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k ≤ n un+1

pn+ 1
2

(
1

Δt
Iuu −

μ

2
Δuu

)
u∗ = −p

n− 1
2

x − (u · ∇u)n+ 1
2 +

un

Δt

+
μ

2
(Δu)n + G

n+ 1
2

1 − μ

2
C{Δuuu∗};

(
1

Δt
Ivv −

μ

2
Δvv

)
v∗ = −p

n− 1
2

y − (u · ∇v)n+ 1
2 +

vn

Δt

+
μ

2
(Δv)n + G

n+ 1
2

2 − μ

2
C{Δvvv∗};

(∇ · u∗) = DXpuu
∗ − C{DXpuu∗} + DYpvv

∗ − C{DYpvv∗};

Δppφ
n+1 =

1

Δt
(∇ · u∗) + C{Δppφn+1};

un+1 = u∗ − Δt
(
DXupφ

n+1 − C{DXupφn+1}) ;

vn+1 = v∗ − Δt
(
DYvpφ

n+1 − C{DYvpφn+1}) ;

pn+ 1
2 = pn− 1

2 + φn+1 − μ

2
(∇ · u∗) ;

p
n+ 1

2
x = DXupp

n+ 1
2 − C{DXuppn+ 1

2};

p
n+ 1

2
y = DYvpp

n+ 1
2 − C{DYvppn+ 1

2};

(Δu)n+1 = Δuuu
n+1 − C{Δuuun+1};

(Δv)n+1 = Δvvv
n+1 − C{Δvvvn+1};



(u · ∇u)n+ 3
2 =

3

2
un+1

(
DXuuu

n+1 − C{DXuuun+1})
+

3

2
Ivuv

n+1
(
DYuuu

n+1 − C{DYuuun+1})
−1

2
(un (DXuuu

n − C{DXuuun}) + Ivuv
n (DYuuu

n − C{DYuuun})) ;

(u · ∇v)n+ 3
2 =

3

2
Iuvu

n+1
(
DXvvv

n+1 − C{DXvvvn+1}) +
3

2
vn+1

(
DYvvv

n+1 − C{DYvvvn+1})
−1

2
(Iuvu

n (DXvvv
n − C{DXvvvn}) + vn (DYvvv

n − C{DYvvvn})) ;

u Ivu Iuv

g ∈ C2(Ω \ Γ)

g(x + h/2) + g(x − h/2)

2
= g(x) +

1

2

(
C1

g (x, h/2) + C1
g (x,−h/2)

)
+ O(h2).

Ipu Ivp

Ivu

Iuv Ipv Iup

Ω = [0, 1] × [0, 1]



Ivu Ipu

Ivp

μ = 0.1

(x − 0.5)2

0.352
+

(y − 0.5)2

0.252
= 1.

f(s) = −10n(s).

F G = 0

Γ

u = 0

∇p = F .

p

[p] = f · n f · n = −10

−10 C

p =

⎧⎪⎨
⎪⎩

C x ∈ Ω+,

C + 10 x ∈ Ω−.



||E(u)||∞ ||E(p)||∞
×10−04 ×10−03

×10−05 ×10−03

×10−06 ×10−04

×10−06 ×10−05

||E(u)||∞ ×10−15 ×10−16 ×10−16

||E(v)||∞ ×10−15 ×10−16 ×10−16

||E(p)||∞ ×10−15 ×10−15 ×10−15

N ×N h = 1/N

Δt = h

12×12



N = 24 N = 12

12 × 12



f(s, t)

X(s, t)

∂X(s, t)

∂t
= u(X(s, t), t).

Γ

t0 + Δt

t0

X(s, t0 + Δt) = X(s, t0) +

∫ Δt

0

u(X(s, t0 + t), t0 + t)dt.



∫ Δt

0

u(X(s, t0+t), t0+t)dt ≈ Δt

(
u(X(s, t0), t0) + u(X(s, t0 + Δt), t0 + Δt)

2

)
.

Γn

Xn
k = X(sk, nΔt)

s1, ..., sk

Un
k = u(Xn

k , nΔt)

Xn+1
k = Xn

k + Δt
Un

k + Un+1
k

2
.

