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Summary

In this thesis, we study the extreme values of certain log-correlated random fields that
are Gaussian (the scale-inhomogeneous Gaussian free field and the time-inhomogeneous
branching random walk) or approximatively Gaussian (the log-modulus of the Riemann
zeta function on the critical line and a randomized toy model of it), as well as asymptotic
properties of various estimators in statistics. Apart from the introduction and conclusion,

the thesis is divided in three parts, each containing three articles.

The first part contains three articles on log-correlated Gaussian fields. The first article
shows the first order convergence of the maximum and the number of high points for
the scale-inhomogeneous Gaussian free field on its full domain. The second article uses
the results from the first article to show that the limiting law of the Gibbs measure is
a Ruelle probability cascade with a certain number of effective scales (a tree of Poisson-
Dirichlet processes). The third article shows the tightness of the recentered maximum for

the time-inhomogeneous branching random walk.

The second part contains three articles on the Riemann zeta function. The first article
shows that, at low temperature, the limiting law of the Gibbs measure for a randomized
toy model of the log-modulus of zeta on the critical line is a Poisson-Dirichlet process. The
second article deals with the open problem of the tightness of the recentered maximum for
this toy model on an interval of length O(1). We simplify the problem by showing that
the continuous maximum is at the order of constant away from a discrete maximum over
O(log T+/loglog T)) points. The third article shows the first order of convergence of the
maximum and the free energy for the log-modulus of the Riemann zeta function on short

intervals of length O(log? T'), § > —1, on the critical line.



The third part contains three articles treating various topics in asymptotic statistics.
The first article shows the complete monotonicity of multinomial probabilities and opens
the door to the study of the asymptotic properties of Bernstein estimators on the simplex.
The second article shows a uniform law of large numbers for sums containing terms that
“blow up”. The third article finds the limiting law of a modified score statistic when we
test a given member of the exponential power distribution family against the family of

asymmetric power distributions.

The thesis contains nine articles of which seven are already published in peer-reviewed

journals. All the information is gathered on my personal website :

https://sites.google.com/site/fouimet26/research.

Keywords : probability, statistics, extreme value theory, log-correlated fields, Gaussian
fields, Gaussian free field, branching random walk, inhomogeneous environment, Riemann
zeta function, Gibbs measure, Ghirlanda-Guerra identities, ultrametricity, large devia-
tions, asymptotic statistics, complete monotonicity, multinomial probabilities, Bernstein

estimators, uniform law of large numbers, Laplace distribution, goodness-of-fit tests.
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Sommaire

Dans cette these, nous étudions les valeurs extrémes de certains champs aléatoires
log-corrélés qui sont gaussiens (le champ libre gaussien inhomogene et la marche aléatoire
branchante inhomogene) ou approximativement gaussiens (le log-module de la fonction
zéta de Riemann sur la ligne critique et un modele-jouet randomisé de celui-ci), ainsi que
les propriétés asymptotiques de divers estimateurs en statistique. Outre I'introduction et

la conclusion, la these est divisée en trois parties, chacune contenant trois articles.

La premiere partie contient trois articles sur les champs gaussiens log-corrélés. Le
premier article montre le premier ordre de convergence du maximum et du nombre de
hauts points pour le champ libre gaussien inhomogene sur tout son domaine. Le deuxieme
article utilise les résultats du premier article pour montrer que la loi limite de la mesure
de Gibbs est une cascade de Ruelle avec un certain nombre d’échelles effectives (un arbre
de processus de Poisson-Dirichlet). Le troisieme article montre la tension du maximum

recentré pour la marche aléatoire branchante inhomogene.

La deuxieme partie contient trois articles sur la fonction zéta de Riemann. Le pre-
mier article montre que, a basse température, la loi limite de la mesure de Gibbs d’un
modele-jouet randomisé du log-module de zéta sur la ligne critique est un processus de
Poisson-Dirichlet. Le deuxieme article concerne le probleme ouvert de la tension du maxi-
mum recentré pour ce modele-jouet sur un intervalle de longueur O(1). Nous simplifions le
probleme en montrant que le maximum continue se situe a une constante pres d’un maxi-
mum discret sur O(log T'v/loglog T) points. Le troisiéme article montre le premier ordre
de convergence du maximum et de I’énergie libre pour le log-module de la fonction zéta de

Riemann sur des intervalles courts de longueur O(loge T), 0 > —1, de la ligne critique.
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La troisieme partie contient trois articles traitant de sujets divers en statistique asymp-
totique. Le premier article montre la monotonicité complete des probabilités multinomiales
et ouvre la porte sur ’étude des propriétés asymptotiques des estimateurs de Bernstein
sur le simplexe. Le deuxiéme article prouve une loi uniforme des grands nombres pour les
sommes contenant des termes qui « explosent ». Le troisiéme article trouve la loi limite
d’une statistique de score modifiée lorsqu’on teste un membre donné de la famille des lois

exponentielles de puissances contre la famille des lois de puissances asymétriques.

La these contient neuf articles dont sept sont déja publiés dans des journaux évalués

par les pairs. Toute I'information se trouve sur mon site web personnel :

https://sites.google.com/site/fouimet26/research.

Mots clés : probabilité, statistique, théorie des valeurs extrémes, champs log-corrélés,
champs gaussiens, champ libre gaussien, marche aléatoire branchante, environnements in-
homogenes, fonction zéta de Riemann, mesure de Gibbs, identités de Ghirlanda-Guerra,
ultramétricité, grandes déviations, statistique asymptotique, monotonicité complete, pro-
babilités multinomiales, estimateurs de Bernstein, loi uniforme des grands nombres, loi de

Laplace, tests d’ajustements.
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Introduction






0.1. Introduction

Over the past three decades (over the last 15 years in particular), there has been a
push by physicists and mathematicians to extend certain universality results from classi-
cal extreme value theory to correlated random fields. On the physics side, the motivation
stems mainly, on the one hand, from statistical mechanics where physicists/mathemati-
cians are interested in understanding the behavior of spin glasses (see e.g. Mézard et al.
(1987); Bovier (2006); Talagrand (2011a,b); Panchenko (2013b); Bovier (2017) and ref-
erences therein), and on the other hand, from theoretical physics where they want to
understand the behavior of subatomic particles in the framework of quantum field theory.
In the latter case, the Gaussian free field (GFF) has been an important toy model to
describe the properties of Liouville quantum gravity (LQG) measures and more gener-
ally Gaussian multiplicative chaos (GMC) measures (see e.g. Robert and Vargas (2010);
Duplantier and Sheffield (2011); Rhodes and Vargas (2011); Barral et al. (2013); Garban
(2013); Chen and Jakobson (2014); Duplantier et al. (2014a,b); Rhodes and Vargas (2014);
Shamov (2016); Berestycki (2016); Garban et al. (2016); David et al. (2016); Berestycki
(2017); Rhodes and Vargas (2017); Junnila and Saksman (2017), and references therein),

the study of which goes back to Kahane’s seminal work : Kahane (1985, 19806).

The appeal for mathematicians is often one of beauty, where they aim to generalize
and extend as much as possible the properties and phenomena they observe for very simple
models to models with more complex correlation structures. The subclass of log-correlated
random fields (and log-correlated Gaussian fields especially) has emerged as particularly
appropriate in the pursuit of this goal. As we will see in this thesis, the properties that
are characteristic of this class of models appear far beyond the obvious examples. For
instance, in Part 2, we will see that extreme values of the log-modulus of the Riemann
zeta function on the critical line (and random toy models of it) behave approximately,

quite surprisingly, as the extreme values of log-correlated Gaussian fields.

Before going further, here is how the thesis is organized.



0.2. Organization

The thesis is divided into five parts : the Introduction, the three main parts (Part 1,
Part 2 and Part 3), and the Conclusion. Each of the main parts contains three articles
(seven are published). Part 1 and Part 2 prove certain asymptotic results for the ex-
treme values of models in the class of log-correlated random fields, whereas Part 3 collects
miscellaneous results of interest in the theory of asymptotic statistics. More specifically,

— Part 1 (called Log-correlated Gaussian fields) deals with the extreme values of the
scale-inhomogeneous Gaussian free field (Article 1 and Article 2) and the time-
inhomogeneous branching random walk (Article 3);

— Part 2 (called The Riemann zeta function) deals with the extreme values of a
random toy model of the log-modulus of the Riemann zeta function on the critical
line (Article 4 and Article 5) and the Riemann zeta function itself (Article 6).

— Part 3 (called Asymptotic statistics) starts by proving the complete monotonicity
of multinomial probabilities (Article 7) and shows how it can be used to study the
asymptotic properties of Bernstein estimators on the simplex. In Article 8, a new
uniform law of large numbers for summands that blow up is proved, which is then
used to prove the convergence in law of a modified score statistic in Article 9, when
testing a given exponential power distribution against asymmetric alternatives.

For the remainder of the introduction,
— We motivate Part 1 and Part 2 in Section 0.3 by :
e recalling the classical version of extreme value theory (Section 0.3.1),
e listing various questions of interest for log-correlated random fields in the modern
extreme value theory (Section 0.3.2),
e reviewing the literature to answer the questions of Section 0.3.2 for a selection
of 12 log-correlated models (Section 0.3.3);

— We summarize the new results and ideas of the thesis in Section 0.4.

In the Conclusion, the reader can find a list of conjectures (Section 10.1), a list of open
problems (Section 10.2), and a small errata for the published articles (Section 10.3). In
the Appendix, there are two useful lemmas (Section 11.1), simulation codes (Section 11.2),

and permissions from the coauthors and the journal editors (Section 11.3).



0.3. Motivation for Part 1 and Part 2

0.3.1. Classical extreme value theory

Let {X;}ien be a sequence of i.i.d. random variables. We are interested in the cumu-

lative distribution function (c.d.f.) of the maximum

My = 121%}](\7)(“ (0.3.1)
as N — 0o. Since
) . N
Jim P(My <) = lim (P(X, <2))” € {0,1} (0.3.2)

for all x € R, a more suitable question (analogous to the central limit theorem) is to ask
if there exist sequences {ay}nyen and {by}yen (With by > 0) such that

MN—CI,N

7 has a non-trivial limiting c.d.f., denoted by F. (0.3.3)
N
The existence of such sequences is not guaranteed, but if they exist, then only three types

of limiting distributions are possible.

Theorem 0.3.1 (Fisher-Tippett-Gnedenko theorem, Proposition 0.3 in Resnick (2008)).
If (0.3.3) is satisfied, then F belongs to one and only one of the following classes of

distributions (for some o >0) :

— Gumbel distribution : F(z) = A(z) = exp(—e™ ™), where x € R.

0, if v <0,

— Fréchet distribution : F(x) = ®,(x) =
exp(—z~%), if x > 0.

—(—x)* ) ] < 07
— Weibull distribution : F(z) = U, (x) = ep(=(=2)%), ¥z
1, if v > 0.

If Fe{A ®,,V,} for a certain a > 0 and (0.3.3) is satisfied, we say that P(X; < -)
belongs to the domain of attraction of F'. The parameter a will be determined by the tail
behavior of P(X; < -). We refer the interested reader to Chapter 1 of Resnick (2008) for
characterizations of the sequences {ax}nen and {by}yeny when P(X; < -) belongs to each

domain of attraction.



0.3.2. Questions of interest

When we introduce correlations between the variables X;, the problem of the conver-
gence in law becomes much less obvious to solve. Still, in some cases where the correlation
structure is not too complicated, we can often answer simpler questions. In Part 1 and
Part 2 of this thesis, we are particularly interested in log-correlated random fields, mean-
ing that the correlations between the variables of the model decrease logarithmically with
respect to a given notion of distance between the indices of the variables. Below, we list

some of the questions that are of interest for log-correlated random fields.

Remark 0.3.1. Since this thesis is concerned with log-correlated Gaussian fields (Part 1)
and log-correlated random fields that are approzimately Gaussian (Part 2), the X;’s that
we consider below are at least close to be (centered) Gaussian random variables and their
variance is proportional to log N (the log-number of points in the model), so that by ~ 1

and the search described in Section 0.5.1 is only about {ay}yen-

Here are the questions of interest :

(Q1): Does there exists a sequence {vy}yen such that

M
“N By as N = oo, (0.3.4)
UN

for some constant v* 7 This is called the first order of the mazimum.

(Q2): If (Q1) is answered in the affirmative, then for every v € (0,~*), does

log[{i € {1,.... N} : Xy 2 qon}| »,
log N

E(y), as N — oo, (0.3.5)

for some constant () 7 This is called the first order of the log-number of v-high
points.
(Q3): If (Q1) is answered in the affirmative, is there a sequence {wy } yen such that
My —7"vn P

— N, as N — oo, (0.3.6)
wN

for some constant \* 7 This is called the second order of the mazimum.



(Q4): If (Q3) is answered in the affirmative,

is the sequence {MN — (Y*uny + )\*wN)}NGN tight ¢ (0.3.7)

(Q5): If (Q4) is answered in the affirmative, then we can ask the question about the

convergence in law. Does
P(My — (v'on + Nwy) < - ) =5 F(+), as N = oo, (0.3.8)
for some non-trivial c.d.f. F' 7

Around the same level of analysis, another related question of importance can be
formulated in terms of the extremal process :
N
En(A) = ;5Xi_(7*vN+>\*wN)(A), A € B(R), (0.3.9)
where § denotes the Dirac measure and B(R) denotes the Borel o-algebra on R. The
question is : Does the sequence of random measures {Zy} yen converges weakly to

a non-trivial point process (random counting measure) on R 7

(Q6): A dual question to (Q1) and (Q2) is the following. Can we determine the limit (in
probability) of the free energy (also called the log-partition function)

fn(B) = log > e 7 (0.3.10)

If we bound every term in the summation by the maximal term for the upper bound

and we only keep the maximal term for the lower bound, we clearly have

maxi<i<n X;
log N

maxi <i<N Xz

(0.3.11)

so the reader can see an explicit link between (Q1) and (Q6). For certain models,
the limiting free energy can be expressed as the Fenchel-Legendre transform of

—&(7), so it is also linked to (Q2). This is because, for N large and vy = log IV,

(@) = los ([ mant)) & max (-0 (031)

v€[0,7*]



where () = #{i € {1,...,N} : X; < ~un}. The last approximation follows from
(0.3.5) and the fact that only the highest values in the integral in (0.3.12) have

non-negligible weight under dv. This is referred to as Laplace’s method.

One of the goals in studying the limit of fx(/3), and perturbed versions of it (where
variance perturbations are added to the model), is finding the limiting law of the

overlaps (also called correlation coefficients)

Cov(X;, X;
p(i, j) = Corr(X;, X;) = ov{ ) (0.3.13)
\/Var(X;)/Var(X;)
under the product of random Gibbs measures
1y e ehXi
Gon({i}) = =——5x¢ (0.3.14)

Si<icn 4%

which sample the large values of the field {X;}X, when 3 > 0. For instance, one

quantity of interest is the so-called limiting two-overlap distribution
: 2
g lim EG3Yy {1{p(i,j>§q}}> (0.3.15)

which is a measure of relative distance between the extremes of the model. Let
h:[—1,1]*¢=Y/2 5 R be a continuous function of the overlaps of s points, then

the more general question is to describe

Jim EGES [ ((oir,ie))1<er<s)] (0.3.16)

as a function of § > 0. For log-correlated Gaussian fields (and other close models),
the (mean) weak limit of {G;¥ }nen has a tendency to satisfy certain universal
identities known as the Ghirlanda-Guerra identities, introduced in Ghirlanda and
Guerra (1998). One very important result, due to Panchenko (2013a), proves that
a random measure on the unit ball of a separable Hilbert space that satisfies the
extended Ghirlanda-Guerra identities must be ultrametric (i.e. have a hierarchical
structure of the overlaps (scalar products) under the mean measure). One con-
sequence of this theorem is that, if the extended Ghirlanda-Guerra identities are

satisfied in the limit for a given model, then it can be shown that the general joint



distribution of the overlaps in (0.3.16) is completely determined by the limiting two-
overlap distribution (see e.g. Theorem 2.13 in Panchenko (2013b)). The fact that
the Ghirlanda-Guerra identities together with the limiting two-overlap distribution
characterize the law of the overlaps under the limiting mean Gibbs measure was
known to be true for specific models well before Panchenko’s proof. For instance,

it was pointed out for the REM in (Talagrand, 2003, Chapter 1).

Apart from the motivations of statistical mechanics (see e.g. Bovier (2006)), the inter-
est of the questions (Q1) — (Q6) comes from the conjectured universality of the answers for
the class of models that are log-correlated or close to it. Under certain regularity assump-
tions, it is for example expected that the sequence of recentered maxima for most branching
models converges to a Gumbel distribution or the mean of randomly shifted Gumbel dis-
tributions. Similarly, it is expected that the Gibbs measures converge weakly towards a
mixture of random measures called Ruelle probability cascades (see Ruelle (1987)) or, per-
haps more generally, towards sampling measures of stochastically stable overlap structures

(see Arguin and Aizenman (2009) and Arguin and Chatterjee (2013)).

0.3.3. Examples of log-correlated random fields : Old and new results

In this section, we present a list of 12 log-correlated random fields that are Gaussian
or approximately Gaussian, some of which we will revisit in the articles of this thesis. We
answer the questions of interest posed in the previous section by pointing to the relevant
literature. All 12 fields are believed to belong to the REM class (resp. the GREM class,
when the variances are macroscopically dependent on time or scale), meaning that the
answers to the questions of interest (Q1), (Q2) and (Q6) should all be the same as for
the REM (see Section 0.3.3.1) (resp. the GREM, see Section 0.3.3.2) with the possible
exception that some constants and critical levels could be model-specific (depending on

the number of particles or the variances).

To give a sense of (some of) the techniques we will use in Part 1 and Part 2, we will
answer the six questions directly (with proofs !) for the REM and state the answers for

the GREM. For the other models, we will point directly to the literature.



0.3.3.1. The random energy model (REM)

(A) REM tree structure

(B) REM simulation (N = 29)

FiGURE 0.3.1. The random energy model

In the physics literature, the REM was first presented by Derrida (1980, 1981) as a toy
model to study the properties of disordered systems (such as magnetic alloys at different

temperatures). For an introduction, we refer the reader to Chapter 9 in Bovier (20006).
Definition 0.3.2 (REM). The REM consists of N = 2" i.i.d. r.v.s X; ~ N(0,0%log N).

Remark 0.3.2. To see the analogy with the binary branching random walk, it can also
be seen as the leaves of a tree of 2" independent random walks on the time interval [0, n],

where each branch of length 1 is a standard Gaussian r.v., as shown in Figure (0.3.1b.

The following proposition answers to (Q1) and (@Q3).
Proposition 0.3.3 (First and second order of the maximum for the REM). Let My =
max;<;<y X; where the random field {X;}Y., follows Definition 0.3.2, then

M
]\}I_I}Clm log]}[\f = go, in probability, (0.3.17)
for the first order, where ¢ = /2, and
My — golog N 1
lim 2N 9998 - g, in probability, (0.3.18)
N—oo  loglog N 2 g

for the second order.

10



PROOF. Fix any € > 0, and note that (0.3.17) follows from (0.3.18). To obtain the upper
bound, use a union bound and a Gaussian tail estimate (Lemma 11.1.1) :

1 (galogN—(l—s)zo—g loglogN)2

o a\/logN-e_E o2 log N
P| My > gologN — (1 —e)—loglog N | < N .
( N = golog ( 6)29 08 108 )— (9olog N — (1 — )5 loglog N)
1
N . - N~ (log N)(1-2)/2
< Toi (log N)
<< (10g N)*E/Z, (0319)

which tends to 0 as N — oo. For the lower bound, define
al o
Ny =D 14, where Aié{XiZgalogN—(l—f—e)QloglogN},
i=1 g

To conclude, we need to show that P(Ny > 0) — 1 as N — oo. By applying the Paley-
Zygmund inequality from Lemma 11.1.2 (with § = 0), we have

E[Ny]?

(0.3.20)

It suffices to show that E[NV2] = (1 + o(1)) E[Ny]*. Since the variables X; and X are
identically distributed and independent whenever i # j, we have the decomposition

N N
E[NZ] = 3 P(4)*+ Y P(A) = (1 = N7 E[NN]® + E[Na], (0.3.21)
ij=1 i1
oy
because there are N2 — N terms in the first sum. By another Gaussian tail estimate

(Lemma 11.1.1), note that

1
E =N - - N7 (log N)1+9/2 < (log N)*/2. 3.22
[ N] \/m (Og ) (Og ) (03 )
Together with (0.3.21), this proves E[N 2] = (1 + o(1)) E[Ny]*. O

The following proposition answers to (Q2).
Proposition 0.3.4 (Log-number of v-high points for the REM). Let vy € (0,0) and define
the set of points above the v-level : Hy(y) ={1 <1< N :X; > ~vglogN}. Then,

lim log \HN(’Y)’

1 ) . -
L v 1 —(v/o)?, in probability. (0.3.23)

11



PRrROOF. By Markov’s inequality and a Gaussian tail estimate (Lemma 11.1.1),

P([Hx(y)] > N©ZO) < NTHOTE[Hy ()]

_1(yglogN)?
< A]\[71+(’Y/(7)2 .N . oylogN -e 2 o%leeN
vg log N
< (log N)™2, (0.3.24)

which goes to 0 as N — oo.

For the lower bound, we want to apply (again) the Paley-Zygmund inequality :

2 2
N1-(v/o)=e\ " E||Hn(y
MWMﬂZNHW%ﬂEG— “NUH. (0.3.25)
E[Hn()I]) E[Hn()P]
Using Gaussian tail estimates (Lemma 11.1.1), it is easy to see that
E[[Hn ()] < (log N)"/2N1-0/)7, (0.3.26)

2
so it suffices to prove E[[’HN(’y)\Q} = (1+0(1)) E[[’HN(V)” to conclude the proof. Since
the variables X; and X are identically distributed and independent whenever i # j, we

have the decomposition

N N

E[[Hy(MF] = 3 (P(Xi = 79 log V)" + L P(X: > g log V)
ij=1 i=1
7]

2
= (1= NOE|[HnOI] +E[[Hx()]
2
= (L+ o) E[[Hx(I] . (0.3.27)
where the last equality follows from (0.3.26) and v € (0,0). This ends the proof. O

The following proposition answers the first part of (Q6) about the free energy of the
REM. It is consequence of Proposition 0.3.4 and the first part of Proposition 0.3.3.

Proposition 0.3.5 (Limiting free energy of the REM). For g > 0,

. . 1
A n(B) = i N

N
log Y e = f(B;0%), (0.3.28)
i=1

12



where the limit holds in probability and in L', and where g = /2 and

) e 1+ (£2), #p<pze,

f(B;o 5 ,
22, if B> B..

(0.3.29)

PrOOF. We prove the upper bound first. For M € N and a fixed € > 0, consider & =
e/(2+ Byg), v; = ﬁ'a + & for 0 < j < M, and the good event

M ~
U= {‘{1 <i<N:X;>9glog N}| < Nl—(%l/a)2+a}
~ (0.3.30)

ﬂ{ max X; < (U+§)glogN}.

1<i<N

By (0.3.17) and (0.3.23), we know that P(U¢) — 0 as N — oco. On the event U, we have

N M N N

BX; _ BX; BXi
Ze t= ZZG "1y, 1glog N<X;<v;glog N} +Ze "1ix;<voglog N}
i—1 j=1i=1 i—1

M
< ZNﬁ7j9+1—("/j—1/0)2+g+ NPrwog+1 (0.3.31)
j=1

which implies that, for M large enough with respect to € and j3,

L log XN efX

fn(B) = < max_{Byg+1-(v/0)*} +2 (0.3.32)

log N T HEl0,0+2]

In the case f < 3. = £, the maximum is attained at v = o /f.. Hence, the right-hand
side of (0.3.32) is at most 1+ (3/8.)? + . In the other case 8 > ., we can choose € > 0
small enough that 5 > (0 +¢€)S./0. The maximum is attained at v = o + £, in which case
the right-hand side of (0.3.32) is smaller than 2(3/5.) 4+ €. This proves the upper bound
in probability.

For the lower bound, consider the levels v; = ﬁa + ¢ for 0 < 5 < M, and the good

event

M
L= {Hl SISNIX > %7191085]\7}‘ > N1(7j1/0)26/2}
” (0.3.33)

ﬂ{ max X; < (U—i-e)glogN}.

1<i<N

13



By (0.3.17) and (0.3.23), we know that P(L) — 0 as N — oco. On the event L, we have

N M N N

BXi _ BX; BX;
Z et = Z Z e 1y, 1glog N<Xi<y;glog N} T Z " 1 x;<y0g10g N}
i=1 J=1i=1 i=1

> nax, NPv-19+1=(3-1/0)*~¢/2, (0.3.34)

which implies that, for M large enough with respect to € and f,

L log N X

fn(B) = e N 2 8% {Brg+1—(v/0)*} —c. (0.3.35)

In the case 0 < 8 < 8, = £, take ¢ > 0 small enough that 8 > ¢3./0. The maximum
is attained at v = fo/f., in which case the right-hand side of (0.3.35) is equal to 1 +
(8/B.)* — €. In the other case 3 > f3., the maximum is attained at v = o, in which case
the right-hand side of (0.3.35) is equal to 2(5/8.) — . This proves the lower bound in
probability.

It remains to show the convergence of the free energy in L!. It is a consequence of the

uniform integrability of the sequence { fx(5)}nen, namely

lim sup E[[ £ (8) |11 (3)/5e] = 0. (0.3.36)
NeN

To prove (0.3.36), let &y = My /log N. Then, from (0.3.11),

BEn < fn(B) < P&y + 1. (0.3.37)

Assume that o > 1. By splitting the event {|fy(5)| > a} in two parts : {fy(5) > a} and
{=fn(B) > a}, and then using (0.3.37), we deduce

E[ ()L sx (350

< E{(ﬂfN + 1)1{ﬁ§N+1>a}] + E{(_BfN)l{*ﬁfNNx}}

E[(BéN + 1)1{(€+1)a2551\7+1>fa}} + ZE{(_B€N>1{(Z+1)a27551\/>€a}}

)

< g(e +1) aIP’(\ﬁN] > ;(m - 1)). (0.3.38)

14



Using a union bound and a Gaussian tail estimate (Lemma 11.1.1), we have

<|§N| > (506—1)> < N - max QIP’(X > B(Eoz—l)log]\f)

1<i<N

b (0.3.39)

(La—1)* 1)2

<N-2N 2%7

For « large enough with respect to 5 and o, applying (0.3.39) in (0.3.38) implies (0.3.36).
This ends the proof. U

The following theorem answers to (Q4) and (Q5).

Theorem 0.3.6 (Convergence in law of the recentered maximum for the REM). Define

o log(g v/2r)

ay = golog N — 7 loglog N — (0.3.40)
29 g
Then, for . =< and any x € R,
1 _ — _ _Bciﬂ
J&EHOOP<MN ay < x) exp(—e 7). (0.3.41)

In other words, the limiting law of the recentered maximum is a Gumbel distribution.

PROOF. Fix any z € R. Since the X;’s are i.i.d. Gaussian r.v.s with variance o2 log N,
P(My —ay <z) = (1- ()", (0.3.42)

where ¥ denotes the survival function of the standard Gaussian distribution and

loglog N 1 V2
e ay +z —y / 0g 10g . og(g v'2m) + . . (0.3.43)
oy/log N 2gx/logN g+/1og N o/log N

The Gaussian tail estimates from Lemma 11.1.1 tell us that, for z > 0,

1 1 1 12 1 1 12
- 1_>. T2 WU(z) < — - —e 27, 0.3.44
z( 2) Vam o By Var (034

Thus, from (0.3.42), (0.3.43) and (0.3.44), the reader can easily verify that

2 N 2 g N
(1+0(toglo i)+ (1+ O brlon?) o2
[1— 1§N < P(My—ay <z) < |1- 1;7N
from which (0.3.41) directly follows. O

15



To answer (Q6), one way to proceed would be to show that the extremal process
converges weakly to a specific Poisson point process (PPP), and then deduce the limiting
law of the Gibbs measure. This is done in Section 8.3 of Bolthausen and Sznitman (2002).
Specifically, they show in Proposition 8.6, using Laplace functionals, that the extremal
process SN, 6x,_q, converges weakly to a PPP with intensity ¢ + B.e %! and using
the nice transformation properties of PPPs under continuous mappings (Proposition 8.5),
they deduce that, for 3 > 3. (at low temperature), the point process S~ , exp(B(Xi—an))
converges weakly to a PPP with intensity ¢ — (8./3)t~%</#)=1. Now, note that the limiting
Gibbs measure is defined by the normalized points of the last limiting point process; it
can be shown that the normalized weights, when arranged in a decreasing order, form a

Poisson-Dirichlet process of parameter 5./ (see e.g. Proposition 2 in Tao (2013)).

In general, it is very very hard to find the limit of the extremal process for most models
(like the (o, A)-IGFF and the RLM-RZF, for which we have new results on the limiting
Gibbs measure in this thesis), so we will instead present a much longer (but more robust)
alternative route to illustrate some of the methods used in Ouimet (2017) (Article 2) and

Ouimet (2018b) (Article 4).

Here is our plan :
(a) Find the limiting free energy of a perturbed version of the REM;
(b) Use (a) to find the limiting two-overlap distribution for the REM;
(c) Prove the extended Ghirlanda-Guerra identities for the REM;
)

(d) Deduce from (b) and (c¢) the joint distribution of the overlaps under the limiting

mean Gibbs measure in terms of Poisson-Dirichlet variables.

For o € [0,1], u € (—1,1) and 1 <4 < N, define the perturbed REM by
Xiow=Xi+uXV =1 +u)x? + x2, (0.3.45)

where X ~ N (0, a02log N), X ~ N(0, (1 - a)o?log N), X; = XV + X and where
all the Xi(l)’s and XZ-(Q)’S are independent. By convention, X ~ A(0,0) means X = 0.

16



Proposition 0.3.7 (Limiting free energy of the perturbed REM). Define the free energy
of the perturbed REM by

(B lo efXiwn B> 0, 0.3.46
Foauld) £ g yion 3 ¢ (0346
Then, for any o € [0,1] and > 0,
iy au(B) = fau(B) = max {57+ Eau(r)} (0.3.47)
f(@a Va,u)y if u <0,

af(B;0*(1+u)?) + (1 —a)f(B;0°), ifu>0,

1—1—52:2‘1‘“, ifu<0andfp <

g
/Va,u7
Bg\/Vau, ifu<0andf > \/h,

_ BQVa,u

=9 1+ =2, ifu>0and < 1+u)
a(ﬁga(lJru))—I—(l—a)(l—l—ﬁzgj), ifu>0and ;Fs < B <2,
Bga[oz(l—i—u)—i—(l—a)}, ifu>0andp > 2,

where Vi, = a(o(1 4+ u))? + (1 — a)o?, f(B;0?) is defined in (0.3.29), v* is defined in
(0.3.49), and where the limit in (0.3.47) holds in probability and in L.

ProOOF. This proof is easy but somewhat long and tedious, so we will only sketch it. For
the details, see e.g. Ouimet (2017) (Article 2) for a more general statement and proof in
the context of the scale-inhomogeneous Gaussian free field or Section 4 in Arguin and Tai
(2018) for a proof in the context of the randomized Riemann zeta function. The reader can
also check Section 9 of Bolthausen and Sznitman (2002) for the proof of the limiting free
energy in the context of the GREM with two levels. The idea is to apply second-moment
methods as in the proof of Proposition 0.3.3 and Proposition 0.3.4 to find the first order
of the maximum and the first order of the log-number of y-high points for the perturbed
REM. We would find

maXi<i<nN Xi,a,u

lim = ¢g7*, in probability, (0.3.48)

N—o0 log N
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where

Ve if u <0,
e ’ (0.3.49)

alc(l+u))+ (1 —a)o, if u>0,
and, for v € (0,v*), we would find

log’{l <i<N: )A(/mu > g logNH

]\}im loo N = Eau(y), 1in probability, (0.3.50)
where
() 2 1_‘/72, ifu<0, orifu>0and~y <, (03.51)
au\Y) = o ) 3
(1_@)—%, it wu>0and vy > .,

and where v, =V, ,/(c(1+u)). Using (0.3.48) and (0.3.50), we could then apply Laplace’s
method like we did in the proof of Proposition 0.3.5 and solve the related optimization

problem to conclude. O

The next proposition finds the limiting two-overlap distribution of the REM. The
strategy of the proof is to link the derivative (with respect to w) of the limiting free
energy of the perturbed REM to the limiting two-overlap distribution through Gaussian
integration by parts. We refer to this strategy as the Bowvier-Kurkova technique as it was
successfully applied to find the limiting two-overlap distribution of the general GREM in
Bovier and Kurkova (2004a,b).

