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RESUME

Un modéle économique de fa fertilité est étudié dans lequel le bien-étre des parents
dépend de leur consommation, du nombre d'enfants qu'ils ont et de la consommation de leurs
enfants, mais pas du bien-étre des enfants en tant que tel. Par conséquent, les parents sont
altruistes a I'égard de leurs enfants, mais dans une moindre mesure que dans le modele
dynastique de Ia fertilité récemment présenté par Becker et Barro (1988). Le taux de natalité
a I'état stationnaire est plus faible dans le modéle étudié dans ce papier que dans le modele de
Becker et Barro, mais il s'avére que les principales prédictions qualitatives concernant le
comportement de la fertilité, de la consommation et des legs sont fort similaires dans les deux
modéles.

Mots ciés : fertilits, consommation, legs, altruisme, préférences non-dynastiques.

ABSTRACT

A modet of fertility choice is studied in which the utility of parents depends on how much
they consume, on how many children they have and on the consumption of their children, but
not on the utility of descendants Per se. Hence parents are altruistic towards their children, but
in a more limited sense than in the dynastic fertility model recently presented by Becker and
Barro (1988). While the steady state birth rate is lower in the model presented in this paper than
in the Becker and Barro model, it appears that the key qualitative predictions concerning the
behavior of fertility, consumption and bequests are quite similar in both models.

Key words : fertility, consumption, bequests, altruism, non-dynastic preferences.






i
i
j
|
!
|

1. Introduction

This paper develops an economic model of fertility choice in which the
utility level of agents depends on how much they consume, on  how many
children they have and on ihe consumption of their chiidren. Hence parents
are altruistic towards Lheir children, but in a more limited sense than in
the dynastic model of fertility choice recently proposed by  Becker and
Barro (1988) in which the utility of parents depends on the utility of
their children and hence (indirectly) on the consumption and fertility
decisions made by all subsequent generations (henceforth, I will refer to
Barro and Becker (1988) as ’BB’)V1

In contrast to the dynastic model, the non~dynastic form of altruism
considered in the present paper implies that the preferences of different
generations diverge: parents want their children to spend as little as
possible on their own offsprings. The model is solved by applying the
notion of a (subgame perfect) bequest equilibrium introduced by Bernheim

and Ray (1987) and Leininger (1986).2

1Other work which uses a dynastic framework to analyze fertility
issues includes Razin and Ben-Zion (1974), Becker and Murphy (1988), Barro
and Becker (1989), Becker, Murphy and Tamura (1990), Benhabib and Nishimura
(1989, 1990), Pestieau (1989), Lapan and Enders (1990) and Nishimura and
Raut (1992) . Dynastic preferences in a setting with exogenous fertility
are studied by Barro {1974}, Loury (1981), Ray (1987), Weil (1987),
Bernheim (1989) and Hori (1932), among others.

ZIn contrast to the present paper, Bernheim and Ray (1987) and
Leininger (1986) study growth models with non-dynastic altruism in which
fertility is exogenous. Other research on the same class of non-dynastic
models with exogenous fertility includes Arrow (1973), Kohlberg (1973),
Dasgupta (1974), Lane and Mitra (1981), Lane and Leininger (1984) and Veall
(1986).

Kollmann (1987), Raut (1992) and Nishimura and Zhang (1992) make
fertility endogenous in a growth model with non-dynastic altruism (Eckstein
and Wolpin (1985) and Raut (1987, 1990) study overlapping generations
models with endogenous fertility, but without altruism). The present paper
is closest to Raut (1992), as that paper also focuses on subgame perfect
equilibria. In contrast to Raut, the use of a utility function inspired by
BB allows to identify conditions under which a unique bequest equilibrium
exists and to fully characterize the dynamics of fertility and consumption
(Raut assumes weaker restrictions on utility functions and hence is merely



Steady state fertility is lower in the model with non—-dynastic
preferences than in the BB model. However. despite the fact that BB stress
that the dynastic preference specification is & central feature of their
model, the non-dynastic model developed in this paper captures well the key
qualitative features of the behavior of fertility, bequests and consumption
which obtains in the BB model. It appears that, in both models, the steady
state birth rate does not depend on the cost of raising children; a
permanent change in the cost of raising children therefore only has
transitory effects on the birth rate. In both models, a temporary increase
in the cost of raising children leads to a temporary drop in the birth rate
which is followed by a temporary increase; a shock to the inherited wealth
of a given generation does not affect the per capita wealth of subsequent
generations (i.e. per capita wealth regresses to the mean in one
generation).

