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Résumé

Ces dernieres années ont vu une résurgence de I'algorithme de Frank-Wolfe (FW) (également
connu sous le nom de méthodes de gradient conditionnel) dans 'optimisation clairsemée et les
problemes d’apprentissage automatique a grande échelle avec des objectifs convexes lisses.
Par rapport aux méthodes de gradient projeté ou proximal, une telle méthode sans pro-
jection permet d’économiser le coflit de calcul des projections orthogonales sur I’ensemble
de contraintes. Parallelement, FW propose également des solutions a structure clairsemée.
Malgré ces propriétés prometteuses, FW ne bénéficie pas des taux de convergence optimaux
obtenus par les méthodes accélérées basées sur la projection. Nous menons une enquéte dé-
taillée sur les essais récents pour accélérer FW dans différents contextes et soulignons ou se
situe la difficulté lorsque 'on vise des taux linéaires globaux en théorie. En outre, nous four-
nissons une direction prometteuse pour accélérer FW sur des ensembles fortement convexes
en utilisant des techniques d’intervalle de dualité et une nouvelle notion de régularité.

D’autre part, I'algorithme FW est une covariante affine et bénéficie de taux de conver-
gence accélérés lorsque l'ensemble de contraintes est fortement convexe. Cependant, ces
résultats reposent sur des hypotheses dépendantes de la norme, entrainant généralement
des bornes invariantes non affines, en contradiction avec la propriété de covariante affine de
FW. Dans ce travail, nous introduisons de nouvelles hypotheses structurelles sur le probleme
(comme la régularité directionnelle) et dérivons une analyse affine invariante et indépendante
de la norme de Frank-Wolfe. Sur la base de notre analyse, nous proposons une recherche
par ligne affine invariante. Fait intéressant, nous montrons que les recherches en ligne clas-
siques utilisant la régularité de la fonction objectif convergent étonnamment vers une taille
de pas invariante affine, malgré I'utilisation de normes dépendantes de ’affine dans le calcul
des tailles de pas. Cela indique que nous n’avons pas nécessairement besoin de connaitre a
I’avance la structure des ensembles pour profiter du taux accéléré affine-invariant.

Dans un autre axe de recherche, nous étudions les algorithmes au-dela des méthodes
du premier ordre. Les techniques Quasi-Newton approchent le pas de Newton en estimant
le Hessien en utilisant les équations dites sécantes. Certaines de ces méthodes calculent
le Hessien en utilisant plusieurs équations sécantes mais produisent des mises a jour non

symétriques. D’autres schémas quasi-Newton, tels que BFGS, imposent la symétrie mais ne



peuvent pas satisfaire plus d’une équation sécante. Nous proposons un nouveau type de mise
a jour symétrique quasi-Newton utilisant plusieurs équations sécantes au sens des moindres
carrés. Notre approche généralise et unifie la conception de mises a jour quasi-Newton et
satisfait des garanties de robustesse prouvables.



Abstract

Recent years have witnessed a resurgence of the Frank-Wolfe (FW) algorithm,
also known as conditional gradient methods, in sparse optimization and large-scale ma-
chine learning problems with smooth convex objectives. Compared to projected or proxi-
mal gradient methods, such projection-free method saves the computational cost of orthogo-
nal projections onto the constraint set. Meanwhile, FW also gives solutions with sparse struc-
ture. Despite of these promising properties, FW does not enjoy the optimal conver-
gence rates achieved by projection-based accelerated methods.

On the other hand, FW algorithm is affine-covariant, and enjoys accelerated conver-
gence rates when the constraint set is strongly convex. However, these results rely on norm-
dependent assumptions, usually incurring non-affine invariant bounds, in contradic-
tion with FW’s affine-covariant property. In this work, we introduce new structural as-
sumptions on the problem (such as the directional smoothness) and derive an affine in-
variant, norm-independent analysis of Frank-Wolfe. Based on our analysis, we pro-
pose an affine invariant backtracking line-search. Interestingly, we show that typical back-
tracking line-search techniques using smoothness of the objective function surprisingly con-
verge to an affine invariant stepsize, despite using affine-dependent norms in the com-
putation of stepsizes. This indicates that we do not necessarily need to know the struc-
ture of sets in advance to enjoy the affine-invariant accelerated rate. Additionally,
we provide a promising direction to accelerate FW over strongly convex sets using dual-
ity gap techniques and a new version of smoothness.

In another line of research, we study algorithms beyond first-order methods. Quasi-
Newton techniques approximate the Newton step by estimating the Hessian us-
ing the so-called secant equations. Some of these methods compute the Hessian us-
ing several secant equations but produce non-symmetric updates. Other quasi-
Newton schemes, such as BFGS, enforce symmetry but cannot satisfy more than one se-
cant equation. We propose a new type of quasi-Newton symmetric update using sev-
eral secant equations in a least-squares sense. Our approach generalizes and unifies the de-

sign of quasi-Newton updates and satisfies provable robustness guarantees.
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Introduction

In this thesis, we present improved algorithms and analysis for two essential classes of convex
optimization algorithms, Frank-Wolfe and Quasi-Newton methods. We first recall basic

concepts and results in optimization as well as in acceleration schemes.

0.1. Convex Optimization
Our goal is to design efficient algorithms in a d-dimensional space for solving

min f(x) (OPT)

zeC
where z € C C RY, C is the constraint set, and f is the objective function. To make
such a minimization problem tractable, we study it under the common convexity hypothesis
on (OPT). A convex optimization problem satisfies the following conditions,
(1) The set C is convex, i.e., ¥p,q € C and A € [0,1], it holds that Ap + (1 — X\)g € C.
(2) The function f is convex, i.e., Vp,q € C and X € [0,1], we have

M)+ A =Nf(g) = fOp+ (1= N)qg).

These are sufficient conditions to guarantee that (potentially inefficient) methods exist to
solve the minimization problem (OPT). Furthermore, it is possible to design more efficient
algorithms with better theoretical properties by imposing additional structural assumptions.
Below are the most frequent assumptions that we use throughout this thesis.
Differentiability. We assume that f is differentiable.

Strong convexity. We call f a strongly convex function with constant p if we have

J@) 2 f)+ VI (@ —y) + Sla -yl (0.1.1)

for all z,y € R%.
Smoothness. We call f a smooth function with constant L if we have

F() < 70+ VIO (s = 1) + 2 012)

for all s,t € RY.



We remark that these definitions hold for any norm || - ||. Without specifying, we refer
to the Euclidean norm. In general, these structural assumptions upper and lower bound
the function by quadratics. Furthermore, smoothness and strong convexity provide useful

inequalities, which can be used to design efficient algorithms.

0.2. Affine Invariance

Given an affine change of coordinates x = Ay where A € R%*? is a nonsingular matrix,

we can transform the original optimization problem defined in in (OPT) as follows,

A

min f(x) N min f(y)A 02.1)
st. zeC, st. yecC,
where the variable y € R?, and
fly) £ f(Ay) and CEAT'C. (0.2.2)

Note that both problems in (0.2.1) are equivalent, therefore they should have technically
identical complexity bounds per se, unless A is pathologically ill-conditioned. Hence, we
expect the analysis of optimization algorithms for convex problems to yield affine invariant
rates. Such consideration is the starting point to study and to extend the following two
popular types of algorithms in this thesis.

Frank-Wolfe Algorithm. The affine covariance nature of Frank-Wolfe (FW) Algorithm
should imply an affine invariant rate from the analysis. However, the theoretical accelerated
rate over strongly convex sets is affected by affine transformations. See Section 0.3 for details.
We provide the definition of affine covariance below.

Definition 0.2.1 (Affine covariance). An algorithm is affine covariant when its iterates (zy)
(resp. (yx)) for problem (0.2.1) satisfy

T = Ayk.

Quasi-Newton Methods. [57] developed the complexity analysis of Newton’s method
via the self-concordance argument, which produces affine invariant convergence rates and
the iterates themselves are invariant. Meanwhile, for large-scale problems, Quasi-Newton
methods are computationally efficient alternatives with Hessian approximation which keep

the proximity to affine invariance properties. See Section 0.4 for details.

0.3. Frank-Wolfe Algorithm

Recent years have witnessed a promising resurgence of Frank-Wolfe algorithm (also known

as conditional gradient (CG) methods [29]) in sparse optimization and large-scale machine
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Algorithm 1 Frank-Wolfe Algorithm

Input: 2y € C.
1: for k=0,1,...,K do
2: v € argmax (—V f(zg), v — xx) > LMO
veC
3y =argmin f(zr + y(vr — x1)) > Line-search
76[071]

4wy = (1 — )z + Yo > Convex update
5. end for

learning problems, compared to projected or proximal gradient methods. Motivating appli-
cations span over structural SVMs [50], structured energy minimization [77], greedy particle
optimization [30], among others. Despite of its nice properties, Frank-Wolfe suffers from a
slower convergence rates than accelerated rates achieved by projection-based methods, i.e.,
Nesterov’s accelerated gradient descent [60]. To fill this gap, we study possible extensions to
accelerate Frank-Wolfe algorithm based on estimate sequences [59] and the duality-gap tech-
nique [23], with new upper and lower bounds for the duality gap as byproduct. In addition,
we propose a new variant of Frank-Wolfe algorithm with adaptive stepsizes, which provides
promising directions for global acceleration of Frank-Wolfe over smooth and strongly convex
sets.

In detail, Frank-Wolfe algorithms [29] form a class of first-order methods solving constrai-
ned optimization problems such as

min f(z). (0.3.1)
The schemes in this class decompose non-linear constrained problems into a series of linear
problems on the original constraint set, 7.e. linear minimization oracles (LMO) indicated in
Algorithm 1. They form a practical family of algorithms

Besides, with the appropriate line-search, the iterates of the FW are affine covariant

under the affine transformation y = Bz + b of problem (0.3.1),
min  f(y) = f(B™*(y—1b)), B invertible. (0.3.2)
yeC=BC+b
In other words, the behavior of Algorithm 1 is insensitive to affine transformations of the
space. This means that, ideally, the theoretical rate for a affine covariant algorithm should
be affine invariant.

The original Frank-Wolfe algorithm (Algorithm 1) generally enjoys a slow sublinear rate
O(1/K) over general compact convex set and smooth convex functions [43]. In that setting,
[14, 43] define a modulus of smoothness that leads to an affine invariant analysis of the
Frank-Wolfe algorithm, matching with the affine covariant behavior of the algorithm.

Many works have then sought to find structural assumptions and algorithmic modifica-

tions that accelerate this sublinear rate of O(1/K). The strong convexity of the set (or more
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generally uniform convexity, see [45]) is one of such structural assumptions which lead to
various accelerated convergence rates. For example, linear convergence rates can be achieved
when the unconstrained optimum is outside the constraint set [51, 22, 25, 66]; sublinear rates
O(1/K?) can be achieved when the function is also strongly convex but without restrictions
on the position of the optimum [31]. However, there exists no affine invariant analysis for
these accelerated regimes stemming from the strong convexity of the constraint set C.
Recall that the smoothness of a function and the strong convexity of a set are defined as
follows.
Definition 0.3.1. The function f is smooth over the set C w.r.t. the norm || - || if there

exists a constant L > 0 such that, for any z ,y € C, we have

F) < F() +(VF @),y — ) + 2w — gl 033

Definition 0.3.2. A set C is a-strongly convex with respect to a norm || - || if, for any
(x,y) € C, v €[0,1] and ||z|| < 1, we have

yo+ (1 =7y +ay(l -9z —yl*z €C. (0.3.4)

In the “non-affine invariant” analyses, structural assumptions like the L-smoothness (De-
finition 0.3.1) of f and the a-strong convexity of C (Definition 0.3.2) lead to accelerated
convergence rate of the Frank-Wolfe algorithm, but are typically conditioned on parameters
L.a and others, which depend on a particular choice of a norm. This is surprising given that
the Frank-Wolfe algorithm (under appropriate line-search) does not depend on any norm
choice.

Obtaining practical accelerated affine invariant rates is hard, as an affine invariant step
size is required. Indeed, some adaptive stepsizes rely on theoretical affine invariant quantities
which are in general not accessible. Therefore, by practical, we consider rates that can be
achieved without a deep knowledge of the problem structure and constants.

For instance, scheduled stepsizes like v, = k%z makes the Frank-Wolfe algorithm
practically affine covariant, yet they do not capture the accelerated convergence
regimes with an O(1/K?) rate. Exact line-search guarantees a practically affine co-
variant algorithm while capturing accelerated convergence regimes but significantly
increases the time to perform a single iteration. Finally, it is possible to use back-
tracking line-search such as [63]. Unfortunately, backtracking techniques rely on the

choice of a specific norm, thus potentially breaking affine invariance of the algorithm.
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This raises naturally the following questions:

Can we derive affine invariant rates for the Frank-Wolfe algorithm on strongly convex

sets?

Can we design an affine invariant backtracking line-search for Frank-Wolfe algorithms?

This thesis provides a positive answer to these questions, by proposing the following
contributions. (1) we conduct affine invariant analyses of the Frank-Wolfe Algorithm 1,
when the function f is smooth w.r.t. to a specific distance function w(-) and the set C is
strongly convex also w.r.t. w(-). We then introduce new structural assumptions extending
the class of problems for which such accelerated regimes hold in the case of Frank-Wolfe,
called directionally smooth functions with direction §. From this definition, (2) we propose
an affine invariant backtracking line-search for finding the optimal stepsize. Finally, (3) we
show that existing backtracking line-search methods, which use a specific norm, converges
surprisingly to the optimal norm-invariant, affine invariant stepsize, meaning that affine-
dependent and affine invariant backtracking techniques perform similarly. As a byproduct,
under the condition of strongly convex sets we provide a promising direction to accele-
rate FW using duality gap techniques, which is illustrated in Appendix ?7?.

0.4. Quasi-Newton Methods

In another line of work, we consider second-order methods for unconstrained minimi-
zation of a smooth, possibly non-convex function f: R¢ — R. Despite a locally quadratic

convergence rate, the well-known Newton method iteration

X = x5 — [V ()] Y (x) (0.4.1)

is not suitable for large-scale problems, in part because it requires solving a d X d linear system
involving the Hessian at every iteration. To address this issue, quasi-Newton algorithms

replace the update rule (0.4.1) by
_ -1 _
Xpr1 = X — B Vf(xr) or xpp1 =xx —H, Vf(xp), (0.4.2)

where B, ~ V2f(x;) and Hy =~ {VZ f (xk)]il are approximations of the Hessian and its
inverse (respectively) at x;. Choosing the right approximation has drawn considerable at-
tention in the optimization literature, notably the DFP update [17], Broyden method [10],
SR1 update [13] and the well-known BFGS method [11], [28], [32] [76]. In general, those
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methods estimate a matrix By or Hy, satisfying the secant equation

Vf(xk) — Vf(xk_1) = Br(xg — X_1) or
Hk(Vf(Xk) - Vf(Xk_l)) = X — Xk—1, (043)

then perform the quasi-Newton step (0.4.2). It is also possible to satisfy several secant
equations. For instance, the multisecant Type-I and Type-II Broyden methods [27] find a
non-symmetric matrix By or Hj, satisfying a block of secants: for a memory size m and for
i=k—m+1...k,

Vf(x;) = Vf(xi—1) = Bg[x; — x;_1] or
Hy[Vf(xi) = Vi(xi-)] = xi— X1

By contrast, other methods like BFGS and DFP enforce the symmetry of the update, but
they satisfy only one secant equation, in which case [65] showed their high dependence in
the stepsize. Indeed, while BFGS and DFP enjoy an optimal convergence rate on quadratics
using exact line-search [62], [65] showed that with a unitary stepsize, these updates converge
particularly slowly on a simple quadratic function with just two variables. Moreover, it was
also observed that BFGS updates are sensitive to gradient noise, and designing quasi-Newton
methods for stochastic algorithms is still a challenge [12, 8, 7, 6].

Unfortunately, except for quadratic functions [71], it is usually impossible to find a sym-
metric matrix that satisfies more than one secant equation. [34] adopted Hessian-vector
products instead of the secant equations. Moreover, line search has been shown to be com-
putationally expensive. Finally, the stabilisation procedure for stochastic BFGS usually
requires a growing batch size to reduce the gradient noise, making it unpractical in many
applications.

In this thesis, we tackle those problems by proposing a symmetric multisecant update,
that satisfies the secant equations in a least-squares sense. We show their optimality on
quadratics with unitary stepsize, and prove their robustness to gradient noise, making them

good candidates in the context of stochastic optimization.
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Chapitre 1

Affine Invariant Analysis of Frank-Wolfe on
Strongly Convex Sets

This paper was accepted at ICML 2021 in the main conference track. Its authors are:
Thomas Kerdruex*, Lewis Liu*', Simon Lacoste-Julien, Damien Scieur*.

Contribution: Thomas, Damien, and myself led the project. Damien and I studied the
properties of Frank-Wolfe over strongly convex sets, and I explore how the choice of norms
affects the convergence rate of the algorithm, which originated the idea of affine invariant
analysis. We three derive the affine invariant analysis of Frank-Wolfe together, where Thomas
found the direction of adapting the existing affine invariant proof to the strongly convex set
scenario. Further, I explore the motivation and examples for the necessity of the affine
invariant analysis. Also, I prototyped the experiments and proposed the affine-invariant
backtracking Frank-Wolfe. Damien and I provided explanation for the similar performance
between the classical backtracking algorithm and the affine-invariant one. Simon provided
ideas and directions for the project, and fized essential technical issues in our proof.

In Section 1.1, we review some existing work on affine invariant analysis of Frank-Wolfe
algorithms. In Section 1.2, we motivate the need for affine invariant analysis of Frank-Wolfe
on strongly convex sets. In Section 1.3 and 1.4, we introduce the structural assumptions on
the optimization problem that we will consider for analysing Frank-Wolfe. In Section 1.5 we
detail our affine invariant analysis of Frank-Wolfe on strongly convex set. In Section 1.6 and
1.7 we provide a backtracking line-search that directly estimate the affine invariant quantities
we developed and we explain how it relates with existing ones. We conclude in Section 1.8

with numerical experiments.

¥ indicates equal contribution



1.1. Related Work on Affine Analysis of Frank-Wolfe

Other linear convergence rates of Frank-Wolfe algorithms exists with affine invariant
analysis. For instance, corrective variants of Frank-Wolfe exhibit (affine invariant) linear
convergence rates when the constraint set is a polytope [48, 49] and the objective function
is (generally) strongly convex. See Table 1.1 for a review of all affine invariant analyses of
Frank-Wolfe algorithms.

These affine invariant analyses emphasize that there is no specific choice of norm to be
made in Frank-Wolfe algorithms as well as there is no need for affine pre-conditionners.
Frank-Wolfe algorithms are arguably free-of-choice methods, i.e. little needs to be known on
the optimization problem’s structures to obtain the accelerated regimes. This is in line with
recent works showing that the Frank-Wolfe methods exhibit accelerated adaptive behavior
under a variety of structural constraints of (0.3.1) which depend on inaccessible parameters,
e.g. Holderian Error Bounds on f [46, 83, 67] or local uniform convexity of C [45].

Affine invariant analyses introduce constants seeking to characterize structural properties
without a specific choice of norm. This has then been the basis for works extending the
accelerated convergence analysis to non-smooth or non-strongly convex functions [64, 37],

which then explore new structural assumptions on f.

Related Work C Str. cvx. f x* Algo Stepsize Rate
[14] Simplex X Any FW Scheduled o(1)T)
[43] Convex X Any FW Scheduled O(1/T)
[48] Any v Interior FW Exact s Linear
[49] Polytope v Any Corr. FW Exact Is Linear
[37] Polytope v Any FW Exact s Linear
Our work Strongly cvx X Vf(x*)#£0 FW Backtracking Is  Linear
Strongly cvx v Any FW Backtracking Is  O(1/T?)

Tableau 1.1. Existing affine invariant analysis of Frank-Wolfe for smooth convex functions
under different schemes.

