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Résumé

Le présent mémoire contient deux articles reliés par le formalisme de l’ansatz de Bethe. Dans
le premier article, l’opérateur de Heun de type Lie est identifié comme une spécialisation de la
matrice de transfert d’un modèle de BC-Gaudin à un site dans un champ magnétique. Ceci
permet de le diagonaliser à l’aide de l’ansatz de Bethe algébrique modifié. La complétude du
spectre est démontrée en reliant les racines de Bethe aux zéros des solutions polynomiales
d’une équation différentielle de Heun inhomogène. Le deuxième article aborde le sujet des re-
présentations irréductibles de l’algèbre de Lie su(3) dans la réduction su(3) ⊃ so(3) ⊃ so(2).
Cette manière de construire les représentations irréductibles de su(3) porte une ambiguïté
qui empêche de distinguer totalement les vecteurs de base, ce qui mène à un problème d’éti-
quette manquante. Dans cet esprit, l’algèbre des deux opérateurs fournissant cette étiquette
est examinée. L’opérateur de degré 4 dans les générateurs de su(3) est diagonalisé en se
servant des techniques de l’ansatz de Bethe analytique.

Mots-clés : opérateur de Heun–Lie , algèbre de Lie su(3), problème d’étiquette man-
quante, ansatz de Bethe, représentations, modèles intégrables.
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Abstract

This Master’s thesis contains two articles linked by the formalism of the Bethe ansatz. In
the first article, the Lie-type Heun operator is identified as a specialization of the transfer
matrix of a one-site BC-Gaudin model in a magnetic field. This allows its diagonalization by
means of the modified algebraic Bethe ansatz. The completeness of the spectrum is proven
by relating the Bethe roots to the zeros of the polynomial solutions of an inhomogeneous
differential Heun equation. The second article deals with the subject of irreducible repre-
sentations of the Lie algebra su(3) in the reduction su(3) ⊃ so(3) ⊃ so(2). This way of
constructing the irreducible representations of su(3) carries an ambiguity in distinguishing
the basis vectors, also known as a missing label problem. In this spirit, the algebra of the
two operators providing the missing label is examined. The operator of degree 4 in the
generators of su(3) is diagonalized using the techniques of the analytical Bethe ansatz.

Keywords : Heun operator of Lie type, Lie algebra of su(3), missing label problem,
Bethe ansatz, representations, integrable models.
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Introduction

Le présent mémoire touche à deux sujets : le premier étant l’opérateur de Heun algébrique,
et le deuxième portant sur les représentations irréductibles de l’algèbre de Lie su(3). À
première vue, les deux semblent distincts, mais l’identification d’objets d’intérêt des deux
sujets dans un cadre de systèmes intégrables permet d’employer le formalisme de l’ansatz
de Bethe. D’une part, c’est l’opérateur de Heun de type Lie qui est diagonalisé à l’aide
de l’ansatz de Bethe algébrique modifié. D’autre part, le spectre d’un des deux opérateurs
d’étiquette manquante dans la chaine su(3) ⊃ so(3) ⊃ so(2) est déduit en se servant de
l’ansatz de Bethe analytique.

Les systèmes dits intégrables occupent une place centrale en physique théorique, et leur
étude remonte, au moins, au temps de Liouville (1809 -1882). Un système intégrable est
caractérisé par l’existence de symétries, de structures algébriques associées et de solutions
explicites. Ceux-ci offrent des modèles qui permettent de valider et d’explorer des idées et
des explications en lien avec différents phénomènes.

L’intérêt pour les structures algébriques et leurs représentations possède une longue tra-
dition dans un contexte physique ; des systèmes (classiques ou quantiques) qui semblent
complexes peuvent être simplifiés et mieux compris à l’aide de leur groupe de symétries. De
plus, les symétries permettent de concevoir des modèles physiques qui peuvent mieux décrire
la réalité. L’avantage de ce formalisme est son universalité ; plusieurs problèmes physiques
peuvent être traités avec les mêmes techniques.

Le formalisme de l’ansatz de Bethe est l’une des plus importantes approches servant à
résoudre des systèmes intégrables. Le nom de l’ansatz remonte à H. Bethe, qui a proposé
une manière originale de construire les vecteurs propres de l’Hamiltonien d’une chaine de
spin 1/2 à une dimension [6]. De nombreux variants de l’ansatz de Bethe [19,24,29] ont
été développés au fil des années, et cette méthode a pris une importance primordiale dans
la résolution de systèmes quantiques à N corps. Même si le calcul, par diagonalisation
numérique, des valeurs et des vecteurs propres du système en question peut être plus simple,
la construction des vecteurs propres à l’aide de l’ansatz de Bethe permet d’étiqueter ces
derniers avec un ensemble de nombres quantiques décrivant des propriétés physiques.



Deux versions de l’ansatz de Bethe sont employées dans le présent mémoire. La première
est une version modifiée de l’ansatz de Bethe algébrique, et nous permet de diagonaliser l’opé-
rateur de Heun de type Lie. La deuxième est l’ansatz de Bethe analytique, qui nous permet
de diagonaliser un des deux opérateurs fournissant l’étiquette manquante à la réduction
su(3) ⊃ so(3). Dans les deux prochaines sections, on présentera un survol des principaux
concepts qui font le sujet du présent mémoire, soit l’opérateur de Heun algébrique et le
problème d’étiquette manquante.

0.1. Opérateur de Heun algébrique
L’opérateur de Heun algébrique a été récemment introduit dans [15] en faisant une gé-

néralisation de l’équation de Heun classique. L’équation de Heun [16,25] est une équation
différentielle linéaire ordinaire du deuxième ordre avec 4 singularités régulières en 0, 1, d,∞.
Cette dernière est donnée par

Mψ(x) = 0, (0.1.1)

avec
M = ∂2

x +
(
γ

x
+ δ

x− 1 + ε

x− d

)
∂x + αβx− q

x(x− 1)(x− d) . (0.1.2)

La condition supplémentaire α + β − γ − δ − ε + 1 = 0 est imposée pour assurer que les
exposants du point singulier à l’infini soient (α, β).

Une autre manière de présenter l’opérateur M est la suivante. On considère l’opérateur
hypergéométrique L donné par :

L = x(1− x)∂2
x + (α1x+ α2)∂x (0.1.3)

et l’opérateur multiplication par x : Xψ(x) = xψ(x). L’opérateur M peut être écrit sous la
forme (voir ci dessous) [14]

M = τ1LX + τ2XL+ τ3L+ τ4X + τ0 (0.1.4)

où les paramètres τi sont reliés à ceux de l’équation de Heun comme : γ = α2, δ = −α1−α2,
ε = 2τ1/(τ1 + τ2), d = −τ3/(τ1 + τ2), αβ = −(τ1α1 + τ4)/(τ1 + τ2), q = (τ1α2 + τ0)/(τ1 + τ2).
Un aspect important des opérateurs L et X est le fait qu’il décrivent un problème bispectral.
Plus précisément, il est connu que les fonctions propres de L sont données par les polynômes
de Jacobi Pn(x) :

LPn(x) = λnPn(x), λn = n(1 + α1 − n). (0.1.5)

De plus, ces polynômes sont orthogonaux, donc ils vérifient une relation de récurrence à trois
termes :

Pn+1(x) + bnPn(x) + cnPn−1(x) = xPn(x) (0.1.6)

pour certains coefficients bn, cn.
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On remarque qu’il y a deux représentations possibles pour les opérateurs L et X. Dans la
première, L est un opérateur différentiel agissant sur l’argument x des polynômes de Jacobi
(équation 0.1.3) et X est la multiplication par x. Dans la deuxième, L est la multiplication
par λn et X est un opérateur tridiagonal aux différences (équation 0.1.6). Les opérateurs L,
X forme donc une paire bispectrale. La généralisation de la construction 0.1.4 pour toute
paire bispectrale permet de définir ce qu’on appelle opérateur de Heun algébrique, introduit
pour la première fois dans [15], dans le cadre d’un problème d’analyse de signal.

Il existe une famille de polynômes qui offre de tels problèmes bispectraux. Il s’agit des
polynômes hypergéométriques du schéma de Askey ( ref. exemple [20]). Pour ces derniers, les
opérateurs bispectraux correspondent à la relation de récurrence et à l’équation différentielle
(ou aux différences) que ces polynômes vérifient. De plus, l’opérateur de récurrence X et
l’opérateur différentiel ou aux différences Y génèrent une algèbre quadratique connue sous
le nom d’algèbre d’Askey–Wilson [31].

Une autre propriété algébrique sous-jacente aux opérateurs de Heun est l’algèbre de Heun,
construite à partir de la paire (W,X) ou (W,Y ). L’opérateur de Heun algébrique construit à
partir d’une paire X, Y décrivant une famille de polynômes orthogonaux du schéma d’Askey
sera désigné par le même nom que cette dernière. Ainsi, pour la paire X,Y correspondant
aux polynômes de Racah, l’opérateur W est appelé l’opérateur de Heun–Racah et l’algèbre
générée par (W,X) ou (W,Y ) est appelée l’algèbre de Heun–Racah [5]. L’étude systématique
de ces opérateurs de Heun a été entreprise par Luc Vinet et ses collaborateurs [3,4,9,30].
Ainsi l’opérateur de Heun de type Askey-Wilson a été examiné en détail dans [3]. Il a
récemment été observé que cet opérateur intervient dans l’algèbre de réflexion et cela a permis
d’en effectuer la diagonalisation à l’aide de l’ansatz de Bethe algébrique [2]. L’opérateur de
Heun le plus simple est celui dit de type Lie [9]. Dans le cas où l’algèbre sous-jacente et
su(2), il concorde avec l’opérateur de Heun associé aux polynômes de Krawtchouk. C’est ce
dernier qui est diagonalisé au chapitre 1 à l’aide de l’Ansatz de Bethe algébrique modifié.

0.2. Problème d’étiquette manquante
Les méthodes de la théorie des représentations apparaissent de multiples façons dans la

description de symétries en physique. C’est en particulier le cas lorsque l’on s’intéresse à
réduire des représentations irréductibles d’un groupe à des représentations irréductibles d’un
ou des sous-groupes. Il est commun d’examiner les représentations irréductibles de l’algèbre
de Lie g plutôt que de son groupe de Lie G. Le passage aux représentations du groupe est fait
grâce à l’application exponentielle. On adoptera cette approche pour la suite du mémoire.
On considère donc les représentations irréductibles de l’algèbre g réduite selon la chaine

g ⊃ g′ ⊃ g′′ . . . (0.2.1)
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Afin d’étiqueter les vecteurs de base de la représentation, on se sert des opérateurs de Casimir
de chaque sous-algèbre. Toutefois, ces opérateurs peuvent ne pas suffire pour entièrement
distinguer les vecteurs de base. Cette dégénérescence est connue sous le nom de problème
d’étiquette manquante.

En effet, si l’algèbre de départ g est une algèbre de Lie semi-simple, cette dernière possède
N (g) = l opérateurs de Casimir, où l est la dimension de la sous-algèbre de Cartan (aussi
appelé le rang de l’algèbre). En plus des l étiquettes fournies par les opérateurs de Casimir
de g, un théorème de G. Racah [22] montre qu’il faut i étiquettes pour distinguer les vecteurs
de base, avec

i = dim(g)− l
2 . (0.2.2)

Dans le cas où g est réduite selon la chaine (0.2.1), les opérateurs de Casimir des sous-algèbres
peuvent fournir une partie ou la totalité de ces étiquettes, d’où la possibilité d’une étiquette
manquante. Un prototype de tels chaines qui exergue un problème d’étiquette manquante
est celle de su(3) :

su(3) ⊃ so(3) ⊃ so(2). (0.2.3)

L’algèbre su(3) est de dimension 8 et possède deux opérateurs de Casimir, notés g2, g3. Il
faut donc encore i = 8−2

2 = 3 étiquettes pour définir une base pour les représentations
irréductibles. L’élément de Casimir L2 de so(3) et celui de so(2), noté L3, fournissent deux
étiquettes supplémentaires. Il y a donc 1 étiquette manquante.

Une première façon de lever la dégénérescence pour des représentations irréductibles de
su(3) réduites selon la chaine (0.2.3) est de construire une base polynomiale qui contient un
cinquième paramètre entier fournissant l’étiquette manquante. Ce dernier mène à distinguer
les différentes copies d’une représentation irréductible de so(3) dans une représentation ir-
réductible donnée de su(3). Une revue assez détaillée de telles bases a été faite dans [21].
Toutefois, aucune de ces bases n’est orthogonale et l’étiquette ne correspond pas à un opé-
rateur hermitien. Il est donc difficile de lui assigner un sens physique.

La deuxième manière de lever la dégénérescence est de chercher un cinquième opérateur
dans l’enveloppante universelle de su(3) qui commute avec l’ensemble (g2, g3,L2, L3). Il
existe deux tels opérateurs, le premier est de degré 3 et le deuxième est de degré 4 dans
les générateurs, qu’on notera x et y respectivement. L’inconvénient de cette base est que
le spectre des opérateurs x et y n’est pas simple. Pour trouver leurs valeurs propres, la
manière standard est de les développer dans une base polynomiale puis de les diagonaliser
numériquement. La nouveauté du présent travail est l’identification d’une deuxième méthode
de diagonalisation pour y, soit à l’aide de l’ansatz de Bethe analytique.
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0.3. Objectifs et résultats
Ce mémoire est constitué de deux chapitres contenant chacun un article. Le premier

traite l’opérateur de Heun de type Lie, une spécialisation de l’opérateur de Heun algébrique
introduit dans [15]. L’identification de cet opérateur dans un modèle de Gaudin à un site
dans un champ magnétique, permet de le diagonaliser à l’aide d’une généralisation des tech-
niques de l’ansatz de Bethe algébrique [29]. Le modèle de Gaudin a été d’abord introduit
dans [11] pour décrire une chaine de spin intégrable associée à l’algèbre de Lie sl(2) avec
interaction à longue portée. Ce système a été ensuite examiné dans le cadre de la méthode
de diffusion quantique inverse [26]. Plusieurs généralisations ont été également introduites :
en remplaçant l’algèbre sl(2) par une algèbre de Lie simple quelconque [12], ainsi que dans
le cadre des matrices r solutions à l’équation de Yang-Baxter classique standard (voir p.
ex. [27]) et non standard [7,28].