The following proposition answers the second part of (Q6).
Proposition 0.3.8 (Limiting two-overlap distribution of the REM). Recall the definition
of the overlaps p(i, j) from (0.3.13). Then, for p. = £, and any > 0,

. if q <0,
< .
f<fe: Jm BGR [Lpwso) { ifq>0,
(0.3.52)
0, ifq<0,
B> pe: hm EgﬁN Lip(ig) <q} %7 if0<q<1,
L, ifqg=1,
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Here is an intuitive explanation of the meaning of this proposition. When g > (., the
Gibbs measure gives a lot of weight to the particles ¢ that are near the maximum’s height
in the tree structure. The result simply says that if you sample two particles under the
Gibbs measure, then, in the limit and on average, either the particles branched off “at the

7 in the tree structure or they branched off in the beginning. They cannot

last momen
branch at intermediate scales. Since the particles are independent by definition in the
case of the REM, this means that ./ is the probability, in the limit N — oo, that the

particles sampled under EQBX?V differ.

When g < ., the weights in the Gibbs measure are more spread out so that most
contributions to the free energy actually come from particles reaching heights that are
well below the level of the maximum in the tree structure. Hence, when two particles are
selected from this larger pool of contributors that are not clustering, it can be shown that,
in the limit and on average, the particles necessarily branched off in the beginning of the
tree. In other words, in the limit N — oo, the particles sampled under ]EQBX?V are different

with probability 1.

PROOF OF PROPOSITION 0.3.8. From (0.3.47), we can verify that, for any 0 < a < 1
and 3 > 0, there exists 6 = d(«, 5) > 0 small enough that fa,u(ﬁ) is differentiable with
respect to u € (—0,0) and

pe 0 %
262 %fa,u(ﬁ)

(0.3.53)

fa, if5< B
Bea, if B> fe.

u=0

By Holder’s inequality, note that u — fN,a,u(B) is convex (and thus u +— E{fN,a,u(B)} is
also convex). Since pointwise limits preserve convexity and we have the mean convergence
th—moEVN,a,u(ﬁ)} = fau(ﬁ) from Proposition 0.3.7, then u +— fau(ﬁ) is convex. The
fact that u — f, () is differentiable on (-9, ) together with Theorem 25.7 in Rockafellar
(1970) then implies

(0.3.54)

u=0

ifa,u(ﬂ)’ = lim ﬁ E[fN,a,u(ﬁ)”

N-=o00 Ou
u=0

Also, using Gaussian integration by parts (see e.g. Lemma 1.1 in Panchenko (2013b)), we

have the relation
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B2 0 1

— E|f; S S (1)
252 ou E[fN,a,u(ﬂ)} u=0 50'2 logNEgB’N [XZ }
— L g [ZIS%N X exp(B(X) + X))
Bo?log N Sicien eXp(ﬁ(XJ(I) +XJ(2)))
GIP 1
g (B9 [EIXX] - BGE [RIX X))}
_ o Eg | EXTX 0555
- AN o2log N |’ "
where
]E[Xl(l)X] .. «
ng\; = i, ) Lp(ig)ay + OLip(ig)>a) = /0 Lip(ij)>yy Y- (0.3.56)
We deduce from (0.3.55) and (0.3.56) that
B2 0 - .
262 Ou E[frau®)]],_, = /0 EG5 % [Lipt)<ut | dy- (0.3.57)

Since [0,1] € R is compact, the space M;([0,1]) of probability measures on [0, 1] is
compact under the weak topology. Thus, any subsequence of the cumulative distribution
function on the left-hand side of (0.3.52) has a subsequence converging to a cumulative
distribution function. Pick any such sub-subsequence and denote its limit by ¢ — z5(q).

From (0.3.53), (0.3.54) and (0.3.57), we have, for any a € (0, 1),

o (o #8<A.
/ ey =< (0.3.58)
0 Sa, if B> f.

By Lebesgue’s differentiation theorem and the fact that the c.d.f. x4 is right-continuous

and concentrated on [0, 1] (since p(7, j) € [0, 1] for all 7, j), the conclusion follows. O

By the representation theorem of Dovbysh and Sudakov (1982) for symmetric positive
definite weakly exchangeable infinite random arrays (for a proof, see Panchenko (2010Dh)),
we can show (since [0, 1]™*N being compact implies that the space of probability measures
My ([0, 1]¥N) is weakly compact) that there exists a subsequence {N,, }men converging to

+00 such that for any s € N and any continuous function h : [0, 1]*¢*=1/2 — R, we have
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Tim BGE% [M((p(ie, i) h<ee<s)] = Eus™ [h((Ree)i<er<s)), (0.3.59)

where R is a random element of some probability space with measure P (and expectation

E), generated by the random matrix of scalar products

(Re)ewren = ((Pf; pzz')H) (0.3.60)

0,0'eN’

where (p¢)een is an i.i.d. sample from some random measure pg concentrated a.s. on the

unit sphere of a separable Hilbert space H. In particular, from Proposition 0.3.8, we have,

for all A € B(R),

1A(0)7 if ﬂ S ﬁm

(0.3.61)
Be14(0) + (1= 2)14(1), if B> B..

EME2[1{R1,2€A}] =
The meaning behind (0.3.61) is the same as we explained below (0.3.52), where ug is
simply a subsequential limit of {Gg n }nen in the specific sense of (0.3.59).

Proposition 0.3.9 (Extended Ghirlanda-Guerra identities in the limit). Let 5 > 0, and
let ug be a subsequential limit of {Gs n}nen in the sense of (0.3.59). For any s € N, any
ke{l,...,s}, and any functions g : {0,1} — R and h : {0,1}*¢=D/2 5 R, we have

By [g(Riss)h(Ros rcires)| = iEuEQ [9(R12)] By [h(Riohsivs.)]

(0.3.62)

1 S
+ =3 B [9(Reo)h(Rip)isiiss)|-
S 14k

The meaning behind this proposition is a bit more difficult to explain. In the special

case h =1 and g(z) = z, the formula (0.3.62) becomes

S 1 1 z S
By D [Ryon] = ; Ep*[Ria] + -2 B} |Rie]. (0.3.63)
£k
It says that, on average, given the particles 1,2,...,s sampled under pug, the overlap

between the next particle to be sampled (called s + 1) and the k-th particle is a generic
overlap between two particles (1 possibility) or it is the overlap between another particle
that we already sampled and the k-th particle (s — 1 possibilities), where each possibility
has probability 1/s. Now, the formula (0.3.62) describes more generally the joint behavior
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of the matrix of overlaps for the first s particles that are sampled and the overlap between
the next particle to be sampled and the k-th one. As already mentioned below (0.3.16),
it can be shown, in general, that (0.3.62) implies the ultrametricity of the overlaps (a
tree-like hierarchical structure) and completely characterizes the joint law of the overlaps
under Ep3> up to the knowledge of all E ,ug2[g(R1,2)] ’s, which themselves are determined
by the limiting two-overlap distribution (0.3.61) (see Chapter 2 in Panchenko (2013D)).

PROOF OF PROPOSITION 0.3.9. Let ¢n : {1,2,...,N}* — R be any set of functions
that satisfies supy ||¢n]|c < 00. By Gaussian integration by parts (see e.g. Exercise 1.1

in Panchenko (2013Dh)), note that, for ¢ = (i, ds,...,4s) € {1,2,..., N}*,

xs [y (1) s (1) (1)
B XN g [EAIX o)) pgateen [ED Xl
502 log N = ANT 621og N o2log N
56) s @ .
= ZEQE,N{ /0 Lip(insioy>y1 Y ¢N(z)]
=1
]EQX(SH /0 1{p(ik,is+1)>y}dy¢N<i)}
On the other end, from (0.3.55), we have
EGsn | Xy, o o
W = Egﬁ,N[ /0 1{p<ik,ik>>y}d?/} - EQE,?v[ /0 1{p<i,j>>y}dy} (0.3.64)

and a concentration argument (see e.g. Theorem 3.8 in Panchenko (2013b) or Proposition

5.6 in Ouimet (2018b) (Article 4)) shows that, as N — oo,

EG; v [ X on(9)]  EGsn|X <”J
Bo?log N Ba?log N

G lon(@)]| = o(1). (0.3.65)

Putting the last three equations together, we find that, as N — oo,

‘ng(s—l—l)

/ l{p (%%, ls+1)>y}dy ¢N( ):|

| EGER  Liasndy EGEN [on ()] || _ 0 (0.3.66)
+§ zﬁ;ﬁk ]Egﬁ,N [fo o600 >y qu(z)}

If we take the limit (0.3.59) in the last equation with ¢n(2) = h*((p(ir, ir))1<ee<s) Where
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h*:[0,1]5¢=1/2 5 R is a continuous extension of h, we find that, for all a € (0, 1),

/0 1{Rk,8+1>y}dy h((Ri,i/)ISi,i’Ss)}
1 @
= ;E,LLEQ |:/O 1{R1,2>y}dy:| Eu;s [h((RZ,l/)1§Z7z/SS):| (0367)

1 S
+-> Euy*
S 1tk

/0 1{Rk,4>y}dy h((Ri,i’)lgi,i’gs)} .

From (0.3.61), we know that 1(g, ,~, is Epj’-a.s. constant in y on [—1,0) and [0, 1),
respectively. Therefore, for any z € {—1,0},

Eujtth [1{Rk,s+1>x} h((Ri,i’)1§i,i’§s)]
— LB Loy B (R 1ies)
SBHET [Ymosay | B i )10/ <s (0.3.68)
1 - XS
+ - Eu} [1{Ru>x} h((Rz‘,z")lsz‘,z"gs)} :
S o2k
But, any function ¢ : {0,1} — R can be written as a linear combination of the indicator

functions 1;.~ 1y and 1.5}, so we get the conclusion by the linearity of (0.3.68). U

Finally, we can answer the last part of (Q6).
Theorem 0.3.10. Let 5 > 0. Let & = {&k bren be a Poisson-Dirichlet variable of parameter
B¢/ B, namely a random wvariable on the space of decreasing weights which has the same

law as the decreasing rearrangement

( T ,keN) , (0.3.69)
j=1"j I

where {ny.}ren denotes the atoms of a PPP on (0,00) with intensity t — (B8./3)tP/P)~1.
Then, for any s € N and any continuous function h : [0,1]°6=1/2 — R of the overlaps of

S points,

]\}1_1,20 EGs N {h((P(% ie/))lgz,E/gs)]
h(lds), i3 < B.. (0.3.70)
B |Stren G- (L) )| 8> B

where 1dg denotes the s X s identity matrix.
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0.3.3.2. The generalized random energy model (GREM)

40

-40
0 1 2 3 4 5 6

(A) GREM tree structure with 2 levels
(B) GREM simulation (N = 26)
with 2 levels ()\1 = 1/2, o1 < 02)

FIGURE 0.3.2. The generalized random energy model

In the physics literature, the GREM first appeared in Derrida (1985). For an intro-
duction, the reader is referred to Chapter 10 in Bovier (20006).

Definition 0.3.11 ((o, A)-GREM). Let N be the number of random variables in the field
(the number of leaves in the tree) and let M € N denote the number of levels in the tree.

Also, define the following sets of parameters :

o= (01,09,...,0n0) € (0,00)M, (variance parameters),

0.3.71
A= (A, Ag, .o ) € (0, 1M, (scale parameters), ( )

where 0 = Ao < A1 < Ay < -+ < Ay = 1. Define recursively a M -levels tree where, for
every i < M, N*~2-1 branches starting at the i-th level are attached to every vertices at
the (i — 1)-th level (see Figure 0.3.2a). The set of vertices at the M-th level is denoted by
V. For all v € Vi, denote by vy, the vertex at the k-th level on the shortest path from the
origin of the tree to v. We assign i.i.d. Gaussian 1.v.s Z, ~ N (0, (A, — Me_1)oilog N) to
the k-th level branches of the tree (Z,, for the branch joining vg—1 and vy). The field of

interest 1s : M
X, = Z Zy,, vEVn. (0.3.72)
k=1

The REM corresponds to the special case M = 1.
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The parameters (o, A) can be encoded simultaneously in the left-continuous step func-

tion
o(s) = o110y (s +Zal noaa(s), se€[0,1]. (0.3.73)

In the case of the GREM, it can be shown (see Section 1.2 of Arguin and Ouimet (2016)
(Article 1) for an heuristic) that the answers to the questions of interest do not always take
into account every single parameter in (o, ) but only depend on the effective parameters
that are encoded in the concave hull J,> of the speed function J,(s) = [ o2(r)dr. More
precisely, let ¢ : [0,1] — R be the unique left-continuous step function that satisfies
T»2(s) = Jr2(s) for all s € (0,1]. If the scales in [0,1] where ¢ jumps are denoted by

0=X <\ <... < \™ =1, then we have the representation :

m

where ; = (V) and {M}7 C {\;}M,. See Figure 0.3.3 for an example of 7,2 and J,z.

T(\)) o
\70'2 ()\3) T o
L702 ()‘2) T ’
Toe ()‘1) PR
slope = &7 A
} } 1 — 1 1

0 AN A A3 A As A6 1 s

Ao A A2 A7

0 A

FIGURE 0.3.3. Example of 7,2 (closed line) and T2
(dotted line) with 7 values for o2

Below, we go through the same results that we proved for the REM (with the exception
of (Q4) and (Q5)) and show how the effective parameters influence the answers to the
questions of interest. By using a second moment method and conditioning on the height

of the maximal particle at every effective scale M, we can answer (Q1), (Q2) and (Q3).
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Proposition 0.3.12 (First and second order of the maximum for the GREM). Let g =

V2, then

v XU 1 — o * . 7.
lim eV Av g/ a(s)ds = g~*, in probability, (0.3.75)
0

N—o0 log N

for the first order, and

lim maXyevy XU - g/y* IOg N i ;

Jim log log N ., in probability, (0.3.76)

0j
g

for the second order.

The number of y-high points depends on critical levels defined by

L 52(s)
be [ 2 g 1<1i<m 0=, 0.3.77
7 /0 a(s A ) voo=i=T v ( )

For v € (v'71,~'], define

_ )\l—l) _ (v — fo/\l_l o (s)ds)?

£0) =0 Ja-1 52(s)ds

and £(0) = 1. (0.3.78)

Proposition 0.3.13 (First order of the log-number of 7-high points for the GREM). Let
g =2 and v € (0,v*), then

lim log|{v € Vy:X,>~vglog N}
N-oo log N

=&(v), in probability. (0.3.79)

By applying Laplace’s method using (0.3.75) and (0.3.79), we can find the limiting free
energy and answer the first part of (Q6).

Proposition 0.3.14 (Limiting free energy of the GREM). For § > 0, we have

li = 1i 1 X
PO = I T 8 2 ¢ (0.3.80)
= max {674—8 } Zf : J — XN,

v€[0,7*]

where the limit holds in probability and in L', and where f(3;0?%) denotes the limiting free
energy of the o-REM from (0.3.29).
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By perturbing the free energy between the scales a < o/, where \; 1 < a <o < \;
for some 7, and by linking the derivative of the perturbed free energy with the two-overlap
distribution using Gaussian integration by parts (as we did in the proof of Proposition

0.3.8), we can prove the following proposition, which answers the second part of (Q6).
Proposition 0.3.15 (Limiting two-overlap distribution of the GREM). Let g = v/2 and

min{l € {1,...,m}: < B(o) = £}, if <2,

lg = (0.3.81)
m—+1, otherwise,
and recall that p(v,v") = Corr(X,, Xy). Then, for >0,
0, if ¢ <0,
lim BGGN [Lpwan<a] = { 202, ifge [0, 29), j <lp— 1, (0.3.82)
1, if g > alet

where 17 = Jy2 (M) [ T52(1).

For s € N, let (R)y)1<e0<s = (p(v’,v"))1<e0r<s. (The variable N is there to remind
us that the definition of the field { X, },ev, is N-dependent through the number of points
and the variances/covariances.) By the representation theorem of Dovbysh and Sudakov
(1982) for Gram-de Finetti matrices (for an accessible proof, see Panchenko (2010b)), we
can show (since [0, 1]"*N being compact implies that the space of probability measures
M ([0, 1]¥N) is weakly compact) that there exists a subsequence {N,, }men converging to
+00 such that for any s € N and any continuous function h : [0, 1]*¢=1/2 — R, we have

lim EGS, [M(RYF i<re<s)] = Bui™ [h(Rep)hi<eo<s)), (0.3.83)

m—r0o0

where R is a random element of some probability space with measure P (and expectation

E), generated by the random matrix of scalar products

(Reg)epen = ((P@ pe)u+ (1 — $15_1)1{5=z'}) (0.3.84)

2,0/eN’

where (pg)een is an i.i.d. sample from some random measure pz concentrated a.s. on the

sphere of radius Vz'~1 of a separable Hilbert space H.
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Here is the answer to the final part of (Q6).

Proposition 0.3.16 (Extended Ghirlanda-Guerra identities in the limit for the GREM).
Let B > 0 and let i be a subsequential limit of {Gs n}nen in the sense of (0.3.83). Then,
for any s € N, any k € {1,...,s}, and any functions h : {20 2!, ... 2ls=1}s6=0/2 5 R

and g : {2° 2t,. .. 271} = R, we have

s+ R — 1 F g R Eurs R
Eu;( 2 [Q(] Ek,erl) h(( iﬂ")liiﬂ'lﬁsﬂ s r BXZ [ ( 172)} BX [h(( i,i’)1<_i,i’<_s)}

1 S
+ - Z E“ES [Q(Rk,e) h(<Ri,i’)1§i7i/§5)]
S 14k

For a description of ug as a (lg — 1)-levels tree of Poisson-Dirichlet processes (also called

Ruelle probability cascade), see e.q. Corollary 7.2 in Ouimet (2017) (Article 2).

Here is the relevant literature for each question :

(Q1), (Q3), (Q4) and (Qb): See Theorem 1.1 in Bovier and Kurkova (2004a) for the con-
vergence of the extremal process. The reader can also find a very good heuristic
presentation in Section 2 of Kistler (2015).

(Q2): I don’t know any reference specific to the GREM, but it can easily be deduced from
(Q1) and the limiting free energy in (Q6), since the problems are dual. Otherwise,
see Arguin and Ouimet (2016) (Article 1) in the context of the IGFF and the
solution of the related optimization problem in Appendix A of Ouimet (2014).

(Q6): For the limiting free energy, see Theorem 2.1 in Capocaccia et al. (1987). The rest
(and more) is proved in Bovier and Kurkova (2004a) :

e Proposition 1.11 shows the limiting two-overlap distribution;
e Proposition 1.12 proves the Ghirlanda-Guerra identities in the limit;
e The joint distribution of the overlaps under the limiting mean Gibbs measure

can be deduced from Theorem 1.9 and Theorem 1.13.

Remark 0.3.3. Answers to (Q1), (Q2) and the limiting free energy (first part of (Q6))
for the 2-levels GREM with a random magnetic field (RMF) are provided in Persechino
(2018). Deeper results can be found in Bovier and Klimouvsky (2008) when the magnetic
field is deterministic. For the REM with a RMF, the convergence of the extremal process
and the convergence of the Gibbs weights are proved in Arquin and Kistler (2014).

28



0.3.3.3. The branching random walk (BRW)

(A) BRW tree structure
(B) BRW simulation (N = 26)

FI1GURE 0.3.4. The branching random walk

For an introduction to branching random walks, we refer the reader to Shi (2015a)
and Zeitouni (2012). See also Athreya and Ney (1972) for a classic reference on branching
processes. The branching random walk (BRW) is a limiting case of the GREM where the

number of levels is proportional to the log-number of points in the field.

Definition 0.3.17 (BRW). The tree underlying the branching process can be described
as follows. At time k = 0, there exists only one vertex o, called the origin, and we set
Dy = {o}. At time k = 1, there are 2 vertices and each of them is linked to o by an edge.
Denote by Dy the set of vertices at time 1. At time k = 2, there are four vertices, two of
which are linked to the first vertex in Dy and the other two are linked to the second vertex
in D1. The set of vertices at time 2 is denoted by Dy. The tree is defined iteratively in this
manner up to time k = n, where Dy denotes the set of all vertices at time k and |Dy| = 2*.
Figure 0.3.4a illustrates the tree structure. For all v € D,,, denote by v, the ancestor of v
at time k, namely the unique vertex in D, that intersects the shortest path from o to v.
Independent Gaussian random variables Z,, ~ N (0,0?) are assigned to each branch of
the tree structure and the field of interest is {S,(n)}ven,, where S,(n) is the sum of the

Gaussian r.v.s along the shortest path from o to v, namely

n

Su(n) =3 Z,, wveD, (0.3.86)

k=1



Remark 0.3.4. There are N = 2" r.v.s in the field and they are log-correlated in the
following sense. The branching time p(u,v) is the latest time such that u,v € D,, have the

same ancestor. Formally,

p(u,v) =max{k € {0,1,...,n} : up = vg}, (0.3.87)

so that d(u,v) = n — p(u,v) measures the proximity in time of u and v’ latest common

ancestor. The covariances of the field are then given by

o> n—d(u,v)

Cov(Sy(n), Sy(n)) = o?p(u,v) log N. (0.3.88)

:10g2. n

As we proved in Section 0.3.3.1, by using a second-moment method, the second order
correction for the maximum of the REM (N i.i.d. random variables with variance o2 log N)

is

- Zloglog N (0.3.89)
g

N | —

for some model-specific constants o and ¢ (here : g = v/2). When logarithmic correlations

are introduced as in (0.3.88), then the second order correction becomes
3 5
-5 ‘; log log N (0.3.90)

for some other model-specific constants o and g. In the case of the BRW, we have

g
N = on =2 o= 0.3.91
. g=V2, @ Toro ( )

and the variances are

o’n =5log N. (0.3.92)
The additional loglog N factor between (0.3.89) and (0.3.90) comes from the fact that
the naive version of the second-moment method (see the proof of Proposition 0.3.3) no
longer works because of the correlations. Specifically, the second moment of the number
of particles reaching above the level of the maximum is too large and thus the lower bound

on the maximum is no longer “tight” when applying the Paley-Zygmund inequality.

When trying to guess the level of the maximum for a branching process at a given time,
we have two factors to look at : the number of particles and how each particle fluctuates.

It is a constant competition between the two. It seems at least intuitive that the level of
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the maximum should be achieved for a well chosen height h(N) that satisfies
EN]=0(1), with N =#{veD,:S,(n)>h(N)}, (0.3.93)

meaning that the number of particles reaching the level of the maximum at time n should
be of the order of a constant (on average). If there was exponentially more particles than
that, then there would be enough particles fluctuating near the maximal particle just
before time n that we would be bound to find a particle that goes significantly higher
than the anticipated level of the maximum. Now, in the case of the BRW, look at what
happens if we naively evaluate E[N] with h(N) = gglog N — % . glog log N. We get

3 J/FTog N B(N)?
ENT = L X Ty X (_2&2logN)

# of particles
Gaussian tail estimate on each particle
(Lemma 11.1.1)

= N x (log N)"Y2N~*(log N)*/?

= log N, (0.3.94)

which is not exactly what we want. However, if we modify N to

Sy(n) > h(N) and t — S,(t) stays below the barrier
NTZ 0 EDns () 1002 - {14 log(L+ (EA (0 — 1))

linear path logarithmic barrier
leading to h(N)

then, since the maximal particle behaves (approximately) as a discrete Brownian bridge

around the linear path leading to the level of the maximum h(N), we now have

the particle
VoZlog N ( h(N)? ) achieving the max
X ————exp| —=———) xP
h(N) 202log N

Gaussian tail estimate on each particle below the barrier
(Lemma 11.1.1)

ENY] = N

~ at time n stays
# of particles Y

a discrete Brownian bridge stays
= log N x P | below a logarithmic barrier on
the time interval [0, n]

X

(0.3.95)
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The argument is illustrated in Figure 0.3.5. The estimate on the probability that a discrete
Brownian bridge stays below a logarithmic barrier is part of a class of estimates known as
ballot theorems, see the continuous analogue in Propositions 1 and 1’ in Bramson (1978).
In Lemmas 2.5 and 2.4 in Ouimet (2018¢) (Article 3), Bramson’s propositions are adapted
to the discrete case using gambler’s ruin estimates from Mogul'skii (2009). For more info

on ballot theorems, see e.g. Addario-Berry and Reed (2008) and Ford (2009).

+----------- aglogN—%~§loglogN ffffffffffffff
e UglogN—%-"loglogN *********** /o
/ a(fmp“
A,
el a"‘w
/
’J.Mvﬂmﬂ fx'
A A ".‘W L
" N
WH‘:/)MM . W
- T
rd /
M W
.5 a J,{’m'.’\mﬂ‘ Given the end point,
oy I o A the probability that
g /™ the particle achieving
uﬁ-.f"// ” If”*' the max at time n
M [l stays below the barrier
P JM#"'".«,«&,&.M/ is O((log N)~1)
&l "'\‘l w,@, |'"‘ R
0 n

FIGURE 0.3.5. The maximal particle (blue) behaves as a Brownian
bridge around the linear path ¢ — Lh(N). If we impose that it stays
below the red barrier, then there is a repulsion effect ( ).

The above heuristic is for the expectation of the number of particles reaching above the
level of the maximum. When actually trying to bound the probability that the maximum
of the field deviates from h(N) = Gglog N — 3 - %log log N by a factor eloglog N, then

the idea is similar. Define
h.(N) =d6glogN — (3 —¢) - gloglogN,
g

_ (0.3.96)
b(t) = 1003 A1+ 10g(1 + (EA (n 1)}
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If S ={S(t)}}_, denotes a generic branch in the BRW, then a union bound yields

g n S crosses the barrigr
(maivzmzN;’(”)) <Y 25 X Pl it toh(N)+5-Zloglog N +b(t)
- F k=1 #gtf ﬁiﬁzic;ies for the first time at time &

(%)
Using a Gaussian tail estimate (GTE) and the fact that x — 10% is decreasing for x > e,

we have
a Brownian bridge

on the time interval
0, k] stays below
t— b(t) — £b(k)

Ch(N) + 2 OloglogN—l—b(k)) X P
g

Vv
SREY

(*) < P(S(k:)

1 —100 1
< oz 27k L 32 n 2 {1+ (kA —k)} T x .
—— 1st order cross between cross between

term in front of term squared 155 tgdel:i term and 1st order term 1 tcrozs bitween 4

. i nd order term -~ st order term an
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FIGURE 0.3.6. If there is a first time k at which the maximal parti-
cle crosses the red barrier, then given its height at time k, it behaves
as a Brownian bridge around the green dashed line conditioned to
stay below the red line.
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For the lower bound, apply the Paley-Zygmund inequality (Lemma 11.1.2) by lowering

the level to reach by eloglog N and by adding barrier conditions in N (we need a lower

barrier for the repulsion effect in Figure 0.3.5). The barriers will decrease the second

moment enough that E[(Muew)?] = (14 02(1)) E[Muew)? as N — oo, which will be sufficient

to conclude. For the mathematical details of this heuristic, we refer to Kistler (2015).

Here are the answers to the questions of interest :

(Q1):

See Theorem 4 in Biggins (1976). See also Hammersley (1974) and Kingman (1975)

for earlier partial results.

: See Theorem 2 in Biggins (1977).

: See Theorem 1.2 in Hu and Shi (2009) for the second order of the maximum and

almost-sure fluctuations (in the context of Galton-Watson trees). See also Theorem

2 in Roberts (2013) for a simple proof in the context of the BBM.

: See Theorem 3 in Addario-Berry and Reed (2009) for a proof under broader condi-

tions (in the context of Galton-Watson trees). See also Mallein (2016) for a proof

under near-optimal (even more general) integrability conditions.

: For the convergence in law, see Aid¢kon (2013), and Bramson et al. (2016b) for a

simpler proof (under stronger assumptions). For the convergence of the extremal
process, see Madaule (2017). The interpolation of the second order constant in the
asymptotic expansion of the maximum between the REM and the BRW is explained

in Kistler and Schmidt (2015).

: The proof for the limiting free energy originates from Theorem 1 in Chauvin and

Rouault (1997). The proofs for the other results can easily be adapted from Arguin
and Zindy (2014), which uses the Bovier-Kurkova technique : See Proposition 2.1
for the limiting free energy of the perturbed field, Theorem 1.4 for the limiting
two-overlap distribution, and Theorem 1.5 for the joint distribution of the overlaps
in the limit (Section 2.3 for the Ghirlanda-Guerra identities). A different proof is
presented in Jagannath (2016), but it requires a much stronger control on the path
of the maximal particle. A third approach is presented in Mallein (2018), where the
weak limit of the (supercritical) Gibbs measure can be described as a consequence

of the joint convergence of the extremal process with its genealogical information.
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0.3.3.4. The time-inhomogeneous branching random walk (IBRW)

40

30+

-40
0 1 2 3 4 5 6

(A) IBRW tree structure (B) IBRW simulation (N = 26)

with 2 levels (\y = 1/2 and o1 < 02)

F1GURE 0.3.7. The time-inhomogeneous branching random walk

The 2-levels version of this model was first introduced in Fang and Zeitouni (2012a).

Definition 0.3.18 ((o, A\)-IBRW). The tree structure of the (o, X)-IBRW is exactly the
same as the one for the BRW. The only difference is that the variance of the branches in
the tree changes macroscopically as time progresses. More precisely, let M € N and define

the sets of parameters :

= (01,09,...,00) € (O,OO)M,

o (variance parameters),
A= (A, Ag, .o ) € (0, 1M, (scale parameters),

(0.3.97)

where 0 = N\g < A\ < Ay < -+- < A\yy = 1. Again, for all v € D,,, we denote by vy, the
ancestor of v at time k, namely the unique vertex in D that intersects the shortest path
from o tov. Fork € (\_in, \in], independent Gaussian r.v.s Z,, ~ N(0,02) are assigned
to each branch of the tree, and the field of interest is {S,(n)}vep, , where Sy(n) is the sum

of the Gaussian variables along the shortest path from o to v, namely

M Ain
Suln) = Zy.. (0.3.98)

i=1k=X\;_1n+1

(For simplicity, we assume that A\n € N for all i.)
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Remark 0.3.5. As for the GREM, the parameters (o, X) can be encoded simultaneously

in the left-continuous step function

o(s) = o110y (s +Zoz [V s € (0,1]. (0.3.99)

The covariances of the field are given by

Con(ufi).5um) = Too (P ) = s g (PN Y iog v (0:3200)

where p(u,v) denotes the branching time as in (0.3.87), and d(u,v) =n — p(u,v).

Here are the answers to the questions of interest :

(Q1), (Q3) and (Q4): The first proof appeared in Fang and Zeitouni (2012a) for the field
with two levels (using the tightness of the maximum shifted by its median, from
Theorem 1 in Fang (2012)). A result with much broader conditions was stated in
Theorem 1.4 of Mallein (2015a), where the law of the increments isn’t necessarily
Gaussian. The proof uses a time-inhomogeneous version of the spinal decomposi-
tion for the BRW and thus rests crucially on the branching structure being ezact.
An alternate proof of the general case (but with Gaussian increments) was given
independently in Ouimet (2014) and published later in Ouimet (2018¢) (Article 3).
The proof instead generalizes the argument of Fang and Zeitouni (2012a) and can

be adapted to handle models with approximate branching structures.

Answers are also provided for more general variance functions in Mallein (2015b)
up to the second order of the maximum (and in some cases the tightness), under
very general conditions on the increments. For similar results in the context of
the variable speed BBM with (strictly) decreasing variances, see Fang and Zeitouni
(2012b), Nolen et al. (2015) and Maillard and Zeitouni (2016).

(Q2): The statement and proof can be easily adapted from Theorem 1.3 in Arguin and
Ouimet (2016) (Article 1).

(Q5): The closest work on this question is done by Bovier and Hartung (2014, 2015, 2019)
in the context of the BBM.

(Q6): The statements and proofs can be easily adapted from Ouimet (2017) (Article 2).
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0.3.3.5. The branching Brownian motion (BBM)

0__
Bxp(1) {
Exp(2) {
Exp(3) {

(A) BBM tree structure

(B) BBM simulation (n(T) = 2°)

F1GURE 0.3.8. The branching Brownian motion

For an introduction to the BBM, the reader is referred to Berestycki (2014), Bovier
(2017) and Shi (2015D).

Definition 0.3.19 (BBM). The process is described as follows on the time interval [0, T].
At time t = 0, there is one particle, and it performs a Brownian motion until an exponen-
tial clock of mean 1 rings. When the clock rings, the particle splits into two particles, both
of which have independent Brownian paths and both of which have independent exponential
clocks with mean 1. After an exponential time of mean 1/2, one of the two clocks rings and
the corresponding particle splits into two. The now three particles have independent Brow-
nian paths and independent exponential clocks of mean 1 (by the memoryless property),

etc ... The particles continue to split and move in this manner up to time T'.

Let n(t) be the number of particles in the underlying tree structure at time t € [0,T].

It can be shown that
E[n(t)] = et (0.3.101)

If we label the leaves of the tree at time t by i1(t), is2(t), ..., inw)(t), then the collection
of correlated Brownian paths is {{X,?(t)}zg tejo,r] and the field of interest corresponds to
the heights of the leaves at timet =T :

XHT), ke{1,2,...,n(T)}. (0.3.102)
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Remark 0.3.6. The most recent common ancestor of ix(T) and i,(T) is given by the
branching time :
p(ie(T),i(T)) = sup{t < T :ir(t) = i,(t)}. (0.3.103)

Thus, the covariances of the field are

Cov( X}, X[) = p(in(T), io(T)). (0.3.104)

Here are the answers to the questions of interest :

(Q1): See Kolmogorov et al. (1937).

