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ABSTRACT

En 1940, Paul Erdds énonga une conjecture sur la distribution des classes in-
versibles modulo un entier. La présente these étudie la distribution des k-uplets
de classes inversibles et propose une preuve de la conjecture d’Erdds étendue au

cas des k-uplets.






INTRODUCTION

In 1936 Cramer [1], assuming the Riemann hypothesis (RH), showed that

> (Pot1 — pn)® < z(logz)** (0.1)
<z

from which he deduced p,11 — p, = O(\/Pnlogp,). Based on his probabilistic

model for the primes he also conjectured that

lim sup Pt 7 Pn _

n—00 (logpn)2
Taking into account various sieve estimates in Cramer’s probabilistic model,

Granville [2] in 1995 conjectured that

. Pn+1 — DPn —

1 —— >2e"

o (logp,)? — €5
which is bigger than 1. Note that 7 is the Euler constant. Proving (0.1) uncon-

ditionally seems quite deep, which led P. Erdds to make an analogous conjecture:

Conjecture (Erdés [3]). Let ¢ be a natural number, and let P = ¢(q)/q be the

probability that a randomly chosen integer is relatively prime to q. Let
l=a1<ay <---

be the integers co-prime to q in increasing order, and let

#(q)

Valg) =D (a1 — a)™.

=1



then

Va(q) < ¢(q)P~% = qP .
More generally

Valg) < gP .

For a heuristic of Erdés conjecture note that if a; are uniformly distributed (ai —

a1 = P‘l), then

#(q)
(aip1 — ;)" = ¢(q) P~ = gP" .
1

1=

For A < 2 this was derived by Hooley [4]. Hausman and Shapiro [5] gave weaker
upper bounds for V5. Finally Montgomery and Vaughan [6] in 1986 proved the
conjecture for all A\ (and another easier proof appeared in the paper of Mont-

gomery and Soundararajan [8]).

Investigating the distribution of prime numbers and the objects that behave like
them is always an interesting subject for analytic number theorists. Also studying
the behavior of subsets of prime numbers like primes in an arithmetic progres-
sion or s-tuples of primes is of huge interest. In this thesis we investigate the
distribution of of s-tuples of reduced residues which in some sense are similar
to s-tuples of primes and we prove the analogy of Erdos’s conjecture for s-tuple

reduced residues.

Let D = {hy, hy, - -+ , hs} and v, (D) be the number of distinct elements in D mod
p. D is called admissible if v,(D) < p for all primes p. We call a + hy,...,a+ hs
an s-tuple of reduced residues if they are each coprime with q.

Theorem 0.1. Let g be a square-free number and D = {hy, ha,--- ,hs} be a

fixed admissible set of integers. Let a1 < ay < --- be those integers for which



a; + hy,...,a; + hs is an s-tuple of reduced residues. Then
ép(a)
VP(q) == > (a1 — @) < ¢, (q) P~
i=1

where ¢,,(q) = [1,4(p — vp(D)), and the implied constant depends on D and .

The theorem follows immediately for ¢ non-square-free as well, by considering the

result for @ = [, p- Motivated by Theorem 0.1 the analogy of this result for

plq
primes is
Conjecture. Let py,--- be the set of primes for which p; + h; are prime for all

hj € D. We have

Z (pn+1 - pn))\ <p l’(log ;[;)5(/\—1)4—6

pn<z






CHAPTER 1

AN EXPONENTIAL SUM ESTIMATE

In this chapter we prove a preliminary estimate about the distribution of s-tuples
of reduced residues, using exponential sums. The estimate we derive here is valid
for every choice of ¢, but this estimate is not the best we will give. We will prove

a better estimate, using this exponential sum estimate, in chapter 3.

Lemma 1.1. Define k,(m) as follows:

1 if ged(m,q) =1,
kq(m) =

0 otherwise.

