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Sommaire

L’'objet de ce travail est de générer des états cohérents et comprimés associés a des
algebres et superalgebres de Lie de symétrie de systémes quantiques caractérisés par une
équation d’évolution temporelle et un Hamiltonien.

La méthode que nous suivons pour obtenir tels états consiste & déterminer, en premier
lieu, ’ensemble des états propres d’algebres ou de superalgebres, définis comme 1’ensemble
d’états propres de combinaisons linéaires complexes des générateurs de ces algebres ou su-
peralgebres. Ensuite, en ce qui concerne les algébres, nous choisissons parmi ces combinai-
sons, des paires d’opérateurs hermitiens et nous les connectons avec le concept d’états mini-
maux d’incertitude, pour construire ainsi les états cohérents et comprimés generalisés désirés.
Par ailleurs, autant pour les algeébres que les superalgébres, nous choisissons parmi ces com-
binaisons, les opérateurs d’annihilation généralisés d’une classe determinée de systémes phy-
siques et nous construisons les états cohérents ou supercohérents associés.

Nous étendons les considérations précédentes a la génération d’états cohérents et com-
primés associés a des groupes quantiques ou algébres de Hopf déformées obtenus en appli-
quant la méthode de la matrice R, la matrice universelle vérifiant I’équation quantique de
Yang-Baxter.

Parmi les systemes quantiques dont nous nous servons pour illustrer les concepts
précédents, se trouvent les oscillateurs harmoniques standard et supersymétrique, les systémes
de Pauli, de Jaynes-Cummings et une extension supersymétrique de ce dernier.

En considérant leurs algebres de symétrie, nous contruisons de nouvelles classes d’états
cohérents généralisant une gamme importante de tels états obtenus dans la littérature, comme
les états cohérents standards de su(2), les états super-cohérents d’ Aragone et Zipmann ainsi
que les états supercohérents associés a 1’oscillateur harmonique supersymétrique. Parmi les
classes d’états comprimés généralisés que nous obtenons, nous comptons une classe d’états

minimaux d’incertitude associés a la superalgébre orthosymplectique osp(2/2).

v



D’autre part, en nous basant sur la construction d’opérateurs d’annihilation appropriés,
nous définissons de nouveaux Hamiltoniens Hermitiens, 7—pseudo-Hermitiens et n—pseudo-
super-Hermitiens isospectraux avec 1’Hamiltonien de 1’oscillateur harmonique standard, en
plus d’autres Hamiltoniens que nous avons appelés canoniques et non canoniques. Les états
cohérents associés a ces Hamiltoniens ont aussi été calculés.

Finalement, nous appliquons les considérations précédentes pour obtenir les états propres
d’algebres associés a des algebres quantiques déformées de Heisenberg. Nous obtenons ainsi
de nouvelles classes d’états cohérents et comprimés déformés associés a 1’ oscillateur harmo-

nique standard.

Mots Clés

Symétries et supersymétries des systémes quantiques, algébre et superalgebre, états propres,
états cohérents et comprimés généralisés, groupes quantiques déformés, Hamiltoniens

n—pseudo-Hermitiens.



Abstract

The goal of this work is to generate coherent and squeezed states associated to Lie alge-
bra and superalgebra of symmetries of quantum systems characterized by a temporal evolu-
tion equation and a Hamiltonian.

The method we follow to obtain such states consists to determine, firstly, the set of alge-
bra or superalgebra eigenstates, defined as the set of eigenstates of complex linear combina-
tions of generators of these algebras or superalgebras. Afterward, with respect to the algebras,
we choose between these combinations, pairs of hermitian operators and we connect them
with the minimum uncertainty states concept, to construct the desired coherent and squee-
zed states. On the other hand, for both the algebras and superalgebras, we choose between
these combinations, the generalized annihilation operators of a determined class of physical
systems and we construct the associated coherent or supercoherent states.

We extend these considerations to generate coherent and squeezed states associated to
quantum groups or deformed Hopf algebras obtained by applying the R-matrix method, the
universal matrix satisfying the quantum Yang-Baxter equation.

Among the quantum systems that help to illustrate the preceding concepts, we consider
the standard and supersymmetric harmonic oscillators, the Pauli and the Jaynes-Cummings
systems and a supersymmetric extension of this last.

Considering their symmetry algebras, we construct new classes of coherent states that
generalize an important class of such states obtained in the literature, as the standard su(2)
coherent states, the Aragone and Zipmann’s super-coherent states and also the supercoherent
states associated to the supersymmetric harmonic oscillator. Among the classes of squeezed
states that we obtain, we have a class of minimum uncertainty states associated to the ortho-
symplectic superalgebra osp(2/2).

On the other hand, based on the construction of suitable annihilation operators, we de-

fine the new Hermitian, n-pseudo-Hermitian and n—pseudo-super-Hermitian Hamiltonians,
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isospectral to the standard harmonic oscillator in addition to the Hamiltonians that we have
called canonical and non-canonical. The coherent states associated to these Hamiltonians are
also computed.

Finally, we apply the preceding considerations to obtain the algebra eigenstates asso-
ciated to the deformed quantum Heisenberg algebra. In this way, we get the new classes of

deformed coherent and squeezed states associated to the standard harmonic oscillator.

Key words

Symmetries and supersymmetries of quantum systems, algebra and superalgebra
eigenstates, generalized coherent and squeezed states, deformed quantum groups, 7—pseudo-

Hermitian Hamiltonians.
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Introduction

Le systeme d’états non orthogonaux introduits par Schrédinger[1] en 1926 pour décrire
les paquets d’ondes non étendus associés aux oscillateurs quantiques a été repris comme objet
d’étude, entre autres, par Klauder[2, 3] et Glauber[4, 5]. C’est justement ce dernier qui I’a
dénommé systéme d’états cohérents pour son utilité, en théorie quantique, dans la description
d’un faisceau cohérent de lumiére laser. En mécanique quantique, les états cohérents associés
au systéme formé d’une particule de masse m soumise  I’action d’un potentiel quadratique,
appelé oscillateur harmonique standard, décrit par I'Hamiltonien Hy = (p%/2m) + (kz?/2),
ou z et p représentent les opérateurs de position et impulsion de la particule, respectivement,

et k la constante de couplage, peuvent étre définis de trois fagons équivalentes:

a ) Ils sont formés des états propres de 1’opérateur d’annihilation a, défini par la rela-
tion a = (mwz + ip)/v2mwh ot A est la constante de Planck et w = +/k/m est la
fréquence angulaire. En fait, les opérateurs z and p agissent sur les fonctions i) de
I’espace d’Hilbert standard Hy, qui représentent les états du systéme, et vérifient les
relations de commutation d’Heisenberg-Weyl [z,p] = kI, ou I est I’opérateur identité.
En termes des opérateurs d’annihilation a et de création a' (I’adjoint de a), I'Hamil-
tonien Hy prend la forme Hy = hw(ala + 1/2) et les relations de commutation de
Heisenberg-Weyl deviennent [a,a’] = I. En vertu de cette relation de commutation
et du fait que [Ho,a] = —hwa, si {|n)}22, dénote I’ensemble d’états propres ortho-
normaux d’énergie, dans la représentation de Fock, tels que Hy|n) = E,|n), avec
E, = hw(n + 1/2), alors I’action de I’annihilateur a sur les états propres d’énergie est
donnée par a|n) = y/n|n — 1), en particulier a|0) = 0. De la méme fagon, on trouve
que Iaction de I’ opérateur a' sur ces états est donnée par af|n) = v/n + 1|n+1). C’est
ainsi que, si I’on veut connaitre les états propres de a, i.e., les solutions de 1’équation
aux valeurs propres a|z) = z|z), on peut insérer la solution du type [2) = Y  ¢,|n),

¢, € C,n =0,1,..., dans cette équation et obtenir, aprés quelques manipulations, les



états cohérents normalisés |z) = exp (—|z|2/2) exp (zat)|0).

b) Ils sont aussi associés a I’ orbite de 1’état fondamental |0) sous I’action d’un opérateur
unitaire de déplacement

D(z) = exp (za! — za). (1)

En effet, en utilisant la formule de Baker-Campbell-Hausdorff (BCH)[6], il est aisé de
démontrer que D(z)|0) = exp (—|2|?/2) exp (za') exp (2a)|0), et comme a|0) = 0, on

récupere le résultat obtenu en a).

c) Enfin, ils constituent les états minimaux d’incertitude, i.e., les états qui minimisent

la relation d’incertitude de Heisenberg-Weyl (RIHW),

(Az)*(Ap)* 2 Z[((=ilep])]* = (R*/4). @

| =

La dispersion (Az)® est définie par (Az)? = (p|z2[v) — (W|z|w)® ob (plz|)
représente la valeur moyenne de 1’opérateur z dans 1’état 1)) et une définition simi-
laire pour la valeur moyenne de I’opérateur z2. On peut, en effet, facilement démontrer
que les états |1)) qui satisfont aly)) = z|¢), z € C, vérifient 1’égalité dans la RIHW.
De plus, on a (Az)? = (Ap)® = h/2.
Pour des systemes quantiques arbitraires, caractérisés par 1’Hamiltonien H et 1’équation
d’évolution temporelle du type Schrodinger i/0;|1) = H|v), il existe des généralisations du
concept d’états cohérents, non tout-a-fait équivalentes, qui consistent essentiellement en des
extensions des trois définitions précédentes accompagnées d’interprétations physiques plau-
sibles. Si L, représente 1’algebre de Lie des symétries dynamiques de cette équation ou une
sous-algebre de celle-ci, et G le groupe local correspondant obtenu en exponentiant 1’algébre
Ly, alors on appelle systéme d’états cohérents généralisés, ’ensemble des états {|1) }, dans
I’espace d’Hilbert H, qui s’ajuste & ’'une des trois définitions suivantes:
d) Les états propres d’un opérateur d’annihilation .4 du systéme. Par exemple, lorsque
H aun spectre discret et ses états propres sont denotés par |E,), n = 0,1,.. ., ’opéra-
teur A, a une transformation unitaire prés, peut étre défini[7] A travers la relation de

commutation [H,A] = — AN, ot N est un opérateur tel que

N|E,) = (En — En1) | Ey). 3)



e) A la facon de Perelomov([8], on a la définition groupe théorique. L’ensemble des
états {|1)g), g € G}, tels que |1,) = T(g)|1o), oit T'(g) est une représentation unitaire
et irréductible du groupe G, agissant sur les états de 1’espace d’Hilbert H, et |tp) est
un état fixé dans cet espace. Si H est le sous-groupe (maximal) d’isotropie pour I’état
|1bo), ie., T(h)|o) = €M), a(h) € R, Vh € H, alors un état cohérent |1h,)
est déterminé par un point z = z(g) dans I’espace quotient G/ H, correspondant 2

I’élément g : |¢,) = e*|z),

o) = |0). Les états cohérents généralisés dépendent
essentiellement du choix de I’état |¢y). Le probléme revient donc a choisir I’état |1)
pour engendrer des états de I’espace d’Hilbert H, les plus proches des états classiques.
Pour cela, on doit étendre 1’algébre de Lie £y du groupe G a I’algebre complexe L£§
et considérer dans £ la sous-algébre d’isotropie B pour 1’état |1y), i.e., I'ensemble
des éléments 7 de L§ = Lo @ 1Ly qui satisfont 7|1g) = A ), Ar € C. Les états
cohérents engendrés a partir des états |t/p) dont la sous-algebre B est maximale sont
les plus proches des états classiques (B est maximale lorsque B & B = L§, ol B est
I’algebre des éléments hermitiens conjugués des éléments appartenant a ). Une des
propriétés importante de ces états cohérents généralisés est qu’ils sont surcomplets. La

complétude est une conséquence directe de I’irréductibilité de la représentation T'(g).

f) Ce sont des états qui minimisent la relation d’incertitude de Schrédinger-Robertson
[6, 9, 10, 11, 12]. Soit |1) un état normalisé décrivant ’évolution d’un systéme quan-
tique, la valeur moyenne et la dispersion dans cet état d’une observable physique
représentée par un opérateur hermitien A sont données par (4) = (Y| A|y) et (AA)* =

(A?) — (A)?, respectivement. Pour deux opérateurs hermitiens A et B tels que
[A,B] =1iC, C #0, 4

le produit de leurs dispersions satisfait la relation d’incertitude de Schrédinger-Robertson
(RISR)

(AAP(AB) > (0 + () > (0P, ©
ol ’opérateur F' est hermitien et donné par F = {A— (A)I,B—(B)I},ou{, } dénote
I’anti-commutateur. (F') est une mesure de la corrélation entre A et B. Par conséquent,

les états qui minimisent la RISR vérifient I’équation aux valeurs propres

[A+iAB]|Y) = Bl¥), B,A€ CA#O. (6)



Pour ces états, on a

(AAY(AB) = (0 + (FY?) = &7, @
avec
(AA? = [A|A, (AB)? = |—§\TA. (8)

Il est clair que ces états dépendent du paramétre A. On appelle états cohérents ceux qui
minimisent la RISR pour des valeurs de A telles que |A| = 1 et états comprimés[13]
ceux qui minimisent la RISR pour des valeurs de ) telles que |A| # 1. On s’apercoit
que pour les états cohérents ainsi définis, la dispersion de 1’opérateur A est égale a la
dispersion de 1’opérateur B et toutes les deux sont égales au facteur A. Pour les états
dits A-comprimés tels que |\| < 1, la dispersion de ’opérateur A est plus petite que
A et la dispersion de I’opérateur B est plus grande que A, i.e., (AA)® < A < (AB)%.

Ces inégalités sont renversées dans les cas des états B-comprimés.

Dans les définitions sur les états cohérents généralisés données en d) et f), on voit que
pour obtenir ces états, il faut résoudre une équation aux valeurs propres. Dans certains cas
d’intérét, ’ensemble de ces états cohérents forme un sous-ensemble de I’ensemble des états
propres d’un opérateur construit comme une combinaison linéaire, a coefficients complexes,
des générateurs de 1’algebre dynamique du systéme quantique considéré. Les éléments de
cet ensemble ont été appelés, par Brif[14], les états propres d’algébres associés a 1’algébre
de Lie Ly. En général, si £ est une algébre de Lie engendrée par I’ensemble d’opérateurs
1,09, . . . ,0n, les états propres d’algebres |1) associés & L, sont déterminés par 1’équation

aux valeurs propres:

[Z aiaz] ) = 2l¥), ©)

outa; € C,Vi=12,....m,z € Cet |¢) est un état dans W, 'espace d’Hilbert de
représentation de 1’algebre.

Par exemple, dans le cas de I’oscillateur harmonique de dimension 1, I’algébre de Lie
dynamique standard[15] est isomorphe a I’algébre so(2,1) ® h(2), ol s0(2,1) est engendrée
par I’'Hamiltonien H et les générateurs C, (t) = %e‘zi‘”t(a’f)z,C’_(t) = Levig? et h(2),
I'algebre de Heisenberg-Weyl, engendrée par les générateurs {A (t),A.(t),/}, ou
A_(t) = e™a and A, (t) = e~ ™tal.



Les états propres d’algebres associés a cette algébre s’obtiennent en résolvant I’équation

aux valeurs propres[16]
[e-A_() + 0  AL(8) + sl + B-C_(8) + B1CL(t) + BsHIY) = 2[¢¥),  (10)

ol ay,as3,04,03,2 € C. 1l est aisé de démontrer que les états cohérents et comprimés
standard associés a ce systéme sont un sous-ensemble des états propres d’algébres associés a
I’algebre de Heisenberg-Weyl, obtenus en résolvant (10), pour les valeurs particuliéres des
paramétres By = (3 = 0 et a_ # 0. Les états propres d’algébres associés a d’autres
algebres ont aussi ét€ calculés. Par exemple, dans le cas de 1’algébre su(2), différentes
approches ont été€ utilisées telles que le formalisme de la "constellation”[17], la méthode des
équations différentielles ordinaires du premier ordre[14] ou encore la méthode des opérateurs
ordonnés[18]. Il en est de méme dans le cas de I’algebre su(1,1)[14, 18]. Dans ces approches,
il a été démontré que les états cohérents généralisés de Perelomov associés aux groupes
SU(2) et SU(1,1) sont des sous-ensembles de I’ensemble des états propres d’algébres
associés aux algebres su(2) et su(1,1), respectivement.

Il existe des systemes quantiques[19, 20] dont 1’algébre dynamique associée n’est pas
une algébre de Lie mais plut6t une superalgébre de Lie[21] ou encore dont le groupe d’inva-
riance associ€ est un supergroupe de Lie. En fait, I’apparition des concepts de superalgébres
et de supergroupes, entre autres, vient du souci de traiter d’une facon unifiée les systémes
quantiques avec des degrés de liberté bosoniques et fermioniques. Les définitions des états
cohérents généralisés associés a une algebre de Lie ou un groupe de Lie ont alors été étendues
au cas de superalgebres de Lie ou supergroupes de Lie. En effet, une généralisation de la
définition e) a été donnée[20, 22] pour le cas de supergroupes de Lie. Des applications de
cette définition pour obtenir les états supercohérents associés au systéme de 1’oscillateur har-
monique supersymétrique ont ét€ discutées[22, 23]. Elles tiennent compte de la possibilité
d’obtenir ces superétats comme états propres d’un opérateur d’annihilation ou encore comme
états minimaux d’incertitude. Les états supercohérents pour le modeéle ¢—J, qui correspondent
essentiellement aux états supercohérents associés a la superalgebre de Lie u(1/2;C), ont
€té calculés[20] en généralisant la définition de Perelomov[8]. La formule de BCH pour
factoriser les éléments du supergroupe U(1/2;C), exprimés comme des exponentielles de
combinaisons lin€aires d’éléments de la superalgébre, a été appliquée dans le but de trouver

le sous-supergroupe d’isotropie des états de plus haut poids, obtenus a 1’aide de la structure



de superalgebre de Cartan de u(1/2;C). Les formes explicites de ces états supercohérents
peuvent aussi €tre obtenues en utilisant la méthode de factorisation des éléments du super-
groupe au moyen de supermatrices[24].

Une définition des états supercohérents généralisés pour un supergroupe associé a une
superalgebre de Lie dynamique générale (avec emphase sur les superalggbres pour lesquelles
une base de Cartan-Weyl peut étre définie) et les propriétés algébriques et geométriques de
ces états a aussi été donnée[25] en suivant 1a méthode de Perelomov[8].

Par ailleurs, les états supercomprimés généralisés associés a une superalgébre de Lie,
n’ont été définis que pour certaines superalgébres en imitant leur structure dans le cas de
I’oscillateur harmonique standard, c’est-a-dire, en appliquant un opérateur unitaire de super-
compression sur un état supercohérent du systéme[26].

De plus, des états cohérents associés a des algebres de Lie déformées et a des groupes
quantiques[27, 28] ont été déterminés. C’est le cas, par exemple, de la g—algébre de 1’ oscilla-
teur [29, 30], les algebres de Hopf quantiques déformées su,(2) et su,(1,1)[29]. En général,
la construction de tels états se base sur la définition d’un opérateur d’annihilation déformé,
sur I’application du concept d’états cohérents de Perelomov (dans le cas des groupes quan-
tiques compacts[31]) ou encore sur les propiétés de sur-complétude et résolution de I’identité
de ces états.

L objectif de ce travail est d’utiliser et de généraliser le concept d’états propres d’algébres
pour construire de nouvelles classes d’états cohérents et comprimés généralisés associés a
des algebres et superalgébres de symétries de systémes quantiques. De plus, nous voulons
établir une correspondance avec les conditions physiques régissant la définition de tels états,
par exemple, les états propres d’un certain opérateur d’annihilation ou les états minimaux
d’incertitude. Nous voulons également étendre ces concepts pour inclure les groupes quan-
tiques. Plus précisément, des groupes quantiques construits a 1’aide de la méthode de la ma-
trice R[32, 33, 34, 35] qui fournissent des algébres et superalgébres déformées des structures
usuelles, comme par exemple, I’algeébre et la superalgébre de Heisenberg-Weyl.

Dans le chapitre 1, nous rappelons les concepts d’algébres de symétries associées a des
systémes quantiques. D’abord, nous introduisons les notions d’algébres de Lie d’invariance
cinématique et dynamique maximales. Ensuite, nous décrivons I’algébre de Lie d’invariance

cinématique maximale[15] pour le systéme de 1’oscillateur harmonique de dimension p, ol



p est entier positif. Enfin, nous donnons 1’algébre de Lie d’invariance dynamique maximale
standard[36] pour ce systeme. Ce chapitre ne contient pas d’éléments originaux mais permet
de mettre en évidence les notations et définitions utilisées dans la suite de notre travail.

Dans le chapitre 2, nous implémentons une procédure basée sur la méthode de prolon-
gation de champs de vecteurs[37, 38] et sur le concept de symétrie dynamique, pour obtenir
les superalgebres de Lie de symétries et supersymétries des systemes quantiques caractérisés
par les Hamiltoniens de 1I’oscillateur harmonique supersymétrique[39], de Pauli, de Jaynes-
Cummings[40] et par un Hamiltonien supersymétrique représentant une généralisation de ce
dernier. Ce chapitre constitue une contribution originale[41] qui prolonge les éléments du
chapitre 1.

Le chapitre 3 consiste en un article original[42] qui fut le premier a étre publié dans le
cadre de cette recherche. Nous calculons les états propres d’algebres pour I’algébre de Lie
h(2) @ su(2) (que dans cet article nous dénotons h(1) @ su(2)), c’est-a-dire, la somme directe
de I’algeébre de Heisenberg-Weyl, h(2), et de I’algébre de spin, su(2). Nous nous servons de
ce calcul et du concept d’états minimaux d’incertitude liés a 1a RISR, pour obtenir les états
cohérents et comprimés généralisés associés a des couples d’opérateurs hermitiens formés
d’une combinaison linéaire, & coefficients complexes, des générateurs de cette algébre. Pour
un choix particulier des parameétres et en considérant la représentation de spin j = % de su(2),
nous retrouvons les états super-cohérents introduits par Aragone et Zypman[43], construits
comme les états propres d’un opérateur d’annihilation supersymétrique. Nous généralisons
ceci pour une représentation de spin j quelconque et nous montrons que cela équivaut au
probleéme de connaitre, pour tout j, les états super-cohérents associés aux opérateurs de super-
position et super-impulsion. Nous étudions aussi les propriétés d’Hamiltoniens de la forme
H = A'A, ol A est un élément de I’algébre complexe associée a h(2) @ su(2). Parmi ces
Hamiltoniens, représentant des systémes quantiques, nous comptons une version généralisée
du Hamiltonien de I’oscillateur harmonique, dont les états cohérents associés généralisent
ceux associés au Hamiltonien de I’oscillateur harmonique standard et dont les propriétés
ressemblent a celles du Hamiltonien supersymétrique, mais aussi I’Hamiltonien de Jaynes-
Cumming dans la limite de couplage fort et une classe d’Hamiltoniens que nous avons appelés

non canoniques.



Le chapitre 4 constitue aussi en une contribution originale[44] a cette thése. Nous in-
troduisons le concept d’états propres de superalgebres et 1’appliquons a la superalgebre de
Heisenberg-Weyl sh(2/2). Nous obtenons des classes d’états supercohérents qui généralisent
celles obtenues en suivant d’autres approches [22, 43]. De plus, nous trouvons des classes
d’états comprimés associées a la superalgébre orthosymplectique osp(2/2), engendrée par
les huit opérateurs formés en prenant les produits quadratiques des générateurs de sh(2/2).
Nous comparons les caractéristiques de ces derniers états avec ceux du méme genre obtenus
en suivant la méthode groupe théorique[26, 45]. En outre, nous construisons des Hamilto-
niens super-Hermitiens[46, 47] et n-pseudo-super-Hermitiens[48] sans parité de Grassmann
définie, isospectraux avec I’oscillateur harmonique standard et dont I”annihilateur associé est
un elément de sh(2/2). Nous déterminons le spectre et les états cohérents associés a ces
systémes.

Finalement, dans le chapitre 5, nous appliquons le concept d’états propres d’algebres
aux algebres de Hopf quantiques déformées. Plus précisément, nous étudions 1I’algebre quan-
tique de Heisenberg, déformée en utilisant la méthode de la matrice R. Nous proposons des
représentations physiques de cette algébre en termes des opérateurs de création al,
d’annihilation a et identité I. En calculant ces états, nous obtenons de nouvelles classes
d’états cohérents et comprimés déformés, associés a l’oscillateur harmonique standard,
paramétrés par des nombres réels régissant la déformation de 1’algébre. Nous étudions aussi
le cas ol ces paramétres sont considérés comme des nombres réels de paragrassmann. Nous
obtenons ainsi de nouvelles classes d’états qui, d’une certaine fagon, généralisent celles ob-
tenues dans le chapitre 4. Nous étudions les propriétés des dispersions des opérateurs de po-
sition et d’impulsion d’une particule dans les états obtenus précédemment pour de petites va-
leurs des paramétres de déformation et nous les comparons avec celles des états non déformés,
décrites dans le chapitre 3. Ce chapitre représente une approche nouvelle des états cohérents
et comprimés associés a des déformations quantiques d’algebres de Lie. Les résultats ont été

récemment soumis pour publication[49].
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Chapitre 1

Algebres de symétrie dynamiques
associées a des systemes quantiques

Lorsque nous étudions les systémes d’équations différentielles ordinaires ou aux dérivées
partielles décrivant le comportement d’un systéme physique, nous observons que, dans cer-
tains cas, nous pouvons nous servir des propriétés de symétrie de ces systémes, soit pour
simplifier leur résolution, soit pour tirer des conséquences a priori sur leur comportement. En
général, les symétries d’un systéme physique sont reliées & des algébres de Lie. Dans ce cha-
pitre, nous discutons des symétries associées a des systémes quantiques et nous décrivons les
algebres de Lie associées pour le cas de I’oscillateur harmonique standard en p dimensions,

ol p est un entier positif.

1.1 Algebres de Lie cinématiques et dynamiques
Soit W(t,z), avec t € R, z € RP, un opérateur différentiel linéaire qui agit sur la
fonction %(¢,z) pour donner I’équation
W(t,x)y(t,z) = 0. (1.1)
On dit que I’équation (1.1) est invariante sous les transformations d’espace-temps inversibles
(t,z) = g(tz) = (9°(t,2),4(t,)), (1.2)
s’il existe une transformation T, de la fonction ¢(¢,z) et une fonction f(¢,z) :
P(t,2) = (Ty)(t2) = folg™ (t,2)]wlg~" (t.2)], (1.3)

avec la propriété que

W (t,z)(T,0)(t,z) = 0. (1.4)
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Cela signifie que si 1(t,z) est une solution de I’équation (1.1) alors (T,%)(t,z) I’est aussi.

Le groupe d’invariance cinématique maximal de I’équation (1.1) est le plus grand groupe
de transformations d’espace-temps qui laisse invariante cette équation. Ainsi, trouver le groupe
d’invariance cinématique maximal de I’équation (1.1) signifie encore de déterminer toutes les

solutions possibles (g, f,) de I’équation

W[g(tam)][fy(taz)w(t7x)] =0, (1.5)

pour une solution arbitraire 1 de (1.1). Lorsqu’on a déterminé le groupe d’invariance maxi-
mal. i.e., les transformations g(a,t,z) et les fonctions f,(c,t,z), en termes des constantes
d’intégration o, p = 1,2,...,m, représentant une paramétrisation convenable, on peut
calculer les générateurs de transformations infinitésimales de ce groupe. Ceux-ci sont donnés
par

X,(tz) = i[gfi(o,t,x) - %(O,t,z)& - 2,,: a—gk(o,t,x)—‘?—], p=12,...m. (16)

Ot Ja oz*
k=1

Ces générateurs engendrent une algébre de Lie, 1’algébre de Lie cinématique maximale de
I’équation (1.1). On peut aussi obtenir cette algébre de Lie en considérant les transformations
infinitésimales
P
T, =1+1ieG(t,x), avec G(t,z) = ao(t,x)0; — Zai(t,x)azi — ¢(t,x), (1.7)
=0
oli € est un parametre infinitésimal, les a;(t,x), j = 0,1,2, ... ,p et ¢(¢,z) sont des fonctions

de (t,z) a déterminer. En insérant (1.7) dans (1.4), on obtient
W(t,z)[1 + ieG(t,z)](t,x) = 0. (1.8)

Si I’on considere que W (t,z) est le seul annihilateur pour une solution arbitraire 9 (t,z) de

I’équation (1.1), I’équation (1.8) est équivalente a
(W (t,z),G(t,z)] = ip(t,x)W (t,z), (1.9)

oll p(t,x) est une fonction arbitraire. En comparant les deux membres de 1’équation (1.9),
on obtient un systéme d’équations différentielles aux dérivées partielles linéaires pour les

fonctions a;(t,z), j = 0,1,2,...,p, c(t,z) et p(t,x), servant & déterminer G(¢,x) et, en



14

conséquence, les générateurs infinitésimaux de la transformation T,. En général, G(t,z) a

la forme

G(t,z) =Y buX,(t), (1.10)
p=1

ou les X,(t,z), p = 1,2,...m, sont donnés en (1.6) et et b,, p = 1,2,...m, sont des
constantes arbitraires. En vertu de 1’équation (1.9) et de I’arbitrarité des constantes b,, on a
que

W (t2) Xu(thp(ta) = 0, p=12,...m, (L11)

sur I’espace des solutions de I’équation (1.1). L’équation (1.11) peut étre généralisée pour in-
clure d’autres types de symétries du systéme physique, c’est-a-dire, que 1’on peut considérer
une classe plus générale d’opérateurs différentiels satisfaisant cette équation. S’il existe des
opérateurs X;, ¢ = 1,2,...,n, engendrant une algébre de Lie L, et vérifiant, sur I’espace des

solutions de 1’équation (1.1),
W, X;|¢(t,z) =0, 1=1.2,...n, (1.12)

alors I’ensemble de toutes les solutions de I’équation (1.1) engendre un espace de représentation
pour I’algébre de Lie L. On s’ apercoit que si ¢ (¢,z) est une solution de (1.1), les X;4(¢,z), i =

1,2, ... ,n sont aussi des solutions et on a
WX = F(W), (1.13)

ou F' est une fonction polynémiale (d’apres I’équation (1.1), ceci évite de diviser par zéro)
arbitraire avec des coefficients dépendants des coordonnées (t,z) et vérifiant F'(0) = 0.
En particulier, si
W(t,z) =10, — H, (1.14)
ol H est I’'Hamiltonien associé & un systéme quantique, alors 1’algébre de Lie L, est ap-
pelée algebre de Lie dynamique du systéme quantique. En général, I’algébre de Lie dyna-
mique contient des opérateurs dépendant du temps qui, sur I’espace des solutions ¥(¢,z) de

I’équation (1.1), satisfont I’équation de Heisenberg
[0y, Xk (t)] = [HXx(t)], k=12,...n. (1.15)
Les solutions de I’équation de Heisenberg (1.15) sont données par

Xi(t) = Ut to) Xi(to)U' (t,t0), avec Ultty) =7 {exp (—z’/tt H(t’)dt’) } , (1.16)
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ot U(t,ty) est I’opérateur unitaire d’évolution temporelle du systéme et 7, devant le facteur
exponentiel, avertit que 1’application des opérateurs H(t'), to < t' < ¢, sur les états du
systéme se fait en suivant I’ordre croissant du parametre ¢'. La sous-algébre £ C L, formée
des opérateurs qui commutent avec W est une définition plus restreinte de symétrie. L] est
représentée sur le méme espace de Hilbert que L£o. Dans le cas ot [H(¢),H(t)] = 0, V¢t
I’opérateur H(t,) commute avec 1’opérateur d’évolution temporelle U (%,t,) et ’algébre dy-
namique {X;(t)};;_; est unitairement équivalente a I’algébre dynamique {X(¢)}_, - Ceci
permet, lorsqu’on étudie un probléme concret, de fixer la valeur initiale du paramétre tem-
porel, par exemple ¢, = 0, et de restreindre alors les considérations a I’analyse des algébres

dynamiques indépendantes du temps. La sous-alggbre £y C L}, des opérateurs indépendants

du temps satisfait
[H,Lo) = 0, (1.17)

i.e., elle correspond a I’algébre de symétrie du Hamiltonien.

1.2 Symétries de P’oscillateur harmonique standard

L’ oscillateur harmonique de dimension p est caractérisé par 1’opérateur différentiel:

1 Ky  Mw S,
W(t,z) =10, — Hy, avec Hy= YYi kz_; Oy, + — 2 zy, (1.18)

ou M et w sont des constantes réelles. Le groupe d’invariance cinématique maximal a été

calculé par Niederer[15]. Les transformations g(a#,t,x) sont données par

g(S,@,0,R; t,x) = <—11; arctan %’%—1/2@) [Rz + Usinwt + @ cos wt]) . (1.19)
ou
uy(t) = [1+n*(®)] [(an(t) + B)” + (vn(t) +6)), (1.20)
n(t) =tanwt, &b —PBy=1, (1.21)
et

S= (f; ?) € SI2R), &7 cRP,ReO(p) (122)
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Ici, O(p) dénote le groupe des matrices réelles orthogonales de dimension p X p, i.e., R €

O(p) implique que R~! = R‘. La fonction f,(¢,z) est donnée par

o) = (o) exp | i halt)
avec .
o(t) = 2291z 1 5,0 — 20,2 (0) - (2R + 5,(0)]
et

,(t) = Usinwt + @cos wt.