Les grandes lignes de l’ansatz de Bethe utilisé sont les suivantes. On considère la matrice
r du modèle de Gaudin en question, solution à l’équation de Yang–Baxter. Cette dernière
assure l’intégrabilité du modèle, c’est-à-dire la commutativité de la matrice de transfert pour
différents paramètres. Il est à noter que c’est l’équation de Yang–Baxter dans sa version
classique et non standard qui est employée dans le présent travail. Une spécialisation de la
matrice de transfert donne lieu à l’opérateur de Heun de type Lie. La matrice de transfert
est écrite en termes des opérateurs d’annihilation et de création de l’algèbre sous-jacente
su(2), ce qui permet de l’écrire comme la trace du carré d’une autre matrice, appelé matrice
K. Cette étape s’avère importante pour pouvoir poursuivre les calculs. La version modifiée
de l’ansatz de Bethe consiste à décaler la matrice K par une matrice scalaire qui n’affecte
pas l’intégrabilité du système. La prochaine étape est d’agir avec la matrice de transfert
sur un vecteur simple, appelé le pseudo vide. Les états excités sont construits par la suite
à partir du pseudo vide à l’aide des opérateurs de création et contiennent un ensemble de
paramètres, appelés racines de Bethe, à déterminer. En exigeant que l’action de la matrice
de transfert sur les vecteurs de base soit diagonale, on obtient des contraintes sur les racines
de Bethe, connues sous le nom d’équations de Bethe. La résolution de ces équations permet
de trouver les valeurs propres de l’opérateur de Heun en question.

Le spectre de l’opérateur de Heun étudié est prouvé complet de la manière suivante. On se
rappelle que dans une représentation de spin s de su(2), il faut 2s+ 1 vecteurs indépendants
pour définir la base. La résolution des équations de Bethe s’avère en effet équivalente à
trouver exactement 2s+ 1 solutions polynomiales à l’équation différentielle de Heun avec un
terme inhomogène. Les zéros de chaque solution polynomiale sont reliés à un ensemble de
racines de Bethe.

Enfin, deux spécialisations de cet opérateur sont discutées. La première est reliée aux re-
présentations du groupe des rotations O(3). En effet, il existe deux bases de représentations
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connues pour le groupe O(3). Dans la première, les vecteurs de bases sont des fonctions
propres d’une des trois générateurs de moments angulaires, ainsi que de l’opérateur de
Casimir L2. Cette base correspond à la réduction O(3) ⊃ O(2). Dans la deuxième base, les
vecteurs sont des fonctions propres de L2 et d’un deuxième opérateur E de degré deux dans
les générateurs (ainsi que des opérateurs discrets). C’est l’opérateur E qui figure comme un
cas spécial de l’opérateur de Heun de type Lie. La deuxième application est relié au calcul
d’entropie d’intrication de fermions sur une chaine de Krawtchouk. Cette dernière décrit
une chaine de fermions libres qui sautent entre des sites adjacents du réseau et sont soumis
à un champ magnétique non uniforme. L’opérateur de Heun commute avec la matrice de
corrélation partielle correspondant aux l + 1 premiers sites de la chaine. La diagonalisation
de l’opérateur de Heun permet donc de déduire le spectre de la matrice de corrélation
partielle.

Le deuxième chapitre comprend un article qui traite le sujet des représentations de l’al-
gèbre de Lie su(3) dans la réduction su(3) ⊃ so(3) ⊃ so(2). Comme expliqué précédemment,
cette chaine de sous algèbres présente un problème d’étiquette manquante. En plus des opé-
rateurs de Casimir des sous-groupes qui étiquettent les vecteurs de base, une étiquette sup-
plémentaire est nécessaire. Une façon de remédier au problème est de chercher un invariant
de so(3) dans l’algèbre enveloppante universelle de su(3). Il s’avère qu’il existe deux tels
opérateurs [1,18,23], un de degré 3 et l’autre de degré 4 dans les générateurs. Il y a près
de 60 ans, Racah et Lehrer [23] ont examiné les liens algébriques entre ces deux opérateurs,
et ont stipulé que ces derniers prennent une forme cubique, sans indiquer les coefficients
explicites devant chaque terme. Ces coefficients sont présentés dans l’article. Ensuite, des
expressions pour les opérateurs x, y dans la base polynomiale de Bargmann–Moshinsky [1]
sont fournies, celles de y étant calculées pour la première fois. Ceci donne la possibilité
diagonaliser ces deux éléments numériquement.

Une nouvelle façon de diagonaliser l’opérateur y à l’aide du formalisme de l’ansatz de
Bethe analytique [24] est présentée. On y parvient à l’aide d’une identification de y dans
un sous algèbre abélienne (aussi appelé sous algèbre de Bethe) du yangian twisté dans l’en-
veloppante universelle de gl(3) [17]. Les générateurs de cette sous-algèbre jouent le rôle de
matrices de transfert. L’équation de Yang–Baxter classique est remplacée par sa version
quantique. La première étape est de calculer l’action de l’élément à diagonaliser sur un
pseudo-vide. Ensuite, l’ansatz consiste à habiller la valeur propre du pseudo-vide avec des
fonctions d’habillage qui dépendent d’un ensemble de racines de Bethe à déterminer. En
imposant l’analyticité des valeurs propres, on obtient un ensemble d’équations de Bethe qui
relient les racines. Leur résolution permet de trouver toutes les valeurs propres.
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0.4. Contributions de l’auteure
Les idées du présent mémoire ont été initialement proposées par Luc Vinet, qui a encadré

et dirigé l’auteure, et a contribué à l’élaboration de ses recherches. Ce travail est également
le résultat d’une étroite collaboration avec Nicolas Crampé.

L’étude de la diagonalisation de l’opérateur de Heun Lie dans le premier article a débuté
avec l’examen de deux cas particuliers, soit ceux présentés à la fin de l’article. L’auteure
s’est penchée sur l’étude des représentations irréductibles de O(3), tandis que Pierre-Antoine
Bernard a examiné le calcul d’entropie des fermions sur une chaine de Krawtchouk. Grâce
aux savoirs de Nicolas Crampé au sujet de l’ansatz de Bethe, il a pu orienter les deux
coauteurs à faire la majorité des calculs propres à ces spécialisations. Il a ensuite réussi à
généraliser et reproduire ces résultats pour l’opérateur de Heun Lie générique. Il a enfin
rédigé la grande partie de l’article. Luc Vinet a été présent dans les discussions tout au long
du travail, et a contribué à rédiger certaines parties de l’article.

Le deuxième article portant sur les représentations de l’algèbre su(3) dans la réduction
su(3) ⊃ so(3) était principalement rédigé par l’auteure, qui a effectué la majorité des calculs.
Luc Vinet a eu l’idée de se pencher sur le sujet après avoir remarqué la réapparition des
relations algébriques entre les opérateurs d’étiquette manquante, dans une récente étude de
l’algèbre de symétrie du centralisateur de l’action diagonale de U(sl(3)) dans U(sl(3))⊗2 [8].
Nicolas Crampé a notamment contribué à la construction des fonctions d’habillage de la
valeur propre et la diagonalisation de y avec l’ansatz de Bethe, et a fourni un programme
informatique qui facilite les calculs qui y sont reliés.
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Chapitre 1

Heun operator of Lie type and the modified
algebraic Bethe ansatz

Par Pierre-Antoine Bernard, Nicolas Crampé, Dounia Shaaban Kabakibo et Luc Vinet.
Publié dans Journal of Mathematical Physics 083501 (2021) 62.

Abstract.The generic Heun operator of Lie type is identified as a certain BC-Gaudin
magnet Hamiltonian in a magnetic field. By using the modified algebraic Bethe ansatz
introduced to diagonalize such Gaudin models, we obtain the spectrum of the generic Heun
operator of Lie type in terms of the Bethe roots of inhomogeneous Bethe equations. We show
also that these Bethe roots are intimately associated to the roots of polynomial solutions
of the differential Heun equation. We illustrate the use of this approach in two contexts:
the representation theory of O(3) and the computation of the entanglement entropy for free
Fermions on the Krawtchouk chain.

1.1. Introduction
In the spirit of [5] where the diagonalization of the Heun–Askey–Wilson operator has

been performed by using the modified algebraic Bethe ansatz, we indicate in the present
paper how the Heun operator of Lie type can be diagonalized by a similar method. We show
that the particular Heun operator introduced in [19] can be identified with the BC-Gaudin
magnet Hamiltonian in an external magnetic field with one site in a spin s representation
of su(2). By a slight generalization of the modified algebraic Bethe ansatz used in [13],
we succeed in diagonalizing the generic Heun operator of Lie type. We then look at two



mathematical and physical problems where the Heun operator of Lie type appears and the
results apply.

The algebraic Heun operators are generalizations, introduced in [21], of the differen-
tial Heun operator which is the standardized form of the Fuchsian second order differential
equation with four regular singularities. These operators are the most general bilinear com-
bination of the bispectral pair associated to the orthogonal polynomials of the Askey scheme
and they share the name of these polynomials. The differential Heun operator is recovered
in this framework when we consider the dual pair associated to the Jacobi polynomials [22].
The Heun–Askey–Wilson operator has been studied in [6] whereas the Heun–Racah, the
Heun–Bannai–Ito and the Heun–Hahn operators have been examined in [9,30]. These oper-
ators have found applications in different contexts. For example, they give a nice algebraic
interpretation of the time-band limiting problem [21] and provide the commuting tridiago-
nal operator [20] that allows to compute the entanglement entropy for free Fermion mod-
els [16,17]. This paper focuses on the simplest algebraic Heun operators which are those
of Lie type studied in [19]. In [5], the Heun–Askey–Wilson operator has been identified
in the transfer matrix of the XXZ spin chain which allows to use the methods of quantum
integrable models to diagonalize this operator. We prove here a similar result: the algebraic
Heun operator of Lie type is associated to the BC-Gaudin model in an external magnetic
field. In the spin s representation of su(2), this identification allows to use the algebraic
Bethe ansatz to diagonalize this Heun operator.

The usual algebraic Bethe ansatz (or quantum inverse scattering method) has been de-
veloped in [27] to diagonalize integrable model with periodic boundary conditions. Its gen-
eralization to open boundary conditions has been introduced in [26]. The problem of how
to apply this method for generic open boundary has remained unsolved for 30 years. In [7],
the modified algebraic Bethe ansatz was finally introduced to compute the eigenvectors of
the XXX spin chain with generic boundaries associated to the eigenvalues found in [10].
This modified method has also been used to diagonalize the totally asymmetric exclusion
process [12] and the XXZ spin chain [2,8] and it provides the spectrum in terms of inhomoge-
neous Bethe equations. In this paper, we generalize the result of [13] where the BC-Gaudin
model is diagonalized by the modified algebraic Bethe ansatz. An extension is required to
take into account the external magnetic field.

The Bethe equations consist in N algebraic relations between N unknowns that need to
be solved in order to obtain the eigenvalues and the eigenvectors. These equations usually
have multiple solutions and one must demonstrate that all the eigenvalues are obtained in
this manner to prove that the ansatz provides the complete spectrum. One way to tackle
the problem is to show that obtaining the solutions of Bethe equations is equivalent to
finding the polynomial solutions of a differential (or difference) equation. For a second order
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differential equation, this problem is referred to the Heine–Stieljes problem and is well-
studied. This program has already been used with success in [23,32] for various quantum
integrable models. We show in this fashion that the spectrum obtained by the modified
algebraic Bethe ansatz of the algebraic Heun operator is complete. The associated differential
equation is an inhomogeneous differential Fuchsian equation with 4 regular singularities (i.e.
an inhomogeneous differential Heun operator). We show moreover, by using the Bargmann
realization of the Lie algebra su(2), that the eigenvalues problem is also associated to a
homogeneous differential Fuchsian equation with 5 regular singularities.

The plan of the paper is as follows. Section 1.2 offers a review of the Heun operators of Lie
type [19] and of the algebraic framework needed to study the BC-Gaudin magnet. Section
1.3 provides the main steps of the modified algebraic Bethe ansatz for the Gaudin model.
In Section 1.4, we study in more details the inhomogeneous Bethe equations and associate
their solutions, the Bethe roots, to the roots of a polynomial solution of the differential Heun
equation with an inhomogeneous term. Section 1.5 focuses on a particular case where the
parameters of the algebraic Heun operator satisfy some constraints. It is seen in this case
that there exists an alternative to compute the spectrum that leads to homogeneous Bethe
equations. The last two sections discuss the use of the Heun operator of Lie type in two
different contexts: first, in the representation theory of O(3) (see Section 1.6) and second,
in the computation of the entanglement entropy for free Fermions on a Krawtchouk chain
(see Section 1.7). We conclude with an outlook in Section 1.8. Useful formulas are gathered
in Appendix 1.A.

