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Résumé

Ma, these est composée de trois essais sur 'inférence par le bootstrap a la fois dans
les modeles de données de panel et les modeles a grands nombres de variables in-
strumentales (VI) dont un grand nombre peut étre faible. La théorie asymptotique
n’étant pas toujours une bonne approximation de la distribution d’échantillonnage
des estimateurs et statistiques de tests, je considere le bootstrap comme une al-
ternative. Ces essais tentent d’étudier la validité asymptotique des procédures
bootstrap existantes et quand invalides, proposent de nouvelles méthodes boot-
strap valides.

Le premier chapitre (co-écrit avec Silvia Gongalves) étudie la validité du boot-
strap pour l'inférence dans un modele de panel de données linéaire, dynamique et
stationnaire a effets fixes. Nous considérons trois méthodes bootstrap: le recursive-
design bootstrap, le fixed-design bootstrap et le pairs bootstrap. Ces méthodes
sont des généralisations naturelles au contexte des panels des méthodes bootstrap
considérées par Gongalves et Kilian (2004) dans les modeles autorégressifs en séries
temporelles. Nous montrons que 'estimateur MCO obtenu par le recursive-design
bootstrap contient un terme intégré qui imite le biais de l’estimateur original.
Ceci est en contraste avec le fixed-design bootstrap et le pairs bootstrap dont les
distributions sont incorrectement centrées a zéro. Cependant, le recursive-design
bootstrap et le pairs bootstrap sont asymptotiquement valides quand ils sont ap-
pliqués a l'estimateur corrigé du biais, contrairement au fixed-design bootstrap.
Dans les simulations, le recursive-design bootstrap est la méthode qui produit les
meilleurs résultats.

Le deuxieme chapitre étend les résultats du pairs bootstrap aux modeles de

panel non linéaires dynamiques avec des effets fixes. Ces modeles sont souvent es-
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timés par 'estimateur du maximum de vraisemblance (EMV) qui souffre également
d’un biais. Récemment, Dhaene et Johmans (2014) ont proposé la méthode
d’estimation split-jackknife. Bien que ces estimateurs ont des approximations
asymptotiques normales centrées sur le vrai parametre, de sérieuses distorsions de-
meurent & échantillons finis. Dhaene et Johmans (2014) ont proposé le pairs boot-
strap comme alternative dans ce contexte sans aucune justification théorique. Pour
combler cette lacune, je montre que cette méthode est asymptotiquement valide
lorsqu’elle est utilisée pour estimer la distribution de 'estimateur split-jackknife
bien qu’incapable d’estimer la distribution de 'EMYV. Des simulations Monte Carlo
montrent que les intervalles de confiance bootstrap basés sur l'estimateur split-
jackknife aident grandement a réduire les distorsions liées a I’approximation nor-
male en échantillons finis. En outre, j’applique cette méthode bootstrap a un
modele de participation des femmes au marché du travail pour construire des in-
tervalles de confiance valides.

Dans le dernier chapitre (co-écrit avec Wenjie Wang), nous étudions la validité
asymptotique des procédures bootstrap pour les modeles a grands nombres de vari-
ables instrumentales (VI) dont un grand nombre peu étre faible. Nous montrons
analytiquement qu’un bootstrap standard basé sur les résidus et le bootstrap re-
streint et efficace (RE) de Davidson et MacKinnon (2008, 2010, 2014) ne peuvent
pas estimer la distribution limite de ’estimateur du maximum de vraisemblance
a information limitée (EMVIL). La raison principale est qu’ils ne parviennent
pas a bien imiter le parametre qui caractérise l'intensité de 'identification dans
I’échantillon. Par conséquent, nous proposons une méthode bootstrap modifiée
qui estime de facon convergente cette distribution limite. Nos simulations mon-
trent que la méthode bootstrap modifiée réduit considérablement les distorsions
des tests asymptotiques de type Wald (¢) dans les échantillons finis, en particulier
lorsque le degré d’endogénéité est élevé.

Keywords : bootstrap, données de panel, effets fixes, split-jackknife, instruments

faibles, EMVIL, bootstrap restreint et efficace.
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Abstract

My dissertation consists of three essays on bootstrap inference in both large
panel data models and instrumental variable (IV) models with many instru-
ments and possibly, many weak instruments. Since the asymptotic theory is
often not a good approximation to the sampling distribution of test statistics
and estimators, I consider the bootstrap as an alternative. These essays try
to study the asymptotic validity of existing bootstrap procedures and when
they are invalid, to propose new valid bootstrap methods.

The first chapter (co-authored with Silvia Gongalves) studies the validity
of the bootstrap for inference on a stationary linear dynamic panel data
model with individual fixed effects. We consider three bootstrap methods:
the recursive-design wild bootstrap, the fixed-design wild bootstrap and the
pairs bootstrap. These methods are natural generalizations to the panel
context of the bootstrap methods considered by Gongalves and Kilian (2004)
in pure time series autoregressive models. We show that the recursive-design
wild bootstrap fixed effects OLS estimator contains a built-in bias correction
term that mimics the incidental parameter bias. This is in contrast with
the fixed-design wild bootstrap and the pairs bootstrap whose distributions
are incorrectly centered at zero. As it turns out, both the recursive-design
and the pairs bootstrap are asymptotically valid when applied to the bias-
corrected estimator, but the fixed-design bootstrap is not. In the simulations,
the recursive-design bootstrap is the method that does best overall.

The second chapter extends our pairwise bootstrap results to dynamic
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nonlinear panel data models with fixed effects. These models are often es-
timated with the Maximum Likelihood Estimator (MLE) which also suffers
from an incidental parameter bias. Recently, Dhaene and Jochmans (2014)
have proposed the split-jackknife estimation method. Although these es-
timators have asymptotic normal approximations that are centered at the
true parameter, important size distortions remain in finite samples. Dhaene
and Jochmans (2014) have proposed the pairs bootstrap as an alternative in
this context without a theoretical justification. To fill this gap, I show that
this method is asymptotically valid when used to estimate the distribution
of the half-panel jackknife estimator although it does not consistently esti-
mate the distribution of the MLE. A Monte Carlo experiment shows that
bootstrap-based confidence intervals that rely on the half-panel jackknife
estimator greatly help to reduce the distortions associated to the normal ap-
proximation in finite samples. In addition, I apply this bootstrap method to
a canonical model of female-labor participation to construct valid confidence
intervals.

In the last chapter (co-authored with Wenjie Wang), we study the asymp-
totic validity of bootstrap procedures for instrumental variable (IV) models
with many weak instruments. We show analytically that a standard residual-
based bootstrap and the restricted efficient (RE) bootstrap of Davidson and
MacKinnon (2008, 2010, 2014) cannot consistently estimate the limiting dis-
tribution of the LIML estimator. The foremost reason is that they fail to
adequately mimic the identification strength in the sample. Therefore, we
propose a modified bootstrap procedure which consistently estimates this
limiting distribution. Our simulations show that the modified bootstrap
procedure greatly reduces the distortions associated to asymptotic Wald ()
tests in finite samples, especially when the degree of endogeneity is high.
Keywords : bootstrap, dynamic panel data, fixed effects, incidental pa-

rameter bias, half-panel jackknife, weak instruments, LIML, RE bootstrap.



Introduction

This dissertation is a collection of three essays in theoretical and applied
econometrics, organized in the form of three chapters. In the three chapters,
my focus is on the bootstrap as a method of inference. The first two chapters
consider its application to panel data models with individual fixed effects
while the last chapter considers Instrumental Variable (IV) models with many
instruments and, possibly, many weak instruments.

The asymptotic theory provides an approximation to the sampling dis-
tribution of test statistics and estimators. However, it is now well known
that for the sample sizes encountered in practice, the asymptotic theory is
often not a good approximation. The bootstrap is an alternative method of
inference that can be used to approximate the distribution of an estimator
or characteristics of that distribution such as a variance or a quantile. It
generally provides a better approximation in finite samples than the stan-
dard asymptotic theory approximations and is extensively used in applied
research, although sometimes without any theoretical foundation. This the-
sis aims to fill this gap.

In the first chapter, we propose and theoretically justify the application
of bootstrap methods for inference in autoregressive panel data models with
fixed effects. Whereas the focus of the existing literature has been on bias
correcting the standard fixed effects OLS estimator (due to the well known
incidental parameter bias), our focus here is on improving the quality of infer-

ence by relying on the bootstrap instead of the standard normal distribution



when computing critical values for test statistics. In particular, we show by
simulation that confidence intervals based on the normal distribution can
be very distorted in finite samples. Instead, a bootstrap that resamples the
residuals and generates the bootstrap observations recursively using the es-
timated autoregressive panel data model greatly reduces these distortions.
Thus, this method can be used to approximate the bias (as well as the en-
tire distribution) of the (biased) fixed effects OLS estimator. In contrast to
the recursive-design wild bootstrap, the fixed-design (treats the regressors as
fixed when building the bootstrap data) and the pairs bootstrap (resamples
observations only in the cross-section) do not consistently estimate the dis-
tribution of the standard biased fixed effects estimator and cannot be used
for bias correction. This last result is crucial because Gongalves and Kilian
(2004) have established the validity of these two bootstrap procedures in pure
time series autoregressive context and it implies that a naive application of
these procedures to autoregressive panel data models with individual fixed
effects would produce unreliable results. Another interesting finding is that
the invalidity of the pairs bootstrap to estimate the distribution of the biased
fixed effects estimator does not prevent this method to be valid when applied
to the bias-corrected estimates.

Given the good performance of the pairwise bootstrap in the linear con-
text, the second chapter extends its results to nonlinear dynamic panel data
models with individual fixed effects. I focus on the pairs bootstrap since,
unlike the recursive or fixed designed wild bootstrap considered in the first
chapter, it is a non-parametric bootstrap and therefore, is generally more
robust to misspecification. The usefulness of the bootstrap in the nonlinear
context is crucial since nonlinearity complicates estimation and inference. As
pointed out by Hahn and Newey (2004) and Hahn and Kuersteiner (2011),
nonlinearity introduces an asymptotic bias in the limiting distribution of
the MLE even in nonlinear static panel data models — all the regressors are

strictly exogenous — in contrast to the linear case. Moreover, the MLE is gen-



erally severely biased in the nonlinear context compared to the linear context
for panel data of the same sizes (n and 7). My main contribution is to pro-
pose and theoretically justify the application of the pairs bootstrap in this
context. I also illustrate the advantage of the bootstrap over the asymptotic
theory by applying it to a canonical model of female-labor participation to
construct accurate and valid confidence intervals.

In the last chapter, we consider bootstrap inference procedures for in-
strumental variable (IV) models with many weak instruments. It is now well
known in the literature on the problem of weak instruments or weak identi-
fication that standard first-order asymptotic theory breaks down when the
instruments are weakly correlated with the endogenous regressors, and com-
monly used IV estimators (e.g. two-stages least square (TSLS) and limited
information maximum likelihood (LIML) estimators) can lose consistency;
see Dufour (1997) and Staiger and Stock (1997) among others. However, as
has been pointed out by Chao and Swanson (2005), having many instruments
in such weakly identified situation can help to improve estimation accuracy.
Indeed, using a large number of instruments can enhance the growth of the
so-called concentration parameter even if each individual instrument is only
weakly correlated with the endogenous explanatory variables. In this frame-
work, Chao and Swanson (2005) have established consistency results for cer-
tain well-centered IV estimators such as the LIML estimator and Hansen,
Hausman, and Newey (2008) have derived asymptotic normality results and
gave Corrected Standard Errors (CSE) for these estimators. However, as
shown in our simulations, CSE-based asymptotic Wald (t) tests can be very
distorted in finite samples, especially when the degree of endogeneity is high.
Thus, one may consider improving the quality of inference by relying on the
bootstrap instead of the normal asymptotic approximation when computing
critical values for test statistics. Therefore, we study the asymptotic validity
of some existing bootstrap procedures for the limited information maximum

likelihood (LIML) estimator when the instruments in IV regression may be



weak and the number of instruments goes to infinity with the sample size.
We show analytically that a standard residual-based bootstrap and the re-
stricted efficient (RE) bootstrap of Davidson and MacKinnon (2008, 2010,
2014) cannot consistently estimate the limiting distribution of the LIML es-
timator. The foremost reason is that they fail to mimic well the parameter
that characterizes the identification strength in the sample. Our results shed
new light on bootstrap properties in the context of IV regression, highlight-
ing in particular a fragility of bootstrap-based distributional approximations
with respect to the number and the quality of instruments in the model.
They also include a new, valid bootstrap-based inference procedure for IV
models which is more robust to the choice of instruments, and hence ex-
hibits demonstrably superior statistical properties over the bootstrap-based

inference procedures available in the literature.



Chapter 1

Bootstrap inference for linear
dynamic panel data models

with individual fixed effects

1.1 Introduction

Estimation and inference in the context of linear dynamic panel data models
is complicated by the presence of fixed effects. Indeed, as noted by Neyman
and Scott (1948) and Nickell (1981), estimation of the fixed effects creates an
incidental parameter bias in the standard fixed effects OLS estimator that
persists even as n — oo (and T is fixed). Although this inconsistency disap-
pears when both n and T diverge to infinity, an asymptotic bias appears in
the limiting distribution of the fixed effects estimator when n and T" grow at
the same rate, as shown by Hahn and Kuersteiner (2002). The existence of
the incidental parameter bias has motivated the proposal of many bias re-
duction methods for panel autoregressive models with fixed effects, including
Kiviet (1995), Hahn and Kuersteiner (2002), Alvarez and Arellano (2003),
Bun and Carree (2005), Phillips and Sul (2007), Everaert and Pozzi (2007),
Gouriéroux, Phillips, and Yu (2010), Fernandez-Val and Weidner (2013) and



Lee (2012), among others.

Our focus in this paper is on inference rather than bias correction. In par-
ticular, our main goal is to propose bootstrap methods whose finite sample
properties improve upon those of the asymptotic normal approximation when
computing critical values for test statistics based on bias-corrected estima-
tors. Although this asymptotic approach is justified by the existing literature,
our simulations show that asymptotic theory-based confidence intervals for
the common autoregressive parameter of an AR(1) model with fixed effects
can be severely distorted in finite samples. This provides motivation for the
use of the bootstrap.

A natural bootstrap scheme in this context is a recursive-design residual-
based bootstrap which resamples the residuals and recursively generates
bootstrap observations for the dependent variable using the estimated au-
toregressive panel data model. The choice of how to generate the bootstrap
residuals depends on the assumptions we make on the idiosyncratic error
term. Here, we follow most of the existing panel data literature and maintain
throughout the assumption of cross sectional independence. In contrast, we
allow for time series dependence in the error term by assuming that it satisfies
a martingale difference sequence assumption for each individual. This rules
out serial correlation but is compatible with time series and cross sectional
heteroskedasticity in the error term. To capture both forms of heteroskedas-
ticity, we implement the residual-based bootstrap using the wild bootstrap,
where bootstrap residuals are obtained by multiplying the estimated resid-
uals by an external random variable that is i.i.d.(0, 1) across both the time
series and the cross sectional dimensions. A version of the recursive-design
wild bootstrap method has been applied by Everaert and Pozzi (2007) for
bias correction without theoretical justification.

We consider two other bootstrap methods in this paper. One is a version
of the residual-based bootstrap that fixes the regressors when generating the

bootstrap observations on the dependent variable (i.e. we simply add the wild



bootstrap residuals to the estimated conditional mean). We call this method
the fixed-design residual-based bootstrap. The other method is a pairs boot-
strap which resamples the pairs formed by the dependent and the lagged
dependent variables (this amounts to the standard nonparametric bootstrap
applied to the pairs). Given the cross sectional independence assumption,
our proposal is to resample only in the cross sectional dimension. The main
reason why we also consider these two methods is that they have been ap-
plied successfully in the pure time series literature by Gongalves and Kilian
(2004), who showed that they are robust to more general forms of conditional
heteroskedasticity (in the form of leverage effects) than the recursive-design
residual-based bootstrap. As we will show, even though the three methods
we analyze here can be viewed as panel extensions of the bootstrap meth-
ods studied by Gongalves and Kilian (2004), the results we obtain are not
a straightforward extension of the results obtained in the pure time series
autoregression model due to the presence of the incidental parameter bias.

Our first finding is that only the recursive-design residual-based bootstrap
is able to capture the incidental parameter bias term inherent in the fixed
effects OLS estimates. The fixed-design residual bootstrap and the pairs
bootstrap fail to do so as their bootstrap distributions are incorrectly cen-
tered at zero. Thus, although these bootstrap methods are more generally
applicable (in that they allow for leverage effects), they do not consistently
estimate the distribution of the standard fixed effects estimator in a linear
dynamic panel data model with individual specific fixed effects. This is in
contrast with the recursive-design bootstrap, which can be used to approxi-
mate the whole distribution of the fixed effects OLS estimator, including its
bias. We formally prove the consistency of this bootstrap bias, thus provid-
ing a theoretical justification for a bootstrap based bias correction as used
for instance in Everaert and Pozzi (2007).

Although our results for the recursive-design bootstrap justify bootstrap

inference based on the (uncorrected and biased) fixed-effects OLS estima-



tor without the need for an explicit bias correction, further finite sample
improvements of the bootstrap approximation can be obtained if we base
our inference on a bias-corrected estimator. Bootstrapping a bias-corrected
fixed effects estimator essentially removes the incidental parameter bias from
the asymptotic distribution, resulting in a t-statistic that is asymptotically
pivotal.

Building on the theory of the bootstrap for the standard (biased) fixed
effects OLS estimator, we show that the recursive-design bootstrap is asymp-
totically valid when applied to the bias-corrected estimator of Hahn and
Kuersteiner (2002). The asymptotic invalidity of the fixed-design bootstrap
for the standard fixed effects estimator extends to the bias-corrected estima-
tor. However, as it turns out, the pairs bootstrap distribution of the boot-
strap bias-corrected fixed effects estimator is consistent provided we center
the bootstrap bias-corrected estimator around the bias-corrected estimator
evaluated on the original sample (instead of its biased version). In the simu-
lations, the recursive-design bootstrap is the method that does best overall,
essentially removing the finite sample distortions associated with the confi-
dence intervals that rely on the asymptotic normal distribution.

The existing literature on bootstrapping linear panel data models with
fixed effects is surprisingly rather limited. One important exception is Kapetan-
ios (2008), who proposed and studied the pairs bootstrap in the context
of panel regression models with strictly exogenous regressors and fixed ef-
fects, for which the incidental parameter bias does not exist. More recently,
Gongalves (2011) proved the asymptotic validity of the moving blocks boot-
strap under general forms of cross sectional and time series dependence in
the regression error of a panel linear regression model. Although the regu-
larity conditions of Gongalves (2011) allow in principle dynamic regressors,
the impact of the incidental parameter bias on inference was ruled out by
assuming that n/7T — 0. Contrary to these papers, here we establish the

consistency of the bootstrap for fixed-effects estimators when the incidental



parameter bias is present. A few other papers have recently studied the va-
lidity of the bootstrap for panel data models with fixed effects and incidental
parameter bias. In particular, Galvao and Kato (2013) study the asymptotic
properties of the pairs bootstrap in the context of linear dynamic panel data
models with possible misspecification. They find that the pairs bootstrap is
asymptotically valid when applied to a bias corrected estimator and that it
is robust to misspecification. Similarly, Kaffo (2013) also applies the pairs
bootstrap to a bias corrected estimator in the context of nonlinear dynamic
panel data models with fixed effects. In both cases, the bootstrap is not able
to capture the incidental parameter bias and is only valid when used for in-
ference on a bias corrected estimator. These results (although more general
than ours) are entirely parallel to what we find here for the simpler AR(1)
panel data model. However, contrary to these papers, here we are able to go
a step further and propose a bootstrap method that is also able to capture
the bias (the recursive-design bootstrap).

The remainder of the paper is organized as followed. Section 2 introduces
the model and the assumptions, and provides a summary of the asymptotic
theory for the fixed effects estimator. These results are a restatement of
Hahn and Kuersteiner’s (2002) results under our set of assumptions (which
are slightly different from theirs). Section 3 provides the bootstrap results
for the standard fixed effects OLS estimator for the three bootstrap schemes
described above. We show that only the recursive-design bootstrap is able to
capture the asymptotic bias term. Section 4 relies on the results of Section 3
to prove the consistency of this bootstrap method for estimating the distribu-
tion of the biased-corrected fixed effects estimator of Hahn and Kuersteiner
(2002). Section 5 contains Monte Carlo results while Section 6 concludes.

All proofs are relegated to the Appendix.
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1.2 Assumptions and asymptotic theory for

the fixed effects estimator when n,T" — oo

Following Hahn and Kuersteiner (2002), we consider estimation of the au-
toregressive parameter 6y in a stationary linear dynamic panel model with
fixed effects’

yit:ai+00yit—1+5itu z:l,,n, t:17...,T, (].].)

where |fy| < 1 and «; are individual specific fixed effects that capture the
unobserved individual heterogeneity. We assume that the initial observation
;o is available. Given the stability condition that |6y| < 1 and the assumption
that the panel is stationary, the impact of initial conditions does not matter
asymptotically when 7' is large.

The standard fixed effects OLS estimator of y is given by

n T -1 n T
R 1 _ 1 _ _
0= (ﬁ Z Z (Yit—1 — yi—>2> T Z Z (Yir—1 — Yi-) (Yir — Y1) ,
=1 11 i=1 =1
where ; = %Zthl vy and 7, = %ZtT:l yir—1 are the individual time aver-

ages.
The main goal of this section is to provide a set of assumptions under
which we can prove the bootstrap results that will follow and at the same
time present the asymptotic theory of the fixed effects estimator under these
assumptions.
Assumption A1l describes formally our set of assumptions. Note that for
a given time series {w;} and for j € N, we let cum (wo, Wyy,y - ,wtj_l) denote

the j* order joint cumulant of (wo,wtl, . ,wt]._l) (see Brillinger, 1981, p.

LOur results could be generalized to higher order dynamics at the cost of complicating
the notation. Since this would not add any additional insights, we prefer to follow Hahn
and Kuersteiner (2002) and focus on this simple AR(1) panel model.
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19), where ¢1,...,t;_1 are integers®.
Assumption A1l
(i) {es,t =1,2,...} are independent across i.

(ii) Foreach i, {e;,t =1,2,...} is a strictly stationary martingale difference

sequence, i.e. F (5Z-t|]-"it_1) =0, a.s., where ™' = 0 (i1, €it_2, .. .) -
ese 4r . . . .
(iii) E'|ex|™ is uniformly bounded in ¢ and ¢, for some r > 2.

(iv) E(e}) = 07, where lim, oo = > 1 | 07 = 07 < 00.

i

(v) E(e%eu_18i_p) = Tip is uniformly bounded for all 4, ¢, 1 > 1, p > 1; 7y >
0 for all I, and lim,,_,~ % > or Tup = Tip, for fixed [, p € N.

(vi) Z:ziszfoo lcum (€1, €ity, Eits, €i0)| < A < 00 uniformly in 7.

.. 400 I lo s . ..
(Vi) > e oo |cum (23}, 22, 28, 28 )| < A < oo uniformly in i, Iy, I, I3

and [y, where zll-t = ey and ly,. ..l are positive integers.

(viii) ;37 Jail* = O(1).
(ix) n,T — oo such that n/T — p < 0.

In this paper, we follow the fixed effects approach and treat «; as param-
eters to be estimated. Accordingly, Assumption Al implicitly treats a; as
being constant. Alternatively, our analysis can be interpreted as being con-
ditional on a random realization of the fixed effects a; as long as we modify

our assumptions by conditioning on ;.3

2In particular, cum (wg) = E (wp) and cum (wg,w;,) = Cov (wg,wy,). For a zero
mean random variable, cum (wo, wy,, wy,) = E (wowy, wy,) and cum (wo, wy, , Wiy, Wiy ) =
E (wowtlwtzwts) —-F (wowtl) E (wt2wt3) —-FE (wowt2) E (wt1wt3) —-FE (wowts) E (wtlwtz) :

3For instance, A1(ii) should read “For each i, {e;;,t = 1,2,...} is a strictly stationary
martingale difference sequence conditional on a;, i.e. E (e4|F; "', ;) = 0, where F} ' =
o (€i4—1,€it—2,...).”. Similarly, all expectations should be conditional on «; and the limits
in parts (iv) and (v) should be replaced with probability limits. See Remark 1 of Hahn
and Kuersteiner (2011a) for more details on the appropriate modifications.
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Assumption A1(i) assumes cross sectional independence. Although we do
not impose homogeneity along the cross sectional dimension, we nevertheless
require this heterogeneity to disappear asymptotically. Assumption A1(ii)
imposes a martingale difference sequence restriction on {e; : t = 1,2,...} for
each i = 1,...,n; time stationarity is also assumed for simplicity. The m.d.s.
assumption implies that the model for the conditional mean of y;; given F;
is correctly specified. This is a strong assumption that has been recently
relaxed by Galvao and Kato (2013) in the context of possibly misspecified
linear dynamic panel data models with fixed effects. Specifically, their re-
sults show that the pairs bootstrap is asymptotically valid for inference on
a pseudo-true parameter when applied to a bias-corrected estimator. Here,
we assume the model is correctly specified for the conditional mean, which
allows us to obtain results for the recursive-design bootstrap based on the
wild bootstrap. The motivation for this method relies on the fact that the
m.d.s assumption restricts the dependence in the time dimension, ruling out
serial correlation in €;, but allows for time series dependence in the form
of conditional heteroskedasticity. Allowing for conditional heteroskedasticity
over time is important in order to capture GARCH effects, as documented
by the increasing literature on estimating large dimensional GARCH panels
(see e.g. Engle, Shephard, and Sheppard (2008) and Pakel, Shephard, and
Sheppard (2011)). Assumption Al(vi) restricts the fourth order cumulants
of g;; whereas Assumption Al(vii) is an additional eighth order restriction on
the distribution of the innovations needed to establish a central limit theo-
rem and justify covariance matrix estimation. Given that |fy| < 1, it implies
Condition 3 of Hahn and Kuersteiner (2002). Assumption A1l(ix) assumes
that n and T diverge to infinity at the same rate and is standard in this
literature.

Under Assumption A1, we can prove the following result. See Appendix
A for the proof.

Theorem 1.2.1. Let {y;;} be generated by (1.1). Under Assumption A1, we
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have

\/n_T<é—90> 4 N (D,C),

where D = —\/p(1 + 6,); and C = A7'BA™, with A = o* (1 — 93)_1 and
B=3 1200 QHP 27717-

Theorem 1.2.1 is a restatement of Hahn and Kuesteiner’s (2002) Theorem
1 under our Assumption Al. The method of proof follows closely that of
Gongalves and Kilian (2004), adapted to the panel context considered here.
In particular, the cross sectional independence assumption A1(i) allows us to
use results by Hansen (2007) (see also Moon and Phillips (2000) and Moon
and Phillips (2004)) to derive the joint asymptotic theory of 0 as n, T — oo
under Assumption Al.

Presenting this result and its heuristic derivation is helpful in under-
standing the reasons for the (in)validity of the different bootstrap methods
we consider in the next section. The fixed effects OLS estimator can be

represented as

n T

nT (é - 90) =4, (Yit—1 — Ui-) (et — &),
” ERC MY
where A, = =30 Z:il (yit—1 — §i—) . Under Assumption Al, we show
in the Appendix that A,r —¥ A. Moreover, adding and subtracting p; =
E (yit—1) = a;/ (1 — 0y) to the term (y;—1 — y;—) and using the fact that the

average over t of (g; — &;) is zero implies that

\/n_T<é—90) = \/_ZZ Yit—1 — ) (g — &) +op (1)

i=1 t=1
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The following decomposition holds for the normalized score,

T T
\/ﬁ;; Yit—1 — [Ll €zt ) = ;; Yit—1 — Mz Eit
SN (0.B)
n T
ZZ Yit—1 — /~Lz 527
~>P7A-D ’

where the stochastic behavior of each of the two terms above is discussed in
Lemma A.4 in Appendix A.

This result has two implications for the validity of the bootstrap. First,
the bootstrap needs to mimic the asymptotic variance of 6 given by C' =
A7'BA~'. This variance has the usual sandwich form under conditional
heteroskedasticity. In particular, it depends on the long run variance of the

score process (after concentrating out «;) defined as

B = n,’l}gloo Var (\/— ZZ Yit—1 — s Szt) .

=1 t=1

Theorem 1.2.1 shows that B depends on* 7;,, the limiting value of the cross
sectional average of the fourth order cumulants of ;. When ¢; are i.i.d.
(0,0%), we have that 7, = o* for | = p and 7, = 0 for | # p, implying
that B = 0%/ (1 —62). In this case, B = 0?4 and C = 1 — 2. But when
e are heteroskedastic (in either dimension), the fourth order cumulants of

gy do not simplify and the sandwich form for C' is obtained. As discussed

4Note that Hahn and Kuersteiner (2002) obtain a different but equivalent expression for
B, given by % + x, where x =370 x(¢,0) and x(t1,t2) = Elwir, —1Wity—1Eit, Eity) —
Eleit, €ito| Etit, —1Uity—1], Uit—1 = Yit—1 — £ (yir—1) - The constant x reflects higher order
moments of the error term when conditional heteroskedasticity is allowed for and it be-
comes zero when ¢;; is i.i.d. (O, 02), implying the same value for B. Our expression makes
the comparison of our results with Gongalves and Kilian (2004) easier.
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by Gongalves and Kilian (2004) in the pure time series context, bootstrap
validity depends on replicating the properties of 7, and this is also true in
the panel context.

Second, the bootstrap needs to capture the asymptotic bias term D cre-
ated by the estimation of the fixed effects. As the decomposition above
shows (and as was discussed already by Hahn and Kuersteiner (2002)), this
noncentrality parameter results from the correlation between the averaged
error terms &; and the demeaned regressors y;;_1 — p; and is non zero when
p =lim%Z # 0. As we will see next, the presence of this incidental param-
eter asymptotic bias is the crucial difference between the application of the
bootstrap in the pure time series context considered in Gongalves and Kilian

(2004) and in the panel context considered here.

1.3 Bootstrap results for the fixed effects es-

timator

In this section, we study the asymptotic validity of the bootstrap when ap-
plied to the fixed effects OLS estimator 6. Following Gongalves and Kilian
(2004), we consider three bootstrap methods adapted to the panel AR(1)
model considered here. Two of these are residual-based wild bootstrap (WB)
methods whereas the third one is a pairs bootstrap that resamples only in
the cross sectional dimension (which is justified under our cross sectional
independence assumption).

We use the following notation for the bootstrap asymptotics (see Chang
and Park (2003a) for similar notation and for several useful bootstrap asymp-
totic properties): Let Z*, be a sequence of bootstrap statistics. We write
Z*r = op« (1) in probability, or Z*, —" 0 in probability, if for any ¢ > 0, § >
0, limy, 700 P [P* (|Z}1| > ) > €] = 0. Similarly, we write Z’, = Op- (1) in
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probability if for all € > 0 there exists a M. < oo such that

i PP (Z] > M) > ¢] = 0.

Finally, we write Z*; —¢ Z in probability if, conditional on the sample,
Z weakly converges to Z under P*, for all samples contained in a set with
probability converging to one. Specifically, we write Z*, —% Z in probability
if and only if E* (f (Z};)) — E (f (Z)) in probability for any bounded and

uniformly continuous function f.

1.3.1 Recursive-design wild bootstrap

The recursive-design bootstrap generates a panel of pseudo observations
{yf,, i = 1,...,n;t = 1,...,T} recursively from the panel AR(1) model

with estimated parameters,
y;‘t:di—i—éy;_l—kﬁt,i: 1,...,n;t=1,...,T,

where &; = %Zle(yit — éyit,l), t1=1,...,n and 0 is the fixed effects OLS
estimator defined in the previous section (the method remains valid if 0
is replaced with any consistent estimator 6 of 0p). The initial condition

&y

is yiy = 51 = 1,...,n, which is equivalent to setting v, equal to the

stationary mean in the bootstrap world. The bootstrap residuals are obtained
with the wild bootstrap €}, = £;n;, where n; ~1i.i.d.(0,1) over (i,t) with
E* |771-t]4 <A < oo, and € = Yy — Gy — éyit,l are the estimated residuals.
The wild bootstrap was originally proposed by Wu (1986) and Liu (1988) in
the context of cross section regressions with unconditional heteroskedasticity.
Its application to the time series autoregressive context was considered by
Gongalves and Kilian (2004) (see also Kreiss (1997)). Here we extend its
application to the panel autoregressive context with individual fixed effects

(see Gongalves and Perron (2014) for a recent application to panel factor
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models).

Letting n; be i.i.d.(0,1) along the two dimensions is appropriate since
by Assumption Al ; is independent across ¢ and uncorrelated over ¢t (due
to the m.d.s. assumption), but we allow for heteroskedasticity in the two
dimensions.

The bootstrap analogue of 0 is é;‘d, the recursive-design wild bootstrap
OLS estimator,

1 n T -1 1 n T
N* * —x \2 * —x * —x
05 = (ﬁ ‘ Z (yitfl - yz#) > T Z (yitq - yif) (Vi — U7) s
=1 t=1 =1 t=1
(1.2)
where 77 and y;_ are defined analogously to ¥; and ¥;_.
As in Gongalves and Kilian (2004), we require a strengthening of As-
sumption Al to establish the validity of the recursive-design wild bootstrap
for the fixed effects OLS estimator.

Al. (V') Tup = E(eleiici—p) = 0foralll # p, for all 4, and ¢, 1 > 1, p > 1.

Al (v') is the panel analogue of Assumption A’(iv’) in Gongalves and
Kilian (2004). As they remark, this assumption further restricts the class
of conditionally heteroskedastic autoregressive models that are covered by
excluding certain asymmetric GARCH and ARCH models (e.g. the popular
EGARCH model). This is crucial to prove that the bootstrap variance of 6%,

is consistent for C.

