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Résumé

Cette these se divise en trois parties qui peuvent étre toutes regroupées autour d’'une méme
banniére : 1’étude de structures algébriques reliées aux algebres de type Askey—Wilson. Alors
que dans la premiére partie on s’efforce d’obtenir des interprétations duales (au sens de Howe)
de ces algebres, dans les autres parties on étudie des généralisations de ces algebres. Des
dégénérations de I'algebre de Sklyanin, générées par des blocs plus fondamentaux que ceux
générant les algebres de type Askey—Wilson, sont étudiées dans la deuxieme partie et des
généralisations de plus haut rang des algebres de type Askey—Wilson sont étudiées dans la
troisieme partie.

Dans la premiere partie, en invoquant la dualité de Howe, deux interprétations duales
sont obtenues pour les algebres de Racah, Bannai—Ito, Askey—Wilson, Higgs, Hahn, ¢-Hahn
et dual —1 Hahn. La fagon dont la dualité de Howe opeére est rendue explicite par I'examen
de processus de réduction dimensionnelle. Un modele superintégrable 2D de mécanique
quantique superconforme dont I’algebre de symétrie est celle de type dual —1 Hahn est
également introduit et solutionné.

Dans la deuxieme partie, des algebres générées par des opérateurs de contiguité et
d’échelle encodant des propriétés de familles de polynomes sont étudiées. Ces opérateurs
appartiennent a la classe des opérateurs de Sklyanin—Heun, qui peuvent étre définis sur plu-
sieurs grilles diverses. On découvre qu’ils génerent des dégénérations de ’algebre de Sklya-
nin. On démontre que les représentations irréductibles de dimension finie de ces algebres ont
pour base des familles de para-polynomes. Les grilles linéaires, quadratiques, exponentielles
et d’Askey—Wilson sont étudiées et menent respectivement aux polyndémes orthogonaux des
familles de para-Krawtchouk, para-Racah, ¢-para-Krawtchouk et ¢-para-Racah. Enfin, la fa-
¢on dont les polynomes de para-Krawtchouk et d’autres familles de polynémes orthogonaux
sont reliées aux représentations tridiagonales du plan de Jordan déformé est présentée.

Dans la derniere partie, on explore des généralisations a plus haut rang pour les algebres
de Racah et Askey—Wilson. Pour ce faire, on étudie les réalisations de ces algebres en termes
de Casimirs intermédiaires. Le role de la matrice R tressée est élucidé : celle-ci permet
de relier divers Casimirs intermédiaires entre eux par conjugaison. Un isomorphisme entre

I’algebre de skein du crochet de Kauffman de la sphere a 4 trous et I'algebre engendrée



par les Casimir intermédiaires dans U,(sly)®® est présenté et permet d’interpréter de fagon
diagrammatique la conjugaison par la matrice R tressée mentionnée ci-haut. Finalement,
une présentation du centralisateur Z,(sly) de U(sly) dans U(sly)®" par générateurs et
relations est obtenue et on montre que ce centralisateur est isomorphe a un quotient (obtenu
explicitement) de I’algebre de Racah de plus haut rang R(n).
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Abstract

This thesis is divided in three parts which all orbit around the same theme: the study
of algebraic structures related to the algebras of Askey—Wilson type. In the first part we
obtain two interpretations that are dual in the sense of Howe for the algebras of Askey—
Wilson type. Meanwhile, the other two parts are concerned with generalizations of these
algebras. In the second part, we study degenerations of the Sklyanin algebra, which are built
out of generators that are more fundamental than those of the Askey-Wilson algebra. In
the last part, generalizations of the Askey—Wilson type algebras to higher rank are studied.

In the first part, dual interpretations are obtained for the Racah, Bannai-Ito, Askey—
Wilson, Higgs, Hahn, ¢-Higgs and dual —1 Hahn algebras by invoking Howe duality. The way
that this Howe duality operates is made explicit through the examination of a dimensional re-
duction procedure. A 2D superintegrable superconformal quantum mechanics model, whose
symmetry algebra is the one of dual —1 Hahn type, is also introduced and solved.

In the second part, we study algebras that are generated by contiguity and ladder op-
erators that encode properties of families of orthogonal polynomials. We show that these
operators belong to the Sklyanin—Heun class of operators, which can be defined for vari-
ous grids. We also show how their algebraic relations correspond to those of degenerations
of the Sklyanin algebra. Then, we show how various families of para-polynomials sup-
port finite-dimensional irreducible representations of these degenerate algebras. From the
linear, quadratic, exponential and Askey—Wilson grids, we are respectively led to the para-
Krawtchouk, para-Racah, g-para-Krawtchouk and g¢-para-Racah polynomials. Later, we
connect the para-Krawtchouk polynomials (and other families of orthogonal polynomials) to
tridiagonal representations of the deformed Jordan plane.

In the final part, we explore higher rank generalizations of the Racah and Askey—Wilson
algebras. To that end, their realizations in terms of intermediate Casimir elements are
studied. The role of the braided R-matrix is understood as follows: it connects various
intermediate Casimir elements through conjugation. We obtain an isomorphism between the
Kauffman bracket skein algebra of the four-punctured sphere and the algebra generated by
the intermediate Casimir elements in U, (sly)®?. This leads to a diagrammatic interpretation

of the conjugation by the braided R-matrix mentioned in the above. Lastly, a presentation



of the centralizer Z,(sly) of U(sly) in U(sly)®" by generators and relations is obtained and
we show that this centralizer is isomorphic to a quotient (which we provide explicitly) of
the higher rank Racah algebra R(n).
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Introduction

Prologue

Nous sommes en 1981. Le jeune homme a 23 ans et est en train de compléter son service
militaire dans 'armée soviétique. Mais il n’est pas parti les mains vides. En sa possession,
un livre sur les fonctions spéciales qu’il étudie dans son temps libre [1]. Un chapitre en
particulier pique sa curiosité : celui sur les familles de polynémes orthogonaux de Meixner,
Krawtchouk et Charlier.

Le protagoniste s’intéresse aux opérateurs encodant les relations de récurrence et les
équations aux différences caractérisant ces trois familles de polynomes. En calculant les
relations algébriques entre ces opérateurs, il reconnait les relations définissantes des algebres
de Lie su(1,1) et su(2).

C’est la le point de départ de ce qui suit.

1982. Notre protagoniste est rentré de son service militaire et débute ses travaux de
doctorat a Donetsk sous la supervision de Ya Granovskii. Il tente d’étendre les idées qu’il a
eu a la suite de ses observations sur les polynomes orthogonaux et les algebres de Lie. Une
premiére publication en 1984 |2] explique comment obtenir les trois familles mentionnées
ci-haut a partir des algebres de Lie su(1,1) et su(2). Cependant, il note que son approche
ne fonctionne plus pour les familles de polyndmes situées plus haut dans le tableau d’Askey
[Figure [1].

En quelques mots, la raison pour laquelle ¢a bloque, c’est qu’il n’est pas possible de
retrouver le spectre quadratique des familles de polynomes plus hautes dans le tableau

d’Askey uniquement a ’aide d’algebres de Lie. Il faut des outils plus puissants.

La solution a laquelle parvient éventuellement le protagoniste : étudier des algebres

quadratiques. Ici, il faut apprécier que ce type d’algebre est hors du commun a cette



époque. Les algebres de Lie sont des objets bien connus apparus a la fin du 19¢ siecle et la
classification des algebres de Lie semi-simples a été complétée par Cartan un peu avant le 20°
siecle. En revanche, presque rien n’est connu sur la classe des algebre quadratiques du type
étudié par le protagoniste, a I'exception peut-étre de 1'algebre de Sklyanin [3] et certains

travaux indépendants sur les algebres de symétrie de certains systémes superintégrables [4].

Ces algebres quadratiques sont la clé pour retrouver le spectre quadratique mentionné
précédemment. Les représentations tridiagonales de l’algebre dite de Racah font alors
intervenir les polynémes de Racah, qui tronent au sommet du tableau d’Askey [5]. Nous
sommes alors en 1989. Autre curiosité : ces algébres quadratiques apparaissent dans 1’étude
du probleme de Racah des algebres su(1,1) et su(2)...

Ce n’est pas la fin de I'histoire.

Il existe également un g-tableau d’Askey [Figure [2] qui rassemble des généralisations des
familles du tableau d’Askey par un parametre g. Au sommet de ce ¢g-tableau se trouvent les
polynomes d’Askey—Wilson. Dans la méme veine que ce qui a été fait pour les polynomes
et I’algebre de Racah, notre protagoniste se demande : existe-t-il des structures algébriques

similaires associées aux polynomes d’Askey—Wilson?

Deux publications en 1991 et 1993 [6, [7] répondent & l'affirmative. Une algebre
cubique, baptisée algébre d’Askey—Wilson par le protagoniste, possede des représentations
tridiagonales sur les polynémes d’Askey—Wilson et est de plus reliée au probléeme de Racah
de sl,(2).

Dans les années qui suivent, les algebres de Racah et d’Askey—Wilson prennent de ’am-

pleur et se mettent a apparaitre dans un nombre grandissant de domaines des mathématiques

et de la physique.
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Wilson Racah

NEWA

Continuous Continuous
Hahn Dual Hahn
dual Hahn Hahn
Meixner Pseudo
- Jacobi ) Meixner Krawtchouk
Pollaczek Jacobi
Laguerre Bessel Charlier
Hermite /

FiG. 1. Tableau d’Askey des familles de polynémes orthogonaux classiques
hypergéométriques. Les fleches indiquent l'existence de limites permettant
de passer d’une famille & une autre. Les familles situées en haut du tableau
peuvent donc étre considérées comme les plus générales.
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Askey-Wilson g-Racah

Continuous Continuous Big
g-Hahn Dual g-Hahn
dual g-Hahn g-Hahn q-hc;bi/
Al-Salam g-Meixner Continuous Big Little . Quantum Affine Dual
- - . . g-Meixner g-Krawtchouk
Chihara Pollaczek g-Jacobi g-Laguerre g-Jacobi g-Krawtchouk g-Krawtchouk | | g-Krawtchouk
Continuous Continuous Little . Al-Salam Al-Salam
. . g-Laguerre g-Bessel q-Charlier - -
big g-Hermite | | g-Laguerre g-Laguerre Carlitz I Carlitz IT

N

Continuous Stieltjes Discrete Discrete

g-Hermite Wi_gert g-Hermite I g-Hermite II

F1a. 2. ¢-tableau d’Askey des familles de polyndémes orthogonaux hypergéo-
métriques basiques. Les fleches indiquent l'existence de limites permettant
de passer d’une famille a une autre. Les familles situées en haut du tableau
peuvent donc étre considérées comme les plus générales.
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Sur l'importance de Dalgebre et de la théorie des
groupes en physique
Pourquoi parler d’algebre et de théorie des groupes dans une thése de physique?

Il existe une riche tradition d’interactions entre la physique théorique et le domaine de
I’algebre en mathématiques : a tour de role, un domaine inspire des avancées dans l'autre,

et les multiples connexions entre ces domaines sont riches et bénéfiques.

Deés les premiers balbutiements de la mécanique quantique déja, des éléments d’algebre,
de théorie des groupes et de théorie des représentations apparaissaient un peu partout dans
la théorie. Assez vite, certains physiciens se rendent compte que des arguments de symétrie
peuvent servir a expliquer les espacements entre les niveaux d’énergie et les dégénérescences
observées dans des expériences de spectroscopie. L’algebre et la théorie des groupes sont le
langage mathématique naturel pour parler de symétries.

Petit a petit, les articles de pionniers tels que Wigner et Weyl commencent a cimenter
I'importance et a formaliser le role de la théorie des groupes (et de leurs représentations)
en mécanique quantique. Toutefois, le formalisme mathématique utilisé est peu familier
pour la plupart des physiciens. Un bon nombre voit cette formalisation mathématique de la
théorie quantique d’'un mauvais ceil; 'appellation Gruppenpest, ou « Peste de la théorie des
groupes » due a Ehrenfest est emblématique de cette d’opposition envers une abstraction
mathématique grandissante de la théorie quantique [§].

Malgré tout, cette résistance disparait éventuellement en raison des multiples succes
rencontrés par la théorie des groupes en physique théorique. Pour n’en nommer que quelques
uns, mentionnons 1’élucidation de 'effet Zeeman anomal, les progres en chimie physique et en
spectroscopie, les développements dans 1’étude des représentations irréductibles du groupe
de Poincaré, la classification des particules élémentaires, ainsi que le développement de la
théorie électrofaible et des théories de jauge.

Dans son livre The Theory of Groups and Quantum Mechanics 9], Weyl écrit :

It has recently been recognized that group theory is of fundamental impor-
tance for quantum physics; it here reveals the essential features which are not
contigent on a special form of the dynamical laws nor on special assumptions
concerning the forces involved /]

Les constatations de symétrie et de covariance sont si puissantes qu’elles fixent la forme des

lois physiques, sans méme qu’on n’aie besoin de supposer quoi que ce soit sur la forme des

l¢ On a récemment reconnu I'importance fondamentale de la théorie des groupes en physique quantique;
celle-ci révele des éléments essentiels de la théorie qui ne sont pas conditionnels a la forme des lois dynamiques
ou des forces impliquées » (traduction libre).
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forces physiques en action. C’est d’ailleurs ainsi qu’on arrive aux équations de Schrodinger
et de Dirac en partant des postulats de covariance de Galilée et de Poincaré.

L’étude de la théorie des groupes en mécanique quantique est fructueuse. Weyl en par-
ticulier travaille a l'interface des deux domaines et se met a étudier de plus pres le groupe
symmétrique et le groupe des transformations linéaires. Dans les probléemes de couplage de
2 spins, il est bien connu que les propriétés de symétrie/antisymétrie de la fonction d’onde
totale sont reliées au spin total résultant de la combinaision. Ce lien entre spin et symétrie
sous permutation est en fait un cas particulier d’'un phénomene plus général, étudié par Weyl
et baptisé « réciprocité entre les représentations du groupe symétrique et du groupe général
linéaire ». De nos jours, on le connalt sous le nom de « dualité de Schur—Weyl » et c¢’est un
résultat central en théorie des représentations.

La dualité de Schur-Weyl a vu le jour a la suite de progres en mathématiques inspirés
en partie par des questions en physique. L’inverse se produit aussi parfois. Un des facteur
limitant certains progres en physique est la capacité a effectuer des calculs pour solutionner
des probleémes, une difficulté fondamentalement mathématique. A cet égard, des avancées
mathématiques menant a des prouesses calculatoires permettent I’étude de modeles de plus
en plus sophistiqués. Mentionnons ici la solution du modele d’'Ising en 2D par Onsager [10]
en 1944 : un tour de force algébrique qui a par la suite grandement stimulé les domaines des
transitions de phase et I’étude des phénomenes critiques en physique.

De nos jours, la théorie physique moderne ayant rencontré le plus grand succes dans les
dernieres décennies est le Modele Standard de physique des particules, et ses symétries, qui
s’expriment dans le langage de ’algebre et la théorie des groupes, jouent un role essentiel

dans cette théorie : ce sont elles qui encodent les forces fondamentales de la nature.

Intégrabilité et algebre

Un autre domaine relativement récent en physique qui utilise I'algebre a profusion est le
domaine des systemes intégrables. Une tache standard en physique théorique est de concocter
des modeles afin de rendre compte de phénomenes observés. Ces modeles sont, par exemple,
un systeme d’équations mathématiques décrivant la dynamique ou certaines propriétés d’un
systeme physique qu’on veut encoder. Si les solutions du modele concocté parviennent a bien
reproduire ce qui est observé expérimentalement, alors on pourra utiliser ce modele comme
point de départ pour développer une théorie physique du systeme.

Les modeles en physique jouent un role important dans I'élucidation de phénomenes,
mais en général ils ne sont pas exactement résolubles. La plupart du temps, on ne peut
que les solutionner numériquement ou bien en faisant des approximations. Toutefois, pour

un faible nombre de modeles, leurs solutions exactes peuvent étre obtenues explicitement :
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ceux-ci sont dits exactement résolubles. Les systémes associés sont dits intégrables et ont
beaucoup d’utilités en physique théorique.

Précisons un peu ce qui est entendu par systéme intégrable (pour une revue récente,
voir [11]). En mécanique classique, si un systeme possédant n degrés de liberté possede n
constantes du mouvement indépendantes et qui Poisson—commutentﬂ simultanément, on dit
que ce systeme est intégrable. Si ce systeme possede plus de n constantes du mouvement,
on dit qu’il est superintégrable. Enfin, un systeme est maximalement superintégrable s’il
possede le nombre maximal de constantes du mouvement, soit 2n — 1, et qu'une d’entre elles,
I’Hamiltonien, commute avec toutes les autres.

Les systemes maximalement superintégrables peuvent typiquement étre solutionnés al-
gébriquement en tirant parti de leurs nombreuses symétries. C’est la présence de ces nom-
breuses symétries qui explique la solvabilité du systeme. Ces symétries sont tres riches et
peuvent étre plus générales que les symétries de groupe (associées a des algebres de Lie) men-
tionnées a la section précédente : elles peuvent former des algebres quadratiques, cubiques,
ou méme polynomiales [4].

Qu’en est-il des systemes intégrables en mécanique quantique? Malgré un volume élevé
de travaux et un nombre de définitions proposées pour définir la notion de systéme quantique
intégrable, il ne semble toujours pas y avoir de consensus a ce jour sur « la bonne » définition
[12]. Cela contraste avec la situation en mécanique classique ou la théorie est bien établie.
Toutefois, tous ces travaux ne sont pas en vain et ont mené a une pluie de résultats en
physique et en mathématiques. En particulier, dans la foulée de I'étude des modeles sur
réseau utilisant la machinerie de la matrice de transfert ainsi que dans I’étude des systemes
quantiques intégrables par I’entremise des méthodes de « scattering inverse » E], Drinfeld |13]
et Jimbo [14] ont identifié des nouvelles structures algébriques, les groupes quantiques. Ces
structures sont tres riches : il s’agit d’algebres de Hopf quasi-triangulaires non-commutatives
qui sont des déformations d’algebres enveloppantes universelles d’algebres de Lie. Dans cet
exemple-ci, c’est la physique qui inspire des progres en algebre.

Au-dela de leurs riches propriétés algébriques, les systémes superintégrables ont d’autres
utilités en physique. Il est souvent utile d’approximer des systemes plus complexes par des
perturbations de systémes superintégrables (on peut penser ici a 'omniprésence d’oscillateurs
harmoniques en physique), lesquels sont exactement résolubles.