1.2. Heun operators and the Gaudin magnet
1.2.1. Algebraic Heun operator of Lie type

The Lie algebra su(2) is generated by J1, J2 and J3 subject to the following defining
relations

[J1,J2] = iJ3, [J2,J3] = iJ1, [J3,J1] = iJ2. (1.2.1)

We set
X = αJ1 + βJ2, and Y = J1. (1.2.2)

The Heun operator of Lie type is the following element of the universal enveloping algebra
U(su(2))

W = r1[X,Y ] + r2{X,Y }+ r3X + r4Y + r5, (1.2.3)

where ri are free parameters and {X,Y } = XY + Y X is the anti-commutator. This Heun
operator can be rewritten as follows in terms of the Lie generators (up to a renormalization)

W = ρ1J1 + ρ2J2 + ρ3J3 + {J1,J2}+ ρ4J
2
1 + ρ5 (1.2.4)
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where ρi (1 ≤ i ≤ 5) are free real parameters. The normalization of W is chosen so that
the coefficient in front of the anti-commutator {J1,J2} be one. The parameters ρi have been
taken real to ensure that W is Hermitian if Ji are represented by Hermitian matrices. The
generators X and W satisfy the Heun algebra of Lie type studied in [19].

1.2.2. BC-Gaudin magnet in magnetic field

Let us introduce the r-matrix

r12(u,v) = 1
(u− v)(uv − 1)


u(1− v2) 0 0 −2(u− v)

0 −u(1− v2) −2v(uv − 1) 0
0 −2u(uv − 1) −u(1− v2) 0

−2uv(u− v) 0 0 u(1− v2)


(1.2.5)

solution of the non-standard classical Yang-Baxter equation

[ r13(u1,u3) , r23(u2,u3) ] = [ r21(u2,u1) , r13(u1,u3) ] + [ r23(u2,u3) , r12(u1,u2) ] , (1.2.6)

where r12(u) = r(u) ⊗ II , r23(u) = II ⊗ r(u) , r21(u) is obtained by conjugating r12(u)
by the permutation operator, swapping spaces 1 and 2, and so on. This r-matrix has
been used to give the FRT presentations of the Onsager algebra [3] and of the classi-
cal Askey–Wilson algebra [4]. Let us recall that the parameters u and v are usually
referred to as spectral parameters. This r-matrix can be obtained from the one of the
6-vertex model under a twist by a matrix solution of the classical reflection equation (see [3]).

Let us now define the K-matrix containing as follows the generators of su(2)

K(u) = 2
(1− au)(u− a)

 u(a2 − 1)J3 (a2u− 2a+ u)J1 − iu(a2 − 1)J2

−u(a2 − 2au+ 1)J1 + iu(a2 − 1)J2 −u(a2 − 1)J3

 ,
(1.2.7)

where a is a free parameter called the inhomogeneity parameter. The K-matrix satisfies the
classical reflection equation

[ K1(u) , K2(v) ] = [ r21(v,u) , K1(u) ] + [ K2(v) , r12(u,v) ]. (1.2.8)

In fact, this classical reflection equation is equivalent to the defining relations (1.2.1) of su(2).
We introduce also a scalar matrix

c(u) =
(

2iu(a2 − 1)ρ1

a(u2 − 1) + 2(au− 1)(a− u)ρ2

a(u2 − 1)

)
j1 + 2iρ2j2 + 2iρ3j3 + ρ311, (1.2.9)
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where ji are the 2 by 2 matrices representing Ji given explicitly by j1 = 1
2

0 1
1 0

, j2 =

1
2

0 −i
i 0

 and j3 = 1
2

1 0
0 −1

, and ρi are the parameters entering in the definition (1.2.4)

of the Heun operator. This matrix c(x) is solution of

0 = [ r21(v,u) , c1(u) ] + [ c2(v) , r12(u,v) ]. (1.2.10)

Such a scalar solution has been used to study the Gaudin model in a magnetic field (see [28]).
It is easy to see that Ǩ(x) = K(u) + c(u) satisfies also (1.2.8).

We introduce at this point the transfer matrix

t(u) = tr(Ǩ(u)2). (1.2.11)

The important feature of the transfer matrix is its commutativity property for different
spectral parameters:

[t(u), t(v)] = 0. (1.2.12)

We are now in a position to give the first result of this paper: amongst the conserved
quantities of the Gaudin model (with one site) in a magnetic field, there is the Heun operator
of Lie type (1.2.4). More explicitly

a

8i(1− a2)ut(u)
∣∣∣∣
u=0

= W, (1.2.13)

with ρ4 = 2i(a2+1)
a2−1 and ρ5 = ρ1ρ2

2 + iρ2
2(1+a2)

2(1−a2) . Since ρ4 is a real parameter, a must be a pure
phase. The parameter ρ5 is given in terms of the other parameters but we can add the
identity operator to recover the generic Heun operator.

The second result of this paper is the diagonalization of the Heun operator of Lie type
W with the Bethe ansatz.

1.3. Modified algebraic Bethe ansatz
In this section, we recall the results of reference [13] and use them to diagonalize the

operator W by the algebraic Bethe ansatz.
Gauge transformations. Let us introduce the following matrix

M(u) =
 1/2 1/u
−u/2 1

 . (1.3.1)
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It allows to transform the r-matrix (1.2.5), the K-matrix (1.2.7) and the matrix c(x) as
follows

r̃(u,v) = M1(u)−1M2(v)−1r(u,v)M1(u)M2(v) (1.3.2)

= 1
(uv − 1)((u− v)


−v(u2 − 1) 0 2(uv−1)((u−v)

u
0

0 v(u2 − 1) −2v(v2 − 1) −2(uv−1)((u−v)
u

−u(uv−1)((u−v)
2 −2u2(v2−1)

v
v(u2 − 1) 0

0 u(uv−1)((u−v)
2 0 −v(u2 − 1)

 ,
(1.3.3)

and

K̃(u) = M(u)−1K(u)M(u), c̃(u) = M(u)−1c(u)M(u). (1.3.4)

It is easy to show that the matrices with tilde satisfy relations similar to those obeyed by
r(u,v), K(u) and c(u). Namely, one gets

[ K̃1(u) , K̃2(v) ] = [ r̃21(v,u) , K̃1(u) ] + [ K̃2(v) , r̃12(u,v) ]. (1.3.5)

Moreover the gauge transformation does not modify the transfer matrix

t(u) = tr((K̃(u) + c̃(u))2). (1.3.6)

We introduce the new su(2) generators: J̃1 = − (a2−1)(a2−4)
8a2 J1 + i (a2+1(a2−4)

8a2 J2 + a2+4
4a J3, J̃2 =

i (a2−1)(a2+4)
8a2 J1 + (a2+1)(a2+4)

8a2 J2 − ia
2−4
4a J3 and J̃3 = −a2−1

2a J1 + ia
2−1
2a J2 so that

K̃(u) =
 2a(u2−1)

(au−1)(a−u) J̃3
4
u
J̃3 + 2(a2−1)a

(au−1)(a−u) J̃−

−uJ̃3 + 2u2(a2−1)
a(au−1)(a−u) J̃+ − 2a(u2−1)

(au−1)(a−u) J̃3

 , (1.3.7)

where J̃+ = J̃1 + iJ̃2 and J̃− = J̃1 − iJ̃2. We thus recover a particular case of the K-matrix
used in [13] (see relations (4.1) and (4.2) in [13] for L → 1, x → u, v1 → a, α → 1, β → 0
and γ → 0).
Commutation relations. As is familiar in the context of algebraic Bethe ansatz, we define the
operators Ã(u), B̃(u), C̃(u) and D̃(u) as follows

K̃(u) + c̃(u) =
Ã(u) B̃(u)
C̃(u) D̃(u)

 . (1.3.8)

Only the special case D̃(u) = −Ã(u) has been treated in [13]. It does not occur here because
of the additional term c̃(u). We must therefore slightly generalizes the results of [13]. The
commutation relations of these operators are computed from relation (1.3.5) and are given
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by

[Ã(u), Ã(v)] = [D̃(u), D̃(v)] = [Ã(u),D̃(v)] = 0, (1.3.9)

B(u,n)B(v,n+ 1) = B(v,n)B(u,n+ 1), C(u,n)C(v,n− 1) = C(v,n)C(u,n− 1), (1.3.10)

[Ã(u), B(v,n)] = −[D̃(u), B(v,n)] = 2(u2 − 1)
(u− v)(vu− 1)(vB(v,n)− uB(u,n)), (1.3.11)

[Ã(u), C(v,n)] = −[D̃(u), C(v,n)] = 2(u2 − 1)v2

(u− v)(vu− 1)

(1
u
C(u,n)− 1

v
C(v,n)

)
, (1.3.12)

C(u,n)B(v,n) = B(v,n+ 1)C(u,n+ 1) + 8nu
v

+ 2u
(u− v)(uv − 1)v

(
v(u2 − 1)(Ã(u)− D̃(u))− u(v2 − 1)(Ã(v)− D̃(v))

)
,

(1.3.13)

where B(u,n) = B̃(u)− 2(2n−1)
u

and C(u,n) = C̃(u) + (2n−1)u
2 .

Shifted transfer matrix. Following [13], we define the shifted transfer matrix

t(u,n) = Ã(u)2 +B(u,n+ 1)C(u,n+ 1) + C(u,n)B(u,n) + D̃(u)2 + 2. (1.3.14)

We can see that t(u,0) = t(u) is the transfer matrix we are interested in. This shifted transfer
matrix has the following commutation relation with B(v,n):

t(u,n− 1)B(v,n)−B(v,n)t(u,n) = 4B(v,n)
(

v(u2 − 1)
(u− v)(uv − 1)

(
Ã(u)− D̃(u) + 4u

2 + 1
u2 − 1

)
− 2

)

− 4u
v
B(u,n)

(
u(v2 − 1)

(u− v)(uv − 1)

(
Ã(v)− D̃(v) + 4v

2 + 1
v2 − 1

)
− 4(n− 1)

)
.

(1.3.15)

Representation of su(2). Denote by ωs (with s ∈ N/2) the highest weight vector of the spin
s representation of su(2) which satisfies

J̃3 ωs = s ωs, J̃+ ωs = 0. (1.3.16)

From the explicit form of the operators, one deduces that

Ã(u)ωs = α(u)ωs =
(
ρ3 + 2as(u2 − 1)

(au− 1)(a− u) −
i(a2 − 1)(u2 + 1)ρ1

2a(u2 − 1) − (a− u)2 + (au− 1)2

2a(u2 − 1) ρ2

)
ωs,

(1.3.17)

D̃(u)ωs = δ(u)ωs =
(
ρ3 −

2as(u2 − 1)
(au− 1)(a− u) + i(a2 − 1)(u2 + 1)ρ1

2a(u2 − 1) + (a− u)2 + (au− 1)2

2a(u2 − 1) ρ2

)
ωs,

(1.3.18)

C(u,n)ωs = uγn ωs = u

(
−s+ n− 1

2 −
i(a2 − 1)ρ1

4a − (a2 + 1)ρ2

4a + iρ3

2

)
ωs. (1.3.19)
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Bethe vectors. We construct as follows the Bethe vectors that depend on the parameters
z = {z1, z2, . . . zM}:

V(z) = B(z1,1)B(z2,2) . . . B(zM ,M)ωs. (1.3.20)

Due to relation (1.3.10), the entries of the vector V(z) do not depend on the order of the
parameters zi. After some algebraic manipulations, we can express the action of the transfer
matrix on the Bethe vector as follows

t(u)V(z) = 2uγM+1B(z1,1)B(z2,2) . . . B(zM ,M)B(u,M + 1)ωs
+W(u,z)V(z)

−
M∑
k=1

16u2(z2
k − 1)

(u− zk)(uzk − 1)zk
Uk(z)V(zk,u) (1.3.21)

where V(zk,u) = B(z1,1) . . . B(zk−1,k − 1)B(u,k)B(zk+1,k + 1) . . . B(zM ,M)ωs and

W(u,z) = λ(u) +
M∑
k=1

16zk(u2 − 1)
(u− zk)(uzk − 1)

α(u)− δ(u)
4 + u2 + 1

u2 − 1 +
M∑

p=1
p6=k

(u2 − 1)zkzp
u(zk − zp)(zkzp − 1)

,
(1.3.22)

λ(u) = α2(u) + δ2(u) + 2 + 2u(α′(u)− δ′(u)) + 2u
2 + 1
u2 − 1(α(u)− δ(u)), (1.3.23)

Uk(z) = α(zk)− δ(zk)
4 + z2

k + 1
z2
k − 1 +

M∑
p=1
p 6=k

zp(z2
k − 1)

(zk − zp)(zkzp − 1) . (1.3.24)

The prime in α′(u) and δ′(u) stands for the derivative with respect to u. In the usual
algebraic Bethe ansatz, the first line in (1.3.21) is not present.
Modified algebraic Bethe ansatz and inhomogeneous Bethe equations. For generic val-
ues of the parameters, one gets γM+1 6= 0 for any M ( the particular case where
there exists a M such that γM = 0 is the object of Section 1.5). One must compute
B(z1,1)B(z2,2) . . . B(zM ,M)B(u,M + 1)ωs. For a generic M there is no simple formula but
for M = 2s, one gets (see [13] for a proof of this result):

2uB(z1,1)B(z2,2) . . . B(z2s,2s)B(u,2s+1)ωs =W(u,z)V(z)−
2s∑
k=1

16u2(z2
k − 1)

(u− zk)(uzk − 1)zk
Uk(z)V(zk,u)

(1.3.25)
where

W(u,z) = −8γ∗2s+1

2s∏
p=1

(u− a)(au− 1)zp
a(u− zp)(uzp − 1) , (1.3.26)

Uk(z) = − γ∗2s+1
2(z2

k − 1)

2s∏
p=1
p6=k

(zk − a)(azk − 1)zp
a(zk − zp)(zkzp − 1) , (1.3.27)
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and ∗ is the complex conjugate. Then, the eigenvalues of the transfer matrix are

W(u,z) + γ2s+1W(u,z), (1.3.28)

whereW(u,z) is given by (1.3.22) with M = 2s andW(u,z) is given by (1.3.26) if z satisfies
the inhomogeneous Bethe equations

α(zk)− δ(zk)
4 + z2

k + 1
z2
k − 1 +

2s∑
p=1
p 6=k

zp(z2
k − 1)

(zk − zp)(zkzp − 1) = |γ2s+1|2

2(z2
k − 1)

2s∏
p=1
p 6=k

zp(zk − a)(azk − 1)
a(zk − zp)(zkzp − 1) .

