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Sommaire

La derniére décennie a connu un intérét croissant pour tdsgmes posés par les variables in-
strumentales faibles dans la littérature économétriglesst-a-dire les situations ou les variables
instrumentales sont faiblement corrélées avec la variéabistrumenter. En effet, il est bien connu
que lorsque les instruments sont faibles, les distribatides statistiques de Student, de Wald, du
ratio de vraisemblance et du multiplicateur de Lagrangeoneplus standard et dépendent souvent
de paramétres de nuisance. Plusieurs études empiriquastpootamment sur les modéles de ren-
dements a I'éducation [Angrist et Krueger (1991, 1995), ésiget al. (1999), Bound et al. (1995),
Dufour et Taamouti (2007)] et d’évaluation des actifs finare (C-CAPM) [Hansen et Singleton
(1982,1983), Stock et Wright (2000)], ou les variablesrimsientales sont faiblement corrélées avec
la variable a instrumenter, ont montré que I'utilisatiorcde statistiques conduit souvent a des résul-
tats peu fiables. Un remede a ce probleme est I'utilisaticlests robustes a I'identification [Ander-
son et Rubin (1949), Moreira (2002), Kleibergen (2003), awmfet Taamouti (2007)]. Cependant,
il n'existe aucune littérature économétrique sur la gaaliés procédures robustes a I'identification
lorsque les instruments disponibles sont endogénes owislaridogénes et faibles. Cela souléve
la question de savoir ce qui arrive aux procédures d’inférenbustes a l'identification lorsque cer-
taines variables instrumentales supposées exogeénesord lges effectivement. Plus précisément,
gu'arrive-t-il si une variable instrumentale invalide agiutée a un ensemble d’'instruments valides?
Ces procédures se comportent-elles différemment? Etrsldgénéité des variables instrumentales
pose des difficultés majeures a l'inférence statistiquet-pe proposer des procédures de tests qui
sélectionnent les instruments lorsqu’ils sont a la foissfet valides? Est-il possible de proposer
les proédures de sélection d'instruments qui demeureitegaiméme en présence d’identification
faible?

Cette these se focalise sur les modeéles structurels (meod&gquations simultanées) et apporte
des réponses a ces questions a travers quatre essais.

Le premier essai est publié dan¥ournal of Statistical Planning and Inference 138 (2008)



2649 — 2661 Dans cet essai, hous analysons les effets de I'endogétesténstruments sur deux
statistiques de test robustes a l'identification: la digtie d’Anderson et Rubin (AR, 1949) et la
statistique de Kleibergen (K, 2003), avec ou sans instrisrfaibles. D'abord, lorsque le paramétre
qui contréle 'endogénéité des instruments est fixe (nentEpas de la taille de I'échantillon), nous
montrons que toutes ces procédures sont en général comegontre la présence d’instruments
invalides (c'est-a-dire détectent la présence d'instmis@valides) indépendamment de leur qual-
ité (forts ou faibles). Nous décrivons aussi des cas ol cettgergence peut ne pas tenir, mais
la distribution asymptotique est modifiée d’'une maniérepguirrait conduire a des distorsions de
niveau méme pour de grands échantillons. Ceci inclut, eticpher, les cas ou I'estimateur des
double moindres carrés demeure convergent, mais les tegtas/mptotiquement invalides. En-
suite, lorsque les instruments sont localement exogénest--dire le paramétre d’endogénéité
converge vers zéro lorsque la taille de I'échantillon augt@e nous montrons que ces tests conver-
gent vers des distributions chi-carré non centrées, queasasiments soient forts ou faibles. Nous
caractérisons aussi les situations ou le paramétre de ntnali® est nul et la distribution asympto-
tique des statistiques demeure la méme que dans le cas ttlamimsts valides (malgré la présence
des instruments invalides).

Le deuxiéme essai étudie I'impact des instruments faihledes tests de spécification du type
Durbin-Wu-Hausman (DWH) ainsi que le test de Revankar etléia(1973). Nous proposons une
analyse en petit et grand échantillon de la distribution eketests sous I'hypothése nulle (niveau)
et l'alternative (puissance), incluant les cas ou l'idiécdtion est déficiente ou faible (instruments
faibles). Notre analyse en petit échantillon founit plusseperspectives ainsi que des extensions
des précédentes procédures. En effet, la caractérisaitandistribution de ces statistiques en petit
échantillon permet la construction des tests de Monte Gatdmts pour I'exogénéité méme avec
les erreurs non Gaussiens. Nous montrons gue ces testygiopieinent robustes aux intruments
faibles (le niveau est contr6lé). De plus, nous fournissomes caractérisation de la puissance des
tests, qui exhibe clairement les facteurs qui détermirgeptilssance. Nous montrons que les tests

n'ont pas de puissance lorsque tous les instruments satgdgsimilaire a Guggenberger(2008)].



Cependant, la puissance existe tant qu’au moins un seualiinshts est fort. La conclusion de
Guggenberger (2008) concerne le cas ou tous les instrursentdaibles (un cas d’intérét mineur
en pratique). Notre théorie asymptotique sous les hypethaffaiblies confirme la théorie en échan-
tillon fini.

Par ailleurs, nous présentons une analyse de Monte Caibuamtt que: (1) I'estimateur des
moindres carrés ordinaires est plus efficace que celui ddsdeomoindres carrés lorsque les instru-
ments sont faibles et I'endogenéité modérée [conclusimilaie a celle de Kiviet and Niemczyk
(2007)]; (2) les estimateurs pré-test basés sur les testegiénété ont une excellente performance
par rapport aux doubles moindres carrés. Ceci suggere quétlzode des variables instrumen-
tales ne devrait étre appliquée gue si I'on a la certitudeaifades instruments forts. Donc, les
conclusions de Guggenberger (2008) sont mitigées et pentrétre trompeuses.

Nous illustrons nos résultats théoriques a travers degiergés de simulation et deux applica-
tions empiriques: la relation entre le taux d’ouvertureaetioissance économique et le probléeme
bien connu du rendement a I'éducation.

Le troisieme essai étend le test d’exogénéité du type Waldgsé par Dufour (1987) aux cas
ou les erreurs de la régression ont une distribution nomater. Nous proposons une nouvelle
version du précédent test qui est valide méme en présenoewt® non-Gaussiens. Contraire-
ment aux procédures de test d’exogénéité usuelles (tedbsiden-Wu-Hausman et de Rvankar-
Hartley), le test de Wald permet de résoudre un problemeaobwtans les travaux empiriques
qui consiste a tester I'exogénéité partielle d’'un sousrabe de variables. Nous proposons deux
nouveaux estimateurs pré-test basés sur le test de Walcedforment mieux (en terme d’erreur
guadratique moyenne) que I'estimateur 1V usuel lorsquedeiables instrumentales sont faibles et
I'endogénéité modérée. Nous montrons également que cpeaesservir de procédure de sélec-
tion de variables instrumentales. Nous illustrons les li@suthéoriques par deux applications
empiriques: le modéle bien connu d'équation du salaire [gtref Krueger (1991, 1999)] et les
rendements d’'échelle [Nerlove (1963)]. Nos résultats étgyg que I'éducation de la meére expli-

guerait le décrochage de son fils, que I'output est une Jar@tdogéne dans I'estimation du codt



de la firme et que le prix du fuel en est un instrument valide foutput.

Le quatrieme essai résout deux problemes trés importants lddittérature économétrique.
D’abord, bien que le test de Wald initial ou étendu permetteahstruire les régions de confiance
et de tester les restrictions linéaires sur les covariaritesppose que les parametres du modele
sont identifiés. Lorsque l'identification est faible (instrents faiblement corrélés avec la variable
a instrumenter), ce test n'est en général plus valide. Gei égveloppe une procédure d’inférence
robuste a l'identification (instruments faibles) qui petrde construire des régions de confiance
pour la matrices de covariances entre les erreurs de lassigneet les variables explicatives (pos-
siblement endogenes). Nous fournissons les expressi@hgtignes des régions de confiance et
caractérisons les conditions nécessaires et suffisantisslesquelles ils sont bornés. La procé-
dure proposée demeure valide méme pour de petits échastéleelle est aussi asymptotiguement
robuste a I'hétéroscédasticité et 'autocorrélation desues.

Ensuite, les résultats sont utilisés pour développer k&s @exogénéité partielle robustes a
l'identification. Les simulations Monte Carlo indiquentegaes tests contrdlent le niveau et ont
de la puissance méme si les instruments sont faibles. Cesi permet de proposer une procé-
dure valide de sélection de variables instrumentales méhyeasun probléme d'identification. La
procédure de sélection des instruments est basée sur deveaux estimateurs pré-test qui com-
binent I'estimateur IV usuel et les estimateurs 1V partidl®s simulations montrent que: (1) tout
comme l'estimateur des moindres carrés ordinaires, léna@&surs IV partiels sont plus efficaces
gue l'estimateur IV usuel lorsque les instruments sontdailet 'endogénéité modérée; (2) les es-
timateurs pré-test ont globalement une excellente pedbo@® comparés a I'estimateur 1V usuel.
Nous illustrons nos résultats théoriques par deux apmitaempiriques: la relation entre le taux
d’ouverture et la croissance économique et le modéle deeneendts a I'éducation. Dans la pre-
miére application, les études antérieures ont conclu cuesgruments n’étaient pas trop faibles
[Dufour et Taamouti (2007)] alors gu'ils le sont fortemeaind la seconde [Bound (1995), Doko et
Dufour (2009)]. Conformément a nos résultats théoriqueastrouvons les régions de confiance

non bornées pour la covariance dans le cas ou les instrusamnitassez faibles.



Mots clés: Modeéle structurels, instruments faibles, instrumentogades, tests robustes a
l'identification, tests de Monte Carlo exacts pour I'exoiéd régions de confiance, sélection

d’instruments, exogénéité partielle, estimateurs |Vipksit

Summary

The last decade shows growing interest for the so-callekwesruments problems in the
econometric literature, i.e. situations where instrureeme poorly correlated with endogenous ex-
planatory variables. More generally, these can be viewest@ations where model parameters are
not identified or nearly so (see Dufour and Hsiao, 2008). Wéd known that when instruments
are weak, the limiting distributions of standard test sta$ - like Student, Wald, likelihood ratio
and Lagrange multiplier criteria in structural models - dnanon-standard distributions and often
depend heavily on nuisance parameters. Several empitigdies including the estimation of re-
turns to education [Angrist and Krueger (1991, 1995), Astget al. (1999), Bound et al. (1995),
Dufour and Taamouti (2007)] and asset pricing model (C-CARNansen and Singleton (1982,
1983), Stock and Wright (2000)], have showed that the abovegplures are unreliable in presence
of weak identification. As a result, identification-robussts [Anderson and Rubin (1949), Moreira
(2003), Kleibergen (2002), Dufour and Taamouti (2007)]@ften used to make reliable inference.
However, little is known about the quality of these proceduwhen the instruments are invalid or
both weak and invalid. This raises the following questiorhatvhappens to inference procedures
when some instruments are endogenous or both weak and emds@e In particular, what hap-
pens if an invalid instrument is added to a set of valid imgteats? How robust are these inference
procedures to instrument endogeneity? Do alternativedénte procedures behave differently? If
instrument endogeneity makes statistical inference iainlel, can we propose the procedures for se-
lecting "good instruments” (i.e. strong and valid instrumsg? Can we propose instrument selection

procedure which will be valid even in presence of weak idieatiion?



Vi

This thesis focuses on structural models and answers tluestians through four chapiters.
The first chapter is published ifournal of Statistical Planning and Inference 138 (2008126
— 2661 In this chapter, we analyze the effects of instrument eadeily on two identification-
robust procedures: Anderson and Rubin (1949, AR) and Kigére(2002, K) test statistics, with
or without weak instruments. First, when the level of instamt endogeneity is fixed (does not
depend on the sample size), we show that all these procedtees general consistent against
the presence of invalid instruments (hence asymptotigaltglid for the hypothesis of interest),
whether the instruments are "strong" or "weak". We alsoritessituations where this consistency
may not hold, but the asymptotic distribution is modified way that would lead to size distortions
in large samples. These include, in particular, cases w2fek&S estimator remains consistent, but
the tests are asymptotically invalid. Second, when theunstnts are locally exogenous (the level
of instrument endogeneity approaches zero as the samplénsizases), we find asymptotic non-
central chi-square distributions with or without weak rastents, and describe situations where the
non-centrality parameter is zero and the asymptotic Higiin remains the same as in the case of
valid instruments (despite the presence of invalid inseuts).

The second chapter analyzes the effects of weak identdicath Durbin-Wu-Hausman (DWH)
specification tests an Revankar-Harttley exogeneity t&ge propose a finite-and large-sample
analysis of the distribution of DWH tests under the null hysis (level) and the alternative
hypothesis (power), including when identification is defitti or weak (weak instruments). Our
finite-sample analysis provides several new insights ateheions of earlier procedures. The char-
acterization of the finite-sample distribution of the tefgtistics allows the construction of exact
identification-robust exogeneity tests even with non-Geumserrors (Monte Carlos tests) and shows
that such tests are typically robust to weak instrument&(is controlled).

Furthermore, we provide a characterization of the powelheftests, which clearly exhibits
factors which determine power. We show that DWH-tests havpawer when all instruments are

weak [similar to Guggenberger(2008)]. However, power dodst as soon as we have one strong



Vii

instruments. The conclusions of Guggenberger (2008) focuthe case where all instruments
are weak (a case of little practical interest). Our asyniptdistributional theory under weaker
assumptions confirms the finite-sample theory.

Moreover, we present simulation evidence indicating: §graa wide range cases, including
weak IV and moderate endogeneity, OLS performs better tBar$2finding similar to Kiviet and
Niemczyk (2007)]; (2) pretest-estimators based on exagetests have an excellent overall per-
formance compared with usual IV estimator.

We illustrate our theoretical results through simulatieperiment and two empirical applica-
tions: the relation between trade and economic growth amevittiely studied problem of returns to
education.

In the third chapter, we extend the generalized Wald pagtialgeneity test [Dufour (1987)]
to non-gaussian errors. Testing whether a subset of explgneariables is exogenous is an im-
portant challenge in econometrics. This problem occursamyrapplied works. For example, in
the well know wage model, one should like to assess if mahegtucation is exogenous without
imposing additional assumptions on ability and schooliimgthe growth model, the exogeneity of
the constructed instrument on the basis of geographicabctaistics for the trade share is often
guestioned and needs to be tested without constraining staale and the other variables. Standard
exogeneity tests of the type proposed by Durbin-Wu-HausamghRevankar-Hartley cannot solve
such problems. A potential cure for dealing with partial geweity is the use of the generalized
linear Wald (GW) method (Dufour, 1987). The GW-procedurgvéer assumes the normality of
model errors and it is not clear how robust is this test to ganssian errors.

We develop in this chapter, a modified version of earlier pdore which is valid even when
model errors are not normally distributed. We present satih evidence indicating that when
identification is strong, the standard GW-test is size distbin presence of non-gaussian errors.
Furthermore, our analysis of the performance of differamtgst-estimators based on GW-tests

allow us to propose two new pretest-estimators of the stratparameter. The Monte Carlo sim-
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ulations indicate that these pretest-estimators havetarhmrformance over a wide range cases
compared with 2SLS. Therefore, this can be viewed as a puoeddr selecting variable where a
GW:-test is used in the first stage to decide which variablesilghbe instruments and which ones
are valid instruments.

We illustrate our theoretical results through two empiregaplications: the well known wage
equation and the returns to scale in electricity supply. fEselts show that the GW-tests cannot
reject the exogeneity of mother’s educatiae, mother’'s education may constitute a valid IV for
schooling. However, the output in cost equation is endogeand the price of fuel is a valid IV for
estimating the returns to scale.

The fourth chapter develops identification-robust infeeefor the covariances between errors
and regressors of an IV regression. The results are theiedppldevelop partial exogeneity tests
and partial IV pretest-estimators which are more efficiaahtusual IV estimator.

When more than one stochastic explanatory variables amvew in the model, it is often
necessary to determine which ones are independent of thetdinces. This problem arises in
many empirical applications. For example, in the New KeiareRhillips Curve, one should like to
assess whether the interest rate is exogenous without ingpadditional assumptions on inflation
rate and the other variables. Standard Wu-Durbin-Hausrb&H) tests which are commonly
used in applied work are inappropriate to deal with such &lpm. The generalized Wald (GW)
procedure (Dufour, 1987) which typically allows the coostion of confidence sets as well as
testing linear restrictions on covariances assumes tieaavhilable instruments are strong. When
the instruments are weak, the GW-test is in general sizerthst As a result, its application in
models where instruments are possibly weak—returns toadidac trade and economic growth, life
cycle labor supply, New Keynesian Phillips Curve, pregyaaed the demand for cigarettes—may
be misleading.

To answer this problem, we develop a finite-and large-sawgild procedure for building con-

fidence sets for covariances allowing for the presence okwedruments. We provide analytic



forms of the confidence sets and characterize necessarytitiest conditions under which they
are bounded.

Moreover, we propose two new pretest-estimators of stracparameters based on our above
procedure. Both estimators combine 2SLS and partial IMredbrs. The Monte Carlo experiment
shows that: (1) partial IV-estimators outperform 2SLS wheninstruments are weak; (2) pretest-
estimators have an excellent overall performance—biasvi8ig- compared with 2SLS. Therefore,
this can be viewed as a variable selection method where tjeqgtion-based techniques is used to
decide which variables should be instrumented and whick arevalid instruments.

We illustrate our results through two empirical applicatinthe relation between trade and eco-
nomic growth and the widely studied problem of returns tocadion. The results show unbounded
confidence sets, suggesting that the IV are relatively podhése models, as questioned in the
literature [Bound (1995)].

Key words: Structural models, weak instruments, endogenous institgnalentification-robust
tests, exact Monte Carlo exogeneity tests, confidenceisstajment selection, partial exogeneity,

partial IV estimators.
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Introduction générale

Cette thése est composée de quatre essais et s'inscritedaadre des modeles structurels (mod-
eles a équations simultanées). Elle contribue aux récé&vel@ppements en économétrie lié aux
probléme posé par les variables instrumentales faiblest-&-dire les situations ou les variables
instrumentales sont faiblement corrélées avec la vareabistrumenter.

Le premier essai est publié dalsurnal of Statistical Planning and Inference 138 (2008426
— 2661 Il aborde des questions relatives aux effets de I'endapédés variables instrumentales
sur les statistiques de test robustes a I'identificationdduexieme essai de cette these étudie le com-
portement des tests d’exogénéité du type Durbin-Wu-HangD®H) and Revankar-Hartley (RH)
en présence d’identification faible. Le troisiéme et le fjgate essais abordent des questions rela-
tives aux tests I'exogénéité partielle, a la constructien egions de confiance pour la covariance
entre les erreurs et les régresseurs et aux estimateursspreé-

Dans le premier essai, nous analysons les effets de I'endagéles instruments sur les statis-
tiques de test robustes a I'identification.

Les procédures robustes a l'identification — incluant lahoéé d’Anderson et Rubin — sup-
pose que les variables instrumentales sont exogéne. Ceujave la question de savoir ce qui
arrive a ces proédures lorsque certaines variables instnates sont endogénes. En patrticulier,
gu’est-ce qui arrive aux procédures de test robustes atifimtion si un instrument endogéne est
ajouté a un ensemble d’instruments exogénes? Est-ce gpeoccésiures alternatives se comportent
difféeremment? Si oui, quelle est leur performance relatvg@résence d’instruments endogenes?

Nous voyons le probéme de I'endogénéité des instrumentsneoimportant parce qu’en pra-
tique, il est difficile d’évaluer si une variable instrumalet est exogéne ou non. La validité
des instruments ou le test d'orthogonalité habituel esstroit avec I'hypothése qu’'un ensemble
d’instruments (au moins égal au nombre de coefficients enestilans le modéle) est disponible,

alors gue la validité de ce dernier ensemble est intestdbéms la littérature économétrique, on



connait tres peu des procédures de test lorsque les instisisunt a la fois endogénes et faibles.

Cet essai étudie les effets de I'endogénéité des instransenteux statistiques de test robustes
a l'identification: la statistique d’Anderson et Rubin (AF949) et la statistique de Kleibergen (K,
2003), avec ou sans instruments faibles.

D’abord, lorsque le paramétre qui contrble I'endogénéigidstruments est fixe (ne dépend pas
de la taille de I'échantillon), nous montrons que toutespresédures sont en général consistantes
contre la présence d’instruments invalides (c’est-a-glirelles détectent la présence d’instruments
invalides) indépendamment de leur qualité (forts ou faibl®&lous décrivons aussi des cas ou cette
consistance peut ne pas tenir, mais la distribution asyigpi est modifiée d’'une maniére qui
pourrait conduire aux distorsions de niveau en grands élbas. Ceci inclut en particulier, les
cas ou I'estimateur des double moindres carrés demeurestarismais les tests sont asymptotique-
ment invalides. Ensuite, lorsque les instruments sontéawent exogéenes (c’est-a-dire le parameétre
d’endogénéité converge vers zéro lorsque la taille de digtihon augmente), nous montrons que
ces tests convergent vers des distributions de chi carre€emné, que les instruments soient forts
ou faibles. Nous caractérisons aussi les situations ourkavgre de non centralité est nul et la
distribution asymptotique des statistiques demeure lagrdume dans le cas des instruments valides
(malgré la présence des instruments invalides).

Le deuxieme essai étudie I'impact des instruments faihleses tests de spécification du type
Durbin-Wu-Hausman (DWH) ainsi que le test de Revankar etiéiaf1973). Dans le modéle de ré-
gression linéaire, les tests d’exogénéité de Durbin-Wusgiean et Revankar-Hartley sont souvent
utilisés dans le but de corriger la corrélation entre lembées explicatives et les erreurs, habituelle-
ment en recourant a la méthode d’estimation par variablssumentales. Un autre probléme
courant dans les travaux empiriques et ou ces tests sosestitonsiste a pré-tester I'exogénéité
d’un instrument, voir par exemple Bradford (2003). Cep@mdees tests reposent sur I'hypothése

que les parametres du modele sont identifiés, c’est-a-dades instruments disponibles sont forte-



ment corrélés avec la variable a instrumenter. Ce qui pogedation de savoir ce qui arrive a ces
procédures lorsque les instruments sont faibles.

Dans cet essai, hous proposons une analyse en petit-etéghadtillon de la distribution de ces
tests sous I'hypothése nulle (niveau) et I'alternativeggance), incluant les cas ou l'identification
est déficient ou faible (instruments faibles). Notre aralga petit-échantillon founit plusieurs
nouvelles perspectives et extensions des précédenteddpres. En effet, la caractérisation de la
distribution de ces statistiques en petit-échantillompia construction des tests de Monte Carlo
exacts pour I'exogénéité méme avec les erreurs non GaassiEus montrons que ces tests sont
typiguement robustes aux intruments faibles (le niveawestrélé). De plus, nous fournissons
une caractérisation de la puissance des tests, qui exrabreroknt les facteurs qui déterminent
la puissance. Nous montrons que les tests n‘ont pas de poessarsque tous les instruments
sont faibles [similaire a Guggenbergen (2008)]. Cependarguissance existe dés que au moins
des instruments est fort. La conclusion de Guggenberg@8j2& focalise sur le cas ou tous les
instruments sont faibles (un cas d’intérét mineur en puajigNotre théorie asymptotique sous les
hypothéses affaiblies confirme la théorie en échantilloin fin

Par ailleurs, nous présentons une analyse de Monte Cailfjuardt que: (1) I'estimateur des
moindres carrés ordinaires est plus efficace que celui désle® moindres carrés lorsque les in-
struments sont faibles et I'endogenéité modérée [cormiusimilaire celle de Kiviet and Niemczyk
(2007)]; (2) les estimateurs pré-test basés sur les testegénéité ont une excellente performance
comparés aux doubles moindres carrés. Ce qui suggére gétHade des variables instrumentales
ne devrait étre appliquée que sil'on ala certitude d’aves ilistruments fort. Donc, les conclusions
de Guggenberger (2008) sont mitigées et pourraient étmgpeases.

Nous illustrons nos résultats théoriques par des expé&sete simulation et deux applications
empiriques: la relation entre le taux d'ouverture et lagsance économique et le probléme bien

connu de rendements a I'éducation.



Dans le troisieme essai, nous proposons une extension tdd'égsegénéité partielle de Wald
proposé par Dufour (1987) aux cas ou les erreurs de la régmesst une distribution non-
Gaussienne. Dans les travaux empiriques, un problemereetwonsiste a tester 'exogénéité d’'un
sous-ensemble de régresseurs. Par exemple, dans le medéieldment a I'éducation, on aimerait
tester I'exogénéité du nombre d’années de fréquentatidindezidu sans contraindre son habileté
(mesurée par le QI) et les autres variables. Dans le modéteisance économique [Franckel et
Romer (1999)], la validité de l'instrument utilisé pour &k d’ouverture est souvent mis en cause
et I'on a besoin de savoir si cet instrument est effectivaragngene.

Les tests d’exogénéité du type Durbin-Wu-Hausman et Rvarkaley ne fournissent pas une
réponse a ces questions. Le test de Wald [Dufour (1987)jhpaes préoccupations. Cependant,
ce test est construit sous I'hypothése de normalité dearsrr@u’arrive-t-il alors a ce test lorsque
les erreurs ne sont plus Gaussiens?

Dans cet essai, nous développons une nouvelle version dédmét test qui est valide méme en
présence d’erreurs non-Gaussiens. Nous proposons égéldewx nouveaux estimateurs pré-test
basés sur ce test qui performent mieux que I'estimateur dables instrumentales usuel lorsque
les instruments sont faibles et 'endogénéité modérée.sMoontrons que le test peut servir de
procédure de sélection de variables instrumentales. Nlaagsdns les résultats théoriques a travers
deux applications empiriques: le modéle bien connu d'égualu salaire [Angist et Krueger (1991,
1999)] et les rendements d’'échelle [Nerlove (1963)]. Nasiltats suggerent que I'éducation de la
mére expliquerait le décrochage de son fils, que I'outputest/ariable endogéne dans I'estimation
du codt de la firme et que le prix du fuel en est un instrumeriti@gdour I'output.

Le quatrieme essai se démarque du troisieme par deux aditdrib majeures. D'abord, cet es-
sai développe une procédure d’'inférence valide sur legiemaes entre les erreurs et les régresseurs
possiblement endogénes tant en grands échantillons getés gchantillons. Ensuite, contraire-

ment au test du type Wald, cette procédure est robuste afffidation, C’est-a-dire, qu’elle de-



meure valide méme si les instruments sont faibles. Biengjtest de Wald initial ou étendu permet
de construire les régions de confiance et de tester lesctesis linéaires sur les covariances, |l
est construit avec I'hypothése questionable que les pdresndu modele sont identifiés. Lorsque
l'identification est faible (instruments faiblement cdée avec la variable a instrumenter), ce test
n'est en général plus valide. Cet essai développe une proeéinférence robuste a I'identification
(instruments faibles) pour construire des régions de cacdigpour la matrices de covariances entre
les erreurs de la régression et les variables explicatp@ss{blement endogénes). Nous fournissons
les expressions analytiques des régions de confiance eté&@ans les conditions nécessaires et
suffisantes sous lesquelles ils sont bornés. La procédoppge demeure valide méme pour les
petits échantillons et est aussi asymptotiguement roliubh&téroscédasticité et I'autocorrélation
des erreurs. Ces résultats sont alors utilisés pour dépeidgs tests d’exogénéité partielle robustes
a l'identification. Les simulations Monte Carlo indiguentegles tests contrblent le niveau et ont
de la puissance méme si les instruments sont faibles. Ceogsi permet de proposer une procé-
dure de sélection de variables instrumentales valide méhyeasun probléme d'identification. La
procédure de sélection des instruments est basée sur deveaux estimateurs pré-test qui com-
binent I'estimateur IV usuel et des estimateurs IV partidles simulations montrent que: (1) tout
comme l'estimateur des moindres carrés ordinaires, lénasurs 1V partiels sont plus efficaces
gue l'estimateur IV usuel lorsque les instruments sontédailet 'endogénéité modérée; (2) les es-
timateurs pré-test ont globalement une performance extellcomparés a I'estimateur 1V usuel.
Nous illustrons nos résultats théoriques a travers dedicafibns empiriques: la relation entre le
taux d’ouverture et la croissance économique et le modélemtgements a I'éducation. Dans la
premiére application, les études antérieures ont con@ueguinstruments n’étaient pas trop faibles
[Dufour et Taamouti (2007)] alors qu’ils le sont fortemeiaing la second [Bound (1995), Doko et
Dufour (2009)]. Conformément a notre théorie, nous trosves régions de confiance non bornées

pour la covariance dans le cas ou les instruments sont asbezsf
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1. Introduction

The last decade shows growing interest for so-calledk instrumentproblems in the econometric
literature,i.e. situations where “instruments” are poorly correlated vatitdogenous explanatory
variables; see the reviews of Dufour (2003) and Stock, Wragtd Yogo (2002). More generally,
these can be viewed as situations where model parametem®iaigentified or close not to being
identifiable as meant in the econometric literature [see Dufour anddH&808)]. When instru-
ments are weak, the limiting distributions of standard $¢sfistics — like Student, Wald, likelihood
ratio and Lagrange multiplier criteria in structural maslel often depend heavily on nuisance pa-
rameters; see.g. Phillips (1989), Bekker (1994), Dufour (1997), Staiger étodck (1997) and
Wang and Zivot (1998). In particular, standard Wald-typecedures based on the use of asymp-
totic standard errors are very unreliable in the presenaeecak identification. As a result, several
authors have worked on proposing more reliable statistimatedures that would be applicable in
such contexts.

Interestingly, in the early days of simultaneous-equatienonometrics, Anderson and Rubin
(1949, AR) proposed a procedure which is completely rolousteak instruments as well as to other
difficulties such as missing instruments [see Dufour (20@&)four and Taamouti (2005, 2006)].
But the AR procedure may suffer from power losses when tooynmastruments are used. So
alternative methods largely try to palliate this difficulfgr example: pseudo-pivotal LM-type and
LR-type statistics [Wang and Zivot (1998), Kleibergen (2)0Moreira (2003)], sample-splitting
methods [Dufour and Jasiak (2001)], approximately optimatruments [Dufour and Taamouti
(2003)], systematic search methods for identifying redwastruments and excluding unimportant
instruments [Hall, Rudebusch and Wilcox (1996), Hall anik®€2003), Dufour and Taamouti
(2003), Donald and Newey (2001)].

However, all these procedures — including the AR method y-@al the availability on valid

(exogenous) instruments. This raises the question: wipgaems to these procedures when some of



the instruments are endogenous? In particular, what hagpan invalid instrument is added to a
set of valid instruments? How robust are these inferencegpiures to instrument endogeneity? Do
alternative inference procedures behave differently24f yvhat is their relative performance in the
presence of instrument endogeneity?

We view the problem of instrument endogeneity as importagabse it is hard in practice to
assess whether an instrumental variable is vakdwhether it is uncorrelated with the disturbance
term. Instrument validity or orthogonality tests are boilt the availability of a number of undis-
puted valid instruments, at least as great as the numberefficients to be estimated, whereas the
validity of those initial instruments is not testable.

In the econometric literature, little is known about tesiqgadures when some instruments are
both invalid and weak. Hausman and Hahn (2002) deal withinsthument endogeneity and weak-
ness, but they focus on estimation. Ashley (2006) propossehaitivity analysis of IV estimators
when instruments are imperfect, his results however ang aplicable if the covariance between
the structural error term and some instruments is knowngchvts not necessary the case as it is
showed in this paper. Analyzing the effect of instrumenaliity on the limiting and empirical
distribution of IV estimators, Kiviet and Niemczyk (200&)rclude that for the accuracy of asymp-
totic approximations, instrument weakness is much monméndettal than instrument invalidity and
that the realizations of IV estimators based on strong besipty invalid instruments seem usu-
ally much closer to the true parameter values than thosénelotdrom valid but weak instruments.
However, this finding of Kiviet and Niemczyk leaves open calquestions: is it really possible
to make reliable inference with endogenous instrumentsihistsument endogeneity really more
detrimental than its weakness on inference proceduresaligeneral family of Anderson-Rubin-
type procedures? Swanson and Chao (2005) proposed a watakxient unified framework, but
they do not take into account possible invalidity of somdrimaents. Finally, Small (2007) has

recently studied the properties of tests for identifyingtrietions [Sargan (1958), Anderson and
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Kadane (1977)], which can be sensitive to the use of “endmgemstruments”, and he proposed a
sensitivity analysis to assess the importance of the isEbhese results, however, do not allow for
weak identification.

In this paper, we focus on structural models and analyzeftaete of instrument endogeneity
on the Anderson and Rubin (1949) and Kleibergen (2002),tasthe presence of possibly weak
instruments. After formulating a general asymptotic framek which allows one to study these is-
sues in a convenient way, we consider two main setups: (Qrieevhere the level of “instrument”
endogeneity is fixedi.g., it does not depend on the sample size), and (2) the one wineiastru-
ments ardocally exogenoud.e. the parameter which controls instrument endogeneity auhes
zero (at ratd’~1/2) as the sample size increases. In the first setup, we showathetiest procedures
studied are in general consistent against the presenceadidimnstruments (hence asymptotically
invalid for the hypothesis of interest), whether the instemts are “strong” or “weak”. We also
observe there are cases where consistency may not holdthebasymptotic distribution is modified
in a way that would lead to size distortions in large samplieshe second setup, asymptotic non-
central chi-square distributions are derived, and we goveditions under which the non-centrality
parameter is zero and the asymptotic distribution remdiassame as in the case of valid instru-
ments (despite the presence of invalid instruments). dyera results underscore the importance
of checking for the presence of possibly invalid instrursemhen applying “identification-robust”
tests.

The paper is organized as follows. Section 2 formulates tbdeinconsidered. Section 3 de-
scribes briefly the statistics. Section 4 studies the asytiegdistribution of the statistics (under the
null hypothesis) when some instruments are invalid. We lomiacin section 9. Proofs are presented

in the Appendix.
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2. Framework

We consider the following standard simultaneous equatimméwork, which has been the basis of
much work on inference in model with possibly weak instrutagsee the reviews of Dufour (2003)

and Stock et al. (2002)]:

y=YpB+Zvy+u, (2.2)
Y=XII+ZI'+V, (2.2)
wherey is aT x 1 vector of observations on the dependent variables Y1, ..., 7| isaT x G

matrix of observations on explanatory (possibly) endogenariablesG > 1), Z is aT x r matrix
of observations on the included exogenous variabtes; (X1, ..., X7] isaT x k (k > G) full-
column-rank matrix of observations on (supposedly) “exmges variables” (instruments) excluded
from the structural equation (2.1),= [u1, ..., up] andV = [Vi, ..., Vq| = [v1, ... , vg] are
respectivelyl” x 1 vector andl” x G disturbance matrice, and~y areG x 1 andr x 1 vectors of
unknown coefficients]/ andl" arek x G andr x G matrices of unknown coefficients. The usual
necessary and sufficient condition for identification o$timodel isrank(17) = G'.

Since we focus on the parametgin our analysis, we can simplify the presentation of theltssu
without notable loss of generality by setting= 0 andI" = 0, so thatZ drops from the model.

With this simplification, model (2.1)-(2.2) reduces to

y=Yp+u, (2.3)
Y=XIT+V. (2.4)

We also assume that
u=Vliat+e,t=1...,T, (2.5)

X=X+ Wi, t=1,..., T, (2.6)
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ut:Wt/b—l—et,t:l,...,T, (27)

where Xy = [Xo1, ..., Xor|" is @aT x k matrix of exogenous variables; is uncorrelated with
Vi, ande; are uncorrelated with; . V; andW; have mean zero and covariance matriggsand
Yw, e ande; have mean zero and variancesando? respectively, whilexz andb areG x 1 and

k x 1 vectors of unknown coefficients. (2.5)-(2.7) can be reemitin matrix form as:

u=Va+e, (2.8)
X=Xo+W, (2.9)
w=Wb+e, (2.10)
whereX| is uncorrelated withV, V, e ande, while W = [W7, ... , Wr] is uncorrelated witla but

may be correlated witlh (whenb # 0). Soa controls the endogeneity of the varialewhereas
b represents the possible endogeneity of the instrumg&nté b = 0, the instrumentsX are valid,;
otherwise, they are invalid (endogenous). More precistly,# 0, i.e. there exists at least one
i such thath; # 0,7 = 1, ..., k, and the corresponding variabl; does not constitute a valid
instrument.

We also make the following generic assumptions on the asyioiitehaviour of model variables

[where A > 0 for a matrix A means thatd is positive definite (p.d.), andg> refers to limits as

T — ]
Flv Vv el s @11)
%[&)WT[% W]p[% g{ﬁ 5o >0, (2.12)
FX [V e ] Do, @13
%XX&EL (2.14)

[We]’[we]i[ZW 0;}, (2.15)
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%W’V 5 Swv, (2.16)
1 X/e L Se
Se~N[0,025x], Sy~NJ[0,025], (2.18)

whereX'y is G x G fixed matrix, Xy and Xy, arek x k fixed matricesS, and.S, arek x 1 random
vectors. Note that'yy may be singular, and, may not be independent 6t .

From the above assumptions, it is easy to see that:

1 1

T fu0, TX{)eio, (2.19)
1 X'V
—X'ud o=y, = 5 Swv, (2.20)

1 / P O'Z 5/

Llu v V]—>2:[5 2 ] >o. (2.21)
Trw wilu w2 o ¥ (2.22)
T o Yw |’ '
1 ' p | ow 0
w v}[gep[oe 5%}, (2.23)

where
6 =Xya, O‘i =adXya+ 0? = 03 + V' Zwb, (2.24)

Yva = E{/V‘/b 4+ Ove, X2wb=Xwva+ dwe, (2.25)

Yx=%+2Xw >0, Yxy=XxI+Xwy, (2.26)
Yy = H/ZXH + Xy + Z{/VVH + H/ZWV . (2.27)

Finally, we denote byV () the null set of the linear map d&* characterized by the matriy; :

N(Zw) = {z e R*: Tz =0}. (2.28)
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If Xy is a full-column-rank matrix, theW (X ) = {0}; otherwise, there is at least ong # 0
such thatyyyxg = 0.