Une paramétrisation convenable pour les éléments de SI(2,R) est

a=cosh§+s?lsinh§, ﬂ=32+33si hg,
§3—83 . . 8§ 8

= h=- et 6= h———— nh =
07 . sinhg e cos 5 sin 5

avec § = (s1,52,53) et s = (s2 +s2+ 33)1/

Dans le cas unidimensionel (p =

(1.23)

(1.24)

(1.25)

(1.26)

1), les

générateurs engendrant I’algébre de Lie cinématique maximale, en accord avec 1’équation

(1.6), sont donnés par

) . 5 ) 1
I, = —i sin 2wt 0; — %cos 2wt 135; - %cos 2wt + §Mw:c2 sin 2wt,
; ; . 1
I, = —=—cos2wtd, + - sin 2wt z8; + ~ sin 2wt + =~ Mwz? cos ut,
2w 2 4 2
1
I; = —§
3 2'UJ Ly
. 0 . . 3]
P = —jcoswt— + Mwzxsinwt, K = isinwt — + Mwx coswt.
oz oz

Les transformations infinitésimales correspondantes sont données par

T,(5a,v) =1 —i5- I —iaP + wkK,

ou I = (I;,]5,I3). On peut combiner ces générateurs pour obtenir les générateurs:

Cilt) = w(h(t) +ih(®) = e [(a*<x>)2— iwa,x)],

C-() = iw(hat) +in() = F | @) - TW(ta)].
Ho = —2wly(t) =i,

A(t) = V2Muw(K —iP) = e"™al(z),

A (t) = V2Mw(K +1P) = e™a(z),

(1.27)

(1.28)

(1.29)

(1.30)
(1.31)
(1.32)
(1.33)
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ou
Mwz — &, M 05
al(z) = (_M, et a(z) = (wa:_+) (1.34)
2Mw 2Mw
En termes des générateurs (1.34), I’Hamiltonien Hy prend la forme
1
Hy(z) = w <a*(z)a(x) + 5) : (1.35)

On sait que les générateurs a(z), a'(z) dans (1.34) et I’identité 1, satisfont I’algébre de
Heisenberg-Weyl h(2) et on peut les considérer comme des opérateurs agissant sur un espace
de représentation de Fock. Il est ici engendré par I’ensemble des états propres du Hamiltonien

Hy, a savoir, I’ensemble d’états {|n)}>° , tels que

Holn) = w (n + %) In), (136)
aflny =vn+1n+1) et aln)=+vnn—1). (1.37)
Dans cette représentation, 1’équation W (¢,z)v(t,z) = 0, prend la forme
W0:[1(t)) = Holv(t)), (1.38)
ol, en général,
[¥(2)) = icn(t)ln), en(t) €C,n=0,12,.... (1.39)

n=0
L’action des opérateurs correspondant aux générateurs de symétrie (1.29)-(1.33) sur les états

solutions de I’équation de Schrédinger (1.38), a savoir
(1)) = ety (ty)), (1.40)

ol (%)) est un état initial du systéme, peut s’écrire:

COWO) = G a R), ) = i), (4D
Hlp(t) = Z(e'ataaly(t), (1.42)
Adu()) = eallp(t) et A-[p(t)) = e alp(t). (143)

On observe donc qu’il existe des opérateurs qui apparaissent comme des combinations qua-
dratiques des opérateurs du premier ordre A (¢) lorsqu’on considére leur action sur les so-
lutions de I’équation de Schrodinger, & savoir, les opérateurs C(t), C_(t) et Hy. En ac-

cord avec I’équation (1.16), lorsque t; = 0, ’algébre de Lie engendrée par les opérateurs
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Cy(t),Ho,A(t) et I’opérateur identité I, est unitairement équivalente 2 I’algébre de Lie en-
gendrée par les opérateurs C4(0),Hy,A+(0) et I’opérateur identité I. Cette algébre de Lie
correspond a s0(2,1) ® h(2), i.e., la somme semi-directe de I’algébre so(2,1) ~ su(1,1),
engendrée par C.(0) et Hy, et de I’algébre de Heisenberg-Weyl h(2), engendrée par A.(0)
et 1. Ici, la notation utilisée pour la somme semi-directe indique que la sous-algebre so(2,1)
agit sur la sous-algébre h(2). En fait, les relations de commutation non nulles correpondant 4

s0(2,1) ® h(2) sont données par

[Ho,C1(0)] = £2wC:(0),  [C+(0),C-(0)] = wHo, (1.44)
[C+(0),4%(0)] = FiwAx(0),  [Ho,A%(0)] = FwAx(0). (1.46)

Dans le cas de I’oscillateur harmonique de dimension p, 1’algebre de Lie cinématique

maximale est engendrée par I’ensemble des opérateurs dépendant du temps:

App(t) =e™al,  A_L(t) = ey, (1.47)
lorsque £ =1,2,...,p,
W o W, o 2
Ci(t) = ?Z(A+,k(t))2 = 73—2““2 (al)’, (1.48)
k=1 k=1
W i it
C_(t) = D (Ax(t)?=—set> g (1.49)
2 2
k=1 k=1
et ’ensemble des opérateurs indépendant du temps
W w &
Ho=~ > {A_k(t),Ari(t)} = 5 > {ar.al} (1.50)
k=1 k=1
et
Lkl =1 [A_,k(t)A+,l(t) — A_,l(t)A.*_’k(t)] = i(aka} - ala;'c), (151)

lorsque k0 = 1,2,...p, k < l. Ici, les opérateurs de création a}‘c et d’annihilation a; sont

définis par
al = ! (Mwzy, + 0y,) ay = = (Mwzy — Oq,) (1.52)
o VeMuw o V2Mw '

et satisfont les relations de commutation

[ak,az] = 6“, [ak,al] = [a};,aﬂ =0. (153)
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En incluant I’identité, cette algébre de Lie a la structure [so(2,1) @ o(p)] © h(2p) et la
dimension (3 + 3p(p — 1) + 2p + 1). Les opérateurs dépendant du temps vérifient I’équation
de Heisenberg (1.15) avec H = H, donné par (1.50) tandis que les opérateurs indépendant
du temps commutent avec Hy, i.e., ils font partie de 1’algébre de symétrie de ce Hamiltonien.
Quant a I’algebre de Lie dynamique standard maximale associée a I’oscillateur harmonique
de dimension p [36], elle est engendrée par les opérateurs dépendant du temps (1.47) et toutes

les combinations quadratiques

iw

W
Cru(t) = 7{A+,k(t)7A+,l(t)} 5 e~ 2t {al af}, (1.54)
W 1w
C_u(t) = 7{A—,k( ) A1)} = ) e*{ag,a;} (1.55)
ainsi que les opérateurs indépendant du temps
1 w 1
Tkl = E{A—,k(t);A-}-,l(t)} = E{ak,al}. (156)

En incluant I’identité, ces opérateurs engendrent I’algébre de Lie sp(2p) ® h(2p) de dimen-
sion (p + 1)(2p + 1). De nouveau, les opérateurs dépendant du temps vérifient 1’équation
de Heisenberg (1.15) avec H = Hj tandis que les opérateurs indépendant du temps com-
mutent avec Hy. On note que, pour I’oscillateur harmonique unidimensionnel I’algebre de
Lie cinématique maximale coincide avec 1’algébre de Lie dynamique maximale tandis que
pour I’ oscillateur harmonique de dimension p, p > 1, I’algébre de Lie cinématique maximale
est contenue dans 1’algebre de Lie dynamique maximale. Si I’on inclut I’identité, ceci peut

étre exprimé par la relation [so(2,1) @ so(p)] D h(2p) C [sp(2p) P h(2p)].



Chapitre 2

Champs de vecteurs invariants et la
méthode de prolongation pour des
systemes quantiques supersymétriques

Résumé

Les symétries cinématiques et dynamiques des équations décrivant 1I’évolution temporelle
de systemes quantiques tels que I’oscillateur harmonique supersymétrique a une dimension
spatiale et I’interaction d’une particule de spin 1/2 avec un champ magnétique constant
sont revues du point de vue de la méthode de prolongation des champs de vecteurs. Les
générateurs de supersymétries sont alors introduits afin d’obtenir les superalgebres de Lie
de symétries et supersymétries. Cette approche ne nécessite pas I’introduction de variables
de Grassmann dans les équations différentielles mais une réalisation matricielle spécifique et
le concept de symétrie dynamique. Le modéle de Jaynes-Cummings et des généralisations
supersymétriques sont alors étudiés. Nous démontrons comment il est rélié aux modéles

précédents. Les algebres de Lie de symétries et supersymétries sont aussi obtenues.
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Abstract

The kinematical and dynamical symmetries of equations describing the time
evolution of quantum systems such as the supersymmetric harmonic oscillator
in one space dimension and the interaction of a non-relativistic spin one-half
particle in a constant magnetic field are reviewed from the point of view
of the vector field prolongation method. Generators of supersymmetries
are then introduced so that we get Lie superalgebras of symmetries and
supersymmetries.  This approach does not require the introduction of
Grassmann-valued differential equations but a specific matrix realization
and the concept of dynamical symmetry. The Jaynes—Cummings model
and supersymmetric generalizations are then studied. We show how it is
closely related to the preceding models. Lie algebras of symmetries and
supersymmetries are also obtained.

PACS numbers: 11.30.—j, 03.65.Fd, 02.20.—a

1. Introduction

The symmetries of a system of ordinary differential equations (ODEs) or partial differential
equations (PDEs) are usually obtained by using the so-called prolongation method of vector
fields [1, 2]. Itconsists of finding the infinitesimal generators which close the maximal invariant
Lie algebra of the system of equations. The corresponding symmetry group is the Lie group
of local transformations of independent and dependent variables which leaves invariant the
system under consideration. Such a system may be associated with the wave equation of some
quantum model. The independent variables are the usual space-time coordinates while the
dependent ones are the components of the wavefunction. The symmetries may be related to
the so-called kinematical Lie algebra [3] of the quantum system.

Now, if we have in mind supersymmetric (SUSY) quantum models [4, 5], the question is
how to find them from this prolongation method. We answer this question by considering first

0305-4470/03/369479+28830.00 © 2003 IOP Publishing Ltd Printed in the UK 9479
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some standard examples where the kinematical Lie superalgebras are known. This is the case
of the SUSY harmonic oscillator in one space dimension (see [6, 7] and reference therein)
and the Pauli equation, in two space dimensions, describing the motion of a non-relativistic
spin one-half particle in a constant magnetic field [7]. An important part of this work is
concerned by the study of symmetries of the Jaynes—Cummings (JC) model [8] based on the
same approach. Let us recall that the JC model, which consists of an idealized description
of the interaction of a quantized electromagnetic field and an atomic system with two levels,
is closely related to the two models considered before. An interesting point is that it can be
made SUSY in a non-trivial manner and our approach will clarify this point and will make the
connection with different works on this subject [9, 10].

At the classical level, Grassmann-valued differential equations have been introduced
[11-14] and the prolongation method has been extended to include Grassmann independent
and dependent variables [15, 16]. For example, SUSY extensions of Korteweg—de Vries
and other equations have been studied and maximal invariant Lie superalgebras have been
obtained.

At the quantum level, the problem is somewhat different. The SUSY system is nothing
but a set of PDEs with the usual independent and dependent variables. So it is really of the
type where the usual prolongation method can be used and the vector fields obtained close a
Lie algebra. The non-trivial question we ask is how to get the generators which are associated
with supersymmetries from this method and which, together with the symmetry generators,
close a Lie superalgebra.

To clarify the context we are working with, let us here recall the prolongation method
(1, 2] for determining the symmetries of a system of m PDEs of order # of the type

® ], ¢V} @ (n) — —

A [x, Moo g, Uy, oeees u""jmz"‘-'f..] =0 k=1,2,....m ¢))]
with p independent variables x; (j = 1,2,..., p), and ¢ dependent variables u,(x) (@ =
1,2, ..., q). The derivatives of the dependent variables are defined as

!
O == 2® g, @
R 3xj,0xj, - - - 3xj

where the integers j, (r =1, 2,...,1) are such that 0 < j, < p.

The Lie group of local transformations of independent and dependent variables
which leave invariant such a system is obtained by performing the following infinitesimal
transformation on the independent and dependent variables:

ij=xj+EZEj(x.ua)+O(€2) (3)
i

o (%, lig) = ua(x, ug) + €do(x, ug) + O(e?). @)

Assuming that they satisfy, at first order in ¢, the equation

®) |z = =(1) =) () —
A [x, iy, "u.e,l , ““xj,x;z ey uaiil-'j;""jn] =0 5)
fork =1,2,...,mand when the u, (x) solve the system (1), we can find the functions £; and

¢w. A practical way to do it is to introduce the vector field

4 q
v=) &(x,up)dy, + Y dulx, up)d,, ©6)

j=1 a=l1
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associated with the transformations (3) and (4) and define the nth order prolongation of v as

q
prPv =v+ Z Z o) (x. ug, u;,'), uﬁ,z), cees u;,"))aui, O]
a=1 J;,[=1,2,....n

where J; = (x},, xj,, ..., x;,) is the multi-index notation for the differentiation with respect to
the x; and 8,5 = 3,». Note that the coefficients @2 satisfy the following recurrence relation

P Jy

¢i:.x; — Dn‘l’i‘ _ Z (Dngj)aﬁ

=1 ax j

where D,, is the total derivative with respect to x;. The infinitesimal criterion for invariance

(5) may then be written as

pr(")v {A(") [x; Uy, uf,?h , uf,i)jlx}2 ey u&'zlsz___% ]] =0 k=1,2,....m 9)

when the u, (x) satisfy (1). Condition (9) gives a set of PDEs called the determining equations

which can be solved to get the explicit form of the functions £; and ¢, in (6). The resolution

may lead to different possibilities: no nontrivial solutions, a finite number of integration

constants or that the general solution depends on arbitrary functions. Let us also mention that
we have the following properties of the vector field prolongations:

®

pr(civy + cava + - - -+ Cmm) = prPciu + pr®@cruy + -+ pric v (10)
and
pr®vr, val = [pr®uvy, pr®v,]. an
The contents of the paper are thus described as follows. Section 2 is devoted to the
construction of invariant vector fields for the SUSY harmonic oscillator in one dimension. It
admits a large set of symmetries and the integration of vector fields gives a matrix realization of
the symmetry generators which is essential in order to find the generators of supersymmetries.
The corresponding kinematical and dynamical invariance superalgebras will be recovered in
this context. In section 3, the model of a non-relativistic spin-% particle in a constant magnetic
field is studied. It can be reduced to a two-dimensional model and shows a similar behaviour
to the SUSY harmonic oscillator. The symmetry algebra and superalgebra are obtained
from the prolongation of the vector fields method and connected to the preceding case. In
section 4, we start with a quantum evolution equation which is a realization of the JC model and
determine the invariant vector fields and the associated invariant algebra. The connection with
the preceding models is very helpful to get a Lie superalgebra of symmetries for a generalized
JC model. In section 5, we propose a SUSY version of this model and give the corresponding
symmetries and supersymmetries. We also make the connection with preceding attempts to
get SUSY JC models.

2. The SUSY harmonic oscillator
The first set of equations we are considering is the one associated with the SUSY harmonic
oscillator in one space dimension. The corresponding Schrédinger evolution equation is

(i, — Hsysy) ¥ (t, x) = 0. (12)
Let us mention that throughout this work we use the convention that # = 1. The SUSY

Hamiltonian [17] is given by

1 92 1
Hgysy = (-——— + —szxz) og — ;O’; (13)
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where oy is the identity matrix and o3 = (} °,). The wavefunction takes the form

Yt x)) 2
Wt x)= , ¥ € L*(R). 14
(t,x) (M,x) V1,92 € L*®) (14)
It is convenient to write equation (12) as a set of two equations
O 1 %Yy 1 5, Wy
181 +m3x2 —Ewa$a+7¢a_0 =12 (15)
where we have set w; = w and w; = —w.

The kinematical and dynamical symmetries and supersymmetries have been largely
studied [3, 5-7, 18] but these approaches were different from that we want to apply. Indeed
for the usual harmonic oscillator, Niederer [3] has first shown that the maximal kinematical
algebra is the semi-direct sum so(2, 1) ® h(2), where h(2) is the usual Heisenberg~Weyl
algebra. The maximal dynamical algebra [18], defined as that associated with the degeneracy
group of the model, is given by sp(2)  k(2) and includes the preceding kinematical algebra.
The dynamical and kinematical superalgebras of the SUSY version coincide in this one-
dimensional case and are given by osp(2/2) ® sh(2/2) [6, 7]. We will show how to
recover these structures starting from the prolongation method of vector fields applied to the
system (15).

2.1. Prolongation method and invariant vector fields

A standard way of applying the prolongation method to a system containing complex-valued
functions is to express the components of the wavefunction (14) as

Vi, x) = ug (¢, x) e Va(t, x) = uy(t, x) €™ (16)

where uj, u2, v; and v, are real functions of # and x. Inserting (16) into (15) and separating the
real and complex parts of the resulting equations, we are led to a set of four coupled equations
in uy, uy, v; and v,. The vector field (6) may be written explicitly as

v =13 + £20; + P10y, + 204, + 010y, + 020, amn

where £; (j = 1, 2), ¢ and ¢, (@ = 1, 2) are real functions which depend on ¢, x, uy, u2, vy
and Va.
A simpler way of solving the problem is to consider the set (15) together with its complex

conjugate

0V, 1 3%, 1 5,. -
— + ——M + — =0 = 1, 2. 18

S T e M@ Vet Ve * (1)
Now the corresponding vector field takes the form

v =£0 + &0, + P10y, +&>13,/‘,1 +¢23w2+&>23‘7,1 (19)

where now §; (j = 1,2) are real functions of the variables ¢, x, ¥, ¥2, ¥, and ¥, and
®,, D, (@ = 1, 2) are possible complex-valued functions of these variables. In terms of these
variables, the second-order prolongation of v takes the form
2
prPv=v+) " (®Ldy,, +PLdy,, +PLdy,, +DFdy,, + D53y, ) +cc] (20)
a=]
where, for example, V¥, is the usual partial derivative of ¥, with respect to . Applying this
prolongation to the system consisting of equations (15) and (18), we get
1

. I v
ld’;-f-'z—Mq);x - mw2x2¢a+7‘r¢a _Mw2x§I1/’a =0 @n
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i+ B — P, + 2y — MaPxE T, = 0 22)
“2M Y 2M 2 ¢
where we have
D, = D, Po — (De1) Vs — (Dr€2)Varx (23)
q);x = (Dxd);) - (stl)‘l’m.x! - (DxEZ)V’a,xx (24)
with
(D‘; = D.t(pu - (ngl)'/’u,t - (DxEZ)‘/’u.x (25)

together with their complex conjugate and for @ = 1,2. Inserting these expressions into
system (21), (22), taking into account equations (15) and (18) and identifying to zero the
coefficients of the partial derivatives, we get a set of determining equations which will give
the functions &;, ¢, and ®,. Solving these equations, we get

1
&(@)= 2—(81 sin 2wt — 8 cos2wt) + 83 (26)
®

1
E(t, x) = 5(8' cos 2wt + &, sin 2wt)x + 84 cos wt + 85 sin wt (vX))

which are effectively real functions depending only on the coordinates ¢ and x. We also have

@11, x, Y1, ¥2) = Ao(t, x) + A1 (1, )Y + A2 (DY (28)
O2(t, x, Y1, ¥2) = Bo(t, x) + Bi(1) Y1 + Ba(t, x) ¥z (29)

where

1 . i .
At x) = —Z(e"z“‘” +2iMwx? sin 2wt)8; — %(e‘z"‘" — 2Mwx? cos 2wt)8,;

— iMwx (84 sinwt — 85 cos wt) + 813 +id¢ 30
Ax(t) = (87 — ib10) ' €2))
By(t) = (85 —idp) ™™ (32)

Ba(r, x) = = (%" + 2iMwx® sin 201)8 + i(ez'w' +2Mwx? cos 201)8,

— iMwx (84 sinwt — 85 cos wt) + 89 +i8)2. (33)

The parameters &; (i = 1,2,...,13) are all real and the functions ®;, ®, are in fact
tye complex conjugates of @, ®,. The functions Ag(t, x), Bo(#, x) and their conjugates
Ap(t, x), Bo(t, x) are such that they satisfy respectively (15) and (18) for ¥, = Ap and
Y2 = By.

The infinitesimal generators of the invariance finite-dimensional Lie algebra are thus
easily obtained using the preceding equations and (19). We get

- 1 1 _ _
X, = 3 sin 2wt + % cos 2wtd, — 2 €08 2wt (Y18y, + Vg, + Y2dy, + ¥,3;,)
w

2
% sin 20t ((¥13y, — ¥195,) + (V204 — ¥205,))

-1

+ % sin 20 ((¥13y, — ¥135,) = (¥20y, — ¥204,))
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i i 1 _ i
Xy = —5—cos2a1d, + % sin 21, — 7 sin 201 (Y13y, + V195, +V2dy, + ¥2dy,)
- . .

Mwx?
+1

cos 2wt ((¥18y, — ¥,3;,) + (¥28y, — V235.,))

- % cos 201 (¥13y, — ¥135,) — (Y234, — ¥205,))
%3=3,
X4 = coswtd; — iMox sinwt ((Y19y, — ¥,85,) + (Y2dy, — V295,))
Xs = sinwrd, +iMwx coswt ((¥13y, — ¥,3y,) + (¥23y, — ¥23;,))
%o = i(dy, — 135
X7 = “'y28y, + e ,05,
Xs = ey 8y, +e“' 1,8y,
Xo = Y20y, + V50,
X0 =i(e7 %205, — €“"92dy,)
Xu =i(e“"¥105, — e “'y1dy,)
X2 =i(v28y, — ¥29;,)
X3 = (¥1dy, +¥18;,).-

If we come back to the real variables u, and v, (@ = 1, 2) introduced in (16), we have
the following correspondence:

e i elve i
By, = 3 (8,,, - Zav,,) 05, = 2 (8,,‘, + Za,,u) a=1,2 G4
For example, we can write
(llfaavll,, + lﬁ[_,ﬂla\pu) = u“a"a i(waa\”u - Vj‘aa\l.lu) = a"u =12 (35)

So from equations (16), (34) and after a slight change of basis, we get the following generators:

1 x 1
X, = 7 sin2wtd, + EcosZwtax -2 cos 2wt (11 8y, + u2dy,)

x? . 1 .
sin 2wt (3, + 0,,) + 75 2wt(dy, — dy,)

1 1
X, = % cos 2wt d, + % sin2wtd, — 7 sin Za)t(ula,,l + uza,,z)

2

PSP (3y, +8y,) — %cos 2wt 8y, — B,

X;=2 + g(a,, -d,)

X4 =coswtd, — Mwx sin wt(é),,l + 8‘,2)
Xs = sinwtd; + Mwx cos wt (3, +9,,)
Xs = (9, +3,,)

uy .
X7 = cos(wt + vy — v)uzd,, + — sin(wt + v; — v1)d,,
up



Invariant vector fields and the prolongation method for supersymmetric quantum systems 9485

Table 1. Commutation relations of a s/(2, R) ® h(2) algebra.

X X2 X X4 Xs Xs
X 0 =X3 20X —-1X, 1Xs 0
X2 —£Xx;3 0 “20X1  -1iXs -ixs 0
X3 —2wX; 2wX;, 0 —wXs wXy 0
Xs  1Xa 1Xs  wXs 0 MwXes 0
Xs —3Xs 3Xs -oXs —MwXe O 0
Xe O 0 0 0 0 0

Table 2. Commutation relations of a complex extension of su(2).

X7 Xg Xo X0 Xu X2
X7 0 X9 —2X7 0 X2 —2X10
X3 —X9 0 2Xg —Xi2 0 2Xn
Xo 2X; ~2Xg 0 2X10 —2Xu 0
X O X2 —2Xy O —Xo 2X7
Xn —-Xpp 0 2Xn X9 0 ~2X3g
X2 2Xypo -2X;; 0 —2X7; 2Xg 0

up .
Xg = cos(wt + vy — v))u, 0, — — sin{wt + v; — vy)d,,
* T 2
X9 = ua8y, — 119y,
. uz
X0 = sin(wt + v — v)uzd,, — — cos(wt + v, — v1)d,,
uy
. uj
X 11 = —sin(wt + v2 — vp)ud,, — — cos(wt + vy — vy)d,,
R 2

X2 = aul - aul
X13 = ula,,, +u23,,2.

Table 1 shows the commutation relations between the generators X;, j = 1,2,...,6.
They form a Lie algebra isomorphic to si(2, R) D 2(2) = {X,, X2, X3} D {X4, X5, X6}.
Table 2 shows the commutation relations between the generators X;, j = 7,..., 12, which

form a Lie algebra isomorphic to the complex extension of su(2) denoted by su(2)C.
The generator X3 is a central element in this complete algebra. Since the generators of
table 1 commute with those of table 2, we get the symmetry Lie algebra of the set (15) as
{s{(2,R) D h(2)} ® su(2)C @ {X;3}. The interpretation of these symmetries with respect to
other approaches requires us to compute the finite symmetry transformations of the independent
and dependent variables and also a specific realization of the preceding generators. That is
what we propose to do in the following subsection.

2.2. Integration of vector fields and realization of the generators

Once we integrate the vector fields, we get the one-parameter groups of transformations which
leave equation (15) invariant. To the generator X, corresponds the following transformation
(with the integration parameter A1) on time and space coordinates
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1/2
1 1 +tan® wt
F— A z — aM/2)
t = — arctan(e™' tan wt X=e"% ———— 36
w ¢ ) (1+e2*ltan2wt (36)

and on the wavefunction

o i)_e%( 1 + tan? wf )‘/"exp[, Mw3? (1 1+ tan? of )]

= 1 = el =
1+e 24 tan? wf 2 tan wf 1+ e~2M tan? wi
o1 0
X ( O e"i“’('__') ) \p(t, x) (37)

where ¢ and x in the expression of W (¢, x) given before have to be evaluated using the inverse
of (36). To the generator X, corresponds

12
. | i T X 1+tan® (5 + wt)
f = — arctan (t:"Az tan (— +a)t)) - =e Tx 4 38
) 4 4w 1+e 2 tan? (£ + wt) 38)

=

- 1/4
B 5) = oM/ 1 + tan? (§+wt)
' 1+ e tan? (£ + of)
. Mox? 1+tan? (% + wi)
xexp |1 s —t1- VST =
2tan ( + of) 1+e? tan? (% + wf)
eim(f—l) 0
X ( 0 e‘""«"’) Y(r, x) 39)

where ¢ and x in the expression of W (¢, x) in this equation have to be evaluated using the inverse
of (38). The generator X3 corresponds to a time translation and the following transformation
of the wavefunction

. ei@ha/2 0 .
B, 5) = ( oS ,2> W = Ay D), (40)
With the generator X4, we associate the transformation

f=1t ¥ =x+XAscos0t 41

and
. A2
W(f, ¥) = exp [—iMw (A4i — —é‘l cos a)t') sin a)t'] W(f, ¥ — lqcoswi). (42)

The transformation associated with the generator X is similar and gives
t=1t I =x+Assinwt 43)

together with

oo A2 R N .
Y(t, %) =exp [iMw (ASSE - 75 sin wt) cos wt] W(i, % — Assinwi). (44)

The generators X;, j = 6,7, ..., 13 are not associated with space-time transformations but
with transformations of the wavefunction which leave invariant the original set of equations.
The integration of these vector fields leads to the following transformations:

B(t, x) = eMw(, x) ®<r,x)=<(‘) *7;"“")\1:(:,):) (45)
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= 1 0 - e™ 0
Y, x)= (Age'i“" 1) (s, x) Wt x) = ( 0 e (s, x) (46)

B(t,x) = ((1) _i’“l" e ) W, x) V(. x) = (_i)‘”le—iwl ?) @, x) (47

idiz -
‘f’""‘)=<eo e-?A.Z)Wr,x) B(1, x) = W1, x). 48)

Now from these finite transformations we can find a matrix realization of the infinitesimal
generators of the invariance Lie algebra. It is easy to show that we get

C_(t) =2w(iX| — X3)

__ Ziwr . iag 22 9@ _.@
=e ((8, +iwxdy +iMw x +12)ao 120'3) 49)
C.(t) = 2w(iX; + X3)
_ —Ziwt . ag, 2.2 @ _.@
=e ((3, iwxd; +iMw x 12> oo 120'3) (50)
Ho = iX; = iogd, + %:3 1)
1 1 .
Ar (1) = —=(X3+iXs5) = e“"(Mwx + 3;)0 (52)
x,—-(1) N e 5) e )00
-1 1 )
A (t) = ——=(X4 —iX5) = e " (Mwx — 8,0, 53
x,+( ) \/m—w( 4 5) «/2M_w ( x) 0 ( )
I =iX6=X|3 = 0g (54)
T.(1) = X7 = —iXyo = €0, (55
T_(t) = Xg = —iX;; = e “o. (56)
2Y = X9 =—iXpp =03 (57

where o, = (8 (l)) = %(01 +ioy) and o_ = (‘1) g) = %(01 —ios), with oy, 03, o3 the standard

Pauli matrices. The generators C_, C,, Hy, A, _(t), A, +(¢) and I correspond exactly to the
maximal kinematical algebra s/(2, R) ® h(2). The generators T, 7_ and Y correspond to
the algebra su(2) and are associated with the fermionic symmetries of the SUSY harmonic
oscillator.

Since we expect for the SUSY harmonic oscillator the presence of bosonic (even) and
fermionic (odd) symmetries, we can associate with these generators a parity, i.e., those
represented in terms of diagonal matrices are called even and those represented by anti-
diagonal matrices are called odd. So they now close a Lie superalgebra

GI2,R D sh(2/2)) @ (Y}.
The Lie superalgebra 5/(2/2) is given by the set {A, _(t), Ay .(t), I; T.(t), T_()} and the
associated non-zero super-commutation relations are

[Ar- (), Ar s (D} ={T-(), T.(O} = I. (58)

The SUSY generators are not obtained by these procedures. Since they play the role of
exchanging bosonic and fermionic fields, they are known to be associated with a composition
of even and odd generators. Indeed, they may be written as the products

Q. = VoT () A 4(1) Q- = VoT-()A:-(0) (59)
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Si(1) = VT, (1) Ar, (1) S_(1) = VoT_(1)A+(1) (60)

and they close together with the original ones, given in equations (49)—(57), the superalgebra
osp(2/2) ®sh(2/2). So the prolongation method, using such matrix realization, has given
bosonic and fermionic symmetries which close a superalgebra. The SUSY generators have
been included by hand by taking suitable products of some basic even (A, +(#)) and odd
(T£(t)) generators. To explain why these products appear, it is convenient to relate the
prolongation method of searching for symmetries to the general concept of symmetry of a
quantum system.
We consider the general transformation

WL, x) = XW(t, x) (61)
on the wavefunction W (z, x) of our quantum system (12), where X is a operator such that
(18 — Hsusy) XW(t,x) =0 (62)

i.e., X transforms solutions of our system into solutions. The operator X of (62) is called a
symmetry operator of the model under study. In this more general context it is clear that, if two
operators X and Y satisfy (62), the product XY does also. Moreover, if equation (12) satisfies
the superposition principle of solutions, the linear combination « X + Y, where o, 8 € C,
also satisfies (62). But the complete set of operators obtained by this procedure does not
necessarily close a Lie algebra or superalgebra.

Let us take the operator X in (62) to be on the differential form [6]

4
X =" [ou(e3(t, x) + ¢} (2, x)3, + §2(t, x)5y)] (63)
p=0

where the ¢;’:(t' x),k=0,1,2; u = 1,...,4, are real functions of ¢ and x. Comparing the
coefficients of several independent products of derivatives we get a system of PDEs which
can be solved to determine ¢J (1, x), ¢}L (¢, x) and ¢2(#, x), up to a finite number of arbitrary
integration constants. Solving this system, inserting the results in (63), identifying the different
operators according to each integration constant, and finally, taking suitable combinations of
these operators, we obtain the generators (49)—(57) and also other ones. These last are the
second-order products of the original ones, i.e.,

YCu(t) YC_(t) YArlt) YAio() YX; (64)
TOC() TeOC-() To(Aws()) ToAw_() To(DXs (65)
T_C(t) T-(C-(t) T-(DAxs(®) T-Are(d) T-(Xs. (66)

It is easy to show that the whole set of symmetries does not close a Lie algebra or a Lie
superalgebra and the only way to close the structure under both commutation and anti-
commutation relations is to select among all the preceding products the four ones given in
(59), (60).

Let us finaily mention that on the space of solutions of equation (12), the superalgebra
osp(2/2) ® sh(2/2) may be expressed as

s @2 o (@)’ 1
C_(t)=iw e‘"‘"E"-ao C.(t) =iw e_z"‘"—z—ao Hy=w (a,ta_‘ + -2-> (67)
Ar_(t) = e“a.0p A, (t) =e “algy I=ap (68)
) X
() =¥, T.()=eWg. y=2 (69)

2
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Table 3. Super-commutation relations of a osp(2/2) superalgebra.

Hy c_ Ci(n) Y Q- 0. S-(0) S4(0)
Hp 0 —2wC_ 2wC, 0 -0 0@, wS_ —-wS,
C_(1) 2wC_(1) 0 -wHy 0 0 iwS, iwQ_ 0
Ci(t) —2wC, wHy 0 0 —~iwS_ 0 0 —iwQ,
Y 0 0 0 0 -Q [ -5 Ss
[ wQ._ 0 iwS- [ 0 Hy —wY 0 =2iC._
[ wQ; iwS, 0 -0 Hp —wY 0 —2iC, 0
S_(t) —wS_ —iwQ- 0 25_ 0 ~2iC,; 0 Hp + wY
S.(t) S, 0 iwQ, -25_ —2iC_ 0 Hp + oY 0

Table 4. Super-commutation relations between the generators of osp(2/2) and sh(2/2).

Ho c_( C.(0 Y 0. 0. S_( 5.0
A () wAx 0 iwAy 4+ 0 0 JoT, JoT- 0
Ar (1) —wAy —iwA,_ 0O 0 -JoT. 0 0 —JoT,
I 0 0 0 0 0 0 0 0
T (1) 0 0 0 T 0 NZT N 0 VoA, -
T:(r) 0 0 0 T, JoA, - 0 VoA, 0
Q.= «/50104 0-= \/aaxo'— 70
5.(t) = Jwea,ao, S-(t) = Jwe *alo_ (71)
where
a, = ;(wa +9y) al = ! (Mwx — ) (72)
V2Mo Y VMo

are the usual annihilation and creation operators, respectively. They satisfy the commutation
relation

[az.al] =1 (73)

Table 3 shows the commutation and anticommutation relations between the generators of the
orthosymplectic superalgebra and, as expected, the generators Q.. are the supercharges of the
system. This means that they satisfy

{Q+. Q-} = Hy — oY = Hsysy (0+)*=0 (74)
and

[Hsusy, Q2] =0. (75)
Table 4 shows the structure relations between the generators of osp(2/2) and sh(2/2).
3. A non-relativistic spin-% particle in a constant magnetic field

A problem which is related to the preceding one is the search for symmetries and
supersymmetries of the Schrédinger—Pauli equation describing the motion in the plane of
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a non-relativistic spin—% particle of electric charge ¢ in a constant magnetic field B=(0,0,B)
orthogonal to the plane. We thus have the equation
(i, — Hp)W(t,x,y) =0 (76)

where W(¢, x, y) is as given in (14) except that y; and y» depend on ¢,x and y. The
Hamiltonian is explicitly given by

o o = 2 - -2
_o-(p—ed)) (p—ed)
2M 2M
The vector & is given by ¢ = (a1, 62, 03), where the o; are the usual Pauli matrices,
P = (px, py, 0) is the linear momentum and
A = (-1By,1Bx,0) (78)

is the vector potential in the symmetric gauge. We can thus write equation (76) as the following
set of equations:

1 (8% 22 3 ] e’B* , |,
oo, 1 (o7 ot g 9\ eB” -0
[13,+2M (8x2+3y2 ieB (xay yax) 7 (x +y)+eBa>}1//,,(t,x,y)
(9

Hp +i6 - (P — eA) x (P —eA)).  (I7)

with & = 1, 2 and where we have set B = B, B, = —B.

