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Abstract

Social interactions arguably provide a rationale for several important phenomena, from smok-
ing and other risky behavior in teens to e.g., peer effects in school performance. We study
social interactions in dynamic economies. For these economies, we provide existence (Markov
Perfect Equilibrium in pure strategies), ergodicity, and welfare results. Also, we characterize
equilibria in terms of agents’ policy function, spatial equilibrium correlations and social mul-
tiplier effects, depending on the nature of interactions. Most importantly, we study formally
the issue of the identification of social interactions, with special emphasis on the restrictions

imposed by dynamic equilibrium conditions.
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1 Introduction

Agents interact in markets as well as socially, that is, in the various socioeconomic groups they
belong to. Models of social interactions are designed to capture in a simple abstract way socioeco-
nomic environments in which markets do not mediate all of agents’ choices. In such environments
agents’ choices are determined by their preferences as well as by their ability to interact with
others, on their position in a predetermined network of relationships, e.g., a family, a peer group,
or more generally any socioeconomic groupﬂ

Social interactions arguably provide a rationale for several important phenomena, Peer effects,
in particular, have been indicated as one of the main empirical determinants of risky behavior in
adolescents | Relatedly, peer effects have been studied in connection with education outcomes ]
obesityﬁ friendship and sex, |E| labor market referralsﬂ neighborhood and employment segregation,
|Z| criminal activityﬁ and several other socioeconomic phenomenaﬂ

The large majority of the existing models of social interactions are static; or, when dynamic
models of social interactions are studied, it is typically assumed that agents are myopic and

their choices are subject to particular behavioral assumptionsm In this paper, we contribute

!The integration of models of social interactions within economic theory is an active and interesting area of
research. See the recent Handbook of Social Economics, Benhabib, Bisin, and Jackson (2010).
2See e.g., Ali and Dwyer (2009), Axtell et al. (2006), Bauman and Ennett (1996), Bifulco et al. (2009),

Chaloupka and Warner (2000), Clark and Loheac (2007), Cook and Moore (2000), Cutler and Glaeser (2007),
DeCicca et al. (2008), Evans et al. (1992), Fletcher (2009), Gaviria and Raphael (2001), Gilleskie and Strumpf
(2005), Gilleskie and Zhang (2010), Jones (1984), Kobus (2003), Krauth (2005, 2006), Kremer and Levy (2008),
Krosnick and Judd (1982), Lewitt et al. (1981), Lundborg (2006), Nakajima (2007), Norton et al. (1998), Powell
et al. (2003), Sacerdote (2001), Soetevent and Kooreman (2007), Tyas and Pederson (1998), Wang et al. (1995,

2000).

3Ailtonji et al (2005), Ammermuller and Pischke (2009), Bénabou (1996), Borjas (1995), Boozer and Cacciola
(2001), Carrell et al. (2009), De Giorgi et al. (2009), Evans et al. (1992), Gaviria and Raphael (2001), Hoxby
(2000a, 2000b), Soetevent and Kooreman (2007), Zimmerman (2003).

“Burke and Heiland (2007), Christakis and Fowler (2007).

5 Akerlof et al. (1996), Bearman et al. (2004), Bramoullé et al. (2009), Broadhead et al. (1998), Cipollone and

Rosolia (2007), Conti et al. (2009), Currarini et al. (2009), Kandel (1978), Leider et al. (2007), Mihaly (2007),

Moody (2001).
5Bayer et al. (2008), Bjorn and Vuong (1985), Calvo-Armengol and Jackson (2004), Conley and Topa (2002,

2007), De Giorgi et al. (2009), Goldin and Katz (2002), Granovetter (1973, 1995), Grodner and Kniesner (2007),

Ichino and Falk (2006), Ioannides and Datcher Loury (2004), Moro (2003), Topa (2001), Weinberg et al. (2004).
" Aizer and Currie (2004), Bénabou (1993), Case and Katz (1991), Crane (1991), Durlauf (1996, 2004), Goering

and Feins (1997), Hoff and Sen (2005), Ioannides and Topa (2009), Ioannides and Zabel (2008), Ioannides and
Zanella (2009), Katz et al. (2001), Ludwig et al. (2001), Mobius (2000), Rosenbaum (1995), Schelling (1971, 1972).

8Calvo Armengol et al. (2009), Glaeser et al. (1996), Kling et al. (2005), Ludwig et al. (2001).

9See Bisin et al. (2010), Glaeser and Scheinkman (2001), Moffitt (2001) for surveys.

FExceptions include an example on female labor force participation in Glaeser and Scheinkman (2001), Binder
and Pesaran (2001) on life-cycle consumption under social Interactions, Blume (2003) on social stigma, Brock and
Durlauf (2010) and de Paula (2009) on duration models, and the theoretical analysis of Bisin, Horst, and Ozgiir



to this literature by studying social interactions in dynamic economies. We focus our attention
on linear economies, in which each agent’s preferences are quadratic. Dynamic linear models
of course have appealing analytical properties. Hansen and Sargent (2004) study this class of
models systematically, exploiting the tractability of linear control methods and matrix Riccati
equations. While the class of economies we study in this paper allows however for a countable
number of heterogeneous agents and an infinite horizon, giving rise to infinite dimensional systems,
some tractability is maintained. Furthermore, in the class of economies we study agents display
preferences for conformity, that is, preferences which incorporate the desire to conform to the
choices of agents in a reference group.

More specifically, each agent’s preferences are hit by random preference shocks over time.
Each agent interacts with agents in his social reference group, in the sense that each agent’s
instantaneous preferences depend on the current choices of agents in his social reference group,
as a direct externality. Each agent’s instantaneous preferences also depend on the agent’s own
previous choice, representing the inherent costs to dynamic behavioural changes due e.g., to
habits. When agents’ reference groups overlap, each agent’s optimal choice depends on all the
other agents’s previous choices and current preference shocks, as long as they are observable. We
allow for complete and incomplete information with respect to preference shocks. Requiring that
the social and informational structure of each agent satisfy a symmetry condition, we restrict our
analysis to symmetric Markov perfect equilibria. Agents’ choices at equilibrium are determined
by linear policy (best reply) functions. More specifically, e.g., in infinite-horizon economies, a
symmetric Markov perfect equilibrium is represented by a symmetric policy function, for each
arbitrary agent a € A, a countable set, which maps the agent’s choice at time ¢, ¢, linearly in

each agent’s past choices, acfff , in each agent’s contemporaneous idiosyncratic preference shock,

9?“’, and in the mean preference shock, 6:

xf = Zcbx?ﬂ’ + Zdb 00 1 e
beh beA

For these economies, we provide some fundamental theoretical results: (Markov perfect) equi-
libria exist (for finite economies they are unique) and they induce an ergodic stochastic process
over the equilibrium configuration of actions. Furthermore, a stationary ergodic distribution
exists. We also derive a recursive algorithm to compute equilibria. The proof of the existence
theorem, in particular, requires some subtle arguments. In fact, standard variational arguments
require to bound the marginal effect of any infinitesimal change dz® on the agent’s value func-
tion. But in the class of economies we study, the Envelope theorem (as e.g., in Benveniste and
Scheinkman (1979)) is not sufficient for this purpose, as dz® affects agent a’s value function di-
rectly and indirectly, through its effects on all agents b € A\a’s choices, which in turn affect agent

a’s value function. The marginal effect of any infinitesimal change dx® is then an infinite sum of

(2006).



endogenous terms. In our economy, however, we can exploit the linearity of policy functions to
represent a symmetric MPE by a fixed point of a recursive map which can be directly studied.

Exploiting the linear structure of our economies we can study equilibria in some detail, char-
acterizing the parameters of the policy function as well as a fundamental statistical property of
equilibrium, the cross-sectional auto-correlation of actions. In turn we obtain a series of results
regarding the welfare properties of equilibrium and various comparative dynamics exercises of
interest. First of all, we show that, since social interactions are modelled in this paper as a
preference externality, equilibria will not be efficient in general. We also characterize the form
of the inefficiency: at equilibrium each agent’s policy function weights too heavily the agent’s
own preference shock and previous action and not enough the other agents’. The comparative
dynamics exercises illustrate e.g., the equilibrium effects of the strength of social interactions and
of the social and informational structure of the economy.

Finally, we exploit our characterization results of the equilibria to address generally the issue
of identification of social interactions in our context, with population data. While the empirical
literature has often interpreted a significant high correlation of socioeconomic choices across
agents, e.g., peers, as evidence of social interactions, in the form e.g., of preferences for conformity,
it is well known at least since the work of Manski (1993) that the empirical study of social
interactions is plagued by subtle identification problems. Intuitively, in our economy for instance,
the spatial correlation of actions at equilibrium can be due to social interactions or to the spatial
correlation of preference shocks. More formally, take two agents, e.g., agent a and agent b. A
positive correlation between x¢ and 2? could be due to e.g., preference for conformity. But the
positive correlation between z¢ and x% could also be due to a positive correlation between 6
and 9? . In this last case, preferences for conformity and social interactions would play no role in
the correlation of actions at equilibrium. Rather, such correlation would be due to the fact that
agents have correlated preferences. Correlated preferences could generally be due to some sort
of assortative matching or positive selection, which induce agents with correlated preferences to
interact socially.

In the context of our economy, we ask whether the restrictions implied by the dynamic equilib-
rium analysis help identify social interactions and distinguish them from correlated preferences.
We show that the answer is in fact affirmative, but only if the economy is non-stationary, in a
precise sense. To illustrate our results, consider for instance the issue of peer effects in adolescents’
substance use. Suppose the econometrician observes the behavior of a population of students in
a school over time (at different grades). A significant high correlation of socioeconomic choices
across students in the school could be due to selection in the endogenous composition of the
school in terms of unobserved (to the econometrician) correlated characteristics of the agents.
Any significant variation in students’ behavior through time (grades) must however be due to

social interactions. A student whose choice is affected by the choices of his school peers will in fact



rationally anticipate how much longer he will interact with them. In particular, his propensity
to conform to his peers’ actions will tend to decrease over time (grades) and will be the lowest in
the final years in the school. This non-stationarity of each student’s behavior at equilibrium is
the key to the identification of social interaction in our class of economiesE

The simplicity of linear models allows us to extend our analysis in several directions which are
important in applications and empirical work. This is the case, for instance of general (including
asymmetric) neighborhood network structures for social interactions. But our analysis extends
also to general stochastic processes for preference shocks and to the addition of global interactions.
One particular form of global interactions occurs when each agent’s preferences depend on an
average of actions of all other agents in the population, e.g. Brock and Durlauf (2001a), and
Glaeser and Scheinkman (2003). This is the case, for instance, if agents have preferences for
social status. More generally, global interactions could capture preferences to adhere to aggregate
norms of behavior, such as specific group cultures, or other externalities as well as price effects.
Finally, and perhaps most importantly, we extend our analysis to encompass a richer structure of
dynamic dependence of agents’ actions at equilibrium. In particular we study an economy in which
agents’ past behavior is aggregated through an accumulated stock variable which carries habit
persistence, which can be directly applied e.g., to the issue of teenage substance addiction due
to peer pressure at school. With respect to the addiction literature, as e.g., Becker and Murphy
(1988), we model the dynamics of addiction considering peer effects not only in a single-person
decision problem, but rather as an equilibrium effect allowing for the intertemporal feedback
channel between agents across social space and through time@ In this context we show that in
equilibrium each agent’s choice depends on the stock of his neighbors’ actions, on their long-term
behavioral patterns rather than just on their previous period actions. Also, in non-stationary
economies, as the final period approaches, each agent assigns higher weights to his own stock,
giving rise to an initiation-addiction behavioral pattern at equilibrium which is consistent with
observation, e.g., in Cutler and Glaeser (2007) and DeCicca, Kenkel, and Mathios (2008).

2 Dynamic economies with social interactions

While we develop most of our analysis in the context of linear models, it is useful to set up the
general model first, as we do in this section, to be as clear and specific as possible regarding the
assumptions we impose on the economy we study.

Time is discrete and is denoted by t = 1,...,T. We allow both for infinite economies (7" = c0)

and economies with an end period (T < o0). A typical economy is populated by a countable

"This pattern of behavior appears consistent with the peer effects study of Hoxby (2000a,b).
12See also Becker, Grossman, and Murphy (1994), Boyer (1978, 1983), Gul and Pesendorfer (2007), Gruber and

Koszegi (2001), Iannacone (1986); see Rozen (2010) for theoretical foundations for intrinsic linear habit formation;
see also Elster (1999) and Elster and Skog (1999) for surveys.



number of agents a € AE Each agent lives for the duration of the economy. At the beginning of
each period ¢, agent a’s random preference type ¢ is drawn from O, a compact subset of a finite
dimensional Euclidean space R". The random variables 6¢ are independently and identically
distributed across time and agents with probability law v. We assume, with no loss of generality,
that the random variable 0; := (0f),ca is defined, for all ¢, on the canonical probability space
(©, F,P), where © := {(0%)4ca : 0% € O}. At each period ¢, agent a € A chooses an action xf
from the set X, a compact subset of a finite dimensional Euclidean space RP. Let X := {z =
(x%)qea : x* € X} be the space of individual action profiles.

Each agent a € A interacts with agents in the set N(a), a nonempty subset of the set of
agents A, which abstractly represents agent a’s social reference group. The map A : N — 24 is
referred to as a neighbourhood correspondence and is assumed exogenous. Agent a’s instantaneous
preferences depend on the current choices of agents in his reference group, {z%},c N(a)» Tepresent-
ing social interactions as direct preference externalities. Agent a’s instantaneous preferences also
depend on the agent’s own previous choice, zf_;, representing inherent costs to dynamic be-
havioural changes due e.g., to habits. In summary, agent a’s instantaneous preferences at time ¢

are represented by a continuous utility function

(x?—la Ty, {x?}beN(a)Ng?) U (90?_1796?, {20 hhen(a)s 9?)

Agents discount expected future utilities using the common stationary discount factor 5 € (0,1).
The economy has an exogenous initial configuration zo € X. Let 2!=! = (zg,21,...,21)
and 0"~ = (01,...,0;_1) be the (t — 1)-period choices and type realizations. Before each agent’s

t=1 is observed by all agents and the current value of the random variable 6,

time ¢ choice, =
realizes. Agent a € A observes only the part I,0; := {6° : b € I(a)}, where I(a) C A is
his information set. Similarly, let I,0'=Y = (I,01,...,1,0;_1). We study both economies with
complete information, I(a) = A, and economies with incomplete information, I(a) & A. After
each agent’s time ¢ choice, z; = (l‘? Jbea € X becomes common knowledge and the economy moves
to time t + 1.

A strategy for an agent a is a sequence of measurable functions z* = (z{), where for each
t, x¢ : Xt x (©f (@)t — X. Agents’ strategies along with the probability law for types induce a
stochastic process over future configuration paths. Each agent a € A’s objective is to choose z¢

to maximize

E

T
Zﬁtilu (x?flvxgv{x?}beN(a)aeg) ‘ (x()’el)] (1)

t=1

given the strategies of other agents and given (zg, I,0;) € X x ©1(@),

3We study an economy populated by a countably infinite number of agents where A := Z, but our analysis

applies to economies with a finite number of agents.



We require that the social and informational structure satisfies the following symmetry re-
strictions{]

1. For all a,b € A, N(b) = R'"®N(a), where R~ is the canonical shift operator in the
direction b — CLE

2. For all a,b € A, I(b) = R*=%I(a).

We restrict our analysis to symmetric Markov perfect equilibria. Agents’ strategies are Marko-
vian if after any ¢ — 1-period history (z'~!, "), they depend only on the previous period con-
figuration z;_1 and the current type realizations 6;. Because of symmetry, it is thus enough to
analyze the optimization problem relative to a single reference agent, say agent 0 € A. Thus,
we assume that the optimal choice of any economic agent b € A is determined by a continuous
choice function ¢ : X x @1(0) x {1,...,T} — X such that for all t = 1,...,T and after any history
(x'~1,0") € X! x ©, his t-th period choice is given by

2} (9) (21,0") = gr_—1)(R" 11, R" Iy 6y)

The value of the optimization problem of agent a is then given bym

VI(R xg,R* Iy6;) = max E

g
(x%l)tT:1

T
By (xill, {2} (9) }oen(a): 921) ]
t=1

The value function associated with this dynamic choice problem can be shown to satisfy Bellman’s
Principle of Optimality by standard arguments (see e.g., Stokey and Lucas (1989) ). It can be

written in the following recursive form,

VI (RO 21, R* Iy ;) (2)
= max F|u (s {f(9) hoena) 0F) + BV, (R“ <:c {x’;<g>}b#) LRI em)]

for t = 1,...,T and for all (2'~1 %) € Xt x @tm We are now ready to define our equilibrium

concept.

MHeterogeneity can be incorporated into the probabilistic structure of the types 62. Also, we can allow for
heterogeneity of the network structure across agents by augmenting the strategy spaces to incorporate network
structure into individual heterogeneity. We explain how we do this in Section

5 That is, ¢ € N(a) if and only if ¢ + (b — a) € N(b). Of course, we let A be a linear space when we study
symmetric interactions, typically A := Z? the d-dimensional integer lattice.

16The preference shocks being serially uncorrelated, we do not need to condition on the value of past realizations.

See Section for a treatment of persistent shocks.
'"We have adopted the the convention that V) (z, o 6) := 0 for any (z,0) € X x ©.



Definition 1 A symmetric Markov Perfect Equilibrium (MPE) of a dynamic economy with social
interactions is a measurable map g* : X X 010 x {1,...,T} = X such that for all a € A, for all
t=1,...,T, and for all (z'~1,0") € X! x ©*

9;—@—1) (R*w—1, R" 1o 64) € (3)
a a by x a T—t a a by x a
arg%lg{( Elu (xtlawta{xt(g )}beN(a) 79t> + B Vg <R (‘Ttv{xt(g )}b;éa> R Iy 9t+1>]

Clearly, an MPE is necessarily a subgame perfect equilibrium; that is, each agent’s continuation
strategy is a best response to other agent’s continuation strategies after any possible history.
Notice also the time notation we use for the Markovian policy: g}_( t—1) denotes the first-period
equilibrium choice in a T'—(t—1)-periods economy. Since economies are nested, g}f( 1) represents
also the t-period equilibrium choice in a T-periods economy.

We conclude this section with a few remarks to justify our focus on MPEs. First of all,
Markovian strategies are not a restriction for finite-horizon economies: we prove that the unique
symmetric subgame perfect equilibrium for any finite-horizon economy is necessarily Markovian.
Moreover, in an infinite horizon economy (7" = oo), a symmetric MPE is not necessarily sta-
tionary. The sequence of unique MPEs for finite horizon economies converges however to a
g* : X x ®0) — X which turns out to be a stationary MPE of the infinite-horizon economy
whose properties we focus on. Finally, we refer to Bisin, Horst and Ozgiir (2006) for a discussion

of non-Markovian equilibria in a related context.

3 Dynamic Linear Economies with Social interactions and Con-

formity Preferences

We focus our attention on linear economies with conformity preferences. These are environments
in which each agent’s preferences incorporate the desire to conform to the choices of agents in his
reference groupF_g]

Preferences for conformity arguably provide a rationale for several important social phe-
nomena. The empirical literature has for instance documented preferences for conformity as a
motivation for smoking and other risky behaviour in teens. Similarly, the role of conformity is
also documented by Glaeser, Sacerdote, and Scheinkman (1996) with regards to criminal activity
and by a large literature with regards to peer effects in education outcomesFﬂ Conformity also

represents a natural environment in which to study dynamic equilibrium. In many relevant social

8While we model preferences for conformity directly as a preference externality, we intend this as a reduced
form of models of behavior in groups which induce indirect preferences for conformity, as e.g., Jones (1984), Cole,

Mailath and Postlewaite (1992), Bernheim (1994), Peski (2007).
19Gee the Introduction for the relevant references.



phenomena, in fact, the effects of preferences for conformity are amplified by the presence of lim-
its to the reversibility of dynamic choices. This is of course the case for smoking, alcohol abuse
and other risky teen behaviour, which are hard to reverse because they might lead to chemical
addictions. In other instances, while addiction per se is not at issue, nonetheless behavioural
choices are hardly freely reversible because of various social and economic constraints, as is the
case, for instance, of engaging in criminal activity. Finally, exogenous and predictable changes
in the composition of groups, as e.g., in the case of school peers at the end of a school cycle,
introduce important non-stationarities in the agents’ choice. These non-stationarities also call for
a formal analysis of dynamic social interactions.

With the objective of providing a clean and simple analysis of dynamic social interactions in a
conformity economy, we impose strong(er than required) but natural assumptionsm In particular
(i) we restrict the neighborhood correspondence to represent the minimal interaction structure
allowing for overlapping groups, (4i) we restrict preferences to be quadratic, and (#4) we impose

enough regularity conditions on the agents’ choice problem to render it convex. Formally,
Assumption 1 A linear conformity economy satisfies the following.

1. Let A := 7Z represent a general social space. Fach agent interacts with his immediate
neighbors, i.e., for alla € A, N(a) :={a—1,a+ 1}.

2. The contemporaneous preferences of an agent a € A are represented by the utility function

U,(l'g_h J}?, .T,'?_l, x?-i_la H?) = a1 (l’?_l - x?)Q - QQ(H? - x?)Q

—ag(af ™ —af)’ - as(af ™ — af)’ (4)

where ay, s, and ag, are positive constants.

3. Let X = © = [z,Z] C R, where z < T. Let v be absolutely continuous with a positive
densit E[0f] = [6¢dv =0 € (z,), and Var(]) = [ (6§ — é)Qdy < oo

Assumption [I}1 requires that the reference group of each agent a € A be composed of his im-
mediate neighbors in the social space, namely the agents a — 1 and a + 1. The utility function
u defined in Assumption [[}2 describes the trade-off that agent a € A faces between matching
his individual characteristics (z{_;,6f) and the utility he receives from conforming to the current
choices of his peers (z¢ ', 2¢71). The different values of «; represent different levels of intensity
of the social interaction motive relative to the own (or intrinsic) motive. Finally, Assumption 2

and [I}3 jointly guarantee that the agents’ choice problem is convex.

20Gee Section [7] for possible directions in which the structure and the results we obtain are easily generalized.

21'We will call a measure p ‘absolutely continuous’ if it is absolutely continuous with respect to the Lebesgue
measure A, i.e., if u(A) = 0 for every measurable set A for which A(4) = 0.

22We need absolute continuity only when we prove inefficiency. All other results are obtained without that

assumption.



3.1 Equilibrium

We provide here the basic theoretical results regarding our dynamic linear social interaction
economy with conformity. The reader only interested in the characterization can skip this section,
keeping in mind that equilibria exist (for finite economies they are unique) and they induce
an ergodic stochastic process over paths of action profiles. Furthermore, a stationary ergodic
distribution also exists for the economy. Finally, a recursive algorithm to compute equilibria is

derived. The proofs of all statements can be found in the Appendices.

Theorem 1 (Existence - Complete Information) Consider an economy with conformity pref-

erences and complete information.

1. If the time horizon is finite (T' < 00), then the economy admits a unique symmetric MPE
g X xO x{l,--- T} — X such that for allt € {1,..., T}, for all (x4_1,0;) € X x O

97— (t— 1)% 1, O) = ZCT (t1$t 1+Zd t1)9 ter—(— 1)9 P—a.s.
a€A a€A
where cf,d2,e; > 0, a € A, and e; + ) c\(ct +d?) = 1,0 < 7 < T. Moreover, the
equilibrium is also unique in the class of subgame perfect equilibria (SPE), meaning that

there does not exist any non-Markovian SPE for our economy.

