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sommaire

Nous présentons dans cette thése la conception de nouveaux schémas de type volumes
finis, pour les équations ou systémes d'équations hyperboliques, et 'analyse théorique et
numérique de problémes hyperboliques non linéaires pour la prédiction des écoulements
compressibles, stationnaires ou instationnaires en utilisant des maillages adaptatifs.
Cette construction est une méthode de volumes finis, d’abord proposée par Armin-
jon, puis par Arminjon et Viallon, qui s’inspire de l'utilisation faite par le schéma de
Nessyahu-Tadmor en une dimension spatiale, du schéma décalé de Lax-Friedrichs, du
type Godunov pour les lois de conservation hyperboliques en une dimension spatiale,
dans lequel la résolution des problémes de Riemann aux interfaces des cellules est évitée
grace 3 Dutilisation de la forme décalée du schéma de Lax-Friedrichs. L’interpolation
linéaire par morceaux des données initiales (MUSCL) et des limiteurs de pentes con-
duisent & une approximation non oscillatoire du second ordre.

Finalement pour résoudre le systéme des équations de Navier-Stokes bidimensionnelles,
nous présentons une formulation mixte éléments/volumes finis sur des maillages trian-
gulaires non structurés. Cette formulation consiste & traiter séparement les termes de
convection et les termes de diffusion. C’est-a-dire que le terme convectif sera calculé
par la méthode des volumes finis et le terme diffusif par la méthode des éléments finis

(6lément P1-Lagrange) sur des maillages triangulaires non structurés.
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INTRODUCTION

Un peu d’histoire ...

Des problémes d’origines diverses peuvent étre modélisés a ’aide de lois de conservation
hyperboliques non linéaires, citons notamment le probléme de la dynamique des gaz
[1], [2); le modele de Iélasticité non linéaire (dynamique des cébles) [3],[4]; le systéme
de Saint-Venant régissant un écoulement d’eau peu profonde ([5],[6]); la simulation
des réservoirs de pétrole ([7],[8]); les pipe-lines ([10]); problémes d’électrostatique et
électrodynamique ([9]); certains problémes issus de la biologie ([11]) ... etc.

L’étude mathématique des lois de conservation hyperboliques a connu ces vingt
derniéres années un progrés considérable tant sur le plan théorique que numérique, en ef-
fet sur le plan théorique P'introduction de la compacité par compensation ([12},[11],[13])
a été d’un grand intérét dans la démonstration de résultats d’existence de solutions en-
tropiques pour les systémes hyperboliques non linéaires, & partir des solutions visqueuses
([12]), sans passer par le schéma de Glimm [14].

Sur le plan de la résolution numérique des lois de conservation scalaires, de nou-
veaux types de schémas aux différences tels que les schémas TVD (Variation Totale
Décroissante) quasi d’ordre deux ([15],[6],[57]) ont été développés.

Ces schémas ont I'avantage de ne pas osciller aux voisinages des chocs contrairement
au schéma d’ordre deux de Lax-Wendroff, mais ils sont précis seulement & l'ordre un
au voisinage des extremas de la solution. Pour tenter de remédier & cet inconvénient,
on a développé récemment les schémas type ENO! ([16]). En raison de la non-linéarité
des équations, des discontinuités peuvent apparaitre dans les solutions aprés un temps

fini. A cause de la viscosité numérique qu’ils développent, les schémas du premier

1Essentiellement Non Oscillant
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ordre simulent mal les chocs (discontinuités) en les étalant trop. D’oul I'importance des
schémas d’ordre deux pour le calcul des chocs.
Des schémas du type Godunov reposant sur l'utilisation d’un solveur approché du
probléme de Riemann ont été élaborés pour la résolution numérique des systémes de
lois de conservation hyperboliques ([17], [18]).
D’autres travaux sur différents problémes liés aux lois de conservation hyperboliques
ont été réalisés récemment, on peut citer par exemple les travaux [19], [4] et [6], sur
le probléme des conditions aux limites; les travaux [20] sur le probléme de Riemann
généralisé. Le traitement numérique des problémes ayant un terme source a fait 'objet
des travaux [21], [22] et [23]. Des problémes hyperboliques sous forme non conservative
ont été étudiés dans [24].
Malgré les progrés enregistrés ces derniéres années, la théorie des problémes hyper-
boliques non linéaires est encore relativement pauvre et beaucoup de questions restent
ouvertes notamment en ce qui concerne :

e L’unicité de la solution entropique dans le cas des systémes hyperboliques non

linéaires.

e La convergence des schémas multidimensionnels du second ordre.

e La convergence des schémas unidimensionnels d’ordre un pour les systémes.

e La résolution du probléme de Riemann multidimensionnel.
Plan général de la these:
Ce travail est décomposé comme suit :
e Dans le premier chapitre, nous posons le probléme & résoudre et nous rappelons
briévement quelques propriétés des équations d’Euler pour les fluides compressibles en
insistant sur leur caractére hyperbolique.
e Dans le second chapitre, nous commengons par illustrer la méthode de volumes fi-
nis sur I’équation de Poisson. Par suite, nous montrons un lien entre la méthode des
volumes finis et ’élément de Raviart-Thomas. Cet élément fini est basé sur une formu-

lation mixte du probléme de Dirichlet
—Au = f dans
u = 0 sur T

en introduisant la variable p = grad u.
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Aprés avoir intégré le terme de masse par la formule du trapéze, nous montrons que la
discrétisation de ce dernier probléme, dans le cas ol  est un domaine rectangulaire et
ot la triangulation de ) en rectangles est uniforme, est exactement la méme que celle
provenant de la méthode des volumes finis.

Nous terminons ce chapitre en montrant I’équivalence entre les formulations volumes
finis et éléments finis pour ’équation de convection-diffusion sur des maillages non
structurés.

e Nous présentons aux chapitres trois et quatre, la conception de nouveaux schémas
de type volumes finis, pour les équations ou systémes d’équations hyperboliques, et
I’analyse théorique et numérique de problémes hyperboliques non linéaires pour la
prédiction des écoulements compressibles, stationnaires ou instationnaires en utilisant
des maillages adaptatifs.

Cette construction est une méthode de volumes finis qui s’inspire de l'utilisation faite
par le schéma de Nessyahu-Tadmor en une dimension spatiale, du schéma décalé de
Lax-Friedrichs, du type Godunov pour les lois de conservation hyperboliques en une di-
mension spatiale, dans lequel la résolution des problémes de Riemann aux interfaces des
cellules est évitée grace a I'utilisation de la forme décalée du schéma de Lax-Friedrichs.
L’interpolation linéaire par morceaux des données initiales (MUSCL) et des limiteurs
de pentes conduisent 3 une approximation non oscillatoire du second ordre.

Les applications numériques qui nous servent de test et au traitement des conditions
aux limites de type fluide/fluide et fluide/paroi, sont des probléme stationnaires, un
probléme de réflexion, le probléme de la Double ellipse modélisant 1’avant de la navette
Hermes et le probléme de I’écoulement autour d’une aile d’avion NACA-0012. Ces
expériences numériques utilisent un schéma explicite en temps.

e Le chapitre quatre est consacré a la validation de nos résultats; pour ce faire, on a
comparé nos résultats avec ceux obtenus, pour les mémes problémes et dans les mémes
conditions, avec une méthode d’éléments finis discontinus proposée par Jaffré et al.
[72]. Cette méthode s’applique aussi bien sur des maillages structurés que non struc-
turés. Les équations d’Euler sont écrites en formulation conservative et en coordonnées
eulériennes. Les variables conservatives sont approchées par des fonctions linéaires par

morceaux. La méthode comporte deux étapes de calcul. La premiére étape est une
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étape éléments finis, incluant 1'utilisation du solveur de Riemann monodimensionnel de
Roe avec correction entropique de Dubois-Melhman. La deuxiéme étape est une étape
de limitation de pente multidimensionnelle effectuée sur les variables physiques.

On utilise un schéma explicite en temps respectant une condition CFL2. Enfin une
technique de maillages adaptatifs a été utilisée par la méthode des éléments finis dis-
continus et par notre méthode (volumes finis). Elle apporte des gains en temps de
calcul importants.

e Enfin le dernier chapitre a pour objet la résolution numérique du systeme des équations
de Navier-Stokes bidimensionnelles.

Nous présentons une formulation mixte éléments/volumes finis sur des maillages trian-
gulaires non-structurés. Cette formulation consiste & traiter séparement les termes de
convection et les termes de diffusion. C’est i dire que le terme convectif sera calculé
par la méthode des volumes finis et le terme diffusif par la méthode des éléments finis
(élément P1-Lagrange) sur des maillages triangulaires non structurés. Nous présentons
3 la fin de ce chapitre une série de résultats numériques, écoulement supersonique au-
tour de la double ellipse, autour d’un profil d’aile & faible incidence, pour mettre en
évidence le décollement de la couche limite et le capture de 'onde de choc.

Les travaux qui sont présentés dans cette thése ont fait ’objet des publica-
tions suivantes:

e Paul Arminjon, Aziz Madrane , ” A staggered Lax-Friedrichs-type mixed fi-
nite volume/finite element method for the simulation of viscous compressible flows on
unstructured triangular grids”, submitted (July 7, 1998) to Journal of Comp. Physics.
e Paul Arminjon, Aziz Madrane ,” A mixed finite volume/finite element method
for viscous compressible flows on staggered unstructured grids” , in Progress in Numer-
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Chapitre 1

Modéle mathématique

1. Le modéle mathématique

On considére les équations d’Euler de la dynamique des gaz modélisant I'écoulement
de fluides compressibles parfaits et non conducteurs de chaleur.
Soit © un ouvert de R? , de frontiére I'; les équations d’Euler s’écrivent en formulation

conservative et en coordonnées eulériennes

%U(z, y;t) + ;—mF(U(w,y;t)) + -g—yG(U(:v,y;t)) =0 pour (z,y;t) €Q xRy
(1.1)
Celles-ci doivent étre accompagnées de conditions initiales et de conditions aux limites
sur I' x Ry.
Dans toute la suite, on notera U pour U(z,y;t) quand aucune ambigiité n’est & crain-
dre.
Les variables U sont des fonctions de  x R, dans R* et F et G sont des fonctions de

R* dans R%:

p pu pv
U u? + v
v=| ™ |; ry=| 7P | cn=|
pv puv pv: +p
pE (pE + p)u (pE +p)v

ol p est la densité du fluide, u et v les deux composantes de la vitesse de ’écoulement,
E =1¢®+e=1(u*+v?)+¢ Denergie totale spécifique (par unité de masse), € énergie

interne spécifique, p la pression.
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Le systéme (1.1) est complété par la loi d’état des gaz parfaits:

1 1
b=y~ 1)(pB - gp(u? + 1) ot e=—— 7

ot 7y est le rapport des coefficients de chaleur (y = 1.4 pour un gaz parfait). Deux

autres quantités physiques importantes sont la vitesse du son c et le nombre de Mach

M:

JEER

c= 2 , M =
P c

A ces équations on ajoute des conditions aux limites variables suivant le type de

probléme considéré. On distingue pour cela les frontiéres de type fluide/fluide (T, ) et

celles de type fluide/paroi (I'g).

Par exemple pour un écoulement externe autour de la double ellipse, le domaine 2 et

ses frontiéres 'y, (entrée dans le domaine de calcul) , I'p et I's (sortie) sont schématisés

sur la figure suivante:

—
K3

<4
R

FIGURE 1.1. Domaine de calcul pour I’écoulement hypersonique autour

de la double ellipse
% Sur I'g, on impose la condition de glissement V.n = 0, avec V la vitesse du fluide
u
V= et n € R? vecteur normal 3 I'p et sortant du domaine de calcul (normale

v
extérieure).
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* Sur I's, on supposera que ’écoulement est uniforme (champ entrant, de vitesse Voo

normalisée & I'unité).

cosa 1

sina

ol o est ’angle d’incidence de 'obstacle par rapport au fluide et M., désigne le nombre
de Mach 4 l'infini.
* Sur T'g, I’écoulement est libre.

Pour les problémes instationnaires, il est aussi nécessaire de définir la condition initiale:
U(z,y;0) = Uo(z,y) V(z,y) €L

2. Propriétés et définitions

On rappelle ici quelques définitions essentielles, et on introduit les notations indis-

pensables liées aux principales propriétés du systéme des équations d’Euler (1.1).

2.1. Propriétés du systeme des équations d’Euler.

- Fonctions homogeénes

On vérifie facilement que les fonctions de flux F' et G sont des fonctions homogenes en
U de degré un, c’est-a-dire:
F(AU) = AF(U)
VIeR, VU eR!
G(\U) = A\G(U)
ce qui implique la relation suivante:
F(U)=F(U).U
VU eR
GU) =G U).U

ot F'(U) et G'(U) sont les matrices jacobiennes (4 x 4) des dérivées de F' et G par
rapport aux composantes du vecteur U.

Le systéme d’équations (1.1) se met dons aussi sous la forme:

U+ FU)U,+GU).U,=0 (2.1)
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avec les notations suivantes:

ou ou ou
Ut—E, Um—a—w, Uy—ﬁg.

(2.1) est une écriture des équations d’Euler sous forme non conservative.

- Loi hyperbolique

Considérons la forme générale non conservative d'un systéme d’équations aux dérivées

partielles:
U;+A-U,+B-U,=0 (2.2)

ol A (respectivement B) est la matrice jacobienne de F' (respectivement G).
L’expression des matrices A et B est donnée en annexe 1.
Le systéme (2.2) de 4 équations du premier ordre peut étre classé différemment par

rapport & la variable temps ¢, selon les propriétés de la matrice caractéristique A

A, =A,(n;U) =nmA+n,B,
n= i eR?’et U e R . (23)
Ty
Le systéme (2.2) par rapport & la variable ¢ est dit:

e parabolique si toutes les valeurs propres de A, sont réelles et si les vecteurs
propres correspondants ne sont pas linéairement indépendants pour tout (n1,n3)
(c’est le cas de I'équation de la chaleur).

e elliptique si toutes les valeurs propres de A, sont complexes (équation des ondes
ou de Navier-Stokes stationnaires).

e hyperbolique si toutes les valeurs propres de A, sont réelles et si les vecteurs
propres correspondants sont linéairement indépendants pour tout (ny,n,).

e hybride si aucune des classifications précédentes n’est possible.

ProPOSITION 1.1.

Le systéme des équations d’Euler (1.1) est hyperbolique pour la direction t dans le
domaine Q. De plus la matrice A, est diagonalisable et il eziste une matrice inversible

P,(U) = P,(n;U) et une matrice diagonale A,(U) = A,(n;U) contenant les valeurs



propres de A, telles que:

A = BBt

L’expression des matrices P,(U) et P,'(U) est donnée en annexe.

Les valeurs propres de A, sont :
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M(n) =Vin—c, X(n) =A3(n) =Vn, M(n)=Vn+ec

ou c est la vitesse du son.

On voit qu'il faut se donner autant de conditions de Dirichlet en chaque point x de T

quil y a de valeurs propres négatives pour que le probléme soit localement bien posé.

On distingue habituellement les 4 cas suivants :
1.Entrée supersonique : V.n <0 et |[Vin| > ¢
On a alors :

A1) < As(n) = Xa(n) < Ag(n) <0

donc quatre conditions & imposer, par exemple p, pu, pv,p

2.Sortie supersonique : V.n >0 et |[Vin| >c

On a alors :
0 < A(n) < Az(n) = A3(n) < As(n)

donc aucune condition & imposer (sortie libre)

3.Entrée subsonique : V.n < 0 et |[Vin| <c

On a alors :

donc trois conditions & imposer.

4.Sortie subsonique : V.n >0 et [Vin| <c

On a alors
A(n) €0 < Ag(n) = As(n) < Ag(n)

donc une seule condition 4 imposer (en général la pression)

Et finalement le cas de I’écoulement glissant sur une paroi : (V.n

Vn=20

0): 1 condition,
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2.2. Solution faible et solution entropique.

Rappelons qu’un probléme hyperbolique non linéaire n’a pas toujours de solution clas-
sique définie pour tout ¢ > 0 méme si la condition initiale est trés réguliére. En effet
le caractére hyperbolique des équations conduit & des solutions discontinues. P.D. Lax

[49] a introduit la notion de solution faible, qui vérifie:
/ / (#:U + V2 FW)) (o,v:t) dS dt + / B(z,y;0) Up(z,) dS = 0 (2.5)
Q2 x10,+o0[ Q

% = noté I (U) i s % 4
ou dS = dzdy , F(U) = et ® est une fonction définie dans R*, con-
G(U)

tindiment différentiable et & support compact dans R?x]0, +oo].

Dans le cas scalaire, un théoréme d’unicité de la solution faible au sens défini ci-dessus
vérifiant une condition d’entropie a été démontré S. N. Kruzhkov [31]; 'existence de
cette solution est obtenue par des méthodes de viscosité s’appuyant essentiellement sur
la vérification du principe du maximum et sur une estimation de la variation totale.
Mais dans le cas général des systémes (équations d’Euler par exemple) le probléme reste
ouvert, bien qu’il existe néanmoins des résultats en dimension un. Dans le cas discret,
des études analogues ont été menées pour définir et déterminer si un schéma numérique
est entropique, c’est-a-dire s’il y a convergence vers une solution vérifiant une condition
d’entropie. On citera par exemple les travaux de Leroux [34] sur les schémas de type

Godunov et ceux d’Osher sur les E-schémas [53].
DEFINITION 1. (Relations de Rankine et Hugoniot)

Soit U une solution de (1.1) discontinue suivant une trajectoire réguliére, définie pour
tout (z,y;t) et de normale (—v,n); on note Uy et U, deuz états situés respectivement d

gauche et @ droite de la discontinuité, la relation de Rankine et Hugoniot s’écrit alors:
[F(U,) — F(Us)).n = v[Uy — Ua).

On peut interpréter n et v respectivement comme la direction et la vitesse de propaga-

tion de la discontinuité.

On montre qu’il peut exister plusieurs solutions de (2.5) dont certaines n’ont aucun

sens physique.
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DEFINITION 2. (Solution entropique, [50])

Une fonction conveze 1) est appelée une entropie pour le systéme (1.1) s’il eziste deuz

fonctions (q1,q2) appelées fluz d’entropie telles que:

dn(U) day(U) _ dF(U)

U dU ~ dU ’
dn(U)  dg(U) _ dG(U)
U dU ~ dU

Une solution faible U de (1.1) est appelée une solution entropique si pour toute eniropie

n de fluz q1,q, du systéme (1.1), U vérifie:

on(U) | 0q(U) | 8gq:(U)
<
ot T Oz = oy ~ 8

au sens des distributions.

Soit 1 un vecteur de R?. On s’intéresse au probléme de Riemann dans la direction n,

3 l'instant ¢:

< U, si Xm<0 (2.6)
U(z,y;0) = avec X =
Ugy si Xn>0

“

On s’est ramené ainsi au cas monodimensionnel [70].

On décompose la vitesse suivant ses composantes normales V,, et tangentielles V;. Soient
An(U) le jacobien du flux F(U).n, A,(U) la matrice diagonale réelle et P, (U) la matrice
de passage définies par les relations (2.3) et (2.4).

Dans le cas ol le vecteur n est de norme (euclidienne) égale & un, les valeurs propres

de la matrice A, (U) sont (voir annexe 1):
V.. — ¢ : valeur propre simple.
V,. : valeur propre double.

V.. + ¢ : valeur propre simple.
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On note AX(U) les valeurs propres et 7% (U) les vecteurs propres & droite associés, pour
k=g 44
DEFINITION 3.

On dit que le k™€ champ caractéristique est linéairement dégénéré si:

AT ey
—d'U—'l"n(U)—O

On dit que le k™€ champ est vraiment non linéaire si :

dXE(U)
au

o (U) #0
dans ce cas le vecteur v¥(U) est normalisé de sorte que

d(U)
dU

rEO) =1

PROPOSITION 1.2.

Pour le systéme des équations d’Euler (1.1) les champs caractéristiques associés auz
valeurs propres V,, — ¢ et V,, + ¢ sont vraiment non linéaires.
Les champs caractéristiques associés & la valeur propre double V,, sont linéairement

dégénérés.

On rappelle que si le jeme champ caractéristique est vraiment non linéaire, il se crée
un k-choc ou une k-détente alors qu’une discontinuité de contact est associée au champ
linéairement dégénéré.

Les relations de Rankine et Hugoniot et la conservation de la quantité de mouvement
impliquent la continuité des composantes tangentielles de la vitesse au passage d’'un
k-choc. Sur la discontinuité de contact, il peut y avoir glissement et les composantes
tangentielles de la vitesse peuvent présenter une discontinuité [70].

Les chocs physiquement admissibles (entropiques) satisfont la condition suivante:

PROPOSITION 1.3. (Conditions de choc de Laz)
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Un k-choc entre deuz états Uy et U, est admissible si sa vitesse vy, vérifie:

Al’ik(Uz) < Yy < Axli;,(Ul)

A’;k(Uz) <y < AE:_I(Uz)

et Aﬁk_l(Ul) <y < Aﬁ:l(Uz)

Dans le cadre des équations d’Euler on a aussi le critere suivant:

PROPOSITION 1.4.

Un choc entre deuz états U; et U, est admissible si l'une des trois relations suivanies
est vérifiée:
(i) p2 > m
(i) p2 > m
(iii) (Vo)1 > (Va)2

DEFINITION 4. (Invariants de Riemann)

On appelle k-invariant de Riemann une fonction ¥, telle que:

av,(U) . _
7T = 0

3. Décomposition de flux

3.1. Schémas décentrés.

On considére les équations (1.1) dans le cas monodimensionnel (p = 1). On note F(U)
la fonction flux définie dans R* et A(U) son jacobien. Le schéma explicite conservatif
3 trois points du premier ordre en temps et en espace s’écrit

At
. ntl __g1m _ 7 (H" . — H°
g = A:E( i+3 -i—i;) (3.1)
ol z; = iAz , t" = nAt et UP = U(z;,t").

Le schéma (3.1) est dit 4 trois points” si la fonction de flux numérique ® vérifie
(I)?+§ = o(U}, Ui}y) 3.2)
il est dit compatible avec le flux F' si ¢ satisfait

®(U,U) = F(U) pour tout U
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Définition du décentrage : Nous rappelons la définition proposée par A.Harten,

P.D.Lax et B. van Leer dans [48]:

DEFINITION 5.
Un schéma de la forme (3.1) est dite décentré s’il vérifie

(i) pour tout état U* voisin de U et V (”état de référence”)

(U, V) = F(U*) + AT(US(U = U*) + A=(UV = U*) +o(|U = U*| + |V = U*|)

Y

ou

1 _ 1 i
AT = J(A+]A]), A" =2(A-|4), |4=T|DIT

avec D = diag.(\), matrice des valeurs propres A, de A, et T matrice de transforma-

tion inversible. On a donc
D% = diag.(maz(\,0)), D~ =D - D
(i) quand les vitesses caractéristiques associées & @ sont toutes positives, alors on a
(U, V) =F(U),
(iii) quand les vitesses caractéristiques associées d ® sont toutes négatives, alors on a

B(U,V) = F(V).

Un choiz simple et possible pour U* est de prendre U* = _U_-21-1 , ainsi on obtient

2, V) = 3 (F0) + F) — 3 |4 (T35 |V~ 0y + 0V - 1)

1 1 (2:3)
= S(F(U) + F(V)) - 3d(U, V),
ot d(U, V) contient les termes de viscosité et donc précise le schéma utilisé
4w, ) = |4 (555)| 0 =0+ ottv - Ui (3.4)

la condition de compatibilité devient d(U,U) =0.

3.2. Quelques exemples de décentrage.

Les différents types de décentrage sont fondés sur le principe de la partition du flux,
ou sur la résolution approchée du probléme de Riemann ( schémas de type Godunov),
les derniers cités sont construits directement & partir de cette idée.

Solveurs de Riemann



31

e Le Q-schéma de van Leer Ce schéma se construit naturellement & partir de

la forme (3.4) en négligeant les termes en o(|V — U])

dU,V) = ;A (U“;V)’ v - U). (3.5)

On remarque que pour ce schéma, lorsqu’une des valeurs propres est nulle on
a une absence totale de viscosité (d(U, V) = 0) pour le champ associée & cette
valeur propre; la conséquence est que ce schéma permet de capturer exacte-
ment certains chocs stationnaires mais qu’il ne peut pas vérifier la condition
d’entropie.

e Le flux de Roe [56] Ce schéma se construit naturellement comme un solveur
de Riemann approché en calculant la solution du probléme de Riemann suivant

- Ug, st <0
U, + AU, =0,  U(x,0) = (3.6)

Up, st z>0

Le terme visqueux se met alors sous la forme
dU,V) = |A(U, V)| V -U) (3.7)

ot1 A est une matrice appellée jacobien moyen de Roe (voir [48] pour l'existence

d’une telle matrice pour tout systéme entropique ) telle que
AU, V) = A(m(U,V)),

oll m est une moyenne particuliére de U et V [56].

e Q-schémas Ils sont de la forme

les schémas cités précédemment sont des Q-schémas.

e Le flux d’Osher [53] Il est formellement défini comme suit
v
dU,V) = / |A(W)|dW (3.9)
U

Décomposition de flux ( flux-vector splitting)

D’autres flux sont construits en généralisant & des systémes non linéaires la décompo-
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sition de flux naturelle pour une équation scalaire linéaire (F(U) = aU),

alU ; st a >0,
(U, V)=
aV , sinon.

Les flux numériques s’écrivent dans le cas des systémes non linéaires
O(U,V)=F*U)+ F(V), (3.10)
ou les flux Ft, F~ vérifient la relation de compatibilité
FH*(U)+ F~(U) = F(U).

e Le flux de Steger-Warming [42] La construction de ce flux utilise la propriété
d’homogénéité des flux d’Euler i.e. F(W) = A(W)W . Ainsi, Steger et Warm-
ing posent F*(W) = A*(W)W. On relie cette décomposition au décentrage en

obtenant le terme de viscosité sous la forme
1 1
dU,V) = 5(|AU)] + [AV))(V - U) + 5(|A(U)| = AV))(V +U).
(3.11)

e Le flux de van Leer [51] De la méme maniére que pour le flux Steger-Warming,

on construit le flux de van Leer en donnant sa décomposition
F(W) = Fyi (W)
Les flux sont homogenes et différentiables, ainsi on a
FEW) = AZ (W)W

ott AL désignent les matrices jacobiennes du flux de van Leer, différentes de

A*. On obtient alors un décentrage de la forme (3.11).

REMARQUE 1.1.
Dans le cas linéaire & coefficients constants c’est a dire quand la matrice A est constante
en espace et en particulier indépendante des états U et V, tous les fluz numériques

décentrés sont identiques

SU,V)=ATU+ AV
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L’étude de stabilité linéaire ne nous permettra pas de les distinguer et de les différencier,
seules les applications dans le cas non linéaire (équations d’Euler par ezemple) nous
permettront de le faire (stabilité non linéaire).

L’analyse de la précision d’un tel décentrage par rapport d un autre ne nous permet
pas a Uheure actuelle de sélectionner le meilleur fluz. Par contre, en fonction du lype
d’application, nous sommes capables de dire si un fluz numérigue donne des solutions
attendues ou pas, ou bien sl est stable. Par ezemple pour les équations d’Euler, le choiz
du décentrage dépend en grande partie du régime de Mach de I’écoulement: lorsque le
nombre de Mach est petit (1072 parfois) le schéma de Roe peut étre utilisé pour des
raisons de précision et d’économie, quand le régime de Mach est plus grand que 3
(voire jusqu’a 25) on utilise, par ezemple , la décomposition de van Leer ou bien le fluz
de Osher. Pour des régimes de Mach intermédiaires a ceuz donnés, tous les décentrages

sont stables , on choisira ceux qui sont les plus simples d metire en oeuvre.

4. Un modéle d'équation non-linéaire: I'équation de Burgers

L’équation de Burgers s’écrit comme suit :

Bt 2 () =t s >0 (41)
Cette équation est du type parabolique et peut étre considérée comme une équation
de la chaleur avec un terme de convection ou comme une équation d’advection non-
linéaire complétée par un terme dissipatif linéaire. Dans le cas g = 0, elle est de
nature hyperbolique et le caractére non linéaire du terme de convection peut conduire
& l'obtention de solutions discontinues comme le montre ’exemple qui suit.
Considérons le probléme de Riemann pour ’équation de Burgers non visqueuse défini

par :

S+g(y)=0

Ug st z<0 (4.2)
u(z,0) = u,(z) =

Ug Si z>0

La solution du probléme (4.2) est :



a) une détente si u, < ug:
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) z
Uy st = <y
z St U, < £ <u
t S T
. T
Ug s 7 > Ug
et la solution est continue;
b) un choc si uy > ug :
. z 1
Ug st N < -z-(ug + ugq)
. z_ 1
Ug St —t— > E(ug + ugq)

et la solution est discontinue.

