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DEVWUDFW

Lq wkh frqwh{w ri pxowlyduldwh uhjuhvvlrq +POU, dqg vhhplqjo| xquhodwhg uh0
juhvvlrqv +VXUH, prghov lw lv zhoo nqrzq wkdw frpprqo| hpsor|hg dv|pswrwlf
whvw fulwhuld duh vhulrxvo| eldvhg wrzdugv ryhuuhmhfwlrq1 Lq wklv sdshu/ zh sursrvh
�qlwh dqg odujh vdpsoh olnholkrrg edvhg whvw surfhgxuhv iru srvvleo| qrq0olqhdu
k|srwkhvhv rq wkh frh!flhqwv ri POU dqg VXUH v|vwhpv1 Wzr frpsohphqwdu|
dssurdfkhv duh ghvfulehg1 Iluvw/ zh ghulyh jhqhudo qxlvdqfh0sdudphwhu iuhh erxqgv
rq wkh glvwulexwlrq ri vwdqgdug olnholkrrg udwlr fulwhuld1 Hyhq wkrxjk lw pd| eh
gl!fxow wr frpsxwh wkhvh erxqgv dqdo|wlfdoo|/ wkh| fdq hdvlo| eh rewdlqhg e|
vlpxodwlrq/ lq vxfk d zd| wkdw wkh uhvxowlqj erxqgv whvw kdv wkh ghvluhg ohyho lq
�qlwh vdpsohv1 Vhfrqg/ zh sursrvh Prqwh Fduor whvwv zklfk fdq eh uxq zkhqhyhu
wkh erxqgv duh qrw frqfoxvlyh1 Wkhvh lqfoxgh/ lq sduwlfxodu/ txdvl0olnholkrrg udwlr
fulwhuld edvhg rq qrq0pd{lpxp0olnholkrrg hvwlpdwruv +zklfk pd| eh vlpsohu wr
frpsxwh,1 Looxvwudwlyh Prqwh Fduor h{shulphqwv vkrz wkdw= +l, wkh erxqgv duh
vx!flhqwo| wljkw wr |lhog frqfoxvlyh uhvxowv lq d odujh sursruwlrq ri fdvhv/ dqg +ll,
wkh udqgrpl}hg surfhgxuhv fruuhfw doo wkh xvxdo vl}h glvwruwlrqv lq vxfk frqwh{wv1
Zh dovr suhvhqw dq h{whqvlrq ri vwdqgdug whvwv ri xqlirup olqhdu k|srwkhvhv lq
POU frqwh{wv wr qrq0Jdxvvldq huuru glvwulexwlrqv> lq idfw/ wkh qrupdolw| dvvxps0
wlrq lv qrw qhfhvvdu| iru prvw ri wkh uhvxowv zh rewdlq1 Wkh surfhgxuhv sursrvhg
duh �qdoo| dssolhg wr whvw uhvwulfwlrqv rq d idfwru ghpdqg prgho1

Nh| zrugv= pxowlyduldwh olqhdu uhjuhvvlrq> vhhplqjo| xquhodwhg uhjuhvvlrqv> Prqwh
Fduor whvw> erxqgv whvw> qrqolqhdu k|srwkhvlv> �qlwh vdpsoh whvw> h{dfw whvw> errw0
vwuds> fdslwdo dvvhw sulflqj prgho +FDSP,> idfwru ghpdqg> frvw ixqfwlrq1



UÌVXPÌ

Lo hvw elhq frqqx txh ohv fulwëuhv gh whvw dv|pswrwltxhv xvxhov gdqv oh frqwh{wh
ghv prgëohv gh uìjuhvvlrq pxowlydulìv +POU, hw ghv uìjuhvvlrqv hpsloìhv +VXUH,
whqghqw ã uhmhwhu wurs vrxyhqw sdu udssruw ã ohxu qlyhdx qrplqdo1 Gdqv fh wh{wh/
qrxv sursrvrqv ghv surfìgxuhv gh w|sh txrwlhqw gh yudlvhpeodqfh srxu ghv k|0
srwkëvhv srvvleohphqw qrq olqìdluhv vxu ohv frh!flhqwv gh prgëohv POU hw VXUH1
Qrxv gìfulyrqv ghx{ dssurfkhv frpsoìphqwdluhv1 Suhplëuhphqw/ qrxv rewhqrqv
ghv eruqhv oleuhv gh sdudpëwuhv gh qxlvdqfh vxu od glvwulexwlrq ghv vwdwlvwltxhv
gh txrwlhqw gh yudlvhpeodqfh1 Píph vl fhv eruqhv vh suíwhqw gl!flohphqw ã xqh
ìydoxdwlrq sdu ghv pìwkrghv dqdo|wltxhv/ rq shxw ohv dssur{lphu dlvìphqw sdu
vlpxodwlrq hw xwlolvhu o*dssur{lpdwlrq vlpxoìh g*xqh idêrq whooh txh oh qlyhdx gx
whvw irqgì vxu od eruqh vrlw frqwu÷oì shx lpsruwh od wdlooh g*ìfkdqwloorq1 Ghx{lëph0
phqw/ qrxv sursrvrqv ghv whvwv gh Prqwh Fduor txl shxyhqw v*dssoltxhu oruvtxh oh
whvw ã eruqh q*hvw sdv frqfoxdqw1 Fhv ghuqlhuv lqfoxhqw qrwdpphqw ghv surfìgxuhv
gh w|sh txdvl0txrwlhqw gh yudlvhpeodqfh irqgìhv vxu ghv hvwlpdwhxuv soxv idflohv ã
fdofxohu txh ohv hvwlpdwhxuv gx pd{lpxp gh yudlvhpeodqfh1 Qrxv suìvhqwrqv ghv
uìvxowdwv g*h{sìulhqfhv gh Prqwh Fduor prqwudqw txh= +l, ohv eruqhv vrqw vx!vdp0
phqw vhuuìhv srxu surgxluh ghv uìvxowdwv frqfoxdqwv gdqv xqh judqgh pdmrulwì ghv
fdv/ hw +ll, ohv surfìgxuhv gh whvwv gh Prqwh Fduor fruuljhqw ohv sureoëphv gh wdlooh
gh whvw gdqv gh whov frqwh{whv1 Qrxv suìvhqwrqv dxvvl xqh h{whqvlrq ghv whvwv vwdq0
gdugv g*k|srwkëvhv xqliruphv olqìdluhv gdqv oh frqwh{wh ghv prgëohv POU dx fdv
g*huuhxuv qrq0jdxvvlhqqhv1 Gh idlw/ o*k|srwkëvh gh qrupdolwì ghv huuhxuv q*hvw sdv
qìfhvvdluh srxu od soxsduw ghv uìvxowdwv txh qrxv rewhqrqv1 Qrxv suìvhqwrqv xq
dssolfdwlrq ghv whfkqltxhv sursrvìhv d�q gh whvwhu ghv uhvwulfwlrqv vxu xq prgëoh
gh ghpdqgh gh idfwhxuv gh surgxfwlrq1

Prwv0fohiv= prgëoh gh uìjuhvvlrq pxowlydulì> uìjuhvvlrqv hpsloìhv +VXUH,> whvw
gh Prqwh Fduor> whvw ã eruqhv> k|srwkëvh qrq olqìdluh> whvw ã glvwdqfh �qlh> whvw
h{dfw> errwvwuds> prgëoh gh sul{ g*dfwliv �qdqflhuv +FDSP,> ghpdqgh gh idfwhxuv>
irqfwlrq gh frþw1
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4 Lqwurgxfwlrq

Whvwlqj wkh ydolglw| ri uhvwulfwlrqv rq wkh frh!flhqwv ri d pxowlyduldwh olqhdu uhjuhv0
vlrq +POU, prgho lv d frpprq lvvxh zklfk dulvhv lq vwdwlvwlfv dqg hfrqrphwulfv1
H{whqvlyh glvfxvvlrq ri wklv sureohp fdq eh irxqg lq wkh vwdwlvwlfv olwhudwxuh rq
pxowlyduldwh dqdo|vlv ri yduldqfh +PDQRYD, dqg wkh hfrqrphwulf olwhudwxuh rq
vhhplqjo| xquhodwhg uhjuhvvlrqv +VXUH,1 Wkh POU prgho fdq eh ylhzhg dv d vsh0
fldo fdvh ri wkh VXUHprgho zkhuh wkh uhjuhvvru pdwulfhv iru wkh gl�huhqw htxdwlrqv
duh wkh vdph1 Frqyhuvho|/ wkh VXUH vshfl�fdwlrq pd| eh ylhzhg dv d vshfldo fdvh
ri wkh POU prgho frqvwudlqhg e| ydulrxv h{foxvlrq uhvwulfwlrqv rq wkh gl�huhqw
htxdwlrqv1

Lq wkh POU iudphzrun/ vhyhudo �qlwh vdpsoh surfhgxuhv kdyh ehhq sursrvhg
iru whvwlqj olqhdu uhvwulfwlrqv1 Wkhvh lqfoxgh/ lq sduwlfxodu/ whvwv edvhg rq wkh olnh0
olkrrg udwlr fulwhulrq ^Zlonv +4<65,/ Eduwohww +4<7:,`/ wkh Odzoh|0Krwhoolqj wudfh
fulwhulrq ^Odzoh| +4<6;,/ Eduwohww +4<6<,/ Krwhoolqj +4<7:/ 4<84,`/ wkh Eduwohww0
Qdqgd0Sloodl wudfh fulwhulrq ^Eduwohww +4<6<,/ Qdqgd +4<83,/ Sloodl +4<88,` dqg wkh
pd{lpxp urrw fulwhulrq ^Ur| +4<86,`1 Wkh olwhudwxuh frqfhuqlqj wkh prphqwv/
Odsodfh wudqvirupv dqg h{dfw ghqvlwlhv ri wkhvh vwdwlvwlfv lv ydvw> vhh/ iru h{dpsoh/
Udr +4<:6/ Fkdswhu ;,/ Dqghuvrq +4<;7/ fkdswhuv ; dqg 46, dqg Ndul|d +4<;8,1
\hw wkh xvh ri wkhvh phwkrgv lv olplwhg wr yhu| vshfl�f sureohpv= whvwv ri xqlirup
pl{hg olqhdu k|srwkhvhv ^Ehuqgw dqg Vdylq +4<::,`1 H{dpsohv ri xqlirup pl{hg

olqhdu frqvwudlqwv lqfoxgh= +l, wkh fdvh zkhuh wkh vdph wudqvirupdwlrqv ri wkh uh0
juhvvlrq frh!flhqwv duh vhw wr jlyhq ydoxhv/ zlwklq ru dfurvv htxdwlrqv/ dqg +ll,
wkh k|srwkhvlv wkdw d vlqjoh sdudphwhu htxdov }hur1 Ixuwkhu/ lq prvw lqvwdqfhv/
h{dfw glvwulexwlrqdo uhvxowv duh gl!fxow wr h{sorlw dqg dssur{lpdwh glvwulexwlrqv
duh vxjjhvwhg1 Wkxv idu ohvv uhvwulfwlyh whvwlqj sureohpv kdyh qrw dssduhqwo| ehhq
frqvlghuhg iurp d �qlwh vdpsoh shuvshfwlyh/ zlwk shukdsv wkh qrwdeoh h{fhswlrq
ri wkh Kdvklprwr dqg Rkwdql*v +4<<3, h{dfw whvw iru jhqhudo olqhdu uhvwulfwlrqv1
Wklv surfhgxuh lv vlplodu wr Md|dwlvvd*v +4<::, whvw iru htxdolw| ri uhjuhvvlrq frh!0
flhqwv lq wzr olqhdu uhjuhvvlrqv zlwk xqhtxdo huuru yduldqfhv1 Krzhyhu/ wkh dxwkruv
uhfrjql}h wkdw/ vlploduo| zlwk Md|dwlvvd*v surfhgxuh/ wklv whvw lqyroyhv frpsolfdwhg
frpsxwdwlrqv dqg kdv orz srzhu1 Ixuwkhu/ wkh whvw uholhv rq d qrq0xqltxh ghfrp0
srvlwlrq ri wkh ROV uhvlgxdov1 Wkhvh revhuydwlrqv vxjjhvw wkdw wklv whvw kdv olplwhg
sudfwlfdo lqwhuhvw1

Lq frqqhfwlrq zlwk wkh VXUH prgho lqwurgxfhg e| ]hooqhu +4<95,/ wkh vwdqgdug
olwhudwxuh rq k|srwkhvlv whvwv lv dv|pswrwlf> vhh/ iru h{dpsoh/ Vulydvwdyd dqg Jlohv
+4<;:,1 Yhu| ihz dqdo|wlfdo �qlwh vdpsoh uhvxowv duh dydlodeoh1 D uduh h{fhswlrq lv
surylghg e| Kduyh| dqg Skloolsv +4<;5/ Vhfwlrq 6, zkr ghulyhg lqghshqghqfh whvwv
ehwzhhq wkh glvwxuedqfhv ri dq htxdwlrq dqg wkrvh ri wkh rwkhu htxdwlrqv ri d VXUH
prgho1 Wkh whvwv lqyroyh frqyhqwlrqdo I 0vwdwlvwlfv dqg duh edvhg rq wkh uhvlgxdov
rewdlqhg iurp uhjuhvvlqj hdfk ghshqghqw yduldeoh rq doo lqghshqghqw yduldeohv
ri wkh v|vwhp1 Ri frxuvh wklv sureohp lv d yhu| vshfl�f rqh1 Lq d gl�huhqw yhlq/
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Skloolsv +4<;8, ghulyhg wkh h{dfw glvwulexwlrq ri d wzr0vwdjh VXUH hvwlpdwru xvlqj
d iudfwlrqdo pdwul{ fdofxoxv1 Krzhyhu/ wkh dqdo|wlfdo h{suhvvlrqv rewdlqhg duh yhu|
frpsoh{ dqg/ pruh lpsruwdqwo|/ lqyroyh xqnqrzq qxlvdqfh sdudphwhuv/ qdpho| wkh
hohphqwv ri wkh huuru fryduldqfh pdwul{1 Wkh odwwhu idfw pdnhv wkh dssolfdwlrq ri
Skloolsv* glvwulexwlrqdo uhvxowv wr sudfwlfdo k|srwkhvlv whvwlqj sureohpdwlf1

Dv|pswrwlf Zdog/ Odjudqjh pxowlsolhu dqg olnholkrrg udwlr whvwv duh dydlo0
deoh dqg frpprqo| hpsor|hg lq hfrqrphwulf dssolfdwlrqv ri wkh POU prgho> vhh
iru h{dpsoh/ Ehuqgw dqg Vdylq +4<::,/ Hydqv dqg Vdylq +4<;5,/ Euhxvfk +4<:<,/
Jrxulìurx{/ Prqiruw dqg Uhqdxow +4<<6/ 4<<8, dqg Vwhzduw +4<<8/ 4<<:,1 Lw kdv
ehhq vkrzq krzhyhu wkdw lq �qlwh vdpsohv/ wkhvh dv|pswrwlf fulwhuld duh vhulrxvo|
eldvhg wrzdugv ryhuuhmhfwlrq zkhq wkh qxpehu ri htxdwlrqv uhodwlyh wr wkh vdpsoh
vl}h lv prghudwh wr odujh1 Zhoo nqrzq h{dpsohv lqfoxgh Odlwlqhq +4<:;,/ Phlvqhu
+4<:<,/ Ehud/ E|urq dqg Mdutxh +4<;4, dqg Wkhlo dqg Ilhelj +4<;8, lq wkh frqwh{w
ri krprjhqhlw| dqg v|pphwu| whvwlqj lq ghpdqg v|vwhpv1 Ixuwkhu hylghqfh lv uh0
sruwhg lq uhodwlrq wr pxowlyduldwh whvwv ri wkh FDSP> vhh iru h{dpsoh Vwdpedxjk
+4<;5,/ Mrevrq dqg Nrunlh +4<;5,/ Dpvohu dqg Vfkplgw +4<;8, dqg PdfNlqod|
+4<;:,1 Wkhvh dqg rwkhu uhihuhqfhv duh glvfxvvhg lq Vwhzduw +4<<:,1

Lw lv fohdu wkdw vwdqgdug dv|pswrwlf dssur{lpdwlrqv duh txlwh xqvdwlvidfwru| lq
wklv frqwh{w1 Dwwhpswv wr lpsuryh wkrvh lqfoxgh/ lq sduwlfxodu= +l, Eduwohww0w|sh
fruuhfwlrqv/ dqg +ll, errwvwuds phwkrgv1 Eduwohww fruuhfwlrqv lqyroyh uhvfdolqj wkh
whvw vwdwlvwlf e| d vxlwdeoh frqvwdqw rewdlqhg vxfk wkdw wkh phdq ri wkh vfdohg
vwdwlvwlf htxdov wkdw ri wkh dssur{lpdwlqj glvwulexwlrq wr d jlyhq rughu ^Eduwohww
+4<6:,/ Odzoh| +4<89,/ Urwkhqehuj +4<;7,/ Eduqgru�0Qlhovhq dqg Eodhvlog +4<;9,`1
Irupxodh h{solflwo| gluhfwhg wrzdugv v|vwhpv ri htxdwlrqv duh jlyhq lq Dww�hog
+4<<8,1 Ryhudoo/ wkh fruuhfwlrq idfwruv uhtxluh fxpxodqwv dqg mrlqw fxpxodqwv ri
�uvw dqg vhfrqg rughu ghulydwlyhv ri wkh orj olnholkrrg ixqfwlrq/ dqg/ rxwvlgh d vpdoo
fodvv ri sureohpv/ duh frpsolfdwhg wr lpsohphqw1 Ixuwkhupruh/ vlpxodwlrq vwxglhv
^h1j1 Rkwdql dqg Wr|rgd +4<;8,/ Iu|ghqehuj dqg Mhqvhq +4<;<,/ Kroodv +4<<4,/
Urfnh +4<;<,/ Zrqj +4<;</ 4<<4, dqg Jrq}dor dqg Slwdudnlv +4<<7,` vxjjhvw wkdw
lq pdq| lqvwdqfhv Eduwohww dgmxvwphqwv gr qrw zrun zhoo1 D vlpsohu fruuhfwlrq
idfwru lv sursrvhg e| Lwdoldqhu +4<;8,/ exw wkh surfhgxuh lv udwkhu khxulvwlf dqg
kdv olwwoh wkhruhwlfdo edfnjurxqg1

