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SOMMAIRE

Le premier article de cette thése vise & introduire la dynamique bicomplexe
en utilisant une généralisation commutative des nombres complexes appelée les
nombres bicomplexes. En particulier, nous donnons une généralisation de l’en-
semble de Mandelbrot et des ensembles de “Julia-rempli” en dimension trois et
quatre. Aussi, nous établissons que notre version de ’ensemble de Mandelbrot
établie avec des polynémes quadratiques en nombres bicomplexes de la forme
w? + ¢ est identiquement l’ensemble des points pour lesquels la généralisation
de 'ensemble de “Julia-rempli” est connexe. De plus, nous prouvons que notre
généralisation de ’ensemble de Mandelbrot de dimension quatre est connexe.

Dans le second article, nous utilisons aussi les nombres bicomplexes afin d'e
montrer que la sous-classe des applications holomorphes de C2, satisfaisant les
équations de Cauchy-Riemann complexifiées, a une constante de Bloch dans C2.
De plus, nous trouvons des estimations de cette constante lorsque les applica-
tions sont sur la boule unité et nous donnons un domaine spécifique de C? ou la
constante de Bloch a la méme valeur que la constante de Bloch classique d’une

variable complexe.
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INTRODUCTION AU CHAPITRE 1

En 1982, A. Norton 23] nous présente certains algorithmes simples pour la
génération et la représentation de formes fractales en 3-D. Pour la premiere fois,
l'itération de quaternions [19] apparait. Par la suite, certains résultats théoriques
ont été traités dans [13] pour I’ensemble de Mandelbrot quaternionique défini avec
le polynéme quadratique en quaternions de la forme g*+c. Cependant, dans [3], S.
Bedding and K. Briggs ont établi qu’il n’existe pas de dynamique intéressante avec
cette approche et qu’elle ne joue aucun role fondamental analogue & I’application
2% + ¢ pour le plan complexe. Nous notons qu’une autre définition de ’ensemble
de Mandelbrot pour les quaternions a été introduite par J. Holbrook dans [18].
Cette définition nous donne un ensemble de Mandelbrot qui n’est pas une tranche
de I’ensemble de Mandelbrot quaternionique défini avec le polynéme quadratique.

Dans ce premier article, nous utilisons une généralisation commutative des
nombres complexes appelés nombres bicomplexes ( [24], [25], [26], [28]) afin de
donner une nouvelle version de ’ensemble de Mandelbrot en dimension trois et
quatre. De plus, nous prouvons que notre généralisation en dimension quatre, no-
tée My, est un ensemble connexe. Aussi, nous définissons le concept d’ensemble
de “Julia-rempli” pour les nombres bicomplexes et nous prouvons qu'un point est
a Vintérieur de M, si et seulement si ’ensemble de “Julia-rempli” & ce point est
connexe. Ces deux résultats sont parfaitement analogues aux résultats correspon-

dants pour le plan complexe.



Notre généralisation de ’ensemble de Mandelbrot en dimension trois est éta-
blie & partir d’une tranche de Mj. Nous donnons aussi une représentation gra-
phique de notre ensemble, appelé le “tétrabrot”, dans R® et portons spécialement
notre attention sur les couches de divergence & I'infini pour approcher I’ensemble.
. De plus, nous donnons des représentations graphiques d’ ensembles de “Julia-
rempli” associés & des points sur le tétrabrot et nous notons que la forme de
certains ensembles de “Julia-rempli” sont le reflet de la forme du tétrablrot pres
des points correspondants. Cette caractéristique avait aussi été remarquée pour
I’ensemble de Mandelbrot dans le plan complexe.

Finalement, nous remarquons que le tétrabrot pourrait possiblement étre
non-connexe et nous établissons des hypothéses sur la géométrie de I’ensemble de

Mandelbrot pour lesquelles le tétrabrot serait non-connexe.



Chapitre 1

ARTICLE 1: “A GENERALIZED
MANDELBROT SET FOR BICOMPLEX
NUMBERS”

Article accepté pour publication dans la revue “Fractals”.!

1.1. INTRODUCTION

In 1982, A. Norton [23] gave some straightforward algorithms for the ge-
neration and display in 3-D of fractal shapes. For the first time, iteration with
quaternions [19] appeared. Subsequently, theoretical results have been treated in
[13] for the quaternionic Mandelbrot set defined with quadratic polynomial in
the quaternions of the form ¢® + c. However, in [3], S. Bedding and K. Briggs
established that there is no interesting dynamics for this approach and it does not
play any fundamental role analogous to that for the map 2% + ¢ in the complex
plane. We note that another definition of a Mandelbrot set for the quaternions
was introduced by J. Holbrook in [18]. This definition gives a Mandelbrot set in
R® which is not a slice of the quaternionic quadratic Mandelbrot set.

In this article, we use a commutative generalization of the complex numbers

called bicomplex numbers ( [24], [25], [26], [28]) to give a new version of the
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Mandelbrot set in dimensions three and four. Moreover, we prove that our ge-
neralization in dimension four, noted M, is a connected set. We also define the
concept of “filled-Julia” set for bicomplex numbers and we prove that a point is
inside M, if and only if the “filled-Julia” set at that point is connected. These
two results are perfectly analogous to the corresponding results in the complex
plane.

Our generalization of the Mandelbrot set in dimension three is established
from a slice of M. We also give a graphics representation of our set, called the
Tetrabrot, in R® and we especially focus our attention on the infinite divergence
layers to approach this set. Moreover, we give a graphics representation of the
associated “filled-Julia” set for points on the Tetrabrot and we note that shapes
of certain “filled-Julia” sets are reflected in the shape of the Tetrabrot near the
corresponding points. This feature had also been remarked for the Mandelbrot
set in the complex plane.

Finaly, we remark that the Tetrabrot could possibly be unconnected and we
establish hypotheses about the geometry of the Mandelbrot set for which the

Tetrabrot would be unconnected.

1.2. PRELIMINARIES

Here, we introduce some of the basic results of the theory of bicomplex num-
bers. First, we define bicomplex numbers as follows:
Cy: ={a+bip+cig+di:i® =14 =—1,72 =1and iy = jip = ~i1,91] =
Ji1 = —ig, 98] = 119y = j} where a,b,c,d € R. In this article, the norm used on
C, is the Euclidean norm (also noted | |) of R?.

We remark that we can write a bicomplex number a + bi; + cio + dj as

(a+bi1)+ (c+diy)ia = 21 + 2900 Where 21,20 € Cy : = {z+yiy: i1 = —1}. Thus,



C, can be veiwed as the complexification of the usual complex numbers C; and
a bicomplex number can be seen as an element of C?. Moreover, the norm of the
bicomplex number is the same as the norm of the associated element (z1,z) of
C?. It is easy to see [24] that C, is a commutative unitary ring with the following

characterization for the noninvertible elements:

Proposition 1. Let w = a + biy + cip + dj € C,. Then w is noninvertible iff
(a=—dandb=c) or (a=d and b= —c) iff z1* + 2* = 0.

It is also important to know that every bicomplex number z; + 2275 has the

following unique idempotent representation:
21+ 227:2 = (21 - 227;1)61 + (21 -+ ZQ’il)eQ

where e; = 1—;’:—’— and ey, = 1—;—3—
This representation is very useful because: addition, multiplication and di-
vision can be done term-by-term. Also, an element will be noninvertible iff z; —

2917 = 0 or z; + 2247 = 0. The next definition will be useful to construct a natural
“disc” in C,.
Definition 1. We say that X C C, is a Cy-cartesian set determined by X, and

Xo if X = X1 xe Xo: = {21+ 2002 € Cy : 21 + 2002 = wie1 + ey, (W1, ws) €
X1 X XQ}

In [24] it is shown that if X; and X, are domains of C; then X; x. X is also
a domain of C,. Then, a manner to construct a natural “disc” in C, is to take
the Cy-cartesian product of two discs in C;. Hence, we define the natural “disc”
of C, as follows [24]: D(0,7) : = BY(0,7) X, B*(0,7) = {z1 + 2202 : 21 + 290y =
wyey + Woey, |wi| < 7, |we| < r} where B™(0,7) is the open ball of Cf = C* with

radius r.



1.3. THE GENERALIZED MANDELBROT SET

In this section, we want to give a version of the Mandelbrot set for the
bicomplex numbers. First, we recall the definition of the Mandelbrot set for the

complex plane:

Definition 2. Let P,(z) = 2% + ¢ where z,c € C and P, : = (Pco(””l) o P.)(z).
Then the Mandelbrot set is defined as follows: M = {c € C: P{"(0) is bounded Vn €
N}. When we take z,c € Cy, we denote the Mandelbrot set by M.

Figure 1 gives an illustration of the Mandelbrot set with some of its “filled-
Julia” sets. In fact, our figure is a rotation by 90° of the original Mandelbrot set.
This rotation will give a better vantage point when we shall work on our version of
the Mandelbrot set in R®. Also, the colours around the Mandelbrot set have been
determined by the number of iterations needed before |P™(0)] > 2. This is well
justified by the fact that the Mandelbrot set can also be characterized as follows:
M = {ce C:|P™0)| <2Vn e N} [7]. Then, the colours give information about
the manner in which the algorithm for the Mandelbrot set diverges to infinity.
This information will be almost the only possible one to approach our version of
the Mandelbrot set in dimension three.

We also recall the following beautiful property of the Mandelbrot set [10]:

Theorem 1 (Douady and Hubard, 1982). The Mandelbrot set M is connec-
ted.



Now, to give a version of the Mandelbrot set for the bicomplex numbers we
have only to reproduce the algorithm of Definition 2 for the bicomplex numbers.

This is the next definition.

Definition 3. Let P,(w) = w? + ¢ where w,c € C; and Py™(w) : = (Pf(”"l) o
P.)(w). Then the generalized Mandelbrot set for bicomplez numbers 1s defined as
follows: My = {c € Cy : P°™(0) 1s bounded ¥n € N}.

The next lemma is a characterization of My using only M;. This lemma will

be useful to prove that M, is also a connected set.
Lemma 1. M, = M; x. M;.

Proof. First, we prove that My C M; x, M. Let ¢ € C; such that P."(0)
is bounded Vn € N. We have

Pc(’LU) = ’lU2 +c= [(Zl — Zg‘il)z -+ (Cl - c2i1)]61 -+ [(Z1 -+ 22’1':1)2 -+ (Cl -+ 627;1)]62
where w = (2, — zy11)e;1 + (21 + 2011 )€s and ¢ = (c1 — cotr)er + (c1 + cot1)es. Then,

Pé’"(w) = po" (21 — Zgi1)61 + P (21 -+ Zzil)eg.

c1—c211 c1+ceail

By hypothesis,

P0) = P, . (0)ey + P.7 i (0)es is bounded Vn € N.

c1—Cc2ty c1tcziy

Hence, P°" . (0) and P2, . (0) are also bounded Vn € N. Then ¢ — ¢y,

c1—coiy c1-+coiy
1 + coip € My and ¢ = (1 — coty)er + (¢1 + cotr)es € My X M.

Conversely, if we take ¢ € M; X, M, we have ¢ = (¢ — cai1)er + (1 +cair)en
with ¢; — caty, €1+ coiy € M. Hence, PS" , (0) and P2, (0) are also bounded

Vn € N. Then P°™(0) is bounded Vn € N, that is c € My. O

Theorem 2. The generalized Mandelbrot set My is connected.



Proof. Define a mapping e as follows:
C? :—‘Cl X(Cl ——S—)Cl Xecl :CZ

(wl, ’u)z) 3 W1€1 + Wols.

The mapping e is clearly a homeomorphism. Then, if X; and X, are connected
subsets of C; we have that e(X; x X3) = X; X, X3 is also connected. Now, by
Lemma 1, My = M; X, M;. Moreover, by Theorem 1, M; is connected. It
follows, if we let X; = X, = M, that M, is connected.O]

1.4. THE TETRABROT

In the previous section, we established a version of the Mandelbrot set in
dimension four. Now, we want to give a version of the Mandelbrot set in dimension
three using the definition for Mj. The idea here is to preserve the Mandelbrot set
inside M. Then, if we restict the algorithm to the points of the form a -+ bi; +ciy
where a,b, ¢ € R, we preserve the Mandelbrot set on two perpendicular complex
planes and we stay in R®. This is the first argument to justify the following

definition.

Definition 4. The “Tetrabrot” is defined as follows: T = {c = ¢; + c2i2 € C;
Im(cy) =0 and P2™(0) is bounded ¥n € N}.

We wish to give an illustration of the Tetrabrot in R®. The next result will

give a manner to approach the Tetrabrot with the Euclidian norm in R*.

Theorem 3. M, C D(0,2) C B2(0,2) where D(0,2) = B(0,2) x. B1(0,2).

Moreover, the radius 2 is the best possible in each case.

Proof. By Lemma 1, M, = M; x, M;. Moreover, D(0,2) = B1(0,2) x,

B1(0,2) and M; C B'(0,2) with a point of M; which touches the boundary of



this disc [7]. Then, M, C D(0,2) and the radius 2 is the best possible. Finaly, it
is proven in [24] that D(0,2) C B2(0,2) with points of D(0, 2) which touche the

boundary of B%(0,2).0

Then, it is possible to compute the infinite divergence layers of the Tetrabrot
from the number of iterations needed to have |P"(0)| > 2. We have to remark
here that each divergence layer will hide the others. For example, Fig. 2 is an
illustration for the Tetrabrot of one of its divergence layers in correspondence
with the divergence layer illustrated in Fig. 1.A for the Mandelbrot set. In fact,
the Tetrabrot is inside Fig. 2. It is possible to see a part of the Tetrabrot (see Fig.
3) if we cut a piece of Fig. 2. In Fig. 3, the colours are an illustration of the other
divergence layers. It is also possible to compute others divergence layers (see Figs.
4,5 ,6 and 7). Figure 7 begins to be close to the set that we wish to approach;
then Fig. 7 with its cut plane gives certainly a good idea of the Tetrabrot.

