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Résumé

La these présente une description géométrique d’un germe de famille générique
déployant un champ de vecteurs réel analytique avec un foyer faible a 1’origine
et son complexifié : le feuilletage holomorphe singulier associé¢. On montre que
deux germes de telles familles sont orbitalement analytiquement équivalents si
et seulement si les germes de familles de difféomorphismes déployant la com-
plexification de leurs fonctions de retour de Poincaré sont conjuguées par une
conjugaison analytique réelle. Le “caractere réel” de la famille correspond a sa
Zp-équivariance dans R*, et cela s’exprime comme 1’invariance du plan réel sous
le flot du systeme laquelle, a son tour, entraine que 1’expansion asymptotique de
la fonction de Poincaré est réelle quand le parametre est réel. Le pullback du plan
réel apres éclatement par la projection monoidal standard intersecte le feuilletage
en une bande de Mobius réelle. La technique d’éclatement des singularités permet
aussi de donner une réponse a la question de la “réalisation” d’un germe de fa-
mille déployant un germe de difféomorphisme avec un point fixe de multiplicateur
égal a —1 et de codimension un comme application de semi-monodromie d’une
famille générique déployant un foyer faible d’ordre un. Afin d’étudier 1’espace
des orbites de I’application de Poincaré, nous utilisons le point de vue de Glut-

syuk, puisque la dynamique est linéarisable aupres des points singuliers : pour les
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valeurs réels du parametre, notre démarche, classique, utilise une méthode géo-
métrique, soit un changement de coordonée (coordonée “déroulante”) dans lequel
la dynamique devient beaucoup plus simple. Mais le prix a payer est que la géo-
métrie locale du plan complexe ambiante devient une surface de Riemann, sur
laquelle deux notions de translation sont définies. Apres avoir pris le quotient par
le relevement de la dynamique nous obtenons 1’espace des orbites, ce qui s’avere
étre I’union de trois tores complexes plus les points singuliers (I’espace résultant
est non-Hausdorff). Les translations, le caractere réel de I’application de Poincaré
et le fait que cette application est un carré relient les différentes composantes du
“module de Glutsyuk”. Cette propriété implique donc le fait qu'une seule compo-
sante de I’invariant Glutsyuk est indépendante.

Mots clés: Feuilletage, application de Poincaré, éclatement, réalisation, équi-

valence, conjugaison, classification, module.



Abstract

The thesis gives a geometric description for the germ of the singular holomorphic
foliation associated with the complexification of a germ of generic analytic family
unfolding a real analytic vector field with a weak focus at the origin. We show that
two such germs of families are orbitally analytically equivalent if and only if the
germs of families of diffeomorphisms unfolding the complexified Poincaré map of
the singularities are conjugate by a real analytic conjugacy. The Z,-equivariance
of the family of real vector fields in R? is called the “real character” of the system.
It is expressed by the invariance of the real plane under the flow of the system
which, in turn, carries the real asymptotic expansion of the Poincaré map when
the parameter is real. After blowing up the singularity, the pullback of the real
plane by the standard monoidal map intersects the foliation in a real Mobius strip.
The blow up technique allows to “realize” a germ of generic family unfolding
a germ of diffeomorphism of codimension one and multiplier —1 at the origin
as the semi-monodromy of a generic family unfolding an order one weak focus.
In order to study the orbit space of the Poincaré map, we perform a trade-off
between geometry and dynamics under the Glutsyuk point of view (where the
dynamics is linearizable near the singular points): in the resulting “unwrapping

coordinate” the dynamics becomes much simpler, but the price we pay is that the

1l



v

local geometry of the ambient complex plane turns into a much more involved
Riemann surface. Over the latter, two notions of translations are defined. After
taking the quotient by the lifted dynamics we get the orbit space, which turns out
to be the union of three complex tori and the singular points (this space is non-
Hausdorff). The Glutsyuk invariant is then defined over annular-like regions on
the tori. The translations, the real character and the fact that the Poincaré map is
the square of the semi-monodromy map, relate the different components of the
Glutsyuk modulus. That property yields only one independent component of the
Glutsyuk invariant.

Keywords: Foliations, Poincaré, blow-up, realization, equivalence, conju-

gacy, classification, modulus.



Notations

(z,w): Natural ambient coordinates of the affine space C?

M: Complex Mobius strip or blow up manifold

2, : Complex surface {z = uw: u e C"}

3T :{z=w}~R?: Plane of symmetry or real plane embedded in C>
RM:  Real Mébius strip or blow up in real coordinates

¢ (w)=w: Standard complex conjugation in one complex variable
€(W)=W : Standard complex conjugation in the Fatou coordinate
C(Z)=Z: Non-standard complex conjugation on the surface %,

< (z,w) = (Z,w): Standard conjugation in two complex variables
o(z,w) = (w,z): Standard shift of two complex variables

(W) = j—v :  Inversion map in the sphere coordinate w

Tg(Z) =Z+pB: Translation in f € %, in the unwrapping coordinate
Jg(W) =W +p: Translation in § € C in the Fatou coordinate
Zg(w)=Bw: Linear map £

EW)=e 2.  Exponential map &
2aw(e+w?) 9
1+A(e)w? dw

a(e) = —é :  Distance between the holes for ¢ # 0

uo(€),ur(e): Multipliers of the field
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Translation number around zero

Translation number around infinity
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Preface

The thesis is part of a program that aims to study the holomorphic classifica-
tion of generic unfoldings of the simplest codimension-one singularities of ana-
lytic dynamical systems, the latter being given by germs of diffeomorphisms (in
which case we study classification under conjugacy) or germs of vector fields (in
which case we can study either classification under orbital equivalence or under
conjugacy). The moduli space for these singularities has been described by J.
Ecalle, S. M. Voronin (cf. [14],[51]) and J. Martinet-J. P. Ramis (cf. [35],[36]).
In spite of the “simple” shape of these germs, except for the case of the node
of a planar vector field, the moduli space is a huge functional space, while, on
the other hand, the formal invariants are in finite number. This means that there
is an infinite number of analytic obstructions for the analytic equivalence of two
germs, that cannot be seen at the formal level. The former idea of V. I. Arnold et
al. is that the modulus associated with the singularity can be explained by first,
complexifying the underlying space and then, by unfolding the singularity. Thus,
the singularity of the dynamical system comes from the coallescence in a generic
unfolding of a finite number of hyperbolic singularities or special hyperbolic “ob-
jects” (like a periodic orbit or a limit cycle). Each hyperbolic object has its own

geometric local model, and the modulus measures the mismatch of these local

X



models in the limit. It is also a measure of the divergence of the normalizing

series to the formal normal form.

So far, and still in the case of codimension-one, this program involves notably
the case of the germ of the generic unfolding of a diffeormorphism with a double
fixed point, also called parabolic diffeomorphism (cf. [11] and [32]), the case of
a germ of generic unfolding of a resonant diffeomorphism (one multiplier being
a root of unity, cf. [10] and [43]), the study of germs of generic unfoldings of
saddle-node (resp. resonant saddle) singularities of planar vector fields (cf. [44],
resp. [10]), and the case of the generic unfolding of a saddle point of a real vector
field (cf. [43]). The modulus of the unfolding is always constructed in the same
way. The formal normal form for the unfolding is identified and called the model
family. The germ of family is then compared to the formal normal form on special
domains. When one restricts to parameter values for which the special objects
are hyperbolic, then these domains are neighborhoods of the special objects. For
parameter values for which these neighborhoods intersect, the modulus is given by
the comparison of the two normalizations over the intersection of the two domains.
This is what is called the Glutsyuk point of view and the corresponding modulus
is called the Glutsyuk modulus. This was the point of view suggested by V. I.
Arnold and J. Martinet [33] and studied systematically by A. A. Glutsyuk [21]
when the unfolding is considered only in certain conic regions of the (complex)
parameter space. However, in the codimension-one case, this point of view does
not allow to cover a full neighborhood of the origin in the parameter space and
another approach is required in order to cover the remaining directions, where the
dynamics is non-hyperbolic. This approach comes from A. Douady and his school

and has been formerly introduced in the thesis of P. Lavaurs ([28]). This point
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of view is known as the Lavaurs point of view and it allows to give a modulus
of analytic classification for all values of the parameters (the modulus being a

ramified family in the parameter).
The case of the weak focus.

The thesis addresses the problem of the orbital analytic classification of a
generic family of planar vector fields unfolding a weak focus of order one, in
the Glutsyuk point of view. A weak focus of a real 2-dimensional analytic vector
field is defined as a singular point of the vector field with a pair of pure imag-
inary eigenvalues and which is not a centre. When the codimension is one, it
corresponds to the generic coalescence of a focus with a limit cycle. A germ of
generic analytic family of vector fields unfolding a weak focus is then the germ of

a holomorphic family with a generic Hopf bifurcation.

Some germs of singular holomorphic (complex) foliations are uniquely de-
fined, up to equivalence, by the germ of a holomorphic application called the
holonomy map: two foliations with holomorphically conjugate holonomy germs
are holomorphically equivalent themselves. This is the case for simple singular-
ities, for instance when the singularity is a nondegenerate 2-dimensional saddle
(having negative rational ratio of the eigenvalues of the linearization, cf. [37]).
Moreover, it was proved (cf. [42]) that in this case any germ of diffeomorphism
with a fixed point can be “realized” as the holonomy of a suitable saddle foliation,
and that in presence of extra parameters analytically deforming the singularity,
the correspondence between holomorphic types of the foliation and its holonomy
remains holomorphic (cf. [43]). As the generic family unfolding the weak focus
corresponds to a particular generic family unfolding a resonant saddle point with

ratio of eigenvalues equal to -1, the foliation of this family is characterized by
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the dynamics of the holonomy of one separatrix. However, for generic unfoldings
of elliptic singularities of weak focus or centre type (with pure imaginary eigen-
values) the germ of a real self-map & : (R",0) — (R™,0), called the Poincaré
monodromy (or Poincaré first return map), is well defined and one is naturally
led to the question whether the germ of the monodromy defines the analytic con-
jugacy class of the real foliation. The natural way to answer this question is via
complexification, as suggested by M. Berthier, D. Cerveau and A. Lins Neto in
the 90’s (cf. [2]). The complexified family of elliptic vector fields inherits a global
property of symmetry under the complex conjugation. Such a symmetry is called
the “real character” of the family. This property means that the real plane is invari-
ant under the flow of the system when the parameter of the unfolding is real, and

it also reflects the fact that the eigenvalues at the origin are complex conjugate.

The complexification of the ambient spaces allows to understand why the
holonomy map is not an ideal candidate to describe the foliation in the case of
elliptic singularities: the complex separatrices are not detected in the real plane
and, consequently, the germ of the holonomy map is not real. This motivates a
different approach. Indeed, the Poincaré map, which can be represented as the
second iterate of the holonomy of the exceptional divisor of the complex folia-
tion after standard desingularization or blow-up, keeps track of the fact that the
system has been complexified and then it stands as a “bridge” between the real
and complex foliations. Through this observation, we obtain a first result after
blowing-up the singularity: the equivalence problem for the generic holomorphic
family of vector fields unfolding the weak focus can be reduced to the conjugacy
problem for the associated holomorphic (complex) family unfolding the Poincaré

monodromy. More precisely, we show that two germs of generic families of an-



Xiii

alytic vector fields unfolding a vector field with a weak focus at the origin of
coordinates are analytically orbitally equivalent, if and only if the families unfold-
ing their Poincaré monodromies are analytically conjugate by a real conjugacy

(see Theorem 4.2.3). This provides a “real” characterization of the foliation.

Once the foliation has been characterized by the Poincaré monodromy, we pro-
ceed to solve the “inverse problem”, also known as the “realization problem”, by
means of quasiconformal surgery, as suggested by Y. Ilyashenko and his school.
This problem can be explained as follows. Being given an admissible generic
representative 2, of the class of real germs of families of holomorphic diffeo-
morphisms (with coefficients depending analytically on the parameter) unfolding
a codimension-one resonant diffeomorphism with multiplier equal to —1 at the
origin, there exists a germ of family of real holomorphic elliptic foliations whose
Poincaré monodromy coincides with the squared map ng, see Theorem 6.1.4.
We first construct a family of abstract complex 2-manifolds endowed with a fam-
ily of integrable almost complex structures (ACS) and a family of C*-foliations
whose Poincaré monodromy coincides with the prescribed family of diffeomor-
phisms. Then the Newlander-Nirenberg Theorem (cf. [40]) gives us a family of
C”-coordinates that straightens the family of ACS and, consequently, the fam-
ily of C”-foliations into a family of holomorphic foliations. We prove that the
smooth coordinates system is real and then it respects the real character of the

family unfolding the weak focus.

Both the characterization of the foliation by the Poincaré monodromy and the
realization problem fill a gap in the literature. Everybody believed this to be true
but, because the proof was substantial, it was never accurately written. We expect

our results to be useful and cited in the future.
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We will now describe the second part of the thesis, which is concerned with
the analytic classification of families of diffeomorphisms. Indeed, both the “real”
characterization of the foliation by the Poincaré monodromy and the realization
problem imply that, in order to compute the modulus of analytic classification as-
sociated with the generic family unfolding the weak focus, it suffices to describe
the modulus of analytic classification of the real holomorphic family unfolding
the Poincaré monodromy of the foliation. In this second part our result is partial:
we could only give a modulus of analytic classification (in the Glutsyuk point of
view) under orbital analytic “weak equivalence”. Roughly speaking, two generic
analytic families unfolding weak foci are analytically weakly equivalent if there
exists an analytical change of coordinates, which depends analytically on the pa-
rameter € at € # 0 and continuously at ¢ = 0, that sends orbits of the first system
into orbits of the second system with no regard on the parametrization. In addi-
tion, the domain of the (complex) parameter consists of the union of two sectors
which does not cover a whole neighborhood of the origin ¢ = 0, but which does

contain the real line instead, see Figure 7.1.

This gives the modulus of analytic classification under analytic weak conju-
gacy (in the Glutsyuk point of view) for germs of generic holomorphic families
undergoing a generic codimension-one Hopf bifurcation, by means of the Glut-
syuk modulus associated with the germ of the family unfolding the Poincaré map
of the weak focus. We shall come over the study of the modulus under analytic

orbital equivalence in near future.
Symmetries and the invariant of analytic classification.

The thesis provides also a contribution in the area of symmetries in dynam-

ical systems. Indeed, the real character of the family of vector fields yields a
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symmetry on the modulus of analytic classification, with respect to complex con-
jugation (Schwarz reflection). In order to introduce the Glutsyuk invariant we
need to define “intrinsic” coordinates (unique up to linear changes of coordinates)
in the orbit space of the Poincaré monodromy. The orbit space is the quotient of
fundamental domains by the Poincaré map. It turns out to be non-Hausdorff and
composed of the union of three complex tori plus the fixed points of the Poincaré
map. The Glutsyuk invariant is defined to be the equivalence class of pairs of
analytic diffeomorphisms (le e tpg .) defined on annular-like regions of the orbit
space endowed with almost intrinsic coordinates, modulo composition by real lin-
ear changes of coordinates in the source and target spaces, see Figure 7.2. These
analytic diffeomorphisms identify the points in different tori corresponding to the
same orbit in those intrinsic coordinates. We prove that special symmetries arise
out of the real character of the germ of the family unfolding the weak focus, and
that there are two different ways of keeping track of the real underlying frame-
work of the foliation, see Theorem 9.1.3 and Theorem 9.1.7, respectively, for
further details.

The thesis is organized in three parts and it contains ten chapters and three
appendices. Chapter 1 contains a description of the codimension-one Hopf bi-
furcation. In Chapter 2 we recall the desingularization technique and Chapter 3
describes the main feature of the family of vector fields: its real character, which is
the birth point of the forthcoming theory. Chapter 4 contains the proof of the char-
acterization of the germ of the foliation through the Poincaré map. In chapters 5
and 6 we study integrability and the conditions for realization of the foliation (the
inverse problem). In Chapters 7, 8 and 9 we study the orbit space, the symmetries

on the modulus and the invariant of weak orbital classification.
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Chapter 1

The Hopf bifurcation

1.1 Normal form.

Definition 1.1.1. [27] A singular point of a planar vector field is elliptic, if the
eigenvalues of its linearization are non-real complex conjugate (in particular,

nonzero).

By this definition, if the two eigenvalues are imaginary (with zero real part)
a linear elliptic singularity can be a center (all orbits are periodic in a neighbor-
hood of the singular point) or a weak focus, and if the eigenvalues have real part
different to zero it corresponds to a strong focus. In the latter case, the speed of
convergence of orbits to the singular point is of logarithmic order. A weak focus
is a singular point which can naturally be embedded in a family unfolding a Hopf

bifurcation.

Consider the system

¥ —F®) (1.1.1)
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where X = (x,y)” and F; (x,y) = F(x,y, ¢) is a real analytic local family of planar
vector fields defined in a small neighborhood of the origin on the real plane R?
and depending analytically on a real parameter ¢ . Suppose that for € = 0 the sin-
gular point is elliptic. This assumption immediately implies that the singular point
itself depends analytically on the parameter (by the Implicit Function Theorem).
Moreover, the local coordinates (x,y) can be chosen so that the linear part of F,

has the form

(@(e)r—B(eW) 3=+ (ale)y+ B(e))5-

with real analytic coefficients (germs) o (¢) and f(¢). We require also:
a(0) =0, (1.12)

B(0):=p >0, (1.1.3)

(the ellipticity assumption means that the real analytic function (e) is non-

vanishing) and that the family F; has the equilibrium X = (0,0).

By introducing a complex variable z = x iy, system (1.1.1) can be written for
sufficiently small | ¢ | as a single equation:
t=2(e)z+ Y bil(e)?, (1.14)
J+k=>2

with A (&) = a(e) +if (&) and where the coefficients b (&) depend analytically

on the parameter.

Theorem 1.1.2 (Poincaré normal form). [29] The equation (1.1.4) where A (€) =
a(e)+ip(e), a(0) =0and B(0) = Po > 0, can be transformed by an invertible

parameter-dependent change of complex coordinate, analytically depending on
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the parameter, for all sufficiently small | €|, into an equation with only the reso-

nant cubic term, up to order 4:

z=A(e)z+ 122+ 0(|z]*), (1.1.5)
where ¢; = c1(¢).

Bifurcations of the phase portrait of the system (1.1.5) as (&) passes through
zero can easily be analyzed using the polar form when a’(0) # 0. The system
always has an equilibrium at the origin. This equilibrium is always a stable focus

for a(e) < 0 and an unstable focus for ct(g) > 0.

Definition 1.1.3.

1. At the critical parameter value o(€) = 0 the equilibrium is topologically
equivalent to the focus or a centre. In the case of a focus, such an equilib-

rium is called a weak focus.

2. The weak focus is of codimension (order) 1 if Re(c1(0)) # 0.

Suppose a’(¢) > 0 in a neighborhood of & = 0 in the parameter space, and
Re(c1(0)) < 0. As said before, the origin is a stable focus when a(e) < 0. In
the limit a(e) = 0 the weak focus remains stable and as the parameter moves to
positive real values, it gives rise to an (unstable) equilibrium X = (0,0) which
is surrounded by an isolated stable closed orbit (or stable limit cycle, see Figure
1.1c). All orbits starting outside or inside the cycle, except for the origin, tend to
the cycle as t — +o, see Figure 1.1.

On the contrary, if Re(c1(0)) > 0, the origin is stable and an unstable limit
cycle is created for negative values of the parameter. As ¢ passes through the

bifurcation value € = 0 the closed orbit disappears and the origin loses its stability
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(a) a(e) <0 (b) a(e) =0 (©) a(e) >0

Figure 1.1: The supercritical Hopf bifurcation.

and becomes an unstable weak focus which gives rise to an unstable focus on

a(e) > 0, see Figure 1.2.

(a) a(e) <0 (b) a(e)=0 (c)a(e) >0

Figure 1.2: The subcritical Hopf bifurcation.

Definition 1.1.4. The local bifurcation of the phase portrait the Equation (1.1.5)
taking place at the value ¢ = 0 under the condition Re(c1(0)) # 0, is called
the codimension one Poincaré-Andronov-Hopf-Takens bifurcation (or simply, the
codimension one Hopf bifurcation). It is said to be “supercritical” if Re(c1(0)) <
0, and “subcritical” if Re(c1(0)) > 0 when o' (¢) > 0.
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1.2 Orbital preparation.

Proposition 1.2.1. Suppose, in addition, that o' (0) # 0 and Re(c1(0)) # 0 in
equation (1.1.5) above. Then, the equation can be transformed by a parameter-
dependent linear coordinate transformation and a nonlinear time reparametriza-

tion into an equation of the form
2= (e+i)z+szlz]* +0(|7*), (1.2.1)
where s = SIGN(Re(c1(0))) = £1.

Proof. Put T = B(¢&)t. The time direction is preserved since f8(¢g) > 0 for small
| £ | (because of hypothesis (1.1.3)). Then

21_; — (E+i)z+di(2)elz+0(2Y),
where € = ¢(¢) = géi; and d;(¢) = (((g))))) We can consider £ as a new pa-
rameter because £(0) =0 and ¢ (0) = B(0)

Theorem guarantees that local existence and analyticity of ¢ as a function of &.
Change the time parametrization along the orbits by introducing a new time
T = 1(T,¢), where

dt = (1+e(¢)|z]?)dT

with e (&) = Im(dy(€)). The time change is a near-identity transformation in a

small neighborhood of the origin. Using the new definition of the time we obtain

L — @+t @RI +O(t)
where /1 (&) = Re(d(€)) — €ey (¢) is real and

Re(c1(0))

(122)
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Finally, introduce a new complex variable z :

VIG @)L

which is possible due to Re(c;(0)) # 0 and, thus, £;(0) # 0. The equation then

=

takes the required form:

dz. . . 0y (¢)
o = (e+i)z+

~ 2+ 0(|z)*
|€1(8)IZ|Z| Ok (1.2.3)

= (E+i)z+szlz +0(|z[*),

with s = SIGN(¢;(0)) = SIGN(Re(c1(0))) = £1. O

Definition 1.2.2.
1. The real function { = {1(¢) is called the first Lyapounov coefficient.

2. A one-parameter planar family of differential equations of the form (1.1.4),
exhibiting a codimension one Hopf bifurcation at the parameter value € =0
is called “generic” if:

— The pair of complex-conjugate eigenvalues A(€) = a(e) +if(¢) crosses

the imaginary axis with non-zero speed.:

d /
—Re(¢)| _ =a/(0)#0, (12.4)

— The first resonant monomial is non null at the origin, which is equivalent

to:
£1(0) 0. (125)

Such requirements are called “genericity conditions” for the one-parameter

Sfamily.
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1.3 Embedding of the family.

The family (1.2.1) may be naturally embedded in C2. This is done by com-
plexifying the real coordinates (x,y) of the planar system (1.1.1), and then writing

the equations of such families in the new complex variables given by

z = x+iy,
(1.3.1)
w o= x—Iiy.
Definition 1.3.1. The variables (z,w) thus defined will be called the ambient co-

ordinates.

Notice that in the particular case x,y € R the ambient coordinates are related

through z =w.

1.4 The orbital form.

The embedding of (1.2.1) into C? by ambient coordinates is given by

: = (e4i)z+sPw+ D aji(e)z/wk
k=4 , (14.1)
Y — (s—i)w+sw2z+ E ajk(E)zka,

R4
where the coefficients a j;(¢) depend analytically on the parameter. Thus, restrict-
ing (x,y) to RR? allows to recover the system (1.2.1). The value s = #1 is the cubic

coefficient.

Definition 1.4.1. The family of vector fields defined by the right side of the system
(1.4.1) will be henceforth noted v.. Such a family is called the “orbital form” of
the family F; (Equation (1.1.1)). It is said to be “generic” if the two genericity

conditions (1.2.4) and (1.2.5) are satisfied by its restriction (1.2.1).
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Proposition 1.4.2 (Formal classification Theorem for order one weak foci). A
germ of generic family of differential equations unfolding a weak focus vo of order

one, is formally orbitally equivalent to:

. i+etu
¢ “T+A(e)u
(14.2)
. —i+tetu
w = W——
1+A(e)u

with u = zw and for some family of constants A(e) which is real on € € R and

A(0) #0.

Proof. Consider only the sign + in (1.2.1). By a formal change of coordinates we
bring the system to the form:
¢ o= zite+ Y Aj(e)w!) = P(z,w)
=

W= w—itet Y Aj(E)wl) = 0(zw)
Jj=1

(14.3)

where Re(gl) # 0. In order to simplify the form, we iteratively use changes of
coordinates (z,w) = (z(1 +cU"),w(1+¢cU")) for n > 1. Such a change allows to
get rid of the term A},H U™ provided that n+ 1 > 2. When n = 1 it allows to get

rid of ilm(gzU 2). Indeed, the constant ¢ must be chosen so as to verify

Ai(c+72) —ne(A +Ay) = Apsi,

which is always solvable in ¢ as soon as Re(A;) # 0 and n > 1. However, when

n=1 we get

Av] (C—l-?) —nC(Avl —l—Av_1> :AVlE—AV_lC = 2i]m(Av]E) € iR.
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Hence, in that case only the equation A;(c +¢) — nc(A, —|—Z_1) = iIm(Ap+1) is

P — ~
solvable in c. Finally, one divides (1.4.3) by w This brings all the Im(A )

to 0. Then we repeat the procedure above with ¢ real to remove all higher terms

in u/ except for the term in . A scaling in u yields the formal normal form

to= i+ (e+u)(1+A(e)u)

N (144)
w o= w(—i+(e4u)(1+A(e)u))

which is formally equivalent to (1.4.2). ]
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Chapter 2

Mobius strip and Poincaré map

2.1 Algebraic blow up.

Consider the quasi-projective variety
M = {([2: 11}, (z,w)) € CP' x C* : 21 — wi = 0} 2.1.1)

where [t : 1] € CP! is the line at infinity passing through (t5,7;) € C? (the homo-
geneous coordinates on CIP’l). Projection onto the factor C? induces a surjective

morphism

p:M—C?

and

o1 (zw) = CP! x {0} if (z,w) = (0,0) 012
([z:w],(z,w)) if (z,w) # (0,0).

The fiber S = p~1(0,0) is a projective line, which is called the exceptional line.

Away from the origin, p gives an isomorphism between C?\ {0} and M\S.

13



14 CHAPTER 2. MOBIUS STRIP AND POINCARE MAP

Definition 2.1.1. [23] The map p : Ml — C? between two 2-dimensional complex
manifolds is called the (standard) monoidal map. The analytic curve S C M is
referred to as the (standard) exceptional divisor. The pair (p,M) is called the

blow up of C? at the origin.

By construction the surface M is embedded in the complex 3-dimensional
space CP! x C? and carries the compact curve (Riemann sphere) CP! x {0} =S
on it, that is, the points of S correspond to the lines through the origin in C?, see

Figure 2.1.

Figure 2.1: The blow up of the origin.

Remark 2.1.2. [27] The real projective line RP' is diffeomorphic to the circle S
so the realified surface RM (obtained by restriction of complex coordinates to R)
is constructed as a submanifold of the cylinder S' x R?, see Remark 3.3.5 in the

next chapter. This submanifold is homeomorphic to the Mobius strip. Having this
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analogy in mind, the blow up M is sometimes referred to as the complex Mobius

strip, see Subsection 2.1.2 for further details.

2.1.1 A complex atlas on the blow up.

The standard affine covering CP' = U; UU, with U} = {[ta:t1] : 1t #0}

and U, ={[rn:11] : 1, # 0}, induces a covering
M=V,UV,, V;,VhbCC?xC,

where

Vi={([tr:11],(z,w)) € CP! xC? : 1, #0, Z_wl_z =0},

fy o (2.1.3)
Va={([t2:t1],(z,w)) €CP' x C* : 1, #0, 2 —w =0},

2

t t
Thus, using coordinates (Z,w) = (t—z,w) for Vi, and (W,z) = (t—l,z) for V,, we see
1 2
that V| and V; are both isomorphic to C2. The transition map between these charts

18 a monomial transformation

Q@ V] — V2
1 2.14)
o(Z,w):= (z,Zw) = (W,z2)
with inverse
1
o '(W,2) = (37 W), (2.15)

and so ¢°2 = id. Thus M is indeed a nonsingular 2-dimensional complex ana-
lytic manifold. It remains to observe that the map p : M — C? in these charts is

polynomial, hence globally holomorphic:

p’vzcl’ Py,

1 2
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where

c1:(Z,w) = (Zw,w), c2: (W,2) = (z,2W). (2.1.7)

Definition 2.1.3.

1. The chart (Vi,c1) covering the complex Mobius strip will be referred to
either as the first chart, as the first direction, or as the ci direction of the
blow up space. The chart (Va,c;) will be called either as the second chart,

the second direction or the c; direction the blow up space.

2. The blow up of a singular foliation .7 of ((CZ, 0) is the singular holomorphic
foliation T = p*.F extending the preimage foliation p~' (F) of M\S.

One may have a priori two possibilities for the blown up foliation .7 : either
the exceptional divisor S is a separatrix of :?i or different points of S belong to
different leaves of .7 . In the latter case leaves of this foliation cross S transversally

at all points, eventually except for finitely many tangency points.

Definition 2.1.4. [27] A singular point of a holomorphic foliation F on (C%,0)
is called non-dicritical, if the exceptional divisor S = p ™ (0) is a separatrix of the
blow up foliation p*.F by the simple monoidal transformation p. Otherwise the

singular point is called dicritical.

Notice that the exceptional divisor in the charts (Z,w) and (W,z) is given by

the equations
SNVi={z=0}, SNV, ={w=0}.

As the two sets are isomorphic to C, they can be “realified”. This is what we do

in the next paragraph.
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2.1.2 The realified atlas.

The real projective line RP! is a closed loop on the Riemann sphere CP!
which is visible as the real line R in the affine charts SNV} and SNV, (which
are isomorphic to C). The complex Mobius strip M intersects the real variety
RP! x R? < CP! x C? at {r; =5, } and {z = W}. The intersection is given by the

real Mobius strip
EM = {([a: b],(z,w)) € RP' x R? : xb+ya=0}. 2.18)

for z = x-+iy and t; = a+ ib. Such a surface can be explicitly computed in real

charts.

Theorem 2.1.5. The covering M = V| UV, yields a real covering of the real
Mobius strip BM =R v, URV,, where RV is parametrized by two real coordinates

(x,u), and RV, is parametrized by two real coordinates (v,y).