Exemples :

Siuy = —ugy on doit avoir u, > 0 et ug < 0;

le choc est alors dit stationnaire (figure 1.2).

Si uy > 1(uy+ug) > 0 > ug on a un choc transsonique (figure 1.3). Siu, >ug>0o0na

un choc supersonique (figure 1.4). Dans le cas général (u # 0), la solution de I'équation

>0

/)

t

-

d<0

N\

FIGURE 1.2. Choc stationnaire

de Burgers peut s’obtenir 3 I’aide d’un changement de variable ([69]), u =2u% ,(4.1)

se raméne 4 v; = [U,,. D’autre part la présence d’un terme de diffusion ne permet

pas d’obtenir de solution discontinue; toutefois, pour des valeurs faibles du coefficients

de viscosité y, les solutions peuvent présenter des profils raides (couche limite, choc

visqueux).
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%( ul+“¢')

E]

y

Fi1cure 1.3. Choc transsonique

L

u >0 u>0

—;( ug )

FI1GURE 1.4. Choc supersonique
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Chapitre 2

Méthode des volumes finis

1. Introduction

Notre propos dans ce paragraphe est de mettre en évidence les bases de la méthode
des volumes finis. Pour une étude plus approfondie de cette méthode nous renvoyons
le lecteur A [60].

Pour illustrer la méthode des volumes finis, nous allons considérer ’équation de Poisson
—-Au=f (1.1)

posée dans un domaine D rectangulaire. On commence par mailler le domaine D en
rectangles et on considére les points de la grille oli on veut calculer la valeur de u . Une
portion d’une telle grille est montrée sur la Fig 2.5. la partie hachurée est le volume

fini V de faces e,w,n et s. L’équation (4.1) peut étre réécrite sous la forme

—div] = f (1.2)

J = gradu (1.3)

Le théoréme de Gauss est utilisé pour intégrer (1.2) & travers le volume fini V. Ce qui

nous donne

/ Fondst / Py e (1.4)
av \4

o1 8V dénote la frontiére de V et n la normale & 8V
Afin d’aboutir & 'équation discrétisée, on fait essentiellement deux hypotheéses:

(i) la valeur de J - n sur chacune des faces du volume fini est la méme, notée par Jyqc

(voir Fig 2.6)
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FIGURE 2.5. Volume fini

(ii) la restriction de u & un segment de la grille est un polynéme du premier degré de

la variable concernée.

4 L +

n

W wk

T RN
A

1s

volume fini

e e o

FiGURE 2.6. Calcul du flux

Avec ces deux hypothéses, 1’équation discrétisée de (1.2) peut étre exprimée de la

maniére suivante:

ayup = AgUE + awuw + anuy + asus +b (1.5)
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ou
A
_ Ay
AE = (o).
_ Ay
W = Ga)w
__ Az X
19~ = T (1:5)
A
as = (5y§.
LGP =ag+aw +ay +as

et b provient de la discrétisation du terme de source.

REMARQUE 2.1. La propriété la plus attractive de la méthode des volumes finis est que
la conservation de quantités telles que la masse, la quantité de mouvement et l’énergie
est ezactement satisfaite sur chaque groupe de volumes finis, et bien sir sur le domaine

tout entier.

REMARQUE 2.2. La méthode dévelopée ici n’est pas limitée & des grilles en coordonnées
cartésiennes mais peut étre utilisée avec une grille dans n’importe quel systéme de
coordonnées orthogonales.

Pour des domaines dont la géométrie est plus compleze, on peut utiliser des coordonnées
curvilignes, cf. [61], aussi [62].

Il existe aussi des méthodes des volumes finis basées sur les éléments finis, cf. [58] .

REMARQUE 2.3. Des schémas variés, basés sur la méthode des volumes finis, ont été
développés pour le traitement des problémes de convection-diffusion. Voir par ezemple
[60] et [59)].

2. Un lien entre la méthode des volumes finis et I'élément fini

de Raviart-Thomas

Soit © un polygone convexe de frontiére " et soit f € L?(2). Considérons le probléme

de Dirichlet suivant: trouver u € H2(Q)/

—Au=f dans L*(Q) 21)

u=g sur T

ot g € H?(f). (On désigne par I' = 98 la frontiére de Q).



39

2.1. Existence, unicité et régularité de la solution.

2.1.1. Dans un premier temps, g = 0.
On cherche
vue HXQNH(Q) /| —Au=]f (2.2)
Alors
Vo eV = HNQ) , —/'vAuda:=/fvdm.
Q Q

Appliquant la formule de Green

J Ou ov Ou du
/Q (va-’ﬂk Oxy, % Oy 6-’L‘k> iz F'u%;dl" =

Il vient ( puisque v/, = 0)
L Ov Ou - =
— [ vAudz = /-——d=/V-Vd.
/Qvuw ;Qazkamkx 9o Yuds

Alors u solution de (2.2) vérifie

ueV =H}(

) —‘0( )/ (2.3)
/Vu-Vvdx=/fvdz‘, YveV.
Q Q

Réciproquement, si u vérifie (2.3) alors V¢ € C°(f2) C V on a au sens des distributions

/Q Vu - Ve do = —(Au,¢) = (f, 6)

donc —Au = f dans D'(), mais puisque f € L?(Q), cette égalité est vraie dans L*(2).
Comme u € V,u;, =0 (au sens du théoréme de trace sur I'). D’autre part u € H(Q)
et Au € L?() alors u € H*(£2) d’aprés le théoréme de Lions.

On a donc prouvé I’équivalence des problémes (2.2) et (2.3), on va montrer I'existence et
1'unicité de la solution du probleme (2.3). On chercheu € V' / a(u,v) = L(v) YueV,

A

ol

a(u,v) zlnﬁu-ﬁv dz
est (d’aprés I'inégalité de Poincaré) un produit scalaire sur I'espace de Hilbert V' =
H}(8), donc a est une forme bilindaire continue (par Cauchy-Schwarz) et coercive sur
V (puisque a(u,u) = ||u|?), et L(v) = [, fv dz est clairement une forme linéaire

continue sur V.

(L) < fllz2 - vllzz < W fllze - [lvllv)-
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Alors, d’aprés le théoréme de Lax-Milgram, il y a existence et unicité de v vérifiant

(2.2).

2.1.2. Existence et unicité de la solution de (2.1).

—Au = f dans L*(Q)
u € H*(Q)/ (2.4)
u/. = gy ol g € H*(Q).
Posons 4 = u — g. 4 € H*(Q) N H}(Q) et vérifie —At = f + Ag. Alors il y a existence
et unicité de i d’aprés (2.1.1) et donc de u = it + g.
2.1.3. Régularité.

Dans le cas qui nous intéresse n = 2, comme u € H?(£2), alors u est continue sur

(Hm(n) ce@) sim> g) .

3. Formulation mixte du probléme continu (2.1)

Une formulation mixte du probléme (2.1) avec g = 0 est basée sur 'introduction
de la variable p = grad u. Alors I'équation —Au = f devient div p = —f. D'ou la

formulation variationnelle mixte du probléme (2.1):

trouver (p,u) € H(div;Q) x L*(Q) tel que

/ p-qdz + / udivgdr =0  Vq€ H(div; Q) (3.1)
0 Q

/ v div pdz = —/ fudz Yv € L*(9).
Q Q

3.1. Les espaces H(div; ).

Nous supposons dans ce paragraphe que  est un ouvert borné de RV de frontiére T’
lipschitzienne.

Pour toute fonction vectorielle v = (vy,...,vy), la divergence de v est le scalaire défini

par

N
Ov;
divv = :
1',=Zl 6$.,;

Nous introduisons les espaces suivants:

H(div;Q) = {v € (L2Q)Y ; divo € L} ()}
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qui est un espace de Hilbert pour la norme :

1
A 2
1o laamar={l v 3a + | divw 30}

THEOREME 2.1. Le probléme (3.1) admet une solution unique (p,u) € H(div; ) x
L*(). De plus, u est solution de (2.4) et p = grad u

Démonstration cf. [63].

Par la suite, on s'intéresse & approximation du probléme (3.1) par la méthode des
éléments finis.

Soient Q;, et V;, deux espaces de dimension finie tels que Q C H(div; Q) et Vi, C L*(Q).
Alors le probléme approché du probléme (3.1) est de

trouver (pn,un) € @Qn XV, tel que

/ Ph * QudT + / updiv gpdz =0  VYgn € Qn (3.2)
Q Q

/ vy, div ppdx = —/ fundzx Yo, € Vi.
Q Q

REMARQUE 2.4. Les espaces Qp et V;, doivent étre construits de telle maniére que la
condition inf-sup ( connue sous le nom de la condition de Babuska-Brezzi) et la coer-

civité sur le noyau soient vérifiées,( cf.[64],(65]).

Avant la construction des espaces @, et V;, commengons tout d’abord par préciser
quelques notations qu’on peut trouver dans [66].
On considére une décomposition T, de € en quadrilatéres convexes

0= K

KeTy

Soit K le carré unité [0,1]? et soit K un quadrilatére convexe quelconque. Il existe une
transformation Fx qui transforme KenK.
On définit Q,(K) (k > 0) comme étant espace des polyndmes de degré inférieur ou
égal A k en chacune des variables Z; et Z,.

On note par

hx = longueur du plus grand coté de K (3.3)
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W

>

FIGURE 2.7. Transformation

Pour définir I’espace @, on commence par définir

~

D= {(ao +411ﬁ1,b0 +b1§:2),ai,bi € R,Z =0,1} (35)
et Pensemble & des degrés de liberté suivants:
f G-hds VeedK, pour Ge€D (3.6)

ol & est un c6té de la frontitre 0K de K et 7 est la normale extérieure & OK.
1l est facile de montrer que (K, D,¥) est un élément fini.
Maintenant, pour passer de I’élément de référence K 3 I’élément courant K , on utilise

la transformation de Piola:
o 1 =
q=Fx§ <=qoFg= jDqu (3.7)

ot DF}, est la matrice jacobienne associée & F}, et J est le jacobien de la transformation

F, ( qui n’est autre que le déterminant de DFg). L’espace @ est alors défini par
Quw={g € H(div;Q); qlx =Fkd, §€D, VKeT} (3.8)
tandis que l’espace V}, est défini par
Vi = {v € L*(Q);v|x o Fx =9 € Qo(K), K €T} (3.9)

THEOREME 2.2. Le probléme (3.2) (Qy et V, étant définis par (3.8) et (3.9)) posséde
une solution unique, De plus, si u € H*(Q) et Au € H(Q) alors

| 2 = pu |H@ive) + | w— un llo< Ch{|ul1,0 + |ulz0 + |Auli 0} (3.10)

Démonstration cf. [63] et [67] .
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Maintenant, revenons aux degrés de liberté de I’élément fini de RAVIART-THOMAS

On voit facilement 'analogie avec la méthode des volumes finis ( voir Fig.2.6).

!

a
g (o) —»p.n

FIGURE 2.8. L’élément Q,

Nous pouvons montrer qu'en utilisant une formule de quadrature adéquate pour le
terme / p - q dz, on aboutit & la méme équation discrétisée (1.5). En effet; considérons
un domaine rectangulaire 2 et une triangulation uniforme T} de Q en rectangles K.
Notons par e, e;, s et e4 les cotés d'un élément courant K de la triangulation T}, (voir

Fig.2.9)

Y
.
yHAY = = .
]
. K .,
yl; I .1

]

|

] >
x x+Ax %

] 0

FIGURE 2.9. Les faces d’'un élément K

Les fonctions de bases de ’espace Qj, (défini par (3.8)) dont les restrictions & K ne sont
pas identiquement nulles sont données par les expressions suivantes:

,

1
n = (01 m(y — Yo — Ay))7

1
g == T — o), 0),
<p (AmAl( ),0) 1)
p3=( )A A (y yO)),

I
e AzAy &

zo — Az),0).
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Les expressions (3.11) viennent du fait que les p;, 1 < i < 4, sont définies par
pi = (a; + bz, ¢; + diy)
telles que
[ pionds=5; , 1<ij<4
€j
si 1=]
0 si i#7

La matrice élémentaire qui provient du calcul de / p - q dz par la formule du trapeze
K

oll n est la normale unitaire extérieure & K et d;; =

est donnée par

N =

B =

0
Az
Ay
0

A
0 0 0 L&z
Maintenant, les éléments de la triangulation T}, voisins de K qui interviennent dans le

calcul du systéme (3.2) sont montrés sur la Fig.2.10. Tout calcul fait,on obtient

¢
A
KZ051+’U;P—'U;S=0

%;iag +up—ug=0
S %5(13 +UP—UN=0 (312)
Az

A—ya4+uP—uw=0

La1+a2+a3+a4+b=0
ot o , 1 < i < 4, est le degré de liberté correspondant & la composante normale de

p sur le coté e; et b provient de l'intégration du second membre f. Finalement, en

FIGURE 2.10. Les éléments voisins de K
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exprimant les ; , 1 < i < 4, & partir des quatre premiéres équations de (3.12) et en les

reportant dans la derniére équation de (3.12) on obtient

apup = AgUup + awuw + anuyn + asugs +b (3.13)
ol
ag = a, = §¢
ay =ag =42 (3.14)

ap=aE+aW+aN+aS

L’équation (3.13) et les relations (3.14) ne sont autres que (1.5) et (1.6) dans le cas ot

le maillage est uniforme.

REMARQUE 2.5. L’élément fini que nous avons présenté dans ce paragraphe est
l’élément de RAVIART-THOMAS de plus bas degré. Pour des degrés plus élevés et

pour une décomposition de (0 en triangles, nous renvoyons le lecteur a [63] et [68].

4. Equivalence entre les formulations volumes finis et éléments
finis pour I'équation de convection-diffusion
Soit Q un ouvert de R? , de frontiere I'. Soit 7 un champ de vecteur donné,
f € L*(R) et u constante positive.
Considérons le probléme de convection-diffusion suivant:

—pAu + div(?u) =f dans Q (41)

u=0 sur T

Soit 77, une triangulation donnée, on définit le maillage dual C, de 7. On note Cj,i =
1,--- ,ns les éléments de Cj, . Pour la construction de Cy, on a les propriétés suivantes:
() Ury Ci= 9

(i) C;NC; =0 Vis#j

(iii) C; est fermé et connexe

(iv) a; €C; t=1,--- ,ns.
Dans notre cas, chaque élément C; sera un domaine polygonal construit par les milieux
de triangles voisins & a; (voir figure (2.11)). Dans ce cas spécial C; est appelée région

barycentrique. On doit maintenant présenter le schéma volumes finis de Galerkin pour
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FIGURE 2.11. Cellules barycentriques autour des sommets a;, a;
’équation de convection-diffusion. Aprés multiplication de 'équation 4.1 par la fonction
caractéristique x; de la cellule C;, nous 'intégrons sur le domaine 2 et nous utilisons

la formule de Green pour obtenir I'intégrale sur le bord de Cj

/Q (di”(?“) & “Au) xidedy = fﬂ fxidzdy (4.2)

/ac; (uv W — p,? . 71,)) do = -/C.- fdzdy (4.3)

Dans la méthode de volumes finis, la fonction u; est approchée par une fonction con-
stante sur chaque cellule C;. Pour calculer le gradient de u; sur le bord de la cellule,
nous lissons la fonction inconnue au voisinage du contour dCj, en choisissant u, comme

fonction linéaire par morceau de la forme

ne
up =) uidy
i=1
ol ¢; est la fonction lindaire par morceau associée au sommet a; (voir figure 2.12). On

rappelle que les fonctions de bases associées au triangle T de sommets a;a;ay ( voir

figure 2.13) sont données par
¢ =1— (e —vs) (@ — 2:) + (25— 2) (y —v) /V"
¢7 = ((y — vi)(@ — =) + (& — za)(y — 92))/V"
v =i —y) (@ — ) + (25 — )y —9))/V"

ot VT = (z; — 7:)(yx — i) — (2 — 2:)(y; — vi) = 2mes(T). Nous pouvons définir le
gradient vu de u par

_V—'& = iuiv@(-’lhy) = iui ( Z vdﬂ"(z,y))

mekr (i)
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FiGURE 2.12. Fonction de base

B2

FIGURE 2.13. Triangle T de sommets a;a;jax
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olt
Vir - (_ (ka—Tyj) . (m,-‘;-ka))
VT = ((ka—Tyi), (wi‘;ka))

Vol = ((yi;Tyj) , _(-’Ej‘;TﬂUi))

et kr(i) est ensemble des triangles voisins du sommet i.
Pour obtenir 'équation suivante, prenons la valeur moyenne de la quantité T/)u pour

chaque 0C; N 9C;:

jg(:(i) ( )I 8C;NBC; jEK%):U{i} i ac; ¥ C:

ot I est le milieu de I'aréte a;a;. Pour compléter le schéma, nous utilisons les approxi-

mations suivantes:

(?u)j ~ % (?,—,ui + V\juj)

(4.5)
/ fdzdy =~ fimes(C;)
C;

Nous rappellons la formulation pour le schéma de Lagrange-Galerkin pour I’équation

de convection-diffusion
( / w,V - ¥V didady + p f Vu,,—v"mdzdy)
TETH

Nous considérons la formule de quadrature, pour approcher les intégrales ci-dessus:

S [ foudady  (46)
TETh
mes(T
| ¢l v)dady = Z¢( (47)
LEMME 4.1. Les schémas (4.4-4.5) et (4.6-4.7) sont identiques

Preuve

Pour le terme source nous avons :

3
% / fodedy= 3 "D SN (14 (aT) = fimes(C) ~ / fdzdy
=1 Ci

TeTh TET

Pour le terme de diffusion nous avons:

La normale sortante & la cellule est intégrée sur chaque triangle ( voir figure 2.14) :

f mdo = (L'J'Gz’"L + GTIuiJ')
c:NT
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FIGURE 2.14. Détails d’un triangle

Notons que (;5? s’écrit aussi ( voir figure 2.14)
, = — I’i' Ii = ‘Ld
¢ mes(T)( iGr™ + Grlu”) mes(T) Jacinr T

donc

/ fildo = —mes(T)c;S?
acinT

Et pour le terme de convection (voir [57]), on utilise le résultat géométrique suivant,

di en particulier au choix du volume de contréle:

/ Ry —3 / 6.7 ddzdy
8C;NaC; Q

et les relations
1
Z /d),;?qudm = /?qﬁidw =0, /qud:c = —mes(T)
— i Q T 3
jek(i)
Ainsi dans le cas d’une approximation centrée, les termes hyperboliques des deux for-

mulations sont identiques.
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Chapitre 3

Généralisation du schéma de Nessyahu-Tadmor

1. Approximation

1.1. Rappel du schéma de Nassyahu-Tadmor.

C’est un schéma de type van Leer construit sur le schéma de Lax-Friedrichs. Pour

[[ |

£2+ A

*i-172 i Xi4172 141

FIGURE 3.15. Probléme de Riemann en z;, 3

résoudre la loi de conservation scalaire

u+ (f(¥))e =0 (1.1)

Le schéma de Lax-Friedrichs consiste & approcher

Uy ($i+§, t")

par
n+1 ul +ul
(“i+% — i
At
et
fu(®iggst")e
par

(f (ufyy) = F(u?))
At
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d’olt :
n+l __ 1 n n A n n
Uiy = E(“z + ) = A(f(ui) — f(uf))
Mais il s’interpréte aussi comme la résolution d’un probléme de Riemann en z;, 1 avec
intégration de Péquation (1.1) sur (z;, Ti1) x (87, 2"F1).
Le deuxiéme pas du schéma de Lax-Friedrichs s’écrit de méme sur une grille décallée:

1
W = 2 +ur) - M) - )

b= &t
oll A= 3
Pour le schéma de Nassyahu-Tadmor on considére une approximation linéaire par
morceaux de la solution

T—Ti o,
u(z,t") ~ ul + A:z;l(s" y &€ (Ti_y,Tiry)

on définit u:‘_:g comme la valeur moyenne de la solution du probléme de Riemann

généralisé sur (7;, Tiy1). On écrit le schéma en intégrant (1.1) sur (z;, Zi41) X (87, 2"+):

tn-}-l

/:.-+1 (ug + (f (u))z)dtdz =0

AL

ce qui implique

Azultl — (/ e u(z t”)dm+/ u(z,t")dz)

'n+l

t“+1 tn+1

[ futean, )l = [ flulat)de=
Sur (@i, %iry) > ulz,t") =uf + 552407
4
b - _.'________..--"'""-
i+1 F_____.--"'"-_i
u, ﬁiﬂ ¢ -:-5: E
. a g
4 *141/2 LIV x

FIGURE 3.16. L’estimation de l'aire A

donc il s’agit pour calculer

/ g u(z,t")dz



d’évaluer aire A :
Az Az
= —1U ¢
g - 8
On approche ensuite

1 g+l

At / flu(mi,8))dt = f(ulzs, 1)

puis

At
u(miatn—*-%) ~ ’U.(.‘L‘i,tn) ot —Z—Ut(xhtn)

d’apres (1.1) on a
oF
Az

(o, ) ~ 0 — SEF ()

. n+i
expression que 1’on note u; *.

REMARQUE 3.1.

On peut choisir pour approcher f(u(z;, ")), par une autre expression que

n
&
T

)

On déduit de ce qui précéde le premier pas du schéma, :

n u?+’u‘? 57_6? n+i nti
U,:,; - 9 1+ 3 £ — ’\(f('u'i-{-l-l )_f(ui+2))

et de méme maniére le second pas :
ntl 4 g ntl _

LAeET i+1 611,1—— :'.1 n n
prr= by b ) - fw)

u

N.B. On peut procéder comme le schéma de van Leer et choisir

n n
57 = Uiy — Uiy

’ 2
puis corriger les pentes en prenant
5:7' = Mil’lMOd{'U,H_l — Uiy Uj — 'U:,'..]_}

MinMod = 2299 : 591) in(jal, 5))

52
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1.2. Généralisation du schéma de L.F en dimension deux.
En dimension un , on utilise deux maillages décalés, I'un centré sur z;,y, et I'autre
centré sur x;.
On définit, en dimension deux, sur un maillage triangulaire non structuré, les deux
maillages de la fagon suivante:
Cela consiste & définir une subdivision 75 de  par des triangles

N.

Q= U K; ; Ki€ T,
i=1

et

¢
KNK' =41 sommet ceci pour K,K'€ T,
1 coté
Les noeuds de la triangulation sont les sommets des triangles.

Les degrés de liberté sont les valeurs de I'inconnues u aux noeuds.

On note

yh = u(a,,‘-, tn) et U?j = U(Mij:tn)

7

a; sommet

FiGURE 3.17. Cellules barycentriques autour des sommets a;, a;

On construit le premier maillage centré sur les sommets a; avec les cellules barycen-
triques C;. Le contour de C; est défini en joingnant les milieux des cotés adjacents & a;

et les centres de gravité des triangles dont a; est sommet.
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FicurE 3.18. Cellules Lij (aiGﬁajGiJ+1).

On construit le second maillage centré sur les milieu M;; avec des parallélogrammes

L;;. Le contour L;; est défini en joingnant les sommets a; et a; dont M;; est milieu

avec les centres de gravité des triangles dont a;a; est un coté.

On aura besoin par la suite des vecteurs normaux (unitaires) & certaines arétes du

maillage.

FIGURE 3.19. Le bord de la cellule L;;

vk nk
—k _ ijz _ —k ijx N
vi=1 . pour k =1,2, #; = ) pour k=1,...,4
Vijy Tijy



et
. Nijo = b1
T’i 3 = . 0” =
Nijy Bijy
D'ilj vecteur normal au segment G;;M;; orienté vers extérieur de C;
17,-2]- vecteur normal au segment G;;41M;; orienté vers U'extérieur de C;

i = Gy My} + Gijyd My 77

VT i Yy

2

Vi
G'i.jﬂ a
i3

———= v:-j

ij

F1GURE 3.20. Partie du bord de la cellule Ci (Fij = GijMij U MijGij+1)

fi}j vecteur normal au segment a;G;; orienté vers 'extérieur de L;;
ﬁ;‘; vecteur normal au segment G;ja; orienté vers Pextérieur de L;;
iy vecteur normal au segment a;Gij1  orienté vers Pextérieur de L;;

;‘j vecteur normal au segment Gjjy1a; orienté vers 'extérieur de Lj;

T,
S —
0 = |a:Gyj|7; +10:Gijaalif

-

—_— _
05 = |ajGij|n1:2j " |ajGi,j+1lﬁi3j'

L

On s’intéresse a la résolution de 1'équation scalaire:

uy + (f(u))s + (9(u))y =0

1.3. Formulation variationnelle : volumes finis.

Soit S), espace d’approximation des fonctions constantes sur chaque cellule.
Sp={v € L*(Q);v),, = constante; i=1,ns}

L’ensemble des fonctions (x;)i=1,ns définies par:

55

(1.2)
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1 (:E ] y) € Ci
xi(z,y) =
0 Sinon

est une base de S;.

On cherche u solution des équations

/A(“t + (f(w), + (g(u)y)x;dzdy =0 j=1,ns

Ce qui donne

i//c (us + (f(w))z + (g(u)y)x;dzdy =0 j=1,ns

C; étant le support de x; on a:

[ [ e (F@). + (aw))xsdody =0 5 =1,ms

On obtient la premiére étape du schéma en intégrant (1.2) sur L;
Sur la frontiére de Ly; , la valeur de u(z,y,1") est u} sur C; et uj sur Cj.

Donc 'intégration de (1.2) sur L;; entre ¢* et t"*! conduit & :

[}
i3

FIGURE 3.21. Intégration sur L;;.

/:Jrl / (et (f(w)s + (g(u))y) =0

Lij
D’apres le théoréme de divergence on obtient (L;; = (Li; N C;) U (Li; N Cj))

@134

FIGURE 3.22. Intégration sur OL;;.
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/ u(z, y, ") dA — u(z,y, t")dA — u(z,y, t*)dA
Lij L;;nCe L;;NC;
Pt

+ / (f(u)na + g(uny)dodt = 0. (1.3)
A 8L;;
On approche ensuite par :

Aire(Ly;)ultt — Aire(L;; N C;) - uf — Aire(Li; N Cj) - uf

)

+ At(f (ul)03jz + g(ul)isy) + AL(f (u])Bjiz + g(u})bjiy) = 0. (1.4)

Notons que I'approximation de u; sur L;; est donnée par :

A(L, n C,) ul + A(L, N C) -u”
n+l _ J i 3 7 2
(“"" A(Ly) ¢

IR

Uy

La deuxitme étape s’obtient par intégration sur la cellule barycentrique entre t"*' et
tn+2

Aire(Ci)uf™* — > Aire(Li; N Ci)ugt

j voisin de i

+AL DY (FuE )M + g(ui)mg) =0 (1.5)

j voisin de
ou sur la frontiére de C;, C; = ‘_Ud Ty, la valeur de u(z,y, t"1) sur T'j; est
approché par uf;tt. S
On passe ainsi d’une solution constante par morceaux sur C; & une solution constante

par morceaux sur L;;.

1.4. Généralisation du schéma de N.T en dimension deux.

On dispose au départ des valeurs u? aux sommets de la triangulation. On peut par
exemple construire un profil linaire par morceaux sur chaque cellule C; de la fagon
suivante:

On construit d’abord un profil linéaire par morceaux sur chaque triangle de départ,
profil continu , & I’aide des u} puis on approche les pentes sur C; en faisant une moyenne

des pentes de u dans tous les triangles dont a; est un sommet.
uw(zy,t") =ul + (@ —2) P+ —wQ (@Y €G (1.6)

Le profil étant linéaire par morceaux, on ne peut plus identifier la valeur moyenne sur

C; avec la valeur au sommet; ou la valeur moyenne sur L;; avec la valeur en M;;. Car
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C; n’est pas un triangle , et il n’y a aucune raison pour que la valeur donnée par (1.6)
au sommet a; soit la moyenne de cette fonction linéaire sur C;.
Cependant, on est tout de méme conduit a faire Papproximation:
A’I:TC(L.L'J')UTH-I =

1= [ uleut)da (L7)

Aire(C))ult? = /c u(z,y, t"?)dA. (1.8)

Lorsqu’on intégre sur L;; équation (1.2) pour écrire la premiére étape du schéma, et
lorsqu’on intrégre sur C; pour la seconde étape.