The setup described above is quite wide and does allow omedyp several questions associated
with the possible presence of “invalid” instruments. Intjgalar, an important practical problem
consists in studying the effect on inference of adding ardlid” instrument to a list of valid
(possibly identifying) instruments. Note that this prohlés distinct from studying the effect of
imposing “incorrect” overidentifying restrictions [asm®by Small (2007)]. To better see the issues

studied here, it will be useful to consider a simple example.

Example 2.1 Consider a model with one endogenous explanatory varigble- 1) and two can-
didate instrument$k = 2). ThenY andV areT x 1 vectors, X = [X;, Xs] andW = [Wy, Ws)

areT x 2 matrices,/I = |71, m2|  andb = [by, by]" are vectors of dimension 2, and

Y = X+ V=Xym+Xoma+V, (229)

u = Wb+e=Wiby +Wsby+e. (230)

Let us further assume thaf; is a valid instrument (witdV; = 0), E[u| X;] = 0, Xo = W,

w5 = 0 andb; = 0, wheree is independent of; and X5 (with finite mean zero), so that

Y = XIH+V=Xm+V, (2.31)

u = Wb+e=Wiby+e. (2.32)

Herels is not a “valid” instrument whehs # 0. But the structural equation (2.3) may in principle
be estimated using onl; as an instrument, becauBg: | X;| = 0; if X is not a weak instrument
(mp # 0) and satisfies usual regularity conditions, a consistemnatt of 5 can be obtained.
Among other things, we study below the effect (on some ifieation-robust tests) of taking’s as
an instrument wheb, # 0, i.e. whenXj is correlated with:. Note that the conditio®[u | X;] = 0

does not entaiE[e | X1, X»] = 0, which is a maintained hypothesis used by Small (2007). So the
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problem considered here is distinct from the problem ofrigstveridentifying restrictions [studied,

for example, by Sargan (1958), Anderson and Kadane (19¢7parall (2007)].
3. Test statistics

We consider in this paper the problem of testing

Hy : =By 3.1

where some of the “instruments” used are in fact endogefibyé 0). We analyze the behavior
of the Anderson-Rubin and Kleibergen statistics. The Asderand Rubin (1949) test fd{, in

equation (2.3) involves considering the transformed eguoat
y—YpBy=XA+¢ (3.2)

whereA = I1(8 — f3y) ande = u+ V(8 — S,). Ho can then be assessed by testifig: A = 0.

The AR-statistic forH|) is given by

(y —YBy)'Px(y —YBy)

1
ARBo) = 1 0 =V B Mx(y — YB) /(T — B)

(3.3)

whereMp = I — Pg and Pg = B(B'B)~!' B’ is the projection matrix on the space spanned by
the columns ofB. If b = 0, the asymptotic distribution of AR,) is a x?(k)/k under Hy. If
furthermoreu ~ N[0, 0%Ir] and X is independent ofi, then AR(8,) ~ F(k,T — k) underHy
irrespective of whether the instruments are strong or wéhlkwvever, when some instruments are
invalid, the distribution of the AR statistic may be affette

Kleibergen (2002) proposed a modification of the AR statiiitake into account the fact that
this statistic may have low power when there are too manyunsnts in the model. The modified

statistic for testingdy can be written

(y =Y Bo) Py ,)(y = Y Bo)
(y = YBo) Mx(y —YBy)/(T — k)

K(By) = (3.4)
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where
V(B) = XI1(50). 1() = (X)X Y~ - VA G| @)
Sunlo) = 7y = Y Bo) Maxly = YBo), Suv(Bo) = 7y = VB MxY . (36)

Unlike the AR statistic which projectg — Y 3, on thek columns ofX, the K statistic projects
y — Y3, on theG columns of X I1(8,). If the instrumentsX are exogenouslI(j3,) is both a
consistent estimator dff and asymptotically independent &f (y — Y 3,) underH,, and K (3,)
converges to a?(G). However, if some instruments are invalitl ¢ 0), I1(5,) may not be
asymptotically independent df’(y — Y 8,) and the asymptotic distribution of the K statistic may
not be ay?(G).

If the model contains only one instrument and one endogevatiable(G = k = 1), the AR
and K statistics are equivalent and pivotal even in finiteamwheneveb = 0. Whenk > 1, even
if b = 0, the K statistic is not pivotal in finite samples but is asyotigtlly pivotal, whereas the AR
statistic is pivotal even in finite samples (wh&ns independent of)). Following Staiger and Stock
(1997), we refer to thiocally weak-instrumerdsymptotic setup by considering a limiting sequence
of IT wherelI is local-to-zero. We also consider a limiting sequencé whereb is local-to-zero.

We refer to this later limiting sequence lasally exogenouistruments asymptotic.
4. Asymptotic theory with invalid and weak instruments

In this section, we study the large-sample properties ofthgstics described above when some
of the instruments used are invalid. Two setups are coregidel he first is the possibly invalid
instrument setupi.e., the endogeneity parametéris a fixed vector. The second is the locally

exogenous instrument setu,., b is local-to-zero.

1We do not study this paper conditional tests such as thogeped by Moreira (2003), because the distributional
theory for such tests is considerably more complex and wgaldeyond the scope of a short paper like the present one.
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4.1. Possibly invalid instruments

We consider first the case where the endogeneity paramétex constant vector and we analyze
the asymptotic distributions of the statistics. Our resglbver both strong and weak-instrument
asymptotic. Theorem.1 below summarizes the asymptotic behavior of th8 statistic when

some instruments may be endogenous. For a random vaffablese distribution depends on the

sample sizd’", the notationS L oo means thaP[S > z] — 1 asT — oo, for anyz.

Theorem 4.1 ASYMPTOTIC DISTRIBUTION OF THEAR STATISTIC. Suppose that the assump-
tions (2.3)-(2.18) hold, withb = by and 5 = 3, whereby and 3, are given vectors.
If by ¢ N(Zw), then

AR(By) & +oo. (4.1)
If bo € N (Zw ), then
AR(B0) B (S, + 5 T (5. + ) (4.2)

whereS, and .S, are defined in2.17)-(2.18).
If bo = 0, then

AR(Bg) 5 X2 (k). (4.3)

In the above theorem, no restriction is imposed on the rarK.oin particular, the result holds
even if IT is not a full-column rank matrix. Wheby ¢ N (Xw ), the AR statistic diverges under
the null hypothesid?y. Whenby € N (X ), the limiting distribution of the AR statistic does not
diverge, but the AR test is not valid unleSs = 0. Of course, wher, = 0 — which is the classical
exogenous instrument setupby = 0 and the AR test is asymptotically valid.

Theorem4.2 below summarizes the asymptotic behavior of the K statigtien some instru-

ments are possibly invalid.
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Theorem 4.2 ASYMPTOTIC DISTRIBUTION OF THEK STATISTIC. Suppose that the assumptions
(2.3)-(2.18) hold, withb = by and 5 = 3, whereby and 3, are given vectors.
(A) If by §7§ N(Ew) then

K(By) 5 +00 (4.4)

when at least one of the following two conditions holds: 11 = IIy # 0 with rank(ixy) =G,

or (ii) IT = ITo/v/'T with rank( X%,-) = G, where

Sxy = Yxy — Zwbolauw/52), Ty = Zwv — Zwhbolquv /),

v = 0 —WEwE Zwy, 62=02 - bEwIy Swho.

(B) If by € N'(Zw ), then

1
o

K(By) 5 = (S + S) S5 Txy (Zy X5 Exy) ™ Ty 5 (Se + Sb) (4.5)

whenlIl = IIy # 0 andrank( X'xy) = G, and

1
oy

K(By) 5 = (Se + S) S5 Zwv (Zhpy 23 Swv) iy D51 (Se + Sp) (4.6)

whenIl = I1,/v/T andrank Zyv) = G . (C) If by = 0, then
K(By) % x*(G) C)

when at least one of the following two conditions holdsi{i}= 11, # 0 withrank X'xy) = G, or

(i) IT = Iy //T with rank( Zyv) = G

Unlike Theoremd.1 for the AR statistic, Theorem.2 requires an additional rank assumption.
Whenby ¢ N (Xw ), the null limiting distribution of the K statistic diverge$his means that the K
test often rejectdd, asymptotically wherby ¢ N (X ). Furthermore, wheh, € NV (X ), the K
test is not asymptotically valid unlest = 0. As expected, iby = 0 (i.e., S, = 0), the K statistic

converges to a2(G). It is worthwhile to note that the case where the rank assiomiils [e.g,
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the partial identification off] is not covered in this paper.
Finally, it is interesting to observe that the limiting valof the two-stage least-squares (2SLS)

estimator off3,

B= (YY) Vy=[YxxX' X)Xy Y XX X)Xy, (4.8)
is given by
plim B=8+ [T Ex Zxy] T Sy T Ewb (4.9)
—00

providedrank(Xxy) = G, so that3 is consistent whehy € N (Xy) and Xxy has full column
rank (even if some instruments are invalid)bdfe N (2w ) butby # 0, the asymptotic level of the

Anderson-Rubin and Kleibergen tests can be affected.
4.2. Locally exogenous instruments

We consider now the case where the endogeneity paratmietdocal-to-zero. As in the previous
subsection, we analyze the limiting distributions of thaistics. The results also cover two setups:
locally exogenous instrument&l = Iy # 0, b = by/v/T)], and weak locally exogenous instru-
ments[I] = ITo//T, b = by//T]. Theorem4.3and Theorend.4below derive the distributions of

the statistics for both setups.

Theorem 4.3 ASYMPTOTIC DISTRIBUTIONS WITH LOCALLY EXOGENOUS INSTRUMENS.
Suppose that the assumptiof®3)-(2.18) hold, withb = by/V/T, I = Iy # 0 and 3 = S,

whereby and g, are given vectors, andl is a given matrix. by ¢ NV (X ), then
L 1 2
AR(By) = X (k,p1), (4.10)

K(By) & x2(G,m'm) if rankZxy) = G, (4.11)
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where

1 _ 1 - B -
b= ﬁbézWEXlZWbo’ m= U_(Z%YZX12XY) Y2y X3 Swho, (4.12)
e e

and Xx, Yyy, and Xy are given in(2.11)-(2.27). If by € N (2w ), then

AR(Bg) & —x*(k), (4.13)

1
k
K(By) B \2(G) if rankExy) = G. (4.14)

Theorem 4.4 ASYMPTOTIC DISTRIBUTIONS WITH WEAK LOCALLY EXOGENOUS INSTRJ-
MENTS. Suppose that the assumpticf®s3)-(2.18) hold, withb = by/v/T, IT = IIy/v/T and
B = By, whereby and 3, are given vectors, andl, is a given matrix(II, = 0 is allowed. If

bo ¢ N(Zw), then

AR(Bg) 5 %xz(kz’ul), (4.15)
K(By) 5 x2(G,m'm)  if rankZywy) = G, (4.16)

where
m = i(E@VVE§1ZWV)‘1/2Z£VVZ)}1EWbO, (4.17)

and Xx, Ywv, Xw andpu, are defined in Theoredh.3. If by € N (X ), then

AR(50) B 130 @19)

K(8y) 5 x2(G) if rankZwy) = G. (4.19)

We make the following remarks concerning Theo®and Theorend.4. First, the endogene-
ity parameten is local-to-zero, and fob, € N (2} ) the AR and K tests are asymptotically valid.
However, unlike the AR test, note that the validity of the Kttis established under an additional
rank assumption (the case where this additional rank agsumipils is not covered in this paper).

So, whemy € N (X ), the inference with locally exogenous instruments usiegAR and K tests
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is feasible (at least in large samples). Secondy it A/(Xy ), the results in both theorems are
different from those of Theorem&.1 and 4.2 because the limiting distributions of both statistics
do not diverge. Third, even though the AR and K statisticsehaon-central chi-square limiting
distributions wherb, ¢ N(Xy ), they are not pivotal since the non-centrality parametepedd
on nuisance parameters. In addition, the limiting distidns of both statistics cannot be bounded
by any pivotal distribution.

It will be useful to see how the above theorems apply in a smeghmple.

Example 4.1 Consider again model (2.29)-(2.30), which involves oneogedous explanatory
variable and two instruments. If the matri®y is invertible, then\/ (X)) = {0}, and Theo-
rem4.1entails thatA R(5,) % + oo under the null hypothesis = 3,. Similarly, if Zxy # 0, then
rank(Zxy) = G = 1 and Theoren.2 entails thatk'(8,) = +ocowhens = 3,. If X, is a valid
instrument (withiW; = 0) and Xy = W5 with WiW, /T ZaN O’%/V2 > 0, we have

Sy = [ 8 U%)VQ ] (4.20)
which is a matrix of rank one, antl’ (X ) = {(z1,x2) : 2 = 0}. If by = 0, thenby € N (Zw)
and Theorend.1entails that the asymptotic distribution given by (4.2)dsolor AR(5,), while for
K (B,) part B of Theoren¥.2is applicable. Of course, wheg = 0, AR(S,) follows the usual
x%(2)/2 asymptotic distribution, whilds (3,) follows ax?(1) distribution. For locally exogenous

instruments, theorem&3and4.4can be applied in a similar way.
5. Conclusion

In this paper, we have established conditions under whiehAfR and K tests are asymptotically
valid even if some instruments used are endogenous. We lswvalgowed that when these con-
ditions fail, the limiting distributions of both statistianay diverge. Furthermore, when these con-

ditions fail, under locally exogenous instruments seth, ltmiting distributions of the statistics
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depend on nuisance parameters and cannot be bounded byaraf gistribution. In consequence,
the weak-instrument procedure proposed by Wang and Zi@&8)l the unified weak instruments
framework of Swanson and Chao (2005) and the inference mpeifect instruments suggested by
Ashley (2006) are not applicable. Overall, our results usclare the importance of checking for
the presence of possibly invalid instruments when appljidentification-robust” tests. They also
suggest that sensitivity analyses where different setsstifiments are considered [Ashley (2006),
Small (2007)] can be quite useful for the interpretation mipé&ical results based on instrumental

variables.
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A. Appendix: Proofs

PROOF OFTHEOREM4.1 Note first that

(y—YB)Mx(y—YBy) _ wu T (“/X> <X/X>_l <X/“> (A1)

T—k T T—k T—-k\T T T
where, by the assumptions (2.3)-(2.18),

wu  p o X'X

X'u  Xu WW., W
T oL 0, 2 ye>0, T”: 1(1”+ —bo+ Teﬂwwbo, (A.2)
WX\ (X X\ (XN o, .
T T T — bOZWEX Zwbo s (A3)
—YBy) Mx(y—Y
y ﬁO)T _Xk(y bo) 752 _ 2 by Zw S5 Zwbo > 0. (A.4)

(A) Suppose now thaty ¢ N(Xw). Then b’OEWZ;(lEWbO > 0 and the numerator of the AR

statistic diverges:

WX\ (X' X\ X
<y—Yﬁo>’Px<y—Yﬁo>=T<T>< 7 ) <T)i+oo, (A5)
hence
AR(By) & +oo. (A.6)
(B) If by € N(Zyw ), we haveXy by = 0 anda? = o2 . Further,
X'u=X'(e+Wby) = X'e + X'Why, (A.7)
1 / 1 / 1 / 1 / L
ﬁX'LL: —T[X’LL—ZWbO] = ﬁX@‘F ﬁ(XW—EW)bO =85 = Se+Sb- (A8)
Then,
WX\ (X' X\ 7' /X _
(y_YﬁO),PX(y_YﬁO):<\/T> < T > (\/T>£>SIZX157 (Ag)

(y =Y Bo) Mx(y — Y By) P 2

A.10
T—k u ? ( )
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hence

AR(By) 5 %5’2;(15. (A.11)

C) Finally, if by = 0, we haveby € N (X ), with the extra restrictions = e, 02 = o2
(®)) y, ifbg = 0, 0 W), , oy

e’

1 1 I
S=—Xu=—XeS3NI0, o?Zx],
T T 0, o 2x]
hence
L 1 -1 1 2
AR(By) = Fo? SeXix Se v X (K). (A.12)

PROOF OFTHEOREM 4.2 We note first, as in (A.1)-(A.4), that

(y =Y By) Mx(y —YBy)

P
T_ & — 0

, X'X X'u
u

Suu(Bo) = i 5y >o, L Ywbo.  (A.13)

(A) Suppose thaly ¢ N (Xw). (i) LetIT = Iy # 0. Then, we have

1

Suv(Bo) = Tk k:(y —YBy)MxY B gy =& — by Sw I Sw, (A.14)

_ X'X\'XY XX\ X'uSw(By) p oo e
II = — PR A.15

whereXxy = Yxy — Zwbo(quy/72), and
Y "u - X'u ~ _
(519) = 11 (By)’ T 5 ES(szlzwa ’ (A.16)
-

YB)V(Bo) 2 g0 w1 (A.17)

If I"ank(ixy) =G, theni‘g(yﬂ;(lfxy >0 andZ)_(lixyZWbo 75 0 for b ¢ N(Zw), hence

Y (8y)
T

Y (80)'Y (Bo)
T

u/?(ﬁo)

!/
u 1 e ~ e 1 & _
- Db S 2 Exy (Shy E Exy ) T ey X Dwbo > 0.
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Consequently, the numerator of the K statistic diverges:

~ ~ ~ -1 ~
) 'y Y(8,)Y Y (8,)
(y =Y Bo) Py s,y —YBo) = T IEBO) (ﬁO)T (5o) (/;)) NS (A.18)
and
K(Bg) 5 +oo. (A.19)
(i) LetII = IIy/v/T . Then
~ ~ ~ -1 ~
) 'y Y(B,)Y Y(B,)
(4~ Y 80) Py — ¥ ) = 72 o) | XX W0) | XPoS — p 50
where
75/(%)7,}/(%) X Sy P Sy Y(B)'u B I Sy Zwho,

with D%y = Zwy — Zwbo(quv/52). If rank(X%,-) = G, then the numerator of the K statistic
diverges, and<(f3,) 5 oo

B) If by € Yw), we havelybg =0,02 =0, and—=X"'u = 5 =S, + Sy asin (A.7)-(A.8).
(B) If by € N h b 2= o2and LX'u 5 S = S, + S, asin (A7)-(A8)

(i) If IT = IIy # 0, we have whem, € N (Xy ), the denominator of the K statistic satisfies

=y~ Y BoY Mx(y — Y o) % o2 (a.21)

while the denominator can be written

u' X
o (A.22)

(y — Yﬁo),PY/(BO)(y —Yp) = ﬁ(ﬁo)

where

}7(50)/’“
VT

Y (80)'Y (Bo)
T

I(By) 2 55 Zxy, B Yy 2 Sxy By ExyS. (A23)
If rank(Xxy) = G, we haveX’y, X' Zxy > 0, hence

1 _ _ _ _
K(By) 5 ﬁsflezxy(zg(ylezxy) Ly 5518 (A.24)
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(ii) If IT = ITy/+/T, the numerator of the K statistic is

(y = YBo) Py g,y = YBy) = %ﬁ(ﬂo) w 17(6())’)5; . (A29)
hence
I(By) & 5 2wy, w B I Swy ?(ﬁ%)lu B 2 SwyS. (A.26)
If rank(Xwy) = G, then
K(80) 5 855 S (S 5 )™ Sy 7S (A.27)

C) Finally, if by = 0, we haveby € N (X ), with the extra restrictions = e, 02 = o2
(®)) y, ifbg = 0, 0 W), , Oy =02,

1 L
S=—Xu>3N[0,0?2x],
VT 0. 0 2x]
hence, ifll = Iy # 0,
1 _ _ _ _
K (Bo) % —S18% Dxy (Dyy D' Tay) Sy TS~ 3(G), (A28)

and if IT = I, //T (wherell, = 0 is allowed),
L 1 _ _ _ _
K(B) = ﬁsgxxlzwv(x’wvlezwv) v S ~ X(G). (A.29)

O

PrROOF OFTHEOREM4.3 Sinceb is now local-to-zero, we have

X'u g, X'X p X'u p (y—=YpBy)Mx(y—YBy) p o
— Se + Xwby, — — Yx, 0, »>0. (A30
= — Se + Xwbg T — Xx T — Tk — Oy > ( )
Further, we have
wu (et WY e+ WiK)

T—k T—k
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e byW'e Wy boeWhy p o o
= + + + —o.=o0,. (A3l
T—k VT(T—-k) VT(T-k) T(T—k) (A3

(A) Let by §é N(ZW ) Then,

1

AR(By) 5 1

1
(Se + Zwbo) Zx" (Se + Zwbo) ~ EX2(k 1) (A.32)

™

wherep; = Lo Zw X' Swbo # 0. Similarly, we havew B 3y Y5 Yxy and

Y(Bi\/g_?’u £> Eilxxy(se + Xwhp). So, ifrank(Xxy) = G, we have

K(Bo) L (Se + Zwbo) ¢ Exy (Zxy 2 Exy) 7 2%y 5 (Se + Zwbo) ~ X2(G,m'm)

X
Chl\DH

(A.33)
wherem = (X X' Dxy ) 7V2 85 X Swbo £ 0
(B) If by € N(Xw ), we haveXyy by = 0. Thenu,; = 0 andm = 0, henceAR(j,) L %ﬁ(kz) and
K (Bg) = x*(G): O

PrOOF OFTHEOREM 4.4 The proof of Theorend.3 for the AR statistic covers Theorem4.

The proof for the K statistic is similar to the one in Theorér@ O
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Chapter 2

Exogeneity tests, non Gaussian distributions and
weak identification : finite-sample and asymptotic
distributional theory
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1. Introduction

A basic problem in econometrics is estimating an equatiagheform

where the explanatory variablés and the errors might be correlated. In order to make correc-
tions for correlation between explanatory variables astudbances, a common practice consists in
applying an exogeneity test, usually by resorting to imagntal variable (IV) methods. Exogeneity
tests of the type proposed by Durbin (1954), Wu (1973), Haus(i978), Revankar and Hartley
(1973) are often used for this purpose. However, such tekton the assumption that model pa-
rameters are identified by the available instruments. Smtaresting question is how do standard
exogeneity tests behave when the instruments are weak?

In a recent paper, Hahn, Ham and Moon (2008) consider thdgmobf testing the exogeneity
of a subset of excluded IV using Durbin-Wu-Hausman-typésteBy referring to Theorem 4 in
the Appendix C.1, the authors conclude in Section 5 thatst@hHausman pre-test&|, s and
‘H3] are not valid in presence of weak instruments and proposedified version which does not
exhibit this problem. With a close look of this, it is likellgdt the conclusions of Hahn et al. (2008)
underline the non validity of DWH-type procedures for paréxogeneity hypothesesd, DWH-
tests are unusable for testing the exogeneity of a subsedrizbles) [Doko and Dufour (2009c),
Doko and Dufour (2009b)]. It is not clear from Hahn et al. (80thow behave DWH-type tests
in presence of weak IV when testing the exogeneity of endogem®xplanatory variables. More
precisely, are DWH-type tests robust to weak IV when testiegexogeneity of (possibly) included
endogenous regressors?

Moreover, Guggenberger (2008) shows that the two-stagets, where DWH-type tests [in-
cluding the modified version in Hahn et al. (2008)] are useithénfirst stage as a pre-test, are unre-

liable from the view point of size control when IV are weak.ifbuggests that only identification-
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robust procedures [Anderson and Rubin (1949, AR-test)bkétgen (2002, K-test), Moreira (2003,
CLR-test), projection-based techniques, see Dufour (12903), Dufour (2005, 2006), split-
sample methods, see Dufour and Jasiak (2001)] should beamskthe practice of pre-testing for
explanatory variable exogeneity be abandoned.

In this paper, we argue that this type of conclusions may gddo First, Guggenberger (2008)
paper focuses on testing and does not explore the problehe igi¢wpoint of estimation. An in-
teresting question is: are usual IV estimators more efficlean pretest-estimators based on DWH-
tests when IV are weak? Second, the conclusions of Gugggh€t008) are based on the weak
instruments asymptotic setup as in Staiger and Stock (19d@jvever, this framework assumes
that the reduced form parameters which control instrumesatkess approach zero (at rate!/?)
as the sample size increases. Clearly, this framework a&ssdnmat all structural parameters are
not asymptotically identified (all IV are weak). The questiwow is what happens to DWH-type
tests (in finite-and large-sample) when model parameterpatially identified? In particular, what
happens to these tests if at least one instrument is strong?

In this paper, we propose a finite-and large-sample anabfdise distribution of DWH tests
under the null hypothesis (level) and the alternative hygsis (power), including when identifi-
cation is deficient or weak (weak instruments). Our finiteygke analysis provides several new
insights and extensions of earlier procedures. The chaiaation of the finite-sample distribution
of DWH-tests statistics allows the construction of exaehiification-robust exogeneity tests even
with non-Gaussian errors [Monte Carlos exogeneity (MCHElsle This characterization also shows
that DWH-tests are typically robust to weak instrumentedllés controlled). Thus, the conclusions
of Hahn et al. (2008) is inaccurate. Furthermore, we proddgharacterization of the power of
the tests, which clearly exhibits factors which determiowgr. We show that DWH tests have no
power when all instruments are weak [similar to Guggenlre{g@08)]. But power may exist as

soon as we have one strong instruments (partial identificatiThe conclusions of Guggenberger
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(2008) focus on the case where all instruments are weak, eaafdtitle practical interest. Our
asymptotic distributional theory under weaker assumptimmfirms the finite-sample theory.

We present simulation evidence indicating that: (1) oveidewange cases, including weak 1V
and moderate endogeneity, OLS performs better than 2SLdrfjrsimilar to Kiviet and Niemczyk
(2007)]; (2) pretest-estimators based on exogeneity teste an excellent overall performance.
Hence, the conclusions of Guggenberger (2008) may be rdislpa

We illustrate our theoretical results through two empirigaplications: the relation between
trade and economic growth [see, Dufour and Taamouti (2006)n and Tervio (2002), Frankel
and Romer (1999), Harrison (1996), Mankiw and al. (1992)] #re widely studied problem of
returns to education [Dufour and Taamouti (2006), Angmist Krueger (1991), Angrist and Krueger
(1995), Angrist and al. (1999), Mankiw and al. (1992)].

The paper is organized as follows. Section 2 formulates theéefstudied. Section 3 describes
the statistics. Section 4 studies the finite-sample prigseof the tests with (possibly) weak instru-
ments. Section 5 presents the Monte Carlo exogeneity (ME%$ twhile Section 6 explores the
asymptotic behaviour of the test statistics. Section 7gurssa simulation experiment and Section 8
illustrates our theoretical results through two import@mplications. We conclude in Section 9 and

proofs are presented in the Appendix.
2. Model
We consider the following standard simultaneous equafi@mework:
y=YB+Z1y+u, (2.1)

Y =211 + 2211, + V, (2.2)

wherey € RT is a vector of observations on a dependent variables R7*¢ is a matrix of

observations on (possibly) endogenous explanatory \egdty > 1), Z; € RT** is a matrix
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of observations on exogenous variables included in thetsiral equation of interest (2.1%, €
RT*k2 js a matrix of observations on the exogenous variables é&dlfrom the structural equation,
u=(ug,...,ur) € Rl andV = [Vq, ..., Vy]" € RT*C are disturbance matrices with mean
zero,3 € RS and~y € R* are vectors of unknown coefficientd, € R¥'*¢ andIl, € R*>*C are

matrices of unknown coefficients. We suppose that the tinsémt matrix”
Z = (7 : Zo) € RT*¥ has full-column rank (2.3)

wherek = k1 + ko and
T—kl—k2>G, ko > G. (24)

The usual necessary and sufficient condition for identificadf this model isrank(Il2) = G.

The reduced form fofy, Y| can be written as

y = Ziym+ Zyma+w, (2.5)

Y = ZiIL+ Zolly +V, (2.6)
whererr; =~ + I3, mo = II53, andv =u+ V3 = [vy,... ,up]. Let
M=Mz=1-2(7'2)"'72", M =Mz =1-2,(Z,2,)"*2]. (2.7)
Then, we have
My — M = M, Zy(Z5 M, Z5) "1 Zh M. (2.8)
We now study the problem of testing the exogeneity’dh model (2.1) - (2.2).
3. Exogeneity test statistics

We consider Durbin-Wu-Hausman (DWH) test statistics, Hgrtteee versions of Hausman-type

statistics[H;,7 = 1,2, 3], the four statistics proposed by Wu (1973}, = 1,2, 3, 4] and the test
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statistic proposed by Revankar and Hartley (1973, RH)t,Rive propose a unified presentation
of DWH test statistics. And second, we provide the regressiterpretation of all above statistics

(including RH test statistic).
3.1. Unified presentation

This subsection proposes a unified presentation of DWH taistics. The proof of this represen-

tation is attached in Appendix A-1.1. The four statisticegmsed by Wu (1973) are given by

~ A ~

7= mB-BENB-B), 1=1,234; (3.1

the three versions of Hausman-type statistics are defined as
Hi = T(B-BYST (B-B), i=1,23, (3.2)

and the Revankar and Hartley (1973, RH) statistic is given by
RH = kryXnry, (3.3)

wheref = (Y'M,Y)~1Y' M,y is the ordinary least squares (OLS) estimatofof = [Y'(M; —

M)Y|7YY'(M; — M)y is the two-stage least squares (2SLS) estimatgt, of

2 = 62A, Dy =62A, 33=5%A, X,=6%A, (3.4)
o= G205 6200, 5y, =5%A, 33=5A, (3.5)
Spo= %DlzxZéDle)—lZéDl, (3.6)
2y = %Y’(Ml —-M)Y, Q5= %Y/MlY, (3.7)
A=Qn) — 0274 D= %MlMMly, (3.8)

&2 =y—-YBMy—-YB)/T, & =y-YB) Ml(y-Yp)T, (3.9)
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ot = (y —YB) (M1 — M)(y - YB)/T = 6° — &7, (3.10)
65=6"—(B-BYAT (B -B)=06"-*(B- D)Ly (B B), (3.11)
6e=(y—YBYM(y—YP)/T, 6% =yMgy'/T, (3.12)

My =1 — MY (Y'MY) 'Y M, (3.13)

andky = (k2—G) /G, ke = (T—k1—-2G) /G, k3 = ky =T—k1—G ,kr = (T—k1—ka—Q) [ ko.
The corresponding tests rejedt, when the test statistic is “large”.

In the above definitionss? is the OLS-based estimator of, 52 is the usual 2SLS-based
estimator ofo2 (both without correction for degrees of freedom), whilg 53 and 6% may be
interpreted as alternative IV-based scaling factérsis consistent whely” is exogenous whilé>
is consistent with strong instruments irrespective of Whgt” is exogenous or not. Apart froR#,
the other statistics are based on comparing the OLS and 28liSag¢ors of5. They differ through
the use of different “covariance matrices; uses two different estimators oﬁ, while the other
statistics resort to a single scaling factor (or estimafory). The expressions of the Durbin-Wu
test statistics in (3.1) are different from those in Wu (1928onometrica). The link between Wu
(1973) notations and ours is established in Appendix 1.1u¥¥ethe above notations to better see
the link between Hausman-type tests and the Wu tests. licplart it is easy to see thaf; = >,
andX, = X3,507; = (k3/T)Hz and Ty = (ks/T)Hs. Sincers/T = k4/T — 1 asT — +oo,
T3 is asymptotically equivalent with(,, and 7, is asymptotically equivalent withs.

Finite-sample distributions are available for, 7o and RH (under a Gaussian distributional
assumption), whil€s and7; can be interpreted as asymptotically justified modificatiofi/; and

7T2. More precisely, ifu ~ N[0, ¢Ir] andZ is independent of;, then
Ti~F(G ke —G), To~F(G,T—k —2G), RH~F(ky, T —ki —ky—G) (3.14)

under Hy. If furthermore,rank(Il;) = G and the sample size is large, we have (with standard
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regularity conditions): undef,
H 5 2(G), i=1,2,3, (3.15)

T 5 33(G), 1=2, 3, 4. (3.16)
The question is now what happensig, 7; andRH whenrank(Il;) < G?
3.2. Regression interpretation
It is interesting to observe th&g is the usualF'-statistic for testing: = 0 in the extended “regres-
sion”:
y=YB+Ziy+Va+e. =X0+e,, (3.17)
whereV = MY, e, = P,Va+e, P = Z(Z'2)7'Z', Z = [Z1 : Zy], X = [X; : V],

X1 =[Y: 2,0 =[5, d] ande is independent of” with mean zero and variane€ ; see

Dufour (1987, egs. (3.1)-(3.2) and (4.2)). Sidce= Y + V, (3.17) can also be written as
y=YB+Z1y+Vb+e, = X0, +e,, (3.18)

whereX = [X,: V], X, = [V : Z1],0, = [8, 7/, V'], andb = B+ a. We see thaH; : « = 0 can

be assessed by testiif), : 5 = bin (3.18). Let define

6 : the OLS estimate of in (3.17) 6y : the restricted OLS estimate 8funderH, in (3.17)
6, : the OLS estimate df, in (3.18) 6, : the restricted OLS estimate 6f underH,
in (3.18)
0, : therestricted OLS estimate 6f underb = 0in (3.18) org = —a in (3.17}

S©O) = (y—X0)(y—X0), Su(0:) = (y — X0.) (y — X0.).
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Then, we have

S(6) = S.(6.), S(Bo) = S.(0.0), (3.19)
S() = T&2%, S(By) =T62, S.(8)) = T52, (3.20)

wheres?, 5%, 52 are defined in (3.9) - (3.13). So, exceptfér, H;, i = 2, 3 and7;, 1 =1, 2, 3, 4

can be expressed as [see Appendix A-1.2 for further details]

S(80) — 5(6))/G

7 [0( 0) — S(0))/G T , (3.21)
[S.(0.) = Se(0)]/ (k2 — G) SO)/(T — ki —2G)
_— S( 0)=50) o, __500)-56) (3.22)
S.(ON/(T — k1 — Q) S(00)/(T — k1 — G)
Hy — w H — M (3.23)
S.(0,)/T S(00)/T

where S, () — S.(0) = Q1 = T2, S.(0) = T52 and a2, 52, are defined in (3.9)- (3.13).
Equations (3.23) - (3.22) are the regression formulatioD\&H statistics.

We now derive the same expression ®oH. Assume that
u = Va+e, (3.24)

wherea is aG x 1 vector of unknown coefficients, anrds independent oV with mean zero and

variances?2. From (2.2), we hav& =Y — Z,II; — Z,1I, and (3.24) becomes
uw=Ya— Z1Ila— Zyllsa + €. (3.25)
If we replace (3.25) in (2.1), we get
y=Yb+ 217+ Zoa+ec=X0+¢, (3.26)

whereb = a+ 3,7 = v — Ila,a = —Ilha, 0 = [V, ¥, d] andX = [X1, Z5] = [V, Z].
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Revankar and Hartley (1973) propose to test the exogenkity (@e., Hy : a = 0) by testing the

hypothesis
Hy : a=-Ia=0. (3.27)

If rank(Il;) = G, a = 0 if and only if @ = 0, henceH, is equivalent toH;. However, if
rank(Ily) < G, i.e. if identification is deficient (weak instruments)= 0 does not entail that =

0. So, the RH test may not test the exogeneity'dh the model if the instruments are weak. As we
can see from (3.27); is the joint hypothesis that all coefficients 8f;, j =1, ..., ks in (3.26)
are zero. ClearlyH) is equivalence tdZ; only when identification is strong:ank(Ily) = G [see
Revankar and Hartley (1973)]. Moreover, equation (3.26%ttates clearly that the endogeneity of
the regressor¥” may be viewed as a problem of omitted variables [ see Duf@87)].

Now, define

>

§ . the OLS estimate df in (3.26) 6, : the restricted OLS estimate 6funderH;

in (3.26) 5(9) = (y — X8)'(y — X0).

Then, theRH statistic is expressed as

0) =5(0) (3.28)

S(0o)

D>

R = R

Equation (3.28) is the regression interpretatiorRG{ statistic.

In addition to Staiger-Stock(1997) weak instruments fraomé— as in Hahn et al. (2008) and
Guggenberger (2008)- this paper proposes a finite-samalgsiof the distribution of DWH and
RH tests under the null hypothesis (level) and the alteredtypothesis (power), including when

identification is deficient or weak (weak instruments).
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4. Finite-sample theory

To obtain finite-sample results on the distributions of #st statistics, we shall consider two setups
on the disturbances distributions: the strict exogenaitys where the structural error is indepen-
dent of the endogenous regressors and the set of instruarehtie second setup where the reduced

form errors belong to Cholesky error family.
4.1. Strict exogeneity
The strict exogeneity hypothesis is expressed as
Hy : wisindependent ofY, Z] (4.2)

VS

H : u=Va+e, (4.2)

wherea is aG x 1 vector of unknown coefficients; is independent of” with mean zero and

varianceo2. The hypothesig, can also be expressed as
Hy : a=0. (4.3)

Itis important to note that (4.1) - (4.2) does not require assumption on the functional form bf.

So, we could assume thitobeys a general model of the form
Y = g(Z17 Z27 V7 H)a (44)

whereg(.) is a possibly unspecified non-linear functiai, is an unknown parameter matrix and
V follows an arbitrary distribution. This setup is quite wided does allow one to study several
situations wheré” does not follow a Gaussian distribution.

We shall now analyze the distributions of DWH and RH statsstinder the null hypothesis

(level) and the alternative hypothesis (power).
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4.1.1. Pivotality under strict exogeneity

As mentioned above, we study here the distribution of exeiggrests undef, without imposing
any restriction on instrument strength. Theorem belowhbdistzes the pivotality of all statistics,

including situations where identification is deficient orakdweak instruments).

Theorem 4.1 FINITE-SAMPLE DISTRIBUTIONS OF EXOGENEITY TESTS Under the assumptions
(2.1), (2.3) - (2.4) and the null hypothesigt.1), the conditional distributions givefY", Z; , Z5] of
the statistics defined i{8.1) - (3.13) depend only on the distribution af o,, irrespective of whether

the instruments are strong or weak.