Les systémes maximalement superintégrables semblent étre tous exactement résolubles.
Il s’agit d’une conjecture pour laquelle aucun contre-exemple n’a été trouvé a ce jour. Les
solutions de systeémes intégrables font intervenir des polyndémes orthogonaux et des fonctions
spéciales : d’autres connexions entre les mathématiques, 1'algebre et la physique théorique.

On peut résumer le principe des dernieres pages par I’heuristique suivant :

2¢’est-a-dire que leur crochet de Poisson s’annule
3ou bien « probléme inverse de la diffusion quantique »?
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Si on comprend davantage d’algebres et les fonctions spéciales qui leur sont
associées, et que ces algebres sont liées a des modeles en physique, alors on
peut solutionner davantage de problemes en physique.

Les deux prochaines sections illustreront ceci par deux exemples.

Un premier exemple : Doscillateur harmonique quan-
tique 2D

L’oscillateur harmonique quantique 2D a pour Hamiltonien
H = 3{ar,af} + 3{az, a}} = Ny + Ny + 1, (0.0.1)
ol les N; sont donnés par
N;=dla;, i,j=1,2. (0.0.2)
T

Ici, {A,B} = AB + BA dénote l'anticommutateur et les a;, a; sont respectivement les

opérateurs d’échelle de création et d’annihilation :

1 9 S 5 .
a; \/5 (l'z + 8x@> ) a; \/§ (xz ('33(,‘2) ) (2W) ) (0 0 3)

Ceux-ci respectent les relations de commutation canoniques de 1’algebre de Weyl :

[ai,a}] = dij, la;, a;] = [az,a}] =0, i,j=1,2, (0.0.4)

ou [A, B] = AB — BA dénote le commutateur. Quelles sont les symétries de ce systéme? On

trouve assez facilement que les K;;
Kij=ala;, i,j7=1,2, (0.0.5)
commutent avec 'Hamiltonien :
H,K;;] =0 (0.0.6)

et génerent I'algeébre de symétrie du systéme. C’est la construction de Schwinger [15]. Puis-
qu’on exclut I’'Hamiltonien des générateurs, prenons plutét comme base
A+ = aJ{aQ, A_ = &1&5, D= N1 — NQ. (007)
Un calcul direct permet d’obtenir
(D, Ai] = £2A4,
(0.0.8)
[AJra A*] = Da

et d’identifier I'algebre de Lie su(2) comme algebre de symétrie du systeme. Cette algebre

de Lie est étroitement reliée aux rotations. Le systeme d’oscillateur harmonique 2D possede
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donc des propriétés d’invariance sous rotations. Dans le prochain exemple, on obtiendra une

algebre qui n’a plus d’interprétation géométrique directe.

Un autre exemple : 1’oscillateur singulier 2D

Ajoutons maintenant des termes centrifuges & I’Hamiltonien (0.0.1) pour obtenir I’'Ha-

miltonien d’un oscillateur singulier 2D

Hy = 379, 70 + 402, 02 = P + 57, (0.0.9)
avec
W 1 o\ ki y 1] K ,
JY ==z F = — Jy) == — = 422 0.0.10
T4 (x i 8@») N x|’ 0 4 [ 9r2  x2 Tz ( )

Dans la limite k1, ks — 0, on retrouve l'oscillateur harmonique 2D de la section précédente.
Ce modele peut étre vu comme une déformation du modele précédent par des parametres
k1, ko, et est donc un modele 1légerement plus sophistiqué. Mais cette légere sophistication
nous amene a utiliser des outils algébriques plus complexes.

Cette fois-ci, les relations de commutation sont

[Jgi)’ J—(&-j)] = 2J(()i)5ij7 [J(gi)’ Jﬂ(:j)] = :t‘]:(ti)éij’ i i—1.9 0.0.11
J0 G _ 170 560 _ 150 507 B (0.0.11)
[Ov O]_[—v —]_[+’ +]_ )

L’algebre de symétrie de ce systeéme est générée par des combinaisons a la Schwinger ana-

logues a celles dans 'exemple précédentE] :
Ay =4J079 A =4gY50 D=2 = JP. (0.0.12)

Cette fois-ci les relations algébriques entre les générateurs ne sont plus linéaires. Un calcul

direct donne

(D, Ay] = +4A4,
(0.0.13)
[A, A ] = —=D? + Day + ay,
ol les a; sont des termes centraux donnés par
oy = 4H? — (34 2(k1 + k), g = 4(ky — ko) H. (0.0.14)

L’algebre (0.0.13)) est une extension centrale de l'algebre de Higgs [16] et est un exemple

d’algebre quadratique qui apparait lors de I’étude des symétries de modeles en physique.
Algebre quadratique ai-je dit? A premiére vue, les relations semblent cubiques

et non quadratiques. Toutefois, I’algebre de Higgs est isomorphe a 1’algebre de Hahn, qui est

‘Pour simplifier les expressions ci-bas, on a ajusté la normalisation.
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clairement quadratique. Sous le changement de variables (inversible) suivant :

K, = 3D,
Ko =—-Y(A; + AL +1D%) + Loy, (0.0.15)
Ky =—3(Ay — A,
les relations prennent la forme (d’une extension centrale) de I’algebre de Hahn :
(K1, Ko] = K3,
[Ks, K3] = —2{K, K>} — jas, (0.0.16)

[Kg, Kl] = —2K12 — 4K2 + %Oél.

L’exemple de l'oscillateur singulier 2D démontre qu’en étudiant un modele légerement plus
sophistiqué, on voit déja le besoin d’'introduire des structures algébriques plus générales que

les algebres de Lie.

L’algebre et les polynomes de Hahn

D’ou l'algebre de Hahn tire-t-elle son nom? Il existe une famille de polynémes orthogo-
naux classiques appelés polynémes de Hahn. Ces polynémes orthogonaux sont données par
'expression suivante |17 :

-n,n+a+pB+1, -

Qu(z) = Qn(:c;a,ﬁ,N):3F2< N+l ,1), n=0,1,...,N, (0.0.17)

ou la fonction hypergéométrique ,. F est donnée par

A1y ..., Qp = (al)k:"'(afr)k zk
Iy 2] = — 0.0.18
<b17"'7bs ) ];) (b1>k(b5)k‘ k! ( )

et (a)y =ala+1)---(a+k—1) est le symbole de Pochhammer.

Ces polynomes posseédent de nombreuses propriétés remarquables. En particulier, ils
obéissent a une relation de récurrence a trois termes

—2Qn(2) = A3 Qn11(x) — [Ay + Co]Qu(z) + CrQu(),
_(tatfrDntat YN —n)
" @nta+B+)2n+a+p+2)° (0.0.19)

nin+a+ B+ N+1)(n+j)
Cn+a+B)2n+a+p+1)

ainsi qu’a une équation aux différences
n(n+a+f+1)Qn(zx) = B(x)Qun(z + 1) — [B(z) + D()]Qn(x) + D(2)Qn(x — 1),
B(z)=(r+a+1)(x — N), (0.0.20)
D(z)=x(x—p—N—1).

n
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Ces deux équations peuvent étre vues comme des équations aux valeurs propres pour deux

opérateurs, un premier opérateur associé a la relation de récurrence
X=A"T, - [A. +C,I+C,T_, TLf(n) = f(n+1), (0.0.21)
ainsi qu'un second opérateur associé a I’équation aux différences
D = B(x)A, — [B(z) + D(z)|I + D(x)A_, Aif(x) = f(x 1), (0.0.22)
ayant respectivement —z et n(n + o + 5 + 1) comme valeurs propres. Ici I est 'opérateur
identité.

Les Q,(z) sont simultanément les fonctions propres de deux problémes aux valeurs
propres en deux variables différentes : n et x. Dans une telle situation, on dit que X et
D sont une paire bispectrale d’opérateurs, ou encore des opérateurs bispectrauz, et que les
Q. (x) satisfont la propriété de bispectralité.

Les deux opérateurs X et D ne commutent pas. Les relations algébriques auxquelles
ils obéissent sont celles de I'algebre de Hahn, nommée ainsi en référence aux polynémes du
méme nom qui solutionnent leur probléme bispectral. Sous le choix

Ky =-2X - (2N + 8 —a),

(0.0.23)
Ky=D+ ;(a+B)(a+5+2),
on obtient les relations de l'algebre de Hahn :
(K1, Ko] = K3,
(K2, K] = —2{K1, K>} + 01, (0.0.24)
(K3, K| = —2K,® — 4Ky + 6o,
avec parametres
01 =3102N +a+ 3 +2)(a® - 7), 0.0.25)
5 = 2(a—B)> +2N(2N + a+ 5 +2).

L’algebre de Hahn est une algebre quadratique qui apparait dans une multitude de contextes

et a été également vue dans I'exemple de l'oscillateur singulier 2D a la section précédente.
Tous ces exemples ont pour but de faire valoir que les algebres quadratiques (ou cubiques,

méme polynomiales) sont des structures d’intérét en physique qui apparaissent également

dans I'étude des fonctions spéciales en mathématiques.

Les algebres de type Askey—Wilson

Les polyndémes orthogonaux hypergéométriques et hypergéométriques basiques sont res-
pectivement classifiés dans le tableau d’Askey [Figure [1] et le g-tableau d’Askey [Figure .

Un certain nombre de familles —1 de polyndémes orthogonaux obtenues des familles du
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g-tableau d’Askey par des limites ¢ — —1 particulieres ont été définies et constituent le
—1-tableau d’Askey.

Toutes ces familles de polynomes sont bispectrales, ¢’est-a-dire qu’elles satisfont a la pro-
priété de bispectralité introduite précédemment. Pour chaque famille, il est donc possible de
considérer la paire bispectrale d’opérateurs de récurrence et aux différences et de déterminer
les relations de commutation qu’ils respectent. Les relations obtenues définissent une algebre
abstraite qu’on nomme en fonction de la famille de polynémes a partir de laquelle elle a été
obtenue. Dépendemment de la famille étudiée, les relations de commutation s’expriment
linéairement (par exemple, pour les familles de Meixner, Krawtchouk et Charlier), quadra-
tiquement (familles de Hahn, Racah) ou cubiquement (famille d’Askey—Wilson) en termes
des générateurs.

Le cas le plus général est obtenu en considérant les polyndémes d’Askey—Wilson et mene
a lalgebre d’Askey—Wilson, baptisée et obtenue pour la premiere fois par Alexei Zhedanov
en [6] et dont l'origine historique a été racontée dans le Prologue.

Les objets autour desquels gravitent tous les travaux de cette theése sont ce que j’appelle

les algébres de type Askey—Wilson.

Définition. Dans cette thése, on entendra par algébres de type Askey—Wilson cha-
cune des algébres abstraites (ainsi que leurs extensions centrales) obtenues en calculant les
relations de commutation de la paire d’opérateurs de bispectralité associée a une famille de
polynomes orthogonauxr du q-tableau d’Askey ou de ses limites. Ceci comprend les familles
du tableau d’Askey et du —1-tableau d’Askey.

D’autres algebres de type Askey—Wilson qui apparaitront dans cette these sont les al-
gebres de g-Hahn, Racah, Bannai-Ito, duale —1-Hahn, ainsi que certaines de leurs extensions
centrales.

Comme les exemples de 'algebre de Hahn et de loscillateur singulier 2D T'illustrent
bien, ces algebres de type Askey—Wilson sont omniprésentes et connectent des domaines
variés en physique et en mathématiques. En général, quand ces algebres apparaissent, les
polynomes associés sont également présents. En plus de leur réle comme algebre de symétrie
de systemes physiques et de leur présence en théorie des polynémes orthogonaux, ces algebres
apparaissent en théorie des représentations dans I’étude du recouplement de représentations
irréductibles des algebres U, (sl2), 0sp(1]2) et sly. Sans étre exhaustif, on peut rajouter que :
ces algebres sont des cas particuliers des algebres de Painlevé, appartiennent a la classe
des algebres de Calabi-Yau, elles peuvent étre vues comme des troncations de 'algebre
de ¢-Onsager, elles peuvent étre obtenues par 1’équation de réflexion dans le contexte de
modeles intégrables et du formalisme de la matrice R, elles apparaissent dans la classification
des paires de Leonard en combinatoire algébrique, elles sont reliées aux algebres de Hecke

doublement affines, elles sont reliées a la dualité de Schur-Weyl quantique, elles apparaissent
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dans I’étude des modeles ASEP et elles sont présentes en théorie des noeuds. Plus de détails
et des références sont donnés dans l'introduction de I'article de revue The Askey—Wilson
algebra and its avatars |18] présenté au Chapitre . Leurs nombreuses apparitions dans des
domaines aussi variés permettent de connecter ces domaines et sont un signe indéniable de

la richesse de ces algebres.

Structure de cette theése

Tous les travaux dans cette theése tournent autour de ces algebres de type Askey—Wilson
et peuvent étre séparés assez naturellement en trois parties. Chaque partie débutera par une
mise en contexte qui précedera les articles.

La premiere partie porte sur la dualité de Howe et les algebres de type Askey—Wilson. Les
articles dans la premiere partie utilisent le concept de paires duales en théorie des représenta-
tions (également connu sous le nom de dualité de Howe) afin de fournir deux interprétations
duales aux algebres de type Askey—Wilson. Un modele superintégrable de mécanique quan-
tique superconforme qui a été étudié dans la foulée de ces travaux est également présenté et
solutionné.

La deuxieéme partie porte sur des structures algébriques qui sont en un sens plus fonda-
mentales que les algebres de type Askey—Wilson. Tout comme 'algebre d’Askey—Wilson a
été obtenue a l'origine a partir des opérateurs de bispectralité, ces nouvelles structures algé-
briques sont obtenues a partir d’opérateurs associés a des familles de polyndémes orthogonaux
mais qui sont cette fois-ci plus élémentaires. Les algebres obtenues sont des dégénérations de
I’algebre de Sklyanin. De nouvelles connexions entre les fonctions spéciales, les opérateurs
de Heun algébriques et les algebres de Sklyanin dans le domaine des systemes intégrables
sont mises de ’avant par I'introduction du concept d’opérateurs de Sklyanin—Heun.

La troisieme partie porte sur la relation entre les algebres de type Askey—Wilson et les
centralisateurs. Des outils comme la matrice R universelle, les théorémes fondamentaux de
théorie des invariants et les algebres de skein sont employés afin de préciser de quelle fagon
les algebres de type Askey—Wilson peuvent étre vues comme des centralisateurs. Egalement,

on y obtient des ensembles de relations définissantes pour certains centralisateurs.
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Partie 1

Algebres de type Askey—Wilson et dualité de

Howe



Introduction

La théorie des paires duales réductives, également connue sous le nom de dualité de
Howe, a été développée par Roger Howe dans les années 1970. Tout a commencé avec une
prépublication de Howe en 1976, Remarks on classical invariant theory [19], qui a beaucoup
circulé mais n’a été publié au final qu’en 1989. Dans cet article, Howe remarque qu’un
nombre de résultats épars en théorie des invariants classiques peuvent étre formulés de fagon
assez uniforme par l'introduction du concept de paires duales réductives.

Cette unification laisse envisager que ce nouveau concept est d'une grande importance;
entres autres, il permet également de jeter un éclairage nouveau sur les identités de Capelli,
la théorie des harmoniques sphériques, la cohomologie du groupe unitaire ainsi que diverses
structures mathématiques typiques qui apparaissent en physique théoriques telles que I'équa-
tion d’onde, I’équation de Laplace, les équations de Dirac et les équations de Maxwell [20)].

Howe développe initialement sa théorie pour les groupes classiques (GL,,, O, Spp, Uy).
Par la suite, des travaux subséquents identifient des analogues des paires duales faisant
intervenir des groupes quantiques [21-23] et des superalgebres de Lie [24] et le concept de
paire duale prend de I'importance en théorie des représentations.

Qu’est-ce qu'une paire duale? Voici tout d’abord une définition pour les groupes et
algebres de Lie.

Définition 0.0.1. [20/ Soit S un groupe de Lie et soient G, G' deux sous-groupes de S.
Alors (G,G") forment une paire duale de sous-groupes de S is G est le centralisateur de
G’ dans S et vice-versa. Dans ce cas, on dit également que la paire (g,g’) d’algébres de Lie
des groupes (G, G') est une paire duale dans l'algébre de Lie s de S.

Définition 0.0.2. Lorsque les deuz membres de la paire duale (G,G") sont réductibles, on
dit que (G,G") forment une paire duale réductive.

Si 'un des deux membres de la paire duale est un groupe compact, on obtient le résultat
suivant.

Théoréme 0.0.3. (25, 26/ Soit H un espace de Hilbert qui supporte des représentations de
S. Alors, les actions de G et G' sur H commutent et sont complétement réductibles. L’espace

de Hilbert admet la décomposition (sans multiplicité) suivante :

H=PTV '™, (0.0.26)
A

ot les TW et les T'™ sont des modules irréductibles de G et G' respectivement.

Ces définitions sont données ici pour les groupes et algebres de Lie mais peuvent étre
étendues de fagon appropriée pour des superalgebres de Lie et des algebres quantiques.

Il est intéressant de noter la similarité avec I’énoncé de la dualité de Schur—Weyl [27].
Théoreme 0.0.4. Les actions des groupes symmétrique Sy et du groupe général linéaire

G L, sur l'espace (C")®* commutent et cet espace se décompose en une somme directe sans



multiplicité de produits tensoriels de modules irréductibles des deux groupes
(CEF = PN @ p, (0.0.27)
A
ot 77,(;\) sont des représentations irréductibles de Sy étiquettées par des diagrammes de Young
A appropriés et les plV, des représentations irréductibles de G L, également étiquettées par
A

Cette similarité n’est pas une coincidence : on peut utiliser I’énoncé de la dualité de
Howe pour prouver I’énoncé de la dualité de Schur-Weyl [27]. Egalement, les Premier et
Second Théoremes Fondamentaux de la théorie des invariants sont des conséquences de cet
énoncé [27]. Les avancées amenées par la dualité de Howe s’inscrivent dans I'héritage de
Weyl et de ses travaux a l'interface des domaines de la physique théorique et de la théorie
des représentations.

Tel que mentionné dans le Prologue, un nombre d’algebres de type Askey—Wilson peuvent
étre réalisées comme commutants et dans ce cadre, leurs générateurs sont réalisés par des
Casimirs intermédiaires. La dualité de Howe permet d’associer des représentations irréduc-
tibles de deux algebres membres d’une paire duale réductive. De par le lemme de Schur, il
n’est donc guere surprenant qu’au niveau algébrique, cette association des représentations
irréductibles se traduise par une correspondance entre les Casimirs des deux algebres qui
étiquettent ces représentations irréductibles. C’est ce qui est utilisé ici. Grace a cette cor-
respondance, un énoncé portant sur le Casimir d’'un membre de la paire duale peut étre
interprété de facon duale en terme du Casimir de 'autre membre de la paire (si on se place
dans un contexte ou la dualité de Howe prend place).

