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SOMMAIRE

La présente thése porte sur 'étude des symétries et des propriétés d’intégra-
bilité des équations aux différences finies.

Dans le chapitre 1, le groupe de symétrie ponctuelle d’un systéme couplé
4 deux équations différentielles aux différences est étudié. On montre que dans
certains cas, la dimension du groupe peut étre infinie. Les équations peuvent dé-
crire l'interaction de deux longues chaines moléculaires, chacune étant composée
d’atomes d’un méme type.

Dans le chapitre 2, une classe de théories de champs avec interaction expo-
nentielle est introduite. L’interaction dépend de deux matrices de “couplage” et
est suffisamment générale pour inclure toutes les théories de champs de Toda
existant dans la littérature. Les symétries de Lie ponctuelles sont obtenues pour
les cas ou I'on a un nombre fini, infini ou semi-infini de champs. Une attention
spéciale est accordée a la présence de 'invariance conforme.

Dans le chapitre 3, nous procédons & la classification et & 'étude d’équations
linéarisables. Nous examinons tout d’abord I’équation de Gambier continue qui
contient, comme réductions, toutes les équations de deuxiéme ordre intégrables
par linéarisation. Nous introduisons par la suite la forme discréte de cette équation
et obtenons les conditions d’intégrabilité a P'aide du confinement des singulari-
tés. Nous étudions aussi les différentes réductions du cas discret. De plus, nous
obtenons des transformations de Schlesinger pour les équations de Gambier dis-

créte et continue. Dans la derniére partie du chapitre, nous étudions une famille



d’équations discrétes du deuxiéme ordre incluant des équations résolubles par li-
néarisation. Plusieurs cas intégrables sont obtenus. Dans le cas discret, I'étude de
I'intégrabilité est faite a 'aide du confinement des singularités.

Dans le chapitre 4, nous étudions un autre critére d’intégrabilité: I'entro-
pie algébrique. Nous montrons que les résultats obtenus avec ce critére pour les
équations linéarisables sont les mémes que ceux obtenus avec le confinement des
singularités. Nous obtenons de plus une méthode algorithmique pour la détection
de la linéarisabilité.

Le chapitre 5 est consacré a l'étude d’équations du troisieme ordre. Nous
obtenons des équations intégrables par des couplages d’équations du premier et
du deuxiéme ordre. Les équations continues sont étudiées & 1'aide de I’analyse de

Painlevé et le confinement des singularités est utilisé dans le cas discret.
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INTRODUCTION

Pour un systéme Hamiltonien de dimension finie n, la notion d’intégrabilité
a une définition précise depuis le dix-neuviéme siécle. En effet, au sens de Liou-
ville, un tel systéme est dit intégrable s’il posséde n constantes du mouvement en
involution et fonctionnellement indépendantes. Pour les systémes de dimension
infinie (correspondant & des équations aux dérivées partielles (EDP)), la notion
d’intégrabilité a été introduite et étudiée durant les 30 derniéres années princi-
palement par Kruskal qui en a été 'instigateur et par beaucoup d’autres qui ont
suivi.

(est en 1844 que J. Scott Russell rapporte la premiére observation de ce que
I'on appelle aujourd’hui un soliton [1]. Le phénoméne qu'il observe dans le canal
d’Edimbourg-Glasgow est caractérisé par le fait qu'’il s’agit d'une onde solitaire
possédant une grande stabilité. Il lui donne le nom de “grande onde de translation”
(“great wave of translation”). Par la suite, Russell consacrecra la majeure partie
de sa vie professionnelle & 1'étude expérimentale des propriétés des solitons.

Ce n’est cependant qu’en 1895 que Korteweg et de Vries découvrent I’équation
qui porte désormais leur nom [2]. On sait aujourd’hui que I’équation de Korteweg-
de Vries (KdV) posséde une infinité de solutions solitoniques et elle est considérée
aujourd’hui comme le prototype d’'une EDP intégrable. Elle possede toutes les
propriétés que l'on attribue généralement & 'intégrabilité pour les systémes de

dimension infinie.



En 1955, Fermi, Pasta et Ulam travaillaient & Los Alamos sur un modele
numérique de phonons anharmoniques [3]. Il se trouve que ce systéme est étroite-
ment lié & une approximation discréte de I’équation de KdV. Ils observérent avec
surprise qu’il n'y avait pas équipartition de I'énergie entre les différents modes.

Voyant les résultats des travaux de Fermi, Pasta et Ulam, Zabusky et Kruskal

décidérent, en 1965, de considérer le probléme suivant
Us + Uty + 82 Ugey = 0 (1)
avec une condition frontiére périodique
u(z,0) =cosmz, 0Lz <2

et U, Uy, Ugs périodiques sur [0,2] pour tout t [4]. L’équation (1) est I'équation
de KdV. Leurs études numériques de ce probléme les amenérent a la découverte
des solitons qui sont la conséquence d’un équilibre fragile entre la dispersion et
la non linéarité. Ils découvrirent aussi que deux de ces ondes solitaires préservent
leur forme & travers une interaction non linéaire. Ce sont eux qui inventérent le
terme de soliton.

Cette découverte a mené, dans les 30 derniéres années, & une intense étude
des systémes de dimension infinie possédant des propriétés analogues a celles de
I’équation de KdV et que I'on désigne par le nom de systémes intégrables. Ce-
pendant, le terme d’intégrabilité pour les EDP doit cependant encore aujourd’hui
gtre précisé. Chacun donne sa définition ou apporte ses nuances a cette notion.
Par ce terme, on veut généralement désigner, parmi les systémes aux dérivées
partielles, ceux qui possédent une “classe riche” de solutions “suffisamment” glo-
bales. On admet habituellement qu'une EDP non linéaire est intégrable si elle

posséde des solutions & n solitons pour n'importe quel n. Les équations linéaires



ou linéarisables (i.e. qui peuvent étre amenées a une équation linéaire par une
transformation) sont considérées comme intégrables a prior:.

La définition précise d'un soliton implique les valeurs propres discrétes d’un
probléme de diffusion. Cependant, dans le cas ol I'on a une seule variable d’es-
pace et une variable de temps, on peut donner une définition plus simple et plus
intuitive d’un soliton: il s’agit d'une solution d’une équation (ou d'un systéme)
aux dérivées partielles qui (i) représente une onde de forme permanente dans le
temps; (ii) est localisée, i.e. qui décroit vers zéro ou approche une constante a
l'infini; (iii) peut interagir avec d’autres solitons et garder son identité.

Dans le cas des équations différentielles ordinaires, on considére comme in-
tégrables les équations dont la solution générale s’écrit en terme d’'un nombre
fini de fonctions “acceptables”. Ici encore, le terme d’intégrabilité est flou puisque
Pensemble des fonctions acceptables n’est pas bien défini. On considére cepen-
dant de facon générale qu'une équation possédant la propriété de Painlevé est
intégrable. On dit qu'une équation posséde la propriété de Painlevé si les singu-
larités “mobiles” de sa solution générale dans le plan complexe ne sont pas des
points de branchement [5]. Une singularité est dite mobile si sa position dans le
plan complexe dépend des conditions initiales choisies.

Par exemple, considérons

y+y'=0 (2)

dont la solution est

1

T t—1g

Donc, ’équation (2) posséde la propriété de Painlevé puisque la seule singula-

Y

rité mobile de sa solution générale n’est qu’un poéle d’ordre 1 & ¢ = t;. Prenons

maintenant 1’équation

o1
o+ guh=0 (3)



dont la solution générale est donnée par:
y=(t—t)"

qui a un point de branchement mobile & ¢t = t;. Donc, I’équation (3) n’a pas la
propriété de Painlevé. Mais notons ici que par la transformation z = 1%, 'équation
(3) devient ’équation (2) qui posséde la propriété de Painlevé.

L’analyse de Painlevé consiste en 'application d’'un algorithme appelé test
de Painlevé [6]. Ce test nous permet de trouver la solution générale de 'équation
donnée sous forme de série formelle de Laurent si elle peut s’exprimer ainsi. Ce
test ne nous donne cependant qu'une condition nécessaire a la présence de la
propriété de Painlevé puisque, par exemple, elle ne permet pas de détecter la
présence d'une singularité essentielle multiforme. En pratique cependant, il y a
trés peu d’équation qui passent le test sans avoir la propriété de Painleve.

Un sujet intimement lié a I'intégrabilité est I'étude des symeétries des équations
différentielles. Par exemple, il a été remarqué [7] que la présence d’'une algebre
de symétrie possédant une structure de Kac-Moody-Virasoro est typique pour les
EDP intégrables a trois variables (une de temps et deux d’espace).

L'origine de 'étude des symeétries des systémes d’équations différentielles nous
fait retourner a la fin du dernier siécle. C’est en effet & cette époque que Sofus Lie
introduit la notion de groupe continu (connue aujourd’hui sous le nom de groupe
de Lie) et étudie ses applications aux équations différentielles [8].

Définissons briévement ce qu’on entend par groupe de symétrie d'une EDP.

Soit une EDP générale de la forme suivante

E(z,u,u® u@ . . u™) =0,

zeRP, uelR, pneN,



ot u(® dénote toutes les dérivées partielles d’ordre k de u. Il s’agit simplement
d’une équation aux dérivées partielles pour la fonction u de z. Un groupe de symé-
trie est un groupe continu agissant sur I'espace formé de la variable dépendante u
et la variable indépendante z et qui transforme une solution de I'équation (4) en
une autre solution. Il laisse donc invariant I’ensemble des solutions de 1'équation
(4).

La théorie des groupes de Lie, utilisée avec ’analyse de Painlevé, nous donne
une méthode trés efficace pour trouver les solutions exactes d’EDP [9, 10]. En
effet, le groupe de symétrie d’une EDP nous permet de la ramener, par des réduc-
tions par symétrie, & des équations différentielles ordinaires. L’analyse de Painlevée
nous permet ensuite de détecter, parmi ces derniéres, des candidats a I'intégrabi-
lité. La derniére étape consiste en 'intégration des équations ainsi sélectionnées.
De plus, le groupe de symétrie nous permet de générer de nouvelles solutions
a partir de celles déja connues. Les symétries peuvent aussi étre utilisées pour
établir des isomorphismes entre différentes équations.

Tout comme les EDP, les équations aux différences finies (EDF) sont trés
importantes en physique. Elles apparaissent naturellement lorsque des systémes
physiques discrets sont étudiés. Par exemple, dans les réseaux de spins en méca-
nique statistique, les réseaux cristallins, les chaines moléculaires, etc... Les EDF
sont aussi utiles pour I’étude numérique de phénomeénes continus. Ainsi, ces der-
niéres années, beaucoup de travaux ont porté sur I'étude des symétries et de
V'intégrabilité des équations aux différences finies [11, 12, 13].

Pour ce qui est de I'intégrabilité, plusieurs travaux proposent des extensions
de 'analyse de Painlevé aux EDF. Nous allons nous intéresser ici au “confinement

des singularités”’ [14, 15] qui est un critére d’intégrabilité qui a 'avantage d’étre &



la fois simple et efficace. En effet, depuis la découverte du confinement des singu-
larités en 1991, plusieurs équivalents discrets d’équations intégrables importantes
ont été trouvées grace a ce critére (voir par exemple [18]).

On dit qu'une équation posséde cette propriété si les singularités de ses solu-
tions ne se propagent pas indéfiniment. Illustrons ceci par deux exemples. Consi-

dérons 1’équation

b
Tpt1 T+ Tn+ Tn1 =0 -+ —,
In

ot a et b sont des constantes non nulles. On voit ici que la seule singularité possible
se produit si z,, = 0 pour un certain n. Ensuite, T, est infini et z,,2 est de la
forme indéterminée oo — 0o. La méthode utilisée pour lever cette indétermination
est la suivante. On introduit une perturbation autour de 0: z, = € (zn—1 est
considéré non-nul). On calcule les valeurs subséquentes de z et on regarde leur

comportement lorsque € tend vers 0. Ainsi, pour Z,.;, on a
b
Tny1 = ’g +a—Zp-1+ 0(6)7

et donc z,.1 — oo lorsque € — 0. C’est notre singularité. Par la suite, on a

b
Tnt2 = —E + Tn—-1 -+ O(E),

Tnrz = —€ + O(%).

On trouve ensuite que Zp4s4 — Tn_1 lorsque € — 0. Donc, la singularité a disparu
et elle ne se propage pas. Notre critére d’intégrabilité est respecté. Voyons main-
tenant un exemple ot la singularité n’est pas confinée. Considérons 1'équation

(1 - az,)?

xn—i—lxn—l = .’L‘n(.’L'n — (1,)3

Si zg = a + €, on trouve ensuite z, ~ 1/€3, zo ~ €* et z3, quant & elle, possede

la valeur finie 1/a’. Plus loin cependant, on trouve z4 ~ 1/€%, z5 ~ e et 5 a



encore une valeur finie, 1/a!l. La séquence (oo, 0, finie) se répéte indéfiniment et
donc la singularité n’est pas confinée.

Tout récemment, un nouveau critére d’intégrabilité a été introduit: I'entropie
algébrique [21, 22]. Ce critére est basé sur les idées d’Arnold et de Veselov sur
la complexité d'une application [23, 24]. Plusieurs exemples présentant un com-
portement chaotique sont maintenant connus ou I'entropie algébrique détecte la
non intégrabilité mais ot le critére de confinement des singularités échoue [21].
En effet, le test du confinement est satisfait malgré le comportement chaotique.
Ceci démontre que le confinement ne peut pas étre considéré comme un critére
suffisant & l'intégrabilité. De plus, puisque l'entropie algébrique est plus précise,
toute étude de P'intégrabilité devra désormais étre confirmée par une analyse de
I’entropie.

Pour ce qui est des symétries, plusieurs approches, dont le but est d’appliquer
la théorie des groupes aux équations aux différences finies, ont fait leur apparition
dans les derniéres années [16, 17, 19, 20]. Entre autres, en 1991, Winternitz et
Levi ont introduit la méthode dite approche “équation différentielle” [16]. Cette
méthode a deux grands avantages qui la distinguent d’autres méthodes: elle s’ap-
plique de facon complétement algorithmique et, de plus, on peut l'utiliser dans
tous les cas d’équations linéaires ou non. Son désavantage est qu’elle ne concerne
que les transformations laissant la variable discréte invariante.

Ma thése se place dans le contexte d'une classification des systémes inté-
grables discrets & une variable de deuxiéme ordre. Pour ce qui est des symétries,
une étude systématique du lien entre le groupe de symétrie et I'intégrabilité n’a
toujours pas été faite. De plus, il n’est pas encore possible d’utiliser les symétries

pour P’étude des EDF de fagon aussi efficace que pour les EDP.



La présente thése est divisée en deux grandes parties. Premiérement, nous
étudions et classifions des équations discrétes & 1'aide de la théorie des groupes.
Le but d’une telle classification est de pouvoir éventuellement établir un lien entre
les symétries et la propriété d’intégrabilité. Deuxiément, nous classifions certaines
familles d’équations intégrables discrétes.

Ces deux grandes parties sont incluses dans le programme de recherche dont
le but est de pouvoir utiliser la théorie des groupes de Lie et 'analyse de I'inté-
grabilité pour les EDF de fagon aussi efficace que pour les EDP. Ainsi, le chapitre
1 est consacré a la classification par symétries d’un systéme différentiel et aux dif-
férences. Ce systéme se retrouve dans les domaines de la biophysique, la physique
moléculaire et la mécanique classique [25]. Dans le chapitre 2, nous étudions des
généralisations de 1'équation de Toda sous le point de vue des groupes de Lie
[26]. Dans le chapitre 3, nous procédons a la classification et a l’étude d’équa-
tions discrétes intégrables par linéarisation [27, 28, 29|. Dans le chapitre 4, nous
étudions les mémes équations & I’aide de entropie algébrique [30]. A T'aide de
couplages d’équations intégrables du premier et du deuxiéme ordre, nous obte-
nons une classe d’équations intégrables du troisiéme ordre dans le chapitre 5 [31].
Finalement, nous discutons des résultats obtenus dans I'ensemble de la thése et

tirons des conclusions générales.



Chapitre 1

CLASSIFICATION PAR SYMETRIES D’UN
SYSTEME DYNAMIQUE DISCRET
IMPLIQUANT DEUX ESPECES
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The Lie point symmetries of a coupled system of two nonlinear differential-
difference equations are investigated. It is shown that in special cases the symmetry
group can be infinite dimensional, in other cases up to ten dimensional. The equa-
tions can describe the interaction of two long molecular chains, each involving one
type of atoms. © 1999 American Institute of Physics. [S0022-2488(99)03206-5]

. INTRODUCTION

Our purpose in this article is to perform a symmetry analysis of a system of two coupled
differential-difference equations of the form

El =ﬁn—Fn(t’un—1 sUpslpe1,Upn=1.Up 7Un+1)=0s
(1.1

E,=v,— Gn(tvun—l slpahpe1,Up-1,Ug vvn+1)=0-

The overdots denote time derivatives. The discrete variable » plays the role of a space variable; it
labels positions along a one-dimensional lattice. The functions F, and G, represent interactions,
e.g., between different atoms along a double chain of molecules (see Fig. 1). The functions F, and
G, are a priori unspecified; our aim is to classify equations of the type (1.1} according to the Lie
point symmetries that they allow. The interactions in such a mode] depend on up to six neighbor-
ing particles. For instance, we can interpret u, and v, as deviations from equilibrium positions of
two different types of atoms, say type U and type V. The accelerations i, and ¥/, depend on the
deviations x and v of both types of atoms at the neighboring sites n—1, n, and n+1. We do not
restrict to two-body forces, nor do we impose translational invariance for the chain. We do,
however, assume there is no dissipation, i.e., system (1.1) does not involve first derivatives with
respect to time.

Such differential-difference equations typically arise when modeling phenomena in molecular
physics, biophysics, or simply coupled oscillations in classical mechanics.!~

A recent article* was devoted to a similar problem, but was concerned with a single species,
i.e., one dependent variable u,(¢). The approach adopted here is similar to. that of Ref. 4. Thus, we
shall consider only symmetries acting on the continuous variables ¢, u,, and v, . Transformations
of the discrete variable n must then be studied separately.

Several different treatments of Lie symmetries of difference and differential-difference equa-
tions exist in the literature.*!> The one adopted in this article is that of Refs. 4—6. It has been

IEjectronic mail: dgu@eucmos.sim.ucm.es
YElectronic mail: lafortus @crm.umontreal.ca
“Electronic mail: wintem@crm.umontreal.ca

0022-2488/99/40(6)/2782/23/$15.00 2782 © 1999 American Institute of Physics
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Un—1 Un Unl
Un-1 Un vn'+1

FIG. 1. Double molecular chain with two types of atoms.

called the “‘intrinsic method,”” makes use of a Lie algebraic approach, and is entirely algorithmic.
The Lie algebra of the symmetry group, the ‘‘symmetry algebra’ for short, is realized by vector
fields of the form

X=1(t,u,,0,)0,+ dn(t,u, )0y F Yn(t,y,00)3, . (1.2)

The algorithm for finding the functions 7, ¢,, and ¢, in (1.2) is to construct the appropriate

prolongation prX of X (see Refs. 46 and Sec. II) and to impose that it should annihilate the
studied system of equations on their solution set,

prXEi|p,~5,=0=0, prXE;|g - p,=0=0. (1.3)

Our first step is to find and classify all interactions (F, ,G,) for which the system (1.1) allows
at least a one-dimensional symmetry algebra. The next step is to specify the interactions further
and to find all those that allow a higher-dimensional, possibly infinite-dimensional, symmetry
algebra.

As in previous articles,*'* our classification will be up to conjugacy under a group of “‘al-
lowed transformations.’”’ These are fiber preserving locally invertible point transformations,

un=ﬂn(ﬁn aﬁn !’t.')! Un=rn(’7n 91771,?)5 t=t(?)1 (1'4)

which preserve the form of Eqgs. (1.1), but not necessarily the functions F, and G, (they go into

new functions F, and G, of the new arguments).

Throughout the article we assume that both F,, and G, depend on at least one of the quantities
Up—1s8p41:Upn—1-Un+1, SO that nearest neighbors are genuinely involved. In the bulk of the article
the interaction is assumed to be nonlinear.

In Sec. II we formulate the problem, establish the general form of the elements of the sym-
metry algebra, and present the determining equations for the symmetries. We also derive the
‘‘allowed transformations’’ under which we classify the interactions and their symmetries. Section
I is devoted to a classification of interactions F,, G,, allowing at least a one-dimensional
symmetry algebra. Ten classes of such interactions exist, each involving two arbitrary functions of
six variables. In Sec. IV we study higher-dimensional symmetry algebras and introduce an im-
portant restriction. We first prove that four equivalence classes of symmetry algebras isomorphic
to sl(2,R) exist. Then we restrict to just one of them, sl(2,R); generating a gauge group acting only
on the fields u, and v, (in a global, coordinate-independent manner). We describe all symmefry
algebras, containing the chosen sl(2,R) as a subalgebra. In Sec. V we obtain the invariant inter-
actions for all algebras containing si(2,R);. The results are summed up and discussed in Sec. VI,
where we also outline future work to be done.

il. FORMULATION OF THE PROBLEM

To find the Lie point symmetries of the system (1.1), we write the second prolongation of the
vector field (1.2) in the form*®

11
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n+1 n+1
pI(Z)X': T(t!un 9vn)at+k E 1 d’k(raun ’v”)a“k+k 2 1 'Jlk(t’un ’Un)avk‘*' d)::aiin_'_ 'ﬁ?aﬁn‘
=n— =n-—
(2.1)
with

=D2¢,—(D?P)i,—2(D,7)i,,

=20 — (P2 — ” 2.2)
Di ¢, (DtT)Un WD)y,

where D, is the total time derivative. The determining equations for the symmetries are obtamed
by requiring that Eq. (1.3) be satisfied. The obtained equations will involve terms like u¥, v¥, and
u*y!. The coefficients of each linearly independent term must vanish and this provides 16 hnear
differential equations that are easy to solve and do not involve the interaction functions F,.G,.

The result is that an element X of the symmetry algebra must have the form

X=1(1)3, +{( +an)u"+b UptA (t)}c? +[c u +(2.+d,,)v,,+p.,l(t)}c?vn, 2.3)

where the overdots denote time derivatives. The functions 7(¢), A,(t), &n(), @y, by, €5, and d,
satisfy the two remaining determining equations, namely,

£ 3 el
'Z—un+)\n+ an—'ET Fn+bnGn_TFn,z g_ Fn uy +ak k+bkvk+)\k(t)
n+1
_k; : F, ”k{( +dk)vk+ckuk+/.l.k(t)} (2.4)
# 3 n+1
Evn+ﬂn+(dn—E.T)Gn-i—ann_TGn,t 2 Gn "k[( +ak)uk+bkvk+)\k(t)l
n+l A
_kE . Gn vk[(-z—+dk)vk+ckuk+,uk(t)]=0. (25)

In Egs. (2.3), (2.4), and (2.5) the quantities a,, b,, ¢,, and d, are independent of #. To
proceed further, one could specify the interaction functions F, and G, . Instead, we shall assume
that at least one symmetry generator (2.3) exists and make use of allowed transformations to
simplify this vector. The second step is to find interactions F, and G, compatible with such a
Symmetry.

Substituting (1.4) into Eq. (1.1) and requiring that the form of these two equations be pre-
served, we find that the allowed transformations are quite restricted, namely,

(D) _[Cn Ralappl@,D)| (@®| -_- . df
(vnm)“(sn :rn)‘ m(ﬁn<’5)+(ﬁn(t))’ ESHES e (2.6)

The entries Q,, R,, S,, and T, are independent of £ #(t) is an arbitrary locally invertible
function of #; a, , B, are arbitrary functions of n and ¢, and the matrix

_(Qn Rﬂ

= 2
Sn Tn) H detM,,-/-O, (_.7)

is nonsingular.

12
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It will be convenient to use a shorthand notation for the vector field X, of Eqg. (2.3), namely,

A n bn
[T(t),A,l,(M:((?))], A,,=(: d,,)' (2.8)

If we perform an allowed transformation (2.6), then Eg. (1.1) goes into an equation of the
same form, with F, and G, replaced by

e (o)) 3eme- i) ). 29

n
where F, and G, are functions of the new variables.
The vector field characterized by the triplet (2.3) goes into a new one of the same form,

o 5]

with
HD)=r(s(D)1,

A,=M]'AM,,

[ )= )

. 2 Bn & Bn I‘Ln )

We shall use the allowed transformations to simplify the vector field, rather than the equation
itself. :

Ka(1)

~ =M1
Bn(1) :

Iil. SYSTEMS WITH ONE-DIMENSIONAL SYMMETRY GROUPS

Let us now assume that the system (1.1) has at least a one-dimensional symmetry group,

generated by a vector field of the type (2.3). Using allowed transformations (2.6), we take X into
one of ten inequivalent classes.

Indeed, for 7#0 we can choose the function (1) so as to transform 7(f) into 7=1, the
functions ,(¢) and B,(t) so as to annul A (), and u,(¢) and the matrix M, so as to take A, into
its canonical Jordan form.

For =0 the standardized form of X depends on the rank of the matrix A,. For rank A,
=2, we can again transform \, and g, into A, =u,=0 and take A, into one of three canonical
forms. For rank A,=1, only one of the functions A, or u, can be annulled. We choose it to be
A,.(t)=0. Then A, can be taken into one of the two standard matrices of rank 1 in R2*2. For rank
A,=0 both A\, (#) and p,(t) survive.

We thus obtain ten mutually inequivalent one-dimensional symmetry algebras, listed below.
The statement now is that any single vector field X of the form (2.3) can be transformed by an
allowed transformation into precisely one of these vector fields.

The next step is to determine the interactions for which a one-dimensional symmetryagroup
exists. To do this, we run through the canonical vector fields just obtained, substitute the corre-
sponding 7(=10r 0), A, , A,(¢), and u,(r) into Egs. (2.4) and (2.5), and solve these equations for
F,and G,.

Following this procedure, we arrive at the following list of interactions and their one-
dimensional symmetry algebras:

13
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X=06,+a,u,, +d,v,3, ,
Fo=e®'f, (£ mp)s

Gn= ed"tgn(gk ’ 77k),
Er=upe ¥, m=ve,
k=n—1n,n+1;

X=at+(anun+vn)au"+anv navn’
Fo=e*"[f,(&cs M)+ 18Xk )]s
Gn=ea"18n(§k r 77k)7
E=(u—tvr)e %, m=ure ¥,
k=n—1n,n+1;

=0+ (auunt b ), +(—bytp+aw)0,, bp>0,

(Fﬂ)___ea,,t( cosb,r  sin bnt)(fn@k»ﬂk))
G, —sinby cosbyt)\&nl& )"
E=rie” %, m=0thyt,

up=rpcos 6y, v=rysinf,
k=n—1n,n+1;

X=a,u,d, +dady , |as|=|d,l,
Fo=upfu(€ar i)
Gn=vngn.(§a!77k!t)v 3
§.a=u‘;nunaa’ nk=v:nun k,
k=n—-1n,n+1, a=n—-1n+1;
X=(anun+un)6uu+anvnaun’ a,=0,
Fn=vnfn(77a9‘§k’t)+Un1n(vn)gn(77m§kat)’
Gn=anvngn(77a’§k’t)1

U —
§k=ak;):-—1n(vk), 77a=v‘;"vna",
k=n—1n,n+1, a=n—-1n+1;
}2=vn5un,
Fn=fn(vk’§a I FUaE (Vs Easl)s
Gn=vngn(vka§a9t)’
§a=—vaun+vnuu’
k=n—1n,n+1, a=n—1n+1;
)2=(a,,u,,+b,,v,,)¢9un+(—b,,u,,+a,,v,,)5v", b,>0,

(F "):e—m,,/b,,)e,. cos §, —sin 9")(fn(§ks77mr))
G, sinf, cos 8, /\&nle:Ta-D)/’

Ee=rne®h,  p,=b,0,—b,b,
Up=r,Cos b, Up=rsin Gy,
k=n—-1lnn+1, a=n—1n+tl;

R=a,u,8, + ()3, 7O,
Fn=unfn(77a’§k!t)v

Fin
Gn=;;vn+gn(77a_ ’gk st)v

Na= MHpUa— MHalUp, §k=uke—akv"/'u"’
k=n—1nn+1, a=n—1n+l;

14
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-~

A1.9 X= 3 +.u'n(t)au > #'n‘_"ho

1 #n
F 2;?0 +vngn(77a77]n 5§a!t)+fn(77a!77n=§ast)!