Section 2 of the paper presents the assumptions of the non~dynastic
model and it shows how to solve for equilibria in that model. Section 3
summarizes the BB model. Section 4 describes the implications of the

non-dynastic model. Section 5 concludes.

2. A non-dynastic model of fertility

2.1. Preferences and budget constraints
The model is closely related to those of BB, Leininger (1986) and Bernheim
and Ray (1987). The economy consists of an infinite sequence of generations
which are labelled i=0,1,2,... - All members of the same generation are

assumed to be jdentical. Each generation 1ives two periods. Agents consume

able to analyze steady states). 1 learnt about Raut (1992) after the
present research was completed (I thank Christophe Faugére from bringing
that paper to my attention). The present paper js thus a complementary and
independent analysis.
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and give birth to children during the second period of their 1life (no
consumption takes place during the first period). The utility of a member
of generation i depends on that person’s consumption, on how many children
the person has and on the consumption of these children.3 The utility

function of a member of generation i is given by:

Gl I-e o

U =c, +a ny i1 (1}

Here c1 is the consumption of the member of generation i, ni is the number
of children which the person has and o::“1 is the consumption of each child.
o, € and « are preference parameters. The parameters o and € determine the
degree of parental altruism towards children. I assume O<o,e and o+e<1.4
Although c1+1 appears in the utility function of generation i, this
variable is not (directly) controlled by parents: parents cannot dictate
their children’s consumption decisions.

In contrast to (1), BB have assumed a dynastic utility function
according to which the utility of generation 1 depends on the utility of
each child and hence on the consumption and the birth rate of all

subsequent generations:

1-e o
) Ciap*t e - (2)

. .0 1-e - O 1-e ¢ 2
U, = c ton, u = cimni Cy4pte (nin

i i 1 i+1 i+1

Hence the present paper maintains BB's assumption that utility is
time-separable in consumption, but it only keeps the first two terms on the
right-hand side of (2).

The resources of a member of generation i consist of an inheritance

3Following BB, the model assumes that people have children without
marriage.

40<o~,e<1 implies that uy is increasing and concave in ¢ and in n,.
o+e<]l is assumed, in order to ensure that the decision problem of
generation i is well defined (see the discussion below).



received from the previous generatlon; this endowment can be used for
consumption, in order to ralse children and as a bequest. Parents cannot
leave negative bequests to their children. 1 assume that the budget

constraint of a member of generation 1 is given by:
ki(1+r) =cy ¥ ni(k1+1+b1)‘ (3)

Here ki(1+r) is the inheritance received by the person. b1>0 is the cost
of raising one child. >0 is the return on the capital ki.s

Although parents cannot dictate their children’s consumption, they can
influence it through the bequests which they make. Assume the relation

between the consumption of generation i+l and its wealth is given by the

consumption schedule By’

(k, ., (1+41)). (4)

C34178141 141

Given 841’ the decision problem of a member of generation 1 consists in
maximizing the following objective function subject to the budget

constraint (3) and subject to k1+120:

_ o 1-€ c
u, =0y + e ng [gi+1(k1+1(1+r))} . (5)

2.2. Equilibrium
The paper applies the concept of a (subgame perfect) bequest

equilibrium developed by Leininger (1986) and by Bernheim and Ray (1987).

5The budget constraint (3) follows the one used by BB, except that
they assume that wi+(1+r)ki =cy* nl(ki*1+b1)’ where W, is the wage income

of generation 1 (BB alsc allow for a variable interest rate). Letting

ki=w!/(1+r)#ki and b1=bi-w1+1/(1+r), this constraint can be expressed in a

way which is formally jdentical to (3): (l#r)ki =t ni(ki+1+bi). The ki

variable in (3) should thus be interpreted as including both human capital
and other assets (physical and financial capital).