Strong convexity. The strong convexity assumption is to be taken broad sense. In
[48, 49], the authors consider generalized strong convexity, an affine-invariant measure of
strong convexity, while [37] consider strongly convex functions relative to a pair (C,w) where
w is a distance-like function. In our work, we not directly assume strong convexity, but the
directional smoothness of the function (see later Definition 1.4.1), whose constant is bounded
if various assumptions are satisfied for (0.3.1) (Theorem 1.4.4).

Stepsize. By scheduled stepsizes, we consider, for instance, the classical v, = % We de-
note by ezact-line search when the optimal stepsize depends on an unknown affine-invariant
quantity, whose accessible upper-bounds are affine-dependent (thus breaking the affine inva-
riance of FW).
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1.2. “Affine-dependent” Analysis of FW

It is known that when the function is smooth (Definition 0.3.1), the set is strongly-convex
(Definition 0.3.2) and the gradient is lower bounded ||V f(x)|| > ¢ over the constraint set
(i.e., the constraints are active), the Frank-Wolfe algorithm 1 converges linearly [51, 22, 25],
at rate (with hy = f(21) — f.)

hy, < (max{;, 1—;(2}>kh0. (1.2.1)
Note that assuming the gradient to be lower bounded means the constraints are tight, i.e.,
the solution of the unconstrained counterpart lies outside the set of constraints. However,
the constants L, «, and ¢ depend on the choice of the norm for the smoothness and the
strong convexity. In contrast, the Frank-Wolfe algorithm and iterates do not depend on such
a choice, due to its affine covariance. Therefore, the rate of Algorithm 1 should be affine
invariant. Unfortunately, it is possible to show that the known theoretical analyses can be
arbitrarily bad in the case where the constants L, ¢, a depend on “affine variant” norms.
Example 1.2.1. Consider the projection problem

min, f(x) dof tllz —z||* such that 1fjz|* < 1.

In such case, we have that L =1, a = % and ¢ =1 — ||Z|| (L, « and ¢ are defined according
to the ¢, norm). However, if we transform the problem into min, f(By), the new constants

become

L= Umax(B)a a = %a C= Umax(B)(l - ”fH)

Comparing the rate (1.2.1) of the two problems, identical to the eyes of the FW algorithm,

we have that
flan) = £ < (1= S0 (F(ao) - ),
FBy) = 1< (1= S 1(B))” (£(w0) - 1),

where k(B) = Zi‘?"((g)) is the condition number of B. This means we can artificially make a

large theoretical upper bound on the rate of convergence by using an ill-conditioned transfor-

mation (i.e., k(B) large). However, the speed of convergence of FW iterates are not affected
by any linear transformation (dues to their affine-covariance), therefore the upper bound will
not be representative of the true rate of convergence of FW.

When the optimum is in the relative interior of any compact set C, FW converges linearly
when f is strongly convex [36, 48]. On the other hand, linear convergence on strongly convex
sets does not require strong convexity of f when the solution of the unconstrained problem
lies outside the set [22]. Our paper hence focuses on extending the analysis where the

unconstrained optimum is outside the constrain set [22].
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These two analysis cover most practical cases, but not the situation where the uncons-
trained optimum is close to the boundary of C. A recent analysis on strongly convex sets
of [31] is not restrictive w.r.t. the position of the unconstrained optimum but conservative
(convergence rate of O(1/K?)). It is interesting as it not only deals with the (previously
unknown) situation where the unconstrained optimum is on the boundary on C, but also
when it is arbitrarily close to it, leading to poorly conditioned linear convergence regimes.

In Appendix B.4, we provide an affine invariant analysis of [31].

1.3. Smoothness and Strong Convexity w.r.t. General
Distance Functions

The major limitation in the definition of smoothness of a function (Definition 0.3.1) and
the strong convexity of a set (Definition 0.3.2) is the presence of the norm in their definition,
whose constants may be dependent on affine transformation of the space (see Example 1.2.1).
Technically, the notion of norm in the definition of smoothness and strong convexity of a
function can be extended to the concept of distance-generating function, for instance using
Bregman divergence [5, 53] or gauge functions [16].

Although is it classical to use different distance-generating functions w (that satisfies
Assumption 1.3.1 below) to characterize the smoothness of a function, we are not aware
of such analysis for strongly convex sets. We believe that such analysis may exist, but for
completeness we propose here an extension of the strong convexity of a set w.r.t. a distance
function w.

Assumption 1.3.1. The function w(-) satisfies
e w(zx)=0 & =0,
e Positivity: w(z) > 0,
e Triangular Inequality: w(z + y) < w(z) + w(y)
e Positive homogeneity: w(vz) = yw(z), v > 0,

w(x)
w(—z) < Ku-

e Bounded asymmetry: max,
Since w(z) is convex by the triangle inequality, we define the dual distance

wi(v) = %g%g)};l(v,x) (1.3.1)

Remark 1.3.2. Usually, extensions of smoothness of a function use Bregman divergences

(see e.g. [53, 5]). However, the assumption that the distance-generating function is positively

homogeneous is crucial in our analysis, which is unfortunately, not satisfied for most Bregman

divergences.
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A typical example satisfying such assumptions are gauge functions, also called Minkowski
functional,

wo(v) & argmin  subject to v € 7O,
7>0

where 0 € int@Q. Such distance-generating function satisfies Assumption 1.3.1 if the set Q
is convex and compact, and contains 0 in its interior. Moreover, gauge functions are affine
invariant.

Usually, most works using gauge function assume that the set Q is centrally symmetric
[16, 55], which add the assumption that

w(z) = w(—=).

In that case, the gauge function is a norm [Theorem 15.2.][68]. Removing symmetry extends
non-trivially the definition of strongly convex sets w.r.t. the distance function w. We now
recall the definitions of smoothness and strong convexity of a function w.r.t. a distance
function w.

Definition 1.3.3. A function f is smooth (resp. strongly convex) w.r.t. the distance function

w if, for a constant L, (resp. p,), the function satisfies

F(o) < £@) +{VF@)y = 2) + 2y - ), (132
) = f@) + (Vf(a),y - 2) + By — ). (1.3.3)

Definition 1.3.4. A set C is a,,-strongly convex w.r.t. w if, for any (z,y) € C and v € [0,1],

we have

O—vw%ﬁ—w+vﬁw—wbec
5 :

where z, = vz + (1 — 7)y, for all z such that w(z) < 1.

zy + Y (1 —7)

This definition extends the one of strongly convex sets with a general distance function
that may not be a norm, see for instance [31].

With Definition 1.3.4, the level sets of smooth and strongly convex functions are also
strongly convex sets when the function w is used. Such results appear for instance in [44]
when w is the ¢, norm.

Lemma 1.3.5 (Strong Convexity of Sets). Let f be a L-smooth and p-strongly convex

function w.r.t. w. Then, the set

C={r:f(z) - [ <R}

. ~ : — Hw
is a-strongly convex w.r.t. w, with « PRI

We defer the proof in Appendix B.1. This result corresponds ezactly to the one of
[Theorem 12][44], when we use w = || - [|2.
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Scaling Inequality. All proofs of Frank-Wolfe methods on strongly convex sets leverage the
same property. The scaling inequality (equivalent to strong convexity of C [Theorem 2.1.][33])
crucially relates the Frank-Wolfe gap with ||z; — v;]|?, see e.g. [Lemma 2.1.][45]. We extend
the scaling inequality to strongly convex sets with generic distance functions.
Lemma 1.3.6 (Distance Scaling Inequality). Assume C is «,-strongly convex w.r.t. w. Then
for any = € C, ¢ € R\{0}, and vy € argmax, (¢, v), we have ¢ € N¢(vy) (normal cone)
and

(¢, vp — ) > %w* (¢)w2(v¢ — ). (1.3.4)
In particular for any iterate z; of Frank-Wolfe and its Frank-Wolfe vertex v (Line 2 in

Algorithm 1), we have
o

(=Vf(zk);vp — x) > 7“’0@( — Vf(xk))w2(vk — ).

DEMONSTRATION. We start with v, = argmax,..(¢; v). Then, we use the definition of

strong convexity of a set,

YT+ (1 = 7)vp + auy(1 —¥)Dy(x —v4)z € C Vz:w(z) <L

def yw?(z—y)+(1-y)w?(y—2)
2

where D, (z — y) . Then, by optimality of vy,

(9 vg) = (d5 v& + (1 = 7)vy + awy(1 —7) Dy (7 — vg)2)

After simplification,
(93 vs — ) 2 aw(l = 7)Dy(x — vy) (5 2)
which holds in particular when ¢ = =V f(x), v = 0 and z being the argmax (see (1.3.1)). m

1.4. Directional Smoothness

We separately introduced smoothness for functions, and strong convexity for sets w.r.t. a
distance function w. Analyses of Frank-Wolfe algorithm on strongly convex sets [51, 22, 25]
show that, when f is convex and smooth, and the unconstrained minima of f are outside of
C, there is linear convergence.

We hence propose a novel condition that mingles the smoothness of f with the strong
convexity of C when moving in a specific direction d. We are interested in particular with
the FW direction and we will see later that this assumption guarantees a linear convergence

rate in this case. We call this condition the directional smoothness.
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Definition 1.4.1. The function f is directionally smooth with direction function ¢ : C — R?
if there exists a constant L5 > 0 s.t. Vo € C and h > 0 with x + hé(z) € C,

f(z+hé(x)) <f(x) = h(=Vf(z),6(z)) (1.4.1)
EL 9 1), 8().

The rationale of Definition 1.4.1 is to replace the norm in the usual smoothness condition

+

(Definition 0.3.1) by a scalar product between the direction and the negative gradient, in
order to get an affine invariant quantity for the FW direction (see Proposition 1.4.3 below).
Assuming §(x) is a descent direction, i.e., (—=V f(x),d(x)) > 0, we can obtain a minimi-

zation algorithm for f, by minimizing (1.4.1) over h,
T+1 = Tk + hopté(ajk’)a hopt = min{h’max ; E;}S}

Example 1.4.2. (Gradient descent on smooth functions) The gradient algorithm uses §(z) =

—V f(z). In such case, the function is directionally smooth with constant L, and we obtain

flarn) < flaw) = BV (@) + 25|V £ ()2
= f@) +h (5 =1) V@)

The best h is given by hgpy = %, which is also the optimal one [61].

The advantage of directional smoothness is its affine invariance in the case where 0(x) is
the FW step.

Proposition 1.4.3 (Affine Invariance of Lfs). If §(x) is affine covariant (e.g. the FW di-
rection §(z) £ v(z) — z), then L5 in (1.4.1) is invariant to an affine transformation of the
constraint set (proof in Appendix B.2.2).

The next theorem shows that, in the case of the FW algorithm, the directional smoothness
constant is bounded if the function is smooth and the set is strongly convex for any distance
function w. We use this result later, to show that affine invariant backtracking line-search is
equivalent to using the best distance function w to define L, ¢, and a,,.

Theorem 1.4.4 (Directional Smoothness of FW). Consider the function f, smooth w.r.t.
the distance function w, with constant L, and the set C, strongly convex with constant «,.
Let §(z) = x — v(z), v(z) being the FW corner
v(x) def argngin(Vf(x), ).
ve
Then, if w.(—=V f(z)) > ¢, for all z € C and some ¢, > 0, the function f(z) is directionally

smooth w.r.t. to w, with constant
L,

Lis < :
Co Oy

(1.4.2)

DEMONSTRATION. See Appendix B.1.1 for the proof. m

37



1.5. Affine Invariant Linear Rates

With the directional smoothness constant L5 (affine invariant when ¢ is the FW direc-
tion), Theorem 1.5.1 shows an affine invariant linear rate of convergence of FW, generalizing
existing convergence results of Frank-Wolfe on strongly convex sets [51, 22, 25].

Theorem 1.5.1 (Affine Invariant Linear Rates). Assume f is a convex function and direc-
tionally smooth with direction function § with constant L£;s. Then, the FW Algorithm 1
with stepsize
Popt = min{l, ﬁ} , with 6 =v(z) — =,
or with line-search, where v(x) is the FW corner
v(z) = argmin(V f(z), v),
veC

converges linearly, at rate

f(xk) - f* < max {%7 I- Qﬁlf’é} (f(xk71> - f*) .

DEMONSTRATION. We start with the directional smoothness assumption. For 0 < h < 1,

Flnen) <FGe) + (= £57) (T f (i), 8(2))

After minimization, we have two possibilities: hgpy = or hepy = 1. In the first case, we

1
Lys
obtain
f(onen) < Flan) + 57 (VI (), 6()
Notice that the scalar product in the right-hand-side is the negative dual gap of Frank-Wolfe,
that satisfies
(Vf(zw),v(x) —2) < = (f(2) = f2)

which gives the desired result. The second case follows immediately. m

This provides an affine invariant analysis of the linear convergence regimes of FW on
strongly convex sets.

The next proposition shows that the directional constant in Theorem 1.5.1 is bounded
by (1.4.2) w.r.t. the distance function w that gives the best ratio. This means that the
Frank-Wolfe method acts like it optimizes the function in the best possible geometry, i.e.,
the geometry that gives the best constants.

Proposition 1.5.2 (Optimality of Dir. Smoothness). Let € the set of function defined as
) = {w : w satisfies assumptions 1.3.1}.

Then, the directional smoothness constant follows

w

Eﬁg S min
we C,0,
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where L, is the smoothness constant of the function f, «, the strong convexity of the set C
and

Cw < w*(—Vf(x)), Va e C.

DEMONSTRATION. The proof is immediate by noticing that the FW algorithm do not use

w, therefore we can choose the best w in Theorem 1.4.4. m

To obtain a similar affine invariant analysis without restriction on the position of the
optimum, i.e. the O(1/K?) analysis in [31], one can define a similar property to the direction
smoothness defined in Section 1.4. This new structural assumption additionally mingles
together with the strong convexity of f. We provide details in Appendix B.4. We choose to
focus the analysis for the linear convergence in the main text as it is the one most significant

in practice.

1.6. Affine Invariant Backtracking

In previous sections, we proposed new constants to bound the rate of convergence of
the Frank-Wolfe algorithm, which is affine invariant. The significant advantage of these
constants is that, like FW, they are independent of any norm. However, the optimal step
size of Frank-Wolfe needs the knowledge of these constants.

We propose in this section an affine invariant backtracking technique (Algorithm 2), based
on directional smoothness. By construction, the backtracking technique finds automatically

an estimate of the directional smoothness that satisfies

,Ck < 2£f75, k Z 10g2 (%) .

1.7. Why Backtracking FW with norms is so efficient?

The stepsize strategy in Frank-Wolfe usually drives its practical efficiency. Sometimes,
setting the stepsize optimally w.r.t. the theoretical analysis may be suboptimal in practice.
Recently, [63] analyze the rate of the Frank-Wolfe algorithm for smooth function, using
backtracking line search, described in Algorithm 6, Appendix B.3.

Algorithm 6 in Appendix B.3 is adaptive to the local smoothness constant, and ensures
Ly+1 < 2Ly, Ly being the smoothness constant of the function in the ¢, norm. [63] observed
that the estimate of the Lipchitz constant is often significantly smaller than the theoretical
one; they wrote: “We compared the average Lipschitz estimate L, and the L, the gradient’s
Lipschitz constant. We found that across all datasets the former was more than an order of
magnitude smaller, highlighting the need to use a local estimate of the Lipschitz constant to

use a large stepsize."
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Algorithm 2 Affine invariant backtracking

Input: FW corner v, point xj, directional smoothness estimate Ly, function f.
1: L < L. Define the optimal stepsize and next iterate in the function of the directional
Lipchitz constant:

V(L) def min{%,l},
(L) E (1= % (L)zh + 7 (L)vg.

2: Create the model of f between z; and z(L£) based on equation (1.4.1),
(L) € flae) +7(L) (1= (L)) (Vf () vi — )
. Set the current estimate £ % %
while f(z(£)) > m(L) (Sufficient decrease not met because L is too small) do
Double the estimate : £+ 2- L.

end while 3 3
Output: Estimate £, = L, iterate xp 1 = x(L)

AN

With our analysis, however, we can explain why the estimate of the smoothness constant
is much better than the theoretical one. The answer is simple:
Despite using a non-affine invariant bound, the stepsize resulting from the estimation of the

Lipchitz constant via the backtracking line-search finds i
Proposition 1.7.1. Consider the “local Lipchitz constant” Lj,.(z) that satisfies (0.3.3) with
y=x+ hi(z), i.e.,
flz+hé(x)) <f(x) + Vf(z)(z + hé(x))
2
+ Lioc() 5 [[6(2)][3.

Then, Lj,.(x) is bounded by

—Vf(x),6(x))
loC@)*

Assuming Ly,.(x) “locally constant", the backtracking line-search finds Ly < 2Lj,(xy), and

1
ndl— <
mm{ 72£f,6}_7

DEMONSTRATION. See Appendix B.2.1 for the proof. m

Liye(z) < »Cf,6<

its stepsize -, satisfies

Therefore, the optimal stepsize from the backtracking line-search with the 5 norm is

exactly the optimal affine invariant stepsize of our affine invariant analysis from Theorem
1.5.1.
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In conclusion, even if we use non-affine invariant norms to find the smoothness constant,

surprisingly, the backtracking procedure finds the optimal, affine invariant stepsize.

1.8. Illustrative Experiments

0 T =
N 10 \_\- Frank Wolfe N 100 B
WX X
| Back. FW | Frank Wolfe
~ 104} ‘Q&\ Aff. Inv. FW | —~ 104} ——Back. FW
\Hj Aff. Inv. FW
g
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Fig. 1.1. Comparison of FW variants on the projection problem. Left: B = I, Right:
k(B) = 10%. The top row is the gap fp — f*, and the bottom row corresponds to the
estimation of the directional-smoothness constant £, or the smoothness constant Ly, where
the black line report the maximum value of L. The reason why adaptive FW methods are
slower in the left figure is because, in the worst case, the number of iterations to reach a
certain precision can be up to four times larger than the worst-case bound on non-adaptive
methods. We clearly see that the directional smoothness parameter Ly is affine invariant,
as its estimate is maxy £, = 32 in both scenarios.

Quadratic / logistic regression. We consider the constrained quadratic and logistic regression

problem,

1S
min — ; la; z,y:), (1.8.1)

where [ is the quadratic or the logistic loss. Here we adopt the ¢5-ball, defined as
C={z:|z| <R}, R>0.

Specifically, we compare our affine invariant backtracking method in Algorithm 2 against the
naive FW Algorithm 1 with stepsize 1/L [22] and back-tracking FW [63] on the Madelon
dataset [39]. The results are shown in Figure 1.2. In detail, we set R such that the uncons-
trained optimum x* satisfies ||x*||2 = 1.1R, and the initial iterate xo = 0. As predicted by
our theory, the affine invariant algorithm performs well at the beginning, but after a few
iterations the two backtracking techniques behave similarly.

Projection. We solve here the projection problem described in Example 1.2.1, for two cases
of B: One that corresponds to the original problem, i.e. B = I, the second one where B is

an ill-conditioned matrix (with the condition number x(B) = 10°). The vector z; is random
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Fig. 1.2. Classification problem on Madelon dataset, with (7Top) Quadratic loss and (Bot-
tom) Logistic loss.

in the £, ball, and # = 14 - (1.1/+/d). We report the results in Figure 1.1. We compare the
standard FW algorithm with stepsize 1/L, the FW with backtracking line-search (Algorithm
6) and FW with affine invariant backtracking technique (Algorithm 2). If the problem is
well-conditioned (k(B) = 1), all methods perform similarly. This is not the case, however,
for the ill-conditioned setting, where the FW with no adaptive stepsize converges extremely
slowly compared to the two other methods. We also see that the affine invariant backtracking
converges quicker than the standard backtracking. This is explained by the fact that the
latter takes a longer time to find the right constant Ly, while £, remains untouched after

an affine transformation.

