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RESUME

Les paradigmes GARCH et Volatilité Stochastiqgue sont souvent opposés comme
deux points de vue concurrents sur ce que serait un concept adéquat de variance
conditionnelle : variance conditionnelle au passé du processus lui-méme ou variance
conditionnelle a une information passée plus large (incluant éventuellement des variables
d'état non observables). La thése principale de cet article est que, puisqu'en général
I'économetre n'a pas d'idée sur ce que pourrait étre un niveau structurel de désagrégation,
un modele de volatilité bien formulé devrait étre spécifié de facon a ce que l'on puisse
toujours réduire la filtration d'information sans invalider le modele. De ce point de vue, le
débat entre modeles a variables d'état observables (dans l'esprit GARCH) ou non
observables (dans I'esprit état-mesure) est non pertinent. On met en exergue dans cet
article un processus a volatilité stochastique autorégressive en racine carré (SR-SARV)
gui reste conforme a la tradition GARCH d'une dynamique ARMA pour le carré des
innovations, mais affaiblit la structure GARCH pour obtenir les propriétés requises
d'invariance vis-a-vis des différents types d'agrégation. Il apparait que le défaut
d'invariance du modeéele GARCH usuel est di a deux hypotheses trés restrictives :
corrélation linéaire parfaite entre le carré de l'innovation et la variance conditionnelle d'une
part, relation de proportionnalité entre la variance conditionnelle de la variance
conditionnelle future et le carré de la variance conditionnelle d'autre part. En relachant ces
hypothéses grace a une approche état-mesure, on parvient a démontrer des résultats
d'agrégation sans renoncer au concept de variance conditionnelle (et aux effets de levier
associés), a la différence du modele GARCH faible récemment proposé et qui, lui, obtient
les résultats d'agrégation en remplacant les espérances conditionnelles par des
projections linéaires sur les innovations passées supposées de loi symétrique. Un autre
avantage de l'approche SR-SARV par rapport au modele GARCH faible est de permettre
des généralisations multivariées, incluant méme éventuellement des dynamiques d'ordre
supérieur et de primes de risque (dans l'esprit de GARCH(p,p) et de GARCH-M) et de
fournir des restrictions de moments conditionnels qui peuvent étre avantageusement
exploitées pour l'inférence statistique. Enfin, nous caractérisons les relations d'inclusion
entre nos modeles SR-SARV (y compris dans le cas de dynamique d'ordre supérieur,
d'effet en moyenne et d'effet de levier) et les différentes classes de modéles GARCH et de
modeles de diffusion a volatilité stochastique. Ces caractérisations impliquent que les
résultats déja disponibles dans la littérature au sujet de I'agrégation des GARCH faibles et
de leur lien avec les modeles de diffusion apparaissent comme des corollaires des
résultats de cet article.

Mots clés: GARCH, volatilité stochastique, SR-SARV, agrégation, rendements d'actifs,
processus de diffusion



ABSTRACT

The GARCH and Stochastic Volatility paradigms are often brought into conflict as
two competitive views of the appropriate conditional variance concept : conditional
variance given past values of the same series or conditional variance given a larger past
information (including possibly unobservable state variables). The main thesis of this paper
is that, since in general the econometrician has no idea about something like a structural
level of disaggregation, a well-written volatility model should be specified in such a way
that one is always allowed to reduce the information set without invalidating the model. To
this respect, the debate between observable past information (in the GARCH spirit) versus
unobservable conditioning information (in the state-space spirit) is irrelevant. In this paper,
we stress a square-root autoregressive stochastic volatility (SR-SARV) model which
remains true to the GARCH paradigm of ARMA dynamics for squared innovations but
weakens the GARCH structure in order to obtain required robustness properties with
respect to various kinds of aggregation. It is shown that the lack of robustness of the usual
GARCH setting is due to two very restrictive assumptions : perfect linear correlation
between squared innovations and conditional variance on the one hand and linear
relationship between the conditional variance of the future conditional variance and the
squared conditional variance on the other hand. By relaxing these assumptions, thanks to
a state-space setting, we obtain aggregation results without renouncing to the conditional
variance concept (and related leverage effects), as it is the case for the recently suggested
weak GARCH model which gets aggregation results by replacing conditional expectations
by linear projections on symmetric past innovations. Moreover, unlike the weak GARCH
literature, we are able to define multivariate models, including higher order dynamics and
risk premiums (in the spirit of GARCH (p,p) and GARCH in mean) and to derive
conditional moment restrictions well suited for statistical inference. Finally, we are able to
characterize the exact relationships between our SR-SARV models (including higher order
dynamics, leverage effect and in-mean effect), usual GARCH models and continuous time
stochastic volatility models, so that previous results about aggregation of weak GARCH
and continuous time GARCH modeling can be recovered in our framework.

Key words : GARCH, stochastic volatility, SR-SARV, aggregation, asset returns, diffusion
processes



1 Introduction

R. Engle (1982) introduced his seminal paper about ARCH modeling via the one-period
forecast issue of a random variable y;: “the forecast of today’s value based upon the past
information, under standard assumptions, is simply E[y; | y;—1], which depends upon
the value of the conditioning variable 3, ;. The variance of this one-period forecast
is given by V[y; | y4—1]. Such an expression recognizes that the conditional forecast
variance depends upon past information and may therefore be a random variable.”

But, on the outside of the very special case of an univariate Markovian (of order 1)
process ¥, there is no reason why to summarize the “past information” by last values
y;—1 of the dependent variable. More generally, if we assume unbounded memory,
forecasts are based on an increasing filtration J;, ¢ € IR" , of o-fields such that J;
summarizes the information provided by the observation (until time t) of variables of
interest. In other words, if we focus for the moment on the volatility issue in discrete
time, we address the issue of modeling the second order dynamics of the martingale
difference sequence (m.d.s. hereafter):

&t =Yt — E[?Jt | thl]-

A usual way to specify such a model is to start from the factorization:

et =\/fe1u (1-1)
where:
fio1 € Jia
E[Ut | thl] = 0, E[U? | thl] =1. (12)

It is important to notice that, besides the m.d.s. property, the above factorization
does not state any additional assumption but only introduces the notation:

fier = Vliee | Jioi] (1.3)

A volatility model is then a specification (nonparametric, semiparametric or para-
metric) of dynamics of the (squared) volatility process f;.

On the other hand, a current criticism against ARCH literature is its apparent
lack of any structural foundations, that is of any structural dynamic economic theory
explaining the variation of conditional second order moments. Faced with that situa-
tion, it is important to propose volatility models that do not violate obvious necessary
conditions to have structural interpretations. Among these conditions, robustness with
respect to both temporal and contemporaneous aggregation as well as marginalization



are fairly crucial since in general situations, the econometrician has no idea about
something like a structural level of disaggregation. Therefore we would like specify
volatility models for which aggregating or pooling could be innocuous.

Of course, this requirement may complicate statistical inference. The first example
of such a conflict between structural interpretation and simple statistical inference is
the dynamic specification of higher order conditional moments. It is for instance a
current practice to assume that standardized innovations w,; in (1.1) are iid. This is a
basic assumption of both semiparametric ARCH modeling & la Engle and Gonzalez-
Rivera (1991) and the general volatility definition of Andersen (1992). This assumption
allows one to define estimation methods without taking care of conditional skewness
or kurtosis while, in the general setting (1.2), they could matter for efficient estimation
(see e.g. Bates and White (1991) and Meddahi and Renault (1995)). But a fundamental
contribution of Drost and Nijman (1993) (see Section 3, Example 3, “Strong GARCH
are not closed”) is precisely to have stressed that the classical ARCH(1) model:

e =y\Jw+agiu , u wd N(0,1)

is not closed under temporal aggregation since, even if we consider the simplest case of
stock variables, lower-frequency rescaled innovations (for instance when ¢, is observed
only for odd dates t) involve some non degenerated conditional kurtosis. Therefore it
is necessary to extend the usual “strong” GARCH or stochastic volatility models to
obtain robustness with respect to various kinds of aggregation. There is nevertheless a
general agreement to consider that the first model of volatility dynamics we must have
in mind is the simplest AR(1):

fi=w+fior + 1 (1.4)

0<v<1, Eliy] =0, Cov(iy, fr) =0V7 < t.

As a matter of fact, the GARCH(1,1) modeling considers the very special case

where:
vy = alef — fio1) (1.5)

since we then recover from (1.4) the usual GARCH(1,1) representation:
fi=w+asg}+Bfis, 0<a+p<1. (1.6)
Indeed, it is clear that the choice v; = a(e? — f; 1) is allowed since:

Ele2| Ji1]l=fi1=FElv|Ji 1] =0= E[] =0 and Cov(v, f;) = 0 V1 < t.



We get then the concept of semi-strong GARCH(1,1) model as it is defined by Drost
and Nijman (1993). Unfortunately, Drost and Nijman (1993) have also shown (see
Section 3, Example 4, “Semi-strong GARCH not closed”) that even this extended
class of GARCH processes is not closed under temporal aggregation.

Then, it turns out that we have to extend even more the class of GARCH(1,1)
processes if we want to get some structural interpretations. The main idea of the
present paper is to offer an alternative to the Drost and Nijman (1993) extension,
which presents in our opinion several advantages.

On the one hand, the Drost and Nijman (1993) idea is to weaken the structure:

E[l/t | thl] =0

vy = a(el — f;_1) and thus J; = o(e,,7 < t)

by maintaining the restriction
v =alel — fi 1) (1.7)

but assuming only:
Elv] =0and Cov(w, fr) =0Vr <t

instead of the non-robust conditional moment restrictions:
E[Vt | Jt—l] =0. (18)

The advantage of this proposal is to focus on the linear structure of GARCH modeling;:
the usual GARCH representation:

e2=w+ae? |+ Bfi1

may then be interpreted as a linear projection on the Hilbert space H; spanned by 1
and ¢, 7 < t. This is the so-called weak GARCH(1,1) model. The main drawback of
this approach is that by relaxing (1.8) into the setting (1.7), one renounces to interpret
fi—1 as a conditional variance of ;! This is a pity for both financial interpretation of
volatility (what could be for instance the use of linear projections for option pricing
which is, by definition, highly nonlinear!) and statistical inference (without conditional
moment restrictions, we lose the consistency of usual Quasi Maximum likelihood or
GMM).

On the other hand, our main proposal is the following: we remain true to the

conditional moment restrictions
E[l/t | thl] = 0

3



but we no longer consider that v; is perfectly linearly correlated with £? conditionally
to J;_1 (according to (1.7)); it may involves a separate contemporaneous stochastic
component, and in that case, according to the usual terminology (see Andersen (1992)),
we say that volatility is stochastic.

In order to compare the weak GARCH modeling with our stochastic volatility ap-
proach, it is first important to stress that weak GARCH(1,1) processes which are out-
side the usual semi-strong GARCH class do involve stochastic volatility features.
Since we only know that:

EL[efy | HY] = w +vEL[s] | Hi 4]

where EL denotes the linear projection, Ve, | Ji) = Ele7 ., | J;] will generally involve
some nondegenerated random variables like:

E[€?+1 | Ji] — EL[€?+1 | Hf].

In other words, weak GARCH processes and stochastic volatility models are not nec-
essarily inconsistent extensions of the semi-strong GARCH class. The choice between
the two approaches has been done in relationship with the objective: financial interpre-
tations, statistical inference, robustness with respect to various kinds of aggregation...
But we want to argue here that besides its advantages for financial interpretation
and statistical inference, the stochastic volatility approach is even better suited for
aggregation issues: while Drost and Nijman (1993) are led to restrict themselves to
symmetric GARCH processes, no such restrictions are needed within our stochastic
volatility framework. This degree of freedom matters to capture the so-called leverage
effect, already well documented in the stock price literature (see Black (1976), Nelson
(1991), Bollerslev, Engle and Nelson (1994)). Indeed, we check that if we renounce
to capture this leverage effect by adding to our setting some symmetry restrictions a
la Drost and Nijman (1993), we are led back to weak GARCH processes. Moreover,
while Drost and Werker (1996) suggest to “close the GARCH Gap” by relating contin-
uous time stochastic volatility models with discrete time weak GARCH modeling, the
stochastic volatility framework allows us to a more direct relation between continuous
time and discrete time models.
The paper is organized as follows.

The sections 2 focuses on the so-called SR-SARV(1) class, that is to say the family
of volatility models conformable to (1.8) in the framework (1.1) to (1.4). We detail
its relation with both discrete time GARCH(1,1) models (semi-strong or weak) and
continuous time stochastic volatility models. Indeed, our SR-SARV(1) class is closed



under temporal aggregation and may be viewed as a discrete time sampling from usual
continuous time stochastic volatility models. Moreover, we stress that temporal aggre-
gation of semi-strong GARCH(1,1) processes does create in general stochastic volatility
features or time-varying coefficients which are hidden in the weak GARCH represen-
tation. In the same way, discretization of univariate heteroskedastic diffusions may
create stochastic volatility features. This is the reason why the stochastic volatility
model is, in our opinion, the most versatile tool.

The section 3 propose various extensions of the SR-SARV(1) model.

In order to get rid of richer correlation patterns in conditional variances than the
simplest AR(1) case, we first introduce in section 3.1 the SR-SARV (p) class which cor-
responds to GARCH(p,p) as SR-SARV(1) corresponds to GARCH(1,1). However, to
remain true to the Markovian paradigm of state variables which is dominating in mod-
ern Finance, the order-p structure is obtained by marginalization of a p-dimensional
VAR(1) process of state variables. This allows us to extend to higher orders, on the
one hand the main result about temporal aggregation and on the other hand, the
relationship with continuous time stochastic volatility diffusion models.

Besides, to capture some structural interpretations of asset returns time series mod-
els, and particularly of dynamic models of first order and second order conditional
moments, we need some versatile statistical structures where conditional expectations,
conditional variances and covariances may be combined through linear aggregators to
characterize risk premia. This is the main puzzle which motivates the sequel of section
3. More precisely, we want to extend the basic SR-SARV (p) model in order to get on
the one hand statistical models able to capture structural restrictions about risk premia
dynamics and, on the other hand which remain true to the requirement of robustness
w.r.t. temporal aggregation. After a brief discussion of such structural restrictions
(section 3.2), we introduce in a given asset risk premium another marginalization of
the p-dimensional state variable process already used to characterize the conditional
variance dynamics. This is the concept of SR-SARV-M (that is SR-SARV in mean)
which as presented in subsection 3.3 adapts to our setting the usual ARCH-M model
introduced by Engle, Lilien and Robins (1987). As far as we are concerned by ro-
bustness w.r.t. temporal aggregation, the SR-SARV-M model is shown to be not only
closed under changes of the sampling frequency but also under discretizations where
[to’s lemma may introduce squared volatilities in the drift of the processes. Moreover,
it is shown that temporal aggregation of the SR-SARV-M processes should introduce
some kind of leverage effect, through the volatility features of unobserved risk premia.
Besides the corporate finance-based Black’s argument, this could provide an additional
explanation for the well-documented evidence of leverage effect in financial time series.



Subsection 3.4 is concerned with SV models with a predictable part, which may be
itself generated by a VAR(1) models of several factors. Indeed, the complete multi-
variate model of factors which may appear in both conditional expectations, variances
and covariances of a vector of returns is described in Section 4.

The proofs of the main results are provided in the Appendix.

2 The SR-SARV (1) Class

2.1 GARCH versus Stochastic Volatility

Let us consider a martingale difference sequence (m.d.s. hereafter) £;, t=1,2,... adapted
to the natural filtration

Iy =o0(e;,m < t). (2.1)
Typically, £; could be the log-return of a given asset whose price at time t is denoted

by S;:

St
Si—1

If Sy is the value at time t of a given currency in terms of dollar, the martingale dif-

e, = Log (2.2)

ference hypothesis is generally accepted, according to the efficiency of foreign exchange
markets. More generally, if we consider that log-return could have non-zero conditional
expectation, the framework (2.2) may be extended by considering &; as the innovation
process of the log-return process (see section 3).