Theorem 1.3.1. Under Assumption A1 strengthened by Assumption A1(V),
it follows that

sup |P*(V/nT(0%, — 0) < z) — P(VnT(0 — 6,) < z)| =7 0.

z€R a

The proof of Theorem 1.3.1 is in Appendix B. The crucial difference
compared to the proof of Theorem 3.2 of Gongalves and Kilian (2004) is the
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need to account for the incidental parameter bias generated by the estimation
of the fixed effects. In particular, Lemma .2.4 in Appendix B shows that the

incidental parameter bias in the bootstrap world is such that

in probability, where fi; = &;/ (1 _ é) — E* (y;,_,). This, together with the
fact that

!

n

\/% DY (Wi — ) e =" N <0’ B) ’

=1 t=1
in probability, where B = o 6’(2)(1_1)7'”, implies that vnT (éjﬁd — é) —d
N (D,A‘léA_l), in probability. Since B = B whenever 7,;, = 0 for [ #

p (i.e. under Al(v’)), the recursive-design wild bootstrap distribution of
vnT (éjd - é) is consistent for the distribution of the biased fixed effects

OLS estimator v/nT' (9 — 0). In particular, the recursive-design bootstrap
contains a built-in bias correction term that mimics the incidental parameter
bias induced by the individual fixed effects.

Theorem 1.3.1 justifies the construction of bootstrap percentile-type con-
fidence intervals for 6 without the need for an explicit bias correction method.
It does not however justify the use of the bootstrap to consistently esti-
mate the bias of § without further conditions, for instance that the sequence
{\/ﬁ (Ajd — é)} is uniformly integrable (see e.g. Billingsley (1995), Theo-
rem 25.12).

Although our focus in this paper is on using the bootstrap for constructing
confidence intervals for 6y, we now provide a result that theoretically justifies
the use of the bootstrap for bias correction. The bootstrap has been used for
this purpose in Everaert and Pozzi (2007) without a theoretical justification.
Compared to the analytical bias correction method of Hahn and Kuersteiner

(2002) (and of many others since then), the bootstrap approach is easy to
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generalize to more complex models without requiring the need for different
analytical formulae.
Following Liu and Singh (1992) and Gongalves and White (2005), we

focus on the following bootstrap fixed effects estimator

G { Ora i 5 i S Wi — 7 2 3
0 otherwise,

for some d > 0. Thus, 6* is equal to 6%, whenever > Zthl (yi1 — gj;‘_)2

is bounded away from zero. Since n 'T71Y" Zthl (y5q — g;‘_)Q —P

A > 0, in probability, it follows that for any € > 0 and sufficiently large n

and T, there exists 0 > 0 such that

. 1 n T . B} 5
F (n_TZZ (yit—l - yi—)z > 5) > 1 —€] >1—c. (1.3)

i=1 t=1

P

Thus, this modification does not have adverse practical consequences but at

the same time it greatly simplifies the theoretical study of the bootstrap bias

estimator D* = E* (\/ﬁ (5* — é))

Theorem 1.3.2. Under the same assumptions as in Theorem 1.3.1, D* —F
D, where D* = E* <\/nT(§* - é)) and D = — /(1 + ).

The proof of Theorem 1.3.2 is in Appendix B. We show that under As-
146
sumption Al strengthened by A1(v'), E* <‘\/ nT(6* —0) = Op(1) for

some § > 0, which is a sufficient condition for the uniform integrability of
the sequence {‘\/ nT(GN* — é)‘}, in probability. This together with Theorem
1.3.1 implies Theorem 1.3.2.

To end this section, we discuss bootstrap percentile-t intervals based on
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the following t-statistic

tge = ,
rd A
Crd
where C%, = A*71B*, A*7! with

1 n T 1 n T
e _x \2 > * — 2 42
A== D (i —u) and Bly=—2> > (via —50) &

i=1 t=1 i=1 t=1

(1.4)
and €}, = y;"t—gjf—é* (?th-1 — gjj_) . The statistic ty: is the bootstrap analogue
ofty; = VnT (é — 90> /\/5, where C' is defined as C'* using the original data.

Given Theorems 1.2.1 and 1.3.1, the asymptotic validity of a bootstrap
percentile-t interval based on té:d follows from the following lemma. It shows

the consistency of C*, towards C' = A~'BA~! where B = B under Assump-
tion A1 (v/).

Lemma 1.3.1. Under the same assumptions as in Theorem 1.3.1, C%; —F"
C = A*BA™L, in probability.

1.3.2 Fixed-design wild bootstrap
The fixed-design wild bootstrap generates {y5, i = 1,...,n;t = 1,..., T}
according to

v = + 0y +e, i=1,...n t=1,...T, (1.5)

where €}, = £;m;, with n;; ~ 1.i.d.(0, 1) across (i, t) such that E* ]nit\4 <AL
0o. As for the recursive-design wild bootstrap, 6 can be replaced by any

consistent estimator @ of 0y and &; by a; = %Zthl (yz’t — éyit_1>.
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The fixed-design wild bootstrap estimator is

n T -1 n T
S C9) SUNEEEYIFS ) SIS SR

- - (1.6)
Goncalves and Kilian (2004) consider this method in the context of a pure
time series autoregression and show that it is asymptotically valid for esti-
mating the distribution of the autoregressive parameter under conditional
heteroskedasticity of unknown form. In particular, and in contrast to the
recursive-design wild bootstrap, the fixed-design wild bootstrap is more gen-
erally applicable because it does not require Assumption A1(v’), thus allow-
ing for leverage effects in the form of an asymmetric response of volatility to
positive and negative shocks of the same absolute magnitude. It is therefore
interesting to know whether this method is valid in the context of a panel

autoregression model with individual fixed effects.

Theorem 1.3.3. Under Assumption A1, it follows that vV/nT (é}‘:d — é) —d
N (0,C), in probability, where C = AT'BA™! with A and B defined as in
Theorem 1.2.1.

The proof of Theorem 1.3.3 is in Appendix B. In contrast to the recursive-
design wild bootstrap, the fixed-design wild bootstrap is not able to repro-
duce the noncentrality parameter of the limiting distribution of the fixed
effects OLS estimator. The bootstrap distribution of \/n_T(éjZd — ) is incor-
rectly centered at zero, as n, T — oo.

The reason for the failure of the fixed-design wild bootstrap to capture
the incidental parameter bias is that it destroys the correlation between the
average bootstrap residuals £ and the bootstrap regressors v}, _; — fi; because

it fixes these at the sample values, i.e. ¥}, | — fi; = yir—1 — Q;/ (1 — é) . This
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implies that

n n

T
D Wir — ) g =70,

i=1 t=1

T
E yzt 1 l z

i=1 t=1

-
i

since E* (&) = 0.

Two implications follow from this negative result. First, the fixed-design
wild bootstrap cannot be used to approximate the distribution (nor the bias)
of the biased fixed effects OLS estimator 6. As our simulations show, this
method does not replicate the incidental parameter bias of 0 and therefore
fails when used to construct percentile (or percentile-t) bootstrap confidence
intervals for 6y based on this estimator. The second implication is that
its invalidity extends to bootstrap confidence intervals for 6, based on the
bias-corrected estimator that relies on the analytical bias correction method
of Hahn and Kuersteiner (2002). We will discuss the application of the
bootstrap to the bias-corrected estimator of Hahn and Kuersteiner (2002) in

Section 4.

1.3.3 Pairs bootstrap

A third method that is robust to conditional heteroskedasticity of unknown
form in the error term of a pure time series autoregressive model is the pairs
bootstrap, where one resamples with replacement the vector that collects the
dependent variable and its lagged values. This method was also studied by
Gongalves and Kilian (2004), who proved its asymptotic validity under the
same assumptions as those underlying the validity of the fixed-design wild
bootstrap.

The goal of this section is to study the applicability of a panel ver-
sion of this bootstrap method in the context of a panel AR(1) model with
individual specific fixed effects. Specifically, we consider resampling only

in the cross-sectional dimension, by resampling the “pairs” (y;,y;—), where
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Yi = ( Yir - YT )/ and y;_ = ( Yio --- YiT—1 ),. This method was pro-
posed by Kapetanios (2008) in the context of a panel regression model with
strictly exogeneous regressors and fixed effects, in which case no incidental
parameter bias exists®. Our contribution here is to analyze the properties
of this method for linear dynamic panel models where the incidental pa-
rameter bias is present. Note that there are other ways of resampling the
pairs (Y, yir—1) in the panel context. For instance, one alternative bootstrap
method is to resample only in the time (/iimension, by resampling the “pairs;”
(Y, Ye—1), where y; = ( Yie -+ Ynt ) and y; 1 = ( Yie—1 -+ Ynt—1 ) .
This method was also considered in Kapetanios (2008) and more recently in
Gongalves (2011), who showed the asymptotic validity of the moving blocks
bootstrap under general forms of cross sectional dependence and time se-
ries dependence in the regression error of a panel linear regression model.
Although the regularity conditions of Gongalves (2011) allow in principle dy-
namic regressors, the impact of the incidental parameter bias on inference is
ruled out by assuming that n/T — p = 0. We do not consider this bootstrap
method here because we assume cross sectional independence, in which case
resampling in the cross sectional dimension is more appropriate.

More specifically, we generate (y;‘, y;*_) ~iid {(yi,yi1):i=1,...,n},
i.e. letting Iy, ..., I, be i.i.d. Uniform on {1,...,n}, we have that

Y1 Yr.0
(viyi) = '

Y, v Yn,r-1

The pairs bootstrap fixed effects estimator is then defined as the original fixed
effects OLS estimator but with {(ys, yir—1)} replaced with { (v}, y5_1)}. Let

é;b denote this estimator.

®See also Hounkannounon (2010) for the applicability of this method in the context of
panel regression models with random effects.
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Theorem 1.3.4. Under Assumption Al, it follows that v/nT (é;b — é) —d
N (0,C), in probability, where C = ATYBA™', with A and B defined as in
Theorem 1.2.1.

Similarly to the fixed-design wild bootstrap, the pairs bootstrap distri-
bution of the bootstrap fixed effects OLS estimator is incorrectly centered at
ZEro.

To understand the reason why the pairs bootstrap fails in capturing the
bias, note that the pairs bootstrap fixed effects OLS estimator has the fol-

lowing representation
vnT (A;b 9) AZTI\/— Z Z Yir—1 _ze (é:t - é_;k) )

where A%, = 5" ST (v — U )2 is the bootstrap analogue of A,r

"*

and £}, is the bootstrap version of the error term ¢;, ie. &, = y, — & —

Oyr, = ¢ 1,.¢- Since £;; depends on «; (which is a function of ), its bootstrap
analogue when resampling in the cross sectional dimension involves resam-
pling &;, i.e. &}, depends on & = &y, a resampled version of &;. Given that

resampling only occurs in the cross sectional dimension, we can define

T
Zyztl i) (& — &)

t=1

%\H

as being the bootstrap version of s; = \/LT Zthl (Yit—1 — Yi—) (éit — 571) , l.e.

sf =5y, foralli =1,...,n. It follows that

. . 1 n 1 n

VAT (B, 0) = A =51 = A7 = 3 s+ ope (1

n pb nT \/ﬁi:1 54 \/ﬁizl S; +op ( )
—d* N(0,B)

given that A*, —%" A, in probability. Since Iy, ..., I, are i.i.d. uniformly
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distributed on {1,...,n}, {sf:i=1,...,n}isi.id. (conditional on the orig-
inal observations) and a bootstrap CLT holds for \/iﬁ >, sr, yielding an
asymptotic normal distribution for vnT <é;b — é) Nevertheless, the asymp-

totic bootstrap population mean turns out to be zero because

n n T

11 _
E*(si)==) si=——= it—1 — Ui—) (€ — &) =0,
( z) n,;é; n/VﬁT;gé; ;E; (yt 1 Yy ) ( t )
by the first order condition for the fixed effects OLS estimator. Thus, the
limiting bootstrap distribution of v/nT (é;b — é) is (incorrectly) centered at

Zero.

1.4 Bootstrapping the bias-corrected estima-

tor

The results of Section 3 justify bootstrap inference on 6, based on the
recursive-design bootstrap fixed effects OLS estimator é;fd. In particular,
Theorem 1.3.1 justifies the construction of bootstrap percentile intervals
for 6y whereas Theorem 1.3.1 together with Lemma 1.3.1 justify bootstrap
percentile-t intervals. Although these approaches are valid and have the
advantage of avoiding the need for an explicit bias correction of 6, further
finite sample improvements of the bootstrap approximation can be obtained
if we base our inference on a bias-corrected estimator. Bootstrapping a bias-
corrected fixed effects estimator removes the incidental parameter bias from
the asymptotic distribution, resulting in a ¢-statistic that is asymptotically
pivotal.

For the particular panel AR(1) model with individual fixed effects that we
consider here, a simple analytical formula for the bias of 6 has been derived by
Hahn and Kuersteiner (2002). Specifically, their bias-corrected fixed effects
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estimator is given by

§:é+%<1+®, (1.7)

where 6 is the standard biased fixed effects OLS estimator. The intuition
for this bias correction is simple: by Theorem 1.2.1, 6 — 0y is approximately
distributed as N (=% (14 6p),=C). Therefore, A = —1 (1+6p) is the
bias of § of order O (1/T). The bias-corrected estimator given in (1.7) is the
feasible version of the infeasible bias-corrected estimator given by § — A =
0+ L (14 06,).

The main contribution of this section is to prove the asymptotic validity
of the recursive-design bootstrap when appliedA to 6. As our simulations in
Section 5 show, bootstrap intervals based on 6 have coverage probabilities
that are closer to the desired nominal level than the bootstrap intervals based
on 6. We also consider the application of the fixed-design and the pairs
bootstrap to 6. Our results show that whereas the asymptotic invalidity of
the fixed-design bootstrap to estimate the distribution of 0 extends to 0, this
is not the case for the pairs bootstrap, which becqmes a valid method of
inference when used to estimate the distribution of 6.

We start by considering the recursive-design wild bootstrap, which we
now implement using only bias-corrected estimates. More specifically, the
bootstrap panel observations are generated recursively from the estimated

panel AR(1) model using the bias-corrected estimates, i.e. we let
yh =40y, +e,i=1,...,n; t=1...T, (1.8)

where ézi = %Z;‘le <yit — éyipl) it =1,...,n, and 0 is the bias-corrected
fixed effects OLS estimator defined in (1.7). The initial condition is yj, =
A 2\ —1

@(L—@ i=1,....n

Let 0%, denote the bootstrap version of the bias-corrected fixed effects



27

estimator (1.7), i.e.

b, =6, + % (1+0). (1.9)
where éjfd is as defined in (1.2) but using bootstrap observations generated
as in (1.8).

Our goal is to show the consistency of the bootstrap distribution of

vnT (é:d - é) for the distribution of vnT <é - 90>. An immediate con-

sequence of Theorem 1.2.1 is that vnT' (é — 90> —4 N (0,C) (see Theo-
rem 2 of Hahn and Kuersteiner (2002)). Therefore, it suffices to show that
vnT <é:d — é) —4" N (0,C), in probability. This is an immediate conse-

quence of the proof of Theorem 1.3.1. Heuristically, by replacing éjfd with
(1.9) we have that

VT (é;:d - é) — V/nT (é:d - é) + ,/% (1 + é;fd) LT N(0,0),
N *V 7
= N(D,C) —P* /p(14+00)=—D

where the first term converges in distribution to N (D, C) by Theorem 1.3.1
(note that we center 0, around 6 because the bootstrap DGP (1.8) depends
on é; using 6 instead of 6 does not change the consistency result of Theorem
1.3.1 as long as we center é;“d around 6 because 6 is a consistent estimator
of 6y). The second term converges in probability to —D because é;‘d is a
consistent estimator of y (albeit biased) and n/T — p under Assumption
Al.

Theorem 1.4.1 below states this result formally.

Theorem 1.4.1. Under the same assumptions as in Theorem 1.3.1, we have
that

~

sup P*(\/n_T@:d—é> §x>—P(\/n_T(é—(90> §:C)‘—>PO.

z€R
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Theorem 1.4.1 justifies using the bootstrap distribution of vnT (A;fd — é)
to consistently estimate the distribution of vnT <é — 90>. The consistency
of the distribution of the bootstrap {-statistic ¢;, = vnT (A;fd - é) /N C

rd
follows whenever C* is a consistent estimator of (', as in Lemma 1.3.1. In

particular, our proposal is to choose C, = A*7' B, A*7! where A%, and B,
are exactly as defined in (1.4) with the difference that {y};} is generated as in
(1.8) and &% is a function of 0%, instead of 0*. To conserve space, we do not
provide the formal result but note that the same exact arguments used to
prove Lemma 1.3.1 can be applied to show the consistency of C*, towards C.
The Monte Carlo simulation results of the next section show that the finite
sample properties of this approach are superior to the asymptotic normal
approximation.

Next, we explain why the ﬁzced—des}gn bootstrap method is not asymp-
totically valid when applied to 0. Let é;‘cd denote the bootstrap version of 0
where 07, is computed as (1.6) with {y};} generated using equation (1.5) with

0 (and &) replaced with 6 (and &;). Proceeding as for the recursive-design

bootstrap, the following decomposition holds

T (é;;d . é) = /nT (é;d - é) + ,/% (1 +é}d) —" N(-D,C),
N ~~ - _—
—)d*N(O,C) _>P*\/ﬁ(1+90)E—D

where in particular Theorem 1.3.3 justifies the convergence of the the first
term. This shows that the bootstrap distribution of vnT <é3‘2d - é) is incor-

rectly centered at —D (the correct mean should be zero since the asymptotic

N

distribution of vnT (é — 00> is centered at 0).

In contrast, the pairs bootstrap is asymptotically valid when applied to

~

6. In this case, letting é;b denote the bootstrap version of 6 based on the
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biased fixed effects estimator é;b, we have that

\/ﬁ(;b—é):\\/ﬁ(é;b—é)—@(1+é)+[(1+0*) N (0,C).
D

—)d*N(O,C) —>P—\/56+¢90) D *)P*\/i(1+90)5

Thus, although the pairs bootstrap does not provide a consistent estimator of
the distribution of vnT (é — 00> (because its asymptotic distribution is in-

correctly centered at zero), the pairs bootstrap distribution of v/nT (A;b — é)
is consistent for the distribution of vnT' (é — 0()). The formal result is stated

in the following theorem.

Theorem 1.4.2. Under the same assumptions as in Theorem 1.3.4, we have
that

sup | P*(v/nT (5;,—02) <z)— P(VnT (5—90> < x)‘ —70.

z€R

For bootstrap percentile-¢ intervals based on the pairs bootstrap, we con-
sider 7, = vnT <é* - é) /1) Cyp» With Cx = A* 1B* A* ! where A*b and
B*b are defined as in (1.4) evaluated on the pairs bootstrap data and bias-

corrected estimator. The analogue of Lemma 1.3.1 is as follows.

Lemma 1.4.1. Under the same assumptions as in Theorem 1.3.4 , ~;b —
C = A"'BA~Y, in probability.
1.5 Simulations

The goal of this section is to evaluate the finite sample performance of the
three bootstrap methods studied in the previous section. We generate a panel

of AR(1) processes with GARCH errors using the following equation

Vit = 0 +0oyir—1 +ew,i=1,... n;t=1,....T, (1-1())
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where ;; is such that F (e4|F;—1) = 0 and Var (g;4|Fi_1) = 02, with

it
05 =7 (1 —w— ) +weh_y + Boi_y, (1.11)

where v; > 0, w,5 € [0,1), and w + 8 < 1. See Pakel, Shephard, and
Sheppard (2011) for more details on this particular GARCH specification.
Because w + f < 1, these GARCH(1,1) processes are stationary but het-
erogeneous. In particular, the unconditional variance is given by ~;. In the
simulations, we set e; ~ N (0,0%) where oy is given by (1.11) with o2 = ;,
the unconditional variance. Following Pakel, Shephard, and Sheppard (2011),
we let v; ~ i.i.d. U[0.02,0.05], which matches the range of annual volatility

of most stock returns. The initial observations are drawn from the station-

ary distribution, v, | o, vi ~ N (13‘1'90, 11—98) and we set w and 8 equal to
0.30 and 0.65, respectively. Since the fixed-effects estimator is invariant to
a;, we let oy; = 0; in addition, we let 6y € {0.3,0.6,0.9,0.99}, and consider
n € {20, 40, 60, 80, 100} and T € {10, 20, 30}.

Tables 1 and Figures 1-4 summarize our results, which are based on 2500
Monte Carlo simulations with 999 bootstrap replications each.

Table 1 reports the bias properties of the different methods. The first col-
umn corresponds to the true finite sample bias £ (é — 90) whereas the second
column reports the estimated bias using the analytical correction of Hahn and
Kuersteiner (2002) (i.e. —7 (1 + é) ). The remaining three columns pertain
to the bootstrap bias estimators based on the recursive-design wild boot-
strap (RD), the fixed-design wild bootstrap (FD) and the pairs bootstrap
(PB). To implement the residual-based wild bootstrap methods, we let 7;
follow the Rademacher distribution (i.e. 7;; = 1 with probability 0.5 and —1
with probability 0.5). We also used 7;; ~ N (0,1) and n; chosen according
to Mammen (1993) but these choices were dominated by the Rademacher
distribution, confirming the results by Davidson and Flachaire (2008) who
advocate the use of the Rademacher distribution.

The simulation results in Table 1 confirm our theory. The FD and the



Table 1.1: Performance of the bootstrap for bias-correction
Bias

T n Oy True AT RD FD PB
10 20 0.3 -0.098 -0.090 -0.098 0.000 0.000
0.6 -0.138 -0.116 -0.135 0.000 -0.003

0.9 -0.185 -0.141 -0.178 0.000 -0.005

0.99 -0.256 -0.164 -0.232 0.000 -0.008

60 0.3 -0.098 -0.09 -0.099 0.000 0.000
0.6 -0.135 -0.117 -0.133 0.000 -0.001

0.9 -0.180 -0.142 -0.174 0.000 -0.002

0.99 -0.248 -0.165 -0.227 0.000 -0.004

100 0.3 -0.099 -0.09 -0.099 0.000 0.000
0.6 -0.135 -0.116 -0.133 0.000 -0.001

0.9 -0.179 -0.142 -0.173 0.000 -0.002

0.99 -0.245 -0.165 -0.225 0.000 -0.003

20 20 0.3 -0.049 -0.048 -0.049 0.000 0.000
0.6 -0.070 -0.061 -0.069 0.000 -0.002

0.9 -0.093 -0.075 -0.091 0.000 -0.004

0.99 -0.130 -0.089 -0.124 0.000 -0.005

60 0.3 -0.050 -0.047 -0.050 0.000 0.000
0.6 -0.069 -0.062 -0.067 0.000 -0.001

0.9 -0.089 -0.076 -0.088 0.000 -0.002

0.99 -0.124 -0.089 -0.119 0.000 -0.002

100 0.3 -0.050 -0.048 -0.050 0.000 0.000
0.6 -0.067 -0.062 -0.067 0.000 -0.001

0.9 -0.087 -0.076 -0.087 0.000 -0.001

0.99 -0.122 -0.089 -0.118 0.000 -0.002
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PB do not capture the incidental parameter bias whereas the RD does. An
interesting result is that the RD outperforms the analytical bias correction
of Hahn and Kuersteiner (2002), especially as 6 approaches 1.

Figures 1-4 report coverage rates of nominal 95% intervals for 6, based
on the different bootstrap methods and the asymptotic normal distribution.
We consider intervals based on 0 (Figures 1 and 2) and intervals based on
its bias-corrected version § (Figures 3 and 4). The bootstrap can yield both
equal-tailed and symmetric intervals whereas the normal distribution gen-
erates symmetric intervals by construction. Hence, we consider bootstrap
symmetric intervals in Figures 1 and 3 and bootstrap equal-tailed intervals
in Figures 2 and 4. Each figure contains nine plots, where each plot shows
the actual coverage rates across different values of n for a given combination
of T and 6. Specifically, we vary T across rows (T € {10,20,30}) and 6,
across columns (6 € {0.3,0.6,0.9} for Figures 1-2 and, 6, € {0.6,0.9,0.99}
for Figures 3-4). All intervals are based on t-statistics studentized with an
heteroskedasticity-robust standard error.

Figure 1 shows that the asymptotic theory-based intervals that rely on
the biased fixed-effects estimator can be severely distorted, especially as n in-
creases. This is entirely expected because these intervals rely on the NV (0, 1)
distribution, which does not take into account the presence of the incidental
parameter bias. We only include these intervals here as a benchmark for
the PB and the FD bootstrap methods, which also fail to capture this bias.
The results for these methods show that they indeed follow closely the in-
tervals based on the asymptotic standard normal distribution. Figure 1 also
shows that the RD bootstrap symmetric intervals outperform all the remain-
ing intervals, essentially eliminating the coverage distortions for ; = 0.3 and
0.6. For these values of 6, the RD bootstrap shows very little sensitivity to
increases of n, which reflects the fact that it contains a built-in incidental
parameter bias correction. When 6, = 0.9, the RD bootstrap rates deteri-

orate (with distortions increasing as a function of n), but it still dominates
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the remaining methods. Distortions decrease as a function of 7. As Hahn
and Kuersteiner (2002) show, the limiting distribution of f (and its rate of
convergence) changes when 6y = 1, which explains the deterioration of all
methods in the vicinity of one. The comparison of Figure 1 with Figure 2
shows that equal-tailed intervals based on the RD bootstrap outperform the
symmetric intervals, especially when 6y is large (and close to one).

Figure 3 shows that asymptotic theory-based intervals that rely on the
bias-corrected estimator 6 can be severely distorted in finite samples, espe-
cially if 6 is large. In particular, large distortions arise when 6, € {0.9,0.99}.
For instance, if T'= 10 and 6y = 0.9, the coverage rate of a 95% asymptotic
theory-based interval varies between 70% and 40% for values of n between
20 and 100. These rates increase to around 90% to 80% when 7" = 30. When
0y = 0.99, these numbers deteriorate by a lot, varying between 70% and 35%
when T" = 30. When 6, = 0.6, the asymptotic theory works much better, but
there are still noticeable coverage distortions when 7' = 10 (rates are around
90% in this case). By comparison, the RD bootstrap symmetric intervals are
much less distorted for all combinations of n,T and 6. For 6, € {0.6,0.9},
this method essentially eliminates all the coverage distortions noted for the
asymptotic theory-based intervals. When 6, = 0.99, rates deteriorate but
not by much, remaining around 90% for all values of n and T. The PB
tends to follow the asymptotic theory-based intervals when 6, = 0.6, but it
outperforms these intervals when 6, increases. Symmetric intervals tend to
ouperform equal-tailed intervals for these two methods, as the comparison of
Figures 3 and 4 shows.

The FD bootstrap symmetric intervals are too conservative for all combi-
nations of n, T" and 6y. The reason for this behavior is that the FD bootstrap
distribution is incorrectly centered at —D = /p(1+6y) > 0. Thus, the

bootstrap distribution of vnT <A;‘cd — é) is shifted to the right of that of
vnT (é — €0> , implying that the bootstrap quantiles of the absolute value

of vnT (é;} a4 é) will be systematically larger than those of the original finite
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sample distribution (centered at zero). Instead, the equal-tailed FD intervals
tend to undercover, reflecting the fact that the bootstrap distribution is to
the right of the true distribution. As n increases, this pushes the center of
the bootstrap distribution further to the right, explaining the deterioration

of the results for large values of n.

1.6 Conclusion

The main contribution of this paper is to study the validity of the bootstrap
for inference on a stationary linear dynamic panel model with individual
specific fixed effects. We consider three bootstrap methods: the recursive-
design wild bootstrap, the fixed-design wild bootstrap and the pairs boot-
strap. These methods are a natural generalization to the panel context of the
bootstrap methods considered by Gongalves and Kilian (2004) in the pure
time series autoregressive model.

A crucial difference between the pure time series context and the panel
context considered here is the presence of the incidental parameter bias due
to the estimation of the fixed effects. We show that only the recursive-design
bootstrap is able to capture this bias whereas the other two methods fail to
do so. Thus, in contrast with the recursive-design wild bootstrap, the fixed-
design and the pairs bootstrap do not consistently estimate the distribution
of the standard biased fixed effects estimator and cannot be used for bias
correction.

Although bootstrap intervals based on the biased fixed effects estimates
are asymptotically valid if obtained with the recursive-design bootstrap,
refinements can be obtained if bootstrap inference is based on the bias-
corrected estimates. Our results show that the recursive-design is valid in
this context whereas the fixed-design bootstrap is not. An interesting finding
is that the invalidity of the pairs bootstrap to estimate the distribution of

the biased fixed effects estimator does not prevent this method to be valid
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when applied to the bias-corrected estimates.

An important limitation of the present setup is the fact that we do not
allow for additional regressors x;.When these regressors are strictly exo-
geneous, a recursive-design bootstrap that fixes x;; at their original values
should be able to capture the incidental bias. We have confirmed this by
simulations (not reported here). Providing a proof of this result is outside
the scope of this paper and is left for future research. The validity of the
pairs bootstrap when applied to a bias-corrected estimator under the pres-
ence of extra regressors has recently been studied by Kaffo (2013) in the more
general context of nonlinear dynamic models.

Further extensions of this work include the proposal of bootstrap methods
that are robust to nonstationarity, where a form of the grid bootstrap can
be useful, and a study of the higher order properties of the recursive-design
bootstrap using Edgeworth expansions. These extensions are outside the

scope of the present paper and are left for future research.
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Chapter 2

Bootstrap inference for
nonlinear dynamic panel data
models with individual fixed

effects

2.1 Introduction

It is well known that the presence of individual fixed effects in panel data
models generally causes the maximum likelihood estimator (MLE) of the
parameters of interest to be inconsistent in small 7" large n asymptotics.
Indeed, as noted by Neyman and Scott (1948) and Nickell (1981) in the linear
context, estimation of the fixed effects creates an incidental parameter bias
in the MLE that persists even as n — oo (and T is fixed). Nevertheless, in
large T', large n asymptotics, although the MLE is consistent, an asymptotic
bias appears in its limiting distribution and 7" grow at the same rate, as
shown by Hahn and Kuersteiner (2002). This result remains valid in the
general nonlinear context. However, nonlinearity additional problems. As
pointed out by Hahn and Newey (2004) and Hahn and Kuersteiner (2011b),
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nonlinearity introduces an asymptotic bias in the limiting distribution of
the MLE even in nonlinear static panel data models — all the regressors are
strictly exogenous — in contrast to the linear case. Moreover, the MLE is
generally severely biased in the nonlinear context compared to the linear
context for panel data of the same sizes (n and T').

The presence of the incidental parameter bias has spurred interest in
bias-correction methods for nonlinear panel data models with individual
fixed effects. The most prominent examples in the literature are Hahn and
Kuersteiner (2011b), Arellano and Hahn (2006), Carro (2007), Fernandez-Val
(2009) and Dhaene and Jochmans (2014). Except for Dhaene and Jochmans
(2014), who have proposed the split-panel jackknife (SPJ) estimation, the
other bias reduction methods rely on analytical corrections of either the fixed
effects estimator, the moment equation or the concentrated likelihood. See
Arellano and Hahn (2005) and Moon, Perron, and Phillips (2014) for an
overview of the various approaches.

Our focus here is on inference rather than bias correction. Indeed, the
estimation problems introduced by the individual fixed effects also affect the
inference quality, since outside of automatic methods of bias correction such
as the jackknife, bias reduction methods generally use in the first step a biased
estimator to approximate the bias itself. This is theoretically justified in large
T asymptotics since the MLE is known to be consistent, but nevertheless
could lead to very imprecise estimates when 7T is relatively small, particularly
in the nonlinear case. That could explain Dhaene and Jochmans’s (2014)
simulations showing that asymptotic theory-based confidence intervals for
existing bias-corrected estimators can be severely distorted in finite samples.
These poor finite sample performances apply also to the half-panel jackknife
(HPJ) estimator. It is not surprising then that Dhaene and Jochmans (2014)
have proposed the bootstrap as an alternative, but without a theoretical
justification. This paper aims to provide such a theoretical justification. This

is important if we want to make sure that the bootstrap helps to construct
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accurate and valid confidence intervals. We could consider other existing
bias-corrected estimators, but here we focus on the HPJ estimator for two
reasons. First, the HPJ estimator is both conceptually simple and easy
to apply. Second, it has better finite sample properties than competing
estimators (see Dhaene and Jochmans’s (2014) Monte Carlo experiment).

Dhaene and Jochmans’s (2014) bootstrap method amounts to resampling
the observations only in the cross-section, which is justified under cross sec-
tional independence. It is a natural extension of the traditional pairs boot-
strap in the linear context. This traditional non-parametric bootstrap ap-
proach is known to be generally valid under mild conditions in contrast to
a parametric bootstrap. Notice that we do not consider the wild bootstrap
because residuals do not always exist in the type of models considered here.
The asymptotic validity of the bootstrap for the HPJ estimator is established
in two steps. In the first step, we show that this bootstrap method is not
able to capture the incidental parameter asymptotic bias of the MLE when
both n and T diverge at the same rate. It fails to do so as its bootstrap
distribution is incorrectly centered at zero. Thus, this bootstrap method
does not consistently estimate the distribution of the MLE for nonlinear dy-
namic panel data model with individual specific fixed effects. However, as we
demonstrate in the second step, this method becomes asymptotically valid
when used to estimate the distribution of the half-panel jackknife estimator
provided we center the bootstrap HPJ estimator around the HPJ estimator
evaluated on the original sample (instead of the MLE).