Proof. The neighborhoods V;, V, intersect the real variety RP! x R? at w = Z and

ty = t1, for coordinates z = x+ iy and #; = a+ ib with x,y,a,b € R. Then:

Vi N ({w=z} x{n=n})
= {([tzztl],(z,w))E(C]P’IX(C2 : 1 #0, zt)—z2; =0}
= {([a:11],(z,w)) €CP' x C* : £, #0, Im(zt;) =0}
= {([a:b],(z,w)) €RP! xR? : (a,b)# (0,0), xb+ya=0}.
If a # 0O the chart

b
Ry ={(Ja: b],(x,y)) e RP! xR? : a#0, x;+y:0}
: . 2 b
is parametrized by (x,u) € R, where u = ——. If b # 0, the chart
a

By, = {([a: 8], (x,y)) € RP' x R? : b£0, x—f—yg:O}
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is parametrized by (v,y) € R?, where v = —%. The real coordinates (x,u), (v,y)

cover the real Mobius strip.

As in the complex case, real coordinates on Ry, and on ®vs, prove that these
sets are isomorphic to R?. The monoidal map p : M — C? induces a real mapping

(noted p again) between M and R?. Such a map is given in charts:

pl. = Ber, p| = Fey, (2.1.9)

]RVI o RVZ

where

Rev:u) e (x,xu), Rey:(n,y) = (vy,y). (2.1.10)

The exceptional divisor CP' x {0} ¢ CP! x C? intersects RP! x R? as RP! x

{0} ~ S!. The unit circle is then given in charts by (see Figure 2.2)

(RP' x {0})N (Vi) = {x=0}, (RP'x{0})n(*V2) = {y=0}.

Figure 2.2: The real charts on RP'.

2.1.3 The tangent form.

Let
w = fdx+gdy
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be a real holomorphic 1-form having an isolated singularity of order 1. By def-
inition, this means that the Taylor expansion of the coefficients f,g begin with
homogeneous polynomials f1, g; of degree 1 and at least one of these two homo-
geneous polynomials does not vanish identically. Consider the pullback p*w on
the complex Mdbius strip M in the coordinates (x,u). In this chart the form w is

computed as

w; = [f(x,xu)+ug(x,xu)ldx+ xg(x,xu)du @.111)
= (P (dx+ (Fep)(g)dul,
where h = xf +yg and g’ = ng.
Definition 2.1.6. [27]
1. The real homogeneous polynomial
hy = xfi+ygi (2.1.12)

of degree 2 is called the tangent form of the singularity .

2. The singular point associated to w is called generalized elliptic if the tan-

gent form hy is non-vanishing except at the origin (0,0) € R2.

Remark 2.1.7. [27] The singular points on the exceptional divisor after real blow

up, are roots of the polynomial

fi(L,u) +ug (1,u) = x 2ha (x,xu). (2.1.13)

For a generalized elliptic singularity this polynomial is not identically zero, hence
the blow-up is always non-dicritical and Definition 2.1.6 guarantees that there
are no singular points on the real line R C S in the chart (x,u), that is, the real
projective line RP'. For similar reasons the point u = o (mapped as v =0 in the

second chart) is also non-singular.
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Corollary 2.1.8. [27] A real analytic singularity is generalized elliptic if and
only if it is non-dicritical and after the blow-up has no singularities on the real

projective line RP! ¢ CP! of the exceptional divisor.

Proposition 2.1.9. Planar singularities whose linearization matrix A is normal-
ized to

a —p

B«

after real blow up (2.1.10) have two singular points at (x,u) = (0,i) and (x,u) =

A=

(0,—1) (or (v,y) = (—i,0) and (v,y) = (i,0) respectively in the second real chart)
on the exceptional divisor. Such singular points correspond to (Z,w) = (0,0) and
(Z,w) = (,0) respectively, in complex coordinates in the first direction of the
blow up (in the second chart, they are given by (W,z) = («,0) and (W,z) = (0,0)).

Such singularities are generalized elliptic povided B # 0. In this case the
points on the equator of the Riemann sphere (x,u) = (0,0) and (x,u) = (0,%)
are non singular. These points are given by (Z,w) = (1,0) and (Z,w) = (—1,0)
(mapped as (W,z) = (1,0) and (W,z) = (—1,0) again in the second complex

chart), respectively.

Proof. The dual form corresponding to the linear part is w = (ax+ By)dy+ (fx—

ay)dx, and the tangent form is the polynomial

ha(x,y) = x(Bx — ay) +y(ax+ By) = B(x* +17),

which is non-vanishing outside the origin if $ # 0. The pullback of the tangent

form into (x,u) coordinates is the polynomial

ho (x,xu) = Ba* (1+u?),
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so Equation (2.1.13) yields the singular points on CP' : u = +i. Such points cor-
respond to v = Fi in the (v,y) chart. Then u = 0, (mapped as v = o,0 in the
other chart) are non singular. Let us compute how they embed in complex charts
Vi and V5.

b
Inasmuch as u = ——, the real point (x,u) = (0,0) yields b =0 when t; = a+ib
a
159} a

on the equator of CP'. This means Z = P 1. By similar reasons, the real
1 a
—ib
point (x,u) = (0,) yields @ = 0 by definition, and then Z = —; = —1. From
i

whence the points Z = 1, —1 (mapped as W = 1, —1 in the second complex chart)
are non singular.

On the other hand, the imaginary point (x,u) = (0,4i) implies by definition
that b = —ia. Then i(a —ib) = 0. As t; = f; = a — ib in the real coordinates, we get
t» =0, whence Z = 0. On the contrary, the point (x,u) = (0,—i) leads to b = ia
ori(a+ib) =0, i.e.,t; =0 and this is Z = 0. The singular points of the complex
chart (Vy,c) are therefore located at (Z,w) = (0,0) and (Z,w) = (,0) on the

Riemann sphere. L

Remark 2.1.10. In particular, the singular points of a weak focus are not detected
in the real plane after blow up, see Figure 2.3 for a picture of complex and real

coordinates and their organization in the blow up.

Definition 2.1.11. The complex surface {z = w} is henceforward noted Z in am-

bient coordinates. It will be the target set of definition of the Poincaré map.

2.2 Holonomy of the field v,.

The holonomy map of the weak focus v along the loop RP! in the ¢; direction

of the blow up, is well defined for the cross section £ with the coordinate w as a
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Figure 2.3: The exceptional divisor § ~ CP! in real coordinates (x,u).

local chart on it. As the field vy is analytic, there is a well defined real singular
foliation on the Mobius strip which is the neighborhood of the central circle of
the exceptional divisor S, see Figure 2.1. The holonomy map along this circle is
therefore real analytic. Note, however, that this loop does not belong entirely to
any of the two canonical real charts ®V; and ®V; : to compute the holonomy in
real chart (x,u) one has to “continue” across infinity u = oo that is, pass to the

other chart.

Still this problem can be easily avoided after complexification: if the singular-
ity is generalized elliptic, the holonomy can be computed in the chart (x,u) as the

result of analytic continuation along the semi-circular loop

[—R,R|U{|u| =R,Im(u) >0}, R>1

which is homotopic to RP!, see Figure 2 4.

Recall that vg is a generic weak focus that is given in ambient coordinates
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Figure 2.4: “Bypass” of the infinity in the real chart (x,u).

(z,w) by
;= izt+sPw+ E ajkz’wk,
jrk=4 2.2.1)
oo 2 S
W = —IW+sSwz+ 2 ajrz w’.
T4

Definition 2.2.1.

1. The holonomy map 2°' : 3 — X of the field v} = (cl_l)*vo ocy inthe (Z,w)
chart of the blow up is called the semi-Poincaré map (or semi-monodromy

map) of the weak focus vy.

2. The standard monodromy & = 2, of the field vy is the square 2 o 2!

of the holonomy. It is called the Poincaré map of the weak focus vy.

3. The holonomy map of the field vi> = (c, Dvo 0 ¢y for the section = in the
(W,z) chart of the blow up is noted 2°* : = — X.

The complex description of the semi-monodromy immediately allows to prove

its analyticity and that of the monodromy map.

Theorem 2.2.2. [27] The semi-monodromy 2 of a generalized elliptic singular
point is an orientation reversing (with 2°V'(0) = —1) germ of diffeomorphism,

which is also real analytic on (R,0), including the origin.
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Figure 2.5: The complexification of the real line and its blow up.

The holonomy operator 2! of the field vy is visible on the real plane (Rz, 0)
before the blow-up: we have seen already that the cross-section £ blows down
as the x-axis on the (x,y)-plane. Indeed, the section X blows down as {z = w}
and since z = w (the real system) we get Im(z) = y = 0, which is the x-real axis.
By construction, (2 (x),0) is the first point of intersection with the x-axis of a

solution starting at (x,0), after continuation counterclockwise, see Figure 2.5.

2.3 The embedded Poincaré family.

We embed the Poincaré map & = & of the weak focus v = vq in a generic

family of diffeomorphisms &7, which is analytic in the parameter.

Definition 2.3.1. Let € be fixed in a neighborhoodV of the origin in the parameter

space.

1. The holonomy map 2;' : £ — X of the field V' = (cl_] )«veocy in the (Z,w)
chart of the blow up is called the semi-Poincaré map (or semi-monodromy

map) of the system vy.
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2. The standard monodromy P, of the field v, is the square 2g' o 2;' of the

holonomy. It is called the Poincaré map of the the system v..

3. The holonomy map of the field v = (c, D.ve 0 ¢y for the section 2 in the
(W, z) chart of the blow up is noted 2¢* : T — 3.

Theorem 2.3.2. [29] The Poincaré map &, : £ — X of the complex family (1.4.1)
unfolding the weak focus v = vq is an analytic germ of diffeomorphism which has

the form

Pe(w) = e Ew=E e 2+ 0(e)|w* + O(w?). (2.3.1)

Proof. The analyticity follows from its definition (the field v, is analytic for ¢

fixed). Write system (1.2.1) in polar coordinates (r,0) :

i =r(e+sr?)+g(r,0)

. 232)
6 = 1+h(r,0),

where s = +1, g = O(|r|*), h = O(|r]*), and the e-dependence of these functions
is not indicated to simplify notations. An orbit of (2.3.2) starting at (r, 8) = (ro,0)
has the following representation: r = r(6,rg), ro = r(0,ro) with r satisfying the

equation

dr r(e —l—sr2) +g ’
Rt S o L - S R(r. 0 233
10 T+ r(e +sr°)+R(r,0), ( )

where R = O(|r[*). Notice that the transition from (2.3.2) to (2.3.3) is equivalent
to the introduction of a new time parametrization in which 6 = 1 which implies
that the return time to the half-axis 6 = 0 is the same for all orbits starting on this

axis with ro > 0. Since r(6,0) = 0 we can write the Taylor expansion for r(6,rg),

r=u1(0)rg+uz(0)rd +usz(0)rg + O(|r|*). (2.3.4)
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Substituting (2.3.4) into (2.3.3) and solving the resulting linear differential
equations at corresponding powers of ro with initial conditions u; (0) = 1, u»(0) =
u3z(0) =0, we get

€6 — €06 6280 —1
up(0)=e€"", uwp(0)=0, u3(0)=se )
€

Notice that these expressions are independent of the term R(r, 0). Therefore, the

standard monodromy rg +— 7 = r(2m,ry) has the form

rop = e Erg +5e* 2+ O(e)|rg + 0(r}) (2.35)
for all R = O(r{). This yields the expression (2.3.1) in the w coordinate. []

Remark 2.3.3.
1. The semi-monodromy is simply r(7,ry) in the proof above.

2. Since Py = 2" 0 2;', the Theorems 2.2.2 and 2.3 .2 prove that the form of

the semi-monodromy is given by
5 (w) = —e"Fwt e [T+ O(e) W +o(w?). (2.3.6)

3. In the next chapter we shall see that the family 2. is real under the condi-

tion € € R (Proposition 3.1.6).

Denote by f(x, ¢) the displacement function f = %, — id for some choice of
a cross-section, say, the semiaxis n+ = {y = 0,x > 0}, and an analytic chart x
on this cross-section. By definition, sufficiently small limit cycles of the field v,
intersect 14 at isolated zeros of f. The map (2.3.1) can easily be analyzed for
sufficiently small ry and | £ |. For instance, if the third order coefficient of the field

Ve 18 negative (i.e. s = —1) there is a neighborhood of the origin in which the map
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has only a trivial fixed point for small ¢ < 0 and an extra fixed point, /¢ + ... for
small € > 0. The stability of the fixed points is also easily obtained from (2.3.1).
Taking into account that a positive fixed point of the map corresponds to a limit
cycle of the system, we can conclude that system (2.3.2) (or (1.2.1)) with any
O(|w|*) terms has a unique (stable) limit cycle bifurcating from the origin and

existing for ¢ > 0. If s = 41 an unstable limit cycle appears on € < 0.
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Chapter 3

The real character of the foliation

3.1 Z,-equivariance of the family.

Recall that a generic (orbital) analytic family v, locally unfolding an embed-
ded order 1 weak focus in a neighborhood around the origin of coordinates in C?
is an analytic one-parameter dependent family of differential equations:

2= (e+i)z+sw+ E a(e)z/wh,
prkzas S =z w) (3.1.1)
W= (e —i)w+sw?z+ E ajk(E)zka.
Jtk=>4
where the coefficient s = 1, and m is the complex conjugate of aj(¢), and
the domain of & is a symmetric neighborhood V C C around the origin in the

complex plane. Inasmuch as the coefficients depend analytically on € they can be

written as

aje(e) =Y (bjen+icjn) ", (3.12)
neN
with b ji,, ¢ jkn € R for all j+k > 4 and n € N. The parametric family of systems

above corresponds to a generic unfolding of a saddle point in C? with ratio of

29



30 CHAPTER 3. THE REAL CHARACTER OF THE FOLIATION

eigenvalues equal to —1. Let Q. stand for the Pfaffian form associated to the

system v, and let .#q_ be its holomorphic foliation.

Definition 3.1.1. In ambient coordinates (z,w) and parameter space, we define

1. The standard complex conjugation in one variable:
C(z2)=7z, €w)=w, F(¢)=c¢. (3.1.3)
2. The standard complex conjugation in two variables:
S (z,w) = (Z,w). (3.1.4)
3. The standard shift of two complex variables:
o(z,w) = (w,2). (3.1.5)

An easy calculation shows that the family of complex systems (3.1.1) is in-

variant under the conjugacy . o o and a Schwarz reflexion in the parameter:

vE:yooov%(g)oaoy, (3.1.6)

and thus, the family of vector fields v, shows a particular behavior for real values

of the parameter.
Definition 3.1.2. [29] Let G be a (compact) group which can be represented in
R" by matrices {T,} :
Te=1n, Tgg, = T4 Ty,
for any g1,g> € G. Here e € G is the group unit (eg = ge = g), while I, is the

n X n unit matrix. A continuous time family of differential equations depending

analytically on a parameter € € R

X=f(X), XeRr" (3.17)



3.1. Z,-EQUIVARIANCE OF THE FAMILY. 31

is called invariant with respect to the representation {T, } of the group G, or simply
G-equivariant, if

Tofe(X) = fe(T,X) (3.1.8)
forallge G, e € Randall X € R".

Notice that the composition . o o(z,w) = (,%) corresponds in R* to the

linear transformation 7'« represented by the premultiplication by the matrix M :

0O 0 1 O

0 0 0 -1
M =

1 0 0 O

0 -1 0 O

i.e., the equation .% o o (z,w) = (W,Z) in C? is equivalent to

M(x1,y1,x2,2)" = (x2,—y2,x1,—y1)" (3.1.9)

in R* for ambient coordinates 7 = x1+iy; and w = x 4 iy,. Moreover, it is easily
seen that

M =1

i.e., T is an involution: T}zoo = T,. Thus, if Rvg is the realification of the family
(3.1.1),and if G = {T,,Tyox} With T, = I4 (i.e. G ~ 7Z;), then the family Ryg is

“Znp-equivariant” for real values of the parameter:
for all X € R*. In addition, this representation decomposes R* into a direct sum
4 _ 5+ pv—
R*=2"g27,

where MX =X forX € 3t and MX = —X for X e 3.
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Definition 3.1.3. The Z,-equivariance (3.1.6) in C? (or (3.1.10) in R4) of a

generic family of vector fields v, is called the real character of the family.

The space =7 is the fixed point subspace associated with G and is canonically
identified with the real plane R? C C2. Indeed, the equation MX = X, for X =
(x1,y1,X2,y2) € R*, yields

z = xi+iyn,
W= xX]—iy

orz=w.

Definition 3.1.4. The I-dimensional complex surface =+ : {z = W} is called the
plane of symmetry or the real plane, because it is canonically identified with R?

in the ambient space C? in (z,w) coordinates.

Let us write

vg<z,w>=Pg<z7w)§z+gg<z,w>(;iw, G111

where P.,0Q; : U C C?> — C? are germs of analytic families of functions on an

open set of C2.

Proposition 3.1.5. The real character (3.1.6) of the family v, is equivalent to the

invariance of the real plane 2" under the flow of the system, when € € R.

Proof. In terms of the families P;, Q, the real character (3.1.6) means (P; (z,w), Q¢ (z,w)) =

(Qz(W,7),P-(w,Z)). Thus,on =" : {z =W} we get for real ¢ :
P, =0, (3.1.12)

whence follows that the flow of v, is real too. Conversely, if the flow of the
family is real for real €, then it is easily seen that the components P;, Q. are re-

lated through (3.1.12). Hence, v, = . o0ov,000.¥, ¢ € R. Inasmuch as the
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dependence of v, on the parameter is analytic, and the neighborhood V is sym-
metric (with V NR # 0), the Schwarz reflection principle yields the real character
(3.1.6). O

The real character of the family v, allows to show easily the

Proposition 3.1.6. The generic family of diffeomorphisms & unfolding the Poincaré

map P of the system vy is an analytic germ of family, verifying the identity
€ o @cg(&.) 0% = 325
for all € € V. In particular, it is real whenever € € R.

Proof. The analyticity follows by definition. We show that it is a real family on
real values of the parameter. Let us fix ¢ € R and take an orbit y of the system
(3.1.1) (i.e., a trajectory for real time) starting at the point zo = wg € X and return-
ing to a point z; = wj € = close to wy : w; = P (wp). If zo = W, the real trajectory
of this point coincides with y (which is then contained in R?) so z; = Wy, because
the flow is real for real values of the parameter (that is, the orbits starting at real
initial conditions are contained in =, due to the real character of the family) and

then

Pe(20) = 21 = Wi = Pe(wo) = P¢(20)-

By the symmetry of the neighborhood V in the parameter space, again the Schwarz

reflection principle yields the conclusion. O

Definition 3.1.7.

1. Recall that X : {z = w} in ambient coordinates. Define as well

Spi=3NZT ~R,
(3.1.13)
Sp={z=uw : ueC}
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and endow these surfaces with a parametrization in the w coordinate.

2. The pullback of Z,, is denoted by
Zi} =2 ={Z=u} (3.1.14)
in the cy direction of the complex Mobius strip, and by
=03, ={W=u""} (3.1.15)
in the c; direction of the complex Mobius strip.

Proposition 3.1.8. The affine collection {Z,},cc+ of complex surfaces is a local

transverse fibration for Fq_, in a small neighborhood of the origin.

Proof. By definition, 3, = {z = uw} = {E = u}, for u € C*. Using equations
w
(3.1.1) we get

d (Z) _w—ob z (2i+0(\z,w,8|)>-

dr \w w2 w
Thus, on 2
d/z .
o (;) =u (21+0(!z,w, € ])) #0
for sufficiently small z, w. O

In particular, all the vertical and horizontal surfaces defined separately by Z =
u (in the (Vy,c;) chart of the blow up), or W = u (in the (V3,¢;) chart), where

u € C*, are transverse to the foliation on a small neighborhood of the origin.

3.2 Blow up of the family v..

The 1-parameter dependent family v, is a generic family of vector fields un-
folding the weak focus vg. In order to describe the geometry of the foliation, equa-

tions (3.1.1) are blown up by the complex standard monoidal map p = (cy,¢2),
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defined in (2.1.7). The blow up space (or the complex Mobius strip) is equipped
with the two charts (V;,c;) and (V3,c¢;) which overlap away from Z = 0 € CP"
and Z = o € CP!. It is seen that the singularity at the origin of the system in (z,w)
coordinates splits in two singularities located at Z = 0 and Z = « on the Riemann
sphere and those points are seen as u = +i and u = —i in the real chart (x,u), see
Figure 2.3. Inasmuch as the singularity is non-dicritical, the Riemann sphere CP!

is a common separatrix in the two charts of the blow up space.

Definition 3.2.1. Let vi',ve> be the pullback fields of the vector field v, respec-

tively, under the maps ci,c; :

C1 —1

Ve :(Cl )*Vsocl,

o (3.2.1)
Ve = (c; )sveoca.

FZ and FY are the foliations of V&' and v*.

A short calculation proves that vi' is given by the field on the right of the

equation

Z = 2iZ+ (ajk(e)—ak+17j_1(5))ijk+j*1

Jrh=4 _ =v(Z,w). (322)
W o= (e—i)\wH+swZ+ E ajk(E)kaf+k
JER>4

In the same way, v;? is given by the field on the right of

W = —ZiW—‘r E (Cljk(g)—ak_;,_l’j_](&‘))WjZk_‘_j_l
ifr>4
. . J+; k,j+k = v (W,2),
z = (e+i)z+szTW+ E aj(e)Wr/
jAR>4
(3.2.3)

where the coefficients a () are given in (3.1.2).
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Figure 3.1: The two fields v' and v in the blow up space.

3.3 The real character in the blow up.

We now investigate how the fields found in the blow up are related. Recall that

the change of coordinates between charts of the blow up is the monomial map

Q@ Vi—W
1 (3.3.1)
p(Z,w) = (Z’ZW> = (W,z2)
with inverse
1
¢ (W,2) = (—,Wa2). (332)
w
This function is a holomorphic diffeomorphism and, in fact
p=c;'oc, (33.3)

see Figure 3.1. Notice also that the change between charts is the identity on the

product 2 x C:
¢(1,w) = (1,2)

where z = w, so it sends the section X onto Z. The proof of the following proposi-

tion is plain.
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Proposition 3.3.1. The field v* is the pushforward of the field v' by the map @ :
V2 =gpSlogp ! (334)
This is a global identity in the blow up.

Remark 3.3.2. The standard complex conjugation in two complex variables ./
lifts as
—1 =5 —
¢, oS oci(Z,w) = W
o oazm) = @ 535
& oS oer(zw) = (W.3)

respectively, in the first and second directions of the blow up space. Such a lifting

is noted . as well.

3.3.1 The real strip RM revisited.

The real Mobius strip RM is given by the pullback of the real plane (symmetry

plane) into the blow up space M :
RM = p*2* (3.3.6)

(see (2.1.1) for the defintion of M). The real Mobius strip can be explicitly com-
puted in terms of the complex charts (Z,w) and (W, z) covering the blow up space
(see Paragraph 2.1.2 in the previous chapter for details on the real covering of

Ryo).

Proposition 3.3.3 (Real Mobius strip in complex coordinates). The real Mobius

strip ®M is defined in complex charts, by

BM,, :=={(Z,w) : Z==, weC} (3.3.7)
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R 0.0

Figure 3.2: The real Mobius strip in complex coordinates.

in the ¢ direction of the blow up space, and by

M, :={(W,z) : W=2, zeC} (3.3.8)

IS A

in the c¢; direction of the blow up. Such a surface can be seen as the embedding
R*\{0} — R*"\{0}

X2 —y2 2xy

’ y Xy —
x2+y2 x2+y2

(2,) = ( y)-

o o —if .
Proof. Indeed, points in polar form (e‘e,re 7) e RP! x R? are in 1-to-1 corre-
: : w _i8
spondence with points (—,w € RMC1 , for the complex number w=re "2, 0 €
w
0 . . .
[0,27). Here, the second component re™'2 stands for the direction of the real line

through the origin L in the real plane R?. The first component ¢’ gives the point

of the unit circle (which is homeomorphic to the exceptional real line RP! x {0})
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in correspondence with the line L' projecting as L on the real plane R?, see Pic-
ture 3.2. Of course, the manifold {(eie,re_ig) cRP'xR? : A€ [O,Zn)} is

non-orientable. O]
Corollary 3.3.4. The real Mobius strip is invariant under the change of charts:

o(®*M,,) =8 ML,. (33.9)
Indeed, p = .7 on ®M.

Proof. This is a tautology:

each time that z =w. ]

Remark 3.3.5. The real Mobius strip RM is strictly contained in the subvariety
1:=RP! x R?, which is given in complex charts by {|Z| = 1} = {|W| = 1} within

the product CP' x C?, and by {|z| = |w|} in ambient coordinates. Furthermore,
RM C 1

as real spaces. The real dimension of 1 is 3 and is topologically equivalent to the

product S' x R? in the blow up space, see Figure 3.3.

Proposition 3.3.6. The real character (3.1.6) of the family v, is equivalent to the
symmetric equations
ve' = (S o)y
Ve = (S 0p)vg

7,
(e)° P (3.3.10)
0 °P°7

in the complex Mobius strip. Since ¢ = (pofl, this yields
Vel =70V

(E)OY.
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1=RP' x R?

Figure 3.3: The 2-dimensional real Mdbius strip *M embedded in 1 ~ S! x R?.

Proof. Recall Definition 3.1.1. Inasmuch as ., = . and o, = o (the differentials
are computed in R4), the real character (3.1.6) of the family v, and the first of

Equations (3.2.1) lead to:

Vil = (efDaveoc
= (] )e(Fo00vg (o000 )oc

= (Loc! 00)sVg(s)000C 0,
but an easy calculation shows that 0 = cjoc, land oo c1 =cjo@. Thus

1
Ve =

yocgl)*v%o(g)ocloqooy

eyocz_1 oclocl_l)*vcg(g)oclo(poy

with the help of (3.3.3). The same procedure proves the second equality. Let us

show the converse statement. By definition

ci0S(W,z) =S o000cr(W,z) (3.3.11)
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globally for (W, z) coordinates. This yields, in terms of the differentials,

15 = S 00 0cC,. (3.3.12)

Since
C —1
V(o) = (€2 )sve(e) 0c2y

the hypothesis (3.3.10) implies
ve' =70 ((¢; " )wvg(e) 0 c2) 0.7
But since v = c1,V5' o cl_l, Identity (3.3.12) leads to

Ve = c1p L0 ((62_1)*\/%&(8) ocz) o&”ocl_1
= ,Vooocz*o((cgl)*vcg(g)ocz)ojﬂocfl
e yoo’o\kg(g)0020y00;1

= So0ovgE o000,
the last equality being a direct replacement from (3.3.11). [

Definition 3.3.7. The Equations (3.3.10) are referred to as the real character in

the blow up of the family v,.

Thus, the real character of the family v, in ambient coordinates is equivalent

to the real character in the complex Mobius strip M.

Proposition 3.3.8. The real character in the blow up of the family v is equivalent
to the invariance of the real Mobius strip RM under the flows of the systems (3.2.2)
and (3.2.3) when € € R.
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3.4 Holonomies.

In the general case, the holonomy map (for instance, in the ¢ chart of the
complex Mobius strip) between two fibers 2}, : {Z = ps : u, € C*} and 2} -
{Z = wp : up € C*} is obtained by lifting the radial path defined by the segment
between the intersection of the fiber Zf}a with the exceptional divisor (the common
separatrix of the foliations of the two charts), and the unit circle S! and continuing
the lifting along S' in the counterclockwise direction, and, finally, lifting the radial
path defined by the segment between the intersection of the fiber ZLI;, with the

separatrix, and the unit circle S!, see Figure 3.4 below.

Figure 3.4: The holonomy map in the (Z,w) chart between the sections X! and X7} .

Definition 3.4.1. In each chart of the divisor, the counterclockwise direction will

be the positive orientation, and the clockwise direction, the negative orientation.

The direction of the parametrization in the two radial segments depends on
whether the modulus of the projection of the fibers on the separatrix, namely | u,|

and |up|, are greater or smaller than 1. In the picture above |ug|, |up| < 1.

Definition 3.4.2.
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1

1. The holonomy between the complex sections Eila and Zf)b is noted as hg in

the first direction of the blow up space.

2. The holonomy between the complex sections Eifa and fob is noted as {; in

the second direction of the blow up space.

Figure 3.5: The + sign stands for the positive orientation (counter-clockwise).

We are interested in the particular case w, = 1, see the Figure 3.5.

34.1 The case u, =1.

Definition 3.4.3.

1. The holonomy h; : {Z} x Dy, — {1} x D\, in the first direction of the blow

up is denoted by hg 7.

2. The holonomy l¢ : {W} x D, — {1} x Dy in the second direction of the blow

up is denoted by ¢ y .

Remark 3.4.4. Notice that if u, = up = 1, then he | = 2¢' (the semi-monodromy

of the field v for the section Z in the first chart of the blow up, see Definition
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2.3.1) and b | = 25 (the semi-monodromy of the field v, for the section X in the

second chart of the blow up, see Definition 2.3.1).

Figure 3.6: Monodromies of X in the blow up.

Corollary 3.4.5. The holonomies 2¢' and 2¢* for the cross section X in the first
and second charts of the complex Mobius strip, respectively, are inverses of each

other:

c1 __ ocro—1
9 = g1,

Proof. The equator RPP! is positively parametrized as (e/?,0), 6 € [0,2x] in the
first chart of the blow up. The lifting of this loop in the leaf of .%;' through the
point wo € X is given by the trajectory y : (¢’®, w(8)), where w(0) = wy. Consider,
on the other hand, the lifting of the loop (¢',0), ¢ € [0,27] in the leaf of .72
passing through the point w(2x) € Z and positively oriented (i.e. oriented in the
counter-clockwise direction) in the second chart of the blow up. Such a lifting is
given by (¢ z(¢)), where z(0) = w(2). Since v = @,V 0 p°~ !, the trajectory
y~ given by @(e'?,w(0)) = (7% ¢w(0)) is a well-defined lifting in the leaf of

the foliation .%;2 passing through the point (1,w(2s)). However, such a lifting is
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negatively parametrized (i.e. oriented in the clock-wise direction) in the second
chart of the blow up space, because the orientation of the equator is switched by

@. Changing the parametrization by
0—2m—¢
yields the trajectory y™ given by
v (e, e P w(2n—¢)),

which is positively oriented in the second chart of the blow up, see Figure 3.6.
Therefore, by unicity of the solution to (3.2.3) in polar coordinates with initial
condition (1,w(2x)),

2p)=e Pw2m—¢).

Thus,
220 9% (wo) = 22 (w(2m)) = 22(2(0)) = 2(27) = w(0) = w.

The conclusion follows. L]
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Chapter 4

Orbital characterization

4.1 Real character of a family of orbital equivalences.

Definition 4.1.1. Two germs of analytic families of vector fields ve,(z1,w1) and
Ve, (22,w2), unfolding weak foci at the origin for the values €1 = €2 =0, are ana-

Iytically orbitally equivalent if there exists a germ of map

A =(KW,E): (e1,z1,w1) — (k(e1),P(er,z1,w1),E(e1,21,w1)) 411

fibered over the parameter space, where
i) k:e; — K(ey) = €3 is a germ of analytic diffeomorphism preserving the

origin. Moreover, it is real for real values of the parameter:

% oko¥% =Kk.

ii) There exists a representative W, (z1,w1) gC‘I’(gl,zl,wl) which is an ana-
Iytic diffeomorphism on a fixed small neighborhood of the origin in (z,wy)

space, for every €1 in a neighborhood of the origin of the parameter space.