(Q2): See Theorem 1.1 in Aidékon et al. (2017).

(Q3) and (Q4): The asymptotics of the median of the maximum are given up to an O(1)
error in Theorem 1 of Bramson (1978) (see Theorem 1 in Roberts (2013) for a
simpler proof). The O(1) term was improved to “Const. 4+ o(1)” in Bramson (1983)
using the Feynman-Kac formula.

(Q5): For the convergence in law, see Theorem 1 in Lalley and Sellke (1987). For the
convergence of the extremal process, see Theorem 2.1 in Arguin et al. (2013) (see
also Arguin et al. (2011, 2012) for earlier relevant work). Around the same time,
the convergence of the extremal process was also shown independently by Aidékon
et al. (2013), building on earlier results from Aidékon (2013).

(Q6): The proofs can be adapted from Arguin and Zindy (2014). The proofs can also be
adapted from Jagannath (2016), since we have a strong control on the path of the

maximal particle in the case of the BBM (as in the case of the BRW).

Remark 0.3.7. In the case of the complex BBM (where we allow for arbitrary correlations
between the real and imaginary parts of the energies), the fluctuations of the partition
function and the phase diagram of the limiting free energy are described in Hartung and
Klimousky (2015, 2018). The phase diagram coincides with the one for the complex REM,
previously studied in Kabluchko and Klimovsky (2014a). For analogous results in the

context of the complex GREM, see Kabluchko and Klimouvsky (2014b).

Remark 0.3.8. Answers to (Q1), (Q3) and (Q4) in the context of the d-dimensional BBM
are provided in Theorem 1.1 of Mallein (2015¢).
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0.3.3.6. The variable speed branching Brownian motion (VSBBM)
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(B) VSBBM simulation (n(T) = 29)
with 2 levels (o1 < 02)

FIGURE 0.3.9. The variable speed branching Brownian motion

A similar model was originally considered in Derrida and Spohn (1988). For an intro-
duction to the VSBBM, the reader is referred to Bovier and Hartung (2014, 2015, 2019)
and Chapter 9 in Bovier (2017).

Definition 0.3.20 (VSBBM). The tree structure is the same as the one described in
Definition 0.3.19 for the BBM. The only difference is that the variance coefficient of the
Brownian paths’ increments are inhomogeneous in time. More specifically, take a “reqular
enough” variance function o : [0,1] — (0,00), and consider the collection of time-changed

Brownian paths {{X,{(t)}’,jg}tem such that

Var(XT (t)) = /0 M 2(s)ds - T = .0 (%) T, k<n(t), t€0,T). (0.3.105)

Remark 0.3.9. With the above definition, the covariances of the field are given by

Cou( X, XT) = T, (p (i’“(T;; ”(T))> T, (0.3.106)

where p(ix(T),i,(T)) denotes the branching time as in (0.3.103).
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Here are the answers to the questions of interest :

(QL),

(Q3), (Q4) and (Q5): For the limiting law of the recentered maximum and the con-
vergence of the extremal process when the VSBBM has two macroscopic levels,
see Theorem 1.2 and Theorem 1.3 in Bovier and Hartung (2014). For the limiting
law of the recentered maximum and the convergence of the extremal process when
the VSBBM has one effective level and the speed function 7,2 stays below the
straight line z +— x (with only mild technical assumptions on the speed function),
see Theorem 1.2 in Bovier and Hartung (2015). For the same result under stronger

assumptions on the speed function, see Theorem 9.20 in Bovier (2017).

The interpolation of the second order constant in the asymptotic expansion of the
maximum is explained in Bovier and Hartung (2019). (This is similar to the results

of Kistler and Schmidt (2015) in the context of the REM.)

In the case of (strictly) decreasing variance functions, see Fang and Zeitouni (2012b)
and Nolen et al. (2015) (the latter uses PDE techniques) for the second order of
the maximum, and see Maillard and Zeitouni (2016) for the tightness and the

convergence in law of the recentered maximum.

: For the (o, A)-VSBBM (meaning for the VSBBM where the variance function o

is the step function from (0.3.99)), the statement and proof can be adapted from
Theorem 1.3 in Arguin and Ouimet (2016) (Article 1).

: For the (o, A)-VSBBM, the statements and proofs can be adapted from Ouimet

(2017) (Article 2). For more general variance functions o, see Bovier and Kurkova

(2004b) in the context of the GREM model with a continuum of hierarchies.
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0.3.3.7. The Gaussian free field (GFF)

|
1 (i |

(A) GFF tree structure

FIGURE 0.3.10. The Gaussian free field

For an introduction to the Gaussian free field, the reader is referred to Biskup (2018),

Sheffield (2007), Berestycki (2016), Zeitouni (2017), and Section 10 in Chatterjee (2008).

Definition 0.3.21 (GFF). Let (Wy)i>0 be a simple random walk (SRW) starting at u € Z?
with law 22,. For any finite box B C 72, the (discrete) GFF on B is a centered Gaussian

field ¢ = { ¢, }vep with covariance matriz

Tanl

Gp(u,v) = = - &, Z 1{Wk=v}] , u,v € B, (0.3.107)
k=0

NS

where Top is the first hitting time of (Wy)g>o on the boundary of B, 0B = {v € B|3z ¢
B such that ||v — z||o < 1}, and || - ||2 denotes the Euclidean distance in Z*. With this
definition, B contains its boundary. Also, note that ¢ is identically zero on OB; this is the

Dirichlet boundary condition. The GFF of interest to us is
¢y, vEVy={0,1,...,N}> (0.3.108)
Remark 0.3.10. The covariance function (0.3.107) is simply the (renormalized) Green

function of the discrete Laplacian restricted to functions that are 0 outside B\OB; it
satisfies the following boundary value problem on B : for x € B\0B,

AGp(z,y) = T 1, € B\OB,
2(2,9) = 3 L=y ye B\ (0.3.109)

Gp(z,y) = y € OB.
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Remark 0.3.11. For A € (0,1) and v = (v1,v2) € Vy, consider the closed neighborhood
[v]x in Vi consisting of the square box of width N*=* centered at v that has been cut off

[v]) = ((Ul,U2)+ [—5]\/1 A N1 ’\} )ﬂVN

By convention, we define [v]g = Vi and [v]; = {v}. Let Fyp), be the o-algebra generated
by the r.v.s on the boundary of the box [v]x. It can be shown that the r.v.s E[d, | Fapl,],
where the v’s are the nodes at scale X in Figure 0.3.10a (which we call the representatives

at scale \), play the same role as the leaves of the BRW at time An.

To see the tree structure, define the branching scale between v and v' by
p(v,v") = max{\ € [0,1] : [v]x N [V'], # 0}. (0.3.110)

This is the largest X for which the two neighborhoods [v]y and [V']\ intersect. We always
have by definition that ||v —'||5 is of order N*=P(V) . The branching scale plays the same
role as the branching time (normalized to lie in [0,1]) in the BRW context. In fact, it can

be shown that, for v,v' € Vi = {v € Viy : min.cqv, || — 2[]2 > N} with § € (0, 3),
Cov(¢y, ) = Gy (v,0') = log N' 7)1 O(1), (0.3.111)

by using estimates on the potential kernel of the SRW.

An important property of the GFF is the Markov property (as a random field), which
means that the value of the field inside a neighborhood is independent of the field outside
given the boundary, see e.g. Dynkin (1980). It is a consequence of the strong Markov pro-
perty of the SRW. In particular, for the neighborhood [v]y,

$u(A\) = E [0 | Foppopis| = E[6u | Four,| - (0.3.112)

Let v,v" € Viy, A< X and p < p'. Another direct consequence is the independence of the

disjoint increments, meaning that for A, > p(v,v") or A > p(v,v") > 1/,

bo(N) — @ (N) is independent of ¢y (1) — dur(p1). (0.3.113)

This is because the shell [v]x N [v]§, does not intersect the shell [v'], N [v']5, in both cases.

Thus, as in the BRW setting, the increments past the branching scale are independent.
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The difference happens before the branching scale, where the increments are nearly perfectly

correlated, and around the branching scale, where the decorrelation happens more smoothly.

Here are the answers to the questions of interest :

(Q1):
(Q2):

See Theorem 2 in Bolthausen et al. (2001).
See Theorem 1.3 in Daviaud (2006). For much stronger results, see Biskup and
Louidor (2016b). In the continuous setting, see Theorem 1.1 and Theorem 1.2 in

Hu et al. (2010) for results related to thick points.

(Q3) and (Q4): A preliminary condition for the tightness was developed in Bolthausen

et al. (2011) and proved in Bramson and Zeitouni (2012). Precise estimates for the
tail probabilities of the recentered maximum were then found in Ding (2013) by
bootstrapping estimates in smaller boxes using the FKG inequality (the sprinkling

method). The estimates were later improved in Ding and Zeitouni (2014).

: See Theorem 1.1 and Theorem 2.5 in Bramson et al. (2016a); their strategy builds

in part on earlier work from Ding and Zeitouni (2014). For a generalization of these
two theorems to a large class of log-correlated Gaussian fiels, see Theorem 1.3 and
Theorem 1.4 in Ding et al. (2017). For the convergence of the extremal process,
see Theorem 1.1 in Biskup and Louidor (2016a) (local extrema) and Section 2 in

Biskup and Louidor (2018).

: In Arguin and Zindy (2015), see Theorem 2.1 for the limiting free energy of the

perturbed field, Theorem 1.1 for the limiting two-overlap distribution, and Theorem
1.2 for the joint distribution of the overlaps in the limit. For the convergence in law
of the Gibbs measure to a Poisson-Dirichlet process at low temperature, see also

Corollary 2.7 in Biskup and Louidor (2018).

Remark 0.3.12. The definition of the GFF extends naturally to other dimensions. Note

however that d = 2 is the most interesting case (the critical dimension) from the point
of view of extreme value theory (this is linked to the fact that the SRW is transient for
d > 3). Results of interest for the GFF in dimensions d > 3 can be found for example
in Cipriani and Hazra (2015, 2017), Chiarini et al. (2016, 2015), and Chen (2018a). See
also the results on the closely related log-REM model in Carpentier and Le Doussal (2001),
Fyodorov and Bouchaud (2008a,b), Fyodorov et al. (2009), and Cao et al. (2016).
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0.3.3.8. The scale-inhomogeneous Gaussian free field (IGFF)
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|4 * W ‘V’ W "".\«

‘ ‘ : : (B) IGFF simulation (N = 2°)
(A) IGFF tree structure with 2 levels (A = 2/5 and o1 > 039)

FI1GURE 0.3.11. The scale-inhomogeneous Gaussian free field

The 2-levels IGFF first appeared in Arguin and Zindy (2015) and the general IGFF
was introduced in Ouimet (2014) and Arguin and Ouimet (2016) (Article 1).

Definition 0.3.22 ((o, A\)-IGFF). Let ¢ = {¢,}vevy be the GFF on Vy. Take M € N

and (o, ) as in (0.3.97). The (o,X)-IGFF on Vy is a Gaussian field ¥ = {t,}vevy

defined by M

Yo = 3 0i(60(N) — du(Nic)). (0.3.114)
i=1

Remark 0.3.13. The field 1) can be seen as a martingale-transform of (¢,(\))repo,q] applied

simultaneously for every v € Vy.

Here are the answers to the questions of interest :

(Q1) and (Q2): See Theorems 1.2 and 1.3 in Arguin and Ouimet (2016) (Article 1). In
the continuous setting, see Theorem 7 in Chen (2018b) for a result related to the
Hausdorff dimension of f-steep points under a sphere averaging regularization.

(Q3), (Q4) and (Q5): This is still open. Proving (Q3) on V3 should be feasible, but the
difficulty of proving (@3) on Vy stems from the decay of the variances near 0Vly.
This is difficult to handle in the inhomogeneous case as each end of the increments
of the field pulls the variances in opposite directions (see below (0.4.11)).

(Q6): In Ouimet (2017) (Article 2), see Theorem 6.1 for the limiting free energy, Theorem
6.3 for the limiting two-overlap distribution, and Corollary 7.2 for the identification

of the limiting Gibbs measure as a cascade of Poisson-Dirichlet processes.
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0.3.3.9. The membrane model (MM)

(B) MM simulation (d = 2)
without the boundary condition

(A) MM tree structure (d = 2)
FIGURE 0.3.12. The membrane model

This model was first studied probabilistically by Sakagawa (2003). For an introduction,
we refer the reader to Kurt (2009).

Definition 0.3.23 (MM). For any finite box B C Z%, the MM on B is a centered Gaussian
field ¢ = {¢y}vep with covariance matriz given by the Green function of the discrete bi-
Laplacian restricted to functions that are 0 outside B\O2B, where ;B = {v € B|3z ¢
B such that ||v—z||a < 2}. It satisfies the boundary value problem on B : for x € B\02B,

A’Gp(z,y) = ey, y € B\ B,

(0.3.115)
GB(m,y) = 0, Yy < (%B

The dimension of interest to us (the critical dimension) is d = 4. The covariance has

no random walk representation, but it can be shown that, for v,v’ € VJ with § € (0, %),
8 ,
Cov (¢, pu) = —; log N'=P) 1 O(1),  similarly to the GFF in (0.3.111).
™

Here are the answers to the questions of interest :

(Q1) and (Q2): See Theorem 1.2 in Kurt (2009), and Theorem 1.4 in Cipriani (2013).

(Q3) and (Q4): See Theorem 1.2 in Ding et al. (2017).
(Q5): See Theorem 1.1 in Schweiger (2019), which uses results from Ding et al. (2017).
(Q6): This is open, although see Sakagawa (2012, 2018) for results related to the free

energy, and Cipriani et al. (2019) for the scaling limit of the membrane.
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0.3.3.10. The randomized log-modulus of the Riemann zeta function (RLM-RZF)
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F1GURE 0.3.13. The randomized log-modulus of the Riemann zeta function

This model was first defined by Harper (2013). For an introduction, we refer the reader

to Arguin et al. (2017b) and Arguin (2017).

Definition 0.3.24 (RLM-RZF on the critical line). Let (U,, p primes) be an i.i.d. sequence

of uniform random variables on the unit circle in C. The random field of interest is

Re<Up p_ih>
R J

X =Y

p<T

h e [0,27]. (0.3.116)

(A sum over the variable p always denotes a sum over primes.)

Remark 0.3.14. If 7 ~ Uniform(T,2T), the field {Xpn}hepo2q @ a good model to study
the large values of (log |((5 + it +ih)|, h € [0,27]) for the following reason. Proposition 1
in Harper (2013) proves that, assuming the Riemann hypothesis, and for T large enough,

there exists a set B C [T, T + 2x|, of Lebesque measure at least 1.997, such that

. 1 log(T/p)
1 Lyt = : 1 t € B. 311
og|((5 +1it)| = Re (;S:Tpl/”” log T + O(1), € (0.3.117)

If we ignore the smoothing term log(T/p)/logT and note that the process (p~'", p primes)
converges, as T — oo (in the sense of convergence of its finite-dimensional distributions),

to a sequence of independent random variables distributed uniformly on the unit circle (by
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computing the moments), then the model (0.3.116) follows. For more information, see

Section 1.1 in Arquin et al. (2017b).

As for the BRW, we can show the logarithmic decay of the correlations for this model.
Since Re(z) = (z + 2)/2, E[U}] = E[(U,)?] = 0 and E[U,U,] = 1, it is easily shown from
(0.3.116) that

E[X,Xp] = 3 zlcos(|h _W|logp), h K €0,1]. (0.3.118)

p<T

Using the prime number theorem (Montgomery and Vaughan, 2007, Theorem 6.9) which

states that

1
du + R(z), (0.3.119)
u

i . < =
#{p prime : p < z} /2 og

where R(x) = O(ze¢V1°8®) uniformly for z > 2, we can show (see, for example, page 20
of Appendix A in Harper (2013)) that
Llog ((logT) A |h — /| 1)

Corr (Xy, Xp) = +O((loglogT)™!). (0.3.120)
%loglogT ( )

The analogy with BRWs is thus recovered when we break the sum (0.3.116) between the
scales exp((log T)%), j€{0,1,...,K}, with K = @ loglog T" levels. This is illustrated
in Figure 0.3.13a.

Here are the answers to the questions of interest :

(Q1): See Proposition 2 in Harper (2013).

(Q2): See Lemma 12 in Arguin and Tai (2018) (u = 0), and see Arguin et al. (2019b) for
the almost-sure convergence of the normalized Lebesgue measure of high points.

(Q3): See Theorem 1.2 in Arguin et al. (2017h).

(Q4) and (Q5): This is still open, although see Conjecture 10.1.4. A preliminary step for
(Q4) has been made in Arguin and Ouimet (2019) (Article 5), where we show large
deviations and continuity estimates for the derivative of the field.

(Q6): See Proposition 4 and Theorem 1 in Arguin and Tai (2018) for the limiting free
energy of the perturbed field and the limiting two-overlap distribution, respectively.
See Theorem 3.3 in Ouimet (2018b) (Article 4) for the joint distribution of the over-
laps in the limit (Theorem 5.8 for the extended Ghirlanda-Guerra identities).
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0.3.3.11. The log-modulus of the Riemann zeta function (LM-RZF)
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F1GURE 0.3.14. The log-modulus of the Riemann zeta function

For good books on the properties of the Riemann zeta function, the reader is referred

to Titchmarsh (1986), Laurin¢ikas (1996) and Ivié¢ (2003).

Definition 0.3.25 (LM-RZF on the critical line). Let s € C. The Riemann zeta function

is defined on Re(s) > 1 by the following absolutely convergent series and the related Euler

product : 1

i::ni = ]I (1 - —>_1. (0.3.121)

S
p primes p

It admits an analytic continuation to C\{1}, where s =1 is a simple pole. For instance,
the following representation is valid on the critical strip Re(s) € (0,1) (see e.g. Theorem

3.2 in De Koninck and Luca (2012)) :

C(s) = —— — s/loo il AP (0.3.122)

xs—l—l

If 7 ~ Uniform(T,2T), then the field of interest to us is

h—log |C(3 + it +ih)|, h€|0,2n]. (0.3.123)
Remark 0.3.15. There are no obvious reasons for the tails of log |((5 +47)| to be Gauss-
ian, but an influential theorem of Selberg (see Selberq (1946, 1992), see Radziwill and

Soundararajan (2017) for a simpler proof, and see Bourgade (2010) for a multidimensional

extension) shows, quite surprisingly, that the tails are approximately Gaussian when T is
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large. More precisely, for V € R fized and as T — oo,

IP’<log C +in)| > Vi/(1/2) loglogT>
(0.3.124)

To push the analogy with the RLM-RZF and the Gaussian BRW, note that if we formally
take the logarithm of the Euler product in (0.3.121) when Re(s) = 1/2, then, for an
appropriate cutoff X <'T', we have

IR
log [¢(3 + 4T + ih)| = —Re) _log(1 — p(Grirtin)y
p

R —iT,,—th
~ 3 Rl 07T (0.3.125)

= pl/2

where the p~'"’s play the same role as the U,’s in Definition 0.3.24. This approzima-
tion can be made rigorous by the main proposition upper bound in Soundararajan (2009)
(conditional on RH) and the mollification argument (near the critical line) used to prove
Selberg’s theorem in Radziwill and Soundararajan (2017) and used to prove the lower
bound of the maximum in Arquin et al. (2019a). Therefore, the tree structure in Figure
0.3.14a and the logarithmic decay of the correlations hold (approzimately) as it does for
the RLM-RZF.

Let & > —1 and let I = [—log? T, log? T]. We present below a rigorous comparison
between the correlations of {log|((5 + iT + ih)|}rer and the correlations of the real-part

of the Dirichlet polynomial

P(s)= > p™®, e€(0,1), (0.3.126)

p<T*

on the critical line when s = % + 47 4+ ih. The argument is due to Maksym Radziwilt (in a

private email exchange). For h,h' € I, define the overlaps of {log |((5 + iT + ih)|}ner by

E{logK(% + it +ih)| log |¢(3 +i7‘+ih’)|}

p(h,b') = -
\/E[(log (L +ir + i)])?] \/E[(log €& +ir + i)

(0.3.127)

Then, we have the following result.
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Proposition 0.3.26 (Comparison between the overlaps of log|(| and ReP). Let 6 > —1.
For all h,h' € I, we have

%log((logT) A b — R

hh') = loglog T)~*/%). 3.12
plh. 1) ogloa T +0((loglog T)~*/%) (0.3.128)
PrOOF. For a lighter notation, set
1,
f(h) =log|¢(3 +ir +ih)| and g(h)=Re Y p @M, (0.3.129)
p<T*

where 0 < € < ﬁ is fixed arbitrarily. We have

E[£ () (W) = E[g(h)g(h)] + O(E[|(h) — o)L 0]
(0.3.130)

+O(E[lg) 1) — ()]
We need to control the two error terms.

Based on the work of Selberg (1946), Theorem 5.1 in Tsang (1984) shows that, for any

1

given 0 < & < 5,

max E||f(h) — g(h)?] < 1. (0.3.131)

hel

By a standard second moment estimate on ¢, this implies

max E||f(h)[*] < maxE|lg(h)*] +maxE|[|f(h) - g(h)*]

hel

< loglogT. (0.3.132)

By applying the Cauchy-Schwarz inequality for both error terms in (0.3.130), and then
using (0.3.131) and (0.3.132), we find that, for all h, A" € I,

E[f(h) f(W)] = E|g(h)g(h)] + O((loglog T)'/?). (0.3.133)
In particular, for all h € I,
E[f(h)*] = E|g(h)*| + O((loglog T)"/?). (0.3.134)

Since E[g(h)g(h’)} = Llog((log T) Alh—h/|71)4+O(1) for all h, i/ € I by an argument very
similar to page 20 in Harper (2013), we get the conclusion from (0.3.133) and (0.3.134).
This ends the proof. U
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Here are the answers to the questions of interest :

(Q1): When the length of the interval is O(1) (i.e. # = 0), see Theorem 1.1 in Arguin
et al. (2019a). For a generalization to intervals of length O(log? T'), 6 > —1, see
Theorem 1.2 in Arguin et al. (2019¢) (Article 6).

(Q2) and (Q6): For the asymptotics of the log-number of high points and the free energy
on intervals of length O(log? T'), # > —1, see Theorem 1.1 in Arguin et al. (2019¢)
(Article 6) and its proof. For moments and high points conjectures when 6 = 0, see
Keating and Snaith (2000) and Fyodorov and Keating (2014). For the limiting two-
overlap distribution and the extended Ghirlanda-Guerra identities, see Conjectures
10.1.1 and 10.1.2.

(Q3), (Q4) and (Qb): This is open, although see Conjecture 10.1.3 (due to L.-P. Arguin)
for the second order of the maximum on intervals of length O(log’ T), 6 > —1.
When 6 = 0, see Theorem 2 in Harper (2019) for an upper bound on the second
order of the maximum. Also, see Fyodorov and Keating (2014) for a conjecture on
the convergence in law of the recentered maximum. In Saksman and Webb (2018),
it is proved that the field converges to a non-trivial random generalized function

with a Gaussian multiplicative chaos factor.

Remark 0.3.16. The general question of understanding the moments of zeta (QQ6) is tied
to the Lindelof hypothesis, which conjectures that

((3+it) <t°, Ve>0, ast— oo. (0.3.135)

It is equivalent to

= / Ly it))*dt < T°, VEEN, Ve >0, (0.3.136)

see e.g. Theorem 13.2 in Titchmarsh (1986). It is a weak form of the Riemann hypothesis
as it can be restated in terms of the concentration of non-trivial zeros around the critical

line : for every e > 0,
#{z €C:((z)=0,1+e<Rez<1,T<Imz<T+ 1} =o(logT), (0.3.137)

see Backlund (1918-1919).
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0.3.3.12. The log-characteristic polynomials of the CUE field (LCP-CUE)

o

|
)
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scales for the
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(A) LCP-CUE tree structure

(n= @ log N levels) e

(B) LCP-CUE simulation (N = 2* ; N = 28)

F1GURE 0.3.15. The log-characteristic polynomials of the CUE field

For an introduction to random matrix theory, the reader is referred to Anderson et al.

(2010) and Tao (2012).

Definition 0.3.27 (LCP-CUE). For N € N, let Uy be a random matriz sampled from
the group of N x N unitary matrices under the Haar measure. The field of interest is the
real-part of the log-characteristic polynomial of Uy, namely
N
Xy, = log|det(e™ Iy — Un)| = log|l — ' &M| he0,2n], (0.3.138)
j=1
where Iy denotes the identity matriz of order N and e is the j-th eigenvalue of Uy. By

expanding the logarithm, we have

N 0 _ Re(etkhi—h) N Re(e~tkh Tk
X=X ( k ) ~ 3 ( : N). (0.3.139)
k=1 k=1

j=1

Remark 0.3.17. Traces of powers of Uy play a role analogous to the U,’s in the RLM-
RZF model of Definition 0.5.24. If N = 2", then we can recover the BRW analogy by

breaking the sum (0.3.139) into > j_1 Y or-1 p<ot ~Re(e” ™M TrUR)

- ; see Figure 0.3.15a for an

tllustration of the branching structure.
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Remark 0.3.18. To compute the correlations, note that E{TTU]]@ TrU}ﬂ = 0 by rotation
invariance of the Haar measure, and also that E{TrU}S,TU]’ﬂ = 1y min{k’, N'} from
Theorem 2.1 in Diaconis and Fvans (2001) (see also Diaconis and Shahshahani (199])).
It follows from Re(z) = (2 4+ %)/2 and (0.3.139) that

N _ik(h—h") —ik(h—h') 1 N ]C h—h
Cov(Xp, Xp) ~ 3 © e = M, (0.3.140)
k=1 Ak T2 k=1
so that
Llog(N A |h—H|7?
Corr( Xy, Xp) ~ 2 og( | =) +O((log N)™), (0.3.141)

%logN

showing again the logarithmic decay of the correlations with the distance.

Here are the answers to the questions of interest :

(Q1) and (Q2): See Theorem 1.2 and Theorem 1.3 in Arguin et al. (2017a).

(Q3): See Theorem 1.2 in Paquette and Zeitouni (2018).

(Q4): See Theorem 1.2 in Chhaibi et al. (2018). In fact, their article proves the tightness
of the recentered maximum for the log-characteristic polynomials of the CSE field
for all > 0 (the CUE field corresponds to the special case § = 2).

(Q5): This is open, although see Fyodorov and Keating (2014) and Fyodorov et al. (2018)
for some conjectures. In Chhaibi et al. (2017), the field {det(e™Iy — Un)}nefo,2q]
is shown to converge, after proper scaling at the microscopic level, to a random
analytic function whose zeros form a determinantal point process with sine kernel.

(Q6): This is open in principle, but it should be possible to write it down. The limiting
free energy is shown in Corollary 1.4 of Arguin et al. (2017a). For the rest, one
can take inspiration from Arguin and Tai (2018) to find the limiting two-overlap
distribution, and from Ouimet (2018b) (Article 4) to prove the Ghirlanda-Guerra
identities. The reader can find conjectures on moments and high points in Keating

and Snaith (2000), Fyodorov and Keating (2014) and Fyodorov et al. (2018).

Remark 0.3.19. In Fz;odom and Keating (201/), it was conjectured that, as N — oo,

the Radon measure dh converges to a GMC measure. This result was proved for the

IE[ ”Xh]

L?-phase in Webb (2015), and for the L'-phase in Nikula et al. (2018).
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0.4. A summary of the new results and ideas

The thesis contains 9 articles of which 7 are already published in peer-reviewed journals.

The reader can find the articles listed on my personal website :
https://sites.google.com/site/fouimet26/research.

I present a brief summary of the new results and ideas in the three subsections below. In
order to not repeat too much material, it is not a comprehensive review. If the reader

wants to know more, I invite him/her to read the beginning sections of each article.

0.4.1. In Part 1

Part 1 of the thesis contains three articles on log-correlated Gaussian fields :

Article 1

Arguin and Ouimet (2016) (Article 1) shows the first order of the maximum (@Q1) and
the first order of the log-number of ~-high points (Q2) for the (o, A)-IGFF on its full

domain. Specifically, we have the following theorem.

Theorem 0.4.1. Let {¢,}oev, be the (o, \)-IGFF of Definition 0.3.22. Then,

. maXqyevy %;
hm —_—

1
A e N2 :/0 o(s)ds =~*, in probability. (0.4.1)

The log-number of v-high points depends on critical levels defined by
1 ~2
l o a(s) 0 o
o d 1<l < = 0. 0.4.2
7 /06(3/\)\’) * == 7 ( )

For~y e (Y7",9'], define

E(y) = (1 -\ — (v —lfo*” 5(s)ds)? and E(0) = 1. (0.4.3)

Let v € [0,~*), then

. log[{v € Vy : 1, >~ log N?}|
lim —

Jin Tog N2 E(y), in probability. (0.4.4)
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https://sites.google.com/site/fouimet26/research

Here is an heuristic. Let V;f = f(i) — f(i — 1) be the difference operator (we omit the
subscript when the variable is obvious from the context). Consider the set of v’s that are
representatives at scale Ay (recall Remark 0.3.11 and Figure 0.3.10a) and for which the

increments of the field 1) reach level V+; in the scale interval [A\;_1, \;], for every i <k :
Ang ={v € Ry, : Vb, (i) > Vyslog N? for all i € {1,2,...,k}}. (0.4.5)

By identifying each point of the field 1, ();) at each scale \; with his closest representative
Yoy, (Ai), then Gaussian tail estimates (Lemma 11.1.1) and the independence between the

increments Vi, (\;) (coming from the Markov property of the GFF) yield

,227“ (V)2
o k NQ)\kN i=1 U?V}\i

since there are =< N?* representatives at scale \; and the variance of the increments is

V(Vi,(\i)) = 02V A log N + O(1) if we ignore the boundary effect. In other words,

- og(E[[Ans]]) _ < (V)
1\}1—{%0 log N2 _Zz::l v oV ) (04.7)

Since there should be representatives at each scale A\ that ultimately yield a high value

at scale \j;, it is intuitive that the level of the maximum should be found by maximizing

d d (V)?
Y = ZV% under the constraints Z (V)\i — ) >0, 1<k<M.

i=1 i=1 otV A;
If the end level is fixed to vy = 7, then the same argument suggests that the log-number
of y-high points (for 0 < v < 4*) should be found by maximizing

- log(E[[Aval]) = (V7:)? (v — Yar-1)?
| wll) o _ 0= m)” 4.
N log N? 2 (VX o2V )\ T (VAur o2, Vu (04:8)

=1

under the constraints

2
) (wi - %; ) >0, 1<k<M-—1 (0.4.9)
‘ o; i

=1
The unique solution to both optimization problems can be found explicitly by using the

Karush-Kuhn-Tucker conditions, see Appendix A in Ouimet (2014).
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An analysis of the solutions tells us where the maximal particle (respectively, most
particles reaching above vlog N?) should be at every effective scale A, with high proba-
bility. Therefore, if the difference of contribution between each point of the field and its
closest representative can be shown to be negligible at every scale, then we can work on
the underlying branching structure of the field (recall Figure 0.3.11a) and adapt a second
method (by being careful around the branching point in the lower bound) to prove The-
orem 0.4.1. Away from the boundary, i.e. on V{ = {v € Vy : min,ecoyy ||z — v|j2 > IN}
with 0 € (0,3), this is not so difficult because V(Vi,();)) = 02VA;log N + O(1) holds

true. It was proved (with some mistakes and different notation) in Ouimet (2014).

The main innovation of the article is in proving that Theorem 0.4.1 not only holds
on V), but also on Vi, even though the variance of the increments decreases to zero as
we approach V. The two ingredients necessary to extend the proof from V3 to Vi are

essentially (see the appendix in Arguin and Ouimet (2016) (Article 1)) :

(a) For any i € {1,2,..., M}, we have

max Var (1, (A\;) — ¥u(Ai_1)) < 02V A log N + Const. (o), (0.4.10)

vEVN

meaning that the variance of the increments of the field is uniformly bounded every-

where by the variance of the increments in the center of Vi, up to a constant.

(b) For any ¢ € {1,2,..., M}, then

max Var(¢, (Ai) — ¢, (Ai)) < Const.(01, ..., 0y), (0.4.11)

veVn

meaning that the difference of contributions between each point of the field and its

closest representative is in fact negligible at any given scale, uniformly on V.

Both results are consequences of careful estimates on Green functions using the potential
kernel of the simple random walk underlying the definition of the variances of the field.
In the case of the GFF (one scale), only an upper bound on max,cy, Var(¢,) is needed.
Such a bound is trivial since the Green function (0.3.107) maximizes in the center of any
box. What makes (a) and (b) particularly non-trivial in the scale-inhomogeneous case is

that we have to estimate differences of Green functions at different scales, where both
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estimates pull in opposite directions. These computations also have to be done near the
boundary 0Vi, where a shell [v]y,_, N[v]§ might be cut off in various ways. Because of this,
(a) is no longer obvious. To obtain (b), we can compare successively ¥, (\;), E[¢, | Fag],
E[t),, | Fop] and b, (A;), for a large enough box B 2 [v]y, U [uy,]x, of width O(N'=%),

where the boundary effects are again an issue.