4
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Given an initial capital stock ko and a sequence of costs of raising

children {bi}120’ an equilibrium is a Sequence of consumption schedules,
* * * -

consumptions, bequests and birth rates (gi,ci, kl.ni}120 with the following

properties:

(1) for all i20 and for all y=0,

* o 1-¢ * o
gi(y) € Arg Max { Max c + an [gi+1(k(1*r))] } ,
Osc=y n,keri(c,y)

where Fi(c,y)={n,kjc+n(k+bi)5y; n,k=0}.
* - * *
(ii) k0=k0. For all i20 we have c1=gi(k1(1+r)) and

L *o 1-g o
ni'ki+le Arg Max‘ ‘([(ci) ron; [gi+1(k(1+r))1 }.
n,keFi(ci,ki(1+r))

Part (i) of the definition of an equilibrium says that the equilibrium
consumption schedule g; reflects optimal consumption decisiong by
generation 1 given that the consumption schedule of generation i+l is g;+1.
In equilibrium, generation i's wealth is k;(1+r) and hence its equilibrium
consumption isg cI=g;(k;(1+r)). The equilibrium bifth rate and bequests of
generation i (n;, k;+1) are determined by maximizing i's utility function
given the schedule g;+1 and subject to i's inheritance k;(1+r).

Appendix A shows that, irrespective of the consumption schedule of
generation i+1,6 the consumption schedule of generation i has the following

Properties: Osgi(y)Sy for all yz0; g is differentiable and strictly

increasing; the elasticity of g, With respect to i's wealth does not exceed
ne 1

6Provided that the ensuing optimization problem of generation i is
well defined (05g1+1(y)5y for all yz0 and continuity of 8;,q are sufficient

conditions which ensure that this is the case).



unity; this elasticity 1is continuous and decreasing in wealth.

This implies that, in equilibrium, the consumption schedules of all
generations have the properties which were Jjust 1isted. This is very
useful, because when the consumption schedule of generation i+1 has these
properties, then the first-order conditions of the decision problem of
generation { can be used to solve for the optimal optimal consumption,
fertility and bequest decisions of generation 1 (see appendix A).

These first-order conditions are glven by the following equations:7

_(1-c)/e -1/ _o/¢€ ~ 1/¢
n, =Cy (k1+1+b1) Bi41 [a(1-g)/c] , (6}

(o/(1-€)) myy = k1+1/(k1+1+b1). 7

1/8>0.8

_ (1-c¢)/¢€, a/€ 1-1/¢ _
k1(1+r)—ci+c1 Wi, with Wisgl+1 (k1+1 b, ) (x(1-€)/c) (8)

+
i

Iin (7)), denote the elasticity of generation 1+1’s consumption

Tia1
schedule: ni+l=(6g1*1(y)/6yl[y/gi+1(y)]. (7) determines the optimal value
of k1+1. We see that (7) has a unique solution, provided ni+1sl and
provided my ., is continuous and deceasing in k1+1 (as is the case in
equilibrium), and given the assumption that a+e<1.9

Equation (8) implies that the elasticity of 1i’s consumption schedule

with respect to the inheritance (k1(1+r)) can be expressed as:10

7The analysis disregards integer restrictions on the number of
children.

8Conditions (6) and (7) are obtained by equating the marginal rate of
substitution between C; and n, and between k1+1 and By to the corresponding

marginal rates of transformation. (8) is obtained from (6), (7) and the
budget constraint (3).

9We see from this condition that the optimal bequests per child made
by generation 1 do not depend on the wealth of generation j-—they merely
depend on the shape of the consumption schedule of generatlion j+1 and on
the cost of ralsing children (bi) (ceteris paribus, an increase in by

increases ki*i)

1ONote that the term ?i in (8) does not dependent on i’s wealth.



RN

- (1~o)/e - {1~c)/e
”i"(ci o wi)///[cl + (-e)see] wi} (9)

In equilibrium, equations (6)-(9) hold for all iz0.

In order to solve for an equilibrium, 1t is convenient to write
equations (6)-(9) in terms of ratios of consumption to wealth. Denote
generation i's consumption to wealth ratio by 7y 7i=ci/(ki(1+r)L

Equations (7), (8) and (9) imply:
k1+1=[0€/((1—0—e)(1—£))) bi///(lf(l~e) - 71+1) for 120. (10)

Substituting this expression into (8) for i=0 gives:

ir':()l—‘nr)/e (ko(1+r))(1_¢—e)/€ 7<1r/e [1/(1_8) _ _’1}(1-0‘8)/8 .