The existing literature on bootstrapping nonlinear panel data model from
the inference perspective is surprisingly quite limited. One important excep-
tion is Sun and Kim (2013), who proposed a parametric bootstrap bias cor-
rected maximum likelihood (ML) estimator and a double bootstrap method
for inference as an alternative to asymptotic theory. Their bootstrap proce-
dure is a version of the recursive-design bootstrap studied in Chapter 1. More

recently, Gongalves and Kaffo (2013) have studied several bootstrap meth-
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ods in a linear autoregressive context and showed the validity of the cross
section bootstrap when applied to the bias-corrected estimator of Hahn and
Kuersteiner (2002). Using the HPJ estimator, Galvao and Kato (2013) have
extended this result to linear panel data model under misspecification. The
present paper extends the results of those papers to the nonlinear dynamic
case.

The remainder of the paper is organized as followed. Section 2 introduces
the model and the assumptions, and provides a summary of the asymptotic
theory. In particular, we provide an alternative proof of the asymptotic
normality of the HPJ estimator of Dhaene and Jochmans (2014) under the
primitive conditions of Hahn and Kuersteiner (2011b). Section 3 provides
the bootstrap results for the MLE and shows that the bootstrap is not able
to capture the asymptotic bias term. Section 4, using the results of Section
3, proves the consistency of the bootstrap method for estimating the dis-
tribution of the HPJ estimator of Dhaene and Jochmans (2014). Section 5
contains Monte Carlo results. Section 6 applies the bootstrap to construct
valid intervals in a canonical model of female-labor force participation and

Section 7 concludes. All proofs are relegated to the Appendix.

2.2 Assumptions and asymptotic theory for
the fixed effects estimator and the half-

panel jackknife estimator when n,T — oo

To avoid imposing any structure on the relationship between regressors and
individual heterogeneity, we follow Hahn and Kuersteiner (2011b) and adopt
a fixed effects approach!. Suppose that we are given a panel data model with

common parameter of interest #y and individual fixed effects v,0, 7 =1,...,n.

'We treat the sample realization of the individual effects {vi}i=1
be estimated.

n as parameters to

.....
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The goal is to conduct inference on 6. We observe data z; = (yu, zy) for
units ¢ = 1,...,n and time periods ¢t = 1,...,T. We define the maximized

estimator (fixed effects estimator henceforth) of (6y, 10, ..., Vno) by

n T
<97 ’AY1, - 7’:)/71) = argmaxy v, . ~, Z Z w (tha 97 %) )

i=1 t=1

where ) () is a known criterion function that does not depend on 7. In
practice, 1 is often chosen to be the likelihood function for a particular
parametric family of distributions. We allow x; to contain lagged values
of y;, thus allowing for dynamic models. When the model contains lagged
endogenous regressors and 1 is a likelihood function, then it is a likelihood
function conditional on the lagged endogenous regressors. Thus, the estima-
tors é, A, - .., Y are the MLEs conditional on ;9. To simplify notation, we
assume dim(y;) = 1. It is also useful to recall that the fixed effects estima-
tor 6 is formally obtained by concentrating out the fixed effects v;. Letting
4 (0) = argmax, 31, ¥ (zi; 0, a), the fixed effects estimator of 6, can be

rewritten as
n T

0 = argmax, Z Zw (zit; 0,9 (0)) -

i=1 t=1

As shown in the literature, when T is fixed and n large, 4; is inconsis-
tent under regularity conditions. This inconsistency carries over to 6 and
the asymptotic bias of 6 is typically of order T~!. This is the well known
incidental parameters problem noted by Neyman and Scott (1948). However,
when n and T" — oo and n/T — p < oo, f is consistent and asymptotically
normal but its asymptotic distribution will be incorrectly centered when n
and T grow at the same rate.

To introduce the half-panel jackknife estimator proposed by Dhaene and
Jochmans (2014), suppose for simplicity that T is even, allowing for partition
{1,...,T} into two half-panels, Sy = {1,...,T/2}and Sy = {T/2+ 1,...,T}.
If we let 6, /2 = % <ésl + é32> where ésj is the fixed effects estimator obtained
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from the half-panel S;, j = 1,2, then the half-panel jackknife estimator is
given by
012 = 20 — 0y 5. (2.1)

Under high-level conditions, Dhaene and Jochmans (2014) have shown that
when n, T — oo and n/T — p < o0, 0, /2 is asymptotically normal and its
limiting distribution is free from the incidental parameters bias. However,
for showing bootstrap results, we need more primitive conditions. That is
why in the following, we adopt the more primitive assumptions of Hahn and

Kuersteiner (2011b) and provide a new proof for this result. Let us first
define:

a?ﬂ (Zit; 0, %’)

Uz‘t(@,%) = T’
vz‘t(ea%) = w;

O (213 0, 0V (zit; 0, i
(o) = 2R, B0L00)

E [32¢ (Zit§9077i0):| /E [8%& <2it§‘90>%’0):| ’

Pio 2607, 07
oUy (9,%)
T, = —E |24
: [ u

We use the short-hand notation u;; = uy (6o, vi0) and vy = vy (6o, 7i0). We
will denote by w;,, and u;.,,, the first and second derivatives of u; with re-
spect to ;. Likewise, we will denote by vy, the derivative of v;; with respect
to ;.

Following Hahn and Kuersteiner (2011b), we adopt the following set of as-

sumptions:

Assumption A

(1) For each i > 0, inf; [G) (0, Yi0) — SUD{(0.):1(07)— (60050} G (0:7)] >
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0, where Gy (0,7) = E ¢ (24;0,7:)] and ||-|| denotes the Euclidian

norm.
(2) n,T — oo such that % — p where 0 < p < oo0.

(3) (i) {zu, t=1,2,...,} areindependent across i; (ii) For each i, {z;, t =1,2,...,T}
is a stationary mixing sequence; (iii) sup; |o; (m)| < Ca™ for some a
such that 0 < a < 1 and some C' > 0, where Al = 0 (24, 2it_1, Zit—2, - - -),

B;’ =0 (Zit7 Zit+15 Rit+25 - - ) and

a;(m)=sup sup |P(ANB)—P(A)P(B).

t AeAi,BeBi,

(4) Let ¢ (2, ¢) be a function indexed by parameter ¢ = (0,v) € int®,
where ® is a compact, convex subset of RP, p = dim(¢) + 1, and
R =dim (). Let v = (14, ..., 1) be a vector of nonnegative integers v,
vl = Y0 vy and D (2, @) = O (20, 0) / (967" ... ¢"). There
exists a function M (z;) such that [|[D¥9 (zi, ¢1) — DV (zie, )| <
M (zit) ||¢1 — @2 for all ¢y, ¢y € ® and |v| < 5. The function M (z;)
satisfies supyeq | D"V (2it, ¢)|| < M (2;) and

sup B [ |M (2| 0700/ 071000 < oo

for some integer ¢ > p/2 + 2, some § > 0, and 0 < v < 1/10.

(5) Let A7 denote the smallest eigenvalue of ¥;7 = Var (T —125 T U (o, %0)> :

We assume that inf; infr A,z > 0.
(6) inf; |E [Ovy (zit; @) /Ovi]| > 0 for all ¢ € intd.

(7) Let pi < ... < pg < ... < ur be the eigenvalues of Z; in as-

cending order. Assume that (i) 0 < inf; u; < sup, r < oo; (ii)
lim, oo n™t Y1 Z; exists; (iil) letting Z = lim,, oo n™ ' >0 | Z;, we as-

sume that Z is positive definite.
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Assumptions (1)-(5) and (7) are as in Hahn and Kuersteiner (2011b). As-
sumption (6) is slightly stronger than their corresponding assumption. We
need it to prove the consistency of the fixed effects estimator in the bootstrap
world. Hahn and Kuersteiner (2011b) provide a detailed discussion of these
assumptions and show that they hold for several popular nonlinear models,
including dynamic binary-choice and dynamic Tobit models with exogenous
covariates.

Under these assumptions, Hahn and Kuersteiner (2011b) have shown that
VnT (é _ 90> SUN (Byp IO

where fivm Zl—_oo Cov (Uzt, ,t Iv; ) i = Zl——oo Cov (vit, vig—1),

v — 13 v VU — — -2 VU
(IDZU’Y limn~ 121 1( [ lt’\/}) fo’Y”'pz :;hmn 122 1( [ Zt’Y]) E[Uit%%} i
U =" —prv, 8 =—-77' and, Q = lim, 00 = >, Var (sz 1Ult)

B4/p is the asymptotic incidental parameters bias. The previous result fol-

lows from the following Taylor series expansion:

VT (8- 6y) = (%iz)_l (\/_ZZU”>

i=1 t=1

n 1 - Vi L (Uitvm)
(i) s ol | Kl

i=1 O

As they pointed out, the asymptotic bias comes from the term in curly brack-

ets. It is obvious that similar expansions will hold for the two half-panel
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jackknife estimators and therefore, one can show that
vnT <é1/2 - 90) = vn (29 -z (61 + 92) - 90)
— 2V (6—6,) - —\/nTl (01— 0) - —\/nTl (6 o

(£ (drEEe)

n 1< 1
20 /=1=> "7 =Nz 1
vT(n; ) 2 orl)

where Z;r = Zyir + Zoir, Ty = T/2 and

E(Uy,..)
Zi = U,;YZ_ T vi )
. ;EM fz et

T
iy = Z [6] th_; Uy — ;”_”] vyt
i -

VT 45730 E 25 | %

The half-panel jackknife removes the two sources for the asymptotic bias
identified by Hahn and Kuersteiner (2011b). Particularly, it deletes the rele-
vant (i) covariance of v; and U;" and (ii) variance and autocovariance of v;;.
We show in Appendix A that %Z?:l Zip —T 0 and therefore, we have the

following results:

Theorem 2.2.1. Under Assumption A, we have
vnT (él/Q — 90) —>d N (O,Iileil) ,

where T = lim,,_, % YorZ; and Q = lim,, r_ye0 % Yo, Var <\/LT Z¢T:1 Uit>.

Theorem 2.2.1 corresponds to Dhaene and Jochmans’s (2014) Theorem 1

applied to the half-panel jackknife estimator but now under the more prim-
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itive assumptions of Hahn and Kuersteiner (2011b). It simply states that
the half-panel jackknife eliminates the bias of order 7! without inflating
the asymptotic variance of the fixed effects estimator. In principle, the nor-
mal approximation could be used to construct confidence intervals. However,
these confidence intervals can be very size distorted in finite samples as one

can see from our Monte Carlo experiment and from Dhaene and Jochmans

(2014).

2.3 Bootstrap results for the fixed effects es-

timator

In this section, we study the asymptotic validity of the pairs bootstrap when
applied to the fixed effects estimator 6. This bootstrap method amounts
to constructing bootstrap samples by resampling whole cross sectional units
with replacement as in Kapetanios (2008). Since we assume cross sectional
independence but temporal dependence, such a resampling scheme is of great
interest as it allows the application of i.i.d. bootstrap resampling rather than
block bootstrap resampling. It is well known that the former enables superior
approximation to distributions of statistics compared to the latter. More
recently, this method was also studied by Gongalves and Kaffo (2013). They
proved that it does not capture the incidental parameter bias appearing in the
limiting distribution of the fixed effects OLS estimator of the autoregressive
parameter in a linear dynamic panel data models with individual fixed effects.
Our contribution here is to analyze the properties of this method for nonlinear
dynamic panel models. In particular, we show that, as in the autoregressive
linear case, this bootstrap method does not capture the incidental parameter
bias.

We assume that our bootstrap procedure resamples only in the cross-
sectional dimension. More specifically, we generate 2] ~iid. {z;:i=1,...,n},

where 2/ = (23,...,2p) and z; = (21, ..., zir); 1.e. letting Iy,..., I, be ii.d.
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Uniform on {1,...,n}, we have z}, = z5,;. Thus,

n T
(0*, ALy ,&;) = argmax ., .. Z Z V(25 0,7) -

i=1 t=1

Notice that given the resampling scheme, while 0 is the bootstrap coun-
terpart of 0y, vy = 71, is the bootstrap counterpart of ;0. Let 4 (0) =
argmax, S, ¥ (25;6,a). Tt is also obvious that, 47 () = 47, (9) for all f

where 4, (§) = argmax, 31, ¥ (z4;0,a). Therefore, #* can be rewritten as

n T

0 = argmaxy Z Z¢ (20,77 (0)) -

=1 t=1

We also introduce the following bootstrap notations:
i (0.5) = 200,

v (0,7:) = %

Our first main result is given in Theorem 2.3.1. It simply states that the

pairs bootstrap does not capture the incidental parameters bias.

Theorem 2.3.1. Under Assumption A, we have
vnT (é* — é) 4N (O,I_IQI_I) wn probability

with Z and Q2 defined as in Theorem 2.2.1.

To understand the reason why the pairs bootstrap fails in capturing the
bias, note that the pairs bootstrap fixed effects estimator has the following

representation

T

T (0= 6) = T3 =3 3w (6.97). (2.2

nl ==

3
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where

1 - ~x [ px % Zz:l u:t% (9*7 ’A)/: <§*>> * ok
nT_ﬁ Z ult@( » Vi <9 >)_ 1 T ~ ~ zt@ (6 » Vi
i=1 t=1 T D e Vs (0*,72* <9*>>

is the bootstrap counterpart of Z,, = %2?21 7, and 6* lies between 6* and 6.
Given that resampling only occurs in the cross sectional dimension and also

that v, = 41,, we can define

3\

i Uy (A’ %0)

as being the bootstrap version of s; = \/LT thzl (m (é,%) , le. s7 = sy, for
all v =1,...,n. It follows that

R R 1 <&
VT (6= 0) =Ty = > s, =1 Z +ope (1),
*)d*N( -107-1)

given that Z*, —F" Z, in probability. Since Iy, ..., I, arei.i.d. uniformly dis-
tributed on {1,...,n}, {sf:i=1,...,n}isii. d (conditional on the original
observations) and a bootstrap CLT holds for f Y iy 55, yielding an asymp-
totic normal distribution for +/nT (6* — é) Nevertheless, the asymptotic

bootstrap population mean turns out to be zero because

1 n n

CACIEES SUER IS o U (RS Y

=1 'thl

by the first order condition for the fixed effects estimator. Thus, the limiting
bootstrap distribution of vnT <é* - é) is (incorrectly) centered at zero.
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2.4 Bootstrapping the half-panel jackknife es-

timator

The results of Section 2.3 show that bootstrap inference on 6, based on the
pairs bootstrap fixed effects estimator 0* is not valid. However, as in the lin-
ear autoregressive case (see chapter 1), this bootstrap method becomes valid
when applied to the half-panel jackknife estimator. The main contribution of
this section is to prove the asymptotic validity of the pairs bootstrap when
applied to 6 /2. We assume again that 7" is even and partition {1,...,7T}
into two half-panels, Sy = {1,...,7/2} and So = {T/2+1,...,T}. If we let
o o = : (éf‘gl + é§2 where égj is the fixed effects estimator obtained from
the bootstrap half-panel S, j = 1,2, then the bootstrap half-panel jackknife
estimator is given by

AT/2 = 20" — _T/z- (2.3)

Our goal is to show the consistency of the bootstrap distribution of vnT <éf o~ 0, /2>

for the distribution of vnT <é1 /2 — 00>. Therefore, it suffices to show that

VnT (67, —0) = N 0,Z7'QZ1), in probability. This is an immediate
1/2

consequence of (2.2) and the proof of Theorem 2.3.1. Heuristically, by re-

placing /o and 0, /2 with (2.3) and (2.1) respectively, we have that

VT (83— 0u) = 2V (5 - 8) — Y2/ (05 - 0,) - 2 /s (75 - 62)

n

i=1 t=1
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where 77 = T'/2 and the distributional result in the last equality follows
from the proof of Theorem 2.3.1. Thus, although the pairs bootstrap does
not provide a consistent estimator of the distribution of v/nT (é — 60> (be-
cause its asymptotic distribution is incorrectly centered at zero), the pairs
bootstrap distribution of VnT (é{ /2~ él /2> is consistent for the distribution

of vnT (él /2 — 90>. The formal result is stated in the following theorem.

Theorem 2.4.1. Under the same assumptions as in Theorem 2.3.1, we have
that

wup | (VAT (5= ) ) = P (VAT (5~ ) < )| "0

Theorem 2.4.1 justifies using the bootstrap distribution of vnT <9AT o~ 6, /2)
to consistently estimate the distribution of vnT (él /2 — 90>.

2.5 Simulations

In order to evaluate the bootstrap’s finite sample performance, we conduct
some Monte Carlo experiments. We focus on the following standard dynamic

binary-choice model:
yir = {oo+ poYir—1 + Boxw > uy}, t=1,.... T =1, i=1,...,n,

where u; ~ iid. N(0,1). We consider two data generating processes
(DGPs) for the strictly exogenous regressor x;; and the individual fixed ef-
fects o . The first DGP is similar to Hahn and Kuersteiner (2011b) probit
design with i.i.d. exogenous regressor. We generate z; ~ i.i.d. N(0,1),
a0 = 3 (o + T + Tio + x4) /4 and y0 = 1 {0 + Bozio > uip}. In the sec-
ond DGP, we generate a;o ~ i.i.d. N(0,1) and

Tyt — '5ai0+-5xit71+vit; tzl,...,T—l, z:l,,n
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As in Dhaene and Jochmans (2014) Monte Carlo experiment, y;o and ;o are
drawn from their respective stationary distributions. Notice that in both
DGPs, the unobserved heterogeneity is correlated with the exogenous vari-
able. We set n = 500; T' = 6,9,12,15; py = .5,1; By = .5; and ran 1,000
Monte Carlo replications and 399 bootstrap draws.

Table 1 and 2 report coverage rates of nominal 95% intervals for (pg, 5o)
based on the bootstrap and the asymptotic normal distribution. We consider
both intervals based on the MLE (,(3, B) and intervals based on the HPJ esti-

mator <ﬁ1/2, 31/2>. The first 4 rows of each table pertains to (po, 5o) = (.5, .5)
while the four last rows pertain to (po, 5o) = (1,.5). Asymptotic theory-
based confidence intervals are based on plug-in estimates of the asymptotic
variance, computed from the profile Hessian whereas bootstrap confidence

intervals are computed using both percentile and percentile-t methods.

Table 2.1: Probit model with i.i.d. regressors

b P12 5 B2
T po Asy Perc Perc-t | Asy Perc Perct | Asy Perc Perc-t | Asy Perc Perc-t
6 05 0.0 0.0 0.0 | 18.7 48.0 48.2 | 21.0 30.6 11.1 | 53.0 79.6 80.0
9 05 0.0 0.0 0.0 | 826 914 91.5 | 30.8 39.1 20.3 | 85.4 90.5 90.4
12 0.5 0.1 0.1 0.0 | 90.1 945 94.5 | 43.1  46.7 31.9 | 926 94.6 94.5
15 0.5 0.5 0.5 0.2 | 921 93.8 94.0 | 46.1 50.2 35.7 | 94.2 95.2 95.2
6 1 0.0 0.0 0.0 | 39.9 70.6 70.1 | 244 329 104 | 64.1 879 88.4
9 1 0.0 0.0 0.0 | 88.1 953 95.0 | 34.0 415 20.0 | 87.1 934 93.4
12 1 0.0 0.0 0.0 | 90.5 94.6 94.6 | 449 50.9 27.8 | 92.8 94.6 94.4
15 1 0.4 0.4 0.1 | 92.9 95.4 95.3 | 46.3 50.5 325 | 944 94.8 95.3

As predicted by the theory, asymptotic theory- and bootstrap-based con-
fidence intervals that rely on the MLE are severely distorted. In additional
simulations (not reported here), we found that the bootstrap is not able to
capture the bias of the MLE if one uses the traditional bootstrap bias correc-
tion formula E* (é* — é) to approximate E (é — 00>. Indeed, E* (é* — é)
was close to zero for both models, implying that the bootstrap distribution is
incorrectly centered at zero. This explains why the performance of bootstrap

intervals based on the MLE is similar to that of asymptotic theory-based in-
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tervals since the later does not also take into account the presence of the

incidental parameter bias.

Table 2.2: Probit model with AR(1) regressor

p P1/2 B B1/2
T po Asy Perc Perc-t | Asy Perc Perct | Asy Perc Perc-t | Asy Perc Perc-t
6 0.5 0.0 0.0 0.0 | 227 544 54.4 5.3 9.7 3.2 | 58.0 90.1 90.4
9 0.5 0.0 0.0 0.0 | 79.9 90.2 89.8 7.1 13.2 4.6 | 82.3 94.5 94.9
12 0.5 0.0 0.0 0.0 | 91.0 95.0 95.0 | 11.1  15.0 7.8 | 90.1 95.9 96.1
15 0.5 0.3 0.3 0.0 | 92.1  95.8 95.8 | 16.0 20.6 119 | 90.6 95.3 95.4
6 1 0.0 0.0 0.0 | 48.6  78.7 78.2 6.5 11.2 2.7 | 67.3 949 95.0
9 1 0.0 0.0 0.0 | 86.1 93.3 93.1 8.8 14.6 4.5 | 83.9 95.5 95.6
12 1 0.0 0.1 0.0 | 91.3 94.4 94.5 11.0 16.4 6.9 | 88.6 95.2 95.4
15 1 0.2 0.2 0.0 | 91.2 94.0 94.0 | 16.0 21.5 9.9 | 90.7 96.1 96.0

On the other hand, we see that the confidence intervals based on the
HPJ estimator have much improved coverage compared to the MLE, espe-
cially when computed by bootstrapping. The advantage of the bootstrap on
the asymptotic theory is more important when 7' is small. For instance, if
T =9, the coverage rate of a 95% bootstrap-based confidence intervals of 6
are approximately 10% higher than the coverage of asymptotic theory-based
intervals for both DGPs. The poor performances of both asymptotic theory-
and bootstrap-based confidence intervals for the HPJ estimator when T is
small (7" = 6) may be explained by the fact the limiting distribution of the
HPJ estimator is derived under the asymptotics where T" grows to infinity at

the same rate as n.

2.6 Empirical application: Female labor-force
participation

This section applies our bootstrap method to the inter-temporal labor force
participation of married women and allows us to construct valid confidence

intervals. Female labor-force participation may prove especially important



o6

in the years to come, as an ageing population will place an increasingly
severe burden on public finances of developed countries. Old age pension
expenditure will increase, as will government outlays for health care. Low
birth rates will add to the problem, and a shrinking working-age population
will have to provide for an increasing number of pensioners. Higher labor
force participation and longer careers are important parts of the solution. In
addition to reforming pension schemes, many countries now see a need to
make use of the large unused work potential among women.

The data used in the analysis pertain to the nine calendar years 1979-1988
of the Panel Study of Income Dynamics (PSID), corresponding to waves 13-
22 of the PSID. The sample consists of 1461 continuously married couples,
aged between 18 and 60 in 1985, and the husband is a labor force participant
in each of the sample years. During the sampling period, 664 women changed
participation status at least once. Following Dhaene and Jochmans (2014),
we consider a fixed effect approach. The empirical specification for modeling
intertemporal participation decisions involves the following dynamic reduced

form specification:
yir = L{cvio + povit—1 + Boxir > wi}, uy 1i.d. N(0,1),

where y;; is an indicator for labor-force participation of individual ¢ at time
t and x;; is a vector of time-varying covariates. The time-varying covariates
include the number of children of at most two years of age (# children 0-2),
between 3 and 5 years of age (# children 3-5), and between 6 and 17 years
of age (# children 6-17), as well as the log of the husband’s earnings (log
husband income), a quadratic function of age, and a set of year dummies.
This setup coincides with that of Dhaene and Jochmans (2014), Fernandez-
Val (2009) and is similar to that of Carro (2007).

Table 3 shows the estimation results by MLE and HPJ estimator with
the associated asymptotic and bootstrap confidence intervals; 999 bootstrap

replications were used. In line with the literature, there are significant differ-
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Table 2.3: Female labor-force participation: fixed-effect probit estimates and
confidence intervals

Dependant variable: participation

Regressor Estimates  Asymptotic theory Percentile Percentile-t
Lagged participation 0.757 [0.672 0.841] [0.667  0.846] [0.667  0.847]
# children 0-2 0560  [0.674  -0.445]  [-0.730 -0.390] [-0.716  -0.403]
MLE  # children 3-5 20.300  [-0.407  -0.194]  [-0.445 -0.155] [-0.442 -0.158]
# children 6-17 -0.091 [-0.176 -0.006] [-0.202 0.020] [-0.201 0.019]
log husband income -0.241 [-0.350 -0.131] [-0.370 -0.112] [-0.368 -0.114]
Lagged participation 1.322 [1.220  1.414]  [1.204  1.440] [1.201  1.443]
# children 0-2 20720 [-0.845  -0.596]  [-0.916 -0.525] [-0.911 -0.529]
HPJ  # children 3-5 0414  [0531  -0.296]  [-0.642 -0.185] [-0.631 -0.196]
# children 6-17 0119 [0.212  -0.026] [-0.318 0.081] [0.321  0.083]
log husband income -0.284 [-0.399 -0.169] [-0.453  -0.115] [-0.451 -0.117]

ences among the estimated parameters. The MLE underestimates the effect
of the lagged participation while the adjustment to the other coefficients
is smaller. Although bootstrap-based confidence intervals are always larger
than asymptotic theory-based confidence intervals, both types of intervals are
very similar for the MLE but significantly different for the HPJ estimator.
In the case of MLE, it confirms our theoretical results since both intervals
rely on critical values of distributions incorrectly centered at zero. The fact
that bootstrap intervals based on the HPJ estimator are significantly larger
than their asymptotic theory counterparts is also in line with our simulation
findings, suggesting that the latter will generally undercover compared to
the former, especially when 7' is relatively small (e.g. 7' = 9). Basically,
asymptotic theory-based confidence intervals will underestimate the uncer-
tainty about the parameters. This last result illustrates the superiority of
the bootstrap compared to the asymptotic theory, even after applying a bias
correction method.

Interestingly, the coefficient on the number of children between 6 and 17
years of age is significantly different from zero according to the asymptotic
theory (zero is not included in the asymptotic theory-based confidence inter-
val) while the bootstrap concludes that it is not the case (zero is included in

the bootstrap confidence interval). This result underscores the importance
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of having an accurate confidence interval. It means that, ceteris paribus, in-
creasing the number of children of at least 6 years old does not affect women'’s
labor participation. In contrast to the prediction of the asymptotic theory,
this last result is intuitive given that children generally start to go to school
at 6 years of age and thus, women are less time constrained and have more
free time for searching and keeping a job. From the policymaker point of
view, it implies that in designing incentive measures to encourage female la-
bor participation, focusing on women with children of at most 5 years of age

— rather than all women — was enough.

2.7 Conclusion

In this paper we studied the validity of the bootstrap for inference in a
stationary nonlinear dynamic panel model with individual specific fixed ef-
fects. Proposed by Dhaene and Jochmans (2014) as an alternative to the
asymptotic theory, this bootstrap method amounts to resampling of the ob-
servations only from the cross-section. We show that this bootstrap method
is not able to capture the incidental parameter asymptotic bias of the MLE
when both n and T are large. It fails to do so as its bootstrap distribution
is incorrectly centered at zero. Thus, this bootstrap method do not consis-
tently estimate the distribution of the MLE for nonlinear dynamic panel data
model with individual specific fixed effects. However, an interesting finding
is that the invalidity of the pairs bootstrap to estimate the distribution of
the biased MLE does not prevent this method to be valid when applied to
the HPJ estimator. In Monte Carlo experiments, bootstrap confidence inter-
vals that rely on the HPJ estimator perform well in relatively short panels
with much improved coverage relative to asymptotic theory-based intervals.
Questions for future research include the proposal of bootstrap methods that

are robust to nonstationarity and/or misspecification of the likelihood.
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Chapter 3

Bootstrap Inference for
Instrumental Variable Models

with Many Weak Instruments

3.1 Introduction

Empirical applications of instrumental variables (IV) estimation often pro-
duce imprecise results. It is now well known in the literature on the problem
of weak instruments or weak identification that standard first-order asymp-
totic theory breaks down when the instruments are weakly correlated with
the endogenous regressors, and commonly used IV estimators (e.g. two-stage
least squares (TSLS) and limited information maximum likelihood (LIML)
estimators) can lose consistency; see Dufour (1997) and Staiger and Stock
(1997) among others. However, as has been demonstrated by Chao and
Swanson (2005), having many instruments in such weakly identified situa-
tion can help to improve estimation accuracy. Indeed, using a large number
of instruments can enhance the growth of the so-called concentration param-
eter even if each individual instrument is only weakly correlated with the

endogenous explanatory variables. Chao and Swanson (2005) show that for
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certain well-centered IV estimators such as LIML, consistency can be estab-
lished even when instrument weakness is such that the rate of growth of the
concentration parameter, r,, is slower than [, the number of instruments,
and possibly much slower than the sample size n, provided that v/ [T — 0
as n — oo. Hansen, Hausman, and Newey (2008) reveal in an application
from Angrist and Krueger (1991) that using 180 instruments, rather than 3,
substantially improves estimator accuracy.

Moreover, for implementing Wald-type inferences in the context of many
weak instruments, Hansen, Hausman, and Newey (2008) derive asymptotic
normality of LIML and its modified version proposed by Fuller (1977), and
provide Corrected Standard Errors (CSE) for these estimators. The CSE are
an extension of those of Bekker (1994) and are asymptotically correct under a
variety of frameworks proposed in the IV literature, including the many weak
instrument sequence of Chao and Swanson (2005) and Stock and Yogo (2005),
as well as the many instrument sequence of Kunitomo (1980), Morimune
(1983) and Bekker (1994). Recently, the CSE have been further extended by
Chao, Swanson, Hausman, Newey, and Woutersen (2012), Hausman, Newey,
Woutersen, Chao, and Swanson (2012) to the heteroskedastic case and by
Newey and Windmeijer (2009) to continuously updating GMM (CUE) and
other generalized empirical likelihood (GEL) estimators.

However, our simulation evidence shows that CSE-based asymptotic Wald
(t) tests can be significantly distorted in finite samples, especially in the case
of strong endogeneity. This provides motivation for the use of bootstrap tests
instead of the CSE-based asymptotic Wald (t) tests to improve the quality
of inference. Furthermore, the CSE have a rather tedious form and thus can
be difficult to implement in practice; this also motivates the use of bootstrap
methods. In particular, the bootstrap would help to avoid computing the
tedious form of the CSE if percentile type bootstrap approximations are
valid under many/many weak instruments.

The existing literature on bootstrapping IV models turns out to be rather
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limited. Moreira, Porter, and Suarez (2009) provide theoretical proof that
guarantees the bootstrap validity of Kleibergen (2002)’s score statistic even
under Staiger and Stock (1997)’s weak instrument asymptotics, in which the

coefficients of the instruments are specified to be in an n~1/2

shrinking neigh-
borhood of zero and the number of instruments is kept fixed. Davidson and
MacKinnon (2008, 2010) study various bootstrap procedures (pairs boot-
strap and residual-based bootstrap) for hypothesis testing in the IV model.
Their extensive simulation results show that the bootstrap approaches typi-
cally perform very well relative to the normal approximation, including the
case in which instruments are quite weak. Moreover, in their recent paper,
Davidson and MacKinnon (2014) study asymptotic and bootstrap methods of
constructing confidence sets in a similar context. Their simulation evidence
reveals that bootstrap confidence sets obtained by inverting the t-statistic
based on LIML estimates perform very well relative to confidence sets using
asymptotic critical values. However, all these papers focus on the case where
the number of instruments is kept small relative to the sample size.

In this paper, we study bootstrap-based inference methods under many /many
weak instrument sequences. Based on the impressive results for the models
with a small number of instruments, one may expect the bootstrap to also
perform well when the number of instruments becomes large. Surprisingly,
we find that the bootstrap will typically fail in this context. More specifi-
cally, we study residual-based bootstrap procedures for the LIML estimator,
which attains consistency under much weaker conditions than TSLS in the
current asymptotic framework. We first consider a standard residual-based
bootstrap, in which the residuals of the structural-form equation are obtained
by using LIML, and in which the residuals of the reduced-form equation are
obtained by using the least squares estimator. We analytically demonstrate
that this procedure is not asymptotically valid in that it cannot consistently
estimate the limit distribution of LIML. In particular, when [ is of the same

order of magnitude as r,, the bootstrap analogue of LIML converges at the



62

same rate as the original LIML, but the bootstrap limit distribution has an
asymptotic variance different from the original one. The inconsistency be-
comes even more severe when [/r,, — 00; in this case, the bootstrap analogue
converges at a rate faster than the original LIML. The foremost reason of
this bootstrap failure is that the standard procedure cannot mimic well the
identification strength in the original sample. We also consider the restricted
efficient (RE) bootstrap procedure of Davidson and MacKinnon (2008, 2010,
2014) that generates bootstrap data under the null (Restricted) and uses an
efficient estimator of the coefficient of the reduced-form equation (Efficient).
With a relatively small number of instruments, Davidson and MacKinnon
(2008, 2010, 2014) show that this bootstrap procedure performs very well
relative to the standard bootstrap procedure. Here, we establish that in the
current context the RE bootstrap is also invalid in general. However, we also
find that it effectively mimics more key parameters in the limit distribution of
LIML than the standard bootstrap, and hence exhibits relatively less distor-
tion in finite samples. Finally, we propose a modified RE bootstrap procedure
and justify that it provides valid distributional approximation for LIML un-
der many/many weak instruments. More precisely, we modify the RE boot-
strap by accurately re-scaling the residuals and by introducing an alternative
reduced-form estimator to help the bootstrap to mimic well the identification
strength in the sample. In the simulations, the modified RE procedure is the
bootstrap method that performs best overall, essentially removing the finite
sample distortions generated by the standard/RE bootstraps; it also greatly
outperforms the CSE-based asymptotic normal approximation.