Indeed, we follow here the usual practice (according to the mainstream GARCH
and SV literature) of introducing the conditional heteroskedasticity setting at the level
of innovations processes. As far as we are concerned with GARCH modeling, the basic
idea was to introduce a serial linear correlation pattern through &7 (see Engle (1982),
Bollerslev (1986)) while, by definition of the martingale difference property, £; does not
involve such correlation:

Ele, | ;1] =0 (2.3)

This is surely the main reason for the widespread use of the GARCH(1,1) model.
If we denote by h; the conditional variance process:

hi = E[e} | I, 1] (2.4)



the usual GARCH(1,1) setting:
hi =w+asl |+ Bhy 1, a>0, >0, a+p<1, (2.5)
may be simply rearranged in:
ef =w+ (a+ B)ef_, — Bl — hi) + (7 — hy) (2.6)
which stresses the ARMA(1,1) structure ! of ¢2 with innovation process
n = &2 — hy. (2.7)

Moreover, let us recall that the ARMA(1,1) representation of £? is tantamount to an
AR(1) representation of the conditional variance process h; (see (2.4)/(2.5)):

hy =w+ (a+ B)hy_1 + ang_q. (2.8)

As a matter of fact, we want to stress here that, if it is natural to use the ARMA(1,1)
setting to summarize the pattern of serial correlation of €7, the framework (2.6) is
too restrictive since the innovation process 7; is not only serially uncorrelated but is
a m.d.s. (due to (2.4)). This restrictive feature involves several shortcomings as a
lack of robustness with respect to temporal aggregation, contemporaneous aggrega-
tion, marginalization... This is the reason why it would be interesting to remain true
to the ARMA pattern of serial correlation but with a general weak white noise inno-
vation. Indeed, the serial uncorrelation assumption (in a linear sense) does not involve
the same drawbacks that the martingale difference one. This is the reason why this
“weak” concept was used by Drost-Nijman (1993) and Nijman-Sentana (1996) to derive
aggregation properties in a GARCH setting.

As announced in the introduction, the main goal of this paper is to define a semi-
parametric model of conditional heteroskedasticity which on the one hand corresponds
to a weak concept of ARMA process for €2 (in order to obtain robustness properties)
but on the other hand remains true to the same martingale concepts. These concepts
matter for at least two reasons: statistical inference and logical relationship with con-
tinuous time models of modern Finance. This is the reason why we suggest to forsake
the GARCH framework (the exact relation with weak GARCH modeling will be made
more precise later) and to define the parameters of interest in the following SV setting:

!R. Engle (1995), page xiii, explains with humor why, according to (2.5) and (2.6), “ARCH is
autoregressive while GARCH is ARMA” | in contradiction to his first intuition that the main drawback
of the ARCH specification was that “it appeared to be more a moving-average specification than an
autoregression”.



Definition 2.1

A stationary squared integrable process ¢, t € N, is called a SR-SARV/(1) process
with respect to an increasing filtration J;, ¢t € N, if there exists a positive J;-adapted
stationary AR(1) process f;, t € N, such that:

er =/ fim1w (2.9.a)
E[Ut | Jt—l] =0 (29b)
Elu? | Ji1]=1 (2.9.c)

Of course, the definition 2.1 is related to the so-called square-root stochastic autore-
gressive volatility setting introduced by Andersen (1994) (which justifies the notation
SR-SARV) since by (2.9), the process f; can be interpreted as the conditional vari-
ance process:

fio1 = Varley | Ji_i], (2.10)

and this process admits by definition an AR(1) representation

ft =w+ '}/ft,1 + 1y (211&)
E[l/t | thl] =0 (211b)

Since stationarity is assumed, we have implicitly assumed that | v |[< 1, and in order
to provide simple sufficient conditions of positivity, a maintained assumption hereafter
will be

w>0and 0 <y <1 (2.12)

This AR(1) representation of the conditional variance process remains true to the basic
idea of GARCH modeling (see (2.8)) but is stated in a more general framework since
nothing is assumed about the information set (observable or not, contains past returns
or not...). The logical relationships between SR-SARV and GARCH will be detailed
below. Let us first notice moreover that, by (2.9):

E[8t | Jt—l] =0.

In other words, &; will be a m.d.s. adapted to J; if we set the additional assumption
that .J; contains past returns:
I, C J;. (2.13)

But we are able to prove that one always may reduce the information sets of the SR-
SARV representation, even without taking into account the restriction (2.13):



Proposition 2.1 If ¢, is a SR-SARV(1) process w.r.t. a filtration J; and f; the as-
sociated conditional variance process, then, for any subfiltration J; C Ji, € is a SR-
SARV(1) process with respect to J; and the associated conditional variance process f}
s given by

Ii = E[ft | Jt*]

This Proposition 2.1 stresses the fact that, in contradiction with a common idea, the
difference between SV and GARCH is not characterized in terms of “observability”
of the volatility process. Of course, one is always allowed to consider an information
set which is reduced to a o-field J; spanned by variables which were observed at
time ¢, but the corresponding SR-SARV(1) representation (with f; = E[f, | J], vj =
fi—w—~f},) is not necessarily a GARCH(1,1) model, since the AR(1) representation
of the conditional variance process is not necessarily linear w.r.t. observables, according
to (1.5):
vy = alef — fiy)

Indeed, this linearity conditional to .J; ; with a constant slope coefficient « is charac-
teristic property of GARCH models as stated by Proposition 2.2 below. But we want
to stress here, that, even outside of the GARCH class, our class of SV models is not
affected by the criticism against Log-normal SV models (see section 2.2 below) rightly
formulated by Engle (1994). While, for Log-normal SV models, it is right to claim
that the conditional variance given observables “has a form that is not easy to evaluate
except possibly by simulation methods”, the SR-SARV(1) representation provides a
conditional variance process which is AR(1), whatever the information set, including
an information filtration defined only by past returns.

Let us notice that until now, we have not explicitly assumed that the information
set J; contains at least the past returns. This is however a natural assumption which
facilitates several interpretations below: relation with ARCH models, leverage effect...
This is the reason why this assumption will be maintained in all the rest of the paper
and, except in case of ambiguity, the terminology “SR-SARV(1)” without specifying
the benchmark filtration will be used for cases where this filtration .J; contains the
“returns filtration” I;. Let us notice that, since f; is Ji-adapted by definition, we then
have for any SR-SARV(1) model:

JP C Jy (2.14.a)

where
I =o0(er, frym <t) = 0(us, vy, 7 < ). (2.14.b)



is the natural filtration. We are then able to state:

Proposition 2.2 The class of semi-strong GARCH(1,1) processes €, (defined by (2.3),
(2.4) and (2.5) with a conditional variance process h;) coincides with the subclass of
the SR-SARV(1) processes (defined by (2.9) with a squared volatility process f;) which

verifies:

o First, 2 and f; are conditionally perfectly positively correlated given J;_y (con-

ditional linear correlation equal to 1).

Var[ft\Jt,ﬂ

Var2[Je] is constant and smaller or equal to 2.

e Second, the ratio

In this case:

Var(f | Jt—l]]1/2‘

hiy1 = fi, v = a+f and J; = 0(577 fr 7T < t) = U(€T,T < t) with o = [Vaﬂ“[€2 | Ji ]
t | Jt-1

The first restriction is related to the common idea that ARCH models correspond
to the degenerate case where there are no exogenous source of randomness in the
conditional variance dynamics. As discussed above through reduction (by Proposition
2.1) of information sets, the invocated degeneracy corresponds to GARCH only if it is
a perfect linear correlation.

Moreover the second restriction introduced by Proposition 2.2 is less known even
though it was already coined by Nelson and Foster (1994) (pages 21-22): “most
commonly-used ARCH models effectively assume that “the variance of the variance” rises
linearly with o}”, that is Var[f, | J,_1] is proportional to Var[e? | J,_1], which is itself
proportional to fZ, (that is o}) in case of strong GARCH (that is iid standardized
innovations u;). In other words, the semi-strong or strong GARCH setting implies non-
trivial restrictions on the conditional kurtosis dynamics; this last remark was the source
of a Drost and Nijman (1993) counterexample of lack of robustness w.r.t. temporal
aggregation.

As far as we are concerned by the first restriction, it provides some insight on the
ability of the various models to capture the so-called leverage effect phenomenon. This
effect, first stressed by Black (1976), refers to the well-documented evidence that, for
various asset prices, bad news and good news of the same amplitude have not the same
effect on subsequent volatilities. Actually, it appears that, according to the theory
of the levered firm, stock price volatilities raise relatively more after bad news than
after good ones. In any case, a versatile stochastic volatility model should be able to

10



capture asymmetric responses of the return g, = \/f;_1u; to some shocks in previous
information .J;_; or contemporaneous volatility \/f;.
Two types of asymmetry could be imagined:
e Either, the conditional skewness of u; given .J;_; is non-zero.
e Or, the conditional correlation of u; with f; (given J; 1) is non-zero.
According to the notations (2.9) and (2.11) we then define:

Definition 2.2
Leverage effect occurs as soon as one of the two following properties is fulfilled:

E[u} | J, 1] #0 (2.15.a)

or

Eluwvy | 1] # 0. (2.15.b)

Let us notice that we have defined leverage effect w.r.t. conditional probability
distributions, which appears more conformable to the idea of responses to shocks.
However, unconditional leverage effect in terms of observables (Es} # 0 or Eeje?, | # 0)
implies conditional leverage effect.

Let us consider now processes which, as semi-strong GARCH(1,1) fulfill the first
restriction of Proposition 2.2. In this case, f; = a; 167 + b1, with a;_1, by | € J;1,
so that:

E[Utl/t | thl] = E[Utft | Jt—l] = atAE[Utﬁ? | thl] = at—lfth[U? | thl]
so that:

Proposition 2.3 For any SR-SARV(1) process which fulfills the first restriction of
Proposition 2.2 (for instance a semi-strong GARCH(1,1) process), the two conditions
of leverage effect (2.15.a) and (2.15.b) are equivalent.

It is worthwhile to notice that, according to Proposition 2.3 and in contradiction
with a common idea, usual GARCH(1,1) process may involve some kind of leverage
effect in case of asymmetric innovations, that is:

Eley | I4] #0.

Let us notice that such a leverage effect is not spurious since we are able to check
more generally that a reduction of information in the sense of Proposition 2.1 cannot
introduce spurious leverage effect:
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Proposition 2.4 If ¢, is a SR-SARV(1) process w.r.t. a filtration Jy, than, for any
subfiltration J; such that I, C J; C J;, we have with obvious notations:

Elu} | Ji ] =0= Elu® | J{_,] =0
Eluw | Ji—] =0 = Elujv; | J; ] =0.

Actually, if for instance we observe that a GARCH(1,1) process is such that

Ee} | I, 1] # 0, we are able to claim that any associated SR-SARV (1) modeling of ¢,
should involve usual leverage effect in the sense of (2.15.b). This is the reason why we
do consider the conditional skewness of ¢; as a genuine occurrence of leverage effect.

2.2 Statistical Issues

Since Taylor (1986) seminal work, one observes a burgeoning literature about stochastic
volatility models such that the terminology is still not well-established (see Ghysels,
Harvey and Renault (1996) for a survey). In order to place our SR-SARV(1) concept
in relation to the available literature, several properties have to be emphasized:
e First, even in the general case where it is not Ji;-adapted, the process ¢; fulfills
the m.d.s. property:
Ele; | J1-1] = 0.

This would not be the case if we considered, as Taylor (1994) the so-called “contem-
poraneous autoregressive random variance model” &, = v/fiu;. Let us recall that this
does not prevent us to consider occurrences of leverage effect.

e This leverage effect, or more generally the empirical evidence of asymmetry in
the relationship return/volatility has led D. Nelson (1991) to propose the exponential
GARCH or EGARCH as an alternative to the usual GARCH setting. On the other
hand, the log-normal stochastic variance model introduced by Taylor (1986):

Logf; = w+ vyLogfi 1+ vy, (2.16)

vy iid N(0,07).
is the natural SV analogue of EGARCH models. It is the most popular SV model
since Harvey, Ruiz and Shephard (1994) have popularized it by exploiting its linear
state space form. In particular, the exponential form of EGARCH and (2.16) simplifies
inference since non-positive variances are automatically excluded. However, as noticed
by Engle (1995, page xiii), “it has the drawback that forecasts of variance require a

numerical simulation or at least a distributional assumption which is not the case for
linear models”. Indeed, as already stressed, our SR-SARV(1) models preserves the
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linear AR(1) structure of the conditional variance process emphasized by R. Engle as a
distinctive feature of GARCH processes. This is the reason why we are able to forecast
variances in a semiparametric framework, without distributional assumptions on
the error terms. Besides robustness, the distribution-free framework is crucial to get
convenient properties of aggregation. Moreover, we have shown that, in contradiction
with a common idea, leverage effect can be captured in linear settings.

As far as linearity is concerned, we know that the AR(1) representation of the
conditional variance process corresponds to an ARMA(1,1) representation of 2. As
already explained, the usual semi-strong GARCH setting assumes that the innovation
process of the ARMA(1L,1) model is a m.d.s. while the weak GARCH setting only
involves white noises in a weak (second order) sense. The point we want to stress here, is
that, by introducing the SR-SARV (1) modeling (2.9), we remain true to an ARMA(1,1)
modeling for €2, but with some additional restrictions w.r.t. a weak concept.

Proposition 2.5 Ife; admits a SR-SARV(1) representation, then e? is a weak stationary
ARMA(1,1) process:
e —w—yel | = wy (2.17)

where wy is a MA(1) process such that:
Elw | J1—2] =0 (2.18)
Moreover, wy admits a MA(1) representation wy = 1, — Bn_1, m white noise, 3 < 1.
It is worthwhile to notice that:
JiD L =0(e,,7<t)Do(e?,7<t)=0(w,, T <t)

In particular, the property (2.18) is much more powerful than the usual definition of a
weak ARMA(1,1) process:

Cov(wy,wi ) =0 ¥V h > 2

Beside its interpretation close to a martingale difference property, the property (2.18)
may be useful for statistical inference through GMM (see Drost, Meddahi and Renault
(1996)) because it implies the following observable conditional moment restrictions:

Ele? —w—ver | | ;2] =0 (2.19)

Indeed, (2.19) is an example of application of a general class of lagged conditional
moment restrictions studied by Hansen and Singleton (1996).
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This may produce estimates of the parameters w and v of interest for the SV
dynamics (2.9) much more accurate than unconditional moments based estimates of
the weak ARMA model of 2. On the other hand, the usual m.d.s. restriction (2.4) on
the innovation process of €2 (which of course implies (2.19)) is too restrictive because it
corresponds to the concept of semi-strong GARCH(1,1) model (see Drost and Nijman
(1993)) which is not robust w.r.t. temporal aggregation. In the opposite, we shall
see in the following subsection 2.3 that the SR-SARV(1) model (2.9) is robust w.r.t.
temporal aggregation.

To summarize, the SR-SARV (1) concept provides sufficient restrictions to remain
true to some martingale concepts of the semi-strong GARCH class ( E|e; | [;—1] = 0 and
Elw | I—9] = 0) but a sufficiently larger class (indeed strictly larger than semi-strong
GARCH class) to ensure robustness w.r.t. temporal aggregation.

As already announced, Drost and Nijman (1993) have proposed an other “weaken-
ing” of the semi-strong GARCH concept through the so-called weak GARCH property.
The main idea is to ensure robustness w.r.t. temporal aggregation by using only linear
concepts of information sets. More precisely, let us consider the Hilbert space H;_;
spanned by the constant, £, and 2, 7 < t. Drost and Nijman’s (1993) weak GARCH
definition is:

EL[(‘:t | Ht—l] =0 (220&)
EL[? | Hioy) =w +agl |+ BEL[e2 | | Hy_y) (2.20.b)
O<a+pB<1 (2.20.c)

which is conformable to the usual definition (2.3), (2.4), (2.5) but with usual concepts
of conditional expectation replaced by the concept EL[. | H;_1] of linear projection on
the Hilbert space H;_;. With such a definition, the weak GARCH class clearly en-
compasses the semi-strong one. Indeed, one may interpret the weak GARCH concept
proposed by Drost and Nijman (1993) as the following:

Proposition 2.6 If &; is a weak GARCH(1,1) process, than €2 is a weak stationary
ARMA(1,1) process.
Conversely, if €2 is a weak stationary ARMA(1,1) process:

& —w = YEf_y = N — B (2.21)
with 1, weak white noise , €, is a weak GARCH(1,1) if and only if:
Cov(m,e,) =0, V7 <t (2.22)
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In this case, the representations (2.20) and (2.21) are related by parameters w, 5 and
v = a+ (. Moreover, EL[g? | H; 1| coincides with the linear optimal prediction
EL[e? | H}_|] where H} | is the Hilbert space spanned by the constant and €2, 7 < t.