1= 7+
(11)
1-1/¢
[(1-@)/(1—¢—s) - 71] (140)®/8 plove-1lze |
o]
where FO=[0£/((1—0—2)(l-e))]m/e [a(l—e)/o}l/e.
Making the same substitution for iz1 we obtain:
L=y 40, T (e - ) T e
Tty £} 7141
(1-o-¢) /¢ 1-1/e
[1/(1-9) - 7i+1] ((1-&)/(1-0-:) - 71+1} . (12)

(1+r)“"C)/e(bi_l/bi)“"’“C)/er1 for i=1,

where ri=a1/€ ((1~€)/e) (e/(1-¢-e))(1‘8)/e'11

11The expression relating 7, to L2 (i.e. equation (11)) differs from
that which relates 7; to 7541 for 1z1 (see (12)) because ko is historically
given, i.e. we cannot use (10) to eliminate ko from the budget constraint

of generation i=0.



2.3. Existence arnd Uniqueness of the Equilibrium
To solve for an equilibrium, we have to find a sequence of consumption
ratics {11}?=0 satisfying (11) and (12). Once such a sequence has been
found, the equilibrium consumptions, birth rates and bequesits can easily be
determined. 12
(11) and (12) define reaction functions which relate the consumption

ratio selected by generation 1 (11) to Typt
y.=fi(y, ) for 120 (13)
i i+1 :
It can be verified that fi has the following properties:
i i i 13
£ro)=1, £ (10, £ 1is continuous and strictly decreasing. (14)

For jz1, denote by F‘J (y) the consumption ratio selected by generation
0 if generation J selects the ratio 7 and if generations 0,1,..,J-1 behave
according to (13): =Pt @ a0 Let sI=(rd () losg=1).

is a closed interval. Furthermore sj*lssj.“ This implies that S = nS‘j is
J=o

*
non-empty. A sequence of equilibrium consumption ratios (11} 120 which

*
satisfy (13) for all 120 can be constructed by choosing 7OES and by

12(10) can be used to solve for equilibrium bequests.y See appendix C
for formulae which glve the birth rate as a function of consumption ratios.

13Generation i derives utility from the consumption expenditures of its
children, but not from the resources which these children spend on their
own children. Hence it 1s not surprising that when generation 1+1 consumes
a larger share of jts inheritance, then generation i devotes a larger share
of its resources to its descendants and hence a smaller share to 1its own

consumption (which explains why fi 1s decreasing). When generation i+l
selects a zero consumption ratlo, then generation 1 does not derive any
utility from having children. Hence 1t consumes all its resources (thus

1=f1(0)). As the marginal utility of consumption is infinite when c1=0,
generation 1 always consume 2 positlive fraction of its resources and thus
eH1)o.

14y 5 <ol (ed () 10sys1) & S because o<elst.
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. * * * * 0 * * 1 - - 2 -
selecting 7y ¥y» ¥4, ... using 70~f (71), 71—f (72), yz—f (73),..
The fact that the set S is nonempty therefore guarantees the eXistence
of an equilibrium. Under relatively weak assumptions, we can guarantee that

the equilibrium is unique, !5

3. The Becker and Barro (1988) fertility model
Before discussing the predictions of the non-dynastic model, it seems
useful to summarize the key features of the BB fertility model. Maximizing
the dynastic utility function (2) subject to the restriction that (3) is
satisfied for all iz0, gives the following equilibrium conditions:
c;=le/(1~o-€)1b, . (14r) for iz1 and n,=la{1+r)(c s )¢~1]1/€ for iz0
i i-1 i i+17 73 ’
When b is constant, there exists a2 unlque steady state. The steady

state birth rate is given by:

1/¢e

n=(a(1+r)) (15)

A prediction of this model is thus that the steady state birth rate is
independent of the cost of raising children and that it is positively
related to the interest rate and to the altruism parameter o. Other
important predictions are: (i) A permanent reduction in the cost of ralsing
children leads to a temporary rise in the birth rate, but it does not
affect the birth rate in the long run. (i1) A fall in b during one
generation induces a rise in the birth rate of that generatién which is
followed by a reduction of the birth rate in the following generation; the
birth rates of subsequent generations are unaffected. (iii) A change in the
wealth of the initial generation (ko) does not affect the birth rafe, the
ber capita wealth and the per capita consumption of subsequent generations,
i.e. per capita wealth regresses to the mean in one generation (an increase
in ko merely increases consumption and the birth rate in the initial

1sAppendix B shows that if there exists a number q such that for ajl}
generations izq the cost b1 grows at a constant rate, then ¢s.5 guarantees

uniqueness of the equilibrium.



generation}. (iv) Per capita consumption only exhibits long term growth if
the cost of raising children grows over time. More rapid growth of b
reduces the birth rate.

