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Abstract

The (logarithmic) Mahler measure of a non-zero rational function P in n variables
is defined as the arithmetic mean of log|P| restricted to the standard n-torus (T" =
{(x1,...,2,) € (C)" ¢ |zg| = 1,V 1 < i < n}) with respect to the unique Haar mea-
sure (normalized arc measure) on T". It has connections to heights, hyperbolic volumes,
arithmetic dynamics, and special values of L-functions. Various generalizations of this
definition exist in the literature. This thesis is dedicated to exploring two such gen-
eralizations: firstly, when the unit torus is substituted by a torus with arbitrary radii
Ty e, = 1@, 2n) € (C)" ¢ |1y = a;,V 1 < i < n} (referred to as the general-
ized Mahler measure), and secondly, when the normalized arc measure on the unit torus is
replaced by the normalized area measure on the unit disk (referred to as the areal Mahler

measure). Our primary objective is to quantify the behavior of the Mahler measure of P

under such alterations. This thesis is structured into five projects.

(1) In Chapter 1, we investigate the definition of the generalized Mahler measure for all
Laurent polynomials in n-variables when they do not vanish on the integration torus.

This work has been published in [106].

(2) In Chapter 2, we exhibit some nontrivial evaluations of the areal Mahler measure of
multivariable polynomials, defined by Pritsker. This is a joint work with Lalin, and

has been published in [84].

(3) In Chapter 3, we investigate how the areal Mahler measure changes with the power

change of variables. This a joint work with Lalin, and has been published in [83].



(4) In Chapter 4, we investigate the Mahler measure of a particular family of rational
functions with an arbitrary number of variables and an arbitrary degree in one of the

variables. This is a joint work with Lalin and Nair, and will appear in [81].

(5) In Chapter 5, we evaluate the areal Mahler measure of a family of polynomials using
the areal analogue of the Zeta Mahler measure. This is an ongoing joint work with

Lalin, Nair, and Ringeling.

Keywords : Mahler measure; elliptic curve; special values of L-functions;

polylogarithm, arbitrary torus, regulator.
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Résumé

La mesure de Mahler (logarithmique) de P, une fonction rationnelle non nulle a n
variables, est définie comme la moyenne arithmétique de log|P| restreinte au tore n-
dimensionnel standard (T" = {(z1,...,x,) € (C*)" : |z;| = 1,V 1 <14 < n}) par rapport a la
mesure de Haar unique (mesure d’arc normalisée) sur T™. Elle a des liens avec les hauteurs, les
volumes hyperboliques, la dynamique arithmétique et les valeurs spéciales des fonctions L. Il
existe plusieurs généralisations de cette définition dans la littérature. Cette thése se consacre a
I’exploration de deux de ces généralisations : premiérement, lorsque le tore unité est remplacé
par un tore a rayons arbitraires Tj; = {(z1,...,2,) € (C)": |z5] = a;,V 1 <@ < n}
(appelée mesure de Mahler généralisée), et deuxiémement, lorsque la mesure d’arc normalisée
sur le tore unité est remplacée par la mesure d’aire normalisée sur le disque unité (appe-
lée mesure de Mahler aréale). Notre objectif principal est de quantifier le comportement de
la mesure de Mahler de P sous de telles modifications. Cette thése est structurée en cinqg

projets.

(1) Dans le chapitre 1, nous étudions la définition de la mesure de Mahler généralisée
pour tous les polyndémes de Laurent a n variables lorsqu’ils ne s’annulent pas sur le

tore d’intégration. Ce travail est publié dans [106].

(2) Le chapitre 2 présente des évaluations non triviales de la mesure de Mahler aréale
des polynémes a plusieurs variables, définie par Pritsker. Ce travail est réalisé en

collaboration avec Lalin, et publié dans [84].

vii



(3) Dans le chapitre 3, nous étudions comment la mesure de Mahler aréale change lorsque
I’'on effectue un changement de variables par puissance sur les polyndémes. Ceci est

un travail conjoint avec Lalin, et publié¢ dans [83].

(4) Dans le chapitre 4, nous étudions la mesure de Mahler d’une famille particuliére de
fonctions rationnelles & un nombre arbitraire de variables et & un degré arbitraire
dans 'une des variables. Ce travail est réalisé en collaboration avec Lalin et Nair, et

sera publié¢ dans [81].

(5) Le chapitre 5 est consacré a 'évaluation de la mesure de Mahler aréale d'une famille
de polynomes en utilisant ’analogue aréal de la mesure de Mahler zéta. 1l s’agit d'un

travail collaboratif en cours avec Lalin, Nair et Ringeling.

Mots clés : Mesure de Mabhler ; courbe elliptique ; valeurs spéciales des fonc-

tions L ; polylogarithme ; tore arbitraire ; régulateur.
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Introduction

The Mahler measure is a positive real number M(f) that can be associated to a large

class of complex-valued functions f : T" — C defined on the torus T" = {(zy,...,x,) €
C*xC*x---xC*:|r| == |za] = 1}.! The class of non-zero rational functions
P € C(zy,...,z,) is contained in such class of functions. This thesis focuses mainly on

certain generalizations of this notion. In this chapter, we provide a broad overview of the

theory of Mahler measure and state our main results.

0.1. Mahler measure: a historical introduction

The story starts with Tracy A. Pierce, who developed in [98] a method for searching
large primes using a generalization of Mersenne’s sequence 2" — 1. Given a monic polynomial
P € Zx], define

An(P)= ]I (@ -1,
a€C,P(a)=0
where m € Z>; % The integer A,,(P) shares a similar property with Mersenne numbers: it

can be factored more easily than a randomly chosen integer. Moreover, one has that

A n—1
if K = nm, then A_Z = H ( o/"z> is an integer. (0.1.1)
a€C,P(a)=0 \{¢=0
Derrick H. Lehmer [87] continued the search for large prime numbers with Pierce’s

method, applying property (0.1.1) to find new large prime numbers of the form 20 for

=r
Ay

1. For a field S, we denote S* as S\ {0}.
2. Notice that A, (x —2) =2™ —1



small primes p € N. In [87], Lehmer further introduced the Mahler measure for one-variable

monic polynomials P € Z[x] as

MP)= ][] max{lal,1}, (0.1.2)

a€C,P(a)=0
which, he showed, computes the growth of the sequence of integers {A,,(P) : m > 1} . In par-
ticular, he observed that the prime counting function {p <uz: 2—1’ is prime} seems to grow
faster as soon as the Mahler measure M (P) is smaller, when P(x) # 29 ” P(x~1). Polynomi-
als satisfying P(x) = x4 P(2~1) are known as self-reciprocal polynomials. When P is self-

reciprocal, an interesting choice for a prime counting function is {p Sxiy/3F0 IS prlme} ,

since, for m|k, the integer )AA—:L is a square when k& = m(mod 2) (see |38, Exercise 1.7]).
Notice that M(P) > 1 for every non-zero monic polynomial P € Z[z]. In fact, for a
polynomial P(z) = ao[[,ec pa)=o( — @) € Clz], the definition of the Mahler measure

M (P) can be extended to

M(P)=lao| ][] max{lal,1},

a€C,P(a)=0

and, since |ag| > 1 when P € Z[x] \ {0}, we have M (P) > 1.
Consider the set M = {M(P) : P € Z[x]\ {0} }. It follows from the definition that M (P)
is an algebraic integer, and therefore M C Z. The above discussion also implies that the
minimum of the set M is min M = 1. In addition, the following theorem due to Kronecker

provides necessary and sufficient conditions for a non-zero polynomial P € Z|[x] such that

M(P) =1.

Theorem 0.1.1 (Kronecker, [71]). Let a be an algebraic integer. If all the conjugates of «

are inside the unit disc, then « is a root of unity.

Indeed, let f, € Z[z] be the minimal polynomial of «a of degree d, and let {a,...,aq}
be the set of conjugates of . Since all the conjugates of o are inside the unit disc, we have
%] < || <1 for every j and n. As the coefficients of f, , are symmetric functions of a7,
they are bounded, and therefore, the set {f,.(x) = H?Zl (r—a}) :n > 1} is finite, ie.

fr.a = foo for some k # . From this we can infer that there exist ¢ and j such that ¢ # j



and of = aﬁ . If K is the splitting field of a over Q, and ¢ : K — C is the embedding such
that o (a;) = ¢, then there exists a ¢ > 1 such that
o' () =goco---o0(a;) = ay,
—_——

t times

and therefore

off = (@) = (0 ()" = (7 (@)™ == (0'@) " =0
which implies that «;, as well as all conjugates of «, are roots of unity, which proves Theorem
0.1.1.

Moreover, from (0.1.2), we have M (f,) = 1, since f, is a cyclotomic polynomial (all the
roots of f, are roots of unity, and f, is irreducible over Q).

On the other hand, if, for some non-zero monic polynomial P € Z[z], M(P) = 1, then
(0.1.2) implies that all the roots of P have absolute values less than or equal to 1. Dividing
P(z) by suitable power of x, we can further assume that P(0) # 0. Then, by Kronecker’s
Theorem 0.1.1, we have P(z) = [], ¢a(z), where the ¢, are cyclotomic polynomials. In

conclusion, we have, for P € Z[z] \ {0},
M(P) =1 <= P(z) = 2" [ [ ¢u(x). (0.1.3)

Given this, Lehmer asked whether the set M has an isolated minimum at 1. More pre-
cisely,
Given € > 0, is there a P € Z[x] for which 1 < M(P) <1+ ¢€?
One expects the answer to this question to be negative in the sense that there exists a
€0 > 0, such that M (P) > 1+ ¢, for all non-zero P € Z[x] which is not cyclotomic. The best

guess for 1 4 ¢y until now is due to Lehmer and Poulet:
Mz + 2% — 2" — 2% —2° —2* —2® + 2+ 1) = 1.17628081 . ...

Lehmer’s question for polynomials with bounded degrees has been extensively studied (see
[20, 114, 118]). Dobrowski [49] showed that if P is not a cyclotomic polynomial and
deg P = d, then

log log d)3

>
M(P)_1+c< e d



where c is an explicit constant, which answers Lehmer’s question for fixed degree polynomials.
Dimitrov improved Dobrowski’s bound in his recent proof of the Schinzel-Zassenhauss con-

jecture [47|. In particular, he showed that, for every non-zero monic irreducible polynomial

Q € Z[7],

max{la| : a € C,Q(a) = 0} > 2750,

and therefore, M (Q) cannot be too small. However, after extensive study, Lehmer’s question
remains open.

One of the most interesting attempts towards the resolution of Lehmer’s question has
been given by Boyd [27|. He observed that M is a countable set of algebraic numbers in
the interval [1,00), and it is a semigroup under multiplication since M (PQ) = M(P)M(Q).
Boyd argued that if one can show that M is closed, then M is nowhere dense, and this will
answer Lehmer’s question in the negative. He further considered an extension of the Mahler
measure for n-variable polynomials, and showed that it is improbable that M is closed and
that the closure of M contains a larger set comprised of algebraic numbers and certain
transcendental numbers, namely the set of “Mahler measures of n-variable polynomials”.

In order to define such an extension, we first recall Jensen’s formula, which states that

d
log |ag| + Zlog+ la;| = log M(Q), (0.1.4)

Jj=1

d:r_

X

L g 10@)

271 T1

where Q(z) = ag H?Zl(x — «a;) and log* |a| = logmax{|al,1}. For a non-zero polynomial

P € Clzy,...,x,], then the Mahler measure can be defined as
1 dxq da:n>
M(P) = <_ oo [ Nog |P(xy, . ay) |
(P) = exp (2mi)n /w /’]I‘l og |P(a1 )| T Tn
In fact, this definition can be extended to a non-zero rational function in C (z1,...,z,)

using the multiplicative property of M (P) mentioned above. In this thesis, we are mainly
interested in the logarithmic version of M (P). This leads to the following definition of the
(logarithmic) Mahler measure of n-variable rational functions, which was first introduced by

Mabhler [89] for n-variable polynomials in his proof of Gelfond’s inequality.



Definition 0.1.2. For a non-zero rational function P € C (z1,...,x,), the (logarithmic)

Mahler measure of P is defined as

1 dx dz,,
:/ log | P (€™, ..., e*™%) |db; - - - db,,
[0,1]"
where T" = {(z1,...,2,) EC* X C* x -+ xC* i |z4| =+ = |z, =1} =T x --- x TL.

Then M(P) = exp(m(P)).

In other words, for P € C(xy,...,2,) \ {0}, m(P) is the arithmetic mean of log |P)|
over the n-dimensional unit torus T" with respect to the unique normalized Haar measure
associated to the torus.

Denote, for all n > 1,
M, :={M(P): P €Zxy,...,z,)}.

Then, note that M; = M, M,, is countable, and M; C M, C M, 4, for all n > 1. The
following result, due to Boyd and Lawton, shows that M, is a subset of the set of limit

points of M; (we denote the set of limit point as ./\/lgl)) and hence a subset of the closure of

M;.

Theorem 0.1.3 (Boyd [27], Lawton [86]). Let R € C(xy,...,x,) be a non-zero rational
function defined by

P ;)

R(z) = D@ _ 2t

Qz) D) bea*
where P,QQ € Clxy,...,x,] are non-zero polynomials, * = (x1,...,2,), 7 = (J1,---17n),
k= (ki,... kn), @ =2l aln aF = ab . ok and the sums are finite. Given a vector

r=(ry,...,r,) € Z"\ {0}, define

p(r) := inf { max |m;| : m=(ms,...,my) € Z" \ {O},ijrj = O} .
j=1

1<j<n

Then
lim m(R(z™,...,2™)) =m(R(zy,...,2,)). (0.1.6)

wu(r)—oo



Remark 0.1.4. In their recent work |48, Dimitrov and Habegger explicitly computed the
rate of convergence of (0.1.6), and showed that, given a vector r= (ry,...,r,) € Z"\ {0}
such that p(r) > deg P,

m (P (z",...,2™)) —m(P) < C(n, k)%
M(T) T6(k—1)

)

where k € Zsy such that P has at most k non-zero terms, and C(n,k) is a positive real

constant depending on n and k.

Boyd then conjectured that (J,., M, is closed. Since each M,, is countable, this would
simply imply that (J, 5, My, as well as M; = M, are nowhere dense in [1, 00), and therefore,
it would answer Lehmer’s question in the negative.

The theorem of Boyd-Lawton, along with Boyd’s conjecture that UnZl M,, is closed,
helped initiate a thorough systematic study of (logarithmic) Mahler measures of polynomials
in several variables. Since this thesis focuses on the (logarithmic) Mahler measure, we will
refer to m(P) as the Mahler measure from this point onward, instead of M (P).

The following theorem, which is due independently to Boyd, Lawton, and Smyth, shows
that we can completely characterize the set of polynomials with integer coefficients that

achieve the minimal Mahler measure, which is 0.3

Theorem 0.1.5 (Boyd [27], Lawton [86], Smyth [112]). For any non-zero Laurent polyno-
mial P € Z[x}, ..., xt] such that the greatest common divisor of the coefficients is 1, m(P) is

zero if and only iof P is a product of a monomial and some cylclotomic polynomials evaluated

on monomials, i.e.
P 1 dn b1k bk c1 Cn
(X1, .. ..xp) = a7t a Ty (e x) )

where ¢y (t) € Z[t] are cyclotomic polynomials, b; i, ¢;, d; € Z for alli, b; are chosen minimally

b b : -
such that """ - xy"" dp(x7 - - - 26) is a polynomial in xy, ..., x,.

3. Indeed log M, C logMgl) C [0,00), and if P(z1,...,z,) = 21, then m(P) =0, i.e. 0 € log M,,. Here,

for A C Ry, log A :={loga:a € A}.



Note that this is a generalization of the one-variable case mentioned in the discussion
following Theorem 0.1.1, and, as a result of this and Theorem 0.1.3, a Lehmer-type question
in the multivariable case can be reduced to the Lehmer’s question in the one-variable case.
The following proposition further classifies the changes of variables that keep the Mahler

measures of multivariable polynomials invariant.
Theorem 0.1.6 ([51, pg. 52|). Let
P(z) = a € Clzy,..., 2,
J
where = (x1,...,2,), 7= (j1, ..., Jn), and ¥ = x{l ---xdn. Let A be an n x n integer matriz

with non-zero determinant, and define P (x) = > a;z.* Then
m(P(z)) = m(P(z)).

While the above transformation has been described for polynomials, it is straightforward
to generalize it to rational functions. The next step in this search is to evaluate Mahler
measures in this multivariable framework.

The computation of the Mahler measure of multivariable polynomials is complicated since
we do not have the analogue of Jensen’s formula. The pioneering work by Smyth [112, 27]
showed that some values of m(P) could be related to special values of L-functions. More

precisely, Smyth proved that

3v/3

m(z +y+1) =L'(x-s,—1) = —L(X 3,2), (0.1.7)
mﬂ+x+y+d=%%ﬁ@, (0.1.8)

where
I n=1(mod 3),

with x 3(n) =4 —1 n=-1 (mod 3), (0.1.9)
0 n=0 (mod 3),

3

X3,

is a Dirichlet L-function, and ( is the Riemann (-function.

_ A _ p (b b bin b b bin but b b
4. For A = (bxe)1<k.e<n, P (x1,...,2,) = P (x111x212 ceemding oo Rtttk ot e



Deninger [45] established a link between Mahler measure and the conjectures of Beilinson
and Bloch—Kato. He proved that the Mahler measure of a suitable class of Laurent polyno-
mials P € Q[zf,...,zF] can be realized as a Deligne period of mixed motives by integrating
certain differential forms over a suitable topological chain contained in the smooth part of
the zero set of P. Assuming Beilinson’s conjectures, he found a higher dimensional analogue

of (0.1.7) such as

()

for some r € Q*. Here L(F,s) denotes the L-function associated to the elliptic curve F

m(m+é+y+$+l>: L(E,?2)

obtained by taking the projective closure of the zero locus of x + % +y+ %/ + 1 and specifying
a suitable origin. It was eventually proved by Rogers and Zudilin [105] using modular
methods, independent of Beilinson’s conjectures, and they further showed that r = 15.

The identities such as (0.1.7) and (0.1.8), along with Deninger’s work, prompted Boyd
to start an extensive investigation concerning the relations between Mahler measures of
multivariable polynomials and special values of L-functions, which led to the foundational
paper [29] containing conjectures and numerical calculations relating Mahler measures of
two-variable polynomials to special values of L-functions of elliptic curves arising from the

polynomials. For example, he conjectured that, for r € Z \ {0, £4},

1 1 2 kN(r)
[— — = LE 7,72 :k,’,,L/E T‘?O) 0110
m<x+x+y+y+r) )2 (Enery, 2) (Ene), 0) ( )

where k,. is a non-zero rational number of low height,
2

7 2) 2+ (0.1.11)

EN(T‘) : y2 :JJ3—|— <

is the Weierstrafs equation of an elliptic curve (of conductor N(r)) which is birationally
equivalent to the curve defined by x + 9—16 +y+ é +r =0, and the question mark stands for
a numerical formula that is true for at least 20 decimal places.

Rodriguez-Villegas also developed a context to explain Boyd conjectures in [102], where
he focused on the fact that most of the conjectural identities appear in families of polynomials
{P, € Z[{][z,y] : £ € S,S = Z,Q,R or C}. He studied the Mahler measure m(P) as a

function of ¢, and, for certain families, related this function to an Eisenstein—Kronecker



series (see Definition 0.3.1), which is intimately linked to modular forms. He further proved
(0.1.10) for r = \%, 44/2, where the corresponding elliptic curves have complex multiplication.

Since then, multiple approaches have been made to resolve the conjectural identities, but
they are still largely unproven to date. In Section 0.3, we provide more details on the known
and proven identities of type (0.1.10), for different families of polynomials.

In this thesis, we consider certain generalizations of the Mahler measure. Indeed, the
Mahler measure can be defined in a far more general setting. Let (X, pux) be a probability
space and let L°(X) denote the complex vector space of measurable functions f : X — C
such that f is non-zero almost everywhere. Then, for r € Ry, the L"-spaces can be defined

as
1/r
LX) = {f e L2001l = ([ 1) < oo} .
X
Note that || -, defines a function from L"(X) to R>q for every r > 0. Since X is a probability
space, we have L"(X) C L1(X) for every 0 < ¢ < r. This property can be used to define the
Mahler measure as the functional
A rrx) s RU{= lim 1 N
mr: U B00 2 RULoch 7ol tos 1]

where |J,., L"(X) is a complex vector subspace of L°(X). Since

1 ,
lim —log (/ |f] dm) - / log | fldpx,
r—0t T X X

for X = T" and duy = dpm = 5%, we retrieve the one-variable Mahler measure mr: (-) =

m(-) in (0.1.4). This thesis consists of two such generalizations:

(1) when X = T} = {z € C* : |z| = a} and dux = dpp = dpup = ;=% is the

2m x
normalized arc measure on T}
(2) when X =D = {z € C: |z| < 1} and duy = dup = Zdz is the normalized area

measure on D.

The generalizations (1) and (2) are known as the generalized Mahler measure and the areal
Mabhler measure, respectively. They were first introduced by Lalin and Mittal [80], and
Pritsker [99], respectively. We explore these definitions in more detail in Sections 0.5 and

0.6.



The following section examines a different perspective for studying Mahler measures of

several variable polynomials.

0.2. Mahler measure as heights and periods

For a € K, with K a number field, the (absolute logarithmic) Weil height is given by

1

hWeil(a’) = [K : Q]

> K, - Q)logmax {[lafl, 1},

vEME
vlp

where M is an appropriately normalized set of equivalent places (and therefore induced

absolute values) on K, so that the product formula is satisfied:

[Kv:Qp]
I 1ot 5% =
vEMK
vlp

In the above formulas, p is a rational prime and v is a prime in the ring of integers of K lying
above p. Here o, = |NKv/@p(O‘){W , where N, /g, is the norm function on K, /Q, and
| - |, is the normalized p-adic absolute value in @Q, such that |p|, = p~*. Then the Mahler
measure of an algebraic number «, defined as the Mahler measure of its integral minimal
polynomial, is the same as the product of [Q(«) : Q] and hwe (), i.e. if f, € Z[z] is the

integral minimal polynomial of & € Q*, then

m(foc) = log |a0| + Z 10g+ |6| - (deg fa) hWeil(a) = [Q(a) : Q]hWeil(&)~
BEC,fa(B)=0

Following the discussion in the previous section, we know that M is a set of algebraic
numbers, i.e. M(P), for P € Z[z], is an algebraic number.
The relation between Mahler measure and heights can be extended to several variable

polynomials and heights in hypersurfaces. Maillot [90] showed that the Mahler measure of

a Laurent polynomial P € Z[z7,..., 2] can be expressed in terms of the canonical height

of the hypersurface defined by the polynomial using a toric variety associated to the Newton

polytope of P. Here the Newton polytope of P(x) =) ; a;x is defined as the convex hull of the

J1

points j € Z" such that a; # 0, where x = (21,...,2,),j = (j1, -, Jjn), and x3 = 27" - - zin,

10



We refer the interested reader to [62| and [60] for more details on the notions of canonical
heights on abelian varieties and toric varieties.

Values of height functions produce computable numbers that measure the complexity
of some arithmetic objects, such as algebraic numbers, points on abelian varieties, abelian
varieties themselves, etc. Other quantities associated to these arithmetic objects, containing
critical information about them, are known as periods. Kontsevich and Zagier [70| defined

them in the following way.

Definition 0.2.1. A period is a complex number whose real and imaginary parts are values
of absolutely convergent integrals of rational functions with rational coefficients over domains

in R™ given by inequalities with rational coefficients.

We can replace “rational” with “algebraic” in the above definition to obtain a period,
because the algebraic functions occurring in the integrand can be replaced by rational func-
tions by introducing more variables. Note that the countability of Q implies that the set of
all periods P is countable.

Periods are intended to bridge the gap between algebraic numbers and transcendental
numbers. The class of algebraic numbers is too narrow to include many common mathemat-
ical constants, while the set of transcendental numbers is not countable, and its members
are not, generally computable.

For example, the following common constants are periods:

by d dyd
7T:/ 5 dx, logQ—/—, and ((3 /// _arayez
0o T +1 0<$<y<z<1 )yZ

For many purposes, it is convenient to widen our previous definition and consider also ele-

ments of the extended period ring P = P[], which is an algebra. From the definition of

gl
Mahler measure (see Definition 0.1.2), it then follows that the (logarithmic) Mahler measures
of rational functions with rational coefficients are elements of P.

Periods can also be seen as values of integrals of algebraically defined differential forms
over certain chains in algebraic varieties. For example, let Y/Q be a subvariety of a smooth

quasi-projective variety X/Q, let w be a closed algebraic n-form on X vanishing on Y, and

11



let C' be a singular n-chain on X (C) with boundary contained in Y (C); then the integral
/ w is a period of the quadruple (X, Y, w,C).
c

Moreover, if these forms and chains depend on parameters (i.e. if w(t) or C(t) depend on some
parameter t) then the integrals, considered as functions of the parameters, typically satisfy
linear differential equations with algebraic coefficients (depending on t). These are called
(generalized) Picard-Fuchs differential equations or (members of) Gauss-Manin systems.
Picard-Fuchs differential equations for elliptic surfaces (or curves) are examples of such
differential equations, whose solutions describe the periods of the elliptic surfaces (or curves).
Special values of the solutions of these differential equations at algebraic arguments produce
clements of P.

Other examples of periods are special values at algebraic arguments of hypergeometric
functions (and their analytic continuations):

(al)n"'(ap>n z"
F b b N == —_—m m h n — 1 o o _]_
oy (ar, .. ap; by, ... by 2) nEZO (o) (o) 1! where (a) ala+1)---(a+n—1)

(0.2.1)
and special values of modular forms and various kinds of L-functions at appropriate argu-
ments.

Kontsevich and Zagier conjectured that any two integral representations of a period
should be obtained from each other just by using additivity of integrals, changes of variables,
and Stokes’ theorem. Examples of this phenomenon include proved identities regarding the
relationships between Mahler measure of polynomials and special values of different kinds of
L-functions (see Section 0.3 for more examples). We refer the interested reader to [70] for

more detailed and thorough discussions on periods.

0.3. Mahler measure and special values of L-functions

This section aims to briefly recall the history of the conjectural links between Mahler
measure and special values of L-functions. We refer the reader to [38, Chapters 1,3 and §]

for a detailed exposition.

12



Let Py(z) = 2* + kx + 1 € Z|x], for k € Z>3. Using Lehmer’s formula (0.1.2), we derive

that m(P) = log A4 k — =/llogep where €p is the fundamental unit of the

Q(my Q(@)
real quadratic field Q (\/ k% — 4) , DQ( VATI) is its fundamental discriminant, and £ € Z.

Recall that the Dirichlet class number formula implies that

\ DKL (XDK, 1) = h(DK) IOgEDK,

where Dy is the fundamental discriminant of a real quadratic field K, €p,. is its fundamental

unit, h(Dg) is the class number of K, and

L(xpy, s Z XDK (0.3.1)
Combining the above with the functional equation of L (X D, (vViE)’ s) , we obtain
2 (o, 0)
Nk
SR IRy (0.3.2)

m(F)
Since any real quadratic field K can be represented as Q (\/ k? — 4) for some k > 3, we have
found a suitable polynomial Py for each K such that (0.3.2) holds.

In the multivariable case, we have already mentioned in (0.1.7) the pioneering result by

Smyth:

m(1 ot y) = 200 ) - 34\7/52 X;ﬁ Z "(x=s,—1).

47

Here FF = Q (\/ = ) Dp = —3, and % is a non-zero rational number, namely 1.

Smyth’s identity is also the first example of identities of the form
L'(Xpp, —1)
m(Qr)

where xp,. is the quadratic character associated to the imaginary quadratic field F* with fun-

€ Q~,

damental discriminant D, and QQr is a polynomial in two variables with integer coefficients.
Following this observation, Chinburg conjectured in [43, 100] that

For every imaginary quadratic field F, there exists a non-zero polynomial Qr € Zlx,y],

such that Lop.—1)

(0 1s a non-zero rational number.

13



Identities as conjectured are known in some cases due to Ray [100] (Dp =
—4,—7,-8,—20), Boyd-Rodriguez-Villegas [31] (Dp = —11,—15, —24, —35, —39, —55, —84),
Boyd-Rodriguez-Villegas [32] (Dp = —19,-40,—-120), Liu-Qin [88] (Dr =
—23,—303,—755) and others. Some recent works in this direction are being pursued
by Pengo [97], Mehrabdollahei [91], and others.

Continuing our description of conjectural relations between Mahler measures and special
values of L-functions, we now focus on Boyd’s extensive numerical computations of Mahler
measures of certain families of polynomials {G, € Z[z,y] : ¢ € C} whose zero locus is
birationally equivalent to elliptic curves Ey( of conductor N(¢), for almost all ¢* € Z. In
particular, Boyd considered the family x + % +y+ % + r for every r € Z \ {0,£4}, and
conjectured that

? /{TN(T)

1 1
m<m+—+y+—+r)=
x Yy

L(EN(T),Q), k. € QX, (033)

which we have already seen in (0.1.10). Here the curve C, : z + = +y + i + 7 =0 and the

elliptic curve Eyy : Y2 = X3 + (% — 2) X2 + X are birationally equivalent via the change

of variables

X 1 rX —2Y
= - e ——
xy’ 2X(X —1)’
(0.3.4)
(y—z)(1+2) rX +2Y
Y = P it e S
2xy 2X(X —1)

For r = £4, the curve obtained from the zero locus of the polynomial is degenerate in the
sense that, for a suitable change of variables, it can be factored into linear polynomials, and
then a direct calculation using Jensen’s formula yields that

1 1 1 1
m(w+—+y+—+4> :m(x+—+y+——4> = 2L (x_4,—1),
z Y z y

where x_, is the quadratic character of conductor 4.° On the other hand,

m(m+§+y+§) Zm((eri) (x+y)) =0.

Prior to stating the next result, we must define Eisenstein—Kronecher series.

5. Note that the curve C,., as well as m (:c + % +y+ % + r> , is invariant under the transformation r —

—r, and therefore we have the same curve for 7 and —r, as well as the same Mahler measure.

14



Definition 0.3.1 (|5, Section 1.1|). Let I' = wiZ + woZ C C be a lattice in C generated by
w1 and we with Im <“’;> > 0, and let A(T") = M Let a be a non-negative integer. For

z,w € C\T, we define the Eisenstein—Kronecker—Lerch series K,(z,w,s;T") by

K, (z,w,s;T) Z’Z+7 ,W)p Res > 1+ -

2s
vyel + ’Yl 2

where (7, w)p = exp (Wz(;;’;;’)) . The Eisenstein—Kronecker series Ei(z,s;T) : C* — C
is then defined as the analytic continuation of the series Ki(z,0,s;T') which converges for

Res > %

Rodriguez-Villegas [102| expressed the Mahler measure of x + i +y+ i + r and other

Boyd’s families in terms of Eisenstein—Kronecker series. For example, he showed

1 1 1 - 24"
m(m+;+y+§+7’) zéRe —logq+4zzx(d)d .

n=1 d|n
=Re | ———— n
2 X (4mT 4+ n)2(4mT + n)
m,neL
(m,n)#0
for r € C such that r? = 1( L where 7 € F, the fundamental domain formed by the geodesic

triangle in H = {z € C : Im(z) > 0} with vertices ic0,0,1/2 and its reflection along the
imaginary axis, and p is a Hauptmodul for the subgroup of SLy(Z) associated with F (i.e., u
induces an isomorphism between F U {cusps} and P*(C)). Here x(n) = (=}) and ¢ = *™"".
Rodriguez-Villegas further proved Boyd’s conjectures for r = \%, 44/2, where 7 is CM-point
i.e. a complex quadratic number in the upper half plane H.

Further identities associating Mahler measures of polynomials to special values of L-
function of elliptic curves for different families were proved by Bertin and Zudilin [14],

Brunault [36, 37, 35|, Lalin [77]|, Rodriguez-Villegas [102, 103], Mellit [92|, Rogers and

Zudilin [104, 105] et al. Some of these results involving the following families of polynomials

15



are gathered in Table 1:

1 1
Qr(xay) :$+—+y+—+7”7
z Yy
Ry(z,y) =1+ 2)(1 +y)(z +y) — may, (0.3.5)
with r,m € C, where the family {Q, : r € C} comprises of the polynomials considered by

Boyd in (0.1.10) (also in (0.3.3)). Here Ey and Ej, represent elliptic curves of conductor N

and L, respectively.

Identities Author(s) year
m(Q, 5) = L'(Eg4,0) F. Rodriguez-Villegas 1997
m(Q,,5) = L'(E32,0) F. Rodriguez-Villegas 1997

m(Q,) = L'(E5,0) M. Rogers and W. Zudilin 2010
m(Qs) = 6L/'(E15,0) M. Lalin 2010
m(Qyi) = L'(Eu,0) A. Mellit 2011
m(Qs) = L'(Ea4,0) M. Rogers and W. Zudilin 2012
m(Ry) = 2L/ (Es,0) M. Rogers and W. Zudilin 2012
m(Q;) = 2L/'(E17,0) W. Zudilin 2014
m(Q3) = 2L/(E9,0) | F. Brunault, M. Lalin, D. Samart and W. Zudilin | 2015
m(Qi2) = 2L/ (Eys,0) F. Brunault 2015
m(Ry) = L'(Ew,0) M. J. Bertin and W. Zudilin 2015

Table 1 — Some proven identities of Mahler measure of Boyd’s families of polynomials

Remark 0.3.2. Recall that the change of variables in (0.3.4) gives a birational map between
the elliptic curves En(y : Y? = X+ (% — 2) X2+ X and the curve defined by Q,(x,y) = 0.
Similarly, the Deuring form E’N(m) Y2+ (m—2)XY +mY = X3 is birational to the curve

16



defined by R,,(x,y) = 0 via the change of variables |73]

r+y+1 X-Y
X =m—-—- T = ,
r+y—m X —m
(0.3.6)
—mx+y+1 Y+(m-1DX+m
Y =m—-— Y= .
rt+y—m X —m

For 3-variable Laurent polynomials, extensive study has been done by Bertin |9, 10, 12,
11], Bertin, Feaver, Fuselier, Lalin and Manes [13|, Samart [107], and others. For example,

Bertin et al. considered the family of polynomials
1 1 1
Ly(z,y, 2) :x+5+y+§+z+;+k‘:k‘€(ﬁ ,

and showed that

_ et T

m(Ly) = = (T(Y2),3),
m(Ls) =2WL(T(Y3), 3),

and other identities, where Y} denotes the K3-surface (a generalization of elliptic curves in
complex dimension 2) associated to the zero locus of Ly, with T'(Y},) being its transcendental
lattice, a free Z-submodule of the free Z-module Hs (Y}, Z). Since the results of this thesis do
not specifically address K3-surfaces, we refer the reader to [9, 111] for further expository

reading.

0.4. Mahler measure as the integral of a differential form

In this section, we restrict ourselves to 2-variable families of polynomials, and we associate
the Mahler measure of them with an integral of certain differential forms over some algebraic
chains. This alternative approach was proposed by Deninger [45] to express the Mahler
measure as a regulator evaluated in a certain K-group, hence establishing a relation between
Mahler measure and Beilinson conjectures [38, 45, 97|. Evaluation of this particular integral
representation of the Mahler measure breaks down to two cases: exact and non-exact. Before

going into more details about these cases, we first mention a few facts about polylogarithms,
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which are related to the exact cases. Though the integrals for non-exact cases do not appear

in our results in the next chapters, we include its discussion for the sake of completion.
0.4.1. Polylogarithms

In this section, we recall some basic properties of polylogarithms.

Definition 0.4.1. Let n € Z>(. The polylogarithm is defined as the power series, for z € C

and |z < 1,
=17
The definition and the name come from the analogy with the Taylor series expansion:

e}

J
—log(l —2) = ZZ— for |z < 1.
— ]
j
The relation
d Li,_
ELin(z) = 171(2), for n > 2,

follows from the definition, and leads to the extension of the domain of definition of Li,. In

particular, the analytic continuation of the dilogarithm is given by
) i du
Lis(2) = — [ log(l —u)— for z € C\ [1,00). (0.4.1)
0 u

In order to extend polylogarithms to the whole complex plane, Zagier [119] considered the

following version:

Po(2) := Re, (Z 2 fﬁ (log |Z|Z)Lin_g(z)) , (0.4.2)

=0

where By is the /-th Bernoulli number, given by

z . Bpz*
i > o (0.4.3)

Lig(z) is defined as —% and Re,, denotes Re or Im depending on whether n is odd or even.

The function P, is single-valued and continuous in P*(C) with P,(c0) = 0. Moreover, P,
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is real analytic in P*(C) \ {0, 1,00}, and satisfies certain functional equations. The simplest

ones are:
1
P (E) = (=1)""'P,(2), Po(z) = (—1)" 1P, (2). (0.4.4)
Some examples of modified polylogarithms are:

— The Bloch—Wigner dilogarithm is defined as
Pa(z) = D(z) = Im(Lis(z) + log(1 — z) log|z]). (0.4.5)

It further satisfies the well-known five-term relation [119]:

D(x) + D(y) + D(1 — zy) + D (11__;) +D (f_‘;’y) =0,

where x,y € P1(C). For 6 € [0,7), D(e??) admits following representations:

0 o .
, 2mb
—2/ log [2sinu|du = D (e**) = E w (0.4.6)
0 m=1 m

Furthermore, some special values of D can also be expressed in terms of Dirichlet

L-values, such as

D(e™?) = %gL(x_:a??), (0.4.7)
and
D(i) = L(x-4,2), (0.4.8)

where L(x_3,s) and L(x_4,s) are the Dirichlet L-functions on the quadratic characters
of conductor 3 and 4 respectively, as defined in (0.3.1). These identities are applied
in Chapter 2.

— For n = 3, the modified trilogarithm is
1
P3(z) = Re (Lig(z) —log |z|Lia(2) + 3 log® ]z\Lil(z)> : (0.4.9)

P53 also satisfies functional equations, for example the Spence-Kummer relation [119]:

Ps <—$(1 — y)2> + Pa(ay) + Py <§> ~ Py <—‘r(1 — y)> — 2P, (—y(l - I))

y(1—x)? y(1—x) y—1
—op, (MUY o (L20) apy(a) - 2P 4 2Pi(1) = 0

where x,y € P!(C), and we recall that P3(cc) = 0.
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We can further generalize the definition of polylogarithms, and define the multiple poly-
logarithm following the notation of Goncharov [56, 57].

Definition 0.4.2. Let ny,...,n; € Z>1. The multiple polylogarithm is defined as the

power series
J1 2 Jk
. 2422
..... nk(zly"'azk) = Z nyng ngt
0<j1<g2<<Jk Judz ek
This series is convergent for |z;| < 1 and |zi| < 1 if ng, = 1. The length of the multiple

polylogarithm is the number k and its weight is the number w = nqy + - - - + ny.

Note that, when k = 1, we retrieve the classical polylogarithm Li,(z). When k£ = 1 and
ny > 1 the series converges absolutely for |z| = 1 and the evaluations at z = —1, 1 yield the

special values of the Riemann zeta function

: . 1
Li, (1) = ((n), Li,(—1) = — (1 - 2n1) ¢(n). (0.4.10)
The evaluations at z = 7 also give the Riemann zeta function as well as a Dirichlet L-function:
o 1 1 o
Re(Li,(i)) = ~on (1 — 2n_1> ¢(n), Im(Li, (7)) = L(x—4,n). (0.4.11)

We also have the following useful identity due to Jonquiére [68]

Lin(ezmz) 4 (_1)nLin<€f2m'm) - _

where B, () denotes the Bernoulli polynomial given by

te® _ .\ By(x)t*
et — 1 Kl

(0.4.12)

ol

—0
and 0 < Re(z) < 1if Im(z) > 0 and 0 < Re(z) < 1 if Im(z) < 0. In particular, we have for

0</t<2r,

Li(€,) ~ Lin() = 0™ (0.413)

where &5, is a primitive 2r-root of the unity.
We can also generalize (0.4.1) to obtain similar integral representations for multiple

polylogarithms. To do that, we first need the following definition.
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Definition 0.4.3. Let ny,...,n, € Z>1. The hyperlogarithm is defined as the iterated

integral
Ligonn (@1 oo Gy Q1) =
Am+1
/ dt oﬂo--.oﬂo dt Oﬁo.--o@o--.o dt O@O---O@’ (0‘4‘14)
0 t—aa t t, \t—ag t t/ t—a, t )
ni na Nm

where the a; are complex numbers, and

/bkﬂ dt dt / dty diy
O-+--0 = oo .
o t—b t=br  Jocncoshsh, 100t — b

The value of the integral in (0.4.14) depends on the homotopy class of the path connecting

0 and ay41 on C\ {aq,...,an}.
Using hyperlogarithms, we can now integrally represent multiple polylogarithms with the

following identities:

. as as a a
Ly (@1t oot s apy1) = (—=1)"Lin, o, (a—j, a_g’ i ml, ;nH) ,
m— m
Lin, oo (@1, s @m) = (1)L (21 - .mm)_l S x;nl 1),

which also give analytic continuation for multiple polylogarithms. We refer the reader to
[65] for detailed descriptions of multiple polylogarithms and hyperlogarithms.

Some combinations of length 2 polylogarithms can be written in terms of length 1 poly-
logarithms. To achieve this simplification we will use a certain result due to Nakamura [94]

and Panzer |[96|. Here we state the formulation of [79].

Theorem 0.4.4. |79, Theorem 3| Let r,s be positive integers, k = r + s, and let u,v be

complex numbers such that |u| = |v| = 1. In addition, we assume that v # 1 if s =1. Let

Re k odd,
Rek =

1Im  k even.
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Then,

2Rek(Lir,s(uaU)) :(_1)kL1k(m) + (_1)k+1Lir(ﬂ)Lis(5) + (_1)T_1Lir(a)Lis<v)

+ (=1) ! ((fj)mk(n) + (i_ i) Lig(v ))
S (7w (7))

% ((=1) Lig_m(wv) + (—1)* ™ Lip_ (@0)).

Multiple polylogarithms arise in the context of understanding how special values of zeta
functions and L-series appear in our results in Section 0.7. The following corollary to Theo-

rem 0.4.4 provides a way to achieve these types of simplifications in Chapters 2 and 4.

Corollary 0.4.5. Let &, denote a primitive 2r-root of unity. If h is a nonnegative integer,

we have

2i Im (Ligon11(i€5,", — 1)) =Lion+a(€3,) — Lig(—i€5,) Lions1(7) + Lis(—i&s, ) Lizns1 (—1)

+ <<2h2+ 3) Ligpa(—i&5,) + (2]12;; 3) Ligpa(— )
M N z L1
3 (5 e+ (15 i)

X (=Lisnya—t(&5,) = (=1)Lionta—t(&5,))- (0.4.15)

If h is a positive integer, we have

2 Re(Lis o, (ig;f, +1)) = — Lignss(€5) + 2Lig(£&L ) Ligp (£1)

T Z (( >L1t(i§2r) - <2th__11> (_1)tLit(i1)>

X (—Lionts-¢(&,") + (=1) Liznsa-e(&,))- (0.4.16)

22



The following technical result enables us to recognize special values of the Riemann zeta

function and Dirichlet L-functions from certain integrals involving logarithms.

Lemma 0.4.6. [75, Lemma 9| We have the following length-one identities:

11 ; dx B JIEge 1 )

/0 o8 1 = (~1p*j (1 - ﬁ) G+ 1), (0.4.17)
L dr .

/0 log’ o———= = (=1)’j!Lx-0,5+ 1), (0.4.18)

The next lemma simplifies certain sums of polylogarithms at certain roots of unity. This

lemma will also allow us to express the sums in terms of special zeta values.

Lemma 0.4.7. We have

2r—1

> (-1 Lin(h) = 22,
S (-1 Lin(~5) = ()22, (0.4.19)
and - )
S (1) Tin(ih) = o (Lin((~)7) — 2 " Lin((-1)7))

The proofs of Lemmas 0.4.6 and 0.4.7 are included in Section 4.3.

Remark 0.4.8. Further simplifications of ((2n) and L(x—_4,2n + 1) are obtained in terms
of Bernoulli numbers B,, (see (0.4.3)) and Euler numbers E,,, defined by

2 ~E, .,
i > — et (0.4.20)
n=0
as follows
(1)1 By, (2m)
¢(2n) = 2(2;)' , (0.4.21)
(_1)nE2n,n.2n+1
L(x_4,2n+1) = 52072 (27 (0.4.22)

The above equalities are widely used in the derivations of our results stated in Sections 0.6.2.2

and 0.7 to obtain expressions in terms of B, and E,.
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0.4.2. The differential form 7 in the bivariate case

Our main aim in this section is to establish another integral representation of the Mahler
measure of a 2-variable polynomial in terms of a particular differential form.