2. If the time horizon is infinite (T = 00), then the economy admits a symmetric stationary
MPE g* : X x © — X such that

9" (xe—1, 61) :Zc“a;g_l—f—ZdGHf-i-eg P—a.s.
achA acA

where ¢*,d% e >0, fora € A, and e+, ., (c* +d*) = 1@

The theorems in this section can be extended with straightforward modifications to the case
of incomplete information. We state without proof, e.g., the existence theorem for economies

with incomplete information next.

Theorem 2 (Existence - Incomplete Information) Consider an economy with conformity

preferences and with incomplete information.

1. ForT < oo, the economy admits a unique symmetric MPE g* : X x ©1(0) x {1, T}~ X
such that for allt € {1,...,T},

9?,(1‘/,1)(%—17 IOGt ZCT (t—1) «73t 1+ Z dT (t—1) 9a+6T_(t_1)§ P—a.s.
acA acl(0

where 7, df, ez 20 and e; + 30, 7 + D pepydr =1, 0<7 < T.

79 Y1

23Geveral assumptions can be relaxed while guaranteeing existence. In particular, the symmetry of the neighbor-

hood structure can be substantially relaxed. See Section for the discussion.
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2. For T = oo, the economy admits a symmetric MPE ¢* : X x @) — X such that

g (241, Ip6) :anx?_1+ Z d* 0 + e P — a.s.
acA a€l(0)

where ¢, d% e > 0 and e + 3 c "+ 3 ,er0)d* = 1.

3.1.1 A Sketch of the Proof

The proof of the existence theorem requires some subtle arguments. While referring to the
Appendix for details, a few comments here in this respect will be useful. Consider the (infinite
dimensional) choice problem of each agent a € A. To be able to apply standard variational
arguments to this problem it is necessary to bound the marginal effect of any infinitesimal change
dz® on the agent’s value function. To this end, the Envelope theorem (as e.g., in Benveniste and
Scheinkman (1979)) is not enough, as dz® affects agent a’s value function directly and indirectly,
through its effects on all agents b € A\a’s choices, which in turn affect agent a’s value function.
The marginal effect of any infinitesimal change dxz® is then an infinite sum. Furthermore, each
term in the sum contains endogenous terms from some agent b € A\a’s policy function (and
there is an infinite number of them), which makes it impossible to adopt the methodology used
by Santos (1991) to prove the smoothness of the policy function in infinite dimensional recursive
choice problems. In our economy, with quadratic utility, policy functions are necessarily linear
and, provided we show that equilibria are interior, symmetric MPE’s can be represented by
a policy function which is obtained as a fixed point of a recursive map which can be directly
studied. Extending the existence proof to general preferences would require therefore sufficient
conditions on the structural parameters to control the curvature of the policy function of each
agent’s decision problem. We conjecture that this can be done although sufficient conditions do
not appear transparently from our proof. A more detailed sketch of the steps involved in the

existence proof follows.

Step 1 In the last period (1-period continuation) of any finite-horizon economy, first order condi-
tions (FOC’s) induce a contraction operator on the space of bounded measurable functions
having as arguments any t-length history. Hence, there exists a unique symmetric (possibly
history-dependent) equilibrium. We then show that the equilibrium policy must be Marko-

vian and should take the convex combination form in the statement of Theorem [1| (Lemma

1).

Step 2 For any finite horizon (7' < oo) economy, we assume that in the continuation from period 2
on agents choose according to the unique symmetric MPE, g : X x @ x {1,--- ,T—1} — X.
Linearity of the policy in the continuation keeps a generic agent’s dynamic program strictly

concave and FOC’s are necessary and sufficient for a pure strategy maximum. We show

11



that we can write FOC’s as functions only of first period choices and preference and the
mean preference shocks. By the same token as in Step 1, we focus on Markovian strategies.
FOC induces a contraction operator on the set of Markovian strategies into itself. Hence,
there exists a unique fixed point g7 : X x ® — X. We conclude that for the T-period
economy, the map (g7,¢9) : X x @ x {1,2,--- ,T} — X is the unique symmetric MPE in
pure strategies and has the convex combination form as in the statement of the theorem,

which completes the induction argument.

Step 3 The final step involves taking a limit. We construct a series of finite economies, approximat-
ing the oco-horizon economy, given an appropriate topology. We then show that, the finite
truncation equilibrium correspondence is upper-hemi-continuous (u.h.c.) with respect to
the parametrization. This is however not enough for stationarity. We prove that the behav-
ioral Markovian strategy set (the set ) is compact. This helps us prove that the sequence
of finite-horizon equilibrium policy functions converges uniformly to a policy function in G
(which is an equilibrium policy due to u.h.c of the equilibrium correspondence), hence the

same one every period, after any history. This gives us stationarity.

3.2 The parameters of the policy function

By exploiting the linearity of policy functions, our method of proof is constructive, producing a
direct and useful recursive computational characterization for the parameters of the symmetric
policy function at equilibrium. We repeatedly exploit this characterization in the next section
e.g., when performing comparative dynamics exercises. Consider the choice problem of agent 0.
For any T-period economy, agent (0’s dynamic program yields a FOC that takes the following
form (see Lemma

o) = A7 [aral+aa )+ Vpal +purd (5)
a#0

where Ar and fy%, and pup are the effects on agent zero’s discounted expected marginal utility of

changes in agents 0 and b’s first period actions and the change in the level of , respectively. Let

Lege :={(c,d,e):e>0,c">0,d*>0,Va and e+ Z(C“ +d*) =1}

be the space of nonnegative coefficient sequences whose sum is 1. The existence of an equilibrium
policy for the first period of a T-period economy is then equivalent to the existence of a coefficient

sequence (¢}, d}, er) which is the fixed point of a map Ly : Lege — L¢ g, induced by s.t.

12



(¢,d,é) = Lp(c,d,e) and for each a € A

¢t = A;l aq 1{a:0} + Zb750 '7:11)-' Caib)
d®* = A;l (%) 1{(1:0} + Zb#o ’Yr_l;w da—b) (6)
e = A;l wr +e Zb;éo 'y%)

by matching coefficients of the policy on both sides of . The parameters of the map Ly,
namely Ar, (fyé’p) a0 2 T depend only on the continuation equilibrium coefficients (cf, dZ, ei)z:ll
in a linear fashion (see , , and for their detailed expressions). For T' = 1, the
parameters of Ly are dictated directly by the underlying preferences, namely A = oy + as + 2asg,
M= 71_1 =a3,7? =0, for all b # —1,0,1, and p1 = 0. Thus, the map L; defined by the system

in @ becomes

Fo— Afl (a1 lra—oy + a3 4 as c““)
dv = Al_l (Ozgl{a:(]} +a3d* ! + a3 da+1) (7)
¢ = AT'(2a3¢)

which is a contraction mapping whose unique fixed point is computed as the unique root to a
second-order difference equation that satisfies transversality conditions toward both infinities.

Consequently, the equilibrium policy coefficients are computed as in the next Theorem.

Theorem 3 (Recursive algorithm) Consider a finite-horizon T-period economy with confor-

mity preferences (a; >0, 1 =1,2,3) and complete information.

(i) The map Ly for a one-period economy, defined in (@, forms a second-order difference
equation for the equilibrium coefficient sequence, whose unique non-explosive, exrponential
solution is the unique fized point of L1. We compute the coefficient sequence in closed-form.

For any a € A,
o = plal il 1=mn and 4 = 19 a2 1-n (8)
1 1 o1 + as 147 ! ! a1+ o 14+m
Ay A2
mn=—1»- P— —1
2043 2043

(i) The coefficients (cj;,dz,ef‘s‘)z:2 of the sequence of Markov equilibrium polices are computed

where

with A1 = a1 + ag + 2 a3.

recursively as the unique fized points of the recursive contraction maps Lg : Lege — Lege,
s=2,...,T, defined in (@), whose parameters A, ('yg)aio , s depend linearly only on the
continuation equilibrium policy coefficients (ct, d%, ei)i;ll, as defined in , @, and (@/

13



111 oreover, limy_, o (ch, di, er) = (c*,d*, e*) exists and it is the coefficient sequence of the
i) M li Ty A, e *d* et st d it is th jent th
stationary Markovian equilibrium policy function for the infinite-horizon economy whose

existence is proved in Theorem []

Fixed point calculations take less than a few seconds on an ordinary computer, for each period.
Finally, the sequence of fixed point maps that we compute at each iteration converges to a policy
sequence, which turns out to be the infinite-horizon stationary MPE. The convergence is very

rapid, under a few minutes.
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Coefficients (¢%) in the optimal policy
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0 1 2 3 4 5

Figure 1: Non-stationary Optimal Policy.

3.3 Ergodicity

With such characterization of the parameters of the policy function at hand, we are able to char-
acterize very tightly the spatial (cross-sectional) and intertemporal behavior of the equilibrium
process emerging from the class of dynamic models we study. Let my be an initial distribution on
the configuration space X. Given the initial distribution 7y, a stationary MPE of the economy
with conformity induces an equilibrium process (x; € X)°, (via the policy function ¢g*) and an
associated transition function (Q4+. This latter generates iteratively a sequence of distributions

(m¢)s=, on the configuration space X, i.e., for t =0,1,...

Mt (4) = mQy (4) = [ Qp a1, A) i (dors) (9)

We show first that, given the induced equilibrium process, the transition function @4« admits an

invariant distribution , i.e., T = m Qg+ and that the stationary equilibrium process starting from

14



™ is ergodid®Y

Ergodicity does not necessarily imply the convergence of the equilibrium process to a unique
distribution starting from an arbitrary initial distribution 7. Conditions are necessary to guar-
antee such convergence@ We next show that, for any initial distribution mg and a stationary
Markovian policy function g*, the equilibrium process (z; € X){2, converges in distribution to the
invariant distribution 7, independently of 710@ This also implies that « is the unique invariant

distribution of the equilibrium process (z; € X)§2,. More specifically,

Theorem 4 (Ergodicity) Suppose the process ((6)f2_.) wcp 08 @i.d. with respect to a and t
according to v. The equilibrium process (x; € X)), induced by a symmetric stationary Markov
perfect equilibrium of an economy with conformity via the policy function g*(xi—1, 0;) and the

unique invariant measure ™ as the initial distribution is ergodic; m is the joint distribution of

6_90 + i Doy e (10)

s=1bj€A bsc€A acA

where C = ., c* is the sum of coefficients in the stationary policy function that multiply cor-
responding agents’ last period choices. Moreover, the sequence (m);e, of distributions generated
by the equilibrium process (z+ € X)§2, converges to m in the topology of weak convergence for

probability measures, independently of any arbitrary initial distribution WQE

4 Characterization of equilibrium

Exploiting the linear structure of our economies we can study equilibria in some detail. Recall

that the policy function in each period t = 1,...,T, for each agent a € A, is

b b +b -
o = ZCT (t—1) 7+ ZdT (t—1) +er_@-1b, (11)
beA beA

with er__1) + EaeA(C%—(t—l) + d%—(t—l)) =1, when T is finite; and

24We call a Markov process () with state space X under a probability measure P ergodic if % ZtT:1 flxe) —
J fdP P-almost surely for every bounded measurable function f : X — R. See for example Blume (1982), Duffie et
al (1994) and Hansen (1982) for the use of ergodicity in dynamic economic theory and modern econometric theory.

#The well-known Déblin conditions to that effect can be found in Doob (1953). See also Futia (1982), Neveu
(1965), and Tweedie (1975) for similar characterizations.

26Note however that Theorem 1 does not guarantee that the policy function g* (zt—1, 0¢) is unique.

2T A sequence of probability measures ()\;) is said to converge weakly (or in the topology of weak convergence for

probability measures) to X if, for any bounded, measurable, continuous function f : X — R, limyoo [ fdAe = [ fdX
almost surely (see e.g. Kallenberg (2002), p.65).
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v =Y lafty+ > d ot + e, (12)
beA beA
with e + > 4 (c? 4+ d*) = 1, in the infinite-horizon case.

First of all, we study the parameters of the policy function. The coeflicients Cbe(tfl) and
d’r}_(t_l) (resp. ¢® and d in the case of infinite-horizon economies), in particular, may be viewed
as a measure for the total impact of the action x?flb and of the preference shock 6f+b of agent
a+b, respectively, on the optimal current choice of agent a; where b concisely represents the social
distance between the two agents@ Furthermore, we study a fundamental statistical property
of equilibrium, cross-sectional auto-correlation of actions. In fact, although any agent a € A
interacts directly only with a small subset of the population, at equilibrium, each agent’s optimal
choice is correlated with those of all the other agents. Let p, 7 denote the conditional correlation
between the first-period equilibrium actions of agents a-step away from each other, in the T-period

economy, given xgy € XH

0 .a
Cov (xl,azl

xo). (13)

Pa, T
Var <:):(1] ’ xo)

4.1 Policy Function

Consider first a finite-horizon economy. Since the policy function for this economy is well-defined,

the coefficients Cbe(tfl) and dei(til) satisfy
. a+b T a+b _
e T=-1) = I Fr—(e) = O

The impact of an agent a+b on agent a tends to zero as |b| — co. In this sense, linear conformity
economies display weak social interactions.
Furthermore, as we have shown in Section 3.2

lim er=c¢, lim dr=d, and lim epr =e
T—o00 T—o0 T—o0

2See Akerlof (1997) for richer definitions of social distance.
29The correlation between the first-period optimal choices of agents a and b, is

)

xo) Var (w?

Cov (x‘f, z8

e 20)

Due to the symmetry imposed on our economy, such correlations are independent of agents’ labels but depends

only on |b — a|. Consequently, we can define the conditional correlation function with distances computed relative

to any agent, in particular agent 0.
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The finite-horizon parameters converge (uniformly) to the infinite-horizon stationary policy pa-
rameters.

Finally, equilibrium policy functions are non-stationary in the finite economy, as rational
forward-looking agents change their behavior optimally through time. In the final periods, for

example, social interactions lose weight relative to individual characteristics; see Figure [L[*"]

4.2 Cross-sectional Auto-correlations

Exploiting the equilibrium characterization provided by Theorems (1| and |3, and the independence

of preference shocks across agents, we can compute the covariance terms:

Cov (x(l),x‘f ‘ xo) = Var(0) Z dpt dpt ™. (14)
a1 €A

The expression >, -, d* d7' ™ is the discrete self-convolution of the equilibrium policy sequence

a1€
dr = (daTl)a1 A where a acts as the shift parameterﬂ In Figure [2{ we show how the convolution
behaves with respect to the distance a, for the same set of parameters as in Figure[l] Substituting

the form in back in for both terms, we obtain

0.07—

d$/‘7:

0.06 —

0.05— \

0.04—

Coefficients (d%) in the optimal policy

Figure 2: Convolution of the Policy Coefficient Sequence.

30We plot in Figure [1] only one side of the policy coefficient sequence to get a close-up view of the change in
equilibrium behavior. The left hand side is the mirror image of that due to symmetry. Parameter values for this
figure are =1,% =10, and 8= .95

' g

31Gee for the derivation.
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b—a
pr = T (15
>pea dp dp
the a-step conditional cross-sectional autocorrelations for the first-period equilibrium choices of
the T-period economy. Exploiting the recursive algorithm provided by Theorem |3] we can com-
pute these autocorrelations easily for any finite economy. We can then study the behavior of the
conditional correlation function p, 7 through time (7") and across social space (a). These corre-
lations exhibit interesting dynamics: they are declining in a, for any 7', but the rate of decline
cannot be ranked in T, given a; see Figure [3| for an example with the same parametrization we

used above for the policy weights in Figure [1} In particular, given a T-period economy, consider

P

o
©

° ° o ° °
2 & 5 < &

Auto-correlation p, 1

o
w

0.2

0.1

4
Distance between agents, a

Figure 3: Cross-sectional Auto-correlations.

the T-period rate of convergence of the spatial autocorrelations, for a > dﬂ

It is easy to show analytically that 7,1 declines monotonically and becomes constant at the tail
in aﬁ On the other hand, r, 7 is typically non-monotonic in a, for longer horizons, including for
T = oo; see Figure [d

Finally, consider the T -period rate of tail convergence of the spatial autocorrelations,

. . Pa+1,T
rr = lim ro7r = lim | ——

a—00 a—00 p(IT
)

Similarly, let the same rate for the infinite-horizon economy (7' = o0) be represented by r.

32The rate is symmetrically defined with respect to agent 0, i.e., 74,7 = p“p’ilT’T, for any a < 0.

33Gee the proof of Proposition [1| for the argument.
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Figure 4: Rate of Convergence of the Auto-correlations.

Proposition 1 (Tail Convergence Monotonicity) |f| The rate T is monotone increasing

with respect to the length of the economy,
rr41 > rr, for finite T > 1.

Moreover, the sequence of tail convergence rate for finite-horizon economies converges to that of
the infinite-horizon economy as the horizon length gets larger and the limit rate is strictly less
than 1:

lim rp=r < 1.
T—o00

In other words, even though the autocorrelation functions might behave non-monotonically for
shorter social distances, they eventually converge (as social distance a — o0) to an exponential
rate in the tail. Moreover, rates of tail convergence are higher the farther is the final period
of the economy (as T — oo). This is because rational agents choose to correlate their actions
more with their neighbors in early periods and progressively less so as they approach the end
of their social interactions. Finally, as the infinite-horizon limit is approached, the rate of tail
convergence becomes stationary (as to be expected since finite-horizon equilibria approximate
the stationary infinite-horizon equilibrium). We use this intuition to the fullest extent when
discussing identification in Section [6}

In an infinite-horizon economy social interactions manifest themselves at the stationary er-
godic distribution by means of spatial autocorrelation of actions. Given xy € X, the conditional

covariance in period t of an infinite-horizon economy, between two agents a agents away from each

34The proof is in Appendix D.
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other is denoted by Cov (m?,:c,? ’ xo). Let Cov (:Uo,x“) be the a-step unconditional covariance
at the ergodic stationary distribution. Since the stationary MPE is ergodic, it is easy to see from
Lemma 2| (i) and Theorem (4| that as ¢ gets arbitrarily large, the conditional ¢-period covariance
between agents 0 and a converges to its unconditional counterpart at the limit distribution, i.e.,

Cov (330,3:“) = lim Cov (:Bg,x? ‘ mo)
t—o00

Moreover, the limit unconditional correlation p, between the actions of agents a and a + b is

independent of zg and it satisfies

Cov (xO,x“) . Cov (1‘?’1‘? ‘ 330)
—————~ = lim

Var (z0) =% Var (x? ‘ $0>

Py =

Finally, because of the stationarity of the policy function in , the limit covariance between

two agents a agents away from each other can be written as

)

_ Z Z CalcbICOU (wa1,$a+bl> + Var(9) Z doudcu*a7 (16)

a1 €A b1eA a1 €A

Cov (xo,x“) = lim Cov (x?,x?
t—00

and hence it has a simple recursive structure. In fact, since the sum of the stationary weights
multiplying covariances on the right hand side are strictly less than one, this system can be seen
as a contraction operator. Hence, for each one-step conditional autocorrelation sequence, there is
a unique stationary unconditional autocorrelation sequence that we can compute using the above
recursive system easily. We later exploit this recursive structure further in Section when we
compare equilibrium stationary distributions induced by myopic and rational agents.

In Figure we report the correlation functions in both the mild and strong conformity
parameterizations as a function of social distance, bﬁ Two effects are worth mentioning here.
Firstly, both correlation functions converge to zero as the distance between two agents become
arbitrarily large. Secondly, this convergence is much faster in the case of mild interactions than
in the case of strong interactions. For example, the correlation between the equilibrium choices
of agent a and agent a+3 (or a — 3 due to symmetry) is about 7% in the case of mild interactions
whereas it is about 75% in the case of strong interactions. The correlation between the equilibrium
choices of agent a and agent a + 6 are about 0% and 40% respectively. The strength of the desire
to conform built in individuals’ preferences determine endogenously, at equilibrium, the size of

the effective neighborhood with which an individual interacts.

35Gee Section for the parameter values for the mild and strong interaction cases.
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Figure 5: Correlation function at the ergodic distribution for Mild and Strong Interactions.

5 Equilibrium Properties and Comparative dynamics

In this section we first study the welfare properties of equilibrium and then we use the character-
ization of equilibria we obtained to produce several simulations illustrating various comparative

dynamics exercises of interest.

5.1 (In)efficiency

Social interactions are modelled in this paper as a preference externality, that is, by introducing
a dependence of agent a’s preferences on his/her peers’ actions. Not surprisingly, therefore, equi-
libria will not be efficient in general. In this section we also characterize the form the inefficiency
takes when social interactions are modelled as preferences for conformity.

A benevolent social planner, taking into account the preference externalities and at the same
time treating all agents symmetrically, would maximize the expected discounted utility of a generic
agent, say of agent a € A, by choosing a symmetric choice function h € CB(X x ©, X)), the space

of bounded, continuous, and X-valued measurable functions. In other words, h is the solution
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t ]

T

{feCBI?)%§®7X)}/ [Zﬁt_l<al (fr—(—2)(R* w—2, R* In 04—1) — fr——1)(R* x—1, R Io9t))

t=1
—ay (0 — fr——1)(R* w1, R* Iy 9t))2

a— a— a a 2
—as (frog—1)(R* " a1, R 1o 6)) — fr_q—1)(R* 241, R" 1o 0;))

—ag (fr——1) (R @1, R 1o 0y) — fr_—1)(R* w1, R* In 6y)) )] HIF’ (d0y) mo (dzo)
t=1

where 7 is an absolutely continuous distribution on the initial choice profiles with a positive
density. This problem can be written recursively. For any agent a € A, for all t =1,...,T, and

all (z7_1,07) € X x ©1 (), let the value of using the choice rule h in the continuation be defined
as
yhT=(t-1) (Ra xr_1, R® HT) = —Qq ((Et 1 —hp_ (t— 1)(R z¢_1, R Iy 9,5))
—ag (07 — hy——1y(R* m—1, R* I 9t))
—as3 (hT—(t—l)(Ra_l xi-1, R 1o 0;) — hr_—1y(R* 241, R Ip 9t))2
—Q3 (hT_(t_l)(Ra—H Tt—1, Ra+1 I() Gt) - hT_(t_l)(Ra Tt—1, R® Io Qt))2
+8 / yhT-t (R“ {ht(Rb zio1, RV I et)}beA,Ra I etﬂ) P (dfys1)

which leads us to the following definition

Definition 2 (Recursive Planning Problem) Let a T-period linear economy with social in-
teractions and conformity preferences be given. Let my be an absolutely continuous distribution
on the initial choice profiles with a positive density. A symmetric Markovian choice function

g: X x @) x {1, T} - X is said to be efficient if it is a solution, for all a € A, and for
allt=1,...,T, to

arg{feCB%?)x(@,X)}/ [_al (22 ) = hr—(—n) (R z1—1, R* Iy 0,))°

oy (0F — hyp_—1)(R® 41, R fo9t))
—ag (hp_—1)(R* 241, R~ 10975)_hTf(tfl)(Raﬂft—laRaloet))Q
—ag (hp——1)( R a1, R 1o 6y) —hr_—1)(R* w1, R" Iy Gt))2

VTt (R“ {h(Rb w1, R 1)) }beA R I, 9t+1) P (d6,) P (dfy51) 71 (do—1)

where m; is the distribution on t-th period choice profiles induced by my and the planner’s choice
rule h.

