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Résumé

Dans la description à basse énergie de systèmes fortement corrélés, les champs de jauge

peuvent émerger comme excitations collectives couplées à des quasiparticules fractionalisées.

En particulier, certains aimants bidimensionnels dits frustrés sont décrits par un liquide de

spin de Dirac comportant une symétrie de jauge U(1) compacte. La description infrarouge

est donnée par une théorie conforme des champs, soit l’électrodynamique quantique en 2 + 1

dimensions avec 2N saveurs de fermions sans masse. Dans les aimants typiques, N = 2

ou 4. L’aspect compact du champ de jauge implique également l’existence d’excitations

topologiques, soit des instantons créés, dans ce contexte, par des opérateurs monopôles.

Cette thèse porte sur les transitions de phase quantiques à partir d’un liquide de spin

de Dirac et les propriétés des monopôles aux points critiques correspondants. Ces transi-

tions sont induites en activant diverses interactions de type Gross-Neveu. Dans tous les cas

à l’étude, la dimension d’échelle des monopôles est obtenue grâce à la correspondance état-

opérateur et à un développement en 1/N . L’accent est d’abord mis sur une transition de

confinement-déconfinement vers une phase antiferromagnétique décrite par la condensation

d’un monopôle. Une levée de dégénérescence est observée au point critique alors que certaines

dimensions d’échelle de monopôles sont réduites par rapport à leur valeur dans le liquide de

spin de Dirac. Cette hiérarchie est caractérisée quantitativement en comparant les dimen-

sions d’échelle dans des secteurs distincts du spin magnétique à l’ordre dominant en 1/N ,

puis qualitativement par une analyse en théorie des représentations. Des exposants critiques

pour d’autres observables dans la théorie non compacte sont également obtenus. Enfin, deux

transitions vers des liquides de spin topologiques, soit le liquide de spin chiral et le liquide de

spin Z2, sont considérées. Les dimensions anormales des monopôles sont obtenues à l’ordre

sous-dominant en 1/N . Ces résultats permettent de vérifier une dualité conjecturée avec un

modèle bosonique et la valeur d’un coefficient universel pour les théories de jauge U(1).
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Abstract

In strongly correlated systems, gauge fields can emerge as collective excitations coupled

to fractionalized quasiparticles. In particular, certain frustrated two-dimensional quantum

magnets are described by a Dirac spin liquid which has a U(1) gauge symmetry. The in-

frared description is given by a conformal field theory, namely quantum electrodynamics in

2 + 1 dimensions with 2N flavours of massless fermions. In typical magnets, N = 2 or 4.

The compact aspect of the gauge field also implies the existence of topological excitations

corresponding to instantons, which are created by monopole operators in this context.

This thesis focuses on quantum phase transitions out of a Dirac spin liquid and the

properties of monopoles at the corresponding critical points. These transitions are driven

by activating various types of Gross-Neveu interactions. In all the cases studied, the scaling

dimension of monopoles are obtained using the state-operator correspondence and a 1/N ex-

pansion. The confinement-deconfinement transition to an antiferromagnetic order produced

by a monopole condensate is first studied. A degeneracy lifting is observed at the critical

point, as certain monopoles have their scaling dimension reduced in comparison with the

value in the Dirac spin liquid. This hierarchy is charactized quantitatively by comparing

monopole scaling dimensions in distinct magnetic spin sector at leading-order in 1/N , and

qualitatively by an analysis in representation theory. Critical exponents of various other op-

erators are obtained in the non-compact model. Transitions to two topological spin liquids,

namely a chiral spin liquid and a Z2 spin liquid, are also considered. Anomalous dimensions

of monopoles are obtained at sub-leading order in 1/N . These results allow the verification

of a conjectured duality with a bosonic model and the value of a universal coefficient in U(1)

gauge theories.
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(b) the s = 1,ms = −1 monopole with spin-Hall mass 〈Ψ̄σΨ〉 ∝ −Mqẑ. . . . . . . . . . 126
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Introduction

Il y a un autre monde mais il est dans

celui-ci.

Paul Éluard

Un thème important en physique de la matière condensée concerne la classification des

phases de la matière et l’étude des transitions entre celles-ci. Dans la théorie de Landau, les

phases de la matière sont distinguées par un paramètre d’ordre local qui rend compte des

symétries brisées. Une transition continue se produit par la condensation d’un ordre qui brise

la symétrie G d’une première phase en un sous-groupe H décrivant une deuxième phase

G→ H , H ⊂ G . (0.0.1)

Depuis la découverte de l’effet Hall quantique [1–4], plusieurs systèmes échappant à cette

description ont été trouvés. Notamment, les paramètres d’ordre de Landau sont insuffisants

pour décrire les phases topologiques de la matière. La fonction d’onde de l’état fondamental

de ces phases possède des propriétés globales dont la description nécessite l’introduction

d’un ordre topologique. Dans une limite de basse énergie, ces phases sont décrites par des

théories de champs topologiques. Il existe également des contre-exemples au mécanisme de

transition entre phases conventionnelles. À un point critique quantique déconfiné (dQCP),

une symétrie émergente G permet la transition entre des phases voisines dont les symétries

H1 et H2 ne sont pas contenues l’une dans l’autre. Le cas d’étude prototype est le dQCP

qui sépare des phases antiferroaimant (AFM) et solide de liens de valence (VBS) [5–7]. Du

côté AFM, la polarisation du spin magnétique brise la symétrie de rotation interne SU(2),

alors que du côté VBS, un pavage de singulets de spins brise certaines symétries discrètes

du réseau.



Les phases fractionalisées de la matière montrent également les limites des paradigmes

de Landau. Les quasiparticules y portent seulement une fraction des nombres quantiques des

éléments constituants du système et forment des excitations non locales qui ne peuvent être

exprimées en termes de ces derniers [8]. Cela contredit l’idée de l’intégrité de l’électron comme

quasiparticule sous l’activation d’interactions. Les états possédant un ordre topologique,

comme les systèmes de Hall quantique fractionnaires, sont généralement décrits par une

phase fractionalisée [9].

La phase liquide de spin quantique (QSL) retrouvée dans certains aimants quantiques

montre par exemple ce phénomène de fractionalisation [8]. Il s’agit d’un aimant qui, même

à basse température, ne développe pas d’ordre magnétique. Cela survient dans les aimants

dits « frustrés » où l’énergie d’interaction ne peut être minimisée localement pour tous les

constituants. Par exemple, tel que montré à la Fig. 0.1(a), il n’est pas possible de minimiser

l’énergie d’interaction de chaque paire dans un ensemble de trois spins où l’énergie spin-

spin est minimisée par anti-alignement. L’état minimisant globalement l’énergie est plutôt

obtenu en formant des paires de spins intriqués, plus précisément des singulets entre deux

spins 1/2 tel que montré à la Fig. 0.1(b). Dans ce cas, le fait de détruire l’intrication d’une

paire de spins devient une excitation possible. Les deux spins 1/2 ainsi libérés, les spinons,

sont les quasiparticules fractionalisées relativement au magnon, une excitation bosonique de

spin 1 consistant à renverser un spin sur un seul site. Dans le système de spin frustré, les

spinons sont couplés par un champ de jauge émergent provenant d’une excitation collective

du système.

Il existe plusieurs réalisations de QSL décrites par diverses théories de jauge. Le liquide

de spin de Dirac (DSL) est un exemple important et particulièrement intéressant dans le

cas des aimants quantiques bidimensionnels. C’est le cas qui sera étudié dans cette thèse.

Dans la limite infrarouge, ce système est décrit par l’électrodynamique quantique en 2 + 1

dimensions (QED3) avec 2N saveurs de fermions à deux composantes sans masse, soit une

théorie de jauge abélienne U(1). Dans un langage adapté aux aimants quantiques, les fermions

correspondent aux spinons qui émergent par la fractionalisation. Le nombre de saveurs 2N

correspond aux deux polarisations magnétiques de l’électron et à N vallées dans l’espace

des impulsions. Dans les aimants typiques, on compte N = 2 [10–12] ou N = 4 [10] vallées

en impulsions. Les liquides de spin-orbital de Dirac présentent quant à eux 4 polarisations
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(a) (b)

Figure 0.1. (a) Frustration « géométrique ». Il est impossible d’anti-aligner trois spins

simultanément pour minimiser toutes les énergies d’interaction plus proche voisin antiferro-

magnétique. (b) Un aimant frustré peut être excité en détruisant l’intrication d’une paire de

spins. Les spins sous-jacents libérés sont les spinons et interagissent via un boson de jauge

émergent.

d’un spin 3/2 effectif induit par une interaction spin-orbite, pour un total de 8 saveurs

fermioniques dans les exemples des Réfs. [13–15].

Le DSL décrit par le modèle QED3 avec 2N = 4 saveurs a été utilisé pour décrire des

aimants quantiques dans plusieurs contextes. Le modèle J1−J2 de spin 1/2 sur réseau trian-

gulaire, qui apparaît dans des chalcogénures à base de terre rare 1 [16–20], serait notamment

décrit par un DSL selon des études par Monte Carlo variationnel (VMC) [12, 21, 22] et avec

le groupe de renormalisation par la matrice densité (DMRG) [22]. L’AFM de Heisenberg de

spin 1/2 sur réseau kagome, un modèle de spin potentiellement réalisé dans le Herbertsmi-

thite 2 [23, 24] et le Barlowite avec substituts de zinc 3 [25], serait aussi décrit par un DSL

selon des études par VMC [26–29], par DMRG [30, 31] et par réseaux de tenseurs [32, 33].

Ces résultats sont toutefois controversés. Ils sont notamment contredits par d’autres études

numériques supportant quant à elles un liquide de spin « gappé » [34–40].4 D’autre part, le

DMRG est étendu aux systèmes bidimensionnels comme une méthode quasi-1d, ici sur un

cylindre. Les limitations de taille finie sont particulièrement problématiques pour distinguer

1Chalcogénures à base de terre rare : AReCh2(A = alcalin ou ion monovalent, Re = terre rare, Ch =

O,S,Se)
2Herbertsmithite : ZnCu3(OH)6Cl2
3Barlowite avec substituts de zinc : ZnCu3(OH)6FBr
4C’est-à-dire, un liquide de spin où les spinons sont massifs.
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un état sans « gap » d’un état avec un petit « gap » où la longueur caractéristique excède la

circonférence du cylindre [31].

Un aspect crucial du DSL a jusqu’à présent été omis. Puisque le contexte physique

concerne l’émergence de QED3 sur un réseau sous-jacent, le champ de jauge U(1) est com-

pact et admet par conséquent des excitations topologiques nommées monopôles, soit des

instantons en 2 + 1 dimensions. Les opérateurs monopôles créant ces configurations consti-

tuent l’objet central de cette thèse. Un bref survol des monopôles est d’abord présenté, puis

l’importance de ces objets est mise de l’avant.

0.1. Opérateurs monopôles

0.1.1. Origine sur le réseau

Dans les théories de jauge sur réseau, une variable qui intervient naturellement est la

ligne de Wilson. Pour un champ de jauge U(1) noté Aµ, on a la forme suivante 5

U(y,x;C) = exp
{
i
∫
C
dzµAµ(z)

}
, (0.1.1)

où C est un chemin entre les points x et y. En particulier, le transport covariant d’un point

du réseau x vers un autre point atteint par un vecteur de maille x + ae(µ) d’un champ de

matière de charge 1 est assuré par une ligne de Wilson donnée par [41]

Uµ(x) ≡ U(x+ ae(µ),x) ≈ exp {iaAµ(x)} . (0.1.2)

On peut ainsi bâtir un terme invariant de jauge et bilocal ψ̄(x + ae(µ))Uµ(x)ψ(x) lié, dans

la limite du continu, au terme de Dirac ψ̄(x)(∂µ − iAµ(x))ψ(x). Dans cette formulation, le

champ de jauge apparaît naturellement comme une variable périodique, correspondant à la

formulation compacte du groupe de symétrie U(1).

Le terme cinétique du champ de jauge est obtenu avec une variable de plaquette. Par

exemple, sur le réseau carré (voir la Fig. 0.2(a)), cette variable de plaquette est donnée par

Πµν(x) = Uµ(x)Uν(x+ ae(µ))U †µ(x+ ae(ν))U †ν(x) = exp
{
ia2 (∆µAν(x)−∆νAµ(x))

}
,

(0.1.3)

5On travaille ici dans les unités où la charge électrique est e = 1.
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(a) (b)

Figure 0.2. (a) Variable de plaquette sur un réseau carré. (b) Schéma d’un monopôle de

Dirac. Le flux de la source ponctuelle est en ligne droite, celui de la corde de Dirac est en

ligne ondulée.

où on a défini la différence finie ∆µAν(x) = Aν(x+ae(µ))−Aν(x). L’argument de l’exponen-

tielle correspond au tenseur de Maxwell discret Fµν(x) ≡ ∆µAν(x) −∆νAµ(x). La variable

de plaquette est utilisée pour bâtir l’action sur réseau [42, 43]

∑
µ,ν

Re {1− Πµν(x)} =
∑
µ,ν

(1− cos a2Fµν(x)) . (0.1.4)

La limite du continu renvoie le terme de Maxwell, quadratique dans le tenseur de Maxwell.

En définissant le champ Hµ en termes du champ dual au tenseur de Maxwell Hµ =
1
2ε
µρλFρλ = εµρλ∂ρAλ, les équations de Maxwell sans sources sont données par

1
2∂µε

µνρFνρ = ∇ ·H = 0 , ∂µF
µν = (∇×H)ν = 0 . (0.1.5)

Une solution non triviale est donnée par [42, 43]

Hµ(x) = q
xµ

|x|3
+ 4πqδµ3 δ(x1)δ(x2)θ(−x3) , (0.1.6)

où 2q ∈ Z. Cette dernière contrainte, la condition de Dirac, est nécessaire pour que la corde

de Dirac, un objet singulier, soit invisible. Plus précisément, la périodicité du terme de

Maxwell entrant dans l’argument d’un cosinus (0.1.4) annule l’effet de la corde si la charge

q est un demi-entier. Ceci décrit un monopôle de Dirac à la position x = 0. Le deuxième

terme correspond à la corde de Dirac qui compense le flux du premier terme, une source

ponctuelle. Un schéma de la solution est montrée à la Fig. 0.2(b).

La formulation compacte de la théorie de jauge U(1) peut aussi être obtenue dans le

continu. Le modèle de ’t Hooft-Polyakov est une théorie de jauge non abélienne SU(2) qui
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comporte un champ vectoriel de Higgs avec une auto-interaction. En réglant correctement la

constante de couplage, une brisure spontanée de symétrie survient, où le champ de jauge est

« Higgsé » et la symétrie est réduite SU(2) → U(1). Puisque le groupe de jauge SU(2) est

compact, le sous-groupe U(1) obtenu par brisure de symétrie l’est aussi. Le groupe d’homo-

topie Π2(SU(2)/U(1)) indique alors la présence d’une configuration topologique non triviale

en trois dimensions [43, 44]. Pour un modèle en 3+1 dimensions, on parle d’une configuration

statique qui correspond au monopôle de ’t Hooft-Polyakov. Cela peut aussi être interprété

comme un instanton dans le modèle euclidien en 2 + 1 dimensions. Dans une certaine limite

du modèle, on peut rendre très massive l’excitation de Higgs restante et se concentrer sur

l’excitation du champ de jauge U(1).

0.1.2. Formulation en théorie des champs

Un point de vue plus moderne sur les opérateurs monopôles est présenté dans ce qui

suit. L’opérateur monopôle est décrit comme un opérateur qui vient modifier les conditions

frontières du champ de jauge pour produire le flux magnétique attendu.

On commence d’abord par formuler la fonction de partition d’une théorie de jauge U(1)

pure sans monopôles, donnée par 6

Z =
∫
DA exp

{
−
∫
x

[
− 1

2e2 (εµνρ∂νAρ(x))2
]}

, (0.1.7)

où
∫
x ≡ d3x et on a réintroduit la charge électrique e. Il est possible de formuler cette fonction

de partition en termes du tenseur de Maxwell

Fµν(x) = ∂µAν(x)− ∂νAµ(x) . (0.1.8)

Pour ce faire, il faut spécifier que le tenseur de Maxwell est un tenseur de rang 2 obtenu par

la dérivée extérieure d’un tenseur de rang 1, F = dA. Cela signifie que la dérivée extérieure

du tenseur de Maxwell est nulle, dF = d(dA) = 0. En notation tensorielle, cela implique

que 1
2ε
µνρ∂µFνρ(x) = 0, soit l’identité de Bianchi. La fonction de partition peut être écrite en

termes de Fµν en imposant cette contrainte à l’aide d’un boson auxiliaire σ qui agit comme

6Les modes de jauge purs (dus à l’invariance de jauge) devraient être éliminés. Cependant, pour une

théorie de jauge abélienne, cela donne simplement un facteur supplémentaire pour la fonction de partition,

donc cet effet peut être ignoré.
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paramètre de Lagrange [45]

Z =
∫
DFDσ exp

{
−
∫
x

[
− 1

4e2FµνF
µν + i

2πσ
(1

2ε
µνρ∂µFνρ

)]}
. (0.1.9)

L’intégrale de chemin est alors limitée aux configurations de champs de jauge respectant

l’identité de Bianchi. Étant donné la condition de quantification de Dirac,
∫
d3x1

2ε
µνρFνρ =

4πq avec 2q ∈ Z, il suit que σ est un champ compact avec une périodicité 2π. La fonction de

partition est maintenant quadratique en termes du tenseur de Maxwell qui peut être intégré

Z =
∫
Dσ exp

{
−
∫
x

e2

8π2∂µσ∂
µσ

}
. (0.1.10)

Le champ σ correspond au photon dual. Le modèle a une symétrie de « shift », σ → σ+α.

Cette symétrie correspond à la symétrie U(1)top, compacte puisque σ est 2π-périodique. Dans

la formulation du modèle initial, cette symétrie est associée au courant topologique

Jµtop(x) = εµνρ∂νAρ(x) . (0.1.11)

L’existence d’un tel courant topologique survient en 2 + 1 dimensions où le tenseur complè-

tement antisymétrique a trois indices, dont deux se contractent avec la dérivée du champ de

jauge. Les opérateurs chargés sous U(1)top sont les opérateurs monopôles M†
q(x) avec une

charge q

U(1)top :M†
q(x)→ ei2qαM†

q(x) . (0.1.12)

Un opérateur monopôle peut donc être écrit en termes du photon dual comme M†
q(x) ∼

ei2qσ(x). L’action du courant topologique sur cet opérateur est donnée par [46]

Jµtop(x)M†
q(0) ∼ q

xµ

|x|3
M†

q(0) + termes moins singuliers . (0.1.13)

Le terme singulier correspond au champ d’un monopôle de Dirac de charge q. L’opérateur

monopôle crée donc une configuration pour le flux topologique, plus spécifiquement

∂µJ
µ
top(x) = 1

2ε
µνρ∂µFνρ(x) = 4πqδ(3)(x−R) , (0.1.14)

pour une charge placée en xµ = Rµ.7 Comparativement à la situation présentée précédem-

ment, on a maintenant une violation de l’identité de Bianchi.8 On peut insérer une telle
7De manière équivalente, on peut dire que le flux autour du point d’insertion sur une sphère S2 est∫

S2 d
2xJ0

top(x) = 4πq.
8Contrairement à la section précédente, l’effet de la corde de Dirac est exclu. C’est possible de le faire

puisqu’elle ne contribue pas à l’action. L’équation de Maxwell a ainsi un terme de source pour décrire la
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configuration dans la fonction de partition en modifiant la contribution du boson auxiliaire

dans l’action

i

2π

∫
x
σ(x)

[1
2ε

µνρ∂µFνρ(x)− 4πqδ(3)(x−R)
]

= i

2π

∫
x

[
σ(x)

(1
2ε

µνρ∂µFνρ

)]
− i2qσ(R) . (0.1.15)

L’insertion du monopôle de charge q en xµ = Rµ correspond donc effectivement à l’ajout

d’un termeM†
q(R) ∼ ei2qσ(R) dans la fonction de partition.

0.1.3. Autres propriétés importantes

Dans la théorie de jauge pure U(1) compacte en 2 + 1 dimensions, les monopôles ont

un effet de confinement [42, 43]. Ce modèle a d’abord été motivé par Polyakov comme

un modèle jouet pour comprendre le confinement dans la chromodynamique quantique en

3 + 1 dimensions (QCD), soit une théorie de jauge SU(3). L’importance des excitations

topologiques pour le confinement dans les deux modèles [47] montre effectivement un lien

intéressant. L’ajout de champs de matière sans masse, comme dans le modèle QED3 étudié

dans cette thèse, a pour effet d’écranter les monopôles. Pour un nombre suffisamment élevé

de saveurs de champs de matière, le confinement peut ainsi être empêché [46, 48]. Le nombre

critique pour obtenir une phase DSL stable a été évalué à 2N = 12 [49], le nombre critique où

le monopôle de charge minimale (et par conséquent, de dimension d’échelle minimale) devient

non pertinent. 9 Ce résultat est cohérent avec les contraintes du « conformal bootstrap »

établies par la suite [50, 51] et confirmé par une étude Monte Carlo [52]. Les impuretés

contribuent à déstabiliser d’autant plus le DSL et à augmenter le nombre critique [53]. Sur

les réseaux non bipartites, par contre, les symétries discrètes interdisent les monopôles de

plus petites charges (q = 1/2 pour le réseau kagome et q = 1/2, 1 pour le réseau triangulaire

[54]), ce qui abaisse ce nombre critique. Il demeure que le DSL 2N = 4 sur réseau kagome

considéré pourrait s’avérer instable [55], des résultats non perturbatifs seraient utiles pour

clarifier la situation.
contribution ponctuelle du monopôle de Dirac. D’un autre point de vue, on peut simplement voir le terme

de source dans l’équation de Maxwell comme la contribution de la corde de Dirac.
9Un opérateur « irrelevant », c’est-à-dire un opérateur dont la dimension d’échelle excède le nombre de

dimensions d’espace-temps, ici 3.
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L’existence de modes zéros fermioniques en présence d’un monopôle [56] est aussi une

propriété importante. Plus précisément, on compte 2N × 2|q| modes zéro pour un monopôle

de charge q. Pour produire un opérateur monopôle sans charge fermionique (une condition

nécessaire pour un opérateur invariant de jauge), ces modes doivent être à moitié remplis

[46]. 10 De ce fait, en variant les saveurs des modes zéro qui « habillent » l’opérateur monopôle,

on obtient une diversité d’opérateurs aux nombres quantiques non triviaux, correspondant

au spin magnétique et aux vallées d’impulsion dans le contexte d’un aimant quantique.

L’importance de l’« habillement » d’un mode zéro survient de manière similaire dans l’étude

de la chaîne de polyacétylène. Ce système présente une brisure spontanée de symétrie Z2 qui

permet de former un mur de domaine. Il existe un mode zéro, nommé mode de Jackiw-Rebbi,

localisé à la surface de ce dernier [57]. On conclut que ce soliton a une charge fractionalisée

±1/2, dépendamment si le mode zéro est occupé ou non. Dans le cas des monopôles dans

QED3, le nombre de saveurs fermionique 2N est pair 11, donnant aussi un nombre pair de

modes zéros, une condition nécessaire pour obtenir un nombre fermionique nul.

0.1.4. Importance des monopôles

Le DSL avec 2N = 4 saveurs a été décrit comme une phase parente permettant de

comprendre le lien entre plusieurs paramètres d’ordre apparemment très différents, tant sur

des réseaux bipartites (carré, nid d’abeilles) que non bipartites (triangulaire, kagome) [54].

Un ingrédient crucial dans cette description unifiée est la présence d’opérateurs monopôles.

Les monopôles seront donc étudiés dans les transitions de phase quantiques hors d’un DSL.

Plus spécifiquement, des transitions représentées par l’ajout de diverses interactions de type

Gross-Neveu (GN) au modèle QED3 sont considérées.

Ce type de modèle permet notamment de décrire la transition du DSL vers des ordres

de type AFM ou VBS. Il s’agit d’une transition de confinement-déconfinement : alors que

10Ce résultat survient dans le cadre d’une quantification CT où les partenaires CT ont des nombres

fermioniques opposés. Cette symétrie échange les particules et le trous. Pour avoir un opérateur au nombre

fermionique nul, il faut un opérateur « habillé » par autant d’états fermioniques occupés que de trous. Si on

requiert de plus que la dimension d’échelle de l’opérateur soit minimale, il faut remplir les états d’énergie

minimale d’abord : on remplit toute la mer de Dirac (les états d’énergie négative, qui ont leur contrepartie

en énergie positive), puis il reste la moitié des modes zéro à remplir.
11Ce choix est notamment nécessaire pour éviter l’anomalie de parité [58].
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les spinons obtiennent une masse, leur effet d’écrantage est perdu [46, 59], laissant les mo-

nopôles proliférer et confiner le modèle [42, 43]. Cela signifie une recombinaison des spinons

dans les phases ordonnées. Dans certains cas, ce sont même les monopôles, munis de nombres

quantiques non triviaux provenant de leur « habillement » fermionique, qui jouent le rôle de

paramètre d’ordre [11, 54, 60]. Certains types de masse impliquent néanmoins la présence

d’un terme de Chern-Simons qui empêche la prolifération des monopôles. Dans ce cas, les

spinons peuvent rester déconfinés, ce qui peut mener à des liquides de spin « gappés » pré-

sentant un ordre topologique [9].

Outre l’importance des opérateurs monopôles dans la description de certains matériaux

quantiques, la place centrale que les monopôles occupent dans les dualités en théorie quan-

tique champs (QFT) motive aussi grandement leur étude.12 Ils apparaissent notamment dans

la dualité particule-vortex [61] : les opérateurs de création de particules dans le modèle boso-

nique O(2) correspondent aux opérateurs monopôles (créant des vortex) du modèle CP1 13, et

vice-versa. Les dualités en QFT donnent des outils supplémentaires dans l’étude des théories

fortement couplées et ont attiré l’attention tant en physique de la matière condensée qu’en

physique des hautes énergies [62, 63].

0.2. Plan de la thèse
La dimension d’échelle ∆Mq des opérateurs monopôlesM†

q(x) au point critique quantique

(QCP) d’une transition de phase est une quantité centrale étudiée dans chaque chapitre de la

thèse. C’est l’exposant critique qui contrôle la fonction deux-points des opérateurs monopôles〈
Mq(x)M†

q(y)
〉
∼ 1
|x− y|2∆Mq

. (0.2.1)

Puisqu’un QCP est décrit par une théorie conforme des champs (CFT), la correspondance

état-opérateur peut être utilisée pour calculer la dimension d’échelle [64]. L’origine de cette

correspondance est discutée dans l’annexe A. Utilisant cette correspondance, le calcul des

dimensions d’échelle est traduit en termes du calcul de l’énergie de l’état fondamental d’une

certaine CFT, ce qui est fait avec un développement en large-N . L’utilisation d’une telle
12De manière plus générale, les opérateurs de désordre topologique jouent un rôle central dans les dualités

en QFT. Les opérateurs monopôles constituent un cas spécifique en 2 + 1 dimensions.
13Le modèle CP1 correspond au modèle abélien de Higgs avec deux bosons complexes. On appelle aussi

ce modèle QED3 scalaire (avec une contrainte non linéaire).
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méthode appliquée aux monopôles remonte à la Réf. [65] où la dimension d’échelle dans

QED3 a été obtenue à l’ordre dominant en 1/N .14 La méthode a ensuite été utilisée à l’ordre

sous-dominant en 1/N [49] et dans de nombreux autres modèles qui sont discutés dans les

chapitres principaux de la thèse.

Le premier chapitre est motivé en partie par l’un des premiers matériaux identifiés comme

un candidat QSL, le Herbertsmithite [23]. Avec ses plans d’atomes de cuivre, ce matériau

forme un antiferroaimant d’Heinserberg sur réseau kagome. À proximité de ce présumé DSL,

il existe un ordre antiferromagnétique coplanaire-120◦ dont le paramètre d’ordre est décrit

par un opérateur monopôle [11, 54, 60]. Le monopôle en question a une polarisation maxi-

male du spin magnétique induite par un habillement particulier en termes de modes zéros

fermioniques. Il est condensé suite à l’apparition d’une masse de type spin-Hall induite par

l’activation d’une interaction chiral Heisenberg Gross-Neveu (cHGN) qui dépend du spin ma-

gnétique [54, 59, 60].15 Cette prolifération des monopôles mène au confinement des spinons,

un phénomène lié à l’instabilité de la théorie de jauge pure U(1) [42, 43] tel que mentionné

plus haut. La dimension d’échelle minimale parmi les opérateurs monopôles est obtenue au

QCP, représenté par le modèle critique de QED3-cHGN. Cette quantité est calculée pour

plusieurs charges topologiques q de monopôle à l’ordre dominant dans un développement

en 1/N . Les dimensions d’échelle trouvées sont plus petites à ce QCP que dans le DSL re-

présenté par QED3. Une étude en renormalisation à une boucle est également réalisée pour

le modèle non compact (sans monopôles) avec la régularisation dimensionnelle d = 4 − ε.

L’observabilité expérimentale de certains résultats est également explorée. L’implication des

résultats pour la transition vers une phase VBS est également discutée.

Le deuxième chapitre concerne le même modèle, explorant plus en détail un aspect seule-

ment effleuré dans le Chap. 1. L’activation de l’interaction cHGN brise partiellement une

symétrie de saveurs de QED3, SU(2N)→ SU(2)× SU(N). Une levée partielle de la dégéné-

rescence des dimensions d’échelles de monopôles survient alors au QCP. C’est la polarisation

14Le premier calcul de la dimension d’échelle d’un opérateur monopôle, réalisé dans le modèle CPN−1,

avait été fait sans cette méthode [48]. Les résultats ont par la suite été confirmés avec la correspondance

état-opérateur [66].
15Une récente étude numérique du modèle J1 − J2 indique que cette transition de phase serait en fait

(faiblement) du premier ordre. [67], ce qui changerait la description analytique du QCP. L’étude numérique

est cependant menée pour une taille de réseau limitée.
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magnétique des monopôles qui contrôle la hiérarchie : une polarisation maximale implique

une dimension d’échelle minimale et vice-versa. Avec l’inclusion d’un paramètre de Lagrange,

la dimension d’échelle minimale des monopôles est trouvée pour divers secteurs de spin ma-

gnétique à l’ordre dominant en 1/N . Cette hiérarchie prédit notamment des exposants cri-

tiques différents pour les corrélations de type magnétique et de type liens de valence. La

hiérarchie est également discutée à l’aide de la théorie des représentations. La représenta-

tion irréductible (irrep) de SU(2N) formée par les monopôles dans QED3 est réduite en une

somme d’irreps de SU(2) × SU(N) au QCP. Pour chaque secteur de spin magnétique, une

dégénérescence due au secteur de vallées d’impulsion est ainsi prédite.

Enfin, le troisième chapitre élargit une section d’abord présentée dans le Chap. 1. Elle

concerne l’étude de la transition du DSL vers un liquide de spin chiral (CSL). Dans ce cas,

c’est une interaction de type GN indépendante de la saveur qui est activée. L’ordre chiral

est décrit par la masse fermionique symétrique induite par l’interaction. Contrairement à la

situation dans l’AFM précédemment considérée, les spinons dans le CSL restent déconfinés,

étant donné qu’un terme de Chern-Simons empêche la prolifération des monopôles. Dans le

Chap. 1, on trouve que les monopôles au QCP décrit par QED3-GN ont la même dimension

d’échelle que dans QED3 à l’ordre dominant en 1/N . Le but du troisième chapitre est princi-

palement d’obtenir les premières corrections quantiques avec l’ordre sous-dominant en 1/N .

De petites corrections positives sont trouvées. Celles-ci s’avèrent utiles pour tester des pré-

dictions en théorie des champs. Notamment, une dualité entre les modèles QED3-GN |2N=2

et CP1 prédite dans la Réf. [68] implique une symétrie SO(5). Les opérateurs organisés en

multiplets analogues de SO(5) dans QED3-GN et CP1 devraient ainsi avoir la même di-

mension d’échelle. Les dimensions d’échelles des monopôles trouvées pour QED3-GN |2N=2

se comparent remarquablement bien aux autres dimensions d’échelle obtenues analytique-

ment dans la littérature. D’autre part, les résultats obtenus servent également à obtenir la

dimension anormale des monopôles à un autre QCP, entre le DSL et un supraconducteur de

type « s-wave », soit le QSL de type Z2 [69, 70]. Cette transition est décrite par l’activation

d’une interaction GN de type supraconducteur, soit le modèle QED3-Z2GN. Les dimen-

sions anormales de monopôles trouvées pour ce cas sont également positives. En ajustant le

comportement large-q des dimensions d’échelles des monopôles dans QED3, QED3-GN, et
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QED3-Z2GN, le coefficient constant O(q0) trouvé concorde avec une prédiction universelle

pour les CFTs ayant une symétrie globale U(1) [71].
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Chapitre 1

Transition from a Dirac spin liquid to an

antiferromagnet : Monopoles in a

QED3-Gross-Neveu theory

É. Dupuis, M. B. Paranjape, et W. Witczak-Krempa, Phys. Rev. B, vol. 100, no. 9, p. 094443,

Sep. 2019.

Abstract. We study the quantum phase transition from a Dirac spin liquid to an anti-

ferromagnet driven by condensing monopoles with spin quantum numbers. We describe the

transition in field theory by tuning a fermion interaction to condense a spin-Hall mass, which

in turn allows the appropriate monopole operators to proliferate and confine the fermions.

We compute various critical exponents at the quantum critical point (QCP), including the

scaling dimensions of monopole operators by using the state-operator correspondence of

conformal field theory. We find that the degeneracy of monopoles in QED3 is lifted and

yields a non-trivial monopole hierarchy at the QCP. In particular, the lowest monopole di-

mension is found to be smaller than that of QED3 using a large Nf expansion where 2Nf is

the number of fermion flavors. For the minimal magnetic charge, this dimension is 0.39Nf at

leading order. We also study the QCP between Dirac and chiral spin liquids, which allows

us to test a conjectured duality to a bosonic CP1 theory. Finally, we discuss the implications

of our results for quantum magnets on the Kagome lattice.



1.1. Introduction
Quantum spin liquids (QSLs) are strongly correlated phases of matter characterized by

long-range entanglement, fractionalized excitations and, in some cases, topological order [1–

3]. QSLs can arise in frustrated antiferromagnets where important quantum fluctuations

lead to a highly entangled and non-magnetic ground state. In recent years, many candidate

materials that may realize a QSL have been identified [3–7].

The fractionalized excitations of a QSL are said to be deconfined as they don’t appear in

ordered phases. One important aspect to better understand the fractionalized aspect of these

phases of matter is to characterize their transition to confined phases, that is to characterize

confinement-deconfinement phase transitions. In this respect, the U(1) Dirac spin liquid

(DSL) or algebraic spin liquid, which potentially describes certain two-dimensional QSLs at

low energy, is an interesting example. This theory corresponds to quantum electrodynamics

in 2 + 1 dimensions (QED3) with typically 2N = 4 massless fermions, called spinons, and

an emergent U(1) gauge field. The U(1) gauge field is compact given the underlying lattice,

and for this reason the spectrum of the DSL contains topological disorder operators known

as monopole operators. These are the operators that may drive confinement. In a pure

compact U(1) gauge theory, monopoles proliferate and confine the gauge field [8, 9]. The

presence of massless fermions may screen the monopoles and prevent the confinement given

a sufficiently large number of fermion flavors [10]. The stability of a QSL is thus determined by

the relevance of monopole operators. Even if the spin liquid is intrinsically stable, monopole

operators may still drive confinement if the fermions are gapped out at a phase transition.

This is the situation considered in this paper.

The DSL phase has been used to describe quantum magnets in many contexts. On the

triangular lattice, variational Monte Carlo (VMC) studies [11, 12] have shown that the ground

state of a J1 − J2 Heisenberg antiferromagnet in the range 0.07 < J2/J1 < 0.15 is given by

the DSL. VMC studies [13–16] and other numerical methods [17, 18] also favor a DSL as

the ground state of an Heisenberg antiferromagnet on the Kagome lattice. These results are

not yet firmly established as contradicting studies find gapped spin liquids in both these

contexts. The transition to a confined phase through monopole condensation was proposed

for the DSL on the square lattice by Ghaemi and Senthil in Ref. [19]. A certain class of
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monopole operators with spin quantum numbers may also give the correct order parameter

for the q = 0 antiferromagnet on the Kagome lattice [20].

Topological disorder operators such as the monopole operators play an important role

in other contexts. For example, they are involved in the physics of deconfined quantum

critical points (dQCPs) [21, 22]. The prototypical case study is the quantum critical point

of the Néel-VBS phase transition on the square lattice which is described by the bosonic

CP1 theory where the condensing monopole operators which have lattice quantum numbers

allows this non-Landau phase transition. The properties of the monopole operators in the

CP1 theory have been studied numerically in Refs. [23–25]. It is also important to note that

dQCPs correspond to strongly correlated systems whose description may be reformulated

as field theoritical dualities. A well known example is the particle-vortex duality [26, 27].

Recently, many new dualities have been found in 2 + 1 dimensional gauge theories (ear-

lier examples of this resurgence can be found in Refs. [28–30]). Studying critical properties

of topological disorder operators provides useful data which may serve to verify conjectu-

red dualities. Confinement-deconfinement transitions are also important in particle physics

where the confinement of quarks into hadrons at low energy is a long-standing issue. In fact,

the original motivation of Polyakov to study compact QED3 was to obtain a toy model of

confinement of quantum chromodynamics. These relations to deep advancements in quan-

tum phases of matter and quantum field theories motivate further our study of monopole

operators.

The objective of this paper is to provide a field theoretical characterization of the

confinement-deconfinement transition from a DSL to an antiferromagnetic phase. We will

study the properties of a quantum critical point (QCP) separating these phases, which is

in fact a conformal field theory. The transition will be described with a Gross-Neveu like

deformation of QED3, where a fermion mass is condensed by tuning a fermion interaction.

In turn, the gapped fermions no longer screen the monopole operators which can proliferate.

Special attention is given to these topological operators. The central result of our work is the

scaling dimension of monopole operators at the QCP. The field theory used to describe this

confinement-deconfinement transition with the condensation of a spin-Hall mass was propo-

sed in Ref. [31]. The idea was later generalized to include the condensation of any monopole

operator following the condensation of an appropriate fermion bilinear [32].

45



The paper is structured as follows. In Sec. 1.2, we give the theoretical background for the

monopole operators and the confinement-deconfinement transition driven by the condensa-

tion of a spin-Hall mass. To this end, we activate a chiral Heisenberg Gross-Neveu (cHGN)

interaction term , i.e. the transition is described with the QED3− cHGN model. In Sec. 1.3,

we compute the lowest scaling dimension of monopole operators at the QCP using the state-

operator correspondence. We find that the monopole scaling dimension is lower at the QCP

than at the QED3 fixed point. We also obtain an analytical approximation of the scaling

dimension in the limit of large magnetic charge. In Sec. 1.4, we consider distinct fermionic

dressings that define monopole operators with various quantum numbers, and show there

is a hierarchy in the related scaling dimensions. In Sec. 1.5, we do the same analysis in a

transition to a chiral spin liquid, where a mass respecting the full flavor group is conden-

sed by activating a Gross-Neveu (GN) interaction. Extrapolating our results to 2Nf = 2

allows us to test the duality between the QED3−GN QCP and the bosonic CP1 theory. In

Sec. 1.6, we do a one-loop perturbative renormalization group analysis of the non-compact

field theory describing the confinement-deconfinement transition. We find an infrared fixed

point corresponding to the QCP and we compute various critical exponents. In Sec. 1.7,

we discuss the implications of our results for the phase transition in the particular case of

the Kagome Heisenberg lattice model. We summarize our results and discuss directions for

future research in Sec. 1.8.

1.1.1. Summary of the main results

The main result of the paper is the computation of the scaling dimension of monopole

operators when activating a chiral Heisenberg Gross-Neveu and a Gross-Neveu interaction.

Using the state operator correspondence, we obtain these quantities at leading order in

1/N where 2N is the number of fermion flavors. We find in Sec. 1.3 and Sec. 1.5 that the

minimal scaling dimension ∆q of monopole operators with charge q in these theories are such

that ∆QED3− cHGN
q < ∆QED3−GN

q = ∆QED3
q . The resulting scaling dimensions are evaluated

numerically in Sec. 1.3. For example, taking the minimal magnetic charge q = 1/2, we find

∆QED3− cHGN
q=1/2 = 2N × 0.195 +O(N0) , (1.1.1)

∆QED3−GN
q=1/2 = 2N × 0.265 +O(N0) . (1.1.2)
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Scaling dimensions up to q = 5 are also computed. The analytical form for these quantities

obtained in the limit of a large monopole magnetic charge q computed in Sec. 1.3.4 is given

by

∆QED3− cHGN
q = 2N

(
0.356q3/2 + 0.111q1/2 +O(q−1/2)

)
+O(N0) , (1.1.3)

∆QED3−GN
q = 2N

(
0.588q3/2 + 0.090q1/2 +O(q−1/2)

)
O(N0) . (1.1.4)

Crucially, in QED3− cHGN different types of monopole operators distinguished by their

fermion zero modes dressing have different scaling dimensions, in contrast to QED3. The

origin of this difference is the presence of a spontaneously generated spin-Hall fermion mass

on the sphere for QED3− cHGN as it is discussed Sec. 1.4. The largest scaling dimension

among these monopole operators is given, at large q, by

∆QED3− cHGN;↑
q = 2N

(
1.248q3/2 + 0.0426q1/2 +O(q−1/2)

)
+O(N0) . (1.1.5)

The SU(2Nf )-symmetric model QED3−GN is of particular interest for 2N = 2 as this

theory is conjectured to be dual to CP1 model which is a bosonic model with a compact

gauge field. This conjecture implies that the monopole operator with minimal magnetic

charge on the fermionic side should, among others, have the same scaling dimension as the

monopole operator or a Neel order on the bosonic side. With our large N result, we estimate

∆QED3− cHGN
q=1/2 |2N=2 ∼ 0.53 which is not far off from the other scaling dimensions obtained in

the literature as shown in Sec. 1.5.1.

A renormalization group study of the non-compact QED3− cHGN model is performed

in Sec. 1.6 by studying the UV-completed Yukawa model (QED3− cHGNY). We find the

existence of the QCP and the phase diagram of this model using a ε = 4 − d expansion at

one-loop order. We also obtain the critical exponents of various operators.

1.2. Preliminaries

1.2.1. Monopole operators in QED3

Let us consider QED3 with 2N flavors of massless two-component Dirac fermions, ψA
where A = 1,2, . . . 2N . The flavors could correspond to magnetic spin and valley degrees of

freedom, see Sec. 1.7 for a discussion of how they arise in the Kagome Heisenberg model.
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These fermions can be organized as a spinor in flavor space, Ψ =
(
ψ1, ψ2, . . . , ψ2N

)ᵀ
. In

Euclidean signature, the bare action reads

SQED3 =
∫
d3x

[
−Ψ̄ /DaΨ + 1

2e2 (εµνρ∂νaρ)2
]
, (1.2.1)

where aµ is the U(1) gauge field, Ψ̄ = Ψ†γ0 and /Da is the gauge covariant derivative

/DaΨ = γµ (∂µ − iaµ) Ψ . (1.2.2)

The Dirac matrices γµ act on Lorentz spinor components and realize a two-dimensional repre-

sentation of the Clifford algebra, {γµ, γν} = 2δµν12. They can be chosen as γµ = (τ3, τ2,−τ1)

where the τi are the Pauli matrices.

As it is written in Eq. (1.2.1), QED3 has a global symmetry, U(1)top, which is related to

the conservation of the magnetic current jµtop(x) = 1
2π ε

µνρ∂νaρ(x). In the lattice regularization

of this theory, it may no longer be the case that this current is conserved. Indeed, in the

compact version of QED3, aµ is a periodic gauge field which takes values in the compact

U(1) gauge group. This implies 2π quantization of the magnetic flux and the existence of

instantons called monopole operators in this context. These operators insert integer multiples

of the flux quantum and break the U(1)top symmetry. Non-compact QED3 may still describe

correctly the infrared (IR) limit of compact QED3 if monopole operators are irrelevant. The

theory is then said to exhibit an emergent U(1)top global symmetry in the infrared. Unless

stated otherwise, we mean compact QED3 when we simply write QED3 throughout the

paper.

Let M†
q(x) be a monopole operator with a U(1)top charge q at spacetime point x such

that 2q ∈ Z. This disorder operator inserts a 4πq magnetic flux. More precisely, the Operator

Product Expansion (OPE) of the magnetic current operator and the monopole operator

yields the expected magnetic field for a magnetic monopole with charge q [10]

jµtop(x)M†
q(0) ∼ q

2π
xµ

|x|3
M†

q(0) + · · · , (1.2.3)

where the ellipsis denotes less singular terms as |x| → 0. Apart from the magnetic flux they

insert, another important property defining monopole operators is their gauge invariance.

In particular, these operators must have a vanishing fermionic number. Among U(1) gauge

invariant 4πq-flux inserting operators, monopole operators are the most relevant, that is,

they have the lowest scaling dimension. Only certain fermionic occupations can produce
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such operators : Among the 4|q|N fermion zero modes existing in the monopole background

[33], half of them must be filled. There are many ways to satisfy this condition, and all the

distinct zero modes dressings define monopole operators with different quantum numbers

but with equal scaling dimensions. In particular, for a minimal magnetic charge q = 1/2,

there are precisely
(

2N
N

)
monopole operators [10].

1.2.2. Confinement-deconfinement transition to an antiferromagnet

We mentioned in the last section that non-compact QED3 provides an incomplete IR

description of compact QED3 if monopoles are relevant excitations. In fact, the theory is very

different in this case. In pure U(1) compact gauge theory, monopole operators are relevant

and condense. This leads to confinement and to the emergence of a mass gap [8, 34]. This

effect can be prevented if there are enough massless fermion flavors to screen the monopoles.

Indeed, at leading order in 1/N , the monopole scaling dimension is proportional toN [10, 35] :

The operator becomes irrelevant for a sufficiently large number of massless fermion flavors

2N . Otherwise, the fermions confine. Even if monopoles turn out to be irrelevant and do

not destabilize QSL phases in magnets described by emergent QED3, they may play an

important role elsewhere in the phase diagram. In particular, as new fermion interactions

are tuned, fermion masses can be generated. In this case, the screening effect by fermions is

lost and monopoles are free to proliferate.

For the rest of this section, we examine the aforementioned monopole proliferation sub-

sequent to a fermion mass condensation. We study the deformation of compact QED3 with

a chiral Heisenberg Gross-Neveu (cHGN) interaction with coupling strength h

SQED3− cHGN =
∫
d3x

[
−Ψ̄ /DaΨ−

h2

2
(
Ψ̄σΨ

)2
]

+ · · · , (1.2.4)

where the ellipsis denotes the Maxwell free action and the contribution from monopole opera-

tors. Here, σ is a Pauli matrix vector acting on a SU(2) subspace of flavors. For definiteness,

we introduce right now the language natural for quantum magnets. The SU(2) subspace in

question consists of two magnetic spin degrees of freedom {↑, ↓}. The other SU(N) subspace

consists of valley degrees of freedom, i.e. locations of Dirac point in the Brillouin zone. QED3
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has the full flavor symmetry SU(2N).1 The cHGN interaction breaks down the global flavor

symmetry, SU(2N)→ SU(2)× SU(N). This is broken further to SU(N) when a spin-Hall

mass 〈Ψ̄σΨ〉 is condensed following the tuning of the coupling constant h. The condensate

direction spontaneously chosen sets a preferred axis of quantization for the magnetic spin.

Monopole operators which then condense have, accordingly, spin quantum numbers. We

shall examine this point more thoroughly when we discuss the distinct flavors of monopole

operators in Sec. 1.4.