G =;'_Ln- vn+/"71gn( B+ Mn 1‘§a 7t)s

/'Lnu +Zlu'av —HnUplas Ea=HoUn~ Hnla>
77 =pau,— i, a=n—1lnt+l;

Ao X=\(038, + 13y, Nav pn#O,

Fn=;_: un+fn( /3 ’ga ,t),

G _.U'nu"+g"(ﬂk éa’t)’

§a=)‘nua-}\aun’ 77k=l"kun_}‘nvk’
k=n—1n,n+1, a=n—1n+1.

We mention that the variables & and 7, are to be taken exactly as above. For instance, &,
is not an upshift of ¢, .

The above results are summed up quite simply. Namely, the existence of a one-dimensional
symmetry algebra restricts the interaction terms F, and G, to two arbitrary functions of six
variables, rather than the original seven variables. The algebras A;;, A;, and A, 5 involve time
translations. Hence, the time dependence in these cases is restricted: F, and G, depend on time
explicitly and via invariant variables £; and 7 that, in turn, depend explicitly on . The algebras
Aq4,...,A 110 comrespond to gauge transformations: the group transformations act on dependent

variables only. The time variable figures in the arbitrary functions, as does the discrete indepen-
dent variable n.

IV. HIGHER-DIMENSIONAL SYMMETRY ALGEBRAS

A. General strategy

The commutator of two symmetry operators (2.3) is an operator X3=[X,X,] of the same
form, satisfying

Ty=T1h— T, Anz=—[An1.An2l

}\nﬁ - xn,z s }.\n,1 - L Zl )‘n,Z 2 }\n.l
(l-‘n,s)—rl(ﬂn,z) Tz(ﬂn,l) (A"’1+ 2 )(#n,z) +(A"'2+ 2)(#n,1)'

To obtain a finite-dimensional Lie algebra of symmetry operators, we see that the *‘differen-
tial components” 7,(t)3, must form a Lie algebra L,, the ‘‘matrix components’” A, ; must also
form a Lie algebra L,,, homomorphic to L;. Moreover, Eq. (4.1) shows that the *‘functional
components” (A, ;(£), i, ;(¢)) must satisfy certain cohomology conditions.

The algebra of diffeomorphisms of R!, {r(t)d;} has only three mutually nondiffeomorphic
finite-dimensional subalgebras, namely sl(2,R) and its subalgebras, realized, e.g., as

@.1)

{8,,t8,,£%3,}, {4:,d;}, and {4}, (4.2)

respectively.
For n fixed, the matrices A, generate the Lie algebra of gl(2,R). However, since the depen-
dence on 7 is arbitrary, an unlmuted number of copies of gl(2,R) and its subalgebras is available.

15
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‘We shall not perform a complete classification of possible symmetry algebras here. Instead,
we shall first concentrate on sl(2,R) symmetry algebras and show that, up to allowed transforma-
tions, four different sl(2,R) symmetry algebras can be constructed. We then consider just one of
these four and study its extensions to higher-dimensional Lie algebras.

B. Equivalence classes of sl(2,R) symmetry algebras

Since si(2,R) is a simple Lie algebra, it has no ideals. Hence, a homomorphism between
s1(2,R) algebras is either an isomorphism, or one of the algebras is mapped onto zero. Correspond-
ingly, we have three possibilities to explore: we shall call them sl(2,R),4, sI(2.R),,, and si(2,R),
(where d stands for “‘differential,”” m for ‘‘matrix,”” and ¢ for ‘‘combined”’).

1. The algebra sl(2,R) 4
We have a priori

Xy =0, 4 M(1)0, + 1nl1) s,

X2=t5,+(%un+pn(t))é‘un+(lgvn+0'n(t))6vn, (4.3)
X3=129,+ (tup+ 0y(1))8, + (vt ka(1))3, .

Using allowed transformations we transform \,—0, x,—0. The commutation relation [X,,X;]
=X, then requires p,=d,=0. A further allowed transformation (2.6) with 7(z)=¢, M,=1, and
(@ ,B,) constant will not change X;, but take p,—0, o,—0 (while leaving \,= u,=0). The
commutation relations [X;,X3]=X; and [X;,X3]1=2X, then imply w,=«,=0.

2, The algebra sl(2,R)
A priori we have
X1 =ba0pdy + Na(2) 0y + pn(2) 6y s
X3 =,(1s0, ~Undy )+ Pa(1)d, +04(0)3, , (44)
Xs=cnu,dy + w,(1) 0y, t K, (1) Gy -
The structure constants cannot depend on », so the commutation relations imply
‘a,=a, b,c,=bc. (4.5)
Given that the product b,c, does not depend on n, we can use an allowed transformation to

take b,—b, c,—c. A further allowed transformation will take p,—0, o,—0. The commutation
relations then imply A= ¢,=0 and w,=«,=0.

3. The combined algebra sl(2,R) .

In view of the above results, we can write a ‘‘combined’’ algebra as

X1=0Fav,d, +£,0, t a0y a#0,

X =18, +[(z+ Bun+ M0, + (3= B)va+t #a1dy 4.6)

X3=128,+ (tu,+ p,,)c?un+(‘yu,,+ t,+0,)d, .
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We use allowed transformations to set =1, &,=7,=0. The commutation relations then deter-
mine A=3%, y=—1. The functions \,(z), u,(2), p,(2), and @,(¢) are greatly restricted by the
commutation relations. As a matter of fact, we either have A= pn=pp,=0,=0, or we can use
allowed transformations to obtain A,=t, p,=1, p,= =2t.

We arrive at the following result.

Theorem 1: Precisely four classes of s(2,R) algebras can be realized by vector fields of the
form (2.3). Any such si2,R) algebra can be taken by an allowed transformation (2.6) into pre-
cisely one of the following algebras:

s(2.R);: Xy=v,d,,

X2=%(un‘9un_vn‘9vn)v (47)
X3= u,,(?,,n,

SI(Z,R)Q_Z X1 — ax »
X2=t¢9,+%(u,,8un+v,,avn), (4.8)
X3=120,+1(und, +0,3, ),

sl2R)s: X =8,+v,d, ,
X2=tat+unaun’ (49)
X3=129,+tupd, +(t0,—up)d, ,

sI2R)s: X1=d,Fv,d,
X2=tat'*'(un’*'t)é'u"'*'‘9u,l (4.10)
X3=t26,+(tu,,+2t2)aun+(tvn—un+2t)aun.

C. Indecomposable Lie algebras containing sl(2,R),

A Lie algebra L is called indecomposable if it cannot be written as a direct sum, L=L;
®L,. A Lie algebra over R containing sl(2,R) is either simple or it allows a ponirivial Levi
decomposir_ion,15

L=SD>R, 4.11)

where S is a semisimple Lie algebra and R is the radical, that is, the maximal solvable ideal of L.
It follows from the results of Sec. IV A that the only simple Lie algebras that can be con-
structed from operators of the form (2.3) are the four sI(2,R) algebras obtamed in Sec. IVB. We
can hence concentrate on Lie algebras of the form (4.11).
The algebra S is either sl(2,R); itself, or the direct sum of sl(2,R), with one or more other
sl(2.R) algebras. '

Requiring that a symmetry operator ¥ should commute with all elements of sl(2,R),;, we find
that ¥ must have the form

Yo= 7'6’,+(-§-¢+an)(unaun+vn6’vn). (4.12)

It is hence possible to construct precisely one semisimple Lie algebra properly containing
sl(2,R),, namely, the direct sum sl(2,R), ®sl(2,R), with sl(2,R), defined in Eq. (4.8).
Let us introduce some notations for vector fields, to be used below. We put

V(an)=ay(und, +0,d,,), (4.13)
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T(a,)=0d,+an(usd, *v,d, ), (4.14)

D(a,)=13,+(3+an) (0, tvn0, ) (4.15)

P(a,) =129, +(t+a,)(u,d, +v,8, ), (4.16)
R(a,)=(2+1)d,+(t+a,)(upd, +vady)s (4.17)

Yuh)=M(0d, s VoA =Aa()y (4.18)

In all cases we have 4,=0, but \,(¢) can be a function of z. Both a, and \,(#) can be functions
of n.

Let us consider S=sl(2,R), and S=5s1(2,R),®sl(2,R), in Eq. (4.11) separately.

1. S=sl(2,R)4

The considered Lie algebras will have a basis {X,,X;.X3,Y1,....Y,} with X; given in Eq.
(4.7). The basis elements {¥,....¥,} span the radical R. The algebra § acts on R according to
some linear, not necessarily irreducible, finite-dimensional representation.

We start with the Cartan subalgebra {X,} of sl(2,R). It can be represented by a diagonal
matrix in any finite-dimensional representation. Consider ¥ € R. We have

[X,.Y]=pY, (4.19)
with ¥ as in Eq. (2.3). Equation (4.19) implies

pm™=0,

7 1
p(5+a,,)=o, (p+§))\n=0, (p+1)b,=0, (4.20)

T 1
p(-2—+dn)=0, (—E)M,FO, {p—Y) &, m=CL

For p=0 we obtain an operator that commutes not only with X5, but with all of sl(2.R);, namely,
Y, of Eq. (4.12). This is a singlet representation of sI(2,R).

For p=1, or p=—1, Eq. (4.19) forces Y to be an element of s1(2,R),, in other words, no such
Y e R exists.

For p=* 3 we obtain Yi=X(8)0,, and Y= pu,(1)d, , respectively. Acting with X; and X;
on these operators, we find that the only representation of sl(2,R), that can be realized is a doublet
one, namely {¥,(\,),Y,(\,)} of Eq. (4.18), with \,(z) an arbitrary function of n and 1. The
indecomposable Lie algebra {X;,X;,X3,Y,(\,),Y,(\,)} is isomorphic to the special affine Lie
algebra saff(2.R).

All further indecomposable symmetry algebras containing sl(2,R); must be extensions of
saff(2,R). The objects that we can add to saff(2,R) are either sl(2,R) doublets or singlets. Let us
run through all possibilities.

(1) We can add an arbitrary number k of doublets of the form (4.18), where the k functions
N, A2(0),... . A5(2)} must be linearly independent. However, we shall see in Sec. V that
the presence of three such pairs forces the functions F, and G, in Eq. (1.1) to be linear.
Moreover, even two such pairs are compatible with a nonlinear interaction only if they are of
the form (or transformable into)

A=1, Ai1)=t. (4.21)
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(2) We can add a singlet of the form (4.12). If we have 7=0, then the commutation relations
[Yy.Y,]and[Y,,Y,] imply a,=a,,; and we can set a,= 1. We obtain an affine Lie algebra
gaff(2,R); consisting of saff(2,R) and V(1) of Eq. (4.13).

If we have 7#0 in Eq. (4.12) and only one operator of this type, then we can use allowed
transformations to take 7(¢) into 7(¢)=1. The commutation relations [Y;,Y,] and [¥y,Y,]
then imply

M (D)=R, R R =0.

For k=0, the algebra is decomposable. For k#0 we can use allowed transformations to put
=-—1 and R,= 1. We obtain a second algebra isomorphic to gaff(2,R), but not conjugate to
the previous one. We have

gaff(2,R),~{X{, X5, X5, (e~ V%) ¥, (elen~ 1) T(a,)}. (4.22)

In the special case of a,=a,4; in Eq. (4.22), a further extension is possible. We transform
A=e@ " into A=1; then T(a,) goes into D(b,) with b,=b,,=b# —3, since for b
= —1 the algebra is decomposable.

(3) We can add two singlets of the form (4.12). If they commute, they must be {V(1),7(0)}. The
obtained algebra is decomposable. If they do not commute, they must form a two-dimensional
Lie algebra, namely, {T(0),D(a),a,=a,.=a}. This implies A ,(t)~1, i.e., the entire radi-
cal is {¥,(1),7,(1),T(0),D(a)} with a+} (the case a=} corresponds to a decomposable
algebra).

(4) f we add three singlets, the only case comesponds to the radical
{¥,(1),Y,(1),V(1),T(0),D(0)}. There will then be no invariant interaction (see below).

(5) Let us consider the special case of two doublets of the form (4.18), namely,

Y (1)=8,, Y=¢,, Y(O=td, Y,()=15,. (4.23)
This algebra can be extended by a further element, namely,
Z=(r+ryt+py),+(3my + myr+a)(u,d, +v,0, ),

P {4.24)
=ay+1=4,

where 7y, 71, and 7, are constants. By allowed transformations we can take Z into one of the
four operators V(1), T(a), D(a), or R(a) of (4.13), (4.14), (4.15), and (4.17), respectively.
(6) We can add a two-dimensional algebra to (4.23), namely,

{T).D(a@)}, {TO),V(1)}, {V(1).D(0)}, or {V(1),R(0)}.
(7) We can add only one three-dimensional algebra to (4.23), namely,

{T(0). D), V(1)}

This completes the list of indecomposable symmetry algebras of the form (4.11) with S
=si(2,R);.
2. S=sl(2,R);8sl(2,R),

The algebra S is itself decomposable. It gives rise to precisely two indecomposable symmetry
algebras. First, we have the one obtained by adding the Abelian ideal (4.23) to sl(2R),
@sl(2,R),. Second, we get an 11-dimensional algebra by adding V(1) to the first case.

D. Decomposable Lie algebras containing sl(2,R),

All decomposable Lie algebras Lp can be obtained from the indecomposable L; ones, by
adding their centralizers,
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LD=L1@C, [C,LI]-_—‘O. (425)

The centralizer C must commute with all elements of slI(2,R); and hence all of its elements
will have the form of ¥, of Eq. (4.12).
Let us consider the individual indecomposable algebras L, .

1. L,=sl(2,R),

The centralizer C can be Abelian. Then we have the following possibilities: C={V(a; ,).i
=1,..k} or C={V(a;,),T(b,),i=1,..k}. The quantities @;,,...,az , must form a set of k lin-
early independent functions of n. If the centralizer is non-Abelian, then we have either C
~sl(2,R), or C={T(0),D(a)}. Both of these centralizers can be further extended by adding
V(a;,), i=1,..k, (with @, ,...,a; , linearly independent).

2, L,=saff(2,R)

We must require Y, of Eq. (4.12) to commute with ¥,(X,) and Y,(\,) of Eq. (4.18). We
obtain

A, (Lr+a,)— 7\, =0. (4.26)

For =0, Eq. (4.26) implies \,a,=0, and this is not allowed. For 7#0 we take 7—1 by an
allowed transformation, and Eq. (4.26) then implies A ()= y,e°". A further allowed transforma-
tion will take y,— 1. We obtain the decomposable Lie algebra saff(2,R)®T(a,). In the special
case a,=a,,; we transform X\,(t)—1 and obtain a larger centralizer, namely, {T(O),D(—%)}.

3. L,=gaff(2,R),

A nontrivial centralizer exists only if we have A,(t) =¢“" in saff(2,R). In the case a,#0, the
centralizer is C={T(a,)}. If a,=0 the centralizer is C={7(0),D(—}.

4. L,=gaff(2,R),

The centralizer is C={T(a,)— V(1)}. This algebra corresponds to the first one obtained in
the case L;= gaff(2,R); above.

E. Summary of possible symmetry algebras containing sl(2,R)4

The classification of possible symmetry algebras can now be summed up rather simply. In
addition to sl(2,R); of Eq. (4.7), we have a further algebra L (the ‘‘complementary’’ algebra).
The structure of each symmetry algebra is

L=s(2,R);+Lc, [sW2R)y,.LclCLc, [Le,Lc]CLc- (4.27)

The symbol + denotes a direct sum of vector spaces. Moreover, Eq. (4.27) shows that L is either
a direct sum or a semidirect one. The algebra L is also a representation space for sl(2,R);.
Trreducible representations in this case can be of dimension 1 or 2. All higher-dimensional repre-
sentations are completely reducible into sums of one- and two-dimensional representations.

For further use it is convenient to split the symmetry algebras into four series, according to the
structure of the Lie algebra L. In all cases L contains sl(2,R);. We shall just specify L.

1. Series A

L is solvable and each element is a sl(2,R); singlet. There exist three different infinite-
dimensional Lie algebras of this type:

Al- {V(ak,n)}’ (428)

AZ- {T(bn)’v(ak.n)}’ (429)
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As. {T(O),D(b,,),V(akl,,)}. (4.30)
In each case we have k=1,2, . .., and the expressions @; must be linearly independent functions

of n. Taking 1=<k<N for some finite N, we obtain finite-dimensional subalgebras.
2. Series B
L is solvable and contains precisely one sl(2,R); doublet,
B ={Y,(\).¥, (A0} (4.31)
This is the indecomposable algebra saff(2,R) [B; together with s}(2,R);]. We have dimL=35,
By={Y.(\n),Y,(Np), V(1)}. (432)
B, corresponds to the indecomposable algebra gaff(2,R); with dim L=6,
By={Y (€' V"), Y, (e~ 1), T(a,)}. (4.33)
B corresponds to the Lie algebra gaff(2,R),, isomorphic but not conjugate to B;,
B,={Y,(e"),Y (e"),T(a,)}. (4.34)

This algebra is saff(2.R)®T(a,),

Bs={Y,(1),Y,(1),7(0).D(a)}. (4.35)
The algebra B is indecomposable (except if a=—3),
Be={Y (™1, Y, ("), T(a,), V(1)}. (4.36)

The algebra Bg is decomposable,
B;={Y,(1),Y,(1),7(0),D(0),V(1)}. (4.37)

The algebra B4 is indecomposable.

3. Series C

L contains two sl(2,R) doublets. The doublets could be characterized by any two functions
A1a(2) and Xo,(?). However, we shall only be interested in the case A;=1, Ap=t. The others do
not lead to invariant interactions. Similarly, we do not need algebras containing three or more
doublets. In all cases the algebra L contains the elements (4.23). For dimLo=35 it contains
further elements. We have

C1={Yu(1)va(1)aYu(t)’Yv(t)}' (438)

Further, we just list the additional elements,

C,. {T(a)}, a=0 or 1, (4.39)
Cs. {D(a)}, (4.40)
Cs. {R(a)}, (4.41)
Cs. {V(1)}, (4.42)

Cs. {T(0),D(a)}. (4.43)
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In all cases above, a does not depend on n(a,+;=a,),

C,. {V(1),T(0)}, (4.44)
Cs. {V(1),D(0)}, (4.45)
Cy. {V(1).R(0)}, (4.46)
Cio. {T(0),D(0),P(0)}~sl(2R),, (4.47)
Cu. {7(0),D(0),Vv(1)}, (4.48)
Ciz. {T(0),D(0),P(0),V(1)}. (4.49)

4. Series D
L contains sI(2,R), and (possibly) further elements, namely,

D;. None, (4.50)
D,. {V(an}, (4.51)
D3, {V(ay,),V(aza)} (4.52)
Dy {Y,(1),Y,(1),Y,(0),Y, (D)}, (4.53)
Ds. {Y,(1).Y,(1),Y,(£),Y,(1),V(1)} (4.54)

(D, coincides with Cjq and D5 with Cyg).

V. THE INVARIANT INTERACTIONS

A. General procedure and interactions invariant under SL(2,R),

In this section we shall find all interaction functions, invariant under symmetry groups, con-
taining SL(2,R)};. We make use of the subalgebra classification provided in Sec. IV.

We first establish the form of the interaction, invariant under SL(2,R), itself. To do this we
set 7(2)=\,(t)= a,(#)=0 in the determining equations (2.4) and (2.5) and consider the equations
obtained for a,=-—d,=1, b,=c,=0, then b,=1, a,=—d,=c,=0, and, finally, c,=1,
a,=—d,=b,=0. The general solution of the obtained system of six equations can be written in
the following form:

Fn=un+1fn+ungn’ Gn=vn+1fn+vngn’ (51)

where f, and g, are functions of four variables each, namely,
Z ‘fn'=un+lvn—l_un—lvn+l’ Ea=UaUp—UpU,, a=nEl. (52)

Note that £,, &4, and &,_; are as given in Eq. (5.2). They are not upshifts or downshifts of
each other.

We shall proceed further by dimension of the symmetry algebra and by its structure. Thus, we
can successively add sl(2,R) singlets of the form (4.12) or doublets of the form (4.18). We
continue adding symmetry elements until the interaction is completely specified, i.e., it involves
no further arbitrary functions. We then solve the ‘‘inverse problem.’” That is, we substitute the
functions F, and G, back into the determining equations and solve for the symmetries. This
provides a verification of previous calculations. More important, this procedure will find the
largest symmetry algebra allowed by any given interaction.
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Obviously, all invariant interactions will have the form (5.1). It is the functions f, and g, that
will be further refined, and their dependence on the variables £, and ¢ will be restricted.

For future convenience we write down two further forms of the SL(2,R), invariant interaction
functions, equivalent to (5.1). The first is

g -1 g -1
Fn=un+1_§_—hn+unkn s Gn=vn+l g
n n

where &, and k,, are arbitrary functions of the variables (5.2). The second convenient form is

B+ vk, (5.3)

X
Fn=()\n—1un+l —)\'n+1un—1)¢n+()"n+lun—hnun+])l//n+ ﬁun+l »
n
(5.4)

K
Gn=()\n—1vn+l—)‘n+Ivn—l)¢n+()\n+lvn_)‘nvn+l)¢n+ 'ﬁvnﬁl’

n+
where A, () is some arbitrary function of n and ¢ and ¢, and ¢, depend in an unspecified manner
on the variables (5.2).
B. Interactions invariant under four-dimensional symmetry groups

As was shown in Sec. IV, two types of four-dimensional symmetry algebras containing
sl(2,R); can exist. Both are decomposable according to the pattern 4=3+1. Here and below we
shall always list the operators that we can add to sl(2,R);.

1. V(ap)= an(unaun"' Vnavn)

The invariant interactions will have the form (5.3), but h, and k, will depend on three
variables only.
(i) ap—1+ay+1#0. The variables are

1, a=(£n) 1T 01(E,) "%, a=ntl. (5.5)
(ii) @,~1+a,+1=0. The variables are
t, £nr T={Ens1) mH1T () om0, (5.6)

2. T(bp) =38+ by(Uupd, +Vady)

The invariant interaction will again have the form (5.3), however, in this case &, and k, are
arbitrary functions of the three variables,

Ly=Epe Gnmi bt [ =g emBatbd, g=nxl, 6.7
n

We see that adding further singlets of the type V(a,) will restrict the variables in the functions
h, and k,, not, however, the general form of Eq. (5.3).

C. Five-dimensional symmetry groups

From the results of Sec. IV, we know that three decomposable and one indecomposable
symmetry algebras of dimension 5 can exist. Let us run through all four possibilities.

1. Decomposition 5=3+1+1
a V(a;,)=8;,(4x0, tV50, ) i=12, ay,#Na,,. The interaction is of the form (5.3).
The functions k, and k, depend on two variables each, namely, time ¢ and

77=(§n~1)A(§n+l)B(§n)cv (58)
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A=aj,(ayps1tasa-1)FTa1501(a20-1—a2,) — a1 5-1(@22+1Fa24),
B=—ay (3411 a30-1)Fa1,41(00,-1Fa2,) —a1,-1(a2p417A22) (5.9)

C=a,,(a3n41=A2p-1)— 81 p+1(G2a-1FG2,) YAy n-1(A2041Ta2,)-

Note that the variable 7 always exists since the condition A=B=C=0 (and hence 7=const)
only occurs for @y ,—1a2,—81,82,-1=0, which implies a,,=\a;,, A=const, and this is not
allowed.

b. V(az)=a,(u,d, tv,d, ), T(by)=0,+b,(u,d, tv,d,). The invariant interaction is as
in Eq. (5.3) with h, and k, functions of two variables each. Namely, the following.

(@) @ps1+a,-1#0:

pa=(ga)a,,+1+a,,_1(£n)—aa-—a,,, a=n*l, (5.10)

with £,, £, as in Eq. (5.7).
(i) ap+1tap-1=0:

pn=§n’ 0n=(gn—l)a"+l+an(§n+l)a"+1—a"~ (511)

2. Decomposition 5=3+2
a. T(0)=3,, D(b,)=13,+(3+b,) (4,0, +v,d, ). Weimpose b, —; otherwise we have
no invariant interaction. We must distinguish two subcases here.

(1) b,41+b,-1+1+#0. The interaction as in Eq. (5.3), with

by=(§) 2ot 1 14 p, = (g) Mt i1t g (5.12)
where p, and g, depend on two variables, namely,
Xa=(EP 1 h-t¥(g) ™0™l q=pl, (5.13)
2) bpp1t+b,—1+1=0,b,41+b,+1#0:
(Tl Sl T B T S A PR (5.14)
where p, and g, depend on
e B A R R -9 (5.15)

Note that for b,y +b,_1+1=0, b,+;+b,+1=0, we have b,=— 3, and there is no invari-
ant interaction.

3. Indecomposable Lie algebra
Y (M) =Np(D)d, Yv()\n)=hu(t)dvn. (5.16)

The invariant interaction is as in Eq. (5.4), but the functions ¢, and ¢, depend on only two
variables, namely,

t, o=k, 1€nr1—MEn—Ap11621- (5.17)

D. Six-dimensional symmetry groups

1. Decomposition 6=3+1+1+1
a V(a;n)=0;n(u,0, +v,, ), i=1,2,3. The invariant interaction is as in Eq. (5.3), but h,,
and k, are functions of ¢ only. We see that the coefficients a; , do not figure in the interaction.
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Hence, we can add an arbitrary number of vector fields V(a; ,), i € Z to the symmetry algebra. In
other words, the symmetry algebra for the interaction (5.3) with A, and k,, depending on 7 alone is

infinite dimensional.
b. V(ai,n)=a,-,,,(u,,c9un+v,,avn), i=1,2, T(b,)=46,+ b,,(u,,a,,n+vn6v"). The invariant inter-
action is as in Eq. (5.3), but /, and k, depend on one variable only, namely,
bn-—l bn bn+1
w=ne” Ml M=\ ajp-1 @1n Gin+1 |, (5.18)

arn-1 920 G2a+1

with 7 as in Eq. (5.8).

2. Decomposition 6=3+2+1

a. V(a,)=a(u,0, +v.d,), T(0)=0,, D(c,)=13,+(3+c,)(Upd, Fv,dy). We start
from Eg. (5.3). The presence of T(0)= 4, implies that k, and k, do not depend on . We first
notice that if we have

yp=cpti=0 o Y, =c,ti1=Na,, (5.19)

then we must have h,=k,=0 (no invariant interaction). In all other cases, invariance under V(a,)
and D(c,) implies

hn=(§n)#(§n+1)y(§n—l)ppn(w)s kn=(gn)#(gn-i-l)v(én—l)pqn(w)i

B . (5.20)
w=(§n—l)A(§n+l) (gn) ’
with A, B, and C as in Eq. (5.9), with the substitutions
al,n_)cn+%’ aZ,n_’an-
The constants u, v, and p in Eq. (5.20) satisfy
(an+1+an—])M+(an+1+an)v+(an—l+an)p=os
(5.21)

(Yoe1F Vne )+ (Vas1T ¥adVH (Va1 ¥a)P=—2.

Thus, for C#(Q we can put

S v=2an+gn—l’ . an+Can+l
For C=0, A#0,
v an+1ta,—;
m= 1 , v=-— 1 , p=0
For C=A=0, B+#0,
#=_2“_n_—_$&, Ry pep St

The case A=B=C=0 corresponds to Eq. (5.19) and hence to the absence of an invariant inter-
action.
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3. Decomposition 6=3+3
a. sl(2,R);®sl(2,R);. The algebra si(2,R), is as in Eq. (4.8) and the invariant interaction is

€n—1
Fn=(§_)71:un+l__z_-_Pn(Xn+l iXne1) F el Xa41Xn—1)

»

1 Loy
G,.=——5(§n) [U,.H——;n Pn(Xn+1,Xn—1)+u,,q,,(xn+1,)(,,_1)}, (5.22)

X =§n+l X __gn—l
n+l §n ’ n-1 gn *
4. Decomposition 6=5+1
a saff(2)@A;. We have
Y let)=e™d, Yv(e“ﬂ‘)=e“"’(9vn, T(an) =0+ ap(und, +v,9, ).
The invariant interaction will be as in Eq. (5.4) with \,=e%*. The functions ¢, and ¢, will
satisfy
¢n=e(an_an—l—an+l)tKn(w)’ (,[ln=€_a"+1an(a)),

(5.23)

w:e_(an+an+l)f§n+l —e_(an+l+an-1)t§"—e-(an—1+an)t§n_1 o

5. Indecomposable symmetry algebras

It was shown in Sec. IV that two inequivalent gaff(2) symmetry algebras exist.
a. gaff(2,R);.