Theorem4.1 shows that under strict exogeneity, DWH- and RH-type tesisygically robust
to weak instruments (level is controlled) whether the instents are strong or weak. This pivotality
result allows the construction of exact identificationusbexogeneity tests even with non-Gaussian
errors [Monte Carlo tests, see Section 5]. The Monte Carbgeneity (MCE) tests proposed do
not require any restriction on the distribution W6fand the functional form o¥". More generally,
assumption2.2) may not hold and one could assume tliabbeys a general non-linear model as
defined in (4.4) and thafy, . .., Vi are heteroskedastic.

Section 4.1.2 below focuses on the power of the tests.

4.1.2. Power and large endogeneity

We characterize the distributions of DWH and RH tests unidemtternative hypothesis (4.2) with
or without weak instruments. Two main results are preserf@dt, we show that the conditional
distributions giverY, [Z;, Z,] only depend on the endogeneity parametand derive cases where
the tests have power even if identification is deficient orkwé&econd, we introduce the concept of
“large exogeneity” and analyze its effects on the tests.ofdma4.2 below characterizes the power

of the tests.
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Theorem 4.2 FINITE-SAMPLE DISTRIBUTIONS OF EXOGENEITY TESTS Let the assumptions

(2.1) - (2.4) hold. If furthermoreH; in (4.2) is satisfied, then we can write

Hi = T(Va+e) (A —A) SN (A - A (Va+e), (4.5)
L (Va+e)Co(Va+e)

"y = T(Va +e)D1(Va+e)’ (4.6)

Hy = T((Va—ks))’C’oEVa—FE)) ’ @.7)

B kr1(Va+e)Co(Va+e)
L= (Va+e) (D1 —D1)(Va+e)’ (4.8)

B ko(Va+¢e)Co(Va+e)
= v —C)Vata)’ (4.9)

_ m3(Va+e)Co(Va+e)
T = (Va+e)D1(Va+e) ' (4.10)

 m(Va+e)Co(Va+e)
Ta = (Va+e)Di(Va+e¢) ’ (4.11)

kr(Va+e¢)Pp,z,(Va+e)
R = 4.12
& (Va+¢e) (D1 — Ppyz,)(Va+e)’ ( )

where

51 = (Va+e)Di(Va+e)2 — (Va+e)Di(Va+e)2; e,

Cy = (Al - Al)/AA_l(Al — Al), 1‘_11 = [Y/(Ml — M)Y]_ly/(Ml — M),
_ — 1 1

A = (Y'MY)"'Y'M,y, Dy = TMlM(Ml—M)w D, = fMlMMlYa

Pg = B(B'B)"'B’andMjg = I — Pg for any matrix B,

Qrv, 215 and A are defined in3.7)-(3.8), kg = (T — k — G)/ky, and sy, | = 1,2, 3, 4, are
defined in(3.1) - (3.13).

We note first that Theorem.2 follows from algebraic arguments only, 80 [Z;, Z5] can be

random in any arbitrary way. Second, we remark that giN€énZ;, Z5], the distributions of the
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statistics only depend om as nuisance parameter. This characterization of the poimbedests
clearly exhibits(A; — A1)Va, CoVa, D1Va, D1Va, Pp, z,Va as factors which determine power.
So, we can observe that the tests have no power if all institegnvaee weak [similar to Guggenberger

(2008)]. This result is proved in Corollad:3below.

Corollary 4.3 FINITE-SAMPLE DISTRIBUTIONS OF EXOGENEITY TESTS Under the assump-

tions of Theorem 2, if 1T, = 0, then we havéA; — A;)V = CoV = D1V = D1V = Pp, 2,V =

0 so that
Hi = Te(A — A I (A — Aye, (4.13)
e'Coe e'Coe
— =T 4.14
e e'De’ s e'Die’ (4.19)
%16/006 526,006
— e === 77 4.15
7-1 6/(D1 — D1)<€7 7-2 6,(D1 — 00)6 ’ ( )
%36/006 1646/006
= — = 4.16
7s e'Die ’ T4 e'Die ’ (4.16)
I{REIPD122€
RH , 4.17
6/(D1 — PD122)€ ( )
where

_ ! A—1 ! A—1
Y = eDieflyy; —eDiefl)g.

When II; = 0 (irrelevant instruments), the conditional distributiogisen [Y, Z;, Z], of the
statistics are the same under the null hypothesis and temalive hypothesis. This entails that
the unconditional distributions are also the same undemthieand the alternative hypotheses.

Consequently, the power of the tests can not exceed the ablairel [ similar to Guggenberger

(2008)].
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We now introduce the concept of large endogeneity and stigdsffiects on the test statistics.
Without loss of generality, less assume that(u, V) = 6 and E(V/V;) = Xy, whereXy is a

fixed positive matrix. From (4.2), we have
Sva=4 & a=5,'%. (4.18)

Let||.|| be the euclidian norm iR“. Since Xy, is fixed (does not depend neithenor &), from

(4.18), we have

lall = [=14] (4.19)
and|[]] — Hoo & |a]| = +oo. (4.20)
When condition (4.20) is satisfied, we say that the endogerslarge.
The question is how behave DWH-type test statistics in fiséteple when this condition is

satisfied.

Let first introduce the following notations and definitions:
WA B = {AeR":[A-AB|=0} (4.21)

where A is any positive semidefinite random matrix aBds any positive definite random matrix

of dimensions. Let

Ao = max W\[V'CoV, V'DV], (4.22)
AeRt

Ay = max W\ [V'CoV, V/(Dy — Dy)V], (4.23)
AeRT

A, = mnax WV Pp,z,V, V'DiV], (4.24)

A = min W[V'CyV, VD V], (4.25)

AERT
X = min V\[V'Pp, 5V, V' DiV], (4.26)

AeRt
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whereCy, D1, D1, and Pp, 7, are defined in Theorem.2 Note that the extremum defined in
(4.22) - (4.26) are positive since the matrices in the arqusefV) (., .) are all symmetric, positive
definite whenevel a # 0 with probability 1.

Theoremd.4 below gives the distribution of DWH-tests under conditidr2Q).

Theorem 4.4 FINITE-SAMPLE DISTRIBUTIONS OF EXOGENEITY TESTS Let the assumptions of
Theoremd.2 hold and assume thafa # 0 with probability 1.
(A) If I1; # 0, then

0 < limH; <lmH; <limHz <Th < 400, (4.27)
llal|—o0  lal=oc  Jlal|—o0
0 < /\1<—11m7§ <—11mTl <Ay < +oo, (4.28)

K3 ||la|]|— o0 K1 ||a|]|—o0

0 < )\1<—11m’7§<—11m71<—hm75 < < 400, (4.29)
K3 |la|—oo  Fdal—oo  K2|a]soo 1+ /\2
0 < i —h RH < ——— A < 400 (4.30)
14+ A 7 KR |la]|—oo _1+/\* ’ '
wherea, Ay, A5, A and A} are defined ir(4.22) - (4.26).
(B) If ITI; = 0, we have
: 13 Iy—177 . 5/005
limH; = Te (A — A1) Y (A1 — Ay)e, imHy =T ——=
la]| =00 lallc0 €' D1
/
lim Hy = TE/COE , (4.31)
lla]—o0 e'D1e
. k1€ Coe . koe'Coe . kse'Coe
Im7; = — 820 imTy = 200y = B30 432
Jall—so0 (D1 — D1)’ jajmoe  €(D1 = Co)E” jajsoe  €'Die (4.32)
/ /
P,
T R RH = i T D1%" (4.33)

= 11m
7 J / )
llal|—o00 e'Dqe llal|—o0 e'(D1 — Pp,z,)e
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whereX., Co, D1, D1 and Pp, z, are defined in Theorem 2.

We note that the distributions of all tests are finite for fixBdvhether the instruments are
strong or weak and the endogeneity large. Thus, the powedreofdsts does not converge with
a large endogeneity. Furthermore, whign = 0, the distribution of the tests does not involve the
endogeneity parameter Consequently, the tests have no power. More interestieglyation (4.27)
indicates thaf{3 dominates (in term of powef){s and#, dominatesH;. By the same way, we
can see from equations (4.28)-(4.29) tiatdominatesys; 75 dominates/y and7; dominatesys.
However, any theoretical power comparison is provided/foand7; or 7; and7;. Nevertheless,
the simulation experiment in Section 7 suggests fhdias less power thay, and7;.

We now focus on the Cholesky error families setup.
4.2. Cholesky error families

In this section, we impose more restrictions on the distidms of the errordu, V| defined in

model (2.1)-(2.2).

Let
U=, V]=[Uy,..., U7, (4.34)
W= V]=u+VB V]=[W, W, ..., Wr]'. (4.35)
We shall assume that the vectéfs= [us, V/)',t =1, ..., T, have the same nonsingular covari-
ance matrix:
/ o2 4§
EUU, ) =XY=| "¢ >0, t=1,...,T, (4.36)
b Xy

where X'y, has dimensiorz. Then the covariance matrix of the reduced-form disturbafte =

[v, V/]' errors in (2.5) - (2.6) also have the same covariance mattich takes the form:

P { o+ XyB+2688 By +46 ] (4.37)

XvB+90 v
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where(? is positive definite. In this framework, the exogeneity hyy@sis can be expressed as
Hy:6=0. (4.38)
Under (4.2), we have from (4.36)
§=2Xva, o%=o02+dSva=02+85,'5. (4.39)

So, the null hypothesis in (4.38) can be expressed as

Hy:a=0. (4.40)
Assume that

Wy=JW;, t=1,..., T, (4.41)

where the vectoV 7y = vec(W1, ..., Wr) has a known distributiod;, and.J € R(GH1)>(G+1)

is an unknown upper triangular nonsingular matrix [for aikimassumption in the context of multi-
variate linear regressions, see Dufour and Khalaf (200@)arfour, Khalaf and Beaulieu (2008})].
When the errordV; obeys (4.41), we say th&t; belongs to Cholesky error family.

If the covariance matrix of; is an identity matrix/, 1, the covariance matrix of¥; is
Q= E[WW]]=JJ. (4.42)
In particular, these conditions are satisfied when
W, "N, Iga], t=1,...,T. (4.43)

Since theJ matrix is upper triangular, its inverse™! is also upper triangular. Let

pP=(J". (4.44)

'In Section 6 below, we consider alternative assumptionetwvel an asymptotic distributional
theory for the test statistics.
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Clearly, Pisa(G + 1) x (G + 1) lower triangular matrix and it allows one to orthogonalizg’ :
PJJP=1Ig4, (JJ)'=PP. (4.45)

In (4.45), P’ can be interpreted as the Cholesky factofof!, so P is the unique lower triangular
matrix that satisfies equation (4.45); see Harville (199ti®n 14.5, Theorem 14.5.11). We will

find useful to consider the following partition &f :

P 0 ]
P = 4.46
[ Py Py (4.46)

where P, # 0 is a scalar and, is a nonsingulay x G matrix. In particular, if (4.42) holds, we

see [using (4.37)] that an appropridfematrix is obtained by taking:

Py = (02— 5/2\715)_1/2 =0., PpXyPy=Ig, (4.47)

Py = —(B+2Zy0)(0n —8'2,16) 72 = ~(B+a)o . (4.48)

Further this choice is unique. From (4.48y,; only depends on¥Yy and P15 + Py =
—(Zy10)ost = —aoZl. In particular, if§ = 0,we havePy; = 1/0,, Py = —f/o, and
P11+ Py =0.

If we postmultiply [y, Y] by P, we obtain from (2.5) - (2.6):

. +ILB 1T _
5, V] =y, Y] P = [yPi1 + Y Py, Y P = [Z1, Zo)] [ v+iLp In ] P+W  (4.49)
IL,3 Iy
where
W=UP=1[o,V]=[Wi ..., Wr], Wy = [0, V,] . (4.50)
’DZUPll—i-VPQl:[@l, ,’DT]/, V:VPQQZ [‘71, cee VT]/, (4.51)

Then, we can rewrite (4.49) as

g = Z1(yPi1+ Q) + Zollx¢ + 0, (4.52)
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Y = Z1ILh P+ ZollaPys +V (4.53)

where
¢ =BPi + Py = —(2,10) /(02 — ' 5,16)Y? = —ao L. (4.54)

SinceM Z = 0,

My = Mo, MY = MV, (4.55)
Mg = Mi(py +79), Mi¥ = Mi(uy + V). (4.56)

where
g = M1 ZoIIo¢ = —o. ' My ZoIloa,  py = My ZoI1oPas . (4.57)

Clearly, ( = 0 & 6 = a = 0 andy, = 0. This condition holds undef, (6 = a = 0).
Furthermore, ifll; = 0 (complete non identification of model parameters), we have= 0 and

1y = 0, irrespective of the value @ In this case,
M:Ij:Mﬁ,MY:MV,Mlﬂ:Mlﬁ,Mlszlv. (4.58)
We can now prove the following Cholesky invariance propeftsll test statistics.

Lemma 4.5 CHOLESKY INVARIANCE OF EXOGENEITY TESTS Let

Ri1 0
R = 4.59
{ Ro1 Roo ] (4.59)

be a lower triangular matrix such thak;; # 0 is a scalar andR», is a nonsingularG x G matrix.
If we replacey andY by y. = yR11 + Y Re; andY, = Y Rgs in (3.1) - (3.13), then the statistics

H; (i=1,2,3),T; (l=1,2,3,4) and RH do not change.

The above invariance holds irrespective of the choice oélawangular matrixR. In particular,

one can choos& = P as defined in (4.44).



Let introduce the following notations:

Qv = Qv (pg, V) = (pe + V) (My — M)(ug + V),

Qns = 205(pg, V) = (pa + V) Mi(py + V),

whereA = A(u,, V) is defined in (3.8),

W%V = le(/‘l) M2, ‘77 @)2 = (:ul + Z_})/D>/1<D>i<(:u1 + Q_})v
W%S = WLS(/M, M2, ‘77 @)2 = (:ul + ’l_})/c*(lu’l + 6)7
where
Co = Mi—Mi(ug+ V)22, V) (pa + V) My
D = Mi—Mi(uy+V)2rv(pa, V) pg + V) (My — M),
w% = wl(:“l? Mo, V? 6)2 = (Ml + ?7)/E(M1 + T))a
w% = w2(:u17 H2; V? 2_})2 = (lu’l + 2_})/[C’* - C/A_lc](:ul + ,L_)) )
w%% = wR(:ula 1253 Va 5)2 = (lu’l + ﬁ)/[Dl - PD1Z2](/L1 + 5)7
C = 2v(pg, V) g+ V) (My — M) — Qu5(pg, V) (g + V) M,
B = (My— M) = (uy + V)20 (s V) g + V] My — M),
and finally
w% = w3(:u'17 K2, Va 6)2 = W%V7 w?} = (/.)4(/141, 2 V? 6)2 = W%S :
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(4.60)

(4.61)

(4.62)

(4.63)

(4.64)
(4.65)
(4.66)
(4.67)

(4.68)

(4.69)

We can now prove the following general theorem on the digtidins of the test statistics.
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Theorem 4.6 FINITE-SAMPLE DISTRIBUTIONS OF EXOGENEITY TESTS Under the assump-

tions (2.1) - (2.4) and assumptioti4.41), the statistics defined if8.1) - (3.13) have the following

representations:

H; = T[lu’l + @]/Fi(ﬂ1>ﬂ2aﬁ>v)[ﬂl + Q_}] ;o 1=1,2,3,

72 - K‘l[lul +@]/E(M17N2757V)[N1 +®]7 = 17 27 37 47

RH

- HR[:“l + T)],FR(MM Ko, v, ‘7)[:“1 + 6] )

where[v, V], iy, 1, are defined in4.50) and (4.57),

Fl(:uh Mo, Va v

4
~—

FZ(MM Mo, Va v

4
~—

F3(:u17 Mo, Va v

4
~—

n(ﬂl7 M2, Va

<

)

FR(HI? Ko, V7 Z_})

C'lwhy 25y —wispgl™'C,
1

——C'A™lC,

Wiy
1

——C'A™'C,

Ws

1

—Cc'A7C, 1=1,2, 3,4,

wi

1 _ _
_2(:[‘1 + U),PD1Z2 (:ul + U) )
Wr

kp= (T — ki — ko — G)/ka, k1, | =1,2,3,4 are defined in3.1) - (3.13) and My, M in (2.7).

The above theorem entails that the distributions of thestitzg do not depend on neithér

nor ~. Observe that Theorer.6 follows from algebraic arguments only, §6, Z] and [v, V] can

be random in an arbitrary way. If the distributions %fand [v, V'] do not depend on other model

parameters, the theorem entails that the distributionbestatistics depend on model parameters

only throughy; andu,. Sincepu, does not involvey, 4, is the only factor which determine power.

If u; # 0, the tests have power. This may be the case when at least dnammest is strong

(partial identification of model parameters). However, \&a observe that wheml; Zs I[Tya = 0,
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1, = 0 and exogeneity tests have no power. We now provide a fornaabcterization of the set of
parameters in which exogeneity tests have no power.

Let (M, Z,115)~ be any generalized-inverse bf, Z» 115 and define
A = (M1 ZoI15) " M, Z511, . (4.70)
Then, a general solution of the homogeneous equatip#,lsa = 0 is
a = (Ig—A)a*, (4.71)
wherea* is any arbitraryG x 1 vector [see Rao and Mitra (1971, Theorem 2.3.1)]. Let
N, = {aeR:a=(Ig— Aa*, a* € RY}. (4.72)

Note that if the matrix of instrument&; has a full column rank (sa¥.), we haveN, = {a €
RE : ITha = 0}. So, provided identification is strong and Radk) = k, N, = {0}. However,
in generalV,, # {0} unless Rank\/; Z,II») < G. Corollary4.7 below characterizes the power of

the tests when € N,,.

Corollary 4.7 FINITE-SAMPLE DISTRIBUTIONS OF EXOGENEITY TESTS Under the assump-
tions of Theorem 4, if a € N,, we haveu; = 0 and the statistics defined {3.1) - (3.13) have

the following representations:

Hi =TV (o, 0, V), i=1,2, 3,

T = K/ll_}lf‘l(ﬂ%l_}?‘?)ﬁv l=1,2,3,4,

RH = K/RQ_}/FR(/L%Q_}?V)Q_}
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irrespective of whether the instruments are weak or stravitgre

) = Fi(onuﬂvl_}vv)»n(ﬂ27ﬁvv)zn(ovﬂ27ﬁ>v)v

<I

[‘i(:“'272_}7

<

Trpy, 0, V) = Ip(0,pu9,0,V),

¢ = —('0)/(oh - 8'%y19) 2,
D(:“‘lv 2, U, ‘7)7 Fl(#la K2, v, V) and FR(#I? s v, V) are defined in Theorem@.

First, note that wheru € N,, i.e. whenM; Z,1l,a = 0, the conditional distributions given
Z andV of exogeneity tests only depend pn irrespective of the quality of the instruments. In
particular, this condition is satisfied whéfR = 0 (complete non identification of model parameters)
or § = a = 0 (under the null hypothesis). Singg does not depend annor «a, all exogeneity test
statistics have the same distribution under both the nyibthesis(d = a = 0) and the alternative
(6 # 0) whena € N, : the power of these tests cannot exceed the nominal levelsh&practice
of pretesting based on exogeneity tests is unreliable écthse.

Theorem4.8below characterizes the distributions of the statisticemthe errors are Gaussian,

i.e. under the assumption (4.43).

Theorem 4.8 FINITE-SAMPLE DISTRIBUTIONS OF EXOGENEITY TESTS Let the assumptions of

Theorem4.6 hold. If furthermore the normality assumpti¢f43) holds andZ = [Z;, Zs] is fixed,

then
Hi = Tluy + 0] Th(py, po,0,V)py + 7],
B S _ ¢1(i> Vl)
7‘[ = T +v /F ) ,'l),v +o]~ T x ’
9 11 + 0] Ty, pg )1 + 9] 6o (0, 13)
_ T
MoV~ <RIF(G, T — ki — 2G; vy, va),

1 —|—/~£2_1F(T— k1 —2G, G;vq, v1)

7-1”7 ~ F(G, kQ—G;Vl, Ul),
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7-2“7 ~ F(G, T—kl —2G;V1, Uz),

_ 5 I 5.V =1 ¢1(Q_}7V1)
T3 Kolpy + 0 Do py, 1,0, V) 11y + 9] 2 )
> R4 _
Ta|V o~ <RsF(G, T — ki —2G;v1, v9),
4 1+/{2_1F(T—k‘1—2G, G;vg, V1) 2 ! 1 v2)
R,HH_/ ~ F(kg, T—k—G;VR, UR),
where
¢1(0, V)|V = [y + 0 C'ATICly +0]| V ~ X2 (G ),
G20, v3)| V. = Wiy|V ~XH(T =k = Givs),
vi = mC' AT Cpy, vz = Py (DLD* )y, v1 = py Epy, vg = iy (Coo — C' AT Oy
. TG . (T—hk -GG
vR = W Pp,zypn, vR = 1y (D1 — Pp,z,)p, Ry = T k20 27 Tk —2g

and[®7V]7M17 Ha, ‘Fi(lula o, 177 V),'l: 17 27 Ca A7 0*7 D*7 EJ D17 PD1227 K2 and

k4 are given in Theorerd.6.

The above theorem entails that giviEn the statisticsT7, 7, andR#H follow double noncentral
F-distributions, whileT, and#3 are bounded by a double noncentfatype distribution. However,
the distributions of/3, H- and#, cannot be characterized by standard distributions. As eofiégm
4.6, 1, is the factor which determine power. /ff # 0, the exogeneity tests have power. However,

wheny, = 0, all tests have no power as showed in Corolld§below.

Corollary 4.9 FINITE-SAMPLE DISTRIBUTIONS OF EXOGENEITY TESTS Under the assump-

tions of Theorem 8, if a« € N,, we havey; = v3 = v = vy = vg = v = 0 so that

H1 = TV I(pg, 9, V)0,
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¢1(v)
Po(0)
T

Uy ~ <RF(G, T — ki — 2G),
’ 1+ 1y (F(T — k1 —2G,G) ) ( 1-26)

Ho = T0'Io(py,v,V)o~T

7-1 ~ F(G7kZ_G)77-2NF(G7T_k1_2G)7
¢1(v)

$o(0)
K4

Ta ~ <Ry F(G, T -k —2G),
! 141y F(T — ki —2G, G) 2 ( ' )

T3 = RQT)/FQ(MZ,’D,V)T}NRQ

RH ~ Flkoy T —k—G),
where

¢1(®) = (bl(@? 0)7 (ZSZ(T)) = ¢2(®7 0)7
¢1 (0, v1), $1(0, v3), [;(iy, po, 9, V), i = 1,2 are defined in Theorem&.

Observe that when € N,, the non-centrality parameters in tiédistributions vanish. In
particular, under the null hypothest$, we havea = 0 € N, and all exogeneity tests are pivotal.
Furthermore, all exogeneity test statistics have the sastiebdition under the null hypothesi§ &

a = 0) and the alternativej(£ 0): the power of the tests cannot exceed the nominal levels.
We now describe the exact procedure for testing exogeneéyn with non Gaussian errors:

Monte Carlo exogeneity (MCE) tests.
5. Exact Monte Carlo exogeneity tests

The finite-sample characterization of the distribution xégeneity test statistics in the previous
section show that the tests are typically robust to weakunstnts (level is controlled). However,
these distributions (under the null hypothesis) of theisties are not standard if the errors are

non Gaussian. Furthermore, even for Gaussian ertors#s, and73; cannot be characterized by
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standard distributions. This section develops exact M@aido tests which are identification-robust
even if the errors are non Gaussian.

Consider again eq.(2.1) and assume that we test the stogeagity ofY’, i.e. the hypothesis:
Hy : wisindependent ofY, 7]. (5.1)

If the distribution undei of u/o,, is given, the conditional distributions of exogeneity t&sitis-

tics given[Y, Z] are pivotal and therefore can be simulated [see ThedrdnLet
W e {Hi,Hi, RH,i=1,2,3;1=1,2,3,4}. (5.2)

We shall consider two cases: first, the supportldis continuous and second, the support may be
a discrete set.

We first focus on the case where exogeneity tests have consnualistributions. Let
Wy, ..., Wy be a sample oV replications of identically distributed exchangeabled@m vari-

ables with the same distribution &8 [for more details on exchangeability, see Dufour (2006)].

DefineW (N) = (Wq, ..., Wy)" and letiV, be the value of¥ based on the observed data. Let
. NGy(z)+1
=7 - 5.3
Gn(2) = Gylz; WN)], (5.4)

where the survival functiof! y is given by

N
1
Gz W(N ZIW > x], (5.5)
2:1
1[C] = 1 ifcondition C holds,

= 0 otherwise. (5.6)
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Then, we can show that

Plpn(Wo) < o

N 1 for = = 4 ( )

[see Dufour (2006, Proposition 2.2)], whefr] is the largest integer less than or equaktoSo,
pn(Wo) < ais the critical region of the MC-test with levél — o and py (W) is the MC-test
p-value.

We shall now extend this procedure to the general case wheridtribution of the statistig)’
may be discrete. Assume thif(N) = (Wy, ..., Wy)' is a sequence of exchangeable random

variables which may exhibit ties with positive probabilitore precisely

POW;=W;y)>0 forj#j4,45,7=1...,N. (5.8)

Let us associate with each variablg, j =1, ..., N, arandom variablé/;, j =1, ..., N such
that

Ui, ... Uy = U0,1), (5.9)

U(N) = (Uy, ..., Uy) isindependent otV (N) = (W1, ..., Wy)" whereU (0, 1) is the uni-

form distribution on the interval0, 1). Then, we consider the pairs
Zj=Wpl;), j=1,..., N, (5.10)
which are ordered according to the lexicographic order:
Wj,U; ) < Wy, Uy ) <= {W; < Wy or W; =Wy andU; <Uj)}. (5.11)

Let us define the randomized p-value function as

o N@N(w) +1
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where the tail-area functio@ v is given by

GN(:L') = GN[$§UO>W(N)>Z’{(N)]> (5-13)

and

N
Gl o, WIN) U, = 137 1(25 > (o)) (5.14)
i=1

Uy is aU(0,1) random variable independent @f (V) andU (N). Then, we have

Ila(N +1)]

Plpn (W) < af N1

for 0<a<1, (5.15)

[see Dufour (2006, Proposition 2.4)]. Say(Wy) < « is the critical region of the MC-test with
level 1 — a andpy (W)) is the MC-test p-value.
The algorithnd for computing Monte Carlo exogeneity tests p-values in oot distributions

setup is described as follows:

1. compute the test statisti€; based on the observed data;

2. generate.i.d. variablesul)) = [ugj), e ,u&?)]’, j=1,...,N, according to the selected
distribution—for exampleugj) ~ N[0,1]forallt=1,... ,Tandj = 1,... ,N. Since the
distribution of W under H, does not involve neithe# nor v, compute the pseudo-samples as

functions of the OLS estimato&and& from the observed data, i.e.
gD =y I3 7205 D =1 T j=1,..., N, (5.16)
given the observed data and Z1;

3. compute the corresponding test statistics), j =1,... ,N;

2This algorithm can easily be generalized to discrete case
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4. compute thé/C p-value

Puc = Pn[Wol; (5.17)
5. reject the null hypothesiHj at levelay if pyo < a.

The following section analyzes the distribution of exogbntest statistics in large-sample with

or without weak instruments.
6. Asymptotic theory

We now study large-sample properties of DWH-type testdtesi. Let us consider again model
(2.1)-(2.6) and assume that (4.2) holds. Let us also refifecstrong independence assumption

betweere andV in (4.2) by the following weaker one:
g; is uncorrelated with/; and has mean zero and variantﬁefor alt = 1,...,7T.(6.1)
Without lost of generality, let us define
Zy = MiZy, Z =2y,2)], (6.2)

where)M; is the projection matrix defined in (2.7). Observe that iR)pwe haveZ; L Z,.
We make the following generic assumptions on the asymphmiaviour of model variables

[where B > 0 for a matrix B means thaiB is positive definite (p.d.), and> refers to limits as

T — ]
1 / /
IR RS Y B Y 63)
1*/ P,
72 [V e ] 50, (6.4)

. b)) 0
72'75 y, = { 21 ] >0, (6.5)
z 0 Xy
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1 L

ﬁVle — SVE s (66)
1
=7l Ve % (S, v, S (6.7)
vec|Sy, Sv, Se, Sy ~ N[0, Xg] , (6.8)
S. andSy are independent, (6.9)
Stu Sy Sie
Su = , Sy = y Se= , 6.10
R RS B b 610
St~ N[0,0757], Sou~N[0,0027], (6.11)
Sie ~ N[0,02X7], S~ N[0,025,], (6.12)

Si is @ak; x 1 random vectorS;y is ak; x G random matrix matrixi = 1, 2), Xy isG x G
positive definite matrix, and? > 0. Note that the covariance matr¥¥s may be singular.

From the above assumptions, it is easy to see that

1zZw®0, Liuw v])[uVv]Bz= S B (6.13)
T2 T 5 Xy ’ '
where
§=2%va,ol=d%va+ao?,S,=Sva+S.=Sy(X,6)+S.. (6.14)
Under assumptions (6.3) - (6.12),
plim 3 = B+ (II,X; IT> + Sv) 76 (6.15)

T—o00

andj3 is consistent if and only if (iffpy = 0, irrespective of the rank aff,. Furthermore,

5=5+D%Mrw@n*wwﬁ—Mm=5+{

/ =1 v,
Y (M —M)Y} Y (M —M)u’ (6.16)

T T
so, provided the identification conditiounk(II;) = G holds,

Y'(My — M)Y

Y'(My — M)u
7 B2y, Iy > 0, —— 2= F

. 6.17
T =0 ( )
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and

plim 3 = 4. (6.18)

T—o00

However,3 does not generally converge ffovhenrank(Ils) < G.

We now study the asymptotic distributions of the statistieder two main setups: (IJ, = Il
with rank(ITy) = G and (2)II; = IIy//T (IT, = 0 is allowed), wherd, is ak, x G constant
matrix. The second case corresponds to locally weak ingintsr{Staiger and Stock (1997)]. For
a random variabld< whose distribution depends on the sample §izehe notationk’ 5t
means thaP’[K > x] — 1 asT — oo, for anyz. Theorem6.1below summarizes the asymptotic

behaviour of the statistics undéf;.

Theorem 6.1 ASYMPTOTIC DISTRIBUTIONS UNDER THE NULL HYPOTHESIS Suppose that the
assumptiong2.1) - (2.4) and (6.3) - (6.12) hold, and letd = 0. (A) If IIo = II, wherellj is a

fixedky x G matrix with rankG, then

Hi 5 2(G), i=1,2,3, (6.19)
L r 1 , L o
71 — F(Ga ko — G)v 75 — aX (G)> 77 — X (G)v l= 3, 47 (620)
L 1 2
RH 5 =X (k). (6.21)
2

(B) If ITy = ITy//T, wherell, is a fixedks x G matrix, then

H; 5 5—12%“2/45% <y4G),i=1,2, (6.22)
Hs 5 2(G), (6.23)

L L 1 5 L 9
Th—=FG k-G), T2~ aX (G), Ti—=x(G), (6.24)

= 5_—125'5“2,452“ < 4(@), (6.25)

u
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1
Rﬂiyﬁw% (6.26)
2
where
07 = 0 + S5, X5 (57,10 + Sov )Wy Dy (25, 1Tg + Sav) £ Sau, (6.27)
Ta=Za(Sov) = T, (8,10 + Sov )0y (25, + Sav) 25, (6.28)
wvz(zznb+sﬂyzgﬂ2@nb+sﬂq. (6.29)

In the above theorem, the statisti€s, 7>, 74 and H3 are asymptotically pivotal irrespective
of whether the instruments are weak or not, i.e. their asgtigptistributions under the null hy-
pothesis do not involve any nuisance parameters even wienot identified or close not to being
identifiable. So, all exogeneity tests are asymptoticadljdveven in presence of weak instruments.
Furthermore, Theore®.1provides an upper bound f@g, H1 and#-. This result clearly indicates
that the conclusion in Hahn et al. (2008) is inaccurate. &, fander the assumption (3) of Hahn
et al. (2008), and if furthep, = 0 in eq. (5), the distributions of{; and#, in Theorem 1 [see
Hahn et al. (2008)] are bounded by a chi-square distribwtibin X" degrees of freedom. This result
is omitted by the authors who conclude (wrongly) thatand?, are invalid in presence of weak
IV. When |V are weakJ3, H1 andH, are valid but conservative.

The following theorem studies the asymptotic power of tietste

Theorem 6.2 ASYMPTOTIC POWER  Suppose that the assumptiof®s1) - (2.4) and (6.3) -
(6.12) hold, and lets # 0. (A) If II; = II, wherell is aky x G constant matrix with rank,

then, fori =1, 2, 3,andl =1, 2, 3, 4,

Hi, 5 oo, TS o0, RH, 5 +00. (6.30)
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(B) If IT, = ITy //T wherelly is ak, x G constant matrix, then

1
H; 5 —(Ioa — 551 85)' Ay (Iloa — 573182:), i =1, 2. 3. (6.31)
O 2 2
Ti % —5 (Hoa — £5'80.) Ay (Iloa — £3'85.), 1=1, 2, 3,4, (6.32)
O
L 1 P 1,
RH — Tao? (Soe — Xz,10a) X} (S2e — ¥7,MToa) ~ X (ka, ig) (6.33)
€

wherea = X,'6, pp = a/II} X5, Iya and

1 = (ke—Q)/G, ke =1/G, Rg=Fks =1, (6.34)
Ay = (Zg o+ Sav)¥y (25,110 + Sov), (6.35)
Wy = (Ez,0o+ Sav)' ¥, (87,10 + Sav) (6.36)
ol. = 03, =0}, 03, =02, 55, =054, =02, 63, = 0, (6.37)
5. = (8, Swa+ 3,128 ) Ay (2, Sava+ 5,2 5y), (6.38)

Vo= Iy -3, Ayl (6.39)

57 = on =200 (55,10 + Sav) X! S, (6.40)

+S§u2521(222]70 + Sov )y Sy (X, o + 52V)/E§2152u . (6.41)

Further,
Hs|Sov 5 3G, ), (6.42)
Ti|Sav & F(G, k — G py, Av), (6.43)
1
Ta|Sav 5 GG ny), TilSw L 3G, wy), (6.44)
where

1
= ;a’ﬂ(’]Avﬂoa:6’2‘71H6AVH02;15, (6.45)

€
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1
alsév(ztl - ZEQIAVZE;)SW(L. (6.46)

1 —1/2 ~1/2
v = —=dSh X ALY Soya = —
Ug V=7, V<=2Z, Ug Za

Part (A) of Theoren6.2 shows that DWH andRH tests are consistent in presence of strong
identification. Part (B) establishes that the tests are oogistent when parameters are not identi-
fied or nearly so. More precisely, all exogeneity tests caye/¢o finite non-degenerate distributions
in presence of weak instruments. The conditional limitirgjributions ofH3, 72, T2 andR#H given
Sy are noncentral chi-square distributions whilehas a double noncentrél-distribution. How-
ever, the conditional limiting distributions @{,, #5 and7s, given Sy, cannot be characterized by
standard distributions.

Overall, our results indicate that exogeneity tests max lmwer even in presence of weak V.

We now characterize in the following corollary the situatiwhere the tests have no power.

Corollary 6.3 AsyMmpTOTIC POWER Under the assumption of Theoren26if 17> = 0, then

L 1 . L
H, = U—&ksgaxgsk <x@), i =1, 2, Hs = x*(G), (6.47)
L r 1 5 L o
71 — F(Gv k - G)> ’T2 — EX (G)a 721 — X (G)v (648)
1 1
Ts % —-55. 5552 < X*(G), RH 5 (k). (6.49)
Ox* 2
where
X0 = X2 S (Shy X5 S ) T S Dot 6.50
A = X5 S (S Ly Sov) T Sey X, (6.50)

The = O+ 855, Sov (S Xy, Sov) T Dy (Shy B Sav) 1Sy X 1Sa: > 02 (6.51)

In the above corollary, the instruments are irrelevant, i = 0. So, all the non-centrality
parameters mentioned above in Theo@2wanish so that the statisti@¢s, 72, 74 andRH have
chi-square limiting distributions whil&; is asymptotically distributed as a Fisher witty — G, G)
degrees of freedom. Furthermore, the asymptotic distabstof the statisticg{;, H. and 73

are bounded by a chi-square distribution withdegrees of freedom. These results mean that the
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asymptotic power o3, 72, 74, 71 andR'H equals the nominal levels while those¥f, H- and

T3 cannot exceed the nominal level, a finding consistent wittfiaite-sample theory.
7. Simulation experiments

This section presents the Monte Carlo experiments. Fisstwdy the performance of OLS, 2SLS
and two-stage estimators with possibly weak-1V. Secondasgess the effects of weak instruments

on DWH andRH tests: size and power.
7.1. Performance of OLS, 2SLS and two-stage estimators withossibly weak-1V

For this experiment, we consider a single simultaneoust@msassystem described by the following
DGP:

y=Yp+u, Y =2ZII,+YV, (7.1)

wherey andY areT’ x 1 random vector§G = 1), Z, is aT x ky matrix of instruments such that

Loy £ N(0, It,), t =1, ..., T, andIl is a vector of dimensioky such thatll, = ‘/WZ)CHC’

whereC' is ak, x 1 vector of ones angi? is a concentration parameter. As in Guggenberger
(2008), we cover several values pf : 1% € {0; 13; 200; 613; 2,000; 1,000,000} where the
values ofy? less than613 correspond to those in Hansen, Hausman and Newey (2008)urln o
framework, small values gf? (saypu? < 613) depicted cases where the IV are weak so that the
parameter of interegt is not identified or weakly identified. The correlation betne andV is set
atp € {0, .05, .1, .5, .6, .95} and the true value of equals1. We takek, = 5 instrument3, so,
both 2SLS and OLS estimators have finite moments. The sarnzglésy” = 500 and the number
of replications isV = 10, 000. The results are presented in Tables 2.5- 2.17 in Appendix C.

