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3XkXkX *QMbBbi2M+v S`QQ7b X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Rye
3XkXjX a�KTH2 +QKTH2tBiv T`QQ7 X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X RyN
3XkX9X "QmM/ QM i?2 `2+QMbi`m+iBQM 2``Q` X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X RRy

3XjX 1K#2//BM;b 7Q` #B@/B`2+iBQM k8 :�mbbB�Mb 2tT2`BK2Mib X X X X X X X X X X X X X X X X X X X X X X RRR

*?�TBi`2 dX *QM+HmbBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X RRj

_û7û`2M+2b #B#HBQ;`�T?B[m2b X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X RR8

Rk



GBbi2 /2b i�#H2�mt

eXR LmK#2` Q7 +�Tim`2/ KQ/2b �M/ EmHH#H�+F@G2B#H2` /Bp2`;2M+2 #2ir22M i?2 i`�BMBM;
�M/ b�KTH2b /Bbi`B#miBQMb 7Q` .*:�L U_�/7Q`/ 2i �HX- kyR8V- �GA U.mKQmHBM
2i �HX- kyReV- lM`QHH2/ :�L UJ2ix 2i �HX- kyRdV- o22:�L Ua`Bp�bi�p� 2i �HX- kyRdV-
S�+:�L UGBM 2i �HX- kyRdVX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X NR

eXk *QKT�`BbQM Q7 JAL1 rBi? Qi?2` #B@/B`2+iBQM�H �/p2`b�`B�H KQ/2Hb BM i2`Kb Q7
2m+HB/2�M `2+QMbi`m+iBQM 2``Q`- `2+QMbi`m+iBQM �++m`�+v- �M/ Ja@aaAJ QM i?2
JLAah �M/ *2H2#� /�i�b2ibX JAL1 /Q2b � ;QQ/ DQ# +QKT�`2/ iQ �GA BM i2`Kb
Q7 `2+QMbi`m+iBQMbX h?Qm;? i?2 2tTHB+Bi `2+QMbi`m+iBQM #�b2/ #�b2HBM2b U�GA*1V
+�M bQK2iBK2b /Q #2ii2` i?�M JAL1 BM i2`Kb Q7 `2+QMbi`m+iBQMb `2H�i2/ i�bFb-
i?2v +QMbBbi2MiHv H�; #2?BM/ BM Ja@aaAJ b+Q`2b �M/ `2+QMbi`m+iBQM �++m`�+v QM
*2H2#�X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X N8

eXj S2`Kmi�iBQM AMp�`B�Mi JLAah KBb+H�bbB}+�iBQM `�i2 mbBM; �H2KB 2i �HX UkyReV
2tT2`BK2Mi�H b2imT 7Q` `2;mH�`Bx�iBQM #v +QM}/2M+2 T2M�Hiv US2`2v`� 2i �HX- kyRdV-
H�#2H bKQQi?BM; US2`2v`� 2i �HX- kyRdV- .22T o�`B�iBQM�H "QiiH2M2+FU.o"V U�H2KB
2i �HX- kyReV �M/ JAL1X h?2 KBb+H�bbB}+�iBQM `�i2 Bb �p2`�;2/ Qp2` i2M `mMbX AM
Q`/2` iQ +QMi`QH 7Q` i?2 `2;mH�`BxBM; BKT�+i Q7 i?2 �//BiBp2 :�mbbB�M MQBb2 BM i?2
�//BiBp2 +QM/BiBQM�H- r2 �HbQ `2TQ`i i?2 `2bmHib 7Q` .o" rBi? �//BiBQM�H �//BiBp2
:�mbbB�M MQBb2 �i i?2 BMTmiX �HH MQM@JAL1 `2bmHib �`2 i�F2M 7`QK �H2KB 2i �HX
UkyReVX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Nd

eX9 :2M2`�iQ` M2irQ`F 7Q` ai�+F2/@JLAah 2tT2`BK2Mi mbBM; :�LYJAL1X X X X X X X X X X NN

eX8 .Bb+`BKBM�iQ` M2irQ`F 7Q` ai�+F2/@JLAah 2tT2`BK2MiX X X X X X X X X X X X X X X X X X X X X X X X X X Ryy

eXe ai�iBbiB+b M2irQ`F 7Q` ai�+F2/@JLAah 2tT2`BK2MiX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Ryy

eXd 1M+Q/2` M2irQ`F 7Q` #B@/B`2+iBQM�H KQ/2Hb QM JLAahX ε ∼ N128(0, I)X X X X X X X X X X X RyR

Rj



eX3 .2+Q/2` M2irQ`F 7Q` #B@/B`2+iBQM�H KQ/2Hb QM JLAahX z ∼ N256(0, I) X X X X X X X X X X X RyR

eXN .Bb+`BKBM�iQ` M2irQ`F 7Q` #B@/B`2+iBQM�H KQ/2Hb 2tT2`BK2Mib JAL1 QM JLAahX X Ryk

eXRy ai�iBbiB+b M2irQ`F 7Q` #B@/B`2+iBQM�H KQ/2Hb mbBM; JAL1 QM JLAahX X X X X X X X X X X X X Ryk

eXRR 1M+Q/2` M2irQ`F 7Q` #B@/B`2+iBQM�H KQ/2Hb QM *2H2#�X ε ∼ N256(0, I)X X X X X X X X X X X X Ryj

eXRk .2+Q/2` M2irQ`F 7Q` #B@/B`2+iBQM�H KQ/2HU�GA- �GA*1V 2tT2`BK2Mib mbBM; JAL1
QM *2H2#�X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Ryj

eXRj .Bb+`BKBM�iQ` M2irQ`F 7Q` #B@/B`2+iBQM�H KQ/2Hb QM *2H2#�X X X X X X X X X X X X X X X X X X X X X X Ry9

eXR9 ai�iBbiB+b M2irQ`F 7Q` #B@/B`2+iBQM�H KQ/2Hb QM *2H2#�X X X X X X X X X X X X X X X X X X X X X X X X X X Ry9

eXR8 ai�iBbiB+b M2irQ`F 7Q` AM7Q`K�iBQM@#QiiH2M2+F 2tT2`BK2Mib QM JLAahX X X X X X X X X X X Ry8

R9



GBbi2 /2b };m`2b

eXR Jmim�H BM7Q`K�iBQM #2ir22M irQ KmHiBp�`B�i2 :�mbbB�Mb rBi? +QKTQM2Mi@rBb2
+Q``2H�iBQM ρ ∈ (−1,1)X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 33

eXk JAL1 Bb BMp�`B�Mi iQ +?QB+2 Q7 /2i2`KBMBbiB+ MQMHBM2�` i`�Mb7Q`K�iBQMX h?2
?2�iK�T /2TB+ib Kmim�H BM7Q`K�iBQM 2biBK�i2/ #v JAL1 #2ir22M k@/BK2MbBQM�H
`�M/QK p�`B�#H2b X ∼ U (−1, 1) �M/ Y = f (X) + σ $ ε- r?2`2 f (x) ∈
{x, x3, sin(x)} �M/ ε ∼ N (0, I)X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 33

eXj h?2 ;2M2`�iQ` Q7 i?2 :�L KQ/2H rBi?Qmi Kmim�H BM7Q`K�iBQM K�tBKBx�iBQM �7i2`
5000 Bi2`�iBQMb bmz2`b 7`QK KQ/2 +QHH�Tb2 U?�b TQQ` +Qp2`�;2 Q7 i?2 i�`;2i /�i�b2iV
+QKT�`2/ iQ :�LYJAL1 QM i?2 bTB`�H 2tT2`BK2MiX X X X X X X X X X X X X X X X X X X X X X X X X X X X X Ny

eX9 E2`M2H /2MbBiv 2biBK�i2 UE.1V THQib 7Q` :�LYJAL1 b�KTH2b �M/ :�L b�KTH2b
QM k8 :�mbbB�Mb /�i�b2iX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X NR

eX8 a�KTH2b 7`QK i?2 ai�+F2/ JLAah /�i�b2i �HQM; rBi? ;2M2`�i2/ b�KTH2b 7`QK
.*:�L �M/ .*:�L rBi? JAL1X q?BH2 .*:�L QMHv b?Qrb � p2`v HBKBi2/
MmK#2` Q7 KQ/2b- i?2 BM+HmbBQM Q7 JAL1 ;2M2`�i2b � Km+? #2ii2` `2T`2b2Mi�iBp2
b2i Q7 b�KTH2bX X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Nk

eXe _2+QMbi`m+iBQMb �M/ KQ/2H b�KTH2b 7`QK �/p2`b�`B�HHv H2�`M2/ BM72`2M+2 U�GAV
�M/ p�`B�iBQMb BMi2M/2/ iQ BM+`2�b2 BKT`Qp2 `2+QMbi`m+iBQMbX a?QrM H27i iQ `B;?i
�`2 i?2 #�b2HBM2 U�GAV- �GA*1 rBi? i?2 l2 HQbb iQ KBMBKBx2 i?2 `2+QMbi`m+iBQM
2``Q`- �GA*1 rBi? �M �/p2`b�`B�H HQbb- �M/ �GAYJAL1X hQT iQ #QiiQK �`2 i?2
`2+QMbi`m+iBQMb �M/ b�KTH2b 7`QK i?2 T`BQ`bX �GA*1 rBi? i?2 �/p2`b�`B�H HQbb ?�b
i?2 #2bi `2+QMbi`m+iBQM- i?Qm;? �i i?2 2tT2Mb2 Q7 TQQ` b�KTH2 [m�HBiv- r?2`2 �b
�GAYJAL1 +�Tim`2b �HH i?2 KQ/2b Q7 i?2 /�i� BM b�KTH2 bT�+2X X X X X X X X X X X X X X X X X N9

R8



eXd 1K#2//BM;b 7`QK �/p2`b�`B�HHv H2�`M2/ BM72`2M+2 U�GAV �M/ p�`B�iBQMb BMi2M/2/
iQ BM+`2�b2 i?2 Kmim�H BM7Q`K�iBQMX a?QrM H27i iQ `B;?i �`2 i?2 #�b2HBM2 U�GAV-
�GA*1 rBi? i?2 Gk HQbb iQ KBMBKBx2 i?2 `2+QMbi`m+iBQM 2``Q`- �GA rBi? �M
�//BiBQM�H �/p2`b�`B�H HQbb- �M/ JAL1X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X RRR

Re



_2K2`+B2K2Mib

*2 i`�p�BH MǶ�m`�Bi Tm �#QmiB` b�Mb H2 +QM+Qm`b /2 T2`bQMM2b �mt[m2HH2b D2 pQm/`�Bb iûKQB@
;M2` K� `2+QMM�Bbb�M+2X 1M T`2KB2` HB2m- D2 iB2Mb ¨ `2K2`+B2` KQM bmT2`pBb2m`- JQMbB2m`
��`QM *Pl_oAGG1- T`Q72bb2m` ¨ HǶAMbiBimi [mû#û+QBb /ǶBMi2HHB;2M+2 �`iB}+B2HH2 JAG�- TQm`
H� +QM}�M+2 [mǶBH KǶ� �++Q`/û2 2M 2M+�/`�Mi +2 i`�p�BH- TQm` b2b Q`B2Mi�iBQMb- bQM bmBpB 2i b�
;`�M/2 /BbTQMB#BHBiûX aQM BM7�HHB#H2 ûi?B[m2 b+B2MiB}[m2- b� +`2�iBpBi2 2i bQM bQm+B TQm` H2 /û@
p2HQTT2K2Mi BMi2HH2+im2H /2 b2b ûim/B�Mib `2bi2`QMi ¨ D�K�Bb mM2 ;`�M/2 bQm`+2 /ǶBMbTB`�iBQM
TQm` KQBX C2 bQm?�Bi2 2tT`BK2` K� ;`�iBim/2 ¨ J�/�K2 GBM/� S1ALh>A1_1- +QQ`/QMM�@
i`B+2 �mt �z�B`2b ûim/B�Mi2b UJAG�V 2i ¨ K�/�K2 *ûHBM2 "1:AL- i2+?MB+B2MM2 ¨ H� ;2biBQM
/2b /QbbB2`b ûim/B�Mib /m T`Q;`�KK2b J�Bi`Bb2 BM7Q`K�iB[m2 2i .Q+iQ`�i 2M BM7Q`K�iB[m2 /2
HǶlMBp2`bBiû /2 JQMi`û�H- b�Mb H2 bQmiB2M #B2Mp2BHH�Mi /2b[m2HH2b +2 i`�p�BH MǶ�m`�Bi T�b pm H2
DQm`X J� `2+QMM�Bbb�M+2 p� ¨ HǶ2Mb2K#H2 /2b K2K#`2b /m bi�z /m JAG� [mB MǶQMi HûbBMû
bm` �m+mM 2zQ`i TQm` 7Qm`MB` �mt ûim/B�Mib H2b +QM/BiBQMb QTiBK�H2b /2 `û�HBb�iBQM /2 H2m`b
`2+?2`+?2bX J2b `2K2`+B2K2Mib pQMi û;�H2K2Mi ¨ .2pQM >D2HK- �H2t G�K#- a�B _�D2br�`-
oBM+2Mi .mKQmHBM- MQb û+?�M;2b QMi MQm``B K� `û~2tBQM 2i biBKmHû K� +m`BQbBiû 2i K2b �T@
T`2MiBbb�;2bX C2 bmBb `2/2p�#H2 ¨ K2b T�`2Mib 2i ¨ K� 72KK2 TQm` H2m` bQmiB2M BM+QM/BiBQMM2H
2i H2m`b 2M+Qm`�;2K2Mib T2`K�M2MibX

Rd





*?�TBi`2 R

AMi`Q/m+iBQM

GǶBM7Q`K�iBQM Kmim2HH2 /2 a?�MMQM 2bi /2TmBb bQM ûH�#Q`�iBQM `�TB/2K2Mi /2p2Mm2 mM2 [m�M@
iBiû 7QM/�K2Mi�H2 /�Mb /Bp2`b /QK�BM2b b+B2MiB}[m2bX

GǶBMiû`āi /2 HǶBM7Q`K�iBQM Kmim2HH2 /�Mb HǶ�TT`2MiBbb�;2 K�+?BM2 2bi ¨ H� 7QBb i?ûQ`B[m2
2i �TTHB[mû K�Bb �mbbB ûTBbiûKQHQ;B[m2X .�Mb +2ii2 i?ĕb2- MQmb MQmb BMiû`2bbQMb �p�Mi iQmi
¨ HǶBM7Q`K�iBQM Kmim2HH2 +QKK2 K2bm`2 /2 /ûT2M/�M+2X 1M 2z2i- +QMi`�B`2K2Mi ¨ H� +Q``ûH�@
iBQM- HǶBM7Q`K�iBQM Kmim2HH2 +�Tim`2 H2b `2H�iBQMb /2 /ûT2M/�M+2 bi�iBbiB[m2 MQM@HBMû�B`2X 1M
i�Mi [m2 K2bm`2 /2 /ûT2M/�M+2- HǶBM7Q`K�iBQM Kmim2HH2 T2`K2i /Ƕ2tT`BK2` +2`i�BMb �bT2+ib
7QM/�K2Mi�mt /2 HǶ�TT`2MiBbb�;2 �miQK�iB[m2 2i /2b bi�iBbiB[m2b /�Mb H2 +�/`2 /2 H� i?ûQ@
`B2 /2 HǶBM7Q`K�iBQMX GǶBM7Q`K�iBQM Kmim2HH2 2bi miBHBbû2 /�Mb mM ;`�M/ MQK#`2 /2 i�+?2b
/Ƕ�TT`2MiBbb�;2 2i bi�iBbiB[m2bX GǶBM7Q`K�iBQM Kmim2HH2 +QMM2+i2 H� i?ûQ`B2 /2 HǶBM7Q`K�iBQM
�mt b+B2M+2b /2b /QMMû2b 2i- /2 +2 7�Bi- Qz`2 mM H�M;�;2 mMB7Q`K2 `2M/�Mi H2b Kûi?Q/2b
/Ƕ�TT`2MiBbb�;2 bi�iBbiB[m2 �++2bbB#H2b ¨ mM ;`�M/ MQK#`2 /2 /QK�BM2b b+B2MiB}[m2bX *2+B
T2`K2i H� /BbbûKBM�iBQM `�TB/2 /2 T`Q;`ĕb /�Mb HǶ�TT`2MiBbb�;2 K�+?BM2 �mt �mi`2b /QK�BM2bX
*2H� T2`K2i �mbbB /Ƕ�iiB`2` H2b +QKKmM�miûb /2 HǶ�TT`2MiBbb�;2 K�+?BM2 p2`b /2b T`Q#HĕK2b
`2M+QMi`ûb /�Mb /2b /QK�BM2b +QMM2t2b Qm /Ƕ�TTHB+�iBQMX

*2T2M/�Mi- HǶBM7Q`K�iBQM Kmim2HH2 2bi mM2 [m�MiBiû /B{+BH2 ¨ 2biBK2`X .2TmBb H� +QM+2T@
im�HBb�iBQM /2 HǶBM7Q`K�iBQM Kmim2HH2 /�Mb H2b i`�p�mt /2 a?�MMQM- /2 MQK#`2mb2b Kûi?Q/2b
/Ƕ2biBK�iBQM /2 HǶBM7Q`K�iBQM Kmim2HH2 QMi ûiû T`QTQbû2bX G2 +Q2m` /2 H� /B{+mHiû `ûbB/2 /�Mb
H2 7�Bi [m2 HǶBM7Q`K�iBQM Kmim2HH2 2bi mM2 7QM+iBQMM2HH2 MQM@HBMû�B`2 /2 H� /2MbBiû DQBMi2 /2b
/QMMû2bX GǶ2biBK�iBQM /2 H� /2MbBiû DQBMi2 ûi�Mi mM T`Q#HĕK2 /B{+BH2 2i THmb �`/m [m2 +2HmB
/2 HǶ2biBK�iBQM /2 HǶBM7Q`K�iBQM Kmim2HH2- H2 `�bQB` /2 o�TMBF bm;;ĕ`2 /Ƕ2biBK2` HǶBM7Q`K�iBQM



Kmim2HH2 2M T�bb�Mi Qmi`2 HǶ2biBK�iBQM /2 H� /2MbBiû DQBMi2X LQmb �`;mK2MiQMb [mǶBH 2bi
TQbbB#H2 /Ƕ2biBK2` HǶBM7Q`K�iBQM Kmim2HH2 2M i`�Mb7Q`K�Mi mM T`Q#HĕK2 /Ƕ2biBK�iBQM 2M mM
T`Q#HĕK2 /ǶQTiBKBb�iBQM bm` /2b `ûb2�mt /2 M2m`QM2bX aB HǶQM /2p�Bi `ûbmK2` MQi`2 i`�p�BH 2M
mM2 T?`�b2- MQmb /B`BQMb [m2 MQmb i2MiQMb /Ƕ2biBK2` HǶBM7Q`K�iBQM Kmim2HH2 2M 2Mi`�ŗM�Mi /2b
`ûb2�mt /2 M2m`QM2b ¨ bûT�`2` H2b û+?�MiBHHQMb /2 H� /Bbi`B#miBQM DQBMi2 /2 +2mt /m T`Q/mBi
/2b /Bbi`B#miBQMb K�`;BM�H2bX

RXRX SH�M
GǶQ#D2+iB7 /2 +2ii2 i?ĕb2 2bi /2 7Qm`MB` HǶ2Mb2K#H2 /2b ûHûK2Mib Mû+2bb�B`2b � H� +QKT`û@

?2MbBQM /2 Jmim�H AM7Q`K�iBQM L2m`�H 1biBK�iBQM "2H;?�xB 2i �HX UkyR3�VX *2ii2 i?ĕb2 2bi
Q`;�MBbû2 2M 8 +?�TBi`2b,

URV G2 +?�TBi`2 k BMi`Q/mBi H2b 7QM/�K2Mi�mt /2 H� i?ûQ`B2 /2 HǶ�TT`2MiBbb�;2 bi�iBbiB[m2bX
UkV G2 *?�TBi`2 j 7Q`KmH2 HǶBMiû`āi /2b `2T`ûb2Mi�iBQMb /2b /QMMû2b 2M �TT`2MiBbb�;2

K�+?BM2- H2m`b miBHBb�iBQM ;`�+2 �mt Kûi?Q/2b ¨ MQv�m 2i H2m`b �TT`2MiBbb�;2b T�`
`ûb2�mt /2 M2m`QM2bX

UjV G2 +?�TBi`2 9 T`ûb2Mi2 HǶ2Mb2K#H2 /2b MQiBQMb /2 i?ûQ`B2 /2 HǶBM7Q`K�iBQM Mû+2bb�B`2b
¨ H� +QKT`û?2MbBQM /2 MQi`2 �TT`Q+?2 TQm` 2biBK2` HǶBM7Q`K�iBQM Kmim2HH2X

U9V G2 +?�TBi`2 8 ûim/B2 +2`i�BMb 2biBK�i2m`b /2 HǶBM7Q`K�iBQM Kmim2HH2 2i T`ûb2Mi2 +2`@
i�BM2b �TTHB+�iBQMb /2 +2ii2 /2`MBĕ`2 ¨ HǶ�TT`2MiBbb�;2 K�+?BM2X

U8V G2 +?�TBi`2 e +QMiB2Mi HǶ�`iB+H2 Jmim�H AM7Q`K�iBQM L2m`�H 1biBK�iBQM "2H;?�xB 2i �HX
UkyR3�V Tm#HBû HQ`b /2 H� +QM7û`2M+2 BMi2`M�iBQM�H2 bm` HǶ�TT`2MiBbb�;2 K�+?BM2 2M
kyR3 ¨ aiQ+F?QHKX

RXkX *QMi`B#miBQMb
LQmb `ûbmKQMb H2b +QMi`B#miBQMb /2 +2ii2 i?ĕb2X *2 i`�p�BH ¨ ûiû 2z2+imû �p2+ H� +QHH�@

#Q`�iBQM /2 b+B2MiB}[m2b 2ti`�Q`/BM�B`2b- T`BM+BT�H2K2Mi KQM bmT2`pBb2m` /2 i?ĕb2 ��`QM
*Qm`pBHH2X

URV LQmb T`QTQbQMb JAL1- mM 2biBK�i2m` /2 /Bzû`2MiB�#H2 /2 HǶBM7Q`K�iBQM Kmim2HH2
�/�Tiû �mt bBim�iBQMb �p2+ ?�mi pQHmK2 /2 /QMMû2b 2i 2M ?�mi2 /BK2MbBQMX

UkV LQmb ûi�#HBbbQMb H2b T`QT`Bûiûb bi�iBbiB[m2b i?ûQ`B[m2b JAL1- ¨ b�pQB` H� +QMbBbi�M+2
7Q`i2 2i b� +QKTH2tBiû /Ƕû+?�MiBHHQMX

ky



UjV LQmb �TTHB[mQMb JAL1 TQm` Qz`B` mM2 BKTHûK2Mi�iBQM /m ;QmHQi /Ƕûi`�M;H2K2Mi /2
HǶBM7Q`K�iBQM +QMiBMm2X

U9V LQmb miBHBbQMb JAL1 +QKK2 `û;mH�`Bb�i2m` �}M /2 T�HHB2` HǶQ#HBiû`�iBQM /2 KQ/2b /�Mb
H2b `ûb2�mt ;ûMû`�iB7b �/p2`b�`B2Hb 2i TQm` �KûHBQ`2` H� }/ûHBiû /2b `2+QMbi`m+iBQMb /�Mb
H2b KQ/ĕH2b 2Mi`�ŗMûb T�` BM7û`2M+2 �/p2`b�`B2HH2K2Mi �TT`Bb2X

kR





*?�TBi`2 k

úHûK2Mib /2 i?ûQ`B2 /2 HǶ�TT`2MiBbb�;2 bi�iBbiB[m2

.�Mb +2 +?�TBi`2 MQmb 2tTQb2`QMb HǶ2Mb2K#H2 /2b ûHûK2Mib Mû+2bb�B`2b ¨ H� +QKT`û?2MbBQM /2b
T`QT`Bûiûb bi�iBbiB[m2b /2 MQi`2 2biBK�i2m`X .�Mb mM T`2KB2` KQmp2K2Mi MQmb T`Q+û/2`QMb
¨ mM bm`pQH /2b 7QM/�K2Mi�mt /2 H� i?ûQ`B2 /2 HǶ�TT`2MiBbb�;2 bi�iBbiB[m2X

.�Mb mM b2+QM/ KQmp2K2Mi- MQmb BMi`Q/mB`BQMb H� MQiBQM /2 +QKTH2tBiû /2 HǶû+?�MiBHHQMX

kXRX GǶ�TT`2MiBbb�;2 +QKK2 bQHmiBQM ¨ mM T`Q#HĕK2 BMp2`b2
SQm` �M+`2` MQi`2 2tTQbBiBQM /�Mb mM2 bBim�iBQM 7�KBHBĕ`2 2i miBH2- MQmb +QKK2MÏQMb T�`

+QMbB/û`2` mM T`Q#HĕK2 /2 T`û/B+iBQMX aQBi X 2i Y /2mt p�`B�#H2 �Hû�iQB`2 bm` mM 2bT�+2 /2
T`Q#�#BHBiû (X ×Y ,F ,P)X lM T`Q#HĕK2 /2 T`û/B+iBQM � ivTB[m2K2Mi i`QBb +QKTQb�Mi2b- mM2
/Bbi`B#miBQM /2 T`Q#�#BHBbi2 PXY +QmTH�Mi H2b p�`B�#H2b X 2i YX lM2 7�KBHH2 /2 7QM+iBQMb /2
T`û/B+iBQM f : X → Y - 2i mM2 7QM+iBQM /2 T2`i2 l : X × Y → RX G� [m�HBiû /ǶmM T`û/B+i2m`
f - T2mi āi`2 ûp�Hmû2 2M miBHBb�Mi H2 `Bb[m2 2bTû`û- /û}MB +QKK2-

R[ f ] := EP[l( f (X), Y)]. UkXRXRV

G� +�M/B/�i QTiBK�H /�Mb +2 b+ûM�`BQ 2bi /QM+ /QMMû T�`-

f ∗ = �`; BM7R[ f ]

J�BMi2M�Mi [m2 H2 +�/`2 /m T`Q#HĕK2 /2 T`û/B+iBQM 2bi /û}MBX AH `2bi2 ¨ H2 `�ii�+?2` �m
T`Q#HĕK2 /ǶBM/m+iBQMX *2T2M/�Mi- /�Mb H2b +�b Qɍ H� /Bbi`B#miBQM DQBMi2 PXY 2bi +QMMm2- BH MǶv



� T�b /ǶBM/m+iBQM ¨ 7�B`2 +�` H2b `2H�iBQMb 2Mi`2 X 2i Y v bQMi 2M+Q/û2bX G2 T`Q#HĕK2 /2 T`û@
/B+iBQM /2pB2Mi mM T`Q#HĕK2 /ǶBM/m+iBQM /ĕb HQ`b [m2 PXY 2bi T�`iB2HH2K2Mi Qm +QKTHĕi2K2Mi
BM/BbTQMB#H2X

amTTQbQMb [m2 MQmb �vQMb �++ĕb � mM 2Mb2K#H2 /Ƕ2Mi`�ŗM2K2Mi (X1, Y1), . . . , (Xn, Yn)
i.i.d∼

PXZX .2 K�MBĕ`2 û[mBp�H2Mi2- MQmb TQmpQMb +QMbB/û`2` HǶ2Mb2K#H2 /Ƕ2Mi`�ŗM2K2Mi +QKK2 H2
T`Q/mBi /B`2+i /2 n +QTB2 /2 PXZ- �mi`2K2Mi /Bi

Un ∼ P⊗n
XY .

lM �H;Q`Bi?K2 /Ƕ�TT`2MiBbb�;2 2bi mM2 T`Q+û/m`2 [mB T`2M/ 2M 2Mi`û2 HǶ2Mb2K#H2
/Ƕ2Mi`�ŗM2K2Mi Un 2i `2iQm`M2 2M bQ`iB2 mM +�M/B/�i f̂n : X )→ Y X .�Mb H2 +�/`2 /m
T`Q#HĕK2 /2 T`û/B+iBQM- MQmb `2KTH�ÏQMb H� K2bm`2 PXY T�` H� K2bm`2 2KTB`B[m2 Pn

XY

/�Mb kXRXR- TQm` Q#i2MB` H2 `Bb[m2 2KTB`B[m2 2bTû`û-

Rn[ f ] := EPn [l( f (X), Y)]. UkXRXkV

G2 +�M/B/�i 2bi Q#i2Mm 2M KBMBKBb�Mi kXRXk-

f̂n = �`; BM7Rn[ f ].

AH 2bi BKTQ`i�Mi /2 MQi2` [m2 H2 +�M/B/�i f̂ - iQmi +QKK2 H� 7QM+iBQMM2HH2 f )→ Rn[ f ] :=

EPn
XY
[l( f (X), Y)]- bQMi /2b 7QM+iBQMb /2 HǶ2Mb2K#H2 /Ƕ2Mi`�ŗM2K2Mi UnX

G� [m�HBiû /m +�M/B/�i 2bi ûp�Hmû2 2M +QMbB/û`�Mi- HǶ2``2m` /2 ;ûMû`�HBb�iBQM-

Gen( f ) := EPXY [l( f (X), Y) | Un].

SHmb HǶ2``2m` /2 ;ûMû`�HBb�iBQM 2bi T2iBi2- K2BHH2m` 2bi H2 +�M/B/�iX 1bi@BH bm{b�Mi /2
KBMBKBb2` H2 `Bb[m2 2KTB`B[m2 2bTû`û TQm` KBMBKBb2` HǶ2``2m` /2 ;ûMû`�HBb�iBQM\ G� `ûTQMb2
2bi mM MQMX SQm` bǶ2M +QMp�BM+`2- BH bm{i /2 +QMbB/û`2` mM2 +Qm`#2 T�bb�Mi T�` iQmb H2b
TQBMib /2 HǶ2Mb2K#H2 /Ƕ2Mi`�ŗM2K2MiX .2mt +?QBt /ǶBMi2`TQH�iBQM /Bzû`2Mi2 /2b TQBMib /2
HǶ2Mb2K#H2 /Ƕ2Mi`�ŗM2K2Mi- T�` 2t2KTH2- mM2 BMi2`TQH�iBQM HBMû�B`2 2i mM2 �mi`2 2M TQHvMƬK2
/2 G�;`�M;2- KBMBKBb2 H2 `Bb[m2 2KTB`B[m2 2bTû`û K�Bb MǶ�m`QMi T�b H� KāK2 2``2m` /2
;ûMû`�HBb�iBQM i�M/Bb [m2 +2ii2 /2`MBĕ`2 2bi KBMBKBbû2 T�` f ∗X SQm` `ûbQm/`2 H2 T`Q#HĕK2
/ǶBM/m+iBQM- BH 2bi Mû+2bb�B`2 /2 7�B`2 /2b ?vTQi?ĕb2b bm` H� M�im`2 /2 H� `2H�iBQM 7QM+iBQMM2HH2
2Mi`2 X 2i Y- +Ƕ2bi +2 [mǶQM �TT2HH2 H2b #B�Bb BM/m+iB7b- QM `û/mBi HǶ2bT�+2 /2 `2+?2`+?2 /2b
+�M/B/�ib /2 +2HmB /2 HǶ2Mb2K#H2 /2b 7QM+iBQMb K2bm`�#H2b ¨ mM 2Mb2K#H2 THmb T2iBi [m2 HǶQM

k9



b�Bi � T`BQ`B T2`iBM2Mi ¨ H� `2H�iBQM 2Mi`2 X 2i YX LQmb �TT2HQMb +2i 2Mb2K#H2 /2 7QM+iBQMb-
HǶ2bT�+2 /2b ?vTQi?ĕb2b [m2 MQmb MQiQMb HX

�BMbB MQi`2 +�M/B/�i Bbbm /2 HǶ2bT�+2 /2b ?vTQi?ĕb2b 2bi /QMMû T�`-

ĥn = �`; BM7
h∈H

Rn[ f ]. UkXRXjV

G� [m�HBiû /2 ĥn +QKK2 bQHmiBQM �m T`Q#HĕK2 /ǶBM/m+iBQM 2bi /QM+ [m�MiB}û2 T�` H2 `Bb[m2
2t+û/2Mi�B`2-

R[ĥn]−R[ f ∗]. UkXRX9V

G2 `Bb[m2 2t+û/2Mi�B`2 T2mi āi`2 /Ƕ�p�Mi�;2 /û+QKTQbû- 2M 2z2i-

R[ĥn]−R[ f ∗] = R[ĥn]− BM7
f∈H

R[ f ]
︸ ︷︷ ︸

Erreurd′estimation

+ BM7
f∈H

R[ f ]−R[ f ∗]
︸ ︷︷ ︸
Erreurd′approximation

. UkXRX8V

kXRXRX *QKTH2tBiû /2 HǶû+?�MiBHHQM

G� +QKTH2tBiû /2 HǶû+?�MiBHHQM 2bi H2 MQK#`2 /Ƕ2t2KTH2b /Ƕ2Mi`�ŗM2K2Mi Mû+2bb�B`2b ¨ mM
�H;Q`Bi?K2 /Ƕ�TT`2MiBbb�;2 /2 bQ`i2 [m2 H2 +�M/B/�i `2iQm`Mû T�` HǶ�H;Q`Bi?K2 bQBi �`#Bi`�B@
`2K2Mi T`Q+?2 /2 H� bQHmiBQM QTiBK�H2- 2i +2- �p2+ mM2 T`Q#�#BHBiû �`#Bi`�B`2K2Mi T`Q+?2 /2
RX

�}M /Ƕûi�v2` H2 +QM+2Ti- +QMbB/û`QMb mM 2t2KTH2 bBKTH2X aQBi X ∼ Bern(θ)X LQmb
bmTTQbQMb [m2 H2 T�`�Kĕi`2 θ 2bi BM�++2bbB#H2 2i [m2 b2mH mM û+?�MiBHHQM Xn ∼ Bern(θ)⊗n 2bi
/BbTQMB#H2X S�` H� HQB 7Q`i2 /2b ;`�M/b MQK#`2b MQmb b�pQMb [m2-

1

n

n∑

i=1

Xi
n→∞−−−→ E[X] = θ, TXTX

*2+B bm;;ĕ`2 /QM+ mM 2biBK�i2m` M�im`2H /m T�`�Kĕi`2 θ-

θ̂(Xn) =
1

n

n∑

i=1

Xi.

G� [m2biBQM [mB b2 TQb2 /QM+ 2bi, [m2HH2 2bi H� i�BHH2 n /2 HǶû+?�MiBHHQM Mû+2bb�B`2 TQm`
�bbm`2` [m2 | θ̂(Xn)−θ | 2bi BM7û`B2m` ¨ mM +2`i�BM ε > 0X LQmb pQmHQMb /QM+ +QKT`2M/`2-
TQm` mM ε > 0 T`û�H�#H2K2Mi }t2- ¨ [m2HH2 pBi2bb2 H� T`Q#�#BHBiû /2 HǶûpĕM2K2Mi-

{| θ̂(Xn)−θ |≤ ε},

k8



i2M/ p2`b R HQ`b[m2 n i2M/ p2`b HǶBM}MBX G2 T�`�Kĕi`2 θ /2K2m`�Mi BM+QMMm- HǶ2biBK�iBQM /2 H�
T`Q#�#BHBiû /2 HǶûpĕM2K2Mi 2bi BKTQbbB#H2X LQmb +?2`+?2`QMb /QM+ ¨ i`Qmp2` mM2 K�DQ`�iBQM
/ûT2M/�Mi2 /2 n 2i εX 1M �TTHB[m�Mi HǶBMû;�HBiû /Ƕ>Q2z/BM; MQmb Q#i2MQMb-

P⊗n({| θ̂(Xn)−θ |≤ ε}) ≤ 1− 2e−2ε
2n. UkXRXeV

�BMbB- bB MQmb pQmHQMb [m2 H� T`Q#�#BHBiû /2 H� K�;MBim/2 /2 H� /Bzû`2M+2 2Mi`2 θ̂(Xn)

2i θ bQBi BM7û`B2m`2 ¨ ε bQBi /Ƕ�m KQBMb 1− δ �p2+ δ > 0- BH 2bi bm{b�Mi [m2 H� i�BHH2 /2 n

HǶû+?�MiBHHQM bQBi bmTû`B2m`2 ¨

,
log(2δ )
2ε2

-+ 1.

ke



*?�TBi`2 j

_2T`ûb2Mi�iBQMb- H2m`b �TT`2MiBbb�;2b 2i `ûb2�mt /2
M2m`QM2b

S�` `2T`ûb2Mi�iBQMb /2 /QMMû2b MQmb 2Mi2M/QMb iQmi2 [m�MiBiû +�H+mHû2 ¨ T�`iB` /ǶmM û+?�M@
iBHHQM /2 /QMMû2bX .�Mb +2 b2Mb- H2b `2T`ûb2Mi�iBQMb bQMi /2b bi�iBbiB[m2b /2b /QMMû2bX LQmb
Q#i2MQMb +2b `2T`ûb2Mi�iBQMb 2M �TTHB[m�Mi /2b +�`i2b /2 `2T`ûb2Mi�iBQMb ¨ mM û+?�MiBHHQMX
G2 +?QBt /2b +�`i2b /2 `2T`ûb2Mi�iBQMb 2bi ivTB[m2K2Mi 7�Bi �p2+ HǶQ#D2+iB7 /2 `ûTQM/`2 ¨
mM2 T`Q#HûK�iB[m2 /û}MB2X S�` 2t2KTH2- bB HǶQ#D2+iB7 2bi /Ƕ2biBK2` mM2 KQ/ĕH2 ;�mbbB2M T�`
K�tBKmK /2 p`�Bb2K#H�M+2 H2 K2BHH2m` +?QBt /2 `2T`ûb2Mi�iBQMb bQMi M�im`2HH2K2Mi H2b /2mt
T`2KB2` KQK2Mib 2KTB`B[m2b +�` BHb +QMbiBim2Mi /2b bi�iBbiB[m2b bm{b�Mi2b /2b /QMMû2b TQm`
+2 T`Q#HĕK2 /Ƕ2biBK�iBQMX �BMbB- H2 +?QBt /2b `2T`ûb2Mi�iBQMb 2bi 7�Bi TQm` `ûTQM/`2 ¨ /2b
T`Q#HûK�iB[m2b /Ƕ�TT`2MiBbb�;2X *2`i�BM2b `2T`ûb2Mi�iBQMb `2M/2Mi /2b T`Q#HĕK2b /2 +H�bbB@
}+�iBQM #BM�B`2 bûT�`�#H2b- /Ƕ�mi`2b T`QK2ii2Mi /2 ;ûMû`�HBb2` ¨ /2b /QMMû2b MQM@Q#b2`pû2b
Qm KāK2 ¨ /Ƕ�mi`2b 2Mb2K#H2b /2 /QMMû2b-�HQ`b [m2 /Ƕ�mi`2b 2M+Q`2 7�+BHBi2Mi H2b T`Q#HĕK2b
/ǶQTiBKBb�iBQM bQmb@D�+2Mib ¨ HǶ2biBK�iBQM- Qm T2`K2ii2Mi /2 +�Tim`2` H2b /ûT2M/�M+2b MQM@
HBMû�B`2b [mB T2mp2Mi 2tBbi2` /�Mb H2b /QMMû2bX .ǶmM TQBMi /2 pm2 ûTBbiûKQHQ;B[m2- H2b `2T`û@
b2Mi�iBQMb bQMi H2b 7�+i2m`b 2tTHB+�iB7b /ǶmM2 i?ûQ`B2 [mǶmM2 T`Q+û/m`2 /Ƕ�TT`2MiBbb�;2 +?2`+?2
¨ �TT`2M/`2 �}M /2 +QM}`K2` mM2 ?vTQi?ĕb2X 1HH2b bQMi H2 bmD2i /m T`Q#HĕK2 /ǶBM/m+iBQM
[m2 HǶ�TT`2MiBbb�;2 +?2`+?2 ¨ `ûbQm/`2X *2 +?�TBi`2 pBb2 ¨ T`ûb2Mi2` /2mt �TT`Q+?2b 7QM/�@
K2Mi�H2b TQm` Q#i2MB` /2b `2T`ûb2Mi�iBQMb /2b /QMMû2bX G� T`2KBĕ`2 miBHBb2 /2b +�`i2b /2
`2T`ûb2Mi�iBQMb }t2b ;`�+2 �mt Kûi?Q/2b ¨ MQv�mtX G� b2+QM/2- bǶBMb+`Bi /�Mb H2 +�/`2 /2 H�
`ûpQHmiBQM ûTBbiûKQHQ;B[m2 [mǶ2bi HǶ�TT`2MiBbb�;2 /2b `2T`ûb2Mi�iBQMb 2i +?2`+?2 ¨ �TT`2M/`2
H2b +�`i2b /2 `2T`ûb2Mi�iBQMb ;`�+2 �mt `ûb2�mt /2 M2m`QM2bX



jXRX _2T`ûb2Mi�iBQM 2i Kûi?Q/2b ¨ MQv�m
G2b Kûi?Q/2b ¨ MQv�m 2tTHQBi2Mi /2b 7QM+iBQMb /2 bBKBH�`Biû 2Mi`2 /2b BMbi�M+2b /2 /QM@

Mû2b �}M /ǶQz`B` mM2 +�`i2 /2 `2T`ûb2Mi�iBQMb THQM;2�Mi H2b /QMMû2b /�Mb mM 2bT�+2 /2 `2T`û@
b2Mi�iBQMb /2 /BK2MbBQM TQi2MiB2HH2K2Mi BM}MB2X GǶQ#D2+iB7 2bi /2 i`�Mb7Q`K2` H2b `2H�iBQMb
MQM@HBMû�B`2b /�Mb HǶ2bT�+2 /2 /QMMû2b 2M `2H�iBQMb HBMû�B`2b /�Mb HǶ2bT�+2 /2b `2T`ûb2Mi�iBQMbX
*2b 7QM+iBQMb /2 bBKBH�`Biûb bQMi �TT2Hû2b MQv�mtX *QKK2MÏQMb T�` H2b /û}MB`X
.û}MBiBQM jXRXRX LQv�m /û}MB TQbBiB7
lM2 7QM+iBQM k : X ×X → R 2bi /Bi2 MQv�m bB 2HH2 2bi bvKûi`B[m2- TQm` iQmi xi, xj ∈ X

k(xi, xj) = k(xj, xi),

2i TQbBiBp2 /û}MB2- TQm` iQmi x1, . . . , xn ∈ X 2i c1, . . . , cn ∈ R
k∑

i=1

cic jk(xi, xj) ≥ 0

*2ii2 /û}MBiBQM T2mi āi`2 +QKT`Bb2 +QKK2 mM2 ;ûMû`�HBb�iBQM /2 H� /û}MBiBQM /2b T`Q/mBi
b+�H�B`2b ¨ /2b 2bT�+2b TQi2MiB2HH2K2Mi BM}MBbX 1M 2z2i- iQmi T`Q/mBi b+�H�B`2 bm` mM 2bT�+2
p2+iQ`B2H }MB �TT�`�ŗi +QKK2 mM2 K�i`B+2 bvKûi`B[m2 2i TQbBiBp2 /2 }MB2X

hQmi MQv�m �BMbB /û}MB T2mi āi`2 +�`�+iû`Bbû T�` mM2 `2T`ûb2Mi�iBQM φ : X → HX
.û}MBiBQM jXRXkX LQv�m T�` `2T`ûb2Mi�iBQM
lM2 7QM+iBQM k : X ×X → R 2bi mM MQv�m bǶBH 2tBbi2 mM 2bT�+2 /Ƕ>BH#2`i H 2i mM2 7QM+iBQM
φ : X → H i2H [m2-

∀x,x
′ ∈ X , k(x, x

′
) := (φ(x),φ(x

′
))H UjXRXRV

1M ;ûMû`�H- BH 2tBbi2 THmbB2m`b `2T`ûb2Mi�iBQMb φ 2i 2bT�+2 /Ƕ>BH#2`i H T�` MQv�m kX
*2T2M/�Mi- +?�[m2 MQv�m k 2bi mMB[m2K2Mi �bbQ+Bû mM 2bT�+2 /Ƕ>BH#2`i ¨ MQv�m `2T`Q/mB@
b�MiU_E>aV Hk- Qɍ HǶBM/2t2 k K2i 2M 2t2`;m2 H� /ûT2M/�M+2 /2 HǶ2bT�+2 Hk bm` H2 MQv�m
kX
.û}MBiBQM jXRXjX 1bT�+2 /Ƕ>BH#2`i ¨ MQv�m `2T`Q/mBb�Mi lM 2bT�+2 /Ƕ>BH#2`i H 2bi /Bi ¨
MQv�m `2T`Q/mBb�Mi bB TQm` iQmi x ∈ X - H� 7QM+iBQMM2HH2

H→ R

f )→ Lx[ f ] := f (x),

2bi +QMiBMm2X
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1M 2z2i- H� +QMiBMmBiû /2 H� 7QM+iBQMM2HH2 T2`K2i HǶ�TTHB+�iBQM /m i?ûQ`ĕK2 /2 `2T`ûb2M@
i�iBQMb /2 _B2x_B2bx URNR9V �{`K�Mi [mǶBH 2bi 2tBbi2 mM mMB[m2 ûHûK2Mi k(x, ·) ∈ H i2H
[m2-
.û}MBiBQM jXRX9X S`QT`Bûiû `2T`Q/mBb�Mi2

∀ f ∈ H, Lx[ f ] = ( f , k(x, ·))H = f (x).

�BMbB- TQm` mM _E>a-Hk MQmb TQmpQMb B/2MiB}2` mM2 `2T`ûb2Mi�iBQM +�MQMB[m2- MQmb
T2`K2ii�Mi /Ƕû+`B`2-

∀x, x
′ ∈ X , k(x, x

′
) = (k(x, ·), k(x

′
, ·))Hk .