47
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In addition, W, enjoys the following property:
IPEI :ﬂoao‘l’%(m)oaojﬁ. (412)

iii) There exists a representative &, (z1,w1) d:ef’g‘(sl,zl,wl) depending analyt-
ically on (€1,z1,w1) in a small neighborhood of the origin in (&1,z1,w1)

space with values in C*, and it satisfies:
ey = C o0&y 0 00.

iv) The change of coordinates W, and the time scaling &¢, define an equiva-
lence between v, (z1,w1) and T/\k(sl)(m,wz) over a polydisk By(r) X By(r),
where By is a ball of small radius r > 0, for € in a small neighborhood of

the origin:

{}\k(el)(lph (z1,w1)) = Ee, (Zhwl)(lpsl)*(vﬂ (z1,w1)). (4.1.3)

Definition 4.1.2. In general, any germ of family of smooth diffeomorphisms W
satisfying (4.1.2) over a symmetric neighborhoodV of the origin in the parameter

space, is said to possess real character.

Of course, if we know that two families are orbitally equivalent, we can al-
ways change the parameter ¢, of the second family by &, where €, = k(&) and
suppose that the two families are parametrized by the same parameter, as we do

later.

Proposition 4.1.3. Let W.(z1,w;) = (z22(€,21,w1),w2(€,21,w1)) be a holomor-
phic change of coordinates (depending analytically on the parameter) between
two families of vector fields v, ,ve unfolding a weak focus. Then W has real char-
acter (4.1.2) if and only if W, sends the plane of symmetry into itself W (2T) C =

for real values of the parameter.
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Proof. If the change of coordinates W, has real character, then:

IPS(ZDWI) = (ZZ(Eazl7W1)7W2(87Z17W1))

= yoOO‘P%(E)OyOG(Zl;"W)

== (WZ (Ev W_la E) , <2 (57 W_lv E) )

and then, the equivalences sends the symmetry plane of the source space (parametrized
by z; = wy) into the symmetry plane of the target space (parametrized by z, = Ww5)
on ¢ € R. On the other hand, the equation W, (=) C =% is equivalent to W, =
S o0oW,o000.Y. Inasmuch as the equivalence depends analytically on the pa-

rameter, it extends to (4.1.2) by Schwarz reflection. [l

4.2 The main theorem.

Lemma 4.2.1. Suppose G: ¥ C C*> = C, (z,w) € ¥ = G(z,w) € C is a germ
of holomorphic map defined locally in a small neighborhood V' containing the

G
origin, such that VG(0,0) # 0 and G =6 oGo." o0. Then 0—(0,0) # 0 and
<

G

—(0,0)#0.

Proof. This is straightforward, since

G G(0.h) —G(0,0 G(h,0) —G(0,0 oG
—(0,0) = lim (0,h) (’):hm (’)_ (0,0) = —(0,0).
ow h—0 h h—0 h 0z

O

Definition 4.2.2. [10] Two germs of analytic families f. and ]/‘\:g of diffeomor-

phisms with a fixed point at the origin are conjugate if there exists a germ of
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analytic diffeomorphism 7€ (e,w) = (k(¢),h(e,w)) fibered over the parameter
space such that:

he o fe = fig(e) o he, (4.2.1)

where hy (W) Zh(e,w). The conjugacy is said to be real if
¢ oko? =k

and

%Oh%(g)o(g:hg. (422)

Theorem 4.2.3 (Orbital analytical characterization of the foliation). Two germs
of generic families of analytic vector fields unfolding a vector field with a weak
focus at the origin of coordinates in C? are analytically orbitally equivalent, if
and only if the families unfolding their Poincaré maps are analytically conjugate

by a real conjugacy.

Proof. Let the germs of the two different families of vector fields be given by
ve, and v, . If the systems are analytically orbitally equivalent, then there exists a
change of coordinates W(ey,-,-) = W, (+,-) as in Definition 4.1.1, bringing leaves
into leaves. A real reparametrization &7 = k(&) of v, is possible by definition.
Such a reparametrization allows to work only with the parameter €, which will
be noted ¢. Accordingly, we shall write v, instead of ﬁk(g). In addition, w, will
stand for the family of Pfaffian forms defined by v, and @, will denote the family
of Pfaffian forms defined by V. A theorem on the existence of invariant analytic
manifolds (see Appendix B) ensures that wg,®, are always equivalent to 1, =

(e +i)zdw — (¢ —i)w(1 4 zw(...))dz in ambient coordinates, and then

Ne' =Zdw —A(e)w(l+A¢(Z,w))dZ (4.2.3)



4.2. THE MAIN THEOREM. 51

in the first chart of the blow up, and

ne* =Wdz—1'(e)z(1+ AL (W,z))dW (4.2.4)
in the second chart of the blow up, so that

E)

QN = ngl “4.2)5)

is plain, with A¢ (Z,w) = O(Zw) and A%, (W, z) = O(Wz). The numbers A (g),A’(¢)
correspond to the ratio of eigenvalues of the singular points (Z,w) = (0,0) and

(W,z) = (0,0) in the first and second directions of the blow up, respectively:

Ale) = —_ Al(e) = —SZ—T (4.2.6)
The functions A, , A}, depend analytically on the parameter and are holomorphic on
a neighborhood C* x D of the exceptional divisor, for each fixed value of & (here
Dy is the open disk of radius s in the complex plane). Moreover, the coordinates

can always be scaled before blowing up, to ensure:
1

in C* x . In the following, .%, and .%, are the foliations of 1, and 1), in ambient
coordinates. To avoid confusions, = denotes the local transverse section {z=w}

to the foliation ggg . The families &, &, are the monodromies of X, b computed

along the leaves of .%, and ggg , respectively.

I) THE NECESSARY CONDITION.
Let the parameter € be real. Let (z;,w;) denote the ambient coordinates of v, and

(z2,w2) the coordinates of V.. By Proposition 4.1.3, the image of the embedded
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Figure 4.1: The real line and its image by the equivalence W,.

real line =g : {w; = z;} N{w; =71} is a real analytic curve W, (Zg) in {22 =
Wy}~ RR?, not necessarily coinciding with iR (the real line in f), see Figure 4.1.
The surface W, () is transverse to ;‘\8 by definition. Therefore, it is given by

the zero level set of an analytic family of germs G on an open ¥ C c?-
Y, (2) ={(z2,w2) € ¥ : G¢(z2,w2) = 0}.

The family G, verifies G.(0,0) =0, Vi(zw)Ge (0,0) #0 and G, = € oGy oS 0
o on ¥ (and thus, is real on the real plane when ¢ € R). By Lemma 4.2.1 and the
Implicit Function Theorem, there exists a product neighborhood %, x 7; C C?
and an analytic family g, satisfying g.(0) = 0, such that G.(z2,w,) = 0 if and
only if zp = g¢(wy) for all wy € ¥;. Such a family can be written as g, (w;) =

wrZ° + w3h(e,w,) for some |Z°| = 1. Thus W () is given by the set:
{(ZQ,WQ) /) :ZO+W2h(S,W2)}

in the first direction ¢ of the blow up space. Then one takes a simply connected
open set U on the exceptional divisor containing 1 and Z° but not containing

neither 0 nor . Inasmuch as the two sections W () and S are locally transverse
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to the foliation .7, in the blow up space, a transition between  and W, (X) can be
constructed. This is done as follows. Any leaf of the foliation induced by 54\; in
the blow up space and lying over the open U is given as the graph wy = f(Z,wy.),

for a germ of function f; depending analytically on & near the origin and such that
d.fe
072>
the point w, which is the intersection of the leaf with s By transversality, this

(Zp,wy) is small for Z, € U and |w,| small. Such a leaf is parametrized by

intersection is not empty if the leaf is close to the Riemann sphere (the divisor).
Therefore, the system

w2 = fe(Z2,ws)

Z, =7+ woh(g,w)
leads to

wy = fo(Z0 +woh(e,w2),wy) (4.2.3)

and then the Implicit Function Theorem yields a unique solution wj = 71, (w) €

W, (X), see Figure 4.2. The induced 7, depends on the w, coordinate and is an

b

%

b

Figure 4.2: The sections = and W, (Z) in the blow up.

analytic germ of diffeomorphism in a local neighborhood of the origin, depending
analytically on € € R. Thus, it gives rise to a germ of analytic diffeomorphism in

ambient coordinates (zp,wy) :

I, : S — W (3)
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which verifies I1;(0,0) = (0,0). Such a map is called a local transition. Let us
show that it sends IT, (/Z\R) into W, (ZR). Let z, = w, € S Ifz, = Wy, the real
trajectory of this point is contained in the leaf parametrized by w,. This real tra-
jectory intersects W¢(Z) in a real point (z,w) if ¢ € R, so z=W. Since the leaf
passing through w, intersects W, (X) in a unique point (z(w3),w;) (i.e. the solu-

tion to (4.2.8) is unique), it turns out that w = w3. Hence:
IL (Zg) C W (ZR).

Consider the diagonal injection i: w +— (w,w) defined in .%, and Z.. The compo-
sition

h :=i! oHS_1 oW, oi
is an analytic germ of diffeomorphism whose coefficients are real when ¢ is real,
and they depend analytically on the parameter. As W, fixes the origin, H;l o
¥,(0,0) = (0,0) and then h,(0) = 0. By construction, it is a conjugacy between
Poincaré maps:

P :hg_l o@ohg.

It depends analytically on the parameter. Thus, it extends to an analytical conju-
gacy for values € € C in a neighborhood V of the origin in the parameter space.
IT) THE SUFFICIENT CONDITION.

Notation and methodology. The converse statement is achieved in several steps.
Suppose that the Poincaré maps &7, : ¥ — X and @2 .S S of two generic fam-
ilies of vector fields v¢, , V¢, unfolding weak foci, are conjugate in a neighborhood

V of the first parameter €1, as in Definition 7.2.1:

’@81 :h:rlo'@k(sl)ohgl?
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where the conjugacy he, (w) : Dy C 2 — T depends analytically on the parameter
€1 and verifies ‘Koh(g(gl) 0% =h,, and k(e;) = e isreal: ¥oko% =k. The
set Dy C X is the standard open disk of radius p > 0, where p is a small positive
number such that h, is defined on DD, for every &1 € V. Note that the map K yields
a reparametrization in the second family of diffeomorphisms and it allows to write
;722 = gik( £1) i= @l . Modulo the reparametrization, the parameter is henceforth
called €. For each ¢ € V, a local equivalence (depending analytically on the pa-
rameter) is constructed between the two foliations in ambient coordinates. For
this, the origin of ambient coordinates is blown up. Two families of equivalences
are constructed in the first and second charts of the blow up. In the c; direction the
family is noted @i‘, while in the ¢, chart the family is noted ‘/I\’?, see Figure 4.3.
T

The foliations induced by 7, in the ¢y, ¢, charts of the blow up are noted .%;' and

F¢? respectively, and .7, !, . are the foliations of 7 in those complex charts.

7 v 7.
w w
e NN
Z Z

Figure 4.3: The two equivalences in charts, on a vicinity of the divisor S.
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4.2.1 The equivalence in the first chart.

i) The equivalences on X x D,. Consider w* € X such that [w*| < p (i.e., w* €

Dy). The equivalence ‘i’? on X x D, is defined by:
W (1,w*) > (1,hg (W) (42.9)

in the (Vj,¢1) chart of the complex Mobius strip.

ii) The equivalences on a subset of S! x C. The restriction of the form n¢' to the
cylinder RP!' x R? is non-singular and holomorphic. Thus, this restriction defines
a local foliation in RP! x R?. Consider (cylindrical) solutions to n;' = 0 (the first

coordinate is to be parametrized by Z = ¢%, 6 € 0,27]).

Lemma 4.2.4. Any (cylindrical) solution to

u/ =A(e)u(1+A% uy)), 6€l0,27] (4.2.10)

satisfies
|l11<0)|e_9{‘8|+%} < |U1(6>| < |ul(0)|69{|8|+%}7

for any 6 € [0,2x].

Proof. The parameter is written as € = €1 +i &, with €1, &, € R. As we consider
solutions in the cylinder |Z| = 1, the time is parametrized by ¢+ = if, and then
(4.2.10) implies

dlnuy = %(s —)(14+Ag (e uy))d6.

Thus, taking real parts,

In

1 0
5 /0 {e1(1+ Re(A)) +Im(Ac)(1 - £2) }dO

w
u;(0) ‘
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and now we bound the absolute value of this quantity, using the hypothesis (4.2.7):

u 1 /9
infotsl| = 5 [ el Rea) + im0+ 2o
111(0) 2 0
1 /9 1 1
— 2 —1d6 =0 -
< 5[ elet+ gy =0{lel+ 3},
and the conclusion follows. ]

Definition 4.2.5. Put r = pe ™. We let S, be the set of (cylindrical) solutions uy

to (4.2.10), for which there exists 6y € (0,27) such that uy(6p) € D;,.

Since the local foliation defined by n<' in RP! x R? is holomorphic, the set S,

1S non-empty.

1
Corollary 4.2.6. Ifuy € S, then u1(0) € Dy, provided | e | < 7

Proof. Using the first inequality of Lemma 4.2 .4 we have:

ug(0)] < [uy(6p)lelela)
e—ﬂ’-i-@()(‘ € H‘%)

IN

P
pe
P.

6
771.’4»70

IN A

]

Choose a point (/% wy) € S! x D,. By Definition 4.2.5, the path y : (¢!,0) is

lifted in the leaf of .%{" containing wy € I, as (¢!, uy(8)), for a certain uy € S,

and uy(6y) = wo. By Corollary 4.2.6, the point w := uy(0) belongs to D,. If y is

lifted in the leaf of .Z¢' passing through the point h, (W) € = as (€0 up (e, W)),

with uy(1,w) = he (W), then we define the analytic change of variables by:
7S 'xD, »S' xC,

N _ ‘ . “4.2.11)
T2 (%, ug (6p)) — (€%, uy (e, ).
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The change (4.2.11) respects the transversal fibration given by Z = Cst and is in-
deed analytic since the germ h; is analytic and bounded. It is clear that (4.2.11)
is the restriction of a (unique) holomorphic diffeomorphism conjugating .%;' and

5‘4\5 ! in a neighborhood of S! x D).

iii) The equivalences on a neighborhood of CP!. The equivalence (4.2.11) ex-
tends analytically to a neighborhood of CP! by means of the lifting of radial paths.
The set

Dy = {(2,0):|Z| < 1}

is the standard unit (closed) disk of the complex plane in the first chart of the com-

plex Mobius strip.

a) Definition of {I}g' in Dy x D,. Radial paths contained in the unit disk D, in the

¢ direction of the blow up, are given by:

vz, : [0,—log|Z|] - C
S Yz (S) = (Zlesvo)

for 0 < |Z;| < 1. This curve lifts in the leaves of %' as a path
Yz, wy IS'—><Z]€S,I'1(S,W])), rl(O,Wl):Wla

for a given wy small. This implies that, in terms of the form (4.2.3) defining the

foliation .Z,!, the solution ry (s, w;) of the equation with parameter 0 < |Z;| < 1,

dl’l .

L= @1+ A1 m)), (42.12)

and initial condition ry(0,w;) = w) is defined on [0, —log|Z; |].



4.2. THE MAIN THEOREM. 59

1
Lemma 4.2.7. If |¢| < 7 then any solution to (4.2.12) on an interval [0,T],

T > 0, is bounded by the initial condition wi.
Proof. Equation (4.2.12) yields:

I

log’— = sRe(A +/ Re e(Z1€ rl)) dt.

wi

Write the parameter as
eE=¢1+iey. 4.2.13)

The hypothesis (4.2.7) shows that

rp S

102‘3’w_1 = a2l 2/{82—1 Re(Ae) + &1 Im(Ae) }dt

IN

(e2=1)+ 5 [ lea=1IIRe(40)|+ o1 lmar) s

s 1 /s
< Sle2=Dtg [ Alea=1l+]erlar
2 4 Jo

S{2(82—1)+|81|+|82—1|}
4

s{|6|—i}.

] < |wilesUel=a) < ). (42.14)

IN

Thus,

]

b) Inverse paths. If 0 < |Z;| < 1, the inverse path of y,,

Yz_,l : [0,—log|Z|] = C

sy, (s) = (Zie”CHleelAl) )
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— Z
lifts in the leaf of .Z! through a point (ﬁ, w?) as a path
1

where 1(s,w°) = ry(—(s +log|Z|)) and #1(0,w°) = ri(—log|Z;|) = w°. This
V4
path starts in (—l,wo) and ends at (Z;,%;(—log|Z,|,w")). Obviously, inverse

|Z1|

paths are bounded by final conditions:
[Fa(s,w0)| < [Fa(—log|Zy|,wO) e U5} < [y (~ log i w0 (42.15)
Consider the only solution uy z, ,,, to (4.2.10) satisfying

1.z, w, (a1gZ1) = ry(—log|Zy|,wi)

and define the point

W(Zy,w1) :=u17,(0) € 2.

By Lemma 4.2.7, uy 7, ,, €S, if wy is taken in ID,. In this case, Corollary 4.2.6
ensures that w(Z;,w; ) belongs to D,. The equivalence in the first chart of the blow
up is defined to be the map

WD x Dy — D x C

N (4.2.16)

‘Pgl . (ZI,W]) — (Z] ,l‘z(Z] ,W])),
withra(Z;,w;) =F1(—log|Z, ],uz(eiarg(zl ), w(Z1,w1))) and where the maps uy, uy
were defined in the previous paragraph (recall that uy (1,w) =h(w)). As the change
of coordinates is bounded, the Riemann’s removable singularity Theorem implies

the existence of a unique holomorphic extension @i‘ to Dy x D,.
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¢) Extension of W¢' to a subset of |Z| > 1. Define the set:
2(r) = {(Z,w)eCP' xC:|Z| >1,|Zw| <r}. (4.2.17)
Radial paths contained in |Z| > 1 are given by:

vz, : [0,log|Zi|]] = C

Z
s vz, (s) = (Wes,O)

for |Zy| > 1. This curve lifts in the leaves of .%; ' as a path

Z
a5 (g1 xls ), (log|Zil,w) =w)

ending at (Z;,w)), for a given w; € D,. In terms of the form (4.2.3) defining the
foliation .7; ', the solution r(s,w;) of the equation with parameter |Z;| > 1,

dry _

Z
oo =MEr(I+ A (e ), (42.18)

|1Z1]

and condition r(log|Z;|,w;) = wy is defined on [0,log|Z; |].

Lemma 4.2.8. Any solution to (4.2.18) satisfies

(0, w1)|e S} < (s, w)| < (0, wy) e eI T3], (4.2.19)
for every s € [0,log|Z;|| and |Z;| > 1.
Proof. The proof follows the same steps done in the proof of Lemma 4.2.4. L[]

Z
For a given (Z;,w;) € Z,(r), we lift the path y, starting at (]Z_]|’0) and ending
1

at (Z1,0) on the leaf passing through (Z;,w;). Such a lifting starts at the point

Z

(m,r(o,wl)), where r is solution to (4.2.18), and ends at (Z;,r(log|Z;|)) =
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(Z1,wy). By the first inequality of Lemma 4.2.8, the initial condition r(0,w;)

3
belongs to D, provided | ¢ | < 1

r(0,wy)| < ’r(log|Zl"wl)’e{‘8|+%}10g\zl|

< |r(log|Zi|, w1)|e'e#!
= w7z
< r

Thus, the leaf le, containing the point (Z;,w;) intersects the cylinder S!' x C in
a curve uy = uy(0) € S,, with uy(argZ;) = r(0,w;) € D,. By Corollary 4.2.6,

.7 .
u;(0) € D, and then W' (—l,r(O, wi)) is well defined, where W¢' is the change

121
of coordinates (4.2.16). In .%;' the inverse of yz, is lifted on the leaf passing
~ 7 N
through the point W¢' (= r(0,w;)). The endpoint of this radial path defines P!

|21
on .@1 (r)

4.2.2 The equivalence in the second chart.

In the second direction of the blow up space, the change of coordinates is

defined plainly. The set
Dy = {(W,0): [W| <1}

is the standard unit (closed) disk of the complex plane in the second complex

chart. Put
D(r) = {(W,z) € CP'x C: W|>1,|Wz| <r}. (4.2.20)

Lemma 4.2.9.
®(Z1(r)) = D3 xDy,

¢” " (Za2(r)) = DixD.
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1
Proof. This is a tautology: if (Z,w) € Z(r) is given, then W = 7 and z = Zw

trivially belong to D5 x D, and vice-versa. O

Definition of U< on (D, x D,) U % (r). By Lemma 4.2.9 the equivalence on the
punctured product (D5 x D) U Z,(r) may be defined by the formula

~

P2 = oSl 0gp° ! (42.21)

Y

where @g‘ is the equivalence of the above paragraph (which is not defined at
the point at infinity). As it is bounded, the Riemann’s Theorem yields a unique
holomorphic extension W< : (D x D,) U Z5(r) — C2. It turns out that the two
changes of coordinates thus obtained ‘i’g‘ ,@? are analytical continuations of each

other over CP!' x D,.

Figure 4.4: The neighborhood CP' x D, and the union Z;(r)U Z,(r).

4.2.3 The equivalence in ambient coordinates.

Define the global change of coordinates in complex charts by

wl  on D xD,

o~

w2 on D xD,
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(notice that (D} x D,) U (D, x D,) is a neighborhood of height r of the exceptional
divisor, see Figure 4.4). By construction, ‘f’g is a local equivalence between .Z; ' U
F¢* and % Y, % 2 around S' x C. It depends holomorphically on & € V by
dependence of initial conditions of a differential equation. Let W, stand for this
diffeomorphism in ambient (z,w) variables:

w, = { O?? o (42.22)

croWPocs !

Since the Riemann sphere CP! retracts to the origin by ¢|,c, charts, the equiva-
lence W, is defined on (D, x D,)\{(0,0)} and is analytic there, because the maps
c1,c2 are isomorphisms away from the exceptional divisor CP! x {0}. By Hartogs
Theorem, W, can be extended until the origin.

The equivalence W, is constructed by lifting paths, and when the parameter is
real the holonomy map of a point with real coordinates (x,y) € = ~ RR? is defined
as the projection of this point on the real x-axis, following the orbits of the planar
system. Since the x-axis coincides with the intersection SN X, over which the
conjugacy hy is real (when £ € R), we have W (2) C =% locally near the origin.

By Proposition 4.1.3, W, has real character. O
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Chapter 5

Almost complex manifolds

5.1 Almost complex structures.

The Definitions, examples, theorems, etc. of this paragraph have been taken

from [24].

Definition 5.1.1. Let V be an m-dimensional real vector space. An almost-complex
structure on'V (ACS for brevity) is a linear operator J : V — V with J?=—Id.
Complex scalar multiplication is defined in terms of J by (a+ bv—1 )v=av+bJv.
The operator —J is also an almost-complex structure on V, called the conjugate
structure, and the space (V,—J) is often denoted V for brevity. The standard com-

plex vector space is V = C" with J induced by multiplication by v/ —1.

Lemma 5.1.2. IfV admits an almost-complex structure, then'V is even-dimensional

and has an induced orientation.

m

Proof. The proof follows plainly, since J> = —Id implies (detJ)* = (—1)", and

then m is even. On the other hand, the ACS J induces naturally an orientation on

67
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V, for if {e;}_; is chosen so that {e; A Je;}_; is a basis for V, then the sign of the
volume element
et NJeir\...Ne, NJey,

is independent of {e;}_;. O

Definition 5.1.3. An almost-complex manifold is a smooth manifold M equipped
with a smooth endomorphism field J : TM — TM satisfying Jf = —Id, for all
xeM.

The complexified tangent bundle is
TeM = TM ®C,

where C is regarded as a trivial vector bundle. It is customary to write v 1 = v
and v®i = iv. If M has an ACS J, then J extends to TcM by J(v®@ a) = Jv® a.
The tensor field J splits the complexified tangent bundle into the direct sum of

bundles of eigenspaces
TM=T""Ma1"'M (5.1.1)

where

TYOM={ZecTcM:JZ=iZ} ={X—iJX :X € TM}
T M ={ZeTcM:JZ=—iZ} = {X+iJX :X € TM}.

The complex vector space (T'M,J) is C-linearly isomorphic to (7'M, i) via the
map

X =Re(Z)— (X —iJX) =Z.
Similarly, TM = (TM,—J) is C-linearly isomorphic to (T%!'M, —i). Complex

conjugation induces a real-linear isomorphism of 7cM which exchanges 7'M
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and T%' M. The fixed point set is exactly the maximal real subspace TM = TM ®
1. A (local) section Z of 7'M is called a vector field of type (1,0), though Z is
not a vector field on M in the sense of being tangent to a curve in M. If ordinary
tangent vectors are regarded as real differential operators, then (1,0) vectors are
complex-valued differential operators. If TM is equipped with an almost-complex
structure J, then the dual pairing induces an almost-complex structure on 7M™ -

also denoted by J- via

<JA v >=< A, Jv >, (5.1.2)

where A € TM*. The associated eigenspace decomposition of TcM* = TM* @ C
is

TioM* = {A € TcM* 1 JA = iA} = {E+iJE : E € TM*}

ToaM* = {A € TcM* 1 JA = —iA} = {E —iJE : E € TM*}

By equation (5.1.2), the space V1*70 is the annihilator of V*!; similarly V(;'j | an-

nihilates V''°. The exterior algebra /\TM * has a decomposition into tensors of
p q
type (p,q), namely, fully skew-symmetric elements of /\TLOM* ® /\To,lM*.
P.q
For convenience, the space of skew-symmetric (p,q)-tensors is denoted /\ T™".

The splitting of the set of complex-valued skew-symmetric r-tensors into skew-
symmetric (p, q)-tensors gives rise to spaces of (p,q)-forms. If A" and AP*9 denote
the space of smooth r-forms and the space of smooth (p,q)-forms respectively,

then

A= P ar.

ptaq=r
In local coordinates, A”9 is generated by the forms dz’ A dz’ with |I| = p and
VI=gq.
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Example 5.1.4. Complex Euclidean space C" is an almost-complex manifold.
Explicitly, let 7% = x* +/—1y% be the usual coordinates on C", identified with
coordinates (x,y) on R>". The real tangent bundle and its complexification have

the standard frames

g 4 g 1794 aN 9 170 9
Lo} =3V = o)
{ Ix®’ Jy® } { gz 2 (axa aye ) gz~ a\gxa T dy®

while the real cotangent bundle and its complexification have coframes

{dx*,dy*}, {dz® =dx*+/—1dy*,dz" = dx* — v/ —1dy*}.

Mutiplication by /—1 acts only on tangent spaces, not on the actual coordinates.

Thus

J = , J =— . (5.1.3)
ox%  dy* ay¢ dx¢

The tensor field J has constant components with respect to a holomorphic co-
ordinate system. The exterior derivative operator d : A" — A" maps AP to
APTYA @ APATY and the corresponding boundary operators are denoted 9 and 4.
On functions,

f f

0 0 —
df = —dz+-—=dz=:9f+df.
0z 0z

Definition 5.1.5. A map f: (M,J) — (M’',J') between almost-complex manifolds
is almost-complex or pseudoholomorphic if (fi)J = J'(f.).

The following is a straightforward consequence of the Chain Rule and the

Cauchy-Riemann equations.

Proposition 5.1.6. [24] Let D" be a polydisk. Amap f : D" — C" is pseudoholo-

morphic if and only if it is holomorphic.

Two consequences follow at once.
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Corollary 5.1.7. An almost-complex manifold has a natural orientation. A com-

plex manifold has a natural almost-complex structure.

5.2 Integrability.

On an arbitrary almost-complex manifold, the exterior derivative has four type
components, namely d : AP9 — AP~ 1T2 g APatl g APTLa gy APF2471 — pPtat]
This is easily seen from dA'? ¢ A20 @ A"! @ A%? and induction on the total de-
gree. Under a suitable first order differential condition, the unexpected compo-
nents are equal to zero. To introduce this condition, first define the Nijenhuis (or

torsion) tensor Ny of J by
Ny(X,Y) =2([JX,JY]—[X,Y] - J[JX,Y] - J[X,JY]) (5.2.1)
for local vector fields X and Y. Here, [-,] is the Lie bracket of fields X and Y.

Definition 5.2.1. A function f : M — C on a manifold M*" with an almost complex
structure defined by the subbundle Ty oM™ is called holomorphic with respect to
this structure, if its differential d f belongs to the subbundle Ty ¢M™ at each point.
Equivalently, the function is holomorphic if its differential is C-linear. In terms
of the Example 5.14, f is holomorphic if and only if a f =0. More generally, a
holomorphic p-form is a (p,0)-form 1 with 9n = 0.

Grosso modo, an almost complex structure is integrable, if there exists an
atlas of charts U, — C",UqU, = M, such that every coordinate of each chart is

holomorphic with respect to the almost complex structure.

Definition 5.2.2. [50] Let M be an n-dimensional manifold and let E C TM a
class C" fiber subbundle of rank k. Such an E is called a distribution on M. The
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distribution is said to be integrable if M is covered by open sets {U;};, such that

for every i there exists a class C ! mapping
¢: U —R"*

such that, for every x € U, the fiber at the point x, E, C T,M, coincides with
Ker(dgy).

Then such a ¢ is a submersion, and each fiber ¢ ! (v) is a closed submanifold
of U with the following property: its tangent space at each point x coincides with

the fiber E, C E. Next theorem characterizes the integrable distributions.

Theorem 5.2.3 (Frobenius integrability criteria). A distribution E is integrable
if and only if for every pair of class C' vector fields x,y contained in E, the Lie

bracket [, ] is also contained in E.

For the case of a differentiable manifold M equipped with an almost-complex
structure J, integrability is equivalent with either of the conditions in the next

theorem.

Theorem 5.2.4. [24] The following are equivalent:
(a) If Z and W are (1,0) vector fields, then so is [Z,W]. In other words, 7'M
is involutive.
(b) TY'M is involutive.
(c) dA"0 c AP0 @ AL and dA®' ¢ AV @ A0,
(d) dAPY C APTYE g AP for p g > 1.
(e) If X andY are local vector fields, then Ny(X,Y) = 0.

Consequently, if Ny vanishes identically then there is a decomposition d =

9+ d as in the example 5.1.4 above. Considering types and using d> = 0, it
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follows that

0>=0, 9d+dd=0, 9 =0. (52.2)

Vanishing of the torsion tensor is a necessary condition for an ACS J to be induced
by a holomorphic atlas; since the components of J are constant in a holomorphic
coordinate system by equation (5.1.3), the torsion of the induced ACS vanishes
identically. More interestingly, vanishing of the torsion (together with a mild
regularity condition) is sufficient for an almost-complex structure to be induced by
a holomorphic atlas. When (M,J) is real-analytic, this amounts to the Frobenius
theorem. When (M, J) satisfies less stringent regularity conditions, the theorem is
a difficult result in partial differential equations, and is known as the Newlander-
Nirenberg Theorem. The weakest hypothesis is that (M, J) be of Holder class C1“

for some a > 0. These are the contents of the next subsection.