36With the convention that fT_(t_g)(R“ Zt—2, R* [ 0;—1) = z§ when t = 1.
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As noted, preferences for conformity introduce an externality in each agent a € A’s decision
problem, which depends directly on the actions of agents in neighbourhood N(a) and, indirectly,
on the actions of all agents in the economy. In equilibrium, agents do not internalize the impact

of their choices on other agents today and in the future. More precisely,

Theorem 5 (Inefficiency of equilibrium) A symmetric MPE of a conformity economy is in-
efficient.

Furthermore, an efficient policy function will tend to weight less heavily the agent’s own-effect
and more heavily other agents’ effects, relative to the equilibrium policy. This effect, hence the
inefficiency, are neatly exhibited by comparing the equations determining policy weights in the
planner and equilibrium scenarios. The (absolute value of the) weights the planner’s

equation associates on neighbors’ choices is twice as large as the weights associated to neighbors in
as
a1+oaz+2a3

)) As a consequence, the relative weights that the planner
assigns to neighbors’ choices are always higher than the ones that each agent uses in equilibriumm

the equilibrium equation ((

e Cegom

C
* - Cplanner

0.25—

0.15— / \
\

01— / \

Weight in the Policy Function

0.05~ e N

Figure 6: Inefficiency of equilibrium.

A graphic representation of the inefficiency is obtained in Figure [6] which presents the coef-
ficient plot for the equilibrium policy of a one-period economy (equivalently the final period of
any finite-horizon economy): cequm (blue dots), and for the planner’s solution, cplanner (red dots),

(5% o

respectively, for a given agent a € A, and for a given set of parameter values ((72 = a—i =1, and

3"Normalizing the relative coefficients to form a probability measure (see the argument in the proof of Lemma
(iv)), we have that the measure obtained from the planner’s policy is a mean-preserving spread of the measure

obtained at equilibrium.
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5.2 Comparative Dynamics: Peer Effects

The strength of the agents’ preferences for conformity depends on the size of the preference
parameter ag relatively to o and ais. A policy function is represented in Figure[7] which compares
a case with mild preferences for conformity (with parametrization g—; = 3—5 = )ﬁ with one with
strong preferences for conformity (with parametrization Z—; = 1, g—i = %) On the x-axis,
we plot agent a and his neighbors, while on the y-axis, we plot the weights (c”)pca that the
symmetric policy function g associates with the last period actions of agents (a + b)pca. While
each agent’s interaction neighborhood is only composed of two agents, in effect local interactions
involve indirectly larger groups. How large are the groups depends endogenously on the strength
of the agents’ preferences for conformity. Notice e.g., that in Figure [7] local interactions involve
effectively a group of about ten neighbors when preferences for conformity are mild and involve
a group of about thirty neighbors when preferences for conformity are strong. Furthermore,
for the same cases of mild and strong conformity, we compare in Figure [§ the case in which
neighborhoods are overlapping, N(a) = {a —1,a+ 1}, with the case of non-overlapping one-sided

neighborhoods, N(a) = {a+1}["] Two effects are present here. Firstly, as in Figure[7} an increase

38We call this parametrization the mild-interaction case in Section
39The discount rate is fixed at 8 = .95 in all the simulations unless mentioned otherwise.
4%Tn this case, the policy function is

ry = g(R*w—1,R"0;) = Zcb AR Zdb 05 4+ 9.

b>0 b>0
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Figure 8: One-sided vs. two-sided interactions.

in the strength of the interaction parameter spreads the interaction effects over a larger social
geography. Secondly, this spread is observed most significantly in the case of non-overlapping
neighborhoods due to the uni-directional nature of the interactions. In turn, spatial correlations
induce correlated actions of agents in endogenously formed groups.

At the ergodic stationary distribution, when the dependence of the agents’ actions in equilib-
rium are independent of the initial configuration of actions xg, such correlations in endogenously
formed groups is manifested in a phenomenon which we refer to as local norms of behavior (see
Figure @E In Figure |§|, we plot 100 neighboring agents on the x-axis and their optimal choices
drawn from the limit distribution at the same future date, on the y-axis. In the top panel, clearly
the optimal actions are more spread and do not follow a significant pattern. In the bottom panel
though, the optimal choices are more concentrated and follow a clear path. This is due to the
fact that, in equilibrium agents conform to the actions of neighboring agents, leading the way
to the creation of similar local behavior. In the bottom panel of Figure [9) we observe groups of
agents (e.g., in the neighborhood of agent 20) choosing relatively low actions, and other groups
(e.g., in the neighborhood of agent 70) choosing instead high actions. Two interesting aspects
of this phenomenon are firstly that every individual uses the same symmetric policy function to

make his choices and all heterogeneity is captured by random types and we still have high spatial

41See Appendix E for details about how we simulate the ergodic stationary distribution of actions of the economy.

25



correlation and high spatial variation. Secondly, the initial configuration of actions is irrelevant

since the limit distribution of individual actions in this economy is ergodic.
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Figure 9: Ergodic Limit of Mild (top) and Strong (bottom) Interactions for 100 adjacent agents.

5.2.1 Comparative Dynamics: Information

In Figure we compare the case in which agents have complete information with the case in

which they have incomplete information. In this last case, the policy function is
af = g(Rm—1, R*To0p) = > il + Z d* ot 1 ef.
beA bel(0)

In particular, we record the effect of an expansion of the information set R* Iy, (individuals
whose types are observed by agent a) on best responses. We start with an information structure

in which each agent observes his own type only. We then increase the number of types observed by
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each agent a (maintaining the symmetry of two-sided interactions) up to the complete information

limit. The red dots represent the optimal weights in the policy function of an of agent a as a

M M

Figure 10: Effect of Information on Interactions.

response to the informational structure. The lower left vertex represents (H)istory, the total
sum of weights assigned to last period’s choices. The lower right vertex represents (I)nformation,
the sum of weights on current types observed. Finally, the upper vertex represents average
information, (M)ean type, f. In part (a), we have mild preferences for conformity once again.
The dots are concentrated near the middle of the triangle (equal weights on history, information,
and mean type) and they do not move much as a response to changes in the amount of current
information. Part (d) is the counterpart with strong interactions. Hence the significant change
from almost no weight on current information to almost equal weights. Individuals use the
information in the best possible way by putting more weight on it in their policy functions. This
is due to the fact that forming expectations more precisely how the neighbors will behave becomes
more important for each agent, due to the increased strength of interactions. Part (c) is mild
interactions but strong own-type effect (g1 = x5 a2 = 20) and part (b) is strong interactions and
strong own-type effect (51 = %, o2 =1). We do not see much change in (b), although most of
the total weight is put on information. This is mainly due to the fact that any agent a cares so
much about his current type that, he neglects the other effects. In (c), although the own-effect is
still strong, due to the strength of interactions, each agent uses the average information to form
the best expectations regarding the behavior of the other agents. As the amount of information
increases, each agent forms better expectations by transferring the policy weight from average

information to precise information on close neighbors.
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6 Identification

We study here the identification of social interactions in the context of our linear dynamic economy
with conformity. Identification obtains when the restrictions imposed on actions at equilibrium
by preferences for conformity are distinct from those imposed by other relevant structural mod-
els@ Consider in particular an alternative structural model characterized by (cross-sectionally)
correlated preferences across agents. This specific alternative model is focal because correlated
preferences could be generally due to some sort of assortative matching or positive selection in so-
cial interaction, which induces agents with correlated preferences to interact socially. Suppose an
econometrician observes panel data of individual actions over time displaying spatial correlation
of individual actions at each time. Such correlation can generally be due to social interactions, as
our analysis has shown. Such correlation could also ensue, however, from the spatial correlation
of preference types, which we have excluded by assumption in our analysis to this point. But
is there any structure in the spatial correlation which is implied by preference for conformity
and not by correlated preferences? An affirmative answer to this question implies that the social
interaction model is identified with respect to the correlated preferences model.

The structural analysis of identification in linear economies with social interactions starts
with Manski (1993)@ Manski restricts his analysis to static linear models, or, more specifically,
linear economies in which the social interactions operate through the mean action in a pre-
specified group, (linear in means models). In this context, identification is problematic due to
the colinearity problem introduced by the mean action, the so-called reflection problem, and due
to the possible correlation of unobservables. In the context of linear in means models, a recent
literature has studied identification under the condition that the population of agents could be
partitioned into a sequence of finitely-populated non-overlapping groups; see e.g., Graham and
Hahn (2005) "]

The economies we study in this paper are related to those studied by Manski (1993) and others

in that we maintain linearity, an assumption which renders identification harder (see Blume et

“2The question of identification in economics has been clearly defined by Koopmans (1949) and Koopmans and
Reiersgl (1950). The issue of identification goes back to Pigou (1910), Schultz (1938), Frisch (1928, 1933, 1934, and
1938), and Frisch et al (1931). By identification we mean identification in population (Sometimes identification
in population is called identifiability; see e.g., Chiappori and Ekeland, 2009). See also Marschak (1942), Haavelmo
(1944), Koopmans, Rubin, and Leipnik (1950), Wald (1950), Hurwicz (1950). More recent surveys on the topic
exist of course; see Rothenberg (1971), Hausman and Taylor (1983), Hsiao (1983), Matzkin (2007), and Dufour

and Hsiao (2008).

“3Blume et al. (2011), Blume and Durlauf (2005), Brock and Durlauf (2007), Graham (2011), and Manski (1993,
2000, 2007) survey the main questions pertaining to identification in this social context.

44 Also: Davezies, D’Haultfoeuille and Fougere (2009) extends these results exploiting variation over the size of
the populations; Graham (2008) uses excess variance across groups; Bramoullé et al (2009) uses reference group
heterogeneity for identification. Other recent contributions include Glaeser and Scheinkman (2001), Graham and
Hahn (2005); De Paula (2009), Evans, Oates and Schwab (1992), Ioannides and Zabel (2008), and Zanella (2007).
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al. (2011)). On the other hand we introduce several fundamental distinguishing features: in
particular, we allow for more general forms of social interactions across agents and for dynamic
economies. More precisely, in the class of economies we study, the equilibrium action of agent a

in an infinite horizon economy satisfies

vf = By + Pabf + > Bapai™h;
b£0

while in a linear in means economy the corresponding equation isﬁ

= pO% + Z b
beN (a)

By studying populations composed of an infinite number of overlapping neighborhoods our
analysis sheds some light on the nature of identification results which exploit an infinite number
of non-overlapping groups, as in Graham and Hahn (2005) and in the literature discussed in
footnote [44, The overlapping structure of our neighborhoods, in fact, breaks the independence
which is required when non-overlapping groups are considered@ Furthermore, by studying dy-
namic models we are able to exploit the theoretical implications deriving from the optimality
of the dynamic choices of agents on time series autocorrelations of actions, over and above the
implications regarding the cross-sectional (spatial) correlations. In a related context, de Paula
(2009) and Brock and Durlauf (2010) also exploit the properties of dynamic equilibrium, the
discontinuity in adoption curves in their continuous time model, to identify social interactions@

We turn to our main identification results. The first series of results regards the identification
of the dynamic structure - that is, distinguishing the properties of dynamic social interaction
economies from those of myopic (hence static) economies. The second series of results regards
instead the identification of social interactions, that is, distinguishing preference for conformity

from correlated preferences.

6.1 Dynamic Rationality vs. Myopia

In this section we compare equilibrium configurations of dynamic economies with rational agents
with those of economies with myopic agents. When agents are myopic, even economies with a

dynamic structure, e.g., when agents’ actions at time ¢ depend on their previous actions, are

45Note that, to ease the comparison we adopt here the best-reply representation of equilibrium actions; see
equation .

46We maintain however the assumption of symmetric neighborhoods, an assumption which, as is the case for
linearity, renders identification harder: see Bramoullé, Djebbari and Fortin (2009) for a study of the identification
power of observable asymmetric neighborhoods.

47See also Cabral (1990) for an early discussion of these issues and Young (2009); see Blume, Brock, Durlauf,

Ioannides (2011) for an up to date survey.
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effectively static. These economies have been extensively studied in the theoretical and empir-
ical literature on social interactions, following the mathematical physics literature in statistical
mechanics on interacting particle systems. Suppose that myopic agents, when called to make a
choice, act as if they expect never to be called to act again@ Given initial history x;—; and

realization 6;, each myopic agent a € A chooses ¢ € X to maximize

u(af_y,af, o et 60f) == —an(afly —af)? — aa(6f — 2f)? — az(eyT! —af)? — as(af T —af)?
There exists then a unique symmetric policy function for any agent a, g*™ (m for myopic) such
that
gV (141, O ) = Z cb’mx?jf + Z db’mﬂf%
beA beA

where we make explicit the dependence of the policy function on the preference parameters
a = (ag, g, ag)@ The coefficients of the policy function g*™ are equal to the ones of the unique
MPE policy function of a one-period (7' = 1) social interactions economy: ™ = cb, d>™ = b,
for b € A. In this sense, myopic models are nested within the class of dynamic models we study.

In the following we ask whether the spatial correlations generated by the long-run stationary
distribution of an infinite-horizon model can be distinguished from those obtained as the limit
distribution of a myopic model. Let g*(z;—1, 0¢; @) denote agent a’s policy function from the
dynamic social interaction model, where we make once again explicit the dependence of the policy
function on ar. We say that (x?)?gf is a stochastic process induced by the dynamic economy with

parameters « if it satisfies
xf = g*(x4—1, 07; ), for any a € A and any ¢t > 1

We instead say that (x?)ggﬁ is a stochastic process induced by the myopic economy with param-
eters « if it satisfies
o = g™

48See e.g., Blume and Durlauf (2001), Brock and Durlauf (2001b); and Glaeser and Scheinkman (2003) for a

comprehensive survey. Liggett (1985) is the standard reference for the mathematical literature.
“9Tn some of the literature, myopic agents are modelled not only as assuming that all agents in the economy only

xi—1,0; ), for any a € A and any ¢ > 1

interact once, but also that their neighbors are not changing their previous period actions. In this case an agent a
solves
a a\2 a a\2 a—1 a\2 a+1 a\2
max —aa(zig — )" —a2(0f — )" —as(zisy —xf)” —as(aily — )"
20
t

and his policy function is

@i = praios + Ba0) + fow i + Bazis.
It can be shown, see Glaeser and Scheinkman (2003), that the ergodic stationary distribution of actions in this

economy coincides with that of myopic agents as defined in the text. As a consequence, our identification results

extend to this economy as well.
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We are now ready to introduce our definition of identification of social interactions.

Definition 3 Let (x?)?g% denote a stochastic process induced by the dynamic economy with pa-
rameters a. We say that the dynamic economy with parameters « is identified with respect to
myopic economies if there does not exist an &, such that the process (:c?)fffx is also induced by a

myopic economy with parameter &.

The characterization of the spatial correlation of actions at equilibrium for different time-
horizons T', which we provided in Section gives us a straightforward answer to the identifi-
cation question. Recall in fact that the coefficients of the policy function ¢g®™ are equal to the
ones of the unique MPE policy function of a one-period (T' = 1) social interactions economy.
Recall also that the covariances between agents’s choices obtained from data generated by a typi-
cal model of infinite-horizon stationary social interactions are fundamentally different from those
generated by a myopic model. In particular, we have shown in Section that, for a typical

choice of a,
Pa+1,T
Ta T =

Pa, T
is non-monotonic in a, for longer horizon economies; and so is r,, the ratio of the limit economy
with T' = 00); while r, ; declines monotonically in a, for any «a; see Figure 4l Moreover, the limit
unconditional covariances inherit the (non)-monotonicity features of their one-step conditional
counterparts. Finally, by continuity, the non-monotonicity property necessarily holds for an open

set of the parameter space, and is hence robust. Summarizing, then, we have the following.

Proposition 2 (Rationality vs. Myopia) A dynamic economy with parameter « is identified

with respect to myopic economies, for a robust subset a.

As an illustration we present in Figure rq as a function of a, at the stationary distribution,
for different levels of strength of interaction proxied by the ratio (%) Clearly, for a large set of
parameters, non-monotonicity obtains at the stationary distribution. The limit auto-correlation
function for the myopic model, on the contrary, inherits the behavior of its one-step transition
counterpart: it converges at a monotonically decreasing rate.

Consider an econometrician fitting a static (myopic) model through data generated by the
dynamic equilibrium of an economy with parameter . From Proposition (1} 1 («) < r(a) for any
possible a. As a consequence, the parameter & estimated by the econometrician imposing the

static (myopic) structure on the data, will satisfy

ri(@) = rla) > r(a) (17)

1
o2

50More precisely, we set (O‘ ) =1, (%) € {0.1,0.2,0.5,0.75,0.9} and 8 = .95.

31



——09 —075 ——05 02 —— 0.1
081
071
061
o
+H s
N
N——
S
=04
<
o~
03F
0.2F
011
0 i i i i i \
0 10 20 30 40 50 60

Distance between agents, a

Figure 11: The ratio r, as a function of a for different values of (ZA%”') at the stationary distri-

bution.

From 1} however, r1 is monotonically decreasing in ($> As a consequence,

2a3

dg Qa3
= s ||\ ]
<Ck1+042+2043> <a1+a2+2a3>

and the econometrician overestimates the social interaction effects.

6.2 Social Interactions vs. Selection

In our dynamic economies, spatial correlation of individual actions at each time is induced by
social interactions and preference for conformity. But spatial correlation of actions could be
induced in principle also by spatial correlation of preference types, with no social interaction.
Take two agents, e.g., agent a and agent b. A positive correlation between z¢ and x? could be
due to a positive correlation between 6¢ and 9?. In this last case, preferences for conformity
and social interactions would play no role in the correlation of actions at equilibrium. Rather,
such correlation would be due to the fact that agents have correlated preferences. As we already
noted, correlated preferences could be generally due to some sort of assortative matching or
positive selection in social interaction, which induces agents with correlated preferences to interact
socially.

In our economy, at a symmetric Markov perfect equilibrium, each agent a € A acts according

to the policy function g%, (t—1) (x¢—1, 0%; ), where we make once again explicit the dependence of
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the policy function on the preference parameters o = (o, a2, a3). If T = oo, the policy function
is stationary ¢g%(x¢—1, ;). Recall that the parameter a3 represents the weight of conformity
in each agent’s preferences. It follows that ag = 0 corresponds to an economy with no social

interactions. We say that (x¢)2S% is a stochastic process induced by o and (62)%S% if it satisfies

af =971 (@i-1, 0f;a), forany a € A and any T' > ¢ > 1

We are now ready to construct our definition of identification of social interactions.

Definition 4 Let (2¢)%S} denote a stochastic process induced by  and (03)9S, where (63)S8

is i.i.d. across agents and serially uncorrelated, that is, where Cov(0¢,0?) = Cov(6¢, ?q) =0
foranya#b € A and any t > 0. We say that « is identified if there does not exist an &, with
a3 = 0, such that the process (x?)?f‘fx is also induced by & and some stochastic process {é,‘}}gf{% .

We say that social interactions are identified if some «, with ag > 0, is identified.

The conditions for identification of social interactions can be weakened by restricting the

stochastic process {é,?}?f‘fx We say that « is (resp. social interactions are) identified relatively to

a set of preference shocks if {é?}fg? in Definition {| is required to belong to a set of preference
shocks which satisfies some specific restriction.

Finally, the conditions for idenfication of social interactions can be strengthened by limiting
the observable properties of the process (z¢)SP.

We first consider the case of an infinite horizon economy: policy functions are stationary
and an ergodic distribution exists. In this context, we study first the possibility of obtaining
identification by observing the properties of the stationary distribution of actions rather than

the whole panel (x?)ffﬁ We then pass on to identification tout court, that is exploiting the

whole dynamic restrictions imposed by the model on (mg‘)?g‘ﬁ, not just the restrictions on the
stationary distribution. We shall see that results are negative_ in both cases, that is, identification
is not obtained in general. Secondarily, we study identification relatively to a series of relevant
restrictions on the stochastic process for preference shocks {é,‘} ?5‘1& These restrictions are meant
to capture natural properties of the selection mechanism which induces agents to display spatially

correlated preferences.

6.2.1 Infinite horizon (stationary) economies

Consider first the stationary distribution of actions as identified by its implied spatial correlation

function pp.

Proposition 3 Social interactions are not identified by the properties of the spatial correlation

function py of the stationary distribution of actions in infinite horizon economies.
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The proof is simple and instructive and hence it is reported following in the text.
Proof: We have shown in Section that the stationary distribution of our dynamic economy
with social interactions, that is, ez > 0, and i.i.d. preference shock process {6¢ ?EIA, is given by

the ergodic measure 7 in , i.e. 7 is the joint distribution of

L Z c(a) (d (o)’ ot

s=1 b achA

Consider now an alternative specification of our economy with no interactions between agents
(g = 0) and no habits (& = 0) but simply a preference shock process {éﬁ}?gﬁ and own type

effects with &g > 0. For this economy, equilibrium choice of agent a at time ¢ is given by

a __
zy = 0y

As long as the process {ég}gfﬁ is the one where

é? = ZZ Z Oz)b“Fl <d <a>bs ezzilbl_;_+bg>

s=1 b

the probability distributions that the two specifications (with and without interactions)) gener-

ate on the observables of interest, {xf ff{&, are identical. Hence, one cannot identify from the

stationary distribution of choices which specification generates the data. |

More generally, we investigate if the dynamic equilibrium restrictions of our model are suffi-

cient to identify social interactions.
Proposition 4 Social interactions are not identified in infinite horizon economies.

This proof is also simple and instructive and hence it is reported following in the text.

Proof: In the case of complete information, the policy function is:

—+b b b
2 => (@af+> " d ()it e
beA beA

As we saw in Lemma [2] one can obtain by iteration the reduced formP]|

Z . Z c(a)? - c(a) x8+b1+~~+bt
b1 by
+ZZ Z e(a) Zd 9“+Zl+1)+b§+e(a)§

Slbl

51n Lemma the iteration stops once it reaches period 1. But, since a stationary MPE exists by Theorem we
iterate here once more on the form in Lemma using the stationary policy function and write equilibrium choices

as a function of initial conditions zg.
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Consider now the alternative specification with no interactions between agents (&3 = 0) and no

habits (&1 = 0), a preference shock process {éf}?f‘l& and own type effects with & > 0. For this

economy, equilibrium choice of agent a at time t is given by

a __
zy =0}

Defining the new preference shock process {07 }95% as

é? L= Z ce Z c (a)bl ...c (Ck)bt x8+b1+~~-+bt

by by
t
3D e (a) (d (@) g e () 6)
s=1 b bs

would imply that for an arbitrary initial distribution 7 for xg, the joint probability distributions

that the two specifications (with and without interactions)) generate on the process {x¢ ?ff, are

identical. Moreover, if one allows for infinite histories, one can define the preference shock process

{67 }tazef as before
0= 16—(%)(2) ! ; bZ . ; (e (@) e (@) (@ @) o255+ )

and obtain observational equivalence once again. Hence, we conclude that identification is not

possible. |
An intuition about this result can be obtained by loosely reducing the identification of social
interactions in infinite horizon economies to the well known problem of distinguishing a VAR
from an MA(oo) process. Stacking in a vector x; (resp. ;) the actions zf over the index a € A
(resp. the preference shocks 6¢), policy functions can be loosely written as a VAR:
Xt = (I)thl + 6)5, with 5t = 1—‘9,5 + 69

where F (6;6;—-) = 0 for all 7 > 0. Under standard stationarity assumptions, the VAR has an

MA (00) representation
x; = (Ig — (I)L)_15t = 04+ W11+ Vb 2+ ...

for a sequence Wy,Vs.... such that (I4 — ®L) (IA + UL + UyL2 + ) = I 4. The argument in the

proof of Proposition 4 therefore amounts to picking

Xy = ét =0 +W10i_1 + Vody_o + ....
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6.2.2 Finite-horizon (non-stationary) economies

Consider now the case of a finite horizon economy. In this case the unique policy function and the
distribution of actions are non-stationary, as we have shown, and hence identification might obtain
in those environments where correlated effects satisfy a stationary law through time. Consider
then a restriction to the class of admissible preference shock processes {ég ?Ze{& which satisfy the

following conditional covariance stationarity restriction:

Definition 5 (Conditional Covariance Stationarity) A process {HA? ?E‘f s said to be con-

ditional covariance stationary if Cov <é§,éf‘é1, ,ét_l) = Z(a,b,0,—p,...,0i_1) € R, for
abehA t=n+1,...,T

by, - ,9}_1) —

Z(a,b, ét_n, . ,ét_l) € R depends on the position of agents a and b and on their finite memory

This condition defines a large class of stochastic processes for which Cov (Af N

(at most n) of realizations of the process. It is a relatively weak and natural condition in that
it allows for the intertemporal dependence to be a function of the position of the agents; what it
excludes is events in the distant past from having a significant effect on the joint determination
of agents’ types today@

Conditional covariance stationarity of preference shocks is in fact sufficient for identification

of social interactions.