Let C' be a smooth projective curve over C which defines a compact Riemann surface,

and let C(C) be its field of fractions. For f,g € C(C)*, we define

n(f,g) :=log|fldargg — log |g|darg f, (0.4.23)

where d arg x is defined by Im(d?x). Let S¢4 be a set containing all the zeroes and poles of f
and g. Then 7 is a real C* differential 1-form on C'\ Sy,. We also note that 7 evaluates in
/\2(C(C)X, the exterior product of C(C')*. The following lemma lists some useful properties

of n, which are extensively used in Section 1.5.

Lemma 0.4.9. Let f,g,h,v € C(C)* and a,b € C*. Then we have

(1) n(f,9) = —n(g, f), i.e. 0 is anti-symmetric,

(2) n(fg,hw) =n(f,h) +n(g, h) +n(f,v) + nlg, v),

(3) n(a,b) =0,

(4) m is a closed differential form.

(5) For x,1 —x € C(C)*,

n(x,1—z)=dD(x). (0.4.24)
where D is the Bloch—Wigner dilogarithm given by (0.4.5).

(1), (2) and (3) of Lemma 0.4.9 follow directly from the definition of 7 in (0.4.23).

Moreover, note that, since the curve C' has complex dimension 1, we have dn(f,g) =

Im (% A d?g) = 0, and this shows that (4) n is a closed differential form. Assertion (5)

follows from the next two implications:

e The Bloch-Wigner dilogarithm function D is a primitive of n(z,1—z) for z € P}(C)\

{0,1, 00}, because

dD(z) = log|z|darg(1l — z) — log|1 — z|d arg z,
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e Pulling back to C using z : C\S,.1_, — P(C)\{0, 1, 00}, we have n(z, 1—x) = dD(z),
where D(z) := D o x.
We refer the reader to [38, 102] for detailed proofs.
Let P(z,y) € Clz*!,4*!] be a non-zero Laurent polynomial in two variables. We may

write

Z a;(z (z)[yl,

i=0
i.e.

P(x, H y —y;(z)) € Clz)y],

where P*(x) := aq(x) € C[z] is the coefﬁment of the highest power of y, and y; := y; (x) are
algebraic functions of = for j € {1,2,...,d}.
We apply Jensen’s formula with respect to the variable y in the standard Mahler measure

formula for P(x,y). Due to the above properties we get

n (P(z,y)) — m (P*(x)) =ﬁ / tog P (2,) |2 <Y~ (P (a)

Y

dxdy
lo
=iy /m(? gly —y;(« I> "

1 (Z / g | (de)
= og ly; (x) |—
2 \ = Jlel=1.ly; ()21 x

— iﬂ Z / n(x,y;), (0.4.25)

where ; = {|z| = 1,|y; (z) | > 1}.® When considered over ;,

] dx
n(x,y;) = log|z|dargy; — log |y;|darg x = ilog |y;(x )I;-

Here we used the fact that, for |z| = 1, log |z| =log1 = 0 and £ = d(log |z| + i arg ), with
arg(z) € [—m,m).
Now, to evaluate the integrals in (0.4.25), it is convenient to arrive at one of these two

ideal situations:
6. Using multiplicativity of Mahler measure, the argument extends to non-zero rational functions with

complex coefficients.
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— Ezact Case: n is exact, and 0v; = {boundary values of v;} # @; in this case we can

integrate using Stokes’ theorem. In other words, if
2
p Ay =3 s, A (- ,) € (A CO)) 2@,
k

then we can evaluate the integral fy, n using (5) from Lemma 0.4.9 as
/ n(z,y;) = Zsk/ n(z;,1—x;,) = Zsk/ dD(z;,) = > sp (D(:cjk)|aw) . (0.4.26)
Vi k i k i k
where D is the Bloch-Wigner dilogarithm given by (0.4.5). Here the last equality

follows from Stokes’ theorem.

— Non-ezact case: 1 is not exact and dvy; = @, i.e. the integration path ~; is closed.
This case is morally like an evaluation of residues of 7. In favorable cases, we obtain

special values of L-functions of curves (such as L-functions of elliptic curves).

We should note here that it can happen that 7 is not exact and +; is not closed; in most

of these cases, the methods of evaluating the integral are still unknown.

Remark 0.4.10. As mentioned in |[117], we may have some extra terms of the form n (c, z)
in (0.4.26), where c is a constant complex number and z is some algebraic function. In that
case, we can still reach a closed formula by integrating n (c,z) directly (i.e. by integrating

log |c|darg z). Also, if v is a constant such that |v| = 1, then n (v, z) = log |v|darg z = 0.

If C is a genus 1 non-singular curve, then a favorable integration path in non-exact case
may belong to the first singular homology group H,(C,Z), which satisfies H,(C,Z) = Z*.
We can decompose H,(C,Z) as

H1 (C, Z) = H1 (C, Z)+ S Hl (C7 Z)_ )

where the first summand consists of all cycles which are invariant under complex conjugation,

and the latter summand consists of the cycles which change signs.

Remark 0.4.11. The evaluation of the integral n(x,y) over a path in Hi(C,Z)* is 0. In-
deed, the path we are considering stays invariant under complex conjugation and n(z,y) =

—n(z,y). Therefore, we are interested in the cases where the integration path {|x| =
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1, |y;(z)| > 1} is closed, and it corresponds to a cycle in the rank 1 Z-submodule H,(C,Z)~
rather than just in Hy(C,Z).

0.4.3. The Elliptic Regulator

We will now recall the definition of the regulator map on the second K-group of an elliptic
curve F, given by Bloch and Beilinson. Then we will explain its relation with the elliptic
dilogarithm, and recover its relationship with Mahler measure. Although the derivations of
our results in later chapters do not require the framework of regulators explicitly, we include
this section because we believe it provides a valuable perspective to the discussion about
Mahler measure of several variable polynomials in general.

Let F be a field. By a theorem of Matsumoto, the second K-group of F' can be described
as

Ko(F)2 NF*{lz@(1—x):x2€ F,o#0,1}.

Recall that, given a two-variable Laurent polynomial P(x,y) = Z(i, ez aijx'yl, its New-
ton polytope Na(P) is the convex hull of the points in (7, j) € Z? such that the coefficient of
z'y) is non-zero in P(z,y). Let T denote a side of Na(P). We parametrize a side clockwise
around N in such a way that 7(0),7(1),... are the consecutive lattice points in 7. To every

side we then associate a one-variable polynomial

where
Ar(l) = Qi gyj-q)

for 7(1) = (iT(1)7 jT(Z)) € 7. Now we have the following definition due to Rodriguez-Villegas
[102].

Definition 0.4.12. P(z,y) is called tempered if m (P,) = 0 for every .

In other words, P is tempered is equivalent, by Kronecker’s Theorem 0.1.1, to requiring
m(P,;) = 0 for all 7. In fact, this condition plays a role in understanding the K-theory

framework of the regulator. For that, we now need to define regulator maps.
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For a field F' with discrete valuation v and maximal ideal M, the tame symbol is given

by [102]

v(y)
— (1w
(z,y), = (—1) e

(mod M).

Note that in particular, (v,y), = 1 if v(z) = v(y) = 0.

Let C' be a smooth projective curve over C which is a compact Riemann surface, and
C(C) be its field of fractions. A point P € C(C) defines a valuation vp on C(C'), which
is determined by the order of the rational functions at the point P € C'(C). We follow the
notation in [102] to denote the tame symbol given by vp as (+,-) p. We also have the residue

map, which is a linear form determined by P,
Resp : H'(C'\ {P},R) — R,
and

Resp(n(z,y)) = log |(x,y)pl,

where P € C(C), z,y € C(C)*, S C C(C) a finite set containing poles and zeroes of = and
y, n is the differential form given by (0.4.23).
Further note that, for a closed path v in C'\ S, the map

VHAWW)

only depends on the homology class [y] € H1(C\S,Z), and it therefore determines an element
in H'(C'\ S,R), say 7(z,y). From (0.4.24) we also have n(z,1 —z) = 0in H'(C'\ S,R), i.e.

/n(x,l—a:):O ¥ [y] € Hy(C\ S, 2).

~

Given a finite set S C C, we can define

KQ,S(C) = ﬂ ker A\p C KQ(C(C))v
Pgs
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where Ap : K5(C(C')) — C* is the corresponding map of the tame symbol (-,-)p. Then the

following diagram is commutative for every P € S :

K2,S<O) —F> Hl(c \ 57 R)

l)\ P lRes P

(CX 10g|| R

Finally, for an elliptic curve E over Q, we can define a tame symbol corresponding to a

point 7' € E(Q) as a map from K>(Q(E)) to Q(7)*. We also have an exact sequence

0= Kr(E)®Q— K>(QE)®Q— [ Q1) xQ,

TeEQ)

where the last arrow corresponds to the coproduct of the tame symbols (for more details see
82]).

Following the above discussion, we interpret H'(E,R) as the dual of the first homology
group of E with coefficients in Z, namely H,(E,Z). Let [y] € Hi(F,Z). Now we can define

the regulator map.

Definition 0.4.13. The regulator map of Bloch [22] and Beilinson [15] is given by

rp: Ko(B)®@Q — HY(E,R)

{z,y} — {[v]%/n(rc,w}-

Remark 0.4.14. We should note that the requlator is essentially defined over the Néron
model £ of E, and K5(E) @ Q is a subgroup of K3(E) ® Q determined by finitely many extra
conditions [21].

The condition of P(x,y) being tempered can be seen to be equivalent to the triviality of
tame symbols in K-theory [102]. Thus, it gives us a way to produce elements in K g(E),

where FE is an elliptic curve over Q. We can therefore define a map

. L
FiEa(B) SR 9 sr(o)(@),

29



where ¢y € Hy(F,Z) is the cycle determined by the connected component of E(R). Deninger’s
[45] derivation

m(P) = o—r({z yD)l] (0.4.27)

then establishes a relation between regulators and Mahler measures of polynomials.
The following three sections are dedicated to presenting our results, providing necessary

background information, and discussing their applications in the literature.

0.5. Generalized Mahler measure

This section aims to provide an introductory overview for Chapter 1 containing results
from [106].
Cassaigne and Maillot [41] generalized the formula found by Smyth (see (0.1.7)) to m(az+

by + ¢) for arbitrary complex constants a,b, and ¢ :

p2ia o2if 020
%log |a| + g log |b] + L log |c| + D(QW ) + D(ZW ) + D(%W) if A holds,

m(az + by +¢) =

log max{|al, b, |c|} otherwise,
(0.5.1)

where A stands for the statement that |al, |b|, and |c| are the lengths of the sides of a planar
triangle. In this case, a, 3, and ~ are the angles opposite to the sides of lengths |a|, |b] and
|c| respectively (see Figure 1) and D is the Bloch-Wigner Dilogarithm defined in (0.4.5).
We also remark that the condition A can also be interpreted as representing the values

(lal, 0], |c|) such that ax + by + ¢ vanishes on the unit torus.

] B

lal

o]

Figure 1 — Condition A in Cassaigne and Maillot’s formula
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Notice that the constant coefficient may be multiplied by a variable without changing
the Mahler measure, in the sense that m(ax + by + ¢) = m(ax + by + cz). Additionally, it is

immediate to see that Cassaigne and Maillot’s result can also be interpreted as

dx dy dz

[ oy sfletits
T Ty z

b =
m(ax + by + cz) (27ri)3 -

i.e. the standard Mahler measure of ax + by + cz is same as the integral of log |x + y + 2|

dr dy dz
T Yy z

with respect to the Haar measure over the torus Tfal ) where

|

Tfa\,|b|,|c| = {(l’,y, Z) eC"xC*xC": |I’| = |a|a |y| = |b|7 |Z| = |C|}

This representation of m(ax + by + cz) makes (0.5.1) a generalization of Smyth’s result, and

it motivates the following definition.

Definition 0.5.1. Let a = (ay,...,a,) € (Rso)". The generalized Mahler measure of a

non-zero rational function P € C(xy,...,x,) is defined as
1 dxq dx,,
aP = g a P yee0dn)) = T —Sw 1 P yreeadbm) T T T,
MP) = s (P01 0)) o= e [ og P () |5 5
where
TV = {(z1,...,2,) EC*XC* x -+ xC*: |x1] = ay,...,|xs] = an}

Lalin and Mittal [80] explored this definition over T2, = and T2, to obtain relations

between certain polynomials mentioned in Boyd’s paper [29], namely

Roy(z,y) =1 +2)(1+y)(r+y)+ 22y,

So 1(z,y) =y*+ 2wy —2° +
for some values of a € R.,. They simultaneously evaluated mgz ,(R_2) and m, (52 —1) in
terms of loga and special values of L-functions when the polynomials do not vanish on the
respective integration torus. In particular, they established a relation between the standard

Mahler measure and the generalized Mahler measure. They showed that

210ga’ + 2L,<E~207O) % S a S \/52+17

ma,a(52,—1(x7y)) = 310ga a 2 3413 (052)

2 )

log a 0<a< _3+2‘/ﬁ,
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and
maz,a(R—Q(I7y)) = 310ga+ 3L/(E2070)a (053)

when

\/1+\/5—\/2\/5+2<a< 1+V54+vV2V5 +2
2 == 2 '

Here Es : Y2 — 4XY — 2Y = X3 is the elliptic curve of conductor 20 birationally

equivalent to the polynomial R_5 via the change of variables in (0.3.6), and

- 20 -
L/(EQ(), O) - HL(EQQ, 2)

The change of variables

X_(m—i—l)(x—i—y) w_(m—i—?)X—i—ZY
 z4y-m o 2X-m—1"

y = (m+1)((m —2)z — (m +2)y y:(m—2)X—2Y
2(x+y—m) ’ 2(X — (m+1))’

further gives birational maps between R_5 and Sy _; when m = —2. More generally, it gives

a birational transformation
V: Ry(x,y) = E (X,Y),

where E,, : Y2 4+ 2XY — <X3 + (mTZ —m— 3) X2+ (m+ 1)90) = 0, and R, is given in
(0.3.5).

In Chapter 1, we provide a way to obtain relations similar to (0.5.2) and (0.5.3) for a
large set of Laurent polynomials. Our search started with the family of Boyd’s polynomials

mentioned in (0.1.10), namely
1 1
{Qr(m,y):x%—g—i—y%—;%—rme@}. (0.5.4)

An extension of the methods in [102]| and [9] led us to an interesting fact: for an arbitrarily
fixed (a,b) € R%,, there exists a large set of r € C such that the Mahler measures of these
polynomials remain the same irrespective of deforming the integration torus from T? (= T%’l)
to T7,. In fact, we found that this method can be extended to all Laurent polynomials in n

variables (where n > 2) when they do not vanish on the integration torus.
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Let Py(zy,...,2,) € Clzf,. .., 2%] be a non-zero Laurent polynomial in n variables such

that

Pk ::Pk($1,...,$n):k—P($1,...,$n), (055)

where P has no constant term.” Let T? be the integration torus in the definition of mq(P),

where a = (ay, ..., a,) such that ai,...,a, > 0, and let K, be the image of the map
p: Ty — C defined by (z1,...,2,) — P(x1,...,2,). (0.5.6)

Let I/ik be the difference between the number of zeroes (counting multiplicities) of
Py(ay,...,a;_1,%j,aj11,...,a,) inside the circle Téj, denoted by Zik, and the order of the

pole of Py(as,...,a;-1,%j,ajt1,...,a,) at x; = 0, denoted by ng. In other words,
Vg,k = Zg,k - ng
Then, we have the following theorem.

Theorem 0.5.2 ([106, Theorem 1.2]). Let a = (a1, ...,a,) € (Rso)™. Let Py(xy,...,2,) =
k — P(zy,...,1,) € Clat,... xF], such that P has no constant term. Denote U, the un-

n

bounded open connected component of C\ Ky containing a neighbourhood of k = oco. Then,

fork e U,NU,,

my(Py) = my(FPy) + Z vl loga;, (0.5.7)
j=1
where Vik is defined as above, and m,(Py) = m(Py). Moreover, for k € U,NU, and j =

1,...,n, Vik only depends on a.
Remark 0.5.3. Notice that any non-zero Laurent polynomial G, € Clas, ...,z in the

family {G, : € € C} is expressible as

Gg(l'l,...,l'n> :gl'{l"‘.’ﬁen— Z ajl,‘,.,jnle.l-“:[;j” :xilxin [K—G(xb'"a:vn)]a

n n
) (jl:'-"vjn)GZn
(F15e-2dn)Z W1 5eeln)

7. In fact, any Laurent polynomial can be expressed as the sum of its constant term and a Laurent

polynomial with no constant term, as shown in (0.5.5).
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where the above sum is finite, (¢1,...,0,) € Z", and G(0,...,0) = 0. Then (0.5.7) implies
that, for { € Uy NU, ¢,

n

my(Gy) = mg(Gy) + th log a; = my (GY) + Z(l/‘iz + 4;) log ay,

t=1 t=1

where ég(ml, cey &) =L —G(x1,...,2,). Here Uy, Uy g and uﬁ’e are defined similarly as

above for Gy. Furthermore,

U {GieChi,.. . 2f]:reC}=Clf, ... o}
(01, rln)EZP
i.e. any Laurent polynomial in n variables belongs to at least one of the families {G, €
ClaT,...,xF] : £ € C}. Therefore, we conclude that our result in (0.5.7) extends to a larger

set of n-variable Laurent polynomial.

For |k| large enough, the relation (0.5.7) between the standard Mahler measure and
the generalized Mahler measure of P, can be obtained by first expanding log (1 — %) in a
convergent series, and then integrating each term individually. We should mention here that,
in order to obtain a convergent series expansion of the logarithm, the above procedure is
restricted to a smaller subregion contained in the unbounded region of C\ y. Theorem 0.5.2
establishes this equality for a larger set, and since the Mahler measure is the real part of an
analytic function [102] (in other words, it is harmonic), equality (0.5.7) holds for all k in
the unbounded open connected component of C \ KC,. In particular, we note that the region
U, N U, contains a neighborhood of £ = oo, namely the region

{kEC:|k\>maX{ max  |P(zy,...,z,)|, max \P(:z:l,...,:cn)]}}.

(z1,.esxn )ETH (T1,.sxn ) €T

Indeed, note that for all those k, log (1 — %) is well defined and can be expanded in a
convergent series, as mentioned above. Also, note that the region is therefore unbounded,

and its complement is contained in

{ke@:|k|§max{ max | P(xy,...,z,)|, maXT|P(:L’1,...,mn)|}},
e"l

(z1,eeyxn)ETYH (z1,eeesn)

which is closed and bounded.
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Let Q(x,y) be a non-zero Laurent polynomial in C[z*, y*] with no constant term, and

define the family of Laurent polynomials {Q.(z,y) : » € C} associated to @ as
Qr(z,y) =7 - Q(z,y) € Cla™, y™].
For a,b > 0, let R,; be the image of the map
q:T2, — C, defined by (z,y) — Q(z,y). (0.5.8)
Then, as a corollary to Theorem 0.5.2, we have the following result in two variables.

Theorem 0.5.4 (|106, Theorem 1.3]). Let a and b be positive real numbers, and denote by
Uayp the unbounded open connected component of C\ Rap containing some neighborhood of

r =o00. Then, forr € U,y N Uy 1,

ma,b(Qr) =m(Q,) + V;,b,r loga + Vg,b,r log b,

where v}, . is the difference between the number of zeroes (denoted by Z!, ) and the number

a,b,r

of poles (denoted by abr) of Q.(x,b) inside the circle |x| = a, defined by

abr

1 1
Z, Pabr?

a,b,r

(0.5.9)

abr =

ngr is the difference between the number of zeroes (denoted by ZZ2, ) and the number of

poles (denoted by P2, ) of Q.(a,y) inside the circle |y| = b, defined by

abr

=7y, — P2y, (0.5.10)

abr

and my 1(Q,) = m(Q,). Moreover, forr € U,y NUyq, v

J
by does not depend on r.

A follow-up question can be posed regarding the values of my(F;) when k belongs to
one of the bounded open connected components of C \ K,.® The next theorem answers this
question when Vi . satisfies a particular condition.

We introduce some necessary notation to state the next result. Multiplying Py with a suit-

able power of z;, we can factorise P, in linear factors with coefficients in C(xy, ..., 75, ..., ;)

8. If C\ K4 does not contain any open bounded connected component, then U, contains all values of k

such that Py does not vanish on T7, and therefore, for all such k, mq(Py) satisfies (0.5.7).
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as

dn

Pu(wy,. . wn) =2 " Py, 5, wn) [ [ (5 = Xowg (1, 35, 2a)) s (0.5.11)
=1

where d; is the degree of P, as a polynomial in z;, X;;; are algebraic functions of
(1,...,25,...,xp) forl =1,....,d,, Pik is the leading coefficient with respect to the variable
x;, and v; is the largest power of x;l in P,. Let P]{k(xl, .oy Zj, ..., x,) denote the constant
coefficient with respect to the variable x;. Then

dn
Pl(or,. 2 wn) [ [ Xwg (e, 35, a) = Pl 25, x,). (0.5.12)
j=1

Suppose C\ K, contains at least one open bounded connected component, then we have the

following theorem.

Theorem 0.5.5 ([106, Theorem 1.4]). Let a = (a1,...,a,) € RZ,. Let ky € C\ Ky such
that ko belongs to one of the bounded open connected components of C\ KCq, denoted by Vi g, -

(I) Forj =1,...,n, if all the roots of Py (as,...,a;_1,%;,aji1,...,a,) lie entirely inside

the circle ’]I‘}lj, then, for all k € Vg,
(Py) =v! loga; + & Pl
mqg( g Va,k og aj mal,...,aj,...,an Fk)-
(II) For j =1,...,n, if all the roots of Py (a1, ...,a;-1,%j,Qjt1,...,a,) lie entirely out-
side the circle ']T}lj, then, for all k € Vg,
my(Py) = yik loga; +mg,.. a5, an <P;k) .

Similarly, for the 2-variable case, Q,(z,y), when considered as a polynomial in y (resp.

x) of degree d, (resp. d,) with coefficients in C(x) (resp. C(y)), can be expressed as

dy—1
Qr(z,y) =y ( L@y + QY (x) + > dl (x)y )
j=1

dy—1
=z~ (Q%,T(y)xd“” + Q5. () + ) al,(y)a’! > :
j=1
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where v; and v, denote the largest powers of 7" and y~' in Q,(z,y), respectively, and Q%,
and @Y, are the respective leading and constant coeflicient with respect to the variable w,
for w = x or y. Suppose C\ R, contains at least one open bounded connected component,

then, again as a corollary to Theorem 0.5.5, we have the following result.

Theorem 0.5.6 (|106, Theorem 1.2]). Let a and b be positive real numbers. Letrg € C\Rqyp
such that ro belongs to one of the bounded open connected components of C\ R,,. We denote

by Vapr, the bounded open connected component containing ry.

(i) If all the roots of Qy,(a,y) either lie entirely inside the circle T} or lie entirely outside
the circle T}, then, for allT € Vg0,

m,(Q%,(v)) when all roots of Qry(a,y) lie inside T,

mgp(Qr) — Vg,b,r logb =
m,(Q%,.(x)) when all roots of Qy(a,y) lie outside T}.

(ii) If all the roots of Q,,(x,b) either lie entirely inside the circle TY or lie entirely outside
the circle TY, then, for all v € Vi, r,,

my(Q%,(y)) when all roots of Qyy(x,b) lie inside Ty,

ma7b(Q7’) - V;,b,r 1Og a =
my(Q%,.(y)) when all roots of Q,(x,b) lie outside Ty,

Using Theorems 0.5.4 and 0.5.6, Cassaigne and Maillot’s result in (0.5.1) follows imme-
diately when the condition A does not hold. In this case, let M.(z,y) == c—x—y for c € C.
For a,b € C*, Rq,5 is now the closed annulus {z € C: |z| € [||a] — |b]|, |a| + |b]]} . Note
that, when ¢ belongs to the unbounded component of C\ Ry s, we have V|];1|,|b|,c = 0. Then,
Theorem 0.5.4 and harmonic properties of Mahler measure imply that, when |c| > |a| + |b],

mya) o) (Me) = m(lale + [bly + ¢) = log]c].
On the other hand, Theorem 0.5.6 implies that, for |c| < ||a|] — [b]],

myq| b (Me) = log max{]al, [b]},

since Vg .. = 1 (vesp. v . = 1) when |a| > [b] (vesp. [b] > |a[). The combination of both
equalities leads to a restatement of (0.5.1) when A does not hold. We should remark that

the condition A in (0.5.1) is equivalent to the condition ¢ € Rjq|p|, i-e. M. vanishes on the
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integration torus. A more involved approach, using Theorems 0.5.4 and 0.5.6 on the family

of Laurent polynomials

Vg™ —yat —z — vy, a € C,

Si (zy) =B—aly+a’y -y, BeC,

Ri(zy) =a—a -y

re-establishes the identities obtained in [80| for &« = —4 and § = 2, since R_s(z,y) =
ry-R*y(z,y) and Sy 1 (z,y) = vy-S5 _;(z,y). Note that the aforementioned results involving
the generalized Mahler measure of R*, (resp. S5 ;) on the torus Tib only depend on b since

the integration torus is Tig , (resp. Tib), i.e. a is a function of b here. Our results, along

2

<0> such

with the method of the Lagrange multiplier, provide a larger set of pairs (a,b) € R
that similar types of identities obtained in [80] hold even when a is not a function of b.
An analogous statement is exhibited in Section 1.5 in Chapter 1 with a different family of
polynomials investigated by Boyd [29], namely the family given in (0.5.4).

Given an expression of m(P) in terms of special values of L-functions, we note that
our result establishes a vast amount of identities of the form m(Q) = rL'(E,0) + log |s|,
which were conjectured by Boyd [29] for non-tempered polynomials. Here r € Q*, s € Q*,
Q(z,y) := P(ax,by), where a,b € Q-0, and F is an elliptic curve associated to P, as well as
Q. Indeed, note that, if a,b # 1, then at least one of the faces of the Newton polytope of @
has non-zero Mahler measure, which makes () a non-tempered polynomial according to the
Definition 0.4.12. Then, for certain non-zero positive rational values of a and b, Theorem
0.5.4 yields such equalities.

Due to the technical difficulties involving the study of the integration path in the defi-
nition of Mahler measure, it is challenging to evaluate m,(Fy) explicitly for all a € (R-g)" .
In this regard, Theorems 0.5.2 and 0.5.5 have a common feature: the Laurent polynomial in
consideration does not vanish on the integration torus. Since the methods of proofs are the
same for Theorem 0.5.2 (resp. Theorem 0.5.5) and Theorem 0.5.4 (resp. Theorem 0.5.6), we
provide proofs of Theorems 0.5.4 and 0.5.6 in Sections 1.2.1 and 1.3, and outline arguments

generalizing our methods to derive Theorems 0.5.2 and 0.5.5.
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The next statement considers a particular polynomial from our initial family of polyno-

mials in (0.5.4), namely
1 1
Qu(z,y) =+ —+y+—-+4.
Z Y

It removes the constraint of being non-zero on the integration torus, and evaluates the

generalized Mahler measure of Q4(z,y) for all a,b > 0.

Theorem 0.5.7 (|106, Theorem 1.6]). Let a,b € Ry, and define

b 1—-d*> 1 2
c = Vab, d:\/j, and Acq = Lt ;
a

1+ d? 2c

such that ¢ and d are both positive real numbers. Then,

llog c| + |log d| if Al > 1,
ma,b(Qll(may)) =

ERLY

[D(ice‘i”) + D(ice™) — plogd + (log ¢) arctan (i)} if |Acal <1,

2cos
where = sin™ (A.q) € (—g, g) , and D is the Bloch—Wigner dilogarithm given by (0.4.5).

Under a certain change of variables, the polynomial above can be factored into two linear
polynomials [29]. This simplification, along with a direct approach involving the differential
form 7 and the Bloch-Wigner dilogarithm (see (0.4.24)), leads us to the explicit formula in
the statement of Theorem 0.5.7.

We end this section with a brief description of how the generalized Mahler measure affects

the integral (0.4.25) involving the differential form 7.

0.5.1. Generalized Mahler measure and the differential form 7

We analyze the generalized Mahler measure of a non-zero 2-variable Laurent polynomial
P over an arbitrary torus ’]I‘fhb. The following brief description essentially reproduces the
analysis in [80, Section 3]. For simplicity, we take d = 2, where d is the degree of y in

P(z,y) once P is multiplied by a suitable power of y to remove any negative power of y.
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Let 2 = az’ and y = by’. Then we have, for P*(z) € C[z],

mas (P ) s (P(0) = [ Wloguo(ax e )

1 da’
o8 o / log ly;|— 0.5.13

1
=2logb — — / n(z/a,y;/b). (0.5.14)
27TZ fel=alys 20 ’

where y; = y;(r) = by} are algebraic functions of z for j = 1,2, and
/

_ dx
0 (z/a.y;/b) = n(z',y;) = ilogly;|—,

for j = 1,2. The penultimate equality (0.5.13) follows from Jensen’s formula. Further sim-

plification of the terms involving the y;’s and the application of (2) of Lemma 0.4.9 imply

2

mg,, (P(x,y)) — may (P*(2)) = 2logb — L Z/H . 0 (z,y;) — n (a,y:) —n (z,b)].

2m 4
7j=1
If {|z| = a, |y;| > b} is a closed path, then the integral

1 & /
— n(xz/a,y;/b)
QWZ lal=aly; b !

Jj=1

can be evaluated using Stokes’ theorem (see [45]). In addition, if {|z| = a,|y;| > b} is a
closed path, the term

1 log a

— n(a,y;) = / dargy;
27 J\zj=a,ly;|>b 270 Jjzl=a,ly;|>b

becomes a multiple of log a. As mentioned in the paragraph preceding this section, note that

if we have a genus 0 curve (such as Cy : Q4(x,y) = 0) then, instead of proceeding in the
direction above, we may be able to use (0.4.24) to relate the Bloch-Wigner dilogarithm and
1 to evaluate the Mahler measure. The evaluation is much simpler in this case as we will see

in the proof of Theorem 1.1.6.
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0.6. Areal Mahler measure

In this section, we describe the necessary introductory material needed for Chapter 2 and
Chapter 3, which consist of results from two joint works with Lalin [84, 83].

A natural counterpart of the Mahler measure is obtained by replacing the normalized
arclength measure (unique Haar measure) on the unit torus T! by the normalized area
measure on the (open) unit disk. Using continuity, we can extend this measure to the closed
unit disk . Namely, we consider the (logarithmic) areal Mahler measure defined by

Pritsker [99] for a non-zero rational function P € C(x1,...,x,).

Definition 0.6.1. The (logarithmic) areal Mahler measure of a non-zero rational func-

tion P € C(xy,...,x,) is defined as

m(P) = W—ln / log | P(z1, . o) [dA(z:) . . dA(zs),

where
D" = {(z1,...,20) € C" : |z1|,...,|zn]| < 1}

15 the product of n unit disks, and %dA(x) = Ldx is the normalized area measure on D' = .

Remark 0.6.2. In the discussion at the end of Section 0.1 about defining Mahler measure
on function spaces, we saw that Mahler measure can appear as the logarithm of the “O-th
norm” in a suitable function space. For 0 < r < oo, the Bergman spaces A"(D) are the

function spaces comprising holomorphic functions f on D that are absolutely integrable, and

such that, for 0 <r < oo,

= (2 [ 1raam) <o

Then, the exponential of the (logarithmic) areal Mahler measure of a non-zero rational func-

tion [ € C(x) is the limiting norm of f € |J,.,A"(D), i.e.,

I7llo = exp (mo(f)) = T [1£]-
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The norm |- ||o naturally arises in certain extremal problems for the function space associated
to the classical Mahler measure, namely the Hardy space H"(D). (See |61, 116]| for more

details on these function spaces.)

Since, for a non-zero polynomial P € Clz], the integral arithmetic means of log|P(z)|

over T! are increasing with 7, we have
mp(P) < m(P).
Choi and Samuels [44, Theorem 1.2] showed that, if we further have |P(0)| = 1, then
mp (P) < (m(P))?,

which gives a better bound than above when m(P) < 1. Pritsker further showed that mp(P)

cannot be arbitrarily small, as

P
_dee P (P) < m(P),

m(P) - <55 <

where the equality holds in the lower estimate if and only if P(z) = az”, and the upper
estimate holds when the polynomial does not vanish of the disk. The latter condition follows
directly from the areal counterpart to Jensen’s formula (0.1.4) due to Pritsker [99, Theorem

1.1]: for P(z) = aH?Zl(x — o) € Clz],

mp(P) = m(P) + 3 Z (Je|* = 1) =loga| + ZlogJr ;] + % Z (Joy[? = 1) . (0.6.1)

loyj|<1 j=1 | <1

Taking exponential on both sides we get

1Pl = M(Pyexp | 5 3 (lal* 1) . (0.6.2)

loj|<1

Note that, if P € Z[z] and P(0) # 0, then mp(P) > 0, which we have already seen
m(P) to satisfy. The equivalency in (0.1.3) extends to the areal case, in the sense that, for

P € Z[x] and P(0) # 0,
1Plo =1 <= P(z) =] ] ¢alx),
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where ¢, are cyclotomic polynomials. This provides an analogous statement of Kronecker’s
Theorem. Indeed, if P is a product of cyclotomic polynomials, then by (0.6.1) we have
|P|lo = 1. On the other hand, if || P|lo = 1, then we have

M(P) = exp %Z (1= loyP) |,

|Oéj|<1

and, since M(P) is algebraic and exponential of an algebraic number is transcendental
(Lindemann—Weierstrat Theorem), the above equality only holds when |a;| = 1 for all
7, i.e., when P is a product of cyclotomic polynomials.

Another problem to consider is the areal analogue of Lehmer’s question, which asks
whether the point 1 is an isolated limit point in Mp = {||Pl|o : P € Z[z]} C (—00,0).

Consider the polynomial family P,(z) = 2" — nz?" — na™ + 1. Then

M(Pn):n—i_l—i_\/(;“m,

7 2/n
||Pn||o=M<Pn>exp(§<<”“‘ ol 4) —1>>,

| Pullo — 1 as n — oo,

and

which shows that indeed 1 is a limit-point of Mp, and is not isolated. This is in contrast
to the classical case, which is still open, where it is expected that 1 is indeed an isolated
limit-point of M.

Recall that, for P € Z[x], M(P) is always algebraic, regardless of whether the roots of
P lie inside or outside the unit circle T!. Since the exponential of an algebraic number is
transcendental, the following proposition, which highlights another key difference from the

classical case, follows from (0.6.1).

Proposition 0.6.3 (|99, Proposition 1.5|). If P(z) = Y. _, axx® € Z[z] has at least one zero
in the interior of D, then || P||o is a transcendental number. Otherwise, ||P|lo = M(P) = |ay|

18 an integer.
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Let E be a closed subset of C such that the open set C\ E contains a neighborhood of a
point of absolute value 1, i.e., T' ¢ E. Consider an arbitrary sequence of integer coefficient
polynomials, { P;}4>1, such that deg P; = d, P; has only simple zeros, and the set of all zeros
Ugs1{a : Pa(a) = 0} is contained in E. Then Pritsker [99, Corollary 2.2] showed that there
exists a constant C'(E) > 0, depending on E, such that

IIlD(Pd)

lim inf
d—o00

>C(E)>0. (0.6.3)

This is an areal analogue of the results due to Langevin [85] and Dubickas—-Smyth [50] which
show that, for a non-zero non-cyclotomic algebraic number «, if o and its conjugates are
contained in a closed subset E of C which does not contain a neighborhood of a single point
on T, then, for some constant ¢(E) > 0, we have m(f,) > ¢(E) deg f., where f, € Z[z] is
the integral minimal polynomial of a.

The lower bound in (0.6.3) exhibits the growth of the areal Mahler measure for many
families of polynomials such as polynomials with real zeros, etc. Additional results about
the areal Mahler measure of one-variable polynomials can be found in the works of Pritsker
[99], Choi and Samuels [44] and Flammang [52].

Our main aim in Chapter 2 is to evaluate the areal Mahler measure of some nontriv-
ial multivariable polynomials and rational functions. Pritsker showed that, for a non-zero
polynomial

P(zy,...,x,) = Z Uy, T - 2Fn € Clay, ... 1) (0.6.4)
key+rethon <d

of degree at most d,

and the equality on the left and right hold when P(zy,...,2,) = ap.p, ' - - 2 with
ki +---+ k, = d, and when the polynomial does not vanish in D", respectively.
Some simple evaluations in multivariable cases are included in [99]. In particular, Pritsker

proved that

1
mD<l‘1+$2) :—Z, mp (1—|—$lfll'ﬁ") :0, for kl,...,kdzo,
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and if the polynomial P of the form (0.6.4) satisfies
laool = Y ak, okl (0.6.5)
kit kn<d
then mp(P) = m(P) = log|ag...o|.
In Chapter 2, we provide many more formulas for multivariable areal Mahler measures,
most of which involve special values of L-functions and other special functions. For example,

we prove the following result.

Theorem 0.6.4 (|84, Theorem 1]). We have
1 11V3

3v/3
mp(l+z+y) = =Llx-s2) + 5~

(0.6.6)

Comparing this formula with (0.1.7), we see the same term involving the L-

function/dilogarithm and some extra terms, namely

11v3 1
mp(l+z+y)=m(l+z+y)— (%—6) <m(l+z+vy).

It is natural to wonder if one can obtain an elegant areal Mahler measure formula for
polynomials of the type ax + by + ¢, analogous to the Cassaigne-Maillot’s result (0.5.1) in
the classical case, where a, b, ¢ are fixed coefficients. It seems to be quite difficult to obtain
such a formula for the areal Mahler measure in full generality. To illustrate this, we have

the following nontrivial statement.
Theorem 0.6.5 (|84, Theorem 2|). We have
L(x_4,2 3 3
mp (x/§+x+y) - %—I—Cﬁ—l————ﬂ_,

where

P’ (1133155

oo (1133155_) r(1)?
V2 — \/2—7_‘_34 3 4747474)274747

- F<3355.377‘1>
72\/2_7r34 3 47474747274747 )
2

is expressed in terms of generalized hypergeometric functions, as defined in (0.2.

We notice that

L(x_4,2 log 2
m(VZ+azty)= (x-4.2) | log2
T 4
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This formula can be obtained by specializing the more general expression for m(ax + by + ¢)

in (0.5.1).°

Remark 0.6.6. In recent ongoing work with Lalin, Nair, and Ringeling, we obtain a general
expression of mp(k + x + y) in terms of k, for k € C, using an areal analogue of the zeta
Mahler measure (see Section 0.6.3 and Chapter 5 for more details). Furthermore, evaluating

(0.6.22) in Theorem 0.6.25 at k = \/2 and comparing it with the results of Cassaigne—Maillot

log 2
4

11 1 r(1)?
F(__%%._§§.1)_ (1) Fy
T2/ 273

in (0.5.1), we have C ;5 = which provides a nontrivial hypergeometric identity:

K@)’

/_27'('3 4143

Moreover, we have

mD<\/§+x+y):m(\/§+x+y)—<%—g> <m(\/§+x+y>.

4744472744

(3 35537 7.1> log 2
FAVAVEVEDIANE ‘

A motivation to study this particular polynomial lies in the fact that it is relatively easy
to understand the boundaries of integration upon application of Jensen’s formula, due to the
particular properties of the constant /2.

We also prove the following statement involving a rational function.
Theorem 0.6.7 ([84, Theorem 4|). We have

1—:1:)) 6 1 1
=—L(y_4.2)—log2 — = — —. .6.
D <y+<1+$ T (X-4,2) o8 2 07 (0.6.7)

The above formula can be compared to the evaluation due to Boyd [28]

m (y + (1 - I)) = %L(X4,2), (0.6.8)

1+2x

m ( —I—(l_—x))—i’)m( —i—(l_—I))—lo 2—1—l
p\Y 14+z//) Y 14+ & 2 T

In this case, the term L(x_4,2) involving the Dirichlet L-function in the character of con-

as

ductor 4 comes from evaluating the dilogarithm at 4i. However, unlike the situation of
equations (0.1.7) and (0.6.6), the dilogarithmic terms in (0.6.7) and (0.6.8) do not have the

same coeflicients.

9. Take a =b =1 and ¢ = V2.
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For the moment we lack the connection to regulators that could potentially allow us to
perform these evaluations more systematically. Nevertheless, our results provide evidence
that the areal Mahler measure is also an interesting object deserving of attention and open
the door to future considerations of the areal Mahler measure and suggest the search for

deeper connections to regulators that could potentially explain such formulas.
0.6.1. Areal Mahler measure under a power change of variables

Recall that, for A € GL,(Z), x = (z1,...,2z,) and j = (J1,. .., jn), Theorem 0.1.6 states
that Mahler measure of a non-zero polynomial P(x) = 3. ¢ € C[x] is invariant under the

transformation defined by P (x) := Y7 ¢;x ™, ie.
m(P) =m (PW). (0.6.9)

In Chapter 3, we investigate the simplest possible case of the above transformation,
namely, when one of the variables, x, is replaced by a power of itself, 2", where r is a positive
integer, in the areal Mahler measure case. To illustrate this, we compute the areal Mahler
measures of 1 + " + y®, where r and s are positive integers and we obtain results that are
different from (0.6.6), which corresponds to the case r = s = 1. More precisely, we prove the

following statement.

Theorem 0.6.8 ([83, Theorem 1|). Let r,s be positive integers. We have

myp (1 + 2" +y°)

S - e B (1) (1) (1) - o (125

k
—EZf: . (—1)h—12F1(%—h,k—h+$+§;k—h+;+g;i)+§Z N
- oh QF- 2 (e + 2) (2k + 2 — 2h + 1) 62 \k) Fr i1

1<k h=0 1<k
_ sV ()() alk=g) s <%>22F1(%7k+%+%;k+%+%;i)
T S k) (k+)r+2)(k—3j) 4n o \k (kr+1) (2k + 1+ 2)
k=g .
iy ij (%)(%)(’f-i)(—1>’“‘]+h2F1(%—hak—h+%+%;k—h+%+%;i)
T oSt = \kJ\G )\ 2k 2=7=2h (k + j)r +2) (2k + 2 —2h + 1) ’
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where ((s,x) = >~ m is the Hurwitz zeta-function and oFy(a,b;c; z) is the hypergeo-

metric function given by (0.2.1).

Remark 0.6.9. For the case r = 1, the formula from Theorem 0.6.8 should be interpreted
as a reqularization, namely the divergent terms ((1,1) with opposite signs cancel each other.
More precisely, for r =1, the line

B 1 1 G R O R R ]

should be replaced by

3v3 1 V3
VO v s2) — = 4+ Y2
1 Pxs2) = gt

Remark 0.6.10. The result of Theorem 0.6.8 should be symmetric with respect to r and s,
which is certainly not obvious to guess from the formula itself! This phenomenon is observed

numerically, but we do not have a direct proof of it.

We also compute the areal Mahler measure of a similar family, namely, (1 + z)" 4+ y* and

obtain interesting results depending on s.
Theorem 0.6.11 (|83, Theorem 4|). Let r,s be positive integers. We have

mp((1+2)" +y°)
- (%L(x#) e ﬁ) BN Gt

6 2r) 6 6T (& +2)°

_5V3 ()() alk—g) s (2)22F1<%,k+%;k+%si)
TS kEJ\j)(k+j+2)(k—j) 47r1§k k (k+1)(2k + 3)

k—j .
Ly Li EN(E\ (i) DR G- bk —h+ Bk —h+3)
T k)\j 2h 2k=i=20(k + j +2)(2k — 2h + 3) '

0<j<k h=0

13

Remark 0.6.12. We remark that Theorem 0.6.8 and Theorem 0.6.11 should coincide in the

case of r = 1. This results in the identities

k .
ZLEJ: E (R (B —gk—j+3k—i+5Y)  3v3 5r (0.6.10)
2-2ik(k +2) (2k — 2j + 3) 4 B
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and
1\ 2 2
> (/;> %H =1+ FP(S—:_F;))Q (0.6.11)
1<k s
While equation (0.6.11) is proven in Corollary 3.5.2 in Chapter 3, we do not know how to
prove equation (0.6.10) independently, which can be seen to be numerically true.
If, in addition, we set s = 1, we recover formula (0.6.6) by employing the evaluation of

2P (3,35 53 1), given by

1571 35f
Fl= 2.2 2) =100 — 22¥2
“(2224) or ==

We also prove the following result in Chapter 3, which explains the effect of the change

x +— 2" in general, as r — oo.