Yu()\u)=)\n(t)aun’ Yv(hn)=xn(t)&vn’ V(1)=unaun+vnav"'

The interaction is as in Eq. (5.4), however, ¢, and ¢, depend only on t. This means that the
equations are linear and, moreover, the equations (1.1) for u, and v, are decoupled.

b. gaff(2,R),. The algebra is as in Eq. (4.22) [or (4.33)], the interaction as in Eq. (5.4) with
A, (t)=e' "D The functions ¢, and ¢, satisfy

pp=e”nsita1mam K (), gy =elmtr1 L (), (5.24)

with o as in Eq. (5.23).

E. Seven-dimensional symmetry groups

1. Decomposition 7=3+1+1+1+1

We exclude the case
V(a,-,,,)=a,-,,,(u,,c9un+ Unavn), i= 1,...,4,

since the only invariant interaction is (5.3) with k,, and k, functions of . We already know that the
symmetry algebra is infinite dimensional.

a V(a;)=a; (u,d, +0,0y ), i=12,3, T(by)=06,+b,(uydy tv,9, ). The interaction is
as in Eq. (5.3) with &, and k, constants (depending on n). The algebra is actually infinite dimen-
sional: we can take any number of operators V(a; ,).
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2. Decomposition 7=3+2+1+1
a V(a;,)=a; (4,0, *v,9,), i=12, T(0)=3,, D(c,)=t3,+(3+ cn)(upd, tUnd, ).
We put y,=c,+ 3. An invariant interaction exists if and only if we have

Yn Yn+1 Yn-t
A=det Qin Qip+1 Q1p-t #0. (525)
dan A2a+1 G2n-1

The invariant interaction is that of Eq. (5.3), with
k k 2
hy=7'Dn, kn=74y, k=-z- (5.26)

The variable 7 is as in Eq. (5.8); p, and g,, are constants.

3. Decomposition 7=3+3+1

a sl(2R), ®sl(2.R),®A,. Wehave A;={V(a,)}. The invariant interaction can be obtained
from Eq. (5.22). The additional invariance implied by the presence of V(a,) restricts p, and g, to

R E 1 2ap41+ay—1M(8,=ap—1)
Pr= T rn(w)’
g +1 2(an+l'*’arr-l)l(anman—l)
q,,=(L§— s,(w), (5.27)
n

0= (£ 1 O£y )N 1T,

and we must impose a,# d,—; (otherwise we have F,=G,=0).

4. Decomposition 7=6+1

The algebra gaff(2,R), does not allow any nonlinear interactions. Let us consider gaff(2,R),
of Eq. (4.22).

a. gaff(2.R),®{U=u,6, +v,d, }. The interaction is as in.Eq. (5.4), with ¢, and ¢, as in
Eq. (5.24). Invariance under the dilations corresponding to U implies that ¢, and i, do not
depend on o. Hence, the interaction is linear and decoupled.

5. Indecomposable Lie algebras

a Y, (A)=N(D)3d, Y,(\)=M(1)0y s Yilpn)= n()8y » Yo(tr)= pa(2)dy - We start
from Eq. (5.4) with ¢, and ¥, functions of ¢ and w as in Eq. (5.17). If ¢, and ¢, do not depend
on o, the interaction is already linear and decoupled. Hence, w must be invariant under the
transformations corresponding to Y, (x,) and Y,(x,). This implies that A, and u, are indepen-
dent of n. Further, invariance implies

=F, (5.28)

>’|=>":
F ¥

n

with k= const. Equation (5.28) allows solutions,

Ap|_[sinke sinh k? 1
i,/ \coskt)’ \coshkt/” \t] (5.29)

These solutions are all equivalent under allowed transformations. We choose X,=1, 1, =1, i.e.,
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Y. ()= 8,,n, Y, (1)= 5vn, Y. ()= 10y, Y, ()= 13, . (5.30)
The invariant interaction is

Fn=(un+1—un—1)¢n(w’t)+(un-un+1)¢n(w!t)v

(5.31)
G,= (Un+l—Un—1)¢n(w9t)+(vn~vn+l) l//n(w’t)’

with
0=&np1~ Enm1= (5:32)
b Y (1)=0,. Y,(1)=8,, T(0)=3,, D(b)=13,+(3+b)(upd, +v,,), b* =3 b
=const. The invariant interaction is as in Eq. (5.31), with
b=k, YDy = =2, (5.33)

with k, and p, constants, @ as in Eq. (5.32). For b=— 1 there is no invariant interaction. For b
# — ; the symmetry algebra is actually larger and includes ¥, (1)=1d, and Y, (1) =10, .

F. Symmetry groups of dimensions 8, 9, and 10

By now, all invariant interactions have been specified up to arbitrary constants (depending on
n), except those involving symmetry algebras containing the subalgebra sl(2,R); @sl(2,R),, or the
subalgebra {¥,(1).Y,(1),Y,(2),Y,(5)} of Eq. (5.30). Let us consider the remaining nonlinear
interactions.
1. sl(2,R) @sl(2.R) @ {V(a n)}o{V(az,)}

The invariant interaction is obtained from Eq. (5.27) by specifying r,(@) and s,(@) to be
specific powers of . The result is ‘

i §n—l - = '
Fn=§n2 Wiz 1 —=Fat it Eim1) 2AlD(§n+1) 23/D(§n)2[(A'B)/D],
&n

g (5.34)
i -1 o Za
Gn':gn 2{”n+l—g'—Pn+vnqn](§n—l) 2A/D(§n+1) ZB/D(fn)l[(A+B)/D]-
n
Here p, and g, are constants, A and B are as in Eq. (5.9), and
D=ay,(@yp+1=825-1)FA1ps1(A20-1=2) T A 15— 1(a2,— A2 041)- (5.35)

We assume D#0; otherwise there is no invariant interaction. In particular, we have a;,
FQyps1r AgpTaon+1-

2. Algebras containing (Y,(1),Y,(1),Y(1),Y,(1)) of (5.30) plus one additional
operator Z

The interaction is as in Eq. (5.31) with a restriction on ¢, and ¢,.
(@) Z=T(a)=0,+ta(u,d, +v,9, ) a=a,=ay41,

¢n= ¢n( 77)’ ¥,= ‘/’n( 7]), = we-—?_at. (536)

(ii) Z=D(a)=taz+(%+a)(unaun+vnavn)s a=a,=da,.1,

1 1
¢n=? rn( 77)’ '1[’71:?2 Sn( 7, 7= wt_(2a+1)- (537)
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(i) Z=R(b)=(+1)3+(t+b)(undy +v,9, ), b=b,=bps1,

1 1
¢n=m C/)8 ¢'n=(?+_l)i Su(7)s
(5.38)

—2b arctan ¢

©
T 1+R¢ ;

with o as in Eq. (5.32) in all cases.
(iv)y Z=V(1). Then ¢, and ¢, depend only on ¢ and the interaction is linear.

We can add two operators to those of Eq. (5.30)
T(0)=8,, D(b)=t3,+(}+b)(usd, +v,3,).

The invariant interaction coincides with that of Eq. (5.33).
Finally, the interaction (5.31) is invariant under a ten-dimensional symmetry algebra of the
form

GIH2.R), ®s1(2,R))>{Y,(1),Y,( 1),Y,(0,Y, (0},
for
¢n=knw-29 t/f,,=p,,w'2, (5.39)

i.e., b=0 in Eq. (5.33).

V1. SUMMARY AND CONCLUSIONS

Let us first sum up the results on invariant interactions and the corresponding symmetry
algebras. We shall follow the summary of possible symmetry algebras outlined in Sec. IV E. The
results are presented in the following tables.

Table 1. The Series A of symmetry algebras. The algebra L of Eq. (4.27) consists entirely of
sl(2,R), singlets. In the first column of Table I we list the symmetry algebras. The number in
brackets [e.g., A,(3)] denotes the dimension of the symmetry algebra. The notation for basis
elements in column 2 are as in Egs. (4.13)—(4.18). Note that if the functions &, and k, in the
interaction (5.3) depend only on ¢ or are constants, then the symmetry algebra is infinite dimen-
sional, although the interaction is nonlinear.

The case A3(7) corresponds to an algebra L with dim L=7 and the interaction is completely
specified [see (5.3), (5.25)—(5.26)]. In other cases the functions k, and k, depend on one, two, or
three variables involving u; and v, .

Table II. The Series B of symmetry algebras. The symmetry algebras are either five or six
dimensional. The interactions are as in Eq. (5.4) and involve two arbitrary functions, ¢, and ¥, .
A B-type symmetry allows ¢, and ¢, to depend on just one variable involving u; and vg. Any
extension of the B-type algebras will restrict A,(¢) to be \,=1 and will involve a further pair with
\,=t. This takes us into the series C of symmetry algebras.

The algebras B,, B, and B; of Eqgs. (4.32), (4.36), and (4.37) lead to linear interactions. Any
interaction invariant with respect to Bs will be invariant under a larger group, corresponding to a
Lie algebra in the series C. We do not include linear interactions in the tables and we list
interactions together with their maximal symmetry algebras.

Table III. The Series C of symmetry algebras. The interaction will be as in Eq. (5.31),
involving a variable ®  as in Eq. (5.32). The algebras
C5(8),C(9),C5(9),Co(9),C}1(10),C 5(11), absent in the table, lead to a linear interaction.
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TABLE 1. Series A of symmetry algebras. The interaction has the form (5.3).

Restrictions on Variables and
No. L¢ h, and k, comiments
A1(3) e . t!§n+1-§n—]v§n (52)
B t"’]n+177’n—1 (55)
sl e [ tér.m (56)
A(D Via,,),V(a,,) e t, 7 (58
A () V(a;,),iel” t
A2(4) T(bn) e :n-ﬂygn—lr{n (57)
- Pn—1+Pn+1 (510)
42(5) T(b,), V(an) [ A
AZ(S) T(bn)vv(al,n)vv(az.n) o /i (518)
As(®) T(b,),V(ay,) keZ” h, ,k, constants None
A3(5) T(0),D(b,) (5.12) or (5.14) (5.13) or (5.15)
A3(6) T(0),D(c,), V(a,) (5.20) o (5.20)
As(T) T(0),D(c,), V(ay ) Viay,) (5.26) None

For C¢(9) and C((10) the interactions are specified up to constants (that can depend on n).
In all other cases, the arbitrary functions depend on one variable, involving u; and v, .

Table IV. The Series D of symmetry algebras. There are three such algebras of dimension 6,
7, and 8, respectively. They all lead to nontrivial invariant interactions of the form (5.22). For
D4(8), the interaction is completely specified. We do not list D 4(10) in Table IV since it coin-
cides with Cyp(10) of Table II. The algebra Ds(11) corresponds to a linear interaction.

For each interaction we have verified that the given symmetry algebra is the maximal one.

A few words about the interpretation of the invariant interactions. From Eq. (5.1) and the
variables (5.2) we see that invariance under sl(2,R); imposes very strong restrictions.

(1) In particular, if the interaction is linear and si(2,R), invariant, we must have

n+1 n+l

Fo= 2 AW, G= 2 Aoy, 6.1)

k=n~-1 k=n-1
i.e., the equations (1.1) for u; and v, decouple (into identical equations for u, and v, sepa-
rately).

(2) If the interaction terms F, and G, in Eq. (5.1) are nonlinear, they always involve many-body
forces. That is, they cannot be written as sums of terms of the type h,(u,.v,) or
hn(uy,Une), etc. Indeed, each invariant variable £,,£,.41,£,-1 itself involves four of the
original variables u;,v; simultaneously. This many-body character becomes more pronounced
when the invariance algebra is larger.

(3) The operators V(a,) correspond to site-depending dilations,

TABLE I. Series B of symmetry algebras. The algebra includes one pair ¥,()\,), ¥,()\,). The interaction has the form
(5.4).

Restrictions on A, , additional

No. Elements of Lo Restrictions on ¢, and , Variables and comments
By(5) f, was in (5.17)
B(6) A=e" . T(a,) (5.23) o (5.23)

By(6) A,=e@ D T(q.) (5.24) © (523)
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TABLE Il Series C symmetry algebras. The algebras contain sK2R),,Y,(1), ¥yu(1), Yu(0), Y,(r), and possibly addi-
tional elements. The interaction is as in Eq. (5.31).

No. Additional elements Conditions on ¢, and &, Variables
CiD - w, £ (5.32)
Cy(8) T(a) = we =
Cy(8) D(a) bu=1"2ra(m), Wu=1"75,(M) 7=t~ @Y
Ci(8) R(b) &=+ 1) r (7)), p=w(@+1)7}
= (r+1)25,(m) I
Ce(9) T(0),D(a) By =k, 220D, Yo=paw 22D None
ky, Pn cODStants, 2a+1%#0
C1(10) 7(0),D(0),P(0) bu=kn07%, dp=py0”? None
i,=e%u,, U,=e*m,. 6.2)

Invariance under two such one-dimensional symmetry groups, generated by
{V(ay,),V(ay,)}, where aj, and a, , are two linearly independent functions of n, introduces
the symmetry variable

wDE(gn—l)A(gn+1)B(§n)Cv (63)

as in Eq. (5.8). Here all six variables are coupled together.
(4) The pair of operators Y, (\,),Y,(A,) induces site-dependent (and time-dependent) shifts of
the dependent variables,

T, =u,+en,(1), T,=v,+ en,(t). 6.4
The corresponding invariant variable again involves all six variables [see Eq. (5.17)],

wTE)\n-l‘fn+1—}"ngn—)\n+1§n—l' (65)

A special case of the variable wr is obtained setting A, =X, —1=A,+1=1. This is the case of Eq.
(5.32), where

w=ws=§n+l—gn_§n—l (66)
is invariant with respect to two such translations:
G,=u,tetet, U,=v,Tet+é&t (6.7)

(€, and €, are group parameters and hence constants),

A continuation of this study is in progress. It involves several aspects.

The first is a study of the integrability properties of the equations that are completely specified
by their symmetries. These are, first of all, those with infinite-dimensional symmetry groups,
namely

s En=
a,,=u,,+1-—; L Uk, Un=Ups1 f'g, Lh, +v,k,, (6.8)
n n

TABLE IV, Series D of symmetry algebras. The algebra contains s1(2,R); @s1(2,R), . The interaction has the form (5.22).

No. Additional elements in L¢ Conditions on p, and g, Variables

Dl(6) e it Xn+1r Xn—1 as in (522)
D, (7) Via,) (5.27) 7 as in (5.27)
Dy(8) V(ay,), V(az,) (5.34)
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with &, and k, functions of ¢ or constants [see A;(%) and A,() in Table I].
Completely specified equations with finite-dimensional symmetry algebras L are the following
ones.

@
o g"—l —-2A 3 fn—l — YA
Un=\Upns1—5— Pntingn|0p™", Up=|Upt1——PntUngdn|wp" (6.9)
& &n
with wp, as in Eq. (6.3), A as in Eq. (5.25). This is case A3(7) of Table L.
(i)

ﬁn=[(un+1“u,,_l)pn-l-(un——un_'_l)qn]m.;ﬂ(z:z+ 1) -

z'jn=[(un+1 - vn—l)pn+(vn—vn+l)qn]w§ﬂ(za+l) * (610)

with wg as in Bq. (6.6), p,.q,,a¥ —3const. This is case Cg(9) of Table T

(i) For a=0, Eq. (6.10) is invariant under a ten-dimensional symmetry algebra, namely
C16(10) of Table III.

(iv)

ﬁn= (gn— 1)_wk(§n+])_28/D(§n)[2(A +B_D)/D][un+1 gg—l pn+ unQn:"

n

" = _ = §n-1
U =(Eum 1) 24P (Gpt) " ED(£ A D)'D]{vwr-;—h"'vnqn,

with p, and ¢, depending only on n. The constants 4 and B are given in Eq. (5.9), D in Eq.
(5.35).

A further task is to complete the classification, that is, to treat the cases of other sl{2,R)
algebras and also of solvable symmetry algebras.
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1 Introduction

The purpose of this article is to investigate the Lie point symmetries of a
large class of “generalized Toda field theories”. The class is characterized by
the equation

n+no m-+ng
Unzy = F’na Fn = Z Knm €Xp ( Z Hmlul) (]-1)

=n-—ny l=m—ng3

where K and H are some real constant matrices and ng,...,n4 are some
finite non-negative integers. The range of n may be infinite, semi-infinite
or finite, hence the matrices K and H may also be infinite, semi-infinite, or
finite.

If the range of n is finite, K and H may be rectangular, not necessarily
square. We assume that all the rows in H are different, that H contains no
zero rows and K no zero columns. In all the cases we assume that the range
of the interaction on the right hand side of eq. (1.1) is finite, hence the finite
summation limits in both sums. “Generalized Toda lattices” are obtained
from eq. (1.1) by symmetry reduction, using translational invariance, i.e.
restricting to solutions of the form u,(z,y) = wy(t) where t = z + Ay.

Toda lattices and their generalisations, Toda field theories, represent one
of the most interesting, rich and fruitful developments in the realm of com-
pletely integrable systems. The original Toda lattice was introduced by M.
Toda [1, 2] who found analytical solitons and periodic solutions in a discrete
lattice with an exponential potential involving nearest neighbour interactions.
It was also found that the Toda lattice admits a Lax representation and all
the usual attributes of integrability [3, 4]. The Toda lattice was generalized
to integrable lattices related to the root systems of simple Lie algebras [5] -
[8]. The considered lattices can be finite, infinite, semi-infinite, or periodic.

The attractive features of Toda lattices have been generalized to two space
dimensions in several different ways [9] - [19].

All of them can be recovered from eq. (1.1) by specifying the matrices
K and H. Thus, the Mikhailov-Fordy-Gibbons field theories [9, 10] (for
infinitely many fields)

Uy = €10 100 — ghin=tot (1.2)
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are obtained by putting Hpn-1 — Hup = 1, Knp = —Kpnt1 = 1 and all other
components to zero. A class of Toda field theories

n+ng

Un,zy — Z Knmeum7 (13)

m=n-—ni

studied by Leznov and Saveliev [12, 13], Olive, Turok and others [14] - [17]
(usually for a finite number of fields u,) are obtained by setting H = I and
taking K to be the Cartan matrix of a semisimple Lie algebra (or an affine
one).

A further class of Toda field theories, also studied by Leznov and Saveliev
[13, 14], by Bilal and Gervais [17], and Babelon and Bonora [18] (for a finite
number of fields) can be written as

m-+na

Unoy =exp Y Huw (1.4)

I=m—-nj

and is obtained by taking K = I and H as a Cartan matrix.

In this article we will be interested in point symmetries of the system (1.1),
rather than in questions of integrability, or explicit solutions. The symmetries
we are interested in will include conformal invariance, whenever it is present,
and gauge invariance, not however higher, or generalized symmetries, be they
local, or not.

In Section 2 we consider infinite Toda field theories, i.e. take —oco <n <
co. In this case eq. (1.1) can be viewed as a differential-difference equation.
Continuous Lie symmetries of such equations have been studied using several
different approaches [20] - [29]. We shall follow that of Ref. [20] - [24], using
both the “intrinsic method” and the “differential equation method” [21].

In Section 3 we turn to finite Toda field theories, when we have 1 <
n < N < ooineq (1.1). Eq. (1.1) in this case represents a system of N
differential equations and its point symmetries can be obtained in a standard
manner [30, 31]. We first obtain general results, then specify the matrices H
and K in several different ways.

Section 4 is devoted to semi-infinite Toda field theories, i.e. 0 < n < co.
Again we first obtain general results, then specify the matrices H and K,
inforcing the cut-off at n = 0 in several different ways.

Some conclusions are drawn in Section 5.
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2 Symmetries of Generalized co—Toda Field
Theories

2.1 General Results

Let us consider eq. (1.1) with n in the range —co < n < oco. We follow the
“differential equation method” described in Ref.[21] and look for transforma-
tions of the form

T = A& {w}), Gn =@ n, {wl}), Ai=n, (2.1)

where we have used the notation ¥ = (z,y), 7= (%,7), taking solutions of
eq. (1.1) into solutions. The notation {u,} indicates that the new variables

can depend on all the fields {uy}rez.
The Lie group transformation (2.1) is generated by a Lie algebra of vector

fields of the form

U= 5(331 Y, {uk})aw + 77("177 Y, {uk})ay it Z d’j(mv Y, {uk})auj (22)

j==o0

The prolongation of this vector field is constructed in the same manner as
for differential equations [30, 31] (albeit an infinite system of them). For a
general equation of the form

En = Un,gy — Fn($7 Y, {Uk}) == 07 (23)

we require
prP9E, |5, —o= 0. (2.4)

It was shown quite generally [21] that for eq (2.3) with F,, any sufficiently
smooth function depending on at least one function ux, k # n, the vector
field (2.2) satisfying eq. (2.4) will have the form

£= 5(113), n= 77(!/), Gn = Z Aprur + Bn(xvy)v (2'5)

k=—00
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where A = {A,,} is a constant (infinite) matrix. The functions in eq. (2.5)
must satisfy a remaining determining equation, namely

Bn,zy - (é:c + ny)Fn + Z AnaFa [ an,:z: = nFn,y

a=—00

= i ( i Aaﬁ’LLﬁ + BQ) Fn,ua = 0,

aX=—00 =—0c0

(2.6)

where F;, ,, is the derivative of F, with respect to the variable u,,.

Let us now specify the function F, to be a sum of exponentials as in eq.
(1.1). There are three types of terms in eq. (2.6): those independent of u,,
linear in wu, times exponentials and pure exponentials. Each type of term
must vanish separately. Since H has no zero rows we get the determining
equations

Bn,:cy = O, (27)
Z Aaan,ua = O, (28)
Gt m) Pt D AnaFa - X BuFu. =0, (2.9)

Eq. (2.8) can be rewritten as

Z KnﬁHﬁaAam exp (Z Hﬁ,yu.,) = 0. (210)
af v

All exponentials in eq. (2.10) are linearly independent (since all rows in
H are different), so the equation must hold for each [ separately and the
exponentials can be dropped. Moreover, the factor K3 can be dropped
(since K has no zero column). We find that eq. (2.8) in this case implies an
equation for the matrix A, namely

i HpaAgm = 0, (2.11)

a=—0c0

or in matrix form HA = 0 (however, the matrices are infinite).
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Let us now turn to eq. (2.9) and make use of the finite range of the
interaction F}, in eq. (1.1). We have

aF;

6uk=0’ n+n,<kor k<n-—ny (2.12)

for some non-negative integers n, and ny. In eq. (2.9) all exponentials,
obtained after substituing for F}, from eq. (1.1), are linearly independent.
This allows us to split eq. (2.9) into two types of equations. These are
obtained as coefficients of exp (3, Hnw), with m € [n—nq, n+ng| and with
m outside this interval, respectively. Thus we have:

m—+ng m-+nsg
(Eo+m)+ > BaHmal + Y AnpKom =0,
a=m-ns p=m—ni (213)

m e [n—nl,n—{—nz],

m+ny
> AnpKpm =0, m g[n—ni,n+mny) (2.14)
p=m—ng
We shadll show that eq. (2.14) actually holds for all values of m so that
eq. (213) can be simplified. To do this, we view eq. (2.11) as a difference
equation for A,,. To make this explicit we restrict 4 and K to be band
matrices, with finite bands of constant width

_ _ ho’(n) S [plyp2]
Hom= Honra ={ 0" ZSEP ) 20, halm) 0. 215)

Similary

- _ [ ks(m) o € g, q] ]
et Sl s { 0 oglgg *Fel™#0 Falm#0 o

Intthesnotations we see that eq. (2.11) is a linear difference equation for

Agmvwihip; — p2 + 1 terms

:\": ho(n) Agrnm = 0. (2.17)

a=p1
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Equation (2.17) determines the dependence of A, on n. Indeed the linear
difference equation

P2
> ho(n) Yosn =0 (2.18)
o=p1
has p, — p; linearly independent solutions, a basis of which we denote by
{¥?, 7=1,2,...,p2 — ;1 }. Thus, we have

P2—p1

Anm — Z szijy (219)
7j=1

where Cj,, are constants to be determined by the remaining determining
equations (2.13) and (2.14). In order to analyze them, let us define the

quantities
m-ng

Qum = ¥, AnoKom.

o=m—mni
From eq. (2.14) we have Qnm = 0 for m “sufficiently far away” from n. But,
by using the expansion (2.19), we get

P2—n m-+na
Qnm = Z wi Z CjaKam
i=1 g=m—ni
which, because of the linear independency of the 1}, implies
m-+ng
Y. CioKem=0 (2.20)
o=m—n

for all values of m, since this relation does not depend on n and the index m
is no longer tied to n. In other words, if Qnm = 0 holds for certain values of
n and m, as in eq. (2.14), then that equation must hold for all values. As in
the case of eq. (2.17), we introduce a solution basis {qﬁin,l =1,...,¢, — ql}
for the equation

q2
> ko (m) Gorm = 0. (2.21)
g=q1

The general solution of eq. (2.20) now is

g2—q1

ij = Z qj1 ¢lm7
=1
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where g;; are arbitrary constants. The expression (2.19) for A, is replaced
by

pP2—P192—4d1

-5 S wvidn 2.2

A further consequence is that the last term in eq. (2.13) can be dropped.
Then, using the general solution for eq. (2.7)

Py (.T,y) = ﬁn (:L') + Vn (y) )

we separate the z from the y dependence in eq. (2.13) and reduce it to
two inhomogeneous difference equations for 3, (z) and v, (y). The general
solutions of which are

B (z) = Z rj () d’qu — Butalz), Z V7, — bamy (),

(2.23)
where b, is an arbitrarily chosen solution of the inhomogeneous difference

equation
p2
> he(n) boyn =1. (2.24)
o=p1
Furthermore, in eq. (2.23) the functions r; (z) and s;(y) are arbitrarily
chosen. Finally, we obtain the following theorem.

Theorem 1 Consider all the generalized Toda theories of the form (1.1)
for infinitely many fields u, (z,y), where the coupling matrices H and K
satisfy egs. (2.15) and (2.16). Their Lie point symmetry algebra is infinite-
dimensional and a basis for it is given by the following vector fields:

X(€) = €(2)0s — & (&) Y bubuny Y (0) =1(y)8y —my (y Z BB

) T 3 T (2.2)

O;(r))=r;(z) Y ¥ibu,, Vils;)=s;(y) D ¥50u, (I=1....p2—m),
" T (2.26)

Zy = ( i <J5fnum) ( i 1/’7];51;,,) (=1,....m-pul=1l....a =@}

(2.27)
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The functions £(z), n(y), r; (z) and s; (y) are arbitrary, all the other quan-
tities are determined by solving the linear difference egs. (2.18), (2.21) and

(2.24).

As far as interpretation is concerned, we see that the generalized co— Toda
lattice (1.1) is always conformally invariant, since the vector fields (2.25) gen-
erate arbitrary reparametrizations of z and y, accompanied by appropriate
transformations of the fields u,. More specifically, the conformal transfor-
mations leaving eq. (1.1) invariant are

:Z‘:@L'(IL',A), g:X(y’A)a
(2.28)
an(ivg) = un(x,y) - b’fl In (E a—:l;)’

where 1(z, A) and x(y, \) are arbitrary functions of z and y, related to £(z)
and n(y) by the relations

g =1(z,A) =T A+ T(z)),

(2.29)
7=xyA) ="+ 5),
with s g v g

The vector fields Uj (r) and V; (s) generate gauge transformations: certain
functions obtained by integrating the vector fields can be added to any so-
lution. Formally, the operators Zjl generate linear transformations among
components of solutions. However, the sums are over infinite range, so con-
vergence problems may arise. Moreover, we have

By (Z ¢£num) =0 (2.31)

as a consequence of eq. (2.21). In other words, if the equation (2.21) admits
non trivial solutions, than one can always perform a linear transformation
among the u,’s, in such a way go — ¢ new fields v, = ) @ U, satifying
the wave equation 9,0,v; = 0, are replaced in the Toda system.