We just described how an AFM order appears when, following the tuning of a spin-

dependent fermion interaction, monopole operators proliferate. This mechanism was des-

cribed in Ref. [31] in the contexts of Kagome antiferromagnets. It was also considered to

describe a transition on the square lattice [19] where a SU(N)valley breaking interaction,

δL ∼ (Ψ̄µzσΨ)2, is considered instead. This confinement of the DSL on the square lattice

has also been studied numerically with quantum Monte Carlo [36]. An extended version of

this mechanism involving general fermion bilinears was also considered in Ref. [32].

1.2.2.1. Spin-Hall mass condensation in the 1/N expansion. In what follows, we demons-

trate, using a 1/N expansion, that a spin-Hall mass does condense when a sufficiently strong

Gross-Neveu interaction is present. Performing a Hubbard-Stratonovich transformation on

the action (1.2.4), we obtain

S ′QED3− cHGN =
∫
d3x

[
−Ψ̄

(
/Da + φ · σ

)
Ψ + 2N

2h2φ
2
]
, (1.2.5)

where φ is a three-component auxiliary bosonic field and we rescaled h2 with the number of

fermion flavors 2N . The fermions can be integrated to get the usual determinant. Tracing

out the valley subspace, the effective action becomes

Seff = 2Nf

(
−1

2 ln det
(
/Da + φ · σ

)
+
∫
d3x

1
2h2φ

2
)
, (1.2.6)

where det is the determinant over the magnetic spin and the Dirac spaces. The saddle point

solution for the gauge field is aµ = 0. We take a homogeneous ansatz for the saddle point

value of the bosonic field 〈φ〉 = Mn̂, where n̂ is a unit vector. Eigenstates of the resulting

determinant operator are plane waves and are used to obtain the saddle point equation for

1The center of SU(2N) coincides with U(1) gauge transformations and we should quotient the symmetry

group [32]. For simplicity, we keep the redundancy and refer to SU(2N) as the flavor symmetry group.
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M in a diagonalized form

2M
(

1
2h2 −

∫ d3p

(2π)3
1

p2 +M2

)
= 0 . (1.2.7)

There is a trivial solution M = 0 which represents the symmetric phase. A critical coupling

h−2
c defines the transition to the ordered phase M > 0 through the relation

1
2h2

c

=
∫ d3p

(2π)3
1
p2 = 0 , (1.2.8)

where we used a zeta function regularization to evaluate the divergent integral. For future

reference, we evaluate the effective action (1.2.6) at the critical point (1.2.8)

Sceff = −N ln det
(
/Da + φ · σ

)
. (1.2.9)

In the ordered phase, the expectation value is M = −2πh−2 for h−2 < 0.

Before proceeding to the monopole calculation, we note that other quartic interactions

that respect the symmetries of our theory, (Ψ̄ΓΨ)2, could be considered. For example,

the four-legged box diagram built with two gauge field propagators effectively generates

a SU(2Nf )-symmetric Gross-Neveu vertex (Ψ̄Ψ)2. This effect however is subleading in 1/N ,

which is coherent with the fact that this interaction is irrelevant at large N at our fixed

point, as is the case for the other quartic interactions. This justifies our choice of action to

describe the QCP since we perform our monopole calculation at leading order in Nf .

1.3. Scaling dimensions of monopole operators
We established in Sec. 1.2.2 the existence of the large−N QED3−cHGN critical fixed

point in the non-compact theory which leads to a spin-Hall mass condensation. In turn,

this implies the proliferation of monopoles in the compact theory. Given the primordial role

that monopole operators play in the quantum phase transition, we compute their scaling

dimensions at the QCP. We shall restrict our computation to leading order in 1/N .

Monopole operators are usually defined as operators with the lowest scaling dimension

among 4πq flux-creating operators. In QED3, there are many monopole operators due to

the presence of fermion zero modes [10]. One important result we shall show in the next

section is that the analogous operators in QED3− cHGN develop a non-trivial hierarchy

in their scaling dimensions. Nevertheless, we keep referring to those operators as monopole
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operators. In the present section, we will compute the lowest scaling dimension among these

monopole operators.

1.3.1. State-operator correspondence and 1/N expansion

A monopole operatorM†
q is characterized by a scaling dimension ∆Mq which determines

the power law decay of its two-point correlation function. The scaling dimension can be

determined through the state-operator correspondence. This correspondence implies that

the insertion of a local operator at the origin of flat spacetime can be mapped to a state of

the conformal field theory (CFT) on S2 × R (see [37] for a clear and concise explanation of

this correspondence). Specifically, the monopole operator with the lowest scaling dimension

corresponds to the ground state of fermions in QED3− cHGN living on S2 in a background

magnetic flux 4πq. The relation also implies that the energy Fq of this ground state and the

scaling dimension of this monopole operator ∆q = min(∆Mq) are equal

∆q = Fq ≡ − lnZS2×R[Aq] , (1.3.1)

where Aq is an external gauge field yielding the magnetic flux
∫
S2 dAq = 4πq. The notation

Fq stands for free energy, which, in the present non-thermal setup, is the same as the ground

state energy.2 Our strategy to obtain the scaling dimension ∆q will be to perform a 1/N

expansion of the free energy

Fq = NF (0)
q + F (1)

q + . . . (1.3.2)

We restrict our study to leading order in 1/N 3

∆(0)
q = F (0)

q . (1.3.3)

The state-operator correspondence was first used to compute the scaling dimension of

a topological disorder operator in the context of QED3 [10]. A similar computation was

made for the bosonic theory CPNb−1 [39]. The path integral formalism was also used to

obtain 1/N corrections for QED3 [40] and CPNb−1 [41]. The ungauged version of CPNb−1 was

2The free energy should be understood as a zero-temperature limit, limβ→∞(− lnZS2×S1
β
[Aq]/β) [38].

This definition is considered when needed later on.
3The appropriate relation is actually ∆(0)

q = F
(0)
q −F (0)

q=0, but we find later on that for the case we study,

F
(0)
q=0 = 0.
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also investigated using these techniques [42]. Monopole operators were also studied in non-

abelian gauge theories, in presence of supersymmetries and in presence of a Chern-Simons

term [38, 43–45].

1.3.2. Spectrum of the Dirac operator with a spin-Hall mass

In order to obtain the free energy Fq, we study the effective action obtained after inte-

grating out the fermions. The analysis is similar to the one in Sec. 1.2.2, but we must now

work on a sphere with a background magnetic flux. This latter consideration is incorporated

through an external gauge field

Aq(x) = q(1− cos θ)dφ , (1.3.4)

whose flux integral is
∫

dAq = 4πq. The gauge field only has an azimuthal component Aφ =

q(1− cos θ)/ sin θ. The singular part at the south pole θ = π can be compensated by a Dirac

string. The requirement that the Dirac string should be invisible imposes the Dirac condition

2q ∈ Z. On the other hand, the spacetime S2 × R is encoded in a non-trivial metric gµν(x)

which we parameterize with (θ, φ, τ)

gµνdxµdxν = dτ 2 +R2
(
dθ2 + sin2 θdφ2

)
, (1.3.5)

where R is the radius of S2. The metric can be decomposed as gµν = eaµe
b
νηab, where ηab is the

flat spacetime metric and eaµ are the tetrad fields. A spin connection transporting the fermion

fields on the curved spacetime can be found from the tetrad fields. The Dirac operator on R3

also has spin connections in spherical coordinates. However, these spin connections can be

eliminated through a unitary transformation [46] and this corresponds to the basis used in

Ref. [10] to define /D
R3

a,Aq . The Dirac operator then obtained through the Weyl transformation

R3 → S2 × R is given by

/D
S2×R
a,Aq = e µ

b γ
b
[
∂µ −

1
R
δτµ − i

(
Aqµ + aµ

)]
, (1.3.6)

where γ{1,2,3} = τ {r,θ,φ} = τ · {r̂, θ̂, φ̂}. Also, the “time" τ on S2 × R is related to the radius

r on R3 as r = Reτ/R and the extra term correcting the “time" derivative above is obtained

by acting with ∂τ on the rescaling factor e−τ/R.
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The critical effective action Sceff (1.2.9) with the modified Dirac operator, /Da → /D
S2×R
a,Aq ,

becomes

S ′ceff = −N ln det
(
/D
S2×R
a,Aq + φ · σ

)
. (1.3.7)

The saddle point condition for this modified effective action still implies a vanishing expec-

tation value for the gauge field 〈aµ〉 = 0. We take a homogeneous ansatz for the saddle point

value of the bosonic field on the sphere with flux 4πq, 〈φ〉 = Mqn̂, where n̂ is a unit vector.

Without loss of generality, we can orient the condensate such that n̂ = ẑ. Inserting this

ansatz in the effective action (1.3.7), we find the leading order free energy

F (0)
q = − ln det

(
/DAq +Mqσz

)
, (1.3.8)

where /DAq ≡ /D
S2×R
a,Aq

∣∣∣
a=0

.4 The spectrum of the operator appearing inside the determinant in

Eq. (1.3.8) must be found to obtain the leading order free energy F (0)
q .

We first review how the spectrum of the Dirac operator /DAq was found in Refs. [10, 40] by

using analogs of spherical harmonics [47] appropriate for describing spin-1/2 particles in the

monopole background. A first step in the generalization is to define the generalized angular

momentum Liq = −iεijkxj(∂k − Aqk)− r2εijk∂jA
q
k which includes the effect of the magnetic

charge. The SU(2) algebra remains after the generalization, [Liq, Ljq] = iεijkL
k
q , so there exists

eigenfunctions Yq,`,m(θ, φ), called monopole harmonics, which simultaneously diagonalize L2
q

and Lzq [47]

L2
qYq,`,m = ` (`+ 1)Yq,`,m , ` = |q|, |q|+ 1, . . . (1.3.9)

LzqYq,`,m = mYq,`,m , m = −`,−`+ 1, . . . , ` . (1.3.10)

From now on, we consider q > 0. As the Dirac operator acts on spinors, one must consider

the total angular momentum Jq = Lq + τ/2 as well. Two-component spinors S±q,`,m that

diagonalize the operators {L2
q, J

z
q , J

2
q } are thus introduced

J2
qS
±
q,`,m = j± (j± + 1)S±q,`,m , j± = `± 1/2 , (1.3.11)

L2
qS
±
q,`,m = ` (`+ 1)S±q,`,m , (1.3.12)

JzqS
±
q,`,m = (m+ 1/2)S±q,`,m . (1.3.13)

4In this section, we simply write /DAq as we assume a curved spacetime S2 × R whenever the external

gauge field Aq is present.
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Such spinors S±q,`,m, dubbed spinor monopole harmonics, are built using monopole harmonics

as components [10, 40]

S+
q,`,m =


√

`+m+1
2`+1 Yq,`,m√
`−m
2`+1Yq,`,m+1

 , (1.3.14)

S−q,`,m =

 −
√

`−m
2`+1Yq,`,m√

`+m+1
2`+1 Yq,`,m+1

 . (1.3.15)

These spinors can be organized as doublets [S+
q,`−1,m, S−q,`,m]ᵀ with total angular momentum

j = ` − 1/2. Adding plane waves e−iωτ to describe the “time" direction5, the action of the

Dirac operator on this basis is [10, 40]

/DAq

e−iωτS+
q,`−1,m

e−iωτS−q,`,m

 = −iOq,` (ω + iPq,`)

e−iωτS+
q,`−1,m

e−iωτS−q,`,m

 (1.3.16)

where the matrices Oq,` and Pq,` are given by

Oq,` = 1
`

 −q −Rε0
`

−Rε0
` q

 , Pq,` = ε0
`

`

Rε0
` −q

−q −Rε0
`

 (1.3.17)

and where ε0
` ≡ R−1√`2 − q2. For the minimal total angular momentum j = q − 1/2, only

the spinor S−q,q,m is defined6 and the action of the Dirac operator on this mode reduces to

/DAq

 0

e−iωτS−q,q,m

 = −iω

 0

e−iωτS−q,q,m

 . (1.3.18)

This mode has a vanishing energy and thus corresponds to a fermion zero mode in the

monopole background.

We now study the complete determinant operator with the contribution of the spin-Hall

mass term appearing in Eq. (1.3.8). The additional term is diagonal in the spinor monopole

5We emphasize that this “time" dimension on S2×R does not correspond to the original time dimension

on R1,2.
6The other would-be spinor S+

q,q−1,m with j = q − 1/2 does not exist since ` = q − 1 is smaller that the

minimal angular momentum allowed for monopole harmonics (1.3.9).
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harmonics basis. Therefore, we can still use this basis to compute the determinant operator

ln det
(
/DAq +Mqσz

)
=

∑
σ=±1

∫ ∞
−∞

dω

2π ×
dq ln [−iω +Mqσ]

+
∞∑

`=q+1
d` ln det [−iOq,` (ω + iPq,`) +Mqσ]

 , (1.3.19)

where d` = 2` is the degeneracy coming from azimuthal quantum numbers. Simplifying

further, we obtain

ln det
(
/DAq +Mqσz

)
=

∑
σ=±1

∫ ∞
−∞

dω

2π ×
dq ln [ω + iMqσ] +

∞∑
`=q+1

d` ln
[
ω2 + (ε0

`)2 +M2
q

] 
=
∫ ∞
−∞

dω

2π

dq ln
(
ω2 +M2

q

)
+

∞∑
`=q+1

2d` ln
[
ω2 + ε2

`

]  , (1.3.20)

where we removed inessential constants and we defined the mass-deformed eigenvalues

ε` = R−1
√
`2 − q2 +M2

qR
2 . (1.3.21)

We now explicitly write the spectrum of the Dirac operator with a spin-Hall mass on the

magnetically charged sphere found from (1.3.19)

ω + iσεq , ` = q , (1.3.22)

±
√
ω2 + ε2

` , ` = {q + 1, q + 2, . . .} , (1.3.23)

where σ ∈ {−1,+1}. The ± modes for ` ≥ q+1 in (1.3.23) are referred to as conduction (+)

and valence (−) modes. There is no such doubling of the ` = q modes in (1.3.22) which are

descendants of the QED3 zero modes. This is why we refer to these modes as “zero” modes

even though they have non-vanishing energy ±εq = ±Mq with the inclusion of the spin-Hall

mass. We restate that the σ eigenvalue refers to magnetic spin orientation relative to the

quantization axis defined by 〈φ〉. These “zero” modes are responsible for the first term in

Eq. (1.3.20)
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1.3.3. Scaling dimension computation

The free energy at leading order (1.3.8) is rewritten using the result (1.3.20) (from now

on, we assume a positive magnetic charge q > 0),

F (0)
q = −

∫ dω
2π

[
dq ln

[
ω2 +M2

q

]
+
∞∑

`=q+1
2d` ln

[
ω2 + ε2

`

] ]
, (1.3.24)

where the radius R of the sphere was eliminated by changing the integration variable ω →

ω/R, by rescaling the parameters {ε`, F (0)
q ,Mq} → {ε`, F (0)

q ,Mq}/R and by removing an

inessential constant. The free energy (1.3.24) needs regularization. We first treat the diverging

integral over frequencies by rewriting the integrand using the identity lnA = −dA−s/ds|s=0

and doing an analytic continuation to s = 0. This procedure is presented in App. 1.A. The

resulting free energy is

F (0)
q = −dqMq −

∞∑
`=q+1

2d`ε` . (1.3.25)

By setting Mq = 0 in this free energy, we obtain the QED3 results shown in Ref. [40].7 This

free energy (1.3.25) still needs regularization. The divergent sum is rewritten by adding and

subtracting its diverging part
∞∑

`=q+1
d`ε` =

∞∑
`=q+1

[
2`
√
`2 +M2

q − q2 − 2`2 −
(
M2

q − q2
)]

+ 2
∞∑

`=q+1

[
`2(1−s) +

(1
2 − s

) (
M2

q − q2
)
`−2s

]∣∣∣∣∣
s=0
. (1.3.26)

Now, only the last sum is divergent and we treat it with a zeta function regularization by

using ∑∞n=0 (n+ a)−s = ζ(s,a). This sum then becomes 2ζ(−2,q+ 1) +
(
M2

q − q2
)
ζ(0,q+ 1),

an expression for which a polynomial form may be found using Ref. [48]. The resulting finite

expression is then inserted in (1.3.25) to obtain the regularized free energy

F (0)
q =− dqMq −

∞∑
`=q+1

[
2d`ε` − d2

` − 2
(
M2

q − q2
) ]

+ (2q + 1)
(
M2

q − q(q − 2)/3
)
.

(1.3.27)

7Our definition of F (0)
q has an extra factor of 2 because we defined the total number of fermion flavors

as 2N but we expanded the free energy in powers of 1/N (1.3.2). This procedure is more natural since the

spin degeneracy does not factor out like the valley degeneracy because of the “zero” modes.
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We can then find the regularized gap equation, i.e. the saddle-point equation ∂F (0)
q /∂Mq = 0

−dq + 2Mq(2q + 1)− 2Mq

∞∑
`=q+1

[
d`ε
−1
` − 2

]
= 0 . (1.3.28)

For a vanishing magnetic charge q = 0, the contribution from “zero” modes vanishes since

dq=0 = 0. The saddle point equation then only has a trivial solution Mq=0 = 0. This case

coincides with QED3 where there is no mass Mq to start with and the free energy vanishes,

F
(0)
q=0 = 0. For q 6= 0, the saddle point equation only has a non-trivial solution Mq > 0

which must be determined numerically.8 The resulting mass Mq is then inserted in (1.3.27)

to obtain the scaling dimension at leading order in 1/N , ∆q = NF (0)
q +O(N0). The massMq

and the scaling dimension of monopole operators in QED3− cHGN and QED3 are obtained

for multiple values of q and are shown in Tab. 1.1. These numerical results are also plotted

in Fig. 1.1 and Fig. 1.2 along with corresponding analytical approximations obtained in

Sec. 1.3.4. The numerical and analytical results agree very well even for small values of q. We

also note that the monopole operator scaling dimension is always smaller in QED3− cHGN

than in QED3. The fact that ∆q ≤ ∆QED3
q is expected since the case Mq = 0 implies

∆q = ∆QED3
q and sets an upper bound for the scaling dimension ∆q. Setting 2N = 4 gives an

estimate on the scaling dimension of monopole operators for certain quantum magnets. One

should be careful with these results as the expansion parameter is not small and corrections

to the leading order may be important. Nevertheless, if we consider the monopole operator

with a minimal magnetic charge q = 1/2, the lowest scaling dimension is

∆q=1/2 = 2N · 0.19539 +O(N0) . (1.3.29)

In the case 2N = 4, which is interesting for application to quantum magnets, we find a

strongly relevant operator

∆q=1/2

∣∣∣∣
2N=4

≈ 0.78156 < 3 . (1.3.30)

However, the monopole operator with the minimal magnetic charge is not allowed in many

contexts, we discuss this matter in Sec. 1.7. We also note that the unitarity bound is violated

8If the “time" direction R is compactified on a circle S1
β , a trivial solution does exist for q > 0. It persists

as the radius β is taken to infinity to retrieve the real line. However, this solution is a maximum of free

energy and does not determine ∆q. See App. 1.B
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Tableau 1.1. Numerical results for the massMq and the lowest scaling dimension of mono-

pole operators in QED3− cHGN and QED3, respectively ∆q and ∆QED3
q = ∆q|Mq=0. These

results are at leading order in 1/N . We show the scaling dimensions per number of fermion

flavors 2N . These quantities are shown for the first few allowed values of the magnetic charge

q.

q Mq
1

2N∆q
1

2N∆QED3
q

0 0 0 0

0.5 0.27318 0.19539 0.26510

1.0 0.41395 0.46039 0.67315

1.5 0.51946 0.78471 1.18643

2.0 0.60728 1.15964 1.78690

2.5 0.68406 1.57928 2.46345

3.0 0.75311 2.03939 3.20837

3.5 0.81638 2.53671 4.01591

4.0 0.87510 3.06867 4.88154

4.5 0.93014 3.63315 5.80162

5.0 0.98211 4.22839 6.77309

for 2N < 2.56 as ∆q=1/2 < 1/2 [37]. It would be interesting to see if the violation persist with

higher order corrections. This would shed light on the phase diagram of QED3 at 2Nf = 2.

For demonstration purpose, we plot in Fig. 1.3 the free energy for the minimal magnetic

charge as a function of the mass Mq=1/2. The free energy minimum is identified and corres-

ponds to the solution to the saddle point equation, Mq=1/2 = 0.27318, as shown in Tab. 1.1.

For large values of Mq=1/2, the sum in (1.3.27) can be approximated as an integral, and we

find that the free energy grows as F (0)
q=1/2 ∼ 4(Mq=1/2)3/3 at leading order in Mq=1/2.

Let us restate one important result. For q 6= 0, the gap equation determining the lowest

scaling dimension of monopole operators involves a non-vanishing condensate Mq ≡ 〈|φ|〉 >

0. We stress out that this does not imply a non-vanishing spin-Hall mass expectation value

at the critical point of the phase transition. Our computation is done on a compact space

using the state-operator correspondence and simply serves as way to compute the scaling

dimension. The condensate is natural in this context since, once R is reintroduced by undoing
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Figure 1.1. Lowest scaling dimension of monopole operators ∆q per number of fermion

flavors 2N as a function of the magnetic charge q. Analytical approximations in the large q

limit of the scaling dimension in QED3− cHGN and QED3, respectively (1.3.39) and (1.3.40),

are plotted in solid lines. These are compared to their respective numerical values shown in

Tab. 1.1.

our previous rescaling (1.3.24), there is a characteristic length to build a non-vanishing mass

Mq ∝ R−1.

1.3.4. Monopole scaling dimensions for large q

We now obtain an analytical approximation of the condensed mass Mq and the lowest

scaling dimension of monopole operators ∆q by studying the free energy F (0)
q in a large q

limit. The structure of the expansion closely resembles what was done for the bosonic CPN−1

theory [41]. It is simpler to work with the unregularized free energy (1.3.25). We first change

the summation index `→ `+ q+ 1 so that only the summand depends on q. The free energy

then becomes

F (0)
q = −2qMq − 4

∞∑
`=0

(`+ q + 1)
√

(`+ q + 1)2 − q2 +M2
q . (1.3.31)
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Figure 1.2. Mass Mq ≡ 〈|φ|〉 as a function of the magnetic charge q at leading order in

1/N . The solid line corresponds to the large q analytical approximation of Mq (1.3.37). The

circles are the numerical values of Mq shown in Tab. 1.1.

The saddle point equation ∂F (0)
q /∂Mq = 0 defining the mass Mq is, up to multiplicative

factors,

q + 2Mq

∞∑
`=0

`+ q + 1√
(`+ q + 1)2 +M2

q − q2
= 0 . (1.3.32)

The gap equation can then be expanded in 1/q. To solve this order by order in q, the mass

squared order must take the following form

M2
q = 2χ0q + χ1 +O(q−1) . (1.3.33)

With this ansatz, we expand Eq. (1.3.32) in powers of 1/q. Using once again the zeta function

regularization, the condition becomes

0 = 4q1/2
(
2ζ1/2 + χ

−1/2
0

)
− q−1/2

(
2
(
χ1 + χ2

0

)
ζ3/2 + 4χ0ζ1/2 − 6ζ−1/2 + χ1χ

−3/2
0

)
+O(q−3/2) ,

(1.3.34)
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Figure 1.3. Leading order in 1/N of the free energy with minimal magnetic charge F (0)
q=1/2

(1.3.27) as a function of the mass Mq=1/2. The appropriate value of the mass Mq=1/2 found

with the saddle point equation (1.3.28) corresponds to the minimum of this function. For

large mass, the free energy behaves as F (0)
q=1/2 ∼ 4(Mq=1/2)3/3.

where we defined ζs ≡ ζ(s, 1+χ0).9 Solving (1.3.34) order by order, we find a transcendental

condition defining χ0 and a linear condition for χ1

2ζ1/2 + χ
−1/2
0 = 0 , (1.3.35)

χ1 +
2χ3/2

0

(
χ2

0ζ3/2 + 2χ0ζ1/2 − 3ζ−1/2
)

1 + 2χ3/2
0 ζ3/2

= 0 . (1.3.36)

Inserting the solution of (1.3.35, 1.3.36) into the mass ansatz (1.3.33), we find the mass

squared M2
q = 0.199q − 0.030 +O(q−1) from which the mass is found to be

Mq = 0.446q1/2 − 0.0341q−1/2 +O(q−3/2) . (1.3.37)

As shown in Fig. 1.2, this asymptotic expansion is found to agree extremely well with the

exact mass Mq, even at small magnetic charge q.

9Neglecting powers of ` compared to powers of q in the large−` portion of the sum in condition (1.3.32)

may seem problematic. These terms do appear to higher order in 1/q but cause no problem once properly

regularized.
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We repeat this procedure for the free energy. We insert the mass ansatz (1.3.33) in the

free energy (1.3.31) and we perform a 1/q expansion

1
2F

(0)
q =−

√
2q3/2

(
2ζ−1/2 + χ

1/2
0

)
− q1/2
√

2

((
χ2

0 + χ1
)
ζ1/2

− 6χ0ζ−1/2 + 5ζ−3/2 + 1
2χ1χ

−1/2
0

)
+O(q−1/2) .

(1.3.38)

Inserting the solution of (1.3.35, 1.3.36) in this result, we obtain the leading order scaling

dimension (1.3.3)

∆q = 2N
(
0.356q3/2 + 0.111q1/2 +O(q−1/2)

)
+O(N0) . (1.3.39)

The scaling dimension for QED3 is found by doing the same expansion but starting with

Mq = 0

∆QED3
q = 2N

(
0.588q3/2 + 0.090q1/2 +O(q−1/2)

)
+O(N0) . (1.3.40)

Once again, these asymptotic expansions are in good agreement with the corresponding

numerical results as shown in Fig. 1.1. Note that there is no term at order q0 in the scaling

dimensions at leading order in 1/N (1.3.39, 1.3.40). This is expected since all CFTs in

d = 2 + 1 dimensions with a U(1) global charge should have the same q0 term [49, 50]. As

such, it can’t depend on N . It thus has to vanish at order N .

We take a step back to appreciate the leading order relation ∆(0)
q ∼ q3/2. We recall that

the theory is set on S2×R. The background magnetic flux on the sphere is BR2 = q, where

B is the magnetic field and R is the radius of the sphere. Taking q →∞ and R→∞ while

keeping B finite, the theory is reduced to Dirac fermions on a plane in a uniform magnetic

field. The eigenvalues are then given by relativistic Landau levels

En =
√

2Bn+M2
q ≈ R−1q1/2√2n+ 2χ0 . (1.3.41)

In terms of a free energy density [Fq] = [E]3, this means we have Fq ∼ R−3q3/2. The free

energy should then scale as F (0)
q ∼ R2Fq ∼ R−1q3/2. Reintroducing a missing power of R in

(1.3.38) that was rescaled away in (1.3.24), this is indeed the relation we get. The behaviour

∆(0)
q ∼ q3/2 is then coherent with the large-q interpretation in terms of Landau levels.
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1.4. Monopole dressing
In the previous section where we computed the lowest scaling dimension of monopole

operators ∆q, the fermionic occupation of the corresponding ground state was not explicited.

In this section, we specify the “zero” modes dressing of this ground state and consider other

possible “zero” modes dressings defining other monopole operators. We show a non-trivial

hierarchy in the scaling dimensions of monopole operators in QED3− cHGN that is not

present in QED3.

Monopole operators correspond to U(1) gauge invariant states which means they have a

vanishing fermion number 〈N̂〉. In a CT quantized theory where {CT, N̂} = 0, this condition

enforces half filling of the fermion modes. The monopole operators correspond to states where

the Dirac sea is filled as well as half of the “zero” modes. This condition that was discussed

in the case of QED3 [10]. It is also valid in QED3− cHGN where the spectrum has the same

structure, as was shown in Sec. 1.3. One other consideration is that monopole operators

should be Lorentz scalars. We shall focus on q = 1/2 monopoles where this is not an issue

as the unique “zero” mode for each fermion flavor corresponds to a j = 0 Lorentz SU(2)rot

singlet [10].

The energy spectrum of fermions in the monopole background (1.3.22, 1.3.23) shows

that spin down “zero” modes have a lower energy than spin up “zero” modes. The monopole

operator with the lowest scaling dimension ∆q thus corresponds to the state with all the spin

down “zero” modes occupied and all the spin up “zero” modes empty, as shown in Fig. 1.4.

We refer to this operator as the ground state monopole. This fermionic configuration can

also be read off the free energy (1.3.25) by rewritting it suggestively as

F (0)
q = dq (−Mq)

(1
2

)
+ dq (Mq)

(
−1

2

)
+

∞∑
`=q+1

[
2d`(−ε`)

(1
2

)
+ 2d`(ε`)

(
−1

2

)]
. (1.4.1)

This form puts emphasis on the fact that modes with positive (negative) energy are empty

(filled), corresponding to an occupation factor 〈c†ncn−1/2〉 = ∓1/2, where c†n are the creation

operators for the fermion modes in the monopole background.

We now evaluate the scaling dimensions of monopole operators, which are defined by the

various “zero” modes dressings. These operators can be built by annihilating some or all

the spin down “zero” modes of the ground state monopole and creating an equal amount

of spin up “zero” modes. Each such change increases the energy by Mq − (−Mq) = 2Mq.
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E 

Figure 1.4. Schematic representation of the energy spectrum and fermionic occupation for

the ground state monopole in presence of a spin-Hall mass Mqσ
z. The spectrum is shown for

2N = 4 fermion flavors and minimal magnetic charge q = 1/2. Modes with spin up (down)

are shown on left (right). A state of minimal energy is achieved by occupying all the Dirac

sea as well as all the spin down zero modes which have energy −Mq.

We study explicitly excited monopole operators with minimal magnetic charge q = 1/2. For

example, the first excited monopole operator, whose fermionic occupation is represented in

Fig. 1.5(a), has a scaling dimension ∆+
q=1/2 = ∆q=1/2 + 2Mq=1/2. The monopole operator

dressed with all the N spin up “zero” modes, represented in Fig.1.5(b), has the largest

scaling dimension among monopole operators which is ∆↑q=1/2 = ∆q=1/2 + 2NMq=1/2. Using

the numerical results for the massMq=1/2 in Tab. 1.1, we find leading order scaling dimensions

of excited monopole operators

∆+
q=1/2 −∆q=1/2 ≈ 0.546 +O(N−1) , (1.4.2)

∆↑q=1/2 −∆q=1/2 ≈ 2N(0.273) +O(N0) . (1.4.3)

The first excited monopole scaling dimension is order (1/N)0 larger than the ground state.

This difference becomes relatively less important as N becomes large. On the other hand,

the scaling dimension of the monopole operator dressed with all spin up “zero” modes is

order N and the difference with the lowest scaling dimension grows larger as N is increased.

We can also find the range of the scaling dimensions analytically for large q. We consider

the scaling dimension of the monopole operator dressed with all the 2Nq spin up “zero”
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(a)

E 

(b)

Figure 1.5. Schematic representation of the fermionic occupation of two excited monopole

operators in presence of a spin-Hall mass Mqσ
z. Modes with spin up (down) are shown on

left (right). The spectrum is shown for 2N = 4 fermion flavors and minimal magnetic charge

q = 1/2. a) First excited monopole operator ; b) Monopole operator dressed only with spin

up “zero” modes.

modes

∆↑q = ∆q + 4NqMq . (1.4.4)

Using large q results (1.3.37, 1.3.39), we find the leading order results in 1/N

∆↑q = 2N
(
1.248q3/2 + 0.0426q1/2 +O(q−1/2)

)
+O(N0) . (1.4.5)

The hierarchy observed in the scaling dimensions of monopole operators in QED3− cHGN

represents a symmetry lifting of the degenerate monopole multiplet in compact QED3. The

global SU(2N) flavor symmetry of QED3 implies that monopole operators are organized

in a completely antisymmetric representation of SU(2N) and consequently must have equal

scaling dimensions [10]. Indeed, the symmetry is responsible for the degeneracy of the distinct

zero modes dressings defining the monopole operators. When the spin-dependent interaction

is added, the global symmetry is broken down SU(2N)→ SU(2)spin× SU(N)valley, and there

is a symmetry lifting. This lifting is only partial since, for example, monopole operators with

trivial spin quantum numbers remain degenerate, having the same scaling dimensions.
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1.5. Comparison with SU(2N) symmetric critical point
Other Gross-Neveu deformations of QED3 yield distinct CFTs and different monopole

operators. In this section, we study the monopole operators at the QCP between a DSL

and a chiral spin liquid. In the latter phase, the fermions acquire the same mass, leading to

a Chern-Simons term for the dynamical gauge field. This phase transition is driven by the

interaction (Ψ̄Ψ)2,

SQED3−GN =
∫
d3x

[
−Ψ̄ /DaΨ−

h2

2
(
Ψ̄Ψ

)2
]
, (1.5.1)

where a SU(2N) symmetric mass is condensed for sufficiently strong coupling strength h > hc.

The procedure to obtain the scaling dimensions of monopole operators must be modi-

fied. For this model, there is only a single pseudo-scalar boson φ entering the Hubbard-

Stratonovich transform. The effective action at the critical point can be obtained in the

same way we derived the analogous quantity for the spin-dependent case (1.3.7)

S ′′ceff = −N ln det
(
/D
S2×R
a,Aq + φ

)
, (1.5.2)

where we now work on S2 × R with the sphere pierced by a 4πq flux. Here, there is no

constraint on the sign of the mass given by the expectation value of the bosonic field Mq =

〈φ〉.

Another important difference when computing the lowest scaling dimension of monopole

operators in this model is that a chemical potential µ must be introduced. This is used to

enforce half-filling of the “zero” modes.10 This was not necessary for the model with a spin-

dependent interaction. The reason is that the chemical potential is by default set to zero.

Thus, half of the “zero” modes are below this level and get filled up. In QED3 [10, 40], the

zero modes are also half filled as a chemical potential set to zero sits at the level of all the

zero modes. This is not the case when a SU(2N) symmetric interaction is activated since the

“zero” modes all get shifted below the chemical potential if the boson condensate is non-zero.

Thus, directly setting µ = 0 only yields the correct fermionic occupation when there is an

equal number of modes above and below zero energy.

10We will find that these modes have vanishing energy and are truly zero modes. However, it is simpler

for the discussion that follows to assume that these modes might have non-zero energy, so we refer to them

as “zero” modes at this point of the analysis.
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The chemical potential can be incorporated within the path integral formalism. We first

compactify the “time” direction to a circle S1
β with a radius β. This radius is taken to

infinity, β →∞, at the end of our computations. When working on this “thermal” circle, the

modified relation between the monopole operator scaling dimension ∆q and the free energy

Fq for β � 1 is [45]

∆q −
1
β

ln(Ωq) +O
(
e−cβ

)
= Fq ≡ −

1
β

lnZS2×S1
β
[Aq] , (1.5.3)

where Ωq is the ground state degeneracy and c gives the energy spacing between the ground

state and the first excited state.11 On this space, the chemical potential can be defined as the

homogeneous saddle point value of the imaginary gauge field 〈aτ 〉 = −iµ. This approach was

used in Ref. [45]. The chemical potential is a source for the fermion number Ψ†Ψ. Requiring

a vanishing fermion number, we have the condition

1
β

δ lnZS2×S1
β
[Aq]

δµ
= 〈Nfermions〉 = 0 . (1.5.4)

This can also be written in terms of a saddle point equation. Once again, the spatial part of

the gauge field has a vanishing expectation value 〈ai〉 = 0. We are left with our homogeneous

ansatz 〈aτ 〉 = −iµ and 〈φ〉 = Mq,

∂F (0)
q

∂µ
= 0 , (1.5.5)

∂F (0)
q

∂Mq

= 0 , (1.5.6)

where the leading order in 1/N of the free energy is

F (0)
q = − 1

β
ln det

(
/D
S2×S1

β

−iµ,Aq +Mq

)
. (1.5.7)

As the “time” direction is compact, the spectrum of the Dirac operator in Eq. (1.5.7) is now

defined by Matsubara fermionic frequencies ωn = (2π/β)(n+1/2) where n ∈ Z. In contrast to

our previous computations, the mass term is now spin symmetric in contrast to our previous

computation. With these considerations, the previous result shown in Eq. (1.3.20) can be

11The identity operator (q = 0) should have a vanishing scaling dimension ∆q=0 = 0 and no degeneracy,

Ωq=0 = 1. This can be guaranteed by a proper normalization, but just as in the spin-dependent case, it turns

out to be unnecessary.
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adapted so that (1.5.7) becomes

F (0)
q =− 2

β

∞∑
n=−∞

dq ln [ωn − iµ+ iMq] +
∞∑

`=q+1
d` ln

[
(ωn − iµ)2 + ε2

`

]  , (1.5.8)

where as before ε` is given by Eq. (1.3.21) Regularizing the sum over Matsubara frequencies,

we obtain

F (0)
q =− 2

β

dq ln
[
2 cosh

(
β(µ−Mq)

2

)]
+

∞∑
`=q+1

d` ln [2(cosh (βε`) + cosh (βµ))]
 . (1.5.9)

The saddle point equations (1.5.5, 1.5.6) become

−dq tanh
(
β(µ−Mq)

2

)
−

∞∑
`=q+1

2d` sinh (βµ)
cosh (βε`) + cosh(βµ) = 0 , (1.5.10)

dq tanh
(
β(µ−Mq)

2

)
−

∞∑
`=q+1

2d`ε−1
` Mq sinh(βε`)

cosh(βε`) + cosh(βµ) = 0 . (1.5.11)

Taking µ = Mq eliminates the first term in both equations. These equations can be further

simplified by taking the large β limit. The sum in the first equation vanishes to leading order

in 1/β and the first saddle point equation is then satisfied for β →∞. In the same way, the

second saddle point equation to leading order in 1/β with µ = Mq is given by

2Mq

∞∑
`=q+1

d`ε
−1
` = 0 . (1.5.12)

In this limit, this saddle point equation is only satisfied forMq = 0, which implies a vanishing

chemical potential µ = 0. More directly, this means that the expectation value of the bosonic

field vanishes, 〈φ〉 = 0. Thus, monopole operators at the symmetric QCP are dressed with

true zero modes. One of the monopole ground states is shown in Fig. 1.6 Since there is no

boson condensate, the fermion energies are unchanged when compared to those in QED3.

This means that we are left, at leading order in 1/N , with the same scaling dimensions as in

QED3, ∆QED3−GN
q = ∆QED3

q +O(1/N0). A similar result was obtained for the QCP between

a DSL and a Z2 − spin liquid [51].

We emphasize that this is a result at leading order in 1/N . The presence of the bosonic

field includes more quantum fluctuations that may change corrections at non-leading orders.

We also note that the first condition µ = Mq is indeed the condition enforcing half-filling of

the zero modes and is needed even if in the end, we find µ = Mq = 0. Had we not included

the chemical potential, we would minimize the free energy that has all the zero modes empty

and we would find Mq 6= 0. In the case of the spin-dependent interaction we studied before,

69



E 

Figure 1.6. Schematic representation of the energy spectrum and fermionic occupation for

one of the monopole ground state in the SU(2N) symmetric QCP. The spectrum is shown

for 2N = 4 fermion flavors and minimal magnetic charge q = 1/2. The zero modes could be

shifted by an energy Mq, but the saddle point equations force this quantity to vanish.

the saddle point solution for the chemical potential is µ = 0, independently of the value of

the mass Mq. We show this explicitly in App. 1.B. This is why the inclusion of a chemical

potential was not necessary in this case.

1.5.1. Testing a duality with bosonic CP1 model

The case of compact QED3−GN theory with 2N = 2 fermion flavors is of particular

interest since it is conjectured to be dual to the CP1 theory when both theories are tuned at

their critical point, assuming the fixed points exist [22]. This latter theory describes Nb = 2

flavors of complex bosonic fields forming a SU(2) doublet z = (z1, z2)ᵀ which satisfy a length

constraint z†z = 1 and interact with a compact gauge field. This model notably describes

a deconfined quantum critical point between Néel and VBS phases, which is relevant for

quantum magnets on various lattices [52], with the case of square lattice being the prototype

example of deconfined criticality [21]. Operators on one side of the conjectured duality have

the same scaling dimension as their dual on the other side of the duality. More specifically,

the duality relates a set of operators in the fermionic theory

[
Re

(
ψ†1M̃q=1/2

)
,− Im

(
ψ†1M̃q=1/2

)
,Re

(
ψ†2M̃q=1/2

)
, Im

(
ψ†2M̃q=1/2

)
, φ
]
, (1.5.13)
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to a set of operators in the bosonic theory

[
2 ReMCP1

q=1/2, 2 ImMCP1

q=1/2, z
†σ1z, z

†σ2z, z
†σ3z

]
. (1.5.14)

Here, ψ†I=1,2M̃q=1/2 is a monopole with a minimal magnetic charge q = 1/2 dressed with

one of the two fermion zero modes. On the bosonic side, MCP1

q=1/2 is the unique monopole

operator with a minimal magnetic charge q = 1/2. Additionally, both theories have global

symmetries relating certain operators of these sets, i.e. some operators within a set have

the same scaling dimension. Global U(1) symmetry relates the real and imaginary parts of

monopole operators in both theories. Flavor symmetry on the fermionic side relates the two

types of monopole operators while a SU(2) symmetry on the bosonic side implies that all three

components of the bilinear z†σz share the same scaling dimension. Taking into account these

global symmetries and the conjectured duality, it is deduced that all operators above should

have the same scaling dimension. Said otherwise, the duality predicts an emergent SO(5)

symmetry at the fixed point of these theories. The duality can thus be tested by comparing

the monopole scaling dimension obtained above to other scaling dimensions conjectured to

be the same.

The scaling dimension of the monopole operator with q=1/2 in QED3−GN for 2N =2

fermion flavors is ∆QED3−GN
Mq=1/2

= 2N(0.26510) +O((1/N)0) ∼ 0.53. We compare this value to

results in the literature for the other scaling dimensions. For the monopole operator with

minimal magnetic charge in the bosonic theory CPNb−1 with Nb = 2, it was found in a

similar computation using the state-operator correspondence that ∆CPNb−1

Mq=1/2
= 0.1245922Nb+

0.3815 ∼ 0.63 [53]. In a functional renormalization group analysis [54], it was found that

∆Néel ≡ ∆z†σz = 0.61. On the numerical front, the scaling dimensions of the VBS order

parameter ∆VBS ≡ ∆CP1

Mq=1/2
and the Néel order parameter ∆Néel were found to be in the

range ∆VBS, Néel ∈ [0.60, 0.68] [55–59]. On the fermionic side, a large N expansion suggests

that the scaling dimension of the boson is in the range ∆φ ∈ [0.59, 0.65] [60]. These last results

seem coherent together, and our 0.53 is not too far off. This being said, we only obtained

the monopole scaling dimension at leading order in 1/N . Higher order or non-perturbative

calculations are needed to make a firmer statement.
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1.6. Renormalization group analysis of the critical fixed

point
We study more thoroughly the critical fixed point by considering the Yukawa theory that

is the UV completion of the QED3− cHGN model (1.2.5). This model is called QED3− cHGNY

and is defined by the following bare Euclidean lagrangian

L =− Ψ̄/∂Ψ + 1
2 (εµνρ∂νaρ)2 + 1

2(∂µφ)2 + ieΨ̄/aΨ + hφ · Ψ̄σΨ + 1
2m

2
φφ

2 + λ(φ2)2 . (1.6.1)

In this section, we consider the non-compact version of QED3. As before, Ψ denotes the

spinor with 2N flavors of two-component Dirac fermion field and φ is a boson field with

Nb = 3 components. We perform the renormalization group (RG) analysis for general N

and Nb, and then we specialize to Nb = 3 and 2N = 4, which are relevant parameters for

certain quantum magnets. For simplicity, we keep referring to this model as QED3− cHGNY

although we don’t fix Nb = 3 from the outset. RG studies for similar quantum field theories

have been considered before. For example, a gauged theory with a valley-dependent cHGNY-

like interaction, φΨ̄µzσΨ, and with 2N = 4 fermion flavors was studied to leading order in

ε = 4− d expansion [19]. Here, d is the spacetime dimension.

The analysis was also done in the ungauged theory, i.e. the cHGNY model, with general

N at four-loop in the ε = 4−d expansion [61] and to order 1/N2 [62]. The QED3−GNY was

also considered for general N using dimensional regularization at one-loop [63], three-loop

[64] and four-loop [65] and to order 1/N2 [60, 66, 67]. In the last reference, a spin-dependent

Yukawa interaction term with Nb = 1, φΨ̄σzΨ, has also been considered. A theory with

Nb = 2 bosons and an additional cubic self-interaction was also considered in Ref. [68]. See

[69] for a comprehensive review on large−N methods.

1.6.1. Setup

The first step in our RG study is to write the renormalized Euclidean lagrangian

L = −ZψΨ̄/∂Ψ + 1
2Za (εµνρ∂νaρ)2 + 1

2Zφ(∂µφ)2 + Ze (ie)µ 4−d
2 Ψ̄/aΨ

+ Zhhµ
4−d

2 φ · Ψ̄σΨ + 1
2Zm

2
φ
m2
φµ

2φ2 + Zλλµ
4−d(φ2)2 ,

(1.6.2)

where we introduced wave function renormalization constants Zψ, Zφ and Za as well as

vertex renormalization constants Ze, Zh, Zm2
φ
and Zλ. Coupling constants are also rescaled
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by powers of energy µ factoring out their naive scaling dimension. The renormalized fields

are obtained by a rescaling of the bare fields Ψ0 =
√
ZψΨ, φ0 =

√
Zφφ, (aµ)0 =

√
Zaaµ.

Relations between the renormalized coupling constants (e2, h2, λ) ≡ (c1, c2, c3) = c and the

bare coupling constants are obtained

e2 = e2
0µ

d−4Za , (1.6.3)

h2 = h2
0µ

d−4Z2
ψZφZ

−2
h , (1.6.4)

λ = λ0µ
d−4Z2

φZ
−1
λ , (1.6.5)

where the Ward identity, Z2
ψZ
−2
e = 1, was used to simplify the renormalization of the gauge

charge e2. We also add a gauge fixing term Lg.f. = (∂µaµ)2 / (2ξ) to ensure physical quantities

are gauge independent. We have explicitly written a quadratic boson term since, as we

discussed in Sec.1.2.2, the mass is the tuning parameter for the phase transition. We first

study the RG flow equations at the critical value of the boson mass, mc
φ = 0. Later on, we

incorporate the boson mass term, along with fermion bilinears, as perturbations away from

the QCP.

By rescaling the energy µ → µe−l in (1.6.3 - 1.6.5), we can analyze how the coupling

constants vary with the scale factor [70]. The RG flow equation are found by differentiating

the renormalized coupling constants with respect to the scale factor, i.e. by obtaining the

beta functions βcI = dcI/dl with I ∈ {1,2,3}

βe2 ≡
de2

dl = (4− d− γa) e2 , (1.6.6)

βh2 ≡ dh2

dl = (4− d− 2γψ − γφ + 2γh)h2 , (1.6.7)

βλ ≡
dλ
dl = (4− d− 2γφ + γλ)λ , (1.6.8)

where the coefficients γxi with xi ∈ {ψ, φ, a, h, λ} are defined as

γxi = −d lnZxi
dl . (1.6.9)
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The γxi are obtained in App. 1.C, and allow to find the following flow equations at one-loop

order

de2

dl = (4− d) e2 − 4N
3 e4 , (1.6.10)

dh2

dl = (4− d)h2 + 8
(

1− 1
d

)
e2h2 − 2

(
N + 2− 2Nb

d

)
h4 , (1.6.11)

dλ
dl = (4− d)λ− 4Nh2λ+Nh4 − 4 (Nb + 8)λ2 , (1.6.12)

where the coupling constants have been rescaled to eliminate a loop integral factor. We will

first find the fixed points of the RG flow, that is the critical coupling constants (e2
∗, h

2
∗, λ∗) ≡

c∗ for which the beta functions vanish, βcI = 0. The QED3− cHGNY infrared fixed point

corresponding to the QCP will be found, and we will obtain the corresponding critical ex-

ponents.

