1 N
f(Sat)Zf‘ﬂ < 3
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Notice that its hamiltonian flow <gb}>t€[0,1] satisfies (b}(Sl X (—e,e)) = St x (—¢,¢).
We define a Lagrangian cobordism in Arnold sense as follows

G: [0,]] xSt — Cx S,
(t2) = (Lvod (1)

Now, we consider the union of the maps F' and G + (1,0). A Lagrangian smoothing of

the resulting cobordism is the desired Lagrangian cobordism. O

We build a local model for the resolution of the double point. The quartic
¥ ={(t,z,y) €[-1,1] x R2|y2 —ri 4t = 0}.

is the set of critical points of the generating families

fiz: R — R

y % —yrtt+ty
We rotate the Lagrangian immersion associated to this by an angle of 7 to obtain
F: by — CxC
(t,z,y) (t, Y, x%’:y, 2?};’) '

Notice also that the map F' a Lagrangian cobordism in Arnold sense between a double

point and its resolution.

We now modify F' so that it is equal to R x R LU R x iR outside a neighborhood of
R x {0}.

The set Im(F)\([—1, 1] x B(0, 1)) is an embedded manifold with four connected com-

ponents. Two of them are contained in the quadrant

_ i T }
[ 1,1}><{e g€l 4,4] mod 7 ¢.
We denote them by L;. Two of them are contained in the quadrant
, T m
1,1 { itlge T T }
[—1,1] x 3”8 € | 4,4] mod 7

We denote them by Ls.
Notice that the linear projection 7y : [—1,1] x C — R x R which maps (¢, s, u,v) to
(t,u) restricts to a diffecomorphism from L; to the band [—1, 1] x (R\[—1,1]). From this,

we deduce that L; is of the form

{(t, [z, ), 2, 9(x, 0))|(¢, 2) € [=1,1] x (R\[-1,1])}.
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Since L; is Lagrangian, the form fdt 4+ gdz is closed. Furthermore, the set [—1,1] X
(R\[—1,1]) is homotopy equivalent to two points. Hence, there is a smooth function h
such that f = 9;h and g = 0;h.

Now, choose a bump function 5 : [—1,1] x (R\[—1,1]) — R such that 5(¢,x) =1 on
[—1,1] x [~=2,2] and S(t,z) = 0 outside [—1,1] x [~2,2]. Define Ly to be the following
embedded Lagrangian

Ly = {(t,0:(Bh), =, 0:(BM)|(t, ) € [-1,1] x (R\[-1,1])}.

We define Ly in the same manner. The projection mg : [—1,1] x C — R x R which
maps (t,s,u,v) to (t,v) restricts to a diffecomorphism Ly — [—1,1] x (R\[-1,1]). We
deduce that Lo is of the form

{(ta ath7 ayh7 Y >|(t7 y) < [_17 1] X (R\[_la 1])}

and we put

Ly = {(t,0(Bh),0,(Bh),y)I(t,y) € [-1,1] x (R\[-1, 1])}.

Now, the map F restricted to the set ¥N[—1,1]* and the two embedded submanifolds

L, Ly yield an immersion

H:X»—-CxC
equal to [—1,1] x RU [—1,1] x iR outside ¥ N [-1,1]3.
Consider the immersion ¢ := [—1, 1] x . Recall that we chose a chart ¢ : U — B(0,r)

around z. In the chart Id x¢, the immersion i is equal to [—1,1] x RU[—1,1] x iR. We
replace this by e H for £ small enough and smooth the resulting immersion. The result is
a Lagrangian cobordism in Arnold sense (see Remark 2.2.7) between v and its surgery

at x. By Lemma 2.2.6, we obtain that v and its surgery are cobordant. 0

All of this allows us to deduce the following result due to Arnold ([Arn80]).
Proposition 2.2.8. The classes of Lagrangian embeddings generate the immersed La-

grangian cobordism group QUm™(S,).

PROOF. Let v be a Lagrangian immersion. By Lemma 2.2.3, v is Lagrangian cobordant
to a generic curve 7. Repeated applications of Lemma 2.2.5 show that ¥ is Lagrangian

cobordant to an embedding. O

Resolution of intersection points

Let 71 : S' — S, and v, : ST — S, be two transverse generic immersed curves. Let
x = 1(p) = 72(q) be an intersection point of 7; and v,. We can perform the Lagrangian

surgery of 7 and v, at = (as defined in [Pol91] and [LS91]) to obtain a curve v, #,7s.
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FIGURE 2 — The doubled pair of pants S and the projection of the
immersions it (blue), i~ (red) and j (yellow)

It is an observation of Biran and Cornea that in the embedded case, the curves =,
and v, are cobordant to their surgery v1#, 72 (|BC13, Lemma 6.1.1] ). We explain how
to adapt their argument to the case of oriented immersed curves.

We say that x is of degree 1 € Z/2Z if the oriented basis (7](p),v5(q)) is positive
with respect to the orientation of 7,5, and that the degree is 0 otherwise.
Proposition 2.2.9. In the above setting, assume that the intersection point x is of degree

1. Then, there is an immersed oriented Lagrangian cobordism

Vi, v2) ~ Feee.

PROOF. First, we introduce some notations. We choose a Darboux chart ¢ : U >
z — B(0,r) (with 0 < r < 3) such that ¢ oy, parameterizes R N B(0,7) from left
to right and such that ¢ o v, parameterizes iR N B(0,r) from bottom to top. We let
Y : B(0,r) x S; — B(0,r) x B(0,r) be the Darboux chart given by Id x¢.
Moreover, let a : R — C be the path given by a(t) =t and f = (z,y) : R — C be a
smooth path satisfying the following conditions
o 3(t) =t+ifort<—1,
o f(t)=t—ifort>1,
e 3(t) = —it for t € (—r,r),
e 2/(t) > 0 and y'(t) <0 for all ¢.
We also define P to be a smooth oriented pair of pants with boundary components
labeled by Cy, Cy and Cj (see Figure 2).
We give the handle that is used to resolve the intersection point x. Let ¢ : R — C be

a path such as in subsection 2.2.1. For € > 0, put

HI = {ec(t)z|t € R,z = (z,y) € 5", R(c(t)x) < 0}.
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Define an new immersion as follows. Consider the immersion given by (ajr_xv1) [T(Br_ %
y2). Remove its intersection with B(0,7) x U and replace it with ¢»~!(H). This yields
an oriented Lagrangian immersion i~ : P — C x S, such that ¢~ coincides with o x 73

on a neighborhood of Cy, i~!

coincides with 8 X 75 on a neighborhood of C; and 7~ is
the immersion {0} X vy1#, .72 over C3. (The immersion i— is oriented because of the
assumption on the degree of x). Moreover, the outward pointing direction to C3 maps
through di~ to a vector pointing into fourth quadrant.

Notice that the double points of the immersion ¢ are of three types,

e those given by the cartesian product of ayr_ and the double points of 7,
e those given by the cartesian product of Sr_ and the double points of 7,,
e the intersection points between v; and v, different from x at the point 0.

We now extend this immersion so that it becomes an actual Lagrangian cobordism.
We explain this following the procedure of [BC13].

We consider the genus 0 surface with four boundary components S obtained by
the gluing of two copies of P along the boundary C5 and call its two new boundary
components él, Cs (see Figure 2). Moreover, we let i™ be the immersion P — C x S,
given by the composition of i~ with the reflexion (z,2) € C x S, — (—z,z). Their
union yields a Lagrangian immersion ¢ : § — C x S, which is a Lagrangian cobordism
(71,72) ~ (72,71). We extend this to a local embedding ¢ : TS — C x S, such that its
restriction to the zero section coincides with ¢ and the pullback of the symplectic form
coincides with standard one.

For o > 0 small enough, the immersion j : (—a, «) x S* = C x S, given by j(s,t) =
(s(1 —4), i#tac2(t)) lifts to a Lagrangian embedding j : (—a,a) x S' — T*S through
t. This is a consequence of the homotopy lift Theorem for covers. Indeed, j coincides
with {0} X y1#y2 on {0} x S*.

Reducing « if necessary, we can assume that j is the graph of a closed one-form
A (because the tangent space of j at a point (0,z) is transversal to the fiber). Since
(—a, @) x S* is homotopy equivalent to {0} x S* and Ao1xs1 is zero, there is a smooth
function F : (—a, a) x S' — R such that A = dF and Fjjo,xs1 = 0. Let 8 : (—a, a) be
a smooth function such that 3(t) = 0 for ¢ < 0, 3(¢) = 1 for t > § and p'(t) > 0. We
replace the graph of A by the graph of d(SF). Composing with ¢, we get an immersion

of the pair of pants with coincides with 7 and with j at its ends. O

We give a precise description of the double points of the cobordism (71, v2) ~> Y1 # 72
In order to do this, we first describe some relevant charts near the double points of ¢+ LIi~.
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In what follows, we identify the restriction of i* Ui~ to C' (see Figure 2) with the
immersion {0} X (y1#472). We let € be a positive real smaller than 2 that we may reduce
if necessary.

Chart near a self-intersection point of ;. Let y be a self-intersection point of ~;.
Call s # t € C its pre-images by {0} X (y1#272).

We choose a Darboux chart ¢y, : Uy, — B(0,7r1,) C C near y such that ¢y ,(71)

parameterizes the real line R (resp. iR) near s (resp. near t).

We can consider the following maps,

Vs i (2,y,a,b) € (—&,)" = (2,9,a,b) € C x Uy, (2.3)
Ui (2,y,a,b) € (—&,8)* = (2,9, —b,a) € C x Uyy, (2.4)

which is expressed in the chart Id x¢;,. These are Darboux embedding (the domain is
equipped with the symplectic form dx A dy + da A db).

Since it i~ coincides with R x R near s, ¢, restricted to (—e,e) x {0} x (—¢,¢) x {0}
yields coordinates of S near s. So the map 1), is actually an embedding of a neighborhood
of sin TS.

Similarly, the map 1, is an embedding of a neighborhood of ¢ in T*S.

Chart near a self-intersection point of +,. We let y be a self-intersection point
of 7, and call s # t its pre-images by {0} X y1#.,72. We choose a Darboux chart
¢y : Usy — B(0,re,) C C such that ¢o,(72) parameterizes the line R (resp. iR) near s

(resp. near t). We consider the following maps,

Vs i (7,y,a,b) € (—&,8)" = (—y,7,a,b) € C x Uy, (2.5)
Ui (2,9,a,b) € (—¢,8)* v (—y,z,—b,a) € C x Uy, (2.6)

which is read in the chart Id x¢;,. These are Darboux embedding (the domain is
equipped with the symplectic form dx A dy + da A db).

Since it i~ coincides with R x R near s, ¢, restricted to (—e,e) x {0} x (—¢,¢) x {0}
yields coordinates of S near s. So the map 1), is actually an embedding of a neighborhood
of sinT}S.

Similarly, the map 1, is an embedding of a neighborhood of ¢ in T*S.

Chart near an intersection point of v; and ~,. We let y # = be an intersection

point of v, and v, different from the surgered point above. We choose a Darboux chart
¢y : Uy — B(0,1,) C C such that ¢,(v1) C R and ¢,(72) C iR.
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We consider the following maps

Vs i (2,y,a,b) € (—£,¢)" = (2,9,a,b) € C x U, (2.7)
Ui (2,9,a,0) € (—¢,8)* = (—y,z,—b,a) € C x U, (2.8)

which is read in the chart ¢,. These are Darboux embedding when the domain is equipped
with the symplectic form dz A dy + da A db.

Call s € C (resp. t € C) the preimage of (0,y) by " U ¢~ such that a small
neighborhood of s (resp. t) is mapped to R x R (resp. iR x ¢R). The map v, (resp.
) yields local coordinates of S near (resp. t). Hence, the map 1, (resp. 1) is a local
embedding of a neighborhood of s (resp. t) in 7/°S.

An easy Moser argument shows that the maps above extends to a local Weinstein
embedding ¥ : V C T — C x S;. Here V' is a neighborhood of C' in T7.

Recall that near {0} X 71#.7 the immersion {y = —x} X y1#,72 is the image of
Gr(dF) by V.

e Choose a self-intersection point y = y1(s) = 71(t) of 71. We see that, in the coor-
dinates (x, a) near s, the function F' is given by (z,a) — —%. In the coordinates
(x,a) near t, F'is given by (z,a) — —%

e Similarly, consider a self-intersection point y = ~o(s) = 7(t) of 75. In the
coordinates (z,a) near s, the function F is given by (z,a) — %2 Near ¢, F
coincides with (z,a) — %

e Lastly, choose an intersection point y = 71(s) = 72(s) between v; and 2. In
the coordinates (x,a) near s, the function F' is given by (z,a) — —%. In the
coordinates (z,a) near t, the function F'is given by (x,a) — %2

We choose the function cutoff function g so that it depends only on z in each of the
coordinate patches above. Moreover [ satisfies the following hypotheses with % >a>0
and 0 < n < a.

o 3=0fort <3,

o f=1fort> g,

e 3 >0and 8 < E_;Jm.

In particular this implies, for = € (—¢,¢), 2 + %6’ <E<L

We deduce the following.

e Near y = v1(s) = 71(t), the immersion is given by the two embeddings

(x,a) — (m, —zf(x) — %26’(@,@,0)

(z,a) <:c —28(z) — %25'(93),0,@).
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FIGURE 3 — The projections of the surgery cobordism near the double points.

There is a segment of double point which projects to the line x — (x,—xf —
%ﬁ’)(see Figure 3).

e Similarly, near y = 75(s) = v2(t), the immersion is given by the two embeddings

(x,a) — (—:135(:13) — gﬁ’(x),x,a,())

(,0) = (—xﬁ(x) - %25'(95),;5,0,@)

There is a segment of double points which projects to the line z — (—xf8(x) —
2 3'(x), ) (see Figure 3)
2 ; .

e Near y = v;(s) = 72(t), the immersion is given by the two embeddings

(x,a) — (x, —xf(z) — %26’(95),@,0)

(z,a) (—xﬁ(x) - %zﬁf(x),x,a,()).