Then we have

(£ ()

rlg \ 0<a<r
(a,r)=1
Proor. We have
(s) b
ky(m) = > p(s)= ——= elm-|,
s(m,q) sla 5 0<b<s S
therefore
a (s
kq(m)zz< Z e(m (Z <)>
rlg \ 0<a<r r s S
(a,r)=1 r|slq
Since
(s) _ Pu(f))
5 o(r)
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we can deduce

~—

e 2 )
I (zzfra)iq

This completes the proof of the Lemma. O

Remark 1.1. Important to note that v,(D) < s with equality if p > hy — hy.
Also if D is admissible, then

and we have that
1 D 1
1 be L (-52)< (-
p<he—ti P p<hi—hy p p<he—h1 p
Since hg and h; are fixed integers, we therefore have

I (1_W)xv 11 (1_1>s.

p<hs—hi p p
plg plg

Moreover, if p > hy — hy then 1 — @ =1- %, so that

m (-52)- () ()

p>hs_hl p p>hs_hl p
plg plg plg

Putting these together we deduce that

p(q) _ (DN _ s
o, 40

Now we state the theorem which we will prove at the end of this chapter:
Theorem 1.1. Let

WP n) =% (i kq(n+m+h1)---kq(n+m+hs)—hH(l_VP(D))) |

n=0 \m=1 plg p
Then we have that

MP(q,h) < gh*/?p=2""+ks,
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where the implicit constant depends on k and s.
In order to go toward the proof we use exponential sums to better understand

the admissible set D = {hy, ho,--- , hs}. Also we need to prove some lemmas. We

have that

e =r (2 ) )i

by lemma 1.1. Thus,

a a (r)
ky(m+hy) =P ( e<m+h1>>u,
gy Ve o

ko(m + hy) = PZ( ) e(mi+h5a>>’;g§.

rlg \ 0<a<r r
(a,r)=1
So we deduce that
ky(m + hy) - ky(m + hy) (1.1)
_py Mr)eenln) s e(mzs:ai>e<§:h-ai>,
7172, sl P(r1) -+ d(rs) olae, i=1 T =1 Ti
Gk

By summing the left-hand side of (1.1) we have

h
> kg(n+m+hy)- - ky(n+m+ hy)

m=

—_

(as,ri)=1
1<i<s
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where

Ey(z) = > e(ma).

m=1

To proceed with the argument we have to consider the case 7, % € 7Z to extract

the main term from the sum. We have that

(ai,ri)=1
1<i<s

sT
Zi:l T €Z

pu(r) - - - p(rs) < - “i)
= hP* —_— e hi—,
7’177’2;77'5|q qb(Tl) o ¢(TS> 0<§<7’i ; T
s

2im1 el
since E,(r) = h for all integers 7. Now, we need to use Lemma 3 of [8] (due to
Hardy and Littlewood). Hardy and Littlewood proved that
spy= 3 Hr)ear) (Zh)
¢(T1) T ¢(Ts) 0<a;<r; =1 T

(ai,ri)=1
1<i<s

STy
Ei:l T €z

where G is the singular series

S&(D) =H<1—1>_8<1_W>_

. p p
Lemma 1.2. (Hardy and Littlewood) Let r1,7ry...,7rs be square-free integers.
Then
s a;
A(rh ,TS) - Z €<th>
0<a;<r; i=1 T
(ai,ri)fl
1<i<s
2io1 €L

If ri = rirl! with (ITr}, I17Y) = 1, then

i

A(rlv"' 7T5) = A<T,1> ’r;c)A(Tlllv"' ,T;;).
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Also, we have that

0<a;<r;
(ai,r;)=1
1<i<s

S 94
Zi:l T €Z

1,72, ,Ts‘q

where we define the singular series

&,(D) =] <1 - 1) _8<1 _ ”p<D)>

plg p p

This lemma allows us to partition the sum over A(ry, .-+ ,rs) into sums A(p(fl, e >p§8)

corresponding to the primes p;|r;.
ProoF. For proving that
A<Tl7 e Ts) = A(rlla T ,T;)A(TY, T ,T’g),

we write

"

a; _a, a

By the Chinese Remainder Theorem, each reduced residue a; modulo r; corre-

L all of reduced residues modulo 74, ). Hence A(.,...,.) is a

1) 7 27 "1

sponds to a pair a
multiplicative function in all of its variables and therefore, to prove
7"‘ PRI 7"8

Z MAOH’”' 7TS):6q(D)7
71,72, ,Ts|q

it suffices to only prove the case ¢ = p for p prime (since the r;’s are squarefree).
In this case

plra) () ()