Note that adding other quartic interactions δL = (g2
Γ/2)(Ψ̄ΓΨ)2 respecting the flavor

and Lorentz symmetries of the theory does not affect the existence of the QCP. This can be

seen in the UV completed theory where all these additional interactions are decoupled with

auxiliary bosons. The flow equations of the corresponding Yukawa coupling gΓ and of the

boson self-interaction coupling λΓ take the form

dg2
Γ

dl = (· · · )g2
Γ ,

dλΓ

dl = (· · · )g2
Γ + (· · · )λΓ , (1.6.13)

where the ellipses prefactors include constants and positive powers of the coupling constants.

This means that there are fixed points for which these couplings vanish (gΓ, λΓ) = (0, 0).

Therefore, the critical exponents of the QCP can be studied within the QED3− cHGNY

model.

1.6.2. RG study in the ε = 4− d expansion

We now use a dimensional regularization to control the RG flow. We study the theory at

finite N by working near the upper critical number of spacetime dimensions d = 4− ε, where

ε is treated as a small expansion parameter. Assuming the coupling constants are O(ε), we
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obtain the flow equations in the ε expansion

de2

dl = εe2 − 4N
3 e4 , (1.6.14)

dh2

dl = εh2 + 6e2h2 − (2N + 4−Nb)h4 , (1.6.15)

dλ
dl = ελ+Nh4 − 4Nh2λ− 4 (Nb + 8)λ2 . (1.6.16)

The corresponding physical fixed points are shown in Tab. 1.2, where we have defined

KN,Nb =
[
4N4

f + 4 (5Nb + 46)N3
f + 324 (Nb + 8)Nf +

(
N2
b + 172Nb + 1348

)
N2
f

]1/2
,

(1.6.17)

K′N,Nb =
[
4N2

f + 4 (5Nb + 28)Nf + (Nb − 4) 2
]1/2

. (1.6.18)

The linearized RG flow equations around a fixed point c∗ yields a matrix equation for

the coupling constant perturbations

d
dl (cI − c

∗
I) =

∑
J=1,2,3

MIJ (cJ − c∗J) , (1.6.19)

where MIJ = ∂βcI
∂cJ

∣∣∣
c=c∗

is the stability matrix. Its eigenvectors yield proper directions in the

space of couplings {e2, h2, λ}. The related eigenvalues λI indicate relevant (λI > 0), marginal

(λI = 0), or irrelevant (λI < 0) perturbations. An infrared fixed point is characterized by

irrelevant perturbations in all proper directions. For the theory under study, there is a unique

infrared fixed point which, at order ε and for Nb = 3 is given by

e2
∗ = 3

4N ε , (1.6.20)

h2
∗ = 2N + 9

2N (2N + 1)ε , (1.6.21)

λ∗ = −2N2 − 17N +KN,3
88N (2N + 1) ε , (1.6.22)

where

KN,3 = [N(4N3 + 244N2 + 1873N + 3564)]1/2 . (1.6.23)

At this infrared fixed point, called QED3− cHGNY, all critical coupling constants are non-

zero. Note in this case that the infrared fixed point is in the physical region h2 > 0 only if

2N −Nb + 4 > 0. The flow in the (λ/ε, h2/ε) plane with e2 fixed to its two possible critical
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values is shown Fig. 1.7. In particular, the flow from the QED3 fixed point (h2 = λ = 0) to

the QED3− cHGNY fixed point is shown in Fig. 1.7(a).

We also note that taking ε = 1 and N � 1 yields the result of the 1/N expansion. For

example, the QCP in this expansion is given by

e2
∗ = 3

4N , h2
∗ = 1

2N , λ∗ = 1
4N . (1.6.24)

Note however that Wilson-Fisher type fixed points where λ∗ ∼ O((1/N)0) are not controlled

by the 1/N expansion.

Tableau 1.2. Fixed points obtained at leading order in the ε = 4− d expansion of RG flow

equations (1.6.14 - 1.6.16). KN,Nb and K′N,Nb are defined in Eqs. (1.6.17, 1.6.18), respectively.

There are six fixed points, where G stands for “Gaussian” and WF for “Wilson-Fisher”.

Fixed points e2
∗ h2

∗ λ∗

G 0 0 0

QED3
3

4Nf

ε 0 0

WF 0 0 1
4 (Nb + 8)ε

QED3−WF 3
4Nf

ε 0 1
4 (Nb + 8)ε

cHGNY 0 1
2N −Nb + 4ε

K′Nf ,Nb − 2Nf −Nb + 4
8 (Nb + 8) (2Nf −Nb + 4)ε

QED3− cHGNY 3
4Nf

ε
2Nf + 9

2N (2N −Nb + 4)ε
KNf ,Nb − 2N2

f − (Nb + 14)Nf

8Nf (Nb + 8) (2N −Nb + 4) ε

1.6.2.1. Exponents at the quantum critical point . We now compute the critical exponents

at the infrared fixed point. The scaling dimension of an operator O(x) at the QCP is defined

by the following expectation value

〈O(x1)O†(x2)〉 ∝ 1
|x1 − x2|2∆O

. (1.6.25)

Using scaling arguments, one can write a naive dimension ∆0
O. This value is corrected by an

anomalous dimension ηO once interactions are taken into account

∆O = ∆0
O + ηO

2 . (1.6.26)
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Figure 1.7. RG flow for 2N = 4 and Nb = 3 in the (λ/ε, h2/ε) plane to leading order in

ε = 4− d. a) Flow for e2 = 3ε/4N ; b) Flow for e2 = 0.

We start by studying the anomalous dimensions of the fields. These quantities are found

by evaluating the corresponding coefficients γΦ (1.6.9) at the QCP, that is ηΦ = γΦ|c=cQCP
∗

.

First, we write the general expressions for these coefficients obtained in App. 1.C

γφ = 2Nh2 , (1.6.27)

γψ =
(
d+ ξ − 5 + 4

d

)
e2 +

(
1− 2

d

)
Nbh

2 , (1.6.28)

γa = 4N
3 e2 . (1.6.29)

Replacing the coupling constants in Eqs. (1.6.27 - 1.6.29) by their critical value at the

QED3− cHGNY fixed point in Tab. 1.2, we obtain the anomalous dimensions

ηφ = 2N + 9
2N −Nb + 4ε , (1.6.30)

ηψ = Nb (2N − 3ξ + 9) + 6ξ (N + 2)
4N (2N −Nb + 4) ε , (1.6.31)

ηa = ε . (1.6.32)
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Note that the anomalous dimension of the fermion depends on the gauge fixing parame-

ter ξ, but this is expected since it is not a gauge invariant quantity. The gauge field ano-

malous dimension is ε which implies that the one-loop corrected gauge field propagator is

〈aµ(p)aν(−p)〉 ∼ |p|−1 once we set ε = 1. By setting e2
∗ 6= 0 in the gauge charge flow equation

(1.6.6), it is seen that the one-loop result we found, ηa = ε, is actually valid to all orders.

This is again a consequence of the Ward identity. Now, setting Nb = 3 in the anomalous

dimensions (1.6.30 - 1.6.31), we obtain

ηφ = 2Nf + 9
2Nf + 1ε , ηψ = 3 (2(ξ + 1)Nf + ξ + 9)

4Nf (2Nf + 1) ε . (1.6.33)

Setting 2N = 4, we obtain

ηφ = 13
5 ε , ηψ = 3 (5ξ + 13)

40 ε . (1.6.34)

Setting ε = 1, we find ∆φ = (d− 2)/2 + ηφ/2 ≈ 1.8.

We now study the scaling dimension of mass operators by introducing mass perturbations

at the QCP

∆L = 1
2Zm

2
φ
m2
φφ

2 + ZmψmψΨ̄Ψ + Zm̃ψm̃ψ(n̂ · Ψ̄σΨ) , (1.6.35)

where n̂ is a unit vector indicating the direction of the spin-Hall bilinear perturbation. We do

not include a valley-Hall bilinear Ψ̄µAΨ, where A ∈ {1,2, . . . N}, since its scaling dimension

is the same as the SU(2N) symmetric bilinear Ψ̄Ψ at leading order in ε = 4− d. The masses

we introduced can be related to bare masses like we did with the other coupling constants

m2
φ =

(
m2
φ

)
0
µ2ZφZ

−1
m2
φ
, (1.6.36)

mψ = (mψ)0 µZψZ
−1
mψ

, (1.6.37)

m̃ψ = (m̃ψ)0 µZψZ
−1
m̃ψ

. (1.6.38)

The RG flow equations follow from these relations are

dm2
φ

dl =
(
2− γφ + γm2

φ

)
m2
φ , (1.6.39)

dmψ

dl =
(
1− γψ + γmψ

)
mψ , (1.6.40)

dm̃ψ

dl =
(
1− γψ + γm̃ψ

)
m̃ψ , (1.6.41)
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where the γxi with xi ∈ {φ, ψ,m2
φ,mψ, m̃ψ} are defined in Eq. (1.6.9). Using results of

App. 1.C, the RG flow equations become

dm2
φ

dl =
(
2− 2Nh2 − 4 (Nb + 2)λ

)
m2
φ , (1.6.42)

dmψ

dl =
(

1 + 4
(
d− 1
d

)
e2 + 2Nb

(
1− d
d

)
h2
)
mψ , (1.6.43)

dm̃ψ

dl =
(

1 + 4
(
d− 1
d

)
e2 + 2

(
Nb − d
d

)
h2
)
m̃ψ . (1.6.44)

When the coupling constants are evaluated at their QED3− cHGN critical value, the RG

flow of the masses is controlled by the scaling dimension of the related mass operators at the

QCP

dm2
φ

dl = (d−∆φ2)m2
φ , (1.6.45)

dmψ

dl = (d−∆Ψ̄Ψ)mψ , (1.6.46)

dm̃ψ

dl = (d−∆Ψ̄σaΨ)m̃ψ . (1.6.47)

We first study the φ2 perturbation. The phase transition is controlled by the mass m2
φ

auxiliary boson and the correlation length exponent ν−1 = d−∆φ2 is obtained by evaluating

(1.6.42) at the QCP

ν−1 = 2− 2Nf + 9
2N −Nb + 4ε

− (Nb + 2) (KN,Nb −Nf (2N +Nb + 14))
2Nf (Nb + 8) (2N −Nb + 4) ε . (1.6.48)

Setting Nb = 3, we obtain

ν−1 = 2−
34N2

f + 113Nf + 5KN,3
22Nf (2Nf + 1) ε , (1.6.49)

which gives the correct N →∞ limit : ν = 1. Setting 2N = 4, we obtain

ν−1 = 2− 4.577ε . (1.6.50)

Setting ε = 1, our one-loop result yields a negative correlation length exponent, suggesting

strong quantum fluctuations as the physical dimension is approached. This is was also ob-

served for the QED3−GNY model in Ref. [63] where a dimensional regularization around

d = 2 + ε was also performed to do an interpolation and obtain a positive correlation length
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exponent. One could also go further in the loop expansion to see if a physical result in the

ε→ 1 limit follows. However, an estimate for ν can be obtained by inverting ν−1

ν = 1
2 +

34N2
f + 113Nf + 5KN,3
88Nf (2Nf + 1) ε

∣∣∣∣∣
2N=4

= 1
2 + 1.144ε . (1.6.51)

Setting ε = 1 now yields the positive result ν = 1.644. Inverting this exponent once again, we

obtain the scaling dimension of φ2 which is given by ∆φ2 = d− ν−1 ≈ 2.392. At ε = 1, these

are mere estimates, and a more refined treatment is needed to obtain controlled exponents.

We now turn our attention to the fermion bilinears perturbations. Evaluating (1.6.43,

1.6.44) with critical couplings of the QED3− cHGN fixed point shown at leading order in ε

in Tab. 1.2, we find the scaling dimensions at the QCP are given by

∆Ψ̄Ψ = 3− 4N2 − (5Nb − 17)N − 18(Nb − 1)
2N (2N −Nb + 4) ε , (1.6.52)

∆Ψ̄σaΨ = 3− 4N −Nb + 13
2 (2N −Nb + 4)ε . (1.6.53)

Setting Nb = 3, we obtain

∆Ψ̄Ψ = 3− 2N2 +N − 18
N (2N + 1) ε , (1.6.54)

∆Ψ̄σaΨ = 3− 2Nf + 5
2Nf + 1ε . (1.6.55)

Setting 2N = 4, this becomes

∆Ψ̄Ψ = 3 + 4
5ε , ∆Ψ̄σaΨ = 3− 9

5ε . (1.6.56)

Once we set ε = 1, the spin-Hall bilinear is relevant at the QCP, ∆Ψ̄σaΨ = 1.2, but the

symmetric bilinear is not, ∆Ψ̄Ψ = 3.8. This contradicts what we obtain by taking the large

N limit in (1.6.54) since the scaling dimension ∆Ψ̄Ψ|N→∞ = 3 − ε then implies a relevant

operator for ε = 1. It is expected that higher order corrections in ε = 4−d would render Ψ̄Ψ

relevant.

The critical exponents we found are compiled in Tab. 1.3. In principle, many of our

scaling dimensions should agree with the results in Ref. [19] for 2N = 4 and Nb = 3 since the

theory considered in this case is almost the same. We find small discrepancies attributable

the RG flow equation for the Yukawa coupling, i.e. using their normalization, our Eq. (1.6.15)

doesn’t match Eq. (27) in Ref. [19]. Fortunately, the mismatch comes from diagrams which

are independent of the number of boson components, thus we can compare with studies of
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the QED3−GNY model (see for example Ref. [63]) which confirm our result. We did other

verifications for different regions of the parameter space of our theory. First, we considered

the ungauged theory e2 = 0 where the QCP point is given by the cHGNY fixed point. Setting

Nb = 3, the fixed points, the RG flow equations and the critical exponents match those of

the cHGNY model presented in Ref. [61]. The fermion bilinear scaling dimensions, which

were not computed in this last reference, match the leading order results in 1/N of [62]. We

also verified the gauged theory when Nb = 1. In this model, the spin-Hall bilinear scaling

dimension ∆Ψ̄σaΨ is equal, at one-loop order, to the symmetric bilinear scaling dimension

∆Ψ̄Ψ in QED3−GNY. We find agreement with the results obtained in ε = 4− d expansions

presented in Refs. [61, 63], and by taking the large N limit in our ε expansion and comparing

to results obtained with large N expansions in Refs. [66, 67, 71]. As noted in Ref. [65], the

result for ∆Ψ̄Ψ disagrees with the one presented in [72]. We find that the latter result would

be obtained if the renormalization of the fermion mass included a Hartree diagram. This

contribution is not generated in Wilsonian RG.

Tableau 1.3. Critical exponents at the QED3− cHGNY fixed point with Nb = 3 at leading

order in ε = 4− d. KN,3 is defined in (1.6.23). The scaling dimension of valley-Hall bilinears

is ∆Ψ̄µAΨ = ∆Ψ̄Ψ where A ∈ {1,2, . . . N}.

2N = 4 2N = 4

ε = 1

ηφ
2N + 9
2N + 1ε 2.6ε 2.6

ν
1
2 +

34N2
f + 113Nf + 5KN,3
88Nf (2Nf + 1) ε

1
2 + 1.144ε 1.644

∆Ψ̄Ψ 3− 2N2 +N − 18
N (2N + 1) ε 3 + 0.8ε 3.8

∆Ψ̄σaΨ 3− 2Nf + 5
2Nf + 1ε 3− 1.8ε 1.2

1.7. Quantum phase transition in the Kagome magnet
The QED3− cHGN model considered in the previous sections finds a natural application

in quantum magnets where the underlying lattice implies the compactness of the emergent

gauge field and the existence of the monopole operators. We specialize our analysis to the
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quantum magnet on the Kagome lattice. We first review how a DSL emerges as a possible

ground state of the Kagome Heisenberg Antiferromagnet (KHAFM) model. This simple

Hamiltonian serves as a starting point to describe the magnetic Cu atoms in Hebertsmithite

ZnCu3(OH)6Cl2 [73]. We also review the confinement-deconfinement transition from this

DSL to a q = 0 coplanar antiferromagnetic phase. We then examine the properties of the

monopole operators perturbations which drive this quantum phase transition.

1.7.1. Emergent QED3

The Hamiltonian of the KHAFM is

HH = J1
∑
〈ij〉
Si · Sj , (1.7.1)

where J1 > 0 gives the coupling strength of AFM interactions between nearest neighbors of

the Kagome lattice. The emergent fractional spin excitations and gauge field in this model

arise due to fractionalization. This phenomenon is studied using a parton construction. The

spin operator on site i is decomposed as

Si = 1
2f
†
i,sσss′fi,s′ , (1.7.2)

where fi,s is a slave-fermion (spinon) with spin s ∈ {↑, ↓} and σ is a vector of Pauli matrices

acting on this spin space. The spinon variables introduce a U(1) gauge redundancy12 through

the symmetry transformation fi,s → eiθifi,s. The new Hilbert space is doubled compared to

the original spin model, therefore an occupation constraint, f †i,sfi,s = 1, must be imposed. A

QSL arises when spinon and gauge degrees of freedom are deconfined. The ground state of

the KHAFM is not yet well established. Many numerical studies indicate a U(1) spin liquid

for the ground state [13, 15–17, 74, 75] while other investigations point towards a Z2 spin

liquid [76–81]. In the latter class of spin liquids, the U(1) gauge symmetry is broken due to

a non-vanishing expectation value of spinon pairs 〈f †i f
†
j 〉.

We focus our attention on U(1) spin liquids. Using the spinon decomposition (1.7.2)

and applying the occupation constraint, the Hamiltonian developed around the hopping

12There is a larger SU(2) gauge symmetry, but the U(1) subgroup is sufficient for our discussion.
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expectation value 〈f †isfjs〉 6= 0 becomes

H̃H = −
∑
〈ij〉

tije
iaijf †i fj + h. c. , (1.7.3)

where the sum on spin indices is now implicit, tij = J1 〈f †i fj〉 /2 and aij are the phase fluc-

tuations around the expectation value 〈f †i fj〉. The U(1) gauge symmetry is preserved if the

phase fluctuation transforms as aij → aij+θi−θj. This degree of freedom is thus a dynamical

U(1) gauge field.

Among the possible realizations of a U(1) spin liquid, the candidate ground state is

obtained with the π-flux pattern of the bond orders which is depicted in Fig. 1.8. This

Figure 1.8. π-flux pattern on the Kagome lattice. Bold bonds and regulard bonds have

opposite signs for their corresponding hopping parameters.

pattern defines the ground-state called U(1) Dirac spin liquid (DSL) and which has 4 Dirac

cones at the Fermi level [82]. The low energy limit is described by QED3 with 2N = 4

flavors of massless two-component Dirac fermions, two spin components and two nodes ±Q

in momentum space [82]. An eight-component spinor regrouping all degrees of freedom can

be written as Ψ = (ψ↑,Q, ψ↑,−Q, ψ↓,Q, ψ↓,−Q)ᵀ. Vectors of Pauli matrices acting on SU(2)spin

and SU(2)valley subspaces, respectively labeled as σ and µ, allow to form spin and valley

vectors, Ψ̄σΨ and Ψ̄µΨ. Specifically, the third Pauli matrices in each subspace act as σz =

|↑〉 〈↑| − |↓〉 〈↓| and µz = |+Q〉 〈+Q| − |−Q〉 〈−Q|. In similar fashion, Dirac matrices acting

on the two-dimension spinor space are represented by Pauli matrices, γµ = (τ3, τ2,−τ1). The
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transformations of these fermions under Kagome lattice symmetries and time reversal are

shown in Tab. 1.4 [20].

Tableau 1.4. Transformation properties of spinons under discrete symmetries of the

KHAFM [20] where µC6 = (µ1 + µ2 − µ3)/
√

3 and µRy = −(µ1 + µ3)/
√

2.

Ta1 Ta2 Ry C6 T

Ψ→ iµ2Ψ iµ3Ψ exp
(
iπ

2 µRy
)

(iτ1) Ψ exp
(2πi

3 µC6

)
exp

(
iπ

6 τ3

)
Ψ (iσ2) (−iµ2) (iτ2) Ψ

1.7.2. Antiferromagnetic order parameter

We now modify the lattice model to include a next-nearest neighbor AFM coupling J2.

The resulting Hamiltonian describes the spin−1/2 J1 − J2 Heisenberg model

H ′ = J1
∑
〈ij〉
Si · Sj + J2

∑
〈〈ij〉〉

Si · Sj . (1.7.4)

When the ratio J2/J1 is sufficiently large, the Kagome frustrated magnet orders to a q = 0

AFM coplanar phase [16, 83, 84] shown in Fig. 1.9. The order parameter can be described

(a) (b)

Figure 1.9. Antiferromagnetic q = 0 non-collinear phase with a complex order parameter

n = nr + i (nr × nc) with a) positive chirality ; b) negative chirality.

as a complex vector n = nr + i (nr × nc) whose real part encodes the orientation of the

spin on one of Kagome’s three sub-lattices. On each triangle, the two remaining spins are

separated by 120◦ angles with chirality determined by nc. The transformation properties of

this vector are shown in Tab. 1.5.
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Tableau 1.5. Transformation properties of the q = 0 coplanar AFM order n shown in Fig.

1.9 under Kagome lattice discrete symmetries and time reversal[20].

Ta1 Ta2 Ry C6 T

n→ n n n∗ e
2πi
3 n −n∗

We now show that monopole operators with spin quantum numbers have the same trans-

formation properties as the AFM order parameter shown in Tab. 1.5. This was first argued

in Ref. [20]. A comprehensive study of the quantum numbers of monopole operators on the

square, triangular honeycomb and Kagome lattices can be found in Ref. [32, 85]. One impor-

tant contribution of this work was to verify numerically the contribution of the U(1)top charge

for the space rotation. This amounts to deducing how the topologically charged Dirac sea

transforms under the system symmetries. This result can be combined with the transforma-

tion properties of the zero modes creation operators to obtain the transformation properties

of flux operators. This approach is well explained in Ref. [86]. We apply this procedure to

the case of the Kagome lattice.

Here, we restrict the discussion to monopoles with minimal magnetic charge q = 1/2.

This means there are four zero modes, two of which must be filled. The q = 1/2 flux operators

take the form

Φ†+ ∼ f †+;s,vf
†
+;s′,v′M̃

†
+ , (1.7.5)

where the label + gives the sign of the magnetic charge, f †+;s,v is a zero mode creation operator

and M̃†
+ defines a bare 2π-flux creating operator, an operator similar to a monopole operator

but with all the zero modes empty (in what follows, we refer to it as the bare monopole

operator). The six different zero modes filling can be organized as a triplet of SU(2)valley and

a triplet of SU(2)spin, yielding three valley-type and three spin-type flux operators :

Φ†+;1,2,3 = 1
2f
†
+;s,v

[
(iσ2)ss′ (iµ2µ1,2,3)vv′

]
f †+;s′,v′M̃

†
+ , (1.7.6)

Φ†+;4,5,6 = i

2f
†
+;s,v

[
(iσ2σ1,2,3)ss′ (iµ2)vv′

]
f †+;s′,v′M̃

†
+ , (1.7.7)
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where the global phases are chosen to reproduce the flux operators introduced in [32]. We

focus on spin-type flux operator for which we introduce the following short-hand notation

(Φ†+;4,Φ†+;5,Φ†+;6) ≡ Φ†+;S ≡ F
†
+;SM̃

†
+ . (1.7.8)

The flux operator with spin down quantum number is

1
2
(
Φ†+,4 − iΦ†+;5

)
= if †+;↓,−Qf

†
+;↓,QM̃

†
+ . (1.7.9)

We define monopole operators, similar to Ref. [86], as combinations of flux creation operators

and anti-flux destruction operators, e.g. spin-type monopole operators are given by

s† ≡ (s†1 , s†2 , s†3)

=
(
Φ†+;4 + Φ−;4 , Φ†+;5 + Φ−;5 , Φ†+;6 + Φ−;6

)
. (1.7.10)

The transformations properties of these operators are obtained as follows. The transfor-

mation properties of the zero modes creation operators F †+;S can be found using Tab. 1.4.

As for the bare monopole M̃†
+, its transformations are partially constrained by symmetries

and the requirement that flux operators Φ†+ and anti-flux operators Φ†− transform between

themselves. This does not completely fix U(1)top phases which were determined numerically

in Refs. [20, 32] and analytically [85]. From these transformations, one can then find how

flux operators and monopole operators transform under symmetries. The transformation

properties of all the operators mentioned above are shown in Tab. 1.6. The definition of

spin-type monopole operators was chosen (1.7.10) such that these operators are odd under

time reversal. Note that the C6 transformation induces an additional phase common to all

the monopole operators which can be dropped. By comparing Tab. 1.5 and Tab. 1.6, we see

that the spin triplet monopole s† is the right operator to produce the q = 0 AFM order.

1.7.3. Quantum phase transition

The confinement-deconfinement mechanism introduced earlier is thus appropriate to des-

cribe the transition from the DSL to the q = 0 coplanar AFM on the Kagome lattice.

Following the condensation of a spin-Hall mass driven by the cHGN interaction, spin-type

monopole operators proliferate [31] and condense the AFM order. In terms of lattice ope-

rators, the spin-Hall bilinear Ψ̄σΨ, or equivalently the auxiliary boson φ, corresponds to a

vector spin chirality V a ∼ ∑〈ij〉∈7 (~Si × ~Sj
)a

[20], where 7 denotes an hexagonal plaquette
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Tableau 1.6. Transformation properties under Kagome lattice symmetries and time re-

versal of a bare monopole M̃†
+, of a spin-type combination of zero modes creation operators

F †+;S and the corresponding flux operators Φ†+;S and monopole operators s†.

Ta1 Ta2 Ry C6 T

F †+;S → F †+;S F †+;S −F †−;S F †+;S F †−;S

M̃†
+ → M̃†

+ M̃†
+ M̃†

− e
2πi
3 M̃†

+ −M̃†
−

Φ†+;S → Φ†+;S Φ†+;S −Φ†−;S e
2πi
3 Φ†+;S −Φ†−;S

s† → s† s† s e
2πi
3 s† −s

on the Kagome lattice. In this language, the transition is driven by the second neighbor

antiferromagnetic interaction which condenses the vector spin chirality, which in turn allows

the monopole operators to proliferate on the lattice.

We have just seen that lattice quantum numbers are important to identify the spin down

monopole operator as the right operator to induce the AFM. They also determine which

combinations of monopole operators transform trivially under all the symmetries of the

DSL and thus constitute allowed perturbations in this phase. By inspection of Tab. 1.6, the

sextupled spin down monopole operator, O = (s†1 − is†2)6 + h. c. is identified as a symmetry-

allowed perturbation. This is reminiscent of the role that n−tupled monopole operators

play for the Neel-VBS transition described by CPNb−1 bosonic theory [21, 52, 87, 88]. The

perturbation O′ = s†1s2 + h. c. also respects the symmetries of the Kagome lattice. Among

those symmetric perturbations built from spin down monopole operators Os, the one with

the lowest scaling dimension ∆Os controls the scale ξs of the AFM order. The spin-spin

connected correlation function is controlled by this length scale ξs and the scaling dimension

∆q of the spin down monopole operator (see Tab. 1.1), scaling as 〈n(r) · n†(0)〉c ∼ 1/r2∆q

for r � ξs.

Determining the scaling dimension of these monopole perturbations Os for 2N = 4

is important, as the quantum phase transition works out very differently whether these

operators are relevant at the QCP or not [89]. If all allowed monopole perturbations Os turn

out irrelevant at the QCP — as is the case for all monopole operators in the large−N limit —

then these perturbations are dangerously irrelevant, and monopole operators only proliferate
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once the spin-Hall mass is condensed. Said otherwise, the QCP is a simple fixed point with

one relevant direction being controlled by the boson mass m2
φ. The length scale ξ controlling

the spin-Hall mass condensation is then determined by the critical exponent ν−1 = d−∆φ2 .

The vector spin chirality connected correlation function depends on this length scale ξ and

on the scaling dimension ∆V given by min(∆φ,∆Ψ̄σaΨ) (see Tab. 1.3) at leading order in the

loop-expansion [19], scaling as 〈V (r) · V (0)〉c ∼ 1/r2∆V for r � ξ. In this case where the

monopole perturbation is a dangerously irrelevant operator, the two length scales ξs and ξ

are interdependent [19]. At intermediate scales ξ � L� ξs, the system is described by a

spin liquid where the spinons are gapped since a spin-Hall mass is condensed. At longer scale

L� ξs, the spinons are confined and the system is well described by the AFM phase.

1.8. Conclusion
We have computed the scaling dimension of monopole operators at the QCP of a confinement-

deconfinement transition between a DSL and an AFM phase in the large N expansion where

2N is the number of fermion flavors. We find that the lowest scaling dimension of monopole

operators at the QCP is always smaller than at the QED3 point. For the minimal magnetic

charge, this scaling dimension is ∆q=1/2 = (2N)0.19539 +O(N0). We have considered other

possible fermion “zero” modes dressings and found a hierachy in the scaling dimension of

different monopole operators. We also computed the lowest scaling dimension and the range

of the monopole operators scaling dimensions using a large q limit. In contrast, the case of

the transition to a chiral spin liquid, where a SU(2N) symmetric mass is condensed, was

shown to have the same leading order scaling dimension as QED3. To complement our large

N analysis, we also studied the RG flow of QED3 with a spin-dependent Yukawa coupling.

We found the existence of the QCP and computed critical exponents at one-loop using the

d = 4− ε expansion. We characterized the QCP in the case of a Kagome quantum magnet.

We mainly focused on the transition from a DSL to an antiferromagnet and oriented

our analysis towards its description. However, the results we obtained for the monopole

scaling dimension would be the same with the introduction of a valley-dependent interaction

(Ψ̄µΨ)2. We could do a similar development to obtain the scaling dimension of monopole

operators. By performing a large N expansion with N the number of spin components, the

same scaling dimensions are found. Now, the monopole operator with the lowest scaling
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dimension is the monopole in the valley triplet with eigenvalue −1 under µz. The results at

leading order 1/N is also unchanged whether we pick the SU(2)spin symmetric interaction

(Ψ̄σΨ)2 or an SU(2)spin symmetry breaking interaction like (Ψ̄σzΨ)2. A similar adaptation

can be made for a mixed spin-valley interaction like (Ψ̄µzσzΨ)2. In this case, the scaling

dimension is also the same at leading order. It would also be interesting to extend the

computation and obtain O(N0) corrections using the same methods as in Refs. [40, 41].
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1.A. Regularization of the integrated logarithm
The divergent integral

∫
dω ln(ω2 + a2) can be rewritten by using lnA = −dA−s/ds|s=0.

The resulting expression integrates to an hyper-geometric function∫ ∞
−∞

dω ln
(
ω2 + a2

)
= − d

ds

∫
dω

(
ω2 + a2

)−s ∣∣∣∣∣
s=0

= 2
(
− d

dsa
1−2s

[
ω 2F1

(1
2 ,s;

3
2;−ω2

)]
ω=∞

∣∣∣∣∣
s=0

)
, (1.A.1)

where it was assumed that a > 0, which is the case in the main text where a = {Mq, ε`}.

The analytic continuation then yields
∫ ∞
−∞

dω ln
(
ω2 + a2

)
= 2

− d
dsa

1−2s

√πΓ
(
−s− 1

2

)
2Γ(−s)

 ∣∣∣∣∣
s=0


= 2

(
−a d

ds
(
−πs+O

(
s2
)) ∣∣∣∣∣

s=0

)
= 2πa . (1.A.2)

Alternatively, we can also regularize this integral by introducing a frequency UV cut-off Λ

and by keeping only the finite part as it is taken to infinity∫ Λ

−Λ
dω ln

(
ω2 + a2

)
= 4Λ (ln(Λ)− 1) + 2πa+O

(
Λ−1

)
→ 2πa . (1.A.3)
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1.B. Saddle point equations for QED3− cHGN in a ther-

mal setup
In Sec. 1.3, we obtained the lowest scaling dimension ∆q of monopole operators in

QED3− cHGN. We did this by computing the leading order free energy F (0)
q (1.3.8) on

S2 ×R with appropriate magnetic flux. We saw that in the case of a SU(2N) symmetric in-

teraction, the computation should be performed on a compactified “time” direction R→ S1
β.

Here, we repeat the computation in the former theory now using the “thermal” setup,

F (0)
q = − 1

β
ln det

[
/D−iµ,Aq +Mqσz

]

= − 1
β

∑
σ=±1

∑
n∈Z

dq ln [ωn − iµ+ iσMq] +
∞∑

`=q+1
d` ln

[
(ωn − iµ)2 + ε2

`

] , (1.B.1)

where as before ε` is given by Eq.(1.3.21) and ωn are the Matsubara frequencies. First

taking the sum over the magnetic spin degrees of freedom and then regularizing the sum on

Matsubara frequencies, this expression becomes

F (0)
q = − 1

β

∑
n∈Z

dq ln
[
(ωn − iµ)2 +M2

q

]
+

∞∑
`=q+1

2d` ln
[
(ωn − iµ)2 + ε2

`

]
= − 1

β

dq ln [2 (cosh(βMq) + cosh(βµ))] +
∞∑

`=q+1
2d` ln [2 (cosh(βε`) + cosh(βµ))]

 .
(1.B.2)

The saddle point equations are

0 =
∂F (0)

q

∂µ
= −dq

(
sinh(βµ)

cosh(βMq) + cosh(βµ)

)
−

∞∑
`=q+1

2d`
(

sinh(βµ)
cosh(βε`) + cosh(βµ)

)
, (1.B.3)

0 =
∂F (0)

q

∂Mq

= −dq
(

sinh(βMq)
cosh(βMq) + cosh(βµ)

)
−

∞∑
`=q+1

2d`ε−1
` Mq

(
sinh(βε`)

cosh(βε`) + cosh(βµ)

)
.

(1.B.4)

The first saddle point equation is solved with µ = 0. This is the reason why the formalism

used in the present section is unnecessary, as it was mentioned in Sec. 1.5. Setting µ = 0 in

the second saddle point equation yields

0 =
∂F (0)

q

∂Mq

∣∣∣∣∣
µ=0

= −dq
(

sinh(βMq)
1 + cosh(βMq)

)
−

∞∑
`=q+1

2d`ε−1
` Mq

(
sinh(βε`)

1 + cosh(βε`)

)
. (1.B.5)
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We get the interesting result that Mq = 0 is a solution of this saddle point equation. This

solution was not observed by working directly on S2×R. AssumingMq > 0, the saddle point

equation at leading order in 1/β yields the following condition

0 = dq +
∞∑

`=q+1
2d`ε−1

` Mq , (1.B.6)

A non trivial solution Mq 6= 0 can be found numerically as in the main text. We distinguish

the trivial and non-trivial solutions by studying the second derivatives of the free energy

at these points. The second derivative in the µ direction designates imaginary fluctuations

of the gauge field and as such has no physical signification. We only compute the second

derivative in the Mq direction

∂2F (0)
q

∂M2
q

∣∣∣∣∣
µ=0

= −dq
(

β

1 + cosh(βMq)

)
−

∞∑
`=q+1

2d`


(
ε2
` −M2

q

)
sinh (βε`) + βM2

q ε`

ε3
` (1 + cosh (βε`))

 .

(1.B.7)

We study the cases Mq 6= 0 and Mq = 0 separately. We start with the former case. The

second derivative at leading order in 1/β is

∂2F (0)
q

∂M2
q

∣∣∣∣∣
µ=0,Mq 6=0

= −2
∑
`=q+1

d`
(
ε2
` −M2

q

)
ε3
`

. (1.B.8)

Using the saddle point condition (1.B.6) obtained for large β, this can be reformulated as

∂2F (0)
q

∂M2
q

∣∣∣∣∣
µ=0,Mq 6=0

= dq
1
Mq

+ 2
∞∑

`=q+1

M2
q

ε3
`

> 0 . (1.B.9)

The non trivial solution Mq 6= 0 thus corresponds to a minimum. The case of a vanishing

mass Mq = 0 is now studied. In the large β limit, the second derivative of the free energy at

leading order in 1/β is given by

∂2F (0)
q

∂M2
q

∣∣∣∣∣
µ=0,Mq=0

= −β4 < 0 . (1.B.10)

Thus, when setting µ = 0, Mq = 0 is a maximum.

1.C. Feynman diagrams computation
A RG study of the QED3− cHGNY model was shown in Sec.1.6. In the present section, we

compute the one-loop corrections to the wavefunction normalization and coupling constants

of this QFT necessary to obtain the RG flow equations shown in the main text.
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1.C.1. Feynman rules

We first write down the Feynman rules of the QED3− cHGNY field theory defined by

the lagrangian (1.6.1)

= Gsv;s′v′(p) ≡
〈
ψsv(p)ψ̄s′v′(p)

〉
= δss′δvv′

/p

p2 , (1.C.1)

= Dab(p) ≡ 〈φa(p)φb(−p)〉 = δab
p2 , (1.C.2)

= Πµν(p) ≡ 〈aµ(p)aν(−p)〉 = 1
p2

(
δµν + (ξ − 1) pµpν

p2

)
, (1.C.3)

= hσa , (1.C.4)

= ieγµ , (1.C.5)

= 8λ (δabδcd + δacδbd + δadδbc) , (1.C.6)

where ξ is the gauge-fixing parameter for the gauge field aµ. Here, ψsv is a two-component

Dirac spinor with magnetic spin s and valley index v. The mass perturbations can also be

treated as interactions with the following Feynman rules

= m2
φδab , (1.C.7)

= mψ , (1.C.8)

= m̃ψσa . (1.C.9)

1.C.2. Computation of one-loop Feynman diagrams

We now compute the one-loop Feynman diagrams using the Feynman rules in Sec.1.C.1.

First, let us introduce shorthand notation. The diagrams involve a momentum shell loop
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integral factor Ĩ

Ĩ =
∫ k=Λ

k=Λe−l

ddk
(2π)d

1
k4 =

(∫
dΩd−1

(2π)d
Λd−4

)
dl . (1.C.10)

The momentum space measure is also abbreviated as (dk) ≡ ddk/ (2π)d. As we write the

Feynman diagrams, we identify the corresponding correction to the normalization factors,

δZxi with xi ∈ {ψ, φ, a, e, h, λ}.

1.C.2.1. Three-point functions. We compute the vertex diagrams shown in Fig. 1.10

(a) (b) (c) (d)

Figure 1.10. One-loop vertex diagrams.

[1.10(a)] = hσa
(
δZ

(φ)
h

)
= h3

∫
(dk)σbG(k)σaG(k)σcDbc(k) = hσa

(
−h2 (Nb − 2) Ĩ

)
,

(1.C.11)

[1.10(b)] = hσa
(
δZ

(a)
h

)
= h (ie)2

∫
(dk) γµG(k)σaG(k)γνΠµν(k) = hσa

(
−e2 (d+ ξ − 1) Ĩ

)
,

(1.C.12)

[1.10(c)] = ieγα
(
δZ(φ)

e

)
= ie (−h)2

∫
(dk)σbG(k)γαG(k)σcDbc(k) = ieγα

(
−h2Nb

(
d− 2
d

)
Ĩ

)
.

(1.C.13)
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The last diagram involves a longer computation

[1.10(d)] = ieγα
(
δZ(a)

e

)
= ie (ie)2

∫
(dk) γµG(k)γαG(k)γνΠµν(k)

= ie (ie)2
∫

(dk) 1
k4γ

µγλγαγργν
[

1
d
δµνδλρ +

(
ξ − 1

d (d+ 2)

)(
δµνδλρ + δµλδνρ + δµρδνλ

)]

= ie (ie)2
∫

(dk) 1
k4

(d− 2)2

d
γα +

(
ξ − 1

d (d+ 2)

)[
(d− 2)2 γα + d2γα

+ γρ (4δαρ − (4− d) γαγρ)
]

= ieγα
(
−e2

(
d− 5 + 4

d
+ ξ

)
Ĩ
)
, (1.C.14)

where we used gamma identities

γµγαγβγµ = 4δαβ − (4− d) γαγβ , (1.C.15)

γµγνγργλγµ = −2γλγργν + (4− d) γνγργλ , (1.C.16)

and a symmetrization of momentum components appearing in loop integrals,

kλkρ → k2

d
δλρ , (1.C.17)

kαkβkγkδ → k4

d (d+ 2)
(
δαβδγδ + δαγδβδ + δαδδβγ

)
. (1.C.18)

1.C.2.2. Two-point functions. The two-point diagrams are shown in Fig. 1.11. The boson

(a) (b) (c) (d)

Figure 1.11. One-loop two-point diagrams.
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contribution to the fermion self-energy is

δZ
(φ)
ψ = − ∂

∂/p
[1.11(a)] = − (γµ)−1 ∂

∂pµ

(
(h)2

∫
(dk)σbG(p− k)σcDbc(k)

)

= (γµ)−1 (h)2
∫

(dk)σbG(p− k)∂G
−1(p− k)
∂pµ

G(p− k)σcDbc(k)

= (γµ)−1 (h)2
∫

(dk)σbG(p− k)γµG(p− k)σcDbc(k)

=
p→0

δZ(φ)
e . (1.C.19)

Similarly, the gauge field contribution is related to another vertex correction

δZ
(A)
ψ = − ∂

∂/p
[1.11(b)] = δZ(A)

e . (1.C.20)

These results are the one-loop version of the Ward identity. As for the boson φ self-energy,

it only gets a one-loop contribution by the fermion

[1.11(c)] = p2δab
(
−δZ(ψ)

φ

)
= − (h)2

∫
(dk) trσaG(k)σbG(k + p)

= − (h)2 (dσdµdγ) δab
∫

(dk) k · (k + p)
k2 (k + p)2

= − (h)2 (dσdµdγ) δab
∫ 1

0
dx
∫

(dk) (k − px) · (k + p (1− x))
[k2 + p2x (1− x)]2

= p2δab
(
2Nh2Ĩ

)
, (1.C.21)

where dσ, dµ and dγ are the size of the respective SU(2) representations, respectively 2, N

and 2, and where we introduced a Feynman parameter x. The gauge field also only gets a
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correction from the fermion

[1.11(d)] =
(
p2δµν − pµpν/p2

) (
−δZ(ψ)

a

)
= − (ie)2

∫
(dk) tr γµG(k)γνG(k + p)

= e2
∫

dx
∫

(dk)
tr γµ

(
/k − /px

)
γν
[(
/k + /p (1− x)

)]
[k2 + p2x (1− x)]2

= e2
∫

dx
∫

(dk)
tr (2−d)

d
k2γµγν − x (1− x) pαpβγµγαγνγβ

[k2 + p2x (1− x)]2

= 4Ne2
∫

dx
∫

(dk)
(2−d)
d
k2δµν − x (1− x) pαpβ

(
δµαδνβ − δµνδαβ + δµβδαν

)
[k2 + p2x (1− x)]2

= 4Ne2
∫

dx
∫

(dk)
δµν

[
(2−d)
d
k2 − p2

]
+ 2x (1− x) (δµνp2 − pµpν)

[k2 + p2x (1− x)]2
. (1.C.22)

The polarization tensor should be proportional to the transverse tensor δµν − pµpν/p2. This

form cannot be achieved with a cut-off regularization which breaks Lorentz invariance. Terms

that don’t satisfy this form are removed. Since a pµpν term cannot be generated by expansion

of the denominator, the pµpν term in the numerator serves as a reference to single out the

polarization tensor

[1.11(d)] =
(
p2δµν − pµpν/p2

) (
−δZ(ψ)

a

)
=
(
p2δµν − pµpν/p2

)(
4Ne2

(∫
dx 2x (1− x)

)
Ĩ
)

=
(
p2δµν − pµpν/p2

)(4N
3 e2Ĩ

)
. (1.C.23)

1.C.2.3. Four-point function. The four-point diagrams are shown in Fig. 1.12.

+ perm. + perm.

(a)

+ perm.

(b)

Figure 1.12. One-loop four-point diagrams.
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The boson autointeraction’s correction has a contribution from the boson

[1.12(a)] = 8λ (δabδcd + δacδbd + δadδbc)
(
δZφ

λ

)
= 1

2 [8λ (δabδef + δaeδbf + δafδbe)] [8λ (δcdδef + δceδdf + δcfδde)] Ĩ + perm.

= 8λ (δabδcd + δacδbd + δadδbc)
(
4 (Nb + 8)λĨ

)
, (1.C.24)

where the factor 1/2 is a symmetry factor. The fermion also contributes to the correction

[1.12(b)] = 8λ (δabδcd + δacδbd + δadδbc)
(
δZψ

λ

)
= −h4 (trσaσbσcσd + trσdσcσbσa) Ĩ

= 8λ (δabδcd + δacδbd + δadδbc)
(
−h4λ−1NĨ

)
. (1.C.25)

1.C.2.4. Mass perturbations. Diagrams corresponding to mass perturbation are shown in

Fig. 1.13. Some of the one-loop diagrams for the bilinear perturbations can be related to

(a) (b) (c) (d) (e)

Figure 1.13. One-loop diagrams corresponding to mass perturbations.

previously computed diagrams

[1.13(a)] = mψ

(
δZ(φ)

mψ

)
= mψNb

1
((2−Nb)h tr1) trσa[1.10(a)]a = mψ

(
Nbh

2Ĩ
)
, (1.C.26)

[1.13(b)] = mψ

(
δZ(a)

mψ

)
= mψ

1
(h tr1) trσa[1.10(b)]a = mψ

(
− (d+ ξ − 1) e2Ĩ

)
, (1.C.27)

[1.13(c)] = m̃ψσa
(
δZ

(φ)
m̃ψ

)
= m̃ψh

−1[1.10(a)]a = m̃ψσa
(
− (Nb − 2)h2Ĩ

)
, (1.C.28)

[1.13(d)] = m̃ψσa
(
δZ

(a)
m̃ψ

)
= m̃ψh

−1[1.10(b)]a = m̃ψσa
(
− (d+ ξ − 1) e2Ĩ

)
. (1.C.29)

Only the φ field mass correction requires a new computation

[1.13(e)] = m2
φδab

(
δZ

(φ)
m2
φ

)
= 1

2 8λ (δabδcd + δacδbd + δadδbc)
(
m2
φδcd

) ∫
(dk) 1

k4

= m2
φδab (4 (Nb + 2)λ) Ĩ . (1.C.30)
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1.C.3. Results

The renormalization constants are obtained by summing the corrections found above,

Zxi = 1 + ∑
Φ=φ,ψ,a δZ

(Φ)
xi

where xi ∈ {ψ, φ, a, e, h, λ}. In turn, this allows us to obtain the

coefficients γxi = −d lnZxi/dl ≈ −dZxi/dl defined in the main text in Eq. (1.6.9) which are

given by

γφ = 2Nh2 , (1.C.31)

γψ =
(
d− 5 + 4

d
+ ξ

)
e2 +Nb

(
d− 2
d

)
h2 , (1.C.32)

γa = 4N
3 e2 , (1.C.33)

γe = γψ , (1.C.34)

γh = (d+ ξ − 1) e2 + (Nb − 2)h2 , (1.C.35)

γλ = −4 (Nb + 8)λ+Nh4λ−1 , (1.C.36)

γm2
φ

= −4(Nb + 2)λ , (1.C.37)

γmψ = (d+ ξ − 1)e2 −Nbh
2 , (1.C.38)

γm̃ψ = (d+ ξ − 1)e2 + (Nb − 2)h2 , (1.C.39)

where we have eliminated the loop integral factor by rescaling the coupling constants

(e2, h2, λ)→
(∫

dΩd−1

(2π)d
Λd−4

)−1

(e2, h2, λ) . (1.C.40)
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Chapitre 2

Monopole hierarchy in transitions out of a

Dirac spin liquid

É. Dupuis et W. Witczak-Krempa, Annals of Physics, p. 168496, Mai 2021.

Abstract. Quantum spin liquids host novel emergent excitations, such as monopoles of

an emergent gauge field. Here, we study the hierarchy of monopole operators that emerges

at quantum critical points (QCPs) between a two-dimensional Dirac spin liquid and various

ordered phases. This is described by a confinement transition of quantum electrodynamics in

two spatial dimensions (QED3 Gross-Neveu theories). Focusing on a spin ordering transition,

we get the scaling dimension of monopoles at leading order in a large-N expansion, where

2N is the number of Dirac fermions, as a function of the monopole’s total magnetic spin.