Un+1
k Xn+1

k

Un+1
k un+1

Un
k

Un
k

u u v u

u

Xn
k u

Γn u

u(X(s, nΔt), nΔt)



u

Γ u

x0 = (x0, jh) j

u Γn

u x0 x1 = (x0−α, jh)

x2 = (x0 + β, jh) α, β > 0

u(x1) = u(x0) − αux(x
−
0 ) + O(h2),

u(x0) u

C1

u(x1) = u(x0) − αux(x
+
0 ) + C1 + O(h2).

u(x1) = u(x0) − α

2

(
ux(x

+
0 ) + ux(x

−
0 )

)
+

C1

2
+ O(h2).

u(x2)

u(x2) = u(x0) +
β

2

(
ux(x

+
0 ) + ux(x

−
0 )

)
+

C2

2
+ O(h2),

⎛
⎝ u(x1)

u(x2)

⎞
⎠ =

⎛
⎝ 1 −α

1 β

⎞
⎠

⎛
⎝ u(x0)

(ux(x
+
0 ) + ux(x

−
0 ))/2

⎞
⎠ +

1

2

⎛
⎝ C1

C2

⎞
⎠ + O(h2).

u(x0)⎛
⎝ u(x0)

(ux(x
+
0 ) + ux(x

−
0 ))/2

⎞
⎠ =

⎛
⎝ 1 −α

1 β

⎞
⎠

−1 ⎛
⎝

⎛
⎝ u(x1)

u(x2)

⎞
⎠ − 1

2

⎛
⎝ C1

C2

⎞
⎠

⎞
⎠+O(h2).

⎛
⎝ 1 −α

1 β

⎞
⎠

−1

=
1

β + α

⎛
⎝ β α

−1 1

⎞
⎠ ,

u(x0) =
β(u(x1) − C1/2) + α(u(x2) − C2/2)

α + β
+ O(h2).



u Γ u

u(X(s, t), t)

u(X(s, nΔt), nΔt)

Γ

u v

Un(s) = u(X(s, nΔt), nΔt) + O(h2),

Un
k

Un
k = Un(sk) = u(X(sk, nΔt), nΔt) + O(h2).

Γn+1

n

Γn+1
0 Γn+1

Xn+1 = Xn + ΔtUn + O(Δt2).

Γn+1
0

Xn+1
0 = Xn + ΔtUn.

Γn+1

Γn+1
i Γn+1

i+1

Γn+1
i Γn+1

i+1

∣∣∣∣Xn+1
i+1 − Xn+1

i

∣∣∣∣ < ε ε

Γn+1
i Γn+1

i+1

Γn+1
i Γn+1

i+1



i ← 0

Γn+1
0 Γn+1 Xn+1 =

Xn + ΔtUn

C{} Γn+1
i

un+1

Un+1 un+1

Γn+1
i+1 Γn

i ← i + 1

Γn+1
i Γn+1

i−1

(x − 0.5)2

a2
+

(y − 0.5)2

b2
= 1,

(u(x, 0) = 0) a = .35 + ε, b = .25 + ε

ε

f(s, t) = βκ(s, t)n(s, t),

β



Δt = 1/32

16× 16

p



p

pn+ 1
2 = pn− 1

2 + φn+1 − μ

2
∇ · u∗.

[∇ · u∗] = O(Δt) φn+1

p

v v∗

∇·u∗



u∗

u∗ ≈ un+1 ∇ · u∗

u v p

∂un+ 1
2 /∂t

un+1 − un

Δt
=

∂un+ 1
2

∂t
+ O(Δt2),

u ∂u/∂t ∂2u/∂t2

[nΔt, (n + 1)Δt]



(i, j) T

T

t1, t2, ..., tm

Δt

x

[nΔt, (n + 1)Δt] x Ω− Ω+

Ω+ Ω−



n+1 (i, j)

T

O(Δt)

O(Δt) T

[nΔt, (n + 1)Δt]

(i, j)

Γn d0
x

Γn+1 d1
x

u

T = Δt

(
n +

d0
x

d0
x + d1

x

)
.