1P

To define the Tetrabrot, we have put the last coordinate in “;” equal to zero.
In fact it is possible to do the same things if we fix the last coordinate equal to
a number different from zero. However, if we do that, we lose the beautiful sym-
metry of the Tetrabrot. Figures 8 and 9 gives an illustration of this phenomenon
for two different fixed “dj” with d # 0.

An interesting exploration of the Tetrabrot is now possible. For example
Figure 10 is an enlargement of Fig. 7.A. It is also possible to be more specific. For
example, Fig. 14 is an enlargement of 10.A and Figs. 11 and 12 are an enlargement
of deep zones above the zone of Fig 7.A. Also, Fig. 13 is an enlargement of Fig
7.B. The colour in the background of Fig. 14 has been added to give a better
3-dimensional view. Each figure has been illustrated with a selected divergence
layer and striations have been added to give an illustration of the “level curves”

of each figure.
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1.5. THE GENERALIZED “FILLED-JULIA” SET

It is now interesting to see what happens with the Julia set. First, we recall

the definition of the “filled Julia” set in the complex plane:
Definition 5. The “filled-Julia” set is defined as follows: (¢ € C)

K.={z € C: P"(z) is bounded Vn € N}.
Moreover, the Julia set J,: = 0K..

We recall also the following beautiful relationship between the Mandelbrot

set and the “filled-Julia” set:
Theorem 4. ¢ € M < K, is connected.
It is possible to generalize the “filled-Julia” set for bicomplex numbers:

Definition 6. The generalized “filled-Julia” set for bicomplex numbers is defined
as follows: (c € Cy)

Koo = {w € Cy : P,"(w) is bounded Vn € N}.

The next lemma gives a charaterization of the “filled-Julia” set for bicomplex
numbers in terms of the “filled-Julia” set for the complex plane. This lemma will

be useful to give an analogue of Theorem 4 for the bicomplex numbers.
Lemma 2. Kz = Ka (¢;—cpir)er+(crteri)es = Ker—cpin Xe Kepteais -

Proof. The proof is along the same lines as the proof of the Lemma 1.0
Theorem 5. ¢ € My & Ky is connected.

Proof. By Lemma 2, we know that Ko, = K¢ —cpi; Xe Keytenin- Als0, by the
homeomorphism in the proof of Theorem 2, K¢, _cyi; Xe K¢tepi, 15 connected if

and only if ICp, —cyi; X K¢yteyi, 18 connected. Then, K¢, _cyi; Xe Kejteqip 1S connected
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if and only if K¢ _cpi; and K, icpi, are connected. Hence, by Theorem 4, Ky is
connected if and only if ¢; — cpiq, ¢1 + o8y € M. Therefore, by Lemma 1, Ky is

connected if and only if ¢ = (¢; — co11)er + (¢1 + c2it)es € Mo

1.6. THE “FILLED-JULIA” SET FOR THE TETRABROT

The same process as for the Tetrabrot yields a version of the “filled-Julia” set

in R®. We define the “filled-Julia” set for the Tetrabrot.

Definition 7. The associated “filled-Julia” set for the Tetrabrot is defined as fol-
lows: (c € Cy)

Lo ={w=w; +waiz € C : Im(wy) =0 and P,"(w) is bounded ¥n € N}.

Figure 15 is an illustration of the “filled-Julia” set for the Tetrabrot at the
same point ¢ = —1.754878 as the “filled-Julia” set B of Fig. 1. Hence, Fig. 15
is a kind of generalization of the “filled-Julia” set K. in the complex plane. In
the same manner, Figure 16 is the generalization of Fig. 1.C, and Fig. 17 the

generalization of Fig. 1.D.

In [7], L. Carleson and T. W. Gamelin have remarked this interesting fact:
“One striking feature of M is that shapes of certain of the Julia sets J. in dynamic
space (z-space) are reflected in the shape (c-shape).”. For the Tetrabrot, we seem
to have something similar. For example, Fig. 18 is Fig. 17 with the same kind of
cut as for the Tetrabrot in Fig. 7. Hence we see that inside Fig. 17 we have the
same shape as inside the Tetrabrot near the point ¢ = 0, 25. It is also possible to
see the same phenomenon with the “filled-Julia” set of Fig. 16. This phenomenon
has been illustrated in Fig. 19 where we have put together the border of the
Tetrabrot and the associated “filled-Julia” set at the point ¢ = —1.16 — 0.25¢; on
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the border. We see clearly that this “filled-Julia” set imitates the border of the
Tetrabrot.

Finaly, in Figs. 20, 21, 22 and 23 we show the “filled-Julia” set at ¢ = 7; for dif-
ferent infinite divergence layers. We remark that Fig. 23 is a good approximation

of this set and an interesting generalization of Fig. 1.E.

1.7. CONJECTURE

We have proved in Sec. 3 that My is a connected set. It is natural to ask
whether the Tetrabrot is also connected. Until now, the exploration of the Te-
trabrot seems to confirm that the Tetrabrot is connected. However, if we enlarge
Fig. 7 in the centre of the Tetrtabrot above the zone B, we notice (see Fig. 24.A)
that there is a piece which seems to be disconnected from the main figure (Fig.
25 focuses on this piece). Because we work with divergence layers and a computa-
tional approximation, we are far from knowing if the piece is really unconnected
or if there is point inside the piece which is also inside the Tetrabrot. However

this is enough to formulate a conjecture:
Conjecture 1. The Tetrabrot is unconnected.

It is possible to translate the conjecture into a question about the geometry
of the Mandelbrot set. For this, we need to prove the following lemma which is

itself of interest:

Lemma 3. The Tetrabrot can be characterized as follows:

T= U {{Mi—yis) 0 (M +yir)] + yio}

yE[~m,m]

where m : = sup{q € R: 3p € R such that p + qi, € M1}.
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Proof. By definition,
T = {c=c; + ciy € Cy : Im(cy) = 0 and P."(0) is bounded Vn € N}.

Let ¢ = (c1 — coiy)er + (€1 + coir)es with ¢ = c11 + ci281 and ¢ = ca1 + 2ty
where c¢i1, ¢12,¢21,¢0 € R. Now, if Im(cz) = 0, we have ¢; = ¢ + 073 and
therefore, ¢ = (c; — co1)e; + (1 + ct1)es whenever Im(cp) = 0. Hence 7 =
{(c; — cartr)er + (c1 + coriy)ez + PI™(0) is bounded Vn € N} = {(c1 — cariy)er +
(c1 +coir)er : P2, (0) and P57 . (0) are bounded ¥n € N}.To continue the

proof, we need to remark the following fact: Vz € C;,
{c€ C, : P27,(0) is bounded ¥n € N} = M, — z.

By definition, PJ" . ; (0) and P;% ., ; (0) are bounded Vn € N if and only
if ¢ — o191, €1 + Co1t1 € My, and by the remark, it is also if and only if ¢; €
(M) — ca1%1) N (M + ca1iy). Hence, if we express (c; — cart1)er + (€1 + car)er =

€1 + Co1ig = €11 + C1281 + Co119, the Tetrabrot can be characterized as follows:
T = {Cn + c12t1 + Co1l9 : C11 + Cioty € (Ml - Czlil) N (M1 -+ (321’1:1)}

= [ J{IM1 = yir) 0 (My + yir)] + wia}.

yeR
It is possible to be more precise with the last expression. In fact,

= U {{(M1 = yiz) N (M + yin)] + yiz}
y€[-m,m]
because (M; — yi;) N (M + yi;) = 0 whenever y € [—m, m|°. This comes from
the fact that M; C {z € C; : [Im(2)| < m}.

Moreover, (M;—yi;)N(Mi+yiy) # 0 Vy € [=m, m]. To see this, we just have
to prove that Ey, : = {c¢ = ¢11+0i1+yis : P"(0) is bounded Vn € N} is nonempty
Vy € [~m,m] because E, C {c = c11 + c1281 + ca1%2 : P{™(0) is bounded Vn €
N} = {c11 + cio81 + Corfig 1 €11 + Cr2t1 € (My = ¢2101) N (Mg + ¢9101) }. In fact, the
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set E, is the algorithm for the Mandelbrot set iterates, with the imaginary part
in “45” fixed at y. By the compactness and the symmetry of the Mandelbrot set
My, there must exist z,, such that z,, — mis, Tm, +miz € Ep,. Therefore, because

M is connected, we must have E, # 0 Vy € [-m,m).

Theorem 6. Let

Ry : = R(—1.3939 + 0.0848i;; — 1.3893 + 0.0803i,),

L: = R(—1.3939 + 0.0803i;; — 1.3939 + 0.07281,),

Ry : = R(—1.3939 + 0.0728i;; — 1.3893 -+ 0.0683i1),

L3 : = R(—1.3939 + 0.13047;; — 1.3893 + 0.13041,),
Ly: = R(—1.3939 + 0.12597;; — 1.3893 + 0.1259i,),
Ls: = R(—1.3893 + 0.13044,; — 1.3893 + 0.12591,),
Lg: = R(—1.3939 + 0.1304¢;; — 1.3939 + 0.125%, ),

where
4

R(a+biy, ctdir) . = {a1(a+biy)+ag(c+bir)+as(at+di)+oy(ctdiy)| Z a =1, oy > 1}
B=1

If
Fi: =R ULUR,

and

Fz! =L3UL4UL5

are disjoint from the Mandelbrot set and,

zy : = —1.391816306 + 0.1294729591,
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and

zy : = —1.392873019 + 0.077172405¢,

are inside the Mandelbrot set, then the Tetrabrot is unconnected.

Proof. The goal of the proof is to construct, from the hypothesis about the
Mandelbrot set, a box where the algorithm for the Tetrabrot diverges with, inside
the box, a point where the algorithm converges. The box that we want to construct
is a box around the piece of Fig. 25. Also, to understand better with which zones
we work, Fig. 26.A gives an indication where the zones of the hypothesis are on
the Mandelbrot set (Figs. 27, 28 and 29 are enlargements of Fig. 26.A where the
specific sets Fy, Fy, 2z} and 25 are illustrated).

The “box of divergence” is constructed as follows: let y; : = 0.0228 and
Yo © = 0.0288,

B;: = R; + y;ty — ysio for i=1,2,
B,: = U (L; — yi1 — yip) for i=3,...,6.
vE[y1,y2]
Each “B,” is a side of the box; then the “box of divergence” is B : = sz B;.

First, we have to confirm that each “B;” is a set where the alglg;ithm for
the Tetrabrot diverges. This is possible with Lemma 3 and the assumption that
F, U F; is not in the Mandelbrot set.

For By, by Lemma 3, we just need to prove that:

This is clear because if By N ([(M1—y111)N(Mi+y1i1)] —yit2) # 0, we obtain that
there exists z; € Ry such that z; + y14; € [(M1 — y111) N (M1 + 11%1)]. However,
this is impossible because if z; + y1i; € M + y1i; we obtain that 2; € M; and
this contradicts the hypothesis.
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A similar proof is possible for By. The cases of B3, B, and Bj; are also along

the same lines. For example:
B3 N ([((M1 = yir) N (M +yir)] — yiz) = 0 Vy € [y1,y2),

because if it is not true, there must exist y € [y1,2] and z3 € L3 such that
z3 — yip € [(My — yi1) N (M; + yiq)]. However, this is impossible because if
23 — yi, € M —yi; we obtain that 23 € M; and this contradicts the hypothesis.
For Bg, the same argument is possible if we remark that Ls — yi; C Fy + yi
Yy € [y1, Y2

Now, we have to confirm that each B; is on the same box. For this, we will

just remark the following fact:
L; — ypiy — yria C By = R + ygis — ygte Vi =3, ...,6 and Vk = 1,2

because L;—yii1y C Rp+yriy Vi = 3,...6 and Vk = 1, 2. Then each B;, fori = 3, ...6,
touches B; and By at their extremity. To be more specific and to confirm that
the B; form a box, we have to check directely with the exact coordinates given
in the hypothesis of the theorem.

Finally, we have to prove, with the assumptions of the theorem, that there is
a point inside the box B for which the algorithm for the Tetrabrot converges. For
this, we remark that 23 is between R; and Ry. Moreover, Re(z}) > Re(23); then we
must have in theset A : = {z+yi; € C; : z = Re(z}) and 0.0728 < y < 0.0803} a
point z* € M. If not, by hypothesis, the Mandelbrot set would not be connected
because z; would be separated from 2} by Fy U A since (Fy UA)NM; =0.

Now, let

o = mies) = Im(e)

where 2}, 2* € M;. We note that z} —y*i; = z*+y*i; and y* € [-1,1] C [-m,m].