La question principale a laquelle répond a 'affirmative la premiere partie de cette these
est:

Peut-on obtenir des interprétations duales (dans le sens de Howe) des algébres de

type Askey—Wilson?

L’astuce ici est de se placer dans une réalisation ou la dualité de Howe prend place a
plusieurs niveaux simultanément. Les Casimirs intermédiaires qui réalisent les algebres de
type Askey—Wilson comme centralisateurs sont tous mis simultanément en correspondance
avec les Casimirs associés aux autres algebres des paires duales. Par la suite, une réinterpré-
tation de ces autres Casimirs donne lieu & une nouvelle interprétation (duale & la premiere)
des algebres de type Askey—Wilson.

Dans cette premiere partie de la these, des interprétations duales sont fournies pour
les algebres de Racah aux Chapitres [I] et 2] Bannai-Ito au Chapitre [3 Askey—Wilson au
Chapitre [, Hahn au Chapitre [4, dual —1 Hahn au Chapitre [§| et ¢-Hahn au Chapitre 5] De
facon remarquable, 'astuce derriere la construction dans tous ces articles est en ’essence

la méme; cette idée s’applique autant pour les paires duales réductives faisant intervenir
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des algebres de Lie que celles faisant intervenir des superalgebres de Lie et des algebres
quantiques. L’article au Chapitre [J] présente cette observation tout en survolant I’ensemble
des résultats énumérés ci-haut. Un article sur la mécanique quantique superconforme faisant
intervenir l'algébre duale —1 Hahn est également inclus au Chapitre [7] dans cette premiére

partie et a été rédigé dans la foulée des travaux sur les interprétations duales de 'algebre
duale —1 Hahn.
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Chapitre 1

The Racah algebra as a commutant and Howe

duality

Par Julien Gaboriaud, Luc Vinet, Stéphane Vinet et Alexei Zhedanov.
Publié dans Journal of Physics A: Mathematical and Theoretical 51(50), 50LT01, 2018.
arxiv:1808.05261.

Abstract: The Racah algebra encodes the bispectrality of the eponym polynomials. It
is known to be the symmetry algebra of the generic superintegrable model on the 2-sphere.
It is further identified in the commutant of the 0(2) @ 0(2) @ o(2) subalgebra of 0(6) in
oscillator representations of the universal algebra of the latter. How this observation relates
to the su(1,1) Racah problem and the superintegrable model on the 2-sphere is discussed
on the basis of the Howe duality associated to the pair (0(6), su(l, 1))

Keywords: Racah algebra, commutant, Howe duality, superintegrability

1.1. Introduction

The Racah algebra R has three generators K, K5, K3 that are subjected to the relations:
(K1, K] = K, [Ky, Ks] = Ky? + {Ky, Ko} + dKs + ey,

(1.1.1)
[K?))Kl] - K12 + {K17 KQ} + dKl + €2,

where [A, B] = AB — BA, {A, B} = AB + BA and d, e;, ey are central. This algebra has
appeared in many guises and we here add to its understanding with the identification of a new
realization. We shall indeed show that R arises in the commutant of the 0(2) ® 0(2) @ 0(2)
subalgebra of 0(6) in the representations of U(0(6)) on the Hilbert space of states of six

oscillators.


https://dx.doi.org/10.1088/1751-8121/aaee1a
https://arxiv.org/abs/1808.05261

The Racah algebra was introduced as an encoding of the bispectrality properties of the
Racah polynomials [1], see for example [2]. It is also intimately connected to the recouplings
of su(2) and su(1, 1) representations [3, 4] since the Racah coefficients for these Lie algebras
are expressed in terms of the Racah polynomials. We shall review this last aspect in the
next section because it is relevant for the results we want to present in this paper.

The Racah algebra has also been found [5] to be the symmetry algebra of the generic
superintegrable model on the two-sphere with Hamiltonian H given by

a2

2 2 2 ai as
H=J +Js +J; + ?12 + 2 + ?32 (1.1.2)
where
0 .. 2 2 2
jk = €kij Tizg — 1, 7, k= 1, 27 3, 1"+ 2" a3 = 1 (113)

ox;’
and a1, ag, az are parameters. We shall also bring this fact to bear on our discussion.

The Racah algebra has further been shown to have a natural embedding in su(2) [6,
7] and to be related to distance-regular graphs [8]. It also extends to arbitrary ranks [9)
with a connection to multivariate Racah polynomials of the Tratnik type |10, [11] and higher
dimensional superintegrable models [12]. We shall here add to this the commutant realization
mentioned above and explain how Howe duality [13-15] relates this observation to the fact
that R is also in the commutant in U(su(1,1)®?%) of the addition of three su(1,1).

The paper will unfold as follows. As already indicated, we shall review in Section [1.2
the occurrence of the Racah algebra in the recoupling of three irreducible representations
of su(1,1). This is where R will be in the commutant of su(1,1) in U(su(1,1)®%) with
the intermediate Casimir operators as generators. Our main result will be the object of
Section where the connection with the Racah algebra and the Lie algebra o(6) will
be made. The link between this last incarnation of R as the commutant of the maximal
Abelian subalgebra 0(2) @ 0(2) @ 0(2) of 0(6) in the universal algebra of the latter and
the realization stemming from the Racah problem of su(1,1) will be discussed in Section
2.4 This will be done by considering six harmonic oscillators and the dual reductive pair
(0(6),5;3(2)) in sp(12) that acts on the Hilbert space of their collective states. This Howe
duality will be invoked to put in correspondance the 0(6) and sp(2) ~ su(1, 1) pictures for the
Racah algebra. In the last section, we shall complete the analysis by rederiving the results
pertaining to the symmetry of the generic superintegrable model on the 2-sphere. To that
end, we shall carry out the dimensional reduction of the six-dimensional (6D) oscillator under
the action of O(2) ® O(2) ® O(2) to obtain the Hamiltonian from the total Casimir operator
for the addition of six metaplectic representations of sp(2) and the constants of motion from
the proper intermediate Casimirs with the knowledge that they realize the Racah algebra.

Summary and outlook will form the Conclusion.
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1.2. The Racah problem for su(1,1) and the Racah alge-
bra

The Lie algebra su(1, 1) has generators Jy, J+ that obey the following commutation re-

lations:
[Jo, J+] = £ J4, [y, J_] = —2Jy (1.2.1)
and its Casimir operator is given by:
C=Jy—J.J —J. (1.2.2)

Consider now the addition of 3 irreducible representations of su(1,1) for which the initial

Casimir operators take values C) = );, i = 1,2, 3, and let us write
I =g I a0, I8 =g w2 e Y (1.2.3)

with the superindex denoting on which of the three factors in su(1,1)®® the operator is
acting. In addition to the initial Casimir operator C¥ we also have the intermediate Casimir

operators associated to the addition of two representations
C@ = (5§ + 39 = (19 + 7Y (1D + D) — (39 + ) (1.2.4)
with (ij) = (12),(23), (31) and also the total Casimir operator, given by:
CO = (J) 0 105 0, 125)

Take CU23) = )\;. Let V) denote irreducible representation spaces of su(1,1), and look
at the decomposition of VM) @ V2 @ 1V(A3) in irreducibles V*4). The Racah problem for
su(1,1) is about determining the unitary transformations between the bases corresponding
to the steps (152)@®3 and 1® (2@ 3) that respectively diagonalize the intermediate Casimirs
C12) and C*

) = 2N P — (ST + JDID) + 0 +

f (1.2.6)
C = 225 — (JDTD 1+ D TD) 4 g+

These intermediate Casimir operators realize the Racah algebra R, since the relations
(1.1.1) are satisfied by K; = _%0(12) and Ky = —50(23) with d = %()\1 + Ao+ A3+ \y),
€1 = %()\1 — )\4)()\2 — )\3), €y = i()\l — )\2)()\4 — )\3)

1.3. The Racah algebra and o(6)

We will now observe that R is in the commutant in U(0(6)) of a subalgebra of 0(6) in
the oscillator representation. The algebra o(6) has 15 generators L,, = —L,,, p,v =1,...,6
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obeying
(L, Loo| = 0upLyo — 0voLyp — 0ppLlue + 040 L, (1.3.1)

and it possesses the following quadratic Casimir:

C=> L.> (1.3.2)
pu<v
We will use the realization
0 0
L, =¢§——&—, I F# v, v =1, ..6. 1.3.3
H Magu 85“ ( )

Pick the 0o(2) @ 0(2) ® 0(2) subalgebra of o0(6) generated by the commutative set
{L12, L34, Lsg}. We want to focus on the commutant of this Abelian subalgebra in

U(0(6)). It is fairly easy to see that it will be generated by the following two invariants:

1

K, = g(LuQ + Lis® + Ly + Log® + Lag> + L342) (1.3.4)
1

Ky = 3 (L342 + L3s® + Lag® + Lus® + Lyg” + L562)- (1.3.5)

Define K3 by [Ki, K3] = K3. One then finds that
Kj = 116(L352 + Lsg” 4 Las® + Lag” — L13” — Lia® — Lag® — Lag® — L15” — Lig® — Las” — Lag”
+ LisgLss L1 + LigLasLag + Loz LssLos + LogLaeLog + L1aLasLas
+ LiaLaeLng + LogLasLos + L24L46L26)-
(1.3.6)
Working out the commutation relations of K3 with K; and K5, we find that they correspond

to those of a central extension of the Racah algebra with Lis, L34, Lss and C playing role of

structure constants. Indeed one obtains
(K1, Ko = K3

(K, Ks] = K5” + {K1, Ka} — 1Ko (C+Lio®+ Lai’+ Ls”) — 5 (C = Lio® — 4) (Lsa®— Lag”)

(K3, K1) = Ki° + {K1, K>} — §K2(6+L122+L342+L562) - é(c — Lsg” — 4) <L342—L122)
(1.3.7)

[=2]

where the parameters d = —%(C + Lig® 4 Lag®> + Lsg?), e1 = —é(C — Lyy® — 4)(Lss®> — Lsg?),

s = —a;(C — Lsg® — 4)(Lss® — L12”) are obviously central.
Let us indicate how this result is obtained. Take for example the commutator [Ks, Kj]

([K3, K4] is treated similarly). On the one hand, it is readily observed that the r.h.s in
(1.3.7)) only contains terms of the form LWQ. On the other hand, using the 0(6) commutation
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relations ((1.3.1)) and the explicit expressions (9.3.3)), (1.3.6) for K5, K3, one obtains:
128[ Ky, K] = {L352, L132} + {L352, L232} + {L3627 L132} + {L362; L232}

+ {L452, L142} + {L452; L242} + {L4627 L142} + {L462, L242}
—{Lss? L15°} — {L35%, Los*} — {L36”, L16°} — { L3>, Lag”}
—{L4s%, L15°} — {Ls5®, Los®} — {La6”, L6} — {Las®, Log”}
+ 4(L132 + Log® + L1a® + Loy — Lis® — Lys® — Lig® — L262)
— 2Ly5 L35 LasLg — 2L13 L35 Lsg Lie — 2L95 L35 L3 Liog — 2Lo3 L35 LsgLog
— 2Ly L3¢ Lgs Las + 2L13L36 Lsg L1s — 2Lo6 L Lgs Los 4+ 2L03L3sLsgLos  (1.3.8)
— 2015 L5 Lys Ly — 2L14L4s5 s Lig — 2Lo5L45LagLog — 2Lo4 L5 L Log
— 2Ly LagLasLys + 2014 Lag Ly L1s — 2LogLagLas Los + 2L94L46LssLos
+ 2014 LysLasLys — 2014 L34 Lgs Ly + 2L94Lys Las Log — 2L94 L34 L35 Los
+ 2L14LusLssLis — 2L14L34L3g L + 2L94Lag L Loz — 204134136 Lo
+ 2L13L35 Las Ly 4+ 2013034 Las Lys + 2L93 L35 Las Log + 2 L9334 L4505
+ 2L13L36LagLna + 2L13 L34 LagLie + 2L03 L3 LagLios + 2L93 L34 Lyg Log.

The terms of the type L, L, L,,L,, thus need to be re-expressed. The key to rewriting

them with factors involving only the LWQ’S is to make use of the identity
L;LULpG + L'u,pLo'y + L/,LO'LVP - O (139)

which is directly proved in the realization (|1.3.3) (and which in fact remains true for Dunkl

angular momenta ([16])), and to also take its square, which yields
{LiwLpo, LupLvo} = Li?Los® + Ly’ Lyo® — Lo Ly, (1.3.10)
Combining these two identities and calling upon other elementary formulas such as
[Low? + Low®, L] =0 (1.3.11)

allows one to equate (|1.3.8]) with the r.h.s in (|1.3.7)), which completes the proof.

1.4. The Racah algebra and Howe duality

We shall now show how the result in the previous section can be explained by identifying
the Howe pair in play in the system we have considered. In the last two sections we showed
that the Racah algebra is in the commutant of su(1,1) in U(su(1,1)®?) and of 0(2) ®0(2) &
0(2) in U(0(6)). The connection between these two observations can be traced to Howe

duality:.
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It is known [15] that o(n) and sp(2d) form a dual pair in sp(2dn), i.e. these two subgroups
are mutual commutants. This implies that o(6) and sp(2) ~ su(1, 1) have dual actions on
the Hilbert space of six oscillators. That means that their irreducible representations can be

paired and this can be done through the Casimirs.

Consider the following 6 oscillator realizations of sp(2):

W _ 1 w_1d w_1.d 1 _
S =56 S = 5 4 Jo = 55”6175# 0 #=123456 (141
o

We shall add these six representations by first coupling the three pairs (uv) = (12), (34), (56)

and shall write:
Je) — gl 4 J(V)7 J(123456) _ 7(12) | 7(34) 4 j(56) (1.4.2)

Recall that the sp(2) Casimir is C' = Jy* — J,J_ — Jy. The connection between the Casimirs

of combined metaplectic representations with elements in U(0(6)) is readily obtained:

€0 = =4 (L? +1), 149

((123456) _ _£1l< S L2 - 3> ——lc4+3 (1.4.4)
H<v

0(1234) = —%(L122 + L132 + L142 + L232 + L242 + L342) = _2K17 (145>

0(3456) = —i(L342 + [/352 + L362 + L452 + L462 + L562) = _2K2- (146)

In addition to observing that C(!?356) and the Casimir C of o(6) are affinely related, we
see that the intermediate sp(2) Casimirs correspond to the generators of the commutant of
{L12, L34, Lss} in U(0(6)). We know from Section [1.3] that the intermediate sp(2) Casimirs
realize the commutation relations of the Racah algebra. This will hence be the case also for

the commutant generators and we have here our duality connection.

1.5. The Racah algebra and the generic superintegrable
model on S?

We can now complete the picture by performing the dimensional reduction from R® to
R* x 52 [17{19] to obtain the generic superintegrable model (introduced in Section [2.1]) with

Hamiltonian H and to recover as well its symmetries. Make the following change of variables:

21 = x; cos b, 0 B, o
Lai—12i = &ai- — Q2 = a5
§o; = x;8in 0;, %12 = 2 L0 @ 081 00;

i=1,2,3. (1.5.1)
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Eliminate the ignorable 6;s by separating these Varlables and setting Lo; 1.0;° ~ k2. After

[

2

performing the gauge transformation O — O = x O z; * one obtains

—(2i-120) 1 5 —@-12) 1 d? a; ~(2i-1,27) 1 d 1
J =—x;5 J_ =—|—-—+—=, J =—|lzi—+ = |, 1.5.2

with a; = k2 + i. The reduced Casimirs

Crrd) = (Jo)2 — Jpd_ —Jo  with  J = J®) 4 jeo), (1.5.3)
are easily computed and have the following expressions:
~ 1[ 212
CcU2) — _Z | 7,2 +a1—+a2 > tart+a+1],
4 X1 X2 i
- 1] 2
(/(3456) _4 T2+ agx— + agi +ag+as+1f, (1.5.4)
~ 1 252 d
c2s6) — _ - j22+a3%+a1i2+a1+a3+1 , Tk = €ij Ti—
4 i X3 T ] d J

Using J123456) — J12) 4 J34) 4 J6) it ig seen that

((123456) _ 5(1234) | ~(3456) 4 ((1256) _ (3(12) _ (34) _ (56) (1.5.5)

Since C'%-12i) — —i(ai + 5) are constants, the invariant can be taken to be given by the

4
sum of the first three terms in C1234%6)  Assuming 1% + 252 4+ 232 = 1, this is recognized
to be the Hamiltonian (2.1.1)) of the generic model (up to an affine transformation). The
Casimirs are essentially the conserved quantities:

2 2
Qi = T2+ a]’? + akxik?’ i,7,k € {1,2,3} cyclic (1.5.6)

and they generate R which is hence the symmetry algebra.

1.6. Conclusion

The Racah algebra R embodies the theory of the Racah polynomials. The ubiquity of
these orthogonal polynomials explains the diverse roles that R plays and motivates, with an
eye to generalizations, the examination of all facets of this algebra. It is hence quite nice
that we could find a new characterization of R . Put in simple terms, our findings can be
summarized as follows. We have shown that the Racah algebra is realized by polynomials
in the generalized angular momenta in six dimensions that are invariant under rotations in
three non-intersecting planes. We have further indicated that this picture is dual, in the
sense of Howe, to the one where the Racah algebra is realized by the Casimir operators in
the addition of three irreducible representations of su(1,1). This was done by exploiting the

correspondence between the representations of 0(6) and those of sp(2) acting on the state
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space of a 6D harmonic oscillator. The analysis provided an illuminating context within
which the Racah symmetry of the generic superintegrable model on the 2-sphere is naturally
obtained by dimensional reduction. This suggests numerous potential extensions.

It should be possible to extend all the results of this paper to higher dimensions, namely,
to Racah algebras with rank superior to one. These algebras have already been introduced
using the recoupling model, that is, as the ones realized by the various Casimir operators
arising the the addition of four and more su(1, 1) representations [9]. In view of our obser-
vations, it is natural to expect that these could be shown to be in duality with commutants
of the n-torus in o(2n) with n > 4.