As stated in Theorem 1, the problem of finding all symmetries of eq.
(1.1) reduces to solving the recursion relations (2.18), (2.21) and (2.24). In
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general, this may not be possible analytically in closed form. Well developed
techniques exist for solving homogeneous and inhomogeneous difference equa-
tions with constant coefficients [32, 33]. This is the case that occurs for all
generalized Toda field theories that we found in the literature: h, (n) and
k, (m) do not depend on n and m, respectively. The nonzero commutation

relations for the symmetry algebra of the generalized co—Toda theory (1.1)
are:

~

(X&), X(&)] = X(6 G — @12 &), [F(0), ¥ ()] = T (m my — s m),

(%0, 0] = O era), [T, V3 9)] = Vi sy),

[X(f), th] =-0; (&Z%%) ) :Y("?), Zjl] = -V (Uyzbndw) )

[f]a (,«),Zﬂ] =U, (TZ@M%) i :Va (5),23'1] =V (SZQﬁn fn) 1

(Zas, 2] = (Z¢> wa) Za— (Zgbfnwfn) Zoa
" (2.32)

The algebra of vector fields Zj[ is finite dimensional (its dimension is d =

(p2 — p1) X (g2 — q1)). However, its isomorphism class cannot be determined
without specifying the functions ¢! and 17, i.e. the matrices H and K in
(1.1). In all examples in the literature, we have either d = 1, or d = 0. It

is however easy to invent examples in which {Zﬂ} is simple, semisimple,

solvable, or whatever we postulate a priori.
The overall structure of the obtained Lie algebra is

(%) e () ({2}> (veV)). 259

If {Z } is solvable, then (2.33) amounts to a Levi decomposition, since

both {X’ and }7} are centerless Virasoro algebras and hence simple. We

recall that the Levi theorem does not hold for infinite-dimensional Lie alge-
bras and a Levi decomposition does not necessarily exist.
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Let us sum up the general results obtained so far for the symmetries of
the generalized co—Toda field theories (1.1) under the constraints imposed
in Theorem 1.

1. The theory is always conformally invariant, since the inhomogeneous
equation (2.24) always has a solution.

2. The theory allows gauge transformations U and V if p—p1 > 1.

3. The transformations of type Z exist if (p; — p1) (g2 — @) > 1.

2.2 Special cases

1. The Mikhailov-Fordy-Gibbons two dimensional co-Toda system
(1.2)
We have

hoi(n)=—-ho(n)=1, andk_;(n)=—ko(n)=—1, (2.34)
50 pp — p1 = g2 — q1 = 1. From egs. (2.18) and (2.21) we have
Wi = B == s
Equations (2.23) and (2.24) in this case imply
B = B(z) + n&zy Yu =7(y) + 1.

From Theorem 1 we now obtain all symmetries of eq (1.2), namely

oo oo

X(f) ‘:g(x)az_*"é-m Z naum }}(77) = 77(3/)63;4‘% Z nauna
U=8(z) Y. 8wy V = 1) D un, (2.35)

n=-—00 n=—co

4= (mf;; um) (i aun) |

The generators X,Y, U and 14 were obtained in ref.[21] using the so called
“intrinsic method”. The generator Z was not obtained there and cannot be
obtained by the intrinsic method.
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2. The Toda field theory (1.3)
We take H = I. Then equations (2.18), (2.21) and (2.24) in this case

imply
,Bm == _ﬁm, y Ym = — Ty, Anm = 0.

The theory is only conformally invariant

X(€) =€@)0—& D Ouyy Y()=nu)dy— 1y Y _ O, (2.36)

and no further symmetries are obtained.
3. The Toda field theories (1.4)
We take K = I and relation (2.21) implies

Apm = 0.

The remaining equations (2.24) cannot be solved explicitely for general hy(m),
but as said above, we can easily deal with in the constant coefficients case.
As an example, let us restrict to the case when H is the A, Cartan matrix
(This is the Ay Cartan matrix for N — oo, where the limit is taken symmet-
rically from a fixed, but not extremal, vertex in the corresponding Dynkin
diagram). Thus we have

hoy=hy=-1, hg=2, (2.37)

the solutions (2.23) become

n? n?
ﬂn: ?EI"*’”TE’(:C) +7‘1(17), Tn = ?‘T]y-f‘TLSQ(y)-l-Sl(y) (238)

The symmetry algebra is

R 1 oo R 1 [ee}
XE) = €@+ Y 0 Y0) =00)0y+ 50 D 1Oun;

Oi(r) = m(2) Y O Vi(s)=s1(y) Y Ou, (2.39)
Up(r) = r2(@) D nuy  Valsd) =52(0) D nlus,

where £(x), n(y), r1(z), s1(y), r2(z) and s;(y) are arbitrary smooth functions.



46

3 Symmetries of Finite Generalized Toda
Field Theories

3.1 (General Results

In this case we have a system of N partial differential equations in N fields
Un (I7 y)7 namely

M N
Un,zy = Fn7 Fn = Z Kom €xXp (E Hmlul) (1 <n< ]\T) : (31)
m=1 =1,

The “coupling constant” matrices H and K satisfy H € RM*N and K €
RNXM  The system (3.1) could arise in a quite general field theory with
Lagrangian

N M N
1
L = 5 Z nmn&cumayun - Z Cm €XP (Z Hmlul) (Cm 76 O) ’ (32)
m=1 =1

m,n=1
with

l{-l-h‘,T
2 ]

K =L'HTC, L= C = diag (1 .o - 1 E1) - (3.3)
Some general considerations concerning the system (3.1) are in order.

First, if either K, or H (or both) allow an inverse, or at least a left
inverse, then this system can be simplified. Indeed, let K —1 exist. We put

Un = Y, Knmpm and obtain

M
Pm,zy = €XP (Z (HA) pl) , 1<m< M. (3-4)
=1
Conversely, let H~! exist and put w; = ), Hju;, we obtain
M
Wty = z (HK),,;€", 1<m< M. (3.5)
g=1

In other words, one of the matrices H, or K can be normalized to I, if it
is left invertible.
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The second comment is that the system (3.1) with K = I admits Lie-
Bicklund transformations, and in this sense is completely integrable, if the
matrix H is a Cartan, or a generalized Cartan matrix [19].

We mention that in the case of the infinite Toda field theories the matrices
H and K in general have nontrivial kernels, are hence not invertible and we
cannot normalize them.

Let us now turn to the Lie point symmetries of the system (3.1). We
write a general element of the symmetry algebra in the form (2.2) (with the
sum in the range 1 < n < N), apply its prolongation to eq. (3.1) as in
eq. (2.4). From the determining equations we find that for any F}, in eq.
(3.1), in complete analogy with the oco-Toda theory, a general element of the
symmetry algebra will have the form (2.5), the summation being from 1 to
N.

Two determining equations remain and they depend on the specific form
of F, in eq. (3.1). Making use of the fact that all the exponentials are
linearly independent (no two rows in H coincide) and that the matrix K
has no zero column, we reduce the remaining determining equations to two

matrix relations
HA =0, (3.6)

(A~ (& +ny) ) K], = Kom (HB),,, (1<n<N, 1<m<M). (3.7)
We multiply eq. (3.7) by H from the left and use (3.6) to obtain
(&t 1) (H )y = (HK),, (HB),, Vh,m. (3.5)
If the matrix HK has no zero column, then we obtain
HB = — (& +my) 1, (3.9)
where 1, = (1,.. ., 1) € RM | and from eq. (3.7)
AK = 0. (3.10)

Thus, matrix A must satisfy the same two homogeneous equations (3.6) and
(3.10) as in the infinite case. Furthermore, if 1) is in the image of H, then
we define by € RY to be an arbitrarily chosen (but specified) solution of the

inhomogeneous equation
Hby = 1y. (3.11)

The results of these considerations can be summed up as follows
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Theorem 2 Consider the generalized Toda field theories (3.1) with a finite
number of fields N. Assume that all rows in H are different and that the
matrizc H K has no zero column. Then § types of symmetries can occur and
they depend on the properties of the fundamental spaces of the matrices H
and K. The symmetries are of the same form as in Theorem 1, except that
all summations range from 1 to N. However, if 1oy € Im(H), then £ and n
are arbitrary functions of x and y, respectively, and the theory is conformally
invariant. The quantities b, are the components of the vector by, itself an
arbitrary solution of eq. (3.11). Otherwise, if 1y & Im(H), the theory is
invariant only under the Poincaré group, generated by

=8, PB=0, L=z0,-yd, (3.12)

Gauge transformations exist only if H 1s not invertible. Analogously to the
formulas (2.26), r; and s; are arbitrary functions and the vectors Y span
Ker (H). Finally, the vectors ¢' span the left kernel of K. If this space is not
zero, then dim (Ker (KT)) x dim (Ker (H)) symmetries of the form (2.27)
are admitted.

From Theorem 2, contrary to the case of infinitely many fields, conformal
invariance is not a priori guaranteed, but it imposes restrictions on the image
of H. Gauge symmetries exist only if the matrix A has a nonzero kernel.

3.2 Special cases

1. The Mikhailov-Fordy-Gibbons Toda theory and generalizations
Consider the field equation

5 N
o
:vy 6 Z a_? €xp ,6(17_ ) ) (313)
where U = (u, ..., un) is an N-ple of real fields and (as, . ..,an) denote the

simple roots of a classical simple finite Lie algebra. Equations (3.13) above
take the form (1.2) for all n satisfying Ny <n < N—1. For n = N we obtain

UNzy = €Xp (Un—1 — UN) . (3.14)

The equations for 1 < n < N are different for each Cartan series. The
number Nj is equal to 2 for Ay, By,Cn, and 3 for Dy.
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For the Ax algebra we have
Uy gy = — €xp (U1 — uz) - (3.15)

Conformal and gauge transformations are exactly the same as given in eq.
(2.35) (except that the summations are from 1 to V).
For the By algebra we have

Uy gy = €xp (—u1) — exp (u1 — uz) - (3.16)

Conformal transformations are as in eq. (2.35) (with the same comment
about the summations) and there is no gauge invariance.
For the Cy algebra we have

Uiy = — xp (uy — ug) + 2exp (—2u1). (3.17)

The only symmetry is conformal invariance, generated by

O - @6y (n=3) B

~ n;l 1
Y(n) = ), +m Z; <n - 5) B (3.18)
Finally, for the Dy algebra we have
Ulzy = exp(—up — ug)—exp (u; — ug),

Usgy = €xp(—up —up)+exp(uy — ug) —exp (uz — ug). (3.19)

Again, the only symmetry is conformal invariance, in this case generated by

N

R(E) = 2)8+6S (n—1)d.,

n=1

N

Y(n) = n(y)dy +ny Z (n—1) O, (3.20)

n=1

We mention that the infinite system (1.2) can also be reduced to the finite
one by imposing periodicity unyy1 = ui. In this case 1y is not contained in
Im(H) and there is no conformal invariance. Thus, the symmetry is given
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by the two dimensional Poincaré algebra (3.12) and by the gauge generators
given in (2.35).
2. The Toda field theory (1.3)

The symmetries are the same in the finite case as in the infinite one,

namely the conformal transformations generated by (2.36) (for any finite
matrix k).
3. The finite Toda theories (1.4)

Since the Cartan matrix H is invertible, this theory is equivalent to that
described by eq. (1.3) in the sense of egs. (3.4) and (3.5). Hence this theory
is always and only conformally invariant. However, the generators of the
vector fields take a slightly different form, which we report for a subsequent

discussion.
For the Ay algebra the generators are given by

N
W= €@+ 1), + 1 (G +m)Yon(i-N-1a,,.  (3:21)

n=1

For the By algebra, the symmetry generator is given by
5 1
W= f(x)aa: + 77(?!)5y - Z (5:: + 77y) X (3'22)

{N(N+1)8ul +22[N(N+1)—n(n—l)]3un}. (3.23)

n=2
For the Cy algebra, the symmetry generator is given by

N
W = ¢(2)0, + n(y)d, + -;— (6 +1y) Z [n(n—2)—N*+1]08,,. (3.24)

n=1
Finally, for the Dy algebra (N > 4), one has

W = £()0. + n(4)0, — 7 (& + 1) X (3.25)

{N(N~ 1) (Buy +8ua) + 23 [N (N = 1) = (n = 2) (n — 1)] auﬂ}(:a.za)

n=3
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4  Symmetries of Generalized Semi-Infinite
Toda Field Theories

4.1 General Results

Let us now restrict the range of the discrete variable n to be 1 < n < oc.
Both the equations (1.1) of the generalized Toda field theories, and their
symmetries will be modified. The matrices H and K will no longer be pure
band matrices but will have the form

Hy, R SN
Hara Harw

H _ Hprp1,M414p; Hprp1,M+1+py

-’“’.A;l+2,;\/;:+2+.x:.1 Hpt 42, M+24p0

(4.1)
where M +p; < N < M +p, and the void entries are equal to zero. Similarly,
the matrix K takes the form

(Kl,l . K

- Knts14qu,N41
.
KMf’l s AM’,N’ _ KN’+2+q1,N’+2

Knti14g,N41

Kniyotg, N42

where N' + ¢ < M’ < N' + qo. Although one could easily construct non
trivial models, which do not fit in the given scheme, they seem quite artificial
and, moreover, all the cases which we found in the literature satisfy the above
restrictions.

We denote by H and K respectively, the M x N and M’ x N’ matrices,
which can be extracted by taking the first M rows and the first NV columns
from H and, in turn, the first M’ rows and the first N’ columns from K.

The symmetry algebra of the semi-infinite Toda field theory equation can
either be obtained directly, ab initio, or we can obtain it from the infinite
case of Section 2, by adding appropriate boundary conditions and requiring
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that they be invariant. As above, the functions & (z), 77 (y), Amn and B, (z,y)
must satisfy the remaining determining equations (2.7) - (2.9). Following the
same reasoning as in the finite case (see Section 3), we obtain the analogs
of all the relations (3.6) - (3.10), where now all the labels and summations
range from 1 to oo (i.e. we take N — oo in all formulas). The key equation
of the discussion is eq. (3.9) and its associated homogeneous system. Here,
we separate the problem into the finite subsystems

HB = 0, (4.3)
HB = —(&+m)1u, (4.4)
where B = (B, .., Bx), and a difference linear equation, which we can put

again in the form (2.18), or (2.24) respectively, for n > M + 1. The eq.
(4.3) has Ker (I:I ) as its solution space. On the other hand, the difference

equation (2.18) has a (p; — p1)-dimensional solution space, the elements of
which have the form

p2—pP1
Bu= Y ojl, n>=M+1l+py, (4.5)

J=1

in terms of the basis {1/7}. Moreover, the difference eq. (2.18) has only the
zero solution in the case p; = ps. But, because of the imposed restrictions on
the form of H, in such a case the components of the vector B are decoupled
from the remaining (Bn.41,...). This means that the semi-infinite homoge-
neous linear system HB = 0 has zero-dimensional kernel only if both the
finite system (4.3) and the homogeneous difference eq. (2.18) do.

Assuming now that p; < p, and, moreover, that M +p; +1 < N, the
components (Bar41+p1, - - - » Bn) have to satisfy both the finite linear eq. (4.3)
and the difference eq. (2.18). Substituting the representation (4.5) into (4.3),

we get N — dim (K er (H' )) constraints on the {a;},_, Thus, if it
results that

P2 —P1°

M = N +p; + dim (Ker (H)) =g >0, (4.6)

then the semi-infinite homogeneous system HB = 0 admits a ny-dimensional

kernel, spanned by the set of linearly independent functions {x} i=1,m0"
The above result implies that, if the constraint (4.6) holds, then the semi-

infinite Toda model defined (4.1) and (4.2) possesses a symmetry group of
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gauge transformations, generated by the 2 x ng vector fields

(r] st ZX a Vi(s;) =35,y Zx G=1....;p2—p1).

(4.7)
As in the finite case, a semi-infinite theory is conformally invariant if the
inhomogeneous eq. (3.9) ( for semi-infinite matrices) has a solution. Thus,
now we must require that the vector 1 = (1, 1,...) be contained in I'm (H).
But, as outlined above, the problem is reduced to finding a solution of the
eq. (4.4) and of the difference eq. (2.24). The former equation is solved if

1y € Im (FI) (4.8)

For the difference eq. (2.24) a solution always exists as seen in Sec. 2. Hence
the structure of the matrix H shown in (4.1) garantees that a solution of the
total inhomogeneous system always exists, once eq. (4.8) is satisfied ici. In
conclusion, the condition (4.8) is not only necessary, but also sufficient to
ensure the conformal invariance of the given Toda theories.

Finally, an analysis similar to the study of the gauge invariance can be
performed for the Z-type transformations, which exist if a common solution
of the two semi-infinite homogeneous systems

HA =0, AK =0 (4.9)
can be found. Thus, we are lead to the following theorem

Theorem 3 Consider the semi-infinite Toda field theory (1.1), with H and
K given by ({.1) and (4.2), respectively, and with all rows of H different.
Moreover, let HK have no zero columns. Then, the symmetry algebra de-
pends on the fundamental spaces of the finite dimensional submatrices H and
K, on the solutions of the difference egs. (2.18) and (2.24) forn > M +1
and, finally, on the solutions of the difference eq. (2.21) for m > N' + 1.

The theory is conformally invariant if the condition (4.8) holds. The
corresponding generators take the form (2.25). Otherwise, if (4.8) does not
hold, the symmetry reduces to the Poincaré group generated by (3.12).

A gauge transformation group, involving 2ng arbitrary functions of one
variable, erists if the relation (4.6) holds. The algebra generators take the
form (4.7). Finally, - -type gauge transformations exist if not only (4.6)
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holds, but also the supplementary condition
N' = M' + g5 + dim (Ker (KT)) —me>0 (4.10)

is satisfied. In such a case they form a Lie algebra of dimension mg X ng.

4.2 Special cases

Now let us consider the same three examples as in the previous Sections.
1. Mikhailov-Fordy-Gibbons field theories

All examples of Section 3.2 can be generalized to the semi-infinite case,
simply allowing N to go to co for each classical Lie algebra. The equations
labeled by 1 < n < Ny are explicitly given by (3.15), (3.16), (3.17) and
(3.19), respectively. Moreover, for ¢ > N, the equations are the same as in
the infinite case, i.e. eq. (1.2).

For the Ay algebra (We use this notation in order to distinguish this
semi-infinite model from the previously introduced A infinite one) we have
M = N = M' = N' = 0 and hence the symmetries are exactly the same as
in the infinite and in the finite cases (see eq. (2.35)), where the summations
are over the appropriate range.

For the B, algebra one has H = —K = (~1), then also M = N = M’ =
N’ =1, as one can see from (3.16). Theorem 3 allows to establish that there
are no gauge transformations of any kind and the generators of the conformal
transformations are the same as given in (2.35).

From eq. (3.17) one sees that H = —K = (-2) for the C., algebra,
then M = N = M’ = N’ = 1. Thus, Theorem 3 establishes that only the
conformal invariance is admitted. Its generators have the same form as in
eq. (3.18), where the summation is over the positive integers.

Finally, for the D, algebra one has

- (-1 -1\ _ =7

A )i
Theorem 3 implies that only conformal transformations leave the system
invariant and their generators are obtained by taking the limit N — oo in
the formulas (3.20).
2. The semi-infinite Toda field theory (1.3)
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The discussion is very simple. Indeed, since H is the indentity matrix,
there are no gauge transformations. Moreover, the generators of the confor-
mal transformations in the infinite, semi-infinite and finite cases take always
the same form (2.36), where the summations are over the appropriate range.
3. The semi-infinite Toda field theories (1.4)

As opposed to the finite case, the matrix H is no longer invertible, so now
these theories are not equivalent to the ones given by (1.3).

First, we observe that, since K is the identity matrix, there are no g
type transformatlons. For any classical Lie algebra, extended to N — oo, the
recursive part of the systems, i.e. the equations labeled by n > N as deﬁned
in Sec. 3.2, are always the same as in the infinite case discussed in Sec. 2.2.3.
The solution of the corresponding difference equations for B, (n > Np) , that
s (2.18) and (2.24), are the same as in (2.38) and the generators are as in
(2.39). However, for 1 < n < N the equations provide constraints of the
form (4.3) and (4.4). The application of the Theorem 3 implies

1) All the semi-infinite systems (1.4) are conformally invariant.

2) All the semi-infinite systems (1.4) have ny = 1, as defined in (4.6),
hence a gauge transformation algebra of the form (4.7) exists, with

j=1.

In the A, case the X and Y conformal symmetries survive as in eq.
(2.39), and so do U2 and Vg do. However the symmetries U1 and V1 are no

longer present.
In the B, case the generators X, Y and U,, Vi combine together to give
the new conformal symmetry generators

1, « A ==
=£@0t56Y nn-1d,, Y=n@)d+5n) nn-1)d,
n=1 n=1

(4.11)
The remaining gauge invariance is generated by

aul+2§:au"] . Vis)=
n=2

U(r) =

) | 0w, +2Zau,l . (412)




o6

For the C,, algebra the symmetry algebra is

X=£(@)d+ 36 nn-2)0,,
n=1
¥ =), + 57 n (1 =2, (4.13)
n=1
T =r @ 0 V() =5®)3 B
n=1 n=1

Finally, for the D, algebra one has

e}

X =@t 56> (n—1) (1 -2,
Y:n(y>ay+EnyZ(n_l)(n—z)aum

(4.14)
U(r)=7(z) |Ou + 0w + 23 8us |,

n=3

r

V(s)=5(y) |Ouy + 0w 2> _0u,| -

n=3

The formulas for the semi-infinite models (1.4) are consistent with those
obtained in the finite case in Sec. 3.2.3. The generators of the conformal
invariance, in each case, are simply obtainable by dropping all terms involving
N. Conversely, the terms proportional to a power of N provide us with the
gauge invariance generators in the semi-infinite extensions. In this limit, the
functions r = &, and s = 7, must be considered as new linearly independent
functions.

5 Conclusions

We have introduced the generalized Toda system (1.1) and investigated its Lie
point symmetry group. It turned out that in the infinite case (—o0 < n < 00)
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these systems are always invariant under an infinite dimensional group of
conformal transformations. It is also gauge invariant, if a certain homoge-
neous linear difference equation (i.e. eq. (2.18)) has non trivial solutions.
Further gauge transformations exist if another linear homogeneous difference
equation (i.e. eq. (2.21)) also has nontrivial solutions.

If we restrict the range of n to 1 < n < oo, in some cases the symmetry
group remains the same, or is reduced to a subgroup of the original symmetry
group. However, in other cases (see (4.12) and (4.14)) the symmetry group
does not coincide with a Lie subgroup.

In the finite case, with 1 < n < N, the symmetry group remains the same
as in the semi-infinite case, or it is reduced further.

In some situations (see Theorem 2 and 3) the infinite dimensional con-
formal symmetry group is reduced to the Poincaré group in two dimensions
(see eq. (3.12)).

These results were obtained directly, that is by analyzing the determining
equations for the symmetries for all types of systems: infinite, semi-infinite
and finite. The question to which we plan to devote a separate article is the
application of the infinite generalized Toda systems. In particular we will
establish the degree to which the symmetries of the semi-infinite and finite
Toda systems are “inherited” from those of the infinite systems. In other
words we plan to discuss symmetry breaking by boundary or periodicity
conditions of the infinite chains.

One of the surprising results obtained in the present work is that the
class of the conformally invariant Toda field theories is much larger than the
class of the completely integrable models. Indeed, the existence of a Lax
pair imposes severe algebraic restrictions on the matrices H and K (see for
instance [19]).
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Abstract

We examine critically the Gambier equation and show that it is the generic linearisable equa-
tion containing, as reductions, all the second-order equations which are integrable through lin-
earisation. We then introduce the general discrete form of this equation, the Gambier mapping,
and present conditions for its integrability. Finally, we obtain the reductions of the Gambier
mapping, identify their integrable forms and compute their continuous limits. © 1998 Elsevier
Science B.V. All rights reserved

Keywords: Integrability; Linearizability; Discrete systems

1. Introduction

The classification of the integrable second-order differential equations, based on their

singularity properties, resulted to four classes [1]:

e equations that are simple derivatives of integrable first-order equations,

e equations that are autonomous (i.e. they do not have any explicit dependence on the
independent variable) and which are integrable in terms of elliptic functions,

e equations which are nonautonomous but in which the independent variable appears
in some simple form (linearly or at most quadratically) and which define the P
transcendents,

and finally,

e equations which are nonautonomous and in which the independent variable enters
through some free functions. These equations are solved by linearisation, i.e. they
can be converted to a linear differential system.

Prominent among this last class is the Gambier equation [2]. This equation is, in
fact, the generic equation of the linearisable class, in the sense that all the others
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can be obtained as its special limits. The essential feature of the Gambier equation
is that it describes the coupling of two Riccati equations in cascade (i.e. the solution
of the first Riccati equation appears in the coefficients of the second one). Thus, the
Gambier equation is best written as

y=—y*+by+ec, (1.12)
X =ax* +nyx+o, (1.1b)

where a, b and c are functions of the independent variable, ¢ is a constant which can
be scaled to 1 unless it happens to be 0 and » is an integer. The precise form of the
coupling is indicated by the singularity analysis which, moreover gives constraints on
the coefficients a, » and c¢. In fact, out of these three functions only two (in general)
are free. Eliminating y between Egs. (1.1a) and (1.1b) one can write the Gambier
equation as a second-order ODE:

—1x'? 2 T 2
i L+an+ x4+ by’ = 2 22C—a—-a—x3+(a’—ab)x2
nox % n
2
—l—(cn—gio—-)x—ba—i—. (1.2)
n nx

An important remark is in order at this point. The equations of the Painlevé/Gambier
classification are usually given in canomical form, which means that all possible trans-
formations of the dependent and the independent variables have been used in order
to simplify their form. This does not seem to be done in the case of the Gambier
equation. Indeed, as we will show in the next section, a suitable transformation of the
dependent and the independent variables allows us to put #=0. Thus, the Gambier
equation contains only two functions, which, moreover, are constrained by the integra-
bility requirement.

The discretisation of the Gambier system leads naturally to what we have called the
Gambier mapping. In Ref. [3] we have proposed such a discretisation which we have
studied using the discrete analog of the singularity analysis, namely the property of
singularity confinement. In this paper we propose to reexamine the discrete form of
the Gambier equation and determine its most general expression. Once this form is
established we can proceed to the study of its particular, limiting, forms and propose
expressions for the remaining linearisable discrete equations. For the sake of complete-
ness we calculate, in the next section, the various limits of the Gambier equation in
the continuous case.

2. The Gambier equation and its various limits

The canonical list of second-order equations with the Painlevé property is still an
unsettled question. The simplest way out of the dilemma is to adopt the attitude of
Gambier [2], who has presented a minimal list of 24 equations which contain, in
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principle all the basic equations. The remaining ones can be obtained through what in
modern parlance would be called Miura transformations. Among the equations of the
Gambier list some belong to the linearisable family. Here they are

(G5) x"=-3xx" —x*+q(x' +x%),

x x
(G13) X' _?—{—q;—q + rxx’ +r'x?
G14) "= {1-2)% —+ i L
7 B - T nx2
-2x nf? 3
(G15) (1 ->—~+fn(q,r)xx+¢n(q,r)x m % TR
i n(fy = Jabn) » 1
P (g )X — b — 24

To this list one must, in principle, add the equation
(G6) x"=-2xx"+qgx' +q'x

which is nothing but the derivative of the Riccati equation. It is easy to show that
the Gambier equation (G13) contains all the previous ones: it is in some sense the
general linearisable equation. Instead of using (G15), which corresponds to ¢ =1 in
Eq. (1.2), we will work with Eq. (1.2) itself where one can directly see the relation
to the coupled Riccati’s.