In the first column of the tables, we report the differentraatiors while in the second, we report
the concentration parametegi$ which represents the quality of the IV. Finally, the othelucans

report the correlatiop between the errors and (possibly) endogenous regressors.

3The choices o, = 10, 20 lead to the same conclusions.
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Our major findings can be summarized into two points: (1) @veride range cases, includ-
ing weak IV and moderate endogeneity, OLS performs bettar 85LS [finding similar to Kiviet
and Niemczyk (2007)]; (2) pretest-estimators based on@xeity have an excellent overall per-
formance compared with usual IV estimator. This suggeststhie practice of pretesting based on
exogeneity tests is not to bad (at least in the viewpoint tifredion) as claimed by Guggenberger
(2008).

We now analyze the properties (level and power) of the tests.
7.2. Size and power of DWH and RH exogeneity tests

In this subsection, we analyze the properties (size and p@#®WH and RH tests in presence of
possibly weak instruments. We now consider the two endagerariables model described by the

following data generating process:
y=Y161 +Yofs +u, (Y1,Y2) = (Zalla1, Zollss) + (V1, V2), (7.2)

whereZ, is aT x ko matrix of instruments such thak; follow i.i.d N (0, I,) fort =1, ..., T,

115, and Il are vectors of dimensiok,. We assume that
uw=Va+e=Va + Voas +e¢, (7.3)

wherea; andas are2 x 1 vectors andt is independent with” = (V3,13), V4, andV; areT x 1

vectors. Through this experiment,

1 0

(Vig, Var)' ESY (0, { 01 D and ¢ i'riv'dN(O, 1), forall ¢t=1,...,7. (7.4)

The above setup allows us to take into account situationseyhe: (3,, 3,)" is partially identified.
In particular, ifIIo; = 0 andil},I1s9 # 0, the instruments, fail to identify the entire vectof but
B, is identified. We define

115 = 1 Co, Iz = nyCh, (7.5)



65

wheren; andn, take the valu&) (design of complete non identification))1 (design of weak
identification) or.5 (design of strong identification)Cy, C1] is aks x 2 matrix obtained by taking
the first two columns of the identity matrix of ordés. The number of instruments, varies in
{5,10,20} and the true value of is set at3, = (2,5)’. It is worthwhile to note that when,
andn, belong to{0, .01}, the instrumentsZ, are weak and both ordinary least squares and two
stage least squares estimatorsgdh (7.2) are biased and inconsistent unlegs= ao = 0. The
simulations are run for different sampleg: = 50,500, and the number of replications for each

sample isN = 10,000. The endogeneity vectaris chosen such that
a = (a1,a2)" € {(-20,0), (-5,5)",(0,0), (.5,.2)", (100,100)"} . (7.6)
From the above setup, the usual exogeneity hypothesis fmn be expressed as
Hy :a= (a1,a2) = (0,0)". (7.7)

The nominal level of the tests i8%. For each value of the vectar we compute the empirical
rejection probability of exogeneity test statistics. Wher= 0, the rejection frequencies are the
empirical levels of the tests. Howevergait£ 0, the rejection frequencies represent the power of the
tests.

The results are presented in Tables 2.1 - 2.2 below. In the&ilsmn of the tables, we report the
statistics while in the second column, we report the valdiés gnumber of excluded instruments).
Finally in the other columns, we report for each value of thdageneity parameter and the
qualities of the instrumentg, andn,, the rejection frequencies at nominal leGéb.

First, we note that all exogeneity tests are valid whetheritistruments are strong or weak.
In particular, 71, 72, T4, H3 and RH control the level whileTs, H;, andH, are conservative for
small-sample [see the coluntay, a2)’ = (0,0)" in Table 2.1 below]. However, all;, H; andHs

do not exhibit this problem in large-sample [see the colymnas)’ = (0,0)" in Table 2.2 below].
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Second, all exogeneity tests have a low power when Betand 3, are not identified even in
large-sample [ see Tables 2.1-2.2 fgre {0,.01} andn, = 0.] Nevertheless, when at least one
component of3 is identified [ Table 2.1 (continued) and Table 2.2 (conttlieall exogeneity tests
exhibit power. Whem); = n, = 0 (irrelevant 1V), all exogeneity tests have a low power (&mio
Guggenberger (2008)).

Moreover, we observe thadt; dominates (hight powef(, which itself dominate${, irrespec-
tive of whether the instruments are strong or weak. The saguerent applies to Wu-tests. Endeed,

7> dominatesl'y, 7, dominates/; and7; dominatesI's.
8. Empirical illustrations

This section illustrates the behaviour of exogeneity tistsugh two empirical applications related
to important issues in macroeconomics and labor economgcature: the relation between trade
and growth [see, Dufour and Taamouti (2006), Irwin and T@(2002), Frankel and Romer (1999),
Harrison (1996), Mankiw and al. (1992)] and the widely séatdproblem of returns to education
[Dufour and Taamouti (2006), Angrist and Krueger (1991)gAst and Krueger (1995), Angrist

and al. (1999), Mankiw and al. (1992)].
8.1. Trade and growth

The trade and growth model studies the relationship betwtards of living and openness. The
recent studies in this issue include Irwin and Tervio (20@2ankel and Romer (1999), Harrison
(1996), Mankiw and al. (1992) and the survey of Rodrik (19¥3)en if many studies conclude that
openness is conductive to higher growth, there is no eviglenocerning the effect of openness on
income. Estimating the impact of openness on income throtmgs-country regression often raises
the problem of finding a good proxy for openness. Frankel aoddt (1999) argue that trade share
(ratio of imports or exports to GDP) which is the commonlydigadicator of openness should be

viewed as endogenous variable, and similarly for the othéicators such as trade policies. So,



Table 2.1. Power of exogeneity tests at nominal 169 G = 2, T' = 50

(a1,a2) = (—20,0) (a1,a2) = (=5,5) (a1,a2)" = (0,0) (a1,a2) = (.5,.2) (a1,a2)” = (100, 100)’
ky | ;;=0 n,=.01 n=.5]mn=0 =0 m=5{nmn=0 n=.0 n=5]n=0 n=.0 n=5]|n=0 n=.0 n=.5
=0 1ny=0 Ny = =0 1ny=0 Ny = =0 1ny=0 =0 | pp=0 1ny=0 =0 | pp=0 1ny=0 ny =0
T1 5 4.98 4.6 65.81 5.26 4.92 70.9 4.87 5.06 5.24 5.09 4.84 19.85 4.94 4.18 70.09
T2 5 4.98 24.92 100 5.04 6.77 100 4.96 5.38 5.26 4.87 4.61 53.19 4.91 76.71 100
T3 5 0 0.19 97.93 0.02 0.05 97.85 0.02 0.03 0.59 0.03 0 29.02 0.01 5.83 97.93
Ta 5 4.64 24.07 100 4.67 6.29 100 4.63 4.91 4.93 4.51 4.42 52 4.62 76.25 100
Hq 5 0 0.09 92.53 0.01 0.02 91.83 0.01 0.02 0.26 0 0 17.97 0 3.59 92.48
Ho 5 0.01 0.25 98.09 0.03 0.05 98.02 0.02 0.04 0.74 0.04 0 31.42 0.02 6.89 98.14
Hs 5 5.34 25.73 100 5.33 7.19 100 5.27 5.72 5.56 5.18 4.92 54.41 5.31 77.11 100
RH 5 4.84 45.25 100 5.36 7.83 100 5.04 5.2 4.9 4.88 4.73 41.31 5.02 100 100
T1 10 4.9 3.95 98.38 4.92 5.34 98.93 4.82 4.81 5.25 4.88 5.22 34.18 4.91 3.28 99.23
T2 10 5.01 17.5 100 5.19 6.2 100 5.16 4.88 5.07 4,77 5.45 54.24 4.8 50.74 100
T3 10 0.35 1.88 100 0.38 0.29 100 0.3 0.33 1.47 0.36 0.3 43.01 0.22 14.7 100
Ta 10 4.65 16.77 100 4.75 5.73 100 4.78 4.55 4.72 4.45 5.02 52.81 4.46 50.05 100
Hq 10 0.16 1.05 99.31 0.18 0.14 99.22 0.2 0.14 0.49 0.14 0.14 28.92 0.1 9.88 99.25
Ho 10 0.46 2.3 100 0.48 0.42 100 0.38 0.43 1.76 0.46 0.39 45.54 0.33 16.85 100
Hs 10 5.32 18.11 100 5.43 6.56 100 5.46 5.18 541 5.06 5.75 55.31 5.12 51.25 100
RH 10 5.17 57.58 100 4.83 7.62 100 4.83 5.34 4.97 4.93 5.41 34.5 4.57 100 100
T1 20 4.93 2.26 99.8 4.94 4.64 99.78 4.9 5.02 5.07 5.02 4.93 39.4 5.02 15 99.96
T2 20 4.75 8.97 100 4.9 5.54 100 5.09 5.32 4.99 4.95 4.94 49.34 4.92 17.32 100
T3 20 1.95 3.73 100 1.82 2.01 100 2.1 2.02 2.79 2.01 1.95 44.9 1.94 9.2 100
Ta 20 4.43 8.42 100 4.51 5.21 100 4.74 5.04 4.61 4.63 4.57 47.89 4.52 16.45 100
Hq 20 1.08 2.43 99.89 1.13 1.08 99.82 1.13 1.2 1.03 1.08 1.21 29.88 1.15 6.44 99.7
Ho 20 2.32 4.37 100 2.26 2.6 100 2.67 2.57 3.28 2.46 2.48 47.46 2.33 10.39 100
Hs 20 5.15 9.36 100 5.25 5.73 100 54 5.68 541 5.23 5.18 50.31 5.23 17.76 100
RH 20 4.88 79.08 100 5.03 8.36 100 5.38 5 5.21 5.07 5.04 24.88 53 100 100

.9




Table 2.1 (continued). Power of exogeneity tests at nontéval 5%; G = 2, T = 50

(a1,a2) = (—20,0) (a1,a2) = (=5,5) (a1,a2) = (0,0) (a1,a2) = (.5,.2) (a1,a2)’ = (100, 100)’
ka n =0 n=.01 n=. 7, =0 n =.01 n = n, =0 n=.0 n=.5 n, =0 n=.01 n=.5 n, =0 n=.01 n,=.5
Ny=25 nNy=.5 mp=5|nm=5 mn=5 mnpy=5]|n=5 mn=5 mn=>5]1=5 n3=5 n=5|nn=5 mn=5 mnn=.>5
T1 5 4.73 15.16 81.58 69.69 68.76 78.22 491 5.26 5 8.01 7.48 24.2 63.6 65.14 78.04
T2 5 5.1 37.9 100 100 100 100 5.51 5.29 5.2 12.95 12.42 64.31 100 100 100
T3 5 0.63 18.25 98.68 98.15 98.26 98.50 0.75 0.85 0.83 3.82 3.47 42.79 97.43 97.09 98.52
Ta 5 4.77 36.89 100 100 100 100 5.06 4.98 4.78 12.24 11.72 63.06 100 100 100
Hq 5 0.27 10.48 90.44 92 92.3 92.20 0.39 0.29 0.32 1.93 1.69 24.39 92.4 91.95 92.12
Ho 5 0.77 20.16 98.82 98.33 98.43 98.52 0.87 0.96 0.99 4.44 4.08 45.64 97.59 97.31 98.64
Hs 5 5.48 38.88 100 100 100 100 5.83 5.64 541 13.39 12.95 65.44 100 100 100
RH 5 5.13 28.27 100 100 100 100 4.77 5.13 5.17 9.81 10.28 50.59 100 100 100
T1 10 5.18 26.81 99.76 98.81 99.17 99.56 5.26 5.3 4.86 11.05 11.61 43.71 99.12 99.28 99.74
T2 10 5.29 41.58 100 100 100 100 4.92 5.19 5.07 13.49 14.75 66.24 100 100 100
T3 10 1.7 31.1 99.98 99.97 99.99 100 1.58 1.6 1.88 7.75 8.29 57.52 100 100 100
Ta 10 4.96 40.35 100 100 100 100 4.57 4.87 4.67 12.81 14 65.15 100 100 100
Hq 10 0.73 18.21 98.22 99.08 98.98 98.9 0.55 0.5 0.48 3.34 3.88 32.85 99.28 99.26 98.29
Ho 10 2 33.67 99.98 99.98 100 100 1.88 2.03 2.31 8.65 9.3 60.4 100 100 100
Hs 10 5.61 42.64 100 100 100 100 5.3 5.53 5.38 14.05 15.32 67.3 100 100 100
RH 10 5.24 24.16 100 100 100 100 4.92 5.07 5.11 8.55 8.94 43.87 100 100 100
T1 20 5.12 27.67 99.96 99.45 99.48 99.62 4.86 4.91 4.29 10.45 10.95 41.15 99.91 99.9 99.94
T2 20 5.06 34.7 100 100 100 100 4.93 4.77 4.3 11.85 12.03 51.76 100 100 100
T3 20 2.97 30.26 100 100 100 100 3.2 2.88 2.74 9.14 9.14 47.52 100 100 100
Ta 20 4.7 33.32 100 100 100 100 4.57 4.45 3.97 11.13 11.34 50.35 100 100 100
Hq 20 1.2 17.73 99.24 99.93 99.91 99.93 1.1 1.03 0.72 451 4.53 27.81 99.77 99.81 98.75
Ho 20 3.59 32.57 100 100 100 100 3.65 3.39 3.27 10.24 10.25 50.07 100 100 100
Hs 20 5.32 35.69 100 100 100 100 5.25 5.06 4.55 12.42 12.55 52.91 100 100 100
RH 20 5.46 16.17 100 100 100 100 5.2 4.64 4.82 7.45 7.45 26.62 100 100 100
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Table 2.2. Power of exogeneity tests at nominal 1698 G = 2, T' = 500

(a1,a2)" = (—20,0)’ (a1,a2)" = (-5,5) (a1,a2)" = (0,0) (a1,a2)" = (.5,.2) (a1,a2)” = (100, 100)’
ko n = n=0 nn=5|7nn=0 n=0 nn=5|7nm=0 n=0 nn=5|n=0 n=0 n=5|n=0 n=.01 n=.5
N2 = ny =0 ny =0 ny =0 ny =0 ny =0 ny =0 N2 = ny =0 ny =0 ny =0 ny =0 ny =0 ny =0 ny =0
T1 5 5.24 6.23 100 5.12 5.35 100 5.06 4.76 4.73 4.8 4.98 94.91 4.91 5.96 100
T2 5 4.66 91.92 100 5.11 27.86 100 5.11 4.91 4.43 5.35 5.09 100 4.92 98.13 100
T3 5 0.02 13.61 100 0.04 0.51 99.98 0 0 0.99 0.02 0.03 99.45 0.01 19.26 99.99
Ta 5 4.64 91.89 100 5.06 27.79 100 5.03 4.89 4.38 5.29 5.09 100 4.88 98.13 100
H1 5 0.02 13.26 99.93 0.04 0.45 99.86 0 0 0.64 0.02 0.03 98.25 0.01 18.87 99.88
Ha 5 0.02 13.72 100 0.05 0.53 99.98 0 0 1.01 0.02 0.03 99.46 0.01 19.39 99.99
Hs 5 4.68 91.94 100 5.14 27.96 100 5.12 4.94 4.44 5.39 5.12 100 4.98 98.13 100
RH 5 4.76 100 100 5.04 45.45 100 5.02 5.02 4.74 5.05 5.59 100 5.34 100 100
T1 10 5.26 6.71 100 5.46 6.32 100 5 5.37 4.96 5.16 5.15 100 5.23 7.52 100
T2 10 4.63 86.64 100 4.75 30.49 100 4.84 5.6 4.91 4.74 5.53 100 4.91 95.81 100
T3 10 0.16 46.63 100 0.17 4.49 100 0.14 0.2 1.7 0.12 0.24 100 0.19 64.18 100
Ta 10 4.62 86.63 100 4.7 30.45 100 4.84 5.57 4.9 4.68 5.48 100 4.91 95.81 100
H1 10 0.15 45.96 100 0.17 4.26 100 0.14 0.2 0.92 0.12 0.23 99.99 0.19 63.68 100
Ho 10 0.16 46.97 100 0.17 4.62 100 0.15 0.2 1.72 0.15 0.25 100 0.19 64.5 100
Hs 10 4.68 86.67 100 4.77 30.55 100 4.87 5.65 4.93 4.78 5.56 100 4.96 95.83 100
RH | 10 4.7 100 100 4.5 67.61 100 5.01 5.44 4.89 4.78 5.69 100 4.85 100 100
T1 20 5.07 10.67 100 5.27 8.1 100 4.84 5.15 5.03 4.82 5.45 100 4.99 11 100
T2 20 5.07 86.47 100 5.17 31.8 100 4.79 5.3 5.07 5.16 5.51 100 4.87 93.16 100
T3 20 1.2 79.4 100 1.38 17.44 100 1.1 1.46 2.87 1.22 1.52 100 1.28 89.05 100
Ta 20 5.03 86.43 100 5.13 31.71 100 4.78 5.23 5.06 5.14 5.46 100 4.87 93.16 100
Hi 20 1.16 79.11 100 1.28 17.08 100 1.03 1.42 1.44 1.11 1.43 100 1.2 88.91 100
Ho 20 1.21 79.52 100 1.43 17.58 100 1.13 1.48 291 1.26 1.56 100 1.32 89.1 100
Hs 20 5.08 86.49 100 5.22 31.83 100 4.83 5.33 5.13 5.17 5.54 100 4.88 93.16 100
RH | 20 5.27 100 100 5.06 86.37 100 5.01 5.07 4.99 4.97 5.84 100 5.26 100 100
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Table 2.2 (continued). Power of exogeneity tests at nonéval 5%; G = 2, T = 500

(a1,a2)" = (—20,0)’ (a1,a2) = (-5,5) (a1,a2)" = (0,0) (a1,a2)" = (.5,.2) (a1, a2)” = (100, 100)

k2 m= m=.01 n=.5 m=0 n=.01 n=. m=0 mn=.01 n=.5 m = 1=.01 n=.5 m= m =.01 =.5

N2 = Ny =.5 Ny =.5 | ny=.5 Ny =.5 Ny =.5 | my=.5 2 = Ny =.5 | Ny = Ny =.5 Ny =.5 | Ny = Ny =.5 =.5

Ti 5 4.57 86.42 100 100 100 100 4.79 5.15 4.94 38.92 42.3 98.29 100 100 100
T2 5 4.79 100 100 100 100 100 5.12 5.07 4.8 84.67 87.89 100 100 100 100

T3 5 1.06 98.99 100 99.98 99.98 99.98 1.07 1.09 0.97 70.68 75.19 99.67 99.98 100 99.97
Ta 5 4.77 100 100 100 100 100 5.1 5.06 4.79 84.58 87.83 100 100 100 100

Hi 5 0.7 96.47 99.88 99.91 99.92 99.95 0.77 0.74 0.58 60.63 65.43 97.97 99.9 99.95 99.86

Ho 5 1.06 99.01 100 99.98 99.98 98.99 1.09 1.11 0.98 70.85 75.34 99.68 99.98 100 99.97
H3 5 4.83 100 100 100 100 100 5.14 5.08 4.82 84.75 87.9 100 100 100 100
RH 5 4.94 99.99 100 100 100 100 4.99 4.94 4.74 71.72 76.17 100 100 100 100
Ti 10 5.24 99.95 100 100 100 100 4.57 4.8 5.28 77.23 81.26 100 100 100 100
T2 10 4.94 100 100 100 100 100 491 4.99 5.13 92.25 94.65 100 100 100 100
T3 10 1.6 100 100 100 100 100 1.65 1.82 1.76 89.62 92.87 100 100 100 100
Ta 10 491 100 100 100 100 100 4.88 4.94 5.1 92.2 94.62 100 100 100 100
Hi 10 0.86 99.87 100 100 100 100 0.89 1.03 0.74 82.77 86.64 99.9 100 100 100
Ho 10 1.62 100 100 100 100 100 1.7 1.83 1.79 89.7 92.96 100 100 100 100
H3 10 4.96 100 100 100 100 100 4.96 5.06 5.15 92.25 94.65 100 100 100 100
RH | 10 45 100 100 100 100 100 5.06 4.88 4.89 72.21 77.47 100 100 100 100
Ti 20 5.05 100 100 100 100 100 4.74 5.05 5.31 90.63 92.31 100 100 100 100
T2 20 5.18 100 100 100 100 100 4.77 4.88 5.16 95.23 96.41 100 100 100 100
T3 20 2.93 100 100 100 100 100 2.9 3.02 3.01 94.69 96.02 100 100 100 100
Ta 20 5.15 100 100 100 100 100 4.74 4.86 5.12 95.19 96.39 100 100 100 100
Hi 20 1.49 100 100 100 100 100 1.54 1.65 1.23 91.87 93.55 100 100 100 100
Ho 20 2.98 100 100 100 100 100 2.96 3.06 3.04 94.72 96.04 100 100 100 100
H3 20 5.24 100 100 100 100 100 4.83 491 5.19 95.24 96.41 100 100 100 100
RH | 20 5.18 99.98 100 100 100 100 4.55 5.32 57 63.54 69.11 100 100 100 100

0.
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instrumental variables method should be applied for estilgdahe income-trade relationship. The
equation studied is

yi = a+ BTy + v Ni + v Ar; + g, (8.1)

wherey; is log of income per capita in countéiyT'r; the trade share (measured as a ratio of imports
and exports to GDP)V; the logarithm of population, andr; the logarithm of country area. Since
the trade shar&'r; may be endogenous, Frankel and Romer (1999) used an insirgomestructed

on the basis of geographic characteristics. The first stqgaten is given by
Tr; =a+ bX; + a1 N; + coAr; + v;, (8.2)

where X; is a constructed instrument from geographic charactesistin this paper, we use the
sample of 150 countries and the data include for each cautite/trade share in 1985, the area
and population (1985), per capita income (1985), and thedfiitade share (instrumeht)In this
application, we focus on testing whether trade share isenmgs in (8.1). However, it is not
clear how “weak "instruments are in this model. In fact, thst&tistic in the first stage regression
(8.2) is around 13 [see Frankel and Romer (1999, Table 25},38hich may indicate a possible
weak identification problem [ Staiger-Stock(1997)]. Dufamd Taamouti (2006) proposed to use
directly identification-robust procedures to draw infereron the coefficients of the model (5.5).
The projection approach shows that there is a slight diffeeebetween the usual 95 % IV-type
confidence sets and the 95 % AR-based confidence sets of tifieieaés of the structural equation
(8.1). The 95 % IV-type confidence interval for the trade starefficient i§—.01 , 3.95], while the
corresponding 95 % AR-based confidence sét281 ,4.652]. However, since all the confidence
sets are bounded, we do not have a serious problem of idatitficin this model. We provide
an alternative way to access whether the instrument useéa& Wy examining the behaviour of

DWH andRH statistics. For example, if the test for exogeneity basethese statistics does not

“The data set and its sources are given in the Appendix of Etamid Romer (1999)
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reject trade share exogeneity, this may indicate thatunsnt are not “very poor ”. Note that the
model contains only one endogenous and one excluded instiyimence:, = G, and the statistic
Ty is not considered in this application because it is idelficaero. Table 2.3 below summarizes
the results. In the first column of the table, we report théisttes while in the second and third
columns, we report the sample values and the sample p-vathese tests. In the other columns,
we report the Monte Carlo tests p-values for two data geingrarocess where the disturbanees
are drawn from normal and Cauchy distributions.

Table 2.3. Tests for exogeneity of trade share in tradenirgcelation

Statistics| Sample valug Sample p-value (%) MC-test p-value MC-test p-value
(normal distribution)| (Cauchy distribution)
RH 3.9221 4.95 5.02 2.74
Hi 2.3883 12.23 6.15 2.93
Ho 2.4269 11.93 6.12 2.94
Hs 3.9505 467 5.49 2.85
Tz 3.9221 4.95° 5.49 2.85
Ts 2.3622 12.43 6.12 2.94
T4 3.8451 4.99° 5.49 2.85°

Note — : Hy is rejected at nominal level = 5%.

First, we note from Table 2.3 th&{s, 72, 74 andRH, reject trade share exogeneity whitg,
‘Hs, and T3, cannot reject the null hypothesis. When we run exact MontéoQests (for Gaussian
and Cauchy type errors), we see that all statistics stramjigt trade share exogeneity at level 5 %,
which means that the quality of the instrument is not too podhis model as noted by Dufour and
Taamouti (2006) . Our results also underscore the differdetween exact Monte Carlo exogeneity

procedures and earlier procedures.
8.2. Education and earnings

This application considers the well known problem of estingareturns to education. The literature

in this issue includes Angrist and Krueger (1991), Angrist &rueger (1995), Angrist and al.
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(1999), Bound (1995). The equation studies is a relatigns¥tiere the log weekly earning is
explained by the number of years of education and severat gtivariates (age, age squared, year
of birth, . ..). Since education can be viewed as an endogenous variaigeisfand Krueger (1991)
used the birth quarter as an instrument. The basic ideatigtimiduals born in the first quarter of
the year start school at an older age, and can therefore dt@iter completing less schooling than
individuals born near the end of the year. Consequentlyyithahls born at the beginning of the
year are likely to earn less than those born during the reteojea?. However, it is well known
that the instruments used by Angrist and Krueger (1991) aakvand explains very little of the
variation in education; see Bound (1995). So, standardadél inference is quite unreliable. As
showed in this paper, DWH or RH tests for the exogeneity otatian will lead to accept the null

hypothesis of exogeneity of this variable. The model carsid is specified as:

k1

y = Bo+BE+) vXi+u, (8.3)
=1
ko k1
E = mo+ Y miZi+Y ¢Xi+v, (8.4)

wherey is log-weekly earningsE is the number of years of education (possibly endogenaXis),
contains the exogenous covariates (age, age squared, I@idsifor birth of year). Z contains
40 dummies obtained by interacting the quarter of birth \iligh year of birth. In this model3,
measures the return to education. The data set consists 6%itpublic-use sample of the 1980 US
census for men born between 1930 and 1939. The sample si2@ 509 observations. We test the
exogeneity of education in this model using DWH and RH diatis The results are summarized in
Table 2.4. As showed in this table, all exogeneity tests cargject the exogeneity of “education
"even at level 15%. This is true for earlier versions of thetder the MCE-tests.

The results can be interpreted as follow: (a) either theunseénts are strong and education

*Other versions of the IV regression take as instrumentsaatiens between the birth quarter
and regional and/or birth year dummies.
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is effectively exogenous, (b) or education is endogenotghauinstruments are too poor and the
tests fail to detect that education is endogenous. Moretemwell documented that the generated
instruments obtained by interacting the quarter of birtthvtine year of birth are weak, see e.g.,

Bound (1995). So, our interpretation in (b) matter with thebservations.

Table 2.4. Tests for exogeneity of education in income-atioe equation.

Statistics| Sample valug Sample p-valug MC-test p-value MC-test p-value
(normal distribution)| (Cauchy distribution),
RH .6783 .93986 .6590 .9451
Hq 1.337 24757 2474 .2488
Ho 1.337 24756 2474 .2488
Hs 1.3492 .24542 2474 .2488
T 2.0406 16111 .2302 .2308
Tz 1.3491 .24543 2474 .2488
Ts 1.3369 . 224757 2474 .2488
T4 1.3491 .24543 2474 .2488

9. Conclusion

In this paper, we focus on linear structural models and geofinite-and large-sample analysis of
the distribution of Durbin (1954), Wu (1973), Hausman (10#8d, Revankar and Hartley (1973)
specification tests under the null hypothesis (level) arditternative hypothesis (power), including
when identification is deficient or weak (weak V). Our finfample analysis provides several
new insights and extensions of earlier procedures. Fhistcharacterization of the finite-sample
distribution of DWH and RH test statistics allows the counstion of exact identification-robust
exogeneity tests even with non-Gaussian errors (Monteo€&hkts). Second, we show that DWH-
and RH-type tests are typically robust to weak IV (level istcolled). We provide a characterization
of the power of the tests, which clearly exhibits the factetsch determine power. We show that
the tests have no power when all IV are weak [similar to Gubgeger (2008)]. But, power does

exist as soon as we have one strong IV. The conclusions of &ggger (2008) focus on the case
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where all IV are weak (a case of little practical interest).

Our asymptotic distributional theory under weaker assionptconfirms the finite- sample the-
ory. We present simulation evidence indicating that: (1O wide range cases, including weak
IV and moderate endogeneity, OLS performs better than 2SliiSilar to Kiviet and Niemczyk
(2007)]; (2) pretest-estimators based on exogeneity tesie an excellent overall performance
compared with OLS and IV estimators. We illustrate our tké&oal results through two empirical
applications: the returns to education and the relatiowéen trade and economic growth. We find
that exogeneity tests cannot reject the exogeneity of dictgna.e. the IV are weak in this model
[Bound (1995)]. However, “trade share "is endogendues, the IV are not too poor [similar to

Dufour and Taamouti (2007)].
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APPENDIX

A. Notes

1.1. Unified formulation of DWH test statistics

In this Appendix, we establish alternative formula of DurbWu statistics in (3.1)-(3.13). From

Wu (1973, Econemetrica, Eqs. (2.1), (2.18), (3.16), (3,20 statisticsl;, I = 1, 2, 3, 4 are

defined as
R Y el v et —
- b= T e —o "2

where

Q" = (b1 —by) [(Y'AY)™ ' = (YA Y) "] " (by — ba), (A.3)
Qr = (y—Yb) As(y—Yb), Q2=Qu—Q", (A.4)
Qs = (y—Yb)Ai(y —Yb), Q3 = (y — Yb2)' Ai(y — Ybo), (A.5)
b = (YAY) WAy, i=1,2, (A.6)
Ay = I—-2\(212))7 2y, Ay = 2(Z2'2)71 2" — 2,(Z, 2,) " 71, (A7)
Z = [Z,2). (A.8)

Clearly, in the above notations; is the ordinary least squares estimatoppfindbs is the instru-
mental variables method estimatoréfSo, from the notations of this papér, = B andby = 3. It
is also easy to see thaf; = A; andM, — M = As.

So, from (3.5) - (3.13), we can observe that

Q=T (B~-B)A N B-B)=T5*B-BYZy (B~ B), (A.9)
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Qi=Té&%, Q3=T35%, Qu=T5%, (A.10)
Qe=Qs— Q" =T6>~T(B-B)A(B-pB)=T53. (A.11)

Hence, the Durbin-Wu test statistics can be written as

o= m(B-B)STNB-B), 1=1,2,3,4, (A.12)
wherex;, andX;, [ = 1, 2, 3, 4, are defined in (3.1) - (3.13).
1.2. Regression interpretation of DWH test statistics
Consider the equations (3.17) - (3.19). First, we note thaand H;, can be written as

Hy : RO—0,ie Rb—a,
H, : R,0,=0,i.e.R.0,=p5—a,
whereR = [0, 0, I¢] and R, = [Ig, 0, —I¢]. By definition, we haved), = [3’, 7/, &'’ and

0.0 = 5, 4, B, where3 and# are the 2SLS estimates 6fand~ and 3 and+ are the OLS

estimates of and~y based on the model

y = YB+Ziv+u

v = ZzII,

with IT = (Z'Z)~'Z'Y. So, we can observe that
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Furthermore, we have

Bl .
Rb = [Ig 0 —Ig ] |7 |=8-0,
b
o X/X1) 0 Sy o (X) X))~ 0
X/X — ( 11 A X/X 1: 1 o
| ey |0 oy ]
NPT -1
e VY vz My M
X/X —1 L 1 _ 11 12
(X1X1) [Z{Y Z{Zl] [Mm My |’
where
~ A ~ ~1—1
My = [(Y’Y)—Y’Zl(Z{Zl)_lZ{Y]
~ ~7—1 ~ ~1—1
- [Y’(I—Zl(zgzl)—lzg)y} - [Y’MlY] — [YV'(M; — M)Y]™Y,
M, = I-2\(Z2) 'z, M=1-2(Z2'2)"'Z.
So, we have
o [ My Mo 0 Ig My
(X/X)_lRfk = My1 Moo AQ 0 — M%l
0 0 (VV)! ~Ig —(V'V)~!
R*(X/X)_lR; = M11—|—(A/V)_l
A A [ B-B My o I
bo—0. = | 4-7|= My [M11+(V’V)—1] & - B).
| B-b —(V'v)T
Hence
~ ~ A~ -1 . ~
B-B = My [M11+(V'V)—1} ) (A.13)
NN -1
= My [M11+(V’V)—1} a, (A.14)
wherea = b — j is the OLS estimate af from (3.17). We see from (A.14) that
a=b-p = [Mu+ V) M E-5) (A.15)

= {ron -y + (V) Y (L - M)YI(B-B). (AL6)



So, we have

79

~ ~, o~ -1
(R.6.) [R*(X’X)‘lR;] (R.0.)
~ ~ o~ -1 . ~
(b— {0 - Y|+ () (6 B)
(8- BYIY'(My = M)YI{ [ (My = A)Y] ™+ (V7)™ }
Y'(My = M)Y](B - B)
(B =B My [Miy + (Y'MY)™'] My (5 - B)

(B —B)Y My [Muy + (Y'MyY — MiHY T MG B-B).  (A17)

We will now use the following lemma.

Lemma A.1 Let A and B be two nonsingularx r matrices. Then

At—Bt = BY(B-4)A"!
= A ' (B-A)B!
= A1 (A-AB71A)A?

= B YBA'B-B)B™L.

Furthermore, ifB — A is nonsingular, themd—! — B~ is nonsingular with

(A—l _ B—l)—l

AB—-A)'B=A+AB-A)TA=A[AT '+ (B-A4)714
B(B—A'A=BB-A"'B-B=B[(B-A)"'-B7B
A(A—AB7tA)71A

B(BA™'B-B)™'B.

The proof of LemmaA.1 is not difficult and is omitted. Now, by setting = Mﬁl andB =
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Y'MY in (A.17) and using LemmaA.1, we get

S(0w0) — S(0.) = (B—B)YM;! [My + (Y MY — MY MY (B - B)

= B BIOR - BB = (B - BYATB - B), (A.18)

where2;y = LY'MY andf2.s = Y’ M;Y. Note also that
S(0,0) —S(0,) = S(By) —S0) =a[V' MxV]a, (A.19)
Mx =1—Px=1—-X(X'X)"'X', X =Y, Z, V]. Moreover, from (3.20), we have

S@) = T&2, S(By) = T2 S.(0°) =152, (A.20)

wheres?, 5%, 52 are defined in (3.9) - (3.13). So, excdjt, the other statistic#l;, i = 2, 3 and

T, 1 =1, 2, 3, 4 can be expressed as follow:

_ - _ )
o= e @ BT s 20
[S(Bo) — S(0)]/G ~[S(Bo) — S(9)]/G
n Q/(k2 —G) o= SO /(T —ky —2G) (h.22)
S.(0.)/(T — ki — G) S(00)/(T — k1 - G)

whereQ, = T3, 7 is also defined in (3.9) - (3.13). Equations (A.21) - (A.23} tre regression

interpretation of DWH test statistics.



81

1.3. Reduced form model in terms of orthogonal pair

Let

Z=12\,2y), Zo=DMZy, My=1-2(2'2)"17. (A.24)

Then, from (2.1) - (2.2), the reduced form figr, Y| can be written in terms of the orthogonal pair

[Zl, 22] as

y = Zimi+ Zoma+v, (A.25)

Y = Zlﬁl —I-Zgﬂg—i-v, (A.26)

Wherem =5+ ]71,8, Ty = Hgﬂ, vV =1u-+ VB = [’Ul, . ,’UT]/, ]_71 = Hl + (Z{Zl)‘lZ{Zgﬂg.