There are also two other important rank one algebras that share properties with the
Racah algebra: the Askey—Wilson (AW) and the Bannai-Ito (BI) algebras. The AW algebra
[20] accounts for the bispectral properties of the Askey—Wilson polynomials. It is the object
of much attention and like the Racah algebra it arises in particular in a Racah problem, this
time for the quantum algebra U,(s((2)) [21]. The Bannai-Ito polynomials are most simply
defined as a ¢ — —1 limit of the Askey—Wilson polynomials [22]. They are also bispectral
and the BI algebra 23] encodes these defining features. The Racah problem of relevance in
this case is the one associated to the Lie superalgebra osp(1|2) leading to a realization of
the BI algebra again, in terms of the intermediate Casimir operators [24]. The BI algebra
has also been shown to be the symmetry algebra of a superintegrable model on the two-
sphere involving reflection operators [25] as well as of a Dirac-Dunkl equation in R3 [26].
This is observed by realizing the three osp(1,2) that are added in terms of Dunkl operators
[27] and using a Clifford algebra in the latter problem. For a review of the BI algebra and
its applications see [28]. For both the AW and BI cases, it would be quite interesting to
determine if there is a Howe duality setting that would allow to develop for these algebras a
commutant interpretation similar to the one that we have found for the Racah algebra. How
dimensional reduction would then operate would be revealing with respect to superintegrable
models. The AW and BI algebras of higher ranks could then as well lend themselves to similar

descriptions. We plan to examine all these questions in the near future.
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Chapitre 2

The generalized Racah algebra as a

commutant

Par Julien Gaboriaud, Luc Vinet, Stéphane Vinet et Alexei Zhedanov.
Publié dans Journal of Physics: Conference Series 1194, 012034, 2019. arxiv:1808.09518.

Abstract: The Racah algebra R(n) of rank (n — 2) is realized in the commutant of the
0(2)®™ subalgebra of 0(2n) in oscillator representations of the universal algebra of o(2n).
This result is shown to be related in a Howe duality context to the realization of R(n)
in the algebra of Casimir operators arising in recouplings of n copies of su(1,1). These
observations provide a natural framework to carry out the derivation by dimensional reduc-

tion of the generic superintegrable model on the (n—1) sphere which is invariant under R(n).

2.1. Introduction

The Racah algebra R(3) of rank 1 |1, 2] encodes the bispectrality properties of the Racah
polynomials [3] and is the symmetry algebra of the generic superintegrable model on the

2-sphere with Hamiltonian H given by [4]

3
a;
H = Z \Zj2+272 (2.1.1)
1<i<j<3 i—1 i
where
0 0

Jij = Tim— 2+ a4 at =1 (2.1.2)

6xj j@%’i
and ay, ag, az are parameters. For a review the reader is referred to [5]. Of particular

relevance is the fact that R(3) was seen to be in the commutant in U(su(1,1)®?) of the
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embedding of su(1,1) in the three-fold tensor product of this algebra with itself, or in other
words, that it is generated by the invariant operators arising in this Racah problem. This
observation provided a way to generalize R(3) to Racah algebras of arbitrary rank (n—2) [6]
by extending the picture to n factors and identifying structure relations between the various
Casimir operators arising in the possible recouplings. It follows that R(n) thus defined
is the symmetry algebra of the superintegrable model on the (n — 1)-sphere obtained by
straighforwardly extending to n variables the model on S? defined above.

We have found recently [7] that R(3) can be realized in the commutant of the subal-
gebra 0(2) @ 0(2) ® 0(2) C 0(6) in oscillator representations of the enveloping algebra of
0(6). We further observed that this description of R(3) could be related to the one asso-
ciated to the Racah problem for su(1,1) through the Howe duality corresponding to the
pair (0(6),su(1,1)). This provided a natural background for obtaining the superintegrable
Hamiltonian (2.1.1)) with R(3) as symmetry algebra, under the dimensional reduction of a
six-dimensional harmonic oscillator problem. We here wish to indicate how these results
extend for R(n), that is, for arbitrary ranks and dimensions.

The paper is structured as follows. In Section we review how the Racah algebra R(n)
is obtained from the Casimir operators in the n-fold tensor product of su(1,1) Lie algebras.
Structure relations satisfied by these Casimirs are provided. In Section [2.3] we show that the
generators of the commutant of the 0(2)®™ subalgebra of 0(2n) satisfy the relations of R(n).
In Section [2.4] we invoke Howe duality to explain how the pairings between representations of
0(2n) and those of su(1, 1) underpin the connection between the tensorial and the commutant
pictures of R(n). How the R(n)-invariant superintegrable model on S™~Y is obtained from
an n-dimensional harmonic oscillator by modding out the action of the n-torus group is

described in Section 2.5 and conclusions form Section [4.7]

2.2. The generalized Racah algebra and tensor products
of su(1,1)

Let us recall how the generalized Racah algebra R(n) is defined from the n-fold tensor
product of su(1,1). The su(1,1) algebra has 3 generators, Jy, J+ obeying the commutation

relations
[Jo, Jo| = £ J4, [Ty, J_] = —2Jp. (2.2.1)
The Casimir element is given by
C=Jy—J.J —J. (2.2.2)

Let [n] = {1,2,...,n} denote the set of the n first integers and consider the tensor product
su(1,1)®". Coproduct embeddings of su(1,1) in su(1,1)®" are labelled by subsets A C [n]
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with the generators mapped to
A=3"r (2.2.3)
icA
and where the superindex denotes on which factor of su(1,1)®" the operator J* is acting.

Correspondingly, the Casimirs are sent to
cr = () = Jpat = R (2.2.4)

The generalized Racah algebra R(n) is taken to be an algebra realized by all these interme-
diate Casimirs C since this is the case for R(3).

It is important to note that not all intermediate Casimirs C* are independent; indeed
one has

Cl= Y CY—(|Al-2)> C" (2.2.5)
{i,j}CA i€A

where |A| stands for the cardinality of A. In order to characterize R(n), given that the
elements C* are central, it therefore suffices to provide all the iterated commutators between
the C%’s with ¢ # j until closure is achieved. This has been carried out in [6]. It is convenient
to introduce P¥ and F*;

1

Piociocioci, P Lipupa (2.2

The defining relations of the Racah algebra R(n) then read

zyk

[Pl pik] = (2.2.7a)
[pik, [iik] — pik pik _ pikpii 4 opikci _ 9 piick (2.2.7b)
[PM| piik) — pik pit _ pil pik, (2.2.7¢)
ik ikl ikl pii _ pikl (ij + 20]‘) _ itk pil (2.2.7d)

[Fiik pkim] — pitm pik _ pik pitm (2.2.7¢)

where i, j, k,l,m € [n] are all different.
In the rank 1 case, (3.7.1¢), (3.7.1d)) and (3.7.1€)) are redundant and the standard Racah
algera R(3) is fully described by (3.7.1al) and (3.7.1b)). Note that the presentation that

results from the specialization of these equations to n = 3 is the equitable one. The relation

between this presentation and the standard one used in [7] is given explicitly in [§]. The
rank 2 Racah algebra (which has been studied in detail in [9]) only requires (3.7.1a)-(3.7.1c))
to be characterized, while the relations and have to be added in order to
define Racah algebras of rank 3 or higher.
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2.3. The generalized Racah algebra and o(2n)

Let us now indicate how the relations (3.7.1)) given above are satisfied by the generators
in U(o(2n)) of the commutant of n copies of 0(2) sitting in 0(2n). The algebra o(2n) has
n(2n — 1) generators L,, = —L,,, p,v =1, ..., 2n obeying

[L;Wa Lpo] = 5upLuU - 51/0L,up - 5upLuU + 5,ucrLup (231>

and possesses the following quadratic Casimir:

C = Z L/LVQ. (232>
1<u<v<n
We will use the realization
0 0
L,=&——&—, W v, wv=1...,2n. 2.3.3
H Magu agu ( )
Pick the 0(2)®" subalgebra of 0(2n) generated by the commutative set { L12, Lsa, ..., Lon—120}-

We want to focus on the commutant in U(o(2n)) of this Abelian algebra.

It is easy to see that the set of invariants {G"}<i<n, {K" }<icj<n,
Gi - LQZ'_LQZ‘Q, (234)
K% = Lyi_ 19" + Lai—12j-1° + Lai—1,> + Laipj—1° + Laig;” + Laj12;" (2.3.5)

is sufficient to generate this commutant and it happens to realize the generalized Racah
algebra. Indeed, with the following redefinitions

. 1 . 1
i tei 1 2.3.
C 4G +4, (2.3.6)
y 1 ..
0¥ = — 1KY, (2.3.7)
g 1. .. 1, N |
PV=_"Ki4+ - (G+G)+-= 2.3.
1 +4(G+G)+2, (2.3.8)
. 1 . .
Fik — K5 Kk 2.3.
KV K7, (2:3.9)

a long but straightforward calculation in the realization (2.3.3) shows that the defining
relations (3.7.1)) of the algebra R(n) are obeyed.

2.4. The su(1,1) and o(2n) descriptions of R(n) and Howe
duality

In the last two sections we indicated that the generalized Racah algebra R(n) is in the
commutant of su(1, 1) in U(su(1, 1)®") and of 0(2)®" in oscillator representations of U(0(2n)).

The connection between these two descriptions is rooted in Howe duality.
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It is known [10H13] that o(2n) and sp(2) form a dual pair in sp(4n), with these two sub-
algebras being their mutual commutants. This implies that o(2n) and sp(2) ~ su(1,1) have
dual actions on the Hilbert space of 2n oscillator states. That means that their irreducible
representations can be paired and this can be done through the Casimirs in the following
way.

Consider the 2n copies of the metaplectic realization of sp(2):

1 w 1 0 w 1(1 0
= — JHW == J === — =1,2,...2n. (24.1
25/14 ) 28€“27 0 2 2 +§ua§u ) M ) “y n ( )
We first add these 2n representations by coupling them pairwise
Jwr) = g 4 g@) (2.4.2)

In what follows, we will always assume that the pairs denoted (u;v) are such that
(;v) = (20 —1;2i), i =1,...,n. Now take A C [n] to be any subset that is the union of N

such pairs:

A= y{ﬂi;yi}7 (2.4.3)

with [A] = 2N and 1 < N < n. The su(1, 1) realization associated to such a subset A reads

Zﬁu, Ji‘zlz 0? JA = (IAI quag) (2.4.4)

2
uGA HEA ag# HEA

It is then straightforward to show that the Casimir for an embedding labelled by the subset
A is given by

Al(lA L,,)?
ch = (1) = A - g a_ AAI=4) Mlé )y ! Z) . (2.4.5)
<v
ulfueA

As already noted, not all C4’s are independent. The translation of ([2.2.5)) shows that all

C4’s can be rewritten as

Z Cwv)po) _ Al -4 Z Cwv) (2.4.6)
(NJQL(E;;EA 2 (mr)eA
with
w 1 oo 1
CO) = —2 (L +1), C¥0 = = (L 4 Ly + Luo® + Lo + Luo™ + L) -

(2.4.7)

This shows that all higher order Casimirs can be reexpressed in terms of those of lowest
orders.
We thus observe that the intermediate sp(2) Casimirs correspond (up to an affine trans-

formation) to the generators of the commutant of {L; 9, ..., Lay_12,} in U(0(2n)). We know
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from Section [2.3] that the intermediate sp(2) Casimirs realize the commutation relations of
the generalized Racah algebra. This will hence be the case also for the commutant generators

and we have here our duality connection.

2.5. The generalized Racah algebra and the generic su-
perintegrable model on S"!

We can now complete the picture by performing the dimensional reduction from R?*" to
R* x S™7! to obtain the generic superintegrable model with Hamiltonian H (introduced
in Section [2.1) and to recover its symmetries. Starting from the oscillator representation
(2.4.1]), make the following change of variables:

§2i-1 = w;cos b, 0 0 0

Li* i — i— - i == 5 ‘:1,..., . 251
& = x;8in 0;, 12 = &2 L0y < 081 00; ! " ( )

Eliminate the ignorable #;’s by separating these variables and setting Lgi_lgf ~ k2. After

performing the gauge transformation @ — O = xl/ 20 x; ~2 6ne obtains the reduced system
~(2i-12) 1 —@i-12) 1 [ 0? a; ~(2i-1,2) 1 0 1
J e A J— - = - J = — i =,
¥ 2" 2<axi+z ° 2 \"on "2
(2.5.2)

with a; = k;* + 1. Defining Ji = J2i-12) the reduced Casimirs
~ —~i\ 2 ~i 1
o = (J0> A A (2.5.3)
o i 2 i N i PR
i — (Jo 4 J0]> _ <J+ 4 J+]> (J_ 4 JJ) - (Jo + JOJ) , (2.5.4)

are easily computed and have the following expressions:

~ . 1 3
a —1—4 P P

z2 .2 ] \71']':%%—%%, i< J.
J 3

f—l—az+aj+1
L

6” = _Z [\Z]2 + az
(2.5.5)

Using the fact that Jnl = ?:1 J¢, the total Casimir C!" is obtained:

Ol = —= Y 7.2 <sz ) zn: i +”<”16_4), (2.5.6)

1<z<j<n j=1 z;?

and assuming -7, z;> = 1, one thereby obtains the Hamiltonian of the generic model on

S"~! (up to an affine transformation). The basic intermediate Casimirs are essentially the
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conserved quantities:

%2 ;? . .
3 + a4, 1<i<ji<n (2.5.7)
i j

Qij = T +a;

and they generate R(n) which is hence the symmetry algebra of the superintegrable model
on the (n — 1) sphere. (Note that the Q;;’s are affinely related to the P“’s in the relations
(2.2.6)).)

2.6. Conclusion

Summing up, we have shown that the generalized Racah algebra R(n) can be defined in
the commutant of the 0(2)%" subalgebra of 0(2n) in oscillator representations of U(0(2n)).
This offers an alternative to the definition of R(n) in the algebra of the intermediate Casimirs
associated to the su(1,1) embeddings in su(1,1)®". We have related these two pictures in
the context of Howe duality and obtained the generic R(n)-invariant superintegrable model
on S"! through the dimensional reduction scheme stemming from the analysis. This has
provided a generalization to arbitrary ranks and dimensions of the study carried in [7] for
the standard Racah algebra.

We wish to remark that since o(nd) and sp(2) form a dual pair in sp(2nd), it is also
possible to realize the generalized Racah algebra as the commutant of the o(d)®" subalgebra
of o(nd). We have concentrated on the case d = 2 because it offers the simplest situation
that allows to obtain the superintegrable system on S™ ! by dimensional reduction.

In the near future, we plan on exploring similarly the Askey-Wilson (AW) and the
Bannai-Ito (BI) algebras which share features with the Racah algebra since both encode
the bispectrality properties of the eponym polynomials and appear through tensor products
of Uy(sl(2)) [14] and osp(1|2) =~ sl_;(2) [15] respectively. Moreover, the BI algebra is the
symmetry algebra of a superintegrable model on the sphere involving reflection operators
[16] as well as a Dirac-Dunkl equation in R? [6]. It would be of interest to build on the work
of the present paper to obtain a Howe duality setting for the interpretation of the AW and
BI algebras as commutants; moreover extensions along the lines of this paper would shed

interesting light on the higher rank versions of these algebras.
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Chapitre 3

The dual pair Pin(2n) x osp(1/2), the Dirac

equation and the Bannai—Ito algebra

Par Julien Gaboriaud, Luc Vinet, Stéphane Vinet et Alexei Zhedanov.
Publié dans Nuclear Physics B 937, 226-239, 2018. larxiv:1810.00130.

Abstract: The Bannai-Ito algebra can be defined in the centralizer of the coproduct
embedding of osp(1]2) in osp(1]2)®". It will be shown that it is also in the commutant of
a maximal Abelian subalgebra of 0(2n) in a spinorial representation and an embedding of
the Racah algebra in this commutant will emerge. The connection between the two pictures
for the Bannai-Ito algebra will be traced to the Howe duality which is embodied in the
Pin(2n) x 0sp(1]2) symmetry of the massless Dirac equation in R*". Dimensional reduction
to R™ will provide an alternative to the Dirac—Dunkl equation as a model with Bannai—Ito

symmetry.

3.1. Introduction

The Bannai-Ito algebra B(n) can be presented in terms of generators and relations |1} 2].
Let [n] = {1,2,...,n} denote the set of the n first integers and S = {s1, ..., s;} be an ordered
k-subset of [n]. The generators I'g of B(n) are labelled by all subsets for £ = 0,1,...,n. For
any two subsets A and B of [n], the relations between the generators I'4 and I'p that define
B(n) are:

{T4,T'5} = Tauspnn) + 2L ansl aus + 2T 4\ (anB) B\ (4nB); (3.1.1)


https://dx.doi.org/10.1016/j.nuclphysb.2018.10.011
https://arxiv.org/abs/1810.00130

where {X,Y} = XY + Y X. By convention I'y = —1/2, and the generators associated to a
set are simply labelled by the indices I'g;, ;3 = 'y, .s,. Moreover, I';, 1 € [n] and [y, are
central.

For the rank one case which occurs when n = 3, the relations for B(3) are seen to be [1}

3

{Lij, T} = Dig + 2100 + 2151, (3.1.2)

i
where i, j, k € [3] are all distinct.

We shall present in this paper a defining context for B(n) (and B(3)) as a commutant
and relate this result to a Howe duality framework.

The Bannai-Ito algebra B(3) was initially introduced in [4] to encode the bispectral
properties of the Bannai-Ito polynomials which were discovered by the researchers whose
name they bear in a classification problem in algebraic combinatorics [5]. B(3) was later seen
[6] to be isomorphic to a degenerate double affine Hecke algebra (DAHA) of type (CY,Ch).
A key connection between the Lie superalgebra osp(1]2) and the Bannai-Ito algebra was
also made [3]. Indeed, the Bannai-Ito polynomials were identified as forming the Racah
coefficients for osp(1|2) [7]. It was then shown quite naturally that B(3) is realized by the
intermediate Casimir operators arising in the threefold tensor product of osp(1]2) with itself.
Extending this construction to the n-fold tensor product osp(1[2)®" led to the definition of
B(n) |1]. (More details will be given on this later.) A number of applications for B(n) were
subsequently found. For instance, the conserved quantities of a superintegrable model on the
(n — 1)-sphere [8H11] were seen to satisfy the commutation relations (3.1.1)). Of particular
relevance to the present study is the fact that B(n) is also the symmetry algebra of the
(massless) Dirac-Dunkl |1, |12] equation in R™.

The Bannai-Ito algebra B(n) has much in common with the Racah algebra R(n) |13].
Like B(n), R(n) can be defined in a tensorial fashion in the algebra formed by the inter-
mediate Casimir operators associated to the n-fold tensor product of the Lie algebra s[(2)
with itself. R(n) is also the symmetry algebra of a certain generic superintegrable model on
S~ (without reflections). The relation between the rank one version R(3) and the Racah
polynomials [14] is quite similar to the one between the Bannai-Ito algebra B(3) and the
Bannai-Ito polynomials. R(3) has three generators K;, Ky, K3 which are subjected to the
relations

Ky, K] = K, (K, K] :K22+{K1,K2}+d[(2+€1,

(3.1.3)
(K3, K1) = Ki* + {Ky, Ko} +dK; + e,

with d, ey, es central. The defining relations for R(n) |13] are given in Section 4.4 where an
embedding of R(n) into B(n) will be identified.
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We have recently observed that R(3) is in the commutant in oscillator representations
of the universal enveloping algebra U(o(6)) of the subalgebra 0(2) @ 0(2) @ 0(2) of the Lie
algebra 0(6) of rotations in six dimensions [15]. This was extended to R(n) in [16]. We shall
provide here an analogous description of B(n) and shall focus first on B(3).