Wkh xvh ri errwvwuds phwkrgv iru POU dqg VXUH prghov kdv ehhq glvfxvvhg
e| vhyhudo dxwkruv/ h1j1 Zlooldpv +4<;9,/ Urfnh +4<;<,/ Ud|qhu +4<<3d/ 4<<3e,/
Hdnlq/ PfPloohq dqg Exrqr +4<<3,/ D"hfn0Judyhv dqg PfGrqdog +4<<3,/ Pduwlq
+4<<3,/ Dwnlqvrq dqg Zlovrq +4<<5, dqg Ulovwrqh dqg Yhdoo +4<<9,1 Dowkrxjk orqj
uhfrjql}hg dv d surshu dowhuqdwlyh wr vwdqgdug dv|pswrwlf wkhru|/ wkh errwvwuds
rqo| kdv dq dv|pswrwlf mxvwl�fdwlrq zkhq wkh qxoo glvwulexwlrq ri wkh whvw vwdwlvwlf
lqyroyhv qxlvdqfh sdudphwhuv/ khqfh wkh �qlwh vdpsoh ydolglw| ri uhvxowlqj lqihuhqfh
uhpdlqv wr eh hvwdeolvkhg1 Wklv srlqw vkrxog eh eruq lq plqg zkloh lqwhusuhwlqj
uhvxowv rq wkh xvhixoqhvv ri wkh errwvwuds1 Iru jhqhudo glvfxvvlrq ri errwvwuds
phwkrgv/ wkh uhdghu pd| frqvxow Kdoo +4<<5,/ Hiurq dqg Wlevkludql +4<<6, dqg
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Vkdr dqg Wx +4<<8,> derxw vrph hfrqrphwulf dssolfdwlrqv vhh Mhrqj dqg Pdggdod
+4<<6,/ Ylqrg +4<<6, dqg Gdylgvrq dqg PdfNlqqrq +4<<9d/ 4<<9e,1 Lq d gl�huhqw
yhlq/ udqgrpl}hg whvwv kdyh ehhq vxjjhvwhg lq wkh POU olwhudwxuh iru d qxpehu ri
vshfldo whvw sureohpv dqg duh uhihuuhg wr xqghu wkh qdph ri Prqwh Fduor whvwv> vhh
Wkhlo/ Vkrqnzlohu dqg Wd|oru +4<;8,/ Wkhlo/ Wd|oru dqg Vkrqnzlohu +4<;9,/ Wd|oru/
Vkrqnzlohu dqg Wkhlo +4<;9, dqg Wkhlo dqg Ilhelj +4<;8,1 Krzhyhu/ wkhvh dxwkruv
gr qrw vxsso| d glvwulexwlrqdo wkhru|/ hlwkhu h{dfw ru dv|pswrwlf1

Lq wklv sdshu/ zh sursrvh �qlwh vdpsoh olnholkrrg edvhg whvwv iru srvvleo| qrq0
olqhdu k|srwkhvhv rq wkh frh!flhqwv ri vhhplqjo| xquhodwhg uhjuhvvlrqv1 Zh glvfxvv
wzr dssurdfkhv wkdw fdq eh dssolhg rq wkhlu rzq ru vhtxhqwldoo|/ qdpho|= +l, d
frqvhuydwlyh erxqgv whvw/ dqg +ll, Prqwh Fduor whvwv1 Sudfwlfdo lpsohphqwdwlrq
ri erwk surfhgxuhv lv vlpsoh1 Wkh phwkrgv zh sursrvh duh ehvw prwlydwhg e|
wkh sursrvlwlrqv lq Gxirxu +4<<:, uhodwlqj wr olnholkrrg edvhg lqihuhqfh lq POU
vhwwlqjv= xvlqj dq dujxphqw vlplodu wr wkh rqh lq Gxirxu +4<;<, iru d xqlyduldwh
uhjuhvvlrq/ lw lv vkrzq wkdw olnholkrrg udwlr +OU, vwdwlvwlfv kdyh qxoo glvwulexwlrqv
zklfk duh erxqghgo| slyrwdo/ l1h1 zklfk dgplw qxlvdqfh0sdudphwhu0iuhh erxqgv1
Hyhq wkrxjk lw pd| eh gl!fxow wr frpsxwh dqdo|wlfdoo| wkhvh erxqgv/ wkh| fdq
hdvlo| eh rewdlqhg e| vlpxodwlrq1 Khuh/ zh zloo dsso| wklv uhvxow lq wkh frqwh{w
ri POU dqg VXUH v|vwhpv1 Wkh lpsolfdwlrqv iru k|srwkhvlv whvwlqj duh wzr0irog1
Iluvw/ wkh �qlwh vdpsoh erxqgv rq wkh OU fulwhulrq hdvlo| |lhog frqvhuydwlyh whvwv1
Vhfrqg/ errwvwuds whfkqltxhv fdq ohdg wr whvwv zlwk fruuhfw ohyhov1

Wr eh pruh vshfl�f/ zh jlyh dw wklv srlqw d suholplqdu| glvfxvvlrq ri wkh sur0
srvhg frqvhuydwlyh erxqg zlwk uhjdugv wr VXUH v|vwhpv1 Iluvw/ zh uhfrqvlghu wkh
whvwlqj sureohp zlwklq wkh iudphzrun ri dq dssursuldwh POU prgho/ qdpho| wkh
POU vhwxs ri zklfk wkh prgho rq kdqg lv d uhvwulfwhg irup1 Vhfrqgo|/ zh lqwur0
gxfh/ lq wkh uhohydqw POU iudphzrun/ d xqlirup olqhdu k|srwkhvlv wkdw lv d vshfldo
fdvh ri wkh jhqhudo uhvwulfwlrqv lq wkh qxoo1 Wkh lqwxlwlrq ehklqg wklv vxjjhvwlrq
iroorzv iurp wkh idfw wkdw h{dfw qxlvdqfh0sdudphwhu iuhh fulwlfdo ydoxhv iru wkh OU
fulwhulrq duh dydlodeoh zkhq wkh qxoo lv xqlirup olqhdu zlwklq d POU1 Lqghhg/ lw
wxuqv rxw wkdw wkh OU fulwhulrq iru whvwlqj wkh vxjjhvwhg xqlirup olqhdu k|srwkhvlv
frqyhqlhqwo| erxqgv wkh OU vwdwlvwlf iru whvwlqj wkh jhqhudo frqvwudlqwv1

Lq dgglwlrq/ zh sursrvh dowhuqdwlyh Prqwh Fduor whvwv ^vhh Gzdvv +4<8:,/ Edu0
qdug +4<96,/ Mùfnho +4<;9, ru Gxirxu +4<<8,` wkdw fdq eh uxq zkhqhyhu wkh erxqgv
whvwv duh qrw frqfoxvlyh1 Zh frqvlghu= +l, dq dv|pswrwlfdoo| ydolg surfhgxuh wkdw
pd| eh lqwhusuhwhg dv d sdudphwulf errwvwuds/ dqg +ll, d phwkrg zklfk lv h{dfw
iru dq| vdpsoh vl}h/ iroorzlqj Gxirxu +4<<8,1 Zkloh wkh qrupdolw| dvvxpswlrq xq0
ghuolhv wkh prwlydwlrq iru wkh vwdwlvwlfv zh frqvlghu/ wklv lv qrw qhfhvvdu| iru prvw
ri wkh uhvxowv rewdlqhg1 Lq idfw/ zh glvfxvv dq h{whqvlrq ri vwdqgdug whvwv ri xql0
irup olqhdu k|srwkhvhv lq POU frqwh{wv wr qrq0Jdxvvldq glvwulexwlrqv1 Ixuwkhu/
lq vlwxdwlrqv zkhuh pd{lpxp olnholkrrg +PO, phwkrgv pd| eh frpsxwdwlrqdoo|
h{shqvlyh/ zh lqwurgxfh OU0w|sh whvw fulwhuld edvhg rq qrq0PO hvwlpdwruv1 Lq
sduwlfxodu/ zh frqvlghu wzr0vwdjh vwdwlvwlfv ru hvwlpdwruv dw dq| vwhs ri wkh surfhvv

6



e| zklfk wkh olnholkrrg lv pd{lpl}hg lwhudwlyho|1 Zh hpskdvl}h wkdw Prqwh Fduor
dqg erxqgv whvwv vkrxog eh ylhzhg dv frpsohphqwdu| udwkhu wkdq dowhuqdwlyh sur0
fhgxuhv1

Wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 ghyhorsv wkh qrwdwlrq dqg gh0
�qlwlrqv1 Vhfwlrq 6 glvfxvvhv wkh nqrzq glvwulexwlrqdo uhvxowv shuwdlqlqj wr wkh
whvw fulwhuld lq wkh frqwh{w ri wkh POU prgho dqg surylghv dq h{whqvlrq ri vwdq0
gdug whvwv ri xqlirup olqhdu k|srwkhvlv wr qrq0Jdxvvldq glvwulexwlrqv1 Vhfwlrq 7
suhvhqwv whvw vwdwlvwlfv iru jhqhudo olqhdu k|srwkhvhv lq wkh POU prgho dqg hvwde0
olvkhv erxqgv rq wkh vljql�fdqfh srlqwv iru wkhvh vwdwlvwlfv1 Zh dovr glvfxvv krz
wr dsso| wkh uhvxowv wr qrq0olqhdu dqg lqhtxdolw| uhvwulfwlrqv1 Wkh jhqhudol}dwlrq
wr wkh VXUH prgho lv glvfxvvhg lq Vhfwlrq 81 Vlpxodwlrq uhvxowv duh uhsruwhg lq
Vhfwlrq 91 Vhfwlrq : looxvwudwhv wkh surfhgxuhv sursrvhg e| dsso|lqj wkhp wr whvw
uhvwulfwlrqv rq d idfwru ghpdqg prgho/ dqg Vhfwlrq ; frqfoxghv1

5 Iudphzrun

Lq wklv vhfwlrq/ zh lqwurgxfh wkh prghov dqg qrwdwlrqv wr eh xvhg lq wkh sdshu1
Wkh �uvw prgho zh frqvlghu lv wkh POU prgho1 Wkhq/ zh irfxv rxu dwwhqwlrq
rq wkh VXUH prgho/ zklfk fdq eh ylhzhg dv d vshfldo fdvh ri wkh POU prgho
rewdlqhg e| lpsrvlqj gl�huhqw h{foxvlrq uhvwulfwlrqv rq wkh gl�huhqw htxdwlrqv ri
d POU prgho1

514 Wkh pxowlyduldwh olqhdu uhjuhvvlrq prgho

Wkh POU prgho fdq eh h{suhvvhg dv iroorzv=

\ @ [E .X +514,

zkhuh \ @ ^\�> === > \R` lv dq q�s pdwul{ ri revhuydwlrqv rq s ghshqghqw yduldeohv/
[ lv dq q� n ixoo0froxpq udqn pdwul{ ri �{hg uhjuhvvruv/ E @ ^�

�
> = = = > �R` lv d

n�s pdwul{ ri xqnqrzq frh!flhqwv dqg X @ ^X�> = = = > XR` @ ^hX�> = = = > hX?`
� lv dq

q� s pdwul{ ri udqgrp glvwxuedqfhv zlwk fryduldqfh pdwul{ 	 zkhuh ghw +	, 9@ 31
Zh dovr dvvxph wkdw wkh urzv hX �

� > l @ 4> = = = > q/ ri X vdwlvi| wkh iroorzlqj
glvwulexwlrqdo dvvxpswlrq=

hX� @ MZ� > l @ 4> = = = > q > +515,

zkhuh wkh yhfwru z @ yhf+Z�> = = = > Z?, kdv d nqrzq glvwulexwlrq dqg M lv dq
xqnqrzq/ qrq0vlqjxodu pdwul{> iru ixuwkhu uhihuhqfh/ ohw Z @ ^Z�> = = = > Z?`

� @
XJ�/ zkhuh J @ M3�= Lq sduwlfxodu/ wklv frqglwlrq zloo eh vdwlv�hg zkhq

Z�
����_�
� Q+3> LR,> l @ 4> = = = > q > +516,
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lq zklfk fdvh wkh fryduldqfh pdwul{ ri hX� lv MM � @ +J�J,3�= Dq dowhuqdwlyh uhsuh0
vhqwdwlrq ri wkh prgho lv

| @ +LR 
[,e. x +517,

zkhuh | @ yhf+\ ,> e @ yhf+E,/ dqg x @ yhf+X,1 Wkh ohdvw vtxduhv hvwlpdwh ri E
lv eE @ +[ �[,3�[ �\ +518,

dqg wkh fruuhvsrqglqj uhvlgxdo pdwul{ lv

eX @ \ �[ eE @P\ @PX +519,

zkhuh P @ L�[+[ �[,3� [ �1 Lq wklv prgho/ lw lv zhoo nqrzq wkdw xqghu +516, wkh
pd{lpxp olnholkrrg hvwlpdwruv +POH, ri wkh sdudphwhuv uhgxfh wr eE dqg e	 @eX � eX@q1 Wkxv wkh pd{lpxp ri wkh olnholkrrg ixqfwlrq +POI, ryhu wkh xquhvwulfwhg
sdudphwhu vsdfh lv

pd{
�cP

O @ �
qs

5
oq+5�, �

q

5
oq
����e	���� �

qs

5
= +51:,

Wr ghulyh wkh glvwulexwlrq ri wkh uhohydqw whvw vwdwlvwlfv/ zh vkdoo h{sorlw wkh
iroorzlqj ghfrpsrvlwlrq ri wkh vxp ri vtxduhg huuru +VVH, pdwul{ eX � eX =

eX � eX @ X �PX @ J3�
�
XJ�

�
�

P
�
XJ�

� �
J3�

�
�

@ J3�Z �PZ
�
J3�

�
�

+51;,

zkhuh wkh pdwul{ Z @ XJ� kdv d glvwulexwlrq wkdw grhv qrw lqyroyh qxlvdqfh
sdudphwhuv1

515 Wkh vhhplqjo| xquhodwhg uhjuhvvlrqv prgho

Ohw xv qrz frqvlghu wkh iroorzlqj s htxdwlrq uhjuhvvlrq prgho=

\� @ [��� .X� > l @ 4> = = = > s > +51<,

zkhuh [� lv d q�n� ixoo0froxpq udqn pdwul{ ri �{hg uhjuhvvruv dqg X�> X2 > = = = > XR

vdwlvi| wkh vdph glvwulexwlrqdo dvvxpswlrqv dv lq +515, 0 +516,1 Wklv v|vwhp lv nqrzq
dv wkh VXUH prgho1 Ohw

| @

5
997
\�
\2
�
\R

6
::8 > [W @

5
997
[� 3 � 3
3 [2 � 3
� � � �
3 3 � [R

6
::8 > � @

5
997
�
�

�
2

�
�R

6
::8 > x @

5
997
X�
X2
�
XR

6
::8 =

Wkhq dq dowhuqdwlyh frpsdfw uhsuhvhqwdwlrq ri wkh prgho lv

| @ [W� . x = +5143,
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Lq wklv fdvh/ � lv nW � 4 zlwk nW @
SR

�'� n�1 Wkh olnholkrrg ixqfwlrq dvvrfldwhg
zlwk +5143, lv=

O� @ �
qs

5
oq+5�,�

q

5
oq +m	m,�

4

5
+| �[W�,�+	3� 
 L?,+| �[W�, +5144,

zklfk lv xvxdoo| pd{lpl}hg xvlqj lwhudwlyh qxphulfdo surfhgxuhv1
Wr ghyhors �qlwh vdpsoh whvwv iru wkh VXUH prgho/ zh zloo �qg xvhixo wr h{sol0

fdwh wkh uhodwlrq ehwzhhq VXUH dqg POU prghov1 Ohw [�> l @ 4> === > s/ ghqrwh
wkh h{sodqdwru| yduldeohv h{foxghg iurp wkh l 0wk htxdwlrq1 Ixuwkhu/ gh�qh ] dv dq|
ixoo froxpq udqn q� n pdwul{ zklfk vsdqv wkh vdph vsdfh dv ^[�> [2> = = = > [R`/
dqg M�> M � vhohfwlrq pdwulfhv vxfk wkdw ]M� @ [�> ]M � @ [�> l @ 4> = = = > s= Wkhq
+51<, pd| eh zulwwhq dv

\� @ ]M��� .]M ��� . X� > l @ 4> = = = > s > +5145,

zlwk wkh uhvwulfwlrq

� @
k
�

�

�
> �

�

2
> = = = > �

�

R

l
�

@ 3 = +5146,

Wr vlpsoli| qrwdwlrq/ zh zloo uhzulwh wkh odwwhu prgho dv

| @ +LR 
],h� . x +5147,

zkhuh h� @
kh��

�
> h��

2
> = = = > h� �

R

l
�

> dqg h�� lv d n � 4 yhfwru zklfk lqfoxghv doo wkh

hohphqwv ri �� dqg �� +wkrxjk srvvleo| qrw lq wkh vdph rughu,1

6 Xqlirup olqhdu k|srwkhvhv lq wkh pxowlyduldwh olqhdu

prgho

Lq wklv vhfwlrq/ zh vkdoo uhylhz nqrzq �qlwh vdpsoh glvwulexwlrqdo uhvxowv shuwdlqlqj
wr ydulrxv fulwhuld iru whvwlqj d jhqhudo olqhdu k|srwkhvlv lq wkh frqwh{w ri wkh POU
prgho +514,/ dqg surylgh vrph h{whqvlrqv wkdw zloo doorz dqdorjrxv whvwv wr eh
shuiruphg lq d odujh vhw ri prghov zlwk Jdxvvldq ru qrq0Jdxvvldq huuruv/ surylghg
wkh odwwhu kdyh d glvwulexwlrq zklfk lv vshfl�hg xs wr wkh xqnqrzq pdwul{ M1 Ilqlwh
vdpsoh surfhgxuhv duh dydlodeoh rqo| iru wkh fdvh zkhuh wkh frqvwudlqwv wdnh wkh
vshfldo xqlirup olqhdu +XO, irup

Kf = UEF @ G +614,

zkhuh U lv d nqrzq u�n pdwul{ ri udqn u � n> F lv d nqrzq s� f pdwul{ ri udqn
f � s/ dqg G lv d nqrzq u � f pdwul{1 Zh zloo �uvw vwxg| wkh sureohp ri whvwlqj