A, ) = —— =7 Ar(p),

7”177”2;77”5@ ¢(T1) Ce ¢(T5) IC{%:“ s} (p - 1)U|
11>1

where

Ar(p) = > €<Zhij;>-

iel i€l
1<a;<p—-1

> ai=0 (mod p)
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Let

a;
ORI VI O o))
0<a.2p-1 el

>, ai=0 (mod p)
We have that:

1) Bi(p) = X jcr As(p), because we can write

IURD VD VR O o 55

JCI ieJ el
1<a;<p—1

Y., ai=0 (mod p)
a;=0
SV

2) By(p) = pI=tif p|h; — h; for all i, j € I, otherwise B;(p) = 0. To see this note

that if h; = h; (mod p) for each 4, j, then we have

a;
Bi(p) = > e(hil > ) — 3 1.
iel iel P icl
0<a;<p—1 0<a;<p-—1
>, ai=0 (mod p) e ai=0 (mod p)

This equals p//I~* since the condition Y;c; a; = 0 (mod p) implies that Y e i,y a; =
—a;, (mod p), which means that we can choose 0 < a; <p—1forie I\ {i}, as
we wish and then a;, is fixed. Now if p does not divide h; — h; for some 4,5 € I,

we eliminate the condition

> a; =0 (mod p)

il
with replacing a; by —3,,cn(j} @m, Which proves B;(p) = 0.
Also let By(p) = 1. Therefore if we write I = I; U---U I,,, which is a partition of
values of h; mod p into congruence classes (I; = {i : h; = j (mod p)}), then by
inclusion-exclusion we find that

&@zzmwwa@zeWﬁ+izxﬂ%Mg

JCI

44w@ﬁé0%mmﬂﬁ v
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But then

et aeslp OPY) - D)

for I = {i:r; =p} is equal to

- 1 (—1)Hl »
> (o) Shra-am (12)

IC{1, s}
Now let Hy U --- U H, be partition of {1,---,s} given by H; :== {i : h; = j

(mod p)}. Hence I, = I N Hy and we have that the sum in (1.2) equals

1 p
_ II | — II |
e RS S I L | D
ITCHT k=1 I, CHy, j=11,CH,
1<r<p Jj#k
Z ( 1 >SZ<1_up<D>>< p )
k=1 —1 p p—1
HkZQ
This completes the proof of Lemma. 0

Using Lemma 1.2 we have

Zh:q(n—l—m+h1)---k:q(n+m+h hH( Vp(D)

m=1 plg p
-7 T e 2 (B(ERE)(57)
1,72, Ts|q or1)---9(r.) (O<.ai_)§_ri i=1 i i=1 ' i—1 Ti

1<i<s

s a;
Zz 1 r; iZ

and, consequently,

(zh: ky(n+m+hy)--ky(n+m-+hg) —h]] <1 - Vp(D))) (1.3)

plg p
ks i) ~ a1 ~ aij
=Py . Yo | Bl X ) B el Do h—
rigle \i.J o(ri;) 0<a; ;<ri; i=1 T1,j j=1 Tk.j ij i
1<i<k (as,5,ri,5)=1
1<5<s 1<j<s

s aL]
Z] 1ry ¢Z
1<i<k
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Summing (1.3) over n mod ¢ and using the fact that when ¢, p; € Z

qg—1

5 (n(50)) =0

n=0

unless >, p; € Z, we have that

plg

> (z": kq<n+m+h1)“'kq<n+m+hs>—hH(1— VP;D)»

n=0 \m=1
1, ), >, 2
—ore X () 2 (B(S0) - m (X %) Trt)),
regla o(ri;) 1<i<k j=1T1j =1 Tk i g
1<i<k 0<a;,j<ri;
1<5<s (as,j,ri,5)=1

s %y
Zj:l T,L-yj ¢Z
E: %i,5

i3 T4 €z

) where ||z| is the distance between x and the closest

Let F(z) = min(h, 57
integer to . We will show that |Fj(z)| < F(z). In order to do this note that

h e2mihe _ e2rife _ o—2mija sin(mhz)
Z e(mm) - e2miz | ’ N eriT — e B Sin(ﬂ'l‘)
m=1

for —3 <z < 3 and x # 0, we have |sin(z)| > 2z, thus for —1 <z < ; we have
1

sin(mhx)
~ |sin(7z)

sin(mx)

<

We deduce that for arbitrary « we have Ej(z) < ﬁ, and obviously Ej(z) < h.