Then by Lemma 3, 27 —y*i; —y*is € T because 2 —y*t1 —y*is = 2" +y* 1 —y*is €



17

[(My — y*iy) N (My + y*i1)] — y*ip C T. Moreover, 2 — y*i — Y"1z is inside the
“box of divergence” because y; < y* < yo and 2z} is inside the rectangle formed

by Lg UL4UL5UL5.D
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1.8. CONCLUSION

The last theorem is a good indication that the conjecture is true because the
hypothesis about the Mandelbrot set can be approximately confirmed by compu-
ters with a high level of precision. To confirm that the conjecture is true, we have
two choices: to demonstrate theoretically the hypothesis about the geometry of
the Mandelbrot set or to prove more directly that the Tetrabrot is unconnected.
If the conjecture is proven to be true, a new question could be to know the cardi-
nality of the family of the connected components. Also, it could be interesting to
know whether the “filled-Julia” set associated with points on an unconnected piece
of the Tetrabrot have some specific proporties such as to be also unconnected.
Finaly, another pertinent question could be to know the local fractal dimension

of the boundary of the Tetrabrot.
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INTRODUCTION AU CHAPITRE 2

Depuis la confirmation de la conjecture de Bieberbach par de Branges, un des
plus remarquable probléme ouvert en analyse complexe est de trouver la valeur

exacte de la constante de Bloch.

Soit H(B) la classe de fonctions w = f(z) holomorphes dans le disque unité
B = {7 € C: 2| <1}. En 1925, Bloch [4] prouve le fameux théoréme qui porte

sSOon nom:

Théoréme 1.8.1 (Bloch). Il existe une constante positive b tel que si f € H(B)
et f'(0) # 0, alors f applique un certain sous-domaine de B de fagon biholo-

morphe & un disque de rayon b - |f'(0)].

Un tel disque est appelé un disque univalent pour f. La constante de Bloch

peut étre décrite comme:

B =inf{B; : f € H(B) avec f'(0) =1},
ol B; = sup{b: f(B) contient un disque univalent de rayon b}. Dans ce deuxiéme
article, nous introduisons d’autres classes d’applications et nous en trouvons une

qui est exactement égale & la constante de Bloch classique f.

Les estimations supérieures et inférieures suivantes pour [ ont été trouvées

par Lars Ahlfors et Grunsky [2] et Ahlfors [1]:

<< TOAT@Y o

043 = T(1/4)(1 + v/3)2

V3
4
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La conjecture actuelle est que la valeur correcte de (5 est précisément cette
borne supérieure. Récemment, sur la base du travail de Bonk [6] et du lemme de
Schwarz-Pick, Chen Huaihui et P. M. Gauthier [8] ont amélioré la borne inférieure,

pour la constante de Bloch, de la maniére suivante:

-—?4—2-10“@&.

Passant & plusieurs variables complexes, une application holomorphe f d’un
domaine de C* dans C" est dite non-dégénérée si detJ; n’est pas identiquement
zéro sur le domaine. Soit B™, la boule unité dans C"*. Une application f non-
dégénérée de B™ dans C" est dite normalisée si detJr(0) = 1, ot 0 dénote l'origine
dans C". Pour un tel f, nous dénotons par §; le suprémum des valeurs b tel que
Iimage f(B™) contient une boule univalente de rayon b.

Si nous fixons K > 0 et considérons 1'application holomorphe f : C* — C?

qui est défini par:

flz,22) = (Zl/\/k_, \/I?zz).

Alors, f est normalisée mais §; = 1/ VK. Puisque K peut étre choisi arbitraire-
ment grand, nous voyons qu’il n’existe pas de théoréme de Bloch pour les appli-
cations holomorphes, lorsque n > 1.

On pourrait argumenter que la correcte généralisation de la normalisation
“f'(0) = 1”7 exemples d’applications holomorphes f, avec cette normalisation
plus forte J¢(0) = I (I étant 'application identitée) et pour lesquels f; est
arbitrairement petit. Un des résultats de cet article est de montrer que dans le
cas de C?, la normalisation plus forte est correcte si 'application f satisfait aux

équations de Cauchy-Riemann complexifiées.
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Ainsi, nous voyons que pour n > 1 nous avons besoin de restreindre la
classe des applications & une sous-classe plus spécifique pour obtenir un théo-
réme de Bloch. Une des sous-classes bien connue, est la classe des applications

K-quasiréguliéres. Pour n > 1, dénotons par | | la norme usuelle dans C”.

Définition 1.8.1 (Wu). Soit B" la boule unité ouverte de C* et soit F : B™ —
C" une famille d’applications holomorphes. Nous disons que F est K -quasiréguliére
si et seulement i il eTiste une constante K tel que, pour chaque f = (f1,..., fa)

de F,

. < K|det J7(2)|''", pour o =1,...,n et Vz € B".

laf (2)

Pour une telle classe d’applications, il est possible de trouver un théoréme de

Bloch dans C*. Wu a trouvé une magnifique preuve de ceci dans [33]:

Théoréme 1.8.2 (Wu, 1967). Soit F : B* — C* une classe d’applications
holomorphes et K -quasiréguliéres tel que |detJr(0)|=1 pour tout f € F. Alors, il
eziste une constante positive c tel que toutes f € F possédent une boule univalente

de rayon c.

Comme Wu le remarqua, ce résultat s’obtient aussi du travail de Bochner
[5] en 1946. Il est aussi possible de trouver des estimations inférieures pour la
constante de Bloch pour cette classe d’applications dans [9], [29] et [32] en adap-
tant correctement les définitions. Nous notons aussi que les estimations dépendent

du K de la quasirégularité.

Dans cet article, nous utilisons une généralisation commutative des nombres
complexes appelée nombres bicomplexes ([24], [28] et [26]) pour trouver une
autre sous-classe d’applications qui ont une constante de Bloch dans C?. De plus,

nous trouvons les estimations: % < § < /28 pour cette constante de Bloch 6,
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lorsque nos applications sont sur la boule unité, et nous trouvons un domaine
spécifique de C? ou la constante de Bloch a la méme valeur que la constante de
Bloch d’une variable. Finalement nous montrons que cette classe d’applications

ne dépend pas de la quasirégularité.



Chapitre 2

ARTICLE 2: “A BLOCH CONSTANT FOR
HYPERHOLOMORPHIC FUNCTIONS”

Article accepté pour publication dans la revue “Compler Variables”.}

2.1. INTRODUCTION

Since confirmation of the Bieberbach conjecture by de Branges, perhaps the
outstanding open problem in complex analysis is that of finding the exact value

of the Bloch constant.

Let H(B) be the class of functions w = f(z) holomorphic in the unit disc
B ={z¢€C:|z| <1}. In 1925, Bloch [4] proved the famous theorem which bears

his name:

Theorem 7 (Bloch). There exists a positive constant b such that if f € H(B)
and f'(0) # 0, then f maps some subdomain of B biholomorphically onto a disc
of radius b - | f'(0)].

Such a disc is called a univalent disc for f. The Bloch constant may be

described as:
B =inf{B;: f € H(B) with f'(0) =1}

1. Recherche supportée par le FCAR Québec.
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where ; = sup{b : f(B) contains a univalent disc of radius b}. In this paper,
we introduce Bloch constants for other classes of mappings and find one which is

precisely equal to the classical Bloch constant 5.

The following upper and lower estimates for 5 were found by Lars Ahlfors
and Grunsky [2] and Ahlfors [1]:

043... = V3 < 5 LA/3IQ1/12)

4 T(1/4)(1 + /3)1/2

It is conjectured that the correct value of 3 is precisely this upper bound. Recently,

=047---.

on the basis of Bonk’s work [6] and the Schwarz-Pick lemma, Chen Huaihui and
P. M. Gauthier [8] improved the lower bound for Bloch’s constant further as
follows:

V3

~Z 42107 < 6.
4 + <5

Passing to several complex variables, a holomorphic mapping f from a domain
in C"* into C" is said to be nondegenerate if détj ¢ is not identically zero on the
domain. Let B™ denote the open unit ball in C*. A nondegenerate mapping f
from B™ into C" is said to be normalized if detJ(0) = 1, where 0 denotes the
origin in C*. For such f we denote by f; the supremum of values b such that the
image f(B") contains a univalent ball of radius b.

If we fix K > 0 and consider the holomorphic mapping f : C2 — C? defined
by

Flz1, 22) = (2 /VK VK 2),

then, f is normalized but §; =1/ VK. Since K can be chosen arbitrarily large,
we see that there is no Bloch theorem for general holomorphic mappings, when
n > 1.

One might argue that the correct generalization of the normalization “f’(0) =

1" to several variables is not “detJ¢(0) = 1”. However, there are also examples
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of holomorphic mappings f, with the stronger normalization J;(0) = I (I is the
identity mapping) and for which f; is arbitrarily small. One of the results of this
article is to show that in the case of C? the stronger normalization is correct, if
the mapping f satisfies the complexified Cauchy-Riemann equations.

Thus, we see that for n > 1 we need to restrict the class of mappings to a more
specific subclass to obtain a Bloch theorem. One of the well known subclasses is

the class of K-quasiregular mappings. For n > 1, let | | denote the usual norm in

Cr.

Definition 8 (Wu). Let B™ be the open unit ball of C* and let F : B" — C*
be a family of holomorphic mappings. We say F is K-quasiregular iff there exists a
constant K so that, for each f = (f1,..., fa) of F, the following holds throughout
B",

< K|det J¢(2)|''", foro=1,... ,n.

‘8f (2)
0z,

For such a class of mappings, it is possible to find a Bloch theorem in C".

Wau found a beautiful proof of this in [33]:

Theorem 8 (Wu, 1967). Let F : B® — C" be a K-quasiregular family of
holomorphic mappings such that |detJs(0)|=1 for all f € F. Then, there is a

positive constant ¢ such that every f € F possesses a univalent ball of radius c.

As Wu pointed out, this result also follows from the work of Bochner [5] in
1946. It is possible to find lower estimates for the Bloch constant for this class
of mappings in [9], [29] and [32] provided we adapt correctly the definitions. We

note also that the estimates depend on the K of quasiregularity.

In this article, we use a generalization of complex numbers called bicomplex

numbers ([24], [28], [26]) to find another subclass of mappings which has a Bloch



34

constant in C?. Moreover, we find the estimates: —% < § < /2 for this Bloch
constant ¢, whenever our mappings are on the unit ball, and we find a specific
domain of C? where the Bloch constant has the same value as the Bloch constant
for one variable. Finally we show that this class of mappings does not depend on

the quasiregularity.

2.2. PRELIMINARIES

Here, we introduce some of the basic results of the theory of bicomplex num-
bers. First, we define bicomplex numbers as follows: C; : = {a + biy + ciy + dj :
iW? =iy = —1,52 = land ipj = jip = —iy,0J = ji1 = —iz,d2h1 = Tl = J}
where a,b, ¢, d € R. The norm used on C, is the Euclidean norm (also noted | |)
of R%.

We remark that we can write a bicomplex number a + bi; + cig + dj as
(a + biy) + (¢ + diy)ia = 21 + 2962 Where 21,2, € C1 @ = {z +yiy : > = =1},
Thus, C, can be veiwed as the complexification of C; and a bicomplex number

can be seen as an element of C?. It is easy to see [24] that C, is a commutative

unitary ring with the following characterization for the noninvertible elements:

Proposition 2. Let w = a + biy + ciz + dj € Cy. Then w is noninvertible iff
(a=—dandb=c) or (a=d and b= —c) iff z.° + 2> =0.

It is also possible to define differentiability of a function at a point of C, [24]:

Definition 9. Let U be an open set of Co and wy € U. Then, f: U C Cy — G,
is said to be C,-differentiable at wq with derivative equal to f'(wo) € Cy if

I Gl A CL Y RTNY
w—wo W — W

(w—wq inv.)
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We will also say that the function f is C;-holomorphic on an open set U iff
f is C,-differentiable at each point of U.

As we saw, a bicomplex number can be seen as an element of C2, so a function

fz1 + 2z2i3) = fi(z1, 22) + fa(z1, 22)i9 of C; can be seen as a mapping f(z1, z) =

(fi(21, 22), fa(21, 22)) of C?. Here we have a characterization of such mappings:

Theorem 9. Let U be an open set and f : U C C; — C, such that f € C*(U).
Let also f(z1 + 22%2) = f1(21, 22) + fa(21,22)i2. Then f is Cy-holomorphic on U
iff:

f1 and fo are holomorphic in z; and 2y

and,

of _0f . 0f _ B

8z1—‘8‘;;and5;;='-8—22‘ on U.

Moreover, f' = %ﬁ—i 4 %%?;2 and f'(w) is invertible iff detJTp(w) # 0.

This theorem can be obtained from results in [24] and [26]. Moreover, by the
Hartogs theorem [31], it is possible to show that “f € C*(U)” can be dropped
from the hypotheses. Now, it is natural to define for C? the following class of

mappings introduced in [26]:

Definition 10. The class of T-holomorphic mappings on a open set U C C? is
defined as follows:

TH(U): ={fU CC — C|f € HU) and 2t =92 08 _ _0h

0z, 0z 0z 0z nU}

It is the subclass of holomorphic mappings of C? satisfying the complezified

Cauchy-Riemann equations.
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In [26], bicomplex numbers were called tetranumbers and C, was denoted
by T. In this article, we will use this notation when a definition can be written
independently of the theory of bicomplex numbers .

We remark that f € TH(U) iff f is C,-holomorphic on U. It is also impor-
tant to know that every bicomplex number z; + 231, has the following unique

idempotent representation:
z1 + Zgig = (21 - Zz’il)el + (Zl -+ 212?;1)62

where e; = 1—2“51 and ey = 3—51

This representation is very useful because: addition, multiplication and di-
vision can be done term-by-term. Also, an element will be noninvertible iff z; —
2911 = 0 or 21 + 2917 = O.