Kf� = U�� @ �� > l @ 4> = = = > s >
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zklfk fruuhvsrqgv wr F @ LR1 Lq wklv frqwh{w/ wkh prvw frpprqo| xvhg fulwhuld
duh= wkh olnholkrrg udwlr +OU, fulwhulrq ^Zlonv +4<65,/ Eduwohww +4<7:,`/ wkh Odzoh|0
Krwhoolqj +OK, wudfh fulwhulrq ^Odzoh| +4<6;,/ Eduwohww +4<6<,/ Krwhoolqj +4<7:/
4<84,`/ wkh Eduwohww0Qdqgd0Sloodl +EQS, wudfh fulwhulrq ^Eduwohww +4<6<,/ Qdqgd
+4<83,/ Sloodl +4<88,`/ dqg wkh pd{lpxp Urrw +PU, fulwhulrq ^Ur| +4<86,`1 Doo
wkhvh whvw fulwhuld duh ixqfwlrqv ri wkh urrwv p�> p2> = = = > pR ri wkh htxdwlrq��� eX � eX �peX �

f
eXf

��� @ 3 +615,

zkhuh eX �

f
eXf dqg eX � eX duh uhvshfwlyho| wkh frqvwudlqhg dqg xqfrqvwudlqhg VVH pd0

wulfhv1 Iru frqyhqlhqfh/ wkh urrwv duh uhrughuhg vr wkdw p� � = = = � pR1 Lq
sduwlfxodu/ zh kdyh=

OU @ �q oq+O, > O @ meX � eX m@meX �

f
eXfm @

R\
�'�

p� > +616,

OK @

R[
�'�

+4�p�,@p� > +617,

EQS @

R[
�'�

+4�p�, > +618,

PU @ pd{
�$�$R

+4�p�,@p� = +619,

Qrwh wkdw wkh fulwhuld OK dqg EQS fdq eh lqwhusuhwhg dv Zdog dqg Odjudqjh
pxowlsolhu whvw vwdwlvwlfv/ uhvshfwlyho|1 Iru ghwdlov ri wkh uhodwlrqvkls/ vhh Ehuqgw
dqg Vdylq +4<::,/ Euhxvfk +4<:<, ru Vwhzduw +4<<8,1

Lq Vhfwlrq 5/ zh vdz wkdw eX � eX fdq eh h{suhvvhg dv eX � eX @ J3�Z �PZ +J3�,�

zklfk ghshqgv rq 	 rqo| wkurxjk J1 Vlploduo|/ eX �
f
eXf fdq eh h{suhvvhg dv

eX �
f
eXf @ J3�Z �PfZ +J3�,� +61:,

zkhuh Pf @ L � [+[ �[,3�+[ �[ � U�+U+[ �[,3�U�,3� U, +[ �[,3�[ �= Wkhvh
revhuydwlrqv |lhog wkh iroorzlqj edvlf uhvxow zklfk doorzv rqh wr ghulyh �qlwh vdpsoh
whvwv edvhg rq wkh deryh fulwhuld1

Wkhruhp 4 Xqghu +5=4,> +5=5, dqg Kf�> wkh yhfwru +p�> p2> = = = > pR,
� ri wkh

urrwv ri +6=5, lv glvwulexwhg olnh wkh yhfwru ri wkh fruuhvsrqglqj urrwv ri

��Z �P Z �pZ �PfZ
�� @ 3 +61;,

zkhuh P lv gh�qhg dv lq +5=9,> Pf dv lq +6=:,/ Z @ XJ� zlwk J @ M3�> dqg wkh

urrwv duh sxw lq ghvfhqglqj rughu lq erwk fdvhv1

:



SURRI= Iurp +51;, dqg +61:,/ zh kdyh=

eX � eX @ J3�Z �PZ +J3�,� >
eX �
f
eXf @ J3�Z �PfZ +J3�,� =

Frqvhtxhqwo|/ wkh ghwhuplqdqwdo htxdwlrq +615, fdq eh h{suhvvhg dv

��J3�Z �PZ +J3�,� �pJ3�Z �PfZ +J3�,�
�� @ 3 >

khqfh ��J3�
�� ��Z �PZ �pZ �PfZ

�� ��+J3�,�
�� @ 3

dqg ��Z �P Z �pZ �Pf Z
�� @ 3 =

Vlqfh wkh yhfwru z @ yhf+Z� > === > Z� , kdv d frpsohwho| vshfl�hg glvwulexwlrq/
wkh urrwv ri htxdwlrq +61;, kdyh glvwulexwlrqv zklfk grhv qrw lqyroyh 	1 T1H1G1

Wkh deryh uhvxow hqwdlov wkdw wkh mrlqw glvwulexwlrq ri +p�> = = = > pR,� grhv qrw
ghshqg rq qxlvdqfh sdudphwhuv1 Khqfh wkh whvw fulwhuld rewdlqhg dv ixqfwlrqv ri wkh
urrwv duh slyrwdo xqghu wkh qxoo dqg kdyh d frpsohwho| vshfl�hg glvwulexwlrq xqghu
wkh dvvxpswlrq +515,1 Dowkrxjk Wkhruhp 4 lv qrw h{solflwo| vwdwhg e| Dqghuvrq
+4<;7, ru Udr +4<:6,/ lw fdq eh rewdlqhg hdvlo| e| orrnlqj dw wkhlu ghprqvwudwlrqv1
Vlqfh dq h{solflw surri ri Wkhruhp 4 lv qrw dssduhqwo| dydlodeoh/ zh vxsso| rqh
deryh1 Rq wkh edvlv ri wklv wkhruhp/ wkh glvwulexwlrq ri wkh Zlonv* O fulwhulrq fdq
eh uhdglo| hvwdeolvkhg1

Fruroodu| 5 Xqghu wkh dvvxpswlrqv ri Wkhruhp 4/ Zlonv* O vwdwlvwlf iru whvwlqj

Kf� lv glvwulexwhg olnh wkh surgxfw ri wkh urrwv ri mZ �PZ �pZ �PfZ m @ 3=

Lw pd| eh xvhixo/ iru vlpxodwlrq sxusrvhv/ wr uhvwdwh Fruroodu| 5 dv iroorzv1

Fruroodu| 6 Xqghu wkh dvvxpswlrqv ri Wkhruhp 4/ Zlonv* O vwdwlvwlf iru whvwlqj

Kf� lv glvwulexwhg olnh mZ �PZ m @ mZ �PfZ m =

Qrwh wkdw wkh deryh fkdudfwhul}dwlrq ri wkh h{dfw glvwulexwlrq grhv qrw uhtxluh wkh
qrupdolw| dvvxpswlrq1 Hyhqwxdoo|/ zkhq wkh qrupdolw| k|srwkhvlv +516, krogv/ wkh
glvwulexwlrq ri wkh Zlonv fulwhulrq/ dv vwdwhg lq Wkhruhp 7 ehorz/ lv zhoo nqrzq
^vhh Dqghuvrq +4<;7,`1

Wkhruhp 7 Xqghu +5=4,> +5=5,> +5=6, dqg Kf�>Zlonv* O vwdwlvwlf iru whvwlqj Kf� lv

glvwulexwhg olnh wkh surgxfw ri s lqghshqghqw ehwd yduldeohv zlwk sdudphwhuv +�
2
+q�

uf � s. l, > o
2
, > l @ 4> === > s> zkhuh uf lv wkh udqn ri wkh uhjuhvvru pdwul{ dqg u

lv wkh udqn ri wkh pdwul{ U1

Iru qrq0Jdxvvldq huuruv ^l1h1 zkhq Z� iroorzv d nqrzq glvwulexwlrq zklfk gli0
ihuv iurp wkh Q+3> LR, glvwulexwlrq`/ wkh qxoo glvwulexwlrq ri Zlonv* vwdwlvwlf fdqqrw
eh dvvhvvhg dqdo|wlfdoo|1 Krzhyhu/ wkh deryh uhvxowv fdq eh xvhg wr rewdlq udqgrp0
l}hg ru Prqwh Fduor whvwv wkdw duh dssolfdeoh jlyhq wkh glvwulexwlrqdo dvvxpswlrq

;



+515,1 Vxfk surfhgxuhv zhuh ruljlqdoo| vxjjhvwhg e| Gzdvv +4<8:, dqg Eduqdug
+4<96,1 Lq wkh iroorzlqj/ zh eulh | rxwolqh wkh phwkrgrorj| lqyroyhg dv lw dssolhv
wr wkh suhvhqw frqwh{w> iru d pruh ghwdlohg glvfxvvlrq/ vhh Gxirxu +4<<8,/ Gxirxu
dqg Nlylhw +4<<9/ 4<<;,/ Nlylhw dqg Gxirxu +4<<:,/ dqg Gxirxu/ Idukdw/ Jduglro
dqg Nkdodi +4<<;,1

Ohw Wf ghqrwh wkh revhuyhg whvw vwdwlvwlf W / zkhuh W lv wkh dgrswhg whvw ful0
whulrq/ iru lqvwdqfh OU/ dv gh�qhg lq +616,1 E| Prqwh Fduor phwkrgv dqg iru d
jlyhq qxpehu Q ri uhsolfdwlrqv/ jhqhudwh W� > m @ 4 > = = = > Q lqghshqghqw uhdol}d0
wlrqv ri wkh vwdwlvwlf lq txhvwlrq/ xqghu wkh qxoo k|srwkhvlv1 Zkloh wkh ohyho ri wkh
whvw lv frqwuroohg luuhvshfwlyh ri wkh qxpehu ri uhsolfdwlrqv/ wkh vwdwlvwlf w|slfdoo|
shuirupv ehwwhu lq whupv ri srzhu wkh odujhu wkh qxpehu ri uhsolfdwlrqv1 Udqn
W� > m @ 3 > = = = > Q lq qrq0ghfuhdvlqj rughu dqg rewdlq wkh PF s0ydoxh es� +Wf ,
zkhuh

es�+{, @ Q eJ�+{, . 4

Q . 4
> +61<,

zlwk

eJ�+{, @
�
�

S�
�'� Ldfc"o +W� � {,> L�+}, @

�
4> li } 5 D
3> li } @5 D

= +6143,

Wkhq wkh whvw*v fulwlfdo uhjlrq fruuhvsrqgv wr

es� +Wf , � � > 3 ? � ? 4= +6144,

Xqghu wkh dvvxpswlrqv ri Wkhruhpv 4 ru 7/ wkh odwwhu fulwlfdo uhjlrq lv surydeo|
h{dfw1

Zh qrz wxuq wr wkh jhqhudo XO k|srwkhvlv +614,1 Lq wklv fdvh/ wkh frqvwudlqhg
POH pd| vlpso| eh rewdlqhg e| pd{lpl}lqj wkh olnholkrrg dvvrfldwhg zlwk

\S @ [ES .XS +6145,

zkhuh \S @ \ F> ES @ EF dqg XS @ XF zlwk fryduldqfh F �	F/ vxemhfw wr UES @
G1 Wkh uhvxowlqj Zlonv whvw vwdwlvwlf zloo vdwlvi| wkh dvvxpswlrqv ri Wkhruhpv 4
ru 71 Wklv h{whqgv wkh uhvxowv hvwdeolvkhg deryh wr wkh jhqhudo XO fdvh1

Iru fhuwdlq ydoxhv ri u dqg f dqg qrupdo huuruv/ wkh qxoo glvwulexwlrq ri wkh
Zlonv fulwhulrq uhgxfhv wr wkh I glvwulexwlrq1 Iru lqvwdqfh/ li plq+u> f, � 5> wkhq�

�� � 5�

uf

�
4�O�*�

O�*�
� I+uf > �� � 5�, +6146,

zkhuh

� @
q� n+u � f. 4,

5
> � @

uf� 5

7

dqg

� @

�
+u2f2 � 7,@+u2 . f2 � 8,

4
> li u2 . f2 � 8 A 3
> rwkhuzlvh

=

<



Ixuwkhu/ wkh vshfldo fdvh u @ 4 ohdgv wr wkh Krwhoolqj*v W 2 fulwhulrq zklfk lv d
prqrwrqlf ixqfwlrq ri O1 Li u A 5 dqg f A 5 / wkhq wkh glvwulexwlrqdo uhvxow
+6146, krogv dv|pswrwlfdoo| ^Udr +4<:6/ Fkdswhu ;,`1 Vwhzduw +4<<:, surylghv dq
h{whqvlyh glvfxvvlrq ri wkhvh vshfldo I whvwv> vhh dovr Vkxnxu dqg Hgjhuwrq +4<<7,1

Lq Vhfwlrq 9/ zh uhsruw vlpxodwlrqv rq Prqwh Fduor whvwv edvhg rq wkh deryh
�qlwh vdpsoh wkhru|1 Iru d surri ri Wkhruhp 7 dqg d uhylhz ri dv|pswrwlf uhvxowv
shuwdlqlqj wr wkh fulwhuld +616, 0 +619,/ wkh uhdghu pd| frqvxow Dqghuvrq +4<;7/
Fkdswhu ;, ru Udr +4<:6/ Fkdswhu ;,1 Ilqdoo|/ uhfdoo wkdw qrw doo olqhdu k|srwkhvhv
fdq eh h{suhvvhg dv lq Kf> zh glvfxvv rwkhu olqhdu k|srwkhvhv lq wkh iroorzlqj
vhfwlrq1

7 Jhqhudo k|srwkhvhv lq wkh pxowlyduldwh olqhdu prgho

Lq wkh frqwh{w ri +517, frqvlghu wkh jhqhudo k|srwkhvlv

Kf� = U
We 5 �f +714,

zkhuh UW lv d tW � +sn, pdwul{ ri udqn tW> dqg �f lv d qrq0hpsw| vxevhw ri U^W=
Wklv fkdudfwhul}dwlrq ri wkh k|srwkhvlv lqfoxghv furvv0htxdwlrq olqhdu uhvwulfwlrqv
dqg doorzv iru qrq0olqhdu dqg lqhtxdolw| frqvwudlqwv1 Wkh uhohydqw OU vwdwlvwlf lv=

OU @ q oq+�W, > �W @ me	f�m@me	m +715,

zkhuh e	f� dqg e	 duh wkh POH ri 	 lpsrvlqj dqg ljqrulqj Kf�= Wkh qxoo glvwulex0
wlrq ri OU lv qxlvdqfh sdudphwhu ghshqghqw ^vhh Euhxvfk +4<;3, lq frqqhfwlrq zlwk
wkh jhqhudo olqhdu fdvh`1 Khuh zh vkrz wkdw OU lv d erxqghgo| slyrwdo vwdwlvwlf xq0
ghu wkh qxoo k|srwkhvlv/ l1h1 lwv glvwulexwlrq fdq eh erxqghg lq d qrq0wulyldo zd| e|
d qxlvdqfh0sdudphwhu0iuhh ixqfwlrq1 Wr gr wklv/ zh vkdoo h{whqg wkh phwkrgrorj|
sursrvhg lq Gxirxu +4<;<, lq wkh frqwh{w ri vlqjoh htxdwlrq olqhdu prghov1

Frqvlghu wkh POU prgho +517, dqg ohw O+K�2, ghqrwh wkh xquhvwulfwhg POI1
Lq wkh Jdxvvldq prgho/ O+K�2, lv h{suhvvhg e| +51:,1 Ixuwkhu/ vxssrvh zh fdq �qg
dqrwkhu vhw ri XO uhvwulfwlrqv Kf2 = hUEF @ G vxfk wkdw Kf2 � Kf�= Qrz gh�qh
O+Kf�,> l @ 4> 5/ wr eh wkh POI xqghu Kf�1 Jlyhq dvvxpswlrq +516,/

O+Kf�, @ �
qs

5
oq+5�, �

q

5
oq+

���e	f�

���, �
qs

5
> l @ 4> 5 > +716,

zkhuh e	f2 lv wkh POH xqghu Kf2= Wkhq lw lv vwudljkwiruzdug wr vhh wkdw

O+Kf2, � O+Kf�, � O+K�2, = +717,

Xvlqj +716, dqg +717,/ zh vhh wkdw

�W � �W

S +718,
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zkhuh
�W

S @ me	f2m@me	m = +719,

Lw iroorzv wkdw S ^�W � {` � S ^�W

S
� {`> ;{> zkhuh S ^�W

S
� {` lv qxlvdqfh0

sdudphwhu iuhh dqg pd| eh rewdlqhg lq �qlwh vdpsohv dv vkrzq lq Vhfwlrq 61 Xqghu
+516, wkh qxoo glvwulexwlrq ri �W

S
lqyroyhv wkh surgxfw ri s lqghshqghqw ehwd yduldeohv

zlwk ghjuhhv ri iuhhgrp wkdw ghshqg rq wkh vdpsoh vl}h/ wkh qxpehu ri uhvwulfwlrqv
dqg wkh qxpehu ri sdudphwhuv lqyroyhg lq wkhvh uhvwulfwlrqv1 Wkh qxoo glvwulexwlrq
ri �W

S
pd| wkxv eh hdvlo| rewdlqhg e| vlpxodwlrq1 Ohw �k +�, eh vxfk wkdw

S ^�+y�cy2> y�, � �k+y�> y2> y�,` @ � > 3 � � � 4 > +71:,

zkhuh �+y�> y2> y�, lv glvwulexwhg olnh wkh surgxfw ri wkh lqyhuvh ri y2 lqghshqghqw
ehwd yduldeohv zlwk sdudphwhuv +�

2
+y� � y2 . l,> ��

2
,> l @ 4> = = = > y21 Wkhq +71:,

pd| eh uhzulwwhq dv

S ^�W � �
k
+q� n> s> ht,` � � > 3 � � � 4 > +71;,

zkhuh ht @ plq+u> f,> u @ udqn+ hU,> f @ udqn+F,= Frqvhtxhqwo|/ wkh fulwlfdo ydoxh
Tk gh�qhg e|

Tk @ �k+q� n> s> ht, +71<,

lv frqvhuydwlyh dw ohyho � 1 Ri frxuvh/ rqh vkrxog vhhn wkh vpdoohvw fulwlfdo erxqg
srvvleoh1 Wklv zrxog phdq h{suhvvlqj hU vr wkdw ht lv dv vpdoo dv srvvleoh1 Zh
surfhhg qh{w wr vwdwh rxu pdlq frqfoxvlrq iru wkh Jdxvvldq prgho1

Wkhruhp 8 Frqvlghu wkh POU prgho +5=7, zlwk +5=5, dqg +5=6,= Ohw �W eh wkh

vwdwlvwlf gh�qhg e| +7=5, iru whvwlqj UWe 5 �f zkhuh UW lv d tW � n zlwk udqn tW

dqg �f lv d qrq0hpsw| vxevhw ri U^W= Ixuwkhu/ frqvlghu uhvwulfwlrqv ri wkh irup
hUEF @ G wkdw vdwlvi| UWe 5 �f1 Wkhq/ xqghu wkh qxoo k|srwkhvlv/ iru doo 3 � � �

4/ S ^�W � �k+q� n> s> ht,` � � > zkhuh ht @ plq+u> f,> u @ udqn+ hU,> f @ udqn+F,
dqg �k +�, lv gh�qhg e| +7=:,=

Dw wklv srlqw/ lw lv zruwk qrwlqj wkdw qrupdolw| ^k|srwkhvlv +516,` e| qr zd|
frqvwlwxwhv d qhfhvvdu| dvvxpswlrq lq wklv fdvh1 Lqghhg/ wkh fulwlfdo ydoxhv ri wkh
erxqglqj vwdwlvwlf pd| vwloo eh ghwhuplqhg e| vlpxodwlrq xqghu wkh jhqhudo dvvxps0
wlrq +515,1 Iru ixuwkhu uhihuhqfh/ zh fdoo wkh PF whvw edvhg rq wkh frqvhuydwlyh
erxqg d EPF whvw1 Lqhtxdolw| +718, iroorzv iurp wkh surshuwlhv ri ohdvw vtxduhv
hvwlpdwlrq luuhvshfwlyh ri wkh ghqvlw| ixqfwlrq1 Iru wkh vdnh ri jhqhudolw|/ zh qrz
uhvwdwh rxu pdlq uhvxow iru prgho +517, jlyhq wkh glvwulexwlrqdo dvvxpswlrq +515,1

Wkhruhp 9 Frqvlghu wkh POU prgho +5=7, zlwk +5=5,= Ohw �W eh wkh Zlonv vwdwlv0

wlf gh�qhg e| +7=5, iru whvwlqj UWe 5 �f zkhuh U
W lv d tW�n ixoo froxpq udqn pdwul{

dqg �f lv d qrq0hpsw| vxevhw ri U^
W

1 Ixuwkhu/ frqvlghu uhvwulfwlrqv ri wkh irup
hUEF @ G wkdw vdwlvi| UWe 5 �f zlwk ht @ plq+u> f,> u @ udqn+ hU,> f @ udqn+F,1
Ohw �W

S eh wkh Zlonv fulwhulrq iru whvwlqj wkh odwwhu uhvwulfwlrqv1 Wkhq xqghu wkh

qxoo k|srwkhvlv/ S ^�W � �WS+�,` � �/ iru doo 3 � � � 4 > zkhuh �WS+�, lv ghwhuplqhg

vxfk wkdw S ^�W

S � �WS+�,` @ �=
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Fohduo|/ wkh deryh uhvxowv krog zkhq wkh k|srwkhvlv lv olqhdu ri wkh irup
UWe @ �f= Lq dgglwlrq/ wkh idfw wkdw wkh qxoo glvwulexwlrq ri wkh OU vwdwlvwlf fdq
eh erxqghg +lq d qrq wulyldo zd|, dv lq Wkhruhpv 8 dqg 9 lpsolhv wkdw PF whvw
whfkqltxhv pd| eh xvhg wr rewdlq ydolg lqihuhqfh edvhg rq wkh vwdwlvwlf lq +715,
zkhq wkh erxqgv whvw lv qrw frqfoxvlyh1 Lq Vhfwlrq 6/ zh ghvfulehg wkh PF whvw
surfhgxuh lq wkh frqwh{w ri slyrwdo vwdwlvwlfv1 Gxirxu +4<<8, glvfxvvhv h{whqvlrqv
ri PF whvwv lq wkh suhvhqfh ri qxlvdqfh sdudphwhuv1 Zh qrz eulh | rxwolqh wkh
xqghuo|lqj phwkrgrorj|1

Frqvlghu d whvw vwdwlvwlf W iru whvwlqj dq k|srwkhvlv Kf> dqg vxssrvh wkh qxoo
glvwulexwlrq ri W ghshqgv rq dq xqnqrzq sdudphwhu yhfwru �= Iurp wkh revhuyhg
gdwd/ frpsxwh= +l, wkh whvw vwdwlvwlf Wf> dqg +ll, d uhvwulfwhg frqvlvwhqw hvwlpdwrue�f? ri � ^l1h1/ dq hvwlpdwru e�f? ri � hvwlpdwru vxfk wkdw wkh gdwd jhqhudwlqj surfhvv

dvvrfldwhg zlwk � @ e�f? vdwlv�hv Kf> dqg e�f? R
$ � dv q $ 4 xqghu Kf`= Xvlqje�f?> jhqhudwh Q vlpxodwhg vdpsohv dqg/ iurp wkhp/ Q vlpxodwhg ydoxhv ri wkh

whvw vwdwlvwlf1 Wkhq frpsxwh es� +Wfme�f?,> zkhuh es�+{m�, uhihuv wr es� +{, edvhg rq
uhdol}dwlrqv ri W jhqhudwhg jlyhq � @ � dqg es�+{, lv gh�qhg lq +61<,1 D PF whvw
pd| eh edvhg rq wkh fulwlfdo uhjlrq

es� +Wfme�f?, � � > � � 3 � 4 =

Iru ixuwkhu uhihuhqfh/ zh ghqrwh wkh odwwhu surfhgxuh d orfdo Prqwh Fduor +OPF,
whvw1 Gxirxu +4<<8, jlyhv jhqhudo frqglwlrqv xqghu zklfk OPF whvwv kdyh wkh
fruuhfw ohyho dv|pswrwlfdoo| +dv q$4,/ l1h1/ xqghu Kf>

olp
?<"

q
S ^es�+Wfme�f?, � �`� S ^es�+Wfm�, � �`

r
@ 3 = +7143,

Lq sduwlfxodu/ wkhvh frqglwlrqv duh xvxdoo| phw zkhqhyhu wkh whvw fulwhulrq lqyroyhg
lv dv|pswrwlfdoo| slyrwdo1 Wr rewdlq dq h{dfw fulwlfdo uhjlrq/ wkh PF s0ydoxh rxjkw
wr eh pd{lpl}hg zlwk uhvshfw wr wkh lqwhuyhqlqj sdudphwhuv1 Vshfl�fdoo|/ Gxirxu
+4<<8, ghprqvwudwhv wkdw wkh whvw +khqfhiruwk ghqrwhg pd{lpl}hg Prqwh Fduor
+PPF, whvw, edvhg rq wkh fulwlfdo uhjlrq

vxs
w M �f

^es� +Wfm�,` � �

zkhuh Pf lv wkh qxlvdqfh sdudphwhu vsdfh xqghu wkh qxoo lv h{dfw dw ohyho �1
Wkh OPF whvw surfhgxuh lv forvho| uhodwhg wr d sdudphwulf errwvwuds/ zlwk

krzhyhu d ixqgdphqwdo gl�huhqfh1 Zkhuhdv errwvwuds whvwv duh ydolg dv Q $ 4>

wkh qxpehu ri vlpxodwhg vdpsohv xvhg lq PF whvwv lv h{solflwo| wdnhq lqwr dffrxqw1
Ixuwkhu wkh OPF s0ydoxh pd| eh ylhzhg dv h{dfw lq d olehudo vhqvh/ l1h1 li wkh
OPF idlov wr uhmhfw/ zh fdq eh vxuh wkdw wkh h{dfw whvw lqyroylqj wkh pd{lpxp
s0ydoxh lv qrw vljql�fdqw dw ohyho �1 Zh hpskdvl}h wkh idfw wkdw wkh PPF whvw fdq
eh lpsohphqwhg lq frpsohphqwdulw| zlwk wkh deryh gh�qhg erxqgv whvwv1 Lqghhg/
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li wkh EPF whvw uhmhfwv wkh qxoo wkhq wkh PPF whvw lv prvw fhuwdlqo| vljql�fdqw1
Wkhvh lvvxhv zloo eh ixuwkhu vwxglhg lq Vhfwlrq 9/ lq wkh frqwh{w ri d Prqwh Fduor
h{shulphqw1 Zh qh{w hpsor| d zhoo nqrzq h{dpsoh iurp wkh �qdqfh olwhudwxuh wr
looxvwudwh krz wkh deryh uhvxowv pd| eh xvhg1

D ixqgdphqwdo sureohp lq �qdqfldo hfrqrplfv lqyroyhv whvwlqj wkh h!flhqf| ri
d fdqglgdwh ehqfkpdun sruwirolr1 Ohw U�|> U&|> m @ 4> = = = > s> n @ 4> = = = > N eh
vhfxulw| uhwxuqv iru shulrg w> w @ 4> === > W 1 Wkh k|srwkhvlv ri lqwhuhvw lv wkdw vrph
sruwirolr ri wkh N vhfxulw| vxevhw lv h!flhqw zlwk uhvshfw wr wkh wrwdo vhw ri s.N

vhfxulwlhv1 Li lw lv dvvxphg wkdw d ulvnohvv dvvhw U8 h{lvwv/ wkhq h!flhqf| fdq eh
whvwhg xvlqj wkh iroorzlqj pxowlyduldwh uhjuhvvlrq=

u�| @ �� .
g[
&'�

��&u&| . ��| > m @ 4> = = = > s > w @ 4> = = = > W > +7144,

zkhuh u�| @ U�| �U8 |> u&| @ U&| �U8|1 Wkh k|srwkhvlv ri h!flhqf| lpsolhv wkdw
wkh lqwhufhswv �� duh mrlqwo| htxdo wr }hur/ l1h1

�� @ 3 > m @ 4 > = = = > s = +7145,

D zhoo nqrzq h{dpsoh ri +7144, lv wkh fdslwdo dvvhw sulflqj prgho +FDSP,

U�| �U8| @ �� . ��+U�| �U8|, . ��| > m @ 4 > = = = > s > w @ 4 > = = = > W >

zkhuh U�| duh wkh uhwxuqv rq wkh pdunhw ehqfkpdun1 Jleerqv/ Urvv dqg Vkdqnhq
+4<;</ JUV, vkrz wkdw d wudqvirupdwlrq ri wkh OU fulwhulrq wr whvw +7145, kdv dq
h{dfw I glvwulexwlrq jlyhq qrupdolw| ri dvvhw uhwxuqv1 PdfNlqod| +4<;:, sursrvhv
d vlplodu vwdwlvwlf lq wkh frqwh{w ri d vlqjoh ehwd FDSP1 Vshfl�fdoo|/ JUV vxjjhvw
wkh iroorzlqj whvw vwdwlvwlf=

T @
W e�� eV3�e�
4 . u� e�3�u

+7146,

zkhuh e� lv wkh yhfwru ri lqwhufhsw ROV hvwlpdwhv/ eV @ A
A3g3�

e	 lv wkh xqeldvhg
hvwlpdwru ri 	> u @ +u�> = = = > ug,

� lv wkh yhfwru ri wlph vhulhv phdqv iru u| @
+u�|> = = = > ug|,�> dqg e� lv wkh vdpsoh fryduldqfh pdwul{ iru u|1 Xqghu +7145,/ T
kdv wkh Krwhoolqj W 2+s> W �N � 4, glvwulexwlrq ru dowhuqdwlyho|/

T+W �N � s,

s+W �N � 4,
� I+s> W �N � s, = +7147,

Ohw �S ghqrwh wkh vwdwlvwlf gh�qhg e| +715, lq wklv frqwh{w1 Lw fdq eh vkrzq ^vhh/
iru h{dpsoh Vwhzduw +4<<:,` wkdw �S lv uhodwhg wr wkh JUV fulwhulrq dv iroorzv=

�S � 4 @
T

W �N � 4
= +7148,
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Wkh hfrqrphwulf dqdo|vlv lv pruh frpsolfdwhg zkhq wkh }hur ehwd lqwhufhsw lv
xqnqrzq dqg pxvw eh lqihuuhg xvlqj wkh uhwxuq gdwd ^vhh/ iru h{dpsoh Jleerqv
+4<;5,`1 Lq wklv fdvh/ wkh h{fhvv0uhwxuq POU ehfrphv

U�|�� @ ��.
g[
&'�

��&+U&|��, . ��| > m @ 4 > = = = > s > w @ 4 > = = = > W > +7149,

zkhuh � lv wkh xqnqrzq }hur0ehwd lqwhufhsw1 Xqghu wkh k|srwkhvlv ri phdq0
yduldqfh h!flhqf|/ wkhuh h{lvwv d vfdodu � vxfk wkdw wkh yhfwru ri �� lv htxdo wr
}hur1 Wklv lpsolhv wkh iroorzlqj qrq0olqhduo| uhvwulfwhg irup ri wkh edvlf POU iru
wkh uhwxuqv=

U�| @ �� .
g[
&'�

��&U&| . ��| > m @ 4 > = = = > s > w @ 4 > = = = > W > +714:,

zlwk

�� @ �

#
4�

g[
&'�

��&

$
> m @ 4 > = = = > s = +714;,

Vxssrvh wkdw zh zlvk wr whvw +714;, dqg ohw �W ghqrwh wkh dvvrfldwhg vwdwlvwlf
iurp +715,1 H{dfw whvwv iru wklv vshfl�f sureohp kdyh ehhq vwxglhg e| Vkdqnhq
+4<;9, dqg pruh uhfhqwo| e| Vwhzduw +4<<:,1 Lq zkdw iroorzv/ zh vkrz wkdw wkh
h{dfw surfhgxuhv lq txhvwlrq pd| eh rewdlqhg dv dq dssolfdwlrq ri rxu jhqhudo
phwkrgrorj|1 Vkdqnhq +4<;9, hpsor|v wkh vwdwlvwlf T+e�,/ zkhuh/ lq wkh frqwh{w ri
+7149,/

T+�, @
We��+�,eV3�e�+�,

4 . +U� ��g,� e�3�+U� ��g,
>

e� @ DUJPLQ
�

T+�, > e�+�, @ ed� �+�R � e��g, >
ed lv wkh yhfwru ri lqwhufhsw hvwlpdwhv/ e� lv wkh +s>N, pdwul{ ri ROV hvwlpdwhv/ e	
lv wkh xqeldvhg hvwlpdwh ri 	/ U @ +U�> = = = > Ug,� lv wkh yhfwru ri wlph vhulhv
phdqv iru U| @ +U�|> = = = > Ug|,

�/ e� lv wkh vdpsoh fryduldqfh pdwul{ iru U| dqg
�a ghqrwhv d yhfwru ri M 4*v1 Vkdqnhq vkrzv wkdw= +l, wkh OU vwdwlvwlf iru whvwlqj
+714;, lv d wudqvirupdwlrq ri T+e�,/ +ll, e� lv wkh frqvwudlqhg POH ri �/ dqg +lll,
wkh qxoo glvwulexwlrq ri T+e�, pd| eh erxqghg e| wkh Krwhoolqj W 2+Q>W �N � 4,
glvwulexwlrq1 Wxuqlqj wr rxu sursrvhg erxqg rq wkh vwdwlvwlf �W/ zh vxjjhvw wr
frqvlghu wkh vwdwlvwlf �S dvvrfldwhg zlwk wkh vshfldo fdvh ri +714;, zkhuh � lv dq|
nqrzq frqvwdqw1 E| +7146,/ +7148, dqg xvlqj +718,/ wklv qdwxudoo| ohdgv wr wkh xvh
ri frqvhuydwlyh fulwlfdo srlqwv lqyroylqj wkh I +s> W �N �Q, glvwulexwlrq1 Wklv lv
wkh vdph uhvxow dv wkh rqh rewdlqhg e| Vkdqnhq +4<;9, dqg Vwhzduw +4<<:,1
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8 K|srwkhvlv whvwlqj lq vhhplqjo| xquhodwhg uhjuhv0

vlrqv

Wklv vhfwlrq frqvlghuv whvwlqj k|srwkhvhv derxw wkh sdudphwhuv ri wkh VXUH
prgho1 Lqghhg/ wkh uhvxowv iru wkh POU prgho surylgh lqwhuhvwlqj dssolfdwlrqv
iru v|vwhpv lqihuhqfh lq VXUH prgho1 Zh frqvlghu wkh sureohp ri whvwlqj lq wkh
frqwh{w ri prgho +5143, d jhqhudo k|srwkhvlv ri wkh irup

Kf = FW� 5�W

f
+814,

zkhuh FW lv d ixoo urz0udqn yW
f
� nW pdwul{/ �W

f
lv d qrq0hpsw| vxevhw ri U�

W

f = Lq
whupv ri wkh POU prgho +5147, zklfk lqfoxghv +5143, dv d vshfldo fdvh/ Kf pd| eh
vwdwhg dv

Kf� = Fh� 5 �f +815,

zkhuh F lv d ixoo urz0udqn yf�+sn, pdwul{/ �f lv d qrq0hpsw| vxevhw ri U�f dqg F
lv h{suhvvhg vr wkdw lw lqfrusrudwhv wkh VXUH uhvwulfwlrqv +5146,1 Wkh dvvrfldwhg
OU vwdwlvwlf lv

OU @ q oq+�, > � @ me	f�m@me	��m +816,

zkhuh e	f� dqg e	�� duh wkh POH lpsrvlqj +815, dqg +5146,1 Iru wkh sxusrvh ri
ghulylqj wkh frqvhuydwlyh erxqg/ zh dovr frqvlghu

OU @ q oq+�W,> �W @ me	f�m@me	m +817,

zkhuh e	 lv wkh xquhvwulfwhg POH1 Dv lw vwdqgv/ whvwlqj Kf� edvhg rq +817 , lv h{dfwo|
wkh w|sh ri sureohp glvfxvvhg lq Vhfwlrq 71 Lqghhg/ frqvlghu d XO k|srwkhvlv Kf2

vxfk wkdw Kf2 � Kf� dqg wkh dvvrfldwhg vwdwlvwlf

�W

S @ me	f2m@me	m +818,

zkhuh e	f2 lv wkh POH xqghu Kf21 Dv hvwdeolvkhg lq Vhfwlrq 6/ wkh h{dfw qxoo
glvwulexwlrq ri �W

S lv qxlvdqfh0sdudphwhu0iuhh dqg pd| hdvlo| eh vlpxodwhg1 Frq0
irupdeo| zlwk wkh qrwdwlrq lq Vhfwlrq 7/ ohw O+Kf�,> l @ 4> 5 eh wkh POI xqghu
Kf�= Ixuwkhu/ ohw O+K��,> l @ 4> 5 uhihu wr wkh POI xqghu +5146, dqg wkh xquh0
vwulfwhg pd{lpxp/ uhvshfwlyho|1 Khqfh/ wkh iroorzlqj lqhtxdolw| krogv xqghu wkh
glvwulexwlrqdo dvvxpswlrq +516,=