Theorem 0.6.13 ([83, Theorem 6]). Let P(z1,...,x,) € C(z1,...,x,) be a non-zero rational
function and let P(0,xs,...,x,) € C(za,...,x,) be the non-zero rational function resulting
from P by setting x1 = 0. Let r be a positive integer. Then we have

lim mp(P(z],za,...,2,)) = mp(P(0,x2,...,2,)).
r—00

0.6.2. Generalized (maximal) areal Mahler measure, multiple areal

Mahler measure, and higher areal Mahler measure

Variations of the Mahler measure such as generalized (maximal) Mahler measures [54],
multiple and higher Mahler measures [72], and zeta Mahler measures [8, 3| can also be
adapted to the areal Mahler measure setting. In the following sections, we will define these

analogues and present our findings for each type.

0.6.2.1. Generalized (maximal) areal Mahler measure. Generalized (maximal)
Mahler measures were introduced by Gon and Oyanagi [54]|, who studied their basic
properties, computed some examples, and related them to multiple sine functions and

special values of Dirichlet L-functions. They were also studied in [67, 76|.
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For non-zero rational functions Py,...,P. € C(xy,...,z,), the generalized (maximal)

Mahler measure of Py, ..., P, is defined by

1 dz,  dz,
n’laXP7"'7Pr = T l P ,...,1 Pr —_ e —,
Bl Pro- . P) = o | maselog P dog | P

Observe that, if Pj(xy,...,z,) = z; for all j = 1,...,n, then my.x(Py,...,FP,) = 0, since

log |z;| = log 1 = 0. In other words, we have

Mypax(Z1, ..., 2p) = 0. (0.6.12)
When Pj(zq,...,z,) =1—z; or %, we have more involved evaluations.
J

P =1 — x: Gon—Oyanagi [54] showed that, for £ > 1,
(=D (2k)!

m(l —xy,...,1—x9) = o C(2k+1)
S 12 ,
+ (2k)! ;(—1) 2k = Qj)!<27r)2jC(2J +1),
—, . 1 - 2%

(27 +1);

m(l —my,..., 1 =29 1) =2k -1)! » (=1) (2k — 25 — 1)!(27)%

<.
Il

P = 1-%: Lalin [76] showed that, for k > 1,

(1—x1 1 —m) _EDTERI =2 o )

14+2 1+ 29 (2m)%k
OIS 1y L2 o
+ (2k)! —1) : -((27 +1),
2 2k = 2))12m)
k—1 1_22j+1

1—1’1 1_$2k+1> . .
=2k — 1)! —1) -((2 1).
m<1—i-3517 "1+ @opp ( ) :1( ) (2k — 25 — 1)!(27?)23<( j+1)

.

Next, it is natural to consider the areal analogue following the discussions preceding this

section.
., Ty) be non-zero rational functions. Then the

., P. is defined by

Definition 0.6.14. Let Py, ..., P. € C(xzy, ..

generalized (maximal) areal Mahler measure of Py, ..

, Pr) = — [ max{log|Pi|,...,log|P[}dA(x:) ... dA(z,).

mID),maX(Ply-" -
Dn

20



For the areal analogue of (0.6.12), we have the following result.

Theorem 0.6.15 ([84, Proposition 9]). We have

1
m]D),max(xla s 7xn) - _%
0.6.2.2. Multiple and higher areal Mahler measures. The multiple Mahler measure
was defined by Kurokawa, Lalin, and Ochiai in [72] as, for non-zero rational functions

Pl,...,PTGC(xlg---axn)a

dxq dx,,
P,...,P) = log |Pi(z1,...,2,)| - log|P(x1,...,x,)]— -+ —.
WP P i e [ oglPi(on )]0 P ) 2 S
For the particular case in which P, = --- = P, = P, the multiple Mahler measure is called
the r-th higher Mahler measure and is given by
1 dxq dx,,

(P) = 4 log" |P(xy,...,2p)|— -+ —. 0.6.13
m(P) = s [ 108 [Pl ) S S (0613

The multiple Mahler measure and the higher Mahler measure were considered by various
authors who computed specific formulas and proved various limiting properties [17, 18, 23,
24, 67, 78, 108, 109]. For example, in 72|, Kurokawa, Lalin and Ochiai considered the
polynomial P;(z) =1 — z and Py(z) = 1 4 z, and obtained

3
m(PhPl)PQ) == % :m(P17P27P2)7
and
(—=1)7r!
m(P) = Y Gk ), (0.6.14)
ki+-tkp=rk;>2
where ((kq, ..., k) denotes a multizeta value, i.e.,
1
C(ky, k) = > e
€1<"'<€h 1 h

The multizeta values can be further simplified and expressed in terms of classical zeta values

using the next proposition.

Proposition 0.6.16. |72, Proposition 4]

g
S=

D Clhotyekom) = Y (—1>h‘9H<eg—1>!Z<(Zkb>---c > k).

og€ESy e1+-+eg=h 1 bem; bemy

o1



where the sum in the right is taken over all the possible unordered partitions of the set

{1,...,h} into g subsets my,...,m, with ey, ..., e, elements respectively.

A more elaborate example is due to Sasaki [110], and Lalin and Lechasseur [78]:

1 —
my, ( x) - (0.6.15)
0 h odd,

where E, denotes the n-th Euler number defined in (0.4.20).
Following the essence of the previous section, it is again natural to consider the areal

versions of these constructions.

Definition 0.6.17. Let Py, ..., P. € C(xy,...,x,) be non-zero rational functions. Then the

multiple areal Mahler measure of P, ..., P, is defined by

1
mppy.h (Pry. .o, Br) = — / log" |Py(21, ... z0)| - -log" |Pu(zy, . .., xn)|dA(x) . .. dA(z,).
Moreover, the r-th higher areal Mahler measure is defined by taking P, = P, = --- = P,.

We remark that in the classical case, we have my,, 5, (21, ...,2,) = 0, which again follows

from the fact that log |z;| = 0 on the n-torus. The areal analogue is non-zero.

Theorem 0.6.18 ([84, Proposition 10]|). We have

(=1)Ptthnp o py)
Dy, (15 Tn) = Oh1+-+hp+n :

The following theorem evaluates the areal version of the result in (0.6.15).
Theorem 0.6.19 (|84, Theorem 11]). For h € Z~( even, we have,

(1 — :c) _EBp(mi)"  Epo(mi)"?h(h = 1)
PRI\ T ) T 2k oh—2

log 2

Ap) 24
-

m=2

E’hfmfl(’/-(Z‘)h_m_1
(h—m—1)! ~

(1—2")¢(m)

o2



where B, and E, denote the nth Bernoulli number and the nth FEuler number defined in
(0.4.3) and (0.4.20) respectively, and the first sum for h = 2 should be interpreted as equal
to zero.

For h odd, we have

1—1:)
=0.
mD’h<1+x

Section 2.4 in Chapter 2 contains the derivations of the above-mentioned results. Next,
we consider certain Zeta functions associated to the Mahler measure, as well as the areal
Mahler measure, which collect all r-th higher Mahler measures and r-th higher areal Mahler

measures, for r > 1, respectively.
0.6.3. Areal zeta Mahler measure

The zeta Mahler measure was defined by Akatsuka [3] for a nonzero rational function
P e C(xy,...,x,) as

1 s dxq dz,

P(xy,... o :
(271'2)” ’]1‘"‘ (1’1, y )‘ T T,

Z(s,P) =

where s is a complex variable. The integral converges absolutely in Re(s) > o(P), where

oo(P) = inf {a ER: ﬁ [P @ m)l” dA) . dA(,) < oo} € RU {—oo}.

Since Z(0, P) = 1 < oo, Z(s, P) converges absolutely when Re(s) = 0, and therefore we have
0o(P) < 0. Akatsuka further showed that Z(s, P) is holomorphic when Re(s) > oo(P), and

d*Z(s, P 1 d d
B P (or, )| og P L O

ds* (2mi)™ Jopn ) T,

for all k > 1. In particular, m(P) = dZEZjP)‘ .-

The zeta Mahler measure was considered in |17, 19, 26, 72, 101, 110, 115|. Tts Taylor

expansion is the exponential generating series of the higher Mahler measure given in (0.6.13):

Z(s,P) = i my(P)s"

k!
k=0

Next, we include some evaluations of zeta Mahler measure for certain linear polynomials.

The first example is due to Akatsuka [3|, and Kurokawa, Lalin and Ochiai [72], where they
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showed that, for Re(s) > —1,

= (—1)) P 1 T (Y ['(s+1)
Z(s,x+1) =exp ( —(1-2"77)¢(y)s | =21 =% = . (0.6.16)
JZQ j L(5+1) T(3+1)°
Akatsuka further extended (0.6.16) in [3| to all a € C. He showed that, for a € C and

Re(s) > —1,

la|®2Fy (—5, -5 1 |a]_2) if |a| > 1
Z(s,x4a) =1 21 (-5 —%1;]a]?) if a| <1 (0.6.17)
e if |a| = 1.

A more involved example is due to Borwein, Straub, Wan and Zudilin [26]. They showed

that, for s not an odd integer,

Z(s,x+y+1) =

We can again extend the definition of the zeta Mahler measure to the areal case in a

similar sense as in previous sections.

Definition 0.6.20. Let P € Cla5,..., x| be a Laurent polynomial. Then the areal zeta

rrn

Mahler measure of P is defined as

Zo(s,P) = — [P @ m) dA ) - dAG,) (0.6.18)

n

From the discussion at the end of Section 0.1, we know that the normalized area measure
up is finite (see (2)), which implies that the integral expression of Zp(s, P) absolutely con-
verges when Re(s) = 0. Further, if P € C[zy, ..., z,], then the integral converges absolutely
for Re(s) > o1(P), where

01(P) := inf {U eER: 7r_1”/Dn |P(x1,...,2,)|" dA(x1) ... dA(z,) < oo} € RU{—o0}.

Since Zp(0, P) = [y, dppn = pipn (D) = 1 < 00, we have 01 (P) < 0, when P € Clay,. .., z,].
Here dppn = dpp -+ - dpp = = dA(x) - - - dA(z,).
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In fact, we will show in Chapter 5 that, for Re(s) > o1(P), the integral converges locally
uniformly, Z(s, P) is holomorphic, and

d* 7 P 1 s
p(s,P) 1 P (21, ..., 2| (log | P|)FdA(z1) . .. dA(z),

dsk i Dn

for all £ > 1. In particular,
dZ]D)(S, P)

Remark 0.6.21. If P € C[zf,..., v ]\ Clzy,...,x,)], then there exist non-negative integers
ki,... kyn such that P(xy,...,x,) = ot abnP(ay,. . 2,) € Clay,..., ). Since, the
exponential generating function of higher areal Mahler measure of P is the areal zeta Mahler

measure of P, we can formally define and evaluate Zp(s, P) as

- P > _kl oo 7knﬁ)
Zn(s, P) :Z M()Sk — Z mp k(2 _ x, )sk

o) k k k
_ 5 smp g (P)mp (27" -~ apm) 4
~Zo(s, D)+ 3 S (~1) i .
k=1 j=1

In Chapter 2, we follow some arguments from |72, Theorem 14| to compute the areal

Mahler measure of x 4+ 1 and prove the following result.

Theorem 0.6.22 (|84, Theorem 13]). We have

® (—1) . , 1 T 1
Zp(s,x+1) =exp ( ( ) (1—21_])(C(j)—1)33) = 88+ X (j+ )2. (0.6.19)
= 7 (§+1) F(§+1
Note that (0.6.19) can be compared to the classical case (0.6.16):
Zo(s,e+1) = —F L Zl6 a4 1)
S, = ——=Z(s,x :
ne (s/2+ 127"

As the zeta Mahler measure is the exponential generating function of the higher Mahler
measure, it leads to formulas for the latter by taking successive derivatives of the former
and evaluating at s = 0. For example, we have the first few examples of my(z + 1), for

k = 1,2,3,4,5, which follows from (0.6.16) (the following examples can also be obtained
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from the general formula (0.6.14) of higher Mahler measure my (1 + z) in [72, Example 5|):

m; (z + 1) =0,

my (e + 1) _@,

my(x + 1) = — 37(3)

a4+ 1) :34“(2)2221«4) _ 57@(4)7
my(z+ 1) = — 15¢(3)¢(2) +45¢(5)

2

Using Theorem 0.6.22, we can further compare their results with their areal counterparts:

mp 1 (z + 1) =0,
AR
m]]])g,(l’ + 1) = — %’
gl 4 1) =376 +C@2 = 20(2) 6) _ 57¢(4) ~12((2) = 56
! - 1 = 3 :
g a(z 1 1) = — L9SBICR) + 45¢(5) — 15(3) — 15¢(2) ~ 30
| : |

In Chapter 5, we investigate some fundamental properties of the areal zeta Mahler mea-
sure including the convergent domain of the integral in (0.6.18) and certain transformation
formulas, and compare them with the classical case. Our methods are influenced by the
work of Akatsuka in [3].

Our main aim in Chapter 5 is to study the areal Zeta Mahler measure of |k| + x + y for
k € C, for which we have the following result. This is a joint work in progress with Lalin,

Nair, and Ringeling.
Theorem 0.6.23. For Re(s) > —% and k € C, we have

|| Ly

Zp(s, |k| +x +y) = co(s) <7>5+3 Fo (T’ 5) +c1(s)Fy (@, S> : (0.6.20)
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where

113 5+s55+s
FO(’Za S) - 3F2 (_5757 5) 9 ) 9 7Z) )
s s s 1 s
Fl(ZﬂS>_3F2 <_2 27 1 27 5)17 2_§7Z>a
s s 3 4  T(s+2) s s. 1 s
25 3F2 (_5’_57512737 1) - s+4r(%+2)2 3F2 <_2 2 1 99 5717 D) _5,1)
co(s) = 5 Bis )
32 (30303 55 %5 1)

L dZp(s k] +aty)
Since T

= mp(|k| + = + y), we have the following corollary.
s=0

Corollary 0.6.24. For k € C,
LIk

F(113_55\k\)+]k12 1
or 2\ 2279229’ 2 4

mp([k] + 2 +y) =

From Cassaigne-Maillot’s result in (0.5.1) (see also 7] for the hypergeometric expression

of Cassaigne-Maillot’s formula), we obtain, for k& > 0,
k (1 1133 k2>
=—3kh|(=-== == — . .6.21
m(k+x+y) 7r32 5'9'373°3" 1 (0.6.21)
Corollary 0.6.24 then yields the following result.

Theorem 0.6.25. For k > 0,

kv/4 — k2(10 4+ k%) + (8 — 16k?) arccos (%)

m(k+z+y) —mp(k+z+y) = T6m

(0.6.22)

Remark 0.6.26. Note that, for any & € C* satisfying |{| = 1, neither m(k + = + y) nor
mp(k + x +y) changes under the transformation k — k€. Therefore, we can rewrite (0.6.22)
as

[k /A=Tk2(10 + |K|?) + (8 — 16]k|?) arccos (&)

m(|k|+z+y)—mp(|k|+z+y) = Ton

, (0.6.23)
which further shows that (0.6.23) holds for all k € C.

When k = v/2, (0.6.23) yields a simpler expression of the hypergeometric representation
of C 5 in Theorem 0.6.5 (see Remark 0.6.6). Furthermore, combining Cassaigne-Maillot’s
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result in (0.5.1) with (0.6.23), we can express mp(|k| + = + y) in a more simplified manner

involving special values of Bloch-Wigner dilogarithm D.

0.7. Mahler measure of an n-variable family

This section gives an introductory overview of the results from a collaborative project
with Lalin and Nair [81] in Chapter 4.

Very few examples of Mahler measure of multivariable polynomials are known with more
than three variables. Such examples represent important evidence for understanding the
relationship between Mahler measure and regulators. In [74, 75| Lalin considered the Mahler

measures of the following families of rational functions:

11—z 1—=x,
Rn yrr ey ny = ( >< >7
(x4 Tp,2) =2+ T e

1—93'1 1—1'
Sn y o dbnydn Y, =1 < ) ' ( ) 1
(@1, mny,2) i=(1 4 2)z + | - g ACRA O

) ) e 0 Ga) - )
To(x1,...,xn,2,y) =1 ( 1-— .
(21 oY) + 1+ 24 1+, T 1+ 24 1+, 4

Notice that multiplication by (1 + z1)--- (1 + x,) turns the above functions into polyno-

mials, without changing the Mahler measure. They are written as rational functions for
convenience.
For aq,...a, € C, define the symmetric functions as the coefficients of the polynomial

(+a1) - (z + an), namely,

1 if ¢ =0,
se(at, s an) =q Yo, @i ra;, iF0<<n, (0.7.1)
0 ifn<d

We also set s = 1 when n = 0.
The Mahler measures of the polynomials R,,S,,T, are then given by the following for-
mulas [75, 78]. For k > 1,

k 2h
Sk— h 22 42 (2]€ - 2)2) 2
m (For) = E; 2k—lﬁ (%) Ah),

o8



where

For k > 0,
k
se_n(12,32, ..., (2k —1 2\ 2+t
(R2k+1) = Z d h( (2k)'< ) ) <_) B(h)7
—~ ! T
where
B(h) := (2h + 1)!L(x—4,2h + 2).
For k > 1,
k 2h+2
se_n(22,42,...,(2k —2)?) (2
m(Sor) = » = d e 1(), 1) (%> C(h), (0.7.2)
h=1 ’
where

h B\ (—1)—¢
C(h) = (;) %Bg(h_m%—%(% +2)! (1 — 2223) C(20 +3),

and the Bernoulli numbers By, are given by (0.4.3).

For k > 0,
k
sp_n(12,32...,(2k — 1 2\ 23
i (Sper) = 3 220 ),( D) ), (0.73)
h=0
where
h
2h+ 1Y (—=1)"* 2h—20
— 2 _Bo_ 20 1 L(y_4,20 4+ 4).
;<2£+1>2 oh + 1) 20T (264 3)'L(x-0,20 +4)
For k > 1,
k 2h
10g2 Sk— h 22 42 (2]{? — 2)2) 2
=1
where

._<2h>!< 1) " -1 _py (20} (D

XBQ(h ) 2h M(Qé < 22£+1>< 2€—|—

29



For k > 0,

where

21.2

F(h) =

(2h +2)! (1 1

(- 22h+3) Coh+8)+ T on) (1 - iy ) C(2h 4 1)

" 2(h—0)— 2R\ (—1)h+! 2h+2-2¢

X (1 - 22£+1> (20 + 1)}

The above formulas are quite miraculous. Their computations are possible because the

11—z

17, has a particularly elegant effect mapping the unit circle to the

Mobius transformation
imaginary axis. The resulting differential in the change of variables also has very special
properties, allowing for certain recurrences relating the case n + 2 to the case n, which
explains why the above formulas depend on the parity of n.

Nair [93] recently explored a similar phenomenon by considering the family

. f3+$1> <53 +$n>
Qn($17~--,$n,2)-—2+<1+$1 112 )

where

—14+3i

b= —

and he proved similar formulas involving linear combinations of values of 75,5,1 and X—3’)

with certain rational coefficients.

In [30], Boyd proposed the study of polynomials of the form a(z) + b(z)y + ¢(z)z, where
a(x),b(x), c(x) are products of cyclotomic polynomials. The reason for studying this partic-
ular class of polynomials comes from the Cassaigne-Maillot formula for the Mahler measure
of ax + by + ¢ in (0.5.1), which has an expression that is particularly convenient for nu-
merical integration. The investigation of such polynomials led to the discovery of several
interesting numerical formulas involving L-functions of elliptic curves. Recently Brunault

further pursued these computations with higher degree cyclotomic polynomials. This led to
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the discovery of certain formulas with arbitrary degrees such as

m(l+(®—z+Dy+(x+1)z2) = 'r%gL (x=3,2), (0.7.4)

where r is an arbitrary positive integer.

In Chapter 4, we combine ideas in [74, 75, 93|, and extend the above study by replacing
the coefficients a(z), b(z), and c(z) with [[7_, (1 —;)", [}, (1 —2;)", and (1+2) [[}_, (1 +
x;)", respectively, where r is an arbitrary positive integer. Note that the new multivariable
coefficient polynomials are again products of cyclotomic polynomials. This is a joint work
with Lalin and Nair [81].

More precisely, we generalize the family S, to

Spr(T1y .oy xn, 0y, 2) = (14 2)2 + {(1_361) <1_xn)]T(1+y),

1+SC1 1+I’n

and we prove the following result.

Theorem 0.7.1 ([81, Theorem 1|). Let r > 1. For k > 1, we have

k 2 42 Y 2h
(S, =3 S B2 (2) e ),

where

C,(h) :=r(2h)! (1 _ 22}{“) C(2h + 1)

r2(2h — 1)! | (=1)"H17 By, w?h
2 2r2(2h)!

C(3) (22h—1 + (_1)r22h—1 + (_1)7”+1)

1— 2—2h—3
w(l = (=1)")¢(2h +3)

_ Z [Z (W(—N (Lif(5,) — Lis(—€5,)

+ (2h+2)(2h + 1)

t=2

t—1 L (27r7)2h 3=t 4
- (Qh - 1) (-2 mt)) @h+3— )1 (27) ] }
For k > 0, we have

k
sien(12,32, ..., (2k — 1)2) (2!
S?k—‘rlr E b h )'( ) ) (;) Dr(h)7
=0
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where

D, (h) :==r(2h + 1)!L(x_4,2h + 2)

. 22-7,2(2]1)! { (_1)h+1(22h+4 o 1)BQh+47T2h+4

) r2h+3(2h + 4)!
- i(_:325§32)!+ (Lis((—z'V) - éLii”((_l)T))

+ (20432 +2) gy (Linna () — sgrpgLimnsal(-1)7) )

£ [ ) (“_%M(—wmt(—%ﬁ» + (t;hl) Lit<—z'>)

t=1

(27T’i)2h+4_t < g >
“Rhr4—1) Bania-t\ 35, '

In the above formulas, &, denotes a primitive 2r-root of unity, Li,(z) denotes the £-th poly-

logarithm (see Section 0.4.1), and B,(t) denotes the Bernoulli polynomial given by (0.4.12).

The importance of Theorem 0.7.1 lies in providing formulas for the Mahler measure of
families characterized by arbitrarily many variables and arbitrarily large degrees. This stands
in stark contrast to previous results which primarily dealt with families such as R,,, S,, and
T,,, having arbitrarily many variables but remaining linear in them. Moreover, the degree r
plays a non-crucial role in the Mahler measure of S, ,., as varying r fundamentally changes
m(S,,), as opposed to formula (0.7.4), where r is merely a factor in the final formula.

We remark that in the case r = 1, Theorem 0.7.1 reduces to the cases previously known

for .S,,, namely,

Ci(h) = —C(h)  and  Dy(h) = —D(h).
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The case r = 2 also admits an interesting simplification as follows.

Cg(h) :(_1>h+1£32h7r2h2 (22h o 1) <(3>

<« (2h (=D onae 2h—20—2 | 1
#4305, ) @M = 1) Bagr e +2)! (11— Sy ) €20+ 3)
(=0

N i oh — 1 (—1—WE 72h 2190 4 D)L (0,20 + 2)
e\ 201 ) 22202 #h0 .

21
22h+2

Dy(h) =(—1)" = B 1¢(3)

2h +1 1)h*€ 2h—20—2 2h—20
8 Z 20+ 1 2h +1 Sh 11 o (20+3)!(2 —1) L(x-4,20 + 4)

h h—t
-+ Z ( ) 22h)+1 E2(h_é)ﬂ_2h72ffl(2£ + 2)' (22€+3 . 1) <(2£ + 3)’

where the Ej are the Euler numbers, defined in (0.4.20).

Tables 2 and 3 record the formulas for the Mahler measures of S, ; and S, » respectively
for the first few values of n. We have included the case n = 0, not covered in Theorem 0.7.1,
for comparison purposes. We see that, although there is a clear distinction between the cases
n even and odd for m(S,, 1) in the sense that the formulas for n even only contain special
values of the Riemann zeta function, and the formulas for n odd only contain special values
of the Dirichlet L-function, for m(S,, ) the formulas are mixed.

When r > 2, it is more difficult to evaluate C.(h) and D,(h) in terms of special values
of the Riemann zeta function and Dirichlet L-functions, due to the difficulty relating poly-
logarithms evaluated at roots of unity of higher order to special values of L-functions. We
illustrate the formulas for the Mahler measures of S}, for the first few values of r in Table
4. We remark the appearance of Dirichlet L-functions in the characters yi2(11,) := (1—2) of
conductor 12 and xs(5,) := (2) of conductor 8. This is a key distinction from the previous
results for the families R,, S, and 7,. Chapter 4 includes the proof of Theorem 0.7.1 and

further continues the above discussion.
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m™m(l+z+ (1+y)2)

mm (1 +a+ (i;ii) (%) (1+ y)z)

om (1424 (52) . (52) (L +y)2)

m®m (1 +xz+ (;—2) (;ﬁg) (1 —l—y)z)

93¢(5)

BBL(7) + 3172 (5)

T154¢(9) + 6357%C(7) + 287 ¢(5)

mm (1 +z+ (i—ii) (1+ y)z)

7°m <1 +z+ (};2) G;zg) (1 +y)z>

wm (1+2+ (52) . (52) (1+y)2)

24L(x-4,4)

320L(x_4,6) + 47*L(x_4,4)

2688L (X —4,8) + 16072 L(x 4, 6) + 2 L(x_4, 4)

Table 2 — Mahler measure of S, ; for n <6.
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m(1+ 2+ (1+y)2) %C(?))

wm (e [(i22) ()] +w2) 06 Llx1.8) — 2223
nom (140 + [(B2) . (52)] (1+y)2) 12807 L(x_1.6) — 87272C(5) +

11273 L(x—4,4) — 25=¢(3)

2
o (Lot [(152) - (52)] 1+ w)2) 107527 L(x_4,8) — 38102C(7) +
192073 L(x_4,6) — 49674¢(5) +
@L(X—ﬁhél) 2177 (3)

- =

>m (1—|—33+ [(;—ii)ﬁ(l—i—y)z) MTWC@)
o (1o + [(2) . (52)] (1+y)2) 817.¢(5) — 9672 L(x_4,4) + 222¢(3)

2
P (1 [(2) . (52)] (Ut w)z) | () — 12807 L(x-a6) + P2C(5) -
11274 L(x_4,4) + 2¢(3)

Table 3 — Mahler measure of S, 5 for n <6.
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mm (1 +z+ (};—2) (1+ y)z) 24L(x_4,4)

™m (1 +z+ (;—ﬁi)Z (1+ y)2> MTWC(?’)
o (14 2+ (52) (1+)2) —8L(x_44) + 1237 L(x12(11,),3)
wm (1+a+ (52) (1+9)2) 1057 (3) + 64+/2mL(xs(5.-).3)

Table 4 — Mahler measure of S}, for r < 4.
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Chapter 1

(Generalized Mahler measures of Laurent

polynomials

Building on Lalin and Mittal’s work (see (0.5.2) and (0.5.3)) on a generalization of the
Mahler measure of two particular Boyd’s polynomials by considering the integration torus
as arbitrary (see Definition 0.5.1), we extend this definition to all Laurent polynomials that

do not vanish on the integration torus in this chapter. This work will appear in [106].

1.1. A brief description of the results

This section includes a restatement of Theorems 0.5.2, 0.5.4, 0.5.5, 0.5.6, and 0.5.7 for
the reader’s convenience, along with a brief discussion on the strategies of the proofs.

Recall that the generalized Mahler measure of a non-zero rational function
P € C(z1,...,2,), denoted by ma(P), is defined as the arithmetic mean of log|P]
over the torus T = {(z1,...,2,) € C* X C* x -+ x C* : |21] = a1,...,|za| = an}
with respect to the unique Haar measure (see Definition 0.6.14). As mentioned in Section
0.5, the notion of the generalized Mahler measure was first introduced by Lalin and
Mittal in [80] following Cassaigne-Maillot’s result in (0.5.1), which explicitly expresses
m(az + by + ¢), for a,b,c € C*, and can be reinterpreted as the generalized Mahler measure

M), )1/ (1 +2+y). Lalin and Mittal investigated this definition to find m, ,(y*+2zy —z*+x)



and mg2 ,((142)(14+y)(x+y)+2zy) for certain positive values of a such that the polynomials
do not vanish on the integration torii T , and T2, ,, respectively (see (0.5.2) and (0.5.3)).

This chapter provides a generalization of their results for a large set of Laurent polyno-
mials with complex coefficients. We recall some notation from Section 0.5 before (re)stating
our results.

Given a non-zero Laurent polynomial Py(zy,...,2,) = k—P(zy,...,1,) € Clzf, ..., o]
such that P(0,...,0) = 0, we recall that IC; denotes the image of the map from T? to C
defined in (0.5.6) by (z1,...,2,) +— P(z1,...,z,), which is compact in C. The unbounded
open connected component of C\ I, containing a neighbourhood of k£ = oo is denoted by Uj.

Let ], be the difference between the number of zeroes (denoted by Z7 ) and the number of

poles (denoted by PC{T) of Py(as,...,aj_1,%j,a41,...,a,) inside the circle |z;| = a;, namely
Vg,r = Zg,r - Pc{,r'

We further denote by Pf;’k (resp. PJZ,C) the leading (resp. constant) coefficient of P, when

considered as a polynomial in z; with coefficients in C [xli, ey Ty xi] , where " indicates

rn

that the term is omitted from the expression (see (0.5.11) and (0.5.12) for more details).
When n = 2, we redefine the above notation as follows: x 1=z, y := 2o, r := k, Q. (x,y) :=
Py(w1,22), Q(x,y) := P(1,12), (a,0) := a = (a1, a2), Rap := Ka, QF, := Ppy, QF, := Ppy,
QF, = P}y, and QY% := P},. Then, we have the following theorem.

Theorem 1.1.1 (see Theorem 0.5.2). Let a = (ay,...,a,) € (Rog)™. Let Py(xy,...,x,) =
k— P(xy,...,2,) € ClaF,... 2], such that P has no constant term. Denote by U, the

rrn

unbounded open connected component of C\ K, containing a neighbourhood of k = oco. Then,

for k e U,NU,,

my(Py) = my(FPr) + Z Vg,k log a;,
j=1

where v}, is defined as above, and m,(P;) = m(P;). Moreover, for k € U,NU, and j =

a,

L...,n, v, only depends on a.

As a corollary to Theorem 1.1.1, we have the following result in two variables.
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Theorem 1.1.2 (see Theorem 0.5.4). Let a and b be positive real numbers, and denote by
Uayp the unbounded open connected component of C\ R,y containing some neighborhood of

r =o00. Then, forr € U,y N Uy 1,

m,(Qr) = m(Q,) + Z/;,b,r loga + Vz,b,r log b,

where v}, is the difference between the number of zeroes (denoted by Z!, ) and the number

a,b,r

of poles (denoted by P,,.) of Q.(x,b) inside the circle |x| = a, defined by

abr

= Zypr — Popo (1.1.1)

abr

ngr is the difference between the number of zeroes (denoted by ZZ, ) and the number of

poles (denoted by abr) of Q.(a,Y) inside the circle |y| = b, defined by

abr

=72, — Pl (1.1.2)

abr

and my 1(Q,) = m(Q,). Moreover, forr € Uy, N Uy g, v

b does not depend on 1.

Suppose that C\ K, contains at least one open bounded connected component, then the
following result aims to provide a way to evaluate m,(P;) conditionally when k& belongs to

one of the bounded connected components of C \ /C,.

Theorem 1.1.3 (see Theorem 0.5.5). Let a = (aq,...,a,) € RY. Let ky € C\ Ky such that
ko belongs to one of the bounded open connected components of C\ ICq, denoted by Vg j,.

1) Forj=1,...,n,if all the roots of Py (a1,...,a;_1,T;,aji1,...,a,) lic entirely inside
0 j 3 g

the circle Tcllj, then, for all k € Vg,
my(FPy) = l/g,k loga; +my, . a...an <P%k) .
(II) For j = 1,...,n, if all the roots of Py, (ay,...,a;-1,%;,aj41,-..,a,) lie entirely out-
side the circle ']T}lj, then, for all k € Vg,
my(Py) = l/ak loga; +me,,. &, (P}k) .

Similarly, suppose that C\ R, contains at least one open bounded connected component,

then we have the following theorem for the two-variable case as a corollary.
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Theorem 1.1.4 (see Theorem 0.5.6). Let a and b be positive real numbers. Let rg € C\ Ry
such that ro belongs to one of the bounded open connected components of C\ Rap. We denote

by Vapr, the bounded open connected component containing ry.

(i) If all the roots of Q,,(a,y) either lie entirely inside the circle T} or lie entirely outside

the circle T}, then, for all T € Vg,

m,(Q%,(x)) when all roots of Qy(a,y) lie inside Ty,

Mg b(Qr) — v IOgb =
) a,b,r Y . . :
m,(Q%,.()) when all roots of Qr,(a,y) lie outside Ty.

(ii) If all the roots of Q,,(x,b) either lie entirely inside the circle TY or lie entirely outside
the circle T, then, for all T € V4.,

my(Q%,(y)) when all roots of Qyy(x,b) lie inside T},

ma,b(@r) - V; b,r IOg a=
- my(Q%,.(y)) when all roots of Qy(x,b) lie outside T,

To prove Theorem 1.1.2, we follow the methods of Rodriguez-Villegas [102] and Bertin

. dm, r . . . . . . .
[9]. We consider Mmab(@) a5 a series in . Since continuous deformation of the integration

dr
torus does not change dm%r(@” as long as the deformation happens outside the zero-set of @),
we show that dm“’;:Q’") = dméfzr) for r € U, N Uy ;1. Integrating both sides yields a constant

term f(a,b) depending only on a and b. Then, suitably varying a and b, we further consider
a% and b%, and express f(a,b) in terms of loga and logb to complete the proof.
Extending this idea to n variables yields Theorem 1.1.1.

In order to prove Theorem 1.1.4, we apply Rouché’s theorem.

Theorem 1.1.5 (|2, Corollary to Theorem 18]). Let U C C be an open bounded region
with piecewise smooth boundary OU. Let f,g be meromorphic functions on U U QU which
have finitely many zeroes, no removable singularities, and no poles on OU. Suppose also that
|f(2) —g(2)| < |f(2)| for all z € OU. Then f and g have the same number of zeroes enclosed
by OU.

We show that if for some 79 € V41, Qro(a,y) (resp. Qr,(x,b)) has all the roots inside or
outside of the circle |y| = b (resp. || = @), then the same is true for all the roots of Q,(a,y)

(resp. Q,(z,b)) for all r € V,4,,. This, combined with an application of Jensen’s formula
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(0.1.4), yields the required results. Similarly, the n-variable case in Theorem 1.1.3 follows
from an extension of this idea.

In Section 1.4, we consider Boyd’s family of polynomials given in (0.1.10) by
1 1
Qr(may):$+;+y+§+T:T€C 3

(see also (0.5.4)) and apply Theorems 1.1.2 and 1.1.4 to evaluate m,; (Q,) for all r € C\ R,
i.e. when 9, does not vanish on ']I‘ib. We should note that our evaluation of mg,(Q,)
for r € U,y is expressed in terms of m(Q,). From the known evaluations of m(Q,) in
terms of special values of L-functions of certain elliptic curves (see Table 1), we can further
obtain explicit expressions of m, ;(Q,) in terms of those special L-values and certain Z-linear
combinations of log a and log b; two of such results are mentioned in Examples 1.4.1 and 1.4.2.

We will end this chapter with a derivation of m,;(Q,4) for all a,b > 0, irrespective of
whether Q4 vanishes on Ti,b or not. This follows from iterative applications of properties
of 7 in Lemma 0.4.9 (especially the exactness property in (0.4.24)), complemented with a
change of variables due to Boyd [29], which factors Q4 in linear polynomials. In fact, we

have the following result.

Theorem 1.1.6 (see Theorem 0.5.7). Let a,b € Ry, and define

b 1—d* 1+¢
¢ = Vab, d:\/g, andAc’dzl—l—d?' o

such that ¢ and d are both positive real numbers. Then,

|log c| + | log d| if |Aecal > 1,
ma,b(Qél(xvy)) =

3 o

[D(z'ce_i“) + D(ice™) — plogd + (log ¢) arctan (C_Cfl )} if Al <1,

2cos i

where p = arcsin (A.q) € (=%, %), and D is the Bloch-Wigner dilogarithm defined in (0.4.5).

In summary, Chapter 1 is organized as follows. In Section 1.2, we discuss the proof
of Theorem 1.1.2 and some auxiliary results required to complete the proof. We conclude
the section with a brief argument generalizing our method to the several variables setting

and proving Theorem 1.1.1. Section 1.3 is completely dedicated to the proof of Theorem
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1.1.4 and subsequently to the proof of Theorem 1.1.3 by a similar generalization. In Section
1.4, we discuss some applications of Theorems 1.1.2 and 1.1.4 to the family of polynomials
in (0.5.4). We then prove Theorem 1.1.6 in Section 1.5, where we use properties of the
differential form and the Bloch—-Wigner dilogarithm mentioned in Section 0.4. We end the

chapter with concluding remarks on possible directions to pursue going forward.
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1.2. Proof of Theorem 1.1.2

Recall that any 2-variable Laurent polynomial Q,(z,y) € Clz®,y*] can be written as
Q,(z,y) =1 — Q(x,y), where Q(z,y) € C[z*,y*] has no constant term. In this section, we

use the notation

ma,b(Qr(fE, y)) = ma,b(Qr) = ma,b(r) for r c (C,

for simplicity. Our approach is inspired by the methods of Rodriguez-Villegas [102] and
Bertin [9]. We first show that the required equality between Mahler measures holds for a
smaller unbounded region of C \ R,;, and then, using properties of harmonic functions, we
argue that it can be extended to the desired region stated in Theorem 1.1.2.

The following lemma formulates the invariance of m, ;(r) under certain changes of vari-

ables.
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Lemma 1.2.1. Let a,b be positive real numbers. Define f,(a,b) := mg (). Then f,. satisfies
the following identities:

fola,b) = fo(b,a) = f, (lb) =/ (1 %) '

Proof. Let a,b > 0. For Q,(z,y) = Q.(ax, by), the generalized Mahler measure of Q, satisfies
the identity

ma,b(Qr<xay)) = m(QT(m7y)) = m(QT)
The changes of variables

-1

(z,9) = (y,2), (z,y) = (7 'y), (z.y)— (@ Ly,

fix m(Q,). Since m, () = m(Q,.), we have the required identities involving f,(a,b) = mg ().

O

In view of Lemma 1.2.1, we may assume without loss of generality that a > b > 1.
Our main aim is to study m,;(7) in terms of the complex parameter . Recall that R, is
the set of all r € C such that Q,(z,y) vanishes on ']I‘ib. Before proceeding to prove Theorem

1.1.2, we state a proposition explaining the following:

— the behaviour of the roots of Q,(x,y) for each # € T!; in particular, the number of

roots inside the unit circle T},

— the behaviour of the roots of Q,(z,y) for each y € T}; in particular, the number of

roots inside the unit circle T..

and v!, in the

This proposition, in particular, gives a formula for the quantities /2 wbor

ab,r
statement of Theorem 1.1.2. Since the above two cases are analogous, it suffices to consider
the first case.

For w € T}, let g7, ,(w) denote the number of roots of Q,(w,y) lying inside the circle
T;. In particular, following the discussion preceding the definition in (1.1.2), we have, for

we T,
2 2 2 2 2 2 2
Qa,b,r(w) = Zw,b,r and Qa,b,?“<a’) = Za,b,r = ya,b,r + Pa,b,r = Va,b,r + V2, (121>
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where Z7 , . is the number of zeros (counting multiplicities) of Q,(w,y) inside the circle Ty,

P2

w,b,r

is the order of the pole of Q,(w,y) at y = 0, and vy is the largest power of y~! in

Q-(x,y). Then we have the following statement.
Proposition 1.2.2. Let r € C\ Rqy. Then g, . (x) is constant for all z € T}.

Before proceeding with the proof, we first consider the resultant of the polynomial @,
with respect to y.
Recall that

dy

Qr(z,y) =y Q% () [ [ — yjn (),

j=1
where y; ,(x) are algebraic functions in z, and v, is as defined above.
Here and in what follows for the rest of this section, we denote Q. (z) := Q%,.(v),d := d,.
Let D,(x) denote the resultant of Q,(z,y) and B%Qr(x,y) with respect to y.
Then the algebraic solutions y;, are holomorphic in some neighbourhood of z for any

xz € C\ S,, where
S, ={2€C:Qp,(2)D,(z) =0} (1.2.2)

is a finite subset of C.
Let y,(z) be the d-valued global analytic function, with d-branches y; ., . .. yq,, such that
Qr(z,y,.(x)) = 0. Then S, is called the set of critical points of y,(x). If 2’ is a critical point

of y,.(z), then 2’ is either an algebraic branch point or a pole (for more details see [2]).

(1) If 2’ € S, is an algebraic branch point, i.e. when D,(2’) = 0, then, in a sufficiently
small neighbourhood U, of 2/ (which does not contain any other critical points), the

multi-set {y1,,...Y4,} can be decomposed into a number of non-intersecting cycles

{fl(x)v B fk1 (ZL‘)}, SRR {fk1+~~~+kz_1+1(x)v - 7fk1+~~+kt ($)}’

such that 3! _ k, = d, and f;(x) = y;,(x) for some j,1 € {1,...,d}. The elements of
the first cycle can be represented as convergent Puiseux series of the local parameter
7 = (x — 2')"/* in a small enough neighbourhood of 7 = 0. The elements of the rest

of the cycles follow analogous convergent series representations. Therefore, a single
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turn around 2z’ in a circle ¢’ C U, converts the Puiseux series of elements in one

cycle into each other in a cyclic order, i.e. f1 = fo — -+ = fr, = f1 etc.

(2) If 2/ € S, is a pole, that is when Qp,(z") = 0, then, substituting y with yQr,(z), we

return to the first case where the local parameter of the convergent series is 7 = 1/x.

Recall that, for w € Ty, 02,,.(w) denote the number of roots of Q,(w, y) lying inside the

circle T}. We are now ready to prove Proposition 1.2.2.

Proof of Proposition 1.2.2. First fix an arbitrary » € C\ R,;. Note that Qg,b,r defines a
function from T! to Z via the map x giybm(:v), where Z is equipped with discrete topology.

If 2y € T} is not a critical point of y,, i.e. zg & S,, where S, is given in (1.2.2), then, for
allj =1,...,d, y;, is holomorphic in a sufficiently small neighbourhood U, of xy which does
not contain any critical point. Therefore, |y;,(x)| is continuous in U,,. Since @), does not

vanish on T? | we have |y, ,(z)| # b for all z € U,, NT., j. Therefore, if, for any [ = 1,...,d,

a,bs
Y1 (z0)] < 1 (resp. |yir(w0)| > 1), then, for all & € Uy, |y1,-(z)] < 1 (resp. |yir(20)| > 1).
In other words, o2, .(z) is constant for all x € U, N'T,. In particular, g , . is continuous at
Zo.

If x; € T'NS,, then there exists a sufficiently small neighbourhood Uy, of x; which does
not contain any critical point except x;. Then the convergent Puiseux series expansions of
Yiry- - Ydr 0 Uy, imply that, for all j, |y;,| is continuous in U,,, and this brings us to the
previous case. From properties (1), (2) and the above discussion, we conclude that, in the
neighbourhood U,, of x4, QZ,W is constant. This implies that Qg’b’r is continuous at ;.

We now have a continuous function @2, from a connected set T} to a discrete set Z.

Since only connected subsets of Z are singletons, we derive that g, . is constant in T}, and

thus completing the proof of the statement. [l

1.2.1. Proof of Theorem 1.1.2

Proposition 1.2.2 implies that, for all € T}, 02,,.(z) = vZ,, + va. Moreover, (1.2.1)

implies that the constant is v/

wpr T V2, Where vy is the largest power of y~'in Q.(z,y). In

particular, we have v2, = v?, for all w € T} is given in (1.1.2). Next, we

2
w,b,r a,b,r a’ where Vw,b

T

derive Theorem 1.1.2 using Proposition 1.2.2.
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Proof of Theorem 1.1.2. For a and b positive real numbers, the torus T?, is defined as the
set {(z,y) € (C*)? : |z| = a, |y| = b}. By construction, T2, is compact. Since the map in
(0.5.6), namely

q:T2, — C, defined by (z,y) — Q(z,y),
is continuous, the image of ¢ is compact. That is, q('JI‘Z’b) = R, is compact, and therefore

closed and bounded in C. In other words, max,cr, , || exists. We denote

R,p:= max |r|, and Ryp11:=max{R,p, R11}.
TGRab

Following a construction in [102], we define

~ a _
m, 5(r) = logr — Z nTa’br " |r] > Rapia,7m ¢ (—o0,0],

n>0

where log denotes the principal branch of the logarithm, and a,, 4 is defined as follows:

A 1 / dzdy 1 Ol )nd_x@
T @ri2 S, ay(T= Q) | CriR S, Y Ty

Here [T'(s)],, denotes the coefficient of s~ in the series T'(s). It is immediate to see that

M, is holomorphic in the region defined by |r| > R, 511 and r ¢ (—o0,0]. Also,

Re<ﬁ1a,b(r)) = ma,b(r>7 |T’ > Ra,b,l,l‘

We now claim that, for |r| > Ryp1.1,

dimg,;, dmy;

dr — dr

In order to prove our claim, it is enough to show that a, , = @, 11 for all n. The above

construction of the coefficients and the integral expression of these terms in [102] yield that

1 Wdrdy 1 dx' dy’
Apab = W Tiyb Q($, y) ? y (27TZ) Q( ) 7?
= [Q(az’, by)"], = [Q2",¥)"],
1 dz" dy
~ (2mi)? Q( 2 Ty
= Qn1,1-
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The equality [Q(ax’,by’)"], = [Q(z',y')"], follows from the fact that the constant term
gathers the terms with degree 0, which are invariant under the multiplications of x and y by
a and b, respectively. This concludes the proof.