First, we start with Eq. (1.2) for =1, and reduce it to its canonical form. For
this we introduce the following transformation of the independent variable ¢ to a new
variable T through dT/dt=g where g is defined by (1/g)(dg/dt)=0bn/(n — 2) and
simultaneously X = gx. This leads to an equation of the form (1.2) with #=0, which
must be considered its canonical form (similarly (G15) is canonical for ¢ =0). More-
over the Painlevé property requirement introduces one further relation between a and
¢ (or, equivalently, between f and y).

Eq. (G14) is the easiest to obtain: it suffices to take ¢=0. The canonical form
corresponds to b =c = 0. Indeed, in addition to the independent variable transformation
which allows to put b=0, when 6 =0 we have an additional gauge freedom which
allows us to put c=0.

n—1x? n+2 a2
x" a xx' — —n—x3 +a'x? 2.3)

B X
(with b=c=0 Eq. (1.1a) leads to y=1/(z — zy) and Eg. (1.1b) for 0 =0 is reduced
to a linear ODE for 1/x).

Eq. (G13) requires that we take the limit n — oo on Eq. (1.2). The result is (where
d=lim,_, cn):

’2
"

!
x =—x—+axx'+bx'—1—;-o'+(ﬂ/—ab)xz+dx‘ba- (2.4)
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Eq. (2.4) is (G13) in non-canonical form. In order to reduce it to the standard ex-
pression we take »=0 and introduce a gauge x — px such that d = p”’/p — p?/p*. The
equation reduces then to
! /
e ﬁ + c]Ji — g +rx'x+ ¥ (2.5)
X &
which is just (G13). What does the limit #» — oo really means in the level of the
coupled Riccati’s? Since n goes to infinity y must go to zero for the equation to
remain meaningful and thus the quadratic term in Eq. (1.1a) disappears. The canonical
form corresponds to »=10 and a new function is introduced through d =nc. Finally,
if we divide Eq. (1.1b) by x and take the derivative a term ny’ appears, which from
Eq. (1.1a) is equal to d. Thus, Eq. (G13) is, in fact, nothing but a derivative of a
Riccati after we have divided by the dependent variable.
Finally, in order to obtain (G5) we start by taking #n =1 which makes the x’*/x term
vanish. Integrability implies ¢ =0 and we choose a=—1, ¢=0. This leads to equation

x'=-3x — 2+ b(x +x) (2.6)

which is (G5) in canonical form. Finally, it seems that (G6) is not in any sense related
to the Gambier equation (G15).

3. The discrete analog of the Gambier equation, revisited

The discretisation of the Gambier equation is based on the idea of two Riccati
equations in cascade. The discrete form of the first is simply
ay+b
y+1

y= ; (3.1
where y=y, and y= y,4+;. The denominator of Eq. (3.1) can be generically brought
to this form through a scaling of y and a division by an overall factor. The second
equation which contains the coupling can be discretised in several, not necessarily
equivalent, ways. In Ref. [3] we have proposed the discretisation

fxy+o

= T

(3.2)

A different approach could be based on the direct discretisation of Eq. (1.1b) in the
form

I—x=—fxx+(gx+hx)y+k. (3.3)

In what follows we shall not choose a priori a particular form. We shall rather start
(in the spirit of Ref. [4]) from a generic coupling of the form

oaxxy + fxx +yxy+6x +exy+lx+ny+0=0. (3.4)
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Implementing a homographic transformation on x and y we can generically bring
Eq. (3.4) under the form

X+ yxy—exy—0=0 3.5)

(the sign changes were introduced for future convenience). A choice of different trans-
formations can bring Eq. (3.4) to the form Eq. (3.3) while Eq. (3.2) can be obtained
through a special choice of the parameters of Eq. (3.4). Note that Eq. (3.4) contains an
‘additive’ type coupling x¥ + 8% + {x+ny + 6 =0 for special values of its parameters,
but the generic form of Eq. (3.5) is that of a ‘multiplicative’ coupling where 7, ¢ do not
vanish. Solving Eq. (3.5) for ¥ we obtain the second equation of the discrete Gambier
system in the form

exy + 0
x+yy

i= (3.6)
Clearly, a scaling freedom remains in Eq. (3.6). We can use it in order to bring it to
the final form

xy/d + ¢*

o= x+dy

(3.7)
Eliminating y and 7 from Eq. (3.1) and Eq. (3.7) and its upshift, we can obtain a
three-point mapping for x alone but the analysis is clearer if we deal with both y
and x.

The main tool for the investigation of the integrability of the Gambier mapping
will be the singularity confinement criterion [5]. A first remark before implementing
the singularity confinement algorithm is that the singularities of a Riccati mapping
are automatically confined. Indeed, if we start from X = (ax + B)/(yx + §) and assume
that at some step x = —3/y, we find that % diverges but % and all subsequent x’s are
finite. Thus, the intrinsic singularities of Eq. (3.6) do not play any role. However, the
singularities due to y (obtained from Eq. (3.1)) may cause problems at the level of
Eq. (3.6). Whenever y takes a value that corresponds to either of the two roots +c of
the equation

y—=0, (3.8)

we obtain ¥ = +c/d irrespective of the value of x and thus the variable x loses a degree
of freedom. On the other hand, once we enter a singularity there is no way to exit it
unless y assumes again a special value after a certain number of steps. Thus, if we
enter the singularity through, say y =c¢ we can exit it through y=—c after N steps.
However, if y were to take the value ¢ again some steps after taking it for the first
time, then it would take it periodically and the singularity would be periodic. This is
contrary to the requirement that the singularity be movable: a periodic singularity (with
fixed period) is ‘fixed’ in our terminology.

The first singularity condition can thus be obtained in the following way. We assume
that at some step y assumes the value ¢ solution of the condition (3.8). This value of
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Yo=co evolves under the action of the Riccati and we obtain after N steps, yn. We
require that

YN =—CN, (39)

i.e. the second root of Eq. (3.8). It is thus straightforward to write the first confinement
conditions for the first few values of N. We have, for instance,

ac+b
N=1 ey +c=0,
alac+b)+bc+1) -
N=2: = 3.10
ac+b+c+1 +e=h ( )

and so on. The equivalent of this requirement in the continuous case is that the res-
onance be integer. We see here that the discrete condition is much more complicated
and while one can easily compute the first few instances no general expression can be
given. Once y passes through the second special value —c, there is a possibility for x
to recover its lost degree of freedom through an indeterminate form 0/0. This is the
confinement condition. In full generality (and somewhat abstract form) it reads

xy +dyvyny=0 (3.11)
or, using Eq. (3.9),
XN =dNCN (3.12)

where xy is the Nth iterate of x through Eq. (3.6). We have, for example,

N=1: 3:55,
N2 i(ac-i—b)c—(—dc{c“(c-i—l):;g (3.13)
d c(c+1)+dd(ac+b)

The two confinement conditions put constraints on the coefficients a, &, ¢ and d just
as the Painlevé requirement restricts the parameters in the continuous case. The better
approach is to start with given a, ¢ and use Eq. (3.10) to solve for 5. The second
condition becomes then an equation for d. For N =1 we find explicitly dd = ¢/¢. For
N =2 the equation for & is linear and the one for dd is just a homographic mapping
with coefficients depending on a, b, c.

One important question that remains to be addressed is that of the continuous limit
of the Gambier mapping. We start from the system

j= “yy:lb (3.182)
2
gy +ct (3.18b)

x+dy
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and introduce the following expansions for the parameters:

(e+5-3)
a=1+ a+;——— e,

n
b=y82,
c=”§32,
d=1+ de, (3.19)

and for the dependent variables
ny

y=-Ts, (3.20a)
ny(JX - 1) ,
= , 2
20X+ 1) i)
where f =35+ 7/(2y) and A= f'/f. We obtain at the limit ¢ — 0 the two Riccati’s:
X' =—fX*+nXY +1, (3.21a)
ho R !
Y'=—Y2—aY+y—“—+—,—h—, (3.21b)
n  n n

where the coefficient of the coupling term n=2¢/b is a priori a function but with hind-
sight we have ignored its derivatives. While the continuous limit takes quite expectedly
the form of two Riccati’s in cascade we have still to show that they are indeed of the
Gambier form and, in particular, that the coefficient of the coupling term » is in fact
an integer and equal to M.

The key to this proof is the first confinement condition. Let us start with yp=c.
Given the dependence of ¢ on ¢ (3.19), we have
D

Yo= 2

(3.22)

In order to do away with the ¢ factor we introduce the auxiliary quantity ¢ through
y=¢*) and rewrite Eq. (3.22) as

n
= % : (3.23)
The confinement condition is
-
y=—". (3.24)

Let us now compute Y using the discrete Riccati (3.18) at lowest order in &. Substi-
tuting the expressions (3.19) of a,b we have at Jowest order:

Y=y +y. (3.25)

Thus, Y = + Ny and substituting the values of Y and Y we find n= — N. Thus,
the coupling coefficient does indeed go over to the integer N which is the number of
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steps required for confinement. (Had we started from yo = —c we would have obtained
n=N. The fact that ¢ play different roles is due to the fact that the discrete Riccati
(3.18) is not symmetric with respect to the upward—downward evolution).

We must remark here that the above continuous limit is incompatible with N =1.
Indeed, for N =1 condition (3.13) implies 2yé+y" =0 which would make Eqgs. (3.20a)
and (3.20b) meaningless. This is related to the fact that in the continuous case n=1
is never integrable for o =1 while the n = —1 case is never integrable when the x
equation is nonlinear.

4. Nongeneric forms of the Gambier mapping

An exhaustive study of all the nongeneric cases of the Gambier mapping is a task
that lies beyond the scope of this work. In principle one has to go back to the system
in Egs. (3.1)-(3.4) and, following the steps of the derivation of Eq. (3.5), identify
all instances where some transformation cannot be applied. The bulk of the resulting
calculations makes this problem hardly tractable and we prefer, in what follows, to
limit somewhat our scope.

We start thus with the Gambier mapping in its reduced form [Egs. (3.1)—(3.7)] and
consider the cases where the coefficients that have been assumed to be nonvanishing,
do vanish. We are thus led to the systems given below. The equation for x assumes
one of the following forms: '

o oxyld+
= 4.1
" x—+dy L
o)
% e Xy b , (4.2)
X
. xy+c?
= : (4.3)
¥
while that for y is given by
_ ay-+b
= > 4.4
PR (4.4)
. ay-+1
y= 2 ; (4.5)
Y
F=y+b; (4.6)

all the other cases obtained from Egs. (3.1)-(3.7) can be brought to one of the above
using homographic transformations on x and y. Next, we shall investigate the singu-
larity confinement property of the system consisting of one of the Egs. (4.1)-(4.3)
coupled to one of the Egs. (4.4)—(4.6). There exist, in principle, 9 possible couplings,
the one of Eqgs. (4.1) and (4.4) being the full discrete Gambier system studied in the
previous section.
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In order to investigate the coupling Egs. (4.1)—(4.5) we apply the singularity con-
finement method. The principle is the same as for the full Gambier case: we enter a
singularity when y passes through the value ¢. In order to confine this singularity we
require that, after N steps, y pass through —c¢ and, moreover, x assume an indetermi-
nate form 0/0. The condition for y to be equal to —c can be worked out for the first
few values of N:

N=1: ac+1=_ s
c
= | )
Ny Hactlte = 4.7)
ac + 1

The corresponding conditions for the denominator of x to vanish (which, in view of
Eq. (4.7), entails the vanishing of the numerator) read:

N:L%:ﬂ,

lc(ac—i— 1) +ddéc z

N=2: =éd. (4.8)

"d cr+dd(ac+1)
In order to obtain the continuous limit of this system we start with the equation for
y. The only continuous limit of Eq. (4.5) is obtained for y=i -+ Y. However, this
is incompatible with the integrability condition where y assumes the values ¢ and —c¢
(after NV steps). Thus, the system of Egs. (4.1)-(4.5) although integrable as a discrete
system does not possess an Iintegrable continuous limit.
Next we consider the coupling Eqs. (4.1)—(4.6) which can be treated just as the
previous case. The first few conditions for the singularity to be confined are

N=1l.c+b=-c,

N=2:c+b+b=-7¢, (4.9)
combined with
N=L§=£,

N=2;iﬂiiﬂi£@£=éf (4.10)
d c+dd(c+b)

In this case the continuous limit is obtained through: x=¢X, c=¢y, d=1 + &d
and y=7Y. From the constraint (4.9) on b,c we find that at lowest order we have
b=—2¢/N. The continuous limit is then straightforward, but one must also verify the
second integrability condition (4.10). It turns out that the resulting form is noncanon-
ical. In order to bring it under canonical form a further transformation is needed on
X: X=y(1-38W)/(1 + 6W) and, moreover, we must take Y =0. In the case N=1
(where we have from Eq. (4.10): 26 + y'/y=0), the canonical form can be recov-
ered through a simpler transformation, X = —y + 1/W, leading to the linear equation:
W' +W'yy+ W('[yY =0 which for y =0 reduces to just #" =0,
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We turn now to the case of the mapping (4.2) coupled to any of the three ho-
mographic for y (4.4)—(4.6). A general remark is in order here. The mapping (4.2)
has as only singularity y= oo, ie. ¥ is defined independently of the value of x only
when y=oo. Once y in mappings (4.4) or (4.5) hits this special value, Eq. (4.2) loses
one degree of freedom and cannot recover it because y cannot become infinite again
(unless the mapping for y is periodic which we have excluded from the outset). Thus
the combination of Eq. (4.2) with either of Eq. (4.4) or Eq. (4.5) is never integrable.
On the contrary Eq. (4.2) coupled to Eq. (4.6) is always integrable because the latter,
being linear, can never lead to y=oco. In this case we find at the continuous limit
equation (G6). Indeed, putting x=1+eX, y=2+¢Y and b= fe’, 2 =—147ye%, we
obtain X' = —X?+ ¥ +y, ¥'=f. Eliminating ¥ leads to X"/ =—-2XX’+ f+7" which
can be brought to the canonical form (G6) through a simple translation.

Analogous arguments do apply to the case of the mapping (4.3). The singularity of
this mapping occurs only if y=0. Again, the argument of y taking twice the value
being possible only if Egs. (4.4)-(4.6) are periodic, precludes the integrability of
Eq. (4.3) coupled to any of these three. However, there exists a case where y cannot
vanish. This is the case of Eq. (4.4) for h=0. This is the only integrable case of
mapping (4.3) coupled to Eq. (4.4). However it is a trivial one. By transforming
y — 1/y both mappings become linear.

5. Conclusions

In this paper we have examined the Gambier equation in both its continuous and
discrete forms. For the continuous Gambier system we have shown that it is the generic
second-order differential linearizable system: the other second-order linearizable ODEs
can be obtained as special limits of the Gambier equation. In the discrete case we
have obtained the Gambier mapping starting from the most general discrete Riccati
in cascade system (instead of introducing an ad hoc parametrisation as we did in
Ref. [3]). This most general form has made possible the interpretation of the number
of steps necessary for confinement. In the particular case of the Gambier mapping this
integer coincides with the one appearing in the coupling term of the ODEs obtained
in the continuous limit and which is equal to the resonance of the Painlevé expansion.

This remark raises two important issues. The first is whether there exists a systematic
relation between the Painlevé resonance and the number of steps for confinement, i.e.
the length of the singularity pattern. We believe that the answer is, in general, negative,
despite some tempting results like the Gambier system. The second remark is even more
crucial, Since the Gambier system confines for any number of steps N, the limit N — o0
does in principle exist. We can thus wonder what is the meaning of confinement that
requires an infinite number of steps. How can one distinguish the N =00 confining
case from a nonconfining one? Although we cannot offer a rigorous statement, we can
present some elements of an answer based on our experience with integrable discrete
systems. In a nonconfining system the analysis of the singularity shows that there is no
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possibility for confinement ever. In many cases one can even formulate this in rigorous
terms and prove the impossibility of confinement. In the case of a confining mapping
the analysis indicates that the possibility of confinement does exist but is simply delayed
(and pushed to infinity at the limit). More complicated situations may exist, those,
among others, involving the discrete derivatives of homographic mappings. Clearly, at
this level the refinement, the notion of confinement itself becomes quite delicate.

The reduced cases of the discrete Gambier system have been only cursorily studied
in this work. The particular case where the Gambier mapping reduces, for N =1, to
the two-dimensional projective system was not contained in the forms studied here.
In order to obtain it one must go back to the initial complete form of the discrete
Gambier system and perform the appropriate reductions there. This question is under
active investigation [6].
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Abstract. We introduce the Schlesinger transformations of the Gambier equation. The latter can be
written, in both the continuous and discrete cases, as a system of two coupled Riccati equations in
cascade involving an integer parameter 7. In the continuous case, the parameter appears explicitly
in the equation, while in the discrete case it corresponds to the number of steps for singularity
confinement. Two Schlesinger transformations are obtained relating the solutions for some value
n to that corresponding to either n + 1 orn + 2.
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1. Introduction

The existence of Schlesinger transformations is one of the very special properties
of Painlevé equations [1]. These transformations are a particular kind of auto-
Bécklund transformations [2]. The latter relate a solution of a given equation to
a solution of the same equation but corresponding to a different set of parameters.
Schlesinger transformations do just that but the changes of parameters correspond
to integer or half-integer shifts in the monodromy exponents. Both continuous and
discrete (whether difference or multiplicative) Painlevé equations have been shown
to possess Schlesinger transformations [3]. For the discrete case (and in particular
for g-Painlevés) the relation of Schiesinger transformations to monodromy expo-
nents is not quite clear and.their derivation requires both experience and intuition,
in particular in the choice of the proper parameters. With this minor cavear we
hasten to say that we do possess a systematic approach to the construction of
Schlesinger transformations. It is based on the bilinear formalism [4] which can
be used to construct Miura transformations [5], the iteration of which can lead to
auto-Bécklunds.

The logical conclusion of the above introduction is that Schlesinger transforma-
tions should exist only for Painlevé equations. This is almost true with one excep-
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tion. As we shall report in this Letter, one equation exists which, without being a
Painlevé, does possess Schlesinger transformations. This equation is known under
the name of Gambier (who first derived it): it is the most general second-order
ODE of linearisable type [6]. What makes possible the existence of Schlesinger
transformations for this equation is the fact that its general expression involves an
arbitrary integer n. It turns out that we can relate the solution of the equation for
some value of n to that corresponding to n + 2. These transformations are, for the
linearizable case, the analogues of the Schlesinger transformations. Moreover, as
we shall show, the same procedure can be followed in the discrete case, i.e. for the
Gambier mapping [7, 8].

In Section 2, we shall review some basic facts about the Gambier equation. The
Schlesinger transformations will be given in Section 3, while Section 4 is devoted
to the study of the discrete case.

2. The Gambier Equation

The Gambier equation is given as a system of two Riccati equations in cascade.
This means that we start with a first Riccati for some variable y

y=-y'+by+c 2.1)

and then couple its solution to a second Riccati by making the coefficients of the
latter depend explicitly on y:

x' = ax* 4+ nxy +o. 22}

The precise form of the coupling introduced in (2.2) is due to integrability re-
quirements. In fact, the application of singularity analysis shows that the Gambier
system cannot be integrable unless the coefficient of the xy term in (2.2) is an
integer n. This is not the only integrability requirement. Depending on the value of
n one can find constraints on the a, b, ¢, o (where the latter is traditionally taken
to be constant 1 or 0) which are necessary for integrability.

The common lore [9] is that two of the functions a, b, ¢ are free. This turns
out not to be the case. The reason for this is that system (2.1)—(2.2) is not exactly
canonical, i.e. we have not used all possible transformations in order to reduce its
form. We introduce a change of independent variable from ¢ to T through dr =
g dT, where g is given by

ldg_b n
gdt  2-—n’

a gauge through x = gX and also

1dg
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The net result is that system (2.1)-(2.2) reduces to one where b = 0, while o
remains equal to 0 or 1. It is clear from the equations above that » must be different
from 2. On the other hand, when n = 2 the integrability condition, if 0 = 1, 1s
precisely b = 0. So we can always take & = 0. (As a matter of fact, in the case
o = 0 an additional gauge freedom allows us to take both & and ¢ to zero for all n,
even for n = 2.) Thus, the Gambier system can be written in full generality

y = —y2 e, (2.3a)
x' = ax* + nxy + o. (2.3b)

One further remark is in order here. The system (2.3) retains its form under the
transformation x — 1/x. In this case, n — —n and ¢ and —a are exchanged.
Thus, in some cases it will be interesting to consider a Gambier system where o
is not constant but rather a function of z. Still, it is possible to show that we can
always reduce this case to one where ¢ = 1, while preserving the form of (2.3a),
i.e. b = 0. To this end, we introduce the change of variables

1dh
dt =hrdT, =gX d Y=hy - ——
ey 2 YT

with h = ¢%/?=2), g = ¢™/"=2) With these transformations, system (2.3) reduces
to one with ¢ = 1 and & = 0. (In the special case n = 2, with b = 0 integrability
implies o = constant, whereupon its value can always be reduced to 1.)

3. Schlesinger Transformations for the Gambier Equations

The theory of auto-Bécklund transformations of Painlevé equations is well estab-
lished. As was shown in [2], the general form of auto-Bécklund transformations
for most Painlevé equations is of the form

ax 4+ Bxt+yx+8
kx' +tx24+nx+6°

i

3.1)

In the case of the Gambier equation considered as a coupled system of two Riccatis,
it is more convenient to look for an auto-Bicklund of the form:

axy+px+yy+$
&y +m@x+x)

X =

(3.2)

with a factorized denominator, with hindsight from the discrete case. We require
that the equation satisfied by x does not comprise terms that are nonlinear in y. We
examine first the case ¢ # 0 and easily reach the conclusion that no solution exists.
So we take ¢ = 0, n = 1 which implies that « and y do not both vanish (otherwise
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(3.2) would have been independent of y). We find in this case & = O and, thus, the
general form of the auto-Bécklund can be written as

Bx +yy+38
9x +x

x =

3.3)

From (3.3), we can obtain the two possible forms of the Gambier system auto-
Bicklund:

X=px+yy+34, (3.4)
é
TR ot £ i (3.5)
X +K

As we shall see in what follows, both forms lead to Schlesinger transformations.

Let us first work form (3.4). Our approach is straightforward. We assume (3.4)
and require that % satisfies an equation of the form (2.3b), while y is always the
same solution of (2.3a). The calculation is easily performed leading to

!

~ ay Y
— oy 3.6
xX=yy~ = 1x = o (3.6)
where y satisfies
! !
Lol 3.7)
y n+2a

Here we have assumed a # 0, otherwise X does not depend on x and (3.6) does
not define a Schlesinger. The parameters of the equation satisfied by X are given
(in obvious notations) by

F4+n+2=0, (3.82)
Galis (3.8b)
Y

and

(3.8¢)

- ( ac 1 a n+3 a’2>
c=ylc+ k

ntl nt2a (1P
Thus, (3.6) is indeed a Schlesinger transformation, since it takes us from a Gambier
system with parameter 7 to one with parameter #i = —n—2. Tt suffices now to invert

% in order to obtain an equation with parameter N = n + 2. Expressions (3.6) and
(3.8) can be written in a more symmetric way:

GF—ax=(+1) (y - SZ) (3.9)
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and

/
Atl=—(n+1), # =n£—;—, (3.10)

L I o' 1 a?
ad—ac=n+|lc—=|—) +=5—=]).
n\a 72 a?

The inverse transformation can be easily obtained if we introduce ¥ such that
ay = —(n+ 1) = —ay. We thus find that

SHRE

ae =
P L A S 3.11)
n-+

and the relations (3.10) are still valid.

Iterating the Schlesinger transformations, one can construct integrable Gambier
systems for higher n’s and obtain by construction the functions which appear in
them. However, it may happen that when we implement the Schiesinger, we find
6 = 0. If we invert x, we get a system with N = —7i = n + 2 but A = 0 for which
one cannot iterate the Schlesinger further.

Let us give an example of the application of this Schlesinger transformation.

Let us start from n = 0, in which case we find 7 = —2 and, after inversion, N = 2.
For n = O we start froma = —1 and ¢ = 0 or 1 (always possible through the
appropriate changes of variable). This leads to @ = —1,6 = —c + ¢ and the

Schlesinger reads X = —y + x. Next, we invert ¥ and have X = 1/(x — y). We
thus find that the Schlesinger takes us from

y=-y+e, x=-x'40 (3.12)
to the system
y=-y+c, X =A4X>+2Xy+7%, (3.13)

with A = ¢ — 0, ¥ = 1. In the particular case n = 2, a change of variable exists
which allows us to put A = —1 (unless A = 0), without introducing b in the
equation for y, while keeping £ = 1 and changing only the value of ¢. Thus, the
generic case of the Gambier equation for n = 2 can be written with A = —1.
Eliminating y between the two equations, we find

7] 3
. X , X 1
= — —2xX — — — — + (2c + D)x. 3.14
o 2x A 2 2 Rk .14)
This is the generic form of the n = 2 Gambier equation and it contains just one
free function. The nongeneric cases corresponding to A = 0 and o = O or 1 can
be constructed in an analogous way.
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We now turn to the second Schlesinger transformation corresponding to the
form (3.5). As we shall show, a Schlesinger transformation of this form does indeed
exist and corresponds to changes in n with An = 1. Let us start from the basic
equations (2.3). Next we ask that ¥ defined by (3.5) satlsﬁes a system like (2.3).
We thus find that k = —x( and y must be given by

2axg
n+1’

L. (3.15)
%

where y; is a solution of the Riccati (2.3a) and xg a solution of (2.3b), obtained
with y replaced by yp. We introduce the quantities

= ay & nXxp
Xo = : =
" n +1 y
In this case, (3.15) becomes
2ax 2x0X
e T i) (3.16)
Yy n+1 ¥
where
n+n+1=0. (3.17)

Thus, we have starting from a generic solution x,y of (2.3) for some n, the
Schlesinger

¥ (y — ¥o)

X =xy+ —, (3.18)
X — Xp
where X is indeed a solution of (2.3) for 7 = —n — 1 for the same y
¥ = —ax’ +axy +6, (3.19)

where 4 has been defined as —(nxp/y) and

2
(a' + azxo: a

=3 + ayo(n + 2)) : (3.20)

Note that X; is a solution of the same equation with y replaced by y,. As in the
previous case, if we invert ¥, we obtain an equation corresponding to N =n + 1.

As an application of the An = 1 Schlesinger, we are going to construct the
n = 1 equation starting from the n = 0 case, i.e. system (2.3) with n = 0. From
(3.18), the Schlesinger reads

i:y(a+y—y0), (3.21)
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where y satisfies the differential equation

!

”7 = o + 2axo, (3.22)

where Yy is a particular of (2.3b) and xj is a solution of (2.3a) with n = 0. Then
% satisfies a Gambier equation in whichn = 1,6 = y(a’ + 2a’xy + 2ayp) and
@ = 0. To obtain the n = 1 Gambier equation, we define X = 1/x and we arrive
at the following system:

y=—y'+¢, X =AX*+Xy, (3.23)

where A = —&. The system (3.23) is the generic n = 1 case since, in this case, the
condition for (2.3) to be integrable is o = 0.

It is worth pointing out here that the Schlesinger transformation corresponding
to An = 2 was known to Gambier himself. As a matter of fact, when faced with
the problem of determining the functions appearing in his equation so as to satisfy
the integrability requirement, Gambier proposed a recursive method which is es-
sentially the Schlesinger An = 2. On the other hand, the Schlesinger An = 11s
quite new and we have first discovered it in the discrete case, whereupon we looked
for (and found) its continuous analogue.

4. The Gambier Mapping

The Gambier equation has been already examined in [7, 8] and its discrete equiv-
alent has been proposed there. These constructions of the Gambier mapping were
ad hoc ones in the sense that we assumed a form and implemented the singular-
ity confinement discrete integrability criterion in order to obtain the integrability
conditions. In what follows, we shall use a slightly different approach based on the
singularity structure. .