Proposition 5 Social interactions are identified relatively to processes satisfying the conditional

covariance stationarity restriction with n <T — 2.

While the spatial autocorrelations between agents’ choices are the same across periods in the
absence of interaction effects, they vary in presence of social interactions@ This non-stationarity

feature of the equilibrium process is at the heart of the proof, whose details follow.

52The original definition is due to Mandelbrot (1967) who provides the conditional spectral analysis of sporadically

varying random functions in the mathematical theory of information transmission with noise. In his environment,

he requires E [ét étJrn 1<t<t+n< T] to be independent of t. Ours is a slightly weaker condition since it uses
fixed finite memory. For more recent usage of conditional covariance restrictions see the Times Series literature
studying persistence of conditional variances (ARCH, GARCH), especially Bollerslev (1986), Bollerslev and Engle
(1993), Engle (1982), Engle and Bollerslev (1986). For a survey of these models see Bauwens et al. (2006) and
Bollerslev et al. (1992, 1994). For analogous conditions of weak (unconditional) stationarity used in the times

series literature see Hamilton (1994), p. 45-46 and chapter 10.
53 All existing social interaction models we can think of have stochastic structures that are special cases of this

class. More specifically, they typically assume either time-independent or finite memory Markov structures to
model exogenous effects; see e.g., Brock and Durlauf (2001b), Conley and Topa (2003, 2007), de Paula (2009),

Glaeser and Scheinkman (2001), Nakajima (2007), Topa (2001), and Young (2009).
54More specifically, they can be ordered with respect to their spatial rate of tail convergence; see Proposition
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Proof: Consider a finite-horizon, T-period economy with 7" > 2. We assume that n <7 — 2. In

the absence of interactions (&3 = 0), agent a’s final period optimal choice iﬁ
ah = ey (@) ah ) +di (&) 0% (18)

Thanks to the linearity of the policy functions across periods with (&3 = 0), any path of shock
realizations (91, .. ,éT_l), given xg, generates a path of configurations (zg, z1,...,2z7r_1). Thus,
conditioning on all imaginable choice paths spans all imaginable preference shock paths, given
that the observables are generated by the above-mentioned policy functions. This observation
is useful because the a-step covariance between equilibrium choices of agent 0 and a in case of

interactions is given by

Cov <x%, xp ‘ $T—1) = Cov <x%, 7 ) T, X1, - - .,a;T_1> . V(xo,x1,...,27-1)
= Cov [ Y dyrop, > dpost
bi1eA bocA
= Var(0) Y _ ddp (19)
b1eA

which means that the covariance term is independent of the conditioned upon path. The im-
plication of this is that in order the specification with no interactions to be observationally

indistinguishable from the interactions case, the a-step conditional covariances, computed using

(18)

Cov (x%, T ‘ a:T_l) = di(&)*Cov (é% 0% 0,01, . .. ,éT_1>
= (@)% Z2(0,a,07_p,....00_1), Y(x0,01,...,070_1)
= d1(a)?Z(0,a) € R, Y(Op_p,...,00 1) (20)

should be independent of previous realizations and vary only with respect to the positions of the
agents in the network and not with respect to previous realizations. The function Z is implicitly
defined to capture that fact and so that the expression in matches the one in . This
is not an assumption but an equilibrium restriction and we are bound to choose the covariance
structure accordingly.

Once again, in order the two model to be observationally indistinguishable, the a-step con-

ditional covariances, for all ¢ € A, under interactions and in the absence of interactions should

55 In the absence of interactions, problems and become individual maximization problems. Elementary
dynamic programming techniques, as in Stokey and Lucas (1989), yield the policy functions we use here.

37



match, in period T'— 1. Similar calculations in period T"— 1 yield

Cov (xT 1, TPy ’LUT_Q) = Cov (xT 1y TP_q ’wo,ml,...,xT_g> , V(zo,z1,...,27_9)
_ b1 jb1—a
= Var(9) E dyt ds
b1 €A

= dy(&)? Cov (é%fl,é%fl‘xo,él,...,éT,Q), Y (20,01, ..., 0p_s)
= do(@)? Z(0,0,07 1 p,....0r2) ER, V(Or_1p,...,00 2)
= dy(a)? Z2(0,a), Y(Or_in,...,00_2) (21)

where the first two equalities are as in ; third is the restriction imposed by observable in-
distinguishability; fourth by conditional covariance stationarity; finally fifth is by conditional
covariance stationarity across periods using . Putting the equilibrium restrictions in periods
T — 1 and T together, using and , we can write

a+1
Cov (CCT 1 xT 1 ‘a:T,g) <d2 &

Cov (xT 10 TH_q ’l‘T_Q)

Cov (xp, o7 ‘:cT_l)

Cov (xOT, 0 ’ xT_l)

Since the choice of a is arbitrary, we can look at the same expression as a becomes progressively

larger. So, as a — 0o, the expression should give

. Cov (xT 19 a:T'Hl ’mT,g) . Cov (xT, x%ﬂ ‘ xT,1>
lim = r9 = ry = lim

a0 Cov <93(:]r_1 TG ‘LUT_Q) a0 Clow (x%, x5 ‘ xT_l)

(22)

which is a contradiction to Proposition [} Therefore, there does not exist a conditional covariance
stationary preference shock process {Gt }t a€A that generates an equilibrium choice process {x“}fgf
under the no interactions specification (&3 = 0) that is observationally equivalent to the process

generated by the local interactions (ag # 0) process. This concludes the proof. |

7 Extensions

The class of social interaction economies we studied in this paper has been restricted along several
dimensions to better provide a stark theoretical analysis. Some of these restrictions, however, turn

out to be important in applications and empirical work. In this section, therefore, we illustrate
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how our analysis can be extended to study more general neighborhood network structures for
social interactions, more general stochastic processes for preference shocks, the addition of global
interactions, that is, interactions at the population level, and the effects of stock variables which

carry habit effects.

7.1 General Neighborhood Network Structures

Throughout the paper, we studied symmetric neighborhood structures. This is generalized easily.
Consider an arbitrary neighborhood network structure (not necessarily translation invariant),
N : A — 2% Suppose also that a generic agent a’s preferences are represented by the utility

function u® defined as

u® (m?—h l‘?, {xg}bEN(a)a 9?) = Qg (x?—l - x?)Q — Qg2 (9? - $?)2 - Z Qab (1,1; - ‘73?)2
beN(a)

Notice that we allow for the preferences of any two agents a and b to be arbitrarily different
in their parametrization, provided either a,1 > 0 or g2 > 0 and ZbeN(a) 0qp < 00 so that
peer effects are bounded. Under this specification, best-responses are well defined, interior, and
well-behaved. An MPE exists and the policy function of an arbitrary agent a € A at equilibrium

has the following form

a a,b a,b a )
97— (t-1) (we-1,04) = Z Cr—(t-1) ng + Z de(tfl) 9? Ter—(i-1) 0
beA beA

where, as before, all coefficients are non-negative and ), (c? by dy ’b> +e? = 1. For uniqueness
of equilibrium, it is sufficient that the relative composition of the peer effects within the deter-
minants of individual choice be uniformly bounded, i.e., that there exists a positive constant K
such that for each individual a € A

ZbEN(a) Qa,b

< K.
Qa1+ Qa2 + D pen(a) Yabd

Under this conditionﬂ best responses induce a contraction operator and we obtain a unique
equilibrium for any finite-horizon economy.

Ergodicity (relative to a given MPE) and welfare results extend straightforwardly, as do
identification results. Notably, our positive identification result for non-stationary economies,
Proposition 5, also extends: since preference parameters of any agent a are stationary, in a finite-
horizon economy, correlations of equilibrium actions between agents vary only due to interactions

for preference processes that satisfy a Conditional Covariance Stationarity restriction.

56 A related condition is referred to, in the literature, as the Moderate Social Influence condition; see e.g. Glaeser
and Scheinkman (2003) and Horst and Scheinkman (2006).
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7.2 General Stochastic Processes for Preference Shocks

The agents in our model make their decisions based on past behavior and current shocks. Our
analysis however extends straightforwardly to economies where shocks are persistent across time
as long as the economy is one of complete informationm We give here, as an illustration, an
example of Markov dependence, where at any given period the probability of next period shocks
depends on current realizations.

Consider any T-period economy with T < co. Recall from Section [2] that preference shocks
0, := (0¢)4ea are defined on the canonical probability space (@, F,P), where © := {(0%)4ea :
0% € ©}. Let Q : ©® x F — Ry be a transition function such that

(i) for any period ¢t and any 6 € ©, Q(0, A) = Pr{6;11 € A|6, =0}, for all A € F.
(i) for each A € F, Q(-, A) is F-measurable.

Any agent a € A solves the problem in with persistent shocks where the expectation operator
acts on the distribution induced by @ and other agents’ strategies. We can write the problem

recursively. The policy function of an arbitrary agent a € A at equilibrium, in this economy, is

b b b
g%—(t—l) (zt-1,0) = Z CT—(t—1) wy Y+ Z di}t(t_l) 0y +er_(t—1) (01, a)
beA beA
for some positive coefficients (C%—(t—l))bEA? (de—(t—l))b€A7 and some constant ep_«_1) (6, a) that
depends only on the current type profile and on the agent’s name, a.
Once again, existence, ergodicity (relative to a given MPE), and welfare results extend

straightforwardly, as well as our identification results.

7.3 Global Interactions

Introducing global determinants of individual behavior into our framework is also relatively
straightforward@ In particular, consider an economy in which the preferences of each agent
a € A depend also on the average action of the agents in the economy. Let the average action
given a choice profile z be defined as

n

. 1 .
p(a) = lim ey > a,

a=—n

5"The mathematical issues arising in dynamic models with incomplete information are both well-known and
outside the scope of the present paper. See Mailath and Samuelson (2006) for an extensive survey.

58With respect to the analysis of MPE with local and global interactions in finite economies (as e.g., in Blume
and Durlauf, 2001, and in Glaeser and Scheinkman, 2003), a few technical subtleties arise in our economy due to
the infinite number of agents. The techniques we use are extensions of the ones we used in a previous paper, Bisin,
Horst, and Ozgi’lr (2006). We refer the reader to this paper for details. Some of the needed mathematical analysis
is developed in Follmer and Horst (2001) and Horst and Scheinkman (2006).
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when the limit exists. Let Xe denote the set of all configurations such that the associated average

action exists:
n

. 1
Xe:=qzeX:3p(x) ::nh—>rgo2n+1 Z x®

a=—n

The preferences of the agent a € A in period t are described by the instantaneous utility function

u: Xe X © = R of the conformity class
u <.’E?_1, l’?, {x?}bEN(a)v 9,?,p($t)> =
—ag,1 (Tf_ — 37?)2 — a2 (0 — 95?)2 — a3 (p(@) — x?)Q - Z Qa b (3«"? - 53?)2
beN (a)
Given = € Xg, the initial configuration of actions, a symmetric stationary MPE of a dynamic
economy with local and global interactionsisamap g: X x©® x X — X and amap F': X — X
such that:

g(xt—laehpt) = arg ma‘XE|: <$g 17‘rta{ (bet 17R etapt)} 791[‘,)7pt>
z9eX beN(0)

+ BV <xt7{g (bet—lva‘gt;pt)}b7£079t+17pt+1> ’($t—1;9t):|

and
pev1=F (pt),
and
p1 =p(x) and p;=p(xy) almost surelyﬂ
At a symmetric MPE, any agent rationally anticipates that all others play according to the
policy function g and also anticipates the sequence of average actions {p(z¢)},.y to be determined
recursively via the map F'.

For this economy, we can show that the endogenous sequence of average actions {p(z) Hen
exists almost surely if the initial configuration x belongs to Xe, and that it follows a deterministic
recursive relationm As a consequence, our main results extend and the policy function of an
arbitrary agent a € A at equilibrium is

9 (w10 =Y epa{ ™V + Y dy 07 + e+ B*(p(a0))
beA beA
for some positive coefficients (c?)pes, (d°)pea, €, and some constant B*(p(zg)) that depends only

on the initial average action, p(zo).

59 As before, symmetry allows us to define a symmetric MPE with respect to agent 0. For an arbitrary agent
a € A, then, his policy function is g% (x¢—1,0¢,p¢) = g (R* Tt—1, R® 04, p¢), for all (z¢—1,0:,pt) € X x O x X.

0 inearity is crucial for these results. Only in this case, in fact, can the dynamics of average actions {p(x:)}ten
be described recursively. In models with more general local interactions, the average action typically is not a
sufficient statistic for the aggregate behavior of the configuration z; hence a recursive relation typically fails to
hold. In such more general cases, the analysis must be pursued in terms of empirical fields. Interested reader
should consult Féllmer and Horst (2001).
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7.4 Social Accumulation of Habits

In this section, we generalize the class of the economies we have studied to encompass a richer
structure of dynamic dependence of agents’ actions at equilibrium. Consider an economy where

preferences of agent a € A are represented by a utility function

u (SF28 el hen 0F) = —on (57— 2~ cr (O — )~ Y ey (af — x)?
beN(a)

where S§ represents an accumulated stock variable,
i1 =(1-0)5 +af

For instance, S§ captures what the addiction literature calls a “reinforcement effect” on agent

a’s substance consumption. In this economy the policy function at equilibrium is

,b b ,b b ]
IP—(em1) (56,00 = D 5l ) St D Ay ) 0+ ef )0
beA beA
Note that in equilibrium each agent’s choice depends on the stock of his neighbors’ actions,
that is, on their long-term behavioral patterns rather than just their previous period actions.

Also, as the final period approaches, agent a assigns uniformly higher weights to his own stock.

8 Conclusion

Social interactions provide a rationale for several important phenomena at the intersection of
economics and sociology. The theoretical and empirical study of economies with social interac-
tions, however, has been hindered by several obstacles. Theoretically, the analysis of equilibria in
these economies induces generally intractable mathematical problems: equilibria are represented
formally by a fixed point in configuration of actions, typically an infinite dimensional object; and
embedding equilibria in a full dynamic economy adds a second infinite dimensional element to
the analysis. Computationally, these economies are also generally plagued by a curse of dimen-
sionality associated to their large state space. Finally, in applications and empirical work, social
interactions are typically identified, even with population data, only under heroic assumptions.
In this paper we have attempted to show how some of these obstacles to the study of economies
with social interactions can be overcome. Admittedly, we have restricted our analysis to linear
economies, but in this context we have been able i) to obtain several desirable theoretical prop-
erties, like existence, uniqueness, ergodicity; ii) to develop simple recursive methods to rapidly
compute equilibria; and iii) to characterize several general properties of dynamic equilibria. Fur-
thermore, while linearity in principle renders the identification problem in static economies with
social interaction almost insurmountable, we have been able to exploit the properties of dynamic

equilibria in non-stationary economies to produce a positive identification result.

42



In conclusion, we believe that the class of dynamic linear economies with social interactions

we have studied in this paper can be fruitfully and easily employed in applied and empirical work.

9 Bibliography

Aizer, A. and Currie, J. (2004), “Networks or Neighborhood? Correlations in the Use of Publicly-
Funded Maternity Care in California,” Journal of Public Economics, 88, 2573-2585.

Akerlof, G. (1997), ‘Social Distance and Social Decisions,” Econometrica, 65, 1005-1027.

Akerlof, G. A., Katz, M. L., and Yellen, J. L. (1996), “An Analysis of Out-of-Wedlock Childbear-
ing in the United States,” Quarterly Journal of Economics, 111, 277-317.

Ali; M. M. and Dwyer, D. S. (2009), “Estimating Peer Effects in Adolescent Smoking Behavior:
A Longitudinal Analysis,” Journal of Adolescent Health, 45, 402-408.

Aliprantis, D., and Border, K. C. (2006), Infinite Dimensional Analysis, third edition. Springer-
Verlag, Berlin.

Altonji, J. G., Elder, T. E., and Taber, C. R. (2005), “Selection on Observed and Unobserved
Variables: Assessing the Efectiveness of Catholic Schools,” Journal of Political Economy, 113(1),
151-183.

Ammermueller, A. and Pischke J.S.; (2009), “Peer Effects in European Primary Schools: Evi-
dence from PIRLS,” Journal of Labor Economics, 27, 3, 315-348.

Axtell, R., S. Durlauf, J.M. Epstein, R. Hammond, B. Klemens, J. Parker, Z. Song, T. Valente,
and H.P. Young (2006): ”Social Influences and Smoking Behavior: Final Report to the American
Legacy Foundation,” mimeo, Center on Social and Economic Dynamics, The Brookings Institu-

tion.

Bauman, K. and Ennett, S. (1996), “On the Importance of Peer Influence for Adolescent Drug
Use: Commonly Neglected Considerations,” Addiction, 91(2):185-198.

Bauwens, L., Laurent, S., and Rombouts, J. V. K. (2006), “Multivariate GARCH models: A
Survey,” Journal of Applied Econometrics, 21, 1, 79-109.

43



Bayer, P., Ross, S. and Topa, G. (2008), “Place of Work and Place of Residence: Informal Hiring
Networks and Labor Market Outcomes,” Journal of Political Economy, Vol. 116 (6), 1150-1196.

Bearman, P. S., Moody, J., and Stovel, K. (2004), “Chains of Affection: The Structure of Ado-

lescent Romantic and Sexual Networks,” American Journal of Sociology, 110(1), 44-91.

Becker, G.S., Grossman, M., and Murphy, K. M., (1994), “An Empirical Analysis of Cigarette
Addiction,” American Economic Review, 84, 3, 396-418.

Becker, G. S. and Murphy, K. M. (1988), “A Theory of Rational Addiction,” Journal of Political
FEconomy, 96, 4, 675-700.

Bénabou, R. (1993), “Workings of a City: Location, Education and Production,” Quarterly Jour-
nal of Economics, 108, 619-52.

Bénabou, R. (1996), “Equity and Efficiency in Human Capital Investment: The Local Connec-
tion,” Review of Economic Studies, 62, 237-264.

Benhabib, J., Bisin, A., and Jackson, M. O. (eds.) (2011), Handbook of Social Economics, Vol.
1A, The Netherlands: North-Holland, 339-416.

Benveniste, L. M. and Scheinkman, J. A., (1979), “On the Differentiability of the Value Function

in Dynamic Models of Economics,” Econometrica, 47, 727-32.

Berge, C. (1963), Topological Spaces. New York, Macmillan.

Bernheim, B. D. (1994), ‘A Theory of Conformity,” Journal of Political Economy, 102, 841-877.
Bifulco, R., Fletcher, J. and S. Ross (2009), “The Effect of Classmate Characteristics on Indi-
vidual Outcomes: Evidence from the Add Health”, forthcoming in American Economic Journal:

FEconomic Policy.

Binder, M. and Pesaran, M. H. (2001), “Life-Cycle Consumption under Social Interactions,”

Journal of Economic Dynamics and Control, 25, 35-83.

Bisin, A., Horst, U. and Ozgiir, O. (2006), “Rational Expectations Equilibria of Economies with
Local Interactions,” Journal of Economic Theory, 127, 74-116.

44



Bisin, A., A. Moro, and G. Topa, (2010), ”The Empirical Content of Models with Multiple Equi-

libria in Economies with Social Interactions,” mimeo, New York University.
Bjorn, P.A. and Q.H. Vuong (1985): ” Simultaneous Equation Models for Dummy Endogenous
Variables: A Game Theoretic Formulation with an Application to Labor Force Participation,”

Caltech, Working Paper 537.

Blume, L. (1982), “New Techniques for the Study of Stochastic Equilibrium Processes,” Journal
of Mathematical Economics, 9, 61-70.

Blume, L. (2003), “Stigma and Social Control,” mimeo Cornell University.

Blume, L., Brock, W., Durlauf, S., and Ioannides, Y. (2011), “Identification of Social Interac-
tions,” in Benhabib, J., Bisin, A., and Jackson, M. O. (eds.): Handbook of Social Economics, Vol.
1B, The Netherlands: North-Holland, 855-966.

Blume, L. and S. Durlauf, (2001), “The Interactions-Based Approach to Socioeconomic Behav-
ior,” in S. Durlauf and P. Young (Eds.), Social Dynamics, Brookings Institution Press and MIT

Press, Cambridge, MA.

Blume, L. and Durlauf, S. (2005), “Identifying Social Interactions: A Review,” in Methods in

Social Epidemiology, J. M. Oakes and J. Kaufman, eds., San Francisco: Jossey-Bass.

Bollerslev, T. (1986), “Generalized Autoregressive Conditional Heteroskedasticity,” Journal of
FEconometrics, 31, 307-327.

Bollerslev T, Chou, R. Y., and Kroner, K. F. (1992), “ARCH modelling in finance: a review of

the theory and empirical evidence,” Journal of Econometrics, 52, 5-59.

Bollerslev, T. and Engle, R. F. (1993), “Common Persistence in Conditional Variances,” Econo-
metrica, 61, 1, 167-186.

Bollerslev, T, Engle, R. F., Nelson, D. B. (1994), “ARCH models,” In Handbook of Econometrics,
Engle, R. F. and McFadden, D. (eds)., North Holland Press: Amsterdam.

Boozer, M. and Cacciola, S. (2001), “Inside the Black Box of Project Star: Estimation of Peer

45



Effects Using Experimental Data,” Yale University Economic Growth Center Discussion Paper
no. 832.

Borjas, G. (1995), “Ethnicity, neighbourhoods, and human capital externalities,” American Eco-
nomic Review, 85, 365-390.

Boyer, M. (1978), “A Habit Forming Optimal Growth Model,” International Economic Review,
19, 3, 585-609.

Boyer, M. (1983), “Rational Demand and Expenditures Patterns under Habit Formation,” Jour-
nal of Economic Theory, 31, 1, 27-53.

Bramoullé, Y., Djebbari, H., and Fortin, B. (2009), “Identification of Peer Effects through Social
Networks,” Journal of Econometrics, 150, 41-55.