G2 i?ûQ`ĕK2 /2 JQQ`2@�`QMbx�DM�`QMbx�DM URN8yV- ;�`�MiBi HǶ2tBbi2M+2 /ǶmM mMB[m2
_E>a TQm` iQmi MQv�m TQbBiB7 /û}MB k

h?ûQ`ĕK2 jXRX8 UJQQ`2@�`QMbx�DMVX aQBi k : X × X → R- �HQ`b- BH 2tBbi2 mM mMB[m2 2bT�+2
/2 >BH#2`i /2 7QM+iBQMb Hk bm` X TQm` H2[m2H k 2bi mM MQv�m `2T`Q/mBb�MiX

G� T`QT`Bûiû `2T`Q/mBb�Mi2 `2M/ HǶûp�Hm�iBQM /2 `2T`ûb2Mi�iBQM i`�+i�#H2 2M /û+QKTQb�Mi
iQmi ûHûK2Mi /ǶmM _E>a 2M +QK#BM�BbQM HBMû�B`2 /Ƕûp�Hm�iBQM /2 MQv�mX

jXRXRX �TT`2MiBbb�;2 T�` Kûi?Q/2 /2 MQv�m

G2 i?ûQ`ĕK2 /m `2T`ûb2Mi�Mi Ua+?ƺHFQT7 2i �HX- RNNdV miBHBb2 H� T`QT`Bûiû `2T`Q/mBb�Mi2
TQm`-

URV �{`K2` [m2 H� bQHmiBQM /m T`Q#HĕK2 /ǶBM/m+iBQM T�` �TT`2MiBbb�;2 2bi TQbbB#H2 /�Mb
H2b _E>aX

UkV JQMi`2` +QKK2Mi +�H+mH2` H� bQHmiBQMX
h?ûQ`ĕK2 jXRXeX h?ûQ`ĕK2 /m `2T`ûb2Mi�Mi aQBi Ω : [0, ∞) → R mM2 7QM+iBQM bi`B+i2K2Mi
+`QBbb�Mi2X aQBi X mM 2Mb2K#H2- l : Z → R mM2 7QM+iBQM /2 +Qȿi 2i Hk mM 2bT�+2 /Ƕ>BH#2`i
¨ MQv�m `2T`Q/mBb�MiX zn = (z1, . . . , zn) ∼ P⊗n mM û+?�MiBHHQMX hQmi2 7QM+iBQM f ∈ Hk

KBMBKBb�Mi-

l( f , zn) +Ω(‖ f ‖Hk
)

S2mi bǶû+`B`2 bQmb H� 7Q`K2 /2

f (·) =
n∑

i=1

αik(xi, ·)
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SHmbB2m`b �H;Q`Bi?K2b /Ƕ�TT`2MiBbb�;2 T2mp2Mi āi`2 2tT`BKûb 2M i2`K2b /2 T`Q/mBi b+�H�B`2
2m+HB/B2M xiẋ j Qm xi 2i xj bQMi /2mt TQBMib /2 HǶ2Mb2K#H2 /Ƕ2Mi`�ŗM2K2MiX SQm` T`Q}i2` /m
TQmpQB` 2tT`2bbB7 /2b `2T`ûb2Mi�iBQMb BM/mBi2b T�` mM F2`M2H k 2i bQM mMB[m2 _E>a �bbQ+Bû-
Hk- BH 2bi bm{b�Mi /2 `2KTH�+2` H2 T`Q/mBi b+�H�B`2 2m+HB/B2M xiẋ j T�` HǶûp�Hm�iBQM /m MQv�m
k(xi, xj) 2i /ǶmiBHBb2` H� T`QT`Bûiû `2T`Q/mBb�Mi2X

G2b Kûi?Q/2b ¨ MQv�m DQmBbb2Mi /ǶmM +�/`2 i?ûQ`B[m2 7Q`K2H T2`K2ii�Mi ¨ H� 7QBb /2 7Qm`MB`
/2b ;�`�MiB2b i?ûQ`B[m2b �mt T`Q+û/m`2b /Ƕ�TT`2MiBbb�;2 H2b miBHBb�Mi K�Bb �mbbB /ǶQz`B` mM2
�TT`Q+?2 Kûi?Q/QHQ;B[m2 T2`K2ii�Mi /Ƕ�/�Ti2` THmbB2m`b �H;Q`Bi?K2b /Ƕ�TT`2MiBbb�;2 ûi�#HBb
¨ H2m` miBHBb�iBQMX AH bQmz`2- Mû�MKQBMb /2 /2mt HBKBi�iBQMb 7QM/�K2Mi�H2bX G� T`2KBĕ`2 2bi
/2 M�im`2 +QKTmi�iBQMM2HH2X GǶmiBHBb�iBQM /2 +�`i2 /2 `2T`ûb2Mi�iBQMb BKTHB+Bi2K2Mi /û}MB2b
T�` H� `2H�iBQM 2Mi`2 +?�[m2 T�B`2 /2 TQBMib /2 HǶ2Mb2K#H2 /Ƕ2Mi`�ŗM2K2Mi i2H [mǶûp�Hmû T�`
H2 MQv�m- Qm K�i`B+2 /2 :`�K- 2bi 2tQ`#Bi�Mi2 2M KûKQB`2 2i 2M +�H+mHX 1M 2z2i- bB H�
+�`/BM�HBiû /2 HǶ2Mb2K#H2 /Ƕ2Mi`�ŗM2K2Mi 2bi n- HǶBMp2`bBQM /2 H� K�i`B+2 /2 :`�K 2bi O(n3)X
.2 THmb- bB H2b /QMMû2b bQMi /2 /BK2MbBQM d H� Mû+2bbBiû /Ƕ�pQB` HǶ2Mb2K#H2 /Ƕ2Mi`�ŗM2K2Mi 2M
KûKQB`2 BKTHB[m2 mM +Qȿi /2 HǶQ`/`2 O(dn)X G2b Kûi?Q/2b ¨ MQv�mt bQMi /QM+ BMmiBHBb�#H2b
/�Mb /2b `û;BK2b /2 ?�mi pQHmK2 2i /2 ?�mi2 /BK2MbBQMM�HBiû /2b /QMMû2bX

G� b2+QM/2 2bi /m2 �m +?QBt /m MQv�mX G2 MQv�m B/û�H 2bi bTû+B}[m2 �m T`Q#HĕK2 ¨
`ûbQm/`2X GǶ2``2m` /2 bTû+B}+�iBQM /m KQ/ĕH2 T2mi 2M +QMbû[m2M+2 āi`2 ûH2pû2X

jXkX �TT`2MiBbb�;2 /2b `2T`ûb2Mi�iBQMb 2i `ûb2�mt /2 M2m`QM2b
G� +QMbi`m+iBQM /2 `2T`ûb2Mi�iBQMb 2M miBHBb�Mi /2b +�`i2b }t2b BM/ûT2M/�Mi2b /m T`Q#HĕK2

/Ƕ�TT`2MiBbb�;2 ¨ `ûbQm/`2 TQb2 BMûpBi�#H2K2Mi mM T`Q#HĕK2 ûTBbiûKQHQ;B[m2X aB HǶQ#D2+iB7 2bi
H� +QM}`K�iBQM /ǶmM2 ?vTQi?ĕb2 b+B2MiB}[m2 bm` H� #�b2 /2 /QMMû2b- H2 bBKTH2 7�Bi /ǶBMi`Q/mB`2
/2b 7�+i2m`b 2tTHB+�iB7b ûK�M�Mi /2 +�`i2b }t2b 7`�;BHBb2 H� +QM}`K�iBQM /2 HǶ?vTQi?ĕb2X 1M
2z2i- MQmb TQmpQMb v pQB` mM2 pBQH�iBQM /m T`BM+BT2 /2 *QT2`MB+X G2b 7�+i2m`b 2tTHB+�iB7b
bQMi +QMbi`mBib T�` HǶQ#b2`p�i2m` 2i TH�+2Mi /QM+ +2 /2`MB2` �m +2Mi`2 /2 H� i2Mi�iBp2 /2
+QM}`K�iBQM Qm /ǶBM}`K�iBQM /2 HǶ?vTQi?ĕb2X GǶ�TT`2MiBbb�;2 /2 `2T`ûb2Mi�iBQMb +QMbiBim2
2M +2 b2Mb mM pû`Bi�#H2 +?�M;2K2Mi /2 T�`�/B;K2X �TT`2M/`2 H2b 7�+i2m`b 2tTHB+�iB7b ¨ T�`iB`
/2b /QMMû2b û[mBp�mi ¨ �pQB` KQBMb /Ƕ¨ T`BQ`B bm` H� M�im`2 /m T?ûMQKĕM2 ¨ 2tTHB[m2`X AH
2bi BKTQ`i�Mi /2 /BbiBM;m2` [m2 HǶ�TT`2MiBbb�;2 /2b `2T`ûb2Mi�iBQMb /QBi �pQB` /2b � T`BQ`B
bm` H� M�im`2 /2b 7�+i2m`b 2tTHB+�iB7b � /û+Qmp`B`X G� /Bzû`2M+2 2bi [m2 +2b � T`BQ`B QTĕ`2Mi
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¨ mM MBp2�m /Ƕ�#bi`�+iBQM bmTû`B2m` ¨ +2HmB /2b `2T`ûb2Mi�iBQMb ûK�M�Mi /2 +�`i2b }t2bX
GǶ�TT`2MiBbb�;2 /2b `2T`ûb2Mi�iBQMb 7�Bi /2b � T`BQ`B bm` H2 T`Q+2bbmb ;ûMû`�iB7 /2b 7�+i2m`b
2tTHB+�iB7bX "2M;BQ 2i �HX UkyRjV T`ûb2Mi2b M2m7b � T`BQ`B [m2 /2 #QMM2b `2T`ûb2Mi�iBQMb
/2p`�B2Mi �pQB`-

URV G2b +�`i2b /2 `2T`ûb2Mi�iBQMb /2p`�B2Mi āi`2 /2b 7QM+iBQMb HBbb2bX
UkV G2b `2T`ûb2Mi�iBQMb /2p`�B2Mi āi`2 /Bbi`B#mû2bX
UjV G2b `2T`ûb2Mi�iBQMb /2p`�B2Mi āi`2 +QKTQb�#H2b �}M /2 +`û2` mM2 ?Bû`�`+?B2

/Ƕ�#bi`�+iBQMX
U9V G2b `2T`ûb2Mi�iBQMb 2tTHB[m�Mi H� bi`m+im`2 /2b /QMMû2b /2p`�B2Mi āi`2 miBH2b TQm`

T`û/B`2 ¨ T�`iB` /2b /QMMû2bX
U8V G2b `2T`ûb2Mi�iBQMb /2p`�B2Mi āi`2 i`�Mb7û`�#H2b ¨ /Ƕ�mi`2 i�+?2bX
UeV G2b `2T`ûb2Mi�iBQMb /2p`�Bi āi`2 /Bbi`B#mû2b bm` mM2 p�`Bûiû /QMi H� /BK2MbBQM iQTQHQ@

;B[m2 2bi H�`;2K2Mi BM7û`B2m`2 ¨ +2HH2 /2b /QMMû2bX *2ii2 ?vTQi?ĕb2 2bi +QKKmMûK2Mi
/ûMQKKû2 HǶ?vTQi?ĕb2 /2 H� p�`BûiûX

UdV G2b `2T`ûb2Mi�iBQMb /2p`�B2Mi āi`2 `2;`QmTû2bX G2b p�`B�iBQMb /2 H� p�`Bûiû �m b2BM /2
+?�[m2 ;`QmT2 /2p`�B2Mi āi`2 BM7û`B2m`2b �mt p�`B�iBQMb /2 H� p�`Bûiû 2Mi`2 H2b ;`QmT2bX

U3V G2b `2T`ûb2Mi�iBQMb /2p`�Bi 7�B`2 T`2mp2 /2 +Q?û`2M+2 bT�iB�H2 2i i2KTQ`2HH2X
UNV G2b `2T`ûb2Mi�iBQMb /2p`�B2Mi āi`2 ûT�`b2b
URyV G2b `2H�iBQMb /2 /ûT2M/�M+2 2Mi`2 H2b `2T`ûb2Mi�iBQMb /2p`�B2Mi āi`2 bBKTH2bX

jXkXRX _ûb2�mt /2 M2m`QM2b �`iB}+B2HH2b

G2b `ûb2�mt /2 M2m`QM2b KmHiB@+Qm+?2b T2`K2ii2Mi /Ƕ�TT`2M/`2 /2b ?Bû`�`+?B2b 2t?B#�Mi
mM MBp2�m +`QBbb�Mi /Ƕ�#bi`�+iBQMX G2b `ûb2�mt /2 M2m`QM2b ¨ +QMpQHmiBQM UG2*mM 2i �HX- RNN3V
bǶBMbTB`2Mi /m 7QM+iBQMM2K2Mi /m +Q`i2t T`BK�B`2 UoRVX w2BH2` � 62`;mb UkyR9V /ûKQMi`2Mi
2KTB`B[m2K2Mi [m2 H2b `2T`ûb2Mi�iBQMb �TT`Bb2b 2t?B#2Mi /2b `2T`ûb2Mi�iBQMb /2 THmb 2M THmb
�#bi`�Bi2bX G2b `ûb2�mt /2 M2m`QM2b T`Q7QM/b T`QK2ii2Mi /2 b�iBb7�B`2 H� K�DQ`Biû /2b /2b �
T`BQ`B K2MiBQMMûb +B@/2bbmbX GǶûpB/2M+2 2KTB`B[m2 KQMi`2 [m2 H2b `ûb2�mt /2 M2m`QM2b bQMi
2M T�bb2 /2 i2MB` +2ii2 T`QK2bb2X AH 7�mi MQi2` [m2 +2H� MǶ� T�b iQmDQm`b ûiû H2 +�bX 1M 2z2i-
+2 MǶ2bi [mǶ� T�`iB` /2 H� T�`miBQM /2 >BMiQM 2i �HX UkyyV [mǶBH � ûiû 2KTB`B[m2K2Mi ûi�#HB
[m2 H2b `ûb2�mt /2 M2m`QM2b T`Q7QM/b MQM@+QMpQHmiBQMM2H Qz`2Mi /2 K2BHH2m`2b T2`7Q`K�M+2b
[m2 H2m`b ?QKQHQ;m2b ¨ mM2 Qm /2mt +Qm+?2bX GǶ�m;K2Mi�iBQM /2 H� TmBbb�M+2 /2 +�H+mH
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�BMbB [m2 H� /BbTQMB#BHBiû /Ƕ2Mb2K#H2 /2 /QMMû2b pQHmKBM2mt bQMi +2`i�BM2K2Mi /2b 7�+i2m`b
2tTHB[m�Mi H2 T`Q;`ĕb /�Mb HǶ2Mi`�ŗM2K2Mi /2b `ûb2�mt /2 M2m`QM2b T`Q7QM/bX GǶ�++mKmH�iBQM
/2 b�pQB` T`�iB[m2 T2`K2ii�Mi /2 T�HHB2` H2b T`Q#HĕK2b /Ƕ2biBK�iBQM 2i /ǶQTiBKBb�iBQM T`QT`2b
�mt `ûb2�mt T`Q7QM/b +QMbiBim2 mM2 `�BbQM MQM@KQBM/`2 /2 H2m` bm++ĕbX 1M 2z2i- +2 b�pQB`
T`�iB[m2 +Ƕ2bi i`�/mBi T�` H2 /ûp2HQTT2K2Mi /2 Kûi?Q/2b /ǶBMBiB�HBb�iBQM- /2 MQ`K�HBb�iBQM 2i
/ǶQTiBKBb�iBQM �BMbB [m2 /Ƕ�`+?Bi2+im`2 [mB QMi 7�+BHBiû HǶ2Mi`�ŗM2K2Mi /2b `ûb2�mt /2 M2m`QM2bX
G2b `ûb2�mt /2 M2m`QM2b �`iB}+B2Hb bQMi BMbTB`ûb /2b `ûb2�mt /2 M2m`QM2b #BQHQ;B[m2bX lM
M2m`QM2 �`iB}+B2H 2bi H� +QKTQbBiBQM /ǶmM T`Q/mBi b+�H�B`2- 2Mi`2 H2b 2Mi`�Mib 2i H2b T�`�Kĕi`2b-
2i /ǶmM2 7QM+iBQM g /Bi2 7QM+iBQM /Ƕ�+iBp�iBQMX LQmb 2MpQvQMb H2 H2+i2m` ¨ H� };m`2 jXRX G�
bQ`iB2 /m M2m`QM2 2bi /ûMQKKû2 �+iBp�iBQMX SHmb 7Q`K2HH2K2Mi- bQBi x ∈ Rd- w ∈ Rd 2i
b ∈ R- HǶ�+iBp�iBQM /m M2m`QM2 T2mi bǶû+`B`2-

h(x) = g(
d∑

i=1

wixi + b) = g(w1x + b).

�4 �2 2 4

1

2

x

g

g0

(a) Sigmoid.

�4 �2 2 4

�1

1

2

x

g

g0

(b) Tanh.

�2 �1 1 2

1

2

x

g

g0

(c) ReLU.

�2 �1 1 2

1

2

x

g

g0

(d) Leaky ReLU.

�2 �1 1 2

1

2

x

g

g0

(e) ELU.

6B;X jXRX 1t2KTH2b /2 7QM+iBQMb /Ƕ�+iBp�iBQM

jXkXRXRX _ûb2�mt /2 M2m`QM2b KmHiB@+Qm+?2bX
G2b `ûb2�mt /2 M2m`QM2b �`iB}+B2Hb bQMi ivTB[m2K2Mi Q`;�MBbûb T�` +Qm+?2bX G2b 2Mi`û2b /2
+?�[m2 +Qm+?2 +Q``2bTQM/2Mi �mt bQ`iB2b /2 H� +Qm+?2 T`û+û/2Mi2- 2i +2- Dmb[mǶ¨ H� T`2KBĕ`2
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+Qm+?2 [mB `2ÏQBi H2b /QMMû2bX SHmb 7Q`K2HH2K2Mi- bQBi W(1), . . . , WL /2b K�i`B+2b /2 TQB/b
�p2+ Wi ∈ Rdi−1×di - b1, . . . , bL /2b p2+i2m`b /2 #B�Bb i2H [m2 bi ∈ Rdi - MQmb TQmpQMb û+`B`2 mM
`ûb2�m ¨ T`QT�;�iBQM �p�Mi `û+m`bBp2K2Mi +QKK2-

h0 = x,

al = Wlhl−1 + bl

hl = g(al). UjXkXRV
jXkXRXkX h?ûQ`ĕK2b /Ƕ�TT`QtBK�iBQM mMBp2`b2HH2X

SQm` iQmi2 7QM+iBQM K2bm`�#H2 T2mi@QM i`Qmp2` mM `ûb2�m /2 M2m`QM2b +�T�#H2 /2 HǶ�TT`QtBK2`
¨ mM /2;`û /2 T`û+BbBQM �`#Bi`�B`2\ G2b i?ûQ`ĕK2b /Ƕ�TT`QtBK�iBQM mMBp2`b2HH2 7Qm`MBbb2Mi
mM2 `ûTQMb2 i?ûQ`B[m2 ¨ +2ii2 [m2biBQMX G2 i?ûQ`ĕK2 /Ƕ�TT`QtBK�iBQM mMBp2`b2HH2 /Ƕ>Q`MB+F
>Q`MBF URN3NV- /ûKQMi`2 [m2 TQm` iQmi2 7QM+iBQM +QMiBMm2 �p2+ bmTTQ`i bm` mM 2Mb2K#H2
+QKT�+i /2 Rn BH 2tBbi2 mM `ûb2�m /2 M2m`QM2b ¨ T`QT�;�iBQM �p�Mi �p2+ mM2 +Qm+?2 +�+?û2
+�T�#H2 /2 HǶ�TT`QtBK2`X
h?ûQ`ĕK2 jXkXRX h?ûQ`ĕK2 /Ƕ>Q`MB+F aQBi g mM2 7QM+iBQM- MQM@+QMbi�Mi2- +QMiBMm2 2i #Q`Mû2X
aQBi E mM bQmb@2Mb2K#H2 +QKT�+i2 /2 RdX aQBi C(K) HǶ2Mb2K#H2 /2b 7QM+iBQM +QMiBMm2b bm`
KX �HQ`b- TQm` iQmi ε ≥ 0 2i TQm` iQmi f ∈ C(K)- BH 2tBbi2 vi, bi ∈ R 2i wi ∈ Rd TQm`
i ∈ {1, . . . N}

∀x ∈ K, | f (x)−
N∑

i=1

vig(w1i x + bi) |< ε

"B2M [m2 H2 i?ûQ`ĕK2 /Ƕ>Q`MB+F 7Qm`MBbb2 mM2 ;�`�MiB2 i?ûQ`B[m2- BH `2[mB2`i [m2 H2 MQK#`2
/ǶmMBiûb +�+?û2b bQBi 2tTQM2MiB2HH2K2Mi H�`;2X

_û+2KK2Mi- Gm 2i �HX UkyRdV QMi KQMi`û [mǶBH 2bi TQbbB#H2 /ǶQ#i2MB` mM i?ûQ`ĕK2
/Ƕ�TT`QtBK�iBQM mMBp2`b2H TQm` H2b `ûb2�mt /2 M2m`QM2b �v�Mi /2b +Qm+?2b +�+?û2b /2 i�BHH2b
}t2bX
h?ûQ`ĕK2 jXkXkX �TT`QtBK�iBQM mMBp2`b2HH2 �p2+ H�`;2m` }t2 SQm` iQmi2 7QM+iBQM f ∈ L1(Rd)

2i TQm` iQmi ε > 0- BH 2tBbi2 mM `ûb2�m /2 M2m`QM2b A- ¨ T`QT�;�iBQM �p�Mi- /Qiû /2 7QM+iBQMb
/Ƕ�+iBp�iBQM _2Gl A- /2 H�`;2m` dl ≤ d + 4 i2H [m2 H� 7QM+iBQM FA `2T`ûb2Mi�Mi +2 `ûb2�m
b�iBb7�bb2
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‖ f −FA‖L1(Rd) < ε.

jXkXRXjX 1Mi`�ŗM2K2Mi T�` `ûi`Q@T`QT�;�iBQMX

GǶ�H;Q`Bi?K2 /2 `ûi`Q@T`QT�;�iBQM U_mK2H?�`i 2i �HX- RN3eV +�H+mH H2b ;`�/B2Mib /2 H� 7QM+@
iBQMb /2 T2`i2 T�` `�TTQ`i ¨ +?�+mM /2b T�`�Kĕi`2b /m `ûb2�m ¨ T`QT�;�iBQM �p�MiX *2 /2`MB2`
TQmp�Mi āi`2 +QKT`Bb +QKK2 mM2 +QKTQbBiBQM /2 7QM+iBQM- HǶ�H;Q`Bi?K2 /2 `ûi`Q@T`QT�;�iBQM
+QK#BM2 H� `ĕ;H2 /2 H� /û`Bpû2 2M +?�ŗM2 2i H� T`Q;`�KK�iBQM /vM�KB[m2 TQm` ûpBi2` iQmi2
`2/QM/�M+2 /�Mb H2 +�H+mHb /2b ;`�/B2MibX lM /2b �bT2+ib H2b THmb �p�Mi�;2mt /2 HǶ�H;Q`Bi?K2
/2 `ûi`Q@T`QT�;�iBQM 2bi bQM 2{+�+Biû +QKTmi�iBQM2HH2X lM `ûb2�m /û}MB T�` jXkXR +QMiB2Mi
D :=

∑L
i=1 di−1 di + di T�`�Kĕi`2b- H2 MQK#`2 /2 +�H+mHb 2z2+imûb T2M/�Mi /2 H2b T?�b2b /2

T`QT�;�iBQM �p�Mi 2i �``Bĕ`2 2bi /2 HǶQ`/`2 O(D)X 1M 2z2i- b�Mb mM2 �TTHB+�iBQM M�śp2 /2 H�
`ĕ;H2 /2b /û`Bpû2b 2M +?�ŗM2- QM �m`�Bi mM2 +QKTH2tBiû /2 HǶQ`/`2 /2 O(D2X SQm` TQmpQB` DQmB`
/2b �p�Mi�;2b /2 H� T`Q;`�KK�iBQM /vM�KB[m2- BH 2bi Mû+2bb�B`2 /2 +�H+mH2` H2b ;`�/B2Mib 2M
miBHBb�Mi mM �H;Q`Bi?K2 /2 /Bzû`2MiB�iBQM �miQK�iB[m2X 1M 2z2i- AH 2bi TQbbB#H2 /Ƕ�TT`QtBK2`
H2b ;`�/B2Mib T�` /Bzû`2M+2 }MB2- 2M T`2M�Mi H� KQv2MM2 /2b 2tT�MbBQM /2 h�vHQ` /2 b2+QM/
Q`/`2 /2 H� 7QM+iBQM /2 +Qȿi 2i �TT`Q+?2` +?�[m2 T�`�Kĕi`2 T�` H� ;�m+?2 2i H� /`QBi2X SHmb
7Q`K2HH2K2Mi-

∂R
∂Wi j

=
R(Wi j + h)−R(Wi j − h)

2h
+ o(h2).

G� Mû+2bbBi2 /2 T2`im`#2` +?�[m2 TQB/b BM/BpB/m2HH2K2Mi BKTHB[m2 mM +Qȿi +QKTmi�iBQM2H /2
HǶQ`/`2 /2 O(D2)X

jXkXkX 1Mi`�ŗM2K2Mi /2 `ûb2�mt T`Q7QM/b

G2 T`Q#HĕK2 /2b ;`�/B2Mib /BKBMm�Mi U>Q+?`2Bi2`- RNNRc :HQ`Qi 2i �HX- kyRRV 2bi mM2
+QMbû[m2M+2 /2 H� T`Q7QM/2m`R 2i /2 HǶ2Mi`�ŗM2K2Mi T�` `ûi`Q@T`QT�;�iBQMX

jXkXkXRX AMBiB�HBb�iBQM T`m/2Mi2X

RG2 T`Q#HĕK2 /2b ;`�/B2Mib /BKBMm�Mib �z2+i2 �mbbB H2b `ûb2�mt /2 M2m`QM2b `û+m``2MibX *2b /2`MB2`b
ûi�Mi 2Mi`�ŗMûb 2M H2b /û`QmH�Mi- H2 T`Q#HĕK2 T2mi āi`2 +QMÏm /�Mb +2 +�b �mbbB +QKK2 mM2 +QMbû[m2M+2 /2
H� T`Q7QM/2m`X
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:HQ`Qi 2i �HX UkyRRV KQMi`2 [m2 H� p�`B�M+2 /2b ;`�/B2Mib /û+`Qŗi �m 7m` 2i � K2bm`2
[mǶBHb bQMi `ûi`Q@T`QT�;ûb p2`b H� T`2KBĕ`2 +Qm+?2X 1M 7�Bb�Mi H2b ?vTQi?ĕb2b [m2 H2b TQB/b 2i
H2b /QMMû2b bQMi /2b p�`B�#H2b �Hû�iQB`2b +2Mi`û2b 2i `û/mBi2b- [m2 H2b 7QM+iBQMb /Ƕ�+iBp�iBQM
/m `ûb2�m bQMi bvKûi`B[m2b 2i /�Mb mM `û;BK2 HBMû�B`2 HQ`b /2 HǶBMBiB�HBb�iBQM- H� p�`B�M+2 /2
HǶ�+iBp�iBQM i ¨ H� +Qm+?2 l 2bi /QMMû2 T�`-

Var(zl
i) = Var(

dl−1∑

j=1

Wl
i jh

l−1
j + bi)

=

dl−1∑

j=1

Var(Wl
i j)Var(hl−1

j )

= dl−1Var(Wl
i j)Var(hl

j).

G� p�`B�M+2 b2 /û+QKTQb2 2M bQKK2 /2b p�`B�M+2b +�` ¨ HǶBMBiB�HBb�iBQM BH 2bi M�im`2H /Ƕ�bbmK2`
[m2 H2b TQB/b bQMi BM/ûT2M/�Mib 2Mi`2 2mt 2i �p2+ H2b /QMMû2bX .2 THmb MQmb �bbmKQMb
[mǶ¨ +?�[m2 +Qm+?2 H2b TQB/b b2`QMi BMBiB�HBbûb �p2+ H� KāK2 /Bbi`B#miBQMX G� p�`B�M+2 /2b
�+iBp�iBQMb 2i /2b TQB/b ûi�Mi H� KāK2 ¨ +?�[m2 +Qm+?2- MQmb QK2iiQMb H2b BM/B+2b /2b
�+iBp�iBQMb BM/BpB/m2HH2b-

Var(hl) = Var(Wlhl−1 + bl)

= Var(Wl)Var(Wl−1hl−2 + bl−1)

= Var(x)Πl−1
j=0diVar(Wi).

�BMbB- H� p�`B�M+2 /2b �+iBp�iBQMb /2 /2mt +Qm+?2b bm++2bbBp2b bQMi û;�H2b T2M/�Mi H� T?�b2
/2 T`QT�;�iBQM bB 2i b2mH2K2Mi bB-

∀lin{1, . . . L},
Var(hl)

var(hl−1)
=

Var(x),Πl−1
i=1diVar(Wi)

Var(x),Πl−2
i=1diVar(Wi)

= dl−1Var(Wl)

= 1.

SQm` ;�`�MiB` [m2 HǶû;�HBiû /2b p�`B�M+2b /2b �+iBp�iBQMb /ǶmM2 +Qm+?2 ¨ H� bmBp�Mi2 T2M/�Mi
H� T?�b2 /2 T`QT�;�iBQM �p�Mi- BH 2bi bm{b�Mi /ǶBMBiB�HBb2` H2b TQB/b /2 +?�[m2 +Qm+?2 �p2+
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mM2 /Bbi`B#miBQM �v�Mi mM2 p�`B�M+2 û;�H2 ¨ HǶBMp2`b2 /m MQK#`2 /2 M2m`QM2b 2Mi`�Mib- bQBi
û;�H2 ¨

1

dl−1
.

*QMi`ƬH2` H� p�`B�M+2 /2b ;`�/B2Mib T2M/�Mi H� T?�b2 /2 `ûi`Q@T`QT�;�iBQM 2KTā+?2`� H2b
;`�/B2Mib /2 /BKBMm2` T`ûK�im`ûK2MiX 1M �TTHB[m�Mi mM2 �M�Hvb2 bBKBH�B`2 ¨ H� T?�b2 /2
T`QT�;�iBQMX

Var[
∂R
∂Wl ] = Πn−1

n=1dkVar(Wk)ΠL−1
m=lVar(Wm)Var(x)Var(

∂R
∂hL )

.2 K�MBĕ`2 �M�HQ;m2- MQmb /û/mBbBQMb [m2 H2 p�`B�M+2b /2b ;`�/B2Mib `2bi2 û;�H2 /ǶmM2 +Qm+?2
¨ HǶ�mi`2 bB H2b TQB/b /2 H� +Qm+?2 l bQMi BMBiB�HBbûb �p2+ mM2 /Bbi`B#miBQM �v�Mi mM2 p�`B�M+2
û;�H2 ¨ HǶBMp2`b2 /m MQK#`2 /2 M2m`QM2b bQ`i�Mi- bQBi

1

dl

SQm` ;�`�MiB` HǶû;�HBiû /2b p�`B�M+2b T2M/�Mi H2b /2mt T?�b2b- :HQ`Qi 2i �HX UkyRRV T`QTQb2
/ǶBMBiB�HBb2` H2b TQB/b /2 H� +Qm+?2 l ¨ H� KQv2MM2 /2b /2mt +QM/BiBQMb- bQBi

2

dl + dl−1
.

AH 7�mi MQi2` [m2 H� /û`Bp�iBQM /2b +QM/BiBQMb +B@/2bbmb T`û@bmTTQb2 HǶmiBHBb�iBQM /2 7QM+iBQM
/Ƕ�+iBp�iBQM +2Mi`2 �miQm` /2 xû`QX *2+B MǶ2bi T�b H2 +�b /2b 7QM+iBQMb bB;KQś/2b 2i /2b
7QM+iBQMb _2GlX SQm` H2b T`2KBĕ`2b- :HQ`Qi 2i �HX UkyRRV miBHBb2 mM2 2tT�MbBQM /2 h�vHQ`
�miQm` /2 y- σ(x) = 1

2 +
x
4 + o(x2) 2i `ûTĕi2 HǶ�M�Hvb2 +B@/2bbmb 2M BM+Hm�Mi H2b i2`K2b /2

+Q``2+iBQMX S�` +QMbû[m2Mi- mM2 +Qm+?2 l +QMi2M�Mi /2b 7QM+iBQMb bB;KQś/2b /2p`�Bi āi`2
BMBiB�HBbû2 �p2+ mM2 p�`B�M+2 û;�H2 ¨

32

dl + dl−1
.

.�Mb H2 +�b /2b 7QM+iBQMb _2Gl- >2 2i �HX UkyR8V `2K�`[m2 [m2 HǶ�M�Hvb2 /2 :HQ`Qi 2i �HX
UkyRRV 2bi BM�/�Tiû2 �mt �+iBp�iBQMb /2 KQv2MM2b MQM MmHH2bX *2T2M/�Mi bB H2b T`û@�+iBp�iBQMb
al bQMi /2 KQv2MM2b MmHH2b 2i +2Mi`û2b �miQm` /2 xû`Q- �HQ`b

E[(hl)2] = E[K�t(0, al)2] = E[(al)2 [al ≥ 0]] = 2Var(al).

�BMbB- TQm` ;�`�MiB` HǶû;�HBiû /2b p�`B�M+2b /2b �+iBp�iBQMb T2M/�Mi H� T?�b2 /2 T`QT�;�iBQM
BH 2bi bm{b�Mi /ǶBMBiB�HBb2` H2b TQB/b /2 H� +Qm+?2 l �p2+ mM2 /Bbi`B#miBQM /QMi H� p�`B�M+2 2bi
HǶBMp2`b2 /2 H� KQBiB2 /m MQK#`2 /2 M2m`QM2b 2Mi`�Mib-

je



2

dl−1
.

SQm` ;�`�MiB` HǶû;�HBiû /2 H� p�`B�M+2 /2b ;`�/B2Mib T2M/�Mi H� T?�b2 /2 `ûi`Q@T`QT�;�iBQM
BH 2bi bm{b�Mi /ǶmiBHBb2` mM2 /Bbi`B#miBQM �p2+ mM2 p�`B�M+2 û;�H2 ¨ HǶBMp2`b2 /2 H� KQBiB2 /m
MQK#`2 /2 M2m`QM2b bQ`i�Mib-

2

dl
.

GǶ�KûHBQ`�iBQM /2b Kûi?Q/2b /ǶBMBiB�HBb�iBQM +QmTHû2 ¨ HǶmiBHBb�iBQM /Ƕ�+iBp�iBQM /2b mMBiûb
/Ƕ�+iBp�iBQM MQM #Q`Mû2b � K2Mû � mM2 +QMbû+`�iBQM /2 HǶ�TT`2MiBbb�;2 T`Q7QM/ 2M T2`K2i@
i�Mi ¨ >2 2i �HX UkyR8V /2 T`Qmp2` 2KTB`B[m2K2Mi [m2 H2b `ûb2�mt /2 M2m`QM2b �`iB}+B2Hb
bQMi +�T�#H2b /2 bm`T�bb2` H2b āi`2b ?mK�BMb bm` mM2 i�+?2 /2 +H�bbB}+�iBQM /ǶBK�;2b M�im@
`2HH2b _mbb�FQpbFv 2i �HX UkyR9VX

jXkXkXkX LQ`K�HBb�iBQMb /2b HQib 2i �mi`2bX

G2b Kûi?Q/2b /ǶBMBiB�HBb�iBQM +?2`+?2Mi ¨ KQ/B}2` HǶûi�i BMBiB�H /m `ûb2�m �}M /2 7�+BHBi2`
bQM 2Mi`�ŗM2K2MiX G2b Kûi?Q/2b /2 MQ`K�HBb�iBQM bQMi mM2 +QMiBMm�iBQM HQ;B[m2 /2 +2ii2
B/û2X �m HB2m /2 KQ/B}2` HǶûi�i BMBiB�H /m `ûb2�m- 2HH2b +?2`+?2Mi ¨ KQ/B}2` HǶûi�i T2M/�Mi
HǶ2Mi`�ŗM2K2MiX G� MQ`K�HBb�iBQM /2b HQib UAQz2 � ax2;2/v- kyR8#V U"LV 2bi ¨ +2 DQm` H�
Kûi?Q/2 /2 MQ`K�HBb�iBQM /2 `û7û`2M+2X GǶB/û2 2bi /2 bi�M/�`/Bb2` H2b �+iBp�iBQMb /ǶmM2
+Qm+?2 l 2M 2biBK�Mi H� KQv2MM2 2i H� p�`B�M+2 /2b `2T`ûb2Mi�iBQMb ¨ T�`iB` /2b BMbi�M+2b
T`ûb2Mi2b /�Mb H2 KBMB@ HQiX �BMbB- TQm` mM KBMB@KQi /2 /QMMû2b /2 i�BHH2 B- H� KQv2MM2 2i
p�`B�M+2 2KTB`B[m2 bQMi 2biBKû2b T�`-

µ̂(l) =
1

B

B∑

i=1

hl
i,·

σ̂2
(l)

=
1

B

B∑

i=1

(hl
i,· − µ̂)1(hl

i,· − µ̂),

SQm` MQ`K�HBb2` H2b �+iBp�iBQMb h(l)-

h̃(l) =
h− µ̂√
σ̂2 +ε

,

jd



Qɍ ε 2bi mM2 +QMbi�Mi2 bi`B+i2K2Mi TQbBiBp2 `�DQmiû2 TQm` /2b `�BbQMb /2 bi�#BHBiû MmKû`B[m2X
µ̂(l) 2i σ̂2

(l)
bQMi �TT2HHûb bi�iBbiB[m2b /2 #�i+?2bX

SQm` T�HHB2` H� T2`i2 /Ƕ2tT`2bbBpBiû BM/mBi2 T�` H� MQ`K�HBb�iBQM /2mt T�`�Kĕi`2b- [mB b2@
`QMi �TT`Bb T2M/�Mi HǶ2Mi`�ŗM2K2Mi- bQMi `�DQmi2` � HǶ2tT`2bbBQM +B@/2bbmbX �BMbB- mM2 +Qm+?2
/2 "L bǶ2+`Bi-

BN(hl) = γ(l) h̃(l) +β(l). UjXkXkV

S2M/�Mi H� T?�b2 /ǶBM7û`2M+2- H2b bi�iBbiB[m2b /2b HQib bQMi `2KTH�+ûb T�` /2b 2biBKûb bm`
HǶ2Mb2K#H2 /2b /QMMû2b Qm /2b KQv2MM2b KQ#BH2b ûp�Hmû2b T2M/�Mi H� T?�b2 /Ƕ2Mi`�ŗM2K2MiX
*2ii2 ûi�T2 2bi 2bb2MiB2HH2 TQm` ;�`�MiB` [m2 H2 `ûb2�m /2 M2m`QM2b �Bi mM +QKTQ`i2K2Mi
/ûi2`KBMBbi2 2i [m2 H2b `ûbmHi�ib bQB2Mi BM/ûT2M/�Mib /2b �mi`2b BMbi�M+2b +QMi2Mm2b /�Mb H2
KBMB@HQiX

AQz2 � ax2;2/v UkyR8#V KQMi`2 2KTB`B[m2K2Mi [m2 H� MQ`K�HBb�iBQM /2b HQib `û/mBi H�
b2MbB#BHBiû /2 HǶ2Mi`�ŗM2K2Mi ¨ HǶBMBiB�HBb�iBQM- �BMbB [m2 H2 i2KTb /Ƕ2Mi`�ŗM2K2Mi Mû+2bb�B`2
TQm` �ii2BM/`2 mM2 T2`7Q`K�M+2 /QMMû2 T�` mM 7�+i2m` /2 +BM[- 2M THmb `û/mB`2 HǶ2``2m`
/2 ;ûMû`�HBb�iBQM /m `ûb2�m /2 M2m`QM2bX AQz2 � ax2;2/v UkyR8#V KQiBp2 H� MQ`K�HBb�iBQM
/2b HQib 2M �{`K�Mi [mǶ2HH2 T2`K2i /2 `û/mB`2 H2b +Qp�`B�iBQMb BMi2`M2b /2b `2T`ûb2Mi�iBQMbX
GǶB/û2 b2`�Bi [mǶ2HH2 �;Bi 2bb2MiB2HH2K2Mi +QKK2 mM2 K�i`B+2 /2 /û@+Q``ûH�iBQMbX a�Mim`F�`
2i �HX UkyR3V KQMi`2 2KTB`B[m2K2Mi [mǶ�m +QMi`�B`2 H� MQ`K�HBb�iBQM /2b HQib �m;K2Mi2 H2b
+Qp�`B�iBQMb BMi2`M2b /2b `2T`ûb2Mi�iBQMb K�Bb [mǶ2HH2 7�+BHBi2 HǶ2Mi`�ŗM2K2Mi 2M +QMi`ƬH�Mi H�
+QMbi�Mi2 /2 GBTb+?Bix /m `ûb2�mX

AH 2tBbi2 THmbB2m`b �mi`2b Kûi?Q/2b /2 MQ`K�HBb�iBQMX LQmb TQmpQMb H2b /BpBb2` 2M /2mt
+�iû;Q`B2bX G� T`2KBĕ`2 2bi +2HH2 /2b Kûi?Q/2b [mB �;Bbb2Mi bm` H2b �+iBp�iBQMb "� 2i �HX
UkyReVc lHv�MQp 2i �HX UkyReVc qm � >2 UkyR3VX G� b2+QM/2 2bi +2HH2 /2b Kûi?Q/2b �;Bbb�Mi
bm` H2b TQB/bX a�HBK�Mb � EBM;K� UkyReV T`QTQb2 /2 +QMi`ƬH2` H2b p�`B�iBQMb /2b TQB/b /ǶmM2
+Qm+?2 l 2M /BpBb�Mi H2 TQB/b +Q``2bTQM/�Mi /2 MQ`K2 /2 6`Q#2MBmb TmBb 2M H2 KmHiBTHB�Mi T�`
mM b+�H�B`2 ¨ �TT`2M/`2 T2M/�Mi HǶ2Mi`�BM2K2Mi-

W(l) = g
V(l)

∥∥V(l)
∥∥

F
.