To the best of our knowledge, this paper is the first to theoretically study
the bootstrap validity in the context of IV regression under many/many
weak instrument asymptotic framework. Using this alternative asymptotic
framework, we obtain interesting implications of the properties of bootstrap
methods that can be overlooked under conventional asymptotics. In par-

ticular, our findings highlight a fragility of bootstrap-based distributional
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approximations to IV estimators with respect to the number and quality of
available instruments. Indeed, conditions much more restrictive than those
for the normal approximation are necessary for existing bootstrap methods
to work under many/many weak instruments. Our results also include a new,
valid bootstrap-based inference procedure for IV models, which is able to ef-
fectively mimic the important features in the limiting distribution of interest
and hence exhibits superior finite sample behavior.

The remainder of the paper is organized as follows. Section 2 introduces
the model and the assumptions, provides a summary of the asymptotic the-
ory for the LIML estimator and the CSE. Section 3 analyzes various residual-
based bootstrap procedures and documents the inconsistency of the standard
and RE bootstraps under many/many weak instrument sequences. Further-
more, we show that our modified bootstrap procedure provides a valid dis-
tributional approximation for LIML in this context. Section 4 contains the
Monte Carlo results, and Section 5 concludes. All proofs are relegated to the

Appendix.

3.2 Model, Assumptions and Asymptotic The-
ory

We consider a standard linear instrumental variable regression given by

y = XB+e, (3.1)
X = ZII+V, (3.2)

where y and X are, respectively, an n x 1 vector and an n x k matrix of
observations on the endogenous variables, and Z is an n x [ matrix of ob-
servations on the instruments, which we treat as deterministic. € and V' are,
respectively, an n x 1 vector and an n X k£ matrix of random disturbances.
Also denote Py = Z(Z'Z)"'Z" and My = I,, — Pz, where I, is an identity
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matrix with dimension n. Throughout this paper, we consider the case where
k, the dimension of [, is small relative to n, but we let | — oo as n — oo to
model the effect of having many/many weak instruments.

The model and data are assumed to satisfy the following conditions.
Assumption 1

(i) The errors 7; = (e;, V) are i.i.d. for i = 1,....,n with mean zero and

!
Oce Oy

positive definite variance matrix ¥ = ( ); ¢; and V; have

ove vy
finite eighth moments.

(ii) Z includes among its columns a vector of ones, rank(Z) =1, S0, (1 — Py)* /n >

C > 0 where P;; denotes the diagonal elements of the matrix Py.

Assumption 1 (i) includes moment existence and homoscedasticity as-
sumptions. As pointed out by Hansen, Hausman, and Newey (2008), both
consistency of the LIML estimator and the CSE with many/many weak
instruments depend on the homoscedasticity assumption. The condition
S (1—Py)?/n > C in Assumption 1 (ii) implies that I/n < 1 — C,
because Py; < 1 implies 327, (1 — Py)* /n <% (1= Py) /n=1—1/n.

Assumption 2

As n — oo, A\, = 1/n — X for some constant A satisfying 0 < A < 1. There
exists a non-decreasing sequence of positive real numbers r, such that, as
n — oo, r, — oo and r,/n — k for some constant x, with 0 < kK < o0,
and such that II'Z'Z11/r, — ¥, where W is a positive definite matrix. Also
assume that v/1/r,, — 0 and Y27, [T Z;||*/r2 — 0 as n — oc.

Assumption 2 adopts the many /many weak instruments asymptotic frame-

work in which the number of instruments is allowed to go to infinity with the
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sample size. Note that 7, can be interpreted as the rate at which the concen-
tration parameter, Z(/%// ‘wz'z HE;,%// ?, grows as n increases. Given that the
concentration parameter is a natural measure of instrument strength, one
can characterize the quality of instruments by the order of magnitude of r,,
so that the slower is the divergence of r,,, the weaker are the instruments. If
r, = n, then the number of instruments, [, may grow as fast as n and still sat-
isfy Assumption 2. This case corresponds to the many instrument sequence
considered by Kunitomo (1980), Morimune (1983), Bekker (1994), Donald
and Newey (2001), Anderson, Kunitomo and Matsushita (2010), Kuersteiner
and Okui (2010) among others. Allowing [ to grow and r, to grow more
slowly than n corresponds to the many weak instrument sequence considered
by Chao and Swanson (2005), Stock and Yogo (2005), Hansen, Hausman,
and Newey (2008), Chao, Swanson, Hausman, Newey, and Woutersen (2012),
Hausman, Newey, Woutersen, Chao, and Swanson (2012), etc.

We emphasize that the many weak instrument asymptotics considered
here is very different from the so-called weak instrument asymptotics, in
which the number of instruments is assumed to be fixed and in which the
instruments are weak in the Staiger and Stock (1997) sense (i.e., II is speci-

fied to be in an n~1/2

shrinking neighborhood of zero). It is well known that
under this weak instrument asymptotics, the k-class IV estimators, including
LIML, are inconsistent and that Wald type inferences based on these estima-
tors can have serious size distortions. In contrast, as has been demonstrated
by Chao and Swanson (2005), under many weak instrument sequence, the
consistency of these estimators is attained as long as the concentration pa-
rameter increases fast enough relative to the number of instruments. For
example, consider a special case where there is only one endogenous regres-
sor, where the instruments are orthonormal (Z'Z = nl;), and where we have
the local-to-zero parametrization, II = n=°y, ¢, = (1,...,1). In this case,
II'Z'Z11 = n'~%] = r,,. Therefore, even when the instruments are weak in
the Staiger and Stock (1997) sense (¢ = 1/2), the consistency of LIML re-
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quires only that the number of instruments grows to infinity!. This illustrates
the potential benefit of using many instruments in situations where each in-
dividual instrument is only weakly correlated with the endogenous regressor.
Even if each component of II is small, the combined effect of using a large
number of instruments may nevertheless allow the concentration parameter
to grow sufficiently fast, so that consistent estimation can be achieved as
l,n — oo.

Now we turn to describe our estimator of interest and the CSE. The

k-class formulation of the LIML estimator reads
~ ’ ’ -1 ’ ’
Bz(XPZX—@XX> (XPZy—aXy>,

with & = min”aﬂzl% and Y = [y, X]. We focus on LIML because it is
more robust to the number and the quality of the instruments than is TSLS,
the other commonly used IV estimator. It is well known in the literature that
TSLS is seriously biased when the number of instruments is large. Moreover,
in the current context of many weak instruments, LIML is consistent as long
as r,, grows faster than v/1 while TSLS is consistent only when r,, grows faster
than [. In addition, LIML enjoys some asymptotic optimal properties under
many instrument sequence, as has been shown by Anderson, Kunitomo, and
Matsushita (2010).

Following Hansen, Hausman, and Newey (2008), Chao et al. (2012) and
Hausman et al. (2012), we also distinguish between two cases depending on

the speed of growth of [ relative to 7,:

Case(I) : l/rp—7,0<~vy<o0,
Case(II) : l/r, — 0.

This is necessary because the convergence rates and the limiting distributions

n current example, the condition v/ /Tn — 0 asn — oo is equivalent to n'=2/1 = .
When ¢ = 1/2, it is satisfied as long as | — oo.
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of LIML differ in these two cases. In fact, Hansen, Hausman, and Newey

(2008) have shown the following asymptotic distributional results:

Theorem 3.2.1. Suppose Assumptions 1-2 hold. Then, in case (1)

V(B = B) =4 N (0, Ay), (3.3)

where A\p = H'T H™, H= 1=\, Ty = (1-Noe{H+ 7Sy} +(1—
N7 {A+ A} +1B,

Virn
B=(6-NE (e~ 0. V)

Yo =FE <1~/J~//>, V=V—e,q=0v)0« and ¢ = lim, o S P2JL;
in case (II),

ﬁ(ﬁ — 8) =* N(0,App), (3.4)

where Ay = H-'X 1 H™Y, Ty = (1= Moo Xyy + B.

Notice that in the formula of the asymptotic variance, H corresponds to
the variance term that appears in conventional asymptotics, and the term
with ¥ corresponds to the additional term due to the effect of having
many/many weak instruments. Thus, Case (I) with v > 0 can be considered
to be a knife-edge case where the additional variance term is of the same
order as the usual variance term. If 7, grow faster than [ (y = 0), the usual
variance term will dominate. On the other hand, in Case (II) r, grows at
a rate slower than [, then the additional variance term will dominate. The
terms A and B account for the non-normality adjustment terms. As has
been noted by Hansen, Hausman, and Newey (2008), these terms will tend
to be quite small in practice.

Based on the results in Theorem 3.2.1, Hansen, Hausman, and Newey
(2008) give the CSE, which are an extension of Bekker (1994)’s standard

errors to the case of non-Gaussian disturbances. Let €(8) = y— X3, 6(5) =

e(BYe(B)/(n — k), N(B) = e(B) Pze(B)/e(B8)e(B), X = PzX, X(8) = X —
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e(B) (e(B)X) Je(B)e(B), V(B) = Mz X(B), A = U/n, ¢ = 31, P2/,

[ ((bn — )‘n) - . _ . v
(1= 2\, + M) <

Their asymptotic variance estimator is given by

~ A ~ A A A ~

A=H'TH™, H=H(p), T=7T().

Notice that H1Tyu(3)H " is identical to the Bekker (1994) variance esti-
mator. The other terms in T(B) account for third and fourth moment terms
that are present with some forms of nonnormality. In the case of many weak
instruments, A can be quite different from the usual asymptotic variance es-
timator 6..H ! because when the reduced form R? is small, T can become
much larger than H. Then, the asymptotic normality of the t-test based on
the CSE can be established

dB-B)

cAc

N(0,1) (3.5)

lese =

where ¢ B is a linear combination of LIML and c is the linear combination
coefficient. Although in practice one cannot distinguish between Cases (I)
and (II) since r, is unobservable, this would not be a problem because Wald
inferences can be implemented using the t-test statistic in eq.(3.5) irrespective
of Cases (I) or (II).

However, the CSE-based normal approximation can be inaccurate in sam-
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1/2 convergence speed of 3

ples of moderate size due to the slower than n~
in the context of many weak instruments. In fact, as can be seen from sim-
ulation evidence in Hansen, Hausman, and Newey (2008) and also in ours,
Wald-type inferences based on the asymptotic normal approximation can
have serious size distortions, especially when the degree of endogeneity is
high (i.e., when the correlation between ¢; and V; is high). This provides a
motivation for the use of the bootstrap as an alternative method of inference.
In particular, we can improve the quality of inference by relying on the boot-
strap instead of a normal approximation when computing critical values for
test statistics. Moreover, the CSE have a rather tedious form that empirical
researchers might find difficult to implement. This also motivates the use
of bootstrap-based methods. In cases where the analytical standard errors
have a tedious form or are believed to be difficult to estimate, the bootstrap
often provides a useful empirical alternative. For example, the widely used
percentile-type 100(1 — «)% symmetric confidence interval (CI)s take the

form

CI =B~ g0 4B+ i),

where ¢j_,, is such that P~ ( d (B* — B) ‘ < qi‘_a> = l—a and P* denotes the

probability measure induced by bootstrap. One can thus implement inference

using percentile-type Cls when they are valid without actually computing the
analytic standard errors. Another approach also many times employed in the
literature is to directly estimate the variance-covariance matrix of B using the
bootstrap, as an alternative to an analytic standard-errors estimator. More

specifically, this approach leads to the following 100(1 — «)% ClIs:

— e e e e
Cl = [c B = z1—a\ A} 0 € B+ z1—a/ C Abootc} ,
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where z;_, is such that P (|Z] < z1_,) =1 — «a with Z ~ N (0,1), and

*

where B is chosen large enough so that /A\bOO

. approximates well the variance-
covariance matrix of interest. However, as we shall see in the following sec-
tion, these two approaches will typically become invalid under many/many

weak instruments if bootstrap data are generated by existing procedures.

3.3 Main Results

In this section, we study the asymptotic validity of the bootstrap methods
when applied to the LIML estimator. Three residual-based bootstrap meth-
ods adapted to the linear IV model are considered. We begin with what
we call the standard bootstrap procedure that amounts to re-sampling the
residuals obtained by using the LIML estimate for equation (1) and the least
squares estimate for the reduced-form equation (2) to generate bootstrap
data. Then, we consider the restricted efficient (RE) bootstrap procedure
of Davidson and MacKinnon (2008, 2010, 2014) which generates bootstrap
data under the null hypothesis Hy : § = [y and uses an efficient estimator
of the coefficient of the reduced-form equation. We demonstrate that these
two bootstrap procedures fail to provide valid distributional approximation
to LIML under many/many weak instruments. Furthermore, we propose a
modified version of the RE bootstrap procedure, and we prove the bootstrap
consistency of this procedure.

The following notations are used for the bootstrap asymptotics (see Chang
and Park (2003b) for similar notation and for several useful bootstrap asymp-
totic properties): for any bootstrap statistic T we write T* —F" 0 in
probability if for any 0 > 0, € > 0, lim, o P[P* (|7 > J) > €] = 0, i.e.,
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P*(|T*| > 60) = op(1). Also, we write T* = Op~ (n¥) in probability if and

only if for any § > 0 there exists a M < oo such that lim,,_,., P [P* (|[n=?T*| > M;) > 0] =
0, i.e., for any d > 0 there exists a Ms < oo such that P* (|n=?T*| > M;) =

op(1). Finally, we write T* —¢" T in probability if, conditional on the

sample, T weakly converges to T" under P*, for all samples contained in

a set with probability converging to one. Specifically, we write T —4" T

in probability if and only if E* (f(T*)) — E (f(T)) in probability for any

bounded and uniformly continuous function f. To be concise, we sometimes

use the short version 7% —%" 0 to say that 7% —%" 0 in probability, and use

T* = Op« (n¥) for T* = Op« (n¥) in probability.

3.3.1 Standard bootstrap procedure

We begin with the standard residual-based bootstrap procedure. Given
the LIML estimate of 3 and the least squares (first-stage) estimate IT =
(Z'Z)~'Z' X, the residuals are obtained as

¢ = y—Xp (3.6)
V = X-ZI (3.7)

Then, the residual € is re-centered to yield € and (¢*, V*) are drawn from the

empirical distribution function of <€, V) Notice that we do not re-center

V here since it already has mean zero by our assumption that Z includes a

constant term. Next, we set

v o= XB+e€ (3.8)
X* = ZIO+V* (3.9)
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Finally, we compute the bootstrap analogue of LIML using the pseudo-sample
{(X* 97}

A ’ ’ -1 ’ ’
/B:td — (X* PZX* o A*X* X*) <X* PZy* —d*X* y*>,

where &* = min”aHﬂ%—{D@z“ and Y* = [y*, X*]. 2
Below we show that the standard residual-based bootstrap fails to con-

sistently estimate the limiting distribution of LIML in both Cases (I) and

(D).

Theorem 3.3.1. Suppose Assumptions 1-2 hold. Then, in case (I) with
0<vy<oo,
\/E(B:td - B) —a- N(0,A;) in probability,

where
Ar = H'TH;!
Ty = (1= Noe{Hr +78pp} + 1 =Ny {A+ A} +9B
1, = H+(1-\ySyy
Sov = Zpp — A{Svv + (A —2)oveolJoet
A= (1-)A
B = (1-2+A)B+ A6 -\ {28 (7)) ¢ +4[E () - (0)?] ¢'}

in case (II),
\/Z(B;td - B) —¥ N(0,Ay;) in probability,

2This procedure is called Unrestricted Inefficient (UI) procedure in Davidson and
MacKinnon (2008) since the bootstrap d.g.p. is not generated under the null hypoth-
esis (thus Unrestricted) and the least squares estimator I1, instead of a more efficient
estimator, is used to estimate the reduced-form coefficient (thus Inefficient).
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where

A = H Y HF
TU = (1—)\>066 {HH—FE{/(/}—FB
[:[][ = (1 — )\)EVV

Theorem 3.3.1 makes it easy to quantify the inconsistency of the boot-
strap approximation in the case of many/many weak instruments. According
to Theorem 3.3.1, in Case (I) the bootstrap analogue B;‘td has the same con-
vergence rate as /5’ and the bootstrap distribution is asymptotically normal,
but its asymptotic variance-covariance matrix is different from the one de-
rived in Theorem 3.2.1. More specifically, the formula of the asymptotic
variance-covariance matrix of LIML consists of certain key parameters such
as H, which characterizes the identification strength in the IV model, and
It turns out that the

standard bootstrap fails to mimic well these key parameters, and thus can-

also various moments of the disturbances (e;, V;)'.
not provide a valid approximation to the limiting distribution of LIML. To
see why the bootstrap fails in the current context, let us first consider the
term H. The LIML objective function with bootstrap pseudo-data reads

Q*(8) = (v — X*B) Pz (y* = X*B) / (y* = X*B)' (y* — X*B), and the usual
Taylor expansion of the first-order condition 0Q*(5%,)/08 = 0 yields

BB = (0°Q°(5)/0008)  0G"(B)/8

where §* is an intermediate value on the line joining 37, and 5. We can

show that in Case (I), the bootstrap Hessian term
(0°Q°(8")/0808') fro =" Hy = (1= X) (¥ +75yv) = H + (1 = Ny Syv

in probability; P* denotes the probability measure induced by the standard

bootstrap. Thus, in contrast to the limit of the original Hessian term in Theo-
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rem 3.2.1, the bootstrap approximation results in an extra term (1—\)yXyy.
Similarly, by applying a bootstrap CLT, we obtain that although the boot-
strap Jacobian term /7, (8@* (B) / 85) converges in probability to normal

distribution, the term H in the asymptotic variance of /7, (8@(@)) / 8&) is
also replaced by H + (1 — A\)yXyy. Intuitively, in the current context, the
standard bootstrap fails to adequately capture the identification strength (or
instrument strength) in the original sample. Indeed, “extra” identification
strength will be generated by the bootstrap d.g.p. as long as the rate of
growth of [ is not slower than that of r,, and this “extra” identification
strength will result in the extra term (1 — \)yXyy.

The bootstrap failure becomes even more severe in case (II). It can be
seen from Theorem 3.3.1 that in this case, the convergence rate of B;‘td turns
out to be different of that of B: B;‘td — B = Op-« <%> in probability, while
B—8=O0p (;Lnl) Notice that %/T—‘f — 0 since I/r, — oo in Case (II).
That is, B:td, the bootstrap analogue of LIML, will converge to B, the true
value in the bootstrap world, at a higher speed than B converges to (. In
addition, the formula of the bootstrap asymptotic variance A;; differs greatly
from A;; in Theorem 3.2.1. Indeed, the conventional variance term H does
not appear in the formula of Y;; because in Case (II) it is dominated by
the many/many weak instrument adjustment term (1 —\)o.. Xy and by the
non-normality adjustment term B. In contrast, H;;, the bootstrap analogue
of H in Case (II), does appear in the formula of Y;;. This is also because of
the “extra” identification strength generated by the bootstrap d.g.p., which
guarantees that H;; will not be dominated by the other terms.

Furthermore, some algebra shows that by the re-sampling scheme of the

standard bootstrap, the following results hold for the bootstrap disturbances
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(e;‘, Vi*')l under the current asymptotic framework:

E*(Vie) =n"') Vie; =P (1= Nov.
=1

E* (vv> = Y UV P (1= NSy
i=1
Therefore, except for o, the standard residual bootstrap fails to consistently
estimate the other elements in the variance-covariance matrix of (¢;, V') when

the number of instruments grows at the same speed as the sample size (A #

0). This also implies that for V* = V;* — ¢ EE(‘(/—EZQ,

S E* (Ve B (Vi)
E* '* '* — E* '*_ * 3 A '*_ * (A A
(%) (Vl B () )(V B ()

P Spr— A (EW +(A— 2)"25—“/“) ,
where E* denotes the expectation under the probability measure induced by
the standard bootstrap. As long as [ goes to infinity at the same rate as n,
the standard residual bootstrap will fail to provide, even asymptotically, a
good approximation to Xy, which plays an important role in the formula
of the asymptotic variance in Theorem 3.2.1. Similar results of inconsistency

can also be shown for other bootstrap moments such as E* (e?*f@*) and
E* <€:<2‘~/l*‘~/l*')

Remarks:

1. Since 3 attains consistency under our Assumptions 1-2, folklore may
suggest that the bootstrap d.g.p. in (6)-(9) will be valid as long as II is a
consistent estimator of II. Interestingly, this turns out to be wrong accord-
ing to Theorem 3.3.1. Indeed, it is shown in Portnoy (1984) that II will
be consistent provided that the growth rate of [ is not too fast related to

the growth rate of the sample size (I(logl)/n — 0). However, we can see
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from Theorem 3.3.1 that without proper restriction on the relationship be-
tween [ and r,, such a condition is not adequate to guarantee the bootstrap
consistency under many/many weak instrument sequences.

2. Similar results of bootstrap failure can be shown for other k-class IV
estimators such as the commonly used TSLS estimator, the bias-adjusted
TSLS estimator (Nagar (1959), Rothenberg (1984), etc.), and the modified
LIML estimator proposed by Fuller (1977). We omit these results for the
conciseness of the paper.

3. Instead of using residual-based bootstrap, one may consider imple-
menting the nonparametric i.i.d. bootstrap (pairs bootstrap), which re-
samples the rows of the matrix (y: X : Z). Indeed, (yf, X/, Z}), the ith
row of each bootstrap sample, is simply one of the row of (y : X : Z), chosen
at random with probability 1/n. However, the extensive simulation evidence
in Davidson and MacKinnon (2010,2014) shows that the pairs bootstrap per-
forms substantially worse than residual-based bootstrap methods, even when
the number of instruments is kept small relative to the sample size. Note
that under the nonparametric i.i.d. bootstrap, the bootstrap analogue of the

slope coefficient in the first-stage regression is characterized by
/ -1 —
fon (Z;Zj ) B2 X7) = (n'2'2) " (0712 X)),

which is exactly II used in the standard residual-based bootstrap.

On the other hand, when [ is of lower order of magnitude relative to
Ty, the formula of the asymptotic variance of \/ﬁ(ﬁ — () is considerably
simplified

V(B = B) =a N (0,0,977)

and the standard residual-based bootstrap does consistently estimate this

asymptotic distribution.

Corollary 3.3.1. Suppose that Assumptions 1-2 holds and suppose that
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l/rn =0 (y=0), then

N

supser [P (Vi = B) < x) = P (VialB = B) < z) | =70

where P* denotes the probability measure induced by the standard bootstrap

procedure.

Closely related to our paper is the literature on bootstrapping linear
model with increasing dimension. More precisely, consider the following
model

vi=XB+e, i=1,..,n

where X;’s and (8 are p-dimensional vectors, and ¢;’s are i.i.d. errors. Asymp-
totics where p may increase with n have been considered by Bickel, Freedman,
Bickel, Doksum, and Hodges (1983), Portnoy (1984), Mammen (1989, 1993),
among others. In particular, Bickel, Freedman, Bickel, Doksum, and Hodges
(1983) show that residual-based bootstrap consistently estimate the distribu-
tion of the least square estimates if p?>/n — 0, and for linear contrasts of the
least square estimates it works if p/n — 0. Mammen (1988) generalizes these
results to the case of M estimates. Furthermore, it is shown by these authors
that under large p asymptotics, residual-based bootstrap even works in the
case that asymptotic normal approximation typically fails. Apparently, the
rate of growth of p with respect to n is crucial for bootstrap consistency
under this large p asymptotic framework.

In contrast, we show that for the current IV model with large [, the
bootstrap consistency depends importantly on the relative magnitude of r,
vis-a-vis [ as n — oo, but not so much on the relationship between [ and
n. Additionally, different from bootstrapping under large p asymptotics,
conditions more restrictive than those for the normal approximation are
necessary for the standard bootstrap to work under many/many weak in-
struments. For the orthonormal instruments example in Section 2, since

1I'Z' Z11 = n*=%] = r,, the bootstrap consistency requires {/r, = n*~1 — 0
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(¢ < 1/2, the instruments need to be stronger than the weak instruments in
the Staiger and Stock (1997) sense), while the CSE-based normal approxi-
mation only requires \/Z/Tn = [712p%X-1 0.

3.3.2 Restricted Efficient Bootstrap Procedure

In this section, we study the other residual-based bootstrap procedure re-
cently proposed by Davidson and MacKinnon (2008, 2010, 2014) for the IV
model. The RE residual-based bootstrap has two key features. First, the
bootstrap pseudo-data is obtained under the null Hy : 8 = [ (instead of
using the LIML estimate B) Second, the RE bootstrap uses a more efficient
(reduced-form) estimate instead of II in the standard residual bootstrap.
Following Davidson and MacKinnon (2008, 2010, 2014), we first obtain the
residuals for the RE procedure by

5(50) = y—XB
V(Bo) = X — ZII(B)

where

¢ (Bo)Mze(Bo)

Then, (e*, V*) are drawn from the empirical distribution function of

(\f et =27 )

3Since (1 [ =5 €(Bo), 4 /ﬁf/(ﬁo)) is not necessarily mean zero,

(e, *) should be drawn from the empirical distribution function of

(/725 (el80) = B0)) s /72 (V(B0) = V(B0) ) ) where, &Bo) = &30, €(Bo) and
v o>z$zl L VilBo).

(80) = (7 >1Z’(X—e<@o>M).
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Next, we set

X* = ZIO(By) + V*

and obtain ije using pseudo-data generated by this procedure. Notice that
ﬁ(ﬂo) is the maximum likelihood estimator of II when [ is constrained to
take the null value . It is also used in Kleibergen (2002) and Moreira
(2003) to construct their weak identification robust statistics. In particular,
they show that using II(3,) rather than II leads to their Lagrange Multiplier
(LM) test for Hy : = Py that is asymptotically pivotal even under weak
instruments asymptotics of Staiger and Stock (1997).

The RE bootstrap has been applied very successfully in IV models with
relatively small number of instruments. As can be observed from the exten-
sive simulation results in Davidson and MacKinnon (2008, 2010), using this
procedure instead of the standard residual bootstrap or the nonparametric
i.i.d. bootstrap greatly improves size control for testing the null hypothesis
Hy : B = By, especially when the instruments are relatively weak (e.g., when
a = 2 in Davidson and MacKinnon (2008, 2010), which corresponds to the
case where the concentration parameter equals 4). The RE bootstrap is also
used in Davidson and MacKinnon (2014) to build confidence sets for g in
a similar context. Their simulation results show that in contrast to what is
widely believed, even when the instruments are quite weak, it is possible to
make the Wald-based confidence sets perform well using the RE bootstrap
procedure.

However, we find that under many /many weak instrument sequences the
RE bootstrap is also invalid in general. The following theorem states the

asymptotic distributional results for the RE bootstrap.

Theorem 3.3.2. Suppose Assumptions 1-2 hold. Then, in Case (I) with
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0 <~ < oo and under Hy : 5 = [y,
V(85 = Bo) —a» N(0,A;) in probability,
where
A = BT
Ty = (= Now{H +9%p b+ (1= N7 {A+ A} +4B

= H+(1-=M)Zpp

1

A = V1I-)A

L=+ 20
1—\

In case (1) and under Hy : 5 = fy,

VI(BE, — Bo) =¥ N(0,Asp) in probability,

re

where

Investigating the results in Theorem 3.3.2, we find that the RE bootstrap
is also inconsistent as long as [ goes to infinity at a rate equal to or faster
than that of r,. For example, using similar arguments as for the standard
residual bootstrap, we obtain that in Case (I) and under H,, the RE-based

approximation of the Hessian term
(PQ (30808 fr »"" i = H+ (1= %y (310)

in probability; P* denotes the probability measure induced by the RE boot-



81

strap and §* denotes an intermediate value on the line joining £, and
Bo. Thus, the RE bootstrap also fails to adequately mimic the instrument
strength in the sample and results in an approximation error of the same

order of magnitude as the key parameter H. A similar problem occurs in
the bootstrap Jacobian term /7, <8@* (50)/86). In Case (II), the bootstrap

failure becomes more severe as /3, also converges at a rate of Op-« (%), the

same convergence rate as [3%,. For the moments of bootstrap disturbances,

some algebra shows that under Hy : 8 = po,

Er(Vie) = /- i =\ % (%Z‘Z(ﬁo)%(%)) - \/%

, n 1 e ~ - A Oyeoy
E* <VZ*VZ*> - n=l (ﬁ Zl Vé(ﬂO)‘ﬁ(ﬁo)) —F Sy + L~ _TVeVe

n—1

where E* denotes the expectation under the probability induced by the RE
bootstrap. Similar bootstrap inconsistency also appears in the non-normality
adjustment terms A and B.

Interestingly, the RE bootstrap does consistently estimate Xy, the vari-
ance of residuals from the population regression of V; on ¢;; that is, we can
show that by the RE bootstrap d.g.p.,

(70 = 5 (Vo) (B ) B 7 B (62)) =" S

under Hy, including the case where [ is of the same order of magnitude as
n. This is remarkable since according to the formula of the asymptotic vari-
ance in Theorem 3.2.1, the many/many weak instruments adjustment term
crucially depends on ¥yy. As has been highlighted by Hansen, Hausman,
and Newey (2008), in practice this adjustment term can be comparable to
the usual asymptotic variance term H, while the non-normality adjustment
terms will tend to be very small relative to Xy and H. Furthermore, al-

though the RE bootstrap cannot also consistently estimate H, it holds that
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H < H; < Hyin Case (I) and Hyr < Hyp in Case (IT) since Yy < Zyy by
the definition of V. Therefore, our asymptotic results in Theorem 3.3.2 pre-
dict that the RE-based distributional approximation for LIML will typically
be more precise than the standard bootstrap-based approximation and this

is indeed confirmed by our simulation.

It is also easy to show that, as the standard residual bootstrap, the RE

bootstrap is consistent when {/r,, — 0.

Corollary 3.3.2. Suppose that Assumptions 1-2 holds and that l/r, — 0
(v =0), then under Hy : 8 = By,

SUPzeRr ‘P* <\/T—H(B:e — o) < $> - P (\/E(B — o) < I)‘ -0

where P* denotes the probability measure induced by the RE bootstrap proce-

dure.

Thus, similar to the standard bootstrap, the RE bootstrap is asymptoti-
cally valid only when the available instruments are sufficiently strong so that
the concentration parameter grows at a faster rate than the number of instru-
ments. One can thus expect the performance of the RE-based distributional
approximation for LIML to be quite sensitive to the quality and number of
instruments. In the next section, we propose a modified RE procedure which
is able to consistently estimate the distribution of LIML under much weaker

conditions on the growth rate of [ relative to r,.

3.3.3 Modified RE Bootstrap Procedure

In this section, we propose a modified version of the RE bootstrap d.g.p. so
that the approximation errors can be removed from the bootstrap limit dis-
tribution. The modified RE (MRE) procedure achieves this goal by correctly

re-scaling the residuals and by using an alternative reduced-form estimator
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so that the bootstrap can effectively mimic the identification strength in the
original sample.

More specifically, for the MRE bootstrap the residuals are obtained as

€(Bo) =y — Xpo
V=X-—ZII,

Then, (e, V) is drawn from the empirical distribution function of

To generate the bootstrap d.g.p., we use ﬁm(ﬁg) which is based on modifying
the RE reduced-form estimator II(f) in the following way

Tl (B0) = TL(80) (07/2(80)01/2(50)) (3.11)

where

U(6o) = TI'(Bo)Z Z11(fo)
U (fo) = (‘I’(ﬁo) - li(/f/(ﬁo)» 0)+
if/f/(ﬁo) = ﬁX/(ﬁo)MZX(ﬁo)

€' Mz(5o) X )

X(B) = X —e(bo) (m

and (-,0)" = max (-,0). Next, we set

vy = X6 +e,
X = Zlu(Bo) +V,

~

and compute [ using the pseudo-data obtained by this bootstrap procedure.
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Notice that an alternative modified procedure based on B could also be pur-
sued. More precisely, this procedure amounts to using € instead of ¢(f5y) and
using f[m(/@) instead of II,,(8;) when generating the bootstrap d.g.p. Under
Hy : B = [y, these two procedures are asymptotically equivalent. However,
trial simulation shows that the modified bootstrap procedure generated un-
der Sy typically has much better finite sample performance, especially when
the instruments are weak.

To motivate the MRE procedure, let us first consider the modification
introduced in eq.(3.11). Since the bootstrap generated under I1(3,) cannot
mimic well the instrument strength in the current context and results in an
approximation error of order at least as large as the concentration param-
eter, we introduce W~/ 2(5o)¢171n/2(,80) as a correction factor to remove the
“extra” instrument strength in the RE bootstrap d.g.p. Indeed, we can show

that under the null Hy : 8 = Sy,

Tn T'n

- - - =
)2 2Math) _ SBZLG) _ (L5, () 0
in both Cases (I) and (II). Therefore, in contrast to the standard/RE boot-
strap, the modified procedure is able to consistently estimate the key param-
eter ¥ that characterizes the identification strength under many/many weak
instruments.

Also, consider the bootstrap disturbances generated by the MRE proce-
dure. With our approach of re-scaling the residuals into (\/E Mze(Bo), /725 V) :
the MRE bootstrap is able to mimic well each component of the covariance

matrix of (€;, V) even in the case that [ is of the same order of magnitude
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as M.

E* () = n (6’(50)]\/[26(50)) P

7,m

n—1 n
g
B (Vineln) = n’jl<‘” f%)) P oy,
N
E*(V* V*/> - ViV =P Sy
iwm "’ i,m n—1 n

under Hy : 8 = [y, where E* denote the expectation generated by the MRE

procedure.