To get the infinitesimal generators corresponding to the symmetries of this set, we can
again apply the prolongation method where the wavefunction W (¢, x, y) may be written
now as

Y1, x,y) = uy(t, x, y) e @ Pa(t, x, y) = up(t, x, y) €20 (80)
where 1, u;, v; and v, are real functions. The corresponding vector field is
v = &0, +&20x +£30y + P10y, + $204;, + 910, + 020y, (81)

where &; (j = 1,2, 3), ¢, and ¢, (@ = 1, 2) are real functions of ¢, x, y, uy, ua, v1, v2. As
before, it is easier to make the calculation using the complex form of the vector field

v =§10; + E20x + £33y + D13y, + D19y, + P2y, + P20y, 82)
and to go back to the real form after. We finally get the following generators, where we have
introduced w = %:
Xo = 8 — w(xdy — y3;) + w(dy, — By,)
X1 = cos 2wt d; — w(x sin 2wt — y cos 2wt)d; — w(x cos 2wt + y sin 2wt)dy

— Mw?(x? + y*) cos 2wt (y, + 8y,) + & sin 20t (41 8,, + u29u7)

+ cos 2wt (d,, — 3y,))
X7 = —sin2wtd; — w(x cos 2wt + y sin 2wt)d; + w(x sin 2wt — y cos 2wt)dy

+ M (x* + y?) sin 20t (3,, +d,,) + w( cos 2wt (u,8,, + u2duz)

— sin2wt(3,, — d,,))
X3 = x0y — yox

1 M
X4 = —2—(cos 20tdy — sin2wtd,) + 7(): sin 2wt + y cos 2wt)(0y, + y,)
w

1 M
Xs = E(sin 2wtd; +cos 2wt dy) + 7(x cos 2wt — y sin 2wt)(9y, +dy,)

X¢ = (3.,, + 3u._,)
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Table 5. Commutation relations for a {s/(2, R) & 50(2)} D /i(4) algebra.

Xo X X2 X3 Xs Xs Xe Xi Xs
Xo 0 2X, —20X; 0 wXs —wXs 0  wXs —wX7
Xy -2wX; O —2wXp 0 3Xs 1X; 0 207 Xs 202Xy
X, 2wX 2wXy 0 0 -1x: ixs 0 —22Xs  20%Xs
Xs 0 0 0 0 Xs —X4 0 —Xs X3
Xs  —wXs —1X3 $X7 -Xs 0 -MxXs 0 0 0
Xs  wXs -3X7 —-3Xs X4 MXe © 0 0 0
Xe O 0 0 0 0 0 0 0 0
X7  —oXg —20’Xs 207Xy Xg 0 0 0 0 —2MwXq
Xg X -2?Xs  —20'Xs -X; O 0 0 2MwXs O

X7 =0y + Mwy(d,, +3,,)
Xg =09y — Ma)x(av, + av:)

u .
Xy = cosRawt + vy — v)uzd,, + — sinQot + v — v1)d,,
uj

uy .
X0 = cosQwt + vy — vu;0,, — adl sin(2wt + vy — v1)d,,
. 2
X1 = u30y, —u1dy,,

. Uz
X12 = sin(2wt + v3 — v)uzd,, — — cos2wt + vy — v1)d,,
ui

. uy
X3 = —sinQwt + vy — v)u8,, — — cosQRwt + vy — U|)a‘,l
LN

X14 = a\ll - av;
X5 = ula,,l +u23,,:

The commutation relations between the generators X, (u = 0, 1,2, ..., 8) are given in
table 5 and give an algebra isomorphic to {s/ (2, R) & so(2)} ® h(4). It is easy to show
that the generators X, (u = 9,10,..., 14) form an algebra isomorphic to su(2)€ and
equivalent to that given in table 2 for the SUSY harmonic oscillator. These two sets
commute with each other and X5 is a central element. So we have an algebra isomorphic to
{512, R) ®50(2)) D h(4)} ® su(2)€ & (X)5).

Once again, we can get a specific matrix realization proceeding as in the case of the SUSY
harmonic oscillator. It is easy to show that we have the following form for the generators of
symmetries of the equation (76):

Hy = iXg = (i0, + 0 (xpy — yp:))op + wo3 (83)
(X —iX ) eziwl .
C-(1) = ‘—2—2 = 1@ — iw(xpy — yps)
— w(xpx + ypy) +iw +iMa?(x* + y?))op — iwo3) (84)
(X1 +iX,) e 4w .
Ci(t) = ! 2 = {(@ —iw(xpy — yp2)

2 2
+w(xpy + ypy) —iw+ iMa)z(x?' + yz))ao — iwoy} (85)
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L=-iX;= XPy — YPx (86)
\/U eZiwr

A@) = [ — (X4 + Xs5) = c +ipy) —iMw(x +iy)]o 87
0] M( 4+ Xs) ZW[(p py) (x +1y)lag 87

; \/U e—Ziwl

0= 2 6x, — = (e —ip,) +i .

Al) M(l 4— Xs) ?_W[(P ipy) +iMe(x —iy)log (88)
I=Xe=Xi5=09 89

-1 1
A_= 2\/—M—w(xg +iX7) = 2\/—M—w[(m: —1ipy) —iMw(x —iy)lop (90)

1 1

Ay = Xz —iXq) = ——— +1 +iMw(x +iy)]o 91
+ 2x/m( 8 7) 2s/M—w[(px Py) (x +iy)Joo 1)
T,(t) = Xo = —iX1, = ¥, T_(t) =Xy 0= —iX;3 = e 2o_ (92)
Y=Xn =—-iX|4=0’3. (93)

We see that Hy is essentially the Hamiltonian of the harmonic oscillator in two dimensions,
C.(¢) correspond to the so-called conformal transformations and L is the angular momentum.
The two sets {A(t), Af(¢)} and {A_, A,} may be associated with pairs of annihilation and
creation operators and I represents the identity generator. Indeed, they can be written as

A@) = % eliot (ay —iay)op Aty = % g~ et (a; +ia;)cro 94)

1 1
A.=-—(@y+ia)oy A, =—-—=(a} —ial)op 95)

V2 V2

where ay, al, ay and a,t are defined as in (72). The set {7.(¢), T-(¢), Y} corresponds to the Lie
algebra su(2). These generators form the maximal kinematical algebra of the Pauli equation
(76) which is {(s/(2, R) @ s0(2)) D h(4)} & su(2).

Now the products of the generators which will lead to the invariance superalgebras are
obtained from the sets {A(2), At(1)}, {A—, A} and {7, (¢), T_(t)}. There are eight possible
products. If we first take

0- = V2AWT-()  Q+=V20AOT.() (96)

we see that they are independent of time as it was the case with the SUSY harmonic oscillator.
Moreover they satisfy

0:=02=0 1)
and
{Q-.Q.}=Hp = Hy—wL —wY [Hp, Q51 =0. (98)

This means that Q4 are the supercharges for the Pauli Hamiltonian Hp and a class of
supersymmetries of our system. Another set of supersymmetries is found to be

S_() = V2wA,T_(1) S.(0) = V2wA_T, (1) (99)

Let us insist on the fact that the two sets of annihilation and creation operators {A(z), At (1)}
and {A_, A,) thus appear in these supersymmetry generators. The operators S4(¢), which are
now time dependent, satisfy

(S-))? = (S.(1)*=0 (100)
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and
{S-(), S:()} = Hy+wlL + oY [i0, — Hp, S+(t)] = 0. (101)
The other structure relations are computed and the non-zero ones are
[Ho, Q1] = T Q4 [Ho, $1]1 = FwS4(r) (102)
[Ci(t), Q-1 =iwS_(1) [C-(0), Q+] = —iwS:(1) (103)
Y, Qs]l = £204 Y, S+ ()] = £25+(1) (104)
{@-, 5.} =2iC_() {Q+, S-) = 2iC..(1). (105)

This means that the generators {Hp, C+(2), Y, Q4+, S+(¢)} close the orthosymplectic
superalgebra osp(2/2). Together with the other generators of the maximal kinematical algebra,
we get the so-called maximal kinematical superalgebra of the Pauli equation defined as
{osp(2/2)®so(2)} B sh(2/4), where sh(2/4) is the Heisenberg—Weyl superalgebra generated
by the fermionic generators T:(f), the bosonic generators A(f), Af(r), A_, A, and the
identity I [7). Let us finally mention that the remaining products of {A(f), A!(¢)} and
{A_, A} with {T,(¢), T_(¢)} give rise to the following generators:

U.(t) = V20A.T.(0) U_(t) = V20A_T_(t) (106)
Vo(t) = V20 AW T.(1) V() = V20 AT O T_ (). (107)

They have been introduced in [7] and are contained in the maximal dynamical superalgebra
of the system under consideration which is osp(2/4) ® sh(2/4). Indeed to close the structure
with these additional supersymmetries, it is necessary to include new even generators of the
dynamical algebra of our model.

4. The Jaynes—Cummings model

Now we consider the system described by a particle of electric charge e, spin % and mass M
moving in the plane in the presence of constant electric E and magnetic B fields which are
both perpendicular to the plane. It has been shown to be related to the Jaynes—Cummings
model [19]. Indeed, the Hamiltonian characterizing such a system is given by
(p - ef_{)2 e »~ . e
_—— -a + —
2M 2M 4M?
where X is the position vector of the particle and A is the potential vector given in (78). We
are again interested in the motion in the xy-plane for which the contribution of the preceding
Hamiltonian is

H E-@ x (p—eA)) +eE -3 (108)

2p2
Hyc = ﬁlﬁ <pf + p§ + %(ﬁ +y2) +eB(ypx — xp_v)) og — %63
ieE . .eB .

+4—M_2 <(px —ipy) +17(x - ly)) o,

- ((px +ipy) —iS G+ iy)) o (109)
or again,
Hic = Hp + 22 ((px —ip) +i (x - iy)) o — £ ((p +ipy) — i (x +iy)) o

4M? Y 2 M2\ 2

(110)
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where Hp is the Pauli Hamiltonian (77). Let us assume without loss of generality that e > 0
and introduce the operators

A= A0) = \/—Zl__ez((px+ip_,.)—ie—23-(x+iy)> ag (111)
At = A1) = ﬂ% ((px ipy) +i% 2 - ly)) 112)

which satisfy the commutation relation
A AN =1 (113)

These operators are nothing other than the generators given by (87) and (88) at t = 0 when
we take again w = %. Let us recall that they correspond to symmetries of the Pauli system.
Here we will see that they are not symmetries of the JC model. The Hamiltonian Hjc can thus
be written in the form

1 .
Hyc =(I)(.ATA+ 5) 0’0—%)-0’3+K.At0’+ +K Ao (114)

where @ = 2w = ‘T’} andk = “E‘/Z‘_ . This means that the Hamiltonian (114) is a realization
of the JC Hamiltonian [8, 19, 20] in the special case where the detuning between the frequency
of the cavity mode and the atom transition frequency is zero. We also see a close connection
with the SUSY harmonic oscillator Hamiltonian described in terms of new annihilation and
creation operators A and A as given in (111), (112).

4.1. Lie algebra of symmetries
We are interested in determining the symmetries of the corresponding evolution equation
(9, — Hi)W(t, x,y) =0 (115)
where W(¢, x, y) is again a two-component wavefunction as in the Pauli equation considered
in the preceding section. It can be written explicitly as
1 e?B? ,
iy, + Yixx + Y1y —ieBxy y — yl/’l.x)"_(x +y)Y1 +eBiyn

E eB
+j—Mi2(¢2x+x ywz) 4M2(11/f2y Il/fz>=0 (116)

1 e’B? ,
iy, + I:\[’Z x + ¥y —1eB(x¥2y — y¥a.) — _(x +y)n +eBZ‘l’2]

4M2 (‘/’IX +i— )"/ﬂ) 4M2 ("”l ¥ X‘/ﬂ) =0 (117)

where we have set By = B,B; = —B,Ey=—Fand E, =F.

As in the preceding sections, to get the symmetries of the system (116), (117), we apply
the prolongation method to it and the conjugate system. Once again the vector field has the
form (82) with

& =4 Ex(t,y) = —bry+83 &(t,x) =68x +84 (118)

¢l(’|xvy)=A0(trxvy)+Al(xvy)1/,1 ¢2(tvxvy)=C0(ttxry)+cz(xvy)]//2 (119)
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where
eB 8
Ai(x, y) = —i—=(Bax — 83y) — i + (8 +ids) (120)
.eB .8 .
Ca(x,y) = —1%(34;: —83y)+152-+(86+155). (21

The §; (j = 1,..., 6) are arbitrary real constants and Ag(¢, x, y) and Cy(z, x, y) are arbitrary
functions that satisfy the system (116), (117) for ¥; = Ap and ¥, = Cp. The finite-
dimensional Lie algebra of symmetries is thus formed by the following infinitesimal generators:

X] = a,
i - i -
X2 = (xdy = y30) = 5 (V1dy, — ¥135,) + 5 (V2dy, — ¥205,)

.eB - -
X3 = ax +17y(1//18|pl - llflail;l + '/’23% - vfzalpz)

.eB - -
Xa=109, - ITx('pla\h = V¥19y, +¥2dy, — ‘/’23‘52)

Xs =i(¥18y, — ¥13y,) +i(¥23y, — ¥295,)

Xe = (‘l'la\h + lpla\&l) + (‘/’28\02 + 'I—’Za\l—l:)'
Using the real components of the wavefunction W(z, x, y) given by (80), the infinitesimal
generators take the form

X =5 (122)
1

Xo= (x8y — y3;) — E(a“‘ -8,,) (123)
eB

X3=0:+ Ty(a,, +3y,) (124)
B

Xy=0y— %x(aw +3,,) (125)

Xs = (2, +0,,) (126)

X¢ = ula,,, +u23,,z. (127)

It is easy to see that X; and X are both central elements. The generator X, corresponds
to a so(2) algebra and the set {X3, X4, X5} generates £(2). These last generators are thus
associated with a Lie algebra isomorphic to so(2) ® h(2) and satisfy the following non-zero
commutation relations:

[X2, X3] = —X4 [X2, X4] = X3 (128)
[X3, X4] = —eBXs. (129)

Integration of the vector fields gives rise to finite transformations of independent and
dependent variables which leave the equation (115) invariant. Explicitly, with X, corresponds
the invariance under time translation such that

V(2 7)=V(F - A, %, 9). (130)

The vector field X, corresponds to the invariance under rotation in the xy-plane. The
transformation is

(f,%,9) = (t, xcoskz — ysin Az, x sin Ay + y cos A3) (131)
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L=
~—~
-~
ball
N
g
I
N
[¢]
|
L
i
o

0 e%,\z)\D(f,icoslz+ysinkg,—isinkz+ycos)\2) (132)
The vector fields X3 and X, correspond to the invariance under space translations. We
have

se

(i, x5 =¢

wd

B, % 13, 9) (133)
and
(2, 5) =TT £, 5 — Ag) (134)

respectively. The vector fields X5 and X are not related to space-time transformations but to
the following phase and scale transformations of the wavefunction respectively:

W(, x, y) =e*w(, x, ) (135)
and
W(r, x, y) =elw(, x, y). (136)

From these finite transformations, we easily get a matrix realization of the Lie algebra of
symmetries of the equation (115),

X, =003,  Xp=(xd, — yd,)o0 + %ag (137)
B B
X3 = (ax - i%y) o0 Xa= (a,, +i%x) o (138)
X5 = —iXg = —il = —ioy. (139)
Now X, while acting on the space of solution of (115), is the Hamiltonian H)c as expected
and J = —iX, is the total angular momentum. Complex linear combinations of X3 and X4
give
1 eB
A= —|(pc —1i .)——i—(x—i)]a (140)
«/2e_B [ Px p) 2 y 0
and
A L (oo +ipy+i8 (x +iy) (141)
= — —(x +1y) | oy
+ J2e_B p.\' p}' 2 y 0

which satisfy
[A_,A) =L (142)

They are exactly the symmetries of the Pauli Hamiltonian as given in (90) and (91) and close
together with the identity / the algebra 71(2). The operators { Hyc, J, Az, I} are thus associated
with the maximal kinematical invariance algebra of the JC model and are isomorphic to
(s0(2) ® h(2)) ® u(1). They are all time independent and thus commute with Hjc. Moreover
they are all diagonal matrices and correspond necessarily to even generators.

It is neither possible from the prolongation method to produce a Lie superalgebra of
symmetries nor a set of supersymmetries as was the case for the preceding models. We know
in fact [9, 10] that the standard JC model does not admit a N = 2 supersymmetry. It is due to
the presence in the Hamiltonian (114) of the additional term (« A'o, + £.Ac_) which can be
written as

0= ﬁ(,(g+ +£Q-) =«Alo, +kAc_ (143)
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where O, and Q_ are given in (96). Due to the value of «, such a term is essentially a
multiple of the combination @, — @_. It is an additional symmetry of Hjc which cannot
be obtained from the prolongation method. It commutes with AL, op and J so that the set
{Hyc, Az, 1, J, Q. — Q_)closes a Lie algebra but not a Lie superalgebra. Indeed, (0, —Q_)?
is not a linear combination of the preceding generators.

5. A generalized Jaynes—Cummings model

As already mentioned in the approach by Andreev and Lerner [9], to be able to get a
supersymmetry for the JC model, it is necessary to consider a 4 x 4 matrix version of
the JC Hamiltonian. Let us show here how the prolongation method may be adapted to such a
model and will lead to the presence of supersymmetry generators as for the SUSY harmonic
oscillator and the Pauli Hamiltonians. We first construct a generalized JC model for which the
prolongation method will produce symmetries associated with a Lie superalgebra. Next we
examine the possibility of getting supersymmetries for a symmetrized JC model and compare
the results with the ones associated with the so-called standard SUSY JC model [21].
Let us start with a version of the JC Hamiltonian of the following type:

HT _ (HJC has (10’0 0 >
0 Hyc — £y

where Hc is given in (109) and «, 8 are real parameters. The Schriédinger-type equation is
(i3, — Hp)W(t,x,y) =0 (145)

where W(t, x,y) is a four-component wavefunction whose entries are complex-valued
functions equal to ¥,(t, x, y)(p = 1,...,4). Since (144) is diagonal we get a system of
four equations which are firstly given by (116), (117), where now we have set B} = (¢ +1)B
and B, = (a — 1)B while E;, E are still given by E; = —E; = —E. The second set of
equations is similar and we have

(144)

1 e*B? 2 2
iy, + — [llfs xx + Y3y —ieB(xysy — y¥a ) — —(x +y“)¥3 +eBsys

E
+:732 (‘/f4x +i— )’W) e (llﬁh XT/M) =0 (146)
e’B?
g, + M [1//4 xx V4 yy —ieB(xgy — y¥ax) — 7 P+ Y)Y +€B4‘/f4]
E ek, eB
+:742 ('/fax )’103) e (11/f3> + —x‘/fa) 0 (147)

where we have set By = (8+1)B, B4 = (8 —1)B, E3 = ~E; = —Eand E; = E, = E. The
prolongation method applied to this system and the associated complex conjugated equations
leads to a vector field of the form
4 4
V=60 + 60+ 50+ ) Dby, + Y By, (148)
p=1 p=1

where §; (j = 1,2,3)and @, (p =1, ..., 4) are functions dependent on ¢, x, y, ¥, and 1/_/,,.
We get the solutions

§1=24 E(t,y)=—by+8 &3(1,x) = bax + 84 (149)
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Q1(t, x, y) = Ao(t, x, y) + Ar(x, )Y + f(D)Y3 (150
@2(, x, y) = Colt, x, y) + Cax, )Y + f (1) asn
@3(t, x, y) = Dolt, x, y) + g()¥1 + D3(x, y)¥3 (152)
Da(t, x, y) = Fo(t, x, y) + g()¥2 + Fy(x, y)¥a. (153)

The functions Ap, Cp, Dy and Fy are again arbitrary and such that they satisfy the
equation (145) with ¥ = (Ag, Cy, Dy, Fp)'. The other functions in (150) are given by

B é
Ar(x, y) = —i%(&;x —8y) —i32+(57+i55) (154)
B 1))
Cix,y) = —i%—(&;x - 83y) + iiz' + (87 +18s) (155)
eB .02 .
D3(x, y) = —17(5415 —&y) - ) + (8 +1d6) (156)
.eB .02 .
Fa(x,y) = —1—2—(84x —&y)+ 5 + (85 +ide) (157)

and the functions f(¢) and g(¢) are obtained as
F@) =@ —idn)e®  g(t) = (b0 — ib12) e ", (158)

with weg = w(a — B) = %(a - B).

Let us here comment on this last solution. The prolongation method has been applied to
the set of equations (116), (117) and (146), (147) for arbitrary values of By, Bz, B3 and By,
and leads to the following sets of equations for f and g:

df e e

— =—(B3;—B =—(Bs— B 159

oY 2M( 3 nf 2M( s — Ba) f (159)
and

.dg e e

% 2M( 1— B3)g 2M(Bz By)g (160)

They are always compatible in the case under consideration, i.e. the one associated with the
Hamiltonian (144), and we get the explicit solution (158). In this context, a particular constant
solution is obtained when wypg = 0 or equivalently when o = 8. Butif (B3 — By) # (B4 — B2),
equations (159) and (160) admit the trivial solution f(¢) = g(¢) = 0 which is a case that will
be considered later.

Let us insist on the fact that since we are here in the case where f and g are given by
(158), we will get symmetries expressed by odd generators that will satisfy structure relations
corresponding to a superalgebra.

The infinitesimal generators of the finite-dimensional Lie algebra of symmetries may be
directly obtained from (148) with the preceding values (149)-(153) but once again to be able
to get the finite transformations of symmetries, we have to express the vector fields in terms
of the real variables u,, v,, such that ¥, = u,, e (p=1,...,4). Wethus get the following
basis of generators:

Wop

X1 =08 — —-2—[(au, = 8y,) + (8y, — 3,)] (161)
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X2 = (x8y — yd;) — 3[(3y, + ;) — (8, +34,)] (162)
4
eB
X; =8x+7y23‘,p (163)
p=1
4
eB
Xo=8,——x >, (164)
p=1
4
Xs=) d, (165)
p=l1
4
Xe=) updy, (166)
p=1

us .
X7 = cos(wagt — v3 — Vu3d,, + =3 sin(wegt — v3 = v1)d,,
uy
ug .
+ cos(wapt — V4 = V2)ugdy, + £ sin(wqegt — v3 — 11)0,, (167)
uz
uy .
Xg = COS(a)apt - V3 — vl)ula,,, - — sm(waﬂt -V — V1)3V3
us

+ cos(wapt — V4 — V2)U20,, — ? sin(wept — v3 — v1)0y, (168)
4
X = (u3By, — u13y,) + (14u, — u2dy,) (169)

. ]
X10 = sin(wept — v3 — v))u3dy, — P cos(wyg? — v3 — v1)0,,
1

+ Sin(@upt — Vs — V2)utaBu, — :—:cos(w.,,,z —vs = 1)d,, (170)
X1y = —sin(wapt — v3 — V1)1 3y, — ;’:—; Sin(wapt — V3 — v1)3),

— sin(wqgt — V4 — 12)U29,, — :—j cos{wagt — v3 — v1)0,, (171)
X12 = (), — 3y,) + (3y, — By)- (172)
The generators X; (j = 1,..., 6) satisfy the same commutation relations as the ones satisfied

by the generators (122)—-(127). The other generators X; (j = 7,..., 12) form an algebra
isomorphic to su(2)€ as in the Pauli case. The corresponding Lie algebra of symmetries of
(145) is thus isomorphic to (so(2) B h(2)) & su(2)€ @ {X;, Xe).

5.1. A Lie superalgebra of symmetries

The integration of the preceding vector fields leads to the corresponding finite transformations
on the space-time coordinates and wavefunctions. We get, for X, the invariance under time
translation such that

et g, 0

\I:(E,x,y)=< 0

The integration of the vector field X, implies

e‘%“’ﬂﬂ"' ap

)\Il(t'—kl,i,jl). (173)

Aad

=t X =xcosAy — ysink, ¥ = xsinky + ycosi; (174)
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and
e"i 0 0 0
_ 0 e 0 0 . o .. -
W, %, 9) = 0 0 e o W (f, X cosAy + jsinky, —X sindy + y cos k).
0 0 0 eim

(175)

The integration of the vector fields X3 and X, implies the invariance under space translations
such that

B, %, 5) = e?*BBU(E, % — A, ) (176)
and
W@, %, 5) = e 1 BMU(F, £, 5 — Ay). (177

The integration of the vector fields X5 and X leads to phase and scale transformations of the
wavefunctions

B(r,x,y) =eMW(,x, y) (178)
and

W(t, x,y) =edu(t, x, y). (179)
The remaining vector fields X; (j =7, ..., 12) lead to the transformations

iweg!

U, x,y) = <‘;’)0 '\7‘300‘7 "0) W, x,y) (180)

W, x,y)= (Age“"’"ﬁ‘ >\Il(t x,y) (181)

U, x,y) = ( ®ap )\Il(t x,y) (182)

_ iwagt
B, x, y) =( 0 ”\“"’ ""’)\V(t,x,y) (183)
0

U, x,y)= (_M“e oty g )\I/(t x,y) (184)

g ey 0 185

w(tvxv }’) = 0 eiluao \y(tr X, )’)- ( )

A specific matrix realization of the symmetry generators is obtained from these
transformations, when they are developed at first order in the parameter A;. After some
linear combinations and redefinitions, we get the following generators

_ . Wap 0 _ i 0

Xi=a1-i%2 (0 _ao) Xp = (xdy — yo)l + = (0 a}) (186)
B B

X3 = (ax - if—z—y) I X= (a). +i%x) I Xs=—iXq =il (187)

T.(t) = X7 = —iXp = ei“"'l" <g %’) (188)
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T_(t) = Xg = —iX =e_i"""‘" (0 0) (189)

(/i) 0
. 0
Y=X9g=-iX1,= (00 ) (190)
0 —0p
where [l is the 4 x 4 identity matrix. We see that with X, we can associate the generator
. Wap fop O
H =i3,I+ > (0 _00) (191)

which will be related later to a new Hamiltonian refering to a symmetrized version of the JC
Hamiltonian. The generator X, corresponds to the total angular momentum

J 0
J= (0 J) (192)
and X3 and X4 may be combined to give
_(A- 0O _{A. O
(s 2) a=(b 2)

where A_ and A, are given in (140), (141).

The generators T, (¢), T-(¢) and Y may now be associated with odd generators and,
together with A_, A, and [, form a sh(2/2) superalgebra. As in the cases of the SUSY
harmonic oscillator and the Pauli systems, odd products may be formed between {A_, A}
and {T,(r), T_(¢)} and among the possible ones we get the following generators:

S_(t) = VoA, T_(t) = Jwe v (: g) (194)
— — o (O A
Si(t) = VRA_T, (1) = Vo &= (0 o ) (195)
and
U_(1) = VBA_T- (1) = V& et (: %) (196)
~ =~ iwgat 0 A+
U, (1) = VoA, T, (1) = Vi el (0 o ) 197)
which satisfy the anticommutation relations
@ . (A_A, 0
{5-(t),S+(t)}=Ho+EY=w( 0 A,,A_) (198)
and
@ - [ALA_ 0
{U-(), U, (1)} =Hy — EY =& ( 0 A_A+) (199)
where we have defined
(A 0
]HI()—Q)( 0 (A+A_+El,_-) . (200)

The two components of Hl are not related to Hjc since they have only diagonal terms. The
non-zero commutation relations between the generators S3 (¢) and UL (¢) are given by

(S_,U,} = —2iC, = @(A,)? {S,,U_) = =2iC_ = a&(A_)%.  (201)
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Table 6. Super-commutation relations of an osp(2/2) superalgebra.

Hpo C_ C, Y S_ S, U- U,
Ho 0 -2oC-  2aC, 0 @S —aS, —-oU_ oU,
C_.  2aC_ 0 —-oHp 0 ioU 0 0 i@S,
C, -20C, oHp 0 0 0 —ioU, —i@S_ 0
Y 0 0 0 0 -25_ 28, =2U0. 20,
S_ —@S_ —ioU_ 0 25_ 0 Hp +@Y/2 O —2iC,
S, @8, 0 ioU, —28, Ho+@Y/2 0 —2iC_ 0
Uu_.  al_ 0 i0S_ 2U- 0 =2iC. 0 Ho — &Y/2
U, —alU, —i@S, 0 -2U,  -2iC, 0 Hy —&Y/2 O

Table 7. Commutation relations between (so(2) ® osp(2/2)) and sh(2/2).

Hp C. C, Y S_ S, U_ U,
J 0 -2C.. 2C, 0 S_ -S. -U_ U,
A_ DA_ 0 iA, 0 JaT_ 0 0 JoT,
A, —@A, —imA 0 0 ~Ja&T, ~JaT_ 0
I 0 0 0 0 0 0 0 0
T 0 0 0 2T 0 VoA 0 JaA,
T, 0 0 0 —2T, VoA, 0 JoA_ 0

Now the set {H, Hp, C.., Y, Sp.(2), Us(r), J, Ay, I, To(2)} closes a superalgebra. We see
that Hl commutes with all the generators. The commutation relations between the generators
Hy, C4, Y, S+ (¢) and U, () are given in table 6. These last generators form a superalgebra
isomorphic to osp(2/2). The non-zero super-commutation relations between the generators
J, AL, I, T. () are now given by

[J, Al = A, [J.A_1=-A_ (202)
and

Ao A]=T=(T_(), T.(0}, (203)
leading to the superalgebra so(2) ®sh(2/2). Finally the super-commutation relations
between the two sets are presented in table 7. So we find a structure isomorphic to the
superalgebra (so(2) ®osp(2/2)) ®sh(2/2). Let us insist on the fact that the existence
of such a superalgebra does not imply the presence of supersymmetries for the original
Hamiltonian (144). Indeed, no Q-type supercharges may be constructed from the preceding

symmetries. In the last subsections, SUSY JC models will be constructed and the symmetries
and supersymmetries will be given.

5.2. A supersymmetric JC model

The generator (191) when acting on the space of solutions of (145), corresponds to a
symmetrized version of the Hamiltonian (144) given by

Hic — 22 (a + B)ao 0

w‘,ﬁ
H=Hr+—Y=
) ( 0 Hyc — £ (a + B)oo

) . (204)
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From the preceding results, it is easy to show that the symmetries of this new Hamiltonian
are given by the set {H, Hp, C4, Y, J, Ay, I, T+(0)}, all of these generators being time
independent. Indeed, H can be seen as a particular Hr as given in (144) where « = 8
and thus wqg = 0.

It also admits the supersymmetries S..(0) and U, (0) which are now time independent
and satisfy again (198) and (199). None of them are the supercharges of H.

Let us now show that, for a specific value of o + 8, the symmetrized Hamiltonian H can

be made supersymmetric. Indeed, if we take (o« + B) = —ﬁ%, we can define [9]
__k —(0 (Q+—@Q-)
Q. = =10 +Vo (O 0 ) (205)
and
K = 0 0
@ = -T0+Va ( 0o 0) . (206)

We thus have

Q. Q}=H [H, Q4] = 0. (207)

The time-independent generators H,Y,J,A,,I and Q. form a superalgebra of
supersymmetries of H. The additional super-commutation relations are

[Y, Q.1 = £2Q,. (208)

If we include the generators T+ (0) as symmetries of H , we get the following superalgebra
{Hv Yr -II, A:ky ]I, Q:i:v QO, Ti(o)}r where

_[((Q+—0) 0
Q= ( 0 (0. — Q_)>. (209)

Indeed we have

K I'4
(T.0,Q-) = 5=l -VaQy  (T-(0), Q) = 7=+ Valy. (210)
This superalgebra may be written as ({H, Y, Q1 } & {I}) ® {A+, I, T£(0), Qp}.

In the approach of Andreev and Lerner [9], the preceding Hamiltonian H has been
generalized to H(¢) where ¢ is an arbitrary phase. Indeed, H(gp) is block diagonal where, up
to the addition of a multiple of the identity, the first block is the JC Hamiltonian (114) and the
second one is obtained from it by changing A > e~ 4 and At - €!¢ AT, With respect to our
approach, it is associated with the original set of equations (116), (117) and the new set (146),
(147) where E; = —E3 = Ee" and E; = E4 = Ee™'. The algebra of symmetries is the
same as for the case ¢ = 0 studied before, so all the results on the existence of supersymmetry
transformations remain valid. The only changes are in the following generators:

{0 ( 10 ) . 0 0
T, (@, 1) = ei@er! ( 0 e ) T_(p, t) = e ((l 0 ) O) . 211)
0 0 0 e¥
It follows that the generators Sy (¢) and Uz () given in (194), (195) and (196), (197) are now
written as S¢ (g, 1) = V@A T (g, t) and Uz(g, 1) = VoA:Tz (9, 1).
The supercharges are found to be

__c =(0 (€¥Q.-0Q.)
Q) = 2\/511‘+(tp,0)+~/5(0 0 ) (212)
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Q_(p) = —=T-(p 0)+¢5( o 0) @13)

- 2V ' e™9--04) 0

and satisfy

{Q.(p), Q_(p)} = H(p) [H(p), Q+(9)] = 0. (214)
The last generator that is modified is

_{((@Q+—0) 0
QO(‘P) - ( 0 (eiw Q-{»- _ e_iw Q_)) . (215)

5.3. The usual supersymmetric structure

Another SUSY version of the JC model may be deduced from our preceding considerations.
Let us refer it as the standard or strong coupling limit one in reference to the literature [20-22].
If we start again with the system of equations (116), (117) and (146), (147) for which the
symmetries have been determined for arbitrary values of the parameters By, B,, B3, B;, we
can in particular take By = —B, = B, while B3 = —3B and B, = —B. This is the case
where equations (159) and (160) admit the trivial solution f(t) = g(t) = 0 and such that
no symmetries associated with odd generators appear. This means that, by the prolongation
method, it will be impossible to get a superalgebra of symmetries.

Meanwhile, if we choose Ey = ~E| = E4 = —E3 = E3 = E4 = E = M/\/2¢B, itis
possible to write the evolution equations (116), (117) and (146), (147) as

@10, — Hyc)w(t,x,y) =0 (216)
where Hijc has the standard SUSY form [23]

H](‘_‘=G)(A:)A ﬁ%) 217
with

A=A+io, A=A-io_. (218)
These last operators satisfy

[4 A" = oy + 3. (219)

Note that the two components of the Hamiltonian Hc are closely related to the Hamiltonian
(114). Indeed, we have

Hic 0
Hic={ , HJCW(O o) (220)
01
when k¥ = i@. The standard supercharges are given by
i

5 _~12[{0 A 5 _~12(0 0

O =a (0 O) O = (.A 0 221)
satisfying the following relations:

He={0.0} (Gu)’=0  [Hc G:]=0. @22)

Again these supercharges cannot be obtained from the product of symmetries determined by
the prolongation method.

Let us finally mention that such a Hamiltonian is a particular case of a matrix SUSY one
where the quantities 4 and A’ would correspond to elements of the algebra 1(2) @ su(2),
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that is linear combinations of the generators of this algebra. Different assumptions may thus
be imposed on the commutator [4, A*] [22). In the canonical case, that is the case where
the commutator is a multiple of the identity, the prolongation method reproduces all the
dynamical supersymmetries. This was the case for the SUSY harmonic oscillator and the
Pauli Hamiltonians. In the non-canonical case, such as the JC model, the supercharges are not
obtained from the prolongation method but may be constructed by the standard structure of
the Hamiltonian as in (217) for the JC model.