Consequently we have

plg

n=0 \m=1

qz—:l (zh: kq(n+m+h1)---k‘q(n+m+h5)—hH(1—VP;D)>)

s S{rigtis)
< qP*y" > ol (1.4)

F|q [7‘1,17?”1,2,“'T‘k,s]=1‘

where

S(righs) = X B F(ial]> F(;i:j)

j=1T1j




Lemma 1.3. FEvery element of the form

S

Z —= where 0 < ai; <1y
=1 Tij

can be written as

a

(mod 1), where
[Ti,1,7“¢,2, e '7‘1',5]

1<a<[ria,rig, - Tis),

Ti,173,2°Ti,s

and each fraction that has such a representation has exactly T ] Tepresen-
tations.

T§,174,2° Ti,s

N Psrp—— representations we mean that the equation
1,174,225 1,8

s

Z%:T(mod 1)

j:l Ti’j
has exactly —=%2""%=_ different answers, if it has any.
[ri 1,72, 74,5 ’

PROOF. Let d = (r1,72) and we call r; = % for i = 1,2. For fixed a,b we are
interested in the number of solutions for the equation

b
g—l-fzﬁ—i-g(modl)
1 T 1 T

where 1 <z <r; and 1 <y < ry, which leads us to the number of solutions of

ary + by = xry + yr} (mod ririd). (1.5)
We have a =z (mod r}) and b =y (mod 7). Let x = a +ir} and y = b+ jr.
Then by using (1.5) we have

(a — x)ry = (y — b)ry (mod rirhd).

Therefore we have 7 + j

0 (mod d), which has exactly d solutions. So we

conclude that, given a and b, there are exactly d solutions (x,y) with 1 <z <ry
and 1 <y < ry to the equation

17
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Obviously = + L (mod 1) € {% :0<t< [y, rg]} and as we showed above,

T2 r1,72]

T172

each element is repeated exactly d = times. This proves the lemma for

[r1,m2]
s = 2. Using induction, we have that
a1 Qi k-1 a
A + P + = ,
Ti1 Tik—1 [7’1‘,1, T2, 'Tz‘,kq]

T3,174,2°Ti k—1

with exactly CEEP—— repetitions each. And, by the first part of the proof

there are exactly

[Ti,la i, Ti,k—l]Tz‘,lc
[Ti,la T2y Ti,k]
) . @ w
ways to write 2t 4. . 28 qg @ L %k (19d1). Now the total number
Ti,1 Tik [T1,177’z,2,"'7’i,k—1} Tik
of repetitions is
[7"1',1, T2, ri,kfl]'ri,k TiaTi2 Tik—1  TiiTli2 Tik
[7”1',17 Ti2, " Tzk] [ﬁ',h Ti2, " 'Ti,kfl] [7“1',17 T2, Tik

4

Now our task is to bound (1.4), for which we need to use the idea of Mont-
gomery and Vaughan’s Fundamental Lemma [6], slightly modified. In order to
do that we use Lemma 2 from [8, Page 596].

Lemma 1.4. Let qq,--- , qx be square-free integers, each one strictly greater than
1, and put d = [qu,...,qx]). Let G be a complex-valued function defined on (0,1),

and suppose that G is a nondecreasing function on the positive integers such that

Z Gla/a)]? < aGola),

for all square-free integers ¢ > 1. Then

Z H G(a'z/Qz

a1, 50k =1
0<a;<q;

> ez

We now need to verify that F' satisfies the requirements for G in the Lemma

1 £ 1/2
< g 1LaGo

1.4. Lemma 4 of [6] asserts that

> F( > < gmin(g, h).