There is a double point at (0,0) and a segment of double points which projects
to the line y = —x (see Figure 3).
In what follows, we will call DP; (resp. DP,) the set of double points coming from

the double points of y; (resp.y2). We will call DP the set of double points along the line
y = —x and DPF, the set of double points which project to (0,0) € C.
Lemma 2.2.10. There is a family (ix)acp,) of immersions S 9 C x S, such that

(1) we have iy =1, ig is the piecewise smooth immersion S — S, given by i+ U j,

(ii) for any compact set K C S\Cs, the map iy is constant for \ small enough,

(111) iy converges uniformly to ig as A goes to 0.
(iv) The maps iy are constant in a neighborhood of DPy, DPs and DP.

PROOF. We consider the family of cutoff functions 8y(x) = 8(5). The family (ix)acjo,y
is obtained by replacing ®(Gr(d(8F))) by ®(Gr(d(BrF))) for A € [0, 1]. O
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2.2.2. Computation of the cobordism group
The applications T and p

Let 71, ...,v7n be immersed curves. We assume that there is an oriented immersed
Lagrangian cobordism V' : (71,...,7,) ~ 0. In this case, we say that ~q,...,yy are
immersed Lagrangian cobordant.

It is easy to see that the classes of theses curves in Hy(S, Z) must satisfy

N

Z[%] = 0.

i=1
Therefore, the map which associates to an immersed curve v its homology class [7]

induces a well-defined group morphism

T QIS ) — Hy(S,,Z).

cob

Note that a variant of this map was used by Abouzaid in the case of the Grothendieck
group of the derived category (see [Abo08]).

As stated in the introduction, there is a morphism

[ Qimm(Sg) — Z/x(S,)Z,

cob

which is a variant of the Maslov index. We define it following Seidel’s paper ([Sei00,
2.b.]). An alternate definition as a winding number appears in a paper of Chilling-
worth (|Chi72al). Moreover, a variant of this morphism for the Grothendieck group
Ko(DFuk(S,) was considered by Abouzaid in [Abo08].

We fix a complex structure j on Sy, so that T'S; is a complex line bundle. Choose

another line bundle Z — S, of degree 1 over S, and a complex isomorphism
O : TS, Z8X(50), (2.9)

Denote by T'S,\{0} the tangent bundle of S, minus the zero section. We let (y,75) : S* —
TS,\{0} be a nowhere vanishing curve in T'S,. We also let v : S' — Z be a nowhere
vanishing section of the fiber bundle v*Z. There is a function ), : S* — C* such that
for all t € St
() = Xo(£)@(o(t)) X,
If w is another nowhere vanishing section of v*Z, denote by A, : S' — C* the function
such that
Yt € S, A(t) = A () D (w(t))BX5),
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There is a function p : St — C* such that
vt e St u(t) = p(t)w(t).
So
vt e St A(t) = )\u(t)u(t)X(Sg)¢(w(t))®X(Sg)_

Therefore, we have deg(),) = deg(\,) modulo x(S;). So it makes sense to define the
Maslov index pe(7) € Z/x(S,) by

pa(7) = deg(Ay)  mod x(S).
Let (y1,71) : St — T'S,\{0} be another nowhere vanishing curve. We assume that ¥ and
~1 are homotopic. Then, it is easy to check that
po () = pa(71)-
We conclude that there is a well defined morphism
po € Hom(my(T'S,\{0}), Z/x(Sy)Z) = H'(TS;\{0}, Z/x(S,)Z)-
An immersed curve 7y : S' — S, has a canonical lift 5 to T'S,\{0} given by
y: St —  TS\{0}
to= (1))
We put,
e (7) = pa([7]) € Z/Xx(S,)Z,
where [7] is the class of 4 in the homology group H;(T'S,\{0},Z/x(S,)Z).
Proposition 2.2.11. Let
Wl,...,yN:SI%Sg

be immersed Lagrangian cobordant curves. In Z/x(Sy)Z, we have the relation

Z pa(vi) = 0.

PROOF. First, we generalize the above construction of p. Denote by n¢c : C x Sy — C
and g, : C x Sy — S, the projection on the first and second factor respectively. There

is a canonical isomorphism
ﬂggAlTSg%A2T((C X Sy).
We compose this with the map 2.9 to obtain an isomorphism

U (w5, Z2) ) 5 APT(C x S,).
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Let v: S' — C x S, be a smooth loop. We let
A(t) C Tv(t)(C X Sg), te st

be a smooth loop of oriented lagrangian subspaces over 7. For each t € S, we let
(e1(t), e2(t)) be a (real) basis of the vector space A(t). We assume that the family (eq, e3)
is smooth. We let v be a trivialization of the complex line bundle (7ng o 7)*Z :

The function
St AT(Cx S,)
t = el(t)Nes(t)
is nowhere vanishing. So there is a smooth function A : S* — C* such that
e A ex = AU (v(t)).
Now, we put
po(A) = deg(A).
As before, one can easily check that this does not depend on the homotopy class of A

and does not depend on the choice of the section v. Thus, this induces a well-defined

class
o € HNGL(T(C x 5,)),Z/X(S,)Z).

in the first cohomology group of the oriented Lagrangian Grassmannian.
Let v : S' — S, be an immersed curve and x € R. For ¢ € S*, we let

A(t) = Span((l, 0), (0,’7/(t))) C T(m(t))((c X Sg)
Then, for any t € S', the space A(t) is Lagrangian. It is an easy exercise to check
po(A) = p(v).

Let ¢ : W 9 C x S, be an oriented immersed Lagrangian cobordism between the

immersed curves 7, ...,yy. Then by the discussion above

() + -+ pao(vn) = (i u, [OW]).
The class OW is a boundary in Hy(W,Z/x(S,)Z), so the left term is 0. O

We conclude that there is a well-defined morphism
po : QR(S,) = Z/X(S,)L.

Remark 2.2.12. The map pe depends on the choice of the isomorphism ®. In fact,
two such maps differ by the morphism induced by a cohomology class p*a with a €
H'(S,,Z/x(S,)Z) and p the projection T'S,\{0} — S,.

From now on, we fix once and for all one such ®. We will, therefore, denote g by .
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FIGURE 4 — The Lickorish generators of the Mapping Class Group

Action of the mapping class group on QT™(S,)

cob

As usual, the Mapping Class Group of the surface S, is the quotient of the group of

orientation preserving diffeomorphisms by its identity component,

Mod(S,) = Diff*(S,)/ Diffo(S,).

imm

The Mapping Class Group has a natural left action on QX"(S,). Given two classes
(6] € Mod(Sy) and [7] € Q5 (S,), the action is given by [¢] - [] = [¢ 0 7].

cob

We recollect a few well-known facts on the Mapping Class Group. The reader may
find proofs and statements in the book by Farb and Margalit [FM12].

A particular class of elements of the Mapping Class groups are given by Dehn twists,
which we now define. Let a : S' = R/Z — S, be an embedded curve. Choose a
Weinstein embedding ¢ : [0,1] x ST — S, such that Ytyusr = . Welet f 0,1] - R
be an increasing smooth function equal to 1 in a neighborhood of 1 and equal to 0 in a

neighborhood of 0. The map

0,1] x ST —  [0,1] x S!
t,0) = (04 /(@)

extends by the identity to a symplectomorphism
Ty : Sy — S,

which is called the Dehn twist about .. Notice that its class in Mod(S,) does not depend
on the choice of ¢ and f.

It is a well-known fact that these transformations generate the Mapping Class Group.
More precisely, we let aq,..., a4, Bi,...,8, and 71,...,74-1 be the embedded curves
represented in Figure 4.

Theorem 2.2.13 (Lickorish,1964, |Lic64]|). The Dehn twists about the curves ay, . . ., ay,
Bi,..., By and v1,...,74-1 generate the Mapping Class Group.
In particular, any orientation-preserving diffeomorphism ¢ is the product of a sym-

plectomorphism 1 and a diffeomorphism x isotopic to the identity.
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In particular, any positive homeomorphism is isotopic to a symplectomorphism As a
corollary of this and Lemma 2.2.1, we obtain the following.
Lemma 2.2.14. The map

Mod(S,) x Qmm(S,) — Qimm(S,)

cob cob

([, [l +...+[w]) = [pon]+...+[don]

is well-defined and is a group action on Q™(S,).

PROOF. First we check that if [y1]+. . .4+[yn] = 0in Q2(S,), then [poy|+. . .4 [poyn] =
0. For this, write ¢ = 9 o x with ¢ symplectic and x isotopic to the identity. There
is an immersed oriented Lagrangian cobordism V' : (yq,...,7n5) ~ 0. Then (V) is a
Lagrangian cobordism between the curves ¥ (71),...,%(yy) which are isotopic (hence
Lagrangian cobordant by 2.2.1) to ¢(v1), ..., d(Yn)-

Similarly, Lemma 2.2.1 implies that if ¢ is isotopic to 1, then [poyi|+. ..+ [poyy] =

[Wom]+...+ v o] in QP (S,). 0

We also have the following proposition:
Proposition 2.2.15. Let 3 be an embedded curve in S,. Then in Q™(S,)

[Ta(B)] = (8- a)la] + [5].

Here, B -« is the homological intersection number of B and a.

PRrROOF. Up to isotopy, we assume that o and 5 are in minimal position (i.e. the number
of intersection points is minimal in their respective isotopy class).
There is a geometric procedure which produces a curve isotopic to T, after a se-
quence of surgeries such as in 2.2.1. The whole process is represented in Figure 5.
Call xq, ...,z the intersection points of & and 3 ordered according to the orientation
of a (here N is the number of intersection points between v and ). For k € {1,..., N},
we fix a Darboux chart ¢ : B(0,7) — S, around xj such that
e in this chart, J is the oriented line R,
e in this chart, a has image iR.
The first step consists of the surgery between v and ( if x; is of degree 1 and of the

Land 3 if o1 is of degree 0. This yields a curve ¢;

surgery between o~
In the second step, we perturb « to a curve as, as in the second row of Figure 5. The
main features of & are as follows
e there are 73, ... 1% intersection points lying close to za, ..., zy.
e there is one other intersection point y; above [ in the Darboux chart ¢s.
Now, we perform the surgery between c¢; and ds at 23 if it is of degree 1 and between ¢,

and d, ! otherwise.
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FIGURE 5 — The surgery procedure to obtain a curve isotopic to a Dehn
Tunst,
The successive ¢y, are represented in red.

Assume that we performed the surgery of § with k curves a, as, ..., &; isotopic to «
to obtain a curve ¢;. We perturb « to a curve & such as in Figure 5. It satisfies the
following assumptions.

e There are zf, ...,z intersection points between c¢; and dy; close to @y, ..., Ty.
e There are intersections points ¥y, ..., yr which lie above  in the chart ¢y.

Now, we perform the surgery between ¢, and ay.1 at zj, according to the orientation of
a+1. The handle is big enough to delete the intersection points y1, ..., yx.
Notice that each surgery produces an oriented immersed Lagrangian cobordism by

Propositions 2.2.9. Composing these cobordisms and using Lemma 2.2.1 about isotopic
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curves, we obtain an immersed Lagrangian cobordism

(04767""6’/6_17”'76_1) ~ 7,

with as many copies of « as there are intersection points of degree 0 and as many copies

1

of a7 as there are intersection points of degree 1. Hence in the Lagrangian cobordism

group 0 (S,)
] = 18] + (- B)le].
This concludes the proof since 7 is Lagrangian cobordant to 7, (f) (Lemma 2.2.1). O

Tori and pairs of pants

We describe a set of generators for Q2™™(S,) using the action of the mapping class
group described above.

First, let 71 and 72 be two embedded curves in S,. We suppose that each of these
is the oriented boundary of an embedded torus. By the change of coordinates principle

([FM12, 1.3]), there is a product of Dehn twists ¢ which maps 7, to a curve isotopic

(hence immersed Lagrangian cobordant) to 2. By Proposition 2.2.15, we have [y1] = [y2]
in Qmm(S ). We conclude that there is a well-defined element
T € Q' (S,) (2.10)

which represent any oriented boundary of a torus in S,.
First, we compute the Maslov index of the class 7.

Lemma 2.2.16. For any choice of isomorphism

®: 79X 378

go

we have
pao(T) = =1 € Z/x(S,)Z,
(T is the class defined in 2.10).

PROOF. First, the index of T" does not depend on ®. To see this, let v be a representative
of T and v a trivialization of Z along 7. Let ¥ : T'S,—Z®X(5s) be an another complex
isomorphism. Then W o ®~! has the form (z,v) — (z, u(z)v) where p: S, — C* is a

nowhere vanishing function. If

then
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But since i extends to S, and v is homologically trivial, we have deg(po~y) = 0.

Let us turn to the computation of (7). It is a quick application of the Poincaré-Hopf
theorem. Let T be the torus bounded by 4 and D be a disk embedded in 7.

We choose trivializations of TS, over S,\D and over D so that T'S, is identified with
the fiber bundle obtained by gluing (S,\D) x C on D x C along the map

[+ (S,\D)xC — D xC
(6(e?),2) > (e, x(50)07),
Here ¢ : 0D — 0(S,\D) is an orientation reversing diffeomorphism.
Similarly, we define the line bundle Z as the gluing of (S,\D x C) on (D x C) along

the map
g: (S,\D)xC — DxC
(p(e?),2) +— (e?e?2).

The isomorphism ® : Z®x(5) — TS is given by (a,\1 @ ... @ A\n) = (a, A1 ... \).
Moreover, a non-zero section of Z over 7 is given by z € Im(y) — (z,1). So the Maslov
index of 7 is just the index of 4/ read in the trivialization above.