The notion of holomorphicity can also be seen with this kind of notation. For
this we need to define the functions hy, hy : C; — Cy as hy(z1 + 2202) = 21 — 2201

and ho(z1 + 2902) = 21 + 2911. Also, we need the following definition:

Definition 11. We say that X C C, is a Cy-cartesian set determined by X; and
Xo if X = X1 Xe Xo: = {21 + 2000 € G 1 21 + 202 = wrey + woey, (W1, wa) €
X1 X XQ}

In [24] it is shown that if X; and X, are domains of C; then X; x. X, is also
a domain of C,. Now, it is possible to state the following striking theorems [24]:

Theorem 10. If fo1 : X1 — C; and feo : X1 —> C; are holomorphic functions
of C; on the domains X, and X, respectively, then the function f: X1 X Xy —
C, defined as

fz1 + 2202) = fei(21 — 2211)er + fea(21 + 2201)€2, ¥V 21 + 2205 € X X X,

is Cy-holomorphic on the domain X; X Xo.
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Theorem 11. Let X be a domain in Gy, and let f : X — G be a C;-
holomorphic function on X. Then there exist holomorphic functions fe @ X1 —

Cy and fer: Xo — Cp with X7 = hi(X) and Xy = he(X), such that:
f(Zl + 227:2) = fel(zl —_ Zg’h)el + f52(21 -+ Zg’il)ez, V 21 + 2909 € X.

We note here that X1 and X9 will also be domains of C;.

Finally we give some concrete simple examples of entire T-holomorphic map-
pings which come from the bicomplex theory. First, the exponential mapping

defined as:
e 1 = %1 (cos(2y) + ipsin(zy)) = €71 TP ey + P TH22ey

with e¥1T¥2 = %1 . %2 YV wy,wy € C, and (e¥) = e¥, V w € C;. Secondly, the

polynomials of degree n, with bicomplex multiplication, defined as:
ar-w" +ag - W 4 L+ ay,

with a; € C, fori =1, ...,n and w € C,. We note that the derivative will be what

we expect for polynomials.

2.3. BLOCH CONSTANT FOR T-HOLOMORPHIC MAPPINGS

Now we are ready to prove that there is a Bloch constant for the class of
T-holomorphic mapping of C? on the unit Ball. The proof requires the natural
“disc” of C, called the C,-disc and defined as follows: D(a; + agis, r1,79) @ =
{21+ 2205 1 21+ 220y = Wwr€1 +Wae, |w1 — (a1 — agiy)| < 71, |wa — (a1 +agi)| < 72}

Also, we call D(a; + agis,r) : = D(ay + agig, 7, 7) the Cy-disc of radius r. This



38

kind of disc is in fact the Cy-cartesian product of two discs of C;. Also, we need

to remark that: f'(0) = 1 iff J¢(0) = I (the identity matrix).

Theorem 12. There is a positive constant d such that if f € TH(B?) with
f'(0) € C;\{0}, then f maps some subdomain of B? biholomorphically onto a ball
of radius d - |f'(0)|. In particular, if J¢(0) = I, the radius is d.

Proof. We note first that D : = D(0,1) C B?(0,1) [24]. In particular
f € TH(D) and thus by Theorem 11, we can write f = feae; + fe2ea on D
with fe; holomorphic on D; where D;:=h;(D)={w; € Cy:lw;| < 1} for i = 1,2.
Also, f'(0)=f1(0)e; + flo(0)es [24, Theorem 24.3] and then f'(0) invertible im-
plies f/,(0) # 0 and f.,(0) # 0. Then, by the Bloch theorem in one variable,
there exists a positive constant b such that f.; maps some subdomain G; of D;
biholomorphically onto a disc B;(c;, b |£1;(0)]).

Now, define

G: = {Zl + 2900 € Gy & 21 + 2900 = wre1 + Waey, (wl,wz) € Gy X GQ} :

In fact, G = G; X, Gy is a domain of C, and G C D(0,1) C B?(0,1). Then,
[ = faer + feeq, with fe; : Gi — Bi(ci, b | fL:(0)]) biholomorphic for 7 = 1, 2.

Let ¢: = cie; + coeq, then

f:G— D(c,b-|fa(0)],0-|f(0)])

is T-biholomorphic. By a result in [24], B*(c, min(%, %)) C D(e¢,r1,79) and so

B?(c, min(b- Ifexl/gm,b- Ife\"‘/g))l)) C D(c,b-|f11(0)],b-1f.5(0)]). Thus, for the domain

_ , 2(0)] . [fee(0)]

G': = 1B2c,mmb-lf61( b2 C G C D(0,1) C B*0,1),

F B e min(o- S b JE2) € 6. D(01) € B20,1)
the function f is T-biholomorphic from G’ C B?(0,1) to a ball of center ¢ and of

man(|fe; (0)1,] f2o(0)1)
V2

radius equal to b -
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Finally, we remark that f/(0) € C;\{0} implies f,(0) = f.,(0). Then, d -
min(|f. ! . . ' : 24|11 211/
|£(0)] = b- (|fe1%,lfez(0)]) if and only if d = .\—;—2" because | f/(0)| = [lfﬂ(ﬂ)i 'gifgz(O)! ] 0

We have just seen that there exists a Bloch constant for the class of T-
holomorphic mappings with J¢(0) = I on the unit ball and now we wish to
estimate this Bloch constant. For this, we need first to work on the natural unit

disc: D(0,1), of bicomplex numbers.

Theorem 13. Let f € TH(D) with f'(0) € C;\{0}. Then there is a positive
constant a such that f maps some subdomain of D biholomorphically onto a Cy-

disc of radius a - |f'(0)|. In particular, if J¢(0) = I, the radius is a.
Proof. The proof is contained in the proof of Theorem 12.0

On this special domain of C,, it is possible to find the exact value of the
Bloch constant. For this, we need to prove the following lemma, which is itself of

interest:

Lemma 4. Let f : U — C? be a T-holomorphic injection with U open, then f
is a T-biholomorphic mapping from U to f(U).

Proof. Because f is a holomorphic injection, we know [21] that f(U) is open
in C?, that f is a biholomorphic mapping from U to f(U), and detJ¢(z) # 0,
Vz € U. Thus f'(z) will be an invertible number Vz € U.

Now, we want to prove that:

lim exists, Ywy € f(U).

w—rwg w — Wy

(w—wq inv.)

Let z = f~Y(w) and 2o = f~*(wp). Then for w — wy invertible we obtain:

f—l(wugzi;l(wo) = Fiey Also, because f € TH(U) and f'(z) invertible we
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have: (f(z) — f(20))/(z — zo) is invertible for z near z, and

1 1
lim = exists, Yz € U. (2.3.2.3.1)
220 ( f(z)—f(zo>) f'(20)
(z=2qg inv.) 2~ 20
. -z 1
Thus, Ve > 0, there exists 6; > 0 such that l f(zi— f%zo) ~ 76| < £, whenever

|z — 20| < &1 and z — 2 is invertible. Choose ¢ > 0 such that |w —wp| < & implies
]Z - Z0| < 41. Then,

zZ— 2y 1
F2) = f(z0)  f'(z0)

whenever |w — wy| < § and both w — wy and z — z, are invertible. If jw —wp| < &

€
27

< (2.3.2.3.2)

and w — wy invertible but z — 2 is not, there always exists ¢ > 0 such that

|(2 + €') — 2| < 61, both (2 + €') — 2o and f(z + €) — f(2) are invertible and

2—20 z—2¢ (z+€')—20 (z4€')—20 1

1
F(2)=F(z0) — ['(z0) f&)=f(z0) ~ flz+e)—F(z0) Flz+e)—flz0) ~ F(20)
Thus, |w — wp| < § and w — wy invertible implies (2.3.2.3.2). This concludes the

-

€ €
<§+§.

proof.0]

It is now possible to describe the exact value of the Bloch constant for the
class of T-holomorphic mappings with J¢(0) = I on the unit C,-disc. In fact, it

turns out, that it coincides precisely with the classical Bloch constant.
Notation 1. a: =inf{a;: f € TH(D(0,1)) with J¢(0) = I},
ay: = sup{a: f(D(0,1)) contains a univalent Cy-disc of radius a},
Theorem 14.
a=f,
where (3 is the Bloch constant of one variable.
Proof. Again, let f : = feie1 + feseo on D with f,; holomorphic on D; where

D;:=h;(D)={w; € C;:|w;| < 1} for i=1, 2. Moreover, suppose f;(0) = 1 for i=1,
2; then, by the definition of the Bloch constant for one variable, Ve > 0 there
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exists a univalent disc of radius ¢, for f.; and feo such that c. > [ — e. Hence,
Vf € TH(D) with J5(0) =1, oy > f — € Ye > 0 and thus o > .
Also, we know by [30] that there exists g € H(B) such that:

¢'(0) =1 and g, = 3.
Let us now define:

f(z1 -+ 227;2) L= g(zl - Z2i1>61 -+ 9(21 -+ 22’1:1)62.

Then, fi(21,2) = g(zl—zzil);g(z”zzil) and fo(z1,29) = g(“'”il);g(zﬁz”l)il so by
Theorem 10 and the remark after Theorem 9, f € TH(D) with f/(0) = 1. We
want to show that for this f, oy < 8. If not, i.e. af > §, then f(D(0,1)) contains
a univalent Csy-disc of radius ¢ such that ¢ > 3. Thus f maps a subdomain
G C D(0,1) biholomorphically onto a C,-disc of radius ¢. But f € TH(D(0,1)),

so by Lemma 4:

f: G — D(0,c) is T-biholomorphic.

This is a contradiction because Theorem 11 applied to f and f~! forces g to map

the subdomain h;(G) € B biholomorphically onto a disc of radius ¢’ for z = 1,2.0

The followings definitions are used to prove the main result of this article:

Definition 12. We say that f has a T-univalent ball if f has a T-biholomorphic

univalent ball.

Notation 2. §: = inf{d; : f € TH(B2(0,1)) with J(0) = I},
65 . = sup{d: f(B*(0,1)) contains a univalent ball of radius d},
& =inf{0}: f € TH(B*(0,1)) with J¢(0) = I}.
&7« = sup{d: f(B*(0,1)) contains a T-univalent ball of radius d},
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It is now possible to find the following estimates for our Bloch constant on

the unit ball:

Theorem 15.

f—sasﬁﬁ,

V2
where (8 is the Bloch constant of one variable.

Proof. First we prove that % < § < 4. Suppose f € TH(B?*(0,1)) with
J#(0) = I. By the proof of Theorem 12, for every b < §, f(B*(0,1)) contains, in
fact, a T-univalent ball of radius d = \/L_ In fact, Ve > 0 there is a b, such that
be > [ — €, so setting d. = f we have d, > éf which implies 6% > %125, Ve > 0
and thus

&t >

5=

Hence \5‘ < inf 6’ : = ¢'. Finally, because a T-univalent ball for f is a univalent
ball, we have 0% < ¢; and then §' < . In fact, by Lemma 4 we have § = ¢,

The second part of the proof is to prove that § < v/28. We will prove this by
contradiction. Suppose that there exists € > 0 such that § > v/2(8 + €). Then

§¢ > V2(8+¢), Vf e THy(B*0,1)),

where THy(B?(0,1)) : = {f € TH(B?*(0,1)) such that J;(0) = I}. Hence,
Vf € THy(B*(0,1)) there exists, ¢; such that ¢; > v/2(8 + ¢) and f maps a
subdomain M of B%(0,1) biholomorphically onto B%(wy,cs), a ball centered at
wy of radius cy.

However, by Theorem 14, we know that Ve > 0 there exists g € THyn(D(0,1))
such that ¢(D(0,1)) cannot contain a univalent Cy-disc of radius r > 3 +e¢. Also
B*(0,75) € D(0,1), so g € THy(B*(0, 75)). Let us define:

g*(w) = v2¢( on B%(0,1).

=)
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Then g¢*(w) € THy(B?(0,1)). Hence, there exists c,- such that ¢y« > v/2(8 + ¢)
and g* maps a subdomain W of B?(0,1) biholomorphically onto B?(wg«, cg+).
Then, g maps the subdomain —W— biholomorphically onto Bz(ivj-zi, e =) But
D(%,%) C B (=% il \/—) so g maps, biholomorphically
Wy~ Wy Cg~

ff V22

This contradicts the way in which g was chosen because g‘l(D(%%f—,

P
D(0,1) with f\% > B+ €O

g HD(-% )) onto D(—%

—7)

Sk
n
Si=
N

2.4. T-HOLOMORPHY AND QUASIREGULARITY

As we saw in the introduction, there is a Bloch theorem for K-quasiregular
mappings. Then, to justify our Bloch theorem on the unit ball, we need to
prove that the new class of mappings is not totally included in the class of K-
quasiregular mappings.

First, with Definition 8 it is easy to show the following characterization:

Remark 1. If f € TH(B?) then f is K-quasiregular iff
5", (22)
8z1 821

The following examples will clearly show that a T-holomorphic mapping is

9h

2 2
0fs
821 +

2 2
B on B*.

< K?

not necessarily quasiregular.

Example 1. Let f(w) = u-w, where u and w are in Cy. If u # 0 is noninvertible

then, f is not quasiregular. If u is invertible, then f is K -quasiregular for

_ ([l + ‘U2I2)1/2
IU12 -+ ’LL22| ’
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where u = wu; + ugly. In particular, if u € C;, then f is conformal. However,
we note in this ezample, that f : C2 — C? is a linear transformation which is

nondegenerate if and only if u is invertible.

In fact, any injective holomorphic mapping of the closed ball B2 into C? is K-
quasiregular for some K, but it is interesting to estimate K. In the last example,
it is important to specify that f is clearly an entire T-holomorphic mapping and
that the multiplication is the multiplication between bicomplex numbers. The
next examples will show that there exist some nontrivial mappings which are

simultaneously quasiregular and T-holomorphic with J;(0) = I.

Example 2. If f(w) = e¥ then f is K-quasiregular on B* iff K > \/cosh(2).