Monopoles with a maximal spin have the smallest scaling dimension while monopoles with a

vanishing magnetic spin have the largest one, the same as in pure QED3. The organization of

monopoles in multiplets of the QCP’s symmetry group SU(2)× SU(N) is shown for general

N.

2.1. Introduction
Anderson first proposed the idea of a quantum spin liquid, an insulator state emerging in

frustrated quantum magnets [1]. To formulate this, he used the idea of a resonating valence

bond theory which describes a highly entangled state. It was later realized that these kinds

of systems can indeed host exotic phases of matter with fractional excitations and emergent



gauge fields that evade Landau paradigms. These states motivated the study of gauge theories

in a condensed matter context. An important example is the Dirac spin liquid (DSL) which

is described by quantum electrodynamics in 2 + 1 dimensions (QED3) with 2N flavors of

gapless Dirac fermions, with typically 2N = 4 Dirac cones in quantum magnets.

The formulation of the QED3 model is rather simple, i.e. an abelian gauge field coupled

to fermionic matter. Nevertheless, it is a strongly coupled theory with a non-trivial IR limit.

The model flows to an interacting fixed point for N large enough while its exhibits a chiral

symmetry breaking below some finite number of fermion flavors [2–5]. Many recent investi-

gations still explore this dynamical mass generation as well as other aspects of QED3 [6–13].

When the UV divergences of QED3 are regularized by a lattice, as it is naturally the case in

condensed matter systems, one also has to account for the compact nature of the U(1) gauge

field. 1 This aspect implies the existence of topological disorder operators called monopole

or instanton operators [14].

While monopoles confine the gauge field in a pure gauge theory [15], a sufficient number

of massless matter flavors screening the monopoles prevents their proliferation. The scaling

dimensions of monopoles operators determine whether or not monopoles are relevant and

destabilize the QED3 phase. Computations at leading order [14] and subleading order [16]

in 1/N using the state-operator correspondence indicate a stable theory for 2N ≥ 12. This

result was recently confirmed with Monte Carlo in the non-compact QED3 where monopoles

are probed using the background field method [17]. Conformal bootstrap bounds relating

simply and doubly charged monopoles also yield coherent results [18, 19]. To characterize

the stability of a DSL, it should also be known which monopole charges are allowed by lattice

symmetries. The first results in this regard were obtained on the square and Kagome lattices

[20, 21] and were followed by a comprehensive analysis of the monopole transformation

properties under many lattice symmetries [22, 23].

Monopole operators have been studied in many other contexts with and without super-

symmetry, including non-abelian gauge theories and Chern-Simons Matter theories [19, 24–

28]. In fact, monopole operators were first studied in a bosonic theory, the CP1 model. This

is the prototype model for deconfined criticality [29–32], i.e. QCPs with emergent enlarged

symmetry and fractionalized excitations separating classical Landau phases. The monopoles

1Throughout the text, the theories we describe are assumed to be compact unless stated otherwise.
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in this model describe a valence bond solid (VBS) order. Their scaling dimension have been

obtained at leading order [33, 34] and subleading order [35, 36] in 1/Nb, at order O(q0N0
b )

in the 1/q and 1/Nb expansion [37], and with numerical methods on various lattices [38–40].

Another interesting aspect of this model is its conjectured duality with the QED3-Gross-

Neveu model (QED3-GN) with N = 2 fermion flavors [41]. The non-compact realization of

this latter model has been studied in Refs. [42–47]. In the compact version of QED3-GN, the

scaling dimension of monopole operators at leading order in 1/N were found to be the same

as in QED3 [48, 49].

The QED3-GN model also underlies an important aspect of the DSL, which is that this

phase has been described as the parent state for many spin liquids [22, 23, 50]. Indeed, the

QED3-GN model describes the QPT from the DSL to a chiral spin liquid which is induced

by tuning a flavor symmetry preserving a Gross-Neveu interaction in QED3 [51]. By tuning

other Gross-Neveu like interactions in QED3, it is also possible to describe transitions to

confined phases. As a flavor-dependent fermion self-interaction is tuned, fermions become

gapped and their screening effect is lost, letting monopoles proliferate [52, 53].2 This leads

to an interesting scenario in the Kagome Heisenberg antiferromagnet whose ground state

is putatively described by the DSL with N = 2 valleys [54]. The confinement of this QSL

to a coplanar antiferromagnet is described by QED3 with a chiral Heisenberg Gross-Neveu

interaction (QED3-cHGN). In this model, a spin-Hall mass is condensed which in turn drives

the condensation of monopoles with spin quantum numbers yielding the antiferromagnetic

order [21, 53].

Monopole scaling dimensions in QED3-cHGN were obtained at leading order in 1/N in

Ref. [48]. The minimal monopole scaling dimension obtained is lower than in QED3. A hie-

rarchy among monopole operators with different quantum numbers was also found, but a

proper complete treatment is still lacking. The objective of this paper is to put the hierarchy

on a formal footing both qualitatively and quantitatively. An improved characterization of

monopole scaling dimensions in QED3-cHGN will yield further analytical results which offer

more testing ground for experimental and numerical explorations of this system. Similarly, a

2This scheme does not apply to QED3-GN where the symmetric fermion mass generates a Chern-Simons

term which prevents monopole proliferation.
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hierarchy of monopole operators was described in Chern-Simons Matter theories for mono-

poles with varying Lorentz spins.3 At leading order in 1/N , these operators share the same

scaling dimension, but the degeneracy is lifted by higher order corrections. This effect was

also seen in the conformal bootstrap [19]. The hierarchy considered in this work is instead

among monopoles with different flavor quantum numbers. The degeneracy lifting is natural

as the QED3 flavor symmetry is partially broken at the QCP, i.e. in the QED3-cHGN model.

The paper is organized as follows. In the following section, we define the QED3-cHGN

theory, and review the role of monopole operators and how different monopole types are

distinguished by the fermionic self-interaction in this model. In Sec. 2.3, we obtain the sca-

ling dimensions of monopoles as a function of their total magnetic spin to put the monopole

hierarchy on a formal footing. In Sec. 2.4, the scaling dimensions of monopoles are computed

with an analytical approximation valid for large values of the topological charge. We inter-

pret these results in Sec. 2.5 as a degeneracy lifting of monopoles in QED3 as we organize

monopoles in multiplets of the reduced flavor symmetry group describing QED3-cHGN. In

Sec. 2.6, we summarize our results. In App. 2.A and App. 2.B, more general forms of the gap

equations appearing in Sec. 2.3 are studied to justify the restricted analysis presented in the

main text. In App. 2.C, it is shown why a particular region of parameters spaces does not

yield solutions of the gap equations. In App. 2.D, the diverging sums appearing in Sec. 2.3 are

regularized. In App. 2.E, the representation of monopoles with minimal topological charge

for the N = 2 QCP is explicitly constructed. In App. 2.F, we show the detailed computations

yielding the symmetry reduction shown in Sec. 2.5. We also discuss how the analysis in this

section may be extended to q > 1/2.

2.2. Model
Let us consider 2N flavors of massless two-component Dirac fermions, ψA where A =

1,2, . . . , 2N . In a condensed matter language, these degrees of freedom correspond to the

magnetic spin ↑, ↓ and N nodes in momentum space, typically N = 2 in quantum magnets.

These fermions correspond to the spinons, the spin-1/2 quasiparticles emerging from the

3Monopole operators are not necessarily Lorentz scalars in Ref. [19] as opposed to the stricter definition

provided in Ref. [14].
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fractionalization of a spin−1 excitations in a quantum magnet. As crucially noted by Bas-

karan and Anderson [55], such a parton decomposition has a local gauge symmetry, which

in turn implies the existence of a gauge field in the low energy description. In particular, we

consider the QED3-cHGN model, whose action in Euclidean signature is given by

S =
∫
d3x

[
−Ψ̄ /DaΨ−

h2

2
(
Ψ̄σΨ

)2
]

+ . . . . (2.2.1)

The fermions are organized in a flavor spinor, Ψ =
(
ψ1, ψ2, . . . ,ψ2N

)ᵀ
. The adjoint spinor is

given by Ψ̄ = Ψ†γ0, where the Dirac matrices γµ act on Lorentz spinor components and may

be written in terms of Pauli matrices τi as γµ = (τ3, τ2,−τ1). The gauge covariant derivative
/Da acting on fermions is given by

/Da = γµ (∂µ − iaµ) , (2.2.2)

where aµ is a U(1) gauge field. The cHGN interaction term has a coupling strength h and

is defined with a Pauli matrix vector σ acting on the SU(2) magnetic spin subspace. The

ellipsis denotes the Maxwell free action and the contribution from monopole operatorsM†
q.

These topological disorder operators owe their existence to the compact nature of the

U(1) gauge field which implies a 2π quantization of the gauge field’s flux. Monopole operators

insert integer multiples of the quantum flux 4πq where 2q ∈ Z. Formally, the charge q may

defined by the action of the topological current operator jµtop(x) = 1
2π ε

µνρ∂νaρ(x) on the

monopole operatorM†
q that can be developed with the operator product expansion [14]

jµtop(x)M†
q(0) ∼ q

2π
xµ

|x|3
M†

q(0) + · · · , (2.2.3)

where the ellipsis denotes less singular terms as |x| → 0. The prefactor corresponds to the

magnetic field of a Dirac monopole with charge q. We emphasize that a monopole opera-

tor creates a topological configuration in the emergent gauge field which is not related to

magnetism in the original system.

We can first begin the description of the quantum phase transition (QPT) by analyzing

the non-compact QED3-cHGN model. For a sufficiently strong coupling strength h > hc, a

spin-Hall mass is condensed n̂ · 〈Ψ̄σΨ〉 > 0. By using a zeta regularization to find the critical

coupling, the effective action at the quantum critical point (QCP) is given by [48]

Sceff = −N ln det
(
/Da + φ · σ

)
, (2.2.4)
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where φ is an auxiliary vector boson decoupling the cHGN interaction.

However, this picture is incomplete. Even if the monopole operators at the QCP are

irrelevant and a U(1)top global symmetry emerges in the infrared, the monopole operators

will be dangerously irrelevant. While gapless matter in QED3 may screen the monopoles [14]

and prevent the confinement observed in a pure U(1) gauge theory [56], the situation changes

as fermions are gapped. Their screening effect is lost following the condensation of the spin-

Hall mass which in turn drives the proliferation of spin-polarized monopoles [52, 53]. This

confines the fermions, or in the context of quantum magnets, recombines the spinons that

are fractionalized excitations of the underlying spin system. Monopole operators are thus an

essential ingredient to properly understand this confinement-deconfinement transition.

A monopole at the QCP is characterized by its scaling dimension ∆Mq that controls the

scaling behaviour of the two-point correlation function

〈Mq(x)M†
q(0)〉 ∼ 1

|x|2∆Mq
. (2.2.5)

Since the model at the QCP is a conformal field theory, the state-operator correspondence

can be used to obtain this critical exponent [57]. More precisely, the correspondence implies

that within the set of 4πq flux operators, the minimal scaling dimension ∆q is equal to the

ground state of an alternate theory, namely the QED3-GN model defined on S2 × R with a

flux Φ = 4πq piercing the two-sphere. The external gauge field sourcing this flux Φ =
∫

dAq

may be written as

Aq(x) = q(1− cos θ)dφ , (2.2.6)

or Aqφ = q(1− cos θ)/ sin θ in components notation. The singularity at θ = π can be compen-

sated by a Dirac string which imposes the Dirac condition on the topological charge 2q ∈ Z

as the string must remain invisible. By computing the free energy of this alternate theory,

the scaling dimension ∆q was computed at leading order in 1/N [48]. This scaling dimension

obtained is smaller than in QED3 and, specifically for the minimal monopole charge, is given

by ∆1/2 = 2N × 0.195 +O(1/N0).

As mentioned earlier, spin-polarized monopoles are favored by the spin-Hall mass conden-

sation and yield the order parameter. It is useful to compare how different types of monopole

operators behave at the QCP. We first precise what is meant by “types” of monopoles. While

all monopole operators with a charge q insert the same flux, they are distinguished by the
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different possible fermion modes dressings that define supplementary quantum numbers. The

fermion occupation also determines Lorentz and gauge properties. For example, a flux ope-

rator with a vanishing fermion number is constructed by filling half of the fermion modes

[14, 48]. Among these fermion modes, there are 4|q|N special fermion zero modes which owe

their existence to the topological charge q of the flux operators [58]. By filling all negative

energy modes and half of the zero modes, a flux operator with vanishing fermion number

and a minimal scaling dimension is obtained. The zero modes occupation can be further

constrained to select only operators with a vanishing Lorentz spin. This means that varying

which zero modes are dressed defines a set of distinct 4πq flux operators which are Lorentz

scalars, and have equal and minimal scaling dimensions. Those are the monopole operators

of QED3 [14].

The situation is slightly different in QED3-cHGN. In the mean field theory, monopoles

at the QCP are described by a non-vanishing spin-Hall mass 〈φ〉Aq ,S2×R = Mqn̂ coming

from the cHGN interaction.4 This parameter most notably confers a non-vanishing energy to

the zero modes. This affects the scaling dimension of a monopole which is lowered by anti-

aligning the spin-Hall mass and the monopole magnetic spin polarization. Monopoles with

different “zero” modes 5 occupation may then have different scaling dimensions, i.e. there

is a monopole hierarchy in QED3-cHGN. While the hierarchy was partly explored though

this prism in Ref. [48], here we provide a more complete and accurate discussion on this

point. Notably, here the spin-Hall mass is not fixed by the monopole with the lowest scaling

dimension, it can instead vary in amplitude and orientation for each type of monopole. In

this manner, we characterize the hierarchy among monopoles operators by obtaining the

scaling dimension as a function of the monopole magnetic spin s in Sec. 2.3. We then show

in Sec. 2.5 how monopoles are organized as irreducible representations of the QCP symmetry

group SU(2)× SU(N) and how this makes contact with the scaling dimension results.

4We emphasize that a spin-Hall mass is condensed for the system of fermions put on the compactified

spacetime S2×R, where the sphere is pierced by a 4πq flux. In the original flat space formulation describing

the confinement-deconfinement transition, the fermions are gapless at the QCP.
5Since these modes do not have a vanishing energy but nevertheless keep their topological origin and

their chiral aspect, we refer to them as “zero” modes.
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2.3. Scaling dimension with fixed spin

2.3.1. Constraining the monopole magnetic spin

We now determine the scaling dimension of monopole operators Mq;s with topological

charge q and with magnetic spin s. The minimal scaling dimension in this sector, ∆q;s, is

obtained through the state-operator correspondence

∆q;s = lim
β→∞

Fq;s ≡ − lim
β→∞

β−1 lnZs[Aq] , (2.3.1)

where Fq;s is the rescaled free energy. The partition function and free energy define a ground

state for an alternate version of the QED3-cHGN action at the QCP (2.2.4). As discussed

in the previous section, this alternate model is defined on a compactified spacetime S2×S1
β,

where the “time” 6 direction is also taken compact as it is regularized on a “thermal” circle

with radius β. Additionally, an external magnetic field Aq (2.2.6) is added to encode the flux

of the monopole operator. Finally, the magnetic spin s of the monopole operator is selected

by the inclusion of a Lagrange multiplier field µS in the action

ScS2×S1
β
[Aq] + βµS

(
s(s+ 1)− S2

)
, (2.3.2)

where we introduced the total spin operator (averaged over time)

S = β−1
∫
S2×S1

β

Ψ̄γ0
σ
2 Ψ . (2.3.3)

More explicitly, this operator may be written as S = β−1 ∫
S2×S1

β
Ψ† σ2 Ψ. The lagrange mul-

tiplier equation yields the constraint 〈S2〉 = s(s + 1) which sets the magnetic spin of the

monopole operator.

Since a monopole operator is dressed with half of the 4|q|N fermion “zero” modes, its

maximal spin is smax = |q|N . This corresponds to configurations where only “zero” modes

with the same spin-1/2 polarization are filled. On the other hand, a monopole with a minimal

spin smin = 0 is obtained by dressing an equal proportion of “zero” modes with opposite

spins.7 The magnetic spin of a monopole obtained by filling the Dirac sea and half of the
6Here and throughout the text, we put quotes to emphasize that this is not the original time direction

on R3 but rather the real direction obtained with conformal transformation R3 → S2 × R.
7In fact, this is not possible for odd N as one “zero” mode always remains unmatched, i.e. smin = 1/2.

However, this effect is subleading in 1/N and we only focus on the leading order.
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zero modes is thus bounded as

0 ≤ s ≤ |q|N . (2.3.4)

2.3.2. Free energy at leading order in 1/N

The interaction added in Eq. (2.3.2) to the QED3-cHGN action to constrain the total

monopole spin is quartic in fermions and can be decoupled with an auxiliary boson field χ.

As the spin-squared interaction is not diagonal in spacetime S2 = β−2(
∫
x Ψ̄γ0

σ
2 Ψ ·

∫
y Ψ̄γ0

σ
2 Ψ),

we should in principle introduce the boson in the same way. However, as we only seek to

describe the free energy at leading order, we may replace the spin interaction with a diagonal

formulation S2 → V β−1 ∫
x(Ψ̄γ0

σ
2 Ψ)2, where V =

∫
S2
√
gd2x is the area of the two-sphere S2.

This will not affect the results as the expectation value is taken to be homogeneous. The

auxiliary boson may then be introduced as the following resolution of the identity∫
Dχ exp

{
−
∫ χ2

2V

}
=
∫
Dχ exp

{
−
∫ 1

2V
(
χ− V

√
2µS

(
Ψ̄γ0

σ
2 Ψ
))2

}
. (2.3.5)

For later convenience, we note that the equation of motion for χ relates the expectation

value of the boson to the spin polarization as

〈χ〉√
2µS

= V 〈Ψ̄γ0
σ
2 Ψ〉 . (2.3.6)

With this auxiliary boson χ (and the boson φ decoupling the cHGN interaction in the

original model QED3-cHGN), fermions in the action (2.3.2) can be integrated out, yielding

the following effective action

S ′ceff =−N ln det
(
/Da,Aq −

√
µS
2 χ · γ0σ + φ · σ

)
+ βµSs(s+ 1) +

∫ χ2

2V . (2.3.7)

We can now compute the free energy (2.3.1) using a large-N expansion corresponding to

a saddle point expansion of the effective action. The leading order will be obtained by

computing the saddle point value of the effective action

F L.O.
q;s = NF (0)

q;s = 1
β
S ′ceff

∣∣∣
Saddle pt.

. (2.3.8)

We take the saddle point configurations to be homogeneous. The two auxiliary bosons

are SU(2)Spin vectors 8 and one of them may be oriented along ẑ without loss of generality.
8By SU(2)Spin vectors, we only refer to the spin flavor group without specifying transformation properties

under time reversal.
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We orient the first auxiliary boson φ along a general unit vector n̂,

〈φ〉 = Mqn̂ , (2.3.9)

where Mq > 0 is a spin-Hall mass.9 The second boson can then be written simply as

〈χ〉 = Pz ẑ =
√

2µSmsẑ , (2.3.10)

where the spin polarization ms (2.3.6) can be positive, negative or zero. As for the dynamical

gauge field, gauge invariance requires its expectation value to vanish 〈aµ〉 = 0.10

These mean field ansatz are inserted in the effective action. The free energy can be

further simplified by recognizing that the spin variables scale as N since their magnitude can

be formulated as a fraction of the total number of fermion “zero” modes (2.3.4). With this

in mind, a subleading term in the total spin charge s(s+ 1) = s2 +O(N1) is dropped and

the total spin and spin polarization s, ms → Ns,Nms are rescaled. The rescaled total spin

is thus bounded from above by smax = q, i.e. smax = 1/2 for the minimal topological charge.

The free energy then becomes

F (0)
q;s = fq;s + µ′

ms

(
s2 +m2

s

)
, (2.3.11)

where fq;s is the determinant operator

fq;s = −β−1 ln det
(
/D−iµ′σz ,Aq +Mqn̂ · σ

)
, (2.3.12)

and where we defined

µ′ = µSms . (2.3.13)

The saddle point parameters must solve the gap equations and minimize the free energy.

Before determining them, we need to reexpress the free energy by developing the determinant

operator. In QED3-cHGN [48], the basis of spinor monopole harmonics can be used to diago-

nalize the determinant operator. The procedure is a simple generalization of the pure QED3

case [16, 24]. Here, the formulation is a bit more involved since the spin-Hall mass and the

spin polarization are not necessarily along the same axis. The analysis of the gap equations
9The spin-Hall mass could be written as Mq;s since its value will depend on the magnetic spin s. We

omit this index for simplicity.
10In fact, the gauge field may have a non-trivial holonomy on the “thermal” circle i

∫ β
0 dτ〈a0〉 6= 0.

However, in the zero “temperature” limit, it is sufficient to take 〈a0〉 = 0. See App. 2.A
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for a general orientation of the spin-Hall mass Mq = Mq(sinϑ cosϕ, sinϑ sinϕ, cosϑ) is pre-

sented in App. 2.B. Free energy minima are found for (ϑ = 0,ms < 0) and (ϑ = π,ms > 0),

that is anti-aligned auxiliary bosons. The only other solution is found for ϑ = π/2, but it

yields a larger scaling dimension and can thus be discarded as it does not correspond to a

global minimum of the free energy. This confirms that the monopole with the minimal scaling

dimension has anti-aligned spin-Hall mass condensate and spin polarization, as interpreted

in Ref. [48]. In the main text, we present the analysis for the simplified ansatz Mq = Mqẑ,

where Mq > 0.

The determinant operator (2.3.12) can be diagonalized by introducing spinor monopole

harmonics S±q,`,m. These functions diagonalize generalized total spinor operator J2
q → j±(j±+

1), where j± = ` ± 1/2. The azimuthal and magnetic quantum numbers, respectively ` ∈

{|q|, |q| + 1, . . .} and m ∈ {−`,−` + 1, . . . `}, define the eigenvalues of L2
q and Lzq which are

diagonalized by monopole harmonics [59] which serve as components of the spinor monopole

harmonics. For minimal angular momentum ` = |q|, only the S±q,|q|,m spinor exists and it

corresponds to a zero mode of the Dirac operator. In the j = `− 1/2 basis (S+
q;`−1,m, S

−
q;`,m)ᵀ,

the Dirac operator becomes a matrix with c-number entries [14]. As for the spin-Hall mass, its

contribution is diagonal in this basis as noted in Ref. [48]. The resulting diagonal determinant

operator therein is adapted by shifting the Matsubara frequency to account for the presence

of the spin chemical potential

fq;s =− 1
β

∑
σ=±1

∑
n∈Z

[
dq ln

(
ωn − iµ′σ + iσMq

)
+
∞∑

`=q+1
d` ln

(
(ωn − iµ′σ)2 + ε2

`

)]
, (2.3.14)

where ε` is the energy and d` is the degeneracy

ε` =
√
`2 − q2 +M2

q , d` = 2` , (2.3.15)

and ωn are the fermionic Mastubara frequencies

ωn = 2π
β

(n+ 1/2) , n ∈ Z . (2.3.16)

Note that the energy ε` is dimensionless as we choose units where the radius of the two-sphere√
V/(4π) is equal to one. Also, we have supposed that the topological charge is positive q > 0.

In the end, the monopole scaling dimension is independent of the sign of the charge. Taking
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the sum over Mastubara frequencies11, Eq. (2.3.14) is simplified to

fq;s = −β−1
[
dq ln

(
2 [1 + cosh(β(Mq − µ′))]

)
+

∞∑
`=q+1

2d` ln
(
2 [cosh(βε`) + cosh(βµ′)]

)]
.

(2.3.17)

2.3.3. Solving the gap equations

We now obtain the gap equations by varying the free energy with respect to the original

saddle point parameters Mq, µS, Pz

∂Mqfq;s = 0 , (2.3.18)

1
2ms∂µ′fq;s + s2 = 0 , (2.3.19)√
µS
2 ∂µ′fq;s + Pz = 0 . (2.3.20)

The last gap equation could be solved with µS = Pz = 0, but this yields unphysical results

(see App. 2.C). Instead, if we take µS 6= 0 and Pz 6= 0, the third gap equation can be written

as

∂µ′fq;s = −2ms , (2.3.21)

where we used Eq. (2.3.10). The LHS can be developed explicitly as

∂µ′fq;s = dq

(
sinh(β(Mq − µ′))

1 + cosh(β(Mq − µ′))

)
− 2

∞∑
`=q+1

d`

(
sinh(βµ′)

cosh(βε`) + cosh(βµ′)

)
. (2.3.22)

By taking µ′ as

µ′ = Mq + β−1 ln
(

1 + 2ms/dq
1− 2ms/dq

)
, (2.3.23)

the sum in Eq. (2.3.22) vanishes at leading order in 1/β since µ′ < εq+1 while the first term

in Eq. (2.3.22) yields the required result (2.3.21). Inserting this in the second gap equation

(2.3.19), we obtain

m2
s = s2 . (2.3.24)

11We may define M̃q = Mq − µ′ in the first term and µ̃ = µσ in the second term, and directly read

results from Ref. [48]
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This means that the polarization is maximized. We turn to the remaining gap equation for

Mq. The derivative of the determinant operator with respect to Mq is given by

∂Mqfq;s = −dq
(

sinh(β(Mq − µ′))
1 + cosh(β(Mq − µ′))

)
− 2Mq

∞∑
`=q+1

d`ε
−1
` sinh(βε`)

cosh(βε`) + cosh(βµ′) . (2.3.25)

Inserting in this expression the result for µ′ (2.3.23), the first gap equation (2.3.18) becomes

2ms − 2Mq
∑
` d`ε

−1
` = 0. A positive solution for Mq can only be found for ms < 0. This

shows, as mentioned above, that the spin polarization and the spin-Hall mass should be

anti-aligned. Taking ms = −s, the gap equation then becomes

−2s− 2Mq

∞∑
`=q+1

d`ε
−1
` = 0 . (2.3.26)

This equation can be solved for any allowed spin 0 ≤ s ≤ dq/2. We discuss its solutions later

on.

We first turn to the computation of the free energy and the scaling dimension. Using the

solution for µ′ (2.3.23), the determinant operator (2.3.12) at leading order in 1/β is given by

−2∑` d`ε`. The rest of the free energy (2.3.11) is reexpressed using µ′ = Mq +O(1/β) and

ms = −s 12. Taking the zero “temperature” limit of the resulting free energy, we obtain the

scaling dimension at leading order in 1/N

∆q;s = −2N
(
sMq +

∞∑
`=q+1

d`ε`

)
+O(1/N0) . (2.3.27)

2.3.4. Scaling dimension and spin-Hall mass

The last result (2.3.27) shows how monopoles with the largest spin s have a minimal

contribution of the spin-Hall mass to their scaling dimension. The only remaining parameter

is the spin-Hall mass Mq as other fields were evaluated. This mass can be obtained by

solving numerically a regularized version of the gap equation (2.3.26). Inserting this result

in a regularized version of Eq. (2.3.27), the monopole scaling dimension with spin s is found.

Both regularized expressions are shown in App. 2.D. Here, we simply show their solutions

for multiple values of s.
12Combining Eqs. (2.3.10) and (2.3.13), we may note that Pz =

√
2µ′ms, which, since µ′ > 0 and

ms < 0, is imaginary. As χ is an auxiliary boson introduced as a resolution of the identity (2.3.5), an

imaginary expectation value poses no problem : A gaussian integral shifted in the complex plane yields the

same result.
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The spin-Hall massMq and the scaling dimension ∆q;s for the minimal topological charge

q = 1/2 are shown as a function of the total magnetic spin s in Fig. 2.1. For the maximal

Δ1/2;s /(2 N)

M1/2

0.2 0.4 0.6 0.8 10.60

0

0.05

0.1

0.15

0.2

0.25

s / (N/2)

Figure 2.1. Scaling dimension ∆q;s per number of fermion flavors 2N and spin-Hall mass

Mq as a function of the magnetic spin s for a minimal topological charge q = 1/2. The spin

is expressed as a fraction of its maximal value smax = N/2. Here, the spin s is not rescaled

by N .

spin smax = dq/2, the gap equation and the minimal scaling dimension in the 4πq sector of

QED3-cHGN found in Ref. [48] are retrieved, that is ∆q;smax = ∆QED3-cHGN
q . More explicitly,

the scaling dimension is given by

∆q;smax = −N
(
dqMq + 2

∑
`

d`ε`

)∣∣∣∣
Saddle pt.

+O(N0) , (2.3.28)

where the spin-Hall mass is evaluated at its saddle point value found by solving the gap

equation (2.3.26) for s = smax. The last expression for ∆q;smax yields the minimal scaling

dimension ∆QED3-cHGN
q found in Ref. [48]. For a minimal spin smin = 0, the mass at saddle

point vanishes. In turn, this means that the leading order scaling dimension corresponds to

the monopole scaling dimension in pure QED3, ∆q;smin = ∆QED3
q , or, more explicitly,

∆q;0 = −2N
∑
`

d`ε`|Mq=0 +O(N0) . (2.3.29)
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The scaling dimension ranges between these values for intermediate values of the spin smin <

s < smax

∆QED3-cHGN
q ≤ ∆QED3-cHGN

Mq
≤ ∆QED3

q , L.O. in 1/N . (2.3.30)

This result includes the effect of fermion occupation on the massMq. This aspect was neglec-

ted in Ref. [48] where the mass was considered fixed in orientation and amplitude, defined

as to yield the smallest possible lower bound for scaling dimensions in the 4πq sector. The

operator corresponding to this minimal scaling dimension was dubbed “spin down” mono-

pole and other monopoles were obtained by modifying its “zero” modes occupation. Here, by

finding an optimal spin-Hall mass parameter in each spin sector, a smaller upper boundary

on monopole scaling dimensions in QED3-cHGN (2.3.30) is found. This is schematized in

Fig. 2.2 for the case q = 1/2 and N = 2.

E 

(a)

E 

(b)

Figure 2.2. Schematic representation of the fermion modes dressing of monopole operators

with N = 2 valleys v = L,R and a minimal topological charge q = 1/2. (a) The s = 1,ms =

−1 monopole is described by a non-vanishing spin-Hall mass 〈Ψ̄σΨ〉 ∝ Mqẑ where Mq > 0.

(b) A spin singlet monopole (s = ms = 0) is described by a vanishing spin-Hall massMq = 0.

Here, the monopole polarized along the L valley is shown.

This hierarchy is characterized explicitly for various values of magnetic spin and topolo-

gical charge. Monopole scaling dimensions obtained numerically are shown in Fig. 2.3. Every
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q = 1/2 monopole has a smaller scaling dimension than monopoles with larger topological

charges q. This is not necessarily the case for other monopoles, e.g. ∆4;smin > ∆5;smax . Analy-

tical approximations for the scaling dimensions obtained with a large-q expansion and shown

in Table 2.1 are also plotted in Fig. 2.3. There is a good agreement with the numerical results

even for small values of the topological charge.

s / smax

0
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1
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0.195
0.265

0.460
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Figure 2.3. Scaling dimension ∆q;s per number of fermion flavors 2N as a function of q for

s/smax = {0, 1/2, 3/4, 1} where smax = qN . The lines correspond to analytical approxima-

tions of the scaling dimensions obtained through a large-q expansion and shown in Table 2.1.

2.4. Scaling dimensions for large-q
The scaling dimension of monopole operators may also be approximated by an analytical

expression obtained with a large-q expansion. The expansion was presented in Ref. [48] for

the monopole with maximal spin and minimal scaling dimension. Building on this result,

analytical approximations were also proposed for other types of monopoles, but these results

again neglected the backreaction of the “zero“ modes occupation on the spin-Hall mass. Here,

we show the proper analysis for any magnetic spin s.

To start this computation, we may read the unregularized free energy (at zero tempe-

rature) off the scaling dimension (2.3.27) with the relation ∆q;s = NF (0)
q;s + . . . By changing
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the summation index `→ `+ q + 1, the free energy becomes

F (0)
q = −4qMqs̃− 4

∞∑
`=0

(`+ q + 1)
√

(`+ q + 1)2 − q2 +M2
q , (2.4.1)

where we introduced s̃ ≡ s/smax in order to factorize the dependence on q. The saddle point

equation is then given by

−4qs̃− 4Mq

∞∑
`=0

`+ q + 1√
(`+ q + 1)2 +M2

q − q2
= 0 . (2.4.2)

Inserting the following mass squared ansatz

M2
q = 2χ0q + χ1 +O(q−1) , (2.4.3)

the free energy (2.4.1) and the gap equation (2.4.2) can be expanded in powers of 1/q,

respectively

1
2F

(0)
q = −2

√
2q3/2

(
ζ−1/2 + s̃χ

1/2
0

)
− q1/2
√

2

((
χ2

0 + χ1
)
ζ1/2

− 6χ0ζ−1/2 + 5ζ−3/2 + s̃χ1χ
−1/2
0

)
+O(q−1/2) .

(2.4.4)

and

0 = 4q1/2
(
ζ1/2 + s̃χ

−1/2
0

)
− q−1/2

( (
χ1 + χ2

0

)
ζ3/2

+ 2χ0ζ1/2 − 3ζ−1/2 + s̃χ1χ
−3/2
0

)
+O(q−3/2) ,

(2.4.5)

where ζn ≡ ζ(n, 1 +χ0) is the zeta function used to regularize ∑l=0(l + (1 + χ0))−n. The gap

equation at leading order yields a transcendental condition defining χ0 while χ1 is determined

by a linear condition at next-to-leading order

ζ1/2 + s̃χ
−1/2
0 = 0 , (2.4.6)

χ1 +
2χ3/2

0

(
χ2

0ζ3/2 + 2χ0ζ1/2 − 3ζ−1/2
)

s̃+ χ
3/2
0 ζ3/2

= 0 . (2.4.7)

We solve these equations by fixing s and by finding numerically the values of χ0 and χ1.

These coefficients yield the value of the spin-Hall mass and are inserted in the free energy

(2.4.4).13 The resulting monopole scaling dimensions at leading order in 1/N for various

magnetic spin s are shown in Table 2.1. The lines in Fig. 2.3 giving the monopole scaling
13As noted in last section, the gap equation (2.4.2) for s = 0 is solved for a vanishing spin-Hall mass

Mq = 0. In this case, we must simply take χ0 = χ1 = 0.
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Tableau 2.1. Analytical approximation of the monopole scaling dimensions for s/smax =

{0, 1/2, 3/4, 1} obtained in the large-q expansion.

s

smax

∆q;s

2N +O(q−1/2) +O(N−1)

1 0.356q3/2 + 0.111q1/2

3/4 0.455q3/2 + 0.103q1/2

1/2 0.528q3/2 + 0.096q1/2

0 0.588q3/2 + 0.090q1/2

dimensions against q are plotted using these analytic approximations.

Note that the absence of the O(q0) term in ∆q;s is expected. In 2 + 1-dimensional CFTs

with a U(1) global charge q, the q0 contribution in the large-q expansion of the scaling

dimension is predicted to be universal. It must thus be independent of the number of fermion

flavors 2N defining our specific model [37, 60], i.e. the O(q0N1) in the large-N and large-q

expansion of ∆q;s must vanish.

2.5. Hierarchy as degeneracy lifting
The hierarchy shown in Eq. (2.3.30) is now analyzed from the point of view of symme-

try. Our non-perturbative analysis does not depend on a large-N expansion. The multiplet

organization of monopoles at the QCP is obtained by showing how monopoles in the DSL

reorganize as the flavor symmetry of QED3 is broken to the flavor symmetry of QED3-cHGN.

To make contact with the scaling dimensions obtained in the last section, it is important to

recognize that the spin-Hall mass is a SU(2)Spin vector.

The cHGN interaction δL ∼ (Ψ̄σΨ)2 inducing the confinement-deconfinement transition

breaks down the flavor symmetry of QED3 as

SU(2N)→ SU(2)× SU(N) . (2.5.1)

While monopoles in QED3 are all related by SU(2N) rotations and share the same scaling

dimension, this is not the case in QED3− cHGN. The hierarchy of monopole operators in

QED3− cHGN observed in the previous section may be explained as a degeneracy lifting of

monopoles in QED3.
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Monopoles in QED3 are organized as irreducible representations (irreps) of the flavor

symmetry group SU(2N). We focus our attention of monopoles with a minimal topological

charge q = 1/2. This is the simplest case as monopole operators are then automatically

Lorentz scalars [14]. The case with a larger topological charge is briefly discussed in App. 2.F.

It is useful to first define a bare monopole operatorM†
Bare creating a 2π flux background and

filled only with negative energy modes. A monopole operator is then obtained by adding in

half of the 2N zero modes creation operators c†Ii

M†
I1...IN

= c†I1 . . . c
†
IN
M†

Bare , Ii ∈ {1, 2, . . . , 2N} . (2.5.2)

Given the antisymmetric commutation relations between the fermionic creation operators,

the expression above clearly shows how q = 1/2 monopoles in QED3 form the rank-N

completely antisymmetric irrep of SU(2N).

2.5.1. Multiplets at the QCP for N = 2

We first discuss the monopole hierarchy for a finite N situation to provide some intuition.

While the discussion is centered on symmetries and not dynamics, we do need to assume

that the QCP still exists at finite N . We focus on the case with N = 2 valleys v = L,R which

is the most relevant to quantum magnets. Monopole operators then have two zero modes

creation operators and may be expressed in the following form

c†A(c†)ᵀM†
Bare , (2.5.3)

where A acts on vectors in flavor space c† =
(
c†↑,L, c

†
↑,R, c

†
↓,L, c

†
↓,R

)
. At the QED3-cHGN QCP,

monopoles are organized as triplets [21, 22]

M†
Spin = c† (σyσ ⊗ µy) (c†)ᵀM†

Bare , (2.5.4)

M†
Nodal = c† (σy ⊗ µyµ) (c†)ᵀM†

Bare , (2.5.5)

where σ and µ are Pauli matrices vectors respectively acting on magnetic spin and nodal

subspaces (in our notation, µz = |L〉 〈L| − |R〉 〈R| and σz has the usual definition |↑〉 〈↑| −

|↓〉 〈↓|). In particular, the spin triplet forms the order parameter n̂ · 〈iM†
Spin〉 for coplanar

antiferromagnetic phase of the Kagome heisenberg antiferromagnet [21, 53].

More formally, monopoles in QED3 (2.5.3) form the rank-2 completely antisymmetric

irrep, that we note by its dimension 6. Following the symmetry reduction (2.5.1), this irrep
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is reduced in irreps (m,n) with dimensionm×n of the QCP subgroup SU(2)Spin × SU(2)Nodal

6→ (3,1)⊕ (1,3) . (2.5.6)

The spin and nodal triplet, respectively (3,1) and (1,3), have total magnetic spin given by

S = 1 and S = 0. They are the finite-N analogues of q = 1/2 monopoles with smax = 1 and

smin = 0, respectively, described in Sec. 2.3

M†
1/2;smax

→ (3,1) , M†
1/2;smin

→ (1,3) . (2.5.7)

As we perform a SU(2)Spin rotation, the “zero” modes occupation is modified and so does the

orientation of the spin-Hall mass. For example, a spin flip exchanges spin down and spin up

“zero” modes, changing the polarization sign of a monopole, i.e.M†
q;s,ms →M

†
q;s,−ms . With

this transformation, the sign of the spin-Hall mass also changes 〈Ψ̄σzΨ〉 → −〈Ψ̄σzΨ〉, which

leaves the scaling dimension unchanged. The spin flip is schematically shown in Fig. 2.4. In

E 

(a) (b)

Figure 2.4. Schematic representation of the fermion zero modes dressing of monopole ope-

rators with N = 2 valleys v = L,R and a minimal topological charge q = 1/2. (a) The

s = 1,ms = −1 monopole with spin-Hall mass 〈Ψ̄σΨ〉 ∝ Mqẑ can be rotated to (b) the

s = 1,ms = −1 monopole with spin-Hall mass 〈Ψ̄σΨ〉 ∝ −Mqẑ.

App. 2.E, we explore the explicit realization of monopoles suggested in Eqs. (2.5.4 -2.5.5)

and we also obtain a representation of the SU(2) × SU(2) generators. Acting with these on

the monopoles, it can be seen that these operators indeed form a reducible representation

of this group. We also build explicitly the rotation shown in Fig. 2.4, and the rotation that

sends the quantization axis in the x− y plane.
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2.5.2. Multiplets at the QCP for general N

We now give a description of the monopole hierarchy for general N . Again, our starting

point is the organization of monopoles in QED3. As noted above, these monopoles form the

rank-N antisymmetric tensor of SU(2N) (2.5.2). In terms of a Young tableau, this may be

written as a single column of N boxes

N

 ... . (2.5.8)

The organization of monopole operators at the QED3-cHGN QCP can then be understood

by finding how this SU(2N) irrep reduces as a representation of the subgroup SU(2)×SU(N).

In the last section, we discussed the case N = 2 where the rank-2 completely antisymetric

irrep 6 of SU(4) is reduced to the representation (3,1) ⊕ (1,3) of SU(2)× SU(2). The

following Young tableaux schematize this reduction (2.5.6)

6 →
(

3, 1

)
⊕
(

1, 3

)
, (2.5.9)

where the bold subscripts indicate the respective irrep’s dimension. The reduction can also

be written explicitly for general N . The rank-N completely antisymmetric irrep (2.5.8) is

reduced as

N

 ... →
bN/2c⊕
b=0


N−b︷ ︸︸ ︷
... ...

...︸ ︷︷ ︸
b

, N−b


... ...

 b

...

 , (2.5.10)

This is coherent with results in Ref. [61] where this reduction is obtained up to N = 8,14 or

with the output of a recent symbolic computation package for representation theory [62]. This

result was stated in Ref. [19] where the organization of flux operators in Lorentz symmetry

multiplets was discussed. We give the proof of this result (2.5.10) in App. 2.F.

The previous notation highlights well that the RHS of Eq. (2.5.10) is simply the sum

over all pairs of conjugate Young tableaux with N boxes, (Υν ,Υν̃), where the first diagram

Υν has a maximum of two rows since it must be a SU(2) irrep. This plays a key role when

14Using the notation employed in Ref. [61], Eq. (2.5.10) can be reexpressed as (1N ) →
bN/2c⊕
b=0

(
(N −

b, b), (2b, 1N−2b)
)
.
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proving Eq. (2.5.10). This total number of boxes also corresponds to the number of fermion

zero modes dressing the monopole. Indeed, the monopole may be noted asM†
σ1v1,σ2v2,...,σNvN

.

The SU(2)Spin irrep encodes symmetry relations between spin indices σi, and the same goes

for valley indices vi and the SU(N)Nodal irrep. In the simplest case where b = 0, the irrep

becomes (
...︸ ︷︷ ︸
N

, N

 ...
)
. (2.5.11)

The corresponding monopole simply transforms symmetrically in its spin indices and an-

tisymmetrically in its valley indices. That is, the monopole is a valley singlet and a spin

multiplet with maximal spin. For other values of b, the irreps describe mixed symmetries

between the indices. Every box represents a spin or valley index which is antisymmetrized

with its column neighbours and symmetrized with its row neighbours. The antisymmetry of

Eq. (2.5.10)’s LHS is realized in each of the RHS irreps through the following prescription :

i) Match pairs of antisymmetrized spins (columns with two boxes) with pairs of symmetrized

valleys (rows with two boxes) ii) Match the remaining symmetrized spins with the remaining

antisymmetrized valleys.

To gain a better physical intuition, it is useful to label the Young tableaux in Eq. (2.5.10)

with the magnetic spin s instead of a number of boxes b. The dimension of the SU(2)Spin irrep

is N −2b+ 1. This number should naturally be identified with 2s+ 1. Also, we can eliminate

every column of two boxes for the SU(2)Spin irreps which correspond to antisymmetrized

pairs of spins. Ignoring those “bounded” spin indices by removing their corresponding boxes

obscurs the underlying zero modes dressing, but it puts the SU(2)Spin irreps in a more

familiar form. The remaining boxes correspond to the “free” spin indices that form the

spin-s multiplet. With this, the monopole representation at the QCP can be written as

N/2⊕
s=(N mod 2)/2

 ...︸ ︷︷ ︸
2s

, N
2 +s


... ...

 N
2 −s

...

 . (2.5.12)

For the maximal spin s = N/2, the valley irrep is a singlet, as noted earlier in Eq. (2.5.11).

2.5.2.1. Degeneracy in each magnetic spin sector. The degeneracy of monopoles at the

QCP for each magnetic spin sector is found in what follows. To do so, we compute the
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dimension of the reduced irreps in Eq. (2.5.12), which is given by the product of the spin

and valley irreps’ dimensions. The dimension of the spin irrep is the usual spin degeneracy

2s+ 1. As for the valley irrep, it can first be observed that it is generated through a tensor

product of completely antisymmetric tensors

N
2 +s


...
...
⊗ ...

 N
2 −s = N

2 +s


... ...

 N
2 −s

...
⊕ N

2 +s+1


...
... ⊗ ...

}
N
2 −s−1 . (2.5.13)

The valley irrep’s dimension can be obtained by computing the dimensions of the other

representations in this relation. Each composite antisymmetric tensor has a dimension given

by a binomial factor. Specifically, the dimension of the SU(N) irrep corresponding to a

single column of b boxes is
(
N
b

)
. The tensor product’s dimension is simply the product of

these binomial factors. The dimension of the valley irrep is then

dim

N
2 +s


... ...

 N
2 −s

...

 =
(

N
N
2 + s

)(
N

N
2 − s

)
−
(

N
N
2 + s+ 1

)(
N

N
2 − s− 1

)
. (2.5.14)

We can then obtain the total degeneracy of monopoles in each magnetic spin sector

Ωs = (2s+ 1)×
[(

N
N
2 + s

)(
N

N
2 − s

)
−
(

N
N
2 + s+ 1

)(
N

N
2 − s− 1

)]
. (2.5.15)

In App. 2.F, we confirm this result with a method appropriate for general Young tableaux. We

also show that the total dimension of the reduced irreps is equal to the original antisymmetric

irrep in SU(2N), that is ∑s Ωs =
(

2N
N

)
.

We briefly reformulate the last result. The factor 2s + 1 comes from the possible spin

polarizations of the monopole. As for the valley sector, we take as a starting point two anti-

symmetric tensors Av1,v2,...,vN/2+sÃv′1,v′2,...,v′N/2−s that assign valley indices to the N zero modes.

This corresponds to the tensor product in the LHS of Eq. (2.5.13). The 2s supplementary

valley indices in the first tensor can be attributed to the 2s “free” spin indices which give

the monopole its magnetic polarization. Indeed, these “free” spin indices form a symmetric

multiplet and must be matched with antisymmetrized valley indices to yield an antisym-

metric state. On the other hand, the remaining N − 2s “bounded” spin indices (the boxes

eliminated in Eq. (2.5.12)) form antisymmetrized spin pairs that should be matched with

symmetrized valley pairs. Thus, every configuration with at least one pair of antisymmetrized
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valley indices matched to an antisymmetrized spin pair should be removed. Such configura-

tions can be written as Av′1,v1,v2,...,vN/2+sÃv′2,v′3,...,v′N/2−s , which is the tensor product in the RHS

of Eq. (2.5.13). It then follows that distinct spin pairs are also related by antisymmetrized

valley indices, which yields the overall antisymmetric state.

2.5.2.2. Reduction for N = 3. Using the result in Eq. (2.5.10), we can retrieve the reduc-

tion of monopoles at the QCP forN = 3 that was discussed in Ref. [49]. In this case, the flavor

symmetry breaking is SU(6)→ SU(2)Spin × SU(3)Nodal. Monopoles in QED3 are organized as

the rank-3 antisymmetric representation 20 of SU(6). At the QCP, this is decomposed as

20 →
(

4, 1

)
⊕
(

2, 8

)
, (2.5.16)

which agrees with Ref. [61]. The total dimension of the reduced irreps is 4× 1 + 2× 8 = 20, as

required. The largest SU(2)Spin spin is smax = 3/2 since q = 1/2 and N = 3 (see Eq. (2.3.4)).

It corresponds to a spin quadruplet, the 4 in Eq. (2.5.16). This irrep represents monopoles

with the lowest scaling dimension. As noted before, the fact that N is odd yields a non-

vanishing minimal with smin = 1/2, the 2 in Eq. (2.5.16). As three “zero” modes must be

filled, the lowest polarization that can be obtained is by paring two modes in a singlet,

leaving one remaining spin that forms the doublet.