6. Conclusion

We have shown that the prolongation method used for finding symmetries of classical as
well as quantum-mechanical systems may be useful to determine the supersymmetries of
SUSY quantum-mechanical systems. We took simple examples, such as the SUSY harmonic
oscillator and the Pauli equations to improve the method. Indeed, we already knew the kind of
kinematical and dynamical superalgebras we were searching for. This was very helpful to be
able to get new results on the JC model. First we determined the Lie algebra of symmetries for
the usual 2 x 2 matrix model. Second, we gave the symmetry superalgebra for a generalized
version which is an amplification of the usual JC model to a 4 x 4 matrix representation.
Finally, two ways of getting SUSY versions were given. In the first case the supersymmetry
was present only if we admitted a specific shifting in the JC Hamiltonian. In the second case,
the supersymmetry appeared due to the fact that the amplification of the JC model is similar
to that of the SUSY harmonic oscillator but to do that it was necessary to take the coupling
constant between the electromagnetic field and the atom as a linear function of the frequency
of these fields. In all these cases, the detuning between the electromagnetic field and atom
frequencies has been assumed to be equal to zero.
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Chapitre 3

Etats cohérents et comprimés basés sur
’algebre h(1) @ su(2)

Résumé

Des états qui minimisent la relation d’incertitude de Schroédinger—Robertson sont
construits comme états propres d’'un opérateur qui est un élément de [’algebre
h(1)@su(2). Les liens avec les états supercohérents and supercomprimés de 1’ oscillateur har-
monique supersymétrique sont donnés. De plus, nous construisons des Hamiltoniens généraux
dont le comportement ressemble & celui de 1’oscillateur harmonique ou encore est relié a celui

de Jaynes—Cummings.
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States which minimize the Schrodinger—Robertson uncertainty relation are con-
structed as eigenstates of an operator which is an element of the h(1)&®su(2)
algebra. The relations with supercoherent and supersqueezed states of the super-
symmetric harmonic oscillator are given. Moreover, we are able to compute general
Hamiltonians which behave like the harmonic oscillator Hamiltonian or are related
to the Jaynes—Cummings Hamiltonian. © 2002 American Institute of Physics.
[DOI: 10.1063/1.1462858]

I. INTRODUCTION

Minimum uncertainty states (MUSs) are usually understood through the minimization of the
Heisenberg uncertainty relation (HUR). These states are well-known' since they are long associ-
ated with the so-called coherent states (CSs)® and squeezed states (SSs)®. But, it has been
observed*~® that a more accurate uncertainty relation may be used to construct generalized CSs
and SSs. Indeed, this relation known as the Schrodinger—Robertson uncertainty relation (SRUR)’
can be minimized and gives rise to new classes of CSs and SSs which have received different
names in the literature, such as correlated states* or intelligent states.’ There are two main reasons
to consider such last states. First, when the two Hermitian operators entering in the SRUR are
noncanonical operators, i.e., their commutator is not a multiple of the identity, the HUR could be
redundant while the SRUR not. Second, the MUSs that minimize the SRUR are shown to be
eigenstates of a linear combination of the two Hermitian operators entering in the SRUR.

Recently® a connection has been made with the CS and SS based on group theoretic
approaches’ and the concept of algebra eigenstates (AESs). In particular, AESs have been con-
structed for the algebras su(2) and su(1,1). This concept constitutes a unification of different
definitions of CS and SS.

In this article, we give a general construction of AESs based on the direct sum A(1)
@su(2). The Heisenberg algebra h(1) being relevant for the problem of the harmonic oscillator
and the algebra su(2) for particles with spin, we have a procedure to find general CSs and SSs for
supersymmetric systems, for example. These are clearly MUSs for which the dispersions of
corresponding operators may be calculated easily. We show finally how to use these states in the
construction of particularly relevant Hamiltonians and in the calculation of their dispersions.

In Sec. II, we put the emphasis on the SRUR and its relevancy with respect to the determi-
nation of MUSs. The application to the position and momentum operators MUS leads to the
well-known CS and SS of the harmonic oscillator while when the angular momentum operators
MUS are considered we have in mind the su(2) CS and SS. These particular applications are given
to bring a new light on these states and also to facilitate the treatement of the £(1)®su(2) CS and
SS. In Sec. III, we construct the AES based on the 1(1)®su(2) algebra and show how this gives
CSs and SSs which generalize the supercoherent and supersqueezed states obtained in other
approaches.'%!! Finally, in Sec. IV, we construct general Hamiltonians similar to the one of the

.
0022-2488/2002/43(5)/2063/34/$19.00 2063 © 2002 American Institute of Physics
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harmonic oscillator but where the so-called annihilation operator is now an element of the algebra
h(1)®su(2). This permits us to use our CS and SS to compute the mean value and the dispersions
of the corresponding energies. We show also how the well-known Jaynes—Cummings Hamiltonian
enters in this scheme.

ll. COHERENT AND SQUEEZED STATES AS MINIMUM UNCERTAINTY STATES

This section will be concerned by the general definition and properties of MUS (Sec. T A).
They are explicitly constructed when the usual position and momentum operators are considered
(Sec. I B) as well as when the angular momentum operators are taken (Sec. II C). The connection
is made with already known results.

A. Minimum uncertainty relation

It is well-known’ that, for two Hermitian operators A and B such that the commutator is

[A,B]=iC, C#0, (2.1)
the HUR
2
(AA)*(AB)*= % (2.2)

is satisfied. The mean value and dispersion of a given operator X are defined, as usual, by
(X)=(ulxly), (AX)*=(X*)=(X)?, (23)

for a normalized state |¢) describing the evolution of a quantum system. As observed by Puri,® for
noncanonical operators, i.e., such that C is not a multiple of the identity I, we can have (C)=0
and the relation (2.2) is then redundant. The SRUR!” is never redundant and writes

(AA)*(AB)*= 3 ({C)*+(F)?), (2.4)

where (F) is a measure of the correlation between A and B. The operator F is Hermitian and
given by

F={A—(A),B—(B)I}, (2.5)

where { , } denotes the anticommutator. If there is no correlation between the operators A and B,
ie., if (F)=0, the SRUR reduces to the usual HUR.

We are interested here in the description of states which minimize the SRUR (2.4). A neces-
sary and sufficient condition to get them is to solve the eigenvalues equation:

[A+ixB]l¥)=Bl¥), (2.6)
where
B=[(A)Y+iN(B)], AeC, A#0. 2.7

Note that, if Re A#0, once we know the value of S, this last relation may be inverted to give the
mean values

ImA I
(A)=Re B+ ;e—-)\-lmﬂ, <B)=R“;f 2.8)

and, if Re A=0, we get

(A)=Re B+Im\(B). (2.9)
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As a consequence of (2.6), one has

1
(AA)?=|\|A, (AB)2=|)\—IA, (2.10)

with
A= LCY+(F)2. (2.11)

So the states |y) satisfying (2.6) with [\|=1 will be called coherent because they satisfy
(AA)*=(AB)*=A, 2.12)

i.e., the dispersions in A and B are the same and minimized in the sense of SRUR. The states |4}
satisfying (2.6) with |[\|#1 will be called squeezed because if |\|<1, we have (AA)Z<A
<(AB)? and if [\|>1, we have (AB)2 <A <(AA)>.

Some other relations are also useful for our considerations. The direct computation of (AA)?
and (AB)? is usually complicated but in the MUSs that satisfy (2.6), we can write

(AA)?= ;|ReN(C)+ImA(F)|, (2.13)

, (2.14)

(AB)*= ZIITF,lRe)\(C)+Im}\(F)

with
ImA(C)=Re\(F). (2.15)

For Re A=0, we have (C)=0, which corresponds to the case where the HUR is redundant. The
MUSs satisfy the minimum SRUR (MSRUR)

(AA)*(AB)*=A%, (2.16)

with

1 1| (F)

(AA)2=E|Im)\(F)|, (AB)2=E‘m 2.17)

and
A= L(F). (2.18)

For Re A#0, from (2.15), we have
_ ImA 21

(F)=gox () (2.19)

Moreover, from (2.13) and (2.14), we get

N 1
2Rex /|’ 7Ren (O

(AA)"= 2Re\

(AB)*= , (2.20)

and, then,
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‘ A

o (c>’ @21)

In this case, it is sufficient to compute the mean value of C to deduce that of F and the dispersions.
The particular case where Im A=0 corresponds to the fact that the MSUR coincides with the
minimum HUR (MHUR).

B. Position and momentum coherent and squeezed states

Let us apply the preceding considerations to the special case of the usual position x and
momentum p operators of a given quantum system. The canonical commutation relation (if %
=1) being

[x,p]=il, (2.22)
the SRUR writes
(Ax)%(Ap)*= (1 +(F)?). (2.23)
The MUSs |¢,\,B) satisfy the eigenvalues equation:
[x+ixplly.\.B)=Bl¥.\.B). (2.24)
If we introduce the usual creation @' and annihilation @ operators,

x—i x+i
at= P , a= d , (2.25)
v2 v2

such that [a,a’]=1, the equation (2.24) becomes

1
E[(l")\)GT+(1+)\)a]|l//,)\,ﬂ)=ﬁll/l,)\,ﬂ>. (226)

The general resolution of Eq. (2.26) is obtained by expressing the state |¢,\,8) as a super-
position of the energy eigenstates {|n),n =0,1,2,...} of the usual harmonic oscillator Hamiltonian

Hy=w(a'a+ }). (2.27)
Let us recall that these eigenstates satisfy

a|n)=\/’r;|n—l), a’ln)=yn+1ln+1) (2.28)

and we can write them as

Tll
a
ny=-—=[0), n=0,12,.... (2.29)
|n) \/n—!l )
So, if we insert
|y, N, B)= }_}0 Crpnln)s CrpneC, (2.30)

in Eq. (2.26), using the expressions (2.28), we get the recurrence system
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1
E[\/;(l—)\)C)\'ﬁ,n_1+\/n+l(l+)\)C,"ﬂ'n+1]=ﬂc)‘_p_,,, n=123,...,

(2.31)
(1+))
N Cr.g1=BC\ p-
The case A= —1 does not give any solution and must be eliminated. If we set

LM 5o, ser i 2.32
Tox|=9%" eR,.,de 3| (2.32)

the resolution of the recurrence system (2.31) leads to the general solution of Eq. (2.26):

) a"z B .

|,\,B)=C\ goexp| — 5e'¢7 exp 5(1 + 8e'?)at |]0). (2.33)

The special case A=1 corresponds to §=0 and gives rise to the usual expression of the CS of the
harmonic oscillator. These states (2.33) can also be obtained as the action of two unitary operators
on the fundamental state. The first one” is the usual displacement operator D associated with an
irreducible representation of the Heisenberg—Weyl group H(1) with algebra h(1)={a,a",l}. The
second one is the squeezed operator S associated with an irreducible representation of SU(1,1)
with algebra su(1,1)={a2,(a%)?,aa’+a%a}. This is a known fact'? when squeezed states of the
harmonic oscillator are studied. We have explicitly

|\, B)=S(x(8,9))D(7)|0), (2.34)
where
a’r2 a?
D(n)=exp(na'~7a) and S(x)=CXP(x7—‘7) (2.35)
with
_ B (1+6€')

=————— and x(J,¢)=—tanh~!(8)e'®. (2.36)
A sy s

The condition for having normalizable states is that 0= §<1. Let us insist here on the fact that
these SSs already obtained in the literature as eigenstates of a linear combination of a and a' are
also MUSs such that (Ax)*(Ap)*>=A%=(1+(F)?)/4. From Eq. (2.19) and the fact that (&)
=1, we get

ImAh —2dsin ¢

A= rex~ =59 (2.37)
and the factor A is
A(5,¢)=\/l(l+(F)2)=\/i+5lif. (2.38)
4 4 (1-6%)
Moreover, from (2.13) and (2.14), the dispersions are
(Ax)’= A2 (1-268cos ¢+ 8%) (2.39)

2[Ren]”  2(1-6%)
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FIG. 1. Graphs of the dispersions (Ax)?, (Ap)? and the A factor as functions of & for ¢= /6.

and

1 _(1+25cos¢+52)
2|Re\| 2(1—6°)

(Ap)*= (2.40)

Let us recall now that the CSs are not only the one for A\=1 but also all the states where
I\|=1. From the relation (2.32), we deduce that

1-6e® (1—-6*)—2ibsing
N 1T 5e = (1+26c0s 67 8

(2.41)

and then

)\2_1-—26cos¢+52 2.42)
A T 1+28cos p+ 8% @.

This means that CSs occur also for ¢=— /2 or ¢= 7/2 and 6+ 0. The other values of \ describe
x-squeezed states when ¢e]— 7/2,7/2[ and p-squeezed states when ¢ e]7/2,37/2[. On the
other hand, for fixed values of ¢ the expression (2.38) attains its minimum value  when =0 and
when ¢=0 and ¢= 7 for fixed values of &. In the first of these cases, we have A=1 and we are
in the standard CSs of the harmonic oscillator, i.e., eigenstates of the a operator. In the second
case, A is a positive real quantity equal to (1—8)/(1+d)=<1 if p=0and to (1 +8)/(1—-& =1 if
¢=m. We are in the special SSs that are eigenstates of the (a+ da’) and (a— da™) operators,
respectively.

Figure 1 shows the behavior of (Ax)2, (Ap)? and A as functions of & for ¢=7/6. In this
region (Ax)’[(Ap)?] is always less (greater) than A, as expected. For =0, the three curves
coincide, and the intersection point corresponds to the CS |i,1,8). The value of A=(2.38) when
6=0 is also the minimum value 3 which corresponds to the MHUR. Figure 2 shows the behavior
of the same quantities as functions of ¢ for §=0.5. The points where the three curves intersect are
the CS.

C. Angular momentum coherent and squeezed states

Let us now take the angular momentum operators J, for k= 1,2,3, which satisfy the usual
su(2) commutations relations

[Jk ,J,]=i8k1m.lm, k,l,m= 1,2,3. (243)
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FIG. 2. Graphs of the dispersions (Ax)?, (Ap)? and the A factor as functions of ¢ for 5§=0.5.

Here we want to solve the eigenvalues equation

(Ji+iN) 4N, B)= Bl Y.\, B), (2.44)

where B=[(J,)+iA(J;)]. On the contrary of the preceding example where the HUR is never
redundant (because x and p are canonical), here the commutator of J, and J, is not a multiple of
the identity and then (J;) may be equal to zero for some special cases. Some of these cases have
been discussed elsewhere.®!3~!5 Here we give the general solution of the equation (2.44), for all
possible values of \ and 8.

It would be better to work with the operators J. =J,*iJ, instead of J, and J,, so that the
equation (2.44) becomes

s[(L+NT e +(1=N)J NN BY=Bl#.\,B). (2.45)

Using the usual complete set of angular momentum states {|j,r)}, j integer or half-odd integer and
re{—j,—(—1),...,j—1,j}, we know that

j,ry= i+ B3+ I)Nj.r)y=iG+Dlj.r), (2.46)
J3|j9r)=r|j’r> (2~47)

and

Jeljir)=NGFr)(j£r+1)

This means that for each j fixed, the eigenstates |¢,\,8)! of Eq. (2.45) may be written as

jrx1). (2.48)

J
|\, BY = zi Clplir), ClpreC (2.49)

where the coefficients C{\‘ p,r satisfy a recurrence system of the form

AVGHNG=r+DC g, +A=MVG=NG+r+1)C ., +1=28C g,

(2.50)

forr=—j,....jand C{ g;+1=Cf g-(j+1y=0.
For A= * 1, the unique eigenstates are |¢,*1,0)=|j,*j). For A\# =1 and 8=0, the recur-
rence relation (2.50) is solved to give
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J
k
2j
2k

where we have used the formula (2.32) to express X in terms of the 6 and ¢. It is again possible
to express such a state from the action of unitary operators associated with an irreducible repre-
sentation of a group which is here SU(2). Indeed, we have

Ste"iU—20)902

J
|¢J\,0)"=C{L,o,,~e“"¢’2’§0(—1)" j.j—2k), j integer, (2.51)

[, 0y =C{ gexp[ — LIn(8)J5]1U]},0), (2.52)

where
T o—ign ign
U=exp —-4(e J.—e'¥%J ). (2.53)

For the general case A # *1, the analysis of the system (2.50) shows that for each j, there
exist (2j+1) possible values for the eigenvalue 8, which are

Bl=m1-\%, m=—j,...,j. (2.54)
If we use the relation
[J1+iNJ,)[exp(— 31n(8)J5) U)=[exp(— $In(8)J3) U[ V1 —\%J3], (2.55)

we see immediately that the corresponding eigenstate |, \, B{,,)j is

[N BLY =]y N m)y =CL expl— $In(8)J51U)j,m), m=—j,....j, (2.56)
where U=(2.53). They can be written in terms of the Jacobi polynomials as
g \.m)=C{ ,,

Xexp

1 o
- Eln( 5)]3)exm¢/2e HE AT

J G+Gg-nt
x 2 2N GG O, @57

r=—j

In these last states, we want to compute now the mean values and dispersions of some
operators in order to exhibit their behavior in the CS and SS.

If ReA#0, the mean values of J, and J, in the states (2.57) are obtained using (2.8) and
(2.54). In terms of §and ¢ as defined by (2.32), we get

172

(6+1)

(J)=2m

1”2
cos( ;) . (LY, =2m (65+ 1) Sin( ;2) (2.58)

The relations (2.19)—-(2.21) applied to our case tell us that (AJ,)2, (AJ,)%, A and (F) are all
obtained from the mean value of J5, i.e.,
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m- 2 Re A(J:;) ’

((AT)%)] ATV =5k (Voo

(2.59)

A

(FYa=gos (13-

The mean values of J in the states (2.57) or equivalently in the states (2.56) are given by
. d ) —adarrl s
{J3)m= = 57 In((j.m|U*e™*501j.m)), (2.60)

where g=In &. After some computations, we get

P! l+2|"'l(cosh q)

P q 1 . . j—|m|
s=- - = +|m|+ 2.61
== Il 3]~ Ssimn(a) G+ +1) THELEERD o

Inserting (2.61) into the expression (2.59), we get

((AJ)D=(1-258cos g+ 8)AL(8), ((AJy)2)),=(1+28cos p+ 8*)AL(3),

(2.62a)
(A, =V1-268%cos(2¢)+ 6°AJ(8), (F) =—48sin Al (5), (2.62b)
where
[ ml (+m|+1) PR (14 8%)126)
M= 0o ™85 P+ D) | (263)

The case ReA=0 may be obtained as the limit case of the preceding one by taking d=1
in the expressions (2.62a), (2.62b) and (2.63). Let us recall that it corresponds to (J3)=0 and
A= —itan ¢/2. We get

(A= G+ D -mlsid| 2], (A1) D=5 UG+ 1) =m0 2,
2 2 2
(2.64a)

() =—[j(j+1)—m2]|sin #| and (F){;,=—%[j(j+l)—n12]sin ¢, (2.64b)

using the fact that

(a+1)(a+2) - (a+n)

n!

PrP(1)= (2.65)

These are exactly the results given by Puri.®
To illustrate these considerations by a concrete example, let us take the “spin—3” case, i.e.,
= 3. The expressions (2.62a) and (2.62b) thus reduce to

(1—26cos ¢+ &%) (1+28cos ¢+ 6%)
4(1+6)% » (A1)Y).= 4(1+6)%

((AJ)*)+= (2.66)

and
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FIG. 3. Graphs of the dispersions ((AJ,)?)+ , ((AJ;)?). and the A factor as functions of & for ¢= /6 and j=7.

1 5 sin® p— B(1+5)7
At(5,¢)=z\/1+4( S'"(‘f+5)(4 )), 2.67)

where we have used the = sign for the values of m=*3}. The MSRUR thus writes

2.2 g 2
&% sin® ¢p— 8(1+ 8) )] 2.68)

Lea

1
((A11)?)£((AJ2)) = =(A)*(6,¢) = T

For fixed values of ¢#0 and m, the expression (2.67) attains its minimum value |sin ¢|/8
when 6=1. On the other hand, for fixed values of & such that §&[0,1[U]1,%¢], the minimum

of (2.67) is (DV[1—(46)/(1+6)*] when ¢=0 or ¢=m. In the first case we have \
= —i(sin ¢)/(1+cos ¢), which means that we have some special classes of SSs from which we
recognize CSs with A= — i (eigenstates of the J,+J, operator) and with A =i (eigenstates of the
J1—J, operator). In the second case, we have A=(1—-8)/(1+d)=<1 if ¢=0 and A=(1
+0)/(1-6)=1 if ¢=, ie., the minimum A.(5,0)=A.(8,7) values occur for the special
states which are eigenstates of the operators (J,+&8J_) and (J,.— &J_), respectively. Let us
recall that the CSs with A=1 occur when 6=0 and those with A=—1 when & +>. They
correspond to the eigenstates of J, and J_ operators, respectively. For such states, according to
Eg. (2.68), we have ((AJ)%) +=((AJ2)*)+=(A+(0,¢))*=lims,(A+(5,¢))*=14.

Figure 3 shows the behavior of the dispersions ((AJ;)?), ((AJ,)?) and A as functions of & for
¢=/6 and j=3. The minimum value of A . is here 0,0625. In Fig. 4, we see that the graphs as
a function of ¢ are very similar to ones for the preceding example of x and p.

lll. ALGEBRA EIGENSTATES ASSOCIATED TO h(1)®su(2)

This section begins (Sec. III A) with a review of the SUSY harmonic oscillator and its super-
coherent states (SCSs) studied by Aragone and Zypman.!® We follow (Sec. III B) by the general
construction of AES based on the algebra 1(1)@®su(2). These states are defined as eigenstates of
an arbitrary linear combination of the generators of the considered algebra.® Then we consider
special solutions to CSs and SSs for the so-called super-position and super-momentum operators
(Sec. III C).

A. The SUSY harmonic oscillator and its super-coherent states

Let us recall that the quantum SUSY harmonic oscillator is defined as a combination of a
bosonic and a fermionic oscillators. Its Hamiltonian is given by

Hgsysy=w(a'a—f'f), (3.1)
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FIG. 4. Graphs of the dispersions ((AJ‘)2)¢ , ((A.lz)2)~t and the A . factor as functions of ¢ for §=0.5 and j= %

where the bosonic creation and annihilation operators a* and a are defined as in (2.25) and the
corresponding fermionic operators f' and f are defined as

fl=o,=1(o1+icy), f=o_=1(0—iay), (3.2)
(the o;, i=1,2, being the usual Pauli matrices) for the spin % fermion. We can thus write

+ 1 w
HSUSY=W a G_E _'5‘0'3. (33)

The representation space we are working with in this context is nothing else than the direct
product

11 1 -1
F=Fp@F;={[n),n=0,1,2,.. }®{ ‘§,§> =|+),’-2—,T> =|_)]

={ln,+),|n,=),n=0,1,2,...}. 34)

Following Aragone and Zypman,'® SCSs may be constructed as eigenstates of a SUSY annihila-
tion operator [V2(a+ o ,)]. They are shown to be given as a linear combination of the following
normalized pure states:

|¢),=D ‘/% |0,+) (3.5)
and
_pf 2| Iaflo+)—-[0.-)]
l¢>~—D(ﬁ) v , (3.6)

in terms of the displacement operator D given in (2.35) and where we recognize in (3.5) the usual
CS of the harmonic oscillator. A discussion'®!! of the properties of such states has led to the
observation that, except for the state |, )= (3.5), no other linear combination of (3.5) and (3.6)
will minimize the usual HUR. This means that these states satisfy (Ax)*(Ap)?=1, the equality
between the position x and the momentum p being realized only for |, )=(3.5).

Such a fact can be clarified from our discussion of Sec. Il A. The SCSs (3.5) and (3.6) are in
fact MUS for the SRUR (2.4) with
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, B.7)

A= (@ +a)to]=|x+ | and B=Llital-a)+or]=| p+ 2
=—I[(a"+a =(x+—| and B=— —a)+to,]= —
Vi 71 V2 v 2P A

these operators being different from x and p. The SCSs are coherent in the sense that they satisfy
Eq. (2.6) with A=1.

Clearly, in such a context, through the group theory level, we are combining the information
coming from both the Heisenberg—Weyl /(1) and the su(2) algebras realized in terms of the Pauli
matrices in the spin  case. It is then natural to ask the questions of determining the general CS and
SS for the direct sum i(1)®su(2) which will indeed include the special SCS we just discussed.

B. Algebra eigenstates

We are working with the (1) ®su(2) algebra generated by {a,a®,I;J, ,J_ ,J5} as defined in
the preceding sections. The AESs® for this algebra are defined as eigenstates corresponding to a
complex combination of the associated generators. A general Hermitian operator A constructed
from a combination of these generators is

A=A1a+KlaT+A21+A3J++Z3.I_+A4J3, A2,A4ER, Al,A3EC. (38)
Two such operators, called A and B, satisfy the commutation relation (2.1) with

C=[1(Z]Bl_AIEI)I+2i(B3K3_E3A3)J3+I(A3B4_A4B3)J++I(A4E3_K3B4)J_]
(3.9)

Once we search for states satisfying (2.6), i.e., for eigenstates of A+iAB (A e C,A#0), we
are in fact considering AESs and we know from Sec. II A that they minimize the SRUR (2.4). Let
us then study the solutions of such a general eigenstate equation (2.6) for A and B on the form
(3.8).

It is convenient to rewrite this equation as
la_a+aia’+asl+B_J +B]_+BsJ5]|)=z|y), (3.10)
where

a_=A1+iAB1, a+=gl+i)\E,, a3=A2+iABz,
(3.11)
ﬁ_=A3+i)\B3, B+=Z3+i)\E3, ﬂ3=A4+i)\B4.

To solve (3.10), we express |¢) as a superposition of fundamental states |n;j,m) which
constitute a generalization of the Fock space (3.4) for spin j. We write

j oo
lpy= > 20 Cl lnsj.m), (3.12)
Jjn=

m=-—

for fixed j, integer or half-odd integer. Let us recall that we have
a|n;j,m)= \/;|n—l;j,m),

a’ln;j,my=yn+1|n+1;5,m), (3.13)

Jaolnsjmy=NGFm)Gxm+1)|n;j,m=1),

with

(nsj.m|l;j,ry=38,6,,. (3.14)
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Inserting (3.12) into (3.10) and taking into account the relations (3.13) and (3.14), we get a
recurrence system which becomes more and more complicated as j increases. We also notice that
the case where a_ =0 with @, #0 does not give any solution and must be eliminated. Here two
ways of solving it completely are presented. The first one uses the results obtained in Sec. II B and
Appendix A where AESs of su(2) are explicitly constructed. It is described explicitly in this
section using operators acting on a fundamental state. The second one is based on the method of
resolution of a first order system of linear differential equations and is described in Appendix B.

With respect to the discussion in Appendix A, we have mainly two types of eigenvalues for z.
The first type is given by

z=pl+a;+mb, pleC, (3.15)

for fixed j and where m=—j,...,j and

b=\4B.B_+Bi#0. (3.16)

If we compare equations (2.26) and (AS5) and their respective solutions (2.33) and (A15), we find
the set of solutions

j
i Py a 2 P .
|yl =(C)) l'2exp[ - ﬁa* + a—maT]TeffIO;j,m), 3.17)

when a_#0. Here T,g is given by (A14) when {8, #0,8_+#0}, (A18) when {8,=0,8;%#0},
(A20) when {8_=0,8;#0} and finally the identity when {8_=8,=0,8;#0}.

The second type corresponds to the so-called degenerate case (b=0) where z=p+a;. The
sets of independent solutions are now given by

[}, =(CL) "exp

_ & e Laf]
2a

I i—m\ (2j—k)! g \k
X2, (_l)k(] km)((]2j_)!) ("*)"'""‘(aﬁ_ ) 10:7.7) (3.18)
When ﬁ+=B3=0y
|, =(CL) " Pexp| — a:_ at’+ ;;_a’fj
j=m . . B
jmm\ 2=k fa-de\
xg‘o(_l)k( k ) @t @Y k( 2. )IO,J,—J> (3.19)
when B8_=f$3;=0, and
|y, =(CL)~Pexp| — -2-%0*2+ a—p_-aT]
i ; : k gk 9J
ofimm @R (a_) drets)
8 :Z‘o( DA & ) (2)! (aly k5+ —gF [10s,-)  (3:20)

when B8, ,B_ and B; are different from zero and for 9=B5/(28,)=—-28_/85.
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C. Coherent and squeezed states for the super-position and super-momentum
operators

Let us consider the eigenstates of Eq. (3.10) corresponding to the following special values of
the parameters

13 T
A4=B;,=A,=B,=0, A,=iB,=—, #0), A3=iB3=—, (3.21)
4 4 2 2 1 1 A (u ) 3 3 3

so that A will be called the super-position operator denoted by X and B the super-momentum
operator denoted by P. We have

X= é[(,u,a+ﬁaf)+(7']++7’.l_)], P= ;;—[(ﬁaf—,ua)+(?1_— 7J4)]. (3.22)

We see that the operators (3.7) associated to the SCS are then a special case where u=jg=1
=7=1 in the spin-} case.
The eigenstate equation (3.10) now writes

[X+iNP]|y)=2]4) (3.23)

and the operator C in (3.9) is diagonal and takes the form

C=|ul21+2|7%;. (3.24)
Since we have
u(1+X) A(1—=X)
&x_=———, a+=—_——-7 a3= »
V2 V2
(3.25)

_1(1+X) 8 _7H(1I=\)
T owvr Y v
and finally

b=v2|7|V1-A2, (3.26)

we can use the preceding solutions to give all the solutions of Eq. (3.23).
For A=1, we have e, =8,.=b=0 and the eigenstate equation is

z
[ua+ ., 1|0)=—|9). (3.27)
v2
The normalized solutions are obtained from (3.18) and take the form

o g i—m\ (2j—k)! .. J_\k
[9h=(Ch(7)™"7D L)[E L ]lo;j,»,

uva/|i=o (Zj)!
(3.28)
where the normalization constant is given by
j—-m ;. . Nk
; j—m\ (2j=k)! [|ul
5 ={(5— ! — —
Ci(p,7)=(j m).[go( . ) G\ | (3.29)
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Let us recall that in this case we have CSs for which
(AX)=(AP)=A= 3(C). (3.30)
The mean value of C is easy to compute and we have

a

J = 2 2
(C)m I:“l +2|”'| 3|7'|2

j+|7? In(CJ (u,7))|. (3.31)

In the special case j=3, we find the normalized and orthogonal states

ly)*=D #iﬁ)lo;ﬂ, l¥)"=D ,;7 |l£||27:*|'|7'|2 a*0;+)-5:-|0;-)}, (3.32)

where D is again given by (2.35). In those states, we have

2| ul?|7?

(Y =lulP+]7P, <c>-=[<|u|2+lfl2>—(|ﬂ| ) 39

This is clearly a generalization of SCSs considered by Aragone and Zypman'® and recalled in (3.5)
and (3.6).

From (3.33), we see that the dispersions of AX and AP given by (3.30) computed in the CS
| )~ are smaller than in the states |)*. The states )~ thus are the closest to classical states for
the SUSY harmonic oscillators (this means with respect to the super-position and the super-
momentum) while |¢)* are indeed the ones closest to classical states of the standard harmonic
oscillator (i.e., they minimize the HUR for X and P). Let us mention that if we take =1, we see
that (C)™ has its minimum value equal to 1 for 7+~>0 and in this case X=x and P=p. For the
same value of u, we see that (C)~ takes the form

- 3.34
O =137 (3.34)

which has a minimum value (C)_, =2(vZ—1)<1 for | 7|*=v2—1.
For A # * 1, from Eq. (3.17) and T.g= (A13), using also (2.35) and (2.36), we get the states

[, =(CL)'2S(X(8,6—2 $,)) D( Dn(2, 6, b, 12, 7))

y _Té—lﬂe—itﬁﬂj 7—_5lf2ei¢/2‘] 0:1 335)
exp E +lexp A - |0;j,m), 3.
where
1 [z(1+68¢°%) b )
77m(Z,5,¢,,U-,T)=; —Vi—-—Zml'rlﬁ 2192} | pu=|p|ei®u (3.36)

and where we have used instead of A the parameters & and ¢ as given in (2.32). Let us mention
that this general expression (3.35) clearly shows the presence of the unitary operators D and S
associated with (1) and su(1,1), respectively, which is the contribution of the bosonic part of our
SUSY model. Moreover, the fermionic contribution appears through the action of a unitary op-
erator associated with su(2).

Now these states satisfy the MUR

, 1 48%sin*¢ .
(AX)(APY =8y =2\ 1+ Tz KNl (3.37)
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FIG. 5. Graphs of the dispersions (AX)?, (AP)? and the factor A as functions of x= & for ¢=7/6. |7]=|u|=1, j

The mean value of C is

) a4(j+|m|)s
J o= 2 2 P —
(Chn=|u|*+2]|7| (1+5) (J o &) (3.38)
where () is expressed in terms of Jacobi polynomials (see Appendix A),
P (1-(88I(1+ 5
Qo Lizinl- 1(1—(83/(1+6)%)) (3.39)

P2 (1= (881(1+ 8))°
form=—j+1,...,j—1 and Q=0 for m= *j. In fact, we see that in these last cases, we have

. (1-6)
(C)’:j=|ﬂlz+2jlrlz(l+5)- (3.40)

It is now interesting to examine the behavior of the dispersions AX and AP in these states for
the spin 3 case. Using (2.20) with (3.40) for j=1, we get

(l 25cos¢+5‘ 2(1—5)
) (341)
(1+2dcos ¢+ 6°) 5)
(P, =B
with
_N(1-6%? +452sm2¢ 5)

If we take 6=0 (i.e., A=1) in these last expressions, we find only the values of the disper-
sions of X and P in the usual coherent states |} * as given by (3.32) and not the ones in the CS
|)~, which is the reason why that case has been treated separately.

Figures 5 and 6 show the behavior of ((AX)?). and ((AP)?). and A. as functions of & for
¢=m/6 and as functions of ¢ for §=0.5, respectively. We notice a similar behavior as for the
position and momentum operators.
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FIG. 6. Graphs of the dispersions (AX)2, (AP)? and the factor A as functions of x=¢, 8=0.5, |7|=|u|=1, j=1%.

IV. CONSTRUCTION OF h(1)®su(2) HAMILTONIANS

An application of our CS and SS based on the algebra h(1)®su(2) will be the study of
possible Hamiltonians which can be written as H=w.4t A, where A is a linear combination of the
generators of h(1)®su(2). It is clear that the usual harmonic oscillator Hamiltonian will enter in
the scheme as a special case (Sec. IV A) but also the Jaynes—Cummings'® one in the strong
coupling limit (Sec. IV B and C).

Moreover, since the CSs and SSs already constructed in the preceding section are in fact
eigenstates of the operator A, we would be able to find easily some properties of the mean value
and the dispersion of the associated energies in those states.

A. Isospectral h(1)®&su(2) harmonic oscillator Hamiltonians

We are interested in systems for which the Hamiltonian is expressed in the form
H=wATA, (4.1)
where
A=a_a+a,a’™+asl+B_J, +B,J_+B3]5, a_#0, 4.2)

is an element of the h(1)®su(2) algebra. The commutator of the operators A and At is

[AATT=(la_ PP~ e DI+B-P~ B+ +(B3B+~B3B-)] + +(B3B+—B:B-)J - .