Choose a vector field X on T which coincides with 4" over  and has a unique zero in
D. This zero has degree —1 since the Euler characteristic of T is —1. The degree of v/ in
the trivialization above is equal to the degree of X over the boundary of S; D since this
is a homological invariant. Given the expression of —1, this degree is also the degree of
X in the trivialization over D plus x(S,). Hence it is —1 4+ x(.5,) since X has a zero of
degree —1 on D. OJ

Remark 2.2.17. The same proof also shows that if v is the oriented boundary of an

embedded surface S; of genus g, then its index satisfies

pa(y) = x(S1) mod x(S,),

for any trivialization .

We now express the class of any separating curve with 7. The proof uses the surgeries
of [Abo08, Lemma 7.6].
Lemma 2.2.18. Let v be the oriented boundary of an embedded surface Si. Then in
Qimn(s,)

[v] = x(51) - T.

PROOF. The proof follows from induction over the genus of the surface bounded by 7.
If v bounds a torus, there is nothing to prove.
We assume that the formula is true for any curve which bounds a surface of genus

less than g; — 1. We assume that ~ is the oriented boundary a surface S; of genus ¢g; > 2.
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FIGURE 7 — The successive surgeries to compute the class of a pair of pants

Choose three curves v;, 72 and 73 such that the following hold (see Figure 6).
e The curves v; and 7, are non-separating and 7, 7, and -, form the oriented
boundary of a pair of pants.
e The curve 73 is separating and bounds a surface S5 of genus g; — 1.
e The curves 71, 72 and ~3 bound another pair of pants.
Now, choose two embedded curves a and (3 as in Figure 7. We first perform surgeries
of a with 75 and § as indicated in the left-hand side of Figure 7. This yields an immersed

curve c. If we perform surgeries of a with v; and v as in the right-hand side of Figure 7,
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we obtain an immersed curve isotopic to c¢. Therefore,

—Yeta+T=m+a+7,

SO
Y+mt+r=T
The same argument yields
T=—-y3-—m—
Hence,
v =3 +2T.

But 73 is the oriented boundary of a surface of genus ¢g; — 1, so

[v3] = x(S3) - T.

Hence,

v =x(83)+2) T = x(S)T.

We now have the following Lemma.
Lemma 2.2.19. The restriction of j1 to the subgroup H of Q™(S,) generated by sepa-

cob

rating curves is an isomorphism.

PROOF. Lemma 2.2.18 implies that T generates the group H. Moreover, u(7) = —1
implies that the order of 7" is either infinite or a multiple of x(.S,).
On the other hand, let v be the oriented boundary of a torus. Then, v~! is the

oriented boundary of a surface of genus ¢ — 1. Hence by Lemma 2.2.18, we have
T = —(1-2(9g—1)T
= (=3+429)T.
So x(S4)T = 0. This concludes the proof. O

Finally, we compute the class of the Lickorish generator v; (see 2.2.13) in Qm™(S,).

Lemma 2.2.20. Recall that we denoted by o, ..., 04, Br1,..., By and yi,...,Yg-1-
Letie{l,...,g—1}. Then we have

[vi] = [viga] — [ou] =T

PROOF. By the change of coordinates principle, we can assume that «;, v; and a;rll are
as in Figure 8. We also fix two curves a and (3 as in Figure 8.
The proof proceeds as in the proof of Lemma 2.2.18. We perform the surgeries

indicated on the left to obtain a curve ¢ and the surgeries on the right to obtain a curve
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FIGURE 8 — The successive surgeries to compute the class of a
pair of pants in the non-separating case.

isotopic to ¢. So
oty — i =a+ 0o

Moreover, we have § = —T', so

iy1 — o — 7y =T,

With this preparation, we can pass to the

Proof of Theorem 2.1.5

PROOF. We use the action of the Mapping Class group of S, to conclude. Let v be a
non-separating curve. By the change of coordinates principle (|[FM12, 1.3]), there is a
product of Dehn twists about the «;,~; and [3; which maps v to a;. Hence, 7 lies in the
group generated by the «;, 5; and ~+; by Proposition 2.2.15. By Lemma 2.2.20, v lies in
the subgroup generated by the «a;, ; and T'.
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Since any separating embedded curve is a multiple of T', we conclude that the group
Qimm(S ) is generated by the oy, 5; and T'.

cob

The map 7 : Q2™(S,) — H1(S,,Z) is surjective. Furthermore, we have 7 & u(T) =

(0, —1). So the map 7 @ p is surjective.
On the other hand, 7 & p is injective. To see this, let

i=1 =1

such that 7(z) = 0 and p(x) = 0. Take the image under 7 to obtain

g g
g n;o; + E m;Bi
i=1 i=1

in Hy(Sy,Z). So the n; and the m; are zero. Furthermore, 0 = p(x) = —k, so x(5,)|k.
Hence, z = kT = 0. 0

2.3. Fukaya categories of surfaces

There is a well-defined Fukaya category whose objects are the unobstructed immersed
curves. Its construction follows Seidel’s perturbation scheme [Sei08]. Such a category
has already been studied for exact manifolds with convex boundary by Alston and Bao
[AB18]. Abouzaid (|[Abo08|) also constructed a pre-category with immersed objects
using combinatorial methods.

In this section, we recall the main steps of the construction of Fuk(S,), highlighting
the parts that need special care due to the immersed setting. We do this in Subsections
2.3.2 and 2.3.1.

In Subsection 2.3.3, we shall briefly explain why Fuk(S,) recovers the pre-A,, category
defined in Abouzaid’s paper.

2.3.1. Preliminaries
Floer datum

Recall from definition 2.1.9 that an unobstructed curve is an immersed curve with no
triple points, transverse double points and which lifts to an embedding in the universal
cover. For each ordered pair of unobstructed immersions (71, 72), we fix a Floer datum
H,, .,. This is a smooth, time-independent, hamiltonian H,, ., : S; — R such that v,
and gb;[imz (72) are in general position. If 71 and -, already are in general position, we
make the choice H,, ,, = 0.

We also fix a smooth complex structure j on S, which is compatible with w.
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Coherent perturbations

Recall from [Sei08, (9f)] that for d > 2, there is a compactified universal family of
pointed disks
Sd+1 N Rd+1.

We fix a coherent universal choice of strip-like ends (see [Sei08, 9g|) for these families.
We denote these ends by (£1)ocicaresirt-

Let (70, ---,74) be a d+ 1 tuple of unobstructed curves. We fix a perturbation datum
for the family S™! — R¥*! labeled by the tuple (o,...,7v4). This is a family of one

form

Ko...s € (S, H)

with values in the space ‘H of hamiltonians on S;. Additionally, we assume that for any
re R

K|T87r*1(r) = 0.
We require that this family satisfies the following hypothesis.
(H) : If the curves 7y, ..., 74 are in general position, then
Kyg,va = 0.

We have the following proposition.

Proposition 2.3.1. There is a coherent choice of perturbation datum® which satisfies
the hypothesis (H).

PRrOOF. We start with K, -, 5, = 0 for every 3-uple of two by two transverse lagrangians.
Then we use the induction process described in [Sei08, (9i)] to obtain a coherent pertu-
bation perturbation datum.

For every d + 1-tuple (¥, ..., 7q) of two by two transverse unobstructed curves, any
m-tuple of the form (v;,,...,7,,) (with m < d) consists of two by two transverse un-
obstructed curves. Therefore the gluing induction process provides a perturbation with
Ky  ~,=0. O

Definition and reqularity of the relevant moduli spaces

We introduce the moduli spaces of (perturbed) holomorphic curves that we consider
throughout this section.
First, let Z = R x [0, 1] be the standard strip with coordinates s and t and equipped

with the standard complex structure.

2See [Sei08, section (9i)] for the definition
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Let 7 and 1 be two unobstructed curves. Then the set Py, of hamiltonian chords
from vy to 7, is finite. We choose two such chords ¢ and c,.
We consider continuous strips u : Z — S, from c_ to c; satisfying the following
conditions.
(i) There is a continuous lift = : R x {0} — S! such that u(s,0) = o0 ug .
(i) There is a continuous lift ™ : R x {0} — S! such that u(s,1) =y, 0u; .
(iii) The map u converges uniformly to c¢_ and ¢, when s goes to infinity:

SEI_HOO,U’(S? ) =C—, SEI_POOU(‘g? ) = Ct.

Let ug and u; be two continuous strips with lifts given by ug,uy and uf,u; respec-
tively. We say that ug and u; are homotopic if there are
e a continuous family (v¢)cjo1) of maps Z — S,
e continuous families (Uti)te[o,u of maps R — S*,
such that
e for each t € [0,1], v; is a continuous strip from c¢_ to ¢, with continuous lifts
given by v,
e we have (uo,uo_,ua“) = (vo,vo_,var) and (ul,ul_,uf) = (vl,vl_,vf').
We fix such a homotopy class A.
Definition 2.3.2. We let Mv(c_,c+,A) be the set of Floer strips from c_ to cy in the
homotopy class A.
A map u: Z — S, is an element of M(c,,ch,A) if it satisfies the conditions (i),
(i), (iii) above and the Floer equation

ou . [0u
% + (a — )(H%’Wl (U)) = 0.

This set admits a natural R-action and we let
M(c_ e, A) = M(c—, ey, A)/R.

Let 740, - . ., 74 be a d+1-uple of unobstructed curves, co € Py, and ¢; € Py, for
1 <@ < d. We also consider continuous polygons with boundary conditions at 7, ..., vq.
To define these, fix a disk with d + 1-marked points s = 7= 1(r) with r € R4 A
continuous polygon is a continuous map u : s — S, such that
(i) For each arc C; C Os between the i-th and i+ 1-th punctures, there is a continuous
map u; : C; — S such that ujc, =v; o ;.
(ii) The map u converges uniformly to ¢; on the i-th strip-like end,

lim woel(s,) =cp, lim uwocl(s,-) =c;.
S§——00 s—+00
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Let u® and u' be two continuous polygons with lifts given by u? and u} for i = 0...d
respectively. We say that u° and u! are homotopic if there are

e continuous families (v");ep,1) of maps s — S for a fixed s € 71 (r) with r € R+,

e continuous families (v})iejo.1] of maps C; — S* for i € {0,...,d},
such that
e for each ¢ € [0,1], v; is continuous polygon with boundary lifts given by the v}
fori=0...d,

e we have vy = ug (resp. v1 = uy) and v = u}) (resp. vi = u}) for i =0...d.
We fix such a homotopy class B.
Definition 2.3.3. We let M(cy,...,cq, B) be the set of holomorphic polygons in the
homotopy class A.
A map u: s — Sy, with s € 7 (r) for some r € R*™!, is an element of the moduli
space

M(co, ..., cq, B)
if and only if it satisfies the conditions (i),(ii),(iii) above and the following equation

)@ — g,

Standard regularity arguments imply that for a generic choice of Floer and pertur-
bation datum, these moduli spaces are regular. See for instance [AB18, Section 5] for a
write up in the case of immersions.

However, we would like to keep perturbation data which verify the hypothesis (H).
The following lemma, due to Seidel, makes this possible. The proof contained in [Sei08|
goes through as stated in the book.

Let u : (s,0s) — (M,i(L)) be a Floer strip or a holomorphic polygon. One can
linearize the Cauchy-Riemann equation at u to obtain an extended Cauchy-Riemann
operator

Dyy: TR x WH(w*TM,u*TL) — LP(A"'T*s @ u*TM),
from suitable Sobolev completions of the space of sections of w*T'M. (cf [Sei08, (8i)]).
We say that u is reqular if this operator is surjective. In particular, this implies that the
set of solutions is a manifold near u.

In particular notice that D, takes into account the variations of the domain.
Lemma 2.3.4 (Automatic regularity, [Sei08|, Lemma 13.2). In the above setting, as-
sume that u 1s either a non-constant Floer strip or a non-constant holomorphic polygon.

Then it is automatically reqular, meaning that the extended Cauchy-Riemann operator

Dyy: TR x WH(w*TM,w*TL) — LP(A'T*s @ u*TM),
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T 71 ai/ 1

Y

FIGURE 9 — The path A, , » when  is of degree 1 (left) and of degree 0 (right)

18 surjective.

From now on, we will fix a choice of Floer and perturbation datum which satisfy
hypothesis (H).

Indices

Let u be an element of one of the moduli spaces M(c_,cy, A) or M(cq, ..., cq, A).
We call Ind(u) the virtual-dimension of its moduli space. Using (for instance) the in-
dex formula of [AJ10], it is easily seen to depend only on the homotopy class A of w.
Therefore, in what follows, we will denote this index by Ind(A).

Spin structures and signs

To take care of signs issues, we need some additional datum which we explain now.

We need to equip each unobstructed curve v : S' — S, with a Spin structure.
Since the space of oriented orthonormal frames of a tangent space T,S! has a unique
point, a choice of Spin structure is a choice of a double covering of S*. We choose the
Spin structure given by the nontrivial double covering. This is called the bounding Spin
structure (see |[LM89, II1.1]).

Let v, and 7, be two transverse unobstructed curves and x an intersection point. We
let

Moz & 10, 1] = G(T'S,),

be the path represented in Figure 9.

If 77 and 7, are not transverse, we choose a hamiltonian chord ¢ € PHWMQ- This
corresponds to a unique intersection point z € v; N qﬁl}ilm (72). We define, for ¢ € [0, 1],
the vector space A, ~,.(t) € G(T.(t)S,) by

gt
)\'Ylv'Y?:C(t) - d¢Hv1wz ()\5”’71"151;%,72 (72)(75)).

For each Hamiltonian chord ¢ € Py, , define a one dimensional real vector space o(c)

as follows. Consider the Poincaré half plane H = {z = 2 + iy € C|y < 0}. Equip this
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with the incoming strip-like end

e: Rx[0,1] — H
(S,t) — _6—7r(8+it) ’
As explained, for instance, in [Sei08|, there is a complex bundle pair (E, F') associated

to Ay, ~p.c- In particular, there is a Cauchy-Riemann operator D associated to it.

The orientation line of ¢ is the real one-dimensional vector space
o(c) = det(D).