O+Kf2, � O+Kf�, � O+K��, � O+K�2,= +819,

Frqvhtxhqwo|/ lw lv vwudljkwiruzdug wr vhh wkdw

� � �W � �W

S = +81:,

Wkh fulwlfdo erxqg pd| dffruglqjo| eh rewdlqhg iurp wkh qxoo glvwulexwlrq ri �W

S

dv ghvfulehg lq Vhfwlrq 71 Wr idflolwdwh wkh dqdo|vlv/ zh vkdoo/ lq wkh iroorzlqj/
surylgh dq looxvwudwlyh h{dpsoh1
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H{dpsoh 4 Wkuhh htxdwlrqv VXUH prgho

Lq wkh iroorzlqj VXUH prgho zlwk Jdxvvldq huuruv/

\� @ �
�f
. �

��
[� .X >

\2 @ �
2f
. �

22
[2 .X2 >

\� @ ��f . ���[� .X� > +81;,

frqvlghu whvwlqj
Kf = ��� @ �

22
@ �

��
= +81<,

Lq wkh iudphzrun ri wkh fruuhvsrqglqj POU prgho

\� @ �
�f
. �

��
[� . �

�2
[2 . �

��
[� . X� >

\2 @ �2f . �2�[� . �22[2 . �2�[� . X2 >

\� @ �
�f
. �

��
[� . �

�2
[2 . �

��
[� . X� > +8143,

Kf lv htxlydohqw wr wkh mrlqw k|srwkhvlv KW

f
= ��� @ �22 @ ��� dqg ��2 @ ��� @

�
2�

@ �
2�

@ �
��

@ �
�2

@ 31 Lq rughu wr xvh wkh deryh uhvxowv rq wkh frqvhuydwlyh
erxqg/ zh qhhg wr frqvwuxfw d vhw ri XO uhvwulfwlrqv lq wkh vhqvh ri Vhfwlrq 6 wkdw
vdwlvi| wkh k|srwkhvlv lq txhvwlrq1 Lw lv hdv| wr vhh wkdw wkh frqvwudlqwv vhwwlqj
wkh frh!flhqwv ��� > l> m @ 4 > = = = > 6 wr vshfl�f ydoxhv phhw wklv sxusrvh1 Doo wkdw
uhpdlqv lv wr fdofxodwh Zlonv* vwdwlvwlf frqiruplqj zlwk +816, dqg xvh wkh fulwlfdo
ydoxh gh�qhg e| Wkhruhpv 8 0 9 dv d frqvhuydwlyh fxw0r� srlqw1

Lq wkh qh{w vhfwlrq/ zh h{dplqh wkh shuirupdqfh ri OPF dqg EPF whvwv lq
VXUH frqwh{wv jlyhq olqhdu dqg qrq0olqhdu uhvwulfwlrqv1 Lq wkh olqhdu fdvh/ zh dovr
frqvlghu OPF whvwv edvhg rq vwdqgdug Zdog0w|sh fulwhuld dqg vhyhudo dowhuqdwlyh
vwdwlvwlfv mxvwl�hg rq wkh edvlv ri frpsxwdwlrqdo frvw dv rssrvhg wr wkrvh uho|lqj
rq ixoo pd{lpxp olnholkrrg hvwlpdwlrq1

9 Vlpxodwlrq vwxg|

Wklv vhfwlrq uhsruwv dq lqyhvwljdwlrq/ e| vlpxodwlrq/ ri wkh shuirupdqfh ri wkh ydu0
lrxv sursrvhg vwdwlvwlfv lq wkh frqwh{w ri POU dqg VXUH prghov1 Zh frqvlghuhg
wkh iroorzlqj ghvljqv1

G41 POU v|vwhp/ zlwklq0htxdwlrq XO frqvwudlqwv

Prgho= \�� @ �� .
SR

&'�
��&[�& > l @ 4 > === > q> m @ 4 > === > s >

Kf =
SR

&'�
��& @ 3 > m @ 4 > === > s >

s @ 8> :> ; > q @ 53> 58> 73> 83> 433 =

G51 POU v|vwhp/ furvv0htxdwlrq XO frqvwudlqwv

Prgho= +514, >
Kf = +6=4, >
s @ 44> 45> 46 > n @ 45> 46 > u @ 45> 46 > f @ 44> 45> 46 =
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G61 POU v|vwhp/ furvv0htxdwlrq frqvwudlqwv

Prgho= \�� @ �� .
SR

&'�
��&[�& > l @ 4 > === > q > m @ 4 > === > s >

Kf = ��� @ �
��
> m @ 5 > === > s dqg ��& @ 3 > m 9@ n > m> n @ 4 > = = = > s >

s @ 6> 8 > q @ 58 =

G71 VXUH v|vwhp/ furvv0htxdwlrq frqvwudlqwv

Prgho= \�� @ �� . ���[�� > l @ 4 > === > q > m @ 4 > === > s >
Kf = ��� @ �

��
> m @ 5 > === > s >

s @ 6> 8 > q @ 58 =

G81 POU v|vwhp/ qrq0olqhdu frqvwudlqwv

Prgho= \�� @ �� . ��[� > l @ 4 > === > q > m @ 4 > === > s >
Kf = �� @ �+4� ��, > m @ 4 > === > s > � xqnqrzq>
s @ 73 > q @ 93 =

G91 VXUH v|vwhp/ qrq0olqhdu frqvwudlqwv

Prgho= \�� @ �� . ���[�� . ��2[2�� > l @ 4 > === > q > m @ 4 > === > s >
Kf = ��� @ ���2 > m @ 4 > === > s > � xqnqrzq>
s @ : > q @ 58 =

Iru hdfk prgho/ wkh uhjuhvvruv zhuh lqghshqghqwo| gudzq +rqfh, iurp d qrupdo glv0
wulexwlrq> wkh huuruv zhuh lqghshqghqwo| jhqhudwhg dv l1l1g1 Q+3>	, zlwk 	 @ JJ�

dqg wkh hohphqwv ri J gudzq +rqfh, iurp d qrupdo glvwulexwlrq1 Wkh frh!flhqwv iru
doo h{shulphqwv duh uhsruwhg lq Wdeoh 41 Wkh vwdwlvwlfv h{dplqhg duh wkh uhohydqw
OU fulwhuld gh�qhg e| +616,/ +715,/ +816, dqg +817,1 Wkh vxevfulswv dv|>EPF>OPF

dqg PPF uhihu uhvshfwlyho| wr wkh vwdqgdug dv|pswrwlf whvwv/ wkh PF erxqgv
whvwv/ wkh orfdo PF whvw dqg wkh pd{lpl}hg PF> ehfdxvh ri wkh frpsxwdwlrqdo
frvw lqyroyhg/ wkh odwwhu zdv rqo| dssolhg lq wkh frqwh{w ri G6 dqg G7 zlwk s @ 6
dqg Q @ 4<= Iru hdfk whvw vwdwlvwlf/ wkh OPF udqgrpl}hg surfhgxuh lv edvhg rq
vlpxodwlrqv wkdw xvh d uhvwulfwhg hvwlpdwru vlplodu wr wkh hvwlpdwru+v, lqyroyhg lq
wkh fruuhvsrqglqj whvw vwdwlvwlf= d uhvwulfwhg PO +ru txdvl0PO, hvwlpdwru iru OU
ru Zdog0w|sh whvwv edvhg rq PO +txdvl0PO, hvwlpdwruv/ uhvwulfwhg ihdvleoh JOV
hvwlpdwruv iru whvwv rq JOV hvwlpdwruv1 Lq G4 zh kdyh dovr frqvlghuhg wkh Eduwohww0
fruuhfwhg OU whvw ^ Dww�hog +4<<8/ Vhfwlrq 616,` zklfk zh ghqrwh OUS1 Lq G5 wkh
dv|pswrwlf I whvw +6146, zdv dovr dvvhvvhg1 Lq G7 zh kdyh vwxglhg/ lq dgglwlrq wr
wkh vwdqgdug OU fulwhuld/ wkh "2 dqg I Zdog whvwv dqg Zdog0w|sh fulwhuld edvhg
rq ihdvleoh jhqhudol}hg ohdvw vtxduhv +IJOV, hvwlpdwhv1 Vshfl�fdoo|/ zh frqvlghuhg
wkh vwdwlvwlf vxjjhvwhg lq Vulydvwdyd dqg Jlohv +4<;:/ Fkdswhu 43,=

� @

�
y�

yWf

� �
FWe��� �FW

�
[W

�
�
V3� 
 L?

�
[W

�
3�

FW
�

�
3� �

FWe��
+| �[We�,� +V3� 
 L?, +| �[We�, +914,

zkhuh FW lv wkh vhohfwlrq pdwul{ lpsolhg e| wkh qxoo/ y� @ qs � nW> dqg V dqge� duh wkh ihdvleoh jhqhudol}hg ohdvw vtxduhv sdudphwhu hvwlpdwhv1 Xqghu wkh qxoo
k|srwkhvlv/ yWf� / kdv d "2+yWf, dv|pswrwlf glvwulexwlrq1 Wkhlo +4<:4/ Fkdswhu 9,
vxjjhvwv wkdw wkh I+yWf> y�, glvwulexwlrq ehwwhu fdswxuhv wkh vwdwlvwlfv �qlwh vdpsoh

4:



glvwulexwlrq1 \hw wklv fodlp lv qrw vxssruwhg e| hlwkhu dqdo|wlfdo ru vlpxodwlrq
hylghqfh1 Pd{lpxp olnholkrrg hvwlpdwruv pd| eh vxevwlwxwhg iru e� dqg V lq wkh
irupxodh iru wkh Zdog fulwhulrq1 Iru ixuwkhu uhihuhqfh/ wkh odwwhu dv|pswrwlf whvwv
dqg wkhlu PF frxqwhusduwv duh ghqrwhg Z0POH� > Z0JOV� > m 5 i"2 > Ij dqg Z0
POHu�� > Z0JOVu�� uhvshfwlyho|1 Zh dovr lqwurgxfhg wkh iroorzlqj txdvl0OU
+TOU, vwdwlvwlfv=

TOUE�� @ q oq+�E��, > �E�� @
���h	E��

f

��� @ ���h	E��
��� +915,

zkhuh h	E��
f dqg h	E�� ghqrwh wkh frqvwudlqhg dqg xqfrqvwudlqhg lwhudwlyh hvwlpdwruv

ri 	 dqg wkh vxshuvfulsw m uhihuv wr wkh qxpehu ri lwhudwlrqv lqyroyhg1 Wkrxjk
zh glg qrw dqdo|wlfdoo| hvwdeolvk wkh dv|pswrwlf glvwulexwlrq ri wkh odwwhu fulwhuld/
zh dvvhvvhg wkhlu dv|pswrwlf vljql�fdqfh xvlqj wkh "2 uhihuhqfh glvwulexwlrq iru
wkh xvxdo OU vwdwlvwlf1 Zh dsshqg wkh vxevfulsw OPF wr wkh qrwdwlrq iru wkh
TOU whvw wr uhihu wr wkh fruuhvsrqglqj OPF whvw1 Ixuwkhu/ fulwhuld lqvsluhg e|
wkrvh vxjjhvwhg lq Wkhlo hw do1 +4<;8, zhuh dovr vwxglhg1 Iru wkh prgho zlwk wkuhh
htxdwlrqv/ zh frqvlghuhg=

��� @ me��� � e�22m. me�22 � e���m >

��2 @ me��� � e���m. me�22 � e���m >

��� @ me��� � e�22m. me��� � e���m =

Lq wkh �yh0htxdwlrqv fdvh/ wkh iroorzlqj zhuh vhohfwhg dprqj wkh pdq| srvvleoh
fkrlfhv=

�D� @ me��� � e�22m. me�22 � e���m. me��� � e�eem. me�ee � e�DDm >

�D2 @ me�22 � e���m. me��� � e�eem. me�ee � e�DDm. me�DD � e���m >

�D� @ me��� � e�eem. me�ee � e�DDm. me�DD � e���m. me��� � e�22m >

�De @ me�ee � e�DDm. me�DD � e���m. me��� � e�22m. me�22 � e���m >

�DD @ me�DD � e���m. me��� � e�22m. me�22 � e���m. me��� � e�eem =

Wkh uhvxowv duh vxppdul}hg lq Wdeohv 5 wr 431 Zh uhsruw wkh hpslulfdo iuhtxhqflhv
ri w|sh L huuruv/ edvhg rq d qrplqdo vl}h ri 8( dqg 4333 uhsolfdwlrqv1 Lq dgglwlrq/
wkh srzhu ri wkh whvwv lq +G4/ q @ 58> s @ ;,/ G6 dqg G7 zhuh lqyhvwljdwhg e| vlp0
xodwlqj wkh prgho zlwk wkh vdph sdudphwhu ydoxhv h{fhsw iru ���1 Iru wkh sxusrvh
ri srzhu frpsdulvrqv/ wkh vl}hv ri wkh dv|pswrwlf whvwv zhuh orfdoo| fruuhfwhg/ l1h1
dq lqghshqghqw vlpxodwlrq zdv frqgxfwhg iru wkh vdph sdudphwhu fkrlfhv dv wkh
lqlwldo h{shulphqw wr ghwhuplqh hpslulfdo 8( fxw0r� srlqwv1 Ri frxuvh/ vxfk fru0
uhfwhg whvwv rqo| frqvwlwxwh wkhruhwlfdo ehqfkpdunv dqg duh qrw ihdvleoh lq sudfwlfh1
Wkh PF whvwv zhuh dssolhg zlwk 4< dqg << uhsolfdwlrqv dqg uhvwulfwhg hvwlpdwhv
zhuh xvhg wr jhqhudwh wkh vlpxodwhg vdpsohv1 Doo wkh h{shulphqwv zhuh frqgxfwhg
xvlqj Jdxvv06;9l YP yhuvlrq 6141 Rxu uhvxowv vkrz wkh iroorzlqj1
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Wdeoh 41 Frhiilflhqwv iru wkh vlpxodwlrq h{shulphqwv

41 �&� @

�
=4 > m @ 4 > === > L^s@5`
=5> m @ L ^s@5` . 4 > === > s

> n @ 4 > === > s� 4

�R� @
SR3�

&'� �&� > m @ 4 > === > s > �f� @

�
4=5 > m @ 4 > === > L^s@5`
4=;> m @ L ^s@5` . 4 > === > s

51 U>E>F gudzq +rqfh, dv QLG+3> L,

61 EE�.'� @

5
997

4=5 =; �4=4
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3 =4 3
3 3 =4

6
::8 > EED.'� @

5
9999997
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3 =4 3 3 3
3 3 =4 3 3
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4=5 =4 =; =4 �4=4 =4
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�ED.'� @
�
4=5 =4 =; =4 �4=4 =4 4=< =4 �=5 =4

�
�

81 � @ =33< dqg �� > m @ 4 > === > s> gudzq +rqfh, dv QLG+3> =49,
91 � @ =33< dqg �� > �� > m @ 4 > === > s> gudzq +rqfh, dv QLG+3> =49,

Wdeoh 51 Hpslulfdo ohyhov ri ydulrxv whvwv= h{shulphqw G4

Vdpsoh vl}h 8 htxdwlrqv : htxdwlrqv ; htxdwlrqv
OU@r+ OUS OU�� OU@r+ OUS OU�� OU@r+ OUS OU��

53 15<8 1433 1383 18<< 1583 1375 1:93 1737 1384
58 14:7 13:8 1378 16;7 1478 1369 17<5 14<3 1378
73 1463 1399 1385 14<4 139; 1378 1563 13;: 137<
83 13<: 138; 137< 146; 1399 1374 14<4 13:6 1387
433 13:3 1385 1383 13:; 1384 137< 13<9 1385 1386

Wdeoh 61 Whvw srzhuv= H{shulphqw G4

Kf = ��� @ =4

��� 15 17 1; 413 417
OU@r+ 1388 14:9 1;55 1<98 413

OU�� +Q @ 4<, 1387 1498 19;; 1;;4 1<<4
OU�� +Q @ <<, 1389 14:6 1:<< 1<83 1<<<

4<



Wdeoh 71 Hpslulfdo ohyhov ri ydulrxv whvwv= h{shulphqw G5

+ s> n> u> f, OU@r+ I-��@r+ OU�� + s> n> u> f, OU@r+ I-��@r+ OU��

46/ 45/ 45/ 46 4133 14<; 137: 45/ 45/ 45/ 45 4133 1447 137;
44/ 45/ 45/ 44 4133 13<9 1387 45/ 46/ 46/ 45 4133 1558 136;

Wdeoh 81 Hpslulfdo ohyhov ri ydulrxv whvwv= h{shulphqw G6

6 htxdwlrqv 8 htxdwlrqv
OU@r+ OUu�� OU��� OU��� OU@r+ OUu�� OU���

1455 1388 1369 1369 1643 1377 135<

Wdeoh 91 Srzhu ri ydulrxv whvwv= h{shulphqw G61 Kf = ��� @ =4

4< uhsolfdwlrqv << uhsolfdwlrqv
6 htxdwlrqv

��� 16 18 1: 1< 413 16 18 1: 1< 413
OU@r+ 1473 1855 1<4; 1<<8 413 1473 1855 1<4; 1<<8 413
OUu�� 146: 179; 1;7< 1<;: 1<<4 1468 186< 1<45 1<<8 413
OU��� 13<8 1737 1:<< 1<96 1<;: 13<< 1774 1;94 1<;9 1<<<
OU��� 13<8 1737 1:<< 1<96 1<;: 13<< 1774 1;94 1<;9 1<<<

8 htxdwlrqv
��� 16 18 1: 1< 414 16 18 1: 1< 414
OU@r+ 145; 1848 1<37 1<<8 413 145; 1848 1<37 1<<8 413
OUu�� 146; 179: 1<6: 1<9: 413 146: 186: 1<37 1<<7 413
OU��� 1453 175: 1:<5 1<8; 1<<8 1443 17;7 1;:: 1<<3 413

Wdeoh :1 Hpslulfdo ohyhov ri ydulrxv whvwv= h{shulphqw G7

Dv|pswrwlf whvwv PF whvwv
Whvw 6HT 8HT Whvw 6HT 8HT Whvw 6HT 8HT

Z �JOV�2 1394 1463 Z �JOVu�� 137< 137: ��� 138; 0
Z �POH�2 1457 1587 Z �POHu�� 137: 137< ��2 1384 0
Z �JOV8 1385 1454 OUu�� 137: 1376 ��� 1388 0
Z �POH8 1444 1575 OU��� 136; �D� 0 135:
OU@r+ 13<7 1476 OUW

���
1369 �D2 0 1359

TOUEf� 139; 13:: OU��� 1369 135< �D� 0 1358
TOUE�� 13;; 1464 TOUEf�3u�� 1378 1385 �De 0 1344
TOUE2� 13<7 1476 TOUE��3u�� 137; 1385 �DD 0 1358