After recalling in Section how B(3) can be viewed in the centralizer of the coproduct
embedding of osp(1]2) into osp(1]2)®3, we shall show in Section that B(3) is in the
commutant of 0(2) @ 0(2) ® 0(2) in the enveloping algebra of the spinorial representation of
0(6) associated to the Clifford algebra in R®. By considering the (massless) Dirac equation, a
Howe duality setting will be brought up to explain the connection between the results of the
two previous sections. Dimensional reduction will be performed in Section [3.5]to complete the
picture and will result in a new class of model with Bannai-Ito symmetry. In Section [3.6] the
generalization of these results to the Bannai-Ito algebra B(n) will be obtained for n > 3. As
mentioned above, an embedding of the higher rank R(n) Racah algebra in the B(n) Bannai-
Ito algebra will be explicitly given in Section [4.4] thus linking the construction presented
here to the one in [16]. Brief concluding remarks will follow. Finally, in Appendix we
indicate that our results offer as a byproduct a derivation through dimensional reduction of
the superconformal quantum Hamiltonian of Fubini and Rabinovici which is known to be
invariant under sl((2[1) |17].

3.2. The superalgebra osp(1]|2) and the Bannai—Ito alge-
bra as a centralizer

The superalgebra osp(1]|2) can be presented as follows. Let Jy, Jy be respectively the

even and odd generators of the algebra, obeying the relations
[Jo, Ji] = :f:J:t, {J+, J_} = QJO. (3.2.1&)

The Z,-grading of the superalgebra can be encoded through a grading involution .%, which

commutes with even elements and anticommutes with odd elements:

7, J)] =0, [ J}=0. (3.2.1b)
The sCasimir operator of osp(1]2) given by
1
S = 5 ([J=, J4] — 1) (3.2.2)

commutes with all the odd elements and anticommutes with all the even ones, that is
(S, Jo] =0, {S,J.} =0. Tt is then straightforward to define a Casimir of osp(1]2) by com-

bining the sCasimir with the involution:

T=8.9==(J_J]—1).%. (3.2.3)

N | —
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This Casimir I' commutes with all the elements of osp(1/2).

There is a coassociative algebra morphism, the coproduct A, which acts as follows:

A :osp(1]2) — osp(1|2) @ osp(1]2)

A)=dhol+1ed =J"+J57,
AJ)=Je®@ S +10 )y =JNs® 4 J?) (3.2.4)
AS) =S . _ 5@

where the superindex denotes on which factor of the tensor product the generator is acting.
Now consider the product of three copies of 0sp(1|2). The generators corresponding to

embeddings in two factors are

Jéij) _ Jéi) + Jéj)’ i) — y(i)y(j)’ i,j=1,2,3,

(3.2.5)
TP = JP @4 g2 I = gPe® 4 g0, g = JP @8 4 @)
Note the presence of .7 in Ji13). Applying the coproduct twice yields
A(Q)(JO) _ Jél) + JSQ) + J[()3) _ JélQS)’
AD(Iy) = JP.7D.90 4 JP.o® 4 gP = g1,
(3.2.6)

A@)(y) — 1) #(2) 3) — 5/(123)7
with A® =(A®1)oA.

The intermediate Casimirs I'4 associated to embeddings of osp(1]2) in 0sp(1]2)®3 labelled
by A C [3] can then be obtained from the sets above:
1

= (7Y 79 - 1) 70
7 5 y 1
T L sy an
Ly =5 (V7. 187 = 1) 709,

Even though the intermediate Casimirs I'y commute with the action of osp(1|2), they do
not all commute with each other. A direct computation shows that they precisely obey the

commutation relations (3.1.2)) of B(3) thereby proving that this algebra is in the centralizer
of A®(0sp(1]2)) in U(osp(1|2)%3).

3.3. The rank 1 Bannai—Ito algebra as a commutant

We will now show how the Bannai-Ito algebra arises in the commutant of the subalgebra
0(2) ® 0(2) ® 0(2) of 0(6) in spinorial representations of U(0(6)).
Let Clg be the Clifford algebra generated by the elements 7, ..., verifying the relations

{’Y;u%} = _25u1/- (331)
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Denote by ¢, pt,v =1,...,6 the generators of 0(6) which obey

s oo]l = 0uplioc — Ouolip — Opuplvo + 0uolup. (3.3.2)
We shall consider the following representation of the algebra of Pin(6) where
1
Jy = —iLy,, + 52,“,, (3.3.3)
with
0 9,
L (3.3.4)

v =Ty — Ty
a o, oz,
and X, = 17,7, the spin operators.

We are interested in the commutant of the 0(2) @ 0(2) @ 0(2) subalgebra of o(6) repre-
sented by the set of elements {Ji2, J34, J56}. First note that:
[Jw/v LypXipp + LVPEVP] = 0. (3.3.5)

Remark also that [J,,,>,,] = 0 and finally that [J,,,2,,] = 0 for pu, v, p, o all different.
It is observed that the commutant of the span of {Jia, J34, J56} is generated by the

operators (see the remark below):
M,y = (Liovive + Lisiys + Liaviva + Losyays + Loayaya + Laaysya) X12Xsa
My = (Laaysya + Lasysys + LasVsVe + LasVays + LasVaYe + Lsev576) L3aLse (3.3.6)
M3z = (Liay172 + Lis1ys + Lis1176 + Lasv2ys + Lag¥ays + LseVs7V6) L1226

We can now see that these realize the (rank 1) Bannai-Ito algebra. It is convenient to first

introduce the shortened notation 7 = {25 — 1,25}, j € N. Take now the elements
3 = My + 55155,
33 = My + 5¥5%3, [ = (Laj125 7251725+ 5) Dojoray = o125 (33.7)
Py5 = Ms + 5%,
A straightforward calculation in the realization shows that one has the defining rela-
tions of the rank 1 Bannai-Ito algebra B(3)
{T'12, T3} = 'tz + 2050123 + 2151,
{I's3, 75} = I'y5 + 2’51155 + 241, (3.3.8)
{I'13, T'12} = I'gg + 2051123 + 2151,
where ['153 denotes the (Casimir) element
—— ( S il S+ Z) I3 58 (3.3.9)
1<u<v<6

and I';53, I'y, I's, I's are all central.
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Proof: Let us explain how the expression for {I'75, '35} is derived. (The other anticommu-
tators are obtained in a similar way.) Making use of the Clifford algebra properties (3.3.1])
as well as the 0(6) commutation relations (8.3.6)), one obtains

{P15, Ts3} = 3(Luam1ve + 2L3av374 + LseVs7%6) + 2L127172Ls6 V576
+ 2(Lismys + Lisnve + Losyeys + Loeyeve) + 5
+ Ligy1vs + Liamiya + Laszyeys + Laavava
+ Lssv37s5 + LaeV3ve + Lasyays + Lasvae

+ 2L347374 (L12’71’Y2 + Lis17vs + Liamiya + Lasyeys + Laavava (3:3.10)
+ L3aysya + Lasvsys + Laevsve + Lasyays + Lasyavs + L56’Y5’Yﬁ)
— 2(LiaLas + LuaLsz)yavam1ys — 2(LazLas + LiaLze)v3747176
— 2(LagLas + LoaLis3)y37av2ys — 2(LazLas + LoaLizs) 3747276
The additional identity [1§]
LayLeqg + LocLgy + LogLpe = 0 (3.3.11)

satisfied in our realization is then the required tool in order to rewrite (3.3.10) as the r.h.s

of (3.3.8]) using the definitions (3.3.7)) and (3.3.9)).

Remark: Tt is fairly obvious that the elements {G"}1<i<n, {K" }1<i<j<n,

G’ = Lai—12:, ( )
g 3.3.12

K" = L2i71,2i2 + L2i71,2j712 + L2i71,2j2 + L2i,2j712 + L21L,2j2 + L2j—1,2j2,
also belong to the commutant of {.Ji2, J34, J56}. It can be seen that they are algebraically
dependent on the Bannai—Ito generators given above. It is interesting to observe however that
these G* and K% realize the Racah algebra R(3) as shown in [15]. This highlights the fact
that the Racah algebra can be embedded in the Bannai-Ito algebra. The explicit embedding
and a generalization to the higher rank algebras will be given in Section [£.4 Operators
G' and K% obtained by replacing L;; by ¥ also belong obviously to the commutant of
{J12, J34, J56} but lead to trivial operators.

3.4. The Dirac model and Howe duality

We now wish to shed light on the result of the previous two sections by casting in a Howe
duality context the observation that the Bannai—Ito algebra arises in the commutant of both
0sp(1|2) in U(osp(1]2)®3) and 0(2)®* in the considered spinorial representations of U(0(6)).
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To that end, we shall introduce a Dirac model where Pin(6) and osp(1]2) act as a dual
reductive pair [19] on the eigenfunctions so that their respective irreducible representations
can be paired through connections between the Casimir operators.

The Dirac operator D as well as x and E are defined in six dimensions as follows:
6 6 6
D= %0, z=) %, E=) 2.0, (3.4.1)
p=1 p=1 pn=1

with {7, 7} = —26,.
These operators have osp(1|2) as their dynamical algebra. Indeed, with the Zy-grading

involution . given by

6
S =i ] v, (3.4.2)
pn=1
and
J_=—iD, J. = —izx, Jo=E+ 3, (3.4.3)

the presentation of the osp(1]2) algebra is realized, with the total Casimir given by
1
2
It should be noted that to any subset A C [6] there corresponds a realization of osp(1|2).

Ty == ([J_,J4] — 1).7. (3.4.4)

More precisely, if one defines

JI_A = —1 Z 7;Lau ) Jf = —1 Z YTy s J64 = %l + Z xﬂal“ (345)
HEA peA neA
these generators obey the osp(1]2) relations (3.2.1)) with the involution given by
A =i (3.4.6)
HEA

when |A| is even. The Casimir has then the expression
1
Ta=3 (72,7 = 1) 7. (3.4.7)

We will first couple the six representations pairwise (each pair will correspond to an osp(1]2)
and we can hence use the previous observations for |A| even). We will refer to those pairs
using the shortened index notation, 7 = 1,2,3. The j’s will now label the representations

we want to pair next, in this two-step process.
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The Casimirs associated to one or two such indices are easily calculated using the ex-
pression (3.4.7) and they are found to be

[5 = —il; 4+ 3%

J 275
F;j = (L2i71,2z' Yai—1Yoi + Lai—12j-1V2i—1 Y251 + Lai—1,25 Yoi—1 725 (3.4.8)
+ Lo j—1 Y2 V2j-1 + Laigj Yoi Vo5 + Laj—1,2j Y251 Vo5 + %)22171,21' 29j-1,25-

They are immediately recognized as the generators of the commutant of the set
{J12, J34, J56 } in the spinorial representations of U(0(6)) that were identified in the previous
section.

It is here interesting to point out how the coproduct structure of osp(1]2) occurs in the
Dirac operator. In two dimensions, the gamma matrices are given in terms of the Pauli

matrices:

v = 107, Yo = 1079, {V W} = =26, (3.4.9)

The involution is simply . = i7;7, = 03 and coincides with the spin operator which we
denoted >q5.
We observed that the Dirac equation in 4D provides an osp(1]2) made out ot two sub-

systems each realizing also an 0sp(1|2). It must hence result from the coproduct mapping:
- _ pM (2)
Dypy = A(Dpy) = Dy & ' + 1@ Dpyy = Dp-#®) + Djy. (3-4.10)

This connects with the construction of higher dimensional gamma matrices. Indeed, starting
with a realization of the Clifford algebra s (generated for example by the 2 7;’s in (3.4.9)),
a systematic way to construct a realization of a Clifford algebra in two additional dimensions
(involving 4 4;’s) is [20] to take

1= ® (imye) =(io)) ® o3

Yo =72 ® (imy2) =(ioz) ® 03

3 =1®m = 1 ® (io1)

A =1Q = 1 ® (iog).

(3.4.11)

This construction can be iterated as many times as needed for higher dimensional Clifford
algebra realizations in even dimensions.

With this choice of gamma matrices, the Dirac operator in 4D reads:
Dy =70 + 7202 + 7303 + 7404
= (u(io1) + Ds(i02) ) @ 05+ 1 ® (D1 (i) + Daficrz) ) (3.4.12)
=Dy @S +1® Dy,
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which checks with the expected coproduct result. The algebra involution .# is realized by

the o3 matrix and its occurence is made manifest in this fashion.

3.5. Dimensional reduction

It is instructive to perform the dimensional reduction of the six-dimensional Dirac oper-

ator to R3. Introduce the cylindrical coordinates
T9j_1 = pjcosb, .
j=1,2,3. (3.5.1)
To; = pjsind;,

We then have transformed expressions for D, x and E. In particular,

3
o 1 0
. 3.5.2
g(%; 1 J+’V2Jpjag> ( )
where
%il _ c?s 0 v2j-1 + sin 0 ya5, (3.5.3)
Yoj = —sin b y25-1 + cos 0 7z

We can now bring the ¥,’s back to their original form (the 7,’s) by means of a rotation in

spin space. Let

10, .
S = H exp ( j ) s 23 = 1251725, (354)

a straightforward calculation shows that
S71%,8 =, 1<u<6. (3.5.5)

This rotation however leads to additional terms in the expression of D, which we can
also eliminate with a gauge transformation depending on the radii and of the form

= [17, fi(pi). Requiring that after this additional transformation
0 1 0
D=Y(~ + > 3.5.6
]Z:; ( 2j—15" " a p] 25 ae ( )
imposes that

-l (3.5.7)

=1 VPi

The following transformation

O 0=eB8510865, (3.5.8)

with e? and S given by (3.5.7) and (3.5.4) respectively, is thus to be carried.
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The angular momentum Ji5 (3.3.3)) is one of the elements in the set whose commutant

we looked for. It is transformed into

~ 1
Jig = Jio = 6_BS_1 li + 212 SQB (359)
00,
0 1 —1 0
= —28701 + 212 + (—Z) <2212) = —18791 (3510)

and similar results hold for J3; and Jsg.

We also have

3
& & Z ]/72] 1, (3511)
3
= Z i, (3.5.12)
=" op,
¥ »—>2— . (3.5.13)

Fixing Jy;_12; ~ k; as a result of separation of variables, we can rewrite

3 0 ik;
D= Z(sz 1=— o) + Yo — ) (3.5.14)

=1 Pj
Note that these reduced operators still generate the same dynamical algebra since this is not
altered by conjugation or separation of variables.

It is now interesting to investigate what is the effect of the reduction on the Casimirs
operators. Recall that the reduced Casimir associated to the subset {iy,...,7,} = A C [6],
with j = {25 — 1,25}, is given by

1

[y = 5 (Ea, Dal=1) %4, Sa= 1‘[ S (3.5.15)

The reduced Casimirs:

I, fﬁ, e (3.5.16)
will satisfy the Bannai-Ito relations
with
N ~

This should be compared with the system studied in [1], where the Dirac operator was given

in terms of Dunkl derivatives D; of the Z, type

D=+ M- Ry, Rif(z:) = f(—a,). (3.5.19)

X
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The Bannai-Ito algebra was also seen to be the symmetry algebra in that case, with the one-
index Casimirs I'; equal to the deformation parameters k;. Here, we started with ordinary
partial derivatives in twice as many dimensions and found the one-index Casimirs taking the
values of the angular momenta that are diagonalized in the dimensional reduction. Hence,
the reduced system obtained here offers a new model with Bannai—Ito symmetry in addition
to the Dirac-Dunkl one.

3.6. The higher rank Bannai—Ito algebra as a commu-
tant

Let us now show how one can extend the result of the previous sections to the higher
rank Bannai-Ito algebra B(n).
Take any triple of pairwise disjoint subsets of [2n] called K, L, and M. There is an

obvious isomorphism
0sp™ (1]2) ® 0sp”(1]2) ® osp™ (1|2) = 0sp(1]2) ® 0sp(1]2) @ osp(1]2), (3.6.1)

so that the Casimir elements I', 'z, U'ns, U'or, Ukonr, Doon, and T'gorons will generate
B(3) and hence obey

{Pror, Trom} = Prom + 20 U kurom + 20k Dy (3.6.2)

Now we wish to know {I"4, g} for any two subsets A and B. To that end, take K = A\ B,
L=ANB, M = B\ A to see that in view of (3.6.2)) the corresponding Casimirs satisfy

{T4, s} = Causnans) + 2L anslaus + 20 4\ (ans) I'B\(4nB), (3.6.3)

which are the structure relations of B(n) given in [2].

Underneath this quick derivation of is the fact that the entire algebra B(n) is
realized by the Casimirs associated to 2-subsets since the general relations are inferred from
those of B(3). Let us map as we have done the 2-subsets {2i — 1,2i}, i =1,...,n of [2n] to
the elements ¢ of [12] so that obviously {7, j} € [n] corresponds to {2i—1,2i,2j—1,2j5} € [2n].
It follows that the structure relations for the 4-subsets in [2n] are those of 2-subsets in [7].
Working with the set of n integers viewed in this way and in light of the preceeding remark,
it will suffice to examine the generators FE’ namely the I'y;_1 9;2;-12; of the Dirac model
in 2n dimensions.

We can now use Howe’s duality to conclude that B(n) is in the commutant of the subal-
gebra 0(2)¥". Let Cly, be the Clifford algebra generated by v,, 1 = 1,...,2n with relations
as in . The spatial rotation generators are the L, verifying the o(2n) commutation

relations (8.3.6)).

69



Replacing 6 by 2n in equations , provides operators D, z, E and .7 realizing
0sp(1]2) in 2n dimensions.

Setting J_ = —iD, J; = —iz, Jo = E 4+ n, the presentation of osp(1]2) coincides with
and the total Casimir is T'jp,) = 2 ([J_, J4] — 1) . The Casimirs associated to one
or two labels j are easily calculated with the help of formula which remains valid for
A C [2n]. One finds exactly the same operators I'; and I';; with expressions as in for
1,7=1,...,n.

These Casimir operators are immediately recognized as the generators of the commutant
of the set {12, ..., Jon—12,} in the spinorial representation of U(o(2n)).

Since we know that the intermediate Casimirs realize the commutation relations of the
Bannai-Ito algebra, it is necessarily also the case for the generators of the commutant. This
therefore confirms our claim to the effect that B(n) is in the commutant of o(2)%".