.�Mb H2 KāK2 2bT`Bi- JBv�iQ 2i �HX UkyR3V /BpBb2 H2b TQB/b T�` H2m` MQ`K2 bT2+i`�H2X *2ii2
/2`MBĕ`2 2bi +�H+mHû2 2M miBHBb�Mi H� Kûi?Q/2 /2 TmBbb�M+2 Biû`û2 UJBb2b � SQHH�+x2F@:2B`BM;2`-
RNkNV TQm` +�H+mH2` H� THmb ;`�M/2 p�H2m` bBM;mHBĕ`2 /2 H� K�i`B+2 /2 TQB/bX
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jXkXkXjX Jûi?Q/2b /ǶQTiBKBb�iBQM �/�Ti�iBp2bX
G2b `ûb2�mt /2 M2m`QM2b �`iB}+B2Hb bQMi ivTB[m2K2Mi 2Mi`�ŗMûb T�` /2b+2Mi2 /2 ;`�/B2Mi biQ@
+?�biB[m2 Ua:.VX G� ?�mi2 /BK2MbBQM�HBiû /2b /QMMû2b T`Qb+`Bi HǶmiBHBb�iBQM /2 Kûi?Q/2b /2
b2+QM/ Q`/`2 [mB Mû+2bbBi2Mi HǶBMp2`bBQM /2 K�i`B+2b >2bbB2MM2b �v�Mi mM +Qȿi +QKTmiBQM2HH2
/2 HǶQ`/`2 /2 O(d3)X GǶmiBHBb�iBQM /2b `ûb2�mt /2 M2m`QM2b /�Mb mM `û;BK2 /2 ?�mi pQHmK2 /2
/QMMû2b T`Qb+`Bi H2b Kûi?Q/2b /2 T`2KB2` Q`/`2 biQ+?�biB[m2 +�` H2 +Qȿi 2M KûKQB`2 2bi /2
HǶQ`/`2 /2 O(nd)X .2 THmb- H2 #`mBi BM?û`2Mi �m ;`�/B2Mi biQ+?�biB[m2 �KûHBQ`2`�Bi H2b +�T�+B@
iûb /2 ;ûMû`�HBb�iBQM /m `ûb2�m U:QQ/72HHQr 2i �HX- kyReVX GǶ2Mi`�ŗM2K2Mi T�` a:. BMi`Q/mBi-
+2T2M/�Mi- /2b ?vT2`@T�`�Kĕi`2b /ǶQTiBKBb�iBQM `û;mH�Mi H2 i�mt /Ƕ�TT`2MiBbb�;2X G2b Kû@
i?Q/2b /ǶQTiBKBb�iBQM �/�Ti�iBp2b pBb2Mi ¨ 7�+BHBi2` HǶQTiBKBb�iBQM /2b `ûb2�mt /2 M2m`QM2b
2M HBKBi�Mi H� /ûT2M/�M+2 /2 HǶ2Mi`�ŗM2K2Mi bm` H2b ?vT2`@T�`�Kĕi`2b /ǶQTiBKBb�iBQMX .m+?B
2i �HX UkyRRV BMi`Q/mBi HǶ�H;Q`Bi?K2 �/�;`�/X *2 /2`MB2`- T�`i /2 HǶ?vTQi?ĕb2 [m2 MQK#`2
/Ƕ2Mb2K#H2 /2 /QMMû2b QMi mM2 bi`m+im`2 ûT�`b2X .�Mb +2b +QM/BiBQMb- H2b +QQ`/QMM2b ûT�`b2b
b2`QMi 2z2+iBp2K2Mi KQBMb bQmp2Mi KBb2b ¨ DQm` [m2 +2HH2b [mB M2 H2 bQMi T�b bB H2 KāK2
i�mt /Ƕ�TT`2MiBbb�;2 2bi miBHBbû TQm` iQmi2b H2b +QQ`/QMMû2bX GǶ�H;Q`Bi?K2 �/�;`�/ TQM/ĕ`2
+?�[m2 +QQ`/QMMû2 T�` H� `�+BM2 +�``û2 /2 H� bQKK2 /2b +�``û2b /2b ;`�/B2Mib `2ÏmbX SHmb 7Q`@
K2HH2K2Mi- bQBi gt H2 ;`�/B2Mi /2 H� 7QM+iBQM /2 T2`i2 T�` `�TTQ`i �m T�`�Kĕi`2 θ HǶBiû`�iBQM
t- H� KBb2 ¨ DQm` T�` �/�;`�/ bǶû+`Bi-

vt =
2∑

i=1

g2t

θt+1 = θt − η
gt√
vt

.

lM /2b BM+QMpûMB2Mib /Ƕ�/�;`�/ 2bi [m2 H2 i�mt /Ƕ�TT`2MiBbb�;2 �/�Tiû T�` T�`�Kĕi`2 ¨
HǶBiû`�iBQM t /ûT2M/ /2 HǶ2Mb2K#H2 /2b ;`�/B2Mib Q#i2Mmb Dmb[m2 H¨X _JaT`QT UhB2H2K�M �
>BMiQM- kyRdV +Q``B;2 +2ii2 HBKBi�iBQM 2M `2KTH�Ï�Mi H� bQKK2 KQ#BH2 /Ƕ�/�;`�/ T�` mM2
KQv2MM2 2tTQM2MiB2HH2 KQ#BH2-

vt = βvt−1 + (1−β) g2t

θt+1 = θt − η
gt√
vt

.

jN



�/�K UEBM;K� � "�- kyR9V T2mi āi`2 +QKT`Bb +QKK2 mM2 +QK#BM�BbQM /2 _JaT`QT 2bi
/2 KQK2MimK-

mt = β1vt−1 + (1−β1) gt

vt = β2vt−1 + (1−β2) g2t

m̂t =
1

1−βt
1

v̂t =
1

1−βt
2

θt = θt−1 − η
m̂t√

v̂t
.
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*?�TBi`2 9

1H2K2Mib /2 i?2Q`B2 /2 HǶBM7Q`K�iBQM

LQmb T`ûb2MiQMb /�Mb +2 +?�TBi`2 HǶ2Mb2K#H2 /2b ûHûK2Mib /2 H� i?ûQ`B2 /2 HǶBM7Q`K�iBQM Mû@
+2bb�B`2b ¨ H� +QKT`û?2MbBQM- H� /û`Bp�iBQM 2i H� +QMbi`m+iBQM /2 JAL1X LQmb +QKK2M+2`QMb
T�` /û}MB` 2i ûi�#HB` H2b T`QT`Bûiûb /2 HǶ2Mi`QTB2 /2 a?�MMQM /�Mb H2 +�b /Bb+`2i 2i /Bzû`2MiB2HX
LQmb T`Q+û/2`QMb 2MbmBi2 ¨ HǶBMi`Q/m+iBQM /2b K2bm`2b /ǶBM7Q`K�iBQM `2H�iBp2b +QKKmMûK2Mi
�TT2Hû2b f @/Bp2`;2M+2 �BMbB [m2 H2m` T`QT`Bûiûb 7QM/�K2Mi�H2bX LQmb BMi`Q/mB`QMb T�` H� bmBi2
/2mt �TT`Q+?2b TQm` Q#i2MB` H� 7Q`K2 p�`B�iBQMM2HH2 /2b f @/Bp2`;2M+2b �p�Mi /2 T`ûb2Mi2` H�
`2T`ûb2Mi�iBQM p�`B�iBQMM2HH2 /2 .QMbF2`@o�`�/?�M TQm` /Bp2`;2M+2 /2 EmHH#�+F@G2B#H2` 2i
/2 KQMi`2` +QKK2Mi +2b /2mt `2T`ûb2Mi�iBQMb p�`B�iBQMM2HH2b bQMi HBû2bX 1M}M- MQmb /û}MB@
`QMb HǶBM7Q`K�iBQM Kmim2HH2- [m2H[m2 mM2b /2 b2b T`QT`Bûiûb 7QM/�K2Mi�H2b- �BMbB [m2 /2mt
/2 b2b `2T`ûb2Mi�iBQMb p�`B�iBQMM2HH2bX *2b /2`MBĕ`2b- 2M T2`K2ii�Mi H� i`�Mb7Q`K�iBQM /ǶmM
T`Q#HĕK2 /Ƕ2biBK�iBQM /2 `�iBQ /2 p`�Bb2K#H�M+2 2M T`Q#HĕK2 /ǶQTiBKBb�iBQM bm` mM2 7�@
KBHH2 /2 7QM+iBQM- +QMbiBim2Mi H2b BM;`û/B2Mib 7QM/�K2Mi�mt bm` H2b[m2Hb MQi`2 2biBK�i2m` /2
HǶBM7Q`K�iBQM Kmim2HH2 2bi +QMbi`mBiX

9XRX 1Mi`QTB2 /Bb+`ĕi2
.û}MBiBQM 9XRXR U1Mi`QTB2 /Bb+`ĕi2VX aQBi s mM p2+i2m` �Hû�iQB`2 /Bb+`2i- HǶ2Mi`QTB2 /2 s 2bi
/2 }MB2 +QKK2-

H(X) = EP[− HQ;P(X)]. U9XRXRV



.û}MBiBQM 9XRXk U1Mi`QTB2 +QM/BiBQMM2HH2 /Bb+`ĕi2VX aQBi s 2i u /2mt p2+i2m` �Hû�iQB`2b /Bb@
+`2ib- HǶ2Mi`QTB2 +QM/BiBQMM2HH2 /2 s b�+?�Mi u 2bi /û}MB +QKK2-

H(X | Y) = EPY [H(PX|y)] U9XRXkV
h?ûQ`ĕK2 9XRXj US`QT`Bûiûb /2 HǶ2Mi`QTB2VX

UBV SQbBiBpBiû /2 HǶ2Mi`QTB2
UBBV G� /Bbi`B#miBQM mMB7Q`K2 K�tBKBb2 HǶ2Mi`QTB2
UBBBV GǶ2Mi`QTB2 2bi BMp�`B�Mi2 �mt #BD2+iBQMb
UBpV G2 +QM/BiBQMM2K2Mi `û/mBi HǶ2Mi`QTB2
UpV GǶBM7Q`K�iBQM 2M +?�ŗM2

1t2KTH2 9XRX9 U1Mi`QTB2 /ǶmM2 p�`B�#H2 �Hû�iQB`2 "2`MQmHHBVX aQBi X ∼ Bern(p)- HǶ2Mi`QTB2 /2
X 2bi /QMMû2 T�`

H(X) = −p HQ; p− (1− p) HQ;(1− p) U9XRXjV

1t2KTH2 9XRX8X 1Mi`QTB2 /ǶmM2 p�`B�#H2 �Hû�iQB`2 +�iû;Q`B[m2
AH 2bi TQbbB#H2 TQm` mM2 p�`B�#H2 �Hû�iQB`2 /Bb+`ĕi2 /Ƕ�pQB` mM2 2Mi`QTB2 BM}MB2X GǶ2t2KTH2

[mB bmBi KQMi`2 +QKK2Mi +QMbi`mB`2 mM2 i2HH2 p�`B�#H2 �Hû�iQB`2X LQmb b�+`B}QMb iQmi2 T`û@
i2MiBQM ¨ H� `B;m2m` �}M /2 `ûpûH2` HǶBMimBiBQM /2``Bĕ`2 +2ii2 +QMbi`m+iBQMX
1t2KTH2 9XRXe U1t2KTH2 /Ƕ2Mi`QTB2 /Bb+`ĕi2 BM}MB2VX *QMbB/û`QMb mM2 bmBi2 /2 p�`B�#H2 /Bb@
+`ĕi2 �Hû�iQB`2 (Xk)

∞
k=1 mMB7Q`KûK2Mi /Bbi`B#m2 bm` H2b BMi2`p�HH2b /BbDQBMib Ik = [2k, 2k+1− 1]X

*?�+mM /2 +2b BMi2`p�HH2b +QMiB2Mi 2k ûHûK2MibX LQmb �pQMb /QM+- H(Xk) = kX
*QMbB/û`QMb- mM2 p�`B�#H2 �Hû�iQB`2 /Bb+`ĕi2 M �p2+ bmTTQ`i bm` [1, ∞)∩NX S�` /û}MBiBQM-

MQmb �pQMb
∑∞

m=1 pm = 1X
6Q`KQMb mM2 p�`B�#H2 �Hû�iQB`2 XM- bQM 2Mi`QTB2 2bi �HQ`b-

H(XM) = −
∞∑

m=1

2m+1−1∑

k=2m

P(Xm = k | M = m)pm HQ;(P(Xm = k | M = m)pm)

X LQmb �pQMb /QM+-
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H(XM) =
∞∑

m=1

pm(H(Xm)− log(pm))

=
∞∑

m=1

mpm + H(M)

= E[M] + H[M]

1M T`2M�Mi pm = 1
m −

1
m+1 - HǶ2bTû`�M+2 /2 M /Bp2`;2- 2i +2 7�Bb�Mi HǶ2Mi`QTB2 /2 XM 2bi

BM}MB2X

9XkX 1Mi`QTB2 /Bzû`2MiB2HH2
GǶ2Mi`QTB2 /Bzû`2MiB2HH2 2bi /û}MB2 T�` �M�HQ;B2 ¨ HǶ2Mi`QTB2 /Bb+`ĕi2X GǶ2Mi`QTB2 /Bzû`2M@

iB2HH2 `2[mB2`i HǶ2tBbi2M+2 /ǶmM2 /2MbBiû T�` `�TTQ`i ¨ H� K2bm`2 /2 G2b#2b;m2X
.û}MBiBQM 9XkXR U1Mi`QTB2 /Bzû`2MiB2HH2VX aQBi X mM2 p�`B�#H2 bm` (Rd,B(Rd),P)X aQBi fX H�
/2MbBiû /2 X T�` `�TTQ`i ¨ H� K2bm`2 /2 G2b#2b;m2X GǶ2Mi`QTB2 /Bzû`2MiB2HH2 /2 X 2bi /û}MB2
+QKK2-

H(X) := E[− HQ;( fX(X))].

aBKBH�B`2K2Mi MQmb TQmpQMb /û}MB` HǶ2Mi`QTB2 +QM/BiBQMM2HH2 /Bzû`2MiB2HH2-
.û}MBiBQM 9XkXk U1Mi`QTB2 +QM/BiBQMM2HH2VX

H(X | Y) := E[− HQ;( fX|Y(X))].

úi�#HBbbQMb +2`i�BM2b T`QT`Bûiûb 7QM/�K2Mi�H2b /2 HǶ2Mi`QTB2 /Bzû`2MiB2HH2X
h?ûQ`ĕK2 9XkXj US`QT`Bûiûb /2 HǶ2Mi`QTB2 /Bzû`2MiB2HH2VX
aQBi X mM2 p�`B�#H2 �Hû�iQB`2 bm` X ⊆ Rd (X ,B(X ),P)X

UBV aB X 2bi +QKT�+i2 �HQ`b H(X) ≤ HQ;(λ(X )) �p2+ û;�HBiû bB 2bi b2mH2K2Mi bB X ∼
Uni f (K)

UBBV aQBi v ∈ Rd- �HQ`b H(X + v) = H(X)X
UBBBV aQBi A mM2 K�i`B+2 BMp2`bB#H2- �HQ`b H(AX) = H(X) + HQ;(|A|)X
UBpV H(X) =

∑d
i=1 H(Xi | X1:i−1)

.ûKQMbi`�iBQMX UBVX LQmb �pQMb-

H(X)− HQ;(λ(X )) =

∫

X
− HQ;( 1

λ(X )pX(x)
)pX(x) /x.
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S�` HǶBMû;�HBiû /2 C2Mb2M- LQmb �pQMb /QM+-

H(X)− HQ;(λ(X )) ≥ − HQ;( 1

λ(X )

∫

K
/x) = 0.

�BMbB MQmb �pQMb H(X) ≤ HQ;(λ(K)) �p2+ û;�HBiû bB 2i b2mH2K2Mi bB pX = f rac1λ(K)X
UBBVX S�` +?�M;2K2Mi /2 p�`B�#H2- MQmb �pQMb

H(X + v) =
∫

X
− HQ;(pX(y− v))pX(y− v) /y.

S�` bm#biBimiBQM x = y− x- MQmb +QM+HmQMb-

H(X + v) = H(X).

UBBBVX S�` +?�M;2K2Mi /2 p�`B�#H2 MQmb �pQMb-

H(AX) =

∫

X
− HQ;(pX(A−1y |A|−1)pX(A−1)y) /y.

S�` bm#biBimiBQM x = A−1y- MQmb +QM+HmQMb

H(AX) = H(X) + HQ;(|A|).

UBpVX S�` +QM/BiBQMM2K2Mi `ûTûiû MQmb �pQMb-

pX = pXn|X1,...Xn−1 . . . pX2|X1
pX1 .

1M +QKTQb�Mi T�` H2 H� 7QM+iBQM x )→ − HQ;(x) 2i 2M BMiû;`�Mi T�` `�TTQ`i ¨ H� /2MbBiû pX

bm` X - MQmb Q#i2MQMb

H(X) =
d∑

i=1

H(Xi | X1:i−1).

!

*�H+mHQMb HǶ2Mi`QTB2 /Bzû`2MiB2HH2 /ǶmM p2+i2m` �Hû�iQB`2 :�mbbB2MX
1t2KTH2 9XkX9 U1Mi`QTB2 /Bzû`2MiB2HH2 /ǶmM p2+i2m` �Hû�iQB`2 :�mbbB2MVX

aQBi X ∼ Nd(µ,Σ)X LQmb �pQMb-

E[− HQ;( fX(X))] = −1

2
(d HQ;(2π)+ HQ;(|Σ|)+ 1

2

∫
(x−µ)1Σ−1(x−µ)

2tT( (x−µ)
1Σ−1(x−µ)

2 )

(2π)d/2|Σ| 12
dx

︸ ︷︷ ︸
:=I

.
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1M 2z2+im�Mi H2 +?�M;2K2Mi /2 p�`B�#H2 y = Σ−
1
2 (x−µ)- HǶBMiû;`�H2 2bi `û/mBi2 ¨

I =
∫

y1y
2tT(y1y)

(2π)
d
2

/x.

1M MQi�Mi Y ∼ Nd(0, I) 2i 2M miBHBb�Mi H� HBMû�`Biû 2i H� +v+HB+Biû /2 H� i`�+2- MQmb Q#i2MQMb-

I = i`(ENd(0,I)[y1y]) = ENd(0,I)[i`(yy1)] = i`(I) = d.

LQmb �pQMb /QM+-

H(X) =
1

2
(d HM(2πe) + HQ;(Σ)) M�ib, U9XkXRV

H(X) =
1

2
(d HQ;2(2πe) + HQ;(Σ)) #Bib. U9XkXkV

GǶ2Mi`QTB2 DQBMi2 /ǶmM2 :�mbbB2MM2 +`Qŗi /QM+ HBMû�B`2K2Mi �p2+ H� /BK2MbBQMM�HBiû BM/ûT2M@
/2KK2Mi /m +?QBt /2b KQK2MibX

AH 7�mi MQi2` [m2 H2 T�bb�;2 ¨ bmTTQ`i +QMiBMm �Hiĕ`2 H2 +QKTQ`i2K2Mi /2 HǶ2Mi`QTB2X �BMbB-
HǶ2Mi`QTB2 /Bzû`2MiB2HH2 MǶ2bi T�b Mû+2bb�B`2K2Mi TQbBiBp2X lM2 /Bbi`B#miBQM mMB7Q`K2 T2mi
�pQB` mM2 2Mi`QTB2 Mû;�iBp2 bB H2 pQHmK2 /2 bQM bmTTQ`i 2bi BM7û`B2m` ¨ mMX

9XkXyXRX *QKTQ`i2K2Mi T�i?QHQ;B[m2 /2 HǶ2Mi`QTB2 /Bzû`2MiB2HH2X

SQm` +QKT`2M/`2 /Ƕ�p�Mi�;2 HǶ2Mi`QTB2 /Bzû`2MiB2HH2 MQmb �HHQMb 2tTQb2` i`QBb 2t2KTH2b
T�i?QHQ;B[m2bX LQi`2 QTiB[m2 2bi [mǶ¨ H� `ûbQHmiBQM /2 +2b T�i?QHQ;B2b MQmb �m;K2Mi2`QMb
MQi`2 +QKT`û?2MbBQM /2 HǶ2Mi`QTB2 /Bzû`2MiB2HH2X
1t2KTH2 9XkX8 U1Mi`QTB2 /Bzû`2MiB2HH2 BM}MB2VX
*QMbB/û`QMb mM2 p�`B�#H2 �Hû�iQB`2 X bm` (R,B(R),P)- �p2+ mM2 /2MbBiû pX(x) =

1
x(HQ;(x))2 [x ≥ e]X
pX 2bi 2z2+iBp2K2Mi mM2 /2MbBiûX 1M 2z2i- ∀x ∈ [e, ∞), 1

x(HQ;(x))2 ≥ 0X .2 THmb-
∫ ∞

0
pX(x) /x =

∫ ∞

e

1

x(HQ;(x))2 /x

=

∫ ∞

1

1

y2
/y, T�` bm#biBimiBQM y = HQ;(x)

= 1.

GǶ2Mi`QTB2 /2 X bǶû+`Bi �T`ĕb bBKTHB}+�iBQMb +QKK2-

H(X) =

∫ ∞

e

1

x HQ;(x) /x +

∫ ∞

e

HQ;(HQ;(x)2)
x HQ;(x)2 /x.
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G2 i2`K2 ¨ /`QBi2 /2 H� bQKK2 ûi�Mi TQbBiB7- H2 i2`K2 ¨ ;�m+?2 /2pB2Mi mM2 #Q`M2 BM7û`B2m`2
¨ H(X)X P`-

∫ ∞

e

1

x HQ;(x) /x =

∫ ∞

1

1

y
/x, T�` bm#biBimiBQM y = HQ;(x)

= +∞.

GǶ2Mi`QTB2 /2 X 2bi /QM+ BM}MB2X
lM2 +QM/BiBQM bm{b�Mi2 TQm` ûpBi2` H� /Bp2`;2M+2 p2`b HǶBM}MB /2 HǶ2Mi`QTB2 /Bzû`2MiB2HH2

2bi mM b2+QM/ KQK2Mi #Q`MûX hQmi2 p�`B�#H2 �Hû�iQB`2 �v�Mi mM2 p�`B�M+2 }MB2 � mM2 2Mi`QTB2
/Bzû`2MiB2HH2 }MB2 T�` BMû;�HBiû /2 ?QH/2`X G2 b2+QM/ KQK2Mi /2 H� p�`B�#H2 �Hû�iQB`2 /2
HǶ2t2KTH2 9XkX8 /Bp2`;2RX

lM2 2Mi`QTB2 BM}MB2 MǶ2bi T�b Mû+2bb�B`2K2Mi /B{+BH2 ¨ BMi2`T`ûi2`X 1M 2z2i- mM
;`�M/ MQK#`2 /2 T?ûMQKĕM2b Q#b2`p�#H2b bQMi bmbT2+iûb /2 bmBp`2 /2b /Bbi`B#miBQMb �p2+
~m+im�iBQM BM}MB2, G2b `2iQm`b /Ƕ�+iB7b +Ƭiûb bm` H2b K�`+?ûb }M�M+B2`b U6�K�- RNe8V- UJ�M@
/2H#`Qi � q�HHBb- RNeNV H2b KBMBK� /2b MBp2�mt /m ~2mp2 /m LBH Qm H2 i2KTb 2Mi`2 HǶBM72+iBQM
2i HǶ�TT�`BiBQM /2b bvKTiƬK2b /m pB`mb /ǶBKKmMQ/û}+B2M+2 �+[mBb2 UJQ/2 � aH22K�M- kyyyVX

GǶ2Mi`QTB2 /Bzû`2MiB2HH2 T2mi- +2T2M/�Mi- T`2M/`2 mM2 p�H2m` �`#Bi`�B`2K2Mi Mû;�iBp2X
1t2KTH2 9XkXeX 1Mi`QTB2 /Bzû`2MiB2HH2 û;�H2 ¨ KQBMb HǶBM}MB
aQBi I mM2 mMBQM /ǶBMi2`p�HH2 {In}n>1 /BbDQBMi 2i /2 HQM;m2m` 1

n2 HQ;(n)2 X
G� HQM;m2m` /2 I 2bi }MB2X 1M 2z2i- | I |=

∑∞
i=2

1
n2 HQ;(n)2 X P`- H� bmBi2 n )→ 1

n2 HQ;(n2)

ûi�Mi bi`B+i2K2Mi /û+`QBbb�Mi2 TQm` n > 1 2i
∫∞
2

1
x2 HQ;(x)2 /x < ∞- �BMbB T�` +QKT�`�BbQM

bû`B2@BMiû;`�H2- MQmb �pQMb | I |< ∞X
aQBi s mM2 p�`B�#H2 �Hû�iQB`2 bm` (R,B(R)) i2HH2 [m2 b� 7QM+iBQM /2 /2MbBiû bQBi /QMMû2

T�`-

pX(x) =






n
c bB x ∈ In

0 bBMQM .

RaQM T`2KB2` KQK2Mi /Bp2`;2 �mbbB +2 [mB 2bi pû`B}�#H2 2M miBHBb�Mi HǶBMiû;`�iBQM T�` T�`iB2X

9e



SQm` [m2 pX bQBi mM2 /2MbBiû #B2M /û}MB2- BH 2bi Mû+2bb�B`2 [mǶ2HH2 BMiĕ;`2 � 1 bm` bQM /QK�BM2
/2 /û}MBiBQMX .ûi2`KBMQMb /QM+ H� p�H2m` /2 H� +QMbi�Mi2 /2 MQ`K�HBb�iBQM cX LQmb �pQMb-

∫

I
pX(x) /x =

∞∑

n=2

n
c

∫

In

/x

=
∞∑

n=2

n
c

1

n2 HQ;(n)

= c−1
∞∑

n=2

1

n HQ;(n)2 .

G� bmBi2 n )→ 1
n HQ;(n2)

ûi�Mi bi`B+i2K2Mi /û+`QBbb�Mi2 TQm` n > 1 2i
∫∞
2

1
x HQ;(x)2 /x < ∞-

2M+Q`2 mM2 7QBb- T�` +QKT�`�BbQM bû`B2@BMiû;`�H2- BH 2bi bm{b�Mi /QM+ [m2 c bQBi û;�H ¨
∑∞

n=2
1

n HQ;(n2)
X

GǶ2Mi`QTB2 /2 s- bǶû+`Bi /QM+-

H(X) = −
∞∑

n=2

∫

In

pX(x) HQ;(pX(x)) /x

= −
∞∑

n=2

n
c
HQ;(n

c
)|In| /x

= −c−1
∞∑

n=2

HQ;(n
c
)

1

n HQ;(n)2 /x

= c−1




HQ;(c)

∞∑

n=2

1

n HQ;(n)2
︸ ︷︷ ︸

=c

−
∞∑

n

1

n HQ;(n)





= c−1




HQ;(c)−

∞∑

n=1

1

n HQ;(n)
︸ ︷︷ ︸

=∞




.

= −∞.
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lM2 +QM/BiBQM bm{b�Mi2 TQm` ûpBi2` H2 +�b T�i?QHQ;B[m2 /ǶmM2 2Mi`QTB2 /Bzû`2MiB2HH2 �`@
#Bi`�B`2K2Mi Mû;�iBp2 2bi [m2 H� /2MbBiû bQBi #Q`Mû2X 1M 2z2i- bB TQm` iQmi pX(x) ≤ K TQm`
iQmi x ∈ X �HQ`b H(X) ≥ HQ;( 1K )X

9XjX 7@.Bp2`;2M+2
G2b f @/Bp2`;2M+2b BMi`Q/mBi2b T�` _ûMvB 2i �HX URNeRV bQMi /2b 7QM+iBQMb +QMp2t2b /QMM�Mi

mM2 MQiBQM /2 T`QtBKBiû 2Mi`2 H2b /Bbi`B#miBQMb /2 T`Q#�#BHBiûbX
.û}MBiBQM 9XjXRX f @.Bp2`;2M+2
aQBi P 2i Q /2mt K2bm`2b /2 T`Q#�#BHBiûb bm` mM 2bT�+2 T`Q#�#BHBb�#H2 (Ω,F)- i2H [m2 P5 QX
SQm` iQmi2 7QM+iBQM +QMp2t2 f : (0, ∞) )→ R- bi`B+i2K2Mi +QMp2t2 � 1- 2i i2HH2 [m2 f (1) = 0-
H� f @/Bp2`;2M+2 2Mi`2 P 2i Q 2bi /û}MB2 +QKK2-

Df (P || Q) = EQ[ f (dP/dQ)]. U9XjXRV

.�Mb HǶûp2Mim�HBiû H� K2bm`2 P MǶ2bi T�b �#bQHmK2Mi +QMiBMm2 T�` `�TTQ`i ¨ H� K2bm`2 Q-
BH 2bi bQm?�Bi�#H2 /ǶBMi`Q/mB`2 mM2 i`QBbBĕK2 K2bm`2- µ bm` (Ω,F) i2H [m2 P5 µ 2i Q5 µX
.�Mb +2 +�b@+B- H� /û}MBiBQM +B@/2bbmb T2mi@āi`2 ;ûMû`�HBbû2
.û}MBiBQM 9XjXkX f @/Bp2`;2M+2 ;ûMû`�HBb2 aQBi P- Q- mu /2b K2bm`2b /2 T`Q#�#BHBiûb bm` mM
2bT�+2 T`Q#�#BHBb�#H2 (Ω,F)- i2H [m2 P 5 µ 2i Q 5 µX SQm` iQmi2 7QM+iBQM +QMp2t2
f : (0, ∞) )→ R- bi`B+i2K2Mi +QMp2t2 ¨ 1- 2i i2HH2 [m2 f (1) = 0- H� f @/Bp2`;2M+2 2Mi`2 P 2i Q
2bi /û}MB2 +QKK2-

Df (P || Q) = EQ[ f (
dP/dµ
dQ/dµ

)]. U9XjXkV

1t2KTH2 9XjXj U.Bp2`;2M+2 /2 EmHH#H�+F@G2B#H2`VX 1M T`2M�Mi +QKK2 7QM+iBQM ;ûMû`�iBp2
/�Mb H� /û}MBiBQM9XjXR- u )→ u HQ; u- LQmb `2i`QmpQMb H� /Bp2`;2M+2 /2 EmHH#H�+F@G2B#H2`-

DKL(P || Q) = EQ[dP/dQ HQ; dP/dQ] = EP[HQ; dP/dQ]. U9XjXjV

1t2KTH2 9XjX9 Uo�`B�iBQM iQi�H2VX
1M T`2M�Mi +QKK2 7QM+iBQM ;ûMû`�iBp2 /�Mb H� /û}MBiBQM 9XjXR- u )→ 1

2 | u − 1 |- MQmb
Q#i2MQMb H� /Bp2`;2M+2 /2 p�`B�iBQM iQi�H2 UhoVX
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�2
�1

0
1

2

0.5

1

1.5

0

5
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µ

�

6B;X 9XRX G� /Bp2`;2M+2 /2 EmHH#H�+F@G2B#H2` 2Mi`2 /2mt ;�mbbB2MM2b mMBp�`Bû2bX

DTV(P || Q) =
1

2
EQ[|

dP
dQ − 1 |]

=
1

2
EQ[|

d | P−Q |
dQ ]

�bbmKQMb [m2 P 2i Q bQMi �#bQHmK2Mi +QMiBMm2b T�` `�TTQ`i ¨ mM2 K2bm`2 /2 G2b#2b[m2
bm` mM 2Mb2K#H2 X ⊆ RdX G� p�`B�iBQM iQi�H2 T2mi bǶ2tT`BK2` �HQ`b-

DTV(P || Q) =
1

2

∫
[| pX − qX |] /x

=
1

2
‖pX − qX‖L1(X ) .

G� /Bp2`;2M+2 iQi�H2 T2mi �mbbB āi`2 2tT`BKû2 +QKK2 H2 KBMBKmK KQv2M /2 /2mt /Bbi`B@
#miBQMb bm` H2m` /QK�BM2X 1M 2z2i- 2M û+`Bp�Mi

KBM(pX , qX) =
pX + qX

2
− | pX − qX |

2
,

2i 2M HǶBMiû;`�Mi bm` H2 /QK�BM2 /2b /2mt /2MbBiûb- MQmb �pQMb

DTV(P || Q) = 1−
∫

KBM(pX(x), qX(x)) /x.

*2ii2 7Q`K2 /2 H� p�`B�iBQM iQi�H2 MQmb T2`K2i /ǶBMi2`T`ûi2` H� /Bbi�M+2 /2 p�`B�iBQM iQi�H2
/�Mb H2 +�/`2 /2 HǶ2``2m` /2 "�v2b 2i /�Mb mM i2bi bi�iBbiB[m2 ¨ /2mt û+?�MiBHHQMbX
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1t2KTH2 9XjX8 U.Bp2`;2M+2 /2 S2�`bQM χ2VX 1M T`2M�Mi +QKK2 7QM+iBQM ;ûMû`�iBp2 /�Mb H�
/û}MBiBQM 9XjXR- u )→ (u− 1)2- MQmb Q#i2MQMb H� /Bp2`;2M+2 χ2-

Dχ2(P || Q) = EQ[(dP/dQ− 1)2]. U9XjX9V

1M �bbmK�Mi [m2 P 2i Q bQMi �#bQHmK2Mi +QMiBMm2b T�` `�TTQ`i ¨ mM2 K2bm`2 /2 G2b#2b[m2
bm` mM 2Mb2K#H2 X ⊆ RdX G� 7Q`KmH2 +B@/2bbQmb T2mi āi`2 /Ƕ�p�Mi�;2 bBKTHB}û2-

Dχ2(P || Q) =

∫

X

pX(x)2

qX(x)
/x− 1. U9XjX8V

úim/BQMb +2`i�BM2b T`QT`Bûiûb 7QM/�K2Mi�H2 /2b f @/Bp2`;2M+2X
h?ûQ`ĕK2 9XjXeX S`QT`Bûiûb ûHûK2Mi�B`2b /2b f @/Bp2`;2M+2 aQBi P 2i Q /2mt K2bm`2b /2 T`Q@
#�#BHBiû bm` HǶ2bT�+2 K2bm`�#H2 (X ,B(X ))X

UBV Df (P || QQ) ≥ 0 �p2+ û;�HBiû bB 2i b2mH2K2Mi bB P = QX
UBBV G� 7QM+iBQM (P,Q) )→ Df (P || Q) 2bi DQBMi2K2Mi +QMp2t2X
UBBBV aQBi (X ,B(X )) 2i (Y ,B(Y)) /2mt 2bT�+2b K2bm`�#H2bX aQBi PX mM2 K2bm`2 /2

T`Q#�#BHBiû bm` (X ,B(X ))X aQBi PY|X : (X ,B(X)) )→ 2i QY|X /2mt QTû`�i2m`b
/2 T`Q#�#BHBiû +QM/BiBQMM2HH2 UMQv�m J�`FQpB2MVX .û}MBbbQMb- PY = EPX [PY|X] 2i
QY = EPX [QY|X]X �HQ`b-

Df (PY || QY) ≤ Df (PY|X || QY|X).

.ûKQMbi`�iBQMX UBV
G� T`QT`Bûiû bmBi T�` mM2 bBKTH2 �TTHB+�iBQM /2 HǶBMû;�HBiû /2 C2Mb2MX 1M 2z2i-

Df (P || Q) = EQ[ f (dP/dQ)]

≥ f (EQ[dP/dQ])

= f (1) = 0.

UBBBV
S�` /û}MBiBQM MQmb �pQMb-

Df (PY || QY) = Df (EPX [PY|X] || QY = EPX [QY|X]).
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S�` HǶBMû;�HBiû /2 C2Mb2M-

Df (PY || QY) = EPX [Df (PY|x || QY|x)].

LQmb +QM+HmQMb �HQ`b-

Df (PY || QY) ≤ Df (PY|X || QY|X).

!
9XjXyXRX AMû;�HBiûb 7QM/�K2Mi�H2b 2i miBH2bX

LQmb ûi�#HB`QMb /�Mb H2 `2bi2 /2 +2ii2 b2+iBQM i`QBb BMû;�HBiûbX G� T`2KBĕ`2 2bi HǶBMû;�HBiû /m
i`�Bi2K2Mi /2b /QMMû2bX

LQmb miBHBb2`QMb +2ii2 /2`MBĕ`2 TQm` ûi�#HB` H� +ûHĕ#`2 BMû;�HBiû /2 SBMbF2`X 1M}M- MQmb
miBHBb2`QMb HǶBMû;�HBiû /2 SBMbF2` TQm` ûi�#HB` HǶBMû;�HBiû /2 :vƺ`} � p�M /2` J2mH2M URN3dV
[mB b2`� Mû+2bb�B`2 /�Mb H2 +?�TBi`2 e TQm` T`Qmp2` H2b T`QT`Bûiûb bi�iBbiB[m2 /2 JAL1X

*QKK2MÏQMb T�` HǶBMû;�HBiû /2 i`�Bi2K2Mi /2b /QMMû2bX
h?ûQ`ĕK2 9XjXdX BMû;�HBiû /2 i`�Bi2K2Mi /2b /QMMû2b

*QMbB/û`QMb mM +�M�H ;ûMû`�Mi Y b�+?�Mi X �m i`�p2`b /ǶmM2 +?�ŗM2 /2 J�`FQp /Bbi`B@
#m2 +QKK2 PY|X- MQmb �pQMb �HQ`b- aQBi (X ,B(X )) 2i (Y ,B(Y)) /2mt 2bT�+2b K2bm`�#H2bX
aQBi PX 2i QX /2mt K2bm`2b /2 T`Q#�#BHBiû bm` (X ,B(X ))X aQBi κY|X : (X ,B(X )) )→
(Y ,B(Y)) T`Q#�#BHBiû +QM/BiBQMM2HH2 UMQv�m J�`FQpB2MVX .û}MBbbQMb- T�` K�`;BM�HBb�iBQM
PY = EPX [κY|X] 2i QY = EQX [κY|X] /2mt K2bm`2 /2 T`Q#�#BHBiû bm` (Y ,B(Y))X �HQ`b-

Df (PY || QY) ≤ Df (PX || QX)

.ûKQMbi`�iBQMX
LQiQMb T�` PXY 2i QXY H2b mMB[m2b K2bm`2b /2 T`Q#�#BHBiû bm` (X × Y ,B(X )⊗ B(Y))- i2H
[m2 TQm` iQmi A ∈ B(X ) 2i B ∈ B(Y)-

PXY =

∫

A
κ(B | ·)/PX

QXY =

∫

A
κ(B | ·)/QX .

G2b /2mt K2bm`2b +B@/2bbmb bQMi /û}MB2b T�` H2 KāK2 QTû`�i2m` +QM/BiBQMM2HX LQmb- �pQMb
/QM+-

Df (PX || QX) = Df (PXY || QXY).
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S�` /û}MBiBQM /2 H� /û`Bpû2 /2 _�/QM@LBFQ/vK- MQmb b�pQMb [m2 dPY
dQY

2bi HǶmMB[m2 7QM+iBQM
/�Mb L1(QY) i2H [m2-

∀A ∈ B(Y), PY(A) = EQY [
dPY
dQY

A].

P`- MQmb b�pQMb [m2- TQm` iQmi A /�Mb B(Y)

EQY [EQX|Y [
dPXY
dQXY

] A] = EQA [EQX|Y [
dPXY
dQXY

A]] (T�` K2bm`�#BHiû /2 A)

= EQXY [
dPXY
dQXY

A]

= EPXY [ A]

= EPY [ A]

= PY(A).

�BMbB-
dPY
dQY

= EQX|Y [
dPXY
dQXY

].

S�` HǶBMû;�HBiû /2 C2Mb2M MQmb �pQMb-

EQX|Y [ f (
dPXY
dQXY

)] ≥ f (EQX|Y [
dPXY
dQXY

]).

= f (
dPY
dQY

).

1M BMiû;`�Mi T�` `�TTQ`i ¨ QY- MQmb Q#i2MQMb-

Df (PXY || QXY) = EQY [ f (
dPY
dQY

)].

LQmb +QM+HmQMb /QM+-

Df (PX || QX) ≥ Df (PY || QY)

!

GǶBMû;�HBiû /2 SBMbF2` #Q`M2 H� p�`B�iBQM iQi�H2 /2 /Bbi`B#miBQMb T�` H2m` /Bp2`;2M+2 /2
EmHH#H�+F@G2B#H2`X _2K�`[mQMb [m2 H2 +?QBt /ǶQTû`�i2m` +QM/BiBQMM2H /�Mb H2 i?ûQ`ĕK2 9XjXd
T2mi āi`2 /ûi2`KBMBbi2X 1M 2z2i- TQm` ûi�#HB` HǶBMû;�HBiû /2 SBMbF2` MQmb +QKK2M+2`QMb
T�` #BM�`Bb2` H2b /Bbi`B#miBQMbX AH bm{`� T�` H� bmBi2 /Ƕûi�#HB` H� #Q`M2 bm` /2b /Bbi`B#miBQMb
#BM�B`2bX
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h?ûQ`ĕK2 9XjX3 UAMû;�HBiû /2 SBMbF2`VX
aQBi PX 2i QX /2mt K2bm`2b /2 T`Q#�#BHBiû bm` H2 KāK2 2bT�+2 T`Q#�#BHBb�#H2 X ,B(X )X
�HQ`b MQmb �pQMb- √

1

2
DKL(PX || QX) ≥ DTV(P || Q)

.ûKQMbi`�iBQMX
aQBi Y = {0, 1}X *QMbi`mBbQMb HǶ2bT�+2 K2bm`�#H2 (Y , 2Y )X aQBi A mM ûHûK2Mi �`#Bi`�B`2 /2
B(X )X .û}MBbbQMb mM MQv�m J�`FQpB2M-

∀x ∈ X , ∀B ∈ 2Y , κ(B | x) =
∑

y∈B
A(x)δ1(y) + Ac(x)δ0(y). U9XjXeV

LQiQMb [m2 H2 MQv�m κ /ûT2M/ /m +?QBt /ǶûpĕM2K2Mi AX *2 MQv�m /û}MBi /2mt /Bbi`B#miBQMb
/2 T`Q#�#BHBiûb bm` (Y , 2Y )

∀B ∈ 2Y , PY(B) =
∑

y∈B

PX(A)δ1(y) + PX(Ac)δ0(y)

∀B ∈ 2Y , QY(B) =
∑

y∈B

QX(A)δ1(y) +QX(Ac)δ0(y).

ú+`BpQMb- p = PX(A) 2i q = QX(A)X PY 2i QY /û}MBbb2Mi /2b p�`B�#H2b �Hû�iQB`2b "2`MQmHHB
�p2+ T�`�Kĕi`2 p 2i q `2bT2+iBp2K2MiX S�` H2 i?ûQ`ĕK2 9XjXd- MQmb �pQMb-

DKL(PX || QX) ≥ DKL(PY || QY).

aQBi g(u) = u−p
p(1−p) /uX MQmb �pQMb-

∫ q

p
g(u) /u = p HQ;( p

q
) + (1− p) HQ;(1− p

1− q
).

�BMbB-
DKL(PY || QY) =

∫ q

p
g(u) /u.

*QMbB/û`QMb mM2 2tT�MbBQM /2 /2mtBĕK2 Q`/`2 /2 g �miQm` /2 p-

g(u) =
t− p

p(1− p)
+ R3(u)

R3(u) =
∫ u

p

1

k!
−24pt3 + 36pt2 − 24pt + 6p + 6t4

t4(t4 − 4t3 + 6t2 − 4t + 1
(u− t)3 /t.

�T`ĕb BMiû;`�iBQM- MQmb Q#i2MQMb-

DKL(PY || QY) ≥
1

p(1− p)

∫ q

p
(u− p) /u.
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1M MQi�Mi [m2 H� 7QM+iBQM p )→ p(1− p) �ii2BMi bQM K�tBKmK � p = 1
2 X LQmb Q#i2MQMb-

1

2
DKL(PY || QY) ≥ (p− q)2.

1M bm#biBim�Mi- p = PX(A) 2i q = QX(A)-
√

1

2
DKL(PY || QY) ≥| PX(A)−QX(A) | .

2i /QM+-
√

1

2
DKL(PX || QX) ≥| PX(A)−QX(A) | .

G2 +?QBt /2 HǶûpĕM2K2Mi A ûi�Mi �`#Bi`�B`2- 2M T`2M�Mi H2 bmT`2KmK bm` B(X )-
√

1

2
DKL(PX || QX) ≥ bmT

A∈B(X )
| PX(A)−QX(A) | .

LQmb +QM+HmQMb-

√
1

2
DKL(PX || QX) ≥ DTV(PX || QX)

!

1M miBHBb�Mi HǶBMû;�HBiû /2 SBMbF2` TQm` ûi�#HB` HǶBMû;�HBiû bmBp�Mi2 [mB b2`� miBHBb2` /�Mb
H2 +?�TBi`2 e ûi�#HB` H2b T`QT`Bûiûb bi�iBbiB[m2b /2 JAL1X
S`QTQbBiBQM 9XjXN U :vƺ`} � p�M /2` J2mH2M URN3dVVX
aQBi P 2i Q /2mt K2bm`2b /2 T`Q#�#BHBiû bm` HǶ2bT�+2 K2bm`�#H2 (X ,B(X ))- �HQ`b-

EP[| HQ;(
dP
dQ) |] ≤ DKL(P || Q) + 2

3
2

√
DKL(P || Q)

.ûKQMbi`�iBQMX
aQBi A = {x ∈ X | dP

dQ(x) ≥ 1}X LQmb TQmpQMb û+`B`2-

EP[| HQ;(
dP
dQ) |] = EP[HQ;(

dP
dQ) A] +EP[HQ;(

dP
dQ) Ac]

︸ ︷︷ ︸
=DKL(P||Q)

−EP[HQ;(
dP
dQ) Ac]+EP[− HQ;( dP

dQ) Ac].

LQmb Q#i2MQMb �HQ`b-

EP[| HQ;(
dP
dQ) |] = DKL(P || Q) + 2EP[HQ;(

dQ
dP ) Ac].
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S�` H� +QM+�pBiû /2 H� 7QM+iBQM x )→ log(x)- MQmb �pQMb-

EP[HQ;(
dQ
dP ) Ac] ≤ EP[| HQ;(

dQ
dP )− 1 |]

︸ ︷︷ ︸
=DTV(P||Q)

.

S�` H2 i?ûQ`ĕK2 9XjX3- MQmb +QM+HmQMb-

EP[| HQ;(
dP
dQ) |] ≤ DKL(P || Q) + 2

3
2

√
DKL(P || Q)

!

9XjXRX h`�Mb7Q`K�iBQM /2 62M+?2H@G2;2M/`2

G2 bmD2i /2b `2T`ûb2Mi�iBQMb /m�H2b /2b f @/Bp2`;2M+2 2bi +2Mi`�H TQm` HǶûH�#Q`�iBQM /2 MQi`2
2biBK�i2m` /2 HǶBM7Q`K�iBQM Kmim2HH2X 1M 2z2i- HǶ�TTHB+�iBQM /ǶmM2 i`�Mb7Q`K�iBQM /2 62M+?2H
�m ;ûMû`�i2m` f - T2`K2i /2 i`�Mb7Q`K2` mM T`Q#HĕK2 /Ƕ2biBK�iBQM /2 `�iBQ /2 p`�Bb2K#H�M+2
2M mM T`Q#HĕK2 /ǶQTiBKBb�iBQMX SQm` +2 7�B`2- BH 2bi Mû+2bb�B`2 /2 b2 7�KBHB�`Bb2` �p2+ H�
i`�Mb7Q`K�iBQM /2 62M+?2H@G2;2M/`2X

AMimBiBp2K2Mi- TQm` /2b 7QM+iBQMb bm{b�KK2Mi HBbb2b- H� i`�Mb7Q`Kû2 /2 G2;2M/`2 /2 H�
7QM+iBQM f : R→ R- MQiû2 f ∗- 2bi HǶmMB[m2 7QM+iBQM- ¨ mM2 +QMbi�Mi2 �//BiBp2 T`ĕb- i2HH2 [m2
H2b /û`Bpû2b /2b 7QM+iBQMb f 2i f ∗ bQMi BMp2`b2b HǶmM2 /2 HǶ�mi`2-

D f = (D f ∗)−1 U9XjXdV

.û}MBiBQM 9XjXRyX h`�Mb7Q`K2 /2 G2;2M/`2
aQBi I ⊆ R- f : I → R- H� i`�Mb7Q`Kû2 /2 G2;2M/`2 /2 f - 2i H� 7QM+iBQM f ∗ : I∗ → R i2H [m2-

∀x∗ ∈ I∗, f ∗(x∗) = bmT
x∈I

x∗x− f (x) U9XjX3V

�p2+ I∗ = {x∗ ∈ R | bmTx∗∈I x∗x− f (x) < ∞}
h?ûQ`ĕK2 9XjXRRX S`QT`Bûiûb 7QM/�K2Mi�H2b /2 H� i`�Mb7Q`Kû2 /2 G2;2M/`2
aQBi

UBV G� i`�Mb7Q`Kû2 /2 G2;2M/`2 /ǶmM2 7QM+iBQM +QMp2t2 2bi +QMp2t2
UBBV G� h`�Mb7Q`K�iBQM /2 G2;2M/`2 2bi QTû`�iBQM BMpQHmiBp2- �mi`2K2Mi /Bi-

f ∗∗ = f
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9XjXRXRX h`�Mb7Q`K�iBQM /2 62M+?2H@G2;2M/`2X
G� i`�Mb7Q`K�iBQM /2 62M+?2H@G2;2M/`2 T2mi āi`2 +QKT`Bb2 +QKK2 mM2 ;ûMû`�HBb�iBQM /2 H�
i`�Mb7Q`K�iBQM /2 G2;2M/`2 �mt 2bT�+2b /2 "�M�+?X

9XjXkX _2T`ûb2Mi�iBQM /m�H /2b f @/Bp2`;2M+2b

LQmb T`ûb2Mi2`QMb B+B /2mt �TT`Q+?2b TQm` Q#i2MB` H� `2T`ûb2Mi�iBQM /m�H2 /2b f @
/Bp2`;2M+2X G� T`2KBĕ`2 miBHBb2`� H� i`�Mb7Q`K�iBQM /2 G2;2M/`2 /m ;ûMû`�i2m` f X G� b2+QM/2
miBHBb2`� H� i`�Mb7Q`K�iBQM /2 62M+?2H@G2;2M/`2 /2 H� 7QM+iBQMM2HH2-

L1(Q)→ R

r )→ Df ,Q(r) := E f ,Q[ f (r)].