TOUE2�3u�� 137: 1377
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Wdeoh ;1 Srzhu ri wkh erxqgv whvwv1 h{shulphqw G7

6 htxdwlrqv 8 htxdwlrqv
��� 16 18 1: 1< 4 16 18 1: 1< 413
s� 1398 16;6 1:<4 1<96 1<;: 13;5 1749 1:<5 1<8; 1<<8
s2 14:4 1657 14:4 1367 1346 157< 17<: 153: 1375 1338
s� 1363 1354 133; 3133 3133 136; 1344 3133 3133 3133
se 1:67 15:5 1363 1336 3133 1964 13:9 1334 3133 3133
s� 13:: 1767 1;8; 1<;9 1<<< 13:8 17:7 1;:: 1<<3 413
s2 1537 16:5 145: 1347 1334 1589 176< 1455 1343 3133
s� 1355 133: 1336 3133 3133 1368 1343 3133 3133 3133
se 19<: 14;: 1345 3133 3133 1967 13:: 1334 3133 3133

Qrwh= s� lv wkh hpslulfdo suredelolw| wkdw OUu�� dqg OU��� uhmhfw/ s2 phdvxuhv
wkh suredelolw| wkdw OU��� idlov wr uhmhfw dqg OUu�� uhmhfwv/ s� phdvxuhv wkh
suredelolw| wkdw OU��� uhmhfwv dqg OUu�� idlov wr uhmhfw dqg se lv wkh hpslulfdo
suredelolw| wkdw erwk whvwv idlo wr uhmhfw1

Wdeoh <1 Srzhu ri ydulrxv whvwv= h{shulphqw G7/ 6 htxdwlrqv

4< uhsolfdwlrqv << uhsolfdwlrqv
��� 16 18 1: 1< 413 16 18 1: 1< 413

Z �JOV@r+ 14<5 197: 1<6< 1<<6 1<<< 14<5 197: 1<6< 1<<6 1<<<
Z �POH@r+ 1597 1:;: 1<;7 413 413 1597 1:;: 1<;7 413 413
OU@r+ 15;4 1;39 1<;8 413 413 15;4 1;39 1<;8 413 413
Z �JOVu�� 14;8 18:< 1;;7 1<:7 1<;9 1535 1973 1<67 1<<3 1<<;
Z �POHu�� 1558 1:37 1<8; 1<<: 4133 1593 1::7 1<;8 4133 4133
OUu�� 1569 1:3: 1<95 1<<: 4133 1595 1::< 1<;8 4133 4133
TOUEf� 155: 19;< 1<83 1<<6 1<;; 1589 1:95 1<:: 1<<: 1<<<
TOUE�� 156; 1:3< 1<94 1<<: 4133 158< 1::9 1<;9 4133 4133
TOUE2� 1569 1:3: 1<95 1<<: 4133 1595 1::9 1<;8 4133 4133
OUW��� 13<8 1737 1:<< 1<96 1<;: 13<< 1774 1;94 1<;9 1<<<
OU��� 1387 16;; 1;37 1<:; 1<<6 0 0 0 0 0
OU��� 13<8 1737 1:<< 1<96 1<;: 13<< 1774 1;94 1<;9 1<<<
��� 13:9 143; 147; 1549 158< 1397 143; 1498 154< 159;
��2 14<: 1885 1;9< 1<:7 1<<5 1543 1974 1<68 1<<8 1<<;
��� 13<6 14;6 163: 1765 17;< 13;; 14;7 165; 1836 1934
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Wdeoh 431 Srzhu ri ydulrxv whvwv= h{shulphqw G7/ 8 htxdwlrqv

4< uhsolfdwlrqv << uhsolfdwlrqv
��� 16 18 1: 1< 414 16 18 1: 1< 414

Z �JOV@r+ 1533 1:36 1<94 1<<7 1<<< 1533 1:36 1<94 1<<7 1<<<
Z �JOV@r+ 164: 1<4; 413 413 413 164: 1<4; 413 413 413
OU@r+ 1664 1<46 1<<< 413 413 1664 1<46 1<<< 413 413
Z �JOVu�� 1495 194< 1<4; 1<;5 1<<; 14;9 19;7 1<79 1<<3 1<<<
Z �JOVu�� 1598 1;65 1<<4 1<<< 4133 15<: 1<36 413 4133 4133
OUu�� 15;9 1;74 1<<< 1<<< 4133 165; 1<3; 1<<; 4133 4133
TOUEf� 1598 1;39 1<:4 1<<; 4133 1649 1;97 1<;6 1<<< 4133
TOUE�� 15<3 1;7< 1<;; 1<<; 4133 1667 1<33 1<<: 4133 4133
TOUE2� 15;: 1;75 1<<4 1<<< 4133 1664 1<3; 1<<: 4133 4133
OU��� 1453 175: 1:<5 1<8; 1<<8 1443 17;7 1;:: 1<<3 4133
�D� 135< 1367 136; 1374 137; 1365 1369 136< 1374 1377
�D2 1364 1369 136< 1375 1378 1364 1367 136; 1373 1374
�D� 1375 13;8 1487 158; 168< 1368 13:: 1485 1574 16<:
�De 1356 13:4 148< 15;< 1789 1358 139: 14:8 1635 1845
�DD 1364 1383 13:4 144; 14:3 1366 1389 13<5 145; 14;3

914 POU prgho zlwk xqlirup olqhdu k|srwkhvlv

H{shulphqw G4 |lhogv wkuhh pdlq frqfoxvlrqv1 Iluvw/ lw lv hylghqw iurp Wdeoh 5 wkdw
wkh OU@r+ whvwv ryhuuhmhfw vxevwdqwldoo|1 Dv hpskdvl}hg lq Vhfwlrq 5/ wklv sureohp
lv lqghhg zhoo grfxphqwhg1 Vhfrqg/ wkh Eduwohww fruuhfwlrq/ wkrxjk surylglqj vrph
lpsuryhphqw/ idlov lq odujhu v|vwhpv1 Lq wklv uhjdug/ lw lv zruwk qrwlqj wkdw Dww�hog
+4<<8, kdg frqgxfwhg d vlplodu Prqwh Fduor vwxg| wr ghprqvwudwh wkh h�hfwlyhqhvv
ri Eduwohww dgmxvwphqwv lq wklv iudphzrun> krzhyhu/ wkh h{dpsoh dqdo|}hg zdv
uhvwulfwhg wr d wzr0htxdwlrqv prgho1 Ilqdoo|/ wkh PF whvwv dfklhyh shuihfw vl}h
frqwuro dqg kdyh jrrg srzhu +vhh Wdeoh 6, hyhq zlwk Q dv orz dv 4<1 Zlwk
Q @ <</ zh gr qrw revhuyh dq| vljql�fdqw srzhu orvv iru whvwv kdylqj frpsdudeoh
vl}h/ dowkrxjk wkh srzhu vwxg| irfxvhv rq wkh hljkw0htxdwlrqv prgho zlwk mxvw 58
revhuydwlrqv1 Wklv h{shulphqw pd| eh ylhzhg dv dq looxvwudwlrq ri krprjhqhlw|
whvwv lq ghpdqg v|vwhpv1

H{shulphqw G5 zdv ghvljqhg wr lqyhvwljdwh wkh dffxudf| ri wkh dv|pswrwlf I
whvw +6146, zkhuh u A 5 dqg f A 5= Iurp wkh uhvxowv lq Wdeoh 7/ zh fdq vhh wkdw OU
whvw edvhg rq wkh dv|pswrwlf "2 fulwlfdo ydoxh lv vhyhuho| ryhuvl}hg> wkh dv|pswrwlf
I whvw shuirupv ehwwhu exw vl}h fruuhfwlrq lv vwloo qhhghg1 Wkh vl}h ri wkh PF whvw
fruuhvsrqgv forvho| wr 8(1 Dv vkrzq lq Vhfwlrq 6/ PF whvwv lq wkh frqwh{w ri G4
dqg G5 duh surydeo| h{dfw1
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915 POU prgho zlwk furvv0htxdwlrq uhvwulfwlrqv

Wdeohv 8 0 9 vxppdul}h rxu �qglqjv lq wklv fdvh1 D vwulnlqj revhuydwlrq lv wkdw
wkh frqvhuydwlyh erxqg surylghv frqfoxvlyh uhvxowv lq d odujh sursruwlrq ri fdvhv1
Ixuwkhu/ wkh OU��� dqg OU��� whvw |lhog htxlydohqw ghflvlrqv iru doo fdvhv
h{dplqhg1 OPF whvwv surylgh vxevwdqwldo lpsuryhphqw ryhu frqyhqwlrqdo dv|ps0
wrwlfv= wkh udqgrpl}hg surfhgxuh fruuhfwv whvw vl}hv zlwk qr vxevwdqwldo srzhu orvv1
Lqfuhdvlqj wkh qxpehu ri htxdwlrqv grhv qrw kdyh d juhdw h�hfw rq wkh uhodwlyh shu0
irupdqfh ri wkh phwkrgv sursrvhg1 Dq lqwhuhvwlqj h{shulphqw wkdw ehduv rq wklv
sureohp lv uhsruwhg lq Fuledul0Qhwr dqg ]dunrv +4<<:, lq frqqhfwlrq zlwk POU0
edvhg errwvwuds whvwv iru krprjhqhlw| dqg v|pphwu| ri ghpdqg1 Wkhvh dxwkruv
�qg wkdw wkh vwdqgdug errwvwuds dfklhyhv vl}h frqwuro dw wkh h{shqvh ri lpsruwdqw
srzhu orvvhv1

916 Prqwh Fduor hylghqfh= VXUH zlwk olqhdu uhvwulfwlrqv

Wzr Jdxvvldq VXUH prghov/ prghoohg diwhu H{dpsoh 4/ zhuh xvhg iru h{shulphqw
G71 V|vwhpv lqyroylqj wkuhh dqg �yh htxdwlrqv zhuh frqvlghuhg wr zklfk zh zloo
uhihu dv wkh 6HT dqg wkh 8HT prghov1 Rxu uhvxowv vkrz wkh iroorzlqj +vhh Wdeohv
: 0 43,=

41 Wkh dv|pswrwlf fulwhuld kdyh dq xszdug eldv lq vl}h> dv fdq eh vhhq lq Wdeoh
:/ uhmhfwlrq ri wkh qxoo lv uhshdwhgo| pdq| wlphv pruh wkdq zkdw lw vkrxog eh1
Wkh eldv fohduo| zruvhqv lq wkh 8HT h{dpsoh1 Dfurvv wkh fdvhv h{dplqhg/ wkh
Zdog0w|sh vwdwlvwlfv kdyh odujhu vl}hv zkhq edvhg rq wkhlu dv|pswrwlf "2 fulwlfdo
ydoxhv1 Dowkrxjk wkh I dssur{lpdwlrq vhhpv wr fruuhfw wkh sureohp lq wkh 6HT
prgho/ lw fohduo| idlov wr gr vr lq wkh 8HT fdvh1

51 Wkh EPF whvw zdv irxqg wr eh zhoo ehkdyhg1 Srzhu jdlqv duh srvvleoh lq
rwkhu whvw sureohpv zkhuh d wljkwhu fulwlfdo erxqg lv dydlodeoh1 Lqghhg/ zh kdyh
revhuyhg uhdvrqdeoh srzhu hyhq li zh kdyh h{shulphqwhg zlwk wkh zruvw vfhqdulr/
lq wkh vhqvh wkdw erxqglqj whvw vwdwlvwlfv fruuhvsrqg wr d qxoo k|srwkhvlv zklfk
�{hv wkh ydoxhv ri doo uhjuhvvlrq frh!flhqwv +h{fhsw wkh lqwhufhsw,1 Ixuwkhupruh/ dv
lq h{shulphqw G6/ zh irxqg wkdw wkh EPF dqg wkh PPF whvwv edvhg rq OUW |lhog
htxlydohqw ghflvlrqv iru doo fdvhv h{dplqhg> wkh PPF whvw edvhg rq OU shuirupv
pdujlqdoo| ehwwhu1 Wklv looxvwudwhv wkh ydoxh ri wkh frqvhuydwlyh erxqgv whvw dv
d wrro wr eh xvhg lq frqmxqfwlrq zlwk OPF whvw phwkrgv dqg qrw qhfhvvdulo| dv
dq dowhuqdwlyh wr wkrvh phwkrgv1 Dv hpskdvl}hg hduolhu/ wkh erxqgv surfhgxuh
lv frpsxwdwlrqdoo| lqh{shqvlyh dqg h{dfw1 Lq dgglwlrq/ zkhqhyhu wkh erxqgv whvw
uhmhfwv/ lqihuhqfh pd| eh pdgh zlwkrxw ixuwkhu dsshdo wr udqgrpl}hg whvwv1

61 Wkhuh lv qr lqglfdwlrq ri ryhuuhmhfwlrq iru doo OPF whvwv frqvlghuhg1 Zkloh
wkh fulwlfdo ydoxhv xvhg/ frqglwlrqdo rq wkh sduwlfxodu fkrlfh ri frqvlvwhqw hvwlpdwru
iru wkh huuru fryduldqfh pdwul{/ duh rqo| dv|pswrwlfdoo| mxvwl�hg/ wkh surfhgxuh
zdv uhpdundeo| h�hfwlyh lq fruuhfwlqj wkh eldv1 Zkhwkhu wklv frqfoxvlrq zrxog
fduu| wr txlwh odujhu v|vwhpv lv lqghhg dq rshq txhvwlrq1 Lq wklv uhjdug/ qrwh wkdw
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dydlodeoh vlpxodwlrq hylghqfh rq wkh VXUH prgho/ vshfl�fdoo| wkh h{shulphqw lq
Urfnh +4<;<, rq odujh v|vwhpv lv olplwhg wr wkuhh0htxdwlrqv dw ehvw1

71 Wkh OPF whvwv shuiruphg qrwlfhdeo| zhoo lq whupv ri srzhu lq doo lqvwdqfhv/
hyhq zkhq wkh qxpehu ri uhsolfdwlrqv zdv dv orz dv 4<1 Zh hpskdvl}h wkdw wkh
vl}h0fruuhfwhg dv|pswrwlf whvwv duh xqdydlodeoh lq sudfwlfdo whvwlqj vlwxdwlrqv vlqfh
wkh orfdo fruuhfwlrq lw hqwdlov uhtxluhv 	 wr eh nqrzq1 Wkh vwdwlvwlf zlwk wkh ehvw
srzhu surshuwlhv dfurvv wkh dowhuqdwlyhv h{dplqhg zdv wkh udqgrpl}hg OU1

81 Zkloh wkh| glg h{klelw dghtxdwh vl}hv/ wkh vwdwlvwlfv lqvsluhg e| Wkhlo hw do1
+4<;8, glg qrw iduh zhoo lq whupv ri srzhu1 Iru wkh 6HT prgho/ wkh shuirupdqfh
zdv gudpdwlfdoo| srru iru ��2 dqg ��� exw ohvv vr lq wkh fdvh ri ���= Hyhq wkhq/ dv
frpsduhg wr wkh udqgrpl}hg OU/ wkh shuirupdqfh lv ohvv wkdq vdwlvidfwru|1

91 Vlpxodwlrq hylghqfh grhv qrw idyru wkh udqgrpl}hg xvxdo OU whvwv ryhu
wkrvh edvhg rq �E�� w|slfdoo| lqyroylqj ihzhu lwhudwlrqv/ dowkrxjk zh duh xqfhuwdlq
dv wr wkh dv|pswrwlf htxlydohqfh ri erwk surfhgxuhv1 Wklv revhuydwlrq kdv dq
lpsruwdqw ehdulqj rq hpslulfdo sudfwlfh1 Wkh vlpsolflw| ri wkh phwkrg edvhg �E��

rq kdv pxfk wr uhfrpphqg lw iru odujhu prghov lq zklfk vwdwlvwlfv uhtxlulqj ixoo
POH pd| eh txlwh h{shqvlyh wr udqgrpl}h1

917 Qrqolqhdu k|srwkhvhv

H{shulphqw G8 zdv prghohg diwhu wkh POU v|vwhp +7144, xqghu wkh qxoo k|srwkhvlv
+7145,1 Zh frqvlghuhg 73 htxdwlrqv zlwk 93 revhuydwlrqv iroorzlqj wkh hpslulfdo
h{dpsoh dqdo|}hg lq Vwhzduw +4<<:,1 Wr ghulyh wkh OU vwdwlvwlf/ wkh frqvwudlqhg
POH zdv qxphulfdoo| frpsxwhg dffruglqj wr Vkdqnhq +4<;9,1 Dv zdv wkh fdvh zlwk
olqhdu k|srwkhvhv/ wkh dv|pswrwlf whvwv vhyhuho| ryhuuhmhfw1 Lqghhg/ wkh revhuyhg
vl}h ri wkh dv|pswrwlf whvw zdv ;<18(1 Lq frqwudvw/ wkh OPF dqg EPF whvwv vkrz
hpslulfdo w|sh L huuru udwhv +=37: dqg =36;, frpsdwleoh zlwk wkhlu qrplqdo 8(
ohyho1 Zh revhuyhg vlplodu uhvxowv lq wkh frqwh{w ri wkh qrq0olqhdu VXUH prgho
G91 Lq wklv fdvh/ zh frqvlghuhg d vhyhq htxdwlrqv v|vwhp zlwk 58 revhuydwlrqv1
Wkh revhuyhg hpslulfdo vl}hv ri wkh OU vwdwlvwlfv zhuh 45=8( zkhuhdv wkh ohyhov ri
wkh erxqgv whvw +5=9(, lv dghtxdwh1

: Hpslulfdo looxvwudwlrq

Lq wklv vhfwlrq/ zh suhvhqw dq hpslulfdo dssolfdwlrq wkdw looxvwudwhv wkh uhvxowv
suhvhqwhg lq wklv sdshu1 Zh frqvlghu whvwlqj uhvwulfwlrqv rq wkh sdudphwhuv ri d
jhqhudol}hg Ohrqwlhi frvw ixqfwlrq1 Zh xvh wkh gdwd iurp Ehuqgw dqg Zrrg +4<:8,
dqg wkh idfwru ghpdqg v|vwhp iurp Ehuqgw +4<<4/ ss1 7930795,1 Wkh prgho lp0
srvhv frqvwdqw uhwxuqv wr vfdoh dqg olqhdu krprjhqhlw| lq sulfhv/ dqg lqfoxghv irxu
lqsxwv= fdslwdo +N,> oderu +O,> hqhuj| +H, dqg qrq0hqhuj| lqwhuphgldwh pdwhuldov
+P,1 Li zh ghqrwh wkh rxwsxw e| \ dqg wkh lqsxw sulfhv S� > m @ N>O>H>P> wkh
vwrfkdvwlf frvw plqlpl}lqj lqsxw0rxwsxw NOHP htxdwlrqv duh=
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g
t @ ggg . ggu +Su@Sg,

�*2 . gg. +S.@Sg,
�*2 . gg� +S�@Sg,

�*2 . hg

u
t @ guu . gug +Sg@Su,

�*2 . gu. +S.@Su,
�*2 . gu� +S�@Su,

�*2 . hu

.
t @ g.. . g.g +Sg@S.,

�*2 . g.u +Su@S.,
�*2 . g.� +S�@S.,

�*2 . h.