Due to the above identity, we can denote the coefficients as a,, := @y = @11 for the

rest of the argument. From the definition of m,;, it follows that

digp 1 1 drdy
T r—O(z.v) & v ab,1,15 1.2.
dr (271)? /Tﬁb r—Qx,y) x y’ 7| > Rapi1 (1.2.3)

where we include the region r € (—00,0] N {|r| > R4p1,1} by continuity. We need to show
that % is in fact holomorphic in |r| > R p11-

For r € C, define

1 1 dx dy
Fap(r) = o—3 / — 1.2.4
) (2mi)* Jr2, v = Q(z,y) © y (1.24)
Note that the integrand
1
r—= Q<x> y) (x,y)e']l'ib

is holomorphic in r when |r| > Ryp1.1. In fact, we will now show that F, () is holomorphic

as well on |r| > Rqp,1,1. The integrand, as well as the integral in (1.2.3), are bounded on T% ;.

& Fap
dri

This implies that exists and is holomorphic for j = 1 (and therefore for all j > 1).
Hence, F, () is holomorphic in |r| > Ryp11-
Recall that we have, for |r| > Ryp1.1,

dffla,b(r> . dﬂlLl (T‘)

dr dr

and all the quantities are holomorphic in the mentioned region. Integrating both sides with

respect to r, we get
My, (r) =Wy (r) + f(a’a b), for |r| > Rap1.1,

where f (a,b) is the integration constant which only depends on a and b. Taking the real part

of both sides yields
ma,b(r) = m171<7") + f(a, b), for ’7”‘ > Ra,b,l,la (125)

where Re(f(a,b)) = f(a,b).
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Notice that m,(r) is harmonic on U,y, the unbounded component of C \ R, which
contains {|r| > R.p}, and my 1(r) + f(a, b) is also harmonic on U, 1, since f(a,b) is constant
for a,b fixed. The equality (1.2.5) implies that m,,(r) and m(r) + f(a,b) coincide in the
open neighbourhood |r| > R 1.1. Therefore, they must be equal in U, , N Uy 1, that is

Re(mgp(r)) = mgep(r) = m(r) + f(a,b), for r € Oup :=Uap N U1 (1.2.6)

We now proceed to evaluate f(a,b) in terms of a,b. Since R, is compact for a,b > 0,
it is bounded for such a,b. Let 0 < § < 1 such that a,b > 6. Let M, be the subset of R%,
defined by
My =[a—38,a+0] x[b—6b+ ).
Note that (a,b) € M. Since M, is compact, and the map («, 5) — R, is continuous
for all (a, 8) in M, we conclude that the subset {Ra 5 : (o, 5) € Mg} is compact in Ryg.

Then Ra,b I= MaX(q,8)eM, , la,s €Xists, and is finite. Now choose an R € R such that
R> R,y + Ri1.
The choice of R implies that, for (o, ) € Mg, My g(R) is holomorphic, and (1.2.5) yields

m, 5(R) = my 1 (R) + f(a, B). (1.2.7)

Let A,ps C C? be the poly-annulus A, ps = Ags X Aps, where A, ={z€C:a—-4§ <
2| <a+6} and Ays = {2 € C:b—0 < |z| <b+d}. Note that T, C Agps. Since

Qr(z,y) € C\ (—o0,0] for (z,vy) € Aubs,

log(Qr(x,y)) is holomorphic in A, s, where log is the principal branch of logarithm. Let
Wa,b denote the set of all (o, ) € M, such that

1

Mo, p(R) = mi /Ti,ﬁ log(Qr(z, y))dx dy

Y

Note that Wa » is an open subset of /\/tab, and it also contains (a, b).

Next we compute the functions 025 (R) a and ﬁam“ 2B e only show here the compu-
tation of am‘g—z() when a belongs to an open subinterval of (a —§,a+4) containing a, since

the other case is analogous.
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Note that m,g(R) and log(Qr) are well-defined and finite-valued on Wa,b and Agps,
respectively. Therefore, we can consider their partial derivatives with respect to «a, and

obtain

dias(R) 0 ( 1 dz dy

Y
_ 1 / ,0108(Qr(2,y)) Ox dx dy
(27i)? T2, Ox Oa x y

N / 2 Q@r(z.y) drdy
2mi)* Jrz = Qr(z,y) =y

o 1 8xQR(xay) T @
- (2mi)? A,:ﬁ (/m:a Qnlw.y) ! ) Y (1-28)
0

where 0, = 4, and the penultimate equality follows from the facts that x = ae® and 6 does
not depend on «a. For a fixed yo such that |yg| = 3, the integrand

/ axQR('TJ y())dx — Zl
|z|=c

_ p!
Qr(7,yo) ot

a,yo0,R

is an integer, where Z Lly’ym r denotes the number of zeros (counting multiplicity) of the Laurent
polynomial Qg(z, o) inside the circle T}, and P, , » denote the order of pole of Qr(x,o)
at v = 0. Let v} g(%0) := Z, yo.r — P .z From Proposition 1.2.2 (when applied to the torus
T? 4), it follows that v}, »(y) is constant for all y in Tj. We define v, 3 5 := v} (y) € Z, for

all y € Tj. Therefore, (1.2.8) can be simplified to

Oas(R)  Vagr

= . (1.2.9)

Similarly,

Omag(R)  Vignr
’ — @B 1.2.10
95 5 ( )

where v 3 p = Z2 5 p — P2 g - Here Z2 5 p and P2 4  are similarly defined.

«

Since the integer-valued functions l/é’ s5.p and 1/2’ 5. depend on a and [ continuously, they

are constant on VNVa,b C int(M,y). In other words,

1 _ 1 2 _ 9
VarR = Vapr and Vi p=1V,5np, for all (o, 5) € Wap.
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Integrating (1.2.9) with respect to a and then taking the real part yields
m, 5(R) =my;(R) + V;,b,R log o+ F(3),

where F' is a function of 8 which does not depend on o and R. A similar process when

applied to (1.2.10) implies that
m, 5(R) =my;(R) + Vz,b,R log 8 + G(a),
where G is independent of 5 and R. From the above equalities and (1.2.7), we conclude that
mg 5(R) = my1(R) + vy, gloga+ v}, plog 8+ ¢, (1.2.11)

for all (, 8) € Mg, and some constant ¢ independent of «, 3, R. As |R| > Ry i, evaluating
(1.2.11) at @« = 1,8 = 1 we obtain ¢ = 0. Then, combining (1.2.6) and (1.2.11) together, we
derive that

fla,b) = vy, gloga+ v, plogh, for r € Ogp. (1.2.12)

Since f(a,b) in (1.2.6) is independent of r, comparing (1.2.12) with (1.2.6) we obtain that,

for j = 1,2, v, » is constant in Oy, i.e.

Vabr = Vi b when 7 € Oup, j € {1,2}.

This concludes the proof of Theorem 1.1.2, namely
mgp(r) =my(r) + 1/;71,77, loga + Vib’r log b, for r € Opp = Usp N UL
O

Remark 1.2.3. Theorem 1.1.2 can be explained in terms of in terms of periods when
the curve defined by the polynomial has non-zero genus. Following the investigations by
Rodriguez-Villegas |102], Deninger [45] et al., we conclude that
dmn(Q,) 1 / 1 dx dy
dr (2mi)? Jp2 v = Q(z,y) =y
is a period of the non-singular curve C,. associated to Q, (when the genus of C.. is non-zero
dm(Qr)

for generic r), and in particular, from Proposition 1.2 in [45], we can argue that =

remains invariant under the continuous deformation of the integration torus T? as long as
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the deformation process does not reach any points of C,. (see |59]). Therefore, in our case,

dﬁl(Qr) _ dﬁla,b(Qr)
dr - dr

as long as T? is continuously deformed into ’]Tib without approaching a
point of C... Further, the coefficients of loga and logb can also be derived combining our

method with Proposition 1.2 in [45].

Theorem 1.1.1 follows from generalizing the argument in the above proof. Indeed, let
K, := maxyer, |k|, and let K,, = max{K,, K,}, where 1 = (1,...,1). Then, generalizing
the steps in [102] and [9], we define

~ am,u —m
1e(P,) = log k — Z>O R K] > Kok ¢ (<00, 0], (1.2.13)

where log denotes the principal branch of the logarithm, and a, 4 is defined as follows:

Umg = , = , Tlyenoy @)t — e ——,
’ 2mi)" Jrz w1 wn(L=r 7 P, @) | (270)" g ! Ty T,

where [T'(s)],, denotes the coefficient of s™™ in the series T'(s).

It is immediate to see that m,(Fy) is holomorphic in the region defined by the intersection

of {|k| > K,,} and C\ (—o0,0]. Also,
Re(rha(Pk)) = ma(Pk), ’kl > Kml.

A similar argument as in the 2-variable case shows that a,,, = a,,, for all m > 0, and

therefore, we have the following equality:

ding(Py)  di, (Py)

T for |k| > K. (1.2.14)

A similar argument as in the 2-variable case also shows that m“d—gfk) is holomorphic in {|k| >
K.}
Now integrating both sides of (1.2.14) with respect to k& and then taking real parts on

both sides yield that, for {|k| > K,,},
my(Py) = m,(Py) + g(a). (1.2.15)

Let U, be the unbounded open connected component of C\ Iy which contains the region
{|k| > Kq.}. As both sides of (1.2.15) are harmonic on O, := U, N U,, the equality can be
extended to O,. In other words, for k € O,, we have my(P;) = m, (P;) + g(a).
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It only remains to express g explicitly in terms of a. Consider the functions

Om(P) 1 / </ aszkdx)%...@...dﬂ
j = ~— . j
8aj (27TZ) |z1|=a1,...,|zj|=a;,...,|zn]=an |zj|=a; Py T T Tn

forall j =1,...,n. Here ~ denotes that the term is omitted from the expression. Now, again

6ﬁla(Pk‘)

following the steps for 2-variable case we conclude that a; Ba,

is constant depending only

on a;. More precisely, we find that

Oa(Pe) _ (1.2.16)

J aaj a,k>’

where v/, is the difference between the number of zeroes (counting multiplicities) of
Py(ay,...,aj_1,%j,a;41,...,a,) inside the circle T}l]_, denoted by Zik, and the order of the
pole of Py(ay,...,aj_1,%4,aj41,...,a,) at x; = 0, denoted by ng In other words,

Vs = Zoe — Paie
We also note that Vik is independent of £ when k& € O,, and only depends on a and the
polynomial P = k — Pj. Integrating (1.2.16) with respect to a; for j = 1,...,n, derives
Theorem 1.1.1.

1.3. Proof of Theorem 1.1.4

In this section, our goal is to provide the proof of Theorem 1.1.4, and eventually evaluate
m,;(Q,) when r € C\ (Rap U U,p). Our proof uses Proposition 1.2.2 to conclude that, for
all r from a small enough neighbourhood in one of the bounded regions under consideration,
certain properties of the roots of Q,(a,y) or Q,(z,b) remain invariant. This, combined
with the properties of harmonic functions along with Rouché’s theorem, gives us the desired

results.
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Recall that Q. (z,y), considered as a polynomial in y of degree d, with coefficients in

C(x), can be factored in C(x)[y] as

Qr(z,y) =(y)~* ( (@) ()" + QY () + Z al,.(2)(y)’ ) (1.3.1)

dy

=)™ Q% (@) [ [ = vjn(2)), (1.3.2)

7j=1
where the y;,.(z) are algebraic functions in z, vs is the order of the pole of @, (a,y) at y = 0,
and Q. (v) and Q% ,.(z) are the respective leading and constant coefficient with respect to
the variable y. Similarly, we can factor (),, considered as a polynomial in x of degree d, with

coefficients in C(y), as

Qr(z,y) =(x)™ (Q?r(y)(ﬂf)dz +QF.(y) + Z_ al (y)(x) )

do

=()""Q%, () [ [(@ = 3, (9)),

j=1
where the x;,(y) are algebraic functions in y, v; is the order of the pole of @, (x,b) at x =0,
and Q% (y) and Q%,.(y) are the respective leading and "constant" coefficient with respect to
the variable z.

Let Z, = {2 € C: Q},(2) = 0}, Z}, = {2 € C: Q%,(2) = 0}, where u = x or y, and
Vs, denotes the bounded open connected component of C \ R, containing 7.

Since the proofs of the statements in (i) and (ii) of Theorem 1.1.4 are similar, here we

restrict ourselves in proving the statement (i)

Proof of Theorem 1.1.4. In (1.3.1), we see that the polynomial @, (z,y) can be expressed in

terms of y;,(z) (algebraic functions in z), vy, Q% (z) and Q% (). For simplicity we denote

Qrr(7) = Q%,.(2), Qsr(2) := QF (), and d := d,,.

Proposition 1.2.2 and the assumption in (i) in the statement of Theorem 1.1.4 yield that
0a pro(x) = d or 0 for all 2 € T}. In particular, o2, (a) = d or 0, depending on whether all
the roots of Q,(a,y) lie entirely inside or entirely outside the circle T}.

The following three cases can occur when g, , (a) = d or 0.
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Case 1: For all 7 € T,

QFﬂ”o (37) ) Qf,ro (37) # 0.

Case 2: QY vanishes on T}, but Q%,, does not, i.e.
1 1
2, NT,#@, and Zj NT, =2,
Case 3: %, vanishes on T,, but Q% does not, i.e.

Z$,, NTy#@, and Z} NT,=0.

Case 1: Since
Qrro () - Qprp(x) #0 for all z € T,

the discussion preceding the proof of Proposition 1.2.2 implies that the algebraic functions
Yjr,(2) may have only an algebraic branch point at z = a € T.. From Proposition 1.2.2
we know that v2, is constant in T;. Therefore, we can in fact assume that z = a is not
a branch point of y;,,(x) for all j. Indeed, if x = a is branch point, then there exists an
xo € T! close enough to a such that xg € S,, where S, is given in (1.2.2). We replace a with
Zo in the statement, and proceed. Here we provide a proof of Case 1 when szbm (a) =d,
since the case when ¢}, (a) = 0 is similar. Recall that the condition ¢, (a) = d (resp.
0a by (@) = 0) is equivalent to the condition that all the roots of Qy,(a,y) lie inside (resp.
outside) the circle Tj}.

The polynomial @, (x,y) has additional structure: Q,(z,y) = r — Q(z,y) where @ does
not contain any constant term, and r is the constant coefficient in @),. Therefore, after
multiplying @, by y”2, we find from (1.3.1) that one, and only one, among the set of the

coeflicients

Coetty, » == {Qr,(2), Qsr(2),a1,(2),...,a5-1,(x)} C C(z)

contains r as its constant term, namely the coefficient of y** in y”2Q,(x,y). Let by, ()
denotes the said coefficient. Then b,, ,(x) € Coeffq, ., and by, ,(z) — by, () = 1 — 1. Since

all the coefficients, except b, ,, do not depend on r by construction, the above discussion
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further implies that

{lQrr(2) = Qo (2)],1Q () = Qparg (2) [} U{lajr(@) — ajpy(2)] : 1 < j < d — 1}
(1.3.3)

= {0, by, () = buy o ()]} = {0, [ = 0]}

In other words, if, for example, Qp,(x) = by, ,(x), then

Qrr(2) — Qpp(x) =17 —10, Qrr(x) =Qpr(z), and, forall j, a;,(z) = aj.(z).

Next we investigate the relation between |Q,(a,y) — Q. (a,y)| and |Q,,(a,y)| when y
takes values in certain sufficiently small circles.

Let

1

1 .
€ij = b |yi,1”o(a) - yjﬂ“0<a)’ and €k = b ?elqlrrgl \yk,m (a) —t|.

Since all the roots of Q,,(a,y) are distinct and lie inside the circle T}, the quantities €, €
are non-zero for any i, 7,k € {1,...,d} such that i # j.
We denote
T = min {e;, €}.

1<i<j<d
I<k<d

Note that T > 0. Let e € (0, 1) N (0,1). We define the closed discs
D;={z:]z—yjn(a)] <€}, forj=1,...,d

Let C; = 0D, be the boundary of D;. The choice of € then confirms that the discs D; are
disjoint and @Q,,(a,y) does not vanish on C;. This implies v; ., := mingec, |@Qr,(a,y)| is
positive for each j.

Let 0jrp.c := w;’jr’zo. Then, for y € C}, and r € V3, such that

|7’ — T0| < (53"7«0’6,
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we have

|Qr(a7 y) - Qro (aa y)|

U

-1

= |(Qrs(a) = Qrro(@) (W) + (Qrrla) = Qrro(a@) + ) (ajn(a) — ajry(a) (1)’

1

<.
Il

d
<|r —ro (Z |€|j> < (d+ Dr —rol < jere < 1Qrola,y)l,
§=0

where the first inequality follows from (1.3.3).
This implies that, for j =1,...,d,

|Q7"(a>y) - Qro(a’y)| < |Qro<a7y)|

on C};. Therefore, it follows from Rouché’s Theorem (see Theorem 1.1.5) that Q.(a,y) and
Qro(a,y) have the same number of root(s) in the interior of D; when |r — 79| < ;..
Moreover, for

d(e, o) = lriljlild(sj ro.e > 0,

the choice of € implies that, when |r—ry| < d(e, o), all the roots of @, (a, y) lie entirely inside
the circle Tj.

When |r—rg| < d(e, 79), another application of Proposition 1.2.2 yields that all the roots of
Q. (z,y) lie inside T} for every x € T.. Following the discussion in Section 0.5.1 regarding the

Mahler measure over arbitrary tori, we conclude that, for r € {z : |z — 79| < dcro} C Vit

d
ma:b(QT(x7 y)) = Mgp < UZQFT H Yy — y]r >

= ma(Qp,(2)) — valog b+ myy, (H(y - yj,r(x))>

j=1

=m,(Qr,(z)) — v2logb+ dlogb. (1.3.4)
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Similarly, when all roots of @,,(a,y) lie outside the circle T}, we have for r € {z :

|Z - T0| < 56,7‘0} - ‘/a,b,'r’m

Mg (Qr(7,y)) =ma(Qrr(2)) — v2logh + ma(Qyr(7)) — ma(Qr (7))

=m,(Qr, (7)) — v2loghb. (1.3.5)

Recall that, 12, . denotes the difference between the number of zeros (counting multi-
plicity) of Q,(a,y) inside T} and the order of pole of Q,(a,y) at y = 0. Then the above

discussion implies that, for r € {z : |2 — r¢| < dery} C Vi,

2 _ .2 _ 2 _
Vabr = Vapro = Qab,ro (I’) — U2 = d— Uz O — V3.

Since m,(Q g, (7)) and m,(Qy,(x)) are harmonic, and m,;(Q,(x,y)) is harmonic for all
7 € Vabro \ Sapr, (Where Syp.r, is a finite set containing all the r € V, ., such that Q,(z,y)
is singular), the equalities in (1.3.4) and (1.3.5) can be extended to a larger set V., \ Sa.b.ro-

using the harmonicity of Mahler measure. In other words, for r,79 € V4, \ Sabro

ma0(Qr) — 12, logh = m,(Qr,(z)) all roots of Q,,(a,y) lie inside T}, (1.3.6)
o m,(Qr,(z)) all roots of Q,,(a,y) lie outside T}.

By continuity, (1.3.6) holds for all r € V4 ,,, and this concludes the proof of the Case 1.

Recall that Z}., = {z € C: Q%,(2) =0}, and Z; , = {2z € C: Q% ,.(2) = 0}.
Case 2: If

ZtNTy# 2, and Z§ NT, =2,

and a [ € {1,...,d,} such that y,,,(z) has a pole at «’.

a’

then there exists 2’ € Z}, NT,
Then Proposition 1.2.2 and the conditions in the statement of Theorem 1.1.4 imply that all
the roots of Q,,(a,y) lie outside the circle T}, and we can choose an zy € T, in a sufficiently
small neighbourhood of #’, such that z, is not a pole of y;,, for all j. Such choice is possible
since the set of critical points Sy, of the global analytic function y, is a finite set. Then a

similar argument as in Case 1 implies that, for all » € V4,
mep(Qr) — Vg,b,r log b = m,( ?]J“,r(x))
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Case 3: If

Y
ZfaTO

NT,# 2, and Z} NT, =2,

then there exists 2” € Z§, NT,, and ap € {1,...,d,} such that y,,,(z) has a zero at 2”.
Again, Proposition 1.2.2 and the conditions in the statement of Theorem 1.1.4 imply that
all the roots of Q,,(a,y) lie inside the circle T}, and we can choose an z; € T., such that
x1 & Sy, U Z%TO, and Q,,(71,y) has all the roots inside T}. With these conditions, we have,

for all 7 € Vi p.ry,
ma,b(Qr) - Vg,b,r log b = mg( %,r('r))
This concludes the proof of the statement (i). Statement (ii) follows from an analogous

argument. 0

Next, we sketch a proof of Theorem 1.1.3. Recall that multiplying P, with a suitable

power of x;, we can factorise Py in linear factors with coefficients in C(z1,...,Z;,...,x,) as
dn
_ Y pl o o
Pe(z, .. wn) =25 7 Pry(21, .., 25,00, 1) H (xj — Xigj (X1, T5, o)),
=1

where d; is the degree of P, as a polynomial in z;, X;;; are algebraic functions of
(T1y .oy Ty ooy for =1, dp, P}"k is the leading coefficient with respect to the variable
xj, and v; is the largest power of x;l in P. Let P]{k(xl, .o, Tj, ..., x,) denote the constant

coefficient with respect to the variable x;. Then

dn,
Py, T, ) HXl,k,’j(xl, e Ty ) = Pf’k(xl, e Ty Ty).
J=1
For (u U; u,) € T * let ¢’ (u u; uy,) be the number of zeroes
1yevy Ugye-ey Un A yeey 8]y ak 1y ooy tgyeney Un
(counting multiplicities) of Py(uy, ..., uj_1, %, Ujt1, ..., uy,) inside the circle ']I‘Cllj. Then, from

the above discussion, we have Pik = v;, and
Qik (ar,...,G5,...,ap) = Zik = z/ik + Pik = Vik + vj.
An analogous argument as in the proof of Proposition 1.2.2 yields the following proposition.

Proposition 1.3.1. Let k ¢ K,. Then Qik(xl,...,:/c},...,xn) is constant for all

- n—1
(xl, ey Ty ,l’n) S Tah...,&}

yeey@n
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We omit the proof of the proposition here since it is an immediate extension of Proposition
1.2.2, which follows from an induction argument on n > 2.
Then Proposition 1.3.1, along with a similar argument as in the proof of Theorem 1.1.4,

establishes Theorem 1.1.3.

1.4. Generalized Mahler measure of a family of polynomi-

als

In this section, our aim is to apply Theorems 1.1.2 and 1.1.4 to evaluate the generalized
Mabhler measure of the family of polynomials in (0.5.4), namely Q, = z+ % +y+ i ~+ 1, where
r e C.

Before proceeding with this evaluation, we recall some notation associated to the consid-

ered family of polynomials for the reader’s convenience.
1. The map in (0.5.6) is defined in this case as
9 1 1
q:T,,— C, (x,y)»%x—l—;—i—y%—g.
2. Any element r of the image of ¢, denoted by R,, are of the form
r= (a + a_l) cos o + (b + b_l) cos B+ 1 [(a — a_l) sin o + (b — b_l) sinﬁ} ,

where «, 8 € [—m, 7).

3. Since R, is compact, R, = max,er, , || exists.

4. U, denotes the unbounded open connected component of C\ R, ;. It contains the
region {|r| > R,;}; since Ry ; = 4, we have U, C Uy ;.

Now we are ready to apply our theorems to evaluate the generalized Mahler measure of

Q.

1.4.1. Generalized Mahler measure on the unbounded component of

C\ Rap

In [102] Rodriguez-Villegas expressed the (standard) Mahler measure of Q, in terms

of Eisenstein-Kronecker series for any r € C. Combining his proof and Theorem 1.1.2, we
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will show that, for fixed a,b > 0, there exists a large open subset of C, namely O,;, =
Uap MUy 1, such that if r € O,y, then the Mahler measure remains unchanged irrespective of
the dependence of the integration torus on (a,b). We will in fact go further and show that
Oqp is the unbounded component of C\ R, ;, namely U, ;. Later in this section, we will give
an explicit expression of the region O, ;, as well as of the region R, .

Recall that, for fixed a,b > 0, Q, does not vanish on T?, if and only if r ¢ R, ;. In order

a,

to show that, for a fixed a,b > 0,
m,,(9Q,) =m(9,), for all 7 € Oy,

it suffices to evaluate v/

b for j =1, 2. Since these quantities are constant in the region O,

we can choose a suitable » and apply Theorem 1.1.2 to evaluate them. Let

1 1
R=R.,p+ Ry, Za—i-a—i-b—l-g—l—él.
Note that R € O, and R ¢ (—o0,0].
Recall that v, . denotes the difference between the number of zeros (counting multiplic-
ity), namely Z ;,b,r and the number of poles (counting multiplicity), namely P;’b’r, of Q,(x,b)

inside the circle T}, i.e.

1 _ 1 1
v - Za7b,r - Pa

a,b,r b,

and that 12, is also defined in a similar way.
Since Qg(z,b) is holomorphic everywhere except for a simple pole at z = 0, we have

P}, r = 1. Therefore, zQg(z,b) has no pole in C. Now 2Qg(x,b) can be factored in Clz] as

2Qr(7,0) = (v —xy) (x —x-),

where

—(R+b+ 1) £/ (R+b+1)7 -4
: .

T+ =
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Notice that z, - x_ =1, and since R + b+ % >a+ %, we also have

Rb+i+/(Rrbo+1) =4 Rab+i+/(R+b+3)" -4
2 2

_R+b+%+\/(a+§+b+%+b+%+6) (a+L2+b+14+b0+5+2)
B 2

1
>a—+ —.
a

. 1 1 1
Since a + + > max {a,+}, we have |z,| < ol

definition of v}, g, it follows that v, , » = 0. A similar argument shows that v2, , = 0.

< a, and therefore, Z}, , = 1. By the

Combining Theorem 1.1.2 and the values obtained above, we derive that, for r € U, C Uy 1,

m,,(Q,) = m(Q,),

and the required O, is in fact the region U, .

Until now we have been fixing a,b > 0 in our discussion. Next, we want to show that our
theorem can even be applied to a fixed suitable r in order to obtain certain values of (a,b)
such that the equality m,;(Q,) = m(Q,) still holds.

For some particular values of » € R U iR, the standard Mahler measure of Q, has been
proven to be the same as (up to a rational multiple) a special value of L-function of the elliptic
curve corresponding to Q, due to Boyd [29], Rodriguez-Villegas [102], Deninger [45], Rogers
and Zudilin [105], Lalin and Rogers [82] et al. Therefore, an interesting direction would be
to search for values of (a,b) such that changing the integration torus from T? (= T7 ) to
']l“gﬁ keeps the Mahler measure fixed. In order to do so, first notice that, for all r > R,

Theorem 1.1.2 implies that
ma,b(Qr) — m(QT‘)
Since a and b are fixed arbitrarily, we can fix r = ry > 4, and conclude that, for all 2-tuples
(a, b) satisfying
1 1
a+—+b+ - <y,
a b
we have m,;(9Q,,) = m(Q,,). Since the change of variables r — —r covers the case when

r < —4, it is sufficient to consider the r > 4 case here.
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For r € iR, it suffices to investigate the imaginary part of r € R, ;. Indeed, once we calcu-
late the max,cr, , Im(r), we can conclude that all 7" € C, such that Im(r’) > max,ex, , Im(r),
belong to the unbounded component of C\ R, ;, namely U, ;. The following discussion results

in gathering the required 2-tuples (a, b) such that

Mep(Qry) = m(Qy,)

for a fixed ' = ry.

Recall that, any element in R,; can be written as
r=(a+a")cosa+ (b+b")cosf+i[(a—a)sina+ (b—b"")sing],
where «, 3 € [—7, 7). Notice that,

[Tm(r)] = ‘(a— a_l) sin v + (b— b_l) sinﬁ} < }a—a_l‘ + ‘b_b—l

and, for « = € {7, 7}, we have
Tmax, iR = { Ha - CL_1| + }b — b_ll] .

Therefore, when a and b are fixed, we have m,;(Q,) = m(Q,) for all r €
{z€iR:|z| >|a—a |+ [b—0b"!}. Then a similar argument as in the real case
shows that, for a fixed ry € iR, the Mahler measure of Q,, over the integration torus Tib

is same as the standard Mahler measure, i.e.
M p(Qry) = m(Qy),
for all the 2-tuples (a, b) satisfying
la—a | +]b—b"" <|rol.
Here we mention two such examples for r = 8 and r = 2i.

Example 1.4.1 (r = 8). We provide two cases: (I) when b = a, and (II) when b = \/a.
Notice that, case (I) keeps the symmetry of the polynomial

1 1
Qs(r,y) =r+—Fy+-+8
x Y
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in the variables x and y. In other words, under the change of variables x — y and y — x, the
polynomial Qg remains unchanged, and so does the integration torus T?L’a. On the other hand,
case (1I) breaks the symmetry as then the above changes of variables change the integration
torus from ']I‘z’ va to Tf/a,a' Despite the differences between these two cases, there are certain

values of a such that

ma,ﬁ<Q8) = ma,a<Q8) = m(QS) = 4L,(E247 O)a

where Eay is an elliptic curve of conductor 24 associated to Qg. Here the last equality follows
from combining the results due to Rogers and Zudilin [105|, and Lalin and Rogers [82], where
they showed

m(Qs(z,y)) = m(Qa(z,y)) = L'(Ea,0).
From the above discussion, we find that, when (I) a = b, the equality
m,q(Qs) = m(Qs)
holds for all a satisfying
a+%<4<:>2—\/§<a<2+\/§.
Similarly, when (II) b = \/a, we find that, for

1 1
= — <38
a+a+\/5+ﬁ

@17— VAT — \/24(157— 17V/11) o 17 — A1 + \/24(157— 17\/5)7

the equality
m, /;(Qs) = m(Qs)
holds. Since,

17 — VA + \/2 (157 — 17v/41)

1 >2+\/§

and

-1

17—\/5—\/2 (157 — 17vAL) 17— VAT + \/2 (157 — 17v/41)

4 4 ’
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we obtain

m, /z(Qs) = m,q(Qs) = m(Qs) = 4L (E»,0)  foralla € (2 —V3,2+ \/§) .

Example 1.4.2 (r = 2i). In 2011, Mellit [120] showed that
m(Qy;) = L'(Ey,0),

where Eyg is an elliptic curve of conductor 40, associated to Q;.

When b = a, Theorem 1.1.2 implies that m, ,(Qs;) = m(Qy;) is true for

V5 —1 V5 +1
9 <a< 5 .

la—a ' <1<

Similarly, when b = +\/a, the equality
m, /q(Q2i) = m(Qa;)

holds for all a satisfying

1 1
- = ——|<2& a9 <a<a,
a a‘—l—‘\/a \/5' ap < a < ap

where ag ~ 0.530365 ... and a; ~ 1.88549... satisfy T — 1/T +T —1/V/T —2 = 0 and
T—-1/T+ VT — 1/\/T—|— 2 = 0, respectively. Since ag < @ and a; > @, we obtain

ma,a(QZi) = ma,\/a(QQi) = m(in) = L/(E40, 0)

for all a € (‘/52_1, \/52“).

1.4.2. Generalized Mahler measure on the bounded components of

C\Rup

In this section, our goal is to evaluate m,;(Q,) when r belongs to the bounded connected
component(s) of C\ R,;. In particular, we show there can be at most one such component

of C\ Ry Later, we apply Theorem 1.1.4 to calculate m,;(Q,) for all r in said component.
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1.4.2.1. Existence of at most one open connected bounded component of C\R,.
Our aim here is to show that there exists at most one bounded open connected component
of C\ Rgy for any a,b > 0.
Recall that the elements of R, are of the form
r=(a+a)cosa+ (b+b")cosp+il[(a—at)sina+ (b—b"")sing], (1.4.1)

where «, 8 € [—7, 7). We have

Rop=max |[rl=a+a ' +b+b"", and r,p:= min |r|=(a+a ') — (b+b7").

TE€RGb T€Rab
Then
a=b<=r14,=0<=0¢€ Ryy.
From this point onwards we assume that a > b > 1. The other cases follow analogously

using Lemma 1.2.1.

Proposition 1.4.3. There exists at most one bounded open connected component of C\ R,

and if it exists, then it contains 0.

Note that, if 0 € R,p, then Proposition 1.4.3 implies that there is no bounded open
connected component in C\ R, ;. Before we proceed to prove the proposition, we note some

useful properties of R .

(A) The points r € R, can be interpreted as points on the ellipses
Ep.:lr—(+2)+r—(z-2)=20b+b""), (1.4.2)
where z € C lies on the ellipse
eailz—2+]z+2/=2(a+a"). (1.4.3)

In other words, elements of R, can be identified with points on ellipses Ej, , defined
by (1.4.2) with centres on the ellipse e, in (1.4.3). Note that, the centre (¢) and the
foci (¢ and ¢y) of the ellipse e, are the points ¢ = 0,¢; = —2 and ¢ = 2. The centre

(C) and the foci (C} , and Csy ) of the ellipse Ej, ., are

C,=20C,=2—2, and Cy, = z + 2.

95



Any point p € C lying inside (resp. outside) the ellipse E . satisfies |p — C .| +
p—Co.l <2(b+b7") (resp. |p—Ci.|+ |p—Cs.| >2(b+b7")). Since the length

of the minor axis of e, is 2 (a — a™ '), we derive that, for 2 € e,,
IIm (C,)| < (a — a’l) ,
and, for all h € (—a+a~',a —a™1), there exists a Z € ¢, such that

Im (C) = h. (1.4.4)

(B) The region R, is symmetric with respect to the imaginary and real axes, i.e. if
7 € Rap, then —7,7 € Ryp. Let Sy 4 denote the four quadrants of C, namely S | =
{s € C': Re(s) > 0,Im(s) > 0},5;_ = {s € C : Re(s) > 0,Im(s) < 0} and so on.
Then, the changes of variable {a — m — o, 5 +— © — } and {a — —a, — —(}
applied to (1.4.1) take points r € R, NSy 4 to —7F € RepNS_ 4, and r € Rypy NSy 4
t0 7 € Rap N Sy

For the rest of this section, Rj , denotes the region defined by C \ Rap-

Proof of Proposition 1.4.3. Recall that U,; denotes the connected unbounded component of
a.p- First we consider the case a > b.

From the discussion at the beginning of this section, we have 0 € Rj ;, and moreover the
open disc {u € C: |u| < 74p} is contained in one of the bounded open connected components
of Ry, Let Vi denote this component. Note that 0 € V.

In order to prove the statement, we note that the property (B) above implies that we
can restrict ourselves to the quadrant Sy 4.

Since a > b, the ellipse Ej ., lies completely in the interior of Si _, where 2z, =
—i(a — a™'). This implies that, for P € S, ,, we have |P — C ,|+|P — Co,| >2(b+0b71),
where C ., and Cs ,, are the foci of Ej, .. In other words, the point P lies completely outside

the ellipse E}, ,, with centre at zp = —i (a — a~') € e,. Let z; and 2y denote the points a+a™*

and i (a — a™'), respectively. We now consider the following cases:
(I) Im(P) > Im(z) = (a —a™'),

(IT) 0 < Im(P) <TIm(z) = (a —a™t).

96



Let E%® and e® denote the boundaries of U, and V,, respectively, i.e.
Ea’b = Ua,b \ Ua,b> and ea’b = Va,b \ V:z,b~

Therefore, E** U e®? C Rap. If P ¢ Uyp UV, then P lies in the region bounded by Eeb
and e®. Then the line Lpep) : t = Re(P) intersects £ at some point P’ € Q4 ;. By
construction, Re(P) = Re(F’), and Im(P) < Im(P’), where the equality holds iff P = P'.
Note that P = P’ is the trivial case. Therefore, we assume that P # P’.

15

10

-5

_15_—I|_,_|||I||||I||||||||I||||I||||,I_—_
-15 -10 -5 0 5 10 15

Figure 1 — Ro3, Uap, Vap, €a, Cj 2o P, P, Lre(py when a > b and (I) holds.

Claim: For P € S, 4, if (I) holds, and P ¢ Vo, U Uy, then there exists an ellipse Ej 1,

with centre at z' € ey, such that

|P — Ol,zl| -+ |P — CQ’Z/| <2 (b"— b_l) .
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Since Im(C;,) < a—a ! forall z € ¢, and j = 1,2, case (I) implies that |P' — C;.|* —
|P—C;.]*> > |P'— P> > 0 (see Figure 1), and then we have

|P—C.| 4+ |P—Cy.] <|P' —Ci |+ |P —Cyy.l.

On the other hand, P' € E,, C Ry, i.e. there exists a 2’ € e, such that |P' — C} | +
|P"— Cy/| =2 (b+b'). This concludes the proof of the claim.

Now note that z € e, can also be written as 2 = (a + a™ ') cosa, +i(a — a ') sina,, for
a, € [-m, 7). Recall that C} , = z—2 and (5, = z+2. Therefore, when a is fixed, |P — C; ,|

is a continuous function of «, for j =1, 2. Let
Oa,) =[P —Cy |+ |P—Cyy| —2 (b + b_l)

define a function from [—7, 7) to R. From the claim, we have already concluded that, for the

case (I), either P € U, U V,, or there are zy, 2’ € e, such that
P —Cyo| +1P = Chs >2(b4b7Y), and |P—Chu|+|P—Cou| <2(b+b7").

This implies that © is a continuous function which takes both negative and positive values,
and, using Mean Value Theorem (MVT) on O, we derive that there exists z; € e, such that
O(as,) = 0. In other words, P € R,;, which completes the proof of the proposition for a > b
when (I) holds.

For case (II), note that

0 <Im(P),Im(C.) <a—a ", for all z € e,,

where C, (= z) is the centre of Ej, , given in property (A). Then, the continuous property of
Im (C,) mentioned in (1.4.4) implies that there exists a z” € e, such that Im(P) = Im(C,~)
(see Figure 2). Let Linp) : t = Im(P) denote the line joining P and C.», and let Linyp)
intersect £’ at P in @4 4 such that any ¢ € Lim(p) satisfying Re(t) > Re(Py) lies in Ugp.

Then P, has a representation as in (1.4.1), namely
P = (a + a’l) cos o + (b + bil) cos B +1 [(a — a’l) sina + (b — b’l) sin 5} ,
for some «, 8 € [0,7/2). Moreover, there exist v € [0,7/2) such that Im(P) = Im(P’) =

Im(C,») = (a — a~ ') sinvy. The case Re(P) = Re(F;) is trivial as the above discussion implies
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that P = P;. If Re(P) > Re(P), then from the definition of P, it follows that P € U,y,.

Therefore, it only remains to investigate the case when 0 < Re(P) < Re(Fy).

e

10+

5L

Figure 2 — Ro4, Usp, Vas, €0, Czy P, Py, Li(py when a > b and (II) holds; left (resp. right)
figure shows the case when Lyypy N €™ # & (resp. Linp) Ne™ = @).

Define the function f : [a,v] — [0, 8], which sends 1) to f(1)) such that

(a— a_l) siny = (a — a_l) sino + (b — b_l) sinff = (a— a_l) sing) + (b — b_l) sin f(v).

Note that this is a continuous onto function from a connected set. Then the graph of this
function, namely I'y := {(¢, f(¥)) : ¥ € [a, 7]}, is also a connected set. Consider another
function g : I'y — R, defined by

(1, (1)) = (a+ a_l) cos) + (b+ b_l) cos f(v).

Note that this function is a continuous function, and there exist x,§ € I'y such that g(x) =
Re(P)) = (a+a ') cosa+ (b+b71)cos 3, and g(¢) = Re (C.r) = (a+ a~ ') cosry.
Now if Re(P) € (Re (C.»),Re(Py)), we claim that there exists a 1y € [a, 7] such that

P=(a+a")costhy+ (b+b"")cos f(tho) +i[(a— a ') singg+ (b—b"")sin f(@o)],
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which will imply that P € R,;. Indeed, g is a continuous function on a connected set,
and g(&) < g(x). Therefore, all the values of the interval (g(&),g(x)) are attained by g.
In particular, such v exists. This proves the statement of the proposition when Im(P) €
[0,a —a™'] and Re(P) > Re (C,) .

Therefore, it remains to consider the case when (II) holds along with Re(P) €
[0, Re (C.r)) .

If the line Ly, p) intersect et in Sy .+, then we consider the intersection point with the
smallest non-negative real part. In other words, if Ky,...,K; € S, Ne®* N Lin(p) are
distinct with 0 < Re(K;) < --- < Re(K)), then consider Re(K7). We want to show that,
in fact there can be at most one intersection point of Lyy,p) and e“? in St+. That is, if
Re(P) € (Re(K1),Re(Cyr)), then P € R,p; but this follows from a similar argument as
above. Therefore, it only remains to investigate the case when Ly, py does not intersect eb
in S, ;. Let Ky be the intersection point of Lyy,p) and the imaginary axis. Then we have
Re(Ko) = 0, and Re(P) € (Re(Ko),Re(C.r)) C Lim(p). Again, an analogous argument as
above implies that P € R,.

We collect all the results above, and then using the symmetry of R,;, (see property
(B)) we conclude that if P ¢ U, UV, then P € R,p, which completes the proof of the

proposition for a > b. The case a = b follows from a similar argument. O

1.4.2.2. Application of Theorem 1.1.4 to the bounded component. Now we are
ready to apply Theorem 1.1.4 to V,;, and evaluate m,;(Q,). Firstly, we need to investigate
the roots of Q,,(x,b). Since, 0 € V,;, we can choose 1y = 0 in our theorem. In particular,
we need to count the number of roots of xQq(x,b) lying inside the circle |z| = a. By Lemma
1.2.1, we can also assume a > b > 1.

Factoring Qg (z,b) in C[z], we obtain that

$Q0($,b)—$2+<b+%)l‘+1—(l'+b) (:1:—1—%)

Since a > b > 1, both roots of xQq(x, b)) lies inside the circle || = a. Also note that Q% ;(y)
and QF,(y) in (1.3.1) are equal to the constant function 1. Applying Theorem 1.1.4, we
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have, for a > b > 1 and r € V,,
m, ,(9Q,) = 1/;@0 loga = loga,
where the last equality follows from the fact that

1 _ 1 1 _ _
Va,b,O - Za,b,O - Pa,b,O =2-1=1

Other cases, such as b > a > 1, a > 1 > b etc, follow from a combination Lemma 1.2.1 and

a similar arguments as above.

1.5. Generalized Mahler measure of x + % +y+ i +4
In this section, our goal is to provide a proof of Theorem 1.1.6, and evaluate
1 1
Mg p(Q4) = myp(Qu(z,y)) =mey | 2+ o +y+ g +4

for all a,b > 0.
Our method of proof is mostly inspired from the proof of Theorem 12 in [42]. We apply
the change of variables considered by Boyd (see Section 2A in [29]), namely

w
xr+— — and y+— wz,
z
to Q4(z,y), and this yields that
w 1 , , . ,
P(w,z) = Q, <—,wz> =— 14+ w+iz+wz) (1 —iw—iz+wz). (1.5.1)
z wz

Since mg p(S(z,y)T(2,y)) = map(S(z,y)) + mup,(T(z,y)), it is sufficient to evaluate the

Mahler measures of the linear polynomials (1 + iw =+ iz + wz) over T2 ; = {(w, z) € C*xC* :

c=ab =10
a

Afterwards, using the changes of variables, we can evaluate m, ;(Q,4). The changes of variables

|lw| = ¢, |z| = d}, where

wr— —w and zr— —2z
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transform (1 + iw + iz + wz) to (1 —iw — iz + wz) . As these changes of variables preserve

the Mahler measure, we find that

1
map(Qs) = meg(P(w, 2)) =mq (E) +meq(1+iw+iz+wz) +meq (1l —iw—iz +wz)

=—logcd +2m.4 (1 +iw + iz + wz)

=—logb+2m.4 (1 +iw+iz+wz), (1.5.2)

where the last equality follows from the fact that ed = Vab - \/g =b.