Remark: Our correction factor in eq.(3.11) is related to the restricted-
efficient-corrected (REC) bootstrap in Davidson and MacKinnon (2008, pg.458).
The REC bootstrap is motivated by the fact that a> = II'(8y) Z' Z11(5,)/ (nflf/’(ﬁo)f/(ﬁog :
their RE-based estimator of the concentration parameter (in k = 1 case), is
inconsistent under Staiger and Stock (1997)’s weak instrument asymptotics,
and has a bias of [ X (1 — ¢, /0..). Although consistent estimation of the con-
centration parameter is impossible under weak instrument asymptotics, an

unbiased estimator can be constructed as a3, = (0,4 — I(1 — 5?))" where

. - - - 1/2
7 = €(50)V (B0)/ { (¢ (Bo)e(5) (V(B)V(Bo)) |, and the reduced-form
equation of the REC bootstrap d.g.p. can be generated using

X* = ZI1(Bo) (“%) +V

Under current many /many weak instrument sequences, it can be shown that
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in Case (I)
U0 (60)Z' ZMLpe(Bo) _ 1(B0) 2" Z11(5o)
L vegvs) (6’(60)6(50))_1 (e’(ﬁo)V(ﬁo)>2

=T Ut qopy — (1= Myopy = ¥+ Mogy

Thus, the REC bootstrap will be inconsistent when A # 0. In Case (II), due
to this inconsistency My (o) Z' Z1pe(Bo)/rm will diverge to infinity, leading
the REC-based bootstrap analogue of LIML to also converge too fast, like
the standard/RE bootstrap analogues.

Below, we introduce some additional assumptions that help to simplify
the variance formula, and we show that our modified bootstrap procedure is
able to consistently estimate the limiting distribution of LIML under either

of these assumptions.

Assumption 3
(1) vy > A#Oand nt Y " [Py — A\ = 0as l,n — oo,
(i) \p, > A=0asl,n — 0.

Assumption 3 (i) is also used in Anatolyev and Gospodinov (2011) for
many instrument sequence and in Anatolyev (2012) for many regressor se-
quence. As has been pointed out in their papers, this condition allows that
the number of instruments increases at the same rate as the sample size but
requires that (almost) all diagonal elements of the projection matrix P, con-
verge to A (note that under conventional asymptotics they converge to zero),
and it will typically hold if the instruments are homogenous across . On
the other hand, Assumption 3 (ii) requires that the number of instruments

grows at a slower rate than the sample size. This case is most important in
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empirical applications, especially in microeconomic studies, where the num-
ber of instruments is usually small relative to the sample size. For example,
in their study of return to schooling problem, Donald and Newey (2001) and
Hansen, Hausman, and Newey (2008) used 180 instruments with a sample
size of 329,509. The variance formula of LIML will be simplified under As-
sumption 3 (i) or Assumption 3 (ii) because the non-normality adjustment
terms A and B in the variance formula disappear under either assumption,
that is, A = B = 0. Such assumptions are mild because among the various
terms in the asymptotic variance of LIML, A and B will typically be quite
small compared with other terms, as emphasized by Hansen, Hausman, and
Newey (2008).

The distributional results for the MRE bootstrap procedure are stated in

the following theorem.

Theorem 3.3.3. Suppose that Assumptions 1-2 hold. Also suppose either
Assumption 3(i) or Assumption 3(ii) holds. Then under Hy : B = By, in
Case (1),

sup | P* (VB — o) < @) = P (VB = o) < )| =7 0

zER

and in Case (1I),

sup
zER

r N r ~
P =B —Bo) <z —P|—=(B—p)<x||="0
where P* denotes the probability measure induced by the MRE bootstrap pro-

cedures.

Theorem 3.3.3 states that the MRE bootstrap procedure mimics well the
limiting distribution of \/r_n(B — f) in case (I) and the limiting distribution
of ’\"—/"1(3 — B) in case (II), thus giving the asymptotic validity of percentile
type ClIs constructed based on the MRE bootstrap. In terms of finite sample

behavior, our simulation evidence in Section 4 shows that the MRE-based
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percentile type Cls typically have better empirical coverage rates compared

with normal approximation-based Cls.

3.3.4 Bootstrapping t-test with Corrected Standard Er-

ror

In view of the success of the MRE procedure in providing distributional
approximation for LIML, we can expect that the distribution of ¢., t-test
statistic based on the LIML estimate and the CSE, can also be well approx-
imated by our bootstrap procedure. Moreover, since t. is asymptotically
standard normal under many/many weak instrument asymptotics, folklore
suggests that the standard and RE bootstraps should also be capable of con-
sistently estimating its distribution even if these bootstrap procedures cannot
adequately mimic the limit distribution of LIML. This conjecture turns out

to be correct, because one can show that in Case (I),
ralig = V[V (B = 8) | and rals = Ve Vi (B = o )|

with “A ~ B” being shorthand for A='B —" I, in probability and V*
denoting the variance computed under the corresponding bootstrap distribu-
tion. /A\:td and /AX;‘je denote the CSEs computed using the pseudo-data gener-
ated by the standard and RE bootstrap d.g.p., respectively. Then, the result
of weak convergence in probability for the bootstrap analogues of ., can be
established, i.e.,

C/(B;td - B) _ d Tn(B:td - B)

e L Ak
\/ AL crp N

-4 N(0,1)
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in probability and similar result holds for the RE bootstrap. Analogously,

we have for Case (II)
A, ~ U [\/Z (B;;d - 5)] and [N, ~ V* [\/Z (B;; - Boﬂ .

Thus, one can show that the standard/RE bootstrap-based approximations
of the distribution of ., converges to standard normal distribution in prob-
ability, regardless of the fact that in Case (II) even the convergence speed
of B;‘td and B:e differs from that of B More precisely, an application of the
continuous mapping theorem for weak convergence in probability yields the

following result for all the three bootstrap procedures.

Theorem 3.3.4. Suppose that Assumptions 1-2 hold, also suppose that Hy :
B = By holds for the RE and MRE bootstraps, then

supger |P* (the < x) — P (tese < 7)) —P0

cse

where t¥,. denotes the t-CSFE test statistic generated by one of the three boot-

cse

strap procedures.

Theorem 3.3.4 gives asymptotic validity for percentile-t type Cls based
on the standard, RE and MRE bootstrap procedures. Monte Carlo simula-
tions show that for percentile-t CIs, all the three bootstrap procedures have
reasonable empirical coverage rates with the ClIs based on the MRE proce-
dure performing best. This is not surprising considering that the bootstrap is
able to provide asymptotic refinement only when the test statistic is asymp-
totically pivotal and when the bootstrap d.g.p. consistently estimates the
original d.g.p. (see Beran (1988)). Among the three bootstrap procedures,
one can only expect the MRE bootstrap to provide asymptotic refinement
for percentile-t type Cls since the other two procedures are not able to con-
sistently estimate the original d.g.p., as has been shown previously. We leave
a formal study of the MRE bootstrap’s higher order properties for future

work.
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3.4 Simulation Results

The goal of this section is to evaluate the finite sample performance of the
bootstrap methods studied in the previous sections. Following Davidson and
MacKinnon (2008, 2010 and 2014), we use the following DGP:

y = pX +e
X = aw+v,

where w € §(Z), the subspace spanned by the columns of the instruments
Z. w is an n-vector with ||w||? = 1. As pointed out in their papers, the only
property of Z that matters here is the subspace spanned by the columns of
Z and in their setting, all the explanatory power comes from the vector w

and the other columns of Z are simply noise. For the disturbances, we set

€ = T€1+ pe

v = €9,

with (e1,€6) ~ N(0,I), 7> + p*> = 1. The strength of the instruments is
measured by the parameter a, the square of which equals the concentration
parameter.

In Figures 1-4, we present non-rejection frequencies for asymptotic and
bootstrap tests. For ease of comparison, we report results of the MRE boot-
strap versus the REC bootstrap in figures 5-8, separately from other boot-
strap procedures. The simulation evidence are based on 1,000 replications
and B = 399 bootstrap samples. The sample size is 100 and we use the
LIML estimator throughout the simulation.

For all bootstrap procedures, we consider both percentile and percentile-
t type Wald tests. Notice that we present the properties of percentile type
bootstrap tests for two reasons: (i) to show that they confirm our theory

which predicts that except for the MRE bootstrap, the other procedures
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are invalid and, (ii) to emphasize that in cases where the analytical standard
errors have a tedious form or, are believe to be difficult to estimate as it is the
case here, a MRE percentile bootstrap-based inference could provide a useful
alternative. Let us start with the standard residual bootstrap. Percentile
type bootstrap Wald tests reject Hy : 8 = By if \B—Bgl is among the 0.05(B+
1) biggest values in

{18 = 6ol.18; = B, 185 — A1} (3.12)

Notice that normally, we should reject Hy : f = Sy if /] B— Bo| is among
the 0.05(B + 1) biggest values in

{VFaIB = Bol, V1B = Bl /Tl B — B

in Case (I) and reject Hy : f = fp if %WA — Bo| is among the 0.05(B + 1)
biggest values in

Tn 4 TTZA*_A T_nA*_A
{ﬁ’ﬁ_ﬁ0|7ﬁ|ﬁl B|77\/Z|ﬁB ﬁ|}

in Case (II). However, although we do not know the exact value of r, in

practice, we are still able to use the procedure described by (3.12) since /7,

and 7, /+/1 will be canceled out in Case (I) and (II), respectively.
For percentile-t type bootstrap Wald tests, we reject Hy : 5 = [y if %

is among the 0.05(B + 1) biggest values in

16— 6ol 18; -8B |85

In this formula, \/K is the CSE defined in Section 3.2 and 4/A%,, is its

standard bootstrap counterpart.
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Also, since bootstrap data of the RE, REC and MRE procedures are
generated under the null, percentile type bootstrap Wald tests reject Hy :
B = By if |3 — Bo| is among the 0.05(B 4 1) biggest values in

{18 = Bol, 1851 = Bol, 1B = fiol }

where j € {re,rec,m}. Percentile-t type bootstrap Wald tests reject Hy :
B =By if % is among the 0.05(B + 1) biggest values in
A

!B—m|ﬁ1—ﬁd |@B
VA Az, . /A;"B

where j € {re,rec,m}. Finally, asymptotic theory-based Wald (¢) tests rely

on critical values of the N (0, 1) distribution.

The first two figures each contains six plots and pertain to percentile and
percentile-t type bootstrap tests. They show the effect of varying the number
of instruments for three values of a? and two values of p. Specifically, we
vary a® across rows (a? € {4,8,16}) and p across columns (p € {0.1,0.8}).

2 =S8asa

One can interpret a?> = 4 as a very weak instruments case, a
weak instruments case and a? = 16 as a moderately strong instruments case.
When p = 0.1, there is not much correlation between the structural and
reduced-form disturbances; when p = 0.8, there is a great deal of correlation.

As in the simulation results reported in Davidson and MacKinnon (2008)%,
CSE-based asymptotic Wald (t) tests for the LIML estimator underreject
when p is small and overreject when p is large, especially in the case that a?
is small. In particular, asymptotic Wald (t) tests have noticeable finite sam-
ple distortions for p = 0.8 and a? = 4. Indeed, under this setting, the actual
non-rejection rates of nominal 95% asymptotic Wald (t) tests vary between

85% and 80% for values of | between 20 and 50. These non-rejection rates

4See, e.g., Figure 2 and 4 in Davidson and Mackinnon (2008)
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increase to around 90% to 85% when p = 0.8 and a* = 8.

Figure 1 shows clearly that percentile bootstrap tests based on the stan-
dard residual and the RE bootstrap overreject with many/many weak in-
struments. Also, it turns out that the distortions of both standard and
RE bootstrap tests increase when the strength of the instruments decreases
and /or the number of instruments increases. Thus, our results in Theorems
3.1 and 3.2 give an excellent approximation to the finite sample behavior
of these bootstrap procedures. Furthermore, we find that the RE bootstrap
tends to dominate the standard bootstrap, confirming our theoretical pre-
dictions in Section 3.2 that the RE bootstrap-based approximation of the
distribution of LIML is typically more precise than the standard bootstrap-
based approximation. On the other hand, MRE percentile bootstrap tests
have much better performance for all values of a? and p. It is remarkable that
in all plots, the MRE bootstrap displays very small distortions irrespective
of the values of [. This is not surprising considering that the MRE boot-
strap is the only bootstrap procedure able to mimic well the distribution of
LIML under many/many weak instrument sequence. Also, MRE percentile
bootstrap tests have large improvement over CSE-based asymptotic Wald ()
tests when p = 0.8.

Figure 2 shows that non-rejection frequencies of the standard/RE boot-
strap percentile-¢ tests are much better than their corresponding percentile
versions. These results are in line with our Theorem 3.3.4 which predicts
in particular that percentile-t approximations based on these two bootstrap
procedures are asymptotically valid even if their percentile counterparts are
not. Also, we find that standard bootstrap tests have almost the same per-
formance as the CSE-based asymptotic Wald (t) tests for all configuration of
a?, p and . The RE bootstrap improves upon the asymptotic theory and the
standard bootstrap, especially when p = 0.8, but is still notably distorted
for small values of a®>. The MRE bootstrap has the best performance among

all the procedures.
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Figures 3-4 each contains nine plots and pertain to percentile and percentile-
t type bootstrap tests. They show the effect of varying the value of p for three
values of a? and three values of [. In particular, Figure 3 shows that when p
is small, percentile type bootstrap tests based on the standard and the RE
bootstraps have poor non-rejection frequencies in comparison to CSE-based
asymptotic Wald (¢) tests. For large values of p, the distortion of CSE-based
asymptotic Wald (¢) tests become severe while the non-rejection frequen-
cies of RE percentile bootstrap tests become better and even improve upon
asymptotic Wald (¢) tests in some cases. This is natural considering that our
theoretical analysis in Section 3.2 (see e.q.(3.10)) shows that the RE boot-
strap approximation error depends crucially on Y, which equals 1 — p? in
current simulation setting. It also turns out that MRE percentile bootstrap
tests perform much better than standard/RE percentile bootstrap tests, and
improve upon asymptotic Wald (¢) tests in most cases.

As in Figure 2, Figure 4 shows that non-rejection frequencies of percentile-
t type bootstrap tests are higher than those of percentile type bootstrap
tests for all the three bootstrap procedures. However, in contrast to Figure
3 where the most severe distortions occur when p is relatively small, the
standard /RE percentile-t type bootstrap tests tend to overreject when the
value of p becomes large, as also noticed in Figure 2 when p = 0.8. In
particular, standard bootstrap tests, as well as asymptotic Wald (t), can
have non-rejection frequencies as low as 75%. In contrast, non-rejection
frequencies of MRE percentile-t tests are very close to 95% across all the
settings of a2, p and .

We compare non-rejection rates of MRE and REC bootstrap tests in fig-
ures 5-8. Notice that the grids on the vertical lines are changed for ease of
comparison. Investigating the results for percentile type bootstrap tests in
Figure 5 and Figure 7, we find that REC percentile bootstrap tests typically
have large distortion when [ is large and p is small. This is also in line with our

analysis in Section 3.3 which states that the distortion of the REC approxima-
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tion depends mainly on the values of A and ¥y . On the other hand, figure 6
and figure 8 shows that MRE and REC percentile-t type bootstrap tests have
non-rejection rates very close to each other. Also, MRE/REC percentile-¢
type bootstrap tests improve substantially upon asymptotic Wald (t) tests,

especially when a? is small and p is large.

3.5 Conclusion

The main contribution of this paper is to study the validity of the bootstrap
for inference in linear IV regression when the available instruments may be
weak and the number of instruments may be large. Using the asymptotic
framework of many/many weak instruments, we obtain new theoretical re-
sults about the finite-sample behavior of the bootstrap methods that can be
overlooked under the conventional asymptotic framework.

In particular, we show that a standard i.i.d. residual-based bootstrap
method is unable to consistently estimate the limiting distribution of LIML
under many/many weak instrument sequences. More specifically, the stan-
dard bootstrap cannot mimic well the parameter that characterizes the iden-
tification strength in the original sample. It also fails to adequately mimic
certain important properties of the disturbances in the IV model. These
failures lead the bootstrap distribution to converge to a limit different from
the original one. Moreover, we show that the RE bootstrap proposed by
Davidson and MacKinnon (2008, 2010, 2014) is also invalid in general. How-
ever, the RE bootstrap is able to effectively mimic more features in the
limiting distribution of LIML, and thus its finite-sample distortion is typ-
ically smaller than that of the standard bootstrap. Finally, we propose a
modified RE bootstrap and we show that this procedure provides a valid
distributional approximation to LIML under many/many weak instruments.
A Monte Carlo experiment shows that our procedure has outstanding small

sample performance compared with asymptotic normal approximation based
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on the CSE and the other bootstrap procedures.

An extension of this work will include a study in general nonlinear frame-
work on the bootstrap validity (e.g., Hall and Horowitz (1996)’s nonpara-
metric i.i.d. bootstrap, Brown and Newey (2002)’s efficient bootstrap, etc.)
for GMM and GEL estimators under many weak moment sequence proposed
by Newey and Windmeijer (2009).
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Annexes

.1 Proof of main results in Chapter 1

.1.1 Proofs of results in Section 1.2

Throughout this Appendix, we let A denote a generic constant independent
of n and T. Given a matrix A, we let |A| = (tr (A’A))"/? . The following results
are instrumental in the proofs that follow. They correspond to Lemmas 1

and 2 in Hansen (2007) respectively.

Theorem .1.1. Suppose Z;r are independent across i for all T with E (Z;r) =
Wit and E |ZiT|1+6 < A < oo for somed > 0 and alli, T. Then % S (Zir = pir) —=F
0 as n,T — oo jointly.

Theorem .1.2. For k x 1 vectors Z;r, suppose Z;r are independent across
i for all T with E(Ziz) = 0, E(ZirZiy) = Qur, and E|Zg|"™ < A < 00
for some 6 > 0. Assume 2 = limn,T%Z?zl Qur is positive definite with
manimum eigenvalue A\, > 0. Then \/iﬁ St Zir =4 N(0,Q) asn, T — oo
jointly.

We first provide some auxiliary lemmas, followed by the proof of Theorem

1.2.1. The proof of the auxiliary lemmas follows at the end.

Lemma .1.1. Under Assumption A1, for fizredl, p € N, (i) % S, Zthl Eit1Eit—p —T
0 Lii—py; and (1) = 200, Zthl 22;11 Eit—i€is—p ' 0.



115

Lemma .1.2. Under Assumption A1, for fized k € N, \/% Yoy ZtT:l (EstCit—1,- - - EuCit—r) —

N (0,9Q), where Q) = [Tlp]lp Lok:

77777

Lemma .1.2 is the analog of Lemma A.1 of Gongalves and Kilian (2004)
(henceforth GK (2004)). To state the following lemma, we need to introduce
some notation. In particular, let u; = Z?io Qéeit_l, which is well defined

given that |6y < 1. It follows that

Q4
Yit—1 = -+ Zeo Eit—1] = 1— 90 + Ujt—1, (1?))

1—90 —

for all (i,t). Therefore,

1 n T 1 n T 1 n

_ _\2 2 2 _

T — 'n,_T Z Z (yit—l - yz—) - ’)’L_T Z uit—l_g Z U;_ = AnTl_AnT27
i=1 t=1 =1 t=1 =1

where u;_ = %Zthl ui—1. The next lemma establishes the consistency of

Anr.

Lemma .1.3. Under Assumption A1, (i) Aprn —F A=0%(1—62)7"; (i)
AnTQ —)P 0,’ and (Z’L’L) AnT —>P A.

Our next lemma establishes the limiting distribution of

BnT = \/_Zz;tz; Yit—1 — 57,,5 — 51)
n T
— Z Zuzt 1€t — :LT Z Zu“ 16, = nTl — BnT2-

zltl i=1 t=1
BnTE

Lemma .1.4. Under Assumption Al, (i) B,y1 —% N (0, B), where B =
> gt 052 7,; (i) Bury —F —A- D, where A = 02 (1 —62)"" and D =
— /(14 00); and (iii) By —% N (A- D, B).



116

Proof of Theorem 1.2.1. The proof follows from Lemmas .1.3 and .1.4 by
Slutsky’s theorem.

Proof of Lemma .1.1 (i) For fixed [, p € N, let ng =7 Zt L Eit—1Eit—p, | =
1,...,n. We check that {Zf?} satisfies the conditions of Theorem .1.1. First,
{72} are independent across i for all T with E (ng) = 071-py. Second, we

146
show that E ‘Zf;‘;,‘ < A < oo for some § > 0 and all s and T. Taking § = 1,
by repeated application of the Cauchy-Schwartz inequality, we can show that

2
E <th?) < E(en)' < A < oo Thus, 1370, (leg_ 21{z—p}> —p 0 as

n, T — oo jointly. The result follows by noting that hmn_m =3 o? = o?

i=1"1

by A1(iv). To prove part (i), define for fixed I, p € N, Z2. = = ST 1 S i ey

Then, {Z ;Z} are independent across ¢ for all 7' with £ ng? = uiT, where
,uiT:Oforl<pandforl—p>Tand,ulT: lp2forl—p€
{1,...,T — 1}. By repeated application of the Cauchy-Schwartz inequality,

2
we can show that F (Zf’}) < E(eit)4 < A < o0, which proves that Zf%
verifies the conditions of Theorem .1.1. To end the proof of (ii), note that by

definition of p?.,

I _z_
- pi = —— ( ZO’>1{Z —pe{t,..7—13} — 0

i=1

as n, T — oo jointly, for all [, p € N, given that lim,, % S o2 =02

i=17i
Proof of Lemma .1.2 For fixed k € N, let Z%. = \/LT Zthl (EtCit—1, - - - EitEit—k) »
i =1,...,n. We check that Z%. satisfies the conditions of Theorem .1.2.
First, Zf are independent across i for all 7" with E (Zf) = 0. Second,
E (ZfTZfT/) = [Tiplip=1....x = Q. for all i since by assumption F (&2 Ztazt 1Eit—p) =

Tip for all t and all [, p. Third, we show that for fixed k € N, F | ‘ <A<
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0o, uniformly in i for some § > 1 (we take § = 2). By the ¢ — r inequality,

k 1z 2\ 2 k A 4
E|Z T| = E Z <ﬁ Zgitgitl) < kZE (_T Z&t&tl)
= k Z Z Zztlzztg thg Zim) )

t1,...,ta=1

where we let zft = eyeyy for all 1 < [ < k. Noting that F (zf-t) =0 and
given the definition of the fourth order joint cumulant (see Brillinger (1981),
p. 19), we have that

E (zl 2k 2L 2k ) = b (zilzé) E (2§3z§4) + K (zilzis) E (z£22§4)

it1 “ito “it3 “ity

+E (zﬁlzi4) E (zintS) + cum (zq 2k 2k 2 ).

117 “ite Titz ) Yity

By the m.d.s assumption, E (zizi,) = F(ci€it—i€is€is—1) = Tiunlp=s) for any
(t,s), which implies that

T
1
_ 9.2 | RS R
§ E Zztlzztz Zztg Zm) =37y + T2 § cum (zitl ) Ziter Zits s Zm) .
tl, Lta=1 t1,...,ta=1
Given the strict stationarity assumption,
Y Y R A 1 l l l
cum (Zit17 Zitz’ zit37 Zit4) = cum (Zitl —t47 Zitg—t47 Zitg—t47 Zio) ’

which implies that
1 T T
E : _ 2 E E l l l l
E Zztl thg Z’Ltg Z’Lt4 - 37—’ill + ﬁ cum (Zitl —t4 Zit2 7 ZitB —tq Zio) )
t ta=1 ty=1 \t1,l2,t3=1

where the expression in curly brackets is O(1) uniformly in 7, [ and {4,
given Al(vii) (applied with [y = Iy = I3 = Iy = [). This shows that
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% Dttt (zftlzftz zfts zft4) is uniformly bounded in 4, [ and 7" and hence,

for a fixed k € N, E‘ZT’ < A < oo uniformly in ¢ and 7". Also,

1 & 1 &
lim EQ —hm—E T = 1im—§7‘ = |7 =0
ke n [ le]l,p:l,.‘.,k nesoo ilp [ lp]l,p:l,...,k k>
l?p 17 7k

n,I—oco N -
=1 i=1

where ), is positive definite with minimum eigenvalue \,,;, > 0 since by
assumption, 7; > 0 for all [. Thus, the conditions of Theorem .1.2 are
verified, ending the proof.

Proof of Lemma .1.3. The proof of part (i) follows from Lemma .1.1(i)
using the same steps as the proof that A;, —f 0 in Theorem 3.1 in GK (p.
108). To prove (ii), which is new in our panel context, we use the definition

of @;_ to decompose A,y as follows:

n T oo 2
b = 13 (%zzeg—lsﬁ_l)

t=1 =1

oo 0o n T
— % {Z > o5 (nLT 3 git_leit_p> }
=1 p=1 =1 t=1

n

T t—1
+2 {Z Z l+p 2 (# Z Z 5itl€isp> } = Q10T + 2&2771']’.
=1 1

t=1 s=

Given part (i), we have ay,r = (1/T) X A1 = op (1). Next we show that

aznr = op (1). For fixedm € N, define ay’, = >7)% > oLP2 ( el DOHED DT p)
By Lemma .1.1(ii), it follows that that a3’ — 0 for all m € N. Thus, it

suffices to show that lim, o limsup, ;. P ( ‘agynT — ag’fnT| >0) = 0, for
all § > 0 (see Brockwell and Davis (1991)’s Proposition 6.3.9). By Markov’s
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inequality,

1
P (‘a2,nT - a;’fnT| > 5) < —E ‘a2,nT _ ag?nﬂ

1 I+p—2 n L
5 lz 29 P (nTQZZZEZt 1Eis p)
m+1 p=1 im1 f—1 s—1
1 n T t—1
+' EE: E: eHm 2( - 2: €le5p>
I=1 p=m+1 nTzltlsl
2 > b n T t—1
=3 > Z|90|l+p—2< T2Z E |ei_i€is_ p|>
[=mt1p=1 i=1 t=1 s=1

S(Z \90111>K—>0 as m — oo,

l=m+1

given the absolute summability of 96‘1 and the fact that E |e;_6i5—p| < A <
oo uniformly. This completes the proof of (ii). (iii) follows from (i) and (ii).
Proof of Lemma .1.4 Part (i) follows from Lemma .1.1 and the cross
sectional independence assumption, using arguments similar to those used
in the proof of Theorem 3.1 of GK (2004) (see part (ii) of their proof). To
prove (i) (which is specific to the fixed effects OLS estimator), note that we
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can show that the following decomposition holds:
T
B = s z > (Lot ) (3]
i=1 t=1
T
(z e+ Y ) (z )
s=1

'thl

R
e {Ee (b5 g

Buroa + Burao.

Now,

n T-1 1 n T-1 T—1 T
BnT2.1 = 4/ f Z 96_1n—T (Z €it> ( €is Z 51’5)
=1 1

Il
(=
iy
_|_
S o~
\S]

For fixed m € N, define

n m—1 1 n 1 T—1 2 n m—1 1 n
_ -1 _ -1
e i (15 (G ge) ) - ra (A5 )
=1 =1 t=1 =1 =1

where Zi = T7! (Zt | 5“) . For fixed [, we can show that % St Ziry =T
0% by an application of Lemma .1.1. In particular, we can use the same
arguments as in Lemma A.2 to show that F ]ZZ-TZ\2 is uniformly bounded
by relying on Assumption Al (vi). Thus, by, —" /py 1QZ 152 =

p021717090 =D, and D,, — \/ﬁa m = —A-D as m — oo, where
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A=0%/(1-63) and D = —/p(1 +6)). In addition, by Markov’s inequal-

ity, we have
1 n T-1 1 n
P (|br = bim| > 0) < < /? > 16l (E Y E (Z,-T,l)>
l=m =1

T-1 n
1 n -1 T-11 2
=~ /2N e 2
6\/T;‘0’ ( T ne’
It follows that lim,, o limsup,, 7. P (|b1 — bim| > 0) = 0 since n/T — p,

" 02 — 02, Let us turn to by. For

]90\l_1 is absolutely summable and %Zizl :

fixed m, define

nm—l 1 n 1 T—1 T ’er 1 1
bom = le:;e(l)_lﬁ;f<;5it>< Z 51’5)5 fz::e(l)_lﬁzyﬁ,l’

s=T—-1+1

4
where Y;7; are independent across i, F (Y;r;) = 0and £ |Y,;T,l|2 <F (\/LT Zthl git) <
A by Assumption Al (v) and (vi). Thus, by Theorem .1.1, £ 3" Yy =
op (1) and therefore, by, = op(1). Finally, by Markov’s inequality, we have

1 /n
P (|by — by, 0) < =,/=F
(|62 2’|>)—5T

T-1 . 1 n T-1 T
sk (%) (5,)

t=1 s=T—1+1

T—1 n T 2 n T—1
1 n l—11 ]_ 1 n ]_ 2 -1
< =4/ = 0 — Fl— i =—/=1|- : ) ,
<Hfrsmily <ﬁz) 5,/T(n;al)l§%|o|

which implies that lim,, . limsup,, 7, P (|ba — bam| > ) = 0 for any § >
0. To complete the proof of Lemma .1.4 (ii), we note that E (B,r22) = 0 and
we can show that Var (B,r22) = O (1/nT) = o(1). Part (iii) follows from
(i) and (ii) by Slutsky’s theorem.
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.1.2 Proofs of results in Section 1.3
Proofs of results in Section 1.3.1
Throughout this section, v}, = &; + éyi*t_l + €}, where €}, = &;; - 13, with 0

are 14.d.(0,1) and &, = yi — & — Oy

Auxiliary lemmas

Lemma .1.5. Under Assumption A1, for fized k,l € N, (¢) n 'T~157" ZZ;,CH g2, =t

.. _ _ T * e _ _ T *
o (@) n T YL D tmki1 Sit—kEit =" 0; and (48) n= T 300 Zt:max(k I)+1 e ="

Tialgpery, in probability, where Ty = E (e4¢4_ki—1) -

Lemma .1.6. Under Assumption A1, for allk € N, \/%—T S EthkH (eneh_1s-- - ,gjtes;‘t_k)/ —&
N (O, Qk> . in probability, where Q, = diag (711, . . ., Tik)-

For the next lemma, let yi =
andt=1,...,T,

ai@. It follows that for fixed : = 1,...,n

. _ g G 1—9t +298 +Hés* G,
Yir = A al € s: A Citms = T2 T Uy
R R R T e T
Therefore,
1 n T
* 7*2 — * *
Anr = nT Z Yiro1 — i— T ZZ Ug— 1= Z = Auri— A,
i=1 t=1 i=1 t=1
where uj_ = %ZtT=1 wjpy and wj g = ZZ %) "o Eit1-s = Zt 10 te Eit—s-
Lemma .1.7. Under Assumptwn Al (i) Appy =7 A= 2 92, (i1) A%y =7

0; and (#1) A%, —F" A, in probability.

Similarly, if we define B} = \/% ST (vii_1 — 7;) (e, — &), given
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the definition of y},_,, we have

n T n T
1 1
Byp=— Uy 1€ — ——= ul, & =By — Bipy. (14
nT W;; it—1it \/ﬁ;; t—1 T1 T2 ( )
Lemma .1.8. Under Assumption A1, (1) Bip, =% N <0,B> ; (1) Blpy =T

_AD’ and (,“”l’) B:;,T _>d* N (A : Da B) , m pTObab’Lllty; where B = Z?il 9(2)[_27'”,
and A and D are defined as in Lemma .1.4.

Proofs

Proof of Theorem 1.3.1. The result follows from Lemmas .2.3 and .2.4,
Theorem .1.1 and Polya’s Theorem, given that the normal distribution is
everywhere continuous. Note that Assumption Al needs to be strengthened
by A1(v') in order for B = B.

Proof of Theorem 1.3.2. We show that (1) vaT(#* — 0) = N(D,C)
_ (146
in probability; and (2) for some § > 0, E* (‘\/nT(Q* - 9)‘ ) = Op(1).

Starting with (1), we can write vVaT(6* — 0) = v/nT(0%, — 6) + R*,, with

Ry = —vnT (07, — 9>1{,%TZLZthl(yﬁ_l—ﬂ?—)%%}’ given tAhe deliinition of 6*

(with 6 = 2 and 1 € (0, %)) By Theorem 1.3.1, vVnT' (6}, — 0) = Op«(1),
0

in probability, and

i=1 t=1

n T
* _ * 1 * —x \2 77 P
B (L s s oo ren}) = P (n—TZZ@it—l—%—) <§> =0,

given (1.3). By Markov’s inequality, we conclude that R, = op+(1) in proba-
bility. To prove (2), we let 6 = 1 and define S = {% S S s — T > g}
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Then, given the definition of 6*, we have

2) _ B (‘x/ﬁ(é:d _ é)15‘2)

1 T 2 | T ,
nT NG AR CARE I |
(nT i=1 tZ:; Vit ~ Ui ) ( nTz:Z(yt L= Vi) (ex )) S

B (’\/ﬁ(é* —d)

NgE

4 1 n T 2 4

n

where B, can be decomposed as B, = B}, — B3, with B}, and B}
given in equation (14). We now show that E*(B2) = Op (1). We have that
E*(B;F) < 2(E* (Biay) + E* (Bsiy)) , where E* (Bify) = Var* (Bi,z) ="
B, so E* (Bt2;) = Op (1) . For the second term, note that

B*n u’b 6 n + B:L )
2T = WZZ t—1 nr2.1 T2.2

i=1 t=1

where B}, ; and B, , are defined in the proof of Lemma .2.4. As we argue
in that proof, E* (B%,,) = 0, so we are left to prove that E* (B:%,,) =
Op (1). Given the definition of B}, 4,

= T—1 2 /rp 2
(BnT21) = mZZQHp*QE* (Z@Z) ( 5;s>

i,j=11p=1 t=1 s=1
| oIl T—1 2 s p 2
o N+p—2 1 * *
= T3 E E 0 E € €1
i=1 Ip=1 t=1 s=1

n T-1 T—1 2 T—p 2
ZZQHP 2p* ( 5;.;> E* < g;s> = b + b5

i#£j l,p=1



=

n T-1 T—1 4 n T-1
* N21—2 1 * N+p—2 %
bl = nT3 E 0 FE (E 5it> +2ﬁ E ARy )
1 1=1 t=1

= bh + bTQ

For b}, using the fact that E*|ny|* < A < oo,

n T-1 T—
by, < nT3 ZZQM{Z%”Z@Z@Q

i=1 [=1 t#s

3(1 + A) 1 22 22 - A2l—2
< MLy aal (>0

i=1 t,s=1 =1

given that the terms in brackets are Op (1). Similarly,

n T—1 T—p T-1 2
* _ l+p 2 % * *
b, = nT3 Z 0 E ( €+ %)

i=1 I>p

<
i=1 I>p t=1 T—p
n T-1 T-1
4(1 —|— A) 2 A
< E E 9203 E E1E7 +
=1 [>p t,s=1 t=T—p+1
<

i=1 t,s=1 I>p

Finally, for b5 we have
n T-—1 T—p n 1
I+p—2 2
i S (Sa) (Sa) <5 (5
1#7 lp=1 s=1 i

This complete the proof of Theorem 1.3.2.