On obtient la premiére étape du schéma en écrivant :

t"’+1

ft,, /L ) (ue + fu)s + g(u)y)dAdt = 0

J.

u@y A= [ u(wyt)dd+ [ uleym)dd
i L;;nC; L

i5NC;
tn+1

. / (f (w)na + g(u)n,)dodt.  (1.9)
tn OL;;
1.5. Approximation de fL‘,an‘, u(z,y,t")dA.

u(z,y,t") est la fonction linéaire sur C; définie ci-dessus , on doit calculer le volume

de deux prismes. On rappelle: le volume de la partie hachurée = B.El—"iéz—"'—g& on note

FIGURE 3.23. Le volume d’intégration

L{ letriangle L;; quicontient Gj;

ng le triangle L;; qui contient G4
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FIGURE 3.24. Les 2 domaines d’intégration L;; N C; et Ly; N C;

Le volume gauche du prisme porté par Lf; N C; est égal a

59

] 1 1
Aire(Li; N C;)(u; + g(fl?M.-,- — 2+ @a, — )P+ 5 (Um; — ¥ + Ve — i) Qi)

3

La surface de Lj; N C; est égale & :

; 1
Aire(L; N C;) = 5((1‘G.~,~ — ) (Ym; — ¥:) — (@aa; — i) (Yas; — ¥i))

On calcule de la méme maniére le volume droit du prisme porté par L;’j NC; ; ce qui

donne :

[ wt@—a)P+ (- u)Q)dA =
Li;NC;

, 1 1 i

Aire(L;; N C;){ul + g(-’EM.-j — ;)P + g(yMij -1:)Qr}

1. .

+§A1re(L?j NCi){(za,; — )P + (Ya.; — ¥:) @7}

1 - 143 n

+§A1re(ng n Ci){(mGi.J'+1 - :I),)R + (yGi.5+1 - yi)Qi }

1.6. Approximation de [} . u(z,y,t")dA.

(1.10)
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On procéde de la méme maniére ce qui est égal & (on omet 'exposant n)

[ wt@—a)P+ @ -u)Q)dA=
L;;NC;
. a1 an 3 "
Aire(Li; N Cj){uf + 3(zm; — )P} + 5 (yms; — yi)Q7}
1 g 7 n

1 3 i n
+§A1re(ng NC{(z6i 41 — mJ‘)Pj * (Y6504 ~ yj)Qj} (1.11)
ol

Aire(L§; N C;) = %{(xM.-j — 2;)(yey; — ¥5) — (Taiy; — 23) Yy — ¥i)}-

1.7. Approximation de ft:“ Jor, {f(w)na + g(u)n,}dodt.
Elle peut étre intégrée par la régle du point médian en respectant le temps
t"+1

./aL.. (f (une + g(u)n,)dodt =

tﬂ

At [ {f @y, e )n. + g(u(e,y, 7 )n, fdo
OL;j

et on approche ensuite 4 1'aide d’un développement limité au premier ordre:

u(z,y, "% = u(z,y, t*) - %{f’(U(w, Y, ")) ug(z, ¥, t") + ¢’ (u(z, y, t)) uy(z, 9, t™) }-

Sur L;; N C; on sait que u, = P et u, = @, mais il faut se donner une valeur de
u(z,y, t*) sur a;G;; et sur a;Gijq (et de la méme maniére pour a;G;; et a;Gijq1 ) on
peut prendre par exemple la valeur de u(z,y,t") au milieu de l'aréte, c’est 4 dire, on

suppose que

1 1
’U;((L‘, y7tn) = 'U,? + —2_($Gij . xi)Pin + §(yGij T yz)Q? = uZ;,G.-,-

On définit alors

n n At n n n n
uaj-G}.'/jz = ua.',G.'_.,' - T{f’(ua;,Gg_—,‘)Pi + g’(ua.‘,G.‘j)Qi }
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On obtient donc I’approximation de

1
At Jin 8L

~ 2 1/2
= f( ::I,-é{,) 1_1:c |alG1]I + f( 2.4,- /J+1)n?j:n : IaiGi,j'l'll
1/2 +1/2
+ f( Z:G/,,)nz]m IaJ 1.1' + f( 2, ,G/;.,-.H )nuz Ia’J J+1|
2 2
+ gl nl, - |0:Giy| + g(uit 2 nd, - 10:Gijaal

+ g(uI e n, - |a;Gyl + g(unrdl )by - laiGigal- (1.12)

‘UZI i+1

tn+1

{f(w)n, + g(u)n, }dodt

1.8. Premier pas du schéma de N.T.

Adre(Li;yulit' — (1.10) — (1.11) + A#(1.12) = 0

uli™* représente la valeur de la solution au point M;;.

On construit alors une approximation linéaire par morceaux sur chaque L;;
’U,(IE, Y, tn+1) = ’U‘Z'-H . (.’E — TMy; )PS-H + (y Yn; )Qn+l

et on peut calculer par exemple les valeurs P"'+1 et QZ-“ en reconstruisant un profil
linaire par triangle, profil continu, & I’aide des valeurs au milieu de chaque coté.
On approche ensuite les pentes en calculant la moyenne des pentes obtenues sur les

deux triangles qui ont pour c6té commun a;a; dont M;; est le milieu.

1.9. Deuxiéme pas du schéma de N.T..
On obtient ce deuxitme pas en intégrant sur la cellule C;, entre t*+1 et t7+2, exactement
de la méme maniére que ci-dessus.

Aire(C;)ul? — / z,y,t" ) dzdy
T nc.

j voisin de i

= _At Z / {f (u(z,y, tn+3/2))uz + g(u(z,y, tn+3/2))yy}d0'

j voisin de ¢

ainsi sur L;; N C; Pexpression de u(z, y, t"*1) est une fonction linéaire par morceaux .
Son intégration sur un parallélépipede se fait comme (1.10).

Pour obtenir u(z,y, t"+%) on fait un développement limité d’ordre un en temps
et on décompose I';; & G;;M;; U M;;G; ;41 pour approcher u(z,y,t) sur G;; M;; par la
valeur de u(z,y,t) au milieu de Paréte G;;M;; ( de méme sur M;;G; 11 par la valeur

au milieu de M;;G; j11).
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1.10. Approximation des pentes.

Pour approximer (P,,Q;) , on peut utiliser une technique des moindres carrés

([25],[26]). Si u; = u(G;) ol G est le centre de gravité du triangle T, pour estimer

FIGURE 3.25. Estimation des pentes

Vu; = (P;, @;), on peut minimiser la quantité

3 —
I=) {u?+GG;- (grad u)7 — uz. }*.

Jj=1
Le minimum est obtenu lorsque

oI _ oI _
da ~ Obp

Ce qui donne

_ 1 3 3 " .
ar = 4, > (ve; — va)* Y _(ug, — up)(ze, — za)
j=1 j=1

_jlj E(Q’G,’ - z¢)(Ya; — Ya) ;(u?j —u}) (Y, — Ya)

P I :
332 L S lac, - 20 30, ~ v, ~ 30
j=1

i=1

1 3 3

D Z(""Cr‘j - 26)(Ys; — Ya) Z(U?j —up)(zg; — Za)

j=1 j=1
Ou le dénominateur

3 3 3

D= E(mGj - “’G)z E(yaj = yG)2 = [Z($G,- B xG)(yG,- - yG)]

j=1 j=1 j=1

2
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1.11. Limiteurs bidimensionnels.
On décrit ici une technique de limitation pour les gradients.

La procédure de limitation est réalisée par triangles. Nous posons

Ur,z
VUT =

UT,y
La notation ur,, signifie que la dérivée en z de u est restreinte au triangle 7.

On note par 7; I’ensemble des triangles T' € Tj, tels que TN C; # 0.

La procédure de limitation s’écrit

_
lim __ — o g 5 ;
;™ = > {min sign(ur.) + max sign(ur:)} min [urs|.

Le calcul de u}™ est identique & ulim ( le procédé peut aussi se généraliser en 3 — D).

REMARQUE 3.2.
L’introduction des limiteurs peut affecter la précision spatiale de la solution, mais la
limitation n'intervient que lorsque apparaissent des oscillations c’est & dire prés des
chocs et des discontinuités. Pour localiser avec plus de précision les chocs il est suggéré

d’augmenter le nombre de points dans ces zones par raffinements locauz.

REMARQUE 3.3.
Enfin cette technique de limitation est trés robuste car elle permet le calcul de solu-
tions stationnaires pour un grand nombre d’écoulements. Sous cette forme, elle permet

d’obtenir des solutions d’ordre deuz & moindre coit, mais la solution est plus dissipative.

1.12. Extension du schéma au systéme (1.1) du chapitre 1.

1.12.1. Equations.

Nous cherchons des solutions stationnaires des équations d’Euler qui s’écrivent dans
une formulation conservative en deux dimension d’espace comme (1.1).

Notons

FU) = FO)
G(U)

U = (p, pu, pv, pE)™
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On peut réécrire le systéme (1.1) sous la forme
%tqdr"i'?’-?(U) =0 dans QxR, (113)

1.12.2. Maillage : Eléments Finis.

On approche  par un ouvert polygonal {2, que nous subdivisons en triangles. Les
noeuds A; de la triangulation 75 ainsi obtenue sont les sommets des triangles. Soit ns
le nombre de noeuds et na le nombres d’arétes. Les degrés de liberté sont les valeurs
de I'inconnu U aux noeuds, soit 4ns inconnues ( 4 composantes en 2-D, 5 en 3-D). On

note
U(Ai,tn) = U,(tn) et U(Mij,tn+1) = Uij (tn+1)

1.12.3. Formulation variationnelle: Volumes Finis.

Le systéme (1.1) ne posséde pas en général de solutions classiques, méme avec une
donnée initiale trés régulitre. C’est pourquoi, on cherche les solutions faible (au sens
des distributions) du probléme variationnel associé, qui correspond & une formulation
intégrale de (1.1) : cest elle qui exprime les différentes lois de conservation de la
masse, quatité de mouvement de I’énergie pour tout volume inclus dans le domaine de
Pécoulement. Pour chaque noeud A;, on définit la cellule C; (” volume de controle”);

de méme pour chaque milieu de I'aréte A;A; on définit la cellule L;;. On pose
nse na

Q= U C; ns: nombre de sommets de Ty, Sy = U L, na : nombre d’arétes de Ty
i=1 k=1

On introduit les espaces d’approximation

uh = {IUI'U & Lz(“)?”(w:y) — 'U(ilr'i,yi), V(.’B, y) = Giai = la' "8 777’3}

Vh = {’UI'U E Lz(Q),’U(.'B,y) = 'U(xkayk)a V(a:,y) € Lkak = 11 e 7'”'0'}

ol (z;,y;) sont les coordonnées du noeud A; et (z,yx) sont les coordonnées du point
milieu m;; du segment A;A;.

Au temps ¢ fixé (¢ > 0), on intégre les équations (1.1) sur (25, aprés multiplication par
les fonctions de base x5 de Vj, si le pas du temps est impair et par les fonctions de base

2; de U, si le pas du temps est pair.



Les fonctions caractéristiques des cellules Ly et C; sont définis par

X e
€ Xk(Y) =

0 sinon 0 sinon

"!’i(?) =

On aboutit au systéme suivant :

premier pas du temps

/%dxdy—i—/ V. RU)dsdy=0 Vk=1,...,na
L. Ot L

second pas du temps

/ %da:dy-i-/ V. F(U)dedy=0 Vi=1,...
c; Ot c

On applique la formule de Green, ceci nous donne

premier pas du temps

s sy +/ R (U -7ido =0
iy | %
second pas du temps
aUhdwd +/ ? (Ug) - V”dO' =0
c. Ot

X el

Comme BC', = UjEk(i) 60’,—,— U BC, N Fb U 80, N Foo ou 66',] = 80, N BC’J

premier pas du temps

oU,

S dady +/ F(Us) - fiddo =0
L;j

second pas du temps

BU;"d dy+ ¥ / F(U,) Rdo

c 0 JEK(3)

ac;Ny
+/ F(Us) wldo =0
8C;Nl s
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(1.14)

(1.15)

(1.16)

(1.17)

(1.18)

(1.19)

(1.20)

(1.21)
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frontiére

g
FIGURE 3.26. Définition des cellules frontiere
1.12.4. Calcul des termes de bords.
On détaille dans ce paragraphe le calcul de ?(Uh) - mido, (voir figure 3.26)

ac;nr
Bord glissant

Le long du corps (sur I';), on impose une condition de glissement pour un écoulement
non visqueux. Le vecteur vitesse 7 doit étre tangent & la paroi. Pour un segment

I‘bﬂaO',-ona:
vﬁ),=0

ot 77; est le vecteur normal au segment considéré .
Cette condition réduit I'intégrale le long de chaque morceau de surface en une intégrale

de pression:

T
/ ?(Uh) -mido ~ (0,/ p - ndo, 0)
8C;nly 8C;NT'y

La condition de glissement est ainsi vérifiée de fagon faible seulement.
Bord infini I'

Sur T';, , entrée de ’écoulement

On approche l'intégrale par une décomposition de flux de Steger-Warming. On a :

/ F(Uh) - nldo = AT (Ui, T3)Ui + A~ (Uno), 7 1)Uoo
8C;NCin
avec

A+(U1 71) = (A(U) *Niz - B(U) ' ni,y)+
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et
AU, 7:) = (AU) e + B(U) - miy)”
ot At et A~ sont les parties positive et négative de la matrice jacobienne du flux

d’Euler.

On remarque que sur I';, Pécoulement est entrant est supersonique :
M>»1 et V’ .7 <0

Les valeurs propres de la matrice jacobienne du flux sont négatives donc la partie
positive At (U;, 77;) est nulle. On impose alors simplement des conditions A Dinfini
entrant.

Sur I',,; sortie de ’écoulement

L’écoulement ici est sortant. De plus, dans les résultats présentés dans cette partie la

sortie est supersonique donc :
M>»1 e V- -7>0

Les valeurs propres de la matrice jacobienne du flux sont positives donc la partie
négative A~ (U;, 77;) est nulle.
On obtient alors :

[ Fw-mde = ATU T
8C;NTout

1.12.5. Approximation d’ordre élevé.

Le schéma M.U.S.C.L. (Monotonic Upwind Scheme for Conservation Law) initialement
dévelopé par van Leer [39] a été adapté au cas des éléments finis triangulaires par Fezoui
[38].

On notera par la suite U le vecteur des variables physiques et on désignera par S
'opérateur de passage aux variables conservatives, S(ﬁ) =U

On suppose que chaque composante de U varie linéairement sur un volume de controle

C; respectivement sur Ly.
fj(xl y7tn) s ﬁzn + (II} - a:i)Pin + (’_l] - yi)Q? V(may) € Ci
U(z,y,t") = UZ™ + (3 — 2) P + (y - 95) Q5 V(z,y) € Ly

Pour approximer (P;, Q;) et (P;;, @), on utilise la technique des moindres carrés voir

section 1.10 . Et pour la limitation des pentes voir section 1.11.
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L’algorithme du schéma explicite d’ordre deux avec limiteur s’écrit :

Premier pas du temps:

1. Prédiction

G = ——{F'( ' 6 )PP+ G002 6,)Q0

a ai ,Gu

1 1 V
+ =(zg,; —x) P + E(yg,.j =g = : Gy

ﬁ.(w’ y) t") == U 2

2. Correction

Aire(Ly;) ULt — (1.10) — (1.11) + A¢(1.12) =0

dans (1.10), (1.11) et (1.12) , on remplace u par U

Deuxiéme pas du temps:

1. Prédiction:

n n At rrn i Htip- n
Ugiste, = Utha, — 5 (F (085, P5 + G (0550, Q5"

1 1 2 n
+ Py wGIJ i th] )‘PIT_1L+1 + E(yGu qu)Q +1 - U :l;M.J

U(,p, ) 2 Uptl + 5

2. Correction:

Aire(C)Tm? — / T (z, y, ) dzdy
Li;NC;

j voisin de i

+AE Y] f{F (z, 9, ")) v, + G(U (2, y,t"*/?)) 1y }do + T de B=0

j voisin de i

Uptt = S(O077)

1.12.6. Analyse de stabilité.
Dans cette partie, on va considérer deux modeles d’advection en dimension deux.
modeéle d’advection 3 vitesse constante

Considérons le probléme suivant:

us + V.Vu=0 ,dans R?, avecV € R? (1.22)
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La discrétisation décentrée nous donne le schéma, suivant :

Aire(C;)(ult! —ul) = —At Z a;j (0;u? + (1 — 0;5)uy) (1.23)
JEK(D)
avec
oy =V VY, = [ vde, = [ w2
80.-[‘1605 80,‘(’130,‘
1, .
0, = 5(sign(ey;) +1) (1.25)

PROPOSITION 1.1. Le schéma (1.23,1.24 et 1.25) satisfait le principe du mazimum,

st pour chaque cellule C;, on a linégalité suivante :

Aire(C;) — At/ V. Rdo >0 (1.26)
act

ot OC;" est la partie de 8C; ou / 7 . Tdo est positive.

Preuve :
Soit K (i) 'ensemble des indices j des volumes de contrdle C; voisins de C; (i.e. tels

que 8C; N 8C; # ¢ ou n'est pas réduit 3 un point). On note
80,-]' - 801 N aCj, j € K(Z)

alors

ac;= |J oC;

JEK(D)
Par suite, la portion de la frontiere 9C; ol / 7 - Tdo >0 ( resp, < 0,= 0) correspond
3 la réunion des 9C;; sur lesquels l'intégrale est strictement positive (resp. strictement

négative, égale 4 0 ). On peut alors définir une partition de K (i) de la fagon suivante
K@) = KT(i)UK~ (i) UK°(3)
K+@) ={j € K(i);jfw__ V. Rdo > 0}
K- ={jc K(z’);/w“ V. Rdo < 0}
K°G)={j€ K(z‘);/w V. Rdo =0}
Ceci permet de définir aussi une partition de 50,—,-

oC; = 8C U dC; U ACY
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avec

act= |J acy, aci= |J acy, ocy= |J 9C;

1
JEK+(4) JjeK~(%) jeKe(i)

Comme JC; est un contour fermé C* par morceau et que V) est constant, on a

/E,C_V‘\.'ﬁdazfacfvnﬁ’da+/ V. Rdo=0 (1.27)

acy
Le schéma (1.23,1.24 et 1.25) s’écrit aussi

At
uptt = uf — ee—— i (0i5uf + (1 — 0;5)u3) (1.28)
A.lI‘e(Ci) J%z) ]( J 3773

= fa - V. Rdo (1.29)

i %(sign(a,-j) +1) (1.30)

Par définition, le schéma (1.28,1.29 et 1.30) respecte le principe du maximum, si pour

tout noeud i la double inégalité est vérifiée
min uf] < |uf| < max|ugl, Vn
u® = (u); est la solution initiale discréte arbitraire vérifiant
max lup| < o0
Le principe du maximum traduit le fait que seules les solutions bornées sont admissibles.

LEMME 1.1. Une condition suffisante pour que le schéma défini par (1.28,1.29 et

1.30) vérifie le principe du mazimum est
min[uf] < [uf*'| < maxfugl, Vi, Vn (1.31)

La preuve du lemme (1.1) se fait par induction sur n .

11 nous suffit donc de montrer que le schéma (1.28,1.29 et 1.30) vérifie (1.31). On a

3 ayByul + (1= 0)uf) = D ayul+ Y ayuf

JEK(1) JEK*(3) JEK—(i)

([, 7 ve)us = (L, 7 7)

jeK=(3)
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Par suit
Wtt= 3 fug (1.32)
ke{iJUK ()
avec
At
T N P : 1.33
pi=1 Aire(C;) /,90;? Vdo (1-33)

By = _Eé'(%ﬁ /BC V.Pdo Vke K~(i), Be=0, k€ KT(i)  (1.34)
LEMME 1.2. Les coefficients 5 définis par (1.32,1.33 et 1.34) vérifient
B €[0,1],Vk € iJUK—(3), (&) Y, 6 fe=1 (1.35)
kE{iJUK~ ()
Si (1.35) est vérifié, alors on a bien (1.31), donnons preuve (1.35)
Br >0, Vke{i}UK (i)
D’aprés I'hypothése de la proposition (1.1) (1.26), on a bien §; > 0. Pour k € K=(7)
on a, par définition de K~ (7)

/;C. V. Pdo <0

et donc BB, > 0,Vk € K~ (7).
Les coefficients 83, vérifient (ii)

on a

Z'Bk =1- Ai?etC- (/ao+ ? - Vdo + ‘/ac- ? . 7da) =1, d’apres(1.27)

k
On déduit aussi que G; < 1 pour tout k appartenant & {i} U K~ (i), ce qui acheve la
démonstration.

Modele d’advection & vitesse non constante:

Ce cas sera étudié sous forme conservative
ug + div(vu) =0 (1.36)

ot V est donné mais non constant, i V(m, y).
Il est raisonable de considérer un schéma numérique qui approxime cette loi conservative

stable si elle préserve la positivité des variables indépendantes.
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Le schéma conservatif s’écrit :

Aire(C’,;)(u?“ o ’U;:") = —At Z a,-j(ﬂ,-ju;‘ + (1 = Gij)u;-‘) (137)
JEK(i)
avec
(VE+VE) (VYY)
1] ? J 7 2 2
T 2 + ny 2 H
PROPOSITION 1.2. Le schéma défini par (1.37-1.38) préserve la positivité de sa

Qi =1

6,']' = %(sign(aij) + 1) (138)

solution si on a linégalité suivante pour toute cellule C;.
Aire(Cy) — At max || V5 | / do >0 (1.39)
JEK(3) 8C;

Preuve :

1l s’agit de démontrer une propriété plus faible du schéma (1.37-1.38) quad V west
plus constant: le schéma n’assure plus que les solutions discrétes sont bornées mais
qu'elles restent positives si la solution initiale I'est. (1.37-1.38) s’écrit aussi

At

Ut = - ——< 0 (0;uf + (1 — 6;5)u? 1.40
A1re(C’,:) jE;(i) J( J ( J) _1) ( )
avec
1 e
ay=[ (V4 V) - Pdo, 0;=3(iem(es)+1) (1.41)

Par définition, le schéma défini par (1.40-1.41) préserve la positivité de u si 'insertion

suivante est vérifiée pour tout &
uj > 0= u; >0,Vn (1.42)
LEMME 1.3. Une condition nécessaire et suffisante pour que le schéma (1.40-1.41)
vérifie (1.42) est
u? > 0= ul™ >0,Vk, Vn (1.43)
11 nous suffit donc de vérifier que le schéma vérifie (1.43)
Notons vij = %(—V), + V\j), alors de maniére similaire au paragraphe précédent, on
définit ( 7 est remplacé par vij constant sur chaque 9C;;)
K*(@i)={j € K(i); oy >0}
K-() = {j € K@) oy <0}
K°(i) ={j € K(i); a;=0}
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alors

Z (8751 (Hz]u:‘ + (1 = Bij)u;-‘) =

JEK(D)

/ ?w Vdo uy + / 7” Vdo 'u
JEK+(z) 90u aeK () V9%

on en déduit que (1.40-1.41) s’écrit sous la forme

ufft= Y Buuf (1.44)
ke{i}UK— (i}
avec
At Ad
PR V- Pdo, fp=-——ms | V- Pdo, k€K (i)
Aire(C;) ikt 190 Aire(C;) Joc,,
(1.45)
LEMME 1.4. Une condition suffisante pour que le schéma vérifie (1.43) est
B >0, Vke{i}UK (9 (1.46)

Montrons que les coefficients J;, vérifient (1.46)

Pour k € K~ (i), on a bien par définition de K~ (i) (1.46).5i j € K*(i), alors

US/ Ez'j"jdf7=/ |‘_/ij°’7|d‘7$/ | Vi | do <
aC:; 8C:; 8C;;
do = d
f 1 Vs o = g 1Vl [ o

Ci; kEK (i)
par suite
/ v” Vdo < Jax, { ? I > / do
JeK+(z) cooiy JEKH(3)
mais
do = do =
jek+(i) 7 9Ci U:'EK+(:')8C""
mes( U 0C;; | < mes U aCi; | = do
JEK+(3) JEK(4) 8C;
donc
; -3 PO 1
Alre(C ). /,90‘, i Vdo Alre(C ) kEK(z) k | / do

JEKT (i)

par ( 1.39), on en déduit que 3; > 0
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Les coefficients 3 sont positifs pour tout k € {i}UK ~ (i), ce qui achéve la démonstration
du lemme 1.4

Application aux équations d’Euler :

Le pas du temps sera calculé pour chaque cellule C; comme suit :
Aire(C;)

s do
8C;

Ati =5

avec
i . . ; .= (2 2% .
Al = max(A;, jréla,a;) i)y A= +v))? +c

max

En ce qui concerne les conditions de stabilité pour notre schéma voir ([27],[28]).
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C.P. 6128, Succ. centre-ville, Montréal, Québec, Canada, H3C 3J7
*Equipe d’analyse numérique, Université de Saint—Etienne,

23 rue Paul Michelon, 42023 Saint-Etienne Cedex 2, France

ABSTRACT - The non-oscillatory central difference scheme of Nessyahu and Tadmeor, in
which the resolution of Riemann problems at the cell interfaces is by-passed thanks to the use of
the staggered Lax-Friedrichs scheme, is extended here to a two-step, two-dimensional non-oscillatory
centered scheme in finite volume formulation. The construction of the scheme rests on a finite volume
extension of the Lax-Friedrichs scheme, in which the finite volume cells are the barycentric cells
constructed around the nodes of an FEM triangulation, for odd time steps, and some quadrilateral
cells associated with this triangulation, for even time steps.

Piecewise linear cell interpolants using least-squares gradients combined with a van Leer-type slope
limiting allow for an oscillation-free second-order resolution.

Some preliminary numerical experiments suggest that two-dimensional problems can be handled

very efficiently by the method presented here.
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1. Introduction

In an attempt to construct a simplified version of high resolution non-oscillatory
Godunov-type methods for the numerical approximation of hyperbolic conservation
laws [17], Nessyahu and Tadmor [13] recently proposed, for one-dimensional problems,
an elegant difference scheme based on a combination of the staggered form of the Lax-
Friedrichs scheme [20] and the use of van Leer’s MUSCL piecewise linear interpolants
[11],[12] in a Godunov-type approach, decomposed in two steps for second-order time
and space accuracy.

The main feature of their scheme lies in the fact that it does not require the detailed
exact or approximate solution of the local Riemann problems ([10],[14],[15],[16]) gener-
ated at the cell interfaces, thanks to the use of the staggered form of the Lax-Friedrichs
scheme. Since the scheme proposed by Nessyahu and Tadmor was constructed for one
space dimension, we shall present in this paper a two-dimensional method, based on
the principle of their scheme, in a finite volume formulation, along the lines of some
earlier work ([1],[4], [5])-

In [21], we had described an extension of the Lax-Friedrichs and Nessyahu-Tadmor
schemes to two-dimensional rectangular grids. In this paper, we present our two-
dimensional extension to unstructured triangular grids ( see also [3] for other numerical
experiments than those presented here).

In other papers, ([6],[18],[19]), we study the convergence of our method for scalar
two-dimensional conservation laws, and prove a maximum principle and a result on
the L®-weak* convergence of the numerical solution to a weak solution of the scalar
equation u; + div(uV) =0 with div V =0.

In section 2, we give a short description of the Nessyahu-Tadmor (NT) scheme; sec-
tion 3 presents a two-dimensional finite-volume extension of the Lax-Friedrichs scheme
using the barycentric cells constructed around the nodes of an arbitrary (unstructured)
triangular Finite Element grid and a dual set of quadrilateral cells; we then present in
section 4 a two-dimensional finite volume scheme for arbitrary triangular grids which

is inspired, in its construction, by our Finite Volume Lax-Friedrichs scheme and the
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Nessyahu-Tadmor difference scheme. Some early numerical experiments are then pre-

sented in section 5 (Linear advection, Supersonic Euler flow around a NACA 0012

airfoil, Supersonic flow around a double ellipse).
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2. Description of the 1-dimensional Nessyahu-Tadmor scheme
To approximate the solution of the scalar conservation law
ug + f(u), =0 (2.1)
with initial condition —00 < T <00
u(z,0) = ug(z) f2.4°)
we first consider Godunov’s [10] approximate solution #(z, "), which is piecewise con-
stant on the cells C; = (T;_1/2, Tj+1/2), for t = t!,...,¢", ... (with t° =0):

u(z,t") =4} (defined below) for ;172 < < Tjyi/2. (2.2)

Starting from the piecewise constant initial approximation

1 Tj+1/2
'17,0(.’1?,0) = ’l_l,? = Z_:E—/ UQ(.’E)d.’II for Tj-172 < T < Tjt+1/2, (23)
Tj.1/2

Godunov’s method evolves this initial function for a time At = ! — ¢° small enough to
prevent the corresponding Riemann problems generated at the cell interfaces z;1/2 to

interact with each other, thus defining an approximate solution

m —— .
‘U(.’L‘,tl) =R (—thﬂz,ﬂ?,ﬁ2+1) Zj <z < T (24)

where R (2,uq,u,) is the self-similar exact solution of the Riemann problem for (2.1)

at o =0, t > t° = 0 with
Uy <0

iz, U=
u, x>0

The new cell values @} are then defined by the cell averages of v(z,t'):

1 1 i T — I
T — 1 = —_— -—_"—1/2 . —q _q
i T Az /o,- ot Aa;{./m i ( At ’”H’“J) e

i—-1/2
Tit1/2 —_
+/z. R(w—%;ﬁ?,ﬂgﬂ) da:} (2.5)
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Xy X

FIGURE 4.27. Non-interacting Riemann problems at the cell endpoints.