(1.3.29)

1.4. Bethe roots and Heun operator
1.4.1. Inhomogeneous Heun differential equation

In this section, we study in more details the inhomogeneous Bethe equations obtained
above.

Finding the Bethe roots of the inhomogeneous Bethe equations given by (1.3.29) is equiv-
alent to computing the roots of the monic polynomial solution of degree 2s of the following
differential Heun equation with an inhomogeneous term

y′′(X) +
(
a0

X
+ a1

X − 1 + a2

X − A

)
y′(X) + a3(X − µ)

X(X − 1)(X − A)y(X) = |γ2s+1|2
(X − A)2s

X(X − 1) ,(1.4.1)

where

A = −(a− 1)2

4a , a0 = 1− i(a2 − 1)ρ1

4a − (a− 1)2ρ2

4a , a1 = 1− i(a2 − 1)ρ1

4a − (a+ 1)2ρ2

4a ,

a2 = −2s, a3 = |γ2s+1|2 − 2s(2s− 1 + a0 + a1 + a2) . (1.4.2)

The roots Zi of the polynomials y(X) and the Bethe roots zi are linked by Zi = 1
4(2−zi−1/zi).

The parameter µ in the previous relation must be chosen so that there exists a polynomial
solution. We come back to this point below.

The proof of this statement is quite standard since it is a generalization of the Heine–
Stieljes problem. Let us recall the main steps here. Suppose that for a given µ there exists
a polynomial solution y(x) of degree 2s and denote by Zi the 2s roots of this polynomial.
The Heun differential equation (1.5.3) at X = Zi simplifies to

y′′(Zi) +
(
a0

Zi
+ a1

Zi − 1 + a2

Zi − A

)
y′(Zi) = |γ2s+1|2

(Zi − A)2s

Zi(Zi − 1) . (1.4.3)

Defining zi through Zi = 1
4(2 − zi − 1/zi), one can show that (1.4.3) implies that zi satisfy

the Bethe equations.
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The inverse is also true. For a given solution zi of the Bethe equations (1.3.29), we define
the following monic polynomial of degree 2s:

y(X) =
2s∏
i=1

(X − 1
4(2− zi − 1/zi)). (1.4.4)

One can prove that (1.4.3) holds for this polynomial and one deduces that the following
polynomial

X(X − 1)(X − A)y′′(X) + ((X − 1)(X − A)a0 + a1X(X − A) + a2X(X − 1)) y′(X)

− |γ2s+1|2(X − A)2s+1 (1.4.5)

of degree 2s + 1 vanishes for X = Zi = 1
4(2 − zi − 1/zi) which are the roots of y(X).

Therefore it is equal to p(X)y(X) for some polynomial p(x) of degree 1. By looking now
at the term of degree 2s + 1 in equation (1.4.5), we conclude that p(x) is of the form
p(x) = a3(X − µ) (with a3 given by (1.4.2)) and that y(X) satisfies the inhomogeneous
differential Heun equation (1.4.1).

The goal is hence to find µ such that (1.4.1) has a monic polynomial solution of degree
2s. To arrive at that, we start by putting the polynomial solution

y(X) = X2s +
2s−1∑
n=0

cnX
n (1.4.6)

in the Heun equation (1.4.1). We obtain the following constraints for the coefficients cn, for
0 ≤ n ≤ 2s+ 1,

A(n+ 1)(n+ a0)cn+1 − n((1 + A)(a0 + n− 1) + a1A+ a2)cn + |γn|2cn−1

= µa3cn + |γ2s+1|2
2s+ 1

n

 (−A)2s+1−n , (1.4.7)

with the conventions c2s = 1 and c−1 = c2s+1 = c2s+2 = 0. The previous relation is directly
satisfied for n = 2s + 1 given the explicit value of a3. Relation (1.4.7) for n = 2s gives
c2s−1 as a polynomial of degree 1 with respect to µ. Then, by recurrence, relation (1.4.7) for
n = 2s− p (p = 1, . . . 2s− 1) gives c2s−p−1 as a polynomial of degree p+ 1 with respect to µ.
Finally, relation (1.4.7) for n = 0 implies that the resulting polynomial P2s+1(µ) of degree
2s+ 1 in µ must vanish.

The previous discussion allows to conclude that for each solution µ of the following
relation

P2s+1(µ) = 0, (1.4.8)

there exists a polynomial yµ(X) solution of the Heun equation (1.4.1) of degree 2s. The
2s roots of the polynomial yµ(X) provide a solution of the Bethe equations (1.3.29). As
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P2s+1(µ) is of degree 2s + 1, there are 2s + 1 different µ and we obtain 2s + 1 different
solutions of the Bethe equations. This proves that the spectrum obtained from the modified
algebraic Bethe ansatz is complete.

Let us remark that in the discussion above, we have assumed that P2s+1(µ) has simple
roots. We can expect this to be true for generic parameters. As far as we know, there is
no closed formula for P2s+1(µ) but it is easy to compute this polynomial from the relations
(1.4.7).

1.4.2. Eigenvalues of the algebraic Heun operator

Using the identification (1.2.13) between the Gaudin model Hamiltonian and the algebraic
Heun operator, we can conclude that the eigenvalues of the algebraic Heun W are given by

w = 2is|γ2s|2(a− 1)
a+ 1 −4ai|γ2s|2

1− a2

2s∑
j=1

Zj+
ρ1ρ2

2 +s(a
2 + 1)ρ1 − is(a2 − 1)ρ2

2a +i(a
2 + 1)(4s2 − ρ2

2)
2(a2 − 1)

(1.4.9)
where {Zi} are the roots of a polynomial solution of the inhomogeneous differential Heun
equation (1.4.1) or equivalently Zi = 1

4(2− zi − 1/zi) with {zi} the Bethe roots of (1.3.29).
In addition, remarking that −∑2s

i=1 Zi is equal to the coefficient c2s−1 in (1.4.6), we can
express this sum in terms of µ. Indeed, as explained before, relation (1.4.7) for n = 2s gives
c2s−1 as a polynomial in µ of degree 1. Therefore, we can conclude that

w = 4aia3µ

1− a2 + ρ1(ρ2

2 − s)−
i(a2 + 1)(ρ2

2 − 2s(s+ 1))
2(a2 − 1) + i(a− 1)(ρ2 − |γ2s+1|2)

(a+ 1) + 2is(s− 1)a
a2 − 1 .

(1.4.10)
This relation allows to view w, the eigenvalues of the algebraic Heun operator, as the pa-
rameters in the differential inhomogeneous Heun operator (1.4.1) such that this equation
has a polynomial solution. Similar results can be obtained directly from the Bargmann
representation of su(2) as explained in the following subsection.

1.4.3. Bargmann realization of the algebraic Heun operator of Lie
type

It is well-known that the spin s representation of su(2) can be realized in terms of
differential operators acting on the space of univariate polynomials of order less or equal to
2s:

J1 = 1− z2

2
d

dz
+ sz, J2 = 1 + z2

2i
d

dz
− sz

i
, J3 = s− z d

dz
. (1.4.11)
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Indeed, the actions on the monomials

|s,m〉 = zs−m√
(s−m)!(s+m)!

, for − s ≤ m ≤ s, (1.4.12)

are given by

J±|s,m〉 = (J1 ± iJ2) |s,m〉 =
√

(s∓m)(s±m+ 1)|s,m± 1〉, J3|s,m〉 = m|s,m〉,
(1.4.13)

which is the standard spin s representation of su(2).
The algebraic Heun operator W in this realization becomes:

W = i(z2 − 1)(z2a2 − 1)
(a2 − 1)

d2

dz2 +
(

1− 2s
2 (z3 (ρ4 + 2i)− ρ4z)− z2ρ1 + iρ2

2 − zρ3 + ρ1 − iρ2

2

)
d

dz

+ z2
(
s2ρ4 + 2is2 − sρ4

2 − is
)

+ sz(ρ1 + iρ2) + sρ3 + sρ4

2 + ρ5 (1.4.14)

with ρ4 = 2i(a2+1)
a2−1 and ρ5 = ρ1ρ2

2 + iρ2
2(1+a2)

2(1−a2) . Then, the eigenvalues w of the algebraic Heun
operator W can be seen as the eigenvalues of this differential operator

Wφ(z) = wφ(z). (1.4.15)

Thus, w is obtained by asking that there is a polynomial solution φ(z) of degree less or
equal to 2s of this differential equation. This operator W leads to a Fuchsian second order
differential equation with five regular singularities {1,− 1,1/a,− 1/a,∞}, but in the special
case where ρ1 = ρ2 = 0, it reduces to the differential Heun operator. Indeed, let us perform
the change of variable

y = a2z2 and ψ(y) = φ(a2z2). (1.4.16)

In this new variable when ρ1 = ρ2 = 0, (1.4.15) becomes the Heun differential equation

d2ψ

dy2 +
(

1
2y + 1− 2s− iρ3

2(y − 1) + 1− 2s+ iρ3

2(y − a2)

)
dψ

dy

+ 2(2s− 1)sy + isρ3(1− a2) + s(a2 + 1)
4y(y − 1)(y − a2) ψ = iw(1− a2)

4y(y − 1)(y − a2)ψ. (1.4.17)

Comparing this differential Heun operator obtained from the Bargmann realisation and the
one in (1.4.1) obtained from the Bethe ansatz, we see that one singularity of the former is
located at a2 whereas for the latter one singularity is at A = − (a−1)2

4a .

1.5. Homogeneous case
In the previous sections, we have explained how the modified algebraic Bethe ansatz can

be used to diagonalize the transfer matrix of the Gaudin model and the Heun operator, that
leads to inhomogeneous Bethe equations. However, for particular values of the parameters,
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there exist homogeneous Bethe equations which diagonalize also this model. Indeed, let us
suppose that s, a, ρ1, ρ2 and ρ3 are such that there is an integer 0 ≤M ≤ 2s− 1 satisfying
γM+1 = 0 i.e. 

M = s− 1
2 + i(a2 − 1)ρ1

4a + (a2 + 1)ρ2

4a
ρ3 = 0

, (1.5.1)

where the real parameter ρ3 is set to zero to ensure that the imaginary part of the relation
γM+1 = 0 is verified. In this case, some eigenvalues of the transfer matrix are given by
W(u,z) (relation (1.3.22) for M =M), if z satisfies the Bethe equations Uk(z) = 0 i.e.

1
4(α(zk)− δ(zk)) + z2

k + 1
z2
k − 1 +

M∑
p=1
p6=k

zp(z2
k − 1)

(zk − zp)(zkzp − 1) = 0. (1.5.2)

In this case, the Bethe equations are called homogeneous. As before, finding the Bethe roots
zk, solutions of the Bethe equations (1.5.2) is the same as finding polynomial solutions of a
differential equation. More precisely, it amounts to finding polynomial solutions of degree
M of the homogeneous Heun differential equation

y′′(X) +
(
a0

X
+ a1

X − 1 + a2

X − A

)
y′(X) +M2 (X − µ)

X(X − 1)(X − A)y(X) = 0, (1.5.3)

for a suitable µ, where

A = −(a− 1)2

4a , a0 = s+ 1
2 −M+ ρ2

2 , a1 = s+ 1
2 −M−

ρ2

2 , a2 = −2s.
(1.5.4)

If {Zi} are theM roots of a polynomial solution of the Heun differential equation, then, for
each Zi, take zi as one solution of Zi = 1

4(2− zi − 1/zi), then these {zi} are solutions of the
Bethe equations (1.5.2).

The parameter µ must be chosen such that (1.5.3) has a polynomial solution of degree
M. If we take the polynomial solution of the form

y(X) = XM +
M−1∑
n=0

cnX
n (1.5.5)

upon inserting this expression in the Heun equation (1.5.3), we obtain the following con-
straints for the coefficients cn, for 0 ≤ n ≤M+ 1,

A(n+1)(n+a0)cn+1−n((1+A)(a0+n−1)+a1A+a2)cn+(M+1−n)2cn−1 = µM2cn, (1.5.6)

with the conventions cM = 1 and c−1 = cM+1 = cM+2 = 0. Again, these equations are
consistent only if µ is a root of the polynomial PM+1(µ) of degreeM+ 1 in µ.

When the constraints (1.5.1) are satisfied, the eigenvalues of the algebraic Heun operator
W (1.2.4) can also be deduced from those of the Gaudin transfer matrix thanks to formula
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(1.2.13), they are given by

w = i

a2 − 1
(
s(a2 + 1)− 2Ma− aρ2

)
+ 4 ia

a2 − 1

M∑
i=1

Zi , (1.5.7)

where {Zi} are the roots of a polynomial solution of the differential Heun equation (1.5.3)
or equivalently Zi = 1

4(2− zi − 1/zi) with {zi} the Bethe roots of (1.5.2).
Since −∑Mi=1 Zi is equal to the coefficient cM−1 in (1.4.6), we can express this sum in

terms of µ as follows

i
M∑
i=1

Zi = −icM−1 = −i(µM2 +M((1 + A)(a0 +M− 1) + a1A+ a2)) . (1.5.8)

Then, the eigenvalues of the algebraic Heun operator W (1.2.4) become

w = 4iaµM2

1− a2 + i

1− a2

(
((a2 + 1)s+ aρ2)(2M+ 1)−M2(a− 1)2

)
, (1.5.9)

where µ are the roots of the polynomials PM+1(µ).
The previous construction provides M + 1 eigenvalues. They belong to the spin range

{s−M,s−M + 1, . . . , s}. We remark that this spin domain is stabilized by the algebraic
Heun operator since (when relations (1.5.1) hold)

WM+1,M+2WM+2,M+1 = 0. (1.5.10)

To obtain the second part of the spectrum, we must start from the Bethe vectors V(z)
constructed from the lowest weight of su(2). We give the definition and the useful formulas
in Appendix 1.A. We note that for M = 2s− 1−M, one gets β−M = 0 and relation (1.A.7)
simplifies since the first line vanishes. Therefore, the usual Bethe ansatz works and one finds
that W(u,z) (see (1.A.8)) for M = 2s − 1 −M is an eigenvalue if z satisfies the Bethe
equations,

δ(zk)− α(zk)
4 + z2

k + 1
z2
k − 1 +

2s−1−M∑
p=1
p 6=k

zp(z2
k − 1)

(zk − zp)(zkzp − 1) = 0, (1.5.11)

for 1 ≤ k ≤ 2s − 1 −M. Once more, finding the Bethe roots z is equivalent to finding a
polynomial solution of a differential Heun equation. In this way, we prove that we obtain
2s−M solutions for spins running from −s to s−M− 1 in unit steps.