1.9. Conclusion

In this chapter, our theoretical convergence results on strongly convex sets complete the
series of accelerated affine invariant analyses of Frank-Wolfe algorithms. To obtain these,
we formulate a new structural assumption with respect to general distance functions, the

directional smoothness, which we will explore more systematically in future works. Also, we
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present a new affine invariant backtracking line-search method based on directional smooth-
ness. Within our framework of analysis, we provide a new explanation for the reasons behind
the efficiency of the existing backtracking line search, and we show theoretically and experi-
mentally they also find affine-invariant stepsizes.
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Chapitre 2

Generalization of Quasi-Newton Methods

This paper was accepted at AISTATS 2021 in the main conference track. Its authors are:
Damien Scieur®, Lewis Liu*, Thomas Pumir, Nicolas Boumal.

Contribution: Damien and myself led the project. Damien, Thomas, and Nicolas formu-
late the multi-secant update for quasi-Newton methods. Damien and I explored the theoretical
motivation for considering such a new update scheme. In particular, I provided the proof of
the robustness of our algorithms, wrote the technical section of the paper as well as some
parts of other sections. Damien wrote the introduction to the methods, principles and the
experiment illustration. Other authors also wrote a first version without the robustness re-
sults.

In Section 2.3 we list the desirable properties of quasi-Newton schemes, and end with
a generic quasi-Newton update. The choice of its parameters, like the loss/regularization
functions, the preconditioner, the number of secants or the initialization leads to different,
existing methods but also to potentially new ones. Then, Section 2.4 proposes a novel quasi-
Newton scheme (Algorithm 3) based on our framework, combining the ideas of DFP/BFGS
and multisecant Broyden methods. This algorithm has the advantage of presenting a regu-

larization term, which controls the stability of the update.

2.1. Notations

We use boldface small letters, like x, to refer to vectors and boldface capital letters, like
A, for matrices. We use d to refer to the dimension of the problem, and m for the memory
of the algorithm (we will see later that m is the number of secant equations). For a function
f:RY — R, its gradient and Hessian at x are denoted by V f(x) and V2f(x) respectively.
Consistently with the notations in the literature, we use H to denote an approximation of
the inverse of the Hessian, while we use B to denote an approximation of the Hessian. We

denote the usual Frobenius norm as || - ||. Moreover, for any square matrix A € R%*¢ and

¥ indicates equal contribution



any positive definite matrix W € R%“, we define the norm ||A|lw as
|Allw = [WZAWZ|] (2.1.1)

We often use the matrices X, G € R¥™*! that concatenates the iterates and their

gradients as follow,
X =[Xiy. s Xizm)y, G=[Vf(xi),..., VI (Xipm)]-
Also, we define C, and AX and AG as
AX = XC, AG = GC,

where C € R™*™ ig a matrix of rank m — 1 such that 17, ;C =0, 1,,4; being a vector of

size m + 1 full of ones. Typically, C is the column-difference matrix

-1 0 0 ..
1-1 0 ..
o 1 1 ..

C =

2.2. Related work

The idea of updating an approximation of the Hessian or its inverse can be traced back
to [17, 18] with the DFP update. Several updates, such as the Broyden method [10] or the
BFGS method [11, 28, 32, 76] have been proposed since then. Notably, [20], [21] proposed
to approximately invert the Hessian using a Conjugate Gradient method. Limited memory
BFGS (L-BFGS) [52], where a limited number of vectors are stored for the approximation of
the Hessian, has proven to be a powerful type of quasi-Newton method. The use of multise-
cant equations has also been used in a different context by [35] and [41], and their connection
with Anderson Acceleration [2] was studied by [27]. This connection, combined with recent
results on Anderson Acceleration [78, 79, 69, 74, 75|, especially in the stochastic [73] and
non-smooth [84] settings, may indicates that multisecant methods also enjoy some good
theoretical properties. To scale up second-order methods, recent works focus on stochastic
quasi-Newton methods. The use of stochastic quasi-Newton updates has been investigated
by [72], [54], [56], [12] and [34], while approximating the Hessian through sampling methods
has been proposed by [26], [82] and [1], among others.

We now present two popular quasi-Newton updates: the BFGS method, and the multi-
secant Broyden method. They will serve as a basis to motivate the needs of generalization
of quasi-Newton updates.

Single secant DFP/BFGS updates The BFGS update finds a symmetric matrix Hy, that

satisfies the secant equation (0.4.3). Among the many possible solutions, it selects the one
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closest to Hy_; in a weighted Frobenius norm (2.1.1), specifically,
H; = argmin||H — Hy_{||w
H-H" (2.2.1)
st. H(Vf(xk) — Vf(xk-1)) = X — Xg_1.
where W is any positive definite matrix such that W(V f(xx) — Vf(xx-1)) = X — Xg_1 [62,
§8.1] — a similar claim holds for the update formula of By, known as DFP, whose update
reads
B = argmin||B — By_1||w-:
B=B" (2.2.2)
s.t. B(xp —xk-1) = V(%) — Vf(Xp—1).
The matrix is then inverted using the Woodbury matrix identity. In the two update rules,
the matrices W and W™ are used implicitly, i.e., we do not need to form W to evaluate
H, nor B,.

Solving (2.2.1) repeatedly, BFGS builds a sequence Hj, H,, ... of matrices such that
each H,, satisfies the kth secant equation. While it may satisfy the k — 1 other secants
approximately, the update rule offers no such guarantees. The same holds for the DFP
update.

Multi-secant Broyden updates In the case of Broyden updates, we seek a matrix B
for the type-I, or H for the type-II, that satisfies the secant equations only, without any
restriction on the symmetry of the estimate. The update of the standard Broyden method

reads, fort =k —m, ...k,
B; = argmin||B — By_,, ||
B
s.t. B(XZ — Xi—l) = Vf(Xl) — Vf(xi—l)7

(2.2.3)
H; = argmin|H — H;_,,||
H

s.t. H(Vf(XJ - Vf(Xi_l)) =X; — Xj—1-

As for the DFP update, the matrix By can also be inverted cheaply. In [27], the authors
show how to extend this update to the case where we want to satisfy more than one secant

equation. However, its solution is generally not symmetric.

2.2.1. Contributions

Quasi-Newton methods approximate the Hessian. The previous section shows they do
this in very different ways that seem incompatible given the work of [71]. Despite their
differences, they share similarities, such as the idea of secant equations. This leads to the

following questions:
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Algorithm 3 Type-I Symmetric Multisecant step (See Appendix C.1 for the type-1I version)

Input: Function f and gradient V f, initial approximation of the Hessian B,c, maximum

memory m (can be c0), relative regularization parameter \.

1: Compute gg = V f(x¢) and perform the initial step

-1
X1 = Xp —Bo 9o

2: fort=12,... do

3:  Form the matrices AX and AG (see Section 2.1) using the m last pairs (x;,V f(x;)).
4:  Compute the quasi-Newton direction d as
d; = -7, 19t7
see (Inv-RSP) with A = AX, D = AG, Zoot = Brer, A = M| A].
5:  Perform an approximate-line search
X1 = X + hydy,  hy = argmin f(xt + htdt).
6: end for "

e [s it possible to design a generalized framework for quasi-Newton updates encompas-

sing Broyden’s, DFP and BFGS schemes?

e Can Symmetric and Multisecant techniques be combined into a single update?

In this chapter, we propose a positive answer to these questions trough the following

contributions.

e We propose a general framework that models and generalizes previous quasi-Newton

updates.

e We derive new quasi-Newton update rules (Algorithm 3), which are symmetric and

take into account several secant equations. The bottleneck is an (economic size)
Singular Value Decomposition (SVD), whose complexity is linear in the dimension of
the problem, therefore comparable to other quasi-Newton methods.

We show the optimality of the convergence rate of any multisecant quasi-Newton
update built using our framework, on quadratic functions without line search. This
improves over the BFGS and DFP updates as they are inefficient with unitary step
size on quadratics [65], and suboptimal if exact line-search is not used.

We introduce novel robust updates, that provably reduce the sensitivity to the noise
of our quasi-Newton schemes. This robustness property is a direct consequence of

considering several secant equations at once.

2.3. Generalization of Quasi-Newton

We have seen in the previous section two different quasi-Newton (qN) updates: one

that focuses on the symmetry of the estimate, the other on the number of satisfied secant

equations. In this section, we propose a unified framework to design existing and new N

schemes.
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2.3.1. Generalized (Multi-)Secant Equations

The central part of N methods is the secant equation. The idea follows from the lineari-
zation of the gradient of the objective function. Indeed, consider the function f(x), assumed
to be smooth, strongly convex and twice differentiable. The linearization of its gradient
around the minimum x, satisfies

VF(x) ~ VFx) +V2f(x)(x — x,). (2.3.1)
e

After a “Newton step”, we get
x — [V f(x")] 'V f(x) =~ x,.

Unfortunately, we do not have access to the matrix V2 f(x*) as we do not know x,. Moreover,
solving the linear system [V2f(x*)] 'V f(x) may be costly when d is large.
To overcome such issues, consider a sequence {Xq,...,X;,} of points at which we have

computed the gradients. Then, (2.3.1) can be stated as
G =V (x)(X - X,),

where X, = x,17 41, i.e., the matrix concatenating m + 1 copies of the vector x,. Matrices
X and G are defined in Section 2.1.

Ideally, the estimate B of the Hessian, or the estimate of its inverse H, has to satisfy the
condition

G=B(X-X,) or HG=(X-X,).

However, the dependency on x, makes the problem of estimating B or H intractable. To

TIxm of rank m such that

remove this problematic dependency, consider a matrix C € R™
17 ,C = 0 (see Section 2.1 for an example). After multiplying by x, on the right, we

simplify X, C = 0 and we obtain the multisecant equations
AG = BAX, or HAG = AX, (2.3.2)

where AX and AG are defined in Section 2.1. In the specific case where we have only one
secant equation, (2.3.2) corresponds exactly to the standard secant equation in (2.2.1). In
the case where C is the column-difference operator, we obtain the multisecant equations

usually used in multisecant Broyden methods.

2.3.2. Regularization and Constraints

The matrices B (Broyden Type-I and DFP updates) and H (Broyden Type-II and BFGS)
are selected so as to minimize the distances w.r.t. the reference matrices, called B, and H, ¢

respectively, as shown in (2.2.3). In the case where there is only a sequence of single secant
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equations, the reference matrix is taken as being the previous estimate, with an arbitrary
initialization. In the case of a multisecant update, the reference matrix is arbitrary. Moreo-
ver, in the case of DFP and BFGS, we have in addition a symmetry constraint, restraining
even more the search space for the estimate of the Hessian. For simplicity, we will consider
only the type-I update here, i.e., the estimate B. The formulation for estimate H can be
easily derived by swapping AG and AX.

The intuition behind the regularization term is due to the number of degrees of freedom
in the problem. The secant equation BAX = AG defines the behavior of the operator B,
mapping from span{AX} to span{AG}. However, the dimension of these two spans is as
most m < d. This means we have to define the behavior of B outside of span{AX} and
span{AG}, i.e., from span{AX}+ to span{AG}+.

Since B outside the span is not driven by the secant equations, we have to define an
operator B, defining the default behavior of B outside the span of secant equations. This

means that, in the case where B satisfies exactly the secant equations, then B reads
B = [AGAX'] +6(I1 - P),

where P is the projector to the span of AX, AX' is a pseudo-inverse of AX, and © depends
on B, and constraints (different © lead to different qN updates). This way, B satisfies the
secant equation, since multiplying B by AX gives AG, since

BAX = AGAX'AX 4+ O(I - P)AX.

We have PAX = AX, thus (I-P)AX = 0 (by construction of P). Moreover, AGAX'AX =
AG by definition of the pseudo-inverse.

The way B behaves outside the span is thus driven by ©, which depends on the regulari-
zation, the initialization B¢ and the constraints. To make a parallel with machine learning
problems, © can be seen as the “generalization” (or “out-of-sample”) term. We give example
choices for © in Appendix C.5.6.

Consider the regularisation function R(-,Bf), assumed to be strictly-convex, whose mi-
nimum is attained at B, and the convex constraint set C. We can write the qN update

estimation problem as

%ﬁg R(B,B.s) subject to BAX = AG. (2.3.3)
S

This approach generalizes the way we define qN updates. Indeed, for instance, we recover
DFP by setting R = ||B — Biet|lw-1, C = S¥? (the set of symmetric matrices), m = 1 and
B, = Bi_1in (2.3.3). We also recover the Type-I Broyden method by setting R = || B—B.|
and C = R4,
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2.3.3. Generalized Quasi-Newton Update

A natural extension, given the updates of DFP/BFGS and multisecant Broyden, would be
the symmetric multi-secant update. This update would read, for an arbitrary regularization
function,

min R(B,B,) subject to BAX = AG.

BeSdXd
In the case where m > 1, this multisecant technique seems promising as it combines the

advantages of multisecant Broyden and symmetric updates.

Assuming AX, AG have full column rank, these equations always have a solution B.
However, there exists a symmetric solution if and only if AXTAG is symmetric [71, 40].

When AXTAG is symmetric, [71] derived a multisecant BFGS update rule. This as-
sumption indeed holds for quadratic objectives, but not for general objective functions when
m > 2, that is, when we consider more than one secant condition [71, Example 3.1]. Hence,
a naive extension of symmetric quasi-Newton update leads to infeasible problems.

To tackle the problem of infeasible updates, we can relax the constraint on the secant
equations by a loss function L(-, AX, AG). We finally end up with the generalized (type-1
and type-1I) gN update

Bj = lim argmin £L(B,AX AG) + éR(B,Bref) (GQN-I)
A—=0  Bec 2

H; = lim argmin L(H,AG,AX) + éR(H,Hmf) (GQN-II)
A=0 Hec 2

where we assume that £ and R are strictly convex, and sufficiently simple to have an explicit
formula for Hy. The limits here simply state that we first minimize the loss function, then
with the remaining degrees of freedom we minimize the regularization term. In the case
where the update (2.3.3) is feasible, then (GQN-I)/(GQN-II) and (2.3.3) are equivalent.

2.3.4. Preconditioning

As shown for instance in DFP and BFGS, it is common to use a preconditioner to reduce
the dependence of the update to the units of the Hessian. We give here the example for
type-IT update. The type-I follows immediately by considering W' instead of W.

The idea of preconditioning is, instead of considering H, to set

M = W YHW*,

where W ideally has the same units as the Hessian of the function f. For example, in BFGS,
W is any matrix such that WAX = AG, which always exists in the case where AX and
AG are vectors. Ideally, the preconditioner cancels the units in the update rules, i.e., W

has to have the same units as the Hessian.
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In the case where we consider a preconditioner,
MW 2AX = WI™AG, M, = W 'H, W™

We now have the type-I1I Preconditioned Generalized Quasi-Newton update

argmin  L(M,W *AX WI"YAG) + ;R(M,Mref) (PGQN-II)
MeC

where C = WUI=%CW?®, i.e., the image of the constraint after application of the precondi-

tioner. To retrieve the update H, it suffices to solve

H=W ("9MW
2.3.5. Rate of Convergence on Quadratics

Our theorem below shows that generalized gN methods (GQN-I) and (GQN-II) are opti-
mal on quadratics under mild assumptions, in the sense that their performance is comparable
to conjugate gradients.

Theorem 2.3.1. Consider any multisecant quasi-Newton method (GQN-II) with unitary
step-size and m = oo,

Xpr1 = X — Hp V f(xy) (2.34)
where f is the quadratic form (x — X*)T%(X —x,) for some @ > 0, and H satisfies exactly
the secant equations. If the update (2.3.4) is a preconditioned first-order method, i.e., there

exists a symmetric positive definite matrix H independent of k such that
Xp41 € Xo + Hspan{V f(xo), ..., V f(xx)}

then x;, = x, if £ > d + 1; for smaller k the method satisfies the rate

k
19 6c)ll < (1% ) IV 7o)l

Where & is the inverse of the condition number of HQ.

The proof can be found in Appendix C.5. Notice that, for instance, the multisecant
Broyden updates (2.2.3) or the multisecant BFGS update [71] satisfies the assumptions of
Theorem 2.3.1 if B¢t or Hyof are symmetric positive definite matrices (see Appendix C.5.6).
For all these methods, we have H = H,¢ (or Br_e%). This indicates that the initialization is
crucial, since a good initial approximation of Q' drastically reduces the condition number
K.

We have now a generic form of qN update, but it raises some important questions. Which
practical losses and regularization functions should we use, and what happens if A does not

go to zero? The next section addresses the first point by giving an example that extends
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(limited memory) DFP and multi-secant Broyden methods. Then, we analyse the robustness

of the method when )\ is non-zero.

2.4. Robust Symmetric Multisecant Updates

We now extend the BFGS and multisecant Broyden method into the type-II Symmetric
Multisecant Update (2.4.1) below, solving the problem (PGQN-II) in the special case where
the loss and the regularization are Frobenius norms. For simplicity, we do not consider any

preconditioner here. The method reads

A
Hj=argmin | HAX — AG|j% + = |H — H,[|? (2.4.1)
H=HT 2
and its type-I counterpart is B, !, where
A
Bi=argmin |[BAG — AX||% + Z||B — Bief? (2.4.2)
B:BT 2

Explicit Formula. We now solve problem (2.4.1) efficiently. This is an extension of the

symmetric Procrusted problem from [42]. Indeed, [42] solves the problem
min ||ZA — D,
z=z7"

where A and D are R?*™ matrices, where m > d. In our case, we have m < d, and an extra
regularization term, that makes the update formula more complicated. Fortunately, the
matrix-vector multiplication Zwv can still be done efficiently even in our case, the bottleneck
being the computation of the SVD of a thin matrix. The next theorem details the explicit
formula to compute M, (and its inverse if one wants to use a type-I method).
Theorem 2.4.1. Consider the Regularized Symmetric Procrustes (RSP) problem

Z, = argmin||ZA—D||2+5||Z—zref||2, (RSP)

7o 7T 2

where Z,.; is symmetric (otherwise, take the symmetric part of Z,s), Z, Zys € R4, and
A, D € R¥™ m < d. Then, the solution Z, is given by

Z,=ViZ\V{ + V. Zy + ZIV] + 1 - P)Z,s(1 - P) (Sol-RSP)
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where
[U,2, V1] = SVD(A” >econ’), (economic SVD)
7, =S0® [Vf (ADT +DAT + Azref) VI} ,
g _ 1
oyt 1172 4 a1
P=V, V],

Zy = (X2 + M) 'VI(AD™)\Z,) (I - P).

The fraction in S stands for the element-wise inversion (Hadamard inverse), and the notation

® stands for the element-wise product (Hadamard product). The inverse Z, ' reads

Z.'=E (2, ~ 2,2,)Z}) E" + (1 P)Z}(I-P)

ref ref

E=V,—-(1-P)Z_{Z]. (Inv-RSP)

ref

The type-I update uses the matrix Z ', using A = AX and D = AG. The type-II uses
instead Z,, with A = AG and D = AX.

The next proposition shows the complexity of performing one matrix-vector multiplica-
tion with Z, and its inverse. The bottleneck of the method is the SVD of a R™*?¢ matrix,
whose complexity is O(m?d), thus linear in the dimension.

Proposition 2.4.2. The complexity of evaluating Z,v and Z, v is O(m?d), assuming m <
d and that the complexity of Z,v and Z_;v is at most O(m?2d).

Robustness. The symmetric multisecant update can be used in two different modes, one that
lets A — 0, the other, biased but more robust, that sets A > 0.

The update formula is slightly simpler when A = 0. However, due to the presence of
matrix inversion, this may lead to instability issues in some cases, similarly to the BFGS
method when

(k41— %) (Vf(xp01) = VF(x1)) = 0,
i.e., when the step and difference of gradients are close to being orthogonal. In BFGS, such
issues are tackled by a filtering step, discarding the update if the scalar product goes below
some threshold. Unfortunately, when the gradient is corrupted by some noise, the impact
on the BFGS update can be huge.