The typical time step t* — t"*! follows the same pattern, and can be written in
conservation form:

At)

@t = @) - A[f(R(Y 8}, 80)) — F(ROS 8, 8))] (A=77)-  (26)

Since our aim is to solve systems of conservation laws, (2.6) shows that Godunov’s
method requires the detailed (exact or approximate) solution of the Riemann problems
posed at the cell interfaces, a time-consuming task which the Nessyahu-Tadmor schemes
by-passes thanks to a judicious use of the Lax-Friedrichs scheme [20], written in its

staggered form as

n 1 n n n n
i_11/2 =3 (“j + uj+1) - )‘[f(uj+1) ™ f('u', )] (2.7)
which can also be interpreted as an application of Godunov’s scheme over the staggered

grid corresponding to the cells Cjt1/2 = (2, Z;41):

uifl, = A /z:+1 (a;,;lxj-k;f’“?’ J+1) dz (2.8)
starting from cell values {u?} defined on the cells {(z;—1/2, Tj+1/2)} of the original grid;
the integral in the R.H.S. is computed by integrating (2.1) on [z}, z;41] X [t*, "] with
the help of Green’s formula. To complete a computation cycle, and come back to the
original gridpoints {z;}, we must then perform a second step with the help of the
staggered gridpoints:

n 1 n n n n
uj+2 = E(ujjilﬂ 111/2) [f({u’]-:-ll/Z) flu jll/z)] (2.7)

To reduce the numerical dissipation of the scheme and obtain second order ac-

curacy, the Nessyahu-Tadmor scheme then replaces Godunov’s piecewise constant cell
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values by piecewise linear MUSCL-type interpolants: at the beginning of each time
step, we first reconstruct, from the piecewise constant cell average approximation (2.2)
obtained at the end of the previous time step, a piecewise linear approximation of the

form
v

i + (@ —2) 5 %i-1/2 <& < Tjry (2.9)

Lj(z,t")
In this way, conservation is retained
(%) = — / T L (3, ") e = @ 2.9)
2 = — AT = . .
: Am 1‘;‘—1/2 i ' J
and it can be shown ([13]) that second order accuracy is obtained if the numerical
derivative &7 /Ax (to be defined below) satisfies
o9 )
As = o)

The piecewise linear interpolants (2.9) are then advanced in time by considering the

+0(A). (2.9")

=%

(exact) solution of the non-interacting generalized Riemann problems thus defined at

the cell interfaces ;12
'U(x,tn+1) = GR(.’L’,tn+1; Lj({L',tn),Lj.*_l(.T, tn)) T <z < Tjt1 (210)

from which the new staggered cell average values 17,;.':11/2 at time £"*! are now defined

as

1 zi+1
W= 5 f v(z, ") de (2.11)

representing the Nessyahu-Tadmor numerical approximation for z; < z < Zj4;.
This integral can be computed without actually solving the generalized Riemann
problems by first integrating the conservation law (2.1) on the rectangle R}, , =

(z,Tj41) X (£*,£"+) to obtain, with Green’s theorem (fig. 4.28):

?{ (udz — f(u)dt) =0. (2.12)
ORG 1172
Applying (2.12) to the function v(z,t) = GR(z,t; L;(z,t"), Lj+1(z,t")) then leads
to
" Tjvi/2 Tj41
Az - ﬁ;':fl/z = / Lj(z,t")dz + Lja(z,t")dx
Zj Tj41/2
t":l tntl

—/tﬂ f(v(xj+1,t))dt+/t“ fv(z;,t))dt. (2.13)
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tn+l

i Xy Xjn Xt

FIGURE 4.28. Line integral on 9R7,, .

In the last two integrals, the integrands are smooth functions of ¢ under the CFL

condition

A+  max p(A(v(a:,t)))<% (2.14)

zj <z<:z:,+1
where p(A) is the spectral radius of A(v) = f'(v) if (2.1) is a system, and p(4) = |/’ ()]
if (2.1) is a scalar conservation law. Using (2.9) we can compute the first two integrals
exactly, and applying the midpoint rule (with an O[(At)?] error) to the flux integrals,

we get the numerical approximation

S(67 —70)
[ oo, ) - Flo(as, )] (@2.15)

— i =n =T
Wi, = 5(% +47y,) +

where t"t1/2 = " + At/2,
In [13] the values of v(z;,t"+'/2) needed in (2.15) are approximated as

At At f!
v(z;, t?) 2 (g, 1Y) + 5 v, ") = ——--—-’;Euyﬂ/z (2.16a)

where 2= f! stands for an approximate numerical derivative of the flux f (v(z,t)):

L 1B .
~—f; = 5-f (v(z,t")| _ +0(Aa) (2.17)

I=zj

for which several possibilities are studied in [13].
Observe that we could also choose to use (2.9") in f(v), = f'(v)v, and consider

instead of (2.16) the following approximation

v(z;, t7F?) 2 g7 — —f (@} Am =5 Vi (2.16b)
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Whatever our choice for the intermediate value, u;-'+1/ % or ﬂ_’;H/ 2 the NT scheme
can be considered as a predictor (2.16) followed by a corrector (2.15).

To retrieve the original grid {z;} we then perform the alternate time step

- P =4 1 +3/2 +3/2

“?H = 5(“]':11/2 s “jj11/2) o2 g(‘s;ljf/z e ‘5;1-11/2) = A[f(“?ﬂ//z) = f(u_?—l//2 )]
where the definitions of (5;.‘1'11/2, u;”_':f //22 are similar to (2.9") and (2.16a)-(2.16b),
respectively. One of the approximations considered in [13] for 67 (written as vj there)
is

N L, _ _
7 = MM{aAuf,, ), 5(“?4-1 —454), aldg_y )
; i T - R
= min mod {a(@},, — G7), E(u;-‘+1 —a}_,), (@] —a;_,)}

(2.18)

where a € [0,4] is a parameter discussed in [13].
Under appropriate conditions, the NT scheme is then shown to be second-order

accurate and TVD (see [13]).

3. 2-dimensional finite volume extension of the Lax-Friedrichs
scheme
We consider the solution u(z,y,t) of the two-dimensional scalar conservation equa~

tion
e+ F(W)s +gu)y =0 (3.1)

in some region Q of the z — y plane. In one space dimension, we have seen that both
the staggered form of the Lax-Friedrichs scheme and the Nessyahu-Tadmor scheme use
two alternate grids {z;} and {41/} at odd and even time steps, respectively. In two
dimensions, we proceed in a similar way, starting from an arbitrary FEM triangular

grid 75 such that

¢
Q= |J Tand T'NT" = { one vertex for any T,T' € Ty, (3.2)
TET
one side

The nodes of the FEM triangulation are the vertices a; of the triangles, and the
degrees of freedom are the values of u at the nodes, which can also be considered as

cell average values for the cell C; centered at each individual node a; (defined below).
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FIGURE 4.29. Barycentric cells around nodes a;, a;; quadrilateral cell a;G;;a;Gij+1.

For the first grid associated with our finite volume extension of the Lax-Friedrichs
scheme, the nodes are the vertices a; of 7 while the finite volume cells are the barycen-
tric cells C; associated with these nodes, obtained by joining the midpoints M;; of the
sides originating in a; to the centroids G;; of the triangles of 7; which meet at a; (fig.

4.29).

For the second grid the nodes are the midpoints M;; of the sides of the original
triangulation, while the cells are the quadrilaterals of the form L;; = a;G;j0;G;j
having M;; as midpoint of one diagonal, obtained by joining two adjacent nodes a;, a;
to the centroids of the two triangles of 7, of which a;a; is a side.

Let u? 2 u(a;, ") and ul;™ = u(My;, ") denote the nodal (or cell average) values
in the first and second grid at time ¢ = t" and t = t"*!, respectively (n even).

71

For the barycentric cell C;, let 7;; and D'i";- denote the unit outer normal vectors

to Gi;M;; and M;;G; ;.1 respectively, pointing out of cell C; (fig. 4.30), and for the

quadrilateral cell L;;, let #'y,... ,ﬁ% be the normal vectors to the cell edges a;G;,

Gijaj, a;Gij+1 and G ji1a;, Tespectively, pointing out of cell Ly; (fig. 4.31).
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FIGURE 4.30. Barycentric cell boundary element I'y; = Gy3M;; U My Gi i1

We must also define the elementary flux vectors

\ N
— — T1=1 712
. / Pdo = |Gy My\7} + My GegnalV2 (3.32)
Tij=Gi; M:i;Gi 41
and
. — —
—_ =1 =4
0:; = |a;Gijliiyy + 1aiGiaa |7 (3.3b)
5 — —_— ’
e =2 —=+3
0;; = |a;Gyj|A5 + |a;Gi it
‘We write furthermore
& k
Ve ne,
gh=|""| for k=12, k=] 7| fork=1,..,4
vk nk.
Yy Y
- Nijz ~ 842
and Ni; = 3 0,'_.,' . . (33C)
Nijy 85y

An advantage of using a finite volume formulation where the degrees of freedom are
values of the unknown function at the triangulation vertices lies in the possibility to

couple (3.1) with an elliptic equation. This can be very convenient in the case where

f(u) = wy h(u)

9(u) = w, h(u)
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FIGURE 4.31. Quadrilateral cells Ly;.

i.e. when (3.1) can be written as u; + div(W h(u)) = 0 with W = (wy,w,;)T and
W stems from an elliptic problem. This situation arises in the study of polyphase
flows in porous media, where fluid mechanical and thermodynamical considerations are
combined, leading to coupled hyperbolic and elliptic equations [8]-

The first step of the two-dimensional finite volume extension of the Lax-Friedrichs
scheme is defined by integrating (3.1) on the 3-dimensional cell L;; x [t", t"*!], assuming
that the (barycentric) cell values u? at the vertices a; of the original triangulation are

known:

tn+1

/L._ (ue + f(u)s + g(u)y)dzdy dt = 0. (3.42)

"

Applying the divergence theorem and observing that L;; = (Li; N C3) U (Ly N C;) we
get

/ u(z,y,t")dA — u(z,y,t")dA — u(z,y,t")dA
L;; L;;NC; L;;nC;j
tn+1

+ / (f (u)ng + g(u)n,)do dt = 0. (3.4b)
tn JoLi

Since u(z,t) is approximated by u} in Cj, u} in Cj, we can choose the approxima-

tion uf on dL;; N C; and u} on dL;; N C;, whence the first step of our finite volume
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Lax-Friedrichs scheme:

A(L,-j)u%“ = A(Lij n Cl) L u? - A(Lij N CJ) . 'LL;1

+ At(f (u})0sjz + Q(U?)Bu‘y) + At(f(u?)ejim + 9(’“?)9;51':/) =0. (3.5)

We note that this approximation corresponds to choosing the approximate time deriva-

tive

A(Li;; N Cy) - ul + A(Ly; N Cj) - uf ) / At (3.6)

m [t —
4= (u” A(Lij)

For the second step we proceed similarly with the help of the barycentric cells C;:

A(C)urt? — S AL NCut
j neighbour of

+AE D (ff e +g(ul M) =0 (3.7)

j neighbour of

where the value of u(z,y,t") on the boundary 0C; = U T;; is approxi-
j neighbour of i

mated locally, on dC; N L;; = Ty;, by ufi™ (i.e. the approximate value of u™t! on the

quadrilateral cell L;;. We thus alternately define an approximate solution u%‘"l which

is piecewise constant on the quadrilateral cells L;;, at odd time steps (n = 0,2,...),

and a solution u?*? constant on the barycentric cells C;, at even time steps.

4. A two-dimensional finite volume extension of the Nessyahu-
Tadmor scheme

At the beginning of the (n+1)** time step (n even), we have obtained approximate
barycentric cell values u? (a; : a vertex of 7;). We must now, in order to follow the
van Leer MUSCL approach used by Nessyahu and Tadmor, construct a piecewise linear
profile on the barycentric cells C;; this can be achieved as follows.

We first construct a piecewise linear approximant on each triangle T of the original
triangulation, continuous on the whole computational domain €, with the help of the
barycentric cell/nodal values uf*: if T € 7}, is a triangle with vertices a;;, (5 = 1,2,3),

we construct pr € P* such that

pr(a;;) = uj, (7=1,2,3)
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pr(z,y) is easily obtained from the barycentric coordinates of (z,y) with respect to the
vertices of T"

j=1

where the vertices of T have been relabelled 1,2,3 or a;,a,as3, and & = (z,y) € T.
The gradient of the (barycentric) cellwise piecewise linear interpolant L(z,vy,1") to

be defined will now be chosen (as e.g. in [9] p.28), for cell C;, as the arithmetic average

of the gradients of the polynomials pr for all triangles T' such that a; € T on C; we

take

L= Li(ma Y, tn) = 'u’? + (.’L‘ - mi)Pz'n T (y - yi)Q? (:D, y) = Ci (413')

where

PR

1

= Average {grad pr}. (4.1b)
Q:’- a; €T

Contrary to what prevailed in the one-dimensional case, where the average value
a} of the piecewise linear interpolant L;(z,t") was also its value at the node z;, we can
no longer identify the average value of the piecewise linear interpolant (4.1), on cell C;,
with its nodal value ul at the “center” a; of C;, since a; need not be the centroid of
C;, and ﬁ Jo, Li(z,y,t")dA # u] in general.

The new cell values at t*+! and "2 will nevertheless again be defined by formulas
similar to (2.13) and (3.4b), (3.5) (first step), and (3.7) (second step), obtained by
integrating (3.1) on Ly; x [t*,¢"™1] for the first step, and on C; x [t","+!] for the second

step:

A(L;;)ut™ = numerical approximation of / u(z,y,t"1)dA (4.2a)
L;;

ij

A(C;)ul*? = numerical approximation of / u(z,y, t"T2)dA. (4.2b)
Ci

For the first step of our scheme we write

tn+l

[ (et £(w)s + glu),)dAdt = 0 (4.32)

n



88

which leads to

f u(z,y, t"1)dA = L(z,y,t")dA+ / L(z,y,t")dA
L;; L;;NC; L;;NC;
tn+1

tn

/ (f (u)n, + g(u)n,)dodt. (4.3b)
OL;;

The numerical approximation of the right-hand side, and (4.2a), will thus lead to u%"’l,

which will be our cell value for the quadrilateral cell L;;.

4.1. Approximation of [; . L(z, y,t")dA.

L(z,y, ") is the piecewise linear function defined, on cell C;, by (4.1). Let A;Ai;Bij
A, ;11 be the points of the plane defined by the linear function L; on C; which correspond
to the four vertices of L;; N C; = [2:GijM;;G; j41] where [...] denotes the quadrilateral
generated by the corresponding vertices (fig. 4.32).

The integral of L on L;; N C; is equal to the total volume of the two prisms
with triangular base a;G;;M;; A;A;; B;; and a; M;; G j+1A4:iBijAi j1, constructed on the
triangular bases Lj; N C; and LY N C; where Lf; = triangle (a:Gja;) and L =

triangle (a;a;G j41); 7, £ stand for right, left (for an observer at a;).

FIGURE 4.32. Prismatic regions for the computation of || LisNC L(z,y,t")dA.
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The volume of the first prism, for instance, is given by

1
Vol{a;Gi; M;;A;Ai; By} = 3

=§Area.(L’ N Ci){u} + u} + (za,; — z)F

Area (a,-G,-,-M,-J-) . [a,—A,- + Giinj + MijB,;j]
+ (yGij - yi)Q? i ‘U,? = (wM-'j - xi)Pin
+ (yM.‘,' e yl)Qr}

= Area (L7; N Ci){ui + %

1
+ g(yGij e YnMm;; — 2yz)Q?} (443')

(:EG:'J' S5 LTaM; — zxi)Pin

where

Area (L}; N C;) = Area triangle (a;Gy; M;;)

= H{(we, — o)y, — 90) — (@, — )W, ~ W) (4:4D)

Similarly, the volume of the second prism is
Vol{a,-MijGi,j.H AiBiin,j—H} = Area(ij N O,) .
T
{uf + 3
Summing (4.4a) and (4.4c), we get

1
(Tagy; + TG 500 — 22;) P + E(yMij + Y6 — 23/11)} (4.4c)

/L.,nc.»L(w’ y,t")dA = Area(Ly N Ci){u} + %(-’EM.-,- -z} + %(yM.»j - 4:)Q7}
+ lAre&(LIj N C){(z; — )P + (Ya,;, — ¥:)Q7} (4.5a)
v éArea@f N O {(26050: = 5P + (Waupes — 9)QF)
with
Area(Lt; 1 C) = 2{(ont, — 20us0s = ) — @ousns — 2)asy — 3)}. (440

4.2. Approximation of fLiij L(z,y,t")dA.
Proceeding in the same way we find
A‘anjL(m,y,tn)dA = Area(L;; N C;){u} + %(mM_.J. —z;)P} + %(yM,-,- ~y;)Q7}
+ %Afea(LZ- NC){(zey; — ) Pf + (Yoi; — ¥1)Q5 } (4.5b)
+ Area(Lf; 1 C){(B6ss0n = 2) B} + (Wi = 1)Q5)
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where
1
Area’(L:j n OJ) = E{(a"Mij ) xj)(yG.',' - yj) - (mGa,' il wj)(yMij = y]')}'

4.3. Approximation of f::+1 Jor,, {f(w)na + g(u)n,}dodt.

This is achieved with the midpoint rule for integration with respect to time:

J.

tn+1

/ w)ng + g(u)n,)dodt
OLi;
o At/ {f(u(:zc,y,t”‘“l/z))nm + g(u(z, v, t”“/z))ny}dcr (4.5¢)
8L;;

where a first order Taylor expansion is used for u(z,y, "+'/2); using (3.1) we write

At I n n
u(@, y, ™) 2 u(z,y, ") — = {f (ulz, 4,1"))ta(2, 4,27)

+ g (u(z,y,t"))uy (7,9, ") }

On L;;NC; we have chosen u, = F" and u, = @7, but we must find an approximate
value of u(z,y,t") on the line segments a,G;; and a;G; ;41 (and similarly on a;G;; and
a;Gij+1). One possible choice consists in choosing the value of L(z,y,t"), our linear
interpolant, at the midpoints of these segments; we then take, for any (z,y) on a;Gy;:

1
(:E y’tn) _u + 2(

)Pn 5 (yG )Q:1 = u:-’,Gij (47)
thus defining our value u}, 4, for the side a;G;; of Li;.
In view of (4.6), we can now define an approximate average value of u(z, y, Ry

along the side a;G;; to be used in (4.5c):

At
1/2 n
UZI;;é = ua..-,G,-j R _Z_{fl(uz.',G'.'j)‘Pin i g'(uZ;,G,-,-)Q?}'

Introducing these values in (4.5¢), we finally get

tn+1

ZAl_t /t.. {f (u)n, + g(u)n, }dodt

OL;;
= f(ugt & Int, - 10iGil + f (ueghs ) - [0:Gigal
+1/2 +1/2
0 f( Z G/.J)nzg:r |aJGlJ| + f( Z,,G/;,5+1)nzj:c |a’.7 a.7+1|
1/2 1
( Zj,_ / ) uy IaszJI +g( :.-',_G/.-i+1) 1,_711 |a‘ G1.7+1|

+ g(u n+1/2) Mijy “|a;Gij| + g(u e )n?ju°|ajGi,J'+1|' (4.5¢)

a;,Gi,j+1
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4.4. First step of the finite volume extension of the Nessyahu-Tadmor scheme.
Collecting our approximations (4.5 a,b,e) of the three terms appearing in the R.H.S.
of (4.3b) and taking (4.2a) into account, we obtain the following approximation upt

for the first (odd) time step of our scheme:
Area(Ly;)ult' = RH.S.(4.52) + RHE.S.(4.5b) — At - {RH.S.(45¢)}  (48)

where ujjt! can be considered as a cell value for cell L;; at time ¢"*', or as a nodal
value at the midpoint M;;, at time ¢™+?.
In preparation for the second (even) time step, we now construct a piecewise linear

approximation of u on the quadrilaterals L;;:
u(z, y, ") =2 LO(z,y,t4) = ulf! + (3 — o, ) Pt + (y — ym, QT (49)

where the slopes P, Qi;t! can be computed as follows.

First we construct a piecewise linear approximate function defined on the triangles
T € T of the original triangulation. On triangle T = a;aja;, We can use for that
purpose the newly obtained values u"+1 at the midpoints of the sides of T. We then
compute the average of the slopes of the linear interpolants in the two triangles T, T" €

T, sharing a;a; as a common side (fig. 4.31), and use these averages in (4.9).

4.5. Second step of the finite volume Nessyahu-Tadmor scheme.

The second step is obtained by integrating (3.1) on the cylindric region C; x
[t"*1,7+2], using the same finite volume approach as for the first step, to define a
cell average value u7+? on cell C;:

Area,(C’ ) 2 / z,y, tn+1)d$dy
L; ﬂC’.

i nelghbour of @

= —At / {f (u(z, ")) v, + g(u(z, y, t"*2))py }do (4.10)

j nelghbour of i
where u(z,y,t"*') is approximated, on L;; N C;, by the piecewise linear interpolant
(4.9). Its integral on L;; N C; is computed as described in section 4.1.

To obtain an approximate value of u(z,y,#"+3/2) we use a Taylor expansion with
respect to time combined with (3.1), and we subdivide the cell-boundary element I';;
into G4;M;; U M;;G; j11. On Gi;M;; (resp. M;;G, j+1), u(z,y,t) is then approximated
by its value of the midpoint of the line segment G;;M;; (resp. M;;Gijy1)-
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4.6. Approximation of the slopes.

In order to compute the gradient (P!, QF) of the piecewise linear interpolant
L(z,y,t") for the cell C;, we must first compute the gradient of the first degree polyno-
mials Py for all triangles T' € Ty, such that a; € T'. Although we could then in principle
directly take the average of the gradients of the polynomials Pr, obtained as described
at the beginning of section 4, we shall consider here a least-squares technique (cf. [71)-
For simplicity, we shall describe it for the case of triangular (finite volume) cells.

Let T be a triangle with centroid G, and let T}, j = 1,2,3 be the neighbouring
triangles, with centroids G,(j = 1,...,3) (fig. 4.33); assume the values of the numerical
approximation of the solution u at the four points {G, Gj}?=1 are known at time ¢",
equal to u%, uf, (j =1,...,3) (these values can be considered as cell values playing for

the triangular cells T, 7; the same role as uf, uf; for the cells Ci, Li;).

FIGURE 4.33. Computation of the least-squares gradient for a triangu-
lar cell T.

The least-squares gradient (g/r_a\cﬁi)’% = (ap, bp) for triangle T' will then be chosen

such as to minimize the functional

3 —
I=> {u} + GG, (grad u)7 — up, }? (4.11)

=1

where

(grad u)y = (af,b7)
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The minimum is obtained when

oI oI
R g 4.12
da}  Ob% (412)
and is shown in [7] to lead to the following least-squares gradient:
13 3
ar = D > (e, —ve)® D _(uf, — ui)(ze, — z6)
= =1
138 3
~ 5 (e, = 36)(¥s; —¥a) X (ux, —uk)(ys, —¥e) (413a)
=1 i=1
b = 52 _(va; — 70)* X _(uf, — u3)(ys; — vo)
g=1 Jj=1
13 3
= Z(maj — z¢)(Ya; — Ya) Z(U?y —ug)(zg; —z¢) (4.13b)
i=1 j=1

where the denominator

3

D =Y (zg, — 36)* Y (ye; —ya)® — [D_(%a; — 26)(ya, — va)”  (4.13c)

j=1 j=1 =1
is strictly positive for any non-degenerated triangle.

For the barycentric cells C; or the quadrilateral cells L;;, the procedure is quite
similar to the one described above for triangular cells. Alternately, for a barycentric cell
C; with center a;, we could first compute the least squares gradient grad u|r; = (a7, 5%)
of each neighbouring triangle T} (such that a; € Tj), and then take the cell gradient
grad u|g, = average{grad u|r, }, with a similar procedure for a quadrilateral cell L;;.

Unfortunately, this procedure does not preserve monotonicity of the data in the
usual van Leer sense described below, and allows the creation of local extremas between
the nodes; this phenomenon may lead to (or amplify already existing ) spurious oscil-
lations, with the associated loss of stability and convergence difficulties in the case of

steady flows. We have therefore introduced some slope limitation in the computation

of the gradients.

4.6.1. Slope limitation. To ensure the stability of the scheme and prevent the genera-
tion of oscillations in regions of strong gradients, we must perform a slope correction.
Following van Leer’s approach ([11], [12]), in which the value at some interface point

Ziy1/2 (In the one dimensional case) must fall within the range of values spanned by
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the adjacent grid averages, u;—; and w1, we limit the slopes of the linear interpolant
L defined by (4.1) (resp. L defined by (4.9)) to ensure that its value at the bound-
ary points Gyj, Mij, G; 41 of OC; (resp. at the vertices a;, a;,Gij, Gijr Of OL;;) are
bounded by the values at the cell center u} (resp. u}‘j“) and the value u} at the cor-

n+1

m1 and ull}, at the adjacent quadrilateral

responding neighbouring node a; (resp u;;-;
cell“midpoints” Mi,j——l and Mi,j+1)-

The limitation procedure is implemented on each cell as follows. Let

(grad u); = (P, Q:)T

denote the gradient for cell i, where P; = ug , @i = u, at node i. If u satisfies the van

Leer requirement we choose

Pi™ = minmod {P;
i = minmod {F;}
(

min; ¢ y(;) |P;|-(common sign of all values P;)

if all the values P; (j € N (i)) have the same sign

0 otherwise

\
where N (i) is the set of nodes j adjacent to node i. If u does not satisfy the van Leer

requirement, we set Pi™ = 0 . The computation of Q™ is done in the same manner.

For quadrilateral cells L;; we proceed in a similar way.

5. Numerical Experiments

The extension to two-dimensional systems of conservation laws is achieved following
the procedure described in [1],[2],[5]. In[32], the first author had proposed a finite
volume extension of the Nessyahu-Tadmor central difference scheme to 2-dimensional
rectangular grids. With his student D.Stanescu, and the second author, he then applied
this finite volume scheme to regular rectangular grids [21]. Some early numerical
experiments (Linear advection, Burgers’ equation, Diffraction of a planar shock wave
around a 90° corner [22], Mach 3 wind tunnel with a forward facing step) confirmed the
non-oscillatory character as well as the 2"¢-order accuracy of the new scheme [21], while
computing times were significantly shorter than corresponding times for Godunov’s

method.
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In this paper, we present sample results from some further numerical experiments
with our extension of the Nessyahu-Tadmor scheme to unstructured triangular FEM
grids [6].

The aim here was not to obtain an optimal accuracy to computing time ratio but
simply to show the feasibility of the method. Sharper results, including comparison of
results obtained with different limiters, will be described in future work [29].

The overall quality of the results and the relatively low level of both the com-
putational complexity and computing times suggest that two-dimensional problems
can be handled very efficiently with our method, which should benefit from its multi-
dimensional character, as may be seen from the examples presented here.

Example 1 linear advection problem

To test the (predictably) rather unsatisfactory accuracy of our finite volume exten-
sion of the Lax-Friedrichs scheme (first order accurate), and compare it to that of our
second order accurate finite volume method inspired by the Nessyahu-Tadmor scheme,

we solved the linear advection problem

Up + Uy + Uy =0 -1<z,y<1 (5.1)

0.5 if z*+y?<0.5
Uo (2, y) =
0 otherwise.
For this first test case , we felt it might be interesting to show the results obtained with

our finite volume extensions of the Lax-Friedrichs and Nessyahu-Tadmor schemes for

rectangular grids, with three different choices for the gradients used in the piecewise

linear reconstruction at the beginning of each time step, for the second order scheme.
We thus tested the following schemes [21].