Article 2

Ouimet (2017) (Article 2) uses the results from Arguin and Ouimet (2016) (Article 1)
to show that the limiting law of the Gibbs measure for the (o, A)-IGFF is a tree of
Poisson-Dirichlet processes with a number of levels that depends on the inverse tempera-

ture parameter /5. It is a consequence of the following theorem, which answers (Q6).

Theorem 0.4.2. Let {¢, }vevy be the (o, X)-IGFF on Vi of Definition 0.3.22, let
E[@Zjv"l}v’]

M
maXyevy VGT(’(ﬂU)

v, v € Vy, (0.4.12)

¢ (v, ') =

denote the overlaps of the field, and let

Iy = min{l € {1,...,m} : 5 < B.(a1) =2/a1}, if <2/, (0.4.13)
m—+1, otherwise.
Then, for any > 0, the limiting two-overlap distribution of the field v is
0, if r <0,
]\}l—l;noo Egg,?\/ |:1{QN(U:U/)§T}:| = 66(63)/57 ZfT € [xj_17xj>7 .7 S lﬁ - 1) (0414)
1, if r > xlet

where 27 = J52(N)/T52(1) and Gs n({v}) = €59/ S yev, €79, v € V.
Also, let >0 and let pug be a subsequential limit of {Ga n}nen as in (0.3.83). Then,
for any s € N, any k € {1,...,s}, and any functions h : {20 2", ...  zls=11s6=1/2 5 R

and g : {20, 2%, ... 271} — R, we have the extended Ghirlanda-Guerra identities :

Eu;(sﬂ) [g(Rk,s—H) h((Rz’,i’)ISi,i’Ssﬂ = EEW?[Q(RmﬂEﬂgs[h((Ri’i/hSi’i/Ss)}
(0.4.15)

+ = ZEM [ (Ry.e) h((Rz',i’)lsi,z"SS)]
5 12k

27



The first part of the theorem says that, in the limit N — oo, the particles are sampled
under the Gibbs measure in such a way that their overlaps can only take finitely many
values (on average) : 2° < 2! < .- < 271 where 27 has probability V;(1A(8.(5,+1)/8))
with the convention 7y = oo and 7,11 = 0. As /3 gets larger (i.e. as temperature decreases)

and passes certain critical thresholds

Be(01) < Be(02) < -+ < Be(0m), (0.4.16)

the number of possible values 27 for the overlaps, namely I3, also increases. There are m
critical thresholds in general because there are m effective scales (in the case of the GFF,
there is only one threshold because there is only one effective scale). As we already know
from Panchenko’s work, the extended Ghirlanda-Guerra identities in (0.4.15) together with
the limiting two-overlap distribution in (0.4.14) imply that the joint distribution of the

[ee]

overlaps in the limit is completely determined under Eu and the underlying limiting
Gibbs measure pg can be identified (see Section 7 in Ouimet (2017) (Article 2)) as a
(I3 — 1)-levels tree of Poisson-Dirichlet processes (also called Ruelle probability cascade).
These results coincide with the ones for the GREM in Bovier and Kurkova (2004a). The
surprising part is that our results coincide despite the branching structure of the IGFF
being only approximate when N is finite and despite the decay of the variances near the
boundary of the domain V. This is one additional piece of evidence (among many) for the

universality of the extended Ghirlanda-Guerra identities, the extent of which is discussed

and quantified in Jagannath (2017).

The proof of Theorem 0.4.2 follows the same steps (essentially) as in the proof of the
extended Ghirlanda-Guerra identities for the REM in Section 0.3.3.1. The two major dif-
ferences are that we have to apply the arguments (the Bovier-Kurkova technique, Gaussian
integration by parts, Panchenko’s concentration argument, etc.) on the increments at ev-
ery scales and we also have to be careful about the boundary effect of the variances on

the Gibbs measure.

The article generalizes Arguin and Zindy (2015) where the same techniques were used

in the simpler case of the GFF (one effective scale). By applying Laplace’s method with
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the knowledge of the first order of the maximum and log-number of y-high points from
Arguin and Ouimet (2016) (Article 1), we can easily derive the limit (in probability and
in LP, p > 1) of the free energy on Viy. The same expression also holds for the limiting
free energy away from the boundary, i.e. on the set

o . . . 1—p .
Ay, = {v eVy: uin |lv—=z|s >N }, with p € (0,1). (0.4.17)

In Arguin and Zindy (2015), they apply Slepian’s lemma to compare the GFF with the
REM (which has no correlations) in order to show that the Gibbs measure of the set A% ,
is negligible in the limit (in probability), meaning that the contribution of the boundary
doesn’t impact the expression of the limiting two-overlap distribution. It also means that
the Ghirlanda-Guerra identities need only to hold on Ay, as N — oco. In my article,
such a comparison is far from obvious as we would have to compare the increments of the
field at every effective scale with the increments of a GREM and somehow put everything
together to make a global comparison. The fact that the set of representatives changes
with each scale make us lose the independence property of the increments Vi), (\;) that we

have when v is fixed, so it is not clear how to connect the comparisons to make it global.

The approach that I use is completely different and instead compares the related
optimization problems on Vy and A% ) respectively. A monotony argument shows that
the log-number of y-high points on Af , and the limiting free energy on Af , are both
strictly smaller than their counterparts on Vy, from which it follows that, for p small

enough but fixed, we have Gg (A% ) — 0 as N — oo, in probability.

Once the problem is reduced to Ay ,, the structure of the argument is the same as in
Section 0.3.3.1; each argument is just more laborious as we have to prove everything on the
increments ¥, (o) =1, (@), A\i—1 < a < o < \;. The Bovier-Kurkova technique for instance
is the idea that relates the limiting two-overlap distribution and the derivative of the
limiting free energy with respect to a perturbation parameter u, via Gaussian integration
by parts and estimates on the increments of overlaps. In the scale-inhomogeneous case,
the details needed to find the expression of the derivative at u = 0 are much more involved

and probably the most technical part of the article.
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Article 3

Ouimet (2018¢) (Article 3) shows the tightness of the recentered maximum ((Q4) for
the (o, A)-IBRW of Definition 0.3.18.

Theorem 0.4.3. For all € > 0, there exists K. > 0 large enough that for all n € N,
]P’( SOEDS [m v - L0 450, H =4 )
max S,(n) — 0g20; n— ogn||l > K. | <e,
veDy, = ’ 2y/21og 2

where (5}-6& = 1 when J,2 and Js2 coincide on [)\j_l,a] for some a > M7, and (5}-6“ =0

otherwise. Similarly, 5;ight = 1 when Jy2 and Jy2 coincide on [b, N] for some b < N, and

ight .
§;lg = 0 otherwise.

The proof uses discrete Brownian bridge estimates adapted from Bramson (1978) and a
refined second moment method between each effective scale M, 1 < j < m, that generalizes
the one used in Fang and Zeitouni (2012a) (slightly more precise than the heuristic below
(0.3.96)). The article describes how the variance and scale parameters influence the first
and second order of the maximum. In particular, everytime the speed function J,» and
its concave hull J;: coincide to the immediate left or right of an effective scale M (in
the homogeneous case of the BRW, note that they coincide on both sides), then halves of
Brownian bridge estimates need to be added for the second moment method to work, as

we already explained with an heuristic in Section 0.3.3.3.

In the homogeneous case of the BRW, both halves of the Brownian bridge estimate
are needed, so that 8" = 678" = 1 and we recover the —3. ﬁ logn correction from
(0.3.90). By applying the heuristic argument between each effective scale M, the result of
Theorem 0.4.3 follows from the exponential decay of the upper bound probability together
with a second order lower bound and the tightness of the maximum around its median

(from Theorem 1 in Fang (2012)).

A stronger result was independently obtained by Mallein (2015a) when the law of the
increments is not necessarily Gaussian. However, our proof (which doesn’t use the spinal

decomposition) is more robust in the presence of an approximate branching structure.
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0.4.2. In Part 2

Part 2 of the thesis contains three articles on the Riemann zeta function :

Article /

Ouimet (2018b) (Article 4) finds the joint distribution of the overlaps in the limit for
the RLM-RZF model of Definition 0.3.24 on the critical line. As for the REM, we identify

the weak limit of the Gibbs measure

eﬁXh
Gaar(4) = |

———dh, AeB(|0,1 0.4.18
A fpq € Xwdh! € B([0. 1)) ( )

as a Poisson-Dirichlet process (at low temperature) in the following sense.

Theorem 0.4.4 (Answer to (Q6)). Let § > . = 2 and let £ = (& )ren be a Poisson-
Dirichlet variable of parameter B./[3. Denote by E the expectation with respect to . For

any continuous function ¢ : [0,1]°6~D/2 5 R of the overlaps of s points,
: X8
Tlgrolo EGsr {¢<(p(hé’ h”))ge,e'gs)]

(0.4.19)
_ ]

The limiting free energy of the perturbed field and the limiting two-overlap distribution
were previously found in Arguin and Tai (2018). To obtain the limiting free energy of
the perturbed field, Laplace’s method was applied. The estimates on the log-number
of high points for the increments of the field come from estimates on the joint Laplace
transform using an asymptotic formula for the modified Bessel function of the first kind
and prime number theorem estimates. The limiting two-overlap distribution was found by
adapting the Bovier-Kurkova technique for each prime separately and by approximating
the integration by parts (recall Lemma 1.1 in Panchenko (2013b)) to the case of non-
Gaussian fields that still have some specific properties on their first three moments. The
field in question there is (U, p primes) and they use the fact that E[U,] = E[U7] = 0,
E[U,T5) = 1 and E[|U, ] < oo to obtain E[&,F(§, )] = E&E,|E0:F(6,,E,)] + O(p*2)
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for an appropriate r.v. §, depending on U, and a function F’ which is related to the prime
p summand of expectations under the Gibbs measure. Hence, the analogue of (0.3.55) can
be proved for each prime p separately; we get the full relation simply by summing over
the primes. The estimates on the increments of overlaps needed to complete the Bovier-

Kurkova technique are straightforward consequences of prime number theorem estimates.

Our article generalizes Arguin and Tai’ arguments to the multidimensional case h =
(hi, ha, ..., hs) (including the approximate integration by parts and the Bovier-Kurkova

technique) and adapts a concentration result from Panchenko (2010a) for the mixed p-spin

model to show the extended Ghirlanda-Guerra identities in the limit. The following figure

summarizes the proof structure better than words.

Lemma 5.1
Overlaps of the
truncated field

Prime number
theorem

Prop. 5.4

Bovier-Kurkova
/ technique

ien;g{if_;i Lemma 5.3
sipproximate Bovier-Kurkova
integration technique (preliminary)
by parts que \p ¥
Thm. 5.7
Arguin-Tai Prop. 5.6 Approximate
/ Concentration extended
Prop. 4.1 /' T GG identities
Prop. 4.2 — Lemma 5.5
f r,Y,/'] (0) =
Thm. 5.8
Dovbysh-Sudakov Extended
representation theorem GG identities
in the limit

Since the sequence (p~*, p primes), for 7 ~ Uniform (7,27 and T large, behaves very

closely to the sequence of uniform random variables (U,, p primes) on the unit circle in C,
we can actually extend the arguments above and prove the extended Ghirlanda-Guerra
identities for the real-part of the Dirichlet polynomials

Sop e

p<Te

+’LT+’Lh h

€ [0,1], (0.4.20)

for which we already compared the correlations with the ones for the log-modulus of the
Riemann zeta function on the critical line in Section 0.3.3.11. This leads us to believe that

Theorem 0.4.4 could be true for log || itself, see Conjectures 10.1.1 and 10.1.2.
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Article 5

Arguin and Ouimet (2019) (Article 5) deals with the open problem of the tightness of
the recentered maximum (Q4) for the RLM-RZF of Definition 0.3.24 on the critical line.

We simplify the problem by showing the following.
Theorem 0.4.5. With arbitrarily high probability, we have

max X, = max X, + O(1), asT — oo, (0.4.21)
he(o0,1] heS

for some set S C [0,1] that contains O(log T\/loglogT') equidistant points.

The main idea is to apply, for every w € €2, a mean-value theorem for the maximum
eXn @) = emaxneo.1 Xn(@) around its closest neighbor h(w) € S (assuming that S is chosen

such that we always have |h(w) — h*(w)] < (C -log T/ToglogT)~! for some C > 0) :

eXmr @) @) _ eXnew) = iXh(cu) eXe@ @ (h*(w) — h(w)), (0.4.22)

dh h=€(w)

where &(w) is lying between h(w) and h*(w). By obtaining Laplace transform estimates for
the derivative of the field (using an asymptotic formula for the modified Bessel function of
the first kind and prime number theorem estimates), we can obtain continuity estimates
on h d%Xh by adapting a chaining argument from Arguin et al. (2017b) and deduce
large deviation estimates on h > %X n, which show that, uniformly on any fixed interval

J C [0,1] of length < (log T") =%, we have P(maxjes 4 X; > z) < exp(—2-(z/logT)?). A

union bound then yields d
hrg[%ﬁ] %Xh < log T'\/loglog T, (0.4.23)

with high probability. Using this fact in (0.4.22) together with the fact that
eXe@ (W) < o Xnrw) (W), (0.4.24)

the theorem follows if we choose C' > 0 large enough.

Theorem 0.4.5 improves on the application of a Bernstein type inequality for trigono-
metric polynomials, which would show that (0.4.21) holds true with O(logT - loglogT)

points instead.
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Article 6

Arguin et al. (2019¢) (Article 6) shows the limiting free energy (asymptotics of the
moments) and the first order of the maximum for the LM-RZF of Definition 0.3.25 on

short intervals of length O(loge T), 0 > —1, on the critical line.

Theorem 0.4.6 (Moments; answers the first part of (Q6)). Let 0 > —1, >0 and e > 0
be given. Let T be a random variable uniformly distributed on [T, 2T] under the probability
measure P. Then, for some explicit exponent fo(3), as T — 0o, we have
log? T
P(/_logeT ¢( +i7 +ih)|Pdh < (log T)f9(5)5> = o(1). (0.4.25)
Moreover, if 0 < 3 or if the Riemann hypothesis holds, then as T — oo,
log? T
P(/_logeT C( + i + ih)|Pdh > (log T)f9<5)+€) — o(1). (0.4.26)
This proves an extended version of a conjecture of Fyodorov and Keating (2014). The form
of the exponent f, differs between mesoscopic intervals (—1 < 6 < 0) and macroscopic
intervals (6 > 0), a phenomenon that stems from an approximate tree structure for the

correlations of log (| (recall Section 0.3.3.11). We also have the following.

Theorem 0.4.7 (Local maximum; answers (Q1)). Let 6 > —1 and € > 0 be given. Let
7 be a random variable uniformly distributed on [T, 2T| under the probability measure P.

Then, for some explicit m(0), as T — oo, we have

IP’( max |((5 +iT + ih)| < (log T)m(e)_5> =o(1). (0.4.27)

|h|<log? T

Moreover, if 0 < 3 or if the Riemann hypothesis holds, then as T — oo,

IF’( max |¢(L + it +ih)| > (log T)m(9)+€> = o(1). (0.4.28)

|h|<log? T

This generalizes earlier results of Najnudel (2018) and Arguin et al. (2019a) for § = 0.
The proofs of both theorems are unconditional, except for the upper bounds when 6 > 3,

where the Riemann hypothesis is assumed.
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For 6 > 0, the upper bound part of Theorem 0.4.6 and Theorem 0.4.7 follows from the

moment estimates
EDC(; + mﬂ < (log T)%"/4+, (0.4.29)

(see Heap et al. (2019) when 8 < 4, and see Soundararajan (2009) for all § > 0 when
assuming the Riemann hypothesis) and from a discretization result which shows that the

process (((3 + it +ih), || < log’ T') varies on a (logT)~! scale, so that the maximum

and moments on an interval of length O(log? T') behave (approximately) as those of

O(log"™?T) i.i.d. Gaussian r.v.s of variance %log logT.

The limitation to < 3 comes from the fact that the upper bounds (0.4.29) are not known

unconditionally for 5 > 4.

When 6 < 0, the upper bounds in Theorem 0.4.6 and Theorem 0.4.7 follow the same

strategy, but with the function

1

(C-ePeny(d +i7), where Po(s) = > (0.4.30)

—,
log p<log® T p

instead of ¢(3+47). This is because, when 6 < 0, there is only one branch in the underlying
tree structure up to scale |6|. Indeed, by a mean value formula (see e.g. (Tenenbaum, 2015,

Theorem 2.10)), we have, for all h, b’ € [— log!?! T, 1og!?! T],

]
2 —2cos(|h — W |logp)
p

EUPW(; +iT +ih) — Pg (5 + it + ih')

(0.4.31)

=2

log p<logl®! T

= 0(1).

For a specific event A(T") on which the process ((¢ - e 719)(1 +ir +ih), |h| <log’T) can
be discretized, and such that P(A(T")) = 1 — o(1), we can show that, for § < 2,

EU(C e T (5 + iT)‘ﬁlA(T)] < (log T)\F /400, (0.4.32)

In this case, the maximum and moments will behave (approximately) as

O(log"™ T) i.i.d. Gaussian r.v.s of variance o )oglog T
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Now, for the lower bounds, note that fy(8) = pm(6) — 1 when 8 > £.(0), so the lower
bound in Theorem 0.4.6 implies that for £ large enough with respect to € and 6, we have,

with probability 1 — o(1),

1 logGT /6
max |((5 + T + th)| > ( / |C(é+i7‘—|—ih)|ﬁdh>

|h|<log? T 2 log9 T J-10g?T
(14-¢
> (log 7)™~ 55 > (log T)™®)—, (0.4.33)

which is the lower bound in Theorem 0.4.7.

It remains to consider the lower bound in Theorem 0.4.6. The problem is first reduced
to obtaining lower bounds for moments off the critical line using a localization on the
scale of [—log? T, log? T]. Tt is shown, uniformly in % <o < % + (log T)?=% and for D a

Dirichlet polynomial that approximates zeta, that with probability 1 — o(1),

log? T
/ ID(0 + it + i) du <</ ID(o + i7 + iw)|? - | (o + i)’ du
R

—log? T
<</R|D(%+i7'+iu)|5-|(I>(%+iu)|ﬁdu (0.4.34)
2log? T . 5
DA +ir + i) Pdu+ ———.
< _210g9T| (5 + i1 + iu)| u+(logT)7

The decentering follows from a result of Gabricl (1927) for subharmonic functions and the
construction of an explicit entire function ®(o +iu) which is a good approximation to the
indicator function of the rectangle R = {0 + iu : [u| < (logT)?, 3 <o < 1 4 (logT)?~3}

in the whole strip % < Res. The problem is reduced to obtaining a lower bound for

log? T 1 1
/ IC(00 + 47 + ih)|Pdh, with op = = +

e 0.4.35
—log? T 2 (log T) 1-67 ( )

for an appropriate § > 0. We adapt mollification results from Arguin et al. (2019a) to show

that, outside of an event of probability o(1), the problem can be reduced to understanding

log? T
/ exp (5 RePi_s(o0 +iT + ih))dh. (0.4.36)

—log? T

Since the process (Re Pi_s(00 + it + ih), |h| < log” T) behaves approximatively like a
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log-correlated Gaussian field (recall the correlations in Proposition 0.3.26, and see Lemma
6.4.3 in Arguin et al. (2019¢) (Article 6) for the approximate Gaussian moments), so the

remaining part of the argument follows from a second moment method.

0.4.3. In Part 3

Part 3 of the thesis contains three articles on asymptotic statistics :

Article 7

Ouimet (2018a) (Article 7) proves the complete monotonicity of multinomial proba-
bilities by generalizing the computations first made in Alzer (2018) for the binomial dis-
tribution. Denote the d-dimensional simplex by S = {33 €0,1)4: |zl = X4, |zi] < 1}.

We have the following theorem.

Theorem 0.4.8. For anyd € N, M € (0,00), € Int(S), x411 =1 — ||z|; > 0, and any
~ € [0,00)? such that ||v||1 < M and 441 = M — |||l > 0, the function

D(aM +1) %

= s (0.4.37
[T} D(ay; + 1) 131 )

o

g(a)

is completely monotonic on (0,00), meaning that g has derivatives of all orders and satis-

fies
(=1)"¢g™(a) >0, foralln € Ny, a € (0,00). (0.4.38)

In fact, we prove a stronger result by showing that (—log g)’ is completely monotonic.
The proof follows from an integral representation for the trigamma function, the convexity
of the function ¢ + 1/(y¢ — 1) + 1/(y*/3=9 — 1) on (0, 1), some identity and asymp-
totic formula for the digamma function, and finally, the fact that the Kullback-Leibler

divergence is non-negative, which is a consequence of Jensen’s inequality.

The most interesting part is not the theorem itself, but the consequences. Non-constant
completely monotonic functions are strictly convex, (strictly) decreasing and positive.
Since the proof shows that (— log g)’ is completely monotonic, it means that g is strictly log-

convex, which automatically implies the following Holder-type inequality for multinomial
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coefficients : For all A\; € (0,1), j € {1,2,...,k}, such that Z§:1 A; =1, we have

k k Aj
ey a]A )M + 1) l:[ ( AULER) 1)> (0.4.39)

Hd—i—l ((Z ),yl_’_l d+1 F(CL]'YZ+

where equality holds if and only if all the a;’s are the same. Other inequalities are listed

in Corollary 7.3.1 of Ouimet (2018a) (Article 7).

By generalizing arguments from Leblanc and Johnson (2007) and Leblanc (2010), the
article also shows how the monotonicity result from Theorem 0.4.8 can be used to study
the asymptotic properties of Bernstein estimators on the simplex. More specifically, in

Leblanc (2010), the following family of polynomials,

Sr,s,m(m) = Z Prk,rm(w)Psk,sm(m)a r,s,me N7 (0440)
kENg:Hk\hSm
where
m) d+1
P () HdH H i xeS, (0.4.41)
=1 Z =1

was studied, when d = 1, in order to construct a density estimator on [0, 1], using Bernstein
polynomials, with a lower bias and a higher rate of convergence than the base Bernstein
density estimator. Our article proves certain convergence results for the above family of

polynomials (for all d € N), namely :

Proposition 0.4.9. Let r,s,m € N and let h : § — R be any bounded measurable

function. As m — oo,
() M2 [5 Sy om(@)da = 2y + O(m™) = [s éns(@)da + O(m™),
(b) Jsh(z)(m d/QSTsm( ) = ¢rs(x))dz = o(1),

where

(ged(r, 5))

e (2m)4/2(det(rs(r + s)(diag(x) — xzxT)))V/?

(0.4.42)

The first step to prove this proposition is to show that, for any fixed x € Int(S),

md/QSr,s,m(zc) = ¢rs(x) + 0.(1), asm — oo, (0.4.43)
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by expressing S, s.,(x) as the probability that a difference of linear combinations of in-
dependent multinomial r.v.s equals 0 (this generalizes a trick from Theorem 3 of Section
XV.5 in Feller (1971)) and then using a local central limit theorem for random vectors
with lattice distributions. The second step is to prove the convergence in (a) in the special
case r = s = 1 using the Chu-Vandermonde convolution formula, Legendre’s duplication
formula, the Cholesky decomposition of covariance matrices for the multinomial distribu-
tion, etc. Combining (0.4.43) and (a) yields that {511, (") }men is uniformly integrable.
By Theorem 0.4.8, a + Py am is decreasing on (0, 00), so

Srsm(®) < Y (Pom())* = Spam(), (0.4.44)

[kl[1<m

which implies that {S, s () }men is also uniformly integrable. Hence, by (0.4.43), we must
have (a) in the general case r, s € N. Finally, the almost-everywhere convergence and the
uniform integrability imply the L' convergence, so (b) follows immediately from Jensen’s

inequality and the fact that h is bounded.

Following Leblanc (2010) (d = 1), Proposition 0.4.9 opens to the door to a similar
application of bias-reduction for the Bernstein density estimator on the d-dimensional
simplex. To the best of my knowledge, bias reduction in this context is a completely
untouched subject and there is only one article (Tenbusch (1994)) that even discusses
(some) asymptotic properties of the base estimator, and only in the special case d = 2.

For more details, see (3) from the list of open problems in Section 10.2.

This subject is worth investigating because there are instances in practice where the
distribution that we would like to estimate lives naturally on the d-dimensional simplex.
One such example is the Dirichlet distribution, which is the conjugate prior of the multi-
nomial distribution in Bayesian estimation, see e.g. Lange (1995) for an application in
the context of allele frequency estimation in genetics. In those instances, we would expect
that Bernstein estimators defined on the simplex perform better than Bernstein estimators

defined on the unit hypercube, especially near the boundary ||x|[; = 1.
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Article 8

Lafaye de Micheaux and Ouimet (2018) (Article 8) proves a new uniform law of large
numbers for summands that “blow up”. The article was motivated by an open question
originally raised by Pierre Lafaye de Micheaux about the convergence in probability of
Ly X, 4y 108 | X — fin], where X; are i.i.d. with Laplace(u) distribution and fi, is a
consistent estimator (such as the median, which is the maximum likelihood estimator in
this case). Under technical conditions (roughly, good integrability properties for X; — u
and X; —u, around the blow-up point and a good control on the tail distribution of the X;’s
and fu,,, uniformly for p,, between p and fi,), the article shows that, for A : R\{0} — R a
function that blows up at 0 but otherwise is integrable and has “good” properties elsewhere,
we have

_ 1 N
lim sup E|= 3 1y, £ psoiunnph(Xi = (4 v(iin — 1)) = E[2(X1 — )] ‘ =0,

"Twe01] M D
so that %ZLI 1¢x, £ 4,y log | X; — fi,,| indeed converges.

The appeal of such results is that entropy conditions for uniform laws of large numbers
(see e.g. van der Vaart and Wellner (1996) and van de Geer (2000)) cannot be applied
here because the envelope function of the class of functions {1x, 2¢ log| - — t|}uje—pi<s

is infinite in any small neighborhood of .

Article 9

Desgagné et al. (2018) (Article 9) finds the limiting law of a modified score statistic
(under Hy and under local alternatives) when we test a given exponential power distri-
bution (Hp) against the family of asymmetric power distributions (H;). The asymmetric
power distribution, introduced in Komunjer (2007), is a reparametrization of the skew-
ness exponential power distribution from Ferndndez et al. (1995). The score is modified
in the sense that we assume the location and scale parameters of the exponential power
distribution to be unknown and we replace them by their maximum likelihood estimators.
Using a first order Taylor expansion, we expand the modified score and prove the conver-

gence of the derivative component using a standard uniform law of large numbers from
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Lucien LeCam (see e.g. Chapter 16 in Ferguson (1996)). This is possible except in the
case where the X;’s are Laplace distributed under H,, which was the ultimate motivation
for the question raised in the previous paragraph and answered in Lafaye de Micheaux

and Ouimet (2018) (Article 8).
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ABSTRACT. In this paper, we study a random field constructed from the two-dimensional
Gaussian free field (GFF) by modifying the variance along the scales in the neighborhood
of each point. The construction can be seen as a local martingale transform and is akin
to the time-inhomogeneous branching random walk. In the case where the variance takes
finitely many values, we compute the first order of the maximum and the log-number of
high points. These quantities were obtained by Bolthausen et al. (2001) and Daviaud
(2006) when the variance is constant on all scales. The proof relies on a truncated second
moment method proposed by Kistler (2015), which streamlines the proof of the previous
results. We also discuss possible extensions of the construction to the continuous GFF.

Keywords: extreme value theory, Gaussian free field, branching random walk

1.1. Introduction
1.1.1. The model

Let (Wy)r>o be a simple random walk starting at u € Z? with law £2,. For every finite
box B C Z?, the Gaussian free field (GFF) on B is a centered Gaussian field ¢ = {¢, }.ep

with covariance matrix
Top—1

Gp(u,v) = g &Y Lwemoy|, u,v € B, (1.1.1)
k=0
where Typ is the first hitting time of (Wj)g>o on the boundary of B,
OB = {v € B|3z ¢ B such that ||v — z||s = 1},

and || - ||z denotes the Euclidean distance in Z*. With this definition, B contains its
boundary. We let B® = B\0B. By convention, summations are zero when there are no
indices, so ¢ is identically zero on dB. This is the Dirichlet boundary condition. The
constant 7/2 in (1.1.1) is a convenient normalization for the variance.

In this paper, we consider a family of Gaussian fields constructed from the GFF
{¢y}vevy on the square box Vy = {0, 1, ..., N}2. These Gaussian fields are the analogues,
in the context of the GFF, of the time-inhomogeneous branching random walks studied
in Bovier and Kurkova (2004); Fang and Zeitouni (2012a); Bovier and Hartung (2014);
Ouimet (2018). We study the maxima and the number of high points of this family of

Gaussian fields as N — oo.
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The construction is very natural for any Gaussian field on a metric space and bears
strong similarities with martingale transforms. It is based on the modification of the
variance in neighborhoods around every point along different mesoscopic scales. More
precisely, for A € (0,1) and v = (v1,v9) € Vi, consider the closed neighborhood [v], in
Vx consisting of the square box of width N'~* centered at v that has been cut off by the
boundary of Vy :

1 1 1
s = ([ = 33w g3 o= 5 ) 0

By convention, we define [v]g = Viy and [v]; = {v}. We stress that square boxes are not
essential to the construction; any neighborhood centered at v containing points at distance
roughly N'~* would do. Let Fopj,ups = o({dv,v ¢ [v]3}) be the o-algebra generated
by the variables on the boundary of the box [v], and those outside of it. Since the
neighborhoods are shrinking with A, for any v € Vi, the collection F, = {Fyp /\U['U]i} Ae0,1]
is a filtration. In particular, if we let
$u(A) = E |0 | Foppom | -
then
for every v € Vi, (¢u(A))repo,1 is a Fy-martingale.

It is also a Gaussian field, therefore disjoint increments of the form ¢, (\') — ¢, () are inde-
pendent. These observations motivate the definition of scale-inhomogeneous Gaussian free
field, which can be seen as a martingale-transform of (¢,()))xejo,1) applied simultaneously

for every v € Vy.
Fix M € N and consider the parameters
o = (01,09, ...,04) € (0,00)M, (variance parameters)
A= (A, A, ) € (0,1]M, (scale parameters)

where 0 = Ay < A\; < ... < Ay = 1. The parameters (o, A) can be encoded simultaneously

in the left-continuous step function

O'( )—0'11{0} —FZO'Z i 17)\] 56[0,1].

We write V,; for the difference operator with respect to the index i. When the index
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variable is obvious, we omit the subscript. For example,

v¢’v(>\z) = ¢v()\z) - ¢v()\i71)-

Definition 1.1.1 (Scale-inhomogeneous Gaussian free field). Let ¢ = {¢,}vev,, be the
GFF on Viy. The (o, X\)-GFF on Vy is a Gaussian field ¢ = {1, }vev, defined by

R ALNED I (60(X) = du(Nic)). (1.1.2)

i=1

Similarly to the GFF, we define
Yo (\) = E [ty | Fougsopig) -

The field with two variances (M = 2) was presented in Arguin and Zindy (2015), where
it was used to prove Poisson-Dirichlet statistics of the Gibbs measure in the homogeneous

case (M =1).
1.1.2. Main results

The main results of this paper are the derivation of the first order of the maximum and
the log-number of high points for the scale-inhomogeneous Gaussian free field of Definition
1.1.1. The methods of proof are general and directly applicable to time-inhomogeneous

branching random walks and to other log-correlated Gaussian fields.

First, we need to introduce some notations. For any positive measurable function
f:]0,1] — R, define the integral operators
S 2
T (s) é/o f(r)dr and Jf(s1,s2) é/ f(r)dr.

S1
It turns out that the first order of the maximum and the log-number of high points are
controlled by the concavification of J,2(-). Let J,2 be the function whose graph is the
concave hull of J,2. Its graph is an increasing and concave polygonal line, see Figure
1.1.1 for an example. There exists a unique non-increasing left-continuous step function

s+ o(s) such that

Foals) = Ta(s) = /0 "G2(r)dr for all s € (0,1].
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The points on [0, 1] where ¢ jumps will be denoted by
0=XN <A <. <Am=1, (1.1.3)

where m < M. To be consistent with previous notations, we set 5; = a(A!).

2 a3
ng (/\4) 03 1
T2 (A3)] i |
jg2 ()\2) f
T2 ()‘1 ) 1
slope = 52

0 M X A3 A1 As X6 1 s

Ao AL A2\ A7

A0 S

FIGURE 1.1.1. Example of 7,2 (closed line) and 7,2 (dot-
ted line) with 7 values for 0.

Theorem 1.1.2 (First order of the maximum). Let {¢, }vev, be the (o, X)-GFF on Vi
of Definition 1.1.1, then

- maXyeyy ¥
lim 2¥veVy Yo

N—oo  log N2 = Jo2/5(1) =" in probability.