We choose once and for all an orientation of each vector space o(c).
Further, assume that 7, and 7, are unobstructed curves. Let u € M(c_,cy, A) be a
holomorphic strip which satisfies Ind(A) = 0. Since v; and ~, are equipped with Spin

structures, gluing induces an isomorphism
AT, M(c_,cq, A)So(c)Y @ o(cy ).

We orient the left side by the vector field generated by the R action. On the other hand,
the right hand sign inherits an orientation from o(c_) and o(cy). The difference between

these two orientations yields a sign
Sign(u) € {—1,1}.
Similarly let v € M(cy, ..., cq, A) be a holomorphic polygon which satisfies Ind(A) =
0. Now there is an isomorphism
AT, M(co, ..., c4, A)=0(c)” ®0(c1) @ ... @ o(cq).

But the left-hand side is naturally oriented as the determinant of a O-dimensional vector

space. Comparing orientations yields a sign
Sign(v) € {—1,1}.

Gromov compactness

In order to define the A, operations for our category, we need to describe a Gromov-
type compactification of the moduli spaces introduced above. Gromov compactness for
holomorphic curves with immersed boundaries has already been considered in Ivashkovich
and Shevchishin’s paper [IS02].

Here, our situation is slightly different since we considered the solutions of a perturbed
Cauchy-Riemann equation. However, the relevant analysis is worked-out in Alston and
Bao’s article [AB18, Proposition 4.4]. We can summarize their results in our setting as

follows.
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As is usual by now, we let 79,7 be unobstructed curves in S; and c_, cy be Hamil-
tonian chords from 7y to ~;.
Proposition 2.3.5 (Gromov compactness for strips). (1) Let A be a homotopy class
of strips satisfying Ind(A) = 1. Then the topological space

M(C,,C+,A)

15 a compact, 0-dimensional manifold.
(2) Assume that A is a homotopy class of strips satisfying Ind(A) = 2. Then the
topological space

M(C—a Cts A)

admits a natural compactification M(c_, c,, A) given by

M(c_,cq, A) = H M(c_,c, A) x M(c, c+,A)UM(c,,c+,A).

C€PHy_ 5,

The space M(c_,cy, A) has a natural structure of 1-dimensional manifold with

boundary

OM(c_,cy, A) = H M(c_,c, A) x M(c,cy, A).

C€PHy_ vy

PROOF. Let (u,) be a sequence of holomorphic strips in the homotopy class A. It is
easy to check that their energy is finite so that we can apply [AB18, Proposition 4.4].
Hence, there is a subsequence (u,, ) which converges in Gromov’s sense to a set of broken
holomorphic strips, polygons, spheres, and disks. Moreover, if there is one polygon in
this decomposition, there must be a polygon with one corner.

Notice that there cannot be holomorphic disks or holomorphic polygon with one cor-
ner with boundary condition on 7, or v_ since both of these are unobstructed. Moreover,
there are no holomorphic spheres. Hence the above set can only consist of strips which

are all regular. A dimension counting argument finishes the proof. 0

Similarly, let 7o, ...,7v4 (with d > 2) be unobstructed curves, cq be in Pu,, ., and ¢
be in PvaH for 1 < i < d. We fix a homotopy class B of holomorphic polygons with
corners at the ;.

Proposition 2.3.6. (1) Assume that Ind(B) = 0, then the space M(cy, ..., cq, B) is
compact.

(2) Assume that Ind(B) = 1, then the topological space

M(Co, e ,Cd,B)
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admits a natural compactification M(cy, ..., cq, B)
M(cg, ..., cq,B) =
M(cq, ..., cq, B) H
1T M(co, . Gists - Cay B1) X M(Gis1,Cizt, -, Ca, Ba).

1<i<d,Ci11 ePHVi+1v”fi+2 )
Ind(By)=0

(2.11)

The space M(cy, . .. , cq, B) has a natural structure of 1-dimensional manifold with
boundary

OM(cy, ..., cq,B) :i=

H M(co, - -5 City - - iy Br) X M(Ciga, Cias - - - s Ca, Ba).
1<i<d,Ci11 EPH7i+1,»Yi+27
Ind(By,)=0

2.3.2. Definition

We now have all the ingredients to define a A category Fuk(S,). The coefficients
are taken over the Novikov field

+oo
A= {Z a; TN

=0

a; ER,AZ‘ ER,)\Z—>+OO}

The objects of Fuk(S,) are unobstructed curves. Given two unobstructed curves
1,72, their morphism space is the Z/2-graded A-vector space generated by Hamiltonian
chords between these

HomiFuk(sg)(%’w) = @ A-c

cEPy
|el=i

The A, operations are defined as follows
Wi, e =)' S Sign() 19 g,
co,A uEM(cg,...,cd,A)

Here the sum is over the Hamiltonian chords ¢y € Pp,, ., and over the homotopy classes
A of polygons such that Ind(A) = 0. The sign e is given by

d
o= klel.

k=1

Proposition 2.3.6 implies that the operations (u?)gso satisfy the A, relation modulo 2.
To see that these are satisfied over R, one has to use that gluing is compatible with the
isomorphisms. This is done in [Sei08, Sections (12b) and (12g)].
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The As-category Fuk(S,) admits a triangulated envelope : this is the smallest tri-
angulated A..-category generated by Fuk(S;). We call its 0-th degree cohomology the
derived category of Fuk(S,) and denote it by DFuk(S,). We refer to Seidel’s book [Sei08,
(3j)] for more details.

2.3.3. Properties of the Fukaya category

The following theorem also immediately follows from the recipe presented in Seidel’s
book.

Proposition 2.3.7. The A.-category Fuk(S,) is homologically unital and independent
of the choice of perturbation datum and almost compatible complex structure.

Moreover, two Hamiltonian isotopic curves are quasi-isomorphic.

Since we chose our perturbation datum (H), there is a combinatorial description of
the operations of the category Fuk(S,) with boundaries in a tuple (7o, ..., 7q) in general
position.

We let ¢y € PHvom? ¢ € PH%%_H for 1 < i < d. We choose s € 8! and label it by
(Y0, - - - ,74) and call r its pre-image by 7 : S — R We fix a homotopy class A of
polygons with corners at ¢y, ..., cq such that Ind(A) = 0.

We recall the following definition.

Definition 2.3.8. We keep the above notations. Let s € n=(r) be a d + 1 pointed
disk with ordered marked points xo,...,xq. Let f: s — S, be an orientation preserving
immersion which is also a polygon with corners at cy, ..., cq.

Fori€{0,...,d}, fix two smooth embedded arcs v+ : [0,€) — 0s such that

0 7 (0) =7 (0) =
e v, 15 orientalion preserving,
e v_ 15 orientation reversing.
We say that x; is a convex corner if
(1) for any open neighborhood U of x; in s, the set f(U) is not an open neighborhood
of f(s),
(2) the oriented angle from ' (0) to v, (0) satisfies

0 < (v2(0),7,(0) <.

Remark 2.3.9. (1) Geometrically, this implies that the image of a small neighbor-
hood of z; by u is convex. See Figure 10 for a picture and an unauthorized con-
figuration where the corner is not convex. The terminology comes from [Abo08].

(2) Consider the symplectic manifold CP! = C U {oco} with its standard area form.

We let L be the generic immersion whose image is the union of R and iR. The
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\
FIGURE 10 — Left, an immersed polygon with convex corners,

Right, an immersed polygon with two corners indicated by e, one
of which is non-convex.

following map, whose domain is the Poincaré half plane,
HU{cc} — CP?
z — oz
is an immersed polygon with two corners at 0 € CP! and co € CP!. These

corners satisfy condition (2) of Definition 2.3.8 but not condtion (1).

We let A(cy, ..., cq, A) be the set of orientation preserving immersions (up to the
boundary) f:s— S, with s € 7~(r) such that
e the map f is a polygon with corners at ¢y, ..., cq,

e cach corner of f is convex (see Figure 10).

We let A(cy, ..., cq, A) be the quotient of A(CO, ..., ¢q, A) by the group of diffeomor-
phisms of r which preserve the marked points.

Proposition 2.3.10. Each holomorphic polygon u € M(cy, ..., cq, A) is (up to repa-
rameterization) an element of A(cq, . .., cq).

Moreover, the inclusion

M(co, ... cq, A) = Alco, ..., cq, A)
15 bijective.
PROOF. This result is well-known (see [Sei08, (13b)|, [ENS02]|, [dSRS14]). Let us
quickly recall the idea of the proof.

Let u € M(co, ..., cq, A). If u has an interior branch point, there is a two-dimensional
continuous family in M(c, ..., cq, A) (see the proof of [ENS02, Proposition 7.8]). But
dim(M(co, ..., cq, A)) < 1, a contradiction. Similarly, if there is a branch point on the
boundary, there is a contribution of 1 to the dimension. So u is an immersion up to
the boundary. Moreover, it is easy to see that u cannot have non convex corners at the

boundary.
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Now if u € Alcg,...,cq, A), an easy application of the uniformization theorem
shows that u can be reparameterized to a holomorphic curve. Hence, the inclusion
M(co, ..., cq, A) = Alcy, ..., cq, A) is surjective.

If uy and us are such that uy0¢ = us with ¢ a diffeomorphism r — r, ¢ is holomorphic
since u; and uy are immersions. Hence, the inclusion M(cy, ..., cq, A) — A(co, ..., cq, A)

is injective. O

In particular, one can define a A, pre-category Fukeomn(S,) whose objects are un-
obstructed immersed curves, whose morphisms spaces are given by the Floer complexes
and whose higher operations are given by a count of elements of A(cy,...,cq, A). This
is done, using combinatorial arguments, in Abouzaid’s paper (|JAbo08]). We conclude

that there is a pre-A,, quasi-isomorphism

Futkeomp (S,) < Fuk(S,).

2.4. Immersed Lagrangian cobordisms and iterated cones

In this section, we study immersed Lagrangian cobordisms which are well-behaved for
Floer theory. We have already seen that the main obstruction to this is the existence of
teardrops, that is polygons with one corner points. Our objects of interest are Lagrangian
cobordisms which do not bound topological teardrops.

In what follows, we will consider only compatible almost complex structures on Cx S,
such that the projection on the first factor m¢ : C x S is holomorphic. If this holds, we
say that the almost complex structure is adapted.

Definition 2.4.1. Let (v1,...,7v,) and (1, ..., 9m) be embedded curves in S,. An unob-
structed Lagrangian cobordism from (v, ...,7vn) to (F1,...,%m) s an oriented immersed
Lagrangian cobordism

V() = (a5 Ym)
which satisfies the following conditions.

(i) The immersion V' has no triple points, and all its double points are transverse.

(ii) There are no topological teardrops with boundary on V.

Biran and Cornea proved that, in the monotone setting, an embedded, monotone
Lagrangian cobordism induces a cone relation between its end in the Fukaya category
(|BC14]). This result still holds for unobstructed Lagrangian cobordisms.

Theorem 2.4.2. Let
V(e m) =y

be an unobstructed Lagrangian cobordism. Then, there is an isomorphism in DFuk(S,)

v =~ Cone(y;[1] = Cone(vs[1]... = Cone(v,_1[1] = 7))
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In our setting, the proof is the same as [Haul5, Theorem 4.1].
There are two natural corollaries to this result, which we now give.

Corollary 2.4.3. Lety be an unobstructed curve. In DFuk(S,) we have the isomorphism

Y]~y

R C
PRrROOF. Consider a properly embedded path “ such that
to—= (x(t),y())
e for s < 0, we have a(s) = (s,0),

e for s > 1, we have a(s) = (1 — s, 1),
e for s € [0,1], the derivative y' satisfies ¢/(s) > 0.

The immersed manifold
RxSt - CxS,

(s,t) = (a(s),y(t)
is a Lagrangian cobordism (y,77!) ~» (. Therefore, Theorem 2.4.2 gives the desired

isomorphism. O

Corollary 2.4.4. There is a natural group morphism

Opc : QIS Y — Ko (DFuk(S,)),

cob

which maps the class of an embedded curve vy to its representative in Ko(DFuk(S,)).

Further, this morphism is surjective.

PROOF. The existence of the morphism Ope : QX"P(S,) — Ko(DFuk(S,)) is imme-
diate from Theorem 2.4.2.

Moreover, recall from [Abo08] that the group K(DFuk(S,)) is generated by embed-
ded curves. Hence, the image of Opc¢ is the whole group Ko(DFuk(S,)). O

2.5. Computation of the unobstructed Lagrangian Cobordism Group

In this section, we compute the unobstructed Lagrangian cobordism group Q" ’unOb(Sg).

First, notice that by the results of subsection 2.2.2, the homology class and the Maslov

class yield maps

mo QoG Y s H (S, Z), o QLS ) 7/ x(S,) 2.

cob cob

Our main tool is the following

Theorem 2.5.1. There is a long exact sequence
0 — R 4 Qmmumob(g y T [1(S,, Z) & Z/x(S,)Z — 0.

cob

Furthermore, this exact sequence s split.
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2.5.1. Holonomy and the map :

In this subsection, we define an injection

iR — QoG

cob

This map has a simple geometric interpretation: to a real number x, it associates the
oriented boundary of a cylinder of area x. We have to check that the map is indeed
well-defined.

Let p : S(T'S;) — S, be the unit tangent bundle with respect to the metric g; =
w(+,j-). We choose a one-form A € Q'(S(T'S,)) such that

p'w = dA.
An immersed curve v : ST — S, admits a canonical lift to S(T'S,):
vy St — S(TS,)
t o (7(25), g—gm
We define the holonomy of v with respect to A by

Hol4(7v) ::/ F*A.
S1

We shall use the following properties of this number.
Proposition 2.5.2. The following assertions are true.
(i) Let F :[0,1] x S* — S, be an isotopy between the two immersed curves vy and
v1. Then

Hol (1) — Hola(vo) = / Frw.
[0,1]x 51

(ii) There is a well-defined group morphism
Hol, : Qmunob(gy — R

cob

whose value on the class of an embedded curve 7 is Hola(7).