Of course, the Proposition 2.6 is stated with the maintained assumption (2.3) which
implies (2.20.a). Moreover, it is worth noting that (2.22) has something in common
with (2.18) since (2.18) means that:

Elne—Bnr | ey, 7 <t —=1] =0
which in turn implies:
Cov(ny — Bn-1,67,) =0, V7 <t — 1.

Unfortunately, to obtain their temporal aggregation result, Drost and Nijman (1993)
are led to restrict themselves to the class of “symmetric weak GARCH processes”. But
we want to argue here that, insofar as one needs to impose symmetry, the weak GARCH
concept is not the convenient one to extend the semi-strong GARCH class since it pre-
cludes a leverage effect phenomenon which can be captured by general GARCH models.

Indeed, as soon as the following symmetry assumption is maintained :

(e1,ev) and (—¢&;, —eyp) have the same probability distribution for any (t,t'). (2.23)

the weakest notion of leverage effect is precluded in a weak GARCH framework ? since
(2.23) implies that:
E[BL[f, | Hle] =0
because:
EL[e},, | Hy] = EL[ej,, | H]
and
Ele%e] =0, Vr.

Moreover, as soon as the above leverage effects are precluded, the weak GARCH con-
cept, provides no more structure than the SR-SARV (1) one since it can be proved that:

Proposition 2.7 If ¢, is a SR-SARV(1) process defined by (2.9-11) with the additional
restrictions:

E[u} | Ji-1] =0 (2.24.a)

Eluwy | Ji 1] =0 (2.24.b)

then e is a weak GARCH(1,1) process.

’In a weak GARCH framework, the leverage effect should be characterized by the (unconditional)
linear correlation between e; and EL[e7, | | Hy).
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To summarize, we claim that the general SR-SARV(1) concept is the convenient
structure in order to:

e First, capture leverage effects.
e Second, extend the semi-strong GARCH(1,1) class.
e Third, allow temporal aggregation.

On the opposite, the weak GARCH(1,1) class provides the last two properties only by
excluding the first one. Moreover, we shall show in subsection 2.3 below that, not only
the SR-SARV (1) representation, but also the restrictions (2.24) which relate this class
to the weak GARCH one, are robust w.r.t. temporal aggregation.
Moreover, it is worthwhile to notice that the symmetry assumption used by Drost and
Nijman (1993) is even stronger than (2.23) since it assumes that :

For any positive integer h, for any h-uplet (ax),<x<n € {—1,1}",

(Et4k)1<k<n and (agerik)1<k<n have the same probability distribution. (2.25)

Amagzingly, if we are ready to maintain (2.25) in a semi-strong GARCH framework, we
can always state a degenerated SR-SARV representation of our process

et =/ fr—1ue

with f; | = €7 and u, is the sign of ;. Indeed, we are able to check that Elu; | J; 1] =0
since, in this case, J;_; is generated by ¢,, 7 < t, and 7, and thanks to (2.25), u; and
2 are conditionally independent, given &,, 7 < t.

2.3 Temporal aggregation of SR-SARV(1) process:

As suggested by (2.2), we have in mind the interpretation of £, as a continuously
compounded rate of return over the period [t — 1,¢]. Since the unit of time of the
sampling interval is to a large extent arbitrary, we would surely want the SV model
defined by equations (2.9) to be closed under temporal aggregation. As rates of return
are flow variables, closeness under temporal aggregation means that for any integer m:

6§m) Log———

thm k

Stm m

is again conformable to a model of the type (2.9) with suitably adapted parameter

values.
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However, to encompass too the case of stock (or prices) variables we consider more

generally:
m—1
5%) = Z AkmEtm—k (226)
k=0
Typically, for stock variables observed at the dates m, 2m, 3m, ..., tm:

aom =1 and agy, =0 Yk >0
while, for flow variables:
g =1 VE=0,1,..,m — 1.

We are then able to state:

Proposition 2.8 Let ¢, a SR-SARV(1) process w.r.t. J, and a conditional variance
process f; with innovation v,. If for a given natural integer m, we consider a filtration
J,ﬁ’;?, k € N, such that for any k:

e e I S Jim,
then 6%) is a SR-SARV(1) process w.r.t. Jt(,;n), with a conditional variance process

f t(mm ) ;
fom = Varleiw | g .

We have:
et =\ ) b
fomd = ) g gl )
and
A = ym
1—~™
(m) _ ,(m) plm) (1 — Am
w a"w T + ( ™)
where
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To give the intuition of the proof of Proposition 2.8, it is worthwhile to notice that

Jt‘;ﬁlm available at time tm—m, of the aggregated

ft(,;nlm is the optimal prediction, given
squared volatility Y7"5" a2 fun i 1. Therefore, taking into account the Markovian

feature of f;, we see that:
fond = "™ B fy | T + 0, (2.27)

To a certain extent, (2.27) is counterintuitive since it shows that, although volatility
of returns is aggregated as a flow variable (275" a2 fim i 1 with ag, = 1, Vi), its
informational content appears as a stock variable, at least in the case of low-frequency

Jt(,r,f)). For instance, in this case, to price

observation scheme of the stock type (fi, €
at time tm an option written on the asset of price S, the volatility ft(f,;1 ) corresponding
to the low frequency data has the same informational content that the volatility f;,, of
high frequency data 3.

As far as we are concerned with weak GARCH processes which are SR-SARV (which
is the case for semi-strong GARCH), our Proposition 2.6 extends the results of Drost
and Nijman’s (1993) section 3 about temporal aggregation of GARCH(1,1).

In a first case, we consider stock variables and obtain:

which in GARCH notations provides Drost and Nijman’s (1993) equation (9):
o™ 4+ ™ = (o + B)™

m _ L= (et /)"

(m) _
w\™ = w )
1—(a+p)
In the second case of flow variables, we have
A = 4™

3(2.27) proves that, in the particular case fi, € Jf,': ) if we consider the more flexible SV represen-
tation: e, = \/afi—1 + b u¢, the aggregation result may be written without changing the f process.
In particular if a = 1 and b = 0: &™) = /a0 fr_m + 607 4™ admits f too as leading process of
its volatility process. Of course, the degree of freedom added by the scalar a and b implies a lack of
identifiability for the coefficients w and 7 of the AR representation. This is the reason why we have
preferred to maintain the usual identifiability restriction (a,b) = (1,0) which implies some rescaling
of f for a given aggregation schedule.
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1 _ m
WM = mw—" (2.28)
1=
which in GARCH notations provides Drost and Nijman’s (1993) equation (13):
al™ + 3™ = (o + B)™
1-(a+pH)"
(m) —
w' = mw—————S—. 2.29
1—(a+p) (2.29)

Indeed, as it is clear from the SARV setting, the parameter of interest is v = o + [3;
in particular, if f;, € Jt(;"), it specifies the weight of the exponential smoothing of the

stochastic volatility innovations since one can easily deduce in this case from (2.27)
and (2.11) that:

m—1
u,ﬁ,’;) = q™ > Vi (2.30)
k=0

In other words, as it already well-known in the GARCH literature (see Drost and
Nijman (1993)), 7™ = (a+3)™ characterizes the persistence of shocks in the volatility
process. Therefore, if the stochastic volatility feature appears to be still significant at
low frequency data (7™ significant for large m), it is likely to be highly persistent for
high frequency data (v close to 1).

As far as we are concerned with leverage effect, the decompositions (2.26) and (2.30)

allow us to characterize its invariance w.r.t. temporal aggregation:

e First, the unconditional leverage effect E[s;1;] # 0 occurs at the lowest
frequency if and only if it occurs at the highest.

e Second, if conditional leverage effect occurs at the lowest frequency:
Bletm vim | Jinlm] # 0
it necessarily occurs at the highest:
EleimVim | Jim-1] # 0.

The converse is true if above conditional covariances are constant.

More generally, we have introduced in (2.24) two restrictions of conditional symme-
try which are equivalent in the semi-strong GARCH case and allow us to consider the
class of “symmetric” (in the sense of (2.24)) SR-SARV (1) processes as a subclass of the
weak GARCH processes. In order to show that our aggregation result (for SR-SARV (1)
process) extends the Drost and Nijman’s (1993) one (for this subclass of weak GARCH
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processes), we have to check that the restrictions (2.24) themselves are robust w.r.t.
temporal aggregation. This is the following result:

Proposition 2.9 With the assumptions and notations of Proposition 2.8. If:
E[U? | thl] = E[Utl/t | thl] =0
Then for any m > 1:

El(ugy? | T ] = Elugvn | Jaw ] = 0.

2.4 Continuous time SR-SARV modeling:

According to the martingale difference framework for log-returns, we consider here a
general continuous time stochastic volatility model with zero-drift for the asset price

process:
dLOgSt = O0¢ th (231)

dO't =t dt + 5t thg
Cov(dWy, dW7) = p dt

where (Wy, W7) is a bivariate Wiener process and the stochastic processes oy, v, d; and
pr are Jf = o(W,, W9, 1 < t) adapted where the superscript ¢ means that the available
information is now defined in continuous time. To ensure that o, is a nonnegative
process one typically follows either one of two strategies: (1) considering a diffusion
with a linear drift for loga? or (2) describing o7 as a CEV process (or Constant Elasticity
of Variance process following Cox (1975) and Cox and Ross (1976)) *. The former is
frequently encountered in the option pricing literature (see e.g. Wiggins (1987)) and is
also clearly related to Nelson (1991), who introduced EGARCH, and to the log-normal
SARV model of Taylor (1986 and 1994). The second modeling strategy involves CEV
processes which can be written as

do? = k(0 — o?)dt + 6(0?) dW? (2.32)

where % < A < 1 ensures that o} is a stationary process with nonnegative values.

Equation (2.32) can be viewed as the continuous time analogue of the discrete time SR-
SARV(1) class of models presented above as it is confirmed by the exact discretization

4Occasionally one encounters specifications which do not ensure nonnegativity of the oy process. For
the sake of computational simplicity some authors for instance have considered Ornstein-Uhlenbeck
processes for o; or o7 (see e.g. Stein and Stein (1991)).
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results of continuous time SV models stated below. Here, as in the previous section, it
will be tempting to draw comparisons with the GARCH class of models, in particular
the GARCH-diffusion processes proposed by Drost and Werker (1996) in line with the
temporal aggregation of weak GARCH processes.

Indeed, one should note that the CEV process in (2.32) implies a SR-SARV model

in discrete time for o?, namely:
t+h
of, =01 — e +e Mo} + e‘kh/t =5 (a2 aWwe (2.33)
We are then able to prove:

Proposition 2.10 When the continuous time stochastic process S; is conformable to
Stn
S(til)h’

t € N, is a SR-SARV/(1) process w.r.t. J1:(:); Jt(,?) = J(Log%fi)—h,azhﬁ <t,7 € N).

(2.81), for any sampling interval h, the associated discrete time process Log

In other words, from the diffusion (2.31) and (2.32), we obtain the class of discrete time
SR-SARV(1) which is closed under temporal aggregation, as discussed in the previous
section.

As already announced, we have so built a class of SR-SARV(1) processes in discrete
time which automatically fulfill the positivity requirement of the volatility process,
thanks to the well-suited dynamics of the underlying continuous-time process.

The relation between the continuous time parameters k, 6, and the discrete time
parameters w® and v is the following:

A = g=kh (2.34.a)
wh = ph(1 — e k) (2.34.b)

The relation between continuous time and discrete time volatility process is similar
to (2.27):
fon = aMap, + o™ (2.35)
with
1 —ekh
-
1— efk;h
Since the log-return are of course considered here as flow variables, (2.34) has to be

o

b =6 (h —

seen as a generalization of (2.28) with:



w=0(1-"7)

where 6 is the unconditional variance, that is the expectation of o?.

If we use the GARCH notations (2.29), it is clear that (2.34) is a generalization
of the temporal aggregation result of Drost and Werker (1996), which closes “the
GARCH Gap” by interpreting discrete time sampling in a continuous time SV model
of the type (2.31), (2.32) as a weak GARCH process. Moreover, contrarily to Drost and
Werker (1996), we do not exclude the possibility of leverage effect (no restrictions are
considered with respect to the correlation process p;). Moreover, as explained in the
previous subsections, we prefer the SR-SARV representation which provides an explicit
characterization of innovations in variance (which is not the case for the weak GARCH
modeling). As it is shown in the proof of Proposition 2.10, we have here the following

innovation process:

1 — —kh th

I ke PR / il () Rl o (2.36)
k (t—1)h

The exponential smoothing formula (2.30) is clearly implied by (2.36). Therefore, (2.36)

allows one to state same conclusions about leverage effect; generically, the occurrence

of this effect at the highest frequency (that is in continuous time) is tantamount to the

occurrence of it at lower frequencies.

3 Univariate SV models for asset returns:

We propose in this section various extensions of the basic SR-SARV(1) model in order
to capture some well-documented evidence about asset returns.

A first evidence is that the patterns of the sample autocorrelations for the squared
process are not always conformable to the theoretical pattern of an ARMA(1,1) process.
This is the reason why there are more and more findings in the empirical GARCH lit-
erature of GARCH models of higher orders, or even of long memory GARCH models,
to reproduce some stylized empirical regularities like for instance a sample autocorrela-
tion function which “decreases very fast at the beginning, and then decreases very very
slowly and remains significantly positive” (quoted from Ding and Granger (1996)). The
fact that “the (1,1) order specification fails to account for the variety of dynamic pat-
terns in many time series” has also recently been stressed by Diebold and Lopez (1995)
and by their discussant Steigerwald (1995). However, a major drawback of GARCH
processes of higher order for asset returns (that is of ARMA process of higher order
for squared asset returns) is that they do not generally remain true to the Markovian
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(of order 1) property of the volatility process usual in Finance; in particular they may
lead to differentiable underlying continuous time process for asset prices, which is in-
consistent with the fundamental no free-lunch assumption (existence of an equivalent
martingale measure conformable to arbitrage pricing theory a la Harrison et Kreps
(1979)). This is the reason why we will suggest in this section a particular class of
ARMA (p,q) representations of the volatility process (namely ARMA(p,p-1)) which
can be interpreted as marginalization of a VAR(1) process of p state variables. In
other words, according to a classical asset pricing methodology, “under the umbrella
of the Harrison-Kreps model” (quoted from Duffie (1992)), the Markovian property is
maintained at the level of a latent multivariate process of state variables, including the
case of a continuous time multifactor representation.

This idea is first exploited in subsection 3.1 to define the SR-SARV(p) class which
corresponds to a weak concept of GARCH(p,p) models (that is a weak concept of
ARMA (p,p) models for squared returns) as well as the SR-SARV(1) class corresponds
to weak GARCH(1,1) model. We prove in particular a temporal aggregation property
which extends the Drost and Nijman (1993) result for weak GARCH as it was already
extended for weak GARCH(1,1) in section 2. The relationship with both semi-strong
GARCH(p,p) and continuous time multifactor models are also characterized.