O(Δt)

T = Δt

(
n +

d0
y

d0
y + d1

y

)
+ O(Δt).

T = Δt

(
n +

d0
x/2

d0
x + d1

x

+
d0

y/2

d0
y + d1

y

)
+ O(Δt).

Γn Γn+1



x = (x1, x2, (n + 1/2)Δt)

O(Δt)

(x, y, t)

x = (x1, x2, (n+1/2)Δt) ht = (0, 0, Δt/2)

g ∈ C2[Ω \ Γ]

g(x + ht) = g(x) + C0
g (x, ht) + O(Δt),

g(x − ht) = g(x) + C0
g (x,−ht) + O(Δt).

[nΔt, (n + 1)Δt]

C0

C0
g (x, ht) =

⎧⎨
⎩ −σ(x − ht) [g] [(n + 1

2
)Δt, (n + 1)Δt],

0

C0
g (x,−ht) =

⎧⎨
⎩ σ(x − ht) [g] [nΔt, (n + 1

2
)Δt],

0
.

[g]+T C0
g (x, ht) [g]−T

C0
g (x,−ht)

g(x + ht) = g(x) + [g]+T + O(Δt),

g(x − ht) = g(x) + [g]−T + O(Δt).



g(x + ht) = g(x) +
Δt

2
gt(x) + C1

g (x, ht) + O(Δt2),

g(x − ht) = g(x) − Δt

2
gt(x) + C1

g (x,−ht) + O(Δt2).

C1
g (x, ht) =

⎧⎪⎨
⎪⎩
−σ(x) ([g] + ||ht|| [g′]) T ∈ [(n + 1

2
)Δt, (n + 1)Δt),

0

C1
g (x,−h) =

⎧⎪⎨
⎪⎩
−σ(x) ([g] − ||ht|| [g′]) T ∈ [nΔt, (n + 1

2
)Δt),

0
.

||ht|| =

⎧⎪⎨
⎪⎩

(n + 1)Δt − T ∈ [nΔt, (n + 1
2
)Δt),

T − nΔt
,

σ(x) =

⎧⎪⎨
⎪⎩

σ(x − ht) ∈ [nΔt, (n + 1
2
)Δt),

−σ(x − ht)
.

C1
g (x, ht) =

⎧⎪⎨
⎪⎩
−σ(x − ht) ([g] + ((n + 1)Δt − T ) [gt]) T ∈ [(n + 1

2
)Δt, (n + 1)Δt),

0

C1
g (x,−ht) =

⎧⎪⎨
⎪⎩

σ(x − ht) ([g] + (T − nΔt) [gt]) T ∈ [(n + 1
2
)Δt, (n + 1)Δt),

0



DT

∂/∂t DT

DTuuu
n+ 1

2 =
un+1 − un

Δt
=

∂un+ 1
2

∂t
+ C{DTuuun+ 1

2} + O(Δt).

C{DTuuun+ 1
2} =

1

Δt

(
C1

u(x, ht) − C1
u(x,−ht)

)
.

C{DTvvvn+ 1
2}

ut

[ut] = −(u · n) [un] .

Δμun+ 1
2

Δun+ 1
2

μ

2

(
Δun+1 + Δun

)
= μΔun+ 1

2 +
μ

2

(
[Δu]+T + [Δu]−T

)
+ O(Δt).

n

n + 1/2 (u · ∇u)n+ 1
2

(u · ∇u)n+ 1
2 = (u · ∇u)n + O(Δt).

n − 1 n



(u · ∇u)n+ 1
2 =

⎧⎨
⎩ (u · ∇u)n [n − 1, n],

3
2
(u · ∇u)n − 1

2
(u · ∇u)n−1 .

.

n n + 1/2 C

C = − [u · ∇u]−T = −u · [∇u]−T .

pn+ 1
2 = pn− 1

2 + O(Δt).