GǶB/û2 2bi /2 `û�HBb2` mM2 f @/Bp2`;2M+2 +QKK2 �;Bbb�Mi bm` HǶ2bT�+2 /2 HǶ2Mb2K#H2 /2b /û`Bpû2b
/2 _�/QM@LBFQ/mK /2 QX

*QKK2MÏQMb T�` T`ûb2Mi2` H� T`2KBĕ`2 �TT`Q+?2X
h?ûQ`ĕK2 9XjXRkX _2T`ûb2Mi�iBQM /m�H2 /2b f @.Bp2`;2M+2 UG2;2M/`2V
aQBi P 2i Q /2mt K2bm`2b /2 T`Q#�#BHBiû bm` mM 2bT�+2 T`Q#�#BHBb�#H2 (Ω,F)- i2H [m2H P5 QX
aQBi T 2M 2Mb2K#H2 HQ+�H2K2Mi +QMp2t2 /2 7QM+iBQMb K2bm`�#H2 T : Ω )→ R +QMi2M�Mi
f ′(dP/dQ)X LQmb b�pQMb �HQ`b [m2 iQmi2 f @/Bp2`;2M+2 2Mi`2 P 2i Q T2mi āi`2 `2T`ûb2Mi2
+QKK2-

Df (P || Q) = bmT
T∈T

EP[T]−EQ[ f ∗ ◦ T]

.ûKQMbi`�iBQMX
1M miBHBb�Mi H2 7�Bi [m2 f ∗∗ = f - MQmb �pQMb-

Df (P || Q) = EQ[ bmT
t∈dom( f ∗)

t
dP
dQ − f ∗(t)].

X S�` HǶBMû;�HBiû /2 C2Mb2M 2i H� HBMû�`Biû /2 HǶ2bTû`�M+2- MQmb Q#i2MQMb-

Df (P || Q) ≥ bmT
T∈T

EP[T]−EQ[ f ∗ ◦ T]

G� i`�Mb7Q`Kû2 /2 G2;2M/`2 /ǶmM2 7QM+iBQM +QMp2t2 ûi�Mi +QMp2t2- H� 7QM+iBQMM2HH2 T )→
L[T] := EP[T]− EQ[ f ∗ ◦ T] 2bi +QM+�p2 2M TX G� /û`Bpû2 /2 :�i2�mt /m 7QM+iBQMM2HH2 L-
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b�iBb7�Bi H2b +QM/BiBQMb /2 T`2KB2` Q`/`2 bB 2i b2mH2K2Mi bB-

∀H ∈ T , dF(T; H) = 0

d
dα

L(T +αH)|α=0 = 0

EQ[H(
dP
dQ − ( f ∗)

′ ◦ T)] = 0

GǶû;�HBiû /2p�Mi i2MB` TQm` iQmi H ∈ T - H� +QM/BiBQM /2 T`2KB2` Q`/`2 MǶ2bi b�iBb7�Bi2 [m2 bB
2i b2mH2K2Mi bB-

( f ∗)
′ ◦ T =

dP
dQ

GǶBMp2`b2 /2 H� /û`Bpû2 /2 H� i`�Mb7Q`Kû2 /2 G2;2M/`2- ûi�Mi H� /û`Bpû2 /2 H� 7QM+iBQM- 2i
T�` H� +QM+�pBiû /2 H� 7QM+iBQMM2HH2 T )→ L[T] MQmb �pQMb /QM+-

Topt = f
′
(

dP
dQ)

!

liBHBbQMb H2 i?ûQ`ĕK2 9XjXRk TQm` /û`Bp2` H2b `2T`ûb2Mi�iBQMb /m�H2b /2 /Bp2`;2M+2b /2
EmHH#H�+F@G2B#H2` 2i /2 S2�`bQMX

S`ûb2MiQMb K�BMi2M�Mi H� b2+QM/2 �TT`Q+?2X
h?ûQ`ĕK2 9XjXRj U_2T`ûb2Mi�iBQM /m�H2 /2b f @.Bp2`;2M+2VX aQBi P 2i Q /2mt K2bm`2b /2
T`Q#�#BHBiû bm` mM 2bT�+2 K2bm`�#H2 (X ,B(R))- iQmi2 f @/Bp2`;2M+2 �/K2i H� `2T`ûb2Mi�iBQM
bmBp�Mi2-

Df (P || Q) = bmT
T∈L∞(Q)

EP[T]− D∗r,Q(T)

.ûKQMbi`�iBQMX
1M `�TT2H�Mi [m2 L1(Q)∗ = L∞(Q)- MQmb TQmpQMb 2tT`BK2` H� +QMDm;mû2 +QMp2t2 /2 Df ,Q

T�`-

D f ,Q∗ = bmT
r∈L1(Q)

EQ[rT]− Df ,Q(r).

S�` H2 h?ûQ`ĕK2 /2 62M+?2H@JQ`2�m U"Q`r2BM � G2rBb- kyRyV-

∀r ∈ L1(Q), Df ,Q(r) = D∗∗f ,Q(r)

= bmT
T∈L∞(Q)

EQ[rT]− D∗f ,Q(T).

!
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1t2KTH2 9XjXR9 U_2T`ûb2Mi�iBQM /m�H2b T�` i?ûQ`ĕK2 9XjXRjVX UBV .Bp2`;2M+2 /2 EmHH#H�+F@
G2B#H2`
aQBi P 2i Q /2mt K2bm`2b /2 T`Q#�#BHBiû bm` HǶ2bT�+2 K2bm`�#H2 (X ,B(X ))X 6BtQMb T ∈
L∞(Q) 2i u )→ f (u) = u HQ;(u)X 6Q`KQMb H� 7QM+iBQMM2HH2-

L1(Q)→ Rr )→ L[r] := EQ[rT]−EQ[r HQ;(r)]

G� /û`Bpû2 /2 :�i2�mt /2 H� 7QM+iBQMM2HH2 L bǶû+`Bi-

∀h ∈ L1Q, dL(r; h) =
dL[r +αh]

dα
|α=0

= EQ[h(T− 1− HQ;(r))].

S�` H� +QM+�pBiû /2 H� 7QM+iBQMM2HH2 r )→ L[r]- BH 2bi bm{b�Mi2 /2 pû`B}2` H2b +QM/BiBQMb /2
T`2KB2` Q`/`2 TQm` K�tBKBb2` LX dL(r; h) = 0 TQm` iQmi h ∈ L1(Q) bB 2i b2mH2K2Mi bB-

(T− 1− HQ;(r)) = 0.

LQmb Q#i2MQMb /QM+-
ropt = eT−1

LQmb �pQMb /QM+-

∀ ∈ L∞(Q), D∗f ,Q(T) = L[ropt]

= EQ[TeT−1]−EQ[eT−1 HQ;(eT−1)]

= EQ[eT−1].

S�` H2 i?ûQ`ĕK2 9XjXRj- SQm` +QM+Hm`2- H� `2T`ûb2Mi�iBQM /m�H2 /2 H� /Bp2`;2M+2 /2 EmHH#H�+F@
G2B#H2` 2bi /QMMû2 T�`-

DKL(P || Q) = Df ,Q(
dP
dQ)

= bmT
T∈L∞(Q)

EP[T]−EQ[eT−1].

UBBV /Bp2`;2M+2 /2 S2�`bQM χ2X
LQmb T`Q+û/QMb /2 K�MBĕ`2 bBKBH�B`2 � UBVX 6BtQMb f (u) = (u− 1)2X �HQ`b H� 7QM+iBQMM2HH2 L

bǶû+`Bi-
∀r ∈ L1(Q), L(r) = EQ[rT]−EQ[(r− 1)2].
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a� /û`Bpû2 /2 :�i2�mt bǶû+`Bi-

∀h ∈ L1(Q), dL(r; h) = EQ[h(T− 2(r− 1))].

1M+Q`2 mM2 7QBb T�` H� +QM+�pBiû /2 r )→ L[r]- BH 2bi bm{b�Mi /2 pû`B}2` H2b +QM/BiBQMb /2
T`2KB2` Q`/`2- MQmb Q#i2MQMb �HQ`b-

ropt =
T
2
+ 1

LQmb �pQMb /QM+-

∀T ∈ L∞(Q), D∗f ,Q(T) = EQ[
T2

4
+ T]

LQmb +QM+HmQMb �HQ`b

Dχ2(P || Q) = Df ,Q(
dP
dQ)

= bmT
T∈L∞(Q)

EP[T]−EQ[
T2

4
+ T].

9X9X _2T`ûb2Mi�iBQMb /Bi2b /2 .QMbF2`@o�`�/?�M
LQmb T`ûb2MiQMb B+B mM2 /Bzû`2Mi2 `2T`ûb2Mi�iBQM /m�H2 /2 H� /Bp2`;2M+2 /2 EmHH#H�+F@

G2B#H2`- /ûMQKKû2 `2T`ûb2Mi�iBQM /2 .QMbF2`@o�`�/?�MX amBi2 ¨ [mQB MQmb T`Q+û/2`QMb
¨ K2ii`2 2M 2t2`;m2 H2b `2H�iBQMb 2Mi`2 H2b `2T`ûb2Mi�iBQMb /m�H2b /2 .QMbF2`@o�`�/?�M 2i
+2HH2b /2b f @.Bp2`;2M+2 �p�Mi /2 ;ûMû`�HBb2` H� `2T`ûb2Mi�iBQM /2 .QMbF2`@o�`�/?�M ¨ iQmi2
f @.Bp2`;2M+2X

9X9XRX _2T`ûb2Mi�iBQM /2 .QMbF2`@o�`�/?�M

G� `2T`ûb2Mi�iBQM /2 .QMbF2`@o�`�/?�M 2bi mM2 `2T`ûb2Mi�iBQM /m�H2 /2 H� /Bp2`;2M+2
/2 EmHH#�+F@G2B#H2` TQTmH�B`2 /�Mb H� HBiiû`�im`2 /2b H�`;2b /ûpB�iBQMb .QMbF2` � o�`�/?�M
URN3jVX
h?ûQ`ĕK2 9X9XRX _2T`ûb2Mi�iBQM /2 .QMbF2`@o�`�/?�M /2 H� /Bp2`;2M+2 /2 EmHH#H�+F@G2B#H2`
aQBi P 2i Q /2mt K2bm`2b /2 T`Q#�#BHBiû bm` H2 KāK2 2bT�+2 K2bm`�#H2- (Ω,F)X aQBi T =

{T : Ω )→ R | EQ[2tT ◦T] < ∞}X LQmb �pQMb �HQ`b-

DKL(P || Q) = bmT
T∈T

EP[T]− HQ;EQ[eT]
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.ûKQMbi`�iBQMX *QMbB/û`QMb H� 7QM+iBQMM2HH2-

T )→ R

T )→ L[T] := EP[T]− HQ;EQ[eT].

S�` +QMbi`m+iBQM /2 T MQmb b�pQMb [m2 HQ; dP/dQ ∈ T X �BMbB- MQmb �pQMb-

bmT
T∈T

L[T] ≥ L[dP/dQ]

= EP[HQ; dP/dQ]

= DKL(P || Q).

LQmb TQmpQMb �mbbB û+`B`2-

L[T] = EP[T]− HQ;EQ[eT]

= EP[HQ;
eT

EQ[eT]
].

.û}MBbbQMb mM2 K2bm`2 bm` (Ω,F)- Q̃(A) := EQ[
eT

EQ[eT] A]- LQmb �pQMb /QM+

L[T] = EP[HQ; dP/dQ dQ̃P/d]

= DKL(P || Q)− DKL(Q̃ || P).

S�` H� MQM@Mû;�iBpBiû /2 H� /Bp2`;2M+2 /2 EmHH#H�+F@G2B#H2`- MQmb Q#i2MQMb

∀T ∈ T , L[T] ≤ DKL(P || Q)

GǶBMû;�HBiû +B@/2bbmb ûi�Mi pû`B}û2 TQm` iQmi T ∈ T - MQmb +QM+HmQMb

DKL(P || Q) ≥ bmT
T∈T

EP[T]− HQ;EQ[eT]

!

_2K�`[mQMb [m2 T�` mM2 �TTHB+�iBQM /2 HǶBMû;�HBiû log(x) ≤ x − 1 H� `2T`ûb2Mi�@
iBQM /2 /m�H2 /2 EmHH#H�+F@G2B#H2` 2bi TQm` iQmi TQBMi bmTû`B2m`2 ¨ +2HH2 Q#i2Mm2 /�Mb
HǶ2t2KTH2 9XjXR9X

ey



9X9XkX :ûMû`�HBb�iBQM �mt 7@/Bp2`;2M+2b

G� `2T`ûb2Mi�iBQM /2 .QMbF2`@o�`/?�M TQm` H� /Bp2`;2M+2 /2 EmHH#�+F@G2B#H2` T2mi āi`2
;ûMû`�HBbû2 ¨ HǶ2Mb2K#H2 /2b f @/Bp2`;2M+2X _m/2`K�M 2i �HX UkyRkV KQMi`2 [mǶ2M +QMbB/û`�Mi
H2b f @/Bp2`;2M+2 +QKK2 mM2 7�KBHH2 /2 7QM+iBQMM2HH2 �;Bbb�Mi bm` H2b /û`Bpû2b /2 _�/QM@
LBFQ/vK /ǶmM2 K2bm`2 /2 T`Q#�#BHBiû }t2- BH 2bi TQbbB#H2 /ǶQ#i2MB` /2b `2T`ûb2Mi�iBQMb �M�@
HQ;m2b ¨ +2HH2 /2 .QMbF2`@o�`�/?�M 2M `2bi`2B;M�Mi HǶ�+iBQM /2 H� /Bp2`;2M+2 �m bQmb@2Mb2K#H2
/2b /û`Bpû2b /2 _�/QM@LBFQ/vK [mB bǶBMiĕ;`2 ¨ mMX

GǶ2t2KTH2 bmBp�Mi KQMi`2 +QKK2Mi Q#i2MB` H� `2T`ûb2Mi�iBQM /2 .QMbF2`@o�`�/?�M TQm`
H� /Bp2`;2M+2 /2 EmHH#�+F@G2B#H2` 2M miBHBb�Mi H2 i?ûQ`ĕK2 9X9XR
1t2KTH2 9X9Xk U_2T`ûb2Mi�iBQM `2bi`2BMi2 /2 H� /Bp2`;2M+2 /2 EmHH#H�+F@G2B#H2`VX aQBi P 2i
Q /2mt K2bm`2b /2 T`Q#�#BHBiû bm` HǶ2bT�+2 K2bm`�#H2 (X ,B(X ))X 6BtQMb T ∈ L∞(Q) 2i
u )→ f (u) = u HQ;(u)X aQBi L = {r ∈ L1(Q) | EQ[r] = 1}X

6Q`KQMb H� 7QM+iBQMM2HH2 L : L1(Q)→ R- /û}MB2 T�`-

L[r] :=






EQ[rT]−EQ[r HQ;(r)], bB T ∈ L

∞, bBMQM.

LQiQMb T�`- D∗f ,Q|L : L → R H2 /m�H2 `2bi`2BMi � RX 1M miBHBb�Mi H2b KmHiBTHB+�i2m`b /2
G�;`�M;2 UG�;`�M;2- Rd33V- MQmb û+`BpQMb-

∀r ∈ L1(Q), L̃[r] := L[r] + λ (1−EQ[r]).

G� /û`Bp2 /2 :�i2�mt /2 H� 7QM+iBQMM2HH2 L bǶû+`Bi-

∀h ∈ L1Q, dL̃(r; h) =
dL[r +αh]

dα
|α=0

= EQ[h(T− 1− HQ;(r)− λ)].

dL̃(r; h) = 0 TQm` iQmi h ∈ L1(Q) bB 2i b2mH2K2Mi bB-

(T− 1− HQ;(r)− λ) = 0.

LQmb Q#i2MQMb /QM+-
ropt = eT−1−λ.

S�` H� +QMi`�BMi2 /û}MB2 T�` L- H2 KmHiBTHB+�i2m` /2 G�;`�M;2 λ pû`B}2-

1 + λ = HQ;(EQ[eT]).

eR



S�` H� +QM+�pBiû /2 H� 7QM+iBQMM2HH2 r )→ L̃[r]- MQmb �pQMb-

∀r ∈ L, D∗f ,Q(r)|L = (1 + λ) e−(1+λ)EQ[eT]
︸ ︷︷ ︸

=1

= HQ;(EQ[eT])

LQiQMb [m2 TQm` ∀r ∈ L1(Q) \ L, D∗f ,Q(r) = −∞X
1M T`2M�Mi- r = dP

dQ - MQmb `2i`QmpQMb H� `2T`ûb2Mi�iBQM /2 .QMbF2`@o�`�/?�M-

DKL(P || Q) = bmT
T∈L∞(Q)

EQ[T]− D∗f ,Q(
dP
dQ)|L

= bmT
T∈L∞(Q)

EQ[T]− HQ;(EQ[eT])

GǶmM /2b BMiû`āib /ǶmiBHBb2` /2b +QMi`�BMi2b bm` HǶ2bT�+2 /2b /û`Bpû2b /2 _�/QM@LBFQ/vK
/ǶmM2 K2bm`2 }t2 2bi /2 T2`K2ii`2 /Ƕ2M+Q/2` mM � T`BQ`B /B`2+i2K2Mi /�Mb H� T2`i2 Q#i2Mm2
T�` H� `2T`ûb2Mi�iBQM /m�H2 /2 H� /Bp2`;2M+2X 1M 2z2i- G� `2T`ûb2Mi�iBQM /2 .QMbF2`@o�`/?�M
2M+Q/2 HǶ?vTQi?ĕb2 [m2 H� /û`Bp2 /2 _�/QM@LBFQ/vK 2bi û;�H2 2M KQv2MM2 ¨ R bQmb QX 1M
`û�HBiû- +2i � T`BQ`B 2bi M�im`2HH2K2Mi pû`B}û /�Mb H� 7Q`KmH�iBQM T`BK�H2 /2 H� /Bp2`;2M+2 /2
EmHH#�+F@G2B#H2`X *2 [mB KĕM2 ¨ HǶû;�HBiû /2b `2T`ûb2Mi�iBQMb /m�H2b /2b 7@/Bp2`;2M+2b 2i /2
.QMbF2`@o�`�/?�M �p2+ H� `2T`ûb2Mi�iBQM T`BK�H2X
LQmb TQmpQMb- +2T2M/�Mi- �HH2` THmb HQBM 2i /û}MB` /Ƕ�mi`2 � T`BQ`B bm` HǶ2bT�+2 /2 /û`Bp2
/2 _�/QM@LBFQ/vKX aQmb HǶ�M;H2 /ǶmM T`Q#HĕK2 /2 +H�bbB}+�iBQM- +2+B `2pB2Mi ¨ bTû+B}2`
/2b � T`BQ`B bm` H2 `�iBQ /2 p`�Bb2K#H�M+2 /2b /Bbi`B#miBQMb ¨ bûT�`2`X J�H?2m`2mb2K2Mi-
/�Mb #B2M /2b +�b- H2b +QMi`�BMi2b bmTTHûK2Mi�B`2b KĕM2Mi ¨ /2b 7Q`K2b MQM@i`�+i�#H2b /2 H�
`2T`ûb2Mi�iBQM /m�H2 `2bi`2BMi2 /2 H� /Bp2`;2M+2X S�` 2t2KTH2- mM � T`BQ`B `�BbQMM�#H2 b2`�Bi
/ǶBKTQb2` [m2 H2 `�iBQ /2 p`�Bb2K#H�M+2 � mM2 ûM2`;B2 #Q`M2- EQ[r2] ≤ K < ∞X .�Mb +2 +�b
+B- H2 /m�H2 `2bi`2BMi /2 H� /Bp2`;2M+2 EmHH#�+F@G2B#H2` MǶ2bi T�b i`�+i�#H2X
GǶ2t2KTH2 bmBp�Mi KQMi`2- 2M `2p�M+?2- [m2 H� /Bp2`;2M+2 /2 S2�`bQM Qz`2 THmb /2 TQbbB#BHBiûbX
1t2KTH2 9X9Xj U_2bi`B+iBQM �p2+ H� /Bp2`;2M+2 /2 T2�`bQM χ2VX
LQmb �HHQMb miBHBb2` H� /Bp2`;2M+2 /2 S2�`bQM χ2 TQm` 2M+Q/2` HǶ� T`BQ`B [m2 H2 `�iBQ /2
p`�Bb2K#H�M+2 2Mi`2 P 2i Q � mM MBp2�m /ǶûM2`;B2 /QMMûX

aQBi P 2i Q /2mt K2bm`2b /2 T`Q#�#BHBiû bm` HǶ2bT�+2 K2bm`�#H2 (X ,B(X ))X 6BtQMb
T ∈ L∞(Q)- u )→ f (u) = (u− 1)2- 2i K > 0X aQBi L = {r ∈ L1(Q) | 2i EQ[r2] = K}X

ek



6Q`KQMb H� 7QM+iBQMM2HH2 L : L1(Q)→ R- /û}MB2 T�`-

L[r] :=






EQ[rT]−EQ[(r− 1)2], bB T ∈ L

∞, bBMQM.

G2 G�;`�M;B2M +Q``2bTQM/�Mi �m T`Q#HĕK2 +B@/2bbQmb bǶû+`Bi-

L̃[r] := L[r] + λ2(EQ[r2]− K).

G� /û`Bp2 /2 :�i2�mt /2 L̃ 2bi /QMMû2 T�`

∀h ∈ L1(Q), dL̃(r, h) = EQ[h(T− 2(r− 1)− 2 λr)].

G� +QM/BiBQM /2 T`2KB2` Q`/`2 2bi pû`B}û2 T�`-

ropt =
T + 2

2+ 2λ

G2 KmHiBTHB+�i2m` /2 G�;`�M;2 λ pû`B}2 /QM+-

K =
(T + 2)2

(2λ+ 2)2

LQmb �pQMb /QM+- λ = K−
1
2 (T

2 + 1− K
1
2 ) G� +QMDm;mû2 /2 H� /Bp2`;2M+2 `2bi`2BMi2 2bi /QM+

/QMMû2 T�`-

D∗f ,Q(T)|L =
√

KEQ[T] + 2
√

K− K− 1

X 1M +?QBbBbb�Mi- r = dP
dQ - MQmb Q#i2MQMb-

Dχ2(P || Q)|L = bmT
T∈L∞(Q)

EP[T]−
√

KEQ[T]− 2
√

K + K + 1.

AH 2bi `2K�`[m�#H2 [m2 H� /Bp2`;2M+2 χ2 `2bi`2BMi2 ¨ mM MBp2�m /ǶûM2`;B2 1 /2pB2Mi 2t�+i2K2Mi
mM KQ/ĕH2 /ǶûM2`;B2 UG2*mM 2i �HX- kyyeVX

9X8X AM7Q`K�iBQM Kmim2HH2
.�Mb +2ii2 b2+iBQM MQmb /û}MB`QMb HǶBM7Q`K�iBQM Kmim2HH2 �BMbB [m2 b2b `2T`ûb2Mi�iBQMb

/m�H2b [mB +QMbiBim2Mi H2b TBĕ+2b K�ŗi`2bb2b /2 JAL1X G2b `ûbmHi�ib /2 +2ii2 b2+iBQM- /û+QmH2Mi
M�im`2HH2K2Mi /2b b2+iBQMb T`û+û/2Mi2b /2 +2 +?�TBi`2X

ej



9X8XRX .û}MBiBQM 2i T`QT`Bûiûb

LQmb /û}MB`QMb HǶBM7Q`K�iBQM Kmim2HH2 2M i2`K2b /2 /Bp2`;2M+2 /2 EmHH#H�+F@G2B#H2`k

.û}MBiBQM 9X8XRX AM7Q`K�iBQM Jmim2HH2 T�` /Bp2`;2M+2 aQBi X 2i Y /2mt p2+i2m`b �Hû�iQB`2b
bm` (Z ,B(Z),P) i2H [m2 {(x, x) ∈ Z} ∈ B(Z)X LQmb /û}MBbbQMb HǶBM7Q`K�iBQM Kmim2HH2 2Mi`2
X 2i Y +QKK2-

URV

I(X;Y) := DKL(PXY || PX ⊗ PY)

G� /û}MBiBQM T2`K2i /2 +QKT`2M/`2 HǶBM7Q`K�iBQM Kmim2HH2 +QKK2 mM b+Q`2 /2 7Q`+2 /2
/ûT2M/�M+2 2Mi`2 /2mt p�`B�#H2b �Hû�iQB`2b X 2i YX 1M 2z2i- bB H2b p�`B�#H2b X 2i Y bQMi
BM/ûT2M/�Mi2b �HQ`b PXY = PX ⊗ PY 2i /QM+ H� /Bp2`;2M+2 /2 EmHH#H�+F@G2B#H2` /2pB2Mi
MmHH2X

.2 bBKTH2b K�MBTmH�iBQMb �H;û#`B[m2b bm` H� /û}MBiBQM 9X8XR MQmb T2`K2ii2Mi /2 iB`2` /2b
7Q`K2b û[mBp�H2Mi2b /2 HǶBM7Q`K�iBQM Kmim2HH2X
.û}MBiBQM 9X8XkX .û}MBiBQMb û[mBp�H2Mi2b /2 HǶBM7Q`K�iBQM Jmim2HH2

aQBi X 2i Y /2mt p2+i2m`b �Hû�iQB`2b bm` (Z ,B(Z),P)X .2 THmb- MQmb bmTTQbQMb [m2
PXY << λX LQmb �pQMb /QM+-

UBV I(X;Y) := H(X)− H(X | Y)

UBBV I(X;Y) := H(Y)− H(Y | X)

UBBBV I(X;Y) := H(X) + H(Y)− H(X, Y)

*QMbB/û`QMb +2`i�BM2b T`QT`Bûiûb 7QM/�K2Mi�H2b /2 HǶBM7Q`K�iBQM Kmim2HH2X
h?ûQ`ĕK2 9X8XjX S`QT`Bûiûb /2 HǶBM7Q`K�iBQM Kmim2HH2 aQBi X 2i Y /2mt p�`B�#H2b �Hû�iQB`2b
bm` (Z ,B(Z),P)X

UBV GǶBM7Q`K�iBQM Kmim2HH2 2bi MQM@Mû;�iBp2, I(X;Y) ≥ 0X
UBBV X 2i Y bQMi BM/ûT2M/�Mi2b bB 2i b2mH2K2Mi bB I(X;Y) = 0X
UBBBV GǶBM7Q`K�iBQM Kmim2HH2 2bi bvKûi`B[m2, I(X;Y) = I(Y; X)X

k*2+B MǶ2bi T�b H� /û}MBiBQM H� THmb ;ûMû`�H2 /2 HǶBM7Q`K�iBQM Kmim2HH2X G� /û}MBiBQM H� THmb ;ûMû`�H2
2bi /m2 ¨ EQHKQ;Q`Qp U*Qp2` � h?QK�b- kyRkVX 1HH2 miBHBb2 mM bmT`2KmK /2 T�`iBiBQMb /2b bmTTQ`ib /2b
p�`B�#H2b ¨ +QKT�`2`X 1HH2 � HǶ�p�Mi�;2 /ǶûpBi2` iQmi T`Q#HĕK2 /2 K2bm`�#BHBiû 2i /2 T2`K2ii`2 H� +QKT�`�BbQM
/2 p�`B�#H2b /Bb+`ĕi2b 2i +QMiBMm2bX J�H?2m`2mb2K2Mi- 2HH2 `2bi2 +QKTmi�iBQMM2HH2K2Mi BMi`�+i�#H2X
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.ûKQMbi`�iBQMX
UBV 2i UBBV bmBp2Mi /m 7�Bi [m2 H2b f @/Bp2`;2M+2 bQMi MQM@Mû;�iBp2b 2i MmHH2b bB 2i b2mH2K2Mi bB
H2b /Bbi`B#miBQMb bQMi û;�H2bX
UBBBV 2bi /B`2+i2- !

9X8XkX _2T`ûb2Mi�iBQMb /m�H2b /2 HǶBM7Q`K�iBQM Kmim2HH2

LQmb TQmpQMb K�BMi2M�Mi miBHBb2` H2b i?ûQ`ĕK2 9XjXRk 2i 9X9XR TQm` Qz`B` mM2 `2T`ûb2M@
i�iBQM /m�H2 /2 HǶBM7Q`K�iBQM Kmim2HH2X *2b `2T`ûb2Mi�iBQMb MQmb T2`K2ii2Mi /Ƕ2MpBb�;2`
/Ƕû+?�M;2` HǶûTBM2mt T`Q#HĕK2 /Ƕ2biBK�iBQM /m `�iBQ /2 p`�Bb2K#H�M+2 2M mM T`Q#HĕK2
/ǶQTiBKBb�iBQM 2M miBHBb�Mi H2b `2T`ûb2Mi�iBQMb /m�H2b /2 H� /Bp2`;2M+2 /2 EmHH#H�+F@G2B#H2`X

1M `�TT2H�Mi [m2 H2 ;ûMû`�i2m` +Q``2bTQM/�Mi ¨ H� /Bp2`;2M+2 /2 EmHH#H�+F@G2B#H2` 2bi H�
7QM+iBQM u )→ f (u) := u HQ; u- mM2 �TTHB+�iBQM /B`2+i2 /m i?ûQ`ĕK2 9XjXRk MQmb T2`K2i /2
/û/mB`2 H2 i?ûQ`ĕK2 bmBp�MiX
h?ûQ`ĕK2 9X8X9X _2T`ûb2Mi�iBQM /m�H2 /2 HǶBM7Q`K�iBQM Kmim2HH2 T�` f @/Bp2`;2M+2 aQBi X 2i
Y /2mt p2+i2m` �Hû�iQB`2b bm` H2 KāK2 2bT�+2 /2 T`Q#�#BHBiû (Z ,B(Z),P) i2H [m2 PXY 5
PX ⊗ PYX GǶBM7Q`K�iBQM Kmim2HH2 2Mi`2 X 2i Y T2mi āi`2 û+`Bi2 +QKK2-

I(X;Y) = bmT
T∈T

EPXY [T]− EPX⊗PY [e
T−1] U9X8XRV

�Hi2`M�iBp2K2Mi- MQmb TQmpQMb miBHBb2` H� `2T`ûb2Mi�iBQM /2 .QMbF2`@o�`�/?�M /2 H� /B@
p2`;2M+2 /2 EmHH#H�+F@G2B#H2`X G2 i?ûQ`ĕK2 9X9XR MQmb T2`K2i /QM+ /2 +QM+Hm`2X
h?ûQ`ĕK2 9X8X8X _2T`ûb2Mi�iBQM /m�H2 /2 HǶBM7Q`K�iBQM Kmim2HH2 T�` .QMbF2`@o�`�/?�M aQBi
X 2i Y /2mt p2+i2m`b �Hû�iQB`2b bm` H2 KāK2 2bT�+2 /2 T`Q#�#BHBiû (Ω,F ,P) i2H [m2 PXY 5
PX ⊗ PYX aQBi T = T : Ω )→ R | EPX⊗PY [e

T] < ∞ GǶBM7Q`K�iBQM Kmim2HH2 2Mi`2 X 2i Y T2mi
āi`2 û+`Bi2 +QKK2-

I(X;Y) = bmT
T∈T

EPXY [T]− HQ; EPX⊗PY [e
T] U9X8XkV

ú+?�M;2` mM T`Q#HĕK2 /Ƕ2biBK�iBQM /2 `�iBQ /2 /2MbBiû T�` mM T`Q#HĕK2 /ǶQTiBKBb�iBQM
+QMbiBim2 mM T`Q;`ĕb

+QMbB/û`�#H2 /�Mb MQi`2 �K#BiBQM /Ƕ2biBK2` HǶBM7Q`K�iBQM Kmim2HH2 TQm` �mi�Mi [m2 H2
T`Q#HĕK2 /ǶQTiBKBb�iBQM bQBi i`�+i�#H2X 1M 2z2i- H2b /2mt i?ûQ`ĕK2b +B@/2bbmb BKTHB[m2Mi

e8



mM T`Q#HĕK2 /ǶQTiBKBb�iBQM bm` /2b 2bT�+2b /2 7QM+iBQMb MQM@T�`�Kûi`B[m2b 2mt@KāK2b BM@
i`�+i�#H2bX LQmb miBHBb2`QMb /QM+ H2 TQmpQB` 2tT`2bbB7 /2b `ûb2�mt /2 M2m`QM2b T`Q7QM/b TQm`
i`�Mb7Q`K2` +2 T`Q#HĕK2 /ǶQTiBKBb�iBQM bm` mM 2bT�+2 /2 7QM+iBQMb BMi`�+i�#H2 2M mM T`Q#HĕK2
/ǶQTiBKBb�iBQM i`�+i�#H2 bm` HǶ2bT�+2 /2b T�`�Kĕi`2b BM/mBi T�` mM `ûb2�m /2 M2m`QM2bX

ee



*?�TBi`2 8

AM7Q`K�iBQM Kmim2HH2- 2biBK�iBQM 2i �TT`2MiBbb�;2
K�+?BM2

GǶQ#D2+iB7 /2 +2 +?�TBi`2 2bi /2 T`ûb2Mi2` /2b 2biBK�i2m`b /2 HǶBM7Q`K�iBQM Kmim2HH2 �BMbB [m2
+2`i�BM2b /2 b2b �TTHB+�iBQMb 2M �TT`2MiBbb�;2 �miQK�iB[m2X

8XRX 1biBK�i2m`b /2 HǶBM7Q`K�iBQM Kmim2HH2
GǶ2biBK�iBQM /2 HǶBM7Q`K�iBQM Kmim2HH2 2bi mM bmD2i +Qmp2`i T�` mM2 H�`;2 HBiiû`�im`2X

SQm` mM2 `2pm2 /2b Kûi?Q/2b +H�bbB[m2b MQmb `2+QKK�M/QMb S�MBMbFB UkyyjVX LQi`2 Q#D2+iB7
B+B- MǶ2bi T�b /Ƕāi`2 2t?�mbiB7 K�Bb THmiƬi bûH2+iB7X LQi`2 bQm+B 2bi /2 T�bb2` 2M `2pm2 +2`@
i�BMb 2biBK�i2m`b bmb+2TiB#H2b /2 MQmb û+H�B`2` bm` H� M�im`2 /2b /B{+mHiûb /2 HǶ2biBK�iBQM
/2 HǶBM7Q`K�iBQM Kmim2HH2 K�Bb �mbbB /2 `ûpûH2` H2b �TTQ`ib [m2 /2 K2BHH2m`2b `2T`ûb2Mi�iBQMb
TQm``�B2Mi Qz`B` �}M /2 /ûT�bb2` +2b /B{+mHiûbX

lM2 �TT`Q+?2 /B`2+i2 TQm` 2biBK2` HǶBM7Q`K�iBQM Kmim2HH2 +QMbBbi2`�Bi ¨ bûT�`ûK2Mi 2biB@
K2` H2b /2MbBiûb DQBMi2 2i K�`;BM�H2b �}M /ûp�Hm2` HǶBM7Q`K�iBQM Kmim2HH2X6`�b2` � arBMM2v
URN3e�V miBHBb2 HǶ2biBK�iBQM T�` MQv�mt TQm` 2biBK2` H2b /2MbBiûb Mû+2bb�B`2bX

GǶ2biBK�iBQM /2 /2MbBiû 2bi mM T`Q#HĕK2 �`/m 2M ?�mi2 /BK2MbBQMX .2 THmb- H� /BpBbBQM T�`
/2b /2MbBiûb 2biBKû2b 7�pQ`Bb2 HǶ�++mKmH�iBQM /Ƕ2``2m`b /Ƕ2biBK�iBQM 2i MmKû`B[m2bX.�`#2HH�v
� o�D/� URNNNV miBHBb2 /2b ?BbiQ;`�KK2b �p2+ mM T�`iBiBQMM2K2Mi /ûT2M/�Mi /2b /QMMû2b
�}M /Ƕ2biBK2` HǶBM7Q`K�iBQM Kmim2HH2 2M +�H+mH�Mi H2b 7`û[m2M+2b `2H�iBp2b bm` /2b T�`iBiBQMb
+QM/BiBQMM2HH2K2Mi BM/ûT2M/�Mi2bX q�M; 2i �HX Ukyy8V KQMi`2 [m2 +2ii2 Kûi?Q/2 û[mBp�mi
¨ 2biBK2` H2 `�iBQ /2 p`�Bb2K#H�M+2 2Mi`2 H� /Bbi`B#miBQM DQBMi2 2i H2 T`Q/mBi /2b K�`;BM�H2bX



GǶBM+QMpûMB2Mi K�D2m` /2b �TT`Q+?2b ¨ ?BbiQ;`�KK2b �/�Ti�iBp2b 2bi H2 ~û�m /2 H� /BK2M@
bBQMM�HBiû H2b `2M/�Mi +QKTHĕi2K2Mi BM�/�Tiû2b �mt /QMMû2b 2M ?�mi2b /BK2MbBQMbX

>mHH2 Ukyy8V miBHBb2 mM2 2tT�MbBQM /Ƕ1/;2rQ`i? TQm` �TT`QtBK2` HǶ2Mi`QTB2 /ǶmM2 /Bbi`B#m@
iBQM T�` +2HH2 /ǶmM2 ;�mbbB2MM2 ¨ H�[m2HH2 /2b i2`K2b /2 +Q``2+iBQMb /2 i`QBbBĕK2 2i [m�i`BĕK2
Q`/`2 bQMi `�DQmiûbX GǶ2tT�MbBQM /Ƕ1/;2rQ`i? 2bi /ǶmiBHBiû HBKBiû2 2M ?�mi2 /BK2MbBQMM�HBiû
+�` b2b +QKTH2tBiûb bi�iBbiB[m2 2i +QKTmi�iBQMM2HH2 +`QBbb2Mi 2tTQM2MiB2HH2K2Mi �p2+ H� /B@
K2MbBQMM�HBiûX .2 THmb- +2ii2 2tT�MbBQM /2pB2Mi i`ĕb BKT`û+Bb2 /ĕb HQ`b [m2 H� /Bbi`B#miBQM
/2 `û7û`2M+2 b2 `2i`Qmp2 i`QT ûHQB;Mû2 /ǶmM2 ;�mbbB2MM2X

GǶBM7Q`K�iBQM Kmim2HH2 T2mi āi`2 /û+QKTQbû2 2M mM2 /Bzû`2M+2 /Ƕ2Mi`QTB2- E`�bFQp
2i �HX Ukyy9V miBHBb2 +2ii2 /û+QKTQbBiBQM �BMbB [m2 HǶ2biBK�i2m` /2 HǶ2Mi`QTB2 /2 EQx�+?2MFQ@
G2QM2MFQEQx�+?2MFQ � G2QM2MFQ URN3dV TQm` T`QTQb2` mM 2biBK�i2m` /2 HǶBM7Q`K�iBQM Km@
im2HH2X GǶ2biBK�i2m` /2 EQx�+?2MFQ 2bi HmB@KāK2 +QMbi`mBi �miQm` /2 H� Kûi?Q/2 /2b k THmb
T`Q+?2b pQBbBMb- HǶ�TT`Q+?2 /2E`�bFQp 2i �HX Ukyy9V bQmz`2 /QM+ /2b HBKBi2b BM?û`2Mi2b ¨
+2ii2 Kûi?Q/2X � b�pQB`- H� T`û+BbBQM /2 HǶ2biBK�iBQM 2bi 7Q`i2K2Mi /ûT2M/�Mi2 /2 HǶ?vT2`@
T�`�Kĕi`2 k 2i mM2 +QKTH2tBiû /2 HǶQ`/`2 /m +�``û /2 H� i�BHH2 /2 HǶû+?�MiBHHQM /Ƕ2Mi`�ŗM2K2MiX

"B2M [m2 +2 M2 bQBi T�b mM mM 2biBK�i2m` /2 HǶBM7Q`K�iBQM Kmim2HH2- H2 +`Biĕ`2
/ǶBM/ûT2M/�M+2 /2 >BH#2`i@a+?BKBi U>aA*V BMi`Q/mBi /�Mb :`2iiQM 2i �HX Ukyy8V T2mi āi`2
+2`i�BM2K2Mi �TT�`2Miû ¨ HǶ2biBK�iBQM /2 HǶBM7Q`K�iBQM Kmim2HH2 HQ`b[m2 +2ii2 /2`MBĕ`2
2bi +QMbB/û`û2 +QKK2 mM2 K2bm`2 /2 /ûT2M/�M+2X .2 THmb- >aA* BMi`Q/mBi HǶBKTQ`i�Mi2
B/û2 [m2 +2`i�BM2b `2T`ûb2Mi�iBQMb /2b /QMMû2b KĕM2Mi ¨ mM2 K2BHH2m`2 2biBK�iBQM /2 H�
/ûT2M/�M+2 2Mi`2 /2b p�`B�#H2b �Hû�iQB`2bX

8XRXRX �TT`Q+?2b /B`2+i2

LQmb �TT2HQMb �TT`Q+?2 /B`2+i2- iQmi2 2biBK�iBQM /2 HǶBM7Q`K�iBQM Kmim2HH2 miBHBb�Mi
/2b 2biBKû2b /2b /Bbi`B#miBQMb DQBMi2 2i K�`;BM�H2 �}M /2 +QMbi`mB`2 mM 2biBK�i2m` /2
H2m` `�iBQ /2 p`�Bb2K#H�M+2 �p�Mi /2 HǶBMiû;`2` TQm` ûp�Hm2` HǶBM7Q`K�iBQM Kmim2HH2X S�`
2t2KTH2- bB MQmb /ûbB`QMb 2biBK2` H2b /2MbBiûb DQBMi2 2i K�`;BM�H2 2M miBHBb�Mi mM 2biBK�@
i2m` T�` MQv�mt ;�mbbB2Mb 2i /2b û+?�MiBHHQMb (x1, . . . , xN) ∼ PX- (y1, . . . , yN) ∼ PX 2i
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((x1, y1), . . . , (xN , yN)) ∼ PXY- MQmb Q#i2MQMb

p̂X(x) =
1

n(2πσ2)
d
2

N∑

i=1

2tT(−‖x− xi‖2

2σ2 )

p̂Y(y) =
1

n(2πσ2)
d
2

N∑

i=1

2tT(−‖y− yi‖2

2σ2 )

p̂XY(xy) =
1

n(2πσ2)d

N∑

i=1

2tT(−‖[x, y]− [xi, yi]‖
2σ2 ),

TQm` 2biBK2` HǶBM7Q`K�iBQM Kmim2HH2 2Mi`2 X 2i Y- 2M `2KTH�Ï�Mi H2b /2MbBiûb /�Mb H� /û}MBiBQM
/2 HǶBM7Q`K�iBQM Kmim2HH2 T�`H2m` 2biBK2 2KTB`B[m2-

M̂I(X, Y) =
N∑

i=1

HQ;( p̂XY(xi,yi)

p̂X(xi)q̂Y(yi)
).

*2 ivT2 /Ƕ�TT`Q+?2 bQmz`2 /2 THmbB2m`b 7�B#H2bb2bX G� T`2KBĕ`2 ûi�Mi Kûi?Q/QHQ;B[m2X
1M 2bb�v�Mi /Ƕ2biBK2` H� /Bbi`B#miBQM DQBMi2- H2b �TT`Q+?2b /B`2+i2b i2Mi2Mi /2 `ûbQm/`2 mM
T`Q#HĕK2 THmb ;ûMû`�H TQm` 2M `ûbQm/`2 mM �mi`2 [mB HǶ2bi KQBMbX .2 THmb- HǶ2biBK�iBQM
/2 /2MbBiû 2bi mM T`Q#HĕK2 +QKTH2t2 /QMi H� /B{+mHiû +`Qŗi �p2+ H� /BK2MbBQMM�HBiû /2b
/QMMû2bX .2 bm`+`Qŗi- H� /BpBbBQM T�` /2b 2biBKûb /2 /2MbBiû �++mKmH2 /ǶBKTQ`i�Mi2b 2``2m`b
/Ƕ2biBK�iBQM 2i MmKû`B[m2b /�Mb H2 +�b Qɍ H2b /2MbBiûb M2 bQMi #Q`Mû2b HQBM /2 xû`Q bm` H2m`b
/QK�BM2b `2bT2+iB7bX

8XRXkX �TT`Q+?2 T�` 2tT�MbBQM /Ƕ1/;2rQ`i?