Moreover, because (€°) |y=o = €° = 1, we have Jow(0) = I.

Proof. Let f,; and f., be holomorphic functions on C;. Then we know that

[z + 2902) = fer(21 — 2z2i1)er + fea(21 + 2201)en

is T-holomorphic with f'(z; + 2012) = f1,(21 — z2t1)e1 + fio(21 + 2211 )eq. First, we
seek conditions on f., and f., such that f is K-quasiregular. By Remark 1 it is

easy to show that f is. K-quasiregular on B? iff
[fia(z1 — 2201) + flo(z1 + 2000) |* + |fla (21 — 2201) = foaz1 + 2000) | <
AK?|fo1 (21 — z001) fea 21 + 2211)|
on B2, that is

|Fi(z1 — 2200) [P + | fag (21 + 2000) [P < 2KP|fy (21 — 2011) flo(21 + 221)).
(2.4.2.4.1)
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Now, i t#2iz = g#1=%2ilg, 4 eM1t22e, g0 in this case fli(z; — 2911) = e? 7224

and fly(z1 — 29%1) = €772 Hence (2.4.2.4.1) becomes
le-——Zzzill + |e222i1[ S 2K2

Let 2o = z + yi;. Then, because z; + 2015 € B?, we have that |y| < 1. Moreover,

sup {€® + e %} =¢e® + e and then K > /€= ie. K > /cosh(2).0
{lyl<1}

In Example 2, because f'(0) = 1, we know by Theorem 12 that d; > d. Since
the mapping f is K-quasiregular, we already know that d; > cx by Theorem
8. However, Theorems 8 and 12 merely assert the existence of the constants cx
and d without giving any estimates for these constants. From Theorem 15, on the
other hand, we have an interesting lower estimate é; > 6 > §/ V2, by invoking
lower estimates on the classical Bloch constant S [8]. One can also give lower

estimates for the Bloch constant for K-quasiregular holomorphic mappings [9].

The next example is a mapping f for which é6; > d by Theorem 12, but for

which it is impossible to invoke Theorem 8.

Example 3. If f(w) =w + “’72, then f is an entire T-holomorphic (normalized)

mapping, but for oll K is not K-quasiregular.

Proof. The function f is normalized because f'(w) = 1+w and then f'(0) = 1.
Also, wg = —1/2+1/2j is in B? with f'(wp) = 1/2+1/2j which is noninvertible.
Hence f cannot satisfy the criteria of Remark 1 at wo and then for all K, f
cannot be K-quasiregular. Actually, quasiregular holomorphic mappings in C?
are necessarily locally injective hence locally quasiconformal, but we wished to

avoid invoking this rather deep theorem (see [12]).0
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Now, we show that our class of mappings includes some K-quasiregular map-
pings for arbitrary values of K. Then, Theorems 12 and 15 give geometric infor-

mation about K-quasiregular mappings for a subclass including different values

of K.

Example 4. If f(z + 215) = 17720 ) o 4 (21 + 2001 )es, then f is an en-
n

tire T-holomorphic (normalized) mapping which is K -quasiregular in B? with K

becoming necessarily bigger as n increases.

Proof. First, we see that f is normalized because fi;(0) = €™ = 1 and
flo(z1+2281) = 1, i.e. f'(0) = les+1ey = 1. Also, by (2.4.2.4.1) f is K-quasiregular
on B? iff |eM#i—20)|2 4 1 < 2K?|eM=1~221)| on B2, Then, we must have

N S n(z1—2211)
K> \/ T T e

2
\/|en(11£z2i1)[ + 1en(21~22i1)] \/Eﬁ—(c}—-ﬁf + enfa+d)
However, sup = max =
{weB?} 2 {a?+d?<1} 2
——
enle #7) 5 , where a' + d' can be taken to be positive. Finally we see

that the last expression goes to infinity as n — co.0

Finally, we give an example of a mapping which is T-holomorphic and biholo-
morphic without being quasiregular on the unit ball of C?. In fact, we show that
the class of T-biholomorphic mappings cannot be totaly included in the class of

quasiconformal mappings on the unit ball.

Example 5. If f(z1 + 2082) = (——(3—1—5—2\/2—51’1—)3 + (21 — zzz'l)) e; + (21 + z0%1)eq then
f is an entire T-holomorphic (normalized) mapping which is btholomorphic but

not quasireqular on the unit ball of C2.
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Proof. Because f!; is nonzero on h;(D(0,+/2)) for i = 1,2 and B?(0,1) C
D(0,+/2), then f is T-biholomorphic on B2. However, f cannot be K-quasiregular
on B? because the relationship (2.4.2.4.1) will fail for all K as z; — 2091 — V2
with 2y — 201; € B2.D

2.5. FINAL REMARKS

It is then interesting to ask whether the same is possible in the case of T-
holomorphic mappings in C?. However, here we can directly find a Picard theorem

without invoking our Bloch theorem.

Theorem 16 (Picard). Let f € TH(C?). If there are two bicomplez numbers
a, B such that o — [ 1s invertible and for which the set

{we Cy: w— « is noninvertible} U{w € C; : w — f is noninvertible}
is not in the range of f, then f is constant.

Proof. We have just to apply the so-called “little Picard theorem” [27] to fe
and f.. The fact that o — § is invertible will insure us that o — 8 will be equal
to a bicomplex number sie; + sge; with s; and s; nonzero. Let o = aje; + aqeq,
B = [Bre; + Baes. Suppose fe; takes the value oy at a;. There exist z1,20 € C;

such that 2; — 294, = a;. Thus,
f(z1 + 2215) € {w € C; : w — « is noninvertible}.

Contradiction. Hence, f.; omits a;. Similarly, fes omits g, fe; omits F; and feo
omits B,. Since a; — B; = s; # 0, a; and (3 are distinct. Similarly ay # 5.0
In the same way, it is possible to find also a Casorati-Weierstrass theorem:

Theorem 17 (Casorati-Weierstrass). Let f € TH(C?) with f'(w) not iden-

tically noninvertible. Then, f(C?) is dense in C2.
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Proof. The hypotheses imply that we can write f(z1+2212) = fe1 (21— 2201)e1+
fez(21 + 2011 )eg With fe1, feo € H(Cy) and nonconstant. Then we can apply the
Casorati-Weierstrass theorem for C; to f.; and fes in order to prove that f(C,)
is dense in C,.0

A famous example of Fatou and Bieberbach (see [20]) shows that the usual
formulation of the Picard theorem in C does not extend to holomorphic mappings
in C2.

In this connection, we have some interesting consequences of Theorem 17
which can be interpreted as an other kind of little Picard theorem for bicomplex

numbers:

Corollary 1. There is no nondegenerate T-holomorphic mapping
f:C?—

such that C?\ f(C?) contains a ball.

Corollary 2. Fatou-Bieberbach examples cannot be T-holomorphic mappings, i.e.

they connot satisfy the complezified Cauchy-Riemann equations.

For a beautiful formulation of Picard’s theorem which holds in higher dimen-
sions, see [14]. Also, for a version of Picard’s theorem for quasiregular mappings

see Rickman [22].
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CONCLUSION

Dans le cas de notre théoréme de Bloch sur la boule unité, il serait intéressant
de tenter d’obtenir la véritable valeur de la constante. Il est & noter que nos
estimations actuelles ne contredisent pas la possibilité que la valeur soit la méme
que la constante de Bloch d’une variable complexe.

Le dernier théoréme dans l’article sur la dynamique bicomplexe est une bonne
indication que le tétrabrot est non-connexe car les hypothéses sur I’ensemble-
de Mandelbrot peuvent étre confirmées par ordinateur avec un haut degré de
précision. Pour confirmer que la conjecture est vraie, nous avons deux choix, soit
de démontrer théoriquement les hypothéses sur la géométrie de I'ensemble de
Mandelbrot ou de prouver plus directement que le tétrabrot est non-connexe. Si
la conjecture est prouvée comme étant vraie, une nouvelle question pourrait étre
de savoir la cardinalité de la famille des composantes connexes. Aussi, il pourrait
étre intéressant de savoir si les ensembles de “Julia-rempli” associés & des points
sur des morceaux non-connexes du tétrabrot ont des propriétés spécifiques comme
celles d’étre non-connexes. Finalement, une autre question pertinente serait de

savoir la dimension fractale locale de la frontiére de tétrabrot.
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FIGURE 2 (Visual Basic 1024x768 24 bpp)
DefDbl A-Z

Private Sub Commandl_Click()
ScaleMode = vbPixels
Dimx,y, zc ck x1,y1,zl,n
Dim col As Long
Forz=1 To (2 * (700))

Forx=1 To 800
Fory=1To 720

n =300
XI ®/my-21:yl=(/n)-12: zl—((z/Z)/n) 116
= check(x1, v1, z1)

If (x Mod 8 = 0) Or (x Mod 8 = 1) Or (x Mod 8 = 2) Then col = RGB(0, 0, 150)
Else col =RGB((z/2)/2,(z/2)/2,2z)

If ck >= 5 Then
PSet (x +Fix((z/2)/1.5)- 230,y +F1x((z /2)/18)-10), col
End If

Next y
Next x
Next z
End Sub

Function check(cx As Double, cy As Double, cc As Double) As Integer
Dim zx, zy, zx1, zy1, z¢l, zd1, zc, zd, cd, i
zx=0:Zy=0:zc=0:2d=0:i=1:cd =0
‘Do Whilei< 6
zx1 = (zx * zx) - (zy * zy) + (zd * zd) - (z¢ * zc) + cx
zyl=2%zx* zy-2 % zc * zd + oy
zel=2%zx*zc-2*%zy ¥ zd + cc
zdl=2%z*2d+2* zy * zc +cd
zx =zx1: zy = zyl: zc = zcl: zd = zdl

If((zx zx) + (zy * zy) + (zc * zc) + (zd * zd)) > 4 Then check =i:1=6
=i+1
Loop
End Function

Private Sub Command2_Click()
Unload Me
End Sub

54



FIGURE 3 (Visual Basic)
DefDbl A-Z

Private Sub Command1_Click()
ScaleMode = vbPixels
Dimx y, z ¢ ¢k x1,y1,z1, n
Dim col As Long
Forz=1To (2 * (454))
Forx=1 To 800
Fory=1To 720

n=300
xl=(x/n)-21yi=F/n)-~12:21=(z/2)/n)-1.16
ck = check(xl, y1, z1)

¥ (x Mod 8 = 0) Or (x Mod 8 = 1) Or (x Mod 8 = 2) Then col = RGB(0, 0, 150)
Elsecol=RGB((z/2)/2,(z/2)/2,2)

Ifz=(2 * 454) Then
If ¢k >= 5 And ck < 7 Then col = RGB(0, 0, 128)
If ck >= 7 And ck < 9 Then col = RGB(255, 120, 0)
If ck >= 9 And ck < 11 Then col = RGB(255, 0, 0)
If ck >= 11 And ck < 13 Then col = RGB(300, 600, 50)
If ck >= 13 And ck < 17 Then col = RGB(150, 0, 300)
If ck >= 17 And ck < 22 Then col = RGB(150, 200, 50)
If ck >= 22 Then col = RGB(150, G, 0)

End If

Ifck>= 5 Then ‘
PSet (x+ Fix((z/2)/ 1.5) - 230, y + Fix{(z / 2) / 18) - 10), col
End If :

Nexty
Next x
Next z
End Sub

Function check(cx As Double, cy As Double, cc As Double) As Integer
Dim zx, zy, zx1, zyl, zcl, zd1, zc, zd, cd, i
x=0zy=0zc=01zd=0i=1:v=0.¢cd=0
Do While1< 130
zxX1 = (zx * zx) - (zy * zy) + (2d * zd) - (zc * z¢) + cx
zyl=2*%zx¥zy-2*zc *zd + cy
zel=2%zx*zc-2%zy*zd +cc
zdl=2%zx*zd +2 * zy * zc + cd
zx=zxl: zy = zyl: zc = zcl: zd = zd1

If ((zx * zx) + (zy * zy) + (z¢ * z¢) + (zd * zd)} > 4 Then check =1i: i = 130
i=i+1

Loop

End Function

Private Sub Command2_Click()
Unload Me
End Sub

95



FIGURE 4 (Visual Basic)
DefDbl A-Z

Private Sub Command1_Click()
. ScaleMode = vbPixels
Dimx v,z ¢, ck x1,yl,zL,n
Dim col As Long
Forz=1To (2 * (454))
Forx=1To 800
Fory=1To 720

n=300
xl=(x/n)-21:yl=(y/n)-12:21=((z/2)/n)- 1.16
ck = check(x1, v1, z1)

Tf (x Mod 8 = 0) Or (x Mod 8 = 1) Or (x Mod 8 = 2) Then col = RGB(0, 0, 150)
Else col = RGB((z/2) /2, (z/2)/2,2)

Ifz=(2 * 454) Then
If ck >= 7 And ck < 9 Then col = RGB(255, 120, 0)
If ck >= 9 And ck < 11 Then col = RGB(255, 0, 0)
If ck >= 11 And ck < 13 Then col = RGB(300, 600, 50)
If ck >= 13 And ck < 17 Then col = RGB(1590, 0, 300)
If ck >= 17 And ck < 22 Then col = RGB(150, 200, 50)
If ck >= 22 Then col = RGB(150, 0, 0)

End If

If ck >=7 Then
PSet (x + Fix((z / 2) / 1.5) - 230, y + Fix((z/ 2) / 18) - 10), col
End If