(x1, x2) n −
1/2 n + 1/2

[(n − 1/2)Δt, (n + 1/2)Δt] [nΔt, (n + 1)Δt]

T̄ ∈ [(n − 1/2)Δt, (n + 1/2)Δt]

x̄ = (x1, x2, nΔt)

[p]+T̄ = C0
g (x̄, ht)

[p]−T̄ = C0
g (x̄,−ht).

pn+ 1
2 = pn− 1

2 +
(
[p]+T̄ − [p]−T̄

)
+ O(Δt).

pn+ 1
2 = pn− 1

2 + φn+1 − μ

2
(∇ · u∗),

pn+ 1
2 = pn− 1

2 +
(
[p]+T̄ − [p]−T̄

)
+ φn+1 − μ

2
(∇ · u∗).



n+1 uk, φk, Δuk

k ≤ n (u · ∇u)n+ 1
2

(
1

Δt
Iuu −

μ

2
Δuu

)
u∗ = −p

n− 1
2

x − (u · ∇u)n+ 1
2 + u · [∇u]−T

+
un

Δt
+

μ

2
(Δu)n + G

n+ 1
2

1 − μ

2
C{Δuuu∗} + C{DTuuun}

−μ

2

(
[Δu]+T + [Δu]−T

)
;

(
1

Δt
Ivv −

μ

2
Δvv

)
v∗ = −p

n− 1
2

y − (u · ∇v)n+ 1
2 + u · [∇v]−T

+
vn

Δt
+

μ

2
(Δv)n + G

n+ 1
2

2 − μ

2
C{Δvvv∗} + C{DTvvvn}

−μ

2

(
[Δv]+T + [Δv]−T

)
;

(∇ · u∗) = DXpuu
∗ − C{DXpuu∗} + DYpvv

∗ − C{DYpvv∗};

Δppφ
n+1 =

1

Δt
(∇ · u∗) + C{Δppφn+1};

un+1 = u∗ − Δt
(
DXupφ

n+1 − C{DXupφn+1}) ;

vn+1 = v∗ − Δt
(
DYvpφ

n+1 − C{DYvpφn+1}) ;

pn+ 1
2 = pn− 1

2 +
(
[p]+T̄ − [p]−T̄

)
+ φn+1 − μ

2
(∇ · u∗) ;

p
n+ 1

2
x = DXupp

n+ 1
2 − C{DXuppn+ 1

2};

p
n+ 1

2
y = DYvpp

n+ 1
2 − C{DYvppn+ 1

2};



(Δu)n+1 = Δuuu
n+1 − C{Δuuun+1};

(Δv)n+1 = Δvvv
n+1 − C{Δvvvn+1};

n n + 1

(u · ∇u)n+ 3
2 =

3

2
un+1

(
DXuuu

n+1 − C{DXuuun+1})
+

3

2
Ivuv

n+1
(
DYuuu

n+1 − C{DYuuun+1})
−1

2
(un (DXuuu

n − C{DXuuun}) + Ivuv
n (DYuuu

n − C{DYuuun})) ;

(u · ∇v)n+ 3
2 =

3

2
Iuvu

n+1
(
DXvvv

n+1 − C{DXvvvn+1})
+

3

2
vn+1

(
DYvvv

n+1 − C{DYvvvn+1})
−1

2
(Iuvu

n (DXvvv
n − C{DXvvvn}) + vn (DYvvv

n − C{DYvvvn})) ;

n n + 1

(u · ∇u)n+ 3
2 = un+1

(
DXuuu

n+1 − C{DXuuun+1}) + Ivuv
n+1

(
DYuuu

n+1 − C{DYuuun+1}) ;

(u · ∇v)n+ 3
2 = Iuvu

n+1
(
DXvvv

n+1 − C{DXvvvn+1}) + vn+1
(
DYvvv

n+1 − C{DYvvvn+1}) ;





u p

u∗ φn+1

u∗ φn+1



u∗ φn+1









u

u∗ φn+1

φn+1 ∈ C2(Ω) u∗

un+1

Γ

Ω

Ωε

Γ+

ε

Γ−

ε
ε ε

Ωε 2ε Γ

Ωε 2ε

Γ ∂Ωε Ωε Γε
+ Γε

−

g



[g] (s) = lim
ε→0+

(g(X(s) + εn(s)) − g(X(s) − εn(s))) ,

lim
ε→0+

∫
∂Ωε

g(X(s))dŝ =

∫
Γ

[g] (s)dŝ,

ŝ X(s) X(0)

s

ϕ ∈ C2(Ω)

∇ · Du

Dt
+ Δp = ∇ · μΔu + ∇ · G + ∇ · F .