GǶ2biBK�iBQM /2 HǶBM7Q`K�iBQM Kmim2HH2 T�` 2tT�MbBQM /Ƕ1/;2rQ`i? BMi`Q/mBi2 T�` >mHH2
Ukyy8V +?2`+?2- /�Mb HǶ2bT`Bi /ǶmM2 2tT�MbBQM /2 h�vHQ`- ¨ 2tT`BK2` H� /2MbBiû DQBMi2 /2b
/QMMû2b +QKK2 mM2 ;�mbbB2MM2 KmHiBTHBû2 T�` /2b i2`K2b /2 +Q``2+iBQMX AH 2bi Dm/B+B2mt /2
bǶ�ii�`/2` bm` +2ii2 Kûi?Q/2 /Ƕ2biBK�iBQM +�`- #B2M [mǶ2HH2 M2 bQBi T�b �/�Tiû2 �mt T`Q#HĕK2b
2M ?�mi2 /BK2MbBQM- 2HH2 K2i 2M 2t2`;m2 H2 +�`�+iĕ`2 MQM@HBMû�B`2 /2b /ûT2M/�M+2b 2Mi`2 H2b
/Bzû`2Mi2b p�`B�#H2b �Hû�iQB`2b /2 H� /Bbi`B#miBQM DQBMi2 ¨ i`�p2`b H2b +mKmH�MibX *2b /2`MB2`b-
/2K2m`2Mi mM2 [m�MiBiû 7QM/�K2Mi�H2 2M Kû+�MB[m2 bi�iBbiB[m2X *QKK2MÏQMb T�` BMi`Q/mB`2
HǶ2tT�MbBQM /Ƕ1/;2rQ`i? /ǶmM2 /Bbi`B#miBQM KmHiBp�`Bû2X

8XRXkXRX 1tT�MbBQM /Ƕ1/;2rQ`i?X LQmb miBHBb2`QMb /�Mb +2 [mB bmBi H� MQi�iBQM i2MbQ`B2HH2
/Ƕ1BMbi2M 1BMbi2BM 2i �HX URNReVX LQmb `2+QKK�M/QMb J+*mHH�;? UkyR3V- mM pû`Bi�#H2 iQm`

eN



/2 7Q`+2 /Ƕ�++2bbB#BHBiû 2i /2 +H�`iû- TQm` mM2 BMi`Q/m+iBQM �mt Kûi?Q/2b i2MbQ`B2HH2b 2i ¨ H�
MQi�iBQM /Ƕ1BMbi2BM �TTHB[mû2b �mt bi�iBbiB[m2b KmHiBp�`Bû2bX

aQBi X mM p2+i2m` �Hû�iQB`2 bm` mM 2bT�+2 K2bm`�#H2 (Rd,B(Rd))- aQBi pX 2i qX H2b /2MbBiûb
/2 X T�` `�TTQ`i �mt K2bm`2b /2 T`Q#�#BHBiûb P 2i Q `2bT2+iBp2K2MiX LQmb bmTTQbQMb [m2
iQmi2b H2b /û`Bp2b T�`iB2HH2b /2 pX 2i qX bQMi +QMiBMm2bX LQiQMb H2b +mKmH�Mib /2 X bQmb P
2i Q T�` κ 2i λ `2bT2+iBp2K2MiX LQmb MQiQMb H� /Bzû`2M+2 2Mi`2 H2b /2mt +mKmH�Mib T�`-

ηi := κi − λi

ηi, j := κi, j − λi, j

ηi, j,k := κi, j,k − λi, j,k

. . .

G2b 7QM+iBQMb ;ûMû`�i`B+2b /2b +mKmH�Mib /2 X bQmb P 2i Q �/K2ii2Mi H2b 2tT�MbBQMb
bmBp�Mi2b-

KPX(t) = tiκ
i +

1

2!
tit jκ

i, j +
1

3!
tit jtkκ

i, j,k + . . .

KQX(t) = tiλ
i +

1

2!
tit jλ

i, j +
1

3!
tit jtkλ

i, j,k + . . .

.

1M û+`Bp�Mi-

MPX(t) = 2tT(KPX − KQX + KQX),

G� 7QM+iBQM +�`�+iû`BbiB[m2 /2b KQK2Mib /2 PX T2mi bǶû+`B`2-

MPX(t) = MQX(t) (1 + tiη
i +

1

2!
tit jη

i j +
1

3!
tit jtkη

i jk + . . . )

SQm` Q#i2MB` mM2 2tT�MbBQM /2 pX(x) �miQm` /2 qX(x)- BH 2bi bm{b�Mi /ǶBMp2`b2` H2b 7QM+iBQM
;ûMû`�i`B+2b /2b KQK2MibX 1M miBHBb�Mi H2 7�Bi [m2 H� i`�Mb7Q`K�iBQM /2 6Qm`B2` +QMp2`iBi H�
/Bzû`2M+B�iBQM 2M KmHiBTHB+�iBQM /2 KmHiBMƬK2b 2i 2M �#bQ`#�Mi H2b +?�M;2K2Mib /2 bB;M2

dy



/�Mb H2b +Q2{+B2Mib η- MQmb �pQMb-

pX(x) = qX(x)(1 + ηi +
1

2!
ηi j +

1

3!
ηi jk + . . . ) U8XRXRV

�BMbB- H� [m�HBiû /2 HǶ�TT`QtBK�iBQM /2 pX T�` qX /ûT2M/ /m MQK#`2 /2 i2`K2b BM+Hmb /�Mb
HǶ2tT�MbBQMX

8XRXjX 1biBK�i2m` /2 HǶBM7Q`K�iBQM Kmim2HH2

>mHH2 Ukyy8V +?QBbBi mM2 /2MbBiû qX ;�mbbB2MM2- 2bi /û+QKTQb2 HǶ2Mi`QTB2 +QKK2 H� /B7@
7û`2M+2 2Mi`2 HǶ2Mi`QTB2 /ǶmM2 ;�mbbB2MM2 2i H� /Bp2`;2M+2 /2 EmHH#�+F@G2B#H2` 2Mi`2 H� ;�mb@
bB2MM2 2i H� /Bbi`B#miBQM ¨ 2biBK2`-

HP(X) = HQ(X)− DKL(P || Q).

G2 `�iBQ /2b /2MbBiûb /�Mb H� /Bp2`;2M+2 2bi �TT`QtBKû 2M i`QM[m�Mi HǶ2tT�MbBQM /�Mb
HǶû[m�iBQM 8XRXRX 1M 2z2i-

pX(x)
qX(x)

≈ 1 + Z(x),

2i /QM+-

DKL(P || Q) ≈
∫

Rd
(1 + Z(X)) HQ;(1 + Z(x))gx(x) dx

1M bBKTHB}�Mi- MQmb Q#i2MQMb 2i 2M bm#biBim�Mi- MQmb Q#i2MQMb

HP(X) =
1

2
HQ;(| Σ |) + d

2
HQ;(2π) + d

2

−
∫

Rd
(Z(x) +

1

2
Z(x)2)gx(x) dx.

GǶ�TT`QtBK�iBQM /2 HǶ2Mi`QTB2 +B@/2bbmb T2mi āi`2 2biBKû2 T�` Kûi?Q/2b /2b KQK2Mib-
BH 2bi bm{b�Mi /2 `2KTH�+2` H2b Σ �BMbB [m2 H2b KQK2Mib T`ûb2Mib /�Mb Z T�` H2m` 2biBKû
2KTB`B[m2X GǶBM7Q`K�iBQM Kmim2HH2 2bi �HQ`b 2biBKû2 2M HǶ2tT`BK�Mi +QKK2 H� /Bzû`2M+2
2Mi`2 H� bQKK2 /2b 2Mi`QTB2b K�`;BM�H2b 2i DQBMi2bX

GǶ�TT`Q+?2 T�` 2tT�MbBQM /Ƕ1/;2rQ`i? � HǶ�p�Mi�;2 /Ƕ2tT`BK2` 2tTHB+Bi2K2Mi H2b `2H�@
iBQMb /2 /ûT2M/�M+2 K2bm`û2b T�` HǶBM7Q`K�iBQM Kmim2HH2 /�Mb HǶ2tT�MbBQM /m `�iBQ /2 p`�B@
b2K#H�M+2 2Mi`2 H2b /2MbBiûb 2i DQBMi2b 2i K�`;BM�H2bX 1M 2z2i- bB H2b /ûT2M/�M+2b 2Mi`2 H2b
p�`B�#H2b �Hû�iQB`2b M2 b2 T`Q/mBb2Mi [m2 /2mt ¨ /2mt- H2 i2`K2 Z 2bi MmH- KQMi`�Mi �BMbB [m2

dR



H� /Bbi`B#miBQM ;�mbbB2MM2 2bi bm{b�Mi2 TQm` +�Tim`2` iQmi2 H� /ûT2M/�M+2 2Mi`2 H2b p�`B�#H2b
+QMbB/û`û2bX

"B2M [m2 i?ûQ`B[m2K2Mi �ii`�v�Mi2- HǶ�TT`Q+?2 T�` 2tT�MbBQM /Ƕ1/;2rQ`i? MǶ2bi T�b `û�@
HBbi2 2M ?�mi2 /BK2MbBQMX 1HH2 b2 ?2m`i2 `�TB/2K2Mi � mM Km` +QKTmi�iBQM2H 2i bi�iBbiB[m2X
G2 MQK#`2 /2 T�`�Kĕi`2b /�Mb H2b +mKmH�Mib +`QBbb�Mi 2tTQM2MiB2HH2K2Mi �p2+ H� /BK2MbBQM@
M�HBiû /2b /QMMû2b- 2HH2 /2pB2Mi `�TB/2K2Mi BKT`�iB+�#H2 TQm` H2b bBim�iBQMb Qɍ H� /Bbi`B#miBQM
;ûMû`�i`B+2 /2b /QMMû2b bǶûHQB;M2 /ǶmM2 ;�mbbB2MM2X

8XRX9X G2 +`Biĕ`2 /ǶBM/ûT2M/�M+2 /2 >BH#2`i@a+?KB/i

:`2iiQM 2i �HX Ukyy8V BMi`Q/mBi >aA*- mM2 K2bm`2 /ǶBM/ûT2M/�M+2 #�bû2 bm` H� Kûi?Q/2
/2b MQv�mtX "B2M [m2 >aA* M2 bQBi T�b mM 2biBK�i2m` /2 HǶBM7Q`K�iBQM Kmim2HH2- BH K�`[m2
Mû�MKQBMb HǶBKTQ`i�M+2 /2 HǶmiBHBb�iBQM /2 `2T`ûb2Mi�iBQMb /2 /QMMû2b TQm` ûp�Hm2` H2b `2H�@
iBQMb /2 /ûT2M/�M+2 bi�iBbiB[m2X >aA* +?2`+?2 ¨ +�H+mH2` mM �M�HQ;m2 /2 H� +Qp�`B�M+2- /Bi
QTû`�i2m` /2 +Qp�`B�M+2 +`QBbû- /�Mb HǶ2bT�+2 /2b `2T`ûb2Mi�iBQMbX GǶ2bTQB` 2bi [m2 H2b `2T`û@
b2Mi�iBQMb 7Q`K2Mi /2b bi�iBbiB[m2b bm{b�Mi2b /2b /QMMû2b +2 [mB T2`K2ii`�Bi ¨ HǶQTû`�i2m`
/2 +Qp�`B�M+2 +`QBbû2 /2 +�Tim`2` /2b /ûT2M/�M+2b MQM@HBMû�B`2b- +2 [mB b2`�Bi BKTQbbB#H2 /�Mb
HǶ2bT�+2 /2b /QMMû2bX *QKK2MÏQMb T�` +QKT`2M/`2 HǶQTû`�i2m` /2 +Qp�`B�M+2 +`QBbû2X

8XRX9XRX GǶQTû`�i2m` /2 +Qp�`B�M+2 +`QBbû2X aQBi G 2i F /2mt 2bT�+2b /Ƕ>BH#2`i /2 7QM+iBQMb
¨ p�H2m`b `û2HH2b bm` H2b 2Mb2K#H2b X 2i Y - û[mBTûb /2 MQv�mt `2T`Q/mBb�Mi �`QMbx�DM URN8yV-

X ×X →

(x, x
′
) )→ K(x, x

′
),

2i

Y × Y → R

(y, y
′
) )→ L(y, y

′
).

2i /2b +�`i2b /2 `2T`ûb2Mi�iBQMb φ 2i ψX
LQi`2 Q#D2+iB7-B+B- 2bi /2 ;ûMû`�HBb2` HǶQTû`�i2m` /2 +Qp�`B�M+2 MQM@+2Mi`û-

f1ĈXYg = E[( f1X)(g1Y)]

dk



LQiQMb [m2 H2 T`Q/mBi /B`2+i φ(X)⊗ψ(Y) 2bi mM2 p�`B�#H2 �Hû�iQB`2 bm` HS(G ,F)X amT@
TQbQMb [m2- EPXY [‖φ(X)⊗ψ(X)‖HS] < ∞X �HQ`b- T�` H2 i?ûQ`ĕK2 /2 `2T`ûb2Mi�iBQM /2
_B2x_B2bx URNR9V- MQmb b�pQMb [m2 HǶQTû`�i2m` ĈXY T2mi āi`2 2tT`BKû +QKK2 mM2 BMiû;`�H2
2i +2- mMB[m2K2Mi- 2M +QMbB/û`�Mi H� 7QM+iBQMM2HH2-

(ĈXY , A)HS = E[(φ(X)⊗ψ(Y), A)HS].

�BMbB- TQm` mM ûHûK2Mi f ⊗ g }t2- MQmb �pQMb

( f , ĈXYg)F = (ĈXY , f ⊗ g)HS

= E[(φ(X)⊗ψ(Y), f ⊗ g)HS]

= E[( f ,φ(X))F (g,ψ(Y))G ] T�` /û}MBiBQM /m T`Q/mBi /B`2+i2

= E[ f (X)g(Y)], T�` H� T`QT`Bûiû `2T`Q/mBb�Mi2.

1M +2Mi`�Mi HǶQTû`�i2m` ĈXY- MQmb Q#i2MQMb mM2 2tT`2bbBQM TQm` HǶQTû`�i2m` /2 +Qp�`B�M+2
+2Mi`û2-

CXY = E[φ(X)⊗ψ(Y)]−E[φ(X)]⊗E[ψ(Y)].

aQmb ?vTQi?ĕb2 [m2 H2b 2bT�+2b /Ƕ>BH#2`i F 2i G bQMi `2T`Q/mBb�Mib- H� THmb ;`�M/2 p�H2m`
bBM;mHBĕ`2 /2 CXY- Qm /2 K�MBĕ`2 û[mBp�H�Mi H� MQ`K2 /Ƕ>BH#2`i@a+?KB/i /2 HǶQTû`�i2m`- 2bi
MmHH2 bB 2i b2mH2K2Mi bB X 2i Y bQMi BM/ûT2M/�MibX

8XRX9XkX >aA*X >aA* 2bi bBKTH2K2Mi /û}MB +QKK2 H� `�+BM2 +�``û2 /2 H� MQ`K2 /Ƕ>BH#2`i@
a+?KB/i /2 HǶQTû`�i2m` CXY-

HSIC(F , G ,PXY) :=
√
‖CXY‖HS.

lM 2biBK�i2m` TQm` >aA*- 2bi �HQ`b /QMMû 2M T�bb�Mi ¨ H� K2bm`2 2KTB`B[m2-

ĤSIC(F , cG,Pn
XY) =

√
1

n2 tr(KHLH),

�p2+ H := I = 1
n1n11n X LQmb MQi2`QMb [m2 +2ii2 2biBK�i2m` 2bi #B�BbûX

dj



8XkX �TTHB+�iBQM /2 HǶBM7Q`K�iBQM Kmim2HH2 ¨ HǶ�TT`2MiBbb�;2 K�+?BM2
LQmb T`ûb2MiQMb /�Mb +2ii2 b2+iBQM [m2H[m2b �TTHB+�iBQMb /2 HǶBM7Q`K�iBQM Kmim2HH2 ¨

HǶ�TT`2MiBbb�;2 �miQK�iB[m2X

8XkXRX G2 T`BM+BT2 AM7QK�t

lM +`Biĕ`2 M�im`2H TQm` HǶ�TT`2MiBbb�;2 /2 `2T`ûb2Mi�iBQMb 2bi /2 K�tBKBb2` H� /ûT2M/�M+2
/2 +2b /2`MBĕ`2b �p2+ H2b /QMMû2bX *2 +`Biĕ`2 BMi`Q/mBi T�` GBMbF2` URN3NV 2bi H2 T`BM+BT2
AM7QJ�sX LQmb T`ûb2MiQMb /�Mb +2ii2 b2+iBQM +2`i�BM2b �TTHB+�iBQM /2 +2 T`BM+BT2 KQMi`�Mi
�BMbB [m2 H� i?ûQ`B2 /2 HǶBM7Q`K�iBQM 2i HǶBM7Q`K�iBQM Kmim2HH2 Qz`2 mM +�/`2 mMB}�Mi THmbB2m`b
�H;Q`Bi?K2b TQTmH�B`2b /Ƕ�TT`2MiBbb�;2 �miQK�iB[m2X

G2 T`BM+BT2 AM7QJ�s T2`K2i /ǶBMi2`T`ûi2` HǶ�M�Hvb2 2M +QKTQb�Mi2b T`BM+BT�H2b /�Mb H2
+�/`2 /2 H� i?ûQ`B2 /2 HǶBM7Q`K�iBQM GBMbF2` URN33VX *QMbB/û`QMb mM bB;M�H s ;�mbbB2M- mM
bQm`+2 /2 #`mBi η ∼ Nd(0,α I) i2H [m2 H� p�`B�#H2 �Hû�iQB`2 x = s + ηX aQBi W ∈MR(Rd,Rl)

i2H [m2 d < lX �HQ`b- HǶBM7Q`K�iBQM Kmim2HH2 I(W1x; s) 2bi K�tBKBbû2 T�` H2b d T`2KBĕ`2b
+QKTQb�Mi2b T`BM+BT�H2bX

GǶ�M�Hvb2 2M +QKTQb�Mi2b BM/ûT2M/�Mi2bUA*�V >vp `BM2M � PD� UkyyyV +?2`+?2 � 2tTHB@
[m2` 2i ¨ /û+QKTQb2` mM bB;M�H 2M +QK#BM�BbQM /2 bB;M�mt BM/ûT2M/�MibX

GǶBM7Q`K�iBQM Kmim2HH2 7Qm`MBi mM +`Biĕ`2 M�im`2H TQm` A*� X 1M 2z2i- bQBi x 2i s /2mt
p2+i2m`b �Hû�iQB`2b +Q``2bTQM/�Mi `2bT2+iBp2K2Mi �mt Q#b2`p�iBQMb 2i �mt 7�+i2m`b 2tTHB+�iB7b
+�+?ûbX LQmb bmTTQbQMb [m2 x = Ws + η- Qm η 2bi bQm`+2 /2 #`mBiX GǶ�M�Hvb2 2M +QKTQ@
b�Mi2b BM/ûT2M/�Mi2b T2mi āi`2 2tT`BKû2 +QKK2 H� KBMBKBb�iBQM /2 HǶBM7Q`K�iBQM Kmim2HH2
I(s1, . . . , sd)X

SHmb `û+2KK2Mi- HǶBM7Q`K�iBQM Kmim2HH2 ¨ bQmp2Mi ûiû miBHBbû2 +QKK2 +`Biĕ`2 TQm`
HǶ2ti`�+iBQM /2 `2T`ûb2Mi�iBQMb MQM@bmT2`pBbû2bX S�` 2t2KTH2- >m 2i �HX UkyRdV miBHBb2
HǶBM7Q`K�iBQM Kmim2HH2 2Mi`2 H2b 2Mi`�Mib 2i H� bQ`iB2- +�`�+iû`Bbû2 T�` mM2 �+iBp�iBQM /2 ivT2
bQ7iK�t- /ǶmM `ûb2�m T`Q7QM/X 1M 2z2i- H� T`ûb2M+2 /ǶmM KQ/ĕH2 pθ(y | x) T2`K2i /2 +�H+mH2`
HǶBM7Q`K�iBQM Kmim2HH2 T�` K�`;BM�HBb�iBQM 2i 2M miBHBb�Mi H� 7Q`KmH2 I(X;Y) = H(Y)−H(Y |
X)X *2T2M/�Mi- +2b +?QBt HBKBi2Mi H� iQTQHQ;B2 /2b p�`B�#H2b 2ti`�Bi2b ¨ mM2 bQ7iK�tX >D2HK
2i �HX UkyR3V +QMbi`mBi bm` JAL1 TQm` T`QTQb2` /2b +`Biĕ`2b /Ƕ�TT`2MiBbb�;2 MQM@bmT2`pBbû
H�Bbb�Mi HB#`2 +?QBt ¨ H� iQTQHQ;B2 /2b p�`B�#H2b 2ti`�Bi2bX o2HBÍFQpBÉ 2i �HX UkyR3V +QMiBMm2

d9



/�Mb +2ii2 H�M+û2 2i miBHBb2 JAL1 TQm` Qz`B` mM +`Biĕ`2 /Ƕ�TT`2MiBbb�;2 MQM@bmT2`pBbû +�T�#H2
/Ƕ2ti`�B`2 /2b p�`B�#H2b H�i2Mi2b �v�Mi H� iQTQHQ;B2 /2 ;`�T?2X

GǶBM7Q`K�iBQM Kmim2HH2 T2`K2i �mbbB /2 +�`�+iû`Bb2` H2b �miQ2M+Q/2m`boBM+2Mi 2i �HX
UkyRyVX 1M 2z2i- +QMbB/û`QMb mM2 p�`B�#H2 �Hû�iQB`2 X ∼ PX �MbB [m2 b� `2+QMbi`m+iBQM
X̂ ∼ PX̂|XX GǶQ#D2+iB7 /2 HǶ�miQ2M+Q/2m` 2bi /QM+ /2 K�tBKBb2` HǶBM7Q`K�iBQM Kmim2HH2 2Mi`2
X 2i b� `2+QMbi`m+iBQM X̂X "B2M 2Mi2M/m- MQmb �bbmKQMb [m2 PX̂|X MǶ2bi T�b /ûi2`KBMBbi2
bBMQM HǶBM7Q`K�iBQM Kmim2HH2 b2`�Bi BM}MB2-

�`;K�t I(X; X̂) = �`;K�t−H(X | X̂).

P`- MQmb �pQMb H(X | X̂) ≤ EPXX̂
[HQ;(pXX̂(X, X̂))]X �BMbB- BH 2bi bm{b�Mi /2 K�tBKBb2` mM2

KBMQ`�iBQM /2 HǶBM7Q`K�iBQM Kmim2HH2 /û}MB2 T�` HǶBMiû;`�H2 ¨ /`QBi2 /�Mb HǶBMû;�HBiû T`û+û@
/2Mi2X G2 +?QBt /2 H� /Bbi`B#miBQM �TT`QtBK�iBQM q MQmb /QMM2 THmbB2m`b +`Biĕ`2b ?�#Bim2Hb
TQm` H2b �miQ2M+Q/2m`bX � b�pQB`- mM2 /Bbi`B#miBQM ;�mbbB2MM2 TQm` HǶ2``2m` /2 `2+QMbi`m+iBQM
2m+HB/B2MM2 Qm mM2 /Bbi`B#miBQM "2`MQmHHB KmHiBp�`Bû2 TQm` HǶ2``2m` /2 `2+QMbi`m+iBQM #BM�B`2X

AH 2bi �mbbB TQbbB#H2 /ǶBMi2`T`ûi2` H2b �miQ2M+Q/2m`b p�`B�iBQM2Hb UEBM;K� �q2HHBM;- kyRjV
/�Mb +2 +�/`2X

1M 2z2i- 7�+iQ`BbQMb H2 ;`�T?2 T`Q#�#BHBbi2 X → X̂ �miQm` /ǶmM2 p�`B�#H2 H�i2Mi2 Z-

X → Z→ X̂.

lM2 �TT`Q+?2 M�im`2HH2 TQm` HǶ2ti`�+iBQM /2 `2T`ûb2Mi�iBQMb MQM@i`BpB�H2b- �/�Ti�Mi H2
;QmHQi /Ƕûi`�M;H2K2Mi /2 HǶBM7Q`K�iBQM UhBb?#v 2i �HX- kyyyV ¨ mM2 i�+?2 MQM@bmT2`pBbû2-
b2`�Bi /2 K�tBKBb2` I(X; X̂) iQmi 2M KBMBKBb�Mi HǶBM7Q`K�iBQM I(X; X̂)X

GǶ�miQ2M+Q/2m` p�`B�iBQM2H Uo�1V 2bi �HQ`b BMi2`T`ûiû +QKK2 mM2 �TT`QtBK�iBQM /2
HǶQ#D2+iB7 bmBp�Mi-

�`;K�t I(X; X̂)−β I(X; Z).

1M 2z2i- I(X; X̂) b2`�Bi K�tBKBbû 2M KBMBKBb�Mi mM2 2``2m` /2 `2+QMbi`m+iBQMX I(X; Z) T2mi
āi`2 `2K�`[mû 2M Q#b2`p�Mi [m2-

I(X; Z) = DKL(PZ|X || QZ)− DKL(PZ || QZ)︸ ︷︷ ︸
≥0

.
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LQmb Q#i2MQMb /QM+ HǶBMû;�HBiû p�`B�iBQMM2HH2-

I(X; Z) ≤ DKL(PZ|X || QZ).

*2 ivT2 /Ƕ�TT`QtBK�iBQM /2 HǶBM7Q`K�iBQM Kmim2HH2 2bi TQTmH�B`2 /�Mb H� HBiiû`�im`2
/Ƕ�TT`2MiBbb�;2 K�+?BM2X AH � ûiû miBHBbû T�` "�`#2` � �;�FQp UkyyjV +QKK2 Q#D2+iB7 /�Mb
/2b i�+?2b /2 `2;`QmT2K2Mi- T�` �H2KB 2i �HX UkyReV TQm` T`QTQb2` mM2 BKTHûK2Mi�iBQM
p�`B�iBQMM2HH2 /m ;QmHQi /Ƕûi`�M;H2K2Mi /2 HǶBM7Q`K�iBQM- Qm T�` JQ?�K2/ � _2x2M/2
UkyR8V +QKK2 +`Biĕ`2 /Ƕ2tTHQ`�iBQM 2M �TT`2MiBbb�;2 T�` `2M7Q`+2K2MiX

1M /û}MBbb�Mi QZ +QKK2 ;�mbbB2MM2 BbQi`QTB[m2 2i 2M }t�Mi H2 T�`�Kĕi`2 β � R- MQmb
/û`BpQMb H� T2`i2 /m o�1X 1M H�Bbb�Mi β HB#`2- MQmb /û`BpQMb H2 β − VAE U>B;;BMb 2i �HX-
kyRdVX

de



*?�TBi`2 e

Jmim�H AM7Q`K�iBQM L2m`�H 1biBK�iBQM





S`2KB2` �`iB+H2X

Jmim�H AM7Q`K�iBQM
L2m`�H 1biBK�iBQM

T�`

JQ?�K2/ Ab?K�2H "2H;?�xB UJAG�V1- �`BbiB/2 "�`�iBM UJAG�- J+:BHHV1- a�B
_�D2br�` UJAG�V1- a?2`DBH Px�B` UJAG�V1- uQb?m� "2M;BQ UJAG�- *A6�_-

Ao�.PV1- ��`QM *Qm`pBHH2 UJAG�- *A6�_V1 2i _ .2pQM >D2HK UJAG�- Ao�.PV1

U1V .ûT�`i2K2Mi /ǶAM7Q`K�iB[m2 2i /2 _2+?2`+?2 PTû`�iBQMM2HH2- lMBp2`bBiû /2 JQMi`û�H

*2i �`iB+H2 � ûiû bQmKBb /�Mb AMi2`M�iBQM�H *QM72`2M+2 7Q` J�+?BM2 G2�`MBM;X

J2b +QMi`B#miBQMb 2i H2 `ƬH2 /2b +Q�mi2m`b
GǶB/û2 /2 HǶ2biBK�i2m`- b2b �TTHB+�iBQMb- HǶûH�#Q`�iBQM 2i HǶBKTHûK2Mi�iBQM /2b 2tTû`B2M+2b
bQMi H2b KB2MM2bX G2b T`2mp2b /2b i?ûQ`ĕK2b /2 +QMbBbi�M+2 2i /2 +QKTH2tBiû /2 HǶû+?�MiBHHQM
pB2MM2Mi /Ƕ�`BbiB/2 "�`�iBMX a�B _�D2br�` � +QMi`B#mû ¨ H� `û�HBb�iBQM /2b 2tTû`B2M+2bX uQ@
b?m� "2M;BQ � �iiB`û HǶ�ii2MiBQM /2 HǶû[mBT2 bm` H2 #B�Bb /2b ;`�/B2Mib /2 H� `2T`ûb2Mi�iBQM /2
.QMbF2`@o�`�/?�M 2i � bm;;û`û HǶmiBHBb�iBQM /2 KQv2MM2 KQ#BH2 +QKK2 bQHmiBQMX CǶ�B ûiû iQmi
�m HQM; ;mB/û T�` ��`QM *Qm`pBHH2 2i .2pQM _X >D2HKX ��`QM *Qm`pBHH2- .2pQM _X >D2HK- 2i
�`BbiB/2 "�`�iBM KǶQMi ûMQ`KûK2Mi �B/û TQm` H� `û/�+iBQM /2 HǶ�`iB+H2X



�#bi`�+iX q2 �`;m2 i?�i i?2 2biBK�iBQM Q7 Kmim�H BM7Q`K�iBQM #2ir22M ?B;? /BK2MbBQM�H
+QMiBMmQmb `�M/QK p�`B�#H2b +�M #2 �+?B2p2/ #v ;`�/B2Mi /2b+2Mi Qp2` M2m`�H M2irQ`FbX q2
T`2b2Mi � Jmim�H AM7Q`K�iBQM L2m`�H 1biBK�iQ` UJAL1V i?�i Bb HBM2�`Hv b+�H�#H2 BM /BK2M@
bBQM�HBiv �b r2HH �b BM b�KTH2 bBx2- i`�BM�#H2 i?`Qm;? #�+F@T`QT- �M/ bi`QM;Hv +QMbBbi2MiX q2
T`2b2Mi � ?�M/7mH Q7 �TTHB+�iBQMb QM r?B+? JAL1 +�M #2 mb2/ iQ KBMBKBx2 Q` K�tBKBx2
Kmim�H BM7Q`K�iBQMX q2 �TTHv JAL1 iQ BKT`Qp2 �/p2`b�`B�HHv i`�BM2/ ;2M2`�iBp2 KQ/2HbX
q2 �HbQ mb2 JAL1 iQ BKTH2K2Mi i?2 AM7Q`K�iBQM "QiiH2M2+F- �TTHvBM; Bi iQ bmT2`pBb2/ +H�b@
bB}+�iBQMc Qm` `2bmHib /2KQMbi`�i2 bm#bi�MiB�H BKT`Qp2K2Mi BM ~2tB#BHBiv �M/ T2`7Q`K�M+2
BM i?2b2 b2iiBM;bX
E2vrQ`/b, L2m`�H M2irQ`Fb- Kmim�H BM7Q`K�iBQM- ;2M2`�iBp2 KQ/2HbX

RX AMi`Q/m+iBQM
Jmim�H BM7Q`K�iBQM Bb � 7mM/�K2Mi�H [m�MiBiv 7Q` K2�bm`BM; i?2 `2H�iBQMb?BT #2ir22M

`�M/QK p�`B�#H2bX AM /�i� b+B2M+2 Bi ?�b 7QmM/ �TTHB+�iBQMb BM � rB/2 `�M;2 Q7 /QK�BMb �M/
i�bFb- BM+Hm/BM; #BQK2/B+�H b+B2M+2b UJ�2b 2i �HX- RNNdV- #HBM/ bQm`+2 b2T�`�iBQM U"aa- 2X;X-
BM/2T2M/2Mi +QKTQM2Mi �M�HvbBb- >vp `BM2M 2i �HX- kyy9V- BM7Q`K�iBQM #QiiH2M2+F UA"- hBb?#v
2i �HX- kyyyV- 72�im`2 b2H2+iBQM UEr�F � *?QB- kyykc S2M; 2i �HX- kyy8V- �M/ +�mb�HBiv U"mii2
� EQ?�M2- kyyyVX

Smi bBKTHv- Kmim�H BM7Q`K�iBQM [m�MiB}2b i?2 /2T2M/2M+2 Q7 irQ `�M/QK p�`B�#H2b X

�M/ ZX Ai ?�b i?2 7Q`K-

I(X; Z) =

∫

X×Z
HQ; dPXZ

dPX ⊗ PZ
dPXZ, URXRV

r?2`2 PXZ Bb i?2 DQBMi T`Q#�#BHBiv /Bbi`B#miBQM- �M/ PX =
∫
Z dPXZ �M/ PZ =

∫
X dPXZ �`2

i?2 K�`;BM�HbX AM +QMi`�bi iQ +Q``2H�iBQM- Kmim�H BM7Q`K�iBQM +�Tim`2b MQM@HBM2�` bi�iBbiB+�H
/2T2M/2M+B2b #2ir22M p�`B�#H2b- �M/ i?mb +�M �+i �b � K2�bm`2 Q7 i`m2 /2T2M/2M+2 UEBMM2v
� �ir�H- kyR9VX

.2bTBi2 #2BM; � TBpQi�H [m�MiBiv �+`Qbb /�i� b+B2M+2- Kmim�H BM7Q`K�iBQM ?�b ?BbiQ`B+�HHv
#22M /B{+mHi iQ +QKTmi2 US�MBMbFB- kyyjVX 1t�+i +QKTmi�iBQM Bb QMHv i`�+i�#H2 7Q` /Bb+`2i2
p�`B�#H2b U�b i?2 bmK +�M #2 +QKTmi2/ 2t�+iHvV- Q` 7Q` � HBKBi2/ 7�KBHv Q7 T`Q#H2Kb r?2`2
i?2 T`Q#�#BHBiv /Bbi`B#miBQMb �`2 FMQrMX 6Q` KQ`2 ;2M2`�H T`Q#H2Kb- i?Bb Bb MQi TQbbB#H2X
*QKKQM �TT`Q�+?2b �`2 MQM@T�`�K2i`B+ U2X;X- #BMMBM;- HBF2HB?QQ/@`�iBQ 2biBK�iQ`b #�b2/ QM
bmTTQ`i p2+iQ` K�+?BM2b- MQM@T�`�K2i`B+ F2`M2H@/2MbBiv 2biBK�iQ`bc b22- 6`�b2` � arBMM2v-
RN3e#c .�`#2HH�v � o�D/�- RNNNc amxmFB 2i �HX- kyy3c Er�F � *?QB- kyykc JQQM 2i �HX- RNN8c
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E`�bFQp 2i �HX- kyy9V- Q` `2Hv QM �TT`QtBK�i2 ;�mbbB�MBiv Q7 /�i� /Bbi`B#miBQM U2X;X- 1/;2rQ`i?
2tT�MbBQM- o�M >mHH2- kyy8VX lM7Q`imM�i2Hv- i?2b2 2biBK�iQ`b ivTB+�HHv /Q MQi b+�H2 r2HH rBi?
b�KTH2 bBx2 Q` /BK2MbBQM U:�Q 2i �HX- kyR9V- �M/ i?mb +�MMQi #2 b�B/ iQ #2 ;2M2`�H@Tm`TQb2X
Pi?2` `2+2Mi rQ`Fb BM+Hm/2 E�M/�b�Kv 2i �HX UkyRdVc aBM;? � SƦ+xQb UkyReVc JQQM 2i �HX
UkyRdVX

AM Q`/2` iQ �+?B2p2 � ;2M2`�H@Tm`TQb2 2biBK�iQ`- r2 `2Hv QM i?2 r2HH@FMQrM +?�`�+i2`Bx�@
iBQM Q7 i?2 Kmim�H BM7Q`K�iBQM �b i?2 EmHH#�+F@G2B#H2` UEG@V /Bp2`;2M+2 UEmHH#�+F- RNNdV
#2ir22M i?2 DQBMi /Bbi`B#miBQM �M/ i?2 T`Q/m+i Q7 i?2 K�`;BM�Hb UBX2X- I(X; Z) = DKL(PXZ ||
PX ⊗ PZ)VX _2+2Mi rQ`F mb2b � /m�H 7Q`KmH�iBQM iQ +�bi i?2 2biBK�iBQM Q7 f @/Bp2`;2M+2b UBM@
+Hm/BM; i?2 EG@/Bp2`;2M+2- b22 L;mv2M 2i �HX- kyRyV �b T�`i Q7 �M �/p2`b�`B�H ;�K2 #2ir22M
+QKT2iBM; /22T M2m`�H M2irQ`Fb ULQrQxBM 2i �HX- kyReVX h?Bb �TT`Q�+? Bb �i i?2 +Q`M2`biQM2
Q7 ;2M2`�iBp2 �/p2`b�`B�H M2irQ`Fb U:�Lb- :QQ/72HHQr 2i �HX- kyR9V- r?B+? i`�BM � ;2M2`�iBp2
KQ/2H rBi?Qmi �Mv 2tTHB+Bi �bbmKTiBQMb �#Qmi i?2 mM/2`HvBM; /Bbi`B#miBQM Q7 i?2 /�i�X

AM i?Bb T�T2` r2 /2KQMbi`�i2 i?�i 2tTHQBiBM; /m�H QTiBKBx�iBQM iQ 2biBK�i2 /Bp2`;2M+2b
;Q2b #2vQM/ i?2 KBMBK�t Q#D2+iBp2 �b 7Q`K�HBx2/ BM :�LbX q2 H2p2`�;2 i?Bb bi`�i2;v iQ
Qz2` � ;2M2`�H@Tm`TQb2 T�`�K2i`B+ M2m`�H 2biBK�iQ` Q7 Kmim�H BM7Q`K�iBQM #�b2/ QM /m�H
`2T`2b2Mi�iBQMb Q7 i?2 EG@/Bp2`;2M+2 U_m/2`K�M 2i �HX- kyRkV- r?B+? r2 b?Qr Bb p�Hm�#H2
BM b2iiBM;b i?�i /Q MQi M2+2bb�`BHv BMpQHp2 �M �/p2`b�`B�H ;�K2X Pm` 2biBK�iQ` Bb b+�H�#H2-
~2tB#H2- �M/ +QKTH2i2Hv i`�BM�#H2 pB� #�+F@T`QT�;�iBQMX h?2 +QMi`B#miBQMb Q7 i?Bb T�T2` �`2
�b 7QHHQrb,

• q2 BMi`Q/m+2 i?2 Jmim�H AM7Q`K�iBQM L2m`�H 1biBK�iQ` UJAL1V- r?B+? Bb b+�H�#H2-
~2tB#H2- �M/ +QKTH2i2Hv i`�BM�#H2 pB� #�+F@T`QT- �b r2HH �b T`QpB/2 � i?Q`Qm;? i?2Q@
`2iB+�H �M�HvbBbX

• q2 b?Qr i?�i i?2 miBHBiv Q7 i?Bb 2biBK�iQ` i`�Mb+2M/b i?2 KBMBK�t Q#D2+iBp2 �b 7Q`@
K�HBx2/ BM :�Lb- bm+? i?�i Bi +�M #2 mb2/ BM Kmim�H BM7Q`K�iBQM 2biBK�iBQM- K�tB@
KBx�iBQM- �M/ KBMBKBx�iBQMX

• q2 �TTHv JAL1 iQ T�HHB�i2 KQ/2@/`QTTBM; BM :�Lb �M/ iQ BKT`Qp2 `2+QMbi`m+iBQMb
�M/ BM72`2M+2 BM �/p2`b�`B�HHv G2�`M2/ AM72`2M+2 U�GA- .mKQmHBM 2i �HX- kyReV QM
H�`;2 b+�H2 /�i�b2ibX
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• q2 mb2 JAL1 iQ �TTHv i?2 AM7Q`K�iBQM "QiiH2M2+F K2i?Q/ hBb?#v 2i �HX UkyyyV BM �
+QMiBMmQmb b2iiBM;- �M/ b?Qr i?�i i?Bb �TT`Q�+? QmiT2`7Q`Kb p�`B�iBQM�H #QiiH2M2+F
K2i?Q/b U�H2KB 2i �HX- kyReVX

kX "�+F;`QmM/

kXRX Jmim�H AM7Q`K�iBQM

Jmim�H BM7Q`K�iBQM Bb � a?�MMQM 2Mi`QTv@#�b2/ K2�bm`2 Q7 /2T2M/2M+2 #2ir22M `�M/QK
p�`B�#H2bX h?2 Kmim�H BM7Q`K�iBQM #2ir22M X �M/ Z +�M #2 mM/2`biQQ/ �b i?2 /2+`2�b2 Q7
i?2 mM+2`i�BMiv BM X ;Bp2M Z,

I(X; Z) := H(X)− H(X | Z), UkXRV

r?2`2 H Bb i?2 a?�MMQM 2Mi`QTv- �M/ H(X | Z) Bb i?2 +QM/BiBQM�H 2Mi`QTv Q7 Z ;Bp2M XX �b
bi�i2/ BM 1[MX RXR �M/ i?2 /Bb+mbbBQM �#Qp2- i?2 Kmim�H BM7Q`K�iBQM Bb 2[mBp�H2Mi iQ i?2
EmHH#�+F@G2B#H2` UEG@V /Bp2`;2M+2 #2ir22M i?2 DQBMi- PXZ- �M/ i?2 T`Q/m+i Q7 i?2 K�`;BM�Hb
PX ⊗ PZ,

I(X,Z) = DKL(PXZ || PX ⊗ PZ), UkXkV

r?2`2 DKL Bb /2}M2/ �bR-

DKL(P || Q) := EP

[
HQ; dP

dQ

]
. UkXjV

r?2M2p2` P Bb �#bQHmi2Hv +QMiBMmQmb rBi? `2bT2+i iQ QkX
h?2 BMimBiBp2 K2�MBM; Q7 1[MX kXk Bb +H2�`, i?2 H�`;2` i?2 /Bp2`;2M+2 #2ir22M i?2 DQBMi

�M/ i?2 T`Q/m+i Q7 i?2 K�`;BM�Hb- i?2 bi`QM;2` i?2 /2T2M/2M+2 #2ir22M X �M/ ZX h?Bb
/Bp2`;2M+2- ?2M+2 i?2 Kmim�H BM7Q`K�iBQM- p�MBb?2b 7Q` 7mHHv BM/2T2M/2Mi p�`B�#H2bX

kXkX .m�H `2T`2b2Mi�iBQMb Q7 i?2 EG@/Bp2`;2M+2X

� F2v i2+?MB+�H BM;`2/B2Mi Q7 JAL1 �`2 /m�H `2T`2b2Mi�iBQMb Q7 i?2 EG@/Bp2`;2M+2X q2
rBHH T`BK�`BHv rQ`F rBi? i?2 .QMbF2`@o�`�/?�M `2T`2b2Mi�iBQM U.QMbF2` � o�`�/?�M- RN3jV-

R�Hi?Qm;? i?2 /Bb+mbbBQM Bb KQ`2 ;2M2`�H- r2 +�M i?BMF Q7 P �M/ Q �b #2BM; /Bbi`B#miBQMb QM bQK2
+QKT�+i /QK�BM Ω ⊂ Rd- rBi? /2MbBiv p �M/ q `2bT2+i i?2 G2#2b;m2 K2�bm`2 λ- bQ i?�i DKL =

∫
p HQ; p

q dλX
k�M/ BM}MBiv Qi?2`rBb2X
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r?B+? `2bmHib BM � iB;?i2` 2biBK�iQ`c #mi rBHH �HbQ +QMbB/2` i?2 /m�H f @/Bp2`;2M+2 `2T`2b2Mi�@
iBQM UE2xBQm- kyyjc L;mv2M 2i �HX- kyRyc LQrQxBM 2i �HX- kyReVX
h?2 .QMbF2`@o�`�/?�M `2T`2b2Mi�iBQMX h?2 7QHHQrBM; i?2Q`2K ;Bp2b � `2T`2b2Mi�iBQM Q7 i?2
EG@/Bp2`;2M+2 U.QMbF2` � o�`�/?�M- RN3jV,
h?2Q`2K R U.QMbF2`@o�`�/?�M `2T`2b2Mi�iBQMVX h?2 EG /Bp2`;2M+2 �/KBib i?2 7QHHQrBM;
/m�H `2T`2b2Mi�iBQM,

DKL(P || Q) = bmT
T:Ω→R

EP[T]− HQ;(EQ[eT]), UkX9V

r?2`2 i?2 bmT`2KmK Bb i�F2M Qp2` �HH 7mM+iBQMb T bm+? i?�i i?2 irQ 2tT2+i�iBQMb �`2 }MBi2X

S`QQ7X a22 i?2 amTTH2K2Mi�`v J�i2`B�HX
� bi`�B;?i7Q`r�`/ +QMb2[m2M+2 Q7 h?2Q`2K R Bb �b 7QHHQrbX G2i F #2 �Mv +H�bb Q7 7mM+iBQMb

T : Ω → R b�iBb7vBM; i?2 BMi2;`�#BHBiv +QMbi`�BMib Q7 i?2 i?2Q`2KX q2 i?2M ?�p2 i?2 HQr2`@
#QmM/j,

DKL(P || Q) ≥ bmT
T∈F

EP[T]− HQ;(EQ[eT]). UkX8V

LQi2 �HbQ i?�i i?2 #QmM/ Bb iB;?i 7Q` QTiBK�H 7mM+iBQMb T∗ i?�i `2H�i2 i?2 /Bbi`B#miBQMb iQ
i?2 :B##b /2MbBiv �b-

dP =
1

Z
eT∗dQ, r?2`2 Z = EQ[eT∗ ]. UkXeV

h?2 f @/Bp2`;2M+2 `2T`2b2Mi�iBQMX Ai Bb rQ`i?r?BH2 iQ +QKT�`2 i?2 .QMbF2`@o�`�/?�M `2T`2@
b2Mi�iBQM iQ i?2 f @/Bp2`;2M+2 `2T`2b2Mi�iBQM T`QTQb2/ BM L;mv2M 2i �HX UkyRyVc LQrQxBM 2i �HX
UkyReV- r?B+? H2�/b iQ i?2 7QHHQrBM; #QmM/,

DKL(P || Q) ≥ bmT
T∈F

EP[T]−EQ[eT−1]. UkXdV

�Hi?Qm;? i?2 #QmM/b BM 1[MbX kX8 �M/ kXd �`2 iB;?i 7Q` bm{+B2MiHv H�`;2 7�KBHB2b F - i?2
.QMbF2`@o�`�/?�M #QmM/ Bb bi`QM;2` BM i?2 b2Mb2 i?�i- 7Q` �Mv }t2/ T- i?2 `B;?i ?�M/ bB/2
Q7 1[MX kX8 Bb H�`;2`9 i?�M i?2 `B;?i ?�M/ bB/2 Q7 1[MX kXdX q2 `272` iQ i?2 rQ`F #v _m/2`K�M
2i �HX UkyRkV 7Q` � /2`Bp�iBQM Q7 #Qi? `2T`2b2Mi�iBQMb BM 1[MbX kX8 �M/ kXd 7`QK i?2 mMB7vBM;
T2`bT2+iBp2 Q7 62M+?2H /m�HBivX AM a2+iBQM j r2 /Bb+mbb p2`bBQMb Q7 JAL1 #�b2/ QM i?2b2 irQ
`2T`2b2Mi�iBQMb- �M/ MmK2`B+�H +QKT�`BbQMb �`2 T2`7Q`K2/ BM a2+iBQM 9X

jh?2 #QmM/ BM 1[MX kX8 Bb FMQrM �b i?2 +QKT`2bbBQM H2KK� BM i?2 S�*@"�v2b HBi2`�im`2 U"�M2`D22-
kyyeVX