PROOF. There is a natural lift of F' to S(1'S,):

F: [0,1]x8" — S(TS,)
(ts) = (Flts) )
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We now apply Stokes Theorem:

Hola(v1) — Hola(v) =

T

F*A — / F*A
Stx{1} S1x{0}

F*dA

1x[0,1]

F*p*w
1x[0,1]

= / Fw.
S1x[0,1]

Recall from Corollary 2.4.4 that there is a natural group morphism

T o

Opc : AP (S Y s Ko (DFuk(S,)).

cob

On the other hand, it is a result of Abouzaid (|[Abo08, Proposition 6.1]) that the holo-

nomy induces a group morphism
Ko(DFuk(S,)) — R.

Therefore, the composition of these two is a group morphism. This proves (ii). U

The following lemma seems to be a well-known fact (|Seill, Section 6]). I learned
its proof from Jordan Payette.

Lemma 2.5.3. Let vy and ~y; be two isotopic embedded curves with

Hol4 (1) = Hola(70).

Then the curves g and 1 are Hamiltonian isotopic to each other.

PROOF. We fix an isotopy (7V¢)icpo,1 from o to 1.

Let ¢' : S, — S, be a global isotopy of diffcomorphisms such that ¢' o vy = ;.
Choose a symplectic embedding ¢ : S* x (—¢,¢) = S, such that ¢(s,0) = yo(s). In the
coordinates (s,u) € S' x (—¢,¢) there is a smooth function f > 0 such that (¢')*w =
f(s,u,t)ds A du. We let §: S x (—¢,¢) x [0,1] — R be a smooth function such that

e we have ((s,u,t) = #t) for [u| < £,

e we have (s, u,t) = {(for lul > %.
Define, for ¢ € [0, 1]
Pt St x (=) — S'x(—¢¢)
(s,u) = (s,upf(u,s,t))
Since this map coincides with the identity on the open set {(s,u)|lu| > £}, it extends
to a diffecomorphism ¢' : S, — S,,.
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Consider y! = ¢'ot and let w; = (x*)*w. This isotopy satisfies x*oy = 7;. Moreover,
the family (w;)tco,1) is constant along 7y. One can easily apply Moser’s trick to find a
family of transformation ®* such that (®')*w, = w and ®*(vg) = 7.

The composition x* o ® is a symplectic isotopy ¥': S, — S, such that

oy = .

Moreover, this has zero flux along the path . We call X; the symplectic vector field
generated by W,

We adapt the construction of [MS17, Theorem 10.2.5] to obtain a Hamiltonian iso-
topy between 7y and ~;.

The difference of holonomy between v, and ~ is
1 1 d . d .
Hol (1) — Hola(y0) = w E(\D °v)(s), d—(\If o Y)(s) |dtds
o Jo S
11
_ / / (X, 0 W oy(s), d (v(s))) dtds
0o Jo
1 g1
_ / / (T X, (0 (5)), 1h(s)) deds
0o Jo

= [ ] [ty xal]

i [ )y

is exact on S!. Hence, there is a smooth function

So the one-form

F:Im(y) =R

such that )
Vo € T(Im(vy)), / w((\Ilt)*Xt,v)dt = —dF - d\Ill(v).
0

We extend F' to a smooth function
F:5, =R
We define a new isotopy (®*).ep0.1] by
of — { P for t € [0, 1]
1

},_Qtowl for t € [%, } .

126



Call Y; its associated vector field. We compute for v € Im(y),

1

/Olw((q)t)*}ft,v) :/OQw((\Iﬂt)*th,v)Mt—/1w(( 1% 6 ) X, ) 2t

1
2

1 1
:/ w((\llt)*Xt,v)dt—/ wW(Xpopt, v)2dt
0 1

2

= —d(FoVU')(v) +d(Fo¥")(v).
So .
/ w((®")*Y;, vdt) =0 (2.12)
0
We let .
Zy = —/ (2*)*YadA
0
and 67 be the flow associated to Z;. Then the isotopy u' = ®' o ! is Hamiltonian (see

the proof of [MS17, Theorem 10.2.5]).
Moreover, from 2.12, we have for all v € T'(Im(~))

w(Zy,v) = 0.
Hence, Z, is tangent to Im(v). Therefore, 81(7y) C Im(vy). We deduce

p!(Im(y0)) = @ (61 (Im(%0)))
= ¢y (Im()).

So the Hamiltonian isotopy (¢} o i")icjo,1) maps the image of the curve vy to the image
of Y1- O

Here is the main result of this section.
Proposition 2.5.4. Let 71,72 (resp. 1,72) be two isotopic non-separating embedded

curves such that
Hola(2) — Hola(71) = Hola(%2) — Hola ().

Then, in Q""°Y(S.), we have

[ve] =[] =[] — [Fel-

PrOOF. First case. We assume that the curves vy, 72, 71, 72 are pairwise disjoint.
Furthermore, we assume that the pair (7;,7,) does not bound any oriented surface.
Then, by the change of coordinates principle ([FM12, 1.3]), we are in the situation of
Figure 11.

We do the successive surgeries indicated in Figure 11. This process produces a curve

~7 isotopic to 5. Here are the steps in detail.
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FIGURE 11 — The successive surgeries which link two non separating curves

(1) The first step is the surgery of 4; with the curve 3 represented at the left of the

first row of Figure 11. This yields a curve 74 whose holonomy is

Hol4(74) = Hola(71) + Hol4(73).

(2) The second step is the surgery of v, with the curve 4 at their unique intersection
point. This yields a curve 5 represented in the left of the second row of Figure

11. Its holonomy is

Hola(vs) = Hola(7s) + Hola(7s).

(3) We pick a curve Hamiltonian isotopic to v; which intersects 75 in a unique point.
It is represented in red in the left of the second row of Figure 11 We perform the
surgery of this curve with 5. This yields a curve g represented in the right of

the second row. Its holonomy is

Hola(v6) = Hola(y5) — Hola(m1).
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(4) We pick a curve Hamiltonian isotopic to 5 ! which intersects g in a unique point.
It is represented in red in the right of the second row of Figure 11 We perform the
surgery of this curve with ~4. This yields the curve 7 represented in the third
row. Its holonomy is

Hola(7) = Hola(vs) — Hola(73).

Therefore, the holonomy of ~7 is given by

Hol4(v7) = Hola(vs) — Hola(73)
= Hola(7s) — Hola(y1) — Hola(73)
= Hola(74) 4 Hola(y2) — Hola(y1) — Hola(vs)
= Holu(%1) + Hola(y3) + Hola(72) — Hola(y1) — Hola(7s)
= Hola(51) — Hola(v1) + Hola(72)
= Hol4(%2)

since Hola(v) — Hola(71) = Hola(52) — Hol4(51). Hence, the curve v; is Hamiltonian
isotopic to 42 by Proposition 2.5.2. Since two Hamiltonian isotopic curves are embbedded

Lagrangian cobordant (see Remark 2.2.4), we have

Yo = 1
in QRS
The steps described above produce several Lagrangian cobordisms that are all embed-
ded and oriented. We can glue these together to obtain an embedded oriented Lagrangian

cobordism (v ', %1,73,72,71 ) — 7. Hence, in Qimm’“mb(Sg)

cob
Yo =1
=—mtNnt+tr+r-—mn
S
This finishes the proof of the first case.
General case. [FM12, Theorem 4.3] there exists a sequence of non-separating

embedded curves 71 = ay,...,ar = 72 such that for each i € {1,...,k}, o; and ;1

have no intersection points. Now, apply the first case iteratively to conclude. O

There is a direct definition for the application i. Let v be a non-separating embedded
curve. There is € > 0 such that if |z| < e, there exists an embedded curve ¥ isotopic to

~ such that
Hol,(¥) — Hola(y) = «.
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r1+... Ty, =2
Vie{l...m}, |z <e
For i =1...m, we choose an embedded curve ~; isotopic to v such that

Hol4(7;) — Hola(y) = a;.

Now, let x € R and zq,...,x,, € R with

We put

m

i(x) =Y (vl = ).
i=1
Corollary 2.5.5. In the setting above, this defines an injective group morphism

iR — QImenOb(G Y,

cob

PROOF. It is easy to see, using Proposition 2.5.4, that i(x) does not depend on the

choice of x,...,x,,, nor on the choice of 7. Therefore, it defines a group morphism
iR — QIIeP(g Y,

Moreover, notice that by definition
Hols(i(x)) = =z,

so 1 is injective. ]
2.5.2. Surgery of immersed curves and obstruction

Throughout this subsection we let o : S* — S, and v : S' — S, be immersed curves
such that

(i) « is embedded,

(ii) ~y is unobstructed,

(iii) o and ~y are transverse.

A bigon is an immersed polygon with one boundary arc on oo and one boundary arc
on 7. Notice that a bigon is not necessarily injective. We say that o and v are in minimal
position if there are no bigons between o and . There is a useful criterion to detect
minimal position for transverse curves.

Lemma 2.5.6. In the above setting, if there are sg # So and tg # to such that the loop

Y, (to.7] -aislo 5] 1s homotopic to a constant, then v and o are not in minimal position.

PROOF. The hypothesis implies that the loop v, 7 - Ozﬁslo 5] lifts to the universal cover
S, of S,. Denote this loop by f: S' — S,.
So there are two lifts & : R — S’g and ¥ : R — Sg of o and ~ respectively such that

- ~—1
Nito o] * Y|[so,55) — f
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FIGURE 12 — Rounding off a corner yields a teardrop.

Assume there are
e two increasing sequences (S, )nen, (tn)nen,

e two decreasing sequences (5, )nen, (tn)nen,
such that

Vn eN, sg<s, <S, <S5,

Vn eN, ty<t, <t,<to,

and such that the path 7, 7 - &ﬁslmm is a loop.

If s, — s, — 0, then the adjacent sequences (s,) and (5,,) converge to a common limit,
say [. So there is a sequence of intersection points between & and 4 which accumulates
at &(l). This is absurd since « and v are transverse. We conclude that the sequence
(S, — sn) has a positive limit. The same argument shows that (¢, — t,) has a positive
limit.

From this we infer that there are s < 5 and t < t such that the path

MMﬂ'amﬂ

is an embedded loop. Hence, this bounds an embedded bigon, say u. Now since the
projection p : S*g — S, is an immersion, the map p o u is an immersed bigon with

boundary arcs on v and «. ([l

Let x be an intersection point between o and . In what follows, we will need to find
situations where the surgery v#,« is unobstructed. Unfortunately, if the curves a and
are not in minimal position, the surgery can be obstructed. I will now sketch what can
go wrong in this case.

Assume that there is a bigon between the curves a and v with

e convex corners’,
e and one corner at z.
If the surgery at the point x is done the wrong way, the corner at x can be rounded off

to produce a teardrop with boundary on v#,a. See Figurel2.

3See Definition 2.3.8
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FIGURE 13 — The curves a and v bound a square with four corners.

At first, it seems that the reverse procedure shows that if a and ~ are in minimal
position, then the surgery is unobstructed. If there is a teardrop uw with boundary on
v# ., we should be able to modify it to produce a bigon between v and . Unfortunately,
this is not true. Indeed, assume that there is a teardrop v with boundary on the surgery
v# .. Following the boundary of u, we see that it must switch several times between o
and . Since this number may be greater or equal than two, the procedure will in general
produce a polygon with boundary on o and v and more than two corners. These can
certainly exist even when « and ~ are in minimal position, see Figure 13.

However, we can bypass this difficulty. It turns out that, by a topological argument,
the number of boundary switches of w is at most two. So the resulting polygon has at
most three corners. With this bound in hand, it is possible to cut the polygon to obtain
an actual bigon on « and 7. This is the content of the following proposition.
Proposition 2.5.7. We let a and v be as in the beginning of Subsection 2.5.2. Let x be
an intersection point of degree 1 between v and a.

Further, we assume

(i) the curves v and « are in minimal position,

(ii) the curve y#t,a is not homotopic to a constant.

Then, the surgery y# .« is unobstructed.
Remark 2.5.8. As mentioned earlier, throughout the proof of Proposition 2.5.7, we cut
a polygon u with boundary on the immersion a Uy along the set u™!(a).

This is a very natural technique to find bigons with certain properties (in particular
it is used in [FM12, Proposition 1.7]). In symplectic topology, a variant of this was
introduced by Lazzarini (|Laz00|,|Laz11]). If u : D — M is a J-holomorphic disk with
boundary on an embedded Lagrangian L C M, he introduced a graph W(u) C u=*(L)
called the frame of u. Cutting along W(u) produces several multiply covered or simple
pieces of the original disk u. See also [KOO0O| for a detailed analysis of the set u='(L)
and [Per18] for the case of pseudo-holomorphic polygons with boundary on a Lagrangian

immersion.

132



Here, our goal is slightly different (even though the set u~'(a) is a subgraph of
Lazzarini’s frame). We will cut the polygon w in order to find pseudo-holomorphic curves

with the least number of corners.

PROOF OF PROPOSITION 2.5.7. The proof will proceed by contradiction. We assume
that the surgery is obstructed.

Let us start with a quick outline of the proof of the Proposition.

(1) In Lemma 2.5.9, we show that there is an immersed teardrop u on y#,a.

(2) In Lemma 2.5.10 and Figure 16, we describe precisely the behavior of the teardrop
around the surgered point. From this we construct an immersed polygon v with
boundary on « and v in Lemma 2.5.12.

(3) Using algebraic properties of the fundamental group of S, we bound the number
of corners of the polygon v. Then by considering the connected components
of D\v~!(«), we conclude that there is a bigon between v and «. This is a
contradiction since v and « are in minimal position.

We start with the following lemma.

Lemma 2.5.9. Let v : S' — S, be a generic curve which is obstructed and non-
homotopic to zero. Then there exists an immersed holomorphic teardrop with boundary
on v and corner at a double point of .