μ

∇ · μΔu = μΔ(∇ · u) = 0.

ϕ ∈ C2(Ω)

Ωε

lim
ε→0+

∫
Ωε

(
∇ · Du

Dt
+ Δp −∇ · F −∇ · G

)
ϕdx = 0.

ϕΔp = ∇ · (ϕ∇p) −∇p · ∇ϕ

= ∇ · (ϕ∇p) −∇ · (p∇ϕ) + pΔϕ.

lim
ε→0+

∫
Ωε

ϕΔpdx = lim
ε→0+

∫
Ωε

(∇ · (ϕ∇p − p∇ϕ) + pΔϕ) dx.



pΔϕ limε→0+

∫
Ωε

pΔϕdV = 0

lim
ε→0+

∫
Ωε

ϕΔpdx = lim
ε→0+

∫
∂Ωε

(ϕ∇p − p∇ϕ) · ndŝ.

lim
ε→0+

∫
Ωε

ϕΔpdx =

∫
Γ

[pn] ϕ − [p] ϕndŝ.

G

lim
ε→0+

∫
Ωε

(∇ · G)ϕdx = lim
ε→0+

∫
Ωε

(∇ · (ϕG) − G · ∇ϕ) dx.

ϕ ∈ C2(Ω) G · ∇ϕ

lim
ε→0+

∫
Ωε

G · ∇ϕdx = 0.

G·∇ϕ

lim
ε→0+

∫
Ωε

(∇ · ϕG)dx = lim
ε→0+

∫
Ωε

ϕG · ndŝ.

lim
ε→0+

∫
Ωε

(∇ · G)ϕdx =

∫
Γ

ϕ [G · n] dŝ.

Du/Dt

G

lim
ε→0+

∫
Ωε

ϕ∇ · Du

Dt
dx =

∫
Γ

ϕ

[
Du

Dt
· n

]
dŝ.

lim
ε→0+

∫
Ωε

ϕ∇ · Du

Dt
dx = 0.



F∫
Ωε

ϕ∇ · F dx =

∫
Ωε

∇ · (ϕF )dx −
∫

Ωε

F · ∇ϕdx.

∫
Ωε

∇ · (ϕF )dx =

∫
∂Ωε

ϕF · ndŝ.

ε > 0 0 F

Γ

∫
Ωε

F · ∇ϕdx =

∫
Ωε

(F · n) ϕndx +

∫
Ωε

(F · τ ) ϕτdx.

F

F (x) =

∫
Γ

f(ŝ)δ(x − X(ŝ))dŝ,

∫
Ωε

(F · n) ϕndx =

∫
Ωε

(∫
Γ

f(s)δ(x − X(s))dŝ

)
· nϕndx

=

∫
Γ

(f · n)ϕndŝ.

∫
Ωε

(F · τ )ϕτ =

∫
Γ

(f · τ )ϕτdŝ,

∫
Γ

(f · τ )ϕ′dŝ,

(′)

ϕ′(s) =
dϕ(X(s))

dŝ

/ ∣∣∣∣
∣∣∣∣dX(s)

dŝ

∣∣∣∣
∣∣∣∣ .

Γ ∫
Γ

(f · τ )ϕ′dŝ = −
∫

Γ

(f · τ )′ϕdŝ.

lim
ε→0+

∫
Ωε

ϕ∇ · F dx =

∫
Γ

(
(f · τ )′ ϕ − (f · n) ϕn

)
dŝ



∫
Γ

((
[pn] − [G · n] − (f · τ )′

)
ϕ + (f · n − [p]) ϕn

)
dŝ = 0.