�
t @ g�� . g�g +Sg@S�,�*2 . g�u +Su@S� ,�*2 . g�. +S.@S�,�*2 . h�

zkhuh wkh huuru whupv hg > hu> h. > h� vdwlvi| wkh glvwulexwlrqdo dvvxpswlrqv +516,1
Zh irfxv rq whvwlqj wkh v|pphwu| uhvwulfwlrqv hqwdlohg e| plfurhfrqrplf wkhru|/
l1h1

Kf� =

;?
=

ggu @ gug > gg� @ g�g

gg. @ g.g > gu� @ g�u

gu. @ g.u> g.� @ g�.

dv zhoo dv d vxevhw ri wkhvh frqvwudlqwv

Kf2 = g.� @ g�. > gg� @ g�g =

Frqiruplqj zlwk wkh surfhgxuhv ghvfulehg deryh/ zh uhfrqvlghu wkh whvwlqj sure0
ohp lq wkh frqwh{w ri wkh POU prgho ri zklfk wkh NOHP v|vwhp lv d uhvwulfwhg
irup1 Wkh odwwhu prgho*v lqglylgxdo htxdwlrqv lqfoxgh wkh 65 sulfh udwlrv +S�@S�,�*2>
l> m @ N>O>H>P> dv uhjuhvvruv1 Wkh xquhvwulfwhg POH VXUH hvwlpdwhv xvlqj wkh
gdwd surylghg lq Ehuqgw +4<<4, rq wkh pdqxidfwxulqj XV1 vhfwru 4<7:0:4 duh jlyhq
ehorz +zlwk dv|pswrwlf vwdqgdug huuruv lq sduhqwkhvhv,=

eg
t @=3596

E�f�e��
. =3369

E�ffHH�
+Su@Sg,

�*2. =397<
E�f�f��

+S.@Sg,
�*2
� =3776

E�fe2S�
+S�@Sg,�*2

eu
t @ � =3:4<

E�f�D.�
. =384:

E�f2eD�
+Sg@Su,

�*2. =5533
E�fe.S�

+S.@Su,
�*2. =3597

E�fS.S�
+S�@Su,

�*2

e.
t @=3736

E�f�H��
� =3444

E�ffHH�
+Sg@S.,

�*2
� =337;

E�ffD��
+Su@S.,

�*2. =3483
E�f2Db�

+S�@S.,
�*2

f�
t @=:734

E��2�e�
� =3875

E�fe2f�
+Sg@S� ,�*2� =46:7

E�f2DH�
+Su@S� ,�*2. =36<<

E�fHDD�
+S.@S� ,�*2

Iru erwk k|srwkhvhv/ zh rewdlq wkh IJOV dqg POH Zdog vwdwlvwlfv +914,/ wkh
OU dqg OUW fulwhuld dv gh�qhg lq +816, dqg +817, dqg wkh TOU vwdwlvwlfv +915,1
Lq wkh fdvh ri wkh Zdog dqg TOU whvw/ zh rewdlq wkh dv|pswrwlf "2 dqg OPF
s0ydoxhv xvlqj 4< dqg << vlpxodwhg vdpsohv1 Wkh h{dfw EPF dqg PPF s0ydoxhv
duh dovr rewdlqhg iru wkh OU fulwhuld1 Wkh erxqglqj vwdwlvwlf OUS @ q oq+�W

S,>
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fruuhvsrqgv wkh XO k|srwkhvlv wkdw vhwv doo wkh frh!flhqwv ri wkh POU prgho
+h{fhsw wkh lqwhufhswv, wr vshfl�f ydoxhv1 Dv hpskdvl}hg lq Vhfwlrq 8/ wkh EPF
surfhgxuh edvhg rq OUW |lhogv wljkwhu erxqgv ^vhh lqhtxdolw| +81:,`1 Wkh uhvxowv
duh vxppdul}hg ehorz1

Lw lv hylghqw wkdw wkh v|pphwu| k|srwkhvlv Kf� lv uhmhfwhg xvlqj doo dv|pswrwlf
dqg h{dfw whvwv1 Lq wkh fdvh ri Kf2> doo whvwv djdlqvw wkh xqfrqvwudlqhg VXUH
vshfl�fdwlrq duh qrw vljql�fdqw1 Krzhyhu/ wkh dv|pswrwlf "2 dqg OPF whvwv OUW

duh vljql�fdqw dw wkh 8( ohyho1 Dowkrxjk wkh erxqgv s0ydoxh lv A =38/ wkh PPF
whvw lv vljql�fdqw dw wkh 8( ohyho/ hyhq zlwk 4< vlpxodwhg vdpsohv1 Lw lv zruwk
qrwlqj wkdw wkh TOU dqg wkh OU OPF whvwv |lhog htxlydohqw ghflvlrqv iru erwk
whvwlqj sureohpv1 Pruhryhu/ doo PF whvwv edvhg rq 4< dqg << uhsolfdwlrqv dovr
|lhog vlplodu ghflvlrqv1

; Frqfoxvlrq

Lq wklv sdshu zh kdyh vkrzq wkdw wkh OU whvw rq wkh frh!flhqwv ri wkh POU prgho
lv erxqghgo| slyrwdo xqghu wkh qxoo k|srwkhvlv1 Wkh erxqgv zh kdyh ghulyhg iru
jhqhudo/ srvvleo| qrq0olqhdu k|srwkhvhv duh h{dfw lq �qlwh vdpsohv dqg pd| hdvlo|
eh lpsohphqwhg e| vlpxodwlrq1 Lq ylhz ri wklv/ zh kdyh frpelqhg wkh erxqgv dqg
Prqwh Fduor whvw dssurdfkhv wr surylgh s0ydoxhv iru whvw vwdwlvwlfv wkdw duh pruh
dffxudwh wkdq wkrvh edvhg rq dv|pswrwlf dssur{lpdwlrqv1 Wkh edvlf uhvxowv zhuh
vwdwhg lq whupv ri duelwudu| k|srwkhvhv lq POU frqwh{wv1 Zh kdyh dovr irfxvhg rq
vshfldo fdvhv/ qdpho| xqlirup dqg jhqhudo olqhdu k|srwkhvhv/ dqg kdyh h{whqghg
wkh phwkrgrorj| wr wkh VXUH iudphzrun1 Zh kdyh uhsruwhg wkh uhvxowv ri dq
h{whqvlyh Prqwh Fduor h{shulphqw wkdw fryhuhg xqlirup olqhdu/ furvv0htxdwlrq dqg
qrq0olqhdu uhvwulfwlrqv lq POU dqg VXUH prghov1 Wkh ihdvlelolw| ri wkh whvw
vwudwhj| zdv dovr looxvwudwhg zlwk dq hpslulfdo dssolfdwlrq1 Zh kdyh irxqg wkdw
vwdqgdug dv|pswrwlf whvwv h{klelw vhulrxv huuruv lq ohyho/ sduwlfxoduo| lq odujhu
v|vwhpv> xvxdo vl}h fruuhfwlrq whfkqltxhv +h=j1 wkh Eduwohww dgmxvwphqw, pd| idlo1
Lq frqwudvw/ wkh ydulrxv whvwv zh kdyh sursrvhg glvsod|hg h{fhoohqw vl}h dqg srzhu
surshuwlhv1
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Wdeoh 44D= Furvv0htxdwlrq v|pphwu| whvwv

Kf� =

�
ggu @ gug > gg� @ g�g > gg. @ g.g >

gu� @ g�u> gu. @ g.u> g.� @ g�.

OUW OU TOUEf� TOUE�� TOUE2� Zdog
Cu7

Zdog
�u.

Vwdwlvwlf 4:918;5 :7148< :81878 :81473 :71<44 56<18<: 56;1:::
Dv|pswrwlf s0ydoxh 1333 1333 1333 1333 1333 1333 1333
Uhsv PF s0ydoxh
4< EPF 138 1:3 0 0 0 0 0
<< 134 19: 0 0 0 0 0
4< PPF 138 38 0 0 0 0 0
<< 134 134 0 0 0 0 0
4< OPF 138 138 138 138 138 138 138
<< 134 134 134 134 134 134 134

Qrwh= Xqghu Kf�> OU
W
@r+
� "2+75, zkloh wkh rwkhu vwdwlvwlfv kdyh dv|pswrwlf "2+9,

glvwulexwlrqv1 Wkh OUW vwdwlvwlf whvwv wkh v|pphwu| uhvwulfwlrqv +9 frqvwudlqwv,
mrlqwo| zlwk wkh VXUH h{foxvlrq uhvwulfwlrqv +69 frqvwudlqwv, b d wrwdo ri 75 uh0
vwulfwlrqv b djdlqvw wkh xquhvwulfwhg POU prgho1 Uhsv vwdqgv iru uhsolfdwlrqv1

Wdeoh 44E= Furvv0htxdwlrq v|pphwu| whvwv +sduwldo,

Kf2 = g.� @ g�. > gg� @ g�g

OUW OU TOUEf� TOUE�� TOUE2� Zdog
Cu7

Zdog
�u.

Vwdwlvwlf 43518:7 1484:< 1484;3 1484:< 1484:< 145;6 145:<
Dv|pswrwlf s0ydoxh 1333 1<5: 1<5: 1<5: 1<5: 1<6: 1<6;
Uhsv PF s0ydoxh
4< EPF 148 413 0 0 0 0 0
<< 14: 413 0 0 0 0 0
4< PPF 138 413 0 0 0 0 0
<< 138 413 0 0 0 0 0
4< OPF 138 1<3 <3 <3 <3 <3 <3
<< 137 1<7 1<7 1<7 1<7 1<7 1<7

Qrwh= Xqghu Kf2> OU
W
@r+
� "2+6;, zkloh wkh rwkhu vwdwlvwlfv kdyh dv|pswrwlf "2+5,

glvwulexwlrqv1 OUW whvwv d vxevhw ri v|pphwu| uhvwulfwlrqv +5 frqvwudlqwv, mrlqwo|
zlwk wkh VXUH h{foxvlrq uhvwulfwlrqv +69 frqvwudlqwv, b 6; uhvwulfwlrqv lq doo b
djdlqvw wkh xquhvwulfwhg POU prgho1
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Uhihuhqfhv

D"hfn0Judyhv/ M1 dqg PfGrqdog/ E1 +4<<3,/ cPxowlyduldwh whvwv ri dvvhw sulflqj=
Wkh frpsdudwlyh srzhu ri dowhuqdwlyh vwdwlvwlfv*/ Mrxuqdo ri Ilqdqfldo dqg
Txdqwlwdwlyh Dqdo|vlv 58/ 496�4;81

Dpvohu/ F1 H1 dqg Vfkplgw/ S1 +4<;8,/ cDPrqwh Fduor lqyhvwljdwlrq ri wkh dffxudf|
ri pxowlyduldwh FDSP whvwv*/ Mrxuqdo ri Ilqdqfldo Hfrqrplfv 47/ 68<�6:81

Dqghuvrq/ W1 Z1 +4<;7,/ Dq Lqwurgxfwlrq wr Pxowlyduldwh Vwdwlvwlfdo Dqdo|vlv/ vhf0
rqg hgq/ Mrkq Zloh| ) Vrqv/ Qhz \run1

Dwnlqvrq/ V1 H1 dqg Zlovrq/ S1 Z1 +4<<5,/ cWkh eldv ri errwvwudsshg yhuvxv frq0
yhqwlrqdo vwdqgdug huuruv lq wkh jhqhudo olqhdu dqg VXU prghov*/ Hfrqrphwulf
Wkhru| ;/ 58;� 5:81

Dww�hog/ F1 O1 I1 +4<<8,/ cD Eduwohww dgmxvwphqw wr wkh olnholkrrg udwlr whvw iru d
v|vwhp ri htxdwlrqv*/ Mrxuqdo ri Hfrqrphwulfv 99/ 53:�5561

Eduqdug/ J1 D1 +4<96,/ cFrpphqw rq �Wkh vshfwudo dqdo|vlv ri srlqw surfhvvhv%
e| P1 V1 Eduwohww*/ Mrxuqdo ri wkh Ur|do Vwdwlvwlfdo Vrflhw|/ Vhulhv E 58/ 5<71

Eduqgru�0Qlhovhq/ R1 H1 dqg Eodhvlog/ S1 +4<;9,/ cD qrwh rq wkh fdofxodwlrq
ri Eduwohww dgmxvwphqwv*/ Mrxuqdo ri wkh Ur|do Vwdwlvwlfdo Vrflhw|/ Vhulhv E
7;/ 686�68;1

Eduwohww/ P1 V1 +4<6:,/ cSurshuwlhv ri vx!flhqf| dqg vwdwlvwlfdo whvwv*/ Surfhhglqjv
ri wkh Ur|do Vrflhw| ri Orqgrq D 493/ 59;� 5;51

Eduwohww/ P1 V1 +4<6<,/ cD qrwh rq whvwv ri vljql�fdqfh lq pxowlyduldwh dqdo|vlv*/
Surfhhglqjv ri wkh Fdpeulgjh Sklorvrsklfdo Vrflhw| 68/ 4;3�4;81

Eduwohww/ P1 V1 +4<7:,/ cPxowlyduldwh dqdo|vlv*/ Mrxuqdo ri wkh Ur|do Vwdwlvwlfdo
Vrflhw| +Vxssohphqw, </ 4:9�4<:1

Ehud/ D1 N1/ E|urq/ U1 S1 dqg Mdutxh/ F1 P1 +4<;4,/ cIxuwkhu hylghqfh rq dv|ps0
wrwlf whvwv iru krprjhqhlw| dqg v|pphwu| lq odujh ghpdqg v|vwhpv*/ Hfr0
qrplfv Ohwwhuv ;/ 434�4381

Ehuqgw/ H1 U1 +4<<4,/ Wkh Sudfwlfh ri Hfrqrphwulfv= Fodvvlf dqg Frqwhpsrudu|/
Dgglvrq0Zhvoh|/ Uhdglqj +PD,1

Ehuqgw/ H1 U1 dqg Vdylq/ Q1 H1 +4<::,/ cFrq lfw dprqj fulwhuld iru whvwlqj k|srwkh0
vhv lq wkh pxowlyduldwh olqhdu uhjuhvvlrq prgho*/ Hfrqrphwulfd 78/ 4596�45::1

Ehuqgw/ H1 U1 dqgZrrg/ G1 R1 +4<:8,/ cWhfkqrorj|/ sulfhv dqg wkh ghulyhg ghpdqg
iru hqhuj|*/ Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv 86/ 58<�59;1
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Euhxvfk/ W1 V1 +4<:<,/ cFrq lfw dprqj fulwhuld iru whvwlqj k|srwkhvhv= H{whqvlrqv
dqg frpphqwv*/ Hfrqrphwulfd 7:/ 536�53:1

Euhxvfk/ W1 V1 +4<;3,/ cXvhixo lqyduldqfh uhvxowv iru jhqhudol}hg uhjuhvvlrq prghov*/
Mrxuqdo ri Hfrqrphwulfv 46/ 65:�6731

Fuledul0Qhwr/ I1 dqg ]dunrv/ V1 J1 +4<<:,/ cIlqlwh0vdpsoh dgmxvwphqwv iru krpr0
jhqhlw| dqg v|pphwu| whvwv lq v|vwhpv ri ghpdqg htxdwlrqv= D Prqwh Fduor
hydoxdwlrq*/ Frpsxwdwlrqdo Hfrqrplfv 43/ 66:�6841

Gdylgvrq/ U1 dqg PdfNlqqrq/ M1 J1 +4<<9d,/ Wkh srzhu ri errwvwuds whvwv/ Whfkql0
fdo uhsruw/ Ghsduwphqw ri Hfrqrplfv/ Txhhq*v Xqlyhuvlw|/ Nlqjvwrq +Rqwdulr,1

Gdylgvrq/ U1 dqg PdfNlqqrq/ M1 J1 +4<<9e,/ Wkh vl}h glvwruwlrq ri errwvwuds whvwv/
Whfkqlfdo uhsruw/ Ghsduwphqw ri Hfrqrplfv/ Txhhq*v Xqlyhuvlw|/ Nlqjvwrq
+Rqwdulr,1

Gxirxu/ M10P1 +4<;<,/ cQrqolqhdu k|srwkhvhv/ lqhtxdolw| uhvwulfwlrqv/ dqg qrq0
qhvwhg k|srwkhvhv= H{dfw vlpxowdqhrxv whvwv lq olqhdu uhjuhvvlrqv*/ Hfrqr0
phwulfd 8:/ 668�6881

Gxirxu/ M10P1 +4<<8,/ Prqwh Fduor whvwv zlwk qxlvdqfh sdudphwhuv= D jhqhudo
dssurdfk wr �qlwh0vdpsoh lqihuhqfh dqg qrqvwdqgdug dv|pswrwlfv lq hfrqr0
phwulfv/ Whfkqlfdo uhsruw/ F1U1G1H1/ Xqlyhuvlwì gh Prqwuìdo1

Gxirxu/ M10P1 +4<<:,/ cVrph lpsrvvlelolw| wkhruhpv lq hfrqrphwulfv/ zlwk dssolfd0
wlrqv wr vwuxfwxudo dqg g|qdplf prghov*/ Hfrqrphwulfd 98/ 4698�46;<1

Gxirxu/ M10P1/ Idukdw/ D1/ Jduglro/ O1 dqg Nkdodi/ O1 +4<<;,/ cVlpxodwlrq0edvhg
�qlwh vdpsoh qrupdolw| whvwv lq olqhdu uhjuhvvlrqv*/ Wkh Hfrqrphwulfv Mrxuqdo
4/ 487�4:61

Gxirxu/ M10P1 dqg Nlylhw/ M1 I1 +4<<9,/ cH{dfw whvwv iru vwuxfwxudo fkdqjh lq �uvw0
rughu g|qdplf prghov*/ Mrxuqdo ri Hfrqrphwulfv :3/ 6<�9;1