9hQ b22 i?Bb- Dmbi �TTHv i?2 B/2MiBiv x ≥ e HQ; x rBi? x = EQ[eT]X
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jX h?2 Jmim�H AM7Q`K�iBQM L2m`�H 1biBK�iQ`
AM i?Bb b2+iBQM r2 7Q`KmH�i2 i?2 7`�K2rQ`F Q7 i?2 Jmim�H AM7Q`K�iBQM L2m`�H 1biBK�iQ`

UJAL1VX q2 /2}M2 JAL1 �M/ T`2b2Mi � i?2Q`2iB+�H �M�HvbBb Q7 Bib +QMbBbi2M+v �M/ +QMp2`@
;2M+2 T`QT2`iB2bX

jXRX J2i?Q/

lbBM; #Qi? 1[MX kXk 7Q` i?2 Kmim�H BM7Q`K�iBQM �M/ i?2 /m�H `2T`2b2Mi�iBQM Q7 i?2
EG@/Bp2`;2M+2- i?2 B/2� Bb iQ +?QQb2 F iQ #2 i?2 7�KBHv Q7 7mM+iBQMb Tθ : X × Z → R
T�`�K2i`Bx2/ #v � /22T M2m`�H M2irQ`F rBi? T�`�K2i2`b θ ∈ ΘX q2 +�HH i?Bb M2irQ`F i?2
bi�iBbiB+b M2irQ`FX q2 2tTHQBi i?2 #QmM/,

I(X; Z) ≥ IΘ(X,Z), UjXRV

r?2`2 IΘ(X,Z) Bb i?2 M2m`�H BM7Q`K�iBQM K2�bm`2 /2}M2/ �b

IΘ(X,Z) = bmT
θ∈Θ

EPXZ [Tθ]− HQ;(EPX⊗PZ [e
Tθ ]). UjXkV

h?2 2tT2+i�iBQMb BM 1[MX jXk �`2 2biBK�i2/ mbBM; 2KTB`B+�H b�KTH2b8 7`QK PXZ �M/ PX ⊗PZ

Q` #v b?m|BM; i?2 b�KTH2b 7`QK i?2 DQBMi /Bbi`B#miBQM �HQM; i?2 #�i+? �tBbX h?2 Q#D2+iBp2
+�M #2 K�tBKBx2/ #v ;`�/B2Mi �b+2MiX

Ai b?QmH/ #2 MQi2/ i?�i 1[MX jXk �+im�HHv /2}M2b � M2r +H�bb BM7Q`K�iBQM K2�bm`2b- h?2
2tT`2bbBp2 TQr2` Q7 M2m`�H M2irQ`F BMbm`2b i?�i i?2v +�M �TT`QtBK�i2 i?2 Kmim�H BM7Q`K�iBQM
rBi? �`#Bi`�`v �++m`�+vX

AM r?�i 7QHHQrb- ;Bp2M � /Bbi`B#miBQM P- r2 /2MQi2 #v P̂(n) �b i?2 2KTB`B+�H /Bbi`B#miBQM
�bbQ+B�i2/ iQ n BXBX/X b�KTH2bX
.2}MBiBQM k UJmim�H AM7Q`K�iBQM L2m`�H 1biBK�iQ` UJAL1VVX G2i F = {Tθ}θ∈Θ #2 i?2 b2i
Q7 7mM+iBQMb T�`�K2i`Bx2/ #v � M2m`�H M2irQ`FX JAL1 Bb /2}M2/ �b-

̂I(X; Z)n = bmT
θ∈Θ

EP(n)
XZ
[Tθ]− HQ;(EP(n)

X ⊗P̂
(n)
Z
[eTθ ]). UjXjV

.2i�BHb QM i?2 BKTH2K2Mi�iBQM Q7 JAL1 �`2 T`QpB/2/ BM �H;Q`Bi?K RX �M �M�HQ;Qmb
/2}MBiBQM �M/ �H;Q`Bi?K �HbQ ?QH/ 7Q` i?2 f @/Bp2`;2M+2 7Q`KmH�iBQM BM 1[MX kXd- r?B+? r2
`272` iQ �b JAL1@ f X aBM+2 1[MX kXd HQr2`@#QmM/b 1[MX kX8- Bi ;2M2`�HHv H2�/b iQ � HQQb2`

8LQi2 i?�i b�KTH2b x̄ ∼ PX �M/ z̄ ∼ PZ 7`QK i?2 K�`;BM�Hb �`2 Q#i�BM2/ #v bBKTHv /`QTTBM; x, z 7`QK
b�KTH2b (x̄, z) �M/ (x, z̄) ∼ PXZX
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�H;Q`Bi?K R JAL1
θ ← BMBiB�HBx2 M2irQ`F T�`�K2i2`b
`2T2�i

.`�r b KBMB#�i+? b�KTH2b 7`QK i?2 DQBMi /Bbi`B#miBQM,
(x(1), z(1)), . . . , (x(b), z(b)) ∼ PXZ

.`�r b b�KTH2b 7`QK i?2 Z K�`;BM�H /Bbi`B#miBQM,
z̄(1), . . . , z̄(b) ∼ PZ

1p�Hm�i2 i?2 HQr2`@#QmM/,
V(θ)← 1

b
∑b

i=1 Tθ(x(i), z(i))− HQ;(1b
∑b

i=1 eTθ(x(i) ,z̄(i)))

1p�Hm�i2 #B�b +Q``2+i2/ ;`�/B2Mib U2X;X- KQpBM; �p2`�;2V,
Ĝ(θ)← ∇̃θV(θ)
lT/�i2 i?2 bi�iBbiB+b M2irQ`F T�`�K2i2`b,
θ ← θ+ Ĝ(θ)

mMiBH +QMp2`;2M+2

2biBK�iQ` Q7 i?2 Kmim�H BM7Q`K�iBQM- �M/ MmK2`B+�H +QKT�`BbQMb Q7 JAL1 rBi? JAL1@ f +�M
#2 7QmM/ BM a2+iBQM 9X >Qr2p2`- BM � KBMB@#�i+? b2iiBM;- i?2 a:. ;`�/B2Mib Q7 JAL1 �`2
#B�b2/X q2 �//`2bb i?Bb BM i?2 M2ti b2+iBQMX

jXkX *Q``2+iBM; i?2 #B�b 7`QK i?2 biQ+?�biB+ ;`�/B2Mib

� M�Bp2 �TTHB+�iBQM Q7 biQ+?�biB+ ;`�/B2Mi 2biBK�iBQM H2�/b iQ i?2 ;`�/B2Mi 2biBK�i2,

ĜB = EB[∇θTθ]−
EB[∇θTθ eTθ ]

EB [eTθ ]
. UjX9V

r?2`2- BM i?2 b2+QM/ i2`K- i?2 2tT2+i�iBQMb �`2 Qp2` i?2 b�KTH2b Q7 � KBMB#�i+? B- H2�/b iQ
� #B�b2/ 2biBK�i2 Q7 i?2 7mHH #�i+? ;`�/B2MieX

6Q`imM�i2Hv- i?2 #B�b +�M #2 `2/m+2/ #v `2TH�+BM; i?2 2biBK�i2 BM i?2 /2MQKBM�iQ` #v
�M 2tTQM2MiB�H KQpBM; �p2`�;2X 6Q` bK�HH H2�`MBM; `�i2b- i?Bb BKT`Qp2/ JAL1 ;`�/B2Mi
2biBK�iQ` +�M #2 K�/2 iQ ?�p2 �`#Bi`�`BHv bK�HH #B�bX
q2 7QmM/ BM Qm` 2tT2`BK2Mib i?�i i?Bb BKT`Qp2b �HH@�`QmM/ T2`7Q`K�M+2 Q7 JAL1X

e6`QK i?2 QTiBKBx�iBQM TQBMi Q7 pB2r- i?2 f @/Bp2`;2M+2 7Q`KmH�iBQM ?�b i?2 �/p�Mi�;2 Q7 K�FBM; i?2 mb2
Q7 a:. rBi? mM#B�b2/ ;`�/B2Mib bi`�B;?i7Q`r�`/X
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jXjX h?2Q`2iB+�H T`QT2`iB2b

AM i?Bb b2+iBQM r2 �M�Hvx2 i?2 +QMbBbi2M+v �M/ +QMp2`;2M+2 T`QT2`iB2b Q7 JAL1X �HH i?2
T`QQ7b +�M #2 7QmM/ BM i?2 amTTH2K2Mi�`v J�i2`B�HX

jXjXRX *QMbBbi2M+vX JAL1 `2HB2b QM � +?QB+2 Q7 (i) � bi�iBbiB+b M2irQ`F �M/ (ii) n b�KTH2b
7`QK i?2 /�i� /Bbi`B#miBQM PXZX
.2}MBiBQM j Uai`QM; +QMbBbi2M+vVX h?2 2biBK�iQ` ̂I(X; Z)n Bb bi`QM;Hv +QMbBbi2Mi B7 7Q` �HH
ε > 0- i?2`2 2tBbib � TQbBiBp2 BMi2;2` N �M/ � +?QB+2 Q7 bi�iBbiB+b M2irQ`F bm+? i?�i,

∀n ≥ N, |I(X, Z)− ̂I(X; Z)n| ≤ ε, a.e.

r?2`2 i?2 T`Q#�#BHBiv Bb Qp2` � b2i Q7 b�KTH2bX
AM � Mmib?2HH- i?2 [m2biBQM Q7 +QMbBbi2M+v Bb /BpB/2/ BMiQ irQ T`Q#H2Kb, �M �TT`QtBK�iBQM

T`Q#H2K `2H�i2/ iQ i?2 bBx2 Q7 i?2 7�KBHv- F - �M/ �M 2biBK�iBQM T`Q#H2K `2H�i2/ iQ i?2 mb2
Q7 2KTB`B+�H K2�bm`2bX h?2 }`bi T`Q#H2K Bb �//`2bb2/ #v mMBp2`b�H �TT`QtBK�iBQM i?2Q`2Kb
7Q` M2m`�H M2irQ`Fb U>Q`MBF- RN3NVX 6Q` i?2 b2+QM/ T`Q#H2K- +H�bbB+�H +QMbBbi2M+v i?2Q`2Kb
7Q` 2ti`2KmK 2biBK�iQ`b �TTHv Uo�M /2 :22`- kyyyV mM/2` KBH/ +QM/BiBQMb QM i?2 T�`�K2i2`
bT�+2X

h?Bb H2�/b iQ i?2 irQ H2KK�b #2HQrX h?2 }`bi H2KK� bi�i2b i?�i i?2 M2m`�H BM7Q`K�@
iBQM K2�bm`2b IΘ(X,Z)- /2}M2/ BM 1[MX jXk- +�M �TT`QtBK�i2 i?2 Kmim�H BM7Q`K�iBQM rBi?
�`#Bi`�`v �++m`�+v,
G2KK� 9 U�TT`QtBK�iBQMVX G2i ε > 0X h?2`2 2tBbib � M2m`�H M2irQ`F T�`�K2i`BxBM; 7mM+iBQMb
Tθ rBi? T�`�K2i2`b θ BM bQK2 +QKT�+i /QK�BM Θ ⊂ Rk- bm+? i?�i

|I(X, Z)− IΘ(X,Z)| ≤ ε, a.e.

h?2 b2+QM/ H2KK� bi�i2b i?2 �HKQbi bm`2 +QMp2`;2M+2 Q7 JAL1 iQ � M2m`�H BM7Q`K�iBQM
K2�bm`2 �b i?2 MmK#2` Q7 b�KTH2b ;Q2b iQ BM}MBiv,
G2KK� 8 U2biBK�iBQMVX G2i ε > 0X :Bp2M � 7�KBHv Q7 M2m`�H M2irQ`F 7mM+iBQMb Tθ rBi?
T�`�K2i2`b θ BM bQK2 #QmM/2/ /QK�BM Θ ⊂ Rk- i?2`2 2tBbib �M N ∈ N- bm+? i?�i

∀n ≥ N, | ̂I(X; Z)n − IΘ(X,Z) |≤ ε, a.e. UjX8V

*QK#BMBM; i?2 irQ H2KK�b rBi? i?2 i`B�M;mH�` BM2[m�HBiv- r2 ?�p2-
h?2Q`2K eX JAL1 Bb bi`QM;Hv +QMbBbi2MiX
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jXjXkX a�KTH2 +QKTH2tBivX AM i?Bb b2+iBQM r2 /Bb+mbb i?2 b�KTH2 +QKTH2tBiv Q7 Qm` 2biBK�@
iQ`X aBM+2 i?2 7Q+mb ?2`2 Bb QM i?2 2KTB`B+�H 2biBK�iBQM T`Q#H2K- r2 �bbmK2 i?�i i?2 Kmim�H
BM7Q`K�iBQM Bb r2HH 2MQm;? �TT`QtBK�i2/ #v i?2 M2m`�H BM7Q`K�iBQM K2�bm`2 IΘ(X, Z)X h?2
i?2Q`2K #2HQr Bb � `2}M2K2Mi Q7 G2KK� 8, Bi ;Bp2b ?Qr K�Mv b�KTH2b r2 M22/ 7Q` �M
2KTB`B+�H 2biBK�iBQM Q7 i?2 M2m`�H BM7Q`K�iBQM K2�bm`2 �i � ;Bp2M �++m`�+v �M/ rBi? ?B;?
+QM}/2M+2X

q2 K�F2 i?2 7QHHQrBM; �bbmKTiBQMb, i?2 7mM+iBQMb Tθ �`2 L@GBTb+?Bix rBi? `2bT2+i iQ
i?2 T�`�K2i2`b θ- �M/ #Qi? Tθ �M/ eTθ �`2 M@#QmM/2/ UBX2X- |Tθ|, eTθ ≤ MVX h?2 /QK�BM
Θ ⊂ Rd Bb #QmM/2/- bQ i?�i ‖θ‖ ≤ K 7Q` bQK2 +QMbi�Mi KX h?2 i?2Q`2K #2HQr b?Qrb �
b�KTH2 +QKTH2tBiv Q7 Õ

(
d HQ; d
ε2

)
- r?2`2 d Bb i?2 /BK2MbBQM Q7 i?2 T�`�K2i2` bT�+2X

h?2Q`2K dX :Bp2M �Mv p�Hm2b ε,δ Q7 i?2 /2bB`2/ �++m`�+v �M/ +QM}/2M+2 T�`�K2i2`b- r2
?�p2-

S`
(
| ̂I(X; Z)n − IΘ(X, Z)| ≤ ε

)
≥ 1− δ, UjXeV

r?2M2p2` i?2 MmK#2` n Q7 b�KTH2b b�iBb}2b

n ≥ 2M2(d HQ;(16KL
√

d/ε) + 2dM + HQ;(2/δ))
ε2

. UjXdV

9X 1KTB`B+�H +QKT�`BbQMb
"27Q`2 /BpBM; BMiQ �TTHB+�iBQMb- r2 T2`7Q`K bQK2 bBKTH2 2KTB`B+�H 2p�Hm�iBQM �M/ +QK@

T�`BbQMb Q7 JAL1X h?2 Q#D2+iBp2 Bb iQ b?Qr i?�i JAL1 Bb 2z2+iBp2Hv �#H2 iQ 2biBK�i2 Kmim�H
BM7Q`K�iBQM �M/ �++QmMi 7Q` MQM@HBM2�` /2T2M/2M+2X

9XRX *QKT�`BM; JAL1 iQ MQM@T�`�K2i`B+ 2biBK�iBQM

q2 +QKT�`2 JAL1 �M/ JAL1@ f iQ i?2 k@LL@#�b2/ MQM@T�`�K2i`B+ 2biBK�iQ` 7QmM/
BM E`�bFQp 2i �HX Ukyy9VX AM Qm` 2tT2`BK2Mi- r2 +QMbB/2` KmHiBp�`B�i2 :�mbbB�M `�M/QK
p�`B�#H2b- Xa �M/ Xb- rBi? +QKTQM2MirBb2 +Q``2H�iBQM- corr(Xi

a, X j
b) = δi j ρ- r?2`2 ρ ∈ (−1,1)

�M/ δi j Bb E`QM2+F2`Ƕb /2Hi�X �b i?2 Kmim�H BM7Q`K�iBQM Bb BMp�`B�Mi iQ +QMiBMmQmb #BD2+iBp2
i`�Mb7Q`K�iBQMb Q7 i?2 +QMbB/2`2/ p�`B�#H2b- Bi Bb 2MQm;? iQ +QMbB/2` bi�M/�`/Bx2/ :�mbbB�Mb
K�`;BM�HbX q2 �HbQ +QKT�`2 JAL1 UmbBM; i?2 .QMbF2`@o�`�/?�M `2T`2b2Mi�iBQM BM 1[MX kX8V
�M/ JAL1@ f U#�b2/ QM i?2 f @/Bp2`;2M+2 `2T`2b2Mi�iBQM BM 1[MX kXdVX
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Pm` `2bmHib �`2 T`2b2Mi2/ BM 6B;bX eXRX q2 Q#b2`p2 i?�i #Qi? JAL1 �M/ E`�bFQpǶb
2biBK�iBQM �`2 pB`im�HHv BM/BbiBM;mBb?�#H2 7`QK i?2 ;`QmM/ i`mi? r?2M 2biBK�iBM; i?2 Kmim�H
BM7Q`K�iBQM #2ir22M #Bp�`B�i2 :�mbbB�MbX JAL1 b?Qrb K�`F2/ BKT`Qp2K2Mi Qp2` E`�FQpǶb
r?2M 2biBK�iBM; i?2 Kmim�H BM7Q`K�iBQM #2ir22M ir2Miv /BK2MbBQM�H `�M/QK p�`B�#H2bX q2
�HbQ `2K�`F i?�i JAL1 T`QpB/2b � iB;?i2` 2biBK�i2 Q7 i?2 Kmim�H BM7Q`K�iBQM i?�M JAL1@ f X

6B;X eXRX Jmim�H BM7Q`K�iBQM #2ir22M irQ KmHiBp�`B�i2 :�mbbB�Mb rBi? +QKTQM2Mi@rBb2 +Q`@
`2H�iBQM ρ ∈ (−1,1)X

9XkX *�Tim`BM; MQM@HBM2�` /2T2M/2M+B2b

�M BKTQ`i�Mi T`QT2`iv Q7 Kmim�H BM7Q`K�iBQM #2ir22M `�M/QK p�`B�#H2b rBi? `2H�iBQMb?BT
Y = f (X)+σ $ε- r?2`2 f Bb � /2i2`KBMBbiB+ MQM@HBM2�` i`�Mb7Q`K�iBQM �M/ ε Bb `�M/QK MQBb2-
Bb i?�i Bi Bb BMp�`B�Mi iQ i?2 /2i2`KBMBbiB+ MQMHBM2�` i`�Mb7Q`K�iBQM- #mi b?QmH/ QMHv /2T2M/
QM i?2 �KQmMi Q7 MQBb2- σ $εX h?Bb BKTQ`i�Mi T`QT2`iv- i?�i ;m�`�Mi22b i?2 [m�MiB}+�iBQM
/2T2M/2M+2 rBi?Qmi #B�b 7Q` i?2 `2H�iBQMb?BT- Bb +�HH2/ 2[mBi�#BHBiv UEBMM2v � �ir�H- kyR9VX
Pm` `2bmHib U6B;X eXkV b?Qr i?�i JAL1 +�Tim`2b i?Bb BKTQ`i�Mi T`QT2`ivX

6B;X eXkX JAL1 Bb BMp�`B�Mi iQ +?QB+2 Q7 /2i2`KBMBbiB+ MQMHBM2�` i`�Mb7Q`K�iBQMX h?2 ?2�iK�T
/2TB+ib Kmim�H BM7Q`K�iBQM 2biBK�i2/ #v JAL1 #2ir22M k@/BK2MbBQM�H `�M/QK p�`B�#H2b
X ∼ U (−1, 1) �M/ Y = f (X) +σ $ε- r?2`2 f (x) ∈ {x, x3, sin(x)} �M/ ε ∼ N (0, I)X
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8X �TTHB+�iBQMb
AM i?Bb b2+iBQM- r2 mb2 JAL1 iQ T`2b2Mi �TTHB+�iBQMb Q7 Kmim�H BM7Q`K�iBQM �M/ +QKT�`2

iQ +QKT2iBM; K2i?Q/b /2bB;M2/ iQ �+?B2p2 i?2 b�K2 ;Q�HbX aT2+B}+�HHv- #v mbBM; JAL1 iQ
K�tBKBx2 i?2 Kmim�H BM7Q`K�iBQM- r2 �`2 �#H2 iQ BKT`Qp2 KQ/2 `2T`2b2Mi�iBQM �M/ `2+QM@
bi`m+iBQM Q7 ;2M2`�iBp2 KQ/2HbX 6BM�HHv- #v KBMBKBxBM; Kmim�H BM7Q`K�iBQM- r2 �`2 �#H2 iQ
2z2+iBp2Hv BKTH2K2Mi i?2 BM7Q`K�iBQM #QiiH2M2+F BM � +QMiBMmQmb b2iiBM;X

8XRX J�tBKBxBM; Kmim�H BM7Q`K�iBQM iQ BKT`Qp2 :�Lb

JQ/2 +QHH�Tb2 U*?2 2i �HX- kyRec .mKQmHBM 2i �HX- kyRec .QM�?m2 2i �HX- kyRec a�HBK�Mb
2i �HX- kyRec J2ix 2i �HX- kyRdc a��i+?B � qBHbQM- kyRdc L;mv2M 2i �HX- kyRdc GBM 2i �HX- kyRdc
:?Qb? 2i �HX- kyRdV Bb � +QKKQM T�i?QHQ;v Q7 ;2M2`�iBp2 �/p2`b�`B�H M2irQ`Fb U:�Lb- :QQ/@
72HHQr 2i �HX- kyR9V- r?2`2 i?2 ;2M2`�iQ` 7�BHb iQ T`Q/m+2b b�KTH2b rBi? bm{+B2Mi /Bp2`bBiv
UBX2X- TQQ`Hv `2T`2b2Mi bQK2 KQ/2bVX

:�Lb �b 7Q`KmH�i2/ BM :QQ/72HHQr 2i �HX UkyR9V +QMbBbi Q7 irQ +QKTQM2Mib, � /Bb+`BKB@
M�iQ`- D : X → [0, 1] �M/ � ;2M2`�iQ`- G : Z → X - r?2`2 X Bb � /QK�BM bm+? �b � +QKT�+i
bm#bT�+2 Q7 RnX :Bp2M Z ∈ Z 7QHHQrb bQK2 bBKTH2 T`BQ` /Bbi`B#miBQM U2X;X- � bT?2`B+�H :�mbb@
B�M rBi? /2MbBiv- PZV- i?2 ;Q�H Q7 i?2 ;2M2`�iQ` Bb iQ K�i+? Bib QmiTmi /Bbi`B#miBQM iQ �
i�`;2i /Bbi`B#miBQM- PX UbT2+B}2/ #v i?2 /�i� b�KTH2bVX h?2 /Bb+`BKBM�iQ` �M/ ;2M2`�iQ` �`2
QTiBKBx2/ i?`Qm;? i?2 p�Hm2 7mM+iBQM-

KBM
G

K�t
D

V(D,G) :=

EPX [D(X)] +EPZ [HQ; (1− D(G(Z))]. U8XRV

� M�im`�H �TT`Q�+? iQ /BKBMBb? KQ/2 +QHH�Tb2 rQmH/ #2 `2;mH�`BxBM; i?2 ;2M2`�iQ`Ƕb HQbb
rBi? i?2 M2;@2Mi`QTv Q7 i?2 b�KTH2bX �b i?2 b�KTH2 2Mi`QTv Bb BMi`�+i�#H2- r2 T`QTQb2 iQ
mb2 i?2 Kmim�H BM7Q`K�iBQM �b � T`QtvX

6QHHQrBM; *?2M 2i �HX UkyReV- r2 r`Bi2 i?2 T`BQ` �b i?2 +QM+�i2M�iBQM Q7 MQBb2 �M/ +Q/2
p�`B�#H2b- Z = [ε, c]X q2 T`QTQb2 iQ T�HHB�i2 KQ/2 +QHH�Tb2 #v K�tBKBxBM; i?2 Kmim�H
BM7Q`K�iBQM #2ir22M i?2 b�KTH2b �M/ i?2 +Q/2X I(G([ε, c]); c) = H(G([ε, c]))− H(G([ε, c]) |
c)X h?2 ;2M2`�iQ` Q#D2+iBp2 i?2M #2+QK2b-

�`;K�t
G

E[HQ;(D(G([ε, c])))] +βI(G([ε, c]); c). U8XkV
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�b i?2 b�KTH2b G([ε, c]) �`2 /Bz2`2MiB�#H2 rX`XiX i?2 T�`�K2i2`b Q7 G- �M/ i?2 bi�iBbiB+b
M2irQ`F #2BM; � /Bz2`2MiB�#H2 7mM+iBQM- r2 +�M K�tBKBx2 i?2 Kmim�H BM7Q`K�iBQM mbBM; #�+F@
T`QT�;�iBQM �M/ ;`�/B2Mi �b+2Mi #v QMHv bT2+B7vBM; i?Bb �//BiBQM�H HQbb i2`KX aBM+2 i?2
Kmim�H BM7Q`K�iBQM Bb i?2Q`2iB+�HHv mM#QmM/2/- r2 mb2 �/�TiBp2 ;`�/B2Mi +HBTTBM; Ub22 i?2
amTTH2K2Mi�`v J�i2`B�HV iQ 2Mbm`2 i?�i i?2 ;2M2`�iQ` `2+2Bp2b H2�`MBM; bB;M�Hb bBKBH�` BM
K�;MBim/2 7`QK i?2 /Bb+`BKBM�iQ` �M/ i?2 bi�iBbiB+b M2irQ`FX
_2H�i2/ rQ`Fb QM KQ/2@/`QTTBM;X J2i?Q/b iQ �//`2bb KQ/2 /`QTTBM; BM :�Lb +�M `2�/BHv
#2 7QmM/ BM i?2 HBi2`�im`2X a�HBK�Mb 2i �HX UkyReV mb2 KBMB@#�i+? /Bb+`BKBM�iBQMX AM i?2
b�K2 bTB`Bi- GBM 2i �HX UkyRdV bm++2bb7mHHv KBiB;�i2b KQ/2 /`QTTBM; BM :�Lb #v KQ/B7vBM;
i?2 /Bb+`BKBM�iQ` iQ K�F2 /2+BbBQMb QM KmHiBTH2 `2�H Q` ;2M2`�i2/ b�KTH2bX :?Qb? 2i �HX
UkyRdV mb2b KmHiBTH2 ;2M2`�iQ`b i?�i �`2 2M+Qm`�;2/ iQ ;2M2`�i2 /Bz2`2Mi T�`ib Q7 i?2 i�`;2i
/Bbi`B#miBQMX L;mv2M 2i �HX UkyRdV mb2b irQ /Bb+`BKBM�iQ`b iQ KBMBKBx2 i?2 EG �M/ `2p2`b2
EG /Bp2`;2M+2b #2ir22M i?2 i�`;2i �M/ ;2M2`�i2/ /Bbi`B#miBQMbX *?2 2i �HX UkyReV H2�`Mb �
`2+QMbi`m+iBQM /Bbi`B#miBQM- i?2M i2�+? i?2 ;2M2`�iQ` iQ b�KTH2 7`QK Bi- i?2 BMimBiBQM #2BM;
i?�i i?2 `2+QMbi`m+iBQM /Bbi`B#miBQM Bb � /2@MQBb2/ Q` bKQQi?2/ p2`bBQM Q7 i?2 /�i� /Bbi`B#m@
iBQM- �M/ i?mb 2�bB2` iQ H2�`MX a`Bp�bi�p� 2i �HX UkyRdV KBMBKBx2b i?2 `2+QMbi`m+iBQM 2``Q` BM
i?2 H�i2Mi bT�+2 Q7 #B@/B`2+iBQM�H :�Lb U.mKQmHBM 2i �HX- kyRec .QM�?m2 2i �HX- kyReVX J2ix
2i �HX UkyRdV BM+Hm/2b K�Mv bi2Tb Q7 i?2 /Bb+`BKBM�iQ`Ƕb QTiBKBx�iBQM �b T�`i Q7 i?2 ;2M2`@
�iQ`Ƕb Q#D2+iBp2X q?BH2 *?2M 2i �HX UkyReV K�tBKBx2b i?2 Kmim�H BM7Q`K�iBQM #2ir22M i?2
+Q/2 �M/ i?2 b�KTH2b- Bi /Q2b bQ #v KBMBKBxBM; � p�`B�iBQM�H mTT2` #QmM/ QM i?2 +QM/BiBQM�H
2Mi`QTv U"�`#2` � �;�FQp- kyyjV i?2`27Q`2 B;MQ`BM; i?2 2Mi`QTv Q7 i?2 b�KTH2bX *?2M 2i �HX
UkyReV K�F2b MQ +H�BK �#Qmi KQ/2@/`QTTBM;X
1tT2`BK2Mib, aTB`�H- k8@:�mbbB�Mb /�i�b2ibX q2 �TTHv JAL1 iQ BKT`Qp2 KQ/2 +Qp2`�;2
r?2M i`�BMBM; � ;2M2`�iBp2 �/p2`b�`B�H M2irQ`F U:�L- :QQ/72HHQr 2i �HX- kyR9VX q2 /2KQM@
bi`�i2 mbBM; 1[MX 8Xk QM i?2 bTB`�H �M/ i?2 k8@:�mbbB�Mb /�i�b2ib- +QKT�`BM; irQ KQ/2Hb-
QM2 rBi? β = 0 Ur?B+? +Q``2bTQM/b iQ i?2 Q`i?Q/Qt :�L �b BM :QQ/72HHQr 2i �HX UkyR9VV
�M/ QM2 rBi? β = 1.0- r?B+? +Q``2bTQM/b iQ Kmim�H BM7Q`K�iBQM K�tBKBx�iBQMX

Pm` `2bmHib QM i?2 bTB`�H U6B;X eXjV �M/ i?2 25@:�mbbB�Mb U6B;X eX9V 2tT2`BK2Mib #Qi?
b?Qr BKT`Qp2/ KQ/2 +Qp2`�;2 Qp2` i?2 #�b2HBM2 rBi? MQ Kmim�H BM7Q`K�iBQM Q#D2+iBp2X h?Bb
+QM}`Kb Qm` ?vTQi?2bBb i?�i K�tBKBxBM; Kmim�H BM7Q`K�iBQM ?2HTb �;�BMbi KQ/2@/`QTTBM;
BM i?Bb bBKTH2 b2iiBM;X

Ny



U�V :�L U#V :�LYJAL1

6B;X eXjX h?2 ;2M2`�iQ` Q7 i?2 :�L KQ/2H rBi?Qmi Kmim�H BM7Q`K�iBQM K�tBKBx�iBQM �7i2`
5000 Bi2`�iBQMb bmz2`b 7`QK KQ/2 +QHH�Tb2 U?�b TQQ` +Qp2`�;2 Q7 i?2 i�`;2i /�i�b2iV +QKT�`2/
iQ :�LYJAL1 QM i?2 bTB`�H 2tT2`BK2MiX

U�V P`B;BM�H /�i� U#V :�L U+V :�LYJAL1

6B;X eX9X E2`M2H /2MbBiv 2biBK�i2 UE.1V THQib 7Q` :�LYJAL1 b�KTH2b �M/ :�L b�KTH2b
QM k8 :�mbbB�Mb /�i�b2iX

1tT2`BK2Mi, ai�+F2/ JLAahX 6QHHQrBM; *?2 2i �HX UkyReVc J2ix 2i �HX UkyRdVc a`Bp�bi�p�
2i �HX UkyRdVc GBM 2i �HX UkyRdV- r2 [m�MiBi�iBp2Hv �bb2bb JAL1Ƕb �#BHBiv iQ /BKBMBb? KQ/2
/`QTTBM; QM i?2 bi�+F2/ JLAah /�i�b2i r?B+? Bb +QMbi`m+i2/ #v bi�+FBM; i?`22 `�M/QKHv
b�KTH2/ JLAah /B;BibX �b � +QMb2[m2M+2- bi�+F2/ JLAah Qz2`b Ryyy KQ/2bX lbBM; i?2
b�K2 �`+?Bi2+im`2 �M/ i`�BMBM; T`QiQ+QH �b BM a`Bp�bi�p� 2i �HX UkyRdVc GBM 2i �HX UkyRdV- r2
i`�BM � :�L QM i?2 +QMbi`m+i2/ /�i�b2i �M/ mb2 � T`2@i`�BM2/ +H�bbB}2` QM ke-yyy b�KTH2b
iQ +QmMi i?2 MmK#2` Q7 KQ/2b BM i?2 b�KTH2b- �b r2HH �b iQ +QKTmi2 i?2 EG /Bp2`;2M+2
#2ir22M i?2 b�KTH2 �M/ 2tT2+i2/ /�i� /Bbi`B#miBQMbX Pm` `2bmHib BM h�#H2 eXR /2KQMbi`�i2
i?2 2z2+iBp2M2bb Q7 JAL1 BM T`2p2MiBM; KQ/2 +QHH�Tb2 QM ai�+F2/ JLAahX

NR



ai�+F2/ JLAah
JQ/2b

UJ�t RyyyV
EG

.*:�L 99.0 3.40

�GA 16.0 5.40

lM`QHH2/ :�L 48.7 4.32

o11:�L 150.0 2.95

S�+:�L 1000.0± 0.0 0.06± 1.02−2

:�LYJAL1 UPm`bV 1000.0± 0.0 0.05± 6.92−3

h�#H2 eXRX LmK#2` Q7 +�Tim`2/ KQ/2b �M/ EmHH#H�+F@G2B#H2` /Bp2`;2M+2 #2ir22M i?2 i`�BMBM;
�M/ b�KTH2b /Bbi`B#miBQMb 7Q` .*:�L U_�/7Q`/ 2i �HX- kyR8V- �GA U.mKQmHBM 2i �HX- kyReV-
lM`QHH2/ :�L UJ2ix 2i �HX- kyRdV- o22:�L Ua`Bp�bi�p� 2i �HX- kyRdV- S�+:�L UGBM 2i �HX-
kyRdVX

U�V h`�BMBM; b2i U#V .*:�L U+V .*:�LYJAL1

6B;X eX8X a�KTH2b 7`QK i?2 ai�+F2/ JLAah /�i�b2i �HQM; rBi? ;2M2`�i2/ b�KTH2b 7`QK
.*:�L �M/ .*:�L rBi? JAL1X q?BH2 .*:�L QMHv b?Qrb � p2`v HBKBi2/ MmK#2` Q7
KQ/2b- i?2 BM+HmbBQM Q7 JAL1 ;2M2`�i2b � Km+? #2ii2` `2T`2b2Mi�iBp2 b2i Q7 b�KTH2bX

8XkX J�tBKBxBM; Kmim�H BM7Q`K�iBQM iQ BKT`Qp2 BM72`2M+2 BM #B@/B`2+iBQM�H
�/p2`b�`B�H KQ/2Hb

�/p2`b�`B�H #B@/B`2+iBQM�H KQ/2Hb r2`2 BMi`Q/m+2/ BM �/p2`b�`B�HHv G2�`M2/ AM72`@
2M+2 U�GA- .mKQmHBM 2i �HX- kyReV �M/ "B:�L U.QM�?m2 2i �HX- kyReV �M/ �`2 �M 2ti2MbBQM
Q7 :�Lb r?B+? BM+Q`TQ`�i2 � `2p2`b2 KQ/2H- F : X → Z DQBMiHv i`�BM2/ rBi? i?2 ;2M2`�iQ`X
h?2b2 KQ/2Hb 7Q`KmH�i2 i?2 T`Q#H2K BM i2`Kb Q7 i?2 p�Hm2 7mM+iBQM BM 1[MX 8XR #2ir22M irQ

Nk



DQBMi /Bbi`B#miBQMb- p(x, z) = p(z | x)p(x) �M/ q(x, z) = q(x | z)p(z) BM/m+2/ #v i?2 7Q`r�`/
U2M+Q/2`V �M/ `2p2`b2 U/2+Q/2`V KQ/2Hb- `2bT2+iBp2HvdX

PM2 ;Q�H Q7 #B@/B`2+iBQM�H KQ/2Hb Bb iQ /Q BM72`2M+2 �b r2HH �b iQ H2�`M � ;QQ/ ;2M2`�iBp2
KQ/2HX _2+QMbi`m+iBQMb �`2 QM2 /2bB`�#H2 T`QT2`iv Q7 � KQ/2H i?�i /Q2b #Qi? BM72`2M+2
�M/ ;2M2`�iBQM- #mi BM T`�+iB+2 �GA +�M H�+F }/2HBiv UBX2X- `2+QMbi`m+ib H2bb 7�Bi?7mHHv i?�M
/2bB`2/- b22 GB 2i �HX- kyRdc lHv�MQp 2i �HX- kyRdc "2H;?�xB 2i �HX- kyR3#VX hQ /2KQMbi`�i2
i?2 +QMM2+iBQM iQ Kmim�H BM7Q`K�iBQM- Bi +�M #2 b?QrM Ub22 i?2 amTTH2K2Mi�`v J�i2`B�H 7Q`
/2i�BHbV i?�i i?2 `2+QMbi`m+iBQM 2``Q`- R- Bb #QmM/2/ #v-

R ≤ DKL(q(x, z) || p(x, z))− Iq(x, z) + Hq(z) U8XjV

A7 i?2 DQBMi /Bbi`B#miBQMb �`2 K�i+?2/- Hq(z) i2M/b iQ Hp(z)- r?B+? Bb }t2/ �b HQM; �b i?2
T`BQ`- p(z)- Bb Bib2H7 }t2/X am#b2[m2MiHv- K�tBKBxBM; i?2 Kmim�H BM7Q`K�iBQM KBMBKBx2b i?2
2tT2+i2/ `2+QMbi`m+iBQM 2``Q`X

�bbmKBM; i?�i i?2 ;2M2`�iQ` Bb i?2 b�K2 �b rBi? :�Lb BM i?2 T`2pBQmb b2+iBQM- i?2
Q#D2+iBp2b 7Q` i`�BMBM; � #B@/B`2+iBQM�H �/p2`b�`B�H KQ/2H i?2M #2+QK2,

�`;K�t
D

Eq(x,z)[HQ; D(x, z)] +Ep(x,z)[HQ; (1− D(x, z))]

�`;K�t
F,G

Eq(x,z)[HQ; (1− D(x, z))] +Ep(x,z)[HQ; D(x, z)]

+βIq(x, z). U8X9V

_2H�i2/ rQ`FbX lHv�MQp 2i �HX UkyRdV BKT`Qp2b `2+QMbi`m+iBQMb [m�HBiv #v 7Q`;QBM; i?2
/Bb+`BKBM�iQ` �M/ 2tT`2bbBM; i?2 �/p2`b�`B�H ;�K2 #2ir22M i?2 2M+Q/2` �M/ /2+Q/2`X
EmK�` 2i �HX UkyRdV �m;K2Mib i?2 #B@/B`2+iBQM�H Q#D2+iBp2 #v +QMbB/2`BM; i?2 `2+QMbi`m+iBQM
�M/ i?2 +Q``2bTQM/BM; 2M+Q/BM;b �b �M �//BiBQM�H 7�F2 T�B`X "2H;?�xB 2i �HX UkyR3#V b?Qrb
i?�i � J�`FQpB�M ?B2`�`+?B+�H ;2M2`�iQ` BM � #B@/B`2+iBQM�H �/p2`b�`B�H KQ/2H T`QpB/2 �
?B2`�`+?v Q7 `2+QMbi`m+iBQMb rBi? BM+`2�bBM; H2p2Hb Q7 }/2HBiv UBM+`2�bBM; `2+QMbi`m+iBQM
[m�HBivVX GB 2i �HX UkyRdV b?Qrb i?�i i?2 2tT2+i2/ `2+QMbi`m+iBQM 2``Q` +�M #2 /BKBMBb?2/
#v KBMBKBxBM; i?2 +QM/BiBQM�H 2Mi`QTv Q7 i?2 Q#b2`p�#H2b ;Bp2M i?2 H�i2Mi `2T`2b2Mi�iBQMbX
h?2 +QM/BiBQM�H 2Mi`QTv #2BM; BMi`�+i�#H2 7Q` ;2M2`�H TQbi2`BQ`- GB 2i �HX UkyRdV T`QTQb2b iQ
�m;K2Mi i?2 ;2M2`�iQ`Ƕb HQbb rBi? �M �/p2`b�`B�H +v+H2 +QMbBbi2M+v HQbb Uw?m 2i �HX- kyRdV
#2ir22M i?2 Q#b2`p�#H2b �M/ i?2B` `2+QMbi`m+iBQMbX

dq2 brBi+? iQ /2MbBiv MQi�iBQMb 7Q` +QMp2MB2M+2 i?`Qm;?Qmi i?Bb b2+iBQMX

Nj



1tT2`BK2Mi, �GAYJAL1X AM i?Bb b2+iBQM r2 +QKT�`2 JAL1 iQ 2tBbiBM; #B@/B`2+iBQM�H �/@
p2`b�`B�H KQ/2HbX �b i?2 /2+Q/2`Ƕb /2MbBiv Bb ;2M2`�HHv BMi`�+i�#H2- r2 mb2 i?`22 /Bz2`2Mi
K2i`B+b iQ K2�bm`2 i?2 }/2HBiv Q7 i?2 `2+QMbi`m+iBQMb rBi? `2bT2+i iQ i?2 b�KTH2bc (i) i?2
2m+HB/2�M `2+QMbi`m+iBQM 2``Q`- (ii) `2+QMbi`m+iBQM �++m`�+v- r?B+? Bb i?2 T`QTQ`iBQM Q7 H�#2Hb
T`2b2`p2/ #v i?2 `2+QMbi`m+iBQM �b B/2MiB}2/ #v � T`2@i`�BM2/ +H�bbB}2`c (iii) i?2 JmHiB@b+�H2
bi`m+im`�H bBKBH�`Biv K2i`B+ UJa@aaAJ- q�M; 2i �HX- kyy9V #2ir22M i?2 Q#b2`p�#H2b �M/ i?2B`
`2+QMbi`m+iBQMbX

q2 i`�BM JAL1 QM /�i�b2ib Q7 BM+`2�bBM; Q`/2` Q7 +QKTH2tBiv, � iQv /�i�b2i +QKTQb2/
Q7 k8@:�mbbB�Mb- JLAah UG2*mM- RNN3V- �M/ i?2 *2H2#� /�i�b2i UGBm 2i �HX- kyR8VX 6B;X eXe
b?Qrb i?2 `2+QMbi`m+iBQM �#BHBiv Q7 JAL1 +QKT�`2/ iQ �GAX �Hi?Qm;? �GA*1 /Q2b T2`72+i
`2+QMbi`m+iBQM Ur?B+? Bb BM Bib 2tTHB+Bi 7Q`KmH�iBQMV- r2 Q#b2`p2 bB;MB}+�Mi KQ/2@/`QTTBM;
BM i?2 b�KTH2 bT�+2X JAL1 /Q2b � #�H�M+2/ DQ# Q7 `2+QMbi`m+iBM; �HQM; rBi? +�Tim`BM; �HH
i?2 KQ/2b Q7 i?2 mM/2`HvBM; /�i� /Bbi`B#miBQMX

L2ti- r2 K2�bm`2 i?2 }/2HBiv Q7 i?2 `2+QMbi`m+iBQMb Qp2` �GA- �GA*1- �M/ JAL1X h#HX k
+QKT�`2b JAL1 iQ i?2 2tBbiBM; #�b2HBM2b BM i2`Kb Q7 2m+HB/2�M `2+QMbi`m+iBQM 2``Q`b- `2+QM@
bi`m+iBQM �++m`�+v- �M/ Ja@aaAJX PM JLAah- JAL1 QmiT2`7Q`Kb �GA BM i2`Kb Q7 `2+QM@
bi`m+iBQM 2``Q`b #v � ;QQ/ K�`;BM �M/ Bb +QKT2iBiBp2 iQ �GA*1 rBi? `2bT2+i iQ `2+QMbi`m+iBQM
�++m`�+v �M/ Ja@aaAJX Pm` `2bmHib b?Qr i?�i JAL1Ƕb 2z2+i QM `2+QMbi`m+iBQMb Bb 2p2M KQ`2
/`�K�iB+ r?2M +QKT�`2/ iQ �GA �M/ �GA*1 QM i?2 *2H2#� /�i�b2iX

8XjX AM7Q`K�iBQM "QiiH2M2+F

h?2 AM7Q`K�iBQM "QiiH2M2+F UA"- hBb?#v 2i �HX- kyyyV Bb �M BM7Q`K�iBQM i?2Q`2iB+ K2i?Q/
7Q` 2ti`�+iBM; `2H2p�Mi BM7Q`K�iBQM- Q` vB2H/BM; � `2T`2b2Mi�iBQM- i?�i �M BMTmi X ∈ X
+QMi�BMb �#Qmi �M QmiTmi Y ∈ Y X �M QTiBK�H `2T`2b2Mi�iBQM Q7 X rQmH/ +�Tim`2 i?2 `2H2p�Mi
7�+iQ`b �M/ +QKT`2bb X #v /BKBMBb?BM; i?2 B``2H2p�Mi T�`ib r?B+? /Q MQi +QMi`B#mi2 iQ i?2
T`2/B+iBQM Q7 YX A" r�b `2+2MiHv +Qp2`2/ BM i?2 +QMi2ti Q7 /22T H2�`MBM; UhBb?#v � w�bH�pbFv-
kyR8V- �M/ �b bm+? +�M #2 b22M �b � T`Q+2bb iQ +QMbi`m+i �M �TT`QtBK�iBQM Q7 i?2 KBMBK�HHv
bm{+B2Mi bi�iBbiB+b Q7 i?2 /�i�X A" b22Fb �M 2M+Q/2`- q(Z | X)- i?�i BM/m+2b i?2 J�`FQpB�M
bi`m+im`2 X → Z→ YX h?Bb Bb /QM2 #v KBMBKBxBM; i?2 A" G�;`�M;B�M-