(4.3)
If | Z) is an eigenstate of the operator A with eigenvalue z, i.e.,
A|Z)=z|Z), 4.4)
then the mean value of the energy in this state will always be given by
(ZIH|Z)=w]z|? 4.5)
and the dispersion by
(AH)?=w?z|XZ|[A.A"]|Z). 4.6

First, let us consider the special case where
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[A,AT]=1. 4.7

This imposes the following conditions on the parameters:

la_|>=|a.l?=1, |B_|=|B+| and B3B.—BsB-=0, 4.8)

ie.,
a_=coshae'®~, a,=sinhae'®*, B.=pe'¢:, (4.9)

and

refte++e 2 e RLU{0}, if B#0,

= ) 4.10
re'® reR, U{0}, if B=0. (4.10)

B3

When B+#0, the operator A then takes the form
A=cosh ae'® a+sinh ae'®+a’+asl+ B(e'-J  +e'%+]_)+re!®+Te021,  (4.11)

The parameter b given in (3.16) becomes b= \/4B2+rze"(“’*“L“’-)’2 and is different from zero.
Therefore in this case, according to the equation (3.17), the normalized solutions of the eigenstate
equation (4.4) are given by

|Z)1, = S(A)D({m(e3,1))TD(ze™"%-)|0;j,m), 4.12)

where
A=—ae’®+7 0 [ (a;,€)=—[a;+em J4B*+rPe (#+T¢-)2]g=i0- (4.13)

and

7 s

T=exp(—E[e_'("’+_‘”-)’2]+—e'("’* “’-)"J_]), (4.14)

with

[/ r ,

5=tan_1 I—W(\Mﬂ“-f-rz—r) . (4.15)

This means that T is a unitary operator.
We remark that, if we define the new operator

Ay=DT(— a3e7"%-)ST(A)AS(A)D(— aze %)

=e'l-a+ (/-] +e' ] ) +re' Pty (4.16)

which is simpler than the original A, then the new Hamiltonian ’H0=w.A$A0 is isospectral to the
Hamiltonian H= (4.1).

The dispersion of H calculated on the states (4.12) is, from (4.6) and (4.7), given by
(A’H)2=w2|z|2 and is the same as the one of H, calculated on the states D({,,
(—z,1))T|0;j ,m). This value is exactly the dispersion of the harmonic oscillator in the usual CS.

On the other hand, due to (4.7) we have [H,.4]= —w.A4, so we have a complete analogy with
the harmonic oscillator. The CSs associated to the Hamiltonian H, called generalized harmonic
oscillator, are those given by the equation (4.12) and, thus, one can write them in the form
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|Z)! =D(z)|0),, where D(z)=exp(zAT—zA) 4.17)

and |6){,, ,m=—j,...,j, are the fundamental states of the system H, that is, the eigenstates of H
corresponding to the (2 + 1) degenerate eigenvalue 0. They are also eigenstates of .A correspond-
ing to the eigenvalue 0. So, they can be written

[0)),=S(A)D({m(a3,1))T|0;/,m). (4.18)

Furthermore, the SSs associated with H are given by
| @)= S(X)D(2)|0) (4.19)

where the super-squeezed operator S(x) is given by exp(yx.A Y- XA?2/2) and the super-
displacement operator D(z) is given in (4.17). If we define X=(A+A%)/v2 and P=i(A?
— A)/v2, these states (4.19) minimize the SRUR (AX)2(AP)?=(1+(F)?)/4, i.e., they are solu-
tions of the eigenstate equation [(1—\) AT+ (1+\)A]|¢)=v2Z|¥).

The eigenstates of H corresponding to the (2j+ 1) degenerate energy eigenvalue E,,=nw are
now given by

1."
Y= N |0)7, - (4.20)

These states may be obtained as the action of a unitary operator on the states |n;j,m). Indeed, if
we introduce the unitary operator

Uy=e""%-S(A)D({n(a3.1))T, 4.21)
we see that, from (4.20), we have

emﬂ_

AHyrym
\/—( ) n

n!

)=

0;j,m),

inf.
Jnt

inf

Ur((umrAtu™n0;j,m), (4.22)

N Ui(e™-al+ 4B+ rle e+ 02 1. —m))"|0;/,m).
n!

Since we have (.13—m)|0;j,m)=0, we finally find

|7, = U™ n;j,m). (4.23)
In the case =0, the operator A is given by
A=cosh ae'?-a+sinh ae'®+at+ a1+ re®3J;. (4.24)

Then, if r#0, one has the same results as above, except that it is necessary to replace T by / and
b by B3=re'?. If r=0, A is an element of the algebra i(1) and then the results are the ones
obtained in Sec. II A for the standard harmonic oscillator after applying the unitary transformation
S(A)D(— ase™ %),
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B. Strong-coupling limit of the Jaynes—Cummings Hamiltonian as limit of h(1)®su(2)
Hamiltonians

We are going to consider now the case where
[A,AY]=1+2xJ;, xeR. (4.25)
This imposes the following conditions on the parameters:

le_|>~|as?=1, |B-I*~|B+|*=x and B3B.—B3B-=0. (4.26)

We already know the results when x=0. When x+# 0, the conditions (4.26) imply

a_=cosh ae’®~, a,=sinhae'®+, B;=0, 4.27)
and
x12cosh Be'®-, if x>0, “28)
| |x|*2sinh Be'?-, if x<O0, ’
x2sinh Be'?+, if x>0,
+= 12 i . (4.29)
|x|'2 cosh Be'?+, if x<O.

The parameter b= (3.16) becomes b=|x|"\/2 sinh(2B8)e’¥+**-)2, This means that b=0 if and
only if 8=0.

In the case B8+#0, according to the equations (3.17), (A7), (All), and (A12), the normalized
eigenstates of the operator A are given by

. . . x
|Z(x)),=(CL(x))""2S(A)D(— a3e ™ %) D( 9(z.x))exp| — mln(tanh 3)13]U|o; j.m),
(4.30)
where
Ym(2,%) =[2—m|x|'*\/2 sinh(2 B)e(?+* ¢-)2]g =10~ 4.31)
- T ~ier—0 )2 (04— )2
U=exp —Z(e + J,—e''er J_) (4.32)
and
. X
Cl(x)={j,m|U* exp[—mln(tanhﬁ)];}UU,m}
_[1+tanhg “"‘PQ;:ZM 1+tanhzﬂ) )
2+/tanh 8 Jem \ 2tanh B | '

From (4.6) and (4.25), the dispersion of the H= (4.1) in the states (4.30) can be calculated
explicitly. We get

(AH)H! =w?|z)2(1 +2x](Z(x)|J5]Z(x))). (4.34)

In the last expression, the mean value of J; is obtained in a similar way then to get (2.61). The
result is
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wﬁlzlﬂ

FIG. 7. Graphs of the dispersions ((AH)?). = (4.37) as functions of 8>0 for |x|=0,1,2,4.

: 1;2|m|
WM 2= { Imle =+ S ;L':('; = Plj’j’lglﬂ,l;’]'(liz:?;zﬁ[;)) AR
If we take m= =*j, the dispersion of H is
(AR, =w?lz[*(1+2jlx]e728), (4.36)
and, in particular, when j=3, we get
(AH)%)w=w?|z*(1+]x]e ™). (4.37)

Figure 7 shows the graphs of ((AH)?).. as functions of 8 for different values of |x| when w?|z|?
is taken equal to 1.
Let us compute the new operator A, defined as (4.16). We get

e'%-a+x'?cosh Be'?-J . +x'?sinh Be'?+J_, if x>0,
={ . . . 4.38

e'%-a+|x|"sinh Be'?-J , + x| cosh Be'?+J_, if x<O0, (4.38)
and a new Hamiltonian Hy=w.A}.A, isospectral to the Hamiltonian 7 which takes the form

Ho=w{a a+|x|[sinh®(B8)J _J . +cosh®(B)J +J_]+|x|'” cosh B[ " #+~ 0-)at) _
+e 1P+ 00q ) 1+ |x|*? sinh B[ &'~ ")ty +eTile-=00q7 ]

+ |x|sinh B cosh B[e/(P+~#-)J2 +e~ilo+—0) 2 ]}, (4.39)

if x<0.If x>0, we get a similar expression except that we must make the change sinh S~ cosh 8.
In the spin-1 representation, we have

2

1 1
J2=J2=0, Jdo=g+l; and J_Jy=5-Js, (4.40)

hence (4.39) becomes
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1 . .
'Ho=w[ (aTa+ 5) —xJ3+|x|'2 cosh B[P+~ 0-)gt)_+ 70+~ 0-)q) ]

. _ 1
+ x| sinh Bl ?-"0a" T +e7¢-"9a]_]+(|x|cosh(28)— 1)5 (4.41)

and a similar expression when x>0, making the literal change sinh B~ cosh 8. If we take x
=—wy/w, ¢,.=6_ and the limit f—0, then Hy= (4.41) becomes

1 w—w
'Ho=w(a7a+ 5—) +wols+ VwwolalJ_+ald )+ TOI, (4.42)

which is the Jaynes—Cummings Hamiltonian'® up to a constant term and for a coupling constant
given by x= \Jlwwj. Let us recall that this Hamiltonian describes the interaction of a cavity mode
(with frequency w) with a two level-system (w, being the atomic frequency). When x=—1, i.e.,
for w=wy, (4.42) becomes the strong-coupling limit of the Jaynes—Cummings Hamiltonian.

In the case B=0, the new operator Ay= (4.16) reduces now to

el-a+|x|"2eie+a_, if x<O0,

. . 4.43
e'l-a+|x|' 2, , if x>0. (4.43)

o]

As we have here b=0, according to the expressions (3.18) and (3.19), the orthonormalized eigen-
states of A, are given by

|Z(x)),= (€l (x)) ' *D(ze~6-)

j—m . 2i—k)! . ‘ —ipg\ K
X2, ('”k(] km)((jzj)!) ‘e_'o_“T)J_m_k(J‘e )

x
0s5jor7i -
VT ) 1 xl’>
(4.44)
where the — sign refers to x>0 and the sign + to x<<0 and
j-m . . k
- j—m\ (2j—k)[ 1
J (xY=(i—m)! =
Chx)=(—m)! 2 ( ' ) hIRIEIE (4.45)
Since, in this case, we have
IZ(x)|J5lZ . '+||816f (4.46)
m( (X) 3' (x)>m_|x| J X 8IX| n( m(x)) ’ .
the dispersion of Hy=w.A§A, in the states (4.44) is given by
2yj 2112 : 29 =i
((AHp)?),=w?|z[?| 1 +2]x]j+2|x| mln(cm(x)) I (4.47)
When m=j, we have C/ (x)=1, so that we get
(AHo)» = w?z|>(1+2]x|j). (4.48)

For example, when j=13, the dispersion corresponding to m=14 is given by

(AH)?) 4 =w?z|2(1+|x|) (4.49)
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FIG. 8. Graphs of the dispersions ((A%,)?). as given by (4.49) and (4.50) as functions of |x|.

and one obtains the same result as in the preceding case when we take the limit 8—0. On the
other hand, for m=—1/2, we get

(x|~
(=[+1) |+1)

and it is always smaller than ((AH,)2) . In this last case, we see that if |x|> 1, the dispersion is
bigger than w?|z|?, while if |x|<1 it is smaller than w2|z|2, and if |x|=1, it is equal to w?|z|%
Furthermore, the dispersion reaches its minimum 0.83w>|z|? when |x|=(v2—1). Figure 8 shows
the behavior of dispersions ((A™;)?) . as function of |x|.

Let us finally mention that the Hamiltonian H, in this case and for j= } corresponds to (4.41)
when 8=0. A special case is again the Jaynes—Cummings Hamiltonian (4.42) so we get eigen-
stz;teszof Ag= (4.43) such that the dispersion of this Hamiltonian is minimized and lower than
w?|z|2.

(4.50)

((AHp)?) - =w?|z[> [1+IXI

C. Generalized h(1)®su(2) noncanonical commutation relation

In the case where we have
[AAY=I+yJ, +5]_, yeC, y#O0. 4.51)
According to (4.3), the necessary conditions on the original parameters are
le_|*~]a] =1, |B-1=B+, B3B+—B3B-=y=pe”, (4.52)
where pe R, . A suitable choice of the parameters is

a_=coshae'’-, a,=sinhae’®, B.=Be'%, By=re'?, B+0, r#0, (4.53)

such that
rB[ei(qD3_(P+)_e_'.(‘P3_‘P+)]:pe”'. (454)
Equation (4.54) implies that
+o_
p=2rB sin[ Q3— (<P+_2<P__))‘ (4.55)
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and the following conditions on the phases: @3# (¢, +¢@_)/2, @3#(p++@_ )2+ 7 and ¢,
—e.=m—2v,ve[0,37/2] or ¢, —p_=37—2v, ve[w/2,27). Thus, the operator .A compat-
ible with all the previous conditions is

. . : . . P .
— h if. +si iy T+ + HUE)) iv _,—iv + ig
A=cosh ae'’~a+sinh ae'’+a’+ a3l +e B(e'lJ,—e P ) —2,B|cos 0|e Js|,
(4.56)
where
T ™
0=¢3=(p-=v), —5<6<3. (4.57)
The new operator A, defined in (4.16) is then given by
. . . . p )
— ,if_ + i(o_—v)| _ iv _ —iv ig . .
Ag=e'-a+e B(e'’J.—e J_)+__23|c050|e J3 (4.58)

The parameter b= (3.16) is now b=i168% cos’(f)—p’e*%"®-~"/(2B|cos #)), i.e., b=0 if and
only if 8=p/2 and 6= .

Here we can proceed as before, that is, when b=0, find, by means of the equation (3.20) the
eigenstates of Ay and, when b+#0, find the solutions by means of the equation (3.17) and then
calculate the dispersions of H,.

But, we will follow another treatment which teaches us about the similarities between the
canonical and the noncanonical cases. Indeed, seen in another perspective, the commutation rela-
tion (4.51) can be expressed in the form

[Ay, Al1=1+2pJ;, (4.59)
where we have set

(M eI )

5 > (4.60)
Thus, when b=0, A; becomes
Apg=e'-a+pe' -], , (4.61)
with
ey, —e J_
A 462

The operators J;, J.. satisfy the su(2) algebra and let us denote by |J,M) the eigenstates of
both J* and J;. We have again

1

J.MY=M|J.M), J.|J.MY=JUFM)JEM+1)|J,M). (4.63)

Now. it is clear that the resolution of the problem to find the eigenstates of Ay is similar to the
canonical case. Indeed, the normalized eigenstates of .4, are given by
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1Z(p))1=(Cis(p)) D (ze~ %)

J-M ; k
J-M\(2J—-k)! _ J_emi®-7
x REY: —i0_ t\J-M—k .
(4.64)
where C4,(p) is given as in (4.45).
As before, the dispersion of Hj in the states (4.64) is given by
23 _ . 2 12 29
((AH) )y =w?z|}[1+2Jp+2p %ln(CM(p)) . (4.65)
For example, when J= %, we have
2 2|2 2 21,12 (p—1)
((AHp)*)+=w?[z|*(1+p), ((AH,)*)_=w?|¢] 1+P(p+l) . (4.66)

Evidently, the behavior of these dispersions as functions of p is identical to that described in the
last paragraph of the previous section.
In the general case where b+#0, A, can be expressed in the form

- N R
From (3.17), we see that the eigenstates of A, are
|Z)3=(CL)""D(ze ™) T.]0;J, M), (4.68)
where
T.g=e®-1+e®+1-, (4.69)
with
® - .[4BZL:?23!;2pe’”]  o,= .[MZ];(;ZI'_; ge“’] 470)
The dispersion of H, in these states is
((AH0)*)3=w?z|*[1+2p3,(Z] 35| Z)3], (471)
where!”
1-|®_2\ (J-M+1) PyoMTiA)
L(Z|13IZ>L=M( : +:¢_||2) : > : ,’,§:_‘15&(1(\)) , “.72)
with
A=1+2|®_+d (1+]|D_|?)]? (4.73)
and

A=2[|®_[PA+P_D,+D_d,)+|D,|2(|P_|*~1)]. (4.74)
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FIG. 9. Graphs of the dispersions ((AH,)?).= (4.76) as functions of 80, 8= 1 and p=1,2,4.

Thus, in the spin-3 representation, we get

1{|®_]>—1

t<Z|.B3|Z)4_.=§ m . (4.75)

Finally, by direct computation, we find

[168%cos(8) + p*>—8pBicosh|cosh|]— R
2y — .22
(AH0)")+=w’lz| [ Itp [168%cos*(6) + p>—8pB3cosb|cosb|]+R|’ (4.76)
where

R=[168%cos*(8) — p*cos(2 6) ]+ p*sin(2 6). 4.77)

We see that, for fixed value of p, Eq. (4.76) as a function of B is symmetric around 0= .
Figure 9 shows the behavior of the dispersions (4.76) as functions of 8>0 when 8= 7 and for
different values of parameter p. Let us notice the similarity between these curves starting from a
certain value of 8 and the curves for the canonical case showed in Fig. 7.
Figure 10 shows the behavior of the same functions as functions of 8>>0, for different values

w2|z|2

2

FIG. 10. Graphs of the dispersions ((AHp)*) .= (4.76) as functions of >0 for p=1. §=57/8, 37/4, 77/8 and .
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of 6 when p= 1. We observe that when the angle 8 is different from 7r the curves have a continu-
ous derivative with respect to 8 but, when the angle 8= m, the derivative of the curve at the point
B=05= \/;/2 is not continuous.
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APPENDIX A: ALGEBRA EIGENSTATES ASSOCIATED TO su(2)

In this appendix we want to solve the eigenvalue equation

[B-T1|¥)=[B1J\+BaJo+ B3J31l9)=T|¥), B1.B2.Bs€C, (A1)

where J,, J, and J; are the su(2) generators which have already been given in Sec. IIC. The
eigenvalue equation (A1) can also be written as

[B-J++Byd_+B3J5)lY)=T|y), (A2)
where J; and J, have been expressed in terms of the usual operators J.. and
Bi1xip,
Bi = 2 - (A3)

We see that Eq. (2.45) is just a particular case of Eq. (A2). The eigenvalue equation (A2) has
already been solved by Brif® by expanding the state |¢) in the standard coherent-state basis®,
introducing in this way analytic functions and asking for solving a first order differential equation.
Here, we consider a different method based on the operator algebra technique.

For j fixed, we can show that (A2) admits the eigenvalues

T/ =mb, (A4)

with m=—j,....j and b=/B;+ B05+ B3= 4B, B_+ B3. We then solve

[B-J s+ Bid—+ B33 )| ) =T ), (AS)

by using

|g) =(N? )~ 12T j,m), (A6)

where the N, are normalization constants and T is an operator that has to be determined. We take
it as

6 N o -
T=exp(—§[e_'¢.l+—e‘¢1_]), $,0eC. (A7)
Inserting (A6) with (A7) into (AS) leads to

[B-J1T

j.m)=mbT|j,m). (A8)

Using the usual decomposition

- (s N _ (3
T=exp(—e “”tan(z).u) exp(]n sec'(5)13) exp(e””tan(i).l_) (A9)
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and the relations

e™3] e"Mi=e* ), eVlye " Ve=J3x )., eVilie V=] +2pl3—n .,

(A10)

we can show that, for 8,#0, B_+#0 and b+#0, we have

e'$= \/z—” (AL1)

8 ( [6— B,
E—arctan b+B3

Inserting the results (A11) and (A12) in (A9), we obtain

2B.. 2b 2
T= exp( - b_;_‘;mh_)exp( ]n( b_-i-—ﬁ_3) J3) exp(%J_) . (A13)

The original form (A7) of the T operator allows us to look easily for the special cases studied
in Refs. 6, and 9 and in the preceding sections while the form (A13) allows us to calculate directly
the explicit form of the eigenstates (A6). Indeed, the first relation (A10) allows us to pass the
exponential term exp(In(2b/(b+ B33))J3) to the right in (A13) and this without changing essentially
the operator action on the pure states |j,m) because |j,m) is an eigenstate of the operator J5.
Thus, in Eq. (A6), we can replace the operator T by the operator

b\I*" [(j+m)1(j—m)! 2B- B+
] N el el ) e

[yl = (W)~ \2T gl jm), (A15)

and

. (A12)

such that

where N/, are new normalization constants. Redefining the summation indices, we get

|0y = ()= 17 s M‘_V( b )"*“(Hm)!

W @) \Bel  Gw)!
Jru j—u+n)! 1—-p85/b)\"
Xg‘o (_l)"n!(m—ftj+n)!(jl-u—n)!(( 53 )) lj-u0)- (A16)
We also have an expression in terms of the Jacobi polynomials (see Ref. 18):
i in GHa)G—w)t b\ _ B
| )y, =(N%) u.}.:_j T(E) PET™ (‘b—)lj,u)» (A17)

which is the result obtained by Brif.?
For the special case where 8, =0, 83#0 so that, in connection with (A4), we have b
= B3, we find the operator

Teﬂv=exp( - 'B—_J+). (A18)
3
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The eigenstates are

PR i W
B3

w=m Y ({J—u)! (u—m)!

j.u), (A19)

and become the standard CS of SU(2) (Ref. 9) when m=—}j.
For the special case where 8_=0, B3#0, we have similar results. Indeed, the new operator
Teﬁ' is

Teog= exp( [;—:J - ) (A20)
and the eigenstates write
il - (j—w)t 1 B\
Whn=(C ™ 2, (j+u)!(m—u)!(E) v (420

which become the standard CS of SU(2) (Ref. 9) when m=j.

Now, for the case 8, =0 and B3=0 (B8-=0 and B;=0), the only normalizable solution is
lj,=J) (j.j})- For B.=B_=0 and B3#0, the AES are evidently the pure states |j,m).

Finally, the degenerate case b=0 leads to the solution |¢)_ ;=(CL ;)™ "2Tglj,~j) with Teg
=exp(—2(B_1B5)J,), that is the standard CS of SU(2).

The mean value of J; in the states (A17) has already been calculated by Brif.® We have

jY+m(S,—=S_) (+|m|)re

(J3)h= 5.5 257 ) (A22)
where
28_ |2 2
St=l+ﬂ31b , t=E , Y=8,8_-§8,-S_ (A23)
and
Q P;:f,{;]lll(l—(2t/S+S_)) if |m|<j; Q=0, if |m|=j. (A24)

P (- (205,50))

APPENDIX B: RESOLUTION OF A FIRST ORDER SYSTEM OF DIFFERENTIAL
EQUATIONS

Let us recall that a realization® of the Fock space Fy={|n),n=0,1,2,...} of energy eigen-
states of the harmonic oscillator as a space H of analytic functions f({) is obtained by expanding
this function in the basis of analytic functions {@,(¢)={"/n!,n=0,1.2,...}, that is,

_s s |
f(g)—"ZO cmn(c)—go ey LeC. (B1)

The scalar product is

- ndldl
(f1 vf2)=fcf1(§)f2(§)e_|{' 7{71_1—.{, Vfi.fae™H, (B2)
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the integral being extended to the complex plane. The action of the creation a’ and annihilation a
operators on the H space is then given by

d

a'={, a= i (B3)
The eigenvalue equation (2.26) thus becomes a first order differential equation
—{ e gra-ne)ro=sro. ®4)
V2 df
for which normalized solutions are obtained for A # — 1. The general solution of (B4) is
2
£ £)=f(0)exr>( M’Zi]f;)m ) (B5)

With respect to the scalar product (B2), the normalization constant f(0) is computed by imposing

dgdl

6
2ari L (B6)

f ()2 14"
C

and we find the normalized solution of (B4) as

1[172/*=Re (7, 73) 7
f(:)=(1—|m|2)”“exp(—5 T )exp(nzz—y‘cz), B7)
with
a-n_ _ VB _ B,
771=m=5e¢ and ﬂz—m—v—i(l'f'ﬁed’). (B8)

This corresponds to the states (2.33) after normalization.

Now we are concerned with the algebra eigenstates satisfying the equation (3.10) in the Fock
space F= (3.4). A realization of F can be easily given from the preceding considerations and the
expression (3.12) of a state |¢) for a fixed j. Indeed, we have

Y (D) =(L:j.m|v) (B9)

and the eigenvalue equation (3.10) then becomes a system of first order differential equations

d . .
a-grtasltas |y (O+[BNG=m+ D(+m)p_1(2)

+BNG+m+1)(j—m) gl () + Bsm iyl (0)]=BY(0), (B10)

where j is fixed but m takes the values —j,...,j. Let us now solve this system by first introduc-
ing the differential operator

d
L=a_d—§+a+§+a3",3 (B11)

and, second, defining the vector
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v,
oo
V= : ) (B12)
Vo
./,;:

The system (B10) thus becomes a matrix differential system
LY =—-AVY, (B13)
with A a (2j+1)X(2j+1) matrix given by

—jBs V2jB+ 0 0
V2iB-  (—j+1)Bs  (2j—-1)28, 0
0  J2j-12B. (—j+2)B8; (2j-2)3B.

V(2j-2)38- (i-2)Bs  J(2j-1)28, 0
0 V2i-128-  (G-1Bs  2jB.
0 0 V2jB- JjBs

(B14)
If we can find a nonsingular matrix S that diagonalizes A on the form D=S"!AS where
D=diag(\_; A, M), (B15)
the system (B13) will reduce to
LY=-D¥, ¥=5'v. (B16)

Thus, for a_ #0, the direct integration of (B16) will lead to

— ~ B—a3—)\‘,',, ay ,
wm—mmexp( -ty (B17)
and the general solution ¥ will be obtained as
¢j—j l’l'l—j S
. —~ —j,m
'//J—j+1 ‘/"—j+1 i i S_i+1
. . — B—a3—)\m a; Jrhm
Co=sp =2 E0)exp )
. . m=—j - Si_
i1 ¥ &
. - fim
vi 7
(B18)

where S is assumed to be of the form
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S-j-i S-j-jrr v S—jir 0 Sy
S—j+],—j S—j+l,—j+1 S—j+lJ—-1 S—j+l.j
S= : : : : ) (B19)
Sji-1-j Simimjer 0 Sjermr oS-y
Sj-i Sj—j+1 7 Sjj-1 S

Computing the eigenvalues of A, we find that we have to distinguish two cases, i.e., the one with
b=+\4B.B_+ ,332 #0 and the one with 5=0. For the first case b #0, all eigenvalues are different
and given by

N.=mb, m=—j,-j. (B20)

The system is diagonalizable and the general solution is given by (B18) with

i) (G—u)t{ b\t
Su,m=\/%(g) P,-‘ff’"""""(%), u=—j, ., (B21)

when B_+#0, 8,0 and B;+0,

[G—u)! 1 (,3+ e
=\ | —isy< = <u<sj
Sum Gralm=a\ B , j<usm, §,,=0, m<u<j, (B22)

when 8_=0, 8, #0 and B;#0 and

s - (jtu)! 1 B\ " <u<i S =0 < p< B23)
“'"'—V(j—u)!(u—m)! 7 , m<u<j, um=0, j<u<m, (

when B_+#0, 8,.=0 and B3#0.

In the Fock space representation, the solutions (B18) with (B21), (B22) and (B23) correspond,
apart from a superfluous change of notation, exactly to the states (3.17) with T.g given by (Al4),
(A18), and (A20), respectively.

For the second case b=0, the matrix A can not be diagonalized. We could use the Jordan form
or start from the differential equation system again and include this condition. Taking the second
way, we can express the (/J{,,({) components in the form

X+ oy (B—a3—mps)

(D) =exp| = 5—1 £\ In(0), (B24)

o_

and insert these in Eq. (B10). We get to the following system:

d _. —
*-17 I+ B-NG—m+1)(j+m)ePsH =gl _({)

+8., \/(j+m+l)(j—lrl)e_Bl*{/"-tZ’,;,H({)=0, (B25)

when m=—j,...,j. By handling these equations suitably we can, for example, obtain an ordinary
differential equation of the 2+ 1 order for ¢/ /(). namely

Ird o\
[1_1 (d—{—/-bfn) YL (£)=0, (B26)

where
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B b
S =t —. B27
Pom= =] = m—— (B27)

When b=0, we have 2j+ 1 equal roots. This means that the solutions for §#_ ;({) take the form:

W (0)=exp ( L 35)2 AL (B28)

Then, we can insert (B28) in (B25) and thus obtain, in an iterative way, all solutions #/,({) and,
thereafter, using (B24), all solutions W 0.
For example, in the case 8. =8;=0 and B_+#0, we have

7=y (0), (B29)

i.e., a constant and, consequently, by integrating one by one the equations of the system (B25), we
obtain

j+m
i B- G+m)W(j—m+k)!
W’"({)_/Zo (_ ) G—m)(j+m—k)! ¥n-(0), (B30)
when m=—j,...,j. The general solution (B12) is then given by
‘I’=exp[ o { ('B ] 2 A())
- - m=—j
I -0r [GomnGrmrR g\t | ©
X ,Zo k! (—m—k)! \Z) ‘ (l) ’ (B31)
| o |

where, in each sum, the 1 in the vector column is placed in the (j+m+k-+ 1) row. We thus obtain
the (2j+1) independent solutions of the system of differential equations.

In the Fock space representation, we can show that the independent solutions given by Eq.
(B31) correspond, apart from a superfluous change of notation, to the states (3.18). In the case
B_-=pB3=0 with 8, #0, following a similar procedure, one finds the expression (3.19).

Finally, when 8., B_, B3#0, by inserting (B28) in (B25) and ordering the independent
solutions with respect to the arbitrary constants A,, one finds

_ + .0 (.3_03) J
W(c)—exp[—za_:+ 42, A
p O -
g\ @i=kt _fe\dt L[ 1
% 20<-1>*(k) (2))! k(m) [—ﬁ@ @j—nirt? ’
0

(B32)
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where 9=83/2B,=—2B_/pB; and, in each sum, the 1 in the vector column is placed in the r
+1 row. In the Fock space representation, these solutions, with a slight change of notation,
correspond to Eq. (3.20).
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Chapitre 4

Etats propres de la superalgebre
sh(2/2), états supercohérents et
supercomprimés généralisés

Résumé

Le concept d’états propres de superalgebre est introduit et appliqué pour trouver les
états propres associ€s a la superalgébre sh(2/2), aussi connue comme la superalgébre de
Lie de Heisenberg—Weyl. Ceci implique de résoudre une super-équation aux valeurs propres
a valeurs dans une algébre de Grassmann. Ainsi, les états propres de sh(2/2) contiennent
une classe d’états supercohérents associés a 1I’oscillateur harmonique supersymétrique ainsi
qu’une classe d’états supercomprimés associés a la superalgébre osp(2/2) ® sh(2/2). La
superalgebre de Lie orthosymplectique osp(2/2) est engendrée par 1’ensemble d’opérateurs
formés a partir des produits quadratiques des générateurs de la superalgébre de Heisenberg—
Weyl. Les propriétés de tous ces états sont étudiées et comparées avec celles des états obtenus
en appliquant les techniques de la théorie des groupes. De plus, de nouvelles classes d’états
supercohérents et supercomprimés généralisés sont obtenues. Cela permet de construire des
Hamiltoniens super-Hermitiens et n—pseudo—super-Hermitiens sans parité de Grassmann
définie et isospectraux avec I’ oscillateur harmonique. Les états propres et états supercohérents

associés sont calculés.
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Abstract

The superalgebra eigenstates (SAES) concept is introduced and then applied to find the
SAES associated to the sh(2/2) superalgebra, also known as Heisenberg—Weyl Lie superal-
gebra. This implies to solve a Grassmannian eigenvalue superequation. Thus, the sh(2/2)
SAES contain the class of supercoherent states associated to the supersymmetric harmonic
oscillator and also a class of supersqueezed states associated to the osp(2/2) ® sh(2/2)
superalgebra, where osp(2/2) denotes the orthosymplectic Lie superalgebra generated by
the set of operators formed from the quadratic products of the Heisenberg—Weyl Lie super-
algebra generators. The properties of these states are investigated and compared with those
of the states obtained by applying the group-theoretical technics. Moreover, new classes of
generalized supercoherent and supersqueezed states are also obtained. As an application,
the superHermitian and 7-pseudo—superHermitian Hamiltonians without a defined Grass-
mann parity and isospectral to the harmonic oscillator are constructed. Their eigenstates
and associated supercoherent states are calculated.
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1 Introduction

The algebra eigenstates (AES) associated to a real Lie algebra have been defined as the set
of eigenstates of an arbitrary complex linear combination of the generators of the considered
algebra(7, 8]. According to the particular realization of the Lie algebra generators, the determi-
nation of the AES implies, for instance, to solve an ordinary or a partial differential equation,
to apply the operator technics, etc. For example, in the case of the su(2) Lie algebra, differ-
ent approaches have been used such as the constellation formalism[4], the ordinary first order
differential equations[8] or the operator method[1]. The same methods have also been applied
to find the AES for the su(l,1) Lie algebra[l, 8]. In the case of the two-photon AES, as-
sociated to the su(1,1) © h(2) Lie algebra, used have been done of ordinary second order
differential equation[7]. More recently, the AES associated to the h(2) & su(2) Lie algebra
have been obtained using these types of methods[2]. In particular(8] it has been demonstrated
that the generalized coherent states (GCS) associated to the SU(2) and SU(1, 1) Lie groups,
based on group-theoretical approach[21], are subsets of the sets of AES associated to their cor-
responding Lie algebras. Moreover, the super coherent states of the supersymmetric harmonic
oscillator[10] as defined by Aragone and Zypmann([3] and a new class of supercoherent and su-
persqueezed states regarded as minimum uncertainty states have been obtained[2]. Generalized
supercoherent states (GSCS) associated to Lie supergroups have also been calculated following
a generalized group-theoretical approach. This is the case, for example, of the supercoherent
states associated to the following supergroups: Heisenberg—Weyl (H-W) and OSp(1/2)[14],
U(1/2)[15, 25], U(1/1)[20] and OSp(2/2) [13].

In the view of these approaches we ask the question of how we can generalize the AES
concept valid for Lie algebras to Lie superalgebras. In general, as the even subspace of a
Lie superalgebra is an ordinary Lie algebra, it is clair that the new concept must generalize
in an appropriate form the AES concept. Indeed, the set of superalgebra eigenstates (SAES)
associated to linear combinations of even generators of the Lie superalgebra must contain the
AES associated to the Lie algebra generated by these generators. Moreover, we expect that
the SAES associated to a certain class of superalgebras contain the GSCS of the related Lie
supergroups. Another criterion to define the SAES concept start from the utility that we can
give to this concept when we study a particular quantum system, more precisely when we

want to know the eigenstates of a physical observable represented by a superHermitian operator
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formed by a linear combination of the superalgebra generators or by a suitable product of these
generators. According with these requirements, we propose the following definition of the

SAES concept.

Definition 1.1 The SAES associated to a Lie superalgebra correspond to the set of eigenstates
of an arbitrary linear combination, with coefficients in the Grassmann algebra CBy, of the su-
peralgebra generators. This means that if L is a superalgebra generated by the set of even op-
erators ®(a,), ®(az), . .. ®(a,,) and the set of odd operators ®(am11), P(ami2), - - -, P(Amin),
the SAES associated to L are determined by the eigenvalue equation

m+n

Z B"@(az«)] ) = Z|y), M

where B € CBy, Vi=1,2,...,m+nand Z € CBy,.

In general, the superstate |¢) is a linear combination, with coefficients in CBy,, of the basis
vectors of a graded superHilbert space W, the representation space of the superalgebra on which
it acts.