Our starting point is the discrete equivalent of the system (2.3). We have thus
one equation which is the discrete analogue of the Riccati, i.e. a homographic
mapping for y and another homographic mapping for x, the coefficients of which
depend linearly on y. Our derivation will be based on the study of singularities of
the system. The general homographic equation for y involves three free parameters,
but since we have the freedom of choice of a homographic transformation on y, we
can always reduce it to y = constant (i.e. y = y). However, in the system under
study, our aim is to study the singularities of x induced by special values of y.
One could choose the singularity to enter at point ng if the value of y has some
special value depending on ng, say, f(no). This would introduce one function in
the homographic mapping, However, what is even more convenient is to decide
what the special value of y is, say y = 0 for all n, at the price of the loss of
part of the homographic freedom. Then the special value 0 will occur for some
depending on the particular solution. Of course, if we allow the full homographic
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freedom, we are back to the starting point, i.e. with three free functions. However,
we have decided to have only one free function and thus we simplify the mapping
by choosing its form so that it presents the pattern {—1, oo, 1}. This fixes two of
the functions and the result is

y+c¢
y+1

= (4.1)
where c is a function of n and we use the notations y = y(n), y = y(n + 1).

Next, we turn to the equation for x. This equation is homographic in x. How-
ever, we require that when y takes the value 0, the resulting value of x is co. Thus,
the denominator must be proportional to y, and since we can freely translate x,
we can reduce its form to just xy. The remaining overall gauge factor is chosen so
as to put the coefficient of xy of the numerator to unity resulting in the following
mapping:

x(y—r)+q(y—s)
Xy '

X = 4.2)
The system (4.1)~(4.2) is a discrete form of the Gambier system. In order to study
the confinement of the singularity induced by y = 0, we introduce the auxiliary
quantity ¥y which is the value of y if the Nth downshift of y had been zero. Thus

o

tc

— O, =, = ’
Yo Y1=c¢ Y R

etc.

He

The confinement requirement is that after N steps x becomes 0 in such a way as to
lead to 0/0 at the next step. Thus, the mapping (4.2) has in fact the form

x(y =r)+q(y —¥n)
Xy '

%= “4.3)
Thus, when at some step N, we have y = ¢y and x = 0. In view of (4.3), x
will then be indeterminate of the form 0/0. However, it turns out that, in fact, this
value is well-determined and finite. Let us take a closer look at the conditions for
confinement. The generic patterns for x and y are

x: 1 free oo 1/f1_—-r 0 finite } .
Y1

At N = 1, it is clearly impossible to confine ourselves to a form of (4.3) since we
do not have enough steps. In this case, the only integrable form of the x-equation

=1

y:{ 0 Y1 ¥
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is a linear one. The first genuinely confining case of the form (4.3) is N = 2.
From the requirement ¥ = 0, we have r = v, and g free: this is indeed the only
integrability condition. For higher N’s, we can similarly obtain the confinement
condition which takes the form of an equation for r in terms of g.

At this point it is natural to ask whether the mapping (4.1)-(4.3) does indeed
correspond to the Gambier equation (2.3). In order to do this, we construct its
continuous limit. We first introduce

- eD
T Y+ H’

c=¢’D, y 4.4)

with H ~ D’/(2D), and obtain the continuous limit of (4.1) for ¢ — 0. As
expected, we find

¥ = <¥% LC 4.5)
i.e. Equation (2.3a), where

D// 3D/2
20 TaDpr

C=D

Using (4.4) and (4.1), we can also compute ¥y and we find, at lowest order,

N +1
Yy =Wy with Wy ~N <D - ; D’) + &’ Dy, (4.6)

where @y is an explicit function of D depending on N.
Next, we turn to the equation for x and introduce

1 e RD'
r=82R, XNE'FE—EEE, (Z’“N-'—'}:‘FEZQ 4.7)

and for the continuous limit of the form (2.3b) to exist in canonical form (i.e.
b =0, 0 = 1), we find that we must have

ND ND’

R~ ——e(N+2 : 4.8

< e(N+2) A (4.8)
This leads to the equation for x:

X'=AX*+ NXY +1, (4.9)

N/ N \D? ND”
A“Z( )FF4D_4Q'
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Moreover, the confinement constraint implies a differential relation between D and
O which depends on N. We can verify explicitly in the first few cases that this is
indeed the integrability constraint obtained in the continuous case. For instance,
for N = 2, just imposing (4.8) in order to have the canonical form b = 0,0 =1,
is sufficient for integrability.

Once the singularity pattern of the Gambier mapping is established, we can
use it in order to construct the Schlesinger transformation. Let us first look for a
transformation that corresponds to AN = 2. The idea is that, given the N-steps
singularity pattern of the equation for x, we introduce a variable w with N + 2
singularity steps where we enter the singularity one step before x and exit it one
step later. The general form of the Schlesinger transformation, which defines w, is

Yy — ¥n4
y 9

where X is homographic in x. The presence of the y and y — Y1 terms is clear:
they ensure that w becomes infinite one step before x and vanishes one step after
x. Next we turn to the determination of X. Since X is homographic in x, we can
rewrite (4.10) as

wzax+5)’—¢N+1
y yx+38

w=2X (4.10)

(4.11)

Our requirment is that w becomes infinite when y = 0 for every value of x. This
statement must be qualified. The numerator ax + B will vanish for some x (namely
x = —p/a) so this value of x must be the only one which should not occur in the
confined singularity. Indeed, there is a unique value of x where, instead of being
confined, the singularity extends to infinity in both directions of the independent
variable 7, while the only nonsingular values of the dependent variable occur in a
finite range. The value of x such that X is finite and free even though y is zero, is
such that the numerator —xr — gy of X vanishes. For this value of x, the values
of the dependent variable are fixed forn < O and n > N + 1 and the value can
be considered as ‘forbidden’. Thus, ax + 8 = xr +qyy uptoa multiplicative
constant. Similarly, when y = yy41, w must vanish. Thus, yx + & must not be
zero except for the unique value of x that does not occur in the confined singularity.
Note that y = x4 means y = ¥, and the only value of x that comes from a
nonzero x in thatcaseis x = (¥, —0)/¥ . In that case the values of the dependent
variable are fixed forn > 0 ancf, n < —N — 1. This value of x being ‘forbidden’,
yx + 8 must be proportional to ¥ x — =2k We now have the first form of
the Schlesinger:

w_xr'HIWN Yy — ¥+
Y Ypxtr—yy

’ 4.12)

where the proportionality constant has been taken as being equal to 1 (but any other
value would have been equally acceptable). Here w effectively depends on x unless
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r{r — l_p_N) = qﬂNl,[fN. But, in this case, the mapping (4.3) is in fact linear in the
variable £ = (x — 1 4 7/¥ 5)~). This case is the analog of the case a = 0 in the
continuous case where the Schiesinger does not exist.

Let us give an application of the Schlesinger transformation by obtaining the
N = 2 equation starting from N = 0. We have always the equation for y which
reads

o y+c
= 4.13
YR (4.13)
and Yo = 0, ¥y = c. For N = 0 the equation for x reads
izx(y—r)+qy=x+q’ (4.14)

xy X

since, for integrability, r = 0 and indeed N = 0 means that the x equation does
not depend on y. We introduce the Schiesinger
Ji=1
y

w=Xx

(4.15)

(where we first write (4.12) for arbitrary r and since r factors, we take the limit
r — 0 afterwards). Using (4.14) and (4.15) to eliminate x, we obtain the equation
for w:

yw+gq(y — ¢

W o

(4.16)

This equation is of the form (4.3) but not quite canonical. We can transform it to
canonical form simply by introducing y instead of y because, indeed, w is infinite
one step before x, 50 w = oo means x = oo, i.e. y = 0. We thus obtain

w@F—c)+q(l+0)GF — )
yw

w =

(4.17)

with ¥, = (¢ + ¢)/(1 + ¢) which, coupled to (4.13), is indeed a N = 2 Gambier
mapping.

As we pointed out above, the N = 1 case is not included in the parametrization
(4.1)-(4.3): the x-mapping must be linear in order to ensure integrability. Thus,
we are led to study the linear case separately. For an arbitrary N, the general form
of the linear x-mapping can be obtained using confinement arguments in a way
similar to what we did for the generic, nonlinear case. We obtain

- =hx_(y___1_£ﬂ2j_§, (4.18)
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where g is free. The Schlesinger transformation is again given by
Y — ¥N+1
y

and arguments similar to those of the nonlinear case allow us to determine the form
of the homographic object X leading to

w=X 4.19)

w=X1/fN—gy—1/fN+1
y x¥y—&

(4.20)

Thus, we can perform a Schlesinger in the linear case. This is not in disagreement
with the continuous case. It is, in fact, the analog of the case where o = 0 but
a # 0 (which is linear in 1/x) for which the Schlesinger can be performed. The
analog of the case c =0 anda = 0 s the situation when g = ky with constant
k in which case the mapping rewrites E=¢&(y —yy)/y withé = x — k. Then w
does not depend on & (or x) and (4.20) does not define a Schlesinger in analogy to
thecase r(r — ¥ ) = qﬁNtﬁN in the nonlinear case.

Using this form of the Schlesinger transformation we can, for example, con-
struct the N = 3 case starting from the N = 1 case. In the case N = 1, the mapping
for x is given by

e (_y_——_g)_x_-i;g (4.21)
y
Using Equation (4.20), we introduce the Schlesinger
—gle+Dy—c—¢
joa FESBIS =3 (4.22)

y xc—§

In order to simplify the final expression, we define p with g = cp. We then have
the following equation for w:

clc = D(ew((p — p)y +clp— p) +<cp — PO+ D—(+9)
(p — p)ecw(y +¢)

w= 4.23)

To give this equation in the same parametrization as (4.3), we first write it in terms
of 7 and then use a multiplicative gauge @ = ¢w to put to unity the coefficient of
wy in the numerator of @. We than have

w@—r)+q(F — ¥s3)
wy ’

s (4.24)

where
(p—PNp—-pc+ct+D
1= p-pri-pe-p+r-p
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_cp=p)+c(p—p)

r = ;
cp—p)+p-—p

(4.25)

- cctet+cec+c
Vo 2 +c+1

Finally, we examine the possibility of the existence of a AN = 1 Schlesinger.
In this case, the structure of the transformation will be obtained by asking that the
N + 1 case enter the singularity one step before the N case but exit at the same
point. The general structure is thus

rx+qy¥ny—n
w =

, 4.26
> A B (4.26)

where 7 and & must be determined. We do this by requiring that the equation for
w contains no coefficients nonlinear in y. As a result, we find that  must satisfy
Equation (4.1) for y:

= e
= 4.27
1 Tysie & {n2d)
and § Equation (4.3) for x with 7 instead of y:
5___§(n—r)+q(n—1/fzv). 4.28)

&n

We remark here on the perfect parallel to the continuous case (and as we pointed
out, the discrete case led the investigation back to the continuous one). Let us point
our here that the w obtained through (4.26) does not lead to w = 0 at the exit of
the singularity (i.e. when x = 0, y = v¥x) and a translation is needed. In principle,
one has to define a new variable

w=w—w<x=0,y=wN>=w+§(¢rN—n).

We are now going to study the particular case where we construct N = 1 starting
from N = 0. As in the continuous case, our starting point is the N = 0 nonlinear
equation. Thus, we are starting with the decoupled Equation (4.14) for x. We write
the Schlesinger as

Ty i S (4.29)
y x—§

Once more, we find that n must satisfy (4.27) while £ satisfies £ = 1 + g/&,
i.e. the same equation as x. Using (4.27), we can easily obtain the equation for w
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corresponding to N = 1. We write this equation in terms of y in order to enter the
singularity with ¥ = 0. The expression of  is indeed linear in w and reads

(g +&wc—3+q@Fn+1)—c—n)
yg(n+1) '

In order to cast it in the parametrization of (4.21), we introduce a shift in the w:

0 = (4.30)

w = w + wp. 4.31)

We require that in the numerator of the equation for w, y appears only as a product
with w. We find that wy must satisfy

_wo(g+E)+gin+ D

Wy = 4.32
" g+ 1) Gl
and we obtain the following equation for w:

5 (q+E)w(c—y)—cwo(q+5)—q(c+n)1 4.33)

yg(n+1)

which is in the form of (4.21) up to a multiplicative factor in w. We note that wg
plays the role of xp in Equation (3.18) in the continuous case. Indeed, wq satisfy
(4.33) fory = n.
Finally, we derive the AN = 1 Schlesinger for the case of a linear mapping
(4.18). We start from
e X =8y (4.34)
y x-—§

and again require for w an equation with coefficients linear in y. We find that n must
again be a solution of the equation for y, i.e. it must satisfy (4.27) and, moreover,
£ is a solution of (4.18) with y = 1:

Em—v¥n g
n

= (4.35)
Thus, the list of the Schlesinger transformations of the Gambier mapping is
complete.

5. Conclusion

In this letter, we have shown that the Gambier system possesses Schlesinger trans-
formations just like Painlevé equations. This is a most interesting result given that
the Gambier system is C-integrable (in the terminology of Calogero [10]), i.e.
integrable through linearization, and not § -integrable.
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We discovered that both the continuous and the discrete systems possess two
kinds of Schlesinger transformations: one that allows changes of N by two units
and one where the changes of N are by one unit. In the discrete case, our approach
was based entirely on the singularity confinement approach. We have shown that a
study of the singularities allows us to determine the form of the Gambier mapping
and, at the same time, its Schlesinger transformations. This is one more argument
in favour of the singularity analysis approach to the study of discrete systems.
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Abstract

We examine a family of three-point mappings that include mappings solvable through lin-
earization. The different origins of mappings of this type are examined: projective equations and
Gambier systems. The integrable cases are obtained through the application of the singularity
confinement criterion and are explicitly integrated. © 1998 Published by Elsevier Science B.V.
All rights reserved.

1. Introduction

Integrability is a term far too general. Although the idea is simple and related to the
integration of a differential system, integrability assumes various forms. Here we shall
aftempt neither a rigorous definition nor an exhaustive description of all the disguises
of integrability. In order to fix the ideas we shall Just present three most common
types of integrability, which suffice in order to explain the properties of the majority
of integrable systems [1]. These three types are:

— Reduction to quadrature through the existence of the adequate number of integrals
of motion. '

— Reduction to linear differential systems through a set of local transformations.

— Integration through IST techniques. This last case is mediated by the existence of
a Lax pair (a linear system the compatibility of which is the nonlinear equation
under integration) which allows the reduction of the nonlinear equation to a linear
integrodifferential one. The above notions can be extended mutadis mutandis to the
domain of discrete systems.
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This paper will focus on the second type of integrability, usually referred to as
linearizability. The prototype of the linearizable equations is the Riccati. In differential
form this equation writes

w=oaw? + fw+y (1.
and the transformation w = P/Q (Cole-Hopf) reduces it to the linear system:

P =BP+yQ, Q' =—uaP. (1.2)
Similarly, the discrete Riccati equation, which assumes the form of a homographic
mapping

ox+ f

= x+6°

(1.3)
where x stands for x,, ¥ for x,.; (and, of course, x for x,_;), can be linearized
through a Cole~-Hopf transformation. Putting x = P/Q we obtain readily

P=aP+B0, Q=yP+5Q. (1.4)

The extension of the Riccati to higher orders can be and has been obtained [2]. The
simplest linearizable system at N dimensions is the projective Riccati which assumes
the form

Wy =au+ Y buwtwy Y cw, with p=1,...,N. (1.5)
¥V v

In two dimensions the projective Riccati system can be cast into a second-order equa-
tion without loss of generality,

w’ = —3ww’ — w® + ()W +w?). (1.6)

The discrete analog of the projective Riccati does exist and is studied in detail in
Ref. [3]. The corresponding form is

o Autxgt Y bux,

Xy T (1.7)

Again in two dimensions (and only in this case) the discrete projective Riccati can be
written as a second-order mapping for a variable without any simplifying assumptions.
One is thus led to a mapping of the form

oxXxx + fxx +yxx+ 0xx+ex +{X+nx+6=0 (1.8)

which was first introduced in Ref. [4]. The coefficients o, §,...,6 are not totally free.
Although the linearizability constraints have been obtained in Ref. [4], the study of
mappings of the form (1.8) was not complete. In the present work we intend to present
its exhaustive study from the point of view of integrability in general.

Another point must be brought to attention here. In the continuous case the study
of second-order equations has revealed the relation of the linearizable Eq. (1.6) to the
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Gambier equation [5]. The latter is obtained as a system of two coupled Riccati in
cascade

Y =—y+gy+e, w=aw?+nyw+a, (1.9)
where 7 is an integer. The linearizable equation (1.6) is obtained from Eq. (1.9) for
n=13and a=—1, ¢c=0 and o= 0. The discrete analog of the Gambier mapping was
introduced in Ref. [6] and in full generality in Ref. [7]. However, the relation of
the linearizable mapping to the discrete Gambier system has not been studied in full
detail. In what follows we shall fill this gap by presenting the reduction of the Gambier
mapping to the linearizable one.

In the next section we shall analyse Eq. (1.8) and all its reduced forms and isolate the
integrable ones through the use of the singularity confinement criterion. The integration
of all integrable cases will be given in detail and, in particular, the linearization through
a projective system. Section 3 is devoted to the study of the reduction of a Gambier-
type (coupled Riccati) system to a linearizable one together with the investigation of
the integrable cases and their integration.

2. Linearizable mappings as projective systems

In Ref [4] we have introduced a projective system as a way to linearize a second-
order mapping. (The general theory of discrete projective systems has been recently
presented in Ref. [3]). In this previous work we have focused on a three-point mapping
that can be obtained from a 3 x 3 projective system. As a matter of fact, this is the
only case where the projective equation can be converted to a single, one-component
mapping without any simplifying assumptions. The main idea was to consider the
system

P pPr2 Pi3 u
pa pn pPn v (2.1)
P31 P32 P33 w

g < R
I

and conversely

u my mp M3 u
v | = {my mp m3 v, (2.2)
w m3y M3z M3y w

where the matrix M is obviously related to the matrix P through M =P~ Introducing
the variable x =u/v and the auxiliary y =w/v we can rewrite Egs. (2.1) and (2.2) as

pux+ piz+ pui3y
pux+ pn+ py :

|
i

&F)

myx +mp+mp3y
ma1x +mayy +may

1=
I

(2.4)
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(Since ma;, p3; do not appear in Egs. (2.3) and (2.4) and we can simplify M,P by
taking ms3 = p33 =1 and m3, = p3; =m3z = p3» =0.) Finally, eliminating y between
Egs. (2.3) and (2.4) we obtain the mapping

o¥xx + fxx +yxx + Oxx+ex+ (X +nx+60=0, (2.5)

where o, f,...,0 are related to m, p’s.

Eq. (2.5) will be the starting point of the present study. Our question will be when is
an equation of this form integrable? (Clearly, the relation to the projective system works
only for a particular choice of the parameters.) In order to investigate the integrability
of Eq. (2.5) we shall use the singularity confinement approach that was introduced in
Ref. [8]. The first question is what are the singularities of Eq. (2.5)? Given the form
of Eq. (2.5) it is clear that a diverging x does not lead to any difficulty. However,
another (subtler) difficulty arises whenever x,;, is defined independently of x,_;. In
this case the mapping “loses one degree of freedom”. Thus, the singularity condition is

6xn-H

0Xp—1 =l

which leads to
(ox + 8)(ex +0)=(fx+ D (yx +1). (2.6)

Eq. (2.6) is the condition for the appearance of a singularity. Given the invariance
of Eq. (2.5) under homographic transformations it is clear that one can use them in
order to simplify Eq. (2.6). Several choices exist, but the one we shall make here is to
choose the roots of Eq. (2.6) so as to be equal to 0 and oo, unless of course Eq. (2.6)
has two equal roots, in which case we bring them both to 0. Let us examine first the
distinct root case. For the roots of Eq. (2.6) to be 0 and co we must have

ae=fy, 00="{_n. (2.7)

The generic mapping of the form (2.5) has «f# 0 and we can take a=0=1 (by the
appropriate scaling of x and a division). We have thus

ixx+ fxx+yxx +inxx+ Byx+{x+nx+1=0. (2.8)

Nongeneric cases do exist as well and we shall examine them in detail. Thus, let us
first assume that & =0 in which case fy=0 and we can decide that f =0 without loss
of generality (8 and y are interchanged if one reverses the direction of the evolution).
The mapping then becomes: (yx+¢&)x+ ({X+ 1)(nx+1)=0 and we must have {#0,
lest the mapping become a two-point one, in which case a scaling of x can bring its
value to 1. We have thus the general form

x(px+e)+E+D(nx+1)=0. 2.9)

Clearly, we cannot take both #=0, y=0, neither e=0, y=0. So, in order to obtain
the reduced forms of Eq. (2.9) we assume first # =0 leading to

X+ 14+x(yx+¢)=0 (2.10)
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and then # 0 with two possible combinations either y=0

E+Dmx+1)4+ex=0 (2.11)
or e=0
GE+Dnx+ 1) +yxx=0. (2.12)

Going back to mapping (2.5) we can obtain a further reduced form by assuming
«=60=0, in which case fy=0 and {n=0. As previously, we can assume that §=0,
but this fixes the direction of evolution so the two choices { =0 and #=0 are distinct.
We have thus two reduced mappings

yxx + 0xx +ex+{x=0 {2.13)
and
yxx + 0Xx +ex+nx=0. (2.14)

A further reduction can be obtained if we assume that f =y =0, in which case we can
freely choose {=0 and find

0xx +ex+nx=0. (2.15)

Mappings (2.8)~(2.15) are all that can be obtained from Eq. (2.5) with the assumptions
of the distinct roots for Eq. (2.6) up to homographic transformations.

Next, we turn to the case where Eq. (2.6) possesses a double root equal to 0. The
constraints in this case read

00=_{n,

2.16
ol +de=pn+{y. ( )

The generic case corresponds to 6 =e¢=1, leading to
o%xx + Pfxx + pxx +{pEx +x+{X+nx+1=0 (2.17)

with & = By + {y — 8. Nongeneric cases also exist and we start by considering 6=0.
This leads to {#=0 and we choose {=0. One further constraint must be satisfied in
this case de= Bn. Assuming e =1, we have 6= fn and obtain

aXxx + fxx + yxx+ pyxx +x+nx=0. (2.18)
If we take ¢ =0 then two choices exist: #=0 or f=0. The first leads to

aXxx + fxx + yxx + 0xx =0, (2.19)
while the second gives

oXxx + yxx + 0xx +nx=0. (2.20)

We can immediately point out that mappings (2.19) and (2.20) are trivial. The first
reduces to an affine one under the transformations x — 1/x, while in the second the
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term x is a common factor and the mapping is, in fact, a two-point one. Mappings
(2.17)—(2.20) complete the reductions of Eq. (2.5) in the case of a double root of
Eq. (2.6).

In order to investigate the integrability of the mappings obtained above we shall
apply the singularity confinement criterion as previously explained. We start with the
generic mapping (2.8). Here the singularities are by construction 0 and co. Following
the results of Ref. [4] we require confinement in just one step. This leads to the
condition f={=0. We obtain thus the mapping:

xx+px+nx+1=0 (2.21)
or, solving for X:

nx + 1
xx

I=—y+ , (2.22)
where y and 7 are free. We expect Eq. (2.22) to be integrable. This is indeed the case:
we can show that Eq. (2.22) can be obtained from the projective system (2.1) and
(2.2) provided we take

~{yg+1) q3 1
P= g 0 0 (2.23)
0 0 1

and M = P~! provided ¢ is some solution of the equation ggq +gqn+gy+1=0.
Then we can use the projective system (2.1) and (2.2) in order to construct the general
solutions of Eq. (2.21). (Let us point out here that the equation for g is really different
from Eq. (2.21) due to the presence of y rather than 7.)

We turn now to the remaining mappin:gs starting with Eq. (2.9). For the application
of the singularity confinement criterion we must find the values of x for which the
mapping loses one degree of freedom. For mapping (2.9) this happens (by construc-
tion) when x is 0 or oo, but another source of singularity exists, when yx+e=0.
The investigation of the singularity x =0 leads to the confinement condition e=#n=1.
Proceeding now to the examination of the singularity starting from yx +1=0 we find
that there is no way to confine it: the sequence is {—1/y,x,—1, f,00,00,...} where f
is some finite value. We conclude that Eq. (2.9) is not integrable.

Next, we examine mapping (2.10):

F=-1—x(yx+€). (2.24)

If x=0 we find ¥=—1 and all the subsequent values are independent of the initial
data: there is no way for mapping (2.24) to recover the lost degree of freedom and
thus, we conclude that this mapping is not integrable. Next, we turn to Eq. (2.11):

EX
nx+1

F=—1- (2.25)
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and again start with x=0. We obtain ¥=—1, ¥=—1+7 and then ¥ may become
indeterminate, in the form 0/0, provided e=#n=1. A careful analysis of this case
shows that the singularity is periodic. Translating x we find a mapping of the form

¥x+x—1=0, (2.26)

which must be integrable. It turns out that Eq. (2.26) is indeed integrable. Its integral
can be readily obtained:
| 11
K=f+’:c+——x—a_c—2(—+—> 2.27)
X X X ol 15
and Eq. (2.27) can be integrated in terms of the elliptic functions. Mapping (2.26) is a
member of the QRT family of integrable mappings [9] and can be easily shown to be
the only member of this family included in the parametrization (2.5). Mapping (2.12):
yxx

o R
* nx+1

(2.28)
has two kinds of singularities induced either by x=0 or #x+ 1=0. The latter leads
to an unconfined sequence ¥ =00, X=o00, etc. and thus we conclude that Eq. (2.28)
is not integrable. We turn now to mapping Eq. (2.13):

PxXx 4 €

x=—x5£+c ;

(2.29)

A singularity starting with dx+{ =0 leads to an unconfined sequence X =00, ¥ =0, ...
unless y =0. However, even if y=0 we obtain a sequence oo, co, finite, 0,0,... again
without recovering the lost degree of freedom. Thus, this mapping too is not integrable.
Next, we consider mapping (2.14). If 6 5 0 we can put § =1 by division (if =0 the
mapping becomes a two-point one)

T=—(px4n)— % (2.30)

The singularity of Eq. (2.30) occurs when x=0 and we obtain successively X = —»
and X =o0. The condition for the subsequent x’s to be finite is just e=7yy or e=0.
The latter is trivial because the mapping becomes a two-point one and we consider
only the first condition. We take # 7 0, in which case a scaling can bring its value to
n =1, resulting to £=1y. Thus, based on singularity confinement the mapping

X(yx+x+1)+yx=0 (2.31)

should be integrable. This is indeed the case. Its integration can be obtained in a

straightforward way. We find as the integral of Eq. (2.31) the quantity
w =K, (2.32)

ax

where a is related to y through y= — a/a. Thus, Eq. (2.31) is the discrete derivative

of a homographic mapping. Once Eq. (2.32) is obtained the complete integration of

Eq. (2.31) is elementary.
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Finally, to make a long story short, we can just give without detailed proof the result
that none of the mappings (2.15), (2.17) and (2.18) satisfies the singularity confinement
criterion. Thus, we expect all of them to be nonintegrable.

Before closing this section let us present the continuous limits of the two linearizable
equations we have identified above. For Eq. (2.21) we put x=—1+ww, y=3 +1p,
n=y+v'g and we obtain at the limit v — 0 the equation

w'=3ww —w + pw+gq. (2.33)

This is Eq. (6) in the Painlevé/Gambier classification [10] (in noncanonical form) and
precisely the one that can be obtained from a N =2 projective Riccati system. For
Eq. (2.31) we put x=1+ww, y=—1 —v3q and obtain, at the limit v — 0

w’'=ww' +2g. (2.34)
q

This is Eq. (5) of the Painlevé/Gambier list [10] and the one resulting from the deriva-
tive of a Riccati equation. Its canonical form can be obtained by a translation and
scaling of w.

3. Linearizable mappings from the Gambier systems

The Gambier equation is obtained as a system of two Riccati equations in cascade.
(Cascade in this context means that the first equation contains only one variable, while
the second one contains both. To solve the system one is thus led to integrate the two
equations in that order, substituting the solution of the first one into the second one.)
In a discrete context the Gambier system was studied in detail (first in Ref. [6] and
in full detail in Ref. {7]). The approach is the same as in the continuous case. One
introduces two discrete Riccati equations in cascade:

by +c
y ayid’ ER S
f:axy—l-Cx-i-r]y—i-O (32)

oxy + fx +yy + 6

with the obvious assumption that ac — db 5 0. Eliminating y between Egs. (3.1) and
(3.2) one obtains a single 3-point mapping for x. In this section we shall investigate the
cases of the Gambier mapping that contain the linearizable mapping. To this end we
shall first reduce the Gambier equation to the form Eq. (2.5). In practice, this means
that the terms quadratic in x must be absent. The conditions for the mapping to be
linear in all x, X, x read:

Blal + be)=g(ce +d0),
¥(al + be) = y(ce + d{),

afco+df)y=f(af + ba),
y(cx +df)=d(ap + ba).