A historical note ([39]). Any smooth foliation of a manifold M can be described
as the set of solutions to an associated system of differential equations on M. If
the foliation dimension is 2 or more, then these differential equations are “overde-

termined”, so that appropriate integrability conditions must be satified.

These facts are described in the classical result which is often called the “Frobe-
nius Theorem” ([17]). Actually, as Frobenius himself pointed out, the theorem in
question has been proved a decade earlier by A. Clebsch ([8]). In fact, a recogniz-

able version had been proved already in 1840, by F. Deahna ([12]).

It is sad to relate that Deahna did not profit by being so far ahead of his time.
According to the entry in Poggendorff, Deahna had barely attained the rank of

“Hiilfslehrer” in a secondary school when he died in 1844, at the age of 28.
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5.3 Newlander-Nirenberg’s Theorem.

The problem of introducing analytic coordinates is purely local. In the general
case of an almost complex structure on a manifold M?", in any coordinate patch
we may choose complex valued coordinates 2!, .., 22" with 271" = z/. We shall
refer to them as z', ..., 2" and we denote z/ = 7/. Suppose that the almost complex
structure is given by a matrix J = [hlj lij with i, j=1,...,2n. If we are given local
complex analytic coordinates & I ... E" then, it is shown (see [40]) that each & of
these coordinates satisfy the integrability conditions

2 g

J
“ 4 0z

( — 51): A=1,..2n. (53.1)

In addition, we have

2ld51—22‘9§ (hk +i65)dz" _2‘?5 [E (hs +i6%)dz ]
k A

It follows that the system of forms dE/, j=1,...,n, is equivalent to the system

E(h’; +i8N)dt k= 1,...,.2n.
A

Definition 5.3.1. A complex valued function § satisfying (5.3.1) is called holo-

morphic with respect to the given almost complex structure.

Since J? = —Id, only the last n equations (i.e. those corresponding to A =
45

n—+1,...,2n) are independent. After solving these for the derivatives 9 &= pr
Z

we rewrite Equations (5.3.1) in the useful form

_ n
Li(§):=0d;& E S oE =0, (532)

with ak- =0atz' =...=7"=0,forall j=1,...,n, and where d; = d/dz*. Notice

that L; is a derivation, and hence a vector field. In terms of the a the system of
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forms d&/, j=1,...,nis equivalent to the system
dz"+;a’gdzf, k=1,..,n. (533)

Indeed, using (5.3.2), it is easily seen that

2n n
; dEs k_ 95 9§
d&’ d
3 é’z (9Z Z * &z

n

Ea’gakgf]d 2[ dz +; ag—d-f]

_ Zai k+§1

= Eai dz* +;‘ akdz"),

k

so the subspace generated by the d&/ coincides with that generated by the dz* +
2a’gdzf. The integrability conditions (5.3.1) can also be written under the form
[Lj,Ly) =0, which yields

n
ama E a”apa];:&ja’,;— E aj?&pa’,;, Jkm=1,..,n.  (534)
=]

For n =1, in a complex chart z € C any subbundle L'Yis spanned by a single form
® = adz+ bdz, with a # 0. Since w makes sense only up to proportionality, we
can without loss of generality assume that the 1-form defining an arbitrary almost

complex structure on C or its subdomain, is given by

w=dz+udz, |u(z)|<1. (5.3.5)

It will be referred to as the u-complex structure. The sufficient condition for
integrability of the p-complex structure in dimension one is given in the next

theorem.
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Theorem 5.3.2 (L. Ahlfors - L. Bers). A u-complex structure on the domain

Q C C is integrable if u = u(z) is a L*-measurable function with the norm

oy < 1. (5.36)
The smooth version of this result in dimension 1 is as follows.

Theorem 5.3.3 (L. Ahlfors - L. Bers). [27] For a u-complex structure with a
C*-smooth function u : Q — C satisfying the integrability condition (5.3.6), there
exists an infinitely smooth chart g : Q — C that is holomorphic in the sense of

this structure.

In higher dimension, this result is known as the Newlander-Nirenberg Theo-
rem. It looks surprisingly simple; however, its proof is highly non-trivial. It states
that every integrable almost-complex structure is defined by a unique analytic

structure.

Theorem 5.3.4 (A. Newlander - L. Nirenberg. General case). [40] If the co-
efficients a]; in (5.3.2) are of class C*" in a neighborhood of the origin, and sat-
isfy the integrability conditions (5.3.4), then, in some neighborhood of the origin,
there exists n solutions & ! sy & 0f (5.3.2) such that the Jacobian of the collection

1

—1 -n _ _n . .
g E"E ... E withrespecttoz,...7",7',...,7" is different from zero, so that

0
the equations (5.3.2) reduce to a—i =0, for each function § which turns out to
Z .
be of class C 2n+p , for any positive 3 < 1. If, in addition, the coefficients a’j are of

class C**%, for integer k > 2n, and 0 < o < 1, then each &/ is of class C*1+¢.



Chapter 6

Realization of a Poincaré family

6.1 Realization of an admissible family.

Recall that, by the formal classification Theorem 1.4.2, a germ of generic fam-

ily v, unfolding a weak focus is formally orbitally equivalent to

. _ltetsu
¢ “T+A()u
(6.1.1)
) —i+&-+su
w = wW——
1+A(e)u

for some family of real constants A(e) with A(0) # 0, where u = zw, and s = +1
has been defined in Proposition 1.2.1 (the two signs defining two non-orbitally
equivalent cases). Notice that the linear part of the family above is given by
z(e —l—i)&iZ +w(e —i)%. Since the eigenvalues are analytic invariants, then the

parameter ¢ is also an analytic invariant. This justifies the following definition.

Definition 6.1.1. The parameter ¢ of the formal normal form (6.1.1) is called the

“canonical parameter” .

77
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Remark. Note that the multiplier at the origin of the Poincaré map of the field
(6.1.1) is equal to
2T E, (6.1.2)

We will show (Theorem 7.1.1) that there is a simultaneous “preparation” of the
families unfolding the field (i.e. v¢) and the Poincaré map, such that the multi-
plier at the origin coincides with (6.1.2), so that the parameter is also an analytic
invariant of the Poincaré map. In these coordinates the invariant manifold of the

system has equation zw = —s ¢, and the family of diffeomorphisms is of the form
P (W) =w+w(ExW)[1+D(e)+E(&)W +w(e£w)h(e,w)] (6.1.3)

with fixed points wy = 0, and w.. = =1/ —s&, where s = %1, the coefficient of the

third order term of the field.

Definition 6.1.2. Consider a family 2. unfolding a codimension one resonant
diffeomorphism 2 with multiplier equal to —1. Then the formal normal form 2,
of 2, is the semi-Poincaré map (or semi-monodromy) of the vector field (6.1.1),
namely

Qo =L_101], (6.14)
where T is the time -map of the equation:

w(e+w?)

(this field is obtained when one computes the equation satisfied by \/u, in (6.1.1)),
and L_1(w) = —w, for any w € C.

Lemma 6.1.3. Let 2, a prepared family (i.e. such that 22* has the form (6.1.3))

unfolding a codimension one resonant diffeomorphism 2 with multiplier equal to
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—1, and let 2y ¢ be its formal normal form (i.e. the map (6.1.4)), with the same
canonical parameter € . Then, for any N € N* there exists a real germ of family of

diffeomorphisms f. tangent to the identity such that:
Deofe— fe0 2o = O(WN T (W — &)V T, (6.1.6)

Proof. The proof is a slight modification of Theorem 6.2 in [43], being given that

the preparation of the family of diffeomorphisms is slightly different as well. [

Theorem 6.1.4 (Realization of a generic real family of diffeomorphisms). Con-
sider the class of prepared germs of holomorphic diffeomorphisms 2. : (C,0) —
(C,0) verifying the hypotheses of Lemma (6.1.3), with real coefficients ci(€) de-
pending analytically on the canonical parameter €, such that 2c>(€)* +c3(e)[1 +
c1 (8)2] = 0 for values of € in a small symmetric neighborhood V C C of the ori-
gin in the parameter space. Then the square ng is always the Poincaré map (or

monodromy) & of a generic family unfolding an order one weak focus.

Proof. For every ¢ fixed in a neighborhood V' of the origin, the family of diffeo-
morphisms is realized on an abstract manifold constructed in the covering space of
the foliation induced by the normal form (6.1.1). This manifold may be identified
with a neighborhood of the origin minus the axes in C?, by means of Newlander-
Nirenberg Theorem. We show that, in this particular case, the smooth chart re-
spects the real character of the foliation. By construction, the Poincaré map will
coincide with 2. Every step in the construction is analytic in the parameter. We

recall that the monoidal map p is given by

c1:(Z,w)— (Zw,w),

c2: (W, 2) — (z,2W)

(6.1.7)
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in complex charts covering the blow up space or complex Mobius strip. By

Lemma 6.1.3, 2, has a “decomposition on the right”

2, = (id+g:) 020, (6.1.8)
for a large integer N € N, where the family g is (N + 1)-flat in w at the origin:
ge(w) = O(WN T (w? —g)NT1)). (6.1.9)
Consider also the “decomposition on the left”
Qe =0 (id+3ge), (6.1.10)

where
%e = Q;;;' 0g:0 Q¢ (6.1.11)

is, by definition, (N + 1)-flat in w at the origin: g, (w) = O(wW" ™! (w? — )N +1),

6.1.1 The foliation in the first chart.

First off, we pull the formal field (6.1.1) back into (Z,w) coordinates by the

map c; (6.1.7):
7 2i
1+ A(e)Zw?
(6.1.12)
—i+e+Zw?
YT A(e)zw?
Let vy!, be the normal form defined by (6.1.12), and ., be its foliation on the
product C* x ,,, where ID,, is the standard unit disk of the w axis. Consider the

global region defined as

K., = {Z € Cov(C") : —g <arg(Z) < 2m+ g}
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in the covering space Cov(C*) of the exceptional divisor minus the origin and

the point at infinity, see Figure 6.1. The pullback of vglg by the covering map

0

TN
=

1

Figure 6.1: The domain of Z in the covering space Cov(C").

T, I?cl x D, — C* x D,,,, defines a field 7' = 7! (Z, w) and a foliation ,%‘ on

the product

The leaves of % ! around the flaps

IS T _ .
Sé‘] = {Z/ S KCI : —Z < arg(Z') < Z}
Se;, = {ZEECI :21[—% <arg(Z) <2n+%}

are identified by means of a sealing map Y : S.. , XDy, — S, X C, which preserves
the first coordinate and respects the field V' and the foliation :%5:;6 '. The sealing
Y, is constructed as follows. For small values of w, the holonomy map A, 7 :
{Z} x Dy, — {1} x D, along the leaves of the foliation foc"g is covered by two

holonomy maps, /_ 5, : {Z} xD,, —» 3 x Dy, and h,5: {Z} xD,, — = x D, along

the leaves of .%;".

Definition 6.1.5 (Sectorial holonomy in the c; chart). The holonomies h_ 3, h

72" e Z

on the sectors S’C1 and S., are oriented in the following way, see Figure 6.2:
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1. If Im(Z’),Im(Z) > 0, then the holonomy is negatively oriented (clockwise)
and is denoted by h;Zl and h;z respectively on S.. ,and S, .

2. If Im(Z’),Im(Z) < 0, then the holonomy is positively oriented (counter-
clockwise) and is denoted by h:Z’ and hiZ respectively over S..  and S, .

The convention:

limh' =id (6.1.13)

71 &

will be taken into account when Z € I?Cl .

Then the sealing Y, : S, x D,, = S, x C is given by:
Ye(Z' w) = (Z,Ac(Z',w)) (6.1.14)
where the family A, : {Z’ } x Dy, — xC is defined using the decomposition (6.1.8):
Ae(Z',w) = (h:i)o—1 o(id +ge)oh. 5 (w), (6.1.15)

and the points Z' e A ,and Ze S¢, both project by 7., onto the same point Z on the
separatrix. The map Y is, indeed, well defined in S’ x {|w| < r} and holomorphic

on its image for » > 0 small. It depends analytically on the parameter.

Remark 6.1.6.

1. By definition, the sealing Y, may be analytically extended to a larger do-
main

~ o~ T ~
{Z€K,, : - < arg(Z) < m} x D,

2. The holonomy 2, of 7, ; o lifts as the holonomy of % Lon M. Extending
the definition of the sectorial holonomy map to all of M , the holonomy of M

decomposes as

hiso(h 5)" " =, (6.1.16)
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for all Z in a neighborhood of the origin in the c| chart of the blow up,
where Z is a point in the covering space projecting as Z. Note that (6.1.13)
vields:

(h )1 =2,. (6.1.17)

g1 ’

6.1.2 The foliation in the second complex chart.

The pullback of the formal normal form (6.1.1) by the map ¢, (6.1.7) is the

equation:
Wo— w2
1+A(e)Wz?
(6.1.18)
A i+etWz?

“TrA(eWwz2
Remark 6.1.7. Corollary 3.4.5 ensures that the holonomy lg 1 : {W =1} = {W =
1} of (6.1.18) coincides with 38_81.

As this is a global field, again we will work on a global region defined as

K., = {W € Cov(C™): —2n—g < arg(W) < %}

Call v, the normal form defined by (6.1.18) and .%? its foliation. The field v(cfg

is the pushforward of vg‘ . Dy the change of coordinates ¢ = ¢, Toer:

c2 Cl
vO,e - (p*VO,s °p.
In addition, an easy calculation shows that the families v, , vi?, are related through:
2 Cl
Voe —ﬂovofg(e)oy. (6.1.19)

where . (Z,w) = (Z,w), see Remark 3.3.2. This is not surprising since the field

Vo, 1s the formal normal form of a weak focus (Proposition 3.3.6). The pullback
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of this normal form by the covering map ., : ECZ x D, — C* x D, yields a field

Ve = v (W,z) and a foliation % 2 on the product

N =K. xD,.

2

Remark 6.1.8. The families V',V still satisfy the property:

~C ~C
Vi =S o)

0°7 (6.1.20)

because "

* .
oy, commute with .

A sealing map A, : S/C2 x D, — S, x C is built between local foliations around

the flaps
=) = 4 ~
Sty = (W' € Koy — <arg(W) < %}
Sey ={W €Ke,: —2n—§ <arg(W') < —2m+ %}
Notice that, by definition,
@(S.) =S,
(p(Sq) = SCz'

The sealing L. is constructed as follows. Let £_ 5, : {W'} xD, - ¥ x D, and

(6.1.21)

£ . {W} x D, — = x D, be the holonomies induced by the fields around the
flaps, obtained by lifting the holonomy /¢ w : {W} x D, — {1} x D, of the W
separatrix along the leaves of the foliation 335?8 in the second chart of the complex

Mobius strip. The map £, w is always well defined for small values of w.

Definition 6.1.9 (Sectorial holonomy in the c; chart). The holonomies ¢ _ i, and

ﬁgﬁ, on the sectors S/C2 and S, are oriented in the following way, see Figure 6.2:

1. IfI m(W),Im(VT”) > 0, then the holonomy is negatively oriented (clockwise)

. _ _ . /
and is denoted by KE’W, and Egﬁ/ respectively on S, and S, .
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2. If Im(VT/),Im(VT/’) < 0, then the holonomy is positively oriented (counter-

clockwise) and is denoted by E:W’ and E:W respectively over 522 and S,.

Again, the convention:

lim (~_ =id (6.1.22)

€,

W—1

will be considered for values We I?Cz.

Figure 6.2: The holonomy on the sectors.

The sealing A; : S'C2 x D, = S, x C is defined by:

he(W',2) = (W, V(W' 2)) (6.1.23)

where W’ € S’C2 and W € S¢, project by 7., onto the same point W on the separatrix.
Notice that L, respects the fibration W = Cst. The family V : {W'} x D, — xC

is defined by means of the decomposition (6.1.10):
V. (W,7) = (e:w)o_l o (id +g¢) OEZW/(Z). (6.1.24)

Remark 6.1.10.
1. By definition, the sealing A may be analytically extended to a larger do-
main

(WeK,: —n<arg(W) < g} X Dy
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2. The holonomy QS;I of F:3 lifts as the holonomy of % 2 on N. Extending
the definition of the sectorial holonomy map to all of N , the holonomy of N

decomposes as

o5 =20 (6.1.25)
for all W in a neighborhood of the origin in the ¢, chart of the blow up,
where W is a point in the covering space projecting as W. Then, (6.1.22)
yields:

o—1
=25 (6.126)

Lemma 6.1.11. The maps A; and V. are related by Schwarz reflection:
CKOA%(E)Oy :Vg (6127)
on a symmetric neighborhood V of the parameter.

Proof. Tildes are dropped. Suppose that ¢ is real. Choose a point (Z,w) €
., Y®ML,,). It is shown that |z, = .7 (Corollary 3.3.4). Then the point (Z,w)
is read as
(W,z) = (%,ZW) =q@(Z,w)=S(Z,w)=(Z,w)

in the second complex chart of the blow up in the covering space. Consider the
holonomies ki, 7 : {Z} x Dy, = {1} xC and e : {W} x D, — {1} x C in the
first and second charts of the blow up of the covering space. The sectorial orien-
tation is chosen according to Definitions 6.1.5 and 6.1.9. The image of the point
(l,hiz(w)) under @ is the point (1,47, (z)) = w(l,hiz(w)). Notice that orienta-
tion is reversed because the map ¢ is orientation reversing. Since the holonomy
is real analytic, the choice of (Z,w) on the preimage of the real complex Mdbius

strip leads to

(1LGw@) = (Lhw).
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Inasmuch as Z = W, w = 7 and the parameter is real, the equality

(@) = h (@) (6.1.28)

follows on 7, '(®ML, ). Notice that the holonomy & z(w) is solution of a differen-
tial equation with parameters ¢,Z and initial condition w. It follows that (6.1.28) is
verified for all (g,Z,w) in the symmetric product V x (S;, US,,) x D,,. The same
argument holds for the holonomy ¢, w (z) in the second chart of the blow up of the
covering space. The assumption on the coefficients of the family 2, implies that

(W) = Z¢(w) for all w € D,,,. It turns out that:

V.(W'z) = (E;W)O*I o (id + ge) OEZW,(z)
( m)o_l o [093;1 o (id+g) o 2o.¢] OE:,W/(Z)
= (Qocotly) olid+ge)o(Loeoly) ()
(o)™ o (id+ge) oLy (2)

(g )" o (id +gg) 0 bl (2)
= G olg(e oS (W,2),

where the second equality comes from the decomposition (6.1.10), the fourth

equality comes after (6.1.25) and the fifth equality, after (6.1.28). ]

6.1.3 The global sealing in the covering.

Definition 6.1.12. Let
mz(w) :=2Zw,
z(w) (6.1.29)
my (z) =Wz
be the multiplication by Z and W in the first and second directions of the complex

Mobius strip, respectively.
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Lemma 6.1.13. The holonomies hef’ €£’V~V are related by multiplication and switch

in the orientations:

€7W £, w

(6.1.30)
Proof. Choose a point (Z, w) € S¢, x D, in the first chart of the complex Mdbius
strip. Since the change of charts ¢ is the identity on the transversal section X, the
holonomy map is read as (p(l,hgii(w)) = (l,hgii(w)) in the second chart of the
blow up, where

- 1 ~

W.z) =(=,Zw).

(7.2) = (5.20)
Therefore, the point (l,h;—LZ(W)) must be given here as the image by the holonomy
of the point (W,z). Inasmuch as SIGN(Im(Z)) = —SIGN(Im(W)), the sectorial

orientation of the holonomy (see Definitions 6.1.5 and 6.1.9) yields

(L) = (1,€75()
= (L€ (@Zw)

w
_ F (X
= (L)
which means A, = (T om, O
W e, W W
Lemma 6.1.14. Furthermore, the families A and V. are related through:
mzoA = V.o
2o ov (6.1.31)
myoVe = AEO(Po*l

in the first and second charts of the blow up space, respectively.
Proof. Let W e S'c2 be given. According to Definition 6.1.9:
VeW',2) = (€ o(id 480l ()

e,W

= (1) o235, o id+g) 0 2o.]o bl 1, (2)

= (3@078 og:ﬁ/)ofl o(id+g)o (‘,@078 oﬁjwl)(z),
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by definition of g.. By (6.1.25):
Ve(W'2) = (0 5)7 " olid+g)ol ()
= mio(hl ) o(id+g)ohl , om’ ' (2)
W B W W

by Lemma 6.1.13. Thus

Ve(W.2) = m%o(ht ) o(id—I—g)oh:Ni(VT/'z)

w!

= m& oA, oq)o’l(ﬁ/’,z)

and the conclusion follows. The other identity follows by symmetry. O

Corollary 6.1.15 (Global sealing in the covering space). The sealing maps are

related through
Y, =¢° loksop. (6.1.32)
Thus, there is a canonical sealing map in the covering space of the complex

Mobius strip.
Proof. For every given (Z/ W) € S’c1 x Dy, write

~ 1

/ !

W' = Z €S,
and letW € S¢, be the only point in S, whose projection on the exceptional divisor
coincides with that of W’. Define as well

z=27Z'w.
It is clearly seen that
" okeop(Z W) = @ (W, V.(W,2))
1 ~ ~
= (=,WV(W'2)

= (W?mﬁ/ oVe (W/7Z)>
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by definition of the change of coordinates ¢ between complex charts. Thus,

Lemma 6.1.14 above leads to

ko) (g )
= (Z,A:(Z,w))
Y8<Z/7W)’

~ 1
where Z = —. L]
w

Definition 6.1.16. This common set after blow down into (z,w) coordinates is

noted:

(6.1.33)

The families of vector fields (V' ,v$?) and foliations (F', Z*) induce a vector

field v and a foliation % on M.

Remark 6.1.17. A short calculation shows that the coordinates on M are well
defined and given by (z,w), where (Z,w) are the coordinates of M in the first chart

of the blow up, and (V~V,z) those of N in the second complex chart.

As the sealing (Y, A¢) is canonical it defines a sealing family

in (z,w) coordinates. Such a family is defined in charts as

cioYgocy!
r,=¢ ' ¢ ' (6.1.34)
c20lkeoc, .
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This means either:

(e () e (o))

Te(z,w) = (6.1.35)

(e (2e) £%:(25)).

Definition 6.1.18. Coordinates (z,w) on . are called ambient coordinates. The

Jamily T is called the sealing in ambient coordinates.

Corollary 6.1.19. For all u € C*, the sealing in ambient coordinates preserves

the transversal fibers %, .

Lemma 6.1.20. The sealing T'; in ambient coordinates has real character:
e =5000ly 0005,

Proof. By Lemma 6.1.11 and (6.1.35):

Yoool“cg(g) coo.S(z,w) = (Ag (g,Z),EAg <¥;Z)>
Z Z Z

Notice that, by definition,
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thus, the field v, is invariant under the sealing ', in ambient coordinates:
(Tg)sVe = Ve (6.1.36)

and then I'; respects the foliation % By Corollary 6.1.19, the quotient .#; :=
//7/ I'; is thus well defined. By (6.1.36), the vector field v, induces a vector field

ve and a foliation .%; in the quotient ..

Proposition 6.1.21. The monodromy h : £ — X of the field v along the leaves of

F¢ is well defined and it coincides with 2,.

Proof. Standard arguments show that the sections X, are transversal to .7, (Propo-
sition 3.1.8). The family v, is the unfolding of an elliptic singularity, and the
monodromy of the transversal section X is well defined. The holonomy hsﬁ :
{1'} xD,, — {1} x D,, of %! coincides, by construction, with the normal form
2y on M. Back into ambient coordinates, the image of the point (w,w) € X is

then (2o ¢ (w), 2o (w)) € X, whose image under the sealing I'; is:

Te(Zoe(w), Zoe(w)) = (Ae(1,20.e(W)),Ae(1,20,(w)))
= ((id+8e)oLoe(w),(id +ge) 0 2o.e(w))
= (Ze(w), Ze(w)) €2,

where the second equality comes after (6.1.13). ]
Corollary 6.1.22. The elliptic family v, has real character:
Ve :yOOOV%(E)OOOy,

where ., 0 are the complex conjugation and shift of coordinates in the two vari-

ables induced in the quotient.



6.1. REALIZATION OF AN ADMISSIBLE FAMILY. 93

Proof. Since the projections 7, , ¢, are real, it is certainly true that the family of
vector fields v, on M possesses real character. The manifold .Z is obtained after
gluing with the sealing I'; in ambient coordinates, which sends the real plane into

the real plane. O

6.1.4 Identification of the abstract manifold .7

In the first chart of the blow up, we introduce a smooth real nonnegative cutoff

function y = x(arg(Z)) depending only on the argument of Z, and defined by:

~ 17 arg(z) € (_EaEL
x(arg(2)) = oo
0, arg(Z') e (m,2n+ Z]

An “identification map” in (Z ,w) coordinates is defined on M:
HS' : (Z,w) — (Z,w+ x(arg(2)){Ae (Z,w) —w}), (6.1.37)
Notice then:

ﬁ§1|sg‘lxmw = (idz,A)
H{'ls, «p, = (idz,idy),

and so this map respects the sealing Y. Similarly in the second chart of the blow

up, an “identification map” in (VNV, z) coordinates is defined on N:

HE : (W,2) = (W, 2+ x(—arg (W) {Ve(W,2) — 2}), (6.1.38)
where: B T
_ 1, arg(W ——, =1,
(—arg()) = B € gah
0, arg(W')e(—2m——,—n]
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by definition. Notice that:

H|s, «p, = (idw,id)
ﬁgz|Sé.2><DW = (idW7VS)7

and so, this map respects the sealing A . Back into ambient coordinates, the func-

Figure 6.3: Identification maps before quotient.

tion x yields a smooth map x(z,w) = X(arg(i)) = x(—arg( K)), which depends
w Z

only on the argument of the quotient Sy
w
7
1, arg(s) —arg(w)| < 7,
)?(Za w) =
13 5
0, |arg(z)—arg(w)— | < o,
8 8
and satisfying,
x(W,2) = x(z,w). (6.1.39)

Since ¢ = c2’1 ocy, Lemma 6.1.14 shows that ﬁgc‘ ,ﬁgcz express the same family of
diffeomorphisms in (z,w) coordinates. As usual, such a family is given by:
=@ H = ot o
[ ~ ~
(c; V'HS? = caoH oy !,
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which is well defined, by construction. This family provides the target space with

coordinates (z,w) :
(z,w) = ﬁs (z,w)

= (z+ x(z,w){Ve ocz_l(z,w) —zhw+x(z,w){Ae ocl_l(z,w) —w}).
(6.1.40)

By definition, H, induces an “identification family” in the quotient:
H, : M, — C.

The latter depends analytically on the parameter and for every fixed ¢, it is a
diffeomorphism which provides the target space with an almost complex structure

induced from the standard complex structure on .#,, as shown later.

Proposition 6.1.23. The family H; has real character:
H; = 000Hg 0005,

Proof. A simple calculation proves that

Yoooﬁ%(e)ooofz G{ﬁg(W,Z)}

— (Zﬂz(w,z) {Agocfl(w,z) —z} ,w+W,z){Vgocgl(w,z) —w}) .

Lemma 6.1.11 and the symmetry (6.1.39) show that this is equal to (6.1.40). The
family H, inherits this property in the quotient, by Lemma 6.1.20. Its global real

character is shown. OJ
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6.1.5 Asymptotic estimates on H,

The ratios of the eigenvalues of the formal families vg‘ e v(c)zs (the fields (6.1.12)

and (6.1.18)) in the blow up are given by:

€—1i
e = —
€ 2i
(6.1.41)
wo= 2
20

respectively. We shall see that if the number N in (6.1.9) is large enough, then the

identification H, is tangent to the identity. Write the parameter as
E=c¢1+iey,

where €, &, € R are small real numbers.

Proposition 6.1.24. If the function g in (6.1.9) is (N + 1)-flat at z=w = 0, then
(6.1.15) and (6.1.24) admit the asymptotic estimate:

Ae(Z,w) —w| = 0(1Z) 712wV as Z 0,

for all w in D,,, and

Ve(W,2)—z| = O(W|3 =22V 1) as W —0
forall zinD,.

Proof. The eigenvalues of V¢!, Vg are given by (6.1.41) as well, because the cov-
ering map does not alter the linear part of the fields. The estimates obtained in

the Theorem C.1.1 in the Appendix may be applied. The inequality (C.1.2) yields



6.1. REALIZATION OF AN ADMISSIBLE FAMILY. 97

the following estimate for the holonomy map A, 5> {Z} xD,, — {1} x C of the

foliation in the first chart of the blow up:

largZ ’Z’ 72 ‘wl < ‘h ( )‘ S eMMe(Z*I)‘* 1argZ’Z’ 1 282 ’W’

o MAe(Z-1) 415

where M = M (Z, w) < o is a positive constant depending on a bound for the

nonlinear part of the foliation along the segment with endpoints Z,1. By (6.1.9),

_ . . ~ N(1_
h€7§o(ld+g)ohgg/=h ~O(hgz/+g0h82/):ld—l—O(\ZP(l e2) [N+,

In the second direction of the blow up, the estimate is obtained by symmetry. []

Corollary 6.1.25. If the function g in (6.1.8) is (N + 1)-flat at z=w = 0, then the

asymptotic estimates:

|Agocl_1(z,w)—w| = 0(|Z|%(1—82)|W’%(1+82)+1>
(6.1.42)

Ve ocz_l(z,w) -zl = 0(|Z’%(1+sz)+1‘w‘g(l_gz))
are valid for all (z,w) in the bidisk D, x D,,,.

Corollary 6.1.26. If the function g in (6.1.8) is (N + 1)-flat at z=w =0 for
a sufficiently large integer N then, for small €, the family H; is tangent to the

identity.