4. Implications of the non-dynastic model
4.1. Steady states
When the cost of raising children is constant, then the non-dynastic model
has a unlque steady state in which consumption, bequests and the birth rate
are constant.16 Equations (3}, (6) and {(7) imply that the steady state birth

rate is determined by the following equation:

n = la(1+r) - n al1-e)(1-0)/(ea)1 /5. (16)
The steady state consumption to wealth ratio is given by:

1-1/¢ (1+r)(1~€)/e al/c r,

1= g+ 778 o)/ (1oe) - 7) an

where I'=((1-€)/0) (c/(l—o—e))(1~e)/€.17

e Vsee that, as in the BB model, the steady state pirth rate 1is
independent of the cost of raising children. In both models, increases in
the interest rate and in the altruism parameter « increase the birth rate.18
A comparison between equatlions (15) and (16) shows that the steady state
birth rate is lower in the non-dynastic model. This is not surprising, as
parents are jess altruistic in the non-dynastic model than in the BB model.

The model can also generate steady states in which per capita

161n other words, in 2 setting in which b is constant, there exists a
unique equilibrium in which all endogenous variables are constant across
generations. in that setting, other equilibria may exist, but by setting
cs$.5 we can guarantee that the steady state equilibrium ig the only
equilibrium (see section 2.3).

17Steady state bequests per child and the steady state consumption are
given by: k = ( b/(1/7(1-€) - 7} ) (fe/((l*f't)(1~€))); c =7 k (1+r).

18Note however that, in the BB model, Increases in o and r raise per

capita consumption and per child bequests, while the opposite can be shown
to be the case in the non-dynastic model.

10
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consumption and bequests grow at constant rates if one assumes that the
cost of raising children grows at a constant rate.19 Growth of b at a
constant rate implies that the last term on the right-hand side of (17) has

to be multiplied by p;(1~¢—e)/e, where ¢b=b . /bi' Thus an increase in 128

reduces the birth rate.zo As in the BB model, an increase in the interest
rate does not affect the growth rate of per capita consumption, although it
increases the growth rate of aggregate consumption, because it raises the

population growth rate.

4.2. Dynamic effects of changes in €xogenous variables

The following changes in exogenous variables will be considered: g
permanent and a temporary change in the cost of raising childrenz1 and a
change in ko (i.e. a wealth shock). In al} three cases, the bredictions of
the model are similar to those of the BB model.

The exogenous changes discussed in this section have in common that
they do not alter the reaction function fi of generations izq for gq=1 or
q=2. If the equilibrium is unique, these exogenous changes therefore do not

affect the equilibrium valyes of 7 ,

a 7q+1' The following discussion

assumes that the equilibrium ig unique.22

OFrom (10) and (3), we see that the steady state birth rate can be
expressed as n=[(1—7)/((1—0)/(1-¢*e)-7)]'[I/pb]0[0:/((1‘¢—c)(l—e))]-(1+r).

This expression is decreasing in 7 and in Py
ZIAS discussed by BB, a reduction in infant mortality can be

interpreted as a fall in the cost b (such a reduction lowers the cost of
raising one child which survives to adulthood).

2zNote that, even if the equilibrium is not unique, there exists an
equilibrium after the change in the exogenous variables in whiceh the
consumption ratios for generations izq are the Same as before the change,

11



A permanent change in the cost of raising children

Assume that for all generations iz0 the cost of raising children falls by
the same proportion. from equation (12) we see that this change does not
affect the reaction function f1 for generations jz1. Under the assumption
that the equilibrium is unique, the consumption ratios of generations izl
do not change and hence the per capita wealth of generations izl is
unaffected (see (10)), and the same thing is true for the per capita
consumptions of these generations (and for the bequests par child made by
these generations). The budget constraints of generations j=1 thus imply
that the birth rates of these generations are unaffected by 2 permanent
equiproportional drop in b. A permanent fall in b does, however, increase
the birth rate of generation 1=0.23 Hence we predict that a permanent
equiproportional fall in the cost of ralsing children increases the birth
rate during generation 1=0, but that it does not affect the birth rates of

subsequent generations.