1) Lx F : 2-dimensional staggered finite volume extension of the Lax-Friedrichs scheme
(first-order accurate),

2) STG : 2-dimensional Arminjon-Viallon finite volume extension of the Nessyahu-
Tadmor scheme with Min-Mod limiter [17],

3) STG-Roe : same as 2, but with Roe’s superbee limiter [17],

4) STG-UNO : same as 2, but with UNO- computed slopes (see [21],[13]).
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Scheme 1 is first order accurate, while 2,3 and 4 are second order accurate. The
solution at time ¢ = 0.1 is computed using 50 double time steps (50 integrations on the
staggered grid and 50 on the original grid) on a regular 85 x 85 rectangular grid, with
a CFL-number v, = v, = 0.002.
The exact solution is

u(z,y,t) = uo(z — t,y — 1)
and is truly two-dimensional since its wave front is at an angle of 45° with the x and y
axes.
Table 4.1 shows the L2-norms of the errors, and thus the increasing accuracy obtained,

for this example, with the four schemes.

Scheme llel]2
LxF 3.055E~2
STG 1.313E72
STG-Roe |8.071E~3

STG-UNO | 6.357E~3
TABLE 4.1. L?-norms of the errors

Figure 8 a),b),c) shows the initial function and the results obtained with the schemes
STG and LxF, while figure 8 d), e) shows the solution u(z,y = 0, = 0.1) as obtained
with STG-UNO and LxF respectively.
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Example 2 A standard test case Euler flow around a NACA 0012 airfoil

We present results for the NACA 0012 airfoil at Mach number M, = 2.0 and
incidence a = 0°. The initial mesh had 2274 nodes and 4360 elements (fig. 4.35 and
4.36) . We observe a reasonably good capture of the shock (fig. 4.36) as compared
e.g. with [25], where the grid has 4224 nodes. Going to the first improved grid ( 3557
vertices, fig. 4.38) lets our scheme produce a substantially better shock resolution than
that displayed in [25]. As we go on, improving the mesh to 4497 vertices (fig. 4.39) we
observe an even better resolution. The final grid (7269 vertices, fig. 4.40) leads to an
excellent shock resolution.

The grid adaptation procedure used here has been developed by M.J.Castro Diaz and
F.Hecht at INRIA ([30],[31]).

Let us mention, though, that Venkatakrishnan’s results are obtained with an implicit
scheme using 3 different kinds of limiter; for the best of these, convergence is faster

than with our scheme with the basic MinMod limiter; a fact which might be due to the

implicit character of the scheme used in [25].
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FIGURE 4.35. Euler flow around a NACA 0012 airfoil. Original grid,

barycentric cells C; and quadrilateral cells L;;

FIGURE 4.36. NACA 0012 airfoil : Pressure contours (left), Mach
contours (middle) (Finite Volume, 2274 vertices); Mach contours with
Venkatakrishnan’s method (right) (4224 vertices; courtesy of Journal of

Computational Physics)
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FIGURE 4.37. Residual for the initial mesh (FV)

FIGURE 4.38. NACAO0012 : First adaptation (3557 vertices) and solu-
tion (pressure and Mach contours) (FV)
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FIGURE 4.39. NACAQ012 : 2"? adaptation (4497 vertices) and solution
(pressure and Mach contours) (FV)
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W

FIGURE 4.40. NACAO0012 : Final mesh (7269 vertices) and solution

(pressure and Mach contours) (FV)

FV

Pressure

Mach

Initial mesh
1%t mesh
274 mesh

Final mesh

min = 0.1163934 maz = 0.9815941
min = 0.1156657 maz = 0.9834443
min = 0.1123134 maxz = 0.9810082

min = 0.1139615 maz = 1.000181

min = 4.1695271e~2 maz = 2.112459
min = 1.0001168e~2 maz = 2.150275
min = 7.5702323¢=3 maz = 2.179578

min = 9.072036e~3 maz = 2.320326

TABLE 4.2. The minimal and maximal

number (FV)

values of pressure and Mach
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Example 3 Supersonic flow past a double-ellipse at 20° of angle of attack and Mo, = 2
For this problem inspired by ([26]), but with Mach number M,, = 2 instead of the

range of hypersonic Mach numbers considered there, and 20° of angle of attack, the

geometry is a double ellipse ; it can be defined by

( (
2

=1

2

T 2 4
220 (W) + (0.015)
g B
0 [FE=) + {ess)

>0 z=0025

<0
T ﬁ o

K4

v

< >

™

0<z<0.016 o

2<0 z = —0.015

IA

\ \
For this steady flow problem we compared our finite volume method with a discontinu-
ous finite element method recently proposed by Jaffré et al.([27],(28]) and which seems
to be fairly competitive; we used the same three meshes with both methods. For the
initial mesh (1558 vertices), both methods give fairly comparable results; notice that
the C, curves can be nearly superposed, which is an indication that both methods are
indeed doing some reasonable calculation. The same is true for the pressure and Mach
contours of both methods, with perhaps a very small advantage for our finite volume
method (FV) which gives slightly sharper shocks.

For the intermediate mesh (2792 vertices), the advantage offered by the Finite Volume
method becomes a little more obvious on fig. 4.46 and 4.47, where the breaches of
monotonicity are more important with the Discontinuous Finite Element method (DFE)
(lower part of the bow shock).Moreover the pressure and Mach contours are more
regular with the FV method.

The final mesh shows a clear advantage for the FV method, which gives a nearly perfect
shock resolution with very smooth contours, while the DFE method shows a serious
breach of monotonicity in the lower part of the bow shock.

As was the case with the initial mesh, the C, curves can again be nearly exactly
superposed, while the Mach line of the FV method is slightly higher, for the left part
of the upper curve, than with the DFE method, a fact which is confirmed by tables 4.3
and 4.4.

The major difference between the two methods appears to lie in the convergence history

and computing times. Fig. 4.43, 4.46 and 4.52 show a clear advantage for our finite
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volume method, for the initial mesh (1558 vertices). Computing times (CPU : 3564 for
FV and 48288 for DFE) confirm the advantage of the proposed Finite Volume Method.
Let us finally mention that all calculations have been performed on a Silicon Graphics
Station of the Centre de Recherches Mathématiques (model Challenge, 100 Mhz , 6

Processors).
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FIGURE 4.41. Euler flow around a double ellipse. Original grid,

barycentric cells C; and quadrilateral cells L;;
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FIGURE 4.42. Double ellipse : Initial mesh (1558 vertices) and solution

(pressure and Mach contours) (FV)
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FIGURE 4.44. Double ellipse : Initial mesh (1558 vertices) and solution

(pressure and Mach contours) (DFE)
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FIGURE 4.46. Double ellipse : First adaptation (2792 vertices) and

solution (pressure and Mach contours) (FV)

FIGURE 4.47. Double ellipse : First adaptation (2792 vertices) and

solution (pressure and Mach contours) (DFE)

FIGURE 4.48. Double ellipse : Final mesh (5055 vertices) and solution

(pressure and Mach contours) (FV)
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FIGURE 4.49. C, and Mach body cuts for the final mesh (5055 vertices) (FV)

FIGURE 4.50. Double ellipse : Final mesh (5055 vertices) and solution

(pressure and Mach contours) (DFE)
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FIGURE 4.51. C, and Mach body cuts for the final mesh (5055 vertices) (DFE)
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FIGURE 4.52. Residual for initial mesh (1558 vertices) ((1)=FV -

(2)=DFE )
FV Pressure Mach
Initial mesh | min = 6.1671760e~2 maz = 1.009705 min = 1.750865e~2 mazx = 2.253697
274 mesh min = 6.1395669e—2 maz = 1.006208 | min = 5.3774943e~3 maz = 2.266636
Final mesh

min = 6.0346086e~2 mazx = 1.009427

min = 5.209895¢~% max = 2.270716

TABLE 4.3. The maximal and minimal values of Pressure and Mach
number (FV)

DFE

Pressure

Mach

Initial mesh
27¢ mesh

Final mesh

min = 6.2501445¢~2 maz = 1.014265
min = 6.2390134e~2 max = 1.007068

min = 6.3052103e—2 maz = 1.007425

min = 8.2084965¢~3 maz = 2.190479

min = 2.0193825¢~3% maz = 2.216612

min = 1.3435918e~2 maz = 2.211899

TABLE 4.4. The maximal and minimal values of Pressure and Mach

number (DFE)

107
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Concluding remarks

By first considering two coupled sets of finite volume cells, we have presented a two-
dimensional finite volume extension of the Lax-Friedrichs scheme for scalar hyperbolic
conservation laws. This scheme has then been used to construct a two-dimensional finite
volume generalization of the one-dimensional Nessyahu-Tadmor scheme, thanks to the
introduction of van Leer-type two-dimensional piecewise linear interpolants, which leads
to second-order accuracy. Oscillations are suppressed with the help of slope or gradient
limiters.

The examples presented here give a reasonable evidence that the FV method proposed
by the authors is capable of a very high resolution, with a clear advantage, as com-
pared with DFE, at least at the level of the convergence histories, computing times,
smoothness of the pressure and Mach contours, and monotonicity enforcement.

In another paper we consider the particular case of the linear equation u; +
div(uV) = 0 where V = (Vi(z,y), Va(z, y))T with div V = 0; we obtain an L bound for
the numerical solution, from which we deduct the existence of a subsequence {ur, a6}
which converges weakly to some function u in L (R? x R*)-weak. Using another set
of inequalities, we obtain a total variation-type bound, slightly weaker than a classical
bound on the total variation of the numerical solution, called a bound on the “weighted
total variation”, from which we are then able to show that the above weak limit function
u is indeed a weak solution of v, + div(uV) = 0.

This places the 2-dimensional finite volume generalization of the Nessyahu-Tadmor
scheme on a firm theoretical basis, and the authors will now focus their efforts on
applications to problems with the Navier-Stokes equations in conservation form for

compressible flows and three-dimensional transonic and supersonic flow problems.
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ABSTRACT — We present a new finite volume version ([1],[2],[3]) of the 1-dimensional Lax-
Friedrichs and Nessyahu-Tadmor schemes ([5]) for nonlinear hyperbolic equations on unstructured
grids, and compare it to a recent discontinuous finite element method ([6),[23]) in the computation
of some typical test problems for compressible flows.

The non-oscillatory central difference scheme of Nessyahu and Tadmor, in which the resolution
of Riemann problems at the cell interfaces is by-passed thanks to the use of the staggered Lax-
Friedrichs scheme, is extended here to a two-step, two-dimensional non-oscillatory centered scheme
in finite volume formulation. The construction of the scheme rests on a finite volume extension of the
Lax-Friedrichs scheme, in which the finite volume cells are the barycentric cells constructed around
the nodes of an FEM triangulation, for even time steps, and some quadrilateral cells associated
with this triangulation, for odd time steps. Piecewise linear cell interpolants using least-squares
gradients combined with a van Leer-type slope limiting allow for an oscillation-free second-order
resolution.

The discontinuous finite element method consists of two steps. We first perform a finite element
computation which includes calculation of the fluxes across the edges of the triangular elements
using 1-D Riemann solvers with a modification to satisfy the entropy condition. We then proceed
to a truly multidimensional slope limitation performed on the physical variables.

Numerical applications to several test problems show the accuracy and stability of the finite volume

method.

1. Introduction

We present a new finite volume method for nonlinear hyperbolic systems on un-
structured triangular grids inspired by the Lax-Friedrichs and Nessyahu-Tadmor one-
dimensional difference schemes [5] , and compare it to a recent discontinuous finite
element method introduced by Jaffré, Kaddouri and Gowda ([6],[23]) in the computa-
tion of some typical two-dimensional test problems for compressible flows.
Discontinuous finite elements were first introduced independently, for the neutron trans-
port equation and applications to nuclear engineering, by Reed and Hill [7] and Lesaint
and Raviart [8], and then adapted to the equations of hydrodynamics and elasticity
([9],[10], [11],[12]) or even to such applications as the motion of a load on an ice layer
( [13], in joint work with P.Jamet ), reservoir simulation both without slope limiters
([14],[15]) and with limitation ([16],(17],(18]), and many other applications where they
proved to be very successful.

Numerical analysis of discontinuous finite element methods can be found e.g. in [8],
with improvements in [19] for scalar hyperbolic equations, and in [20].

In the finite element method used in this paper, the solution is approximated by discon-
tinuous piecewise linear polynomials; numerical fluxes are calculated, on the triangle

edges, at appropriate integration points through the use of one-dimensional Riemann
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solvers. To prevent spurious oscillations, we use a multidimensional version of van
Leer’s limiter borrowed from ([6],[23]).

Our finite volume method ([1],[2],[3],[4]) is a two-dimensional finite volume scheme
inspired by an elegant difference scheme proposed, for one-dimensional problems, by
Nessyahu and Tadmor [5], which is itself a high resolution non-oscillatory Godunov-
type method for hyperbolic systems of conservation laws constructed on the principle
of the staggered Lax-Friedrichs scheme.

It is decomposed in two time steps for second order accuracy in time, performed on
alternate, staggered grids, thus allowing a complete by-pass of the (usually expensive)
detailed exact or approximate solution of the local Riemann problems generated at the
cell interfaces, thanks to the use of staggered form of the Lax-Friedrichs scheme.

In [4], we have presented an extension of the Nessyahu-Tadmor difference scheme to

the simpler case of rectangular grids; several applications ( linear advection, Burgers’

equation, diffraction of a planar shock wave around a 90° corner for the Euler equations
[21] , Mach 3 wind tunnel with forward facing step [22]) showed the feasibility of the
method, which led to good results on regular grids without any mesh adaptation.

In ([1],[2],[3]), we had constructed a finite volume scheme for unstructured triangular

_grids inspired by the Lax-Friedrichs and Nessyahu-Tadmor one-dimensional difference
schemes; some numerical experiments ( Supersonic flow around a NACA 0012 airfoil,
supersonic flow around a double ellipse) showed the high accuracy of the method, but
did not provide a systematic comparison with an already well established method.

In this paper we attempt to present such a comparison, and introduce for that purpose
in section 3 the discontinuous finite element, second order accurate method recently
proposed, and successfully tested, by Jaffré, Kaddouri and Gowda ( [6],[23],[25]).
Notice that in this paper, we used Roe’s Riemann solver with an entropy correc-
tion recently proposed by Dubois and Mehlman, while the solvers used in references
([6),[23],[25]) are the Osher and Osher-Solomon solvers, respectively.

In section 2 we describe the mathematical modelling of the problem; in section 3 we give
a detailed presentation of the discontinuous finite element method of Jaffré, Kaddouri

and Gowda.
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In section 4, we present the first two authors’ construction [1], for unstructured trian-
gular grids, of a finite volume version of the staggered Lax-Friedrichs scheme, and then
describe their second order accurate non-oscillatory finite volume method [1] inspired
by the Nessyahu-Tadmor one-dimensional central difference scheme [5].

In section 5,we present applications to some typical test problems for supersonic flows
(supersonic flow past a blunt body;supersonic flow around a double ellipse [35] ).
Finally, section 6 is an appendix describing the solution of the projection problems

generated by the slope limitation process.

2. Mathematical modelling

2.1. Governing equations.
We consider the two-dimensional Euler equations for compressible flows, written

in conservation form as:
2U(:I: it) + —a—F(U(w ;1)) + -a—G(U(cc it)) =0 for (z,y;t) € A x Ry (2.1)
at 2 Y5 a.’L‘ » U3 6:1] s U3 - » Y5 + .

where Q is a closed bounded domain of the plane,

P pu pv
u 24 Uv
v=| ™|, ry=| 7" |.eamy=| ° (2:2)
pv puv pv* +p
pE (PE + p)u (pE + p)v

p is the density, V= (u,v) is the velocity vector, E is the total energy by unit mass,

and p is the pressure. We assume that the fluid satisfies the perfect gas law :

1
p=(v=1D(pE - 5p(u* +v*)) (2.3)
where «y,the ratio of specific heats, is taken equal to 1.4 for air.

2.2. Boundary conditions :
In the sequel, we consider domains of computation related to external flows around

bodies; in fig.5.53 the body is represented by a double-ellipse [40] which limits the
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FIGURE 5.53. Boundary of the computational domain
domain of computation by its wall I's . In order to deal with a bounded computational
domain, a second (artificial) farfield boundary I, UL's is introduced, with I's = PRUTE.

The flow is assumed to be uniform at infinity, and we prescribe

cosQ 1

3y Poo = ’)’M2 (24)

P =1, Voo = .
sinc

where o is the angle of attack and M,, denotes the free-stream Mach number.
On the wall 'z we use the usual "no normal velocity” condition: V.ii = 0, where
i € R? is the outer normal vector to I'p.

Finally, for unsteady calculations, an initial flow is prescribed :
Ulz,y;0) = Us(z,y) V(z,y) € (2.5)

3. A two-dimensional discontinuous finite element method

In this section, we give a detailed description of the discontinuous finite element
method proposed by Jaffré,Kaddouri and Gowda ( [6], [23],[25]).
We consider here a ( P, )-piecewise linear spatial discretization based on unstruc-

tured triangular elements ( the number of elements sharing a common node is not
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constant); the computational domain € is subdivided into triangles by a triangulation
T :
Ne
Q= U K; ’ Ki € 7717

i=1

where the K;’s are the elements of the triangulation, N, is the total number of triangles,
and h is the largest diameter of all elements.

Let U;; = U(4;4;t) denote the value of the dependent variable vector U, at time t and
at the j** vertex A, ; of element K; € 75 (i =1,... ,Ne;j = 1,2,3).

The degrees of freedom are the components of the vector U at the vertices of all elements

of the triangulation (fig. 5.54). Let W denote the approximation space formed by

FIGURE 5.54. Degrees of freedom of the triangulation

the piecewise continuous functions which are linear on each triangle K; € 75, ( Pi-
approximation).
The vector U of conservative variables p, pu, pv, pE is approximated by functions in
the product space W* and the corresponding approxima,tions‘ will again be denoted by
p, pu, pv, pE, elements of W, for simplicity.
For each element K;(i = 1,... ,N,) and each node A;; € K; there exists a unique basis
or shape function (¢, ;) with the property
. 1 ifj=k
Vi=1,...,N., @;i(Asi)=
0 otherwise
The functions (y;;)J=;"" 'y, form a basis of the approximation space W'

In the present formulation we shall use an explicit Euler time discretization.
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We now consider a Galerkin discontinuous finite element approximation, which proceeds
from a variational formulation of the Euler equations.

Multiplying (2.1) by a shape function ¢;; and integrating by parts the terms with
spatial derivatives, we obtain the following system for the piecewise linear vector gt

of approximate dependent variables to be computed at time ke

Find U™ € W*

grtt —-pn 0pji &Pji)
PUSTE—— v . - n ——’ n i ll
< /K o —udS /K | (F(U )28+ G ) as (31)

- /ax; (]F"(U“) . n) i do

where At® = "1 — ¢7 is the time step, U™ = U(z,y;t") € W*, and 7i = is
Ty

the unit outer normal ( directed towards the exterior of Kj;).

In (3.1), F(U™) -7 = F(U™) -n, + G(U") - n, = F, is the (outward) numerical flux
across an edge A of 8K;; it will be computed with the help of an approximate Riemann
solver for the Riemann problem generated, in the direction normal to the edge A, by
the limits of the values of the dependent variables on both sides of A as one tends to
A along 7i.

In this paper, we have used Roe’s Riemann solver ([28],(24],(34]) with an entropic

correction due to Dubois and Mehlman [24].

REMARQUE 5.1. Replacing the above approzimation space by the space of piecewise
constant functions ( constant on each triangle K; € Ty ) reduces (3.1) to the equation
governing the standard finite volume scheme

U'in+1_Uin N TTR
L‘Tds+ BKI(F(U)‘TL) d0=0, K,E'T};

3.1. Numerical integration.

To complete the description of the spatial discretization, we must specify the
quadrature formulas which will be used to compute the integrals appearing in (3.1).
Numerical experiments for scalar equation ([25],[18],[6]) have suggested the following

quadrature techniques.
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In equation (3.1) the terms containing the spatial derivatives are computed with the

help of the values at the centroid M of mesh K; :

N n 3%‘,:’) - _ ( =y Opji o 7 095, )
/ ‘_(F(U 2004+ G(U™)255) d = Avea() (F(U7) 7424 (04) + G(UT) =524 (04

where M; is the centroid of K; and U? is the average value of U™ on K :

o=

U(A;j;)

1

ol =

3
J=
since U" is linear on K.
For the integral associated with the outward flux
[ (Fwnn)eudo= ¥ [ (F0™):n)psdo
bK; AEBK; U A
we use either the values at the midpoints of the edges A, or the values at both Gauss

points of each edge

15% choice :

/A (FU™) ) pyido = UA) - FL(ULUy) - 934(M)

where 1(A) and M denote the length and midpoint of edge A, respectively, and

.Fl’;(U,, U,) is the numerical flux across edge A which separates the states U; and
U,, obtained by taking the limits of U along the normal to A at M; this numerical flux
will be computed with Roe’s Riemann solver, as described below.

ond choice :

[ (F©™)-n)p;ido ~ “TA) (FL. (U6 U (G)934(G) + FL (U, U,) (G2 (Ga)

where Gy, G, are the Gauss points of edge A.
Numerical experiments have shown that the computation at the edge midpoint (1St
choice) is sufficient.

For the first integral in (3.1) (time derivative) we use the values at the three vertices:

/ Untt —gn Area(K;) U}}ti&j — Ugi4
K; At ' 3 Atr

by the properties of ¢; ;.
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3.2. Multidimensional slope limitation.

We will describe a multidimensional extension of a slope limitation procedure which
has been successfully used for scalar equations ([17],[6],[23] ).
When dealing with the Euler equations, it has been widely recognized that one should
limit the physical variables p, u, v, p rather than the conservative variables

ps pu, pv, pE.
Let U™ € W* denote the solution previously computed at time ¢", and U* € W* the
solution predicted at t**! by solving system (3.1).
We want to modify U* and obtain a corrected vector of conservative variables U s
by the following procedure.
For each triangle K; € T , let

o wga =w,(A): i=1,...,3 Dbe the value of w), at node i,

1 3
® Wy = 3 Z Wk, a; , the mean value of w), in element K,

i=1
e T(A) be the set of element K € T, such that vertex A € K (Fig. 5.55).

T(A)

FIGURE 5.55. The set T'(A)

For each element K, we compute the mean values of the conservative variables, noted

Pk (pu);(, (pv);{, (pE);{,which are simply the arithmetic means of these variables at
the three vertices of K.

In order to obtain a conservative scheme, the vectors U™*! and U* must have the same
mean value on each element.

We then compute the mean values of the physical variables, Pk, Tk, Uk, Pk ( the mean

value 7% of the density has already been calculated).
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For pressure we also take the arithmetic mean of p at the vertices of K.

In contrast, the mean value of the velocity components u,v are defined by

—

-'ITI‘{ — (pl"'*)K i ﬁ;{ = (P_'U*)K . (32)
Pr Pk

For the components of momentum at time "', we will use the following value
13 nt1 , n+l —"”“1 nl  ntl
gZpKA,uKA , (g = ;pKA. K,A; * (3.3)
Observe that these values are different from @ , T, as they use the nodal values of
density and velocity instead of those of the momentum.
Formulas (3.2)-(3.3) have been chosen to ensure existence and uniqueness of the solution
of the minimisation problems to be defined below.
For every node A of the grid we compute the minimum and maximum of the mean

values of the physical variables in the elements sharing node A :

wmin(A) — KrélTl'?A) wK: wmaa:(A) = Kléqua)m’ for w=p,u,v,p (34)

The slopes of the physical variables p, u,v,p will be limited, in this order, in the fol-
lowing way.

Let V denote the vector (p,u,v,p)T of physical variables.

In each element K with vertices 4; (i =1,...,3), i+ is defined by :

() o' =w, for w=p,p, and (u)y = (PWx, for w=1, v,
(#6) Fori=1,...,3, w=p, u, v, p:

S (1 — Q)WY + awmin(4) < wiy, < (1 — )Tk + 0Wmez(4) , 0<a <1,
n+1 )z_

(iii) For w = p, u, v, p the distance in R® between w™* = (wi'4,)iz1,.. 3

. s iz
{ and w* = (wk 4,)i=1,.. 3 18 minimum .

The computation of ¥+ from V}% thus amounts to four projection problems in R®
( one for each physical variable ); as (i) defines a plane, and (ii) a cube, we look for the

projection, on their intersection, of the corresponding variable

w* = (’w;(,A'.)i=1,... 3¢
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Condition (i) allows for mass conservation, (ii) limits the variation of p, u, v, p (in

that order), and (iii) guarantees uniqueness of the solution.
pn+1

un+1

After computing the vector of physical variables V™! = s we return to the
,Uﬂ

pn+1
conservative variables according to
pn+1
pn+1 ,un+1

p
+ 2o (@) + 4]

n+l __
U - ntlgntl

pn+1

(y=1)

The slope limitation therefore requires the solution of a series of local minimization

problems in 3 dimensional space, with the constraints (i) and (ii).
These projection problems can easily be solved by duality, as will be shown in the
appendix.
In order to ensure the existence of a solution for the projection problems, we have to
make sure that the intersection of the corresponding plane and cube is not empty. For
density and pressure, it is easily seen that if we let p"Kﬂ = pj and pK 4, = Px for
i = 1,2,3, conditions (i) and (ii) are then satisfied, so that the relevant intersection is
not empty.
As regards the velocity components, we can easily check, applying definitions (3.2) and
(3.3), that if we let uft"y, = uj (i = 1,2,3), then
(D) zpn“ T o= 3 ( j p’}a“i..) DH
i=1 Pk
= G,
with a similar result for the second velocity component.
The parameter « controls the extent of the slope limitation process. For a = 0, we get
the most stringent limitation: the solution V™! ( and therefore U™*! ) is piecewise
constant, thus reducing the method to the usual ( spatially) first order accurate scheme.
In our numerical experiments, we have usually chosen a = 0.5, a value which led to

optimal results in the scalar case (cf. [25],[23],[6]).



123

For one-dimensional problems, the limitation procedure reduces to the usual van Leer

solpe limitation ([26],(41]).

3.3. The numerical scheme.

The above description of the Jaffré-Kaddouri-Gowda discontinuous finite element
method can be summarized within the frame of a two-step scheme.
Assuming for simplicity that we use an explicit Euler time discretization, let U™ € wH
be the solution obtained at time ¢ = ¢*. In the first step (predictor), we compute an
approximation U* € W* of the solution at time t"*. This predictor step consists in a
finite element calculation, but features the use of Riemann solvers.
In the second step, which can be viewed as a correction step, we limit the vector U* to
obtain an approximate solution U™!.

1 - Predictor step : Finite element calculation

)
Compute U* € W* such that

U = N ,.B_vgj,_i)
/K s 49 = / (F(U) il o) g2t ) ds

_ /B . (U™ -n)gsido (35)

{ for each K; € T and ¢;:(j = 1,2, 3)

2 - Limitation step

This step limits the variation range of components of the vector of physical variables

X

P

*

V*

I

obtained in the predictor step. It leads to V™! and then U™*!, the final

,U*

p*
approximation of the vector of conservative variables at time tntl,
We observe that the two steps are independent from each other, and the limitation pro-

cess is distinct from the flux calculation, contributing to the originality of the method.

3.4. Riemann solver.
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In this subsection we present a short description of Roe’s approximate Riemann
solver, which will be used here in conjunction with an entropic correction recently
proposed by Dubois and Mehlman ([24]) described below.

Let A be an edge in the grid, and 74 a unit vector normal to A; let F,,(U) be the
flux in the direction of 74, with U € W* . Let U; and U, be the limiting values of U
obtained when approaching the edge A along i 4 from the upwind and downwind side,
respectively, with respect to the direction of 7i4; for the description of Roe’s numerical
flux, we will provisionally assume that U, and U, are two constant states along each
side of A ( while we will later use limits of piecewise linear functions, see below).