The main goal of the rest of section 3 is to capture in our SV framework the basic
idea of GARCH-M modeling: the conditional variance process may enter in the condi-
tional mean through the so-called risk premium. We first briefly discuss in subsection
3.2 some lessons of economic theory about the trade-off between mean of returns and
their variance. We propose in section 3.3 various SR-SARV-M specifications which
are conformable to these economic ideas and mimic the usual GARCH-M specifica-
tion. Moreover, our SR-SARV-M models are closed under temporal aggregation while
GARCH-M are not for three reasons:

e First, usual GARCH specifications are not closed under temporal aggregation,
except if we weaken their structure a la Drost and Nijman (1993).

e Second, there is no aggregation theory available for GARCH-M models, even in
a weak sense, since the proposed risk premium patterns are clearly not robust
w.r.t. temporal aggregation.

e Third, as already emphasized by Proposition 2.2, “commonly-used ARCH models
effectively assume that the variance of the variance rises linearly with o}” (see
Nelson and Foster (1994)) which is inconsistent with a joint aggregation of risk

premia and conditional variance (see Proposition 3.7 below).
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3.1 The SR-SARV(p) models

Definition 3.1 A stationary squared integrable process ¢, is called SR-SARV (p) w.r.t.
an increasing filtration J;, ¢ € N, if there exists a p-dimensional J;-adapted stationary
VAR(1) process Fy, t € N, with nonnegative components, such that:

g =/ fi_1uy (3.1.a)
Elu | Ji—1] =0 (3.1.b)
Eu | J, 1] =1 (3.1.c)

fi =€'F, (3.1.d)

with e is a vector of IRP with nonnegative components.

It is clear that definition 3.1 extends the definition 2.1 to a higher order dimensional
vector F; of state variables. This process admits by definition a VAR(1) representation:

Ft = Q"—FFt,l —|—‘/;5 (32&)
EV; | Jia] =0 (3.2.b)

while f; = €'F} is still interpreted as the conditional variance process:
fiir=Varle, [ Jy]. (3.3)

In other words, the conditional variance process is now characterized as a linear combi-
nation (defined by e) of state variables; the vector e will be called hereafter the variance
marginalization vector.

Since stationarity of F} is assumed, we have implicitly assumed that the eigenvalues
of I' have a modulus smaller than 1, and in order to provide simple sufficient condi-
tions of positivity, a maintained assumption hereafter will be the nonnegativity of the
coefficients of ().

One can lead here the same discussion about information sets as in the comment
of definition 2.1. In the same way, one may state:

Proposition 3.1 If ¢, is a SR-SARV(p) process w.r.t. a filtration Jy, with F, the as-
soctated p-dimensional state variable and e the corresponding variance marginalization
vector, then, for any subfiltration JF C Jy, €y is a SR-SARV(p) process with respect to
Ji, and the associated p-dimensional state variable F}' is given by

Fy = E[Fy | Jj]
with the same variance marginalization vector.
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As previously announced, the volatility process f; is no longer Markovian but follows an
ARMA (p,p-1) process (as a marginalization of a VAR(1) of size p, see e.g. Lutkepohl
(1991)). We are then able to prove the following generalization of Proposition 2.5 which
shows that for p > 1, the squared innovation ? will appear as an ARMA of higher
order and therefore reproduce a richer class of autocorrelation patterns:

Proposition 3.2 If ¢, admits a SR-SARV(p) representation, then ¢ is a weak sta-
tionary ARMA (p,p) process:

P
CTRN R 5.
i=1
where wy is an MA(p) process such that
E[wt | Jt—p—l] =0 (35)

We denote by w, = n, — ¥, Bim—i, m; white noise, 38, 3; < 1, the MA(p) repre-
sentation of w;. It is then straightforward to deduce from this representation something
like a weak GARCH (p,p) representation for &;:

EL[g} | Hi 4] = I (3.6.a)
h't =w+ Z O[i(‘:?_i + Z ﬁih’t—i (36b)
=1 1=1

where, according to the notations of Proposition 2.4, H; ; is the Hilbert space spanned
by the constant and €2, 7 < t.
Moreover:
vi=o;+ 0, 1=1,2.p

and then (see proof of Proposition 3.2):

zp:% =1—det(Id-T)
i=1
is the convenient measure of persistence of conditional heteroskedasticity if p is the
minimal order of the ARMA(r,r) representations (r>p) of €7 °.
However, as already stressed in section 2, a property like (3.5) is much more pow-
erful that the usual definition of weak ARMA (p,p) (and corresponding notion of weak
GARCH(p,p)) which ensures only zero linear correlations. Its interpretation is close to

0f course, if the marginalization f; = e’ F} creates some degeneracies in the dynamics (that is some
common roots in the ARMA representation (3.4)), the measure of persistence should be reevaluated.
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a martingale difference property, which may allow statistical inference through GMM

from the following observable moment restrictions:

p
BlE —w =3 vt | Irpa] =0 (3.7)

i—1

Like to (2.19), (3.7) belongs to the class of lagged moment restrictions studied by
Hansen and Singleton (1996). For the SV framework, see Drost, Meddahi and Renault
(1996). Moreover, the interest of restrictions (3.5) is that they are consistent with
the requirement of closeness under temporal aggregation. This explain that the SR-
SARV (p) class itself is closed under temporal aggregation:

Proposition 3.3 Lete, a SR-SARV(p) process w.r.t. Jy, with the associated p-dimensional
state variable F; and marginalization vector e. If for a given natural integer m, we con-
sider a filtration J,g ), k € N, such that for any k:

m
m

em e gtml = g,

m
where -
6,&2) = Z AemEtm—k (38)
k=0
then 6%), t € N, is a SR-SARV(p) process w.r.t. Jt(,;n), with a corresponding p-

dimensional state variable vector Ft(,;?) and a marginalization vector €™ defined by:

™ = ¢

F™ = AmE[F,, | J™]+ B™

where L
A(m) — Z aszm_k_l
k=0
m—1 m—k—2 )
B"™ = (3" aj,( "))
k=0 i=0
We have:
etm) = L Fi uin)
ft(;bn) = elFt(r:zn)
FiD = Q) 4 T I 4 von
with

rm —m
Qm) = Am)([d —T™)(Id — T)~*Q + (Id — I'™)B™),
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In other words, the SR-SARV(p) class is on the one hand better suited to statistical
inference than the weak GARCH(p,p) class (thanks to (3.7)) and on the other hand
shares with the weak GARCH class a temporal aggregation property (see Drost and
Nijman (1993)) for the weak GARCH result). Moreover, we have a generalization of
the result (2.27):

Fi) = AW B[Fy | J00] + B (3.9)

which proves that the temporal aggregation does not change the state variables process,
up to a convenient rescaling.

Indeed, our SR-SARV (p) representation shares with the weak GARCH(p,p) one the
idea of ARMA (p,p) dynamics for squared innovations. But, by stressing the underlying
VAR(1) process of state variables F}, we get, as already announced, a direct relation-
ship with usual continuous time multifactor modeling in Finance. This is the issue
addressed by Proposition 3.3 below. To the best of our knowledge, the relationship
between GARCH (p,p) modeling of higher order (p > 1) and continuous time stochastic
volatility models was not clearly stated before in the literature, whatever the approach:
diffusion approximation / filtering a la Nelson (1990) / Nelson and Foster (1994) or
closing the GARCH gap a la Drost and Werker (1996).

Definition 3.2
A continuous time stochastic volatility model (with zero-drift) for the asset price Sy
with p volatility factors Fy is defined by:

LogS,; 0

d( Ftc ) = ( K(@ _ Ftc) )

dt + N (Diag(1, FF))Y2dW, (3.10)
where W, is a (p+1)-univariate standard Wiener process and Diag(z) is the diagonal
matrix whose diagonal coefficients are defined by the coefficients of the row vector x.

Proposition 3.4 below is then the multifactor generalization of Proposition 2.10:

Proposition 3.4 When the continuous time stochastic process S; is conformable to

(3.10), for any sampling interval h, the associated discrete time process Log%ﬁ)—h,

t € N, is a SR-SARV(p) process w.r.t. Jf,’;), Jt(h) = U(Log%b_ F4,m<t,Te€N).

—1)h’

In other words, from the diffusion (3.10), we obtain the class of discrete time SR-
SARV (p) which is closed under temporal aggregation, as discussed above. The relation
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between the continuous time parameters &, © and the discrete time parameters I'"
Q™ is the following :

) = g=Kh (3.11.a)

QW = (Id — e K")Oh (3.11.b)

To see this, it is useful to understand that the state variable process Ft(h) in discrete

time is one-to-one linearly related to the state process F} in continuous time:
FM = AW Fe 4 B (3.12)

with "
A :/ e~ K==Dh) gy — K=1(1d — e—kh)
(

th
B — /( : [(Id — e K==DMQ gy = [h Id — K~'(Id — e7*M)]®.
t—1)h

The equations (3.11)/(3.12) extend respectively (2.34)/(2.35). We obtain in particular
the discrete time representation (3.1) for h = 1.

If we use the GARCH notations (3.6), we see that we have “closed the GARCH
gap” a la Drost and Werker (1996) for GARCH of higher orders. Once more, we stress
that the SR-SARV(p) structure is richer than the weak GARCH(p,p) one. On the
other hand, any semi-strong GARCH(p,p) can be seen as a particular SR-SARV(p)
process, according to Proposition 3.5 below:

Proposition 3.5 If ¢, admits a semi-strong GARCH(p,p) representation then it is a
SR-SARV(p) w.r.t. Jy, Jy=1; =o0(e,,7 < 1).

Of course, the factor process F; of size p exhibited in Proposition 3.5 is highly degen-
erated since it depends of one source of randomness. More generally, it is important to
keep in mind that a given ARMA (p,p-1) volatility process f; may be represented as the
marginalization of a lot of VAR(1) p-dimensional factor process F;, and in particular
degenerated VAR(1) processes.

However, for asset pricing purposes, the modeling we suggest here raises at least

two new issues:
e First, when the market for a given financial asset of price S; involves incompleteness, it
is not always sufficient to introduce one state variable o, to fully describe the relevant
uncertainty. Indeed, even the joint process (S;,0;) may be not Markovian and the
relevant Markovian representation (S, Fy) for asset pricing involve more state variables.
Moreover, this case appears to be realistic, according to the widespread finding of asset
returns dynamics which correspond to GARCH of higher orders.
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e Second, the definition 3.2 introduces a multivariate concept of leverage effect which
could be identified with discrete time data through the correlation structure between
underlying u; and V;. Let us notice that we could consider in (3.10) even more general
structures (for instance positive exponent other than 1/2 and different for all element
in the diagonal matrix of diffusion coefficients of the state variables Fy) since we only
need to ensure positivity and stationarity of the process Ff.

3.2 Time-varying risk premia

A large variety of dynamic asset pricing models is now available to explain how the
dynamics of the risk premia in asset returns may be related to stochastic volatility
dynamics by structural relations involving fixed parameters like risk aversion, discount
factor, elasticity of intertemporal substitution... Such structural relations are often de-
duced from Euler equations corresponding to an intertemporal optimization program of
a representative agent. Among these models, the so-called consumption based CAPM
(see Lucas (1978)) may be considered as a template. It provides the following Euler
equation:

L= BB ()] (3.13)

t
where [ is a discount factor, a is a relative risk aversion parameter, ¢; is the time ¢
consumption and 74y is the return on a given asset over period [t,¢ + 1]. E; denotes
the conditional expectation given available information at time . Without going into
details about it, we may deduce from (3.13) and an assumption of joint conditional log-
normality the following usual relation (see for instance Hansen and Singleton (1983)):

1
—Log(3 = my; — ame; + §(Uft + a’0% — 2a0,¢) (3.14)

where, with obvious notations, m,;, me, 0%, 0% and o, denote respectively conditional

rt?
expectations, conditional variances and covariances.
The main issue we want to stress here is that, through such Euler equation, the

conditional expectation of a log-return may appear like a linear combination of:

e First, conditional expectation of some macroeconomic factors like aggregate con-
sumption. As usual, when risk aversion is present (a # 0), predictability of asset
returns is not inconsistent with market efficiency.

e Second, conditional variances of the return itself and of other factors.

e Third, conditional covariances between this return and other factors.
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Of course, for several models (see for instance the basic CAPM), some factors are
themselves asset returns.

In other words, some structural interpretations of asset returns time series models,
and particularly of dynamic models of first order and second order conditional moments,
imply that we have at our disposal versatile statistical structures where conditional
expectations, conditional variances and covariances may be combined through linear
aggregators. This is the main puzzle which motivates the sequel of the paper. More
precisely, we want to extend the basic SR-SARV(p) model in order to get on the one
hand statistical models able to capture structural restrictions like (3.14) about risk
premia dynamics and, on the other hand which remain true to the requirement of
robustness w.r.t. temporal aggregation.

According to (3.14), we have first to introduce in a given asset risk premium an
affine function of its conditional variance. This is the concept of SR-SARV-M (that
is SR-SARV in mean) which as presented in subsection 3.3 adapts to our setting the
usual ARCH-M model introduced by Engle, Lilien and Robins (1987). As far as we
are concerned by robustness w.r.t. temporal aggregation, the SR-SARV-M model is
shown to be not only closed under changes of the sampling frequency but also under
discretizations where [to’s lemma may introduce squared volatilities in the drift of the

processes.

3.3 SR-SARV-M models

The main purpose of this subsection is to extend the SR-SARV(p) model in order
to describe the dynamics of a time series y;, t = 1,2... of log-returns which is not a
martingale difference sequence, due to a risk premium linear w.r.t. conditional variance.

Indeed such a linearity must be seen as a marginalization of the state variable vec-
tor F; whose variance marginalization €' F; defines the conditional variance process. In
order to be consistent with our temporal aggregation requirement, it is important to
allow these two marginalizations to be different, that is to consider a process:

y=c+dF_,+¢
E[8t | Jt—l] =0

Varle, | J11]| = €'Fy 4

where d (resp e) is the risk premium (resp variance) marginalization vector, and these
two marginalization vectors may not be collinear. If one imagines for instance that the
sampling frequency is divided by two, one has to consider the conditional variance of
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Y11 given a sub-o field Jﬁ’l of J;_1. It is then clear that:

e On the one hand, the conditional variance Var[y,..1 | J\*}] will involve, not only the
volatility due to the innovation terms £,,; (and eventually £, in the flow case), but also
the conditional variance of the high-frequency risk premium d'F;. In other words, the
temporal aggregation mixes the two marginalization vectors d and e in the conditional
variance process. This is the reason why a concept which would require collinearity
between d and e should not be robust with respect to temporal aggregation.

e On the other hand, the mere fact that the conditional variance of the high frequency
risk premium enters the conditional variance of the low frequency process implies that
we need a SV specification of the state variable process F; itself.

This is the reason why we propose the following definition:

Definition 3.3

A stationary squared integrable process y; is called SR-SARV(p) in mean (SR-
SARV(p)-M hereafter) w.r.t. an increasing filtration .J;, ¢ € N, if there exists a
p-dimensional J;-adapted stationary VAR(1) process F;, t € N, with nonnegative
components, such that:

yy=c+dF,_, +¢& (3.15.a)

et = \/firus (3.15.b)

fi=¢€(1, F) (3.15.¢c)

Eluy | Ji-1] =0 (3.15.d)

E[u | J 1] =1 (3.15.¢)

Vech(Var(( i{it )| Jio1]) = R+ SFi_y (3.15.1)

where d is a vector of size p, e a vector of size p + 1 with nonnegative components,

R = (r;) is a vector of size eréﬂ and S = (s;;) is a matrix of size (leﬂ X p such
that:

(r1, (Sli)igigp)l = e (3.15.g)

It is clear that definition 3.3 extends the definition 3.1, which, roughly speaking,
corresponds to the case ¢ = 0 and d = 0. But, as explained above with regard to the
temporal aggregation requirement, we need the additional restriction (3.15.f) about
VarlFy | Ji—1] and Cov(y, Fy | Ji—1). Indeed, let us notice that, taking into account
(3.15.g), the north-west equality of (3.15.f) is nothing but the definition of e as the

6

variance marginalization vector of the SR-SARV(p) process £,°. Moreover, following

6The variance marginalization vector e is defined here by f; = €'(1, F})' instead of f; = €'F} in the
definition 3.1. Indeed, this only corresponds to a change in the intercept of the VAR(1) process F; of
state variables.
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a widespread tradition (see e.g. Bollerslev, Engle and Wooldridge (1988), Engle and
Kroner (1995)) we represent in (3.15.f) linear functions of F;_; taking values in the
space of symmetric positive definite matrices by the notation Vech which does not
ensure by itself the positivity requirement. Of course, positivity could be ensured by
a representation a la BEKK (Baba, Engle, Kraft and Kroner quoted by Engle and
Kroner (1995)):

Var[( % )| Ji_1] = H + A Diag (F|_,) \' (3.16)

which reinforces the assumption (3.15.f). Indeed, we shall introduce below (see Propo-
sition 3.9) a continuous time process whose instantaneous variance is of the type (3.16),
so that positivity is automatically fulfilled for any frequency of discrete time sampling.
To summarize, one way to understand the above discrete time modeling is to have
in mind an underlying continuous time model where both the “variance of the variance”
and the (conditional multivariate) leverage effect have to rise linearly with the condi-
tional variance. As noticed by Nelson and Foster (1994) (see Proposition 3.7 below),
this is inconsistent with usual GARCH modeling. But Nelson and Foster (1994) (pages
21-22) themselves with an optimal filtering point of view have stressed the continuous
time foundation of such an assumption.
By definition, the state variable process F; admits a VAR(1) representation

Ft:Q—FFFt_l_'_‘/;‘,

EVi| Ji-1] =0

where I' has eigenvalues of modulus smaller than 1. Let us notice that with a mul-
tivariate notion of SR-SARV(p) process (see section 4 below for a precise definition),
(3.15.f) means that (g, V)" is a SR-SARV(p) process w.r.t. J;.