In the homogeneous case where M = 1 and o; = 1, the result reduces to v* = 1, as
proved in Bolthausen et al. (2001), which corresponds to the first order of the maximum
of N? i.i.d. Gaussian variables of mean 0 and variance log N. Note that the result of

Theorem 1.1.2 can be written as follows :

= T = Y
/ ;/A

g 02(8) = 163 S
T ds—/o ()ds. (1.1.4)

This is simply a weighted average of homogeneous cases on the intervals [A'=!, ] with

variance parameter ;. We say that s — 2(s) act as the effective variance of the field.
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We stress that v* is strictly smaller than o, in cases where the concave hull is not a straight
line. In particular, the upper bound on the level of the maximum cannot be proved by a

simple union bound as in the homogeneous case.

The set of y-high points of the field i is defined as
Y ={v e Vx|t >7log N}, forall 0 <~y <y*

The number of high points will depend on critical levels defined by

L g2(s) T2 (A1)
e | 2 s = TJoepN)+ 22222 1<1< 0=0. 1.1,
v 0 5’(8/\/\l) s ‘7‘72/0( )+ 6-l ’ >ixm, 7y 0 ( 5)
Theorem 1.1.3 (Log-number of high points or Entropy). Let {¢, }yevy be the (o, A)-GFF
on Vy of Definition 1.1.1 and let ¥/~ <~y <! for some | € {1,...,m}, then
—jg2/5()\l_1>>2
\702(/\l_1, 1)

10g|H7\/| — (1 . )\l—l) . (fy

lim

N log N2 =&, in probability.
—oo log

The homogeneous case where M = 1 and o7 = 1 was proved in Daviaud (2006). In
that case, we have £, =1 —+? as for N? i.i.d. Gaussian variables of mean 0 and variance
log N. The proofs of Theorems 1.1.2 and 1.1.3 are deferred to Section 1.3. The method of
proof is explained in Section 1.2. It is a refinement of the second moment method based
on the control of the increments of high points at every scale. The method was used in
Kistler (2015) to obtain a new proof of the first order of the maximum in the homogeneous
case. Here we extend this method to the log-number of high points in all settings and
to the first order of the maximum in the inhomogeneous setting. In the scale-dependent
case, as opposed to the homogeneous case, it is necessary to truncate the first moment

using the information at every scale A to get the correct upper bound.
1.1.3. Related works and conjectures

The scale-inhomogeneous GFF is the equivalent of the time-inhomogeneous branching
random walk (IBRW) where the variance of the random walk is a function of time. In
particular, Theorems 1.1.2 and 1.1.3 can be proved for branching random walks using the

same technique, see Section 2 of Ouimet (2014). In fact, much more precise information
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is known about the maxima of these models. In Bovier and Kurkova (2004), the authors
introduce a continuous version of Derrida’s Generalized Random Energy Model (GREM)
Derrida (1985), which is akin to a time-inhomogeneous branching random walk, for which
they obtain the first order of the maximum and the free energy. In particular, they
noticed the concavification phenomenon for the first order. This observation also appears
in Capocaccia et al. (1987) for the GREM. A model interpolating between the GREM and
the branching random walk was introduced in Kistler and Schmidt (2015) where Poisson
statistics of the extremes are proved. For Gaussian IBRWs with two values of the variance
(M = 2), the lower order corrections for the maximum and tightness of the law were
proved in Fang and Zeitouni (2012a). In this case, convergence of the extremal processes
and of the law of the recentered maximum have been shown in Bovier and Hartung (2014).
This is also proved in the case where the integral of the variance remains strictly below
its concave hull (for example, in the case of increasing variances), see Bovier and Hartung
(2015). For strictly decreasing variances, the lower order corrections for IBBMs exhibit a
slowdown of the order t'/3 as proved in Fang and Zeitouni (2012h); Maillard and Zeitouni
(2016). Similar results for non-Gaussian IBRWs and more general variances are proved in
Mallein (2015), though not at the level of convergence of the law. In Ouimet (2018), the
second order of the maximum for the Gaussian IBRW with a finite number of variances
is shown by generalizing the approach of Fang and Zeitouni (2012a) and the tightness
follows from Fang (2012).

In general, we expect that the scale-inhomogeneous GFF with a finite number of vari-
ances behave as the time-inhomogeneous branching random walk with the same parameters
for the lower order correction term of the maximum and for its law. For the homogeneous
GFF, the convergence of the law of the recentered maximum was proved in Bramson et al.
(2016). In Arguin and Zindy (2015), the scale-inhomogeneous GFF with two values of
the variance was introduced to prove Poisson-Dirichlet statistics for the extremes of the
homogeneous GFF. Actual Poisson statistics for local extremes was proved later in Biskup

and Louidor (2016).

One interest of Definition 1.1.1 for the scale-inhomogeneous GFF is that it can be

extended to a piecewise smooth variance function o : [0, 1] — [a, b] where a > 0. Consider
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the two-dimensional continuous Gaussian free field ¢ = {¢,}yepo12 on the unit square
[0,1]2, see e.g. Sheffield (2007) for a definition. The field ¢ cannot be defined as a random
function. However, averages over sets make sense as random variables. In particular, for

every v € [0,1]* and X € [0, 1], one can define ¢"(\) as the average of the field over a circle

of radius r : 1

21
O ) (1.1.6)

The parameter r plays the role of N=! in the discrete setting. The continuous scale-
inhomogeneous GFF for the variance function A — o(\) can then be defined in terms of

these averages :

i) = [Co dogn), ve o

The stochastic integral makes sense because (¢} (A))xep,1] is a Gaussian martingale. Fol-
lowing the definition in Duplantier and Sheffield (2011) (up to a factor 2), a point v € [0, 1]?

is called ~-thick if
! lim 7¢£(1) >y
r—0 log(fr‘_Q) -

where it is assumed that the continuous Green function on [0, 1] associated to ¢ has been
normalized as in (1.1.1). This is the notion analogous to -high points. It was shown in
Hu et al. (2010) that the Hausdorff dimension of the set of y-thick points is 2(1 — ~?)
when o = 1. In view of Theorem 1.1.3, it is reasonable to conjecture that the Hausdorff
dimension of the set of y-thick points of 1 is

2 ((1 a4 };7‘(’;"%» ) : (1.1.7)

where A\, = inf{\ € [0,1] : v < [ 5‘?25\?)%}.

1.2. Outline of Proof

As stated before, the results of this paper are applicable to time-inhomogeneous branch-
ing random walks and, more generally, to any scale-dependent log-correlated Gaussian
field. The proof relies on two main ingredients: an underlying approximate tree structure
present in log-correlated models and an adaptation of the multiscale refinement of the

second moment method introduced in Kistler (2015). In particular, the method requires
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understanding the increments of high points along every scale to prove tight upper
and lower bounds. In Kistler (2015), this method was used to streamline the proof of
Bolthausen et al. (2001) for the first order of the maximum of the homogeneous GFF.
Here, we adapt the method to deal with scale-inhomogeneous fields and log-number of

high points.
To see the tree structure, define the branching scale between v and v in Vy :
p(v,v") = max{\ € [0,1] : [v]x N [V']5 # 0}. (1.2.1)

This is the largest A for which the two neighborhoods [v], and [v'] intersect. We always
have by definition that ||v — ||y is of order N'=?(**") The branching scale plays the same
role as the branching time (normalized to lie in [0,1]) in branching random walk. More
precisely, let {¢, }vevy be a homogeneous GFF and consider the increments ¢, (\') — ¢, (\)
and ¢, (1) — ¢y (1) for some choice of A < M and p < p/. The Markov property of the
Gaussian free field (see Section 1.4.1) implies that for A, u > p(v,v’),

du(N) — ¢y (N) is independent of ¢y (1) — dur(p),

because the neighborhoods [v]y and [v'], are disjoint, see Figure 1.2.2. This means that

the increments after the branching scale are independent.

On the other hand, if A < p, it can be shown using Green function estimates (see e.g.

Lemma 12 in Bolthausen et al. (2001)) that

V(¢o(A) = ¢ (N) = O(1).
In other words, the values of ¢,(\) and ¢, (\) must be close. This suggests that the
increments before the branching scale are almost identical. In particular, without losing
much information, we can restrict the field {¢,(\) },ev, to aset Ry C Vi containing | N* |2
v’s with neighborhoods [v], that can only touch at their boundary and are not cut off by
OVn. To remove any ambiguity, define R, in such a way that max,cy, min.cg, ||[v — 2|2
is minimum. We call R, the set of representatives at scale A and define Ry = Vy. For
instance, if N = 2", X\ € [0,1) and An € N, then divide Vy into a grid with N?* squares

of side length N'=*, the center point of each square is a representative at scale \.
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FiGURE 1.2.2. The branching structure of the GFF.

Of course, the branching structure here is not exact as in branching random walk. In
particular, nothing precise can be said on the increments ¢, (A) — ¢, (A) and ¢y (X)) — @y (N)
in the case where A < p < X. However, the contribution of such increments can be made
negligible by considering a large number of increments, as we shall do. This branching
structure holds also for the (o, A)-GFF, since it is defined in terms of the increments of
¢, see (1.1.2) and Lemma 1.4.1.

For 0 < 7 < ~*, the 7-high points are such that v, > ylog N2. It is reasonable to
expect that for these points, there exists a unique optimal path A — L} ()\) such that
y(N) > LY (N) at each scale . We write L for the corresponding optimal path in the
case of the maximum level v*. It is the information on these paths along the scales that
is crucial for the method to yield tight upper and lower bounds. We explain heuristically
how to determine these optimal paths using first moments.

Consider the set of v’s for which the increments of the field ¢ reach level V~; between

each scale ); :

Ay = {v € Vi | Vb, () > Vylog N2 for all i € {1,2,..., M}},

where 79 = 0. By construction, |Ax | is a lower bound on the number of points in Viy
reaching a height of v, log N2. We also consider the corresponding quantity at interme-

diate scales A\, < Ap;. In this case, because of correlations, we can restrict ourselves to
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representatives at scale )\ :
AN,k = {U < R)\k ‘ va()\z) 2 V’}/Z lOgN2 for all ¢ € {1,2, ey ]f}}

There are O(N?*) representatives at scale A, and the variance of the increments is
V(Vip,(\i)) = 02V ilog N + O(1) if we ignore the boundary effect. Therefore, using the
independence between the increments and standard Gaussian estimates (see Lemma 1.4.7,

it will be used repeatedly) :

vi)?
N2Me N_2 Zf:l gv;i
(og N2

k
E[[Ang|] < N [ P(Vipo(N) > 2V log N) <

i=1
where =< means that the ratio of the two sides lies in a compact interval bounded away
from 0, for N large enough. In other words,

i SBELAR) _ 5 (03, (52

N—o0 log N2 = o2V )\

7

Since there should be representatives at each scale Ay that ultimately yield a high value

at scale A\, it is intuitive that the level of the maximum can be found by maximizing

< i (V)?
M = ZV% under the constraints Z (V)\Z- ~ I ) >0, 1<k<M.
i=1 i=1 0 VA

This optimization problem can be solved using the Karush-Kuhn-Tucker theorem (see
Lemma 1.4.10). We write (77,73, ..., 73;) for the unique solution. We will make extensive
use of the polygonal line L% (-) linking the points (0,0), (A1,7flog N?), (X, 73 log N?),
ooy (A, 73, log N?) to prove Theorem 1.1.2 and 1.1.3 :

s 52
Ly(s) = /0 i_f((:))dr log N* = J,2/5(s)log N?, s €[0,1]. (1.2.2)

This is the optimal path for the mazimum. Figure 1.2.3 shows an example of such a path.
In particular, it is important to note that the optimal path coincides with its concave hull

at each scale A\, namely
L\ = Ly () = T2 e(\) log N2 = T,(\) log N2, 1 <1 <m. (1.2.3)

The same heuristic can be used to determine the optimal path L} (-) for 4-high points,
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FIGURE 1.2.3. Example of L} (bold line), L} (thin line) and
its concavified version L% (dotted line), with 7 values for o?
and v <y <2

0 < v < v*. Setting now vy, = 7, we get

- log(E[[Avu]]) _ R (V3)? (v = ym-1)?
1 ’ = Ai — Avy— ————1. 1.2.4
N0 log N2 ; VA a2V \; +{ Vau o3, VAu ( )

A lower bound for the log-number of 4-high points can be found by maximizing (1.2.4)

with respect to 71,7, ...,vm—1 and under the constraints
5 (Vi)
VA — ! >0, 1<k<M-1. 1.2.5
;< 03V>\i> B - (125)

The unique solution to this problem is found in Lemma 1.4.11 using again the Karush-
Kuhn-Tucker theorem. The form of the path will always depend on the critical levels

defined in (1.1.5). Whenever '~ <~ < 4!, the optimal path for ~-high points is :

Ts2/5(s) log N2, 0<s <N,
LY(s) = T a1 (1.2.6)
(j02/5.<>\l_1) -+ %(’7 — jo-Z/(—T(Al_l))) log N2, )\l_l S S S 1
The path coincide on [0, \'"!] with the optimal path for the maximum. Also, note that
L}, is continuous and converges uniformly to L% as 7 — ~* (which yields that L} is

continuous as well).
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1.3. Proofs of the main results

1.3.1. Preliminaries

For all A € [0, 1], recall that ¢, (A) = E[t), [ Fop),ups]- By the Markov property of the
GFF (see Lemma 1.4.1), it is not hard to show that for any partition 0 = sy < s; < ... <
sk = 1 of [0,1] such that {\;}}%y C {s;}/,, we have forall 1 <k <I< K :

!
Vo(81) — Yu(s5-1) = Z a(s5)Vy(s;)-
j=k
In particular, the independence of the increments of v follows directly from the one for ¢.

Moreover, using standard estimates on Green functions, Lemma 1.4.2 shows that
—C1(0) <V (y(s1) — ¥u(sk-1)) — To2(Sk_1,81) log N < Cy (1.3.1)
for all v € V; and N large enough (depending on §), where
Vi={veVy |ZIEIg‘I/1N |lv—=z|2 > 0N}, §€(0,1/2].

The set V contains the points that are at a distance at least 6N from the boundary of

V. Lemma 1.4.3 proves that the upper bound in (1.3.1) holds on Vy, that is

max V (¥, (s1) — y(sp-1)) < To2(Sk-1,5)log N + C (1.3.2)

vEVN
for N large enough.
Remark 1.3.1. Throughout the proofs, ¢ and C will denote positive constants whose
value can change at different occurrences and might depend on the parameters (o, X). For

simplicity, equations in the proofs are implicitly stated to hold for N large enough where

1t 1s needed.
1.3.2. First order of the maximum

Theorem 1.1.2 is a direct consequence of Lemma 1.3.1, which proves that v*log N? is
an upper bound on the first order of the maximum, and Lemma 1.3.3 which shows the

corresponding lower bound.
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Lemma 1.3.1 (Upper bound on the first order of the maximum). Let {1, },cv, be the
(,N\)-GFF on Vy of Definition 1.1.1 and v* as in Theorem 1.1.2. For all € > 0, there
exists a constant ¢ = c(e,a,X) > 0 such that

P(maxwv > (v 4 me) log N2> <N°¢ (1.3.3)

veVN

for N large enough.

PROOF. Recall the definition of the optimal path L%, from (1.2.2) and define
Ly (s) = Ly(s) + zlog N?, s € [0,1].

Recall the definition of M in (1.1.3) and the notation R,; for the set of representatives
at scale M. Consider the set of representatives whose value reached just over the optimal
level at M : A

Hyy = {v € Rulv(V) = LY (V)}, 1<j<m.
The idea of the proof is to split the probability that at least one point in Vy reaches just
over the optimal height by looking at the first scale M/, 1 < j < m, where the set ’HR,EJ is
not empty. This provides the appropriate constraints along the scales to get the correct

upper bound. For 0 < 1. < £/m, define
Ac = {y(N) =y, (M)| < n-log N? forall j € {1,...,m} and all v € Vv }

where vy denotes any representative in Ry that is closest to v. Here we introduced the
event A. to approximate the branching structure of the field . Since Rym = Vi by
definition and Ly"*(A™) = (v* + me)log N?, a union bound gives the following upper
bound on the probability in (1.3.3) :

|y > 1) < P(A9) + lf:P({m?vm = =R  = 0, MR > 1] N A
=1

m Jve RuNVy st. b, (N) > LY\ and
I=1 Yo, (V) < LYT(V) forall 1 <j<1-1
by(A) > LY (\) and
< CG—C(ns)(logN)2+ZN2z\l max P wv()\j) < L?\}j(f-i-??s)()\j) (1.3.4)

— vERGNVE

forall 1 <53 <[—1
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The bound on P(A¢) follows easily from a union bound (with m- (N +1)? terms), Gaussian

estimates (Lemma 1.4.7) and the variance estimates of Lemma 1.4.6.

It remains to consider the terms in the sum in (1.3.4). We look at the case [ = 1. Since
max,eyy V(0 (A1) < MaZlog N + C from (1.3.2) and L (A') = M7y log N?, a Gaussian
estimate shows that

VD) (L2
o (‘ 2V (1, (A1) )

—4 (e—=me)
71

P($u(\) > Ly (\)) < D)

C
<
— log N

After multiplying by N?*'| we conclude that the [ = 1 term in (1.3.4) goes to 0 like N~¢),

N2 N

We now show a similar estimate for a fixed | € {2,...,m}. To simplify the notation,
denote (X!, .., X)) = (¥,(\Y),...,1(\)). By conditioning on the value of the vector
X = (X}, ..., X71), the probability in (1.3.4) is equal to

L}*\}I(E‘Fﬁs)(}\l) L;\;(l—l)(f‘ﬁh‘)()\l—l)

/_ /_ P(X) > LY " (\) | X = ) f,(z) da

where f, is the density function of X. By independence of the increments, the last integral

is equal to

L*71(€+7Ie)()\1) L*,(l—l)(é"‘rﬂs)()\l—l

fo L

Since le — n. = (¢ —In.) + (I — 1)(¢ + n.), a Gaussian estimate and the bound
maxveVNV<VXf)> < }VAlog N + C from (1.3.2) give

P(VX, > Ly (\) = 211 fo(m) da. (1.3.5)

P(VXL > Ly () — 211)

< V(VX%) o <—(VL* ()\l) —i—L*’lE 775()\1 1) —$11)2>
< LR}ZS_%(M) —r 2V(VXYE)

*,le—ne
C N_QVAZ eXp _Q(LN K Al 1 _zl 1
log N

C L e—ine L* ,(1=1)(e+ne) o
N2 N exp( 2( N _( Dme)) (1.3.6)
01

- Viog N
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To get the second inequality, we bounded the ratio using
LY (A — 22y > VLAY = 3,V log N2

from the integration limits of x;_; in (1.3.5). It is convenient to do the change of variables
Yy, = (e4+n:)log N>+ VL (M) — VX for all j € {1,...,] — 1}. Equation (1.3.5) is then
bounded, using (1.3.6), by

)
(= (e+ne) 1og N VLY, ()

e—lne
CN_4 7] 1—1 [ [ o0 Ll 2% e QV(YUJ)
N // / e o dy. (1.3.7)
N2X\/log N 0 J—uy Z;:ﬁlﬂ'jl;[l 21V (Yo 5)

After multiplying by N2X, the i-th term of the sum in (1.3.4) has the right decay if we show
that the integral in (1.3.7) is bounded by CN~2"" From (1.3.2), we have

0<V(Y,;) <3>VNIlogN +C

for all v € Vi§. If the variances were all equal to 532-V)\j log N + C, the argument would be
simpler. Extra work is needed to take care of the boundary effect of the GFF. We gather

the result into a lemma for later use in the proof of Lemma 1.3.4. 0

Lemma 1.3.2. Let 2 < | < m and z = (z;)}Z} be such that 0 < z; < a;VNlog N+ C. For

all € > 0, consider the integral

o o0 o0 o0 _92a l.—l ;
I(2) :/0 gl(yl)m/—z@ingl_Q(yl_Q)/—Ziﬁyf =Yg () dy

where a; > 1/, and

o 1 1 N 2 ‘
9i(y) = exp(—2((y—elogNQ)—VLN(AJ))>, 1<j<l—1.

Then I:(z) < CN-27"

PROOF. Let §8; = VL;“;(,V), 1<j<l-—1. Whenaq — f_1 > 1/\/zi_1, the first integral
J

with respect to y;_1 in Iz(2) is equal to

-2 00 1 ~ 2 1—1y)2
672(” Z]’:l Y / e*Zalylfl 1 67 2211 ((y171*€ lOgN )7VL7V(A ))

dy;_
_z;—jyj 2Tz Yi1
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< 6_2al 22;21 y; 1 e—ﬁ(VL?V()\lfl)ﬂ /00 6_2(al—ﬂl_1)yl_1 d?/l—l

Z1-1 -3
-2 1 * 1— -2
_ X Dy L e (i) 1 Q2a=Bi) Yy
21 2(a; — B1-1)

Since z;_; < 62, VA llog N+C and VLY, (A1) = 6,_, VA "L log N2, the above is smaller
than -
O™ 2011 2oty N-2VA (1.3.8)

When a; — ;-1 < 1/,/z_1, we have by completing the square :

2

9 1—2 oo e 2myi-1 (<yl—1*ﬁogNQ)*VL?\f()‘l_l))
6_ aj szl y]/ e 2271 dyl 1

1—2 -
=Y v V2T s
- - 2 1-1,)2
9 1—2  foo e—2ai(y—1—€logN?) ((yl—lfs log N*)—V L} (X ))
< e ™ Zj:l Yj e 2211 dy
= I—o T -1
- Z]’:l Yi \% -1

-2
— 2w > i Ui o2 VLY (N7 20721

—¢ 221 dy—
_Z;jlyj A 22— Yi-1
-2
< exp ( —2a; > y; — 2a; VLA + Qa?zl_1>.

J=1

/Oo 1 _((yl_lfélogN2)7(VL}(\,(AZ_l)fmzlzl_l))z

In the regime a; — 8,1 < 1/,/zi_1, note that 2a?z_; < a;VLy(A\™1) + 2a;,/Z_;. Since
2101 <02 ,VA"tlog N + C, the above is smaller than

1-2
exp ( — 2wy y; — aVLy\) +C logN).

J=1

By assumption, a@; > 1/6;_1. Therefore, the above is smaller than
e 2 T 2N (1.3.9)

The second integral with respect to y;_o in Iz(2) is evaluated similarly using (1.3.8) and
(1.3.9) by taking a;—; = min{a;, f_1} and considering whether a;_; — fi_» > 1/\/zi— or
not. Note that a;_; > 1/, holds since a; > 1/5,_1 > 1/5,_5 (because the steps of 7 are
decreasing in height) and 8;_; > 1/5,_1 — O((log N)™!) > 1/5;_5 from the bounds on z;_;.

This recursive reasoning shows that Iz(z) is smaller than CN -2\, O
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Lemma 1.3.3 (Lower bound on the first order of the maximum). Let {u,},cv, be the
(o, N\)-GFF on Vi of Definition 1.1.1 and v* as in Theorem 1.1.2. For all 0 < & < 1,

there exists a constant ¢ = c(e,0,X) > 0 such that

P(max by < (1= )7* log N2> < N (1.3.10)

veVN
for N large enough.
Without loss of generality, we can assume that A\; € Q for alli € {0, ..., M}. To see this,

define \; = Ai +m; where 0 < 7; < min; V\; and such that N €Qforallie {1,..., M —1}.

Now, define a new scale-inhomogeneous Gaussian free field :

M
% = Zazv¢v( ¢v + Z - Uz+1 ¢v<>‘ ) gbv(/\l))
i=1
As a particular case of Lemma 1.4.3, note that

max V (6,(A;) = ¢u(M)) < (A = M) log N + C = log N + C.

veVN

If we can show Lemma 1.3.3 when the )\;’s are rational numbers, then a union bound and

a Gaussian estimate yield

IP’(maX Yy, < (1 —2e)y* log NQ)

veEVN

< P(max@v < (1 —¢)y"log N2>
veVN

(ﬁv(j‘z) - ¢v()‘z>

M-1
+ > > P(|Ui — g1

vevy i=1

> (¢/(M — 1))y log N?)

2

e/(M —1))v*log N?

< N~EoN L N2(M — 1) exp ( — <( / ) ) )
2 max; |Ji — Ui+1|2(7]i IOgN + O)

The second term can be made O(N~47N) where & > 0 is arbitrarily large, by choosing

the 7;’s small enough with respect to ¢.

The proof of Lemma 1.3.3 is based on a coarse-graining of the scales introduced in
Kistler (2015). Consider ay = %, 0 < k < K. The parameter K € N will be chosen large
enough depending on e during the proof. By the argument above, we can assume that

MK € Ny for all i € {0,..., M}, so that the «y’s form a finer partition of [0, 1] than the
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Ai’s. The bounds in (1.3.1) imply that for all & € {1,..., K} and for all v € V3 :
[V(Vib, (o)) — () Vayg log N| < C(6). (1.3.11)

The parameter § € (0,1/2) remains fixed to an arbitrary value in the rest of this section.

For all 0 < & < 1, denote by L} the following sub-optimal path :

Ly.(s) = (1 —e)Ly(s) = (1 — &) Toas(s) log N*, s € [0,1].

The proof relies on the Paley-Zygmund inequality (see Lemma 1.4.8) applied to a
modified number of exceedances. In fact, we consider only points in V3 whose increments
are almost optimal. Moreover, and crucially, we drop the first r increments. We will
choose r during the proof. This allows more independence between the variables of the
field, which is needed to find a tight lower bound using the Paley-Zygmund inequality.
More precisely, define

_/\[E* = Z 1Au where Av = {V¢U(Oéj) Z VL}(V’5<OCj) vj € {7“ + 17 7K}}

UEVI(SJ

For a fixed € > 0, there is the following inequality for ¢ = ¢(g) > 0 :

]P’(max do > (1 —3¢)7" log N2) > PNF > 1) — O(N). (1.3.12)

veVn
Indeed, on the event {N* > 1}, we have
max Uy — o) > (1 = €)Tp2/5(ar, 1) log N?
— (1= )y log N* — (1 — &) 7,5 ) log N?
> (1 — 2¢)y* log N?
where we take K large enough that (1 —¢)J,2/5() < e7*. Furthermore, the probability

P(max,cys Yo — Pu(ar) > (1 = 2¢)7"log N?) is equal to

P (max Yo — ) > (1 22)7* log N?, min () > —e7*log N?)
veVy

vGV]‘\S,

+P (ma%( Yy — () > (1 — 2¢)7* log N2, min ¢y, (o) < —£7" log N2> :
veVy

veVy
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The distribution of ¥, («,) is symmetric, so the second term is smaller than

* 21 N2
P (max Py(a) > ey log N2> < N?exp (—M> (1.3.13)

vevy max; o2a,

where we used a union bound, a Gaussian estimate and (1.3.2) to get the inequality. This
is O(N~¢) by choosing K large enough for a fixed € and r. On the other hand, the first
term is smaller than P(max,cys ¢, > (1 — 3¢)y*log N?). Since Vy 2 V3, this implies
(1.3.12) as claimed.

PROOF OF LEMMA 1.3.3. In view of (1.3.12), it suffices to show P(NX>1) = 1 —

O(N~¢). The Paley-Zygmund inequality implies

We show
E[(AV2)] < (14 O(N—2 1-0-2P)) (B[AZ))?, (1.3.14)
which proves the claim.
The first moment is easily evaluated by the independence of the increments :
K
ENZ= Y P(A) = X T B(Veulay) = VIy(a5)) -
veVe vevy j=r+l
Using Gaussian estimates and the variance estimates in (1.3.11), the probabilities are for
every j and v € V) :
pos = P(Virn(ay) > VLN (ay))
1 2 0% ()

= Mexp (—(1 —¢) 7(a,)

Write e; for the exponential term on the right-hand side of (1.3.15). The first moment

Va,log N2> : (1.3.15)

satisfies

6(675) ) S
x|V % e;. (1.3.16)
(log N)z (=) = 1 H 7

EWN] = > P(A4) 2

veV]‘f,

Now, we compare this with the second moment :

E|AVP = 32 P(AunAw).

v eVE
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We divide the sum depending on the correlations between ¢, and . More precisely,

recall the definition of the branching scale in (1.2.1) :
p(v,v) = max{\ € [0,1] : []x N [V]x # 0}, v,0 € Vy.

Write the second moment as

K-1
Y PANA) + > DY PANA) + D PANA). (1.3.17)
v, EVY k=r+1 yo'eVy v EVY
p(v,v)<ar ap—1<p(v,v)<ag p(vv)>ak_1

In particular, the first term in (1.3.17) is equal to

> P(A)P(Ay) < > P(A)P(Ay) = (E[N]). (1.3.18)
v,'U’GVJ‘\S, U,U’EVJf,
p(v,v)<ay

It remains to show that the second and third term in (1.3.17) are negligible compared
to (E[NZ])%. We write the details for the second term since the last term is done similarly
and is easier. By Lemma 1.4.1 (following the Markov property of the GFF), note that if
a1 < p(v,v') < ay for some k > r + 1, then Vo, (ayr), j° > k + 1, is independent of
Vi, () for j < k—2and j > k+ 1. Therefore, for v,v" € Vi such that ay,_; < p(v,v') <
ag, we have

k—2 K K T_, e k—1 -1
P(A,NA) < T poj II pogpey < ( II 6?) < = ]> (H 6j)
j=1

2
j=r+1  j=k+1 j=r+1 Cr—1€k

where we dropped the conditions on j € {k—1,k} for v as well as the conditions on j < k
for v" in the first inequality. We simply rearranged the probabilities and eliminated the
log terms to get the last inequality. The number of pairs v,v’ € V3 such that ap_; <
p(v,v') < ay is at most |V3| x N2(1=ex-1)  Therefore, by (1.3.16),

2 T ) —2a_1(1—€)?
Y PANAy) < 7(15[/\/5*]_)[{ % N—20k-1(1=(1-¢)?) <Hj:1 e;) X N :ﬁi( 8)
(log V) €k—1€y Hj:l €;

v,v’GV]‘E,
ap_1<p(v,n’)<ay
(1.3.19)
The right-hand side of (1.3.19) is separated in three factors by x. The third factor is

bounded by 1 because

t ~2
/U(S)dsgt, te(0,1],
0
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by definition of . To bound the second factor, set » > 3 independently of any other
variable. Note that if r depended on K, the bound in (1.3.13) would not necessar-
ily tend to 0. There are two cases to consider : ap < A and ap > A;. When
ar < A, the ratio of exponentials is bounded by 1 because ejesez = €12 and we
have N~20k-1(1=(1=)) < N-%(1-(1-9)") gince o) ; > a, > 1/(2K). When «ay > Aq, the
ratio of exponentials is bounded by N*1(1=(1=)*) Ly choosing K large enough for a fixed e
and we have N—20-10-(1-6)") < N=20(1-(1-¢)*) hecause ay_; > A;. Since A\, > 1/K, the

right-hand side of (1.3.19) is always bounded by
(EINZ])? (log N x N7,
With (1.3.18), this shows (1.3.14) and concludes the proof of the lemma. O

1.3.3. Log-number of high points

The proof of the upper bound for the log-number of high-points uses an argument based
on the path at every scale \! similar to the one in Lemma 1.3.1. Recall the definition of

the critical levels 7' and the entropy &, in Theorem 1.1.3.

Lemma 1.3.4 (Upper bound on the log-number of high points). Let {¢,}vev, be the
(o, N\)-GFF on Vy of Definition 1.1.1 and ~* as defined in Theorem 1.1.2. Also, let
VU <y < At for some l € {1,...m}. For all0 < e < (v — 1) /m, there exists a
constant ¢ = c(y,&,0,X) > 0 such that

P(|HY| > N*+) < N°° (1.3.20)
for N large enough.
PROOF. Recall the definition of the optimal path L} from (1.2.6) and the notation Ry;
for the set of representatives at scale M. Consider

HAG = {v € Ry (V) = LYV}, 1<j<m.
Since Rym = Vy, note that
i = HNo = HA "

This is useful because the hypothesis € < (7 — 4!71)/m implies 4/~ < v — je < ~!, which
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means (in particular) that for all j € {1,...,1 — 1},
the paths L and L} % coincide on the interval [0, 7], (1.3.21)

The idea is to split the probability that at least N2 points in Vy reach the optimal
height by looking at the first scale M, 1 < j <[ — 1, where the set 7—[7{;5’8 is not empty.
As for the maximum, this yields the appropriate constraints along the scales to get the

correct upper bound. A union bound in (1.3.20) gives

IPJ(|/H’YN| > N2€W+s> _ P(|HWN}T6,E| > N257+s)

e - fH'y—(_l—l)&E -0 -1 A
S P ‘ N,1 ‘ | N,l—-1 | + ZPOH?\[—JJE,E’ Z 1) ) (1322)
and [HA o oF| > N#ote =1 7

Because of (1.3.21), the probabilities in the sum are bounded by N~¢) in exactly the same
manner as P(|Hy,,| > 1) in Lemma 1.3.1. The first probability in (1.3.22) is bounded by

¥, > L}(1) and ww()\j) < L} (V)

P|{ve Vy| > NZte
forall 1 <j<[l-1
Y, > LY ™ (1) and
< CememN0e N | N N=2E N2 max P | 4, (M) < L7 (V) (1.3.23)

veVy
forall1 <)y <[—1

using Markov’s inequality and using the event A, as in (1.3.4), where we impose
0 < n. < min{y, J,2(1)e/(47v), 51216/ (4lcy), e /m}

this time around. See (1.3.26) for the definition of ¢,. See just below and also (1.3.27) for
the justification of the constraints on 7.. When [ = 1, a Gaussian estimate and the bound

max,evy, V() < Jp2(1)log N + C from (1.3.2) yield

V(¥ Ly (1)
P 2 LY ™ (1) < Joe gy o (‘Mm))

—2+42E, ~
= C(?/)IN J\; " N T
0g
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because L} (1) = 2(y —n.)log N and &, =1 — 42/ 7,2(1) in this case. This proves that
the second term in (1.3.23) decays like N=¢0) as needed.