From the Bethe vectors V(z) and V(z), we obtain the complete spectrum of the Gaudin
model or of the algebraic Heun operators when relations (1.5.1) hold.
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1.6. Representations of the rotation group O(3) and
Heun operator

A special and important case of the Heun operator of Lie type arises when ρ1 = ρ2 =
ρ3 = 0:

W |ρ1=ρ2=ρ3=0 = {J1,J2}+ 2i(a2 + 1)
a2 − 1 J2

1 . (1.6.1)

It corresponds to the situation where there is no external magnetic field for the Gaudin
magnet (i.e. the scalar matrix c(u) given in (1.2.9) vanishes). Consider the following rotation
of the generators of su(2)

J1 = cos(θ)J̄1 − sin(θ)J̄2, and J2 = sin(θ)J̄1 + cos(θ)J̄2, (1.6.2)

with a = e2iθ. In terms of the generators J̄1 and J̄2, the algebraic Heun operator reads

E := 4i(1− a)
1 + a

W |ρ1=ρ2=ρ3=0 = 4(J̄1
2 + rJ̄2

2), r =
(1− a

1 + a

)2
. (1.6.3)

The operator E occurs in many physical and mathematical contexts. It is seen to be
equivalent (up to an affine transformation) to the Hamiltonian of the quantum Euler top [29].
It also appears in the representation theory of the group O(3) and its universal covering group
SU(2) as follows. As is very familiar, the standard representation basis is defined by the joint
eigenvectors of the Casimir element C = J2

1 +J2
2 +J2

3 and of the generator J3. It is said to be of
subgroup type since it corresponds to the group reduction O(3) ⊃ O(2) with one subgroup
generator, J3, diagonalized. Close to 50 years ago, Patera and Winternitz stressed [25]
the existence of a second interesting basis stemming from the classification of second order
polynomials in the generators. This second basis is provided by the eigenfunctions of C and
E = 4(J2

1 + rJ2
2 ) (and of the discrete operators X and PZ, where X and Z correspond

to reflections in the yz and xy planes and P is the parity operator). It is not of subgroup
type as E is not the generator of any subgroup of O(3). Ways to obtain the eigenvalues of
E are described in [25] but none are providing a closed formula. Our construction via the
Bethe ansatz strikingly advances the characterization of the eigenvalues ε of E. Indeed, by
specializing formulas (1.3.29) and (1.4.9), one gets that the eigenvalues of E are given by

ε = 2s(4s2 + 1)(a2 + 1)
(a+ 1)2 −

4a(s− 1
2)2

(a+ 1)2

2s∑
p=1

(zp + z−1
p ), (1.6.4)

with the Bethe roots satisfying

as(z2
k − 1)

(azk − 1)(a− zk)
+ z2

k + 1
z2
k − 1 +

2s∑
p=1
p 6=k

zp(z2
k − 1)

(zk − zp)(zkzp − 1) = (2s+ 1)2

8(z2
k − 1)

2s∏
p=1
p 6=k

zp(zk − a)(azk − 1)
a(zk − zp)(zkzp − 1) .

(1.6.5)
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Let us also remark that if s is a half-integer, the result of Section 1.5 can also be used to
characterize the spectrum of E. In this case the eigenvalues read

ε = 4s(a2 + 1)
(a+ 1)2 −

4a
(a+ 1)2

s− 1
2∑

p=1
(zp + z−1

p ), (1.6.6)

with the Bethe roots satisfying

as(z2
k − 1)

(azk − 1)(a− zk)
+ z2

k + 1
z2
k − 1 +

s−1/2∑
p=1
p 6=k

zp(z2
k − 1)

(zk − zp)(zkzp − 1) = 0. (1.6.7)

The specialization used here of relation (1.4.17) for the Bargmann realization of the Heun
operator reproduces the result of [25]. We should point out that the supplementary condition
0 < r < 1 is imposed in [25] which implies that a = 1−

√
r

1+
√
r
. In the construction above we have

required that a be a pure phase but the results can easily be generalized and the relations
(1.6.4)-(1.6.7) are still valid for any a.

1.7. Entanglement entropy for the Krawtchouk chain
and Heun operator

In this section, we present another interesting problem to which the results of this paper
can be applied, namely the determination of the entanglement entropy for free Fermions
on Krawtchouk chains. These chains are interesting in many respects. They emerge from
the projection of spin systems defined on hypercubes [11] and they are known to allow for
perfect state transfer [1]. They are usually introduced in the following way. Let us consider
the free Fermion inhomogeneous Hamiltonian with nearest neighbor interactions and local
magnetic fields defined by:

Ĥ = β

2

2s−1∑
n=0

√
(n+ 1)(2s− n)(c†ncn+1 + c†n+1cn)− α

2s∑
n=0

(n− s)c†ncn, (1.7.1)

where {c†m, cn} = δmn and where α and β are free parameters. We can choose the normal-
ization of H such that α2 + β2 = 1 and take α = cos (2θ) and β = sin (2θ). In what follows,
it will be more convenient to rewrite (1.7.1) in terms of the matrices J1 and J3 from an
irreducible representation of su(2) of dimension 2s+ 1. Indeed, we have that

Ĥ =
(
c†0 . . . c†2s

)
Ĥ


c0
...
c2s

 , (1.7.2)

where

Ĥ = cos (2θ)J3 + sin (2θ)J1. (1.7.3)
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We easily find an orthonormal basis {|ωk〉}k∈{0,...,2s} of C2s+1 such that Ĥ |ωk〉 = ωk |ωk〉. The
eigenvalues are given by ωk = k − s and the diagonalized Hamiltonian is

Ĥ =
2s∑
k=0

ωkc̃
†
kc̃k,

where the c̃k = ∑2s
n=0 〈n|ωk〉 cn also respect {c̃j, c̃k†} = δjk. The overlap coefficients are given

in terms of Krawtchouk polynomials [24]:

〈n|ωk〉 =

√√√√(2s
n

)(
2s

2s− k

)
(sin θ)2s | cot θ|k−nKn(2s− k; sin2 θ, 2s). (1.7.4)

The ground state |Ψ0〉〉 is defined by filling up the Fermi sea. If |0〉〉 represents the vacuum
state which is annihilated by all the c̃k, we have

|Ψ0〉〉 = c̃†K c̃
†
K−1 . . . c̃

†
1c̃
†
0 |0〉〉. (1.7.5)

K is taken to be the largest integer k such that states associated to a negative energy ωk
are filled. A natural question to ask about such chain is the following: if we split it in
two, what is the entanglement between the two parts? This information is contained in the
entanglement entropy:

S = tr(ρ ln (ρ)), (1.7.6)

where ρ is the reduced density matrix associated to one of the two parts. Here, we take the
subsystem to be the first l + 1 sites of the chain. In particular, the projection operator π`
over the subsystem is taken to be

π` =
∑̀
n=0
|n〉 〈n| . (1.7.7)

For a Krawtchouk chain in its ground state |Ψ0〉〉, it is known that the value of S can
also be extracted from the eigenvalues of the chopped correlation matrix [17]. This matrix is
obtained by first considering the complete correlation matrix, which is the (2s+1)× (2s+1)
matrix having for entries:

Ĉmn = 〈〈Ψ0|c†mcn|Ψ0〉〉. (1.7.8)

It is useful to note that Ĉ can be expressed as:

Ĉ =
K∑
k=0
|ωk〉 〈ωk| . (1.7.9)

Then, the chopped correlation matrix associated to the first `+1 sites in the chain is obtained
by considering the submatrix of Ĉ defined as:

C = π` Ĉ π` = |Ĉmn|0≤m,n≤`. (1.7.10)
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Given (1.7.4), we see that

Cmn =
K∑
k=0

√√√√(2s
n

)(
2s
m

)(
2s
k

)
(sin2 θ)2s| cot θ|2k−n+mKm(2s− k)Kn(2s− k), (1.7.11)

where the last two parameters of the Krawtchouk polynomials are kept implicit.
In general, we see that the submatrices of (1.7.9) have a rather complicated expression

and do not prove easy to diagonalize. However, considerations of bispectrality in the context
of the time and band limiting problem have shown how to identify a tridiagonal operator T ,
in fact an algebraic Heun operator [17,21], that has the property of commuting with the
chopped correlation matrix. It is expressed as

T = {Ĥ, J3}+ µJ3 + νĤ, (1.7.12)

where µ = −2K − 1 + 2s and ν = 2` + 1 − 2s [16]. Thus, one could instead diagonalize T
and use the results to extract the spectrum of C. This is where the modified algebraic Bethe
ansatz comes into play. If we make the identification

− sin (2θ)J1 + cos (2θ)J3 → J̃1, cos (2θ)J1 + sin (2θ)J3 → J̃2 (1.7.13)

for the generators and

ρ1 = cot (2θ)µ+ ν

sin (2θ) , ρ2 = µ, ρ3 = 0,

ρ4 = 2 cot 2θ and ρ5 = µν

2 sin 2θ

(1.7.14)

for the parameters, we see that

T = sin 2θ(W − ρ5), (1.7.15)

where W is defined in (1.2.3). We thus see that the spectrum of T is given, up to an affine
transformation, by the one of W .

Moreover, it is observed that this W belongs to the homogeneous case (discussed in
Section 5). Indeed, one can check that we here have M = ` when considering the Bethe
vector constructed with the lowest weight. Therefore, the ` + 1 eigenvalues tz̄ of T will be
given by:

tz̄ = s cos (2θ) + µ

2 −
1
2
∑̀
i=1

(z̄i + 1
z̄i

), (1.7.16)

where the z̄ are solutions to the Bethe equations given by (1.5.11):

e2iθs(z̄2
k − 1)

(e2iθz̄k − 1)(e2iθ − z̄k)
+

(z̄2
k + 1)(1− ν

2 )− µz̄k
(z̄2
k − 1) +

l∑
p=1
p 6=k

z̄p(z̄2
k − 1)

(z̄k − z̄p)(z̄kz̄p − 1) = 0. (1.7.17)
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At this point, it is possible to recover the spectrum of C. Usually, this is done by acting
with C on the eigenvectors of T , i.e. the Bethe vectors for W [14]. Since these are also
eigenvectors of the chopped correlation matrix, we can read the eigenvalues of C from the
results. We here want to present an alternative way of obtaining the spectrum. It amounts
to constructing a polynomial P of order ` such that

C = P (T ) =
∑̀
j=0

ajT
j. (1.7.18)

If we have P , then it is easy to see that P (tz) gives the eigenvalue of C associated to z. To
prove the existence of P , it is sufficient to know that [C,T ] = 0 is verified and to notice that,
since T is tridiagonal, the first ` + 1 powers of T are linearly independent. The fact that T
is tridiagonal also allows to determine P . Indeed, since we have that

〈0|T r |m〉 = 0 if r < m, (1.7.19)

we are led to

a` = 〈0|C |`〉 / 〈0|T ` |`〉 (1.7.20)

and to the recurrence relation:

a`−j =

[
〈0|C |`− j〉 −∑j−1

r=0 a`−r 〈0|T `−r |`− j〉
]

〈0|T `−j |`− j〉 . (1.7.21)

Given this relation, constructing P is straightforward and obtaining the eigenvalues of C
and the entanglement entropy follows.

1.8. Conclusion and outlook
This paper has woven threads between the algebraic Heun operator of Lie type, the

differential Heun operator, a Fuchsian second order differential equation with five regular
singularities, the inhomogeneous Bethe equation and the Gaudin magnet. It showed in
particular that there exist two equivalent ways to compute the eigenvalues of the algebraic
Heun operator of Lie type by studying the polynomial solution of two differential equations,
one inhomogeneous with four singularities and the other homogeneous with five singularities.
This type of equivalence has already been noticed in a different context [15] and certainly
deserves further investigation.

We have examined the Gaudin model with only one site. It is well-known however that
the model with N sites remains integrable; the Bethe equations are also given in [13]. In the
framework of the Bargmann realization, a differential equation with N variables is obtained
in that case. A natural question is to compare this differential equation with the one obtained
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from the Bethe equations. This would provide a generalization to N variables of the results
of this paper.

We showed that the tools of quantum integrable systems and the algebraic Heun operators
of Lie type are relevant to the representation theory of su(2). We expect that other quantum
integrable systems and algebraic Heun operators of different types will find their way in the
representation theory of higher rank Lie algebras. For example, algebraic Heun–Hahn or
Racah–Hahn operators appear in [18] in the study of the diagonal centralizer of two su(3).

Finally, we demonstrated the usefulness of the Bethe ansatz to compute the entanglement
entropy of free Fermion chain with couplings given by the recurrence coefficients of the
Krawtchouk polynomials. It would be interesting to use this approach for other chains.
Algebraic Heun operators of different type which commute with the chopped correlation
matrix associated to different inhomogeneous free Fermion chains have been introduced in
[16,17]. The computation of their spectra with the Bethe ansatz could be used to determine
the entanglement entropy at least in the thermodynamical limit. We plan on returning to
some of these questions.