SinceZ, is orthogonal withZ; (i.e., Z, Z, = 0), we have:

My =1—2,(212))"1Z] — Zo(Z525) "1 2, (A.27)

M, — My = Zy(Z525) " Zh = My M5 M. (A.28)
By noting that the projection matri¥/ defined in (2.7) can be decomposed as
M = My — Pz, = My — Py, = My — Z5(Z525) " Zy, (A.29)
and using (A.27) - (A.28), we have
M = Mj. (A.30)

So, if we replace” by Z in (3.1) - (3.13), then the statisticél; (i = 1,2,3), T; (I = 1,2,3,4) and

RH do not change. Thus, using (A.25) - (A.26) instead of (2.2)2) does not restrict our results.
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B. Proofs
PROOF OFTHEOREM4.1 Note first that

B = B4Y'(M —MY] VY (M — M)u=8+ Ay,

Ay = [Y'(My = M)Y]T'Y! (M) — M), (B.1)
B = B+ Y'MY) W Mu=p8+Awu, A = 'MY)'Y'M (B.2)
so that
BB = (A —Au, A=Qp—07L (B.3)
(B=BYATN(B—-B) = u'Cou, Co= (A —A)A™ (A -4y, (B.4)
Qry = %Y’(Ml —-M)Y, Q5= %Y’MlY. (B.5)

By proceeding as above, we also get

Ml(y—YB) = Blu,
Bi = M — Puy—ay = Mi(I = Py —ayy) = MiMoy, —ayy » (B.6)

M(y—YB) = Mu— MYAwu=Mu—MMYAu (B.7)

Mu — MP(Ml—M)Yu = MM(Ml—M)Yu7

where for any matrix3, Pg = B(B'B)~'B’ andMp = I — Pg. So, we have

1 - 1
5‘2 = TU/MIM(Ml—M)Yu = u/Dlu, 52 = TU/MIMMlYU = u/Dlu, (BS)
~ - N = 1
52 = 2 —62=4/(D; - D))u= fu’(M1 — MMy, -y, (B.9)
1
5’% = ?U/MlMMlyu - u/C’ou = u/(Dl — Co)u . (BlO)
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Now, it is easy to see from (B.1) - (B.10) that:

e = GNP Ty O
A Y
no= *””1;/(1;1/6:01139@6 - (u/cf:{/?fg)llclogl/;f/m’ e
[ uf(gllciouco)u G /(”ffiﬁi?%éﬁiz)/m | (B.14)
Tz = (Hg/T)Hg:ﬂg((u;azsl/g123§zz)), (B.15)
Ta = (/<a4/T)7-[3:n4((z;g;‘;:goliZ§zz). (B.16)

Suppose now thakl, holds, i.e.Y is independent ofi. Then, since the matriceSy, D1, D,
depend only onX = [Y', Z1, Z5], we see that the conditional distribution givéhof the above
statistics in (B.11) - (B.16) depend only on the distribaotif «. /o, irrespective of the rank ofIs.
It is also easy to see that the same arguments hold for thstist#f;. For the statisticR, remark

that underH, we have

W/ (Mx, — Mg)u/ky  (u/o,) (Mx, — Mx)(u/oy)/ke
= WMgu/(T —k—G)  (u/o,)Mg(u/o,)/(T —k—G)" (B.17)

Let consider the following decomposition of the matrides,, andM  :

1
—My, = —(M1 Pyrry) = Dy,

1
T (Mx, — Py, 2,) = D1 — Pp, z, (B.18)

1
Mo = =
T X T

~

where for any matrix3, Pp = B(B'B)~'B’. Thus, we have

1
T(Mxl —Mg) = Pp,z,, (B.19)

and

_ (U/o’u)/PD1Z2(u/o'u)/k2
RH = o (D1 = Pouz) w/on) /(T —k—G) (B.20)
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So, the conditional distribution ak given X only depends om/o,, whether Rankilz) < G or

not. ]

PROOF OFTHEOREM4.2  Let consider the expression of the statistigs, i = 1, 2, 3], [T}, | =
1,2, 3,4] andR in (B.11)-(B.17). Itis important to note that these expi@ss follow only by

algebraic arguments. By replacingy Va + ¢ in these expressions, we get

Hy = T(Va+e) (A —A) I A — A))(Va+e), (B.21)
L (Va+e)Co(Va+e)

Ha = T(Va +e)D1(Va+e)’ (8-22)
L (Va+e)Co(Va+e)

o= T T Di(Vate)’ (B.23)

- k1(Va+¢e)'Co(Va+e)
no= (Va+e¢)(Dy — D) (Va+e)’ (B.24)

- kao(Va+¢e)Co(Va+e)
T2 = (Va+e) (D1 —Co)(Va+e)’ (8.29)

 m3(Va+e)Co(Va+e)
T = (Va+e)D1(Va+e) ' (B.26)

~ m(Va+e)Co(Va+e)
Ta = (Va+e)Di(Va+e) ’ (B.27)

and

(Va+e)(Mx, — Mg)Va+e)/ks
(Va+e)Mg(Va+e)/(T—k—-QG)"

RH (B.28)

PROOF OFLEMMA 4.3 If I, = 0, we have

MY = MV, (M —M)Y = (M, — M)V.
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So, we can easily see from the proof of Theore@above that
(A —A))Y = (A —A))V =0,CY =CoV =0, D1Y =DV =0,D1Y =DV =0

so that the non centrality parameters in (B.21) - (B.27) slaniFurthermore, by considering the

decomposition of the matriced x, and M ¢ in (B.18) - (B.19), we find
Mx V. = DiV=0 MgV =DV—-PpzV=0

and the non centrality parameters in (B.28) also vanishes. O

PROOF OFTHOEREM4.4  First, we note from (B.9) that with probability one,
Dl —-Dy > 0.

So, we havéVa+¢) Dy (Va+e) > (Va+e)' D1 (Va+e) and from (B.22)-(B.23), it is clear that

Hy < Hj. Furthermore, we have

21 = (Va+e)Di(Va+e)Q — (Va+e)Di(Va+e) Q2,4

> (Va+e)Di(Va+e) 2 — Q7] = (Va+e)Di(Va+e)A,
hence(A; — A;)' X7 (A; — Ay) < (Va+¢)Dy(Va+¢)Cy and
0 < Hi<Hp<Hs

Second, we have

T(Va+e)Co(Va+e)
(Va+e)Di(Va+e)

H3 (B.29)

If II5 # 0, then when|a| — +o0, we haveVa + ¢ ~ Va and

CL/V/C()VCL

s = T D Va
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We note thatC, and D, are symmetric idempotent and ¥f is a full columns rank matrix with
probability one, then gively andV, CyV and(D; — Cy)V are also full columns matrices. Thus,

V'CZV =V'CyV > 0andV’'D3V = V'D,V > 0. So, for anya # 0, we have

aV'CoVa

0 < A < 2V C0Va
< MS VDV

< ) < 400,
where)\; and )\, are the smallest and largest solution of

V'CoV = AV'DV| = 0, (B.30)
see, Anderson (2003, Theorem A.2.4). So, we have

0 < limH; <limHy <lmHg < Tl < +00. (B.31)

lall=oo  [lallsoc  lal|—oo
If I1o = 0, the expressions of the statistics do not depend and the results hold. By following

the same steps as before, we get the results for the swfigtic= 1,2, 3,4, andRH. O

PROOF OFLEMMA 4.5 To simplify the proof, we show only the invariance of the istit H; to

the transformatior. The argument is similar for the other statistics. From)(3(2.13)

~ ~ A

Hs=T(B-B)E34(B-B), (B.32)

where3 = (Y'M,Y)~'Y’ M,y is the ordinary least squares (OLS) estimatofof = [Y'(M; —

M)Y|7'Y'(M; — M)y is the two-stage least squares (2SLS) estimatgt, of

1

Sy =62 (V' (M — M)Y)T) " = (Y'MY/T) '], (B.33)

57 =(y—YBM(y—YB)T. (B.34)

Let us now replacg andY by y. = yR11 + Y Ro1 andY, = Y Ry, in (B.32) - (B.34). This yields:
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wherep, = (Y/MY.) 'Y/ Myy, andB, = (Y)(M; — M)Y,) 7Y/ (M — M)y.,

1

S, = 2 (VI(My = M)Y./T) ™ = (VM Y,/T) ],

Sincey, = yR11 + Y Ry andY, = Y Ry, we have:

Y/MY, = RYY'MiY Ry = Rh)yY' MY Ry,
Y/Myy, = Rby(Y'MiyRy +Y' MY Ray), (B.36)
hence
B, = Ry (Y' M Y)Y (R Rho(Y'MiyRyy + Y' MY Roy) = Ry, (BRi1 + R ).
Similarly for 3, , we get

B, = (Y/(My — M)Y,)"'Y/(My — M)y, = Ry, (BR11 + Ra1)
so that
B, — B, = Ry (B— B)Ru1 .
Furthermore,
(Y[ (My—M)Y,/T) " —(Y/M Y, /T) ™ = Ry [(Y'(My — M)Y/T)™" — (Y'MY/T) 7] (R

and, sinceR; is a positive scalar,

(B, — B.) [(YI(My — M)Y,/T)~" — (Y/MyY./T) 7Y (B, — B.)

= RY(B - BY [(Y'(My — M)Y/T)" — (Y'MY/T) | (B~ B). (B37)
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Moreover,

Y. — Y3, = yRi + YRy — YRy [Ro2Y'(My — M)Y Ry ! Y Rho M1 (yR11 + Y Roo)
= YRy + YRy — YRy —YRoy = (y— YB)Ry . (B.38)
So, we get

67 = (y» = YB,)'Mi(y. = YB,)/T = Rl\(y — YB) My (y - YB)/T = R},6.

Hence from (B.35),

TR (B~ BY [(Y/(M; — M)Y,/T)™" — (Y/MY./T)""] 7" (B - B)
R}, 67

= T(B-B) [62(Y)(My — M)Y,/T)™" = 62(Y/M1Y,/T)""] " (B - B)

7'[3* -

= Hs. (B.39)

PROOF OFTHEOREM4.6 In (3.2)-(B.41), replace by 4y andY by Y. By Lemma4.5, we can

write:

T = mB.—B)E B —B.),1=1,2,34, (B.41)
RH = krySry, (B.42)

wheref,, 3., Y., X, andX,  are the corresponding of 3, X; andX; defined in (3.2)-(3.13).

From (4.56) and noting that/y — M = (M; — M), andM Zy = 0, we have

My = Muv, MY =MV

Mlg = Ml(:ul + T)) ) Ml}_/ = Ml(/@ + V)? (843)
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whereu, = My Z>115¢( = u2P2‘21§ andpuy, = M Zy115 Py, Wwhere¢ = BP1; + P»;. From (B.43),

we get:

hence

where

Y'MiY = (uy+ V) Mi(us+ V)= 25y, V),
Y'(Mi—M)Y = (ug+ V) (My—M)(uo+ V)= 2rv(py, V),

Y'Miyg = (ug+ V) M(py +0),

Y'(My — M)y = (ug+ V) (My — M)(p, +7),

Be = 215, V) Hug + V) My (g + ),

Be = v, V) pg + V) (My — M) (py + ),

~ ~

B* _/8* :C(:u‘l +®)

C = 2y (o, V) Hpg + V) (My — M) — Q1,5 (119, V)" g + V) My .

Moreover,

where

1. . A 1 _ _
T(y —-YB,)Mi(y—-YB,) = T(Nl + ) Cy(py +0)

1 —

TW%S(/’L17M27V71))7

1 - I 1 _ _
T(?J —-YB,)Mi(y—YB,) = T(Ml +0)' DDy (py +0),
1

2 o
T ) 7V7 )
TWIV(M Ha v)

[1 = Mi(pg + V)Rps (19, V) (g + V)] My,

[1 = My(pg + V) 21y (19, V)" g + V) (My — M) M, .

(B.44)
(B.45)
(B.46)
(B.47)
(B.48)

(B.49)

(B.50)

(B.51)

(B.52)
(B.53)
(B.54)

(B.55)

(B.56)

(B.57)
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So, we have

Y = W%V(/Llnu%‘776)01‘/(/‘27‘7)_1_W%S(:ulnu%Vaﬁ)QLS(N2>V)_1>

1 _ - 1 _
22* = Tw%\/(uh /’627 V7 U)Aa 23* - Tw%S(:ulJ /’[/27 VJ U)AJ (858)

where

A=C'C =02 (pg, V) = Qpg(pg, V)L (B.59)
For T — k1 — ko > G, the matrixA is positive definite, thus we have,
Hi :T[,ul—I—ﬁ]/[‘i(ul,u%ﬁ,V)[ul—l—@], 1= 17 27 3.

wherel(pq, pie, 0, V), i = 1, 2, 3 are defined in Theoreh.6. For theT-tests, remark that by the

definition of these statistics, we ha¥g = (x4/7T)H3, so we easily get

Ta = kalpy + 0)' Ts(py, g, 0, V) [y + 0] (B.60)

Sinces?, = 62 — 52(B, — B,) (Ix) "' (B. — B.), from (B.50)-(B.55), we have

62 = wig(py,pie, V,0) = (g +0)'C'ATC(py + ) (B.61)
= (1 +0)(Co = C'ATICO) (g + ) = Wi (i, o, V, ) = W (B.62)
So, we find
K _ _ _
Tz = w—g[ul +9]/C' AT Oy + ). (B.63)

By proceeding as above, we also get

77 = %[lu’l + 5]/C/A_1C[,u1 +’D] ) l= 17 37
l

KR _ _
RH = —[u+ U]/PD122 [ty + 7],

WR

wherew? [ = 1, 3 andw? are defined in Theorew.6. O



91

PROOF OFCOROLLARY 4.7 The results of Corollary.7 follow by setting//>¢ = 0 in the proof

of Theorem4.6 above. O

PrROOF OFTHEOREM 4.8 Under the assumptions of Theoreht, we have

7? == "il[,ul+@]/E(N17N27?77‘7)[N1+17]7 lzla 27 3747
Hi = T[,ul + T)]/‘Fi(,ula/j@a@a ‘7)[/1’1 + T)] ’ 1= 17 27 37

RH = HR[:“I + 6]/FR(M17 Ha, v, ‘7)[/1’1 + T)] )

wherel}(uy, po, V, ), Li(py, e, V, 9), Tr(py, po, V, 0), pq, Ho, # @andkg are defined in
Theorem4.6. Under the normality assumption (4.43), + © is independent o/ andu; + v ~
N(uq,1). SinceC’ A~1C [whereC and A are defined in Theorewdh.6] is symmetric idempotent of

rank G, provided[Z1, Z] is fixed, we have
(py +0)C"ATIC(py +0)| V ~ X*(G, v1), (B.64)

wherev; = pjC' A=1Cp,. By noting thatE [also defined in Theorewh.6 is symmetric idempotent

of rankky — G, we get
(1 +0) By +0)| V ~ (k2 = G, v1), (B.65)
with vy = p} Epy. Furthermore, we haveC’ A=1C)E = 0, hence
TilV ~ F(G, ky — G;v1, v1). (B.66)
By applying the same argumentsTp, we get

Ta|V ~ F(G, T — k1 — 2G;v1, v2), (B.67)
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wherevy = piy (C. — C'A=C)p,. Moreover, from the notations in Theoretr6, we can see that

R4

- I 1
T+ 7

Ta (B.68)

and Sincgﬂ V ~ F(G, T -k — 2G; vy, Ug), we have%| V ~ F(T — k1 — 2G, G;va, I/l). So,

we get
_ K4
Ta|V ~ . B.69
il 1—|—H—12F(T—k71—2G, G; v, 1) ( )
Note also that because ¢ > w3, hence, we have
TV < S5 +0)C'AT O +0)|V
2
= R;E‘ V~ FLSF(G, T — k1 —2G; v, U2) (B.70)

wherekq, k4, K5 are given in Theorem.8. For the test’3, we have

(11 +0)C"ATIC (g +0) |V ~ X2 (G5 1), why = (111 +0) DiDa(pg +0) ~ X*(T—k1—G; v3)
(B.71)
wherevs = p D, D.u,. However, sinceD, D, (C'A=1C) # 0, T does not follow necessary a
F-type distribution.
By following the same steps as above, we get the resulté/$or/s and RH. We note that in
contrast to other statistics, the distributionslef H; andH are not standard despite the normality

assumption. O
PROOF OFCOROLLARY 4.9 If II5¢ = 0, which is typically the case undéf,, we havey; =0
so thatvy = v9 = v3 = v1 = vg = 0 in the proof of Theoren.8 leading to the results in

Corollary4.9. O

PrROOF OFTHEOREM 6.1  First, note that in the proofs of Theorefil and Theoren6.2, the
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reduced form system (A.25) - (A.26) is used instead of (2)2).
Now, sinces = 0, we havea = ;!¢ = 0.

(A) We suppose first thalls = 11y wherell is ake x G constant matrix with ranks. Then, we

have:
Qv B )L 1o, Qs 5 X5 o+ Dy, (B.72)
Y/U p
— B5=0 B.73
T : (B.73)
Y'Myu/T % 6=0, (B.74)
&%)T = i'0)T = u'u/T — (M Y)T) Q8 (Y' Myu/T) % o2, (B.75)

)T = /T — 20 MyY)T)QpH (Y (My — M)u/T)

+(u' (My — M)Y/T) Q27 (Y (My — M)u/T) 5 o2, (B.76)
Y _ 1T Zyu + I1; Zsu + V,V(E—lé) + Ve _ 1T Zyu + H’@ + Ve
VT vt T v Y VT T T VT
L ISt + TSy + Sy | (B.77)

wherell; & [Ty, = I, + X, %7, 2,11y ands = 0. Hence

Y'Miu  Y'u <Y’Zl> (Z{Zl>‘1 Zlu
VT T T T VT
B ([T S1 + 1Sy + Sve) — Iy Sty = My Sau + Sve,  (B.78)
1 y'zz> <z'zz>—1 <Zu> L
—Y'(M; — M)u = 2 2_ ) 3 I1)Ss, . B.79
v (M= M) < T T VT 052 (B.79)

So, we see that

- L Y'Muu Y'(My — M)u g

VT(B-B) = l—— — o) —— =" Ly
(B-5) LS VT v /T Vr

3 % 0nAn, An = (I1)X7,110) ™" — (I1)X7,110+ Sy) ™' i=1,2,3,
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where
b = (1§ X7,y + Xv) ™ (15 Sau + Sve) — (X7, 110)~ TSy - (B.80)
Thus
M= VT(5 — BYSTVT(B - B) 5 ol A, i=1,2,3. (B.81)
Sincea = 0, we haves? = o2 and it is easy to see that

|: H(/)S2u+5\/a ] ~ N [O 0,220] )

I1},Sa,
where
. H6222H0+EV H6222H0
0= [ )X, Iy I§X5, 11, (8.82)
So, we have
b ~ N0, 0o [(IT§ X 7,1T0) ™" = (B + 1y 5,110) "]} = N(0, 02 An), (B.83)
hence
H 5 2(G), i=1,2,3. (B.84)
By the same arguments as above, we also get
1 1
T 5 5;(2(0), T 5 \%G), 1 = 3,4, and RH 5 X (k). (B.85)
2
We now derive the distribution @f;. We can write
ke —GT(B—B)A(B -
7 _ = GTE-ByA(5-p) (B.86)

G T5%

andT(B — B A~Y(B — B) 5 ¢ A", ~ 02x*(G). Furthermore, becausg is orthogonal to
Z,, we have

T6% =o' (M, — M) — Po)u =u'(My — M)u — v Ppu,
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whereY = (M, — M)Y. Thus, if ranKl,) = G,

~ L — _
Tot = 83,57 Sou — Sy, Io(ITy Xz,1T0) ™" S,

= 5,5, Iy — P(P'P)T' P15, 2S5, (B.87)
whereP = 21/2]70 and the matrixl, — P(P'P)~!' P’ is idempotent with rank, — G. Further,
we have_-5 1/25 u ~ NI[0,1,], henceT5? 5 o2y2(ky — G). In addition, by noting that
T52 = u'(My — M)My (M — M)uandT (3 — B) A~Y(B — B) = u' Azu, where

Az = (MY @ — VO AT (@Y My — V)

is symmetric idempotent matrix with 7 (M, — M) My M) = (My—M)My (My—M))Az = 0,
we then have

T 5 PG k-G). (B.88)

(B) Suppose thall, = IT,/+/T wherell, is ak x G constant matrix{l, = 0 is allowed), then we

have
T.Q]V £> !pv = (222]]0 + ng)lzgj(ZZzHo + ng), QLS £> 2\/, (889)
1 L _
TY’Mlu 28 =0, Y (M — M)u = (8,1Iy + Sav)' 27! S, (B.90)
6% = u'u/T — (u'MY)T)Q (Y Myw/T) B 02 — 82,16 = 02, (B.91)
B—B=(TQs)™"Y'(My = Myu = Wy, (85,1 + Sav)' X! Sau. (B.92)
Thus,
N u'u o U M Y ~ L _ r 1 __
P= o 2 (BB + (B ) Qus(B-B) S, B 0y i= 12,

where&i = O’i + Séuzgzl(zzzﬂo + ng)!p;lzv!p‘;l(zzzﬂo + S2V)/2§2152u7 so that

r 1 .
%i — 5_—256“21452“, 1= 1, 2,
u
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whereX 4 = 2521(222170 + Sov )0y, N (25, Iy + ng)’Eg. Sincea? > o2, itis clear that

1
H; < UTSQUEASQU, i=1,2.

u

SinceSy, is independent witlbsy, we have:
Yz, + Sav ) £ 905, ~ N (0, ooty) (B.93)

1
U_gséuEAS2U|Szv ~ X2(G) )

u

andH; < x2(G), i = 1,2. However, becaus; > L, itis easy to see thafs|s,, = x2(G)

i.e. H £ x%(G). By applying the same arguments to thdests, we also get:

1
TS F(Ck=-G), T 230, Tisx*(G), (8.94)
r 1 2 L 1 5
u 2

PROOF OFTHEOREM 6.2 Suppose that # 0. (A) If II, = 11, with rank(IIy) = G, as in the

proof of Theoren®6.1, we have from (2.5) - (2.6) and (6.12):

Q]V 2 HéEZQH(), QLS LN H(/)EZ2HO + Xy, (B.96)
/ / _
YMu 5 g, Y = Mu (MlT Mu g (B.97)
6% = u'u/T — (WM Y)T) Q2 5(Y' Myu/T) 5 0% — §' (I} 25, 1o + Zv) 16 = 62,
(B.98)
5% = u'u/T — 2(u' M Y/T) Q25 (Y (My — M)u/T) + (v (My — M)Y/T)QpH (Y (My — M)u/T) % o2
(B.99)

Since we have

Hi=T(6-5)E; (B~ P) (B.100)
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and

(B—B) = Qpa(Y'Myu/T) — Q0 (Y (My — M)u/T) 5 (IIi 2711 + Xyv)~'6,  (B.101)
3 B olAn, Ap = (I 25, 100) ™" — (1§ 5,0 + Sv) ™', i = 2, 3, (B.102)

S0 5 S, D = oI 25, IT0) ™ — G211 X7, Mo + Sv) (B.103)
wheres? = 02 ando3 = 52. Sinces # 0, we have:

- N ~ N 1 ;
(B-B)YE(B-B) 5 gfs/(ﬂézzﬂo + 2y) AR I 21T + Zy) 7 > 0,0 =2, 3,

(B=BYETH (B = B) 5 ¢ (I Xz 1Ly + By) ' (I Xz o + Sy) 716 > 0. (B.104)
From (B.100), it clear thaH; = oo for all i = 1,2,3. By the same arguments, we also get
T, 2 +ooforalll =1,2,3,4andRH % +o0o. Hence, the test#l;, 7, and RH are consistent.

(B) Suppose now thall, = I1,/v/T wherell, is ak x G constant matrix I, = 0 is allowed),

then we have

TQ]V £> !pv = (222]]0 + SQV)/ZE;(ZZQHO + ng), QLS £> 2\/, (8105)
1 L _
fY’Mlu 28 #0, Y (M = M)u = (8,1 + Sav) X3! Sy, (B.106)
&% =u'u/T — (WM Y)T)Q 8V Myu/T) B 0% — 65,16 = o2, (B.107)
B—B=(TQ) "Y' (M = Myu 5 W (2,11 + Sov) 5! o . (B.108)
and
' ‘MY - . . 1.
=2 (BB + (BB us(B-B) B 28 B aluyti=1,2,3

whereo?, = 03, = 52, 03, =02 and

5& = O'i — 25’@;1(222]]0 + SQV),Z§2152U
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55,551 (7,10 + Sav )y Sy Wy (87, + Sav) 2,1 Sa.

Furthermore, we have

B—B=Q i MyY/T) — (TQr) 'Y (My — M)u Y 16— (2, o + SQV)’ZZSQU.
(B.109)

By noting thatSa, = Sava + Sa. = Say Xy,15 — Sa., we easily get

~ 2 L _ — — — — _
B—B = Iyl -0 (Zg o + Sav ) X7 Sov B0 — Wy (D, 1o + Sav) 271 Soe

= Uy [Ava — (Zz,Io + Sov) T ' Soe).
wheredy = Wy — (X, 1Ty + ng)’ZZSgV = (£3,11o + Sov)'1I; anda = £7,;'5. So, we have

r 1 _ _ .
Hi — U—Q(HOG - ZZQIS2€)IAV(HOG - 2221526)7 1= 17 27 37
1%

whereo?, = 03, = 62, 03, = 02, andAy = (2,11o + Sov)¥;, ' (22,110 + Sov)'. Moreover,

from (2.5) - (2.6) and (6.12)S5. ~ N(0, 0—2222) and S, is independent witlbsy,. So, we have

L 1
Hs|Sav = X*(G, py), iy = —5d My AvITpa. (B.110)

€

SinceTs = 58 H,, T3 = 54 Hyand = & = 12C¢ — 1 asT — +oo, it follows that

1 _ _
75 £> 5—3(]]0& — 2221525),AV(H00’ - 2221528)7
L 1 -1 ’ -1
T — U_g(ﬂoa - 222 Sae)' Ay (Ilpa — ZZQ Soe) - (B.111)
So, conditional orbsy,
TalSav 5 X2(G, ). (B.112)
Moreover, by noting thaplim (52) = plim (62) = 2, we also get
T—o00 T—o00
7o 5 L (g — 52185 Ay (IToa — 351 8.) and TaSay % A 2(G
2 agG( oa — X7 Sse) Ay (Hoa — X7 Sae) 2lS2v = =X7(G, my) -
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Furthermore, we can see that
T6% = ' (My — M)Mg(My — M)u = S, (571 = X7 Ay 531 S0, (B.113)
where the limit term in (B.113) can be written as
S5u(27) = Tzt AvZz S0 = (27, Sava+ £3)80.) Ap(£5) Sava + T 5ne),

where A}, = I, — 2521/2AVE§21/2 is symmetric idempotent with rank, — G. So, we have

T52|Say & o2x2(k — G, \v), where

1
a/SQV(Zgl - ZZAVLE;)SQV@.

L g 12 4k 12 _
)\V = U—ga SQVEZ2 AVEZQ SQVCZ = O_—g ;

-1/2

1/2 sx
Further, we haveﬁV(EZ2 AVZZ2

) = AVZEQI — AVZZAVLE; and SinCMngjAV =

Ay, it follows thatAv(ZZﬂA*VZZﬂ) = 0. So, conditional orbsy, the quadratic forms
(2521/252\/a+2§21/252a)/A*V(2521/252va+2521/2525) and (ITpa— X, Sa.) Ay (Ilpa— 3, Sz.)
are independent and distributed as noncentral chi-squidexe, we have

TilSov 5 F(G, k— Gy, Av). (B.114)

For the statistidR H, the denominator is

1 1 - _ _
fUIMXU = f(U'Mxlu — W' Mx, Zo(ZyMx, Z5) ™' Zy Mx,u), (B.115)
where
1 1 1
Tu’Mxlu = Tu’Mlu - Tu’MlY(Y’MlY)_lY’Mlu Lol §5le =02,

1 o _ _
and T(u’Mxl Zo(Z4Mx, Z5) "t Zh Mx,u) 5 0.



100

So, we findxu'Mgu 5 o2. For the numerator, we have

1 ’ 1u/MX 22 <ZéMX 22>_1 Zﬁqu
—u'(Mx, — Mx)u=— L . LA B.116
k2 ( X1 X) k2 ﬁ T ﬁ ( )
7! 7 7! 7 7! ’ -1, = ’ =
Moreover, 222022 _ ZeMhZ _ ZoMY (Y 1¥1y> YLz Py, because 12z B (. Now,
we have
ZyMxu  Zyu  Z5MGY <Y’M1Y>_1 Y Myu
VT VT VT T T
Z! ZLV «—1 Zle L -1 Y'MY -1 Y'M D 1 ZMaY L
where 2 = 257000 + 2 = Soc + Sov Sy 5,( 2 ) 7 = Dyl and == S
XY z,1Iy + Sav. Hence we have
1, r 1 /-1
k—2u (]\4)(1 — Mx—)u — k_2(52€ — 222]70(1) EZQ (525 — 222]70(1) s
thus
L 1 7 y—1 1 2
RH = oo (S2e — Xz, 1Ioa) 2z (S2e — X'z, 1loa) ~ 7 X (k2, pr)
202 2
Up = a'H{)EZQHOa.
U

PROOF OF OROLLARY6.3 Let II; = 0 in the proof of part (B) of Theorer.2above. Then, we

havey,, = Ay = up = 0and
GY =0, = 02+ 855, Sav (Soy X, Sav ) T By (Say X1 Sov) T Sy B1S0e > 02, (B.117)

so that the results in Corollag.3follow. O

C. Performance of OLS and 2SLS estimators: Tables
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Table 2.5. Absolute bias of OLS, 2SLS and two-stage estiméto 5 = 1.

Estimators | 1?1, p— | 0 .05 A 5 .6 95 |
0 3.36E-06 4.97E-02 9.98E-02 5.00E-01 6.00E-01 9.51H-01
13 -5.41E-04 4.91E-02 9.92E-02 5.00E-01 6.00E-01 9.50H-01
200 -7.03E-05 4.99E-02 1.00E-01 4.99E-01 6.00E-01 9.49E-01
OLS 613 1.48E-04 5.03E-02 1.00E-01 4.99E-01 5.99E-01 9.48E-01

1000 -0.73E-05 5.03E-02 9.94E-02 4.97E-01 5.98E-01 9.47E-01
2000000 | -8.45E-05 5.40E-03 1.12E-02 5.53E-02 6.66E-02 1.05H-01

0 3.40E-03 4.57E-02 1.08E-01 4.93E-01 5.95E-01 9.35F-01

13 1.23E-03 5.71E-02 1.02E-01 5.09E-01 5.99E-01 9.45F-01

200 4.81E-03 4.29E-02 9.24E-02 4.59E-01 5.58E-01 8.77H-01

2SLS 613 1.04E-03 4.41E-02 7.60E-02 4.01E-01 4.77E-01 7.49H-01

1000 -3.41E-04 3.29E-02 6.69E-02 3.47E-01 4.15E-01 6.56H-01
2000000 | -5.85E-05 -8.96E-05 8.52E-05 2.43E-04 5.15E-04 4.53E-04

Pre-tests 0 1.66E-04 4.95E-02 1.00E-01 4.99E-01 6.00E-01 9.50H-01

two-stage 13 -4.47E-04 4.95E-02 9.94E-02 5.01E-01 6.00E-01 9.50H-01
200 1.82E-04 4.96E-02 9.98E-02 4.97E-01 5.98E-01 9.45H-01

T 613 1.94E-04 5.00E-02 9.92E-02 4.93E-01 5.92E-01 9.35F-01

1000 -1.09E-04 4.94E-02 9.78E-02 4.88E-01 5.86E-01 9.26F-01
2000000 | -8.32E-05 4.70E-03 7.10E-03 2.43E-04 5.15E-04 4.53E-04

0 1.67E-04 4.95E-02 1.00E-01 4.99E-01 6.00E-01 9.50H-01

13 -4.52E-04 4.94E-02 9.94E-02 5.01E-01 6.00E-01 9.50B-01

200 1.87E-04 4.96E-02 9.97E-02 4.97E-01 5.98E-01 9.44F-01

T2 613 1.93E-04 5.00E-02 9.90E-02 4.93E-01 5.90E-01 9.29F-01

1000 -1.09E-04 4.93E-02 9.78E-02 4.86E-01 5.82E-01 9.08H-01
2000000 | -8.32E-05 4.40E-03 4.90E-03 2.43E-04 5.15E-04 4.53E-04

0 1.29E-05 4.97E-02 9.98E-02 5.00E-01 6.00E-01 9.51F-01

13 -5.36E-04 4.91E-02 9.92E-02 5.00E-01 6.00E-01 9.50B-01

200 -5.23E-05 4.99E-02 1.00E-01 4.99E-01 6.00E-01 9.48H-01

T3 613 1.51E-04 5.03E-02 1.00E-01 4.98E-01 5.98E-01 9.45H-01

1000 -9.88E-05 5.01E-02 9.93E-02 4.95E-01 5.95E-01 9.40H-01
2000000 | -8.32E-05 4.40E-03 4.90E-03 2.43E-04 5.15E-04 4.53F-04

0 1.67E-04 4.95E-02 1.00E-01 4.99E-01 6.00E-01 9.50H-01

13 -4.52E-04 4.94E-02 9.94E-02 5.01E-01 6.00E-01 9.50H-01

200 1.87E-04 4.96E-02 9.97E-02 4.97E-01 5.98E-01 9.44H-01

Ta 613 1.92E-04 5.00E-02 9.90E-02 4.93E-01 5.90E-01 9.29F-01

1000 -1.09E-04 4.93E-02 9.78E-02 4.86E-01 5.82E-01 9.08F-01
2000000 | -8.32E-05 4.40E-03 4.90E-03 2.43E-04 5.15E-04 4.53F-04
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| Estimators | 1?1, p— | 0 .05 1 5 .6 95 |
0 1.22E-05 4.97E-02 9.98E-02 5.00E-01 6.00E-01 9.51H

13 -5.36E-04 4.91E-02 9.92E-02 5.00E-01 6.00E-01 9.50E

200 -5.23E-05 4.99E-02 1.00E-01 4.99E-01 6.00E-01 9.48HE

Ha 613 1.51E-04 5.03E-02 1.00E-01 4.98E-01 5.98E-01 9.45H
1000 -9.87E-05 5.01E-02 9.93E-02 4.95E-01 5.95E-01 9.40H
2000000 | -8.32E-05 4.50E-03 5.00E-03 2.43E-04 5.15E-04 4.53H

0 1.29E-05 4.97E-02 9.98E-02 5.00E-01 6.00E-01 9.51H

13 -5.36E-04 4.91E-02 9.92E-02 5.00E-01 6.00E-01 9.50H

200 -5.23E-05 4.99E-02 1.00E-01 4.99E-01 6.00E-01 9.48H

Ho 613 1.51E-04 5.03E-02 1.00E-01 4.98E-01 5.98E-01 9.45H
1000 -9.88E-05 5.01E-02 9.92E-02 4.95E-01 5.95E-01 9.40E
2000000 | -8.32E-05 4.40E-03 4.90E-03 2.43E-04 5.15E-04 4.53H

0 1.67E-04 4.95E-02 1.00E-01 4.99E-01 6.00E-01 9.50HE

13 -451E-04 4.95E-02 9.94E-02 5.01E-01 6.00E-01 9.50H

200 1.87E-04 4.96E-02 9.97E-02 4.97E-01 5.98E-01 9.44H

Hs 613 1.93E-04 5.00E-02 9.90E-02 4.93E-01 5.90E-01 9.29H
1000 -1.09E-04 4.93E-02 9.78E-02 4.86E-01 5.82E-01 9.08H
2000000 | -8.32E-05 4.40E-03 4.90E-03 2.43E-04 5.15E-04 4.53HE

0 1.78E-04 4.96E-02 1.00E-01 4.99E-01 6.00E-01 9.50H

13 -4.54E-04 4.95E-02 9.94E-02 5.01E-01 6.00E-01 9.50H

200 1.84E-04 4.96E-02 9.98E-02 4.97E-01 5.98E-01 9.44HE

RH 613 1.91E-04 5.00E-02 9.92E-02 4.93E-01 5.90E-01 9.26HE
1000 -1.09E-04 4.94E-02 9.78E-02 4.86E-01 5.83E-01 9.05H
2000000 | -8.32E-05 4.90E-03 7.60E-03 2.43E-04 5.15E-04 4.53H

-01
-01
-01
-01
-01
-04

-01
-01
-01
-01
-01
-04

-01
-01
-01
-01
-01
-04

-01
-01
-01
-01
-01
-04
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| Estimators | 121 p— ] 0 .05 A .5 .6 95 |
0 2.00E-03 4.50E-03 1.20E-02 2.52E-01 3.62E-01 9.07E-01
13 2.00E-03 4.50E-03 1.19E-02 2.52E-01 3.62E-01 9.04E-01
200 2.00E-03 4.49E-03 1.20E-02 2.51E-01 3.62E-01 9.02E-01
OoLS 613 2.00E-03 4.54E-03 1.21E-02 2.51E-01 3.60E-01 9.00E-01
1000 1.90E-03 4.60E-03 1.19E-02 2.49E-01 3.59E-01 8.99E-01
2000000 | 2.21E-04 2.54E-04 3.53E-04 3.30E-03 4.70E-03 1.14H-02
0 3.29E-01 3.33E-01 3.54E-01 5.68E-01 6.86E-01 1.21E{00
13 3.30E-01 3.26E-01 3.46E-01 5.92E-01 7.06E-01 1.23ER00
200 3.01E-01 3.08E-01 3.24E-01 5.31E-01 6.39E-01 1.09ERO00
2SLS 613 2.67E-01 2.61E-01 2.91E-01 4.38E-01 5.16E-01 8.77E-01
1000 2.33E-01 2.38E-01 2.35E-01 3.71E-01 4.38E-01 7.16E-01
2000000 | 2.50E-04 2.47E-04 2.57E-04 3.24E-04 3.46E-04 4.79E-04
Pre-tests 0 2.60E-03 5.00E-03 1.24E-02 2.41E-01 3.46E-01 8.65E-01
two-stage 13 2.80E-03 5.00E-03 1.21E-02 2.42E-01 3.46E-01 8.62E-01
200 2.70E-03 5.10E-03 1.22E-02 2.39E-01 3.44E-01 8.56E-01
T 613 2.60E-03 4.90E-03 1.21E-02 2.36E-01 3.39E-01 8.35E-01
1000 2.50E-03 4.80E-03 1.18E-02 2.31E-01 3.32E-01 8.19E-01
2000000 | 2.11E-04 2.21E-04 2.30E-04 3.24E-04 3.46E-04 4.79E-04
0 2.60E-03 5.10E-03 1.24E-02 2.41E-01 3.46E-01 8.63E-01
13 2.70E-03 5.00E-03 1.22E-02 2.41E-01 3.46E-01 8.60E-01
200 2.70E-03 5.10E-03 1.22E-02 2.38E-01 3.43E-01 8.46E-01
T2 613 2.60E-03 5.00E-03 1.22E-02 2.35E-01 3.34E-01 8.06E-01
1000 2.50E-03 4.90E-03 1.17E-02 2.27E-01 3.23E-01 7.59E-01
2000000 | 2.11E-04 2.09E-04 2.05E-04 3.24E-04 3.46E-04 4.79H-04
0 2.00E-03 4.40E-03 1.19E-02 2.51E-01 3.61E-01 9.05E-01
13 2.00E-03 4.40E-03 1.18E-02 2.52E-01 3.61E-01 9.02E-01
200 2.00E-03 4.50E-03 1.19E-02 2.50E-01 3.60E-01 8.98E-01
T3 613 2.00E-03 4.50E-03 1.21E-02 2.49E-01 3.57E-01 8.85E-01
1000 1.90E-03 4.50E-03 1.18E-02 2.46E-01 3.53E-01 8.70E-01
2000000 | 2.11E-04 2.10E-04 2.05E-04 3.24E-04 3.46E-04 4.79E-04
0 2.60E-03 5.10E-03 1.24E-02 2.41E-01 3.46E-01 8.63E-01
13 2.70E-03 5.00E-03 1.22E-02 2.41E-01 3.46E-01 8.60E-01
200 2.70E-03 5.10E-03 1.22E-02 2.38E-01 3.43E-01 8.47E-01
Ta 613 2.60E-03 5.00E-03 1.22E-02 2.35E-01 3.34E-01 8.06E-01
1000 2.50E-03 4.90E-03 1.17E-02 2.27E-01 3.23E-01 7.59E-01
2000000 | 2.11E-04 2.09E-04 2.05E-04 3.24E-04 3.46E-04 4.79H-04