6(1 o) {n; > Z 8262 } (Zl élﬂv—?) — Op(

}

) — 0n(7).

n T—1 T—p 4 T—1 2 yrp 2
LSy e ( ) . ) (z)
t=T—p+1

125
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Proof of Lemma 1.3.1. From Lemma 2.3, A*, =" A. Hence, it suffices
to show that B;‘fd —P" B, in probability. We can write g —E&=¢h—& —
(04— 0) (i1 — i), wheve 25, = yi—a —0 5y and =5, = y—ai—fy_,.
Thus,

3%, = B + B + B, with

% n T * —% 2 * —\2 % —% 3 *
Bf = % Zizl Zt:l (yitfl - yze) (e, — &), Bs = -2 ( rd ) nT Zz 1 Zt 1 (yzt 1 yi*) (g5 —

® N A\ 2 n * —% 4
and By = ( rd 8) T 2oie Zthl (f‘/itq - yif) -
We show: (a) Bf =" B, (b) Bf =" 0 and (¢) Bf =" 0. Starting with
(a), note that

. 1 n T
Bl = =33 (i —5) &)’

i=1 t=1
1 n T
_ 2 —%\ 2
_ * * * *
Y E E (uitfl - ui*) (5 — &)
=1 t=1
o * — % —*2 A%2
= E § zt 1™ 24U +Ui7) ( £ — 26,8 T & )
=1 t=1
= § § zt lgzt nT?
=1 t=1
where
* _ * *+ 7*2
nl uzt 16 tgi zt 1€ A uzt luz— zt
=1 t=1 i=1 t=1 i=1 t=1
4 n T
* —k %k =k 7*2 *2 7*2 7*2
+_nT E E g1 Ui €35 + E E Uiy — — E U;j_&;
i=1 t=1 i=1 t=1

* * * * * *
—Ryr + Ryrs — Rops + RnT4 + Rrs — Ryre-

By arguments similar to those of the proof of Corollary 3.1. of Gongalves
and Kilian (2004), one can show that -1 5" ST 42 =2 5P B To
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show that R, —%" 0 in probability, it suffices that E* (‘R T]D —P 0 for
7=1,2,3,54,6. For j =1,

n T
*2

. 1/2
— > e 5:2] = At x AL
n

i=1 t=1

1/2
|RnT1‘<2[ ZZ Uiy 1]

=1 t=1

Let us start with A%. Since uf,_, = > '} sl

zt EM

Bl - zzizwmmf

=1 t=1 s=1

1 n T t—1
_ As+p+q+r—4 * * * * *
- nTZZ Z 0 TOM CHRINCHENS

=1 t=1 s,p,q,r=1

025+2p 4 A2 925+2p 4 A2
ztsztp—nT ztsztp’

zltlspl i=1 t=1 s,p=1

IN

where £; = 0 Vt < 0. Therefore,

T
EmwSAz%WA—zzan
s,p=1 i=1 t=1
T 1/2 LT 1/2
< Ay zznq(m )
s,p=1 i=1 t=1 i=1 t=1
T
< ay (LYY a) o
s,p=1 i=1 t=1
given that 15" ST 24 = Op (1) under Assumption Al and the fact

that § — 6y = op(1) with |fy| < 1. To conclude that R*,, =" 0, it suffices
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to show that E* (|A3|) =% 0. This can be done as follows:

n T
E* |A;|2 _ %ZZE* jt2§*2 . T3 ZZ Z E* 8*25* 5*

i=1 t=1 i=1 t=1 pg=1
] I 1 (1T 2 1
- Yy Yag- sty (33a) b0 ().

i=1 t=1 p=1 i=1 t=1

Similar arguments can be applied to R}, 7 = 2,3,5,4,6. For B* and B3, one

can easily show that -~ > | S (yi1 — yi_) (e —&r)and = >0 ST (v5i_1 gj}‘_)4
are Op+ (1).

Proof of Lemma .2.1. The proof follows closely that of Lemma A.2 in

GK (2004) and therefore we skip the details, only mentioning the changes

introduced in the panel context. As in GK (2004), for part (i), we can write

1 n T
=D D G-

i=1 t=1

Zzsﬁ 0% =

=1 t=1

= Fl*—FFQ,

n T
= |- )|+

i=1 t=1

where now &; = e + (o — &) + <90 — é) yir—1 depends also on (a; — &),
new to the fixed effects estimator. Thus, to show that Fy, = op (1), we

need to use the fact that sup,<,<, [&; — o;| = op (1) under our assumptions.

2
Since E [(ZL €¢t) } ST UE(e2) = O(T), it follows that ./ &y =
Op (\/T ) uniformly in ¢, and therefore, \/LT Zthl gy = Op (1) uniformly in
i. Also, given that %Zthl Yitr—1 = Op (1) uniformly in i and 6 — 6y = op (1),
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we have
sup ]@i - Oéi’ = sup Zé‘zt - (9 - 90) l Z Yit—1
1<i<n 1<z<n T —

1 1 &
— L ormrormoO
\/T P() OP() P

The proof that E* (Fy?) = op (1) follows exactly the same steps as the
proof in GK (2004), with the only difference that we again rely on the

uniform convergence (over i) of &; towards «; (in addition to the conver-

gence of 0 towards 6) to show that D S é4 = Op(1). The proof

of (ii) and (iii) follow similarly. In particular, to prove (iii) we show that

HLT Sy ZtT:mM(M) +1 e2eu_rEit1 — T by verifing the conditions of Theo-

rem .1.1.

Proof of Lemma .2.2. For fixed k € N, we check that Z;F = \/LT Z;‘F:kﬂ (525%717 o 75%“5;&—19),
satisfies the conditions of Theorem .1.2, conditionally on the original sample

with probability converging to one. First, {Z}F} are (conditionally) indepen-

dent across ¢ for all T with E* (Z;f) = 0. Second,

T
/ 1 N
* xk r7xk . ~2 A2 ~2 A2 _
E (ZiTZiT> = dmg( Z SitSit-1- -0 Z CitCit— k) = Oir.
t=k+1 t=k+1
Under our assumptions, - >°7 ™7, é2¢2 P 7 p=1... k which
implies that plimn,T_mﬁ Yoy Qir = ., where Q is positive definite with
minimum eigenvalue \,,;, > 0 since 7, > 0 for all » > 1. Lastly, we can

show that E* || Z:F |26 = Op (1), uniformly in ¢ for § = 2. In particular, by
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the ¢ — r inequality (with r = 2),

k T 2\ ? k 4
B |28 = B z( S e ) szf—le*( S e )
=1

=1 t k+1 t k+1
T
- _2 (Eztlgltl lgltggltg lsztggztg lgit4€it4—l)

=1 t1,...,ta=k+1

k 1 T
VN _

< Ak E :ﬁ E : €itCit—1 T 3 E gztezt lezsezs ] — Op (1)7

=1 t=k+1 t#s

given that 1/T 3] Lk Eh€h_y = Op (1) under Assumption Al. Note also the
use of the definition of €}, = £;7;; and the i.i.d. properties of n;; to justify the
fact that the only non-zero contributions to the sum in the second equality
are when (1) t; =ty =t3 = tg; (2) t1 = to # t3 = ty4; (3) t1 = t3 # ty = 1y
(4) b =ty £ty = t3.

Proof of Lemma .2.3 The proof of (i) follows the same arguments of the
proof of Lemma A.4 of GK (2004), by replacing their Lemma A.2 with our
Lemma .2.1 to justify the convergence in probability of n = 'T1 Y77 | ZtT:k 41 e,
towards o2 and of n= T~ S ST 41 Ei—iEs towards zero. Part (iii) fol-
lows from (i) and (ii). Part (ii) is new to the panel context considered here,

which

tlesl*

so we provide more details. First, recall that w}, ; = > _ I

implies that
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2 + 1)/
+- Z U D0" D\ = AT+ A

Given the definition of x;;, we have that
n T-1 1 T—-l-1T—-l—k
SN EIIETELD S SEEM ERRN

zlll

Using Lemma .2.1.(i), and following the proof of Lemma A.4 of GK(2004),

we can show that

1 T—1 1 n T-I 1
=1 i=1 t=1

For the second term, we have that

2T 11nTllel7k 2T1TZIA
3L ETO D S SEE M B 9b Sl

i=1 t=1 I=1 k=1

S|

n T—l—k
* %
E CitCit+k | -

i=1 t=1

N[ =

For fixed m, let

9 m—1m—Il—1 11 n T—l—k
Ao = T Z 62— (Tﬁ 5:t8:t+k> :

i=1 t=1

By Lemma .2.1.(ii), we have that £ >" | ZT ok ehehn =7 0, in proba-
bility. Since 6 —F 0y, it follows that Alom — P70, in probability. To conclude

that a}, —7" 0, in probability, it suffices to show that lim,, ., lim SUPy, 700 P (‘aﬁ — a}‘zm‘ > 5) =
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p (1). We have that

o T-17-1-1 |1 Tk
Gy~ Gl = 3 O (ﬂz 2 5353*'@)
m—1T—-1-1 n T-l-k
2 N2(1— 11 * % *
+ T ) (fﬁ ' 5it€it+k> = Rig1m+ Rizom:

By the triangle inequality,

9 T-1 ) T—-1-1 11 n T—-l-k
E* |Riy | < ?292(171) Z (fﬁ B i )
- .

l=m i=1 t=1
o T-1 T—1-1 n —k o .
< T 2920—1) Z ( Z Z |Eitlirgr] £ |77it77it+k|) < 2A (TE Zé?t> (Z 92(l—1)> ’
= = ==t i—1 =1 f—

where we have used the fact that E*|n;nix| < A and Cauchy-Schwartz’s
inequality to justify the third inequality. Under Assumption Al, we have

that 125" ST 22 — Op (1) whereas Y71 620-D P 65" /(1 — 62),

which converges to 0 as m — oo since |6| < 1. This shows that lim, o limsup,, 7, £*
op(1). For Riyy

* ‘ _
12.1,m| —

4 m—1T-1-1m—1T—-p—-1 1 n T-l-k n T—-p—q
* | px 2 A2(1+p—2) Z .
E 12.2,m < ﬁ 0 n272 E (51t52t+k€j5 ]s+q)
=1 k=m—I p=1 g=m—p i=1 t=1 j=1 s=1
4 m—1T—-1-1m—1T-p-1 n min(T—1—k,T—p—q)
- N2(l14+p—2) * ( _*2_* *
T2 6% n2T2 E (Eit Eit—l—kgit-i-q)

m—1m—1min(T—1—-1,T—p—1) n min(T—Il—k,T—p—q)

_ % S §20+p—2) ’I’LQTQZ Z E* (el )

=1 p=1 k=max(m—I,m—p)
n m—1m—1
(R m S

i=1 t=1 =1 p=1
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which converges to 0 as n,T" — oo since under Assumption 1, we have that

n T N
nLT Zi:l Zt:l 5§t = Op (1) and

m—1m—1 — 1— eg(m—l) 1
p— _ .
nl%gloozze 1- 02 Tiog T

=1 p=1

showing that lim,, , limsup, ., £~ Rimvmf = op(1). This ends the
proof of A} = op«(1). For A}, we have that

n T-2T-1-k 1 T—l—k
s s e (13a) (51 4

zlklz
n

o n T-2T_1- | Tlk = | Tolok
_ ﬁzz Z G+k=2) (_ Z ef + ng;‘t) (T 8}2)

i=1 k=1

T—

)
N
I
RSN
|
b
~
1+
b
>
T
e
&
N
3|
%}—‘
NE

T—1—k
*2
E it
=1
—k—p

¥k % *
5z‘t5z‘t+p> = Qgp 1 T Agp -
=1 t=1

By Lemma .2.1 (i), and following the proof of Lemma A.4 of GK(2004), we

can show that

o T-2T—1-k 1 Tk 1
a1 = T Z g2 <nT Z & ) (f) =op-(1).

k=1 I=1 i=1
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The proof that a3, , = op~ (1) follows by showing that E* a3, ,|* = op (1).
For a3,, we use Markov’s inequality and apply the same reasoning as that
used to show that by = op (1) in the proof of Lemma A.4.

Proof of Lemma .2.4. Part (i) follows by the same arguments used by GK
(2004) to prove their Lemma A.5, given our Assumption Al and the fact that
sup, |& — oy| = op (1) and § =% 6. Part (iii) follows trivially from parts
(i) and (ii). Part (ii) is the new bias term, which we consider in more detail
here. First, recall that S, uf | = ( e gft) , which implies
that

n T

n T
* * Nl—1 - *
By = 1 Ui & \/ﬁ ; (Z 0 Z%) < Z€i5> '

'th s=1

given the definition of £;. It follows that

B o (S (;e;+ > )

s=T—-1+1

2
B 1 n—Al_l T—l))< 1 nTll1 — —

t=1 t=1

*
nT2.1 + BnTQ 2

For fixed [, we can write

T—-l-1T-l-k

T—1
(ze;;) zs 2 Y i
t=1

which implies that

n T-1 n T-1 T—-1-1T-1-k

’;kLTQ.l \/n—TZZGl lzgzt+

=1 [=1 i:1 =1 k=1 t=1

Using arguments similar to those applied in the proof of Lemma .2.3, we can

1SS et = b
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show that b} =" \/p7% 5, we have that

n T-1T-1-1T-1T-p-1 n T-l-kT—-p—q
* |7%)2 e H-p 2
E ’bZ‘ - 4(T> § : E : n2T2 § § § : Zt€Zt+k€j8 ]s-‘rq)
I=1 k=1 p=1 g=1 i,j=1 t=1 s=1
n T-1T-1-1T-1T-p-1 n min(T—I—k,T—p—q)
_ i Nl+p—2 *x2 _x
= 4 <T> Z Z 0 n?T? Z Z E® (glt 8Zt+k€zt+q)
I=1 k=1 p=1 g=1
T—1 min(T—1-1,T—p—1) T— 1 n 1n(T—l—k,T—p—k)
n
T n2T2 § : itSit+k
=1 k=1 p=1 i=1 =1
1 n T T—1T-1
2 : n ZZ Al+p—2
< ﬁ Eit T T 0 OP
=1 t=1 =1 p=1

Using similar arguments, we can show that E* |B} T22| — 0, which com-

pletes the proof of Lemma .2.4.

Proofs of results in Section 1.3.2

Proof of Theorem 1.3.3.
We show that
1 n T
B;:TE\/— Z Yit—1 — €i _ér;k) —d N(O,B)

L —

~

in probability, where €}, = &;; - n;, with n;; are 1.i.d.(0,1) . We can write

By = szut 1€ — ZZut &= Bl — Bl

=1 t=1 =1 t=1

Writing B, = n~/? S Zip, with Z, = \/LT Z?:l w165, we verify that
the conditions of Theorem .1.2 hold with probability converging to one. First,
{ *.} are independent across i for all T' with E* (Z}) = 0 and E* (Z3}) =

T thl u?_ &% = Q. Moreover, for § = 2, and using the independence of
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g5, across ¢ and ¢, we have that

1 < ! 1 <
* *24+0\ * * o * * %k k%
E (ZiT ) =F _\/T E Uit—1E 44 = ﬁ E uitfluisfluipfluiqflE ( n€w€zp€lq)

t,s,p,q=1

T
3
* *2 *2 A4 ~2 A2
T_ Z Wit— 1u18 1B ( Cit ZS = T2 § :uzt 1 zt+ E , u’zt 1uzs 1Eiéis = Op (1)

t>s=1

given that E* |771t]4 < A < oo. Finally, we can show that 1 S Qi =
D ST ud €2 =P B. To complete the proof, we show that By, =
VEES L Zip =7 0 by verifying that the conditions of Theorem .1.1 apply

1 & -
= T;Uit_léj = ( guzt 1) (\/— Z&Zs>.

Given that £}, are independent across i, so are Z},. Moreover, E* (Z}) =0
and for § =1,

E* (Z37%0) = (%guztl> E” <LTZEZ>

Proofs of results in Section 1.3.3

Proof of Theorem 1.3.4.

Let Iy,..., I, beii.d. random variables uniformly distributed on {1, ... ,n},
and let

(y;kt,y;‘t_l) = (yre,Yrt-1), t=1,...,T, i=1,...,n.

Define &; = yir — eyzt 1, € = Y — é Yir—1 and g5 = yi — o —boyg
where o = ay,. We show that (a) A;‘;T =50, Zt (yny — gz‘_)2 —
- n T * *

A and (b) By = \/%*Tzz':l et Wi — %) (8 —¢5) =¥ N(0,B), in
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probability. Recall that y;; 1 = ﬁ_léo—i_u"tfl' Similarly, define pu; = F (yy—1) =
¥ = pr,. Then, for (a),

n T

Arp = HLTZZ(yIt_l—Mf—yE‘_JruZ‘)Q
i=1 t=1
1 n T T 2
= n_TZZ<(y; 1= Z ( Z yzs 17 My ))
i=1 t=1 s=1
1 n T n 1 T 2
- TS b (R ) = i
i=1 t=1 =1 s=1

We show that (al) A%, —f" A and (a2) Afp, = 0. For (al), we let
Ly = %Zf (wno - ,u;‘) , which implies that A%, = + 3" | 7%, and we

use Theorem .1.1. Notice that {Z},} are independent across i for all 7" with

R =S 11
b (ZiT>_T;E ((ym 1 — [i1;) _T;ﬁz Yjt—1 — Hj) _nT;;u” 1—> A.
Also, for 6 =1,

E ZZ*YI“—’—& 2 ZE*< yzt 1 Mz) (y:(s 1 z > ngzuzt luzs I_OP( )

t,s=1 =1 t,s=1

N 2 -
For (a2), define Z}. = (l ST (yh_1 — uj‘)) and let A%, = 150 7%
where the {Z%.} are independent across i for all T' with

T

£ (ZZ*T> = % Z L ((y;kt—l - M:) (?Jz*s 1 Nz T2 Z Z Uit—1Uis—1 = ! ZEQ_ -0,
=1

t,s=1 i=1 t,s=1
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by Lemma .1.3. The result follows by showing that
1 n T
E* <Zz*zl“+5> = Tt Z Z Ui Uis—1Ujp1Ujg—1 = Op (1)
i=1 t,s,p,q=1
for 6 = 1. Next we show (b). With our notations, B}, can be rewritten as
n T
B:L - i i Z’ —8;’( R s — Y gs_g
, ﬁzz{ i ) 620 = 33 s ) »}

1 n T 1 A /
T {ﬁ 221 ; (Yit—1 = Ji-)" = T Z > (i - 55)2} vnT <9 - 90> = By +Ry,

Using (a) and Theorem 1.2.1, we have R} = op+ (1) Op (1) = op« (1). There-
fore, (b) follows if we prove that B’ —4,. N (0, B) in probability. Noting

that Zt:l (yitfl - yif) (e, — &) = Zt:l (yit 1 Nz) (e — &),

B = %ZZ{@;_I DICE n—niTZZujs_l(ejs—ej)}

i=1 t=1 j=1 s=1
1 n T 1 n
= = Yir _N;k €t — — Ujs—1Ejs
nTZl;{(“ g nle;J J}
1 n T 1 n T
_\/ﬁ;;{(%t—l _'”i) ST T i uj515j} = B, — Buras

Therefore, it suffices to show that (b1) Bip, =% N (0, B) and (b2) By, ="
0 in probability For (bl), we verify the conditions of Theorem .1.2 with
B = Zz 1 Zir and

1, \
zT - \/_ Z Zit = ﬁ Z (yzt 1 7, zt Ujs—1E5s = qu E (qu)
t=1

]131

Notice that {Z};} are independent across i for all 7" with E* (Z},) = 0 and
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Qi = B*(Z37) = B (¢;r)" — (B* (¢ir))", where

Q= ZQiT = ZE (QiT>2 o Z (& <QiT))2 = 07 + (.
i=1 =1

- n4 :
=1

By Lemma .1.4 (i),

i=1 i=1 t=1
n T n T
DI BEEEE DY
= — u; £ — Uit—1EitUis—1E4
t—1%it 1it—1<itWis—1Cqis,
nT ! nT
i=1 t=1 i=1 t#s

where the first term converges to B in probability and the second term is an
op (1) given Assumption Al(vii) in particular. Thus, Q* —¥ B. The result
follows by showing that E* (¢;7"°) = O(1) for § = 2. To prove (b2), we
proceed similarly but verify the conditions of Theorem .1.1 instead. We omit

the details to conserve space.

.1.3 Proofs of results in Section 1.4

Proof of Theorem 1.4.1. The proof follows from Theorem 1.3.1 and the
fact that é:d —P" 6y in probability.
Proof of Theorem 1.4.2. The proof follows from Theorem 1.3.4 and the
fact that é;b —P" @, in probability.
Proof of Lemma 1.4.1. From the proof of Theorem 1.3.4, A% —" A.
Hence, it suffices to show that f?;b —P" B, in probability. We can write

~
~. *

Sk ok Ak 2* * —x Sk 0k A 2>n< *
€ — & = & — & — <9pb - 9) (yit—l - yi—)> where £}, = yj, — &; epbyit—l

: X Nk % Ak ok N 2>o< : x A :
with & = g7 — 6,57 and £, = y;, — & — Oyj;_; with &; = ;. As in the
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proof of Lemma 1.3.1, we can write
o = B + By + Bj, with

B = 5L YL Wi — )" (B = 8)" By = =2 (9 —0) & X X (i — 7" (B0
. 2 2\ 2
and By = (05, 0) S S (v —9)"

Given the pairs bootstrap DGP, one can show that - " | ST (y51 — gj;i)i3 (&, —¢7)
and

D S (yhq — gjf_)4 are Op- (1) terms, and therefore, B and Bj are

op- (1) terms. For B}, we also define &%, —&* = e, —&"— (é - (9()) (vioi —U5),

where €}, = yi, — of — 0yy;,_; with & = «y,. This implies that
B = Xi + X5 + X3, with

* n T * 5 \2 [ % =\2 % 5 n T * — \3 [ _x =
X1 = % Zi:l Zt:l (yit—l - yi-) (e — &) x5 =—2 (9 - 90) ﬁ Zi:l Zt:l (yit—l - yi—) (e, — ¢

N 2
and x5 = (6 — 90> D Zthl (y51 — g;ﬂ)zl. As before, one can show
that given the bootstrap DGP of the pairwise bootstrap, - > | Zle (yiq — g;*_)g (e, — &7)
and —=>"" ST (yi1 — 37;‘7)4 are Op- (1) and therefore, x5 and X} are

op~ (1). Let us turn to x7. Since we have resampled only in the cross section,

n T T
ET Il = %ZE*{%Z@Zl_ﬁ)Q@;_g } ZZ Yit—1 _ze (git_gi>2

=1 t=1 =1 t=1
1 n T ) 9 n T
= T Z Z (yit—l - Mz’) (et — Z Z Yirm1 — z H — ﬂ,;_) (e, — éi)z
=1 t=1 1:1 t=1

1
ToT Z Z (ki — @i-)z (e4 —&)* = B1 + By + B,
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Schwartz inequality,

where j1; = E (yi) = 1-6

9 T 1/2 1/2
|Ba| < <n_T;Z (1 — ;) 2) (nT ZZ (Uit Mz (€t _5z‘)4> =70

=1 t=1 i=1 t=1

2 _ n i
smce T Zz 1 Zt 1 (yn 1 /%‘) (6 — 52‘)4 = Op (1) and ,%T Zi:l Zthl (Nz‘ - yi—) 2=

% Zi:l 112_ — 0 by Lemma .1.3. One can also show that B3 = op (1). Finally,

7

T

ZZ yzt 1 ,Lbl Eit_—zz yzt 1 ,uz 62t5+ ZZ yzt 1 lj,z g—f,

zltl i=1 t=1 11t1

where the first term obviously converges in probability to B while the remain-

ing terms converge to 0 by making use of the Cauchy-Schwartz inequality.

.2 Proof of main results in Chapter 2

.2.1 Proofs of results in Section 2.2

Proof of Theorem 2.2.1. Under Assumption A, Hahn and Kuersteiner
(2011b) have shown that

ai-a)-(357) (FrErw)

=1 07

F(55) A S et [ (- St [ oo

=1 2K [—

The half-panel jackknife estimator is given by 0, 2 = 20 — % (él + ég) If

we assume for the mean time that 7} = T'/2 is an integer, then by similar

2
)
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arguments, one can show that

G (i-n) - (15r) (i)

AN 1 S Vit 1 . L (Uit )
x¢ =3 Y > |un T +op (1)
{n i—1 \V Tl t=Ty+1 E [%L’g} [ V Tl t=T; +1 ( t 2E |:8L’;:i| Vit op

By putting together these results, we obtain

VAT (b1, 00) = VT (29 . (91 +0,) - 90>
= 2v/nT (0 6) — 7@(61 ) - —\/n_T1<92 ~ )

:Gig)l (V%Zi it)-z@( ZI) E;me(l)

=1 i=1 t=1

where ZiT = ZIiT + ZQZ‘T, T1 = T/2 and

- " LT . E(Uy,,) -
Zur = g [avt}] [ﬁt;l (UJ ﬁvit)_ )

3.;

L 9v; 073
_ . . -
- - E(Uy,.,)
Dot = i Ui% _ #w )
2iT \/_ :TZ |:81)1t:| ] ﬁ tzl ( t 9F [%L;;] t)
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From Hahn and Kuersteiner (2011b), we have

(%iL)_IWZZUn% N(OI 19(1) 1>.

i=1 =1 t=1

Thus, the half-panel jackknife estimator is asymptotically unbiased if By =
%2?21 Zyr = op(l) and By = %Z?:l Zoyr = op(1). We are only going to
give a proof of By = op(1), the proof of By = op(1) follows similarly. Note

that the Z1;7 are independent across ¢ and

wou E (Ui, -,
EZyr) = 1(;3 - ( ;%_%) 321
2] 2 (e[3])
v T T i o) T T
where ZMUT = % t=1 Zs:Tl—i-l E v U] and X3, = % t=1 Zs=T1+1 E [viv,].

Under Assumption A (3) and (4), we can apply Lemma 2.1 of Davydov (1968)
with p =¢q = 3:

HElzTH < —Z Z | E [0, U]
t=1 s=T1+1
LI5Sy 1/3 1/3
< F2 3 (Bl EIUEI) o (s -y
t=1 s=T1+1
1 Ty T
< 2% Z Z (E|M () |3)1/3 (E|M (z4) ‘3)1/3 a(1/3)(s=1)
T t=1 s=T1+1
Ty T s 2
l 1/3(s—t) __ (1/3) L l B l
: AT;FTXI:HQ A —ar) 7 9F)

where A is a generic constant which follows from Assumption A (4). There-

fore, 297, = o(1). Let us define Zyry = 7 oor T4l E[”” ]U%. To
v,
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conclude that

0

t=1 s= B

Z P [ } ——Ui = %ZZMT,I = op(1)
Tit1 =1

it suffices to show by Lemma 1 in Hansen (2007) that E || Zy;1; " < A <
for some 0 > 0 and all 7, T. We set § = 1. Then,

) 1 T T [Ultvzp U’Yz U'Yl i|
E\Zyrall” = ﬁz > 57— =0(1),

t,s=1p,q=T1+1 <E [g—ff] )

by combining Lemma 1 of Andrews (1991) and Lemma 2.1 of Davydov (1968)

®. Similarly, one can show that

Uwz
12——2 Z Z —— - 9 VitVis = — ZZIzT2

t=1 s=T;+1 2 <E [g}ﬂ)

This complete the proof of = 3" | Zy;7 = op(1) and therefore, the half-panel

jackknife estimator is asymptotically unbiased.

.2.2 Proofs of results in Section 2.3

In the bootstrap world, we define

o (w550, )

u;é(t (97 ’Y’L) 80 Y
* 877Z) wz 9 9’ ’Y’L
vy (0,7) = %)

> Arguments are similar to those of the proof of Theorem 1 of Hahn and Kuersteiner
(2011b).
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Therefore, the bootstrap counterpart of the maximization estimator is given
by

n T

<é*’ Ay ,&Z) = argmaxy., .. Z Z Y (xh;0,7)

i=1 t=1
where {z},i=1,...,nt=1,...,T} are data obtained by the pairs boot-
strap procedure. Lemmas .2.1 and Lemma .2.2 are the analog of Lem-
mas A.4 and A.5 of Goncalves and White (2004). To state the follow-

ing lemmas, we need to introduce some notation. For each 6 € O, let

Qi (¢) = i Sy KLy D0 (130,51 (9) be  pais bootsrap resample
of Qnr ( ) = n_T Zi:l Zt:l D"y (fiu Vi (9))

Lemma .2.1. (Bootstrap Pointwise WLLN). Under Assumption A, for
anyn >0, 0 >0 and for each 0 € O,

lim P [P* (|Qir () = Qur (6)] > 1) > 6] = 0.

n—oo

Lemma .2.2. (Bootstrap Uniform WLLN). Under Assumption A, for
anyn >0 and d > 0,

n—o0

i 2| P (5091930 (6) ~ Qur (9> 1) > o] =
0cO

Our next lemma establishes the consistency of 6.

Lemma .2.3. (Consistency of 0*). Under Assumption A,

~ A

0* — 6 =" 0.

Before stating our next lemma, let

() = L[ e oy E T (A ()
27) = o () - T e

i=1 t=1

where 6* lies between 6* and 6. The next lemma establishes the consistency
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of the Jacobian.

Lemma .2.4. (Consistency of the Jacobian). Under Assumption A
and for every 6* —F" 6,

i (é*) NN
where T = limy, o0 = >0 1 T;.

For the next Lemma, we define D7 = \/% ST (é, 7;‘0>.

Lemma .2.5. (Asymptotic Normality). Under Assumption A,
Di . =% N(0,9), in probability,

with Q) defined as in Theorem 2.2.1.

Proof of Theorem 2.3.1. Recall that the pairs bootstrap resamples only
in the cross sectional dimension. More specifically, we generate x} ~ i.i.d.
{z;:i=1,...,n}, where 2} = (z7},...,z}p) and z; = (241, ..., z7); 1.e. let-
ting Iy, ..., I, beiid. Uniformon {1,...,n}, we have z}, = x,,. Thus, 7} =
41, is the bootstrap counterpart of v;9. Let 4} (f) = argmax, ZL Y (rh;0,a).
Notice that given the bootstrap DGP, 47 (0) = 4, (0) for all § where 4, (6) =
argmax, Zthl Y (z4;0,a). The following first order condition (FOC) holds:
1 S . () .
a2 o (03 (7)) =0

=1 t=1

Expanding this expression around the true parameter value 0 (in the boot-
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strap world) yields

n T

- 35 61 0)
S ) e () "

where 0* lies between 0* and 0. For the estimators of the individual effects,
the first order condition is %Zle v, (6,45 (#)) = 0. Differentiating this
expression with respect to 6 yields:

O3 (0) _ 7 Dou Vi (0,57 (6))

09 LS, (0,47 (9)

Therefore, we can write

-0 = - LIT Zi {uzw (8032 (7)) = e (5752 (7)) 1;2% 0 (M ((99>))) }] _1

T D1 Vit (0*7 Vi

or alternatively,

;
~
5
=
Il
|
| — |
s
5|~
\gE
M)~

oo e
ACEE

. <9> = 7,5 The result follows from Lemma

s
I
—
o~
Il
_

X
a _
N
M=
s:*

N
Il
—
~
Il
—

since by definition 4; <é)

|
\Q>
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.2.4 and lemma .2.5 since they establish that

ey T e i, (6797 (6 L *
R e e A O B

1 T * Nk A%
T 2=t Vitn, (9 ) Vi

5 () -3

n
i=1 t=1

and

n T
Dy = T E E ug, (9,%0) —4 N (0,9), in probability.

i=1 t=1

Proof of Lemma .2.1 Define Z (0) = >, D¢ (2%,;60,4; (0)). Then
Qir (0) = 23", Z. Since 47 (0) and 4; (0) depend only on observations of
individuals I; and i respectively, it follows that E* (Q%, (0)) = E* (Z} (0)) =
Qnr (0) for all # € ©. Conditionally on the data, we have by Tchebychev’s

inequality

~ Ly (% > 2 0) - B (Z (9))) = S Y Ve (Zir (0) — Qur ()

772 i=1 ,'72 n’ =1
11 ¢ : ;
= g A (2 0) 20 0)) = Qur (0)Qur ()}
=1
1 1 - 1 T * 14 * 20k 174 * 2%k ! 1 1 4
= w2\ 2L E (D70 (230,57 (0)) D" (210,47 (0))') = 37,Qnr (0) Qur (6)
i=1 t,s=1
1 1 S ., . 3} 11 , 1
- ?n2T2 ;tgll) Y (i3 0,7 (0)) DY (245 0,7: (0)) _ﬁEQnT (0) Qur (8) = Op (ﬁ) :

where the last equality follows from Assumption A (4), delivering the desired
result.
Proof of Lemma .2.2 Given 1 > 0, divide © into subsets ©1, 0, ..., 0y

such that ||#; — 65| < & whenever 6; and 0, are in the same subsets. Let 0;
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be a point in ©; for each i = 1,..., M (n). Then

96@]'

Pr (228 |Qrr (0) — Qur (0)] > n) = (maxj sup |Qrr (0) — Qur (0)] > n)

M (n)
< ZP* (SuplQnT() QnT(9>|zn>.