It remains to show a similar estimate for a fixed [ € {2, ..., m}. To simplify the notation,
denote (X}, ..., X!71 X™) = (,(AY), ..., (A1), 4,). By conditioning on the value of the
vector X = (X}, ..., X\71), the probability in (1.3.23) is equal to

L’Y+1’VIE()\1) 7y H=1mne ()\l—l)
I ' P(X) > Ly ()| X = ) f.(2) da

—0o0 —00

where f, is the density function of X. By independence of the increments, the last integral

is equal to
L7+1775()\1) L’Y+(l*1)'f?a ()\l—l B
/_ v /_ v P(XI X! > L) — i) fol@) de. (1.3.24)

The bound max,cy,, V(X;" - quJ*l) < Jp2 (N1 1) log N + C from (1.3.2) and a Gaussian

estimate show that
P(X) = X7 2 L™ (1) - @)

=P(X = X7 > L3 (1) = LN + L™ (V) = 214

(v=T,2 ;N 71))?

C fy 72—_11 (’7 - j0'2 5’(AZ_1)) —MNe —
= l(fg)NN AT exp (‘2 ng(/\l/—l,l) (LY (XY = )

where we introduced L} (A'~1) and used (1.2.6). By definition of &€, and the definition of

7=1in (1.1.5), this is equal to

—2426, — Al
%Nz/\ exp (-2 [ (’y il ) + 0_1 ‘| (L}YVinE()\lil) - xll))
1—

Vlog N Toz (A1) 1
CY)N2P25 ot ey ¢ +(1-1) -
— NN Nz 9 (I e\ g 1.3.25
/Tog N exp 61,1< N (A7) —21) ( )

where
N G [
K oz (A1)

+1>1. (1.3.26)

Putting the bound (1.3.25) in (1.3.24) and in (1.3.23), we get that the first term in (1.3.22)
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decays like

v () (1.3.27)

provided that

)
((wj—nelog N)-VLY (W)

QV(YUJ»)

-1
oo 00 e8] _9_ % y; € = oar—2N—1
e ‘-1 dy < CN )
/0 /—y1 /— Zi;? Yi jl_[1 21V (Yy )

where Y, ; = n.log N> + VL) (V) — VXI. Similarly to (1.3.7), the integral has the right
decay as a consequence of Lemma 1.3.2, with a; = ¢,/6,-1 > 1/5,_1, because L}, and L}

coincide on the interval [0, \'=1]. O

Lemma 1.3.5 (Lower bound on the log-number of high points). Let {1, },ev, be the
(o, X\)-GFF on Vy of Definition 1.1.1 and v* as in Theorem 1.1.2. Let v > 0 be such that
VU <y < At for some l € {1,...m}. For all 0 < & < min{1/4, (v —~)/(47)}, there

exists a constant ¢ = c(vy,e,0,X) > 0 such that

P(|H}| < N*F) <N~

24 *\2
") o

for N large enough, where € = SZ -

We use the same notations as in the proof of Lemma 1.3.3. As before, we can assume,
without loss of generality, that \; K € Ny for all {0, ..., M} so that the ay’s form a finer
partition of [0,1] than the \;’s. The parameter K € N will be chosen large enough
depending on 7 and e during the proof. Again, we restrict ourselves to V to ensure that

for all k € {1,..., K} and for all v € V}y :
[V (Vb (o)) — 0 () Vag log N| < C(6). (1.3.28)

The parameter § € (0,1/2) remains fixed to an arbitrary value in the remainder of this

section. Next, define the path :
Lye(s) = (L =)L (s), s eo.1].

Since ¢ < (7' —7)/(47) by hypothesis, we have v'~1 < v < (1 +4¢) < 4'. This condition

implies that the increments of the path L} _ are always bounded by the increments of the
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sub-optimal path LY _ (see Figure 1.2.3), namely
L7V75(82) — L]Vﬁ(sl) S L}(V7E(SQ) — L?V,a(sl)7 0 S S1 S S92 S 1. (1329)

Indeed, the paths L]VV(IHE) and L% coincide on the interval [0, N'"!]. Moreover, when
s € (M1, 1], we have, by the definition of the critic levels 4! in (1.1.5) and the optimal
path L1 in (1.2.6),

d (LX"™9(s) = Ly(s) _ d / L2 (10449 = TN Y) )]

ds log N2 ~ ds Ju Tr2(N-11) () "
2 2
< U,(S) ~Z (s) since y(1 + 4e) <
o a(s)
<0 since ¢ is non-increasing.

This proves inequality (1.3.29). By hypothesis, we also have ¢ < 1/4, which yields

L}.(1) = (1—¢)(1+4e)ylog N* > (1 + 2¢)ylog N°. (1.3.30)

The proof again relies on the Paley-Zygmund inequality applied to a modified number
of exceedances where we consider only points in V} whose increments are almost optimal.
We drop the first r increments to allow more independence which is needed for the second-
moment method to work. We can choose r > 3 independently of any other variable as in
the proof of Lemma 1.3.3. The case [ = 1 is easier to deal with, so we omit the details.
Assume [ € {2,...,m} and define

N = Z 14, where A, ={Viy,(a;) > VLY (o) Yje{r+1,.. K}}.

vGV]‘\S,

Note that for a fixed € > 0, there is the following inequality for ¢ = ¢(v,¢) > 0 :
P(|H| > N*7F) > P(AN? > N*75) — O(N ™). (1.3.31)

Indeed, the probability ]P’(./\/'E”’ >N 257_5) is equal to

IP’(J\/'Q > N267¢ min 1, (o) > —evlog N2>
vEV]‘\S,

(1.3.32)
+P (./\/? > N%#r—¢ min y(a,) < —evylog N2>
Vv

veVy
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To simplify the argument, assume from now on that K is large enough to ensure o, < =1
The first probability in (1.3.32) is smaller than ]P’(\’HM >N 257_5) because the points
v € V) that are contributing to the sum N, on the event {min,cys ¢u(cy) > —e7log N?}

are also in H},. Indeed, when 1,4, =1,

Yy — bo(ay) > (1—e) LEH(1) — (1 — ) Liy(ay)
= (1—¢)(1+4e)ylog N* — (1 — &) Tp2/5 () log N*

> (1 +¢)ylog N? (1.3.33)

where we take K large enough that (1 — €)J,2/5(on) < ey and use (1.3.30) to obtain
the last inequality in (1.3.33). The distribution of ,(«;) is symmetric, so the second
probability in (1.3.32) is smaller than
2 1 N2
]P’(max y(ay) > evylog N2> < N%exp (_(&?*y)()g)

vevy max; o2q,

where we used a union bound, a Gaussian estimate and (1.3.2) to get the inequality. This
is O(N~°) by choosing K large enough for a fixed € and r. Therefore, we have (1.3.31) as

claimed.

PROOF OF LEMMA 1.3.5. In view of (1.3.31), it suffices to show that IP(./\/'Q > N25W_5) =

1 — O(N~¢). The Paley-Zygmund inequality (Lemma 1.4.8) implies

7])?
EATT) BV (1.3.34)

PN > N*7F) > (1 - N%”_é>2 (BN
First, we make sure that N?$v=¢/E[N?] — 0 as N — oo. By independence of the in-
crements and the variance estimate (1.3.28), Gaussian estimates yield, for some constant
c=c(y,e,6) >0,
K
EN]= 3 P(A) = 3 [T P(Vuley) = VIi.(a)

vEV]‘\S, vGV]‘E, j=r+1

02
2(1—(1-€))+2(1-)2E, (140)+2(1—¢)? [ 628 ds

> c- (log N) 2K N

> N201-(1-6)+2(1-6)%, (1) (1.3.35)
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By the definition of £, in Theorem 1.1.3, and because 7'~! < v < (1 + 4e) < 7/,

(1(1+4e) = Tor /oW1 = (7 = Torye (N 7H)?
Ey(144e) — 57’ = )

J.
1 9 9 . 5 -1 *)2
_ 165> + 8ey(y Jla pAT) 1200 o (1.3.36)

AR = G2 vam
where we used ¢ < 1/4, v < v* and J,2(A"1, 1) > J,2(A™"1 1) = 32 VA™ to obtain the
inequality. By inserting the bound (1.3.36) in (1.3.35), we get

E[N’y] > N2(17(1f€)2)+2(1f€)2(Swf€/2) _ N2$775N2(17(1fe)2)(1757+§/2)_

Since (1 —¢)? < 1 and &, < 1, it proves the assertion that N*~¢/E[N7] — 0 and also
justify the use of the Paley-Zygmund inequality. In view of (1.3.34), it suffices to show,
like in Lemma 1.3.3, that

E[(M2)?] < (14 O(N-#0-0-9%) (B[A7))?

£

to prove the lemma. The proof is almost identical to the proof of Lemma 1.3.3. Indeed,
by Gaussian estimates and the variance estimates in (1.3.28), the probabilities on the
increments in A, are for every j and v € V} :

~ o é
o £ B(Vul0) 2 VIRA0) = g

where the €;’s are the corresponding exponential factors. The proof is exactly the same
up to (1.3.19) with é;’s instead of e;’s. From there, the third factor in the decomposition
is still bounded by 1 because of property (1.3.29), and the rest of the argument follows if

we choose K large enough for a fixed ¢ and +. This ends the proof of the lemma. O

1.4. Appendix

1.4.1. Technical lemmas

The Markov property of the GFF, which is a consequence of the strong Markov property
of the simple random walk (in the covariance function in (1.1.1)), implies that the value

of the field inside a neighborhood is independent of the field outside given the boundary;,
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see e.g. Dynkin (1980). In particular, for the neighborhood [v], where A € [0, 1], this
implies

¢u(A) =E [% ’FB[U])\U[U}K} =E [Gﬁv ’FB[U})\} : (1.4.1)
Let v,v" € Vy, A < XN and p < p/. Another direct consequence is the fact that for
Asp > p(v,v') or A > p(v,v') > i,

Ou(N) — @y (N) s independent of ¢ (1) — Pur (11). (1.4.2)

This is because the shell [v], N [v]§, does not intersect the shell [v'], N [v']5, in both cases,
see Figure 1.2.2. We stress that, in general, the field ¢ does not have the Markov property.
However, by working with increments of the field 1, the property analogous to (1.4.2) can
be proved.

Lemma 1.4.1. Let v,v" € Vy, A < XN and p < p'. If we have \,pu > p(v,v') or A >
p(v,v") > ', then

¢U(A/) - ¢U(A) is independent Of %/(M’) - ¢v’ (M)

PROOF. Let v € Viy and A < X. By Definition 1.1.1 of the field ¢) and its conditional
expectation, we have

=> o [V¢v ) | Foppaupe } > 0i(de(ANAN) — du(Nim1)). (1.4.3)

1<i<M 1<i<M:
Ai—1<A

For the last equality, note that, when \;_; < A, the increments ¢,(A A \;) — ¢, (X\i_1) are
linear combinations of variables inside the set O[v]y U [v]§ and, when )\; > A, we have
E[¢y(Ai) = @o(AV Aim1) | Fop)upls] = 0 by the tower property of conditional expectations.
By applying the same argument to ¢, (X)), we get

1<i<M:

)\S)‘i71<)\/ or )‘<)‘i§)\/
or AZ_1§A<)\’§)\Z

The conclusion of the lemma follows from (1.4.2). O

In the remainder of this section, we always assume, without loss of generality, that

N = 2" for some n € N and A\n, N'n, \;n € Ny for all 7 € {0, ..., M}.
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Lemma 1.4.2. Let 6 € (0,1/2] and \i—1 < X< XN < \; for some i € {1,..., M}, then
— C1(6,03) <V (b, (N) =, (X)) = (N = Noilog N < Cy(0;) (1.4.5)

for all v € V}} and N large enough depending on 6. The constant Cy only depends on §
when A = 0.

PROOF. The Markov property (1.4.1) yields E ¢, — ¢y(A) | Fop),, | = ¢u(N)—@u(\). Using
the conditional variance formula and V(X | F) = E[(X — E[X | F])? | F], we can compute
the variance of (1.4.4) in the special case \;_; <A< XN < \; ¢

V(@u(X) = () = 07 V(E |y — du(N) | o, ])
=07 (V9o = 6u(V) —E[V(6 = 0u(N) | Fop,,)])
=07 (V(dw = 0u(N) = V(s = 6, (X)) - (1.4.6)
But, it is well known that {¢, —E[by | Fos]}ues is a GFF when B C Z2 is a finite box, see

e.g. Zeitouni (2017). Simply choose B = [v]s, s = A, N, in (1.4.6), then by the variance
definition in (1.1.1),

V(@0(X) = (V) = 62 (G, (0, ) — Gy (0,0). (14.7)

Using standard estimates for the discrete Green function, we can now evaluate the last
expression. For every finite box B C Z?2 Proposition 1.6.3 of Lawler (1991) shows that

(keeping in mind our choice of normalization by 7/2 in (1.1.1)) :
[Z 32 TaB = ) (Z_y) —a(y—x), x,y € B, (1.4.8)
2€0B

where

(1.4.9)

(w) log(||w||2) + const. + O(||wl5?), if w € Z*\{0},
a(w) =
0, if w=0,

and &2, is the law of the simple random walk starting at € Z?. Using (1.4.8), we can

rewrite the difference of Green functions in (1.4.7) as

> 2, ( oty = z) a(z—v) = > P, ( roly = z) a(z —v). (1.4.10)

z€0[v] z€0[v]

118



When X = 1, we have ||z — v||s = 0 for z € 9[v]y. Otherwise, we assumed v € V),
so take N large enough (depending on §) that [v]y is not cut off by dVy. We have
|2 — 0|2 < V2N for z € [v], in general and |z — v, > $N'"* for 2 € 9v]y when
N # 1. We deduce the following bound on the variance in (1.4.7) :

max V (1, (X) — 9, (N) < o7((1 =) = (1 = X)) log N + o7C

UEV]‘\S[
= (XN = NoZlog N + Cy(0;).
Similarly, we have ||z—v]||2 > dN for z € O[v], when A = 0. Otherwise, take N large enough
(depending on 0) that [v], is not cut off by the boundary of Vy. We have [|z—vl]y > $N*™*
for z € O[v]y when A\ # 0 and ||z — v]|]s < %Nl_’\' for z € O[v]x in general. We deduce

the following bound on the variance in (1.4.7) :

min V (1,(N) = ,(A) 2 02((1 = A) = (1 = X)) log N — 0?C(4)

vEV]‘\S,

= (XN = NoZlog N — C1(6,0;).

This ends the proof of the lemma. O

Since the upper bound in Lemma 1.4.2 is only valid for N large enough depending on
0, we cannot immediately conclude that it holds for all v € Viy. We show in the next

lemma how to extend the bound.
Lemma 1.4.3. Let \i_1 < A< XN < \; for a certain i € {1, ..., M}, then

max V (¢,(\) — ¥,(\)) < (N = Ao log N + C(a;) (1.4.11)

vEVN

for N large enough.

PrROOF. When v € 9Vy, the bound is trivial because 1, = 0. Therefore, let v € V5. To
obtain the upper bound on the difference of Green functions in (1.4.7), we only used the
fact that [v]y was not cut off by 9V for N large enough depending on 0. Hence, we only
need to show that when [v], is cut off, there exists u € Vj§ such that [u]y is not cut off

and for which

G[U]A(U,U) — G[Uh/<v’ U) < G[U]A(u, u) — G[“]A’ (u, u) + C(Ul) (1.4.12)

Assume that [v]y is cut off by 0V and choose u to be the center of Vy. Clearly, the
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neighborhood [u]y/ is not cut off by the boundary of Viy. When A\ = 1, inequality (1.4.12)
is trivial because Gy, (v,v) = Gy, (u,u) = 0 and G, (v,v) < Gy, (u,u) since [v]y is
cut off and [u], is not. Now, assume X' < 1. Denote 0(x) = = + u — v the translation

function that moves v to u, see Figure 1.4.4.

Vi

[v]v

FIGURE 1.4.4. The grey area 6([v],) is the translation of [v],.

For the rest of the proof, redefine [v]y as the square box of side length N centered at
v that has been cut off by 0Vi. Since 0([v])) C [u]x, we have

_Ta[vb\_l

- &y Z 1{Wk:U} 1{7'8[1;])\, <To[v],,novy }

k:Ta[“])\/

Gy (v,v) = Gy, (v,0) =

b | 3

Too(lv]y) 1L

Z l{Wk’:u}]'{TB[u]A, <To(a[v],,noVvy)}

k‘:’l'a[

I
SE
&

u])\/

_Ta[u]/\fl

Eu| D0 Lwimu | = Gl (1) = Gy, (u, ).

kZTa[u]

<

b 3

A/

This proves (1.4.12) when X\ # 0. Since [v]p = Vi throughout the article and we defined

[v]o differently in this proof, it remains to show that

max Gy, (v,v) — G, (v,v) < C(03) (1.4.13)

veVN
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for (1.4.12) to be true when A = 0. By the strong Markov property and (1.4.8) :
Gy (va U) - G[v]o(U7 U)

= > 2, (WTa[v]o = z) Gy (z,0)

zEB[v]ODV]‘\’,
= > 2, (WTBMO = Z) > 2, (WTavN = w) (a(w —v) —a(v — 2)).
2€0[v]oNVY wedVyN

But |jw — v|[z < V2N for all w € 9V and |jv — z||s > N for all z € 9v]o N V. We get
the desired conclusion using (1.4.9). O

In order to approximate the branching structure of the (o, A)-GFF in Lemma 1.3.1
and Lemma 1.3.4, we need to show that the variance of ¢, (\) — 1, (A) is bounded by a
constant, where v, denotes any representative in R, that is closest to v. Our final goal
here is to show Lemma 1.4.6. We start by proving a more general version of Lemma 12

found in Bolthausen et al. (2001). We define

$o(A) Z E by | Foanv)|

and d(z, A) = minge4 ||z — wl|> for any non-empty set A C Z2.

Lemma 1.4.4. Let B C Z? be a square box of width smaller or equal to N/2 such that
BN Vy # 0. Moreover, let 0 <n <1 and L € {1,2,...,N/4}, then there exists a constant

C = C(n) > 0 such that
max V(¢,(B) — ¢,(B)) < C. (1.4.14)

u,vEBNVN
d(u,0B)=L
lu—vll2<nL

PROOF. Let u,v € B N Vy be such that d(u,0B) = L and |ju — v|s < nL. Denote
B = BN Vy. Using the conditional variance formula as in (1.4.6), we have
V(6u(B) = ¢u(B)) = V(E[¢u — ¢u | Fyp])
= V((bu - ¢v) - E[V(¢u — Oy ‘ Fa?)]
= (Gvy (u, u) = Gyy (u,v) + Gy (v,0) — Gy (v, 1))

— (Gg(u,u) — Gg(u,v) + Gg(v,v) — Gg(v,u)). (1.4.15)
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For this proof, redefine [u]y as the square box of side length N centered at u that has been
cut off by 0Vy. From (1.4.13), we know max,cy, Gy, (u,u) — Gy, (u,u) < C. Using the
exact same method, we can also easily show that
max Gy, (v,v) — G, (v,v) < C(n)
lu—vll2<nN/2

because we would have ||[v — z||s > (1 — n)N/2 for all z € Julo NV in the reasoning
below (1.4.13), where nn < 1 by hypothesis. Finally, =G, (u,v) < =Gy, (u,v), so proving
(1.4.14) boils down to the proof of the following inequality :

. { (GMO(U, u) - G[u]o(u’ U)) - (GE(U7 u) - GE(% U)) } < C’(n) (1.4.16)

T+ (G (0, ) — G (0, 0) — (G5(0,0) — G, )

To show (1.4.16), we consider two cases : d(u,0Vx) < L and d(u,0Vy) > L.

Case 1 : d(u,0Vy) < L

Since B C [u]y (recall that B is a square box of width smaller or equal to N/2 and

contains u), then we always have
(&) < (Grup (v, u) — Gg(u,u) + (G (v, v) — Gp(v,v)). (1.4.17)

Note that the box B is cut off by 0V in Case 1. By translating u, v, B together in such a
way that u doesn’t get closer to OV with respect to both axes, each difference of Green
functions in (1.4.17) can only increase (see the argument below Figure 1.4.4). Therefore,
it is sufficient to bound (1.4.17) when d(u,0Vy) = L. Assume d(u,d0Vy) = L for the
rest of Case 1. Since d(u,0B) = L by hypothesis, we have d(u,0B) = L and we get
d(v,0B) > [(1 —n)L] > 1 by the triangle inequality. Consequently,

(%) < Glyjp(u, ) + Gpyo(v,v) — 2log L 4 C(n) (1.4.18)
using (1.4.8) and (1.4.9).

By the symmetries of the square, we can assume, without loss of generality, that the
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minimum in d(u,0Vy) = L is achieved on the bottom edge of Vi (which lies on the z-
axis). Define the half-space H = {z = (21, 22) € Z*| 22 > 0}. Since we have [u]o C H and
d(v,0H) < (14 n)L, by the triangle inequality, then

() <2 max Gu(z,z) —2log L + C(n). (1.4.19)
[(1—n) L] <d(z.0H)<(14m)L

From Proposition 8.1.1 of Lawler and Limic (2010),
_\ (1.4.9) _ _i—2
Gu(z,2) =a(z—2) ="log(||z — z||2) + const. + O(||z — Z||3°) (1.4.20)

where z = (z1,22) and zZ = (z1,—22). The conclusion for Case 1 follows from (1.4.19)

because 2 < 2[(1 —n)L] < ||z — 2|2 < 2(1 4+ n)L in (1.4.20).

Case 2 : d(u,0Vy) > L

For Case 2, we follow the argument from Bolthausen et al. (2001). We give the details
for convenience. For all k € Ny, define [u]f C Z? the square box of side length 28N
centered at u (not cut off by anything). For instance, [u]o = [u]§ N Vy in this proof. Note

that [ulo C [u]} C [u)? C ... and [u]o U U2, [u]k = Z2, so

(Glugo (u, ) = Gl (u, v)) — (Gp(u, u) — Gp(u,v))
+ (G[U]o(v7 U) - G[u}o(vﬂ u)) - (GE(Ua U) - GB(’U? u))

(G[u]lg(ua u) — G[u]lg(u’ v)) — (G[u}g—l(ua u) — G[u}g—l(% v))
+ (G[u]g(%’U) - G[u]g(v, u)) — (G[u}’g—l(vav) - G[u]’g—l(’Ua u))

2
k=1

T s T >
=5 6| 2wy = Low=) | + 56| 20 (Lwamy = Liwimuy) |-
k=Ty5 k=755

The inequality comes from the fact that each pair of braces in the infinite sum is equal to
Vi (E[¢py, — &0 | F, 8[74;3_1]) > 0 by steps analogous to (1.4.15). The equality follows because

the infinite sum is telescopic.

By conditioning on the point z € B where the simple random walk starting at u or v
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will be when hitting the boundary of B, and using the strong Markov property, we deduce

&) <Y (PuW,y=2) - PuW,y=2) - g[zum = Tiw)

2€0B =

=3 (PuW, =2) = P,(W, _=2)) - (a(v — 2) — a(u — 2)) (1.4.21)

z€0B
where “ a 7, the potential kernel (see p.37 in Lawler (1991)), is defined by
[} ﬂ- >
a(w) = 5 - &0 | > (Lpwi=oy = Liwi=up)|
k=0
Theorem 1.6.2 in Lawler (1991) shows that this is the same function as in (1.4.9). There-

fore, we can evaluate (1.4.21) :

lv = =]l2

By the triangle inequality, we have

log (1 - ”“_U”2> < log (H ”2> < log (1 + ””_U“2> . (1.4.23)
[u— 22 [ — z[2 [ — 22

Now, notice that

a(v - z) - au—z) = log< ) +0(lo -2l = O(lu - 2II;?).  (1.4.22)

e ||u—v|2 < nL by hypothesis ;
e ||[u—z||z > L for all z € OB by the assumption of Case 2 ;
o [[v—zl2 > |lu—=z|2—|Jlu—2v|2 > [(1—n)L] for all z € B, from the first two
bullets and the triangle inequality.
Using the three bullets in (1.4.22) and (1.4.23), we have

Cl CY2
log(l — ) — ———+—— < (1.4.22) < log(1 + ) + ——2—— (1.4.24
[ [ )
for appropriate constants Cy,Cy > 0. Since L > 1 and [(1 —n)L] > 1, inequality (1.4.16)
follows by regrouping (1.4.21), (1.4.22) and (1.4.24). O

Lemma 1.4.5. Let 0 < N < 1 and d > 1/v/2. For all v € Vy, define Sy.a to be the set of
finite boxes B C 7?2 such that [v]y € BN Vy and max.cop |[v — z||s < AN, then there

exists a constant C' = C(d) > 0 such that, for N large enough,

max max V(¢,(\) — ¢,(B)) < C

veVN BESU d
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PRroor. This follows directly from the calculations in Lemma 1.4.2 and Lemma 1.4.3

where B N Vi plays the same role as [v],. O

The next lemma is used in equation (1.3.4) of Lemma 1.3.1 and equation (1.3.23) of
Lemma 1.3.4 to show that the error coming from the approximation of the branching struc-
ture of 1 is small enough that the problem of finding the upper bound for the maximum
and the log-number of y-high points is the same (modulo the additional hurdle caused by

the decay of variance near the edges of Vy) as in the context of branching random walks.

Lemma 1.4.6. Let \j_y < A < \; for a certain j € {1,..., M}, then there exists a constant
C =C(oy,...,05) > 0 such that
max V (13,(A) — 1, (V) < C

veVN

for N large enough.

PROOF. The lemma is trivial when A = 1 since v = v;. Therefore, assume 0 < \ < 1.
Choose vy € Ry any representative that is closest to v (there may be more than one). For
all € (0, )], the square box B, C Z?* of width 2[ N'~#] centered at v, contains both [v],,

and [v)], because ||v — vy]|oc < 2N'7*. Then, by Jensen’s inequality :

V(¢u(p) = ¢u(By)) )
V(o) = Puy (1)) <34 + V(ho(B,) — ¢y (By) ¢ < C. (1.4.25)

+ V(¢UA(B#) - qu (M))

To see the last inequality, bound the first and third variance term inside the braces using
Lemma 1.4.5 with d = 3/4/2 and bound the second variance term inside the braces using
Lemma 1.4.4 with n = 1/v/2 (since ||v — vy]ls < N'™/v/2 < N'7#/{/2), u = v, and
L = [N'"#]. Now, from (1.4.3) and Jensen’s inequality, we get

VWAM—¢WQ»:V< 0i(u(N) = Py (N)) )

+ Y000 (00 — 0i1) (Bu(N) — By (M)

. { 73 V(6u(N) = 6, (V) }
B + 5100 = 0i1)* V(@u(Ar) = b0y ()

Simply use (1.4.25) to bound each variance term inside the braces by a constant. This

ends the proof of the lemma. O
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Lemma 1.4.7 (Gaussian estimates, see e.g. Adler and Taylor (2007)). Suppose that
Z ~ N(0,0%) where o > 0, then for all z > 0,

o\ o 22 o 22
1— | —— —— | <P(Z>2)< - .
( 22> 2WZexp< 202) <PZ=22)< 27TzeXp< 202>
Lemma 1.4.8 (Paley and Zygmund (1932) inequality). Let 0 < X € L*(IP) be such that
P(X >0) >0, then for all0 <6 <1,

P(X > 0E[X]) > (1 - 6)?

1.4.2. Karush-Kuhn-Tucker theorem and applications

In this section, we state the Karush-Kuhn-Tucker theorem and the solutions to the
two optimization problems posed in Section 1.2. The optimal path for the maximum,
A — Ly (A), comes from the solution to the problem stated in Lemma 1.4.10 while the
optimal path for 4-high points, A — L} (), comes from the solution to the problem stated
in Lemma 1.4.11. The Karush-Kuhn-Tucker theorem only gives, a priori, necessary condi-
tions for local optimality. However, the conditions are also sufficient for global optimality
here because the objective function f, below and the constraint functions g are continu-
ously differentiable and concave (f,+ is linear), see Hanson (1981). The proof of the two
lemmas can be found in Appendix A of Ouimet (2014) and are direct applications of the

theorem.

Theorem 1.4.9 (Karush-Kuhn-Tucker, see e.g. Delfour (2012)). Let f : R™ — R be an
objective function and let
U= = {x c R |g(x) >0 Vke{l,..,ny}}

be a set of constraints specified by the constraint functions g, : R™ — R, 1 < k < no.
Furthermore, assume that

(a) f attains a local maximum at x* € U= with respect to U=;

(b) f is Fréchet differentiable at x*;

(c) the gi’s are Fréchet differentiable at x*.
When the constraints qualify (they do in Lemma 1.4.10 and Lemma 1.4.11 because the

gr’s are concave and 0 € U, see Slater’s condition in Delfour (2012)), then there exists
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(s .

gradient here) :

(1) Vf(x*) + 252 i Var(z*) = 0;
(2) gr(x*) > 0;

(3) pw > 0;

(4) prgr(@*) = 0.

Lemma 1.4.10. (Optimal path for the mazximum) Let

M
f,y*(l‘l, ,IM) = le
i=1

be the objective function to mazximize under the constraints

2
T

k
gr(T1, .y Tpy) = ; (V)\i ~ VN,

i

then there exists a unique global maximum. The solution is given by

l’: = Vj02/6'()\i)7 1<:< M)

and the maximum is given by

f7*<x;.(’ 73354) = \-70'2/5'<1) = '7*.

 Hny) € R™ such that the following points hold for all k € {1,...

)zo, 1<k<M,

,n2} (V is the

Lemma 1.4.11. (Optimal path for y-high points) Let '~ < v < A for a certain | €

..,

m}, where the critical levels +' are defined in (1.1.5). Furthermore, let

F (g 1) & le<m 7} >+<WM_(7 s xz)>

o2V

=1

be the objective function to mazximize under the constraints

x;

k 2
(1, oy Tp—1) = Z(V)\ >>O 1<k<M-1,

02V N\

=1

then there exists a unique global mazximum. The solution is given by

* vjaz/o()‘z) when A; < )\lil’
T, =
Jvzj(;l(l )1) (v — jch/&(/\l_l))? when A; > A,
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forallie{1,...., M — 1} and the maximum is given by

(7 - 702/6(/\171»2
T2z (A7 1)

Il

fv(xia ""x7\4—1> = (1 - )‘l_l) -

£,
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ABSTRACT. We continue our study of the scale-inhomogeneous Gaussian free field in-
troduced in Arguin and Ouimet (2016). Firstly, we compute the limiting free energy
on Vy and adapt a technique of Bovier and Kurkova (2004b) to determine the limiting
two-overlap distribution. The adaptation was already successfully applied in the sim-
pler case of Arguin and Zindy (2015), where the limiting free energy was computed for
the field with two levels (in the center of V) and the limiting two-overlap distribution
was determined in the homogeneous case. Our results agree with the analogous quanti-
ties for the Generalized Random Energy Model (GREM); see Capocaccia et al. (1987)
and Bovier and Kurkova (2004a), respectively. Secondly, we show that the extended
Ghirlanda-Guerra identities hold exactly in the limit. As a corollary, the limiting array
of overlaps is ultrametric and the limiting Gibbs measure has the same law as a Ruelle
probability cascade.

Keywords: Gaussian free field, Gibbs measure, inhomogeneous environment, Ghirlanda-

Guerra identities, ultrametricity, spin glasses, Ruelle probability cascades

2.1. The model

Let (Wy)r>0 be a simple random walk starting at u € Z? with law £,. For every finite
box B C Z?, the Gaussian free field (GFF) on B is a centered Gaussian field ¢ = {¢, }oep
with covariance matrix

Top—1

Gp(v,0") é Z Liw,—vy|, v,0 € B, (2.1.1)

where 7y is the first hitting time of (Wj)r>o on the boundary of B,
OB = {v € B:3z € Z*\B such that ||v — z|, = 1}, (2.1.2)

and || - ||z denotes the Euclidean distance in Z*. With this definition, B contains its
boundary. We let B® = B\0B. By convention, summations are zero when there are no
indices, so ¢ is identically zero on dB. This is the Dirichlet boundary condition. The
constant /2 in (2.1.1) is a convenient normalization for the variance.