Table 2.6 (Continued). MSE of OLS, 2SLS and two-stage estirador 3 = 1
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| Estimators | 1?1, p— | 0 .05 A 5 .6 95 |
0 2.00E-03 4.40E-03 1.19E-02 2.51E-01 3.61E-01 9.05H

13 2.00E-03 4.40E-03 1.18E-02 2.52E-01 3.61E-01 9.02H

200 2.00E-03 4.50E-03 1.19E-02 2.50E-01 3.60E-01 8.98H

Ha 613 2.00E-03 4.50E-03 1.21E-02 2.49E-01 3.57E-01 8.85H
1000 1.90E-03 4.50E-03 1.18E-02 2.46E-01 3.53E-01 8.70H
2000000 | 2.11E-04 2.10E-04 2.05E-04 3.24E-04 3.46E-04 4.79H

0 2.00E-03 4.40E-03 1.19E-02 2.51E-01 3.61E-01 9.05H

13 2.00E-03 4.40E-03 1.18E-02 2.52E-01 3.61E-01 9.01H

200 2.00E-03 4.50E-03 1.19E-02 2.50E-01 3.60E-01 8.98H

Ho 613 2.00E-03 4.50E-03 1.21E-02 2.49E-01 3.57E-01 8.85H
1000 1.90E-03 4.50E-03 1.18E-02 2.46E-01 3.53E-01 8.70E
2000000 | 2.11E-04 2.09E-04 2.05E-04 3.24E-04 3.46E-04 4.79H

0 2.60E-03 5.10E-03 1.24E-02 2.41E-01 3.46E-01 8.63H

13 2.70E-03 5.00E-03 1.22E-02 2.41E-01 3.46E-01 8.60H

200 2.70E-03 5.10E-03 1.22E-02 2.38E-01 3.43E-01 8.46H

Hs 613 2.60E-03 5.00E-03 1.22E-02 2.35E-01 3.34E-01 8.05H
1000 2.50E-03 4.90E-03 1.18E-02 2.27E-01 3.23E-01 7.59H
2000000 | 2.11E-04 2.09E-04 2.05E-04 3.24E-04 3.46E-04 4.79H

0 2.70E-03 5.00E-03 1.23E-02 2.41E-01 3.44E-01 8.63H

13 2.70E-03 5.00E-03 1.22E-02 2.41E-01 3.45E-01 8.62H

200 2.70E-03 5.00E-03 1.22E-02 2.38E-01 3.43E-01 8.44H

RH 613 2.50E-03 5.00E-03 1.21E-02 2.34E-01 3.31E-01 7.95H
1000 2.40E-03 4.90E-03 1.18E-02 2.28E-01 3.24E-01 7.49H
2000000 | 2.11E-04 2.27E-04 2.40E-04 3.24E-04 3.46E-04 4.79H

-01
-01
-01
-01
-01
-04

-01
-01
-01
-01
-01
-04

-01
-01
-01
-01
-01
-04

-01
-01
-01
-01
-01
-04



Table 2.7. Relative bias of OLS and two-stage estimatorgpeoed with 2SLS fog = 1
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| Estimators | p* L, p—=] O .05 A 5 .6 95 |
0 0.00 1.09 0.92 1.01 1.01 1.01
13 -0.44 0.86 0.97 0.98 1.00 1.00
200 -0.01 1.16 1.08 1.09 1.07 1.07
OLS 613 0.14 1.14 1.32 1.24 1.25 1.25
1000 0.29 1.53 1.49 1.43 1.44 1.44
2000000 | 1.44 -60.29 131.51 227.37 129.21 129.p1
Pre-tests 0 0.05 1.08 0.93 1.01 1.01 1.01
two-Stage 13 -0.36 0.87 0.98 0.98 1.00 1.00
200 0.04 1.16 1.08 1.08 1.07 1.07
T 613 0.19 1.13 1.31 1.23 1.24 1.24
1000 0.32 1.50 1.46 1.41 1.41 1.41
2000000 | 1.42 -52.47 83.37 1.00 1.00 1.00
0 0.05 1.08 0.93 1.01 1.01 1.01
13 -0.37 0.87 0.98 0.98 1.00 1.00
200 0.04 1.16 1.08 1.08 1.07 1.07
T2 613 0.19 1.13 1.30 1.23 1.24 1.24
1000 0.32 1.50 1.46 1.40 1.40 1.40Q
2000000 | 1.42 -49.12 5754 1.00 1.00 1.0d
0 0.00 1.09 0.92 1.01 1.01 1.0
13 -0.44 0.86 0.97 0.98 1.00 1.0
200 -0.01 1.16 1.08 1.09 1.07 1.0
T3 613 0.15 1.14 1.32 1.24 1.25 1.2
1000 0.29 1.52 1.48 1.43 1.43 1.4
2000000 | 1.42 -49.12 5754 1.00 1.00 1.0
0 0.05 1.08 0.93 1.01 1.01 1.01
13 -0.37 0.87 0.98 0.98 1.00 1.00
200 0.04 1.16 1.08 1.08 1.07 1.07
Ta 613 0.19 1.13 1.30 1.23 1.24 1.24
1000 0.32 1.50 1.46 1.40 1.40 1.40
2000000 | 1.42 -49.12 57.54 1.00 1.00 1.0d
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Table 2.7 (Continued). Relative bias of OLS and two-stagienesors compared with 2SLS for

6=1

| Estimators | p* L, p—=] O .05 A 5 6 .95]
0 0.00 1.09 092 101 101 101

13 -0.44 0.86 0.97 098 1.00 1.00

200 -0.01 1.16 1.08 1.09 1.07 1.07

Hi 613 0.15 1.14 1.32 124 125 1.25
1000 0.29 1.52 148 1.43 143 1.43
2000000 | 1.42 -50.24 5871 1.00 1.00 1.00

0 0.00 1.09 092 101 1.01 101

13 -0.44 0.86 0.97 098 1.00 1.00

200 -0.01 1.16 1.08 1.09 1.07 1.0/

Ho 613 0.15 1.14 1.32 124 125 1.25
1000 0.29 1.52 148 1.43 143 1.43
2000000 | 1.42 -49.12 5754 1.00 1.00 1.0

0 0.05 1.08 093 101 1.01 101

13 -0.37 0.87 0.98 098 1.00 1.00

200 0.04 1.16 1.08 1.08 1.07 1.07

Hs 613 0.19 1.13 1.30 123 124 1.24
1000 0.32 1.50 146 140 140 1.40
2000000 | 1.42 -49.12 5754 1.00 1.00 1.00

0 0.05 1.09 093 101 101 101

13 -0.37 0.87 0.98 098 1.00 1.00

200 0.04 1.16 1.08 1.08 1.07 1.07

RH 613 0.18 1.13 1.31 123 124 1.24
1000 0.32 1.50 146 140 140 1.40
2000000 | 1.42 -54.70 89.24 1.00 1.00 1.00




Table 2.8. Relative MSE of OLS and two-stage estimators evathwith 2SLS fo3 = 1

| Estimators | p*L,p—=] O 05 1 .5 .6 95 |
0 0.01 0.01 0.01 044 053 0.7%

13 0.01 0.01 0.01 043 051 0.73

200 0.01 0.01 0.01 0.47 0.57 0.83

OLS 613 0.01 0.02 0.02 0.57 0.70 1.08
1000 0.01 0.02 0.02 0.67 0.82 1.26

2000000 | 0.89 1.03 1.03 10.19 1357 23.1

Pre-tests 0 0.01 0.02 0.02 0.43 0.50 0.7
two-Stage 13 0.01 0.02 0.02 041 049 0.7
200 0.01 0.02 0.02 045 054 0.7

T 613 0.01 0.02 0.02 054 066 0.9
1000 0.01 0.02 0.02 0.62 0.76 1.1

2000000 | 0.84 0.89 0.89 1.00 1.00 1.0

0 0.01 0.02 0.02 0.42 0.50 0.7

13 0.01 0.02 0.02 041 0.49 0.7

200 0.01 0.02 0.02 0.45 0.54 0.7

T2 613 0.01 0.02 0.02 054 065 0.9
1000 0.01 0.02 0.02 0.61 0.74 1.0

2000000 | 0.84 085 0.85 1.00 1.00 1.0

0 0.01 0.01 0.01 044 053 0.7

13 0.01 0.01 0.01 042 051 0.7

200 0.01 0.01 0.01 0.47 0.56 0.8

T3 613 0.01 0.02 0.02 0.57 0.69 1.0
1000 0.01 0.02 0.02 0.66 0.81 1.2

2000000 | 0.84 085 0.85 1.00 1.00 1.0

0 0.01 0.02 0.02 0.42 0.50 0.7

13 0.01 0.02 0.02 041 049 0.7

200 0.01 0.02 0.02 045 054 0.7

Ta 613 0.01 0.02 0.02 054 065 0.9
1000 0.01 0.02 0.02 0.61 0.74 1.0

2000000 | 0.84 0.85 0.85 1.00 1.00 1.0

107
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Table 2.8 (Continued). Relative MSE of OLS and two-stagemegbrs compared with 2SLS for

6=1

| Estimators | p*L,p—] O 05 1 .5 6 .95]
0 0.01 0.01 0.01 0.44 0.53 0.75

13 0.01 0.01 0.01 0.42 051 0.73

200 0.01 0.01 0.01 0.47 056 0.82

Ha 613 0.01 0.02 0.02 057 069 101
1000 0.01 0.02 0.02 0.66 081 1.22
2000000 | 0.84 0.85 0.85 1.00 1.00 1.00

0 0.01 0.01 0.01 0.44 053 0.75

13 0.01 0.01 0.01 0.42 051 0.73

200 0.01 0.01 0.01 0.47 056 0.82

Ha 613 0.01 0.02 0.02 057 0.69 1.01
1000 0.01 0.02 0.02 0.66 080 1.21
2000000 | 0.84 0.85 085 1.00 1.00 1.00

0 0.01 0.02 0.02 042 050 0.71

13 0.01 0.02 0.02 041 0.49 0.70

200 0.01 0.02 0.02 045 0.54 0.78

H3 613 0.01 0.02 0.02 054 065 0.92
1000 0.01 0.02 0.02 061 0.74 106
2000000 | 0.84 0.85 0.85 1.00 1.00 1.00

0 0.01 0.02 0.02 042 050 o071

13 0.01 0.02 0.02 041 0.49 0.70

200 0.01 0.02 0.02 045 0.54 0.77

RH 613 0.01 0.02 0.02 053 0.64 091
1000 0.01 0.02 0.02 0.61 0.74 1.05
2000000 | 0.84 0.92 0.92 100 1.00 1.00




Table 2.9. Relative MSE of 2SLS and two-stage estimatorened with OLS fo3 = 1

| Estimators | p*L,p—=] O .05 A 5 6 .95]
0 164.35 73.93 2953 225 189 1.
13 164.95 72.53 29.04 235 195 1.
200 150.60 68.53 2697 211 177 1.
2SLS 613 133.25 57.62 2401 1.75 143 O.
1000 122.47 51.80 19.75 1.75 1.43 0.
2000000 1.13 0.98 0.73 0.10 0.07 O.
Pre-tests 0 1.30 1.11 1.03 0.96 0.95 O.
two-Stage 13 1.40 1.11 1.02 096 095 O.
200 1.35 1.14 1.02 095 095 O.
T 613 1.30 1.08 1.00 094 094 oO.
1000 1.32 1.04 0.99 093 092 O.
2000000 0.95 0.87 0.65 0.10 0.07 O.
0 1.30 1.13 1.03 0.96 0.95 O.
13 1.35 1.11 1.03 0.96 0.95 O.
200 1.35 1.14 1.02 095 0.95 O.
T2 613 1.30 1.10 1.01 094 093 O.
1000 1.32 1.070.98 091 0.90 0.84
2000000 0.95 0.83 0.58 0.10 0.07 O.q
0 1.00 0.98 0.99 1.00 1.00 O.
13 1.00 0.98 0.99 1.00 1.00 O.
200 1.00 1.00 0.99 100 1.00 O.
T3 613 1.00 0.99 1.00 0.99 0.99 O.
1000 1.00 0.98 0.99 099 0.98 O.
2000000 0.95 0.83 0.58 0.10 0.07 O.
0 1.30 1.13 1.03 096 0.95 O.
13 1.35 1.11 1.03 096 095 O.
200 1.35 1.14 1.02 095 095 O.
T4 613 1.30 1.10 1.01 094 093 O.
1000 1.32 1.07 0.98 091 090 O.
2000000 0.95 0.83 0.58 0.10 0.07 O.

o O O~ O OPrP,r O WOu ,;
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Table 2.9 (Continued). Relative MSE of 2SLS and two-stagjenesors compared with OLS for
p=1

| Estimators | p*L,p—] O 05 1 .5 6 .95]

0 1.00 098 0.99 1.00 1.00
13 1.00 098 0.99 1.00 1.00
200 1.00 1.00 0.99 1.00 1.00
H1 613 1.00 099 1.00 0.99 0.99
1000 1.00 098 0.99 0.99 0.98
2000000 | 0.95 0.83 0.58 0.10 0.07

COoo0o000
O N O m®© O

0 1.00 098 0.99 1.00 1.00
13 1.00 098 0.99 1.00 1.00
200 1.00 1.00 0.99 1.00 1.00
Ha 613 1.00 099 1.00 0.99 0.99
1000 1.00 098 0.99 0.99 0.98
2000000 | 0.95 0.83 0.58 0.10 0.07

COoo0000
O N O O ©

0 1.30 1.13 1.03 0.96 0.95
13 135 1.11 1.03 0.96 0.95
200 135 1.14 1.02 0.95 0.95
H3 613 130 1.10 1.01 0.94 0.93

1000 1.32 1.07 099 091 0.90
2000000 | 0.95 0.83 0.58 0.10 0.07

cooo0o0o0o

0 135 1.11 1.03 0.96 0.95
13 135 1.11 1.03 0.96 0.95
200 135 1.11 1.02 0.95 0.95
RH 613 125 1.10 1.00 0.93 0.92

1000 126 1.07 0.99 091 0.90
2000000 | 0.95 0.89 0.68 0.10 0.07

coo0o00o0
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Table 2.10. Absolute bias of OLS, 2SLS and two-stage espirmddr 5 = 0

| Estimators | 121 p— ] 0 .05 A1 5 .6 95 |
0 -1.91E-04 4.99E-02 9.96E-02 5.00E-01 6.01E-01 9.50H

13 -6.46E-04 5.02E-02 1.01E-01 4.99E-01 6.00E-01 9.50E

200 3.98E-05 4.95E-02 1.00E-01 4.99E-01 5.99E-01 9.49H

OoLS 613 3.23E-05 4.95E-02 9.94E-02 4.98E-01 5.99E-01 9.47H
1000 -3.06E-04 4.99E-02 9.95E-02 4.98E-01 5.97E-01 9.46H

2000000 | -1.44E-05 5.90E-03 1.13E-02 5.54E-02 6.63E-02 1.06HE

0 2.00E-03 4.73E-02 1.05E-01 5.02E-01 5.85E-01 9.47H

13 -2.04E-04 5.41E-02 1.02E-01 5.03E-01 5.97E-01 9.49H

200 -7.40E-03 4.41E-02 9.45E-02 4.63E-01 5.53E-01 8.75H

2SLS 613 1.20E-03 3.62E-02 8.42E-02 3.95E-01 4.70E-01 7.49E
1000 -3.90E-03 3.34E-02 5.80E-02 3.47E-01 4.12E-01 6.58E

2000000 | -2.52E-05 3.29E-04 2.79E-04 4.07E-04 2.84E-04 8.94E

Pre-tests 0 -7.43E-05 4.98E-02 9.99E-02 5.00E-01 6.00E-01 9.50E
two-stage 13 -6.23E-04 5.04E-02 1.01E-01 5.00E-01 6.00E-01 9.50E
200 -3.58E-04 4.92E-02 9.99E-02 4.97E-01 5.97E-01 9.45E

T 613 9.12E-05 4.89E-02 9.86E-02 4.93E-01 5.91E-01 9.36E

1000 -4.95E-04 4.91E-02 9.75E-02 4.89E-01 5.85E-01 9.26H

2000000 | -1.49E-05 5.10E-03 7.40E-03 4.07E-04 2.84E-04 8.94E

0 -7.65E-05 4.98E-02 9.99E-02 5.00E-01 6.00E-01 9.50H

13 -6.23E-01 5.04E-02 1.01E-01 5.00E-01 6.00E-01 9.50H

200 -3.54E-04 4.92E-02 9.99E-02 4.97E-01 5.96E-01 9.44E

T2 613 8.97E-05 4.89E-02 9.86E-02 4.91E-01 5.89E-01 9.29H

1000 -4.92E-04 4.91E-02 9.74E-02 4.87E-01 5.82E-01 9.10H

2000000 | -1.50E-05 4.80E-03 5.20E-03 4.07E-04 2.84E-04 8.94H

0 -1.85E-04 4.99E-02 9.96E-02 5.00E-01 6.01E-01 9.50E

13 -6.45E-04 5.02E-02 1.01E-01 4.99E-01 6.00E-01 9.50H

200 1.59E-05 4.95E-02 1.00E-01 4.99E-01 5.99E-01 9.49H

T3 613 3.78E-05 4.94E-02 9.94E-02 4.97E-01 5.98E-01 9.45E

1000 -3.28E-04 4.98E-02 9.93E-02 4.97E-01 5.95E-01 9.39E

2000000 | -1.50E-05 4.80E-03 5.20E-03 4.07E-04 2.84E-04 8.94E

0 -7.65E-05 4.98E-02 9.99E-02 5.00E-01 6.00E-01 9.50E

13 -6.23E-01 5.04E-02 1.01E-01 5.00E-01 6.00E-01 9.50E

200 -3.54E-04 4.92E-02 9.99E-02 4.97E-01 5.96E-01 9.48E

Ta 613 8.97E-05 4.89E-02 9.86E-02 4.91E-01 5.89E-01 9.29H

1000 -4.91E-04 4.91E-02 9.73E-02 4.87E-01 5.82E-01 9.10H

2000000 | -1.50E-05 4.80E-03 5.20E-03 4.07E-04 2.84E-04 8.94H

2000000 | -1.50E-05 5.30E-03 7.70E-03 4.07E-04 2.84E-04 8.94E

-01
-01
-01
-01
-01
-01

-01
-01
-01
-01
-01
-04

-01
-01
-01
-01
-01
-04

-01
-01
-01
-01
-01
-04

-01
-01
-01
-01
-01
-04

-01
-01
-01
-01
-01
-04
-04



Table 2.10 (Continued). Absolute bias of OLS, 2SLS and ttages estimators fof = 0
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| Estimators | 1?1, p— | 0 .05 1 5 .6 95 |
0 -1.85E-04 4.99E-02 9.96E-02 5.00E-01 6.01E-01 9.50E

13 -6.45E-04 5.02E-02 1.01E-01 4.99E-01 6.00E-01 9.50E

200 1.74E-05 4.95E-02 1.00E-01 4.99E-01 5.99E-01 9.49H

Ha 613 3.78E-05 4.94E-02 9.94E-02 4.97E-01 5.98E-01 9.45H
1000 -3.27E-04 4.98E-02 9.93E-02 4.97E-01 5.95E-01 9.39H
2000000 | -1.49E-05 4.80E-03 5.20E-03 4.07E-04 2.84E-04 8.94H

0 -1.85E-04 4.99E-02 9.96E-02 5.00E-01 6.01E-01 9.50H

13 -6.45E-04 5.02E-02 1.01E-01 4.99E-01 6.00E-01 9.50H

200 1.59E-05 4.95E-02 1.00E-01 4.99E-01 5.99E-01 9.44H

Ho 613 3.78E-05 4.94E-02 9.93E-02 4.97E-01 5.98E-01 9.45H
1000 -3.29E-04 4.98E-02 9.93E-02 4.97E-01 5.95E-01 9.39HE
2000000 | -1.50E-05 4.80E-03 5.20E-03 4.07E-04 2.84E-04 8.94H

0 -7.59E-05 4.98E-02 9.99E-02 5.00E-01 6.00E-01 9.50E

13 -6.23E-01 5.04E-02 1.01E-01 5.00E-01 6.00E-01 9.50H

200 -3.57E-04 4.92E-02 9.99E-02 4.97E-01 5.96E-01 9.48H

Hs 613 9.00E-05 4.89E-02 9.86E-02 4.91E-01 5.89E-01 9.29H
1000 4.92E-04 4.91E-02 9.74E-02 4.87E-01 5.82E-01 9.10H
2000000 | -1.50E-05 4.80E-03 5.20E-03 4.07E-04 2.84E-04 8.94E

0 -8.01E-05 4.98E-02 9.99E-02 5.00E-01 6.00E-01 9.50E

13 -6.24E-04 5.04E-02 1.01E-01 5.00E-01 6.00E-01 9.50E

200 -3.43E-04 4.92E-02 9.99E-02 4.97E-01 5.96E-01 9.44E

RH 613 9.43E-05 4.88E-02 9.87E-02 4.91E-01 5.89E-01 9.28H
1000 -4.82E-04 4.91E-02 9.73E-02 4.87E-01 5.82E-01 9.06H
2000000 | -1.50E-05 5.30E-03 7.70E-03 4.07E-04 2.84E-04 8.94H

-01
-01
-01
-01
-01
-04

-01
-01
-01
-01
-01
-04

-01
-01
-01
-01
-01
-04

-01
-01
-01
-01
-01
-04



Table 2.11. MSE of OLS, 2SLS and two-stage estimatorgfer0
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| Estimators | 121 p— ] 0 .05 A .5 .6 95 |
0 2.00E-03 4.50E-03 1.19E-02 2.52E-01 3.64E-01 9.04E-01
13 2.00E-03 4.50E-03 1.20E-02 2.51E-01 3.62E-01 9.05E-01
200 2.00E-03 4.50E-03 1.20E-02 2.51E-01 3.61E-01 9.02E-01
MCO 613 2.00E-03 4.40E-03 1.18E-02 2.50E-01 3.60E-01 8.99E-01
1000 2.00E-03 4.50E-03 1.19E-02 2.50E-01 3.59E-01 8.98E-01
2000000 | 2.19E-04 2.58E-04 3.55E-04 3.30E-03 4.70E-03 1.15H-02
0 3.40E-01 3.40E-01 3.37E-01 5.81E-01 6.77E-01 1.23E{00
13 3.33E-01 3.31E-01 3.56E-01 5.97E-01 6.94E-01 1.23E{00
200 3.06E-01 3.11E-01 3.22E-01 5.22E-01 6.18E-01 1.10ERO00
2SLS 613 2.73E-01 2.57E-01 2.69E-01 3.95E-01 5.09E-01 8.60E-01
1000 2.29E-01 2.34E-01 2.40E-01 3.69E-01 4.22E-01 7.18E-01
2000000 | 2.48E-04 2.51E-04 2.56E-04 3.17E-04 3.48E-04 4.77H-04
0 2.80E-03 5.10E-03 1.21E-02 5.00E-01 3.47E-01 8.62E-01
two-stage  Pre-tests 13 2.80E-03 5.10E-03 1.23E-02 2.40E-01 3.45E-01 8.63E-01
200 2.70E-03 5.10E-03 1.22E-02 2.39E-01 3.43E-01 8.56E-01
T 613 2.60E-03 4.80E-03 1.19E-02 2.36E-01 3.37E-01 8.40E-01
1000 2.50E-03 4.80E-03 1.17E-02 2.33E-01 3.30E-01 8.20E-01
2000000 | 2.09E-04 2.25E-04 2.33E-04 3.17E-04 3.48E-04 4.77H-04
0 2.80E-03 5.10E-03 1.22E-02 5.00E-01 3.46E-01 8.61E-01
13 2.80E-03 5.10E-03 1.24E-02 2.40E-01 3.45E-01 8.64E-01
200 2.70E-03 5.00E-03 1.22E-02 2.39E-01 3.41E-01 8.46E-01
T2 613 2.60E-03 4.80E-03 1.19E-02 2.33E-01 3.32E-01 8.09E-01
1000 2.50E-03 4.80E-03 1.17E-02 2.29E-01 3.23E-01 7.66E-01
2000000 | 2.08E-04 2.14E-04 2.06E-04 3.17E-04 3.48E-04 4.77H-04
0 2.00E-03 4.50E-03 1.19E-02 5.00E-01 3.63E-01 9.02E-01
13 2.00E-03 4.50E-03 1.20E-02 2.51E-01 3.61E-01 9.02E-01
200 2.00E-03 4.50E-03 1.20E-02 2.50E-01 3.59E-01 8.98E-01
T3 613 2.00E-03 4.40E-03 1.18E-02 2.48E-01 3.57E-01 8.85E-01
1000 2.00E-03 4.50E-03 1.18E-02 2.47E-01 3.52E-01 8.68E-01
2000000 | 2.08E-04 2.14E-04 2.06E-04 3.17E-04 3.48E-04 4.77H-04
0 2.80E-03 5.10E-03 1.22E-02 5.00E-01 3.46E-01 8.61E-01
13 2.80E-03 5.10E-03 1.24E-02 2.40E-01 3.45E-01 8.64E-01
200 2.70E-03 5.00E-03 1.22E-02 2.39E-01 3.41E-01 8.46E-01
Ta 613 2.60E-03 4.80E-03 1.19E-02 2.33E-01 3.32E-01 8.09E-01
1000 2.50E-03 4.80E-03 1.17E-02 2.29E-01 3.23E-01 7.66E-01
2000000 | 2.08E-04 2.14E-04 2.06E-04 3.17E-04 3.48E-04 4.77H-04




Table 2.11 (Continued). MSE of OLS, 2SLS and two-stage edgtis forg = 0
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| Estimators | 1?1, p— | 0 .05 A 5 .6 95 |
0 2.00E-03 4.50E-03 1.19E-02 5.00E-01 3.63E-01 9.02H

13 2.00E-03 4.50E-03 1.20E-02 2.51E-01 3.61E-01 9.02H

200 2.00E-03 4.50E-03 1.20E-02 2.50E-01 3.59E-01 8.98H

Ha 613 2.00E-03 4.40E-03 1.18E-02 2.48E-01 3.57E-01 8.86H
1000 2.00E-03 4.50E-03 1.18E-02 2.47E-01 3.53E-01 8.69H
2000000 | 2.09E-04 2.14E-04 2.06E-04 3.17E-04 3.48E-04 4.77H

0 2.00E-03 4.50E-03 1.19E-02 5.00E-01 3.63E-01 9.02H

13 2.00E-03 4.50E-03 1.20E-02 2.51E-01 3.61E-01 9.02H

200 2.00E-03 4.50E-03 1.20E-02 2.50E-01 3.59E-01 8.98H

Ho 613 2.00E-03 4.40E-03 1.18E-02 2.48E-01 3.57E-01 8.85H
1000 2.00E-03 4.50E-03 1.18E-02 2.47E-01 3.52E-01 8.68H
2000000 | 2.08E-04 2.14E-04 2.06E-04 3.17E-04 3.48E-04 4.77H

0 2.80E-03 5.10E-03 1.21E-02 5.00E-01 3.46E-01 8.61H

13 2.80E-03 5.10E-03 1.24E-02 2.40E-01 3.45E-01 8.63H

200 2.70E-03 5.00E-03 1.22E-02 2.39E-01 3.41E-01 8.46H

Hs 613 2.60E-03 4.80E-03 1.19E-02 2.33E-01 3.32E-01 8.09H
1000 2.50E-03 4.80E-03 1.17E-02 2.29E-01 3.23E-01 7.66H
2000000 | 2.08E-04 2.14E-04 2.06E-04 3.17E-04 3.48E-04 4.77H

0 2.70E-03 5.10E-03 1.22E-02 5.00E-01 3.46E-01 8.61H

13 2.80E-03 5.10E-03 1.23E-02 2.40E-01 3.45E-01 8.65H

200 2.70E-03 5.00E-03 1.22E-02 2.38E-01 3.41E-01 8.42H

RH 613 2.70E-03 4.80E-03 1.19E-02 2.32E-01 3.32E-01 8.01H
1000 2.50E-03 4.80E-03 1.17E-02 2.29E-01 3.23E-01 7.52H
2000000 | 2.08E-04 2.31E-04 2.39E-04 3.17E-04 3.48E-04 4.77H

-01
-01
-01
-01
-01
-04

-01
-01
-01
-01
-01
-04

-01
-01
-01
-01
-01
-04

-01
-01
-01
-01
-01
-04



Table 2.12. Relative bias of OLS and two-stage estimatargpened with 2SLS fof = 0

| Estimators |l p=] O .05 1 5 .6 95 |
0 -0.10 1.05 0.95 1.00 1.03 1.0
13 -0.08 0.93 0.99 0.99 1.00 1.0
200 -0.01 112 1.06 1.08 1.08 1.0
MCO 613 0.03 137 1.8 1.26 1.27 1.2
1000 008 149 1.72 1.43 1.45 1.4
2000000 | 0.57 17.94 40.56 136.17 233.26 118.05
0 -0.04 1.05 0.95 1.00 1.03 1.0
two-stage  Pre-tests 13 -0.03 0.93 0.99 0.99 1.00 1.0
200 005 112 1.06 1.07 1.08 1.0
T 613 008 135 1.17 1.25 1.26 1.2
1000 0.13 147 1.68 1.41 1.42 1.4
2000000 | 0.59 1551 26.56 1.00 1.00 1.0
0 -0.04 1.05 0.95 1.00 1.03 1.0
13 -0.03 0.93 0.99 0.99 1.00 1.0
200 005 112 1.06 1.07 1.08 1.0
T2 613 0.07 135 1.17 1.24 1.25 1.2
1000 0.13 147 1.68 1.40 1.41 1.3
2000000 | 0.59 14.60 18.67 1.00 1.00 1.0
0 -0.09 1.05 0.95 1.00 1.03 1.0
13 -0.08 0.93 0.99 0.99 1.00 1.0
200 0.00 1.12 1.06 1.08 1.08 1.0
T3 613 003 136 1.18 1.26 1.27 1.2
1000 008 149 171 1.43 1.44 1.4
2000000 | 0.59 14.60 18.67 1.00 1.00 1.0
0 -0.04 1.05 0.95 1.00 1.03 1.0
13 -0.03 0.93 0.99 0.99 1.00 1.0
200 005 112 1.06 1.07 1.08 1.0
Ta 613 0.07 135 1.17 1.24 1.25 1.2
1000 0.13 147 1.68 1.40 1.41 1.3
2000000 | 0.59 14.60 18.67 1.00 1.00 1.0
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Table 2.12 (Continued). Relative bias of OLS and two-stagienators compared with 2SLS for

B=0

| Estimators | l,p=] O .05 A 5 6 .95]
0 -0.09 105 095 100 1.03 1.00

13 -0.08 093 099 099 1.00 1.00

200 0.00 1.12 1.06 1.08 1.08 1.08

Ha 613 0.03 1.36 1.18 1.26 1.27 1.26
1000 0.08 1.49 1.71 143 144 143
2000000 | 0.59 14.60 18.67 1.00 1.00 1.90

0 -0.09 1.05 095 100 1.03 1.00

13 -0.08 093 099 099 1.00 1.00

200 0.00 1.12 1.06 1.08 1.08 1.08

Ho 613 0.03 1.36 1.18 126 127 1.26
1000 0.08 1.49 1.71 143 144 143
2000000 | 0.59 14.60 18.67 1.00 1.00 1.00

0 -0.04 1.05 095 100 1.03 1.00

13 -0.03 0.93 0.99 099 1.00 1.00

200 0.05 1.12 1.06 1.07 1.08 1.08

Hs 613 0.08 1.35 1.17 124 125 1.2
1000 0.08 1.47 168 140 141 1.38
2000000 | 0.59 14.60 18.67 1.00 1.00 1.90

0 -0.04 105 095 100 1.03 1.00

13 -0.03 093 099 099 1.00 1.00

200 0.05 1.12 1.06 1.07 1.08 1.08

RH 613 0.08 1.35 1.17 124 125 1.2

1000 -0.13 147 168 140 141 1.
2000000 | 0.59 16.12 27.64 1.00 1.00 1.40




Table 2.13. Relative MSE of OLS and two-stage estimatorspewad with 2SLS fof = 0

| Estimators | p*L,p—] O 05 1 5 .6 95 |
0 0.01 0.01 0.04 043 054 0.7
13 0.01 0.01 0.03 042 052 0.7
200 0.01 0.01 0.04 0.48 058 1.0
MCO 613 0.01 0.02 004 126 071 10
1000 0.01 0.02 005 068 08 1.2
2000000 | 0.88 1.03 1.38 10.42 13.52 24.09
0 0.01 0.02 004 086 051 0.70
two-stage  Pre-tests 13 0.01 0.02 0.03 040 050 0.70
200 0.01 0.02 004 046 056 1.08
T 613 0.01 0.02 004 125 0.66 0.98
1000 0.01 0.02 005 063 0.78 1.14
2000000 | 0.84 090 0.91 1.00 1.00 1.00
0 0.01 0.02 004 086 051 0.70
13 0.01 0.02 0.03 040 050 0.70
200 0.01 0.02 004 046 055 1.08
T2 613 0.01 0.02 004 124 065 094
1000 0.01 0.02 005 0.62 0.77 1.07
2000000 | 0.84 0.85 0.80 1.00 1.00 1.00
0 0.01 0.01 004 0.8 054 0.7
13 0.01 0.01 0.03 042 052 0.7
200 0.01 0.01 0.04 048 058 1.0
T3 613 0.01 0.02 004 126 070 1.0
1000 0.01 0.02 005 0.67 084 1.2
2000000 | 0.84 085 0.80 1.00 100 1.0
0 0.01 0.02 004 086 051 0.70
13 0.01 0.02 0.03 040 050 0.70
200 0.01 0.02 0.04 0.46 058 0.97
Ta 613 0.01 0.02 004 124 065 094
1000 0.01 0.02 005 0.62 0.76 1.07
2000000 | 0.84 0.85 0.80 1.00 1.00 1.00
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Table 2.13 (Continued). Relative MSE of OLS and two-stagienesors compared with 2SLS for

B=0
| Estimators | L, p—=] O .05 1 5 .6 95|
0 0.01 0.01 0.04 0.86 054 0.73
13 0.01 0.01 0.03 0.42 0.52 0.73
200 0.01 0.01 0.04 048 0.58 1.08
H1 613 0.01 0.02 004 126 0.70 1.03
1000 0.01 0.02 005 0.67 084 1.21
2000000 | 0.84 0.85 0.81 1.00 1.00 1.00
0 0.01 0.01 0.04 0.86 054 0.73
13 0.01 0.01 0.03 0.42 052 0.73
200 0.01 0.01 0.04 0.48 058 1.03
Ho 613 0.01 0.02 004 126 0.70 1.03
1000 0.01 0.02 0.05 0.67 0.84 1.21
2000000 | 0.84 0.85 0.80 1.00 1.00 1.00
0 0.01 0.02 0.04 086 0.51 0.70
13 0.01 0.02 0.03 040 0.50 o0.70
200 0.01 0.02 0.04 0.46 055 1.08
Hs 613 0.01 0.02 0.04 124 065 0.94
1000 0.01 0.02 0.05 0.62 0.76 1.07
2000000 | 0.84 0.85 0.80 1.00 1.00 1.00
0 0.01 0.02 0.04 0.86 051 o0.70
13 0.01 0.02 0.03 0.40 0.50 o0.70
200 0.01 0.02 0.04 046 0.55 1.08
RH 613 0.01 0.02 004 124 0.65 0.93
1000 0.01 0.02 0.05 0.62 0.77 1.05
2000000 | 0.84 0.92 0.93 1.00 1.00 1.00
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Table 2.14. Absolute bias of OLS, 2SLS and two-stage estiradior 3 = 10

| Estimators | 11 p— | 0 .05 1 5 .6 95 |
0 -3.75E-04 5.02E-02 1.00E-01 4.99E-01 6.00E-01 9.50E-01
13 9.05E-04 5.12E-02 1.00E-01 5.00E-01 6.00E-01 9.50E-01
200 2.24E-04 4.97E-02 1.01E-01 5.00E-01 5.99E-01 9.49E-01
MCO 613 -7.08E-05 4.92E-02 1.01E-01 4.98E-01 6.00E-01 9.47EH-01
1000 -3.13E-04 4.92E-02 9.94E-02 4.98E-01 5.98E-01 9.47E{+03
2000000 | -1.51E-04 5.40E-03 1.12E-02 5.55E-02 6.64E-02 1.05H-01
0 5.10E-03 6.02E-02 9.40E-02 4.99E-01 6.02E-01 9.55H-01
13 2.60E-03 3.46E-02 9.87E-02 4.91E-01 6.03E-01 9.55H-01
200 2.10E-03 4.16E-02 8.03E-02 4.56E-01 5.53E-01 8.71E-01
2SLS 613 -5.18E-04 4.33E-02 7.02E-02 3.96E-01 4.77E-01 7.48E-01
1000 3.10E-03 3.61E-02 6.28E-02 3.47E-01 4.12E-01 6.70E-01
2000000 | -1.83E-04 -6.49E-05 2.55E-04 4.19E-04 4.89E-04 1.00E-03
Pre-tests 0 -1.20E-04 5.08E-02 9.97E-02 4.99E-01 6.00E-01 9.50E-01
two-stage 13 9.87E-04 5.04E-02 9.99E-02 4.99E-01 6.00E-01 9.51H-01
200 3.18E-04 4.93E-02 1.00E-01 4.97E-01 5.97E-01 9.45H-01
T 613 -9.42E-05 4.89E-02 9.95E-02 4.93E-01 5.93E-01 9.35H-01
1000 -1.39E-04 4.85E-02 9.75E-02 4.90E-01 5.85E-01 9.26E-01
2000000 | -1.53E-04 4.70E-03 7.30E-03 4.19E-04 4.89E-04 1.00E-03
0 -1.02E-04 5.07E-02 9.98E-02 4.99E-01 6.00E-01 9.50E-01
13 9.86E-04 5.04E-02 9.99E-02 4.99E-01 6.00E-01 9.51E-01
200 3.21E-04 4.93E-02 1.00E-01 4.97E-01 5.96E-01 9.44E-01
T2 613 -9.49E-05 4.89E-02 9.94E-02 4.92E-01 5.92E-01 9.28H-01
1000 -1.42E-04 4.85E-02 9.74E-02 4.87E-01 5.81E-01 9.10E-01
2000000 | -1.53E-04 4.40E-03 5.20E-03 4.19E-04 4.89E-04 1.00E-03
0 -3.62E-04 5.03E-02 1.00E-01 4.99E-01 6.00E-01 9.50EH-01
13 9.09E-04 5.12E-02 1.00E-01 5.00E-01 6.00E-01 9.51H-01
200 2.31E-04 4.97E-02 1.01E-01 5.00E-01 5.99E-01 9.49E-01
T3 613 -7.35E-05 4.92E-02 1.01E-01 4.97E-01 5.99E-01 9.44E-01
1000 -2.90E-04 4.91E-02 9.92E-02 4.96E-01 5.95E-01 9.39E-01
2000000 | -1.53E-04 4.40E-03 5.30E-03 4.19E-04 4.89E-04 1.00E-03
0 -1.02E-04 5.07E-02 9.98E-02 4.99E-01 6.00E-01 9.50E-01
13 9.86E-04 5.04E-02 9.99E-02 4.99E-01 6.00E-01 9.51E-01
200 3.20E-01 4.93E-02 1.00E-01 4.97E-01 5.96E-01 9.44EH-01
Ta 613 -9.48E-05 4.89E-02 9.94E-02 4.92E-01 5.92E-01 9.28H-01
1000 -1.42E-04 4.85E-02 9.74E-02 4.87E-01 5.82E-01 9.11E-01
2000000 | -1.53E-04 4.40E-03 5.20E-03 4.19E-04 4.89E-04 1.00E-03