Moreover, the corner of this teardrop covers one or three quadrants.

PrROOF. Let ¥ : R — 5’9 be a lift of 4 to the universal cover p : S’g — Sy of S;. Since vy
is obstructed, there are two reals sy < to such that (sg) = (o).

We claim that there are s <t such that §(s) = 7(t) and such that 7. is injective.

Assume by contradiction that there are sequences (s, )neny and (t,,)neny with

e VneN, sg<s, <t,<ty,

e the sequence (s,)nen is increasing, the sequence (f,)nen is decreasing and the

sequence (t,, — S, )nen converges to 0,

o Vn e N, J(s,) = (t,).
Call s., the limit of the adjacent sequences (s, )neny and (t,)nen. Since 4 is an immersion,
it is in particular a local embedding around s.,. But there is a sequence of distinct double
points converging to S..

Now, since S! is compact and Y(s,0) 18 injective, (s, is an embedded curve. Call
the bounded connected component of 5’9\ Im (ﬂ(&t)). By the Riemann mapping Theorem,
there is a biholomorphism u : D — € which extends to a homeomorphism @ : D — €.
Moreover, we assume that @(—1) = J(s) = J(¢). Since its image is of finite area, @ is of

finite energy.
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FIGURE 14 — The curves v, and ~y_ near the intersection point x.

The map @ is a holomorphic teardrop. Let us call § = 7(s) = §(t) its corner. Choose
¢ < 1 and denote by a € (0,7) the angle between J|(s—c s+e) and Jj—ct+e). Choose a
local chart ¢ around y such that ¢(Jjs—c,s4e) = R and ¢(Jj—cp4e)) = €“R. Then, by
[Per18, Proposition 5| , there is a local chart ¢ : Q@ — D around —1 with domain a
neighborhood of 0 in the Poincaré half-plane such that

¢Oﬂ0 w(z) — Za+m_1.

Here, m is the number of quadrants covered by @ at its corner. Hence, if m > 4, 4 is not
injective.
Now, since the projection p is an immersion, the map p o u satisfies the conclusion of

the lemma. O

We now return to the setting of Proposition 2.5.7. By Lemma 2.5.9 above, there is
an immersed holomorphic teardrop u with boundary on y#,a. We denote its corner by
Y.

Recall from 2.2.1 that we denoted by U, the Darboux neighborhood in which we
perform the surgery. We call v, (resp. 7_) the upper (resp. lower) connected component
of Im(y#.,a) N U,. See Figure 14.

The set U@%)(Ux) is a finite union of arcs. We label them clockwise by Ay,..., Ay.
Moreover, for i = 1... N, we call C; the connected component of 4! (U,) which contains
A;. See Figure 15.

Lemma 2.5.10. Let i € {1,...,N}. With the notations above, the open set C; is an
embedded half-disk. Moreover, the map u restricts to a btholomorphism from C; to one

of the quadrants represented in Figure 16.

PROOF. There are four possibilities for the image of ;.
(1) The image of the map w4, is a subset of Im(v;) and the orientations of the

arcs uj4, and Im(v,) coincide. This is represented as Type A+ in the upper left
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FIGURE 15 —

TyperA— Tyi)e B—

FIGURE 16 — The four possibilities for the image of u around the
surgered point.
The arrows correspond to the orientation of the boundary of u.

of Figure 16. In this case, we call ) the closure (in S,) of the shaded region
represented in the upper left of Figure 16. Moreover, we put € = +.

(2) The image of the map wuj4, is a subset of Im(v;) and the arcs uj4, and Im(vy,)
have opposite orientation. This is represented as Type B+ in the upper right
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of Figure 16. In this case, we call @) the closure (in S;) of the shaded region
represented in the upper right of Figure 16. Moreover, we put € = +.

(3) The image of the map uy, is a subset of Im(y_) and the orientations of the arcs
ua, and Im(y_) coincide. This is represented as Type A— in the bottom left
of Figure 16. In this case, we call @) the closure (in S;) of the shaded region
represented in the bottom left of Figure 16. Moreover, we put ¢ = —.

(4) The image of the map u4, is a subset of Im(y_) and the orientations of the arcs
ua, and Im(vyy) differ. This is represented as Type B— in the bottom right
of Figure 16. In this case, we call @) the closure (in S;) of the shaded region
represented in the bottom right of Figure 16. Moreover, we put ¢ = —.

We will also denote the closure of C; in D by C;. We also put Int(C;) = C;\dD.

Notice that, since )¢, is immersed and holomorphic, there is a z € Int(C;) such that
u(z) € Int(Q). We will also denote the closure of C; in D by C;.

First step: We claim that Im(u@) C Q. Assume, by contradiction, that there is a
21 € C; such that u(z) ¢ Q.

We claim that «(Int(C;)) NIm(v.) # 0. Indeed, pick a continuous path x : [0,1] — C;
such that p(0) = z and p(1) = z;. One can assume that for all £ € [0,1), u(t) € Int(C}).
If for all ¢ € [0, 1], u(u(t)) ¢ Im(7.), then wo p is path in U,\ Im(v.) whose endpoints are
in two distinct connected components, a contradiction.

Now, since u is immersed and 1. is embedded, the set C; N u~!(v.) is a union of
disjoint embedded arcs. We let Q be the connected component of C;\u~!(.) which is
adjacent to A;. Its closure () is a polygon with corners.

Notice that u(Q) C Q. Otherwise, by a connexity argument, there would exist z, €
such that u(zy) € Im(v.). This is in clear contradiction with the definition of 2. See
Figure 17 for a picture.

The map vy is

e proper, since the sets C; and () are compact,

e a local homeomorphism since u is immersed.
So U 1s a connected cover of disk. Hence, it is a homeomorphism. By definition of €2,
two arcs of 02 have image contained in v,. So ujg can not be injective, a contradiction.

Therefore, Im(uc,) C Q.

Second step: The map ujc, — @ is

e proper, since the sets C; and () are compact,
e a local homeomorphism since u is immersed.
Therefore, it is a connected cover of a disk. We conclude that it is a homeomorphism.

In particular C; is an embedded half-disk and u a biholomorphism. O
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A;

FIGURE 17 — The connected component C;, the set Q0 (shaded) and

u= (L) (in red).
Note that this is hypothetical : the proof of Lemma 2.5.10 shows that this
situation cannot happen.

Remark 2.5.11. As explained in Remark 2.5.8, in the proof of Lemma 2.5.10, the set
u~!(7.) is a subset of the frame W(u) of the curve u in the sense of Lazzarini (|Laz00],
[Laz11]), see also [Per18|. This is a C'-embedded graph along which we can cut the
map u to obtain simple or multiply covered polygons or disks.

The next step of the proof is the construction of an immersed holomorphic polygon
v with boundary on v and « by "filling the corners".

Lemma 2.5.12. We use the notations above. There is an immersed holomorphic polygon
v: (D, 0D) — (S, Im(a) UIm(y))

such that
o the map vj,-1(v,) 18 a reparameterization of up-1(v,),
e cach connected component of v=1(U,) is a disk,
e v has a unique corner which maps to x within each connected component of
v H(Us),
e v has one corner at y and an odd number of corners at x.

PROOF. The construction of v is represented in Figure 18. Let i € {1... N}.
First case: The map u is of Type A+ or of Type B— near A; (see Figure 16 for the
definition of Type). Consider the closed region R; at x indicated in Figure 18. Choose a

biholomorphism
v; : D — R;.

This extends, by Caratheodory Theorem, to a homeomorphism

Ulﬁ—)ﬁl
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FIGURE 18 — The procedure to obtain the polygon v

We call B; the arc v;” l(yi). There is a unique map ¢; : B; — A; such that

Vo € By, u(gi(x)) = vi(x).
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We let S = DD Uy, D be the surface obtained by gluing two copies of the disk along ¢;.
Then, S can be endowed with a Riemann surface structure. For z in the interior of one
of the copies of D, the chart is the natural one. If z = ¢;(w) belongs to A;, choose a disk
D, contained in U, and such that u(z) € D,. We put U = u~*(U,) Uy, v; * (U,). A chart

around z is given by the map

u(y) if y € u(Uy)
u(y) ify € vy (Usy)

Then, the applications u and v; induce a map v : § — S;. By definition, it is indeed

yGUH{

holomorphic. Since v is holomorphic, its energy is the area of the image. Hence, it is
finite. The surface S is simply connected, hence biholomorphic to a disk. We conclude
that v is a holomorphic polygon with one more corner at x.
Second case: The corner is of type A— or B+. Denote by A the red piecewise dif-
ferentiable arc represented in Figure 18. Recall that C; is the connected component of
u~!(U,) which contains A;. Then Ar :=u"'(A) N C; is an embedded piecewise differen-
tiable arc. Therefore, D\ Ar has two distinct simply-connected components €2; and 2.
We can assume that 2; is the only one which contains x. The map v is the restriction
of u to ;.

We repeat this process for ¢ = 1... N to obtain an immersed holomorphic polygon
with boundary on « and . It has one corner at y and N corners at x. Since the boundary

of the polygon necessarily switches from « to v or v to a at each corner, the number N
is odd. U

Notice that the concatenation § = v - « is a continuous loop and as such can be
regarded as an continuous map 3 : ST — S,. We assume that it is parameterized so that
o B(i) = B(—i) = =,
e B(—1) =p(1) =y,
e [ restricted to the counterclockwise arc from ¢ to —¢ is a reparameterization of
Vs
e [ restricted to the counterclockwise arc from —i to i is a reparamaterization of
a.
Moreover, we introduce the following notations.
e We let z_ : [0,1] — S be the counterclockwise arc of S from —1 to 1 and 8_
be the map fox_.
e We let z, : [0,1] — S be the counterclockwise arc of S from 1 to —1 and Sy
be the map Sox,.
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From the construction of the polygon v, we see that we can lift its boundary to a con-
tinuous path f : [0,1] — S! such that S o f = vgp. Since v has a corner at z, we
have
e cither f(0) = —1, f(1) =1,
eor f(0)=1, f(1)=-1.
Case f(0) = —1, f(1) = 1. Since the concatenation f-z~' is a loop based at —1, there
is k € Z such that f-z~' is homotopic to (z_ - z)* relative to —1.
By a Theorem of Jaco (|Jac70, Corollary 2]|), the subgroup of 71 (S, y) generated by
the classes of f_ and . is free. So there are three alternatives to consider.
(1) There are no relations between S_ and (1 in m1(Sy,y) (so they generate a free
group of rank 2).
(2) There is m € Z such that 5, = ™ in m1(Sy, y).
(3) There is m € Z such that S_ = 7" in m1(S, y).
Since o f is the boundary of v, we have in 7 (S, y)

e=(fof)
= (8-~ 5+)k5—~

So the case (1) can not hold. Therefore, we are in one of the cases (2) or (3).
Case _ = p'. Then, we have in 7, (S, y)

e (8- 8,5 (213
_ i(m-&-l)-l—m' (214)

If B4 = ein m(Sy,y), then f_ = e so that 3 bounds a disk. Therefore, the surgery v#,«
bounds a disk and is contractible. This contradicts the hypothesis on y#.,«a. Therefore,

k(m+1)4+m =0.

There are two solutions to this equation, (m, k) = (0,0) or (m, k) = (-2, —2).

If m = k = 0, then equation 2.14 implies f_ = e. We conclude that v and « are not
in minimal position by Lemma 2.5.6.

If m = k = —2, the conclusion follows from a combinatorial argument. Indeed, the
boundary f is homotopic to xjrl cxTh x;l. We deduce that the polygon v has three
corners at x of successive types B—, B+ and B— (see Figure 16). We assume that these
corners are counterclockwise the image of x1, x5 and x3.

Since v is immersed and « is embedded and not contractible, the set v=1(«) is a union
of embedded arcs with endpoints on the boundary of . The corner at x5 is of type B+,

so there is one arc A with an endpoint at z5. Since « is embedded and x; and x5 are of
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x3 z3

1 1

FIGURE 19 — The arc A and the bigons delimited by A (shaded)

type B—, the other endpoint of A belongs to one of the open boundary arcs (zs,x3) or
[—1,21) (see Figure 19). In the left case, the map v restricted to the bigon delimited by
A and the boundary (represented in Figure 19) yields a strip with boundary on « and .
In the right case, since x5 is of type B—, v restricted to the shaded area is also a bigon.

So a and v are not in minimal position.

Case [, = . Then, in m(S,,y),

e =(B--B:)"B- (2.15)
=(pm e (2.16)
=grmD+L (2.17)

If 5_ = e, then (8, also represents the neutral element. We deduce that the surgery v#.,a
bounds a disk, which contradicts the hypothesis of the proposition. Hence, k(m+1)+1 =
0so (k,m) = (1,-2) or (k,m) = (—1,0). But if m = 0, then 5, = e so that o and ~ are
not in minimal position by Lemma 2.5.6. Therefore, (k,m) = (1, —2). The boundary f
of the polygon v is homotopic to x_ - x, - x_. So the polygon v has three corners at = of
successive types A,, A_ and A,. We call their respective pre-images x1, xs and z3

As before, v is an immersion and « is embedded and not contractible, so v~!(a)
is a union of embedded arcs with endpoints on the boundary 0. Since x, has type
A_, there is one arc with an endpoint at xs which we call A. Its other end lies either
in the boundary arc [—1,z;) or in the boundary arc (z3,z3) (see Figure 19). In each
case v restricts to an immersed bigon, so that v and « are not in minimal position, a
contradiction.
Case f(0) =1, f(1) = —1. Here, the concatenation f-x_ is a loop based at 1. So there
is k € Z such that f is homotopic relative endpoints to (x4 - x_)* - 2~"

Since we have, in (S, y)

(By-B-)B  =e
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3 z3

1 1

FIGURE 20 — The arc A and the bigons delimited by A (shaded)

We have either f_ = B for some m € Z or 3, = 3™ for some m € Z.
Assume there is m € Z such that 5_ = 7. The integer m cannot be zero, otherwise

v and o are not in minimal position. Then from o f = e, we get (B )FmT)—m =

e.
So m = —2 and k = 2. Therefore, f is homotopic to x, - x_ - x,. So the polygon v has
three successive corners at x of successive types A_, A, and A_. We call their respective
pre-images x1, xs and 3.