In the case where A > 0, we can show that our update is robust when A and D are
corrupted.

Proposition 2.4.3. Let Z,(\) be defined as the solution of (Sol-RSP) for some A, and
Z.(\) = limy_ Zy. Let A, D be a corrupted version of A and D where

IA - Al <6s, |D-DJ|<dp.
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Finally, let Z,(\) be the solution of (Sol-RSP) using A and C. Then, we have

1Z.(N) = Z.(O)]| < | Z.(N) = Z. ()] + ]| Z.(\) = Z.(N)]],

Bias Stability

where

MZ.(0) = Zre|

1700~ Z.(0)] < 2 5 (24
1Z.(\) — Z,(\)| < O <5A1“5D> . (2.4.4)

This suggests that A should satisfy a trade-off to achieve the best performing approxi-
mation. Notice that when A = 0 in the noise-less case, we recover the optimal Z,, and when
A — 00, we have Z, = Zs.

Our result is called robust as we can bound the maximum perturbation without restriction
on its magnitude. This is not the case in [42], whose main assumption is 04 < opin(A) (which
is extremely restrictive), where oy, is the smallest non-zero singular value of A.

Since the singular values of A are, in practice, often small, it is always recommended

to set a small \: we will show latter, in the numerical experiments, that even for quadratic
functions (i.e., in the “perturbation-free regime”), a small value of A drastically changes the
final result, as this makes the method robust to numerical noise.
Scaling of A\. The parameter A has to be scaled w.r.t. the problem input. It is clear, from
Theorem 2.4.1, that the role of A is to regularize the matrix inversion by lower-bounding
the eigenvalues of the inverted matrix. Therefore, we advise to set A\ = A|ATA|s, i.e.,
proportional to ||ATA||y. This way, assuming oy, small, the conditioning of (AT A + AI)~*
is upper-bounded by 1+ 1/).

2.5. Numerical Experiment

This section compares our symmetric multisecant algorithms to existing methods in the
literature. We present in this section only a few experiments concerning stochastic-related
experiments: We first compare the quality of the estimate of the Hessian (and its inverse).
Then, we compare the speed of convergence when using this estimate to estimate the Newton-
step in the case where the gradient is stochastic.

Hessian Recovery. Consider the problem of recovering the inverse of a symmetric Hessian

Q! of a quadratic function, that satisfies
Q 'AG=AX, Q=QT.

However, we have only access to AG, a corrupted version of AG. This notably happens

when the oracle provides stochastic gradients.
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In our case, we consider the worst-case {5 corruption
AG = Upgmax{ZSag — € - 01(AG),0} Vi,

where UpagX AgVXG is the SVD of AG, and € is the relative perturbation intensity. When
e = 1, the matrix AG is full of zeros.
We estimate Q! using different techniques, that we compare using the relative residual

error

error( est) - ||QestAG A}(”/”A)(H

Note that, in our error function, we use the noise-free version of AG.

Our baseline is the diagonal estimate, corresponding to the inverse of the Lipchitz
constant of Q, typically used as a step-size in the gradient method. We compare (-BFGS,
Multisecant Broyden updates [27] and our Type-1 and Type-2 multisecant algorithms, sol-
ving respectively (Inv-RSP) and (Sol-RSP) with A = AG, D = AX, By = H;' = ||Q||.
The number of secant equations is 50 and the dimension of the problem is 250. The results
are reported in Figure 2.2.

Optimization problem. We aim to solve

. def 1
Hlln

N
det — o 2
min = N; alx,b;) \|xy| : (2.5.1)

where £(-,+) is a loss function. The pair (A,b) is a dataset, where a; € R? is a data point
composed by d features, and b; is the label of the i data point.

Here, we present the specific case where / is a quadratic loss, on the Madelon [38] dataset,
with A = 1072||A||. We solve it using SAGA [19] stochastic estimates of the gradient, with a
batch size of 64. We also have other experiments on other datasets, other losses and also on
deterministic estimate of the gradient in Appendix C.8. We also show the evolution of the

spectrum of H, and B; ' in Figure C.1, Appendix C.8.

2.6. Discussion

We briefly discuss our contributions and propose possible improvements. Although our
approach performs sufficiently well to be competitive with current qN updates, the authors
believe the method can be improved in several aspects.

Contrary to BFGS, the update (2.4.2) (resp. (2.4.1)) does not guarantee its positive-
definiteness when applied to a smooth and strongly convex function. However, for large
enough A the matrix is p.s.d. given that H,e (resp. Byef) is also positive-definite. Also,
it is possible to project a small matrix in (Inv-RSP) (resp. (Sol-RSP)) to ensure positive
definiteness. We discuss this in more details in Appendix C.2. The ideal way would be
to solve the symmetric Procrustes problem with a semi-definite constraint, but this is still

considered as an open problem [42].
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Fig. 2.1. Comparison of different methods to estimate a symmetric matrix. We see that
symmetric multisecant methods perform well in a small-noise regime, but quickly get out
of control for larger perturbations. This is not the case for their regularized counterpart
(A = 10719), clearly showing a more stable behavior. BFGS performs poorly compared to
multisecant algorithms, since it can only satisfy one secant equation at a time. Finally, the
type-II multisecant Broyden method seems stable, but does not recover a symmetric matrix.
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Fig. 2.2. Comparison of the stability of gN methods with stochastic gradients on Madelon
dataset. We report the function value of the average of the iterates. The batch size is 64
points. Since the function is stochastic, we used only unitary stepsizes. The memory is
25, and the relative regularization A = 1072, The condition number is 103. /—BFGS and
the Type-I multisecant Broyden are divergent in this situation. With unitary stepsizes, the
regularized symmetric multisecant Type-I method is slightly faster than stochastic gradient.
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A direct consequence of the non positive-definiteness is the lack of robustness guarantees
for the Type-I method, that inverts a matrix that is possibly not positive definite. Therefore,
it is probably impossible to bound the smallest eigenvalue, unless we use the robust projection
trick in Appendix C.2. Surprisingly however, in our experiments the Type-I method seems
to be the most stable among all updates.

Moreover, we considered here a plain method with no preconditioner. In BFGS and DFP
updates, the preconditioner W is any matrix such that WAX = AG where AX and AG are
vectors. This matrix is used implicitly in the update: all occurrences of WAX are replaced
by AG, in a way that W disappears. We cannot use a similar trick here, since such matrices
do not exist in general when AX and AG are matrices [71]. We propose in Appendix C.3
possible options to include such preconditioners that may potentially improve the method.

It is also possible to consider a general qN step, that takes the direction HGv (or B~'Gw),
where v is a vector that sums to one, instead of taking the direction computed with the latest
gradient, HV f(x}). In the special case where v is full of zeros but one as the last element,
this reduces to the standards qN step. We discuss this strategy in Appendix C.4, and we
suspect this technique may reduce even more the impact of the noise on the qN step if v is
chosen to be the averaging vector 1,,/m, for instance.

The complexity of the method is somewhat worse than current gN methods: O(m?2d)
instead of O(md). The authors believe it may be possible to reduce the complexity by a
factor m by using a low-rank SVD update [9] and by changing our direct formulas in Theorem
2.4.1 into recursive ones.

Another interesting direction is the study of the the matrix C that forms AX and AG.
We suspect that, in the case where those matrices are corrupted, choosing the right C may
affect the stability of the method. For instance, it is possible to design C to set more weight
on some selected secant equations that may be more recent, or that contain less noise.

We proposed a novel method with distinct theoretical properties, including symmetry,
optimality on quadratics with unitary stepsize, and robustness, and which performs encoura-
gingly well in practice. In view of the new questions that multisecant methods raise, we hope
our work can add to efforts for the design of possibly other, better-performing quasi-Newton

schemes.
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Chapitre 3

Conclusion

In this thesis, we illustrate new improvements and analyses for two fundamental types of
convex optimization problems from the starting point of affine invariance. Specifically, we in-
troduce new structural assumptions, e.g., directional smoothness (Chapter 1), and further de-
rive an affine invariant analysis of Frank-Wolfe over strongly convex sets. As a byproduct, we
present a new affine invariant backtracking line-search algorithm via directional smoothness
and a new explanation for why the existing backtracking line-search works efficiently. In pa-
rallel, we present a promising direction to accelerate FW over strongly convex sets using dua-
lity gap techniques (Appendix A) and an another version of smoothness.

On the other hand, we investigate techniques that approximates the Newton step by
estimating the Hessian using secant equations. To overcome the impossibility of having both
a symmetric and multi-secant update, we propose a symmetric multisecant update satisfying
the secant equations in a least-squares sense. In detail, we demonstrate its optimality on
quadratics with unitary stepsize, and prove the robustness of our algorithm with respect to
gradient noise. Such guarantees enable them to be prospective candidates in the context of

stochastic optimization.
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Annexe A

Acceleration of Frank-Wolfe

A.1. Frank-Wolfe Algorithm and Notations

In this section, we provide a brief introduction to the Frank-Wolfe algorithm and asso-

ciated useful representations. This method is usually used to solve,
min F(z) = f(z) + h(z), (A.1.1)

where f(z) is a smooth function, and h the indicator function of a convex set C. More
generally, h can be a function whose dual h* is known [3].
Definition A.1.1. The conjugate function of a convex function h is a function h* that

satisfies
h*(d) = max d's—h(s), Oh*(d) €arg max d's— h(s),

sedom(h) sedom(h)
where 0h* is a sub-gradient of h*.

The conditional gradient method perform formally the following steps,

Trr1 = (1 = Brr1)wr + B VR (=V f(2x)) Br+1 € [0,1]. (A.1.2)
In the case where h is an indicator function of a convex set C, i.e.,
0 if v €C,
h(z) = (A.1.3)
+o00 otherwise,

the algorithm can be simplified as follow,

Sp+1 = argmingec Vf(xk)TS,
Trrr = (1 — Brey1) @k + Brt15k11.-

(FW)

This method is usually called Frank-Wolfe. The point s is called the Frank-Wolfe corner,

and is found using a linear minimization oracle (LMO).



In the general case where f is a smooth function and C a convex set, the rate of conver-
gence of the Frank-Wolfe algorithm is bounded by O(1/k). With additional assumptions, it
is possible to improve this rate to O(1/k?). In what follows, we aim to accelerate FW using

duality gap techniques.

A.2. Accelerated Gradient Descent and Duality Gap

Technique

In this section, we study the method and proof related to the duality gap technique from
23, 24], where the technique is used to design the accelerated proximal gradient algorithm.
Thus, we recall the main result in this section.

Accelerated gradient descent solves the following minimization problem,
min F(z) = f(z) + h(z), (A.2.1)
where f(x) is smooth and convex. This means, for all z,y in the domain of f + h,
L
f@)+ V@) (y—=2) < fly) < fla) + V) (y—2) + 7f||y —a|? (A.2.2)
The function h is convex, potentially non-smooth, whose prozimal operator is simple,

) 1
prox,,(r) = arg ,Jin Ah(s) + 5”5 — |

In the case where h is an indicator function of a constrained convex set C, the proximal
operator is equal to the projection onto the set C.

The duality gap technique sees AGD as a way to build an upper and lower bound for the
function F'(x). The upper bound U(z) is given by the smoothness of the function f,

Uil) = Flu) + V1) (x — ) + 5 o — il + ().

Then, the lower-bound is build as a weighted average of inequalities from convexity,

k k
Alale) = i f) + VI @) =) +h() ). @i >0, A= ap
i=0 i=0
Finally, the algorithm reads
Tr1 = argmin Uy(z),

Uk+1 = argmin Ly,(z) x — 20||%, (AGD)

TR
2A;
ApTpi1 + Qpp1Vp41

Yk+1 =
Appr
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The first step is intuitive, and corresponds to gradient descent. The second is a bit more
tricky, because of the regularization. However, this regularization is crucial for the algorithm:
for instance, in the case where h(z) = 0, without regularization, the problem is unbounded
as we minimize a linear function over R".

The duality gap technique consists in bounding the optimality gap function with a gap
Gy:

1 1
F(fk) — F S Gk £ Uk($k) — l'leiIl Lk(I’) + m”ﬂ? — ZL‘()||2 + Tflkao — $*||2
Then, it remains to design the parameters «; to ensure
AoGo

Ak1Gri1 < AgGy, which implies  f(zg) — f(2*) < Gy,

IA

A.3. Bounds for the Duality Gaps

We consider the acceleration of Frank-Wolfe algorithm over a strongly convex and smooth
set Q C R™. We have the following property for the iterate before and after a Frank-Wolfe
step:

(V(T(xy)), 2 — T(2y)), (A.3.1)

where T'(z;) denotes the iterate obtained after a Frank-Wolfe step, that is, we have T'(z;) =
Z¢p1 such that
s¢ € argmin(V f(x¢), s),
steQ
Ti41 = (1 — ’}/t)ZEt + YeSt- (A32)

To make use of the dual averaging technique, we need to carefully select the averaging weights
and step-sizes for the linear combinations of Frank-Wolfe corners and the current iterates.
In what follows, we note that f is S-smooth and p-strongly convex.

By the technique of estimate functions, we define a sequence of increasing scaling coeffi-
cients { Ay }x—o such that

Ap=0, A XA +a., k>1. (A.3.3)

We adopt the following Algorithm 4 to achieve acceleration with only linear minimization

oracle available.
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Algorithm 4 Accelerated Frank-Wolfe Algorithm (Directly adapted from Nesterov’s me-
thod)

1: Require: A strongly convex and strongly smooth set () C R", initial iterate xy, number

of iterations T,
2: Set stepsize 1 < T—1/?
3: for k=0,...,T—1do

. . o _ 14uA
4:  Determine oy by e(]}uatlon 2(Ak;"r;1k+1) = Bk,
5. Solve vy = argmin Y7 o, (f(x;) + (V f(x;), x — x;)).
. ; — ApTptogvk
6:  Set query point y = PR
7

s < argmingc o (s, V. f(yx))-
8  Tpt1 < Y + Ve(Sk — Yk)-
9: end for

10: Output: xr

We aim to show a global convergence rate formulated as below
0 _ x*HQ

2A

|

flzy) = f(@") < (A.3.4)

via an immediate quantities of estimate functions M 1= SF o a; (f(z) + (Vf(2), 2 — 2;)).

We will show that our algorithm maintains recursively the following properties:

Py Apf(ar) < My = melg My (z) (A.3.5)
1
PE: My(z) < Apf(x) + §||x — x|, Yz € Q. (A.3.6)
A.3.1. Upper and Lower Bounds in the Unconstrained Case

Upper bound U,: We use y;, constructed from the previous gradient query points {x;}¥_,
and the gradient oracle answers {V f(z;)}, to give the upper bound, By setting y, =
x — 1/LV f(xy), we have

Fl) < Fw) = 19 @I 2 U (A37)

Lower bound L;: Each queried gradient V f(z;) leads to a lower bound on the function f

as follows,
fu) > f(x;) +(Vf(x;),u—ax;) + %Hu — x;]|?, Yu € R? (A.3.8)

By the scheme of AGDT (Approximate Duality Gap Technique) in [24], we dispatch a
measure a; > 0 to each iteration k, and let A, = Zf:o a;. We derive the overall lower

bound by averaging the bound for each x; in (A.3.8) with normalized weights proportional
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to a; as follows,

Fl) 2 35 (£ + (Tf@i)u =) + llu i)

L. (A.3.9)

where
k

me(w) =3 a; (f(xi) +(V (i) u— i) + S - :EiHQ) , (A.3.10)

=0

v = argmin myg(u). (A.3.11)
u€Rd

Hence the duality gap at iteration k is defined as Gy = Uy — Ly, > f(yx) — f(2*). In what

follows we will show that ApG} is non-increasing with the iteration k, which implies that

flye) — f(z*) <Gy < A/OSO. (A.3.12)

The following two lemmas characterize how the duality gap G} proceeds according to the
iteration k, and further provide the convergence certificate.
Lemma A.3.1 (Initial estimate). Let 2o € R? be an arbitrary initial point and optimality

gap estimate follow the notation above, then we have

L —
ApGo < 2“0 o — 212 (A.3.13)

Lemma A.3.2 (Monotonicity of AyGy). For any k > 1, we have

ApGr < Ay, G- (A.3.14)
DEMONSTRATION.
Ap_ip 2
mk,l(vk) = mk,1<1}k,1) + 9 H’Uk — Uk,1H s (A315)
- Ap_1p 2 Qg fb 2
mpe(0) = M1 (Vk-1) + = llow = v |7+ an{V (@), v — 2) + == lloe — 2™
(A.3.16)
As we can explicitly write v, as
_ p @it — Yo aiV f ()
Vr =
pAK
Ag_ a a
= jklvk_l + szk - Tjka(a:k)? (A317)
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we apply Jensen’s inequality to (A.3.16) to obtain
pAY Apr

2
Qg
mg(vg) > mg_1(Vk—1) + —— — — U1 — —xk|| +a(Vf(xg), v —2x
2 2
(A.3.17) ag o apAr_1 B G 2
=" mp_1(ve—1) + 2A; IV f (i) |I” + m (Vf(xr), vt — xp) MAkHVf(l’k)H

YO L Sy N (A.3.18)
- kE—1\Vk—-1 2MAk k Ak k)s Vk—1 k/- cJ.

A.3.2. Upper and Lower Bounds with Smooth and Strongly Convex
Sets

We are interested in solving the following constrained convex smooth optimization with

only a linear minimization oracle.

st.zeQ CQ (A.3.19)
where in our case 2 = R? (d denotes the dimension of the space), Q is a pu.-strongly convex

and L.-strongly smooth set, 7.e., () admits a representation of a convex function C': 2 — R
such that

Q={reQ:C(x) <0}, (A.3.20)

and for any x,y € @), it turns out to satisfy the following function-alike inequalities:
Clw) < Oly) + VW) () + 2 lla — (A3.21)
Cy) = Cly) + VO (x = y) + Kl =yl (A.3.22)

Upper bounds for f(y;): We define the upper ball By, at iteration k as a relaxation set

contained in ) due to the strong smoothness property:

k

_ L.

By, = {:c €N v (C(:cl) +VO(z) (v — 2;) + ?Hx - x1\|2) < O} : (A.3.23)
i=0

where 7; > 0 for i € [n], and we denote T'y = Z?:o v;. Since f is L.-strongly smooth, we

have for any k£ > 0

C(z) < C(x;) + VC(2;) " (x — x;) + [;CHm — )%, (A.3.24)
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which implies B, C Q for all k > 0. In fact, let dj = Zf:o a;V f(z;), By, characterizes a ball

centered at O, with radius 7, where

Oy, = Zz::)% (xz - livc(%» ; (A.3.25)
= J o (et - Lcmf -3 (o) - VO T+ ). (4320

By the definition of B, and C(z), we have z; — 7-VC(x;) € Q. Then we have

f(Wrt1) = mian(l"kH + h(Vrg1 — Tpg1))
Vkt1
he[0.1]

. h2L
< min f(zpe1) + AV f(@rs1) T (Vks1 — Tiar) + [ (A.3.27)

VE+1€Q 2
hel0,1]

) h2L
< min f(zrr1) + V(@) (e — 1) + = Lok — o] (A3.28)

v 1€Q 2

Yk+1€By
Upper bounds (v2): The obtain s, the linear minimization oracle (LMO) solves the

following linear optimization problem:

Crggovf(wk) (s — zx), (A.3.29)

of which the Lagrangian dual gives

max L(w) = max min {f(xk)T(s — ) + wC(s)} . (A.3.30)

w>0

By the optimality condition, for any fixed w we obtain the following at s,:

Vf(zg) +wVC(s,) =0. (A.3.31)
By solving the optimality equation we have
S5 = VO*(_VZ:(Q:’“)), (A.3.32)

where VC* is the conjugate of VC with 1/L.-strong convexity and 1/p.-strong smooth-
ness. We denote by w* the optimal solution to (A.3.30). Since the set () has non-empty
interior, by Slater’s condition [80] w* gives the same optimal value as (A.3.29). Hence by
plugging (A.3.32) into (A.3.29) we have
-V
V f ()T (56 — 2p) = V()T (vc* <f(“)> - xk> | (A.3.33)

w*
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To derive the upper bound, we denote d = V f(z;) and maximize the left hand side
of (A.3.33) over d. Note that d = —VC(p) - w* for some p € @ by (A.3.31), we have

—d
Vf(xk)T(sk — .CEk) S chélleT (VC’* <m> — .Q?k)
< max —w*(p — x1) "VC(p). (A.3.34)
For any k > 0, we have

f(Ye1) = min f(@pp1 + h(Sk41 — Thy1))

5k+16Q
hel0,1]
. . h2L; ,
S min (k1) + AV [ (@hs1) " (Sk1 — Tp) + T||5k+1 — T | (A.3.35)
nefo.]
: T h2Lf 2
< f(Trs) + hfen[%ﬂ] AV f(Thy1) (Sky1 — Trgr) + 5 [$k41 — Tt | (A.3.36)
2
(V@) (51 — 2411))
< f(x — . A.3.37
< f{@in) 2L¢||sk41 — Traa || ( )
By Lemma 1 in [31], we proceed to derive
2
|l Trir — s
Vi (zean) (s — o) < L0 =0y g gy (A339
By plugging the above inequality into (A.3.35) we have
2V F(x 2
Frs) — flan) < =2 [V 7ol k1 = s
32L;
© 2|V 2
< e v - Vel
©  pz|Vf(@re) |12 1 2
< - 32L;L? VC(g41) + Evf(fﬂkﬂ)
2 2
PV ()1 2
- T | VO + V@) (4339
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where (b) follows from the L.-smoothness of set (), and (¢) is due to the optimality conditions.