2.6. Conclusion
We characterized the hierarchy of monopole operators in QED3-cHGN. Using the state-

operator correspondence, we obtained the scaling dimensions of monopoles as a function of

their magnetic spin at leading order in 1/N . The spin-Hall mass parameter generated by the

critical fermion self-interaction allows to lower the scaling dimension of monopoles, and this

effect is more pronounced for monopoles with larger magnetic spins. The minimal scaling

dimension identified in Ref. [48] corresponds to monopoles with a maximal magnetic spin.

Monopoles with a vanishing spin have the largest scaling dimension which is the same as in

QED3. This hierarchy is natural from the point of view of symmetry as monopoles at the

QCP are organized as irreps of SU(2)×SU(N) which are labeled by the magnetic spin. These

irreps were obtained explicitly for q = 1/2 monopoles at the QCP by finding the branching

rules of SU(2N)→ SU(2)×SU(N) to reduce the monopole irrep formed in QED3. This also

130



allowed to obtain the degeneracies remaining at the QCP following the degeneracy lifting.

It would be interesting to improve the analysis for q > 1/2 that was began in App. 2.F.

The hierarchy of monopole operators for 2N = 4 Dirac cones could be observed in the

transition from a DSL to an antiferromagnet putatively realized in the Kagome Heisenberg

antiferromagnet. The antiferromagnetic order is described by the condensation of the spin

triplet monopoles [21, 22], whose scaling dimension is ∆q=1/2,s=1 = 2N × 0.195 + O(N0) ∼

0.78. This controls the scaling behaviour of spin-spin correlation functions. On the other

hand, bond-bond correlation functions are controlled by valley triplet monopoles, that is,

spin singlet monopoles with scaling dimension ∆q=1/2,s=0 = 2N × 0.265 +O(N0) ∼ 1.06. We

emphasize that these results are approximations, being the leading order of a 1/N expansion.

One could also compare these observables in the vicinity of the QCP between the same DSL

and a VBS order. In this case, the ordered phase is described by valley monopoles proliferating

following the condensation of a valley-Hall mass in QED3 [21, 22]. The transition is in the

O(2) universality class, as opposed to O(3) for the antiferromagnetic one. However, this

difference plays no role at leading order in 1/N and the hierarchy is simply inverted, with

bond-bond correlations related to the smallest scaling dimension 0.78. Next-to-leading order

corrections would be necessary to predict a difference.

The results in this work could be tested numerically. With the many recent numerical

investigations of QED3 with Monte Carlo [17, 63–65] and conformal bootstrap [18, 19], it

would be interesting to see similar investigations in the QED3-GN-like models.
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2.A. Holonomy of the gauge field
Let us also consider the holonomy of the gauge field on the “thermal” circle.

α = i

V

∫
S2×S1

β

d3x
√
g a0 . (2.A.1)
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In our mean field ansatz, we now leave open the possibility of a non-trivial expectation value

of the gauge field

〈a0〉 = −iβ−1α . (2.A.2)

Modifying Eq. (2.3.14) accordingly, the determinant operator becomes

fq;s =− β−1 ∑
σ=±1

∑
n∈Z

[
dq ln

(
ωn − iβ−1α− iµ′σ + iσMq

)

+
∞∑

`=q+1
d` ln

((
ωn − iβ−1α− iµ′σ

)2
+ ε2

`

)]
.

(2.A.3)

Taking the sum over the mastubara frequencies, the same logic in passing from Eq. (2.3.14)

to Eq. (2.3.17) is used

fq;s = −β−1
[
dq ln

(
2 [cosh(α) + cosh(β(Mq − µ′))]

)

+
∞∑

`=q+1

∑
σ=±1

d` ln
(
2
[
cosh(βε`) + cosh

(
β(σµ′ + β−1α)

)])]
.

(2.A.4)

The gap equation for a0 is

0 = β
∂fq;s
∂α

= −dq
sinh(α)

cosh(α) + cosh(β(Mq − µ′))

−
∞∑

`=q+1

∑
σ=±1

sinh(β(σµ′ + β−1α))
cosh(βε`) + cosh(β(σµ′ + β−1α)) .

(2.A.5)

This vanishes for α = 0, iπ. Inserting this solution in the determinant operator, we obtain

f±q;s = −β−1
[
dq ln

(
2 [±1 + cosh(β(Mq − µ′))]

)

+
∞∑

`=q+1
2d` ln

(
2 [cosh(βε`)± cosh(βµ′)]

)]
.

(2.A.6)

With this, we can proceed to solve the remaining gap equations to find the other mean

field parameters in these two cases for M±
q , µ

±
S ,Σ±. At leading order in 1/β, the effective

action evaluated at both these saddle points is the same. The partition function obtained by

summing over these two saddle points then yields an extra factor of 2, Z ≈ 2e−βNF
(0)
q;s where

F (0)
q;s was found in the main text. We could directly ignore this as ln 2 = O(β0N0) and the

factor does not contribute to the leading order results

Zs[Aq] = exp
{
−βNF (0)

q;s +O(β1N0, N1β0)
}
. (2.A.7)
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However, it is more interesting to remark that this factor is cancelled with a proper

normalization. When computing the scaling dimension ∆q;s, we should actually use the nor-

malized partition function

∆q;s = −β−1 lim
β→∞

ln
(
Zs[Aq]
Z0[0]

)
. (2.A.8)

Normally, this vacuum parition function is not mentioned, as the free energy usually vanishes,

leaving a trivial normalization factor Z0[0] = 1. However, on the “thermal” circle, the non-

trivial holonomy also contributes to this partition function. By setting q = 0 (and µ′ = 0)

in the gap equation for a0, the two solutions for holonomies α = 0, iπ remain. In this case,

Z0[0] = 2, which exactly cancels the extra factor in Zs[Aq].

2.B. General spin-Hall mass
In this section, we find the monopole scaling dimension using a more general ansatz than

the one employed in Sec. 2.3. We let the auxiliary bosons have different orientations. We

keep χ along ẑ while the spin-Hall mass is oriented more generally asMq = Mqn̂. The more

general determinant operator in Eq. (2.3.12) then becomes

fq;s = −β−1 ∑
n∈Z

dq ln det [−i(ω − iµ′σz) +Mq · σ]

+
∞∑

`=q+1
d` ln det [−iOq,` (ω − iµ′σz + iPq,`) +Mq · σ]

 ,
(2.B.1)

where the matrices Oq,` and Pq,` are given by [14, 48]

Oq,` = 1
`

 −q −
√
`2 − q2

−
√
`2 − q2 q

 ,

Pq,` =
√
`2 − q2

`


√
`2 − q2 −q

−q −
√
`2 − q2


. (2.B.2)

The spin-Hall mass Mq may be parameterized by its norm Mq and two angles (ϑ, ϕ) for its

orientation n̂

Mqn̂ = Mq (sinϑ cosϕ, sinϑ sinϕ, cosϑ) . (2.B.3)
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The determinant operator can be diagonalized in the magnetic spin subspace

fq;s = −β−1

dq ln
[
2
(

1 + cosh
(
β
√
M2

q sin2 ϑ+ (Mq cosϑ− µ′)2
))]

+ 2
∑
σ=±1

∞∑
`=q+1

d` ln
[
2 cosh

(
β

2 ε`,ϑ,σ
)] ,

(2.B.4)

where

ε`,ϑ,σ =
√(√

`2 − q2 +M2
q cos2 ϑ+ σµ′

)2
+M2

q sin2 ϑ . (2.B.5)

For convienience, we may write this as

ε`,ϑ,σ ≡
√

(ε`,ϑ + σµ′)2 +M2
q sin2 ϑ , (2.B.6)

where

ε`,ϑ =
√
`2 − q2 +M2

q cos2 ϑ . (2.B.7)

For ϑ = 0, π, this corresponds to the eigenvalue ε` defined in the main text.

We note that the determinant operator (2.B.4) is independent of ϕ which indicates an

azimutal symmetry. By setting ϑ = 0, the determinant operator used in the main text

(2.3.17) is retrieved. As shown in Eq. (2.3.11), the full free energy expression is given by

F (0)
q;s = fq;s + µ′

ms

(
s2 + m2

s

)
. Inserting Eq. (2.B.4) in this last expression, it is found that the

free energy is invariant under

ϑ→ π − ϑ , ms → −ms , (2.B.8)

where the last transformation also implies µ′ → −µ′ (2.3.13). This means that ϑ = π and

ms = s is a solution with the same free energy as the ϑ = 0 and ms = −s solution found

in the main text. For this second solution, the spin polarization and the spin-Hall mass are

still anti-aligned.

For later convenience, we write explicitly the free energy. We may already take the large-β

limit for the non-zero modes as `2−q2 is orderO(β0) which lets us take log [2 cosh (βε`,ϑ,σ/2)]→

βε`,ϑ,σ/2. In this limit, the free energy is given by

F (0)
q;s = −β−1dq ln

[
2
(

1 + cosh
(
β
√
M2

q sin2 ϑ+ (Mq cosϑ− µ′)2
))]

+ µ′

ms

(
s2 +m2

s

)
−

∑
σ=±1

∞∑
`=q+1

d`ε`,ϑ,σ .
(2.B.9)
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2.B.1. Gap equations

The gap equations are obtained by varying F (0)
q;s with respect to the original saddle point

parameters Mq, µS, Pz, ϑ. In this more general case, the gap equations for µS and Pz,

1
2ms∂µ′fq;s + s2 = 0 , (2.B.10)√

µS
2 (∂µ′fq;s + 2ms) = 0 , (2.B.11)

can still be combined to yield the condition m2
s = s2 if µs 6= 0. We are then left with a system

of three gap equations

∂Mqfq;s = 0 , (2.B.12)

∂µ′fq;s − 2ms = 0 , (2.B.13)

∂ϑfq;s = 0 , (2.B.14)

where the second equation is the gap equation for Pz divided by
√
µS/2. The explicit expres-

sion for the gap equations is given by

−
(
Mq − µ′ cosϑ
Mq cosϑ− µ′

)
C − Mq

2
∑
σ

∑
`

d`

(
ε`,ϑ + cos2 ϑµ′σ

ε`,ϑ ε`,ϑ,σ

)
= 0 , (2.B.15)

C − 2ms −
1
2
∑
σ

∑
`

d` σ

(
ε`,ϑ + µ′σ

ε`,ϑ,σ

)
= 0 , (2.B.16)

−
(

µ′Mq sinϑ
Mq cosϑ− µ′

)
C +

M2
q µ
′ sinϑ cosϑ

2
∑
σ

∑
`

d`
σ

ε`,ϑ

1
ε`,ϑ,σ

= 0 , (2.B.17)

where C is defined as

C =
dq (Mq cosϑ− µ′) tanh

(
1
2β
√
µ′2 − 2µ′Mq cosϑ+M2

q

)
√
µ′2 − 2µ′Mq cosϑ+M2

q

. (2.B.18)

2.B.2. Analytical solutions for ϑ ∈ {0, π/2, π}

We first focus on the cases ϑ ∈ {0, π/2, π}. For these angles, the sum over non-“zero”

modes in the ϑ gap equation (2.B.17) does not contribute as it is proportional to sinϑ cosϑ→

0. The sum in the second gap equation (2.B.16) also vanishes if we suppose that µ′ < ε` for

ϑ = 0, π and µ′ ∼ O(1/β) for ϑ = π/2. In this case, (ε`,ϑ +µ′σ)/ε`,ϑ,σ → 1 and the two terms

in the sum over σ cancel each other. Later on, we see that this assumption does allow to find
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a solution. The gap equations then become

−
(
Mq − µ′ cosϑ
Mq cosϑ− µ′

)
C − Mq

2
∑
σ

∑
`

d`

(
ε`,ϑ + cos2 ϑµ′σ

ε`,ϑ ε`,ϑ,σ

)
= 0 , (2.B.19)

C − 2ms = 0 , (2.B.20)

−
(

µ′Mq sinϑ
Mq cosϑ− µ′

)
C = 0 . (2.B.21)

The gap equation for ϑ (2.B.21) is solved trivially for ϑ = 0, π. If ϑ = π/2, it requiresMq = 0.

As for the second equation derived from ∂F (0)
q /∂Pz (2.B.20), it is solved with the following

µ′

µ′ = Mq cosϑ+ β−1 ln
(

1 + 2ms/dq
1− 2ms/dq

)
. (2.B.22)

Using all previous results, the remaining gap equation becomes

−2 sgn(cosϑ)ms − 2Mq

∑
`

d`ε
−1
` = 0 , (2.B.23)

where sgn(0) = 0. For ϑ = π/2, the first term vanishes and the gap equation is solved since it

was established that Mq = 0 for this angle. For ϑ = 0, π and ms = − sgn(cosϑ)s, we retrieve

the same gap equation as in the main text (2.3.26). Putting together all the previous results,

we can also find back the scaling dimension in Eq. (2.3.27). As for ϑ = π/2, the only term

that contributes to the free energy (2.3.11) at leading order in 1/β is the sum over non-“zero”

modes. Thus, the free energy becomes

F (0)
q;s

∣∣∣
ϑ=π/2

= −2
∑
`

d`ε`|Mq=0 +O(1/β) . (2.B.24)

This is the free energy we would obtain in QED3. The scaling dimension for ϑ = π/2 is

thus larger than for ϑ = 0, π. This solution should thus be discarded as it is not a global

minimum.

2.B.3. Numerical study for 0 < ϑ < π
2

We found two minima of free energy for ϑ = 0, π and a maximum for ϑ = π/2. Other

values of ϑ cannot be solved so simply. This is because the sum over non-“zero” modes

contributions doesn’t simplify like it does for ϑ ∈ {0, π/2, π}. In this case, we resort to

solving the gap equations numerically.
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We search the root of the three gap equations (2.B.15 - 2.B.17) yielding the solution

for Mq, µ
′ and ϑ (the solution for the polarization is already known, ms = −2s sgn(cosϑ)).

Had we not taken the large-β limit for non-“zero” modes starting from Eq. (2.B.9), the

sums would also contain a factor tanh (βε`,ϑ,σ/2). We reinstate this factors in our numerical

analysis as we take finite beta. We will set q = 1/2 and s = smax/2, but the situation is

similar for other topological charges and magnetic spins.

To solve the gap equations, we first seek a solution of the first two gap equations with a

fixed value for ϑ. We then insert the solutions for Mq and µ′ and the fixed value of ϑ in the

last gap equation to see if it is satisfied, i.e. ∂F (0)
q /∂ϑ should vanish. As shown in Fig. 2.5(a),

the only would-be solution in the range 0 < ϑ < π/2 occurs when µ′ = 0. However, this

contradicts the assumption that µS 6= 0 unless we take ms = 0. The full treatment of the four

gap equations, without assuming µS 6= 0, yields the same solution. In the case where µ′ = 0,

the gap equation for µS yields the condition ms cosϑ = −2s2/dq. As we enforced ms = −s

in the range 0 < ϑ < π/2, the numerical solution indeed occurs at ϑ = arccos(2s/dq), as

shown in Fig. 2.5(a). However, as argued in the main text and further in App. App. 2.C, this

solution has divergences in the second derivatives of the free energy and should be discarded.

A closer look at the situation near ϑ = 0 is shown in Fig. 2.5(b). The solution obtained

in the main text is recovered in this limit as Mq → 0.14 and exp{β(µ′ −Mq cosϑ)} → 1/3

which are the expected values for q = 1/2 and s = smax/2 (see Fig. 2.1 and Eq. (2.B.22)

with ms = −s).

As for the ϑ = π/2 solution, Fig. 2.5(a) near π/2 is a bad starting point. Seeking solutions

in another part of the parameters’ space as shown in Fig. 2.6, we do recover the ϑ = π/2

solution for which Mq → 0, and, again, exp{β(µ′ −Mq cosϑ)} → 1/3 .

We found no other solutions numerically. This justifies our assumption in the main text

where we worked only with ϑ = 0.

2.C. Gap equations and µ′ = 0
In the main text, we obtained three gap equations (2.3.18-2.3.20) for Mq, µS and Pz,

respectively. The third one can be solved for µS = Pz = 0. This also means that µ′ = 0. The
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Figure 2.5. Numerical investigation of possible solutions to the gap equations for a) 0 <

ϑ < π/2 and b) near ϑ = 0. We set β = 104. Values of Mq and µ′ are found by solving

Eqs. (2.B.15-2.B.16) at fixed ϑ. ∂F (0)
q /∂ϑ which yields the LHS of the remaining gap equation

becomes 0 for ϑ = 0 and ϑ = arccos(2s/dq).

first gap equation then simply becomes

−dq − 2Mq

∞∑
`=q+1

d`ε
−1
` = 0 , (2.C.1)

which can be written as

−2smax − 2Mq

∞∑
`=q+1

d`ε
−1
` = 0 . (2.C.2)

This has the same form as the gap equation found in the main text (2.3.26) yields as a

solution the maximal possible spin-Hall mass. As for the free energy, it also takes the form

obtained in the main text for a maximal spin

F (0)
q;s = −2Mqsmax − 2

∑
`=q+1

d`ε` +O(β−1) . (2.C.3)

This solution with µ′ = 0 thus seems to indicate a smaller scaling dimension that the one

proposed in the main text where smax → s. However, by inspecting the second derivatives of

the free energy at this saddle point, divergences are found. The third gap equation can be

derived with respect to µS

∂2F (0)
q;s

∂µS∂Pz
= 1

2√µS
∂µ′fq;s + 1

2ms

√
µS
2 ∂µ′∂µ′fq;s . (2.C.4)
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Figure 2.6. Numerical investigation of possible solutions to the gap equations for near

ϑ = π/2. Values of Mq and µ′ are found by solving Eqs. (2.B.15-2.B.16) at fixed ϑ. We set

β = 104. The solution at π/2 where ∂F (0)
q /∂ϑ → 0 lies in a different region of parameters’

space than the one considered in Fig. 2.5(a). Here, Mq → 0.

Developing this and taking the large-β limit, this becomes

∂2F (0)
q;s

∂µS∂Pz
= 1

2√µS
, (2.C.5)

which is singular. This shows how this solution has a bad behavior and should be ignored.

2.D. Regularized gap equation and scaling dimension
The free energy used to find the monopole scaling dimension has a diverging sum∑∞

`=q+1 d`ε`,

where the degeneracy and energy are defined in Eq. (2.3.15). By obtaining the first two orders

in the 1/` expansion of the summand

d`ε` = 2`2 + (M2
q − q2) +O(`−2) ≡ d`ε

div
` +O(`−2) , (2.D.1)

the diverging sum can be rewritten as
∞∑

`=q+1
d`ε` =

∞∑
`=q+1

d`(ε` − εdiv
` ) +

∞∑
`=q+1

d`ε
div
` . (2.D.2)
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In this expression, the first sum is convergent
∞∑

`=q+1
d`(ε` − εdiv

` ) =
∞∑

`=q+1

[
d`ε` −

1
2d

2
` − (M2

q − q2)
]
, (2.D.3)

while the second sum is divergent
∞∑

`=q+1
d`ε

div
` = 2

∞∑
`=q+1

[
`2(1−s) +

(1
2 − s

) (
M2

q − q2
)
`−2s

]∣∣∣∣∣
s=0

. (2.D.4)

This divergent sum may be continued analytically to the Hurwitz zeta function ∑∞k=0(k +

a)−s = ζ(s,a) [66]
∞∑

`=q+1
d`ε

div
` = 2

∞∑
`=0

(`+ (q + 1))2 +
(
M2

q − q2
) ∞∑
`=0

(`+ (q + 1))0

= 2ζ(−2,q + 1) +
(
M2

q − q2
)
ζ(0,q + 1) (2.D.5)

Replacing the zeta functions with their polynomial expressions, we obtain
∞∑

`=q+1
d`ε

div
` = 1

2(2q + 1)
(
q(q − 2)

3 −M2
q

)
. (2.D.6)

Using these results, we obtain the regularized version of the gap equation (2.3.27)

∆q;s

2N = −2sdqMq + (2q + 1)
(
M2

q −
q(q − 2)

3

)

−
∞∑

`=q+1

[
2d`ε` − d2

` − 2
(
M2

q − q2
) ]
,

(2.D.7)

where the spin-Hall mass Mq is determined by the regularized version of the gap equation

(2.3.26)

−2sdq + 2Mq

(
2q + 1−

∞∑
`=q+1

[
d`ε
−1
` − 2

])
= 0 . (2.D.8)

2.E. Representation of q = 1/2 monopoles for N = 2
We can generally write a monopole operator as

M†
I = D†IM

†
Bare , (2.E.1)

where D†I is an operator that creates half of all zero modes available. For N = 2 and q = 1/2,

D†I corresponds to a zero modes creation operators bilinear c†AI(c†)ᵀ as in Eq. (2.5.3). Taking
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the z axis as the spin quantization axis, monopoles in the helicity basis are written as follows

D†↓ = 1
2c
†
[1− σz

2 ⊗ iµy
]

(c†)ᵀ = 1
2
(
c†L↓c

†
R↓ − c

†
R↓c
†
L↓

)
, (2.E.2)

D†↑ = 1
2c
†
[1 + σz

2 ⊗ iµy
]

(c†)ᵀ = 1
2
(
c†L↑c

†
R↑ − c

†
R↑c
†
L↑

)
, (2.E.3)

D†↑↓ = 1
2c
†
[
σx√

2
⊗ iµy

]
(c†)ᵀ = 1

2


(
c†L↑c

†
R↓ + c†L↓c

†
R↑

)
√

2
− (L↔ R)

 . (2.E.4)

For example, the spin down monopole acting on the vacuum D†↓M
†
Bare |0〉 may schematically

be represented as shown in Fig. 2.7.

Figure 2.7. Schematic representation of the spin down monopole with the fermion zero

modes occupation.

We may reorganize the monopoles in the real vector basis used in the main text in Eqs.

(2.5.4) and (2.5.5) 
M↓ −M↑

−i (M↓ +M↑)
√

2M↑↓

 = 1
2c
† [σyσ ⊗ µy] (c†)ᵀM†

Bare . (2.E.5)

The same can be done for monopoles in the nodal triplet by simply exchanging spin and

valley indices ↑, ↓↔ L,R.

2.E.1. SU(2)× SU(2) generators

Generators Ta of the SU(4) algebra may be realized with one zero mode creation operator

and one zero mode destruction operator

Ta = c†Oac . (2.E.6)

For example, we may identify the raising spin operator, which is part of the SU(2)Spin ⊗

SU(2)Nodal subalgebra of SU(4), as

s+ = 1
2c
† ((σx + iσy)⊗ 1) c = c†L↑cL↓ + c†R↑cR↓ . (2.E.7)
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Under the action of this operator, the spin down monopole transforms in other monopoles

in spin triplet while the monopoles in the nodal triplet are annhiliated

s+s+M↓ =
√

2s+M↑↓ = 2M↑ , (2.E.8)

s+MR = s+MLR = s+ML = 0 . (2.E.9)

The factors involved are the usual total magnetic spin eigenvalue
√
s(s+ 1). One may also

define the lowering spin and the azimutal spin number operators, respectively given by

s− = s†+ , sz = 1
2c
† (σz ⊗ 1) c = 1

2(c†L↑cL↑ − c
†
L↓cL↓ + (L↔ R)) . (2.E.10)

It is simple to show that these operators obey the SU(2) algebra commutation relations

[s+, s−] = 2sz. Again, analogous valley operators v may be constructed by the exchange

↑, ↓↔ L,R. The action of these SU(2) × SU(2) generators {s−, sz, s+, v−, vz, v+} on the

monopole operators is shown in Table 2.2. It is readily seen that the monopole spin and

nodal triplets form a reducible representation of SU(2)× SU(2).

Tableau 2.2. The monopoles form a reducible representation (3,1)⊕(1,3) of SU(2)×SU(2)

(helicity basis).

M↓ M↑ M↑↓ MR ML MLR

1√
2s+ M↑↓ 0 M↑ 0 0 0

sz −M↓ M↑ 0 0 0 0
1√
2s− 0 M↑↓ M↓ 0 0 0

1√
2v+ 0 0 0 MLR 0 ML

vz 0 0 0 −MR ML 0
1√
2v+ 0 0 0 0 MLR MR

2.E.2. Rotation of spin monopoles

We may explicitly show the rotation of spin monopoles mentioned in the main text. To

do so, we first rexpress monopoles in the real vector representation (2.E.5) in the following
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basis 
1

0

0

 = 1√
2

(M↓ −M↑) ,


0

1

0

 = −i√
2

(M↓ +M↑) ,


0

0

1

 =M↑↓ . (2.E.11)

In this real basis, the angular momentum operators take the form (J I)jk = εIjk. Considering

an SU(2) transformation of the fermions

Ψ→ eiθ·σΨ , (2.E.12)

we can find the transformation of the vector representations. The fermion bilinears and the

monopoles transform a bit differently

Ψ̄σiΨ→ Ψ̄e−iϑ·σσieiϑ·σΨ = RijΨ̄σjΨ , (2.E.13)

c†(iσyσi)(c†)ᵀ → c†(iσy)eiϑ·σ
ᵀ
σie
−iϑ·σᵀ(c†)ᵀ = R̃ijc

†(iσyσj)(c†)ᵀ , (2.E.14)

where R̃ij = Rij|ϑx,z→−ϑx,z and we used the fact that (ϑ·σ)σy = −σy(ϑ·σᵀ). We will perform

these rotations explicitly on the spin-Hall mass Ψ̄σzΨ and the spin down monopoleM↓. In

the real vector basis, they are expressed as

Ψ̄σzΨ =


0

0

1

 , M↓ = 1√
2


−i

1

0

 . (2.E.15)

We can compare how these vectors rotate along the y axis. In this case, they are transformed

by the same rotation matrix

Rϑy = R̃ϑy =


cosϑy 0 sinϑy

0 1 0

− sinϑy 0 cosϑy

 . (2.E.16)

We first consider a rotation ϑy = π/2 that sends the quantization axis in the x−y plane.

The spin-Hall mass is rotated to Ψ̄σxΨ

Rϑy=π/2
(
Ψ̄σzΨ

)
=


0 0 1

0 1 0

−1 0 0




0

0

1

 =


1

0

0

 = Ψ̄σxΨ . (2.E.17)
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As for the spin down monopole, it is rotated to a combination of all the monopoles (in the

helicity basis) of the spin triplet

Rϑy=π/2M↓ = 1√
2


0 0 1

0 1 0

−1 0 0



−i

1

0

 = 1√
2


0

1

i

 = 1
2 (M↓ +M↑)−

1√
2
M↑↓ . (2.E.18)

This is an eigenstate of the angular momentum oriented along x̂, (Jx)ij = ε1ij. Indeed,

JxRπ/2M↓ = −Rπ/2M↓. This monopole operator now creates a state with Sx = −1 which

minimizes the rotated spin-Hall mass Ψ̄σxΨ.

The ϑy = π rotation is more simple. In this case

Rϑy=πΨ̄σzΨ =


−1 0 0

0 1 0

0 0 −1




0

0

1

 = −Ψ̄σzΨ , (2.E.19)

Rϑy=πM↓ =


−1 0 0

0 1 0

0 0 −1

 1√
2


−i

1

0

 = 1√
2


i

1

0

 =M↑ . (2.E.20)

Thus, the mass is shifted Ψ̄σzΨ → −Ψ̄σzΨ while the spin down monopole is rotated to the

spin up monopoleM↓ →M↑, just as expected. This situation was shown in Fig. 2.4

2.E.3. Computing the spin-Hall energy

We may also explicitly compute the energy of the spin-Hall mass term for the state

|ψI〉 =M†
I |0〉 in the three situations considered above. i) For the spin down monopole, the

state isM†
↓ |0〉 = |↓↓〉 ≡ |s = 1,ms = −1〉. The energy of the spin-Hall mass term oriented

along ẑ for this state is

Mq(σz ⊗ 1 + 1⊗ σz) |↓↓〉 = −2Mq |↓↓〉 . (2.E.21)

ii) After the π/2 rotation, the related state may be written using (2.E.18)

Rϑy=π/2M†
↓ |0〉 = |↓↓〉+ |↑↑〉 − |↓↑〉 − |↑↓〉

2 , (2.E.22)
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while the spin-Hall mass becomes oriented along x̂. Its energy contribution to this state

remains −2Mq

Mq(σx ⊗ 1 + 1⊗ σx)
(
Rϑy=π/2M†

↓ |0〉
)

(2.E.23)

=Mq
[(|↑↓〉+ |↓↑〉 − |↑↑〉 − |↓↓〉) + (|↓↑〉+ |↑↓〉 − |↓↓〉 − |↑↑〉)]

2

=− 2Mq

(
Rϑy=π/2M†

↓ |0〉
)
. (2.E.24)

iii) Finally, after the π rotation, the state and the action of the spin-Hall mass are as expected

Rϑy=πM†
↑ |0〉 = |↑↑〉 , −Mq(σz ⊗ 1 + 1⊗ σz) |↑↑〉 = −2Mq |↑↑〉 . (2.E.25)

2.F. General reduction problem

2.F.1. A relation with the permutation group

There is an ambiguity when discussing the reduction SU(2N)→ SU(2)× SU(N) as the

SU(2)× SU(N) subgroup of SU(2N) is not uniquely defined. The subgroup SU(2)× SU(N)

describing the QED3-cHGN model is not the same as the one obtained by the chain SU(2N) ⊃

SU(N) × SU(N) ⊃ SU(2) × SU(N). The two subgroups have different branching rules. In

this regard, it is useful to consider a more general reduction problem

SU(MN)→ SU(M)× SU(N) , (2.F.1)

where M and N are integers, and our case corresponds to M = 2 and N = N .

We note in passing that this embedding in a larger symmetry group is also used to find

the multiplicity of flux operators that transform as Lorentz scalars. For topological charges

larger than the minimum q = 1/2, the number of zero modes dressing a monopole (2.5.2) is

4|q|N rather than 2N . However, starting with requirement that half of zero modes should be

filled, it is natural to first build a rank-2|q|N completely antisymmetric irrep of SU(4|q|N).

As an intermediate step to reduce this to the real symmetry group SU(2) × SU(2N), one

can consider the reduction SU(4|q|N)→ SU(2|q|)× SU(2N) [14, 19, 26] which corresponds

to setting M = 2|q| and N = 2N .
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The generators of SU(MN) may be parameterized by taking Kronecker products of the

SU(M) and SU(N) generators

SU(MN) : TMN
a ∈ {TMa′ ⊗ 1,1⊗ TNa′′ , TMa′ ⊗ TNa′′} , (2.F.2)

where a ∈ {1, . . . , (MN)2 − 1}, a′ ∈ {1, . . . , (M)2 − 1} and a′′ ∈ {1, . . . , (N)2 − 1}. The

subgroup SU(M) × SU(N) is completely defined by the set of unbroken generators, which

are

SU(M)× SU(N) : {TMa′ ⊗ 1,1⊗ TNa′′} . (2.F.3)

This represents the reduced symmetry group of the QED3-cHGN QCP. While the spin-Hall

term Ψ̄σΨ transforms as a vector under the first generators TMa′ ⊗ 1, the cHGN interaction

term (Ψ̄σΨ)2 is a scalar built from this vector and thus transforms trivially. Once the un-

broken generators are specified, it follows that the fundamental representation of SU(MN)

simply reduces as the fundamental of SU(M) and SU(N)

→ ( , ) . (2.F.4)

This may be understood with rank-1 tensors as a SU(MN) index α ∈ {1, . . . ,MN} can be

decomposed in one SU(M) index σ ∈ {1, . . . ,M} and one SU(N) index v ∈ {1, . . . , N}

hα = h(σv) ≡ fσgv . (2.F.5)

We may also define rank-2 tensors in this manner, hαβ = fσηgvw. Defining symmetrized

and anti-symmetrized tensor respectively as t{i,j} = 1
2 (tij + tji) and 1

2t[i,j] = 1
2 (tij − tji), we

may write explicitly the RHS of (2.5.9) as a tensor whose simplified form corresponds to the

LHS of (2.5.9)

f{σ,η}g[v,w] + f[σ,η]g{v,w} = 1
2 (fσηgvw − fησgwv) = h[α,β] . (2.F.6)

This method is difficult to implement as the rank of the tensors is increased, i.e. the number

of boxes in the Young diagrams is increased. However, this specific example has the merit of

showcasing an important property of the reduction of interest (2.F.1) : The decomposition

is independent of M and N . Indeed, the only information needed to show Eq. (2.F.6) is

the SU(MN) index decomposition (2.F.5) which characterizes the reduction studied (2.F.1 ,

2.F.3). This can be understood by inspecting the relation between the reduction SU(MN)→

SU(M)× SU(N) and the finite permutation group of f objects Sf [61].
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This independence also manifests by the fact that general reductions of SU(MN) →

SU(M) × SU(N) may be built by taking products of the fundamental representation [61].

For example, by taking the product of the fundamental representation reduction (2.F.4) with

itself

⊗ → ( ⊗ , ⊗ ) , (2.F.7)

one finds can write the reduction for (1) ⊗ (1) = (2) ⊕ (12). By also developing the RHS,

the reduction in Eq. (2.5.9) can be found. Given that this is the reduction of a reducible

representation (2) ⊕ (12), the associations made between the LHS and RHS of (2.F.7) are

not straightforward. However, this shows again that this decomposition is independent of

the indices M and N as they were not involved in the computation15 With this procedure, it

is clear that a Young tableau in the SU(MN) side with f boxes generally reduces to Young

tableaux of SU(M) × SU(N) with the same number f of boxes. Those properties hint at a

the importance of the permutation group of f objects Sf in this reduction problem (2.F.1).

If we define Υλ as a certain diagram λ among Young tableaux with f boxes, then the

general reduction (2.F.1) may be written as

Υλ →
⊕
ν,ρ

cνρλ(Υν ,Υρ) , (2.F.8)

where cνρλ is a coefficient of fractional parentage (CFP). The relation with Sf manifests

itself through these CFPs : For each Young tableau Υλ, there is a corresponding irrep Dλ

of Sf , and the CFP of Υλ in (Υν ,Υρ) is the Clebsch-Gordan coefficient (CGC) of Dλ in the

decomposition of the direct product representation Dν ⊗Dρ [61]

Dν ⊗Dρ =
⊕
λ

cνρλDλ . (2.F.9)

Since the characters χ of a direct product is the product of the characters

χν⊗ρ = χνχρ , (2.F.10)

these CGCs are simply given by

cνρλ = 1
dim(Sf )

∑
r

prχν(Cr)χρ(Cr)χ∗λ(Cr) , (2.F.11)

15This general procedure may however include diagrams with too many rows and that are not allowed

in either SU(M) or SU(N). These must simply be removed.
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where χν(Cr) is the character of Dν and pr is the number of group elements in a conjugacy

class Cr.

2.F.2. Clebsch-Gordan coefficients of the sign irrep

We seek to reduce the rank-N completely antisymmetric irrep of SU(2N) which is a

Young diagram with f = N boxes. More precisely, this irrep corresponds to a single column

of N boxes (2.5.8). This diagram corresponds to the sign irrep of SN that we note Dsign.

To find out how the rank-N completely antisymmetric irrep of SU(2N) reduces, we must

therefore find the CGCs cνρ sign that give the contribution of Dsign in the reduction of Dν⊗Dρ.

Let Dν be an irrep of SN and Dν̃ its conjugate. Diagrammatically, these Young ta-

bleaux are the transposed of each other (e.g. the two diagrams in the RHS of Eq. 2.5.10).

As the conjugate irrep Dν̃ is simply the direct product of the irrep ν with the sign ir-

rep, Dν̃ = Dsign ⊗Dν , its character is simply the product of their characters (2.F.10), i.e.

χν̃ = χsignχν . Using this, the product of characters that define cνρ sign (2.F.11) may be rewrit-

ten as

χν(Cr)χρ(Cr)χ∗sign(Cr) = χν(Cr)χtrivial(Cr)χ∗ρ̃(Cr) . (2.F.12)

To obtain this, we also used that, for any equivalence class Cr, the characters of the sign irrep

are ±1, implying that |χsign|2 = 1 = χtrivial, and more generally that the characters of the

permutation group are real, χρ̃ = χ∗ρ̃. This relation (2.F.12) implies that cνρ sign = cν trivial ρ̃.

The latter CGC gives the decomposition ofDρ̃ inDν⊗Dtrivial = Dν . Obviously, the coefficient

is only non-“zero” if ρ̃ = ν, which in turn means that cνρ sign = δρ,ν̃ . More explicitly, this

means that only pairs of conjugate irreps have a contribution from the sign irrep in their

direct product decomposition

Dν ⊗Dρ = δρ,ν̃Dsign ⊕ . . . . (2.F.13)

This result (2.F.13) implies that the CFPs (2.F.8) are equal to one for every pair of irrep

and its conjugate

Υλ →
⊕
ν

(Υν ,Υν̃) . (2.F.14)

In the case of interest where M = 2 and N = N , we must exclude irreps of SU(2)× SU(N)

where tableaux in the SU(2) side have more than two rows since they are not include in
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SU(2). In the end, this corresponds exactly to the reduction we announced in Eq. (2.5.10).

In App. 2.F.3, we explicitly check that the dimensions of these diagrams match.

2.F.3. Dimensions of the reduced irreps

We explicitly check the dimensions of irreps in the reduction of monopoles shown in the

main text (2.5.10)

N
 ...


SU(2N)

→
bN/2c⊕
b=0




N−b︷ ︸︸ ︷
... ...

...︸ ︷︷ ︸
b


SU(2)

,

N−b


... ...

 b

...


SU(N)

 . (2.F.15)

2.F.3.1. Dimensions of the SU(2) × SU(N) irreps. The SU(2) subdiagram simply has

dimension N − 2b+ 1

dim


N−b︷ ︸︸ ︷
... ...

...︸ ︷︷ ︸
b


SU(2)

= dim
 ...︸ ︷︷ ︸

N−2b


SU(2)

= N − 2b+ 1 , (2.F.16)

where we removed columns of two boxes which transform trivially in SU(2). The SU(N)

diagrams requires more work. The dimension F/H of such a diagram is found using the

factor over hooks rule [67]. The SU(N) Young tableau’s boxes can be labeled as

N−b



N N+1

... ...

N+1−b N+2−b


b

N−b

...

b+1


N−2b

. (2.F.17)
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Then, the numerator F is the product of all the box labels in the Young tableau above. It

can be decomposed as the product of labels in the first column and in the second

F = FL × FR = (N)!
b! ×

(N + 1)!
(N + 1− b)! . (2.F.18)

As for the denominator H, the length of the hooks for each box must be multiplied. It is

useful to decompose it in three sections

H = hA × hB × hC = (N − 2b)!× (N − b+ 1)!
(N − 2b+ 1)! × b! , N−b


B C... ...
B C

 b

A...
A

N−2b

. (2.F.19)

Putting all together, this becomes

dim
N−b


... ...

 b

...


SU(N)

=

(N)!
b! ×

(N + 1)!
(N − b+ 1)!

(N − 2b)!× (N−b+1)!
(N−2b+1)! × b!

= (N − 2b+ 1) (N + 1)
(N − b+ 1)2 ×

(
N

b

)2

. (2.F.20)

The total dimension of the SU(2)× SU(N) irrep is

dim


N−b︷ ︸︸ ︷
... ...

...︸ ︷︷ ︸
b


SU(2)

× dim
N−b


... ...

 b

...


SU(N)

= (N − 2b+ 1)2 (N + 1)
(N − b+ 1)2 ×

(
N

b

)2

.

(2.F.21)

Replacing b with N/2−s, it can be verified that this result indeed corresponds to Eq. (2.5.15).

2.F.3.2. Total dimension. The dimension of the SU(2N) irrep should match the dimension

of the SU(2)× SU(N) representation to which it is reduced

dim
N

 ...


SU(2N)

=
bN/2c∑
b=0

dim


N−b︷ ︸︸ ︷
... ...

...︸ ︷︷ ︸
b


SU(2)

× dim
N−b


... ...

 b

...


SU(N)

.

(2.F.22)
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Summing over the index b, we obtain the RHS of Eq. (2.F.22). The LHS of Eq. (2.F.22)

is the dimension of the rank-N antisymmetric irrep of SU(2N) which is
(

2N
N

)
. It is left to

show that (
2N
N

)
=
bN/2c∑
b=0

(N − 2b+ 1)2 (N + 1)
(N − b+ 1)2 ×

(
N

b

)2

. (2.F.23)

The RHS of Eq. (2.F.23) with even N = 2x with x ∈ Z+ can be simplified to the expected

result

x∑
b=0

(N − 2b+ 1)2 (N + 1)
(N − b+ 1)2 ×

(
N

b

)2∣∣∣∣
N=2x

=
π

3
2 (2x)!2

(
x− 1

4

)
!
(
x− 3

4

)
!(

x− 1
2

)
!3x!3Γ

(
3
4

)
Γ
(

1
4

)
= (4x)!

(2x)!2 =
(

2N
N

)∣∣∣∣
N=2x

. (2.F.24)

For odd N , we could not show (2.F.23) analytically, but it was confirmed numerically up to

N = 104 + 1.

2.F.4. Monopoles with larger topological charges

The results in the present section directly apply to the study of monopole with a topolo-

gical charge larger than the minimum q = 1/2. As we take a larger topological, more fermion

zero modes become available. However, filling half of those 2dqN zero modes will generate

monopole with non vanishing Lorentz spins. This is still a good starting point : We define

4πq flux operators with vanishing fermion number by generalizing Eq. (2.5.2)

Φ†I1...IN = c†I1 . . . c
†
IN
M†

Bare , Ii ∈ {1, 2, . . . , 2dqN} . (2.F.25)

These flux operators form the rank-dqN completely antisymmetric tensor of SU(2dqN). In

QED3, it reduces in irreps of the symmetry group SU(2)rot×SU(2N). Consider the following

chain

SU(2dqN) ⊃ SU(dq)× SU(2N) ⊃ SU(2)× SU(2N) . (2.F.26)

Then, a first step in reducing the antisymmetric irrep of SU(2dqN) is to first consider the

reduction

SU(2dqN)→ SU(dq)× SU(2N) . (2.F.27)
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This is just a subcase of the general reduction considered above (2.F.1) with M = dq and

N = 2N . The reduction is then simply

(1dqN)→
⊕
ν

(Υq
ν ,Υ

q
ν̃) , (2.F.28)

where Υq
ν ,Υ

q
ν̃ are pairs of conjugate Young tableaux with dqN boxes, and Υq

ν has at most dq
rows. To obtain irreps in QED3-cHGN, this should then be reduced as

SU(dq)× SU(2N)→ SU(2)× SU(2N) . (2.F.29)

Of course, we only need to know how the treat the reduction of the first subalgebra SU(dq)→

SU(2). At this point, SU(2) singlets may be selected and represent the monopole operators,

i.e. flux operators with vanishing fermion number and that transform as Lorentz scalars

SU(2dqN)→ SU(2)× SU(2N) , (2.F.30)

(1dqN)→
⊕
ν∈V0

Ων (1,Υq
ν̃) , V0 = {ν | (Υq

ν)SU(dq) → Ων1SU(2) ⊕ . . .} , (2.F.31)

where Ων is a degeneracy to be determined. Then, we can proceed to the reduction of the

flavor symmetry irreps with ν ∈ V0 just as we did in the main text for monopoles with

q = 1/2

SU(2N)→ SU(2)× SU(N) , (2.F.32)

Υq
ν̃ → . . . , (2.F.33)

where the ellipsis indicates the various diagrams involved in the reduction. To our knowledge,

there is no way to systematically obtain the reduction for general q like we did for general

N and q = 1/2. We will simply examine the case N = 2. We consider the reduction given by

SU(4dq)→ SU(dq)× SU(4)→ SU(dq)× SU(2)× SU(2) . (2.F.34)

For the second smallest topological charge q = 1, the reduction is given by

SU(8)→ SU(2)× SU(4) , (2.F.35)

70 →
(

1, 20′
)
⊕
(

3, 15

)
⊕
(

5, 1

)
. (2.F.36)
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Keeping only the Lorentz singlet, we the decompose the multiplet 20′ of SU(4) in irreps of

SU(2)× SU(2)

SU(4)→ SU(2)× SU(2) , (2.F.37)

20′ → (1,1)⊕ (1,5)⊕ (3,3)⊕ (5,1) . (2.F.38)

The first two irreps shows there is accidental degeneracy. One could continue for larger values

of q, e.g. q = 3/2

SU(12)→ SU(3)× SU(4) , (2.F.39)

→
(

,
)
⊕
(

,
)
⊕
(

,
)
⊕
(

,

)
, (2.F.40)

and so on. In these other cases, the first subalgebra must also be reduced to SU(2) in order

to select Lorentz scalars.
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Chapitre 3

Anomalous dimensions of monopole operators

at the transition between Dirac and

topological spin liquids

É. Dupuis, R. Boyack, et W. Witczak-Krempa, arXiv : 2108.05922, Août 2021.

Abstract. Monopole operators are studied at certain quantum critical points between a

Dirac spin liquid and topological quantum spin liquids (QSLs) : chiral and Z2 QSLs. These

quantum phase transitions are described by conformal field theories (CFTs) : quantum elec-

trodynamics in 2+1 dimensions with 2N flavors of two-component massless Dirac fermions

and a four-fermion interaction term. For the transition to a chiral spin liquid, it is the Gross-

Neveu interaction (QED3-GN), while for the transition to the Z2 QSL it is a superconducting

pairing term (QED3-Z2GN). Using the state-operator correspondence, we obtain monopole

scaling dimensions to sub-leading order in 1/N . For monopoles with a minimal topological

charge q = 1/2, the scaling dimension is 2N × 0.26510 at leading-order, with the quan-

tum correction being 0.118911(7) for the chiral spin liquid, and 0.102846(9) for the Z2 case.

Although these two anomalous dimensions are nearly equal, the underlying quantum fluctua-

tions possess distinct origins. The analogous result in QED3 is also obtained and we find a

sub-leading contribution of −0.038138(5), which is slightly different from the value −0.0383

first obtained in the literature. The scaling dimension of a QED3-GN monopole with minimal

charge is very close to the scaling dimensions of other operators predicted to be equal by a



conjectured duality between QED3-GN with 2N = 2 flavors and the CP1 model. Additio-

nally, non-minimally charged monopoles with equal charges on both sides of the duality have

similar scaling dimensions. By studying the large-q asymptotics of the scaling dimensions in

QED3, QED3-GN, and QED3-Z2GN we verify that the constant O(q0) coefficient precisely

matches the universal prediction for CFTs with a global U(1) symmetry.

3.1. Introduction
Gauge theories have taken an important place in modern condensed matter physics,

in part due to their ability to provide a low-energy description of many quantum phases of

matter. Gauge fields emerge as collective excitations that capture the highly entangled nature

of certain strongly correlated systems. This is notably apparent in the case of frustrated two-

dimensional magnets hosting quantum spin liquids and deconfined quantum critical points

(dQCPs).

In these lattice systems, the emergent gauge field is compact, and, as a result, has to-

pological excitations created by topological disorder operators. For a U(1) gauge field, these

objects are called monopole or instanton operators and they play an essential role in many

physical systems. Crucially, monopole proliferation confines the gauge field. This is the case

in the pure U(1) gauge theory [1, 2]. In the presence of massless matter, however, monopoles

are screened and confinement can be avoided if enough flavors of massless matter are present.