(3.3)
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The solution of system (3.3) is long and tedious. We shall not enter into all the de-
tails but work out only the generic case and for the remaining cases give just the
results. The generic case is based on the assumption that none of the terms appearing
in Eq. (3.3) vanishes. By dividing the first two (or the last two) equations we obtain
%6 = fy. We then form the product of the second and third equation, use the previ-
ously derived relation and expanding we find af = fle. It suffices then to substitute into
any of the four equations in order to get a final relation. The nongeneric cases are
obtained by assuming that specific terms do vanish. Five cases can be distinguished,
finally:

00 + by — dod
ay =¥, g2, LB TTR
o Y ¥y

G) dmymn, peth o BEORUTO
o o

Once these basic conditions are obtained we still have full homographic freedom
which will allow us to reduce further Egs. (3.1) and (3.2). Let us work out in detail
the case corresponding to constraint (1) above. First, we can translate y so as to bring
8 to zero. The direct consequence of 6=10 is { = f=c=0. We can further translate x
so as to get y=0 and by division put b=1, «=1. Finally, by scaling x we can take
¢=1, unless e=0 and by scaling y we can put 0=1. In the case ¢=0 we can use
the scaling of x to put 7 =1 (unless, of course, 7=0) and then put 0=1. As a result
of these transformations case (1) can be reduced to three cases:

Ly, .
combined with one of the three equation for x below:
1
ik ? Sl (3.5)
Xy
or
1
g=2F (3.6)
xy
or
1
T=—. (3.7)
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Concerning the remaining cases we just give the final results. Case (2) leads to the
following mapping:

By
- u (3.8)
az—l—l
0
x:ﬂi‘_;i_, (3.9)

i 310
y= Rl (3.10)
L Gl (3.11)
y
and also
by +c
= Y (3.12)
y
coupled to either
Il (3.13)
¥
or
X
¥=C. (3.14)
Y

Case (3) leads to cases identical to some of the ones identified in case (2) plus one
trivial case corresponding to a purely linear mapping y=by+c¢, T=x+y.
Case (4) yields the mapping:

y=by+c, (3.15)
.
x=&¥y. (3.16)

Finally, case (5) is identical to case (1). We can readily remark that the nongeneric
mapping (3.4) or (3.10) is, in fact, linear for 1/y. Thus, system (3.10) and (3.11) can
be readily discarded as being linear. Moreover, Egs. (3.15) and (3.16) are a subcase
of Egs. (3.4) and (3.5) (once y is inverted). We can thus summarize the cases to
be studied in detail in the following list (where we have inverted y in Eq. (3.4)).
We obtain just three cases, where g=0or 1.

)
y=a+dy, XX=0x+y (3.17)

(obtained from case (1) up to 2 translation of ).
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1
y=b+ <, T h i (3.18)
Y ¥y
{obtained from the simplified case (2)) and
(1)
by —1
L b . A (3.19)
ay -+ 1 5%

{obtained from the main type of case (2)). The cases with o=0 are trivially
imegrable: once y is given the integration for x is obtained through a multiplicative
equation of the form Xx=F(n) or %/x = F(n), which can be linearized by just
taking the logarithm of both sides.

In order to investigate the integrability of the =1 cases we shall apply the singu-
larity confinement criterion. In the case of mapping (3.17) a singularity appears when
y=0 in which case X does not depend on the value of x. No way exists for the map-
ping to retrieve this lost degree of freedom through some indeterminate form. Thus,
Eq. (3.17) for =1 is not integrable. We consider now mapping (3.18) for =1

y=b+ <, (3.20a)
e I (3.20b)
y

The sequence of singular values of (3.20a) is y=0, =00 and finite values for 3
and beyond. The fact that y =0 induces a divergence on X, and at leading order we
have ¥ o x/y. At the next step we must take into account that ¥ o ¢/y and thus
the computation of ¥ leads to X=1 + x/¢ that is a finite value depending on the
initial condition x. Thus, the singularity is confined and mapping (3.20) is expected
to be integrable. Finally, we examine mapping (3.19) for 6=1. The only singularity
sequence is y=1/b, y=0, =—1, etc. Starting with a regular x we find a finite
value for x, while ¥ diverges. However, a close examination of the singularity shows
that ¥ is finite and the singularity is confined without any constraint. (Moreover, the
special value a =1, which leads to a more complicated singularity pattern for y, also
has confined singularities for x.) Thus, mapping (3.19) is expected to be integrable in
general. Before proceeding further let us transform Eq. (3.19) to a form close to that of
Eq. (3.20). It is possible to show that by translating x, x — x— 6, and a homographic
transformation on y, y — y/(1 — »), we can bring Eq. (3.19) to the form

B
o BB (3.21a)
z
=24, (3.21b)
y

where 4= (b + 1)/(a +b), B=—1/(a+b) and p=0-6.
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We turn now to the integration of mappings (3.20) and (3.21). Instead of restricting
ourselves to the particular forms of Egs. (3.20) and (3.21), we shall generalize our
setting a little since this will lead to interesting results. Let us start with the more
general Gambier system:

b
ggad (3.22a)
2
TN e (3.22b)
¥ ry+s

The application of singularity confinement follows exactly the same steps as for
Egs. (3.20) and (3.21) and shows that Eg. (3.22) satisfies this integrability requirement.
Thus Eq. (3.22) is expected to be integrable. Next, we can ask for which values of
P, g, r, s is the 3-point mapping for x of the linearizable form (2.5). It turns out that
this is possible only if the equation for x is of the form

x B-9y

=2 4 . (3.23)
y y

If =0 then it is possible to bring them both to zero (by translation of x), and the
mapping becomes trivial. Otherwise it is possible, through a translation, to bring either
¢ or 8 to zero and scale the remaining one to unity. Thus, the only interesting forms
of Eq. (3.23) are

_x+1

x (3.24)
by
or (with é=x+1)
=S40, (3.25)
y

One introduces the transformation x= —(1 + wX)~' (or equivalently &=
wX(1 4+ wX)™!) where Gww=—5 and reduces the 3-point mapping resulting from
the elimination of y between Eq. (3.22a) and (3.24) to

= 1
Txx +xx2tl +g(_g(1—5)+1=0. (3.26)
W b

We remark that Eq. (3.26) is the generic linearizable mapping presented in its fully
reduced form in Eq. (2.21). Thus, the Gambier mapping leads again to the linearizable
one obtained from the projective discrete Riccati system is perfect analogy to the
continuous case.

4. Conclusions

In the previous sections we have investigated three-point mappings that are integrable
through linearization. Our analysis was guided by the analogy with the continuous
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situation and results of ours on N =3 projective systems and the Gambier equation.
We have presented an exhaustive analysis of the linearizable mapping and identified
all its integrable forms. We thus have shown that the discrete equation

XXX +oXX +BX+1=0 (4.1)

can be reduced to a linear 3 x 3 system. The same equation, with the transformation
X =c(l + 1/x) can be reduced to the Gambier system:

a+b
Y= T
Y
(4.2)
_ x+1
X =
Y

(where a, b, ¢ are related to the 2, f), which provides a different method for its
solution. Nongeneric cases of the general linearizable mapping were also identified
and, in particular, the equation:

¥(yx +x+1)+yx=0, (4.3}

that is the discrete derivative of a homographic mapping and constitute thus the dis-
cretization of Eq. (5) on the Painlevé/Gambier classification. The extension of the
present results to higher-order (third and beyond) systems could be most interesting.
We intend to return to this question in some future work.
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Abstract

We examine a family of discrete second-order systems which are integrable through re-
duction to a linear system. These systems were previously identified using the singularity
confinement criterion. Here we analyse them using the more stringent criterion of nonex-
ponential growth of the degrees of the iterates. We show that the linearisable mappings
are characterised by a very special degree growth. The ones linearisable by reduction to
projective systems exhibit zero growth, i.e. they behave like linear systems, while the re-
maining ones (derivatives of Riccati, Gambier mapping) lead to linear growth. This feature
may well serve as a detector of integrability through linearisation.
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Integrability of discrete systems is a concept that can be understood on the basis of our
experience on integrable continuous systems. The progress accomplished in the domain of
discrete systems this last decade has made possible the identification of the possible types
of integrability. The parallel with continuous systems is almost perfect. Three main types

of integrable discrete systems seem to exist [1]:

a) Systems which possess a sufficient number of constants of motion. The QRT family of

mappings [2] is a nice example of such a system.

b) Systems which can be reduced to linear mappings. They will be examined in detail in

this paper.

c) Systems which can be obtained as the compatibility condition for some linear system i.e.
systems that possess a Lax pair. Nice examples of such systems are the discrete Painlevé
equations [3]. Given the Lax pair one can reduce the integration of the nonlinear mapping

to the solution of an isomonodromy problem.

It is clear that the integration of a given integrable discrete system may proceed along any
of the lines sketched above. One can, for example, perform one first integration using a

constant of motion whereupon the system becomes linearisable and so on.

The very existence of integrable mappings (and their relative rarity) made their detection
particularly interesting. Integrability detectors must, of course, be based on the properties
which are characteristic of integrability. In this spirit we have proposed the singularity con-
finement property [4] based on the observation that a singularity spontaneously appearing
in an integrable mapping disappears after some iterations: it is “confined” in the sense that
it does not propagate ad infinitum. The singularity confinement criterion is a necessary
one for integrability but, as we have already remarked in [1], it is not sufficient. This was
explained in ample details by Hietarinta and Viallet [5] who have proposed the notion of
algebraic entropy as a stronger criterion which could well be sufficient. This criterion is
based on the ideas of Arnold [6] and Veselov [7] on the growth of the degrees of the iterates
of some initial data under the action of the mapping. The main argument is that a generic,
nonintegrable mapping has an exponential degree growth, while integrability is associated
with low growth, typically polynomial. Although the degree itself is not invariant under
coordinate changes, the type of growth, as pointed out by Bellon and Viallet [8], is invari-
ant. The authors of [5] and [8] have introduced the notion of algebraic entropy defined as
E = lim,_, (log dy)/n, where d, is the degree of the nth iterate. Generic, nonintegrable
mappings have nonzero algebraic entropy. The conjecture is that integrability, associated
to polynomial growth, leads to zero algebraic entropy. In [9] we have examined the re-
sults on discrete Painlevé equations based on the singularity confinement criterion in the
light of the low-growth approach. Our main finding was that singularity confinement is
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sufficient in order to deautonomize a given integrable autonomous mapping. This result
led to the proposal of a dual approach for the study of discrete integrability based on the
successive applications on the singularity confinement and low-growth criteria, the latter
being implemented only after the first is used to simplify the problem down to tractable

proportions.

The aim of this paper is to examine this particular class of mappings which are linearisable
and study their growth properties. Most of these systems were obtained using the singu-
larity confinement criterion and thus a study of the growth of the degree of the iterates
would be an interesting complementary information. Moreover, as we will show, the lin-
earisable systems do possess particular growth properties which set them apart from the

other integrable discrete systems.

The first mapping we are going to treat is a two-point mapping of the form z,+1 = f(zn,n)
where f is rational in z,, and analytical in n. In [1] we have shown that for all f’s of the
form ), (—:C—ﬁ)T the singularity confinement requirement is satlsﬁed However all those
mappings cannot be integrable: the discrete Riccati, zn41 = a+ =53 + ik is the only expected
integrable one. Qur argument in [1], for the rejection of these conﬁnmg but nonintegrable
cases, was based on the proliferation of the preimages of a given point. If we solve the
mapping for z, in terms of z,+1 we do not find a uniquely defined z, and, iterating,
the number of z,_ grows exponentially. In what follows we shall analyse this two-point
mapping in the light of the algebraic entropy approach. We start from the simplest case
which we expect to be nonintegrable,
I

7 + ) + (1)
n = a
et mn"‘ﬁ T + Y

The initial condition we are going to iterate is zp = p/q and the degree we calculate is the
homogeneous degree in p and ¢ of the numerator (or the denominator) of the iterate. We
obtain readily the following degree sequence d, = 1,2,4,8,16,... i.e. d, = 2". Thus the
algebraic entropy of the mapping is log(2) > 0, an indication that the mapping cannot be
integrable. In the present case it was quite easy to guess an analytical expression for the
degree. What we do in general in order to obtain a closed-form expression for the degrees
of the iterates, is to compute a sufficient number of them. Then we establish heuristically
an expression of the degree, compute the next few ones and check that they agree with
the analytical expression prediction. Now we ask how can one curb the growth and make
it nonexponential. It turns out that the only possibilities are Au = 0 or 8 = 7. In either
case mapping (1) becomes a homography. The degree in this case is simply d, =1 for all
n. This is an interesting result, clearly due to the fact that the homographic mapping is

linearisable through a simple Cole-Hopf transformation.
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The second mapping we shall examine is one due to Bellon and collaborators [10]

By - Pob — 23:,17;721

Yn (wn = yn)
Tn + Yn — 23:,213/”

In (yn i wn)

mn—i—l ==

b

(2)

Yn+1 =

The degree growth in this case is studied starting from zq = r, yo = p/q and again we
calculate the homogeneous degree of the iterate in p and g, i.e. we set the degree of r to
zero. (Other choices could have been possible but the conclusion would not depend on
these details.) We obtain the degrees d,, =0,2,2,4,4,6,6,... and d,, = 1,1,3,3,5,5,...
i.e. a linear degree-growth. This is in perfect agreement with the integrable character of
the mapping. As was shown in [11] it does satisfy the unique preimage requirement and
possesses a constant of motion k = ly_n—m”wh, the use of which reduces it to a homographic

n

mapping for z, or y,.

The third mapping we are going to study is the one proposed in [1]

Tn(Tn — yn — a)

Tny1 —

z2 — yn : 3
o (e =y ) )
n+1 .’E% — Y

where a was taken constant. We start by assuming that a is an arbitrary function of n
and compute the growth of the degree. We find d,, =0,1,2,3,4,5,6,7,8,... and d,, =
1,2,3,4,5,6,7,8,9,...1.e. again a linear growth. This is an indication that (3) is integrable
for arbitrary a, and indeed it is. Dividing the two equations we obtain yn41/Tny1 =
1~ Yn/Tp i-€. Yn/Tn = 1/2+ k(—1)" whereupon (3) is reduced to a homographic mapping
for z. Thus in this case the degree-growth has succesfully predicted integrability.

A picture starts emerging at this point. While in our study of discrete Painlevé equations
and the QRT mapping we found quadratic growth of the degree of the iterate, linearisable
second-order mappings seem to lead to slower growth. In order to investigate this property
in detail we shall analyse the three-point mapping we have studied in [12,13] from the point
of view of integrability in general and linearisability in particular. The generic mapping
studied in [13] was one trilinear in Z,, Tp41, Tn_1. Several cases were considered. Our

starting point is the mapping,
Tnt1TnTn-1 + BTnTri1 + (NTnt1Zn-1 + YTnTn_1+ BYTn + NTn-1+(Znt1 +1=0. (4)

We start with the initial conditions zq = r, z; = p/q and compute the homogeneous degree
in p, q at every n. We find d,, = 0,1,1,2,3,5,8,13,... i.e. a Fibonacci sequence d,,1 =
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d, + d,,_1 leading to exponential growth of d,, with asymptotic ratio 1+2\/5. Thus mapping

(4) is not expected to be integrable in general. However, as shown in [13] integrable
subcases do exist. We start by requiring that the degree growth be less rapid and as a
drastic decrease in the degree we demand that d3 = 1 instead of 2. We find that this is
possible when either 8 = ¢ = 0 in which case the mapping reduces to:

n 1
o =—y—-—— 5
e A In TpTn—1 ( )
or v = n = 0, giving a mapping identical to (5) after z — 1/z. In this case the degree is
d, = 1 for n > 0. Equation (5) is the generic linearisable three-point mapping, written in
canonical form. Its linearisation can be obtained in terms of a projective system [13] i.e.
a system of three linear equations, a fact which explains the constancy of the degree.

The trilinear three-point mapping possesses also many nongeneric subcases, some of which

are integrable. The first nongeneric case writes:
Tn(VZn-1+€) + (Tns1 + 1)(nZn-1 + 1) = O (6)

The degrees of the iterates of mapping (6) form again a Fibonacci sequence even in the
case € = 0 or n = 0. The only case that presents a slightly different behaviour is the case
5=k

(Zpt1 + 1) (Zrn-1+1) + ez, =0. (7)

In the generic case the degree of the iterate behaves like d, =0, 1, 1, 1, 2, 2, 3, 4, 5, 7,
9, 12, 16, 21, 28, 37, 49,... satisfying the recursion relation d,4+1 = dn_1 + dn_2 lead-

ing to an exponential growth with asymptotic ratio (% + %)1/3 + (% - \/%)1/3.
Although the mapping is generically nonintegrable it does possess integrable subcases.
Requiring for example that dy = 1 we obtain the constraint ¢ = 7 = 1 and the mapping
becomes periodic with period 5. If we require ds = 1, we obtain € = —n,41(7, — 1)
and Mns1Mnfn_1 — Tn+1Mn + M1 — 1 = 0, leading again to a periodic mapping with
period 8. In these cases, the degree of the iterates exhibits, of course, a periodic be-
haviour. A more interesting result is obtained if we require dg < 7. We find that the
condition 77 = 1 and € an arbitrary constant leads to a nonexponential degree growth d,, =
0,1,1,1,2,2,3,4,5,6,7,9,10, 12, 14, 15,18, 20, 22, 25, 27, 30, 33, 36, 39, 42, 46,49, .. .. Although
the detailed behaviour of d,, is pretty complicated one can see that the growth is quadratic:
we have, for example, dgmy1 = m(m+1) for m > 0. Thus this mapping is expected to be
integrable and indeed, it is a member of the QRT family. Its constant of motion is given

by

Yn+1 Yn 1 1 62
K = =} —e( +—>+66+1 (—+ )—
4l T Yn  Yntl (e+1) Yn  Yntl/)  YnYn+i
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where y, = zx + 1. The second nongeneric case is:
VYLnZn-1+ 6mn+1$n—1 + €Tn + (Tny1 = 0. (8)

A study of the degree-growth leads always to exponential growth with asymptotic ratio
#, except when v = 0 in which case the degrees obey the recurrence dnt1 = dn_1+dn_2.
No integrable subcases are expected for mapping (8). The last nongeneric case we shall
examine is

VT Tp—1 + Tnt1Ln—1 + €Tn + NTp-1 = 0. (9)

Again the degree sequence is a Fibonacci one except when v =0 or n =0, in which case
we have the recursion dn 1 = dp—1 + dp—2, Or When €, = Ynfn-2- In the latter case
the degree-growth follows the pattern d,, = 0,1,1,2,2,3,3,... L.e. a linear growth. Thus
we expect this case to be integrable. This is precisely what we found in [13]. Assuming
n # 0 we can scale it to n = 1, and thus € = 7. The mapping can then be integrated
to the homography (zn—_1 + 1)(z,, + 1) = kaz,_1 where k is an integration constant and
a is related to v through 7, = —an+1/a,. Thus in this case mapping (9) is a discrete

derivative of a homographic mapping.

This leads us naturally to the consideration of the generic three-point mapping that can
be considered as the discrete derivative of a (discrete) Riccati equation. Let us start from

the general homographic mapping which we can write as
Az,Tpi1 + Bz, + Czpn + D = 0. (10)

where A, B,C, D are linear in some constant quantity x. In order to take the discrete

derivative we extract the constant x and rewrite (10) as:

QATpTn+1 + BTy + VTny1 + d (11)
€ETnTn+l + an + NTrUp +H -

K =

Using the fact that x is a constant, it is now easy to obtain the discrete derivative by down-
shifting (11) and subtracting it form (11) above. Instead of examining this most general
case we concentrate on the forms proposed in [14]. They correspond to the reduction of
(11) to the two cases:

b
0= Byis] —I»a—l——m— (12)
o Int1(@nta) (13)
Tn+b

Next we compute the discrete derivatives of (12) and (13). We find:
bn e bn—l

xn-f-l:xn"'an—l—an_;' s
n n—1

(14)
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and
Tn—1 + Qn—-1 Tn T bﬂ

15
Ty + an Tn—1 it bn—l ( )

Tn+1 = Tn

The study of the degree of growth of (14) and (15) can be performed in a straightforward
way. For both mappings we find the sequence d,, = 0,1,2,3,4,5,6,... i.e. a linear growth
just as in the cases of mappings (2), (3) and the integrable subcases of (9). If we substitute
bn—1 by cp—1 in the last term of the rhs of (14) or the denominator of (15) we find
dn =0,1,2,4,8,16,... i.e. d, = 2" for n > 0 unless ¢ = b. Investigating all the possible
ways to curb the growth we find for both (14) and (15) that ¢ = 0 is also a possibility to
bring dsz down to 3. However a detailed analysis of this case shows that for ¢ = 0 we have
d, =0,1,2,3,5,8,13,21,... i.e. a Fibonacci sequence with slower, but still exponential,

growth (i.e. ratio 1"'2‘/5 instead of 2).

One more family of linearisable discrete systems has been studied in detail in [15] and [16].
They are what we called the Gambier mappings which constitute the discretisation of the
continuous Gambier equation [17]. The latter is a system of two Riccati’s in cascade. In
the discrete case the Gambier system is written as two homographic mappings which we

write in canonical form as:
Anln =+ by

16
— (16a)

Yn+1 =
Tnyn/dn + C2

16b
B + O Y (16)

Tp+1 =

Eliminating y we can also write the discrete Gambier system as a single three-point map-
ping for . The study of the degree growth of (16) is straightforward. We start from
Zo =T, Yo = p/q and compute the homogeneous in p, ¢ degree of (16a) and (16b). Since
(16a) is a Riccati its degree does not grow i.e. we have d,, = 1. Given the structure of
(16b) we have d; ., = dg, + d, and thus d,, = n. What is interesting here is that the
Gambier mapping exhibits a linear degree-growth independently of the precise values of
a,b,c,d. The fact that it can be reduced to Riccati’s in cascade is enough to guarantee its
integrability. On the other hand, if we had asked, (as we have done in [15]) for the pos-
sibility to express the solution as an infinite product of matrices,even across singularities,
this would have led to constraints on the parameters (which were given in detail in [16]).

In this work we have examined a class of integrable discrete systems (mainly three-point
mappings) from the point of view of the degree-growth of the iterates of some initial data.
Our study was motivated from the recent works connecting slow-growth and integrability.
Our present analysis confirms our previous findings based on the singularity confinement
necessary discrete integrability criterion. But what is more important is that a relation
between the details of integrability and the degree-growth seems to emerge. In this work
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we have found two main types of degree-growth: zero and linear growth. Zero growth is
associated to systems which are linearisable through a reduction to a projective system.
Linear growth is characteristic of systems which can be reduced to linear ones although at
the price of some more complicated transformations, usually through the existence of some
constant of motion or, as in the case of the Gambier mapping, through the solutions of
linear equations in cascade. On the other hand, in our study on discrete Painlevé equations
and the QRT mapping we found that quadratic growth was the rule. These results are,
of course, characteristic of three-point (second-order) mappings and we do not expect the
details concerning the precise exponents to carry over to higher-order mappings. Still, we
expect the pattern detected here, namely that linearisable mappings lead to slower growth
than the nonlinearisable integrable ones, to persist. It could be used for the classification
of integrable discrete systems and be a valuable indication as to the precise method of

their integration. We intend to return to this point in some future work.
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Abstract. We present a systematic construction of integrable third-order systems based on
the coupling of an integrable second-order equation and a Riccati equation. This approach is
an extension of the Gambier method that led to the equation that bears his name. OQur study
is carried through for both continuous and discrete systems. In both cases the investigadon is
based on the study of the singularities of the system (the Painlevé method for ordinary differential
equations and the singularity confinement method for mappings).

1. Introduction

The investigation of the integrability of second-order differential equations has been one of
the most important enterprises in the history of integrable systems. Initiated by Painlevé
[1] and completed by Gambier [2], it established the importance of singularity analysis as
an integrability criterion. Following the spirit of Painlevé, the property that bears his name
(absence of movable critical singularities) is synonymous with integrability, since it allows
the definition of a function from the solution of an ordinary differential equation (ODE).
(In contrast, an equation, the solution of which is explicitly given through quadratures but
presents multivaluedness, is not integrable in Painlevé’s point of view.)

The results of the Painlevé-Gambier investigations are of capital importance since
they showed the existence of new transcendents, known since then under the name of
Painlevé. Overshadowed by this momentous discovery, the work of Gambier on linearizable
systems did not receive the attention it deserved. The recent discovery of integrable discrete
systems has led naturally to a critical examination of the work of the 19th century masters.
In particular, we have shown that it is possible to find discrete forms not only for the
Painlevé equations, but, in fact, for every single equation in the Painlevé-Gambier list. The
equation #XXVII of the list of 50 canonical equations [3], which we decided to call the
Gambier equation, was of course among them. Its discretization necessitated a thorough
understanding of the Gambier approach.

The main idea of Gambier (we are aware that the historical truth may be different)
was to construct an integrable second-order equation by suitably coupling two integrable
first-order ones. The latter were well known: at first order the only integrable (in the sense
of having the Painlevé property) ODEs are either linear or of Riccati type. The Gambier
equation is precisely the coupling of two Riccati in cascade (and it contains as a subcase the

| Permanent address: CRM, Université de Montréal, Montréal, H3C 317 Canada.

0266-5611/98/020287+12519.50 (© 1998 IOP Publishing Ltd 287
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coupling involving one or even two linear equations). From the point of view of singularity
analysis this coupling of two integrable equations is not harmless. Each of the equations
has singlevalued movable singularities. However, the singularities induced on the second
equation by the singularities of the solution of the first one (and which would thus look
superficially as fixed) may lead to multivaluedness. This feature makes the application of
singularity analysis mandatory. Its implementation leads to the (algebraically) integrable
forms of the Gambier equation.

In perfect analogy to the continuous case, we have introduced in [4] the Gambier
mapping. The latter is a system of two coupled homographic mappings (which play the
role of the discrete Riccatl) in cascade. The integrable forms were obtained through the
application of the discrete integrability criterion that we have proposed under the name of
singularity confinement.

In this work we shall address the question of the construction of integrable third-order
systems in the spirit of Gambier. Namely we shall start with a second-order integrable
equation and couple it with a Riccati (or a linear) first-order (also integrable) equation.
This enterprise may easily assume staggering proportions. While at second order one had
only two first-order building blocks at one's disposal, at third order there are minimally
24 equations (the Gambier list) to be coupled to the two first-order integrable ones. The
situation is even more overwhelming in the discrete case since it is well known that each
continuous equation of the Gambier list may possess several discrete avatars. In order to
limit the scope of our investigation we shall consider coupled systems where the dependent
variable enters only in a polynomial way. This leads naturally to the coupling of a Painlevé
(P) I or II to a Riccati.

Historically the coupling of a [P equation with a Riccati was first considered by Chazy
[5]. He examined an additive coupling of Painlevé I (P;) with a Riccat. Starting with P
in the form

w” = 6w?+z
he introduced a Riccati:
Y =ay?+ By +Aiw+y (1.1)

where «, 8, A, y are functions of z. This coupling is additive as opposed to that introduced
by Gambier which is multiplicative and assumes the form

y =ay*+ (B +Aw)y+y.

(In the case of the Gambier coupling w is the solution of a Riccati equation.) Since the
singularities of P; are double poles (6/(z — 20)%), the only coupling that is compatible with
integrability is the additive one. Assuming that @ # O, we can put 8 = 0 by a simple
translation of y and Chazy found that the only cases where the leading singularity does not
induce multivaluedness were when equation (1.1) assumed the form

’ 1-4? 2
y=Ty +w+y (1.2)
where k is an integer not multiple of 6. Thus five cases had to be examined as k = 6m +n
with n = 1,...,5. Chazy found the following necessary integrability constraints:

n=2 y=0
n=3 y' =0
n=4 v =yl 4z
n=35 Y =uyy +v
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where p and v are specific numerical constants. It turns out that for k = n they are also
sufficient. For k = 6m + 1 the first condition appears at k = 7. In this case the constraint
reads:

y® =48yy” + 120¥'y" — B0y'y? — 247y’ — 48y.