Then we can conclude the improvement on the upper bounds aas follows:

AUk — AU, = A [ (Y1) — A f (yk)

= A1 (f(Wrg1) = f(@rg1)) — A (F () — f(@rg1)) + g1 f(Tps1)

(A‘i‘?’g) _N?;AkHHVf(karl)”Q
- 32Lngw*2

— A (f(ye) — f(@rg1)) + argr f(Tr1a)
HeAra |V S (i) P

- 32Lszw*2

+ AV (@) (@ — vk) + e f(Tr), (A.3.40)

|w*VC (@ri1) + V far4)]”

|w*VC(xp41) + vf(karl)H2

where (A.3.40) comes from the convexity of the function f.

Lower bounds for f(z*): We define the lower ball B, at iteration k as a relaxation set

containing () due to the strong convexity property:
k
B, = {x €eQ:> 5 (C’(xl) + VO(z) " (x — 2;) + %Hx - :E,||2> < 0} ) (A.3.41)
i=0

where 7; > 0 for i € [n], and we denote Iy = X% ,1;. Since f is L.-strongly smooth, we
have for any k£ > 0

Cx) < Cla) + V() (x — 7:) + L;Hx il (A.3.42)

which implies B, C @ for all £ > 0. In fact, let dj, = Zf:o a;V f(x;), By, characterizes a ball
centered at O, with radius r;, where

0= (s VO, (A.3.43)
o J 220 (go HVCLe) = Lc%)) g (C(a:i) — VO(zi) T + %II%IIQ). (A.3.44)

By the convexity of f we have for any u € Q and i € [n],
fu) > fla:) + V(@) (u— ). (A.3.45)

Similar to the argument in [23], we assign to each each iteration k a weight a; > 0 and

denote by A = Zf:o a; the cumulative weight of all iterations up to k. Furthermore, we

75



consider the lower bound by averaging the bound for each i € [k] with weight A—
k

k

flu) > — > Qi (f( )+ V() (u— xl)) : (A.3.46)

Taking © = x* on the left-hand side and minimizing over v within the lower ball B, on the
right side yields f(z*) > Ly, the lower bound at iteration k, where

Ly = Ak uegi Z Q; ( )+ V() (u— x,))

k

- > (flxi) + Vi) (e — ) (A.3.47)
i=0

Thus we have the following monotonicity on ALy, for k € [n]:

Apy1 L1 — ALy, = Mkﬂ(ﬁkﬂ) — My, (vy,)

= My (Vp41) — Mi(vg) + arpa {f(l”kﬂ) + Vf(@re1) " (Wppr — $k+1)}

k
© Z Vf( % Uk+1 — V) + Qg1 f(Try1) + 04k+1vf(37k+1)T(Qk+1 — Tpy1)
i=0

(A.3.48)

(b) k41
> Z @iV f(2:) " (01 — Tar1) + apar f(Tas), (A.3.49)

where (b) uses the minimization property of the Frank-Wolfe oracle. Another way to proceed
on this is as follows.
Lower bounds (v2): We define

Zozl (f(x:) + V() (v =) (A.3.50)
By the convexity of f we have for any u € @ and i € [k],

fu) > f(:) + V() (u— ). (A.3.51)

Similar to the argument in [23], we assign to each each iteration k a weight a; > 0 and
denote by A, = Zfzo a; the cumulative weight of all iterations up to k. Furthermore, we
consider the lower bound by averaging the bound for each i € [k] with weight %:

k

Z D (fa) + V() (u—20)). (A.3.52)

=0
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Taking u = x* on the left-hand side and minimizing over u set () on the right-hand side

yields
1 k
fla) 2 5-min 3o (f(@) + V(@) (w—2))
.
=1 min my(u). (A.3.53)
We also denote the minimizer of my(u) over @ by vx = argmin, my(v). By definition we
have
flz™) > L77”L1c+1(vk+1) =1 i {mk(v) + a1 f (@hg1) + V() T (0 — $k+1)} :
T Apn Ajyq veQ

(A.3.54)

By considering the Lagrangian of the right hand side of (A.3.54), we define

1
Aps1

and the economic function will be

o) = min {1 (0] + v o) + 9 o) (0= 000)) +3C(0) |

Lipr(v,A) = —— (ma(v) + apar f(@ri1) + VF (@r01) (0 = 241)) + AC(v),  (A.3.55)

v k+1

(@ 1
<

< Mpq1(Vey1) < f(27), (A.3.56)
k+1

where (a) comes from the weak duality of Lagrangian formulation. According to the strong

convexity of set (), we proceed to obtain

in ) 7 (me(®) + anaf (o) + VS (@) (0 = 201))

i 1
g(A\) > min {A

Y k+1

2 (O + VOE) T —m) + o — i) }

1=0

+

>

1
= min mgii\c(v). (A.3.57)
Appr v

We denote the minimizer of m] ™ (v) by v, = argmin,m{™“(v), and naturally define a

lower bound for f(2*): Ly := 1/Az min, m{ ™ (v). By KKT optimality condition we have

k+1 k+1
0= Vomf 39 () = D iV f (@) + A D i (VO () + pre(vr — 1)) - (A.3.58)
=0 =0
Hence
1 k+1
Vi1 = =~ Q; (Vf(l’l) + A (VC(I}) — [Lcl‘,)) , (A359)
)\/“LCAkJrl i=0
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and

)\L W1 (Vf(@hs1) + A (VO (@ht1) = perin)) - (A.3.60)

Ap1Vp41 = Agvy —
By combining (A.3.56) and (A.3.57) we have

M1 (Vk1) > ML (gr) = M) (V) + @r (f(@rs1) + AC(2141))

AfbeQli

+ a1 (VF(@p1) + )\VC('T’H-l))T (Vg1 — Try1) + T”Qk—&-l — Tppa |
(A.3.61)
A
> mf () + 2Py — 0l + g (F(ae1) + AC(2k11)
AlbeCr
+ g1 (Vf(wp41) + )\VC’(ka))T (Vgy1 — Thg1) + & 2k+1 [
(A.3.62)

where (A.3.62) is due to the fact that m{ ™ (v) is a quadratic function minimized at v, with
a total weight of quadratic terms being A\uAg/2. By Jensen’s inequality for the quadratic
terms in the right-hand side of (A.3.62) and (A.3.60) we obtain

fHAC fHAC
M1 (Opsr) =m0 (vg)
2
S At Ayt Ap Q41
=5 QkH—A Qk—A Lk+1
k+1 k+1

+ Qg (f(ﬂﬂkﬂ) + AC(w11) + (Vf(@r11) + AVO(2r41)) " (Vs — $k+1)) (A.3.63)

2
_ o %% 2
= gt || Y @i1) + AVC ()|

+ o (f@cm) FAC(akin) + e (VS k) + AV (o) (e~ >) .
(A.3.64)

Therefore, we have the following for the improvement of the lower bounds for any k£ > 0:

Jr)\C(

c
A1l — Arly, = mﬁri\ (Vkt1) — m{: Uy)

2

Ay 2
——= || Vf(z + A\VC(z

= T N iAr || f( k1) ( k+1)||

Ay,
Ajt1

+ o (f(xk+1> FAC(rs) + (T F () + AV () (4 — >) .

(A.3.65)
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A.4. A New Variant of Frank-Wolfe with Adaptive Step-
sizes
In this paper, we design an “accelerated” method to solve the minimization problem
min f(z) + h(z) (A.4.1)

We assume the function f to be smooth and convex. This means, for all z,y in the domain
of f+h,
The function h is convex, potentially non-smooth, for which we know its dual function,

h*(d) = max s'd—h(s), Vh*(d)=arg max s'd—h(s), de&dom(h*).
sedom(h) sedom(h)

In usual cases, the function h is the indicator function of a constrained set C. Indeed, the
following problem,
min f(z) st. z€C, (A.4.2)

can be formulated as (A.2.2) using the indication function

0 if v € C,
h(aj) _ I r

+00 otherwise.

Again, in the constrained case, the dual of h is strongly linked to the linear minimization
oracle (LMO) of the constrained set, defined as

LMO(d) = arg Inelél s'd.

Clearly, LMO(d) = Vh*(—d) and h*(d) = LMO(—d)Td. The output of the LMO, which

corresponds to the gradient of the dual function h, is called the Frank-Wolfe (FW) corner.
We assume the function h* to be isotropically smooth and strongly convex.

Definition A.4.1. Isotropic smoothness and isotropic strong convexity. The func-

tion h*(x) is isotropically smooth and strongly convex if the function is smooth and strongly

convex for all inputs of unitary norm, i.e.,
K * * Lh
3 ldi = | < [[VR7(di) = VR (do)|| < 7 lldy = ol [ldul} = fldal] = 1.

In the next section we give an intuition of this assumption, as well as some examples.

A.4.1. Directional Smoothness and Directional Strong Convexity

Directional smoothness and directional convexity play a central role in the design of the

accelerated conditional gradient method.
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We first recall the classical accelerated gradient descent (AGD) from [59],

L
Trer = argmin £ (ye) + Vi () (2 = ) + 5[l = ull® + (o),

k
v = argmin S ou(F() + V)& — 90) + A(2)) + g lle — ol
=0

Ykt1 = Ber1Zat+1 + (1 — Brs1)Vkt1,

where h is a convex, potentially non-smooth function, whose proximal operator is “simple”,
i.e., the two first steps can be computed easily. In the proof of convergence, the step in vy,

can be written as
1 * k
Vg1 =V (h + 5’\5’7 - 930H2) (dis1)s i1 = YoV ().
i=0

Let h = h+ llz — xo||*. Adding a regularization to i makes h strongly convex.

A classical result from convex optimization states that, if a function h is strongly convex,
then it’s dual is smooth. Thus the dual h* is a smooth version of h*. This trick is called the
smoothing technique, see for instance [58].

In the proof of AGD, an important step consist in analyzing how far v, is from v by
using the smoothness of A*. Indeed, since dyy1 = dj + arV f(ye),

[or1 = vill = [IR*(dx + ¥ f () = B (di) || < Ly

V f(yi) |-

In the case of the conditional gradient, we cannot use this smoothing technique, as we
only have access to h*. Assuming we can have equivalent smoothness of h, in the case of
FW algorithm, we can project on the set C.

This specific assumption overcome a principal limitation of the LMO: the output is

independent of the norm of the input, i.e.,
Vy >0, LMO(d)=LMO(ad).

In addition, corners are allowed in the ball-based definition.

A.4.2. A New Algorithm on Smooth and Strongly Convex Sets

We denote the iterate sequence by {4 }32,, and the gradient query sequence by {yx}72,. We
assign to each gradient query iterate k an associated measure a4, a resulted sequence of
increasing scaling coefficients { Ay }32, is define by Ag = 0, Agxy1 = Ag + ag4q for any & > 0.
Let dj, be the accumulated weighted gradients defined by dy, = 0, dg11 = dg + 1V f (Yrr1)-
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Algorithm 5 Accelerated Frank-Wolfe Algorithm over strongly smooth and convex sets.

1: Require: A strongly convex and directional strongly smooth set C C R"; Initial iterate
xo; Number of iterations T'; Averaging weights {a }324; Yo = o = vo.

2: Ay =9 =0,dy = 0.

3 for k=0,...,T—1do

pelldrll+/p2l|delPHAL s L2 pc Ak | dy |

4: A1 =

2L, L2
. _ Agmrtaggivg
5. yk+1 - Ak+ak+1
6:  dpy1 = di + o1V (Yry1)
. T
T: Upyr = argming,ce dp v
. _ ApTptorgives
8 Tk = Aptoia
9:  Appr = Ap + g
10: end for

11: Output: zp

2> H O

Fig. A.1. The set (a) is neither directional smooth and strongly convex, the set (b) is
only directional strongly convex, (c) is only directional smooth. Finally, the set (d) is both
directional smooth and strongly convex.

By a natural choice of the upper bound sequence { By }7°, and the lower bound sequence

{br}%2,, we obtain the following development on both upper and lower bounds.

Ap1Bryr — ArBr = App1 f(@n41) — A f (1), (A.4.3)
E+1 k
Apy1beyr — Axbr = Z Q; [f(yz) + Vf(yi)T(UkH - Z/z)} - Z Q; {f(yi) + Vf(yz-)T(vk - yz)}
i=0 i=0

k

= i1 f(Yrr) + 1 Vi () (i1 — Y1) + D iV (1) T (v — vp).
i=0

(A4.4)

Recall that f is convex, and the LMO of C can be computed efficiently, which means we

have access to the dual of the indicator function, i.e.the support function, of the set C,

00 ifxzdC
Io(z) = # ; I:(d) = maxd’z. (A.4.5)
c
0 otherwise z€C
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To simplify the notations, we define the dual (support function) relative to a point I , and
the FW mapping M as follow,
I .(d) = max d" (s — ), Mg(z,d) = (1 — B)x + fargmaxd’ s. (A.4.6)
’ s€ seC

In this way, the Frank-Wolfe steps in Algorithm 5 can be written as

Yer1 = Moy, /A (T, —dy), (A.4.7)
Tiy1 = Moy, /g (T, —dig1). (A.4.8)

By defining
s*(d) = arggéax d's, (A.4.9)

we also obtain the following connection between the gradient of the support function and
the Frank-Wolfe corner,

Valg . (d) = s*(d) — x. (A.4.10)

Lemma A.4.2. For a p.-directionally strongly convex and L.-directionally smooth set, we
have

2 k 2
fhelldy|| H di41 dy, T Lelldel || drsa d
— <D V) (Ve —vg) < - -
> Tl Taellll =2 + 2 |Tdeall Tl
(A.4.11)

DEMONSTRATION. See Section A.4.5 for a detailed proof. m

A.4.3. Theoretical Results and Analysis

In this section, we present a local rate of convergence when the optimum of the uncons-
trained objective is outside (on) the constraint set. We first impose some mild assumptions
on the objective and the constraint set.

Assumption A.4.3. Suppose that for minimizer x* € C, there exist a constant g > 0 such
that Vf(z*) > g.

In what follows, we show that our Algorithm results in a non-increasing duality gap
sequence defined in Section A.2.

Lemma A.4.4. For all £ > 0, the sequence of duality gaps generated by Algorithm 5

satisfies

Ak+1Gk»+1 S Aka (A412)

DEMONSTRATION. See Appendix A.4.6 for a detailed proof. m
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The rate of convergence of the algorithm is thus controlled by the rate of growth of A;. The
major difficulty is the dependence of ay, thus Ay, to ||dx||. The next lemma shows that ||dy||
cannot be to small too often.

First, from the explicit formula of a4, we have the valid lower-bound

s > a4 Helldill | Awpeclldi]

Now, we show that if at any moment, the norm of the direction dj is too small, then
[ d-sa]] = [l il

Lemma A.4.5. Assume the norm of the gradient is bounded below on the set, i.e.,

G < ||Vf(z)| Vzec.

If at any point we have
Ak,uc

Il < 3/ L5195 el
then for ¢t > k£ we have
At,uc
el 2 5/ TSIV A0l - ]

until

Vil = 5 L“;; Vi)l

DEMONSTRATION. See Appendix A.4.4 for a detailed proof. m

A.4.4. Proof of Lemma A.4.5

DEMONSTRATION. By the triangle inequality,

ksl > na IV F (i)l = il

Using the lower bound on ay,

A el

d >

IV i)l = [l il

Which is equal to

Akﬂic
R e AT )
Asking the parenthesis to be at least equal to /||dx|, i.e.,

Apfhe L[ Agpe
(LngHVf@k)H—wrdkH)zmdku & S ooVl = Vidd,

which leads to ||dgy1]| > [|dk||- m
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A.4.5. Proof of Lemma A.4.2

DEMONSTRATION. By the definition of the directional smoothness we have

dy, di41 ) ( i1 > < dp+1
A L B VS >V, (- - +
€ okt ( HdkH> € okt ( oy GO\ | dpa | [ dje+1]]

2

dey1 di
[drsall lldll

He
+2

b

By (A.4.10) and (A.4.6), we have

dp41
VI (i) = e o =0

di41 >
I —0
G vt ( | drsa|

respectively. Plugging them into (A.4.13) we have

and

2

A1 dp

di_ o He -
ldall [l

-
v — v —_—

)

which implies the desired result. m

A.4.6. Proof of Lemma A.4.4
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[l di|
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(A.4.14)

(A.4.15)

(A.4.16)



DEMONSTRATION. By the definition of the duality gaps, lower bound and upper bound

sequences, it follows that

Ap1Grp1 — AGr = Ak+1<f(fk+1) - f(yk+1)> + Ay (f(?/k+1) - f(l‘k:))

k
= 1V (Wrr1) " (On1 — Y1) — D oV (1) T (Op1 — vk
=0

(a)
< Apnt (f@ier) = fGen)) + AV F(grn) T (Grr — 2)

— a1 VI (Y1) (Ors1 — Yog1) — Z a;V f (i) " (Vk1 — vr)

(®) LAy,
< AV sn) (@1 — yen) + =2 5 wner — v ]

+ AV f (ye+1) " Wrr — @) — a1 Vi (Wrs1) T (Vk41 — Y1)

- Z aivf<yi)T<Uk+1 — Ug)

LyA
5 s = gl

= A1V 1) T (T — Yrsr) +
+ V(Y1) T (Arsr¥irt — Ape — ar1ve) — @1 Vo (Y1) T (Op1 — vg)
k
— >V (i) (vks1 — vx)
1=0

LA
5 e = g |

© AV f (Y1) " (Thr — Y1) +

k
— a1V () T (Orp1 — vi) — > @iV f(yi) " (V1 — on), (A.4.17)

where (a) holds by the convexity of f, (b) follows from the L -smoothness of the objective

Akl’k + A1 Vg
Apta

Let a1 = (1= Mo)ak + e (0k + O(vps1 — vx)) with Ay, 0 € [0,1] for k > 0, then by

plugging in the construction of y;,; we have

f, (¢) holds since we set yg11 = in each iteration.