Broadhead, R.S., et al. (1998): “Harnessing peer networks as an instrument for AIDS prevention:

Results from a peer-driven intervention,” Public Health Reports, 113(Suppl. 1): 42-57.

Brock, W. and Durlauf, S. (2001a), “Discrete Choice with Social Interactions”, The Review of
FEconomic Studies, 68, 235-260.

Brock, W. and Durlauf, S. (2001b), “Interactions-Based Models,” in J. Heckman and E. Leamer
(Eds.), Handbook of Econometrics, Vol. V, North-Holland, Amsterdam.

Brock, W. and Durlauf, S. (2007), “Identification of Binary Choice Models with Social Interac-

tions,” Journal of Econometrics, 140, 1, 52-75.

Brock, W. and Durlauf, S. (2010), “Adoption Curves and Social Interactions,” Journal of the

European Economic Association, 8, 1, 232-251.
Burke, M. and Heiland, F. (2007), “Social Dynamics of Obesity”, Economic Inquiry 45, 3, 571-591.

Cabral, L. (1990): “On the Adoption of Innovations with ‘Network’” Externalities,” Mathematical
Social Sciences, 19, 299-308.

Calvo-Armengol, T. and Jackson, M. (2004), “The Effects of Social Networks on Employment

and Inequality,” American Economic Review, 94, 426-454.

46



Calvo-Armengol, T., E. Patacchini and Y. Zenou (2009), “Peer Effects and Social Networks in
Education”, Review of Economic Studies, 76, 4, 1239-1267.

Carrell, S. E., Fullerton, R. L., and West, J. E. (2009), “Does Your Cohort Matter? Measuring
Peer Effects in College Achievement,” Journal of Labor Economics, 27 (3), 439-464.

Case, A., and L. Katz (1991), “The Company You Keep: The Effect of Family and Neighborhood
on Disadvantaged Families,” NBER Working Paper 3705.

Chaloupka, F. J. and Warner, K. E. (2000), “The economics of smoking,” in: A. J. Culyer and
J. P. Newhouse (ed.), Handbook of Health Economics, vol. 1, chapter 29, 1539-1627, Elsevier.

Chiappori,P. A. and Ekeland, I. (2009), “The Micro Economics of Efficient Group Behavior:
Identification,” Econometrica, 77, 763-99.

Christakis, N.A. and J.H. Fowler (2007), “The Spread of Obesity in a Large Social Network over
32 Years”, New England Journal of Medicine, 357, 370-379.

Cipollone, P. and Rosolia, A. (2007), “Social Interactions in High School: Lessons from an Earth-
quake,” American Economic Review, 97(3), 948-965.

Clark, A. E. and Lohéac, Y. (2007), “It wasn’t me, it was them!” Social Influence in Risky
Behavior by Adolescents,” Journal of Health Economics, 26, 763-784.

Cole, H. L., Mailath, G. J. and Postlewaite, A. (1992), “Social Norms, Savings Behaviour, and
Growth,” Journal of Political Economy, 100, 1092-1125.

Conley, T. and Topa, G. (2002), “Socio-economic Distance and Spatial Patterns in Unemploy-
ment,” Journal of Applied Econometrics, 17, 4, 303-327.

Conley, T. and Topa, G. (2003), “Identification of Local Interaction Models with Imperfect Lo-
cation Data,” Journal of Applied Econometrics, 18, 5, 605-618.

Conley, T. and Topa, G. (2007), “Estimating Dynamic Local Interactions Models,” Journal of
Econometrics, Vol. 140 (1), 282-303.

47



Conti, G., Galeotti, A., Mueller, G. and S. Pudney (2009), “Popularity”, ISER Working Paper
2009-03.

Cook, P. and Moore, M. (2000), “Alcohol,” In: Culyer, A.J., Newhouse, J.P. (Eds.), Handbook of
Health Economics, vol. 1b, Elsevier Science, Netherlands, 1629-1673.

Crane, J. (1991), “The Epidemic Theory of Ghettoes and Neighborhood Effects of Dropping Out
and Teenage Childbearing,” American Journal of Sociology, 96, 1226-1259.

Currarini, S., M.O. Jackson, and P. Pin (2009), ” An Economic Model of Friendship: Homophily,
Minorities, and Segregation,” Econometrica, 77(4), 1003-45.

Cutler, D. M. and Glaeser, E. L. (2007), “Social Interactions and Smoking,” mimeo Harvard
University and NBER working paper No. 13477.

Davezies, L., d’Haultfoeuille, X., and Fougere, D., (2009), “Identification of Peer Effects Using
Group Size Variation,” The Econometrics Journal, 12, 3, 397-413.

DeCicca, P., Kenkel, D. S., and Mathios, A. D. (2008), “Cigarette Taxes and the Transition from
Youth to Adult Smoking: Smoking Initiation, Cessation, and participation,” Journal of Health
Economics, 27, 4, 904-917.

De Giorgi, G., Pellizzari, M., and Redaelli, S. (2009), “Be as Careful of the Company You Keep
as of the Books You Read: Peer Effects in Education and on the Labor Market,”, NBER Working
Paper No. 14948.

De Paula, A. (2009), “Inference in a Synchronization Game with Social Interactions,” Journal of
FEconometrics, 148, 5671.

Doob, J. L. (1953), Stochastic Processes, New York: Wiley.

Duffie, D., Geanakoplos, J., Mas-Colell, A., and McLennan, A. (1994), “Stationary Markov Equi-
libria,” Econometrica, 62, 745-781.

Dufour, J-M. and Hsiao, C. (2008), “Identification,” The New Palgrave Dictionary of Economics,
Second Edition, Eds. Steven N. Durlauf and Lawrence E. Blume.

48



Durlauf, S. (1996), “Neighborhood Feedbacks, Endogenous Stratification, and Income Inequal-
ity,” in Barnett, W., G. Gandolfo, and C. Hillinger (Eds.), Dynamic Disequilibrium Modelling:
Proceedings of the Ninth International Symposium on Economic Theory and Econometrics, Cam-

bridge University Press, New York.

Durlauf, S. N. (2004), “Neighborhood Effects,” in Handbook of Urban and Regional Economics,
vol. 4, ed. J. V. Henderson and J. F. Thisse. Amsterdam: North Holland.

Elster, J. (1999), Addiction: Entries and Exits, edited by Jon Elster, New York: Russell Sage

Foundation.

Elster, J. and Skog, O. (1999), Getting Hooked: Rationality and the Addictions, edited by Jon
Elster and Ole-Jgrgen Skog, Cambridge: Cambridge University Press.

Engle, R. F. (1982), “Autoregressive Conditional Heteroskedasticity with Estimates of the Vari-
ance of UK Inflation,” Econometrica, 50, 987-1008.

Engle, R. F. and Bollerslev, T. (1986), “Modelling the Persistence of Conditional Variances,”
FEconometric Reviews, 5, 1-50; 81-87.

Evans, W., W. Oates, and R. Schwab (1992), “Measuring Peer Group Effects: A Study of Teenage
Behavior,” Journal of Political Economy, 100, 51, 966-991.

Fletcher, J. M. (2009), “Social Interactions and Smoking: Evidence Using Multiple Student Co-

horts, Instrumental Variables, and School Fixed Effects,” forthcoming in Health Economics.

Follmer, H. and U. Horst (2001), “Convergence of Locally and Globally Interacting Markov
Chains,” Stochastic Processes and Their Applications, 96, 99-121.

Frisch, R. (1928), “Correlation and scatter in statistical variables,” Nordic Stat. Jour., Vol. 1, 36.

Frisch, R. (1933), “Pitfalls in the statistical construction of demand and supply curves,” Veréffentlichungen

der Frankfurter Ges. fiir Konjunkturforschung, Neue Folge, Heft 5, Leipzig.

Frisch, R. (1934), Statistical Confluence Analysis by Means of Complete Regression Systems,
Publ. No. 5, Universitetets @konomiske Institutt, Oslo.

49



Frisch, R. (1938), Statistical Versus Theoretical Relations in Economic Macrodynamics, mimeographed

document for League of Nations conference.

Frisch, R. and Mudgett, B. D. (1931) “Statistical Correlation and the Theory of Cluster Types,”

Journal of the American Statistical Association, Vol. 26, 375.

Futia, C. A. (1982), “Invariant Distributions and the Limiting Behavior of Markovian Economic
Models,” Econometrica, 50, 377-408.

Gaviria, A., and Raphael, S. (2001), “School-based Peer Effects and Juvenile Behavior, ” Review
of Economics and Statistics, 83(2), 257-268.

Gilleskie. D. and Strumpf, K. (2005), “The Behavioral Dynamics of Youth Smoking,” Journal of
Human Resources, 40(4), 822-866.

Gilleskie, D. B. and Zhang, Y. S. (2010), “Friendship Formation and Smoking Initiation Among
Teens,” mimeo UNC and UMichigan.

Glaeser, E., B. Sacerdote, and J. Scheinkman (2003), “The Social Multiplier,” Journal of the

European Economic Association , 1, 345-353.

Glaeser, E., B. Sacerdote, and J. Scheinkman (1996), “Crime and Social Interactions,” Quarterly
Journal of Economics, CXI, 507-548.

Glaeser, E. and J. Scheinkman (2003), “Non-Market Interactions,” in Advances in Economics
and Econometrics: Theory and Applications, Fight World Congress, Vol. I, (M. Dewatripont,

L.P. Hansen, and S. Turnovsky, eds.), Cambridge University Press, 339-369.

Glaeser, E. and J. Scheinkman (2001), “Measuring Social Interactions,” in S. Durlauf and P.

Young (Eds.), Social Dynamics, Brookings Institution Press and MIT Press, Cambridge, MA.

Goering, J. and Feins, J. (1997), “The Moving to Opportunity Social Experiment: Early Stages

of Implementation and Research Plans,” Poverty Research News, 1, 4-6.

Goldin, C. and Katz, L. F. (2002), “The Power of the Pill: Oral Contraceptives and Women’s
Career and Marriage Decisions,” Journal of Political Economy, 110, 4, 730-770.

50



Graham, B. S., and Hahn, J. (2005), “Identification and Estimation of the Linear-in-Means Model

of Social Interactions,” FEconomics Letters , 88,1,1-6.

Graham, B. S. (2008), “Identifying Social Interactions through Excess Variance Contrasts,”
Econometrica, 76, 643-660.

Graham, B. (2011), “Econometric Methods for the Analysis of Assignment Problems in the Pres-
ence of Complimentarity and Social Spillovers,” in In Jess Benhabib, Matthew O. Jackson and

Alberto Bisin editors: Handbook of Social Economics, Vol. 1B, The Netherlands: North-Holland.

Granovetter, M. (1973), “The Strength of Weak Ties,” American Journal of Sociology, 78(6),
1360-1380.

Granovetter, M. (1995), Getting a Job: A Study in Contacts and Careers, University of Chicago

Press.

Grodner, A. Kniesner, T. J. (2007), “Social Interactions in Labor Supply,” Journal of the Euro-
pean Economic Association, 4:6, 1226-1248

Gruber, J. and Koszegi, B. (2001), “Is addiction “rational”? Theory and evidence,” Quarterly
Journal of Economics, 116, 4, 1261-1303.

Gul, F. and Pesendorfer, W. (2007), “Harmful Addiction,” Review of Economic Studies, T4, 147-
172.

Haavelmo, T. (1944), “The Probability Approach in Econometrics,” Econometrica, Vol. 12, July.
Hamilton, J. D. (1994), Time Series Analysis, Princeton University Press, Princeton, NJ.

Hansen, L. (1982), “Large sample Properties of Generalized Methods of Moment Estimators,”
FEconometrica, 50, 1029-1056.

Hausman, J. A. and Taylor, W. E. (1983), “Identification in Linear Simultaneous Equations Mod-
els with Covariance Restrictions: An Instrumental Variables Interpretation,” FEconometrica, 51
(5), 1527-1549.

Hansen, L. and Sargent, T. (2004), Recursive Models of Dynamic Linear Economies, University

51



of Chicago, mimeo.

Hoff, K. and Sen, A. (2005), “Homeownership, Community Interactions, and Seggregation,”
American Economic Review, 95, 1167-1189.

Horst, U. and Scheinkman, J. (2006), “Equilibria in Systems of Social Interactions,” Journal of
FEconomic Theory, 130, 44-77.

Hoxby, C. M. (2000a), “The Effects Of Class Size On Student Achievement: New Evidence From
Population Variation,” The Quarterly Journal of Economics, 115, 4, 1239-1285.

Hoxby, C. M. (2000b), “Peer Effects in the Classroom: Learning from Gender and Race Varia-
tion,” NBER Working Paper 7867.

Hsiao, C. (1983), “Identification,” In Handbook of Econometrics, vol. 1, ed. Z. Griliches and
M.D. Intriligator. Amsterdam: North-Holland.

Hurwicz, L. (1950), “Generalization of the Concept of Identification,” Statistical Inference in Dy-

namic Economic Models, Cowles Commission Monograph 10, New York: John Wiley and Sons.
lannaccone, L. R. (1986), “Addiction and Satiation,” Economics Letters, 21, 1, 95-99.

Ichino, A. and Falk, A. (2006), “Clean Evidence on Peer Pressure,” Journal of Labor Economics,
24, 39-57.

Ioannides, Y. and L. Datcher Loury (2004), ”Job Information Networks, Neighborhood Effects,
and Inequality,” Journal of Economic Literature, 42, 1056-93.

Ioannides, Y. and Topa, G. (2009), “Neighborhood Effects: Accomplishments and Looking Be-

yond Them,”, forthcoming in Journal of Regional Science.

Ioannides, Y., and J. Zabel (2008), “Interactions, Neighborhood Selection, and Housing Demand,”
Journal of Urban Economics, 63, 229-252.

Ioannides, Y. and Zanella, G. (2009), “Neighborhood Effects and Neighborhood Choice,” mimeo.

Jones, S. R. G. (1984), The Economics of Conformism, Oxford: Basil Blackwell.

52



Kallenberg, O. (2002), Foundations of Modern Probability, second edition. Springer-Verlag,

Berlin.

Kandel, D. B. (1978), “Homophily, Selection, and Socialization in Adolescent Friendships,” Amer-
ican Journal of Sociology, 84, 427-436.

Katz, L., Kling, A. and Liebman, J. (2001), “Moving to Opportunity in Boston: Early Results
of a Randomized Mobility Experiment,” Quarterly Journal of Economics, CXVI, 607-654.

Kling, J., Ludwig, J. and Katz, L. (2005), “Neighborhood Effects on Crime for Female and Male
Youth: Evidence from a Randomized Housing Voucher Experiment,” Quarterly Journal of Eco-
nomics, 120(1), 87-130.

Kobus, K. (2003), “Peers and adolescent smoking,” Addiction, 98, Supplement 1, 37-55.

Koopmans, T. C. (1949), “Identification Problems in Economic Model Construction,” Economet-
rica, 17, 125-144.

Koopmans, T. C., Rubin, H., and Leipnik, R. B. (1950), “Measuring the Equation Systems of
Dynamic Economics,” Statistical Inference in Dynamic Economic Models, Cowles Commission

Monograph 10, New York: John Wiley and Sons.

Koopmans, T. C. and Reiersgl, O. (1950), “The Identification of Structural Characteristics,” An-
nals of Mathematical Statistics, 21, 165-181.

Krauth, B. V. (2005), “Peer effects and selection effects on smoking among Canadian youth,”
Canadian Journal of Economics, 38, 735-757.

Krauth, B. V. (2006), “Simulation-based estimation of peer effects,” Journal of Econometrics,
133, 243-271.

Kremer, M. and Levy, D. (2008), “Peer Effects and Alcohol Use among College Students,” The
Journal of Economic Perspectives, 22,3, 189-206.

Krosnick, J. and C. Judd (1982), “Transitions in Social Influence in Adolescence: Who Induces
Cigarette Smoking,” Developmental Psychology, 81, 359-68.

93



Leider, S., Mobius, M. M., Rosenblat, T., and Do, Q-A. (2007), “How Much is A Friend Worth?

Directed Altruism and Enforced Reciprocity in Social Networks,” Boston Fed working paper.

Lewitt, E., Coate, D. and Grossman, M. (1981), “The Effects of Government Regulation on
Teenage Smoking,” The Journal of Law and Economics, 24, 545-569.

Liggett, T.M. (1985) Interacting Particle Systems, Springer Verlag, Berlin.

Ludwig, J., Hirschfeld, P. and Duncan, G. (2001), “ Urban Poverty and Juvenile Crime: Evidence
from a Randomized Housing-Mobility Experiment,” Quarterly Journal of Economics, CXVI (2):
665-679.

Lundborg, P. (2006), “Having the wrong friends? Peer effects in adolescent substance use,” Jour-
nal of Health Economics, 25, 214-233.

Mailath, G. J. and Samuelson, L. (2006), Repeated Games and Reputations: Long-run Relation-
ships, Oxford University Press, New York.

Mandelbrot, B. (1967), “Some Noises with 1/f Spectrum, a Bridge between Direct Current and
White Noise,” IEEE Transactions on Information Theory, vol. IT-13, 2, 289-298.

Manski, C. (1993), “Identification of Endogenous Social Effects: The Reflection Problem,” Re-
view of Economic Studies, 60, 531-42.

Manski, C. (2000), “Economic Analysis of Social Interactions,” Journal of Economic Perspectives,
14, 115-136.

Manski, C. (2007), Identification for Prediction and Decision , Harvard University Press, Cam-
bridge, MA.

Marschak, J. (1942), “Economic Interdependence and Statistical Analysis,” Studies in Mathe-

matical Economics and Econometrics, University of Chicago Press, 135-150.

Matzkin, R. (2007), “Nonparametric Identification,” In Handbook of Econometrics, vol. 6, ed. J.
Heckman and E. Leamer. Amsterdam: North-Holland.

54



Mihaly, K., (2007) “Too Popular for School? Friendship Formation and Academic Achievement”,

unpublished manuscript, Duke University.

Mobius, M. (2000), “The Formation of Ghettos as a Local Interaction Phenomenon,” mimeo,

Harvard University.

Moffitt, R. A. (2001), ‘Policy Interventions, Low-Level equilibria, and Social Interactions,” in
S. Durlauf and P. Young (Eds.), Social Dynamics, Brookings Institution Press and MIT Press,
Cambridge, MA.

Moody, J., (2001), “Race, School Integration, and Friendship Segregation in America”, American
Journal of Sociology, 107, 3, 679-716.

Moro, A. (2003), “The Effect of Statistical Discrimination on Black-White Inequality: Estimating
a Model with Multiple Equilibria”, International Economic Review, 44, 2, 467-500.

Nakajima, R. (2007), “Measuring Peer Effects on Youth Smoking Behavior”, Review of Economic
Studies, T4, 897-935.

Neveu, J. (1965), Mathematical Foundations of the Calculus of Probability, Translated by Amiel

Fenstein, San Francisco: Holden-Day.

Norton, E.C., R.C. Lindrooth, and S.T. Ennett (1998): ” Controlling for the Endogeneity of Peer
Substance Use on Adolescent Alcohol and Tobacco Use,” Health Economics, 7(5), 439-53.

Peski, M. (2007), “Complementarities, Group Formation, and Preferences for Similarity,” mimeo.

Pigou, A. C. (1910), “A Method of Determining the Numerical Values of Elasticities of Demand,”
Economic Journal, Vol. 20, 636-640.

Powell, L.M., J.A. Tauras, and H. Ross (2003): ”Peer Effects, Tobacco Control Policies, and

Youth Smoking Behavior,” University of Illinois at Chicago, mimeo.

Rosenbaum, J. (1995), “Changing the geography of Opportunity by Expanding Residential Choice:
Lessons from the Gautreaux Program,” Housing Policy Debate, 6, 231-269.

Rothenberg, T. J. (1971), “Identification in Parametric Models,” Econometrica, 39 (3), 577-591.

95



Rozen, K. (2010), “Foundations of Intrinsic Habit Formation,” Econometrica, 78 (4), 13411373.

Sacerdote, B. (2001), “Peer Effects with Random Assignments: Results from Dartmouth Room-
mates,” Quarterly Journal of Economics, 116, 681-704.

Santos, M. S. (1991), “Smoothness of the Policy Function in Discrete Time Economic Models,”
FEconometrica, 59, 1365-82.

Schelling, T. (1971), “Dynamic Models of Segregation,” Journal of Mathematical Sociology, 1,
143-186.

Schelling, T (1972), “A Process of Residential Segregation: Neighborhood Tipping,” in Racial

Discrimination in Economic Life, ed. by A. Pascal, Lexington Books, Lexington, MA.
Schultz, H. (1938), Theory and Measurement of Demand, University of Chicago Press.
Soetevent, A. and Kooreman, P. (2007), “A Discrete Choice Model with Social Interactions; With
an Application to High School Teen Behavior,” Journal of Applied Econometrics, vol. 22, issue

3, 599-624.

Stokey, N., Lucas, R. E. with Prescott, E. (1989): Recursive Methods in Economic Dynamics,
Harvard University Press, Cambridge, MA.

Topa, G. (2001), “Social Interactions, Local Spillover and Unemployment,” The Review of Eco-
nomic Studies, 68, 261-95.

Tweedie, R. L. (1975), “Sufficient Conditions for Ergodicity and Recurrence of Markov Chains
in a General State Space,” Stochastic Processes and Their Applications, 3, 385-403.

Tyas, S.L. and L.L. Pederson (1998): ”Psychosocial Factors Related to Adolescent Smoking: A
Critical Review of the Literature,” Tobacco Control, 7(4), 409-20.

Wald, A. (1950), “Note on the Identification of Economic Relations,” Statistical Inference in Dy-

namic FEconomic Models, Cowles Commission Monograph 10, New York: John Wiley and Sons.

Wang, M.Q., E.C. Fitzhugh, R.C. Westerfield, and J.M. Eddy (1995): ”Family and Peer Influ-

o6



ences on Smoking Behavior among American Adolescent: An Age Trend,” Journal of Adolescent
Health, 16(3), 200-03.

Wang, M.Q., J.M. Eddy, E.C. Fitzhugh, (2000): ”Smoking Acquisition: Peer Influence and Self-
selection,” Psychological Reports, 86, 1241-46.

Weinberg, B., Reagan, P. and Yankow, J. (2004), “Do Neighborhoods Affect Hours Worked?
Evidence from Longitudinal Data,” Journal of Labor Economics, 22, 4, 891-924.

Young, P. (2009), “Innovation Diffusion in Heterogeneous Populations: Contagion, Social Influ-

ence, and Social Learning,” American Economic Review, 99, 1899-1924.

Zanella, G. (2007), “Discrete Choice with Social Interactions and Endogenous Membership,”

Journal of the FEuropean Economic Association, 5, 122-153.