Table 2.14 (Continued). Absolute bias of OLS, 2SLS and ttages estimators fof = 10
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| Estimators | 1?1, p— | 0 .05 K1 5 .6 95 |
0 -3.62E-04 5.03E-02 1.00E-01 4.99E-01 6.00E-01 9.50H

13 9.08E-04 5.12E-02 1.00E-01 5.00E-01 6.00E-01 9.51H

200 2.31E-04 4.97E-02 1.01E-01 5.00E-01 5.99E-01 9.49H

H1 613 -7.34E-05 4.92E-02 1.01E-014.97E-01 5.99E-01 9.45E-01
1000 -2.90E-04 4.91E-02 9.92E-02 4.96E-01 5.95E-01 9.39H
2000000 | -1.53E-04 4.40E-03 5.20E-03 4.19E-04 4.89E-04 1.00H

0 -3.62E-04 5.03E-02 1.00E-01 4.99E-01 6.00E-01 9.50H

13 9.09E-01 5.12E-02 1.00E-01 5.00E-01 6.00E-01 9.51H

200 2.31E-04 4.97E-02 1.01E-01 5.00E-01 5.99E-01 9.49H

Ho 613 -7.35E-05 4.92E-02 1.01E-014.97E-01 5.99E-01 9.44E-01
1000 -2.90E-04 4.91E-02 9.92E-02 4.96E-01 5.95E-01 9.39H
2000000 | -1.53E-04 4.40E-03 5.20E-03 4.19E-04 4.89E-04 1.00H

0 -1.00E-04 5.07E-02 9.98E-02 4.99E-01 6.00E-01 9.50H

13 9.86E-01 5.04E-02 9.99E-02 4.99E-01 6.00E-01 9.51H

200 3.21E-04 4.93E-02 1.00E-01 4.97E-01 5.96E-01 9.44H

Hs 613 -9.49E-05 4.89E-02 9.94E-02 4.92E-01 5.92E-01 9.28H
1000 -1.41E-04 4.85E-02 9.74E-02 4.87E-01 5.81E-01 9.10H
2000000 | -1.53E-04 4.40E-03 5.20E-03 4.19E-04 4.89E-04 1.00H

0 -1.21E-04 5.07E-02 9.97E-02 4.99E-01 6.00E-01 9.50H

13 9.85E-04 5.04E-02 9.99E-02 4.99E-01 6.00E-01 9.51H

200 3.17E-04 4.93E-02 1.00E-01 4.97E-01 5.96E-01 9.44H

RH 613 -9.35E-05 4.89E-02 9.94E-02 4.92E-01 5.92E-01 9.27H
1000 -1.48E-04 4.85E-02 9.75E-02 4.86E-01 5.82E-01 9.07H
2000000 | -1.53E-04 4.90E-03 7.70E-03 4.19E-04 4.89E-04 1.00H

-01
-01
-01

-01
-03

-01
-01
-01

-01
-03

-01
-01
-01
-01
-01
-03

-01
-01
-01
-01
-01
-03



Table 2.15. MSE of OLS, 2SLS and two-stage estimatorgfer 10
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| Estimators | 121 p— ] 0 .05 A .5 .6 95 |
0 2.00E-03 4.50E-03 1.20E-02 2.51E-01 3.62E-01 9.05E-01
13 2.00E-03 4.60E-03 1.20E-02 2.52E-01 3.62E-01 9.05E-01
200 2.00E-03 4.50E-03 1.22E-02 2.52E-01 3.61E-01 9.03E-01
MCO 613 2.00E-03 4.40E-03 1.22E-02 2.50E-01 3.61E-01 8.99E-01
1000 2.00E-03 4.40E-02 1.18E-02 2.50E-01 3.59E-01 8.98E-01
2000000 | 2.21E-04 2.45E-04 3.50E-04 3.30E-03 4.70E-03 1.15H-02
0 3.26E-01 3.35E-01 3.31E-01 5.80E-01 7.03E-01 1.26E{00
13 3.44E-01 3.37E-01 3.25E-01 5.78E-01 6.94E-01 1.25E{00
200 3.13E-01 3.12E-01 3.24E-01 5.21E-01 6.18E-01 1.08E{00
2SLS 613 2.80E-01 2.66E-01 2.73E-01 4.35E-01 5.08E-01 8.59E-01
1000 2.33E-01 2.32E-01 2.40E-01 3.67E-01 4.31E-01 7.52E-01
2000000 | 2.48E-04 2.43E-04 2.54E-04 3.04E-04 3.45E-04 4.74EH-04
Pre-tests 0 2.60E-03 5.20E-03 1.23E-02 2.40E-01 3.45E-01 8.60E-01
two-stage 13 2.70E-03 5.20E-03 1.21E-02 2.40E-01 3.45E-01 8.65E-01
200 2.60E-03 5.00E-03 1.23E-02 2.39E-01 3.43E-01 8.53E-01
T 613 2.70E-03 4.90E-03 1.21E-02 2.36E-01 3.40E-01 8.35E-01
1000 2.50E-03 4.70E-02 1.17E-02 2.33E-01 3.30E-01 8.18E-01
2000000 | 2.10E-04 2.13E-04 2.30E-04 3.04E-04 3.45E-04 4.74EH-04
0 2.70E-03 5.10E-03 1.22E-02 2.40E-01 3.45E-01 8.60E-01
13 2.70E-03 5.20E-03 1.21E-02 2.40E-01 3.46E-01 8.63E-01
200 2.70E-03 5.00E-03 1.24E-02 2.38E-01 3.41E-01 8.47E-01
T2 613 2.70E-03 4.90E-03 1.22E-02 2.34E-01 3.37E-01 8.03E-01
1000 2.50E-03 4.70E-02 1.17E-02 2.28E-01 3.22E-01 7.64E-01
2000000 | 2.09E-04 2.03E-04 2.05E-04 3.04E-04 3.45E-04 4.74H-04
0 2.00E-03 4.50E-03 1.20E-02 2.51E-01 3.61E-01 9.02E-01
13 2.00E-03 4.60E-03 1.19E-02 2.51E-01 3.61E-01 9.03E-01
200 2.00E-03 4.40E-03 1.22E-02 2.51E-01 3.59E-01 8.98E-01
T3 613 2.00E-03 4.40E-03 1.21E-02 2.48E-01 3.58E-01 8.84E-01
1000 2.00E-03 4.40E-03 1.18E-02 2.46E-01 3.52E-01 8.67E-01
2000000 | 2.09E-04 2.03E-04 2.05E-04 3.04E-04 3.45E-04 4.74EH-04
0 2.70E-03 5.10E-03 1.22E-02 2.40E-01 3.45E-01 8.60E-01
13 2.70E-03 5.20E-03 1.21E-02 2.40E-01 3.46E-01 8.63E-01
200 2.70E-03 5.00E-03 1.24E-02 2.38E-01 3.41E-01 8.47E-01
Ta 613 2.70E-03 4.90E-03 1.22E-02 2.34E-01 3.37E-01 8.04E-01
1000 2.50E-03 4.70E-02 1.17E-02 2.28E-01 3.22E-01 7.64E-01
2000000 | 2.09E-04 2.03E-04 2.05E-04 3.04E-04 3.45E-04 4.74EH-04
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| Estimators | 1?1, p— | 0 .05 1 5 .6 95 |
0 2.00E-03 4.50E-03 1.20E-02 2.51E-01 3.61E-01 9.02H

13 2.00E-03 4.60E-03 1.19E-02 2.51E-01 3.61E-01 9.03H

200 2.00E-03 4.40E-03 1.22E-02 2.51E-01 3.60E-01 8.99H

H1 613 2.00E-03 4.40E-03 1.22E-02 2.48E-01 3.58E-01 8.84HE
1000 2.00E-03 4.40E-03 1.18E-02 2.46E-01 3.52E-01 8.67H
2000000 | 2.10E-04 2.04E-01 2.05E-04 3.04E-04 3.45E-04 4.74H

0 2.00E-03 4.50E-03 1.20E-02 2.51E-01 3.61E-01 9.02E

13 2.00E-03 4.60E-03 1.19E-02 2.51E-01 3.61E-01 9.03H

200 2.00E-03 4.40E-03 1.22E-02 2.51E-01 3.59E-01 8.98H

Ho 613 2.00E-03 4.40E-03 1.21E-02 2.48E-01 3.58E-01 8.84H
1000 2.00E-03 4.40E-03 1.18E-02 2.46E-01 3.52E-01 8.66H
2000000 | 2.09E-04 2.03E-04 2.05E-04 3.04E-04 3.45E-04 4.74H

0 2.70E-03 5.10E-03 1.22E-02 2.40E-01 3.45E-01 8.60H

13 2.70E-03 5.20E-03 1.21E-02 2.40E-01 3.46E-01 8.63H

200 2.70E-03 5.00E-03 1.24E-02 2.38E-01 3.41E-01 8.47H

Hs 613 2.70E-03 4.90E-03 1.21E-02 2.34E-01 3.37E-01 8.03H
1000 2.50E-03 4.70E-02 1.17E-02 2.28E-01 3.22E-01 7.64H
2000000 | 2.09E-04 2.03E-04 2.05E-04 3.04E-04 3.45E-04 4.74H

0 2.60E-03 5.00E-03 1.22E-02 2.40E-01 3.46E-01 8.60H

13 2.70E-03 5.20E-03 1.21E-02 2.41E-01 3.46E-01 8.63H

200 2.60E-03 5.00E-03 1.24E-02 2.38E-01 3.41E-01 8.43HE

RH 613 2.60E-03 4.80E-03 1.21E-02 2.34E-01 3.36E-01 8.00HE
1000 2.40E-03 4.70E-02 1.17E-02 2.27E-01 3.23E-01 7.54H
2000000 | 2.10E-04 2.19E-01 2.38E-04 3.04E-04 3.45E-04 4.74H

-01
-01
-01
-01
-01
-04

-01
-01
-01
-01
-01
-04

-01
-01
-01
-01
-01
-04

-01
-01
-01
-01
-01
-04
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Table 2.16. Relative bias of OLS and two-stage estimatargpeoed with 2SLS fof = 10

| Estimators | p*L,p—=] O .05 1 5 .6 95 |
0 -0.07 0.83 1.06 1.00 1.00 1.0
13 0.35 1.48 1.01 1.02 0.99 1.0
200 0.11 1.19 1.26 1.09 1.08 1.0
MCO 613 0.14 1.14 1.44 1.26 1.26 1.2
1000 -0.10 1.36 1.58 1.44 1.45 1.4
2000000 0.83 -83.23 43.87 132.32 135.86 105.40
Pre-tests 0 -0.02 0.84 1.06 1.00 1.00 1.0
two-stage 13 0.38 1.46 1.01 1.02 1.00 1.0
200 0.15 1.19 1.25 1.09 1.08 1.0
Ti 613 0.18 1.13 1.42 1.24 1.24 1.2
1000 -0.04 1.34 1.55 1.41 1.42 1.3
2000000 0.83 -72.44 28.59 1.00 1.00 1.0
0 -0.02 0.84 1.06 1.00 1.00 1.0
13 0.38 1.46 1.01 1.02 1.00 1.0
200 0.15 1.19 1.25 1.09 1.08 1.0
T2 613 0.18 1.13 1.42 1.24 1.24 1.2
1000 -0.05 1.34 1.55 1.40 141 1.3
2000000 0.83 -67.81 20.37 1.00 1.00 1.0
0 -0.07 0.84 1.06 1.00 1.00 1.0
13 0.35 1.48 1.01 1.02 0.99 1.0
200 0.11 1.19 1.26 1.09 1.08 1.0
T3 613 0.14 1.14 1.44 1.25 1.25 1.2
1000 -0.09 1.36 1.58 1.43 1.44 1.4
2000000 0.83 -67.81 20.76 1.00 1.00 1.0
0 -0.02 0.84 1.06 1.00 1.00 1.0
13 0.38 1.46 1.01 1.02 1.00 1.0
200 152,57 1.19 1.25 1.09 1.08 1.0
Ta 613 0.18 1.13 1.42 1.24 1.24 1.2
1000 -0.05 1.34 1.55 1.40 1.41 1.3
2000000 0.83 -67.81 20.37 1.00 1.00 1.0
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Table 2.16 (Continued). Relative bias of OLS and two-stagienators compared with 2SLS for

B =10

| Estimators | p*L,p—=] O .05 1 5 .6 95|
0 -0.07 0.84 1.06 1.00 1.00 1.00

13 0.35 1.48 1.01 1.02 0.99 1.00

200 0.11 1.19 1.26 1.09 1.08 1.09

Hy 613 0.14 1.14 144 125 125 1.26
1000 -0.09 1.36 158 1.43 144 1.40
2000000 0.83 -67.81 20.37 1.00 1.00 1.90

0 -0.07 0.84 1.06 1.00 1.00 1.00
13 349.42 1.48 1.01 1.02 0.99 1.0

200 0.11 1.19 1.26 1.09 1.08 1.09

Ho 613 0.14 1.14 144 125 125 1.26
1000 -0.09 1.36 158 143 144 1.40
2000000 0.83 -67.81 20.37 1.00 1.00 1.90

0 -0.02 0.84 1.06 1.00 1.00 1.00
13 379.38 1.46 1.01 1.02 1.00 1.00

200 0.15 1.19 1.25 1.09 1.08 1.08

Hs 613 0.18 1.13 142 124 124 1.24
1000 -0.09 1.34 155 140 141 1.36
2000000 0.83 -67.81 20.37 1.00 1.00 1.90

0 -0.02 0.84 1.06 1.00 1.00 1.00

13 0.38 1.46 1.01 1.02 1.00 1.00

200 0.15 1.19 1.25 1.09 1.08 1.08

RH 613 0.18 1.13 142 124 124 1.24
1000 -0.05 1.34 155 140 141 1.36
2000000 0.83 -75.52 30.16 1.00 1.00 1.90
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Table 2.17. Relative MSE of OLS and two-stage estimatorspeoed with 2SLS fos = 10

| Estimators | p*L,p—] O .05 1 5 .6 95 |
0 0.01 0.01 0.04 0.43 0.52 0.7
13 0.01 0.01 0.04 0.44 0.52 0.7
200 0.01 0.01 0.04 0.48 0.58 1.0
MCO 613 0.01 0.02 0.04 1.26 0.71 1.0
1000 0.01 0.19 0.05 0.68 0.83 1.1
2000000 | 0.89 1.01 1.38 10.87 13.63 24.24
Pre-tests 0 0.01 0.02 0.04 0.41 0.49 0.68
two-stage 13 0.01 0.02 0.04 0.41 0.50 0.69
200 0.01 0.02 0.04 0.46 0.56 1.08
T 613 0.01 0.02 0.04 124 0.67 0.97
1000 0.01 0.20 0.05 0.63 0.77 1.09
2000000 | 0.85 0.88 091 1.00 1.00 1.00
0 0.01 0.02 0.04 041 0.49 0.68
13 0.01 0.02 0.04 042 0.50 0.69
200 0.01 0.02 0.04 0.46 0.55 1.08
T2 613 0.01 0.02 0.04 1.24 0.66 0.94
1000 0.01 0.20 0.05 0.62 0.75 1.02
2000000 | 0.84 0.84 0.81 1.00 1.00 1.00
0 0.01 0.01 0.04 0.43 0.51 0.7
13 0.01 0.01 0.04 0.43 0.52 0.7
200 0.01 0.01 0.04 0.48 0.58 1.0
T3 613 0.01 0.02 0.04 1.25 0.71 1.0
1000 0.01 0.02 0.05 0.67 0.82 1.1
2000000 | 0.84 0.84 0.81 1.00 1.00 1.0
0 0.01 0.02 0.04 041 0.49 0.6
13 0.01 0.02 0.04 0.42 0.50 0.6
200 0.01 0.02 0.04 0.46 0.58 0.9
Ta 613 0.01 0.02 0.04 1.24 0.66 0.9
1000 0.01 0.20 0.05 0.62 0.75 1.0
2000000 | 0.84 0.84 0.81 1.00 1.00 1.0
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Table 2.17 (Continued). Relative MSE of OLS and two-stagienesors compared with 2SLS for

B =10

| Estimators | p*l,p—] O .05 K1 5 .6 95|
0 0.01 0.01 0.04 043 051 o071

13 0.01 0.01 0.04 0.43 0.52 0.72

200 0.01 0.01 0.04 0.48 0.58 1.09

H1 613 0.01 0.02 0.04 125 0.71 1.03
1000 0.01 0.02 0.05 0.67 0.82 1.15
2000000 | 0.84 837.48 0.81 1.00 1.00 1.90

0 0.01 0.01 0.04 043 051 o071

13 0.01 0.01 0.04 0.43 052 0.72

200 0.01 0.01 0.04 0.48 058 1.03

Ho 613 0.01 0.02 0.04 125 0.70 1.03
1000 0.01 0.02 0.05 0.67 0.82 1.15
2000000 | 0.84 0.84 0.81 1.00 1.00 1.00

0 0.01 0.02 0.04 041 0.49 0.68

13 0.01 0.02 0.04 0.42 0.50 0.69

200 0.01 0.02 0.04 0.46 055 1.09

Hs 613 0.01 0.02 0.04 124 066 0.94
1000 0.01 0.20 0.05 0.62 0.75 1.02
2000000 | 0.84 0.84 0.81 1.00 1.00 1.00

0 001 001 0.04 041 049 0.6
13 001 0.02 0.04 042 0.50 0.6
200 0.01 0.02 0.04 046 055 1.0
RH 613 001 0.02 0.04 124 066 0.9
1000 001 020 005 062 075 1.0
2000000 | 0.85 900.79 0.94 1.00 1.00 1.0

S O W oo
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Chapter 3

Wald tests for error-regressors covariances, partial
exogeneity tests and partial IV estimation
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1. Introduction

An important problem in econometrics is testing whethermsstiof stochastic explanatory variables
is exogenous in a linear regression model. In many appliett,wesearchers often wants to assess
the exogeneity of a subset of variables without imposingettageneity assumption on other model
variables. For example, in the wage equation, one wouldtikéest the partial exogeneity of
mother’s education without imposing restrictions on &pitind schooling. In the New Keynesian
Phillips Curve, one often needs to assess whether intetteshind unemployment rate are exogenous
without restraining inflation rate and the other variabléandard exogeneity tests of the type
proposed by Durbin (1954), Wu (1973), Hausman (1978) (DW4hhot solve such a problem. The
difficulty of course is that covariance estimates and thaindard errors are not typically produced
from DWH-type tests. Consequently, these tests are nofausdien testing the exogeneity of a
subset of variables. As a result, testing linear restmgtion covariances using DWH-type tests is in
general difficult and unpracticable.

The generalized Wald (GW)-type procedures proposed in yft087) alleviates such a dif-
ficulty. However, the Wald-type procedures assume that tlarseare Gaussian. This raises the
following question: how robust is the Wald-type proceduresrror specification? In other words,
are these procedures valid when the errors are non Gaussian?

This paper extends the Wald-type procedures to non Gaussians. \We develop a new version
of earlier tests which is typically valid (size is contral)eeven for non normal errors. The version of
test-statistic proposed differs from earlier statistiotigh the covariance matrix of the covariance
estimate. We provide a correction of the covariance estimdiich clearly depends on the excess
kurtosis of the distribution of the errors. We show that wlilem errors are Gaussian, the excess
kurtosis is zero and the modified covariance collapses tsetimDufour (1987).

We present the Monte Carlo experiment which confirms ourrttaal results. In particular,

when the instruments are strong and the errors have a chiesdistribution, the earlier GW-test is
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size distorted with maximal rejection frequencies as gread 99.14 % for the sample size= 300.
However, the modified test (MGW) is still validlé., level is controlled).

Moreover, we provide an analysis of the performance of dfie pretest-estimators based on
Wald-type tests which allows us to develop two new pretestrators of structural parameter. Both
estimators combine 2SLS and partial IV estimators. Twagldi-estimators are used. The first es-
timator is obtained by treating the subset of supposedlpgaaous regressors as exogenous, but is
not included in the set of available instruments. The se@astichator includes this set as additional
instruments. The Monte Carlo simulations indicate that:like OLS [Doko and Dufour (2009a)],
partial IV-estimator outperform 2SLS when the instrumearsweak; (2) pretest-estimators have a
good performance (bias and MSE) over a wide range casesdingl weak instruments and mod-
erate endogeneity) compared with 2SLS. Therefore, thislmeayewed as a variable selection pro-
cedure where a GW-test is used in the first stage to decidehwhidables should be instrumented
and which ones are valid instruments.

The paper is organized as follows. Section 2 formulates tbdeinconsidered. Section 3
presents the modified generalized Wald (MGW)-test and @edtistudies through a Monte Carlo
experiment: (1) the properties (level and power) of GW-tigsts; (2) the performance (bias and
MSE) of pretest-estimators—including OLS and 2SLS estinsatSection 5 illustrates our theoreti-
cal results through two empirical applications: the welbm wage model and the returns to scale

in electricity supply. We conclude in Section 9. Proofs arespnted in the Appendix.

2. Framework

We consider the model describeb by

y=YB+ Z1v+u, (2.2)
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wherey is aT x 1 random vector} is aT x G matrix of explanatory variableg7 > 1),
u = [ug, ..., up|" isaT x 1 vector of disturbances; and~ areG x 1 andk; x 1 vectors of
unknown structural coefficients arfif] is aT" x k; matrix of included instruments.

We assume that

Y=2ZI0+V, (2.2)

whereZ isT x k matrix of rankk, II is ak x G matrix of unknown coefficients and is a7 x G

matrix of disturbances. Let partitiodd and ] as
7 = [le, Zg] and II = [H{l, Hé]/, (23)

whereZ; is aT x ko matrix excluded from (2.1)Z1; is a set of variable included i, II; and
111, are respectivelys x G andk; x G matrices of unknown coefficients. So, (2.2) can be written
as

Y =Z11111 + Zo1l, + V. (24)

We assume strong identification of model parametess,
T >2G + k; and rank(/lz) = G. (2.5)

Now, let also partitiort” as

Y =\, Vs, (2.6)

whereY; andY; are respectivelyi” x Gq andT x Gy matrices,GG1 + Go = G. We assume by
convention that ifz; = 0 or G5 = 0, the corresponding variablg or Y5 drops out of the model.

Define
B = [5/17 5/2]/7 I, = [Hlllv H121]7 I = [H217 H22]7 and V = [VVI, ‘/2]7 (27)

wheres,, 3, are respectivelys; x 1 andG, x 1 vectors,/1;; andIl, are defined in (2.3)y; and



V5 are reduced form errors.

From (2.6)-(2.7), model (2.1)-(2.2) can be written as

y = Y18 +YaBy+ Z1y+u,

Y1 = Znlliy + ZoIls + Vi,
Yo = ZnIl + Zollsy + Vs
Let
V: [wl, ...,wg],

wherew;,, 1 < k < G is thek-th column ofV and
U=[u,V]=[Uy,...,Ur] .
We assume that
U; areiidforalt=1,...,T

and

!

, 2
E[U] =0, E[UtUt]:Z:[UU 0 }>0, t

0 Xy

E[UsUpUpUy] < 00, Vt=1, ..., T; Vi, jkl=1,...,G+1,
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(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

whereXy has dimensioid7. Equations (2.13)-(2.14) assume finite fourth moments ofehedors.

Let us defineg and Xy, as

i X
§= [517 52]/7 ZV = |: " 12 :| = [O'jk]j,k:L...,G !

291 Yoo

whered and Xy, are partitioned according to the partition bf

(2.15)
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Let regress. on the columns oV, i.e.
u=Va+e, (2.16)

wherea is aG x 1 vector of unknown coefficients, ands independent of” with mean zero and

variances?. From (2.13), we have
§=Yya, o2 =02 +dYyva=0l+55,'6. (2.17)

We make the following generic assumptions on the asympbmfaviour of model variables

[where A > 0 for a matrix A means thatd is positive definite (p.d.), and> refers to limits as

T — o]
plv Vv el L s (2.18)
%[z Z2 ][z Zl]ﬂmzz[;zzzl ZQZZZ;]M, (2.19)
%[z 2] [v e]Bo. (2.20)
Now, substituting (2.16) in (2.1) yields
y=YB+Ziv+Va+e, (2.21)

wheres is independent of all the regressors. If the malfiwere observed, we would test any set of
linear restrictions o, v anda in equation (2.21) using standard Wald-type tests. Inqalgtr, lin-

ear hypotheses regarding the parameter vectmuld be tested by using the least squares estimate
a obtained from (2.21). Furthermore, iy, were also known, the transformatién= X'y, a would
allow one to test linear restriction @n Unfortunately, neithel” nor Xy are known in practice and

standard Wald-type tests are unusable in (2.21).

This paper has two main objectives. The first objective i linear restrictions on covari-
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ancesj.e. the hypothesis of the form

Hy : Q0 = do, (2.22)

where the error$/ may follow any non Gaussian distributio. is anr x G fixed matrix of rankr
andd, is a fixedr x 1 vector. The second objective is related to pretesting jgeaethere a GW-type
test is used as pre-test in the first stage. Our main goal &doeanalyze the relative performance
—bias and mean square errors (MSE)- of pretest-estimdtovgiray for the presence of weak IV.
However, the reader may note that the focus of this papertitorforovide formal theory on weak
IV effects on Wald-type tests.

The following section derives the modified pre-test stati@iGW).
3. Test statistics
Let us consider the equation
y=YB+ Ziy+Va+e*=X¢p+e*, (3.1)

where

X=[,2,V], 6=8.,7,d), V=Y —ZII,L I =(Z'2)"'7'Y . (3.2)
I1 is the OLS estimate aff obtained from equation (2.2) adlis the corresponding OLS residuals,
and ¢* = Z(II — II)a +¢.

The OLS estimate o obtained from (3.1) is given by

=54, ) =(X'X)"'Xy. (3.3)
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Under the assumption®.18) - (2.20) we have

'S0+ %y 'Sy Sy

X'X
Yx = plim = Xy 1T Xz o |, (3.4)
T—o00
Xy 0 Xy
'X
Yzx = plim =Xz Xzz 0]. (3.5)

T—o00

From (2.5), we have rafll’x) = 2G + k1, i.e. Xx is non-singular. Following Dufour (1987,

Theorem 1), we show under the assumptions (2.1) - (2.24)2(2.13), (2.5), and (6.3) - (6.5), that

(A) Consistency

plimé = ¢, plima=a, (3.6)

T—o0 T—o0

(B) Normality :
VT(—¢) X N[0, Z5), VT(a—a) X N0, 5], (3.7)
where
Yy = oS A TEI Y S VxS T =d Dya= 35,16, (3.8)
Sy = MolEx +1E 2 5x]AL, Ay = glim (Cy) (3.9)
— 00

andCy is aG x (2G + k) matrix such that:

X T Coy |’

~ , —1 ~ , —1
[see proof in Appendix A]. Furthermore, I8y, = (XTZ> andX, = (ZTZ) . Then, we

have

Sy = S0 Tx +75xz 57 V5 155 (3.10)
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Sy = Co62 8% + 7 5x 5, S 10 (3.11)
62 = (y—Xo)(y—X¢)/T,#=d'Sva,Sy =V'V)T (3.12)
and
plim ﬁ'¢ = Y4, plim Y, =%, plim 6’? = O‘? (3.13)
T— oo T—o0 T—o00
pim7 = 7, plimXy =Xy. (3.14)
T—o0 T—o00

So, one can test any linear restrictions¢on.e the hypotheses of the forf (M, mg) : M¢ =
mo, WherelM is av x (2G + k1) matrix of rankv < 2G + k; andmy is av x 1 fix vector, by using

a critical region of the forr{W(M,mg) > c}, where
W(M,mo) = T(M — mo)' [M s M'] " (M — my) (3.15)

andc is a constant which depends on the level of the test [for metaild, see Dufour (1987)].

Consider now the problem of testing linear restriction omac@ncesij.e the hypothesis

To derive the test-statistic for this hypothesis, we shafil@t the following result in Anderson
(2003, Theorem 3.6.2, p.102).

Define

Sy = [ofh<j<a, Xv =[6%)1<<a, (3.17)
where

O';' = (O’jl, O'jg, ey O'j(;), (5'; = (&jla a'jg, ey &jG) (318)
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are thejth row of ¥y and Xy, j = 1, ..., G . Define
o=(0), b ..., 00) =vecEy, 6 = (6}, 6%, ..., 6) =vecly, (3.19)
by
where for any matribx3 = [by, ..., bg], vecB = veclby, ..., bg] = | : |.Then, we have
bc
VT (6 — 0) = VT (vecSy — vecly) LN [0, X5], (3.20)
where
Yy = (k+1)Ug + Kea)(Zv @ Ev) + kvecXy (vecXy) = [Nkl 1<) k<
)\jk = O’jkz\/—|-O'k0';'+l€(0'jk2v+0'k0';+0'j0';€) (321)
1 _
K = mE[Vtzvl‘/t/P -1, Vi= (wlm Wat, -y WGt ) (3.22)
therefore, from Dufour (1987, Lemma 1), we have
o L
VI(Zy = Zv)p~ N[0, ], (3.23)
where
o= Wvp) v + (Evp)(Eve) + k(W v Dy +2(Svp)(Zvp)],  (3.24)
1 is any fixedG x 1 vector. Furthermore,
1 T
- - / 17712 _
k= G T t:1 Z Vi]? (3.25)

is a consistent estimator @f. The parameter defined in (3.22) is the excess kurtosis of the
distribution of V;. Notice that (3.20) is identical to Dufour (1987, Lemma 1)heTdifference
comes from the extra term in the expressions of the covagiamatrices. The extra terms com-

pared with the expressions in Dufour (1987, Lemma 1)dre;,. Xy + oyo’; + oj04) for A, and
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KW v ) Xy + 2(Zyp)(Eyvp)] for X,. In particular if the errors are gaussian,= 0 and we
obtained the results in Dufour (1987).

We now use the above results to prove the following theorerthewlistributions ob = Lya.
Theorem 3.1 Under the assumption®.1) - (2.2), (2.14) - (2.13), (2.5), and(6.3) - (6.5) :

(A) Consistency

plimé =4, (3.26)
T—o00
(B) Normality:
VT -6 X N[0, Xy, (3.27)

where

Ys = vy +17(1+k8)Dy + (14 2k)68

= XyX Yy + 712y + 68 + k(TXy +268). (3.28)
Furthermore, the covariance matriX; can be estimated consistently by the statistic
S5 = v 5.y + #1014+ &) Dy + (1 +27)85 (3.29)

where#, ¥, and 2y, and# are defined above.

From Theoren8.1, one can test (3.16) by using a critical region of the fdii; > ¢}, where
Wr = T(Q8 — 60) [QX5Q'] Q5 — bo) , (3:30)

andc depends on the level of the test. Undéy, Wy is asymptotically distributed as a chi-square
with » degrees of freedom. Thus, confidence regions@@ércan be obtained by considering a

complement of the critical regiofWVr > ¢} . In particular, confidence intervals for any subvector
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of §, can be obtained. Remark that unlike DWH-procedures, the ggMedure allows for the
construction of confidence sets (CS’s) for the covarianEesthermore, the GW-procedure can be
used to test partial exogeneity of subvectors in contraBMIH specification tests.

Section 4 below analyzes the performance of pretest-estimahere a GM-type test is used in

the first stage for the partial exogeneity of a subset of s=gnes.

4. Pretest-estimators

This section studies numerically the properties [bias apdmrsquares errors (MSE)] of the pretest-
estimators where a GW-test is used in the first stage to asgesther a subset of explanatory
variables is exogenous or not. Suppose that we want to dstifqaand 3, in (2.8)-(2.9). If
bothY; andY; are endogenous, an IV method should be applied. Howeveg iiave additional
information thaft; is exogenous, estimating by OLS and applying IV method fgt, alone would
lead to more efficient estimators than applying (naively)\amethod for both parameters. This
suggests that the practice of pretesting can help to knowhwrriables will be instrumented and
which ones are valid IV.

The use of the Wald-type procedures here has an advantai@itmae to test partial exogene-
ity, in contrast of Durbin-Wu-Hausman-type tests.

Now, consider the following setup. We want to assess whéthés exogenousi.e. test the
hypothesis

Hs, :61=0,, (4.1)

from a Wald-type test. I1H;, is rejected, 2SLS estimation are applied to héftand3,. However,
if there is no evidence to rejeéfs,, two possibilities are offered: (I¥); is treat as exogenous in
the estimation and only; is instrumented by the available 1V; (2) is included as additional IV
in the set of instruments fdr;. With these two possibilities in mind, we propose the follagvtwo

pretest—esti mators:
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B= Briviwigr<e, o T Pascslovirsyz, o> (4.2)
B= Bervlowircd, o T P2seslomirsaz, o (4.3)
whereWr is the GW-test foiffs, , £ is the nominal size of the pre-tedt; ) is the indicator function

andxil_5 is thel — ¢ quantile of a chi-square random variable with one degreeeefdom. The

estimators3,s; 5, Bpry andB - are defined as

Basts = (VMg Y)W Mgy, Bprv = Brows, Barv)s Berv = Blovs, Barv) (4.4)
Biors = (Y{Miz, vy V1) ' Y{Miz, vy1y, Bary = (YaMiz, v, 1Y2) ' YoMz, vy, (4.5)
Bory = (Y3Miz, vy Y2) YoMz, vy, Y = Y1, Ya] = P;Y, Ya = PyYa, (4.6)
W = [Z W],V =[N, Y, Y =W, Y, (4.7)

where for any matrix3 with T rows, Pg = B(B'B)~'B’ andMp = 1 — Pg. Note thatf,g; 5 is

the standard two-stage least squares estimatgmdiere bothy; andY; are treated as endogenous.
B prv IS the partial IV-estimator off where onlyY is instrumented and; treated as exogenous.
BPW differs from ﬁPW in the use ofY;. Y] is treated as additional set of instruments in the
expression off p;y- While it is not in those of3 ;1. However, the basic idea behind both estimators
is the samei.e. if Y; is exogenous, the two estimators should be more efficient e standard

2SLS estimator.
4.1. Monte Carlo experiment

This subsection provides numerical comparison betweenaBUWWGW-tests in two directions: (1)
the behaviour (level and power); (2) the performance (biasMSE) of pretest-estimators based on

these procedures.
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4.1.1. Power of GW and MGW tests when the instruments are stig

We consider the following two endogenous simultaneous teansamodel:

y = Y18, +Yefy +u,
Y1, Ys) = (Zolla, Zolly) + (V1, Vo),

u = Viar +Voas +e= V(Z‘jlé) +e. (4.8)

wherey: T'x 1, Y = [Y1, Yo|: T x G with G = G1 + Gy, whereYy: T x Gy, Ya: T X G,
d = (41, d2)’, &1 is the covariance betweenandV;, andd, those between andV;. Through all

the experimentg; = ao = 1. Two setups for the DGP are considered:

1 0 0
DGPL: (e,V)) % Nlo,| 0 o2 « ||, forallt=1,...,7; (4.9)
0 7 O‘%
DGP2: ¢ = p.(ef — ), Vie=p;(Vji —p;) where

er, Vi " x*(v), with covariance matrix

2up? 0 0
Yy = 0 2wp? T , forallt=1,...,7T andj =1, 2. (4.10)
0 T 2upl

In both setupsZy ‘%" N(0, I,), t =1, ..., T, ando? =02 =1 7 = 44, p? = p? = L
v =1, u. = pu; = 1. Il andlly; are vectors of dimensiok, defined as

II51 =01 Co, Ilzp = nyCy, (4.11)

where[Cy, C4] is a fixedky x 2 matrix obtained by taking the first two columns of the identit
matrix with dimensiork,, n, € {.5, 1, 5} andn, = 1. Note that in this subsection, consider cases

where both3, andj, are identified. The true value ¢f= (5, 35)' = (2, 5) and the number of
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instrumentsk, belongs to{5, 20, 40}. The null hypothesis is

H(gl : 51 = 501 5 (412)

wheredy; € {0, 5}. Notice thatdy; = 0 corresponds to partial exogeneity test¥gr In the DGP2,
model errors are non Gaussian: chi square distribution evithdegree of freedom. For each setup,
we generateV = 10, 000 replications of samples with siZzé = 50, 100, 300. The results for both
setups are presented in Tables 3.1- 3.2. The first columredétiies contains the test-statistics and
the second column the number of instrumédntsThe other columns contain the empirical rejection
frequencies for each null hypothesidy, : 61 = 0 andHjs, : 6; = 5] for each value of); (quality
of the IV for Y7). We varyd, in {—2, 0, 5}. We fix the quality of the IV forY; atn, = 1.