In particular, we will be first considering a transition from a U(1) Dirac spin liquid (DSL),

which is described by QED3 with 2N flavors of massless two-component Dirac fermions. Rea-

lizations of the U(1) DSL were formulated for the Kagome Heisenberg spin-1/2 magnet [3–8]

and the J1 − J2 spin-1/2 model on the triangular lattice [9–11] with 2N = 4 flavors. Dirac

spin-orbital liquid with effective spin j = 3/2 and 2N = 8 flavors have also been formulated

for quantum magnets on honeycomb [12, 13] and triangular [14] lattices. For a large number

of fermion flavors 2N , it has been shown through a 1/N expansion that monopole opera-

tors are irrelevant [15], and thus the U(1) DSL is stable in this limit. Taking into account

next-to-leading order corrections [16], the critical number of fermion flavors was estimated

to be 2Nc = 12, beyond which minimally charged monopoles become irrelevant. This result

was confirmed by Monte Carlo computations [17] and is consistent with conformal bootstrap

bounds [18, 19]. The addition of disorder renders the model more unstable [20].
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Monopole operators also serve as order parameters in neighboring phases. For instance, in

the CP1 model, which describes the transition between an antiferromagnetic (AFM) phase

and a valence bond solid (VBS), there are monopoles with lattice quantum numbers and

their condensation results in VBS order [21–24]. It is in this model where the scaling di-

mension of monopole operators were first obtained [25]. Monopoles are also crucial in the

U(1) DSL, a parent state for many spin liquids. In this fermionic theory, monopoles can

carry different quantum numbers due to the existence of fermion zero modes [26] which

may dress monopoles in various ways. Monopoles describe various VBS and AFM orders,

depending on which lattice the U(1) DSL is formulated [27]. By tuning a flavor-dependent

Gross-Neveu (GN) interaction, a fermion mass is generated and monopoles with specific

quantum numbers condense [28]. In particular, the U(1) DSL on the Kagome lattice orders

to an antiferromagnetic 120◦ coplanar order as monopoles dressed with a magnetic spin po-

larization condense [29, 30]. This confinement-deconfinement transition is described by the

QED3- chiral Heisenberg GN model (QED3-cHGN), and the scaling dimensions of mono-

pole operators at the quantum critical point (QCP) were obtained in Ref. [31]. In this case,

the activation of the cHGN interaction breaks the flavor symmetry, resulting in a hierar-

chy among monopoles where the scaling dimension depends on the total magnetic spin of a

monopole [32, 33].

The quantum criticality of the dQCP and the U(1) DSL with 2N = 4 fermions were

recently given a precise relation. It was shown that they can be formulated as so-called Stiefel

liquids, which are related to non-linear sigma models in 2+1 dimensions with target manifolds

SO (n) / SO (4), where n = 5 and n = 6 for the dQCP and the U(1) DSL respectively [34].

Higher values are conjectured to realize non-lagrangian critical systems, for instance realizing

a phase between a non-coplanar magnet and a VBS order when n = 7.

In this work, we will focus on transitions from the U(1) DSL to two topological quantum

spin liquids (QSL) : a chiral spin liquid (CSL) as mentioned above, and a Z2 QSL. The first

transition is described by QED3-GN [35, 36], where the CSL results from the condensation

of a symmetric fermion mass induced by the GN interaction. This transition can be realized

for the Kagome [37–40] and triangular [41–43] Heisenberg magnets with 2N = 4 Dirac cones.

The QCP for the non-compact QED3-GN has been studied in Refs. [36, 44–48]. Even though a

mass gap is condensed in the CSL, there is no confinement-deconfinement transition taking
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place in the compact theory. Despite removing the screening effect of gapless modes, the

symmetric condensed mass induces a Chern-Simons term in the infrared limit which gaps

the monopoles and prevents their proliferation. The spinons in the gapped CSL thus remain

deconfined. The CSL is a topologically ordered state that breaks time-reversal symmetry,

and has robust chiral edge modes.

In contrast, the non-chiral Z2 QSL is obtained when the fermionic spinons undergo a

pairing instability to a gapped s-wave superconducting state. The U(1) gauge field is gapped

through the Higgs mechanism, and gives place to a discrete Z2 gauge field. In this case,

fractionalization remains intact. This quantum phase transition was studied in Refs. [49, 50].

Earlier studies [30, 51] qualitatively described how a Z2 QSL can be obtained from a Dirac

QSL through a superconducting transition for the fermions, albeit without a fluctuating

scalar field (Cooper pair field). In addition, Ref. [52] studied a similar model in the context

of superconducting criticality in topological insulators. Interestingly, it turns out that, at

leading-order in 1/N , the monopoles have the same scaling dimension at both QCPs as

in the U(1) DSL [31, 50]. In this work, we obtain the next-to-leading order correction to

monopole scaling dimensions at those QCPs.

This study is also motivated by the duality between QED3-GN with 2N = 2 fermion

flavors and CPN−1 with N = 2 complex boson flavors conjectured in Ref. [53] and further

studied in Ref. [44]. This duality can be checked by comparing the scaling of monopole

operators with various scaling dimensions that are predicted to be equal according to this

duality. The good agreement obtained in the LO result [31] is further improved by the scaling

dimension correction we obtain here for the QED3-GN monopoles.

The paper is organized as follows. In the next section, we present the QED3-GN model and

show how the state-operator correspondence is used to obtain monopole scaling dimensions.

In Sec. 3.3, the leading-order computation presented in Ref. [31] is reviewed. In Sec. 3.4, 1/N

corrections to monopole scaling dimensions are computed. We also verify that the scaling

dimensions satisfy a conjectured convexity property. In Sec. 3.5, we compare our results

with the large-charge expansion obtained in Ref. [54] for CFTs. In Sec. 3.6, we study the

QED3-GN ⇔ CP1 duality [53]. In Sec. 3.7, we study monopole scaling dimensions at the

transition to a Z2 QSL, and obtain distinct values compared to the CSL. In Sec. 3.8, we

briefly discuss other phase transitions that could be studied with this formalism, including
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the QED3-U(N)× U(N) GN, QED3-chiral XYGN, and QED3-cHGN QCPs. We conclude

with a discussion of our results and an outlook. In Appendix 3.A, we review the phase

transition from the U(1) DSL to the CSL in the non-compact model. In Apps. 3.B and

3.C, we give more details regarding how the kernels appearing in Sec. 3.4 are obtained and

simplified with gauge invariance. The expansion of these kernels in terms of harmonics is

detailed in Apps. 3.D and 3.E. We give detailed simplifications of the kernels used for the

case of minimally charge monopoles in App. 3.F. In App. 3.G, some remainder coefficients

used to analytically approximate sums over angular momenta are shown. In App. 3.H, we

show how some contributions of fermion zero modes neglected in the main text vanish. In

App. 3.I, the fitting procedure used to alleviate finite-size effects when computing monopole

anomalous dimensions are described. In App. 3.J, we list monopole anomalous dimensions

in QED3, QED3-GN, and QED3-Z2GN for topological charges up to q = 13.

3.2. Monopoles at transition between Dirac & chiral

spin liquids
The action of the QED3-GN model in euclidean flat spacetime is given by

S =
∫
d3r

[
−Ψγµ (∂µ − iAµ) Ψ− h2

2
(
ΨΨ

)2
]

+ · · · , (3.2.1)

where Ψ is a 2N flavor spinor Ψ = (ψ1,ψ2, . . . ψ2N)ᵀwith each flavor ψi being a two-component

Dirac fermion. For certain quantum magnets, where fermions emerge as fractionalized qua-

siparticles, the 2N flavors are related to two magnetic spin polarizations s =↑ , ↓ and N

valley nodes per spin, v = 1, . . . ,N . Typical quantum magnets have N = 2 or 4 nodes,

but here we keep N general and use it as an expansion parameter. The adjoint spinor is

given by Ψ = Ψ†γ0, where the gamma matrices are defined in terms of the Pauli matrices

by γx,y = σx,y, and γ0 = σz. The fermions are coupled to a compact U(1) gauge field Aµ,

and have a GN self-interaction with coupling strength h. The ellipsis denotes an irrelevant

Maxwell term and the contribution of monopole operatorsMq(x) that we discuss further in

what follows.
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In 2+1 dimensions, U(1) gauge theories have an extra global Utop(1) symmetry associated

with the following conserved current

Jµtop(x) = 1
2πε

µνρ∂νAρ(x), (3.2.2)

where “top” stands for topological. The operators charged under Utop(1) are called topolo-

gical disorder operators or instantons. In this 2 + 1 dimensional context, we refer to them as

monopole operators. These operators create topological configurations of the gauge field Aqµ
with a quantized flux

∫
dnµε

µνρ∂νAqρ = 4πq, where the topological charge is a half-integer

q ∈ Z/2 as a result of the Dirac quantization condition [55]. These kinds of configurations

are allowed in the compact formulation of the U(1) gauge group, which gives the correct des-

cription for emergent gauge theories in a condensed matter context. The monopole operators

themselves can be defined by the action of the topological current on them :

Jµtop(x)M†
q(0) ∼ q

2π
xµ

|x|3
M†

q(0) + · · · , (3.2.3)

where the ellipsis denotes less singular terms in the operator-product expansion (OPE) [15].

The resulting factor in front of the monopole operator corresponds to the magnetic field of

a charge-q Dirac magnetic monopole.

The model in Eq. (3.2.1) describes a transition from a DSL to a CSL. For a sufficiently

strong coupling, a chiral order develops due to the condensation of a fermion bilinear :

〈ΨΨ〉 6= 0. This may be studied by introducing an auxiliary pseudo-scalar boson φ. The

effective action at the quantum critical point (QCP), denoted by Sc
eff , is

Sc
eff = −N ln det

(
/∂ − i /A+ φ

)
, (3.2.4)

where φ is an auxiliary boson decoupling the GN interaction. More details are shown in

App. 3.A.

In the compact version of QED3-GN, monopole operators are also present at the QCP.

The main goal of this paper is to compute their scaling dimension ∆Mq , which controls the

scaling of the monopole two-point correlation function :

〈Mq(x)M†
q(y)〉 ∼ 1

|x− y|2∆Mq
. (3.2.5)

Since the QED3-GN model at the QCP is a conformal field theory (CFT), the state-operator

correspondence can be used to obtain these scaling dimensions [15]. This correspondence
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relies on a radial quantization of the CFT and a conformal transformation mapping the

dilatation operator D̂ on R3 to a Hamiltonian Ĥ on S2 × R. Denoting the usual radius on

R3 as r = eτ ,1 the related Weyl transformation of the spacetime is written as(
ds2

)
S2×R

= e−2τ
(
ds2

)
R3

= dτ 2 + dθ2 + sin2 θdφ2. (3.2.6)

The scaling dimension of an operator O(x) then corresponds to the energy of some state

Ĥ |O〉 = ∆O |O〉 on this compactified spacetime. Specifically, the charge-q operator with the

smallest scaling dimension corresponds to the ground state of the CFT on the compactified

spacetime S2 × R, where the sphere S2 is pierced by 4πq flux. To implement this flux, an

external gauge field is coupled to the fermions

Aq = q (1− cos θ) dφ, (3.2.7)

or Aqφ = (1− cos θ) / sin θ in component notation. The smallest scaling dimension of mono-

pole operators in topological sector q is then given by 2

∆q = lim
β→∞

Fq = − lim
β→∞

1
β

lnZ [Aq] , (3.2.8)

where Fq is the free energy and Z [Aq] is the partition function formulated on S2 × S1
β, i.e.,

the previous spacetime but now with the “time” direction compactified to a “thermal” circle

S1
β with radius β. This formulation allows us to introduce the holonomy of the gauge field

along this circle, written as

α = iβ−1
∫
S1
β

dτ Aτ . (3.2.9)

The holonomy couples to the fermion number operator
∫
d2r

√
g(r)Ψ†Ψ = N̂fermions and acts

as a chemical potential [19, 31]. The saddle-point equation of this holonomy constrains the

fermion number to vanish

0 = 1
β

δ lnZ [Aq]
δα

∣∣∣∣∣
s.p.

=
〈
N̂fermions

〉
, (3.2.10)

where “s.p.” stands for saddle-point. The holonomy thus serves as a Lagrange multiplier that

ensures that a state with 〈N̂fermions〉 = 0 is selected to correctly represent a gauge-invariant

monopole operator [31].

1We work in natural units where the two-sphere radius is R = 1.
2More formally, we could write ∆q = limβ→∞ (Fq − F0) as explained in Ref. [56]. However, it turns out

that limβ→∞ F0 = 0.
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The scaling dimension will be obtained using a large-N expansion. We first note that the

partition function can be written as a path integral :

Z [Aq] = e−βFq =
∫
DφDAµ exp

(
−Seff

[
φ,Aµ,Aqµ

])
. (3.2.11)

The effective action is now given by

Seff
[
φ,Aµ,Aqµ

]
=− 2N ln det

(
/DA+Aq + φ

)
, (3.2.12)

where /DA+Aq is the gauge-covariant derivative on a curved spacetime including the external

gauge field Aqµ sourcing the 4πq flux :

/DA+Aq = eµb γ
b
(
∇µ − iAµ − iAqµ

)
. (3.2.13)

The gamma matrices γb still correspond to the Pauli matrices, as the spacetime index is

normalized with a tetrad eµb which encapsulates the information about the metric gµνeµb eνc =

δbc. The path integral defining the partition function can be expanded around the saddle-

point values of the auxiliary and gauge bosons :

φ = 〈φ〉+ σ, Aµ = 〈Aµ〉+ aµ, (3.2.14)

which are defined by the following saddle-point conditions
δFq
δφ

∣∣∣∣∣
φ=〈φ〉,Aµ=〈Aµ〉

= δFq
δAµ

∣∣∣∣∣
φ=〈φ〉,Aµ=〈Aµ〉

= 0. (3.2.15)

Taking the fluctuations to scale as 1/
√

2N , the saddle-point expansion of the partition func-

tion is then ∫
DφDAe−Seff = e−Seff |s.p.

∫
DσDae−S

(2)
eff , (3.2.16)

where S(2)
eff is the second variation of the action. Integrating over the quadratic fluctuations,

this gives us the 1/N expansion of the free energy :

2NF (0)
q = 1

β
Seff |s.p. , (3.2.17)

F (1)
q = 1

β
× 1

2 ln det
[

δ2Seff

δ (σ,a) δ (σ,a)

]∣∣∣∣∣
s.p.

. (3.2.18)

Using the relation in Eq. (3.2.8), which follows from the state-operator correspondence, these

first two terms of the free energy give the scaling dimension at next-to-leading order in 1/N .3

3The expansion is in terms of the total number of fermion flavors, 2N , such that Fq = 2NF (0)
q + F

(1)
q +

O(1/N).
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Since the fermionic mass condensed in the ordered phase is flavor-symmetric
〈
ΨΨ

〉
, the

global flavor symmetry remains unbroken and monopole operators are organized as repre-

sentations of SU(2N). Just as for the various fermion bilinears and monopole correlation

functions in the U(1) DSL [29, 57, 58], monopole correlation functions at the QCP between

U(1) DSL and CSL related by this SU(2N) symmetry share the same scaling dimension.4

Depending on the lattice, various magnetic and VBS correlation functions will be described

by minimally charged monopole operators [27], but they all share the same scaling dimension

2N × 0.26510 + 0.118911(7) + O (N−1), where the leading-order was found in Ref. [31] and

the next-to-leading order is one of the main results of this work shown in Eq. (3.4.61). For

typical quantum magnets, we have 2N = 4 fermion flavors. The way that monopole scaling

dimensions control observable correlation functions could also be compared at this QCP and

deep in the U(1) DSL phase. In this latter case, scaling dimensions are those of monopoles

in QED3.

3.3. Review of N =∞ theory
First, we review the computation of monopole scaling dimensions in QED3-GN at leading-

order in 1/N [31]. At this order, the free energy is given by the effective action in (3.2.12)

at its saddle-point corresponding to a global minimum

F (0)
q = − 1

β
ln det

(
/D−iαdτ+Aq + 〈φ〉

)
, (3.3.1)

where the trace over the 2N flavors has been taken and has canceled a prefactor of (2N)−1.

The expectation value of the pseudo-scalar field is taken to be homogeneous. The gauge

field is also constant at the saddle-point, with a possible non-vanishing holonomy α on the

thermal circle described in (3.2.9). The determinant operator is diagonalized by introducing

monopole harmonics Yq,`,m(n̂), which are a generalization of spherical harmonics for a space

with a charge at the center [59, 60]. For a fixed charge q, these functions form a complete

basis. One important difference with these harmonics is that their angular momentum is now
4This degeneracy we described is among a flavor symmetry multiplet composed of monopoles with the

smallest scaling dimension, which we focus on. We emphasize that monopoles with larger scaling dimensions

can be built by dressing fermion modes with higher energies. For instance, a splitting of monopoles was

obtained for QED3 q = 1 monopoles as their scaling dimensions increases with Lorentz spin [19]. Notably,

for a monopole with Lorentz spin of order
√
N , there is a O(N0) additional positive correction.
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bounded below by this charge q. Using these functions to build appropriate eigenspinors, the

eigenvalues of this determinant operator on S2 × S1
β in Eq. (3.3.1) are shown to be [15, 31]

−i×


ωn − iα + iεq ` = q,

±
√

(ωn − iα)2 + ε2
` ` = q + 1,q + 2, . . .

(3.3.2)

where, for simplicity, we suppose q > 0 throughout. Here, ωn = 2πβ−1 (n+ 1/2), for n ∈

Z, are the fermionic Matsubara frequencies, and ε` are the energies of the modes for the

quantized theory on S2 × R :

ε` =
√
`2 − q2 + 〈φ〉2. (3.3.3)

More details on the diagonalization are presented in App. (3.D.2). Note that the energies

are dimensionless, as we work in units where the radius of the sphere is 1. Each mode has

the usual degeneracy that comes from the azimuthal symmetry, d` = 2`. The free energy at

leading-order then becomes

F (0)
q = − 1

β

∞∑
n=−∞

{
dq ln [ωn − iα + i 〈φ〉] +

∞∑
`=q+1

d` ln
[
(ωn − iα)2 + ε2

`

]}
. (3.3.4)

The saddle-point equation for the holonomy, given in Eq. (3.2.15), yields the condition

− dq tanh
(
β

2 (α− 〈φ〉)
)
−

∞∑
`=q+1

2d` sinh (βα)
cosh (βε`) + cosh (βα) = 0, (3.3.5)

which is solved for α = 〈φ〉 in the β → ∞ limit. With this result, the second gap equation

at leading-order in β is given by

2 〈φ〉
∞∑

`=q+1
d`ε
−1
` = 0, (3.3.6)

whose only solution is 〈φ〉 = 0. Therefore, the saddle-point values of both fields vanish.

Inserting this result in Eq. (3.3.4), the monopole scaling dimension at leading-order in

1/N is obtained from Eq. (3.2.8)5

∆q = 2N
∞∑

`=q+1
d`Eq,` +O

(
N0
)
, (3.3.7)

5More explicitly, the leading-order free energy is limβ→∞ F
(0)
q = 2

∑∞
`=q+1 d`Eq,`. Using zeta regulari-

zation, it follows that the q = 0 case vanishes : limβ→∞ F
(0)
0 = 4

∑∞
`=1 `

2 = 4ζ (−2) = 0, as previously

claimed.
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where the energies at the saddle-point are defined as

Eq,` =
√
`2 − q2. (3.3.8)

This is simply the leading-order scaling dimension of QED3 [15] (which must still be re-

gularized). For example, the scaling dimension of the monopole with minimal charge is

∆q=1/2 = 2N × 0.265 + O (N0). Here, a supplementary GN interaction is considered, but it

does not come into play at this level of the expansion since 〈φ〉 = 0. Thus, monopoles in

QED3 and QED3-GN have the same scaling dimensions at leading-order in 1/N :

∆(0)
q,QED3 = ∆(0)

q,QED3-GN. (3.3.9)

3.4. 1/N corrections

3.4.1. Setup

3.4.1.1. Real-space kernels. We now turn to the next-to-leading-order term in the free-

energy expansion in Eq. (3.2.18). The free-energy correction is related to the second variation

of the action by

exp
(
−βF (1)

q

)
=
∫
DσDa exp

−(2N)
2

∫
r,r′

(
σ(r) aµ(r)

)Dq(r,r′) Hq
µ′(r,r′)

Hq
µ (r′,r) Kq

µµ′(r,r′)


 σ (r′)

aµ′ (r′)


 ,

(3.4.1)

where
∫
r ≡

∫
d3r

√
g(r) and we defined the following kernels

Dq(r,r′) = 1
2N

δ2Seff

δσ(r)δσ (r′)

∣∣∣∣∣
s.p.

, (3.4.2)

Kq
µµ′(r,r′) = 1

2N
δ2Seff

δaµ(r)δaµ′ (r′)

∣∣∣∣∣
s.p.

, (3.4.3)

Hq
µ′(r,r′) = 1

2N
δ2Seff

δσ(r)δaµ′ (r′)

∣∣∣∣∣
s.p.

, (3.4.4)

where Seff is defined in Eq. (3.2.12). The remaining scalar-gauge kernel6 with mixed aµ(r)

and σ (r′) partial derivatives is obtained by exchanging coordinates r,r′ in Hq
µ′(r,r′), which

6Although σ(r) is really a pseudo-scalar, we refer to it as a “scalar” when labeling related kernels for

simplicity.
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has mixed σ(r) and aµ′ (r′) partial derivatives ; thus we write Hq
µ (r′,r) in Eq. (3.4.1). In

terms of the fermions in the original system, the kernels are given by

Dq(r,r′) =
〈
ψ(r)ψ(r)ψ (r′)ψ (r′)

〉∣∣∣
s.p.

, (3.4.5)

Kq
µµ′(r,r′) = −

〈
Jµ(r)Jµ′ (r′)

〉∣∣∣
s.p.

, (3.4.6)

Hq
µ′(r,r′) = −i

〈
ψ(r)ψ(r)Jµ′ (r′)

〉∣∣∣
s.p.

, (3.4.7)

where ψ is a single fermion flavor and the current is

Jµ(r) = ψ(r)γµψ(r). (3.4.8)

This can be re-expressed in terms of the fermionic Green’s functionGq(r,r′) =
〈
ψ(r)ψ (r′)

〉∣∣∣
s.p.

and its hermitean conjugate G†q(r,r′) = −
〈
ψ (r′)ψ(r)

〉∣∣∣
s.p.

. The Wick expansion of the ker-

nels yields

Dq(r,r′) = −tr
[
Gq(r,r′)G†q(r,r′)

]
, (3.4.9)

Kq
µµ′(r,r′) = tr

[
γµGq(r,r′)γµ′G†q(r,r′)

]
, (3.4.10)

Hq
µ′(r,r′) = itr

[
Gq(r,r′)γµ′G†q(r,r′)

]
, (3.4.11)

where the cyclicity of the trace was used. The remaining prefactor 2N in Eq. (3.4.1) is

cancelled as the fluctuation fields are rescaled σ,aµ → σ/
√

2N, aµ/
√

2N to control the ex-

pansion. The free-energy correction is then obtained by integrating the field fluctuations in

Eq. (3.4.1). It is convenient to subtract the q = 0 correction F
(1)
0 = 0,7 therefore we write

the general correction as

F (1)
q = 1

2 ln
(

det′M q

det′M0

)
, (3.4.12)

where we define the matrix kernel

M q(r,r′) =

 Dq(r,r′) Hq
µ′(r,r′)

Hq
µ (r′,r) Kq

µµ′(r,r′)

 . (3.4.13)

7Since the scaling dimension of the identity operator vanishes, we have limβ→∞ F
(1)
0 = 0. Computing

F
(1)
q − F (1)

0 requires less regularization procedures and automatically takes care of gauge fixing subtleties

since the Fadeev-Popov ghost contribution is independent of the background flux 4πq in QED3 [61].

170



3.4.1.2. Fourier transform. To compute the determinant operator, the kernels are expan-

ded in terms of harmonics. For the gauge-gauge kernels, the vector spherical harmonics are

introduced :

aTµ,`m(n̂) = δ0
µY`m(n̂), (3.4.14)

aEµ,`m(n̂) = 1√
`(`+ 1)

∇µY`m(n̂), (3.4.15)

aµ,B`m (n̂) = 1√
`(`+ 1)

ε0µν√
g(r)
∇νY`m(n̂). (3.4.16)

As suggested by the notation, the B mode has zero divergence : ∇ · ~aB`m(n̂) = 0, and the E

mode has zero curl : ∇×~aE`m(n̂) = 0. It is also useful to introduce 4-dimensional eigenfunc-

tions,

YD
`m(n̂) =

Y`m(n̂)

0µ

 , YX
`m(n̂) =

 0

aµ,X`m (n̂)

 , (3.4.17)

where X ∈ {T,E,B}. In this basis, the matrix kernel M q(r,r′) can be expanded as

M q(r,r′) =
∫ ∞
−∞

dω

2π

∞∑
`=0

∑̀
m=−`

e−iω(τ−τ ′)



YD
`m(n̂)

YT
`m(n̂)

YE
`m(n̂)

YB
`m(n̂)



ᵀ

M q
` (ω)



YD
`m(n̂′)†

YT
`m(n̂′)†

YE
`m(n̂′)†

YB
`m(n̂′)†


, (3.4.18)

where we directly work on S2 × R (i.e., taking the limit β →∞ now) and where

M q
` (ω) =



Dq
` Hq,T

` Hq,E
` Hq,B

`

−Hq,T∗
` Kq,TT

` Kq,TE
` Kq,TB

`

−Hq,E∗
` Kq,TE∗

` Kq,EE
` Kq,EB

`

−Hq,B∗
` Kq,TB∗

` Kq,EB∗
` Kq,BB

`


. (3.4.19)

All of the arguments of the functions appearing in the matrix are ω. Note that the scalar-

gauge kernel is imaginary, hence the reason for the signs in the first column of the matrix.

This last point is shown explicitly in App. 3.B.

This kernel can be simplified by using CT invariance. The auxiliary boson φ, a pseudo-

scalar, and the E,T modes of the gauge field are antisymmetric under CT , while the B modes
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are symmetric under CT . This implies that the following kernels vanish 8

Kq,TB
` (ω) = Kq,EB

` (ω) = Hq,B
` (ω) = 0. (3.4.20)

The U(1) gauge invariance also enables the kernel to be simplified. Using the conservation

of the U(1) current, ∇µJ
µ(r) = 0, in Eqs. (3.4.6-3.4.7), it follows that

Kq,TE
` (ω) = iω√

`(`+ 1)
Kq,TT
` (ω), (3.4.21)

Kq,EE
` (ω) = ω2

`(`+ 1)K
q,TT
` (ω), (3.4.22)

Hq,E
` (ω) = iω√

`(`+ 1)
Hq,T
` (ω). (3.4.23)

It should also be noted that among vector spherical harmonics, only aTµ,`m(n̂) is defined for

` = 0. In this case, the only remaining gauge-gauge kernel is Kq,TT
0 (ω), and it vanishes by

gauge invariance. The computations to obtain these gauge invariance conditions are shown

in App. 3.C. Using all these simplifications, the monopole scaling dimension correction is

given by

∆(1)
q,QED3-GN = 1

2

∫
ω

{
ln
(
Dq

0(ω)
D0

0(ω)

)
+
∞∑
`=1

(2`+ 1)

× ln

K
q,B
` (ω)

(
Dq
` (ω)Kq,E

` (ω) +
(
1 + ω2

`(`+1)

) ∣∣∣Hq,T
` (ω)

∣∣∣2)
K0,B
` (ω)D0

` (ω)K0,E
` (ω)


}
, (3.4.24)

where
∫
ω ≡

∫∞
−∞ dω/ (2π) and we defined

Kq,E
` (ω) ≡ Kq,TT

` (ω) +Kq,EE
` (ω), (3.4.25)

Kq,B
` (ω) ≡ Kq,BB

` (ω). (3.4.26)

Note that H0,T
` (ω) = 0 and thus it does not appear in the denominator.

By turning off the GN interaction in Eq. (3.4.24), the scalar-scalar kernel Dq
` (ω) and

the scalar-gauge kernel Hq,T
` (ω) do not contribute, and the monopole scaling dimension

correction in QED3 [16] is recovered :

∆(1)
q,QED3 = 1

2

∫
ω

∞∑
`=1

(2`+ 1) ln
[
Kq,B
` (ω)Kq,E

` (ω)
K0,B
` (ω)K0,E

` (ω)

]
, (3.4.27)

8This result was also checked explicitly with the same method giving the values of non-vanishing kernels.
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One can alternatively deactivate the gauge field, keeping only the scalar-scalar kernels, and

obtain the pure GN model. Despite the absence of a gauge field in this model, one can

still introduce an external gauge field with the 4πq flux, define a correlation function on

this background configuration, and obtain the related critical exponent. This was notably

achieved for the O(N) model in Ref. [61]. In a forthcoming publication, we shall also explore

this avenue in the pure-GN model.

The relevant kernel Fourier coefficients to compute the monopole scaling dimensions in

(3.4.24) and (3.4.27) are found by inverting Eq. (3.4.18) :

Dq
` (ω) = 4π

2`+ 1

∫
r
eiωτDq (r,0)

∑
m

Y ∗`m(n̂)Y`m (ẑ) , (3.4.28)

Hq,T
` (ω) = 4π

2`+ 1

∫
r
eiωτHq

0 (r,0)
∑
m

Y ∗`m(n̂)Y`m (ẑ) , (3.4.29)

Kq,E
` (ω) = 4π

2`+ 1

∫
r
eiωτ

[
Kq

00 (r,0)
∑
m

Y ∗`m(n̂)Y`m (ẑ) +Kq
aa′ (r,0)

∑
m

aa,E∗`m (n̂)aa
′,E
`m (ẑ)

]
,

(3.4.30)

Kq,B
` (ω) = 4π

2`+ 1

∫
r
eiωτKq

aa′ (r,0)
∑
m

aa,B∗`m (n̂)aa
′,B
`m (ẑ) , (3.4.31)

where the second coordinates are fixed to τ ′ = 0 and n̂′ = ẑ without loss of generality, and

normalized coordinates a,a′ are introduced.

3.4.2. Anomalous dimensions

The anomalous dimensions of monopole operators (3.4.24, 3.4.27) are computed in this

section. To do so, the kernel coefficients in Eqs. (3.4.28, 3.4.30, 3.4.31) must be obtained.

These coefficients are built with real-space kernels (3.4.9-3.4.11) that depend on the fermionic

Green’s function at the saddle-point. The Green’s function is defined by the action of the

Dirac operator on it :

i /D
S2×R
Aq (r)Gq(r,r′) = −δ(r − r′). (3.4.32)

The eigenkernels in Eqs. (3.4.28, 3.4.30, 3.4.31), involving the sums on spherical harmonics

or vector spherical harmonics, will also be needed.

3.4.2.1. q = 0 kernels. We first compute the expressions in the denominator of the scaling-

dimension corrections (3.4.24, 3.4.27), that is, the q = 0 kernel coefficients. The eigenkernel

in the scalar-scalar kernel (3.4.28) is just the sum of spherical harmonics, which is given by
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the addition theorem ∑
m

Y ∗`m(n̂)Y`m(n̂′) = 2`+ 1
4π P` (cos γ) , (3.4.33)

where

cos γ ≡ n̂ · n̂′ = cos θ cos θ′ + sin θ sin θ′ cos (φ− φ′) . (3.4.34)

When working with n̂′ = ẑ, this is replaced by

x ≡ cos θ. (3.4.35)

For the sums on vector spherical harmonics appearing in the gauge-gauge kernels (3.4.30,

3.4.31), a similar result is obtained in spherical coordinates a = θ̂, φ̂, τ̂ in Eqs. (3.E.4, 3.E.5)

in App. 3.E and is formulated with the same Legendre polynomial and its first and second

derivatives. This reproduces a result from Ref. [62].

The real-space kernel for q = 0 is also needed. In this case, the Green’s function takes a

simple form which is simply the conformally transformed 3D flat space Green’s function [16] :

G0 (τ − τ ′,n̂,n̂′) = i

4π
1

X3/2~γ ·
(
e

1
2 (τ−τ ′)n̂− e−

1
2 (τ−τ ′)n̂′

)
, (3.4.36)

where

X ≡ 2 cosh(τ − τ ′)− 2 cos γ. (3.4.37)

The real-space kernels can then be obtained in normalized spherical coordinates. Inserting

this Green’s function, along with the eigenkernels, in Eqs. (3.4.28, 3.4.30, 3.4.31), the resulting

q = 0 kernel coefficients are (setting τ ′ = 0)

D0
` (ω) = 1

8π2

∫
r
eiωτP`(x) 1

X4 , (3.4.38)

K0,E
` (ω) = 1

32π2

∫
r
eiωτP`(x)

(
−∇2

S2 + 1
`(`+ 1)∇

2
S2∂2

τ

) 1
X2 , (3.4.39)

K0,B
` (ω) = − 1

8π2`(`+ 1)

∫
r
eiωτP`(x)∇2

S2
1
X4 , (3.4.40)

where integration by parts was used to eliminate derivatives of P`(x). The differential opera-

tors acting on eiωτP`(x) can be replaced with the corresponding eigenvalues ∇2
S2 → −`(`+1)

and ∂2
τ → −ω2 with further integration by parts. The remaining expressions contain Fourier

transforms of the form
∫
r e

iωτP`(x)Xp which were obtained in the appendix of Ref. [62]. Using
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these results, the q = 0 kernel coefficients are simplified to

D0
` (ω) =

(
`2 + ω2

)
D`−1(ω), (3.4.41)

K0,E
` (ω) = 1

2
(
`(`+ 1) + ω2

)
D`(ω), (3.4.42)

K0,B
` (ω) = 1

2
(
`2 + ω2

)
D`−1(ω), (3.4.43)

where

D`(ω) =

∣∣∣∣∣∣
Γ
(

1+`+iω
2

)
4Γ
(

2+`+iω
2

)
∣∣∣∣∣∣
2

. (3.4.44)

Note that we have reproduced the gauge-gauge coefficients K0,E
` (ω) and K0,B

` (ω) given in

Ref. [16] by using the methods of Ref. [62].

3.4.2.2. Anomalous dimensions for q = 1/2 . For the minimal magnetic charge, the ei-

genkernels in Eqs. (3.4.28-3.4.31) are formulated using the same expression (3.4.33, 3.E.4,

3.E.5) as in the last section. In particular, the gauge-gauge kernels will be worked out in

normalized spherical coordinates. As for the real-space kernels (3.4.9-3.4.11), they depend

on the q = 1/2 fermionic Green’s function defined through Eq. (3.4.32). The spectral decom-

position of the Green’s function in terms of spinors with monopole harmonics components

is shown in App. 3.D.2. A generalized addition theorem for monopole harmonics involving

the Jacobi Polynomials P (0,2q)
` (x) is then needed. Specifically, after taking the sum over the

azimuthal quantum number, the Green’s function for general q is given by [16]9

Gq (τ,n̂; τ ′,n̂′) = i

2e
−i2qΘ

∞∑
`=q

e−Eq,`|τ−τ
′|
{
− Eq,`

1− xQq,`(x) (n̂− n̂′) · ~γ + sgn(τ − τ ′)

×
[
qQq,`(x)I +Q′q,`(x) (n̂+ n̂′) · ~γ + i

q

1 + x
Qq,`(x) (n̂× n̂′) · ~γ

]}
,

(3.4.45)

where the energies Eq,` were defined in Eq. (3.3.8) and where

Qq,`(x) = (1 + x)q

(4π) 2q


P

(0,2q)
`−q (x)− P (0,2q)

`−1−q(x), ` > q,

1, ` = q.
(3.4.46)

The phase e−i2qΘ comes from the generalized addition theorem and is defined in Eq. (3.D.19),

but it is not involved in the computation since it is always cancelled by the opposite

phase of the Green’s function hermitean conjugate. The Green’s function can be inserted
9There is a sign error in the first term of the Green’s function in Ref. [16] that we corrected here. This

sign does not affect the conclusions in Ref. [16].
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in Eqs. (3.4.9-3.4.11) to obtain the real-space kernels, which, along with the eigenkernels

(3.4.33, 3.E.4, 3.E.5), are inserted in Eqs. (3.4.28-3.4.31) to compute the four kernel coeffi-

cients. Defining Kq,D
` (ω) ≡ Dq

` (ω) and Kq,T
` (ω) ≡ Hq,T

` (ω), the kernel coefficients Kq,Z
` (ω)

with Z ∈ {D,T,E,B} are given by

Kq,Z
` (ω) =

∑
`′,`′′

4πAZ
(
Eq,`′ + Eq,`′′

)
ω2 +

(
Eq,`′ + Eq,`′′

)2

[
IZ1
2 + Eq,`′Eq,`′′IZ2

]
≡
∞∑
`′,`′′

kq,Z`,`′,`′′(ω), (3.4.47)

where the prefactors are given by

AZ =
{

1,i, 1
`(`+1) ,

1
`(`+1)

}
, Z ∈ {D,T,E,B}, (3.4.48)

the integrals for scalar-scalar and scalar-gauge kernels are

ID1 = −2
∫
dxP`

[
q2 1

1 + x
Qq,`′Qq,`′′ + (1 + x)Q′q,`′Q′q,`′′

]
(3.4.49)

ID2 = −
∫
dx

1
1− xP`Qq,`′Qq,`′′ , (3.4.50)

IT1 = −2q
∫
dxP ′`Qq,`′Qq,`′′ , (3.4.51)

IT2 = 0, (3.4.52)

and the integrals for gauge-gauge kernels reproduce the expressions obtained in Ref. [16]10

IE1 = 2
∫
dx

{[
2`(`+ 1)P` + (1− x)P ′`

1 + x

]
q2Qq,`′Qq,`′′ −

(
1− x2

)
P ′`Q

′
q,`′Q

′
q,`′′

}
, (3.4.53)

IE2 = −
∫
dx
(1 + x

1− x

)
P ′`Qq,`′Qq,`′′ , (3.4.54)

IB1 = 2
∫
dx {[P ′` − (1− x)P ′′` ]

[
q2Qq,`′Qq,`′′

− (1 + x)2Q′q,`′Q
′
q,`′′

]}
, (3.4.55)

IB2 =
∫
dx [P ′` + (1 + x)P ′′` ]Qq,`′Qq,`′′ . (3.4.56)

These integrals can be performed exactly, see App. 3.F for more details. In the end, these

quantities depend only on the angular momenta : IZ1 (`,`′,`′′) and IZ2 (`,`′,`′′). For `′ = `′′ = q,

this computation requires more care since both energies vanish, and the integral over time

leading to the prefactor in Eq. (3.4.47) instead yields a Dirac delta function δ(ω). However,
10Here, our definitions for the integrals differ by a factor (2`+ 1)/(4π), so that the Legendre polynomial

appears P`(x) instead of F`(x) = [(2`+ 1)/(4π)]P`(x) as in Ref. [16].
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for `′ = `′′ = q = 1/2, the term in the bracket simply vanishes. When only one of `′ and `′

have their minimal value q = 1/2, there is a non-vanishing contribution to the anomalous

dimension. In this case, only IZ1 contributes, since the prefactor in front of IZ2 in Eq. (3.4.47)

vanishes. For q = 1/2, the contribution of zero modes in Eq. (3.4.47) vanishes with ` = ω = 0,

otherwise it is given by

2
∞∑

`′=3/2
k

1/2,Z
`,`′,1/2(ω) = − 1

4π

√
`(`+ 1)

ω2 + `(`+ 1) × {1,− i,0,1}. (3.4.57)

The remaining contribution consists in a sum on non-zero modes `′,`′′ ≥ 3/2. The summand

depends on IZ1 (`,`′,`′′) and IZ2 (`,`′,`′′) which are formed of three-J symbols in `,`′ and `′′

(3.F.8-3.F.10). Thus, one of the sums, say on `′′, can be viewed as finite. Then, after taking

the sum on `′′, the remaining summand tends to a constant for large `′

lim
`′→∞

∞∑
`′′=3/2

k
1/2,Z
`,`′,`′′(ω) = αZ = − 1

4π × {2,0,1,1}. (3.4.58)

Thus, for kernels with a non-zero asymptotic constant, the sum on `′ will be divergent.

This is regularized with a zeta function regularization ∑∞`=a `−p = ζ (p,a), here specifically

ζ (0,3/2) = −1

− αZ +
∞∑

`′=3/2

[
−αZ +

∞∑
`′′=3/2

k
1/2,Z
`,`′,`′′(ω)

]
. (3.4.59)

The sum above is then finite and is computed numerically up to a cutoff `′c. The re-

mainder is approximated with a large `′ expansion of the summand −αZ +∑
`′′ k

1/2,Z
`,`′,`′′(ω) =∑k

p=2 c
1/2,Z
`,p (ω) (`′)−p + O

(
1/`′(k+1)

)
. Each power in the expansion is summed analytically

from `′ = `′c + 1 to `′ =∞ with a zeta function. The coefficients c1/2,Z
`,p (ω) are found by doing

the expansion for a few fixed values of ` and deducing the general dependence on `. It turns

out that only even powers of 1/`′ have non-vanishing coefficients c1/2,Z
`,p (ω). We obtained the

expansion up to k = 18. With this remainder, we found that a cutoff `′c = 300 + 1/2 was

sufficiently large to achieve the desired precision goals. The first few terms of the remainders

for general q are shown in App. 3.G.

After performing the sums in Eqs. (3.4.57, 3.4.59), the kernel coefficients in Eq. (3.4.47)

are computed and inserted in Eq. (3.4.24) (or Eq. (3.4.27) for the case of QED3). The kernel

coefficients in the denominator of the logarithm of the monopole anomalous dimension were

obtained analytically in Eqs. (3.4.41-3.4.43). The remaining sum on ` and integral on ω are
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computed up to a relativistic cutoff [16]

`(`+ 1) + ω2 ≤ L (L+ 1) . (3.4.60)

We obtained the anomalous dimension with a cutoff up to Lmax = 65. A function of 1/L is

then fitted to extract the value of the anomalous dimension as the full sum and integration are

taken with L→∞. Fig. 3.1 shows a quartic function fitted with the data from L ∈ [Lmax −

10, Lmax]. The anomalous dimension of a charge q = 1/2 monopole in QED3-GN extracted

from this fit is ∆(1)
1/2,QED3-GN = 0.11890, whereas in QED3 it is given by ∆(1)

1/2,QED3
= −0.03814.

This reproduces the result in Ref. [16] up to a difference of order 10−4.

While we extrapolated the result for L→∞ with a quartic fit, based on a cutoff of Lmax =

65, varying the maximal relativistic cutoff can change the last digit in the result quoted

above. For instance, ∆(1)
1/2,QED3

|Lmax=50 = −0.03815. In App. 3.I, we show how we computed

anomalous dimensions for various Lmax and used the trend as Lmax → ∞ to estimate the

anomalous dimensions and their errors. The error we quote in what follows reflects the

uncertainties related to the extrapolations and not the precision of our computation which

yields relatively negligible errors.

Using this method, the anomalous dimension of q = 1/2 monopoles at next-to-leading

order in the 1/N expansion in QED3-GN is given by

∆(1)
1/2,QED3-GN = 0.118911(7). (3.4.61)

The scaling dimension of q = 1/2 monopole operators in QED3-GN is then given by 2N ×

0.26510 + 0.118911(7) +O (N−1). In QED3, the correction we found is

∆(1)
1/2,QED3

= −0.038138(5). (3.4.62)

With this estimated uncertainty of our result, it is clearer that there is a small discrepancy

when comparing our result with the correction −0.0383 computed in Ref. [16]. Trying to

replicate the method in Ref. [16], we used a cubic fit with data L ∈ [5,45] and obtained

−0.03823, which is closer to −0.0383.

3.4.2.3. Anomalous dimensions for general q. For larger topological charge q, many re-

sults used from App. 3.F are not easily generalized. In the previous section, the computations

involved three different Jacobi polynomials that appear after taking the sum over an appro-

priate azimuthal quantum number. Here instead, the real-space kernels and the eigenkernels
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Figure 3.1. Anomalous dimension of the q=1/2 monopole ∆(1)
1/2 (3.4.24, 3.4.27) as a func-

tion of the relativistic cutoff L (3.4.60) in (a) QED3 ; (b) QED3-GN. The points are obtained

by numerically computing Eqs. (3.4.24, 3.4.27), and the solid line is a quartic fit in 1/L with

the points L ∈ [55, 65].

will be written explicitly as sums of monopole spherical harmonics, respectively with finite

charge q and vanishing charge. This follows the alternative and more algorithmic method

presented in Ref. [63].

For the real-space kernels, the required formulation already appears as an intermediate

step in App. 3.D.2 when obtaining the Green’s function in Eq. (3.4.45). The Green’s func-

tion is a 2 × 2 matrix acting on particle-hole space with components given by the pro-

duct of two monopole harmonics (3.D.16-3.D.18). Consequently, the real-space kernels are

formulated as products of four monopole harmonics. As for the eigenkernels appearing in

Dq
` (ω),Hq,T

` (ω), they are already expressed as the product of two spherical harmonics (3.4.28,

3.4.29). Only the gauge-gauge kernels then need a reformulation. In this case, a different ba-

sis Uµ
`,m(n̂),V µ

`,m(n̂),W µ
`,m(n̂) for the vector spherical harmonics can be introduced. These are

eigenfunctions with respective total spin j = ` − 1,` and ` + 1 [16]. Most importantly, the

components of these harmonics are simply given by spherical harmonics (see App. 3.E.2).

We discuss the relation with the previous basis shortly.

Before doing so, we note that, in this new formulation, the kernel coefficients are expressed

as the integral of a product of four monopole harmonics and two spherical harmonics. To be

more precise, half of these functions are conjugate harmonics, but they can all be expressed
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as harmonics with the following relation

Y ∗q,`,m(n̂) = (−1)q+m Y−q,`,−m(n̂). (3.4.63)

Just as we did in Sec. 3.4.2, the primed coordinates can be fixed as τ ′ = 0 and n̂′ = ẑ without

loss of generality. As a result, half of the six harmonics are eliminated

Yq,`,m (ẑ) = δq,−m

√
2`+ 1

4π . (3.4.64)

This removes every sum on azimuthal quantum numbers, which greatly simplifies the com-

putation. There remains an integral over three harmonics∫
dn̂Yq,`,m(n̂)Yq′,`′,m′(n̂)Yq′′,`′′,m′′(n̂) = (−1)`+`

′+`′′

×
√

(2`+ 1) (2`′ + 1) (2`′′ + 1)
4π

` `′ `′′

q q′ q′′


 ` `′ `′′

m m′ m′′

 . (3.4.65)

The explicit expressions for the kernel coefficients involve the sum of many such integrals

and are not reproduced here.

Returning to the change of basis, the U,V,W vector spherical harmonics in the j = `

sector can be related to the harmonics previously introduced in Eqs. (3.4.14-3.4.16) by
Uµ
`+1,m(n̂)

W µ
`−1,m(n̂)

V µ
`,m(n̂)

 =


−
√

`+1
2`+1

√
`

2`+1 0√
`

2`+1

√
`+1
2`+1 0

0 0 i



aT,µ`m (n̂)

aE,µ`m (n̂)

aB,µ`m (n̂)

 ≡ R

aT,µ`m (n̂)

aE,µ`m (n̂)

aB,µ`m (n̂)

 . (3.4.66)

The Fourier coefficients can also be transformed in this basis :

R


Kq,TT
` (ω) Kq,TE

` (ω) 0

Kq,TE∗
` (ω) Kq,EE

` (ω) 0

0 0 Kq,BB
` (ω)

R−1 =


Kq,UU
` (ω) Kq,UW

` (ω) 0

Kq,UW∗
` (ω) Kq,WW

` (ω) 0

0 0 Kq,V V
` (ω)

 .
(3.4.67)

The matrix of eigenkernels keeps the same structure thanks to the block-diagonal form of

the transformation matrix R. This is expected, as we could also argue that the kernels

Kq,UV
` (ω) = Kq,WV

` (ω) = 0 vanish because of CT invariance, as we did for Kq,TB
` (ω) =

Kq,EB
` (ω) = 0. The relevant relations are then

Kq,V V
` (ω) = Kq,B

` (ω), (3.4.68)

Kq,UU
` (ω) +Kq,WW

` (ω) = Kq,E
` (ω). (3.4.69)
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The first relation is found by comparing the bottom-right components in Eq. (3.4.67) and

using the definition of Kq,B
` (ω) (3.4.26), whereas the second relation is found by taking the

trace of Eq. (3.4.67), using the first result in Eq. (3.4.68) and the definition of Kq,E
` (ω)

(3.4.25). The kernels Kq,E
` (ω) and Kq,B

` (ω) can then be replaced in the scaling-dimension

corrections (3.4.24-3.4.27) by their formulation in the new basis.