Zimmerman, D. (2003), “Peer Effects in Higher Education: Evidence From a Natural Experi-

ment,” Review of Economics and Statistics, 85, 9-23.

o7



10 Appendix A: The existence proof (Theorem [1

The proof is constructive and works in three steps, by induction on the length of the continuation

economies E-l

Step 1: Existence, uniqueness and the Markov property for 7' = 1. In this symmetric environment,
it is enough to analyze the optimization problem of a single agent, say of agent 0 € A. We will allow for
arbitrary initial histories so that one can interpret the current step either as a one-period economy or
the last period of a finite-horizon economy. We will show that, agents will use only the information
contained in the previous period choices zg and current type realizations #;. Let any ¢-length history
(x'=1,0%) = (r_(t=1),0_(t—2),---,2_1,60,20,01) of previous choices and preference shock realizations be

given. Agent 0 solves
max {—a (xo—xO)Q—a (90— 0)2—0, ( -1 0)2_0, ( I 0)2} (23)
x(lle 1 0 1 2 1 1‘1 3 .'1:1 .’I;l 3 :L‘l :L‘l

The first order condition

2 [oq (338 — a:?) + g (9? — x(f) + g (xl_l — x(l)) + ag (m} — m?)] =0

implies that

2 = AT (a12) + a2 6) + az 27 + az21) (24)

where

Ay = (a1 + az+2a3) >0

This choice is feasible (in X)) since it is a convex combination of elements of X, a convex set by assumption.
The objective function is strictly concave in z9, thus x{ in is the unique optimizer. We see from
that showing the existence of a symmetric equilibrium in the continuation given history (z‘~1,6%) is
equivalent to finding the fixed point of an operator L; : B ((X x ©)%, X) — B ((X x ©), X) that acts on

the class of bounded measurable functions z; : (X x ©)! — X according to
(L1zq) (xt_l, Gt) = A;l (a1 acg + o 9(1) + azx (R_l 7L R Ht) + asz a1 (th_l, Rﬁt))

Clearly, L; is a self-map. We show next that it is a contraction. Endow B ((X x ©)! X) with the sup
norm which makes (B ((X x ©)!, X),||-||o) a Banach space. Pick z1,%; € B((X x @)%, X). We have

51'We laid out the problem in its recursive form for clarity in Section Our method of proof attacks the sequence

problem directly.
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for all (2'~1,0")

’ (Llilil) (I’til, Gt) — (Llfﬁl) (It717 Gt) ’ = Al_l‘ (05] SC8 —+ Qo 0(1)
+ sz (R_lxt_l,R_l Ht) + a3 11 (th_l,RHt)
- o xg — g 9?

— agii (R R0 —asdy (Ra'! RO |
= A7 ag (o (R 27 R0 —an (R RT10Y)
+ g (o1 (Ra"ROY) — &1 (R, REY)) |

< <Zs> ‘$1 (R—1 21 R 91‘,) — (R—lxt—17R—1 Ht) ‘
1

+

(Z?’) |1 (Ra' ™Y ROY) — 31 (Ra' ', RO') |
1

298 ) ey — &
A 1 oo

The coefficient 2c3 A7* < 1 since o > 0, for i = 1,2,3. Hence L; is a contraction on B ((X x ©)*, X).
Thus, by Banach Fixed Point Theorem (see e.g., Aliprantis and Border (2006), p.95) Ly has a unique fixed
point z7 in B ((X x ©)*, X). Next, we argue that this equilibrium strategy must be Markovian and should

IA

assume the convex combination form as in the statement of Theorem [il

Lemma 1 (Markov Property and the Convex Combination Form) Unique symmetric equilibrium
strategy x7 is Markovian, i.e., it depends solely on last period equilibrium choices and current preference
shock realizations: for any t-length history (x*=1,0%), 23 (2'=1,0%) = g1(w0,01), for some g1 : X x © — X.

Moreover, the Markovian policy function g1 has the convexr combination form as in the statement of the

theorem.
Proof: Let
g:XXx0O = Xst. glx, 0) =300+ ,cpad" 0" +eb
with
(i) ¢ d*e>0and e+ (c® +d%) =1
G:=¢ (i) (3" + ($)e* P >, Va#0 (25)

(iii) ¢® < ¢%,Va,b € A with |b| > |al.
(iv) c*=c"* Va €A
and properties (ii), (iii), and (iv) also holding for the d = (d*),eca sequence.

be the class of functions that are convex combinations (i) of one-period before history, current types and
average type, having the (ii) ‘convexity’, (iii) ‘monotonicity’, and (iv) ‘symmetry’ properties. Property (ii)
states that the rate of ‘spatial’ (cross-sectional) convergence of the policy weights is non-increasing in both
directions, from the center. Monotonicity property, (iii), has a very natural interpretation: agent b’s effect
on agent 0’s marginal utility is smaller than agent a’s effect on it, if a is closer to 0 than b is. Finally, (iv)
says that the policy weights are symmetric around 0. Let g € G be such that after any history (z!~1,0%)

xl(xt_lvet) = 9(330’ 91)
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and let (¢, d, e) be the coefficient sequence associated with g. Applying Lq to z1 (hence to g), we get

(Lyz1) (:z:tfl, Qt) = Al_l (oq 1:8 + asg 9(1] +asg (Rflmg, R7191) + a3 g (Rxo, Rﬂl))
= Al_l <Oq (Eg + o 9? (26)
+ a3 ( cazg’_lJer“@’f_lJre@) + as (anax8+1+2da9¥+l+69>>
ac€h ach a€A ach

Reorganizing the terms gives

= Al_l <a1 x8 + oo 0(1)

+as <Z gt + Z dtt oy + 69> + a3 (Z Aol + Z d* oy + 60>>

a€A a€A a€A a€A

and rearranging gives

= At (xg(al +azct +agct) + 090+ azd™t +aszd') +2a3eb

Aqe0 AqdO
+ Z(ag At a2l + Z(ag d* ' +azdtt 9?) (27)
a0 Aee a70 Ayda

The function after the last equality sign is linear in xg,6; and 6. So, Lz preserves the same linear form.
By definition of the new coefficient sequence (¢, cz, é) in , each element of the sequence is nonnegative
since each element of the original one was so. New coefficients sum up to 1 since convex combination form
of g makes the sum of the coefficients inside the two parentheses on the right hand side of equal to
1. Thus, the total sum of coefficients on the right hand side of is A7 (o + ag + 2a3) = 1, which
proves property (i). The final form in is just a regrouping of elements in (26]). Let (¢*)
coeflicient sequence associated with Lyx7 as defined in equation . Pick a # 0 in A,

% a a+2 E a—2 a

<A1>(C +c )+<A1>(C —|—c)
% a+1 a—1

> <A1>(26 + 2¢ )

_ % a+1 a—1
= 2<A1> (c +c )

ach be the new

éa+1 4 éafl

v

By definition of ¢ in , first inequality is strict if |a| = 1, is an equality otherwise; second inequality is
by property (ii) on ¢; last equality is once again by definition of ¢ in . Therefore, for any a # 0 in A,
éatl + ea=1 > 269 wwhich is property (ii). Pick any a,b € A with |a] < [b].
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Cafl 4 (043) Ca+1
) Aq

la|-1 @3\ Jal+1
Jemt+ ()

|b]—1 A3\ b+
)+ (&)

b—1 Q3 \ bt
c + <A1> c

First equality is from ; second by property (iv) of G in ; the inequality is property (iii) of G in ;
next equality is due to property (iv) of G again; and finally the last equality is by . Hence, property
(iii) in holds for the new sequence. We next show that ¢ satisfies (iv) in (25).

~Q _ % a—1 % a+1
¢ = <A1)c +<A1>C

= C

where first equality is by ; the second is due to (iv) of G in ; finally the last is again by .
Thus, the restriction of L; to the space of bounded measurable functions that agree with an element of
G after any history (call it Bg), maps elements of this latter into itself. Moreover, endowed with the sup
norm, Bg is a closed subset of B ((X x ©)!, X) since it is defined by equality and inequality constraints,
hence a complete metric space in its own right. Since L; is a contraction on this latter as we just showed,
it is so on Bg too and the unique fixed point x} in B ((X x @)%, X) must lie in Bg. Since the choice
of t was arbitrary, the unique symmetric equilibrium in a one-period (continuation) economy, after any
length history must be Markovian and should assume the convex combination form stated in the theorem
(23 (2*71,0") = g1(x0,61) ). This concludes the proof of Lemma [ ]

This proves Step 1, namely that the statement of the Theorem is true for 1-period continuation economies.

Next, we prove that this result generalizes to any finite-horizon economy.

Step 2: Induction, T-1 implies T. Let a T-period finite-horizon economy be given, with T > 2. Assume
that the statement of Theorem [I]is true up to T'— 1-period. The T-period economy can be separated into a
first period and a T'— 1-period continuation economy. Then, by hypothesis, there exists a unique symmetric
MPE, g: X x©® x {1,--- ,T—1} — X, for the T — 1-period continuation economy. Agent 0 believes that
all other agents, including his own reincarnations, will use that unique symmetric equilibrium map from
period 2 on. Given any t-length history (z‘=1,0"), agent 0 solves

s { = (0 — %)% — az (89— a0)% — g (! — 2)? — ag (4] — a?)’ (28)
Ty €
T
8| 30 (o (g = 29)" a0 (02— a2 — oy (7" — a2)° — (a1 — a2)*) | (2, M }
T=2
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The hypothesis that agents’ optimal future choices are given by the policy function g can be used to
characterize the forms of the optimal choices on the equilibrium path as composite linear functions as in
the following Lemm@

Lemma 2 (Convexity and Monotonicity) Given a T-period economy, equilibrium choices satisfy the

following properties:

(i) For any period t > 2, agent a’s period t equilibrium choice, x¢, can be written as a non-negative

weighted some of the first period choices and the realized paths of the type shocks and their expected

value, i.e., [
a bi1 at+bit-+bi1
Tt Z Z C —@-1) " Cr-1T1 (29)

b1 €A by 1€A

bs— b +b14---+bs il
+ Z Z Z o C(t—1) " CT(t— (s—1)) (Z dp_ o0 0T er—(t—s) 9)

s=1b;EA bs_1€EA bs€A

(ii) The impact on agent 0’s period t equilibrium choice of agent a’s first period choice is decreasing with

respect to the social distance of agent a to agent 0, i.e., for any a,b € A, anyt > 2,

31‘0 (9:130
lal < [b] E <o
Ox{ — 0xf

(i11) Agent a’s first period choice’s average impact on agents —1 and 1’s period t equilibrium choices is

greater than his impact on agent 0’s, i.e.,

B2 (ng — —m;l) <0

(iv) The impact of agent 0’s own first period choice on his future choices declines geometrically across
0 0 a1 0 0
—r, <|— | ==
0x9 "t = (oq —|—a2) oxf 1

Thanks to the linearity of the optimal future choices as shown in Lemma [2] agent 0’s problem is
differentiable with respect to #¥ and the unconstrained (z{ € R) first order condition for is

periods, i.e.,

0 = o (338 - I1) + a9 (90 . xcl)) + s (zl—l . 1:?) +as (x% B x(f)
T
T— a a
+ Tz::zﬁ 1 <—a1 ($2—1 - 552) 8730(1’ (332—1 - x?) + o (02 — ch) 8733(1’ 332 (30)
- (xflfxo)i(xﬂ,xo)*ag (at —z )i(xlsz) (a1, 01)
T T axto T T T ax? s e

52Unless otherwise stated, the proofs of the Lemmas are relegated to Appendix D: The Technical Appendix in

order to make the reading uninterrupted.

53We use in expression ([29)) the convention that in the sum after the plus sign, for s = 1, the summand becomes

a+by+-- +bb
Zb €A T (t— s)ot (s1 1) ter—(- 5)9
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Agent 0’s problem is strictly concave in his choice z{ since the second partial of the objective function in

with respect to 29, —Ar by definition, is negative, or

AT = a1+ g +2a3

0 2 0 2
+as (M (x:l _.TE,)_)) + a3 (81?(1) (.%‘71_ —:L‘?)) ) >0

Consequently, the FOC characterizes the unique mazimizer of the unconstrained problem (z¢ € R). The

following Lemma shows that equation has a much simpler representation.

Lemma 3 (Interiority) Fquation (@) can be written in the following alternative form

0 = —x?AT-l—alxg—&—agO?—i—Z'y%x‘f+MT§ (32)
a#0
where A1 = oy + ag + Za;éo ¥4 + pr. Moreover, the coefficients o, aa, (V§)az0, and pr are all non-

negative.

By isolating the choice z{ on the left hand side, we have

) = AG! ozla:g—l—ag@(f—l—Z’y%xi‘—i-uTé (33)
a#0

which means that the maximizer of the unconstrained problem is a convex combination of z{, 6, (z{)ax0
and 6. Each of these are elements of X, a convex set. Hence, the maximizer of the unconstrained problem is
in the feasible set of the constrained problem. Consequently, it is the unique maximizer of . The form in
implies that showing the existence of a symmetric equilibrium policy for the first period of a T-period
economy is equivalent to finding the fixed point of an operator Ly : B ((X x @)%, X) — B ((X x ©)!, X)
that acts on the class of bounded measurable functions z; : (X x ©®) — X according to

(L7 1) (mt_l,ﬁt) = A;l a; xg + a6y + Z’y% 1 (Ra z71 Re Gt) + prf
a#0

Clearly L is a self-map. Using straightforward modifications of the arguments in the proof of Step 1,
we can show for z1,2; € B ((X x ©), X) that

’ (L 1) (211,60 — (Lp 1) (11, 0") ] <y (ZTT> 1 — &1l

a#0

The coefficient Za;éo (Z—i) < 1 since a; > 0, ¢ = 1,2,3. Thus, Lt is a contraction on the Banach
space of bounded measurable functions (B((X x ©)%, X),|| - ||s), consequently has a unique fixed point
x7. Once again, straightforward modifications of the arguments in Lemma |I| yield that perfect equilibria

are necessarily Markovian thus we can focus attention on Markovian strategies. As in the proof of Lemma
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it suffices to show that Ly (Bg) C Bg. To that effect, let ;1 € Bg be such that there exists a g € G such
that after any history (x'=1,0%), (2?1, 6%) = g(x0,61); let (c,d, e) be the coefficient sequence associated

with ¢g. Applying Ly to =1, we get

(LT 1‘1) (xtfl,ﬂt) = A;l (65} .7384—0429?4—2’}/% g(Raﬂio,Ra 91)+MT§
a#0
= A <a1 ) + a0

P (S e S e) )

a#0 a1 €A azEA

= A7 ([041 +Y At g+ o+ Y yfd 6

a#0 a1#0
Apel Apdo
+> { D At a2+ > A d 91{} +lur+edy 78] 5) (35)
b#0 a#0 a#0 a#0
—_—— —_———
Aréb Aij Aré

The function in is linear in xg,6; and #. So, Ly x; is linear. By definition of the new coefficient
sequence (¢, cf, é) in 7 each element of the new sequence is nonnegative since each element of the original
one was so and the new elements are positive weighted sums of the original ones. The sum of the coefficients
inside the parentheses on the right hand side of is 1 since g; has the convex combination form.
Consequently, the total sum of coefficients on the right hand side of is A;l (g —|—a2+2a¢0 Y4+pr) =1,
which proves property (i). The final form in is just a regrouping of elements in . The proof of the
properties (ii), (iii), and (iv) follows straightforward modifications of the arguments in Lemma [1] Thus,
the unique fixed point x7 should lie in the set B with an associated equilibrium Markovian policy function
97"

Therefore, when the symmetric continuation equilibrium policies are Markovian, i.e., g : X X © X
{1,---,T — 1} — X, after any history (z'~!,6%), the unique symmetric equilibrium policy in the first
period, g7 is Markovian too. Since the choice of ¢ was arbitrary, this must be true for any length
history. Now, construct the policy function g* as g5 (xo,01) = ¢5*(xo,01) for any initial (zg,6;); and
9}_(,5_1)(%—17 0:) = gr—(t—1)(wi—1,0;), for all t € {2,--- T} and all (z;_1,6;). But then, the function g*
is by construction the unique MPE of the T-period economy. This completes the induction step for any

given T' > 2. Therefore, the claim in Theorem [I]is true for any finite horizon economy.

Step 3: Convergence and stationarity. This step proves that the sequence of finite horizon symmetric
Markovian equilibria tends to a stationary symmetric Markov Perfect equilibrium. To do that, we treat
finite-horizon economies as finite truncations of the infinite-horizon economy. Let G := [[,2; G be
the infinite-horizon Markovian strategy set. For a fixed discount factor 5 € (0,1), let Lg := {fr €
[0,1]°° | Bry = Bt71, for 1 <t < T,and Br, =0, for t > T, where T € {1,2,...} U {oc}} be the space of
exponentially declining sequences (at the rate ) that are equal to zero after the T-th element. Endow Lg

with the sup norm.
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Lemma 4 (Compactness) Lg and G endowed with the supnorm are compact metric spaces.

Given g € G*, let 2%(g) be agent a’s strategy induced by g, i.e., v*(g)(x'~1,0") = g;(R%x;_1, R*6;), for
all a € A and all (z'~1,0%). Define the objective function U for agent 0 in the class of truncated economies
as U : G x Lg x G™ as

U(g°; Br.g) == E| Y Brou(ef_1(g),20(6°): {27(9) }en0): 67) ‘(xo,ﬁl)l
t=1

where u represents the conformity preferences and N(0) = {—1,1} as in Assumption [1| Let the feasibility
correspondence I' : Lg x G — G be defined for T' < oo as I'(Br,g) = {¢° € G | ¢2(x,0) = 0, Vt >
T,V(z,0) € X x ©}, and for T' = 00 as I'(8, g) = G™. It is easy to see, thanks to the monotonicity of T
in T (through Br) and the compactness of G that I' is a compact-valued and continuous correspondence.
Moreover, as the next Lemma shows, the parameterized objective function U is continuous in ¢°, the choice

variable.

Lemma 5 (Continuity) For any given (8r,g) € Lg x G, U(+; Br,g) is continuous on I'(Br, g) with
respect to the product topology.

For every T-period symmetric Markovian equilibrium policy sequence ¢*7, define ¢**7 € G as

g}Tf(tfl)(a:,H), ift<T

Vt,Y(z,0) € X x ©, g7 (2,0) :=
(.9) gi (.6) {9, it T

G*° endowed with the product topology is compact since each G endowed with the supnorm is compact

from Lemma Since product topology is metrizable, say with metric d, (G*,d) is a compact metric

**T) **Tn)

space hence the sequence (g
gt € G(’Oﬁ Let M : Lg x G* — G*° be the correspondence of maximizers of U given the value of the
parameters. Also, let £ : Lg — G be the symmetric equilibrium correspondence for the sequence of finite

7 has a convergent subsequence (g 7,in G that converges say to

economies. Since ¢*7* is a symmetric Markovian equilibrium for any T}, for all g’ € G* we have

U(Q:*rn ; ﬁng}n) = E Zﬁn,tu ($?—1(9*T")a33?(9*T")a{xf(g*T")}beN(o)aeg) )($0,91)‘|

| t=1
M T +1

= B Y 8 (e (), 0 ), {0 hueio, ) ‘(%791)]
| t=1
M Tn+1

> E Bt_lu (‘Tgfl(ng)vx?(ng)a {‘rfﬁ)(g*Tn)}bGN(())7 0?) ‘ (l‘(), 91)]
| t=1

= K ZﬁTn,tU (xg—l(gT")ax?(gT”)a{xf:)(g*T")}beN(o)aeg) ‘(%ﬂl)]
L t=1

= Ulgr, ; Br..91,)

Thus, g7, € M (Br.,., 97, ) for all T;,. Since U is continuous in the choice dimension due to Lemma and that
the feasibility correspondence T is continuous, by the Maximum Theorem (see Berge (1963), p. 115), the

64Gee the proof of Lemma [5in Appendix D for a metrization product topology.
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correspondence of maximizers, M, is upper hemi-continuous. This implies that if (57, ,97, ) = (B, 9"),
then ¢* € M(Bs,g*) hence g* is a symmetric MPE of the infinite-horizon economy. The immediate
implication of this is that the equilibrium correspondence £ is upper hemi-continuous too. Since, each finite-
horizon T-period economy has a unique symmetric MPE, £ is single-valued hence continuous for T' < oc.
Define F(Br) := E(Br), for T < 0o and let F(Boo) = ¢*. With this construction, F is continuous on the
space Lg, which is compact under the supnorm by Lemma@ This makes F uniformly continuous. So, for
a given € > 0, we can pick § > 0 small enough so that ||87 — 87"||s < 6 implies d (F(Br), F(Br)) < 5.
We know from the previous approximation that for 7 — (. there is a subsequence g*’» — g¢*. Since
(Br)r is convergent, it is Cauchy. So, choose T'(d) large enough such that ¥T',7" > T(9), ||Br — Br|| < I
and VT, > T(6), ||g"™ — 9"||e0 < 5. Pick an element, T}, of the subsequence and any other element, 7",
such that T,,, 7" > T(6). We have

d (g*leg*)

IN
Dol &

(F(Br), F(Bs))
(F(Br), F(Br,)) +d(F(Br,), F(Boo))
+d (g™, g%)

AN A

The first inequality is the triangle inequality; the second is due to the uniform continuity of F and the third
is by the fact that ¢*”» — ¢* uniformly. This proves that the whole sequence ¢*7 — ¢* uniformly. The
implication of this latter is that, as the finite-horizon economies approach the infinite-horizon economy,
every two consecutive period, we make choices approximately with respect to the same MPE policy, hence
g* is stationary. This concludes Step 3 which in turn establishes the proof of the statement of Theorem

m [ ]

*

11 Appendix B: Proof of Inefficiency (Theorem |5

We give the proof for economies with complete information. Once again, the extension of the line of proof

to the incomplete information economies is straightforward.
Finite-Horizon

Take any finite horizon economy (T' < oo). We will use continuity arguments so endow the underlying space
X x ©® with the product topology. Product topology is metrizable, say by metric af‘ﬂ In the final period
of this finite horizon economy, with absolutely continuous distribution 7_; on the space of choice profiles

$T71|§| with a positive density, the planner maximizes ex-ante (before the realization of 6r) the expected

%Tet | - | be the usual Euclidean norm. For any (z,9), (2/,0") € X x ©, let
d((z,0),(«,0)) := 227“ (|lza — | + |60 — 61)
acA

Since X = © = [z, Z] is a compact interval, this is a well-defined metric that metrizes the product topology on
X x ©. See also Aliprantis and Border (2006, p. 90)
56Stating with an initial g which is absolutely continuous, the MPE policy function and the absolutely continuous
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utility of a given agent, say of agent 0 € A, by choosing a symmetric policy function h € CB(X x ©, X),

the space of bounded, continuous, and X-valued measurable functions. m

{heCBr?)%§®7X)}/u(xOT,l,h(xT,l,oT),h(R*xT,l,R*IaT),h(RxT,l,ReT),eg) P (dfr) mr_1 (dep_1)

The space X x © is compact with respect to the product topology since X and © are compact. Since the
utility function is continuous and strictly concave in all arguments, the maximizer exists and it is unique.