ϕ(x) ∈ C2(Ω)

ϕ(X(s)) ϕn(X(s)) C2(Γ)

[pn] = [G · n] + (f · τ )′ ,

[p] = f · n.

nτ

η

ξ

χ(η)

(x, y)

(0, 0)

Γ

Ω Système de coordonnées local

(η, ξ)

X(s) n(s)

τ (s)

s

X(s) (η, ξ) τ (s)

n(s)



Γ χ(η) p(x)

dp

dη
=

∂p

∂η
+ χ′(η)

∂p

∂ξ

d2p

dη2
=

∂2p

∂η2
+ χ′′(η)

∂p

∂ξ
+ 2χ′(η)

∂2p

∂η∂ξ
+ (χ′(η))

2 ∂2p

∂ξ2
.

χ(0) = χ′(0) = 0

η = 0

κ = χ′′(0)

dp

dη

∣∣∣∣
η=0

=
∂p

∂η

∣∣∣∣
η=0

,

d2p

dη2

∣∣∣∣
η=0

=
∂2p

∂η2

∣∣∣∣
η=0

+ κ
∂p

∂ξ

∣∣∣∣
η=0

.

[p]′ = (f · n)′ = [pη] .

p

[p] = f · n,

[pξ] = [G · n] + (f · τ )′ ,

[pη] = (f · n)′ .

u

ϕ ∈
C2(Ω) Ωε

lim
ε→0+

∫
Ωε

(
Du

Dt
+ ∇p − μΔu − F − G

)
ϕdx = 0.



Du/Dt

lim
ε→0+

∫
Ωε

Du

Dt
ϕdx = 0.

G

lim
ε→0+

∫
Ωε

Gϕdx = 0.

(∇p) ϕ = ∇ (pϕ) − p∇ϕ

lim
ε→0+

∫
Ωε

(∇p) ϕdx = lim
ε→0+

∫
Ωε

∇ (pϕ) dx − lim
ε→0+

∫
Ωε

p∇ϕdx.

p ∇ϕ 0

lim
ε→0+

∫
Ωε

(∇p) ϕdx = lim
ε→0+

∫
Ωε

∇(pϕ)dx = lim
ε→0+

∫
∂Ωε

pϕndŝ =

∫
Γ

[p] nϕdŝ.

ϕΔu

ϕΔp

lim
ε→0+

∫
Ωε

ϕΔudx =

∫
Γ

[un] ϕ − [u] ϕndŝ.

F (x) =
∫

Γ
δ(x − X(s))f(s)dŝ

lim
ε→0+

∫
Ωε

F (x)ϕdx =

∫
Γ

f(s)ϕdŝ.

ϕ ∈ C2(Ω)∫
Γ

(([p] n − [μun] − f(s)) ϕ + [μu] ϕn) dŝ = 0,

[μu] = 0

[p] n − [μun] − f = 0.

[p] = f · n

− [μun] = f − (f · n) n,

(ξ, η)

[μuξ] = − (f · τ ) τ .



[μuξ]
′ = − ((f · τ ) τ )′ = [μuξη] .

τ ′ = κn

[μuξη] = −(f · τ )′τ − κ(f · τ )n.

[μu] = 0

[μu]′ = 0 = [μuη]

[μu]′′ = 0 = [μuηη] + κ [μuξ] .

[μuξ] = − (f · τ ) τ

[μuηη] = κ (f · τ ) τ .

[μuξξ]

[
Du

Dt

]
+ [∇p] = [μΔu] + [F ] + [G] .

[F ] = 0 F

Du/Dt [μuξξ]

[μuξξ] = − [μuηη] + [∇p] − [G] .

[μuξξ] = −κ(f · τ )τ + (f · τ )′n + (f · n)′τ − [G · τ ] τ .