The polygon v is immersed and « is embedded an not contractible, so the set v=(a)
is a union of embedded arcs with endpoints on dID. Since z is of type A_, there is an arc
A with an endpoint at z;. Since « is embedded, the other endpoint of A is either on the
boundary arc [z3,x;] or on the arc (z1,x2) (see Figure 20). In both cases, v restricted
to the shaded area in Figure 20 is a bigon. So « and « are not in minimal position, a
contradiction.

Assume that there is m € Z such that g, = ™. This time, we have (m,k) =
(—2,—1). So the polygon v has three successive corners at = of types B_, B., B_. We
call z1, o and x5 their pre-images.

The arc A C v~!(a) with an endpoint on z; has other endpoint either on [z3, 7]
or on the arc (z1,x9) (see Figure 20). In either case, v restricted to the shaded area in

Figure 20 is a bigon. So « and ~ are not in minimal position, a contradiction. 0

2.5.3. Obstruction of the surgery cobordisms

We suppose that we are in the setting of Subsection 2.5.2. There are
e an embedded curve a,
e a generic curve 7y in minimal position with «,

e an intersection point x of degree 1 between « and 7.
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Proposition 2.5.13. Under the hypotheses of Subsection 2.5.2, the immersed surgery

cobordism
Vi, a) ~ y#aa,

constructed in 2.2.1 does not bound a continuous polygon with a unique corner.

PROOF. Recall from Subsection 2.5.2 that the cobordism V' : (y,a) ~» ~#.« is an
immersion i : P ¢ C x S, of a pair of pants P. The immersion ¢ is the smoothing of a
piecewise smooth immersion ¢+ U j : P & C x S;. Moreover, by Lemma 2.2.10 there is
a homotopy (ix)xefo,1] Which interpolates between it Ll j and ¢ and is constant near the
double points of 7. See Figure 2 for the projections of these objects to the complex plane.
Assume there is a topological teardrop with boundary on i. So there are
e a continuous map u : (D, 0D) — (C x Sy, i(V)),

e a continuous map 4 : (—m,m) — S such that
V0 € (—m,m), ioa(f) = u(e”),
and
lim ~(t) # lim ~(t).
t——mt t—m—
In particular u(—1) is a double point of the immersion 7 :
u(~1) € DPUDP,UDP,UDP,,

(see the end of 2.2.1 for the notations).
First step. From Lemma 2.2.10, we know that there is a continuous homotopy (ix)aco,1]
from ig = ¢t U j to ¢; which is constant near the double points of 7. For A € [0, 1], the
path

ixou: (—mm) — S,

satisfies
ixou(—m) =iyou(m).
We let uy : 0D — C x S, be the path defined by
VO € (—m,m), ur(e”) =iy o a(h).
Let A(1,2) C C be the closed annulus {z € C|1 < |2| < 2}. We now glue the map

A(1,2) - CxS,
ret = Ug_, (ew)

Y

along the boundary of u to obtain a teardrop v with boundary on ig. Its lift to the

domain of 7( is the map .
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Second step. We let C' be the union of R~ x {0} and {0} x R*. We let

p: R? — C

0 if y < —

(.y) 0,z +y) iy < -2
(x+y,0)if z < —y

The map p is the continuous projection along the ray {x = —y} onto C.
We let
p~: R — R?
itz <0, y>0
(z,9) (z,y) if 2 y
p(x,y) else

The map w = p~ owv is a continuous teardrop with boundary on ¢+ LIi~.
Third step. Recall from 2.2.1 that, in the chart C x U,, the immersion ¢+ LI¢~ coincides
with the handle

H. = {ec(t)z|t €R, z = (z,y) € "},

where ¢ is a smooth path interpolating between R and ‘R.
We let
A={ec(0)z] z = (z,y) € '}
be the core of the handle H..
Denote by w : (—m,m) — S the lift of w to the domain of it LI~ defined by

Vo € (0,7), w(e?) =it Ui (w(0)).

Both of the endpoints of w do not belong to A. Therefore, we can homotope w relative

to its endpoints to a smooth path
a:(—mm) — S

which is transverse to the set A. Since it is homotopic to w, the map ¢ L4~ o a bounds
a smooth topological teardrop a.
Fourth step. For ¢ € [0, 1], we let

pe: {(z,y))z <0, y >0} — R2

{ (x+ty, (1 —t)y)ifxr+y <
=

(@9) (1=t)z,y+te)ifz+y

0
0
This is a continuous family which interpolates between p and the identity on the set

{(z,y)lz <0, y > 0}.
Notice that for ¢ € [0,1) the paths

Ct :=PproOcC
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are smooth.
Let U be the set 0D Na~'(C x U,). There are smooth functions

s:U, =R, (z,y):U— S
such that
V6 such that ¢ € U,, a(e”) = co s(0)(x(0),y(0)).
Now, we attach the map
A(L,2) — C xS,
Tew = Pr—10CO 8(9)(1'(9)7 y(e))

along the boundary of a to obtain a continuous polygon b.
We let b be the projection of b on the surface Sy

b:= ps, ob.

Fifth step. We build a non-constant teardrop on ~;#,7, from b. Notice that for ¢ € 0D,
we have a(t) € A if and only if b(t) = x. Let ¢y be such that a(ty) € A.

There is a connected open neighborhood V' of ¢, in 9D such that Vi € V,w(t) €
C x U, and b(t) € U,. We write (in the Darboux chart for U, that we fixed earlier)
a(t) = (wy(t), we(t)) for t € V. Then, there are smooth functions s : V- R, z: V — R
and y : V — R with s(tp) = 0 such that

Vi eV, alt) = cos(t)(x(t), y(t).
Up to homotopy, we can always assume that y/(tg) # 0. So
VEeV, al(t) =s(t)c o s(t)(x(t), y(t)) + cos(t)('(t),y/'(1)).

At a(t,) = ¢(0)(x(0),y(0)), the tangent space of A is generated by ¢(0)(—y(0),z(0)).
Hence, since a'(ty) is transverse to A, we have s'(0) # 0.

Assume s'(tg) > 0. Then, poc(t) = (c1(t) + 2(t),0) for tg —a < t < tp and
poc(t) = (0,c1(t) + ca(t)) for to +a >t >ty close enough to ty. So we have

b(t) = yleros+cyos)ifty—a <t <t
T ) iy(crosteos)ifto<t<tota

In particular, the left and right derivative at tq are given by

b'(ty) = y(to)(cy + 5)(0)s (o)
b(tg) = iy(to)(cy + c5)(0)s(to)
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So if y(ty) < 0, the path b parameterizes the real line R, in the opposite orientation
followed by ¢R_ in the opposite orientation. If y(ty) > 0, b parameterizes R_ according
to its orientation followed by iR, .

If y(tp) = 0, we compute the second derivatives to get

bP(tg) = 2y (to) (¢} + 3)(0)s'(to)
b () = 2iy' (to) (¢} + c,)(0)'(to)

So we easily see that the same conclusion holds.

Therefore, we can lift b to a continuous path d : D — vy#,«a such that pod = b.
This path is homotopic (through the applications p;) to b. Hence, it extends to a map
d:D — S, with boundary on v#,ca. The map d is easily seen to be a teardrop. Hence,
Y# .« is obstructed, a contradiction with the hypothesis. 0

Proposition 2.5.13 generalizes to the following.

Proposition 2.5.14. Assume that v, aq,...,ay are unobstructed curves. We, moreover,
assume the following by induction.

We assume that v and oy are transverse. We let x1 be an intersection point between
~v and cy of degree 1.

For k€ {1...n— 1}, we assume that (y#z,01) ... #a, 15 transverse to cy1. We
assume that these two curves are in minimal position. We let xy, be an intersection point
of degree 1 between these curves.

Moreover, we assume that each of the curves (Y#z,a1) ... #a, Qr is unobstructed for
ke{l...n}.

Then, the composition of the successive cobordisms
((7#11051) o e #xkaka ak+1) ~3 (7#1‘1 al) cee #xk+1 (07 W8]
does not admit any topological teardrop.

PROOF. The proof is a repeated application of the proof of the preceding proposition. [

We can deduce the following proposition.
Proposition 2.5.15. Assume that v, aq,...,ax are as in Proposition 2.5.1/. Then

there is an unobstructed Lagrangian cobordism

(770517 cee ,O[N) M (’y#xlal) H ‘#$NQN'

PROOF. First, we prove the following lemma which is a refinement of the construction
in the proof of Lemma 2.2.3.

146



Lemma 2.5.16. Assume that ¢ : V & C x S, is an immersed oriented Lagrangian
cobordism with embedded ends such that
(1) the set of double points

{(z,y) € V x Vl]i(z) =i(y), v #y}

is a finite disjoint union of embedded intervals Iy, (with k =1... N ) and of points
(p,yp) (withp=1...M),

(2) the immersion i restricts to an embedding of the intervals Iy, for k=1,... N,
(3) if (x,y) € I}, for some k, we have

dim(di, (T, V) N di, (T, V)) = 1,

(4) the space
dig, (T, V) N diy, (T, V)
is null forp € {1,... M}.
Then there is a smooth family of immersions i, : V 9 C x S, for t € [0,1] such that the
following properties hold.
(i) We have iy = i.
(ii) For allt € [0,1], the immersion i; coincides with V outside of a compact subset.
(i1i) For almost allt € [0, 1], the double points of i; are transverse.
() If (x,y) € V are such that iy(x) = i1(y), then there are
e a smooth path v = (z,y) : [0,1] = V x V with v(1) = (z,y),
e a function f:[0,1] — [0,1] with f(0) =0 and f(1) =1,
such that iypq)(x) = ipu)(y) for all t € [0,1].

PROOF OF LEMMA 2.5.16. We extend the immersion ¢ : V' — C x §,; to a Weinstein
embedding ® : T}V — C x S, . We let K C V' be a compact subset such that the image

of i\ i is the disjoint union

U ® x50 | ® =),
i=1..n j=1..m
There is a smooth function f : V — R such that the following holds.
(A) The function f is null outside of K.
(B) Let m : TV — V be the standard projection. We let X ., be the hamiltonian
vector field of f om. For (z,y) € I} for some k € {1,... N}, the vector

AP (Xfor(2)) — dPy(Xpor(y))

is transverse to the vector space di(T,,V') + di(T,V).
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To see this, choose a vector field X on each Li(I;) such that
Gi(T.V) + di(T,V) + X (i(x)) = T (C X 5,)

for each (x,y) € I. Choose disjoint neighborhoods Dy, of I}, diffeomorphic to disks. We
extend X to a vector field on LIDy. There is a smooth function f such that Xy, = X
on LD. Now extend it to V' using a smooth cut-off function.

We choose an increasing, smooth, cut-off function 5 : [0,e] — [0, 1] such that 5(t) = 1

for t € [0, %} and G(t) =0 for t € [%, 1}. We let g be the smooth function given by

g: TV = R
(z,v) = B(v])fom(x,v)

We denote by ¢ : T;V — TV the flow of X at the time ¢ € [0,1].
We claim that for n > 0 small enough, the map

U: LxLx[-nn — (CxS8,)x(CxS,)
N N I C{CA R CAT)

is transverse to the diagonal A = {(z,2)|z € C x S, }.

Indeed, there is n > 0 such that

(C) if ¥(z) = U(y) with = # y, then dim[d®(T,V)Nd®(T,V)] < 1,

(D) if U(z) = W(y) with = # y, then dO(Xy(¢'(v))) — dP(X,(6'(y))) ¢ dD(T.V) +

d®(T, V).

This is seen by using assertions (A) and (B), the compactness of K and lower semi-
continuity of the rank.

Let (2,y,t) € U"1(0) and v € Ty(py(C x Sy). Due to the preceding assumption,
there are vy € T,V,v, € T,V and A € R such that

d®(dg)y(v1)) — d®(dg),(v2)) + A[dP (X, 0 ¢ (x)) — dP(X, 0 ¢! (y))]

is equal to v.

Now we conclude by the following claim (which we learned from [MS12]) whose proof
is an easy exercise.
Claim. Let h = (hy, ho) : M — N x N be smooth map. Let = be such that hy(z) = ha(z).
h is transverse to the diagonal if and only if for all v € T}, ()N, there is w € t,M such
that d(hy).(w) — d(hs)(x)(w) = v.

So the the set ¥~!(A) has a natural structure of compact 1-dimensional manifold. In
particular, it has a finite number of connected components which are compact as well.
Hence, for v > 0 small enough, all the connected components of V XV x [—a, o] NP ~1(A)

have non empty intersection with V' x V' x 0.
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The projection
viA) - R
(z,y,t) — 1
is smooth. Hence, there is a regular value 0 < ¢y < a. The family ® o qbz for 0 <t <ty

satisfies the conclusion of the lemma. O

We let i : V ¢ C x S, be the immersed Lagrangian cobordism

(77 Qq, ... ,OCN) ~ (7#171051) cee #zNaN7

given by Proposition 2.5.14. From Subsection 2.5.2; the immersion V' satisfies the hy-
potheses of Lemma 2.5.16. Hence, there is a family (4;):c0,1) Which satisfies the above
properties (7), (ii), (¢i7) and (iv).

Assume there is a continuous teardrop

u: (D, 0D) — (M,i1(V))
with boundary on the immersion #;. In particular, there is a path
a:(—m,m) =V

such that

VO € (—m,m), u(e”) =i ou(f),

= lim a(6 lim a(f) =vy.