The necessary condition for optimality is summarized in the following lemma.
Lemma 6 The first order necessary condition for optimality requires that, for any (xp—_1,07) € X x (ﬂﬂ

0 = 1 (zp_q h :I:T 1,9T)) + ao (9% — h(fol,eT))

(w7

3 (h(R 1 Tr—-1, R~ QT) h(l‘Tfl, QT)) + a3 (h(RxT,hRGT) — h(mT,l,QT))
(
(

Q

R

— a3 (h(zr—1,0r) — M(Rxr_1,ROr))
— Qs h(IT 170T h(Rile_l,Ril GT))

This implies that
h(%Tfl, 9T) [al + a9 + 40[3] = alxgll + agegfl + 203 h(R_l Tr_1, R_l QT) + 203 h(R Tr_1, RGT) (36)

Following the proof of existence, note that the operator induced by equation is a contraction on the
Banach space of bounded, continuous, measurable functions with the supnorm, whose unique fixed point
turns out to be in G, the space of linear policy maps that have the convex combination form, defined in

(25). Therefore, one can fit the following solution
h(zr_1,0r) = chpaf + > db o5
a a
substituting, we get
S ochah o+ > dh o5

(a1 4 s +4a3) "' g 2% + sy 6%

<Zcpx +Zd“ 07 1)
20[3 <ZC{II—" ma+1 +Zda 9a+1>‘|

+

+

By matching coefficients, we get

cp = (a1 +as + 40z3)_1 l2a3 c“P_1 + 2ai3 c‘},"’l + all{ao}] , VaeA

preference shocks will induce a sequence (7:) of absolutely continuous distributions on ¢-period equilibrium choice
profiles.
57Since the planner’s choice rule is symmetric, the choice of agent 0 rather than another agent is inconsequential.
58The proof is in Appendix D.
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and

db = (o1 + ag + 4043)71 lQag d‘};l + 2a3 d‘}fl + a21{a_0}‘| , VaeA

One can solve for the coefficient sequence in closed form by mimicking the same proof that we provided

to characterize the equilibrium policy function weights in Theorem [3] Thus, one gets for any a € A,

o _ ol (0 1-rp d dg =rlel (22 Lo 37
rrr (a1+a2> (1+TP> e Y A o
where
A Ap )\’
rp = P\ il —1 and Ap=o1+as+4as
2as 2as

We next compare the equilibrium policy sequence in Theorem 3| with the planner’s optimal choice coefficient
sequence. Notice that
(A}D)_a1+a2+4a3 a1 + Qo 041+042_(A1>

=2 <2
20[3 20&3 + 20[3 + Qa3

as

which implies from that rp > r1. Thus, the planner’s optimal policy coefficient sequence converges to
zero slower than the equilibrium policy coefficient sequence. This also means that the equilibrium policy
cannot satisfy the FOC of the planner’s problem. Therefore, the equilibrium is inefficient for finite-horizon

economies.
Infinite-Horizon

The argument here is very similar to the one in the finite horizon case. We know from Theorem [I] that the

equilibrium whose existence we are assured has the following structure
g(xp_1,07) = an Tp_q + Zd“ 05 +ef
a a

We argue that this solution cannot satisfy the planner’s problem’s optimality condition. For a given
function h € G (see (25))), define H : X x ® — X as

H(xT_hQT) = (h (Ra (ET_l,Ra GT))aeA (38)
Let V" be the continuation value of using the function & in the future, defined recursively as
V' (2r_1,0r) = u(2% i, h(zr_1,07),W(R 2r_1, R 0r), W(Raxr_1, ROr),07)

8 / VA (H (27-1,00),0r41) P(dfrs1) (39)

where u represents the conformity preferences in Assumption [I} Since the policy h € G is linear and the
utility function is continuously differentiable and strictly concave with respect to all arguments, elementary
dynamic programming techniques (see for e.g. Stokey and Lucas (1989)) guarantee that for the given choice
rule h € G, the value function V" exists, it is bounded, continuous, strictly concave and continuously
differentiable. We will also denote by V. the partial derivative of V" with respect to agent a’s initial

choice. Given an initial absolutely continuous distribution 7r_; on the space of previous period’s choice
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profiles with a positive density, the planner maximizes ex-ante (before the realization of 67) the expected

discounted utility of a given agent, say of agent 0 € A. So, the planner’s problem is

{I}{leaé(} / |:’U, ({L‘gﬂfl, h({ETfl, OT), h(R_1 TT—_1, R_l HT), h(Rl’T,l, RQT), 6‘%)

+ B/Vh (H (fol,gT) 79T+1):|]P)(d9T)]P(d9T+1)’/TT,1 (d(L’Tfl)

As in the finite case, he solution to this problem exists and it is unique thanks to the compactness (with
respect to the product topology) of the underlying space X x ©® and the continuity and strict concavity
of the utility and value functions. A straightforward modification of the first order condition argument in

the finite case yields, for any (z7_1,07) € X x ©

ug(x_1, h(wr—1,07), (R or_1, R 07), h(Rar_1, ROT), 0%
ug(xp_y, h(Rxr—1, RO7), h(zr_1,07), h(R* ©r_1, R* 0r), 67)
ug(zyt |, R(R™ op_1, R 07), (R 2 2p—1, R™207), h(zr—_1,07),07")

By / VI (H (R *2r_1,R""0r) ,0711) P (dOr41)

0

+ o+

But if the equilibrium policy is h, the FOC yields
0 = /uz(x%_l,h(wT_l,0T>,h(R*1xT_l,R*eT),h<RxT_1,R9T),9%>

+ ﬁ/vah (H (x7—1,07) ,0741) P (dO741)

For the same solution to satisfy both FOCs, it has to be the case that for any (xr_1,07) € X x O, the
difference of the two FOCs is zero, i.e.
0 = wus(zt | ,h(Rxr_1,RO7), h(zr_1,07), h(R*27_1, R?07),0%)
+ u4(xj_"i17 h(Ril rr—1, Ril 0T)7 h’(R72 TT—1, RiZ GT)) h‘(a:T—la 0T)7 9’1_"1)
+ 6Z/Vah (H (R*“ xr_1,R7° QT) ,9T+1) P (d0r41)
a#0

For the quadratic specification, this entails

0 = 2ag (h (IT_l, QT) —h (R Trr_1, RGT)) + 2a3 (h(:L'T_l, QT) — h(R71 Tr_1, R! QT))
+ BZ / VI (H (R *2r—1,R""0r) ,0711) P (dOr41)
a#0

Substituting the equilibrium policy function g and recollecting terms
203 [Z (2, — 2§t — 2t ) 4> de (205, — 0574 — 057)
a a

+ﬂZ/vah (H (R wr_1, R™"07) 0041 P(dfr41) =0 (40)
a#0

We next show in the following lemma that there exists a positive measure subset of the underlying space

on which the above expression assumes non-zero values.
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Lemma 7 Let (:%, é) € X x O be the point where £, = T and 0, = z, for alla € . Then the expression
mn s megative on a positive measure subset E C X x O, that includes (:%, é)

The statement of Lemma [7] leads to a contradiction since it means that the planner’s optimal rule and the

equilibrium policy function g does not agree on E. Therefore, g is inefficient. This concludes the proof.
|

12 Appendix C: Proof of Ergodicity (Theorem (4))

Suppose that the process ((9?);’2_00) is i.i.d. with respect to a and ¢ according to v. Let 7w be the

achA
initial measure on the configuration space X which is the distribution of

o — (1 e_@c L iz o ;Cbl o (dbs 9?i§1+"'+b5)> (41)

s=1 b1 ach

Given that (z; € X)§2, is an equilibrium process generated by the stationary MPE g* in Theorem given
Tg, one obtains on the equilibrium path

¢ = Z gt 4 Z d g7t 4 ep
bi€A b1 €A
_ b e - b be_ bs pna+bi+-+bs
- X (L T T ()
b €A s=1 by bs
+ Z d g7t 4 ef
b1€A
_ ZZ . Z Cbl L Cbs (dbs+1 0Tj31+...+b5+1> + Z db1 9?+b1
s=1 by bet1 bieA
0
C—— 0
+ 1—C +e
65 = 1 a+b1+-+bs
= 1_C+ZZ...Zcb ...cbs—l (db592i51+ + )
s=1 by bs

which has exactly the same form as in (41]). Hence, z§ and { are distributed identically when the initial
measure is 7. Since the choice of a was arbitrary, 7 is a stationary distribution of the Markov process

(z¢);eo- Moreover, from Lemma [2| for a stationary policy function, on any arbitrary path (61,6s,...) of

59Recall from Assumptionthat Z is the upper boundary of the feasible action and type sets X and ©
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the stochastic process

xp = Z---Zcbl-..cbt z8+bl+"'+bt
by be
t
bl... s—1 bs pa+bi+--+bg —

+Z Z ZC (d 0t7(571) + 60)

s=1
S (s g

by b

t

FY N Y (db oot +b“+e§) (42)

s=1 by bs

Thus, independent of the initial conditions, x{ converges pointwise to z* € X, i.e.,

. ) cbl - cbt a+bi+---+by
=t = i [0 D (S )
N Z Z Z b e (dbs szilbi?..%s + eé) } (43)

s=1 by

The first term of the previous expression C* — 0 since C' < 1 due to o; > 0, for all 5. The first term in the
parentheses in the summand is a convex combination of uniformly bounded terms. Hence, the first part of
the above expression goes to 0 as ¢ — co. Moreover, since the equilibrium is symmetric, the convergence
is uniform across agents: z; — = = (%) uniformly. Since the exogenous shock process is i.i.d, the part
after the plus sign in is identical to the distribution of

ZZ Zcblm (db guthi+ +b5+eg)

s=1 b

which is the ‘t-translated-into-the-past’ version of the former. Thus, for any given initial value xg, and a

path (...,0_1,60), the pointwise limit of z¢ can be written as

7% 1 — C ZZ Zcin . Cb571 (dbs etllirglJr...ers) (44)

s=1 by

For the rest of the proof, let Poo(-) := [[,2oP(-) and 6 := (...,0_1,060,). We next show that, for any
arbitrary initial distribution my, the sequence of equilibrium distributions 7; generated by the exogenous
law P and the stationary MPE policy g* converges weakly to the invariant distribution 7. To that effect,

pick any f € C(X,R), the set of bounded, continuous, and measurable, real-valued functions from X into
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R. Let mg be an arbitrary initial distribution for xg. We have

. . Cbl ...Cbt @ e
tgrgo/f(a:t)m (dz) = lim [ f <<Ot;; <Ct) AR

s=1 b bs

t
SO Y e (e gy 69>> Pos (d6) o (dao)
acA

s=1 b ac€hA

[ )

The first equality is from ; the second is due to Lebesgue Dominated Converge theorem; third is due
to the continuity of f and the pointwise limit of x; in . Thus, for any f € C(X,R), limy_, o [ fdm =
[ fdm, meaning that the sequence 7, converges weakly to 7, the invariant distribution of the equilibrium
process. The choice of 7y was arbitrary. Hence, for any initial distribution, the process induced converges
weakly to the same invariant distribution 7. Therefore, 7 is the unique invariant distribution of the
equilibrium process. Here is why: Suppose that 7 is another invariant distribution. This implies that the
induced process starting with my = 7 should satisfy m; = 7, for allt = 1,2, .... From the above convergence
argument m; — m weakly. Hence 7 = 7.

Finally, to show ergodicity, pick an f € B(X,R), the set of bounded, measurable, real-valued functions
from X into R. The process starting with = is stationary, hence m; = 7 for all t = 0,1,.... Since the
process x; is stationary, so is the process (f (z;)). We can then use Birkhoff’s Ergodic Theorem (see e.g.
Aliprantis and Border (2006), p. 659) on the process (f (z;)) to obtain

almost surely. Since the choice of f was arbitrary, the last expression holds for all f € B(X,R). Thus the
equilibrium process (z; € X)§2,, starting from initial distribution 7 is ergodic. This concludes the proof of
Theorem [ [ ]

72

/f (16_90 +ZZ“';Cb1 N (e 9;@21*'"“’5)) P (df) o (d:xo)

(45)



13 Appendix D: Technical Appendix

Proof of Lemma 2| : (i) This part is simply by iterated application of the policy maps, i.e.,

i = gr_@-1)(R" @1, R"0;)
a+b b a+b —
- Z Cr—(i-1) ri "+ Z dp_—1) 07 +er_—1) 0
bi€A by €A
= > o) 9Tt (R e o RO 0, 1) + > Ay 0P +er 1) 0
b1 €A $:+fl b1 €A
b1 a+bi+b b a+bi1+b n
- ZCT*(tl (ZC t2xt+2+2+zd2t29++2+eT—(t—2)0>
b1 €A bzeA bo €A
+ZdT (t— 1)9 ep_-1) 0
b1 €A

o b1 _a+bi+-4bi1
= E: E:c (-1 " Cr—1T1

b1 €A by 1€A

t—1
+ ZZ Z ezt —(t-1) CT (t—s)+1 <Zd7+lt 5)93+b1+)+b7+€T - 9)9>

s=1b;€A bs_1€A bs€A

¢ >ch = b x3 by (25) (iii). Suppose the claim is true for t < k and let t = k + 1.

) 31’
Assume w.l.o.g that a < b. Let s := max{s €A:s< %Pl and s:min={s€A: s> 2L} This implies
that azg T5 — a%*{ x5 >0 (<0) for s < s (s >73). Due to the assumed symmetry, {a% zy - 3%’{ zifs} =
(4] 0 0 [s] 0 9 of _ |9 .. __ _0 .38 S :
g Ty = 57 e xk} and [ax?,g,s xTp — ot xk] = {895‘; xy Bl xk} This implies that for any
5>0
0 0 0 B 0 0 0 0
axfll—ﬁ‘i‘T L — 8£Ub a+7’ - (9:17{1 =7 Tk~ 6l‘b s—r Tk

Thus, we can use this to separate A into {s € A: s <s} {s € A: s > 5} and rearrange the sum

9 0 0 0 s 0 s 0 s
gt gt = Xeh g g ]

sEA 1

0
= ZCT k [8x 2 - 76371{_8 mg}

sEA

_ 5—s 5+s 9z} oz}

- Z C}fk - CTfk a a—s+s (9 b—s+s
>0 T Ty

> 0

The term in the brackets is nonnegative by hypothesis. Since a < b, s > 0 which implies that ¢5._, > c¢§._,.
But this implies that ¢, > ¢, +€ for any s > 0 which means that the argument in the parenthesm is
nonnegative too. So, the clalm is true. The analysis for the case a > b is a straightforward modification of

the same argument.
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(i4i) Using the ¢t-th period equilibrium policy

0 b B
a (21‘? - J)l — T 1) = a 2 Z Cg“f(tfl) .’17271 + Z dgwf(tfl) 9? + er—(t—1) 0
duf 0z = =~
b—1 b b—1 —
B Z CT—(i&—l) Tp1+ Z dT (t—1) 9 + eT—(t—1) 0
beA beA
b b+1
- ZCT (t—1) Tt—1 ‘f‘z:d;p+ (t— 1)9 +er—(—1) 9]
beA beA
0
b b—1 b+1 b
= Z (QCT_(t—l) —Cr_(—1) — CT+ (t— 1)) @xt—l <0 (46)
beA 1

The weights in the last parenthesis are negative by property (ii) in . By iteratively applying the policy
functions from period t backwards, at each iteration the weights on one-period before choices would all be
positive and one preserves the convex combination form. This process ends after ¢ — 1 iteration, the end
result being a convex combination of (24)yea, 0 and 6. Thus, the weight on z¢ is positive, which makes

the last term in the last line positive. Therefore the claim is true.

(iv) Let t > 2.

0 ox¢ Bx
@x?:ZCT(tU tl ZCT(tl —=1

a€A

83: 633_1
BT

a€h

First and second equalities and the first inequality are by the definition of the policy mapping and (i) of
Lemma [2f Cp_;_1) is the sum of coefficients on the past history in the period ¢ policy. Since gr_ ;1)
satisfies , coefficients should match and we should have

a a—b
0 = CT_(¢t—1) Ar_p—1) — a1 Ijg—0y — ZV%—(t—l) Cr—(t—1)
b£0
. o b
summing over a, 0 = Cr_g-nAr_g-1) — a1 — Z’YT—(t—nCT—(t—l)
b£0

But Ar_—1) = a1 +az + Zb#) ’yg“*(tfl) + pr—(4—1) by definition. So,

a1 a1 a1
Cr_g_1) = = < (47)
T—(t—1) AT—(t—l) — Zb;ﬁo ’yé)“—(tfl) a1+ ag + pr—(t-1) a1+ Qg
Thus,
9 o 9 o
a??xt < CT—(t—l)aix(l)xt_1
o )0
a1 + oo 8:1;‘{ =1
which proves the claim. |
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Proof of Lemma |3t The coefficient of z{ in , ~%, is the total effect of a change in z{ (a # 0) on the
expected discounted marginal utility of agent 0 (the right hand side of )7 ie.,

Yr = azliae(-11})
T
0 0] 0 0
. 1 o .09 0 0 09 o 4
;/B (041 dzo (1‘7__1 1:7_) D9 (‘Tﬂ-—l .’,E,,.) +az Dt Tr 920 Tr (48)
0 0 —1 0 1 0

—
(=}
~—

N———

+a367¢11($¥1—$7)57<1)($7 —xr)+a8@($7—$3)37<1)(977_$7

For any 7 > 2, the last two term in the summand for each period in equation can be written as

0 o , _ 0
20 (zf —29) |:043 ot (7' —29) + a3 e (z) — x?)}

i(l,l,xO) o ngJra 0af o 0y
am(l) T T 3 axtll-l-l 3 axclz—l 383?(11

0 (49)

IA

The equality is due to the symmetry of the policy function across agents; Lemma (#i) and (74) imply that
the terms in the parentheses are non-positive and the terms in the brackets are non-negative, respectively.
Similarly, the first terms in the summand in can be written as

9 0 0 9 0 0 0 0 o
« T— X 1) =g lT.—2 ) toas—x 52
1 830(11 ( T T 1) ax(lj ( T T 1) 2 ax? Taiﬂ(l) T
0 , 0 0 0 o, 0
@ ri—— (z.—z o Tl
—= 16 (11 Taa:(f( T ‘rfl)—"_ 28 % 781’? T
929 (01 + as) 0
= o) +a Tl — T
A |V T a0t T T g0
< 0
which is nonpositive since for any 7 > 2
9 om0 o
02977 = (g +ag) 929"t

due to Lemma 2 (iv). Thus, we established the non-positiveness of each term of the summand for any
period 7 > 2 in . Since, the latter is basically a finite weighted some of such terms with a negative
sign in front, for any a € A, v% > 0. Finally we account for the coefficients multiplying € in equation
and show that

T

) _ 9 )
pr= B S (e ) g ) e (@) et G0)
-1 0 9 -1 0 1 0 9 1 0 t—1 pt
—Qs3 (377_ — 1'7_) 87‘%(1) (1'7_ — J}T) — Q3 (.’137. — .137_) 671.(1) (.137_ - a:T) (.73 ,0 )
> 0

Expectation washes out all individual #2’s and we have only @ apart from (2),ca in each period’s ex-
pression in . By symmetry of the form in Lemma (i) across agents, the weight on 6 in x?, is
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equal to the weight on 6 in 2} and on x; . Thus, % El(z) —af)] = % E[(2? — 2;')] = 0. This makes
the second line of equal to zero. By Lemma —(i), the weight on 6 in E[z0], 1 — I _,Cr_i—1)
(residual of the sum of the effects of {z4}) is bigger than that in E[z9_,], 1 — TI'_5Cr_(,_1); hence the
term & E[(z)_, — 2{)] < 0. By Lemma —(i), & E[2)] > 0. By Lemma —(iv), a%g (29 =29 ;) <o.
All these together imply that the expression in is non-negative. Each E[z?] in can be written as
a convex combination of (2§)sea, 0,9, 69, with the help of Lemma (z) Since at each iteration, convex
combination structure is preserved, it is so at the end too. Then, the sum of coefficients in each of the
differences involving those variables in the parentheses is zero. This in turn implies that the total sum of
coefficients in is zero. Thus, the alternative formulation in is true. This concludes the proof of

Lemma 3 [ ]

Proof of Theorem [3| (Recursive Computation) : Consider a finite-horizon T-period economy with
conformity preferences (a; > 0, i = 1,2,3) and complete information. For part (¢), we simply assume that
T =1 and show that one can fit an exponentially declining sequence into equation Since that equation
has a unique solution as argued in the existence proof, that solution must have exponentially declining

coefficients. Matching the coefficients of the policy function using equation one gets for a # 0

da-l—l _ (Oég) da+2 + (043) da
1 Al 1 Al 1

Dividing both sides by df and multiplying them by (ﬁ—;), one gets

ﬁ d(jlj-l _ dzlz+? dtlerl "
s ds ot ds

T1 71 T1

r§—<A1)r1+1=0

which induces a quadratic equation
asg

2
whose determinant (%) —4 > 0since A; = a3 + a3 + 2a3 > 2a3 (remember that «; > 0 for i = 1,2, 3).
The equation has two positive roots, one bigger and one smaller than 1. The bigger root cannot work since

it is explosive as |a] — co. We pick the smaller root

Ay A\
(=) (=L) —1<1 1
0<r (2a3> (2a3> < (51)

which is decreasing in (2%13) spanning the interval (0,1) for different values of the former in the interval

(1,00). Finally, the sum of coefficients can be written

Sar o= Y dr)

achA a€h
= di+2d

Q2

o_"M
1].—’1"1

O[1+O[2
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The first equality is due to the exponentiality of the sequence; the third uses the same argument as in

with p1 = 0, for the coefficient sequence (d¢)aea. Solving for di from above, we obtain

do _ a9 1— 71
! o1 + g 1+7m
and finally thanks to exponentiality

a 1-
‘1‘:7'1|< a2 )( Tl), fora € A
a1 + ag 1+mr

The argument for the sequence (cf),., is identical with one change: The sum of coefficients ), cf =

( el ) This proves part (i) of the theorem.

atasz
For part (ii), observe that the parameters of the maps Lg, namely Ag, (72), pus are functions only of

the continuation policy coefficients (c*,d*,e*)5_} as defined in , , and , simply because these

T=1

are “forward-looking” expressions. We saw in the induction step (Step 2) of the existence proof that L
defined in this fashion becomes a contraction and has a unique fixed point, which is the coefficient sequence
of the first-period policy of an s-period continuation. This establishes part (ii).

For part (ii7), observe that each g € G is associated with coeflicients ((¢*,d®),,e). Clearly, for any
sequence of policies in G, g, — ¢ in sup norm if and only if the associated coefficients ((¢%,d%)q,en) —
((¢*,d%)q,e) in sup norm. In Step 3 of the existence proof, we establish the convergence of the finite-
horizon equilibrium policies to the stationary infinite-horizon MPE policy as the horizon expands. But
this implies that the associated unique coefficient sequence also should converge, then, to the coefficient

sequence of the infinite-horizon stationary MPE policy. This establishes part (iii) of Theorem |

Proof of Proposition (1| (Tail Convergence Monotonicity) : The proof is by induction on T'. For
T = 1, we know from Theorem (3 (i) that the policy coefficient sequence (df),., is exponentially declining
on both sides of the origin, at the rate r1. From the form of the policy function in Theoren{I} the conditional
covariance between agents 0 and a + 1, with ¢ > 0 w.l.o.g., given z is

Cov (5'3(1)7%(1“rl ‘%) = Cov <Z dy o7,y dy 9‘f+1+b2>

b1 €A baEA
= Y dy'Cov <9§’1, > dy 9‘;“*1’2)
bi€A boEA

= Var(0) > dyrdy Y (53)
b1 €A

We will focus on the summation term in the last expression in (53). Write it as

Z d}{l d?l_(a-i-l) _ Z dlfl dlil—(a+1) +d(1) dl_a—1Jr Z d?l dtil—(a+1)
b1 €A b1<0 b1>0
= Sodrdp Ty aret ¢ Y dytay @
b1 <0 b12>0
= S (ndp )+ @)t Y (el )
b1<0 b1 >0
= YA (@) ()
b1 €A

= n Var(@)—lCov (x(l),x‘ll ‘ 330) + (dlo)z rllz+1
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The first equality is a partitioning, the second a simple change of variable, and the third is due to the
symmetry and the exponentiality of the df sequence. Substituting the final expression back in yields,
foralla>0

Cov (x%x‘f“ ’x()) = 11 Cov (x?,x‘f ‘x()) + it Var(9) (d))? (54)

which implies that the rate of decay of the covariances is greater than 71, for any a > 0. Since the second
term on the right hand side of decays at the rate r1, this implies that the ratio

i Var(9) (dP)?
Cov <$(1’, z¢ ‘ xo)

(55)

decreases monotonically, and being non-negative, it converges. Actually it converges to zero. Here is why.
Since the ratio is less than 1, suppose that it converges to k € (0,1). This means from that the limit
rate of decay of the covariances is r; 4+ k, greater than the rate for the term in the numerator in .
Thus, the ratio in should converge to zero at the limit, a contradiction to k € (0,1). So, the limit of
1} is zero, which in turn implies from 1) after dividing both sides by Cov (x(f, x§ ‘ :c0>, that

Cov (J:?,x‘f“ ‘xo)
lim = 7 (56)
@7 Cov (x(f,x‘f ’x())

The argument is symmetric for a < 0; hence the sequence {C’ov (m?, x$ ’a:o)} R declines exponentially
on both tails at the same rate r; and the statement is true for 7' = 1. "€

Now assume that the statement in Proposition (1] is true for economies up to T' — 1 period. We will
show that it should also hold for T-period economies. We will base the main induction arguments on the

following Lemma.