We can again perform the dimensional reduction of the 2n-dimensional model to obtain
a n-dimensional system whose symmetry algebra is B(n). Write D in the cylindrical coordi-
nates with 7 = 1,...,n and the ¥,’s defined as in . Exactly as was done in six
dimensions, rotate the ,’s to their original form with the help of an operator S extending
and accompany this with the gauge transformation defined by e = 1 ,0]71/ ? thus
performing @ — O = e~ BS~10SeB. One then obtains for D, Z and E the same expressions
as in (3.5.6)), (3.5.11]) and with the sum extending to n instead of stopping at 3.

The angular momenta Jyj_; 9; are then mapped to jgj_mj = —ia%j. Fixing

Jaj_12; ~ k; once the ignorable variable is eliminated, we can rewrite D as in (3.5.14)

again extending the sum to n.
Note that the reduced operators still generate the same dynamical algebra.
The reduction of the Casimirs is as described from (3.5.15)) to (3.5.18)), except that A is

now a subset of [2n].

The reduced model thus obtained offers a new n-dimensional system in addition to the
Dirac-Dunkl one, with the B(n) Bannai-Ito algebra as its symmetry algebra. The one-index
Casimirs in the different models respectively take the values of the angular momenta and

the deformation parameters in the Dunkl-derivatives.
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3.7. An embedding of the R(n) Racah algebra in the B(n)
Bannai—Ito algebra

The higher rank Racah algebra R(n) is an associative algebra with generators {C"}1<;<p,
P}, icicpn, and defining relations [13]:
ANV

[Pij7 ij] ZJk (3.7.1&)
UﬂﬂﬁWﬂ::PmPﬂ Pikpii 4 opkCi — 2piCk, (3.7.1b)
[PM, Fiik] = pikpit _ pil pik, (3.7.1¢)
[Pk, M) = R pia — pikl(pik 4 9C) — ik pit, (3.7.1d)
[Fz‘jk7 Fk:lm] pitm pik _ pik pilm. (3.7.1e)

where i, 7, k,l,m € [n] are all different.

In [16] we identified the generators of the commutant of 0(2)®" (in oscillator representa-
tions of U(0(2n))) which are the invariants {G'}1<;<n, {K” }1<icj<n given in (3.3.12). With
the following redefinitions

Cl=—1G"— 1.

C" = —iKU, (3.7.2)
- . . 1

Pi=Ci_C - = 4WL%(@+GQ

a long but straightforward calculation in the oscillator realization showed that the defining

relations (3.7.1]) of the algebra R(n) were obeyed.
It has been seen in [21] that R(3) admits an embedding in B(3). We already noted in

Section [3.3]that the commutant picture brought this inclusion to the fore and we shall exploit
it here together with the results in [16] to explicitly provide the embedding of R(n) in B(n).
The key point is that the intermediate Casimirs C* and C* realizing the R(n) algebra
can be obtained from the intermediate sCasimirs of the B(n) algebra.
We will only need to use the sCasimirs associated to 2 or 4 indices. They are given as
follows:

Sy = (L,Wv,ﬁy + %) (3.7.3)
Suwor = (LYW + LugWu¥o + Luo¥o + Lugt¥o + Loo¥o + LooVo¥e +3)  (3.7.4)
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and a straightforward calculation in the realization ([3.3.4)) allows to recover the C%’s and
C%’s as defined in (3.7.2)) through the following formulae:

1

Ch = 1 (522‘71,27;2 — S2i-1,2i — %) ; (3.7.5)
| 1
CY = 1 (S2i—1,2i,2j—1,2j2 — 59i-1,2i,2j-1,2j — %) : (3.7.6)

This readily gives the embedding of R(n) inside B(n).

3.8. Conclusion

This paper has offered a novel presentation of the Bannai-Ito algebra B(n) in the com-
mutant of 0(2) @ --- @ 0(2) in the spinorial representation of 0(2n) associated to the Clifford
algebra (¥s,. It has also indicated how this picture can be elegantly related to the defi-
nition of B(n) in the centralizer in U(osp(1]2)®™) of the coproduct embedding of the Lie
superalgebra osp(1]2) in o0sp(1]2)®" in the framework of the Howe duality associated to
(Pin(Zn) : osp(1|2)). This called for the introduction of a model involving the (massless)
Dirac equation in 2n dimensions and identifying the connection between the Casimir oper-
ators that describe the paired representations of the two mutually commuting algebras on
the solution space.

Invariance under the subalgebra of Pin(2n) allowed for dimensional reduction of the
Dirac equation under separation of variables. This resulted in a model in R™ with Bannai—
Ito symmetry without reflection operators that hence differ from the Dirac-Dunkl equation
already known to possess the same symmetry.

The commutant picture for B(n) made manifest the fact that the Racah algebra R(n)
can be embedded in B(n). This observation had been made for n = 3 [21] and could here
be explicitly extended.

Looking ahead it would be interesting to understand how various contractions of B(n)
(and R(n)) play out within the commutant presentation. The relation with superintegrable
systems would certainly be worth exploring [22, [23].

The Racah algebra is associated to s[(2) and the Bannai-Ito algebra to osp(1]2). The
Askey—Wilson algebra [24] is similarly related to the quantum algebra U,(sl(2)). The rank 1
algebra encodes the bispectrality of the Askey—Wilson polynomials. Efforts are now deployed
to construct the extensions to arbitrary ranks |25, 26]. It is natural to think that the Askey—
Wilson algebra also admits a dual commutant presentation. We plan on examining this
matter which could shed useful light on the higher rank construction. We hope to report on

these questions we have raised in the near future.
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3.A. Connection with superconformal quantum me-
chanics

As an aside to our discussion, we wish to observe that the superconformal quantum
Hamiltonian with s[(2|1) symmetry presented in [17] can be obtained by dimensional re-
duction from the two-dimensional harmonic oscillator. The Dirac operator in 2D and the

corresponding position and Euler operators are given by
D = 7101 + 720, T = 7171 + Yo, E =20, + 120s. (3.A.1)

They generate the osp(1|2) dynamical algebra (3.2.1]), precisely realized upon defining
J_=—iD, J, = —ix, Jyo=E+ 1, and taking the algebra involution to be . = 35 = i7y17.

The 2D harmonic oscillator Hamiltonian is the algebra element

8$12 81‘22

2 2
Hh.osc. — 22 - &2 = — ( 0 + 0 ) —+ (1312 + 1’22) (SAZ)

and hence possesses this osp(1|2) symmetry.
Performing the dimensional reduction (1, 72) — p, carrying the transformation ¢S and

fixing the angular momentum to be Ji5 ~ k, as explained in section one obtains

~ 0 1k _ ~ 0 =
D = M7+ re—, L = Y1p, E= P, Y9 = X19. (3A3)
dp p dp
With the gamma matrices realized in terms of the Pauli matrices as
Y1 = iUl, Yo = iOQ, 212 = 03, (3A4)
the 2D harmonic oscillator Hamiltonian is “reduced” to
- 82 k(li] - 0'3)
Hyose = ——+ ——— 2, 3.A5
h.osc. 00 + 2 +p ( )

which is identified with the superconformal quantum mechanical model introduced and an-
alyzed by Fubini and Rabinovici [17]. The supercharges are given by D and Z. In [17] the
Hamiltonian (3.A.5)) is actually observed to have the larger s[(2|1) or osp(2|2) symmetry.
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This follows from the fact that X5 is an additional even symmetry which generates two

supplementary supercharges when commuted with D and z.
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Abstract: The Hahn algebra encodes the bispectral properties of the eponymous
orthogonal polynomials. In the discrete case, it is isomorphic to the polynomial algebra
identified by Higgs as the symmetry algebra of the harmonic oscillator on the 2-sphere.
These two algebras are recognized in the commutant of a 0(2) @ 0(2) subalgebra of 0(4) in
the oscillator representation of the universal algebra U(u(4)). This connection is further
related to the embedding of the (discrete) Hahn algebra in U(su(1,1)) ® U(su(1,1)) in light
of the dual action of the pair (0(4), su(l, 1)) on the state vectors of four harmonic oscillators.
The two-dimensional singular oscillator is naturally seen by dimensional reduction to have

the Higgs algebra as its symmetry algebra.

4.1. Introduction

This paper is concerned with the Higgs algebra [1H3] and the discrete version of the
Hahn algebra [4, 5] which actually designate two different but isomorphic presentations of
the same algebra [3,|6]. We aim to establish that this algebra arises in the commutant of a
0(2)@o0(2) subalgebra of 0(4) in the oscillator representation of the universal algebra U (u(4)).
We will moreover point out that this relation that the Higgs and Hahn algebras have with
0(4) is in duality, in the sense of Howe [7H9], with the one they are known to have with
su(l,1) ®su(1,1) |10, 11]. Let us start with some background.


https://dx.doi.org/10.1016/j.physleta.2019.02.024
https://arxiv.org/abs/1811.09359

The Hahn algebra has three generators K 1, /122 and K. 3 subjected to the relations
11, K] = K,
[k\g,k\g] :a{k\l,k\g}+bk\2+clk\1+d1, (411)
[k\g, k\l] = al?lz + bk\1 + Cgk\Q + dg,
where {A, B} = AB+ BA and a, b, ¢1, cs, dy, do are structure constants. We assume a # 0
(otherwise (|4.1.1)) would be equivalent to the Lie algebra s[(2)). This algebra describes the
eigenvalue problems of both the discrete and continuous Hahn polynomials [12]. We shall
henceforth consider the discrete case where c; < 0 and which is realized by the bispectral

operators of the Hahn polynomials (see [13] for instance). In this case, upon performing the

affine transformation

— 1 b
K1 = —y/ —C9 K1 -,
2 2a
. . (4.1.2)
K2 = —50,[(2 — i,
one can cast the commutation relations in the form
[K17 KQ] = K?n
[KQ,Kg] - —Q{Kl,K2}+51, (413)

[Kg, Kl] == —2K12 - 4K2 + 52,

with d1, 6o constants (or central elements).

The Hahn algebra admits an embedding in U (su(1,1))®U(su(1, 1)) that we shall describe
in details later as it is germane to our analysis. This observation underscores its connection
to the Clebsch-Gordan problem for su(1,1) (and su(2)).

The Higgs algebra can be viewed as a polynomial deformation of su(2). It has three

generators D, A, A_ satisfying the following commutation relations:
(D, Ay] = +4Ay,
(4.1.4)
[A+, A,] = —D3 -+ Cle + Q9,

with aq, as central elements. That the Higgs algebra is isomorphic to the discrete Hahn

algebra is readily seen by taking

1
Kl_fDa
2
K. ——1(A + A +1D2)+Q1 (4.1.5)
SIS 8’ o
Ky = [Ki, K] = —S (A — A,
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and observing that the commutation relations (9.4.1)) then follow from (4.1.4)) with
(6] (0%}
0 =—— dg = —.
1 4 ) 2 2
Historically, the algebra defined in (4.1.4)) was found by Higgs, hence the name, as the one

(4.1.6)

realized by the conserved quantities of the Coulomb problem and harmonic oscillator on
the two-sphere. It can be viewed as a deformed su(2) algebra [14] or a truncation of the
quantum algebra U, (sl(2)) [6]. This algebra has been identified as the symmetry algebra of
the Hartmann [4] and of certain ring-shaped potentials [5] as well as the singular oscillator
in two dimensions |2, 3]. The Higgs algebra has moreover emerged in the Heisenberg quan-
tization of identical particles [15]. Furthermore, it has been seen to coincide with the finite
quantum W-algebra W (sp(4), 2s[(2)) [16, |17]. (For a review of finite W-algebras and their
applications, see [1§].)

Similarly to the Hahn case, the Racah algebra [3, |10, [19] is realized by the bispectral
operators of the corresponding polynomials. It admits an embedding in U(su(1,1))®? with
the intermediate Casimir elements representing the generators. The Hahn algebra can be ob-
tained through a contraction of the standard presentation of the Racah algebra in a way that
parallels the limit that takes the Racah polynomials into those of Hahn [12]. A generalization
of the Racah algebra to higher ranks is found in [20].

Recently the Racah algebra has been interpreted in a Howe duality framework and shown
to be in a commutant [21] in the enveloping algebra of 0(6), the Lie algebra of the rotation
group in six dimensions. An extension of this result to the generalized Racah algebra is
given in [22]. An analogous treatment of the Bannai-Ito algebra [23-25], which is in a sense
a supersymmetric version of the Racah algebra, was also achieved in [26]. These advances
raised the question of how to describe the Higgs algebra from a Howe duality perspective.
The answer to this question will be provided here with the significant merit of expanding
and interconnecting the various descriptions of the Higgs and Hahn algebras.

The remainder of the paper is organized as follows. As preparation background, famil-
iar results on the metaplectic representation of su(1,1) and the embedding of u(4) in the
Heisenberg-Weyl algebra will be reviewed in Section [£.2 The Higgs algebra will be obtained
in the commutant of 0(2) @ 0(2) in U(u(4)) in Section The embedding of the Hahn
algebra into U(su(1,1)) @ U(su(1,1)) will be described in Section 1.4, The two pictures of
the Higgs/Hahn algebra presented in Sections and will be connected via the Howe
dual pair (0(4),511(1, 1)) that acts on the state vectors of the four-dimensional oscillator.
Dimensional reduction will be used in Section [.6] to recover the fact that the symmetries
of the singular oscillator in two dimensions generate the Higgs algebra. The paper will end

with a summary of the findings and an outlook.
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4.2. su(1,1), u(4) and oscillators

We shall be dealing with the Heisenberg—Weyl algebra W (n) generated by n pairs of

oscillator operators a;, ag, 1 =1,...,n, that satisfy
la,all =65, d,j=1,....,n (4.2.1)
The number operators N; = aj a; are such that
[Niya;] = —a;6;;,  [Ni,al] = alé;. (4.2.2)

In the position coordinates x;, « = 1,...,n these operators read

1[0 .1 (D 1o 1, 1
¢ ﬂ(axﬁx) ¢ \/§< axﬁx) 2002 1ot Ty (423

The Lie algebra su(1,1) has generators Jy, Jy, J_ obeying the commutation relations

[Jo, Jx] = £y, [y, J_] = —2Jp. (4.2.4)
Its Casimir element is given by
C=Ji>—JJ.—J. (4.2.5)

Owing to the fact that su(1,1) has a trivial coproduct, Jéu) = Jé” + Jéz), Jilz) = Jil) + Jf)
with J(V = J,®1 and J{? = 1® J,, defines an embedding of su(1,1) into su(1,1) ®su(1,1).
This fact and the notation extend to su(1,1)®".

The metaplectic representation of su(1, 1) is defined by the following map in W (1):

<i>:1<r 1) QEEEE M _ L, 4.2
\70 2 azal+ 2 ) \7+ 2CLZ ) ‘7— 2az . ( : 6)

It consists in the direct sum of two irreducible su(1, 1) representations on the spaces spanned
T

respectively by the eigenstates of N; = a;a; with either even or odd eigenvalues. The
Casimir element C' has value —3/16 in that representation. In the following we shall consider
JUBY = 702 1 76 which provides an embedding of su(1,1) into W (4) as per the remarks
above.

The Lie algebra u(4) with generators E;j, 7,7 = 1,...,4 admits the following realization

a la Schwinger in W (4):

Ej=adla;, i,j=1,...,4 (4.2.7)
The Hamiltonian of the isotropic harmonic oscillator in four dimensions:

H = N;+ Ny + N3+ Ny+ 2 (4.2.8)

is central, [H, a] a;] = 0, and should be excluded from the 16 independant al a; to deal with
u(4) per se. In this oscillator representation, the o(4) subalgebra of u(4) is spanned by the
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infinitesimal rotation generators

. . a a
L = Slasol — o) = =5 (s~ mil) (129

2 \ "7 0xy " ox j
with commutation relations

7 .
[ij, Lgm] = Q(Ljfdkm — Lkgéjm + Lkmdjg — ijékg), 7, l{}, f’ m = 1, R ,4. (4210)

4.3. The Higgs algebra as a commutant in U(u(4))

We are now ready to obtain our first main result, namely that the Higgs algebra can
be defined as a commutant. Pick the 0(2) @ 0(2) subalgebra of 0(4) generated by L2 and
Lsy; clearly [Lqa, L34] = 0. We want to concentrate on the commutant of this subalgebra
in U(u(4)). We are thus looking for polynomials in the generators ala;, i,j = 1,...,4 that
are invariant under rotations in both the (1 — 2)- and (3 — 4)-planes. It is not difficult to

convince oneself that an integrity basis for that set is provided by the three operators
Ay = (a}? + ad?)(as® + as®),
A_ = (a1 + as?)(a}? + al?), (4.3.1)
D = (N1 + Ny) — (N3 + Ny).

A4 and D are manifestly invariant under the rotations generated by L5 and L34 and they
clearly commute with H (thus belonging to U(u(4))). All other elements of the commutant
are built from those.

Let us now determine the commutation relations of these generators. It is immediate to
see that

[D,Ay] = +4A,. (4.3.2)
There remains to evaluate [A;, A_]. Observe first that one has the following identities:
al?a;? = N2 — N, (4.3.3)
as well as
a’al? + al’a;? = 2N;N; + N; + N; —4L;%,  ij=1,...,4. (4.3.4)
A straightforward computation yields

[A+, A,] =14 (aJPalz + a12a22 + a£2a12 + CLEQCLQQ) (N3 + N4+ 1) ( )
4.3.5
—4(N;+ Ny +1) (&;26@,2 + a§2a42 + affag? + a12a42)
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which with the help of (4.3.3) and (4.3.4)) is readily converted to
[Ap, AL] = 4[(Ny + No)? — 4Ly (N5 + Ny + 1)

(4.3.6)
— 4(Ny + Np +1) [(Ns + Ny)? = 4Lss?]
Since
N1+N2:;(H+D—2), N3+N4:;(H—D—2), (4.3.7)
upon substituting and after some algebra, one obtains
Ay, A) = —D*+ [H? + 8 (L1 + Ls®) — 4] D — 8 (L1o” — Lss®) H. (4.3.8)

Since H, L, L3y, commute with all the generators, we thus conclude comparing with (4.1.4))
that indeed the Higgs algebra is in the commutant in U(u(4)) of 0(2)@®0(2) with the structure
“constants” given by

o = H>+ 8 (le2 + L342) — 4,
(4.3.9)
ay = —8 (L122 _ L342) H.