Let F‘A(U,, U,) denote the numerical flux of a specific Riemann solver. It satisfies the

consistency relation F(U,U) = F,(U), for all U € W*, where
Fo(U) = i F(U) + n,GU) = F(U).4i.. (3.6)

is the physical flux across A , and

0 = n cos g L,
i = fig= = e R. (A #0)
Mo sin @
=3 u . . . .
¥V = denotes the velocity, we can write it in the edge-normal to edge local

v
basis formed by 7 and a unit vector @ along edge A (fig.5.56) as

- u, = ucosf+vsinf
Vo= . (3.7)
v, = —usinf + v cos

We can then define an invertible linear transformation T in R*:

(1 0 R (1 0 0 0]
0 cos@ sinf O 3 0 cosf@ —sinf@ 0
T = ¢ = (3.8)
0 —sinf cosf 0 0 sinf cosf@ O
] 0 0 0 1] | 0 0 0 1]
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FIGURE 5.56. Local basis for the calculation of the flux

P
An arbitrary state vector U = | pV | is then mapped into U:
pE
p
U—T-U=| oV, |=0. (3.9)
pE

The flux in the direction 71 4
FE,(U)=nF(U) +nG(U).

can be written in the edge-normal to edge local basis as

pu pv Pun
+ pu? U U, +pcos@
F.(U) = cost S5 + sind i = (o) 4 A
U p + pv® (pv)uy, + psind (3.10)
(pE + plu (PE + p)v (pH)un

where H = FE + % is the specific total enthalpy ( per unit mass).
. = T
It can be easily verified that if U =TU = (p, PVn, pE) , then

F,(U)=T"o F(U) (3.11)
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where
F(U) = (ptin,p + %, pinVn, (0E + p)un)” (3.12)

This relation allows for the computation of F,(U) with the help of the first (vector)
component F of the flux F only, without resorting to G.

This leads to a reduction of the computing time, since the calculation of the matri-
ces T and T~! and the flux component F requires fewer operations than the calculation
of the global flux F,, from its original definition.

In the sequel, the flux calculations will therefore be performed for n, =1, ny =0

(corresponding to 6 =0 ).

3.5. Numerical flux of Roe’s original scheme.

In Roe's scheme for the one-dimensional Euler equations U; + F(U), = 0, one
computes the exact solution of the linearized Riemann problem defined at the cell
interface z;, 1 between cells C; and C;;; with corresponding constant states Uj, U1, by
replacing the Jacobian matrix %L—Ul = A(U), computed at z;,, by a special constant
matrix AH% = A(U;,U;y1) called Roe’ average matrix, with the properties
(i) F(Ui+1) . F(Ui) 5 Ai+%(Ui+1 i U,-)

(ii) For U; = Uppy = U , we have A(U,U) = A(U) = £L
(iii) The eigenvalues A; of A are real and its eigenvectors 7 are linearly independant

(k=1,...,3).

It can be shown that le% = A(U;,U;;,1) is in fact equal to A(ﬁ)ﬂ% = B—I(;J[ngl(]:aﬂ 3
(see [27] ) where U; 1 = (pi+%,ﬂi+%,ﬂi+%) is a specific average of the vectors U;,U;;

called Roe’s average, defined by

B _ (u/P): + (U/P)it1 — _ (H\/ﬁ)z ot (H\/l_’)iﬂ
p@+§ = szp‘l.-l-l) ui—l—%— _ \/sz_*_ \/pi_+1 ) Hi+% = '\/sz'i" \/m

In the present context of the two-dimensional Euler equations, and owing to the pre-

vious remarks at the end of section 3.4, we will consider two adjacents states U, U,
separated by a triangle edge A. Roe’s average matrix will be given by ( see [27] for a
description of this matrix)

OF (U)

A(Ula Ur) = BU

lv=01, (3.13)
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where Roe’s average vector
Uy = (p, 4,9, H) (3.14)
is defined by

P = ~/PiPr

and for a = u, vor H
) (3.15)

i= a1+/pit0r/Pr
VPi+/Pr

\

The Roe averages of the remaining dependent variables E, p and ¢ are then computed

from p,%,7, H :
o 177 =1r-2 2
E=:H+2>(u + ©2)
c={(v—)(# - 3@+ )}
_ __ pe?
p=5

Properties (i),(ii) above now read
@) F(U) - F(U,) = AU, U,)U, - )
(i) A(U,U)=dF{U) =2
We write A, (U, U, )(k = 1,...,4) and 1 (U, U,) for the eigenvalues and eigenvec-
tors of A(U;,U,) (see [27]) and let AU =U, — U,.

Since the r(U;, U,) are linearly independent, there exists (Qi)p=1,..,4 € R* such that

4
AU =U, —U =Y ouri(Us, Up) (3.16)

k=1
the numerical flux of Roe’s scheme can then be written ([28],(29])

FA(ULU) = S + F(U) - 3(U,U,) (3.17)

where d(U;, U,.) is the viscous term, given by

d(U, U,) = | AU, U)|(U, = Up) =Y ag| A (U1, U e (U, Un) (3.18)

k=1
Unfortunately, Roe’s scheme does not satisfy an entropy inegality ([27],[29],[30]) and

allows non-physical expansion shocks in the vicinity of sonic points ([21]), violating

the Lax-Oleinik entropy condition; it is not an E-scheme ([43],[30],[27] ), so that the
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numerical solution does not necessarily converge to the (unique) entropy solution of the
original nonlinear initial value problem.

To modify Roe’s scheme so as to satisfy an entropy inequality, several ideas have
been proposed (e.g. [29],[32],(33],[44],[45]), which are based on the representation of
sonic rarefaction waves, and are equivalent to introducing a certain amount of artificial
viscosity, the exact amount depending on a parameter which requires a case-dependent
adjustment.

Dubois and Mehlman ([24]) have recently introduced a parameter-free modifica-
tion of Roe’s scheme based on nonlinear Hermite interpolation of an approximate flux

function, leading to an entropic scheme.

3.6. Dubois-Mehlman’s entropic correction of Roe’s scheme.

This approach is based on a nonlinear modification of the flux function defined by
(3.17) , in the neighbourhood of sonic points only.

For a given state U we write U — U; and U, — U, as linear combinations of the
eigenvectors.

Denoting by (wg)r=1.. 4 and (@)=1,.. 4 the characteristic variables associated!

with U — U, and U, — U, respectively, we have

4
U-U = > we-r(U,T,) (3.19)
k=1
4
U, -U = Y op-ri(U,U;) (3.20)
k=1
Following [29], we define the intermediate states
s
Uo =5 Ul
< Uk, = Uk—l +C¥k7‘k(U1,UT) (321)
L U4 = U,-

Let S denote the set of sonic indices
S = {i, Mi(Ui—1) <0 < X(Uy)} (3.22)

1In this quasi one-dimensional context ( due to the remarks following (3.12)) we can assume the existence
of characteristic variables as in the purely one-dimensional case (cf. [27] Vol II p.155).
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We now introduce the Dubois-Mehlman modified flux function, parameterized by the

states U; and U,

4
PG, UL U) = FU) + 3 gk(wi) - 7(UL, Uy) (3.23)

where the w}s are the characteristic variables introduced in (3.19), and the gs are

parameterized by the state (U;);=1,..4, and defined as follows:

if k¢S  then gp(w)=X(U,U;) - w Vw

pr(w) for 0 < w < oy (3.24)
lf k S S gk(w) =
Me(ULU) -w  for w ¢ (0, ax)

where pj(w) is the unique Hermite polynomial of degree 3 determined by the conditions

p(0) =0, pelax) = (U, U,) - o, P;(O) = )\k(Uk—l)a P’k(ak) = A (Uk)

We recall that A,(U;) denotes the k-th eigenvalue of the jacobian matrix A(U) = or

calculated at the intermediate state U;, while Ax(U;,U,) is the k-th eigenvalue of the
Roe matrix A(U;, U,). It can be verified that away from sonic points, the modified flux

Fim coincides with Roe’s linearized flux:
FRU) = F(U) + A(U, U)(U — ) (3.25)

If the original physical flux F(U) is at least continuously differentiable and if AUy, U,)

is a continuous function of U; and U,, FAm 5 a continuous function of U, U, and U.

LeMMaA 3.1.

The Riemann problem

(OU  OF*™(U,,U.;U)
ot T oz =0
\ U z<0
U(z;0) =
{ U. >0

has a unique entropy solution.

See [24] for the proofs of lemmas 3.1 and 3.2.
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LEMMA 3.2. For k € S, the Hermite polynomial py(w) is defined by

pe(w) = apw® + byw? + cpw

with
 (U) + M (Ui1) — 20(Us, Ur)
ap = a%
by 3k (U1, Uy) = 224 (Us—1) — M (Us)
Qg

Cr = Ak(Uk—l)

The modified numerical flux can be written as

Fimw,u,)=FU)+ 3 oMU -1+ gi(w}) i (3.26)

£ES Ae(Us,Un) <0 keS
where

—/\k(Uk—1) i
3t — 20 (Ui 1) — e (T) + /(30 — MUio1) = M) = M (Uia) - ’\k(%})

K
Wy =

is the argument of the unique extremum of gx(w) in the interval 0 < w < ag, and Ay

in (3.27) denotes A\, (U, U,).

Description of the eigenvectors 74,(U;, U,) and characteristic variables o

To complete our description of the Dubois-Mehlman entropy correction to Roe’s scheme,

we must define the eigenvectors r;, (U;, U,.) and coefficients o, appearing in (3.19),(3.20),
(3.27).

From [28], we have

1 0 1 1
g-¢ 0 @ a+e
™= " y T2 = y T3 = - s T4 = -
v v v v
T o~ ~9 1A2 ~0 e S
H—1ac 0] —2-(u + 9?) H +uc
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For w = p, pu, pv et pE, we set Aw = w, —w;. Equation (3.20) defines a linear system

in the 4 unknowns aj,...,as. For ¥ # 0, the unique solution is given by

-~

( =1 _ & e c c-u 1A2 A2) }
o = o {A(pE) A (pv) (u+———7_1)A(pu)+(7_1+2(u +7%) | Ap

o~ o~

1
oy = ;U,:A(pv) —Ap

U 1
az = (1 + %) Ap— EA(pu) —2m

1 -
oy = o+ > (A(pu) — GAp)

.

If 5 =0, a, is indeterminate. One can set it equal to 0, in which case there exists a
unique (o)k=1,.. 4 € R* satisfying (3.20), given by

o~

( -1 = c c-a  u
a = %@——{A(pE)— (u+7_1)A(pu)+(’y_1+—é—)Ap}

a2=0

U 1
g = (1 + %) Ap — ;C;A(pu) -2

1 ~
oy = o+ 2 (A(pu) — UAp)

\

The Dubois-Mehlman correction has proved to be useful for explicit schemes, but dif-
ficult to implement for implicit schemes, owing to the difficulty of the linearization

process.

3.7. Note on the implementation of the time discretization.
In this paper, we limit our applications to the computation of stationary solutions,

and will therefore use a local time stepping process described below.
Area(K;)

we can write (3.5) as
At? jIK.'E'Ti-,

Introducing the diagonal matrix 2 = diag[

follows:

Find U* € W* such that

(3.28)
Us-U" = £ 1 R(U")
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where R(U™) is the residual defined from the right-hand side of (3.5)

R(U™) = fa . (FU™) - n) ¢ysdo — /K .- (F(U")a—g;—"'JrG(U")a—g;ﬁ) ds.(3.29)
The scheme (3.28) is stable under an appropriate CF L — condition.
Let p denote the CFL — number ( assumed to be uniform on the whole grid). For
each element K; € 7, we note

e v; : mean value, in element K;, of the characteristic speed corresponding to the

- = -
v, =8 +70:+C,

e h; : ratio of the area of K; by its perimeter

largest eigenvalue

_ Area(Kj;)
LK)

The local time step is then chosen so that

At < (3.30)

In most cases we have used a CFL — number p = 0.5.
In the numerical experiments presented in this paper, we study the distribution
on the body B (fig.1) and the isolines of the Mach number M, the pressure p, or the

pressure coefficient C),, defined by

Cp =

=t (3.31)

. 2

To study the convergence of the method, we will present graphs of the L,-norm of the

residual R(U™) as a function of the number of iterations.

4. Finite volume methods on unstructured triangular grids

4.1. A two-dimensional finite volume method inspired by the Lax-Friedrichs scheme.

We consider the solution U(z,y,t) of the two-dimensional Euler equations (2.1)-

(2.2)

U, + F(U), + GU), =0 (4.1)
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in some region Q of the z — y plane. In one space dimension [5], both the staggered
form of the Lax-Friedrichs scheme and the Nessyahu-Tadmor scheme use two alternate
grids {z;} and {z;41/2} at odd and even time steps, respectively. In two dimensions,
we proceed in a similar way, starting from an arbitrary FEM triangular grid 7, such

that

¢
Q= |J Tand TNT' = { one vertex for any T, T' € Ty, (4.2)
TeTh
one side

The nodes of the FEM triangulation are the vertices a; of the triangles, and in this
subsection the degrees of freedom are the vector values of U at the nodes, which can
also be considered as cell average values for the cell C; centered at each individual node
a; (defined below).

For the first grid associated with our finite volume extension of the Lax-Friedrichs
scheme, the nodes are the vertices a; of 7, while the finite volume cells are the barycen-
tric cells C; associated with these nodes, obtained by joining the midpoints M;; of
the sides originating in a; to the centroids G;; of the triangles of 7, which meet at a;

(fig.5.57).

For the second grid the nodes are the midpoints M;; of the sides of the original
triangulation, while the cells are the quadrilaterals of the form L;; = a:Gi;a;Gi j11
having M;; as midpoint of one diagonal, obtained by joining two adjacent nodes a;, a;
to the centroids of the two triangles of 7; of which a;a; is a side.

Let UP = U(a;,t") and UJT' = U(M;;,1"+) denote the nodal (or cell average)
vector values in the first and second grid at time ¢ = ¢* and t = t"*!, respectively (n
even).

For the barycentric cell C;, let 7 and 7% denote the unit outer normal vectors
to Gi;M;; and M;;G; ;41 respectively, pointing out of cell C; (fig.5.58) , and for the
quadrilateral cell L;;, let 7i'y;,... 7% be the normal vectors to the cell edges a;Gi;,

Gijaj, a;Gj41 and G ;41a;, Tespectively, pointing out of cell L;; (fig.5.59).
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FIGURE 5.57. Barycentric cells around nodes a;, a;; quadrilateral cell a;Gj;a;Gij11-

We must also define the elementary flux vectors

AW —
— — 71 =1 142
i = / vdo = IGijMz'j Vij + IMijGi,j+1|Vij (43)
[ij=Gi; Mi; G541
and
S — —
_ - -
0i; = |a:Gij|tf; + |aiGi i |75 (4.4)
S — — '
_ 9 =3
05 = |a;Gi|R 5 + |a;Gi e |75
We write furthermore
k k
v e,
pk=| " fork=1,2, af=| 7| fork=1,...,4
vk nk.
5y iy
Nijz =~ 0,—,-3
and 7;; = y Oy = (4.5)
Tijy Oijy

An advantage of using a finite volume formulation where the degrees of freedom are
values of the unknown function at the triangulation vertices lies in the possibility to

couple (4.1) with an elliptic equation. This can be very convenient in the case of a
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FIGURE 5.58. Barycentric cell boundary element I'yy = GiMy U MGy ji1-
scalar conservation law where

f(u) = wy h(u)

g(u) = wy h(u)

(4.6)

i.e. when (4.1) can be written as u; + div(W h(u)) = 0 with W = (wy,ws)T and
W stems from an elliptic problem. This situation arises in the study of polyphase
flows in porous media, where fluid mechanical and thermodynamical considerations are
combined, leading to coupled hyperbolic and elliptic equations [42].

The first step of the two-dimensional finite volume extension of the Lax-Friedrichs
scheme is defined by integrating (4.1) on the 3-dimensional cell L;; X [t", t**!], assuming

that the (barycentric) cell values U at the vertices a; of the original triangulation are

known:
gt
/ (U, + F(U), + G(U),)dedy dt = 0. 4.7)
i L,'j
Applying the divergence theorem and observing that L;; = (L;; N C;) U (Ly; N Cj) we
get
/ Uz,y,t")dA —/ U(z,y,t")dA — U(z,y,t")dA
Lij Li;nC: L;;0C5

tn+1

+f /8L”(F(U)nz+G(U)ny)dodt=0. (4.8)
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FIGURE 5.59. Quadrilateral cells L;;.

Since U(z,t) is approximated by U} in C;, U} in Cj;, we can choose the approxi-
mation U* on 8L;; N C; and U on 8L;; N Cj, whence the first step of our finite volume

Lax-Friedrichs scheme:
A(Lij)URH — A(Lyy N Cy) - U = A(Ly; N Cy) - U
+ At(F(UMB8ijo + GUM)0izy) + AUF U )Bji0 + G(UT)051y) = 0. (4.9)

2

We note that this approximation corresponds to choosing the approximate time deriva-

tive

(4.10)

AL N Cy) - Up + A(Ly N Cy) - UP
wg(wﬂ— ar16) ’+(’OQ)J)/At

A(Lyj)
For the second step we proceed similarly with the help of the barycentric cells C;:

A(C)UM? — p A(Li; N CHUH

J neighbour of i

+At Y (FUF )M + GUG ) mig) =0 (4.11)

j neighbour of

where the value of U(z,y, ") on the boundary 9C; = U I';; is approximated
j neighbour of i

locally, on 0C; N L;; = Ty, by U{;H (i.e. the approximate value of U™ on the

quadrilateral cell L;;. We thus alternately define an approximate solution U{}“ which

is piecewise constant on the quadrilateral cells L;;, at odd time steps (n = 0,2,...),

and a solution U"? constant on the barycentric cells C;, at even time steps.
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4.2. A two-dimensional finite volume inspired by the Nessyahu-Tadmor scheme.

The construction of a finite volume method inspired by [5] implies the computation
of gradients of piecewise linear functions, and the limitation of the gradients. To sim-
plify the presentation, we shall describe our finite volume method in the case of scalar
conservation laws in this subsection. The extension to the vector case is obtained from
a field by field decomposition (see, e.g. [47] ,[46],[48]).
We consider a scalar nonlinear conservation equation
(4.1) ug + f(u)z + g(u)y =0

At the beginning of the (n+1)** time step (n even), we have obtained approximate
barycentric cell values u? (a; : a vertex of 7). We must now, in order to follow the
van Leer MUSCL approach used by Nessyahu and Tadmor, construct a piecewise linear
profile on the barycentric cells C;; this can be achieved as follows.

We first construct a piecewise linear approximant on each triangle T' of the original
triangulation, continuous on the whole computational domain Q, with the help of the
barycentric cell/nodal values u?: if T € Ty, is a triangle with vertices a;;, (j = 1,2, 3),

we construct pr € P! such that

pT(aij) = UZ (.7 = 1,2:3)

pr(z,y) is easily obtained from the barycentric coordinates of (z,y) with respect to the

vertices of T
3

pr(Z) =) Aj(@)u}
=1
where the vertices of 7' have been relabelled 1,2, 3 or a;, as,a3, and Z = (z,y) € T.
The gradient of the (barycentric) cellwise piecewise linear interpolant L(z,y,t")
to be defined will now be chosen (as e.g. in [39] p.28), for cell C;, as the arithmetic
average of the gradients of the polynomials py for all triangles T' such that a; € T on

C; we take
L=Lz,yt") =uf+(—z)P" +y-wQ (zy)€Ci (4.12)
where

P"
= Average {grad pr}. (4.13)
T a; €T
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Contrary to what prevailed in the one-dimensional case, where the average value
] of the piecewise linear interpolant L;(z, ") was also its value at the node z;, we can
no longer identify the average value of the piecewise linear interpolant (4.12) , on cell
C;, with its nodal value u at the “center” a; of C;, since a; need not be the centroid
of C;, and A—(IC—‘) Jo, Li(z,y,t")dA # u} in general.

The new cell values at t"+! and #**2 will nevertheless again be defined by formulas
similar to (4.9) (first step), and (4.11) (second step), obtained by integrating (4.1’) on
Li; x [t*, t"*1] for the first step, and on C; x [¢?,#"+!] for the second step:

3

A(L;;)ul™ = numerical approximation of / u(z,y,t"t1)dA (4.14)
Ly;

A(C))u?*? = numerical approximation of / u(z,y, t"?)dA. (4.15)
C;

For the first step of our scheme we write

trl.+1

/tn /L (u + f(u)s + g(u)y)dAdt =0 (4.16)

which leads to

/ u(z,y, 1" )dA = L(z,y,t")dA + L(z,y,t")dA
Lij L;;NC; L3NGy
tn+1
- / (f (w)n + g(w)n,)dodt. (4.17)
il BL.‘,‘
The numerical approximation of the right-hand side, and (4.14), will thus lead to uZ-‘H,

which will be our cell value for the quadrilateral cell L;;.

4.3. Approximation of fL,-,-nc; L(z,y,t™)dA.

L(z,y,t") is the piecewise linear function defined, on cell C;, by (4.12) . Let
A;A;;B;; A; j41 be the points of the plane defined by the linear function L; on C; which
correspond to the four vertices of L;; N C; = [a:Gi;M;;G; j+1] where [...] denotes the
quadrilateral generated by the corresponding vertices (fig. 5.60).

The integral of L on L;; N C; is equal to the total volume of the two prisms
with triangular base a;G; M;; A;A;; By and a;M;;G; j41A4:BijA; j+1, constructed on the
triangular bases L}; N C; and ij N C; where L], = triangle (a:Gija;) and ij =

triangle (a;a;G; j41); 7, £ stand for right, left (for an observer at a;).
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FIGURE 5.60. Prismatic regions for the computation of |, Li;nCs L(z,y,t")dA.

The volume of the first prism, for instance, is given by
1
VOl{(liG,;jMij.AiAijBij} = g Area (a,—G,-_,-M,-j) g [a,;A,; + Giinj + MijBij]
1
=3 Area (L}; N C){u} + u} + (za,; — ) '
+ (yGij = yi)Q? &= u? + ('TMaj - wi)Pin
+ (yMij i yl)Q?}
1
= Area (L}; N Cy){uj + -3'((1,‘(;". + Tag,; — 22;) P

1
+ §(yG|’j + Ynt:; — 2yl)Q?} (418)

where

Area (L}; N C;) = Area triangle (a;G; My;)

= %{("EG;J’ — ) (ym; — ¥i) — (@n; — T)(We,; — vi)}- (4.19)

Similarly, the volume of the second prism is
Vol{aiM,-jG,-,Hl AiBiin,j-l—l} = AI‘G&(L% N C,) 2

1 1
{u? s —?;(SL‘M‘.]. r LG 41 — 2xi)Pin 5 g(yMij + YGi 541 — 2yi)} (4'20)

Summing (4.18) and (4.20), we get
1

1
/ L($,y,tn)dA = Area(Lij N CI){’U/? + "‘(.’EM... = :E,').P,-n +
Li;NC; 3 ¢ 3

(yM.',' T yi)Q?}
= %’Area(L;’"j n Ci){(mGij - "Ei)Pin + (yGij - yl)Q?} (4'21)

1
G §Area(L5j N C”:){('TGi,j-]-l = zi)Pin + (yGi,j+1 = yz)Q?}
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with

1
Area(ij n C‘L) = 5{($Mij == ‘!Di)(yci,j+1 . yl) . (mGi,j+1 . xi)(yMij = yl)} (422)

4.4. Approximation of fLiani L(x,y,t™)dA.

Proceeding in the same way we find

1 1
/L . L(z,y,t")dA = Area(L; N Cj){uj + g(wMﬁ —z;)P; + -?;(yM,.. —v;)Q7}
;N0

1 n

+ gArea(Ly; N Ci){(way; — %) Pf + (Yo, — ¥i)Q5} (4.23)
1 n

T §Area(L5j n Cj){(wci,j+1 - "‘EJ')I:);;1 + (yG-'.j+1 - yJ’)Qj}

where
i
Area(Lj; N C;) = ‘2“{(33M1-J- — ;) (e, — ¥i) — (Tay; — i) (Un; —¥5)}. (4.24)

4.5. Approximation of f::“ Jor, {f (w)na + g(u)n, }dodt.

This is achieved with the midpoint rule for integration with respect to time:

t"+1
t'l

[ (e +glujn,)dodt

o At/ {f(u(:z:,y,t"“/z))n:c + g(u(z,y, t"+1/2))ny}da (4.25)
BLi;
where a first order Taylor expansion is used for u(z,y, t"*'/?); using (4.1’) we write

At
u(.'z;,y, tn+l/2) = u(m,y,t") — 5.

2 {f’ (U'("L‘D y’ tn))uﬂ(m’ y’ tn)

+ 9 (ulz, 9, t))uy(,y, ")} (4.26)

On L;;NC; we have chosen u, = P{* and u, = QF, but we must find an approximate
value of u(z,y,t") on the line segments a;G;; and a;G; ;41 (and similarly on a;G;; and
a;G; j+1)- One possible choice consists in choosing the value of L(z,y,t"), our linear

interpolant, at the midpoints of these segments; we then take, for any (z,y) on a;Gy;:

1 1
U(m,y, tn) = ’U,:Z =+ §(mGij - :L"L)'ljzn + E(yGi,’ - yl)Q? = u:.',G';j (4'27)

thus defining our value uj, ;. for the side a;G;; of L;;.
In view of (4.26), we can now define an approximate average value of u(z, y, t"*/2)

along the side a;G;; to be used in (4.25):

T n At n n (..M n
’l‘l‘ai-l-G}i/_-,'2 = uai,Gi,‘ - T{fl(uﬂi,cij)Pi = g (ua.',G.'j)Qi } (428)
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Introducing these values in (4.25), we finally get

grt
X /t“ " {f(u)ng + g(u)n, }dodt (4.29)
= f( n+1/2) N la’ GlJl +f( ::',-(].:1'{2,+1) Nijz |a‘1 ,J+1|
+ f( Z;':(l?/,?) Nja la’ GlJl + f 2:1/,2,4.1)”1',_1':0 y Ia'jGi,J"l'll

n n+1/2
+g( a+(1?{f) iy IU, G%J|+g( a,-',-G/;,,-.;.l) Ny |a’l ,.’I+1|

+1/2 +1/2
+g(’u’Z,~,G/‘, ?gy |CL GlJl_l-g( Z,,G/i,,'+1) 1Jy Ia’J ,J+1|'

4.6. First step of the finite volume extension of the Nessyahu-Tadmor scheme.
Collecting our approximations (4.21),(4.23),(4.29 ) of the three terms appearing in
the R.H.S. of (4.17) and taking (4.14) into account, we obtain the following approxi-

mation ujj"" for the first (odd) time step of our scheme:
Area(Ly;)ult = RH.S.(4.21) + R.H.5.(4.23) — At - {R.H.S.(4.29)}  (4.30)

where u;t! can be considered as a cell value for cell L;; at time t"**, or as a nodal
value at the midpoint M;;, at time ™!,
In preparation for the second (even) time step, we now construct a piecewise linear

approximation of u on the quadrilaterals L;;:

u(z,y, ") =2 L (3,y,8"") = ufi™ + (2 — o, )P + (U — yn, QG (4:31)

1]

where the slopes P, Q7" can be computed as follows.

First we construct a piecewise linear approximate function defined on the triangles
T € T; of the original triangulation. On triangle T = a;aja;, we can use for that
purpose the newly obtained values uj;t' at the midpoints of the sides of T. We then
compute the average of the slopes of the linear interpolants in the two triangles T\,T" €

7 sharing a;a; as a common side (fig. 5.59), and use these averages in (4.31).

4.7. Second step of the finite volume Nessyahu-Tadmor scheme.

The second step is obtained by integrating (4.1’) on the cylindric region C; x
[t"+t, ¢"+2], using the same finite volume approach as for the first step, to define a cell
average value u?"? on cell C;:

Area(C;)ult? — / u(z,y, t*)dzdy
Li;nC

J nexghbour of ¢
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= —At > /1: {f (u(z,y, "))y, + g(u(z,y, t"*%))y, }do  (4.32)

7 neighbour of i

where u(z,y,t"t!) is approximated, on L;; N C;, by the piecewise linear interpolant
(4.31). Its integral on L;; N C; is computed as described in section 4.3.

To obtain an approximate value of u(z,y,t"+3?) we use a Taylor expansion with
respect to time combined with (4.1%), and we subdivide the cell-boundary element I';;
into G;;M;; U M;;G, j1. On Gi;M;; (resp. M;;G; 1), u(z,y,t) is then approximated
by its value of the midpoint of the line segment G;; M;; (resp. M;;Gi j41)-

4.8. Approximation of the slopes.

In order to compute the gradient (P?*,QF) of the piecewise linear interpolant
L(z,y,t") for the cell C;, we must first compute the gradient of the first degree polyno-
mials Py for all triangles T € T, such that a; € T. Although we could then in principle
directly take the average of the gradients of the polynomials Pr, obtained as described
at the beginning of section 4.2, we shall consider here a least-squares technique (cf.
[40]). For simplicity, we shall describe it for the case of triangular (finite volume) cells.