For general charge, the regularization of the kernels presented in Eqs. (3.4.58, 3.4.59) is

still valid : Regulator terms −1/ (2π) and −1/ (4π) can be used respectively for the scalar-

scalar and gauge-gauge kernels, while the scalar-gauge kernel does not require regularization.

The contribution of the zero modes using this method is also very straightforward and algo-

rithmic. However, there seems to be additional contributions coming from the combination of

zero modes in both Green’s function, `′ = `′′ = q. As discussed previously, this contribution

is proportional to a Dirac Delta function δ(ω) instead of the energy prefactor in Eq. (3.4.47).

This contribution vanishes once integrated over ω (see App. 3.H). Numerical sums on `′ are

obtained up to `′c = 200+q,11 and the remainder is computed analytically with an expansion

up to 1/`′18. In this case, the coefficients of the expansion also depend on the charge q and

are found by fixing ` and q for a few values.

The anomalous dimension ∆(1)
q for each charge are computed with a relativistic cutoff

Lmax = 35 + bqe, where bqe ≡ Round(q). Here, the convention is that half-integers are

rounded to even numbers, e.g. b1/2e = 0 and b3/2e = 2. The value of Lmax is modulated

with the charge q to ensure that a regime with a tail-like behaviour, as observed in Fig. 3.1, is

attained for larger charges. For the three minimal charges, we used a larger relativistic cutoff :

We use Lmax = 65 for q = 1/2 (as in the last section) and Lmax = 46,47 for q = 1, 3/2.12 We

found that the results are robust as Lmax is increased and more precise (see App. 3.I). The

results for L ∈ [Lmax − 6, Lmax] are used to fit a quartic function in 1/L to extrapolate the

anomalous dimensions ∆(1)
q as L→∞. The fits obtained for q = 5/2 monopoles in QED3 and

QED3-GN are shown in Fig. 3.2 and yield scaling-dimension corrections ∆(1)
5/2,QED3

= −1.0359

and ∆(1)
5/2,QED3-GN = 0.6253 as L→∞.

11We use a smaller cutoff for the general charge q which is still sufficient for the precision needed and

less computationally intensive.
12In these cases, we use `′c = 300 + q. For q = 1/2, we fit with L ∈ [Lmax − 10, Lmax] (as in the last

section) whereas we fit the q = 1, 3/2 cases with L ∈ [Lmax − 6, Lmax] (as other charges in this section). The

number of points used for the fits is discussed further in App. 3.I.

181



0.00 0.05 0.10 0.15 0.20

-1.04

-1.03

-1.02

-1.01

-1.00

-0.99

1/L

F
5
/2

(1
)

(a)

0.00 0.05 0.10 0.15 0.20

0.2

0.3

0.4

0.5

0.6

1/L

F
5
/2

(1
)

(b)

Figure 3.2. Anomalous dimension of the q = 5/2 monopole ∆(1)
5/2 (3.4.24, 3.4.27) as a

function of the relativistic cutoff L (3.4.60) in (a) QED3 ; (b) QED3-GN. The points are

obtained by numerically computing Eqs. (3.4.24, 3.4.27) and the solid line is a quartic fit in

1/L with the points L ∈ [Lmax − 6, Lmax], here [31, 37].

As before, the uncertainty in the scaling dimension is estimated by varying Lmax and

estimating the anomalous dimension as Lmax → ∞. More details are shown in App. 3.I .

The resulting scaling dimensions up to q = 7/2 obtained in this way are shown in Tab. 3.1.

Comparing the QED3 monopoles’ anomalous dimensions with the results in Ref. [61], dis-

crepancies of order 10−4 to 10−3 are again observed for higher charges.

The q = 1/2 results obtained in Sec. 3.4.2.2 are successfully reproduced with the more

general method. Monopole scaling dimensions up to q = 13 are shown in App. 3.J.

The next-to-leading order term in 1/N decreases the scaling dimension of monopoles in

QED3 whereas it increases for QED3-GN. That is, quantum corrections help to stabilize the

QED3-GN model and destabilize QED3. To understand the difference between both cases,

it is useful to write the scaling dimension as

∆(1)
q,QED3-GN = ∆(1)

q,QED3 + ∆(1)
q,GN + 1

2

∫
ω

∞∑
`=1

(2`+ 1) ln
1 +

(
1 + ω2

`(`+1)

) ∣∣∣Hq,T
` (ω)

∣∣∣ 2

Dq
` (ω)Kq,E

` (ω)

 ,
(3.4.70)

where ∆(1)
q,GN = 1

2
∫
ω

∑∞
`=0 (2`+ 1) log [Dq

` (ω)/D0
` (ω)] is the contribution in the QED3-GN

anomalous dimension (3.4.24) coming exclusively from the pseudo-scalar field.13 Computing
13It is also the expression for the anomalous dimension of monopoles in a pure GN model, hence the

label.
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Tableau 3.1. Leading-order and next-to-leading order in 1/N contributions to monopole

scaling dimensions in QED3, QED3-GN, and QED3-Z2GN models. The latter model is dis-

cussed in Sec. 3.7. The leading-order result is the same in all models. The scaling dimension

in a given model is ∆q = 2N∆(0)
q + ∆(1)

q +O (N−1).

q ∆(0)
q ∆(1)

q,QED3 ∆(1)
q,QED3-GN ∆(1)

q,QED3-Z2GN

1/2 0.26510 −0.038138(5) 0.118911(7) 0.102846(9)

1 0.67315 −0.19340(3) 0.23561(4) 0.18663(4)

3/2 1.18643 −0.42109(4) 0.35808(6) 0.26528(7)

2 1.78690 −0.70482(9) 0.4879(2) 0.3426(2)

5/2 2.46345 −1.0358(2) 0.6254(2) 0.4202(3)

3 3.20837 −1.4082(2) 0.7705(3) 0.4989(3)

7/2 4.01591 −1.8181(2) 0.9229(3) 0.5789(4)

∆(1)
q,GN in the same way as we did for ∆(1)

q,QED3-GN and ∆(1)
q,QED3 , we found this contribution is

positive ∆(1)
q,GN > 0 and more important than the contribution coming exclusively from gauge

fields
∣∣∣∆(1)

q,GN

∣∣∣ > ∣∣∣∆(1)
q,QED3

∣∣∣. As for the remaining scalar-gauge contribution in the second line

of Eq. (3.4.70), it is also positive. To see this, we must show that the second term in the

logarithm is positive. The numerator is explicitly positive. As for the denominator, we note

that ∆(1)
q,GN is real, meaning that Dq

` (ω) and the D0
` (ω) must have the same sign. The latter

q = 0 kernel is positive, as seen from Eqs.(3.4.41, 3.4.44), meaning that Dq
` (ω) > 0. The same

goes for Kq,E
` (ω), thus the denominator is positive Dq

` (ω)Kq,E
` (ω) > 0. This does not come

as a surprise as these kernels are diagonal entries in the Hessian matrix developed around

a minimum saddle-point. The scalar-gauge kernel thus gives a positive contribution to the

anomalous dimension in QED3-GN. It then must be that the QED3-GN monopole anomalous

dimension is positive, ∆(1)
q,QED3-GN > 0, given what is known about each contribution on

the RHS of Eq. (3.4.70). It would be desirable to understand heuristically why quantum

fluctuations render monopoles less relevant at the QCP compared to deep in the Dirac spin

liquid.

In the CPN−1 model, similar relations between the different contributions to the monopole

anomalous dimension are found. A positive contribution coming only from the auxiliary boson

was found numerically in Ref. [61] ; the correction from the mixed scalar-gauge kernel can
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be deduced as positive [62, 64], and the total anomalous dimension of monopoles in CPN−1

numerically found in Ref. [64] is also positive.

3.4.2.4. Convexity conjecture. It was recently conjectured that CFT operators charged

under a global U(1) symmetry respect the following convexity relation

∆((n1 + n2)n0) ≥ ∆(n1n0) + ∆(n2n0), (3.4.71)

for some positive integer n0 of order 1 [65]. We test this conjecture using the monopole

operators that are charged under U(1)top. Here, n0,n1,n2 are integers, where in our notation

∆(2q) ≡ ∆q. Using the scaling dimensions we obtained in Tab. 3.5 and extrapolating to

finite N , we find this relation is respected for the monopoles under consideration in QED3,

QED3-GN (and also for the case QED3-Z2GN presented later on) for any 2N ∈ Z+ starting

from n0 = 1, i.e. the minimal possible value.

3.5. Large-charge universality
In CFTs with a global U(1) symmetry, the related charge q can be used as an expan-

sion parameter by using effective-field-theory methods. It was shown that the lowest scaling

dimension among charge-q operators has the following expansion at q � 1 [54] :

∆q = c3/2q
3/2 + c1/2q

1/2 + γU(1) + . . . , (3.5.1)

where the ellipsis denotes negative half-integer and integer powers of q [66]. While c3/2

and c1/2 depend on the specific QFT considered, the O (q0) coefficient is universal (theory

independent) [54, 67] :

γU(1) = −0.0937 . . . (3.5.2)

This coefficient is obtained by computing the Casimir energy of the U(1) Goldstone mode.

The Goldstone appears in the state-operator correspondence where the charged operator in-

sertion is mapped to a state where the saddle-point configuration breaks the U(1) symmetry.

This analysis applies to monopole operators in theories with the global Utop(1) symmetry

group. Given the universality of the coefficient γ, no term at O (q0) should be present at

leading-order in the 1/N expansion14, since the leading-order term is proportional to N

and thus non-universal. This was indeed observed in QED3, and O(2)- and O(3)-QED3-GN

14Here, the parameter N is used to designate either N complex boson flavors or 2N fermion flavors.
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models15 [31, 33] as well as in the CPN−1 model [62, 68].16 Since QED3 and QED3-GN

monopoles have the same leading-order scaling dimensions, as discussed in Sec. 3.3, this also

applies to QED3-GN monopoles.

Using the monopole anomalous dimensions ∆(1)
q , the O (q0) coefficient γ can be computed.

This was done for the CPN−1 model in Ref. [68], where ∆(1)
q was obtained for a hundred

charges q = 1/2,1, . . . ,50 and the expected expansion (3.5.1) is fitted numerically to extract

γ. A similar computation is performed here for monopoles in the QED3-GN and QED3

models. We fit all monopole anomalous dimensions in QED3-GN and QED3 shown in Tab. 3.5

by using the fitting function in Eq. (3.5.1) with powers down to q−1 [66]. The fits and

the anomalous dimensions are shown in Fig. 3.3 ; note that the errors in the values of the

anomalous dimension are smaller than the dots in the figure. Including more powers in the

fitting function would yield significantly larger errors in the estimation of γ.

The value of γ obtained for each theory is consistent with the expected universal value

(3.5.2)

γQED3 = 1.02(4)× γU(1), (3.5.3)

γQED3-GN = 1.01(6)× γU(1). (3.5.4)

This is a nice consistency check of the anomalous scaling dimensions obtained in the last

section.

The universal coefficient of the scaling dimension of U(1)-charged operators in Eq. (3.5.1)

can also be formulated with the following sum rule [54]

q2∆q −
(
q2

2 + q

4 + 3
16

)
∆q−1 −

(
q2

2 −
q

4 + 3
16

)
∆q+1 = −3

8γU(1) +O
(
q−1/2

)
= 0.0351 . . .

(3.5.5)

The RHS results from a cancellation of order O(q3/2) and O(q1/2) terms on the LHS. In

comparison, the error on the LHS coming from the triplet ∆q−1,∆q,∆q+1 is comparatively

large, even more so as the coefficients in front of the scaling dimensions, which are of order q2,

become larger with increasing q. The resulting errors are too important to obtain a reliable
15These models are also known as QED3−chiral XY GN and QED3−chiral Heisenberg GN models,

respectively.
16While Ref. [62] discusses only the O

(
q3/2) term of the large-q expansion, it is straightforward to use

their analytical results to verify that no O
(
Nq0) term is present.
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Figure 3.3. Anomalous dimensions of monopoles in QED3-GN and QED3 fitted with the

large-q expansion (3.5.1). The points are the scaling dimension corrections obtained with a

quartic fit in 1/L. The solid and dashed lines are the fitting functions for QED3-GN and

QED3, respectively, with a minimal power of q−1.

fit of the large-q behaviour of this sum rule. Nevertheless, we did observe a good qualitative

agreement for the scaling dimensions shown in Tab. 3.5.

3.6. CFT duality : QED3-GN and CP1 models
Another interesting application of our results concerns the duality between the QED3-GN

model with 2N = 2 two-component Dirac fermion flavors and the CPN−1 model with N = 2

complex boson flavors [53]. Crucially, the duality between these models implies an emergent

SO(5) symmetry. The following SO(5) multiplet in the QED3-GN |2N=2 model(
Re(ψ†1M̃f

1/2),− Im
(
ψ†1M̃

f
1/2

)
,Re(ψ†2M̃f

1/2), Im(ψ†2M̃f
1/2), φ

)
, (3.6.1)

is dual to the following multiplet in the CP1 model(
2 Re(Mb

1/2), 2 Im(Mb
1/2), z†σ1z, z

†σ2z, z
†σ3z

)
. (3.6.2)

Here M̃f
1/2 are the QED3-GN |2N=2 minimally charged monopoles which must be dressed

with an additional zero mode ψ†1 or ψ†2 on top of a Dirac sea in order to be gauge invariant.
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These monopoles form an SU(2) doubletMf
1/2 =

(
Mf

1/2,↑,M
f
1/2,↓

)ᵀ
. On the CP1 side, z is an

SU(2) doublet z = (z1, z2)ᵀ where each flavor is a complex boson andMb
1/2 is the minimally

charged monopole. The SO(5) symmetry means that all scaling dimensions within a multiplet

should be equal, while operators identified by the duality should also have the same scaling

dimension. Putting this together, this means that all the operators above should have the

same scaling dimension. A decent agreement was already observed in Ref. [31], but the

scaling dimension of QED3-GN monopoles were obtained only at leading-order in 1/N , with

∆Mf
1/2

= 0.53. Updating the comparison with the next-to-leading order correction, we find

∆Mf
1/2

= 0.65, which gives an even better agreement. For instance, the scaling dimension

of the q = 1/2 monopole on the CP1 side obtained at next-to-leading in 1/N is given by

∆Mb
1/2

= 0.63 [62, 64]. In contrast, if we extrapolate the large-N QED3 result to 2N = 2, we

obtain a scaling dimension of 0.49, which is further from the CP1 result, as expected since

the two CFTs are not related by duality. The scaling dimensions of the other operators in

the duality also show a good agreement coming from both analytical and numerical studies,

as shown in Tab. 3.2.

In the same way, monopoles with the second smallest charge q = 1 were argued to be part

of the symmetric traceless 14 representation of SO(5) [44, 69]. The various relevant scaling

dimensions obtained with analytical methods are also compared in Tab. 3.3. Again there is

a very good agreement between the scaling dimension of monopole operators, with ∆Mf
1

=

1.58 and ∆Mb
1

= 1.50. The agreement is weaker with other operators, but by taking into

account Padé and Padé-Borel resummations the duality prediction seems quite reasonable.

The scaling dimension related to auxiliary bosons ∆φ2 and ∆λ obtained using the large-N

have greater discrepancy with ∆ ∼ 1, but these expansions are not very well controlled.

However, the same can be said about the monopole operator on the bosonic side. Overall,

the duality for the 14 representation of SO(5) is not as convincing as for the 5, but still

reasonable for perturbative results. The scaling dimension of the Lagrange field obtained

using the functional renormalization group also agrees reasonably well ∆λ = 1.21 [70].

The CP1 model is a prototype for dQCPs and has received a great deal of attention,

particularly in many numerical lattice studies. The value obtained for the correlation length

exponent ν, related to the Lagrange field scaling dimension as ∆λ = 3 − 1/ν, has varied

greatly among many numerical works. Older results indicate ∆λ ∈ [1.34, 1.67] [71, 72, 78, 79]
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Tableau 3.2. Operators in the SO(5) 5 multiplets (3.6.1, 3.6.2) and their scaling dimen-

sions. “VBS” and “Néel” make reference to operators whose scaling dimensions are obtai-

ned numerically on lattices. The results for monopole operators are obtained by using the

state-operator correspondence at next-to-leading order in 1/N . The scaling dimension of the

auxiliary boson φ in QED3-GN was obtained at order 1/N using the mean of Padé and

Padé-Borel [0/1] resummations (non-resummed scaling dimension are unphysical). The sca-

ling dimension of the fermionic monopole operator can also be resummed to (0.59, 0.68), but

not in the bosonic case. The operator z†σz designates any of the boson bilinears, i.e. flavor

spin-1 in the bosonic side. It was obtained at order 1/N2 in Ref. [69] and using functional

renormalization group in Ref. [70].

O ∆O Ref.

Mf
1/2 0.65 This work

Mb
1/2 0.63 [64]

φ (0.59, 0.64) [47]

z†σz 0.64 [69]

0.61 [70]

VBS, Néel [0.60, 0.68] [71–75]

which seems compatible with other scaling dimensions in Tab. 3.3. Unusual scaling behaviour

and the “drifting” of ν with increasing lattice size [75] motivated further studies, and lower

scaling dimensions have been found. The wide range of values obtained are shown in Tab. 3.4.

Notably, a scaling dimension going down to ∆λ = 0.75(1) by considering the presence of

a second length scale [80]. Among other scenarios considered was that of a weakly first

order transition. This possibility has also been discussed in a field theory context where the

dual models QED3-GN |2N=2 and CPN−1 |N=2 are possibly complex CFTs emerging from the

collision of fixed points as the number of matter flavors is lowered below a critical level in

Ref. [69, 81].

A similar tension between the results from field theory and lattice models was observed in

Ref. [83] where the QED3 |2N=2 model was studied using conformal bootstrap. The duality to

the easy-plane CP1 model conjectured in Ref. [53] implies a self-duality and an emergent O(4)

symmetry on both sides. While the conformal bootstrap study of QED3 |2N=2 is consistent
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Tableau 3.3. Operators in the SO(5) symmetric traceless 14 multiplets and their scaling

dimensions predicted to be equal according to the duality between QED3-GN |2N=2 and

CP1 models. The scaling dimensions presented are obtained analytically with the large-N

expansion. Padé and Padé-Borel [0/1] resummations are shown in parenthesis (apart from

Ref. [47], resummations are not obtained in the references cited). The symbol “×” indicates

unphysical results, i.e., negative scaling dimensions. The operator λ is the Lagrange multiplier

field on the CP1 side. Results for monopole operators are obtained using state-operator

correspondence at order N0, while other results were obtained at order N−1. The resummed

value for ∆ψ̄σψ was obtained in Ref. [47] and is the same for ∆(z∗σz)(z∗σz)ᵀ at this order.

O ∆O (∆Padé
O ,∆Padé-Borel

O ) Ref.

Mf
1 1.58 (1.63, 1.75) This work

Mb
1 1.50 (×, 0.24) [64]

ψ̄σψ 1.19 (1.42, 1.51) [47, 69](
z†σz

) (
z†σz

)ᵀ
1.19 (1.42, 1.51) [69]

φ2 4.43 (×,1.02) [47, 69]

λ × (0.90, 1.11) [76, 77]

Tableau 3.4. Numerical determination of the correlation length exponent ν and the related

scaling dimension ∆λ = 3− 1/ν in lattice studies describing the CP1 side.

ν ∆λ Ref.

0.78(3) 1.72(5) [71]

0.68(4) 1.52(9) [72]{ 0.67(1)

0.69(2)

1.51(3)

1.55(5)
[79]

0.62(2) 1.39(5) [78]

0.54(5) 1.13(17) [74]

[0.51,0.69] [1.04,1.55] [82]

0.468(6) 0.87(3) [75]

0.455(2) 0.80(1) [80]
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with the self-duality and the emergent symmetry, it contradicts results from the lattice study

of the easy-plane CP1 model [84].

An interesting approach to understand these discrepancies could be that of pseudo-

criticality, that is a weakly first-order transition with a generically long correlation length.

In Ref. [85], a Wess-Zumino-Witten model in 2 + ε dimensions, with target space S3+ε, with

global symmetry SO(4 + ε) has been shown to exhibit this behaviour and consistent with

numerical results in the literature. A crucial point was that the physical dimension d = 3

is close to the critical dimension d = 2.77 where fixed points collide. Pseudo-criticality was

also found in a loop model describing the easy-plane Néel-VBS transition [86].

Higher charge

The duality can be tested further by comparing monopoles on both sides of the duality.

First, the relation between minimally charged monopoles is further discussed. This relation

is simpler to see with the appropriate sub-models. A duality between QED3 |2N=2 and easy-

plane CP1 was formulated by including additional external gauge fields Bµ,B
′
µ and Chern-

Simons terms [53, 87]

|Db+Bz1|2 + |Db+B′z2|2 − |z1|4 − |z2|4 −
1

2πbd (B +B′)− 1
2πBdB

′ − 1
2πB

′dB (3.6.3)

⇔ ψ1i /Da−Bψ1 + ψ2i /Da+Bψ2 + 1
2πadB

′ + 1
4π (BdB −B′dB′) , (3.6.4)

where bµ and aµ are the dynamical gauge fields in bosonic and fermionic models, respecti-

vely. By inspecting the charges under the external gauge fields (qB,qB′), we can identify the

following bosonic operators

(2Mb
1/2, 2z∗1z2)⇔

(
(ψ†1M̃f

1/2)†, ψ†2M̃f
1/2

)
. (3.6.5)

Here, the first and second component on both sides have charges (1,1) and (1, − 1) under

Bµ and B′µ. While an SU(2) doublet structure is manifest in the RHS with the fermion zero

modes, it is less clear in the LHS and may be seen as a non-trivial corollary of the duality.

This may however be motivated by the self-duality in the easy-plane CP1 model. The VBS

order in the original model Mb
1/2 is mapped to the XY order in terms of the dual bosons

w∗1w2. Conversely, monopoles in the dual side are mapped to z∗1z2 in the original model.
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These relations between operators translate back to the QED3-GN |2N=2 ⇔ CP1 duality.

In particular, it is useful to focus on the dual relation between the CP1 monopole 2Mf
1/2 and

the corresponding dual monopole in QED3-GN |2N=2,
(
ψ†1M̃

f
1/2

)†
. For convenience, we define

the following monopole operator Mf
1/2(x) ≡ 2

(
ψ†1M̃

f
1/2

)†
. Our starting point is then the

conjectured dual relation between minimally charged monopoles in QED3-GN |2N=2 (Mf
1/2)

and in CP1 (Mb
1/2) models

Mf
1/2(x)⇔Mb

1/2(x). (3.6.6)

Using this relation and the operator product expansion (OPE)

O1(x)O2(y) =
∑
n

cn(x− y)On(y), (3.6.7)

the scaling dimensions of higher charge monopoles can also be compared. The OPE of two

q = 1/2 monopole operators yields the expansion over q = 1 operators

lim
y→x
M1/2(x)M1/2(y) = lim

y→x
c(x− y)M1(x) + · · · (3.6.8)

where the ellipsis stands for other primary operators with larger scaling dimensions. By

definition, M1(x) has the smallest scaling dimension in the q = 1 topological sector. We

can then identify the scaling dimension of q = 1 monopole operators on both sides of the

duality ∆f
q=1 = ∆b

q=1. This is expected, as these monopoles are conjectured to be components

dual SO(5) symmetric traceless 14 multiplet [44, 69]. Using the same logic for higher charge

monopoles, we find more generally that

∆f
q = ∆b

q. (3.6.9)

Comparing our results for QED3-GN |2N=2 monopoles in Tab. 3.1 to CP1 monopoles in

Ref. [68], we obtain a good agreement for higher charges, as shown in Fig. 3.4. For larger

charges, the relative difference tends to 10%. This is a great improvement compared to the

results obtained with only the leading-order scaling dimensions : the behaviour is similar and

the asymptotic relative difference for large q is 76% instead.

3.7. Transition to a Z2 spin liquid
The transition out of the U(1) DSL to a Z2 spin liquid can also be studied with a

gauged Gross-Neveu model [30, 49–51]. The Lagrangian describing this transition is written
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Figure 3.4. Relative difference between the scaling dimensions of monopoles in

QED3-GN |2N=2 and CP1 models as a function of the topological charge. The compu-

tation is done with next-to-leading-order results in both models. The solid line is a fit

f0 + f−1q
−1 + f−3/2q

−3/2, where the asymptote for large charge is approximately a 10%

relative difference. The powers used in the fitting function are deduced from Eq. (3.5.1).

in euclidean flat spacetime as

Lψ =
2N∑
i=1
−ψi(/∂ − i /Aq − i /A)ψi +

2N∑
i=1

(φ∗ψTi iγ2ψi + h.c.), (3.7.1)

where φ is a complex scalar that decouples a quartic superconducting pairing term for the

fermions. The interaction term included preserves Lorentz invariance. As φ describes Cooper

pairs, it transforms as ψ̄iiγ2ψ̄
T
i under U(1) gauge transformations. The Yukawa interaction

term in the above equation is thus gauge invariant. In the Z2 QSL, φ acquires an expectation

value, which Higgses the gauge field, leading to a gapped s-wave superconducting state for

the Dirac fermions.

We recall that the Dirac conjugate is defined by ψa = ψ†aγ0 and Aqµ is the external gauge

field that sources the flux of 4πq. The gauge-covariant derivative for the external gauge field

Aqµ on a curved spacetime is defined in Eq. (3.2.13). We now introduce the Nambu spinor
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defined as

Υi =

 ψi

iγ2ψ
T

i

 =

 ψi

Cψ
T

i

 . (3.7.2)

In addition, we define C = diag(C,C), where C = iγ2. The C operator obeys C2 = −1,

CT = C−1 = −C, and CγµC = γTµ . The transpose of the Nambu spinor is given by ΥT
i =

(ψTi , ψiCT ) = (ψTi ,− ψiC). Thus, the fermionic action can be expressed as

SΥ = 1
2

∫
r,r′

ΥT
i (r)CG−1(r,r′)Υi(r′), (3.7.3)

where the (inverse) Nambu Green’s function is

G−1(r,r′) =

2φ∗(r)δ(r − r′) − /D−(A+Aq)

− /DA+Aq 2φ(r)δ(r − r′)

 . (3.7.4)

As in Sec. 3.4, the fields φ and A are expanded about their saddle-point values as φ =

〈φ〉+ σ/
√

2N , A = 〈A〉+ a/
√

2N , where the fluctuations are suppressed by 1/
√

2N . At the

QCP, the saddle-point values are 〈φ〉 = 〈A〉 = 0 [50]. Thus, in terms of the saddle-point and

fluctuation fields, the inverse Green’s function is

G−1(r,r′) = G−1
0 (r,r′) + 1√

2N
Xσ(r)δ(r − r′)

+ 1√
2N

Xa(r)δ(r − r′). (3.7.5)

Here, G−1
0 is the bare inverse Green’s function, determined from the gauge covariant derivative

term involving Aqµ in Eq. (3.7.4), and Xσ and Xa are given by

Xσ = 2

σ∗ 0

0 σ

 , Xa =

0 −/a

/a 0

 . (3.7.6)

Integrating out the fermions then gives the effective action as
∫
DΥ exp(−SΥ) ≡ exp(−Seff),

where Seff = −1
2(2N)Tr log G−1. We let Tr denote a “trace” over all relevant degrees of

freedom, whereas tr denotes a trace over spinor components. To compute the effective action,

we express the fermionic action as a quadratic form in the fluctuation fields and perform a

Gaussian functional integral over a and σ. The linear terms in a and σ vanish due to the

saddle-point conditions for A and φ. Thus, to quadratic order, the effective action becomes

Seff = Seff |s.p. + 1
4TrG0XaG0Xa + 1

4TrG0XaG0Xφ + 1
4TrG0XφG0Xa + 1

4TrG0XφG0Xφ.

(3.7.7)
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The fluctuations are O(1/(2N)), thus they cancel the prefactor 2N . The second and third

terms involve both the gauge field and the scalar field. By taking the trace over the Nambu

matrix structure, these terms are found to vanish. Indeed, these terms must vanish from

gauge invariance. Hence, only the gauge-gauge and scalar-scalar kernels contribute, which

is in contrast to the QED3-GN case where mixing between the two sectors exists. After

performing the trace over the Nambu indices, the scalar-scalar kernel is

1
4TrG0(r′,r)Xσ(r)G0(r,r′)Xσ(r) =

∫
r,r′
σ∗(r)D(r,r′)σ(r′), (3.7.8)

where the scalar kernel is the same as in Eq. (3.4.9). Similarly, the gauge-gauge kernel is the

same as in QED3 :

1
4TrG0(r′,r)Xa(r)G0(r,r′)Xa(r′) = 1

2

∫
r,r′
aµ(r)Kµν(r,r′)aν(r′), (3.7.9)

where the gauge-gauge kernel is the same as in Eq. (3.4.10). Combining these two results we

find that the fluctuation action (obtained after integrating out σ and a) is just the sum of

twice the pure GN and the QED3 results. The anomalous dimension for the minimal charge

q = 1/2 is thus deduced to be

∆(1)
QED3-Z2GN = ∆(1)

QED3 + 2∆(1)
GN = 0.102846(9). (3.7.10)

The value and the error are estimated in the same way as described in Sec. 3.4 and App. 3.I

by finding an expression similar to Eq. (3.4.24) for the QED3-Z2GN case. The result is sur-

prisingly close to the QED3-GN case, although the quantum fluctuations possess a different

structure at the two transitions. In Table 3.1, we give the answer for higher q. It can be seen

that the values of the anomalous dimensions for q > 1/2 for the CSL and Z2 QSL are not as

close as in the case of the minimal charge. By using anomalous dimensions up to q = 13 shown

in App. 3.J, one can again confirm the value of the universal coefficient for CFTs with a U(1)

global symmetry as described in Sec. 3.5 : In this case, we find γQED3-Z2GN = 0.98(7)× γU(1).

3.8. Other phase transitions
The QED3-U(N)× U(N) GN, QED3-chiral XYGN, and QED3-cHGN transitions are also

described with GN models, where the fermionic quartic interaction is respectively decoupled
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with Nb = 1,2,3 real auxiliary bosons

Sc = S ′ =
∫
d3x

[
−Ψ

(
/DA+Aq + φIµI

)
Ψ
]

+ . . . , (3.8.1)

where the sum over 1 ≤ I ≤ Nb is implicit, and µI are Pauli matrices acting on a two-

dimensional flavor subspace where

φIµI =



φzµz

φxµx + φyµy .

~φ · ~µ

(3.8.2)

As mentioned previously, the QED3-cHGN model describes the transition from a U(1) DSL

to an AFM on the kagome lattice. In this case, the Pauli matrices ~µ act on magnetic spin

subspace. As for the chiral XY interaction, taking µx,µy to act on a valley subspace, this

describes the transition to a VBS order parameter. These transitions were observed for

Monte-Carlo simulations on a square lattice where by tuning gauge-field fluctuations, the

U(1) DSL is driven to either an AFM or VBS order, depending on the number of fermion

flavors [88, 89]. A theoretical study that elucidated the field theory for the transition to an

AFM was performed in Ref. [90] (see also Refs. [28, 31] for earlier studies of this model), while

the field theory for the transition to the VBS was outlined in Refs. [91–93]. In this work, we

used the appellation QED3-GN to designate the model with U(2N) symmetry, following the

convention of Refs. [47, 53], notably. The Pauli matrix in this case acts on valley subspace.

However, the label was also used in the literature to refer to the U(N) × U(N) symmetric

model, see Ref. [45] for instance. Both variations of QED3 were considered in Refs. [48, 69].

As shown in Ref. [31], the auxiliary boson in these cases has a non-vanishing expectation

value : 〈|φ|〉 6= 0 in the monopole background on S2 × R. This is also true for other choices

of Pauli matrices, not only the specific one prescribed before to describe specific universality

classes. For instance, the ~µ considered for the QED3-cHGN universality class could also act on

valley subspace, in which case the order parameter is odd under time reversal. There is still a

non-vanishing expectation value of the auxiliary boson. Consequently, the Green’s function

in Eq. (3.4.45) must be modified to include a non-zero mass for the fermions. Using the

addition theorems for spinor monopole harmonics needed to compute the zero-mass Green’s

function should be sufficient for this adaptation. Real-space kernels like in Eqs. (3.4.9-3.4.11)
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would also include Pauli matrices for traces on the magnetic spin subspace, with the number

of kernels to compute increasing accordingly with the number of auxiliary bosons Nb.

3.9. Conclusion
We obtained the scaling dimension of monopole operators at the QCP between a U(1)

DSL and two topological spin liquids, namely the CSL and the Z2 QSL, at next-to-leading

order in a 1/N expansion. The most relevant monopole operator in the CSL case has a

minimal charge q = 1/2 and a scaling dimension ∆1/2,QED3-GN = 2N×0.26510+0.118911(7),

while the analog scaling dimension in the Z2 QSL case is ∆1/2,QED3-Z2GN = 2N × 0.26510 +

0.102846(9). We also rederived the QED3 monopole scaling dimensions and found small

discrepancies, e.g., the q = 1/2 anomalous dimension is −0.038138(5) instead of −0.0383

and so on for other charges up to q = 5/2 [16, 61].

With these anomalous dimensions, we obtained a fit in the topological charge q and

compared the O(q0) coefficient with the universal value obtained in a large-charge expansion

for operators charged under a global U(1) symmetry [54]. We obtain the expected value

γ = −0.0937 in QED3, QED3-GN and QED3-Z2GN. We also revisited the conjectured duality

between QED3-GN |2N=2 and in CP1 models [53]. Notably, the q = 1/2 monopole scaling

dimensions in QED3-GN |2N=2 agree very well with the scaling dimensions of other operators

that are predicted to be equal under the duality. Specifically, the anomalous dimension

obtained in this work greatly improves this agreement. We also argued that all monopoles

with equal charges should have the same scaling dimensions in the QED3-GN |2N=2 and CP1

models. Using next-to-leading order results for both models, we obtain an agreement that is

better for a minimally charged monopole, with a relative difference of 3%. As the topological

charge increases, this difference increases and eventually saturates at 10% for q →∞.

It would be interesting to study monopole operators in the other gauged GN models

that we briefly discussed, notably the model describing the transition to an AFM [31–33].

Another interesting aspect to consider that was not included in this work is the case of

monopole operators in the pure-GN model. It is a straightforward adaptation to write out

the monopole anomalous dimensions in this case and use the results of this work to obtain

them. Although there is no U(1)top due to the absence of a gauge field in this model, these

objects still have useful applications. This notably motivated the study of monopoles in
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the bosonic O(N) model [61, 94]. A study of the GN global monopoles and some of their

applications will appear in a forthcoming work.
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3.A. Large N non-compact quantum phase transition
An auxiliary boson φ can be introduced to decouple the GN term in the action in

Eq. (3.2.1) through a Hubbard-Stratonovich transformation

S =
∫
d3x

[
−Ψ

(
/∂ − i /A+ φ

)
Ψ + N

h2φ
2
]
, (3.A.1)

where the coupling constant h2 was rescaled with N , the number of valley nodes. The fermion

part of the action is now quadratic and can be integrated

Seff = N
[
− ln det

(
/∂ − i /A+ φ

)
+
∫
d3x

1
h2φ

2
]
, (3.A.2)

where the valley subspace has been traced out. The saddle-point equation for the gauge field

is

0 = δSeff

δAµ

∣∣∣∣∣
〈φ〉,〈Aµ〉

= iN
∫ d3p

(2π)3 tr
 γµ

−i/p− i
〈
/A
〉

+ φ


= iN

∫ d3p

(2π)3 tr
(

γµγν

(p+ 〈A〉)2 + 〈φ〉2

)
〈Aν〉

= 2iN
∫ d3p

(2π)3
〈Aµ〉

(p+ 〈A〉)2 + 〈φ〉2
, (3.A.3)

which is solved for a vanishing gauge field 〈aµ〉 = 0, as required by gauge invariance. Taking

a homogeneous ansatz for the pseudo-scalar field, the remaining gap equation is given by

0 = δSeff

δφ

∣∣∣∣∣
〈φ〉,〈Aµ〉=0

= 2N 〈φ〉
[

1
h2 −

∫ d3p

(2π)3
1

p2 + 〈φ〉2

]
, (3.A.4)
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At the QCP, where 〈φ〉 = 0, the critical coupling is defined through

1
h2
c

=
∫ d3p

(2π)3
1
p2 = 0, (3.A.5)

where this result is obtained through zeta-regularization of the integral. In this scheme, only

the determinant operator remains in the effective action (3.A.2), i.e., we obtain Eq. (3.2.4).

3.B. Scalar-gauge kernel
We noted earlier that M q

` (ω) is non-hermitean. Here we elaborate on this point in more

detail. First, we note that Hq
µ′(r,r′) is imaginary. Conjugating the expression in Eq. (3.4.11),

we obtain

Hq
µ′ (r,r′) = itr

[
Gq(r,r′)γµ′G†q(r,r′)

]
(3.B.1)[

Hq
µ′(r,r′)

]∗
= −itr

[
G∗q(r,r′)γ∗µ′Gᵀ

q(r,r′)
]

= −itr
[
Gq(r,r′)γ†µ′G†q(r,r′)

]
(3.B.2)

where we used that the trace of a matrix is equal to the trace of the transposed matrix. Here,

the gamma matrices are simply the Pauli matrices, thus γ†µ′ = γµ′ . As a result, there is an

extra sign in the conjugation of Hq
µ′(r,r′) :

[
Hq
µ′(r,r′)

]∗
= −Hq

µ′(r,r′). (3.B.3)

Hence, the kernel is imaginary.

Next, we make relevant observation for the kernel Fourier coefficient. The decomposition

of Hq
τ ′(r,r′), by definition (3.4.18, 3.4.19), is

Hq
τ ′(r,r′) =

∫
ω

∑
`

Hq,T
` (ω)e−iω(τ−τ ′)P` (n̂ · n̂′) , (3.B.4)

where we used the addition theorem in Eq. (3.4.33). As for the other scalar-gauge kernel,

Hq
τ (r′,r), it can be defined in the same way, but with a different coefficient, say H̃q,T

` (ω).

This is then related to Hq,T
` (ω) by exchanging coordinates in the expression above

Hq
τ ′(r,r′) =

∫
ω

∑
`

Hq,T
` (ω)e−iω(τ−τ ′)P` (n̂ · n̂′) =

∫
ω

∑
`

Hq,T
` (−ω) e−iω(τ−τ ′)P` (n̂ · n̂′) .

(3.B.5)
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Thus, H̃q,T
` (ω) = Hq,T

` (−ω). SinceHq
τ ′(r,r′) is imaginary, we have thatHq,T

` (−ω) = −
[
Hq,T
` (ω)

]
∗,

meaning that

H̃q,T
` (ω) = −

[
Hq,T
` (ω)

]∗
. (3.B.6)

This explains the signs in the first column of Eq. (3.4.19)

3.C. Gauge invariance
Using conservation of the U(1) current ∇µJ

µ(r) = 0 in Eqs. (3.4.6, 3.4.7), one can show

the gauge invariance of the kernels

∇µKµµ′(r,r′) = 0, ∇µ′Kµµ′(r,r′) = 0, ∇µ′Hµ′(r,r′) = 0. (3.C.1)

We re-express these conditions in the Fourier transformed space. To do so, we take the

divergence of the various eigenvectors of the gauge field

∇µe−iωτaTµ,`m(n̂) = ∇µ
( 1
−iω

Y`m(n̂)∇µe
−iωτ

)
= 1
−iω

Y`m(n̂)∇µ∇µe
−iωt

= −iωe−iωτY`m(n̂), (3.C.2)

∇µe−iωτaEµ,`m(n̂) = ∇µ

 e−iωτ√
`(`+ 1)

∇µY`m(n̂)
 = e−iωτ√

`(`+ 1)
∇µ∇µY`m(n̂)

= −
√
`(`+ 1)e−iωτY`m(n̂), (3.C.3)

∇µe−iωτaBµ,`m(n̂) = ∇µ

 e−iωτ√
`(`+ 1)

ε0µν√
g(r)
∇νY`m(n̂)

 = 0e−iωτY`m(n̂), (3.C.4)

which implies the following relation

∇µ
(
aTµ,`m(n̂) aEµ,`m(n̂) aBµ,`m(n̂)

)
=
(
−iω −

√
`(`+ 1) 0

)
e−iωτY`m(n̂). (3.C.5)
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Taking the divergence of the kernels, we obtain

∇µKµµ′(r,r′) =
∫
ω

∞∑
`=0

∑̀
m=−`

e−iω(τ−τ ′)Y`m(n̂)
(
−iω −

√
`(`+ 1) 0

)

×


Kq,TT
` (ω) Kq,TE

` (ω) Kq,TB
` (ω)

Kq,TE∗
` (ω) Kq,EE

` (ω) Kq,EB
` (ω)

Kq,TB∗
` (ω) Kq,EB∗

` (ω) Kq,BB
` (ω)



aT †µ,`m(n̂′)

aE †µ,`m(n̂′)

aB †µ,`m(n̂′)

 , (3.C.6)

∇µHµ(r,r′) =
∫
ω

∞∑
`=0

∑̀
m=−`

e−iω(τ−τ ′)Y`m(n̂)Y ∗`m(n̂′)
(
−iω −

√
`(`+ 1) 0

)
−Hq,T∗

` (ω)

−Hq,E∗
` (ω)

−Hq,T∗
` (ω)

 ,
(3.C.7)

where
∫
ω ≡

∫
dω/(2π). Requiring gauge invariance and setting these divergences to 0, we

obtain the following relations

−iωKq,TT
` (ω)−

√
`(`+ 1)Kq,TE∗

` (ω) = 0, (3.C.8)

−iωKq,TE
` (ω)−

√
`(`+ 1)Kq,EE

` (ω) = 0, (3.C.9)

−iωKq,TB
` (ω)−

√
`(`+ 1)Kq,EB

` (ω) = 0, (3.C.10)

iωHq,T∗
` (ω) +

√
`(`+ 1)Hq,E∗

` (ω) = 0. (3.C.11)

Verifications

Let us check one important relation following from gauge invariance :

Kq,EE
` (ω) = ω2

`(`+ 1)K
q,TT
` (ω). (3.C.12)

This is easily verified for q = 0 where closed forms of the kernels are easily obtained as

discussed in Sec. 3.4.2.1. This is a bit more involved when q 6= 0. We have expressions where

the dependence on ω is easily isolated, taking the following form

Kq,ZZ
` (ω) =

∫
dx

∑
`′,`′′

Eq,`′ + Eq,`′′

ω2 + (Eq,`′ + Eq,`′′)2 k̃
q,ZZ
`,`′,`′′(x), Z ∈ {T,E}. (3.C.13)

In the RHS of the gauge invariance condition in Eq. (3.C.12), we may reexpress the ω-

dependent function as

ω2

ω2 + (Eq,`′ + Eq,`′′)2 = 1− (Eq,`′ + Eq,`′′)2

ω2 + (Eq,`′ + Eq,`′′)2 . (3.C.14)
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Upon integration over ω, the first term is a simple divergence that can be regularized away.

In the presence of test function f(ω), this contribution is
∫
dωf(ω)× 1 and it again vanishes

provided the test function is convergent with no poles. The gauge-invariance condition in

Eq. (3.C.12) can then be written by simply comparing the finite parts∫
dx

∑
`′,`′′

Eq,`′ + Eq,`′′

ω2 + (Eq,`′ + Eq,`′′)2 k̃
q,EE
`,`′,`′′(x)

=
∫
dx

∑
`′,`′′

[
−(Eq,`′ + Eq,`′′)2

`(`+ 1)

]
× Eq,`′ + Eq,`′′

ω2 + (Eq,`′ + Eq,`′′)2 k̃
q,TT
`,`′,`′′(x). (3.C.15)

This last relation following from gauge invariance was verified for q = 1/2. Note that gauge

invariance also implies that

k
1/2,TT
0,`′,`′′ (x) = 0, (3.C.16)

which is also verified by direct computation.

3.D. Green’s function

3.D.1. Eigenvalues of determinant operator

In a general basis, the gauge covariant derivative acting on a spin-1/2 spinor on spacetime

M will take the form

/DAq = eµb γ
b
[
∂µ − Ωµ − iAqµ

]
, (3.D.1)

where Ωµ is the spin connection transporting the fermion fields on spacetime M. On a flat

spacetime M = R3, there are also spin connections in spherical coordinates that can be

eliminated with a unitary transformation [95]. In this case, the covariant derivate ∇µ=r,θ,φ

can be traded for a normal derivative ∂µ=r,θ,φ

/D
R3

Aq = (eR3)µb γb
[
∂µ − iAqµ

]
. (3.D.2)

Proceeding with the Weyl transformation ψ → e−τψ, gµν → e−2τ discussed in Eq. (3.2.6),

the Dirac operator on S2 × R is given by [15]

/D
S2×R
Aq =

(
eS

2×R
)µ
b
γb
[
∂µ −

1
R
δτµ − iAqµ

]
. (3.D.3)

To diagonalize this operator, we introduce spinor monopole harmonics
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S±q,`′,m′ =

±α±Yq,`′,m′
α∓Yq,`′,m′+1

 , α± =
√
`′ + 1/2± (m′ + 1/2)

2`′ + 1 . (3.D.4)

These spinors diagonalize the following generalized total spin and angular momentum ope-

rators J2
q , J

z
q , L

2
q. In particular, the spinor monopole harmonics S±q,`,m have a total spin

j = `± 1/2. In the j = `− 1/2 basis, the Dirac operator mixes the two types of spinors and

simply becomes a matrix with c-number entries [15] : i /DAqe
−iωτS+

q,`−1,m

i /DAqe
−iωτS−q,`,m

 = Nq,` (ω + iMq,`)

 e−iωτS+
q,`−1,m

e−iωτS−q,`,m

 , (3.D.5)

where

Nq,` = −1
`

(qτz + Eq;`τx) , Mq,` = Eq;`
`

(Eq;`τz − qτx) , Eq;` =
√
`2 − q2. (3.D.6)

Here, the τi are the Pauli matrices acting in the j = ` − 1/2 basis, i.e., they mix the

components S+
q,`−1,m and S−q,`,m. For ` = q (we suppose a positive magnetic charge q > 0),

only S−q,q,m exists and corresponds to a zero mode of the Dirac operator. By diagonalizing

this matrix, we retrieve the eigenvalues used in Sec. 3.3.

3.D.2. Green’s function

The Green’s function can be obtained with the spectral decomposition

Gq(r,r′) = −
∑
λ

ψλ(r)ψ†λ (r′)
Eλ

, (3.D.7)

where ψλ(r) are eigenspinors of the Dirac operator i /DAqψλ = Eλψλ forming a complete basis∑
λ ψλ(r)ψ†λ(r′) = δ(r− r′). With this formulation, the Green’s function respects its defining

equation of motion (3.4.32). We can simply keep working in the spinor monopole harmonics

basis instead of further diagonalizing. The spectral decomposition of the Green’s function in

this basis is then

Gq(r,r′) = −ψ̃λ(r)
(
Ẽ−1

)
λλ′
ψ̃†λ′ (r′) . (3.D.8)

The eigenvalue matrix is block diagonal, separating each j = ` − 1/2 sectors. To obtain

a Green’s function which has two particle-hole indices but which is a scalar with respect

to the +/− structure described above, we take the left eigenspinor as a row vector in the
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+/− space,
[
e−iωτS+

q,`−1,m(n̂),e−iωτS−q,`,m(n̂)
]
. The action of the Dirac operator on the left

eigenspinor is then given by
 i /DAq

(
e−iωτS+

q,`−1,m

)
i /DAq

(
e−iωτS−q,`,m

)

T

=

Nq,` (ω + iMq,`)

 e−iωτS+
q,`−1,m

e−iωτS−q,`,m



T

(3.D.9)

=
[
e−iωτS+

q,`−1,m e−iωτS−q,`,m
]

[Nq,` (ω − iMq,`)] , (3.D.10)

where we used that NT
q,` = Nq,`,M

T
q,` = Mq,` and Mq,`Nq,` = −Nq,`Mq,`. We can read the

eigenvalue matrix from this relation and write Green’s function17

Gq(r,r′) =−
∫ dω

2π

∞∑
`=q

`−1∑
m=−`

[
S+
q,`−1,m(n̂) S−q,`,m(n̂)

]
× e−iω(τ−τ ′)

Nq,`

(
ω − iMq,`

)

(
S+
q,`−1,m(n̂′)

)†(
S−q,`,m(n̂′)

)†
 .