As far as we are concerned by reducing the information sets along the lines of
Propositions 2.1 and 3.1, it is clear that any time-varying risk premium conformable
to a structural model like Euler equations will generally become stochastic w.r.t. a
reduced information set. This is the reason why we get only a “weak” version of the

reduced information result:

Proposition 3.6 If y; is a SR-SARV(p)-M process w.r.t. a filtration J;, with F; the
associated p-dimensional state variable, then, for any subfiltration J; C Ji, y, is a
SR-SARV(p)-M process w.r.t. J as soon as Fy is J;-adapted.

When applied to a general SR-SARV (p) process, this result is weaker than Propo-
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sition 3.1 since we have assumed that:
Ft* - Ft S Jt*

instead of
F) = E[F, | J].

This additional requirement is necessary to ensure that the risk premium ¢ + d'F;_;
belongs to J; ;. Such a requirement is not innocuous since it may prevent us to main-
tain an assumption of “observability” of the state variables, that is to say a modeling
w.r.t. an information filtration defined only by past returns and other data available
for the econometrician” (volumes, durations, other asset price series..). Indeed, as al-
ready noticed by Pagan and Ullah (1988), Glosten, Jagannathan and Runkle (1993)
and by King, Sentana and Wadhwani (1994), “the relations between risk premia and
conditional variances are sensitive to differential information between agents and econo-
metricians” (quoted from King, Sentana and Wadhwani (1994)). In other words, our
framework is not inconsistent with structural models of risk premia which belong, by
definition, to the information sets of the agents. We only claim that there are cases
where the information set of the economic agents are larger than the one of econome-
tricians. Option pricing models a la Hull and White (1987) are typical examples where
a stochastic volatility process may belong to the agent’s information set (for instance
because it is one-to-one related to quoted option prices) but is a latent (unobserved)
process for the econometrician.

Of course, one could imagine to reduce the information set to past returns. As
already stressed in Proposition 2.2, this does not necessarily lead to a GARCH repre-
sentation since the latter maintains an additional assumption of perfect linear corre-
lation between conditional variance and squared returns. The point we want to stress
here is that such a perfect linear correlation is generally inconsistent with restriction
(3.15.f). In other words, even though GARCH models are particular case of SR-SARV
processes, they cannot be considered as innovation process of our SR-SARV(p)-M mod-
els. Therefore, the setting of definition 3.3 does not contain the so-called “GARCH
in mean” processes a la Engle, Lilien and Robins (1987). This is the price to pay to
define a class which is robust w.r.t. temporal aggregation. The following proposition

provides a counterexample:

Proposition 3.7 Let ¢, be a strong-ARCH(1) process, with conditional variance (given

I;_1) denoted by hy, and uy, = \/Efl—t standard gaussian white noise. Then, if there was

"We are grateful to R. Engle for having drawn our attention on this issue.
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a state variable Fy of size p conformable to the definition 3.3 w.r.t. the filtration
I (fi1 = he = €(1,F] ) € I, 1), we should have, for any positive integer k, a
marginalization ey, (ex € IRPTY) such that hf = e (1, F]_,)".

In other words, we are not able in general to define a state variable vector F; which
ensures that a given ARCH-M model

Ye = f(he) + 4

Et ARCH

falls in the category of SR-SARV(p)-M. The main reason for this inconsistency is the
restriction (3.15.f) which plays an essential role for the temporal aggregation result be-
low for SR-SARV (p)-M. Moreover, according to the Engle requirement (already quoted
in subsection 2.2) that linearity is needed to allow one to compute forecasts of vari-
ance without distributional assumptions, (3.15.f) is needed to compute something like
Varlypsr | Ji—1] without assumptions about the conditional higher order moments of
y; (for instance conditional kurtosis should appear through the conditional variance of
the risk premium d'F; given J;_;).

As far as we are concerned by temporal aggregation, we want to extend the argu-
ments of Proposition 2.8 with respect to aggregates:

m—1
yim) = > GkmYim—k (3.17)
k=0

where y is a SR-SARV(p)-M. We are then able to prove:

Proposition 3.8 Lety, a SR-SARV(p)-M process w.r.t. Jy, with the associated p-dimensional
state variable Fy and marginalization vectors d and e. If for a given natural integer m,
we consider a filtration J,EZ), k € N, such that for any k:

g™ e J™ < Jon and Fyy, € J

then y%), t € N is a SR-SARV(p)-M process w.r.t. Jt(x), with a corresponding p-
dimensional state variable vector Ft(,zb) and a risk premium (resp variance) marginal-

ization vector d™ (resp €™ ):

Yim) = ™+ d Fyy o+ 24

sim’ = V€ (L, Pty
Fyp = Q) + T By 4 V)
rm —pm
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To understand the Proposition 3.8, it is worthwhile to have in mind the same
intuition as in (3.9) with the additional requirement Fj,, € Jfﬁbn ). Indeed, we have now

™ —F,

tm

Since as a difference with proposition 3.3 the matrices A®™ and B do no longer
incorporate the computation of an expected aggregated squared volatility (see subsec-
tion 2.3 for more explicit formulas in the simplest case), one has to change the variance
marginalization vector: e(™) £ e.

On the other hand, due to the already explained more complicated effects of tem-
poral aggregation on risk premia, the risk premium marginalization vector d™ does

not admit a so simple expression. However, we have of course:
d=0=d"™ =0

since temporal aggregation cannot introduce “in mean” variance effects. Besides, it
turns out that if “in mean” effects are present, they will generally introduce spurious
leverage effects by temporal aggregation since it can be shown (see Appendix) that:

(m) m—1 m—1

m

Etm = Z Lim Vim—k + Z AkmEtm—k
k=1 k=0

where
k—1
Ljm = d' Y~ @y, I*7!
i=0
such as the leverage effect will be introduced by the terms Lyg,,V},, r as soon as d # 0.
This general phenomenon will be illustrated below by an example in continuous time.
As in subsection 3.1, it is interesting to notice that our temporal aggregation result
can be extended to close the gap between continuous time and discrete time modeling,
by stating a direct relationship between our discrete time SR-SARV(p)-M framework
and usual multifactor diffusion models.
More precisely, we can consider an asset price process for which risk premium is
linear w.r.t. the factors of volatility:

LogS; Y Ff

d( Ftc ) = ( K(@ N Ftc)

)dt + N (Diag(1, F))/2dW, (3.18)

Let us notice that we had focused in the previous section on the particular case =0
and ¢ = 0. Moreover, the precise structure of the diffusion matrix [Diag(1, F¢)]"/?
does matter now since we want to introduce conditional variances and covariances
which are linear w.r.t. Ff (as already noticed, these restrictions were to a large extent
useless in the pure SR-SARV(p) setting). We are then able to state:
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Proposition 3.9 When the continuous time stochastic process Sy is conformable to
Sth
Ste—1yn’

S
Tj)h’FTch’T <t, 7 €N).

(3.18), for any sampling interval h, the associated discrete time process Log

t € N, is a SR-SARV(p)-M process w.r.t. Jgf), Jgf) = o(Log

S(

As for (3.15.f), the crucial assumption for this temporal aggregation result is the
linear structure of the instantaneous variance matrix N Diag(1, F¢)N w.r.t. Ff. This
type of multivariate square root process was already emphasized by Duffie and Kan
(1996), and by Frachot and Lesne (1993) as necessary and sufficient to get linear
factorial representation of the term structure of interest rates. It is quite amazing to
observe that this class of processes is also well-suited for linear aggregation.

To give more insight on the resulting leverage effect, it is worthwhile to detail the
case of one factor (Ff = o?) which follows a usual square root process:

do} = k(0 — o)dt + 6oy AW (3.19.a)

and can be identified with the instantaneous volatility of:

d
% — (4 0?) dt + o, AW, (3.19.b)
t

If for instance we assume a constant leverage effect
Cov(dWy, dW7) = p dt (3.19.¢)

the model (3.19) is conformable to the general setting (3.18). This model is widely
used in the option pricing literature (see Bates and Pennachi (1990), Gennotte and
Marsh (1993) and Heston (1993)). Moreover, it is important to notice that the “in
mean” effect introduces a feature which is new w.r.t. all the previous results of this
paper. Until now, we were always able to claim (see for instance Proposition 2.9) that
if leverage effect appears at a low frequency, it is necessarily occurs at the highest.
Unfortunately, this is no longer true with SR-SARV(p)-M models since, due to mean
effect, temporal aggregation can creates a spurious leverage effect. To see this, we can
compute one-period returns by integrating (3.18.b):

t+1 t+1
Log% — / [+ (b —1/2)02)du + / oy dW,. (3.20)
t t t

Indeed, there is “in mean” effect as soon as 1) # 1/2. In this case, we observe that

the term (v — 1/2)0? introduces the path of W7, ¢t < v < ¢+ 1, in the innovation

St41

of Log=g—. As a consequence, it produces automatically a correlation between this
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innovation and the one of the volatility process in discrete time. In other words, as
soon as ¢ # 1/2, it turns out that, even p = 0, a leverage effect occurs which is
spurious because due to the risk premium 1o2. Moreover, it is amazing to observe
that if the risk premium is not too large (v < 1/2), the resulting leverage effect
will be automatically in the usual sense (negative correlation). This could provide
a theoretical explanation for widespread empirical finding as stressed for instance by
French, Schwert and Stambaugh (1987): “Our longer sample period and more inclusive
market index support Black’s conclusion: leverage is probably not the sole explanation
for the negative relation between stock returns and volatility.”

3.4 SV models with a predictable component

The previous section has stressed the difficulty of introducing common features in risk
premium and conditional variance processes. This difficulty has even led us to brush
away the GARCH processes as innovations processes.

This is no longer the case if we restrict the predicable part to be linear function
of lagged endogenous variables. The general multivariate setting which integrates the
two types of predictable components will be presented in section 4. Let us just briefly
stress in this subsection some specific features of univariate AR(1) processes with SR-
SARV(p) innovations.

Definition 3.4
A stationary squared integrable process y; is called AR(1) with SR-SARV(p) errors
w.r.t. an increasing filtration J;, t € N, if:

Yt = C+ pY—1 + & (3.21)

| pl<1

et SR — SARV(p) w.r.t. J;.

Since, on the one hand the AR(1) structure is robust w.r.t. information reduction
or temporal aggregation, and on the other hand (3.21) does not restrict the dynamics
of the innovation process more than the general SR-SARV(p) setting, all the results
of section 3.1 can easily be extended to the framework of definition 3.4. For example,
AR(1) process with semi-strong GARCH(p,p) innovations are particular cases of (3.21).

To be more precise, we just detail below some results about temporal aggregation.
To extend the arguments of Proposition 3.3, we should be interested on aggregates:

(m) m—1
ytg = Z AkmYtm—k
k=0
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where y is AR(1) with SR-SARV(p) innovations. In this case, the temporal aggregation
of the AR(1) structure would lead to ARMA(1,1) in the general case (see e.g. Drost
and Nijman (1993)). To limit ourselves to a simpler case, easy to interpret (see below
interpretations in terms of interest rates), we consider the case of stock variables:

yt(g) = Yim, = ]-7 27
Proposition 3.10 Let y; = ¢ + py_1 + &, where ¢4 is a SR-SARV(p) w.r.t. an
increasing filtration Jy. If for a given natural integer m, we consider a subfiltration
J,ﬁ’n’?, k € N, such that for any k:

yz(g:nn) = Ykm € J;EZ) C Jim

then, y,g:?, t € N, is an AR(1) process with SR-SARV (p) innovation process 5%) :
(m) _ (m) (m), (m) (m)
Ym™ —C + P Yim=—m + €tm

with

Let us notice that the properties of the SR-SARV(p) process 5%) can be deduced from
those of £; by applying the general results of Proposition 3.3 with ay,, = pF.
As in previous sections, the temporal aggregation result allows us to close the gap

with a classical continuous time model:

Proposition 3.11 Let us consider a generalized square-root process vy, defined by:

Ye \ _ k(O — ) . ¢ \\1/2
d( Fe ) =( K(© — F) Ydt + N(Diag(1, FY))"=dW;. (3.22)
Then, for any sampling interval h, the associated discrete time process yn, t € N, s
AR(1) with SR-SARV(p) innovations w.r.t. Jt(,?), Jt(,?) = 0(Yrn, F5, 7 < t,7 € N),
te N:
Yth = 9(1 — €_kh) + e_kh’y(tfl)h + 5§2)
where 6§Z) 15 conformable to the process characterized by Proposition 3.4.
An interesting particular case is the degenerated one, where the only factor of the
SR-SARV process is y; itself. We are then led to consider the square-root process

popularized by Cox, Ingersoll and Ross (1985) when y; is a short term rate:
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In this case, the discrete time representation may be written:

Yo = 0(1 — ™) + e‘khy(t,l)h + 5,&,’?

with
hy _ —kn [T k(u—(t—1)h)
g =€ /(t_l)h e \ ayu + b dW,
and
Va?“[»fgi) | Yo, T < t] = a(h)y(t—1)h + ph)
where: -
1—e"
(h) —
a a ’
1— 672kh 1 — efk;h
bW — (g D) ge kR
(ah +b) o ae s

It is amazing to notice that we have in this case something like AR(1) process
with ARCH(1) innovations, except that the conditional heteroskedasticity is charac-
terized by linear combinations of past values of the process itself rather than squared
innovations®. Indeed, this is not surprising since, as already stressed, the general re-
duction information result (in line of Proposition 3.1) may be applied in this setting.
In other words, one can always reduced the information set to past observables, which
opens the door to ARCH-type models.

As far as we are concerned by temporal aggregation of interest rates models, it is
worth noting that if ; is a continuously compounded “short” term interest rate and we
divide by m the frequency of data recording, we generally observe, not only the short
term interest rate y,,, t € N, but also a longer term interest rate which is a flow-type
aggregate of short term ones:

m—1
(my _ 1
Yim m 162:% Ytm—k-

We are then able to complete the Proposition 3.10 (which may be applied to the
underlying continuous time model (3.23)) by considering the general case

m—1
yim) = Y GkmYim—k- (3.24)
k=0

Proposition 3.12 Let y; = ¢ + py—1 + 1, where ¢, is a SR-SARV(p) w.r.t. an
increasing filtration Jy. If, for a given natural integer m, we consider a filtration J,EZ),
k € N, such that for any k:

{wim yim} C Jom! < Jiom

8We thank Feike Drost to have drawn our attention on this example.
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where y{™ is defined by (3.24), then:
yim) = e+ p gy + el
with . .
C(m) — CITp EZ@;O akm(l _ pm—k)

P = Y apmp™*

™ SR, — SARV(p) process w.r.t. J,ﬁ’n’?.