6.1.6 Integrability on H.(.#) and preparations.

The pullback of the complex structure on .#, by the map H, Iis an almost
complex structure defined by the pullback of the (1,0)-subbundle on .., which

is spanned by the following families of forms on the manifold H, (,/Z/v) (see Figure
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6.3):
3 =dz=d(z+%-{Veoc; ' —z ,
Ci (7 (Veoes' =) 6145
Se=dw=dw+x {A; ocl_] —w}),

where the coordinates z,w have been introduced in (6.1.40). The forms d(V, o

cy l) and d(A; o cl’l) are holomorphic on their domains and 517 ¢ and 527 ¢ have two

different sectorial representatives:

Z CRSZdZ, |argz —argw — 137/8| < 57/8,
l,e =
Cll,s :d<Vs 002_1), |argz—argw| < 11:/47
(6.1.44)
g CZI,EZd(AEOCZ_I), |argz—argw|<n/4
2,6 —

CS,E =dw, Iargz—argw—13n/8| <5n/8,

so that §117 e =T} ‘gﬂ . and ‘(,‘217 e =1} Cg .- Thus they yield forms {; . and &, . on the
quotient .#;. The almost complex structure induced on H (.#) by the complex

structure on .# is defined by the two forms
ore=H Ve,  one=(H ) G (6.1.45)

Theorem 6.1.27 (Existence and symmetry of the smooth chart). There exists a
small ball B(r) C H, (#;) around the origin, and a smooth family of charts Ay =
(?;‘El , 55‘52) : B(r) — C? depending analytically on € in a symmetric neighborhood
V' around the origin in the parameter space, such that Egi :B(r)=C, i=1,2is
holomorphic in the sense of the almost complex structure (6.1.45). Furthermore,

this family has real character:

AE:yoooA(g(S)ooojﬂ, (6.1.46)

and is tangent to the identity at the origin.
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Proof. The set Hy (.#,) C C? does not contain the axes of coordinates: its closure
is C*-diffeomorphic to a closed neighborhood of the origin of C2. The next lemma
shows that the almost complex structure generated by w ¢ and w, . on H, (M)
can be extended as w . = dz along the z-axis, and as w; ; = dw along the w-axis,

until a well-defined order.

Lemma 6.1.28. Let 6 be a small positive number. If o and 3 are the orders of
flatness in z and w (resp. w and z) of the difference w; , —dz (resp. wp —dw),
then form w; ¢ (resp. ) can be extended as dz (resp. dw) along the z-axis

(resp. w-axis) until the order o if the number N in (6.1.9) is sufficiently large so

N>max{2(a_1) 26 } (6.1.47)

as to verify

1-6 "1-6
and | €| < 9.

Proof. By (6.1.45), it suffices to study the difference

H8<va) - (va) = (k\(z7w){v8 OCZ_l (Z7W) _Z}75€(Z=W){A8 Ocl_1 (va) _W})'

Since z = |7/ and w = |w|e!¥e(™) it is easily seen that:

whence follows that

aitiy
dzP A7 IwW" Iw®

M, ;
t i+
Cs*.—|z|"|w|j (6.1.48)

foralli=p+qgeN, j=r+seNand

M= (k)
iy = max (0]
oel
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with [ = [—Z, 2w+ Z] To lighten the notation, put

f(z,w) :V5002_1<Z,W)—Z.

A short calculation after the second equality in Corollary 6.1.25 implies that for
all k,1 € N, there exists a positive constant 6N =C, '~n(k, 1) such that

O’)k-i-lf

‘ dzkaw!

where ¢ = g1 +igy with 1,6, € R. Thus, (6.1.48) and (6.1.49) imply that, for

6N|Z|%(1+£2)+1—k|w|%(1—82)—l (6.1.49)

bl

p+q=o and r+s = f3, there is a real constant L = L(N, o, ) > 0 such that

9" P (x- f)

G I IW I <L Jg|F(Heatima pyy 31me)-p (6.1.50)
Foztow ow

Hence, if || < 0 << 1 and the order (6.1.9) of the family g, satisfies the condi-

tion
20a—1) 2p
.1.51
N>max{ =35 ’1—6}’ (6.1.51)
then
v
w0 | dZPIZ4IW IWs |

uniformly in |z| < 1, and thus w; . and dz coincide until the order o along the

z-axis. The assertion for the difference w;  — dw follows by duality. ]

The almost complex structure (6.1.45) is integrable when there are coordinates

(€}, E2) depending analytically on the parameter, such that
< d&.gl)dggz >(C:< wl,s; w2,8 >(C7

where w; ¢ and w, ¢ are defined in (6.1.45). In that case there is a 2 X 2 invertible
matrix A whose entries are C” functions such that

w de]
e | _ [ 95 — AdA,.

2
(1)275 d&s
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W1,¢e

In particular, d = dA NdA; contains no (0,2) forms. The Newlander-

2 ¢
Nirenberg Theorem asserts that this necessary condition is also sufficient for inte-

grability. If L' is the span of the forms w; £, ¢, then this integrability condition
holds for L' on the surface H, (), and by continuity it remains valid after ex-
tension of (6.1.45) until the axes. Indeed, w, ; is obtained from the pullback of
&1 and since the forms d(Veoc,') and d(A; oc;') are holomorphic on their
domains (for the sake of simplicity V and A will be written instead of V¢ oc, !

and A; o cl_l7 respectively), a short calculation in local coordinates shows, after

(6.143):

dCie = d{Zdz+ Ruwdw+ 3edZ+ xwdWw} - {V — 2}
+  2{Xdz+ xwdw + XzdZ+ YwdW} - {V.dz+ V,dw — dz}
+ x-d{V.dz+ V,dw—dz}
(here the subscripts stand for partial differentiation). Inasmuch as x is of class
C” the first term of the sum is null, i.e. da,g contains no forms of type (0,2).
By symmetry, the same holds for the second form d 5278. Hence, for each ¢ € V
the Newlander-Nirenberg Theorem ensures the existence of a C ! smooth chart

A¢ = A¢(z,w) given by:
Ae = (8,82 H( M) = C?, (6.1.52)

which is holomorphic in the sense of the almost complex structure (& ¢, ¢).
Notice that the sealing I'; in ambient coordinates lifts as two different sealing

families:

—~ —~

1. Asealing T : Hy(.#) — H¢ () in (z,w) coordinates:

I :=H,ol,0H". (6.1.53)
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2. A sealing T : A, (flg(/Z/v)) CC? = A, (ﬁg(//v)) C C? between open sets
of C2:
I = (AgoHg)oTso(AgoH,) . (6.1.54)
Remark 6.1.29. By Lemma 6.1.20 and Proposition 6.1.23, the family T; has real

character as well.
By definition,
oAy = Ag ol (6.1.55)

hence Kg induces a family of charts
Ae = (E},E2) : He (M) — C* (6.1.56)

in the quotient. This chart is, by definition, holomorphic in the sense of the ex-
tended almost complex structure (6.1.45). In order to show the real character of
Ag, it suffices to prove the real character of the family 7\5 (Proposition 6.1.42).
So we need to look into the details of Newlander-Nirenberg Theorem. Some tools

are required.

The family of diffeomorphisms H, = (z,w) (6.1.40) is analytic with respect

to the structure (6.1.43). It follows that:

dz = uj dz+up dw+uz d7+ ug dw
1,e 2. 3, 4.¢ (6157)
dw = Vvigdz+v)edw+v3 cdZ+ vy cdw
where
ue = 1+x(V—2)+x(V.—1)
u = (V—2)+%V,
2e = 2(V=2)Fx (6.1.58)

Uz e = XZ(V_Z)
ure = xw(V—2)
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and
Vie = X(A—w)+ xA;

vae = I+xw(A—w)+x(Aw—1)

(6.1.59)
vie = xz(A—w)
Vae = xw(A—w).
Lemma 6.1.11 and the symmetry (6.1.39) yield the equivalences:
uz(w,2) = ve(z,w)
Uz (w,2) = vielg,w
22 0%.2) Le(zw) (6.1.60)
uzE(W,2) = vae(z,w)
M47§(W, Z) = V3¢ <Z7 W)

Modulo a linear combination, the space induced by the two forms (6.1.57) is easily

seen to be the same as the space generated by the two forms

Q = dz+te] . di+e) dw
; . (6.1.61)
92 = dW+€178d2+62,8dW7
where
1 uzvy — Usv3 1 Ugvy — U V4
el,s - ) e2,e - ’
uivy —uzvy uivy —uzvq
(6.1.62)
2 uiviy — usvq 2 U1V4 — U4V
€le = y €=
Upvy —uzvi upvy —uvi

(their dependence on Z,w is not explicitly written). Hence, (6.1.60) leads to:

1 (55 2
e -(W,2) = e5.(z,w),
178( ) Z’S( ) (6.1.63)
ez’g(W,Z) = 617€(Z,W).
. . j 0(1) . .
By Corollary 6.1.25, these functions satisfy e; . = T(l)’ thus giving:
’ 0

e/.(0,0)=0 (6.1.64)



104 CHAPTER 6. REALIZATION OF A POINCARE FAMILY

forall i, j=1,2 and & € V. Suppose that the image H, (.#) contains a small bidisk
D x Dy, and write G := ﬁ; ! Consider the pullback

- )
al{e.]DSx]D)s—>C

of the functions (6.1.62) by the family G.. The functions a{; . are defined by the

equations a{ . =G (elj ¢ ), that is:
ol (z.w) = Gile])(z,w) = ¢/ (Ge(z,W)), i,j=12, eV, (6165

for all (z,w) € D x ;. By Proposition 6.1.23 and identities (6.1.63) the collection

J : .
a; . satisfies again:

a}’E(W,i) = uig(z,w), (6.1.66)
aiE(W,i) = aig(z,w),
and by (6.1.64):
a/,(0,0)=0 (6.1.67)

foralli, j=1,2 and € € V. From now on, we will write

Definition 6.1.30 (The differentials). The holomorphic and antiholomorphic dif-

ferentials are given, respectively, by:

dj= 2 =1 (6.1.68)

g;= 2
T 9z’ Yy

Definition 6.1.31. [40] A complex valued function &§ satisfying the equation:
96— (aloE+a2aE) =0, j=1,2 (6.1.69)

is called holomorphic with respect to the given almost complex structure.
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Let (Eg,gf) = (Eg (z,w), 53 (z,w)) be the smooth chart given by Newlander-
Nirenberg Theorem. Instead of considering the new coordinates (Eg , 582) as solu-
tions to (6.1.69) and functions of (z,w), the coordinates z, w are supposed to be

functions of &, ?5‘82 and their complex conjugates.

Remark 6.1.32. Inasmuch as it suffices to study only the real character of the

chart Kg, the tildes on the chart (é} , 53) are dropped from now on.

Definition 6.1.33 (The dual differentials). The holomorphic and antiholomor-

phic dual differentials are given, respectively, by:

_ 0 '
dje=—, j=1,2, (6.1.70)
dE!

d 1 d . d d 1
— == - — 11— |, — = =
08l 2 \oul avi) g5l 2

with ] = ul +iv] for ul,vl € R.

dj’s — T,
I&!

where

g .4
—+i— |, (6.1.71)
dul vl

Lemma 6.1.34. If f is a smooth function, then:

dj,e‘f:gjsfa .]: 172
Proof. This becomes immediately apparent by (6.1.71). ]

Proposition 6.1.35 ([41], pp. 445). For every € € V, the map G from Ds x Ds C
C? 1o the almost complex manifold M is holomorphic if and only if the induced

functions (z,w) = G} (z,w) satisfy the differential equations

djer+ay d;j 2" =0, jk=1,2. (6.1.72)
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In such a case, (6.1.69) yields:

dj 5! = a&ld; 2 +0,8ld; 2"
= E{d; .t +af, . d; 7"} (6.1.73)
= 0

for j = 1,2. Notice that the replacement of (6.1.72) in the term after the first

equality of (6.1.73), yields:

Ej,e&f :gj,szk{gkgep - a;.ggai Ep}a pP= 152

Thus the parametric Cauchy-Riemann equations d j.eEF = 0 are equivalent to the
system (6.1.69) if z, w satisfy (6.1.72) with the matrix [3_,-7 82"] non-singular for all
¢ in the symmetric neighborhood V. Then the idea is to find solutions to (6.1.72)
and study their real character. This is done by solving a corresponding integral

equation to which iterations can be applied succesfully.

Denote by T!,T?% the integral operators

T! / d_d
/(@ 21Jr |17|<p z—

T2 f(z,w) // d_d
" 2in |r|<pw T

with p > 0 fixed and f = f(z,w) has suitable differentiability properties and,

(6.1.74)

eventually, it depends on additional complex coordinates.

Lemma 6.1.36. If f,, f> are as above and satisfy f,(z,w) = f»(W,Z), then

T fi(z,w) = T2 f>(W,%). (6.1.75)
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Proof. By definition:

T'fi(z,w) = L/

2im

fi(z,w)
[tl<p 27T
_ L/ fZ(W7f)
2ir JJjx|<p Z—T

————=dtdr

dtdt

1
= —/ LW, r)d_dt
2ir JJjx|<p Z—T

Ly R
2ir JJjr|<p Z—T

= T2f(W,Z)

———dvdr.
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The fourth equality comes from the fact that the form dTdt is invariant under the

change Im(t) — —Im(t) on the symmetric domain |t| < p.

Let us define:

fil(z,w)(E',E%) () := —(a] (d1,6Z+ 0y ;d1 W),
fi(z,w)(E',E%)(e) = —(a] odreZ+ 0} ,d2 W),
f12(z,w)(E1,8%)(e) := —(af od cZ+ 03 d) W),
fo(2,w)(E',8%)(e) := —(0f do T+ 03 ,do W),

Lemma 6.1.37. The maps f are related through:

iz, w)(ELEN(e) = fn(W.2)(E2
fu(z,w)(ELEY)(e) = fi2(W,2)(E2,

for real values of the parameter.

]

(6.1.76)

(6.1.77)

Proof. Let e € VNR. Equivalences (6.1.66), the definition of the dual differentials

and Lemma 6.1.34 allow to conclude:

fn(W,2)(E2,EN)(e) =

= —(a 78(z,w)3178W+ aLg(z,

= fll(zaw)(glvgz)(‘?)-

—(a7 ,(W,2)d1 W+ 03 (W, Z)d) e W)
1
2

W)El,si)



108 CHAPTER 6. REALIZATION OF A POINCARE FAMILY

The same procedure shows that f|,, f>; are related by Schwarz reflection when

the parameter is real. [

Definition 6.1.38 (Nijenhuis-Woolf operators). The operators:

1 _
TF :=T'fiy + T fo1 — =(T'd1 s T* fo1 + T?d2, T f11) 6.1.78)
TF? .= T'fiy + Ty — E(TlghgTzfzz +T%dy T f12).

are called the first and second Nijenhuis-Woolf symmetric operators.

The non-linear differential system corresponding to (6.1.72) is given by the

integral equation ([41]):

2(8,5) = & +TF'[z,w](§ &) —TF'[z,w](0,0)

(6.1.79)
w(E L&) = & +TF[z,w|(E &) — TF[z,w](0,0)

Definition 6.1.39. The pair of coordinates (E},E2) is referred to as the initial

value of (6.1.79).

For ¢ = 0, the system is solved by means of a Picard iteration process (fixed
point Theorem) which converges in a small ball B(rg) of radius o > 0 around
the origin of (z,w) coordinates ([40],[41]). It turns out that for all | ¢ | small and
fixed, the solution to (6.1.79) is well defined on B(r), with r = %0. Moreover, if r

is small enough, then the solution (z,w) is unique:

Lemma 6.1.40. [40] For r sufficiently small, and € €'V fixed, the integral system
(6.1.79) admits a unique solution (z,w) satisfying also (6.1.72) and such that the
parametric transformation 7\2_1 from the (E!,E2) coordinates to (z,w) coordi-

nates has non-vanishing Jacobian.
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Proposition 6.1.41. For every (z,w) in a neighborhood of the origin and for ev-
ery initial value (55‘81 , ?;‘EZ), the Nijenhuis-Woolf symmetric operators TF!, TF? are

related through Schwarz reflection:

TF' [z, w)(5',€%)(¢) = TF[w, 2] (E%. &) ¢) (6.1.80)
when the parameter is real.

Proof. Let the parameter be real. A direct calculation and the definition of the

dual differentials prove:

TF2[W,7)(E2,E1)(e) = T1f12+T2f22—%[Tldz,stfzz+T2d1,sT1f12]

where the second member is evaluated at (W,Z)(E2,E1)(¢). Then Lemma 6.1.37

and property (6.1.75) yield:

— - 1. = —_
TF[w,Z)(E2,E)(e) = T'fu+Tfa— §[T1d1,8T2f21 + T2y T' fi1]
= TF'[z,w](§',&%)(e).
where the member on the right of the first equality is evaluated at (z, w)(E',E2)(e).
O
Proposition 6.1.42. The chart (6.1.52) has real character:
/A\/g :yOGOK%(E)OOoy
and is tangent to the identity.

Proof. First, the parameter ¢ is supposed to be real. Let (?;‘3,&52) be the initial
value and (z,w) be the solution to (6.1.79). If the initial condition satisfies Egl =
E_g, then Proposition 6.1.41 leads to

W = & +TF'[W,z)(§,&) - TF'[7,7(0,0)
§£2 + TF2 [Wv Z] (Ssl ) &82) - TFZ [Wai] (070)

NI
I
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Thus the unicity of the solution in Lemma 6.1.40 implies that z = W. Inasmuch
as /N\g has non-vanishing Jacobian, it is a local isomorphism if » > 0 is small.
In particular, Kz_l sends isomorphically a local neighborhood of the origin in the
surface {&! = ’g‘_gz} of the space of initial values (&}, &2), into a local neighborhood
of the origin in the plane of symmetry {z = W} of the space of solutions (z,w),
when ¢ € R. The real character of the chart /~\g is then proven over the subset
¢ € VNR. Since A, depends analytically on the parameter, its real character Ap =

S o O‘O/ch(g) oo o.% for values € € V is also proven. By (6.1.79), the chart As

is tangent to the identity at the origin. [l

End of the proof of Theorem 6.1.27. Passing to the quotient, the chart A, : B(r) C
He (M) — C? induced by Kg, has real character as well (Remark 6.1.29). Indeed,
(6.1.55) means that the diagram defined by I';,T';* and A, is commutative. Thus,

the chart A, : B(r) — C? inherits the real character of Ag. It is clearly tangent to

the identity at the origin. O

End of the proof of Theorem 6.1.4. Let Ay = (&1 & 2) be the family of smooth
charts of Theorem 6.1.27 defined locally on a neighborhood B(r) C He(.#,). The
composition

;. = A¢ oH, : H; ' (B(r)) — C?

between complex analytic manifolds is honestly biholomorphic. The closure

W =9, (H; '(B(r))) contains the origin in its interior. It remains to check that
the family of vector fields defined on # by the pushforward v, = (U;).ve, is
orbitally equivalent to a generic family unfolding a weak focus with formal nor-
mal form (6.1.1). Notice that v; is also monodromic because the family v, is

monodromic, and by Theorem 6.1.27, the composition ¥; = A, o H; is tangent
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to the identity for every € € V. By Proposition 6.1.21, the monodromy of v, co-
incides with &, .= 32?2. Since the Poincaré map QSZE of the family (6.1.1) and
the monodromy of the family v, are formally conjugate by construction, it will be
sufficient to show that the quotient of the eigenvalues of the family v, is i—j, see

Corollary C.2.4 in the Appendix C.

Lemma 6.1.43. The monodromic family of vector fields v has real character.

Proof. This becomes apparent directly from Corollary 6.1.22 in local coordinates,
and from the real character of the pushforward U which, in turn, is a consequence
of Proposition 6.1.23 and Theorem 6.1.27. O

Proposition 6.1.44. The quotient of the eigenvalues of the monodromic family v,

. €-+1
is equal to —.
€—1

Proof. By Lemma 6.1 .43, the eigenvalues of the vector field v, are complex con-

jugate. We call them 7(¢),t(¢e), with
t(e) =a(e)+ib(e) (6.1.81)

and a(¢),b(¢) depend analytically on € small and are real on ¢ € R. The Poincaré
+7T :
) . Indeed, if

map of the family v, has multiplier u(g) = 22,(0) = exp (21'111:
(z,w) are the coordinates of the family of vector fields v, then in the first chart of

the blow up v, gives rise to a family of equations of the form:

Z=(t—-7)Z+...
(6.1.82)

W=TW-+ ...

The Poincaré map of this family is given by ([37]):

Pe(w) =exp (21’:1 (rz_%?)) w+ ...
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In the second chart of the blow up, the family v, gives rise to the system:

W=FT-1)W+..
(6.1.83)
=17+ ...

2t
and then the Poincaré map is given by Z2;(z) = exp (—21'1[ (% )) 2+ ...
-7
(computed on the cross section z = w in ambient coordinates). It is easily seen

that:

() -on(-2n(25) oo o (7).

On the other hand, u (&) = exp(27 ) by Proposition 2.3.2. Thus,

2
2we = 2112253 + 2imm,
for some m € N. This means that
@ =¢&—im. (6.1.84)

S

(¢)
Inasmuch as a(¢),b(€) are real on € € R, the equation (6.1.84) implies that m =0,

which yields

e+i

T
T e—i

O

This shows that the family of vector fields v, unfolds a vector field with a
weak focus. Inasmuch as the order of Z; is one, the order of the family of vector

fields is one as well. ]
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(orbital equivalence)
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Chapter 7

Preparation and the orbit space

7.1 Preparations.

A generic family of equations unfolding an order 1 weak focus:

: = (e+i)zxw+ E ajk(s)zjwk
Jries _ (7.1.1)
w o= (e—i)wtwz+ 2 a(e)w/,

R4

(where the coefficients a (&) depend analytically on the parameter) is a family
with a generic Hopf bifurcation of codimension 1. Recall that the family of vector
fields on the right is noted v,. The Theorem 4.2.3 allows to describe the dynamics
of such a family through the dynamics of the family of diffeomorphisms unfolding
the Poincaré map of the system vy. We have seen (Theorem 2.3.2) that such a

family is of the form

Pe(w) = w4 P2+ O(e)|w + O(w). (7.1.2)

115
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when the family of vector fields v, has been brought into normal form (1.4.1).

Proposition 3.1.6 implies that its coefficients are real when ¢ € R and thus
Co P06 = Ps.

The family & is the unfolding of the Poincaré map & of the system v = vy,
which is a germ of codimension one resonant analytic diffeomorphism with a
fixed point of multiplicity 3 at the origin which corresponds to the coalescence
of a fixed point with a periodic orbit of period 2. In the previous literature issues
(e.g. [10], [11], [25], [32]) a generic family of vector fields was prepared with
respect to the canonical parameter ¢ if h.(0) = e~ ¢ (where h; is the holonomy

map of the z separatrix) and, at the same time, the invariant manifold had equation

wW=E¢. (7.1.3)

Such a preparation is not well adapted to the chosen formal normal form (1.4.2).
Indeed the formal classification for weak foci must respect the real character
(3.1.6) of the singularity. Instead, we will prefer another preparation respect-
ing the real character of the unfolding v, and that is compatible with the formal

normal form (1.4.2), such that:
PL0) = ¢ (7.1.4)

and, again, the invariant manifold corresponds to (7.1.3). The condition (7.1.4)
uniquely determines ¢ (the canonical parameter). When studying the equivalence
of two families this allows to conclude that the canonical parameter is preserved
and it allows also to work for fixed values of it. The preparation performed on the

family of vector fields introduced in the next theorem, brings the Poincaré map
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into a “prepared” form as well. Once we have properly prepared the family of
diffeomorphisms, we can compute its invariant of analytic classification.
Strategy. In order to compute the modulus of the unfolding of the Poincaré map,

we compare the latter with the time-one map rgl of the vector field:

2aw(e £w?) 4

—_— 7.1.5
1+A(e)w? aw’ (7.15)

which is called the model family.

Theorem 7.1.1. There exists an analytic change of coordinates
(z,w) = (2,w)

bringing the family of vector fields into a “prepared” form, for which the invariant
manifold of the system has equation zw = —s €, and the new coordinates preserve
the real character of the field. Here, s = + is the coefficient of the third order
term (defined in Proposition 1.2.1). In addition, the Poincaré map of the section

3 :{z = w} (parametrized with the w coordinate) has the form:
Pe(W) =w+w(e+w?)[2n+D(e) + E(e)W? +w(e +w’)h(e,w)]  (7.1.6)

with fixed points wo = 0, and wy = ++/—s¢€. The constants D(¢),E(€) and the
function h are real when ¢ € R. The multiplier Ay of the fixed point wy = 0 satis-

fies:
M= PL0) =e*"¢ (7.1.7)

In particular, the parameter € is an analytic invariant for P¢(w). We call it the
“canonical parameter”. The multipliers of the fixed points wo = ++/—s¢€ are
given by:

4
A= P (wy) :exp{%}, (7.1.8)
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so that they coincide exactly with the multipliers of the time-one map of the model
family (7.1.5). The “formal parameter” A(¢) is defined by:

27s 27 27s

Ale) =07 oAy Al

(7.19)

It depends analytically on € and is real when € € R. It is an analytic invariant of

s

Proof. According to the formal classification (Theorem 1.4.2), the equation of the

invariant manifold of the formal normal form (1.4.2) is
etu=0.

Even if the change of coordinates to normal form is generically divergent, the
invariant manifold is analytic ([26]). Coming back to the variables z and w the

invariant manifold has an equation of the form:

e =—sC(e)u+o(u)=—sul (e)(1+m(z,w)), (7.1.10)

where u = zw and m(z,w) = O(u) satisfies m(z,w) = m(w,z) for all z,w near the

origin. Let us define the following change of coordinates:

z = 2/G(e)(1+m(z,w))
w = w/&i(e)(1+m(z,w)).

Then, in these coordinates, the invariant manifold has equation:

zw =ul(e)(1 +m(z,w)) = —s¢. (7.1.11)

Notice that this change of coordinates preserves the symmetric form of the original

system (i.e. its real character).
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The analytic invariant manifold intersects the cross-section {z = w} at w?> =
—se. Let Z,(w) be the semi-Poincaré map of the family in the variable w. We
know that w> +s¢& = 0 is the equation of the 2-periodic points of the semi-Poincaré
family coming from the intersection of the invariant manifold with z = w. Then

the second iterate of 2, (w) has the form
222(w) =w+w(etwHh(e,w), (7.1.12)
where h(e,w) = (2m 4+ O(g) + O(w)). Indeed,

(22)(0) = 1+ £h(e,0) = 7,

2w e

and then h(e,0) = ¢

=2n+0(¢). L

Definition 7.1.2. The family of vector fields in coordinates (z,w) and parameter
€, obtained in Theorem 7.1.1, is called orbitally prepared. The family of diffeo-
morphisms (7.1.6) obtained after preparation of the family of vector fields and
satisfying (7.1.7) is, by analogy, called prepared. From now on, we shall work
with families of vector fields and the corresponding families of diffeomorphisms
only in prepared form, so the tuple (z,w,¢) will be noted (z,w, €). The prepared
Jamilies of fields and diffeomorphisms in these coordinates will be noted v, and

Py, respectively.

7.2 Glutsyuk point of view.

We will only discuss the case s = +1. We choose a fixed neighborhood U of

the origin on which & is a diffeomorphism. If § is a positive number we define
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VBG.J VB(.,;r
Figure 7.1: Sectorial domains for the parameter.

sectorial domains in the universal covering of the the parameter space, see Figure

7.1:

V(SGJ = {SGC:|8\<p,arg(s)€(g+6,37n—6)} a1
v = {SECC:|8\<p,arg(s)€(—g+6,g—6)} (72D
and p is a small real number depending on 6. The number p is chosen so that for
values ¢ € Vg ;> there exists orbits connecting the fixed points in U. In this case,
we say that we work in the Glutsyuk point of view (Figure 7.2):
— If & < 0 the origin is attractor and the two real singular points w. = 4=v/— &
are repeller in U.
— If € =0 the origin is the only (non-hyperbolic) fixed point.

— If € > 0 the origin is repeller and two additional imaginary attracting singu-

lar points are created in U.

Definition 7.2.1 (Analytic conjugation). [/0] Two germs of analytic families f;
and fg of diffeomorphisms with a fixed point at the origin are conjugate if there
exists a germ of analytic diffeomorphism € (e,w) = (k(¢),h(e,w)) fibered over

the parameter space such that:

he Ofg :ﬁ((e)ohg, (722)
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where hy(w) < h(e,w). The conjugacy is said to be real if € ok o€ =k and
Cgohcg(s)ocg:hg. (723)

The family of diffeomorphisms &7, may be conjugated to the time-one map 1781
of the field (7.1.5) on the sectorial domains (7.2.1). The modulus measures the
obstruction to get a conjugacy on a full neighborhood of the origin in the w-space.
The vector field (7.1.5) has singular points wy = 0, with eigenvalue uy(¢) = 2me,
and wy = 4+/— & with eigenvalues:

—Adme

u(e)

Notice that up and u4 are analytic invariants of (7.1.5), which also depend analyt-
ically on ¢. It follows that ¢ and A(e) are analytic invariants of the field (7.1.5).
The multipliers of the time-one map 1781 of ve are Aj = e, i.e. they are precisely
the multipliers of the fixed points of &Z,. In order to compare &, with the model

diffeomorphism rgl we compare their orbit space. The orbit space of & is ob-

© T°°
Tg S50 Le
G G 0 ® G G
@ ¢ @1 e @20 | @ ¢ @1 e
Too Too SO TO
2. l,e 2, s
G G G G
@ ¢ o @1 e : @ ¢ @ ¢
T 0
€ Sio T;S
e<0 e=0 £>0

Figure 7.2: The orbit space of the Poincaré map and the transitions (pﬁs.

tained by taking 3 closed curves {{y,¢,¢_} around the fixed points, and their
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images {7 ({4)} where # € {0,+,—}. Since the fixed points are hyperbolic the
closed regions {Cy} between the curves and their images are isomorphic to three
closed annuli. We identify /4 ~ &, (¢4). Then the quotient Cy/ ~ will be shown to
be a conformal torus. Hence, the orbit space turns out to be a non-Hausdorff space
conformally equivalent to a collection of three tori T, Tf ¢, T5 . plus the three sin-
gular points, which represent the orbit space of the hyperbolic fixed points, such
that

— each orbit has at most one point in each torus,

— each orbit is either a fixed point or is represented in a torus,

— some orbits may have representatives in two different tori.
The Glutsyuk modulus can be described as follows. For specific values of ¢ €
Vs.1r» the singular points xo,x+ are hyperbolic, thus normalizable. Hence, there
exists in the neighborhood of each fixed point a diffeomorphism (pf, #e{0,+,—}
conjugating the Poincaré map &7, with the model family, i.e. the time one map of
the model family (7.1.5). It is shown ([21]) that for a sufficiently small choice of
the sectorial neighborhood in the covering of the parameter space, the domains of

cpf overlap, allowing to define:

Gt _ oFo(a)!
(ng B e (cp;) | for € € V57l,
®: = @ o(@g)”
and
G+ —1
= O
e e (Cpg ) for £ € Vg,
G,— 0 —\— :
Pe = @g° (Cps )

Note that (‘pf is unique up to left composition with a symmetry of 1781, i.e. atime-

t map of v.. Hence, since the domains of (pg and (pgIE intersect for ¢ € Vs, for

G+ G,—
€

sufficiently small p, the collection {(@¢" ", @ )}, evo is an analytic invariant
,E
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of the family &7, under analytic families of change of coordinates preserving the
canonical parameter. This is one presentation of the Glutsyuk modulus. We now
study how the normalization is performed. It is natural to introduce coordinates
on the orbit space. The Glutsyuk modulus only concerns the orbits represented in
the tori. One way to introduce coordinates on a torus T is to consider the latter as a
quotient T = C*/ % (where £ (x) = Cx is the linear map) for some C € C*. Then
a natural coordinate on T is the projection of a coordinate on C* = CP'\ {0, %},

i.e. a “spherical” coordinate.