L[q(Z | X)] = H(Y|Z) +βI(X,Z), U8X8V
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U�V �GA
U#V �GA*1

Ul2V
U+V �GA*1 U�V

U/V
�GAYJAL1

6B;X eXeX _2+QMbi`m+iBQMb
�M/ KQ/2H b�KTH2b 7`QK
�/p2`b�`B�HHv H2�`M2/ BM72`@
2M+2 U�GAV �M/ p�`B�iBQMb
BMi2M/2/ iQ BM+`2�b2 BKT`Qp2
`2+QMbi`m+iBQMbX a?QrM H27i
iQ `B;?i �`2 i?2 #�b2HBM2
U�GAV- �GA*1 rBi? i?2
l2 HQbb iQ KBMBKBx2 i?2
`2+QMbi`m+iBQM 2``Q`- �GA*1
rBi? �M �/p2`b�`B�H HQbb- �M/
�GAYJAL1X hQT iQ #QiiQK
�`2 i?2 `2+QMbi`m+iBQMb �M/
b�KTH2b 7`QK i?2 T`BQ`bX �G@
A*1 rBi? i?2 �/p2`b�`B�H HQbb
?�b i?2 #2bi `2+QMbi`m+iBQM-
i?Qm;? �i i?2 2tT2Mb2 Q7
TQQ` b�KTH2 [m�HBiv- r?2`2
�b �GAYJAL1 +�Tim`2b �HH
i?2 KQ/2b Q7 i?2 /�i� BM
b�KTH2 bT�+2X

r?B+? �TT2�`b �b � bi�M/�`/ +`Qbb@2Mi`QTv HQbb �m;K2Mi2/ rBi? � `2;mH�`Bx2` T`QKQiBM;
KBMBK�HBiv Q7 i?2 `2T`2b2Mi�iBQM U�+?BHH2 � aQ�iiQ- kyRdVX >2`2 r2 T`QTQb2 iQ 2biBK�i2 i?2
`2;mH�`Bx2` rBi? JAL1X
_2H�i2/ rQ`FbX AM i?2 /Bb+`2i2 b2iiBM;- hBb?#v 2i �HX UkyyyV mb2b i?2 "H�?mi@�`BKQiQ �H;Q@
`Bi?K �`BKQiQ URNdkV- r?B+? +�M #2 mM/2`biQQ/ �b +v+HB+�H +QQ`/BM�i2 �b+2Mi BM 7mM+iBQM
bT�+2bX q?BH2 A" Bb bm++2bb7mH �M/ TQTmH�` BM � /Bb+`2i2 b2iiBM;- Bib �TTHB+�iBQM iQ i?2
+QMiBMmQmb b2iiBM; r�b biB~2/ #v i?2 BMi`�+i�#BHBiv Q7 i?2 +QMiBMmQmb Kmim�H BM7Q`K�iBQMX
LQM2i?2H2bb- A" r�b �TTHB2/ BM i?2 +�b2 Q7 DQBMiHv :�mbbB�M `�M/QK p�`B�#H2b BM *?2+?BF
2i �HX Ukyy8VX

N8



JQ/2H
_2+QMbX
1``Q`

_2+QMbX
�++XUWV

Ja@aaAJ

JLAah

�GA R9Xk9 98XN8 yXNd
�GA*1Ul2V jXky NNXyj yXNd
�GA*1U�/pXV 8Xky N3XRd yXN3
JAL1 NXdj NeXRy yXNN

*2H2#�

�GA 8jXd8 8dX9N yX3R
�GA*1Ul2V 3XyR jkXkk yXNj
�GA*1U�/pXV NkX8e 93XN8 yX8R
JAL1 jeXRR deXy3 yXNN

h�#H2 eXkX *QKT�`BbQM Q7 JAL1 rBi? Qi?2` #B@/B`2+iBQM�H �/p2`b�`B�H KQ/2Hb BM i2`Kb Q7
2m+HB/2�M `2+QMbi`m+iBQM 2``Q`- `2+QMbi`m+iBQM �++m`�+v- �M/ Ja@aaAJ QM i?2 JLAah �M/
*2H2#� /�i�b2ibX JAL1 /Q2b � ;QQ/ DQ# +QKT�`2/ iQ �GA BM i2`Kb Q7 `2+QMbi`m+iBQMbX
h?Qm;? i?2 2tTHB+Bi `2+QMbi`m+iBQM #�b2/ #�b2HBM2b U�GA*1V +�M bQK2iBK2b /Q #2ii2` i?�M
JAL1 BM i2`Kb Q7 `2+QMbi`m+iBQMb `2H�i2/ i�bFb- i?2v +QMbBbi2MiHv H�; #2?BM/ BM Ja@aaAJ
b+Q`2b �M/ `2+QMbi`m+iBQM �++m`�+v QM *2H2#�X

AM Q`/2` iQ Qp2`+QK2 i?2 BMi`�+i�#BHBiv Q7 I(X; Z) BM i?2 +QMiBMmQmb b2iiBM;- �H2KB 2i �HX
UkyReVc EQH+?BMbFv 2i �HX UkyRdVc *?�HF 2i �HX UkyReV 2tTHQBi i?2 p�`B�iBQM�H #QmM/ Q7 "�`#2`
� �;�FQp UkyyjV iQ �TT`QtBK�i2 i?2 +QM/BiBQM�H 2Mi`QTv BM I(X; Z)X h?2b2 �TT`Q�+?2b
/Bz2` QMHv QM i?2B` i`2�iK2Mi Q7 i?2 K�`;BM�H /Bbi`B#miBQM Q7 i?2 #QiiH2M2+F p�`B�#H2, �H2KB
2i �HX UkyReV �bbmK2b � bi�M/�`/ KmHiBp�`B�i2 MQ`K�H K�`;BM�H /Bbi`B#miBQM- *?�HF 2i �HX
UkyReV mb2b � aim/2Mi@i /Bbi`B#miBQM- �M/ EQH+?BMbFv 2i �HX UkyRdV mb2b MQM@T�`�K2i`B+
2biBK�iQ`bX .m2 iQ i?2B` `2HB�M+2 QM � p�`B�iBQM�H �TT`QtBK�iBQM- i?2b2 K2i?Q/b `2[mB`2 �
i`�+i�#H2 /2MbBiv 7Q` i?2 �TT`QtBK�i2 TQbi2`BQ`- r?BH2 JAL1 /Q2b MQiX
1tT2`BK2Mi, S2`Kmi�iBQM@BMp�`B�Mi JLAah +H�bbB}+�iBQMX >2`2- r2 /2KQMbi`�i2 �M BKTH2@
K2Mi�iBQM Q7 i?2 A" Q#D2+iBp2 QM T2`Kmi�iBQM BMp�`B�Mi JLAah mbBM; JAL1X q2 +QKT�`2
iQ i?2 .22T o�`B�iBQM�H "QiiH2M2+F U.o"- �H2KB 2i �HX- kyReV �M/ mb2 i?2 b�K2 2KTB`B+�H
b2imTX �b i?2 .o" `2HB2b QM � p�`B�iBQM�H #QmM/ QM i?2 +QM/BiBQM�H 2Mi`QTv- Bi i?2`27Q`2

Ne



`2[mB`2b � i`�+i�#H2 /2MbBivX �H2KB 2i �HX UkyReV QTib 7Q` � +QM/BiBQM�H :�mbbB�M 2M+Q/2`
z = µ(x) +σ $ε- r?2`2 ε ∼ N (0, I)X �b JAL1 /Q2b MQi `2[mB`2 � i`�+i�#H2 /2MbBiv- r2
+QMbB/2` i?`22 ivT2 Q7 2M+Q/2`b, (i) � :�mbbB�M 2M+Q/2` �b BM �H2KB 2i �HX UkyReVc (ii) �M �//B@
iBp2 MQBb2 2M+Q/2`- z = enc(x +σ $ε)c �M/ (iii) � T`QT�;�i2/ MQBb2 2M+Q/2`- z = enc([x,ε])X
Pm` `2bmHib +�M #2 b22M BM h#HX eXj- �M/ i?Bb b?Qrb JAL1 �b #2BM; bmT2`BQ` BM i?2b2 b2iiBM;bX

JQ/2H JBb+H�bbX `�i2UWV

"�b2HBM2 RXj3W
.`QTQmi RXj9W

*QM}/2M+2 T2M�Hiv RXjeW
G�#2H aKQQi?BM; RX9yW

.o" RXRjW
.o" Y �//BiBp2 MQBb2 RXyeW

JAL1U:�mbbB�MV UQm`bV RXRRW
JAL1US`QT�;�i2/V UQm`bV RXRyW
JAL1U�//BiBp2V UQm`bV RXyRW

h�#H2 eXjX S2`Kmi�iBQM AMp�`B�Mi JLAah KBb+H�bbB}+�iBQM `�i2 mbBM; �H2KB 2i �HX UkyReV
2tT2`BK2Mi�H b2imT 7Q` `2;mH�`Bx�iBQM #v +QM}/2M+2 T2M�Hiv US2`2v`� 2i �HX- kyRdV- H�#2H
bKQQi?BM; US2`2v`� 2i �HX- kyRdV- .22T o�`B�iBQM�H "QiiH2M2+FU.o"V U�H2KB 2i �HX- kyReV
�M/ JAL1X h?2 KBb+H�bbB}+�iBQM `�i2 Bb �p2`�;2/ Qp2` i2M `mMbX AM Q`/2` iQ +QMi`QH 7Q` i?2
`2;mH�`BxBM; BKT�+i Q7 i?2 �//BiBp2 :�mbbB�M MQBb2 BM i?2 �//BiBp2 +QM/BiBQM�H- r2 �HbQ `2TQ`i
i?2 `2bmHib 7Q` .o" rBi? �//BiBQM�H �//BiBp2 :�mbbB�M MQBb2 �i i?2 BMTmiX �HH MQM@JAL1
`2bmHib �`2 i�F2M 7`QK �H2KB 2i �HX UkyReVX

eX *QM+HmbBQM
q2 T`QTQb2/ � Kmim�H BM7Q`K�iBQM 2biBK�iQ`- r?B+? r2 +�HH2/ i?2 Kmim�H BM7Q`K�iBQM

M2m`�H 2biBK�iQ` UJAL1V- i?�i Bb b+�H�#H2 BM /BK2MbBQM �M/ b�KTH2@bBx2X q2 /2KQMbi`�i2/
i?2 2{+B2M+v Q7 i?Bb 2biBK�iQ` #v �TTHvBM; Bi BM � MmK#2` Q7 b2iiBM;bX 6B`bi- � i2`K Q7 Km@
im�H BM7Q`K�iBQM +�M #2 BMi`Q/m+2/ �HH2pB�i2 KQ/2@/`QTTBM; Bbbm2 BM ;2M2`�iBp2 �/p2`b�`B�H

Nd



M2irQ`Fb U:�Lb- :QQ/72HHQr 2i �HX- kyR9VX Jmim�H BM7Q`K�iBQM +�M �HbQ #2 mb2/ iQ BK@
T`Qp2 BM72`2M+2 �M/ `2+QMbi`m+iBQMb BM �/p2`b�`B�HHv@H2�`M2/ BM72`2M+2 U�GA- .mKQmHBM 2i �HX-
kyReVX 6BM�HHv- r2 b?Qr2/ i?�i Qm` 2biBK�iQ` �HHQrb 7Q` i`�+i�#H2 �TTHB+�iBQM Q7 AM7Q`K�iBQM
#QiiH2M2+F K2i?Q/b UhBb?#v 2i �HX- kyyyV BM � +QMiBMmQmb b2iiBM;X

dX �+FMQrH2/;2K2Mib
q2 rQmH/ HBF2 iQ i?�MF J�`iBM �`DQpbFv- *�;H�` :mH+2?`2- J�`+BM JQ+xmHbFB- L2;�`

_Qbi�Kx�/2?- h?QK�b "Q[m2i- AQ�MMBb JBiHB�;F�b- S2/`Q PHBp2B`� SBM?2B`Q 7Q` ?2HT7mH +QK@
K2Mib- �b r2HH �b a�KbmM; �M/ Ao�.P 7Q` i?2B` bmTTQ`iX
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3X �TT2M/Bt
AM i?Bb �TT2M/Bt- r2 T`QpB/2 �//BiBQM�H 2tT2`BK2Mi /2i�BHb �M/ bT2HH Qmi i?2 T`QQ7b

QKBii2/ BM i?2 i2tiX

3XRX 1tT2`BK2Mi�H .2i�BHb

3XRXRX �/�TiBp2 *HBTTBM;X >2`2 r2 �bbmK2 r2 �`2 BM i?2 +QMi2ti Q7 :�Lb /2b+`B#2/ BM
a2+iBQMb 8XR �M/ 8Xk- r?2`2 i?2 Kmim�H BM7Q`K�iBQM b?Qrb mT �b � `2;mH�`Bx2` BM i?2 ;2M2`�iQ`
Q#D2+iBp2X

LQiB+2 i?�i i?2 ;2M2`�iQ` Bb mT/�i2/ #v irQ ;`�/B2MibX h?2 }`bi ;`�/B2Mi Bb i?�i Q7 i?2
;2M2`�iQ`Ƕb HQbb- Lg rBi? `2bT2+i iQ i?2 ;2M2`�iQ`Ƕb T�`�K2i2`bθ- gu :=

∂Lg
∂θ X h?2 b2+QM/ ~Qrb

7`QK i?2 Kmim�H BM7Q`K�iBQM 2biBK�i2 iQ i?2 ;2M2`�iQ`- gm := − ∂ Î(X;Z)
∂θ X A7 H27i mM+?2+F2/-

#2+�mb2 Kmim�H BM7Q`K�iBQM Bb mM#QmM/2/- i?2 H�ii2` +�M Qp2`r?2HK i?2 7Q`K2`- H2�/BM; iQ �
7�BHm`2 KQ/2 Q7 i?2 �H;Q`Bi?K r?2`2 i?2 ;2M2`�iQ` Tmib �HH Q7 Bib �ii2MiBQM QM K�tBKBxBM; i?2
Kmim�H BM7Q`K�iBQM �M/ B;MQ`2b i?2 �/p2`b�`B�H ;�K2 rBi? i?2 /Bb+`BKBM�iQ`X q2 T`QTQb2
iQ �/�TiBp2Hv +HBT i?2 ;`�/B2Mi 7`QK i?2 Kmim�H BM7Q`K�iBQM bQ i?�i Bib 6`Q#2MBmb MQ`K Bb
�i KQbi i?�i Q7 i?2 ;`�/B2Mi 7`QK i?2 /Bb+`BKBM�iQ`X .2}MBM; ga iQ #2 i?2 �/�Ti2/ ;`�/B2Mi
7QHHQrBM; 7`QK i?2 bi�iBbiB+b M2irQ`F iQ i?2 ;2M2`�iQ`- r2 ?�p2-

ga = KBM(‖gu‖ , ‖gm‖)
gm
‖gm‖

. U3XRV

LQi2 i?�i �/�TiBp2 +HBTTBM; +�M #2 +QMbB/2`2/ BM �Mv bBim�iBQM r?2`2 JAL1 Bb iQ #2 K�tB@
KBx2/X

3XRXkX :�LYJAL1, aTB`�H �M/ k8@;�mbbB�MbX AM i?Bb b2+iBQM r2 bi�i2 i?2 /2i�BHb Q7 2tT2`@
BK2Mib bmTTQ`iBM; KQ/2 /`QTTBM; 2tT2`BK2Mib QM i?2 bTB`�H �M/ k8@:�mbbB�Mb /�i�b2iX 6Q`
#Qi? i?2 /�i�b2ib r2 mb2 Ryy-yyy 2t�KTH2b b�KTH2/ 7`QK i?2 i�`;2i /Bbi`B#miBQMb- mbBM; �
bi�M/�`/ /2pB�iBQM Q7 0.05 BM i?2 +�b2 Q7 k8@;�mbbB�Mb- �M/ mbBM; �//BiBp2 MQBb2 7Q` i?2 bTB`�HX
h?2 ;2M2`�iQ` 7Q` i?2 :�L +QMbBbib Q7 irQ 7mHHv +QMM2+i2/ H�v2`b rBi? 500 mMBib BM 2�+? H�v2`
rBi? #�i+?@MQ`K�HBx�iBQM UAQz2 � ax2;2/v- kyR8�V �M/ G2�Fv@_2Gl �b �+iBp�iBQM 7mM+iBQM
�b BM .mKQmHBM 2i �HX UkyReVX h?2 /Bb+`BKBM�iQ` �M/ bi�iBbiB+b M2irQ`Fb ?�p2 i?`22 7mHHv
+QMM2+i2/ H�v2`b rBi? 400 mMBib 2�+?X q2 mb2 i?2 �/�K UEBM;K� � "�- kyR9V QTiBKBx2`
rBi? � H2�`MBM; `�i2 Q7 0.0001X "Qi? :�L #�b2HBM2 �M/ :�LYJAL1 r2`2 i`�BM2/ 7Q` 5,000

Bi2`�iBQMb rBi? � KBMB #�i+?@bBx2 Q7 100X

NN



3XRXjX :�LYJAL1, ai�+F2/@JLAahX >2`2 r2 /2b+`B#2 i?2 2tT2`BK2Mi�H b2imT �M/ �`+?B@
i2+im`�H /2i�BHb Q7 bi�+F2/@JLAah i�bF rBi? :�LYJAL1X q2 +QKT�`2 iQ i?2 2t�+i b�K2 2t@
T2`BK2Mi�H b2imT 7QHHQr2/ �M/ `2TQ`i2/ BM S�+:�LGBM 2i �HX UkyRdV �M/ o11:�La`Bp�bi�p�
2i �HX UkyRdVX q2 mb2 � T`2@i`�BM2/ +H�bbB}2` iQ +H�bbB7v ;2M2`�i2/ b�KTH2b QM 2�+? Q7 i?2 i?`22
bi�+F2/ +?�MM2HbX 1p�Hm�iBQM Bb /QM2 QM ke-yyy i2bi b�KTH2b �b 7QHHQr2/ BM i?2 #�b2HBM2bX q2
i`�BM :�LYJAL1 7Q` 8y 2TQ+?b QM 128,000 b�KTH2bX .2i�BHb 7Q` ;2M2`�iQ` �M/ /Bb+`BKBM�@
iQ` M2irQ`Fb �`2 ;Bp2M #2HQr BM i?2 i�#H2eX9 �M/ i�#H2eX8X aT2+B}+�HHv i?2 bi�iBbiB+b M2irQ`F
?�b i?2 b�K2 �`+?Bi2+im`2 �b /Bb+`BKBM�iQ` BM .*:�L rBi? 1Gl U*H2p2`i 2i �HX- kyR8V �b
�+iBp�iBQM 7mM+iBQM 7Q` i?2 BM/BpB/m�H H�v2`b �M/ rBi?Qmi #�i+?@MQ`K�HBx�iBQM �b ?B;?HB;?i2/
BM h�#H2 eXeX AM Q`/2` iQ +QM/BiBQM i?2 bi�iBbiB+b M2irQ`F QM i?2 z p�`B�#H2- r2 mb2 HBM2�`
JGSb �i 2�+? H�v2`- r?Qb2 QmiTmi �`2 `2b?�T2/ iQ i?2 MmK#2` Q7 72�im`2 K�TbX h?2 HBM2�`
JGSb QmiTmi Bb i?2M �//2/ �b � /vM�KB+ #B�bX

:2M2`�iQ`

G�v2` LmK#2` Q7 QmiTmib E2`M2H bBx2 ai`B/2 �+iBp�iBQM 7mM+iBQM

AMTmi z ∼ U (−1, 1)100 Ryy
6mHHv@+QMM2+i2/ k k 8Rk _2Gl
h`�MbTQb2/ +QMpQHmiBQM 9 9 k8e 5 ∗ 5 k _2Gl
h`�MbTQb2/ +QMpQHmiBQM d d Rk3 5 ∗ 5 k _2Gl
h`�MbTQb2/ +QMpQHmiBQM R9 R9 e9 5 ∗ 5 k _2Gl
h`�MbTQb2/ +QMpQHmiBQM k3 k3 j 5 ∗ 5 k h�M?

h�#H2 eX9X :2M2`�iQ` M2irQ`F 7Q` ai�+F2/@JLAah 2tT2`BK2Mi mbBM; :�LYJAL1X

Ryy



.Bb+`BKBM�iQ`

G�v2` LmK#2` Q7 QmiTmib E2`M2H bBx2 ai`B/2 �+iBp�iBQM 7mM+iBQM

AMTmi x 28 ∗ 28 ∗ 3
*QMpQHmiBQM R9 R9 e9 5 ∗ 5 k _2Gl
*QMpQHmiBQM d d Rk3 5 ∗ 5 k _2Gl
*QMpQHmiBQM 9 9 k8e 5 ∗ 5 k _2Gl
*QMpQHmiBQM k k 8Rk 5 ∗ 5 k _2Gl
6mHHv@+QMM2+i2/ R R o�HB/ aB;KQB/

h�#H2 eX8X .Bb+`BKBM�iQ` M2irQ`F 7Q` ai�+F2/@JLAah 2tT2`BK2MiX

ai�iBbiB+b L2irQ`F

G�v2` MmK#2` Q7 QmiTmib F2`M2H bBx2 bi`B/2 �+iBp�iBQM 7mM+iBQM

AMTmi x, z

*QMpQHmiBQM R9 R9 Re 5 ∗ 5 k 1Gl
*QMpQHmiBQM d d jk 5 ∗ 5 k 1Gl
*QMpQHmiBQM 9 9 e9 5 ∗ 5 k 1Gl
6H�ii2M @ @ @ @
6mHHv@*QMM2+i2/ Ryk9 R o�HB/ LQM2
6mHHv@*QMM2+i2/ R R o�HB/ LQM2

h�#H2 eXeX ai�iBbiB+b M2irQ`F 7Q` ai�+F2/@JLAah 2tT2`BK2MiX

3XRX9X �GAYJAL1, JLAah �M/ *2H2#�X AM i?Bb b2+iBQM r2 bi�i2 i?2 /2i�BHb Q7 2tT2`BK2M@
i�H b2imT �M/ i?2 M2irQ`F �`+?Bi2+im`2b mb2/ 7Q` i?2 i�bF Q7 BKT`QpBM; `2+QMbi`m+iBQMb �M/
`2T`2b2Mi�iBQMb BM #B/B`2+iBQM�H �/p2`b�`B�H KQ/2Hb rBi? JAL1X h?2 ;2M2`�iQ` �M/ /Bb+`BK@
BM�iQ` M2irQ`F �`+?Bi2+im`2b �HQM; rBi? i?2 ?vT2` T�`�K2i2` b2imT mb2/ BM i?2b2 i�bFb �`2
bBKBH�` iQ i?2 QM2b mb2/ BM .*:�L U_�/7Q`/ 2i �HX- kyR8VX

ai�iBbiB+b M2irQ`F +QM/BiBQMBM; QM i?2 H�i2Mi +Q/2 r�b /QM2 �b BM i?2 ai�+F2/@JLAah
2tT2`BK2MibX q2 mb2/ �/�K �b i?2 QTiBKBx2` rBi? � H2�`MBM; `�i2 Q7 yXyyyRX q2 i`�BM2/ i?2
KQ/2H 7Q` � iQi�H Q7 35,000 Bi2`�iBQMb QM *2H2#� �M/ 50,000 Bi2`�iBQMb QM JLAah- #Qi? rBi?
� KBMB #�i+?@bBx2 Q7 100X

RyR



1M+Q/2`

G�v2` LmK#2` Q7 QmiTmib E2`M2H bBx2 ai`B/2 �+iBp�iBQM 7mM+iBQM

AMTmi [x,ε] k3 k3 RkN
*QMpQHmiBQM R9 R9 e9 5 ∗ 5 k _2Gl
*QMpQHmiBQM d d Rk3 5 ∗ 5 k _2Gl
*QMpQHmiBQM 9 9 k8e 5 ∗ 5 k _2Gl
*QMpQHmiBQM k8e 4 ∗ 4 o�HB/ _2Gl
6mHHv@+QMM2+i2/ Rk3 @ @ LQM2

h�#H2 eXdX 1M+Q/2` M2irQ`F 7Q` #B@/B`2+iBQM�H KQ/2Hb QM JLAahX ε ∼ N128(0, I)X

.2+Q/2`

G�v2` LmK#2` Q7 QmiTmib E2`M2H bBx2 ai`B/2 �+iBp�iBQM 7mM+iBQM

AMTmi z Rk3
6mHHv@+QMM2+i2/ 9 9 k8e _2Gl
h`�MbTQb2/ +QMpQHmiBQM d d Rk3 5 ∗ 5 k _2Gl
h`�MbTQb2/ +QMpQHmiBQM R9 R9 e9 5 ∗ 5 k _2Gl
h`�MbTQb2/ +QMpQHmiBQM k3 k3 R 5 ∗ 5 k h�M?

h�#H2 eX3X .2+Q/2` M2irQ`F 7Q` #B@/B`2+iBQM�H KQ/2Hb QM JLAahX z ∼ N256(0, I)

Ryk



.Bb+`BKBM�iQ`

G�v2` LmK#2` Q7 QmiTmib E2`M2H bBx2 ai`B/2 �+iBp�iBQM 7mM+iBQM

AMTmi x 28 ∗ 28 ∗ 3
*QMpQHmiBQM R9 R9 e9 5 ∗ 5 k G2�`Fv_2Gl
*QMpQHmiBQM d d Rk3 5 ∗ 5 k G2�Fv_2Gl
*QMpQHmiBQM 9 9 k8e 5 ∗ 5 k G2�Fv_2Gl
6H�ii2M @ @ @
*QM+�i2M�i2 z @ @ @
6mHHv@+QMM2+i2/ Ryk9 @ @ G2�Fv_2Gl
6mHHv@+QMM2+i2/ R @ @ aB;KQB/

h�#H2 eXNX .Bb+`BKBM�iQ` M2irQ`F 7Q` #B@/B`2+iBQM�H KQ/2Hb 2tT2`BK2Mib JAL1 QM JLAahX

ai�iBbiB+b L2irQ`F

G�v2` MmK#2` Q7 QmiTmib F2`M2H bBx2 bi`B/2 �+iBp�iBQM 7mM+iBQM

AMTmi x, z

*QMpQHmiBQM R9 R9 e9 5 ∗ 5 k G2�Fv_2Gl
*QMpQHmiBQM d d Rk3 5 ∗ 5 k G2�Fv_2Gl
*QMpQHmiBQM 9 9 k8e 5 ∗ 5 k G2�Fv_2Gl
6H�ii2M @ @ @ @
6mHHv@+QMM2+i2/ R @ @ LQM2

h�#H2 eXRyX ai�iBbiB+b M2irQ`F 7Q` #B@/B`2+iBQM�H KQ/2Hb mbBM; JAL1 QM JLAahX

Ryj



1M+Q/2`

G�v2` LmK#2` Q7 QmiTmib E2`M2H bBx2 ai`B/2 �+iBp�iBQM 7mM+iBQM

AMTmi [x,ε] e9 e9 k8N
*QMpQHmiBQM jk jk e9 5 ∗ 5 k _2Gl
*QMpQHmiBQM Re Re Rk3 5 ∗ 5 k _2Gl
*QMpQHmiBQM 3 3 k8e 5 ∗ 5 k _2Gl
*QMpQHmiBQM 9 9 8Rk 5 ∗ 5 k _2Gl
*QMpQHmiBQM 8Rk 4 ∗ 4 o�HB/ _2Gl
6mHHv@+QMM2+i2/ k8e @ @ LQM2

h�#H2 eXRRX 1M+Q/2` M2irQ`F 7Q` #B@/B`2+iBQM�H KQ/2Hb QM *2H2#�X ε ∼ N256(0, I)X

.2+Q/2`

G�v2` LmK#2` Q7 QmiTmib E2`M2H bBx2 ai`B/2 �+iBp�iBQM 7mM+iBQM

AMTmi z ∼ N256(0, I) k8e
6mHHv@*QMM2+i2/ 9 9 8Rk @ @ _2Gl
h`�MbTQb2/ +QMpQHmiBQM 3 3 k8e 5 ∗ 5 k _2Gl
h`�MbTQb2/ +QMpQHmiBQM Re Re Rk3 5 ∗ 5 k _2Gl
h`�MbTQb2/ +QMpQHmiBQM jk jk e9 5 ∗ 5 k _2Gl
h`�MbTQb2/ +QMpQHmiBQM e9 e9 j 5 ∗ 5 k h�M?

h�#H2 eXRkX .2+Q/2` M2irQ`F 7Q` #B@/B`2+iBQM�H KQ/2HU�GA- �GA*1V 2tT2`BK2Mib mbBM; JAL1
QM *2H2#�X

Ry9



.Bb+`BKBM�iQ`

G�v2` LmK#2` Q7 QmiTmib E2`M2H bBx2 ai`B/2 �+iBp�iBQM 7mM+iBQM

AMTmi x 64 ∗ 64 ∗ 3
*QMpQHmiBQM jk jk e9 5 ∗ 5 k G2�`Fv_2Gl
*QMpQHmiBQM Re Re Rk3 5 ∗ 5 k G2�Fv_2Gl
*QMpQHmiBQM 3 3 k8e 5 ∗ 5 k G2�Fv_2Gl
*QMpQHmiBQM 9 9 8Rk 5 ∗ 5 k G2�Fv_2Gl
6H�ii2M @ @ @
*QM+�i2M�i2 z @ @ @
6mHHv@+QMM2+i2/ Ryk9 @ @ G2�Fv_2Gl
6mHHv@+QMM2+i2/ R @ @ aB;KQB/

h�#H2 eXRjX .Bb+`BKBM�iQ` M2irQ`F 7Q` #B@/B`2+iBQM�H KQ/2Hb QM *2H2#�X

ai�iBbiB+b L2irQ`F

G�v2` MmK#2` Q7 QmiTmib F2`M2H bBx2 bi`B/2 �+iBp�iBQM 7mM+iBQM

AMTmi x, z

*QMpQHmiBQM jk jk Re 5 ∗ 5 k 1Gl
*QMpQHmiBQM Re Re jk 5 ∗ 5 k 1Gl
*QMpQHmiBQM 3 3 e9 5 ∗ 5 k 1Gl
*QMpQHmiBQM 9 9 Rk3 5 ∗ 5 k 1Gl
6H�ii2M @ @ @ @
6mHHv@+QMM2+i2/ R @ @ LQM2

h�#H2 eXR9X ai�iBbiB+b M2irQ`F 7Q` #B@/B`2+iBQM�H KQ/2Hb QM *2H2#�X

3XRX8X AM7Q`K�iBQM #QiiH2M2+F rBi? JAL1X AM i?Bb b2+iBQM r2 QmiHBM2 i?2 M2irQ`F /2i�BHb
�M/ ?vT2`@T�`�K2i2`b mb2/ 7Q` i?2 BM7Q`K�iBQM #QiiH2M2+F i�bF mbBM; JAL1X hQ F22T +QK@
T�`BbQM 7�B` �HH ?vT2`T�`�K2i2`b �M/ �`+?Bi2+im`2b �`2 i?Qb2 QmiHBM2/ BM �H2KB 2i �HX UkyReVX
h?2 bi�iBbiB+b M2irQ`F Bb b?QrM- � irQ H�v2` JGS rBi? �//BiBp2 MQBb2 �i 2�+? H�v2` �M/ 8Rk
1Glb U*H2p2`i 2i �HX- kyR8V �+iBp�iBQMb- Bb QmiHBM2/ BM i�#H2eXR8X

Ry8



ai�iBbiB+b L2irQ`F

G�v2` MmK#2` Q7 QmiTmib �+iBp�iBQM 7mM+iBQM

BMTmi [x, z]

:�mbbB�M MQBb2Ubi/4yXjV @ @
/2Mb2 H�v2` 8Rk 1Gl
:�mbbB�M MQBb2Ubi/4yX8V @ @
/2Mb2 H�v2` 8Rk 1Gl
:�mbbB�M MQBb2Ubi/4yX8V @ @
/2Mb2 H�v2` R LQM2

h�#H2 eXR8X ai�iBbiB+b M2irQ`F 7Q` AM7Q`K�iBQM@#QiiH2M2+F 2tT2`BK2Mib QM JLAahX

3XkX S`QQ7b

3XkXRX .QMbF2`@o�`�/?�M _2T`2b2Mi�iBQMX
h?2Q`2K 3 Uh?2Q`2K R `2bi�i2/VX h?2 EG /Bp2`;2M+2 �/KBib i?2 7QHHQrBM; /m�H `2T`2b2Mi�@
iBQM,

DKL(P || Q) = bmT
T:Ω→R

EP[T]− HQ;(EQ[eT]), U3XkV

r?2`2 i?2 bmT`2KmK Bb i�F2M Qp2` �HH 7mM+iBQMb T bm+? i?�i i?2 irQ 2tT2+i�iBQMb �`2 }MBi2X

S`QQ7X � bBKTH2 T`QQ7 ;Q2b �b 7QHHQrbX 6Q` � ;Bp2M 7mM+iBQM T- +QMbB/2` i?2 :B##b /Bbi`B#miBQM
G /2}M2/ #v dG = 1

Z eTdQ- r?2`2 Z = EQ[eT]X "v +QMbi`m+iBQM-

EP[T]− HQ; Z = EP

[
HQ; dG

dQ

]
U3XjV

G2i ∆ #2 i?2 ;�T-

∆ := DKL(P || Q)−
(
EP[T]− HQ;(EQ[eT])

)
U3X9V

lbBM; 1[M 3Xj- r2 +�M r`Bi2 ∆ �b � EG@/Bp2`;2M+2,

∆ = EP

[
HQ; dP

dQ − HQ; dG
dQ

]
= EP HQ;

dP
dG = DKL(P || G) U3X8V

h?2 TQbBiBpBiv Q7 i?2 EG@/Bp2`;2M+2 ;Bp2b ∆ ≥ 0X q2 ?�p2 i?mb b?QrM i?�i 7Q` �Mv T-

DKL(P || Q) ≥ EP[T]− HQ;(EQ[eT]) U3XeV

Rye



�M/ i?2 BM2[m�HBiv Bb T`2b2`p2/ mTQM i�FBM; i?2 bmT`2KmK Qp2` i?2 `B;?i@?�M/ bB/2X 6BM�HHv-
i?2 B/2MiBiv U3X8V �HbQ b?Qrb i?�i i?Bb #QmM/ Bb iB;?i r?2M2p2` G = P- M�K2Hv 7Q` QTiBK�H
7mM+iBQMb T∗ i�FBM; i?2 7Q`K T∗ = HQ; dP

dQ + C 7Q` bQK2 +QMbi�Mi C ∈ RX !

3XkXkX *QMbBbi2M+v S`QQ7bX h?Bb b2+iBQM T`2b2Mib i?2 T`QQ7b Q7 i?2 G2KK� �M/ +QMbBbi2M+v
i?2Q`2K bi�i2/ BM i?2 +QMbBbi2M+v BM a2+iBQM jXjXRX

AM r?�i 7QHHQrb- r2 �bbmK2 i?�i i?2 BMTmi bT�+2 Ω = X × Z Bb � +QKT�+i /QK�BM Q7
Rd- �M/ �HH K2�bm`2b �`2 �#bQHmi2Hv +QMiBMmQmb rBi? `2bT2+i iQ i?2 G2#2b;m2 K2�bm`2X q2
rBHH `2bi`B+i iQ 7�KBHB2b Q7 722/7Q`r�`/ 7mM+iBQMb rBi? +QMiBMmQmb �+iBp�iBQMb- rBi? � bBM;H2
QmiTmi M2m`QM- bQ i?�i � ;Bp2M �`+?Bi2+im`2 /2}M2b � +QMiBMmQmb K�TTBM; (ω,θ) → Tθ(ω)

7`QK Ω×Θ iQ RX
hQ �pQB/ mMM2+2bb�`v ?2�pv MQi�iBQM- r2 /2MQi2 P = PXZ �M/ Q = PX ⊗PZ 7Q` i?2 DQBMi

/Bbi`B#miBQM �M/ T`Q/m+i Q7 K�`;BM�Hb- �M/ Pn,Qn 7Q` i?2B` 2KTB`B+�H p2`bBQMbX q2 rBHH mb2
i?2 MQi�iBQM Î(T) 7Q` i?2 [m�MiBiv,

Î(T) = EP[T]− HQ;(EQ[eT]) U3XdV

bQ i?�i IΘ(X, Z) = bmTθ∈Θ Î(Tθ)X
G2KK� N UG2KK� 9 `2bi�i2/VX G2i η > 0X h?2`2 2tBbib � 7�KBHv Q7 M2m`�H M2irQ`F 7mM+iBQMb
Tθ rBi? T�`�K2i2`b θ BM bQK2 +QKT�+i /QK�BM Θ ⊂ Rk- bm+? i?�i

|I(X, Z)− IΘ(X,Z)| ≤ η U3X3V

r?2`2

IΘ(X, Z) = bmT
θ∈Θ

EPXZ [Tθ]− HQ;(EPX⊗PZ [e
Tθ ]) U3XNV

S`QQ7X G2i T∗ = HQ; dP
dQ X "v +QMbi`m+iBQM- T∗ b�iBb}2b,

EP[T∗] = I(X, Z), EQ[eT∗ ] = 1 U3XRyV

6Q` � 7mM+iBQM T- i?2 UTQbBiBp2V ;�T I(X, Z)− Î(T) +�M #2 r`Bii2M �b

I(X, Z)− Î(T) = EP[T∗ − T] + HQ;EQ[eT] ≤ EP[T∗ − T] +EQ[eT − eT∗ ] U3XRRV

r?2`2 r2 mb2/ i?2 BM2[m�HBiv HQ; x ≤ x− 1X

Ryd



6Bt η > 0X q2 }`bi +QMbB/2` i?2 +�b2 r?2`2 T∗ Bb #QmM/2/ 7`QK �#Qp2 #v � +QMbi�Mi
MX "v i?2 mMBp2`b�H �TT`QtBK�iBQM i?2Q`2K Ub22 +Q`QHH�`v kXk Q7 >Q`MBF URN3NV3V- r2 K�v
+?QQb2 � 722/7Q`r�`/ M2irQ`F 7mM+iBQM Tθ̂ ≤ M bm+? i?�i

EP|T∗ − Tθ̂| ≤
η

2
�M/ EQ|T∗ − Tθ̂| ≤

η

2
e−M U3XRkV

aBM+2 2tT Bb GBTb+?Bix +QMiBMmQmb rBi? +QMbi�Mi eM QM (−∞, M]- r2 ?�p2

EQ|eT∗ − eTθ̂ | ≤ eM EQ|T∗ − Tθ̂| ≤
η

2
U3XRjV

6`QK 1[m 3XRR �M/ i?2 i`B�M;mH�` BM2[m�HBiv- r2 i?2M Q#i�BM,

|I(X, Z)− Î(Tθ̂)| ≤ EP|T∗ − Tθ̂|+EQ|eT∗ − eTθ̂ | ≤ η

2
+
η

2
≤ η U3XR9V

AM i?2 ;2M2`�H +�b2- i?2 B/2� Bb iQ T�`iBiBQM Ω BM irQ bm#b2i {T∗ > M} �M/ {T∗ ≤ M} 7Q`
� bmBi�#Hv +?Qb2M H�`;2 p�Hm2 Q7 MX 6Q` � ;Bp2M bm#b2i S ⊂ Ω- r2 rBHH /2MQi2 #v S Bib
+?�`�+i2`BbiB+ 7mM+iBQM- S(ω) = 1 B7 ω ∈ S �M/ 0 Qi?2`rBb2X T∗ Bb BMi2;`�#H2 rBi? `2bT2+i
iQ PN- �M/ eT∗ Bb BMi2;`�#H2 rBi? `2bT2+i iQ Q- bQ #v i?2 /QKBM�i2/ +QMp2`;2M+2 i?2Q`2K-
r2 K�v +?QQb2 M bQ i?�i i?2 2tT2+i�iBQMb EP[T∗ T∗>M] �M/ EQ[eT∗

T∗>M] �`2 HQr2` i?�M
η/4X Cmbi HBF2 �#Qp2- r2 i?2M mb2 i?2 mMBp2`b�H �TT`QtBK�iBQM i?2Q`2K iQ }M/ � 722/ 7Q`r�`/
M2irQ`F 7mM+iBQM Tθ̂- r?B+? r2 +�M �bbmK2 rBi?Qmi HQbb Q7 ;2M2`�HBiv iQ #2 mTT2`@#QmM/2/
#v M- bm+? i?�i

EP|T∗ − Tθ̂| ≤
η

2
�M/ EQ|T∗ − Tθ̂| T∗≤M ≤

η

4
e−M U3XR8V

q2 i?2M r`Bi2

EQ[eT∗ − eTθ̂ ] = EQ[(eT∗ − eTθ̂) T∗≤M] +EQ[(eT∗ − eTθ̂) T∗>M]

≤ eMEQ[|T∗ − Tθ̂| T∗≤M] +EQ[eT∗
T∗>M]

≤ η

4
+
η

4
U3XReV

≤ η

2
U3XRdV

3aT2+B}+�HHv- i?2 �`;mK2Mi `2HB2b QM i?2 /2MbBiv Q7 722/7Q`r�`/ M2irQ`F 7mM+iBQMb BM i?2 bT�+2 L1(Ω,µ)

Q7 BMi2;`�#H2 7mM+iBQMb rBi? `2bT2+i i?2 K2�bm`2 µ = P+QX
Nh?Bb +�M #2 b22M 7`QK i?2 B/2MiBiv U:vƺ`} � p�M /2` J2mH2M- RN3dV

EP

∣∣∣∣HQ; dP
dQ

∣∣∣∣ ≤ DKL(P || Q) + 4
√

DKL(P || Q)

Ry3



r?2`2 i?2 BM2[m�HBiv BM i?2 b2+QM/ HBM2 �`Bb2b 7`QK i?2 +QMp2tBiv �M/ TQbBiBpBiv Q7 2tTX
1[MbX 3XR8 �M/ 3XRe- iQ;2i?2` rBi? i?2 i`B�M;mH�` BM2[m�HBiv- H2�/ iQ 1[MX 3XR9- r?B+? T`Qp2b
i?2 G2KK�X

!

G2KK� Ry UG2KK� 8 `2bi�i2/VX G2i η > 0X :Bp2M � 7�KBHv F Q7 M2m`�H M2irQ`F 7mM+iBQMb
Tθ rBi? T�`�K2i2`b θ BM bQK2 +QKT�+i /QK�BM Θ ⊂ Rk- i?2`2 2tBbib N ∈ N bm+? i?�i

∀n ≥ N, S`
(
| ̂I(X; Z)n − IF (X,Z)| ≤ η

)
= 1 U3XR3V

S`QQ7X q2 bi�`i #v mbBM; i?2 i`B�M;mH�` BM2[m�HBiv iQ r`Bi2-

| ̂I(X; Z)n− bmT
Tθ∈F

Î(Tθ)| ≤ bmT
Tθ∈F

|EP[Tθ]−EPn [Tθ]|+ bmT
Tθ∈F

| HQ;EQ[eTθ ]− HQ;EQn [e
Tθ ]| U3XRNV

h?2 +QMiBMmQmb 7mM+iBQM (θ,ω)→ Tθ(ω)- /2}M2/ QM i?2 +QKT�+i /QK�BM Θ×Ω- Bb #QmM/2/X
aQ i?2 7mM+iBQMb Tθ �`2 mMB7Q`KHv #QmM/2/ #v � +QMbi�Mi M- BX2 |Tθ| ≤ M 7Q` �HH θ ∈ ΘX
aBM+2 HQ; Bb GBTb+?Bix +QMiBMmQmb rBi? +QMbi�Mi eM BM i?2 BMi2`p�H [e−M, eM]- r2 ?�p2

| HQ;EQ[eTθ ]− HQ;EQn [e
Tθ ]| ≤ eM|EQ[eTθ ]−EQn [e

Tθ ]| U3XkyV

aBM+2 Θ Bb +QKT�+i �M/ i?2 722/7Q`r�`/ M2irQ`F 7mM+iBQMb �`2 +QMiBMmQmb- i?2 7�KBHB2b Q7
7mM+iBQMb Tθ �M/ eTθ b�iBb7v i?2 mMB7Q`K H�r Q7 H�`;2 MmK#2`b Uo�M /2 :22`- kyyyVX :Bp2M
η > 0 r2 +�M i?mb +?QQb2 N ∈ N bm+? i?�i ∀n ≥ N �M/ rBi? T`Q#�#BHBiv QM2-

bmT
Tθ∈F

|EP[Tθ]−EPn [Tθ] ≤
η

2
�M/ bmT

Tθ∈F
|EQ[eTθ ]−EQn [e

Tθ ]| ≤ η

2
e−M U3XkRV

hQ;2i?2` rBi? 1[MbX 3XRN �M/ 3Xky- i?Bb H2�/b iQ

| ̂I(X; Z)n − bmT
Tθ∈F

Î(Tθ)| ≤
η

2
+
η

2
= η U3XkkV

!

h?2Q`2K RR Uh?2Q`2K e `2bi�i2/VX JAL1 Bb bi`QM;Hv +QMbBbi2MiX

S`QQ7X G2i ε > 0X q2 �TTHv i?2 irQ G2KK�b iQ }M/ � � 7�KBHv Q7 M2m`�H M2irQ`F 7mM+iBQM
F �M/ N ∈ N bm+? i?�i U3X3V �M/ U3XR3V ?QH/ rBi? η = ε/2X "v i?2 i`B�M;mH�` BM2[m�HBiv-
7Q` �HH n ≥ N �M/ rBi? T`Q#�#BHBiv QM2- r2 ?�p2,

|I(X, Z)− ̂I(X; Z)n| ≤ |I(X, Z)− bmT
Tθ∈F

Î(Tθ)|+ | ̂I(X; Z)n − IF (X,Z)| ≤ ε U3XkjV

RyN



r?B+? T`Qp2b +QMbBbi2M+vX !