A temporary change in the cost of raising children
When the cost of raising children in the initial generatlon (bo) falls

(while b1 stays constant for iz1), then the birth rate of that generation

To see this, note that the set of sequences of consumption ratios for

generations izq which are consistent with an equilibrium is given by
q. o1 G i
¥ {{vi}izq\ 7i_f (7i+1) for all izq}. Clearly, ¢930es not change when £

for izq does not change.
23As the right-hand side of (11) is increasing in 75 and decreasing in

bg, a permanent fall in the cost of raising children reduces ¥, and hence
the consumption of the initial generation. (10) implies that generation i=0
reduces the bequest which it gives to each child. The budget constraint of
generation i=0 implies therefore that the birth rate of that generation

increases.

12



rises, while the birth rate of generation 1 falls‘24 nl falls because a
reduction in bO lowers the bequest which generation 0 makes to each gf its
children. Bequests per child made by generation 1 however do not change and
hence the per capita wealth and the birth rates of subsequent generations

are unaffecied.zs

A wealth change

We see from equation (12) that a change in the wealth of the initial
generations (kol does not alter the reaction functions fi of generations
iz1. Hence we see from equation (10) that generation i=0 does not change
the bequest which it gives to each child; generation i=0 merely increases
its consumption and the number of children when its wealth rises (see (3)
and (6}). As the per capita wealth of generations iz1 does not change when
k, varies, the birth rates (and other decision variables) of generations

0

izl are unaffected by a change in kO.

5. Conclusion
A model is studied in which the utility of parents depends on how much they
consume, on how many children they have and on the consumption of their
children, but not on the utility of their children per se. This

distinguishes the model from the dynastic fertility model recently studied

24Note that the reaction functions fi for 122 are unaffected by a

change in bo and, assuming uniqueness of the equilibrium, T Vg do
not change.

2SSee appendix C for a derivation of this response pattern. It can be

shown that a fall in bJ for j>0 raises nj and lowers nj+1, under the
assumption that, in the absence of the change in bj’ generations j and j+1

would select identical consumption ratios {such an assumption is not needed
in order to obtain the response to a change in bO which is described in the

text).

i3



by Becker and Barro (1988). While steady state fertility is lower in the
model studied in this paper than in the Becker-Barro model, 1t appears that
the key qualitative predictions concerning the behavior of consumption,

fertility and bequests are similar in both models.

14



Appendix 4

Irrespective of the shape of the consumption schedule of generation i+1
{provided that the ensuing optimization problem of generation i is
well-behaved), the consumption schedule of generation i has the following
properties: OSgi(y)sy; gi is differentiable and strictly increasing; the

wealth elasticity of g does not exceed unity and this elasticity is a
continuous and decreasing function of wealth.

Consider first the problem which conslists in finding the values of ¢
and n; which maximize the objective function u, (see (5)) subject to the

budget constraint (3), holding constant bequests k at an arbitrary

value. The objective function is strictly concave ii*ii and ni and the
budget constraint is linear in these variables. Hence the first order
conditions of this decision problem (equations (3) and (6)) are necessary
and sufficient for an optimum. Substituting the expression for n, given by

(6) into the objective function u; yields:

T 4 alal1-e)s/o) (17€)7E (1o 1-e)/e ove (x

= 1-1se
Y=o i 8141 (Kyag*hy) : (A1)
Substituting the expression for ny given by (6) into (3) gives equation
In what

(8). (8) determines the optimal value of 4 conditional on k1+1.

follows, I denote this optimal value by Ei(ki+1)' Using (8) to eliminate
the term involving - and ki+1 from (A1) gives the following expression
for the maximal utility level which generation 1 can reach if its bequests

per child are set to k1+1:

_ ~ o - -(1~¢)
ui(ki+1)—((1-o~e)/(l-c)) [ci(ki+1)l + (o/(1~€)) [Ci(k1+1)] ki(1+r)‘

o+e<1 and Eiski(1+r) imply that this expression is decreasing in Ei(ki+1)'