Fatou coordinates were introduced in 1920 by former P. Fatou ([16]). They are
changes of coordinates which allow to transform the prepared family &7 into the
“model family” 81 over the sectorial domains (7.2.1). We will construct a special
kind of Fatou coordinates: we show that it is possible to choose them respecting
the real character of &Z;. This choice yields a symmetry property on the Glutsyuk
invariant in the unfolding. We will study the properties of the Glutsyuk invariant

by “unwrapping” the spherical coordinate.
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Chapter 8

Real Fatou Glutsyuk Coordinates

8.1 The unwrapping coordinate.

From now on, the parameter belongs to either of the Glutsyuk sectors (7.2.1).
Consider the “unwrapping” change of coordinates p; : Z¢ — U\{wo,w } defined

by:

1
S€ ) 2
<7— for ¢ #£0
w=pe(z)=4 (sl 8.1.1)
¢\ 4
<— —) ’ for e =0
4rz
where Z; is the 2-sheeted Riemann surface of the function (see Figure 8.1)
1— —4dmeZ 1
<L> * for ¢ #£0
SE
(2snZ)?2 for € =0,

and s = #1 is defined in Proposition 1.2.1 (the sign of the third order coefficient

of the family). Notice that for all € € V(SGrl, the map p, is periodic with period
i
=T |
i
pg(Z):pg(Z—kﬂ), keZ. (8.1.2)

125
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Without loss of generality, the neighborhood U can be taken as a small ball B(0, r).
By (8.1.2), the image p2~ ' (U = B(0,r)) consists of the Riemann surface %, mi-
nus a countable number of holes. The smaller the radius of U, the larger the radius

1
of such holes (of order —).
r

Figure 8.1: The surface Z;, domain of the lifting P,.

Definition 8.1.1. The distance between two consecutive holes, for € # 0, is the
complex number:
i
=——. 8.13
ale) = —5- 813)

The Poincaré family &2, = 2, (w) is lifted into a family:
P, .= pglogzgopg. (8.1.4)

By (8.1.2), the family P, is defined on %, minus the countable collection of holes.
The dynamics of P, goes always from left to right on Z,. We denote P° and P*
the points at infinity located in the direction orthogonal to the line of holes, in such

a way that their images by p, be equal to wy =0 and wy = ++/—s €, respectively:

Definition 8.1.2.

PO = poly ,
N pil( 0) (8.1.5)
P = D¢ (W:t)
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In a neighborhood of the points P* (there are two such points, in correspon-
dence with the leaves of Z;) the two sheets go to different singular points in the

w coordinate, while on the side of P both sheets go to the origin, see Figure 8.1.

Definition 8.1.3. For any complex number Z.. € C whose imaginary part is of

order ~ |a| in a neighborhood of P, we define the translation in Tz, :

Ty () = Zo+ . (8.1.6)

Figure 8.2: Analytic extension of T, to a neighborhood of P, when & > 0.

By connexity, the translation (8.1.6) can be analytically extended along the leaves
of %, to all Z in a neighborhood of the point P°, see Figure 8.2. The extension is

noted 7z, as well. We shall use specific values for Z, the first one being « :
Lemma 8.1.4. The family P, commutes with T, :

P.oTy, =T,0P; (8.1.7)
along the leaves of .

Definition 8.1.5. By (8.1.2), the sequence of equidistant holes can be denoted as:

{Tale)(Be) ez, (8.1.8)
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where T(S( 8)(38) = B¢ corresponds to the integer k = 0. It will be called the prin-
cipal hole, and we will write:
Ue :=py ' (U) = %\ | Tgfe (Be) 8.1.9)
keZ

the domain for the dynamics of the family Py.

Remark. Notice that the inverse pg_l of the change (8.1.1) is the multivalued

function:

! log< W ) for e #0
Z=p"Yw)={ 4n £ € +sw?

(8.1.10)
for e =0

 4aw?
where log(-) is the principal branch of the logarithm. A simple integration shows

that the coordinate Z is the time of the differential equation:
W= 2mw(e £w?),

which is a small “deformation” of the model family (7.1.5). The coordinate Z has

been called the “unwrapping coordinate” by Shishikura ([47]).

8.2 The real and imaginary axis on %,.

Remark. Here we discuss the case s = +1.

Definition 8.2.1. The images of the positive and negative real and imaginary

semi-axes by the map p?il will be noted

Re = p'(Ry)

1 (8.2.1)
S: = pi (Ry),

respectively, in the Z coordinate.
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By (8.1.2), there is a countable number of such semi-infinite segments on %,
and by (8.1.10), R, and R_ lie on the same side on Z,, but in different leaves.

The same holds for 3 and J_, see Figure 8.3. The half-lines (8.2.1) organize dif-
P’ =p*

Figure 8.3: The choice of the cuts on %, for real values of the parameter.

ferently in the cases ¢ <0 and € > 0. However, it is always possible to coherently

(and continuously) choose the cuts on the Riemann surface %; :

1. When the parameter is negative, the location of the fixed points in the w

coordinate yields the decomposition
Ry =RLUNRT,

where R, is the image by pz_l of the straight real segment joining O and
w4, and R is the image by pz_l of the straight real segment joining w
and the boundary of the neighborhood U in the w coordinate. Again, one
has an infinite number of such segments R~ at distance o (g) from each
other in the Z coordinate. The cuts are located along the half-lines J.. In
this case, the preimage p~ ' (R+) forms an alternating sequence R7, R

and R” N° | respectively on the two different leaves. Along with I, these
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sequences respect the rule:

and the half-line in the leaf below the one containing the half-line R is
Eﬁiﬁo. The half-line R intersecting the principal hole B, will be noted S?ti,

and the half-line 3 intersecting the principal hole B, will be noted ?si.

. If £ =0, there are four half-lines R and I in the Z coordinate. They will

be noted R+ and I, respectively. The “hat” means that they intersect the

hole By. The cuts are located along ?si.

. For positive values of the parameter, the image of the imaginary axis by the

1

map p,  consists in the union

Iy = LU,

where J% is the image of the straight imaginary segment joining 0 with w,
and J7 is the image of the straight imaginary segment joining w and the
boundary of the neighborhood U in the w coordinate. By periodicity, one
has an infinite number of such segments J%” at distance o(g) from each
other in the Z coordinate. As indicated in the picture, the cuts of %, are
located along the half-lines I%. On the other hand, the preimage p2~ ! (R.)
forms an alternating sequence R, ,N_ on the same leaf, thus giving the

alternating rule:

Ta(s)(“(\sft) = S;:;
Ta(s)(SO:E) = Sia
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and the half-line in the leaf below the one containing the half-line R is R4
as well. The half-line R intersecting the principal hole B, will be noted
?ﬁi, and the half-line J7 intersecting the principal hole B, will be noted

R

Definition 8.2.2. The distinguished line Eﬁi is called the axis of symmetry in the

Z coordinate.

8.3 Translation domains.

Definition 8.3.1 (The Glutsyuk point of view of the dynamics). Given any 6 >
0, there exists p > 0 such that for | €| < p, there exists an orbit of the lifting P,
connecting P° with P~ . In such a case, we say that we are in the “Glutsyuk point

of view” of the dynamics.

Proposition 8.3.2. [32] There exist K > 0 and B > 0, such that for Z and € small,

one has
P.(Z)-Z—-1|< KB
P:(2) | 83.1)
P.(Z)— 1| < KB?

where B depends on the size of the neighborhood of the point w = 0.

Consider a slanted line ¢ C %, and its image P, (), such that the image is
placed at the right of ¢ and the strip between £ and P, (¢) belongs to p~ ' (U).

€

Definition 8.3.3. The region of the Z coordinate between the line and its image is
a strip Ce (¢) called admissible strip. The line ¢ giving birth to Ce () is called an

admissible line.
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Figure 8.4: A translation domain Q(-)h . and an admissible strip on it.

Definition 8.3.4. Let / be an admissible line for P,. The translation domain as-

sociated to ! is the set
0:(0)={ZcU,:IneZPZ)cCe(l),Vic{0,1,...n},P%(Z) € U}

Among other properties, Q(¥) is a simply connected open subset of U, ; the
region Ce (¢)\{¢} is a fundamental domain for the restriction of P to Q¢ (¢) : each
P.-orbit in Q. (¢) has one and only one point in this set. In the Glutsyuk point of
view the admissible strips are placed parallel to the line of holes, i.e. according to
the a(e) direction of the covering transformation 7). The induced translation
domains, called Glutsyuk translation domains, are noted as Q; and Qg according

to whether they contain a neighborhood of P*or PO, respectively, see Figure 8 4.

Definition 8.3.5. For values of € in Vgrl, there exists four different Glutsyuk trans-
lation domains Qifz in the Z-space, which are defined, depending on the sign of

e € R, as follows.

1. If ¢ > 0, then Q;E is a simply connected neighborhood of P* containing
all the segments N’_, while Qi ¢ s a simply connected neighborhood of P°

containing the distinguished half-line ?Sj:, see Figure 8.5.
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2. If € >0, then Qig is a simply connected neighborhood of Pt containing
all the segments 3’ , while Q(ig is a simply connected neighborhood of P°

containing the distinguished half-line S?ti.

Figure 8.5: The translation domains Q&i.

Lemma 8.3.6. The translation Ty, satisfies:

Ta(Q(i,s) = Q(:)F,s’
TO!(Qi,s) = Qisa

(8.32)

see Figure 8.5.

Proof. The second is clear, by definition: 7, is formerly defined in a neighbor-
hood of the point P* along the leaves of %, thus leaving invariant the translation
domains Qij - On the other hand, the first equality is certainly true because all the
possible paths defining the analytic extension of 7, to a neighborhood of P° must
be contained in Qi’ - Let us consider for instance Q(J)D « above the principal hole.
It intersects Qig and because of the definition of 7, when we apply T, (resp.

T ) we are below the principal hole if € > 0 (resp. & < 0). In that region Q% ,
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intersects Q° .. Thus, each translation domain Q% , shares a common region with

a translation domain of the kind Qi - The conclusion follows. [l

8.4 Conjugation in the Z coordinate.

Fix a translation domain QEG and let Z € QSG be any point on it. Choose any
simple arc I" joining Z with the axis of symmetry ?)?t, and let y be its image under
the map p. : y = p¢(T). Consider the reflection ¥ of the path y with respect the

real axis R in the w coordinate. Then define
T:=p; (7).

Definition 8.4.1. The path T is well defined and is called the reflection of the arc
I" with respect to the axis of symmetry R in the Z coordinate, see Figure 8.6. The

starting point of T is called the conjugate of Z, and is noted 0(Z).

Since the translation domains are connected, the conjugation Z — C(Z) is well
defined: its definition is independent of the arc I'. Indeed, if I'; is any simple
path joining Z with the semi-axis of symmetry 5)/‘\{+ in the Z coordinate, then the

reflection of the arc I';. with respect to S?h induces a map
Z—04(2)

along the leaves of i, which is independent of the free homotopy class with end-
point on 5@. Choose now any simple arc I'_ joining the point Z with the semi-axis
of symmetry R_. The reflection of the arc T_ with respect to 9 _ induces in turn
a map

Z—(0_(2).
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Then, it is easily seen that C (Z) =C_(Z). Indeed, the arc ", induces a path y, in
the w coordinate whose reflection 7 with respect the real axis starts at the same
starting point of the reflection y_ of the path y_ induced by the arc I'_ in the w

coordinate, see Figure 8.6.

Figure 8.6: The conjugation in the Z coordinate.

Remark 8.4.2. It becomes clear by definition that:

CoC=id (8.4.1)
for real values of the parameter.

Proposition 8.4.3. The lifted family P, is invariant under the conjugation in the

Z coordinate when € € R :

P, = CoP, oC. (8.4.2)

Proof. This is because the family &7, leaves invariant the real line when ¢ € R.
The image of the latter by p. is, by definition, the axis of symmetry R in the Z
coordinate, which provides an invariant curve for the dynamics of the lifting P,

on the translation domains. Such a curve is invariant only if € € R. L
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8.5 Real Fatou Glutsyuk coordinates.

8.5.1 The Beltrami Equation ([38]).

We explain the concept of measurable conformal structure on an open set A C
C. A conformal structure at a point z € A can be prescribed by choosing some
ellipse centered at the origin in the tangent space T.A ~ C. We are to think of this
ellipse as a “circle” in the new conformal structure. In more technical language,
a conformal structure at the point z € C is determined by a complex dilatation
u(z) € D, where D is the open unit disk of the complex plane. First, consider the
case where u is constant. Then the function i(z) = z+ zu satisfies the Beltrami

differential equation

h_ "
gz My

(named after Eugenio Beltrami, 1835-1900). Here the derivatives ¢ /dz and d/dz

(8.5.1)

are to be defined by the formula

507 1/0 +'0" 3/d 1/ 0 . d
= — _— 11— = — —_— ] — s
“T 2\ ox ay )’ “T 2\ ox dy

where z = x +iy.

If h satisfies (8.5.1) with constant u € D, then a round circle |h| = constant
in the h-plane corresponds to an ellipse |z +Zu| = constant in the z-plane, with
direction of the major axis controlled by the argument of u and with eccentricity
controlled by |u|. If |u| = r < 1, then the ratio of the major axis to minor axis is
equal to %, which tends to infinity when r — 1.

More generally, if the function /4 is real analytic, then Gauss, in his construc-

tion of “isothermal coordinates”, showed that an equation equivalent to (8.5.1)

always has local solutions. Morrey extended this to the case where u is measur-
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able, with

lu(z)| < constant < 1 (8.5.2)

almost everywhere, constructing a solution z — h(z) which maps a region in the
z plane homeomorphically onto a region in the 4 plane. Furthermore, if /1, h; are
two distinct solutions, he showed that composition A, o hfl is holomorphic.

Here some explanation is needed, since we are considering a differential equa-
tion involving nondifferentiable functions. For any open set A C C let L' (A) be

the vector space consisting of all measurable functions ¢ : A — C with

[ [1ots+ilasdy < o»

(where we identify two functions which agree almost everywhere). Consider also
the vector space of test functions on A, consisting of all C* functions 7: A — C

which vanish outside of some compact subset of A.

Definition 8.5.1. A continuous function h : A — C has “distributional deriva-
tives” in L if there are complex valued functions h, and hz defined almost every-

where in A and belonging to L' (A) such that

//A (h.(2)T(z) + h(z)dT/dz)dxdy =0
(8.5.3)

//A (hz(z)T(z) + h(z)dt/dZ)dxdy =0

for every such test function t. (Note that we can change h; and hz on a set of

Lebesgue measure zero without affecting (8.5.3)).

The Beltrami equation for 4 now requires that

hz(z) = u(2)h(z)
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for almost every z € A. This makes sense, since the pointwise product of an L'
function and a bounded measurable function is again in L. By definition, any
continuous one-to-one solution 4 is called quasiconformal mapping on A, with
complex dilatation u.

More generally, we can consider such a measurable conformal structure on
a Riemann surface . However, it is no longer described by a complex-valued
function, but rather by a section of a real analytic D-bundle which is canonically
associated with #. Given a local coordinate z on an open set A, we can still de-
scribe the conformal structure on A by a dilatation function u : A — D, but on the
overlap between two local coordinates z and 7’ a brief computation shows that the

equation o
W) =r@ 5 %
must be satisfied in order to make sense of this structure globally.! Note that
|u'(Z)| = |u(z)|, so that condition (8.5.2) is independent of the choice of co-
ordinate system. If this conformal structure is measurable and satisfies (8.5.2)
everywhere, then the local solutions 4 form the atlas of local conformal coordi-
nates for a new Riemann surface Z* which is topologically identical to %, but
conformally (and even differentiably) quite different. In the special case where
Z is the Riemann sphere, it follows from the Uniformization Theorem ([19],[38])

that Z* is conformally equivalent to the Riemann sphere. In particular, there is

a unique conformal isomorphism 4 : Z — %" which fixes the points 0, 1 and cc.

1. In more geometric language, a Beltrami differential at a point x of a Riemann surface can
be described as an additive homomorphism from the tangent space T, to itself which is antilinear,
ty(At) = Aue(t), and which multiplies the length of any vector ¢ € T, by a constant |u,| < 1. In

particular, if Z is an open subset of C so that T, ~ C, then w, will have the form u,(¢) = uf with

|| = [t <1
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If we remember that 22" is identical to #Z = CP! as a topological space, then we
can also describe & = hy, as a quasiconformal homeomorphism from CP! to itself
(or briefly a gc-homeomorphism) with complex dilatation u(z).

We can also study the dependence of 4, on the dilatation u. For each fixed zo,
Ahlfors and Bers ([1], 1960) showed that the correspondence u +— hy, (zo) defines
a differentiable function from the appropriate space of dilatation functions to the

Rieman sphere.

8.5.2 Construction of Fatou coordinates.

Theorem 8.5.2. For values of the parameter in V(SG ; it is possible to construct four
different changes of coordinates W = (I)(ioz. ,-(Z) defined on X, and conjugating

P with the translation by one:

0,00 0700
q):t,s,lr(Pf (Z)) = ®i787lr(z) +1, (854)

for every Z € Q(:)éoz.lr ﬂP;”l(Q(iO: ;) These change of coordinates (see Figure
8.9) are associated with translation domains Q(ioz i Whose admissible strips in
Xy lie in a direction parallel to the line of the holes T;fg)Bg. Moreover, if we let
W € (W) := W be the complex conjugation in the W coordinate then:

— For (real) negative values of the parameter these maps satisfy:

0 _ 0
i,y = Codl,, ol

" (8.5.5)
q):t,s,l = Cgoq)j:,s,loﬂ'
— For (real) positive values of € they are related through:
®)L,, = €odl,, o,
s = (8.5.6)

(I)isr = Cfoq)w OE.

1€y q:,s,r
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Proof. The construction of the coordinates exists in the literature ([10]) but we
wish to show additionally (8.5.5) and (8.5.6). So we will describe the construction
when the parameter is real. Let Q. (¢) be a translation domain generated by an
admissible line ¢ on the left side of the holes (real parameter). Thus, ¢ and the
axis of symmetry RN are perpendicular. This distinguished line R separates the
translation domains Q. (¢) in two connected symmetric regions which are noted

Q™ (the one above ??i) and QO (the one below E)A“i), see Figure 8.7.

-

Q+
2 omm|

=)

o
O

Figure 8.7: The distinguished curve R separates the translation domain.

By Proposition 8.4.3:

P.(N) c N (8.5.7)

Let us write Z* = £N . Notice that points of ¢ can be written as Z* + iy for
y€eR. PutCo:={(x,y) € R?:0 <x < 1} and define f, : Co — C(¢) as the convex

combination

fe(x+iy) = (1=x)(Z" +iy) +xP(Z" +iy).
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It is shown ([10]) that for z = x + iy,

Y

‘ 0(9];8 / ao”fzg

s0 f, is a quasi-conformal map onto the strip C(¢) and it satisfies f, ' (P¢(Z)) =
£:1(Z) + 1 for every Z € £. If we identify R with R, then f; sends the interval

[0,1] into a real interval [Z*,P.(Z")] and then the function defined as

K~

w:= fio

(the pullback of the standard conformal structure o of C on the strip Cy, defined

by the O function) is a real measurable function which verifies (due to (8.5.7)):

because of the symmetry of its domain (Schwarz reflection principle). The field
u is defined on Cy and it is extended to all of C by u = (Z;")*uon {z=x+1iy:
—n <x < —n+ 1}, so the extended u has norm ||u||;=cy < 1 and it is periodic
of period 1. Thus it is a Beltrami field on C still verifying u(z) = u(z) for all
z € C. The Ahlfors-Bers Theorem ([1]) yields the existence of a unique quasi-

conformal map g" : C — C normalized to g"(0) = 0, with complex dilatation u,

i.e. satisfying the Beltrami equation

gt /g¥ = u,

that leaves 0, 1, fixed and such that u = (g")*uo. In addition, g commutes with
the translation 77 ([10]). Indeed, the homeomorphism G := g" o Tj o g“o_1 induces
the identity on the sphere S? and must thus, be a power of the deck transformation

T, of the universal covering map &(-) = ¢ 2™ namely: G = 7™ for some
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m e Z.But G(0) =g" oTy(0) =g" (1) = 1, which implies m = 1 and then G =T.

Since

(8")z
(8"):
andas € o (g");06 = (€ o0g"o%), and € o(gh):0¢ = (€ og" 0 %)z, the map

% o

0 =%ouo¥ =u

€ o g" o ¥ is another solution to the Beltrami equation, leaving the same points

0,1, fixed. By unicity of the solution, g(z) = g"(z) for all z € C. We define
then ¢ : C(¢) — C by

p=g"ofi".

If Z € ¢ onehas T) o ¢(Z) = ¢ oP.(Z) (because both g" and f, commute with T})

whence follows that ¢ can be extended in a map @, : Q — C by
@, (2) = ¢ o PY"? —n(2) (85.8)

where n(Z) € Z is such that P?”(Z) (Z) € C(£). The map @, is a holomorphic
diffeomorphism which depends analytically on the parameter and which verifies

O, 0P, =T, o®,. Since (i)(?)?t) C R, we get
o (N) CR (8.5.9)

when the parameter is real. In addition, Z € dom(®,) yields C(Z) € dom(®,), by
definition of C. Notice that in the case ¢ < 0 we have S?ti - Qis, while if € > 0,
E?ii C Qie (i.e. translations domains “on the right” do not contain the symmetry
axis SA%, see Figure 8.5). Accordingly, if ¢ < 0 the diffeomorphism (8.5.8) is noted
@7 . : 07, — Cand (8.59) yields

[o9) o 9]
(I):I;S,l =%o q):l;s,l oC.
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On the other hand, if ¢ > 0 the diffeomorphism (8.5.8) is noted <I>9_L,£ : Q(i’s —C

and the invariance (8.5.9) implies
®9|:,8,r = Cg © (I)?t,e,r © C °

For the case of a translation domain on the right, we first construct CI)(_)|r ¢, (When
£ <0) or ®F ., (when £ >0), and note that ¢ 0@ , ;oC (resp. € 0 @7, oL)

is again a Fatou coordinate when &€ < O (resp. when & > 0). Then we define

@ Cfoq)g_@loﬂ

_7571 o

for € <0, and

Q*,  =Co®T ol

if € > 0 and the construction is done. ]

Figure 8.8: The non-connected intersection of the translation domains.

Definition 8.5.3. Changes of coordinates in Theorem 8.5.2 are called admissible
real Fatou Glutsyuk coordinates. Theorem 8.5.2 shows that the symmetry axis R

is invariant under real Fatou coordinates when the parameter is real.
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Remark.

1. Although real Fatou Glutsyuk changes of coordinates always exist for € €

Vg ;> the curve % is not invariant if & ¢ R.
2. The subscripts /,r will be dropped when the context allows no confusion.

3. If € #0, the geometry of Z, yields a countable alternating sequence com-
posed of connected intersections of translation domains, over which the real
Fatou Glutsyuk coordinates are defined. The order of the sequence depends

on the sign of the parameter, see Figure 8.8.

Figure 8.9: The real Glutsyuk coordinates around the principal hole.

Definition 8.3.5 and the remark above yield the organization of the domains of
definition for the different real Glutsyuk coordinates. Due to periodicty, it suffices

to describe only these domains around the fundamental hole B, see Figure 8.9.

Proposition 8.54. If <I>l and (I% are two Fatou Glutsyuk coordinates solving

(8.5.4) on the same translation domain, then there exists C, € C, such that

D;(Z) = Ce + @ (2).
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In particular, for every Zy(€) € %, there is a unique Fatou coordinate ® satisfy-

ing ®¢(Zy(e)) = 0.

Proof. Since ®!, ®? satisfy (8.5 .4) they are related by @2 o (®))°~1(Z+1) = ®?o

(@1)°~1(Z) + 1, whence the composition ®2 o (®.)°~! is a translation Tp,. [

Definition 8.5.5. A point Zy(€) € %Z; such that ®.(Zy(€)) =0, as in Proposition

8.54, is called the base point of the Fatou Glutsyuk coordinate ®.

The choice of the base point provides a degree of freedom in the choice of the
Fatou Glutsyuk coordinate. Since there are four Fatou Glutsyuk coordinates we
have four degrees of freedom. Later, we shall use 3 of these degrees of freedom

to “normalize” the Fatou Glutsyuk coordinates.

Remark. The family &7 is, by definition, the square of a family of germs of
diffeomorphisms 2, unfolding the map 2, which is tangent to —id. This implies
that the orbits of the family 2, form a 180°-degrees alternating sequence along
the orbits of the prepared family of fields at each iteration (i.e. the points w and
2. (w) stand on opposite sides of the origin, see Figure 8.10). In other words, the

lifting Q. := p;1 02, o p. induced on the surface %, exchanges the two leaves.

2(w)

Figure 8.10: The “jumps” of the orbits of 2 in the case ¢ =0.
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The fact that the family of diffeomorphisms 2, is a square (namely, &, = 2°?)

is now exploited.
Definition 8.5.6. For every W = ®(Z), the map:

T () =W +- (8.5.10)
is called the translation in W € C.

Lemma 8.5.7. For every ¢ € V(SG , it is possible to construct admissible real Fatou
Glutsyuk coordinates CI);)E,E, CIDQ6 depending analytically on € € Vs ;. with contin-
uous limit at € = 0, and such that they are related through:

q)(i,e 0Q; = % o @Y

e (8.5.11)
(I)z.,e 0Qe = % O(I);,E'

Proof. For each ¢, the map 2, commutes with &,. Hence Q, = p;1 02, 0p;

0,00

commutes with P,. Let the pairs of Real Fatou Glutsyuk coordinates (I)(ifz, VN

be constructed as in the proof of Theorem 8.5.2. Then:

®)% (P (Q:(2))) = D22(Qe(2)) + 1 = (0270Q)(Pe(2),  (85.12)

the first equality being consequence of the fact that q)(iz is a solution to (8.5.4),
and the second is true because P, and Q. commute. Equation (8.5.12) says that
d)ifz 0 Q; is a Fatou Glutsyuk coordinate. By the remark above, the latter is
defined on the same translation domain as @?F’?:. Hence, according to Proposition

8.5.4, there exists Coi’?: € C with the following property:

@17 0 Qe = T 0 DY (8.5.13)
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We will drop the subscript ¢ in the constants. Using Q:Z = P, and iterating

(8.5.13) yields:

0% (Z) +1 Y% oP.(2)

= (@%%0Q:)0Q:(2)

= Jpo (@27 0Qe)(2) (8.5.14)

0,00
= Th=0 T0=0P(Z)

= d2%(2)+CY7+ Y7,

which means
Y +C¥" =1. (8.5.15)
We want to prove that it is possible to choose the Fatou coordinates so that C?r’m =
C%* = 1/2. That is consequence of Q; = CoQ, oC when ¢ € R. Indeed, in the
case ¢ < 0, Equation (8.5.13) and Theorem 8.5.2 yield
g 0@ = (¢00%0l)0Q;
= %o(9%0Q;)ol
= Cfo(fcjoF o(I)(i)oE
= €0 ot ol

(8.5.16)

Hence @ =Y, and then Re(CY) = Re(C?). We show now that a “correction” is
possible, so that Ci can be taken real (for every ¢), without loss of generality. If
we change Fatou coordinates by
CI):)L“g — ﬁKocl)gL’s
0, o Fod!,
in (8.5.13), for K € iR to be chosen, then (8.5.5) remains valid and we get the
equations:
(Tkod),)oQ, = Tircd KO (Fod® )
(Fgo®” )oQ: = T, co_go(Tkod,).
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Put C = K+C% —K and C° = K +C° — K. The choice

_ilm(cg) _ ilm(C‘l)

R
> 5 €1

ensures that 53 =C° = Re(CY) = Re(CY) = 1/2. Thus, we can always suppose
that C} =% =1/2.

As for the coordinate @7, the proof is straightforward. Indeed, (8.5.13) and
Theorem 8.5.2 yield this time:

Tezo®% = (€odiol)oQ;
= € o(d70Q;)ol
= Go(Fzo®Z)ol
= CoJc= o‘foq)i
(compare to (8.5.16)), thus CT = CT and CT € R. So we can perform a change
q)oio,a = Tk, Oq’i.,sy where K = —Cz—i € R, in order to bring Cf =C*=1/2,

respecting (8.5.5).

The case € > 0 is completely analogous, using (8.5.6). O

Definition 8.5.8. When real Fatou Glutsyuk coordinates satisfy (8.5.5), (8.5.6)

and (8.5.11), we shall say that the Fatou Glutsyuk coordinates are normalized.

8.5.3 Translations.

Consider the numbers:

271 i
oole) = ole) ¢
(8.5.17)
2mi i1 —sA(e)e)
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4
where o (&) =log Z.(0) =2me, and ui(¢) =log P, (wi) = ﬁ are the

eigenvalues of the singular points wop = 0 and w4 = ++/—s ¢, respectively.

Remark. The coefficient s = =1 defines two different cases which are not equiva-

lent by real conjugacy. We will only describe the “+ " case:
Pe(w) =wHw(e+w?)[1 +D(e) +E(e)w? +w(e +w?)h(e,w)].  (8.5.18)

In the “ — " case, each picture in the Figure (7.2) must be rotated in 90° degrees in

the clockwise direction and, moreover, the family &, !'is of the form (8.5.18).

Definition 8.5.9. The Glutsyuk normalization domains are

0,0, 0,0
Ue -:ps(Qi,a)'

Lemma 8.5.10. The quotients UL | P and UZ | P, are conformally equivalent

to non-separated spaces
Tg U {W0}7 Ti,e U {Wi}

which are the union of a point with complex tori T(g) and Ti,s’ of modulus o ()

and ax(¢€), respectively.

Proof. Indeed take, for instance, the fixed point w = \/—_8 . Since we are in the
Glutsyuk point of view of the dynamics, on U;” the map &, admits w_. as a global
hyperbolic point. Consider any loop y around w, and consider its image Z;(y)
as well. The Jordan region J of the complex plane between these two curves is a
fundamental domain (i.e. a domain where each point represents one and only one

orbit of the Poincaré map #;) for the dynamics around w . It is easily seen that

U2 Py~ ] P, U{ws ),
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(they are conformally equivalent). Moreover, we can change J by any iterate
2. (J) in the quotient, and the resulting space remains the same. By the Poincaré
Theorem, the map &7 is linearizable around w. As n — oo, the modulus of the
quotient complex torus ;" (J)/ P, converges towards the modulus of the torus
Zli. Inasmuch as the space 7. (J)/ P U
ui (¢)

{w,} is conformally equivalent to U/, the latter is the union of a com-

C*/Z\. (¢), Which is given by 0t =

plex torus T . of modulus e, and the singular point {w }. This space is non-
separated because the point {w, } belongs to the adherence of any orbit of ;.