Among the terms in (1.5.2), it remains to evaluate

1 1
2 (mea(P) + log ed) = 5 (Mg p(Q4) +logb) = m4(1 + iw + iz + wz).
Note that z(w) = =% is the only root of R(w, z) = 1+ 4w + iz + wz, when considered

as a polynomial in z. Therefore,

1—|—iw>
i+ w
1 dwd 141
:—,/ log|w+i]—w—z+mcd(z+ .—I—zw>
(27)? Jrz w z ’ i+w
1+iw>
i+w /)

meq(R(w,2)) = meqg(w+ 1) + meq (z +

1 L dw
= — log |w+i|— +m.q | 2+
270 Syl =c w

(1.5.3)

To evaluate the first integral, we apply the change of variables w = cw’ and Jensen’s formula

(see (0.1.4)) to obtain

1 d 1 | dw’ loge ife>1,
P 10g|w+i]—w:10gc+—. log w - uj = & (1.5.4)
21 w|=c w 2m | =1 cl w 0 ife<1.
It now suffices to evaluate
14 1 1+iw|dwd
mcd<z+ .—i—zw) :—,/ log |z + .—|—zw awes (1.5.5)
’ i+ w (27)% Jre | i+tw | w z
1 / 1 / 1+w|dz\ dw
= -— — log [z + — — ] —
270 Jijw)=c \ 277 J)2)=a tt+w |z ) w
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to complete the proof. Note that % f|2\=d log ‘z + 1@]:2”

T

dz

z

can be simplified to

g | 222 it [t >
1 | n 1+4w| dz (1.5.6)
—_— O Z _—= J.
21 |z]=d & 14+ w z '
log d if ]11—5 <d
following an application of Jensen’s formula.
Let v~4 and <4 be the two collections of arcs defined by
Voa ={w:|wl = ¢ [z(w)] >d}, v =A{w:|w] = ¢ |2(w)] < d}

Then, applying Jensen’s formula with respect to the variable z, (1.5.5) can be expressed as

( 1+ iw) 1 / 1 / 1+iw|dz\ dw
Meg | 2+ — = — — log |z + — — | —
' 1+ w 270 Jyjw)=e \ 272 J)z)=a ttw |z ) w
1 14wl d 1 d
- .+2w‘ Wy = 10gd®l (1.5.7)
211 Yod 1w | w 211 Y<d w

Since Im (%“”) = dargw, the differential form can be represented in terms of n as

log

1@:2}0’ %U = log |Z(w)|%u = —i (n(w, z(w)) — n(c, z(w))) .

The second term above can be further simplified to

. . . 1+ww
e, 2(w) = nfe, =) — nfe. 1) = nle, i(w)) = (ogc)darg (10 ),
where iz(w) = zlli—’ww = ifﬁ Therefore, once we have determined -, and >4 explicitly, the

integrals in (1.5.7) can be evaluated individually using the properties of 1 and the following

two lemmas.
Lemma 1.5.1. For w, z(w) mentioned above, n(w, z(w)) decomposes as
n(w, z(w)) =n(—iw, 1 +w) —n (iw, 1 —iw).

Lemma 1.5.2 (Lemma 16, [42]). For c € Ryg and 0 € [—m,7), let w = ce and ¢ = 0+ %.
Then

darg(l—'—iw) _ ( 2(c7t —¢)costp
c

I —aw 1 —¢)? +4sin?y
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Using property (0.4.24) of n we can rewrite n(w, z(w)) in Lemma 1.5.1 as
n(w, z(w)) = dD (—iw) — dD (iw), (1.5.8)

where D is the Bloch-Wigner dilogarithm given in (0.4.5).

1+iw

m)) over

The evaluation of the remaining integral involving 7(c, z(w)) (= logc darg (

the integration path -4 follows from the lemma below.

Lemma 1.5.3. Forc € Rug and 0 € [, ), let w = ce®. Let a, 3 € [~m, 7). Then

w(B) 1+iw 2 Cos «v 2 cos 3
darg : = arctan - | — arctan Bk
(@) 1 —w c—c” c—c™

w

where w(a) = ce' and w(f) = ce'®.

We omit the proof of Lemma 1.5.2 since it is an intermediate step in Lemma 16 of [42].
We should also remark that Lemma 1.5.3 is a generalized version of Lemma 16 in [42], which
states the above result for the case @« = —m and = 0. We will see later that the proof of
Lemma 1.5.3 also follows from an argument similar to the proof in [42]. We now provide

the proofs of Lemma 1.5.1 and 1.5.3.

Proof of Lemma 1.5.1. Using properties of n in Lemma 0.4.9, n(w, z(w)) decomposes as

1+iw>
14+ w

=) = (w.
=n(w, 1 +iw) — n(w,i+ w)

= n(—iw, 1 + iw) — n(—i, 1 +iw) — n(iw,i + w) +n(i,i + w)

n(—iw, 1 +iw) — niw, 1 —iw) — n(iw, 1)

= n(—iw, 1 +iw) — n(iw, 1 — iw),

where we applied Remark 0.4.10, which implies that n(¢, f(w)) = 0 = n(f(w),() for any

root of unity ¢ and any function f(w) of w. OJ

Proof of Lemma 1.5.3: We first assume that ¢ € Ry \ {1}, and the case ¢ = 1 follows from

a continuity argument.
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For o, 8 € [—m,7) and w = ce?, Lemma 1.5.2 yields that

w(pB) 1 . B+Z 2 -1 cos 8 e — ¢t
[ (i) [ e e
w(a) L —aw otz (71 —c)" 4 4sin" ¢ cosa (C— )44t

Os &

where ¢ = 0 + I, w(¢) = ce™, and the last equality follows from the change of variables

sin ¢ — t.
Further, the change of variables C_th_l — u gives that
w(B) p I+diw) 22T du B 2 cos a 2cos 8
arg\;— )=~/ 1+u2—arctan p— — arctan 1)
w(a) oot
which proves the lemma. 0

Now we have everything to complete the proof of Theorem 1.1.6.

Proof of Theorem 1.1.6. In order to apply Lemma 1.5.1 and Lemma 1.5.2 to (1.5.7), it is

necessary to explicitly express y<4 and 7s4. Since v~4 and <4 are disjoint, and
{w:|w]=c} =7ra4Urza,
it suffices to understand 4.

Recall that z(w) = —3% Then, |z(w)| > d & ’1;:—1;” >d < |14 iw| > di +w|. Since

+w

both sides of the inequality are non-negative, we can square them and get
11+ iw| > d]i +w| & |1+ iw]* > & i + w|*

& 2(1 +d*) Re(iw) > (d* — 1)(1 + |w]?)

-1 14+
> . ,
1+ d? 2¢

& Re(ie™)

where the last inequality follows from the fact that w = ce® for § € [—7, 7). In other words,

the condition |z(w)| > d is equivalent to the condition

» 1-d? 1 2
—1S —Refie”) = sinf < - (1.5.9)
with 6 € [—m, 7). We recall that
1—d*> 1+¢2
Acd = : e
’ 1+d?> 2c

As |sin | < 1, there are three cases to consider.
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Case 1: If A.; < —1,then 1oy =9 and v<4={w:|w|=c}.
Case 2: If A.; > 1, then oy ={w:|w|=c¢} and ~<4=2.

Case 3: If |A.q4| < 1, then, for w = ce® with 0 € [—m,7),

Yoa ={w: |w|=¢,—1<sinfh < A4} and 7«4 = {w : jw| = ¢, Acqg <sinf < 1}.

Now we have everything needed to evaluate (1.5.7), namely

< 1+iw) 1 /
Meg | 2+ — = — lo
’ T+ w 211 o

Case 1: Since 7-4 = &, the integrals in (1.5.7) can be evaluated individually to obtain

1+ iw| dw 1 dw
: — 4+ — log d—.
tt+w | w 211 ved W

1

21 e

d
: =0, and — logd— = — log d—w = logd.
14w 2 w

w T oy w 270 J ) =c

1—|—iw‘dw 1 dw 1
d

Therefore, in this case we have

1+ 2w
m, g (z + Tw > = log d. (1.5.10)

Case 2: Since 7«4 = &, the second integral in (1.5.7) contributes nothing. However the

first integral can be decomposed into simpler integrals, i.e.

1 I+w|dw 1 1+ ww| dw
2mi Jo, litw | w2 Jiyee  |itw | w
1 d 1 d
= — log]1+iw|—w——, log|i—|—w|—w = 0.
270 J y|=c w27 Jjp)=c w
Therefore, when v-4 = {|w| = ¢} (and y<4 = @), then
L4
M. (2 + ,Hw) — 0. (1.5.11)
1+ w
Case 3: Since
|-/4c,d| < 1,
we have two sub-cases to consider.
3A: When
-1 < A.q <0,
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then arcsin (A.4) € [—m,0). For simplicity, we denote 7 = arcsin (A.4) such that 7 €

(=%,0) . Note that sin7 = sin(—m — 7). Then the boundary values of -4 are
Mg = {w(=1 — 1), w(r)} = {ce’ ™) e} = {—ce™, e},

where w(f) = ce?. The integration path y<4 is then the union of the arcs joining w(—m) and

w(—m — 7), and joining w(7) and w(7). Therefore
<a = {w(=m), w(=m — 1), w(r), w(m)}

are the boundary values of y<4. All the paths are assumed to be traversed counter-clockwise.
Now, we have all the tools to calculate (1.5.7) in this case. Combining Lemma 1.5.1 and

(1.5.8) with the above discussion we obtain

1+ 2w 1 1+ iw| dw 1 dw
Meg | 2+ — =— log |- —+ — log d—
’ 7+ w 271 Yo T+w | w 271 ~ed w
1 1 1 dw
= ) + / n(e, 2(w)) + —— / log 44"
2 Yo 2T Yod 21 Yed w
1
=— — (dD(—iw) — dD(iw))
2 V>d
log ¢ w(r) (1 —i—iw) logd( —T—T 71')
d df, (1.5.12
+ 21 /7;](_71._7_) ars 1—w + 2w /;ﬂ. +[_ ’ ( )

where the simplification of the last integral follows from the above discussion regarding 0vy<4
and substituting w with w(f) = ce®. The first integral in (1.5.12) can be evaluated using

Stokes’ theorem as

% (dD(~iw) — dD(iw)) :% [D(—iw) = D(iw)ly,,,
1 _ N
— = [D(=iw) = D)y,
- _ % (D(ice™) + D(ice'™)) , (1.5.13)

where the last equality follows from the property (0.4.4) of the Bloch-Wigner dilogarithm.
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Substituting &« = —7 — 7 and § = 7 in the statement of Lemma 1.5.3, we evaluate the

second integral in (1.5.12):

1 w(m) 1+ 1 2
8¢ darg ( i zw) — %8 rctan < ST ) : (1.5.14)
27 Juw(—ner) 1 —w ™ c—c!
The remaining integral’s contribution is
logd logd —2
og </ /)dﬁ— °8 [— 7T—T—|—7T—|—7T—T]:7T2 7—logd. (1.5.15)
T
Then (1.5.13), (1.5.14) and (1.5.15) together yield that
14w 1 C r Cir 2cosT ™
Mg <z + T > = D(ice™") + D(ice') — (log ¢) arctan (c — c—l) + <§ — 7'> log d} :

3B: It remains to evaluate the case when
0<Acg <1

This condition is equivalent to
arcsin (A.q4) € (0, ).
Again, for simplicity, we denote x = arcsin (A.4) such that k € (0,%). Since sink =

sin(m — k) and sinm = 0, the boundary values in this case are

a’7>d = {w(_ﬂ-%w(’%)’w(ﬂ- - H)v w(ﬂ-)}7

and
Ov<a = {w(k), w(r — K)}.

The arcs are considered to be oriented in a counter-clockwise direction. From a similar

argument as before, we deduce that

1+ 1 i iy 2coskK T
o ) == [D(zce ) + D(ice™) — (log ¢) arctan <—) + (— Fé) logd} .

c—c! 2

me g (Z + -

We combine the results obtained in 3A and 3B to obtain
1—|—z’w) 1 [ o y <2czosu> 7r }
— 2 | Dlice™™) + D(ice™) — (1 " (—— )1 dl .
T w (ice™™) + D(ice™) — (log c) arctan p— + 5 — 1) log
(1.5.16)

where p = arcsin (A.q4) € (—%, g) This concludes the evaluation of m, 4 (z + ”““) for the

mc,d (Z + -

different cases.
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Recall that R(w, z) = 1 +iw + iz + wz. In order to evaluate m, 4(R(w, 2)), it suffices to

collect the equalities in (1.5.4), (1.5.10), (1.5.11) and (1.5.16). We deduce

(
max{log d, 0} if |Acql > 1,
qu(R(w, Z)) = max{log Gy 0} + . .
L [D(ice™™*) + D(ice')
\ —(log ¢) arctan <M> + (5 — ) log d} if [Acal <1,

c—c—1

where p = arcsin (Acq) € (=%, %) . Notice that meq(R(w,2)) = 3 (mqp(Qa) + logd) , where

a =5 and b = cd. This implies that when | A4 > 1, we have
m, »(Q4) = max{log ¢, —log ¢} + max{log d, — log d}. (1.5.17)
On the other hand, when | A, 4| < 1,

2 ‘ .
m,(Q4) =max{logc, —logc} —logd + = [D(ice™) + D(ice™)]
7T

21 2 2
— Ogcarctan( cosul) + (1 — _u) log d
T c—c” T

2 4 .
== [D(ice™™) + D(ice™) — plogd]
m

{ {7T 2loge 210gc} 2log c <2005u>]
+ |max = - ,—— - — arctan
2 T 2 7 T c—c !

. | 2] e
== [D(ice™™) + D(ice™) — plogd] + 9B € arctan (C ¢ ) ,
T 2cos i

3

where p = arcsin (A.q) € (—%, %) , and the simplification of the last term follows from the
fact that

if >0, m/2—arctan(zr) = arctan ('),
and

if x <0, —m/2— arctan(z) = arctan (z7") .
Therefore, (1.5.17) along with the above discussion implies that

llog c| + |log d| if |A.q > 1,

ma,b<Q4) -

2 [D(ice*i“) + D(ice™) — plog d + (log ¢) arctan <;;g;;)} if |A.ql <1,
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where p = arcsin (A.q4) € (—g, %) , which completes the proof of Theorem 1.1.6. O

1.6. Conclusion

There are several directions for further exploration. The most immediate question one
can ask is, for any two variable Laurent polynomial @, (z,y), how to evaluate m, ,(@,) when
r € Rqp. A primary observation in this case is that the integration path is not necessarily
closed (and in most cases it is not). This turns out to be a challenging problem since the
integration path in this case cannot be easily identified as a cycle in the homology group.
We face a similar obstacle while evaluating the Mahler measure of @Q),.(x,y) on the bounded
connected components when the number of roots of @,(a,y) (counting multiplicity) (or
Q,(z,b)) inside T} (or T}!) is strictly less than the degree of the polynomials. In this situation
it is frequently required to integrate the algebraic functions coming from the factorisation of
Q. (z,y) (when considered as a polynomial in either x or y), on paths which are not closed.
These similar challenges also extend to the n-variable cases when n > 3.

A different direction would be to consider the family of rational polynomials
P(zy,...,x,)
Q(xy,...,xy,)
Our method of proof for Theorems 1.1.2 and 1.1.4 extends to this type of rational polynomials

Pi(z1,...,2,) =k — € C(xy,...,xy,), for k € C.

when Q(z1,...,,) is a monomial, which essentially recovers Theorems 1.1.1 and 1.1.3.
The expression of Vg’k in (1.2.16) appears in the work of Forsberg, Passare, and Tsikh
[63], where it is denoted as the order of an element in the complement of the Amoeba
associated to the respected polynomial. Our theorems also re-establish certain properties of
the Ronkin function associated to amoebas mentioned in [53]|. Therefore, it would be also
natural to explore the generalized Mahler measure in terms of the Ronkin function associated

to amoebas in more depth.
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Chapter 2

Evaluations of the areal Mahler measure of

multivariable polynomials

In this chapter, we derive some nontrivial evaluations of the areal Mahler measure of
multivariable polynomials, defined by Pritsker [99] (see Definition 0.6.1). As in the case of
the classical Mahler measure, we find examples yielding special values of L-functions. This

is a joint work with Lalin, and was published in [84].

2.1. A brief description of the results

In [99], Pritsker provided some evaluations of areal Mahler measure in the multivariable

cases, namely mp(z +y) = —% and mp(1 + 2}" - - 25) = 0 for ki,... ks > 0. We continue
his study in the following sections by providing explicit formulas of the areal Mahler measure
of some nontrivial multivariable polynomials and rational functions, most of which involve
special values of L-functions and other special functions. In particular, we prove the following

result.

Theorem 2.1.1 (see Theorem 0.6.4). We have
3v3 1 11V3

mp(l+z+y) =" —Llx-s2) +5—

(2.1.1)

Comparing this formula with (0.1.7), we see that mp(1 + 2 4+ y) < m(l + =z + y), as

1 113
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We further investigate the polynomials ax 4 by + ¢, since such a formula does exist in the
classical case due to Cassaigne and Maillot (see (0.5.1)). Due to some technical difficulties
in obtaining such a formula for the areal Mahler measure in full generality, we restrict
ourselves to a = 1 = b and ¢ = /2. In Chapter 5, we overcome a few such difficulties with
different techniques and obtain hypergeometric expressions for the areal Mahler measure

when a =1=0band c € C.
Theorem 2.1.2 (see Theorem 0.6.5). We have

53

L(x-4.,2
mp (V2+ 7 +y) :@ﬂtcwfr (2.1.2)

ool
[\

where

3\2 1)2
U (118010 5,) PO
I

is expressed in terms of generalized hypergeometric functions, as defined in (0.2.1).

As suggested in Remark 0.6.6, the calculation showing C 5 = 1%%2 is included in Chapter
5, where we consider the family {x + y + k : k € C}. Although our proof of Theorem 0.6.25
in Chapter 5 holds for general k, we include our proof of Theorem 2.1.2 from [84] in this
chapter because we believe it contains a different essence and methodology to achieve the
result.

We also prove the following statement involving a rational function.

Theorem 2.1.3 (see Theorem 0.6.7). We have

1—x)> 6 1 1
= —L(v_4.2)—log2 — — — —. 2.1.
mD<y+(Hx - (X-4,2) —log 5 - (2.1.3)

We further adapt variations of the classical Mahler measure, such as generalized (maxi-
mal) Mahler measures, multiple and higher Mahler measures |72], and zeta Mahler measures
[3], to the areal setting (see Sections 0.6.2.2 and 0.6.18). We evaluate the higher areal Mahler

1—x
of measure e
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Theorem 2.1.4 (see Theorem 0.6.19). For h € Z~( even, we have,

_ R =27 (]
- <1 x) :Eh(m) _ BEpa(mi)"2h(h —1) log 2

142 2h 2h—2
4! & By (mi)h—m=1
—— ) (12" .

m=2
where E,, denote the nth Euler number defined in (0.4.20) respectively, and the first sum for

h = 2 should be interpreted as equal to zero.

For h odd, we have
1—=x
= 0.
tD.A (1 + x)

We further compute the areal zeta Mahler measure of x + 1.

Theorem 2.1.5 (See Theorem 0.6.22). We have

Zp(s,x +1) = exp (Z <_j1)j (1—2""9) (@) — 1)sj> : (2.1.4)

The techniques for proving formulas for the areal Mahler measure and its variants are not
unlike the techniques employed in the classical Mahler measure case and include inventive
changes of variables in integrals, as well as connections to polylogarithms and other special
functions such as generalized hypergeometric series, and their properties.

Chapter 2 is structured as follows. In Section 2.2 we present the areal Mahler measure
of 4+ y and more generally xy---x,, + y1---y, as a prelude to more involved arguments
that follow in subsequent sections. We prove the main areal Mahler measure formulas given
by Theorems 2.1.1, 2.1.2, and 2.1.3 in Section 2.3. Finally, in Section 2.4 we recall the
areal analogue of the generalized, multiple, and higher Mahler measure and the zeta Mahler
measure, and give examples of evaluations in each of these cases, including the derivations

of Theorems 2.1.4 and 2.1.5.
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2.2. A basic result

The simplest possibly non-trivial polynomial that we can consider in this context is a
linear polynomial in one variable. Equation (0.6.1) gives us
log® la| |a| > 1,
mp(r — o) = i (2.2.1)
5= el <1
Given the above formula, it is natural to pose the question about the areal Mahler measure

of z 4+ y. The following result is due to Pritsker, but we reprove it here for completeness.

Proposition 2.2.1. (99, Example 5.2] We have

1

Proof. We first consider the integral over the variable y by exploiting formula (2.2.1). This

gives

mp(z +y) = 73 / log |z + y|dA(y)dA(z) = % /]D(|:z:|2 — 1)dA(x).

Parametrizing x = pew with 0 < p <1 and —7 < 6 < 7, the above integral becomes

p(r+y) = /_ﬂ/ P—lﬂdpde—/(p—l)pdp—(z—5>

! 1

0_ 4

U

We remark that Proposition 2.2.1 exhibits a point of difference between the classical case
m and the areal case mp. Indeed, it is known that the classical Mahler measure of an
homogeneous polynomial is the same as the Mahler measure of any dehomogenization, and
in particular, m(x+y) = m(z+1) = 0. However, equation (2.2.1) shows that mp(z+1) =0,
while Proposition 2.2.1 gives mp(z + y) = —

1
1
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This discrepancy is even more general. Indeed, while m(xy -2, + 41+ -y,) = 0, the
areal Mahler measure mp(zy -+ -z, + y1 - - - yp) 1S & rational number depending on m and n

as shown in the following result.

Theorem 2.2.2. We have for m > 1,

1
For mn > 2,
n—1 m
1 m+n—1-—r m4n—1-r
m]D)(xlajm_l_ylyTL) = _2m+n+1 [m ( m ) Z( )2 ] ‘
r=0 =0

Before proving Theorem 2.2.2, we need an auxiliary result.

Lemma 2.2.3. For a,b € Z>,,

a b
a+b—r a+b—r
E 27‘ E 2r:2a+b+1.

r=0 r=0

Proof. A version of Chu-Vandermonde identity states that, for m,n,r € Z>( such that m +

r—m o 1
S VY= ) (2.2.2)
—\m n m+n+1
(See for example Equation (25) in |69, 1.2.6].)
Since 2" = > ( ), we obtain

p=0
( : > T ( ) 71 (2>
r=0 r=0 =0
jg: (: ) ( )
p—O r=p p l

—fa+b+1
N “\b+p+1

p=

n < r, we have

S

where the last equality follows from (2.2.2). Similarly,
b b b
a+b—r a+b+1 a+b+1
E 2" = E = 5 .
r=0 < > q= <a+q+1> q=0 < b_q >
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Therefore, we have

a b a b
Z at+b—r a+b—r Z a+b+1 Z a+b+1
2T 27‘:
( b ) +r:0< a > p=0 (b+p+1> + < b_q )

r=0 q=0
B “iﬂ <a +b+ 1)
B m
m=0
:2a+b+1
where the penultimate inequality follows from rearranging the terms. 0

Proof of Theorem 2.2.2. Without loss of generality we can assume that m > 2andn > 1. By

symmetry, this only excludes the case m = n = 1, which was already treated in Proposition

2.2.1. By equation (2.2.1) applied to mp(z) = —3, we have mp(z -+ zm1) = =25+, By

multiplicity, we get

A e
L1 Ty—1 2

Applying the definition of the areal Mahler measure and integrating respect to z,, by means

of (2.2.1), we obtain

m — 1
mp(T1 T+ Y10 Yn) £ —5—

2
1
= 1
7Tm+n /Dm+n Og

yl .. yn
xl . e xm_l
T (
“oqmin—1
2T D=t fyr -y |<lwr--zm-1[}
1

7Tm+n—1

T+ dA(z1) ... dA(2)dA(y) ... dA(y,)

Y1 Yn
X1 Tm—1

— 1) dA(xy) ... dA(xpm_1)dA(y1) . .. dA(yn)

Y1 Un
a’:l-..xm_l

log dA(z1) ... dA(xy—1)dA(y1) ... dA(yn)-

/DmJ’”_lﬂ{yl"'yn|>x1"'lm—1|}

We now consider the change of variables to polar coordinates z; = p;e'% and y;, = ope'™,
forj=1,....m—1and k=1,...,n, where 0 < 0;, 7, <2, and 0 < p;, 0, < 1. Since the

functions under consideration are independent of ;, 75, we can directly integrate respect to

116



those variables. We have

—1
mp (21 T+ Y1 Yn) 5

2m+n 1 o, 2
/ / / ((%) — 1) P1e Pm-101" - 0pdpy ... dpym_1doy ... doy,
o1 0n<p1-Pm—1 17" Pm—1

+ gmin—t / - / / log (u) P1 " Pm-101- - 0pdpy ...dpym_1doy .. .doy,
0 0 o1 0n>P1 Pm—1 P1° " Pm—1

We further consider the change of variables a; = py---p;, and B, = o1---0y for j =
1,...,m—1and k =1,...,n. This transformation leads to
m—1

mp(T1 T+ Y10 Yn) + —5—

2
m+n—2 52 dal s dam—l dﬁl s dﬂn
=2 0<am-_1<--<ar<1\ —  — am—lﬂn
0<Bn<<p1<1 m—1 - Qpen B Baa
Bngam—l
_ dozl...doz _1d51...dﬂ
+ 2m+n ! ﬁ<am_1<~-<a1<l(log ﬁn - log am—1>am—16n = = .
0<Bn<--<p1<1 Q- Qm—2 61 e ﬂn—l
ﬂnzamfl
Integrating respect to aq,...,a,, o as well as 51, ..., 5,_1 leads to

5 1>m—2 (_1)71—1
2m+n—2 / ( ﬁn — Oy n) _( —10 m—2 oy AV PN n—1 nda/m_ d :
N e et L O

(-1

Lo ()
+2/ log 8, — 1o0g tyy—1) -1 50 m=2 -
0<am 1<ﬁn<1( & & 1) ! (m —2)!

Qm—1 (TL _ 1)' logn_l ﬂndamfldﬁn

log

(_1)m+n712m+n72 3

p -
TR (5 —08) 0w aton ™ s

(~1)yrenigmen)
(m —2)l(n—1)!

The above integral can be decomposed into a sum of similar terms, which can be evaluated

_I_

/ (log 8 — log a)aBlog™ % alog™ ! Bdadp.
0<a<p<1

from the following general formula (see formula 2.722 in [58]):

k
, , -l (K

27 logh xdx = 2911 E <—T( > log" "z + C. (2.2.3)
/ — (j+ 1)\ r

Formula (2.2.3) allows us to compute

(—1)**albl <~ (a+b—r
! ! = o2at2013 2" 2.2.4
/og,egaq afBlog” alog’ B 5243543 Z . ( )

r=0
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We also have

/ i log™ 2 alog" ! Bdadf = — ——— / B2 log™ ™2 3dB
0

<B<a<1 &
B (—1)m+n*1(m +n—2)!
o (m _ 1)4m+n—1

(2.2.5)

Combining (2.2.4), (2.2.5), as well as Lemma 2.2.3, we obtain

mp(21 - T+ Y1 Yn)

B m—l+ m+n—2\ 1 1 <~ (m+n—3—r o
- 2 m—1 )omtn  omin—1 m—2

=0
1

m—2 —
n m+n—2—-r\, m-—1 m+n—2-r\_,
- Qam+n Z( n )2 + oam+n ( )2

-1
r=0 r=0 n

(m+n=2) 1 m+n—3 "\ or
- m—1 gm+n 2m+n1

m—2 n—1
n m+n—2-—r m—1 m+n—2—r
— 2" — 2", 2.2.6
2m+n Z( n ) 2m+n ;( m — 1 ) ( )

r=0

<

3

Specializing the above for n = 1 and m > 1, we obtain

1
om+1 o 5

mp(2y - Ty +Y) =

Moreover, by comparing with Proposition 2.2.1, this formula is also true for m = 1.
When n > 1, expression (2.2.6) can be made symmetric by exchanging m and n and

taking the average. Applying Lemma 2.2.3 again (2.2.4), this gives the expression in the

case where both m,n > 1:

1 m+n—2 1
mm(xl---xm+y1---yn)=;l+ o
n—1
m—irn— - m+n—3—r
2" 2"
S ()
n—1 m—1
1 m+n—1-r\_, m+n—1—-r\_,
© 9mtn+l [mz< m )2 Tn ( n )2]




Furthermore,

n—1 m—1
1 m+n— - m+n—3—r
— 2" 2"
2m+n 71:0( >+rz:( n—2 )]
n—1 m ]
1 m+n—3 m+n-—3 m+n—3—r m+n—3—r
= — 2" 2"
W( )*( () *Z( )
n—1 T
1 m-+n— 3 m+n—3 m+n—3—r m+n—3—r
= — 2" 2"
1 m-—+n—2 m+n— , m+n—4—r"\,_,
[ R e
B m+n—2\ 1 1 a3+l m+n—2\ 1 1
N m—1 Jomtn  omin m—1 Jom+tn g’

where 7 = r — 1 and the penultimate equality follows from Lemma 2.2.3. Therefore, we

have, for m,n > 1,

n—1

m—1

mD(xl ..

Tty

1
yn) = -

>

>

2m+n+1

[m

r=0

m+n—1-—r
m

>2T—|—n

r=0

(

2.3. Evaluations of the areal Mahler measure

m+n—1-—

n

O

In this section we consider evaluations of the areal Mahler measures of some particular

polynomials and rational functions.

2.3.1. The areal Mahler measure of 1 + = + vy

We now consider Smyth’s polynomial 1 4+ x + y and prove Theorem 2.1.1.

Proof of Theorem 2.1.1. By definition and application of (2.2.1), we have that

mp (1 + z + y)

1

“or

1
T D2

DA{|14x|<1}

x + yldA(y)dA(x)

(|1 + 2> = 1)dA(x) + %/D
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N{|14+z|>1}

log |1 + z|dA(x).

(2.3.1)




We treat the first integral above. Write z = pe?® with 0 < p < 1 and —7 < 6 < 7. We have
that |1 +x[? = |1+ pe®?|? = p? + 2pcosf+ 1, and |1 + x| < 1 if and only if 0 < p < —2cosd
(provided that cosf < 0). Therefore, when %’r < 10| < m, we need to integrate in 0 < p < 1,

while for § < |] < 2?”, we need to integrate in 0 < p < —2cos 6. Separating these two cases,

we obtain,

1 / 9
— 1+ 2z —1)dA(x
27 Dm{|1+x\g1}(| | ) ( )

T 1 1 2m —2cosf
= / / (0”4 2pcos 0) pdpdf + — / ’ / (p* + 2p cos ) pdpdd
T J2 0 T % 0

2m

112 1[5/ 4 4>
_wﬁw <4+30080>al9—|—7T[2r ( 3cos@ de. (2.3.2)

Notice that

T 27 V3
Ar cos sin 3 5

3

N

27

N cos(20) N 1+ cos(49)> 5 = /3 (3 N cos(26) N cos(49)> "

N H 2 5 2
/ cos? 0df :/ (H—#S(%» do :/ (% . COS;QQ) N cos4(20)) "

1
4 2 8
2 2

2 8

1 47T> 1 . (87r>_ T 7V3
= + sm( + Sin 3 _16 61

1 1 1
- [ 3‘/5. (2.3.3)
12 3r 12 163« 167

We now consider the second integral in (2.3.1). We make the change of variables y = 1+x
and set y = pe? with 1 < p and —7 < 6 < 7. We have that |y — 1|2 = |pe? — 1|? =
p* —2pcosf + 1, and |y — 1] < 1 if and only if 0 < p < 2cosf (provided that 2cosf > 0).

Putting these conditions together, we integrate when 0 < |0| < 3 and 1 < p < 2cosf. This
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leads to

1 ) 2 cos 6 2 z 1 2\ [2cosf
—/ log |1 + z|dA(x :—/ / (log p) pdpdf = /3 = <p2 log p — p_) do
T JDn{|1+42>1} T Jo TJo 2 2/
1
:—/ <4cos 01og(2cos ) — 2cos* O + )d@
T Jo 2
(2.3.4)
Note that
5 5 <1+cos(29)> T 1. (27r> T V3
_ I D (R I 2.3,
/0 cos” 0db /0 5 df 5 T sinl 3 T3 (2.3.5)

It remains to compute the integral of cos®#log(2cosf). We start by making the change of

variables 7 = 7 — 0 and use (0.4.6) to obtain

/3 cos® 0 1og(2 cos 0)do —/2 sin® 7 log(2 sin 7)d7
0 5

s s

= —lsinzTD( 2”) 2 +
2

. sin(2
/ sin(27) Z sin nT)dT
n=1

sin(¢ Z sin(n (2.3.6)

2sinTcostD (€2iT) dr

—

N —

z7r/3 +

N —

z7r/3

where we have set ¢t = 27.

Note that
/ sin?(t)dt = — + ﬁ, (2.3.7)
x 3 8
and, for n # 1,
s 1 s
/ sin(f) sin nf)dt = / (cos((n — 1)¢) — cos((n + 1)t)) dt

1 (sin((n —1)t)  sin((n + l)t)) i
2 n—1 n+1

1 ei(n—l)w/i’) _ 6—i(n—1)7r/3 ei(n+1)77/3 _ e—z’(n+1)7r/3
T2 2(n — 1) a 2(n + 1)

jus
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Incorporating the sum for n > 2 gives

1
2

2(n — 1)i a 2(n 4 1)i n?

z(n )r/3 _ e i(n—l)w/3( 1 1 1>

ez(n+1)w/3 _ e—i(n+1)m/3 ( 1 1 1 )
% n?2 n n+1

o0 <ei(n—1)7r/3 — e—iln=1)7/3 ein+1)m/3 _ e—i(n+1)7r/3) 1
n=2 )

1 1 ; . i i —aT : i
= — 5 Im(Lig (/%)) + o Im (&7 (Lia (/%) — /%) 4¢3 (Lig(e"/%) —
+ 5 Im (em/?) (LiZ(em/?)) o em/3> . 6171'/3 (Lll(em/:S) . 6171-/3))
1 . . i27/3
Tplm (Lil<e’“/3> — e - T)
1 - : 3v/3
=—Im (—\/giLil(e”/?’) 4 Li2(em/3)) _ _\/_
2 8
1 ; 3V3
:_D(em/3) . _\/_
2 8

By combining this with (2.3.7), and incorporating it in (2.3.6), we obtain

x 1 A 5
/03 cos® 0log(2 cos 0)df = ZD(e”B) + % — \1/_6—

Applying this, as well as (2.3.5) and (0.4.7), we obtain that (2.3.4) equals

3v3 1 V3
—L(X 3,2) + 6 90

Combining the above with (2.3.3) yields the desired result.

2.3.2. The areal Mahler measure of V2 +z +y

We proceed to consider the polynomial v/2 4+ z + y and prove Theorem 2.1.2.
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Proof of Theorem 2.1.2. By definition, we have

mp (V2 + x4 y) :% /2 log | V2 + z + y|dA(y)dA(x)
log |[V2 + z|dA(x).

(2.3.8)

1 1
=— (\\/5—1— o> — 1)dA(z) + —/
2T Jpn{va+el<1) T Jon{|vatel>1}

We treat the first integral above. Write x = peie with 0 < p <1and 0 <6 < 27. We have
that |v2+ x> = [V2+ pe|> = p? +2v/2pcos 0 +2, and |[v/2+z| < 1 if and only if sin® § < 3

and max{0, —v/2cosf — /1 — 2sin? 0} < p < min{1, —v/2cosf + /1 — 2sin? f}. Since
1
‘\/5(:080) > )\/1 —281112(9‘, and cosf € [—1,—%> when |7 — 6| < %,

we need to integrate the first integral in |7 — 0] < 7 and —vV/2cos6 — /1 —2sin’6 < p <1

Thus, we have

1
— (V2 + z|* = 1)dA(z)
2T Jpn{lvatel<1}

(p* + 2V2p cos 0 + 1) pdpdh

51

1 /4 /1 1/

2 37" —v/2cos—+/1—2sin? 0
51

1 1

8 2V2 2v/2
= — —cos*f —2cos? 0 + V2 cosf +1+ —\/_ cosO(1 —2sin?0)*? | do.  (2.3.9)
2m an 3 3 3

We remark that

16

3V 2r
16

T 1
/ cosB(1 — 2sin? 0)3/2df = — <3\/§ arcsin(\/ﬁsin 9) + 2(2sin 6 + sin(360)) cos(29)) ‘

™

4

By proceeding as in the evaluation of (2.3.2), we have that (2.3.9) becomes

1 1 +\/§(_3\/§7r):1 1

16 8 or

4 27 ' 31 8 o7

For the second integral in (2.3.8), we write y = v2 4+ 2 and y = pe? with 1 < p. We
have |y — V2| = |pe? — V/2|? = p* — 2v/2pcosf + 2 and |y — V2| < 1iff =2 <0 < T and
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1<p< V2cosf + /1 —2sin6. Therefore,

1

m /Dm{|f+x|>1}
20059+ 1—2sin?
/ / (log p)pdpdd

9 1 V2 cosf+4/1—2sin? 0
2 e, _)
7T/0 2 (p ®rT9)l,

do
:l/ << 2cosf 4+ /1 — 2sin? )log( 2cosf + /1 — 2sin? )
0

™

<\/§c059~|— V1 —2511129)2 1
2

+§ do

log [V/2 + z|dz

INE

:%4_1/2( 2cosf + /1 — 2sin? )log( 2cos 6 + /1 — 2sin? )
0

m
_ % ! (\/§C059+ V1 —251n29)2d6.
0

(2.3.10)

Substituting = = V2cos0 4+ /1 — 2sin? 0, we have 7! = V2cosf — /1 — 2sin? 0, and

1
T —
df = — dx.
.73\/4 (x — 2z~ 1)2

This gives
V2+1

ISE

b logx

/ (\/_0089+\/1—251n ) log(\/_COSQ—i—\/l—Qsm )d@— \:z;/(;c 7
1 (x — 2~
(2.3. 11)
and
T 9 V2+1 |
/ (VZeos+ /1 2sin®6) df = x<x ’ ) dx. (2.3.12)
0 1 Vi—(x—a~
Applying integration by parts to (2.3.11) gives
VAL (g — _1)logx
x
1 V4= (z—z71)?
u(u —u~ ) u(u —u~ ) Vet
loga:/ du - / / du dx (2.3.13)
\/ (u—wu~ \/4 (u—u~ 1
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We now apply the change of variables z = u — u~! and find that

u(u _ u—l) P Z (Z + V22 + 4)2
Vi—(u—ut? 4) Va2 /iy2

4 2
\/16—z4+ \/16—24jL V4 — 22

< V16 — 24 + 2arcsin ( ) — 24— 2% + darcsin <2>>
(2.3.14)

zdz 22dz )

where the domain under consideration for z is 0 < z < 2. Therefore, the first integral in

(2.3.13) evaluates to

2
1 V22 +4 2
1 log (%) (—\/ 16 — 24 + 2 arcsin (%) — zV4 — 22 + 4arcsin (%))

0

:%1og(\/§+ 1).

Equation (2.3.14) also allows us to evaluate the integral in (2.3.12) as

/4 (\/§c0s9+\/1—2sin29> d9—1+3—7r
0

4

Using the same changes of variables (namely u +— v —u™! and z — x — 27! = 2), the

second integral in (2.3.13) can be written as

/f+11</ v u;i;) 2du>d:c

1 dz
V16 — 24 + 2 ( ) —2V4— 22+ 4 )
4 /0 ( 6 — z* + 2 arcsin 1 z 22 + 4 arcsin ( > T

1 /2 1 /4 — 2 1 /2 arcsm 2 arcsin i
:——/ V4 —22dz — - 2 : —|—— dz—i— (2
4 4 /o \/4+z2 0 \/4+Z2 0

2
{\/ 16 — 24 + 4 arcsin (z_)}
0

:——{ 2V 4 — 22 4+ 2 arcsin (;)]
_'__
2 Jo V4+ 22
. 2
1 2 arcsin | =- 2 aresin (2
L Adﬁ/ ancsin (3)
0 0

1
2 2

; 22 .
1 2 arcsin (z) s+ /2 arcsi (
0

)



Thus, to evaluate (2.3.10), it only remains to evaluate the last two integrals above. The

change of variable v = z/2 yields

.2
2 arcsin (2) L /1 arcsin v 0 2 arcsin (T) ds — ' Mdv. (2.3.15)
0o VAt2? R 0 Vit

The first integral in (2.3.15) equals

/ arcsin v do — [arcsinv / v dw B / 1 ( / Y dw ) dvr
) Vit Vite Jvice\) vize) ",
1log (v+\/1+v2>

1
= arcsin v log (v +V1+ v2>‘ — / dv.
0 Jo V1—1?

We will use

dv = Catalan’s constant = D(i),

/1 log (v + m>
0 V1—?
which is equation (26) in [33], after a suitable change of variables. We have that the first
integral in (2.3.15) is

1 .
arcsin v 1 T
dv = arcsinv1 VI+0?)| = D) = Z1og(vV2+1) - D(i).
/0 0 v = arcsinv log (v+ +v ) . (7) 5 og(\/_—i— ) (1)

In order to compute the second integral in (2.3.15), we make the change of variables

u = v? and notice that

1 : 2 1 1 : 1 : h
arcsin(v?) o — / arcsin(u) du — arcsin(u) arcsinh(y/a) arcsinh(/u) du
0

(1l +u) o™ o V1—u?

T ! arcsinh(y/u)
“Tog (V2 1) — [ EERRVY 4,
“log (V1) [ EEAYD,,

—_— v =
o V1+0v? 2

We recall that

arcsmh :Z (2 112 ( j).
] J

J=

(See formula 4.6.31 in [1].) Thus, we have to compute

/ arcsinh(y/u N 17 (25 / Loits
arestb (V) ), 5~ (21 2
0 \/l—u2 g=04]2j+ J 0o V1—u?
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The change of variables v = u? allows us to express the previous integral in terms of the

beta function. (See formulas 6.2.1 and 6.2.2 in [1].) This gives

1 [ty
——du = — v
/0\/1—U2 2/0

where the last equality follows from the Lagrange’s duplication formula for the Gamma

function (Equation 6.1.18 in [1])

['(2)0 (z + %) =272/ (2z), (2.3.16)

and the identity I' (3) = /7.

Therefore, we have

! arcsinh(y/u) " = (—1) 27\ T (%)2
o VIw " _ZW (29+1)(J> L (27)

2

Using (2.3.16) again, we obtain

r <2j +3) _ 27271 /7 (25 +2) _ 2N (25 + 1)

2 T(j+ 1) 7!
Since
() [ERI R AT o
FOlem e arg e

this finally gives

22€+*

taresinh(vu) 1 F(4£+3> __i 226+3 F(4£+5>2
o V1—u? 7r_ (40 + 1)%(20)! 4 \/_ (404 3)2(2¢+ 1)! 4

(_)Z Hk04k 1)2

1
Z
22+5 (40 + 1)2(20)) f
T

Mg

i Hk o4k + 1)
T 223 (40 + 3)2(2¢

\I‘i‘




The last equality follows from comparing the sums with the corresponding expressions

for 4[5 as follows

MOy (1133,100,) X0 @1
) ) Y Y ) ) ) 2
Var AR aT) e e)@@/'

I
N | M
w/\
ule
¥l —
no
M8

(4
£=022 4€+ QE'H b=

()" o~ o4k — 1)
sz (40 4 1)2(20)

p1

3 ““lu

and similarly,

)’

(3322377 )T %i [Tio(th+ 1)
362 4444244 e 220+5 (40 + 3)2(20 + 1)!

Therefore we have

VL gz — 27V logx T 1 , F(%)2 1133155
:___+D(Z)+ 483\ 7 Ty Ty e 0 4
L i @_a 22 Vor P\ Ty
r(4)? (3355_377'1>
Ve T\ 2

This concludes the evaluation of (2.3.11), and therefore of (2.3.10). Combining with (0.4.8),
this concludes the proof. O

2.3.3. The areal Mahler measure of y + (;—i)

In this section, we consider the rational function y + (L‘r—i

Theorem 2.1.3.