0<a<q
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Since min(q, h) is obviously a non-decreasing function of ¢, we can use Lemma

1.4 with F' and min(g, h) in place of G and Gy respectively. About the condition

¢; > 1, note that, since we apply Lemma 1.4 for ¢; = [r; 1, -+, ;5] and we have
S ¢ 7, then ¢; = [ri1, -+ 73] # 1. From Lemma 1.3 we have
57

S S
ay; Qag.;
SHrigtig) = Y F(Z J>F<Z j)
0<ai,j<ri; =114 j=1 "k,
(ai,jri,j)=1
S i

Jj=1 Ti,j

S thieg
63 i

0<a;<[rs,1,,7i,s]
s ai
Zi:l [ri 1o 5mi,s) €Z

where
T — ra---Tis Tkl Tks .
[rLla e 7r1,8] [Tk‘,la e 7rk’,s]
Now using Lemma 1.4 with G = F and ¢; = [r;1,- -+ ,7is, we have that
’r'17 ... rk7
S({T@j}@j) < %hkﬂ (17)

Now we are ready to prove our Theorem:

PrROOF OF THEOREM 1.1. We prove the result with ¢ square-free. Then the
theorem follows for ¢ non-square-free immediately by considering the result for

Q = [1,,p- Now using relations (1.4) and (1.7), we have that

k
q—1 h b
S S kgt mt ) kg(n 4 mt ) — ] (1 _ W)
A plg p
1 e
<L qP* N = , Yy
% [7”1,1,7"172; Tk:,s]:T ¢(T171) . ¢(Tk:7s)
ks N 1 o\ k2 - 1 1 \ks
=qP™ < ) W% = qh*’? pre <1+<2+> >
%q: " ; (1) ,lyg P p—1

< qhk/QPkaerks.
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The last inequality is valid since we have that

I1 (1 +]13(2+ pil>k> - P ] <1 - ;>2ks (1 +]19<2+ pi1>ks>

plg plg

and for p > (ks)? we have

<2 + L >ks = ks O3,
p—1

Thus, from e* > 1 + x, we find that

1 1 \hs ks ks ks
1+(2+) 1+ 1+0<> <
P p—1 P P

and, consequently

If p < (ks)?, then

1 oks 1 1 ks ks
(1—) <1+<2+> ><e2ps’“<1,
P P p—1



CHAPTER 2

A PROBABILISTIC ESTIMATE

In this chapter we prove an estimate about the distribution of s-tuples of reduced
residues using a probabilistic method. The estimate derived here is valid only
when ¢ is not divisible by any small prime, and in this case it is the best possible
we can have. In particular, it’s much better than our earlier exponential sum

estimate in this range.

Let X;, for 1 < i < h, be independent identically distributed random variables

such that

PI‘Ob(Xi = 1) =1- PI‘Ob(Xi = O) =P.
Then

X=X+ +X,

is called a binomial random variable. Given such a random variable X, we denote

with ug(h, P) its k-th moment about its mean, that is to say,
pi(h, P) == E((X — hP)").

We will use these random variables in the proof of the following Theorem:
Theorem 2.1. Let A be a set of h integers and hy < --- < hs. Suppose that for

each prime divisor p of ¢ we have p > max A — min A + hy, — hy. Suppose also
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that p >y for all p|g. Then for y > h* and for each fized even k > 1

a5 (5 (M)} cofo(40)) (40

n=0 meA
1<i<s

which the implicit constant depends on k and |hy — hg].

Remark 2.1. Under the conditions of Theorem 2.1, it provides a better esti-

mate than Theorem 1.1. Indeed Theorem 1.1 yields the estimate
MP(q. ) < qh2p2

whereas by Theorem 2.1 we have that
s\ [k/2] s
M (g, h) <<q<h<¢f}q>> ) +qh<¢(q)> .

s\ [k/2]
Comparing two bounds and using the fact that ¢( h( 22 < ghk/2 p2tths
q

proves the point.

PROOF. The proof is similar to the proof of Lemma 9 in [6], with a small
variation which we explain. We have that

S o) w (x ()

meA q 1<j<H meA;
(m+h;,q)=1 (m+h;,q)=1
1<i<s 1<i<s

where

Aj={meA:m=j(mod H)},

where H = |hy — hy| + 1. From Holder’s inequality with, % + —+ =1, we have

k—1

that

1
k—1 H k
=1

H
>
=1
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and, consequently,

s o)) cmm s (5 ()

meA 1<j<H meA;
1<i<s 1<i<s

Now we focus on

5=% ( > o1 A(qﬁ”)) (21)