We build a family of Gaussian fields constructed from the GFF {¢!'},cv, on the
square box Vi = {0,1,..., N}2. For A € (0,1) and v = (v, v2) € Vi, consider the closed
neighborhood [v], in Vi consisting of the square box of width N'=* centered at v that
has been cut off by the boundary of Vi :

1

[v]x = ((v1,vz)+ {— 5N1 A N1 A} )ﬂvN (2.1.3)
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By convention, define [v]g = Viy and [v]; = {v}. Let Fopupis = o({6), v ¢ [v]3}) be the
o-algebra generated by the variables on the boundary of the box [v], and those outside of
it. Since the neighborhoods are shrinking when A increases, for any v € Vy, the collection

F, = {fa[vhu[v}i}Ae[o,l] is a filtration. In particular, if we let

oY () = E{be,v | F@[v],\u[v]jj|; (2.1.4)
then

for every v € Vi, the process (¢ (A))acpo1 is a F,-martingale.

It is also a Gaussian field, therefore disjoint increments of the form ¢ (\')—¢2 ()\) are inde-
pendent. These observations motivate the definition of scale-inhomogeneous Gaussian free
field, which can be seen as a martingale-transform of (¢2 (X)) xejo,1] applied simultaneously

for every v € V.

Fix M € N and consider the parameters

o = (01,09, ...,00) € (0,00)", (variance parameters) (2.1.5)
A= (A, Ao, ) € (0,1, (scale parameters) (2.1.6)
where

We write V,; for the difference operator with respect to the index i. When the index

variable is obvious, we omit the subscript. For example,
Voy (A) = ¢ (M) = oy (Aia). (2.1.8)

Definition 2.1.1 (Scale-inhomogeneous Gaussian free field). Let {¢Y },ev, be the GFF
on Vy. The (o,X)-GFF on Vy is a Gaussian field { }ev, defined by

CAEDILACACHE ai(6) () = ) (\i)). (2.1.9)
Similarly to the GFF, we define

OYO) = B[ | Foos | and 0¥ =0Y V) -0 (). (2110)

From hereon, we make the dependence on N implicit everywhere for ¢ and 1.
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The (o, A)-GFF is the analogue of various types of inhomogeneous branching processes :

— The GREM, see e.g. Bovier and Kurkova (2004a,b); Capocaccia et al. (1987);
Derrida (1985); Ruelle (1987);

— The non-hierarchical GREM, see Bolthausen and Kistler (2006, 2009);

— The perceptron GREM, see Bolthausen and Kistler (2012);

— The multi-scale logarithmic potential (also called multi-scale log-REM), see e.g.
Fyodorov and Bouchaud (2008a); Cao et al. (2016);

— The branching random walk in time-inhomogeneous environment, see e.g. Fang
and Zeitouni (2012a); Mallein (2015b,a); Ouimet (2018);

— The variable speed branching Brownian motion, see e.g. Bovier and Hartung (2014,

2015); Fang and Zeitouni (2012b); Maillard and Zeitouni (2016).

Remark 2.1.1. Our model is most closely related to the multi-scale log-REM of Fyodorov
and Bouchaud (2008a). In both cases :

(1) There is a boundary effect, meaning that the variance of the variables of the field
decays to 0 as we approach the boundary;

(2) There is no exact hierarchical structure;

(8) The covariance between two random variables of the field is directly tied to the
distance between their index in a finite-dimensional Euclidean space;

(4) The number of possible covariance values grows with the size of the system.

Amongst the other models, not one has property 1 or 3, only the non-hierarchical
GREM has property 2, and only the time-inhomogeneous branching random walk and the

variable speed branching Brownian motion have property 4.

The only significant difference between the single-scale log-REM and the critical GFF
is the fact that the field is indexed in a N'-dimensional space (instead of 2-dimensional)
and the covariance is defined to be logarithmic directly instead of it being a consequence
of estimates on the Green function in two dimensions. Fyodorov and Bouchaud (2008a)
calculate the limiting free energy and the limiting two-overlap distribution in the limit
N’ — oo (for a finite system size) by using the replica trick and Parisi’s hierarchical
ansatz. In the thermodynamic limit, they recover the same structure as in the GREM case

and arque that the results should also hold if N' is fized instead and the system size grows
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to infinity. In this article, we put their argument on rigorous ground via the (o, X\)-GFF.
We go even further by showing that the limiting Gibbs measure has the same law as the
one found in Bovier and Kurkova (200/a) for the GREM. For an introduction to log-REM
models and physical motivations, see e.g. Carpentier and Le Doussal (2001); Fyodorov and

Bouchaud (2008b,a); Fyodorov et al. (2009); Cao et al. (2016).

2.2. Motivation for the scale-inhomogeneous GFF

In contrast with branching random walks (BRWs) :

— The branching structure is approzimate in the sense that ¢,(\) and ¢, (\) are not
perfectly correlated when A is smaller than the branching scale, namely the largest
scale at which [v]) and [v], intersect. The branching scale itself is arbitrarily defined
since it is conceptually more of a transition interval : between the scale where v’ is
“well-inside” [v], and the smallest scale for which [v], N [v'], = 0.

— At a given scale, the covariance of the increments of the field decays near the
boundary of the domain. In the context of BRWs, this means that at a given
time, the law of each point process would depend on the position of the associated
ancestors in the tree.

Several covariance estimates can be found in Appendix 2.9.1.

We are interested in the (o, A)-GFF to see how the results on the extremes (and the
methods of proof) are robust to perturbations in the correlation structure. This interest is
amplified by the fact that many models in recent applications have underlying approximate

branching structures. For example :

e Cover times, see e.g. Abe (2014); Belius (2013); Belius and Kistler (2017); Comets
et al. (2013); Dembo et al. (2003, 2004, 2006); Ding (2012, 2014); Ding et al. (2012);

Ding and Zeitouni (2012);
e The randomized Riemann zeta function on the critical line, see e.g. Arguin et al.

(2017b); Arguin and Tai (2018); Harper (2013); Saksman and Webb (2018);

e The Riemann zeta function on random intervals of the critical line, see e.g. Arguin
et al. (2019); Najnudel (2018);

e The characteristic polynomials of random unitary matrices, see e.g. Arguin et al.

(2017a); Chhaibi et al. (2018); Paquette and Zeitouni (2018).
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In particular, note that all these models are heavily correlated in the critical regime, that

is when the correlation starts to affect the extremal statistics.

Generally, there are two ways to study the distribution of the extremes : via the
extremal process and via the Gibbs measure. Since one of our goal here is to show the
tree structure of the extremes in the limit N — oo (this interest comes partly from the
physicists and the Parisi ultrametricity conjecture for mean field spin glass models (see
e.g. Bovier (2006); Mézard et al. (1987); Panchenko (2013b); Talagrand (2011a,b))), the
mathematics in the latter approach is much simpler (at least in our case). A very important
advancement was made recently in Panchenko (2013a) where it is shown that a random
measure supported on the unit ball of a separable Hilbert space that satisfies the extended
Ghirlanda-Guerra identities must have an ultrametric support with probability one. The
summary in Section 2.3 gives a detailed description of the steps we will make to prove the
extended Ghirlanda-Guerra identities and the consequences we can deduce from the work

of Panchenko.

Remarkably, despite the imperfect branching structure of the (o, A\)-GFF and the
growing number of scales as N — oo, the results of this paper show that the limiting
Gibbs measure has the same tree structure as in the context of the GREM. More precisely,
we show that the limiting Gibbs measure has the same law as a Ruelle probability cascade
(see Ruelle (1987)) with functional order parameter ¢ defined by the limiting two-overlap
distribution. This is the content of Corollary 2.7.2. In the limit, this means, in particular,
that the extremes of the model are clustered in a hierarchical way and in fact satisfy the

ultrametric inequality, see Corollary 2.7.1.

Another reason why the study of the extremes via the Gibbs measure might be more
desirable to prove ultrametricity results is its robustness, i.e. the applicability of the
methods to other models. For instance, Jagannath (2017) defines the notion of approximate
ultrametricity for finite system sizes by imposing conditions on the sequence of Gibbs
measures. It is proved that if the sequence of two-overlap distributions converge weakly
and the approximate extended Ghirlanda-Guerra identities are satisfied (in his sense, see

Definition 1.4 in Jagannath (2017)), then the sequence of Gibbs measures (assuming they
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are supported on the unit ball of a separable Hilbert space) is regularly approzimately
ultrametric. His paper tie in very nicely with our approach since we prove the weak
convergence of the two-overlap distribution in Theorem 2.6.3, we prove a slightly different
version of the approximate extended Ghirlanda-Guerra identities in Theorem 2.6.4, and
then we show that the identities must hold exactly in the limit (Theorem 2.6.5). Of
course, this doesn’t prove that our model is reqularly approximately ultrametric, but it
seems at least plausible that the notion of approximate ultrametricity could hold for a
large class of non-hierarchical models and could be (part of) the grand explanation behind

the phenomenon of ultrametricity of the extremes in the system size limit.

2.3. Structure of the paper

In order to make the logical structure of this article as clear as possible, the new
results and their proof are stated and written in a linear fashion. Some technical lemmas
are relegated to appendices. However, we emphasize that these lemmas are not at all
necessary to understand the main structure and are sparsely used. Below, we summarize
the main results of the paper, give the main ingredients of the proofs and indicate exactly

where the lemmas in the appendices are needed.

Section 2.5 : We recall the main results of Arguin and Ouimet (2016) :
e Theorem 2.5.1 : max,cy,, ¥,/ log N? LN y*.
e Theorem 2.5.2 : log([{v € Vi : ¢h, > vlog N2}|)/log N* == £(~).
Section 2.6 : The new main results are stated :
e Theorem 2.6.1 : Limit of the free energy on Vi :
vz 108 Cevy €70 5 max, e, By + £(7) = £(B).
The proof uses the results of Section 2.5 for the P-convergence and we show that
the powers of the free energy are uniformly integrable. We find the explicit form of
the maximum on the right-hand side using
— Lemma 2.9.7 : Differentiability of &,
— Lemma 2.9.8 : Solution of the maximization problem.
e Theorem 2.6.2 : Same as Theorem 2.6.1, but on a set far enough from the boundary

of Vi, denoted Ay ,.
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e Theorem 2.6.3 : If G x denotes the Gibbs measure of ¢ and ¢ (v, v’) denotes the
normalized covariance (overlap) between v, and v,,, then we compute the limit of
the two-overlap distribution, namely r — Egﬁv {l{qzv(v’v/)g}] The main ingredients
of the proof are :

— The Gibbs measure doesn’t hold any weight outside Ay, in the limit,
— The overlap estimates of Corollary 2.9.6,
— Gaussian integration by parts,
— The mean convergence of the derivative at u = 0 of a perturbed version of the
free energy to f¥"(3). This is proved using
x Theorem 2.6.2,

* Lemma 2.9.9 : Convexity of the free energy with respect to u,
* Lemma 2.9.10 : Differentiability of u — f¥"(3) for all |u| < .

e Theorem 2.6.4 : As N — oo, the extended Ghirlanda-Guerra identities hold ap-
proximately. The main ingredients are the same as in the proof of Theorem 2.6.3,
but we also need Theorem 2.6.2 and the main ingredients to get a concentration
result (Lemma 2.8.9).

e Theorem 2.6.5 : In the limit, the extended Ghirlanda-Guerra identities hold exactly.
The main ingredients of the proof are :

— Theorem 2.6.3 and Theorem 2.6.4,
— The representation theorem of Dovbysh and Sudakov (1982).
Section 2.7 : The consequences of Theorem 2.6.3 and Theorem 2.6.5 :

e Corollary 2.7.1 : The limiting array of overlaps is almost-surely ultrametric under
the mean of the limiting Gibbs measure.

e Corollary 2.7.2 : The limiting Gibbs measure has the same law as a Ruelle probabil-
ity cascade Ruelle (1987) with functional order parameter ¢ defined by the limiting
two-overlap distribution, which means that it samples extreme values from an ezact
tree structure, where the number of branching scales is finite and controlled by the
inverse temperature 3.

Section 2.8 : Proof of the main results.
Appendix 2.9.1 : The sole purpose of this appendix is to prove Corollary 2.9.6.

Appendix 2.9.2 : We indicated above where each of its four lemmas are needed.
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2.4. Some notations

Now, we introduce some notations. The parameters (o, A) can be encoded simultane-
ously in the left-continuous step function

M
o(s) = o11l{n(s) + Zail(,\ifl,,\i](s), s € [0, 1]. (2.4.1)

i=1
For any positive measurable function f : [0, 1] — R, define the integral operators

Ti(s) = /0 f(r)ydr and  Jy(s1,55) = /SQf(r)dr. (2.4.2)

S1

We refer to J,2(-) as the speed function. The concavification of [J,2, denoted jc,z, is the
function whose graph is the concave hull of J,2. From Arguin and Ouimet (2016), we
know that the asymptotics of the maximum and the log-number of high points of ¢ are
controlled by this function. Its graph is an increasing and concave polygonal line, see

Figure 2.4.1 for an example.

_, a3
jgz()\4) 03 1
T2 (A)] 52 | ; |
T2 (A2 f | |
T2 (A1) ‘ | | |
slope = 57 A 1 1 1
: : ‘ — ‘ ‘
0 )\1 )\2 )\3 /\4 )\5 /\6 1 S
Ag AL A2 N A7
A0 A

FIGURE 2.4.1. Example of 7,2 (closed line) and 7,2 (dotted line)
with 7 values for o2
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Clearly, there exists a unique non-increasing left-continuous step function s — o (s)

such that

A

T (5) = Toz(s) = / 52(r)dr for all s € (0,1]. (2.4.3)
0

The scales in [0, 1] where ¢ jumps are denoted by

0= <M< <Am21, (2.4.4)

where m < M. To be consistent with previous notations, we set 5; = (A!). In particular,

note that
01> 09 > .. > Oy (2.4.5)

We define 7,11 = 0 and interpret B.(Gmi1) = 2/0my1 as +0o whenever it is encountered.

2.5. Previous results

In this section, we recall the main results from Arguin and Ouimet (2016) on the first
order asymptotics of the maximum and the log-number of v-high points of the (o, A)-GFF.

These results are needed to compute the limiting free energy.

Theorem 2.5.1. Let {¢, }vevy be the (o, X)-GFF on Vy of Definition 2.1.1, then

. maXyeyy Y
lim ——v&YNy 7Y

N log N2 Jo25(1) =~ in probability. (2.5.1)
—00 0

In fact, from Lemma 3.1 and Lemma 3.3 in Arquin and Ouimet (2016), for any € > 0,

there exists a constant ¢ = c(e, 0, X) > 0 such that for N large enough,

P <m?/x Uy > (1+¢)y* log N2> <N~° (2.5.2)
veEVN
and
P (maX Py, < (1 —¢e)y*log N2) < N°° (2.5.3)
veVy

The set of y-high points of the field 1) is defined as

Hn(y) = {v € Vy 1, >vlogN?}, for all v € [0,7]. (2.5.4)
The number of v-high points depends on critical levels defined by

L a%(s)
Lo ——d 1< < V20, 2.5.
* = gt LSism =0 (2.5.5)
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For v € (v'71,7!], define

- \.70'2/6'()\l_1>>2
Tr2(N-1)1)
Theorem 2.5.2. Let {1, }vevy be the (o, X)-GFF on Vi of Definition 2.1.1 and let y €
[0,v%), then

£ =@ -x - O

and £(0) = 1. (2.5.6)

i log[P(2)

Jin Tog N2 =E&(y) in probability. (2.5.7)

In fact, from Lemma 3.4 and Lemma 3.5 in Arquin and Ouimet (2016), for any v € [0, ~*]
and for any € > 0, there exists a constant ¢ = c(v,e,0,X) > 0 such that for N large

enough,

IP’(\HN(W)] > N25<7>+€> <N (2.5.8)
and, when v € [0,v*),

]P’<|7-[N(7)| < NQW—S) <N (2.5.9)
Remark 2.5.1. The case v = 0 is not explicitly covered in Arguin and Ouimet (2010).
In that case, (2.5.8) is trivial (the probability is 0) and (2.5.9) is a simple and direct
application of the Paley-Zygmund inequality.
2.6. New results

The first main result of this article concerns the free energy of the (o, A\)-GFF, which
is defined by

) = log Z(B), B >0, (2.6.1)

log N?

where Z{(8) = Y ,cv, €77, The L-limit of the free energy will be central to obtain the
limiting two-overlap distribution of the (o, A)-GFF and the extended Ghirlanda-Guerra
identities. This limit is better expressed in terms of the limiting free energy of the REM(0)
model consisting of N? i.i.d. Gaussian variables of variance o?log N. From Theorem 8.1

in Bolthausen and Sznitman (2002),

log Zy"(8) ws | 208/B:(0)), i B> Be(0),
L+ (B/Be(0))?, if B < Be(0),

FREM)(8) = i (2.6.2)

for all > 0, where (.(0) = 2/0.
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Theorem 2.6.1 (Limit of the free energy on V). Let {1, }vevy be the (o, X)-GFF on Vy
of Definition 2.1.1, then

lim fy(8) = max (57+5 Z fREMED (BTN = (), (2.6.3)

N—oo YE[0,4*

where the limit holds in probability and in LP, 1 < p < 0.

Remark 2.6.1. This result was first proved for the GREM by Capocaccia et al. (1987), al-
though with vastly different notations. The expression for the GREM can also be recovered
from Theorem 1.6 in Bovier and Kurkova (200/a).

In Arguin and Zindy (2015), the convergence in probability (and in L') of the free
energy of the scale-inhomogeneous GFF with two variance parameters was only proved on
a subset of Vy that excludes the points that are too close to the boundary 0Vy. This was
done because the decay of variance near JV makes the asymptotics of the log-number of

points in sets of the form

Hay(7) = {v € Ay : b, > vlog N?} (2.6.4)
harder to determine when Ay includes points close to OVy. In contrast, let
Ay, = {v €Vy: min |lv—zls> N" P} pe (0,1]. (2.6.5)
2€Z2\Vn
Then, it turns out that for p > 0 small enough, the variance of the increments of ¥ on

An,p is within a uniform bound from the analogue quantity in the context of the GREM

(except when the scale 0 is involved), see Lemma 2.9.2.

Theorem 2.6.1 not only generalizes Theorem 2.1 in Arguin and Zindy (2015), but is
also stronger because it tells us that including points arbitrarily close to 0V in the free
energy has no impact on its limit, as long as we include the center of Viy. We are able
to prove Theorem 2.6.1 here because the asymptotics of |H ()| were proved on Vy in

Arguin and Ouimet (2016).

Even though Theorem 2.6.1 is interesting on its own, we will instead use the version

on Ay, later in this article.
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Theorem 2.6.2 (Limit of the free energy on Ay ,). Let {1, }yevy be the (o, X)-GFF on
Vi of Definition 2.1.1 and define

fr, (8) = log Zy ,(8), B>0, (2.6.6)

1
log N2

where Z%’p(ﬁ) = Yvedn, eP¥v. Then, for all p € (0,1],

lim f ,(8) = f4(8), (2.6.7)

N—oo

where the limit holds in probability and in LP, 1 < p < 0.

For the second main result of this article, consider the normalized covariances or over-
laps of the (o, A)-GFF :

E [¢v¢v’]

M
j02(1) 10gN + O()’

v,v" € Vy, (2.6.8)

¢ (v,0) =

where Cj is the constant introduced in Lemma 2.9.3. The overlap is the covariance divided
by the uniform upper bound on the variance. From the Cauchy-Schwarz inequality, it is
clear that |¢™ (v,v")] < 1, for any v,v' € Vy.

We are concerned with the limiting distribution of the overlaps, when the variables are

sampled from the Gibbs measure

B
Gan({v}) =

Z3(B)’

Since the Gibbs measure samples extreme values of the field ¥, the overlaps under the

v e V. (2.6.9)

Gibbs measure can be interpreted as measures of relative distance between the extremes.
In spin-glass theory, the relevant object to classify the extreme value statistics of strongly

correlated variables is the two-overlap distribution
EG) % [Ligvwanen ], € [0,1], (2.6.10)

Since the overlaps are normalized, their asymptotics will also be normalized to lie in [0, 1].

Define
~ ° jcr ()
() = . 2.6.11
Tnt) = 20 (2:6.11)
This is motivated by the fact that if
by (v,v") = max{\ € [0,1] : [v], N [V]\ # 0} (2.6.12)
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denotes the branching scale between v and v' (the analogue of the normalized branching
time for BRWs), then Corollary 2.9.6 in Appendix 2.9.1 shows (in particular) that for all
p € (0,1] and N large enough,

_ C
N / / 7
¢ (v,0') = T2 (b (v,0))] < Tt Cs p. (2.6.13)

max
v, €EAN,,

For any inverse temperature § > 0, denote

Iy 2 min{l € {1, ... m} : B < fe(o0) = 2/au}, if B <2/om, (2.6.14)

m+ 1, otherwise.

This is the smallest index [ for which a critical inverse temperature 5.(7;) is at least f.

Remark 2.6.2. In Bovier and Kurkova (2004a), [(B) is defined such that [(8) = Iz — 1.
Our choice is more natural with the notation we used in (2.5.5) and (2.5.6), see the proof

of Lemma 2.9.8.

We are now ready to state the second main result of this article.

Theorem 2.6.3 (Limiting two-overlap distribution). Let {¢, },ev,, be the (o, X)-GFF on
Vi of Definition 2.1.1. Then, for > 0,

0, if r <0,
. 2 _ . - ; .
lim BGEN [Lvwuen] = Bu(@)/8, ifr €[l ad), j<is—1,  (2:6.15)
1, if r > als L,

where B.(5;) = 2/5; and 27 = J,2(N).

Remark 2.6.3. This is the same expression as in the context of the GREM. Compare
this to Proposition 1.11 in Bovier and Kurkova (2004a). In the homogeneous case, the
theorem was proved by Arquin and Zindy (201]) for a certain class of non-hierarchical
log-correlated Gaussian fields with no boundary effect, by Arquin and Zindy (2015) for
the GFF (trivial adjustments of their proof show the same result for the BRW), and by
Jagannath (2016) for the BRW (using an alternative method).

Remark 2.6.4. In the context of the GFF, we have to show that the Gibbs measure doesn’t

carry any weight outside Ay , in the limit. In Arguin and Zindy (2015), a crucial step was
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to use self-averaging and Slepian’s lemma in order to compare the free energy outside A,
with that of a REM. Here, we find an upper bound on the free energy outside Ay, through
the optimization problems for the maximum and ~y-high points, see the proof of Lemma 2.8.3.

This approach is much more efficient when there are several effective scales N

Remark 2.6.5. Theorem 2.6.3 tells us that even though the overlap between the ez-
tremes can be (almost) anything between 0 and 1 for finite system sizes, this variabil-
ity disappears in the limit. The extremes can only branch asymptotically at the effec-
tive distances N7 d € {0, A1, 2% .. A\~ where N is defined in (2.4.4). We see
that the number of branching scales N for the extremes is finite in the limit and in-
creases as the inverse temperature 3 becomes larger than some of the critical thresholds
0 < Be(01) < Be(02) < ... < Be(015-1) < 00. In comparison, for homogeneous models (like
the GFF and the BRW), there is only one critical inverse temperature

e above which the extremes only branch at scale O or 1 in the limit, and

e under which the extremes only branch at scale 0 in the limit (meaning that the

extremes are all asymptotically uncorrelated).

The third and final main result of this article concerns the Ghirlanda-Guerra identities.
These identities were introduced in Ghirlanda and Guerra (1998) and an extended version
of the identities was proved for a general class of models, called the mixed p-spin, in

Panchenko (2010b). Before taking the limit, we have the following approximate version.

Theorem 2.6.4 (Approximate extended Ghirlanda-Guerra identities). Let § > 0, and let

a < o be any pair of scales such that

N <a <o < XTIt (2.6.16)
for some j € {1,2,...,1g}. Denote v = (v',v?,...,v°) and Spo = (Tp2(), Tp2(a’)]. Then,
foranys € N, any k € {1, ..., s}, and any functions h : Vi — R such that supy ||| < 00,

EG, N Js, . Lreq™ (b ey dr h(v)]

NI JEEGEN s, Leca @ramndr|EGE R [h(w)] | | = (2.6.17)
—{—% nyék Egng[fSa7a/1{7“<qN(vk,vl)}dr h(’U)]
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Remark 2.6.6. The word “approximate” here is NOT to be understood in exactly the
same sense as in Definition 1.4 of Jagannath (2017). It is approximate in the sense that
the limit N — oo is taken, but also because linear combinations of functions of the form

q— Jg Lp<gdr do not describe all the bounded mesurable functions defined on [0, 1].

We now show that the extended form of the Ghirlanda-Guerra identities hold exactly
in the limit. Along with Theorem 2.6.3, these identities completely determine the law of
the limiting array of overlaps when the variables are sampled by the Gibbs measure, see

Section 2.7.

We follow closely the reasoning from page 101 in Panchenko (2013b) and page 1459
in Arguin and Zindy (2014). Let (v)en be an ii.d. sequence sampled from the Gibbs

measure Gg y and let

RN = (R%/)l,l'eN = (qN(Ulavl/))l,l/eN (2-6-18)
be the array of overlaps of this sample. Note that the array RY is symmetric and non-
negative definite because the entries are normalized covariances of the Gaussian field .
Since each point is sampled independently, it is also weakly exchangeable, namely, for any

permutation 7 of a finite number of indices,

(R;V(l),,r(l,)) faw (R{Yl,). (2.6.19)

The push-forward of the probability measure EGZ % under the mapping
(v )ier > RN (2.6.20)

defines a probability measure on the space C of N x N arrays with entries in [—1, 1],
endowed with the product topology. Since C is a compact metric space (by Tychonoff’s
theorem), the space M;(C) of probability measures on C is compact under the weak
topology. Therefore, there exists a subsequence {N,,}mneny under which the above push-
forward measures converge weakly to the distribution of some infinite array R = (R, ) ren
in the sense of convergence of all their finite dimensional marginals. In particular, the
three properties of R mentioned above are preserved by the limit, meaning that R is also

symmetric, non-negative definite and weakly exchangeable.
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By the representation theorem of Dovbysh and Sudakov (1982) (see also the proof
in Panchenko (2010c¢)) and the atoms in Theorem 2.6.3, we can assume that the limiting
array R is a random element of some probability space with measure P (and corresponding

expectation F), generated by

(Ru/) = ((pl, pl/)q.[ + (1 — x’lﬁ_l)l{l:l/}) (2.6.21)

LI/eN LIeN’

where (p')en is an i.i.d. sample of replicas from some random measure us concentrated

a.s. on the sphere of radius vV a'4~! of a separable Hilbert space H.

By construction, there exists a subsequence { N,, }:men such that for any s € N and any

continuous function A : [—1,1]5¢=Y/2 5 R,
Tim G55, [h(BYi<r<s)] = Bus™[h(Riphicires)] (2.6.22)

In particular, from Theorem 2.6.3, we have

0, if r <0,
Eugz[l{}hz@"}} = Bc(5j)/ﬁv if r € [:Uj_laxj)> 1 S] < Z,B - 1a (2623)
1 if > glo—1

? Y

where 3.(5;) = 2/5; and 27 = J,2(N).
Next, we show the consequence of taking the limit (2.6.22) in the statement of Theorem
2.6.4. Note that a bounded function h : {20 2!, .. 2!~ 1}*6=D/2 5 R can always be

embedded in a continuous function defined on [—1, 1]*(s=1)/2,

Theorem 2.6.5 (Extended Ghirlanda-Guerra identities in the limit). Let § > 0 and
let pug be a subsequential limit of {Gsn}nen in the sense of (2.6.22). Then, for any
seN, any k € {1,...,s}, and any functions h : {20, 2!, ... 28713602 5 R and g :
{20 21, ... 2%~} — R, we have
S 1 S
Epj ™ [g(Rssn) h(Rig h<ivs)| = EE“E2[9(R1’2>}E“; P(Riaicioss)]

(2.6.24)

1 S
+- > Epg’ [Q(Rk,l) h((Ri,i'hgm'gs)} :
S 12k
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PROOF OF THEOREM 2.6.5. Let o < o' be a pair of scales such that
Nl a<a < NTmDlu=p (2.6.25)

for some j € {1,2,...,15}. From (2.6.22) and from Theorem 2.6.4 (in the particular case

where h is a function of the overlaps), we deduce

X (s+1)
Eus™ ™ fi ate g 2@l <t dr B(Rig)i<ii<s)]

= %Eu;2 |: f(jag (a),jo2 (a’)]l{T<R1,2}d7a:| EILLES |:h((R’L,’L/)1§l,’L/§S):| (2626)

1500 B | g a7 @L< dr B(Rigi<io<s))-

From (2.6.23), we know that 1;..g ,} is EuEZ-a.s. constant in 7 on the interval

(2971, 2/ T M=)) - Therefore, from (2.6.25) and (2.6.26), we get

By [ cryny M(Riihiziss)]
= 1Eu3* | Liwim<rigy| Bu3® [B(Rii i <o) (2.6.27)
+1 0 Bt {1{mﬂ'*1<Rk,l} h((Ri,i')lgz’,i’Ss)} :

Since R;;» > 0 Eugz—a.s. by (2.6.23), the last equation is also trivially satisfied with

1 = —1. But, any function g : {2 2!, ..., 2%~} — R can be written as a linear

say x~
combination of the indicator functions 1(-1.y, 7 € {0} U {1,2,...,13}, so we get the

conclusion (by the linearity of (2.6.27)). O

Remark 2.6.7. The extended Ghirlanda-Guerra identities are still the subject of ongoing
research in spin glass theory and the study of log-correlated random fields, so it is still
not clear why these identities seem to be a property shared in the limit by such a vast
collection of models. Perhaps even more universal could be the stochastic stability property
of random overlap structures (ROSt’s), which are defined and treated (for example) in
Aizenman and Contucci (1998); Contucci and Giardina (2005); Arguin and Aizenman
(2009); Talagrand (2010); Arquin and Chatterjee (2013). For instance, it is conjectured in
Arguin and Chatterjee (2013) that the laws of the ROSt’s satisfying the Ghirlanda-Guerra
identities correspond to the extremes of the convex set of laws of the stochastically stable
ROSt’s. It is also conjectured that the stochastic stability of a ROSt for a subsequence

of p-th power cavity fields implies ultrametricity. In this sense, it is expected that the
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stochastic stability property is more universal then the Ghirlanda-Guerra identities but
still implies ultrametricity under technical conditions. In Panchenko (2012), it is shown
how the Aizenman-Contucci stochastic stability property can be combined with a specific
form of the Ghirlanda-Guerra identities into a unified stability property analogous to the
Bolthausen-Sznitman invariance property in the setting of Ruelle probability cascades (see

Bolthausen and Sznitman ( 1998 ) )

Remark 2.6.8. [t is expected that the results of Arquin and Ouimet (2016) on the first
order asymptotics of the maximum and ~vy-high points can be extended to the more general
case where the variance function o in (2.4.1) is piecewise C'. Therefore, it is also expected
that the results in the present article could be generalised just like Bouvier and Kurkova
(2004b) did when they generalized the results of the GREM to the CREM (the GREM with

a continuum of hierarchies).

We could take this further by imposing o to be piecewise C' and by working directly
with the continuous version of the two-dimensional GFF instead of the discrete version.
A formal definition of such a field is given in Section 1.3 of Arguin and Ouimel (2016) as
well as a conjecture on the Hausdorff dimension of the vy-thick points (the analogue of the
~v-high points). The field is a random distribution (i.e. generalized function), so it cannot
be defined pointwise, but we can make sense of the collection of circle averages around a
point v € [0,1]* as a stochastic process. In fact, we would expect such a process, after a
time-change, to be equal in law to [yo(s)dB,(s), where B, is a Brownian motion adapted
to a certain filtration F,. We could then ask if it is possible to characterize the limiting
(with respect to the approximation procedure) law of the Liouville measure (the analogue
of the Gibbs measure) of this new field. For an introduction to these concepts, see e.qg.

Berestycki (2016); Rhodes and Vargas (2014); Sheffield (2007).

Finally, another natural question is to ask if there is a way to introduce randomness in
the function s — o(s) and still make sense of the questions above, although this is not clear
since the process (0(s))scpp,1) cannot be adapted (let alone predictable) simultaneously to all
the filtrations F,, v € [0,1]%. Maybe there is a way around this problem if the filtrations

share “information” in a very structured way.
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2.7. Consequences of Theorem 2.6.3 and Theorem 2.6.5

The first consequence concerns the geometry of the overlaps in the limit. It was shown
in Panchenko (2010a) (see also Panchenko (2011) for a simplified proof) that any limiting
array of overlaps that takes finitely many values and satisfy (2.6.24) must be ultrametric
under Epj>.

Corollary 2.7.1 (Ultrametricity in the limit). Let 8 > 0 and let ug be a subsequential
limit of {Gs N} Nen in the sense of (2.6.22). We must have

E,LLES(RLQ > R173 A jog) = 1. (271)

Since the replicas p' all have norm Vx's=1 almost-surely in H, then (2.7.1) is equivalent

to the ultrametric inequality
Eu®(llo' =l < o' = APl v IIo* = p°l) = 1. (27.2)

Remark 2.7.1. The random measure pug gives more weight to extreme values, so we can
interpret this corollary as saying that the extremes are clustered in a hierarchical way.
From (2.6.23), the number of hierarchies increases as the inverse temperature 3 becomes

larger than some of the critical thresholds (.(d;).