0€0;

For 0 € @j,

|Qur (0) = Qnr (0)] < |Qpr (6) — Qe (05)1+1Qnr (05) — Qur (05)|+[Qnr (05) — Qur (0)]

n T

1
< |Qnr (05) = Qnr (6 |+ﬁz M () (¢ + max; |97 (0) — 77 (65)])
1

i=1 t=

1 o

+ﬁz M (z;) (e + max; |3 (6;) — 4 (0)])
i=1 t=1

1 n T

< |Qnr (0;) — Qur (05)] + T Z Z M (z3,) (e + max; [9; (0;) — % (0)])
1 i . i=1 t=1

to= ; 2 M (i) (e + max; [9; (0;) — i (0)])

n T

< |Qur (05) = Qur (05)] + %T DD M (wir) (e +maxi [ (6;) — 3 (6)])

=1 t=1
1 n T 1 n T
DD M () = o DM ()| (= + mai 54 (6) = 5 (6)).
=1 t=1 =1 t=1

where the third inequality uses max; |3 () — 47 (0;)| < max; |%; (6;) — 4 (9)|
given that 4 (6) = 4y, (#) for all 6. Since

5 (0) — 3 (0) = (%) (0, —0) = — FEC v (0.3 (7)) ;- 0).
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where 6 lies between ¢; and 0, we have

% ZtT:l Vith <9~> Vi (9~>)
max; ﬁ/z (0j> —’A}/Z (6)‘ S £ max; = OP (8),

F v (0.4 (7))

under Assumption A (4). Choose € > 0 such that

n T

% Z Z M (i) (e + max; Y (6;) — i (0)])

=1 t=1

n
< = w.p.a. 1.
3Wp

~

Notice that this is always possible since we have shown that max; |4; (6;) — % (0)| =
Op (¢). Then

P’ <sup Qi () = Qur 0)] = 77) < P (1Qir (6;) = Qur 6))] = 3)
eé@j
o (

We know from Lemma 2.1 that P* (|Q% (6;) — Qur (0;)] > %) = 0p (1). On
the other hand, to show that

p*<

it suffices to check that —=>"" SE M (af) — D ST M () =
op+ (1) since max; |y (6;) — % (0)] = Op(¢) and ¢ > 0 is fixed. However,

n T

S M)~ S M ()

=1 t=1 =1 t=1

(= -+ maxi |5 0) = 5 (6)) g)

+op (1)

T

S M) - S M ()

i=1 t=1 i=1 t=1

(e +max; [§; (0;) — 4 (0))] >

w3

>:OP(1>a

this result follows from arguments similar to those in Lemma .2.1. This
complete the proof of Lemma .2.2.
Proof of Lemma .2.3 Under Assumption A, @,z () is uniquely maximized

on © at 0 w.p.a. 1. Then by standard arguments for extremum estimators,
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Lemma .2.2 applied with Qi (0) = 550 S°T (2560, 4; (0)) delivers
the desired result.

Proof of Lemma .2.4 The Jacobian can be rewritten as
n T * 2% 9*
* N* 1 0 A* N T Zt 1 Zt% < Vi ) * *
Za () = —p 22 (091 (7)) — T oot v (730 (7))
i=1 t=1 T Zt:1 Uity (0*7% ( *>>

C () ),

with the obvious definitions. For J; (é*), we can write

VRS
D ?
——

AGEES HACRIGIERS B EACI0)
o 3 (07 0)) i 300 (0.3 (8) 1 3 3 (05, (7))
Lemma .2.1 shows that

33 (0 8) ~

=1 t=1 'th

n T

s (0.5 (9)) = om- (1)

Also, by Assumption A (4),

7 3 (75 (7)) o 5 9)
5 (77) - (9)

n T
1 * 0*
< WZZM(%) ( g
since * — 6 = op- (1) and 6* lies between 6* and 6. In the last statement,
A2 (9) A2 ()) — op+ (1) but this follows

— éH + max;

) =op- (1)

the less obvious result is max;
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by the mean value theorem since

e () e () 0N O) a s T 2t Vo (0757 (87)) (7
7)) - S =) = e )

¢ 1 Sz Vi (0757 (7))
7 X1 Vi (0777 (67))
Op~ (1) uniformly on ¢ thanks to Assumption A (4) and (6). Therefore, we

where 6* lies between 6* and . The result follows given tha

have shown that
jl <§*> - % iiuiw <é,’% (é)) + O px (].) .
i=1 t=1

For 7> <9~*>, we can apply the kind of arguments we have used for 7, <6~*>
by replacing therein u},, <§*, AF (é*)) by

LT (6,57 (6
T 2ot Uiy <07% <9>> Vitg (é*, ¥ (é*>> ‘

Ly, (0.9 (9)) |



J5y and Js, are op« (1) terms since

L, (057 (07)) £ i, (0.4 (é))‘

max;

e, (5 (7)) RS, (05 (6))
— Ope (H@ —9H+max ‘fy ( 4 (9)’) (1),

and

z%e(@ (7)) - TZMM (%))
= 0 (3 = 8] a5z () =57 (5)]) = or- 1.

max;

given Assumption A (4) and (6) and the fact that 6* —0 = op- (1) and 6* lies
between 6* and 6. For J53, one can apply the same kind of arguments as in

the proof of Lemma .2.1 to show that J55 = op- (1). Thus, we have shown
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that

>

nl i=1 t=1 %Zthl Vi, (9 ( )
15
=—— 1

by Lemma 13 of Hahn and Kuersteiner (2011b).
Proof of Lemma .2.5 We define

s (5 (1)) - E (6.5 (0 )im (5.4 (9)) | +or

p- (1) =77 T,

T

nT—\/ﬁZZu;< a%o>: ZDZ:D

i=1 t=1

where D}, = % Zthl ul (é,vj()). We are going to check the conditions of
Lemma 2 in Hansen (2007). Note that given our bootstrap DGP and recalling
that v, = 1, (é) =41, the D}, are independent across 7 and

by the FOC. This last result explains why the pairs bootstrap is not able to
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mimic well the incidental parameter bias. Also,

T T
* * x/ 1 * x (0 % x [ % / 1 n o= H =
L (DiTDiT> = 7 D E (uit (9,71'0) U (Q%o) > =7 > (9,%) Uis (9,%)

Expanding \/LT Zthl Uy <é7 %) around (6, i) and using §—6y = Op (%) -
Op (£)° give

1 & 1 & 1 & 1 & 1
LS (04) = S S (-m) + S G v ()
VT = T4 T4 VT = VT

1 & 1 & 1
= 7T ;uit + 7T ;uit% (’A}/z - ’YiO) +Op <\/T> .
3 2 _ LZT: Vit 1\7 .
Since 4; — Y0 = — TE(;ﬂl) + Op (:7) , We can write

B (DipDyy) = % ; (% é Uit Or (%)) (% é Vi O <%)>

®We are using the fact that T'= O (n).
"see Kim and Sun (2013), P.30.
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under Hahn and Kuersteiner (2011b) assumptions. To conclude that D%, —4°
N (0,€) it suffices then to show that E* (HD;*TH4) = Op (1), or alternatively
that E* <|DZ*% 4> — Op (1), where D, is the j* element of DX, j =1,...,p.
Similarly, for fixed j,

g (Ipdl") = B

11 & ./ !
_ J 2
= 5121 (_T;uzt (6,%>>
1L 1 & 1
- i3 (wxor (3)

< 5 (T E) o ()

where C' is a constant which do not depend on n and T'. The result follows
\ 4

since £ 3% <\/LT ST Ul?t) = Op (1) by arguments similar to those in the

proof of Theorem 1 in Hahn and Kuersteiner (2011b).

.2.3 Proofs of results in Section 2.4

Proof of Theorem 2.4.1 We first assume that 7" is even and we define
T, = T/2. By replacing éf/Q and él/g with (2.3) and (2.1) respectively, we
have that

VAT (B ) = 2T (0 0) — VAT (5~ 1) — L (- 0,).



157

By Theorem 2.3.1, we know that the following expansions hold

n 11

v nT (éf—é1> = 1nT1\/nTZZU”< ’%0>
i=1 t=1

VT, (65— 6,) = z;nTﬁFZ > i (6.7)
i=1 t=T,+1

n

1T «
i = 5 £5 fon i () - E T G i)

i=1 t=1 T t=1 :t’y (0;7;),2 (HT)>
n T

= 5% S fuoli @) -2 B G ),
=1t

to
T * * Ak * ¢
=T1+1 T Zt:TH-l Uity (927 Vi (92))

with éj lying between é;‘ and 6;, j = 1,2. Since from Lemma .2.4 Z*, =" T,

* p* * pP* :
i, = Zand 15, — I, we can write

n Ty

VaTy (0 -61) = FZZ%( ) + o (1)

=1 t=1

\/n_ﬂ@;—ég) = \/n_TIZ Z zt( a%O)‘i‘OP (1).
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Thus, since Ty = T'/2

VAT ()~ b)) = 2V (5= 8) — VAT (6 - 1) AT (33 - )
L :

T V2 1 I
—1 * N * —1 * N x
21 T - Zuit (97%0) - 71 T, Zzuzt (Qa%‘o)

i=1 t=1

V2_ 1 A
——1 u, <9,ﬁ> +op+ (1
P> S i (000) om0

7 t=T1+1
1

n T
= T =33 i (B,7) +op (1) - N (0,770,
nT =

where the limit in distribution follows from the proof of Theorem 2.3.1.

.3 Proof of main results in Chapter 3

.3.1 Proofs of results for the Standard Bootstrap

All the proofs of the Lemmas are relegated at the end of Appendix A. Let
B* = B:td throughout Appendix A. Let C' denote a generic positive constant
that may be different in different uses. Also, P* denotes the probability
measure induced by the standard residual based bootstrap procedure and

E* denotes the expectation under P*.

Lemma .3.1. Suppose that Assumptions 1-2 hold, then (a) E* (€®) and (b)
E* (HVZ*H8) are bounded in probability.

Lemma .3.2. Suppose that Assumptions 1-2 hold, then the following state-

ments are true:

(a) V' Pge'/l = o3 +Op- (1/\/7) L (b) VI PV* )l =5 4 Op. (1 /\/z> ,
(c) €' Pye*/l = 0b4-Op- <1/\/Z> , in probability; in Case (I), (d) T Z'V*/r,
Op+ (1//ra) . (e) Wz'e r, = Op: (1/y/rs) , in probability; in Case (1),
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(d) ' Z'V*/l = Op- <1/\/Z> (I Z'e /1 = Op- (1/\/7) , in probability;
where o%,, = E* (Vi e}), b, = B (VVY) and of, = E* (}?).

2

2 b

To proceed, let A* = diag(aj,...,a}) where af =€ — o’ ,i=1,...n.

Lemma .3.3. Suppose that Assumptions 1-2 hold, then the following state-

ments are true: (a) V¥ A*V*/n = E* (afffi*lz*/)—i—Op* (1/y/n); (b) V¥ PLA*V* /n =
ME* (aVe Ve )40p- (1/V); (6) V' Dz A" DoV fn = Mo B* (i Vi Vi )+

Op- (1/y/n); (d) V' Py A P,V* 1 = Mo B (V07 ) + Ope (1), in
probability.

Lemma .3.4. Suppose that Assumptions 1-2 hold, then both in Case (I) and
Case (II), B — 3= op+(1), in probability.

Let 5\*(5*) = —é*éf,%)*?ffgé?;), A= —ifﬁzj* where é*(@*) = y* — X*3* and
{y*, X*} denotes the pseudo-sample generated by the standard bootstrap.

Lemma .3.5. Suppose that Assumptions 1-2 hold, then \* = \,,+O p~ (\/Z/’fl)

Lemma .3.6. If \*(5*) = \* + Op- (6?) for &) — 0, and 5* — = Op- (57

for 68 — 0, then for Case (I), (a) %(X*/PZX* — N (f)X¥X*) = Hy, +

Op+ (1//Tn + 620 /m) , () (X Pe =N (B)X¥ &) = Op+ (1/ /T + 05 + 0pn/ra)
where Hy , = (1-)\,,) <ﬂ’Z’Zf[/rn),' for Case (1I), (a') %(X*/PZX*—X*(B*)X*/X*) =
Hi1+Op- (1/ﬂ + 5Qn/z> () H(X Pre =X (B) X&) = Op (1/ﬂ Ty 5gn/z> ,
where Hrr, = (1 —\,) <ﬂ’Z’Zf[/l>.

Lemma .3.7. Suppose that Assumptions 1-2 hold. Suppose B*—B = Op- (55)

for 6, — 0, then in Case (I), X*(3*) = \* 4+ Op- (22(62)%); in Case (1),
X(B*) = N+ Op- (L(55)?).
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b (3*) _ 0 (y* _X*B*>A PIZ (y* _X*AB*> X Pyt () — M (B XT (B,
9\ 5 (—xa) (s xop)

A%\ _ * * Q% NI — 5*(B*A)/PZ5*A(B*)
where *(5*) = y* — X** and \*(5*) T B ()

Lemma .3.8. Suppose that Assumptions 1-2 hold. Suppose B*—B = Op- (5&)
for 82 — 0 then for Case (I),
1 . _
—— (0D"(8)/08) = Hin+ Op+ (17 +00)

n

for Case (II),

_% (aﬁ*<5*) /66) = Hirp+ Op- (1/ Vi+ 5n) :

in probability, where B* lies between B and B*

Lemma .3.9. Suppose that Assumptions 1-2 hold, then the following state-
/

ments are true: in Case (1), \/%D* <B) = \/% ((1 — M) ZI+ PV — )\nf/*> L

Op- (1/y/Fa); in Case (11), 1.0* (B) = & (1= M) 2+ P,V = )\nf/*>le*+

Op- (1/\/Z>, in probability, where V* = V* — ¢* (%)

€€

Proof of Theorem 3.3.1
Notice that the first-order conditions for the bootstrap analogue of LIML
can be written as D*(3*) = 0 with

N (v - X*B*)'PZ (v - x87)
D(F) = 3 2 (- x5 (v - X0
= XY Pgen(B) - N ()X (BY),
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where e*(3*) = y* — X*f3* and \*(3*) = & (B) Ppe(5).

ze"(
=) e (3 Expanding around f3

gives R
o ODYBY) . 4
=D *—
() + =55 =
where 5* lies on the line joining B* and B;

Then, for Case (I) we have

and for Case (II),

Vi - B) - - (}aD;;m) ~D(h)

Lemma .3.8 establish the limit of ——- <8D*( )/86) in Case (I) and the
limit of —7 (GD*( )/65) in Case (H). Also, by Lemma .3.9,

1
VT

in Case (I) , and

- 1

D*(B) = N

((1—)\n)ZH+PZV —AnV> ¢ + Op (m)

%D (B) = ((1 ) ZI 4 PV - AJ/’*)I &+ Ope (L)

Vi

&I

in Case (II).

L(P; — \,)Vi*er
\fl< i n)ViE;
check the conditions of Lemma A2 in Hansen, Hausman, and Newey (2008)

hold with W; = W}, v; = Vi and u; = ¢, where V' = V' — ¢ (al‘)/e)‘ e

L (1 -\ Zse;
To proceed, for Case (I) we let Wy, = (W( ) . Z) , and we
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need to show that

S B ’ 1= A Zie?

2 B

=
(P — \o)Vier

4
)—)po
4

)—>p0

1
\/
For the first term, notice that

n 4

1

* Ar/ F
E ; \/EHZZQ
n 1 4
_ EZ N ' Z(Z'2) Zier
=1
n 1 4 n 1
< G Zi|| E* () +C, V'Z(Z'2)7"Z; E*(*4)
= D1—|—D2

where the inequality follows from Minkowski inequality. Note that E* (e*) is

bounded in probability from similar arguments as in Lemma .3.1, therefore

= Op(1 < Z” 'z, y|4> —P0

by Assumption 2. Similarly, we have for Dy

D, = 0p(1)Cy (T%ZRIIW’ZM’Z)*ZZ-H“)

we have

Let w = (wy, ...,w,)" be an arbitrary column of V', then by Marcinkiewicz-

Zygmund inequality,

4

E||w'2(2'2) 2" = <CE

n
> w;Ps
j=1
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By P; <1 it follows that (Py;)? < Py. Also, f(r) = r? is a convex function
of r. Then by Jensen’s inequality and z:;Lzl(Pﬂ)2 = P; we have

2

—P“ZE Jw;l") ( ))<Cpn'

]z /]Dn

Combining the last two equations gives F [||w’Z(Z’Z)_1Zi||4} < CP;;. There-

fore
—ZE( 2(22)7z|") < (#):C(%)%O

by 20, P = land V/1/r,, — 0, then we obtain & 37| W' Z(2' Z) 1 Z;||* —F
0 by Markov inequality. The conclusion for V' fgllows by showing the result
for each column. Then, we obtain Dy —% 0, and the result for the first term
follows. A

Also, for the second term y . | E il(Pu — \)Virer
and E* (V;*®) being bounded in probability that

> "= op (BREEY <o, (12

, we have by E* (&%)

i — A Vel

as required. Then for case (I),

S B (Wi
i=1

S (= MPIVZZIE (7)) S, 5 (P = AV ZE (27

_ i=1 Vir,
B (7)o (P AZTL S P A (27T

P ((1 - A)a&fh (1- /\_)/_1/ ) 7,
(1=XNA  (¢—X) (0eZpp + B)
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where
1 = (1=N)(Q+Zvv);
Spp = Dpp — A <Evv + (A = 2)%) ;
A = (1-NAq=""
B = (1-2X+)d)(6—N)B+2\0—\)’E ( fw?) ¢+ Mo —N2q(E(c]) = (0.)?) q-

These results follow from

n

l o / * *2
i:1rn(1 M) Z,ZTE? (72)

(1) (N/~> (H’Z’ZH HZ’V V' Z11 V’PZV)

n T'n Tn Tn T'n

o (B0 0 () () o ()

_>P (1 - )‘>20-66 (Q + VZVV) = (1 - )‘)Uee-HI

. ~ ~ 171 1771
since 2 P g, WZZ1 _, ¢ andwzgp< 1 )
TL
A

o (P — AT Z,E* (ez‘Q‘N/Z-*'), we note

For the off-diagonal term "
that

=1 \/lr

* *27 7%/ * %27 7% * [ %3 0-%)//'6
g () = B (eiV;>—E (ei)(a—b)
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A~ A A / /
Let G = (€2 — 0ce, s €2 — 0e) and a = (€2 — O, ..., €2 — 0¢c) . Then, we have

1 v 1 & 1%
T L o T
n < n n 4 n
=1 =1
~ !
(@a—a)V (1.~  =fl<=c
- € n;6 . | T € nl:l

= Op(l) + Op(l) + OP(l) = Op(l)

n Tn

VIV VIMZV. — (1-\)Syy4op(1) = Op(1), € =F E(e;) = 0,0 Y0, &V =

n

where ¢ = n=1>°" €. The results follows by noting that la=al® _ o, (i>,

Op(1) and n~' 3°7, V; = Op(1). Also, by using arguments similar to those

in Lemma A9 of Hansen, Hausman, and Newey (2008), we obtain “/TV —P

(1 — A\ E (e2V/). Thus, it follows that E* (¢2V;") =% (1 — \)E (e2V}). For

the second term in E* (62‘%2*’), we have

-1
IR O 1< 1<
SN =Yaw) (=Y 2] ==Y @E-9o
ni:leZ (nizle ’) (n ’) n 4 (6=¢)

=1

= (% &+ OP(1)> <% Zéﬂ};’ + 0p(1)> (% Z e+ Op(l)) P (1-NE (Ef’) (c;;‘::

=1 =1 =1

where the second equality follows by € = 0, and the convergence in proba-
bility follows by £ 3" & =P F(ef), 23" | &V =P (1 = NE (V/), and

L3 & =P E(e). Therefore, for the standard residual bootstrap, we ob-

=1 "1

tain B (e;‘?Vi*’) P (1-NE (V) —(1-\) E () (“L) — (1-\E (gfq) .

Oee

For E* <e§*2f/i*f/i*/>, notice that £* (e;“zf/z*f/z*j = ot E* (VI*VI*/>+E* <(e:-‘2 — o) V*f/*/> :
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For the first term, by the bootstrap DGP, we have

b v /
s [ Trxyr«’ * * « [ Ove * « [ Ove
o509 - (< () (-5}

TIY 1 ~IY) =\ —1 /
- <E> (6 v) (E> =7 (1= N)Zyy - (1 - NPT
n n n n Oee

which follows from V'V/n = (1 — NSy, V'é/n =¥ (1 — Noy., and
&é/n = o.. Also, 0® = %6 —P ... For the second term E* ((e;‘2 —ob) f/i*f/i*'>,

we let @ be a column of V and w be a column of V, also let @* be a column

of V* and w* be a column of V*. By the standard bootstrap scheme,

B (- o) ar) = L3 {<€? RCIERE ()H

=1

where & = Myw and ¢, = %“’ Also note that

ot

where W = w —€q, and ¢, =

ol _(E@Muw\ [\ X
= Myw—e — = Myo+Myeq,—(1—N\,)eq,+op(1)

n n

a

- the second equality follows by the fact that

€ =e+op(l), Pz — (1 — \,)o., + 0p(1) and % = 0. + op(1). Denote

n

A = diag(ay, ..., a,), then

E* ((6:2 — Ufe) JJZ*Q)

1
- (Mz& + Mzeq, — (1 — \)equ + op(1)) A (Mg + Mzeq, — (1 — \,)equ + op(1))

~1 ~ / ~ / ~ /
wMZAMZw 19 (6 MzAMZa)> _ 2(1 _ )\n)qw (6 AMZw) +q2 (6 MzAMz€)
n

qw " "
"AM 'A
—2(1 =\ (6 " ZE) + (1= N)?¢ (%) + op(1)

(1 =22+ AR)E ((€ — o) @F) + 20,M(¢ — N E (€50;) + M0 — A) (B () — (0e)?)
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by showing that

w =T (1 =204+ 20)E ((€f — o) &F) 5
w =P (1 =20+ AQ)E (@) ;
EMZTAMZe =P (1=220+29) (E () = (0)") 5

AL P (1 \)E () AN P (1) (B () — (00)): and 4 5T
E (e}) — (0)” using similar arguments as in Lemma A10 and A11 in Hansen,

Hausman, and Newey (2008). We apply this result to each component of Vv
and the result for E* ((632 - age)xz*%*’> follows.

_ /
Define U = (Z?:l Wi iz %‘/Q*ngzf) , then we have by Lemma A2

of Hansen, Hausman, and Newey (2008) that

. v 0
ur s Nlo, [ ] ] , in probability
0 (1-¢)ouSpp

Also define Fy, = <1 1/% 1/%), then Fj, — Fy = (1 VY \/7) and by
Lemma .3.9
1 N 1

=00 = ((1 ANZI+ PV - /\nV*) € + Op- (

1
= FIXU*+OP* (ﬁ

—? N(0,Y;), in probability

1
\/ﬁ> , in probability

> , in probability

\IJI O / — —
_ Fy=(1—=XNoe Hr +7Xp5; + (1 —
0 <1—¢>aeezw> o e

A7 {A+ A’} +7B; together with the result in Lemma .3.8, we obtain that
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in case (I),
~ -1
V(B = 5) = (Ti aDaéﬁ >> 1r D*(B) =% N (0,A;), in probability.

where A[ = ﬁ;lTjﬁfl.

Now we turn to case (II). Let

1 1 - !
Wi = (Wu M Zi5, (i Anm*s:) ,

4
>—>PO,

Using arguments similar to Case (I), we obtain

ZE (Hw D7

and

> B (WinWir,)

=1

ZZL . (lf)m)? ﬂ,ZZZZIfIE* (6:2) Z?:l %(Rz . Aﬂ)ﬂ/ZZE* (8:2‘7@-*/>
B (207 ) S 52 (P = M)ZIT S0, H(Pa = M)PE (207

(1 — /\)O’EEH]] O
—p ( 0 (6= ) (0uSop + B)) Uy,

where H;; = (1 — A\)Zyy. Notice that the off-diagonal terms converges in
probability to zero because in Case (II), >, (W) —F0.

Define U}, = (Z?:l Witis 2 is \1/V Pye ) , then we have by Lemma A2

of Hansen, Hausman, and Newey (2008) that

. v 0
Uy =% N (0,( OH (1— )onS )) in probability.
— )0 Xy
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Also define Fr; = [1 1 1], then

1
Vi

D) = (- azite o) v on ()

1
= F][ X U}k[ + OP* (W)

—? N (0,Y;), in probability

= Wy 0 / . =
where Y = F| _ Fro=0. (1 =XNHip+ (1 —¢)X50).
1 1 ( 0 (- ¢)0562f/(/> I3 (( VHir + (1 - ¢)Epy)
Together with Lemma .3.7, this leads to the result that in case (II),

A= -1
V1 (B* — B) = (%81)@_;5)) %D*(B) 4N (0,]\1]) in probability
where /_X[[ = HI_IIT[[H[_II. [ |

Proof of Corollary 3.3.1
By Theorem 3.3.1, we have when /7, — 0

V(B = B) =4 N(0,0.Q7Y)

in probability, which is the same as the limiting distribution of /7, (B — Bo)
under /7, — 0. The result therefore follows by Polya’s Theorem. B
Now we give the proofs for the Lemmas.

Proof of Lemma .3.1
(a)Lete=15" e, V=2%" V,, Z=25" Zand X =13" X,
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Using Minkowski and Cauchy-Schwartz inequalities, we obtain

B = Y (e X0 9)]

< 01{%;ki—€|8+%;|(Xi—)_()/(é—ﬁ)|g}
< @{%Z!ei—a% B—BHS%ZHXFXW}
i=1 i=1

for large enough constants C; and Cs. Using Minkowski inequality again, we

obtain

YK = (7 - 2) (- D)

< ol S -2 ot S - v o
which follows from Z being fixed and = Y7, [|[Vi = V||* = Op(1) since
%é”” 7| < c{%énmn% ||VH8} P C{E VI + 1B DI}

and |E(V;)| < E|Vi| < (E ||\/;||8)1/8 by Jensen’s inequality. Similarly, we
have n=' 3" [le; — €|* = Op(1). Also, B — B =" 0 under Assumption 1
and 2, E* (€;®) is thus bounded in probability.

)
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(b) Similarly,
—(ﬂ—n>,z,-
a{%inwm%i (0= 2]
- { Zuvu Z vz (2'2)" }

Since by Assumption 1, £3" IVi]|® = Op(1), it suffices to show that
Ly HV’Z (z'z)~* ZZ-H8 = Op(1). We are going to show that this holds
for each element of the vector V'Z (Z2'Z)~" Z;. Let w = (wy,...,w,) an

arbitrary column of V. Then, by Marcinkiewicz-Zygmund inequality

E*(IVI°) =

IN

E)wz (7' 2)" <C2

E:w] ji

Also notice that (Z i1 P2> > 1, then by Jensen’s inequality,

n 4
2 P2 2
¥ (Z P)
j=1

me?) P (Z Pz) <c
j=1 Jj=1

IN

<FE

S us (Z Pﬁ)
j=1 Jj=1

IA

Thus, E||w'Z(Z'Z)"Z]||° = O(1). Applying this result to each column
of V, we obtain E||V'Z(Z'Z)"'Z;||* = O(1). Thus, by Markov inequality,
Ly IV'Z(2'Z2)Z;||°> = Op(1), and the conclusion of part (b) follows. W

Proof of Lemma .3.2
To prove part(a), note that it suffices to prove that V*9)' Pye* /I = Jve )+
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(1/\[) as n — oo, where V*9) denoted the g-th column of V*, so that

V*

g-th element of 0%, g =1,... k.

V' Pye* /1 is the g-th element of V* Pye*/l, and where O'V(E

From the bootstrap DGP, we have

o V*9) pye
l
because E* <e;‘Vj*(g)) = FE*(ef) E* (

i.i.d. bootstrap.

Furthermore, note that

*(q)’ * 2
Iog <V (g)lPZE B Jij/(g))
1 n n n n i .,
= > PyPuE" (Vi€ Viger
i=1 j=1 k=1 I=1
1 * *2 %2 . 2 2 b(
= l—gE (ViZe?) (P) +l—2(2
=1
9 o) 9 n 1—1
+ {Z—Q (va ) (PiiPsj + (
i=2 j=1
= L1+ Ly+Ls

The second equality follows from noting that E* (V* Vi€
cept in the case where either (i = j=k =10 or (i=k,j=1)or (i = j, k=

) = (£) e (e (7)) = (0_

a2

J

denotes the

b(g)
Ve

) = 0 for ¢ # j by the property of

) equals zero ex-

1)

19]

or (i =1,j = k) and from using > | P; = L.

) trace(Pyz) = af/(f)
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Focusing on L first, notice that

n

IN

1 1* *4 2 * *4 1/2
no< L(te ) e @)

< (e ogn) e = o (1)

where the first inequality follows from the Cauchy-Schwartz inequality, and
the second inequality follows from using ) ., (P,-,-)2 < 3% Pi =1 The

last equality follows from using the same arguments as in Lemma .3.1.

Next, for Lo, we have

S0l
e (i

because Y1y (Pi)® + 230, 32071 (Pyy)? = Tr(PyPz) = Tr(Pyz) = 1 given

that Pz is symmetric and idempotent.

> (Pu)’ +2 (Py)*

i=1 i=2 j=1

_ Sl G)
AV

Finally, for L3, we note that

(ov?)? . , ~opo| ()
Lsl = [ [(Tr(Po)) + Tr(PyPs) = 2> (P | = (o12)
=1

l [2

B <a€/§f)>2 (l_zi(a'f) . (Ui)/(f))z +2<U€/(f))22?zlﬂi Op(1>

i=1

* 4 * 2
Therefore, we obtain E* (% — af}?) =0Op (%)

But, for any T* such that Var* (T*) = Op(1/1), where Var* denotes the

variance computed under P*, by the Tchebychev’s inequality, we have for
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any 0 > 0 and any fixed Ms > 0,

P <| VIT* |> M(;) < #V@r* (ﬂT*) - (#) Op(1),

Also, by the definition of Op(1), for d, there exists a My < oo such that

lim P <| Op(1) |> M;> —0.

n—oo

If we take Ms = 1/ %, ie. M?= %, then,

n—oo n—oo

lim P (\ Migopu) > 5) — lim P (Mi | 0p(1) |> 5) = lim P (y Op(1) |> M;) ~0.
é

Then, it follows that P* (\ VIT* |> M(;) = op(1), ie. T* = Op. (1/\@.
Therefore it follows that V*9)' P,e* Jl — ai’,(g) = Op=« (1/ \/Z), as required.

€

This proves part (a). Parts (b) and (c) follow from proof similar to that of
part (a).

The proof for parts (d) and (e) are similar, so we will only prove (d). To

proceed, note that by the properties of Expectation and Trace operator,

2 N , . .
\ z'v<v*zI trace (S%,) 'z z11
= E" | trace 5 i — trace " .
Tn n n

When [/r, — v < 00, by Il = (2'Z)"'Z'X we have

'z'zl Wz'zil V'ZII W2V VP,V I 1
= + + 2 = Q+(—) Yyv+Op ( ) = 0p(1)
Tn Tn Tn Tn Tn Tn NG

V¥ Z11

T'n

E*

o~ 12
Thus, E* ( %H ) = (i) Op(1)Op(1) = Op (i) because 3%, is bounded

in probability by Lemma .3.1. It follows that ﬂ/Z/V*/Tn = Op- (1/@)
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The proof for parts (d’) and (e’) are similar, so we will only prove (d’).

Similar to part (d), we have
’ trace (3Y) 'z Z11
= — trace ] .

'z Z11 wz'zun vz Wz'v. VP,V
= + + +
! I l ! !
Tn A Tn 1 B
— Syy+Op (7) +Op <T) +Op <%> — 0p(1).

V¥ Z11

E*
l

When /7, — oo,

Thus, we obtain E* (‘

) (]
V*lZHH ) = Op (%)7 and it follows that II'Z'V*/l =

Op- (1/\/7) in this case. W

Proof of Lemma .3.3
The proof follows closely from Lemma All of Hansen, Hausman, and
Newey (2008) by replacing their a; with a] and V with V*. W

Proof of Lemma .3.4
Let §* = (%, Let T = [0,Z7], V* = [e*,v*], X* = [y*, X*] where
{y*, X*} are the pseudo-data generated by the standard bootstrap DGP, so
that X* = (Y + V*)D for
D= [% 0
g1

Note that ,/n < C. Let B* = X* X*/n. Then by trace (Y'Y) = trace (7' Z' Z%)
and E* [V*V*/] < C1,, in probability, we obtain

T

? /nz] = trace <T'E* [V*/V*} T) /n?
< C x trace (ﬁ’Z’Zfr/nQ) -0
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in probability, so that T'V*/n —p. 0. Let ¥* = E* [V V;"]. Then by
_ _ ce 1—-XN)a!

standard arguments, we have ¥* = ¥ = “ ( ) O >
(I =X oy (1=,

Cdiag(Ix,0) and
V*/V*/n — i* — px 0

so it follows that w.p.a.1,

A

B = D <V*’V* STV VAT T’T) D/n
= D'S*D+D'T'TD/n+ 0%(1) > Cdiag(Iy, 0)

in probability. Note that Y'Y /n is bounded in probability, so that B* minus

a constant and it follows that

C

IN

(1,-8)B*(1, =B = (y* = X*B) (y* — X*B)/n
< C|@,=-B)P=Cca+ 817

in probability. Next, note that

Then Y'V*/r, —p« 0. Similarly, we have Y/ P;V*/r,, —p- 0. Also, we have

Ty 2

Tn

o < O xtrace (YT /ry,) [rn

= C xtrace (7' Z'Z7) Jr2 =0

1 (V*’PZV* . AJ/*’\‘/*) _ 1 (zi* 4 Ope <\/Z> IS 4+ Ope (#))

Tn Tn

Tn  Ta/N

because v/1/r, — 0.
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Let A* = LX* P, X* — A\, X* X*.