We note that

Moreover, we have that

(=)

mGAj ml,"',’lﬂrEAj
(n+m-+h;,q)=1 (nt+my+hi,q)=1
1<i<s 1<i<s

1<i<r

We will show that m; + h; # my + hy for my # my. Without loss of generality,
we assume that m; < myp and therefore m; + h; < my + hy. This is true since
my —my =0 (mod H) and thus |m; — my| > H > |h; — hy|. Now we claim that

my + h; £ my + hy (mod p) for all plg. Assume, on the contrary, that
my + hz =my + hi’ (I’IlOd p)

for some p|g. Then we have that p|m; + h; — (ml/ + hi/). We already have shown
my + h; — (ml/ + hi/) = 0, therefore

p < |ml —ml/| + |hz — hi’|7
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which contradicts our assumption that p > max A — min A + h, — hy.

Applying these facts and changing the order of summation in S;, we have that

qg—1
> 1=][(p - st), (2.2)
(n+m?f/?i7Q):1 Pla
1<i<s
1<i<r
where t = # {my,--- ,m,}. Let S(r,t) denote the Stirling number of the second

kind, i.e. the number of ways of partitioning a set of cardinality r into exactly ¢
non-empty subsets. Following the proof of Lemma 9 in [6], S(r, t)t! is the number
of surjective maps from a set of cardinality r to a set of cardinality . We set

S(r,0) = 0 so that we have

YO 1= Y Ston[le- s

n=0 my,- ,mr€A; t=0 BCA; plg
(n+my+hi,q)=1 card(B)=t
1<i<s
1<k<r

As there are (‘Atfl) possible choices for B, the above is

S Ve 00503

plg

and, since p > y > hy — hy we have that

H(l—j) (1—;>_St: 1+Ost<;)

From Lemma 9 in [6, page.326] we have that
i k s\k—r - ’Ajl st 1
Si=a X ()P X (V) sty (14 0al,)
r=0 \" i—o\ 1 Y

and

r

o> ()l

A.
(") s oy = miia P
using [6, page.327]|. Thus

50 w45 )son(o) o)
oo (1)) o) )}

=0
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using the fact that |A;| < h. For the error term the dependence of the implicit

constant on ¢ can be considered to be a dependence on k, since t < s < k we also

C (V) (0 s () n(20))

Next note that Lemma 11 of [6] states that, for any fixed integer k > 0, puy.(h, P) <

use

(hP)*/2l + h P, uniformly for 0 < P <1, h=1,2,3,.... So
pi(|Aj], P?) < (JA;| P2 4 | A P2 < (hP*)FP) - h e,

Using this and and our assumption that y > h*, we find that

S( 5 ) «ob(9)) (D). e

(n+m+hi,q)=1
1<i<s

which concludes the proof of the Theorem. O






CHAPTER 3

THE PRINCIPAL ESTIMATE

In this chapter we will prove our principal estimate about the distribution of s-
tuples of reduced residues, by combining both our probabilistic and exponential
sum estimates. The new estimate that we derive here is valid for every ¢ and it is
better than our exponential sum estimate. Using the principal estimate, we will

be able to prove Theorem 0.1.

Theorem 3.1. Let k be a given even number, and fix constant A > k. Let
@i = Ilpqp and g2 = Il ,q p, where h4 > y > h¥. Correspondingly we set

p<y P>y

P = % fori=1,2. For h > P~ we have
MP(q, h) < q(hP*)*/? 4 qh(P)* + gh*/2 P2 +hs pgk.

And the implicit constant depends on k and s.

Remark 3.1. We call the result above principal estimate. It is better than

Theorem 1.1 (M,?(q, h) < qhk/QP*QkS”“) because of the factor Ps* in
qhk/QPf2k5+k5P;k.

PROOF. Since ¢ is square-free we have ¢ = ¢1¢o and (q1,¢q2) = 1. By the

Chinese Remainder Theorem we have that

q1—1 g2—1

M (g, h) = 2 Y- D(n,na)t,

n1=0mn2=0
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where

D(ny,n) = zhj 1—hH<1—V”(D)>.