[ut]

[u] = 0

D

Dt
[u] = 0 = [ut] + u · [∇u] ,

u · [∇u] = (u · n) [uξ] [uη] = 0

[ut] = − (u · n) [uξ] .

u∗

u∗ un+1

[
u∗

ξξ

]
n + 1/2 u∗

u∗ − un

Δt
+

(
un+ 1

2 · ∇
)

un+ 1
2 +∇pn− 1

2 =
μ

2
(Δun + Δu∗)+F n+ 1

2 +Gn+ 1
2 .

u

[
pn− 1

2

]
n − 1

2

[
μun

ξ

] − 1

2

[
μu∗

ξ

] − f = 0

1

2
[μu∗] +

1

2
[μun] = 0.

pn− 1
2

un u∗ Γn− 1
2 Γn



Γn+1 pn− 1
2 Γn+1

pn− 1
2 un+ 1

2 un

un+1

p(x, (n − 1/2)Δt) =

⎧⎨
⎩ p+(x, (n − 1

2
)Δt) Γn− 1

2 ,

p−(x, (n − 1
2
)Δt) Γn− 1

2 ,

p+, p− ∈ C∞(Ω) pn− 1
2 n

pn− 1
2 =

⎧⎨
⎩ p+(x, (n − 1

2
)Δt) Γn+1,

p−(x, (n − 1
2
)Δt) Γn+1.

[
pn− 1

2

]
Γn+1

[
pn− 1

2

]
=

[
pn+1

]
+ O(Δt).

n + 1

fn+1 f

[
μu∗

ξ

]
= −(f · τ )τ ,

[μu∗] = 0.

[μuξ] [μu]

[μu∗]′ = 0 =
[
μu∗

η

]
,

[μu∗]′′ = 0 =
[
μu∗

ηη

]
+ κ

[
μu∗

ξ

]
,[

μu∗
ξ

]′
= ((−f · τ )τ )′ =

[
μu∗

ξη

]
.



n

Γn+ 1
2

[
μu∗

η

]
= 0,[

μu∗
ηη

]
= κ(f · τ )τ ,[

μu∗
ξη

]
= ((−f · τ )τ )′ .

[
u∗

ξξ

]
[
u∗ − un

Δt

]
+ u · [∇u] + [∇p] =

[μ

2
(Δu + Δu∗)

]
+ [F ] + [G] .

[
u∗ + u

Δt

]
= 0

[F ] = 0,

F

u · [∇u] = (u · τ ) [uη] + (u · n) [uξ]

= (u · n) [uξ]



[uη] = 0.[
μu∗

ξξ

]
[
μu∗

ξξ

]
= − [

μu∗
ηη

] − [μuηη] − [μuξξ] + 2 (u · n) [un] + 2 [∇p] − 2 [G] .

[μuξξ] = − [μuηη] + [∇p] − [G] ,

[
μu∗

ξξ

]
= − [∇p] + [G] − [

μu∗
ηη

]
+ 2 (u · n) [uξ] + 2 [∇p] − 2 [G] ,

[
μu∗

ηη

]
= κ(f ·τ )τ [μuξ] = −(f ·τ )τ

[
μu∗

ξξ

]
=

(
−2

u · n
μ

− κ

)
(f · τ )τ + [∇p] − [G] .

[
μu∗

ξξ

]
= [μuξξ] − 1

μ
(2u · n)(f · τ )τ .

u∗ un+1

φn+1

φn+1 ∈ C2(Ω)

u∗ φn+1

φn+1

u∗ = un+1 + Δt∇φn+1.

[u∗] = [u] + Δt
[∇φn+1

]
.

[u∗] = [u] = 0 [
φn+1

ξ

]
= 0,

[
φn+1

η

]
= 0..



[
φn+1

ξη

]
= 0

[
φn+1

ηη

]
= 0.

[∇ · u∗] = [∇ · u] + Δt
[
Δφn+1

]
,

∇ · u = 0
[
u∗

η

]
= 0

Δt
[
Δφn+1

]
=

[
u∗

ξ

] · n.

[
φn+1

ηη

]
= 0

[
φn+1

ξξ

]
=

1

Δt

[
u∗

ξ

] · n.

[
u∗

ξ

]
[
u∗

ξ

] · n = 0

[
φn+1

ξξ

]
= 0.

[p] = [p] +
[
φn+1

] − Δt

2
μ

[
Δφn+1

]
.

[
φn+1

]
=

1

2

[
μu∗

ξ

] · n = 0.

φn+1 ∈ C2(Ω)