Next y
Next x
Next z
End Sub

Function check(cx As Double, cy As Double, cc As Double) As Integer
Dim zx, zy, zx1, zyl, zcl, zd1, zc, zd, cd, i
zm=0:zy=0:zc=0:zd=0:i=1:cd=0
Do While1 <130
zx1 = (zx * zx) - (zy * zy) + (zd * zd) - (zc * z¢) + ox
zZyl=2%zx*zy-2*zc* zd +cy
zcl=2%*zx*zc-2*%zy*zd +cc
zdl1=2*zx*zd +2 * zy ¥ zc + cd
zx = zx1: zy = zyl: zc = zcl: zd = zdl

If ((zx * zx) + (zy * zy) + (zc ¥ z¢) +(zd * zd)) > 4 Then check =1:1=130
i=i+1 ‘

Loop

End Function

Private Sub Command2_Click()
Unload Me
End Sub
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FIGURE 5 (Visual Basic)
DefDbl A-Z

Private Sub Command!_Click()

"~ ScaleMode = vbPixels
Dimx,y, 2z ¢ ck x1,yl,zl,n
Dim col As Long
Forz=1 To (2 * (445))

Forx=1To 800
Fory=1To 720

n=300
xl=(x/n)-2.1:yl={/n)-12:21=(z/2)/n)-1.13
ck = check(xl, y1, z1)

If (x Mod 8 = 0) Or (x Mod 8 = 1) Or (x Mod 8 = 2) Then col = RGB(0, 0, 150)
Else col = RGB((z/2) /2, (z/2)/2, 2)

Ifz=(2 * 445) Then
If ¢k >= 8 And ck <9 Then col = RGB(255, 120, 0)
If ck >= 9 And ck < 11 Then col = RGB(255, 0, 0)
If ck >= 11 And ck < 13 Then col = RGB(300, 600, 50)
If ck >= 13 And ck < 17 Then col = RGB(150, 0, 300)
If ¢k >= 17 And ck < 22 Then col = RGB(150, 200, 50)
If ck >= 22 Then col = RGB(150, 0, 0)

End ¥

If ck >= 8 Then _
PSet (x + Fix{(z/2)/ 1.5) - 230, y + Fix({z / 2) / 18) - 10}, col
End If

Nexty
Next x
Next z
End Sub

Function check{cx As Double, cy As Double, cc As Double) As Integer
Dim zx, zy, zx1, zyl, zcl, zdl, zc, zd, cd, i
zx=0:zy=0:zc=0:zd=0:1=1l.cd=0
Do Whilei < 130
zx1 = (zx * zx) - (zy * zy) + (2d * zd) - (zc * zc) + cx
zyl =2%zx ¥ zy-2* zc * zd + ¢y
zel=2%zx¥zc-2%zy*zd +ce
zdl1=2*zx*zd +2 * zy * zc + cd
zx=zxl: zy=1zyl: zc=zcl: zd = zdl

If ((zx * zx) + (zy * zy) + (z¢ * zc) + (zd * zd)) > 4 Then check =1:1= 130
i=i+1

Loop

End Function

Private Sub Command2_Click()
Unload Me
End Sub
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FIGURE 6
DefDbl A-Z

Private Sub Command]_Click()
ScaleMode = vbPixels
Dimx, v,z ¢ ck x1,yl,zl,n
Dim col As Long
Forz=1To (2 * (445))
Forx=1 To 800
Fory=1To 700

n =300
x1=(x/n)-21:yl=(@/n)-12:21=((z/2)/n)-1.13
ck = check(xl, y1, z1)

If (x Mod & = 0) Or (x Mod 8 = 1) Or (x Mod 8 =2) Then col = RGB(0, 0, 150)
Elsecol=RGB((z/2)/2,(z/2)/2,2)

If z= (2 * 445) Then

If ck >= 10 And ck < 11 Then col = RGB(255, 0, 0)
If ck >= 11 And ck < 13 Then col = RGB(300, 600, 50)
If ck >= 13 And ck < 17 Then col = RGB(150, 0, 300)
Ifck >= 17 And ck <22 Then col = RGB(150, 200, 50)
If ck >= 22 Then col = RGB(150, 0, 0)

End If

If ck >= 10 Then ,
PSet (x + Fix({z/2)/1.5) - 230, y + Fix({z / 2) / 18) - 10), col
End If

Nexty
Next x
Next z
End Sub

Function check(cx As Double, ¢y As Double, cc As Double) As Integer
Dim zx, zy, zx1, zyl, zel, zd1, z¢, zd, ¢d, i
z=0zy=0zc=0:zd=0i=1l:cd=0
Do While i <130
zx1 =(zx * zx) - (zy * zy) + (zd * zd) - (zc * zc) + cx
Zyl=2%*zx ¥ zy-2*2c*2d +cy
zel=2%zx*zc-2*%zy*zd +cc
zdi=2%zx¥zd+2*zy*¥zc +cd
zx=zxl: zy=zyl: zc = z¢l: zd = zd1

I ((zx * zx) + (zy * zy) + (z¢ * z¢) + (zd * zd)) > 4 Then check =1:1= 130
Ci=i+1
Loop
End Function

Private Sub Command3_Click()
Unload Me
End Sub
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- FIGURE 7 [Le Tétrabrot] (Visual Basic)
DefDbl A-Z

Private Sub Commandl_Click()
ScaleMode = vbPixels
Dimx,y,z¢,ckxl,y1,zL,n
Dim col As Long
Forz=1To (2 * (445))

Forx=1 To 800
Fory=1 To 700

n =300
x1=(x/nj-2.1:y1=(/n)- 12 zl"((z/Z)/n) 1.13
ck = check(x1, y1, z1)

If (x Mod & = 0) Or (x Mod 8 = 1) Or (x Mod 8 = 2) Then col = RGB(0, 0, 150)
Else col =RGB((z/2) /2, (z/2)/2, 2)

Ifz=(2 * 445) Then

~ Ifck >= 14 And ck < 17 Then col = RGB(300, 600, 0)
If ck >= 17 And ck < 22 Then col = RGB(150, 0, 300)
If ck >= 22 Then col RGB(150, 0, 0)

End If

If ck >= 14 Then
PSet (x + Fix((z/2) / 1.5) - 230, y + Fix({z / 2) / 18) - 10), col
End If

Next y
Next x
Next z
End Sub

Function check(cx As Double, cy As Double, cc As Double) As Integer
Dim zx, zy, zx1, zyl, zcl, zd1, zc, zd, ¢d, 1
zx =0 zy = Ozc 0:zd= 01—lcd 0
DoWhﬂe;<130
=(zx * zx) - (zy * zy) + (zd * zd) - (z¢ * zc)+cx
=2%zx*zg-2*zc*zd+cy
zcl=2*zx*«zc-2*zy*zd+cc
zdl=2*%zx ¥ zd+2* zy * zc + cd
zx=2zxl: zy = zyl: zc = z¢l: zd = zd1

E((zx * zx) + (zy * zy) + (z¢ * zc) + (zd * zd)) > 4 Then check =1: 1= 130
i=i+1

Loop

End Function

Private Sub Command2_Click()
Unload Me
End Sub
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'FIGURE 7 [Le tétrabrot en utilisant seulement l'algorithme de Mandelbrot] (Visual Basic)
DefDbl A-Z

Private Sub Command1_Click()
ScaleMode = vbPixels
Dimx,y,zc,ck xl,yl,zl,n
Dim col As Long
Forz=1To (2 * (445))

Forx=1To 800
Fory=1To 700

n=300
xl=(x/n)-2.1:yl=(y/n)-1.2:21=((z/2)/n)- 1.13
ck = check(x1, y1, z1)

If (x Mod 8 = 0) Or (x Mod 8 = 1) Or (x Mod 8 = 2) Then col = RGB(0, 0, 150)
Else col=RGB((z/2)/2,(z/2)/2,2)

If z=(2 * 445) Then
If ck >= 14 And ck < 17 Then col = RGB(300, 600, 0)
If ck >= 17 And ck < 22 Then col = RGB(150, 0, 300)
If ck >= 22 Then col = RGB(150, 0, 0)

End If

If ck >= 14 Then
PSet (x + Fix((z/2)/ 1.5) - 230, y + Fix((z/ 2) / 18) - 10), col
End If
Nexty
Next x
Nextz
End Sub

Function check(cx As Double, cy As Double, cc As Double) As Integer
Dim zx, zxx, zy, zyy, zx1, zyl, zcl, zd1, zc, zcc, zd, zdd, cd, i
zx=0:zy=0:zc=0:2d=0:i=l:cd=0
Do While i < 130
zx1 = mandell(zx, zy) + cx + cd
zyl = mandel2(zx, zy) +cy - cc
zc1 = mandell(zc, zd) + cx - cd
zd1 = mandel2(zc, zd) +cy + cc
zx =zxl:zy=zyl: zc = zcl: zd = zd1
zxx = (zx + z¢) / 2: zyy = (zy + 2zd) / 2: zcc = (zd - zy) / 2: zdd = (zx - zc) / 2

If ((zxx * zxx) + (2yy * zyy) + (zcc * zcc) + (zdd * zdd)) > 4 Then check =i:i= 130
i=i+1

Loop

End Function

Function mandell(wx As Double, wy As Double) As Double
mandell = (wx * wx) - (Wy * wy)
End Function '

Function mandel2(wx As Double, wy As Double) As Double
mandel2 =2 * wx * wy
End Function

Private Sub Command2_Click()
Unload Me
End Sub
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FIGURE 8 [Le tétrabrot avec d=-0.3] (Visual Basic)
DefDbl A-Z

Private Sub Command1_Click()
ScaleMode = vbPixels
Dimx,y,2 ¢ ¢k x1,yl,21,n
Dim col As Long
For z=2 * 470 To (2 * (470))

Forx=1To 800
Fory=1 To 700

n =300
x1=(x/n)-2.L:yl={y/n)-12:21=({z/2)/n)-1.13
ck = check(xl, y1, z1)

If (x Mod 8 = 0) Or (x Mod 8 = 1) Or (x Mod 8 = 2) Then col = RGB(0, 0, 150)
Else col=RGB((z/2)/2,(z/2)/2,z)

Ifz=(2 * 470) Then
If ck >= 14 And ck < 17 Then col = RGB(300, 600, 0)
If ck >= 17 And ck <22 Then col = RGB(150, 0, 300)
If ck >= 22 Then col = RGB(150, 0, 0)

End If

If ck >= 14 Then
PSet (x +Fix((z/2)/1.5) - 230, y + Fix{(z/ 2) / 18) - 10), col
End If ‘

Nexty
Next x
Next z
End Sub

Function check(cx As Double, cy As Double, cc As Double) As Integer
Dim zx, zy, zx1, zyl, zcl, zdl, zc, zd, cd, i
zx=0:zy=0:zc=0:zd=0:i=1l:cd=-03
Do While 1 < 130
zx1 = (zx * zx) - (zy * zy) + (zd * zd) - (z¢ * zc) + cx
zyl=2%zx * zy-2*zc ¥ zd + ¢y
zel =2%zx*zc-2%zy* zd +cc
zdl =2%zx*¥zd+2 ¥ zy * ze + cd
zx =zxl: zy = zyl: zc = zcl: zd = zd1

If ((zx * zx) + (zy * zy) + (z¢ * zc) + (zd * zd)) > 4 Then check=1:1= 130
i=i+1

Loop

End Function

Private Sub Command? Click()
Unload Me
End Sub
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FIGURE 9 [Le tétrabrot avec d=-0.7] (Visual Basic)
DefDbl A-Z

Private Sub Command!_Click()
ScaleMode = vbPixels
Dimx, v,z ¢, ck x1,vl,zl,n
Dim col As Long
Forz=2* 470 To (2 * (470))
Forx=1 To 800
Fory=1 To 700

n =300
x1=x/m-21yl=(F/n)-12:z1=((z/2)/n)-1.13
"¢k = check(x1, y1, z1)

If (x Mod 8 = 0) Or (x Mod 8 = 1) Or (x Mod 8 = 2) Then col = RGB(0, 0, 150)
Else col=RGB((z/2)/2,(z/2)/2, z)

Ifz=(2 * 470) Then :
If ck >= 14 And ck < 17 Then col = RGB(300, 600, 0)
If ¢k >= 17 And ck <22 Then col = RGB(150, 0, 300)
If ck >= 22 Then col = RGB(150, 0, 0)

End If

If ck >= 14 Then
PSet (x +Fix((z/2) / 1.5) - 230, y + Fix({(z / 2) / 18) - 10), col
End If

Nexty
Next x
Next z
End Sub

Function check(cx As Double, cy As Double, cc As Double) As Integer
Dim zx, zy, zx1, zyl, zcl, zd1, zc, zd, cd, i
zx=0:zy=0:zc=0:2d=0:i=1:cd =-0.7
Do Whilei< 130
zx1 = (zx * zx) - (zy * zy) + (zd * zd) - (zc * zc) + cx
zyl=2%zx¥zy-2%zc*zd + ¢y
zel=2%z*zc-2*zy*zd +cc
zdl =2%zx*zd+ 2 * zy ¥ zc + cd
zx =zx1: zy = zyl: zc = zc1: zd = zd1

If ((zx * zx) + (zy * zy) + (zc * zc) + (zd * zd)) > 4 Then check =1i:1= 130
i=i+1 :

Loop

End Function

Private Sub Command2_Click()
Unload Me
End Sub
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FIGURE 10
DefDbl A-Z

Private Sub Command1_Click()
ScaleMode = vbPixels
Dimx,y,z¢,ck x1,y1,zl,n
Dim col As Long
Forz=1 To (2 * (800))

Forx=1 To 800
Fory=1 To 900

n=15500
x1=(x/n)-1.817:yl=(y/n)-0.1: 21 =((z/ 2) / 5500) - 0.060363636
ck = check(xl, y1, z1) '