Let T be a triangle with centroid G, and let T}, j = 1,2,3 be the neighbouring
triangles, with centroids G;(j = 1,...,3) (fig.5.61); assume the values of the numerical
approximation of the solution u at the four points {G, G’j}2=1 are known at time t7,
equal to u%, uf, (=1,... ,3) (these values can be considered as cell values playing for
the triangular cells T, T; the same role as u}, uj; for the cells C;, Ly;).

The least-squares gradient (gm)% = (a2, bn) for triangle T will then be chosen
such as to minimize the functional

3 =3
= Z{u% + GG - (grad u)7 — ur, 1% (4.33)

i=1

where
(grad u)z. = (a7, by)
The minimum is obtained when

or _or
dal — Obl:

and is shown in [40] to lead to the following least-squares gradient:

=0 (4.34)

1 2y
ay = D > (ve; —ve)® Y_(uf, — vp)(ze; — %6)
j=1 j=1
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FIGURE 5.61. Computation of the least-squares gradient for a triangu-

lar cell T.
1 ) n
= S (ze; — za) (e, — ve) Y_(uf, — up)(Ya; —ya) (4.35)
j=1 j=1
. 1 3 3
Bmg > (zg, — z6)? Y (uf, — ui) (Ye; — Ya)
7=1 j=1

(z6, — 26)(Ya; —Ya) P_(ug, — up)(zg; — xg) (4.36)

i=1 j=1

ol
e

where the denominator

3

(e, —va)* = [D.(zs, — 26)ye; —¥a))”  (437)

i=1

Jm

D = Z(LEGj = iL'G)2

j=1 J

1
—

is strictly positive for any non-degenerated triangle.

For the barycentric cells C; or the quadrilateral cells L;;, the procedure is quite
similar to the one described above for triangular cells. Alternately, for a barycentric cell
C; with center a;, we could first compute the least squares gradient grad u|y, = (@7, , ~%j)
of each neighbouring triangle T} (such that a; € Tj;), and then take the cell gradient
grad ulg, = average{grad ul|, }, with a similar procedure for a quadrilateral cell L;;.

Unfortunately, this procedure does not preserve monotonicity of the data in the
usual van Leer sense described below, and allows the creation of local extremas between
the nodes; this phenomenon may lead to (or amplify already existing ) spurious oscil-

lations, with the associated loss of stability and convergence difficulties in the case of
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steady flows. We have therefore introduced some slope limitation in the computation

of the gradients.

4.8.1. Slope limitation.

To ensure the stability of the scheme and prevent the generation of oscillations in
regions of strong gradients, we must perform a slope correction. Following van Leer’s
approach ([26], [25]), in which the value at some interface point 11/ (in the one dimen-
sional case) must fall within the range of values spanned by the adjacent grid averages,
u;—; and u;yy, we limit the slopes of the linear interpolant L defined by (4.12) (resp.
L(® defined by (4.31) to ensure that its value at the boundary points Gi;, M;j, Gi j+1
of 8C; (resp. at the vertices a;, a;, Gyj, Gij+1 of OL;;) are bounded by the values at the

cell center u? (resp. u%“) and the value u} at the corresponding neighbouring node a;

n+1

(resp u?}}, and u}'[}; at the adjacent quadrilateral cell“midpoints” M;,;_; and M)

The limitation procedure is implemented on each cell as follows. Let

(grad u); = (P Qz’)T

denote the gradient for cell i, where P; =~ u, , Q; = u, at node i. If u satisfies the van

Leer requirement we choose

P™ = mi d{P;

= minmad {F5)
(
min; ¢ as) | P|.(common sign of all values P;)

if all the values P; (j € N (2)) have the same sign

0 otherwise

\

where N (i) is the set of nodes j adjacent to node i. If u does not satisfy the van Leer
requirement, we set Pi™ = 0 . The computation of Q'™ is done in the same manner.

For quadrilateral cells L;; we proceed in a similar way.

5. Numerical Experiments

In order to assess the relative advantages of both methods , we applied them to several
typical test problems; we present results for

o Euler flow around a Double-ellipse at supersonic regime.
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e Supersonic flow past a blunt body at 0° of angle of attack and My, =2
Both methods, which are second-order accurate and non-oscillatory thanks to the use
of limiters, have been applied on the same grids, to compute the steady flows by sta-
tionarization, with the help of grid adaptation to improve the resolution. For the grid
adaptation, we have used a procedure developed by M.J.Castro Diaz and F.Hecht at
INRIA (France) ([37],[38]).For the finite volume method, the extension of section 4.2 to
two-dimensional systems of conservation laws is achieved by the procedure described
in ([46],[47],[48]).
On the whole, the finite volume version of the Nessyahu-Tadmor scheme has proved
to be less time-consuming and significantly more accurate, for given grids. . The dis-
continuous finite element method required more computing time to reach convergence.
Nevertheless, both methods seem to provide a reliable alternative to other well estab-
lished schemes, and lend themselves to an extension to three-dimensional problems for
unstructured grids.
Example 1 Supersonic flow past a double-ellipse at 20° of angle of attack and

Mo, =2

For this problem inspired by ([35]), but with Mach number M, = 2 instead of the

range of hypersonic Mach numbers considered there, and 20° of angle of attack, the

geometry is a double ellipse ([35]), defined by

/ r
2

z \2 2 _
i 2<0 (%) + (Es) =1
T 2 z 2
1220 (58m) + (m) =1
{
220 z=0025
0<z<0016 <
2<0  z=-0015
\

For this steady flow problem we used the same three grids with both methods.We
present the results obtained with the initial and final grid only.

For the initial mesh (1558 vertices), both methods give fairly comparable results;
notice that the C, curves can be nearly superposed, which is an indication that both
methods are indeed doing some reasonable calculation. The same is true for the pressure
contours of both methods, with perhaps a very small advantage for our finite volume

method (FV) which gives slightly sharper shocks.
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The final grid (5055 vertices) shows a clear advantage for the FV method, which gives
a nearly perfect shock resolution with very smooth contours, while the DFE method
shows a serious breach of monotonicity in the lower part of the bow shock.

As was the case with the initial grid, the C, curves can again be nearly exactly super-
posed.

The major difference between the two methods appears to lie in the convergence history
and computing times. Fig. 5.64 shows a clear advantage for our finite volume method,
for the initial grid (1558 vertices). Computing times for the initial grid (CPU : 3564 for
FV and 48288 for DFE) confirm the advantage of the proposed Finite Volume Method.

VA o]
‘!/Irr,’:ﬁ

WAV s
D

A

FIGURE 5.62. Euler flow around a double ellipse. Original grid,

barycentric cells C; and quadrilateral cells L;

FIGURE 5.63. Double ellipse : Initial grid (1558 vertices) and solution
(pressure contours) (FV, middle) and (DFE, right)

Example 2 Supersonic flow past a blunt body at 0° of angle of attack. see ([4]).
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FIGURE 5.64. Residual for initial grid (1558 vertices)(1=FV,2=DFE)

and C, body cuts (FV, middle) and (DFE, right) (Double ellipse)

Final grid (5055 vertices) and solution

FI1GURE 5.65. Double ellipse :
(pressure contours) (FV, middle) and (DFE, right)
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FIGURE 5.66. C, body cuts for the final grid (5055 vertices) (FV, left)

and (DFE) (Double ellipse)
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This is a standard test problem which has been considered by many authors. The
problem definition is borrowed from [4].The Mach number is M, = 2.0 with an inci-
dence a = 0°. The initial and final grid had 2737 and 7039 nodes, respectively. Fig.5.68
and 5.69 show the corresponding pressure contours. Qur results, obtained with grid
adaptation ([37],[38]), sustain comparison with other results for which grid adaptation

has also been used.

RESIDUAL RESIDUAL

) 1000 1500 2000 2500 1000 2000 3000 4000 6000 800D 7000 8000
Ieraions

FIGURE 5.67. Convergence histories for Finite Volume scheme (left)

and Discontinuous finite element method (right) (Blunt body)

FIGURE 5.68. Initial grid and solution (pressure contours) FV (middle)
and DFE (right)

Fig. 5.67 , which presents the residuals for both methods, shows a strong advantage
in favour of our finite volume method, considering the results on fig.5.68 and 5.69, a
fact which is confirmed by table 5.5: both the CPU-times and the speed of convergence

are substantially better.



FIGURE 5.69. Final grid and solution (pressure contours) FV (middle)

and DFE (right)

Method | CPU | nodes | elements Solution
F.V 2701 | 2737 5244 without adaptation

D.F.E.M | 11700 | 2737 5244 without adaptation
F.V 16905 | 7039 13801 with adaptation

D.F.E.M | 46886 | 7039 13801 with adaptation

TABLE 5.5. Characteristics of F.V and D.F.EM ( Initial and Final

Grids, Blunt Body)

149
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This test case displays the robustness and the accuracy of the finite volume method,
given the fact that the discontinuous finite element method is already an excellent and
well established method.

Concluding remarks

The examples presented here suggest that the finite volume method proposed by the
authors is capable of a very high resolution, with a clear advantage, as compared
with the discontinuous finite element method studied here, at least at the level of
the convergence histories, computing times, smoothness of the pressure contours, and
monotonicity enforcement.

We are presently adapting the finite volume method to a mixed finite volume/Galerkin
finite element method for the Navier-Stokes equations ([49]) where the convective part
of the Navier-Stokes equations are treated with the finite volume method presented
here while the diffusive term will be handled by a finite element method.

In another paper ([50],[51]) we consider the particular case of the linear equation
ug + div(uV) = 0 where V = (Vl(:c,y),Vz(w,y))T with divV = 0; we obtain an L*®
bound for the numerical solution, from which we deduct the existence of a subsequence
{ur, as,} which converges weakly to some function u in L*°(R? x R*)-weak. Using
another set of inequalities, we obtain a total variation-type bound, slightly weaker
than a classical bound on the total variation of the numerical solution, called a bound
on the “weighted total variation”, from which we are then able to show that the above

weak limit function u is indeed a weak solution of u; + div(uV) = 0.
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6. APPENDIX

Solution of the projection problem for the slope limitation

The slope limitation process consists in solving a series of local minimization prob-
lems of dimension nv(K) = 3, with two constraints.

In this appendix we will show how these minimization problems can be solved; we
follow the description given in [6] for the scalar case.

For w = p, u, v, p: we denote by

e Py, the plane with equation

3
ke
Z X; = 3y = Wk 4, + Wk, 4, + WK, 4,

i=1

e (Qk, the cube

; . Ai = 1- W min Ai
[1 lwmin(A;), wmaz(A;)] with wmin(A;) (1 — Q)WY + CWmin(4:)
i=1 wmaz(4;) = (1— )Ty + 0Wnas(4i)

where Wpin(A;), Wmao (4;) are defined by (3.4).

For 0 < a <1, wj satisfies the inequalities

wmin(4;) < Wy <wmaz(4;), i=1,...,3 (6.1)
i 2
o J(X) = SlIX — wgl|® where wy = (Wi, 4:)i=1,... 3
1
e V= 1 | isa vector normal to Pg
1

With these notations, the computation of wi"™ amounts to the following minimization

problem:

Find w}‘(“ € PN QK such that
6.2)
JwFhy =  min  J(X)

XePxkNQk
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This is a convex minimization problem which has a unique solution since Px N Qx # 0
( the point X = (X;)i=1,..,3 with X; = wk,i=1,...,3, belongs to Py N Qg by (6.1)
) .

In order to solve the minimization problem (6.2), we dualize the constraint X € Pk.

We introduce the Lagrangian I defined in R® x R by

L(X,M)ZJ(X)*-M{(iXe) —3@}} (63)

Problem (6.2) is then equivalent to the following associated saddle point problem:

Find the saddle point ( wit, A ) € Qk x R such that

(6.4)

n+1 . . _ A
L(wgk™, ) = pin irngL(X, p) = I i L(X, p)

To solve problem (6.4), we first solve, for any given 4 € R, the minimization problem

Find X (1) € Qk such that

(6.5)
L(X(u), ) = min L(X, p)
We observe that w = (wgk 4, )i=1,..3 € Pk,s0 that < V,wj >= 3wg.
The Lagrangian can therefore be written as
1
L(X, ) = 5 {I1X — wil* + 28 <V, X - w >}
or
LX, 1) = 21X - *—V2—“—2V2 6.6
(X, p) = 51X = (wk =) = SV (6.6)

The minimization problem (6.5) is thus equivalent to minimizing the distance between
wl — uV and the cube Qx; the solution X (u) is therefore given by the projection of
wi —pV on Qg X(u) = Projq, (wk — pv).

X (u) can be obtained by truncation of the components of wj — pV:

4

if wi 4, —p € [wmin(4;),wmaz(4;)] then ()’f(p)) = Wi 4, — Y

i

Qi wk 4, — p > wmaz(A) then ()’f(u)) = wmaz(4;) (6.7)

i

\ if w4, —p < wmin(4;) then (X(u)) = wmin(A4;)

1
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To complete the solution of problem (6.4), we must now find the real number A which

maximizes the real function

pr— F(p) = L (X (u),)

The desired limited vector wi™ = (wj'} )i=1,..,s Will then be given by

wi = X()\) where X yields max F(u)
reR
To find the maximum of F, let us write its first and second derivatives:

P'(n) =<V, X (1) — wie >= 3 (Xilw) ~ wioa,)

Fh(u) = X5 ()

i=1
where X (p) is given by (6.7), so that
if w4, — p € [wmin(4;), wnaz(4;)], then X'(p)=-1
otherwise, X'(1)=0.

We therefore get
F"(u) = — card {z €{0,1,...,3}/wik 4, — L€ [wmin(A,-),wmam(A,-)]} <0.

F is thus a continuous and differentiable, piecewise quadratic concave function.
F" has 2 X 3 = 6 points of discontinuity which arise when X (p) crosses a face of the
cube Qx.
The function F is therefore unambiguously defined and readily available, so that one
can easily find the value A for which is attains its maximum.

Fig.5.70 shows how the duality method works in the case of the slope limitation of
a variable w in the one-dimensional case (nv(K) = 2).
Conclusion
The limitation process, for the slopes of the physical variables, reduces to the maxi-
mization, for each element K of the grid, of a piecewise quadratic function of one real
variable, which is differentiable and easy to calculate; as the limitation is only active
in the neighborhood of strong gradients or fronts of the vector of physical variables,
it turns out to be a simple, relatively inexpensive part of the Jaffré-Kaddouri-Gowda

discontinuous finite element method.
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FIGURE 5.70. Determination of wit" by the duality method in the one-

dimensional case (nv(K) = 2)
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ABSTRACT

To solve flow problems associated with the Navier-Stokes equations, we construct a mixed finite
volume/finite element method for the spatial approximation of the convective and diffusive parts of
the flux, respectively. The finite volume component of the method is adapted from the authors’ con-
struction ([1],[2],[3],[4]), for hyperbolic conservation laws and rectangular or unstructured triangular
grids, of 2-dimensional finite volume extensions of the Lax-Friedrichs and Nessyahu-Tadmor cen-
tral difference schemes, in which the resolution of Riemann problems at cell interfaces is by-passed
thanks to the use of the Lax-Friedrichs scheme on two specific staggered grids. MUSCL-type piece-
wise linear cell interpolants, slope limiters and a 2-step predictor corrector time discretization lead
to an oscillation-free quasi second order resolution.

For the viscous terms we use a centred finite element approximation inspired by Rostand-Stoufllet
([15],[16]); for applications to problems in acrodynamics using this approach, see ([17],[19D).

In this paper, we consider flows with relatively low Reynolds numbers, so that we do not have to
resort to the limiters introduced in our finite volume method. However, to improve the quality of
the resolution, we use a grid adaptation algorithm recently proposed by Castro Diaz and Hecht

([28],{29])-

Numerical experiments on classical test problems (supersonic viscous flow over a flat plate, super-
sonic viscous flow around a NACA 0012 airfoil, supersonic viscous flows around an ellipse, and a
HERMES-type double ellipse), including comparison with other methods, lead to fairly competitive
results with favourable computing times, very sharp capture of shocks and boundary layers, and

accurate simulation of the boundary layer detachment.

1. Introduction. Mathematical modelling

1.1. Introduction.

In recent papers ([1],[2],[4]), we have presented, for the scalar conservation equation
us + f(u)s + g(u)y =0

and for hyperbolic systems of conservation laws
Ui+ f(U)a +9(U)y = 0

a two-step, two dimensional finite volume method inspired by the principle of using
the Lax-Friedrichs scheme on two staggered grids at alternate time steps in order to
by-pass the detailed computation of the solution of the Riemann problems generated
by the method at the cell interfaces. In one space dimension, this approach, which
had been already considered by van Leer, on the occasion of his work for the papers
[22] and (23], but not implemented in actual computations, had been applied by sev-
eral authors [12],[13] and, in a particulary efficient and elegant way, by Nessyahu and

Tadmor [18], who constructed a non-oscillatory central differencing scheme resting on
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this principle and on van Leer’s [23],[24] MUSCL piecewise linear cellwise interpolation
with appropriate limiters, to obtain oscillation free, quasi-second order resolution away
from shocks and strong gradients.

In [3], we have presented finite volume extensions of the Lax-Friedrichs and Nessyahu-
Tadmor (NT) (one-dimensional) difference schemes to two-dimensional rectangular
grids, with several very convincing numerical applications, while in ([2], [1],[4]), [6],
[5], as well as at the 5¢" International Conference on Hyperbolic Problems ( The Uni-
versity at Stony Brook, N.Y., June 13-17, 1994), we had presented a high resolution
finite volume method of Lax-Friedrichs type, generalizing the NT 1-dimensional scheme
to unstructured two-dimensional triangular grids. Comparisons with other methods [2]
including a systematic comparison [5],[6] with the now well established discontinuous
finite element method proposed by Jaffré et al. [20],[21] showed the high level of com-
petitivity of our new method.

Let us mention here that our finite volume method for triangular grids was first pre-
sented at the Stony Brook Conference on Hyperbolic Problems , but did not appear in
the Proceedings for technical reasons.

In this paper, we show how our method can be extended and built into an efficient
solver for the Navier-Stokes equations. For that purpose, we have chosen the approach
of a mixed Galerkin-type finite volume/finite element method on unstructured trian-
gular grids inspired by Rostand and StoufHlet ([15],{16], see also [17],[19]), in which the
convective and viscous parts of the Navicr-Stokes equations are treated with different
techniques: starting from a general Galerkin formulation, we compute the convective
terms with the help of our finite volume method ([1],[2],[3]) while the viscous terms
are handled with a centred finite element procedure proposed by Rostand and Stoufflet
[15] ( see also [17]).

The purpose of this paper is to describe our mixed method and apply it to several typ-
ical test problems associated with non-turbulent compressible flows past aerodynamic
bodies. In the numerical experiments presented in this paper we only consider steady
flows, approximated by the usual time-marching approach with an explicit Euler time
discretization.

The presentation of the paper is as follows:
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1.1 Introduction

1.2 Mathematical modelling

1.3 Boundary conditions

2. Discretization with respect to space and time
2.1 Definition

2.2 Approximation spaces

2.3 A mixed finite volume/finite element method
2.4 Time discretization

2.5 Approximation of the slopes/gradients

2.6 Slope limitation

2.7 Treatment of the boundary conditions

3. Numerical experiments

4. Concluding remarks

1.2. Mathematical modelling.

In the sequel, we consider domains of computation related to external flows around
bodies; in fig.6.71, the body is represented as a double ellipse which limits the domain
of computation by its wall I'p.

Let Q C R? be the flow domain of interest and T' be its boundary, we write I' =
T'5 Ul UTs, where I's denotes that part of the body boundary which is relevant for
the computational domain (fig.6.71).

I'w is the (upwind) farfield boundary, and I'g = I'; UT% is the (downwind) exit part
of the boundary ( labelled I's on fig.6.71).

FIGURE 6.71. Boundary of the computational domain
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The equations describing two-dimensional compressible viscous flows are the Navier-

Stokes equations, written here in their dimensionless form [14], given by
1
%—(t] +V 20 =2V - RO) (1.1)

where

T R(U
U= (p,pu,pv,E)T, ? . < ) a) : ?(U) F(U) ) ﬁ([]) ( )

0z’ By aU) S()
(1.2)
The convective fluxes are given by
pu pv
u® + v
Froy=| TP | em=] (L3)
puv pv® +p
u(E + p) v(E + p)
and the diffusive fluxes are defined by
0 0
Ta:z TZ
R(U) = , S(U) = ! (1.4)
Tay Tyy
UTpg + VTgy + —;’%g—; UTgy + VTyy + %g&

where p is the density, 7 = (u,v) is the velocity vector , E = pe = pe + %p(u2 + v?)
is the total energy per unit volume; p is the pressure of the fluid, with the equation of

state written, for a perfect gas, as :

p= (1~ 1)pe = (3~ Dole— oI VIP) (1

« is the ratio of specific heats ( y = 1.4 for air ) ; e denotes the specific internal energy

related to the temperature by :
1
e=CT=c—Z(UVIP) (16)

In the expression for the diffusive fluxes, 745 , Tsy and 7, are the components of

Cauchy’s viscous shear stress tensor, given by :

2/ Ou v 2/( 0v Ou du Ov
Taz = '37 (2£ - 55) o Tyy = g (23_1] == 55) y Tay = (—a; + B_m) (17)
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Finally R, = 3%“— and Pr = %ﬂ are the Reynolds and Prandtl (dimensionless)
numbers, respectively, where the subscript o stands for some appropriate reference

quantities.

1.3. Boundary conditions.

The flow is assumed to be uniform at the farfield boundary I'y, and we impose

coSQ 1
Poo = 11 ?oo = y Poo = (18)
sino vMZ,
which implies
1
T = 1.9
= DM )

where « is the angle of attack and M., denotes the free-stream Mach number.On the
wall boundary ', we assume the no-slip condition together with an inhomogeneous

Dirichlet condition on the temperature (isothermal wall):

U — ~1

‘_/')er = =0 i ﬂFB =Ty = (1 —+ :YTM;) Too (110)
v

while the density is free of any condition (determined by the continuity equation); these

conditions are enforced with the help of a strong formulation : for a vertex a; € I'g,

p; is computed by equalling to zero the mass flux through the cell boundary element

0C; NT'g, and we then impose 7,- = 6} and T; = T.

The total energy per unit of volume and the pressure on the wall are then given by :
e=C,Tg , p=(y—1ep (1.11)

2. Discretization with respect to space and time

2.1. Definitions.

Assuming that the computational domain 2, is polygonal and bounded in R?, we start
from an arbitrary FEM triangular grid 7, with the property that the intersection of
two triangles is either empty or consists of one common vertex or side.

As mentioned in the introduction, the discretization of the convective terms is per-

formed with the help of our two-step finite volume method of Lax-Friedrichs type (see
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[1],[2],[6] for a detailed description) inspired by the one-dimensional difference scheme
of Nessyahu and Tadmor [18].

The method is a two-step scheme defined with the help of two alternate, staggered
grids; for the first grid, the nodes are the vertices a¢; 1 < i < nv of the triangles
K € Ty, and the finite volume cells are the barycentric cells C; obtained by joining the
midpoints m;; of the sides originating at node a; to the centroids G;; of the triangles of
7T;, which meet at a; (fig.6.72). For the second grid the nodes are the midpoints m;; of
the sides, while the cells are the quadrilaterals Ly; = a;Gi;a;Gij41 ("diamond cells™)
obtained by joining two nodes a; , a; to the centroids of the two triangles of 75 of which

a;a; is a side. Let U} = Ufa;,t") and UjjT' = U(m;;, ™) denote the nodal (or cell

FIGURE 6.72. Barycentric cell C; around node a; and quadrilateral cell a;G;a;G; j11-

average) values in the first and second grid at time ¢ = t" and ¢ = ¢"+!, respectively (n
even).
For the barycentric cell C;, let 7} and 77} denote the unit outer normal vectors to Gi; M;
and M;;G; ;41 respectively, pointing out of cell C; (fig. 6.73), and for the quadrilateral
cell Ly, let 7it;;,. .., 7 be the normal vectors to the cell edges a;Gij, Gijaj, @;Gijt1
and G; j410, respectively, pointing out of cell L;; (fig. 6.73).

For the formulation of our finite volume generalization of the Lax-Friedrichs 1-

dimensional difference scheme, we must also define the elementary flux vectors, first

for the barycentric cell C; :

. = —_— )
g = | iy = Gyt + MgGugnil?y  (21)
Cij=Gi; Mi;UM:; G541
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FIGURE 6.73. Barycentric cell boundary element T';; = Gy M;; U

M;;G; ;41 and quadrilateral cell L;; with normals to the boundary

and similarly for the gquadrilateral cell L;;

o mmene e coie
0, = |a;Gyjlily + |aiGi ja |7 22)
> == == '
8 = la; G5l + |agGiga i
‘We write furthermore
vk nk.
gh=|""| fork=1,2 at=["9)fork=1,-- 4 (2.3)
vE nk.
9y 7Y
and
. Tijx — gij:c
=, = (2.4)
sy O:jy

The union of all these barycentric cells constitutes a partition of the domain 2, and
the same holds for quadrilateral cells:
nv ne
Qh:UGia QhZULk
=1 k=1
where nv and ne are the number of vertices and number of edges, respectively, of the

original finite element triangulation 7.

2.2. Approximation spaces.
Let 1; denote the characteristic function of cell C; and, for every edge I (1 <

k < ne), let xx be the characteristic function of the diamond cell L. In order to set



166

the appropriate frame for the discrete problem which will be solved to approximate the

solution of the original problem, we introduce the following discrete spaces ([15],[16]).
Vi = {vp|vy, € C°(Q),vp|7 € P, VT € Tp}
Wi, = {vplvn € L*(R),v]c, = vi = const; i=1,-- ,nv}
2, = {vp|vy is continuous at the edge midpoints; vi|r € P,,VT € T}
Uy = {unluy € L*(Q),vp]0, = vi = const; k=1,--- ,ne}

Any function f € V), is uniquely determined by its values f(a;) at the vertices, and if

we note (N;)™¥, the basis set of 1}, we have :

@)=Y fa)NX) X e
=1
There exists a natural bijection S between the spaces V;, and W), defined by :

Vieve , SU®E) =3 fladh(X)

i=1
and S can be viewed as a projcction operator from Vi, on Wh,.
Similarly, any function g € 2, is uniquely determined by its values g(m;;) where m;; is
the midpoint of edge a;a; ( or by the values g(mg) , 1 < k < ne, if we consider, instead,

a numbering of the edge midpoints ), and if (My)%e, is the basis set of Z, we have

g(X) = ig(mk)]\{k(?) e

k=1

There exists a natural bijection between spaces 2, and Uy, defined by :
Voez . Ble(X) =Y glmx(X)
k=1

2.3. A mixed finite volume/finite element method for the Navier-Stokes equa-
tions.

Mixed finite volume/finite element methods are constructed on the principle of a typical
Galerkin formulation, but where the convective terms are treated with a finite volume
method, while the viscous terms are handled with a finite element approach. This
allows for a reduction of the order of the viscous terms from two to one thanks to an
integration by parts.

In the mixed method considered here, the finite volume method is borrowed from earlier

work ([1]-[6]) on first and second-order accurate methods based on the use of two dual
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grids at alternate time steps, and extending to a 2-dimensional finite volume method
the non-oscillatory one-dimensional central difference scheme of Nessyahu and Tadmor
[18].

Since our finite volume method is a two-step algorithm using two dual grids, the com-
bined mixed finite volume/finite element method also involves two steps.

Starting from the discrete spaccs introduced above, we first write a general variational

formulation of (1.1):

Find U, € (V,)* (or (Z,)" at alternate steps ) such that

/ Qgi%dmw / Y . F(Us)ondedy = (2.5)
Qn t Qn
}%/ ? : ﬁ(Uh)gohd:z:dy for all @ € Vi(or2y)

e Y

Then a mixed finite volume/finite element approximation ([15]) is defined by using
different techniques to compute the left and right-hand side integrals in (2.5).
We now define the two steps of our mixed method; we use the above discrete spaces,
shape functions and dual grids at alternate time steps.
First step

In this step, starting from known barycentric cell values U = U(cellC;;t") (1 <
i < nw), we compute new values for the diamond cells UJt! = Ul(cellLy;; ™), (1 <
i,j < nv). Starting from U, € (Z;)* in (2.5), choosing for ¢, € Zj the shape function
M;; € 2, associated with the midpoint m;; of edge a;a; = l;;, and applying the operator

B to the left-hand side, leads to the definition of the first step:

[3 s oy + / V. F () dody = — M,V - R (U)dady
uppxi=Li;

ot Suppyi=Lij e J SuppM;;
(2.6)

where SuppM;; = T, UT (sce figs.6.73,6.74).