m=1 pla p
(nit+m-+h;,q;)=1

1<j<s

i=1,2

Following [6], we may write D = D; + Dy where

D1:H<1—V’ﬂ))> Eh: 1—hH<1_”rﬂ))>

p —1 p
plq2 m= plq
| (ni+m+hj,q1)=1 |
1<j<s
h h
v,(D
b=y Ty s
m=1 plgz p m=1
(ni+m+hj,qi)=l (n1+m+hj,q1):1
1<5<s 1<j<s

i=1,2

From Holder’s inequality we have D* < 2F (D’f + D’;), and consequently

MP(q,h) <325 Di+3 > Dy

ny ng niy n2

Since D; is independent of nsy, we have that

ni ng

which by Theorem 1.1 leads to

s —2ks 4 ks —2ks ks s
ZZDIf <n q2p2kq1hk/2pl 278tk :qhk/Qpl 27tk PQk.

ny n2

To estimate 3, 3., D5 let

Note that the size of A, is

m=1
(n1+mthj,q1)=1
1<j<s

which, by a simple sieve argument, is < hP;. Therefore

coy(ox eI (- )

(n2 +m+hj ,q2)=1
1<j<s
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Now, since y > h* and p|go, we have that p > h* and consequently

m(-42)-n(-5) -1 o))

plg2 p plge plge

Next we need to use Theorem 2.1 with A = A,,, and ¢ = ¢2. In order to do this
we need to verify that p > max A,,, — min A,,, + hy — hy for all p|gs. We have
that max A,, — min 4, < h and, since for p|gz we have p > y > h*, it suffices
to verify that h + H < h*. This is true because H is fixed, k > 2 and h > P~L.
(Note that we may assume P~ > H else, otherwise, P~! is bounded and we can

deduce the result desired here from Theorem 1.1.) Using Theorem 2.1, we have

s\ [k/2] s
na a2 az

Since |A,, | < hP§, we have that

that

SN DE < q(hP)*H + gh P,

niy mn2

Finally, we arrive at our principal estimate

MP(q,h) < q(hP*)*A 4 gh(P)® + qh*/2 P2 ks k. (3.1)






CHAPTER 4

PROOF OF THEOREM 0.1

Let a; < as < --- be the integers, such that a; 4+ h; is co-prime to ¢ for each

h;j € D. Let
L(z) = #{i:1<i< ¢,(q), a1 —a; > x}.
We have that
VP(q) =\ /OOO L(z)x*da.

Obviously, L(x) < [1,,(p — (D)) < CqP* for some constant C' = C(D). There-
fore for z < P! <With Py =Tl (1 - V”;D))>, since P, < P? we have that

p-1 p-1
/\/ D L(.T)ZL')\_I <<qu/ D I)\_l <<q(PS)1_>\.
0 0

To bound L(x) for larger z, we note that if a;.; — a; > h, for some integer h.

Then
h
>  1-hP,=-hP,
(n+m7zlj;,q)=1
1<j<s

for a; <n < a;y1 — h. Let k be a fixed even integer bigger than 2\. Then
Py
Y. (a1 —a; = h)(hP,)" < MP(g,h). (4.1)

i=1
aj+1—a;>h

If h = [3] and @41 —a; > @, then a;41 —a; —h > h, so the left-hand side of (4.1)

is > h(hP,)*L(z). Combining this with our principal estimate, Theorem (3.1)
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yields
z(zP,)L(z) < q<($pv)k/2 " xk/2Pk:5P1_2ks)'

Now for z < e, if y = 2%* + 1 where, o = Qkks%, then we have

]_ _
Pt = (I -2)) " <logy < logx < P

<y
Therefore
Pl 2ks << (P_a)ka << P_ Qk
So we have
P
L(z) < qka
(xP,)2 "
By integrating both sides we deduce that
p—a/k p—a/k
e e P
/ L)z dr < Tp A1y
Pt

Pt (aPy)Et

Since % 4+ 1 > )\ we have

p—alk
A-1 1- s\1-A
/ L(z)z" dx < qP," " < q(P®) .

—1
PD

For larger x we use Theorem 1.1, which gives us that
Mkp(q, h) < qhk/2P—2kS+ks'

Therefore we have

ks
qP?
L(zr) < En
and
> A-1 gk [ 2!
/ep_a/k L(z)x" dx < qP /ep_a/k e dx
So taking k = 2| A] 4+ 1 implies that
. _2k5
/epfa/k L(.%’)I‘A_ld.’ﬂ < QW < q(Ps)l_/\,

for P~! large enough, which finishes the proof.
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