A1V () T (T — Yrrr)

=V (yrs1)' [Ak—f—l(l — M) Tk + Api A6 (1 — Op) vk + Apr MeOrvg 1 — Agzg — ak;—f—lvk]-
(A.4.18)

By setting A\, = agy1/Agk11, we obtain

AtV f W) T (@hr = Y1) = 106V f (W) T (Ve — or). (A.4.19)
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Similarly, we have in fact

Q41

Th+1 — Yk+1 = Qk(vk-i-l - Uk). (A420)

Aps1
By plugging (A.4.20) into (A.4.17) we obtain

Lia?, 0>
w”ml _ ka2

Ap1Gryr — AGr < a1 (0 — DV f (Y1) | (Vkgs — o) +
24541

k
— > @iV f(yi) " (vkgr — vr).
=0

(A.4.21)
By setting 6, = 1, we have by Lemma A.4.2
Lyag prelldil| || di+1 di ||’

A G — AuCla < s — |2 — He — A.4.22
wriGre = 4G < 5 Sl = ol = S5 G o T e A4

2
< (LngOéi+1 . /vLcHdk”) H dk+1 _ dk <A423)

=\ 240, 2 driall  lldill]]

where (A.4.23) holds by the L.-directional smoothness of set C. Hence when L;L2a} , =
oA |[dil, that is,

pelldill + /sl dil2 + 4Ly L2 e A | dic |

Qg1 = 2L, 12 (A.4.24)
we are able to achieve
Ap1Grp1 — AGr < 0. (A.4.25)
By the definition of duality gaps, for £ > 1 we have
flay) = f(z*) < Gy < AESO. (A.4.26)
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Annexe B

Supplemental Material for Chapter 2

B.1. Strong Convexity of Sets with Asymmetric Dis-
tance Functions

Before presenting the proof, we introduce the following results, extending known proper-
ties from smooth and strongly convex sets.
Proposition B.1.1. If f is strongly convex w.r.t. the distance function w, then for v € [0,1]

we have

)’YWQ(iU —y) + (1 -y — =)

5 <Af(z)+ (1 —=7)f(y)

JOyr+ (1 =7v)y) + py(1 =~

DEMONSTRATION. Let z, = yx + (1 — 7)y. We start with the definition,
[
F) + (V) 2= 2) + e = 2) < f(2)

f(2) +(Vf(2), ¥y — 29) + %wQ(y —2,) < f(y)

After multiplying by v and 1 — v and adding the two inequalities, we have

Since w?(z — z,) = (1 — 7)*w?*(y — z), and w?(y — z,) = Y*w?(z — y), we obtain the desired

f(zy) +

result. m

Proposition B.1.2. If f is convex and smooth w.r.t. the distance function w, then it holds
that

- (VH@) ~ VW) < F) ~ f(@) — (V) y )

where w, is the dual of the function w, written

)Y max (v, s).

W (U sw(s)<1



In particular, Proposition B.1.2 implies that, if f has a minimum z,, then

Sp (= VW) < f) ~ f) (B.1.1)

DEMONSTRATION. Let the function ¢(y) = f(y) — (Vf(z),y). This function is, by construc-

tion, smooth. Moreover, min, ¢(y) is attained when y = z. Since the function is smooth,

min 6(y) < min6(2) + {Vo(2),y — 2) + 5y~ 2)

Let fu =y — z, where w(u) = 1 and 8 > 0. Then,
2
min 9(y) < min 9(=) + 5(Vo(2),u) +

The minimum can be split into two minimization problems,

min §(y) < §(=) + min (“ B max (~Vo(:). u>) |

Y B>0 2 ww(u)<1

By definition of the dual of w,

Y B>0

: ) 2L
g o(0) < o)+ iy (F = (- 90021 ).
Now, we can solve over (3, which gives us

min 6(y) < 0(z) — 5z~ V().

Replacing the minimum by ¢(x), and ¢ by its expression, we get

Fla) —(Vf(x),2) < F(2) — (VF(2),2) — 502 (V@) = V()

After reorganization, we get the desired result. m

We can now show that level sets of a smooth and strong convex function are strongly

convex sets, when they use the distance function w.

DEMONSTRATION. (Proof of Lemma 1.3.5.)
Consider the set

C={z:[f(x) - f. <R}
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Let z,y € C. Let 2z, = vz + (1 — )y, and consider the point z, + u. We have that

Py ) = o € 1) o+ {VF(2), ) + Z(w),

< f(zy) = fu +w(—u) max (=Vf(z,),v)+ guﬂ(u),

viw(v)<1

= () = Fo e~ V() + Fu(w),

< J(2) — St ruolu)y 2L () — 1)+ F(o)

Therefore, to satisty f(z, +u) — f» < R, we need to ensure that

F(2) = o = Rt sy 2E7 () = [ w(w) + 5(u) <0
= =5

Solving the problem in w(u) gives

w(u)

. B+ VP2
- L

We have that
5 =2 = 2L ((f(2) = [ = 1) + )

Therefore,

V() = £+ () = )2 - 1) + R
VL

—K,
w(u) < V2—
However, since the function is strongly convex,

Yz —y) + (1 —7)w’(y —2)
2

f(Z,Y) — [ < ’Yf(z) + (1 - V)f(y) — [« _,U'Y(l - 7)

<R

Let D, =~(1 — 7)””2(173’)*(;7)”2(%1). The inequality now reads
f(zy) = fe £ R—puD,. (B.1.2)
Therefore, the condition on w becomes

—ku/R— Dy + /(R — pDy) (k2 — 1) + R
VL

w(u) < V2

which gives

w

w(u) < "‘ﬁc\u/\é§ (_, /R — pD., + \J R — (1 - ;) ,uDV> (B.1.3)

To simplify the expression in parenthesis, we multiply and divide by the conjugate of the

square roots to get:
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R—pD,+ R—[1-L)uD ~ (1= %) D, = (R—pD,
<_ﬁJ (-32) ”) W + R f_u;

> .
N ﬁi?\/ﬁ
We can thus strengthen the condition (B.1.3) to:
pDy
wu) < ——.
(w) < KoV2LR

As the definition of a strongly convex set requires w(u) < o, D.,, we conclude that the

level set is strongly convex with at least the constant a, = - \;‘ﬁ. n

B.1.1. Proof of Theorem 1.4.4

Theorem B.1.3. Consider the function f, smooth w.r.t. the distance function w, with

constant L, and the set C, strongly convex with constant «,.
Let §(z) = x — v(z), v(z) being the FW corner
v(x) & argmin(V f(z), v).
veC
Then, if w.(—=V f(z)) > ¢, for all z € C, the function f(z) is directionally smooth w.r.t. to

w, with constant
L,

Cuw a/w

(B.1.4)

Lys<

DEMONSTRATION. We start by the definition of smooth functions between x and ho(z) for
the distance function w. We have for all 0 < h <1

[+ hé(z)) < fx) + MV f(x),6(x)) +

Using the scaling inequality in (1.3.4),

(=Vf(2), 6()) = aww.( = V(@))w(6(@)”

We hence obtain

o+ ho(@)) <F(x) + WV f(z), 8(z)) — ke (VI(@), 0@))

2 aww*( — Vf(ac))

Since w,(=V f(z)) > ¢, for all x € C,
h* L,

2 Q,Cp

[+ hé(x)) <f(x) + h{V [f(z),d(x)) - (Vf(x), 6(x)).

which is the definition of directional smoothness. m
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B.2. Missing proofs
B.2.1. Proof of Proposition 1.7.1

Proposition B.2.1. We define the “local Lipchitz constant” Ly,.(x), which satisfies

—Vf(x),0(x))
[6()I1*

Then, assuming that the local Lipchitz constant is “locally constant", the backtracking line-

Lloc(x) d:ef £f,5 <

search finds Ly < 2L,.(zy), and its stepsize v, satisfies
in<1 ! <
min<1l,—— ¢ < ,.
2£f’6 ’Y‘k
DEMONSTRATION. We start with the definition of directional smoothness,

[z +hé(x)) <f(x) + WV [f(2),0(2)) + [Lrs(=V[(2),0(x))] h;

Writing 1 = ”ggg”é, the upper bound becomes
2

Lrs(=Vf(x),6(x))] h?||6(z)|3
A B R
e (=V/[(z),0(x))
a Lrs(—=Vf(x),6(x
o) = =5
we obtain
f(xk + ha(wk)) Sf(ﬂfk) + h(Vf(SCk), 5(£k)> + Lloc(xk>h2”5(2xk)”%.

If we assume that Lio.(zy) is approximately constant, then Algorithm 6 finds Ly < 2Lj0c(2k)-
Finally, using the definition of 7, in Algorithm 6, we have

=V f(zy)(vg — ) 1}

= min
i &mumW—mw

1
>min{ ——, 1.
_m1n{2£m, }

B.2.2. Proof of Proposition 1.4.3

Proposition B.2.2 (Affine Invariance). If §(x) is affine covariant (e.g. the Frank-Wolfe
direction §(z) £ v(z) — z), then the constant L5 in (1.4.1) is affine invariant. In other

words, let

FOY 2 (B, be() & dpel),
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then ﬁﬁgé = ﬁf’g.

DEMONSTRATION. We start with the definition of directional smoothness, but with z — By.
The upper bound reads

2

F(By) + (h - ) (V£(By), 5(By))

Since we assumed J(By) affine covariant,
3(By) = Bd¢(y)-

Therefore,

L;sh?
2

f(By) + <h — ) (BTV f(By), 0¢(y))

Since Vf(y) = BTV f(By), we have

F(i+hoe(y) < fly) + <h — £f§h2> (Vf(y),0¢(y))

This means the function f is directionally smooth with constant Ly s, which proves the

statement. m

B.3. Backtracking Line Search for Frank-Wolfe Steps

Algorithm 6 Backtracking line-search for smooth functions [63]

Input: FW corner v, point xx, smoothness estimate Ly, function f.
1: Create the optimal stepsize and next iterate in the function of the Lipchitz estimate

V(L) & min { —V () (v — 2) , 1} )

L||vg — z|?

2(L) € (1 = 7.(L)) + 7. (L)wy

2: Quadratic model of f between ) and z(L),

m(L) = f(ax) + (Vf(xx), 2(L) — z) + slll’(L) — x|

3: Set the current estimate L df %

. while f(z(L)) > m(L) (Sufficient decrease not met because L is too small) do
5. Double the estimate : L + 2- L.
6: end while 3 .

Output: Estimate Ly, = L, iterate x5, = x(L)

=
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B.4. Affine Invariant Analysis without Restriction on
Optimum Location

In this section, we propose a modification of the directional smoothness defined in Section

1.4. This new assumption is the basis to obtain an affine invariant analysis of Frank-Wolfe
on a strongly convex set without restriction on the position of the unconstrained optimum
of f, as recently proposed in [31].
Outline. In Theorem B.4.2, we prove a O(1/K?) sublinear convergence rate as in [31] when
the function is modified directionally smooth (Definition B.4.1). In Theorem B.4.4, we prove
that when C is strongly convex, and f is smooth and strongly convex, then f is modified
directionally smooth for the Frank-Wolfe direction with an affine invariant constant leading
to better conditioned convergence rates than in [31]. Finally, in Proposition B.4.5, we show
that the constant of modified directional smoothness is affine invariant.

We now define a modification of directional smoothness. It is a structural assumption
on f constrained on C designed at gathering the strong convexity of C, the smoothness, and
the strong convexity of f into a single quantity.

Definition B.4.1 (Modified Directional Smoothness). Let xy € C. The function f is called
modified directionally smooth with direction function ¢ : C — RY if there exists a constant
L s5(x0) > 0 such that Yz € C,

o Zﬁ(s(fo)hQ
2

f(zo) — f*

f(z +hé(@)) < f(a) +h(Vf(2),6()) OB

(Vf(x),d(x)) (B.4.1)

for 0 < h < 1.

Note that the dependence of x( in the definition of the modified directional smoothness
is an artifact to obtain a dimensionless constant £ (o).

As in Section 1.5, the modified directional smoothness constant £ .5 is affine invariant in
the case where 0 is the FW direction. We now derive an affine invariant accelerated sublinear
rate of convergence of Frank-Wolfe providing an affine invariant analysis of [31].

Theorem B.4.2 (Affine Invariant Accelerated Sublinear Rates). Let 2y € C and assume f is
a convex function and modified directionally smooth with direction function § and constant
L £.6(xo). Then, the iterates x) for the Frank-Wolfe Algorithm 1 with stepsize

b = min {1, 72 [RE Y with 6 = ofe) — o,

or with exact line-search, where v(z) is the Frank-Wolfe corner

v(x) = argmin(V f(z), v),

veC
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satisfy

4(f(xo) — f*) max{l, 1823”,5(330)}

f > 0.
(i +2) or k>0

flar) — f7 <

DEMONSTRATION. The proof is similar to that of Theorem 1.5.1. We hence start with the

modified directional smoothness assumption on f. For 0 < h < 1,

Lysh? | f(xo) — f*
2\ flog) = f*

After minimizing over h, we have two possibilities. The case with exact line-search follows

f<$k+1> <f(wg) + (h - ) (Vf(zk),o(xy)) (B.4.2)

immediately after these two cases. In the following, we use the notation hy def f(zy) — f* for
the primal suboptimality at 2y, and g, < (=V f(xy),d(xy)) for the Frank-Wolfe gap at xy,
(and note that gx > hy by convexity).

Case 1: hop = Efygl(xo)’/f‘gs;:ﬁ‘ In such case, we obtain (subtract f* on both sides of

1 [h
h < hy — — — Gk,
B+l S Nk 2£f,6 ho 9k

and since the Frank-Wolfe gap gx upper bounds the primal suboptimality, we obtain

the inequality)

1
SPETN ARL
k+1 > 1tk 2£f}5\/h_0 k

Case 2: With hqp, = 1, we have

Lss |ho
hii1 < h — [ — )
k1 S k+( 9 hk) Gk

In that case, we have that ~—L— /%«
Ly s(xo) V ho

hiepr < hie — 59k < 3P

> 1. Hence we obtain

Finally, we have the following recursive relation on the sequence of primal suboptimality
(hk)

1
hiss < I - {,1_~\/h}
E+1 > N - INax 5 2£f75\/h_(] k

1
:hk-maX{Q, 1—M\/h:}, (B.4.3)

df 1 The inequality (B.4.3) is exactly the same recurrence that was

£,6(@0)Vho
analyzed by [31] (see their Equation (7), with the same notation for M), where they have

shown a O(1/K?) convergence rate. The exact constant is obtained by following the very
same proof as [31], i.e. proving by induction that there exists C' such that h, < C/(k + 2)%.
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The base case k = 0 can be trivially obtained by letting C' > 4hg.> Their induction step was
shown by requiring that C' > 1%. Thus using C' = max{4ho, ;35 } (and re-arranging) proves

the statement of our theorem. m

The following lemma will be used in the proof of the bound on the modified directional
smoothness.
Lemma B.4.3. Consider a compact convex set C. Assume f is a p,-strongly convex function

with respect to w. Let £* be the minimum of f on C. Then, for any x € C, we have

(V1)) 2 BT @) = F), (BA.4)

DEMONSTRATION. Let z € C. From Definition 1.3.3, we have that
* * * :uw *
f(@) = f@) +(Vf(a7), @ = 2") + Trw(z — o),
Hence with the optimality conditions, i.e. (Vf(z*), x —z*) > 0, we have

flz) — fa*) > %wQ(:ﬂ — ). (B.4.5)

By convexity of f, we have (x —z*, Vf(z)) > f(x) — f(2*), and by definition of the Fenchel

conjugate, we have

wle —a") - w(Vf(2)) = (& — 2", Vf(x)) > fl) = (o).
Hence by plugging (B.4.5), we obtain (B.4.4). m

We now prove Theorem B.4.4 that is similar to Theorem 1.4.4. It states that in the
case of the FW algorithm, the modified directional smoothness constant is bounded if the
function is smooth, strongly convex and the set is strongly convex for any distance function
w. It also provides an explicit upper bound on the modified directional smoothness constant.
This bound implies that the convergence rate in Theorem B.4.2 is better conditioned than
existing results [31].

Theorem B.4.4 (Bounds on modified directional smoothness). Consider zy € C and a
function f, smooth w.r.t. the distance function w, with constant L,,, strongly convex w.r.t.
the distance function w, with constant pu,, and the set C, strongly convex with constant
a,. Let 6(x) = z — v(z), v(z) being the FW corner. Then, the function f(z) is modified

directionally smooth w.r.t. to §, with constant

N 2L, 1
Lya(xg) <& v2

!Note that [31] use a different argument for the base case, bounding instead hy with L - diam(C)?/2, using
the Lipschitz smoothness of f (and this would become C/2 in its affine invariant formulation with C as
defined by [43]). However, we believe that hg is usually smaller than C in applications, and in any case hy
appears from 1/M? for us, so using our different base case argument is more meaningful.

(B.4.6)
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DEMONSTRATION. Let h € [0,1]. With the smoothness of f, we have

h*L,, 2
o+ o)) < f(a) ~ (=Y (@), 3(a)) + e (3(2)”
Recall that when §(z) is the Frank-Wolfe direction, we have that the Frank-Wolfe gap g(x)

is equal to (—=V f(z), 0(z)). Also, the scaling inequality for strongly convex sets (Lemma
1.3.6) implies that w(d(2))* < g(x)/(a,w*(—V f(x))), so that
h*L,  g(x)
2a,, w*(=V[(x))

Now, it is easy to see from the definition of the dual distance w, that is has the same
bounded asymmetry constant as for w, and thus w*(=V f(z)) > iw*(Vf(x)). Thus we
apply (B.4.4) to obtain:

f(x+hé(x)) < fx) = W=V f(z), 6(z)) +

B2 kAL, flzo) = I
2 iy f(xo) = [+ \JF(2) = f*

[z +hi(x)) < f(x) — hg(z) + (z),

which implies equation (B.4.6). m

Theorem B.4.4 shows that the conditioning of convergence with the directional smooth-
ness, which does not depend on any norm choice, in Theorem B.4.2 is better than conditio-
ning of other analysis [31]. We now prove that the optimal constant of modified directional
smoothness L .5 1s affine invariant, a result similar to Proposition 1.4.3 for the directional
smoothness constant.

Proposition B.4.5 (Affine Invariance of Modified Directional Smoothness). Consider C a
compact convex set and f a convex function on C that is modified directionally smooth w.r.t.
6(x) with constant L 5(xo) (with zo € C). If for any x € C, §(z) is affine covariant (e.g. the
Frank-Wolfe direction 6(x) £ v(x) — x), then the constant L5 in (B.4.1) is affine invariant.

In other words, for an invertible matrix B, let
f() £ f(B),
then ﬁﬁgé(xo) = L5(y0), where yo £ B~ .

o() £ dp-1c(t),

DEMONSTRATION. Let y € B~!-C. Applying the definition of directional smoothness for f
at By, we obtain

~ 2 _ fx

F(By+13(5) < 1(89)+ W9 1(B), 8080 - 22509 1), 550 L=
(B.4.7)
Similarly to Proposition 1.4.3, we have that Vf(y) = BTV f(By) and §(By) = Bds(y) so

that

(Vf(By),d(By)) = (Vf(By), Bés(y)) = (B"V f(By)., ¢(y)) = (Vf (1), d¢()).
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Hence (B.4.7) and f* = f*, implies that for any y € B! -C

_ Zfﬁ (xo)h2
2

f~(yo) — f*
fy) =1+

Hence, f is modified directionally smooth on C £ B~'-C with respect to ds and L fygc_(yo) <

Fly+hoe) < fly) + MV f(y), d¢(y)) (Vf(y), dc(y))

L 5(x0). A similar reasoning concludes that the two constants are equal. m

B.5. Related Work Details

[48] propose an affine invariant analysis of the vanilla Frank-Wolfe algorithm when the
unconstrained optimum z* is in the relative interior of the constraint set C and f is strongly
convex. Hence, the analysis applies when the constraint set is a strongly convex set, and
the quantity might be defined in our context. However, the affine invariant constant pScFW)
standing for the strong convexity of f is zero whenever the optimum is not in the relative
interior of the constraint set C. Indeed, Equation (3) from [48] define the following affine
invariant quantity

u e it S - @) - (V) - )]
5=5(x,2*,C)
y=z+7(5-2)
where §(x,2*,C) = ray(xz,z*) N 9C. When z* ¢ C, we have MSCFW) < 0 since there are some
point x € C such that x € s(z, 2*,C), and thus we can take § = z in the inf, yielding y = x
with v > 0. This means that the above quantity cannot be easily generalized to the setting

we studied in Theorem 1.4.4 where the unconstrained optimum is assumed to be outside of

C.
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Annexe C

Supplemental Material for Chapter 3

C.1. Robust Symmetric Multisecant Algorithms

Algorithm 7 Type-I Symmetric Multisecant step

Input: Function f and gradient V f, initial approximation of the Hessian B,f, maximum
memory m (can be 00), relative regularization parameter A.