4 Multivariate Case

We first provide in the subsection 4.1 below some natural multivariate generalizations of
the previous concepts of SR-SARV(p) and SR-SARV (p)-M processes. We do not detail
the extended statements of the previous results (projection, temporal aggregation,
relationships with GARCH and diffusion models) since these results could generally be
easily extended at the price of cumbersome formulas. We prefer to stress in subsection
4.2 below the specific issues of the multivariate analysis, that is contemporaneous

aggregation and marginalization.

4.1 The general setting

We first extend to a multivariate m.d.s. Y; the definition 3.1:

Definition 4.1 A stationary second order process Y; of size n, is called a multivariate
SR-SARV(p) w.r.t. an increasing filtration J;, ¢ € N, if there exists a p-dimensional
Ji-adapted stationary VAR(1) process Fy, t € N, with nonnegative components, such
that:

Y, = (G,1)2U, (4.1.a)
E[U, | Jiei] =0 (4.1.b)
Var[Uy | Ji—1] = Id, (4.1.c)
VechGy =R+ S F, (4.1.d)

where Y; € R", F, € IR?, U, € IR", R € R™, § is a matrix of size 21 x p and
(G; is a process of symmetric positive definite matrices of size n.

It is clear that definition 4.1 extends the definition 3.1 to a multivariate setting.
Indeed, if n = 1, G, = R+ S F, is a scalar process which can be rewritten G, = ¢'F}
where e = S" and F is a VAR(1) process of size p which can for instance be defined
from F; by:

F,= ?(1, 0..0) + F,
1
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if the first coefficient s, of S is nonzero. In any case, the VAR(1) representation of F;
and F, differ only by the intercept 9.

Up to this slight change of notations, all the results of section 3.1 can easily be
extended to this setting. Even if we do not detail it for briefness, we want particularly
stress here the temporal aggregation result for a multivariate SR-SARV(p) process,
since, to the best of our knowledge, no such results are available in the literature for
multivariate conditional heteroskedasticity. Indeed, the weak GARCH concept has not
been extended to a multivariate setting.

As far as one is concerned by the relationship between definition 4.1 and multivariate
GARCH, one can notice some similarity between our definition 4.1 and the multivariate
Generalized ARCH models as described by Engle and Kroner (1995). It turns out that,
like us, Engle and Kroner (1995) introduce first the so-called “vec representation”
before claiming that the BEKK representation is “a new parameterization that easily
imposes (the positivity) restrictions and that eliminates very few if any interesting
models allowed by the vec representation”. As already announced, we are able to write
a BEKK type representation:

Gy 1 = H + A Diag(F] )\ (4.2)

which ensures positivity. Moreover, a continuous time setting may be built with such a
variance representation (the multivariate extension of definition 3.2 is straightforward).
On the other hand, for temporal aggregation purposes, we have chosen here to stress
the VAR(1) representation of a state variables vector. This VAR(1) representation is
not well-suited with respect to the BEKK parameterization since there is no simpler
way to incorporate VAR(1) dynamics

Ft:Q—FFFt,l—F‘/; (43)

in the BEKK representation (4.2). Of course, as noticed by Engle and Kroner (1995),
almost all Vec representation can be rewritten in a BEKK form:

K
Gt—l =H + Z Ak Dmg(Ft'fl)A;c (44)
k=1

for sufficiently large K. As already explained, we have preferred here for various rea-

sons (in particular, the relation with modern continuous time finance) to focus on

9Indeed, this choice of parameterization was already encountered in the ARCH literature. When
one considers a ARCH(1) model: e; = v/htus, by = w+ ae?_,, various authors (see for instance Broze

and Gouriéroux (1993) and Newey and Steigerwald (1995)) prefer the parameterization e; = o/ hius,
ht =1 + 6(5%71.
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p-dimensional VAR(1) process of state variables. Let us recall that it may represent
higher order GARCH(p,p) models (as it was detailed in the univariate setting, see
proposition 3.5) while BEKK representation of GARCH(p,p) model & la Engle and
Kroner (1995) necessitates a large number of parameters. Indeed, one additional ad-
vantage of our representation is that the p state variables play the role of factors
in both the transversal and longitudinal dimensions: they summarize not only the
cross-covariances but also the higher order dynamics. Our approach follows an old
tradition of multivariate time series analysis where ARMA processes are represented
by Markovian state space models: “If one accepts the notion of a vector variable, then
it is natural to think that in a sufficiently full description of a given physical situation
the process would be Markov” (quoted from Whittle (1990), page 18).

Finally, it is worthwhile to notice that the definition 4.1 allows for stochastic dy-
namics even at the level of cross-correlations; in other words, we capture more general
multivariate dynamics than the restricted multivariate GARCH model of Bollerslev
(1990) or the log-normal multivariate stochastic volatility model of Harvey, Ruiz and
Shephard (1994) which maintain an assumption of constant cross-correlations. How-
ever, it is clear that such a degree of freedom could be introduced in the log-normal
SV model in the same way that here by considering for instance:

Gy = A exp(Diag(F})) A'.

Let us now consider the multivariate extension of the SV in mean definition 3.3:

Definition 4.2 A stationary second order process Y; of size n, is called a multivariate
SR-SARV(p)-M w.r.t. an increasing filtration J;, t € N, if there exists a p-dimensional
Ji-adapted stationary VAR(1) process Fy, t € N, with nonnegative components, such
that:

Y, =C+DF,_| +¢ (4.5.a)

e, = (Gy_1)?U, (4.5.b)

E[U; | Ji-1] =0 (4.5.¢)

Var(U | Jy-1] = Id, (4.5.d)

Vech(Var[( ?t V| Jia]) = R+ S Foy (4.5.¢)

where Y, € R, F, € R*, U, € R", C € R", R € R™%™, D is a matrix of size
n x p, S is a matrix of size @ x p and G is a process of symmetric positive definite

matrices of size n.
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Let us notice that, for sake of notational simplicity, we have not introduced in def-
inition 4.2 the most general setting with both risk premia and predictable components
in the spirit of definition 3.4. Both the previous definitions and the previous results
(projection, temporal aggregation, relation with continuous time) could be easily ex-
tended at the price of cumbersome formulas. This is the reason why we have chosen
to focus in this section 4 on the specific features of the multivariate analysis, that is

contemporaneous aggregation and marginalization.

4.2 Marginalization and Contemporaneous aggregation

As already stressed by Nijman and Sentana (1996), little attention has been paid in
the literature until now on first the relation between a multivariate model of condi-
tional heteroskedasticity and the implied univariate models for the components (the
so-called marginalization issue) and second the effect of taking linear combination
of univariate GARCH models (the so-called contemporaneous aggregation issue).
Nijman and Sentana (1996) emphasize some contexts of Financial Econometrics where
contemporaneous aggregation is a crucial issue:

e First, if one considers “the (log) returns in the Deutsche mark/US dollar exchange
rate , the US dollar/Japanese yen rate, and the Deutsche mark/Japanese yen rate. As
the returns on the third exchange rate are simply the sum of the returns on the first
two exchange rates, the GARCH models for these exchange rates implicitly specify a
model for the third exchange rate as well.”

e Second, in the same spirit, “the relation between the models for (the) individual
stocks and the one for the portfolio” should imply some robustness of conditional
heteroskedasticity models with respect to contemporaneous aggregation.

But, Nijman and Sentana (1996) observe that “the parametric structure of the com-
monly used GARCH models is lost by taking linear combinations or by marginalizing”.
This is the reason why they prove that linear combinations and marginalizations are
of the weak GARCH type.

However, their seminal work raises at least two issues:

e On the one hand, as already stressed in section 2, the weak GARCH concept suffers
from a lack of structure and one would like to get more statistical properties about the
scalar processes obtained by marginalization or contemporaneous aggregation.

e On the other hand, it is a pity that Nijman and Sentana (1996) do not obtain a
robustness result a la Drost and Nijman (1993). Indeed, they have not been able to
define a multivariate weak GARCH concept and to prove that the resulting class of

processes is invariant by linear transformations.
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This is the reason why we believe that it is useful to prove a general invariance result
for the class of multivariate SR-SARV(p) processes. This is the following proposition
4.1.

Proposition 4.1 IfY; is a multivariate (of size n) SR-SARV(p) (resp SR-SARV (p)-
M) process w.r.t. an increasing filtration Jy, t € N, with the associated p-dimensional
state variable Fy, while A and B are given matrices of respective sizes ¢ X 1 and g X n,
then BY, (resp A+BY,) is a multivariate SR-SARV(p) (resp SR-SARV (p)-M) process

w.r.t. J; with the same vector Fy of state variables.

Of course, Proposition 4.1 is a generalization of the Nijman and Sentana result,
due to the relationships between SR-SARV, semi-strong GARCH and weak GARCH
already described in section 2. Let us notice moreover that our general multivariate
linear setting may be incorporated without additional difficulty within simultaneous
equations systems (including exogenous variables) a la Engle and Kroner (1995). In the
same way, structural ARCH a la Harvey, Ruiz and Sentana (1992) and King, Sentana
and Wadhwani (1994) as well as ARCH factor models a la Diebold and Nerlove (1989)
can be seen as particular cases of our setting.

5 Conclusion

We have proposed in this paper a new concept of semiparametric stochastic volatil-
ity model which appears to be the good framework for structural interpretations of
times series models with conditional heteroskedasticity. Actually, if one wants to con-
sider time series of conditionally heteroskedastic asset returns, there was no framework
available until now to capture in the same setting temporal aggregation or portfolios
of these returns. On the one hand, it is well known that the usual GARCH setting is
not robust with respect to temporal and contemporaneous aggregations. On the other
hand, the only robust setting already suggested in the literature, that is the Drost and
Nijman (1993) weak GARCH one, suffers from several drawbacks:

e [t renounces to the concept of conditional variance, which is a pity for both
financial interpretation and statistical inference.

e [t does not admit multivariate or “in mean” versions and cannot capture the well
documented leverage effect.

The SR-SARV setting proposed here overcomes these difficulties because it extends
the usual GARCH class without losing the essential above properties and the nice
intuition of ARMA representation of squared innovations. Moreover, all the results
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of the weak GARCH literature (Drost and Nijman (1993), Drost and Werker (1996),
Nijman and Sentana (1996)) are shown to be particular cases of our general results
since, roughly speaking, if leverage effect is precluded, our SR-SARV processes are
weak GARCH.

Moreover, we are even able to give stochastic volatility type representations of
GARCH(p,p)

The only loss with respect to GARCH is the introduction of an unobserved stochas-
tic volatility process which obliges one to think in a state space form. But, perhaps
one of the main contribution of this paper is to stress that volatility models are always
specified with respect to a given information set and that, according to the mainstream
asset pricing tradition, the econometrician is always allowed to reduce the information
set without invalidating the model. In particular, one always can reduce the infor-
mation set up to observables, without necessarily encountering the GARCH setting
since it is shown that the usual GARCH(1,1) model is tantamount to two restrictive
assumptions:

e First, it assumes perfect linear correlation between squared innovations and
conditional variance.

e Second, it assumes that the variance of the variance raises linearly with the
squared variance (a drawback already pointed out by Nelson and Foster (1994)).

Moreover, we are even able to give stochastic volatility type representations of
GARCH(p,p) of higher orders (p > 1) through a state (volatility) vector which is a
VAR(1) of size p.

The only case where one cannot reduce the information sets without changing the
form of the model is the “in mean” case, where risk premium have to be in the infor-
mation sets of the economic agents. This is conformable to the most recent modeling
of asset returns (see e.g. King, Sentana and Wadhwani (1994)) and opens the door
for future research on structural multivariate modeling of time varying volatility. Fi-
nally, let us recall that the inference issue is not explicitly addressed in this paper even
though we provide here the main tool for it: conditional lagged moment restrictions
a la Hansen and Singleton (1996). The details of practical implementation in the sto-
chastic volatility setting of Hansen and Singleton (1996) general approach for optimal
instruments are discussed in Drost, Meddahi and Renault (1996) paper.
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APPENDIX

Proof of Proposition 2.1

Let uj = jf* . We have:
t—1

* * _ 1 * —
E[Ut*| ZJtl]*_ @E[E[Et | itl] | Jtl]* 0, 1 *
Bl()? | i) = A= BIBl)? | ) | i) = 7= Elfn | T = L

-1

Proof of Proposition 2.2
Let us consider £, a GARCH(1,1) defined by (2.3-5). Let f;_1 = hy = E[e? | I;_1]
and u; = . By definition, u; is conformable to (2.9.b) and (2.9.c)
E[U,t | It—l] =0 and E[U% | It—l] =1

while f; is an I;-adapted AR(1) process since, by (2.5):

fi=wtogi+8fii=wtafiaui+0fii=wt(@+8)fia+w
which provides the AR(1) representation with an innovation process:
v = afi 1 (u? — 1)

since:
E[U? | Itfl] = 1 —— E[l/t | Itfl] = 0

Then, given I; |, 7 and v; = aft,l(f—i—l — 1) are conditionally perfectly positively
correlated (since o > 0). A fortiori this is the case for e? and f; = w +vfi_1 + v;.
Moreover:

Var(fs | Ji_1) = Varly, | Ji_1] = &*Var[el | Ji_1]

with o? <2 = (a + )2

Conversely, let us now consider a SR-SARV(1) process ¢; which fulfills the two
restrictions of Proposition 2.2. By the first restriction, we know that:

fi= aﬁf + by, a, by € Jio,

with (Var(f, | J-1))Y? = a;(Var[e? | J_1])'/2.
Thus, by the second restriction, we know that a, is a positive constant a smaller or
equal to 7. Therefore:

fi=oaf +b

and, taking conditional expectation Efe | J,_1]:
Elfi | Jial = afi1 + b
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By identification with the AR(1) representation (see (2.11.a)) of f;, we conclude
that:

by =w+ Bfi_1 where =~ —a > 0.
Thus: fi=w+agl+ Bfi 1,
which proves that f; is also [;-adapted (see 0 < a < 7 < 1). Then we know by
Proposition 2.1 that ; is also a SR-SARV(1) process w.r.t. I, and f; = Var[ey1 | It
Therefore, with:

hy = fio1 = Va?“[€t | It—l]

we do get the GARCH(1,1) representation:
ht =w+ Oéé‘?,l + ﬁht_l.

Proof of Proposition 2.3
Let £, be a SR-SARV(1) process which fulfills the first restriction of Proposition 2.2.
Then:

fo= el + by, a, by € Ji,

and:
E[ft | Jt—l] = atE[ef | Jt—l] + b = arfr—1 + by.

Therefore, by difference:
Vg = at(5§ — fi-1)

and:
Eluwwy | Jia] = asElwel | Jia] — apfi1 Elug | Jioa] = agfi i B[] | Ji_i],

which proves that:
E[UtVt | Jt—l] §£ ()<= E[U? | Jt—l] 7£ 0.

Proof of Proposition 2.4
e =\ fiorwy = £/ fiquy
Then: E[e} | J,_1] = f{?E[ud | J,_1], and
Ble} | Jia] # 0 <= Elu} | Ji] #0.
For the same reason,

Bley | Ji] # 0 <= E(w;)* | Ji_y] # 0.
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Since, by iterated projections:

Ele} | J] = 0= E[e} | J;4] =0,
we can conclude that:

Eluj | Jea] = 0= E[(w;)* | J/_,] = 0.

On the other hand:

1
Vi1

Eluwy | Jia] = Elucfi | Jia] = Eleifi | Jia)-

Thus:
Eluwy | Ji-1] =0 <= Eleifi | Ji-1] = 0,

and for the same reason
Elujv | ;1] =0 <= E[e.f; | Ji,]=0.
But:
Eleufi | Jia] = BBl [ T T = ElEedf | TV Ji] = Eledfi | Jii]
since ¢, € I; C J; and J;_; C J;. But, by iterated projections:
Eleife | Jil = 0= Eleefi | Ji_] =0,

and therefore
Eluw | Ji1] =0 = Elujv; | J; ] =0.

Proof of Proposition 2.5
e7 = fioiui = wul + v fi_oul + vi_qul.
Therefore, if we define: w; = ¢ —w — ye7_,, we have:
we=w(up — 1) + 7 feoa(uf — uiy) + veoruy.