We observe for th&©GP1 (Gaussian errors), that when testing the hypothékis: 6; = 0
both tests are valid (level is controlled) even in small sieenpHowever, for the null hypothesis

Hs, : 01 = b, the earlier version [Dufour (1987, GW)] is still valid butethmodified version

1
(MGW) is slightly size distorted with maximal rejection agter as 29.35 % fdf = 50, n; = 5

and about 21.85 % fdf’ = 100, n; = 5 [see Table 3.1]. However, if the errors are non Gaussian
(seeDGP2), the modified test is valid while the initial test is veryesidistorted when considering
the null hypothesid?s, : 6; = 5. The maximal rejection is as greater as 99.99 %o 100,

n; = 5and 99.14 % fofl" = 300, n; = 5 [see Table 3.2]. We also note that the test has power when

identification is strong.

We now examine situation where the IV are weak.



Table 3.1. Level and Power of GW and MGW with strong IV: DGP1

Hs, :61=0,T =50
01 — -2 0 5
Statistics | k2 | n; — .5 1 5 .5 1 5 .5 1 5
GW 2 22.36 9159 9951 0.78 2.48 3.19| 69.64 99.93 100
MGW 2794 941 99.73 131 387 6.67| 73.15 99.97 100
GW 5 3435 91.07 9941 131 25 3.76| 85.63 99.99 99.99
MGW 39.85 93.09 99.66f 2.2 4.09 6.58| 88.23 99.99 99.99
GW 20 24.85 84.94 99.18 3.37 3.36 3.19| 78.34 99.75 99.99
MGW 29.15 87.84 99.37] 471 45 5.07| 8148 99.86 99.99
Hs, :61=5T =50
GW 2 99.43 100 100 | 98.77 100 100| 7.62 6.46  6.07
MGW 99.47 100 100 | 988 100 100| 10.05 10.62 16.32
GW 5 99.38 100 100 | 98.22 100 100| 2596 10.32 6.24
MGW 99.42 100 100 | 98.31 100 100| 29.54 15.96 19.12
GW 20 100 100 100 | 100 100 100| 82.31 16.22 4.36
MGW 100 100 100 | 100 100 100| 90.56 35.51 29.35
Hs, :61=0,T =100
GW 2 9356 99.96 100| 242 358 4.19| 99.71 100 100
MGW 94.74 9998 100| 3.12 505 7.44| 99.73 100 100
GW 5 91.73 9996 100| 2.79 3.93 4.08| 99.9 100 100
MGW 93.01 9998 100| 355 552 7.13] 99.91 100 100
GW 20 73.89 9985 100| 3.65 4.09 41| 99.79 100 100
MGW 76.52 9992 100| 459 55 6.48| 99.83 100 100
Hs, :61=5, T =100
GW 2 99.91 100 100 | 99.76 100 100| 6.24 523 531
MGW 99.91 100 100 | 99.76 100 100 7.75 877 1331
GW 5 100 100 100 | 100 100 100| 11.74 6.52 5.16
MGW 100 100 100 | 100 100 100| 14.94 11.48 14.28
GW 20 100 100 100 | 100 100 100| 79.96 1854 4.35
MGW 100 100 100 | 100 100 100| 85.32 33.12 21.85
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Table 3.2. Level and Power of GW and MGW with strong IV: DGP2

Hs, :61 =0, T =50

01 — -2 0 5
Statistics | k2 | n; — .5 1 5 .5 1 5 .5 1 5
GW 5 0.09 013 9231 0.07 0.16 197 009 0.61 93.96
MGW 0.05 0.1 8845/ 005 0.08 1.28| 0.07 041 9116
GW 20 199 322 99.95 2.16 196 4.21| 1.89 5.03 100
MGW 331 491 9997 336  3.22 6.08| 3.3 7.49 100
GW 40 3.05 287 7354 322 3.08 412| 1.65 1.7 88.83
MGW 575 564 821 6.39 5.87 521| 392 456 9381
Hs, :61 =5, T=50
GW 5 98.12 97.94 99.73 98.27 98.37 99.86 97.48 94.69 41.29
MGW 97.91 97.66 99.52| 98.02 98.1 99.82| 97.13 93.63 2.18
GW 20 100 100 100 | 100 100 100 | 100 100 41.26
MGW 100 100 100 | 100 100 100 | 100 100 9.39
GW 40 100 100 100 | 99.99 100 100 | 100 100 6.85
MGW 100 100 100 | 99.99 100 100 | 100 100 6.1
Hs, :61 =0, T =100
GW 5 0.14 034 9442 011 0.14 145 0.21 1.03  95.66
MGW 0.05 015 9168 0.05 0.04 0.7 | 0.05 055 93.68
GW 20 242 485 100 | 2.26 268 3.79| 261 9.5 100
MGW 197 416 100 | 1.95 234 348 214 812 99.99
GW 40 353 6.98 100 | 368 371 472| 369 1328 100
MGW 4.22 8.07 100 | 433 436 55| 431 1578 100
Hs, :61 =5, T =100
GW 5 98.27 97.77 99.8| 98.04 98.31 99.93 97.43 9498 57.08
MGW 98.1 97.63 99.74| 97.88 98.11 99.93 97.11 94.06 3.64
GW 20 100 100 100 | 100 100 100 | 100 100 77.43
MGW 100 100 100 | 100 100 100 | 100 100 5.08
GW 40 100 100 100 | 100 100 100 | 100 100  74.47
MGW 100 100 100 | 100 100 100 | 100 100 4.97
Hs, :61 =0, T =300
GW 5 0.19 047 9551 0.13 011 0.68| 0.23 1.34 96.63
MGW 0.08 032 9468 0.07 0.07 039| 0.15 0.9 96.07
GW 20 294 587 100 | 264 268 3.83| 3.18 13.32 100
MGW 229 476 100 | 2.05 2.16 2.44| 247 1062 100
GW 40 359 10.09 100 | 4.05 3.83 452| 481 22.9 100
MGW 3.03 881 100 | 364 328 3.79| 419 1963 100
Hs, :61=5, T =300
GW 5 98.27 98.05 99.83 98.07 985 99.94| 97.38 94.74 7257
MGW 98.19 97.98 99.81] 97.97 98.41 99.94 97.23 944  6.56
GW 20 100 100 100 | 100 100 100 | 100 100  97.69
MGW 100 100 100 | 100 100 100 | 100 100 5.73
GW 40 100 100 100 | 100 100 100 | 100 100 99.14
MGW 100 100 100 | 100 100 100 | 100 100 6.01
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4.1.2. Power of GW and MGW tests when the instruments are weak

In this subsection, we examine the properties of the testmvthe IV are weak. The parameter
which controls the quality of the IV fo¥; is fixed atn, = .01 whereas those df; varies in { O,
.01, 5}. Whem = 5, 3, is identified but3, is still not identified. The main observations from Table
3.3-Table 3.4 are that: (1) both tests are valid if all IV amalwhen testing partial exogeneiitg,

the hypothesis of the forfl;, : §; = 0 [similar to DWH-type tests]. However, the test are invalid
for the general null hypothesis of the fotHy, : 61 = 5, even for Gaussian errors; (2) the tests have
no power when all IV are weak [similar to DWH-type tests, sask®and Dufour (2009a)]. This
suggests that pretest-estimators based on Wald-typedunaseshould have a good performance (in

term of MSE) compared with the usual IV estimator.



Table 3.3. Level and Power of GW and MGW with weak IV: DGP1

Hs, :01 =0, T =50

01 — -2 0 5
Statistics | k2 | n; — 0 .01 5 0 .01 5 0 .01 5
GW 2 0 0 59.73| 0.01 0 0.78 0 0 62.24
MGW 0 0 61.79| 0.01 001 0.99| 001 0.01 6417
GW 5 0.06 0.07 9693 0.11  0.07 2.02| 0.08 0.11 97.05
MGW 0.13 016 9741 017 0.15 279| 013 018 97.39
GW 20 258 257 99.97| 2.86 2.4 424 | 243 2.64 100
MGW 3.41 3.5 9998/ 351 3.13 503| 335 335 100
Hs, :61 =5, T =50
GW 2 4589 45.69 91.29 4573 4587 93.76| 46.48 4463 3.12
MGW 46 4576  91.78| 458 4593 94.01] 46.53 44.72 7.83
GW 5 96.82 96.46 100 | 96.77 96.93 100 | 96.55 96.29 5.67
MGW 96.84 96.52 100 | 96.81 96.98 100 | 96.58 96.33 16.22
GW 20 100 100 100 | 100 100 100 | 100 100 5.16
MGW 100 100  99.99| 100 100 100 | 100 100 32.47
Hs, :601 =0, T =100
GW 2 0.01 0 69.2 0 0 068 | 001 0.01 7122
MGW 0.01 0 70.24| 0 0 0.76 | 0.01 0.01 7214
GW 5 0.04 0.05 9869 0.08 0.06 2.28| 0.04 0.1 99.03
MGW 0.07 0.07 98.8| 0.09 0.07 265| 0.06 014 99.1
GW 20 2.27 2.4 100 | 2.53 223  4.08| 2.38 2.61 100
MGW 2.55 2.7 100 | 2.83 262 457 265 2.93 100
Hs, :01=5, T =100
GW 2 36.52 36.64 94.22| 3581 36.1 93.75 35.68 35.68 3.17
MGW 36.59 36.73 94.48 35.84 36.16 94 | 35.72 3573 7.68
GW 5 9466 9465 100 | 9492 9469 100 | 94.68 94.85 4.76
MGW 94.68  94.7 100 | 94.95 9473 100 | 94.73 9486 13.02
GW 20 100 100 100 | 100 100 100 | 100 100 5.4
MGW 100 100 100 | 100 100 100 | 100 100 23.9
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Table 3.4. Level and Power of GW and MGW with weak IV: DGP2

Hs, :61 =0, T =50

01 — -2 0 5
Statistics | k2 | n; — 0 .01 5 0 .01 5 0 .01 5
GW 5 0.06 0.05 9231 011 0.05 197 005 0.05 93.96
MGW 0.05 0.02 8845 0.1 0.05 1.28| 0.03 0.05 9116
GW 20 1.93 1.78 99.95 1.85 178 421| 1.89 1.78 100
MGW 3.17 3.08 99.97| 3.22 3.1 6.08| 3.28  3.09 100
GW 40 2.82 292 7354 3.01 296 412 3.06 2.76  88.83
MGW 571 571 821 571 5.43 521| 574 547 9381
Hs, :61 =5, T =50
GW 5 98.08 97.98 99.73 98.27 98.32 99.86 98.13 98.29 41.29
MGW 97.9 97.68 99.52| 98.03 98.05 99.82 97.89 98.08 2.18
GW 20 100 100 100 | 100 100 100 | 100 100 41.26
MGW 100 100 100 | 100 100 100 | 100 100 9.39
GW 40 100 100 100 | 100 100 100 | 100 100 6.85
MGW 100 100 100 | 100 100 100 | 100 100 6.1
Hs, :61 =0, T =100
GW 5 0.1 0.14 94.42| 012  0.06 145 01 0.1 95.66
MGW 0.03 0.08 9168 0.06 0.04 0.7 | 0.03 005 93.68
GW 20 218 226 100 | 2.36 237 379 248 2.32 100
MGW 1.97 1.97 100 | 2.15 2.1 3.48 | 221 1.96  99.99
GW 40 3.57 3.68 100 | 3.28° 335 472| 334 343 100
MGW 4.02 419 100 | 3.95 3.83 55| 375 3.96 100
Hs :61 =5, T =100
GW 5 98.24 98.13 99.8| 98 98.36 99.93| 98.2 98.01 57.08
MGW 98.09 97.92 99.74 97.87 98.15 99.93 98 97.78 3.64
GW 20 100 100 100 | 100 100 100 | 100 100 77.43
MGW 100 100 100 | 100 100 100 | 100 100 5.08
GW 40 100 100 100 | 100 100 100 | 100 100  74.47
MGW 100 100 100 | 100 100 100 | 100 100 4.97
Hs, :61 =0, T =300
GW 5 0.15 013 9551 0.07 012 068| 0.17 0.09 96.63
MGW 0.06 0.08 9468 0.02 007 039| 011 0.08 96.07
GW 20 271 259 100 | 2.71 2.4 3.83| 2.52 2.7 100
MGW 2.01 1.95 100 | 2.12 1.92 244 | 1.8 1.95 100
GW 40 353 347 100 | 3.97 3.83 452| 339 402 100
MGW 316 297 100 | 353 352 3.79| 298 357 100
Hs, :601 =5, T =300
GW 5 98.05 98.05 99.83 98.01 98.05 99.94 98.16 98.37 72.57
MGW 97.98 97.91 99.81] 97.87 98.02 99.94 98.11 98.3 6.56
GW 20 100 100 100 | 100 100 100 | 100 100  97.69
MGW 100 100 100 | 100 100 100 | 100 100 5.73
GW 40 100 100 100 | 100 100 100 | 100 100 99.14
MGW 100 100 100 | 100 100 100 | 100 100 6.01
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4.1.3. Performance of OLS, 2SLS and partial pretest-estintars

We now analyze the performance (bias and MSE) of the presgstators defined in (4.2)-(4.3). As
in the precious subsection, the true valugdof (5, 3,)" is kept at(2, 5)". The quality of the IV
for Ys, n, takes the valug)1 (weak IV) andl (strong 1V). The quality of the IV foly7, n; belongs to
{0, .01, 5}. The covariance betweérn andu is such that; € {—2, 0, 1, 5, 10} and the number
of instruments i%k,; = 20. We maintainedi; = ao = 1 through the exercise. Notice that the choice
of ko = 20 insures us the existence of the bias and mean square err8Es) (4 1V estimators. The
sample size i§" = 300 and the number of replication I§ = 10, 000. The two pretest-estimators
combine (1)35575 and 3 pyy; (2) Bagr.g andBpyy; depending on the outcome the pre-test in the
first stage. All these estimators are defined above in Sedtigior each estimator, we compute the
bias and MSE under the null hypothesis & 0) and the alternative’( € {—2, 1, 5, 10}). Tables
3.6- 3.9 in Appendix C present the bias of different estimstehile Tables 3.10 contains the MSE.
Our major findings can be summarized as follows: (1) OLS edtmand partial IV-estimators
are more efficient than usual 2SLS when the instruments aak {gmall MSE); (2) the pretest-
estimators have an overall performance over a wide rangas#sc(including weak instruments
and moderate endogeneity). This suggests that GW-test mad to select which explanatory
variables will be instrumented and which ones will servedasl instruments in order to improve
model parameters estimation. Over all, our results suggiest pretesting must be conducted before

the estimation.
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5. Empirical illustration

In this section, we illustrate the behaviour of GW-type se$tirough two empirical applications
related to important issues in economics: “Returns to sicaddectricity supply” Nerlove (1963)
and the widely studied problem of returns to education [Dufand Taamouti (2006), Angrist and

Krueger (1991), Angrist and Krueger (1995), Angrist and #99), Mankiw and al. (1992)].
5.1. Returns to scale in electricity supply

Consider the following simplified equation costs

In(T'C;) = ap + B1In(Qs) + Boln(PF;) + u;, (5.1)

whereT'C; is total costs for firnt, Q; is output in millions of dollarsPF; is the price of fuelsyy,
B1, Ba, are unknown coefficients to be estimated. In this modelis the returns to scale. Since
the firm’'s output is supplied on demand, output depends oththerice of electricity. If the price
is set to cover the average cost, then the firm’s efficienagcedfoutput through the effect of the
electricity price on demand and output in this case is entglmge So, the price of electricity must
be a good determinant (instrument) of output. This papersaes whether the price of electricity
PK is avalid IV for output from GW-and MGW-tests or not. The redd form of the model is

formulated as

In(Qi) = 710 +711I0(PK;) +v1In(PL;) + Vg, (5.2)

In(PF;) = 790+ Y12In(PK;) + vooln(PL;) + Vai, (5.3)

where PL; is the price of labor,PK; is the price of capital. The data used are from the Nerlove
(1963) paper "Returns to scale in electricity supply”, aodsist of 145 firms.
First, our results suggest that the price of fuel (PF) is exogs. Indeed, the P-values of GW-

and MGW-tests for the partial exogeneity of PF in (5.1)-Y%8, : cov(PF;,u;) = 0] are respec-
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tively .8941 and .9056. Which means thRat" constitutes valid IV for output in this model. So,
estimates; in (5.1) by OLS, as done in Nerlove (1963), is misleading aratcurate. In this ap-
plication, the OLS estimate of returns to scale is .7242 evthie 2SLS estimate is .9868. Thus, the
variation between OLS and 2SLS and is about 36.26 %, thisge knough.

Second, when using the price of fuel as an additional IV amgicler the hypothesis of the form
Hy : cov(Qj,u;) = cov(Vii, ui) = d10, (5.4)

the sample value of GW is 22.83 with a P-value equal to .000@CRkose of GMW is 15.51 with a
P-value equal to .00008 whemr, = 0, i.e when testing the exogeneity of the output. Therefore, the
output is exogenous. However, wheén # 0, we find for example thaP — value(GW') < .05 for

010 < .9474 and P — value(M GW') < .05 for §19 < .8069. Thus, when the true value 6f links

t0 ].8069, .9474], we haveP — value(GW') < .05 while P — value(MGW') > .05. In particular,

for 019 = .9474, P — value(GW') = .05 whereasP — value(M GW') = .1063, which is 2 times
more than the P-value of the GW-test. It worthwhile to note the estimation of; in the above

model isd; = 1.606.
5.2.  Wage equation

Consider the standard wage equation:
w; = B1S; + BoAi + Z1iy + i, (5.5)

wherew is log of hourly wage,S is years of schoolingA represents ability (1Q)Z; is a set of
included instrumentsZ; contains 11 variables such as experience (EXPR), a dummgdamency
in the southern states (RNS), tenure in year (TEN), a dummyefsidency in metropolitan areas
(SMSA) and seven dummies (YDUM) for YEAR 66, ... 73. In this model, even conditionally
on ability, schooling may be endogenous: that is correlati «. More precisely, an increase in

ambition may increase both schooliSgand erroru;, leading to positive correlation between these
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two variables. So, we need instruments for hdtland.S;. The common practice consists on taking
mother education in year (MED), a dummy for marital statufR{l the score on the “Knowledge
of the World of Work "test (KWW), Age (AGE) and Age square (A@Fas a set of excluded
instruments and using DWH-tests to assess whether botityadoild schooling are exogenous or
not. However, there are at two problems for which mothergcation (MED) which is viewed
in practice as an important determinant of schooling mag aks endogenous. First, MED will
also reflect the mother’s ambition, which she may pass on talhi&ren through socialization
or genetically, so that MEDand u; may be correlated. Second, MED may actually belong to
(5.5). Infact, better educated mothers may create bettplogment opportunities for their children
through good networks for example. So, use mother’'s edutais an instrument is questionable.
This suggests that one should first test the exogeneityigpantogeneity) of this variable before
estimating model parameters.

This application reformulates the model by taking mothedsication as possibly endogenous
and uses GW-and MGW-tests to assess whether it is exogenaos o

The model is

w; = 5157, + ,82141' + BgMEDZ + Zh’}/ + U;

Yi = Zup) + Zoipg + Vi (5.6)

whereZs; is the above set of excluded except for MED. The data set stsnsi the 758 sample of
Griliches 1980 NLS-Y Data. Table 3.5 below summarize theltes

The first part of the Table 3.5 presents the results of the festhe joint exogeneity hypothesis
of ability, schooling and mother’'s education as well as thagigl exogeneity of each variable. The
second part presents the results when treating motheré&agdn as additional IV.

Our results indicate that when mother’s education is camsitl as possibly endogenous, the

joint exogeneity hypothesis of ability, schooling and nesth education as soon as individual ex-



Table 3.5. GW-tests in wage equation model

GW-and MGW-tests, MED is not used as an IV

Satatistics | Null hypotheses —

cov(MED;,u;) =0 cov(Si,u;) =0 cov(Ai,u;) =0  cov(A;, Siyu;) =0

COU(Ai, Si, ]VIED“ ul) =0

sample value of GW
P-value of GW
sample value of MGW

P-value of MGW

0.3845 0.3154 0.7489
0.5352 0.5744 0.3868
0.3832 0.3127 0.5421
0.5359 0.5760 0.7626

0.7866

0.6748

0.6388

0.7266

0.8528

0.8368

0.6869

0.8763

GW-and MGW-tests, MED is used as an IV

- cov(Si,u;)) =0 cov(Ai,u;) =0 cov(A;, Siyu) =0

sample value of GW
P-value of GW
sample value of MGW

P-value of MGW

- 1.7136 11.7133
- 0.1905 0.0006
- 1.6522 9.9816
- 0.1987 0.0016

14.5579

0.0007

12.0499

0.0024

TGT
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ogeneity hypotheses cannot be rejected even at level 30 %6. iSThbrobably the effect of weak
instruments in this model. In fact in presence of weak imstrnts, GW-and MGW-tests have a low
power and may fail to detect a possible endogeneity in theetnddow, when treating mother’s
education as additional instrument (second part of TatB® 3ve find that the joint exogeneity
hypothesis of both ability and schooling is rejected evdenadl 1 % : the P-value is .0007 for GW-
test and .0024 for the modified version (MGW). This suggédsis at least one of both variables is
endogenous. Testing partial exogeneity of both ability secitboling leads to the conclusion that
ability is endogenous but there is no evidence to treat sdittypas endogenous. Our results reinforce

the question of the quality of the instruments for schoolasgjuestioned by Bound (1995).

6. Conclusions

In this paper, we focus on linear simultaneous equationseinaod propose an extension of the
generalized linear Wald partial exogeneity tests [see Dufth987)] to non Gaussian errors. We
propose a modified test which is valid even if the errors are@aussian errors. We present simu-
lation evidence indicating that the modified test (MGW) parfs better than the initial test (GW).

Moreover, we provide new pretest-estimators based on G&/-tgsts which have an excel-
lent overall performance compared with usual IV estimatdise results can then apply to select
variables which should be instrumented and which are valtruments (exogenous) in an IV re-
gression.

We illustrate our theoretical results through two empliregaplications: the wage equation and
the returns to scale in electricity supply. The resultsdaté that the GW-tests cannot reject the
exogeneity of mother’'s educatione. mother’s education may constitute a valid IV. However, the
output in cost equation is endogenous and the price of fueladid IV for estimating the returns to

scale.
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APPENDIX

A. Useful results

(A) Consistency : From (3.1) - (3.3), we have

R A Xl*
b—0 = 2X1< T€>, (A1)

Whereﬁ’X ﬁ) Xx andX;ﬁ* = 2xz(ﬁ—ﬂ)a—|—XT,€ ﬁ) Obecausei‘XZ ﬁ) Exz,ﬁ—n ﬁ) 0, and

X'e 2, 0. So, we havey — ¢ % 0 and¢ is a consistent estimator ¢f This implies thaé —a 2 0,
i.e. a is a consistent estimator af

(B) Normality : we can write

VI(¢—¢) = Zx)'er, (A.2)
1 . X
er = —=X'e+YxzVT{I - )a A3
T 77 xzVT( ) (A.3)
whereVT(IT — M)a = 3, 1va“ We know thatXx 5 Xy, however, to find the distribution
of ep, we will first find the joint distribution ofﬁX’s andZXZ\/T(H — II)a. To find the limit-

ing distribution of[%X’a, S xzVT(IT — IT)a), we will consider first the limiting distribution of

[ X'e, L Z'Va]. Let

VT & T
1
9 = L X's + TLZ'Va) = 9, .
L z t
Ly = [hi, bhe, ..., bk], L = [l21, l227 ooy ol (A.4)

whereL; andL, arel x K and1l x k vectors of arbitrary constant& = 2G + ki1, k = ki1 + ko
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andd, = L X|e, + Ly Z,V,a. So, we have
E[0] =0, E[W}] = o2l E(X;X;) L1 + TLy(Z{Z;) Ly = 0215 Qi Ly + TLY(Z, Zt) Ly (A.5)
wherer = o’ Xy a and
I'(ZIZ)T + 2y II'Diy Sy
Q: = Do, IT (Z1,Zv) O |, Dy = 21,2114, 21, %] - (A.6)

Sy 0 Sy

Thus, we have from (A.4)

T T
% ; E(W,) =0, andjgli?o % ; Var(9,) = 02Ly Xx Ly + 7Ly 5Ly . (A.7)
Under the assumptioni2.14) - (2.13), (6.3)-(6.5), we can show [see Basmann (1960)] that
E(|9:)**7) < oo for somer > 0 for all ¢+ and all Ly, Ly. So, the Lindeberg condition
is satisfied. Thereforey is asymptotically distributed as normal with mean zero aadawnce

JELQEXLl + 7L, X7 Ls. Therefore, by the multivariate central limit theorem, vexé

DR Iy _[eizx 0
|:\/TX€,\/TZVCL]—>N(O,.Q), Q_{ 0 s, | (A.8)
So, we have
1 A 2 _
{ﬁX’e, ZXZ\/T(H—H)a} 5 N(0, 027, (A.9)
where
= |0 - =| 7 _ . (A.10
[ 0 Elzxzzl} [ 0 Q,'Qzx 0 7,5, 5sx (A.10)

We conclude thatﬁX’s and SyzVT(II — I)a are asymptotically independent and that

X' 5 N(0,028x) and SxzVT(I — M)a 5 N(0,75Y X' £yx). So,
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er = J=X'e + Lx VT (I - I)a % N(0,02x + 75} X' ¥zx). Thus,we have
4 L
VT(6—¢) = N(0,Zy)

whereX, is given in the theorem.

The asymptotic distribution of/ T (¢ — «) follows from the identity

VT(a - a) = Cg(%X’s*)

and by the fact thaty £ N(0,02Xx + 75, 5, Xzx) andplim (Cy) = A,.

T—o00

B. Froofs

PROOF OF THEOREM3.1

(A) Consistency : first, we can write

~ A

(6—08)=2y(a—a)+ (Zy — Zy)a. (B.1)

Second, we know thaty, & 2y, a % a. Hence,d — 5 5 0.

(B) Normality : from (B.1), we have
VT —6) =VTIy(a—a)+VT(EZy — Zy)a. (B.2)
From (3.1) - (3.3), we have

\/T((AS—(;) = ﬁng %X’e—l—ﬁxzﬁ(ﬁ—n)a +ﬁ(2y—2y)a (B.3)

= ZAJ\/C2€T + \/T(ﬁv - Xv)a, (B.4)

where er is defined in (A.3). Sinceplim (2VC’2) = XyAs and e L N(O,UEEX +

T—o0
75,2, 27x), hence the first term of (B.4) is such that

ﬁVCQET £> N[O,EvAQ(O'§ZX—l—TZ/ZXEElEZ)()A/zEv]
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= N(0,ZyZ.Zv). (B.5)
We have also showed that
VT(Zy —Sv)a 5 N0, 2,), (B.6)
where
Qo = (1+r)(dZva)Xy + (14 26)(Zya)(Zva)
= 17Xy + 60 + k(XY +2560"). (B.7)

We will now show that®y, Caer and\/T(ﬁv — Yy )a are asymptotically independent.
Sinceplim (XyCy) = Xy Ay and plim Yxz = Yx 7, this is equivalent to show thatr and

T—o00 T—o0

VT (2y — Xy )a are asymptotically independent. Moreover, we haye- ﬁX’erZAXZ\/T(fY—
IT)a and we have already showed th\%X’a and £ x z/T(II — IT)a are independent. So, to
establish the result, it is sufficient to show th&F' (IT — IT) andv/T (% — /) are asymptotically
independent. Obviously/T(II — II) andv/T(%y — Xy) are independent. To check this, Igj,

andc; be respectively théth andlth columns ofil andXy,. Then, we have
E[(Iy — ) (@ — o7)'] = B[y — y)&) — E[(ITx — I)o;'] = 0, Vk1=1, ..., G,(B8)

becauses[(I1), — ITy)&}) = 0 and E[(ITy — ITy)o}'] = [E(II), — IT},)]o}’ = 0, o} is thelth column
of Xy. Which means that/T(II — II)a and/T(%y — Xy)a are asymptotically uncorrelated
and normally distributed,e., Yy Cser and \/T(ﬁv — XYy )a are asymptotically uncorrelated and

normally distributed, thus asymptotically independermngequently,

VT(5—6) 5 N0, Zy), (B.9)



157
where

Y5 = XyX v+ 1,

= DyE, Dy + 15y + 88 + k(TXy + 2k85'). (B.10)

Q.E.D.

C. Bias and MSE of OLS, 2SLS and partial IV estimators



Table 3.6. DGP1.: Bias of OLS, 2SLS, Partial IV and PreteStredors: strong IV forYs (n, = 1)

Hs, : 61 =0, strong IV forYs
61 — -2 0 1 5
Estimators | Bias | 13 0 .01 5 0 .01 5 0 .01 5 0 .01 5

oLS B(Bl) -2.0000 -2.0074 .1575 -.0008 -.0002 .0000 1.0017 1.0030 7800 49988 5.0214  -.3904
B(B5) .0003 .0197 -.8077 .0004 .0000 .0002 .0000 -.0096 .3999 03.00 -.0492  2.0028

2SLS B(Bl) -2.0003 -2.0118 .1603 -.0022  .0030 -.0001 1.0042 1.0029 8100 5.0006 5.0208  -.3941
B(BQ) .0003 .0203 -.8055 .0005 -.0002 .0010 -.0001 -.0098 .4069 0004  -.0503 1.9816
BP,V B(Bl) -2.0000 -2.0074 1575 -.0008 -.0002 .0000 1.0017 1.0030 7800 4,9988 5.0214  -.3904
B(85) -.0072 -.0057 -.8700 -.0078 -.0250 -2.5584 -.0080 -.0355 .42B4 -.0075 -.0757 -6.832f
BP,V B(Bl) -2.0000 -2.0074 .1575 -.0008 -.0002 .0000 1.0017 1.0030 7800 49988 5.0214  -.3904
B(Bg) .0003 .0202 -2.9409 .0004 -.0001 .0030 .0000 -.0098 1.4644 .0004 -.0503  7.2995
2 Stage estimatord/; is not used as IV |
GW B(Bl) -2.0000 -2.0075 .1603 -.0008 -.0001 .0000 1.0018 1.0030 8100 49989 5.0214  -.3941
B(Bg) -.0070 -.0050 -.8056 -.0075 -.0243 -2.4706 -.0078 -.0348 7743 -.0073 -.0750 1.981f
MGW B(Bl) -2.0000 -2.0075 .1603 -.0008 -.0001 .0000 1.0018 1.0030 8100 49989 5.0214  -.3941
B(B5) -.0070 -.0050 -.8056 -.0075 -.0243 -2.4632 -.0078 -.0348 7933 -.0073 -.0750 1.981f
2 Stage estimatord/; used as IV |

GW B(Bl) -2.0000 -2.0075 .1603 -.0008 -.0001 .0000 1.0018 1.0030 8100 4,9989 5.0214 -394
B(B5) .0003 .0202 -.8064 .0004 -.0001 .0030 .0000 -.0098 4150 004.0 -.0503 1.9816

MGW B(Bl) -2.0000 -2.0075 .1603 -.0008 -.0001 .0000 1.0018 1.0030 8100 4,9989 5.0214  -.394
B(BQ) .0003 .0202 -.8064 .0004 -.0001 .0030 .0000 -.0098 4145 004.0 -.0503 1.9816

84T



Table 3.7. DGP1.: Bias of OLS, 2SLS Partial IV’s and Pretetingators: weak IV folys (1, = .01)

Hs, : 61 =0, strong IV forYs
61 — -2 0 1 5
Estimators | Bias | n; — 0 .01 5 0 .01 5 0 .01 5 0 .01 5
OoLS B(El) -2.0004 -1.9990 -.0792 -.0018 .0007 -.0003 .9988 1.0018 9303 5.0029 4.9989 .2010
B(B5) .0004 -.0006  -1.1530 .0013 .0002 -.0005 -.0016 .0000 5774 .0028 .0006 2.8807
2SLS B(Bl) -1.9982 -1.9962  -.0151 -.0074 .0021 -.0003 1.0038 .9985 7100 5.0013 5.0003 .0404
B(BQ) -.0010 .0000 -1.1979 .0054 -.0014  -.0043 -.0069 -.0008 3603 -.0037 -.0022 2.9821
BPIV B(Bl) -2.0004 -1.9990 -.0792 -.0018 .0007 -.0003 .9988 1.0018 9303 5.0029 4.9989 .2010
B(8,) -1.1290 -1.1217 -1.2049 -1.1230 -1.1321 -.0671 -1.1344 1297 .5205 -1.1276  -1.1307 2.7966
BPIV B(Bl) -2.0004 -1.9990 -.0792 -.0018 .0007 -.0003 .9988 1.0018 9303 5.0029 4.9989 .2010
B(BQ) .0001 .0017 -2.8954 .0040 -.0012 -.0026 -.0070 -.0005 D451 -.0045 -.0027 7.2572
2 Stage estimatord/; is not used as IV |
GW B(El) -2.0004 -1.9989 -.0163 -.0020 .0007 -.0003 .9989 1.0017 0601 5.0029 4.9989 .0415
B(BQ) -1.1038 -1.0918 -1.1981 -1.0950 -1.1008 -.0651 -1.1084 1030 .5943 -1.1015 -1.1015 2.9808
MGW B(Bl) -2.0004 -1.9989 -.0162 -.0020 .0007 -.0003 .9989 1.0017 0501 5.0029 4.9989 .0413
B(B5) -1.0999 -1.0891 -1.1980 -1.0930 -1.0998 -.0650 -1.1061 10a9 .5946 -1.0989 -1.0999 2.9810
2 Stage estimatord/; used as IV |
GW B(Bl) -2.0004 -1.9989 -.0163 -.0020 .0007 -.0003 .9989 1.0017 0601 5.0029 4.9989 .0415
B(B5) .0001 .0017 -1.2298 .0041 -.0012 -.0026 -.0070 -.0006 .6954 -.0045 -.0027 3.011
MGW B(Bl) -2.0004 -1.9989 -.0162 -.0020 .0007 -.0003 .9989 1.0017 0501 5.0029 4.9989 .0413
B(BQ) .0001 .0017 -1.2263 .0041 -.0012 -.0026 -.0070 -.0006 .6922 -.0045 -.0027 3.007

64T



Table 3.8. DGP2: Bias of OLS, 2SLS, Partial IV and PreteStregors: strong IV forYs (n, = 1)

Hs, : 61 =0, strong IV forYs

-2

Estimators

0

.01

OoLS

2SLS

Bprv

Bprv

-2.0008
.0001

-1.9996
.0000

-2.0008
-.0139

-2.0008
.0001

-2.0097
.0189

-2.0077
.0197

-2.0097
-.0135

-2.0097
.0197

0
0 .01 5 0
-.0025 .0002 .0000 .9986
-.0002  .0002 -.0001 .0000
-.0030 .0029 -.0006 .9991
-.0001  .0001 .0029 .0000
-.0025 .0002 .0000 .9986
-.0161 -.0326 -2.6135 -.0156
-.0025 .0002 .0000 .9986
-.0001  .0002 .0006 .0000

-.4295

-6.943(

D

2 Stage estimatord/; is not used as IV

GW

MGW

-2.0008
-.0135

-2.0008
-.0137

-2.0097
-.0125

-2.0097
-.0128

-.0025 .0002 .0000 .9986
-0156 -.0317 -2.5125 -.0152
-.0025 .0002 .0000 .9986
-.0158 -.0321 -2.5465 -.0153

2.1558

2.1449

2 Stage estimatord/; used as IV

GW

MGW

-2.0008
.0001

-2.0008
.0001

-2.0097
.0197

-2.0097
.0197

-.0025 .0002 .0000 .9986
-.0001  .0002 .0007 .0000
-.0025 .0002 .0000 .9986
-.0001  .0002 .0007 .0000

09T



Table 3.9. DGP2: Bias of OLS, 2SLS, Partial IV and Pretesitregors: weak IV forYz (n, = .01)
Hs, :01 =0, weakIVforYs
01 — -2 0 1 5

Estimators | Bias | n; — 0 .01 5 0 .01 5 0 .01 5 0 .01 5
OoLS B(El) -1.9995 -2.0004 -.1876 .0010 -.0012 .0001 .9981  1.0007 3.093 5.0001 5.0000 .4604
B(B5) .0014 .0001 .0037 -.0008 -.0001 -.0003 -.0019 .0010  -.0020 0003 .0023 .0105
2SLS B(Bl) -1.9974  -1.9980 -.0383 .0009 -.0062 .0000 .9994 .9995 .0188 4.9989 4.9993 .0881
B(BQ) -.0003 -.0048 .0041 -.0028 -.0008 .0011 .0037 .0006 .0008 0004 .0060 .0021
BPIV B(Bl) -1.9995 -2.0004 -.1876 .0010 -.0012 .0001 9981  1.0007 3.093 5.0001 5.0000 .4606€
B(8,) -.0008 -.0052  -.0026 -.0017 -.0005 .0014 .0045 -.0014 .0032 -.0026 .0041 .0152
BPIV B(Bl) -1.9995 -2.0004 -.1876 .0010 -.0012 .0001 .9981  1.0007 3.093 5.0001 5.0000 .4604
B(BQ) -.0002 -.0037 .0295 -.0023 -.0002 .0021 .0031 .0011 -.0187 .0018 .0050 .0029
2 Stage estimatord/; is not used as IV |
GW B(El) -1.9995 -2.0004 -.0383 .0010 -.0013 .0001 