Gxirxu/ M10P1 dqg Nlylhw/ M1 I1 +4<<;,/ cH{dfw lqihuhqfh phwkrgv iru �uvw0rughu
dxwruhjuhvvlyh glvwulexwhg odj prghov*/ Hfrqrphwulfd 99/ :<�4371

Gzdvv/ P1 +4<8:,/ cPrgl�hg udqgrpl}dwlrq whvwv iru qrqsdudphwulf k|srwkhvhv*/
Dqqdov ri Pdwkhpdwlfdo Vwdwlvwlfv 5;/ 4;4�4;:1

Hdnlq/ E1 N1/ PfPloohq/ G1 S1 dqg Exrqr/ P1 M1 +4<<3,/ cFrqvwuxfwlqj frq�ghqfh
lqwhuydov xvlqj errwvwuds= Dq dssolfdwlrq wr d pxowlsurgxfw frvw ixqfwlrq*/
Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv :5/ 66<�6771

Hiurq/ E1 dqg Wlevkludql/ U1 M1 +4<<6,/ Dq Lqwurgxfwlrq wr wkh Errwvwuds/ Yro1 8:
ri Prqrjudskv rq Vwdwlvwlfv dqg Dssolhg Suredelolw|/ Fkdspdq ) Kdoo/ Qhz
\run1
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Hydqv/ J1 E1 D1 dqg Vdylq/ Q1 H1 +4<;5,/ cFrq lfw dprqj wkh fulwhuld uhylvlwhg=
Wkh Z/ OU dqg OP whvwv*/ Hfrqrphwulfd 83/ :6:�:7;1

Iu|ghqehuj/ P1 dqg Mhqvhq/ M1 O1 +4<;<,/ cLv wkh clpsuryhg olnholkrrg* uhdoo| lp0
suryhg lq wkh glvfuhwh fdvhB*/ Elrphwulnd :9/ 988�9941

Jleerqv/ P1 U1 +4<;5,/ cPxowlyduldwh whvwv ri �qdqfldo prghov= D qhz dssurdfk*/
Mrxuqdo ri Ilqdqfldo Hfrqrplfv 43/ 6�5:1

Jleerqv/ P1 U1/ Urvv/ V1 D1 dqg Vkdqnhq/ M1 +4<;<,/ cD whvw ri wkh h!flhqf| ri d
jlyhq sruwirolr*/ Hfrqrphwulfd 8:/ 4454�44851

Jrq}dor/ M1 dqg Slwdudnlv/ M10\1 +4<<7,/ Frlqwhjudwlrq dqdo|vlv lq odujh v|vwhpv/
Whfkqlfdo uhsruw/ Ghsduwphqw ri Hfrqrplfv/ Ervwrq xqlyhuvlw|1

Jrxulìurx{/ F1/ Prqiruw/ D1 dqg Uhqdxow/ H1 +4<<6,/ cWhvwv vxu oh qr|dx/ o*lpdjh hw
oh udqj gh od pdwulfh ghv frh!flhqwv g*xq prgëoh olqìdluh pxowlydulì*/ Dqqdohv
g*Ìfrqrplh hw gh Vwdwlvwltxh 44/ ;4�4441

Jrxulìurx{/ F1/ Prqiruw/ D1 dqg Uhqdxow/ H1 +4<<8,/ Lqihuhqfh lq idfwru prghov/
lq J1 V1 Pdggdod/ S1 F1 E1 Skloolsv dqg W1 Q1 Vulqlydvdq/ hgv/ cDgydqfhv lq
Hfrqrphwulfv dqg Txdqwlwdwlyh Hfrqrplfv*/ Eodfnzhoo/ R{irug/ X1N1/ fkds0
whu 46/ ss1 644�6861

Kdoo/ S1 +4<<5,/ Wkh Errwvwuds dqg Hgjhzruwk H{sdqvlrq/ Vsulqjhu0Yhuodj/ Qhz
\run1

Kduyh|/ D1 dqg Skloolsv/ J1 G1 D1 +4<;5,/ cWhvwlqj iru frqwhpsrudqhrxv fruuhod0
wlrq ri glvwxuedqfhv lq v|vwhpv ri uhjuhvvlrq htxdwlrqv*/ Exoohwlq ri Hfrqrplf
Uhvhdufk 67+5,/ :<�;41

Kdvklprwr/ Q1 dqg Rkwdql/ N1 +4<<3,/ cDq h{dfw whvw iru olqhdu uhvwulfwlrqv lq
vhhplqjo| xquhodwhg uhjuhvvlrqv zlwk wkh vdph uhjuhvvruv*/ Hfrqrplfv Ohwwhuv
65/ 576�6791

Kroodv/ H1 +4<<4,/ cShuirupdqfh ri Eduwohww dgmxvwphqw iru fhuwdlq olnholkrrg ud0
wlr whvwv*/ Frppxqlfdwlrqv lq Vwdwlvwlfv/ Vlpxodwlrq dqg Frpsxwdwlrq 53
+5)6,/ 77<�7951

Krwhoolqj/ K1 +4<7:,/ Pxowlyduldwh Txdolw| Frqwuro Looxvwudwhg e| wkh Dlu Whvwlqj ri
Vdpsoh Erpe Vljkwv/Whfkqltxhv ri Vwdwlvwlfdo Dqdo|vlv/ Fk1 LL/ PfJudz0Kloo/
Qhz \run1

Krwhoolqj/ K1 +4<84,/ D jhqhudol}hg W 0whvw dqg phdvxuh ri pxowlyduldwh glvshuvlrq/
lq cSurfhhglqjv ri wkh Vhfrqg Ehunhoh| V|psrvlxp rqPdwkhpdwlfdo Vwdwlvwlfv
dqg Suredelolw|*/ Xqlyhuvlw| ri Fdoliruqld Suhvv/ Ehunhoh|/ FD/ ss1 56�751
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Lwdoldqhu/ D1 +4<;8,/ cD vpdoo0vdpsoh fruuhfwlrq iru wkh olnholkrrg udwlr whvw*/ Hfr0
qrplfv Ohwwhuv 4</ 648�64:1

Md|dwlvvd/ Z1 D1 +4<::,/ cWhvwv ri htxdolw| ehwzhhq vhwv ri frh!flhqwv lq wzr olqhdu
uhjuhvvlrqv zkhq glvwxuedqfh yduldqfhv duh xqhtxdo*/ Hfrqrphwulfd 78/ 45<4�
45<51

Mhrqj/ M1 dqg Pdggdod/ J1 V1 +4<<6,/ D shuvshfwlyh rq dssolfdwlrq ri errwvwuds
phwkrgv lq hfrqrphwulfv/ lq Pdggdod/ Udr dqg Ylqrg +4<<6,/ ss1 8:6�9431

Mrevrq/ M1 dqg Nrunlh/ E1 +4<;5,/ cSrwhqwldo shuirupdqfh dqg whvwv ri sruwirolr
h!flhqf|*/ Mrxuqdo ri Ilqdqfldo Hfrqrplfv 43/ 766�7991

Mùfnho/ N10K1 +4<;9,/ cIlqlwh vdpsoh surshuwlhv dqg dv|pswrwlf h!flhqf| ri Prqwh
Fduor whvwv*/ Wkh Dqqdov ri Vwdwlvwlfv 47/ 669�67:1

Ndul|d/ W1 +4<;8,/ Whvwlqj lq wkh Pxowlyduldwh Jhqhudo Olqhdu Prgho/ qxpehu 55 lq
cHfrqrplf Uhvhdufk Vhulhv/ Wkh Lqvwlwxwh ri Hfrqrplf Uhvhdufk/ Klwrwvxedvkl
Xqlyhuvlw|/ Mdsdq*/ Nlqrnxql|d Frpsdq| Owg1/ Wrn|r1

Nlylhw/ M1 dqg Gxirxu/ M10P1 +4<<:,/ cH{dfw whvwv lq vlqjoh htxdwlrq dxwruhjuhvvlyh
glvwulexwhg odj prghov*/ Mrxuqdo ri Hfrqrphwulfv ;3/ 658�6861

Odlwlqhq/ N1 +4<:;,/ cZk| lv ghpdqg krprjhqhlw| vr riwhq uhmhfwhgB*/ Hfrqrplfv
Ohwwhuv 4/ 4;:�4<41

Odzoh|/ G1 Q1 +4<6;,/ cD jhqhudol}dwlrq ri Ilvkhu*v }0whvw*/ Elrphwulnd 63/ 4;3�4;:1

Odzoh|/ G1 Q1 +4<89,/ cD jhqhudo phwkrg iru dssur{lpdwlqj wkh glvwulexwlrq ri wkh
olnholkrrg udwlr vwdwlvwlf*/ Elrphwulnd 76/ 5<8�6361

PdfNlqod|/ D1 F1 +4<;:,/ cRq pxowlyduldwh whvwv ri wkh Fdslwdo Dvvhw Sulflqj Prg0
ho*/ Mrxuqdo ri Ilqdqfldo Hfrqrplfv 4;/ 674�6:51

Pdggdod/ J1 V1/ Udr/ F1 U1 dqg Ylqrg/ K1 G1/ hgv +4<<6,/ Kdqgerrn ri Vwdwlvwlfv/
Yroxph 44/ Hfrqrphwulfv/ Qruwk Kroodqg/ Dpvwhugdp1

Pduwlq/ P1 D1 +4<<3,/ cRq errwvwuds lwhudwlrq iru fryhudjh fruuhfwlrq lq frq�ghqfh
lqwhuydov*/ Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq ;8/ 4438�444;1

Phlvqhu/ M1 I1 +4<:<,/ cWkh vdg idwh ri wkh dv|pswrwlf Voxwvn| v|pphwu| whvw iru
odujh v|vwhpv*/ Hfrqrplfv Ohwwhuv 5/ 564�5661

Qdqgd/ G1 Q1 +4<83,/ cGlvwulexwlrq ri wkh vxp ri urrwv ri d ghwhuplqdqwdo htxdwlrq
xqghu d fhuwdlq frqglwlrq*/ Dqqdov ri Pdwkhpdwlfdo Vwdwlvwlfv 54/ 765�76<1

Rkwdql/ N1 dqg Wr|rgd/ W1 +4<;8,/ cD Prqwh Fduor vwxg| ri wkh Zdog/ OP dqg
OU whvwv lq d khwhurvfhgdvwlf olqhdu prgho*/ Frppxqlfdwlrqv lq Vwdwlvwlfv/
Vlpxodwlrq dqg Frpsxwdwlrq 47/ :68�:791
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Skloolsv/ S1 F1 E1 +4<;8,/ cWkh h{dfw glvwulexwlrq ri OLPO= LL*/ Lqwhuqdwlrqdo Hfr0
qrplf Uhylhz 59/ 54�691

Sloodl/ N1 F1 V1 +4<88,/ cVrph qhz whvw fulwhuld lq pxowlyduldwh dqdo|vlv*/ Dqqdov ri
Pdwkhpdwlfdo Vwdwlvwlfv 76/ 44:�4541

Udr/ F1 U1 +4<:6,/ Olqhdu Vwdwlvwlfdo Lqihuhqfh dqg lwv Dssolfdwlrqv/ vhfrqg hgq/
Mrkq Zloh| ) Vrqv/ Qhz \run1

Ud|qhu/ U1 N1 +4<<3d,/ cEduwohww*v fruuhfwlrq dqg wkh errwvwuds lq qrupdo olqhdu
uhjuhvvlrq prghov*/ Hfrqrplfv Ohwwhuv 66/ 588�58;1

Ud|qhu/ U1 N1 +4<<3e,/ cErrwvwuds whvwv iru wkh jhqhudol}hg ohdvw vtxduhv uhjuhvvlrq
prghov*/ Hfrqrplfv Ohwwhuv 67/ 594�5981

Ulovwrqh/ S1 dqg Yhdoo/ P1 +4<<9,/ cXvlqj errwvwudsshg frq�ghqfh lqwhuydov iru
lpsuryhg lqihuhqfhv zlwk vhhplqjo| xquhodwhg uhjuhvvlrq htxdwlrqv*/ Hfrqr0
phwulf Wkhru| 45/ 89<�8;31

Urfnh/ G1 P1 +4<;<,/ cErrwvwuds Eduwohww dgmxvwphqw lq vhhplqjo| xquhodwhg uh0
juhvvlrqv*/ Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq ;7/ 8<;�9341

Urwkhqehuj/ W1 M1 +4<;7,/ cK|srwkhvlv whvwlqj lq olqhdu prghov zkhq wkh huuru
fryduldqfh pdwul{ lv qrqvfdodu*/ Hfrqrphwulfd 85/ ;5:�;751

Ur|/ V1 Q1 +4<86,/ cRq d khxulvwlf phwkrg ri whvw frqvwuxfwlrq dqg lwv xvh lq
pxowlyduldwh dqdo|vlv*/ Dqqdov ri Pdwkhpdwlfdo Vwdwlvwlfv 57/ 553�56;1

Vkdqnhq/ M1 +4<;9,/ cWhvwlqj sruwirolr h!flhqf| zkhq wkh }hur0ehwd udwh lv xq0
nqrzq= D qrwh*/ Mrxuqdo ri Ilqdqfh 74/ 59<�5:91

Vkdr/ V1 dqg Wx/ G1 +4<<8,/ Wkh Mdfnnqlih dqg Errwvwuds/ Vsulqjhu0Yhuodj/ Qhz
\run1

Vkxnxu/ J1 dqg Hgjhuwrq/ G1 +4<<7,/ Wkh vpdoo vdpsoh surshuwlhv ri wkh UHVHW
whvw dv dssolhg wr v|vwhpv ri htxdwlrqv/ Whfkqlfdo uhsruw/ Ghsduwphqw ri Vwd0
wlvwlfv dqg Ghsduwphqw ri Hfrqrplfv/ Oxqg xqlyhuvlw|/ Vzhghq1

Vulydvwdyd/ Y1 N1 dqg Jlohv/ G1 H1 +4<;:,/ Vhhplqjo| Xquhodwhg Uhjuhvvlrq Htxd0
wlrqv Prghov1 Hvwlpdwlrq dqg lqihuhqfh/ Pdufho Ghnnhu/ Qhz \run1

Vwdpedxjk/ U1 I1 +4<;5,/ cRq wkh h{foxvlrq ri dvvhwv iurp whvwv ri wkh wzr0
sdudphwhu prgho= D vhqvlwlylw| dqdo|vlv*/ Mrxuqdo ri Ilqdqfldo Hfrqrplfv
43/ 56:�59;1

Vwhzduw/ N1 J1 +4<<8,/ cWkh ixqfwlrqdo htxlydohqfh ri wkh Z/ OU dqg OP vwdwlvwlfv*/
Hfrqrplfv Ohwwhuv 7</ 43<�4451
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Vwhzduw/ N1 J1 +4<<:,/ cH{dfw whvwlqj lq pxowlyduldwh uhjuhvvlrq*/ Hfrqrphwulf
Uhylhzv 49/ 654�6851

Wd|oru/ W1 J1/ Vkrqnzlohu/ M1 V1 dqg Wkhlo/ K1 +4<;9,/ cPrqwh Fduor dqg errwvwuds
whvwlqj ri ghpdqg krprjhqhlw|*/ Hfrqrplfv Ohwwhuv 53/ 88�8:1

Wkhlo/ K1 +4<:4,/ Sulqflsohv ri Hfrqrphwulfv/ Mrkq Zloh| ) Vrqv/ Qhz \run1

Wkhlo/ K1 dqg Ilhelj/ G1 J1 +4<;8,/ Vpdoo vdpsoh dqg odujh htxdwlrq v|vwhpv/ lq
H1 M1 Kdqqdq/ S1 U1 Nulvkqdldk dqg P1 P1 Udr/ hgv/ cKdqgerrn ri Vwdwlvwlfv/
Yroxph 8/ Wlph Vhulhv lq wkh Wlph Grpdlq*/ Qruwk Kroodqg/ Dpvwhugdp/
ss1 784�7;31

Wkhlo/ K1/ Vkrqnzlohu/ M1 V1 dqg Wd|oru/ W1 J1 +4<;8,/ cD Prqwh Fduor whvw ri
Voxwvn| v|pphwu|*/ Hfrqrplfv Ohwwhuv 4</ 664�6651

Wkhlo/ K1/ Wd|oru/ W1 dqg Vkrqnzlohu/ M1 V1 +4<;9,/ Prqwh Fduor whvwlqj lq v|vwhpv
ri htxdwlrqv/ lq G1 M1 Vorwwmh dqg J1 I1 Ukrghv Mu1/ hgv/ cDgydqfhv lq Hfrqr0
phwulfv/ Yroxph 8/ Lqqrydwlrqv lq Txdqwlwdwlyh Hfrqrplfv= Hvvd|v lq Krqru
ri Urehuw O1 Edvpdqq*/ Yro1 8/ MDL Suhvv/ Juhhqzlfk/ Frqq1/ ss1 55:�56<1

Ylqrg/ K1 G1 +4<<6,/ Errwvwuds phwkrgv= Dssolfdwlrqv lq hfrqrphwulfv/ lq Pdg0
gdod hw do1 +4<<6,/ ss1 95<�9941

Zlonv/ V1 V1 +4<65,/ cFhuwdlq jhqhudol}dwlrqv lq wkh dqdo|vlv ri yduldqfh*/ Elrphwulnd
57/ 7:4�7<71

Zlooldpv/ P1 D1 +4<;9,/ cDq hfrqrplf dssolfdwlrq ri errwvwuds vwdwlvwlfdo phwkrgv=
Dgg|vwrq slsh uhylvlwhg*/ Dphulfdq Hfrqrplf Uhylhz 63/ 85�8;1

Zrqj/ P1 \1 +4<;<,/ cOlnholkrrg hvwlpdwlrq ri d vlpsoh olqhdu uhjuhvvlrq prgho
zkhq erwk yduldeohv kdyh huuru*/ Elrphwulnd :9/ 474�47;1

Zrqj/ P1 \1 +4<<4,/ cEduwohww dgmxvwphqw wr wkh olnholkrrg udwlr vwdwlvwlf iru whvwlqj
vhyhudo vorshv*/ Elrphwulnd :;/ 554�5571

]hooqhu/ D1 +4<95,/ cDq h!flhqw phwkrg iru hvwlpdwlqj vhhplqjo| xquhodwhg uh0
juhvvlrqv dqg whvwv iru djjuhjdwh eldv*/ Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo
Dvvrfldwlrq 8:/ 67;�69;1
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