It is clear that: Efw; | J; 2] =0
since:

E[U? | thl] =1

Elu? —u? || Ji2]=1-1=0

E[Vt_luf | Jt_g] = E[l/t_lE[U,% | Jt—l] | Jt_g] = E[l/t_l | Jt_Q] = 0
Therefore, since: o(w,,7 <t —2) =o0(e2,7 <t —2) C J; o,
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we have:
Cov(wy,wy ) =0Y h > 2.

Thanks to our stationarity assumption, we are able to conclude that w; is MA(1), that
is w; = n, — 1, where 1, is a white noise.

Proof of Proposition 2.6

Let us denote by n; the innovation of the process £

ef —m = EL[} | 1,82, 7 < 1].
We want to show that ¢; is a weak GARCH if and only if:
Cov(ni,e-) =0, V7 < t.
But, these equalities are tantamount to claim that
g2 — EL[e? | 1,3, 7 < 1

is orthogonal, not only to 1,2, 7 < t, but also to £,,7 < t, that is:

EL[sZ | 1,82, 7 <t] = EL[s} | H, 1]
In other words:

Cov(n,e,) =0, V7T <t <= e/ —n, = EL[s} | H, 1] Vt.

Thanks to this characterization, we first check that (2.22) implies that ¢; is a weak

GARCH. Let us define: a« =~y — f3.
We want to prove that (2.22) implies that:

EL[g} | Hi] =w +asf | + BEL[E | | H-
that is, according to the above characterization, that:
el —m=w+as + (e — )

This results straightforwardly from the ARMA representation of £7.
Conversely, let us assume that ¢, is a weak GARCH, that is:

EL[e} | Hi| =w+ sl + BEL[e}_, | Hi_s)

for a given o, with 0 < a+ 3 < 1. We want to prove that £? is an ARMA(1,1) process
conformable to (2.21) and (2.22).

93



Let us define 7, = ¢2 — EL[e? | H;_1]. By definition:
Cov(my,e,) =0, V1 < t.

Therefore, it is sufficient to prove that 7, = ;. But by definition of the weak GARCH

representation, we have:
2 ~ 2 2 ~
g — M =w+tag, ;+ B8 — 1)

that is:
e — (a+ B)ef ), = w+il — Bijy-1.
Moreover, thanks to the assumed stationarity of £;, we know that 7, is a white noise,
and by (2.20.c), 0 < a+ 3 < 1.
We are then able to conclude, thanks to the unicity of the ARMA representation of
the stationary process €7 that:
e =m and a+ [ =1.

This achieves the proof of Proposition 2.6.
Proof of Proposition 2.7

The SR-SARV(1) property implies, by Proposition 2.5, that €2 is an ARMA(1,1)
process. Therefore, by Proposition 2.6, £; is a weak GARCH(1,1) if and only if (2.22) is
fulfilled. But, since by the ARMA representation of €%, the Hilbert space H; coincides
with the Hilbert space spanned by 1, n,, 7 <t, the condition (2.22) is implied by the
following symmetry property of the process e:

Cov(ey,e}) =0V ¢,

that is
E(epel) =0V t,t.

Thus, we are going to prove this symmetry property. Indeed, we will prove the stronger
result (which will be useful in the following):

Elepel | J.] =0V t,t' and 7 = Min(t, ') — 1 (A1)
e 1st case: t' > t: Then:
Elepel | Jio1) = E[e?E[ep | Ju_1] | Jiza] = 0

by (2.9.b).
e 2nd case: t' = t: Then:

3
Eleve} | Jo] = Ble} | Jia] = fea Elu} | Ji-a] =0
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by (2.24.a).
e 3rd case: t' < t: Then

E[5t’5? | Jt’—l] = E[5t’ft—1E[U’? | Jt—l] | Jt’—l] = E[5t'ft—1 | Jt’—l]

by to (2.9.c).
Since f; is an AR(1) (by (2.11.a)), we have:

o0

fio1 = Z’Yil/t—l—i + E[fi-1].

i=0
Hence -
E[gt’ftfl | Jt'71] = Z’YiE[thlfigt’ | Jt'71]-

i=0
But, if i > ¢ — t'
Elvi_i_ien | Jyoa]l = viei—iBley | Jy1]] =0
by (2.9.b).
fi=t—t -1

E[thfﬁt' | Jtul] = E[Vt'€t' | Jt’fl] = ftulE[Ut'l/t' | Jtul] =0

by (2.24.h).
And,ifi<t—t' —1

Elvi_iiey | Jyoa] = Elev Elvicazi | Jimiza] | Jy—a] =0

by (2.11.b).
Hence, Eley f;_1 | Jy—_1] = 0, which achieves the proof of Proposition 2.7.
Proof of Proposition 2.8
Let
fomw = Varleg) | Jin) ] = El(etn)) | Tim) )
where &™) is defined by (2.26). We have:

m—1
(m)y2 _ 2 2
(6tm ) - Z Qe Etm—k T 2 Z Aim AjmEtm—i€tm—j
k=0 0<i<j<m—1

V(i,7), 0<i<j<m—1, we have by (2.9.b):
ElaimjmEm—i€tm—j | Jt(x)_m] = Elaim@jmeim—iEletm—i | Jim—i-1] | Jt(x)_m] =0
and by (2.9.c), for 0 <k <m — 1
E[Efmfk | Jt(;nnlm] = E[ftmfkflE[u?mfk | Jom—k—1] | Jt(;nnlm] = Elfim—k-1 | Jt(r?zl)—m]
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Hence:

m—1

m—1
ft(:zlzm = E[Z aimgfmfk | J%lm] = E[Z aimftmfkfl | Jt(:zl)—m]
k=0 k=0
By (2.11.a), we have:
1— ,mekfl . m—k—2
VE,  fimk1= Wﬁ " fom—m + > Y Vinok-1-is (A.2)
i=0
SO .
m 1- ,me B m—k— m
E[ftm—lc—l | Jt(mlm] - wﬁ + Y F 1Eﬂ[ftm—m | Jt(m)—m]
Hence
where .
a(m) — Z aim,ymfkfl
k=0
(m) w nil 2 ( k 1)
b = —— Ay (L =™ 7577).
1—7vi :
Since
_,ym m—1 f
ftm =w + ’metm—m + Z Y Vim—k,
k=0
we have
E[fo) | Tonk ] = al™ BIE[fu | T | T ] + b
), L =" my o m (m) (m) ) (S b (m)
=a W 1_7 +0b +7"a E[ftm—m | Jtmfm]_ka' E[(27 Vtm—k) | Jtmfm]
k=0
SO
m m m 1— ’Ym m m m m m "~ m
Bl | ] = ot (f =0 )0 B 3 Vors-s) | i ]
k=0
— g
where
A =y (A.3)
1 —~m
wm — q(m)y, : T pm1 — ™) (A.4)
) = ) — ) — g (A5)



Let -
(m) €tm

e V ft(rzbzm

are conformable to the restrictions (2.9.b), (2.9.c)

We must show that u{™ and ™

and (2.11.b).
e restriction (2.9.b):

m m 1 ml m
Bluiny | i) = ==Y amBlem- | Jon-i1] | Jinl] = 0.
tm—m k=0
e restriction (2.9.c):
m m 1 m m
El(ugn) ) | T ] = £ El(efm)) | Tl ) = 1.
tm—m

e restriction (2.11.b):
Bl | Jam) ] = Blfam) —lm) () plm) -y glm) 1= Bl | g ] —w™ —am) ) g,

This achieves the Proof of Proposition 2.8.
Proof of Proposition 2.9
We should prove that u{™ and ™ are conformable to the restrictions (2.24.a) and
(2.24.b).
Restriction (2.24.a):

1
E[ Z aimajmakmgtm—igtm—jgtm—k | Jt(:zb)fm]

(ft(;bnlm)% 0<i,j,k<m—1

El(ugn)* | i) =

Let (4,j,k) asi < j <k <m—1.
o Ifi < j <k, then:

E[gtm—igtm—jgtm—k | Jt(gbnzm] - E[gtm—jgtm—lcE[gtm—i | Jtm—i—l] | Jt(gbnzm] = 0
o Ifi=7j=kF, then:
Eleum—im—icem—r | Tomtm) = El(fun-i-1)? El(m—i)* | Jim—i1] | Tomrm] = 0.
o If i =j <k, then:
E[Etmfigtmfjgtmfk | Jt(;nnlm] - E[E[Etmfk(gtmfi)Z | Jtmfm] | Jt(:;)—m] =0

by (A.1).
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So we have:
El(ug))* | i) = 0.
Restriction (2.24.b):

Bluin vim | Tinlm] = El Y timVem im g | Tl

0<i,j<m—1

f(m)

tm—m

But (see third case of the proof of Proposition 2.7), we already know that (2.24) implies
that:

E[Etmfiytmfj | Jtmfm] =0
fore,7=0,1,...,m — 1.
A fortiori:

E[gtmfi’/tmfj | Jt(:zl)—m] =0
Hence, we have:

Bl | m 1

[utm Vim | tm—m] .

This achieves the Proof of Proposition 2.9.
Proof of Proposition 2.10

Let S
Sit—1)h
and
h h h h h
f((t )1)h - Var[g?gh) | J((tjl)h] = E[(ggh))Z | J((tzl)h]
with S
T = o(Log o, T <t,TeN).
(r—1)
We have:

Hence: "
h (e (t—
f((t—)l)h — /(t—1)h[(0+6 k(u—(t 1)h)(a(2t_1)h —0)]du
2 1—e* h) 2 h
= 0h + (0fyp — ) ——— = a®ofi_y), +0



with

—kh
k
1 —e K
b =0 (h—
(h— =)
Using again (2.33), we obtain:
th
ol =0(1 —eFh) 4 e_kha?t,l)h + Je~kh /(t_l)h Fu=(=Dh) ()X qyye
Hence
h h h
ft(h) =w® + ’Y(h)f((tzl)h + Vt(h)
with
wh = hh(1 — ek
() — g
1 —kh th
Vg;) _ ]: )(5e’ h/ ek(uf(tfl)h)(o_z)/\ dW?
(t=1)h
Let
h Eth
“gh) - =
Jie=1)n

We must show that ugﬁ) and Vt(,}f) are conformable to (2.9.b), (2.9.¢c) and (2.11.b).

Let Ji_1y, = U(LOQS:j)h O, T <t —1,7 € IR).

e Restriction (2.9.b): since Jgf) C Ju, we have

1

(t+1)h
h h h
Bluft)y, | 1)) = —==BIE[[ " oudW | Jul | 1] = 0.

e Restriction (2.9.c):

h h 1 (t+1)h h
Bl ) | Jin'] = WE[E[(/ oudWu) | Ji] | Jip)) = 1.
fin th
e Restriction (2.11.b):
b L 1 — e kh (t+1)h " - h
Bl | Tn') = ———8EB[| (@) W] | Tl | 1] = 0.

This achieves the Proof of Proposition 2.10.
Proof of Proposition 3.1
Similar to the poof of Proposition 2.1.
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Proof of Proposition 3.2

We have:

5? = ft—1U? = fio1 + v

with
Vs = ft_l(uf - 1)
Note that Efv; | J—1] = 0. We have

Fr=Q+TF_1+Vi= (Id—TL)F,=Q+V,= Det(Id—TL)F, = (Id—TL)"(2+V))

where L is the Lag Operator, Det(.) is the determinant function and (Id —I'L)* is the
adjoint matrix of (Id — I'L). Hence :

Det(Id —TL)f, = Det(Id — TL)e'F, = ¢/(Id — T)*Q + ¢'(Id — TL)*V,

We have: Deg(Det(Id —T'L)) < p and Deg(e'(Id — 'L)*) < p — 1 where Deg(.) is
the maximal degree of the lag polynomials, coefficients of the matrix. So f; is an
ARMA (p,p-1).

Let 2z, = €' (Id — T'L)*V, and w = €/(Id — I")*Q2. We have:

Det(Id —TL)e} = Det(Id — TL)(fi—1 +v) = w + 2—1 + Det(I = TL)v, = w + wy.
Since Deg((Id —TL)*) <p—1and E[V; | J;_1] = 0, we have
E[(Id—TL)*"V,, | J,_p 1] =0.
Since Deg(Det(Id —T'L)) < p and Efv; | J;—1] = 0, we have
E[Det(Id — TL)v, | J,_p 1] = 0.
So, we have:
Elw: | Jipi1] = €E[Id —TL)* Vi | Ji_y 1] + E[Det(Id —TL)v, | J_p_1] =0

and we conclude that w; is an MA(p) and that 7 is an ARMA(p,p).
Let

p .
Det(Id —TL) =Y L.
=0

We have
ro = Det(Id —T' 0) = Det(Id) = 1.
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and

P
2 2
g + E Ti€i_; = W+ Wy.
i=1

Let v, = —r;, © = 1,2..p. We have:
2 ¢ 2
£ —w — Z%'gtfi = wy
i=1

The persistence parameter is

P P P
> v==>r=1=-Y r=1-Det(Id—T 1) =1 — Det(Id —T).
i=1 i=1 i=0
Proof of Proposition 3.3

This proof is similar to the proof of Proposition 2.8.
Let £ = Var[e™ | '™ 1= E[™)2 | JI ]. We have:

m—1 m—1
ft(rzbzm = E[Z a’imftm—k—l | Jt(:ml)fm] = eIE[Z a’imth—k—l | Jt(:zl)fm]
k=0 k=0

= /(A B[Fyn | Jimlm] + B™)

with )
A(m) — Z aimmekfl
k=0
m—1 m—k—2 )
B = (3 a;,.( > )0
k=0 i=0
Let
Fy) = A E[Fyp | T ] + B™
We have:
Fi) = 4 TmES v
with

rm — m
m—1
QM = A (ST THQ + (Id - T™)B™
k=0

To conclude, we have to show that:

(m)
m 6m m m m m m
uin) = 2 and Vit = R0 — Q0 - T
tm—m
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are conformable to the restrictions (3.1) and (3.2). This is exactly the same proof that
for the proof of Proposition 2.8.

Proof of Proposition 3.4

This proof is similar to the proof of Proposition 2.10.

Let g

(h) th

en’ =lo

th gS(t—l)h

and
h h h h h
F o = Varlel) | 1010 = Bleg)? | I

with

S,
J((lel)h = U(L097S . JFo, 7 <t,meN).
(tr—1)h

The multivariate analog of (2.33) is:
t+h ,
Ffy=Id—e "0 + e "MFF + e ih / X Moy Diag(1, FE)Y2dW, (A.6)
t

where My, is the (p x (p + 1)) matrix defined by My = (0,1,)N.

Let us define N = (nj)1<i<prii<j<pi1 and e = (n?)a<i<pr1. We assume that
n1; = 0 to have the convenient representation. This only corresponds to a change in
the intercept of the vector Ff.

We have: ,
00— [ (1,0.0)NDiag(1, FE )
th — y e g(laFu) qu
(t—1)h
and
(1,0..0)NDiag(1, F¢)N'(1,0..0)' = ¢'F¢
Hence:

th : c'\1/2 2 (h)

tfl)h(l, OO)ND’L(J,g(]_, Fu ) qu) | J(t—l)h]
th th

= [ EF I du=e |
(t=1)h [e'Fy | (tfl)h] u=e (t-1)h

By (A.6), we have:

C h
E[Fg | I, du

th
f((:_)l)h _ /(tl)h[(ld _ e Ku=-Dh)g e—K(u—(t—l)h)F(Ct_l)h] du,

that is

with



where

Ak — /th o Kw—(t=1h) g, — KY(Id — e KM
(t—=1)h

th
B" = /( [(Id — e K@@ dqy = [Id h — K '(Id — e K")]O.

We have:

Fy) =" 4 F(h)F((Bnh + V)

with
QW = h(Id — e KM)O
F(h) — e—Kh,
th ,
Vil = K7Y(Id — 7Kty e it / e/ =(=UM My, Diag(1, FY ) 2dW,
(t—1)h

Let
h Eth
Ugh) =0
fe—n

We must show that ugf) and V,;glh) are conformable to the restrictions of definition 3.1.