3XkXjX a�KTH2 +QKTH2tBiv T`QQ7X
h?2Q`2K Rk Uh?2Q`2K d `2bi�i2/VX �bbmK2 i?�i i?2 7mM+iBQMb Tθ BM F �`2 L@GBTb+?Bix rBi?
`2bT2+i iQ i?2 T�`�K2i2`b θc �M/ i?�i #Qi? Tθ �M/ eTθ �`2 M@#QmM/2/ UBX2X- |Tθ|, eTθ ≤ MVX
h?2 /QK�BM Θ ⊂ Rd Bb #QmM/2/- bQ i?�i ‖θ‖ ≤ K 7Q` bQK2 +QMbi�Mi KX :Bp2M �Mv p�Hm2b
ε,δ Q7 i?2 /2bB`2/ �++m`�+v �M/ +QM}/2M+2 T�`�K2i2`b- r2 ?�p2-

S`
(
| ̂I(X; Z)n − IF (X,Z)| ≤ ε

)
≥ 1− δ U3Xk9V

r?2M2p2` i?2 MmK#2` n Q7 b�KTH2b b�iBb}2b

n ≥ 2M2(d HQ;(16KL
√

d/ε) + 2dM + HQ;(2/δ))
ε2

U3Xk8V

S`QQ7X h?2 �bbmKTiBQMb Q7 G2KK� 8 �TTHv- bQ H2i mb #2;BM rBi? 1[MbX 3XRN �M/ 3XkyX "v i?2
>Q2z/BM; BM2[m�HBiv- 7Q` �HH 7mM+iBQM f -

S`
(
|EQ[ f ]−EQn [ f ]| >

ε

4

)
≤ 2 2tT (− ε

2n
2M2 ) U3XkeV

hQ 2ti2M/ i?Bb BM2[m�HBiv iQ � mMB7Q`K BM2[m�HBiv Qp2` �HH 7mM+iBQMb Tθ �M/ eTθ - i?2 bi�M/�`/
i2+?MB[m2 Bb iQ +?QQb2 � KBMBK�H +Qp2` Q7 i?2 /QK�BM Θ ⊂ Rd #v � }MBi2 b2i Q7 bK�HH #�HHb
Q7 `�/Bmb η- Θ ⊂ ∪ jBη(θ j)- �M/ iQ mb2 i?2 mMBQM #QmM/X h?2 KBMBK�H +�`/BM�HBiv Q7 bm+?
+Qp2`BM; Bb #QmM/2/ #v i?2 +Qp2`BM; MmK#2` Nη(Θ) Q7 Θ- FMQrM iQ b�iBb7vUa?�H2p@a+?r�`ix
� "2M@.�pB/- kyR9V

Nη(Θ) ≤
(
2K
√

d
η

)d

U3XkdV

am++2bbBp2Hv �TTHvBM; � mMBQM #QmM/ BM 1[M 3Xke rBi? i?2 b2i Q7 7mM+iBQMb {Tθ j} j �M/ {eTθ j} j

;Bp2b

S`
(
K�t

j
|EQ[Tθ j ]−EQn [Tθ j ]| >

ε

4

)
≤ 2Nη(Θ) 2tT (− ε

2n
2M2 ) U3Xk3V

�M/

S`
(
K�t

j
|EQ[e

Tθ j ]−EQn [e
Tθ j ]| > ε

4

)
≤ 2Nη(Θ) 2tT (− ε

2n
2M2 ) U3XkNV

q2 MQr +?QQb2 i?2 #�HH `�/Bmb iQ #2 η = ε
8L e−2MX aQHpBM; 7Q` n i?2 BM2[m�iBQM-

2Nη(Θ) 2tT (− ε
2n

2M2 ) ≤ δ U3XjyV

RRy



r2 /2/m+2 7`QK 1[M 3Xk3 i?�i- r?2M2p2` 1[M 3Xk8 ?QH/b- rBi? T`Q#�#BHBiv �i H2�bi 1− δ- 7Q`
�HH θ ∈ Θ-

|EQ[Tθ]−EQn [Tθ]| ≤ |EQ[Tθ]−EQ[Tθ j ]|+ |EQ[Tθ j ]−EQn [Tθ j ]|+ |EQn [Tθ j ]−EQn [Tθ]|

≤ ε
8

e−2M +
ε

4
+
ε

8
e−2M

≤ ε
2

U3XjRV

aBKBH�`Hv- mbBM; 1[M 3Xky �M/ 3XkN- r2 Q#i�BM i?�i rBi? T`Q#�#BHBiv �i H2�bi 1− δ-

| HQ;EQ[eTθ ]− HQ;EQn [e
Tθ ]| ≤ ε

2
U3XjkV

�M/ ?2M+2 mbBM; i?2 i`B�M;mH�` BM2[m�HBiv-

| ̂I(X; Z)n − IF (X,Z)| ≤ ε U3XjjV

!

3XkX9X "QmM/ QM i?2 `2+QMbi`m+iBQM 2``Q`X >2`2 r2 +H�`B7v `2H�iBQMb?BT #2ir22M `2+QM@
bi`m+iBQM 2``Q` �M/ Kmim�H BM7Q`K�iBQM- #v T`QpBM; i?2 #QmM/ BM 1[m 8XjX q2 #2;BM rBi? �
/2}MBiBQM,
.2}MBiBQM Rj U_2+QMbi`m+iBQM 1``Q`VX q2 +QMbB/2` 2M+Q/2` �M/ /2+Q/2` KQ/2Hb ;BpBM; +QM@
/BiBQM�H /Bbi`B#miBQMb q(z|x) �M/ p(x|z) Qp2` i?2 /�i� �M/ H�i2Mi p�`B�#H2bX A7 q(x) /2MQi2b
i?2 K�`;BM�H /�i� /Bbi`B#miBQM- i?2 `2+QMbi`m+iBQM 2``Q` Bb /2}M2/ �b

R = Ex∼q(x)Ez∼q(z|x)[− HQ; p(x|z)] U3Xj9V

q2 +�M `2r`Bi2 i?2 `2+QMbi`m+iBQM 2``Q` BM i2`Kb Q7 i?2 DQBMib q(x,z) = q(z|x)p(x) �M/
p(x,z) = p(x|z)p(z)X 1H2K2Mi�`v K�MBTmH�iBQMb ;Bp2,

R = E(x,z)∼q(x,z) HQ;
q(x,z)
p(x,z)

−E(x,z)∼q(x,z) HQ; q(x,z) +Ez∼q(z) HQ; p(z) U3Xj8V

r?2`2 q(z) Bb i?2 �;;`2;�i2/ TQbi2`BQ`X h?2 }`bi i2`K Bb i?2 EG@/Bp2`;2M+2 DKL(q || p) c i?2
b2+QM/ i2`K Bb i?2 DQBMi 2Mi`QTv Hq(x,z)X h?2 i?B`/ i2`K +�M #2 r`Bii2M �b

Ez∼q(z) HQ; p(z) = −DKL(q(z) || p(z))− Hq(z)

6BM�HHv- i?2 B/2MiBiv

Hq(x,z)− Hq(z) := Hq(z|x) = Hq(z)− Iq(x,z) U3XjeV

RRR



U�V �GA U#V �GA*1 UGkV U+V �GA*1 U�V U/V JAL1

6B;X eXdX 1K#2//BM;b 7`QK �/p2`b�`B�HHv H2�`M2/ BM72`2M+2 U�GAV �M/ p�`B�iBQMb BMi2M/2/ iQ
BM+`2�b2 i?2 Kmim�H BM7Q`K�iBQMX a?QrM H27i iQ `B;?i �`2 i?2 #�b2HBM2 U�GAV- �GA*1 rBi? i?2
Gk HQbb iQ KBMBKBx2 i?2 `2+QMbi`m+iBQM 2``Q`- �GA rBi? �M �//BiBQM�H �/p2`b�`B�H HQbb- �M/
JAL1X

vB2H/b i?2 7QHHQrBM; 2tT`2bbBQM 7Q` i?2 `2+QMbi`m+iBQM 2``Q`,

R = DKL(q(x,z) || p(x,z))− DKL(q(z) || p(z))− Iq(x,z) + Hq(z) U3XjdV

aBM+2 i?2 EG@/Bp2`;2M+2 Bb TQbBiBp2- r2 Q#i�BM i?2 #QmM/,

R ≤ DKL(q(x, z) || p(x, z))− Iq(x,z) + Hq(z) U3Xj3V

r?B+? Bb iB;?i r?2M2p2` i?2 BM/m+2/ K�`;BM�H q(z) K�i+?2b i?2 T`BQ` /Bbi`B#miBQM p(z)X

3XjX 1K#2//BM;b 7Q` #B@/B`2+iBQM k8 :�mbbB�Mb 2tT2`BK2Mib

>2`2 U6B;X eXdV r2 T`2b2Mi i?2 2K#2//BM;b 7Q` i?2 2tT2`BK2Mib +Q``2bTQM/BM; iQ 6B;X eXeX

RRk



*?�TBi`2 d

*QM+HmbBQM

*2 K2KQB`2 miBHBb2 H2b 7Q`KmH�iBQMb /m�H2b /2b /Bp2`;2M+2b 2Mi`2 /Bbi`B#miBQMb 2i
HǶ�TT`2MiBbb�;2 /2 `2T`ûb2Mi�iBQMb T�` `ûb2�mt /2 M2m`QM2b TQm` �`;mK2Mi2` [mǶBH 2bi
TQbbB#H2 /ǶQz`B` mM 2biBK�i2m` /2 HǶBM7Q`K�iBQM Kmim2HH2 /Bzû`2MiB�#H2 2i i`�+i�#H2 /�Mb /2b
`û;BK2b /2 /QMMû2b ¨ 7Q`ib pQHmK2b 2i 2M ?�mi2b /BK2MbBQMbX LQmb +QM+HmQMb /QM+ [m2,

GǶ2biBK�iBQM /2 M2m`QM�H2 /2 HǶBM7Q`K�iBQM Kmim2HH2- Qm /Ƕ�mi`2b K2bm`2b /2 /ûT2M/�M+2
#�bû2b bm` /Ƕ�mi`2b /Bp2`;2M+2b Qm Kûi`B[m2 bm` H2b 2bT�+2b /2 K2bm`2b /2 T`Q#�#BHBiûb- T�`
/2b+2Mi2 /2 ;`�/B2Mi bm` `ûb2�mt /2 M2m`QM2b 2bi T`QK2ii2mb2 #B2M [m2 HQBM /Ƕāi`2 MQM@#B�Bbû2X

GǶmiBHBb�iBQM /2b 2biBK�i2m`b M2m`QM�mt /2 HǶBM7Q`K�iBQM Kmim2HH2 T2`K2i /2 +QMi`ƬH2` H�
/B`2+iBQM 2i H� 7Q`+2 /2 H� /ûT2M/�M+2 2Mi`2 /2b 2Mb2K#H2b /2 p�`B�#H2b �Hû�iQB`2bX

G� /Bz2`2MiB�#BHBiû /2 JAL1 T2`K2i /2 HǶmiBHBb2` +QKK2 7QM+iBQM /2 T2`i2 �TT`Bb2X *2
+QM+2Ti � ûiû miBHBbû TQm` `û;mH�`Bb2` H2b ;ûMû`�i2m`b /2 KQ/ĕH2b �/p2`b�`B2HH2b ;ûMû`�iB7b-
�KûHBQ`2` H� [m�HBiû /2b `2+QMbi`m+iBQMb /�Mb H2b KQ/ĕH2b �/p2`b2�`B2HH2b ¨ BM7û`2M+2 DQBMi2
�TT`Bb2- 2i /ǶBKTHûK2Mi2` mM2 p2`bBQM +QMiBMm2 /m ;QmHQi /Ƕûi`�M;H2K2Mi /ǶBM7Q`K�iBQMX

LQmb 2bTû`QMb [m2 HǶ2biBK�iBQM M2m`QM�H2 /2 HǶBM7Q`K�iBQM Kmim2HH2 Qmp`B`� H� pQB2 ¨
HǶmiBHBb�iBQM /2 HǶ�TT`2MiBbb�;2 /2b `2T`ûb2Mi�iBQMb TQm` [m�MiB}2` H2b /ûT2M/�M+2b 2Mi`2 p�@
`B�#H2b /2b 2Mb2K#H2b �`#Bi`�B`2b /2 p�`B�#H2b �Hû�iQB`2bX





_û7û`2M+2b #B#HBQ;`�T?B[m2b

�+?BHH2- �X �M/ aQ�iiQ- aX 1K2`;2M+2 Q7 BMp�`B�M+2 �M/ /Bb2Mi�M;H2K2Mi BM /22T `2T`2b2Mi�@
iBQMbX �`sBp T`2T`BMi RdyeXyRj8ypk(+bXG:)- kyRdX

�H2KB- �X �X- 6Bb+?2`- AX- .BHHQM- CX oX- �M/ Jm`T?v- EX .22T p�`B�iBQM�H BM7Q`K�iBQM
#QiiH2M2+FX �`sBp T`2T`BMi �`sBp,ReRkXyy9Ry- kyReX

�`BKQiQ- aX �M �H;Q`Bi?K 7Q` +QKTmiBM; i?2 +�T�+Biv Q7 �`#Bi`�`v /Bb+`2i2 K2KQ`vH2bb
+?�MM2HbX A111 h`�Mb�+iBQMb QM AM7Q`K�iBQM h?2Q`v- R3URV,R9Ĝky- RNdkX

�`QMbx�DM- LX h?2Q`v Q7 `2T`Q/m+BM; F2`M2HbX h`�Mb�+iBQMb Q7 i?2 �K2`B+�M K�i?2K�iB+�H
bQ+B2iv- e3UjV,jjdĜ9y9- RN8yX

"�- CX GX- EB`Qb- CX _X- �M/ >BMiQM- :X 1X G�v2` MQ`K�HBx�iBQMX �`sBp T`2T`BMi
�`sBp,ReydXye98y- kyReX

"�M2`D22- �X PM #�vbB�M #QmM/bX A*JG- TTX 3RĜ33- kyyeX
"�`#2`- .X �M/ �;�FQp- 6X h?2 BK �H;Q`Bi?K, � p�`B�iBQM�H �TT`Q�+? iQ BM7Q`K�iBQM K�tB@

KBx�iBQMX AM S`Q+22/BM;b Q7 i?2 Rei? AMi2`M�iBQM�H *QM72`2M+2 QM L2m`�H AM7Q`K�iBQM
S`Q+2bbBM; avbi2Kb- TTX kyRĜky3X JAh S`2bb- kyyjX

"2H;?�xB- JX AX- "�`�iBM- �X- _�D2br�`- aX- Px�B`- aX- "2M;BQ- uX- *Qm`pBHH2- �X- �M/ >D2HK-
_X .X JBM2, Jmim�H BM7Q`K�iBQM M2m`�H 2biBK�iBQMX *Q__- kyR3�X l_G ?iiT,ff�`tBpXQ`;f
�#bfR3yRXy9yekp9X

"2H;?�xB- JX AX- _�D2br�`- aX- J�bi`QTB2i`Q- PX- JBi`QpB+- CX- _Qbi�Kx�/2?- LX- �M/ *Qm`pBHH2-
�X >B2`�`+?B+�H �/p2`b�`B�HHv H2�`M2/ BM72`2M+2X �`sBp T`2T`BMi �`sBp,R3ykXyRydR- kyR3#X

"2M;BQ- uX- *Qm`pBHH2- �X- �M/ oBM+2Mi- SX _2T`2b2Mi�iBQM H2�`MBM;, � `2pB2r �M/ M2r
T2`bT2+iBp2bX A111 i`�Mb�+iBQMb QM T�ii2`M �M�HvbBb �M/ K�+?BM2 BMi2HHB;2M+2- j8U3V,RdN3Ĝ
R3k3- kyRjX

"Q`r2BM- CX �M/ G2rBb- �X aX *QMp2t �M�HvbBb �M/ MQMHBM2�` QTiBKBx�iBQM, i?2Q`v �M/
2t�KTH2bX aT`BM;2` a+B2M+2 � "mbBM2bb J2/B�- kyRyX



"mii2- �X CX �M/ EQ?�M2- AX aX Jmim�H BM7Q`K�iBQM `2H2p�M+2 M2irQ`Fb, 7mM+iBQM�H ;2MQKB+
+Hmbi2`BM; mbBM; T�B`rBb2 2Mi`QTv K2�bm`2K2MibX AM S�+ avKT "BQ+QKTmi- pQHmK2 8-
TTX ke- kyyyX

*?�HF- JX- J�``2- PX- �M/ hF�+BF- :X _2H2p�Mi bT�`b2 +Q/2b rBi? p�`B�iBQM�H BM7Q`K�iBQM
#QiiH2M2+FX AM �/p�M+2b BM L2m`�H AM7Q`K�iBQM S`Q+2bbBM; avbi2Kb- TTX RN8dĜRNe8- kyReX

*?2- hX- GB- uX- C�+Q#- �X SX- "2M;BQ- uX- �M/ GB- qX JQ/2 `2;mH�`Bx2/ ;2M2`�iBp2 �/p2`b�`B�H
M2irQ`FbX �`sBp T`2T`BMi �`sBp,ReRkXykRje- kyReX

*?2+?BF- :X- :HQ#2`bQM- �X- hBb?#v- LX- �M/ q2Bbb- uX AM7Q`K�iBQM #QiiH2M2+F 7Q` ;�mbbB�M
p�`B�#H2bX CQm`M�H Q7 J�+?BM2 G2�`MBM; _2b2�`+?- eUC�MV,Re8ĜR33- kyy8X

*?2M- sX- .m�M- uX- >Qmi?QQ7i- _X- a+?mHK�M- CX- amibF2p2`- AX- �M/ �##22H- SX AM7Q;�M,
AMi2`T`2i�#H2 `2T`2b2Mi�iBQM H2�`MBM; #v BM7Q`K�iBQM K�tBKBxBM; ;2M2`�iBp2 �/p2`b�`B�H
M2ibX AM �/p�M+2b BM L2m`�H AM7Q`K�iBQM S`Q+2bbBM; avbi2Kb- TTX kRdkĜkR3y- kyReX

*H2p2`i- .X- lMi2`i?BM2`- hX- �M/ >Q+?`2Bi2`- aX 6�bi �M/ �++m`�i2 /22T M2irQ`F H2�`MBM; #v
2tTQM2MiB�H HBM2�` mMBib U2HmbVX *Q__- �#bfR8RRXydk3N- kyR8X

*Qp2`- hX JX �M/ h?QK�b- CX �X 1H2K2Mib Q7 BM7Q`K�iBQM i?2Q`vX CQ?M qBH2v � aQMb- kyRkX
.�`#2HH�v- :X �X �M/ o�D/�- AX 1biBK�iBQM Q7 i?2 BM7Q`K�iBQM #v �M �/�TiBp2 T�`iBiBQMBM; Q7

i?2 Q#b2`p�iBQM bT�+2X A111 h`�Mb�+iBQMb QM AM7Q`K�iBQM h?2Q`v- 98U9V,RjR8ĜRjkR- J�v
RNNNX AaaL R88d@Ne89X /QB, RyXRRyNfR3XdeRkNyX

.�`#2HH�v- :X �X �M/ o�D/�- AX 1biBK�iBQM Q7 i?2 BM7Q`K�iBQM #v �M �/�TiBp2 T�`iBiBQMBM; Q7
i?2 Q#b2`p�iBQM bT�+2X A111 h`�Mb�+iBQMb QM AM7Q`K�iBQM h?2Q`v- 98U9V,RjR8ĜRjkR- RNNNX

.QM�?m2- CX- E` ?2M#Ƀ?H- SX- �M/ .�``2HH- hX �/p2`b�`B�H 72�im`2 H2�`MBM;X �`sBp T`2T`BMi
�`sBp,Rey8XyNd3k- kyReX

.QMbF2`- JX �M/ o�`�/?�M- aX �bvKTiQiB+ 2p�Hm�iBQM Q7 +2`i�BM K�`FQp T`Q+2bb 2tT2+i�iBQMb
7Q` H�`;2 iBK2- BpX *QKKmMB+�iBQMb QM Sm`2 �M/ �TTHB2/ J�i?2K�iB+b- jeUkV,R3j\kRk-
RN3jX

.m+?B- CX- >�x�M- 1X- �M/ aBM;2`- uX �/�TiBp2 bm#;`�/B2Mi K2i?Q/b 7Q` QMHBM2 H2�`MBM; �M/
biQ+?�biB+ QTiBKBx�iBQMX CQm`M�H Q7 K�+?BM2 H2�`MBM; `2b2�`+?- RkUCmHV,kRkRĜkR8N- kyRRX

.mKQmHBM- oX- "2H;?�xB- AX- SQQH2- "X- G�K#- �X- �`DQpbFv- JX- J�bi`QTB2i`Q- PX- �M/ *Qm`@
pBHH2- �X �/p2`b�`B�HHv H2�`M2/ BM72`2M+2X �`sBp T`2T`BMi �`sBp,ReyeXyydy9- kyReX

1BMbi2BM- �X 2i �HX h?2 7QmM/�iBQM Q7 i?2 ;2M2`�H i?2Q`v Q7 `2H�iBpBivX �MM�H2M /2` S?vbBF-
9NUdV,deNĜ3kk- RNReX

RRe



6�K�- 1X 6X h?2 #2?�pBQ` Q7 biQ+F@K�`F2i T`B+2bX h?2 DQm`M�H Q7 "mbBM2bb- j3URV,j9ĜRy8-
RNe8X

6`�b2`- �X JX �M/ arBMM2v- >X GX AM/2T2M/2Mi +QQ`/BM�i2b 7Q` bi`�M;2 �ii`�+iQ`b 7`QK Kmim�H
BM7Q`K�iBQMX S?vbX _2pX �- jj,RRj9ĜRR9y- 62# RN3e�X /QB, RyXRRyjfS?vb_2p�XjjXRRj9X
l_G ?iiTb,ffHBMFX�TbXQ`;f/QBfRyXRRyjfS?vb_2p�XjjXRRj9X

6`�b2`- �X JX �M/ arBMM2v- >X GX AM/2T2M/2Mi +QQ`/BM�i2b 7Q` bi`�M;2 �ii`�+iQ`b 7`QK Kmim�H
BM7Q`K�iBQMX S?vbB+�H `2pB2r �- jjUkV,RRj9- RN3e#X

:�Q- aX- o2` ai22;- :X- �M/ :�Hbiv�M- �X 1{+B2Mi 2biBK�iBQM Q7 Kmim�H BM7Q`K�iBQM 7Q`
bi`QM;Hv /2T2M/2Mi p�`B�#H2bX �`tBp T`2T`BMi �`sBp,R9RRXkyyj(+bXAh)- kyR9X

:?Qb?- �X- EmH?�`B�- oX- L�K#QQ/B`B- oX- hQ``- SX >X- �M/ .QF�MB�- SX EX JmHiB@�;2Mi
/Bp2`b2 ;2M2`�iBp2 �/p2`b�`B�H M2irQ`FbX �`sBp T`2T`BMi �`sBp,Rdy9XykNye- kyRdX

:HQ`Qi- sX- "Q`/2b- �X- �M/ "2M;BQ- uX .22T bT�`b2 `2+iB}2` M2m`�H M2irQ`FbX AM S`Q+22/BM;b
Q7 i?2 7Qm`i22Mi? BMi2`M�iBQM�H +QM72`2M+2 QM �`iB}+B�H BMi2HHB;2M+2 �M/ bi�iBbiB+b- TTX jR8Ĝ
jkj- kyRRX

:QQ/72HHQr- AX- SQm;2i@�#�/B2- CX- JB`x�- JX- sm- "X- q�`/2@6�`H2v- .X- Px�B`- aX- *Qm`@
pBHH2- �X- �M/ "2M;BQ- uX :2M2`�iBp2 �/p2`b�`B�H M2ibX AM �/p�M+2b BM M2m`�H BM7Q`K�iBQM
T`Q+2bbBM; bvbi2Kb- TTX kedkĜke3y- kyR9X

:QQ/72HHQr- AX- "2M;BQ- uX- �M/ *Qm`pBHH2- �X .22T H2�`MBM;X JAh T`2bb- kyReX
:`2iiQM- �X- "Qmb[m2i- PX- aKQH�- �X- �M/ a+?ƺHFQT7- "X J2�bm`BM; bi�iBbiB+�H /2T2M/2M+2
rBi? ?BH#2`i@b+?KB/i MQ`KbX AM AMi2`M�iBQM�H +QM72`2M+2 QM �H;Q`Bi?KB+ H2�`MBM; i?2Q`v-
TTX ejĜddX aT`BM;2`- kyy8X

:vƺ`}- GX �M/ p�M /2` J2mH2M- 1X *X .2MbBiv@7`22 +QMp2`;2M+2 T`QT2`iB2b Q7 p�`BQmb 2biBK�@
iQ`b Q7 2Mi`QTvX *QKTmi�iBQM�H ai�iBbiB+b �M/ .�i� �M�HvbBb- 8,9k8\9je- RN3dX

>2- EX- w?�M;- sX- _2M- aX- �M/ amM- CX .2HpBM; /22T BMiQ `2+iB}2`b, am`T�bbBM; ?mK�M@
H2p2H T2`7Q`K�M+2 QM BK�;2M2i +H�bbB}+�iBQMX AM S`Q+22/BM;b Q7 i?2 A111 BMi2`M�iBQM�H
+QM72`2M+2 QM +QKTmi2` pBbBQM- TTX RykeĜRyj9- kyR8X

>B;;BMb- AX- J�ii?2v- GX- S�H- �X- "m`;2bb- *X- :HQ`Qi- sX- "QipBMB+F- JX- JQ?�K2/- aX-
�M/ G2`+?M2`- �X #2i�@p�2, G2�`MBM; #�bB+ pBbm�H +QM+2Tib rBi? � +QMbi`�BM2/ p�`B�iBQM�H
7`�K2rQ`FX A+H`- kU8V,e- kyRdX

>BMiQM- :X 1X- PbBM/2`Q- aX- �M/ h2?- uX qX � 7�bi H2�`MBM; �H;Q`Bi?K 7Q` /22T #2HB27 M2ibX
L2m`�H *QKTmi�iBQM- R3,R8kdĜR889- kyyX

RRd



>D2HK- _X .X- 62/Q`Qp- �X- G�pQB2@J�`+?BH/QM- aX- :`2r�H- EX- "�+?K�M- SX- h`Bb+?H2`- �X-
�M/ "2M;BQ- uX G2�`MBM; /22T `2T`2b2Mi�iBQMb #v Kmim�H BM7Q`K�iBQM 2biBK�iBQM �M/
K�tBKBx�iBQMX �`sBp T`2T`BMi �`sBp,R3y3Xyeedy- kyR3X

>Q+?`2Bi2`- aX lMi2`bm+?mM;2M xm /vM�KBb+?2M M2m`QM�H2M M2ix2MX .BTHQK�- h2+?MBb+?2
lMBp2`bBi i JɃM+?2M- NRURV- RNNRX

>Q`MBF- EX JmHiBH�v2` 722/7Q`r�`/ M2irQ`Fb �`2 mMBp2`b�H �TT`QtBK�iQ`bX L2m`�H L2irQ`Fb-
k,j8NĜjee- RN3NX

>m- qX- JBv�iQ- hX- hQFmB- aX- J�ibmKQiQ- 1X- �M/ am;Bv�K�- JX G2�`MBM; /Bb+`2i2 `2@
T`2b2Mi�iBQMb pB� BM7Q`K�iBQM K�tBKBxBM; b2H7@�m;K2Mi2/ i`�BMBM;X AM S`Q+22/BM;b Q7 i?2
j9i? AMi2`M�iBQM�H *QM72`2M+2 QM J�+?BM2 G2�`MBM;@oQHmK2 dy- TTX R883ĜR8edX CJG_X
Q`;- kyRdX

>mHH2- JX JX oX 1/;2rQ`i? �TT`QtBK�iBQM Q7 KmHiBp�`B�i2 /Bz2`2MiB�H 2Mi`QTvX L2m`�H
+QKTmi�iBQM- RdUNV,RNyjĜRNRy- kyy8X

>vp `BM2M- �X �M/ PD�- 1X AM/2T2M/2Mi +QKTQM2Mi �M�HvbBb, �H;Q`Bi?Kb �M/ �TTHB+�iBQMbX
L2m`�H M2irQ`Fb- RjU9@8V,9RRĜ9jy- kyyyX

>vp `BM2M- �X- E�`?mM2M- CX- �M/ PD�- 1X AM/2T2M/2Mi +QKTQM2Mi �M�HvbBb- pQHmK2 9eX CQ?M
qBH2v � aQMb- kyy9X

AQz2- aX �M/ ax2;2/v- *X "�i+? MQ`K�HBx�iBQM, �++2H2`�iBM; /22T M2irQ`F i`�BMBM; #v `2/m@
+BM; BMi2`M�H +Qp�`B�i2 b?B7iX *Q__- �#bfR8ykXyjRed- kyR8�X l_G ?iiT,ff�`tBpXQ`;f�#bf
R8ykXyjRedX

AQz2- aX �M/ ax2;2/v- *X "�i+? MQ`K�HBx�iBQM, �++2H2`�iBM; /22T M2irQ`F i`�BMBM; #v `2/m@
+BM; BMi2`M�H +Qp�`B�i2 b?B7iX �`sBp T`2T`BMi �`sBp,R8ykXyjRed- kyR8#X

E�M/�b�Kv- EX- E`Bb?M�Km`i?v- �X- SQ+xQb- "X- q�bb2`K�M- GX- �M/ _Q#BMb- CX LQMT�`�@
K2i`B+ pQM KBb2b 2biBK�iQ`b 7Q` 2Mi`QTB2b- /Bp2`;2M+2b �M/ Kmim�H BM7Q`K�iBQMbX LASa-
kyRdX

E2xBQm- �X .m�H `2T`2b2Mi�iBQM Q7 Ś�@/Bp2`;2M+2b �M/ �TTHB+�iBQMbX jje,38dĜ3ek- y8 kyyjX
EBM;K�- .X SX �M/ "�- CX �/�K, � K2i?Q/ 7Q` biQ+?�biB+ QTiBKBx�iBQMX *Q__-

�#bfR9RkXeN3y- kyR9X l_G ?iiT,ff�`tBpXQ`;f�#bfR9RkXeN3yX
EBM;K�- .X SX �M/ q2HHBM;- JX �miQ@2M+Q/BM; p�`B�iBQM�H #�v2bX �`sBp T`2T`BMi

�`sBp,RjRkXeRR9- kyRjX

RR3



EBMM2v- CX "X �M/ �ir�H- :X aX 1[mBi�#BHBiv- Kmim�H BM7Q`K�iBQM- �M/ i?2 K�tBK�H BM7Q`@
K�iBQM +Q2{+B2MiX S`Q+22/BM;b Q7 i?2 L�iBQM�H �+�/2Kv Q7 a+B2M+2b- RRRUNV,jj89Ĝjj8N-
kyR9X

EQH+?BMbFv- �X- h`�+2v- "X .X- �M/ qQHT2`i- .X >X LQMHBM2�` BM7Q`K�iBQM #QiiH2M2+FX �`sBp
T`2T`BMi �`sBp,Rdy8Xyk9je- kyRdX

EQx�+?2MFQ- GX �M/ G2QM2MFQ- LX LX a�KTH2 2biBK�i2 Q7 i?2 2Mi`QTv Q7 � `�M/QK p2+iQ`X
S`Q#H2Kv S2`2/�+?B AM7Q`K�ibBB- kjUkV,NĜRe- RN3dX

E`�bFQp- �X- aiƺ;#�m2`- >X- �M/ :`�bb#2`;2`- SX 1biBK�iBM; Kmim�H BM7Q`K�iBQMX S?vbB+�H
`2pB2r 1- eNUeV,yeeRj3- kyy9X

EmHH#�+F- aX AM7Q`K�iBQM i?2Q`v �M/ bi�iBbiB+bX *Qm`B2` *Q`TQ`�iBQM- RNNdX
EmK�`- �X- a�iiB;2`B- SX- �M/ 6H2i+?2`- SX hX AKT`Qp2/ b2KB@bmT2`pBb2/ H2�`MBM; rBi? ;�Mb

mbBM; K�MB7QH/ BMp�`B�M+2bX �`sBp T`2T`BMi �`sBp,Rdy8Xy338y- kyRdX
Er�F- LX �M/ *?QB- *X@>X AMTmi 72�im`2 b2H2+iBQM #v Kmim�H BM7Q`K�iBQM #�b2/ QM T�`x2M
rBM/QrX A111 i`�Mb�+iBQMb QM T�ii2`M �M�HvbBb �M/ K�+?BM2 BMi2HHB;2M+2- k9URkV,ReedĜ
RedR- kyykX

G�;`�M;2- CX@GX Jû+�MB[m2 �M�HviB[m2- T�`BbX JC "2`i`�M/X J�HH2i@"�+?2HB2`XV(�SC>a)- Rd33X
G2*mM- uX h?2 KMBbi /�i�#�b2 Q7 ?�M/r`Bii2M /B;BibX ?iiT,ffv�MMX H2+mMX +QKf2t/#fKMBbif-
RNN3X

G2*mM- uX- "QiiQm- GX- "2M;BQ- uX- �M/ >�zM2`- SX :`�/B2Mi@#�b2/ H2�`MBM; �TTHB2/ iQ
/Q+mK2Mi `2+Q;MBiBQMX S`Q+22/BM;b Q7 i?2 A111- 3eURRV,kkd3Ĝkjk9- RNN3X

G2*mM- uX- *?QT`�- aX- >�/b2HH- _X- _�Mx�iQ- JX- �M/ >m�M;- 6X � imiQ`B�H QM 2M2`;v@#�b2/
H2�`MBM;X S`2/B+iBM; bi`m+im`2/ /�i�- RUyV- kyyeX

GB- *X- GBm- >X- *?2M- *X- Sm- uX- *?2M- GX- >2M�Q- _X- �M/ *�`BM- GX hQr�`/b mM/2`bi�M/BM;
�/p2`b�`B�H H2�`MBM; 7Q` DQBMi /Bbi`B#miBQM K�i+?BM;X �`sBp T`2T`BMi �`sBp,RdyNXyRkR8- kyRdX

GBM- wX- E?2i�M- �X- 6�MiB- :X- �M/ P?- aX S�+;�M, h?2 TQr2` Q7 irQ b�KTH2b BM ;2M2`�iBp2
�/p2`b�`B�H M2irQ`FbX �`sBp T`2T`BMi �`sBp,RdRkXy9y3e- kyRdX

GBMbF2`- _X a2H7@Q`;�MBx�iBQM BM � T2`+2Tim�H M2irQ`FX *QKTmi2`- kRUjV,Ry8ĜRRd- RN33X
GBMbF2`- _X �M �TTHB+�iBQM Q7 i?2 T`BM+BTH2 Q7 K�tBKmK BM7Q`K�iBQM T`2b2`p�iBQM iQ HBM2�`

bvbi2KbX AM �/p�M+2b BM M2m`�H BM7Q`K�iBQM T`Q+2bbBM; bvbi2Kb- TTX R3eĜRN9- RN3NX
GBm- wX- GmQ- SX- q�M;- sX- �M/ h�M;- sX .22T H2�`MBM; 7�+2 �ii`B#mi2b BM i?2 rBH/X AM

S`Q+22/BM;b Q7 i?2 A111 AMi2`M�iBQM�H *QM72`2M+2 QM *QKTmi2` oBbBQM- TTX jdjyĜjdj3-

RRN



kyR8X
Gm- wX- Sm- >X- q�M;- 6X- >m- wX- �M/ q�M;- GX h?2 2tT`2bbBp2 TQr2` Q7 M2m`�H M2irQ`Fb, �
pB2r 7`QK i?2 rB/i?X AM �/p�M+2b BM M2m`�H BM7Q`K�iBQM T`Q+2bbBM; bvbi2Kb- TTX ekjRĜekjN-
kyRdX

J�2b- 6X- *QHHB;MQM- �X- o�M/2`K2mH2M- .X- J�`+?�H- :X- �M/ am2i2Mb- SX JmHiBKQ/�HBiv
BK�;2 `2;Bbi`�iBQM #v K�tBKBx�iBQM Q7 Kmim�H BM7Q`K�iBQMX A111 i`�Mb�+iBQMb QM J2/B+�H
AK�;BM;- ReUkV,R3dĜRN3- RNNdX

J�M/2H#`Qi- "X "X �M/ q�HHBb- CX _X aQK2 HQM;@`mM T`QT2`iB2b Q7 ;2QT?vbB+�H `2+Q`/bX q�i2`
`2bQm`+2b `2b2�`+?- 8UkV,jkRĜj9y- RNeNX

J+*mHH�;?- SX h2MbQ` K2i?Q/b BM bi�iBbiB+bX *Qm`B2` .Qp2` Sm#HB+�iBQMb- kyR3X
J2ix- GX- SQQH2- "X- S7�m- .X- �M/ aQ?H@.B+Fbi2BM- CX lM`QHH2/ ;2M2`�iBp2 �/p2`b�`B�H M2irQ`FbX
kyRdX l_G ?iiTb,ffQT2M`2pB2rXM2ifT/7\B/4"v/`PA+H2X

JBb2b- _X �M/ SQHH�+x2F@:2B`BM;2`- >X S`�FiBb+?2 p2`7�?`2M /2` ;H2B+?mM;b�m~ƺbmM;X w�JJ@
CQm`M�H Q7 �TTHB2/ J�i?2K�iB+b �M/ J2+?�MB+bfw2Bib+?`B7i 7Ƀ` �M;2r�M/i2 J�i?2K�iBF
mM/ J2+?�MBF- NUkV,R8kĜRe9- RNkNX

JBv�iQ- hX- E�i�QF�- hX- EQv�K�- JX- �M/ uQb?B/�- uX aT2+i`�H MQ`K�HBx�iBQM 7Q` ;2M2`�iBp2
�/p2`b�`B�H M2irQ`FbX �`sBp T`2T`BMi �`sBp,R3ykXy8N8d- kyR3X

JQ/2- *X CX �M/ aH22K�M- *X EX aiQ+?�biB+ T`Q+2bb2b BM 2TB/2KBQHQ;v, >Aof�A.a- Qi?2`
BM72+iBQmb /Bb2�b2b- �M/ +QKTmi2`bX qQ`H/ a+B2MiB}+- kyyyX

JQ?�K2/- aX �M/ _2x2M/2- .X CX o�`B�iBQM�H BM7Q`K�iBQM K�tBKBb�iBQM 7Q` BMi`BMbB+�HHv
KQiBp�i2/ `2BM7Q`+2K2Mi H2�`MBM;X AM �/p�M+2b BM M2m`�H BM7Q`K�iBQM T`Q+2bbBM; bvbi2Kb-
TTX kRk8ĜkRjj- kyR8X

JQQM- EX- a`B+?�`�M- EX- �M/ >2`Q AAA- �X PX 1Mb2K#H2 2biBK�iBQM Q7 Kmim�H BM7Q`K�iBQMX
�`sBp T`2T`BMi �`sBp,RdyRXy3y3j- kyRdX

JQQM- uX@AX- _�D�;QT�H�M- "X- �M/ G�HH- lX 1biBK�iBQM Q7 Kmim�H BM7Q`K�iBQM mbBM; F2`M2H
/2MbBiv 2biBK�iQ`bX S?vbB+�H _2pB2r 1- 8kUjV,kjR3- RNN8X

L;mv2M- hX- G2- hX- om- >X- �M/ S?mM;- .X .m�H /Bb+`BKBM�iQ` ;2M2`�iBp2 �/p2`b�`B�H M2ibX
AM �/p�M+2b BM L2m`�H AM7Q`K�iBQM S`Q+2bbBM; avbi2Kb- TTX keedĜkedd- kyRdX

L;mv2M- sX- q�BMr`B;?i- JX CX- �M/ CQ`/�M- JX AX 1biBK�iBM; /Bp2`;2M+2 7mM+iBQM�Hb �M/ i?2
HBF2HB?QQ/ `�iBQ #v +QMp2t `BbF KBMBKBx�iBQMX A111 h`�Mb�+iBQMb QM AM7Q`K�iBQM h?2Q`v-
8eURRV,839dĜ83eR- kyRyX

Rky



LQrQxBM- aX- *b2F2- "X- �M/ hQKBQF�- _X 7@;�M, h`�BMBM; ;2M2`�iBp2 M2m`�H b�KTH2`b mbBM; p�@
`B�iBQM�H /Bp2`;2M+2 KBMBKBx�iBQMX AM �/p�M+2b BM L2m`�H AM7Q`K�iBQM S`Q+2bbBM; avbi2Kb-
TTX kdRĜkdN- kyReX

S�MBMbFB- GX 1biBK�iBQM Q7 2Mi`QTv �M/ Kmim�H BM7Q`K�iBQMX L2m`�H +QKTmi�iBQM- R8UeV,
RRNRĜRk8j- kyyjX

S2M;- >X- GQM;- 6X- �M/ .BM;- *X 62�im`2 b2H2+iBQM #�b2/ QM Kmim�H BM7Q`K�iBQM +`Bi2`B�
Q7 K�t@/2T2M/2M+v- K�t@`2H2p�M+2- �M/ KBM@`2/mM/�M+vX A111 h`�Mb�+iBQMb QM T�ii2`M
�M�HvbBb �M/ K�+?BM2 BMi2HHB;2M+2- kdU3V,RkkeĜRkj3- kyy8X

S2`2v`�- :X- hm+F2`- :X- *?Q`QrbFB- CX- E�Bb2`- ƇX- �M/ >BMiQM- :X _2;mH�`BxBM; M2m`�H
M2irQ`Fb #v T2M�HBxBM; +QM}/2Mi QmiTmi /Bbi`B#miBQMbX A*G_ qQ`Fb?QT- kyRdX

_�/7Q`/- �X- J2ix- GX- �M/ *?BMi�H�- aX lMbmT2`pBb2/ `2T`2b2Mi�iBQM H2�`MBM; rBi? /22T
+QMpQHmiBQM�H ;2M2`�iBp2 �/p2`b�`B�H M2irQ`FbX �`sBp T`2T`BMi �`sBp,R8RRXye9j9- kyR8X

_ûMvB- �X 2i �HX PM K2�bm`2b Q7 2Mi`QTv �M/ BM7Q`K�iBQMX AM S`Q+22/BM;b Q7 i?2 6Qm`i?
"2`F2H2v avKTQbBmK QM J�i?2K�iB+�H ai�iBbiB+b �M/ S`Q#�#BHBiv- oQHmK2 R, *QMi`B#miBQMb
iQ i?2 h?2Q`v Q7 ai�iBbiB+bX h?2 _2;2Mib Q7 i?2 lMBp2`bBiv Q7 *�HB7Q`MB�- RNeRX

_B2bx- 6X .ûKQMbi`�iBQM MQmp2HH2 /ǶmM i?ûQ`ĕK2 +QM+2`M�Mi H2b QTû`�iBQMb 7QM+iBQMM2HH2b
HBMû�B`2bX AM �MM�H2b b+B2MiB}[m2b /2 HǶú+QH2 LQ`K�H2 amTû`B2m`2- pQHmK2 jR- TTX NĜR9-
RNR9X

_m/2`K�M- �X- _2B/- JX- :�`+ő�@:�`+ő�- .X- �M/ S2ii2`bQM- CX hB;?i2` p�`B�iBQM�H `2@
T`2b2Mi�iBQMb Q7 7@/Bp2`;2M+2b pB� `2bi`B+iBQM iQ T`Q#�#BHBiv K2�bm`2bX �`sBp T`2T`BMi
�`sBp,RkyeX9ee9- kyRkX

_mK2H?�`i- .X 1X- >BMiQM- :X 1X- �M/ qBHHB�Kb- _X CX G2�`MBM; `2T`2b2Mi�iBQMb #v #�+F@
T`QT�;�iBM; 2``Q`bX M�im`2- jkjUey33V,8jjĜ8je- RN3eX

_mbb�FQpbFv- PX- .2M;- CX- am- >X- E`�mb2- CX- a�i?22b?- aX- J�- aX- >m�M;- wX- E�`T�i?v-
�X- E?QbH�- �X- "2`Mbi2BM- JX- "2`;- �X *X- �M/ 62B@62B- GX AK�;2M2i H�`;2 b+�H2 pBbm�H
`2+Q;MBiBQM +?�HH2M;2X *Q__- kyR9X l_G ?iiT,ff�`tBpXQ`;f�#bfR9yNXy8d8pjX

a��i+?B- uX �M/ qBHbQM- �X :X "�v2bB�M ;�MX AM �/p�M+2b BM L2m`�H AM7Q`K�iBQM S`Q+2bbBM;
avbi2Kb- TTX jek8Ĝjej9- kyRdX

a�HBK�Mb- hX �M/ EBM;K�- .X SX q2B;?i MQ`K�HBx�iBQM, � bBKTH2 `2T�`�K2i2`Bx�iBQM iQ
�++2H2`�i2 i`�BMBM; Q7 /22T M2m`�H M2irQ`FbX *Q__- kyReX l_G ?iiT,ff�`tBpXQ`;f�#bf
ReykXyd3e3pjX

RkR



a�HBK�Mb- hX- :QQ/72HHQr- AX CX- w�`2K#�- qX- *?2mM;- oX- _�/7Q`/- �X- �M/ *?2M- sX
AKT`Qp2/ i2+?MB[m2b 7Q` i`�BMBM; ;�MbX �`sBp T`2T`BMi �`sBp,ReyeXyj9N3- kyReX

a�Mim`F�`- aX- hbBT`�b- .X- AHv�b- �X- �M/ J�/`v- �X >Qr /Q2b #�i+? MQ`K�HBx�iBQM ?2HT
QTiBKBx�iBQM\ AM �/p�M+2b BM L2m`�H AM7Q`K�iBQM S`Q+2bbBM; avbi2Kb- TTX k93jĜk9Nj-
kyR3X

a+?ƺHFQT7- "X- aKQH�- �X- �M/ JɃHH2`- EX@_X E2`M2H T`BM+BT�H +QKTQM2Mi �M�HvbBbX AM AMi2`@
M�iBQM�H +QM72`2M+2 QM �`iB}+B�H M2m`�H M2irQ`Fb- TTX 83jĜ833X aT`BM;2`- RNNdX
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