Let us here mention that the Appendix A contains the notations and conventions used in the
context of Grassmann algebras, Lie superalgebras and supergroups. This will help for a good
understanding of this work.

From the preceding definition, we see that to know explicitly the SAES associated to a given
Lie superalgebra, we must analyze case by case the different possible solutions of the Grassman-
nian eigenvalue equation (1) taking into account both the domain of definition of the Grassmann
coefficients and the parity of them. In general, the calculations can be long and fastidious, but
in physical applications, some simplifications appear due to some constrains on the coefficients
like assuming a certain type of parity.

A natural generalization of the concept of AES to SAES starts with H-W superalgebra
sh(2/2) generated by the bosonic operators a, af and I and the fermionic ones b and bt. We ex-
pect to recover the usual algebra eigenstates[2, 3, 19] but also supercoherent and supersqueezed
states based on a group theoretical approach[16, 18].

Let us remind that the well-known bosonic algebra is generated by the even operators a, af

and /, that satisfy the usual non-zero commutation relation

[a,al] = I, 2)
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and act on the usual Fock space F, = {|n), n € N}, as follows
aln) =valn—1), dlln)=van+1in+1), neN. 3)

The operators a, a' are the usual annihilation and creation operators of the harmonic oscillator,
and I acts as the identity operator. The corresponding fermionic superalgebra is generated by
the odd operators b, b' and the even operator I, which satisfy the non-zero super commutation

relation

{b,0'} = 1. @

These operators act on the graded space F; = {|+),|—)} as follows
b4y =[-), bl=)=0, b+)=0, bl-)=]|+). ®)

Taking the all set {a,al, I,b,b'} satisfying the non-zero supercommutation relations (2) and
(4), we get the H-W superalgebra sh(2/2). Its acts naturally on the graded Fock space F;, ®
F; = {In, %), n € N}. In order to compute the SAES of this superalgebra we will consider
linear combinations over the field of Grassmann numbers. This means that, in general, we
will deal with linear combinations of the bosonic (even) and fermionic (odd) operators with the
coefficients taking values in the set CBy,.

The paper will be thus distributed as follows. In section 2, we will determine the SAES
associated to the bosonic H-W Lie algebra. A significant difference with respect to the other
approaches is now that linear combinations of generators is considered over the field of Grass-
mann numbers. Connections with preceding approaches will be made. In section 3, fermionic
H-W Lie superalgebra will be considered. These special SAES cases will give a good under-
standing of the specificities induced by working with Grassmann valued variables and will help
us to give a complete description of the SAES associated to the H-W Lie superalgebra in sec-
tion 4. Finally, in section 5, Hamiltonians which are isospectral to the harmonic oscillator one
will be constructed and their associated supercoherent states will be described. The notations
and conventions used in this work will be revised in the Appendix A whereas the details of

calculus of the SAES of section 4 will be presented in the Appendix B.
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2 SAES associated to the Heisenberg—Weyl Lie algebra, gen-
eralized supercoherent and supersqueezed states

The SAES associated to the H-W Lie algebra will be obtained as the states |1)) that verify the
eigenvalue equation

[A_a+ Ardl + AsIly) = Z|y), 6)

where Ay, Az and Z € CBy. From the structure of this equation, we expect to recover the
usual results concerning, in particular, the eigenstates of a, i.e., the standard coherent states of
the harmonic oscillator[21]. That is the reason why we begin our considerations by taking first
A4 = A; = 0. In this context, we will distinguish between the cases where (A_), is zero and
not zero. Next, the general combination (6) will be considered with (A_), # 0. This means

that A_ is an invertible Grassmann number and the relation (6) thus reduces to
[a + Bally) = z|), B, z € CBy. )

2.1 Generalized coherent states

If we take A, = Az = 0, the eigenvalue equation (6) thus writes

A_aly) = Z[4). (8)
Let us assume a solution of the type
=3 Cin),  C. €CBy ©
n=0
By inserting (9) in (8), applying (3) and using the orthogonality property of states {|n)}..,, we
get to the following recurrence relation
A_Chp = \/—ZTCTLI—’ n=0,1,.... (10)

Here we must consider two cases: the cases (A_), # 0and (A_), = 0.
In the first case, (A-), # 0 is thus an invertible quantity and we can isolate the coefficient

Cp+1 in (10). It is easy to show that we get:

n

-1
an%q}, n=12,.... (11)
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The SAES associated to the operator A_a with eigenvalue Z are then given by

n

oo o0 T n
) =Y maln) = > E2L o) = i) (12)

n
n=0 . n=0

where z = (A_)"'Z. As we are interested in normalized eigenstates, we take (Co)y # 0 and

the eigenstates can be written as
|2) = D(20)D(21)|0), (13)

where
D(z) = exp (zoaJr — zéa) , D(z,) = exp (zlaT — zfa) , (14
2= ((A-)"'Z),and z; = ((A-)"'Z),.

We notice that the generalized coherent states associated to the harmonic oscillator system,
considered as eigenstates of the annihilation operator a, are here given by (13) when A_ =
€4, 1.€., When zp = Zj and 2; = Z;. This states are obtained by applying successively the
superunitary operators ID(Z; ) and D(Z)) to the fundamental state |0).

In the second case, that is when (A_), = 0, we can not obtain a simple closed expression to

describe all the algebra eigenstates. A class of solution is:

(C1(Co) )"

Cn =
Vnl

Co, ’I’L=2,3,..., (15)
together with
A_C, = ZGCy (16)
and Cy is an arbitrary coefficient such that (Cy), 7# 0. The condition (16) implies that Zy, = 0
and is equivalent to the following system of superequations
(A—)O(Cl)o + (A—)1(C1)1 = ZO(OO)O + ZI(CO)I’ a7
(A-)o(C1)y + (A-),(Ch)y = Z0(Co), + Z1(Co)o, (18)
where we have decomposed A_, Cp, C; and Z into their even and odd parts. This system can

be solved to give C) in terms of Cy. A set of normalized eigenstates corresponding to the

eigenvalue Z = aA_, o € C, is given by the standard coherent states
|laeg) = exp (aegal — aega) |0) = D(aey)|0). 19)

So, in the special case when (A_), = 0, the algebra eigenstates of the odd operator (4_),a

contain the set of coherent states of the standard harmonic oscillator.
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2.1.1 Density of algebra

It is interesting to mention that we can interpret this last result in terms of the concept of density

of algebra. Indeed, let us define the odd operators
A_=za, A,=-za, =z €CBp. (20)
By integrating these operators with respect to the corresponding odd variable, we get

a= /A_dzf, al =/dzlA+, 20

ie., A_ and A, fulfill the role of a linear density of the annihilation a and the creation af,

respectively. We notice that

[a,al] = / {A_,A}d2ldz,  {a,al} = / [A_,A]dzidz, (22)

i.e., the commutator and anticommutator of the even operators a and a! are obtained by inte-
grating, on the entire odd Grassmann space, the anticommutator and commutator of the odd
operators A_ and A, , respectively. This suggests the following definitions of the densiy of

identity I and of an energy type density H :

I={A_,A} =2z, H=I[A_A]= %zlz{{a,af}. 23)

As we know, the eigenstates of the annihilation operator correponding to the complex eigen-
value o are given by the standard harmonic oscillator coherent states |a) = D(a)|0). They

verify the eigenvalue equation

ala) = aja). (24)

Multipliying both sides of this equation by zf, then integrating with respect to this Grassmann

variable and finally using (21), we get

/ A_|a)dzt = / azt|a)dz?, (25)

i.e., by comparing both sides of this last equation we conclude that a class of eigenstates of
the odd operator A_ corresponding to the azf eigenvalue are given by the standard harmonic

oscillator coherent states e4|a).



2.2 Generalized supersqueezed states
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Let us now solve the eigenvalue equation (7). A class of solutions can be constructed firstly, by

expressing |) in terms of a generalized su(1, 1) squeeze operator (the normaliser of the H-W

algebra), following this way the construction of the standard squeezed states associated to the

simple harmonic oscillator system[19]. Indeed, let us write

%) = 5(X)l0),

where the squeeze operator S(X}) is given by

S(Xo) = exp (Xo (at)z - Xoia_z) 3

2 2

with A, an even invertible Grassmann number, XJ its adjoint (see Appendix A).

Inserting (26) in (7), using the relation
-1
SH(Xo)aS(X,) = cosh(|| X)) a + /Ao <\/ xg) sinh(|| %l|) af,
where || X, = \/XOXJ, and choosing X} in such a way that it satisfies

1
VA (V/5) " snbl) + Bocosh(l) =,

we get the following eigenvalue equation for ) :

|6(X0,8) a+ i cosh( %) '] Ip) = 2le),

where
G(Xo, 8) = cosh(|%l) + B/} (Vo) sinh(|2a]).

Let us notice that this last coefficient can be written on the form

G0t,8) = 62t ) (e + 5 (6t )™ 25 (Vo) " siah(lal)

where, taking into account (29),

G(%, o) = [e6 = B3 2 (26)™"] cosh(l| Xol).

(26)

27

(28)

(29)

(30)

31

(32)

(33)

Multiplying both sides of the equation (30) by the inverse of G (X}, 3) and taking into account

(32), we get
[a + Bral]lg) = 2|p),

(34)
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where
Br = B1(G(Xo, o))" cosh(|| Xoll) € CBy,, (35)
and
= [(Q(Xo,ﬂo))_l — b \/@(\/}O - sinh(||X0||)] 2. (36)
The equation (34) is thus simpler to solve than (7). Indeed, we can again try a solution of the
type -
) =Y Culn),  Cn€CBy. (37)
n=0

Inserting it in (34), using the raising and lowering properties of the operators a' and a, and the

orthogonality conditions of the states {|n)} , we get the recurrence relation

[2Cn — /1B1Cri]
Cpyy = , =2..., 38
* Jntl n (38)
with
Cl == 200, (39)

and Cj is an arbitrary constant. Proceeding by iteration we get

n—2
1 . E A
Cn=—= (z" = (k4 1)z R (s ﬁ1> Co, n=23,.... (40)
vl =
This expression may be written in a closed form. Indeed, as we can show that
n—-2
(D) / ak n—l e n—1)(n—-2),. .n_3.
k=0 ’
1 82 18 a,
- 2uaA2( 20)" = 3'8‘3( %0)" 2 *2)
the relation (40) becomes
1 (.. 102, ., 18 n
Cn = ﬁ (Z - [E&g(zb) 3| 8A3 (ZO) 21:| ﬂ1> CO) n= 2) 37 R (43)

which is also valid for n = 1. Finally, inserting this result into (37), and after some manipula-

tions we obtain a general solution of (34), which is

R ~ (at o,
lp) = [ezlaf - b (a2) 1ﬂ1( @) } &' |0)Co. (44)

A normalized version of (44) is given by

5 @) s @)’
3

lo) = exp I:—ﬂlT — 2101 D(QO)D(ﬁl)I()) é(éaﬁl)a (45)
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where the operator D has been defined in (14). The normalization constant C is given by

C(z,6) = (\/f) - [ed, + %(\/f)_lﬂ(\/f) _1] , (46)
with
DB = o — 5 (0B + (B0'2) - 5 (ab+ B @)'?) @
and
O3,6) = % (z 3552+ D (2)1s 3)

+ ( 215+ (N4 + (3)(51)'2 2+(21)12)_1((21)222+42¢2+2)J(Bl)131
1
9

N

(34°5% + 9(34)°52 + 24315 + 6) )28

= (6B + (B0 20)?) (20,

From (26) and (45) we conclude that a class of normalized solutions of the eigenvalue equa-

tion (7), corresponding to the eigenvalue z, is given by the generalized supersqueezed states

2 @)L @ s s 5
) = S(Ap) exp | -5 5 - 216 3 D(20)D(21)]0) C(2, Br). (48)

Let us now give some examples of such states.

2.2.1 Standard supersqueezed states

The standard supersqueezed states are obtained from (48) when 3; = 0 and z; = 0, i.e., when

B1=0,3% =0and 3 = (Q(Xo,ﬂo))_lzo. They are given by
) = S(X)D(%0)|0), (49)
where A and 2, remain even Grassmann valued numbers.

2.2.2 A new class of supersqueezed states

Another class of supersqueezed states appears in (48), because of the possibility to choose
in (7) a non zero odd component of the variable 3. For example, if we choose £, = 0, i.e.,

X =0, Bl = [ and Z = 2, then from (48) we obtain the following class of states

1- 2
9 = exp |- %L g,

(ah)’

3 D(20)D(2,)|0)C (2, Br).- (50)




95

They are obtained by applying the operator

)2 )3
exp [‘ﬂl% - Z1ﬂ1£q?’—)‘] (51)

to the generalized coherent states (13) of a. In the special case where z; = 0, we get to the

normalized supersqueezed states
1 2 1 2 2
W) = [E¢+Zﬂfﬂ1 (46 +4z0zg+2)] exp [—g 181 (a*(a")’ + (ah) az)]

- (ﬁl @) —ﬂi‘a;)

1,
2
which are written in terms of the superunitary operator S(—[3;) as defined in (27). Moreover, in

exp D(20)|0), (52)

the case where 3, € RBj, this last equation becomes

[¥) = S(=1)D(20)|0), (53)

i.e., we are in the presence of a class of supersqueezed states which are constructed by applying
the superunitary supersqueeze operator S(—/;) to the standard harmonic oscillator coherent

states.

3 SAES associated to the fermionic superalgebra

In this section, we will construct the SAES associated with the fermionic superalgebra generated
by {b, bt, I'} which satisfy the non-zero supercommutation relation (4) . The general eigenvalue

equation writes as
[B-b+ Byb' + BsIl|y) = Z|4), Bz, Z € CBy. (54)

Here we will distinguish again two cases: firstly when B, = Bs; = 0 and secondly when B_ is

invertible so that the equation (54) reduces to
(b+ b1 |) = z|), 6,z € CBy. (55)

3.1 The b-fermionic eigenstates

Let us solve

Bbly)=Z|$), B,Z €CB. (56)



96

Since the fermionic graded Fock space is reduced to the vectors |—) (even) and |+) (odd) which

act as in (5), a solution of (56) writes as
|¥) = C|-) + D|+), C,D €CB;y. 1))
Inserting (57) into (56) and using (5), we get
BD*|-) = ZC|-) + ZD|+). (58)

The orthogonality of the states |—) and |+) leads to the following set of algebraic equations

BD* = ZC
zZD = 0, 59)
or by conjugation of the first one,
B*D = zZ*C*
ZD = 0. (60)
Let us mention that, when By # 0, we have evidently the normalized solution |¢)) = |—) when

the eigenvalue Z is zero, but due to the presence of Grassmann value quantities, when B, = 0,

we have a larger set of solutions. For instance, for B = B, we find, a solution of the form
) = Cl-) £ Bi[+). (61)
Normalized eigenstates are given by
) = exp [j: (BlbT + Bi‘b)] ). (62)

When Z # 0, non-trivial solutions appears if and only if Z;, = 0. From (60), we have
Dy = 0. To solve completely the system (60) we have to distinguish two cases.

If B, # 0, we can solve D from the first equation of (60)
D= (B*)'z°c* = (B™'Z)'C* = z*C", (63)
where z = zp + z; = (B~'Z) . Now inserting (63) into the second equation of (60), we get

Zz'C* =0. (64)
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Normalized solutions will be obtained if C, # 0 and we thus get
Zz* =0, (65)
which can be written explicitly
zg =0, 2021 = 212p. (66)
The normalized eigenstates of Bb with the eigenvalue Z satisfying (66) are given by
[v) = (1-) + 2"+ c, (67)
where C'is an arbitrary Grassmann number such that Cj # 0. They can be written as
|20; 21) = T(21)T(20)| ), (68)
where the superunitary operators T are given by
T(z1) = exp (szl — sz) , T(zp) = exp (zobJr — 2 ) : (69)

The b—SAES are obtained from (68) when B = ¢, so that zp = Zj and z; = Z;. We notice
that when 2, = 0, they reduces to the standard supercoherent states associated to the system
characterized by the fermionic Hamiltonian H = b'b — 1.

If B, = 0, the problem is a little more tricky. We can write (59) explicitly as

Bodo — Bidy = Zoco+ Zicy (70)
Bido — Body = Zico+ Zoc 1)
Zodo + Zydy = 0 (72)
Zido+ Zody = 0, (73)

where we have taken C = ¢y + ¢; and D = dy + d;. In this way, for instance, when By # 0 and
(Bo)2 # 0, we can combine (70) and (71) to obtain

(Bo)’dy = (BoZo — B1Z1)co + (BoZy — By Zo)cy, (74)
(Bo)’dy = (B1Zo — BoZ1)co + (B1Z1 — BoZo)cy (75)

and then combine this last system of equations with (72) and (73) to get

Zo(2B1Zy — BoZo) co + Bi(Z0)’c1 = 0, (76)
Z0 (2B1Z) — ByZo) ¢1 + B1(Z)’co = 0. (77)
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The systems (74-75) and (76-77) are equivalent to
(Bo)*D = BZ*C* (78)

and

Zo (2B1Z1 - B()Z() + B1Z0) C = 0, (79)

respectively. As we search for normalized solutions, we must take Cy # 0. This implies the

following condition for the Z eigenvalue:

Z0(2BIZ1—B()Z()) = 0 (80)
B(Z,)* = 0. (81)

Then, the normalized eigenstates of (56) corresponding to the Z eigenvalue satisfying (80-81)
are given by (57), with C' an arbitrary Grassmann number such that Cy # 0, and D verifying
(78).

Following a similar procedure, when By = 0 and B; # 0, the normalized solutions of (56)

corresponding to the Z eigenvalue satisfying the conditions
(Z0)* =0,  ZoZi=0, (82)
are given by (57), with C, # 0, and D verifying
B\D=-Z*C". (83)

When B, # 0 et B; = 0, the solutions corresponding to the Z eigenvalue satisfying the condi-

tions

(Zo)? =0, (84)

are given by (57), with C; # 0, and D verifying
ByD = Z*C*. (85)
Other classes of solutions can be reached by imposing other conditions on the coefficient B.

3.2 Supersqueezed states

Let us now solve the eigenvalue (55). If we assume again a solution of the type (57), then by

inserting it in (55), using the raising and lowering properties (5) and the orthogonality between
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the sates |—) and |+), we get the following algebraic Grassmann equations for determining C
and D :

D* 2C, (86)

6C* = =zD. @87

By conjugating the equation (86) and then by inserting it in (87), we get
(zz* = 6)C*=0. (88)
As we are interested in normalized solutions, we must take C,, # 0, then (88) implies:
22 =4, (89)

that is, d is an even Grassmann number. Inserting (86) in (57) and considering the conditions
(89), we conclude that a set of normalized eigentates of the operator (b + ,bf) corresponding

to the eigenvaleue z = /8 + 2, is given by

80, 21)* = (1) = (21 F VB ) C. (90)
It is not too hard to show that the corresponding normalized supersqueezed states are given by
|60, 21)E = exp (bTZI — z%b) exp [:i: do (bJr + z%)] |—) N%(80, 21), 91)

where the normalization constant N is given by

N*(6, 21) = F~! [64, + %f‘l (Vort + (vV3) 21 F /ol \/%)izle) ]—"‘1] .92

with

F6o) = V1+ VeV (93)

We notice that in the limit dp — O the supersqueezed states (91) becomes the eigenstates of the

operator b corresponding to the eigenvalue z = z2;.

4 SAES associated to the Heisenberg—Weyl Lie superalgebra

Let us now compute the SAES associated to the H-W Lie superalgebra generated by the set of
generators {a,af, I, b, b'} whose non zero super-commutation relations are given by the rela-

tions (2) and (4). The eigenvalue equation is written as

[A_a+ Apa® + AsT + B_b+ B.bY||¥) = Z|)), Ay, As, By, Z € CBy. (94)
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Here we concentrate in the case where (A_), # 0, i.e., A_ is an invertible Grassmann number.

In this case, we can express (94) in the form
[a + Bal + b+ 8b')[9) = 2l9),  B,7,6,2 € CBy. (95)

Special cases of this problem have been considered in sections 2 and 3. Here we consider
the cases where we have the presence of both bosonic and fermionic operators in the eigenvalue

equation (95).

4.1 Generalized supercoherent states

First, we take the particular eigenvalue equation
[a +b]|9) = z[y), 7,2 € CBL. (96)

Let us assume a solution of the type

9 = 32 (Culri =) + Dalmi +)), o)

n=0
where C,, D, € CBj. By inserting (97) in (96), using the lowering properties of operators
a and b, Egs. (3) and (5), and the orthogonality properties of the graded Fock space basis

{In; =), |n; +),n € N}, we get the recurrence relations

VU + 1y + YD}, = 2C, (98)
Vn+ 1Dpy1 = 2D, (99)

From (99), it is easy to find the expression of the coefficients D,, in terms of an arbitrary constant

DQZ

ZTL

Vn!

Then, by inserting (100) in (98), we get the following recurrence relation for the coefficients

C,:

D, =

Dy, n=1,2,.... (100)

Crp1 = 2y — 4 E) Dg}, n=0,1,2,.... (101)

1
T

Finally, proceeding by iteration we get

n—1
2"Cp — (Z z("_l‘k)'y(z*)k> D}

k=0

1
Co= —
Vil

., n=12..., (102)
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where Cj is an arbitrary constant. Since Cy and Dy are arbitrary constants, the equation (97)

gives two independent solutions. The first one consists of the standard coherent states

Z |n; — (103)
To find the second one, we use the formula
1 n
] gz("—k)’Y(Z*)k = (020" + 2" ). (104)

We thus get the generalized coherent states on the form

[o o]
— o~

X (Yo2™ + 2™ 1) .
z,%+) =12,7% ;1) = E : TL+ _G’TE : T D
| Y ) | Yo, 71 ) \/—| \/n— | > 0

= exp [ (’yo (1+ za )+’yl) Tb] Z“f|0 +) Dj. (105)

n=0

The normalized version of the states (103) is given by
|2; =) = |20, 215 =) = D(20)D(21)0; —). (106)

It is similar to the one obtained in (13). A set of normalized generalized supercoherent states,

orthogonal to (106) is given by the formula

— ——

270,71, 4) = |75 =) (=3 212090, 71, +)

lz,7,+) = |20, 21,7, 1; +) = (107)
|||Z,’)’0,’)’1,+)—IZ; ) ( le 70)717 )”
After some calculations, we get the set of generalized supercoherent states
20,2120, mi4) = D(aiBen) {054
1
- [(1 - §zfz1> D(—2z)(al + zg)fyoezl% + (14 2t z)aly,
t
- (1- Zle)zi’Yoezlz"] 10; —)}N(Zo, 21,%, M), (108)
where the normalization constant /V is given by
2
N(z0, 21,7, 1) = B~ [1 - B (’Yf’h — Y470(2320) ) zleB‘l] 3 (109)

with

B(yo,m) = V1+yty= \/1 + %% + % + i+ vim. (110)



102

4.1.1 Super coherent states

The supercoherent states (108) constitute a generalization of the super coherent states found
by Aragone and Zypman(3]. Indeed, from equations (108-110) we see that, in the case where

v = 0 and 2; = 0, we have
-1
IZO7O77010; +) = <\/ 1+’)’01’)/0) D(ZO) (IO, +) _.ryoaflo, _)) (111)
4.1.2 Other classes of supercoherent states

Now if in (108-110), we take vy = 0 and z; = 0, we get

1
0,21,0,7354+) = (1 - 57im - valzle) D(z) (10+) = (1 + Az)arnlo - ). (112)

We can also distinguish the case where y; = 0 and 2y = 0. We get

~1
|OJ 21, %0, Oa +> = ( V 1 + ’YOLYO) D(zl)

1
{|0; +) +% !(-2—1;—1 = 1) D(—z)at + 24 | [0; —)} . 113)
4.1.3 Standard supercoherent states
In the case where v = 0, (108) becomes the standard coherent states
|z; 4+) = |20, 21;+) = D(2p)D(21)|0; +). (114)

By combining the two independent solutions (106) and (114), we can construct a solution of
the type

|z; p,7) = plz; =) + 7|2; +), (115)
where p and 7 are Grassmann numbers such that p;2; = 732z; = 0. Thus the states (115)

are eigenstates of a corresponding to the eigenvalue z. In particular, if we take for example

b
p=1-— fL;—‘ and 7 = —2,, then we obtain the supercoherent states
[2) = D(20)D(21)T(21)]0; —). (116)
b
Moreover, if we take z; = 0, p = 1 — 91:—1 and T = —6;, we get the standard supercoherent

states associated to the supersymmetric harmonic oscillator [6, 14]

IZO, 91) = ]D)(zo)'ll‘(01)|0, —>. (117)
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4.2 Generalized supersqueezed states

Let us now find the SAES associated to the sub-superalgebra {a, b, bt, I'}. If the coefficient of a

in the linear combination is invertible the problem reduces to solve the eigenvalue equation:
[a+ b+ 0b|9) = z|9), 7,6 € CBL. (118)

We can show, see Appendix B section B.1, that two classes of independent solutions of the

eigenvalue equation (118) exist and are given by

95 =) = [ 0 Ourll7, 6%, m)e' 10,5) = 3 Oule,8,77, el 1) G (119)

£ even £ odd

and

[v; +) = [Z Oat (£,8,7%, 21)*' [0; +) — Z Oat (6,7, 8%, z1)e*' |0; —)] Dj,  (120)

£ even £ odd

where Cy and Dy are arbitrary and invertible Grassmann constants and

£ factors
* 1 * ok ) ¢ ¢
Oaf(£1 Y 0 ,21) = E{(’Y(s 76 o ) ((at) - zl(a"r) +1)

(€—j3) factors j factors

14
1 ]+ef - . ™~ -~ . ~ Te+1
— _ 1
- e+1;( 7 (v 8" ) 2 (o8- -+) (al) } (121)

where / =0,1,2,....
The superstates (119) and (120) can be written in the form of a supersqueeze operator acting

on the supercoherent state, that is

[¥;=) = Oeven(a',7,8" 21) exp [— (Oeven(aT7 v, 6%, Zl))_l

(Ooaalal, 8,77, 20) )22 b1 | D(0)D (1) 10; ) Co, (122)

-1
|¢; +> = Oeven(afy 6) ’)’*, Zl) €xp [_ (Oeven(aTa 61 '7*, Zl))

(Oodd(aT,V, %, 21)) ézlafb}D(Zo)D(zl) |0; +) D3, (123)
where
Ocven(al,7,6%,21) = Y Out(£,7,6%, 1) (124)
£ even
and
Oodd(a1,776*azl) = Z Oa'f(&’)’y (5*,21). (125)

£ odd
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4.2.1 Standard superqueezed states

In the case where v and § are odd Grassmann numbers, that is when v = ; and § = 6, it is

easy to see from (121) that, the non zero O,+ operators in (119) and (120) corresponds to

OaT (Oa'Yh _51; 21) = 11 Oa"(l) 617 —71, 21) = 51aT - 26121(0’1)2’

1
Out(2,71, —01,21) = —gvlél(a*)z, (126)

and

0,1(0,61,—m,21) = 1, Oaf(1,71,—51,21)=’)’16LT—2’)’121(GT)2,
1
Oat(2,61, -1, 21) = —575171(111)2, 127)

respectively. By inserting this results in (119) and (120), and after some simple manipulations,

we get the supersqueezed states

l9; =) = exp —%Wh(a*)z e~ ezet 0, ) ¢, (128)

and

1
|¥; +) = exp —551’71(‘11)2

e me'be*'|0; +) Dj, (129)

which are eigenstates of a + ;b + 6;b'. In these last expressions, we notice the action of
an normalizer operator acting on the corresponding supercoherent states. The normalizer in
equation (128) transforms the algebra element a4, b+ 6;b! into a+ ;b whereas the normalizer
in equation (129) transforms it into a4, b'. In fact, a complete reduction into the element a only
can be obtained. For instance, that is the case if we multiply the normalizer in equation (128)
by the corresponding normalizer of the equation (105) in the special case where y, = 0, that is,
by e~"4'6. Moreover, if we consider the algebra element a + Bpal + vib + &;bt, a normalizer
operator transforming it into the element a is given by the standard supersqueeze operator[9]

2

(a)
2

G(Bo,71,01) = exp [— (Bo +m61) } exp (—6,a'b") exp (—11a'd) . (130)

In this way, using the algebra eigenstates (117) of the a annihilator, we observe that a class of
superalgebra eigenstates of a + Goa' + 116 + 6,7, corresponding to the eigenvalue zg, is given
by

G(Bo,71,01)D(20)T(6,)|0; —)Cp. (131)
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We notice that, these supersqueezed states are obtained by acting with a supersqueeze oper-
ator that is an element of the OSP(2/2) supergroup on the supercoherent states associated
to the supersymmetric harmonic oscillator. In this way, these SAES of the algebra element
a + foal + y1b + 8;b7, are comparable to the supersqueezed states for the supersymmetric

harmonic oscillator [16, 18].

4.2.2 Spin % representation AES structure

Let us consider now the special case where both -y and § are even invertible Grassmann numbers.

Let us write v = yp and § = §y. In this case, from (121), we obtain

aT) (7050) exp( f_lzla“) if £ is even

2 (132)
(“) @) (4000) 2y, exp (—ziaf), if £ is odd

Oaf (€7 Yo, 50; zl) = {

Thus, by inserting these results in (124) and (125), we get

o0 ¢
t _ (V’YO(SOO‘ ) _ ¢ t
Oeven(a’, 70,00, 21) = Z 7! P\ T 1A

£ even

= cosh(y/700g al)e 1®
exp [zl(\/'y()éo (COSh(\/’)’()(SO a“)) sinh(y/7000 a') | (133)

and

0(50 CLT
2{ (\/7_ )’

= (\/5_0)_ Vo sinh(v/7000 a’) exp (—zal) . (134)

Ooaalal,v0,00,21) = exp (—2a')

By inserting these results in (119) and (120) and after some manipulations, we get the set of

independent eigenstates of a + yob + ob!

[4; =) = exp [_Zl (cfr - (M)_lTh(’Yo,tso,aT))] cosh{\/'maT -
(VA0 V5o |1+ 21 (20! = (v/3080) " T30, 80,01))] b*} e*'|0;=) Co (135)

and

[;+) = exp [—21 (aJr — (\/’E)_lTh('yo,éo,aT))] cosh{\/'m_éoaT -
(\/(5_0)_1\/_[1+zl<2a — (vV70%) " Th(70, 80, a ))] }eza*|o;+) Dy, (136)
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where
Tr (70, 60, al) = (cosh(\/ ~Yodo at)) sinh(1/70dp a'). (137)

In the special case where z; = 0, (135) and (136) reduces to
[5-) = cosh[v/wdoal = (v0) ™ V/BobT| ee'[0; -) Co
_ ) -1
= (V%) 1\/6—osmh[\/’yo(50 at — (v/3) \/%b] e |0 +)Cy  (138)
and
-1
[¥;+) = cosh[ Y000 al — (\/6_0) \/%b] ez°“1|0; +) D;
-1 - *
= ~(V&)" vosinh|[vwdoa — (vie) " Vaob'] e 10;) D5, (139)

respectively. By combining both equations (138) and (139), we can express the set of indepen-

dent solutions in the form

[ =) = exp (Vb o' = (v0) " VBobt) e*'[0; =) Gy (140)
and

—— -1 -

|¢;+)=exp( %o al — (v/3) \/%b) e’ (0; +) Dy (141)

Thus, we recover the structure of the spin —;— representation algebra eigenstates associated to the
subalgebra {a, J,, J_} of the h(2) @ su(2) Lie algebra [2].
4.3 The general case

Let us solve now the eigenvalue equation (95). The discussion at the end of section 4.2.1 shows

that it can be reduced to a simpler one by expressing the eigenstate |1) as:

[¥) = G(Bo, 11,61)|)- (142)

Indeed, inserting (142) into (95) and multiplying by the inverse of the supersqueeze operator
G(/BOa T, 61)) we get
[a + Bia’ + vob + 80bT]|0) = 2|, (143)

where

By =P+ dom + Yoo € CBy,. (144)
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We can show that, see Appendix B section B.2, two classes of independent solutions of the

eigenvalue equation (143) exit and are given by

[Z exp ( /81(7060) g) OO-T (€7 Y0, 607 Zl)eZﬂfIO; _>

£ even

Z €xXp ( 060) (E - 1)) Oaf (e7 607 Yo, zl)eza?lo; +)] C'0 (145)

£ odd
and

)
I‘p) [Z exp ( IBI ’Yo 0) e) Oal‘(& 60770121)ezat|0; +)

{ even

,31(’)’0 0) B zat|n. _\] P+
- Yew (= 1) ) Our(€, 0,80, 21)e%' 0, -)] D5, (146)

€odd
where Cp and Dy are arbitrary and invertible Grassmann constants.

Using the results (132) for the O (¢, o, 0o, 21) Operator, we get

lo; =) = {COSh( V Yoo — ,31 GT) <1 + Th(7o, do, Bl, at) Yodo — Blzl> e_zlatezatlo? -)
— (7o) " sinh( \/ 7000 — B a?) \/ 7000 + ﬂ*le_zlatemtlo; +)] Co (147)

and
lo;+) = [cosh(\/ Y0 — B at) (1 + Ti(0, %, B1, a1) A/ Yobo — Blzl) e=31% %' |0; )
— (60) ™" sinh(1/ 7080 — By af) \/ Y000 + P~ e |0 —)] Dy, (148)
where .
Th(70, 60, A1, a') = (cosh( Yobo — b af)) sinh(y/ 700 — A1 al). (149)

4.3.1 Generalized Spin % representation AES structure

In the special case where z; = 0, (147) and (148) reduces to

lo; =) = exp (—%('70)_131a*b*)

cosh /708 — B o' — (10) /vl + By bf| 'l -) o (150)
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and
1 _1" 1.
lo;+) = exp —5(50) Brat b

COSh[\/ Y000 — Brat — (6) 7" \/ 100 + By b] ezoaflo; +) Dq (1s1)

respectively. Thus, we get a set of generalized SAES that contains the set of AES associated to

the spin % representation that we have studied in the section 4.2.2.

S Isospectral harmonic oscillator Hamiltonians having odd
interaction terms

In this section we search for some isospectral harmonic oscillator systems which are charac-
terized by a Hamiltonian admitting an annihilation operator which is a Grassmannian linear

combination of the generators of the H-W Lie superalgebra, i.e., of the form
A=a+pfal +4b+6bf,  B,v,6,€ CBy. (152)

A family of non-equivalent such Hamiltonians H can be contructed if first we consider a

superHermitian Hamiltonian H, such that the commutator is given by
[HO,AO] = —~Ap, and A0|Eo; i) =0, (153)

where

Ao = a+ Bral + ~yob + obt, Y0,00 € CBy,, (154)

ﬁl is given by (144) and |Ey; &) are the zero eigenvalue eigenstates of H,. In this way, Ag
is effectively an annihilation operator and its associated superalgebra eigenstates a class of
supercoherent states for the system characterized by the Hamiltonian H,. Second, according to

the analysis of section B.2, it is possible to construct H satisfying
H, Al =—-A (155)
by taking

A = G(fo,11,61)A(G(Bo,m,61))™" and  H = G(fo, 11, 61)Ho(G(Bo, 71,61)) ",
(156)
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where G(fy, 71, 61) is the standard supersqueeze operator defined in (130). We see that our
original problem thus reduce to one of finding H,. We observe that, the Hamiltonian H in
(156) is not superHermitian but it belongs to a class of Hamiltonians that generalize the one of

n-pseudo~Hermitian Hamiltonians[17]. Indeed, it satisfies the relation
HY = nHy ™, (157)
where 7 is the superHermitian operator
n= (G_l(ﬂo,’)’l,51))IG‘1(,30,’)’1,51)- (158)

Let us mention that a family of Hy—equivalent Hamiltonians can be obtained if we replace

G(fBo, 11, 01) in (156) by a suitable O.Sp(2/2) superunitary operator[9]

2
where &y € CBp, and I';, Ay, € CBy,.