The proof is similar than for the Proposition 2.10.
Proof of Proposition 3.5

In this proof, we will produce a VAR(1) such that the GARCH(p,p) conditional
variance process h; is a marginalization of this vector.

Let &, = vhyu; a GARCH(p,p), with

p p
he=w+ Y aer  + Y Bl
=1 =1

Hence
ht—W‘i‘Zaz"i_ﬂzhtl Zalhtlutz_ )

i=1
This implies that the process h; is an ARMA(p,p—l) and its innovation process is
&1 = ayhy_1(u? | — 1). Then, there exist coefficients (\;,v;), i = 1,..p of modulus
smaller than one and such that:

P p—1

I =XND)](he — ) = [T] (1 = L)€

i=1 1=1
where p = E[hy] and L is the Lag operator. For the simplicity of the proof, we assume
that the coefficients \; are different, and are not equal to zero (other cases could be

handled in the same way). Let us define for j=1,2..p,:



For j=1,2..p, A;(z) is in CP"[X], the family of polynomial of degree smaller or equal
than p — 1 and with coefficients in the field of complex numbers C. We have

S, 1
Vi, i # 7, Aj(i) =0

and

Aj(%) # 0.

Therefore A;(z), j = 1,..p is a basis of C*~1[X]. TT?= (1 —¢x) is in CP~1[X], so there
exist aj, j = 1...p such that:

p—1
[1(1 - ix) Zaﬂ
=1

Let
FJt 1=+ (1 - )‘jL) ayft—1
We have: )
I = ND)(Fjes — 2y = 45(L)asé
1=1
Hence o b
ST = ML) (Fyeon — 50 = 37 A5(L)asér,
j=1i=1 j=1
that is
TG - DI (Bt~ & zaj Ds = [T — L)
i=1 j=1 i=1

But the ARMA representation defines an unique second order stationary process, we

can conclude that »
hi =Y Fji 1
=1

that is hy = €'F,_; with €' = (1,..1) and F] = (Fy,..F,,). Moreover, it is clear that F}
is a VAR(1) w.r.t. I;.

This achieves the proof of Proposition 3.5.

Proof of Proposition 3.6

Since F; € J; and J; C J;, we have:

E[yt | Jt*—l] =c+ d,Ft_l + E[E[(‘:t | Jt—l] | Jt*—l] =c+ d,Ft_l.
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By Proposition 3.1, we know that &; is a SR-SARV(p) w.r.t. J;. To complete the
proof, we should prove that (y;, F}) is conformable to the restriction (3.15.f) w.r.t. J;.
We have:

Veeh(Varl( ) | Ji 1)

= Veeh(BVar(( ) | el | T+ VarlBIC ) [ el | TE4))

c+dF, 4

=E[R+S F,y | J/_1] + Vech(Var[( QO4TF, )| JE])

=R+SF_1+0=R+S F_.
This achieves the proof of Proposition 3.6.
Proof of Proposition 3.7

The proof will be performed by induction on k, taking into account that for k£ =1,
h¥ is by definition a marginalization of (1, F}_,)"

ht = 6,(1, Ftlil)l.
Let as assume that:
hy =e.(1,F, ), forr=12.k.
Then

0 0

Cov(hy, h¥ | J,_5) = €'Cov((1, F] ), (1, F ) | Ji_2)er = €'( 0 VarlF 1 | Ji ) )ex

Since, by (3.15.f), Var[F;_; | J; o] has all its coefficients expressed as a marginalization
(1, F}_,)", it is then clear that Cov(hy, h¥ | J;_») is itself a marginalization of (1, F}_,)".
But, by the ARCH representation:

2
hi =w+ ag;_y,

we have:
hF = WP + e + ZC’]uﬂ b=jg2k1)
7=1
and thus:
Cov(hs, hi | Ji2) = " hi* [ Cov(ufy, ui®y | Ty )
+ZCljc.wjakﬂfjhfjllijcov(UipUt D ).
i=0
Moreover, since ¢; is a strong ARCH(1) process: C’ov(ufﬁl,ut 1 | Ji_9) for j =

0,1..k—1,is a fixed real number a(k—7). Taking into account the induction assumption,
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we get:

Cov(hy, by | Ji—z) = o™ hi*a(k) + 4 Clw’ o™ Fa(k — )€ (1, FL )"

1=0

Since Cov(hy, h¥ | J,_5) is also a marginalization of (1, F}_,)’, we conclude that o' h¥ ! a ()
is such a marginalization too. This proves that A"l is itself a marginalization of

(1, F{_,)" (which achieves the proof by induction) as soon as:

o ra(k) #0

that is, as soon as:
a # 0 (genuine ARCH effect) and a(k) = E(u*{?) — E(u?*,) # 0.
This is the case if u;, ¢t € N, are i.i.d M(0,1) since in this case, we have E(uZ"{?) =
(2k + 1) E(u?*7?).
Proof of Proposition 3.8

Let
Gimtn = Elyim | Tl al,
eim) = yiw) — Elyin) | T ] = v — g
and
Fod = Varlel) | T ] = El(ef)? | Jon) ).
We have: ) )
ytm Z akm (Z akmd,thfkfl) + Z AkmEtm—k-
k=0 k=0
Hence: .
gt(nnzb)fm - Z akm + Z akmd E[th k—1 | Jtm m]
k=0 k=1
m— m— k—m—1
=c(Y arm) + (X arnd' (Y. THQ+T¥ ™Fyp ) = ™ +d"™ Fypp
k= §=0

where

m—1 m—1 m—k—1

=c(D am) + (D armd'( D
k=0 k=1 =
m—1
— (Z akkafm)l d
k=1

We have:

(m) _, (m) (m)

€tm” = Ytm" — Gtm=-—m
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m—1 m—k—1 m—1 m—1 m—1

Zakm Z F%mklj +Zakm5tmk—ZLkm%mk_FZakmgtmk

k=1 §=0 k=0
where
k-1
U i
Ly =d Z a(lc—i—l)mr
i=0
Hence:

m—1
(m) Etm—k
Eim = P
t kz::o g ( %mfk )
where Py, = (agm, Lkm) for £ =1,..m and Py, = (agm, 0).
If we define Fi™” = Fy,,, F\™ is a VAR(1) with:

Fyp = Q) 4 T By 4 V)

with

m—1
Etm—
Vi ZFWM—Z@WX@Q)
k=0 k=0
_(m)
We will prove that ( ‘;Tm) ) is conformable to (3.15.f). We have:

tm

(m)

Etm Etmfk;
E T

Wm hm V;fmfk)

Pkm
07 Fk )
Since (gym_k, Vi, ) are not correlated, we have:

with T = (

(m)

m—1
g m m m € m— m
Varl( 7 ) | Jimtm] = S Var(Tin V) T = 3 TenVarl( ) | Tl T

tm k=0 k=0

Let us recall some properties of the Vec and Vech operators, quoted from Lutkepohl
(1991).Let D, and L, the duplication and elimination matrices, with the appropriate

sizes. We have:
Vec(A) = D, Vech(A),
Vech(A) = L.\Vec(A),
Vec(ABC) = (C" ® A)Vec(B).
Hence
Vech(ABC) = L,(C' @ A)Vec(B) = L.(C' ® A)D,Vech(B).
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Then we have:

(m)
Vech(Var( ?n )| ] = Z Vech(TpmVar]( ™" ) | ™ T )

tm k=0 V n
m—1 e
= L(Tem @ Tim) Dy Vech(Var(( Vtm_k ) | Jt(:;),m])
k—0 tm—k
m—1
=" L(Tim ® Ti) Do B[R + SFy_ 1 | Jon ]
k=0
m—1 m—k—1
= LT @ Tew) D[R+ S[( Y. THQ+T™*F,, )| = R™ + S"™F,, .,
k=0 =0
where
m—1 m—k—1
R™ = 3" LT ® Tem) DR+ S[( Y. THQ
k=0 i=0
m—1
S™ = 3" Lo(Tim ® Tpm) D.ST™*
k=0
Let r™ the first coefficient of R(™ ' = (") cicp and ™' = (1,e™). We
Have:
fimtm = Varlein) | Tinln] = ¢ (1 Fy )
Let

(m)

ufyy) = ——=
Vil
We must show that u{™ is conformable to the restrictions (3.15.d) and (3.15.e).
By construction E[e{™ | J¥™ 1= 0and f, = Var[e™ | JU™ 1. This implies that
E{™ | ™ 1 =0and E[(u™)2 | JI™ 1 =1, that is u{™ is conformable to (3.15.d)
and (3.15.e).
This achieves the proof of Proposition 3.8.

Proof of Proposition 3.9 Let us first show an exact discretisation formula in a
general setting. Let a multivariate process X; of size n such that:

dX, = G(H — X,) + N(X,)dW, (A7)
We define Y; = e“* (X, — H). By the Ito lemma, we have
dY, = e“"N(X,)dW,
Hence

t+At
Viar=Yit [ N )W,
t
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and
t+At
Xoonr = [Id, — e M H 4 e G2 X, 4+ 72 / U N (X, )dW, (A.8)
t

Let us consider the process defined by (3.18) , we assume, without loss of generality,
that —¢’© = p!°. The process defined by (3.18) is conformable to (A.7) with:

c'\/ ny 0 — . c
Xt:(LogStaFt)7 H:(/L,@), G:(O K,l/) )7 N(Xt):NDza’g(]-aFt )1/2'

Straightforward calculus show that in this case, for k£ > 1,

0 —ha)' (K h)*1
and hence L xh
en 1 —y'K7'(e"" —Id,)
e = ( 0 eKh )
—on_ 1 —/'KYe KM —1Id,)
€ - ( 0 B_Kh )
By (A.8), we obtain:
LoagS (t+1)h ,
( ngl)(:rl)h )= [Idp+1—6_Gh]( /(f) )+e= G ( ;glgsth ) e /th eG(“_t)NDiag(l,FuC)I/Zqu.
That is:

St _ _ _ _ c h
(Lort ) (UK SO ) (VI — L S
Féiyn (Id, —e7"")0 e F i, Vi

(A.9)
where

(h) (t+1)h e 1( K (u—th) ,
( ;“(;;W )=e" / ( (1) edefih) (e 14) )N Diag(1, 7y 12w,
(t+1) th

The first component of the equation (A.9) gives the SR-SARV(p)-M equation, and the
p last components give the dynamic of F}j, ¢ € N. As usual,

5(?)111 5(?)111
E[(v+ ) | Jg] = E[E[(v+ ) 1G] Iw] = o.
(t+1) (t+1)

where J5 = oWy, 7 < t,7 € IR). To achieve the proof, we should prove that
(h)

Var[( ¢ c t“ ) | Jth | is conformable to (3.15.f). We have:
Vit

10This corresponds to a change of the intercept of F.
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(h) (t+1)h
Veeh(Var[( G ) | 13) = Veeh(e ™ |

T(u) E[Diag(1, FS) | Jy 1T () du
th

(t+1)
where L K (uth)
Ty = (¢ ' TN
Hence
£(h) (t+1)h _ .
Vech(Var|( ‘/((t@?)h )| I = e 2 /th L.|[T(u)®T (u)|D,Vech|Diag(1, E[FS | JI])]du

Then, by (A.6), we have:
(h)
€ h
Veeh(Var(( &7 ) 173
(t+1)

(t+1)h
—e 2 / L.[T(u) ® T(u)|D,Vech|Diag(1, (Id, — e K@@ 4 ¢~ Klu=th) pe y1y |y,
th

There exist matrices R(u) and S(u) such that:
Vech[Diag(1, (Id, — e” K@= 4 e~ K=t e\ = R(u) + S(u)Fy,.

We conclude that

(h)
19 h c
Veeh(Varl( (G0 ) | JE) = R + W F;

(t+1)
with (t+1)h
R®) — 2 / L.[T(u) ® T(u)| D, R(u)du
th
(h) _ _—on [(EFDR
S =¢e L.T(u) ® T(u)]D,S(u)du
th

This achieves the proof of Proposition 3.9.
Proof of Proposition 3.10

Let L be the Lag operator. We have y,g,f) = Y and

(1 = pL)Ytm = ¢+ Etm-

Hence . .
(> P'LY1 = pL)ypn = (1 = p" L™y = (D p'L")(c + £tm),
=0 =0

70



that is

where
pm = p"
m—1 1— pm
= (3 pe= ¢

1=0 1 - P

m—1
Etm = Z P Etm—i

=0

By proposition 3.3, we know that 6%) (with ag,, = p*) is SR-SARV(p) w.r.t Jy,,. By
the projection theorem 3.1 and since Jt(:;) C Jun, we conclude that that 6%) is also a
SR-SARV(p) w.r.t. JI™.

This achieves the proof of Proposition 3.10.

Proof of Proposition 3.11

The process defined by (3.22) is conformable to the one defined by (A.7) with

I\ N k 0 . !
Xo= @ FY), H=(0,0"), G=(, j ), N(X)=NDiag(1,F)".

By (A.8), we have:

Y(t+1)h ) O(1—e*) )+ ( ey, )+ ( S(t+1)n )

F(?f+1)h - (Idy — e*Kh)@ ethFtch

with ")
c B (t+1)h ek(ufth) 0 ) o
( V(t(—fll—)l)h )=e h/ ( K (u—th) )N Diag(1, F, )I/ZdWU'
(t+1) !
We have again
(h) (h)

9 h 9 c h
BIC S ) ) = BLEIC (G0 ) 1 il | 7] = 0.
(t+1) (t+1)

where J;, = o(Wy,, 7 < t,7 € IR). To achieve the proof, we should prove that
(h)
Var[( ;(t(;;)l)h ) | Jgf)] is conformable to (3.15.f). It is similar to the proof of Proposition

(t+1)
3.9.

This achieves the proof of Proposition 3.11.
Proof of Proposition 3.12
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We have y;, = ¢ + pys—1 + &, hence:

m—k-1 m—k-1 1 — pm—lc m—k-1
Yimtk =C Y P4 Yot D pEum—i = CTP_Fpm_kytm—m—i_ > Peuni

This implies that:

1 — + Z akm 1 - k)ytmfm + 5%)

ytm Z AkmYtm—k =

where 5tm = S (S pleym—i). By the temporal aggregation theorem 3.3, we
know that 5§m is a SR-SARV(p) w.r.t. Jy, and so w.r.t. Jt(,?;).
This achieves the proof of Proposition 3.12.
Proof of Proposition 4.1
e Let Y} a multivariate SR-SARV(p) and Y;* = B Y, where B is a matrix. Let
G, =Var[Yy | J1] and U = (G;_,) 2Y;". We have:
* % l %
Y =(Gi)2U,
E[Uf | Jia] = (Giy) *B(Gia) 2 E[UL | Ja] = 0
VarlUf | Jia) = (G )" *VarlYy | Ja)(Gy) ™ = 1d,
Vech(Gy) = Vech(Var(Yy,, | Ji]) = Vech(BVar[Yi | J)|B')
= L.(B® B)D.Vech(Var[Yy1 | Ji]) = L.(B ® B)D.Vech(G;) = R* + S*F,
where R* = L,(B® B)D,R and S* = L,(B ® B)D,S.

e Let Y; a multivariate SR-SARV(p)-M and Y;" = A+ B Y, where A and B are
matrices. Let Gi_, = Var[Y)* | J,_1] and Uy = (Gf_,) "2 Be,. We have:

= C* + D*Ft,1 + 5:
where C* = A+ BC, D* = BD and ¢} = (G;_,)2U;. We have:

E[U; | Jia] = (G1) 2 B(G 1) E[U; | Ji1] =0

[NIES

VarlUi | Jial = (G )7 Varley [ Jial(GEy) ™2 = (G) 72 VarYy | Jia](Gry)”

*

Vech(Var(( 2 V1 Jia]) = Vech(Var[T( 2 V1 Ja])
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where T' = ( . Hence:

BO)
0 Ip

Veeh(Var(( 2 )| Jia]) = Veeh(TVar( 2 )| Jea]T")

Y,
Fy

where R* = L,(T ® T)D,R and S* = L. (T ® T)D.S.
This achieves the proof of Proposition 4.1.

=L(T®T)D,Vech(Var[( 5 )| Ji1]) =R +S*F,
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