Hence the optimal bequest (Ei+1) can be found by minimizing the value of

Ci(ki+1): ki+1€ Arg Min ci(ki+1)' We see from (8) that ki+1 can
k z0
i+l
equivalently be found as follows:
k1+1e Arg MaxZ xi(k1+1)' (A2)

k1+1

_ o/e
where xi(ki+1)-[g1+1(k1+1(1+r))] (k 1+b1

i-1/¢
et TR

Generation 1’s consumption schedule is thus given by

_ _ (1~0)/e = o/e 1-1/¢ _ /e
g )=lc;| vy = c e, 8541 (K, (141)) +b,) (a(i-e)/0) "5,

(k1+1
ki+1 glven by (AZ)}.
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Clearly Osgi(y)sy holds and 8 is differentiable and strictly
increasing. m;, the elasticity of g with respect to k1(1+r), is given by
(9). ny is continuous in cy and hence in i’s wealth. o+e<l implies that

niﬂ and that LA is decreasing in 1’s wealth.

Note that when Osg“l(y)sy holds for all yz0, then xi(kiﬂ) =

1-1/¢ o/€ _ . _
kiﬂ(kiﬂﬂ:i) (1+r) , which implies xi(O)-O and hmkul—m li(kiﬂ)_o

(assuming c+e<1). Hence a sufficient condition which ensures that . has a

global maximum (and hence that the decision problem of generation i is well
defined) is that OSgiﬂ(y)Sy holds all y=0 and that 8541 is continuous.

Assume: Osg“l(y)Sy for all yz0; B4y is differentiable and strictly
increasing; the wealth elasticity of 8541 does not exceed unity and this

elasticity is continuous and decreasing in wealth. Then the first-order
conditions (6), (7) and (8) determine generation i’s optimal decisions
concerning ci, n:l and ki+1'

Equations (6) and (8) are necessary and sufficient for optimal ¢y and n,
cholces conditional on a given value of kiﬂ' The assumptions about €141

imply that x5 has a maximum af. which xi'(ki+1)=0 holds (xi is defined
earlier in this appendix). Note that the conditlon Xi,(ki-rl):O is
equivalent to the first-order condition (7). The assumptions about 241
guarantee that (7) has a unique solution, which implies that (7) determines

a global maximum of the function Xy

Appendix B.
Assume that there exists a number q such that (bi/bi—l) is constant for all

izq. Then ¢=.5 guarantees that the equilibrium is unique.

When bi/b is constant for generations izq, then the reaction function

i-1
(13) is the same for these generations. Denote this common Treaction
function by f: 71=f(71+1) for 1zq. Define Gl(y)=f(;r) and let
GJ(1)=f(Gj—l(7)) for j>1, 1l.e. Gj(v) is the consumption ratio chosen by

generation q if generation q+j selects 7 and generations q, q+*l, ...» q+j-1
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act according to (13). Let Z‘j:{GJ(w)]Oﬁzsl} and = nZ‘j. There exists a
1z

unique equilibrium if and only if £ is a singleton.26 It is easy to see that

2 thercfore 2= 1720 Note  that £2=tmin(c(0), 629 (1))
3=

Max(GzJ(O),GZJ(l))] for jzit as sz is strictly increasing in the interval
[0,1]. Let 7 and ; respectively denote the smallest and the largest value
of O=y=1 for which 7=GZ(7). We have 7582(7)5; for Osysy and ;st(y)sx for
;5751. As illustrated in figure 1, the sequence (C;ZJ(O))jz1 is increasing
and it converges to 7, while the sequence {GZJ(I))le is decreasing and
converges to y. Hence GZJ(O)<G2J(1) holds for all j21, which implies that
22J=[GZJ(0), GZJ(IJJ, and hence 2=[;,;]. Thus there exists a unique

equilibrium if and only if ;=7 holds.

Insert figure 1 here,

Note that sz(i)=f(G2j(0))‘ We thus have ;=f(;) and similarly ;=f(;). When
there exists a unique equilibrium, then Z=7’=f(7*) and the equilibrium
consumption ratio for generations izq is constant: 1i=7‘ for all izq.

To derive a sufficient condition for uniqueness of the equilibrium,
consider the function ¢(x) = (1—x)x(2¢_1)/e . (1/(1~e)-x)2(1~¢"e)/€ .