If (x Mod 8 = 0) Or (x Mod 8 = 1) Or (x Mod 8 = 2) Then col =RGB(0, 0, 150)
Else col=RGB((z/2)/2,(z/2)/2, z)

If ck >= 16 Then
PSet (y + Fix((z / 2) / 8) - 210, x + Fix((z / 2) / 1.5) - 220), col
Else
End If

Next y
Next x
Next z
End Sub

Function check({cx As Double, cy As Double, cc As Double) As Integer
Dim zx, zy, zx1, zy1, zcl, zd1, zc, zd, cd, i
zx=0:zy=0:2c=0zd=0:i=1.cd=0
Do Whilei < 50
zx1 = (zx * zx) - (zy * zy) + (2d * 2d} - (z¢ ¥ zc) + ox
zyl=2%z*zy-2*zc*zd +cy
zel=2%z*¥zc-2%zy*zd +cc
zdl=2*zx*zd+2*zy* zc +cd
zx =zxl: zy =zyl: zc = zcl: zd = zd1

If ((zx * zx) + (zy * zy) + (z¢ * zc) + (zd * zd)) > 4 Then check =1: 1= 50
i=i+1

Loop

End Function

Private Sub Command2_Click()
Unload Me
End Sub
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- FIGURE 11 -
DefDbl A-Z

Private Sub Commandl_Click()
ScaleMode = vbPixels
Dimx y, z ¢ ck x1,y1,zl,n
Dim col As Long
Forz=(4 * 560) To (4 * 780)
Forx=1 To 800
For y = 2500 To 4000

n=32000

x1=(x/n)-1.817:y1 =(y/n)-0.1: z1 = ((z / 4) / 2) / 5500) - 0.060363636
- ck = check((x1) - 0.056, y1, z1)

If (x Mod 8 = 0) Or (x Mod 8 = 1) Or (x Mod 8 = 2) Then col =RGB(0, 0, 150)
Else col =RGB(({z-4 * 550)/2)/2, ((z-4*550)/2)/ 2, (z- 4 * 550))

If ck >= 18 Then
PSet {y +Fix(((z/ 4) / 2)/ 6) - 2800, x + Fix(({z / 4) / 2}/ 0.2) - 1670), col

End If

Nexty
Next x
Next z
End Sub

Function check(cx As Double, cy As Double, cc As Double) As Integer
Dim zx, zy, zx1, zy1, zcl, zd1, zc, zd, cd, i
zx=0zy=0:zc=0:zd=0i=1l:cd=0
Do Whilei <70
zx] =(zx ¥ zx) - (zy * zy) + (zd * zd) - (zc * zc) + ex
zyl=2*zx*zy-2%*zc*zd + ¢y
el =2%m*zc-2%zy*zd +cc
zdl=2%zx*zd+2*zy *zc + cd
zx=zx1: zy=2zyl: zc=zcl: zd = zd]

S I ((zx * zx) + (zy * zy) + (z¢ * z¢) + (zd * zd)) > 4 Then check =1 1= 70
i=i+1
Loop
End Function

Private Sub Command2_Click()
Unload Me
End Sub
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FIGURE 12
DefDbl A-Z

Private Sub Commandl _Click()
ScaleMode = vbPixels )
Dimx,y,2z ¢ ¢k x1,yl,zL,n
Dim col As Long
Forz=(12 * 623) To (12 * 705)

Forx=1 To 800
For y = 9500 To 10500

n = 100000
x1=(x/n)-1.817:yl=(y/m)-0.1: z1 = (((z/ 3 / 4) / 2) / 5500) - 0.060363636
ck = check((x1) + 0.003, y1, z1)

If (x Mod 8 = 0) Or (x Mod 8 = 1) Or (x Mod 8 = 2) Then col = RGB(Q, 0, 150)

Else col = RGB(((z-4 *3 *623)/2) /2, (z-4*3*623)/2)/2, (z-4 * 3 * 623))

If ck >= 18 Then
PSet (y + Fix({((z/ 3/ 4)/2)) - 9800, x + Fix(((z/ 3 / 4) / 2) / 0.08) -~ 4150), col

End If

Next y
Next x
Nextz
End Sub

Function check(cx As Double, cy As Double, cc As Double) As Integer
Dim zx, zy, zx1, zy1, zcl, zd1, zc, zd, cd, i
zx=0:zy=0zc=0.2d=0i=1.cd=0
Do Whilei <70
zX1 = (zx * zx) - (zy * zy) + (2zd * zd) - (zc * z¢c) + cx
Zyl=2*%zx*zy-2%zc*zd +cy
zel=2%z *zc-2% zy* zd + cc
zdl=2%zx ¥zd+2*zy ¥ zc + cd
zx =zx1: zy = zyl: zc = zcl: zd = zd1

If ((zx * zx) + (zy * zy) + (z¢ * zc) + (2d * zd)) > 4 Then check =1: 1= 70
i=i+1 ‘

Loop

End Function

Private Sub Command2_Click()
Unload Me
End Sub
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FIGURE 13 (Visual Basic 1280x1024, 24 bpp)
DefDbl A-Z

Private Sub Command1_Click()
ScaleMode = vbPixels
Dimx,y,z ¢, ¢k x1,yl,zL,n
Dim col As Long
For z'= 400 To 4000

For x = 4400 To 5350
For y = 5500 To 7500

n= 5500
xl=(x/n)-21yl=(/n)-1521=({z/2)/n)-0.184
ck = check(x1, v1, z1)

If (x Mod 8 = 0) Or (x Mod 8 = 1) Or (x Mod 8 = 2) Then col = RGB(0, 0, 100)
Else col =RGB({((z) / 1)/ 2, ((2) I 1)/ 2, ((z} / 2))

If ck >= 15 Then
PSet (v + Fix((z / 6) / 4) - 5900, x + Fix((z / 6) / 0.4) - 5080), col

End If

Nexty
‘Next x
Next z
End Sub

Function check(cx As Double, cy As Double, cc As Double) As Integer
Dim zx, zy, zx1, zyl, zcl, zd1, zc, zd, cd, 1
zx=0zy=0:zc=0:2d=0:i=1:cd=0
Do While1 <30
zx1 = (zx * zx) - (zy * zy) + (zd * zd) - (zc * zc) + cx
zyl=2%z*zy-2*zc* zd+cy
zel=2%zx ¥ zc-2%zy¥zd + cc
zdl=2%zx*zd +2* zy * zc + cd
zx=zxl: zy = zyl: zc = zcl: zd = zd1

If ((zx * zx) + (zy * zy) + (z¢ * z¢) + (zd * zd)) > 4 Then check =i:i=30
i=i+1

Loop

End Function

Private Sub Command?2_Click()
Unload Me
End Sub



FIGURE 14
DefDbl A-Z

Private Sub Command1_Click()
ScaleMode = vbPixels
Dimx y, z ¢, ¢k x1,v1, z1, n
Dim col As Long
For z=230 To 1650
Forx=1To 800
Fory=1To 1400

n = 20000
x1=(x/n)-1.783:yl =(y/n) - 0.075: z1 = (z/n) - 0.0417
ck = check(x1, y1, z1)

If (x Mod 8 = 0) Or (x Mod 8 = 1) Or (x Mod 8 = 2) Then col = RGB(0, 0, 150)
Else col =RGB((z/2)/3,(z/2)/3, z)

Ifck >= 16 Then
PSet (y + Fix((z / 2) / 6) - 240, x + Fix({z / 2) / 0.8) - 520), col
End If

Next y
Next x
Next z
End Sub

Function color(number As Double) As Long

Dimr AsLong, g As Long, b As Long
‘color=rgb{number/2, number/2, number)
color = RGB((number / 2) / 2, (number / 2) / 2, number) bleu
‘color = RGB((number / 3), (number / 3), 0) jaune

End Function '

Function check(cx As Double, cy As Double, cc As Double) As Integer
Dim zx, zy, zx1, zyl, zcl, zd1, zc, zd, cd, i
zx=0:zy=0zc=0:zd=0:i=1.cd=0
Do While 1 < 50 -
zx1 = (zx * zx) - (zy * zy) + (zd * zd) - (z¢ * zc) + cx
zyl=2*zx*zy-2*%zc*zd + ¢y
2l =2 zx * zc-2¥ zy * zd + cc
zdl =2 *zx ¥ zd + 2 * zy * zc + cd
zx = zx1: zy = zyl: zc = zcl: zd = zd1

IF{(zx * zx) + (zy * zy) + (zc * zc) + (zd * zd)) > 4 Then check =1:1= 50
i=i+1

Loop

End Function

Private Sub Command2_Click()
ScaleMode = vbPixels
Forx=0 To 1600
Line (Fix(x), y)-(Fix(x), y + 800), color(x)
Next x
End Sub

Private Sub Command3_Click()
Unload Me
End Sub
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FIGURE 135
DefDbl A-Z

Private Sub Command!_Click()
ScaleMode = vbPixels
Dimx, y, z ¢, ck x1,y1,zl,n
Dimcol AsLong
For z= (2 * (248)) To (2 * (430))
Forx=1To 1100
Fory=1To 700

n=250
x1=(x/ny-2.1:yl1=(y/n)-12:z1 ={(z/2)/n)- 1356
ck = check(x1, y1, z1)

If (x Mod 8 = 0) Or (x Mod 8 = 1) Or (x Mod 8 = 2) Then col = RGB(0, 0, 150)
Else col =RGB(((z - (300))/ 2) / 2, ((z- (300))/ 2}/ 2, (z - (300)))

If ck >= 12 Then
PSet (x + Fix({z / 2) / 1.5) - 240, y + Fix({z / 2) / 18) + 30), col
End If '

Nexty
- Nextx
Next z
End Sub

Function check(zx As Double, zy As Double, zc As Double) As Integer
Dim zx1, zy1, zcl, zdl, zd, cx, cy, cc, ¢4, i
zd=0:1i=1: cx=-1.754878:cy=0:cc=0:cd =0
Do While1< 130
zx1 = (zx * zx) - {(zy * zy) + (zd * zd) - (z¢ * zc) + cx
zyl=2%zx*zy-2*zc* zd +cy
zel=2%zx*zc-2*%zy*zd +cc
zdl =2%zx ¥ zd+ 2% zy ¥ zc +cd
zx =zx1: zy = zyl: z¢c = zcl; zd = zd1

I ((zx * zx) + (zy * zy) + (zc * zc) + (zd * zd)) > 4 Then check =1:1= 130
i=i+1

Loop

End Function

Private Sub Command2_Click()
Unload Me
End Sub
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FIGURE 16
DefDbl A-Z

Private Sub Commandl_Click()
ScaleMode = vbPixels
Dimx ¥,z ¢ ¢k x1,yl,z1,n
Dim col As Long
‘Forz=(2* (225)) To (2 * (478))
Forx=1To 950
Fory=1 To 700

n=250
x1=x/n)-21:yl=(/n)-12:z1=((z/2)/n)-1.356
ck = check(x1, y1, z1)

If (x Mod 8 = 0) Or (x Mod 8 = 1) Or (x Mod 8 = 2) Then col = RGB(0, 0, 150)
Else col = RGB(((z - (2 * 150)) / 2) / 2, ((z - (2 * 150)) / 2) / 2, (z - (2 * 150)))

If ck >=7 Then
PSet (x +Fix{(z/2)/ 1.5) - 240, y + Fix((z / 2) / 18) + 30), col
End If :

Next y
Next x
Next z
End Sub

Function check(zx As Double, zy As Double, zc As Double) As Integer
Dim zx1, zy1, zcl, zd1, zd, cx, ¢y, cc, cd, i
zd=0:i=1:cx=-1.16:cy=0.25:cc=0:cd=0
Do While i < 130 v
zxl =(zx * zx) - (zy * zy) + (zd * zd) - (zc * zc} + cx
zyl =2 %z ¥ zy -2 * zc * zd + ¢y
zel=2%z*zc-2*zy* zd + cc
zdl=2%*z*zd+2*zy* zc+cd
zx=1zxl: zy=1zyl: zc = zcl: zd = zd1

If ((zx * zx) + (zy * zy) + (z¢ * z¢) + (zd * zd)) > 4 Then check =1:1= 130
i=i+1

Loop

End Function

Private Sub Command2_Click()
Unload Me
End Sub



FIGURE 17
DefDbl A-Z

Private Sub Command1_Click()
ScaleMode = vbPixels
Dimx,y,zc¢,ckxl,yl,z], n
Dim col As Long
Forz=(2*(70)) To (2 * (608))

Forx=1 To 900
Fory=1To 700

n=250

x1=x/n)-2.1:yl1=(y/n)-12:21=(z/2)/n)- 1356
ck = check(x1,y1, z1)

If (x Mod 8 = 0) Or (x Mod 8 = 1) Or (x Mod 8 = 2) Then col = RGB(0, 0, 150)
Else col=RGB(((z-2*70))/2) /2, ((z-(2* 70)/2)/ 2, (z- (2 * T0)))

If ck >=7 Then

PSet (x +Fix((z/2)/ 1.5) - 240, y + Fix({z / 2) / 18) + 30), col
End If

Nexty
Next x
Next z
End Sub

Function check(zx As Double, zy As Double, zc As Double) As Integer
Dim zx1, zyl, zcl, zd1, zd, cx, ¢y, cc, cd, i
zd=0:i=1:cx=0.25.cy=0:cc=0.cd =0
Do While 1 < 50
zxl = (zx * zx) - (zy * zy) + (zd * zd) - (z¢ * z¢) + cx
zyl=2%zx*zy-2*zc*zd + ¢y
Zel=2%zx ¥ ze-2*zy ¥ zd + cc
zdl=2%zx * zd +2 * zy * z¢c + cd
zx=zxl: zy =zyl: zc = zcl: zd = zd1