Acknowledgements. The authors are grateful to P. Baseilhac for numerous discussions.
The research of L.Vinet is supported in part by a Discovery Grant from the Natural Science
and Engineering Research Council (NSERC) of Canada. P.-A. Bernard and D. Shaaban
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1.A. Bethe ansatz from the lowest weight
The commutation relation of the shifted transfer matrix with C(v,n) is given by

t(u,n)C(v,n)− C(v,n)t(u,n− 1)= 4C(v,n)
(

v(u2 − 1)
(u− v)(uv − 1)

(
D̃(u)− Ã(u) + 4u

2 + 1
u2 − 1

)
− 2

)

−4v
u
C(u,n)

(
u(v2 − 1)

(u− v)(uv − 1)

(
D̃(v)− Ã(v) + 4v

2 + 1
v2 − 1

)
+ 4n

)
.

(1.A.1)

Let ωs (with s ∈ N/2) denote the lowest weight vector of the spin s representation of su(2)
which satisfies

J̃3ωs = −sωs, J̃−ωs = 0. (1.A.2)
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From the explicit form of the operators, one deduces that

Ã(u)ωs = α(u)ωs =
(
ρ3 −

2as(u2 − 1)
(au− 1)(a− u) −

i(a2 − 1)(u2 + 1)ρ1

2a(u2 − 1) − (a− u)2 + (au− 1)2

2a(u2 − 1) ρ2

)
ωs,

(1.A.3)

D̃(u)ωs = δ(u)ωs =
(
ρ3 + 2as(u2 − 1)

(au− 1)(a− u) + i(a2 − 1)(u2 + 1)ρ1

2a(u2 − 1) + (a− u)2 + (au− 1)2

2a(u2 − 1) ρ2

)
ωs,

(1.A.4)

B(u,n)ωs = 1
u
βnωs = 4

u

(
−s− n+ 1

2 + i(a2 − 1)ρ1

4a + (a2 + 1)ρ2

4a + iρ3

2

)
ωs.

(1.A.5)

We construct as follows the Bethe vectors, that depend on the parameters
z = {z1, z2, . . . , zM},

V(z) = C(z1,0)C(z2,− 1) . . . C(zM ,−M + 1)ωs. (1.A.6)

Due to relation (1.3.10), the entries of the vector V(z) do not depend on the order of the
parameters zi. The action of the transfer matrix on the Bethe vector V(z) is given by

t(u)V(z) = 2
u
β−MC(z1,0)C(z2,− 1) . . . C(zM ,−M + 1)C(u,−M)ωs

+W(u,z)V(z)

−
M∑
k=1

16zk(z2
k − 1)

(u− zk)(uzk − 1)Uk(z)V(zk,u) (1.A.7)

where V(zk,u) = C(z1,0) . . . C(zk−1,− k+ 2)C(u,− k+ 1)C(zk+1,− k) . . . C(zM ,−M + 1)ωs
and

W(u,z) = λ(u) +
M∑
k=1

16zk(u2 − 1)
(u− zk)(uzk − 1)

δ(u)− α(u)
4 + u2 + 1

u2 − 1 +
M∑

p=1
p 6=k

(u2 − 1)zkzp
u(zk − zp)(zkzp − 1)

,
(1.A.8)

λ(u) = α2(u) + δ
2(u) + 2− 2u(α′(u)− δ′(u))− 2u

2 + 1
u2 − 1(α(u)− δ(u)), (1.A.9)

Uk(z) = δ(zk)− α(zk)
4 + z2

k + 1
z2
k − 1 +

M∑
p=1
p6=k

zp(z2
k − 1)

(zk − zp)(zkzp − 1) . (1.A.10)
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Chapitre 2

The SU(3) ⊃ SO(3) missing label problem
and the analytical Bethe ansatz

Par Nicolas Crampé, Dounia Shaaban Kabakibo et Luc Vinet.
Soumis dans International Journal of Modern Physics A.

Abstract. The missing label for basis vectors of SU(3) representations corresponding
to the reduction SU(3) ⊃ SO(3) can be provided by the eigenvalues of SO(3) scalars in the
enveloping algebra of su(3). There are only two such independent elements of degree three
and four. It is shown how the one of degree four can be diagonalized using the analytical
Bethe ansatz.

2.1. Introduction
This paper bears on the missing label problem for the basis states of SU(3) represen-

tations corresponding to the reduction SU(3) ⊃ SO(3) ⊃ SO(2). This is a question that
has been studied for a long time and a topic on which there is a vast literature. The reader
may consult [24] for a review of where the subject stood roughly 50 years ago and for find-
ing many references. The problem has not lost its interest through the years in view of
its practical importance and has kept being explored. Among more recent reports we may
cite [10,27,34,36] where additional references will be found and, in particular [19], which
connects the missing label problem to quantum groups and integrable models and will prove
of relevance in the following.



In a nutshell, the problem has to do with the fact that generally, the irreducible represen-
tations (irreps) of SO(3) are not multiplicity free in the irreps of SU(3). Hence the values of
the two Casimir elements of SU(3), and the quantum numbers that label the basis vectors of
SO(3) irreps do not suffice to characterize the basis vectors of SU(3) irreps corresponding to
the reduction SU(3) ⊃ SO(3) ⊃ SO(2). In cases where the same SO(3) irrep occurs more
that once, clearly an additional multiplicity index is needed.

Of the various resolutions of the problem that have been proposed, the one we will
concentrate on has the missing label provided by the eigenvalues of an operator belonging
to the centralizer of so(3) in the enveloping algebra U(su(3)) of the Lie algebra of SU(3).
It has been shown [21] that the integrity basis for this centralizer consists of two elements
x and y of degree three and four respectively in the generators of su(3). This approach has
the merit of yielding an orthogonal set of basis vectors at the expense of having labels -the
eigenvalues- that are not integer and somewhat difficult to compute. The operator x was
first introduced in [4], while y can be traced back to lecture notes by Racah [30]. We shall
also make use of the resolution provided by Bargmann and Moshinsky who constructed an
SU(3) ⊃ SO(3) basis bearing their names in terms of elementary permissible diagrams. In
this BM basis, the additional label is integer but the vectors are not orthogonal.

Our attention will be focused on the spectrum of y. Numerical results were obtained
in [21] by relying on the Gelf’and–Tseitlin states. Another method based on shift operators
is described in [13,18]. We shall here add to this venerable topic by showing how the fourth
order labelling operator y can be diagonalized by calling upon the analytical Bethe ansatz
(BA).

Recently, the Bethe ansatz and its variants, which are cornerstones in the study of (quan-
tum) integrable models, have found their way in representation theory. They have in par-
ticular appeared in two situations that bear a very close relation to the problem of finding
the spectrum of an SO(3) scalar in U(su(3)): i. the diagonalization in [9] using the al-
gebraic Bethe ansatz of the Lie–Heun operator introduced in [28] as labeling operator of
a non-subgroup basis of O(3). ii. the determination in [12] with the nested Bethe ansatz
of the eigenvalues of an operator providing the missing label in the SU(3) Clebsch–Gordan
problem.

With respect to the diagonalization of y using Bethe ansatz techniques, as already alluded
to, a useful observation is the one made in [19] where the operator y was found to lie in a
Bethe subalgebra of the twisted Yangian Y (gl(3),so(3)). Given this identification, we shall
show that it is possible to diagonalize y using the analytical Bethe ansatz. This method has
been developed previously to find the spectrum of different quantum integrable spin chains
(see for example [3,22,31–33,35]). It lays on assuming a particular form of the eigenvalues.
The Bethe equations are obtained by imposing their analyticity, which explains the name of
the method. We are going in fact to generalise this method in order to diagonalize the whole
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Bethe subalgebra. The hypothesis we make for the form of the eigenvalue is inspired from
work done in [25] where the Bethe subalgebra of the Yangian has been diagonalized using
the nested algebraic Bethe ansatz.

The paper will unfold as follows. Section 2 will introduce the missing label operators
x and y of third and fourth order and recall the remarkable relations found by Lehrer
and Racah that they obey. It is worth stressing that strikingly, the algebra thus defined
has also appeared recently [11] as the centralizer of the diagonal embedding of U(sl(3)) in
U(sl(3))⊗2. Section 3 will look at the actions of x and y in the BM basis which will be
found to be tridiagonal. Complementing the results of Bargmann and Moshinsky who had
obtained the matrix elements of x, we provide those of y. Section 4 will present the extension
of the analytical Bethe ansatz that is required to diagonalize y. The results of section 3 will
be used to offer a comparison between some of the eigenvalues computed with the Bethe
ansatz approach and the corresponding ones obtained from the direct diagonalization of the
tridiagonal matrix expressing y in the BM basis. Throughout the paper, we shall often
interchangeably refer to Lie groups and their algebras denoting the former by capital letters
and the latter by lower case ones.

2.2. The SU(3) ⊃ SO(3) missing label operators and their
algebra

In this section, we establish notations and introduce the missing label operators x and y
in U(su(3)). We then present the double commutator relations that these operators verify.

The complexified Lie algebra su(3) is generated by Eij (1 ≤ i, j ≤ 3) satisfying the
defining relations

[Eij,Ekl] = δjkEil − δilEkj, (2.2.1)

with the extra condition
3∑
i=1

Eii = 0. (2.2.2)

When considering the subgroup chain SU(3) ⊃ SO(3), it is convenient to use a basis of
su(3) [30] generated by the five independent components Tmn (1 ≤ m,n ≤ 3) of the symmet-
rical traceless tensor T and the three components Lk (1 ≤ k ≤ 3) of the angular momentum
vector L generating the so(3) subalgebra. They satisfy the following commutation rules:

[Lk,Ln] = iεknpLp,

[Lk,Tmn] = i(εkmpTpn + εknpTmp),

[Tmn,Tpq] = i(δmpεnqr + δmqεnpr + δnpεmqr + δnqεmpr)Lr,

where εkmn is the Levi-Civita symbol and the sums over the repeated indices are understood.
The previous generators can be written in terms of Eij. Indeed, the so(3) generators are
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written as follows

L1 = E12 − E32 + E21 − E23√
2

, L2 = −i(E12 + E32 − E21 − E23)√
2

, L3 = E11 − E33, (2.2.3)

and the five independent components of T are

T11 = E11 + E33 + E13 + E31, T22 = E11 + E33 − E13 − E31, T12 = i(E31 − E13),

T13 = −E12 + E32 + E21 + E23√
2

, T23 = i(E12 − E32 − E21 + E23)√
2

.

The two Casimir elements of su(3) are

g2 = LkLk + 1
2TmnTnm, g3 = 1

3TmnTnpTpm − LmTmnLn. (2.2.4)

Their values characterize the finite irreps of SU(3). For the chain SU(3) ⊃ SO(3), one also
considers the Casimir element of so(3):

L2 = LkLk. (2.2.5)

A supplementary operator is needed in order to distinguish the different copies of the SO(3)
irrep within a given SU(3) irrep. The degeneracy can be lifted using one of the two following
operators belonging to the universal enveloping algebra of su(3) [4,21,30]:

x̄ = LmTmnLn, ȳ = LmTmnTnpLp. (2.2.6)

One generator of SO(3), the angular momentum projection L3, completes the characteriza-
tion of the basis vectors.

For reasons of simplicity, we consider the following shifted operators:

x = 1
16(x̄+ g3

4 ), y = − 1
64

(
ȳ + 3− g2 −

L2

3 (9 + g2 − L2)
)
. (2.2.7)

Then by using the defining relations of su(3), one can show that x and y satisfy the following
relations:

[x,[x,y]] = −6y2 + a2x
2 + a5x+ a8,

[y,[y,x]] = 2x3 + a2{x,y}+ a5y − a6x− a9, (2.2.8)
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where the coefficients are given in terms of g2, g3,L2 as

a2 = g2 + 2L2 − 18
8 ,

a5 = (4L2 − g2)g3

256 ,

a6 = 1
6144

(
8g2(3− L2)(2g2 − L2 − 21) + 9g2

3 − 16L2((L2 − 18)L2 + 63) + 1296
)
,

a8 = 1
98304

(
16
(
L2 − 3

)2 (
g2

2 +
(
L2 − 9

) (
L2 − 3

))
− 16

(
2L2 − 3

)((
L2
)2
− 6L2 − 18

)
g2

+ 3g2
3(18− 10L2 + g2) + 2592(L2 − 1)

)
,

a9 = 1
196608

(
4g2

(
L2 − 3

) (
2g2 − 7L2 − 3

)
− 3g2

3 − 16L2
((

L2 − 18
)

L2 + 9
))
g3.

These relations have been previously given in [30] without explicit expressions for the coef-
ficients ai. Let us note that a more general version of this algebra also appears in [11]. In
the latter paper, a central element Ω has been discovered. By specializing this result to our
case, one gets that

Ω = b1x+ b2y + b3x
2 + b4{x,y}+ b5y

2 + b7xyx− x4 + 4y3 + [x,y]2 (2.2.9)

with

b1 = 6a5+2a9 , b2 = −2a6−2a8 , b3 = 6a2+a6 , b4 = −a5 , b5 = 8a2−24 , b7 = −2a2+12 ,
(2.2.10)

commutes with x and y. It also commutes with g2, g3,L2, L3 and is proportional to the
identity in a given irrep. This is indeed compatible with equation (139c) of [30] stating that
the square of the commutator [x,y] is a function of x, y,L2, g2, g3.

2.3. Differential realization of the missing label opera-
tors x and y

In this section, we review a well-known polynomial basis for the irreducible representa-
tions of SU(3) ⊃ SO(3), namely the Bargmann–Moshinsky basis. We present expressions
for the matrix elements of x, y in this basis.