Let us also mention that if we denote .Ag the adjoint of Ay, then, the usual commutator leads

2 2
U(X,T1,A;) = exp (Xo (a') _ Xg% +Tiatbt + Thab + Aralb + A{abf> ,  (159)

to
[Ao, A5] = 1 pibi{a,a'} + (8560 — %0)[b", 8]
+ 2B:18atb — 26,0%ab’ + 28,43atbt — 2voBtab (160)

and we notice that, under the conditions v, = 8, = O or 3, = 0, the commutator (160) becomes

a diagonal operator in the Fock vector basis {|n,+), n € N}.

5.1 h(2) generalized isospectral oscillator system

Let us here consider the particular case where 9 = §, = 0. In this case, the operator .4, takes

the simple form
Ao =a+ Biat (161)
and the commutator (160) writes
(Ao, Aj] = 1 - B} {a,a'}. (162)
A class of Hamiltonian H, satisfying (153) is given by
Ho = (1+pif) [AJ)AO + Bfﬁl(af)zaz]
= ala+ Bl(af)2 + Bla® + !By (ata + aah) + Bfﬁl(af)zaz. (163)
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We notice that we are in presence of a superHermitian Hamiltonian of the harmonic oscillator
type with nilpotent interaction terms which contain odd contributions. We also notice that, this

hamiltonian can be expressed in the form

H0='%[+M+Q++Q_, (164)

where

~

N =28Bi(ala+aal), Q,=pF(a")’, Q- =fle®, M=dla-Q,0. (165)
The non-zero super-commutation relations between these operators are given by
M, Q4] = £2Q:,  {94,Q } =N, (166)

i.e., they have almost the structure of u(1/1) superalgebra. Indeed, here A is an even nilpotent
operator such that A/2 = 0.

According to (153) and (163), a class of superalgebra eigenstates of H, can be obtained by
applying n times (n = 0, 1,2, . ..) the raising operator A}; on the zero eigenvalue eigenstates of

Ap. From (45), we deduce that these latter are given by

IEo;j)=<1——ﬂ )[IOJ) f|2]>] 167)

where j corresponds to the set {—, +}.

Then, as Hy|Ep; j) = 0, the generated energy eigenstates are given by
n—1
. n . n A n—1-k k .
| Bni 5) ¢ (A§)" | Eo; §) = ((aT) +8>"(@H" P a(ah) ) | Eo; 5) (168)
k=0

and the corresponding energy eigenvalues are EJ = n. An orthonormalized version of these

states is given by
. | RPN
Bid) = (1 Ahen+)
[|n])+ﬂl\/ (n—1)n-2;5) — \/n+1 n+2|n+23)},(169)

where n € N. From (169), it is easy to calulate the action of Af) and Ag on the |E,; j) eigen-

states, we get

1.4 .
AlEid) = (1= 3B+ 5) ) VAF TBusid 170)
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and
) 1t o .
AolEi) = (1= 36ifim ) VAIBn-s33) an
Thus, the orthonormalized energy eigenstates | E,,; j) can be written in the standard form
A ¥ A"
Buid) = (1+ ghifntn + 1)) LB a7)

This is a complete set of states. Indeed, using (169), we can demonstrate the completeness
property

Y D BN Emdl = 1T =" |n;j){n; . (173)

j n=0 7 n=0

On the other hand, we can express the |n; j) states in the form
. 1 N \ B
|n;.7> = 1- Zﬂlﬂl(2n + 1) [IEn;]) A, (n + 1)(” + 2)|En+2;.7) ?
at
+ /Al DIEni) ], (174

then, from (172) and after some manipulations, we get

Ay s he
037) = (1= gih: ) exp ( ) m) 1Eoi 5. 75

2

According to (45), the coherent states associated to a physical system characterized by the

hamiltonian (163) can be written as:

()’
3

(1-15)en (1

D(20)D(21)

. (at)? R
lp;j) = exp [—ﬂl(a2) - 56

fh) |Eo; §) C(2, By). (176)

5.2 Spin % generalized isospectral oscillator system
In the case where Bl =(Qand 7370 = 5(1,50, the operator Ay takes the form
Ao = a + b + Gob! 177)

and the commutator (160) writes

[Ao, Af] = 1. (178)
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A class of Hamiltonian Hj, satisfying (153) is given by
Ho = AL Ao = ala + vy + v0alb + 1lab’ + 6oalb’ + 6iab. (179)

We notice that this is a superHermitian Hamiltonian, without defined parity, which is a linear
Grassmann combination of generators of the osp(2/2) © sh(2/2) Lie superalgebra. Then,
in this aspect, the corresponding Hamiltonian H defined in (156), complement the classes of
Hamiltonians considered by Buzano et al.[9].

By construction, the eigenstates of Ay corresponding to the eigenvalue z = 0 are eigenstates
of H, corresponding to the eigenvalue Fy = 0. Let us to take these states to be the normalized

version of states (140-141), when 2, = 0, that is

B = (Vi W (VR IVAGAE)
D(v/70d0) 10 =) = (Vi) Vo 0;+)| (180)

and

|Bo, +) = <\/ 1+<¢<s‘o>‘1<<\/<s_o)‘1f¢%<m*)

D(v/200) [[0;+) = (Va) v/ 10 )] (181)
Thus, from (153) and (178), we deduce that a class of orthonormalized eigenstates of H corre-
sponding to the eigenvalue EZ = nis givenby (n =0,1,2,...;j = —,+)
N (A
[Enyj) = f) 1B 3) (182)

Moreover, a class of normalized coherent states for this generalized harmonic system which are

eigenstates of 4y corresponding to the eigenvalue z = z; is easily constructed as[2]

120,3) = exp (2045 — 2840 | Eo, 3. (183)

These coherent states are obtained from those of equations (140-141) by acting with the follow-

ing superunitary transformation

U(20: %0, 80) = exp [zo(fyng + 836) — 2 (0 + 601;*)] . (184)
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6 Conclusions

In this paper we have generalized the AES[8] concept to the one of SAES. We have demonstrate
that the SAES associated to the H-W Lie superalgebra contain the sets of standard coherent and
supercoherent states associated to the usual and supersymmetric harmonic oscillator systems,
respectively[2, 3, 14, 21]. Also, these SAES contain both the standard squeezed and super-
squeezed states[18, 19] and the supersqueezed states associated to the spin—% representation of
the AES of the h(2) & su(2) algebra[2]. Let us mention that the introduction of Grassmann
coefficients in the linear combination of the superalgebra generators helps us to understand the
role played by the c-numbers (even Grassmann numbers) and d-numbers (odd Grassmann num-
bers) interaction coefficients, in the mentioned literature. Moreover, from the idea of giving
to the SAES the interpretation of an operator associated to a physical system, we have con-
structed some classes of superHermitian and n—pseudo-superHermitian Hamiltonians[12, 17],
isospectral to the standard harmonic oscillator hamiltonian. We have found their physical eigen-
states and their associated supercoherent states. In this respect, we see that the SAES concept
constitute an alternative and unified approach for the construction of generalized coherent and

supercoherent and also squeezed and supersqueezed states for a given quantum system.
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A Notations and conventions

In this appendix we want to fix the notations and conventions used in this work. They con-
cern principally the concepts of Grassmann algebra, Lie superalgebra and their representations,
superHermitian and superunitary operators, super Lie algebra and linear Lie supergroup.

Let us remind that a complex Grassmann algebra, CB;, is a linear vector space over
the field of complex numbers, associative and Z, graded. It may thus be decomposed into
CBp, + CBy,, where the even space CBy,, is generated by the set of 2-~! linearly independent
generators £, of even level and the odd space CBy, is generated by the set of 22! linearly in-

dependent generators £, of odd level. Here, the index p represents either the empty set ¢ or the
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set (71, J2, - - - » JN(u)) Of N (i) integer numbers such that 1 < j; < jo -+ < jngy < L. N(p) is

the level of the generator £,. The identity of the algebrais £, = 1and £, = £;,&;,--- € s

N !
the ordered product of N (1) odd generators of level 1 taken among the set of basic generators
{€;,5 =1,2,...,L}. The product of these generators is associative and antisymmetric. More-
over, any non zero product of the type £;,&;, . . . £;, of r generators is linearly independent of the
products containing less than r generators and we have £,€; = £;&€, = &;, Vj = 1,2,..., L.

The graduation is introduced by defining the degree of £,,, that is
deg £, = (-1)N®), (185)

with N(¢) = 0.

Any element B € CBy, can be written either in the form

B=>Y "B, B,€C, (186)
n

or as the sum of its even part By and its odd part By, i.e., B = By + B; with

Bo= Y. Bu, Bi= > Bk, (187)

even N (u) odd N(u)

We also deduce the graded operations for the Grassmman algebra, i.e., for all By, Z, € CBy,,
B,,7Z, € CBg,, we have

BOZO = ZOBO € CBL(); BoZl = ZlB() S CBLI, 3121 == —'ZlBl c CBLO. (188)
In particular, for all B = By + B; € CBy and Z; € CBy,,
BZ, = Z,B*, Z1B = B*Z,, (189)

where

B* = By — By, (190)

is the conjugate of B. The product of any two elements of the algebra, B and B’, corresponds

to
BB =YY B,B(£.x), (191)
B

with
£l ==xE,, where N(v) = N(u)+ N(), (192)
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when neither of the indices in the sets represented by p and p' are repeated, and £,€,» = 0, when
at least one of the index in the set represented by x and y' is repeated. The sign = in (192) is
determined by using the antisymmetric property of the basic generators £; when reordering the
their product.

The identity component of the element B, usually called the body, is denoted by ¢(B) =
By € C, whereas the nilpotent quantity s(B) = B — B,E, defines the soul of B.

With respect to the complex conjugate of the element B € CBy, we follow the conventions

of Cornwell[11] and thus write
B=> B.E,, (193)
I

i.e., the basis elements £, are considered as the real Grassmann numbers. Also, the adjoint of

B is defined by the relation

B'=Y"B,E}, (194)
I
where
& if N(u)iseven
I (7
u= { i€, if N(u) is odd. (195)

This adjoint operation have the same properties than the ones of the usual adjoint operation for
complex matrices.

The inverse of a Grassmann number B, denoted by (B) ™" is defined as
B(B)'=(B) 'B=¢;=1. (196)

It is important to mention that B is invertible if and only if By # 0.

The integration with respect to an odd Grassmann variable, must be considered in the Berezin

/dn=0, /ndn= 1, (197)

where the integration is taken over all the domain of definition of .

sense[5], i.e., if n € CBy, then

Let us now recall some useful definitions and properties of Lie superalgebras, supergroups

and associated representations.

Definition A.1 A (m/n) dimensional complex Lie superalgebra L, is a complex vector space,
Zy graded with respect to a generalized Lie product, formed from the direct sum of two sub-

spaces, the even subspace of dimension m > 0, which we denotes by Ly, and the odd subspace
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of dimension n > 0 (m + n > 1), which we denotes by L1, such that, for all a,b € L, there

exists a generalized Lie product (supercommutator) [a, b] with the following properties:

1)[a,b] € L, foralla,be L,;
2 )forall a,b,c € L, and any complex (real) numbers o and 3,

[@a + Bb, c] = afa, ] + B[b, c]; (198)

3 ) if a and b are homogeneous elements of L, then [a, b] is also a homogeneous element
of L, whose degree is (deg a + deg b) mod 2; that is, [a, b] is odd if either a or b is odd,

but [a,b] is even if a and b are both even or if a and b are both odd;
4 ) for any homogeneous elements a and b of L,

[b,a) = —(—1)leo)detb) g p1. (199)

5) for any three homogeneous elements a,b and c of Ly, we have the generalized Jacobi

identity:

[a, [b, ]| (—1) @& g ) L [p [, g]](—1) BB | [ [y (]j(—1)€eE NeED) _
(200)

We notice that the even subspace Lo, is an ordinary complex Lie algebra whereas the odd
subspace, L, is a carrier space for a representation of a Lie algebra £,.

Just as an ordinary Lie algebra can, in general, be represented by a set of complex matrices a
Lie superalgebra can also be represented, in general, by a set of complex matrices. Nevertheless,
the graded character of a superalgebra implies certain special conditions for the structure of

these matrices.

Definition A.2 Suppose that for every a € L, there exists amatrix I'(a) from the set of complex

matrices partitioned in the form (dy/dy) x (do/d1), that we denotes by M (dy/dy; C), such that

1)foralla,b e L, and o, B of the field of L,,

I'(@a + Bb) = al'(a) + BT(b); (201)
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2)foralla,be L,,
I([a,8]) = [[(a), T(5)); (202)

3)if a € Ly, the even subspace of L;, then I'(a) a la forme

T(a) = <F°‘:)(a) rno(a)) , (203)

where I'go(a) and I'11(a) are dy x dy and dy x d, dimensional submatrices respectively;
and if a € Ly, the odd subspace of L, then I'(a) has the form

I(a) = (Fl(:)(a) F"t)(“)) , (204)

where Iy (a) and T'1o(a) are dy x dy and d; x dy dimensional submatrices respectively.
Then these matrices I'(a) are said to form a (dy/d, )—dimensional graded representation

of Ls.

Let £, be a (m/n) dimensional complex Lie superalgebra with even basis elements
a1, Qs,...,0, and odd basis elements @41, @m+2,- - -, Gmen, represented by the set of ma-
trices I'(ax), k = 1,2,...,m + n. To each matrix ®(ay), we can associate a linear operator
®(ay) acting on the carrier space W of the representation. This space is a (dp + d; ) inner prod-
uct vector space expanded by a basis formed by the set of even vectors {ij)};.lgo and the set of

odd vectors {|w;)}%*+% . and this action is defined by the relation

j=do+1
do+d1
®(ar)|ws) = Y (T(ar))ylws)- (205)
i=1
Then £, can also be represented by set of even operators ®(ax) (k = 1,2,...,m) and the set
of odd operators ®(ax) (k = m+1,m+2,...,m+ n), verifying the same super-commutation
relations as the basis elements a; (k= 1,2,...,m +n).

Let X to be a polynomial function of the £, superalgebra generators, with complex Grass-
mannian coefficients. We say that X’ is a superHermitian (anti~superHermitian) operator if
X = X (X = —&*). In particular, if X is a complex Grassmannian linear combination of the

L, superalgebra generators, i.e.,

X =3 C%a;)+ Y D*®(ams), (206)

j=1 k=1
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where CY € CBL (j =1,2...,m)and D* € CB (k=1,2,...,n) then

Xt = Z( N(C9) +Z (amsr)) (DR, (207)

j=1
where the  symbol is reserved for the usual adjoint operation. We say that a general I/ operator

is superunitary if U* = U*U = I, where I is the identity operator. In particular, if X is an

anti—superHermitian operator, then I{ = e” is a superunitary operator.
If for j = 1,2,...,m and every element £, of CBy, we define the even operators
M,{ = £,9(a;) (208)
and for k = 1,2,...,n and every odd element £, of CBy,, we define the even operators
NF = £,8(amr), (209)

then the set of (m +n)2-~! operators defined by the equation (208) and (209) form a basis of a
(m+mn)2L~1 dimensional real Lie algebra, whose Lie product is given by the usual commutator
induced by the generalized Lie product of L. This real Lie algebra is denoted by £,(CB) and
is called a super Lie algebra. A general element M of this super Lie algebra writes
M=% XIMI+> > OkNE, (210)
j=1evenpu k=1 odd v

where X ,{ and ©F are real parameters. Also we can write this element in the form

M= XM+ OFN*, (211)
j=1 k=1
where X7 = 3> XJE, € RBL,, ©F =3 ,,, 0k, € RBy, and
M = E4®0(a;),  N* = E;0(amsr)- (212)

Let us end this Appendix by giving a method of construction of a linear Lie supergroup([22].
If £L;(CBp) is a real super Lie algebra whose basis elements are defined by (208) and (209),
then every linear Lie group whose associated real Lie super algebra is given by £,(CB) is a
(m/n) linear Lie supergroup, which we denote by G,(CB;). The elements near the identity can

be parametrized by

G(X;0) = exp{M} = exp {Z XIMI + Z GkN'“} ) (213)

j=1 k=1
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B Solving [a + Bal + vb + 8b]|p) = z|v)

In this appendix we will solve the eigenvalue equation (95). We will do it in two steps. Firstly,
we will solve the eigenvalue equation (118) and express its solutions in terms of a generalized
supersqueeze operator acting on the supercoherent states e?|0; +). This supersqueeze operator
is used to reduce the eigenvalue equation (95) to a simpler one, see section 4.3, that is to the

eigenvalue equation (143). Finally, we will solve the eigenvalue equation (143).

B.1 The SAES of a + b + b'

Let us solve the eigenvalue equation (118). The solution is assumed on the type (97) and by
inserting it into (118), then using the usual properties of the operators and the states {|n; +)},

we get the system (n = 0,1,2...)

vVn+1Ch +7D;, = 2C,, (214)
vn+1D,., +0C, = zD,. (215)

Let us notice the symmetric form of this system. Proceeding by iteration we can express the
C, and D, coefficients in terms of the arbitrary Grassmann constants Cy and Dy, that is (n =

1,2,...)

1 (n—1) (n—2) (n—2—k1)
Cc, = '{chro _ Z Z(n—l-—k1),y(z*)k1 Da: + Z Z z(n—2—k1—k2),y(z*)k26*zk1 Co
v k1=0 k1=0  ky=0

(’n«—3) (71—3—k1) (n—3—k1—k2)
- > > 3 pskikkaynRage ke o)k s

k1=0 ka=0 k3=0
+ (1 enlElye-lEhE, 1, 216)
and
(n—1) (n—2) (n—2—k;)
D, = \/__{ Z"Do— Y 2§ ey + Z Z 2l 8 R Py O
k1=0
—3—k1) (n—3—k; —ks)
— Z Z Z z('n.—3-k1—kz—k3)5(z*)k3,y*zk26(2*)151Cg+
k= ko=0
+ (-1" (57*)[5]5("-2[5]@”_2[%]}, @17)

where [ ] represents the entire part of 3 and Fy = Cy, F1 = Dj, Go = Dy, Gy = Cj. Here

we need to calculate the multiple summation. By expressing z as a sum of their even and odd
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parts, z = z, + 21, we get for example, (£ = 1,2,...,n)

(n—8) (n—t—k;)  (n—l—ki—kz—...—ke_;)

Z Z Z A n=thi—hammke) oy (e YRe g ke (e )e2ge

k1=0 ks=0 k¢=0
£ factors
n! ’—‘5* 6—\*
] (707787 20

(n — 0)!e!
( (& J) factors 7 factors
L7, ok ok 7 * y{ (n—€-1)
+ Z( 1)7* (y6*y6* - ) 1(---757---)}20
= O,¢, 7,6 ,21)2", (218)

where O, is the differential operator

£ factors

1 (—m——— 7/ 8¢ g+l
O (4,7,6%,21) = E{('ycs*'y&*-'-) (3_»2(‘5’_216z—(‘;+l>
+ m;(—l) (y6*~6 ---)zl(---'yM---)—éF}, (219)

which is also defined for £ = 0, in fact O,,(0, v, §*, 2;) = 1. By inserting (218) into (216) and

(217), we get the compact form of C,, and D,, coefficients, that is

n = En -1)* (£ * —zn F ¢ 220
C par ( 1) o o( 7’715 121)\/a Z_Z[E] ( )
and
(- 1) O,,(2,6,7*, 2 ) (221)
ZZ(; 1 v Z 2[ ]

By inserting (220) and (221) into (97) and then separating the terms to multiply arbitrary con-
stants Cy and Dy, we obtain two independent solutions for the eigenvalue equation (118):

oo 2[n/2] oo 2[(n+1)/2]-1

= O, (,, 6", 0,,(¢,,
[ZZZ o(0,7,6%, 2 \/—ln Z ezdd (€,6,7", zl)\/—ln +)]Co
(222)
and
oo 2[n/2] oo 2[(n+1)/2]-1
|¢;+>=[nzzoeezvenom(e,a,v*,zl) 2 i) X Y Oultnda) i >(]223)

As O,(€,v,6%, 21)z" = 0, when £ > n, we can spread out the sum on £ index up to infinity and

then place it out of the sum corresponding to the n index. In this way, we can add up on the n
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index and express (222) and (223) on the form

|"tb7 _> = [Z OZo(ea 7Y, 6*1 zl)ezal‘lo; _> - Z Ozo(ea 6a ’Y*, zl)ezaf|0; +)] CYO (224)

£ even £ odd

and

|%;+) [ez Ox(€,6,7*, 21)e*'|0; +) Z 0., (4,7,8%, z,)e™ |0; —)] D, (225)
even ¢ odd

respectively. Finally, using the fact that 6%![62“t (aT) , we get the generalized super-
(V]

squeezed states (119) and (120).

B.2 The SAES of a + B1al + ~ob + 8pb'

Let us solve the eigenvalue equation (143) by taking |¢) again on the form (97). By inserting it

into (143), and proceeding as in the above sections, we get the algebraic system (n = 1,2...)

V4 1Chs1 + 10D}, + VnfCoy = 2Ch, (226)
VR4 1Dp + 6C: + Vb1 Doy = 2Dy, (227)
together with
C1 = zCy — 1Dy, (228)
D1 = ZDO - 5005 (229)

Again, we notice the symmetric form of this algebraic system. Proceeding by iteration, we can
express the C,, and D,, coefficients in terms of the arbitrary Grassmann constants Cy and Dy,
weget(n=2,3,...)

[ 2[ ] (n—2) (n—€—r1) (n—L—73) (n—f—r¢_2)

Cn = )EDIED DD DEEEEDY
even {=2 k;j=0 kg=0 k3=0 k¢_1=0
£
i(’%—l+1)2‘”'“"“"(Z*)"'“‘zk”--( )4 (v/2000) ﬂl]C
j=1
2[24L) 1 (n—0) (n—f—r1) (n—f—72) (n—t—r¢_2)
f ol XY Y Y

odd ¢=3 k1_0 kz'—o k3 k¢_1:0
[

Nirs

]
. — ~
(k2] + ]_)z(n—l—re_1)(2*)kt—1zke—2 - zkl( /7050) 3,),0131] Da, (230)

1

.
Il



122

I: 2[3]  (n—8) (n—t—r1) (n——r2) (n—€—rp—2)

PIDIED DD DD

even =2 k1=0 k2=0 k3=0 ke 1=0

-2 A
S (kajs + 1)2P=ren (e s (24 o) ﬂl} Dy
=1

2[_+-] 1(n—8) (n—t—r1) (n—t—12) (n—L8—1¢_3)

DD DA D>

odd €=3 k1=0 k2=0 k3=0 ke 1=0

D, = Dn__'
vl

Nlew

(5]
— o
Z(k2j + 1)z(n—e—r¢_1)(z*)k1—1zk1 2,.. zkl( /,7050) 350,31:| Cg’ (231)

j=1
where ¢
re= Y _kj (232)
j=1
and, in accordance with Egs. (220) and (221),
Co = (~1)'0(6, 70,60, 21)—=F, , (233)
o \/— [5]
and .
~ Zn
D= (=1)0x(£, 80,%, 21)—=G,_y[e]- (234)
vl ]

Using the fact that for ¢ even, we have
Znmtere) (ryRet ke (= 0 L ((n—0) = 2k Ryt . k)] V2, (235)
for £ odd, we have

gr—tre ) (ke ke gk = D L 0) = 2(ky ket ..+ E1)]28 T V2, (236)
0 0

and that
(n—28) (n—£—r1) (n—L~712) (n—€—rp_2)
POED DD DRI S v () (237)
k1=0 ko=0 ko=0 ke-1=0
is equal to
(g if Ag(k) =1 and > 2,
T if Ag(k) = (k1 + ks + ... + ke1)
and {=2,4,...,
'2(n__ee(7—11~)1!()é'+1')'! [(n=0+4i(n—E+1)], ifAy(k) = (k1 +ks+...+ke1)®
\ and £=2/4,..., (238)
i if Ag(k) = (ko + kg + ... + ke_1)
and ¢=3,5,...,
(Dot if Ag(k) = (ks + ko + ... + ko)’
\ and £=23,5,...,
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and after some manipulations, we can reduce (230) and (231) to

s o2y
5 b Z n! net)y (M—¥0) m_e_1 -2
Cn = Cn_ 9 /—'I: (n—f)'(f—l)’ (z(() E)+ (€+ l)z(() ¢ )21) (V7050) :ICO

even {=2
A 2[-n 1] 1
+ Z S0 (y/e) 0| s (239)
£)|€| Yo 0 'YO 0
odd £=3
and
A 2(3]
H _ P n! (-, (N0 ey ) 62
n = Dp——+ 5 D
? Nrﬁ[ eve,,}:H (n - !¢ —1)! (ZO e ) Wk Do
. LES P
L B [ 2[221 luz(" 0 /oot~ ]C* 00,
ovnl| &7, (n—ge™ 0% Fol ™0,

respectively. Then, using the fact that

| P g+ ! ott!

('n —_— Z)' 0 azg azg—f-l z _ 1) 325‘*'1
we can write (239) and (240) in the form
2[3]
A 1 ot ot+! z 91
= o 2 [ evge:— ( - 1) <<8_735 _21325“) + (+1)o E+1> z (V’Yo5o ]
. 2(mfl]-1
:81 : ( - 1) 8e+1 -3 .
+ 2@[ Z 7 8z az'gﬁ (V700) 0| Dg (242)
: odd ¢=3
- I 23] 1 5° gl+1 Ot oo
n = Dp——= —— (= = n ; D
D 2\/77[ evg;?‘(ﬂ—-l)! ((325 Zlazg+1> +(€+1)8zé+1>z (v/7000) J 0
{—1 ot+! -3
+ [ Z ( ' ) ( -2 W) (v/70%) (50:| Cq, (243)
odd ¢=3 a 0

respectively. We notice that, when the inverse of the product yd exist, or even if it does not

exist, we can write formally these last equations in the compact form

= Bi(wdo)”! & z"
Cn = C’n_—2'_|: Z EO20(€7’YO16072:1)—] CO

even {=2
2[adl]-1

Z'n,
> (£—1) 044,70, 60, 21) }D; (244)
odd ¢=3 ’ \/Tj

B1(71000)
2
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and

= Pilybo)”! il 2"
Dn = Dn_TI: Z ZOZo(e760770)z1)\/m:|D0

even £=2
212411

Y (-1 0. 50,70,21)%} Cs. (245)

odd £=3

+

Br(0d0) ™"
2

Now, by inserting (244) and (245) into (97) and proceeding exactly as in section B.1, we get the
two independent solutions (145) and (146).
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Chapitre 5

Etats propres d’algéebres pour les
algebres de Lie quantiques déformées de
Heisenberg

Résumé

En partant des algebres deformées quantiques de Heisenberg, quelques réalisations sont
données en termes des opérateurs de création et d’annhilation habituels de 1’oscillateur
harmonique standard. Les états propres d’algébres sont alors calculés donnant de nouvelles
classes d’états cohérents et comprimés déformés. Ceux-ci sont libellés en termes des
parametres de déformation de I’algebre et également de redéfinitions convenables de ces
derniers en termes de nombres de paragrassmann. Comme application physique, le compor-
tement du produit des dispersions des opérateurs de position et d’impulsion linéaire d’une

particule sont calculés sur les états obtenus lorsque les paramétres de déformation sont petits.
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Abstract

Starting from deformed quantum Heisenberg Lie algebras some realizations are given
in terms of the usual creation and annihilation operators of the standard harmonic oscil-
lator. Then the associated algebra eigenstates are computed and give rise to new classes
of deformed coherent and squeezed states. They are parametrized by deformed algebra
parameters and suitable redefinitions of them as paragrassmann numbers. As a physical
application, the behavior of the product of the dispersions of position and linear momen-
tum operators of a particle is computed in the obtained states when the parameters of
deformation are small.
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1 Introduction

The algebra eigenstates (AES) associated to a real Lie algebra have been defined as the set of
eigenstates of an arbitrary complex linear combination of generators of the considered algebra
[1]. The AES associated to a quantum real deformed Lie algebra can be defined in a similar
way. Thus, if Ax(q), £ = 1,2, ..., n denote the generators of this deformed algebra in a given
representation, parametrized by the set of deformation parameters ¢, then the AES associated

to this deformed algebra are given by the set of solutions of the eigenvalue equation

> aA(@l) = A),  arAeC. M

k=1

The purpose of this work is to compute the AES of the deformed quantum Heisenberg Lie
algebras [2] , obtained by applying the R-matrix methods [3], and find new classes of de-
formed harmonic oscillator coherent and squeezed states. We will see that, these states will
be new deformations of the standard coherent and squeezed states of the harmonic oscillator
system and we will recover them in the limit when the deformation parameters go to zero.
Let us observe that the deformed coherent states obtained by this method differ from the g-
deformed coherent states [4, 5] associated to a g-deformed oscillator algebra which is not a
Hopf algebra.

The paper is organized as follows. In section 2, we present a review [2] of the deformed
quantum Heisenberg algebras obtained by applying systematically the R-matrix approach to
three—-dimensional representation of the standard Heisenberg group. We also give a physical
representation of these deformed algebras in terms of the usual creation and annihilation op-
erators associated to the standard harmonic oscillator system. In section 3, we compute the
AES associated to these algebras and obtain new classes of deformed coherent and squeezed
states that are true deformations of the standard coherent and squeezed states associated to
the harmonic oscillator system. These states are parametrized by the deformation param-
eters, considered as real numbers, but also as real paragrassmann numbers. As a physical
application, we compute the product of the dispersions of the position and linear momentum
operators of a particle in these states when the parameters of deformation are small. We com-
pare with the corresponding results obtained in the minimum uncertainty states [6]. Some

details of calculations are presented in the Appendices A and B.
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2 Deformed quantum Heisenberg algebras in the Fock rep-
resentation space

In this section, we give the two types of deformed Heisenberg quantum algebras obtained by
V. Hussin and A. Lauzon [2]. We also give a realization of these deformed algebras in terms

of the usual creation and annihilation operators of the standard harmonic oscillator system.

2.1 Deformed Heisenberg quantum Lie algebras

The starting point is the three-dimensional matrix representation of the Heisenberg group

1 o p
=101 v/, )
0 0 1

where the parameters «, 3,y and the unity 1 are considered as the generators of a commuta-
tive algebra A, the space of linear functions of these generators, provided with a structure of

Hopf algebra by tensorial multiplication:

Al = 1®1,

Aa = 1Qa+a®l,

AB = 1Q8+8®1+a®7,

Ay = 1®@7+7®1. 3)

According to this co-multiplication law, the generators of the corresponding Lie algebra, in

the representation space .A, are given by

0 0 5} 0
They verify the well-known commutation relations of the Heisenberg-Weyl Lie algebra,
h(2) :

[Xl) X2] = [X2a X3] = 09 [X1)X3] = X2' (5)
The non-deformed quantum Heisenberg Lie algebra corresponds to the dual space of A.

The action of their generators, A, B, C, on an arbitrary element P = o!3™7" of 4, is given

by

(4,a8™") = (x:P) = u8mobi, ©)

{a=B=~=0}
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( o’ ™y ) ( 2F){ 5 } 10071000 @)
C, alﬂ’” ™ = (X3P = 0100mo0n1. 8
( Y") ( 3 ){ =0} 100mo0n1 )]

The action of the product of two of these generators, on an arbitrary element P, is computed

with the help of the homomorphism property of the co-multiplication. For example,

(AB,P) = (A® B,AP) = ) (A® B,PY@PY) =73 (4,P9)(B,PY),
(0 (9

where, in the usual notation, P represents the generic elements of .4 generated on the

co-multiplication action. Then, the commutator of this generators is computed from
([A,B],P)=(A® B— BQ® A,AP). (10)
They satisfy the same commutation relations as (5), i.e.,
[A4,B] = [B,C] =0, [4,C] = B. (11)

To obtain the possible deformed Heisenberg Hopf algebras, the well-known R-matrix
method is applied [3]. It has been show that, in such a case, R satisfies a weak version of the

Quantum Yang-Baxter equation [7]. We thus get the non-commutative algebra A, , ,, :

(@y —va) = 2(za+ zy), (12)
(Ba—aB) = —za® — 228 + pa, (13)
(By—=18), = 2*+2zB+qv, (14)

where z, z, p and q are real deformation parameters. The corresponding deformed quantum
Heisenberg Lie algebras are obtained by duality, according the relations (6-10).

In the case when z = 0 and 2 # 0 ( the case z # 0 and z = 0 is similar), we have
p = ¢ # 0 and the two parameters deformed quantum Heisenberg Lie algebra, denoted by

U (h(2)), is given by
[A,B]=0, [BC]= —%(cosh(pB) ~1, [AC]= I—l)sinh(pB). (15)

When z goes to zero, we find the quantum Heisenberg algebra obtained in Celeghini et
al. [8], i.e.,
1
[A,B] = [B,C] =0, [A,C) = I—)sinh(pB). (16)
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In the case when z = z = 0, the two parameters deformed quantum Heisenberg Lie
algebra, denoted by U}, ; (h(2)), is now given by
4B =[B,Cl=0, [4c]="—" a7
ptyq

When p = ¢, we find again (16).

2.2 Some realizations of the deformed Heisenberg quantum algebras

Starting from U, , (h(2)) as given in (15), we define the new generators

pC 1

"z sinh (pB)’ (18)

A=zA, B=-—sinh<—>, C=
so that we get

[A,B] =0, [A,é] =1, [B,C*] - _B (19)
A realization of this last Lie algebra, in terms of the usual creation operator, at, and anni-

hilation operator, a, associated to the standard quantum harmonic oscillator system is given

by

A=-zat, B=e (=2 (20)
4

If we combine equation (20) with (18), we obtain a realization of U, , (h(2)) as

/ 2
A= —al, B = Esinh"1 (gez"f) C=e""/1+ (gez“') a. (21)
p

When p goes to zero, the generators become
A=-dl, B=e", C=e, (22)
and satisfy the commutations relations
[A,B] =0, [A,C] = B, [B,C] = —zB?, (23)

which corresponds to the correct limit of the deformed algebra (15), and will be denoted
U0 (h(2)) in the following.

Another realization for the Lie algebra (19) is given by

al

A=za, B=e? (= — (24)
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If we combine equation (24) with (18), we obtain now a realization of U, ,, (h(2)) as

= _ 2 . -1 (P _—z _ A f,—za (p _za)z
A=a, B—psmh (56 ), C=de 1+ 26 . 25)

When p goes to zero, we get
A=aq, B=¢% C =dlfe™?°, (26)

which also leads to U, o (h(2)).