=) £ e wo) =y
We call f, v = (z,y) the smooth functions provided by the point (iv) of Lemma 2.5.16.
There is a continuous family of paths (v)cjoq) : [=7, 7] — V such that

vt € [07 1]7 f}/t(_ﬂ') = ill'(t), ’yt(ﬂ-> = y<t)7
and
Y1 = U.
We glue the map
A(L,2) — C xS,
re i (12-r(0))
along the teardrop u to obtain a topological teardrop with boundary on the immersion

Y

t. This does not exist by hypothesis. Therefore, there are no topological teardrops on
i1- O

2.5.4. Action of the Mapping Class Group and proof of Theorem 2.5.1

First, we need the following lemma.
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FIGURE 21 — The curves aq, s, s, ay

Lemma 2.5.17. Let v, and 7, be two isotopic separating curves. There is x € R such
that

(V2] =[] = i(x),
in, QUON(G Y,

cob

PROOF. We are in the situation of Figure 21. We perform four successive surgeries along
four isotopic curves aq, as, ag and ay represented in Figure 21. The surgeries with ay
and a3 resolve the intersection point in the front of the surface. Meanwhile, the surgeries
with ap and a4 resolve the intersection point in the back of the surface.

The end-product is a curve (3 isotopic to 7; whose holonomy is
Hol(v1) + Hol(ay) + Hola(aw) + Hola(ag) + Hola(ay).

Furthermore, by Proposition 2.5.15, there is an unobstructed Lagrangian cobordism

Vi (a3, 04,71, a1, ) ~ B
Since ay, for k € {1,...,4} are non-seperating, we have by Lemma 2.2.18,

ag + ag = i[Hola () + Hola ()],
as + oy = i[Hola(a3) + Hola(ay)].
So
B =y + i[Hola(as + ay) + Holy(an + ay)].
From this and Lemma 2.5.3, we deduce that there is ¢ > 0 such that all curve ~ isotopic
to vy, with
[Hola(y) — Hola(m)| < ¢

.. . imm,unob
satisifies in (2. (Sy)

v —m = i(Hola(v) — Hola(m)).
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Let S be the set of € > 0 with this property. We let ¢, be the supremum of S.
Choose a smooth isotopy ¢ — 7; between vy and 7. Since [0, 1] is compact, one can
build a finite sequence
O=ti<t; <...<ty=1

such that
Vie{l,...,N —1},

HOIA(’Vti) - HOIA(fyti+1)| < &y, -

So the conclusion follows. O

The following Proposition is the analog of Proposition 2.2.15 for Q™™™ (g ).

Proposition 2.5.18. Let a: S* — S, and §: S* — S, be two embedded curves. Then,
there is x € R such that

in Qimm,unob(sg) )

cob

PROOF. Assume that o and  are in minimal position. We construct a representative
7, up to isotopy, of T, () using the procedure of Proposition 2.2.15.

We show that the successive surgeries of the proof of Proposition 2.2.15 are unob-
structed.

Recall that for £ € {1,..., N}, the curve ¢ is obtained from k surgeries along the
curves Q, ..., 0 . The curve a1 is a perturbation of a. We also fixed Darboux charts
¢m near each intersection point x,,.

Lemma 2.5.19. In the above setting, the curves a1 and cp are in minimal position.

PRrROOF. The proof proceeds by contradiction. Let us start with an outline of the proof.
(1) We first show that there is a bigon v between dy41 and 8 whose boundary arc on
Q11 is embedded.
(2) This bigon has a precise behavior near the surgered points described in Figure
22.
(3) Then, we build from v a bigon between « and 3 following the procedure repre-
sented in 24.
So a and (8 are not in minimal position, this contradicts the hypothesis.
Assume there is a bigon u between a1 and ¢;. Since @iy is embedded, the set
u ! (Gy11) is a union of embedded arcs. We take an innermost such arc A. We let
v: D — S, be the immersed bigon delimited by this arc. We parameterize v so that the
preimages of its corners are —1 and 1.
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Notice that the bigon v is immersed. If one of its corners is non convex, the set
v~ (Ggy1) has non-empty intersection with Int(ID), so A is not innermost. Hence, v has
convex corners.

We fix a (regular) parameterization v : S' — S, of the curve ¢,. There are two by

two disjoint arcs of Ay, ..., Ay, By, ..., B, C S! satisfying the following properties

o for m € {1,...,k}, 74, parameterizes an arc of a,, ,
e for m € {1,...,l}, v B, parameterizes an arc of (3
Notice that the arcs Aq,..., Ay and By,..., By are intertwined. Moreover, the comple-

ments of these in S! is a union of arcs which parameterize the handles of the successive
surgeries. We call these arcs (', ..., Cy.

Let A be the arc of 0D which maps into ¢, through v. Choose an immersed lift
A A — S*such that 7 o A = vj4. Whenever the map A parameterizes one of the arcs
C;, we say that v has a switch.

There is at least one switch. Assume otherwise. Then the image of A is contained in
one of the A; or one of the B;. If it is a subset of one of the A;, then v yields an immersed
strip with convex corners between ¢&; and 1. There are only two such strips, and both
of these are not strips on the surgeries. If the image of A is a subset of one of the B;,
then v is an immersed bigon between a1 and 5. Hence these curves are not in minimal
position, a contradiction.

There are at most two branch switches. If not, there is m such that A,, C Im(\).
So Im(c; o \) contains one of the vertical lines in the charts ¢;. Hence, it must intersect
(11 in this chart, a contradiction.

The possible behaviors of the curve v at a switch are described in Figure 22. Using
the techniques of the proof of Proposition 2.5.7, it is an easy exercise to show that these
are indeed the only possible cases.

First case. One of the corners maps to a point ¥, for some m. Moreover, if we param-
eterize v so that v(—1) = z}, the lower arc is mapped to ¢, and the upper boundary arc
to Qgyt-

Then there is a unique switch of type A+ (Figure 22). The other corner is one of the
points y; and must be of type 1+ (Figure 23). It is then easy, following the procedure
of the proof of Proposition 2.5.7, to produce a non-constant bigon with arcs on a and
(see Figure 24).

Second case. One of the corners maps to a point z¥ for some m. Moreover, if we
parameterize v so that v(—1) = z}*, the upper arc is mapped to ¢; and the lower boundary

arc to Q1.
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Type C+ Type C—

FIGURE 22 — The different types of switch points,
The curve a1 s in red

Following the upper boundary arc from —1 to 1, there is a first switch of type B+ or
C+. There cannot be another switch. Otherwise, the boundary condition A parameter-
izes one of the vertical arcs in the chart ¢;. Hence, the other corner maps to one of the
y; and must be of type 2 (Figure 23). From this, we deduce that the switch was of type
B+.

In the chart near the switch, g yields an arc in the image of v from the handle to

ags1- Cutting the disk along this arc, we obtain a bigon between ay,; and S.
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(V) €

Type 1 Type 2

FIGURE 23 — The different possibilities at a corner y;,
The image of the disk v is one of the four shaded areas

Q-C
@W

FIGURE 24 — The procedure to obtain a bigon between o and (8

Third case. Both of the corners map to points y; and y; for some ¢ and some j. We
assume that the lower boundary arc of the bigon maps to a;; and the upper boundary
arc maps to cg.

Following the upper boundary arc from —1 to 1, there is a first switch point of type
A and one second of type B or C'. However, the corner at —1 is of type 2, and the corner
at 1 is of type 1. So the second switch is of type B.
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In the chart near the first switch point, there is an arc along § from ¢ to a1 which
cuts the image of v in half. We cut v along this arc and solve the corners as in Figure
24 to obtain a bigon with boundary on « and f.

In all three cases, we obtain that o and § are not in minimal position. Therefore,
the lemma must hold. 0

Now, an induction and Proposition 2.5.7 show that each of the curve ¢; is unob-
structed. Recall that we denoted by v the curve obtained by the successive surgeries of
the proof of Proposition 2.2.15 and that it is isotopic to T,(3).

Hence, by Proposition 2.5.15, there is an unobstructed Lagrangian cobordism

(Oj,ﬁ,...,ﬁ,ﬁ_l,...,ﬁ_l) ~ 7,

with as many copies of « as there are intersection points of degree 0 and as many copies

1

of ™! as there are intersection points of degree 1. On the other hand, v and T,(f) are

isotopic curves. By Corollary 2.5.5 when (3 is non-separating and Lemma 2.5.17 when
is, there is = € R such that

v =i(x) + To(B).

. imm,unob
Hence, in Q) (Sy),

To(B) = v +i(x)
=B+ (- B)a +i(x).

This concludes the proof.
In general, isotope a to a curve & in minimal position with «. So there is € R such
that

Ta(B) = B+ (a- B)a +i(x).
The conclusion follows by Lemma 2.5.17 since T5(f) and & are isotopic to o and T, (/)
respectively. O
As a first consequence, let v be the oriented boundary of an embedded torus. We let
T = [y] — i(Hola(7)). (2.18)
Lemma 2.5.20. The class T defined in equation 2.18 does not depend on the choice of
.

PROOF. Let v; and 7, be two embedded curves which bound a torus. There is a sequence
of Dehn Twists Ty,,...,Ts, about the curves ¢y, ...,d, such that

Tgl Ce Tgn (’yl)
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is isotopic to 7,. Since 7, is null-homologous, by Proposition 2.5.18,; there is x € R such
that

T51 .. .Tgn(’yl) =M + Z(I)
Since 7y, is isotopic to Ty, ... Ts, (71), by Lemma 2.5.17, there is y € R such that

Yo =T, ... Ts, (1) +i(y).

Hence,
Yo = +i(y + ).
We apply the holonomy morphism to obtain

Hol4(72) — Hola(m) =y + .

So
Y2 — Hola(y2) = 71 — Hola(m).

The following is the analog of Lemma 2.2.18.
Lemma 2.5.21. Let v be the oriented boundary of an embedded surface Sy. Then there
is x € R in Qm(S,) such that

cob

] = x(51) - T +i().

PROOF. As in the proof of 2.2.18, we choose 7; and 7, such as in Figure 7. Now, let
us call ¢ (resp. €) the curve given by the successive surgeries on the left (resp. right) of
Figure 7. There is a homeomorphism h : S; — S,, isotopic to the identity, such that
h(c) = c.

In particular, there are curves 4; * and 57! respectively isotopic to v; * and 4! such
that the successive surgeries on the left of Figure 7 produce the curve c.

Composing these cobordisms, we obtain an immersed cobordism

Vi(nha B a iy~ 0.

By Proposition 2.5.15, there is a immersed unobstructed cobordism between these curves.
Hence,
—pta+B-qi—a+7=0.
The curves 7, ', ¥~ and & are embedded and isotopic to 7; *, 7~ and « respectively.

So there is € R such that

- —a+3=1ir)+—a+7.
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So there is y € R such that
Nt +y=T+i(y).

Now the proof follows by induction on the genus of the surface bounded by 7. O

Lemma 2.5.22. The class T € Q"""""(S,) defined in equation 2.18 is of order x(S,).

cob

PROOF. As in the proof of Lemma 2.2.19, consider a curve v which is the oriented
boundary of a torus. By the definition of 7', there is x € R such that v =T + i(z). On
the other hand, by lemma 2.5.21, there is y € R such that v~! = (=3 + 2¢) - T +i(y).
We conclude that x(S;)y = i(y — x). Now, apply the holonomy morphism to both
sides of this equation to obtain y — x = 0. U

Lemma 2.5.23. Recall that in our notations, o, ...,aq, Bi,...,B8y and v1,...,7,-1 are
the Lickorish generators represented in Figure /.
Leti e {1,...,g— 1}. Then, there is x € R such that

il = [ain] = loa] =T +i(2).

ProoFr. This follows from the sequence of surgeries in Figure 8 and from Proposition
2.5.15. U

PROOF OF THEOREM 2.5.1. It only remains to see that
Ker(m @ u) C Im(2).

To see this, let v be a non-separating curve, there is a product of Dehn Twists about
a1y, 00, By Bgy Y15 -+, Vg—1 Which maps 7 to a curve isotopic to ;. Therefore,
belongs to the subgroup generated by the image of ¢ and the Lickorish generators. By
Lemma 2.5.23, this is the subgroup generated by a;, ..., 5, and the image of i.

imm,unob
cob

Hence, by Lemma 2.5.21, the group {2 (Sy) is generated by T, oy, ..., 3, and
the image of i.

Let g = >, nici + >, m;B; +i(zx) + kT be a element of Ker(m @ p). Composing this
by i, we get k =0 mod x(S,). Moreover, taking homology classes, the n; and m; are
zero. Hence, ¢ is in the image of 7.

Moreover, the holonomy map

Holy : QM P(5)) — R,

cob

is a section of the map 7 : R — Q™™"™"(§ ) So the exact sequence is split. O

157



PROOF OF THEOREM 2.1.8. Recall from Corollary 2.4.4 that there is a natural group
morphism

Ope : UL (S ) 5 K(DFuk(S,))

cob
which maps an embedded curve 7 : S' — S, to its image in Ko(DFuk(S,)).
Moreover, in [Abo08], Abouzaid shows that the Maslov index and homology class

induce well-defined map
7 Ko(DFuk(S,)) = H1(S4, Z), 1 : Ko(DFuk(Sy)) — Z/x(S,)Z.
Therefore, there is a commutative diagram

0 R —— Qmmuebigy T [(S,,Z) @ Z/x(S,)Z — 0

cob

[se Ji

Ko(DFuk(S,)) — Hy(S,,Z) ® Z/x(S,)Z

Let us check that the map © p¢ is injective. Let z € Q™™™ (S ) such that ©ge(z) = 0.
Since the right square in the above diagram is commutative, we have m & u(xz) = 0.
Since, by Theorem 2.5.1, the first row is exact, we have x € Im(i). Moreover, since
©pc(z) = 0 and since the holonomy map factors through Ko(DFuk(S,)) (cf Proposition
2.5.2), Holy(z) = 0. Since the morphism ¢ is injective (cf Corollary 2.5.5), z = 0.
Moreover, by [Abo08|, the group Ky(DFuk(S,)) is generated by embedded curves.

Therefore, the map O p¢ is surjective. 0
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