). More precisely, we prove

Proof of Theorem 2.1.3. As in previous cases, we have, by definition,
oo (5) -5 L
= 0
p\Y 1+z 72 Jps &

1 ‘1 T
2 Jonfj szl T+

Y+ G - z) ‘ dA(y)dA(z)

2 1
—1)dA(z)+ =
> /Dﬂ{l = >1}

l—=x
log 1+z
(2.3.17)

dA(z).

128



We consider the first integral above. Note that, for § € [—7,7) and x = pe®,

‘1—33
<1
1+z

1 —2pcosf + p?
1+ 2pcosf + p?

1 11—z 1
— (' ° —1) dA(:U):——/ p/
2m p{ |42 |<1} 1+ T Jo _

The integral with respect to 6 in (2.3.19) is evaluated to be

/ 2pcos b ” _2/727 2pcos b
_z 1+ 2pcost + p? 7)o 14+ 2pcosf + p?

<1ecosh>0e0c [—g g] (2.3.18)

Therefore, we have

[NIE]

2pcost
1+ 2pcosf + p?

dodp.  (2.3.19)

[ME]

Wl

do

3 3 1
=2 dd — (1 + p? do
[/0 ( +p)/0 14 2pcosf + p?

™

o e
201+ 7" [ T "

By applying the change of variables v = tan (g) , we find that

2 2pcosd ! du
df =m — 4(1 + p?
/g 1+ 2pcosf + p? A —|—p)/0 (1+p)*+ (1= p)2u?
4(1 2 1—
o (;PQ) arctan ( ”) , (2.3.20)
1—0p 1+p

Incorporating (2.3.20) in (2.3.19), we obtain

2pcosf [ (1—p)]
dfd t —)|d
/ /g1+2pCOSQ—|—p P= /Opw arcan 1+ P

P
Y ap( 1—
=T / p arctan (_p) dp
2 0 L+p
P 1
T2 1—1r2 0
b , 47'(1 +r?)
drdp]| . 2.3.21
+/0 L+ p? / 12 ( )

Applying the change of variables v = 1 — p?, we have

4p(1 9
/ P1(_+p§)dp——2/ UUdv——4logv+2v+C:—410g(1_p2)+2(1_p2)+a
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Then, from (2.3.21), we derive that

! 2 2pcosf T T 1

dfdp =— — | —= — —— (4log(1 — p?) — 2(1 — p*)) d
/op/g1+2pc089+,02 P=3 2 /0 1+p2( og(1—p*) —2(1—p"))dp

Yog(1 — p? L] p2

:7T—|—4/ —og( Qp)dp—Q/ dep

o L4p o 1+p
1log<—&1_22)
:ﬂlog2—|—2+4/ S S
o Ll+p?
=2+ mlog2 — 4D(i), (2.3.22)

dp

where the last equality from the integral representation of the Catalan’s constant D(i) (equa-
tion (19) in [33]).
By incorporating the result of (2.3.22) into (2.3.19), we obtain

2 — 1) dA(z) :%(i) —log2 — g (2.3.23)

1 '1 T
2 Joof tzzly AT+ "

It remains to evaluate the second integral in (2.3.17). Recall from (2.3.18) that we have

>1&cos <0 0c¢c [—w,—z>u<z 7r>,

2

1—2z
1+z

where x = pe? and —7 < 0 < 7.

Therefore, (2.3.17) can be written as

e 3 1—2 2
dA(z) = /p / 210g< pcose+p>d9
0 o 1+ 2pcosf + p?

™ 1-92 2
+/ log( p0089+p2>d6 dp
x 142pcost +p

! T 1—2pcosf + p?
= 1 ( )d@ dp. 2.3.24
/Op[ﬁ °8 1+ 2pcosf + p? P (23.24)

1—=x

/ log
pnf|i5[>1}

o |
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We develop the power series of log (M) to get

1+2p cos 6+p2
1—-2 0 2 0 2 0
10g< p COS —|—p> 1g(1— p COS ) <1+ p COS )
14 2pcosf + p? 1+p
(DR -1 (2,00050)
N k 1+ p?

k=1

o0

__QZ 1 (2pcos€)2j+l
B R R '

Now, for n > 2, a repetitive use of the fact

1 -1
/cos" 0dh = = cos™ ' Osinf + n /608"2 0do
n n

yields
el L I n—20+1 ekl 1 -
/cos 0do —;cos QSIHQ—FE kz:; <€:1 W) cos 6 sin 0
+(n—1)(n—3)~-(n—2

L%J - 1) /COSn_2LgJ 0do,

nn—2)---(n—2%2| +2)
where || denotes the largest integer less than or equal to .
Therefore, when n = 25 + 1, we have, for j =0 and j > 1,

/7r cosBdf = —1 /ﬂ COS2j+1 0do = (27)(2] — 2) 9 /W Ol — 4J(j')2

2 2

respectively. This implies that

i 1-2 6+ p? 2 =1 4?2 2p \¥H
/1og( peos +”2>d9=2 el 2( pQ) .
x 1+2pcosf+p 1+p j:12j+1(2j+1)! L+p

(2.3.25)

Therefore, in order to compute the integral over p in (2.3.24), we need to first consider the

1 2p 2j+1
0

individual integrals

When j = 0, we have

1 2 1
dp =2 dp = 2|p — arctan =2 - —.
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For j > 1, using integration by parts (where W is integrated and the rest is

differentiated), the integrals in (2.3.26) give

1 2j+1
2p
/(1+ 2) pdp

0 1Y

. 1 , )
T e A -t /1 i -dp
2j (1+p0)7 |, 2 Jo (1+p2)Y

. ) . . 1
|t 2 P +/ P i
2j (1+p2)%  2(25) \ (25 —1) (1 +p)¥" (14 p2)¥ ! 0

2 49(254+1) (! 22
.2 ¥+ S (2.3.27)
2j -1 4j o (1+p2)¥7!

The change of variables u = p? yields

Lo2p \FH 2 P2 +1) [P W
5 pdp = —— + , 571 du.
o \l+p 2j—1 2] o (1+u)

Making the change of variables v = %, we have

1 -3 7 ,
/ u—zj_ldu :/ UJ_%(l — v)]_%dv
o (1+u) 0

By the change of variables w = 1 — v, we have that

1 1
/2vj3(1—v)jgdv:/ wj’%(l—w)j’%dw.
0 1

2

Therefore, we obtain the beta function

3

1 J—3 1 r L T ~_l2 43_2jF2._22
o (1+u)” 2.Jo oI (2j — 1)  20(j — 1)20' (25 — 1)
T (2 —2
2453 <j 1 ) (2.3.28)
Incorporating (2.3.28) into (2.3.27), we obtain

1/ 9 2j+1 5 0i 1 0i o

/ ( p2> pap = =5 +(]+».)7r / : (2.3.29)
o \1+p 2j—1 47 Jg—1
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Next, combining (2.3.24) and (2.3.25) along with (2.3.29), we derive that

]__
/ log‘1 Tlaa
po{|52]=1} Tt
L2 =1 4GN? 2p ¥
:2/ St 5 .(),( 2) pdp
0 +p j:12]—|—1(2j+1). I+p
N N )k 2 25 4+ 1) (25 — 2
=2(2-2+3 W (2, Gthm (2
2 j:12j+1<2j+1)! 27 —1 43y j—1

=2 (5)? = 1 N2 (252
EURN'S SR D SIS < S S D i O )
pu 472 — 1 (25 + 1)! i J225+ 1) (2 -1\ j—1

()

Simplifying the above sums individually, we obtain

> N2 (25 -2 =1 s 1 1
S w3 ) -3
g 2j+ 25—\ j-1 C 452 —1 24 27—1 257+1 2

Jj=1 Jj=1

and

i 2 &G i 4(51)? i 1 v’
]14j2—1(2j+1 ]:123—1(234—1) ]:12j+1(2j+1)
1 i( 1 1 ) 49(51)? i 1 (52
_2j:1 2j—1 2j+1/ (25) o 25 4+ 1(25 + 1)!

[e.9]

IRUNE S S R (VA S 147G -1y
—”52(2]'_1)2 (2(j — 1))! _ijz_;zj—l (2(j —1)!

ZZ]—i—l 2]+1)

7=1

I~ 1 4k(k!)? 49(51)?
:1 —_

+2;2k+1(2k+1 22j+1(2j+1)

1 :
—1-(2D() - 1)
=2 D),
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where the evaluation of the sum follows from [34, Theorem 2|. (See also equation (61) in

[33].) Therefore, the integral over the domain D N { > 1} yields

1 11— 1 1 1 2
—/ log xdA(I):—|:4—7T—2<§—D<i))+E:|:———+—D(i).
T Jon{| =21} 1+ m 2 2 T 2 T

By combining this with (2.3.23) and (0.4.8), the result follows. O

2.4. The areal versions of generalized, higher and zeta

Mahler measures

In this section, we recall the areal versions of some variants of the Mahler measure, namely
generalized, higher and zeta Mahler measure from Sections 0.6.2 and 0.6.3, give examples in

each cases, and derive Theorems 0.6.15, 0.6.18, 0.6.19, and 0.6.22.
2.4.1. Generalized areal Mahler measure

Recall that the generalized areal Mahler measure of non-zero rational functions

Py, ...,P. € C(zxy,...,z,) is defined by (see Definition 0.6.14)

1
mp max (P, -, Pr) = —/ max{log |P|,...,log|P.|}dA(z)...dA(x,).
ik Dn
Then we have the following result.

Theorem 2.4.1 (see Theorem 0.6.15). We have

1

mD,max(xla s 7xn) = _%

Proof. As usual, we proceed to apply the definition together with the change of variables

z; = p;ei. This gives
1
M s (1, -« - ) = / max{log |21, .. 1og [za[}dA(z1) . .. dA(z,)
T Dn

1 1
:2”/ / max{log p1,...,log p,}p1- - pudp1 ... dpy.
0 0
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Notice that the above integral can be written as a sum of n! integrals, where each term
corresponds to a certain order of the variables p;. The advantage of considering the ordered

variables lies in the fact that the maximum is then easy to describe. Thus, the above becomes

2"n! / 10g ppp1 -+ - pudpr . .. dpn
0<p1<<pn<1
3
=2"n]! / log pnf <o ppdps .. dpy
0<p2<--<pn<l
0
=2"n! / l0g pns— =+~ pndps ... dpy,
< <pp<l 2- 4
p2n 1
—9np] / log p5—1——dp,
0<pn<1 P 2---(2n —2) P

=2n

1

on’

2.4.2. Multiple and higher areal Mahler measures

Recall that, the multiple areal Mahler measure is defined by, for non-zero rational func-

tions Py, ..., P. € Cxy,...,z,),
1
mp py b (Pry e Pr) i= ﬁ/ logh1 | Py (21, ... x,)] - -logth |Pe(x1, ..., xp)|dA(zq) . .. dA(z,,),

and the r-th higher areal Mahler measure is the the multiple areal Mahler measure when
P, = --- = P, (see Definition 0.6.17). Before proceeding to the proof of Theorem 0.6.18, we

restate it below for the readers’ convenience.

Theorem 2.4.2 (see Theorem 0.6.18). We have

(=1)Ptthnp o py)
D fy, b (15 Tn) = Oh1+++hp+n :
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Proof. First we recall equation (2.2.3), which in particular gives

! —1)"k!
/0 zlogh xdx = (219—)+1

Proceeding as usual by setting z; = p;e%i, we have

1
mp pyh (T1, e Tp) =— / logh1 |zq| - - logh” |z, |dA(xq) ... dA(zy,)

" Dn
1 1
=2" [ ... / log™ py - -10g"" pupy -+ pudpy . . . dp,
0 0
(

—1)mtFhap, o p, !
oh1+-+hp+n '

O

In Theorem 2.1.4, we evaluate the h-th higher areal Mahler measure of the rational

functions 1.~ Before proceeding to the proof, we need the following lemma.

Lemma 2.4.3. Let h € Z~s |af, |B] < 1. We have

b 21 a0
> ph—1 Z =Liy p-1(a,8), (2.4.1)

b>1

and for a # 1,

D Pt Z =ﬁ<ahh(aﬂ) — aLipyi(@B) — Lip(aB) + alip(8)).  (2.4.2)

b>1

Proof. Identity (2.4.1) follows directly from the definition of multiple polylogarithms. For
identity (2.4.2) we have

(b—1)ab —ba’ 1t +1)
th+1 Zaa _Z bh+1 Z_l)a

b>1 b>1

:(Oé_;l)z(amh(aﬂ) — aLlipii(af) — Lip(af) + alip(5)).

Proof of Theorem 2.1.4. By definition, we have
= /1
o (157) =5 o
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We remark that the change of variables z = }jr—i takes the unit disk to the right half plane
H, defined by Re(z) > (. The areal measure of the unit disk is dA(z) = dxidxs, and under

the map f:x— == 1 —. = 2, by definition, the areal measure of H is

0
dA(z) = |21, @9 2y — T12,T2.z, | dz1dze, where % =24, for j=1,2and k=12.

8xk

Since the map f is conformal on D), it satisfies the Cauchy—Riemann relations, and therefore

2 2
x d (1—=z 4dzydz
Pt = e dads = ‘d— s = | (177 dad = EEST
In sum, we have that
1— dzd
/ log" |— | dA(z) = 4 / log" |2| 222 (2.4.3)
D 1 +x H ’ + ]_|4

We further consider the change to polar coordinates z = pe® with p > 0, -5 <0< 7.

The integral in (2.4.3) can be written as

/ hl | ledZQ _/ h’ | ledZQ
Hy | +1|4 Re(2)>0 | +1|4
=/ ploghp/ ———dp
0 ~3 [pe? + 1]

1 3 df 1 3 do
[ || i cr [ [T
/0,0 80 e g (1) | plogtp ﬁ|p€w+1|4p

where the last equality is obtained by separating the integral over p into 0 < p < 1 and

N
IS
<>

1 < p, and then applying the change of variables p + p~! in the 1 < p term. The above

derivation implies that

(! 2 dh

2/ ,Ologhp/Tr de h is even,

/ s ‘dzld,@ 0 3P
Og =

H, |z + 1

0 h is odd.

\

For what follows we will assume that A is even. First we will also assume that h # 2, as this

will guarantee that certain series converge. The case h = 2 will be treated later.
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Evaluating the individual terms in the above formula leads to

/1 log /ﬁ —dH
PP ) s e 4 1T
! d
= logh / - d
/0 P P (pet + 1)2 (pe~ + 1)2 P

— plog" p k+1)(—p k0 C4+1)(—p =it dfdp
/ h/ﬂ(Z( )t )(Z( (=) )

2 \k>0 >0

—WZ/ (k 4+ 1)%p**11og" pdp

k>0

Wl

(NJE] N\:!

4 Z/ k"‘ )( 14 (€ = (—i)5=0) P4 ogh pdp,

k>€>0

From (2.2.3) we have

1 k
/0 xJ log zdr = W

Since h is even, we can calculate the integral in (2.4.4) and obtain, for A > 2,

k>0 k>0

(2.4.4)

(2.4.5)

h!(k + 1) h! 1 h!

2 21

§ :/ ( log" pdp = E : (2k + 2)h 1 — 2htl E: CE 2h+1C(h - 1).
k>0

For the integral in (2.4.5), first notice that, since k + ¢ and k — ¢ have the same parity,

it suffices to consider

k+0+1
Ty p

Yk+1)(0+1)
|

k>£>0
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Setting k* =k + 1, * = (+ 1 first, and then a = k* — *, b = k* + ¢*, we find that

1
/ (k+ 1)+ 1)11@7 pk+£+1 log pdp
0 k—/
kE>6>0
(k+1)(0+1) k*0*
h 1 _ px * *\h+1
Ko (k—=0)(k+ ¢+ 2)M+ €*>1 ) (k> + £%)h
i Lo e (k* — e*)f,cw*]
-1 Z * _ P* * *\h—1 Z * *\h
4 |G, (B =) (ke )hmt e (R )
h! 1, al,
1 Z abh-1 Z phtt
b>a>1 b>a>1
La=bmod 2 a=bmod 2
W e (14 (=1)s)1, a(l+ (=1)*)I,
:g Z abh—1 - Z ph+1
Lb>a>1 b>a>1
B[ () =i (1) — (=) (1)
8 Z abh—1
Lb>a>1
S (1 () (1))
o Z ph+1 :
b>a>1

Applying Lemma 2.4.3 gives

/1 (k+1)(£+1)

— Teep T log" pdp

k>¢>0

_n [Z (0 =i+ D (D g ol = D = (1))

abh*l bh+1
b>a>1 b>a>1

Al
~8
— Sy () iLinga (1) = Lin(=0) = iLina (1)

1
(i—1)

1
(-1

1

-+ m ( ZLlh( ) + ZL1h+1< ) Llh(l) - 7:Lih+1(_1))]'

[Lll h— 1( Z,l) — LiLh_l(i,l) + Lil,h_l(@ — 1) — Lil,h_l(—i7 — 1)

(ZLlh(Z) — iLih+1( ) Llh( ) + ZLlh_H(l))

(iLip(—i) — iLips1(—i) — Lip(—i) 4 iLipsq(—1))
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The length 2 polylogarithms above can be written in terms of length 1 polylogarithms by

means of Theorem 0.4.4 as follows (recall that h > 2 is even),

Liy p—1(—4,1) — Liy p,1(4,1) + Liy p—1 (4, — 1) — Liy p—1(—4, — 1)
:2Reh(Lil7h_1(—i,1)) + 2Reh(Li17h_1(i, — 1))

— (Lip—1 (1) 4 Lin1 (=1))(=Lir(=2) + Lis(4))

+ Z (Lin (4) + Lip (=) (= Lip_m(—i) 4+ (=1)™ "Lip_pm(i)).

For the length 1 polylogarithms in the expression of > k>0 f ! (kH ”1 L_op" 1 1og" pdp,

we have

BEEEP (—tLin(—¢) + iLipy1 (=) — Lip(—4) — iLip4a(1))

(ZLlh( ) - ZLthrl( ) Llh( ) + ZLlh+1(1))

(i— 1)
1
(i— 12
1
(—i—1)? |
<—¢Lih<—z'> +iLinga (=) = iLins1(1) + 5 (Lin(0) = iLinsa () + iLinaa (1))

(iLip(—1) — iLipg1 (—i) — Lip(—i) + iLip1(—1))
( ZLlh( ) + ZLlh_H( ) Llh(z) — iLih+1(—1))
(iLip(—4) — iLips1(—4) + iLipyr (—1)) — % (—iLin(i) + iLips1 (i) — iLips1(—1))

5
— (Lin () — Lin(=4)) + (Lin41(i) — Linga (=9)).
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Putting everything together, we have

(k
Z / + )Ik, pk+g+1 log pdp

=2(Lip(2) + Lip(—7)) + (h — 1)(Lin(1) + Lip(—1)) — (Lip—1(1) + Lip—1(—1))(—=Li;(—i) + Liy (¢))

-1

>

+ > (Lin(2) + L (=) (~Linm(—1) + (=1)" " Lip—n (i) + (Lins1(i) — Linga(—i))

(]

1

3
Il

I
)
[
>
.
.

p(=1) + (b — 1)27"¢(h) — 227" (h — 1)7; +2iL(h + 1,x_4)

+ Z 2" Lip, (= 1)2i L(h — m,x_4) Z 21 LA, (=12 Ly (—1)

modd meven
=222 = 1)) + (b = 1)2'7C(h) — w2 (h = 1) + 20L(h + 1)
h—1

— 2ilog(2)L(h — Lx—a) +i »_ 22727 = 1)¢(m)L(h — m,x_4)

m=2
m odd

S Y R )@ 1)) — ).

meven

Using the expressions of ((2n) and L(x_4,2n 4+ 1) in terms of Bernoulli numbers B,, (see
(0.4.3)) and Euler numbers E,, (see (0.4.20)) in (0.4.21) and (0.4.22) (see Remark 0.4.8), we

can further simplify the above expression to obtain

o h h+1 g htl
LByl "By 1—h T BT
2(1 -2 )T—(h—l) T 27 (h—1)+ S]]
LB, 1 h—1 g, phem
log (2 22" -1 -
Hloe) 5 =gy * ~ ( Sy p—Y
m odd
it X [ h
— 217" — 12" — 1) By By
i 2 () ) ) BunB,
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Following the above simplification, we get, for h > 2 even,

1 11—z

= [ log" dA

7T/D 8 14+« (;1:)

h! 2h! ih B, "Byt

=g aC(h— 1)+ 121 -2 h)T’;—(h—l) h’; — w2 (h = 1)
i By h+1Eh 27T —1 h—1 - g, ghem
g o825 i Z 2@ = ) g
od

- 4 Z <h> <21_m - 1)(21_h+m - 1>BmBh—m

Eh_Q(W’i)h_2h(h — 1)

—2mi)" Y <h> (1—2"™)(1 =2 ™\B, B),_,., (2.4.6)

where we have used that B, = F,, = 0 when n is odd (with the exception of B;). Further

observe that, from the generating series of B,, in (0.4.3), we have the following identities

o0 217an n
BCH e e (2.4.7)
ez — 1 n!
n=0
r2e” = (n —1)Bya"
R R N G i 2.4.8
x r =  olony Bnz”
7 63_1_7;(1 27 = (2.4.9)

where (2.4.7) follows from replacing z with § in (0.4.3), (2.4.8) follows from differentiating
(0.4.3) with respect to x, and (2.4.9) is the difference between (0.4.3) and (2.4.7). Squaring
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both sides of (2.4.9) and comparing them with (2.4.8), we have

(- m) = (Sa-2 2 (S -2 2

n=0 /=0
PR i ~ (12 (1 -2+, )"
o1 T2\ 2\ ( ) ( ) BeBie | o7
[e%s) B n [e%s) t t
o] — Z % — (Z (2) (1 . 21—&) (1 _ 21—t+£) BeBt—£> %
t=1 ’ t=0 \¢=0 ’

zt

7> we have

For t > 2, comparing the coefficients of

—(t—1)B, = i (Z) (1=2"9 (1 =2"""") B,B,_,.

=0

This further simplifies (2.4.6), and we finally obtain, for h > 2 even,

1 1—=z Eh(ﬁi)h Eh_Q(Wi)h_2h(h — 1)
— [ log" dA(z) = — log(2
[ rog? |1 (o) = —log(a) T
h—1 .
4h! _ Ep_ 1 (mi)hmm=1
—— ) (1-2" 2.4.10
oh m:2( )C(m> (h —m— 1)| ( )
Note that the above computation fails to converge when h = 2. Therefore,
we need to evaluate the h = 2 case in a different way. Since log? ‘;—i =
log? |1 — 2| — 2log |1 —z|log|l + x| + log*|1 + 2|, and mpy(1—2) = mpy(l+x),

we have

1-— 2
m]]]),2<1+i> ZQmD,Q(l—f—x)—;/Dlog|1—x|log|1+m|dx.

It only remains to compute the second integral. Following the method in the proof of [72,

Theorem 7|, we derive

1 [ pror
/ log |1 — z|log |1 4 z|dx :/ p / Re (log (1 — peie)) Re (log (1 + peie)) d@] dp
D 0 0

:/0 p /O ’ (—Z %cos(k‘@)) (—Z (_12 P Cos(ﬁﬁ)) d@] dp

k>1 >1

£ k+L+1

-~ (=1)p
N Z k¢

0 ke>1

[/% cos(k0) cos(ﬁ@)d@] dp.
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On the other hand, we have

2 T if k=1,
/ cos(k) cos(£0)do =
0 0 if k# /.
This implies that
1 (_1>Zpk:+€+1 27
/log\l —z|log |1 + x| dx :/ Z g [/ cos(k0) cos(ﬁ@)d@] dp
D 0 fr>1 0
-1 k 1
:ﬂ'z%/ p2k+1dp
k>1 0
T 3 (="
2 = kE2(k+1)
T 1 1 1
gxerftech
3 20 i~
k>1
:g [Lis(—1) — 2Li; (—1) — 1].
Therefore,
1—2 . .
mmp o <1 T [L’) :2mD72 (]_ + ZE) — ng(—l) + 2L11(—1) + 1
2 w2
=— —14—=—2log2+1
G + 12 og 2+
2
:% — 210g 2.
Finally we remark that this value is also obtained by replacing h = 2 in (2.4.10). U

2.4.3. Areal zeta Mahler measure

In Section 0.6.3, we encountered how the Taylor expansion of the zeta Mahler measure

(first defined by Akatsuka [3]) collects all h-th higher Mahler measure for A > 0, namely

Z(s,P) =" m’“(k—}:)s.
k=0 )
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This relationship in fact extends to the areal case. Indeed, from Definition 0.6.20, we have

that the areal zeta Mahler measure of P € C[z7,. ..,z ], denoted by
1 s
Zols.P) = = [ PG A (). dAGs,),
™ Jon

is the exponential generating function of the higher areal Mahler measures of P.

Next, we follow some arguments from [72, Theorem 14| to evaluate Zp(s,z 4+ 1) and
derive Theorem 2.1.5.

Before proceeding to the proof, we recall an equality due to Akatsuka, which appeared
in his derivation of the zeta Mahler measure Z(s,z — ¢) for a constant c. In particular, his

result in [3, Theorem 2| implies the following formula for p < 1:

L [ ., 5 s
%/ |pe® 4+ 1|°df = o F, (—5,—5;1;,02) . (2.4.11)

Proof of Theorem 2.1.5. By definition and the usual change of variables, we have

Zp(s,x +1) /|a:+1| dA(x // |pe’ + 1|° pdfdp.

By applying Akatsuka’s result (2.4.11), we then have to compute
1 1 ©©
s s 3/2
Zp(s, 1) =2 F <——,——;1; 2) d :2/ ~ 2L 2t g
p(s,x +1) /021 5~ 5 Lip” ) pdp nE:o p

S (s2\ 1 s/2\ (s/2+1\ 1 [s+1
_nz:%(n>(n+1)_s/2+1;<n><3/2—n>_S/2+1<s/2>
s+ I'(s+1)
C(s/24+1)2T(s/2 + 1)

We now apply the Weierstrass product of the Gamma function

IR | (T I

145



to obtain

Zn(s,0+1) :ﬁ (111%)2
oo (35 (s (1 57) - (1)
=P g (_E?j_l g; ((2i)j N %) Sj)
—exp g <_j1)j (1-2') g %)
—exp i P02 - w’) .

2.5. Conclusion

We have obtained formulas for the areal Mahler and its generalizations for various rational
functions. In most cases, the results are connected to evaluations of polylogarithms leading
to special values of functions with arithmetic significance such as the Riemann zeta function,
and Dirichlet L-functions. In this sense, the results are analogous to what is obtained in the
case of the standard Mahler measure.

However, there is a crucial difference between the areal case and the standard case. In the
standard case, there is a way to assign a weight to the terms in the formula, that typically
results in formulas of homogeneous weight 1. For this, we recall that the length one n-th
polylogarithm has weight n. The logarithm is associated to Li;(z) and therefore has weight 1.
The constant 7 arises as an evaluation of the logarithm and therefore has weight 1. Finally,
we assign weight one to the Mahler measure itself. Taking the weight multiplicatively, we
have, for example, in Smyth’s formula (0.1.7) that m(1+ x4 y) has weight 1, while L(y_3,2)
has weight 2 (as it is the evaluation of a dilogarithm), while 7 has weight 1, giving a total
weight of 1 on the right-hand side. In contrast, the terms on the right-hand side of the areal
Mahler measure (2.1.1) do not have a homogeneous weight. While the term %EL(X_g,Q) has
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weight 1, the term % has weight 0 and the term _%g has weight —1. This suggests that
if there is a connection between mp and the regulator, it will be more difficult to describe
than in the standard case. It would be nevertheless interesting to explore the possibility of
such a connection.

None of the formulas considered in this chapter correspond to rational functions whose
Mabhler measure is related to special values of other L-functions, such as L-functions attached
to elliptic curves. A natural question and direction of future research would be to evaluate

the areal version of the formulas in Table 1 involving the family Q, in (0.1.10).
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Chapter 3

The areal Mahler measure under a power

change of variables

In this chapter, we investigate how the areal Mahler measure changes with the transfor-
mation x — x", where r is an integer, and provide some specific examples. This is based on

a joint work with Lalin, and will appear in [83].

3.1. A brief description of the results

Recall that Theorem 0.1.6 implies that the change of variables induced by a matrix
A € GL,(Z) (see (0.6.9)) on a non-zero n-variable rational function P does not affect the
Mabhler measure m(P).

In this chapter, we investigate the transformation {z — z", y — y*} for the polynomi-
als 1 + x + y in the areal Mahler measure case, where r,s > 1. Observe that the matrix

representing this transformation is

More precisely, we derive the following result.



Theorem 3.1.1 (see Theorem 0.6.8). Let r,s be positive integers. We have

mp (1 + 2" + y*)
R (e R O R e R (|

—EZ% E\ (D" NE (3 —hk—h+i+3ik—h+1 +§7§)+§Z
2h 2k 2h+1k(k’r+2)(2k+r 2h+1) 6

1<k h=0

_sV3 (s xalh=p) | 5 5 WoFy (3. k24 gk + 243 0)
T G2 \K)\T ) (E+g)r +2)(k —j) 4 k (kr+1) (2k +1+2)

1<k

k—j
+SZ|_ZQ:J % % k_j ( 1>k]+hF(——hk: h+ +27k h/+ +274)
T k)\i )\ 2n 25 (R d)r +2) 26+ 22K+ 1) |

0<j<k h=0

where ((s,x) = > 07, ﬁ is the Hurwitz zeta-function and oFy(a,b;c; z) is the hypergeo-

metric function given in (3.3.1).

Note that the above result is different from (0.6.6), which corresponds to the case r =

s =1.
We extend our analysis to a similar family, namely (1 + z)" + y°. Here, the areal Mahler

measure exhibits an interesting dependence on the parameter s.

Theorem 3.1.2 (see Theorem 0.6.11). Let r, s be positive integers. We have

mp((1+2)" +y°)

_ (3V3 1 V3) s sD(%+2)
= (—L(X 3,2)+6—§>—6+6W

_ﬁ s\ (5 X-3(k —J) +i 5 2F1(27k+27k+2’%)
TS EJ\j)(k+37+2)(k—-7) dm =\ k (k+1)(2k + 3)

k—j .

0<j<k h=0

We also prove the following result, which investigates the limiting behavior of the areal

Mabhler measure under the transformation x +— =" in general, as r tends to infinity.
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Theorem 3.1.3 (see Theorem 0.6.13). Let P(xy,...,x,) € C(zy,...,2,) be a non-zero
rational function and let P(0,zs,...,x,) € C(xg,...,x,) be the non-zero rational function

resulting from P by setting x1 = 0. Let r be a positive integer. Then we have

lim mp(P(x], 22, ..., 2,)) = mp(P(0, x2,...,2,)).
7—00

Here the elements of the transformation matrix A = (bye)1<ke<n are by =1, by, = 1, and
be=0,for2<k<n, 1<¢<n,and k # (.

The content of this chapter is organized as follows. We start with Section 3.2, where
we compute the areal Mahler measures of polynomials with two terms, namely mp(z" — a)
and mp(z” + y®). We review some necessary background on hypergeometric functions in
Section 3.3. Theorem 3.1.2 is proven in Section 3.4, while Theorem 3.1.1 is proven in Section
3.5. The order is reversed because the proof of Theorem 3.1.1 is considerably more involved.
Finally, we close this chapter with the proof of Theorem 3.1.3, which is a result of a different

flavour than the others, in Section 3.6.
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3.2. The case of two terms

In this section, we consider the effect of the transformation x + 2" in the simplest
possible polynomials, namely those with only two monomials. For the linear case of one

variable, we have the following result.
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Proposition 3.2.1. Let r be a positive integer. We have

log™ |al lal = 1,

t(lal* 1) Jal <1.

Proof. Let &, denote a primitive rth root of unity and let ar denote any rth root of a. By

multiplicativity we have

mp(z" —a) = mp (H <:c - aiﬁﬂ')) = ZmD (:c - a%ﬁ) :

J 7=0

The conclusion follows immediately from (2.2.1), which shows that

Llog™ la| |a| > 1,

1 y T
mD(‘T - CLTfi) - 2
lalr= la| < 1.
O
Now we consider the case of x" + y°.
Theorem 3.2.2. Let r,s be positive integers. We have
s rs
mp(z" +y°) = Nt
Proof. By definition and by Proposition 3.2.1,
1
mp(z" + y*) :P/ log |z" + y*|dA(z)dA(y)
D2

= (Iyl™ —1) dA(y)

2 D

1
2s
ZT/ (pr —1)pd,0
0
B rs
o 2(r+s)
OJ
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3.3. Background on hypergeometric functions

In this section, we recall some standard results of hypergeometric functions, defined in

(0.2.1) by

o0

oFi(a,b;c;2) = Z Jn (3.3.1)

C

n=

(where (a), denotes the Pochhammer symbol), which will be needed for the proofs of The-
orems 3.1.1 and 3.1.2.

Theorem 3.3.1. [Gauss Hypergeometric Theorem, Eq. 15.1.20 in |1]] Let a,b,c € C such
that ¢ & Z<p and Re(c —a —b) > 0. Then

I'(e)l'(c—a—b)
L(c—a)l'(c—b)

2Fi(a,bye; 1) =
Corollary 3.3.2. Lett > 0. Then

N1 TRE+1)
Z<k:) k+1  TD(t+2)7°

0<k

Proof. We apply Theorem 3.3.1 with a = b = —t and ¢ = 2 together with the fact that
['(2) = 1 to obtain

T (2(t+1)) [y Gy 7 D PRpY (T DI \° 1
—F(t+2)2 = Fy(—t, —t;2;1) = (2)k! —Z (i + DA _Z(k’) T

The next theorem shows that, given certain conditions on a,b,c and z, 2F}(a,b;c; z)

admits an integral representation.

Theorem 3.3.3. [4, Theorem 2.2.1] If |z| < 1, a,b,c € C* with ¢ ¢ Z<y and
min{Re(a), Re(b), Re(c — a)} > 0, then we can express oF1(a,b;c; z) as

oF (a,b;c;2) = L(c) ) /o y (1 — )1 — zy) dy, (3.3.2)

Fa)'(c—a
where I'(+) denotes the Gamma function. Here it is understood that argy = arg(1l —y) = 0,

and (1 — zy)~° has its principal value.
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Lemma 3.3.4. Let 5 > —1 be a real number and n be a non negative integer (possibly 0).

Then

27 51

/r3(—2 cos 0)? cos(nf)df =(—1)" /3:) (2 cos 7)7 cos(nT)dr

3] n n n
e\ DM R (PR by g = b PR hig)
B 2h 2n=2h+1(3 +n+1—2h)

Proof. We first notice that the equality between the integrals follows from the change of
variables 6 + m = 7. We remark that cos(nf) = T,(cosf), where T, (x) is the Chebyshev
polynomial of the first kind. By using this, together with the change of variables t = —2 cos 0,

we have

27

[73(—2 cos 0)° cos(nb)df :/01 7T, (—%) dat : (3.3.3)

The Chebyshev polynomials can be explicitly expressed as

L]
To(x) = % [(a: —Va? — 1)n + (1: +Va? — 1>n} = (n) (2* - l)hx”’%.

Then, using this, we can evaluate the integral in (3.3.3) as

1 3/ 1 h n—2h
/ (B (_E> _dt i n / 8 (f _ 1) (_E> _dt
n 1 1
0 2/ (4—12)2 2h ] Jo 4 2 (4—12)3
n (—1)n+h ! B—i—n—?h( t2)hé
<2h> gn—2h+1 /0 v 1- 4 dt

( y ) (Mo (B = by = I P = iy

—

I I
— > — >
Mw\s I
— o

ISE|

— o

= \2h 2n=2h+1(3 +n + 1 — 2h) ’

where the last identity follows from making the change v = t? and then applying equation

15.3.1 in [1]. O

Applications of Lemma 3.3.4 will naturally lead to evaluations of the hypergeometric

function at z = i. Here we record two identities that will be useful for simplifying some
formulas:
1351
oF) (5, i Z) =21 —3V3 (3.3.4)
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and

1 1
2F1( o T, ):107T——352\/§.

5551 (3.3.5)

Equation (3.3.4) follows from the more general formula 07.23.03.2888.01 in [63] :

oF) (; 2 ; ) = 2;;/2 (arcsin(v/z) —/2(1 — 2)),

by setting z = %, while equation (3.3.5) follows from formula 07.23.03.2933.01 in [64]:

o F (; Z ; ) = 825—5/2(3arcsin(\/2) —\/2(1 = 2)(3 +22)),

by setting z = }L

3.4. The areal Mahler measure of (1 + x)" + y°

In this section we prove Theorem 3.1.2, which is simpler than Theorem 3.1.1. To place

the result in perspective, we first consider the classical case.

Lemma 3.4.1. Let r, s be positive integers. We have

3V3

——L(x-3,2).

m((1+a) +y") =2

Proof. First notice that the left-hand side is completely independent of s, since a particular

case of equation (0.6.9) implies
m((1+2)" +y°) =m((1+2)" +y).

Let &, denote a primitive rth root of unity. We have

m<<1+x>f+y>=m<<1+x>f—yf>=m<f[<1+x—sﬂ ) me &y) = rm(1+a+y),

=0

since m(1+ 2z — &y) = m(1 + x +y) for any j. The result follows from equation (0.1.7). O
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Proof of Theorem 3.1.2. Let & be a primitive s root of unity and let o = 7. When z € D,
(1 + )~ is well-defined, and we can consider the principal branch of the a-th power. By

multiplicativity we have
s—1
mp((1+2)" +y°) =mp((1+2)" —y°) = > mp ((1+2)" - &y),
=0

where we have extended the definition of mp to the algebraic functions (1 + z)* — £y in the
natural way using the integral.

By definition and by application of equation (2.2.1),

ms((1+0)" = &) == [ 1og](1+0)" — €] dA()dAG)

1
:g/ 10g|1+x|dA(x)+2—/ (J1+ 2> — 1) dA(x).
T JDO{|1+z|>1} T JDn{|1+2|<1}

(3.4.1)

The first integral was already computed in the proof of the case of 1 + x + y (see Section
2.3.1) and is given by

a 3V/3 1 V3
— log |1+ z|dA(x) = « —LX 2)+-——.
™ /]Dﬂ{|1+a:|>1} | [dA() < 4m (x-s.2) 6 27r>

We now treat the second integral in (3.4.1). Writing z = pe'®, we have
1

2T Jpai4=|<1}

1 ™ 1 ' ' % —2cosf . .
=— [ﬁ / (14 pe®)*(1 + pe=)* — 1) pdpdf + / (14 pe®)*(1 4 pe~)> — 1)pdpd0]
2z 0

2n —2cos 6
_ ( )( ) [/ / ki1 (k= J>9dpd9+/3 / pk+j+1ei(k—j)edpd0]
T ok 0
—2cos 0
[ / pdpdf + / / pdpd@]
0

(11 + 2] — 1) dA(z)

V3
1

2n —2cos 0
( ) [/ / pk+j+lei(kj)9dpd9+/3 / pkﬂﬂei(kj)gdpd(?] (3.4.2)
2z Jo z 0
%)

<
1+1
6 w

SE
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We treat the integrals in (3.4.2) separately for the cases k = j and k # j. When k = j,

we have

< ) [ / ) / P dpdf + / / o 2k+1dpd9]
2w e

:w+i 2Py (5 k4 Bk +35Y)
6(a +2)  dr 2 (k+1)(2k +3)

k
- Am =\ k (k+1)(2k+3) o

_I'Q2a+2) 1
C6l(a+2)2 6

where we have applied Corollary 3.3.2, Lemma 3.3.4, and equation (3.3.4)
Note that the expression in (3.4.2) is conjugated under the change (k,j) — (j,k), when

k # j. Therefore, when k # j, we derive that

Z (O
=k
OOl
k#j
:; p)) (Z) (j‘) ﬁ / cos((k — §)0)dd
T %@ch (Z) (?) (k+j +12)(k o <2(k ;jM)
_ ? > <Z> (j‘) © f;ﬁkz)_(/j >_ L (3.4.4)
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and

1 a o 208t Ic+]+1 i(k—35)0
— dpdf
(0L ﬂ

0<j3,k
k#j

27

a Kl .
(—2cos 0)*7+2 cos((k — 7)0)do
( )C)eiea

o —7 ( 1>k J+hF1<——hk h-i— ik — h_'—g;zll)
™ Z Z (’f)()( ) 2877 2h+1(l~c+y+2)(2k—2h+3) , (349)

0<]<k h=0

by Lemma 3.3.4.
Combining (3.4.2), (3.4.3), (3.4.4), and (3.4.5), we obtain

1
° 14z —1)dA(x
2m Dm{|1+x\g1}(| | JdA(z)
:M_l+i 2F1(27k+27k+2;1 ——Z o XS(k_])
+_Z Z k—3j (—1)kfj+h2F1(%—hk h+ ik — h+2vZ)‘
0<j<k h=0 ' 2h Qk_j_Qh(k+J+2)(2k—2h+3)

By recalling that o = %, we obtain the result.

3.5. The areal Mahler measure of 1 + " + y°

In this section we prove Theorem 3.1.1, our main result. Before proceeding to its proof,

we show the following auxiliary statement.

Lemma 3.5.1. Forr > 1, we have

(1P (k) 3 r
12 K2(kr + 2) =1 l0es2) - 6v/3

i (157 =5 e () e (550
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and forr =1,

Proof. From the identity

1 _1 T r?

Rkr+2) 2k 4k 4l +2)

we have that

—DF v _s(k) 1 —DFy_s(k)  r —DF v _s(k) 72 —DF sk
Z()x():_z()x()_z(>x() (=)™ x-s(k)

— + J—
= k2(kr + 2) 2 & k2 4 = k 4 = kr +2
(3.5.1)
We consider the different terms on the right-hand side of (3.5.1). They are
(=D 'x—5(k) X-3(k) X-3(2k) 3~ x-3(k) 3
L p 2 QkE ~22 g grbead) (352
1<k 1<k 1<k 1<k

> (_1)k—;xg(k) ¥ x=a(k) 3 X-3(2) _, > XZ("“) _ 2 (3.5.3)

and finally

Z (=) "x—s(k) _ Z X-3(k) 9 X—3(2k) X-3(k) X-3(k)

—~ —-
= kr +2 = kr +2 = 2kr + 2 = kr + 2 = kr +1
1 1 1 1

Y i S S e
OSj3jT+7’+2 0Sj3]7‘+27“—|—2 OSj3]T+T’+1 033]7‘—#27’—1—1
1 { < r+2) ( 27’—|—2) < r—l—l) ( 2r+1>}

= — 1 —C|1 1l,— ) — 1 ) 3.5.4
3r b 3r b 3r (b 3r b 3r ( )

By combining (3.5.2), (3.5.3), and (3.5.4) with (3.5.1), we get the result for r > 1.
When r =1, (3.5.4) becomes
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Proof of Theorem 3.1.1. Our goal is to calculate mp (1 4+ 2" +y®). Since 1 + 2" + y° =
Hj;é (\5/1 + o + (Sgy) and for any k& # ( we have mp (vs I+am+ §§y) =
mp (\S/ 1+a2m+ fﬁy) , we can write

s—1
mp (142" +y°) = me) (m+§§y) = smp (\/W%ﬂ/)
=0

Here we note that the function v/1 4 2" is well-defined when z € D, and, from now on, we
consider the principal branch of the s-th root.

By definition and by application of equation (2.2.1), we obtain
mp (\‘71 +a" + y)
— mng+w+ypAumA@)
D2

™

1

1
=— 10g|1+xr|dA(x)+—/ <|1—i—xr
ST Jpn{|1+ar|>1} 27 Jpr{isari<iy

S —1)dA(z).  (3.55)

For z = pe? with 0 < p < 1 and @ defined modulo 27, the condition |1+ 2"| > 1 is

equivalent to
1+ p* 4 2p" cos(rf) > 1 <= p" + 2cos(rf) > 0

Therefore, for ¢ € ZN [0,r — 1], the condition |1 + z"| > 1 holds when 407 4£ Ur < ¢ < (4”1)
and 0 < p < 1, and, when ¢ 4”1 <0< 6";2) as well as 2T < 9 < @ehr g

3r — — 2r
/—2cos(rf) < p < 1.