On the other hand, when z goes to zero, the operators (21) becomes

2 . (D / p?
— =z 1(E = Ll
A a', B sinh (21) , C 14+ =a, @27

while the operators (25) becomes

_ 2 (P _ sz
A=a,  B=snh (21), C=1/1+5al (28)

The operators given in (27) or (28), constitute a realization of deformed Heisenberg algebra
(16). It is clear that when p goes to zero, we regain h(2).
Finally, the algebra (17) is isomorphic to h(2) if we introduce
~ . - 6pB _ e—qB
A=A, C=0C, B=——. (29)
ptgq
. . .. 1/p+q .
A realization of this algebra is givenby A = a, C = a' and B = In (—%) I, when this
last expression have a meaning.
Let us remark that, a realization of these deformed quantum Heisenberg Lie algebras,
on the space of linear functions .4, is obtained by changing, in all the preceding equations,

the operators a, a' and I by the differential operators X, X5 and X, given in equation (4),

respectively.

3 AES and deformed coherent and squeezed states

In this section, we use the representations obtained in the preceding section to compute the
AES associated to the deformed quantum Heisenberg Lie algebras. Thus, we obtain the
new classes of deformed coherent and squeezed states associated to the harmonic oscillator

system.
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3.1 Deformed algebra eigenstates for U, o (h(2))

We start with U, o (h(2)) as given by (23) using the realizations (22) and (26). The AES are

thus defined as the set of solutions of the eigenvalue equation
[@r A+ apB + a_C||¢) = alv), a_,ap,ay,a €C. (30)
3.1.1 Deformed harmonic oscillator coherent and squeezed states
Let us take first the realization (22). Thus, if a_ # 0, equation (30) can be written in the form
(e a + pal + ve®||¥) = A9),  p,v, A €C. 31)

By defining
) = e [«0) (32)

and using e get =g+ v, equation (31) can be reduced to
[ a + pal]|p) = Ap), p A €C. (33)

To solve this eigenvalue equation, let us consider the Bargmann space F of analytic functions

f(&€) (¢ € C), provided with the scalar product

déd.
(hof) = [FOROETE,  VhheF 69
It is well-know that any function f € F can be expressed as a linear combination of ortho-
normalized functions u,(§) = %, n=20,1,2,..., verifying
dgdg
= ¢ =
() = [ ()€ G = B, (39)
that is -
=) caun(8), (36)
n=0
with _
= oy g GEAE
= n o 37
GG @

Let us assume a solution of (33) of the type

=Y caln), (38)
n=0
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where the set of states {|n) }2°, form the basis of the standard Fock oscillator space, verifying
the orthogonality relation

(m|n) = émn. (39

As usually, the action of the operators a and a' on these states is given by

aln)y = vnln—-1),  afln) = Vn+1|n+1). (40)
Let us take |£) to be the standard coherent states associated to the harmonic oscillator system,
that is -
|@=ewwr=§:§Lm» @1)
n=0 \/T?

Then, according to the orthogonality property (39), the projection of |) on the coherent state
|€) is given by the analytic function

o}

0(€) = (€le) = carn(). (42)

n=0

The action of the operators a! and @ in this representation corresponds to

Elallo) = €0(6),  (Elalg) = j—“g(@. “3)

respectively. Thus, by projecting both sides of the eigenvalue equation (33) on the coherent

states |€) and then using (43), we can write it as

¢ d
(e + 8 w(©) = 2ote) @4)
The general solution of this differential equation is given by
= (—zf) k+1 ,
- — 45
(€)= Co(A, 1, 2) exp<§(k+ 5 (267t ) 45)
where Cj, is an arbitrary constant which can be fixed from the normalization condition
—= o _ged€dE
(¢, ) = / POp(Qe 5= =1 (46)
C i)

Let us notice that in the particular limit when z goes to zero, the solution (45), becomes the

symbol for the squeezed states [9] associated to the standard harmonic oscillator, that is

o(€) = ColA, 1, 0) exp (X — £¢?). )
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This quantity is normalizable only if |u| < 1 [10].

When z # 0, the solution (45) can be written in the form

A (B —Az+ pz
€)= Cuh2) xp (3 o) oxp (- E2EED)
Going back to the expression (42), we get the coefficients c,, n = 0,1,..., as
— _g dEdE A ou
_ &€ - A_HE
o= [E@eOEGTE = G e (2-4)
E_" et (U= A2+ pzl)\ g déde¢
exp P € o (49)

By using the polar change of variables £ = pe"’, this last equation can be written in the form

cn = Co(Ap,2) exp <é—£)

22
27 n+1 —p —zpet? dy
/ / e exp <e = (b— Az + uzpe“’)) Py (50)

Let us write the exponential factor in the form

o—7pe? 1
exp ( = (e — Az + pzpe '9))

exp (—zkpe'?) (y, -z + uzpe“’) k

prrs k! 22
0o k AL m k—m
= Z z ( ) l+mei(l+m)‘l9(_Z]\‘) (lu’z) (lu’ - /\Z) (51)
kY 22k

k,l=0m=0

to get

e = ColA p,z) exp <___) i < ) —zk)’ ;i)k.(ﬁzzkAz)

k,l=0m=0

1=
0 27
( / r—— dp) ( / gillHm—n)? a9 ) _ (52)
0 0 i

Using the known results

CLE dd
/ el(H-m_n)ﬂ_ = 2(sl+m—n,0a (53)
0 is
o0 l
/ pm+l+n+16—p2dp _ %F <m_+2_i__n 4 1> , 54
0

and performing the sum over the index [, the expression for the coefficients c,, reduces to

wmams o0 (2-5) 555 ()R (5-2)

© k=0 m=0
(55)
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where k. denotes the minimum between k and n. This last expression can be written in the
form '
= nem (BN AY

6 = Col 2 fzz( Jer (5 (5-2). oo

where the coefficients vy,; are obtained from

T nin Um 57)
SR — — (
(k—m)! = (k —m — j)!
Thus the coefficients ¢,, n = 1,2,..., represent polynomials of degree n — 1 in the z

variable. For example, ¢; = ACy,
Ao A X3 pooA? A
= ! — L) - = | = Z_ 2,2
COﬁ[(Z! 2) 2z], Ccs CO\/?T[<3! 2)+<3 2)z+6z )
(58)

The normalization constant Cy can be now computed. Indeed, inserting (56) into (42)
and the resulting expression into the normalization condition (46), using the orthogonality

relation (35), we get

o =[5 2EEEE ()0

n=0 m=0 r=0 j=0 I[=0
moaN i A (R AV
EEEYED -
22 22 22z 22z
which has been chosen real. The convergence of these series it not easy to determine. In the

case where z = 0, as we have already mentioned, the series 3°° |c,|* converges for all A

provided that |u| < 1. In the case u = 0, this series becomes

S el = (oA ) exp (A) 3 (_n_|> exp <—%i (ZZL)IC> )

n=0 n=0

It converges for all z > 0 provided that the phase # in A\ = Be¥ satisfies -7 <0

IA
]

whereas for all z < 0, it converges if < § < 3T

Finally, we can show that the normalized algebra eigenstates |p), solving (33) , can be
expressed in terms of a deformed squeezed operator acting on the ground state of the standard
harmonic oscillator, that is

B © (—zah)* k+1
lp) = Co (A, 1, 2) exp (; 1 1) (x\a“ Pl p(al) )) |0). (61)
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Also, combining this last equation with equation (32), we get the algebra eigenstates solving

(31) to be the deformed coherent states

©. (—zat)" k41
) = No(A, 1, v, 2) exp (Z Ek i“l))! (Aa* - k—:[zu(a*)z)) 0y, (62)

k=0

where Nj (A, p, v, z) is a normalization constant which can computed in the same way as

CO ()‘; w2 )
3.1.2 Perturbed squeezed states

Let us now assume that z is a small perturbation parameter of order ky — 1, where ky is
a positive integer. From (61), neglecting the terms containing the power of z greater than
ko — 1, we can write

ko—1 k
- 5 (—za®) f k+1 L2
lg) = Co(A 1,2, ko) [1 + 2 (er1) Aal— o 5#(al)

R i = < “;“T ( gt — gu(aff))ko_l] exp (,\af _ g(a'rf) 10).(63)

These states can be normalized in the standard form. For instance, when kg = 2, p =
5e*®, \ = Be®, where ¢ and @ are real phases, 0 < § < 1, and § > 0, a normalized version

of the deformed squeezed states (63), is given by

0 = 266,00 1+2 (@) - 2]

if
S (— arctan(6)e’*) D (\/%) |0}, (64)
where
203 1462
Q(é,g’),ﬂ,&) = 1+ m [(262 +,82 <1 — (52)) cos
2 2
- 6<1+52+ 11662> cos(¢ — )
9 0 262 263

+ 0°p (1 + m) cos(2¢ — 30) — mcos(q& —30){. (65)

2
Here S(x) = exp [— <X% - )‘(“2—2>] is the standard unitary squeezed operator [11] and

D()) = exp (Aa' — Aa) the standard displacement operator [12].
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3.1.3 Deformed squeezed and coherent states parametrized by paragrassmann num-
bers
Let us now use the realization (26) of U, o (h(2)). In the case o # 0, equation (30) can be

now written in the form
la+ pale™™ +ve™lp) = A),  p,»,A €C. (66)

There are two types of equations to solve. The first type is obtained when p # 0 and v # 0.

We can take
v

)= exp (%a) Io) (67)

and use the relation, exp (—ﬁa) al exp (ﬁa) =af - #, to reduce (66) to the form
[a + pale™|p) = Alp), A €C. (68)

If v = 0 and i # 0, we see from (66) that the same type of eigenvalue equation must be

solved. The second type is obtained when p = 0. The eigenvalue equation is
[a + ve 2 |¥) = Ay, v,A € C. (69)

We begin with the resolution of Equation (68). Let us assume |¢) to be again a solution of
the type (38). Thus, proceeding as in the preceding section, the eigenvalue equation satisfied

by the symbol (&), in the Bargmann representation, is given by

(d% + u&e"z“i‘> p(6) = rp(§), mA€eC (70)

To solve this equation, let us assume that z is a real paragrassmann number [13, 14], that is
zFo = 0, for some integer ko > 1. A detailed procedure of resolution of this equation is given
in the Appendix A. Let us notice that the case ky = 1, i.e., z = 0, is somewhat trivial since
the eigenfunctions ¢(€) solving (70), are given by the standard squeezed symbol (47). When
ko = 2, or 22 = 0, i.e., when z is a odd Grassmann number [15, 16}, the eigenvalue equation

(70) becomes
d
(- st +0) ol =2e(e),  mreC )
There are two independent solutions (see Appendix A). The normalizable solution of this

eigenvalue equation, is given by the deformed squeezed symbol

2 3
o 1, 2)(€) = Co(A, 1, 2) [1 + zp (A% - #%—)] op (X -L6). )
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A normalized version of these states, in the Fock space representation, is given by

- 2]

lp) = €(6,9,6,9) [1—*—25(

B i6 ,3610 )
S (— arctan(6)e )D(m |0), (73)

where A and i have been chosen as before and
~ 2603 1+ 67
Q = 1-—=" 2 2 B
(6,¢,8,0) 1 21— ) [(26 + B <1—62>)COS(0 ®)
2
— 6<1+(52+ 26 >cos€

2 2
+ §*p? (1 + §(12i—62)) cos(¢ — 36) — 3(—35_@32—5 cos(2¢ — 36)|. (74)

When ko = 3, or 23 = 0, the eigenvalue equation (70) becomes the second order differential

equation

(e + 4= 10 ) O =0 -u0pld,  mrec @3

According to the results obtained in Appendix A, the general solution of this equation can be

expanded in the form

P(€) = ol€) + 21 (€) + 222 (£), (76)
with
2
wol€) = Coexp (Ae e ) an
2 3 2

p1(§) = [u ( % - u%) Co + 01} exp (AS - u%) : (78)

or6) = [(#(u 05+ 2 1 - s - e s fs) G

62 ‘53 62

+ u(;—u )01+Cz]exp(/\€ M2> (79)

where Cy, C) and C, are arbitrary integration constants. Three independent solutions may

thus be obtained. The first one is obtained by taking C; = C, = 0. We get
2 3 2 2
p€) = Co [1 + zp ( % - ug ) (u(u - ,\2)% + A (80)
4 5 6 2
VTN BT e
+ (W =3 -t e T 18)] exp (Aé 7 2)

= Cpexp [z,u (A%Q- - ”53) + zzf(f)] exp ( \E — L§2> (81)
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where
_ 2 52 2 2y¢3 364
f(&) = #(#—)\)Z+§MA§ =3 |- (82)
This solution can be normalized and represents a second order paragrassmann deformation
of squeezed states associated to the standard harmonic oscillator.

The other independent solutions are given respectively by

2 3 2
p(€)=C1z [1 + zp (x\% - u%)] exp </\£ - u;) (83)
and \
@(&) = C 2% exp </\€ - M%) : (84)

These solutions can not be normalized since z*, k = 1,2, are not invertible paragrassmann
numbers and 2* = 0, k = 3,4,....

The higher order paragrassmann deformations of the squeezed states associated to the
standard harmonic oscillator can be obtained following a similar procedure (see Appendix
A).

In the case of eigenvalue equation (69), the differential equation to solve is given by

d —zd
<d—§ + ve 245) 0(€) = Ap(§), v, A €C. (85)
Proceedings as before and considering the results of Appendix A, the normalizable solutions

of this last equation, when ko = 1,2, 3, are given respectively by the deformed coherent

symbols
p(€) = Cyexp( (A — »)¢), (36)
() = Co [L + 2(A - v)g] exp((A — v)¢) 37
and
eB®() = C’o{l +z(A—v)v€+ zﬂ(% +2A0% - 371/3> £
2.,2 4
<A 2” AR+ "7) 52] } exp ((,\ _ 1/)§). (88)

Theses solutions can be normalized and represent zero, first and second order paragrassmann
deformations, respectively, of coherent states associated to the standard harmonic oscillator.

For higher values of &y, we must proceed as in Appendix A.
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3.2 Deformed algebra eigenstates for U, ,(h(2))

In this section, we consider the two parameter deformed algebra U, ,(h(2)) as given by (15),
and compute the AES using the particular realization (21). More precisely, we have to solve

again an eigenvalue equation of the type (30). Assuming a_ # 0, we can reduce it to

zat 1_) zat 2 t 2_” o1 —1 zat
le 1+(2e )a+,ua +psmh ( ) [¥) = AW, wv, A€ C. (89)

In the Bargmann representation, this equation becomes the first order differential equation

[ 1+ ( ezf) 24 + pé + ——Slnh (2 )] Y(€) = Mp(§), w,v, A€ C. (90)

dg
When z = 0, we easily get the standard squeezed symbols
v 2
osl€) = oo ) exp | (A= Zsinn i) - . o

These symbols correspond to the Bargmann representation of the AES associated to the de-
formed quantum Heisenberg algebra realization (27). Moreover, when p goes to zero, these
symbols becomes the standard squeezed symbols associated to h(2).

When z # 0, making the change of variable { = e*, rearranging the terms and using

the method of characteristics curves to separate the differentials, we get
[,\ ~ Eln¢ — Zsinh™! (Bé)]
4 2 gc.

2¢24/1+ 28

Integrating both sides of this equation and then exponentiating, we get

dy
220 = 92
(0 ©2)

+ B¢
Y:p(0) = Co(A u,v;2,p) eXP[ e ((1+lnC)y )\z+2—p—s nh~1(2> ))
- ;‘—Z’;smh (p—C)—K(l n¢+= <sinh-1(1-’2ﬁ)) )] 93)

This result includes the ones obtained for (31) when p goes to zero. Indeed, when we set also

v = 0, we regain (45).
3.2.1 Perturbed two parameters deformation coherent and squeezed states

Up to first order of approximation in z and p?, the deformed symbol (93) writes

- 3 \e2
")bzm(&) ~ Co(/\,p,, v; z,p) []_ + 2 ('u’?f g )

2 2 by
¥ % (% . <§ _ -’é) g)] exp (()\ — )€ — %uﬁ) . (94)
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In the case 4 = de*, A = Be® and v = —e™, where v > 0, a normalized version of these

states, in the Fock representation, is given by

p_2 6ei¢ TZ_ ﬂeie fyei” ;
* 4[4 (a) 2 T3 )¢ }

S (— arctan(6)e*?) D (%) |0), (95)
where
= z ~ e {1+ 62 -
Q(é7¢aﬂ19”y7n) = 1+ m{ﬁ[(262 +132 (1 — 52)) cosf
- 4 (1 + 6% + ff;) cos(¢ — 6)
- 2 - 532 -
+ (52,32 (1 + ‘3(1&+62)) COS(2¢ — 39) - 3(]2_——?(52_) COS(¢ — 39):]
- v [,52 cos(n — 28) — 6(28% + 1 — 6%) cos(n — 0)
2 -~ -~
+ 82B%cos(26 —n — 25)] } - m{aﬁzw cos(¢p — 26)
+ 2?’)/B(l - 52)(003(77 —6) + bcos(p —n — 0~) —26% -8 + 64},
(96)
where
- _ 00 :
b= VE e 0, =t (GERET) )

We notice that, in the case v = 0 and p = 0, these normalized states become the normalized

states given in equation (64).
3.2.2 Squeezing properties

Let us now study the squeezing properties of physical quantities X and P, representing the
position and linear momentum of a particle, respectively. Let us recall that, in the Fock space
representation, these quantities are given by the hermitian operators (we have assumed that
the mass, angular frequency and Planck’s constant all equal to 1)

_ (a+ af) _i(aT—a)
X_——ﬂ , P= 7 (98)
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They verify the canonical commutation relation
[X, P] =1l (99)

The dispersion of these quantities, computed on a specific normalized particle state |1), is

defined as

(AX)* = (Y| X2[y) — ((WIX|¥)) (100)
and

(AP)* = ($|P*lyp) — ((¥|Pl3))”. (101)

The product of these dispersions satisfy the Schrodinger-Robertson uncertainty relation (SRUR)
[17, 18]

2 2o Lfne 2} _ 1 2
(AXY (APY 2 5 ({0 + (F)?) = 1 (1+ (F)?), (102)
where F' is the anti-commutator ' = {X — (X)I, P — (P)I}. The mean value of F' is a

correlation measure between X and P. When (F') = 0, we regain the standard Heisenberg
uncertainty principle.

The minimum uncertainty states (MUS) are states that satisfy the equality in (102). They
are called coherent states when the dispersions of both X and P are the same and squeezed
states when these dispersions are different to each other. The states for which the dispersion
of X is greater than the one of P are called X -squeezed whereas the states for which the
dispersion of P is greater than the one of X are called P-squeezed.

We are interested to compute the dispersions of X and P, in the deformed squeezed states
(95), when v = 0, or v = 0. More precisely, we want to study the effect of the deformation
parameters on the squeezed properties of these quantities. As we have seen, when z and p go
to zero, the states (95) becomes the standard harmonic oscillator squeezed states. In such a

case, we know that the dispersions of X and P are independent of A = (e*, and given by [6]

1 —25cos¢ + 62
2(1 - 62)

142 2
and  (AP) 2= LX)

(aX)y" = 2(1- )

All these states are MUS, that is, they satisfy the equality in (102).
When v = 0, the square of the mean value of X, in the states (95), to first order of

approximation in z and p?, is given by

WX [)? =~ 2<Re 1“01) Re { (1 + 4e(z,p))F01
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Figure 1: Graphs of the dispersions of X and P as functions of ¢ for z = 0.0010.

S —ip —i6 S i 10
4 22 < € F()4 — ,33 F03 -+ ¢ A13 - /Be AlZ)

3 2 3 2
2 6e—z‘¢ e—io 6ei¢ eie
+ % < 1 Loz — b 5 Foe + TAu - '62 Au) }, (104)

where €(z,p) = Q(6, 4, 6,6,0,0) — 1 and T, and Ay, k,1 = 1,2, ..., are matrices elements
defined in Appendix B. According to (98), we have the same expression for the square of the
mean value of P, but taking the imaginary part in place of the real part.

On the other hand, the mean value of X2 in the states (95), to first order of approximation

in z and p?, is given by

Q

(| X2[) % + (1 + 25(2,17)) (T'11 + ReTgy)

S —i¢ —if S i 16
+ zRe( © Fos—ﬂe Cos + ° Azs—ﬂe A22)

3 2 3 2
2 Se—id =i Seid i
+ %—Re( 1 F04—'62 Loz + 1 1\22—'32 A21>
Se—i e~ Sei®
+ z< 3 (Ag1 —Toz) — b 5 (As1 —To2) + 3 (A1a — Ags)

i0 2 —ig —if
— be (Mg — Aoz)) + P (66 (As1 —To2) — '862 (Ag1 — Ton)

2 4 4
det® et?
+ 1 (A3 — Ag2) — '82 (A2 — A01)>- (105)

Again, according to (98), we have the same expression for the mean value of P2, but taking
the negative of the real part in place of the real part.
Combining (104) with (105), according to equation (100), we get the dispersion of X.

In the same way, we can obtain the dispersion of P. Inserting the matrix elements I';; and A;;,
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Figure 2: Graphs of the dispersions of X and P as functions of ¢ for z = 0.0015.

as given in the Appendix B, we can compute these dispersions explicitly.

Figures 1-3 show the dispersions of X and P in the minimum uncertainty squeezed states
in dashed lines, and in the deformed squeezed states in solid lines, as a function of ¢ for fixed
valued of the parameters ¢, 5,0 and p (6 = 0.5, 8 = 2.0, § = 0.87,p = 0.001) and for
special values of z = 0.0010, 0.0015, 0.0020. We observe that, as a consequence of the small
deformations in the parameters z and p, the squeezing properties of X and P have not been
essentially changed. Thus, in all the cases, we have P-squeezed states when —5 < ¢ < 7,
and X -squeezed states when § < ¢ < 37” Also we observe that the product of the dispersions
of X and P in the deformed squeezed states, for a given value of ¢, is always greater than
the product of the dispersions in the minimum uncertainty states, as required by the SRUR.
These difference is more remarkable for values of ¢ in the range F<o< 37” Let us notice
that when ¢ = £7, the MUS are coherent states, in the sense of the SRUR, i.e., the dispersion
of X and P, are the same. Indeed, in all these cases, (AX )02 = (AP)O2 = 0.83. This value
is conserved by the product of the dispersions of X and P in the deformed squeezed states
when ¢ = —7, but when ¢ = 7, it grows quickly as z increase.

Figure 4 shows the typical behavior of the dispersions of X and P in the minimum uncer-
tainty squeezed states in dashed lines, and in the deformed squeezed states in solid lines, as a
function of § for ¢ = 0.5, § = 2.0, 6 = 0.8 7, z = 0.0025 and p = 0, 001. We observe again
that, as a consequence of the small deformations in z and p, the squeezing properties of X
and P have not been essentially changed. Thus, the figure shows the behavior of P-squeezed
and P-deformed squeezed states. When 0 < § < 0.75, the product of the dispersions of X

and P, in the deformed squeezed states is always greater than the corresponding product in
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Figure 4: Graphs of the dispersions of X and P as functions of § for z = 0.0025,p =
0.01,8=2.0,0 =08rand ¢ = .

the minimum uncertainty squeezed states, as required by the SRUR. For higher values of 4,
only the dashed lines represent the true behavior of the dispersions of X and P. Indeed, the
approximation for the deformed squeezed states, in this region, is not valid. These states are

no longer normalizable.

4 Conclusions

In the present paper, we have found some representations of the deformed quantum Heisen-
berg Lie algebra, in terms of the usual creation and annihilation operators associated to the
Fock space representation of the standard harmonic oscillator and also in terms of the differ-
ential generators associated to the three-dimensional matrix representation of the Heisenberg-

Weyl group. The method used to get these representations can be easily applied to find the
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representations of other quantum Hopf algebras and super-algebras, such as the bosonic and
fermionic oscillators Hopf algebras[19] or the quantum super-Heisenberg algebra, that can
also be obtained by using the R-matrix approach.

We have computed the AES associated to the physical representation of the deformed
quantum Heisenberg algebra U/, ,(h(2)). We have seen that the set of AES contains the set of
coherent and squeezed states associated to the standard harmonic oscillator system but also a
new class of deformed coherent and squeezed states, parametrized by the deformation param-
eters. We have studied the behavior of the dispersions of the position and linear momentum
operators of a particle in a class of perturbed squeezed states and we have compared them
with the behavior of these dispersios in the minimum uncertainty squeezed states.

On the other hand, we have found new classes of deformed squeezed states, parametrized
by a real paragrassmann number, i.€., a number z such that z*¢ = 0, for some ky € N. These
states can be normalized, even if z is considered as a complex paragrassmann number. In
this last case, when £y = 2, we can interpret z as an odd complex Grassmann number and
obtain new classes of deformed squeezed states associated to the n-super-pseudo-Hermitian

Hamiltonians [20, 21].
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A Solving a paragrassmann valued differential equation

In this appendix we are interested to solve the differential equation

d (2 d = A eC 106
d—§+(u€+V)IX=; Tg@| PO =2 mrreC (106)

where kg € N, kg > 1, and z is a paragrassmann generator such that z* = 0, Vk > k.
Let us assume a solution of the type

ko—1

0(€) = Foi(8). (107)

k=0
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Inserting this solution into (106), we get

ko—1 ko—1ko—1 1 kel gl ko—1
-1 (z d
E:zk Wt e+ Y L )lf) dzk =AY o (108)
1=0 k=0 ’ k=0

Identifying the coefficients of independent powers z*, k = 0,1, 2, ..., ko — 1, in this equality,

we get the following system of differential equations (k = 1,...,ky — 1)

d‘Pk +( Zk (-1) d'p _ o
=1 !
do _ N
r [(A = v) — g wo. (110)

Let us notice that we can solve this system of differential equations proceeding by iteration.

Indeed, from equation (110), we get

@o(€) = Coexp <(,\ —v)€ — %u&"’) : (111)

where Cj is an arbitrary integration constant. Also, from equation (109), for a given value of

k, the general solution ¢ (€) is of the type

or(€) = [Cr + Ak(&)] exp (()\ -v)§ — %M€2> , k=1,...,k —1, (112)

where the C}, are arbitrary integration constants and A(¢) are functions of £ which can be

determined by solving the system of differential equations (k = 1,2,...,ky — 1)

dA 1
B = o (- - ve)
k l+1 d 1
(€ +v Z ! 7 [(Ck—l + Ag-1) exp ((/\ —v)§— §#§2>] -(113)

1=1
Using the Leibnitz’s derivation rule it is easy to prove that

1

exp (%#52 — (- u)g) j{l [(Ck 1+ Ak-1) exp (()\ -v)§ - —u£2)]

> (,fl) [Ck-z(A (B i, (\/gf)

m=0
d’ " Ag —s(B\2, s %
dfl m Z( ) (5) (_1) H, (\/;§>:|’ (114)
where
Hp(z) = emzd—e—ﬁ, m=0,1,..., (115)
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are the Hermite polynomials.
Inserting these results into (113) and integrating with respect to £, we get

k l l+1

a© = L2 50(,) [ efoeo -0 (§) o (/%)
d + Z (M=o ()" carm. (¢ as, 116

when k = 1,2,..., ky — 1. This system of integral equations can be solved by iteration using

the initial condition Ay(¢) = 0. For instance, when ko > 2, from equation (116), we get

£ L8
a(©) = |0 -+ ur -2 - 25| 6o 1
When &y > 3, from (116), we get
Ny opv 2 3v
A(8) = K 5t T2 —T>§
Npoou? X2 9ur? \ N
- <T—Z—2)\/.LI/— 5 + 4 +/\l/ ?)E
222 MNpupv 3plv 3Apr? 3\ .3
* ( 3 ) ) g tHV)E
N /\2,u2__3y3_5/\u2u 5 u? v? e
8 8 6 6
At pBv\ o ptes
- (T‘T AT A
+ (A 62 2&3
—V)V£+#()\—2I/)3—u? Ci. (118)

Finally, the general solution of the differential equation system (106), is obtained by
inserting (112) into (107):

ko—1 1
o(6) = [Z #(C+ Ak(»s))] exp (0= v)g - Jué?) (119)

k=0
with A (€) given in equation (116). We notice that, there exists an independent solution for
each integration constant Cy,, k = 0,1,...,ky — 1.

In the case v = 0, equation (116) reducesto (k = 1,2,...,ky — 1)

s - B fefot i ern ()

=1 m=

dl_mAk——l M\ s M 8/2 s L
+ d,’:z—_mz<s>/\ (§> (=1)°H, <\/;£>]d§. (120)

s=0
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Thus, for instance, from equation (120), when kg > 2, we get

2 3
AE) = ( 2 —ns ) Co. (121)

When ky > 3, we get

o - [(-5) e Be (B ) e i

8 18
BA L s 3
Ele2 B . 122
+ ( 5 3 3 Ee > &) (122)
In the case . = 0, equation (116) reducesto (k = 1,2, ..., ks — 1)

A§) = v i (-1 [(/\ —v)’ <§Ck---1 + /Ak—l d§>

l
l di-1-m
(m) (A =) A (123)

+1

>
m=0

For instance, from this last equation, when ky > 2, we get
A1(&) = (A= v)véCy (124)

and when ky > 3, we get

Az(£)=[<%+2,\ 2 §2ia)§+(’\222—/\ + )62] Co+(A—v)veEC;. (125)

B Matrix elements

In section 3.2.2, we need to compute the following matrix elements:

0 0
Iy = (0| Dt < f i 52) S (— tan*(8)e*) at*a'S (- tan~!(8)) D ( \/fe_—p) 10)
v (126)

and

Ak,=(0|D’f( fe” )sf (-tan~1(5)ei¢)akaf‘s(—tan-l(a)ew)p( fe” >|0),

V1—42 V11— 642
(127)
with k,1 =0,1,2,.... Using the relation
St (- tan~(6)e") a5 (- tan~(6)e*) = ! (a — 6e*a T) (128)
V1-6%
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we can write them in the form

o olpt Bei® (cff — (56""”&)1C (a - 5ei¢aT>l Beif
= (0 Nigrs . 52)%1 D Vi |0) (129)

and

e — (0D Bei? (a - 5ei¢a7)k (aT - 6e‘i¢a)l Bt
k= (0 Vi 0 62)’:_'2*1 D (m |0), (130)

respectively. From the above expressions, it is clear that
Po=Tw=~Ao=Au, Tu=Ty Au=Ay, l=0,1,..., (131)
and
Fkl = f‘lky Akl :/_\llh k1l = 0111“" (132)

We notice that the I'y; matrix elements correspond to

& & <o|Df< Be? )e"p lotal — b )] exp [rla — betal)] < - )‘0)’

Wb? V1 =62 (1 _ (52)k/2 (1 _ 52)1/2 /1 — 52
(133)

when ¢ and 7 go to zero. Applying the usual B.H.C. formula to disentangle the exponentials

factors, we get

exp [o(al — be™*a)] exp [r(a — de%a’)] = exp [0752 - %azée_mS - %T256i¢:|

exp [(O’ — 7‘(56“’) aT] exp [(7’ - aée“i"’) a] . (134)

Inserting this result in (133), and acting with the exponential operators on the coherent states,

we get
r 1 Bk al ) 1 2¢ —ip 1 26 i
= : 1_52)’°+130’°W exp |o7d —50 de —57‘ e
—if i0
exp [(a - T(Sei"’) \/ﬁle_y} exp [('r — 066‘“’) %] } (135)
- - o=7=0
The matrix elements A can be obtained in the same way, we get
1 * & 1 oois Lo i
Ay = Wi 52)k+l Bakﬁ{e){p [ar — 502(56 — 57 de }
» ﬂe“’ } l: ” Ige—io
exp [ o — Tée" exp | (7 — ogde’ — (136)
( ) == ( ) s .
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For example,

B i _ g5ei(#~0)
Too = Aw=1, Do =hy=bP—F

(1-0% 7
_ B2 — §ei(26% + 1 — §2) + [2622(4-0)
Toe = Ape= 2
(1-462)
B%(1 + &%) + 62(1 — 62) — 2625 cos(¢ — )
'n = Au-1= 2 J
(=)
Ap = [ﬂe‘“’ (ﬂ2 +2B%2 + (24 6%)(1 — 52)) — Boei6-9) (2,62 + 3267 +3(1 - 52))
+ ﬂsézei(so—w) . ﬂ36ei(¢_30)]/(1 _ 62)3. 137
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Conclusion

Dans ce travail, nous avons proposé une approche originale pour générer de nouvelles
classes d’états cohérents et comprimés généralisés associés a des algebres et superalgebres de
Lie ainsi qu’a des algebres de Lie déformées. Cette approche utilise et généralise le concept
d’états propres d’algebres associés a une algebre de Lie.

D’abord, nous avons développé une nouvelle procédure, basée sur la méthode de prolon-
gation des champs de vecteurs, pour obtenir les algebres et superalgebres de symétries dyna-
miques standards de quelques systémes quantiques pertinents pour notre étude, tels que les
systtmes de D’oscillateur harmonique standard et supersymétrique, de Pauli, de
Jaynes-Cummings et une extension supersymétrique de ce dernier. Il s’agit d’une méthode
systématique qui peut s’appliquer non seulement a des systémes quantiques mais aussi a des
systémes classiques.

Ensuite, nous avons montré comment utiliser ces algébres pour générer des états
cohérents et comprimés généralisés associés a ces systémes quantiques. Pour ce faire, nous
avons relié les concepts d’états propres d’algebres et états minimaux d’incertitude. En outre,
nous avons construit, a partir des éléments de ces algébres ou superalgébres, des
Hamiltoniens caractérisant ces systémes ou encore de nouveaux systémes quantiques. Nous
avons calculé les états cohérents associés en nous servant des concepts d’états propres
d’algebres et d’opérateur d’annihilation. Pour de telles constructions, nous n’avons utilisé
que les sous-algebres fondamentales. L’ utilisation d’algébres de plus grande dimension, telles
que 0sp(2/2) et osp(2/2) D sh(2/2), est laissée pour de futures applications.

Finalement, nous avons abordé le probléme de générer des états cohérents et comprimés
généralisés associés a des algebres de Lie quantiques déformées. Nous avons trouvé une
représentation physique des générateurs des algebres déformées de Heisenberg-Weyl, obte-
nues en utilisant la procédure de la matrice universelle R. Nous avons calculé les états propres

d’algebres et obtenu de nouvelles classes d’états cohérents et comprimés déformés associés
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a I’oscillateur harmonique standard. En suivant cette ligne de recherche, nous envisageons
pour le futur, I’étude des états cohérents et comprimés associés a la superalgébre déformée
de Heisenberg.

Les concepts, que nous avons introduits tout au long de ce travail, sont de caractére
général. Nous avons illustré ceux-ci en les appliquant a des algébres bosoniques et fermio-
niques qui représentent des piliers de plusieurs théories physiques.

Le scénario naturel d’applications de résultats est le domaine de 1I’optique quantique ou
de la mécanique quantique supersymétrique, mais ils peuvent aussi trouver des applications

dans le domaine de la théorie quantique des champs.