Lemma 8 The sequence {’y%}be&x n Lemma@ and the equilibrium coefficient sequence (cr,dr) for the
first-period policy of a T-period economy have the following properties: The rate at which they decline at

the tail satisfies, for T > 2
,ya+1 ,yafl
lim <Ta) = lim (Ta) =rr_q,
a—» o0 ’)/T a—r — 00 ’yT

da+1 da—l
li_>m (ga) = Em ( 5“ ) =7ry >rp_q.

Proof of Lemma [8]: Let u(t) :=u (2)_,, 29, {2} ye(_1,1},07) where u represents the conformity prefer-

and

ences in Assumption Let ug(t) := %u(t). From equation , ~v$ can be written as
1

Y= azliae{—11}) (57)

T
0z 0 020\ 0 Ozt 0 oxL\ 9
—1 T—1 T 7 T T _
% () oo+ (55) g + () o+ () gorvot)]

- T
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We will focus on the second term inside the summand since the method of proof will apply to the remaining
terms straightforwardly. Assume w.l.o.g. that a > 0.

() oo - 2 ()%

z (32 s

and the corresponding term for v is

SEA

as a — oo the tail convergence rate for the continuation kicks in and

i S tis (02 0 . oo (022 0
Jin 27 (52) i) = Jim Sorees™ (5 ) g

sEA sEA

erlhch (

sEA

thus

. oz %) () I 020\ 0 )

im | —— | ==u(r) = rr_q lim [ —F | =—u(r

a—oo \ Q¢! ) Oxl T e \ 92t ) 920

Hence at the tail, the second term of the sum inside the brackets of [57] decays at the rate rp_;. The same

one-step transition argument applies to each terms of the sum, in equation (57). Moreover, since ([57)) is a
discounted sum, the entire expression is summable and it implies that

inheriting the rate of tail convergence of the continuation economy, as is argued in the Lemma. The
method of proof for a < 0 is identical thanks to the symmetry of the environment.

For the second part of the Lemma, let D(r7_1) be the space of sequences that satisfies the properties
in and that converges at the tail at a rate rp > rp_;. This is a closed subset of the space of
sequences that satisfy only the properties in , hence a complete metric space itself. Consequently,
the unique coeflicient sequence dr that is the fixed point of the map in should lie in D(rr_7). Let
D' (rr—1) C D(rr—1) be the space of sequences in D(rr—_1) whose convergence at the tail is strictly greater
than r7_;. We will show below that the map in maps elements of D(ry_1) into the set D'(rp_1),
which will imply that the unique solution of the map converges at a rate rp > rp_; at the tail.

Pick agent 2a + 1 and assume w.l.o.g. that a > 0. Let dr € D'(rp_1). From by matching
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coefficients

dA,121a+1 — A;l Z,yl% d’121a+17b
| b#0
- b 32 —b b 72 —b
— ATl Z’YT dTa+1 + '7'(]1‘ d¥+1 + Z A%, dTa+1
b>a b<a,b#0

_ A;l Z,berl d2a b +'Y% d;iJrl =+ Z ’Y% d721a+17b

_bZa b<a,b#0
[ d2a+1 —b

_ A;l Z d2a b da+1 + Z d2a b T2a_b (58)
_bZa Py b<a,b#0 dT

The second equality is a partioning of the sum taking agent a as the ‘middle’; the first sum after the third
equality is a simple shift and change of the dummy variable b; the first term after the first equality sign is
by multiplying and dividing each term in the summand by ~4.; finally the last term after the fourth equality
sign is by multiplying and dividing each term in the summand by dQTa_b . Since all elements involved are
non-zero, the algebraic manipulation above is feasible. We can add to and substract from equation

the term A;l Zb<a’b¢0 b, d%‘kb rr_1 and rearrange the order of the terms to obtain

b1
~ _ B v _
i = o |Soha (B )+ 5 et g
b>a T b<a,b£0 T
A
b ) b d2a+17b
+ Z 7t §2a7b —TT-1 (59)
b<a,b#0 T

The analagous expression for ci2Ta is given, after a similar partitioning with agent a as the middle agent, by

- —b
i = o S
| b0

b+1
= A Z b q2a—1-b (7 >+ Z Wb d20 by ) 2 4
T Y

b>a fy b<a,b#0 B

L A’

L d2a—b
+ Z Ypdzt T { <d2aT1b> _TT—l} (60)
T

b<a,b#0

'
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We showed above in the first part of the proof of Lemma [8| that as b — oo, the ratio ('y%“/v%) = rr_q.

Consequently, the following limits hold

Jim ArtA = e Ji dif oy
aILH;o AYA = rpy alggo d2e1 (62)
aliﬁrgo A;l C = (rp—rp_1) alggo CZ%G (63)
alggo AZNC = (rp—r7roy) alggo 7t (64)
The expressions in and put together imply that as a gets large the ratio
<d§;:1> ~rr V%Czcgﬂ > ry (65)
and the expressions in and put together imply that
(cigZZ) R rr 4 ;g;ﬁ g (66)

a+1

. . . ¢.d 242 .
The last two expressions imply that the ratios VTdA;; and gga_Tl converge. This is because as a gets
T T

arbitrarily large, the numerator converges at the rate rr_; rr and the denominator at a rate greater

than equal to 7. Since both ratios are strictly less than one, one of the following two possibilities must
hold: either (i) they converge to a positive constant less than one (the case where r = rp_1) or (i7)

they converge to zero (the case where rr > rp_1). The first case is not possible. Suppose it is. Then,
rr = rp_1. This implies from along with and that

dA2a+1 a da+1
W:mn<T S Y (67)

a— 00 cz%“ a—00 2

a contradiction. Therefore the second case (i¢) must be true. The argument for a < 0 is symmetric. This
means that any sequence dp € D(rp_1) is mapped to a sequence dr e D' (rr—1), meaning that it converges
at the rate ro > rp_1 at the tail. So our claim in the beginning is true and the unique sequence dr that
satisfies properties in and the equation converges at the tail at a rate rp > rp_1. This concludes
the proof of Lemma [§] [ |

Rest of the ‘Proof of Proposition Now assume that the statement in Proposition [l is true for
economies up to T — 1 period. We will show that it should also hold for T-period economies. Consider
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first the covariance between agents 0 and 2a + 1, with ¢ > 0 w.l.o.g.

Cov (w?,xf‘”l ‘xo) = Var(f Zdb & (2a+1)
beA

= Var(9) |3 dpdy P pagtlaze + Y dhdy Pt
_bga b>a+2

= Var(9) |3 dpdy ®Y pagtlaze + Y diFt TGt

b<a b>a+1
b (2a) d - (20+1) b (2a) d 1
= Var(0) ZdT L |+ > dhdy db +dot dze
_bga dT b>a+1

where the algebraic manipulation is the same as in the proof of Lemma [§] The analogous expression for
agent 2a, taking agent a as the agent in the middle, is

~(2a—1) db 2a b (2a—1) d b+1 "
fL’O) = Va,’l" Z dT db 2a 1) Z dT db + dT dT
T

b<a b>a+1

2a
Cov (ml, x]

We know from Lemma |8 that as a — oo, the ratio (d%"'/d%) — rr > rp_;. This implies, from the

expressions above for the covariance terms, that for large a,

Cov (m?,xf”“ ‘x()) da+1 7
~orr+ >y > T (68)
Cov (rl,x% ‘xo) Cov (xl,x% ‘xo)
and
Cov (J;l,x% ‘xo) ds. 7
~ rp >rp > Tr_1 (69)

Cov (xl,x%“ ! ‘xo) Cov (ml,xfa ! ‘xo)

and straightforward modifications of the argument used in the proof of Lemma [§| implies that the ratios

—1 -1
dstt dn* Cov (a:(f, x3e ’ xo) and d% d7% Cov (xl, zet ’ :z:0> both converge to zero and one obtains

Cov (1‘?, ot ‘ x0>
lim = rr>rr_q (70)
a7 Cov (m?,x%“ xo)

Cov (ml,x%“ xo)
lim p— = 7> rr_q (71)
47 Cov (x(l),xla ’ 1:0)

thus the statement of Proposition|[l]is true for any finite T-period economy. Clearly, r <1 for any 7" > 1
since the non-negative d sequences sum up to less than 1. Hence, what we have is a monotone increasing
sequence bounded from above by 1. Hence, the limit 7o, = limy_., 77 exists and is less than or equal

to 1. Moreover, we know from Theorem [3| that the sequence of finite-horizon MPE coefficients converges
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to that of the infinite-horizon MPE coefficient sequence d, thus r., is the tail convergence rate of the
infinite-horizon MPE coefficient sequence d. Therefore 7o, < 1 since otherwise that would contradict the

summability of the sequence d. This establishes the proof of Proposition |

Proof of Proposition [2| We showed in the proof of Proposition |1| that, for 7" = 1, the ratio (%)
is necessarily monotonically decreasing in a for any underlying preference parameter vector «, converging
eventually, at the tail, to the rate r; given in Theorem 3| (i). As we showed in Section the cross-
sectional covariances at the stationary distribution can be written recursively given the weights of the

policy function. For the myopic policy function, they take the form

Cov (2, 2%) Z Z c‘flcl{lC’OU 2, 2T + Var (0 Z dyrdir (72)
a1EAbiEA a1 €A
Since the ¢; and d; sequences are exponential at the rate 71 from Theorem [3| (i), by straightforward
modifications of the arguments in the first part of the proof of Proposition |1} one can show that the ratio
f ti i for th ic, ((Coua’et tonically for a > 0 as gets 1

of consecutive covariances for the myopic, | =z7 76 7ay" ) converges monotonically for a > 0 as gets large.
As we presented in Figure however, the above ratio for the stationary policy function is non-
monotonic for a set of parameter values. Moreover, the map in that generates the policy weights as
fixed points is continuous in the parameters (g, as,as) of the utility function. Thus, for each element
of the above set of parameters for which the ratio of consecutive stationary covariances converges non-
monotonically, there is an open-neighborhood around it such that for each element & of the neighborhood,

the same non-monotonicity property obtains. This concludes the proof. |

Proof of Lemma |4 (Compactness of Lg and G) Let (f7,),, be a sequence lying in Lg that converges
to z = (z¢) € [0,1]°°. This implies that Br, ; — x4, for all ¢ > 1, which in turn means that z; € {0, 3}
by the construction of Lg. Moreover, if z; = 0 for some ¢, x¢;, = 0 for all 7 > 1 since the terms 7, are
geometric (finite or infinite) sequences. There are two possibilities: either z = (1,4,...,37,0,0,...) or
x = [ for all ¢ > 1. Both lie in Lg which means that the limit of any convergent sequence in Lg lies in Lg.
This establishes that Lg is closed. Given any € > 0, choose N > 1, a natural number, s.t. BN < e Ttis
easy to see that any element in Lg lies in the e-neighborhood (with respect to the sup metric) of one of the
elements in the finite set {51, B2,...,8n} C Lg. This establishes that Lg is totally bounded. Therefore,
Lg is compact. We next show that G endowed with the sup norm is compact.

Let H : {x = (2% gen | z* < ( ) for all a € A} Defined by inequality constraints, this set is
closed under the sup norm. We will show that it is also totally bounded. For a given € > 0, one can find
an N > 1 s.t. 55 < e Pick a sequence & € H. For any a € A s.t. |a| > N, [0,(2N)71] C Boo(2%,¢), the
e-ball around x®* with respect to the sup norm. For |a| < N, let Y (a) := {O €,2€,. .., kqe€, (2a)*1}, where
k, is the greatest integer s.t. kqe < (2a)~!. The set

reH| 2=z for |a| > N, and (==Y .20 . . 2N e H Y(a), for |a| < N
la]<N

is a finite set of elements of H. Moreover, it is dense in H by construction. This establishes that H is
totally bounded. Thus, H is compact under the sup norm.
Each g € G is associated with coefficients ((c%,d*),,€e). Clearly, for any sequence of policies in G,

gn — ¢ in sup norm if and only if the associated coefficients ((¢%,d2%)q,en) — ((¢*,d*)q,€) in sup norm.
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We know from that c satisfies properties (i), (i7) and (#ii). Thus, for any a € A, ¢® > ¢' > ... > clol]
¢ =c % and 3y ¢’ < 1. Combining all these, we have 2|a|c® < 2 bl<]al ¢’ < 1 which in turn implies
that ¢® < ﬁ, for all @ € A. Same bounds hold for the d sequence. But then, the space of associated
coefficient sequences, call it L, can be seen as a closed subset of H, a compact metric. Consequently,
L¢ is compact, thus sequentially compact. Pick a sequence (g,) € G and let (c¢,,d,,e,) be the asso-
ciated coefficient sequence lying in Lg. Since Lg is sequentially compact, there exists a subsequence
(¢m,,dm, s em,) — (c,d,e) € Lg. The latter, being an admissible coefficient sequence, is associated with
the policy g(z,0) := ", c®x?+ Y, d*0% + ef. Thus, the respective policy subsequence g,,,, — g € G. This
establishes that G is sequentially compact hence compact. This concludes Lemma [ |

Proof of Lemma [5| (Continuity): Since G endowed with the sup norm is a compact metric space due
to Lemma {4} the metric d(g,¢’) := > ;2,27 "||g+ — 9;||~c induces the product topology on G* (see e.g.,
Aliprantis and Border (2006, p. 90)), where || - || is the supnorm as before. Let (Sr,g) € Lg x G* and
€ > 0 be given. Set ¢ := (%) €. The period utility u is uniformly continuous since X is compact.

Thus, one can choose a 6’ > 0 such that for any ¢, |29 — y?| < § implies

|u (ngh'r% {ljt)(g)}bGN(O)?G?) —u (yz?fhytov {xf&)(g)}bGN(O)v 6‘?>| <€.

Set 6 = 2774". Pick ¢°,¢" € I'(BT,g) such that d(g°,¢’°) < §. This implies that for all t < T, ||g¥ —
9)ee < 278 = & hence |29 (g%) — 29(¢g’°)| < 6. Uniform continuity of u then implies that the period utility
levels are uniformly bounded above by ¢’ for all periods ¢ < T. The claim therefore follows from
0 70 1- BT+1 /
\U(g" 5 Br.g) —U(G" ; Br,g9)| < g5 ¢=¢
|

Proof of Lemma |§| (Planner’s First Order Condition): The proof uses an extension of the usual
calculus of variation technique to our symmetric strategic environment. We prove it for the class of
bounded, continuous, and measurable, real-valued functions on X x ®. Then, we use the restriction of the
result to a subset of it, the space of bounded, continuous, and measurable, X-valued functions. Suppose
that the function h provides the maximum for the planner’s problem. For any other admissible function
b, define k = h’ — h. Consider now the expected utility from a one-parameter deviation from the optimal
policy h, i.e.,

J(a) = /u(x%,l,(thak)(xT,l,aT),(h+ak)(R—1xT,1,R—1eT), (73)
(h+ ak)(Rxr_1,RO7),0%) P(dOr) mr_1 (dzr_1) (74)

where a is an arbitrary real number and u represents the conformity preferences in Assumption [I}. Since
h maximizes the planner’s problem, the function J must assume its maximum at a = 0. Leibnitz’s rule

for differentiation under an integral along with the chain rule for differentiation gives us

J'(a) = /(uzk+u3koR*1+U4koR)d]P’d7rT_1
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where u; is the partial derivative of u with respect to the i-th argument. For J to assume its maximum at

a = 0, it must satisfy

7(0) / [uQ (1, h(@p1,07), h(R™ wp_1, R 00), h(Rwr—y, RO7),0%) k(zp_1,0r)
+  ug (25, h(zr_1,07), (R wp_1, R 07), h(Rzr_1, RO7),0%) k(R '2r_1, R '0r)
+  ug (25, h(wr—1,07), (R wp_1, R7" 07), h(Rxr—1, RO7),0%) k(Ror_1, RO7)
X P (d0r) mp_y1 (dop_y) = 0 (75)

for any arbitrary admissible deviation k. Suppose that the statement of the lemma is not true. This
implies that there is an element (Z,0) € X x © such that

0 # up (" h(z.0),h(R™' 7, R~ 6), h(R, RE), ")
+ us(z',h(RZ,R0),h(z,0),h(R*Z,R*0),0")
+ wg (ZLR(RT'Z,R7V0), (R 7, R720), h(z,0),0") (76)

Assume w.l.o.g. that the above expression takes a positive value (the proof for the case with a negative
value is identical). Since the utility function, its partials, and the deviation functions are all continuous
with respect to the product topology, and that the measures m and P have positive densities, there exists
a (m x P)-positive measure neighorhood A C X x @ around (Z, ) such that the above expression stays
positive for all (zr_1,0r) € Am Assume that a; = (7,0), ay = (RZ,R0), and a3 = (R™'Z, R~ 0) are
distinct points. Otherwise, since the underlying space X is a real interval and the maps R and R™! are
right and left shift maps, one can always pick a point in A that has that property.

Now choose € > 0 small enough so that the e-balls B, (a1), Bc (az2), and B (ag) are disjoint. R and
R~! being both continuous are homeomorphisms. So, one can find € > 6; > 0 and € > &3 > 0 such that
R (Bs, (a1)) C Be(az) and R™! (Bs, (a1)) C Bc(a3z). Let § = min{d;,d2} and A; := Bs (a;). We next
define a particular deviation k. Let the function k& be defined as

v [0 —d((x,0),a1)], if (z,0) € Ay

. (77)
0, otherwise.

k(z,0) =k(Rz,R0) =k(R'z,R™'0) = {
where v > 0 is a scalable constant. This is possible because A;, R(A;) and R~(A;) are disjoint sets.
Constructed this way, k is a bounded, continuous, and measurable functiorﬂ Substitute k£ into equation
(75). By construction, the only set on which k is positive is the set A; which is itself a subset of A, the set of
elements of X x ® for which the expression is positive. Hence, evaluated with the constructed deviation
function k, J’(0) > 0, a contradiction to the fact that the policy function h was optimal. Therefore the
statement of the lemma must be true. This concludes the proof. |

""Endowed with the product topology, the space X x @ is metrizable by the metric d. See footnote Product
topology and the associated metric allows us to choose positive measure proper subsets of X for choices of near-by
agents and the whole sets X and © for far-away agents, staying at the same time in the close vicinity of the point
(z,0).

"'We endow the range space, the real line, with the Borel o-field hence any continuous function into the real line

is automatically measurable.
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Proof of Lemma m Using iteratively, one can write for any (xr,0r41) € X x ©

T+N

0 0
Vi (2, 0741) = / > g l?al (2? — 29 ) pre (294 — 27) + 202 (6] — 27) 8$%xt0
t=T+1
0 0
+2as (27— 29) —— (27" — 29) + 20 — 29— (2} =29
3(t t)ax%(t t) 3( t)a (t t)
N
+pNFLyh (xt+N,9t+N+1)1 H P (dfr+1+4) (78)
i=1

where x; is written as, using iterations of the policy function g and Lemma [2| (i) with a7 instead of a;

Z Z P T x;+b1+~--+bw

bi€A bi_T€A

t—T
+ ZZ Z bt cbs— 1<Zdb 921+(b€1+ +ba+60> (79)

s=1b1€A bs_1€A bs€A

At the point (i‘,é), xzp =z for all a € A. So, the first part after the equality sign in is the same
for all agents. Since the preference shocks are i.i.d., the second part will be the same for all agents in
expectations, which eliminates the terms in the second line after the equality sign in . Thanks to
Lemma (i), %x? > 0 for any a € A, and for all t =T +1,...,7 + N. But then, the second term
in after the first bracket is negative in expectations. This is because using E[2)| (x7,0741)] =
Ct-Tz+ (1 —-C"T)0 > 0, where C = Y, c® The first term after the bracket sign too is negative in
expectations. Here is why: The term

El(2) =2} )| (ar.0r41)] = C"Tz+(1-Cct"Ng-ct-"Tz—(1-Cc"11)0
c-rTa1-0)(0-z) <0

foranyt=T+1,...,T+ N. So, one can write
0

E [20{1 (J?? — .13?_1) 8?
T

(s =) | (e Or)] < B [201 (o0 = 1) gzala | (or. b)) < 0
which shows that the summand in is negative in expectations in every period. In turn, the whole
sum, then, until the last line of , is negative in expectations for any arbitrary N. The choice of a
was arbitrary and that V" is continuous on X x @ for any a € A. The latter is compact with respect
to the product topology. Hence, V" is bounded. So, one can choose an N large enough to make the
BNFLVI (244 N, 0p 4 n11) term arbitrarily small. This implies that the whole expression in is negative,
which in turn means that V* (:fc, é) < 0 for any a € A.

At the point (55, é), the first line of is zero and the second line is negative, as we just showed,
which makes the whole expression in negative. Since the first line in is continuous and so are V,
for any a € A, the whole expression in is continuous. Hence, as in the proof of Lemma @ there exists
a (7 x P)-positive measure neigborhood E C X x ® around (Z,#) such that the above expression stays
negative for all (zr_1,07) € E. This concludes the proof. |
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14 Appendix E: Details about the simulations

We build an artificial economy that consists of a large number of agents ( |A| = 1300,2500, and 5000,
depending on the treatment) distributed on the one-dimensional integer lattice. At both ends “buffer”
agents that act randomly are added to smooth boundary effects. Depending on the treatment, we start
the economy with the following initial configuration of choices: (i) the highest action for all agents; (ii)
the lowest action for all agents, (iii) the action equal to the mean shock for all agents.

The core engine behind the simulations is a Matlab code, g.m, which computes the equilibrium policy

weights recursively as outlined in Section of the paper. The code is posted on Ozgiir’s webpage
g Yy pap p g page,

[http: //www.sceco.umontreal.ca/onurozgur/| at the Université de Montréal; the code contains also detailed

explanations. The correlation computations use another code, cor.m, also available on Ozgiir’s webpage.
Both codes use as input parameters values of the preference parameters «;, i = 1,2, 3, the discount
factor 8, the horizon for the economy T, the number of agents |A|, and the longest distance between agents
for which the equilibrium correlation is computed M.
For the limit distributions results, once g.m computes the policy weights, we let the computer draw

(Qf)lﬁl from the interval [—D, D] according to the uniform distribution (this is for simplicity since all

results in the paper are distribution-free).
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