((1-0)/(1~0-2)-)" "¢ . ((1-0)/(1op=g)-y) 171/E

Using (12}, we can see that 7=f(y) and r=£(3) imply that ¢(7)=4(y) holds.
Hence ¢=.5 is a necessary and sufficient condition under which the function
¢ 1s strictly monotonic in the interval {0,1]. Hence ¢(;)=¢(;) cannot hold
for ;:; when ¢=.5 and therefore =5 1s a sufficient condition for the
existence of a unique equilibrium in an economy in which the growth rate of
the cost of raising children is constant for all generations i=q.

ZGS={Fq(1)[7ez} and hence § is a singleton if and only if ¥ is a

singleton (N.B. S and the function FY are defined following equation (14)
in the text).
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Appendix C. Effects of a temporary change in the cost of  raising children
This appendix considers the effects of a change in bO on the birth rate
(for i>0, bi is held fixed in this experiment). Using equations (3) and
(10), we obtain the following expressions for the birth rate:

no=(1-10)ko(1+r)/(k1+b1)=(1-70)k0(1+r) (I/bo) [1/(1—5)-71]/[ (1~¢)/(1-o~—e)-71]

and ni=Ai(1~71){(bi_llbi)/(ll(l—s)—wi)] [1/(1-c)-11+1]/[(1-—0‘)/(1—-0--::)—7“1]

for iz1, where A1=(1+r)cc/((1-v—c)(1—8)).

We see from (12) that a change 1in b() does not affect the reaction
function 1i=fi(1“1) for i1z2, which implies (assuming that the equilibrium
is unique) that the equilibrium values of 7y Ty oo are not altered by a
change in bo; hence the birth rates of generatlons 122 also are unaffected
by such a change.

Log-linearizing equation (11) and (12) (for 1i=1) and the above
expressions for D, and n1 around the values of Ty 7y and bo which would
hold in the absence of the change In bo we obtaln the Ofollowing iystiem of
equatic;ns: A'fo-fnnAwl-mlebo, A71=1;22Ab0, An0=—Zobvo—Abo+(Zz—Zl)A71,
An1=—20A11+Ab0+21A71. Here Ax denotes the percentage deviation of variable
x from its value 1in the absence of the change in bo; furthermore,
Zg=r/(1-7 ), Zi=r/((1/(1-e))-7,) and L=y /((1-0)/(1-e=e) ), where ¥,
is the value of the consumption ratlo of generation s around which the
log-linear approximation is taken (note that Oﬁgﬁiﬂ;) and n11=~[o"/s

1 1 0 _ 0
- Z1 (1-o-e)/e - 22(1"1/8)]/ [ZO +(1-o-)/e], 'nlz—[(l-cr-c)/e]/[zo +(1’o')/c]

. - 1 1
and ny= [(1—o~ c)/e]/[zo + (1-0)/e + 21 (1-o~£)/€ ], with n“sﬂ, nmz() and»

n22<0.
The above equations lmply that Ax'xallmo=—zg(~n1 122t 2)+(2é—zi)n22..1=
n
(7] 12 1 1
[ 24 ( = ny 1] z, + 21] (-'1122) 1. Ano/Ab0<0 holds Dbecause

1,1
(21—22)(—1)22)0. Furthermore, AnilAbo-KZI-‘Zo)nzzﬂ holds. Using the above
formula for Tyoe it is stralghtforward to check that Anl/Ab())O,

The analysis of the effects of a change in b 3 with j>0 proceeds
similarly. The key difference compared to a change in bo jg that an
(anticipated) change in bJ affects the wealth of generation J. For example,

a fall in b, with }>0 lowers the consumption ratlio of generation J, which

J

18



induces generation J-1 to reduce its bequests to each member of generation
J. If the fall in the per capita wealth of generation J 1s sufficiently
great, then a fall in bj can actually lower the birth rate of generation j.
It can, however, be shown that if in the absence of the change in bj
generation j and j+1 would select the sanme consumption ratios, then
AnJ/AbJ<O and Anj+1/Abj>O obtain.

Finally, note that an anticipated increase in bJ also affects the
birth rates of generations preceding generation j. For example, it can be

shown that an anticipated fall in bj increases nJh1.27

27Anj_1/AbJ<0 obtains when, in the absence of a change in bj’

7J—1=7j=7j+1 would hold.
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Figure 1 The function Gz(w) (---~), see appendix B.
The figure illustrates the convergence of the series G {0}, G (0)
G 0),... and ¢ (1), c? (1), ¢® (1),... to 7 and 7 respectively.
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