This provides a most simple characterization of the Higgs algebra.
We can translate these results in terms of the Hahn presentation. Substituting (4.3.1)) in

(4.1.5)), using formula (4.3.4) and keeping in mind the expression for oy given in (4.3.9)), one

arrives at the following nice expressions
1
Ki = 5 [(Ni+ No) = (N3 + Nyl
KQ = L122 + [4132 + L142 + L232 —+ L242 -+ L342’ (4310)
Kg - [Kl, KQ],

knowing that these operators will satisfy the commutation relations of the Hahn algebra
given in (9.4.1) with

«
0 = —ZQ =2 (L122 — L342) H,

a 1 (4.3.11)
52: ?:§H2—|—4(L122—|—L342>—2.

4.4. The embedding of the Hahn algebra into
U(su(1,1)) @ U(su(1,1))

Let us here indicate how the Hahn algebra is embedded in the tensor product of
U(su(1,1)) with itself. Let A : su(1,1) — su(1,1) ® su(1,1) be the coproduct homomor-
phism with A(J,) = J{? = JU 4 J3) in the superscript notation introduced in Section .
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Consider the following identification |10 |11]:

Kl = Jél) - 0(2)7

(12)]2 (12) 7(12) (12) (4.4.1)
Ky = A(C) = [J§"?] = 1200 — i),

that is K is the image of the Casimir element under the coproduct. It is clear that the

computation of the overlaps coefficients between the eigenbases of those two operators cor-

responds to the Clebsch-Gordan problem for su(1,1).

A simple calculation gives
Ky =CW 4@ 420 @ — g0 5@ _ 505 (4.4.2)

with C) = C® 1, C® =1 ® C in keeping with the adopted notation. Let K3 = [K1, K>],
one finds

Ky = =2 (V7% — W2, (4.4.3)
One can now proceed to determine the commutators of K3 with K; and K, and one gets:
2
K3, K] = —2K,? — 4K, + 2 (JV + J7) +4(cW 4+ @),

(4.4.4)
Ky, Ks] = —2{K7, Ko} + 4 (Y + 1) (0 — @)

While the first is immediately obtained, a little bit of algebra involving the su(1,1) commu-
tation relations and its Casimir operator gives the second.
Note that Jél) + J(§2) is central since it commutes with K; and K, by construction.
We recognize in (4.4.4]) the commutation relations (9.4.1)) of the (centrally extended)
Hahn algebra with
=4+ 557 (¢ - c®),
5 (4.4.5)
6y =2 (" + Ji7) +4(CV + @)
We thus have with the formulas (4.4.1), the embedding of the Hahn algebra in
U(su(1,1)) ® U(su(1,1)). What relation this has to do with the commutant picture

will be adressed next.

4.5. The Howe duality connection

We shall now indicate that the two descriptions of the Hahn algebra presented in Section
and [4.4] can be connected through Howe duality. It is known (see in particular [9]) that
there is a pairing between the representations of 0(4) and su(1,1) that act in a mutually
commuting way (see (£.5.3)) on the state space of the four-dimensional harmonic oscillator.
We shall exploit this to show that the embedding of the Hahn algebra in the double tensor

product of the universal enveloping algebra of one algebra of the pair, su(1, 1), is in duality
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with embedding in the commutant (in the universal algebra of u(4)) of the 0(2) @ 0(2)
subalgebra of the other algebra of the pair o(4).

Let us consider the addition of four metaplectic representations grouped in two
pairs, that is take

._7 (1234) j(l2 + j (34) (451)
with
A
0 2 2 Vi 9
i 1
I = 5 (alz + a?) : (4.5.2)
g _ 1
‘7_(3) 5(a, +a; )
Note that
[Li;, T8V =0 Vi,j=1,....4. (4.5.3)

We shall put J? and J®Y in correspondance with the J{ and J{ of Section 4.4, In this
model,

1
=g _ 789 = 5 (N1 No) — (N3 + Ny) (4.5.4)

which is identical with the expression in (4.3.10) for K arising from the commutant approach.
For K9 we have

I, = C123) _ {j(m n j(34} (j(12 iy 34)) (j 12) j(34> B (%(12) n %(34)) .

(4.5.5)
Using (4.5.2), this becomes
1 1 1
Ko = Z[—[2 — iH 1 (aP + a;2 + a?f + azz) (a12 + as® + az® + a42) (4.5.6)
and with the help of formulas and - we have
1 1 1
K= H*— H — Z(A+ +A) = ((Ny 4 No) + (N3 + Na)* = 4Lp* — 4Lss%) . (45.7)
This can be rewritten as
1 1 1, 9 , 1
IC2:—Z <A++A_+2D ) +§H + L1o” + Ly ~3 (4.5.8)

which coincides with the expression that was found when looking for generators commuting
with Lo and Ls4. Recall that we also found that the expression can identically be
reexpressed as ICo = L1o® + L13? 4+ L14> + Log®> + Los> + L34” which makes it also manifest that
ICo, calculated as a su(1,1) Casimir, belongs to the commutant of {Ljs, L34} in U(o(4)) C
U(u(4)).
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A similar computation shows that the su(1,1) Casimir for the representation J7) is

given by the square of the corresponding rotation generator in 0(4), namely
1

e — L - 7. (4.5.9)

It follows that the structure constants become on the basis of (4.4.5)):
o =4 (TP + 7%0) (¢t — )
= 2H (L1® — Lai?)

2 4.5.10
0 =2 (7" + F) + 4 (¢t ) (45.10)

_ ;HQ 14 (L122 T L342) —2,

in perfect correspondance with ([(£.3.11]). Of course K3 = [Ky, Ks).

Owing to the pairing of the su(1,1) and o(4) representations under Howe duality, it is
found that the embedding of the Hahn algebra into U(su(1,1)) ® U(su(1,1)) leads to its
description as a commutant in U(u(4)).

4.6. Dimensional reduction and the singular oscillator
in two dimensions

We shall now carry the dimensional reduction of the four-dimensional isotropic harmonic
oscillator under the O(2) x O(2) action to identify in this way the Higgs/Hahn symmetry of
the singular oscillator in the plane.

Make the change of variables
Toj—1 = pPj COS Qj, Toj = Py sin 0]', ] = ]_, 2. (461)
Eliminate the 6;’s by separating the variables with

i 0
ng_LQj - _5879 (462)
J

Take the eigenvalues of this operator equal to —%kj. After performing the gauge transfor-

mation @ — O = (p1p2)/>O(p1p2)~"/? one sees that the su(1,1) operators become:

a; =k + = i=1,2. (4.6.3)
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The Hamiltonian of the singular oscillator in two dimensions is thus given by

. 1 ( 02 0? 1 a a
H_9ol[702 F649] _ _1 - 2 22 4.6.4
(752 + 75 s\gpr T o) T\t (4.6.4)

The constants of motion are clearly

Kl _ :7;12) i "7‘(’)(34)7
Ky, = U3, (4.6.5)
Ky = [Ky, Ks).

We know from our construction that these will close to form the Hahn algebra. The
- N\ 2 -~ - - — —
(reduced) Casimir C1234) = (Jo) — J. J_ — Jy, with J, = T + 789 is easily computed
and one finds

L(( 0 o\, (p P
Ky =—- — — Po— — +1 — +1 1
2 1 {(Pl 902 P2 8P1> + ay <P12 + 1) +as P +1)+
1 0 0? as 0 0? ai
Ks=—-1||1200—+1] = 4= = (20— +1 2y =]
! K plapl " > <8,022 e P22> ( p2aﬂ2 " ) (5’,012 e p1

This approach, which combines the commutant viewpoint via the dimensional reduction

9

under the torus group action and the su(1,1) embedding through the metaplectic represen-
tation, provides an alternative and straightforward way of showing that the Hahn algebra is

the symmetry algebra of the singular oscillator.

4.7. Conclusion

This paper has provided a synthetic description of the Higgs and Hahn algebras in light
of Howe duality. With the understanding that the Higgs and the (discrete) Hahn algebras
are isomorphic, we have shown that this algebra can be viewed as a commutant in U(u(4)).
It has also been recalled that it can be embedded in the tensor product of U(su(1,1)) with
itself. The two approaches have been linked in view of the fact that o(4) and su(1,1) form
a dual pair on the state space of the harmonic oscillator in four dimensions. This has also
provided context to identify the Hahn symmetry of the singular oscillator in two dimensions
through dimensional reduction.

In this respect, one might think of obtaining the higher rank Hahn algebras and by that
token the symmetries of the singular oscillator in higher dimensions, by considering the com-
mutant of the sum of n 0(2)’s in U(u(2n)). Take for instance n = 3. the resulting commutant
in U(u(6)) would have as subalgebras two Hahn algebras associated to the (12) and (23) co-
ordinate sectors as well as the Racah algebra also, since we know [21] it is the commutant of
0(2) @ o(2) ®o0(2) in U(o(6)) C U(u(6)). The entire mixed Hahn-Racah algebra will be an
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interesting deformation of su(3). Its analysis would certainly warrant particular attention as
this algebra will encompass in particular the properties of the connection coefficients for the
various separated solutions of singular oscillators in higher dimensions |27, 28]. We plan to
return to this question from this angle.

We would also wish to determine if some Howe duality operates in the case of the algebras,
like the Askey—Wilson one, associated to g-polynomials. Examining the g-Hahn algebra to

that end in the wake of the present study might prove illuminating and is in our plans.
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Chapitre 5

The ¢-Higgs and Askey—W.ilson algebras

Par Luc Frappat, Julien Gaboriaud, Eric Ragoucy, Luc Vinet.
Publié dans |[Nuclear Physics B 944, 114632, 2019.| arxiv:1903.04616.

Abstract: A g-analogue of the Higgs algebra, which describes the symmetry prop-
erties of the harmonic oscillator on the 2-sphere, is obtained in the commutant of the
0,1/2(2) @ 0,1/2(2) subalgebra of 0,1,2(4) in the g-oscillator representation of the quantized
universal enveloping algebra U,(u(4)). This ¢-Higgs algebra is also found as a specialization
of the Askey-Wilson algebra embedded in the tensor product U,(su(1,1)) ® U,(su(1,1)).
The connection between these two approaches is established on the basis of the Howe
duality of the pair (0q1/2 (4), U, (su(1, 1)))

5.1. Introduction

The Higgs algebra was first obtained by Higgs [1] as the algebra of the conserved quantities
of the Coulomb problem and harmonic oscillator on the 2-sphere. Shown to be isomorphic to
the Hahn algebra [2], it was also identified as the symmetry algebra of the Hartmann potential
[3], of certain ring-shaped potentials [4] and of the singular oscillator in two dimensions [5} 6].
The Higgs algebra stands between Lie algebras and quantized universal enveloping algebras,
as it can be viewed both as a deformation of the su(2) Lie algebra [7] and a truncation
of the U,(sly) quantum algebra [8]. It has been obtained as the quantum finite W-algebra
W(sp(4),2s((2)) [9 10] and has also appeared in the context of Heisenberg quantization of
identical particles [11].


https://dx.doi.org/10.1016/j.nuclphysb.2019.114632
https://arxiv.org/abs/1903.04616

The Higgs algebra can be presented in the following form
(D, Ay] = +4Ay,

5.1.1
[Ay, Al = =D’ + cuD + o, o4

where oy, ap are central elements.

We here aim to construct a ¢g-deformation of that preserves the general algebraic
underpinnings of this structure. This will lead to an algebra that differs from the one in [12]
where a certain g-extension of the Higgs algebra was defined by simply replacing the cubic
expression in D by one involving g-numbers (see )

We propose to obtain a g-analogue of the Higgs algebra by following a commutant ap-
proach similar to |13] (see also |14} |15]), where the ordinary Higgs algebra was obtained
in the commutant of the 0(2) @ 0(2) subalgebra of 0(4) in the oscillator representation of
U(u(4)). This characterization was shown to be in duality in the sense of Howe |16-19] with
the well-established embedding of the Hahn algebra in U(su(1,1)) ® U(su(1,1)) [20, [21].
While Howe duality, sometimes called “complementarity”, has not been thoroughly studied
in the context of g-algebras (see for instance [22-26]), the results in [27] will provide ap-
propriate background for our purposes. The merit of the approach we propose is that the
g-Higgs algebra obtained in a commutant also appears in a dual fashion as a specialization
of the Askey-Wilson algebra [28-30] in the tensor product U,(su(1,1))®2.

Let us now briefly present the contents of the paper. In Section [5.2] the g-deformations
of su(1,1) and o(n) (respectively denoted U,(su(1,1)) and o,(n)) will be introduced along
with their g-oscillator realizations. In Section [5.3] a g-deformation of the Higgs algebra will
be obtained in a commutant of 0,1/2(2) © 0,1/2(2) C 0,1/2(4) in the g-oscillator realization of
U,(u(4)). The embedding of a special case of the Askey—Wilson algebra into U,(su(1,1))®?
will be presented in Section [5.4] As will be shown in Section the ¢-Higgs algebra proves
to be isomorphic to that specialization of the Askey—Wilson algebra, and this result will be
explained by invoking the fact that the pair <0q1/2(4), U, (su(1, 1))) behaves as a Howe dual
pair in this context. Concluding remarks and perspectives will form the last section.

5.2. The U,(su(1,1)), o,(n) algebras and their g-oscillators
realizations

The duality connection that we shall invoke in our discussion involves the algebras
U,(su(1,1)) and o,(n). We shall thus begin by introducing these algebras and their g¢-
oscillator realizations.

Let ¢ be a complex number such that |¢| < 1. One defines for any number x the following

g-numbers:

l—q ¢ —q"
(I’)q = and [:E]q = ﬁ (521)
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The same notation will be used for operators.

5.2.1. The U,(su(1,1)) and o,(n) quantum algebras

U,(sl2) [31,]32] is the quantized universal enveloping algebra with three generators j and

J+ subjected to the relations
[Jo,j+] = £jz, s 5 J-] = [270lq- (5.2.2)
It is endowed with a Hopf structure with coproduct A : U,(sly) — Uy,(sly) ® U,(sls)
A(jo) = jo®1+1®j0,  A(js) = j+0¢°+10j,,  A(j-) = j-®l4+¢ P°@j_. (5.2.3)

We shall denote by U,(su(1,1)) the non-compact real form of U,(sl;) that has the three

generators Jy and Jy obeying
[Jo,Je] =+Js, T Jy —@FJJ_ =@ 2], (5.2.4)

The coproduct A : Uy(su(1,1)) — U,(su(1, 1)) ® U,(su(1,1)) will read

Ad)=Jo@1+1®J, A(s)=Ji0¢" +1© /. (5.2.5)
The Casimir operator C' of this algebra has the following expression
2
+1
O = J.J g 2o+l _ q 2Jo—1 —2Jo+1 q ' 596
+J-q 7@2 —1) (Cl +4q ) + 7((12 — 1y ( )

The coproduct being an algebra morphism, the relations define an embedding of
Ug(su(1,1)) into Uy(su(1,1)) @ Uy(su(1,1)).

Remark 5.1. In the limit ¢ — 1, one recovers the usual su(1,1) Lie algebra with Casimir
operator C = J.J_ — Jo> + Jo. Moreover, the standard presentation of U,(su(1,1)) [35] is
recovered if one considers instead the generators Jo = Jo, j+ = J. g% and J =qhJ_,
which satisfy the commutation relations [jo , ji} = :i:ji and [j_ , j@ = Pjoh and have
co-commutative coproduct.

We introduce next the non-standard g-deformation o,(n) of o(n) which is defined as the

associative unital algebra with generators L; ;1 (i = 1,...,n — 1) and relations
Li—l,i Li7i+12 - (q + q_l)Lz’,i—H Lz‘—l,i Li,i+1 + Lm‘+12 Li—l,i = _Li—l,i7 (5.2.7&)
Lijs1Lic1® = (@ + ¢ ") Li1i Liger Licai + Lic1;” Lijion = — Ly, (5.2.7b)
[Lij+1, Ljja] =0 for |i—j[>1. (5.2.7¢)

In the literature, this non-standard deformation is often denoted U] (s0,), see for instance
[34H37]. It has been shown in [38] that o,(n) can be viewed as a g-analogue of the symmetric
space based on the pair (gl(n),o(n)). Although it has no Hopf structure on its own, it is a
coideal subalgebra of U,(sl(n)) [38] and appears in many areas of mathematical physics |36].
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The two cases where n = 3 and n = 4 are especially of interest to us.

Let us first note that it is possible to consider a so-called “Cartesian” presentation [39-41]
of U,(sly), in which the three generators play an “equitable” role, and which corresponds to
the non-standard deformation 04(3) (equivalently Uy (so3) in refs. [40, |41]) of the universal
enveloping algebra U(so(3)), obtained by modifying the defining relations for the skew-
symmetric generators of so(3).

It goes like this. With jo, ji, the U,(sly) generators, form the following elements:

. . 1. . .

ho=ig{a®™, iy +7-}, 1

9= -1 1., 1 1
(q4 —|—q 4)(q2 —|—q 2)

(5.2.8)
: IS .

j=g{a ", ji =i},
where {a,b} = ab + ba is the anticommutator and ¢ is a normalization factor. Defining
Js = [J1,J2lq, where [a,b], := gtab — ¢~ %ba is the g-commutator, ji, j» and j3 then satisfy

the “Cartesian” relations

171, 92lg = J3» [j2, J3lq = 71, [J3, 71lqg = Jo- (5.2.9)

Upon identifying L1y = j1, Log = jo, one finds that this corresponds precisely to the relations
(6.3.1)) for the algebra o,(3). Note that the relations (6.3.1c) do not exist in this case.
For what follows, it will also be useful to have the formulas for o,(4) in full. These

relations read [42]

Lyo L232 —(q+ q_l)L23 Lo Loz + 11232 Lyg = — Lo, (5.2.10a)
Lo L1s® — (q+ ¢ ") L2 Log Lig + L1s® Loy = —Log, (5.2.10b)
Los L342 - (q + q_l)L34 Log L3y + Lg42 Loz = —Lag, (5-2-100)
Las Los® — (¢ +q ") Los Lag Loz + Ly Lyy = — Ly, (5.2.10d)
[L1a, L34] = 0. (5.2.10e)

It is immediate to see that Lyo, Log and Log, L3y respectively generate two o0,(3) subalgebras
of 0,(4), however they do not appear within a direct sum, in contrast to what happens with
0(4).

If one introduces the following elements:

Litz), - [ng y ng]qil, L§t4 — [L23 ; L34]q:t1, Lii - [Lit:)) y L34]q:t1, (5211)

where [a, b], is defined as above and [a, b],-1 := ¢ 2ab — qzba, the two independent Casimir

operators of the algebra o0,(4) are then given by [27, |34, |41]

Cy=q *L1o* + Los® + ¢°Las® + ¢ 'Liy Lz + qL3, Ly, + L, L1y, (5.2.12a)
Ch=q 'Lia Ly — L3 L3, + qLog L. (5.2.12b)
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5.2.2. The g-oscillator algebras, Schwinger and metaplectic realiza-

tions

Let us now recall the properties of the g-oscillator operators that will be used to realize
the algebras presented above. The g-oscillator algebra A,(n) [43-45] is defined as the unital

associative algebra over C generated by n independent sets of ¢g-oscillators {Aj-t, AV} verifying
[AY, AF = £AF, (AT AT =M, ATAT —gATAT =1, i=1,....n, (5.2.13)

and such that the commutators between elements with different indices ¢ are equal to zero.