]

Proposition 8.5.11. Forall € € V(SGrl7 it is possible to choose nomalized real Fatou
Glutsyuk coordinates ®7 : Q%% — C satisfying (in addition 1o (8.5.5), (8.5.6)
and (8.5.11)) the equations:

D), 0Ty = T aqod .
e -7 (8.5.19)
CD;EOTO( = %wod)is.

In particular, they have the same limit at € = 0.

Proof. Consider the translation T, and a real Fatou Glutsyuk coordinate ®Z , :

0%, — C.By (8.1.7):

QY 0Ty oP; = ®F 0P, 0T,
= % o q)i7g oTy
whence follows that @7 , o Ty, is a Fatou coordinate. By Lemma 8.3.6, the latter
preserves the translation domains QF , and then, ®Z , o T, and ®Z , are defined
on the same translation domain. By Proposition 8.5.4, there exist constants C. ¢
such that:

QL oTy = To,, 0DT . (8.5.20)
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Thus, the Fatou coordinate conjugates the pair of commuting diffeomorphisms
{P¢, T, } with the pair of translations {71, 7, , }. Moreover, the Fatou Glutsyuk

coordinate induces a holomorphic diffeomorphism:

Q% o /{Pe, T} = CHT, T, }

between complex surfaces. The latter is, of course, the canonical torus C/(C x
C+ ¢C). Notice that the quotient Q7 , /T, coincides with the neighborhood U,
with coordinate w, where the map &7 is induced by P.. Hence, the quotient
Q% ¢ /{P¢, Ty} is conformally equivalent to UY / ;. On the other hand, the trans-
lation T, has been formerly defined on a neighborhood of the points P~ thus the
positive orientation of the translation .7, in the W (Fatou) coordinate coincides
with the positive orientation of 7y, by definition. By (8.5.20) and Lemma 8.5.10,
the modulus of the torus C/{.71, 7, }, i.e. the constants C ., coincide and must

be equal to a on QF ,
QF 0Ty = T, o0®7 .. (8.5.21)

The behavior of the Fatou coordinate CI)(L et an . — C with respect the translation
T, is more involved. Indeed, by Lemma 8.3.6, T;, sends the translation domains
Q(Ls into Q?EE and then, reasoning as above, CI)(:LS oTy and <I)9F7£ are two Fatou
Glutsyuk coordinates defined on the same translation domain. Proposition 8.5.4

shows then that there exist two constants C.,C2 such that:
@ L oT, = Fqod”
N e (8.522)
q)g7g oTa = ‘?Cg © (I)(i,zz?
thus yielding:
) 0Ty = Tpiy2o®l,. (8.5.23)
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The quotients QQ_L’ ./{P¢, >} are conformally equivalent to U / 2, i.e. the union
of a complex torus of modulus ¢ with the singular point wy. Moreover, in the W
(Fatou) coordinate, positive orientation of the translation .7, corresponds to neg-
ative orientation of .7, as shown in Figure 8.11. Since the positive orientation
of the translation .7,,, coincides with that of 7, we get CI)(j)_H ¢ 0T =T 40 @3; e
or, in terms of the constants, C ; +C§ = —0ayp. Let us show that C g = cﬁ. Since the

Fatou coordinates CID(jE are normalized, Lemma 8.5.7 tells us that
®%0Q, = %oqﬁ;, (8.5.24)

and then
O 0Ty = (T 100 0Qe)oTy (by (8.524))
= 9_%0(%30®30T_Q)0Q80Ta (by (8.5.22))
= %EOff%oCI)goQg (because Q. =T-40Q:0Ty)
= Jo®) (by (8.5.24)).

(&%)

Comparing with the first equation in (8.5.22), we get C 81 = Cg =5

T T

S
AT

Figure 8.11: The positive orientations of Ty, .,

Grosso modo, (8.5.19) says that, in order to make a full turn around the origin

in w coordinate, it is necessary to iterate twice the translation around the origin in
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the unwrapping coordinate. On the contrary, an iteration of the translation around

infinity in the Z coordinate yields a full turn around w .

Lemma 8.5.12. When the parameter is (real) positive, the Real Fatou Glutsyuk

coordinates of Theorem 8.5.2 and Proposition 8.5.11, satisfy as well:

! {Im(Z):i%} c {Im(W)::FZ—?},

7 {Im(Z) - i%} c {Im(W) - i—} .

Proof. Both (8.5.6) and (8.5.19) imply:

0 _ g0
Tygoto®e = Peoligol, (8.5.25)
T4, 0Co®; = ®FoloTry.

Put Im(Z) = j:;. Thus, Z = 0(Z) + a = Ty 0 C(Z) and if we write ®%(Z) =
i
A+1iB, for A,B € R, then (8.5.25) yields:

A+iB = @°

whence B = :F%- The second inclusion follows similar steps. [
i
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Chapter 9

Glutsyuk invariant and symmetries

Remark. Here again we only treat the case s = +1.

9.1 Glutsyuk invariant.

Fix four Fatou Glutsyuk coordinates CID(fZ ;, on the leaves of %, whose base

points depend analytically on the parameter, see Figure 8.9 and define:

a) Fore € Vs, :

v= DS, o(PF, ),
IP:,I_ _<1)‘17£Jo(q)j';’£’l)o—17 ©.1.1)
Y= q)o+,e,1 o (®” . )°,
V., = q)(l,e,l ° (‘DO_O,SJ)O*I
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b) Fore € Vs, :

1II++ -‘1-78,7‘ O( +,£7r)o :
‘I’Jr* =d* _ o o~ 1
,E,T ( ;)L,e,r) 1 (912)
IP_ + e,r © ((I) ,€ ,r)o
lp__ _(I)— 8}’0( —,EJ)O !

In either case, this collection will be noted ‘Pf By periodicity, it suffices to de-
scribe the dynamics around the principal hole. Since &2, = JJZ;’Z, it is possible to

reduce these four components to two independent ones.

Definition 9.1.1. The Glutsyuk invariant is the family of equivalence classes of
‘I’SG with respect to composition with translations g (e in the source and target
spaces where the constant C(€) is real on real € and it depends holomorphically
on the parameter over Vs ; UV . with a continuous limit at € = 0, such that C(0) #
0.

Lemma 9.1.2. By choosing normalized Real Fatou Glutsyuk coordinates, it is
possible in turn to choose components ‘Pgi’i of a representative of the Glutsyuk

invariant WC which are related through:

Wit =7 oW, 0.9,
=T oW o]

(9.1.3)

for every € € Vac .

Proof. It suffices to take normalized Fatou Glutsyuk coordinates, so that (9.1.3)

is satisfied by definition. [
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9.1.1 Real Glutsyuk invariant.

When the Glutsyuk invariant is defined using Real Fatou Glutsyuk coordi-
nates, we get a natural property of symmetry under the Schwarz reflection, re-

specting the real normalization of the Glutsyuk coordinates.

Theorem 9.1.3. There exists a representative ‘Pf = (WEE) of the Glutsyuk mod-

ulus associated with the family of diffeomorphisms &, satisfying, in addition to
(9.1.3), the identities:

- IlfeeVs,:
Wi = T oW 0T .,
© 7 8’+ (9.1.4)
Y., = ﬂi% oW, 0T -
—IfeeVs,:
1p++ — 1P*+ ”
e,r Tt © &,r 09707 9.1.5)
V.o = Ty, oW o0Ty.
) b 2
— Moreover, for every € € Vs ;.
Pt = oWl o¥,
¢ le) (9.1.6)

Y. = CKO‘P%?“E) 0%.

Such a representative can be constructed so as to have a limit at € =0, which is

the Ecalle modulus.

Proof. It suffices to take normalized Real Fatou Glutsyuk coordinates depending
analytically on the parameter with continuous limit at ¢ = 0, (this is the same limit
for the two cases € € V5 ; and € € V; ). Then (9.1.4) and (9.1.5) are immediate
consequences of (9.1.1), (9.1.2) and Proposition 8.5.11. On the other hand, (9.1.6)

comes after Theorem 8.5.2 and the idempotency (8.4.1) on the conjugation in the
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Z coordinate, when the parameter is real. Since the dependence of the modulus is
analytic in the parameter, the equality extends to values € € V ;.. Notice that the
symmetry axis still exists in the limit ¢ = 0, and the invariance exists in the limit

as well. ]

Definition 9.1.4. The equivalence class of a representative ‘Pg of the Glutsyuk
invariant chosen as in Lemma 9.1.2 and Theorem 9.1.3 for values € € Vs ;, will be

called the Real Glutsyuk modulus.

Corollary 9.1.5. For every ¢ € Vs )., a representative of the Real Glutsyuk modu-

. . ++
lus is completely determined by one of the maps W, .

In this first presentation, the symmetry (conjugation C in the time Z coordi-
nate) is taken with respect the symmetry axis R. Since the Real Fatou Glutsyuk
coordinates send the symmetry axis R into R, the real line is invariant under the
Real Glutsyuk invariant when the parameter is real. This means that in the x-
coordinate the symmetry has been taken with respect the real segment /4 U/_
joining the singular points x. with the boundary of U, see Figure 9.1. Moreover,
in the limit € — O the segment /; U/_ tends to RN U. Thus, in the Fatou coordi-
nate, the conjugation % is still defined when & = 0 and the Ecalle invariant inherits

the symmetry (9.1.6).

The Ecalle modulus. Since a(¢) = —%, the distance between two consecutive
holes becomes infinite in the limit ¢ — 0, and then each diffeomorphism ‘I’Sii,
for ¢ € Vi 4., gives rise to an independent component of the Ecalle invariant, with
preimage in a region around the principal hole. Figure 9.2 shows the domains

around the principal hole (connected strips) on the surface %, whose image by
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A'A
v‘v

Figure 9.1: The symmetry in the First Presentation.

the Fatou Glutsyuk coordinates and subsequent quotient by the translation .77,
correspond to annuli-like domains for the different components of the Glutsyuk
invariant. However, we can choose the representative of the Real Glutsyuk mod-
ulus so as to give rise to the same invariant in the limit ¢ — 0, no matter whether

S V(S,l or € € Va,r'

Figure 9.2: The Glutsyuk invariant in the limit ¢ — 0.

Proposition 9.1.6. The Ecalle modulus can be deduced from the Real Glutsyuk

invariant. It is given by:

P =limW¥ ", W =1limWw
e—0

e,lr’ e,lr’

e=0 ) 9.1.7)
Wy = ;ll)r(l)lps,lr’ q’g - lgr(l)lps,lr’
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see Figure 9.2. Moreover, its components may be chosen conjugate as well:

Py = oWow

(9.1.8)
Py = CoWo¥,

and, in addition,
Ye = 7 0¥ 0T
2 2

(9.1.9)
‘I’? = gi%O‘P(Z)O%.

Proof. Each component of the modulus at € = 0 is the limit of two representatives

in the two cases ¢ € Vs ; and € € V;5 .. More specifically, we have:

%, )" = lim ®F

© 1 0
lII1 = lim (I)+,£,lo 0" +,e,r

e—0!

T 0 00 o—1 1 o] 0 o—1
IP(I) = lim (I)77g7l o (I)—i-,&‘,l) = lim (I)—7£.‘ro ((I)—i-,s,r) s
£—0! £—0" (9.1.10)
o0 . 0 0 o—1 . o0 0 o—1
¥, = lim CIL’EJ o (CD_@[) = lim ®~ , .o ((D—,s,r)
£—0! e—0"
IERT 0 o o—1 __ 1: © 0 o—1
ng B 8151;)11 (I)+7£7l © <¢_7£~,1) o £1i>r1617 q)+>£-,r © (@_787},) ’

where £ — 0' (resp. € — 0") means ¢ — 0 and ¢ € Vs (resp. € € Vs ,). The

symmetries on the Ecalle modulus follow from Theorem 9.1.3. O

9.1.2 Symmetric Glutsyuk invariant.

When we use Real Fatou Glutsyuk coordinates and allow a subsequent imag-
inary translation on them, we break the symmetries (9.1.6). If the translations are
well chosen we get a different form of symmetry in the x-coordinate, under the
Schwarz reflection with respect to the line segments joining the points x+. This

presentation is also very interesting and deserves a detailed discussion.

Theorem 9.1.7. There exists a representative WS = (WEE) of the Glutsyuk mod-

ulus satisfying (9.1.3), (9.1.4) and (9.1.5), that carries the real character of the
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family of vector fields as follows. Let # € {++,+—,—~+,——} be a shortcut for
the superscripts.

— Ife € V5 ;\{0} then:

Wl =6 oWy, 0%, (9.1.11)

i.e. the representative is “symmetric” with respect to the image of the line
N
R,
— Ife € V5 ,\{0} then.:

Wi, =T 10C oWy, ,0C T, (9.1.12)

2
i.e. the representative is “symmetric” with respect to the image of the line

¥,

Proof. We start taking Real Fatou Glutsyuk coordinates d)(if:. By analytic depen-

dence of the Glutsyuk coordinates in & € V; ;,\ {0}, it suffices to show the theorem
for real values of the parameter.

— The case € < 0. The induced Real Glutsyuk invariant already verifies (9.1.6),

so we must show that a correction is possible so that (9.1.11) be satisfied.

Theorem 9.1.3 yields:
-t +-
lps’;r - y—% Olps,l © y—aw
= T qoCoW [ oCoT q,.
2 )
Consider the translations (., Z4(), Where the constants d (¢),d () are
to be chosen later. Replacing ‘P:]L = T(e) olpjf © Jy(¢) in the equation

above, we get:

Tae)oVe ] 0 Tp(e) = T_a9 06 0 Ty(e) oW 0Ty 0C 0T q,

y_aTo_i_@OCgOlp;TO(goy_aw_‘_m.
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. in(l—A
Ifd(e) = —% = —% and d'(¢) = —% = w (where A(¢) is

the real formal invariant), then we get

pht — CKO‘I’:TOCK.

el —

The same procedure shows ‘I‘ﬁ’, = %o‘l’f}l o¢,for#ec{+—,—+,——}.
— The case € > 0. By (9.1.5) and (9.1.6) we have:

pit = %molp;joﬂ%o
= J4, 060V, , 060 Ty.
! 2

"
The procedure used above shows that the corrections Wy " — J(,) oW, [ o

Ty nd W T oW 0 Ty, for die) = & =~ TUZAC)E)

. 2 2¢
(04} T,
dd'(e) = = = — yield
and d'(¢) 1 =5, yie
Y =%oW,  o%. (9.1.13)
In the same spirit, we show:
W =CoW oF. (9.1.14)

Then (9.1.13), (9.1.14) and Lemma 9.1.2 yield the conclusion:

W = T 06w 0C0T.
’ 2

- €,

Notice that this new “renormalized” representative still respects (9.1.3), (9.1.4)

and (9.1.5). []

The composition with translations 7;), Z4(¢) in the proof above has de-

stroyed the real normalization of the Real Fatou Glutsyuk coordinates q)(ii, and
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also the continuity at ¢ = 0. However, this non-real normalization is very interest-
ing even if it does not pass to the limit when ¢ — 0. Indeed, in the Z coordinate
the imaginary translations 7, Z(¢) have displaced the symmetry axis to the
line R, if € <0, and to the line I, if ¢ > 0, right above the principal hole. In the
Fatou coordinate, the two imaginary translations have displaced the real axis to
the lines Im(W) = % and Im(W) = %, according to Lemma 8.5.12, thus break-
ing the real normalization of the Fatou Glutsyuk coordinates. The three real cases

deserve explanation.

Figure 9.3: The symmetry when the parameter is negative.

i) The parameter is real and negative. The normalization reflects the natural sym-
metry of the invariant with respect the image (by p;l) of the real segment joining
X0,X+ 1n the x-coordinate, see Figure 9.3. Inasmuch as the symmetry is taken
with respect a “real” line in the Fatou coordinate, the invariant still carries the real

character of the foliation, as can be seen from formula (9.1.11).

ii) The parameter is (real) positive. The imaginary translations have brought the
symmetry axis to the image (by ps_l) of the imaginary segment / joining the sin-

gular points xp,x+, see Figure 9.4. Thus, the non-real normalization yields an
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invariant in the x-coordinate which is symmetric with respect to /. That is exactly
the meaning of the formula (9.1.12). This “imaginary” symmetry is explained by:
— the real symmetry carried by the former Real Fatou Glustyuk coordinates,
so that the components of W are 2-by-2 symmetric images one of another

(this is (9.1.13) and (9.1.14));
— the fact that the Poincaré map of the family is a square: &, = QSZ. In
the x-plane this can be viewed as a sort of “symmetry with respect to the
origin”. Composing this symmetry with the symmetry with respect the real

axis, yields a symmetry with respect to the imaginary axis.

Figure 9.4: The symmetry when the parameter is positive.

iii) The parameter is null. As the lines R’ , I% no longer exist when & = 0, this

presentation does not pass to the limit when ¢ — 0. The Ecalle modulus cannot be
deduced from this presentation. Indeed, the real (resp. imaginary) segment in the

x-coordinate joining the fixed points disappears when ¢ — 0~ (resp. € — 07).

Definition 9.1.8. Any representative ‘I’f of the Glutsyuk invariant chosen as in

Theorem 9.1.7 will be called Symmetric Glutsyuk modulus.

Corollary 9.1.9. A representative of the Symmetric Glutsyuk modulus is com-

pletely determined by one of its components ‘Pgii.
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9.2 Expansion in Fourier series.

We take Fatou Glutsyuk coordinates depending continuously on ¢ € V; ;.. The
domain of WY contains a union of four horizontal strips S located right above
(resp. below) the principal hole B;. As the Glutsyuk invariant satisfies W?(W +

1)= 1PEG(W) + 1 we can expand the difference ‘ch —id in Fourier series on Sfi :
(T (W) —-w) . %C;+(8)6Xp(2innW),
&€ ne

(Wi (W) —W) ¢ () exp(2imnW),

S

/1

=

=

Il
R

S
(9.2.1)
c;, T (e)exp(RinnW),

St

=
|
=
|
=
I

¢, (g)exp(2imnW).

Se 7

m

n

Then, using (9.1.4) in the case ¢ € Vs ; we deduce:

i (e) —ef(e) =y (e) — ¢y T () = —imsA(e),
2n? (1-sA(e) )

cit(e)=ci (e)e” T for n#0,

L B 20 (1-s5A(e) €)

c, (e)=c, (e)e : , for n#0,

and using (9.1.5) in the case ¢ € V5 . we get:

2n7?

: L (e)e ", for n#0,
ﬂﬂz

, (s):c:*(s)efzs , for n#£0.

Corollary 9.2.1. The differences ¢t (e) —cj ~(¢) and ¢y~ (¢) —c " (€) when
e € Vs (resp.cg(e)—cy T (e) and ¢y~ (€) —cf ~(¢) when € € Vy ) are analytic
invariants of the system. Moreover, if the Glutsyuk modulus is prescribed on € €
Vs 1, then the formal parameter A(e) is known for values of the parameter in

Vé,lr'
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9.3 Invariants under weak conjugacy.

Definition 9.3.1. Two germs { P, }¢,ev, ., {%2}526‘/&” of analytic families of
diffeomorphisms are “weakly conjugate” as real families if there exists a germ
of bijective map 7 (e1,x) = (k(e1),h(e1,x)) fibered over the parameter space,

where:

i) k: ey — 2 =K(e1) is a germ of real analytic diffeomorphism preserving

the origin.

ii) There exists p >0 and r >0, such that for each €1 € Vs ;(p)UVs (), there
is a representative hg (x) = h(ey,x) of the germ depending analytically on

x € D, and is real for real €,x such that h,, conjugates &y, %(81) :
he, © Pe, = Pye,) 0, 9.3.1)

The representative hg, depends analytically on €1 # 0 and it is continuous

at 1 =0.

Theorem 9.3.2. Two families { P¢, }¢ evy , and {ﬁz}gzev‘w (with the same sign
s before the cubic coefficient) are weakly conjugated by a real conjugacy that
depends analytically on the parameter € € Vs ;,\{0} and continuously at ¢ =0, if

and only if the Glutsyuk moduli of their associated prepared families coincide.

Proof. Since two families are conjugate if and only if the associated prepared
families ae conjugate, it suffices to work with prepared families. The preparation
shows that the parameters € and &7, the canonical parameters of the families, are
analytic invariants, thus we can consider the conjugacy over the identity (e, =

g7 := ¢) and then it suffices to compare the two families for a given £ € Vs ;..
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Since for values ¢ € Vs ;. the singular points xo,x+ are hyperbolic, they are lin-
earizable. Hence, there exists in the neighborhood of each fixed point two sectorial
diffeomorphism ¢ = g, o d)g’i’oo op; ' and 0~ =g, 0 &)Sim op, ! conjugat-
ing, respectively, the Poincaré maps &, and f@ with the model diffeomorphism,
i.e. the time one map 1761 of the field (7.1.5). The maps g are the time-W flow of
the latter. The Fatou coordinates CI),;G’O’OO,(/I\)?’O’OO are real (Definition 8.5.3). The
neighborhoods of the singular points in the x coordinate where the normalization
is possible are noted, respectively, U, ,U? and U,".

For the choice of a sufficiently small neighborhood Vj ;, the domains of ¢, , cpso, o

overlap, and thus the maps:

o _1, for € <0,
oot =0 " (%) 932)

2 O((pg)_la for ¢ >0,

and

0 —\—1
o , for £ <0,
gl ={ " (%O) 1 (933)
@ o(@g) , for £>0,
are well defined and are one presentation of the Glutsyuk modulus of the family

P . In the same way, the maps:

o (@), for £ <0,

gor={ " ((pfo) 1 93.4)
cpjo((pg)_ , for £€>0,

and

~0 -1

e p.o(p, ), for £<O0,

ge =9 = 93.5)
@; o(@;)" ", for £>0,

are well defined on U and they are the Glutsyuk modulus of the family @Tg Of

course, cpg’i, 652 + are unique modulo left composition with time maps of the field
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(7.1.5), so it is possible to suppose that the representatives are equal. The map:

_ A~ — _ =G,0\ — G, _
fe = (@) IO(Ps :pso(q)s,—) lo(I)&_ Opsla

~0\—1 0 HCN -1, G0, ,,—1
fé):((pg) O(ps :pso<q)s ) O(I)g Ops )
+ _ (ot oot — HC\ 1 s G 5 1
fe _((ps> O(ps _pso(CI)EHr) O(I)S,Jrops 9
is clearly a change of coordinates conjugating the two families of diffeomor-
phisms, since the local changes of coordinates are extensions of each other over

the neighborhood U when ¢ € Vs, : fEO =f, onU, ﬂUEO, and fg = f." on

Ug NU,". The conclusion follows. []

Theorem 9.3.3. We consider a generic family unfolding a generic weak focus of
order one. The Glutsyuk invariant of analytic classification of the Poincaré return

map of the unfolded vector field, namely, the family of equivalence classes

(WS/ ~)eevs,» (93.6)

together with the sign s is a complete modulus of orbital analytic classification
under weak orbital equivalence. The parameter ¢ is the “canonical parameter”.

The equivalence relation ~ is defined by
lng ~ {I\IEG < HC(E),CI(S) eC: q’g = Tc(g) O{I\IEGOTC/(E),

where the constants c(¢),c’ (&) depend analytically of the parameter, and are real

on real values of it.

Proof. First of all, Lemma 9.1.2 relates the components of the Glutsyuk invariant
lying in different leaves of %, namely, W " is related to W, ~ and W~ to W, ',

So, two indepenent components remain.
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Real Glutsyuk invariant. In this case, for instance, Equation (9.1.6) makes the link
between the remaining components. Therefore, only one component of the real
Glutsyuk modulus is independent.

Symmetric Glutsyuk invariant. For values € € V(SGJ, we use Equation (9.1.11) to
reduce the number of independent components. Otherwise (i.e. if € € Vgr), we
use Equation (9.1.12) (the latter relates ‘P:f with IPE_;“, and ¥, .~ with er_)

So it suffices to represent the modulus by one of the two components. The
invariant can be chosen depending analytically on the parameter.

If two generic orbitally prepared families unfolding weak foci are analytically
orbitally equivalent, then Theorem 4.2.3 implies that the family of diffeomor-
phisms unfolding their Poincaré maps are conjugate by a real conjugacy. Hence,
Theorem 9.3.2 yields the equivalence of the moduli.

Conversely, if the real Glutsyuk moduli of the families are equivalent then,
by Theorem 9.3.2, the families of diffeomorphisms unfolding the Poincaré maps
of the two systems are weakly equivalent by a real equivalence. Theorem 4.2.3

yields the weak orbital equivalence of the families of vector fields. L
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Chapter 10

The Glutsyuk invariant on the tori

In this chapter we look forward to “visualize” the phenomena described before

in the unwrapping Z coordinate. We assume, as usual, the sign invariant s = +1.

10.1 The sphere coordinate.

The non-Hausdorff spaces T U {w} and T, . U{wx } are conformally equiv-
alent to the quotients U2/ P, and UZ° / 2, respectively (Lemma 8.5.10). Define a

coordinate w = ¢S j: : T(g)’i — T(g)ﬁi, induced by the real Fatou coordinate (Dg’i’w

W=¢1 =800 o p, ! (10.1.1)

e
where &(W) = ¢ 2™ and T(g)ﬁ = C/(C x 0 ,C) are the canonical tori. When
€ — 0 the tori Tgi tend to Ecalle cylinders {S?:SO , ng)o } (they are infinite cylinders
conformally equivalent to CP! minus the two points 0, ). This means that the w
coordinate induced by the map (10.1.1) on the tori ']I‘gﬁ (spheres S%O ) is related

to the Fatou coordinate by:

w=EW). (10.1.2)
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The Glutsyuk modulus ‘Pf induces holomorphic diffeomorphisms tng in the sphere

coordinate by means of (9.1.4) and (9.1.5) . They are defined in annular-like re-

gions A2°i° on the tori ']1“2;"

Remark. We will use the sphere coordinate as the natural coordinate of the orbits
o—1

space. Since the map p,  is multivalued the collection (IPEi) gives birth to only

two different diffeomorphims in the sphere coordinate. They will be noted
Yo AT A, =12 (10.1.3)
between two annuli Afi and A(g) located respectively in T:-o,i and in ’11"2 for e #0.

Definition 10.1.1. The maps (wﬁg,tpgg) are called the “first and second compo-

nents” of the Glutsyuk invariant in the sphere coordinate.

1. If e € V(SGJ, the “first component” of the Glutsyuk invariant in the W coor-
dinate is the pair ¥{, = (Wi, WS ). The “second component™ is the pair
Wy, = (W, W)

2. Ife € Vgr, the “first component” of the Glutsyuk invariant in the W coor-
dinate is the pair ‘P? ¢ = (W77, W,,"). The “second component” is the pair

G __ _
IPZ,S = (IP lp:.,r )

e,y

It turns out that the w-Glutsyuk invariant ¢ = (wfe,lpgg) is related to the first

and second components of the W-Glutsyuk invariant by:
Wi = cowlosl j=1.2 (10.1.4)

- Ifee V(SG ;> then (10.1.4) means that lpfg is represented by the pair Wfs =
(W, %, 7), and yy, is represented by the pair W5, = (¥, ~,W; *) along
the leaves of %, see Figure 10.1.
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Figure 10.1: The Glutsyuk invariant on the tori, for ¢ < 0.

—Ifee VéGr, then (10.1.4) means that q)fs is represented by the pair ‘Pf’:e =
(W, W, "), and yy, is represented by the pair W5, = (¥, W) along
the leaves of %, see Figure 10.2.

Figure 10.2: The Glutsyuk invariant on the tori, for ¢ > 0.

1
Definition 10.1.2. The inversion w — — in the sphere coordinate is noted F€ .
w

Lemma 10.1.3. Complex conjugation €, inversion in the sphere coordinate ¢ ,

exponential &, translation 7 | and linear map £\ are related through:
2

1. €=HoEo0Co& .

2. 509_%25_106@.
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Proof. The first equivalence comes from €'(&(W)) = € (w) = e~ 2aW = 27 (W) —

(e 27EW)) = 3 0 & o€ (W). The second is plain. O

10.2 Real Glutsyuk invariant.

Lemma 10.1.3 proves the Theorem 9.1.3 in the sphere:

Proposition 10.2.1. There exists a representative P& = (Ipng,szg) of the real
Glutsyuk invariant in the sphere coordinate, that carries the real character of the

family of vector fields, in the following sense:
1. Ife € VéGJ :
wﬁ:%ojfowﬁg(woﬁo%, j=12 (10.2.1)

2. Ife € V(SGJ :
wIG,E = Cgo%owg%ﬂ(‘g) o 0oFC. (1022)

The Ecalle-Voronin modulus in the sphere. The Ecalle-Voronin invariant can

be deduced in the limit ¢ = 0, and the symmetries above yield:

Ip?p:%o%olpfoo%o%,

(10.2.3)
lpg’o = %O%OU}ZOO%O%.
Since p8_1 is not multivalued, it is easily seen that:
Wo=EoW os ™ =lim& W] 0!
Plo=EoWos ! =limEow] o6
£ (10.24)

Yo =EoWs o = lim&EoWC_og™!
) e—0
wgo = @@oq}gog” = limédolpghogfl,

e—0
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and this is consequence of (9.1.7), see Figure 10.3. By Proposition 9.1.6 a repre-

sentative of the Ecalle-Voronin modulus can be chosen so as to verify:

Wg,o(w) = —W?,o(—w)
Yr0(W) = —Pio(—w).

(10.2.5)

Figure 10.3: The Ecalle-Voronin modulus in the sphere.

Definition 10.2.2. Any representative ng of the Glutsyuk invariant satisfying
(10.2.1), (10.2.2) and (10.2.5) for values € € V(Sle will be called Real Glutsyuk

modulus in the sphere.

In this first presentation, the real line R is invariant under the real Glutsyuk

invariant in the sphere when the parameter is negative, see Figure 10.2.

10.3 Symmetric Glutsyuk invariant.

The imaginary translation on the real Fatou Glutsyuk coordinates destroys the
symmetries (9.1.6). This is reflected in the sphere coordinate as well. The equa-

tions reflect the fact that the symmetry axis corresponds to the imaginary axis.
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This presentation does not pass to the limit ¢ — 0. The Ecalle-Voronin modulus

cannot be deduced from the Symmetric Glutsyuk modulus.

Proposition 10.3.1. There exists a representative )° = (q)fg,wg ¢) of the Glut-
syuk invariant in the sphere, that carries the real character of the family of vector

fields as:

1. IfsEVgl:
wj?t? :Cgo‘%ﬂowj’ig(g)oe%pocg, j=1,2. (10.3.1)

2. IfsEVécfr:
wgng_lo%o%owf%(s)o%o%, j=1,2. (10.3.2)

The Ecalle-Voronin modulus cannot be deduced from this presentation of the Glut-

syuk invariant.