If ((zx * zx) + (zy * zy) + (z¢ * zc) + (zd * zd)) > 4 Then check =1 i= 50
i=i+1 ' ‘ :

Loop

End Function

Private Sub Command2_Click(}
Unload Me
End Sub
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TFIGURE 18
DefDbl A-Z

Private Sub Commandl_Click()
ScaleMode = vbPixels
Dimx, v,z ¢, ¢k, x1,y1, 2z, n
n
Dim col As Long
Forz=(2 * (70)) To (2 * (470))
Forx=1 To 900
Fory=1 To 700

n=250
xI=(x/n)-21:y1={/n)-12:2z1={(z/2)/n)- 1356
ck = check(x1, y1, z1)

If (x Mod 8 = 0) Or (x Mod 8 = 1) Or (x Mod 8 = 2) Then col = RGB(0, 0, 150)
Else col=RGB(((z- 2*70))/2)/ 2, (z-(2* 70))/ 2) / 2, {z - (2 * 70)))

Ifz= (2 * 470) Then
If ¢k >= 7 And ck < 8 Then col = RGB(150, 0, 300)
If ck >= 8 And ck < 11 Then col = RGB(150, 200, 50)
If ck >= 11 Then col = RGB(150, 0, 0)

End If

If ck >= 7 Then
PSet (x +Fix((z / 2) / 1.5) - 240, y + Fix((z / 2) / 18) + 30}, col
End If

Nexty

Nextx .
Next z
End Sub

Function check(zx As Double, zy As Double, zc As Double) As Integer
Dim zx1, zvl, zcl, zd1, zd, ¢cx, ¢y, c¢, cd, 1
zd=0:1=1l:cx=025:cy=0cc=0:cd =0
Do Whilei < 130
zx] =(zx * zx) - (zy * zy) + (zd * zd) - (zc * zc} + cx
Zyl=2%z*zy-2*zc* zd + ¢y
zel=2%zx¥zc-2*zy* zd + cc
zdl=2*%zx*zd +2* zy * zc + cd
zx = zx1: zy = zyl: zc = zcl: zd = zd1

If ((zx * zx) + {2y * zy) + (z¢ * zc) + (zd * zd)) > 4 Then check =1: 1= 130
i=i+1 ‘

Loop

End Function

Private Sub Command2_Click()
Unload Me
End Sub
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FIGURE 20
DefDbl A-Z

Private Sub Command1_Click()
ScaleMode = vbPixels
Dimx, v,z ¢, ck x1,yl,z1, n
Dim col As Long
Forz= (2 * (4)) To (2 * (687))
Forx=1To 1100
Fory=1 To 720

n=300
xl=x/n)-21:yl=(y/n)y-12:21=((z/2)/n)-1.13
ck = check(x1, y1, z1}

If (x Mod 8 = 0) Or (x Mod 8 = 1) Or (x Mod 8 = 2) Then col = RGB(0, 0, 150)
Else col = RGB(((z - (0)) /2) / 2, ((z - (0))/ 2) / 2, (z - (O)))

Ifck >=4 Then
PSet (x +Fix((z/2)/1.5) - 350,y + Fix((z/ 2) / 18) - 10), col
End If

Nexty
Next x
Next z
End Sub

Function check(zx As Double, zy As Double, zc As Double) As Integer
Dim zx1, zyl, zcl, zd1, zd, cx, ¢y, cc, cd, i
zd=0:i=l:cx=0:cy=lcc=0:cd=0
Do Whilei < 10
zXl ={zx * zx) - (zy * zy) + (zd * zd) - (zc * z¢) + cx
zyl=2%z ¥ zy-2%zc ¥ zd + ¢y
zel=2%z*zc-2%zy*zd +cc
zdl=2%*zx*zd +2* zy * zc + od
zx=zx1: zy = zyl: zc = zcl: zd = zd1

H((zx * zx) + (zy * zy) + (z¢ * zc) + (zd * zd)) > 4 Then check =1:1= 10
i=i+1

Loop

End Function

Private Sub Command2_Click()
Unload Me
End Sub
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FIGURE 21
DefDbl A-Z

Private Sub Commandl_Click()
ScaleMode = vbPixels
Dimx,v,z¢ ck x1,yl,zl,n
Dim col AsLong
Forz=(2* (21)) To (2 * (670))

Forx=1 To 1100
Fory=1To 720

n =300
x1=x/n-21:y1={y/n)-12:21=((z/2)/n)-1.13
ck = check(x1, y1, z1)- '

If (x Mod 8 = 0) Or (x Mod 8 = 1) Or (x Mod 8 = 2) Then col = RGB(0, 0, 150)
Else col = RGB(((z - (0))/2) / 2, ((z - (0)) / 2) / 2, (z - (O)))

If ck >= 5 Then
PSet (x +Fix({z/2)/ 1.5) - 350, y + Fix((z / 2) / 18) - 10}, col
End If

Nexty
Next x
Next z
End Sub

Function check(zx As Double, zy As Double, zc As Double) As Integer

Dim zx1, zyl, zcl, zd], zd, cx, ¢y, cc, cd, 1

zd=0:i=1: ecx=0:cy=1l:cc=0:cd=0

Do Whilei< 10
zxl =(zx * zx) - (zy * zy) + (2d * zd) - (z¢ * zc) + ¢x
zyl=2%zm*zy-2%zc *zd + ¢y
zel=2%zx*zc-2%zy*zd + cc
zdl=2%z*zd+2 % zy ¥ zc + cd
zx = zxl: zy = zyl: zc = zcl: zd = zd1

If ((zx * zx) + (zy * zy) + (z¢ * z¢) + (zd * zd)) > 4 Then check =1:1= 10
i=i+1

Loop

End Function

Private Sub Command2_Click()
Unload Me
End Sub
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FIGURE 22
DefDbl A-Z

Private Sub Commandl_Click()
ScaleMode = vbPixels ,
Dimx v,z c,ck xl,yl,zl,n
Dim col As Long
Forz=2*(103) To 2 * (577))

Forx=1To 1100
Fory=1To 700

n=300
x1=(x/n)-2.1:yl=(/n)-12:21=((z/2)/n)-1.13
ck = check(x1, y1, z1) '

If (x Mod 8 =0) Or (x Mod 8 =1) Or (x Mod 8 =2) Then col = RGB(Q, 0, 150).
Else col =RGB(((z- (2 * 100))/2) /2, ((z- (2 * 100)) / 2) [ 2, (z - (2 * 100)))

If ck >= 8 Then .
PSet (x + Fix({z / 2) / 1.5) - 350, y + Fix((z / 2) / 18) - 10}, col
End If . ’

Next y
Next x -
Next z
End Sub

Function check(zx As Double, zy As Double, zc As Double) As Integer
Dim zxl1, zyl, zcl, zdl, zd, cx, cy, cc, ¢d, 1
zd=0i=1. cx=0¢cy=1l:cc=0:cd=0
Do Whilei <15
zx1 = (zx * zx) - (zy * zy) + (zd * zd) - (zc * zc) + cx
zyl =2*zx * zy-2 * zc * zd + ¢y
zel=2%zx*zo-2% zy ¥ zd + cc
zdl=2%zx *zd +2* zy * zo+ cd
zx =zx1: zy = zyl: zc = zcl: zd = zd1

If ((zx * zx) + (zy * zy) + (zc * z¢) + (zd * zd)) > 4 Then check =i:i= 15
i=i+1

Loop

End Function

Private Sub Command2_Click()
Unload Me
End Sub



FIGURE 23
DefDbl A-Z

Private Sub Command?!_Click()
ScaleMode = vbPixels
Dimx, v,z ¢ ¢k x1,yl,zl,n
Dim col As Long
Forz=2* (115) To {2 * (565))
Forx=1To 1100
Fory=1 To 700

n =300 ' '
¥1=&x/n)-21yl=(F/ny-12:z1=(z/2)/n)-1.13
ck = check(x1, y1, z1) '

If (x Mod 8 = 0) Or (x Mod 8 = 1) Or (x Mod 8 = 2) Then col = RGB(0, 0, 150)
Else col = RGB(((z - (2 * 105))/2) /2, ((z - (2 * 105)) / 2)/ 2, (z - (2 * 105)))

Ifck>= 15 Then
PSet (x + Fix((z/ 2) / 1.5) - 350, y + Fix((z / 2) / 18) - 10), col
End If

Next y
Next x
Next z
End Sub

Function check(zx As Double, zy As Double, zc As Double) As Integer
Dim zx1, zyl, zcl, zd1, zd, cx, ¢y, cc, cd, 1
zd=0:i=l:cx=0:¢cy=lice=0:cd=0
Do Whilei < 130 ‘
zx1 = (zx * zx) - (zy * zy) + (zd * zd) - (zc * z¢) + cx
zyl =2%*zx * zy -2 % zc * zd + cy
zcl=2%zx*zc-2*zy ¥ zd + cc
zdl=2*zx*zd +2% zy *zc + cd
zx=zxl: zy = zyl: zc = zcl: zd = zd1

If ((zx * zx) + (zy * zy) + (z¢ * z¢) + (zd * zd)) > 4 Then check =1:1= 130
i=i+1 :

Loop

End Function

Private Sub Command2_Click()
Unload Me
End Sub
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FIGURE 24
DefDbl A-Z

Private Sub Commandl_Click()
ScaleMode = vbPixels .
Dimx y,z ¢, ck,xl,yl,zl, n
Dim col, colb As Long
For z= 100 To ((2 * 800) + 1100)
For x = 1600 To 2400
Fory=1 To 1400

n=35500

x1=(x/n)-1817:yl =(y/n)-0.1: z1 = (((z - 1100)/2) / 5500) - 0.060363636
ck = check(x1, y1, z1) ’

If (z > 1200) Then col = RGB(((z - 1100) /2) / 2, ((z - 1100) / 2) / 2, (z - 1100))
Else col = RGB(25, 25, 100)

If (x Mod 8 = 0) Or (x Mod 8 = 1) Or (x Mod 8 = 2) Then col =RGB(0, 0, 150)

If ck >= 16 Then
PSet (v + Fix(((z - 1100) / 2) / 8) - 210, x + Fix(((z - 1100) / 2) / 1.5) - 1900), col

End If

Next y
Next x
Next z
End Sub

Function check({cx As Double, cy As Double, cc As Double) As Integer
Dim zx, zy, zx1, zy1, zcl, zdl, zc, zd, cd, i
zx=0zy=0zc=0.2d=0:i=1l.cd=0
Do While i <100
zxl =(zx * zx) - (2y * zy) + (zd * zd) - (z¢ * zc) + cx
zyl=2*z*zy-2¥zc*zd +cy
zel=2%*zx*zc-2¥zy*zd +cc
zdl=2%zx*zd+2* zy * zc + cd
zx =zx1: zy = zyl: zc =zcl: zd = zd1

If ((zx * zx) + (zy * zy) + (zc * zc) + (zd * zd)) > 4 Then check =1 1= 100
i=i+1

- Loop

End Function

Private Sub Command2_Click()
Unload Me
End Sub
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FIGURE 25

DefDbl A-Z

Private Sub Command1_Click()
ScaleMode = vbPixels
Dimx,y,z ¢ ckx1,vyl,zl,n
Dim col, colb As Long
For z= 1450 To 2000

Forx=2150 To 2500
For y =860 To 1450

n=15500

x1=(x/n)-1817:y1 =(y/n)-0.1: z1 = (((z - 1100) / 2) / 5500} - 0.060363636
ck = check(x1, y1, z1) : :

If (z > 1200) Then col = RGB({(z - 1100)/2)/ 2, ((z- 1100) / 2) / 2, (z - 1100))
Else col =RGB(25, 25, 100)

If (x Mod 8 = 0) Or (x Mod 8 = 1) Or (x Mod 8 =2) Then col = RGB(0, 0, 150)

If ck >= 16 And ck < 17 Then colb = RGB(100, 0, 100)
If ¢k >= 17 And ck < 19 Then colb = RGB(150, 150, 0)
If ck >= 19 And ck < 23 Then colb = RGB(0, 150, 100)
If ck >= 23 And ck < 30 Then colb = RGB(100, 50, 50)
If ck >= 30 And ck < 40 Then colb = RGB(150, 100, 200)
If ck >= 40 Then colb = RGB(200, 0, 0)

If (z = 2000) Or (y = 860) Then col = colb

If ck >= 16 Then
PSet (y + Fix(((z - 1100}/ 2}/ 8) - 600, x + Fix({(z - 1100}/ 2) /‘ 1.5) - 2200), col

End If

Nexty
Next x
Next z
End Sub

Function check(cx As Double, cy As Double, cc As Double) As Integer
Dim zx, zy, zx1, zy1, zcl, zd1, zc, zd, ¢d, i
zx=0zy=02c=0:zd=0:i=1:cd=0
Do While i< 100
zx1 = (zx * zx) - (zy * zy) + (zd * zd) - (z¢ * zc) + cx
zyl=2%zx*zy-2%zc*zd +cy
zel=2%zx*zc-2%zy ¥ zd + cc
zdl=2%*m*zd+2¥%zy * zc +cd
zx=1zxl: zy=zyl: zc = zcl: zd = zd1

(= * zx) + (zy * zy) + (z¢ * zc) + (zd * zd)) > 4 Then check =1i: i= 100
i=i+1

Loop

End Function

Private Sub Command2_Click()
Unload Me
End Sub