. Compute gy = V f(x0) and perform the initial step x; = Xo — B.;go

:fort=12,...do

Form the matrices AX and AG using the m last pairs (z;,V f(z;)).

Compute the N direction d as d;, = —B~'g,, where

—1
B =E (% - Z:B.{z]) E"+(I-P)B{(I-P),

ref ref
[U,X,V;] = SVD(AX, ’econ’)
Z, =S© V] (AXAG" + AGAX" + ABy) V1|,
1
1T 11172 1 a7
P=V, V]
Zy = (22 + M) 'VI(AXAGT + \Z,)(I - P)
E=V, - (1-P)Z_{Z].

ref

S

5:  Perform an approximate-line search: x;;; = x; + h;d;, h; ~ argmin,, f (xt + htdt).
6: end for




Algorithm 8 Type-II Symmetric Multisecant step

Input: Function f and gradient V f, initial approximation of the Hessian H,e, maximum
memory m (can be co), relative regularization parameter .
: Compute go = V f(zo) and perform the initial step x; = xg — Hyetgo
:fort=12,...do
Form the matrices AX and AG using the m last pairs (z;,V f(z;)).
Compute the gN direction d as d; = —H 'g,, where
H=V,Z, VI +V,Z, + ZIVT + 1 -P)H,(I - P),
[U,X, V] = SVD(AG”, ’econ’),

Z, =S © [V{ (AGAX" + AXAG” + MH,e) V1|,
S _ 1
¥2117 +117%2 + \117”
P=V, V]
Zy = (X2 + M) 'VI(AGAXT + A\Z.y)(I - P)

5. Perform an approximate-line search: x;,; = x; + h;d;, h; ~ argmin,, f (xt + htdt).
6: end for

100



C.2. Positive Definite Estimates
C.2.1. Schur Complement and Robust Projection

We quickly discuss here a strategy to make the estimate H or B™' positive definite. If
we rewrite Z from Theorem 2.4.1, we have
A
Z, = argmin [|ZA — D% + Z||Z — Zeetl| 5,
Z:ZT 2
where the matrices Zs, Z..t, V1 are defined in 2.4.1, and the matrix P = VlVlT is a projector.
Let V3 be the orthonormal complement of Vi, ie., I = P = V,VI. We can write Z, as
follow,
Z, 7Z,V,
V3Zy V3ZwiVo

By the Schur complement, the matrix is positive semi-definite if and only if

Z. = [Vi[V,] [ Viv,]"

V2IZ.4Vy =0 and Z; — (ZoV3)(Va ZeetVa)(ZaVa)T =0

Since Vng = I, and because we start with a positive definite Z,., the only condition is
Z, = Z27.Z). The matrix Z, is small (m x m) and symmetric, therefore the projection of
its eigenvalues to ensure the positive definiteness is cheap.

To project the matrix, let the variable x and xo = Z; — Zngefzg. We have to solve

min [|x = xollr st x = ol

This way, we ensure that Z > o. Let UAU? the eigenvalue decomposition of x. the solution
X reads

X = Umax{A, oI}U" (maximum element-wise).

We retrieve the modified matrix Z; as
ZT = X~ + Z2Zrefzg-

We call this projection "robust" as we project the matrix s.t. the eigenvalues of Z are strictly

positive, if o > 0.
C.2.2. Robust Positive Definite Type-I Multisecant Update

We propose here a Robust version of the Multisecant Type-I update. The major stability
problem in the Type-I update is the lack of guarantee that the eigenvalues of Z (i.e., B) are
away from zero. This means, when we will invert Z, the eigenvalues of the matrix can be
arbitrarily large. On the other side, large eigenvalues of Z are not a problem, since after
inversion they will be very close to zero. That means we do not need to compute a regularized

version of Z, i.e., we do not need to set A > 0 to compute Z.
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All together, we propose the following strategy: We compute all required matrices to
form Z, ', but can replace the matrix Z; by ZJ. This controls the norm of Z_ ', and ensure
its positive definiteness. We let the detailed analysis of the robustness of the method for

future work.

C.2.3. Robust Positive Definite Type-II Multisecant Update

Here, the idea is simpler. As we already have the robustness property, it suffice to use
the matrix Z7 directly in the update formula of Z,. Again, we let the detailed analysis of
this method for future work.
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C.3. Preconditioned Updates

We discuss in this section several strategies for the choice of the preconditioner W, pre-
sented in Section 2.3.4. We present here the example for the Type-II method, but everything
also applies to the Type-I. We recall that the preconditioner matrix W is an estimate of the

Hessian, and is applies as follow,

M = WHW! "
Then, we solve the problem with W™*AX instead of AX, and with WIYAG instead of
AG. The estimate H is then recovered by solving H = W MW@~

C.3.1. Last estimate

Since we have computed all matrices Zy, Zs, ... for form Hy_, it is easy to form W =
H, ; and W = H,;ll to create Hy, given Theorem 2.4.1. Since we only have access to H

or H™!, we have to set « = 1 or av = 0.
C.3.2. Successive Preconditioning

As before, we can use the information stored in the secant equation to compute the
preconditioner W. However, instead of using the previous secant equation, we use the
current ones. We have two possibilities here: we can either use the Type-1 approximation
to compute W, or the type-II, then compute H with this preconditioner. For each of these
possibilities, we can use W on the left, or the right of H. At the end, we have 4 possibilities:

W = Procrustes(AX, AG, H,),

H = Procrustes(W 'AG, AX, H,;;W)W (Type-1, o = 0),

H = (W) 'Procrustes(AG, WAX, WH,) (Type-I, a = 1),
W ! = InvProcrustes(AG, AX, H_}),

H = Procrustes(W 'AG, AX, H,;;W)W (Type-1I, a = 0),

H = (W) 'Procrustes(AG, WAX, WH,) (Type-1I, o = 1).

In fact, we can iteratively compute several W (since the SVD is already computed, it’s
only a matter of matrix-vector multiplications). We give here the example of the Type-I,

a = 0 preconditioner,
W,L- = Procrustes(W;llAX, AG, HrefWi,l)Wi,l or W,L = W;llProcrustes(AX, Wz;lAG, Wileref)

We do not know if this process is convergent, or if it is useful to do several iteration to

find the preconditioner. We let these investigations as future work.
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C.3.3. Semi-Implicit Preconditioning
We discuss here a semi-implicit strategy, inspired by the preconditioner of BFGS and
DFP. Indeed, we assume that there exist a matrix W such that
WAX = AG.
In such case, we have 4 possibilities for the preconditioned secant equations,
(WH)AG = WAX,
(HW)W 'AG = AX,
(W™IB)AX = W AG,
(BW HWAX = AG,

which gives, if we use the implicit property of W,

(WH)AG = AG,
(HW)AX = AX,
(W'B)AX = AX.

(BW)AG = AG,

We give here the example when W multiplies the secant equation on the left. We left
the full study for future work.
Theorem C.3.1. The solution of the Type-II semi-implicit preconditioned update is given
by
HIEiI?T IWH — H,)|| st. WHAG = AG (C.3.1)

where AG is a full column-rank matrix and H,.f a symmetric matrix is given by
H=W ' AGT'AG'TW ™ + (I -P)) " H,((I - P)) (C.3.2)
where
T, = AGTWAG, and P; = AGT'AG"W™! is a projector.
The Type-I solves instead

min [|[W (B — B,)|| st. W 'BAX = AX,
B=BT

whose inverse reads

B! = AXT,'AX” + B} - BiWAX(AX"WB_WAX) 'AX"WB_;

ref = ref ref ref

where

T, = AXTWAX.
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The major problem here is to obtain the matrix W or W™, which can be approximated
using one of the two techniques presented in the previous subsections. Moreover, it would

be interesting to consider a robust version of the preconditioned update.
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C.4. Generalized N step

We describe here the generalized qN update (Algorithm 9) and N step (Algorithm 10).

Algorithm 9 Generalized qN direction

Input: Matrices AG, AX, regularization )\, reference matrices H,of = Br_e%, direction w.
Parameters: Loss function £, Regularization function R, constraint set C.
1: Solve the problem

A

B = argmin £ (BAX, AG) + ER (B, Byet) (Type-I)
BeC

H = argmin £ (HAG, AX) + ;\R (H, H,f) (Type-1I)
HeC

Output: gN direction d = B~'w or d = Hw.

Algorithm 10 Generalized N step

Input: Sequence of m + 1 pairs iterates-gradient

{(x0,90), (X1,91)s -+ -5 (Xm, Gm) } where g, = V f(x;).

Parameters: Matrix of differences C € R™T5™ of rank m, vector of coefficients v €
R™*! such that

17..Cc=0, "1, =1

1: Form the matrices AX and AG as
AX =XC, AG=GC.

N

: Form the gradient direction w as

w = Gov

w

. Call Algorithm 9 with AG, AX w (and other parameters), and retrieve the qN direction
d.

4: Form the next iterate x, using approximate line-search,
x. = Xv —h'd, where h* ~ argmin f(Xv — hd).
h

Algorithm 10 is inspired by the fact that, if Q is the true hessian such that
Q'G=X-X,, where X, =x,17,
when, if H~ Q™' (equivalently B0~ ~ Q™ '), we have

X -HG = X,.
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Multiplying both size by v, where v11 = 1, we have X, v = x, and

(X -—HG)v = Xv — Hw ~ x,.

Generalized qN step
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C.5. Convergence analysis on quadratics

We now analyze the convergence speed of the generalized qN step (Algorithm 10) when

applied on a quadratic function.

C.5.1. Setting

Objective function. We consider the minimization problem

min f(x) = ;(x -x)TQx —x,) + f.. (C.5.1)

-

Notice that C.5.1 is equivalent to f(x) = xTQx + bTx + ¢, but the notation in (C.5.1) is

more convenient. Since the function f is quadratic, we have the following relations,
QAX = AG, QX -X,)=G. (C.5.2)
Algorithm. We consider the algorithm

Xpr1 = (Xe—HiGg)vg, where X = [20, ..., 2%), G =1[g0, - ., 0r), UV 1lpy =1,
(C.5.3)
and Hy, is formed by Algorithm 9.
Assumptions. We assume
e The spectrum of the true Hessian Q is bounded by /1 < Q < LI, 0 < ¢ < L.
e (Simplifying assumption) We use only the notation Hy for the approximation of the
inverse of the Hessian at the iteration k, in opposition to making the distinction
between Hy and B;'.

e We assume that the qN approximation satisfies ezactly the secant equations, i.e.,
H,.AG, = AX,.

e The qN method is used with full memory, i.e., X contains all iterates from 0 to k
and grows indefinitely.
e The matrices AX and AG are full column rank.

C.5.2. Generic formula of H

In the case where H satisfies exactly the secant equation, the generic formula of H reads
H, = AX,AG| + 6,(I-P;), P, =AGAGI, (C.5.4)

where O is a matrix that depends on the initialization H,., the constraints set C and the
regularization function R (but not on the loss since H satisfies exactly the secant equations).

The notation AG! is any left pseudo-inverse of AG that satisfies
AGIAG, =1,
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which exists since AGy is full column rank. The matrix P is a projector such that
PAG = AG and P? = P, which is not symmetric because it’s not an orthonormal projec-
tion (unlike most projection matrices). Finally, the matrix H depends on the initialization
and constraints of the qN method.

Indeed, if Hy, satisfies (C.5.4), we have that Hj, satisfies the secant equations since

HAG = AX, AGIAG 46, (I - P,)AG = AX.

=I =0

C.5.3. Independence of v

We first show that the generalized qN step (C.5.3) is (surprisingly) independent of the
choice of v. We omit the subscript k in this section for simplicity.
Proposition C.5.1 (Invariance under v). Let X, and x; be formed by (C.5.3) using resp.

v and v. Then, x = x.

DEMONSTRATION. We first write the difference between x, and X, ,

Av

However, Av = v — v is a vector that sum to 0. Since C is a matrix such that

1"C =0, C is full column rank,

this means C is a basis for all vectors that sum to zero. Therefore, there exists a vector of

coefficients a such that Ca = Awv. Rewriting the difference, we obtain

However, GC = AG and XC = AX. Since HAG = AX, the difference is zero, which prove
the statement. m

C.5.4. Krylov subspace structure of the iterates

Before proving the rate of convergence of the qN step, we show that the iterates follows
a Krylov structure.

Proposition C.5.2. Assume that, for all i =0...k, we have
x; € X + Hspan{V f(x0), ..., Vf(x;_1)}.
In such case,

X — Xy € X0 — Xy + Span{I:IQ(XD - X*)> (I:IQ)Q(XO - X*)? ) (I:IQ)i_1<X0 - X*)}
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DEMONSTRATION. We prove the result iteratively. For ¢ = 0, we have
xg — X, = I(xg — X4).

For i = 1,
X1 — Xy € X9 — X, + Hspan{V f(x¢)}
Since V f(xo) = Q(xo — %),
X; — X, € Xo — X, + Hspan{Q(x, — x,)} € x0 — x, + span{HQ(x( — x,)}.
For i = 2,
X1 — X, € Xo — X, + Hspan{Q(xo — x,), Q(x1 — x,)}
€ Xy — X, + Hspan{Q(xo — x,), Q (x0 — x, + span{HQ(xo — x,}) )}
€ %o — %, + Hspan{Q(xo — x.), Q (AQ(x — x.) )}
€ xp — X, + span{HQ(xo — x,), HQ (HQ(x) — x,))}
€ xo — X, + span{HQ(xo — x,), (HQ)*(x0 — x,)}

We can repeat the process up to i. m

C.5.5. Rate of convergence

We now analyse the rate of convergence of algorithm (C.5.3) in term of the distance to
the solution.
Theorem C.5.3. Assume that, for all 7 = 0...k, we have

x; € Xo + Hspan{V f(x0),..., Vf(zi1)}.

Moreover, assume that

Q|
I(HQ)~!|
In such case, the accuracy of the k£ — th N step is bounded by

HQ is psd, and xk = is bounded.

k

1 —vk!
X — X%/ <|I-H _— X — X4
o= < - 1] (1Y) x|

DEMONSTRATION. If we expand the expression, we obtain
Xk+1 = (Xk - Hka> UV — X,,
= (I — Hka) Vg,
= (I-HQ) (X — X,) v (C.5.5)
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By Proposition C.5.1, we can take any vy such that 71 = 1. In particular, we chose v;, = v}
such that
v & argmin || (X, — X,) v|[2
viwT1=1
Therefore,

19 (xp)ll < T = HLQY | (X — X)) = T = Fell - mmin | (X4 = X.) o]

By definition of (X; — X, ), we have

(Xp — X)) vp, = <Z v; (X0 — X, +span{V f(xo), . . . avf(Xi)})> :

=0

Since v sum to one,

(X — X)) v =% — X, + (io vispan{V f(xo), . .. ,Vf(xﬁ}) :
By definition of a span, 7
(X — X,) vg € X9 — X, +span{V f(xo), ...,V f(x;)}.
By Proposition C.5.2,
(Xp, — X,) vp € x0 — x, +span{HQ(xy — x,.), (HQ)?*(x0 — %), ..., (HQ) (%o — x,)}.

Notice that, because G is full rank the span is a basis, therefore there is a one-to-one
correspondence between the span and vy (i.e., there exists a unique vector vy such that

v]'1 = 1 such that (X — X, )wy, is a vector of the span). Using the definition of the span,

(X — X,) v, = I (HQ)(x0—x,), I is a polynomial of degree at most k, such that II(0) = 1.

Therefore,
< |IT = . i i _
IVFGoken)| < IT-HQ) - onin [T (HQ) (50 — )
Now, assume that HQ is symmetric, p.s.d., and let s be its condition number, i.e.,
T
I(HQ)™|

Then, standard result from Krylov subspace gives the bound

=1 | (FQ) (%0 — x| < (1 _ \/F>

min
IT:deg(IT) <k, II(0

for k < d, and converges exactly to 0 when k > d, which prove the statement. m
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C.5.6. Example of qN method satisfying the assumptions

We show here that standard qN method satisfies the assumptions of Theorem C.5.3. We
first show a simpler condition for the method that ensure it satisfies the assumptions of
Theorem C.5.3.

Proposition C.5.4. Let H be any matrix that satisfies the secant equation, which means
H=AXAG' +0(I-P), AG!': AXAG'AG =AX, P:PAG =AG.

If
O(I — P)Gv € Hspan{G},

then x, € xo + ﬂspan{G}. Moreover, if H is symmetric positive definite then the method
satisfies the assumption of Theorem C.5.3.

DEMONSTRATION. We start by expanding the generalized gN step,
x; = Xv — AXAG'Gv — (I - P)Gw
=X (I- CAG'G)v-6(I-P)Gv

=Xw—-0(I-P)Gv.
Notice that 17w = 1, since
1"w =1" (1- CAG!G) v = 1"y~ 1"CAG'Gw.
= %

We now show the property recursively. The property is true at xp, and assume it’s true up
to k. Therefore,

k k k
Xw = X,w, = Z wW;X; € Z w; X + Z w;Hspan{G,_;} (recursivity assumption),
i=0 i=0 i=0
=1

Which means Xw € xo + Hspan{G_,}. Therefore, if O(I — P)Gv € Hspan{G}, we have
X, € Xo + Hspan{G}. m

C.5.6.1. Multisecant Broyden Type-I.
TL;DR. The method satisfies Theorem C.5.3 if B, is symmetric positive definite.
The Multisecant Broyden Type-I reads

B'=B;'+(AX - B;'AG)(AX"B;'AG)'AX"B,’
After reorganization,

B! = AXAG' + B;(IAGAG), AG'=(AX"B;'AG)'AX"B;".
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We clearly identity ©(I — P) = B_}/(I - AGAGT). After expansion,

ref

O(I - P)Gv = B_}(I - AGAG"Gv = B;G(I - CAG'G)v,

ref ref

—BRlCH
= B, G,

€ B tspan{G}.

Defining H = B}, we have O(I — P)Gv € Hspan{G}. If H, is full rank, symmetric and

ref

positive definite, then by Proposition C.5.4 the method satisfies Theorem C.5.3.

C.5.6.2. Multisecant Broyden Type-II.
TL;DR. The method satisfies Theorem C.5.3 if H,¢f is symmetric positive definite.
The Multisecant Broyden Type-II update reads

H = AXAG' + H, (I - AGAGH).
We clearly identity (I — P) = H,f(I — AGAGT). After expansion,
O — P)Gv = Hy(I - AGAG")Gv = H,;G(I — CAG'G)v,
= H,fG,
€ H,span{G}.

Defining H = H,.¢, we have O(I-P)Gv € I:Ispan{G}. If H,¢; is full rank, symmetric and
positive definite, then by Proposition C.5.4 the method satisfies Theorem C.5.3.

C.5.6.3. Multisecant BFGS for quadratics.
TL;DR. The method satisfies Theorem C.5.3 if H,¢ is symmetric positive definite.
The multisecant BFGS for quadratics reads

H = AXAG! + AX(AGHTI-P)+ (I —-P)'H(I-P), AG'=(AXT"AG)'AX7,

which is symmetric if and only if AX?AG is a symmetric matrix. Notice that this reduces
to the standard BFGS update when AX and AG are vectors. We identify ©(I — P) as

O(1 - P) = (AX(AGH" + (I - P)"Hyy) (I - P).
After expanding P,
O(1-P) = (H, + AX ((AG!” — AG'H,)")) (I - P).
Since AX already belong to the span, it suffices to show
H.,.(I - P)Gv € Hspan{G}.