Similarly, for ¢ € Z N [0,r — 1], the condition |1 4+ 2"| < 1 implies that that the second
(4z+1 << 6e+2) (6£+4 <0< (4£+3) and

as well as
0 < p < /—2cos(rf), and when (6”2 <h< 6”4)” and 0 < p < 1.
We start by evaluating the first integral in (3.5.5). Following the above discussion, we

integral needs to be evaluated when

have

(4Z+1)7'r 1

log (1 + pre"@) pdpdf
0

log |1+ 2"| dA(x Re
/Dm{1+zrl>1} | i Z

(4@ 1)

(62;2)‘” 1 (4@ 1)7r
log (1 + p"e™™) pdpdf + / log (1 + p e pdpdf
(4Z2+r1)1 /vm ( ) (ﬁe 2)7r -2 cos (r0) )
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Since log (14 p"e’™?) = Zlgk(—l)kflw, we have

(453’1)7" 1 r ( 1)k—1 (42;1)7r 1
" r zr9 _ _ " kr4+1 _ikro
Re . log (1 +pe ) pdpdf | =Re Z Y [42—1>w /o P e dde]
2r L1<k 2r
(46+1)w
(1)t U
=R zkr@de
(§] = k(/{:'f’+ 2) [4[ 1)7\' ]
(—1)’% k(40417 ik(46—1)m
—R _ = ( _ )
¢ ; k2r(kr 4 2) ¢ ¢

2 Z 1 S' (k’ﬂ')
= — < SIinm\{ —|.
re k2(kr + 2) 2

Now, using the fact that —2cos(rf) = 2 cos(rf + m), we have

r (62;»2)77 1
Re log (1 + p"e™) pdpdf
L M /2 cos(r+m) ( )
(6i+2)7r
—Re / / pkr—l-l zkr@d d@]
1<k <4l+1>ﬂ 2 cos( r9+7r)
(60+2)m
_ (=D o k+2\ ikro
=Re ; W +2) eye (1 — (2cos(rf + 7)) ) e df
(60+5)m
k+% ik(T—m)
o Re Z k( k:T + 2) /4£+3>vr ~ (2eos(r)) ) ‘ dT]

== Z k:r + 2) / ( (2 cos(r))* ) cos(kT — km)dr
:% ; <_1k?;k:; :?SQ()IW) /5‘ (1 —(2 COS(T))IH_%) cos(kT)dr
() -en(2)

5
3m
2
Z Lecos(kr) <s'
- in
k2 kr + 2)

- Z e /3773 (2cos(r))"*+ cos(kr)dr,

1<k k:r +2)
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where we have set 7 = rf + 7. By Lemma 3.3.4, we have

(60+2)m
3r 1

Re

log (14 p"e™) pdpd9]

(M;i:)w A/ 2 cos(rf+m)

=L w0 (5) = (3))

__ZZ< > hi?Fl(__hk h+3 +2’k h+3 +2>4)
i \2h 2h=2m 41 (kr 4 2) (2k+;—2h+1)

Similarly, we have

(44 1)7r
log (1 + p"e") pdpdf
[65 2)7" / —2005 r0) Og +p )p P ]
LTy (sn(’”) - (%))
E2(kr 4+ 2) 3 2

__ZZ —D)"LE (3 —hk—h+14+5k—h+1+3:7)
2h 2k=2m 41 (kr 4 2) (2k+;—2h+1) '

1<k h=0

Re

Therefore, combining the above results we obtain

/ log |1 + 27| dA(z)
DN{|1+=7|>1}

_ sm k\(— ’12F1( —h, k— h+ —l— ik — h+ %i)
ZkQ kr+2 ZZ 2h 2k=2nH1 L (kr + 2) (2k+;—2h+ )

1<k h=0

3(k)
_\/_Z ka; +2 -2

1<k 1<k h=0

B (DR (B —hk—h+t4+bk—h+i43 D)
k—=2h+1k (kr 4 2) (2k+;—2h+ ) '

(3.5.6)
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The second integral in (3.5.5) yields

1 / 2
5 1+ 2" — 1) dA(z)
2 DN{|1+z"|<1} ( )
(6[+2)7r -
1 1/ —2cos(rb) .
25 [ (aesie ((1+p7e) " (14 pre™)" = 1) pipdo

-+ +pT€1T9) <1+p e 1,7”9)& . 1) pdpd@

e \/ﬁ
/('624»4 /

0

3r 1 1 "
r _irf\ s r_—irf\ s
+ [6%2)77 /0 <(1 Tpe ) (1 tpe ) - 1) pdpd&]

14 1\ /1 OENr o)
22 2 k) <J> [ ﬂ) / plHH e dpdg (3.5.7)

(=0 0<Zk,j 0
(k,5)7#(0,0)
(4£+3 —2 cos(r0)
(6[;—T4)7r 0
(Glél»fl)rr 1
+/ 7 / p(k-‘rj)r-i-leir(k:—j)edpd@]. (3.5.9)
(GZ;TQ)W 0

For k = j, the inner sum for integral (3.5.9) gives

N2 G N
s / a7 / 2kr+1 710 :iz 3 1 (3.5.10)
2\ wons Jo P T T k) BT 5
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The combination of the inner sums of integrals (3.5.7) and (3.5.8) yields, when k = 7,

l (6Z+2)7r r 2CO§(7”6+7‘( (4l+3 A QCOS 7“9 71')
P2 odl ¥ dpdh
(4e+1)7r (6“‘4)“
1<k
(604+2)7 (aet3)m
3r 2]{1-{-% 2r . 2k+%
s (2 cos(rf + m)) do + /(ez+4)7r (2cos(rf —m)) d@]
T 3r

(6¢+5)7 (40+1)7
3

2%+ 2 ? 2k+2
kr gy 500 (2cos(T)) dr + eyne (2 cos(T)) dT]

2

w)

1
B XS: <k> 2(kr+1)

()
,

1<
_ 1 3 2h+2 /72r 2k+2
J— 2 ™ 2 ™
r e ) kr—i—l /Sﬂ (2 cos(T)) dr + . (2cos(T)) dr
- )
,

1<k

emma 3.3.4, we get

p2kr+1dpd0 +/

(4f+1)7r 0 (604+4)m
ebrl)m P

6e+2)7r {/m W A/ 2 cos(rf+m)
/ / p2k:r+1 dpde
0

F(Gk+i+5k+1+31
) 2 1(2 r 2 r 2 4). (3511)

2(kr +1) (2k + 1+ 2)

yields

(6£4+4)m

S —
(k +g)r+2 <64;r2>7r

NSV [

1 1 (64;4)77 1
Z (E) (; / " /p(kJrj)rJrleir(kj)dede
k J (6@;2)77 0
1
(;
0<k,j k )
k#j
+

= _£ % % X- 3(/€ —])
T (’f) <J> (k+4)r +2)(k—j) (3.5.12)

We now treat the case when k # j. For the inner sum of integral (3.5.9), the k # j case
k#j
(% <> 2(-1)*~ n (=)
— sin
s \FJ\3 ) r((k+ ) +2)(k = j) 3
=
k#j

w
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Now, the inner sum for integral (3.5.7) in the k # j case gives

(6t+2)m A/ 2 cos(rf+m)

pT(k+j)+1€iT(k7j)9dpd0

1 1 1 W%)W P .
B (k:) () / (2 cos(rf + )+ ek g
0<k,j J

(k+j)r+2 (a4 1)r

1 (s 1 s b2 i(k—g) (r—)
—_ S S 2 +]+T —)(T—7 d
2 (1) C)mmra y et

1 1 1 —1)kd 3 . L
=— (Z) <s>—k( ) 2/ (2 cos(r))k+3+%e’(k_3)7d7.
r 2 \e) ez )y
[
The above expression gets conjugated under the change (k,j) — (j,k). That means that it
suffices to take the real part, and therefore it suffices to find

5w

' Z ( >< )%/BQCOS( NFHITE cos((k — §)T)dr.

()< i<k

By Lemma 3.3.4,

1 1 % A/ 2 cos(rf+m) ' ' '
Z (s) (s) / / pr(k+J)+1ezr(kf])9dpd9
. j (46+1)m 0
2r

(k=D F (5 —hk—h+ 4 5k —h+ 1 +35:7)
i)\ 2h 25320 ((k + j)r +2) (2k+;—2h+ ) '

(3.5.13)

o

Similarly, we have

> (;

1 W;Lif)” 1/2cos(ro+m) . - ;
k:) () / / pl B (k=00 1)
. J [CS L)
ng,j 3r

=

LU N () () (F ) R Gk e gk g
T 2o 22 \x) )\ 2n o (D) QR IoahD)

(3.5.14)
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Collecting (3.5.10) and (3.5.12), we have that the integral in (3.5.9) yields

1 r—1 l l (GZ;’LT‘U‘“' 1 ' . '
_ s s / / p(k+])7“+1€zr(k7])9dpd6
2 , k J G2 Jo
=0  0<k;j 3
(k.5)#(0,0)
6 = k) kr+1 2 Of;fij kE)J\jg)((k+jr+2)(k—7)
J

Combining (3.5.11), (3.5.13) and (3.5.14), we derive that the integrals in (3.5.7) and (3.5.8)
yield

1 r—1 1 1 “52;7;)" A/ —2cos(r0) " L ir(e i
52 D (k)( ) / / PRI k=90 4 g

(40+1)m
2r 0

o —2 cos(r0) ‘ . .
+ p(kJrj)TJrlezr(kfj)dede
(60+4)m 0

R (ke bkl
A(kr +1) (2k + 1+ 2)

[l
—
IA
=
7N

><1> (k_j) (DT (G = bk bty 4 gk = bty 4 5i4)

j 2h 2320 (k4 j)r +2) (2k+ 2 —2h +1)
Therefore,

1 / 2
1 1+ a7F — 1) dA(z)
2 Jpn{j14ar|<1} ( )

_7 N _ﬁz AV X-3(k — )
6 \k) kel 2 S \EJG) (B +5)r +2)(k =)

F]

By combining the above with the result of (3.5.6) and Lemma 3.5.1 in equation (3.5.5)

we conclude the proof of the statement. O
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3.6. A limiting property for the areal Mahler measure

In this section we prove Theorem 3.1.3, which sheds light on how the change of variables

x +— 2" interacts with the areal Mahler measure as r — oo in generality.

Proof of Theorem 3.1.3. Without loss of generality, we can consider the polynomial case.

Let
P(zy,...,x,) = Z Cmy o X1 € Clay, ..., 2y)
M1 ,...,Mp>0
be a non-zero polynomial and recall that P(0,z,,...,x,) denotes the polynomial resulting

from P by setting 7 = 0. Given 0 < R < 1, let Dy denote the disk at the origin of radius
R. We have

r—00

lim / / log |P(x7,xo,...,x,)| dA(xy) - - - dA(x,,)
Dn—1 DR

=1 1 g A o -dA(x,,
i [ tog| 3T ot dAGe) - dAG)

/ / / lim log Cony ooy PO 2 dpdOd A(zs) - - - dA(,)
Dn—1

T—00

:wRQ/ log Z Com,...mn T2 x| dA(m) - - - dA(xy,)
]D)nfl

:7TR2/ log |P(0,xa, ..., x,)| dA(z3) - - - dA(xy,) = 7" R’myp (P(0,x9,...,24,)),
]D)nfl

where the exchanges between integrals and limits follow from the fact that the integrand is

..........

lim mp (P (2,29, ...,7,)) = lim R?mp (P (0,23,...,2,)) = mp (P (0,22,...,2,)).

r—00 R—1—

This concludes the proof of Theorem 3.1.3. 0

3.7. Conclusion

In this chapter, we have explored how the areal Mahler measure varies under the change

of variables x — z", where r is a positive integer. This change of variables does not affect the

167



ris| mp ||| s | mp [|[r]| s | mp r | s | mp
117011121 (0074 5| 1 (0.037] 10| 1 |0.020
112100742 210049 5| 2 |0.024| 10| 2 |0.013
11310056 (2|3 (003653 |0.018| 10| 3 |0.010
114100452 ] 4 10.029( 5| 4 |0.014| 10| 4 |0.008
1151003725 (0024 5| 5 |0.011] 10| 5 | 0.006
1110]0.020 |2 ]10(0.013 | 5|10 |0.006 || 10 | 10 | 0.003
1120]0.011(220]0.006{ 5|20 ]|0.003 | 10 |20 | 0.002

Table 1 — Values of mp(1 + 2" + y*) given by Theorem 3.1.1.

standard Mahler measure and therefore represents a clear distinction between the standard
definition and the areal version.

While it would be difficult to explore the result of these limits directly from the formulas
given in Theorems 3.1.1 and 3.1.2, one can see Theorem 3.1.3 in action by doing some
numerical experiments. This is illustrated in Table 1, where the values mp(1 + 2" + y")
are listed for some choices of r and s. We see, first of all, the symmetry resulting from
exchanging r and s, and we also see that the value of mp(1+ 2" + y") approaches zero when
r or s grow, as they approach mp(1 4+ 3*) = 0 or mp(1 + 2") = 0 respectively.

Similarly Table 2 illustrates the values of mp((1 + )" + y*) for some choices of r and s.
We see again that as s grows, the value of mp((1 4 )" + y°) approaches zero, the value of
mp((1 4+ x)"). The table also shows that the value of mp((1 + )" 4+ y*) grows when r grows.
Presumably, the areal Mahler measure is multiplied by r.

It would be interesting to understand these phenomena in full generality, including char-
acterizing the difference between mp(P) and mp(P™) for A an n x n integer matrix with

non-zero discriminant as in (0.6.9).
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r S mp r S mp r S mp

111 1011069 (2| 1 |0.29242 10| 1 | 1.96069
11 2 1007440 | 2| 2 |0.22139 || 10| 2 | 1.80754
11 3 ]0.05600 (2| 3 |0.17800 | 10| 3 | 1.67597
11 4 10.04490 | 2| 4 |0.14880 || 10| 4 | 1.56188
115 1003746 | 2| 5 |0.12781 || 10| 5 | 1.46209
1|10 0.02050 || 2| 10 | 0.07493 || 10 | 10 | 1.10694
1]10%]0.00224 || 2 | 102 | 0.00886 || 10 | 10 | 0.20495
1]10%{0.00023 || 2 | 103 | 0.00090 || 10 | 10% | 0.02239

Table 2 — Values of mp((1 + )" + y*) given by Theorem 3.1.2.
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Chapter 4

The Mahler measure of an n-variable family

with non-linear degree

In this chapter, we investigate the Mahler measure of a particular family of rational func-
tions with an arbitrary number of variables and an arbitrary degree in one of the variables,
generalizing previous results for families of an arbitrary number of variables but linear de-
pendence in each variable obtained in [75]|. The results are based on a joint work with Lalin

and Nair [81].

4.1. A brief description of the results

In |74, 75|, among other families of rational functions, Lalin considered the Mahler

measures of the following family:

1—x 1—=z,
Sn g o dbnydh Y, = (1 < )( > 1 3
(11 Tn,y,2) = (1+2)z + o T (1+y)

and evaluated their Mahler measures in terms of special (-values and Dirichlet L-values (see
(0.7.2) and (0.7.3) for the explicit expressions). These types of examples represent important
evidence towards understanding the relationship between Mahler measure and regulators

In this chapter, our aim is to evaluate the Mahler measure of the following generalization

of the family S,:

Sna(T1y .oy Tp, 2, y,2) = (14 x)z+ Kl—m) (1_x")]r(l+y).

1+l’1 1+J]n



We prove the following result.

Theorem 4.1.1 (see Theorem 0.7.1). Let r > 1. For k > 1, we have

k 2 42  9\2 2h
m(S,) =Y B (2) e ),

where

Co(h) :=r(2h)! (1 _ 27;) C(2h +1)

r2(2h — 1) { (—1)P*+17 By 2t

2 2r2(2h)! ¢(3) (2%71 + (1)t (—1)7"“)

—2h—3

(1= (1))(2h 4 3)

Yy [ S (U2 oy (L) - Lin-€5)
=0

t=2

t—1 L (27r7)2h 3=t 14
a <2h - 1> (2-2 )C(t)) (2h +3 — t)!BQ"+3‘t (5) ] }

+ (2h 4+ 2)(2h + 1)

For k> 0, we have

k
snen(12,32,. .., (2k — 1)2) (2!
S?k—‘rlr E b h )'( ) ) (%) Dr(h)7
=0

172



where

D,.(h) :=r(2h + 1)!L(x_4,2h + 2)

. 2i7’2(2h)! { (_1)h+1(22h+4 _ 1)Bzh+47T2h+4
2

r2ht3(2h + 4)]

‘ (—1)hE2h7T2h+1

i (Lia((=i)) = gLia( 1))

e (Lisnea((-0)") ~ ggrgLisea((-1)))

By [ > (W(—Mu(—%s» + (t;hl) Lit(—z'>>

t=1
(27T,L')2h+47t < E >
“anra—mre\g ) |

In the above formulas, &, denotes a primitive 2r-root of unity, Li,(z) denotes the £-th poly-

+(2h+3)(2h +2)

logarithm (see Section 0.4.1), and B,(t) denotes the Bernoulli polynomial, as defined in
(0.4.12).

The proof of Theorem 4.1.1 relies on similar recursive strategies as used in the proofs of
the previous results from |75, 93| discussed in Section 0.7. For Theorem 4.1.1 we introduce
a clever application of partial fractions that allows us to write the Mahler measure in terms
of hyperlogarithms evaluated at the roots of unity. This new idea allows us to make the
important transition from the previous results at » = 1 to the more general case of arbitrary
r. These hyperlogarithms give rise to multiple polylogarithms that can then be reduced to
length-one polylogarithms.

Chapter 4 is organized as follows. Section 4.2 presents some preliminary results on
evaluating certain necessary integrals that where proven in previous work ([74, 75, 78|).
The derivations of Lemmas 0.4.6 and 0.4.7 are given in Section 4.3. The proof of Theorem
4.1.1 is given in Sections 4.4 and 4.5. More precisely, Section 4.4 describes the iterative
process that leads to the Mahler measure being expressed in terms of integrals that can be
related to hyperlogarithms, while these integrals are evaluated in Section 4.5. Discussions of

the case r = 2 and of the cases n = 1 and r = 3,4 are included in Section 4.6.
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4.2. Some preliminary results

The goal of this section is to state some results concerning the evaluation of certain
integrals that were proven in |74, 75, 78] and that are necessary for the proof of Theorem
4.1.1.

Let P,(y,w,z) = 14+ y+ a(l+w)z. The Mahler measure of this polynomial was initially
computed by Smyth [27, 113|. We state here a version given in |74, Theorem 17|.

Theorem 4.2.1.
2L5 (|a|) for |a] <1,

om(l +y+ a(l +w)z) =
2 log|al +2L3 (|a|™) for |a| > 1,

where, for >0,

2 toat dt dt 2 dt; dto dt
L3(B)=—= | —Fo0o—Fo0o—:= - 22

B Jo t*— 3 13 13 B 0<ty <t3<t3<1 t% - ﬁ% ty t3

The following proposition allows us to compute an integral that will be key for the

iterative process leading to Theorem 4.1.1.

Proposition 4.2.2. |75, Proposition 5|, |78, Proposition 5.5] Let a,b > 0 and k € Z>o. We

have

[t ey b () (2
0 (932 + a2)(ZL‘2 + b2) a E a2 — b2 )
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where the Ag(z) are polynomials in Q[x] given by

et k
R(T;x) = L ZAk(x)%

sinT
k>0

Remark 4.2.3. The polynomials Ag(z) satisfy the following recurrence.

2kt 1 = k1
e D B R
odd

and can be explicitly given by

2 k41 _ . _
Ai(z) = | ZBh< " >(2h L )il
h=0

where the B,, are the Bernoulli numbers. (See the Appendiz to [75] and |78, Lemma 5.2].)

4.3. Integrals and polylogarithms

To understand how special values of zeta functions and L-series arise in our formulas, we
derive Lemmas 0.4.6 and 0.4.7 in this section.

A proof of Lemma 0.4.6 can be found in |75, Lemma 9]. We include it here to familiarize
the reader with the proof strategy, which we adapt frequently throughout this chapter to

establish our results.

Proof of Lemma 0.4.6. We derive the equality in (0.4.18) below. A similar argument applies
to obtain (0.4.17), which is provided in the proof of Lemma 9 in [75].

Our goal is to translate the integral into hyperlogarithms.

R (=175 [t/ 1 1 dt dt
log? 2+1: 5; o dmoTo...o77
0 z ? o \r—1 xT+1

j times

where we use the fact that fxl 4 = —logz. Since % o --- o % are ordered in the above

hyperlogarithm integral, we have the factor j! in the left-hand side as the number of possible
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permutation of the variable t. Therefore, we have

(—1)”1'!/0 (L_ 1 )dm%o...oﬂ:ﬂ[mw(i)_ujﬂ(_i)]

21 r—1t T+1 t 21

where the last equality follows from (0.4.11). O

We now prove Lemma 0.4.7, which allows us to express the sums polylogarithms at roots

of unity in terms of special zeta values.

Proof of Lemma 0.4.7. Indeed, we have

=0 n=1 =0 n=1 =0
— 1 2 1
:2 —_— =
" Zl ntrh (27 + 1)
n:rnaonT
2(1 —271)
The proof of (0.4.19) is similar. We also have
2r—1 oo 2r—1 . o0 2r—1
L (1) (—i&5,)" (=9)" ot
S (1)) =3 3 CU G $8 0 SR gy
=0 n=1 ¢=0 n=1 =0
i
=4Tr _— -
— nh rh = (25 4+ 1)

n=r mod 2r

rhzl (Lin((=i)") = 27 "Lin((-1)")) .

4.4. General set-up

We start by first describing a general setting that could be applied to various ratio-
nal functions. Then we will specialize this setting in the particular polynomial from the

statement.
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Let P, € C(x) be a non-zero rational function such that its coefficients depend (as

rational functions) on a parameter aw € C. We replace a by [(2—;) e (i”ﬁ)} " and obtain

a new rational function P € C(x,x1,...,x,). By definition of the Mahler measure, one can

see that

m(P) = ﬁ / " <P[(i1;i)~~<z:::i>]r> % o dxi

We first apply a change of variables to polar coordinates, z; = ¢*:

z”tan —1) -tan(T”)] )del d9

2

Now let y; = tan (5') We get,

dyl dyn
Pln .
/ / (iny1 - yn))y%+1 y721+1
2n—1 dyl dyn
e - / . e / m (P(inyl...yn)r> B} 1 SR 1
™ Jo 0 yi + Yn +

gn—1 (oo 00 dy dyn
+ - / . / m (P(iinyl...yn)r) p) P 2 .
™ 0 0 vt ! It :

By making one more change of variables, 1 = y1,...,Zn1 = Y1 Yn-1,Tn = Y1+ * Ypn, WE

finally obtain

1 A A~ A A A A
2" / / xldml TodZy Tp1dTp_1 dz,,

’LZ‘ A A AN A A N
g :c%+1:r%+x% AR S P S

2” 1/ / P ) T1dxy TodZs :f:n 1dZ,—1 dz,,
R A I R -

Thus, to obtain our final formula, we need to compute this integral.
By iterating Proposition 4.2.2, the above integral can be written as a linear combination,
with coefficients that are rational numbers and powers of 7 in such a way that the weights

are homogeneous, of integrals of the form

o dx o . dx
/0 m (P,nx) )log T 11 +/O m (P(_inz)r) log’ T (4.4.1)

One can see that j is even if and only if n is odd and the corresponding sign in that case

is “4-”. This leads to the following construction.
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Definition 4.4.1. [75, Definitionl5| Let a;; € Q be defined for k > 1, n = 2k and j =
0,....k—1 by

/ / ) T1dx, TodZo Tp1dTp_1 dz,
:I:z T ~ ~ ~9 A N ~ ~
n) 22122422 22 442,32 402,

2k—2h _ dx
iza,kh 1< ) /(; m(P(iinx)r)loth 133'x2_1.

Let b, ; € Q be defined for k>0, n=2k+1and j=0,...,k by

/ / ) T1dxy TodZs Trn1dTp_1 dz,,
ilnaﬁn i'l—’—lj:%_’_:%% n1+mn2 n_’_xnl
7N\ 2k—2h dx
~3" (-) Praimar) 1
27 /0 m (Prainayr) log™ o 211

The following result is proven in [75].

Theorem 4.4.2. |75, Theorem 17| For k> 1 and h =0,...,k — 1, we have

Sk—l—h(227 ) (Zk — 2)2>
(2k —1)!

Ag.n =

For k>0 and h=0,...,k, we have

b — Sk—h(127"‘7(2k_ 1)2)
b (2k)! ’

where we recall that the symmetric polynomials are given by (0.7.1).

It remains to evaluate the integrals of the type (4.4.1).

4.5. Integral reduction

In this section, we focus on evaluating the integral

IT,j ::A m (P'L”LL‘) )]-Og I’W

for the polynomial P, = 1+ y + a(1 + w)z and we deduce our main result. Notice that in
this case the Mahler measure is independent of the complex argument of o, and it therefore

suffices to evaluate m (P,). We have the following result.
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Proposition 4.5.1. Let P, =1+ y + a(l +w)z. When h > 0 we have

IT,Qh =

o 1 ,
23 (20 4 4)] — T n(2h)! <L13((_Z) )~ glis((=1) )>

2ir2(2h)! {( 1)h+1 (22044 _ 1) Byy L ym2h (= 1)h By it
T2

F(2h48)(2h+2) gy <Li2h+4((_i)T) B ﬁm%ﬂ((_ly))

4 Z_(_l)f [ Z <W( ) Liy(— z§2r) (t2h1> Liy(— ))

=0 t=1
o) 2h 4t ¢
X (<2h +>4 gy Dot <§> } tr2h+ D02 +2)

When h > 1 we have

C(B) (22h—1 + (_1)r22h—1 + (_1)r+1)

r2(2h — D! | (=1)"*17 By, 7k
Ir,?h—l =

2 2r2(2h)!

1— 2—2h—3
T (= (1))@ )

Yy [ S (2 oy (wied,) - Lin-5)

t=2

t—1 1y (27i)2n T3t 4
N <2h - 1> (2-2 )W)) (@23 p) 2 (5) ] }

+ r(2h)! (1 —~ ﬁ) ((2h+1).

+ (2h +2)(2h + 1)

Proof. We start by splitting the integral according to 0 < x <1 and 1 < z.

1 . dr o .
Z.,;= Ppr)log’ t——7—= Py)log’ 1 ——7—.
»J /0 I’Il( ) 0g x$2 + (_1)] _'_\/1 m( ) 0g xIQ 4 (_1)]

By applying Theorem 4.2.1, we obtain

7 /1 < 4 ) /1 dt dt dt log’ zdx
P= — — 0 — 0 ——/———
R z'w?) Jo 22— ot t a4 (—1)

[ (o + ( 4x>/l—dt ot dt) toglwdr
1 & w2 ) Jo t2—x* ¢t t ) az4+(=1)
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Denoting the t-variables by 0 < t; < t, < t3 < 1, we consider the following changes of

variables. For the first term above, we let

T T T

sy sh sh
h=—, la=—, t3=—,
T x x
and for the second term we let
P
1= =, la=—, 1l3=—.
51 89 S3

This leads to

I,

4 /1 rs"'ds rds rds log’ xdx
= — — Oo—o0o—0 —>———
" 72 s2r —1 s s  x?4(=1)

+r/c’o log/ ™ wdr 4 /°° log/ zdx  (—r)ds (—r)ds (—r)s"'ds
1

21 (1) 2 ° °

x4 (=1) ° s s 1—s%r

In the last two integrals, we reverse s — % and r — % to get

— 0O—0—0 —————
72 sr—1 s s a?4(=1)

/ log/ ™ xdx 4 /1 rs"'ds rds rds log’ xdx
0

224 (-1 °7s °

4 /1 rs"'ds rds rds log’ xdx
Z;J - —

21 s s ° x? 4+ (—1)
8r / rs"'ds ds ds log’ xdx / log/ ™ zdx
0—0—0—> — —_—
sr—1 s s w24 (=1) o 24 (—1)

ar?5l(=1)7 [trs'lds ds ds 1 1 du du
= — 0O —o0 — — — — e

WQ

i+l s2r—1 s S

/ log/ ™! xdx
—-r | ==
o L)

Let &, be a primitive (2r)™ root of unity. We can then write

r—1 r—1
sT—1= H(s — &2 and ST 1= H(s — 2,
=0 =0

By applying the logarithmic derivatives above, we get
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This gives

rs’t sl rstt 1= (—1)*
-1 2 —1) 2As D) 2458,
Finally we have
2r2j1(—1) = )
Ty = = = 2 (D B (21
=0
2r?j1(=1) — ¢ ‘ ; U og/tt adx
_ . S gt o)
o ;( Vg (s =#721) "“/0 2+ (—1)
2T2]‘(_1)] i, /1 - .j+1 7/ '—j—l
- 2401 Z(_l) L137j+1(2 Eor 51 )
=0
2r2j1(—1)7 T=

S (1) Lig (i - [ B

=0

By Lemma 0.4.6, we have

B / log/ ' xdr
o @1 T

When j = 2h is even, we have that

(

1
G0 (1 5 ) CG+2) jodd

\T(j + DI L(x_4,7 + 2) j even.

2r—1
2r<gl(—1 . L ' i
#ﬂ) Z(_l)e (Lls,jﬂ(zjﬂﬁzf, i) — Lig ji1(—i el i 1))
=0

2r2i(— 1) (2h) =

M

=0
27’ i T2 } o ) ) e p .
7:—2 ) Z(—l)e (L13,2h+1(252r£, —1i) — L13,2h+1(—252r£,2))
/=0
2T Z(Qh) - Oy - co—0 . Ar—bT1 - c o -
= Z ((—=1)"Lison41(i&s, — 1) — (—1)* "Ligops1 (=185, 1))
—0
Ar2(2h)) 3 _ L
== 752 ) (—1)“Im (Lizon41 (15,1, — 1)) -
=0
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When j = 2h — 1 is odd, we have that

2T2j!<_1)j — £ (7 Gle—l —j—1 . Gle—f  —j—1
_WZ(_l) (Lis o (&, 07770) = Lig g (=776, , —i777)
=0
2/ _1\h . ] 2r—1
= R 2 S (1) (i (1) (1)) — Ligan (1), ~(-1)")
£=0
2 o |2’I“ 1
- 27“(27+1) (1) (Ligon(€55, 1) — Ligon (=57, —1)) - (4.5.4)
/=0

Notice that one can combine

(—1)KLi3,2h (5;: 1) + (=1)*~ L13 2h ( 2”67 1) :(_1>€L13,2h (52;?, 1) + (_1>€L13,2h (fﬁr, 1)

=(—1)"2Re(Liz 2, (&, 1))
and similarly with
(—1)Lizan (=&, —1) + (=1)* ‘Lizon (=&, —1) =(—=1)"2Re(Lis 21, (=&, —1)).

By combining the above with (4.5.4), we finally have that, when j = 2h — 1 is odd,

2T2j|(—1)j . ¢ . Gl e—l —j—1 . 7.7 1
iR D (=) (Ligja (M6, = gy (=76, —i97Y)
=0
22(2h — I =, . . . 0
= T Z(—l) (Re <L13,j+1(£2r s ].)) — Re (L137j+1(_£2r s —1))) . (455)
=0

In order to continue the simplification, we apply Corollary 0.4.5. Equation (0.4.15) gives,
for 7 = 2h,

2r—1

2i Z (—1)"Im (Lig 2n11(i&5,", — i)

=0

2r—1
=Y [L (€,) — Lis(i€5) (Lo () — Lizuga (i) + <2h; 3) Ly a(—ic,)

-y (( )th (-ith) + (t ;h1)<-1>tmt<—i>) (~Lizii(657) — <—1>tLigh+4_t<s£T>>].
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We now apply part of Lemma 0.4.7 and other identities from Section 0.4.1, such as (0.4.10),
(0.4.11), (0.4.13), (0.4.21), and (0.4.22), to find that the above equals

(_1)h+1(22h+4 o 1)th+4ﬂ'2h+4 ,(—1)hE2h7T2h+1 < ' . 1 ‘ . )
r2ht3(2h + 4))! ! r222h(2h)! Liz((—4)") 8L13(( 1)")

+ (204 320+ 2) gy (Lineal(—0)) — sy Limeal(-1)1)

+Z(—1>ZIZ<W( 1)L —igy,) + (t;hl)Lit(—w)
(=

t=1
(27TZ)2h+4 t < ¢ )
X (2h i t)' B2h+4—t o . (456)

Equation (0.4.16) gives for j = 2h — 1,

2r—1

2 Z Re L13 ]+1(§2r y )) — Re (Lig’j_;_l(—g;f, —1>))

2r—1

= Z lmg €6, )Lian (1) — 2Lig(— &) Ling(—1) + (2h 2

2
-y (( ) (Lin(eh,) — Lin(~€L)) - (;h‘_ll)<—1>t (Li(1) Lit(—l))>

X (—Lionta-+(65,) + (—1)tLizh+3t(5§r))] :

) (Ligh+3(££r) - Li2h+3(_§§r>)

Again, we apply part of Lemma 0.4.7 and identities from Section 0.4.1 to see that the above

equals

(—1)h+17th7T2h
2r2(2h)!

(3) (22h—1 T (_1)r22h—1 + (_1)r+1)

1 — 2—2h—3
+ @h+2)(2h + )= (1 = (-1))(2h +3)

_Ej@4ylzj(@:iét:@¢4y@MgJ—Lm_g»y_<£iz>@—gtX@O

/=0 t=2

(27T,L)2h+3 t < E)

—— B =11 4.5.7
“2hr s e \gp (4:5.7)
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Combining equations (4.5.6) and (4.5.7) with (4.5.3), (4.5.5), and (4.5.2) in (4.5.1) con-
cludes the proof of the statement. O

Proof of Theorem 4.1.1. By Definition 4.4.1, we have that

and

2h+1

2
m(Sok+1.r) Z b n ( ) Z, oh.

The result the follows from Theorem 4.4.2 and Proposition 4.5.1, by setting C,.(h) := Z, 251
and D (h) Ir 2h - ]

4.6. Some particular cases

In this section we focus on the simplest cases, for low values of r or n.

For the case r = 1, and j = 2h, we have, from (4.5.6),

1

Z )“Im (Lisgni1(i(—1)"", — 0))

—(2h + 3)(h + 1)L(x—4,2h + 4) + (2h + 1) L(x_4, 2h + 2)”Z

h+1—s 2h+4—2s
(—1) B2h+4—2s7T

(2h 4+ 4 — 2s)!

This gives, for r =1,

h
2 Z 2h+ 1Y\ (=1)"* oh—2 4
—_— ‘ = -_—
Do = 2 <2€ + 1) 2h +1 Batn-om (204 3)'L0x-0.20+4) ﬂQD(h)’

where we have set s = ¢ + 2.
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For the case r = 1, and j = 2h — 1, we have, from (4.5.7),

> (1) (Re (Lis 1 (1), 1)) — Re (Liz 41 (—(=1)", =1)))

£=0

=(h+1)(2n +1) <2 — #) C(2h+3) — h (1 — 22]1“) C(2h + 1)7?

2h+2-2s

1 (=1)""*Bopso_osm
2 — 1 2— — 2 1
s(2s ( 228)« S R TS B

Mw

s=2

This gives, for r =1,

>

7-(2

1 2h\ (—1)r* _ 1 4
Lioh—1 = <2€) %BQ(hé)ﬂ'Qh 2620 + 2)! (1 — m) C(2¢+3) = EC(h),
—1

N

where we have set s = ¢ + 1.

For the case r = 2 and j = 2h, we have, from (4.5.6),

3
Z Im L13 2h+1( 1—[7 - Z))

/=0
-1 h+1217r2h+1 2

- ( 2211-1—6(2]1)‘ EQhC(?)) + <2h -+ 1)L(X7472h + 2)§

h+1 it
25 —1 -

_ -1 h*SL .9 22h+472s 1 —B .
;( 2 )< T >(2h+4—25)! A
— 2h+3—2s

2s -
-1 h—s 22s+1 -1 9 1 E s
+§;(2>( ) ( )C( S+ )22h+4(2h’+2_2$)‘ 2h+2—2

This gives, for r = 2,

(—1)h21
22h+2

2h + 1 1)h—€ 2h—20—2 2h—2¢
82 90 41 Qh a1 Ban-om (20+3)!1 (2772 — 1) L(x-4,2( + 4)

Loop = Eo " 1¢(3)

h h—t
+ Z ( ) 22h)+1 EQ(h_é)ﬂ_Qh—Qé—l(Qg +2)! (22£+3 _ 1) (20 4 3)

=Dy(h).
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For the case r = 2, and j = 2h — 1, we have, from (4.5.7),

3
Z (Re (Liszn(i -, 1)) —Re (L13,2h(—i4, -1)))
=
— 1)+l 2k 1 )
:(%T;L)TB% (2" =1)¢B) —h (2 - ﬁ) C(2h + 1)”Z
NE 1 o 2h42—2s
_ ; (25) (=)~ (2 - 2—) ((25+1) (2204272 1) mB%H_ZS

h+1 _
25 1 7.‘.Qh-i-?» 2s
— E —DP S L(yv_4,2 E. 9.
< 2 >( V7L S>22h+2—2s(2h P T

This gives, for r = 2,

(=117 %—2 (02h
ZIron—1 ZTBQMT (2" = 1) ¢(3)

o (20 (=1)"" oo 2h—20—2 | 1
+4) o | (@ 1) By (20 +2)1 (1 - 555 ) €20 +3)
/=0

h

oh — 1Y (—1)"*

! <2£ - 1) ;%—)z—e_QEz(h—e)W%%1(25 + 1)IL(x-4,20 + 2)
1

=Cy(h).
The evaluation of Z,.; and m(S,,,) for r > 2 quickly becomes computationally involved.

We will focus on the case n = 1. This corresponds to the case k = h = 0 and Z, 5. We

remark that for j = 0 we have

To =Re | orLia((—i)') — Lis((~)) + 2 3 (~1)Lig(~ @)]
£=0
1
3 ®) + - Lis((-1))
and
m(S1,) =Re | 25 Lis((~i)") — 5 Tis((~)) + 75 > (~1)'Tis(~ zf%)]
=0

3r? 1. ;

- @C(?’) + ﬁlea((—l) ).

We get different cases according to the class of » mod 4.
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For r = 2s 4+ 1, we have

24(—1)*

_ 3(2s +1)?
(254 1)m3

72 T

m (St 2541) L(x-4,4) —

For r = 4s, we have

1252 4+ 7 16s o2
- + N _

m<Sl74S) - )72 <<3) 2 Z( )Z Re<Ll3( ZgSs))
(=0
For r = 4s + 2, we have
652 + 65 — 2 165 + 8 o o
m(S1a542) = = ———5 () + —3 ;(—1)@ Re(Lig(—i€g,,4))L.

Specializing in r = 1,2 we recover the formulas for the Mahler measures of S; ; and S .
We now provide additional details for the cases r = 3.4.

For r = 3, we must find

Z Y Re(Lig(—i&))l = — Re(ng( )) + 2Re(Lis(e® )) — 3Re(Li3(7))

=0

+4 Re(Lig,(e%)) -5 Re(Lig(e%))

=Re(Liz(e®)) — Re(Liz(e ) — 3Re(Lis (1)),

since Li(Z) = Li(z). Now consider

00 km

i COS —

Re(Lig(e®)) = Y —°
k=1

3 (1 1 1 1 1/1 1 2 1 2
:ﬁ( _____ +_+..>+_(
35 7118 2

This sum is absolutely convergent and we may rearrange the terms as desired. Let x12(11,n)
be the Dirichlet character of conductor 12 given by ( ) This corresponds to the character

X124 according to Mathematica. Its values are given by

n 105 | 7 |11
Xu(].].,ﬂ) 1/-1]-1 1

so that



We can also write
1<1 1 2 1+1+2+ )_1(1 1_|_1 1+1 1_|_ )
2\23 43 63 8  10° 12° S 2\23 43 63 8 0 10° 123
3 < 1 1 N 1 n )
2\63 123 18

1 3
:_(2-23_2 63)Ll3( b

_ @
24
Therefore,
Re(Lis(e® )) = % + ?L(Xlg(ll ),3).
Similarly, we can show that
Re(Liste®)) = <2~ Y21 (111.),3),

and using that Re(Liz(i)) = —2((3), we obtain

S (1) RelLis i) = 5¢(3) + V3L(xw11,).3),

=0

which gives

m(513) = 127T—\/_L(X12(11 ).3) — %L(X—4,4)o

When m = 4, using similar manipulations, we can also show

3 1

Re(Lig(e¥)) = ~7¢(38) + 5 L0xs(5).3),
Re(Lis(e*#)) = —7C(3) = Z5L0xs(5:).3).

where xg(5,n) is the Dirichlet character of conductor 8 given by (%) This corresponds to

the character s according to Mathematica. Its values are given by

n 113 | 5 |7
xs(m) [ 1] =1 =1]1]




Thus,
- s’ 3mi 23
> " (~1)" Re(Lis(—i€f))l = —4Re(Lis(e ™)) — 12 Re(Lis(e 1)) — §6(3)

— —gé(?)) +4v2L(xs(5,),3),

and

105 64+/2
Hl(SlA) = —2—7_‘.2 (3) + B

L(X8(5> )73>

4.7. Conclusion

Our results show that the Mahler measure of the family 5, , is even richer and more
interesting than the previously known Mahler measure of S, ;. It is clear from the case
n = 1 that we can not expect a formula of the form (0.7.4). Such a formula is certainly true

if we consider an analogous construction for the R,, family, namely, if we let

1—.1'1 1—1)” "
Ry, gy IpyR) = |:< >( ):| )
(1 Tp,2) = 2+ 1T o e

Then, we trivially have that

(R (21, . - 20y2)) =Ry (21, - -« s Ty — 27)) = - m( _£J<1_:c1> ' (1—xn))

, 1+ 14z,
7=0

=rm(R,1(x1,...,Tn,2)).

Thus, the case of R,,, is trivial. Similar considerations apply to the family @, , given by

Qnr(T1,. ., Tp,2) =2 + [<§3+x1> (&H—x”)r

1+ZL’1 1+l‘n

An interesting project would be to consider the construction of this chapter for the family

T,

1—a 1—z,\1" 1—x 1—z,\1"
i o (152 (52 - (22 (52)])s
(21 T, T,Y) + Tt . -+ 1T T, Y

As we remarked in the introduction, there is a clear distinction between the cases n even and

odd for m(S,), namely, the formulas for n even only contain special values of the Riemann
zeta function, and the formulas for n odd only contain special values of the Dirichlet L-

function at x_4. However, for m(S,, 2), the formulas are mixed. The case of m(R,,) also shows
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an alternation of formulas involving special values of the Riemann zeta function or special
values of the Dirichlet L-function, and by the discussion above, since m(R,,) = rm(R,),
the same is true for m(R, ) independently of r. Finally, all the formulas involving m(7,,)
are given in terms of log2 and special values of the Riemann zeta function. It would be

interesting to see how this extends to m(7,, ).
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Chapter 5

The areal zeta Mahler measure of a family of

polynomials

In this chapter, we derive some fundamental properties of the areal zeta Mahler measure
and we evaluate the areal Mahler measure of the polynomial family {k+z+y : k € C} using
the associated areal zeta Mahler measure. This is an ongoing joint work with Lalin, Nair,

and Ringeling.

5.1. A brief description of the results

For a non-zero polynomial P € C[zy,...,x,], the areal zeta Mahler measure is given in
(0.6.18) by
1
Zp(s,P):=— [ |P(x1,...,2,)|" dA(x1) ... dA(x,). (5.1.1)
T D

The goal of this chapter is to evaluate mp(k+z +y) explicitly in terms of hypergeometric
series, as well as in terms of special values of the Bloch-Wigner dilogarithm, for all k£ € C.

Following the discussion in Remark 0.6.26, it suffices to compute mp(|k| + x + y), since
mp(k+ 2z +y) =mp(kf + x4+ y) = mp(|k| + 2+ y)

for any ¢ € C* such that |£| = 1. We achieve the evaluation in two steps, given by the next

two theorems.



Theorem 5.1.1 (see Theorem 0.6.23). For Re(s) > —2 and k € C, we have

BN (k[ |k|?
Zp(s, |k| + 2 +y) = co(s) D3 Fy 7 +ci(s)Fy %) (5.1.2)
where
113 5+s5+s
F ) - F (__7_7_a ) ) )7
o(z8) =sl =555 5532
F()F<28188'115>
1(%; S 3472 27 27 27 ; 2 272 )
28 3F2 (_ga_gaga27371)_ﬁrlg(§;r§;2 3F2 (_2_27_1_57_37 7_%_57]-)
co(s) = 1 1 3. 5+ts Hts. ,
sFy (—35.3,3; 202 2201
_ 4 I(s+2)
and c¢1(s) = ST (322)"
Using Theorem 5.1.1, we compute
dZp(s, |k| + x +
s=0

which leads to the statement of Corollary 0.6.24. Comparing this with (0.6.21), which

represents m(|k| + = + y) in terms of a hypergeometric series, namely,

we obtain the following result.