2.3.1. Irreducible representations of su(3)

A finite dimensional irreducible representation of su(3) is labeled by a pair of non-negative
integers (λ, µ). These give the Cartan labels of the highest weight vector Vλ,µ satisfying:

EiiVλ,µ = αiiVλ,µ for 1 ≤ i ≤ 3, (2.3.1)

EijVλ,µ = 0 for 1 ≤ i < j ≤ 3, (2.3.2)
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with
α11 = µ+ 2λ

3 , α22 = µ− λ
3 , α33 = −α11 − α22 = −2µ+ λ

3 . (2.3.3)

This representation correspond to a Young diagram with λ+ µ boxes in the first row and µ
boxes in the second row. The dimension of these irreps is

d(λ,µ) = 1
2(µ+ 1)(λ+ 1)(λ+ µ+ 2). (2.3.4)

For a detailed construction of su(3) irreps using the highest weight vector, see for example
[17].

The two Casimir operators of su(3) become proportionnal to the identity in this irrep
and are related to λ, µ by:

g2 = 4
3(λ2 + µ2 + λµ+ 3λ+ 3µ), g3 = 8

27(λ− µ)(3 + λ+ 2µ)(3 + 2λ+ µ). (2.3.5)

A given so(3) representation characterized by the integer L (such that L2 = L(L + 1)),
appears dL(λ,µ) times in the su(3) irrep. This degeneracy has been computed in [29] and is
given by:

dL(λ,µ) =
[
λ+ µ− L+ 2

2

]
≥0
−
[
λ− L+ 1

2

]
≥0
−
[
µ− L+ 1

2

]
≥0
, (2.3.6)

where [. . . ]≥0 is zero for any negative number and gives the positive integer part otherwise.
One can then check that we indeed have:

d(λ,µ) =
∑
L

(2L+ 1)dL(λ,µ). (2.3.7)

2.3.2. The Bargmann–Moshinsky basis

The Bargmann–Moshinsky (BM) basis [4] consists in a set of states for the general
irrep (λ,µ) of SU(3) ⊃ SO(3) reduction which depends on the supplementary label α that
distinguishes the different copies of SO(3) irreps. The highest states of all SO(3) multiplets
in this basis are given by∣∣∣∣∣∣λ µ

α L L

〉
B

=


ηλ−2α

1 ηL−λ+2α
12 sα1 s

1
2 (µ−L+λ−2α)
12 , λ+ µ− L even

ηλ−2α−1
1 ηL−λ+2α

12 w sα1 s
1
2 (µ−L+λ−2α−1)
12 , λ+ µ− L odd

(2.3.8)

where:

η12 = η1ζ2 − ζ1η2, ζ12 = η1ξ2 − ξ1η2, ξ12 = ζ1ξ2 − ξ1ζ2,

s1 = ζ2
1 − 2η1ξ1, s12 = ζ2

12 − 2η12ξ12, w = η1ζ12 − ζ1η12. (2.3.9)

In this realization, the generators Eij of the su(3) algebra are given by

Eij = vi
∂

vj
+ wi

∂

wj
− δij

3 (λ+ 2µ) (2.3.10)
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with

v = (−η1,ζ1,ξ1), w = (−η2,ζ2,ξ2). (2.3.11)

The rest of the basis elements∣∣∣∣∣∣λ µ

α L m

〉
B

where L3

∣∣∣∣∣∣λ µ

α L m

〉
B

= m

∣∣∣∣∣∣λ µ

α L m

〉
B

, (2.3.12)

are obtained by repeatedly acting with L− = iL2−L1√
2 . The highest weight state Vλ,µ in a given

su(3) irrep is obtained by setting m = L = λ + µ and α = 0 in the BM vectors. The label
α is a positive integer and is chosen such as all exponents are positive. It thus lays in the
range

max
(

0,λ− L2 +1− (−1)λ−L
4

)
≤ α ≤ min

(
λ− 1

2 +(−1)µ+L

4 ((−1)λ+1),λ+ µ− L
2 +(−1)λ+µ+L − 1

4

)
.

(2.3.13)
Remark 1. The degeneracy dL(λ,µ) can also be found using equation (2.3.13):

dL(λ,µ) = min
[
L

2 + 1
4 + (−1)L

4
(
(−1)λ + (−1)µ + (−1)λ+µ

)
,
µ

2 + 1
2 + (−1)λ+L

4 (1 + (−1)µ) ,

λ+ 1
2 + (−1)µ+L

4 ((−1)λ + 1),λ+ µ− L
2 + (−1)λ+µ+L + 3

4

]
. (2.3.14)

The group of linear transformations acting on the three parameters λ, µ, L and preserving
the size of the missing label matrices is the group of symmetry of the square. It is generated
by the two permutations r = (1,4) and s = (13)(24) of the four possible values of dL(λ,µ) and
are explicitly given by:

r : L→ λ+ µ− L+ 1− (−1)λ+L + (−1)µ+L

2 s : L→ λ+ 1− (−1)λ+L

2

λ→ λ , λ→ L− 1− (−1)λ+L

2

µ→ µ µ→ λ+ µ− L+ 1− (−1)λ+L

2 .

(2.3.15)

2.3.3. The operators x and y in the Bargmann–Moshinsky basis

As mentioned earlier, it is not possible to construct a basis for SU(3) ⊃ SO(3) such
that the operators x and y have analytical eigenfunctions [30]. Nevertheless, they both
take the form of tridiagonal matrices in the BM basis. The resulting matrices can then be
diagonalized numerically to find the spectrum.
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The two non trivial expansions are:

x

∣∣∣∣∣∣λ µ

α L m

〉
B

=
∑
α′

∣∣∣∣∣∣λ µ

α′ L m

〉
B

βα′α, y

∣∣∣∣∣∣λ µ

α L m

〉
B

=
∑
α′

∣∣∣∣∣∣λ µ

α′ L m

〉
B

γα′α.

(2.3.16)
The non vanishing coefficients βα′α have been computed in [4]. In our notation, they read
as:

λ+ µ+ L even:

β
(e)
α+1,α = 1

8(2α− λ)(2α− λ+ 1)(2α− µ+ L− λ), (2.3.17)

β
(e)
α−1,α = 1

4α(2α + L− λ)(2α + L− λ− 1), (2.3.18)

β(e)
α,α = 1

216

(
27(2α− λ+ L)

(
8α2 − 2α(3λ− L+ µ) + λ2 + µ(λ+ L) + L+ 1

)
− 9L(L+ 1)

(
λ+ 2µ+ 3

2

)
+ (λ− µ)(2λ+ µ+ 3)(λ+ 2µ+ 3) + 27Lµ

)
, (2.3.19)

λ+ µ+ L odd:

β
(o)
α+1,α = 1

8(2α− λ+ 1)(2α− λ+ 2)(2α− µ+ L− λ+ 1), (2.3.20)

β
(o)
α−1,α = 1

4α(2α + L− λ)(2α + L− λ− 1), (2.3.21)

β(o)
α,α = 1

216

(
27(2α− λ+ L)

(
8α2 − 2α(3λ− L+ µ− 3) + λ2 + λ(µ− 1) + Lµ+ 2L+ 5

)
− 9L(L+ 1)

(
λ+ 2µ+ 3

2

)
+ (λ− µ)(2λ+ µ+ 3)(λ+ 2µ+ 3) + 27λ+ 27L(µ− 1) + 54

)
,

(2.3.22)

We furthermore carried on the same computation for the operator y and obtained the
following analytical expressions for its non vanishing elements:
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λ+ µ+ L even:

γ
(e)
α+1,α = 1

6(6α− λ+ µ+ 3L+ 6)β(e)
α+1,α, (2.3.23)

γ
(e)
α−1,α = 1

3(3α− 2λ− µ− 3)β(e)
α−1,α, (2.3.24)

γ(e)
α,α = 1

192

(
384α4 − 128α3(5λ− 3L+ µ)

+ 16α2
(
23λ2 + λ(8µ− 30L− 6) + 6L2 − 3L(2µ+ 1)− µ2 − 6µ+ 3

)
− 8α

(
10λ3 − 2λ2(11L− 2µ+ 6) + 2λ

(
5L2 + L(2− 4µ)− µ2 − 6µ+ 2

)
+ L2(2µ+ 3)

+ L(2µ− 3) + 2µ
)

+ 4λ2
(
3L2 + L(7− 2µ)− µ2 − 6µ+ 2

)
− 8λ3(2L+ 3) + 4λ4

+ 4λ
(
L2(µ− 1) + L(3µ− 1) + 3(µ+ 1)

)
− L4 − 2L3 + 5L2 + 6L+ 4µ2 + 12µ− 9

)
,

(2.3.25)

λ+ µ+ L odd:

γ
(o)
α+1,α = 1

6(6α− λ+ µ+ 3L+ 9)β(o)
α+1,α, (2.3.26)

γ
(o)
α−1,α = 1

6(6α− 4λ− 2µ− 6)β(o)
α−1,α, (2.3.27)

γ(o)
α,α = 1

192

(
384α4 − 128α3(5λ− 3L+ µ− 3)

+ 16α2
(
23λ2 + λ(−30L+ 8µ− 36) + 6L2 + L(15− 6µ)− µ2 − 12µ+ 12

)
− 8α

(
λ2(−22L+ 4µ− 34) + 10λ3 + 2λ

(
5L2 − 4L(µ− 4)− µ2 − 10µ+ 13

)
+ L2(2µ− 3)

+ L(10µ− 9) + 10µ− 6
)

+ 4λ2
(
3L2 + L(15− 2µ)− µ2 − 8µ+ 14

)
− 8λ3(2L+ 5) + 4λ4

+ 4λ
(
L2(µ− 5) + L(7µ− 13) + 9µ− 5

)
− 8L2µ− L4 − 2L3 + 5L2 − 24Lµ+ 6L+ 4µ2

− 4µ− 9
)
. (2.3.28)

Remark 2. With an appropriate identification of parameters, it can be shown that the matrix
elements of x and y have the same form as those of the missing label operators in the two
fold tensor product of su(3) found in [12].

2.4. Analytical Bethe ansatz
In this section, the definitions of the Yangian of gl(3) and of the twisted Yangian

Y (gl(3); so(3)) are recalled (see e.g. [23]). The connection, discovered in [19], between an
abelian subalgebra of Y (gl(3); so(3)), called Bethe subalgebra, and the missing label operator
y is reviewed. Exploiting this result, the spectrum of y is found using the analytical Bethe
ansatz. This is achieved by generalising the method used in [1,2] to diagonalize the transfer
matrix associated with open spin chains with soliton non preserving boundary conditions.
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2.4.1. Yangian Y (gl(3)), Twisted Yangian Y (gl(3); so(3)) and a Bethe
subalgebra

The Yangian Y (gl(3)) is defined [14,15] as the complex associative unital algebra gen-
erated by the generators {t(n)

ij |1 ≤ i,j ≤ 3, n ∈ Z≥0} subject to the defining relations:

[t(r+1)
ij , t

(s)
kl ]− [t(r)ij , t

(s+1)
kl ] = t

(r)
kj t

(s)
il − t

(s)
kj t

(r)
il , (2.4.1)

where r,s ∈ Z≥0 and t
(0)
ij = δij. In order to encompass all the defining relations of the

Yangian, it is known that we can use the FRT presentation [16]. It is based on the following
R-matrix [6–8,37]

R(u) = u I3 ⊗ I3 − P, (2.4.2)

where I3 is the 3× 3 identity matrix, P is the permutation operator

P =
3∑

i,j=1
eij ⊗ eji, (2.4.3)

and eij is a 3×3 matrix with zeros everywhere and 1 at the entry (i,j). It provides a solution
to the Yang–Baxter equation:

R12(u− v) R13(u) R23(v) = R23(v) R13(u) R12(u− v), (2.4.4)

with R12 = R⊗ I3, R23 = I3 ⊗R and so on. We then define the following T -matrix:

T (u) =
3∑

i,j=1
eij ⊗ tij(u), (2.4.5)

with tij(u) the following formal series in 1/u:

tij(u) = δij +
∞∑
k=1

t
(k)
ij

uk
. (2.4.6)

The commutation relations (2.4.1) can then by compactly written in the form of an FRT
equation [16]

R(u− v)T1(u)T2(v) = T2(v)T1(u)R(u− v). (2.4.7)

We now introduce the following generalised transposition t, related to the usual transpo-
sition T by:

At = V −1ATV, where V = antidiag(1, 1, . . . ,1). (2.4.8)

The so(3) twisted Yangian is a subalgebra of Y (gl(3)), noted as Y (gl(3); so(3)), and is
generated by elements s(k)

ij put in the following formal series

S(u) =
3∑
i,j

∞∑
k=0

eij ⊗
s

(k)
ij

uk
= T (u)T t(−u). (2.4.9)
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The commutation relations of the twisted Yangian can be compactly encoded as:

R(u− v)S1(u)R̃(−u− v)S2(v) = S2(v)R̃(−u− v)S1(u)R(u− v), (2.4.10)

where

R̃(u) = Rt1(u), (2.4.11)

and t1 is the generalised transposition taken in the first space only.
One can then construct an Abelian subalgebra of Y (gl(3); so(3)), also called a Bethe

subalgebra [26], generated by the coefficients in u−1, u−2, . . . of the following 3 elements
A1(u), A2(u), A3(u):

A1(u) = tr1[S1(u)], (2.4.12)

A2(u) = tr12[(A12 S1(u)R̃12(−2u+ 1)S2(u− 1)], (2.4.13)

A3(u) = tr123[A123 S1(u)R̃12(−2u+ 1)R̃13(−2u+ 2)

× S2(u− 1)R̃23(−2u+ 3)S3(u− 2)], (2.4.14)

where the As are antisymmetrization operators:

A12 = I− P12 (2.4.15)

A123 = I− P12 − P13 − P23 + P12P23 + P13P23 (2.4.16)

and tr1[. . . ] is the trace taken over the first space, tr12[. . . ] is the trace taken over the first and
second spaces, and so on. The three series Ai satisfy the following commutation relations [26]

[Ai(u),Aj(v)] = 0 for i,j = 1, . . . 3, (2.4.17)

which proves that the coefficients of the series are mutually commutative and form an Abelian
subalgebra.