The last two relations allow one to express N; = A A; in terms of A?:
1-— qA?

l—gq

= (A49),. (5.2.14)

1

In the limit ¢ — 1, AY coincides with the usual number operator N;.
The g-oscillator algebra has the following representation on the space spanned by the

standard occupancy number states |ny, -+ ,n,) = [n1) @ - ® |ny,) (n; € N):

1 _ qni—f—l

9 1) (5.2.15)

Aflni) = milna),  Afni) = 1—q [ni

T |n; + 1), AT |ng) =

These commuting g-oscillators can now be used to build realizations of the algebras consid-
ered above.
Firstly, the algebra o,(3) can be realized a la Schwinger in terms of two g-oscillators.

More precisely, using the homomorphism x : U,(sly) — A,(2) given by

(o) = 3(A) = A9),  x(js) = q i NTEDATA x(jo) = g i) AT AT,
(5.2.16)
and the identification (5.2.8)), the following realization of 0,(3) is obtained:
. iqi -1 Lo _1 _
x(j1) = mq 2Ag<q4A1 AT +q 4ATA2), (5.2.17)
. qi -1 1 - 1
X(j2) = Eap. M (qTAT A7 — T TATAY). (5.2.18)

Another key ingredient is the metaplectic realization of U,(su(1,1)), which is given by the
homomorphism g : Uy(su(1,1)) — A,(1):
1 1 1

1(Jo) = Fo = 3 (AO + 2) : w(Je) = v = m(/ﬁ)?. (5.2.19)

One sees immediately that it is a g-deformation of the usual metaplectic representation of
su(l,1).
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Finally, we shall also use the realization of 0,1/2(4) in terms of 4 g-oscillators which is

provided by:
Lo = q P (GTATAL, — g TAT AL, i=1,23. (5.2.20)

One checks that the .7} ;11 indeed verify relations of the form ([5.2.10)) but whose ¢’s have been

1/2»

replaced by ¢'/*’s. Furthermore, .£15, £34 commute and hence generate a 0,1/2(2) @ 0,1/2(2)

subalgebra of 0,1/2(4).

5.3. The commutant of 0,12(2)®0,12(2) in the g-oscillator
realization of U,(u(4)) and the ¢-Higgs algebra

It was shown in [13] that the Higgs algebra appears in the commutant of 0(2) @ 0(2) in
the universal enveloping algebra U(u(4)). This section aims to define the ¢-Higgs algebra
through a g-analogue of this commutant picture.

We consider first the 0,1/2(2) © 0,1/2(2) subalgebra of 0,1/2(4) generated by #1, and %34,
and look for its commutant in U,(u(4)).

Introduce the following three operators

2 = (2 (A2 + (AD?) (2 (47 + (47)?)), (5.3.12)
M = (24T + (49)2) (472470 + (AD?)), (5.3.10)
L = (A9 4 A9) — (A% + A), (5.3.1¢)

which commute with the generators %5 and %34 (in the limit ¢ — 1, £ and %34 correspond
to rotations in the (1,2) and (3,4) planes).

One notes that each big parenthesis in the expression of the M* operators can actually
be obtained by applying the coproduct of U,(su(1,1)) to the #. generators. Recalling that
the bilinears of the form E;; = AT A7, i,j = 1,2, 3,4 realize the U, (u(4)) algebra [46], it can
be observed that M=, L generate the non-trivial part of the commutant of 0,1/2(2) & 0,1/2(2)
in the g-oscillator realization of U,(u(4)).

It is immediate to see that M* and L also commute with the central element
4
H=> (AY+1). (5.3.2)
i=1

One could ask how were the expressions for L, M* obtained. First, the operator L obviously
commutes with %, and Z4. Second, instead of obtaining the factors in M* from the
coproduct one can look for elements 7% in A,(2) that commute with %5; this is most easily

done “on-shell”, that is, by solving [A2, TF]|n1, ny) = 0 for any two g-oscillator states. One
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thus arrives at
TH = U (¢ (AT + (45)7),  aeC. (5.3.3)
Since AY + AY = L(L + H), only the second factor of T is relevant. The same is done with
234 on the direct product states |ns,ny). It is then clear that the only combinations of the
operators and their (3,4) analogues that will belong to U,(u(4)) are those occurring
in M*.
It now remains to determine the algebra formed by the three generators M* and L.

Proposition 5.2. The operators M* and L have the following commutators:

[L, M*] = £4M*,

- 1+ _ _ 1 _1 1 1
[M*, M ]IMqH<(Q+q Ng" =g =2 + g2 ) (@2 — g 2L)>
1+ : : 1 1
+ qg(l _q()]) QH<(Q R RE 9%42)61# - (CﬁHiﬂwQ +4q 2H$342)q 2L>

(5.3.4a)

The elements Lo, L34 and H, which are central, play the role of structure constants. We
shall take these relations to define abstractly the (universal) q-Higgs algebra.

Remark 5.3. Alternatively, if one considers the generator q%L instead of L, the first set of

relations in (5.3.4al) becomes
2L ME = qﬂMiq%L. (5.3.4Db)

PROOF. The first relations of ([5.3.4a)) are obvious. The last relation is obtained by a di-
rect computation in the g-oscillator algebra. Starting with (5.3.1al)—(5.3.1b|), and using the

1
identity [af az, a7 af] = [af , a]afay —afar[af, a5] for af = (¢"¥2(AF_))* + (45)?), one
gets
[M+= M_] -

AT (AT (A2 (43)°] + 31— ) ((AT)(A7)2 + q—2<A;>2<A;>2):

[ A5 )2 4 (ATAD? + 3 (AP + 0245 2(AD?)

=T (A7 2]+ (A2 (AT ] + 12 (1= ) ((ADPAT P + (A0 P (47)?)]

x| B ATE(AD)? + (AD)2(A;)? + qASJF% ((Al+)2(/12*)2 + q*Q(A;)Q(Aj)Q) . (5.3.5)

Now, from the expression ((5.2.20)), one obtains
1 1 1 1 1
Lt =q T2 (Q(AT)Q(AE)Q+CJ‘1(AI)2(A2+)2—q2N1 —q 2Ny —q(q2 +Q_2)N1N2> (5.3.6)

and a similar expression for .3, with the replacement A3, A3 — A$, AS.
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Using the relations

(AP (A7) = =L+ @)a™ (g + a7 )N +1) (53.7)
and
q(AD* (A7) = NP — N, (5.3.8)
and after some algebra, one is left with the following equation
[M*, M~ =
(et (1= gt + 12 (1 1+ ) - 2))

_ {(1 + q)qu+A2_1<(1 — 0%’ + %5 (¢ ) 2))]

qu+A 134 + AO+AO 2]

qA0+A —13 + A0+AO ]2

—_

3.9)

Expressing the A? generators in terms of L and H, one finally obtains the desired commu-
tation relation.

Remark 5.4. In the limit ¢ — 1, noting that

. . ) . ) i 0 0
(lll_rg Lo = 21 L9, (lll_rg Lay = 21 L3y, with L, = —3 (xjaxk — xk%) , (5.3.10)

one easily recovers from (5.3.4a) the commutation relations of the Higgs algebra (5.1.1)) in
the form:

[L, M*] = £4M*,
(5.3.11)
[MT, M) = —L* 4+ aiL + ay,

where oy = H? + 8(L15* + £342) —4, and oy = —8H (L15* — L34?).
Hence, the relations indeed define a ¢-deformation of the Higgs algebra.

5.4. The Askey—W.ilson algebra and an embedding into
UC]<5u(17 1>)®2

We now indicate how (a special case of) the Askey—Wilson algebra can be embedded in
the tensor product U,(su(1,1)) ® U,(su(1,1)). With A the coproduct of U,(su(1,1)) given

in (5.2.5), we can take

11—qglo@q

Kl = Z ]_——q’ (541&)
1 1
Ky =5 A(C) =35 (C RF" + ¢ C+ ST e+ T P e,
241
(qq2 j1)2 <q‘2‘]° D¢ -10¢" - @1+1® 1)) (5.4.1b)
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where C' denotes the Casimir operator given in (6.2.7).
Defining K3 = [K7, K3], a direct calculation gives

Ky = ; C+g (e —J J)(¢Peq™). (5.4.1c)

We now proceed to calculate the commutation relations of K, K5, K3. They are seen to
take the form of the relations of the Askey—Wilson (AW) algebra which read

(K1, K] = K, (5.4.2a)
(Ko, K3 = 1KoK Ko + §{ K1, Ko} + &K5 + &Ko + LK + &, (5.4.2b)
(K5, K1) = 1K1 KoKy + § K7 + &{K1, Ko} + &K+ &Ko + &, (5.4.2c)

where 7 is as in below and &, ..., &; are arbitrary in the generic AW situation.

After a rather cumbersome calculation, using the expressions for the K;’s as well
as the commutation relations , one finds that the K;’s indeed obey the relations
with the following specific expressions for the parameters:

-2 201 _
R B S T
2 2
£ =0, £ —— (1+ 91)6(;3+ q )(Cu) _ @) [Jém)}q’ fo= — (11qu) ’ (5.4.3)

1+ q 2 (12) _ 4(12) _ 2
= 32q2) (C(I)CJJO + 0¥ — (144 Z)BJSD)L),

where M) = C @ 1 and C® =1 ® C are respectively the Casimir operators in the spaces
1 and 2 of the tensor product, and Jéu) = A(Jy). These quantities C® and J(glz) commute
with K, Ky and K3 and we hence have a version of that is centrally extended.
Since there are only three independent quantities entering the &;’s (there are four in the
general case), we conclude that the K, Ky, K3 generate a specialization of the Askey—Wilson
algebra. One checks that in the limit ¢ — 1, the parameters r, &, &3 vanish and one recovers
the Hahn algebra. The standard ¢-Hahn algebra is obtained from the Askey—Wilson algebra
by setting for instance & = 0 in . The algebra satisfied by K, Ky and K3 is actually
isomorphic to the g-Hahn algebra as the standard form of the latter |28, 47| is obtained by
taking Ko = Ky — & /r. The limit ¢ — 1 is singular however if we adopt this presentation.

5.5. The ¢-Higgs algebra, the Askey—Wilson algebra,
and the dual pair <0q1/2(4) , Uy(su(1, 1)))

We shall explain in this section how the ¢-Higgs algebra obtained as a commutant and the
specialized Askey—Wilson algebra found from the embedding just described are connected

through Howe duality and are in fact isomorphic.
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Take 4 metaplectic representations defined as in ((5.2.19)). We will add them first pairwise
using the U,(su(1,1)) coproduct ([5.2.5):
i—1,2i i—1,2i 1 .
ST =g (M Ay 1), AT =5 (525 + (452), i=1.2
ql 2
(5.5.1)

and then using the coproduct once more will form

1234 12 34 1234 12) (34) (34)
B = gD gGY and g = g (D2 g8, (5.5.2)
Mindful of Section [5.3] it is immediate to check that

[$7i+17 /0(1234)] = 07 1= 17 27 37 (553>

where the % ;1 are defined as in . Let us stress that makes the key state-
ment that the algebras U,(su(1,1)) and 0,1/2(4) are mutually commuting in the g-oscillator
realization.

It has been shown [27] that 0,1/2(4) and U,(su(1,1)) actually form a Howe dual pair.
(They constitute precisely the quantum analogue of the classical pair (0(4),su(1,1)) which
was used in the analysis of the Higgs and Hahn algebras [13].) This means that their
representations can be connected through their Casimirs. We will now proceed to indicate
explicitly how this is realized.

To that end, we first put the / (2i=1.21) in correspondence with the J, from Section .
Let us focus on the coproduct embeddings (5.5.1). As each pairing of U,(su(1,1)) in the
spaces (1,2) and (3,4) gives a copy of U,(su(1,1)), we can embed the specialization of the
Askey-Wilson algebra of Section [5.4] into these two copies of U,(su(1,1)).

Indeed, upon substitution of into equations for K1, K5, K3, we obtain the
following g-oscillator realization of the specialized Askey—Wilson algebra:

11— gzt
H=1= _qq , (5.5.4)
Ay = 2A9(C) = 2 ((‘ﬂl)q;H + g3 g2 4 (14 ¢ g 2 B3] (L5
2 2 2 4 gl 4 lq
1
+ a f e (q_1M++qM_) 2<H+L>>, (5.5.4b)
1 1

% = m <M+ — M_)q 2H, (554C)

where A (z) = (id®" Y @A)ACD(z), AD = A, A©® = id; the generators My, L,
H correspond to those given in (5.3.1) and (5.3.2]) respectively and can alternatively be
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expressed as

My = ([2]g2)* 742 789, (5.5.5)
=" - ™, (5.5.6)
VH = 750+ ™ = A0 ). (5.5.7)

By construction the J#|, 5, %5 obey the relations of the specialized Askey—Wilson algebra

(5.4.2) with the parameters (5.4.3]).

Also note that the quantities (V) and €® are the images of the Casimir operators C'")
and C® and that they are directly related to the %, and %4 by

1 1
¢V = —— (A2 +1 €@ =
(1+Q)2( w4 ). (1+¢)?

In view of this, it is now evident that in the g-oscillator realization, the generators of the

(L’ +1). (5.5.8)

specialized Askey—Wilson algebra are expressible in terms of those of the ¢-Higgs algebra,
and vice-versa. Hence these two algebras are isomorphic, as in the ¢ — 1 case.

To wrap things up, let us point out that the two Casimirs of 0,1/2(4) given in (5.2.12)
have a direct interpretation in this g-oscillator framework.

The first Casimir of 0,1/2(4), denoted Cj, corresponds to the total Casimir of the quadru-
ple tensor product of U, (su(1,1)):

Ci= (¢ 20"+ 4" + 040" + 2 L L + 0 L5 Loy + L5 L)
— (—261) AB(0).
This is precisely the pairing of the Casimirs of 0,1/2(4) and U,(su(1, 1)) that follows from the
Howe duality.
The second Casimir of 0,1/2(4), denoted Cj, is identically zero in the g-oscillator realiza-

tion:
Cl = q 2L Loy — LELS + 2 Lo L7 = 0. (5.5.10)

It can be seen as the g-analogue of the usual relation between the angular momenta, see for
instance (4.1) in [48]: MiaMsy + My3Myo + My Moz = 0.

Let us mention in closing this section that the ¢ — 1 limit of the above yields straight-
forwardly the duality presented in [13] between the Higgs or the Hahn algebras viewed as a
commutant in U(u(4)) or embedded in U(su(1,1)) ® U(su(1,1)).

5.6. Conclusion

Summing up, we have introduced a g-analogue of the Higgs algebra by looking for the

commutant of a 0,1/2(2) © 0,1/2(2) subalgebra of 0,1/2(4) in the g-oscillator representation of
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U,(u(4)). This algebra was then seen to be isomorphic to a special case of the Askey-Wilson
algebra (itself isomorphic to the standard g-deformation of the Hahn algebra) which has an
embedding in U,(su(1,1)) ® U,(su(1,1)). The Howe dual pair <0q1/2(4), U, (su(1, 1))) was
then invoked as the reason behind this double picture.

The g-oscillator realization in which 0,1/2(4) and U,(su(1, 1)) commute can be generalized
easily for 0,1/2(n) with n arbitrary. It is known that (0q1/2 (n), Uy(su(1, 1))) is a dual pair [27].
This opens up the door to the study of the full Askey—Wilson algebra. We hypothesize that
it should be possible to obtain this algebra in the commutant of a 0,1/2(2) © 0,1/2(2) ©0,1/2(2)
subalgebra of 0,1/2(6) in 0,1/2(6) in this g-oscillator representation. It would be also of high
interest to see if the higher rank Askey—Wilson algebras [49, 50] could be obtained in a
similar fashion.

It should moreover be mentioned that the dual pair <0q1/2 (n), Uy (su(1, 1))) was analyzed
in [27] in a g-commuting variable framework. It would be quite interesting to see if some
sort of dimensional reduction in g-commuting variables could be performed to obtain a g¢-
analogue of the superintegrable model on the n-sphere [51]. We hope to address all these

questions in the near future.
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Chapitre 6

The dual pair (U,(su(1,1)),0,12(2n)),
g-oscillators and Askey—Wilson algebras

Par Luc Frappat, Julien Gaboriaud, Eric Ragoucy, Luc Vinet.
Publié dans |Journal of Mathematical Physics 61, 041701, 2020. arxiv:1908.04277.

Abstract:  The universal Askey-Wilson algebra AW(3) can be obtained in
the commutant of U,(su(1,1)) in U,(su(1,1))®*3.  We analyze the commutant of
0,1/2(2) @ 0,1/2(2) B 0,/2(2) in g-oscillator representations of 0,1/2(6) and show that it
also realizes AW (3). These two pictures of AW (3) are shown to be dual in the sense of
Howe; this is made clear by highlighting the role of the intermediate Casimir elements
of each member of the dual pair (Uq(su(l, 1)), 0q1/2(6)). We also generalize these results.
A higher rank extension of the Askey—Wilson algebra denoted AW (n) can be defined in
the commutant of U,(su(1,1)) in Uy(su(1,1))®" and a dual description of AW (n) as the
commutant of 0,1/2(2)®" in g-oscillator representations of 0,1/2(2n) is offered by calling upon
the dual pair <Uq(5u(1, 1)), oq1/2(2n)).

6.1. Introduction

The Askey—Wilson algebra encodes the bispectrality properties of the eponym polynomi-
als [1]. Tt is finding applications in various areas such as integrable models [2-6], algebraic
combinatorics [7H-10], knot theory [11], double affine Hecke algebras and representation the-
ory [12-14], etc. A universal extension is known to arise in an algebraic description of the
Racah problem for U,(sly) [15, 16]. The goal of the present paper is to enlarge the funda-
mental understanding of this algebra by casting it in an alternate framework. We shall offer

a picture of the universal Askey—Wilson algebra that is dual to the one which arises in the
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https://arxiv.org/abs/1908.04277

coupling of three representations of U,(sly) and that will be reviewed in Section The
presentation that is the object of this paper will be deemed dual, in the sense of Howe, to
the U, (sl) tensorial approach because it will rely on the complementary member o,1/2(2n)
of the dual pair (Uq(su(l, 1)), oq1/2(2n)).

The concept of dual pairs has been introduced by Howe in [17, [18] and has been since
c