Following the same technique as before, we have H = H,¢;. Therefore, the methods satisfies

the assumptions if H,. is symmetric and positive definite.
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C.6. Symmetric Procrustes Problem

Consider the following problem, known as Symmetric Procrustes.
Theorem C.6.1. Consider the Regularized Symmetric Procrustes (RSP) problem

A
Z, = argmin||ZA—D||2—}-§||Z—Zref||2, (RSP)
z=z"
where Z,of is symmetric (otherwise, take the symmetric part of Zye), Z, Zet € R4 and
A, D c R m <d, A > 0. Then, the solution Z, is given by
Z,=ViZ,VI + V. Z, + ZIV]T + (1 - P)Z,x(1 - P) (Sol-RSP)
where
[U,%,V,] = SVD(A” >econ’), (economic SVD)
7, =S® [V?f (ADT T DAT + Azref) Vl} :
g_ 1
o221 11ty
P=V, V]

Zy = (22 + M) 'VIH(AD™ M\ Z,r) (I — P)

The fraction in S stands for the element-wise inversion (Hadamard inverse). The inverse

Z. ' reads

—1
Z,'=E (2, - Z,Z,4Z}) E' + (1-P)Zj(1-P)

* ref ref

E=V,-(1-P)Z;Z!. (Inv-RSP)

ref

DEMONSTRATION. We begin by deriving the solution of (RSP). By taking the transposition
of the matrices inside the Frobenius norm of the first term in (RSP), we obtain the equivalent

problem

A
min  ||ATZ - DT||? + 5Hz — Zovet| |3 (C.6.1)

Z=7"7 cRdxd

We write the (full) singular value decomposition of A’ as

Uz o

Vi
, (C.6.2)
Vg}
~——
=V
where U € R™™ V ¢ R%? are orthogonal matrices, ¥ € R™ ™ is a diagonal matrix

with nonnegative entries, and V; € R™*? V, € R%™*4 Thus, we obtain another problem
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equivalent to (RSP), that reads
. -~ =T A= -
mn H[E70]Z -D ||2+ §HZ_ Zref”%‘; (063)

where Z =VZVT,

Z;ef - VTZrer-

Equation (C.6.3) is equivalent to (RSP) after multiplying the inside of the norm bu U” on the
left, and V on the right, since the Frobenius norm is invariant to orthonormal transformation.

We now decompose the matrices in blocks as follow,

- |2y Zp = s - | (Zee)t (Zeed)p
_ [Zﬁ 7 D= D, Dy Zu= [(Z}ef)}g (Z;ef)J (C.6.4)

where Zy, (Zyet)1, D1 € R™, Ziy, (Zireg)y € RE™XM 75 (Zieg) p, Dy € R™¥4=™ Hence,
we can problem (C.6.3) as

: = =T A ~
min ||[2,01Z = D" ||* + Z|1Z = Zuedl|7

Z=7" crdxd

= B ~TIl:liIl~T H[Ezl, EZD] — []31,]52]”2
71=2,,2>=7,,Zp

N, - . _ . _ .
+3 (Ilzl — (Zeeth1 |* + 2| Zp — (Zeet)p||* + 1122 — (zref)QyP)

. No oo |
= min [ 2% — Dyf* + Z[1Z1 — (Zeethr[|” (i)
7,7,
+min [ SZp — Dol* + MZp — (Zeet) p* (ii)
D
s ~ 2
+ min_ §HZ2 — (Zies):| (iii)
Z21=7,

Hence, we derive the solution to (RSP) by minimizing three independent terms as below.
Term (iii): The term

As o
argmin = (1 Z; — (Zuer)o*
Zo=(Z2)T

imposes the constraint Lo = (Z;ef>2. In other words, we have
Zo = VEIZyV,. (C.6.5)

Term (ii): The term
win[|SZp — Dsl* + M Zp — (Zeet) |
D
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is a simple regularized least-square, which can be solved by setting the derivative to zero.

Therefore,
Zp = (E7S + A1) (D2 + MZer) p) (C.6.6)
Term (i): In what follows, we solve the problem (similar to the one in [42])

o min[[BZ, = Dy + A|Zy = (Zo?,
Z1=(Z1)T€Rmxm
We first rewrite the optimization problems in terms of the entries in Z as below, using the

fact that Z; is symmetric,

m m m

min Z(Jz(zl)u — (151)11)2 + Z Z ((0’1(21)” — (]jl)ij)2 + (O'j(Z1)z‘j - (ﬁl)ji)2>

Z:ZT ER‘"LX m i—1

+A (i ((Zl)” — (Z;ef)n-)Q + i i (((21)13 - (Zref>ij)2 + ((Zl)z] - (Z;ef)ji)2>) .

i=1 i=1j=i+1

By setting the derivative w.r.t. z;;, we obtain for A > 0

(Z0), = 0i(D1)ij + 0;(D1)ji + M(Ziret)ij + (z;ef)ji)’

o7 + 07 +2)

Since ID’ = SU'D'VT = VIAD' VT We can equivalently write

- 1
&= VI (AD" + DAT + MNZue + ZL)) Vi, (C6.7
! <2211T+11T22+2)\11T)® 1( T + A(Zes + ref)) o )

(C.6.8)

where ® is the Hadamard product computing the product element-wise.

Summing the terms together. From equations (C.6.5), (C.6.6) and (C.6.7), the
solution can be written as
Z, Zp

n- v Vil v v

=V Z, VL + V,ZpVE + VL2 VY 4 VL Z,VY

=Z1+Zp+Zh+ (I—P)Z(I-P), (C.6.9)
where P =V, V] =T1—V,V] and Zp = V, (3% + 2AI)*1V1T (AD" + 2X\(Z)p )(I - P),
and Z, = V,Z, VT,

Below we compute the inverse of Z,. Since

7, 7,
Z.=V [ R Vel (C.6.10)
Zp  Zs
=VZVT,
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we can write

7z ' =VZ VT
By the Woodbury matrix identity [81], we have
S

- M —M,\ZpZ

Z = ~71~1T ~—1 ~711~TD g =1 (C~6~11)
with My = (Z; — Z~DZ~27122)_1. Hence Z; ! = VZ VT can be rewritten as

7. = ViV, VT + Vo2, 2 M ZpZy VY
+VoZy VI -V M ZpZy VI — Vo2 'Zp M, VT (C.6.12)

=QMQ" +(I-P)Z;'(I-P),

where M = (2, — ZpZ;'Z5) " and Q =V, — (1 - P)Z,'Z}. m
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C.7. Proof of Proposition 2.4.3

In this section, we divide the proof of Proposition 2.4.3 into Lemma C.7.1 and
Lemma C.7.3, which correspond to the effect of nonzero A for (2.4.3) and the perturbation
of A and D for (2.4.4), respectively.

C.7.1. Effect of regularization

Lemma C.7.1. Let
Z.=lim argmin [|[ZA —D|% + \|Z — Z.o||> (C.7.1)
A0 72T cpaxd
be the solution to the procrustes problem with A going to 0, and Z, be the solution to (RSP)
given A > 0. Then, it holds that

5)\HZ* - ZrefHF

|Zx — Z,]|r < 2 (A) 1 A (C.7.2)
DEMONSTRATION. We rewrite (C.6.9) for Z, and Z, respectively,
Zy = (Z)1 + (Zo)p + (Z))p + (1= P)Zy(1 - P), (C.7.3)
Z.=(Z)+(Z)p + (Z)5 + (T - P)Z,t(I - P). (C.7.4)
With such notations, we have by triangle inequality,
1Zx = Z.[r < [(Zx)1 = (Zi)illp +2 (Z))p = (Z.)p]| 5 - (C.7.5)

(i) (i)
To simplify notations, we define max |X| and min |X| as the maximum and minimum entry

with the absolute value of matrix X, respectively.
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For term (i), by (C.6.7) and the symmetry of Z,. we have

1(Z2)1 = (Z)ilr = ||<2211T Hlizg OIS 2211Ti11Tzz> ©(AD” + DAT)
+ Y2117 + 11;22 EIVEL © 20\ i
B H o ((2211T TS 2)\111T) oA+ 11T22)> © (AD” + DAT)
+ 2117 + 11;22 EIVEL ® 2 Ziet .

1 1
=2\ AD” + DA”
||<2211T+11T§]2+2>\11T> © <2211T+11T22 O ( + )>

1
_ 7.
(2211T+11TE2+2/\11T> © foet

F
1
= 2)\ Z* - Zrc
H(E?llT + 11752 + 2)\11T> © (21— Zuw .
1
<2\ Ny = 2| C.7.6
=77 min (22117 + 11722 + 22117 |2 flr (C.76)

where the computations of matrices are element-wise, and the first three equalities follows
from the identity A®X+B®X = (A+B)® X of the Hadamard product for any matrices
A, B and X of the same dimensions. The fourth equality in (C.7.6) holds by the definition
of (Z,)1, and the last inequality is due to the fact that

A ©B|r < max|A[-|B|r (C.7.7)

for any two matrices A and B of the same dimensions.
-1
For the term (ii), note that (Z.)p = ViX1U'D"V,V] = V,(£75) V{AD"V,V].
Since VIV, = ViV, =1, we have

VI(Z.)pV, = (878) 'VIAD'V,, (C.7.8)
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Furthermore, by using the unitary invariance of the orthogonal matrix w.r.t. the Frobenius

norm, we obtain

1(Z2)b — (Z)ollr = [V <(2T§3 +20) VI(AD” +2)Z,) — (ETE)_lvlTADT>V2V§HF

—

(@) KETE + 2>\I>‘1V1T(ADT n 2)\Zref)v2 B (ETE)_lvaDTVZHF

((ETE +2ar) - (2T2)1>V1TADTV2 FA(STE +20) VIZ Vs

—~
o
=

2SS4 20)(378) VIADV, + 20 (STS 4 2M) VIZu Vs

—
o
~

2)\H (zTz+20) " ((sz)lv”{ ADTV, — V{zrefvg)

F
Gt 2AH(2TE +20) VI((Z.)p — Zet) Vo

F
<2\ maX‘(ETE + 2/\I>_1‘ : HV{((Z*)D - Zref)V2Hp

<2\ max‘(ETE + 2/\1)_1‘ . H(Z*)D — Lot

(C.7.9)

=
where (a), (c) and the last equality hold by the unitary invariance of V; and Vy w.r.t. the
Frobenius norm, (b) holds since X7 + 2AI and XX are diagonal matrices, (d) follows
from (C.7.8), and the first inequality holds since (X3 + 2AI)~! is a diagonal matrix. The
last inequality holds since V,; VT and V, VI are projections.

Therefore, by combining (C.7.5), (C.7.6) and (C.7.9) we have

1Zx — Z.||r < [|(Zx)1 — (Za|lF +2/[(Zx)p — (Z.)pllF
1

<2\ M2, = Zoe
T min (22117 + 11752 + 2117 |z, flr
-1
+ 4 max |(ZTE +20) |- |[(Z)p — Zner|

A A\
S 5o N —Zye ||y — Lo
VIS S L Ve S

5A
A TN 1Zs — Zyet|| (C.7.10)

where the last inequality follows from the definition of the element-wise operator and the
facts that [[(Z.)1 — Zuetl|r < ||Zs — Zyet||r and |[(Zy)p — Zietl|r < ||Zs — Ziet||r. Hence, we
conclude the proof. m

C.7.2. Perturbation of A and D

We first present a stability analysis result of the regularized least squares (RLS), which
is used in the analysis for the perturbation of A and D in Lemma C.7.3.
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Lemma C.7.2 (Stability analysis of regularized least squares). Let x* solve the problem
min [|Ax — bl[3 + B]jx — xo[3, (C.7.11)
where x,xy € RP, A € R?”*? b € R? for some integer p,g > 0 and § > 0. Let X solve
min [|(A 4 6A)x — (b + db) |5 + B]lx — xl[3, (C.7.12)

where dA € R7? {b € RY, and [|0A]|s < ||A]|2. Suppose that rank(A) = rank(A + §A),

we have

oA 5b
DEMONSTRATION. By definition, we have explicitly that
x* = (ATA + D)"Y (ATb + fxo). (C.7.14)
Let A=A +6A and P=—ATA + ATA, we can write
%= (ATA+P+BI) (A +6A)" (b +6b) + fxo). (C.7.15)

Hence, we obtain

1% = x> <

((ATA + 1) — (ATA 4+ P+ 1)) (ATb + fxq)

2

+[|(A"A + P+ B1) 7| [SA[L,||b + 5bls + (AT A + P+ 51)7'|| | Al|25b]|>

_ H(ATA P+ B 'P(ATA + B1) (AT + fxo)

2

+ [ (ATA + P+ 817 ISAIL|Ib + 6bll; + ||(ATA + P + 8T) 7| || All2[|5b]|.

1 *
<3 <||PH2HX ll2 + [[0A[[2]|bll2 + [|6b]2[| Al2 + H(5b||2\|5A||2>. (C.7.16)
Since ||0A]|2 < ||A||2, we obtain
SA b
1% — x*[l» < o(” !\2; I ||2>7 ©a17

which concludes the proof of the lemma. m

Now we show the stability analysis with respect to the perturbation of A and D below.
Lemma C.7.3. Let Z solve

A
min || Z(A +0A) — (D + 0D)||% + 5||z — Zeet|| %, (C.7.18)

Z=7T cRdxd
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where §A, 6D € R™>™_ ||5A]l; < ||A|l2, and ||6D]|s < ||D]2. Also, suppose Z, to be the
solution to (RSP) given A > 0. Then, it holds that

[0Al2 + ||5d||2)

. (C.7.19)

1Z — Zy|r < O(|

DEMONSTRATION. We first reduce (RSP) to an unconstrained regularized least squares
(RLS) problem as follows. Let r = md and s = d*>. We denote by vec the operator
that stacks the columns of a matrix into a long vector. Then, for any Z = Z* € R it
follows that

A A
IZA = Dllr + 2 = Zietl|r = [[vec(ZA = D)z + S [lvec(Z — Zier) |2
A
=||(I; ® A)z —d||» + §||Vec(z — Zoet) |2 (C.7.20)
Here (I; ® A);; = 6;;A € R™** 2z = vec(Z) € R®, z,os = vec(Zyf) € R*, and d = vec(D) €

R”. We define S, as the matrix where the columns form an orthonormal basis for a d-

d(d + 1)

dimensional subspace of R®, where d = By using the symmetry of X, letting

Z2 = SaY, Zeet = Sa¥,er and H = (I; ® A)S,, we are able to obtain an regularized LS problem
equivalent to (RSP) as follows,

min [y = dlfe + ¥ ~ Vel (©721)
Here we have used the fact that for an orthonormal matrix S; we have ||Sg(y — y.ef)ll2 =
|y — ¥.efll2. Likewise, we can identify the perturbed problem (C.7.18) with perturbations
H—-H+/H, d—-d+dd, y—y (C.7.22)
in (C.7.21), where
dH = (I, ® 6A)Sy, dd = vec(dD), Sy = vec(Z). (C.7.23)
Furthermore, the solution to (C.7.21) can be written as
y' = (H'H + A1/2) H'd. (C.7.24)
Then, the solution is perturbed to
§ =y +oy = ((H+5H)"(H+6H) + AXI/2)  (H+6H)"(d + d).
After the reduction of (RSP) to (C.7.21), we apply Lemma C.7.2 to (C.7.21), which yields

o + il

- (C.7.25)

5=yl < O
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Also, by the definition of H we have ||0H||s = ||[0A||2 where A is defined in the original

problem (RSP). Hence, (C.7.25) reads

AL+ 194l

15 - ¥7lle < O

Further, we can write
72, = Ivec(7) ~vee( )1
= [1Say — Say”|2
=y =yl

<||5A||2 + ||5d||2>

<
© A

(C.7.26)

(C.7.27)

where the third equality holds since the columns of S; form an orthonormal basis. This

concludes the proof. m

Furthermore, we remark that Lemma C.7.1 and Lemma C.7.3 together concludes the

proof of Proposition 2.4.3.
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C.8. Numerical Experiments

C.8.1. Datasets

We used several UCI datasets, whose main characteristics are summarized in Table C.1.
In the case of the P53 mutant dataset, we reduce its size to avoid memory problems. We
kept all labels where y = 1 (153 instances), and merge them with the 5000 first data points.

Dataset name Tag # features +# data points Section
Madelon [38] Madelon 500 4400 C.8.7
Internet Advertisements [47] Ad 1558 3279 C.8.8
QSAR oral toxicity [4] Qsar 1024 8992 C.8.9
p53 Mutants Data Set [15] P53 mutant 5406 5000 C.8.10

Tableau C.1. Summary of the datasets used in the numerical experiments.

C.8.2. Setting

We consider the regression problem
. def T

min, e f(x) S + Sy lalx,b;) + Z||z|]3, (C.8.1)
where £(-,+) is either a quadratic or a logistic loss. The pair (A b) is a dataset, where a; € R?
is a data point composed by d features, and b; is the label of the i data point. We solve
the problem using deterministic and stochastic gradient, whose parameters are described in
Table C.2. The optimal value of (C.8.1) are obtained using the MATLAB package minfunc
from [70].

Parameter Deterministic setting Stochastic setting
T 1e-9 (ill-conditioned problem) le-2
Descent direction Full gradient SAGA (see [19])
Batch size Full batch 64
Limited memory m 10 and oo 25
Line-search None or approximate dichotomy None

B ; and H,; (No LS) m (quad.), m (logistic) STLZLZ [19]

B ; and H, (with LS) 1 N/A.

Rel. reg. A (if applicable) 1e-20 (quad), 1e-10 (logistic) le-2

Max. iteration 250 (full batch) 1e4 (mini-batches)

Tableau C.2. Parameters used to optimize (C.8.1)
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C.8.3. Observation

Unitary step VS line search. Most of the presented method present a divergent behavior
when we do not apply line search. However, it seems that the Multisecant Type-I method
is the most robust one, converging for almost all instances. In fact, it seems that adding a
line-search to method slow it down - probably because the optimal stepsize is close to one,
but it takes time to have the guarantee. When it comes to line-search methods, there is no
clear method whose speed is superior. Surprisingly, in both cases, the Type-II symmetric
multisecant method seems to be the worst one (after gradient descent).

Stochastic optimization. As it may be expected, the symmetric multisecant type-I is the fas-
test method. Indeed, our updates have provably better robustness, and the type-I symmetric
multisecant update is the best one amongst all method with unitary step-size. However, its
performance are not much different than gradient descent. Moreover, the author indicate
that the mini-batch size plays an important role in the convergence of the method, as smaller
batches have too much variance. We suspect there is a trade-off to improve the speed of the

method, where we should balance the size of the batch and the number of secant equations.
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C.8.4. Spectrum Recovery on Madelon (Quadratic Loss)
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Fig. C.1. Histogram of the eigenvalues of the estimate Hj; or B;' in the function on the
iteration counter (i.e., the number of secant equations), when optimizing the square loss on
the Madelon dataset without regularization. Top left: Multisecant Broyden Type-I, Top
right: Multisecant Broyden Type-1I, Bottom left: Type-I symmetric multisecant, Bottom
right: Type-II symmetric multisecant. For the non-symmetric updates, we took the real
part of the eigenvalues. We removed from the histogram the spike of eigenvalues associated
to Hye or B f (initialized at 1/L, the smoothness constant of the function). It seems that
the spectrum converges faster to the ground truth when we use symmetric updates. We did
not report BFGS as the method is non-convergent with unitary stepsize.
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C.8.5. Organization of figures
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Fig. C.2. Organization of figures for the numerical experiments.

C.8.6. Legend
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Fig. C.3. Legend for all subsequent figures
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C.8.7. Madelon
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C.8.10. P53 Mutant
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