2.4.2. Evaluation representation of Y (gl(3))

The construction of representations of the Yangians is based on the following algebra
homomorphism from Y (gl(3)) to the universal enveloping algebra of gl(3)

Tij 7−→ δij + Eij
u
. (2.4.18)

It is called the evaluation representations of Y (gl(3)). In this realisation, the element A1(u)
becomes

A1(u) = 3− 2E32E12 + 2E31E13 + 2E21E23 + 2E33E11 + E2
22 + E11 − E33

u2 (2.4.19)
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The same computation can be done for A2(u) and A3(u). Then the elements (2.4.12)-(2.4.14)
can be rewritten as follows [19]:

A1(u) = 3− g2 − 2L2

2u2 , (2.4.20)

A2(u) = (1− 2u)
(

32y
(u− 1)2u2 + 6 + (L2 − g2)(12u2 + L2 − 12u)

6(u− 1)2u2 + g2
2 − 8L2 − 4g2 + 12

8(u− 1)2u2

)
,

(2.4.21)

A3(u) = 36− 18g2

u(u− 2) + 9g2
2

4u2(u− 2)2 −
9g2

3
16u2(u− 1)2(u− 2)2 . (2.4.22)

Note that A2(u) contains the operator y. Therefore, the diagonalization of A2(u) will provide
the eigenvalues of y.

2.4.3. Bethe ansatz

The idea behind the analytical Bethe ansatz is to first find a particular eigenvalue of
the operator to be diagonalized (in our case, by acting on the su(3) highest weight vector),
and then to assume that the general formula for the eigenvalue function is a dressed version
of the latter. The case for A1(u) appears as a special case of integrable quantum spin
chains with soliton non preserving boundary conditions, which have been examined using
the analytical Bethe ansatz in [1]. Knowing that A1(u) is already diagonal in a given su(3)
irreducible representation, it would seem of no interest to use the analytical Bethe ansatz at
all. However, the exact same dressing functions found for A1(u) can be used to diagonalize
A2(u), which contains the missing label operator y. We note however that this method
does not allow the diagonalization of the operator x as it does not appear in the context of
such integrable systems. We now present (without proof) the steps in the application of the
analytical Bethe ansatz.

Using equations (2.3.1)-(2.3.2), as well as the expression for A1(u) in terms of Eij given
in (2.4.19), the action of A1(u) on the vector of highest weight in an su(3) irrep (λ, µ) reads
as:

A1(u)Vλ,µ = Λ0
1(u)Vλ,µ, (2.4.23)

where
Λ0

1(u) = 3− 2α33α11 + α2
22 + α11 − α33

u2 (2.4.24)

and αii are defined as (2.3.3). As expected, this eigenvalue is equal to (2.4.20), where g2

takes its value (2.3.5) and L2 = (λ + µ)(λ + µ + 1). This eigenvalue can be decomposed as
follows:

Λ0
1(u) = 2u− 1

2u3 σ1(u) + σ2(u)
u2 + 2u+ 1

2u3 σ3(u) (2.4.25)
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where

σ1(u) = (u+ α11)(u− α33), σ2(u) = (u+ α22)(u− α22), σ3(u) = (u+ α33)(u− α11).
(2.4.26)

Then the ansatz used in [2] is that the general eigenvalue Λ1(u) has the following “dressed”
form

Λ1(u) = 2u− 1
2u3 D1(u)σ1(u) + D2(u)σ2(u)

u2 + 2u+ 1
2u3 D3(u)σ3(u), (2.4.27)

with

D1(u) = D3(−u) =
M∏
j=1

u− uj − 1
2

u− uj + 1
2
, (2.4.28)

D2(u) =
M∏
j=1

(u− ui + 3
2)(u+ uj − 3

2)
(u− uj + 1

2)(u+ uj − 1
2) . (2.4.29)

It seems that the dressing functions create additional poles. In order for the residues at these
poles to vanish, constrains between the parameters uj are necessary. These equations are
known as Bethe equations and their solutions are called Bethe roots. In our case they read
as follows:

(up − 1
2 − α33)(up − 1

2 + α11)
(up − 1

2)2 − α2
22

=
M∏
j=1
j 6=p

(up − uj + 1)(up + uj − 2)
(up + uj − 1)(up − uj − 1) , 1 ≤ p ≤M. (2.4.30)

The physical Bethe roots correspond to the Bethe roots that are pairwise distinct. The
different physical Bethe roots will provide the different eigenvalues. The ansatz also states
that the whole spectrum is obtained in this way.

The parameter M is related to the eigenvalue of the total angular momentum in a given
so(3) representation. Indeed, one can repeatedly apply L’Hospital rule to compute the
following limit and get:

lim
u→∞

(u2Λ1(u)− 3u2) = g2 − 2L2, (2.4.31)

where L2 = L(L+ 1) = (λ+ µ−M)(λ+ µ−M + 1).

We now proceed in a similar fashion to compute the eigenvalue of A2(u). Acting on the
highest weight, we first get:

A2(u)Vλ,µ = Λ0
2Vλ,µ, (2.4.32)

where the eigenvalue can be decomposed as follows

Λ0
2 = 2(1− 2u)

u2(u− 1)2σ1(u)σ3(u−1)− 4
u2(u− 1)σ1(u)σ2(u−1)− 4

u(u− 1)2σ2(u)σ3(u−1). (2.4.33)

We remark that the same functions σi(u) appear in the eigenvalues Λ0
1(u) and Λ0

2(u). The
ansatz to get all the eigenvalues Λ1(u) consists in dressing each σi(u) by Di(u). We then
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make use of the same dressing functions for Λ2, namely:

Λ2 = 2(1− 2u)
u2(u− 1)2D1(u)σ1(u)D3(u− 1)σ3(u− 1)− 4

u2(u− 1)D1(u)σ1(u)D2(u− 1)σ2(u− 1)

− 4
u(u− 1)2D2(u)σ2(u)D3(u− 1)σ3(u− 1). (2.4.34)

The Bethe roots ui are solution the same Bethe equations (2.4.30) as those for A1(u), insuring
that the residues at the poles of the dressing functions Di(u) vanish. To support this ansatz,
let us mention that the same type of dressing appears in the algebraic Bethe ansatz for the
Bethe subalgebra of the Yangian studied in [25].

As explained previously, using equation (2.4.21), we can extract the eigenvalue of the
missing label operator y from Λ2(u). As a check, we solved the Bethe equations for a few
low values of λ, µ. We wrote them in terms of the elementary symmetric polynomials and
solved them using the Gröbner basis as explained in [20]. One verifies that the obtained
eigenvalues of the operator y (see table 2.1) coincide with the ones obtained from direct
diagonalization of the tridiagonal matrix y given in (2.3.23)-(2.3.28).

(λ,µ) (α11,α22, α33) L M Elementary symmetric polynomials Eigenvalues of y
w.r.t. the Bethe roots (e1, e2, . . . , eM)

(1,0) (2
3 , −

1
3 , −

1
3) 1 0 - 5

64

(2,1) (5
3 , −

1
3 , −

4
3)

1 2
(

2
3 ,−

13
36

)
31
192

2 1 (− 5
18) −35

64

3 0 - 37
64

(2,2) (2, 0, −2)
0 4 (4

3 , −
97
90 , −

11
5 ,

521
3600) 29

64

2 2 (2
3 ,−

7
12) 29

64

(−6
7 ,−

29
196) −99

64

3 1 (−1
2) −75

64

4 0 - 69
64

Table 2.1. Examples of solutions to Bethe equations (2.4.30) and the corresponding eigen-
value of y.
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2.5. Conclusion
Summing up, we have shown how the analytical Bethe ansatz could be generalized so as

to provide a powerful method to diagonalize the SO(3) scalar operator of degree four in the
su(3) generators whose eigenvalues give the basis vectors of irreducible modules correspond-
ing to the SU(3) ⊃ SO(3) ⊃ SO(2) non-canonical subgroup chain. This adds significant
new understanding to an important and thoroughly studied problem by showing how the
Bethe ansatz techniques can advance its resolution.

There are other well known and physically important occurrences of missing label prob-
lems such as the ones corresponding to the subgroup chains: SU(4) ⊃ SU(2) ⊗ SU(2),
O(5) ⊃ SU(2)⊗U(1), O(5) ⊃ O(3), etc. It would be of significant interest to explore further
the applicability of the Bethe ansatz methods to the resolution of these and other instances
where the degeneracies arise.

The algebra generated by x and y with relations given in (2.2.8) brings reminiscences
of algebras of Heun–Askey–Wilson type [5] and must encode the properties of the overlaps
between the two basis that are made out of eigenvectors of x and y respectively. It would
be of interest to understand this more deeply.

In this vein, understanding the structure of the algebra associated to the overlaps between
the basis corresponding to the canonical chain SU(3) ⊃ SU(2)⊗U(1) and the non-canonical
one, SU(3) ⊃ SO(3), is worth attention and would open up many new avenues. We shall
keep looking into those questions.
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Conclusion

Dans l’ensemble, ce mémoire traite l’opérateur de Heun de type Lie ainsi que le problème
d’étiquette manquante de l’algèbre su(3). L’ansatz de Bethe sert de trait d’union entre les
deux sujets. En premier lieu, une généralisation des techniques de l’ansatz de Bethe al-
gébrique permet de diagonaliser l’opérateur de Heun de type Lie. Des liens entre ce dernier
et l’équation différentielle de Heun mène à démontrer la complétude du spectre. Des applica-
tions de ces résultats en théorie des représentation de O(3) et le calcul d’entropie d’intrication
de fermions libres sur une chaine de Krawtchouk sont également abordées. En deuxième lieu,
la diagonalisation d’un sous algèbre abélien du yangian twisté Y (gl(3); so(3)) conduit à la
diagonalisation de l’opérateur d’étiquette manquante y de degré quatre dans les générateurs
de la chaine su(3) ⊃ so(3).

Un aspect qui a été examiné durant l’étude des représentations de su(3) et qui ne fait
pas l’objet de l’article présenté est le lien algébrique entre la réduction su(3) ⊃ so(3) ⊃ so(2)
et la réduction su(3) ⊃ s[u(2) ⊗ u(1)] ⊃ s[u(1) ⊗ u(1)]. Cette dernière constitue la chaine
habituelle utilisée pour construire les représentations irréductibles de su(3). Les vecteurs
de base sont ainsi étiquetées par les deux éléments de Casimir g2, g3 de su(3), l’élément de
Casimir de su(2), noté I2, ainsi que les deux éléments de Cartan I3 et Y correspondant aux
sous algèbres u(1). Cette base intervient en physique des particules. Les éléments I2 et I3

décrivent l’isospin, tandis que Y donne l’hypercharge. En termes des générateurs de gl(3),
cette sous-algèbre su(2) s’écrit comme

I3 = E11 − E33

2 , I+ = −E13, I− = −E31. (2.5.1)

L’élément de Casimir est donné par I2 = 1
2(I+I− + I−I+) + I2

3 . L’hypercharge Y s’exprime
de la façon suivante :

Y = 1
3(E11 + E33 − 2E22). (2.5.2)

Il existe en fait un “chevauchement” algébrique entre les deux bases. Plus précisément,
les deux opérateurs d’étiquette manquante x et y de la chaine su(3) ⊃ so(3) peuvent être
exprimés en termes de L2, Y , L3, g2, g3 et leurs commutateurs. Pour l’opérateur x, cette



relation s’écrit comme:

x = 1
32

( 3
16[[[L2,Y ],Y ],[L2,Y ]]− 1

2[L2,[L2,Y ]] + 3(2 + g2 + 2L2
3)Y + 9

4{Y,[[L
2,Y ],Y ]}

− 5{Y,L2} − 12Y 3 − g3

)
. (2.5.3)

On note aussi que L3 = 2I3. Il existe une relation similaire pour y mais elle est assez élaborée
et elle n’est donc pas présentée ici. D’autres relations algébriques d’intérêt incluent

[[[L2,Y ],Y ],Y ] = 4[L2,Y ], (2.5.4)

[[[x,Y ],Y ],Y ] = 4[x,Y ], (2.5.5)

[[[L2,I2],I2],I2] = 2{I2,[L2,I2]} = 2[{L2,I2},I2], (2.5.6)

[[[x,I2],I2],I2] = 2{[x,I2],I2} = 2[{x,I2},I2]. (2.5.7)

On observe que les équations (2.5.4) et (2.5.5) prennent la même forme que les relations de
Donald–Grady [10]. Il serait d’intérêt de donner toutes les relations de commutation et de
caractériser entièrement l’algèbre de chevauchement tel qu’il a été fait pour le cas de l’algèbre
de Hahn et les coefficients de Clebsch–Grodan [13].

Pour conclure, il serait particulièrement intéressant de pouvoir faire une identification
similaire à celle de l’opérateur d’étiquette manquante y pour l’opérateur x dans un contexte
de systèmes intégrables. Ceci donnerait la possibilité de le diagonaliser à l’aide de l’ansatz
de Bethe. Les techniques d’ansatz de Bethe employées à travers ces deux articles pourraient
certainement s’appliquer à d’autres sujets connexes. En effet, l’ansatz de Bethe algébrique a
été auparavant employé pour diagonaliser l’opérateur de Heun–Askey–Wilson [2]. Ces idées
pourront servir de pistes de réflexion pour de futurs projets faisant suite au présent mémoire.
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