A

I AVA S

n

T'n

= diag (O, ) > diag(0, Ix,)

Then by T, w.p.a.1,

A* = (1 - \,)diag (0,

1 = — — = — = — — — — =
- [T’sz* LV P T = AVET — ALYV 4 VPV — AV V*]

ﬁ’Z’Zﬁ)

n

R ’
Note that /mD(1, —B') = (ﬁ (B - 5)) . Tt follows that w.p.a.1
by X; = J%D’X;‘, for all 3,

L = X8y (Py = ML) — X*) = ~(1,—-8) [X*’PZX* WX (L -y
= %(1,—5')0’7«”;1*1)(1,—5')'
> C|B-5]"

Moreover, let

(" = X*B) (Pz = Auln)(y" — X7P)

1
SO e - X

Note that

~

B* = argmingQ*(5)
Also it is easy to see that

1 .
—€" (PZ — /\n]n>€* —p+ 0
T'n
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so that by ¢¢*/n > C w.p.a.l, Q*(B) —p+ 0. Therefore,
0<Q (5 <Q(B) —p 0
and hence Q*(B*) —p- 0. By (y* — X*B)'(y* — X*B)/n < C(1+ || B ||), it

follows that

0< || 5*_5 ||2 < OQ*(B*) —pe 0

RS e
Now we show that if || 3*—3 ||2 /(14 || 8% ||2) —p- 0, then || * =5 ||~ p-

When || 3* = a=2 | 81| +(1+2 || 3 |2)"/2, by subtracting 2 || 3 || and

squaring we have

BN =2181° = N5 1P —415 BN +411817
> 1+2 8

Substracting 2 || 5 ||, adding || 5* ||2, and dividing by 2 gives
B =118 1)* = (+ | 7 1%)/2
Note that when || 5* [|> a,

16 =B1F B =B
B T 2008 =13 e

1/2

It follows that || 3* ||< @ w.p.a.1, and hence 1+ || B* [|2< 1 + a2 and

ax Q12
1581,

A*_AQS 1+2 _
=5 o L

Proof of Lemma .3.5
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By Lemma .3.2, we have €' Pye*/l = 0% + Op- <1/\/Z> Similarly, one
can show that €”'¢*/n = o® + Op- (1/4/n). Also, by standard arugments, we
have ¢”'¢* = Op«(n). Then

N A = (6 = —o&—(e : —ai’e))
€* e* l n
l 1 1 Vi
= O (5) {OP* (%) O (ﬁ)} =Or (‘)

Proof of Lemma .3.6
Note that by standard arguments X* X* = Op.(n) and X*¢* = Op-(n).
Therefore, in Case (I), (5\* — )\*)% = Op- <%) and (5\* — L =

Op-~ (‘?—:) Also, by Lemma .3.5 and by [/r, — v < 0o in Case (I)

(A*—M)X:f* o (%%) — Op. (g) — Oy (\/177)

(o )\n)X;:* _ om (% , %) = Op- (%) = Op- (\/170_71)

Also, by the results in Lemma .3.2, we have % (X*/PZX* — )\nX*/X*) =

H[,n + OP* <\/+TL> and % (X*/PZG* o )\nX*’e*) = OP* (%) Puttlng these

results together, we obtain

1 ) S on _ 1
— (X"PX" = N'X'X") = Hyp+ Ope ( + ”_”)
Tn \/ TTL Tn

L (X*’P e X*X*“*) ~ Op [
Tn “€ ‘ B r \/E Tn
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by the triangle inequality and by the fact that

]_ / I / ]_ / I / ]_ / N / ~ ~
3 (X* Pyé* — N X* é*) S (X* Pye — N X* e*) - (—(X* PyX* — N X* X*)) (B*=5).

Tn Tn Tn

Using similar arguments, we obtain that for Case (II) (A\* — A*)% =

Op- (1), (X = M2 = Ope (52), (V" = M) XX = Op (), and

(/\*—/\n)X*lle* = Op-~ (%) Also, by the results in Lemma .3.2, 1 (X*' P, X* — X\, X" X*) =
Hiry + Op- <%> and 1 (X* Pze* — N, X*¢*) = Op- (\i/l) Then, the con-

clusion follows by the triangle inequality. B

Proof of Lemma .3.7

~

Let 67 (5*) = ¢”'¢*/n, then for Case (I),

P Ak */ *
€ Pyé €" Pge 1 ol ' ol /
— = (6* Pyée® — € Pyze® — X\* (e* e —¢€* 6*))

e er e

(i (KPR oy gy (X))

né’:;(,@*) Tn Tn
B2
~ 0} (7’”(5") )
n

AN 1 / /
because (&;(5*)) = Ope(1), £ (X¥ PoX* = MXYX*) = Ope(1),
% (X*/Pze* — )\*X*/e*) = Op= (%) by Lemma .3.6 with A = \* and 0 =
68 = 0.

Using similar arguments, we obtain that for Case (II)

ol N ’
€ Pye* € Pye*
e

- s (- (KNI ey (KR AN )
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Proof of Lemma .3.8
Let ¢ = y* — X*( and ¢* = X*&* /e’ &. Suppose 3* lies between B* and
. Then differentiating gives

, & P e Py X*
- (007(8/98) = X"PX" - 7€ xoxt - x e T2
€" €
_X7€Z€ g*/X* 26 /}iZ X* —*—* X*
ex e* (6* *)

where \* = E*'PZE*/E*E*. By Lemma .3.7, we have \* = \* + Op- (w’é)%n)
for Case (I). Then by Lemma .3.6 with 07 = (65)%, we obtain

1 / N / T 7 1
- (X* PyX* — N X* X*) — Hin+Ops ( N + (55)2)

T'n Tn

I oAyizen 1 s
ED (B7) = OP*(\/E—F%)

Note that by standard argument ¢* = Op:(1), hence i (ﬁ*(ﬁ*)cj*) =
%D*(B*)Op*(l) = Op- <\/+~TL + 55) The conclusion then follows by the tri-

angle inequality For Case (II), note that by similar arguments, one can

obtain 1 (X*P,X* — N'X*X*) = Hyp, + Op (\Lfl n (55)2>, Lpe(B) =
Op- (W + 55), and 1 (b*(@*)q—*) — Op- (% + 55). n

Proof of Lemma .3.9
Note that by Lemma .3.5, \* = A\, 4+ Op- <\/Z/n> Also, by standard

argument, V*'e* = Op-(n). Moreover, For Case (I) we have II'Z'¢* /. /r,, =
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Op+ (1/y/72), thus

1 A, - 1
\/ﬁ (6) W( Z&j >
1 * UVe , * * * * O-(]/,'e / *
= Przet =N | X" =€ | =~ €
E O’EE
1 ~ ~ / l
_ { ' VY Pyet — (ZH+V*) & |\, + 0% (%)”
- M) ZI1 4+ P,V — A f/*)'e*+0 !
- \/T—n Z n P* \/T—n

where the last equality follows by noting that

! [ / [ An
and A\, — A € [0,1) as n — oo. Using similar arguments, we obtain for Case

(1)

(Zﬂ +V*

N—

VT

1

WD*(B) - ((1 ) ZI 4 PV - AJ/*)' &+ Ope <L)

Vi

<~

.3.2 Proofs of results for the RE Bootstrap

All the proofs of the Lemmas are relegated at the end of Appendix B. Let
B* = B;fe throughout Appendix B. Also, P* denotes the probability measure
induced by the RE bootstrap procedure and E* denotes the expectation

under P*.

Lemma .3.10. Suppose that Assumptions 1-2 hold, then under Hy : 3 = [y,
(a) E* (%) and (b) E* (||Vz*||8) are bounded in probability.
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Lemma .3.11. Suppose that Assumptions 1-2 hold, then under Hy : 3 = By,

the following statements are true as n — oo
(a) V' Py [l = o+ Op- (1/V1)
() V" PV* L= Sy + Ope (1)
(¢) €' Pye*/l = ob + Op- (1 /ﬂ) ,

in probability, in Case (I) (I/r, — v < 00),
(d) TI'(Bo)Z'V* 1 = Op= (1//T0) ;
(€) T'(Bo) Z'€* /1 = Op- (1/y/Tn)

in probability, and in Case (I1I) (1/r, — o0),
(@) T(5)2'V* /1= Op- (1/V1)
() () Z'e 1 = Op- (1/V1)

in probability, where o¥,, = E* (V*e}), S%y, = E* (Vi*V;"') and ot = E* (¢?).

2 b

To proceed, let A* = diag(aj,...,a’) where al = €2 — o’ ,i=1,...n.

Lemma .3.12. Suppose that Assumptions 1-2 hold, then both in Case (I)
and in Case (1I),

(a) VXAV fn = B (a;V7 V) + Op- (1/ /)
() V" Pr AV fn = ME* (a;V V) + Op- (1//)

(¢) V¥DyA*D,V* In = M\ E*

/N

aVyV) + Ope (1/v/i):
(d) V¥ PyA*P,V* Jn = Ao E* (@V;V;’) 4 Op (1)),

in probability.
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Lemma .3.13. Suppose that Assumptions 1-2 hold, then under Hy : = [y,
both in Case (I) and in Case (II),

A

[ — By = op«(1), in probability

Let \* = ¢ *PZe A= Eefezf* where & = y* — X*/3* and {y*, X*} denotes
the pseudo-sample generated by the RE bootstrap.

Lemma .3.14. Suppose that Assumptions 1-2 hold, then under Hy : f =

Bo, M = A + Ops (ﬂ/n>.

Lemma .3.15. If \* = \* 4+ Op.(6?) for 6> — 0, and 5* — By = Op+(67) for
6% — 0, then under Hy : B = fBy, for Case (I),

(a) - (X*’PZX* - X*X*’X*) = Hyp + Ope (1)fFn + 520/10) ;
(b) (X*’Pzg* - X*X*’g*> = Ope (1) \fFn + 68 + 820 fr,)
where Hyp = (1— Ay (ﬁ’(ﬁo)Z’Zﬁ(ﬁo) /rn> ; for Case (1),
(a) L (X*’PZX* . X*X*’X*) = Hipn + Op- (1 I+ (mn/z) :
() (X*’Pzé* - 5\*X*/€*) — Op- (1/\/3 + 68+ 6377,/1) ,
where Hypp = (1 \y) <1:I’(50)Z’Zﬂ(ﬂo) /z).

Lemma .3.16. Suppose that Assumptions 1-2 hold. Suppose B* — By =
Op+ (68) for 62 — 0, then under Hy : 8 = fo, in Case (I) o= i
Op- (5(37)%) in Case (IT), X = X' +Op- (L(37P).

Lemma .3.17. Suppose that Assumptions 1-2 hold. Suppose B — By =
Op- ((55) for 6% — 0, then under Hy : 8 = By, for Case (1),

(aD*( )/aﬁ) = Hyp + Op (1//rn +85)

n
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for Case (1),

_% (aD*(B*)/aﬂ) = Hypp + Ope (1/\/Z + 55‘) .

where (* lies between By and B*
Lemma .3.18. Suppose that Assumptions 1-2 hold, then under Hy : 3 = Sy,
in Case (1)

1o 1
\/ED%)_\/ﬁ

and in Case (1)

((1 _ ) ZTI(By) + PV — /\nf/*>/ e + Op- (1/3/7)

%D*(ﬁo) - % <(1 = M) ZI1(Bo) + PZ V™ — A”V*>IE* +Op: (1/\/2)

bl

where V = V* — ¢* (Z{‘).

€€

Proof of Theorem 3.3.2
The proof is similar to that of Theorem 3.3.1. One can show that similar

to the standard bootstrap, for Case (I)

m@*—ﬁ@:—m(@%ﬁ) b*wo):—(ia”géﬁ*)) L 5(6)

and for Case (II), we let

VB — Bo) = —V1 (615*(6*)) D*(By) = — (1815*(6*)) Lﬁ*(ﬁo),

B I 0p

where 8* lies between B* and .

To proceed for Case (I), we let W7, = (\/ﬁ
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arguments similar to those in the proof of Theorem 3.3.1 and by replacing I
with II(6), we can show that under Hy

~ 4

Z?:l 1N ‘ \/ern(l - )‘n)H/(BO)Zzg;k ) —P 0
- 4

s (|| - wze ) 0o

and
n

o p (L= NoeH, (1—NA .
ZE (W],iW[,i) — < 1—NA  (6-N) (UEEE{/{/ —|—B>> =V,

i=1

where Hy = H; + (1 = \)72pp, A= V1= XA, and B = #B. These
results follow by the fact that under the RE bootstrap DGP and under H,

B (e2) = n . {6’(5 0)e(Bo) (i ZQ(@O)) } (ﬁo)ﬁ(ﬁ0)+op(1) N

- n X/M26(50) X/Mze(ﬁo) €l(ﬂ0)Pzﬁ(50) o P Ove
V-1 ( n * ¢ (Bo)Mze(Bo) n )+ p(l) =

B (VZVZ> _ nil {V’(ﬂo) < ZV 5) ) }

n V'(Bo)V(Bo)

Con—1 n +or(l)
__n {X’sz X'Mye(Bo) € (Bo)Pre(Bo) ¢(fo) Mz X }+o (1)
n—1 n €' (Bo)Mze( o) n € (o) Mze(Bo) r
P A Oyeoy,
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TN = IS (x o ziia) < ST (x - 22212 [x - ey S GMzX
n;%%)—nm@fﬂwm;n;CXZMHLZX (B 3 e
= IS (LSS (pyea), | S PMzX
= n ; Vi+ (n ; (PZ (BO))z) GI(BO)MZG(ﬁo)
= (ST e, | G0 MEX
= (n ; (PZ (/80))1> EI(BO)MZE(,BO)’

where %Z?:l Vi=0 given that the Z contains a column of ones. Also, we

have S WoMzX P U/ﬁ under Hy. Therefore, to conclude that = 37 | Vi(Bo) =F

€ (Bo) Mze(Bo)
0, we only need to show that > | (Pze(fo)); =" 0 under Hy. Notice that

under Ho, E (1377 (Pze(ﬁo))i) =0 and

Var (%Z (Pzﬁ(ﬁo))l-) = 3 Z ( (Pz€(5o)) (PZE(B()))j)

i=1 =1
:%Zmemm
'jflklfl
B D TV IS o) Sy
ij=1 k=1 3,j=1 k=1
_ EZZR,CP,W_U“ZBJ%O
1,j=1 k=1 1,j=1

since by the Frobenius norm,

> Py

i,j=1

<Y 1Py =l Pz k< Vi || Pz o= v || Pz |lp= Vnl.

3,j=1

This concludes the proof of * 37 | Vi(Bo) =7 0.
Putting the result of E* (¢}?), E* (V* 1) and E* (V;*V;"') together, we obtain
that E* (V;‘Vf’) —P Yyp, ie., the RE bootstrap consistently estimates

l)
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Y. Similarly, we can show that

~_ ! ! b,
E* <62<2V;* ) - E* {6:2 (‘/7,* B Ej U\;’e) }
g

Also notice that under Hy,

Vi) (v+ 2z (n-1i(5))) P (1= NE (V) + AE () <0L> '

n n Cee

Therefore, we obtain under Hy, E* <e;?‘2‘~/i*/> —P V1-\FE (eff@’) . Finally,
using Lemma A10 and All in Hansen, Hausman, and Newey (2008) and

using arguments similar to the case of standard bootstrap, we obtain

1= 2\ + Ao

{7} o

(2

E((€ = 0 ViV7)

Then using similar arguments as in Appendix A, we obtain that for Case
(I) and under H,

1
VT

1

D*(ﬁo) = \/ﬁ

{(1=0)Z01(B0) + BLV* = AV} 40y ( ! ) - N (o
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with T; = (1 — \)oee {ﬁ; +72f/‘7} + (1 - )\)ﬁ{fl + A’} + B and then

mlr-n)- (R5) "

D*(By) =% N (O,/~\I>

where /N\] = ﬁ;lf[ﬁ;l‘
- - /
For Case (IT) we let W7, = (%(1 — AT (Bo) Ziet, L (P — An)l/;*g;“> .
Then similar to the standard bootstrap, we have

- * * * <1 o )‘> eeﬁ 0 =
;E <W]I,iWII,i) —p ( 0‘7 1 o (JGEEVV . B)) =V,

under Hy; where Hy; = (1 — A\)X . Then, similar to Case (I), we obtain

1 . . 1 ~ "k . 7k ! * 1 da* Y
D) = {(1 M) ZT0(Bo) + PyV* — AV } € +Op. (ﬂ) 4N (o, TH>,
with T77 = o, {(1 N+ (1— ¢)2w}- Together with Lemma .3.17, we

have

L -1
-~ (P) )

where ]\[[ = ﬁ;IlT[[ﬁl}l. [ |

Proof of Corollary 3.3.2

By Theorem 3.3.2, we have when 1/r,, — 0, \/7(3%,—80) = N(0,0.Q7"),
which is the same as the limiting distribution of \/r, (B — o). The result then
follows by Polya’s Theorem. H

Now we give the proofs for the Lemmas.
Proof of Lemma .3.10
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It is similar to the proof of Lemma .3.1.
Proof of Lemma .3.11
It is similar to the proof of Lemma .3.2 by replacing II with I1(5,).
Proof of Lemma .3.12
It is similar to the proof of Lemma .3.3.
Proof of Lemma .3.13
It is similar to the proof of Lemma .3.4.
Proof of Lemma .3.14
It is similar to the proof of Lemma .3.5.
Proof of Lemma .3.15
Note that for the RE bootstrap, by .3.11 i (X Pz X" — A\ XY X*) =

fip + Op- () for Case (1), and § (X7 PzX" = \XYX") = Hipp +

Op- (\%) for Case (II), then the results follows by applying same arguments

as in the proof of Lemma .3.6. B

Proof of Lemma .3.16

It is similar to the proof of Lemma .3.7. B

Proof of Lemma .3.17
The result follows by using similar arguments as in the proof of Lemma
.3.8 and replacing }_ILn, Hnm therein with FII,n and ﬁ[mn. [

Proof of Lemma .3.18
Note that by Lemma .3.14, \* = \,,+0% (%) Moreover, for Case (I) we

have % = Op=« (\/%71) and % = Op+ <, /%) by Markov inequality.
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Therefore, we obtain

D
= { (Bo)Z'e" 4+ V¥ Pye* — <ZH(50) + V*)

weor ()]}

_ ADZIL(G) + P2V = MV} € 4 O (Jlr_>

The result for Case (II) follows from similar arguments. W

5

.3.3 Proofs of results for the Modified RE Bootstrap

All the proofs of the Lemmas are relegated at the end of Appendix B. Let
B* = B;; throughout Appendix C. Also, P* denotes the probability measure
induced by the MRE bootstrap procedure and E* denotes the expectation

under P*.

Lemma .3.19. Suppose that Assumptions 1-2 hold, then under Hy : 3 = [y,
(a) E* (¢;®) and (b) E* (HV*H ) are bounded in probability.

Lemma .3.20. Suppose that Assumptions 1-2 hold, then under Hy : 3 = By,

the following statements are true as n — oo
(a) V' Pye Jl = o} + Op- (1/V1)
(b) V¥ P,V [l =5b, + Op. (1/\/Z> :
(¢) €' Pye*/l = ot + Op. (1 /ﬂ) ,
in probability, and both in Case (I) and Case (II)
(d) 105, (80) Z'V* Jrn = Op- (1/ /)
(€) T, (B0)Z'¢" Jrn = Op+ (1/y/7)
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in probability, where ob,, = E* (Vi *e}), $%y, = E* (V;*V;") and ot = E* (¢?).
To proceed, let A* = diag(a},...,a’) where a} = €2 — o’ ,i=1,..,n.

Lemma .3.21. Suppose that Assumptions 1-2 hold, then both in Case (I)
and in Case (1I),

(a) VYAV fn = B (V2 V) + Op- (/)
(b) V¥ Py AV* [ = A\ E* (@ﬁ;*f/;/) 4 Ope (1))

(¢) V¥DyA*D,V* In = Ny E*

/N

aVyV) + Ope (1/v/i);
(d) V¥ PyA*P,V* /i = Mg E* (am*xz*’) 4 Op- (1/3/7)
in probability.

Lemma .3.22. Suppose that Assumptions 1-2 hold, then both in Case (I)
and in Case (II),
B* — Bo = op«(1)

Let \* = €228 \x = % where ¢* = y* — X** and {y*, X*} denotes

exlex )

the pseudo-sample generated by the MRE bootstrap.

Lemma .3.23. Suppose that Assumptions 1-2 hold, then X\* = \,,+O p~ (\/Z/TL)

Lemma .3.24. If \* = \* + Op.(6)) for 6} — 0, and 5* — By = Op- (57
for 65 — 0, then for both Case (I) and Case (II)

1/ . )
- <X* PrX* — N X" X*) — Hypp+ Op- (fl 1+ 53n/rn>
Tn

]_ I o !

- (X* Pyé — A X é*) — Op- (ﬂ/rn + 88+ 5gn/rn>

Tn

where Hyp = (1— ) (f[;n(ﬁo)Z’Zﬁm(Bo) /rn>.
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Lemma .3.25. Suppose that Assumptions 1-2 hold. Suppose B* — By =
Op- (02) for 68 — 0, then under Hy, both in Case (I) and Case (1) A* =
A+ Op« (rn(65)%/n) .

Lemma .3.26. Suppose that Assumptions 1-2 hold. Suppose B* — By =
Op+ (68) for 8, — 0 then under Hy, for both Case (I) and Case (1)

e (0D°(8)/08) = Hpu + Op- (Vi/ro + %)

Tn
where (* lies between By and B*

Lemma .3.27. Suppose that Assumptions 1-2 hold, then under Hy, for Case

(1)

D (80) = —={(1 = A2 (B0) + PV = 0T} € 4 Ope (1)),
VTn Vn
and in Case (I1I)

ﬁf)*(ﬁo) == {(1 A ZI0 (o) + PV — AnV*} € + Op- (\/z/rn) .

Proof of Theorem 3.3.3
Let 8* be the mean value lying between B* and [y. For Case (I) we have

VR ~Bo) =~ (aDa*;ﬁ”) D () = - (%wa*(f*)) =D

and for Case (II), we have

e (1) (102 1

l Vi op rn OB
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L (1— M) (B
Then, we let W7, = (Wl( ) mE 02 Zm) and we obtain,
W(P - A\)Vie

zn: B (Wi Wi
=1

[ S S (G0) 22T (o) B *( ) S G G AE (.75
B (52,) Sy 2 (P~ )T (B0) Xy P~ A2 (52,77,

,m - r,m " 1,m
oee(l—=ANH 0 ~
(66( ) ) \Ij 71’

0 0

where the last line follows from the fact that under H,

(50)ZZH (Bo) _ Q(Bo) — 1= (Bo)
(e () ()

'z Z11 1 ]
=— +OP<\/T>>+OP<;[>—>PQ

and from Assumption 3(a) or Assumption 3(b).
Also notice that under the MRE bootstrap DGP and under Hy

B (e2) = n (6'(50)]\/[26(50)) +op(1) =p 0w

L n—I n
g
B (Vi) = — (V ff“‘”) +op(1) 5p ov.
. tox _n 4%
E* <V;m‘/;m> = m ( n > —|—0p<1) —p EVV

which leads to the result that £* (VZ*mV;*m P Yoy

Proceeding as in the proof for Theorem 3.3.1 and Theorem 3.3.2, we
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obtain under Hy and in case (I),

A= -1
iaD (6 )) ! [)*(ﬁ[)> _>d* N (Oajxm,l) )

Vi (3= ) = (m 5 NG

where /N\mJ = H_ITmJH_l and TmJ = (1 —Noe {H +~Xpy}. Similarly,
we obtain that under Hy and in Case (II),

~ _ -1
3-8 (R25) G x i)

where Ay rr = H 'Y it H Y Tontr = (1 — Ao Spp. Moreover, we obtain
that in Case (1), y/77(3—5) = N (0,A,,,). and in Case (I1), % (5 - 5) »

N (O, Am, H). Therefore, the bootstrap validity follows by applying Polya’s
Theorem to both Case (I) and Case (II). B

Now we give the proofs for the Lemmas.
Proof of Lemma .3.19

It is similar to the proof of Lemma .3.1.
Proof of Lemma .3.20

The proof for (a)-(c) is similar to those in the proof of Lemma .3.2. The
proof for (d) and (e) follows from noting that for both Case (I) and Case
(I), E* ﬁlm(ﬁr%/v i = Op (%) and E* % i = Op <%> because
I (Bo) Z' Z11,,(Bo) = Op(ry,) for both cases. B
Proof of Lemma .3.21

It is similar to the proof of Lemma .3.3.
Proof of Lemma .3.22

It is similar to the proof of Lemma .3.4.
Proof of Lemma .3.23

It is similar to the proof of Lemma .3.5.
Proof of Lemma .3.24
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Notice that by Lemma .3.20, for both Case (I) and Case (IT) ;= (X* Pz X* — A\, X X*) =
ﬁ]m,n + Op-« <;ﬂ) Then the results follows by applying same arguments as

n

in the proof of Lemma .3.5. B

Proof of Lemma .3.25
Let 67 = é'¢*/n, then in both Case (I) and Case (II), we have

A / ~ ~ //\ / /
€ Pye* [ € — € Pye*[e" €

- {(@* ) (X*’sz*; ”‘X*'X*> (5~ 0) 2 (3 50) (X*IP”*; MX*IG*) }

€€

= op (™ (67)

by (6%)" = Op«(1) and r;;* (X* Pz X* — N*X*X*) = Op«(1). W

€€

Proof of Lemma .3.26
Similar to the proof of Lemma .3.8, let & = y* — X*3* and 7" =

X*& /e’ e, where 3* lies between B* and f,. Differentiating gives

where \* = &' P,ée*/e’'e. Notice that for both Case (I) and Case (II), by

Lemma .3.24 and Lemma .3.25, we have

]_ ’ — / ~ l
— (X* PyX* — N X" X*) = Hypp+ Ope (i v (55)2>

'rn n

Loy = op <ﬂ+55)

T'n

Also, by standard argument we have 7* = Op«(1), and %f)* (B*) y* =
%D* (8) Op-(1) = Op- (;lnl + 55) The conclusion then follows by triangle
inequality. H

Proof of Lemma .3.27
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It is similar to the proof of Lemma .3.9.
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.3.4 Proofs of results for Theorem 3.3.4

We give the proof for the case of standard bootstrap. The proof for the
RE/MRE bootstraps are similar. Let §* = 7, X*(3%) = X*—¢*(3*) L%

e’ (B*)e* (B*)

and X* = X* —¢ *OVE ZI+V*.

To obtain the asymptotic behavior of A*(B*), the bootstrap analogue of
the CSE, we start with the term T*(3*). For Case (I), — BH =

OP* (\/%) s then

g*(B*) — nfl HX* 2

n

2 —1 %112 1
< (n7HIXTI) Op- o = Op-

by X* X* = Op-(n). It then follows by standard arguments that

-1 X*,A*(ﬁA) O-{]/e _ 1
e an o || 0P
e* (5 )6 (ﬁ ) aee T'n
and
R R B N ~x! (D% * b’
e (ﬁ*)é*(ﬁ*) O¢, Tn
Also, HX* = Op~ (y/n). Therefore, HX* B X*(B*) — X¥X*|| = Op- (\;,%)

Then, by \* = \, + Op- <\/_/n), we obtain

Also, by X*' X* = Op+(n), we have

5 (2 2 () (2

R X*’X*
()\* . )\n)

T'n

8

(FEE S0 (or (Hon () -on
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in Case (I). Putting these results together, we obtain

Tn n Tn Tn Tn

X% 1 z X % 1
= <r> o <W) o <rnﬁ) — ( n ) o <w§)

Moreover, it follows from arguments similar to Lemma .3.2 that for Case (I)

VEVEN b 1YY (1w l
() < () 5o ()= (vor ()
z 1
where S o = B° (V7;), and A (Z£52) = Op. (1) Op- () = Op- (&)

Then, together with previous arguments, we obtain by X* = Z 1+ V* that
for Case (I)

5 (X*'<3*>X*<B*>> _ (XX) v (=)

'z Z1 1\ o 1

Similarly, we obtain for Case (II) that A* (M) =\ (%) +




b 1
Proceeding similarly for the term
Case (I)

X+ (B Pz X (B)

Tn

—\*
Tn

X (3P, X (5 (X*’<B*>X*<B*>>
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, we can show that for

_ 1
= H;,+Op- (\/T—>7

and for Case (II), w —A\* <w> = Hipp+ Op- (%) .

~

Also, we obtain by standard arguments that &,

~x! o~k _ b
/n = o2 +

(5%)
Op- (1//75) for Case (I) and 6%(6*) = o% + Op- (1/\/2) for Case (II).

Therefore, for Case (I)

T8 = a—:€<3*>{(1—2&*<*

NCRICEPNER)

= et [+ (1) st o ()

and for Case (II)

=
N
!
e N
Dy
*\
o)
=
.
D
*
>

=

P8 = 6L {(1 23 (8
X7 (B)X*(5)
) —

= O'SE (1 - )\n) [Hll,n + El‘)}‘;] } + Op* <

}

7i)
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Now we show the results for the non-normality adjustment terms A (B*)
and B*(3*). Let a*(3*) = (e’f(é*) —ob LB — o—i’ﬁ>/, a = (2 —ob,...e = b))
and V* = M,V*. By Z including a constant we have n~! Yoy €;‘2(BA*)\A/Z*(5A*) =
W (3 (),

Note that V*(3*)—V* = M, (Zf{ + €* ‘Z,bf,,/:

P A ). SH w0l px(fry & (BOX"

! bo[|12
D, v

e (B*) — € . Op~ (%) and

2
= Op- (ri) . By using similar arguments,

Then in Case (1), it follows by n™!

NN
erer ol

Op- (%) that n=! ||V*(5*) — V*
d*(B*) _ CL*

ing arguments similar to Lemma .3.1 and by Markov inequality n~'a* a* =

1

2
we obtain n~ = Op-~ (%) Furthermore, notice that by us-

ntY (e - 056)2 = Op(1); by using arguments similar to Lemma .3.2,
we obtain n~'V*V* = Op-(1). Thus, we obtain by Cauchy-Schwarz inequal-
ity that in Case (I)

- < E2 BB — e V* = n! <d*(B*) _ a*>’ <V*(B*) _ ‘—/*>

i=1

+ n—l (d*(B*) . a*>/‘7* + n—la*’(v*(é*) . V*) _ OP* (\/170_>

By Lemma .3.3, we have n~'a*V* = (1 —\,)E* (6:‘2‘71*> + Op- (\%) Then,
it follows by the triangle inequality that

= Aes o g A - 1
W) = - e () om (=) a9
> () 0 (-
Now, let d; = %(PZ — \,) and d = (dy,...,d,). Notice that ||d|* < 1
and E*||V¥'Pyd||" = Op(1)dd = Op(1). Thus, V*'Pzd = Op-(1) by

Markov inequality. Then, \/% Sy fj (PW_\;‘H> = ¢+7 <f[/Z/d + V*/Pzd> =
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\/%ﬂ’Z’d—kOp* (V%)’ where ['* = P, X*. Then we obtain with eq.(15) that

AT = (1-00) ( %> i ((Pﬁ _lx/%)HZ> B (77 ) +0r <¢17“_n>

1

"= Op (b,

d*(B*) —a*

For Case (II), we obtain n™

Op- (1), n71a"V* = 1=\ B (207 ) +0p- () n !t I, 628V (37) =

(1— )\ln)E* (e;&ffi*) + Op (%) and

=1

in probability, because Y i, (%) —P0.

For B*(B*) term, it follows by using similar arguments as for A*(B*) that
for Case (I)

~ o~ 1
= (1 =2\, + \upn) E” ((efz — ai’g)Vi*Vi* > + Op- ( >
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where the second equality follows from Lemma .3.3. It follows that

A S 1

*( Q%Y _ _ (2 — g\ VrVH . :

B3 = (6= M (67 = o070 ) +0m (=) 11
Also, we have for Case (II)

(B%) = (1=2Xp4+Andp) E* ((efQ - aﬁe)xz*w’ﬁop* (%) :
and B*(8%) = (6 = M)E* (62 = 2 V7V ) 4+ Ope ()

Finally, we show the result for ¢7, , the bootstrap analogue of the t-ratio

based on the CSE. Notice that in Case (I)

~ ~ A7 ~

Pl (B = [ EE) T et (T8 + AE) + A7) + B 3) ) (B 3)

—)P* ]\]
in probability, which follows from Lemma .3.6, Lemma .3.7, previous results
for T3,,.(3%), A*(3*) and B*(53*), the fact that 3*— 3 = Op- (1/4/7) in Case
(I), and by using arguments similar to those in Theorem 3.3.1. It follows that
c T'n (B* - B)

t. =

cse _>d* N(07 1)
c’rnf\* (B*) c

in probability, by Theorem 3.3.1 and by continuous mapping theorem for
weak convergence in probability (e.g., Xiong and Li (2008), Theorem 3.1).

For Case (II), we have IA*(3*) = Ajr + Op- (%), and the result follows
by using similar arguments as in Case (I). B