Theorem 5.1.2 (see Theorem 0.6.25). For k > 0,

kv/4 — k2(10 + k%) + (8 — 16k?) arccos (%)

1.4
167 (5 )

m(k+z+y) —mplk+z+y) =

Before proceeding with the proofs of the above statements, we will first discuss some
fundamental properties of the areal zeta Mahler measure, which is in itself a very interesting

object to study.
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5.2. Some fundamental properties of the areal zeta Mahler

measure

In order to compute (5.1.3), we need to verify that Zp is differentiable at s = 0. To see this,
we first consider the holomorphic regions of Zp(s, P) for any polynomial P € C[xzy,...,x,].

We first specify some notation that we use frequently in our arguments below. Let A, (A)
denote the Lebesgue measure of a set A € R", and let S,, denote the Symmetric group of n
elements.

Recall that, for any P € C[z7,...,z%], we denote

n

01(P) := inf {0 eER: 7r_1”/Dn |P(x1,...,2,)|" dA(x1) ... dA(z,) < oo} € RU{—o0}.

For P € Clzy,...,z,], since & [, |P(x1,...,2,)|° dA(z1) ... dA(z,) = 1 < oo, we have

01(P) < 0. Following an argument analogous to the classical case in [3, Proposition 2.1], we

have the following result.

Proposition 5.2.1. Let P € Clxy,...,x,] be a non-zero polynomial. Then the integral
in (5.1.1) converges absolutely and locally uniformly in Re(s) > o1(P). Furthermore, for

Re(s) > 01(P), Zp(s, P) is holomorphic and we have

CAEL) L by, a)l (log |P)dA(y) ... dA(z,).

k
ds ™ Jpn

Proof. We assume n = 2 for simplicity of notation, as the same idea extends to the general

case. First observe that

1 s i % s
F/ |P (z,y)|” dA(x)dA(y) :22/ |P (p1€® 01 pye? 92){ p1p2dp1dpadfdbs.
D2 [0,1]4

Let € > 0 be arbitrary and 7" > max{oy(P) + ¢,0}. Then, from the definition of o, (P),
it follows that there exists at least one o € [01(P), 01(P) + €) such that

22/ }P (ple%wl,pge%w?) {Jplpgdpldpgdeldeg < 0. (5.2.1)
[0,1)4

Note that, assuming the integral in (5.1.1) converges absolutely for all o;(P) + € <

Re(s) < T, we can extend this region of absolute convergence to (o1(P), c0) by taking € — 0
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and T' — oo. Therefore, it suffices to prove the absolute convergence of the integral in (5.1.1)
for all Re(s) € [o1(P) +¢€,T].
For t > 0, we divide [0, 1]* into two parts
AFH(P) :={(p1, p2,01,02) € [0,1]* : | P (p1€™%", ppe®™ )| > t}, (5.2.2)
ASH(P) ={(p1, p2,61,02) € [0,1]* : | P (p1€¥™, poe®™?)| < t}. (5.2.3)
Let Rp := max(, yep2 |P(z,y)|, which is well-defined since D?* is compact and |P(x, y)] is

continuous. Then, on the one hand, for all (p, pa, 01,6) € A5'(P) and Re(s) € [0y (P)+e, T),

we have

HP(Pl 6271-1'91 7 p2€27ri62) ‘s‘ _ ’P(p1627ri61 : p2€27ri92)|Re(s) S R;
On the other hand, for (p1, p2, 01,6,) € A5(P), we have
||P(p1€2m‘91 7 p2627ri62)|s| _ |P(,0162m91, p2€2m‘92) |Re(s) S |P(p1 627ri91 ’ p2€2m‘62) |a’

since o < 01(P) + ¢ < Re(s) and |P(p;e?™01 | pye?™2)| < 1.
Observe that max { s (A5"(P)) , A4 (Azzl(P))} < \([0,1]*) = 1. Then, from (5.1.1), we

have

% /D2 |P (z,y)]" dA(x)dA(y)

22[ . }P (p162ﬂ'i91,p2€2m'92) |Sp1p2dp1dp2d61d02
0,1

T i Re(s
= 22/>1 ‘P (p162 ", pae? 62)| : )p1p2dp1dp2d01d02
Az (P)

2

g’ i Re(s
+ 22 /<1 ‘P (p162 9170262 62)| (=) plpgdpldp2d91d92
A(P)

< 2°RpAs (A5 (P)) +2° / | P (p1e®™™, pae®™ ) |7 p1padprdpsdty doy

AsH(P)

< o0,

where the finiteness of the second integral in the penultimate line follows from (5.2.1). This
concludes the proof that the integral representation of Zp(s, P) is absolutely convergent in

o1(P) + € < Re(s) < T, as well as in Re(s) > a,(P).
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Let 0 > 0. For s € C such that Re(s) > 01(P), we denote D(s,9) = {z € C: |z —s| < {}.

1

Observe that R$ is locally uniformly continuous on Re(s) > oy(P)," i.e. for every ¢, > 0

. o . €1 1
there exists a d5, := min {2( R 1og ey T8 |} > 0 such that, for all z,w € D(s,ds,),

we have
|Rp — Rp| < |Rp — Rp| +|Rp — Rp|
:Rie(s) <‘e(zfs)10ng . 1‘ + ‘e(sfw)IOng _ 1))
< (2(e = DR¥D|log R,|)6se, =
~ € P og 7 S,€1 €1,

where last inequality follows from the following simplification

© (5 sV 1og? R 2|z — sl tlog ' R
p(z—s)log Rp _ 1‘ _ Z (z—5) ‘ og’ hip < |z — s||log Ryl (Z |z — s .Og P)
j=1 j=1

J! J!

1
< 53,61‘108;RP| (Z _) 6 —1 561“0ng|

|
J=1 J
First we consider all s satisfying Re(s) > max{0,01(P)}. In this region we have

|P(z, )[R < R for all (z,y) € D2 Notice that, for every e; > 0, there exists a

! — : €2 1
Og ey = mln{z(e—l)R§e<s>|1ong|’ \long|} > 0 such that, for all z,w € D(s,d,,,), we have

Zo(:,P) = Zow, P)| =| % [ (P @)l = |P ) dA()dA()

< / P @yl = 1P ()| dA)dA()

)[F s, |log | P(x, y)||dA(x)dA(y)

S,€2

2(e
<

<2(e—1)Rp Re(s | log Rp|d.

862_ 25

which implies that the integral representation of Zp(s, P) in (5.1.1) is locally uniformly
convergent in Re(s) > max{0,0,(P)} for s € C. If 0;(P) < 0, then, for the region o1(P) <
Re(s) < 0, a similar approach on A5'(P) and A;'(P) extend the region of locally uniform
convergence of the integral in (5.1.1) from {Re(s) > 0} to {Re(s) > o;(P)}. This further
implies that Zp(s, P) is holomorphic in Re(s) > o1(P), which concludes our proof. O

1. It follows from the fact that e® is locally uniformly continuous in C.
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The next proposition gives an estimate for oq(P). First note that o1(P7) = o, (P) for any

T € Sy, where P7(xy,...,%,) = P(2-1), - .., Z7(n)). Following the notation of [3], we define

di(P) :=deg P ifn=1,
dn(P) :=deg, (P)+d,—1(Q) ifn>1,

where () is the coefficient of xiegz"“)) in P. We also define

d™™(P) := min d(P7).

TESK

Then d™*(P) < d,(P) < deg P. We have the following result.

Proposition 5.2.2. Let P € Clxy,...,x,] be a non-zero polynomial. Then
(1) 01(P) < —1/d3™(P).
(2) If P does not vanish on D", then o1(P) = —o0.
Our argument to prove Proposition 5.2.2 is again inspired by the derivation of [3, Theorem

8]. Before proceeding with the proof, we define A*(S) and AZ*(S) as the generalizations of
(5.2.2) and (5.2.3) by

AZHS) ={(p1,...,pr,01,...,0,) €[0,1]*: S (ple%wl, o ,pre%w*)

r

>t} (5.2.4)

ASHS) ={(p1, - pr b1, 0,) € 10,17 1| S (pr€™, .. pee®™) | <t} (5.2.5)

Our proof relies on the following extension of Lemma 2.5 in [3] to the areal case.

Lemma 5.2.3. For a non-zero polynomial P € Clxy, ..., x,|, there exists a constant C' =

C,(P) > 0, such that

1

Aon (ASH(P)) < Ctam™e) (5.2.6)

Proof. We again mimic the argument given in [3], and proceed by induction on n.
For n = 1, we start with P(z) = GH?:1(95 — a;) € Clz], where d = deg P and {a; : 1 <
J < d} is the set of roots of P. Then the condition |P(z)| < t for some x € C, implies that at
1/d
")

|al

. 1/d .
least one of the o satisfies that |z — o] < <|f7|) . For convenience, let B, 4 1= (

196



Ao (Aft(P)) < Ay (U A1<Ba,d,t(x . Oéj))

j=1
d d '
<Y n (AT (@ —ay)) = Z € [0,1]% 1 [pe*™ — ay| < Buas})
j=1 j=1
d .
<> 2 ({(p.0) € (0,17 : |pe™™ — |ayl| < Baay}) (5.2.7)
j=1

where the last inequality follows from the periodicity of 2. Suppose that there exists a
(p,0) € [0,1]? such that |pe*™™® — a;| < B, g4 Then, by the triangle inequality, we have

|p — ||| < |pe*™ — ;| < By gy and

lpe®™? — p| < lpe”™ —|ay|| + |p — |oy]| < 2Baay.
Hence (5.2.7) is
Z& £ 01+ 106" — p| < 2B, )
Z X ({ € [0,1]* : psin(m0) < Baas})
< 22)\2 €[0,1] x [0,1/2] : psin(n0) < Baa.})
<2Z)\2 ({(p 0) €10,1] x [0,1/2] : pf < Ba"”}) (5.2.8)
= — Y ) ’ 2 )

where the last equality follows from the fact that sin(w) > 26 for any 6 € [0,1/2]. It only
remains to compute the area under the curve pf = % enclosed by the lines p =0, p =1,

0 =0,and 0 = % In fact, if B, q¢ < 1, we have

B, L (Baa 1
)\2({(/),9)6[0,1]><[0,1/2]:p«9< éd’t}):/o mln{ Qz’t,a}dp

Baat 1 ' B d,t Baat  Baat Ba.az
= —d S8 dp = =% 2 og By gy < —228,
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If Bygr > 1, then Ay ({(p, 6) € [0,1] x [0,1/2] : pf < %}) =3:< Badt Therefore, from

2

the above discussion, we can derive an upper bound for equation (5.2.8) as

d d
B, B,
2 E A2 <{(p, ) € [0,1] x [0,1/2] : pf < 2"“}) <2 § 2"“ — dByqs, (5.2.9)
=1 =1

which implies that

=

X2 (AF'(P)) < dBoay = dla| ati.

We conclude that Cy(P) = dla| .
Let n > 2, and suppose the statement holds up to n — 1. Let ¢’ > 0, which we will later

choose in terms of .

We now factor P(xq,...,x,) as
h
P(zy,...,2,) =a(xy, ..., T 1) H(xn — (T, ..., T0)),
j=1
where h = deg, (P), a(x1,...,2,-1) is the leading coefficient of P as a polynomial in z,,
and o;(xq,...,2,_1) are suitable branches of algebraic functions in zy,...,z,. We divide

ASH(P) in two parts: AZH(P) N A2, (a) and AZH(P) N AY (a), where AZY | (a) and A<, (a)
are defined following (5.2.4) and (5.2.5), where r =n — 1 and S = a. Our aim is to estimate
Lebesgue measure of each set.

By induction, we have
don (AT(P) VAT (@) < Aoy (4774()) < Coa(@)(#) 7.

For the other component of A<(P), we have the following upper bound:

' - (- 1/h
M@Wwﬂﬁ“mﬁiy%@ﬂ(Hw—w%mwm»gh@),

j=

where the last inequality follows from a similar argument as in the n = 1 case. Choosing

—1
1 1 1 dp—1(a)
tl = t<degzn ®) (dn,l(a)"’_degz”(P)) ) =1 dn(lp) b

we have

Xan (A54(P)) < Cu(P)/0) < €, (P)HA"P),

which concludes the proof. O
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Now we are ready to prove Proposition 5.2.2.

Proof of Proposition 5.2.2. Note that, for any o € (—m, O) , we have

2”/ ‘P (p1€2ﬂ—i91, o 7I0n€27ri0n) |Up1 . pndpl .. dpndel . d@n
[0 1]2n
< 2%an (A77(P)) + 2”/ [P (p1e”™, . pn€®™) | 1+ pudpy - - - dpydfy - - - B,

AFH(P)

= 2"y, (A71(P))
D3

< 2"\, (AZY(P)) +27

P (e paeTitn) ‘a p1 - pudpy -+ - dpndby - - - d6,,
(P)NA2~ " (P)

WE

27, (4577(P))

~
Il

0
(Agn (AZH(P)) + C,(P 22 o) dmm<P>> < . (5.2.10)
=0

Based on (5.2.10), we can infer that o;(P) < 7- This proves statement (1).

1
dxin(P)

If P does not vanish on D™, then there exists rp > 0, such that rp < |P(z1,...,2,)| < Rp
for any (x1,...,x,) € D". Then, the integral in (5.1.1) converges absolutely for all s € C. In

other words, o1(P) = —oo, which implies statement (2). O

The next proposition lists other fundamental properties of the zeta function Zp that
follow directly from its definition and Proposition 5.2.1.
Proposition 5.2.4. Let P € Clxy,...,x,] be a non-zero polynomial. Then

(1) for any s € C, Zp(s,1) = 1;

(2) for any a € C* and Re(s) > 01(P), Zp(s,aP) = |a|*Zp(s, P);

(3) for any k € Z>y and Re(s) > o1(P)/k, Zp(s, P*) = Zp(ks, P).

In the next sections, our goal is to investigate Zp for the family of polynomials {k+z+y :
k € C}, and eventually derive the results of Theorems 5.1.1 and 5.1.2, which, along with

Cassaigne-Maillot’s formula (0.5.1), will help us explicitly compute mp(k + = + y) in terms

of special values of dilogarithms, for any k € C.
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5.3. The areal zeta Mahler measure of k +z + vy

Following the works of Borwein and Straub [24|, Borwein, Straub, Wan, and Zudilin

[26], Ringeling [101], and others, we compute Zp(k + = + y) as a solution of a certain

hypergeometric differential equation, and derive the result of Theorem 5.1.1.

We start with the simple case when k£ = 0.

Theorem 5.3.1. For s € C,

Z]D)(S7 T+ y) -

Proof. By Definition 0.6.20, we have

(5,3 +y) = //|x+y|SdA( JAA()

__2/ / / / |p1€i91 -+ p26i02|sp1p2d91d02dp1d102

/ / / / palp1py e’ P70 - 11% py padfydbadprdps

= / papy” / |p2py e’ + 1|*drdprdps
T Jo<pa<pi<l —

2

+—/ plpé“/ |p1py €' + 1*drdpydps,
Q 0<p1<p2<1 -

where we have set 7 = 0; — 0. Using (0.6.17),? we have

s s B
Zn(s,x +y) :4/ Pt pg oy (—5, -5 P3P 2) dprdp,
0<p2<p1<1

S S _
+ 4/ p1p5t o F <—§7 — 3 L; pi p; 2) dprdps.
O<p1<p2<1

2. We use the identity in (0.6.17) when |a] = pap; ! < 1
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Under the change of variables p; — ps and py +— p1, the first integral transforms into the

second integral. Hence (5.3.2) becomes

Zp(s,x +vy) :8/

0<p2<p1<1

1 1 s s
= [ 5 [ our (<5, 5i1i0%) dadp,
; ; 277 2
8 1 [t S s
- F (__,__;1; 2>d 2
s+4 2/02 Wy 7))
4

= o} <—§,—f;2§1>
s+4 2" 2

S S _
pi s o Fy (—5, — 5k P3P 2) dpidps

where the last equality follows from Theorem 3.3.1 (by takinga =b= —3 and c=2). O

The argument for general k starts with the case when |k| > 2. Recall that, for |k| > 2,
we have mp(k + = + y) = log |k| from (0.6.5). We will express the Zp(s, k + x + y) in terms
of hypergeometric functions depending on |k| and s when |k| > 2, compute the differential
equation satisfied by the obtained expression of Zp(s, k 4+ x + y) and argue that, for general
k, Zp(s,k + x +y) is, in fact, a particular solution of that differential equation. This leads
to the identity in (5.1.2). A similar argument as the one given in Remark 0.6.26 implies that
Zp(s, k+x+y) is invariant under k — |k|. Therefore, it suffices to compute Zp(s, |k|+2z+y)
instead.

Let X and Y be the random variables defined by walks of lengths p; and p, along the
directions #; and 6y, uniformly distributed on [0, 1), respectively. In particular, X takes
values z = p1e?™ and Y takes values y = p,e2™. Let Z be another random walk of unit
length and direction 6.

We define a new random variable T} as the absolute value | X + Y|. Let pp, denote the
probability density function of 77, which has support on [0, 2]. We further define the random
variable Ty as the absolute value ||k|Z + X + Y/|. Let pp, denote the probability density
function of Ty, which has support on [|k| — 2, |k| 4+ 2], when |k| > 2.
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Observe that

Zp(s, k| +x +y) = / k| + 2 + y|*dA(z)dA(y)
:22/ ||/{3| + p1€27ri61 + p262me2|S,01,02dp1dp2d91d02
[0,1]4

:22/ ||k:|e27ri6 + 120 L o202 |° p1padprdpadbydbsdh. (5.3.3)
[0,1]5

We now apply the change of variables ||k|e*™ + z + y| = v and |z + y| = v to obtain, for
[kl > 2,

Zp(s, k| +z+y) = / //|ykye2“9+x+y\sdA( )dA(y)db

|k|+v
/ / P(Ty = u|Ty = v) P(T) = v)dudv. (5.3.4)

where the normalized area measures of the variables x and y in the first integral are sub-
stituted by the new probability measures obtained from functions of the variables x and v,

namely u and v. In (5.3.4), we have
P(Ty = u|Ty = v) = pryry (ufv), and P(Ty = v) = prp, (v),

where

P(Ty = u, Ty =v) _ Pnny (u,v)
P(Ty = v) pr: (v)

P(Ty=u|Ty =v) = = pryy (ulv). (5.3.5)

Here pr, 7, is the joint probability density function of the random variable (73, T}).
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Remark 5.3.2. Note that, since Ty is dependent on Ty, the moment generating function of

log T can be expressed as follows:

|k|+2
E[eslogTQ] — E[TQS] :/ USP(T2 = u)du
[|k]—2|

[k|+2 2
:/ u’ </ P(Ty =u,T) = v)dv) du (5.3.6)
|k|—2] 0
k|42
/ / P(Ty = u, Ty = v)dudv
[|k|— 2|

/ /|k|+v P(Ty = u|Ty = v)P(Ty = v)dudv, (5.3.7)
I

k|—v|
where the last equality follows from (5.3.5). After integrating with respect to u, (5.3.7) be-

:/ZIE[TQSITl =v|P(T} = v)dv
— E[E[T3|T3]] (5.3.8)

where the equality in (5.3.8) follows from considering E[T2|Ty = v] as a function of v (and
therefore as a function of Ty ), and then evaluating the expectation of the function with respect
to the variable Ty. This also shows that the assertions (5.3.3) and (5.3.7) together imply that
the areal zeta Mahler measure of |k| + x + y coincides with the moment generating function

of log Ty, namely E [e*'8T2] .
It remains to compute (5.3.4), for which we need the next two lemmas.

Lemma 5.3.3. For 0 < v < 2, we have

P(T} = v) = pr, (v) = (271' — /A — % — 4arcsin (g)) . (5.3.9)

Proof. Following the discussion in Remark 5.3.2, we observe that the areal zeta Mahler
measure of x +y coincides with the moment generating function of 77, namely (see Theorem
5.3.1)

4 T(s+2)

Zp(s,r+1y) = 8+4F(§+2)2

00 2
= E[T}] :/o UspTl(v)dv:/o v¥pr (v)do.
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Further, the above equality implies that Zp(s— 1,z +v) is the Mellin transform of pr, (v).
Then, we can retrieve pr, (v) by considering the inverse Mellin transform of

4 T(s+1)
SENCENY

ZD(S_17x+y) =

In order to obtain the expression of pr, (v) given in (5.3.9), we first note that the inverse

Mellin transform of Zp(s — 1,z 4 y) is

R R N B P N (o)t
PR (5427 ]_2 ™ +;(i’>—k3)r(k+1)r(2 E)®

P (U) = Z Ress—_i p
k=1

(5.
To show that the series in (5.3.10) is indeed £ (2 — vv/4 — v2 — 4arcsin (4)) for 0 < v < 2,

we consider the coefficients of v/ of the Taylor series expansion of the function

B U_évg s 4 <_U)k
g(v) = 2v - — +;(3—k)r(k+1)F(2—%)2

_ v (27r — vV4 —v?2 — 4 arcsin (g))
T

at v = 0. These coefficients are given by % % , and a simple evaluation shows that

diigv (f) = 0 for all j > 0. This implies that g(v) is identically 0, which further shows that,
v=

for 0 <ov <2,

o0}

4 4 —v)F
pT1(v):2U——'U2+Z(3 (=v) :%<27r—v\/4—v2—4arcsin (g))
k=4

_ D)
™ F)IT(k+1)T (2 - &)
0
Lemma 5.3.4. Given 0 < v <2, for u € (||k| — v|,||k| + v|), we have
2u
P(Ty = u|T\ = v) = prym (u|v) (5.3.11)

A [kE = (u? — 02 — [k2)2
Proof. We start by computing the cumulative distribution function of 7, at T = v given by
fo(u) =P(Ty <u|Ty =v).

Since pr, |7, (u|v) is the partial derivative of f,(u) with respect to u, it only remains to compute

fo-
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Writing Z = 2™ i.e. 6 is the direction of Z, where @ is uniformly distributed in [—, ),

we have

; 1
folw) =P(Ty < u| Ty = v) = P(|[k|e*™ + 0] <u| Ty =v) = —/ a8,
27 [=m,m)Nuw

where I, is the set of values of 6 such that

. 2 2 k‘2
T3 = |[k|e*™ + v = v* + [k|* + 20[k| cos 6 < u® <= cos ) < u'— v — kP

20|k|
Since v € [0,2] and u € (||k|—v|, ||k|+v]|), L., is & non-empty set. Let 5 = arccos %@llw €
[0, 7). Then
[‘3 u2—v2—|k‘\2
1 1 arccos ——mr——
fv(u)z—/ d9:1——/ dh—1-5_1_ 24
2T J—r )l 21 )3 7r T
Taking the derivative with respect to u, we obtain the required expression in (5.3.11). O

We remark that Lemmas 5.3.3 and 5.3.4 are derived independently of the assumption
|k| > 2 or |k| < 2.
We are now ready to compute the integral in (5.3.4). When |k| > 2, evaluation of the

integral follows from the following two crucial lemmas.

Lemma 5.3.5. For Re(s) > 0 and |k| > 2, we have

9 [lklv u ( s s v? )
— u® - du = |k]° - oFy | —=,—=;1;, — ] . 5.3.12
o Tt e (5l g) - G

Proof. Since |k| > 2, we have |k| > v. Evaluating the inner integral in (5.3.4) with respect

to u and using (5.3.11), we have

o flk+v u

;/&—v1LVMMHH2—%U2—UQ—|M%2
Setting w = u?, the above integral equals

1 UkHv)? w2

S VI 31
After the change of variables

w0 w— (k=)
(R o — (R~ 02~ dolk]

du.
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(5.3.13) becomes

1 [ dlklow + (k] —v)?)/? 1 Ak
_/ SRR dw’:(|k|_v)32pl( S T )
™ Jo w' (1 —w') 27277 (k] - v)?

The last equality follows from the integral representation of the hypergeometric function

given in (3.3.2). We conclude that the above integral converges when Re(s) > 0 from the
convergence condition mentioned in Theorem 3.3.3.
Using a quadratic transformation for the hypergeometric function [65|° we find, for
k| > 2>,
2
(K~ o) o (=2, 511 %) = o~ S v«T) |
This concludes the proof. 0

We need the next lemma to completely evaluate the integral in (5.3.4) for |k| > 2.

Lemma 5.3.6. For all Re(s) > 0, we have the following integral evaluation

2 2
s s v s s 3 4
<ol (_ 3 7 a >d F: <__7__7_;273;_>‘
/OpTl(U) 21\ k)T T T Y e

Proof. We expand the hypergeometric function into its series and interchange the integral

and the sum. In other words, we have

2 s s )
/0v pTl(U> 241 ( 27 7 7 |k‘|2

[ee] _§ 2
2 2n
Z 12 |]€’2n / v pry (v)dv

n=0

= (=3) 4" (3),,
Z v2 yky2nn+1)(3>

n=0

where the last equality follows from (5.3.1) and the discussion in Remark 5.3.2, since

4 T@2n+2) 2-2"3.-5---2n+1  4"(3),

2
/ v"pr, (v)dv = Zp(2n, x +y) =
0

2n+4T(n+2)2 n+1 2-3),  (m+1)(3),
Furthermore,
[ee] S n [e'e) s 2 i n
Z I 6 P S ) A )
2 2n
—~ nl |/<?! (n+1)(3), 4 B2 0!
3. For |z| < 1, we have oFy(a,b;a — b+ 1;2) = (1 + /2) 2% F} (a,a —b+3;2a—2b+1; (1i§)2> .
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coincides with the series representation of 3F3 <—§, —5 %; 2,3; ﬁ) , and this concludes the

proof. 0
Combining Lemmas 5.3.5 and 5.3.6, we have, for |k| > 2 and Re(s) > 0,

s s 3 4
7 : Lk — ]{?S F (__7__7_;2’3;_)_ 5.3.14
(s bl + 2 +y) = ks F | =5, =5, 5128 (5.3.14)

We now extend our method for |k| < 2. Notice that in this case the boundary points of
the inner integral in (5.3.4) will be ||k| — v| and |k| + v, since for 0 < v < 2, there exists at

least one v such that |k| < v. Denote
2

s s W

F(|k|) := |k]® - oF (——, —=; 1; —) . 5.3.15
(k) = b8P (5,0 2 (5:3.15
Now, to evaluate the integral in (5.3.4) with boundary points ||k| — v| and |k| + v, we have

the following lemma.

Lemma 5.3.7. Let s be a real positive number that is not an odd integer. Then, for |k| < 2,

we have

|k|+v .
Akl ' BT = u| Ty = o) du = Re (F(i)) - co (%) o (F(RD) (5.3.16)

Proof. For |k| > wv, the result follows from Lemma 5.3.5, since the integral is real, i.e.
Im(F(|k])) = 0. Assume |k| < v. We can split the integral in (5.3.12) as

[kl+o udu
)= [ T

/'kH” s udu /”k| s udu
= u” . —+ u° -
okl VATRP — (07— =[R2 VAP — (02 —u? — [k)?

0
d
+/ u - uey (5.3.17)
Moo VAR = (07 —u? — [k[?)?
|k|+v us—l—ldu i v—|k| us+1du
= : + (1 —e™) :
ot VAP — (02 — w? — [K]?)? 0o VALEP — (v —u? — [K[?)?
(5.3.18)
|k|+v wdu s v—|k| wtdu
= : +(1—€™) : :
ot VAP — (02 — w? — [E]?)? 0o VALEP — (02 —u? — [k[?)?
(5.3.19)
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The penultimate equality follows from applying the change of variables u — —u to the
third integral in (5.3.17). Observe that in (5.3.18), the integrand is real on the interval
[v — |k|,|k| + v], while it is purely imaginary on the intervals [0, v — |k|] and [|k| — v, 0]. Note
that we need s to be real to express (—1)° as €™ in (5.3.18). Next, taking the complex

conjugate of (5.3.19), we have

|| +v wldu o v—|k| wldu
F(|k|):/ 21112 — (12 — 2,2 — 22_(1_6 ) 21112 — (12 — 42 — [L12)2°
vkl /AR — (v — u? — [k[?) o VAR — (v —u? — [k]?)
Combining the above equality with (5.3.19), we finally have
/|k|+v ust! " _F(|k’|) . em’sm
vt RRE — (2 = 2~ [RP) e

= Re (F(|k])) = cot (57 Tm (F(Jk])).
]

Now integrating F'(|k|) - pr, (v) as in Lemma 5.3.6 and considering the real and imaginary

parts, we have the following proposition.

Proposition 5.3.8. For real s > 0, not an odd integer,
TS
Zo(s, k| + = +y) = Re (G([k])) — cot (7) Im (G(|k])) , (5.3.20)

where

s s 3 4 )
B AERN 2R A, U M I
G(‘k‘) |k‘ 3 2( 2 99’ 737 ’]4]|2

A consequence of Proposition 5.3.8 is that Zp(s, |k| +x +y) satisfies the same differential

equation for both |k| < 2 and |k| > 2, as both contain the same hypergeometric function

G(|k|) in their expressions (compare (5.3.14) with (5.3.20)). For z = %, denote

G(2) == G(V4z) = (42)734F, (—g —g, g; 2,3; %) . (5.3.21)

The goal here is to find a differential equation satisfied by G(z) and a particular solution
H(z)=H <%) to the differential equation which coincides with G(|k|) when |k| > 2 and
s > 0. Then, by the analytic properties of H <@) , we will conclude that Zp(s, |[k|+z+y) =
H (%) for all £ € C and for a larger region of s € C.
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In order to obtain a differential equation satisfied by G, we start with a hypergeometric

differential equation satisfied by 3F5 (—%, -3, %; 2,3; z) . From [95|, we have that the hyper-
geometric function ,Fy(ay, ..., a; b1, ..., by; 2) satisfies the differential equation
Y d d vy ( d
z}—ll (ZE + an> W(z) = i g (ZE + b, — 1) W(z), (5.3.22)

where (z%)2 f(z) = 2L2f(2) = 2f'(z) + 22f"(2) for a twice differentiable function f. Let

d
O .= zdd . Then, replacing p=3,q =2,a1 = a; = —2,a3 = %, by =2, and b3 = 3 in (5.3.22),

dz 27

we obtain the third order differential equation

{z(@—%) (@—g) (@+g)—@(@+1)(@+2)} W(z) =0

2 2
= {(z—l)@i)’—<3—3—;+zs)@2—<2+%—%)9+3§ }W(z) 0,

which is satisfied by

Gz ( s s 3 >
s = sl __7__7_;27 ) :
i Ty Ty

Now, to find the differential equation satisfied by G, we substitute W(z) with g(fj—;;
above. Next, using the change of variables z — % and further simplifying, we obtain a third

order differential equation

5(8465+52)V(2) —2(2+35%245(2462))V'(2) —42(—3+5—352)V"(2) —8(2 —1)2*V"(2) = 0,

(5.3.23)

which is satisfied by G(z). Dividing both sides of (5.3.23) by the coefficient of V" (z), we find
that this differential equation has a regular singularity at z = 0 (see [16]).

It remains to obtain a fundamental set of solutions of (5.3.23) around z = 0. Using the

method of Frobenius to find power-series solutions to differential equations [95],% we show

that the local exponents at z = 0 are 0,0 and (3 + s)/2, and we further obtain that the

differential equation has a basis of solutions around z = 0 of the form
B2 (2 5), Fi(z;s) and Fy(z;8) + log(2)Fi(z; 8),

4. See [66, §16.3] for more details.
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where Fjy, F1 and F5 are holomorphic, non-zero at z = 0, and defined by

113 5+sb+s
R mops (<112 ).
O(Z,S) 3472 27272a 9 ) 9 e (53 )
S s s 1 s
Fi(z: :F<—2———1————'1,————;>, 3.2
1(2,5) 3L'2 9 5 o 5 22 (53 5)
2 4 6 3
Fz(z;s):Gig( ;FS, "2”, ;S;o,o, ;Fs;z>, (5.3.26)

where the Meijer G-functions G " are generalization of hypergeometric functions:

Gz@qn@l, el byy by 2)
m H%}br(bj —by) [T T+ by — ay) 2
— J
; [T PO+ bn = b5) TTG=ia Dlas — bn)

S <1+bh—al,...,1+bh—ap;1+bh—bl,...,1+bh—bh,...,1+bh—bn;z>,

where ay,b; € C* and ™ indicates that the term corresponding to j = h is omitted.

Now we have all the elements to prove Theorem 5.1.1.

Proof of Theorem 5.1.1. From Theorem 5.3.1, we have, for almost all® s, that Zp(s, |k| +
x +1y) converges as k — 0. This eliminates F5(z; s) +log(z)Fi(z; s) as a possible contributor
to the expression of Zp(s, |k| + = + y), since it does not converge as z — 0 and z = %.
Therefore, Zp(s, |k| + x + y) is a linear combination of 23+*)/2F,(z;s) and F(z;s), where
Fy(z;s) and Fi(z;s) are as defined in (5.3.24) and (5.3.25), respectively.

Further, using the initial conditions Zp(s,2 + = + y) = G(2) and Zp(s,x + y) =

4 T _
(342 G(0) we conclude that

|| Lk ?

Zn(s, |k| +x+vy) = co(s) <7>S+3 Fy (T’ s) +c1(s)F (|kT, 3> : (5.3.27)

5. The only problematic s are coming from the zeros of T' (% + 2) and s + 4, and the poles of I'(s + 2).
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where ¢;(s) = ﬁrr((;i;Q
2

PGS
Since a hypergeometric series ,1Fy(ay, ..., aq41;b1, ...,y 2) absolutely converges at z = 1
when Re ( 11bi— AR ag> > 0, we have that Fy(z;s) and Fi(z; s) converge absolutely for
Re(s) > —2. Since I'(s + 2) has simple poles at s = —2, the expression in (5.3.27) converges
absolutely in Re(s) > —2, and this concludes the proof.

O

5.4. The areal Mahler measure of |k| +x +y

The areal Mahler measure of |k| + 2 4+ y can be obtained by computing <4 Zp(s, |k| +
x 4 y)|s=o. For |k| > 2, we find mp(|k| + = + y) = mp(k + = + y) = log|k|. For |k| < 2,
we differentiate the expression (5.3.27) with respect to s. By expanding the hypergeometric

series in the numerator of ¢y(s), we find that

s+ O(s?) = —%8 + O(s?).

|k >_ < 1135 5.|k\2>
FO( 4 ;S _3F2 _272a272727 +O<8)7

2 2

Therefore, computing 4 Zp (s, |k| +  + y)|s—0, we conclude that

4|k3 11355 2 k|2 1
mp(k 42 +y) = mp(lk| + 2 +y) = - |97T| af (‘5@5;5’55%) + -1 G

which is the identity in Corollary 0.6.24. Combining (5.4.1) and (0.6.21), we derive the

required relation between m(k + x +y) and mp(k + x +y) in the statement of Theorem 5.1.2.
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5.5. Comparison with m(k + = + y)

By Cassaigne-Maillot’s formula (0.5.1), the Mahler measure of k + z + y for 0 < |k| < 2
is given by

1

™

kl 1 N A
(2 log |k| arcsin % +-D <e4’arcsml2ﬂ> +D (62“““05“5>> , (5.5.1)

mk+z+y) = 5

where arcsin @, arccos @ € [0, 7). Since (5.3.27) is written in terms of hypergeometric series
in |k|, we need a hypergeometric formula for m(k + x + y) = m(|k| + x + y). The following

result provides such a formula.

Proposition 5.5.1 ([7]). For k € C, we have

m(k +z + ) :@31@ (%%%; g W). (5.5.2)
Since the argument to derive (5.5.2) using the zeta Mahler measure is analogous to the
ones in Sections 5.3 and 5.4, we do not include the proof here. Instead we provide a brief
sketch of the derivation of (5.5.2) in Appendix A.
Comparing (5.4.1) and (5.5.2), we conclude that

| /A= TkP(10 + [k[2) + (8 — 16]k[?) arccos (15')
167 ’

m(k+z+y) —mplk+z+y) =

which proves Theorem 5.1.2. Evaluating the above equality at k = v/2, we have

m<\/§+$+y>—mﬂ)(\/§+x+y): 3

3.3
2r 8
Now comparing Theorem 0.6.5 together with the fact that

L(x_4,2 log 2
m(V2+az+y) = (r-a2) | log2
us 4

we complete the derivation of the result in Remark 0.6.6, namely,

r?* (1133155 r(1)? §§§§'§zz_1>:10g2

C = <_7_7_7_7_a_7_7 )_ (7 Y A A 4 40
V2T ot \ a0 722 C\4'4 4472474 4

Further combining the identities (5.1.4) and (5.5.1) together yields a much simpler ex-

pression for mp(k + = + y) in terms of special values of Bloch-Wigner dilogarithm for all
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k € C, namely,

1 k1 _ ,

mD(k +x+ y) :; (2 log |k‘ arcsin% + §D (64larcsm l%‘) +D <621arccos “;))
|kl \/Z=Tk[2(10 + [k|?) + (8 — 16]k|?) arccos (&)
167 :

5.6. Conclusion

In this chapter (as in Chapters 2 and 3), we only considered polynomials which have
standard Mahler measures expressed in terms of Dirichlet L-values and (-values. An inter-
esting direction for the future is to consider certain polynomial families {Q, : r € C} (such
as {(1+2)(1+y)+rz:reC} {o+L+y+ i + 7 :1r € C}, etc.) where, for some values
of r € C, m(Q,) can be expressed in terms of special values of L-functions of elliptic curves
(see Table 1). Due to difficulties in obtaining hypergeometric expressions of their zeta areal
Mahler measures, we propose an tmplicit approach to calculate their areal Mahler measures.
The idea is to consider the integral representation of the zeta areal Mahler measure of (), as
the moment generating function of the random variable log 7,. = log |@,| (as given in Remark
5.3.2), and to express the areal Mahler measure as a single integral by taking the derivative
of Zp(s,@,) at s = 0. In particular, we have mp(Q,) = E[logT,]. The next step in this

approach would be to investigate the integral representation of E[log 7T, in order to obtain

an expression of m(Q,) — mp(Q,) in terms of |r|, ultimately yielding examples of the areal
Mabhler measure involving special values of L-functions of elliptic curves for certain values of
T

Another direction to pursue is to obtain an expression of Zp(s, z+y+z) from the general
expression of Zp(s, |k| + x + y) in equation (5.3.27), and to apply an analogous approach
as the one discussed in Section 5.3 in order to evaluate Zp(s,r +x + y + 2) in terms of
hypergeometric series in |r| and s, where r € C.

An active area of research is computing Z(s,z; + - -+ + x,) in terms of hypergeometric
series and Meijer G-functions using random walks and an iterative process involving Z (s, x1+
-+« + ), where 1 < ¢ < n. Hypergeometric expressions of Z(s, 1 + x5 + x3) and Z(s,z1 +

T9 + x3 + x4) can be found in [26|. This method can be extended to the areal case. In
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other words, an iterative process then could yield an evaluation of Zp(s,r 4+ z1 + -+ + x,)
in terms of hypergeometric series, for n > 3 and r € C. Finally, taking the derivative of

Zp(s,r + x1 + -+ + x,) with respect to s at s = 0 would likely lead to a hypergeometric

expression of mp(r + x1 + -+ + z,).
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Chapter 6

Conclusion

The Mahler measure bridges diverse areas of mathematics, connecting topics such as
hyperbolic volumes, heights, Beilinson conjectures, and random walks. This thesis aims to
provide a pathway into the vast realm of Mahler measure and its various generalizations. We
refer readers to the end of each chapter for outlines of future directions that can be pursued
in each generalization.

We would like to conclude this thesis by proposing some further questions that might
be interesting to explore in the future. It is already known that the Mahler measure of
a polynomial can be computed as the entropy of a dynamical system. Recent works by
Deninger [46], Carter, Lalin, Manes, and Miller [40], among others, have opened the door
to the search for suitable dynamical systems giving rise to Mahler measures. Similar to the
classical case, if one can associate a notion of height (such as the canonical height) with
certain dynamical systems, will there exist a Mahler measure arising from that system?
Exploring this direction would be fascinating, and could further enrich the already diverse
world of Mahler measures. The dynamical approach established in Benedetto’s work [6]
involving canonical heights (first considered by Call and Silverman [39]) on specific Julia
sets contains a potential to express the Mahler measure of a one-variable polynomial over
function fields in terms of such heights, and pursue a similar analysis to the one described
in [40]. An ideal goal would be to evaluate this version of Mahler measure on non-trivial

multivariable polynomials in order to express it in terms of special values of L-functions of



the associated varieties over F,. A more ambitious approach would be to seek a universal
theory encompassing different generalizations of Mahler measures, as the known ones seem

to be connected in various ways.
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Appendix A

The hypergeometric expression of m(k + z + y)

A.1. Derivation of Proposition 5.5.1

Here we provide a sketch of the proof of Proposition 5.5.1. We assume that k£ > 0 below,

since

m(k+z+y) =m(lk| +z+y).

Sketch of the proof of Proposition 5.5.1. Our method of proof is similar to the proofs of The-
orems 5.1.1 and 5.1.2 in Sections 5.3 and 5.4. We follow an analogous argument to derive
the hypergeometric expression of m(k + = + y).

We define random variables U = | X +Y | and V' = |[k+X+Y|, where X and Y are random
walks of unit length and directions #; and 6,, uniformly distributed in [—m, 7). Following the

discussion in Remark 5.3.2, we then have, for k£ > 2,
Z(s,k+x+y)=E\V®) =E[E[V?U]
k+u
/ / =v|U =u)P(U = u)dvdu. (A.1.1)
k

Since the zeta Mahler measure of x + y is (see (0.6.16))

Z(s,x+y)=Z(s,z+1)= g )) /000 wP(U = u)du,

aNes



the Mellin inverse of Z(s — 1,z + y) yields, for 0 < u < 2,
2
=T

A similar approach as in Section 5.3 gives

2v
7r\/4k2u2 — (v —u? — k2)2'

P(V=v|U=u)=

Then, from Lemmas 5.3.5 and 5.3.7 we have, for s real and positive,

k+u k+u W
/ U3~P(V—U|U—u)dv—/ (e dv
= = T/ AuPk? — (v — u? — k?)?

s

=Re(F(k)) — cot <7> Im(F(k)),

where F(k) is given in (5.3.15) as

s s s u2>
F(k) =k oFy (—5,—5, 1; =)

Therefore we have, for all k£ > 2,

2 2
s S u s s 1 4
k’s F <__7__;17_)IP)L = d _ksl <__7__a_;171; >
/0 2 27 2 k2 ( u)du 502 2" 2'2 k2

An analogous approach as in the areal case further shows that, for all real s > 0 which is

not an odd integer and k£ > 0,

Z(s,k+ 2 +y) = Re(J (k) = cot (5 ) Im(J (k)),

where
s s 1 4

Sy L A (R T P
I (k) k?’F?( 20 227 ’k:2)

Now, to analytically extend the above inequality to all £ € C and to a larger region of

s € C, we need to find a differential equation for
s 1 1
H(Z) - (42)_§3F2 <_§7 - f 57 ]-71a _) )

where z = %. Again, a procedure similar to the areal case yields the required differential

equation:

STU(2) — 22(2 + 25 + 8% — 42)U'(2) — 42%(5 + 25 — 62)U" (2) + 42*(1 — 2)U""(2) = 0.
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The above differential equation has a regular singularity at z = 0 with local exponents 0, 0,
and £ (see [16] for more details on local exponents). Then, using Frobenius’ method to

solve the differential equation [95], we find the following set of solutions:
Go(z;5), 25 Gi(z:s), Ga(z;s) +logzGo(z;s)

where
111 3+s3+s s s s 1—s
G1(Z; 3) = 3k <§7§,§; T’T;Z) ) GO(Z§S) = gl <—§, —57 —5; 1, T’Z) )
and Go is a Meijer G-function. Since, for z — 0 (i.e. & — 0), Z(s,k + x + y) exists, namely

sl
Z(s,x+y)=Z(s,xr+1)= \2/;;((311)), the quantity Ga(z;s) + log z Go(z; s) does not appear

in the expression of Z(s, k+ x + y). This implies that Z(s, k 4+ x +y) is a linear combination

of Go(z;s) and 22 Gy (z: s). In particular, substituting z = %, we have
L 1+s k,2 k’2
Z(s,k+x+y)=cos) <§> G1 <Z;S> + c1(s)Gy (Z;S> ) (A.1.2)

where

I's+1

() = (o +y) = o D

I'($+41)

and

co(s) = %tan <%S> (;)2

2
The expression ¢q(s) follows from the case k = 1 in |25, Corollary 1].

Similar to the areal case, we investigate the order of s in each of ¢y, ¢; and Gy, and we

have

co(s) = % + O(s?).

c1(s) =1+ O(s?).
GO =1 + 0(83).

Therefore, differentiating the expression of Z(s, k+xz+y) in (A.1.2), and evaluating at s = 0,

).

which completes the proof of the statement. O

we finally have

| T

k <1 1133
m( +[L‘+y) 7T3 2 2a2a272a27
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