Second step

Starting from known diamond cell values U{;“, we compute barycentric cell values
UM?(1 < i < nw); starting from U, € (V,)* in (2.5), choosing for ¢, the shape

function N; € V, associated with node a;, and applying the operator S to the left-hand
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side, we obtain

[ 2 4 ¥ F O0ldrdy = - NV - R(Undedy  (27)
Suppyi=Ci

ot e J SuppN;

where SuppN; = Uy o7 T (sce fig.6.74).

Supp(N,) Supp(Y,)

FIGURE 6.74. Support of N;, M;, 9; and x;

Applying Green’s formula to the convective terms of (2.6),(2.7), and integration by
parts to the diffusive terms, we obtain
First step :

. 1
Uh iy + / RU,) fdo=—-= Y / R(Uy) - V MEdady
L; Ot OLij Re refrraz) T

13778y

(2.8)
1

/ Mijﬁ(Uh) : WdO'
Re 8{SuppM;;}

where ng denotes the (constant) gradient of M;; on triangle T
Second step :
1
/ @dxdw/ F(U) Hdo=—— 3 /ﬁ(Uh)-?Ndexdw
[&f] ac; T

6t € T,a;€T (2 9)

Rie I'»N8{SuppN;} Niﬁ(Uh) T
where —V_7)N,T denotes the (constant) gradient of N; on triangle T.
The boundary integrals in the right-hand sides of (2.8)-(2.9) vanish by the properties
of shape functions and the homogencous Dirichlet condition 7|PB =0, or they can be

neglected on I'y, since viscous effects can be neglected away from the body; observing
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that
8L;; = 0L, = |J {0LxN 0L} U{BLxNTp}U{8Ls NTc}
1K (k)
where we have relabelled ccll L;; as L and K(k) = {1,2,3,4} is a set of indices for
the 4 cells adjacent to L;;, and that

|J {9C:naC;}u{dC:iNTa}U{dC; NTx}
JEK (D)
we thus get

First time step :

oU, = oif =y
AR iy / HUAR?
/L ot i Z:: 8L:;NLy (Un) - nijdo

ij

+ FU) - 7 do
BL;jnFB

" F(U) -7l do
BL N o

— / R(Uy) - V ME dady (2.10)

Re Te[TY, T3]

Second time step :

aUhd dy+ Y / F(Us) - ) - v do (2.11)
i JEK(i
-+ ?(Uh) VY dO’
oC;n'g
+ F(U,) Rdo
ac {5 G
s / R(Uy) - V NTdzdy

eTaFT

where K(i) = {j: 1 < j < nv a; isa ncighbour of a;} , and 8C;; = 9C; N OC; =
Ly = [Gijymig) U [myy, G ]

For the normal vectors Vij to 0C;; and ﬁ),;j to OLy; see fig.6.73.

The computation of the convective term integrals in (2.10-2.11) is performed according
to the procedure used for our finite volume method ([2],[3], [6]); see section 2.4.

For the viscous fluxes in (2.10-2.11), we observe that the components of the stress tensor

and of ?Nf $ VMS are constant in each triangle.
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The average velocity vector on a triangle 7" is computed as
1 3
Ve=s >V
k=1,ar €T

and the viscous fluxes are approximated as follows: for the first step,

k
oM, OML

S /ﬁ (Un) - ?]\ITd:cdy_ ZArea [ (T) —21 g + S(TE)—=2- 5

Te[TL, T2 Yy
Tl (2.12)

and for the second step
T

/ ﬁ (Ur) - ?N dzdy = > Area(T (T)Q-J—V—) (2.13)

T,a; €T T,a; €T
where the values of R(T) and S(T") are constant on the triangle T, computed from the
average velocity vector T/')T.

For each triangle T € 7y, , if k,, ks and k3 are the nodes of T', we have

,

U(T) = %ZkieT Ui s 'U(T) = %Zk;eT Uk,
Toa(T) = Zk eT <2u/\ — — Uk, ag; )
(2.14)
Toy(T) = Lpier (U ( bk gy T Uk ag‘; )
s Tyy(T) . ;%ZkieT (Q'Ukigg_;t — Ug; %)
0
Tz T
R(T) = TialT) (2.15)
Twy(T)
(T 7o (T) + 0(T) 7y (T) + B Theer o6 ot
0
AT
S(T) = a(T) (2.16)
Tyy(T)

BN
U(T)Tfuy (I + U(T)Tyy(T) + 5 Pr Zk eT €k "3, -t
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2.4. Time discretization .

First step

In order to obtain the first step of our time discretization, we integrate equation (2.10)
on the 3-dimensional cell L;; x [t",{""], assuming we have obtained from the barycen-
tric cell average values U piccewise linear reconstructions, according to the MUSCL

technique [23],[24], given by

Un(@, 4, t")o, = Lilz,y,t") = UF + (@ —z) PP+ (y — )@Y (2,9) € G
(2.17)
For the integration with respect to time, in order to ensure ”nearly” second-order
accuracy (up to the treatment of the viscous terms), we adopt a ” quasi-midpoint
formula” time discretization, where the convective flux is computed at the intermediate
time ¢**¥ ( thus requiring the computation of predicted value Uy (z, y, t"+4) along OL;;
), while the viscous term in the R.H.S. of (2.10) is treated, in the integration with

respect to time, in a fully explicit Euler approach.

This leads to

tn+1 8 i 141 4
/ Us L dwdydt + / F(U) - iR dodt (2.18)
tn aL;;NOL,

Li; £
tn+1

/ F (U,) - nyydodt
oL; ﬂ]“B

/ B (Uh) - i dodt
OLi; Ml oo

1 tn+1

=—— /72 U) - ?MTda:dy

Re TI T2

tn+1

and thus, applying the divergence theorem fo the first integral and (for integration with
respect to time) the midpoint quadrature formula to the second integral, and the left

rectangular formula to the third and fourth integrals, we obtain

Ui(e,p,t™)dady - [ Ui, y,f“>d:cdy+AtZ o, R o

£ 8L:;NALy
(2.19)

ij

+ At FU - mido

8Li;NI'p

+ At / FUD) - ftdo
8Li;NT
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- / R(Up) - V MEdzdy

Te[T.l. T2]

At this stage, we will define the predicted values required for the convective flux bound-
ary integral of the left hand side.
Predictor (First step) :

On each side of the diamond cell L;;, using the Euler equations ( neglecting the viscous

terms ) we define a predicted vector

g At
Une” = Usgy — 5 (F'(Ug 0, B0 + G'(Ug 6,)QF ) (2.20)

where, using (2.17), the value of Ul along the side a;G;; of diamond cell L;; is taken

equal to

Lo, —w@r=Une,  (221)

1
Un(e,,t") & U + 5 (26, —5) PP + 5 (¥

The corrector can now be written, from (2.19)-(2.20), as

Corrector (First step)

Area(Ly)UR* { [ Gty + [ Ot )dmdy}

Li;NG;

(2.22)

4
+AtY / AUt addo +
BL:;NOL,

1=1

+ At ?(Uh) - ngdo

BL.'J' Nl

+ At / 7D -ﬁ?,;da
aL.,nr'

= / ﬁ up) - dxdy

Te[T1 TZ]

where the right hand side is computed according to (2.12)-(2.16). The integrals in the
left-hand-side of (2.22) are computed as follows:

{/ Uh(:z;,y,t“)dxdy—i—/ Uh(w,y,t”)d:z:dy} = (2.23)
Lij0C:

/Uh:x:y, Ydzdy = / (z,y,t")dzdy + L(z,y,t")dzdy
qncl

Li;0C;
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where

1 1
[ 2@y, )ddy = ArealTy N CHUT + 5 (@, =) 7+ 5(ms — QT
Li;0C; 3 3
(2.24)

1
+ 3Area(L’ NC){(ze,; — )P + (ya,; — 4:) Q7 }

1 n
-+ gAI‘GH.(ij N C,;){(il?(,'i'Hl = wz)P,n + (yCv'.',j+1 == y‘i)Qi }

with Lf; = triangle a,G;a; and Area(L; N C;) =
1 {(JJG” S~ m')(ym.-_,' = y,) — (yG == yi)(mm;j = l',,)} and Lf;j = triangle a,-G’,;Hlaj,
and Area‘(Ll N C =3 {(xm., zi)(yG-',j-}»l = yi) s (mGij-}-l . xi)(ymij — yi)}

1 1
[ £y t)dudy = Avea(T N CHU} + 3 (@mey = 2)B} + 5Ums ~ 41)Q5)
L;;0C;

(2.25)
= ;Area(L’ NC){(za,; — )P} + (yo,; — ¥57)Q5}
+ %Area(ij N C){(ZG. 01 — Ti)PF + Wi — ¥5)Q5
where Area(L]; N C;) = 5 {(ZTm; — ;) (Yay,; — ¥;) — (Ta,; — Y¥is — ¥}
and finally

At/ ?(U,;H-%) - nijdo
8L;;NOL,
o At/ {F(Uh(x,y, "2 n, + G(Un(z, y, t”+1/2))ny}da (2.26)
OLi;NOLy

where the intermediate time value Uy, (z,y,t"+%) is defined by the predictor (2.20).

We thus get for the convective flux

Z / FUMh . mldo (2.27)
8L:;NAL,

= F(ULTS Ik - 1a:Gul + FULIG] e - 0iGisnl
+F(U::é{,2) Nija -1a;Gisl + F(U +1/2,+1)an¢ la;Gi il
+ GUE DYy - |Gyl + GULTG, ndy - 1G]
+ Gl Il losGial + GULGS Indyy - 10iGigaal.
For the computation of the boundary flux integrals in (2.19), see section 2.6 on the

treatment of the boundary condition.
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Collecting the results obtained in (2.23-2.27) and (2.12-2.16) completes the description
of the first step.

Second step

To obtain the second step of the time discretization, we integrate (2.11) on the 3-
dimensional cell C; x [t"+!,1"+2], assuming we have obtained, from the diamond cell
average values UjJ" computed in the first time step, piecewise linear reconstructions,

given by
Un(z,y, t"“)],,,.j = L;(z,y, tn+1) = US’“ + (z - xij)PiTl + (¥ — v:;) Qi n+1 -(2.28)

Proceeding as for the first step, we obtain

Predictor (second step)

U’H'% = [ntl ___{Fl g:l;l )Pn+1+Gl( pntt )Qn+1 . (2.29)

Gijmij Gijmij Gijmij

where

1 n
5We; = Ym Q5 = Ugim,

1
s\lay; — $mij)Pi1;+1 + 2(
(2.30)

Un(a, 9 8) 2 UZH + 2

is an approximation of U(z,y,t"!) on the barycentric cell boundary element G;;m;;

Corrector (second step)

Area(C)UP*2 - 30 / U(z, y, ") dedy (2.31)
jek (i) ¥ GinLii
+ At Z / ?(U(x,y,t”“"a/z)-ﬂ{}da
jeK (i) Y 0CiN8C;=T;

+ At / ? rgl
8C;N'g
+ At / Fur) =
8C;: Ml
/ R(Ur+) - VNTda:dy

R, Ta.ET
2.5. Approximation of the slopes.
In order to compute the gradient (P, Q7) of the piecewise linear interpolant L(z,y,t")
for the cell C;, we must first compute the gradient of the first degree polynomials
Pr for all triangles T € T such that a; € T. Although we could then in principle
directly take the average of the gradients of the polynomials Pr, obtained as described
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at the beginning of section 4 in [2], we shall consider here a least-squares technique
(cf.[2],[25],[26]). For simplicity, we shall describe it for the case of triangular (finite
volume) cells. Note that the interpolation is performed on the physical variables.

Let T be a triangle with centroid G, and let T}, j = 1,2,3 be the neighbouring
triangles, with centroids G;(j = 1,...,3) (fig. 6.75); assume the values of the numerical
approximation of the solution U at the four points {G,G,}3., are known at time t7,

equal to Ug, UZ (j = 1,...,3) (these values can be considered as cell values playing

)

for the triangular cells T, T} the same role as U}, U} for the cells C;, L;;).

FIGURE 6.75. Computation of the least-squares gradient for a triangu-
lar cell T.

The least-squares gradient (gm)’} = (@7, b2) for triangle T will then be chosen

such as to minimize the functional

3 -—)
I1=3{Up+GG;- (grad U)2 — UL} (2.32)

=1

where
(grad U)g = (a7, b7)
The minimum is obtained when

ol oI
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and is shown in [25] to lead to the following least-squares gradient:

3 3
ar = Z ye; —ve)’ Y _(UF, — Ur)(za, — %a)
j=1 j=1

1 3 3
—; B z:l -'L'G, = :L‘G y(;J —Ya 2 = UT (:L'G .’EG) (234)
J= 1=
where the denominator
3 3
D =) (z¢, —%c)* Y (ye; — ¥a)* [Z za; —Za)(Ye; = yG)] (2.35)
j=1 =1 j=1

is strictly positive for any non-degenerated triangle.

For the barycentric cells C; or the quadrilateral cells L;;, the procedure is quite similar
to the one described above for triangular cells. Alternately, for a barycentric cell C;
with center a;, we could first compute the least squares gradient grad Ulr; = (a7, B%j)
of each neighbouring triangle T; (such that a; € Tj), and then take the cell gradient
grad U|q, = average{grad U|r,}, with a similar procedure for a quadrilateral cell L;;.
When considering flows for which the viscous terms are dominant ( small values of the

Reynolds number) the limitation procedure is generally not necessary.

2.6. Treatment of the boundary conditions.

The third term and the fourth term of (2.10) and (2.11) contain the physical boundary
conditions. These are represented by the vector U, which involves quantities that
depend on the interior value of U}, and quantities that are determined by the physical
boundary conditions.

Wall boundary I'p: the no-slip condition is taken into account using a strong formu-

lation so that we do not need to compute the corresponding boundary integral in the
third term of (2.10) and (2.11). We make a direct use of the expressions given by (1.10)
and (1.11).

Inflow and outflow boundaries ', ['z: at these boundaries, a precise set of compatible

exterior data which depend on the flow regime and the velocity direction, is to be
specified. For this purpose a plus-minus flux splitting is applied between exterior data
and interior values. More precisely, the boundary integral ( third term of (2.10) and

(2.11) ) is evaluated using a non-reflective version of the flux-splitting of Steger and
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Warming [27]:
f .7-'(2/{;,,, - H)idO' = .A+(Ui, 7,’00) & Uz' + A_(Ui, 7100) . Uoo (236)
B8C;MI e

where A is the flux Jacobian matrix 2W) 3 ok, + 2y and A, A~ are the
8U au au Yy

positive and negative parts of A, respectively.

3. Numerical experiments

3.1. Supersonic Navier-Stokes flow past a flat plate.

In order to assess the basic qualities of our method, we treated several typical test cases
of viscous flows, of which we will present two in this paper. We observe that the viscous
flows calculated here are confined to laminar (low Reynolds number) flow problems, as
is also the case in one of the reference papers we have used for comparison’s sake [30].
We first consider the classical test problem of the flow over a flat plate (fig.6.76) with
a Reynolds number R, = 1000, and Mach number M, at the farfield equal to 3. The

FIGURE 6.76. Supersonic flow over a flat plate, barycentric cells C; and

quadrilateral cells L;; with the initial grid

initial grid (1637 vertices) (fig.6.77) is adapted twice with the help of a grid adaptator
developed by Castro Diaz and Hecht at INRIA [28]-[29], resulting in a 1726-vertex final
grid (fig.6.78).

The results obtained with the initial grid (fig.6.77) are already valuable, as can be seen
from a comparison with those obtained in [19],[30],[31], where the same conditions have
been used.

In fact our initial results (1637 vertices) can sustain comparison with the final results
in [30] (6750 vertices); but the method used in [30] is based on mesh refinement only,

while ours also resorts to mesh adaptation.
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With the adapted final grid (1726 vertices), we observe (fig.6.78) a very clean capture
of the shock and the boundary layer.

The final grid also leads to a substantial improvement in the resolution of the pressure

coefficient Cp, = YT (fig. 6.79).

FIGURE 6.77. Initial mesh for the plate problem (1637 vertices) and

solution ( Mach contours)

FIGURE 6.78. Enriched mesh for the plate problem (1726 vertices) and

solution ( Mach contours)

AEBIDUAL
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Lol o w
O |

! | | | | | | | |
0 61 o2 03 6s 05 o8 07 ©s o8 D 7000 2000 3000 4000 5000 600G 700 OO0 RO 1000
x Harations

FIGURE 6.79. Flat plate problem. Pressure coefficient C, with initial

mesh and enriched mesh and residual for initial mesh
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3.2. Supersonic flow around a NACAQ0012 airfoil.

We consider a more complex flow around a NACAQ012 airfoil, with a farfield Mach
number of 2, angle of attack 10 degrees and a Reynolds number of 1000.This case was
also studied in [19].

A very thin detached shock is present. The starting mesh (2274 vertices,fig.6.81) is
adapted 3 times . The final mesh contains 7114 nodes (fig.6.82). We present the
corresponding Mach contours (figs.6.81,6.82) ; the initial contours, rather irregular,
are transformed into very smooth curves by the grid adaptation process. The extra
refinement has also led to a thin capture of the shock. Here again, the results obtained
for this test case can be favourably compared with those of reference [19]. In particular,
we have obtained a sensibly sharper shock capture and smoother Mach isolines, and a
very clean resolution of the boundary layer, with the corresponding detachment at the

trailing edge.

%

g
:

\0.,‘

=
S,

o,

FIGURE 6.80. Euler flow around a NACA 0012 airfoil. Original grid,

barycentric cells C; and quadrilateral cells L;
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D
R PAV

FIGURE 6.82. NACA0012 : Final mesh (7114 vertices) Mach contours
with enlarged details.

‘Proasre Casthsions, P

FIGURE 6.83. NACA 0012. Pressure coeficient C, with initial mesh

and enriched mesh

FIGURE 6.84. NACAOQ012 : Velocity field, trailing edge
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3.3. Supersonic Flow around an Ellipse.

We consider here the numerical simulation of the 2-dimensionl steady flow past an
ellipse (see fig.6.85) with farfield Mach number M, = 2, angle of attack of 0° degrees
and Reynolds number R, = 1000. Both the shock and the boundary layer are very
accurately represented. The Mach contours, already fairly regular with the initial grid,

become very smooth with the final grid. For comparison’s sake see e.g.[32].

FIGURE 6.87. Second adaptation (5934 vertices) and Mach contours

and Zoom of Mach contours for the final adaptation
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FIGURE 6.88. Ellipse : Velocity field, trailing edge

3.4. Supersonic flow past a double-ellipse.

For this problem inspired by ([33]), but with Mach number M,, = 2 instead of the

range of hypersonic Mach numbers considered there, and 20° of angle of attack, the

geometry is a double ellipse ; it can be defined by

¢ .
z<0 4
z2>0 (2
4 S

0 <Lz <0.016 j

\ \

)+ (58z)
_)2 =

250 (3%

0.035

z>0 z = 0.025

z<0 z = —0.015

=1

Although the results obtained with the initial grid (1558 vertices, fig.6.90) already

14
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FIGURE 6.89. Euler flow around a double ellipse.

barycentric cells C; and quadrilateral cells L;;
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Original grid,

give a reasonably good simulation of the bow shock and the boundary layer, the Mach

contours are not very smooth, and thus rather unsatisfactory. With the final grid (6399

vertices, fig.6.91), the capture of the shock is very sharp, with a good resolution of the

boundary layer, and smooth Mach contours.
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FIGURE 6.90. Euler flow around

vertices) and Mach contours

FIGURE 6.91. Euler flow around a double ellipse. Final grid (6399

vertices) and Mach contours

FIGURE 6.92. Double-ellipse (Hermes). Pressure coefficient C, with

initial mesh and enriched mesh
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4. Concluding remarks

Starting from the principle of mixed Finite Volume/Finite Element methods, we have
constructed a new method for the two-dimensional compressible Navier-Stokes equa-
tions, whose main component lies in our recent staggered grid central finite volume
method inspired from the one-dimensional Lax-Friedrichs and Nessyahu-Tadmor dif-
ference schemes.

The convective terms are treated according to our Finite Volume method, while the
viscous terms are computed with a typical Finite Element procedure. Piecewise lin-
ear MUSCL cell interpolants using least-squares gradients allow for an oscillation-free
quasi-second order resolution, thanks to a two-step time discretization and a predictor-
corrector approach.

From a theoretical viewpoint, L>®-weak convergence of the solution provided by our
Finite Volume method has been proved first for a linear hyperbolic equation [10], using
L>~-and weighted total variation estimates, and more recently, for a nonlinear scalar
hyperbolic equation [11], with the help of Young measures.

In this paper, we have concentrated on the presentation of the method, and its valida-
tion through a comparative study of four classical numerical test problems, where our
new method has shown excellent capabilities both for an accurate and oscillation-free,
sharp capture of shocks and boundary layer, and for the high quality of the boundary

layer resolution with an accurate simulation of the boundary layer detachment.
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Conclusion

Dans ce travail nous avons présenté une méthode de volumes finis pour les systémes
hyperboliques de lois de conservation, faisant appel & deux maillages emboités, utilisés
alternativement aux pas de temps pairs et impairs, de maniére & éviter, grace & une
généralisation & 2 dimensions spatiales du schéma décalé de Lax-Friedrichs, la résolution
exacte ou approximative des problémes de Riemann générés normalement, pour toute
méthode de type volumes finis, aux interfaces des cellules.

Dans un premier temps, nous avons présenté la généralisation, par Arminjon et
Viallon, du schéma aux différences uni-dimensionnel de Lax-Friedrichs, & ce systéme a
double maillage en formulation en volumes finis. Cette méthode a conduit & un schéma
aux volumes finis d’ordre 1, non oscillatoire, mais trop dissipatif.

Pour passer 4 une méthode d’ordre de précision 2, on a choisi, en s’inspirant d’un
article de Nessyahu et Tadmor décrivant une méthode aux différence finies en une
dimension spatiale d’ordre 2 grace & I’emploi d’interpolation de la solution, sur chaque
cellule, par une fonction linéaire par morceaux telle que proposée par van Leer (méthode
"MUSCL”), de procéder, dans chacune des cellules des deux types correspondant aux
deux maillages emboités, 4 une interpolation linéaire également de type MUSCL. Ici
encore le caractére non oscillatoire (préservation de la monotonie) a été assuré par
I'utilisation de limiteurs de pente de type minmod, & partir d’estimation des gradients
par une méthode de type moindres carrés.

La passage d’une formulation en différences finies en une dimension & une formu-
lation en volumes finis en deux dimensions a soulevé de nombreuses difficultés, et nous
avons d@ renoncer aux limiteurs utilisés par Nessyahu et Tadmor, et introduire un
générateur de maillage couplé & un dispositif d’adaptation du maillage, pour parvenir

3 une résolution quasi d’ordre deux et tout & fait non oscillatoire.
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Pour vérifier la qualité de cette méthode, nous avons choisi de la comparer
systématiquement, au cours d’une série de calculs tests typiques en aérodynamique, a
une méthode d’éléments finis discontinus récemment proposée par Jaffré et al. (INRIA,
France), qui repose sur le solveur de Riemann de Roe avec la correction entropique de
Dubois-Mehlmann.

Les résulats ont montré la qualité de notre méthode, qui a conduit & des ondes de
choc mieux captées, une préservation de monotonie beaucoup plus stricte, des conver-
gences plus rapides vers ’état stationnaire & calculer, et des temps de calcul nettement
inférieurs.

Dans la derniére partie de notre travail nous avons construit une extension de cette
méthode de volumes finis & une méthode mixte volumes finis/éléments finis pour les
équations de Navier-Stokes, en s’inspirant d’une construction de ce type par Rostand
et Stoufflet (Avions Marcel Dassault), dans laquelle la partie convective des equations
de Navier-Stokes est traitée 3 1’aide de notre méthode de volumes finis adaptée a cette
situation, et la partie diffusive (visqueuse) est évaluée a 1'aide d’une méthode d’éléments
finis (élément P1-Lagrange).

On a utilisé un systéme d’adaptation du maillage pour parvenir & une bonne capture
des ondes de choc et du décollement de la couche limite.

Les résultats, comparés & ceux notamment de Dervieux et co-auteurs, ont montré la
trés bonne compétitivité de notre méthode.

Nous avons récemment commencé & géneraliser la méthode Arminjon-Viallon a
des équations et systémes hyperboliques de conservation en 3 dimensions spatiales
(équations de convection, équations d’Euler) d’abord pour des maillages cartésiens et
plus récemment pour des maillages tétraédriques.

Si les qualités de la méthode en 2 dimensions se transmettent bien au cas tridimension-
nel nous espérons obtenir des résultats au moins comparables & ceux existant actuelle-

ment.
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ANNEXE 1
Expression des jacobiens et des matrices de passage

5. Expression des jacobiens

Les matrices A(U) et B(U) sont respectivement les jacobiens des flux F(U) et
G(U)
A(U) =F'(U)
B(U)=G'(U)

Rappelons que le systéme des équations d’Euler s’écrit
U,+A-U,+B-U,=0 (5.1)

Les matrices A et B sont données par

[ 0 1 0 0 |
= =1
723u2+72 v? (3 —7u Q1-7ywv -1
A= ,
—uv v u 0
-1
u(—yE + (y— 1) +v*) +E-— :)12—(3u2 +v?) 1—-7)uw qu
i 0 0 1 0 |
—uv v U 0
B =
-1 -3
72 u2+’72 v 1-7u (3—7v)v y-1
-1
v(—yE+(y-1)(*+?) (1—-7)uw vE- ¥ 5 (W43 qu
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6. Expression des matrices de passage

Soit A, la matrice caractéristique du systéme des équations d’Euler

D’aprés la proposition (1.1) du chapitre (1), A, est diagonalisable et il existe une
matrice inversible P, et une matrice diagonale A,, contenant les valeurs propres de A,,
telles que A, = P, A, P L.

Le calcul direct des valeurs propres de A, et des matrices P, et P, ! est fastidieux.
11 est plus simple de considérer les équations écrites dans les variables physiques (vecteur

R)

R.+A-R.+B-R,=0 (6.1)
(v p 0 0] (v 0 p 0]
1
|0 w0 = _|ow 00
R= ,A= p ’B= 1
- 0 0 u O 00 v -
P
p
| 0 v 0 u | 0 0 yvp v

Les équations (5.1) et (6.1) sont équivalentes et il existe une matrice inversible M

telleque A=M"'-A-M,et B=M"'-B-M




M=

(v-1)

-
1 0 0 0
= 1 0 0
p p
= 0 2 0
p p
u2 + 'U2
5 (1=7uv (I-7v v-1|
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La matrice A, = nlz + n2§ est reliée 3 A, par A, = M- Zn -M™1, Par conséquent

les valeurs propres de A,, et A, sont identiques. Les valeurs propres de A, sont
A (75 U) = nyu + ngv — ev/n? +n3
A(U) = A3(7;U) = nqu + nov
(7 U) = myu + ngv 4 e/n? +n2

Les transformations B, ; 13; ! qui diagonalisent A, sont

;uz

avec Ny, =

par

NEY R

Les matrices M - P, et

1 0 1 1
—%ﬁl —%ﬁg 0 %ﬁl
5l
e Vs (s
——n, -n; 0 —ng
pp p
c? 0 0 -2 |
n 2 Mo
Ng =

o~

U—Cﬁl
'U—Cﬁg

H — c(ufi; + viig)

VAL +n2'

P71. M~! diagonalisent A,, donc P, et P, sont données

—’U’ﬁg
'U’ﬁl

v(viy — ufly)

A ol Lo
2cnl 26”2 2¢?
=i Ps 0
v v
1
0 0 =
pu  Pu L
.‘ch1 2cn2 2c2

U+ cny
v + chy

H + c(ufi; + v1ig)
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-1 1, . - 1 1. 1 1=3 1.7
5 (bl + z(unl + ’Unz)) 5 ('—bzu - znl) § (—bz’U - Eng) b2
l (—'Uﬁl + U’ﬁz) —lﬁg l’ﬁl 0
v v v
1-— bl bz’ll: bzv -b2
L (oL ) (b m) 3(coortn) b
| 5\ Uny -+ Ung 2 pX m 2 2V L 2
2 2
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