(3.D.11)

We can note that N−1
q,` = Nq,` as this matrix squares to identity N 2

q,` = `−2
(
q2 + E2

q;`

)
τ0 =

τ0. Also, by noting that |ω + iMq,`|2 =
(
ω2 + E2

q;`

)
τ0, it follows that (ω − iMq,`)−1 =(

ω2 + E2
q;`

)−1
(ω + iMq,`). Then, the inverse matrix in the spectral decomposition becomes

(ω − iMq,`)−1N−1
q,` = 1

ω2 + E2
q;`

(ω + iMq,`) Nq,` (3.D.12)

= 1
ω2 + E2

q;`
(ωNq,` + Eq;`τy) , (3.D.13)

where we used that Mq,`Nq,` = −iEq;`τy. The spectral decomposition of the Green’s function

then becomes

Gq(r,r′) = −
∫ ∞
−∞

dω

2π

∞∑
`=q

`−1∑
m=−`

[
S+
q,`−1,m S−q,`,m

]
× e−iω(τ−τ ′)

ω2 + E2
q;`

(ωNq,` + Eq;`τy)


(
S+
q,`−1,m

)†(
S−q,`,m

)†
 .

(3.D.14)

The contour integral on ω is obtained with the residue theorem

∫ ∞
−∞

dω

2π
e−iω(τ−τ ′)

ω2 + E2
q;`

{
ω

1

}
= −isgn(τ − τ ′) e−Eq;`|τ−τ

′|

−2iEq;`sgn(τ − τ ′)

{
−iEq;`sgn(τ − τ ′)

1

}

= 1
2e
−Eq;`|τ−τ ′|

{
−isgn(τ − τ ′)

E−1
q;`

}
. (3.D.15)

17The inverse eigenvalue matrix here is
[
Nq,`

(
ω− iMq,`

)]−1instead of
[
Nq,`

(
ω+ iMq,`

)]−1as described

in Ref. [16]. This explains the benign different sign in our Green’s function in what follows.
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The spectral decomposition after the ω integration becomes

Gq(r,r′) = i

2

∞∑
`=q

e−Eq;`|τ−τ
′|

`−1∑
m=−`

[
S+
q,`−1,m S−q,`,m

]

×

sgn(τ − τ ′)Nq,` +

 0 1

−1 0




(
S+
q,`−1,m

)†(
S−q,`,m

)†
 . (3.D.16)

By inserting Eq. (3.D.4), we obtain a 2× 2 matrix whose components are pairs of monopole

harmonics

Gq(r,r′) = (2× 2 matrix)ττ ′ ∝
∞∑
`′=q

`′∑
m′=−`′+1

Yq,`′+δ`′,m′+δm′(n̂)Y ∗
q,`′+δ̃`′,m′+δ̃m′(n̂

′), (3.D.17)

where 
δ`′,δ̃`′ ∈ {−1,0}

δm′,δ̃m′ ∈ {0,1}
. (3.D.18)

This formulation is used in Sec. 3.4.2.3.

For the minimal charge case, the Green’s function can be further simplified by taking the

sum on the azimutal quantum number [16], which yields Eq. (3.4.45) in the main text 18.

The phase appearing in Eq. (3.4.45) is given by [16]

e−iΘ cos γ2 = cos θ2 cos θ
′

2 + sin θ2 sin θ
′

2 e
−i(φ−φ′). (3.D.19)

3.E. Eigenkernels

3.E.1. First basis

We work in spherical normalized coordinates

[ea=θ̂,φ̂,τ̂
µ=x,y,z] =


cos θ cosφ − sin θ sinφ sin θ cosφ

cos θ sinφ sin θ cosφ sin θ sinφ

− sin θ 0 cos θ

 . (3.E.1)

18The difference that we noted concerning what inverse matrix is used in Eq. (3.D.11) implies an extra

sign in the first line of the Green’s function.
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Using the definitions of the vector spherical harmonics (3.4.14), the eigenkernels in Eqs. (3.4.30,

3.4.31) can be written as

∑
m

aa,E∗`m (n̂)aa
′,E
`m (n̂′) = 1

`(`+ 1)∇a∇a′

(∑
m

Y ∗`m(n̂)Y`m(n̂′)
)
, (3.E.2)

∑
m

aa,B∗`m (n̂)aa
′,B
`m (n̂′) = 1

`(`+ 1)
εabεa

′b′√
g(r)g (r′)

∇b∇b′

(∑
m

Y ∗`m(n̂)Y`m(n̂′)
)
. (3.E.3)

Using the addition formula in Eq. (3.4.33), we obtain the results in Ref. [62].

∑
m

aa,E∗`m (n̂)aa
′,E
`m (ẑ) =2`+ 1

4π
1

`(`+ 1)

− (1− x2)P ′′` (x) + xP ′`(x) 0

0 P ′`(x)


 cosφ sinφ

− sinφ cosφ

 ,
(3.E.4)

∑
m

aa,B∗`m (n̂)aa
′,B
`m (ẑ) =2`+ 1

4π
1

`(`+ 1)

P ′`(x) 0

0 − (1− x2)P ′′` (x) + xP ′`(x)


 cosφ sinφ

− sinφ cosφ

 .
(3.E.5)

This may be further simplified by using the differential equation for Legendre polynomials

P ′′` (x) = 1
1− x2 [2xP ′`(x)− `(`+ 1)P`(x)] . (3.E.6)

3.E.2. Second basis

By working in helical coordinates,

ra=+,z,− = 1√
2
(
−x+ iy,

√
2z,x+ iy

)
, (3.E.7)
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the vector spherical harmonics Ua
`m(n̂),V a

`m(n̂),W a
`m(n̂) introduced in Sec. 3.4.2.3 take the

following form

Ua
`m(n̂) =



√
(`−m+1)(`−m+2)

(2`+2)(2`+3) Y`+1,m−1(n̂)

−
√

(`−m+1)(`+m+1)
(`+1)(2`+3) Y`+1,m(n̂)√

(`+m+1)(`+m+2)
(2`+2)(2`+3) Y`+1,m+1(n̂)

 , (3.E.8)

V a
`m(n̂) =


−
√

(`−m+1)(`+m)
2`(`+1) Y`,m−1(n̂)
m√
`(`+1)

Y`.m(n̂)√
(`−m)(`+m+1)

2`(`+1) Y`,m+1(n̂)

 , (3.E.9)

W a
`m(n̂) =



√
(`+m−1)(`+m)

2`(2`−1) Y`−1,m−1(n̂)√
(`−m)(`+m)
`(2`−1) Y`−1,m(n̂)√

(`−m−1)(`−m)
2`(2`−1) Y`−1,m+1(n̂)

 , (3.E.10)

Using a transformation matrix

[eµ=x,y,z
a=+,z,−] =


−1/
√

2 0 1/
√

2

−i/
√

2 0 −i/
√

2

0 1 0

 , (3.E.11)

these harmonics can be rotated to cartesian coordinates

eµaZ
a
`,m(n̂), Z = U,V,W, (3.E.12)

which corresponds to the harmonics used in the main text.

3.E.3. Kernel coefficients for general q

As we turn to compute kernel coefficients,

[Kq
` (ω)]XZ = 1

2`+ 1
∑
m

∫
d3rd3r′

√
g(r)

√
g (r′)Xµ∗

`,m(n̂)Kqµµ′(r,r′)Z
µ′

`,m(n̂′)eiω(τ−τ ′), (3.E.13)

with X,Z ∈ {U,V,W}, the real-space kernels can also be worked out in cartesian coordinates

Kq
µµ′(r,r′) = tr

[
γµGq(r,r′)γµ′G†q(r,r′)

]
, γµ,γµ′ = (σx,σy,σz) .

In the limit r′ → 0, where half of the harmonics can be eliminated (3.4.64), the various

functions at play in our computation can be rewritten as (3.4.63)
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Gq (r,0) = (2× 2 matrix)ττ ′ ∝
∑
`′
Yq,`′+δ`′,−q+δm′(n̂), (3.E.14)

Kq
µµ′ (r,0) = (3× 3 matrix)µµ′ ∝

∑
`′,`′′

Yq,`′+δ`′,−q+δm′(n̂)Y−q,`′′+δ`′′,q+δm′′(n̂), (3.E.15)

Zµ∗
`,m(n̂)Zµ′

`,m (ẑ) = (3× 3 matrix)µµ
′
∝ Y0,`+δ`Z ,δm(n̂), (3.E.16)

where

δ`′,`′′ ∈ {−1,0}, (3.E.17)

δm′,δm′′ ∈ {−1,0,1}, (3.E.18)

δ`Z = {−1,0,1}, Z ∈ {W,V,U}, (3.E.19)

δm ∈ {−2,− 1,0,1,− 2}, (3.E.20)

As claimed in the main text, the kernel coefficients take the form∫
d3r

√
g(r)Kq

µµ′ (r,0)Zµ∗
`,m(n̂)Zµ′

`,m (ẑ)

∼
∑
`′,`′′

∫
dn̂Yq,`′+δ`′,−q+δm′(n̂)Y−q,`′′+δ`′′,q+δm′′(n̂)Y0,`+δ`Z ,δm(n̂).

(3.E.21)

3.F. Results for the q = 1/2 computations
We review specific results that concern the q = 1/2 computation in Sec. 3.4.2.2. Using

the differential equation defining a Legendre Polynomial

P ′′` (x)− 1
1− x2 [2xP ′`(x)− `(`+ 1)P`(x)] = 0, (3.F.1)

and the equivalent relation for Q′′q,`(x) [16]

Q′′q,`(x) + 1
1 + x

Q′q,`(x) + 1
1− x2

[
`2 − 2q2

1 + x

]
Qq,`(x) = 0, (3.F.2)

the integrals appearing in the q = 1/2 computation in Sec. 3.4.2.2 can be reformulated in

the form ∫
dx [a`,`′,`′′(x)P`(x) + b`,`′,`′′(x)P ′`(x)]Qq,`′(x)Qq,`′′(x). (3.F.3)
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Specifically, for q = 1/2, we obtain

ID1 = J0

[
`(`+ 1)− `′2 − `′′2 + 1

2

]
− J1 − J2,

ID2 = −J0,

IT1 = − (J1 − J2) ,

IE1 = (J1 − J2)
[
`(`+ 1)− `′2 − `′′2 + 1

2

]
, (3.F.4)

IE2 = −J1 − J2,

IB1 = `(`+ 1) [`(`+ 1)J0 − 2J2]− [J1 − J2 + `(`+ 1)J0]
[
`′2 + `′′2 − 1

2

]
,

IB2 = J1 + J2 − `(`+ 1)J0,

where

J0 (`,`′,`′′) =
∫ 1

−1
dx

1
1− xP`(x)Q1/2,`′(x)Q1/2,`′′(x), (3.F.5)

J1 (`,`′,`′′) =
∫ 1

−1
dx

1
1− xP

′
`(x)Q1/2,`′(x)Q1/2,`′′(x), (3.F.6)

J2 (`,`′,`′′) =
∫ 1

−1
dx

x

1− xP
′
`(x)Q1/2,`′(x)Q1/2,`′′(x). (3.F.7)

The result for these integrals was obtained in [16] 19

J0(`,`1 + 1/2,`2 + 1/2) = −

(`1 + 1/2) (`2 + 1/2)

` `1 `2

0 0 0


`+ 1 `1 `2

0 1 −1


4π2

√
`1(`1 + 1)`2(`2 + 1)

, (3.F.8)

J1(`,`1 + 1/2,`2 + 1/2) =

√
`(`+ 1) (`1 + 1/2) (`2 + 1/2)

` `1 `2

0 0 0


8π2

√
`1(`1 + 1)`2(`2 + 1)

×

√(`+ 2)(`+ 3)

`+ 1 `1 `2

−2 1 1

−√`(`+ 1)

`+ 1 `1 `2

0 1 −1




(3.F.9)

19Our definitions have for the Ji have an extra factor 4π/(2`+ 1) since we defined them with P`(x) and

not F`(x) = (2`+ 1)P`(x)/(4π) as in Ref. [16].

208



J2(`,`1 + 1/2,`2 + 1/2) =

√
`(`+ 1) (`1 + 1/2) (`2 + 1/2)

` `1 `2

0 0 0


8π2

√
`1(`1 + 1)`2(`2 + 1)

×

√(`− 1)(`+ 2)

`+ 1 `1 `2

−2 1 1

−√`(`+ 1)

`+ 1 `1 `2

0 1 −1




(3.F.10)

where `′ = `1 + 1/2 and `′′ = `2 + 1/2.

3.G. Remainder coefficients
When computing kernel coefficients in Secs. 3.4.2.2 and 3.4.2.3, we deal with regularized

sums as

∞∑
`′=q+1

[
−αZ +

∞∑
`′′=q+1

kq,Z`,`′,`′′(ω)
]
, (3.G.1)

which is the general-q version of the sum in Eq. (3.4.59). As in the main text, Z ∈ {D,T,E,B}.

Setting a numerical cutoff `′c = 200 + q, the remainder of the sum is obtained analytically,

as discussed in Sec.3.4.2.2

∞∑
`′=`′c+1

[
−αZ +

∞∑
`′′=q+1

kq,Z`,`′,`′′(ω)
]

=
∞∑

`′=`′c+1

[
k∑
p=2

cq,Z`,p (ω) (`′)−p
]

=
k∑
p=2

cq,Z`,p (ω)ζ (p,`′c + 1) .

(3.G.2)

In our computations, we obtained the remainders down to order (`′)−18. To obtain the co-

efficients, the expansion in 1/`′ must be carried out, which in turn requires fixing ` and q.

The resulting expansion then yields the analytic dependence on ω, while the dependence on

` and q is found by fitting many coefficients with specific values of ` and q. The coefficients

we find cq,Z`,p (ω) are polynomials of ω2, `(` + 1) ≡ `2, q2 (the scalar-gauge kernel Z = T has

an extra factor of q)
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D : ζ (2,`′c + 1)
16π

(
`2 − 4q2 + 2ω2

)
+ ζ (4,`′c + 1)

256π

(
7`2

2 + `2
(
24q2 + 8ω2 − 2

)

− 8
(
−6q2ω2 + 6q4 + ω4

))
+ ζ (6,`′c + 1)

1024π

(
13`3

2 + 2`2
2

(
35q2 − 3

(
ω2 + 3

))

+ 4`2
(
5q2

(
4ω2 + 3

)
+ 30q4 − 9ω4 − 2ω2 + 1

)
+ 8

(
30q4ω2 − 10q2ω4 − 20q6 + ω6

))

+ . . . (3.G.3)

T : ζ (4,`′c + 1)
16π q`2 + ζ (6,`′c + 1)

128π q`2
(
6`2 + 20q2 − 9ω2 − 8

)
+ . . . (3.G.4)

E : ζ (2,`′c + 1)
32π

(
`2 − 4q2 + 2ω2

)
+ ζ (4,`′c + 1)

256π

(
2`2

2 + `2
(
12q2 + ω2 − 2

)
+ 8q2

(
3ω2 − 4

)

− 24q4 − 2ω2
(
2ω2 + 3

))
+ ζ (6,`′c + 1)

4096π

(
11`3

2 + 4`2
2

(
20q2 − 3

(
ω2 + 2

))
+ 4`2

(
2q2

(
5ω2 − 78

)
+ 60q4 − 8ω4 − 6ω2 + 3

)
− 16

(
q4
(
80− 30ω2

)
+ q2

(
10ω4 − 21ω2 − 88

)
+ 20q6 − ω2

(
ω4 + 5ω2 + 5

)))
+ . . . (3.G.5)

B : ζ (2,`′c + 1)
32π

(
`2 − 4q2 + 2ω2

)
+ ζ (4,`′c + 1)

256π

(
5`2

2 + `2
(
12q2 + 7ω2 − 4

)
+ 8q2

(
3ω2 − 4

)

− 24q4 − 2ω2
(
2ω2 + 3

))
+ ζ (6,`′c + 1)

4096π

(
41`3

2 + 4`2
2

(
50q2 − 3

(
ω2 + 8

))
+ 4`2

(
q2
(
70ω2 − 208

)
+ 60q4 − 28ω4 − 14ω2 + 17

)
− 16

(
q4
(
80− 30ω2

)
+ q2

(
10ω4 − 21ω2 − 88

)
+ 20q6 − ω2

(
ω4 + 5ω2 + 5

)))
+ . . . (3.G.6)

This dependence on ω2and `(`+ 1) was also observed for global monopoles in the context of

the O(N) model [63]

3.H. Only zero modes contribution in the kernels
The contribution of the zero modes in the Green’s function (3.D.16) is
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Gq;0(r,r′) = i

2

q−1∑
m=−q

[
0 S−q,q,m

]sgn(τ − τ ′)

−1 0

0 1



 0(

S−q,q,m
)†
 . (3.H.1)

We focus on the contribution of this function to kernel coefficients. For instance, for the

scalar-scalar kernel coefficient (3.4.28), we have

Dq
` (ω) = 4π

2`+ 1

∫
r
eiωτ tr

[
Gq;0(r,r′)G†q;0(r,r′)

]∑
m

Y ∗`m(n̂)Y`m(n̂′) + . . . (3.H.2)

where the ellipses indicates terms including non-zero modes contributions that have already

been incorporated in the main text computations. This “zero-zero mode contribution” has

no fermion energy
√
`2 − q2 → 0 and the Green’s function can be factorized as

Gq;0 (r,0) = sgn (τ) G̃q;0 (n̂,0) . (3.H.3)

The “zero-zero mode contribution ” to the kernel coefficient then simplifies to

4π
2`+ 1 × 2πδ(ω)

∫
dn̂tr

[
G̃q;0 (n̂,0) G̃†q;0 (n̂,0)

]∑
m

Y ∗`m(n̂)Y`m(n̂′). (3.H.4)

Let’s then write kernel as

Dq
` (ω) = Cq

` δ(ω) + regular terms (3.H.5)

Hence, looking only at the scalar-scalar kernel, the contribution around ω = 0 is 20

1
2

∫ ε

−ε

dω

2π

( ∞∑
`=0

(2`+ 1) ln [Dq
` (ω)]

)
= 1

2

∫ ε

−ε

dω

2π

( ∞∑
`=0

(2`+ 1) ln [Cq
` δ(ω) + “reg.”]

)

= 1
2

∫ ε

−ε

dω

2π

( ∞∑
`=0

(2`+ 1) ln
[
1 + Cq

` δ(ω)
“reg.”

])

= 1
2J

∫ ε

−ε

dω

2π

( ∞∑
`=0

(2`+ 1) ln [1 + δ(ω)]
)

(3.H.6)

where we changed variable and J is the resulting Jacobian. We also used limε→0
∫ ε
−ε

dω
2π ln “reg.”→

0. It turns out that the remaining term also vanishes∫ ε

−ε

dω

2π ln [1 + δ(ω)] = 0, (3.H.7)

as we show in what follows.
20The contribution of the q = 0 kernel in the denominator doesn’t matter since it can be isolated and it

vanishes limε→0
∫ ε
−ε

dω
2π lnD0

` (ω)→ 0.
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The logarithm in Eq. (3.H.7) can be rewritten as an integral

∫
dω ln [1 + δ(ω)] =

∫
dω

∫ 1

0
dt

δ(ω)
1 + tδ(ω) . (3.H.8)

We then exchange the order of integration and obtain a vanishing integral

∫
dω ln [1 + δ(ω)] =

∫ 1

0
dt
∫
dω

[
δ(ω)× 1

1 + tδ(ω)

]
=
∫ 1

0
dt

1
1 + tδ(0)

=
∫ 1

0
dt


1 t = 0

0 t 6= 0
= 0.

(3.H.9)

Generalization

The kernel coefficients, with the “zero-zero mode contribution” explicitly included, can

be written as

Dq
` (ω) = CDδ(ω) + regD, (3.H.10)

Hq,T
` (ω) = CHT δ(ω) + regFT , (3.H.11)

Kq,E
` (ω) = CKEδ(ω) + regKE, (3.H.12)

Kq,B
` (ω) = 0 + regKB. (3.H.13)

In fact, it turns out that CD = −iCHT = −CKE, but this is not necessary for the argument

that follows. Again, let us consider the calculation of the scaling dimension in QED3-GN

near ω = 0. Once again, we can ignore the denominator :

1
2

∫ ε

−ε

dω

2π

{
[lnDq

0(ω)] +
∞∑
`=1

(2`+ 1) ln
[
Kq,B
` (ω)

(
Dq
` (ω)Kq,E

` (ω) +
(

1 + ω2

`(`+ 1)

) ∣∣∣F q,T
` (ω)

∣∣∣ 2
)]}

.

(3.H.14)

TheKq,B
` (ω) is also regular and can be removed. Also, we already showed that

∫ ε
−ε

dω
2π lnDq

` (ω) =

0, we can use this to eliminate the ` = 0 contribution. We are left with

1
2

∫ ε

−ε

dω

2π

( ∞∑
`=1

(2`+ 1) ln
[
Dq
` (ω)Kq,E

` (ω) +
(

1 + ω2

`(`+ 1)

) ∣∣∣F q,T
` (ω)

∣∣∣ 2
])

. (3.H.15)
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Let us now consider the argument of the logarithm

Dq
` (ω)Kq,E

` (ω) +
(

1 + ω2

`(`+ 1)

) ∣∣∣F q,T
` (ω)

∣∣∣ 2

= [CDregKE + CDregKE + 2 Re (CFT reg∗FT )] δ(ω)

+
[
CDCKE + |CFT |2

]
δ(ω)2 +

[
regDregKE +

(
1 + ω2

`(`+ 1)

)
|regFT |

2
]

≡ aδ(ω)2 + bδ(ω) + c

= a [δ(ω)− f1] [δ(ω)− f2] . (3.H.16)

Then, the scaling dimension correction near ω = 0 can be written as

1
2

∞∑
`=1

(2`+ 1)
∫ ε

−ε

dω

2π (ln [δ(ω)− f1] + ln [δ(ω)− f2]) = 0 + 0. (3.H.17)

3.I. Fitting procedure for anomalous dimensions
The method used to determine the monopole anomalous dimensions and estimate the

errors is described here for QED3 and QED3-GN models. To estimate the error, we vary the

maximal cutoff Lmax (3.4.60) of the dataset used to extrapolate the anomalous dimension to

L→∞.21

(1) Compute the anomalous dimension up to the cutoff Lmax (for instance, this is Lmax =

65 for q = 1/2)

(2) Extrapolate the behaviour as L → ∞ with a fit ∑k
i=0 ci;k;LmaxL

−i with polynomial

order k = 4 (for q = 1/2, we use L ∈ [Lmax − 10, Lmax]).

(3) Repeat step 2 with smaller values of Lmax, computing four more times the scaling

dimension. For instance, with q = 1/2, we repeat with Lmax ∈ [61, 65].

(4) Extrapolate the behaviour as Lmax → ∞ with a linear fit in 1/Lmax, c̃0 + c̃1/Lmax,

using the five anomalous dimensions obtained. The fit and the anomalous dimensions

are shown in Fig. 3.5 for the case q = 1/2. Additional points down to Lmax = 45 are

also displayed in Fig. 3.5 to discuss the behaviour later on.

(5) Compare the anomalous dimension obtained with the maximal value of Lmax, that

we note in what follows as L∗max (for q = 1/2, L∗max = 65) and the extrapolated value

21The cutoff `′c we use has a negligible contribution to the uncertainty, thanks to the very precise

expansion, up to 1/`′18, of the remainder.

213



0.000 0.005 0.010 0.015 0.020 0.025

-0.038150

-0.038145

-0.038140

-0.038135

1/Lmax

Δ
1
/2

(1
)

(a)

0.000 0.005 0.010 0.015 0.020 0.025

0.118895

0.118900

0.118905

0.118910

0.118915

1/Lmax

Δ
1
/2

(1
)

(b)

Figure 3.5. Fitting procedure of anomalous dimensions of the q = 1/2 monopole ∆(1)
1/2

in (a) QED3 ; (b) QED3-GN. The points are obtained with fits ∑k
i=0 ci;k;LmaxL

−i with L ∈

[Lmax − 5, Lmax]. The solid line is a linear fit in 1/Lmax with Lmax ∈[61, 65]. The point with

the error bar corresponds to the anomalous dimension computed with Eq.(3.I.1) and shown

in Eq. (3.I.2)

at Lmax →∞ and estimate the anomalous dimension as

∆(1)
q = 1

2

(
∆(1)
q

∣∣∣
Lmax=L∗max

+ ∆(1)
q

∣∣∣
Lmax→∞

)
± 1

2

(
∆(1)
q

∣∣∣
Lmax=L∗max

− ∆(1)
q

∣∣∣
Lmax→∞

)
. (3.I.1)

This result with the error bar is shown in Fig. 3.5 for the case q = 1/2 and is given

by :

∆(1)
1/2,QED3

= −0.038138(5), ∆(1)
1/2,QED3-GN = 0.118911(7). (3.I.2)

We emphasize that the data used for the extrapolation in step 4 was itself the result of

the extrapolation in step 2 (and step 3). The extrapolated value at Lmax → ∞ is therefore

used as a guiding value. Had we taken a dataset with smaller values of Lmax, the fitted line

would simply overshoot the one currently presented in Fig. 3.5. The anomalous dimension

in Eq. 3.I.1 would have more extreme values and thus a greater error.

To further characterize the effect that the size of Lmax has on the anomalous dimensions,

we also consider the cases q = 1,3/2 and q = 25/2 where we used a cutoff Lmax = 45+bqe. 22

For those charges obtained with a larger cutoff, we can restrain our dataset and obtain the

anomalous dimensions with Lmax = 35 + bqe. The results with Lmax = 45 + bqe are slightly
22Although we do obtain q = 25/2 anomalous dimensions for the largest cutoff, the corresponding values

and errors presented in Tab.3.5 are obtained with cutoff Lmax = 35 + bqe
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Figure 3.6. Normalized anomalous dimensions in (a) QED3 ; (b) QED3-GN. There are two

sets of scaling dimensions obtained for Lmax ∈ [31 + bqe, 35 + bqe] (L ≤ 35 + bqe) and

Lmax ∈ [41 + bqe,45 + bqe] (L ≤ 45 + bqe). The anomalous dimensions are normalized as

∆(1)
q /∆(1)

q |L≤35+bqe.

more precise and very similar to those with Lmax = 35 + bqe. As shown in Fig. 3.6, the drift

of the anomalous dimension as Lmax is increased is very small relatively to the estimated

errors, which indicates the stability of our method.

The same procedure was also used for different fitting functions ∑k
i=0 ci;k;LmaxL

−i with

higher polynomial order k = 5, 6, as shown in Fig. 3.7. We find a similar behaviour and more

precise results. However, these fits demand a larger dataset. For larger q (and therefore larger

maximal cutoff since the cutoff increases with dqe), a similar behaviour remains. However,

the size of datasets needs to be increased. This was also observed for q = 1/2 when comparing

relativistic cutoffs Lmax of different sizes. It may indicate that errors are overfitted for smaller

datasets with higher-order fits, as the effect is less important for k = 4. We used the quartic

fit for all of the anomalous dimensions quoted in this work.
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Figure 3.7. Fitting procedure for anomalous dimensions of the q = 5/2 monopole ∆(1)
5/2

in (a) QED3 ; (b) QED3-GN. The points are obtained with fits ∑k
i=0 ci;k;LmaxL

−i with L ∈

[Lmax − δk, Lmax] with δk = {5,10,14} for k = {4,5,6}. Each set of five points is obtained by

varying Lmax ∈[33, 37]. Solid, dashed, and dot-dashed lines are linear fits in 1/Lmax of the

k = 4,5,6 results.
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3.J. Monopole scaling dimensions for 1/2 ≤ q ≤ 13

Tableau 3.5. Scaling dimension of monopole operators at leading-order and next-to-leading

order in 1/N in QED3, QED3-GN and QED3-Z2GN models. The leading-order result is the

same in all models. The scaling dimension is 2N∆(0)
q + ∆(1)

q .

q ∆(0)
q ∆(1)

q,QED3 ∆(1)
q,QED3-GN ∆(1)

q,QED3-Z2GN

1/2 0.26510 −0.038138(5) 0.118911(7) 0.102846(9)

1 0.67315 −0.19340(3) 0.23561(4) 0.18663(4)

3/2 1.18643 −0.42109(4) 0.35808(6) 0.26528(7)

2 1.78690 −0.70482(9) 0.4879(2) 0.3426(2)

5/2 2.46345 −1.0358(2) 0.6254(2) 0.4202(3)

3 3.20837 −1.4082(2) 0.7705(3) 0.4989(3)

7/2 4.01591 −1.8181(2) 0.9229(3) 0.5789(4)

4 4.88154 −2.2623(3) 1.0824(4) 0.6605(4)

9/2 5.80161 −2.7384(3) 1.2488(4) 0.7439(5)

5 6.77309 −3.2445(3) 1.4218(5) 0.8290(6)

11/2 7.79338 −3.7788(4) 1.6013(5) 0.9160(6)

6 8.86025 −4.3401(4) 1.7869(6) 1.0048(7)

13/2 9.97175 −4.9269(4) 1.9786(7) 1.0955(8)

7 11.12616 −5.5384(5) 2.1762(7) 1.1881(8)

15/2 12.32195 −6.1735(5) 2.3794(7) 1.2825(9)

8 13.55772 −6.8314(5) 2.5882(8) 1.3787(9)

17/2 14.83223 −7.5113(6) 2.8024(9) 1.477(1)

9 16.14432 −8.2125(6) 3.0219(9) 1.577(2)

19/2 17.49296 −8.9345(6) 3.2466(9) 1.678(2)

10 18.87719 −9.6766(7) 3.476(1) 1.781(2)

21/2 20.29609 −10.4383(7) 3.711(2) 1.886(2)

11 21.74886 −11.2191(7) 3.950(2) 1.993(2)

23/2 23.23472 −12.0186(7) 4.195(2) 2.102(2)

12 24.75294 −12.8363(8) 4.444(2) 2.212(2)

25/2 26.30286 −13.6719(8) 4.697(2) 2.323(2)

13 27.88383 −14.5249(8) 4.955(2) 2.437(2)
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Conclusion

Le renard connaît beaucoup de choses,

mais le hérisson connaît une grande

chose.

Archiloque

Les transitions de phase quantiques hors d’un liquide de spin de Dirac (DSL) ont été étu-

diées. La dimension d’échelle des monopôles a été obtenue aux points critiques quantiques

(QCPs) décrits par l’électrodynamique quantique en 2 + 1 dimensions avec 2N saveurs de

fermions sans masse (QED3) et diverses interactions de type Gross-Neveu (GN). En activant

une interaction dépendante du spin, soit le terme de chiral-Heisenberg Gross-Neveu (cHGN),

une transition vers un antiferroaimant (AFM) sur réseau kagome est décrite. Dans ce cas,

la dimension d’échelle des monopôles est réduite au QCP par rapport à la phase QED3.

Cette réduction, trouvée à l’ordre dominant en 1/N , augmente avec le spin magnétique des

monopôles. La hiérarchie observée parmi les dimensions d’échelle de monopôles a été inter-

prétée en termes d’une brisure de symétrie au QCP avec la théorie des représentations, ce

qui a également permis d’extraire la dégénérescence restante pour chaque spin magnétique

de monopôle. Des transitions du DSL vers deux liquides de spin quantiques topologiques,

soit le liquide de spin chiral (CSL) et le liquide de spin Z2 (Z2 QSL) ont également été

considérées. La transition vers le CSL est décrite en activant une interaction GN complète-

ment symétrique (QED3-GN), et celle vers le Z2 QSL par l’activation d’une interaction GN

de type supraconducteur (QED3-Z2GN). Les dimensions d’échelle des monopôles obtenues

à l’ordre sous-dominant en 1/N ont une correction quantique positive pour ces deux QCPs.

La comparaison de ces résultats à d’autres résultats analytiques dans la littérature semble

compatible avec la dualité QED3-GN |2N=2 ⇔ CP1. Des dimensions d’échelles sont obtenues



pour plusieurs charges topologiques q dans QED3, QED3-GN et QED3-Z2GN. En ajustant

le comportement large-q de ces résultats, le coefficient constant O(q0) trouvé pour chaque

modèle concorde avec la valeur universelle prédite pour les théories conformes des champs

ayant une symétrie globale U(1).

D’autres avenues intéressantes s’ouvrent suite à cette recherche. Voici quelques idées.

• Calculer les dimensions d’échelle de monopôles pour d’autres modèles. Notamment,

le modèle « easy-plane » CP1 (ep−CP1)1 en 2+1 dimensions serait d’intérêt, puisqu’il

permettrait de tester une autre dualité, soit QED3 |2N=2 ⇔ ep−CP1 [3]. Des résultats

analytiques cohérents avec la dualité mais en tension avec des résultats numériques

ont été observés pour cette dualité [4]. À l’aide de l’étude des dimensions d’échelle

des monopôles, des remarques semblables ont été pu être faites au Chap. 3 dans le

cas de dualité QED3-GN |2N=2 ⇔ CP1. De nouveaux résultats pour les dimensions

d’échelle des monopôles dans ep−CP1 pourraient compléter les observations dans la

Réf. [4]. Il serait aussi intéressant d’investiguer l’idée d’une transition faiblement de

premier ordre, un scénario évoqué pour les deux dualités [5–7] .

• Obtenir des corrections quantiques pour le modèle étudié aux Chap. 1 et Chap. 2.

Les résultats à l’ordre dominant en 1/N ne permettent pas de distinguer le résultat

avec trois bosons auxiliaires et deux bosons auxiliaires, qui décrivent respectivement

les transitions DSL→AFM et DSL→solide de liens de valence. Il serait intéressant

de voir comment l’ordre sous-dominant en 1/N change la situation.

• Revisiter la méthode présentée au Chap. 2 pour contraindre le spin magnétique des

monopôles. Une généralisation pour contraindre le spin de Lorentz pourrait être ten-

tée. Il serait aussi intéressant de reformuler plus formellement la méthode en s’ins-

pirant des récents développements en théorie conforme des champs où les charges

1Le modèle CP1 correspond au modèle abélien de Higgs avec N = 2 bosons complexes (ou encore QED3

scalaire avec une contrainte non linéaire). Le modèle « easy-plane » CP1 ajoute un terme d’anisotropie brisant

la symétrie de saveur SU(2)→ U(1)×Z2, où U(1) est la rotation dans le plan x−y et Z2 représente l’inversion

de spin selon l’axe z [1]. Ce modèle peut être écrit comme deux modèles d’électrodynamique scalaire avec

N = 1 boson complexe ayant le même champ de jauge [2].
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globales d’opérateurs sont utilisées comme paramètre d’expansion. Cette idée re-

monte à la Réf. [8] où les dimensions d’échelle d’opérateurs chargés sous un groupe

de symétrie U(1) ont été développées pour une grande charge. Dans le cas du spin

magnétique ou du spin de Lorentz, la charge globale serait de type SU(2).

• Calculer d’autres propriétés des monopôles pour les QCPs déjà considérés (QED3-cHGN,

QED3-GN, QED3-Z2GN). Notamment, il serait intéressant de considérer le « Opera-

tor Product Expansion » (OPE) pour les fonctions de corrélations à trois opérateurs

monopôles et obtenir les coefficients de l’OPE. Des fonctions 4-points d’opérateurs

monopôles ont déjà été considérées dans une étude du modèle QED3 à l’aide du

« conformal bootstrap ».2 Répéter l’analyse du « conformal bootstrap » en ajoutant

les interactions de type GN serait aussi intéressant pour obtenir une comparaison

avec nos résultats analytiques pour les dimensions d’échelle de monopôles.
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Chapitre A

Correspondance état-opérateur

La correspondance état-opérateur est utilisée dans tous les chapitres de la thèse pour calculer

la dimension d’échelle d’opérateurs monopôles. Elle est décrite plus en détail dans cet annexe.

La présentation est inspirée de la Réf. [1] où la correspondance état-opérateur a été utilisée

pour étudier les opérateurs monopôles du modèle CPN−1.

A.1. Quantification radiale
La construction de l’espace d’Hilbert dans une théorie quantique des champs repose sur

une évolution d’états qui transitent entre des tranches d’espace-temps successives, soit les

hypersurfaces de dimensions d− 1 divisant l’espace-temps d-dimensionnel [2]. Une approche

conventionnelle est de choisir un axe temporel et les tranches sont définies pour un temps

fixe. Le générateur de translation dans le temps est l’Hamiltonien Ĥ = −i∂/∂t. L’exponen-

tiation de l’Hamiltonien U = exp
(
iĤ∆t

)
est l’opérateur donnant par son action l’évolution

temporelle des états de l’espace d’Hilbert. C’est une approche usuelle pour les théories qui

ont la symétrie du renversement de temps, par exemple celles qui ont la symétrie de Poincaré.

Dans les théories conformes des champs (CFT) où des symétries additionnelles sont pré-

sentes, notamment celle de dilatation, une autre approche est utile. L’espace-temps est divisé

en hypersphères centrées à l’origine. Dans ce cas, c’est la dimension radiale r̂, où r = |xµ|, qui

lie les tranches d’espace-temps définies par des rayons d’hypersphère distincts. Le générateur

de dilatation D̂ faisant partie de l’algèbre du groupe conforme assure la translation radiale.

On parle ainsi d’une quantification radiale de l’espace d’Hilbert où l’opérateur d’évolution

est donné par U = exp
(
iD̂r̂

)
.



La fonction de corrélation deux-points d’un opérateur primaire O(x) de la CFT est une

loi de puissance contrôlée par une dimension d’échelle ∆O〈
O(x)O†(y)

〉
∼ 1
|x− y|2∆O

. (A.1.1)

La dimension d’échelle est un nombre quantique lié à l’opérateur de dilatation. L’action de

l’opérateur de dilatation D̂ sur un opérateur primaire O(x) est donné par

[D̂,O(x)] = −i (∆O + xµ∂µ)O(x) . (A.1.2)

En particulier, pour un opérateur primaire centré à l’origine, le membre de droite devient

simplement l’opérateur primaire multiplié par une constante [D̂,O(0)] = −i∆O(0). Utilisant

ce résultat, on peut agir le vide |0〉 avec l’opérateur primaire O(0) pour définir un état

|O〉 = O(0)|0〉 ayant une valeur propre −i∆ sous l’opérateur de dilatation

D̂ (O(0)|0〉) = −i∆O (O(0)|0〉) , (A.1.3)

où l’invariance du vide sous l’opérateur de dilatation, D̂|0〉 = 0|0〉, a été utilisée. Les états

propres de dilatation peuvent ainsi être générés par les opérateurs primaires de la théorie.

Suivant le même raisonnement, l’opérateur O(0) et l’état |O〉 partagent aussi les mêmes

nombres quantiques sous les autres générateurs du groupe de symétrie conforme, d’où l’idée

de la correspondance état-opérateur

O(0)⇔ |O〉 . (A.1.4)

L’utilité de cette correspondance devient claire suite à une transformation de Weyl qui en-

voie l’espace-temps euclidien Rd au cylindre généralisé Sd−1×R, soit (ds2)Rd → r−2 (ds2)Rd ≡

(ds2)Sd−1×R. En définissant le rayon sur Rd comme r = Reτ/R, où R est une constante avec

des unités de longueur, la nouvelle métrique est donnée par

(
ds2

)
Sd−1×R

= R−2e−2τ/R
(
ds2

)
Rd

= dτ 2 + dΩ2 . (A.1.5)

Ainsi, dans ce nouvel espace, τ définit une direction de « temps » sur R. La dilatation dans

le système original devient une translation de « temps »

r → r + λ , τ → τ +R log(λ/R) . (A.1.6)
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L’opérateur de dilatation est donc envoyé vers un opérateur qui fait une translation dans le

« temps », soit l’Hamiltonien. Trouver la dimension d’échelle d’un opérateur O sur Rd revient

donc à trouver l’énergie ∆/R d’un état |O〉 sur Sd−1×R. La correspondance état-opérateur

et la définition d’un tel état sont formulées plus en détail dans ce qui suit.

A.2. Fonctionnelle d’onde et correspondance état-opérateur
On commence d’abord par décrire l’évolution temporelle d’une fonction d’onde en méca-

nique quantique. Soit un espace d’Hilbert en mécanique quantique muni d’états {|q〉}. Cette

base est introduite sur chaque tranche de l’espace-temps, séparé dans ce suit selon l’axe du

temps. La probabilité de propagation d’une particule dans l’état initial |qi〉 à un état final

|qf〉 en un intervalle de temps T est donnée par

〈qf ,tf |qi,ti〉 = 〈qf |e−iHT |qi〉 =
∫ q(tf )=qf

q(ti)=qi
Dq(t)eiS[q(t)] , (A.2.1)

où |q,t〉 = e−iHt|q〉. Ce propagateur est utilisé pour définir l’évolution temporelle d’une

fonction d’onde comme suit

ψ(qf ,tf ) = 〈qf ,tf |ψ〉 =
∫
dqi〈qf ,tf |qi,ti〉〈qi,ti|ψ〉

=
∫
dqi

[∫ q(tf )=qf

q(ti)=qi
Dq(t)eiS[q(t)]

]
ψ(qi,ti) . (A.2.2)

De la même manière, on peut travailler en théorie des champs avec une fonctionnelle

d’onde. Le point de vue de Heisenberg où la fonctionnelle d’onde |Ψ〉 est indépendante

du rayon r (on utilise maintenant la quantification radiale), mais pas les opérateurs, est

utilisé. On introduit un ensemble de champs classiques Φ0 définis à un rayon donné comme

Φ|r ≡ Φ(|x| = r,σ), où σ désigne les coordonnées d’espace sur l’hypersphère de rayon r0. Ces

champs peuvent être associés à un état propre de l’opérateur de champ Φ̂|r
∣∣∣Φ|r〉 = Φ|r

∣∣∣Φ|r〉.
La propagation entre deux tels états peut encore être écrite avec une intégrale de chemin

dont la mesure est restreinte aux champs dans l’intervalle ri < r < rf où les bords sont

contraints, c’est-à-dire〈
Φf |rf

∣∣∣∣Φi|ri
〉

=
∫ Φ|rf=Φf |rf

Φ|ri=Φi|ri
DΦeiS[Φ]

≡
∏

ri<r<rf

∫
DΦ|rδ(Φ|ri − Φi|ri)δ(Φ|rf − Φf |rf )eiS[Φ] . (A.2.3)
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Ce propagateur est utilisé pour généraliser la relation à l’Éq. (A.2.2) dans la théorie quantique

des champs (QFT)

Ψ[Φf |rf ,rf ] =
∫
DΦi|ri

[∫ Φ|rf=Φf |rf

Φ|ri=Φi|ri
DΦeiS[Φ]

]
Ψ[Φi|ri ,ri] , (A.2.4)

où la fonctionnelle d’onde projetée est définie comme Ψ[Φ|r,r] =
〈
Φ|r

∣∣∣Ψ〉. En écrivant plus

explicitement l’intégrale de chemin, il est possible d’isoler la contribution de la condition

initiale comme un facteur pondérant l’intégrale de chemin

Ψ[Φf |rf ,rf ] =
∏

ri<r<rf

∫
DΦ|rδ(Φ|rf − Φf |rf )eiS[Φ]

×
∫
DΦi|riδ(Φ|ri − Φi|ri)Ψ[Φi|ri ,ri] . (A.2.5)

En particulier, lorsque la fonctionnelle d’onde initiale est définie pour ri = 0, l’information

encodée dans la condition initiale est définie en un seul point de l’espace-temps. Autrement

dit, l’intégrale de chemin maintenant définie dans le disque r < rf est modifiée en un seul

point r = 0. Ainsi, cette condition Ψ[Φi|ri=0,ri = 0] peut être remplacée par l’insertion d’un

opérateur local OΨ(0)

Ψ[Φf |rf ,rf ] =
∏

0<r<rf

∫
DΦ|rδ(Φ|rf − Φf |rf )eiS[Φ]OΨ(0)

≡
∫ Φ|rf=Φf |rf DΦeiS[Φ]OΨ(0) . (A.2.6)

Avant de poursuivre, la notation est modifiée légèrement. D’abord, on remplace maintenant

rf → R. Ensuite, on introduit l’opérateur Oi(0) qui est associé à une fonction d’onde Ψi tel

que

Ψi[Φ0|R,R] =
∫ Φ|R=Φ0|R

DΦeiS[Φ]Oi(0) . (A.2.7)

A.3. Effet de l’Hamiltonien
Sur chaque tranche radiale d’espace-temps, on peut définir un champ bâti à l’aide du

courant de dilatation

HS(R) =
∫
ddxδ(|x| −R)nµjDµ , (A.3.1)

où nµ(x) est la normale qui pointe vers l’extérieur de l’hypersphère en |x| = R. L’action

de cette fonction sur l’opérateur primaire résulte en sa variation sous l’action de l’opérateur

de dilatation HS(R)O(x) ∼ δDO(x) [3], à condition que l’insertion de l’opérateur soit à
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l’intérieur de l’hypersphère |x| < R. Plus précisément, en utilisant l’Éq. (A.1.2), on obtient

[1]

HS(R)O(x) = 1
R

(∆O + xµ∂µ)O(x) , |x| < R . (A.3.2)

On peut aussi définir un Hamiltonien quantique ĤS(R) dont l’action sur une fonctionnelle

d’onde est [1](
ĤS(R)Ψi

)
[Φ0|R,R] = lim

ε→0+

∫ ∏
R−ε≤r<R+ε

DΦ|rδ(Φ0|R − Φ|r)H(R)Ψi[Φ|r,R− ε] . (A.3.3)

En particulier, si la fonctionnelle d’onde Ψi[Φ0|R,R] est bâtie avec un opérateur primaire

[D̂,Oi(0)] = −i∆OiOi(0) dans l’Éq. (A.2.7), une équation aux valeurs propres est obtenue(
ĤS(R)Ψi

)
[Φ0|R,R] = lim

ε→0+

∫ ∏
R−ε≤r<R+ε

DΦ|rδ(Φ0|R − Φ|r)

×
∫ Φ′|R−ε=Φ|r

DΦ′eiS[Φ′]H(R)Oi(0)

= ∆Oi
R

Ψi[Φ0|R,R] . (A.3.4)

Ainsi, Ψi est un état propre de l’Hamiltonien ĤS(R) avec une énergie ∆Oi/R. À l’inverse,

on peut montrer que les états propres de l’Hamiltonien ĤS(R) peuvent être écrits en termes

d’opérateurs, ce qui assure une correspondance un à un entre états et opérateurs [1].

A.4. Utilisation de la correspondance
Le calcul de ∆O devient un problème assez standard en théorie des champs lorsqu’on

laisse tendre R → ∞. L’intégrale de chemin se fait alors sur tous les degrés de liberté du

champ Φ, et la fonctionnelle d’onde devient une fonction de partition

ZO =
∫ ∏

0<r<∞
DΦ|reiS[Φ]O(0) . (A.4.1)

L’énergie totale du système est alors donnée par

E = − lim
β→∞

1
β

lnZO , (A.4.2)

où β est le rayon du cercle « thermique » obtenu par la compactification de R dans l’espace-

temps Sd−1×R obtenu suite à la transformation conforme. Le calcul de cette quantité à l’aide

d’un développement en 1/N , où 2N est le nombre de saveurs fermioniques, est réalisé dans le

texte principal. Dans ce cas, il s’agit d’un opérateur monopôle qui est inséré à l’origine. Tel
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qu’argumenté dans la Réf. [4], l’opérateur monopôle modifie la condition frontière du champ

de jauge de telle sorte qu’un flux 4πq perce la sphère entourant le point d’insertion. Pour

représenter cet effet, il suffit d’inclure dans l’action un champ de jauge externe implémentant

le champ d’un monopôle de Dirac avec une charge q

Aq = q (1− cos θ) dφ, (A.4.3)

ou Aqµ = δφµ (1− cos θ) / sin θ en notation composantes. Une corde de Dirac vient contre-

balancer la singularité en θ = π.
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