This equation has the [P property and is thus expected to be integrable. Still it is interesting
to point out that this equation is more difficult to solve than the one we started with, which
is of third order.

Chazy offers only a rapid comment concerning the case k = 8. In fact, the constraints
obtained are necessary, but not sufficient for higher k’s. We have examined the first few
cases beyond k = 7 using the same method as Chazy, namely singularity analysis (but
unlike Chazy our approach has profited from the existence of computer algebra tools). It
turned out that none of the cases we examined satisfied the P criterion. So, although this is

not a proof in a strict sense, we can suppose that no integrable cases exist beyond the five
identified by Chazy.

2. Coupling of integrable second-order ODEs with a Riccati

As we have explained in the introduction we shall not attempt an exhaustive treatment of
all 24 [2] (or 50 [3], or more [6]) second-order equations of the Painlevé/Gambier list with
a Riccati. Instead we shall limit ourselves to the simplest case, namely gquations where the
dependent variable enters in a polynomial way (instead of rational). This limits the research
to just three generic equations: Py (already examined by Chazy), Painlevé II (Pp) and the
linearizable G5 (number 5 of the Gambier list) equation. Both Py and G5 have dominant
singularities that are single poles i.e. w ~ 1/(z— 2o). Thus the adequate coupling is through
a multiplicative Riccati. An additive coupling would lead to logarithmic singularities in the
Riccati and thus to multivaluedness incompatible with integrability.

2.1. Coupling Py with a Riccati
We start with' the canonical form of Py, namely,

W' = 2w + 7w+ U k)
where i is a constant, and consider the following multiplicative coupling:

y =ay? +(w+ By +v. (2.2)

where o, B, ¥ and, a priori n, ate functions of z. A gauge transformation on y can be used
in order to put B to zero. Next, we proceed to determine «, ¥ through the application of
singularity analysis so as to ensuré the P property for the system. Equation (2.1) has of
course the P property and the expansion of its solution around a singularity is

a
w =

Fodaz =20t 23)
Z—20

where o2 = 1 and a4 is a free parameter (the second one besides 2o). The coupling of w
with y must not lead to multivaluedness. Thus the coefficient n of the coupling must be
an integer. This is only the first condition and, by far, not sufficient. In order to proceed
further we expand y around the singularity zo and assume that y either has a pole at the
same location or is regular. Substituting the expansion form (2.3) we can compute the terms
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of the series of y and obtain the compatibility conditions for the absence of logarithmic
terms in the expansion of y. We find thus, the following condition for n = 1:
y=a=0 (2.4)

Let us point out that « = ¥ = 0 works for every value of n: w is simply related to the
logarithmic derivative of y. We have furthermore, for n = 2,

y" =g =0. (2.5)
For n = 3 we obtain
2 " 2 "
r S (Lf‘z) andT e (_”_*3'—”) : 2.6)
o o Y Y

Eliminating y and integrating once, we find
aa” = 3'e” — o'az — ko’ =0 2.7)
and putting ¢ = "‘; we find

" =20 + 20 + k. (2.8)

Thus the logarithmic derivative of o satisfies precisely Py (with a free constant k). For
n =4 we find a more complicated condition:

3ayy' +o/y? +3a(l +p) +3y'2+9" =0 (2.9a)
3yae’ + y'a? +3y(1 — p) + 3’z + 9" = 0. (2.9b)

Putting «? = ¢’ we can integrate (2.95) (multiplied by «) for the quantity oy and thus
obtain y. Then (2.9a) gives a sixth-order homogeneous equation for ¢ and putting u = ¢'/¢
leads to a fifth-order equation. This equation passes the [P test and is thus presumably
integrable but its integration is a more complicated task than the equation we started with,
which is only of third order.

For n = 5 we obtain again as a first condition & = y = 0 which as we explained is
sufficient. For n = 6 a first condition (as in the n = 2 case) is o’ = y’ = 0. However,
a second condition appears. In fact, for n > 4 the free parameter of the expression (2.3)
a, starts appearing in the compatibility condition which must be identically satisfied. Thus
for n = 6 we find the second condition either ¢ = 0 and p = —% ory =0and p = %.
Thus this coupling works only for some particular case of Py with a specific u. Forn 27
we have not been able to find any integrable case, besides the trivial @ = ¥ = 0 cne. In
some cases it is even possible to prove the incompatibility of the constraints. We surmise
that the multiplicative coupling of Py with a Riccati does not possess any integrable case
besides those listed above.

2.2. Coupling the linearizable G5 with a Riccati
The canonical form of the linearizable equation, G5 in the Gambier list is,
w" = =3w'w - w + g + w?). (2.10)

The Cole-Hopf transformation w = u’/u reduces (2.10) to a linear equation u” = g(z)u".
The function g (z) is completely free. Given this fact one can make two different couplings.
The first is the ‘standard’ one where the solution of (2.10) for given g(z) is injected into a
Riccati:

y =ay’ +nwy+y. @2.11)
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The condition for the P property for n < O turns out to be @ = 0, while for n > 0 it is
y = 0. In both cases (2.10) becomes a linear equation (either for y or for 1/y) and the
remaining free function (y or o) does not produce multivaluedness.

The second case of coupling is when g(z) is itself proportional to the solution of a
Riccati. Thus the coupled system now becomes

w =ow’+pw+y (2.12a)
y' = =3yy' =y’ + nw(y' + y%). (2.12b)

Only the case o # 0 needs to be considered: when o = 0 equation (2.12a) is linear and
thus its solutions do not have any movable singularities. Since o # 0 we can take @ = 1.
As previously the coupling enters through nw with integer n since the singularity of (2.12a)
is a simple pole. For n < O the system has always the IP property and thus £ and y are
free. In contrast, for n > 0 we have stringent integrability conditions. For n = 1, 2 there
is no solution for B, y leading to the [P property for the system. For n = 3 we find as the
only solution 8 = y = 0. For n = 4 we obtain the condition,

y=-2p+p (2.13a)

and
g" = 1288 — 168> (2.13b)

Putting g = —¢'/4¢, (2.13b) reduces to ¢"” = 0 and we thus have elementary expressions
for B and y.

For n > 5 we can obtain the two compatibility conditions in the form of a higher order
nonlinear system for 8, y. It turns out that for the first few cases studied this system has
the weak PP property [7]. We have not tried to integrate these systems since their integration
is more difficult than the problem we started with.

3. Coupling of a second-order mapping with a discrete Riccati equation

Constructing integrable discrete systems in the same spirit as Gambier is quite
straightforward once the basic ingredients are available. What is needed is a detailed
knowledge of the forms of the equations to be coupled and a reliable integrability detector.
The second-order mappings which play the role of the [P equations in the discrete domain
have been the object of numerous detailed studies and we are now in possession of discrete
forms of all the equations of the Painlevé/Gambier classification. The discrete integrability
detector is based on the singularity confinement that we discovered in [8] and which has
turned out to be of the upmost reliability.

The coupling we are going to consider is a homographic mapping (discrete Riccati) for
the variable y:

(ax + B)y + (nx + 6)
(ex+ L)y +x+98)

(where J stands for y,1, y for y, and e, B, ..., 6 depend in general on n) the coefficients
of which depend linearly on x, the solution of the discrete Py or Py, (We shall not present
here the coupling of the discrete analogue of the linearizable equation to a Riccati. As a
matter of fact this equation is the simplest non-trivial member of the hierarchy of projective
Riccati systems, the discretization of which was presented in full generality in [9].) The

7= (3.1)
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mapping (3.1) can be simplified and brought under canonical form through the application
of homographic transformations on y, The generic form of the result is,

< lex+B)y+1

= . 3.2)
y+ (yx +8)
Non-generic cases do exist as well, and foremost among those is the linear relation,
Y(yx+8) —ylex+ ) —1=0. (3.3)

In what follows we shall examine in detail the coupling of (3.2) and (3.3) with either discrete
Painlevé I (d-P;) or discrete Painlevé II (d-Py) (under various formns).

How does one apply the singularity confinement criterion to a mapping such as (3.2)
when x is given by some discrete equation like d-P; or d-Py? The first step consists of
determining the singularities of (3.2). As we have explained in [10] the singularity manifests
itself by the fact that y is independent of y. (We say in this case that y ‘forgets the initial
condition’ or ‘loses one degree of freedom’.) The condition for ¥ to be independent of y
is just

(yx +8)(xx+ 8)=1. (3.4)

This quadratic equation has two roots which we will denote by X,, X: they can be easily
related to ¢, B, ¥, 8. The confinement condition is for y to recover the lost degree of
freedom. This can be done if y assumes an indeterminate form 0/0. This means that
x at this stage must again satisfy (3.4) and moreover be such that the denominator (or,
equivalently, the numerator) vanishes.

Let us assume now that for some n we have x, = X,. The confinement requirement
is that k steps later x,4x = Xp. (We must point out here that we require that x,.; be
equal to X, and not to X, again. The latter would mean that X is a singularity occurring
periodically. Such singularities are not really movable, i.e. their position cannot be freely
adjusted by choosing the appropriate initial conditions. Our conjecture is that they do not
play any role in integrability, just as the fixed singularities in the continuous case.) Starting
from x, = X, and some initial datum x,.;, we can iterate the mapping for x and obtain
X4k as a complicated function of x,_; and X,. Since x,4+; depends on the free parameter
X, there is no hope for x4, to be equal to X, if X, is a generic point for the mapping of
x. The only possibility is that both X; and X, be special values. What the special values
of this equation are depends on its details, but clearly in the case of the discrete P’s we
shall examine here, these values can only be those related to the singularities. To be more
specific, let us examine d-Pyp:

- X +a
X+x= 5 (3.5)

1—x
The only special values of x are those related to the singularity x, = £1, X441 = 00,
Xue2 = F1 while ..., x;—3, Xp-1 and X,43, Xn4+4, ... are finite. This means that the two

roots of (3.4) must be two of {+1, ¢, —1} and moreover that confinement must occur in two
steps. The precise implementation of singularity confinement requires that the denominator
of {3.2) at n + 2 vanishes (and because of (3.4) this ensures that the numerator vanishes as
well). Moreover, we must make sure that the lost degree of freedom (i.e. the dependence
on y) is indeed recovered through the indeterminate form.

3.1, Coupling various d-P;’s with a discrete Riccati

In this section we are going to analyse the coupling of four different forms of d-P; to the
homographic mapping (3.2) and to a linear equation (3.3). The d-Pi’s we are going to
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consider are the following (presented below together with their singularity pattern):

sez=241 10,000 3.6)

._._x x2 y 1 .
E+x+£=fxﬁ+1 {0, 50, 00, 0} 37
x+£=%’i+1 {0, 00, 1, 50, 0} (3.8)
Tr=—2n ] (9,0, 00,0, q} 3.9
. e xz x qs :Oox iq ')

with z, = an + b and g, = goA" (a, b, go, A are constants). (More forms of the discrete
P; [11] are known but we shall restrict our analysis of the possible couplings to just these
simplest forms.)

All the singularity patterns above have as a common characteristic that one can enter
the singularity through 0 and exit it again through 0. This means that the condition (3.4)
can have 0 as a double pole. This results in the following conditions:

gs=1
(3.10)
ad+ By =0
and since neither @ nor y can vanish (lest the x? term disappear) we have é = 1/8 and
y = —a/B%. One can, of course, consider the case where one (or two) of the roots of (3.4)

are equal to co: after all oo is part of the special values of the singularity pattern. It has
turned out that except for the case (3.8) the consideration of these cases does not lead to any
interesting result. (Let us point out that the value 1 appearing in the singularity pattern of
(3.8) should not be considered as a special value: it may well occur outside any singularity
pattern). Thus the first discrete Riccati we are going to consider is of the form:

ylax+ ) +1
y — (ax — B)/B*
In all the cases considered, the first confinement condition, namely that y (at a suitable
n) assumes the form 0/0 does not suffice in order to reintroduce the dependence in the
initial conditions. It is thus necessary to proceed to the next order and introduce one further
constraint (which turns out to be sufficient). Let us work out in detail the case of the d-Py
(3.6). Starting with x = O we obtain y = B i.e. independent of the value of y. For x = o0

i (3.11)

we obtain y = —f B? and finally at the next step, ¥ = 0, we ask that the numerator and
denominator of ¥ vanish. This leads to the first condition
BEB=1. (3.12)

Implementing this constraint leads to a second confinement condition that reads: @/ =

@/B. This means that @ = ¢B where ¢ is a constant with an even-odd dependence. The
solution of the constraint (3.12) is straightforward. Taking the logarithm of both members
and calling b = log 8 we find the linear equation

b+2b+b=0 (3.13)

with solution b = (p +gn)(—1)". Simple solutions to (3.12) can be obtained from this last
solution. On the other hand just by inspection we can obtain solutions to (3.12) where S is
constant: 8 = %1, =£i. :

The case of the ‘standard’ d-P; (3.7) can be treated along similar lines. The first
confinement condition reads

BB PP =~1 (3.14)
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while the second becomes too complicated to be exactly solved. We prefer to proceed using
one particular solution of (3.14) corresponding to constant 8s, for example 8 = i. This
leads to a second confinement condition a/z = @/Z. Thus o = cz where ¢ is a constant
with ternary freedom ( = ¢). If we implement B = e*¥"/6 and define x = —az, we obtain,
as a second confinement condition, the equation

y+x+l=3ﬁ2§+c (3.15)

where ¢ is a constant of integration. Thus, after considering the coupling with a d-P; we
obtain a d-P; of the same type as one of the confinement conditions. This is in perfect
parallel to the continuous case of Chazy (coupling (1.2) with n = 4) where we find another
P, as the integrability condition for a coupling between a Riccati and a Py.

The case (3.8) leads to still more complicated equations. One way to simplify them is
to choose B satisfying:

BB B =1 (3.16)
which is sufficient (but not necessary) to satisfy the first confinement condition. We can
then implement the solutions # =iand g = 1. If B =1, the second confinement condition
is @ = ¢/z (where c is a constant with quaternary freedom ¢ = ¢). If 8 = 1, we define
x = —az and we obtain, as the second confinement condition, the following equation:

- 4z
AL ET o (3.17)

where c is a constant with binary freedom. So, again here, we find a d-P; of the same type
as the one we started with as a confinement condition.

For the case (3.8), it is also possible to consider a coupling where the condition (3.4)
has O and oo as roots. This means that & = 0 (we could also choose y = 0 but these two
cases are equivalent under the homographic transformation w — 1/w) and § = 1/8. The
first confinement condition then is y = —3. We define x = BB and the second integrability
condition reads,

Z+c

X+x=- il (3.18)

where ¢ is a constant of integration. Thus again we get a d-P; of the same type as the one
we started with. Finally we can also consider the case where the condition (3.4) has oc as

a double root. We then must have & = g = 0. The first confinement condition is § = —y
and we obtain the following relation for y:
1
Yy = 3.19
vy sk (3.19)

(where & is a constant of integration) which can be solved in an elementary way for y.

In the case of g-P; (3.9) the full singularity pattern is one where we enter the singularity
at ¢ and exit it at g after four steps. However the complete study of this singularity pattern
turns out to be intractable. Thus we shall limit ourselves here to the case where we enter the
singularity through 0 and exit it through 0 after two steps. In this case the first confinement
condition is just (3.12). Once this is implemented the second condition reads @f = B
which means a = ¢Su" where c is a constant with binary freedom and p? = A

Let us now turn to the case of the coupling of d-P; with a linear equation (3.3). For the
special values of d-P; 0 and oo, only three couplings have to be considered:

y=ay+ -—1—— (3.20a)
yx
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1
y=oaxy+ 3 (3.206)
1
i e (3.20¢)
yx

It turns out that in every case examined the second (3.20b) and third (3.20¢) are always
incompatible with confinement. The only remaining candidate is thus the coupling of the
form (3.20a). By the appropriate gauge of y we can bring it to the form,

—y=— (3.21)
vx
Let us work out in detail the case of (3.6). A detailed analysis of the singularity pattern

shows that if x vanishes as does ¢ then x diverges like 1/€? and X vanishes like —e. We
compute the corresponding y’s and find, at leading order, y ~ 1 /ve. ¥ ~ 1/ye and the

condition for ¥ to be finite is 1 /¥y —1/¥ =0, i.e. y must be a constant with binary freedom
(ie. even—odd dependence). The analysis of the remaining cases proceeds along _similar

lines. For (3.7) we have the pattern {¢, z/€, —z/e, —€Z/z)} and the condition for J to be
finite is ¥7 = ¥z, ie. y = k/z where k is a constant with ternary freedom. The case

(3.8) is related to the pattern {e,é/e, 1, —ye,%e/é} leading to the confinement condition
yi= V7, ie y = k/z where k is a constant with quaternary freedom. Finally the case
(3.9) is related to the pattern {g_+ €,a¢, —A/(a%e?), —ea/h, ?} (where a is a free constant).

Again we concentrate on the s_i-ngula.rity induced by x = 0 and which confines when x = 0
again. This results in the condition ¥ = Ay which means y = ku" where k is a constant

with binary freedom and u? = A.

3.2. Coupling discrete P;;’s with a discrete Riccati

In this section we shall examine the coupling of two different discrete forms of P;; with a
Riccati: a difference one (which is the ‘standard’ d-Py)

f+x=”+‘2‘ (3.22)
— X
where z is linear in the discrete variable n and 4 is a constant, and one of g-type:
¥x = P& —9q) (3.23)
x(x—1)

where g = goA" and p = pgA™.

Let us start with d-Py; (3.22). The singularity pattern of this equation is {%1, oo, F1}.
This means that the singularity condition (3.4) must have 1 as roots (the case when
one root is oo does not lead to anything interesting). As a result we have that & and y
are given by § = —B/(e* — B9, ¥y = a/(¢? — B%). The pattern {1, 00, —1} leads to a
confinement condition: y = (¢ + ﬁ)a(E—B) while the second pattern {—1, oo, 1} leads to
v = (o — Ba(@+ f). Equating the two expressions for y we find ¢f = @8 ie. 8 = ko
where & is a constant with binary freedom which we will ignore from now on. Expressing
y in two possible ways we obtain finally for « the equation

D o 1
=T
This equation can be solved by linearization simply by taking the logarithm of both sides.

(3.24)
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The g-Pyy has also two singularity patterns (g, 0, oo, 1} and {1, o0, 0, ¢}. Requiring 0 and
1 to be roots of (3.4) gives the following expressions for y, §: § = 1/f and y = ——ﬁ(ﬁﬂ—).
Next we obtain the confinement conditions for the two patterns of singularities:

aafB +appB+ap’B+ BB -1=0 (3.25a)
«@PB + TP +afBB + BB~ 1=0. (3.25b)

Subtracting these two equations we obtain &8 = of i.e. B = ko where k is a constant

with binary freedom which we again ignore. Substituting back to (3.25) we obtain the final
condition:

a— 1

Qew = —————

= k2(k + 1)

which can be integrated through linearization as explained above. The case where (3.3) has

oo and g as roots is equivalent to the one treated above by a homographic transformation.

We now consider the case where (3.4) has O and ¢ as roots which imposes the relations

8§ =1/ and y = ——2%—. As a first condition we then find that 8 is a constant with binary

) Blga+p)” A . .
freedom. We ignore this freedom and consider 8 as a constant and we obtain the following

relation for @ « = -—@. Finally, the case where (3.4) has g and 1 as roots has been
studied but the resulting equations are far too complicated to be of any use. There is no
other possible coupling of the form (3.2) with the g-Py (3.23).

Let us now turn to the case of a linear coupling given by equation (3.3). In the case of
d-Py (3.22) we require that the only singularities of the coupling terms (ax + 8)/(yx + 8)
be the two singularities £1. This leads to a coupling of the form:
_axExDy+1

xF1
where one of the parameters (e.g. ¥) has been put to 1 through the appropriate gauge of y.

(3.26)

(3.27)

Computing the successive y's we find that the condition for having a finite 3, depending
on the initial condition y, is just @ = 1. This means that all even «’s are constant while
all odd ones are equal to the inverse of this constant.

For g-P;; (3.23), in the case where (3.4) has 0 and 1 as roots, we have two possible
couplings:

(3.28a)
and
y = —— (3.28h)

It turns out that in both cases the confinement condition is the same as in the case of d-Pp
namely @o = 1. When the roots are 0 and g, the possible couplings are:

1
g ST (3.29a)
x=q
and
y = a_(ic__—_q)_)il_‘ (3.29b)

x
The condition for integrability in the two cases is @ = 1/A. Two other couplings are possible
when the roots of {(3.4) are g and oo:

ay +1
x—q

J= (3.30a)
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and
y=alx—-q)y+1. (3.30b)

The integrability condition for (3.30a) is & = g and for (3.30b), it is @ = 1/g. Finally if
(3.4) has 1 and g as roots, the possible couplings are

-1 1
s B (3.31a)
x—q
and
— 1
¥y = oz_(x_ci)y_-q‘-_. (3.31b)
x—1
In the case of (3.31a), the integrability condition is
Goe(-3+ D+T~Gg+3+g—D+4"-7=0 (3.32)
and in the case of (3.31b), the condition reads
aau@ —q)+oa(-gg+g+q—-1)—g+1=0 (3.33)

Equations (3.32) and (3.33) are integrable and they belong to the family of linearizable
equations [10].

One last remark is necessary at this point since we have seen that almost all the equations
we obtained contain terms with binary, ternary or quaternary freedom. The presence of these
terms indicates that our systems must be augmented by adding more components. This will
not alter the order of the resulting equation: it just increases the number of its parameters.
The continuous limit is, of course, affected by this choice.

4, Conclusion

In this work we have presented a systematic approach for the construction of integrable
third-order systems through the coupling of a second-order equation to a Riccati or a
linear first-order equation. Thus we have extended the Gambier approach (first used in
his derivation of the second-order ODE that bears his name) to higher order systems. We
have applied this coupling method to both continuous and discrete systems (given that we
have already presented in [4] the discrete equivalent of the Gambier equation).

One point remains to be discussed. It is often argued that, since the Riccati is a
linearizable equation, the coupling of the Riccati to another of the same kind or to an
integrable second order is always integrable. The (naive) argument is the following: first
solve the first equation, substitute the solution into the second and solve it by linearizing
it. The argument about singularities is usually swept aside by the statement that one is
interested only in solutions on the real-time axis. However the situation is not that simple.
What integrability consists of is a global description of the solutions of the equations. The
argument about solutions on the real-time axis is not acceptable since it offers just a local
description of the solution of the equation. A global representation of the solution of a linear
equation (and, thus, also of a Riccati) involves path integrals winding over the complex-time
plane. Thus the study of movable singularities is crucial and the P property a necessary
condition for integrability of the systems.

How do these arguments carry over to the discrete setting? One must go back to the
way difference equations are formally solved. Given a linear difference (or g—) equation,
we can express the solution as an infinite product of matrices, the elements of which depend
on the coefficients of the equation. A singularity appears whenever one of the matrices is
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singular. In this case the solution of the linear difference equation cannot be defined for
every n. However it is in general possible to choose the coefficients of the equation so
as to avoid these singularities. In the case of a coupling the coefficients depend on the
solutions of some other equation. Thus there is no way to control the singularities (which
depend on the initial conditions of the first equation), As a consequence the solution of the
second equation cannot be defined everywhere unless the confinement property is satisfied.
Thus, again, despite the linearizability of the discrete Riccati, whenever we talk about a
global description of the solution of the coupled system, the application of the adequate
integrability criterion is mandatory.
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CONCLUSION

Dans cette thése, nous avons tout d’abord utilisé la théorie des groupes de
Lie afin de classifier un systéme différentiel aux différences. Ce systéme peut
décrire des phénomeénes en biophysique, en physique moléculaire et en mécanique
classique. Un des résultats les plus intéressants de ce travail est I'identification
des cas ou l'algébre de symétrie est de dimension infinie. Une suite logique & ce
travail est I’étude dese liens entre la présence d’une algébre de dimension infinie
et l'intégrabilité.

Dans le deuxiéme chapitre, nous avons étudié, & l'aide de la théorie des
groupes de Lie, des généralisations de ’équation de Toda. A notre grande sur-
prise, nous avons pu identifier plusieurs cas présentant une algébre de symétrie
conforme de dimension infinie qui ne sont pas complétement intégrables.

Dans le troisiéme chapitre, nous avons classifié et étudié une famille impor-
tante d’équations discrétes linéarisables. Ce travail s’inscrit dans le cadre du pro-
jet général de classifier les équations discrétes a une variable de deuxiéme ordre.
Une telle classification donnera aux physiciens un puissant outil pour I'étude des
phénomeénes discrets.

Par la suite, nous avons étudié les équations linéarisables du point de vue de
I’entropie algébrique. Nous avons montré que les résultats obtenus avec cette ap-
proche sont les mémes que ceux obtenus & ’aide du confinement des singularités.

Finalement, nous avons obtenu de grandes classes de systémes intégrables du

troisiéme ordre, autant dans le cas continu que dans le cas discret. L'étude des
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systémes intégrables du troisiéme ordre est loin d’étre terminée, pourtant une

classification compléte de ces systémes sera un outil trés utile aux physiciens.
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Symeétries et intégrabilité des équations aux différences finies

par Stéphane Lafortune

Résumé

La théorie des groupes de Lie joue un réle trés important dans 1’étude des équations dif-
férentielles. Par exemple, le groupe de symétrie d'un systéme d’équations différentielles nous
permet de construire une famille de solutions exactes & partir d’une solution déja connue. On
peut aussi classifier les équations selon leurs symétries et ainsi établir des liens entre des équa-
tions qui, a priori, n’en ont pas. De plus, I’analyse de Painlevé est une technique mathématique
nous permettant d’étudier 'intégrabilité des équations différentielles.

Utilisées ensemble, l'étude du groupe de symétrie et 'analyse de Painlevé nous donnent un
outil puissant pour trouver des solutions exactes de différents systémes d’équations différentielles
apparaissant en physique. Ces solutions sont déterminées a 1’aide du processus de réduction par
symeétrie.

Tout comme les équations différentielles, les équations aux différences finies (EDF) sont
souvent utilisées en physique. Elles peuvent décrire des phénoménes apparaissant dans des
chaines moléculaires unidimensionelles (A.D.N.) ou dans des réseaux cristallins. De méme, elles
apparaissent dans la théorie des groupes quantiques. Il est donc nécessaire de développer un for-
malisme nous permettant d’étudier les symétries et 'intégrabilité des équations aux différences
finies tout comme on le fait présentement pour le cas continu.

Dans ma thése, les symétries sont utilisées dans un premier temps pour la classification d’un
systéme d’équations différentielles aux différences finies. Ce systéme se retrouve entre autres
dans les domaines de la physique moléculaire, de la biophysique et de la mécanique classique.
Un des résultats les plus intéressants obtenus dans cette thése concerne 'existence de certains
systémes possédant un groupe de symétrie de dimension infinie. Mes travaux sur ce sujet sont
la base d'un projet entamé récemment sur les liens entre les symétries et l'intégrabilité d’une
équation aux différences finies. Nous étudions aussi des systémes de Toda généralisés du point
de vue de ses symétries. Les systémes de Toda font partie des équations les plus importantes
et les plus étudiées en physique mathématique moderne. Un des résultats intéressants que nous
avons obtenu est l'identification de cas n’étant pas complétement intégrables mais possédant
un groupe de symétrie conforme.

Pour ce qui est de I’intégrabilité, la présente thése porte principalement sur des équations
dites linéarisables, i.e. des équations qui sont équivalentes & un systéme linéaire. La principale
méthode utilisée est le "confinement des singularités”. Ce travail s’insére dans le vaste projet
de recherche dont le but est de classifier toutes les équations discrétes intégrables & une va-
riable. Nous classifions de grandes familles de systémes linéarisables. Finalement, nous utilisons
I’équation de Riccati afin d’obtenir des équations du troisiéme ordre intégrables.
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