Definition 10.3.2. Any representative ‘PSG of the Glutsyuk invariant satisfying
(10.3.2) and (10.3.1) for values € € VaGlr will be called Symmetric Glutsyuk mod-

ulus in the sphere.

A word on the formula (10.3.2). This equation comes from (9.1.11) and is conse-
quence of two facts. First, there is a symmetry on the two components of the real
Glutsyuk invariant 1P£G with respect to the real axis when the parameter belongs
to Va(,;r- Such a symmetry relates the two components of the Glutsyuk invariant,
namely,

Wiy =G oA oy 0 H 0FE. (103.3)

Second, the Poincaré map is a square: &, = Qé’z. This means that the compo-

nents of the Glutsyuk invariant standing on opposite sides of the origin are related.
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Thus, (10.3.2) is the “overlap” of (10.3.3) and Lemma 9.1.2, and it expresses the
symmetry of the Glutsyuk modulus with respect the imaginary axis when ¢ € VéG_ .

see Figure 10.2.






Conclusion

The thesis is a small contribution to the field of analytic differential equations.
Our aim has been to summarize hidden aspects of the unfolding of the foliation
associated with a singular point of weak focus type and that only become appar-
ent after complexification. The first aspect states that the equivalence class of
the foliation under orbital equivalence coincides with the equivalence class of the
Poincaré map under conjugacy. Second, we have shown that it is locally possi-
ble to recover the foliation when a family of admissible diffeomorphisms is pre-
scribed. Both properties allow to compute the modulus of analytic classification
under “weak orbital equivalence”. We have constructed the invariant of the un-
folding in the Glutsyuk point of view, where the fixed points of the Poincaré map
are linearizable. The construction depends analytically on the parameter ¢ for val-
ues in the covering of the parameter space different from zero, and continuously
ate =0.

It has been proven ([10]) that for any sufficiently small neighborhood of the
origin and for any & € (0,7), there exist neighborhoods Vé . and Vé_ in the

parameter space, such that the orbit space is described as follows:

— There exists four crescents with endpoints at the two singular points bounded

00
3

0, .. 0,00
by curves £’ and their images Z¢ ().
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— The crescents in which we identify the curves with their images have the
conformal structure of spheres with the singular point /& (resp. —+/€)
located at o (resp. 0).

— Points in the two neighborhoods of 0 and o on the spheres are identified
modulo holomorphic maps defined in the neighborhoods of 0 and o, re-
spectively. These maps are one presentation of the Lavaurs modulus. The
maps are uniquely defined up to the linear choice of coordinates on the
spheres.

This is the Lavaurs point of view, the crescents and maps are depicted in Figure
10.4. In order to give the invariant of analytic classification under “orbital equiva-
lence” we need to establish the link between Lavaurs and Glutsyuk points of view
in the intersection of the sectorial neighborhoods of the parameter space. This

will be done in forthcoming publications.

Figure 10.4: The crescents in the Lavaurs point of view (borrowed from [43]).

A highly non-trivial problem that deserves profound study has to do with the



dependence of the modulus on the parameter. Recent works (e.g. [11],[43]) have
shown the existence of a “compatibility condition” that must be met so that the
Lavaurs modulus describes an analytic family in the parameter. This compatibil-
ity condition states that the two sectorial (in the parameter) families are orbitally
equivalent on the intersection of the two sectors in the parameter space. In the
Glutsyuk point of view we do not cover a full neighborhood in the parameter
space.

To study the equivalence classes of germs of vector fields under conjugacy we
need to study a time part of the vector field. There exists a “temporal” prepara-
tion which uncouples the family of vector field in a time part, and an orbital part.
The former has to do with the parametrization of the flow curves in the (com-
plex) phase space, while the latter concerns the organization of the leaves. The
invariants involved in the time part are not detected in the modulus of (weak) or-
bital equivalence given in the thesis, though we have started working on the the
obstructions for the family to be “temporally normalizable”. Indeed, we have al-
ready done a preparation which allows to decompose the field as an orbital part (a
vector field) multiplied by a nonzero temporal part (a function). The vector field
is temporally normalizable if we can bring the temporal part to its polynomial
normal form. In particular, we prove that a system is “isochronous” if its time
part is equivalent to a constant time part. A great deal of work has been done to
characterize isochronicity in systems with a focus or a center. Pioneers are the
works of Lukashevich, Villarini, Volotkin and Ivanov on conditions under which

a polynomial vector field:

X = p(xay)

y = qlx,y)



possesses an isochronous section in R? (see also [20],[45]). Our methodology
should extend the theory to the case of generic unfoldings of a weak focus em-
bedded in C2. This should allow to spread new light on the analytical class of the
“temporal part” of the modulus of such a system. As far as formal invariants are
concerned, we find one formal invariant, which yields the time for the return map
near the singular point and we get a second formal invariant which expresses the
difference between the time for return near the singular point and the period of the
periodic orbit. If the weak focus is isochronous, then the latter invariant is zero.
At this point, some obstructions to isochronicity come from the fact that the focus
and limit cycle have different periods and this persist to the limit € = 0.

In the higher codimension cases we have the coalescence of several limit cy-
cles with the singular point. This is clearly a more challenging problem. More

subtle analytic obstructions also exist, which we hope to explain in near future.



Appendix A

Holonomy And Fundamental Group

A.1 Preliminaries.

Denote by (a,b)™ the m-fold product of the open interval (a,b). The product
(a,b)™ is an open subset of Euclidean n-space R™.

Let M" be an n-dimensional C* manifold. Let % = {L, : o € A} be a C"
codimension ¢ foliation of M" and Yg) be its foliated atlas, r > 1. Define a

projection map & : (—1,1)" — (—1,1)? by
A(X1 5w Xn) = (Xn—g1s -5 Xn).
We say that (U;, @, ) in 5{2? is a distinguished chart if it satisfies the following.

Lo (Uy) = (=L1)"

2. There exists (U; , ;) € Yg) such that U, C Uy, and @5 |u, = @;.
3. For each leaf L € .#, LN U, is a graph over (¢, (U;)).

It is evident that each interior point p of M" belongs to some distinguished chart

(Ux, @) with @ (p) = (0,...,0).
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If (Uy,q;) is a distinguished chart and x is a point of (—1,1)9, we see that
(pk_l (77 '(x)) is contained in a leaf of .%. The set qo)Tl (A7 1(x)) is called a plaque
of U, (see Figure A.1, where ¢ = n — k) and is often denoted by Q; .

Rn—k

Rk

Figure A.1: A chart (U, @, ) on a leaf L. Also, the projection is shown.

Each plaque of U, is C" diffeomorphic to (—1,1)"" 9, and we have

U= U o '@ '®).
xe(—1,1)4

Let % be a sequence
€ ={Ux Upy,-- Uy, }

of distinguished charts (U, ¢,,),i=1,2,...,m. Let x belong to a plaque Q of U,
and let Ly, be a leaf containing x. If there exists plaques Q; of U, , i = 2,3,...,m
such that

QiﬂQH—l#@? i:1727"'7m_17

we call ¢ a chain at x (see the Figure A.2) and the Q;, i = 1,2,...,m a plaque

chain associated with € . From the definition it is evident that

0iCLy, i=12,..m.
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We say that m is the length of the chain €.

We recall now some topological properties of the foliation .% of M".

Lemma A.1.1. [49] Let € = {U,,,U,,,...,U,, } be a chain at x. Denote by O
the set of all points z € Uy, such that € forms a chain at each z. Then the set O,
is open in U, and it is a union of plaques of U, .
Lemma A.1.2. [49] Let Ly, be a leaf and let x and y be points in L. Then there
exists a chain € = {U,,,U,,,...,Uy, } at x which has the following properties.

1. xeU,,yelU,,.

2. Suppose that € also forms a chain at a point z of Uy, and that z is on a leaf

Lg. Let Q' be a plaque chain associated with € at z such that
Q;cUyNLg, z€Qj, i=12,..,m.

Then Q: +1 18 the only plaque of U, | which intersects Q., and Q is the only

plaque of Uy, which intersects Q;-H, i=1,2,...m—1.
Two additional results complete the issue.

Theorem A.1.3. [49] Let x and y be points on a leaf L. Given a distinguished
chart (Uy, @y) about y, there exists a distinguished chart (Uy, @) about x such
that for any leaf Lg with Lg NUy # O we have Lg NUy # 0. Further, Uy, can be
chosen in such a way that if Uy, has a plaque Q) with Q) C Lg and x ¢ Q), then

Lg contains a plaque of Uy not containing y.

Theorem A.1.4. [49] Let O be an open set in M". Then the union of all leaves

which intersect O :
Y= J La,
LaNO#0
is open in M".
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A.2 Coherent charts system.

In order to describe the behavior of the foliation in a neighborhood of one of

its leaves, it turns out that we must construct a system of distinguished charts with

certain properties. The following theorem gives one way to do it.

Theorem A.2.1. Let K be a compact subset of a leaf Ly,. Then there exists a family
N(K) ={(Uj, ;) :i=1,2,...,v} of distinguished charts (U, ;) i = 1,2, ...,v, with

the following properties:

1

2.

. K C U})lei

For each U;, UiN K is contained in a plaque Q; of U; :
UNKCQ;, i=1,2,...,v.

IfUiNU; #0, then U;NU;NK # 0.
. For U;, Uj such that U;NU; # 0, there exists a distinguished chart (U}, @;;)
which satisfies:
(a) U;UU; C Uy;.
(b) Let Q;j be a plague of U;;. Then Q;;NUj is a plaque of U; if Q;;NU; #
0, and Q;iNU;j is a plaque of U; if Q;;NU; # 0.
Let (Uij, ®ij), (U, Qi) be distinguished charts specified in the point above,
with U;jN Uy # 0. Then we can select a distinguished chart (Ujji, @jji)
satisfying the following properties:
(a) UijUUy C Ujji-
(b) Let Q;ji be a plaque of Uiji. Then Q;jiy NUij is a plaque of U;;j if
QijuNU;j # 0, and Q; iy NUy is a plaque of Uy if Qjji N Uy # 0.
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The family N(K) is called a coherent chart-system on K. Notice that, by defi-
nition, charts in a coherent system are distinguished.

In what follows, we assume that K is a compact subset of a leaf L; and that
9N (K) is a coherent system of charts on K. For x € K, achain ¢’ = {U;,,U,,, ..., U;»m,}

at x is called a coherent chain at x if the distinguished charts (Uy,,¢y,), i =

1,2,...,m', belong to R(K).

Lemma A.2.2. [49] Let € be a coherent chain at x. Suppose that € also forms a

chain at a point z € Uy, . Then a plaque chain
Qi, QiCcU,, i=12,..,m, z€Q,
associated with € at 7 is uniquely determined by z.

Definition A.2.3. [49] Let [ : [0,1] — K be a C° curve in K. By a coherent chain
over | we mean a coherent chain ¢’ = {U;,,Uj,, ..., U, ,} at [(0), for which there

. . /
exists numbers t;, i =0,1,2,....m :

O=m<u<..<ty=1

such that

[([tie1,5]) C Uy, i=1,2,...,m.

It is obvious that given a C° curve [ in K, one can find a coherent chain ¢ with

[(0) € U, and [(1) € U;,_, (see the picture below).

Lemma A24. [49] Let € = {U;,,U,,,....U; ,}, ¢ = {U;,,Uj,,...,U; ,} be co-

herent chains over l such that Uiy =Uj, and U; , = U ,. Suppose that m' ,m" <m,

m!!

and let z € U;; be an admissible point of the coherent chains at 1(0) of length at
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5 |
Wf‘l(('g

\\'(

[
I

Figure A.2: A coherent chain on a C° path.

most m. Consider € and €' as chains at z, and let their respective plaque chains

be
/ . / /! . ! / /!
Qi7 l:1727"'7m7 Q]7 _]:1,2,...,7)1 ) QIZQ]'
/ /!
Then Qm’ = Qm"'
We now consider two C° curves in K :

l:10,1] =K, [;:[0,1] =K,

with x =1p(0) =1;(0), y =1Ip(1) = [;(1), which are homotopic, ly ~ [1, relative to

x and y; in other words, there is a family of C? curves
I;:[0,1] =K, 0<s<1,

such that [;(0) = x, [;(1) =y, and the change of [ is continuous in parameter s,
0<s<1.
Now suppose ¢ = {U;,,U,,...,U; , }, is a coherent chain over [y and ¢ =

{U;,,Uj,,...,Uj , } a coherent chain over /;, and assume that

Uy =Uj,, U=

I
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Clearly if € > 0 is small enough, % is a coherent chain over /;, 0 < s < €. Hence,
we can find a suitable subdivision 0 = sg < 51 < ... < 5, = 1 and coherent chains
at x :

e® =wP. oM, .Uy, k=0,1.2,u—1,
such that
¢ =g, ¢wN=¢ uvP=u, uv¥=u,

and each €' is a coherent chain over Iy for s, sg <5 < Sgy;. Such chains Cf(k),
k=0,1,2,....u— 1 are said to be a homotopy between € and ¢’ and mlglxmk the

length of the homotopy.

A.3 The holonomy.

In the following we denote by Gy the set of all germs of C" diffeomorphisms
of RY at the origin fixing the origin and by [f] the equivalence class of f. Let [f],
[¢] € G be represented by f: U — R?, g: U’ — RY respectively. Define a C" map

gof:f N (fU)NU") —» R

by go f(x) = g(f(x)). Then go f is a local diffeomorphism of R? at the origin.
Define the product [f] - [g] of both germs by

[f]-[g] = [go f].

Then the germ [f] - [g] is determined by [f] and [g], and is independent of the
choice of their representatives. With this product, G; becomes a group: the unit

element of G is [id], where id : R? — R is the identity map. The inverse of [f]
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is represented by f~ ! : f(U) — U, where f : U — RY is a representative of [f];
moreover, [f] ! = [f7].

Let M" be an n—dimensional C* manifold and let % = {L, : o0 € A} be a
C" codimension ¢ foliation of M". Fix a point £ on a leaf L, and consider the
fundamental group 7ty (L, %) of L, based at £.

Let y be an element of 7t; (L, X) represented by a C? curve
w:[0,1] 5Ly, 0(0)=w(l)=2%

so that y = {w}. Take a compact subset K of L, with w([0,1]) C K, and con-
sider a coherent system N(K) = {(U;, ;) : i = 1,2,...,v} of charts on K. Choose

a coherent chain % over w (i.e., a chain for the coherent charts above:
Cg:{UM?U)Q;'“;U)L,,,,]JUM}? )EEUM'

By the Lemma A.1.1, the set O of all z € U 3, such that & is a chain at z is open in
U,, containing Oy, Uy NK C Q1, and it is a union of plaques of the chart U, . By

the Lemma A .2.2, the plaque chain associated with & at z:

09 i=12,...m zeo® 0¥ o cu,,

i

is uniquely determined by z. Define a map f: o ¢y, (0) — RY by

f(Fog, (@) =7og,, (0F), z€0,

where 7 : (—1,1)" — (—1,1)? is the projection map (see Figure A.1). Then the
map f is a local C" diffeomorphism of R? at the origin.

Let 4" =% ={Uy,,Upy, -, Uy, ,»Uy, } be a coherent chain over w different
from ¢ with £ € Uy, , and define the local diffeomorphism f” of R? as we defined
f above. Now define /1 : o ¢, (U, NUy, ) — RY by

h(ﬁ:o(p)»l (Q/l mUM)) = ﬁ,'O(le(Qll ﬂUHl);
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where Q] is a plaque. Then £ is a local diffeomorphism of R” at the origin satis-

fying the identity

[f] = (R[] (A3.1)

Hence it follows that @ determines an element of G; uniquely up to the inner
automorphisms of G .

Next we pick another €° curve
®:[0,1] > Ly, ®©(0)=0wn(1)=21,

such that y = {w} = {®} (i.e. y is parametrized either by w and @). Choose K
so that K contains a homotopy between the curves w and @. Consider a coherent
chain over @ :

© ={Us,Upp- Uy, Un},

and let f be the local diffeomorphism of R” defined in the same manner as the map
f above. We have [f] = [f]; so for each element y of /) (L, £) there is an element
of G{ uniquely defined up to the inner automorphisms. If we write W({w}) = [f]

for this correspondence, we have a map
W (Ly, %) — Gy

It is immediate from the definition of f that W is a homomorphism. To see this, fix
aU,, with X € U, and always take a coherent chain over the path w starting from
and ending in U, . For a change of the base point £ the change in W is by inner
automorphisms of G : we have the well-defined automorphism W : 7; (Ly, £) —

G up to the inner automorphisms of the group Gy .
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Definition A.3.1. [49] The homomorphism W is called the holonomy of the leaf
Lg, and the subgroup W(my (Le, %)) of Gy is called the holonomy group of L.

The holonomy group of a leaf L, is finitely generated, provided that its fun-

damental group is finitely generated.



Appendix B

Holomorphic Integral Manifolds

Let us consider a germ of holomorphic vector field v around the origin of
coordinates in C2, such that its linear part is given by
d d
Iy =Mz—+ Aw—.
O M T

We study the case A;A; # 0. In order to lighten the process, consider v as a holo-

morphic differential equation

dz
E - }LIZ+¢1(Z7W)
(B.0.1)
dw
E = )‘2W+ (pZ(ZaW)a
where
@ (z,w) = E (psziwj, k=1,2
ij>1
are convergent series. Let us take the formal change of coordinates
z = Z-+ 7z, W
1(z,w) (B.0.2)

w = w+&(z,w)
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where i (z,w) = z Ci’}ziwj for k = 1,2 and let

i
dz
7 Mz (z,wW)
(B.0.3)
dw
a MW+, (z,W),

stand for the system (B.0.1) under the change above. It is easily seen that changing

the system (B.0.1) into new coordinates (B.0.2) leads to

. d d
E (65 +wi)ew = @ (z+ &1, w+ &) - _fk'l’l _ % Yy, (B04)
i>1 Z ow

where

8% =ik + jha — M.

In fact, finding a formal change of coordinates bringing (B.0.1) into (B.0.3) is
equivalent to find series (B.0.2) verifying (B.0.4). The coefficient on the right
hand side of (B.0.4) is a polynomial in the variables Cl-]j-, (pf-‘j, with k = 1,2. It is
always possible then to formally reduce the field v into a field (B.0.3) such that

@;=0, if 8f#0, k=12, (B.0.5)
o . . .M
which is called the normal form of v. For instance, if the ratio o €Q_\0
2

M p

b g
such that g.c.d.(p,q) = 1, the field v can be written in formal coordinates (z,w)

as

d 7,
= A(z’w!z— + B(z°w?)w— B.0.6
v=A(z"w )Zaz+ (z"'w )Waw’ ( )
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where A and B are power series of one variable. These transformations are not

convergent in general.

Real character. In terms of the field (B.0.6), the real character (Definition 3.1.3)
means

A(zPw9) = B(z"w?).
From now on, we suppose that the field v has real character.

Proposition B.0.2. Let us suppose that Ay, Ay are non zero complex numbers, such
M A . :
that the ratios ™ and o, are not integer numbers strictly greater than 1. Then
2 1
there exists analytic coordinates (z,W) transforming the field v into

17 J

and respecting the real character of the field. The equations z =0 and w = 0 are

the invariant manifolds of the field v.

Proof. By Hadamard-Perron Theorem for holomorphic flows ([27], Theorem 7.1)
the system has invariant manifolds z = k; (w) and w = Kk, (z) which are tangent to

the invariant subspaces and, due to the real character of the field,
Ki(w) =K(W).
The change of coordinates

z = z—K|(w)

w = w—K2(2)

brings the system into the desired form (B.0.7). L
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Theorem B.0.3. Under the hypotheses of the above proposition, there exists ana-

Iytical coordinates (Z, W) bringing the field v into

v:xlzu+ZW(...))(;iZ+AZW(1+ZW<...))%, (B.03)

and respecting the real character of the singularity.

Proof. Proposition B.0.2 allows to write the system in the linearizing Poincaré

coordinates as
z = Mz(l+A(z,w))

w = —w(l+A(z,w))

(B.0.9)

where A;(z,w) = zwb;(z,w) + wc|(w) and Ay (z,w) = zwby(z, W) + zc2(z). In

order to annihilate both ¢y, ¢, one takes a change of the form

7 = Z(1+K1(W))
w = W(l+x(Z)

for unkown functions ki (Z), k> (W). This yields the system in the new variables

7 = MZ(1+0(ZW))
= —LW(1+0(ZW)).

Thus, on the one hand,

1 = Z(1+x(W))+Zk; (W)W
= MZ(1+O0(ZW))(1+ K1 (W)) — A, WZk{(W)(1 + O(ZW)),

(B.0.10)

while, on the other hand

2 = MZ(1+K (W){1+ZW( + Kk (W)(1 + K2 (Z)b1 (Z+ ..., W+ ..

FW(1+16(Z))er (W)}
(B.0.11)
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Identifying (B.0.10) with (B.0.11) and simplifying terms in Z, we get the linear
equation

K + — K +— O
C C
1 ) 1¢1 ) 1=

with analytic solution

)\' M w A [
ki (W) = — )\;e Az 1Y e1(u)du /O 02(M>ex;.fo 2(V)d"d‘u.

The same procedure in the w coordinate yields the solution

Z M u
K (Z) = _% _*fo e (u )du/o cl(‘u)eﬁfo Cl(v)dvdu,

By definition, the new equation in the (Z,W) coordinates has real character as

well. O
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Appendix C

Monodromy and formal aspects

C.1 Holonomy of the unfolding of a saddle-point.

Theorem C.1.1. Let A, € C* be a family of complex numbers such that Ay € R* |
and € belongs to a symmetric neighborhood V of the origin. For each € €V,
suppose that the differential equation

a’w_

— =
dz ¢

%(1+ZwAg(z,w)) (C.1.1)

is defined on the product Dy, x D,,, where 0 <r; < 40,0 <r, <1and A¢(0,0) #

0. Then, for all zo,z) € Dy, fixed, and such that the straight path [z0,z1] contains no

singular point of the system (C.1.1), the holonomy map h,,(w) : {z=z0} x D), —

a\’™
(_1) W‘, (C.12)
<0

where M = M(z0,z1) := max{|A.(z,w)| : (€,z,w) € adh(V X [z0,21] X Dy,)}.

{z=121} X C of the separatrix w = 0 verifies

—roM|A¢ (z1—20)|

e
e (Z_1> w‘ < Jhy (W)] < e 2M |2 (21=20)

20
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Proof. Let y be the path with initial point z9o € D, and ending at z; € ;. A
simple calculation shows that the holonomy mapping of the horizontal separatrix

of the linear system

dw w
av _, Y
dz 2
along y is given by hl" : {z =70} x D, = {z =21} x C,
. z Ae
B s (_1> w (€13)
20

Define the coordinate

Ae
20
u(Z) = (;) hziz942, (WO);

where h:(wo) : {z=2} x {w =wo} = {z=1z1} x C is the holonomy of the point
wo € {z =2} along the leaves of the foliation induced by (C.1.1) and with image

on the section {z = z; }, for a given Z € [z9,z;]. Notice that

u(zo) = hy, (wo) = wo (C.14)

and )
u(z)) = (i—o) Ehz(J (wo). (C.1.5)
1

Put w = h_; ;4 (wo) and compute the variation of u along the leaves of the

foliation €, :
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This yields
d A 1d
au _ [__8+__W] dz. (C.1.6)
u . wdz
But then, (C.1.1) implies
du Ae A
= [__5+—8+A5wAg(z,w)] dz
u Z Z
(C.1.7)

Consider the number M = M (29,71 ) := max{|A¢(z,w)|: (&,2,w) € adh(V X [z0,21] X
D,,)} < o. Equation (C.1.7) yields

du
5| < raMiajaz)
u
and then, integrating over the interval [zp,z;] we obtain:
|logu(z1) —logu(z)| < raM|Aelz1 — 2ol

By (C.1.4) and (C.1.5):

Ag
LD (3) hals0) ) ()

lo = . .
gu(ZO) Wy (Q)Ag o gh%ﬂ(Wo)

This yields the following estimate:

h, (W
0 < o—rMls(zi—20)| < | 2 (W0) | < Mol < o,

~ Ihit(wo)
where hZ)”(wo) is given in (C.1.3). O
If the points zg,z; coincide, the holonomy Ay (w) : {z =20} XDy, — {z =

20} % C of the horizontal separatrix is usually called the semi-monodromy of the

section {z = zo} and is denoted 2.



202 APPENDIX C. MONODROMY AND FORMAL ASPECTS

Proposition C.1.2. The holonomy (semi-monodromy) map 2, : {z=1} xD, —

{z =1} x C of the horizontal separatrix w = 0 of the vector field
d d
v=z(1+zw(...))— + Asw(l +zw(...))— (C.1.8)
dz ow
has the form:
D (w) = ¥ ey 4 (C.1.9)
Proof. Indeed, the system associated with (C.1.8) can be written as:
zZ =z

wo o= Aew(l+zw(..)).

(C.1.10)

Consider the loop 7 : (z,w) = (¢*7,0) on the z-separatrix. Then if #(6) = 2iw6
for 6 € [0, 1], Equation (C.1.10) yields:

J .
% = 2imdew(1 + 2 0(...)). (C.1.11)

Let w(0) = E cx(0)wk be the lifting of the loop y on the leaf of the foliation de-
k>0
fined by (C.1.10), passing through an initial condition wy € {z=1}. Then (C.1.11)

leads to:

N ci(0)wg = 2imre ¥ ex(0)wp[1+ e w(...)]
k>0 k>0

and then, comparing former coefficients, we get
cy(0) =2imAeco(0), c}(0)="2imA:ci(0).

Solving these equations with initial conditions ¢¢(0) =0 and ¢;(0) = 1, respec-
tively, yields co(6) =0 and 1 (0) = 2<% Thus, this defines the semi-monodromy

map when 0 = 1:

De(wo) =w(0 = 1) = X ey + ..



C.2. ORBITAL FORMAL NORMAL FORMS. 203

C.2 Orbital formal normal forms.

A generic family unfolding a weak focus is a generic family unfolding a com-
plex resonant saddle point with ratio of eigenvalues equal to —1. In the blow up
space, such a family gives birth to two families around the poles of the Riemann
sphere unfolding complex saddle-points both with ratio of eigenvalues equal to
—2. The orbital formal normal form of a family unfolding a saddle point is ei-
ther linear or rational. For instance, in the first direction of the blow up (with
coordinates (Z,w), see Chapter 3) the formal normal form of the family is given
by

J ]
Vo = Zgz Hw(=A(e) +qe (1) - (C2.1)
with 2.(6) = —*, u=Zn” and
l
uf — ¢
() = T aeyw

for a certain p € Nand a(¢) € C.

(C22)

Definition C.2.1. For ¢ in a symmetric neighborhood V of the origin in the pa-

rameter space let

1. t%’p7l(s)7a(£) denote the class of all germs of families unfolding complex res-
onant saddles with the same formal normal form (C.2.1), and same canon-

ical parameter ¢ .

2. 4

b (e),B(e) denote the class of families of germs of conformal diffeomor-

; m

phisms with multiplier ¢ (where A(0) = —), unfolding conformal
n

germs with multiplier equal to ™0 and whose n'" iteration is formally

equivalent to the time-one map of the field

wwP —¢g) 9

= T BT w (C2.3)

Ve p,B(e) (W)
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for some p € Nand (¢) € C.

Lemma C.2.2. The semi-monodromy map of the germ of normalized family (C.2.1)
o(¢)

2im

and (C.2.2) belongs to the class <, _; (¢) () With B(€) =

Proof. PutU = u? = 7, This is a multivalued function whose restriction to the
section {Z = 1} provides it with a local coordinate. The analytic continuation of
such a restriction over the circular loop {¢' : 6 € [0,271]} (noted U again) on the
leaf of the foliation defined by the family (C.2.1) passing through the point (1,w),
is equal to e*™<h, ;. Here, he 7 : {Z =27} xD,, — {Z = 1} x C is the holonomy
map of the family vgf . with image on the section {Z = 1}, which is supposed to
be defined in a small disk ID,, around the origin in the w coordinate. On the other

hand, a simple calculation (using (C.2.2)) shows that U satisfies

U = Ugq:(u)
= qu<U2)
U(U2P —¢) (C24)
1+ a(e)U?P
V£72p,a(s)(U)a

whence follows that the analytic continuation of U satisfies

2im, :
""" he 7 = exp 2lﬂve,2p,a(s)7

where exp2inv, 5, 4(¢) 18 the phase flow transformation of the family of fields

Ve 2p.a(e)- The rescaling wi— 2;‘;); brings the family of vector fields 2inv; 5, 4 (¢)
a(e)

into the family v, »,, (s), Where f(¢) = S Therefore h, 7, after the rescaling,
) ? l

takes the form

hez = e 2 XD Ve 2p (e) € Dap,—i(e)fe)-
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]

Theorem C.2.3. Suppose that the ratios of the eigenvalues of two generic families
of vector fields v V', (with the same canonical parameter, modulo a reparametriza-
tion) unfolding complex resonant saddle vector fields coincide, and that the holonomies
of their Z-axis are formally conjugate. Then the families of vector fields are or-

bitally formally equivalent.

Proof. The holonomies of the families vg,v; are either linearizable or belong to

some class ), ; (¢) p(s)- Assume that the family v, belongs to the formal class

B

b (e),a(e) and that the family v, belongs to the formal class By 31 (e),al (e)-

Then, by Lemma (C.2.2) the holonomies of their orbital formal normal form
(C.2.1) belong to the classes <, () p(e) aNd Dy _a(e) pr(s), TESPECtively,
where f3(¢) = %, B'(e) = %, and A(0) = %, A'(0) = 1:%’ It turns out that
a(e) = a'(&), because the two latter classes coincide. By hypothesis, the numbers
A(g),A'(¢) (the ratios of eigenvalues) must coincide as well, for all € in a symmet-
ric neighborhood V of the parameter space. Since g.c.d.(m,n) = g.c.d.(m’,n') =1
we get m =m’ and n = n'. Since np = n'p’, the formal invariants p, p’ coincide.

Thus the families v, and v/, belong to the same formal class B j.(¢),a(e) and hence

are formally equivalent. ]

Inasmuch as the family of diffeomorphisms unfolding the semi-Poincaré map
of a weak focus is the holonomy map of the generic family of vector fields un-
folding the resonant saddle point in the (Z,w) direction of the blow up (and the
inverse of the holonomy in the (W, z) direction), where the ratio of eigenvalues is

equal to —2, the Theorem C.2.3 yields the
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Corollary C.24. If the ratios of the eigenvalues of two germs of generic families
of analytic vector fields unfolding weak foci coincide, and if the families of diffeo-
morphisms unfolding their semi-Poincaré maps are formally conjugate, then the

families of vector fields are formally orbitally equivalent.
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