The second consequence makes the description of the structure of pz even more pre-
cise. Probability cascades were introduced in Ruelle (1987) to describe the limiting Gibbs
measure of the GREM. Since the (o, A)-GFF satisfies the extended Ghirlanda-Guerra
identities and the limiting two-overlap distribution takes finitely many values, we can
show that the limiting Gibbs measure 5 is a Ruelle probability cascade. First, we define
probability cascades by following Panchenko (2013b).

For a given r > 1, let

T={0}UNUN*U...UN (2.7.3)

be the vertex set of a tree rooted at (). Each vertex v = (ni,...,n,) € N, for p < r — 1,
has children

von = (ny,...,ny,n) € NPT peN. (2.7.4)

Each vertex v € NP is connected to the root by a path. Denote by p(v) the set of vertices

(excluding the root) on the shortest path from v to the root. Additionally, fix two sequences
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of parameters :

0=C1<GO<a<..<G1<¢G=1,

(2.7.5)
0=qg<q<..<g¢g-1<¢ <L

For all v € T, denote by |v| its distance in the tree, namely |v| = #p(v). Then, for
all v € T\N", generate independent Poisson point processes, denoted by II,, with mean

measure (|v|x’1’4\v\dx on (0,00). We arrange the points in II, in decreasing order :
Zpl > Z2 > e > Zpn > ... (2.7.6)

For each vertex v € T\N", the relative weight of each point in II, is defined by

Z’UTL

ZiGN Zui ,

o
Wyn =

neN, (2.7.7)

Say we are on a separable Hilbert space % with orthonormal basis {e, }ver\ 9. Consider

the vectors in J7
ho = 3 e (qu — qui-1)"? v e T\{0}, (2.7.8)

u€p(v)

and define a random measure on them by

Ghy) = [[ wa veN. (2.7.9)

u€p(v)
The random measure G is called a Ruelle probability cascade (RPC) associated with the
parameters in (2.7.5). It is defined up to an orthonormal change of basis.
We can think of N” as the leaves in the tree structure. From (2.7.8), each element in
{hy }venr has norm /¢ and the scalar product between two such elements can only take

values in the finite set
{O7Q1>(J27---,q7~}- (2710)

The weights (2.7.7), associated with each branch in the tree, are random. Hence, (2.7.9)
defines a random probability measure and each instance of G samples elements in {h, }yenr
by choosing a branch independently at each step, between the root and a leaf, with prob-
ability given by the associated weight in (2.7.7). The tree structure is illustrated in Figure
2.7.2. Since the weights are ordered in decreasing order at each scale, the branches on the

left are more likely to be selected at each step.
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FIGURE 2.7.2. Exact tree structure of a Ruelle probability cascade
with r = 2 levels. Given an instance w € () of the random weights,
the measure G samples elements in {h,},en- with probability equal
to the product of the probabilities associated with the branches on
the shortest path from the root to the leaf v. For example, we have
(G(w))(h(1,2)) = way(w)w(,z2y(w). For the scalar products, we have, for
example, (h(1,1)> h(z,z))% =0 and (h(2,1), h(2,2))5f = -

The corollary below shows that the limiting Gibbs measure of the (o, A)-GFF is a
RPC, despite its underlying tree structure being only approximate for finite V.
Corollary 2.7.2. Let 8 > 0 and let pug be a subsequential limit of {Gs n}nen in the sense
of (2.6.22). Then, ug has the same law as a RPC with parameters

e = lﬁ - 1,
hd CJ = Eu§2[1{R1,2S$j}} = (2/6J+1>/5? fOT CLH] € {O, 17 cey T — 1}7

o =l = Tp(N),  for allj € {01t}

PROOF. The proof follows directly from Theorem 2.13 in Panchenko (2013b) or from the
proof of Theorem 1.13 in Bovier and Kurkova (2004a) (once we have the ultrametricity).
We simply need to match the parameters so that {g;}/_, are the atoms of Euj;*(Riz € -)
and {V(;}"_, are the corresponding probabilities. O
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2.8. Proofs of the main results

Throughout the proofs, c, C,C, etc., will denote positive constants whose value can
change from line to line and can only depend on the parameters (o, A), unless additional
variables are specified. Equations are always implicitly stated to hold for N large enough

when needed.
2.8.1. Computation of the limiting free energy

Theorem 2.6.1 is a direct consequence of Lemma 2.8.1, which shows fx(8) — f¥(8)

in probability, and Lemma 2.8.2, which shows the uniform integrability of the sequence
{I /3% (B)|P}nen for all p € [1,00).

Lemma 2.8.1 (Convergence in probability of the free energy). Let n > 0 and § > 0.
There exists ¢ = c¢(n, B,0,X) > 0 such that for N large enough,

P(|f5(8) = 1*(B)] > n) < N~ (2.8.1)

PrOOF. Fix n > 0 and 5 > 0. For all i € {0,1,..., K + 1}, define v; = iv*/K. We will
choose K € N large enough later. We prove the upper bound first. Define

HAE () = {v € Viv : |ihy| > vlog N?}. (2.8.2)

From (2.5.2), (2.5.8), and the symmetry of Gaussian densities, the event

° A abs 2E(vi)+n K+1
Unicn = () {HR ()] < N0 }ﬂ{g@yw <

=0

7" log N2} (2.8.3)

satisfies P(U&,Km) < N~En.aX) for any given K. On the event Un,k s

K+1
Z%(B) = Z e < Z (|H?vbs(%—1)| - |H?\}DS(%)|)N2ﬂ%
veEVN =1

K
=D (N — N2 RS ()] + N2 HR® (o)
i=1

K
< N287VE Z N 287
i=0

Hy® (7). (2.8.4)

We used the fact that |H3(vk41)| = 0 to obtain the second equality. Therefore, on the

153



event Uy k.,

284 By*  log(K +1)
v
InB) s et TN T B En) +

l\D\d

for K large enough with respect
< Jmax (Bvi+E()) +n to n and 3, and N large enough
with respect to K and 7,

< max (By+E(7)) +n
v€[0,7*]

= fYB)+n by Lemma 2.9.8. (2.8.5)
Thus, for K large enough (fixed, depending on 1 and /), we have
P(f%(8) > 1°(8) +1) <P(Ug k) < N7, (2.8.6)
We now prove the lower bound. Recall that
Hn(y) = {v € Vy : ¥, > vlog N?}. (2.8.7)

From (2.5.2) and (2.5.9), the event

B N > N2E(i)—n K41 *log N2
NKg = ﬂ {IHn ()] FN max 1, < ——7"log (2.8.8)

satisfies IP’(BNKU) < N=<Enad) for any given K. On the event By f.,

K+1

ZH(B) = N e > Z Moy (i1)| = [Ho () ) N28-1

veVN

K

= D (N?7 — N2P0)[Hy (30) | + N7 [Hy ()

i=1

1K1

= Z N2B7i

=1

I\/

Hav (7). (2.8.9)

We used the fact that |Hy(vx+1)| = 0 to obtain the second equality. We dropped the
0-th and K-th summands to obtain the last inequality and took N large enough that
1 - N2577K > 1/2.

154



Therefore, on By k),

(2.8.9) n log 2

f%(ﬁ) z 15%%3{—1(6% &) - 2 log N2

3n for N large enough
> i+ E(v)) — —
- 15@?—1(67 +&03)) 4 with respect to n,

for K large enough with respect
2 max (By+E(v)) —n to n and f§ since v — (87 + £(7))
’ is continuous by Lemma 2.9.7,

= fY(B)—n by Lemma 2.9.8. (2.8.10)

Thus, for K large enough (fixed, depending on 1 and (), we have

P(fR(8) < f*(8) —n) < P(By ) < N-Wnod), (2.8.11)
Equations (2.8.6) and (2.8.11) together prove the lemma. O

For the uniform integrability, we follow the proof of Capocaccia et al. (1987), originally

given in the context of the GREM.

Lemma 2.8.2 (Uniform integrability of {|f%(3)["}nen). Let B > 0 and 1 < p < oo.
Then,

a—00

: () p _
lim ]Svlé%E“fN(ﬁ” 1{|fw)‘p>a}] = 0. (2.8.12)

PROOF. By definition, f{(3) = logﬁ log Y pevy €°Y. Bound from above every summand
by the maximum summand and bound from below by keeping only the maximum sum-
mand. If £y = max,ey, ¥,/ (log N?), it is easily seen that for N > 2,

log(N +1)2

Bew < fR(B) < Ben + =0 3

< Bén + 2. (2.8.13)

Assume that a'/?—2 > 0. By splitting the event {|f4(5)| > o/?} in two parts : {f4(5) >
a/P} and {—f5(8) > !/}, and then using (2.8.13), we deduce

P
E[IfX B Ly @sam)

< E[(ﬁ&v +2)P 1{5§N+2>a1/p}] + E{(—ﬁ&v)p L{_gey>al/v)
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=> E{ BEn +2)° 1{(l+1)o¢1/P>/B§N+2>la1/P}:|
=

—

+ZE[ —BEN)” Lis1)at/r>— 65N>la1/p}:|

0 1
) PoP( &N ~(laMP — ) .8.14
<250+ (vl > 500t~ 2)) (2.8.14)

Note that [£x] < max,eyy ||/ (log N?), and max,cvy, V(¢,) < J,2(1)log N + Cy by
Lemma 2.9.3. Therefore, for all [ € N, a union bound and a standard Gaussian tail
estimate yield (when N is large enough, say N > Ny > 2)
1
(\§N| > (lal/p — 2)) < (N +1)? rnax2]P’(wv > —(la*? - 2) logN2>
5 veVn B

(1al/P_2)2

< (N + 12N 570

(al/P_2)2 (1-1)2a2/P

< (N 412N #7200 N " Fpm (2.8.15)

To obtain the last inequality, we wrote (Ia'/? —2)? = (a!/? — 2 + (I — 1)a'/?)? and used
(a+b)2>a%+ b, a,b> 0. If we further assume that (a'/? — 2)2 > 327,2(1), the sum in
(2.8.14) tends to 0 as o« — oo, uniformly for N > N. O

PROOF OF THEOREM 2.6.2. Since x + logx is an increasing function and Ay, C Vy,

we have the upper bound on the limit in probability :

log Y e = fR(8) T2 £U(B). (2.8.16)

veEVN

" 1
fN,p(ﬁ) S lOgN2

On the other hand, from Lemma A.2 in Arguin and Ouimet (2016) and the independence
of the increments, we know that for any § € (0,1/2] and j € {1,2,...,m}, then for N large

enough and all v € V§ = {v € Vy i min,cpyy ||[v — 2]|2 > 6N}, we have
— C1(6,0) < V(Vih(V)) = 57V N log N < Ca(0). (2.8.17)

Hence, from the remark at the end of Lemma 3.1 in Arguin and Ouimet (2016), we know

that Theorem 2.5.1 and Theorem 2.5.2 (in this paper) hold on V3; the proof is in fact
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easier. Since Ay, D V3 for N large enough, we have

1
frp(B) = log Y. e’ >
Nop log N2 ve;\;,p log N2

log > e, (2.8.18)

vEV]‘\s,

A rerun of the proof of the lower bound in Lemma 2.8.1, with Hy(v) restricted to V),

yields the conclusion. O

2.8.2. The Gibbs measure near the boundary

The first step in the proof of Theorem 2.6.3 is to show that the Gibbs measure does
not carry any weight near the boundary of Vy in the limit N — oo. For this purpose,
recall

Ay, = {v €Vt min ozl Nlp}, pe (0,1 (2.8.19)

This box contains the points in Vi that are at least at a distance of N~ from the exterior.

The Gibbs measure of the (o, A)-GFF restricted to Ay, is

Gonp({v}) = , vE Ay, (2.8.20)

Zy ,(B)

where Z}@’ ,(B) = e Axp eP¥. We start by proving an upper bound on the following
quantity :

log > €. (2.8.21)

c
vEAN,p

TvpB) 2 o

Lemma 2.8.3. Letn > 0, 8 > 0 and p € (0,\1). There exists ¢ = ¢(n, B,p,o,A) > 0
such that -

P(f3,(8) > (f°(8) = p/2) +n) < N° (2.8.22)
for N large enough.

PROOF. In Arguin and Ouimet (2016), Theorem 1.2 and Theorem 1.3 prove that

maXyecvy 77% %

lim =7 in probability, (2.8.23)

N=oo  log N2
where
* __ M
Y= MaAXyy g,y 2ui=1 V’Viv

under the constraints Zle (V)\i — S@’f) >0, 1<k<M,
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and, for all 0 <~ < ~v*,

i o8(Ha (1))

A N = EM), in probability, (2.8.24)
—00 og

where

_ v i 2 _ -~ 2
6(7) = MAXny ys, v Zz]\il ' <v)‘i - gf%i) + <V)\M o %) ’
under the constraints Zle <V)\i — (V“’i)2> >0, 1<k<M-1.

The unique solution of each optimization problem is rigorously found in Appendix A of
Ouimet (2014) by using the Karush-Kuhn-Tucker theorem, and the solutions are shown

to coincide with (2.8.23) and (2.8.24) in Arguin and Ouimet (2016).

Now, to bound E@m(ﬁ) from above, we need to find the analogues of (2.8.23) and
(2.8.24) on A% , instead of Viy. To this end, we recall the set of representatives at scale A
from Arguin and Ouimet (2016), denoted by Ry. Loosely speaking, at a given scale A, the
points in Ry C Vi represent the O(N?*) nods of the underlying branching quaternary tree
structure of the GFF, see Figure 2.8.3. This branching structure is motivated by the fact
that if v\ denotes the representative at scale A > 0 that is closest to v, then, from Lemma
A.6 in Arguin and Ouimet (2016), we know that max,ey, V(¢,(A) — 1y, (N)) < C, for N

large enough.

FIGURE 2.8.3. The representatives at scale 0,1/4,1/2 and 3/4.
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More precisely, let B; = Vi, and for A € [0,1), the set Ry contains | N*|? v’s with
neighborhoods [v], that can only touch at their boundary (if they do touch) and are not
cut off by OVy. To remove any ambiguity, define R, in such a way that

max min ||v — 2|2 is minimized.
veEVN zER)

For instance, if N = 2", X\ € [0,1) and An € Ny, then divide Vy into a grid with N?*

squares of side length N'~*; the center point of each square is a representative at scale \.

Since we assumed p € (0, \;), the only difference is that there are O(N2*—r/2)) repre-
sentatives at each scale \; on Ay (¢ is still defined on Vi) instead of O(N>*). Therefore,
a rerun of the proof of Lemma 3.1 and 3.4 in Arguin and Ouimet (2016) (note that only

the upper bounds work) shows that for all ¢ > 0,

P ( max 1, > (14 ¢)v;log N2> < N~eEeod), (2.8.25)

UGAfV,p P
for N large enough, where
’7; = MaXy; ,va,...,ym sz\il V’yh
under the constraints Zi-“:l (V)\i - W) >p/2, 1<k<M,

01.2 VA;

and, for all 0 <~ <97,
IP’(|{U € A% 1y > ylog N2}| > N%WE) < N-erso ), (2.8.26)

for N large enough, where

° _ v i 2 _ _ 2
gp(,}/) = MaXy yo,.. 701 z‘]\ill (V)‘l - 5712%,)\1) + <V)‘M - %) - 0/2,

under the constraints Zle (V)\i — M) >p/2, 1<k<M-1.

A rerun of the upper bound in the proof of Lemma 2.8.1 shows that for all n > 0, there
exists a constant ¢ = ¢(n, 8, p, o, A) > 0 such that for N large enough,

P (700 > s (97 + €0) +1) < 5 (2.821)

v€[0,75]

The constraints associated with 7, and E,(7y) are respectively more restrictive than the

constraints associated with v* and &(7), so we obviously have

<y and E(v) <E(y) —p/2, 0<y <. (2.8.28)
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Therefore,

max (B7+€,(0)) < max (51 +E(7) — p/2) " 110) — o2 (2.8.20)

The conclusion of the lemma follows directly from (2.8.27) and (2.8.29). O
Lemma 2.8.4. Let >0 and p € (0,\1). Then,

lim Gg n(A%,) =0, (2.8.30)

N—o0

where the limit holds in P-probability and in LP, 1 < p < oo.

Remark 2.8.1. The result in Lemma 2.8.4 would not hold if we considered instead the

complement of V3, which is much larger than the complement of Anp.

PROOF OF LEMMA 2.8.4. Fix p € (0,A;) and € € (0,1), and let 77 > 0 depend on p. We

have

F(Gnn(,) > 2) < P(Gan(A5,) > et ow Z509) > £4(9) ~ 1)

P oz R ZH(0) < 1(0) 1)
= (1) + (2). (2.8.31)

For any 77 > 0, we have (2) — 0 by (2.8.11). Furthermore, since

{gﬁ,N( o) > 5} {log Z P > log Z4(B) + log 5}, (2.8.32)
then o
(1) < ]P’(loglN2 logve%:V P > fU(B) — p/2 + 77) , (2.8.33)
where ’ log &
n=p/2-0+ Tog N (2.8.34)

Choose 17 > 0 small enough, with respect to p, and N large enough, with respect to p and
g, that 7 > 0. The right-hand side of (2.8.33) converges to 0 by Lemma 2.8.3. This proves
limy 00 Gpn(Ag,) = 0 in P-probability. Since

sup [Gg v (AR )" < 1, (2.8.35)
NeN
the LP convergence follows trivially. 0
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The fact that the Gibbs measure does not carry any weight on Af , in the limit
generalizes to expectations of bounded functions of s vertices in Vy sampled from the
product of Gibbs measures. In Section 2.8.5, this will be used to obtain the approximate

extended Ghirlanda-Guerra identities on Vy from the ones on Ay ,.

Proposition 2.8.5. Let 3> 0 and p € (0,);). Denote v = (v, v? ...,v*). Then, for any

s € N and any functions h: V3 — R such that supy |||l < o0,

lim_|BG5, [h(v)] ~ BG5%, [h(v)]| = 0. (2.5.36)

N—oo
PROOF. Introducing an auxiliary term,
’Egﬂxjv[ ﬂ EgﬁNﬂ[ )H = ’Egﬂxj\f [h("’ﬂ ~EGsy [h(v) 1{veAIXpr}H
+ ’Egﬁxﬁv [h(v) 1{veAX5 } EGg, Np[ (v )H
= (1) + (2). (2.8.37)
Now, by monotonicity and sub-additivity,
(1) =EG; % [h(v)l{ﬂie{l ..... s} st. vieAﬁ\,yp}} < s EGs n(AY,) - Sup 17| oo- (2.8.38)

Similarly, for the second term,

(2) = BG5%, [h(0)] — EG3 [h(0) 1pens )]

QE‘;\, h(v) 1y pxs
—-F X[S { EXSN,p}:| (1 . gﬁv(v c A;ifsp))
Gan(v e AY) ’ ’

<E[1-Giy(v € AR,)] - sup [hlloe < 5 By n(A%,) -sup [hllc:  (28.39)
By Lemma 2.8.4, (1) + (2) — 0 as N — oo. This ends the proof. O

When s =2 and h(v,v") = LN (y0)<r}, Proposition 2.8.5 tells us that we can compute
the limiting two-overlap distribution of Theorem 2.6.3 by only considering a restricted ver-
sion, where the points are sampled from A%V, , instead of V2. This property will be crucial
to control the covariance of the increments in the next section, where we adapt the Bovier-

Kurkova technique. The proof of Theorem 2.6.3 will be given right after, in Section 2.8.4.
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Corollary 2.8.6. Let >0 and p € (0,)\). Then, for any r € R,

; 2 2
]\}Lnéo ’EQEN {1{qN(v,v’)§r}} — Egg’ij [1{qN(U7U/)<7,}H =0. (2840)
Note that (2.8.40) is valid even if r depends on p.

2.8.3. An adaptation of the Bovier-Kurkova technique

The Bovier-Kurkova technique is a way to compute the two-overlap distribution of a
model in terms of the free energy of a perturbed version of that model. In the context of
this paper, this connection is established by Proposition 2.8.8 below in the case (s = 1,k =
1,h = 1). One difficulty in the present case is the fact that the covariance between the
increments of the field depends on their position relative to the boundary. The restriction
to the set Ay, is a way to control this, cf. Lemma 2.8.7.

To simplify the notation, recall

_ . j02(.)
VEIOES ; 2.8.41
(= 23 (2841
and denote the increments of overlaps by
E ¢y (e, o) tw]
N A ’ ! 2.8.42
QQ,a (U,U) jUZ(l)IOgN—f—C()’ v,V EVNy ( 8 )

where Cj is the constant introduced in Lemma 2.9.3. Estimates on (2.8.42) are given in
terms of (2.8.41) in Corollary 2.9.6 of Appendix 2.9.1. The following lemma uses these
estimates in order to compare ¢" (v,v') and ¢} ./ (v,v’).

Lemma 2.8.7. Let 0<a <o’ <1 and p € (0,1]. Then, for all v,v" € Ay,, for all

Cr
>
— log N

+ Cs p, (Cr,Cs are from (2.9.44)) (2.8.43)

and for N large enough (dependent on « and o', but independent from v,v', and indepen-

dent from p (except when o =10)) :
(1) If ¢V (v,v") < T,2(a) — ¢, then

Qe (0.0') = O ((log N)™12) + O(p).

(2) If Tpo() + € < ¢V(v,0) < Tpe(o) — €, then

4o (v,0') = 4" (,0) = Tp2() + O ((log N)™7%) + O(p).
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(3) If T2 () + & < ¢V (v, 1)), then

@Yo (V) = Tp2(a,d') + O ((log N)_l/z) + O(p).
In all three cases, O(p) is uniform in N.

PROOF. From (2.9.44), we know that |¢" (v,v') — J,2(bx(v,v"))| < e. Thus, in each case
respectively, we deduce (1) : by < «, (2) : a <by </, and (3) : o/ < by. Use (2.9.44)

again to get the appropriate bounds on qﬁf o (v, 07). O

Here is the main result of this section.
Proposition 2.8.8. Let 0 < a <o <1, p € (0,1] and Sao = (Tr2(a), Tp2(a)]. Let
>0, seN, ke{l,..,s}, and let h: Vi — R be such that supy |||l < 00. Then, for

all

Cy
£ > e N + Cs p, (Cr,Cs are from (2.9.44)) (2.8.44)

and for N large enough (dependent on o and o/, but independent from v,v', and indepen-

dent from p (except when o =0)), we have

EG % [y (a, a')h(v)] S BGS N, s, Lrca ety dr h(v))]

B (Jy2(1) log N + Cy) —sEGINE [ s, Lraqvior Usﬂ)}dm(v)}

Egﬁ N P{ {T,2()—e<gN (v")<T 2 (a)JrE}]
< C-s-sup [Ihlloe - § BGZR 147, a0)-c0¥ <, aertat] [ (2.8.45)
+0 ((log N)_l/Q) + O(p)

where O(p) is uniform in N and C > 0 is a universal constant.

PROOF. For any [ € {1,...,s + 1},

Egﬁ S—‘rl

/S ]/-{r<qN(vk,Ul)}dT h(’U):| (2846)

s+1)
= Egﬁ (s+ |:(qN(1)k7 'Ul) — 2 (a/))1{:702(a)<qN(vk,vl)§j02(a/)} h(’U)]

+EG Y

jOZ (a [0 )l{j 2(a)<gN (vk wh)} h(’U):| .
On the other hand,

EQBNp[ka(Cz,a } > E

UEAXS

Hl/ lzvl/eAN exp(ﬁwvl/)

(0, 0)h(v) T 1exp<a¢vz>]. (2.8.47)

163



For a centered Gaussian vector X = (Xj,..., X,,) and a twice-continuously differentiable
function F' on R™, of moderate growth at infinity, we have the formula E[X;F(X)] =
T EXGXGIE {8XjF(X)]. Here, for any v € AY’,, the relevant Gaussian vector is

(ka(a,a’) bl e {1, 8} Yt e Ay, I e {1, ...,s}), (2.8.48)

where X; = ¢ (v, /) and F = h(v) [;_exp(Bvy)/ -, Yoy, exp(Sv,v). Applying
the formula to the right-hand side of (2.8.47) yields

(2.8.47) ZBE%M[ [W(a,a’)%z]h(v)}

(2.8.49)

—sp Egﬁ x(s41) {¢Uk (Ck’ O/)wvs-&-l} h(v)] .

If we divide (2.8.49) on both sides by £ (J,2(1) log N + Cj), we deduce
EG) v [ur (0, a)h(®)] | S BG4 e (08, 0)h(v)] 2.8.50

P(T(MIog N +Co) | —sBG; D [, (vF, v+ h(w)]

Now, one by one, take the difference in absolute value between each of the s+1 expectations
inside the braces in (2.8.50) and the corresponding expectation on the left-hand side of

(2.8.46). We obtain the bound (2.8.45) by using Lemma 2.8.7. O

2.8.4. Computation of the limiting two-overlap distribution

Let o, o’ € [0, 1] be such that
M < <a<d <A <N (2.8.51)

for some ¢* and j*. Define ¥*, the perturbed scale-inhomogeneous GFF, mentioned in the

previous section, by

P = udy(a, ') + 1, where u > —0. (2.8.52)

The dependence on o and «' is made implicit to lighten the notation. In the proof of
Theorem 2.6.3, Proposition 2.8.8 will be used to link the limiting two-overlap distribution
of ¥ to the derivative of the limiting free energy of )" with respect to the perturbation

parameter u.
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PrROOF OF THEOREM 2.6.3. By Corollary 2.8.6, it suffices to prove that

lim lim ]Egg?\;’p [1{qN(v,v’)§r}:|

p—0 N—oo
0, if r <0,
(2/6J>/67 ifre [jUQ(Aj_l)J jUQ(Aj))J J < lﬁ -1, (2853)
1 if 7> Je(As1).

Since [0,1] € R is compact, the space M;([0,1]) of probability measures on [0,1] is
compact under the weak topology. Thus, any subsequence of the cumulative distribution
functions on the left-hand side of (2.8.53) has a subsequence converging to a cumulative
distribution function. Pick any converging sub-subsequence and denote its limit by r —
Qp(r). Since M; ([0, 1]) is a metric space, the proof is reduced to showing that () is given
by the right-hand side of (2.8.53).

We already know that Qg(r) = 0 for all » < 0 since Corollary 2.9.6 implies

liminf liminf min ¢~ (v,2") > 0. (2.8.54)

p—0 N—oo vv'€An,

We also have Qs(r) = 1 for all r > 1 since max, ey ¢ (v,0) < 1 by Lemma 2.9.3 and
the Cauchy-Schwarz inequality.

To determine Qg on [0, 1), let o, o’ € [0,1] be such that J,2(a), J,2(a') are continuity
points of Q3 and (2.8.51) is satisfied. Direct differentiation gives

20i* g

u EGs n,p|tw(a, &
E[f(8)] _ Baus ()]

u:O_ BT,2(1)log N

(2.8.55)

p2T,2(1) O

Combine this result with Proposition 2.8.8 in the special case (s =1, k =1, h = 1). After
taking the limits N — oo (use Corollary 2.8.6 on the right-hand side of (2.8.45)), p — 0

and then ¢ — 0, we find

/( _ Q(r)dr = lim lim — 20" auE[f;@fp(g)} (2.8.56)

J,2(0), 7,2 ()] p=0N=oo 3272 (1) O

u=0

For all p € (0, 1], the function u — ]E[f}f,up(ﬁ)] is convex by Lemma 2.9.9, and by Theorem

2.6.2, )
lim E[f3(8)] = £ (8)- (2.8.57)
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Pointwise limits preserve convexity, so u +— f¥"(3) is convex. From Lemma 2.9.10, ,
we also know that u ~— f¥"(3) is differentiable on an open interval (—§,d), for § =
d(B,a,, o, A) small enough. In particular, by another standard result of convexity (see

e.g. Theorem 25.7 in Rockafellar (1970)),

im B[] = 2 ), (2.8.589)

N—=oo Ou

for all u € (—6,9) (and all p € (0,1]). The derivative of u — f¥"(8) at u = 0 is given by
(2.9.76). Thus, from (2.8.56), we get

(r)dr = (2.8.59)

T2 (a, '), if j* > 5.

J Q Tor(0, o) 225 i e <y — 1,
(T,2(),T,2(a)] g

But @ is right-continuous (it’s a cumulative distribution function) and (2.8.59) holds for
all pairs J,2(a), J,2(a’) of continuity points satisfying (2.8.51), so Q3 must be equal to
the right-hand side of (2.8.53). This ends the proof. O

2.8.5. Proof of the approximate extended Ghirlanda-Guerra identities

We start by proving a concentration result. Denote v = (v!,...,v*) in this section.

Lemma 2.8.9. Let A1 < a < o/ < N\« for some i*, and let § > 0 and p € (0,1]. Then,

forany s € N, any k € {1, ..., s} and any functions h : Vi — R such that supy |||l < 00,

) ‘EQMP ka(a,a Jh(v) Egﬂ,N,p[ka(a7a>}EgﬁNp[ (v )H
11m

N—oo 6 (jgz(l) lOg N + Co) - O (2860)

ProOOF. If we apply Jensen’s inequality to the expectation EGZY [], followed by the

triangle inequality, we have
BG5 [t0 (0,0)h(0)] — B [ (0, @) |BG5, [(0)]

(@) = EGa [ (0,0 | - sup 1]
N

< (@) + (0)) - sup [|7]]oc, (2.8.61)

< EGs N,

where

(@) + (B) =BG,y s (01, ) = Gap [V (.01
+E|Gan [t (0,0)] — EGp v, [t0 (0, )]

(2.8.62)

166



In the remainder, we follow the strategy developed in the proof of Theorem 3.8 in
Panchenko (2013b), where the same concentration result was proved for the mixed p-spin
model. We show that, for all p € (0, 1],

(@) Lo ()
J\}lgclxu logN_O and ]\llinoo logN_O' (2863)

Step 1 : For all p € (0,1], imy_,e =% = 0.

log N
Note that
/ / eXp(ﬁva)
=E 1 — Yy2( 0,
(CL) gﬁJVyP U2§N!p(¢v (Oé, 6 ) (G (Cl/ o )) Zz2EAN,pexp<5¢22)
<EGSR,[vur (0, 0f) = (0, o). (2.8.64)

For u > 0, we define a perturbed version of the last quantity (where the Gibbs measure

Gs.N,pu is now defined with respect to ¢*) :

D(u) = EG5ay pu| o (@, @) = th2(ar, @) (2.8.65)
We can easily verify that
u u rr
uD(0) = /0 D(y)dy — /0 /0 5y DW)dydr. (2.8.66)
and also that
U (a, ) — P2 (a,a’
;D(y): b EG5 X oy (@) (@) (2.8.67)
y o (Y (@, ) + 2, ) = 2¢ys(a, )

If we separate the last expectation in two parts and apply the Cauchy-Schwarz inequality

to each one of them, we find (for y > 0) :

0 B Egg,?\[,p,y d}vl (aa O/) - %2 (Oé, O/> %1 (Oé, @,) - 1/}1)3 (Oé, O/>
y T HEGEN [ (o, ) = e (a, ) [ (o, o) — s (a, o)
< fi* OF 53\77p7y|:(¢v1(05705/) — @/J@(Oz,a'))?. (2.8.68)
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From the elementary inequality (c + d)? < 2¢ + 2d?, we also have
2
ZEQﬁpr[(wvl(&, o) — e (a, o/)) ]
2
< 8E95,N,p,y[(¢v(a, o) = Gy [0, O/)D } (2.8.69)

By putting (2.8.68) and (2.8.69) together in (2.8.66), we obtain (for u > 0) :

<y>\ dy

<2 (i /0“ EGs N py [(@bv(a, O‘/) — Gs.Npy {wv@‘a a,)DQ] dy) "

422 B ((0:0) = G wulo]) Jap 2870)

D) <= ["Dly)

In order to bound * [i* D(y)dy, we separated D(y) in two parts (with the triangle in-
equality) and we applied the Cauchy-Schwarz inequality to the two resulting expectations

%fou EGs n .yl -] dy. Denote

enp(u) = lo;N /Ou EGs Ny va(a, ) = Gsnpy {wv(a, a’)Djdy. (2.8.71)

So far, we have shown that

@ DO _, [en ), 85

log N —logN = “Vulog N o(1). (2.8.72)
Let
F(u) = f]’l\l;jtp(ﬁ) log N2 log Z u¢v(0¢ o’ +¢v) (2873)
vEAN,,
and note that
2 2 2
E[F//<y)] = a%ligN? E [g@N%y va(a, O/)) ] _ <g57N7p7y [@Zjv(a, O/)}> }
poo 1 , e
= 207 log N D98N K%(a, o) = Gg N py |l @ )]) } (2.8.74)

From (2.8.71) and the convexity of F' (see Lemma 2.9.9), we have, for all y € (0, 0;+),

2(71‘2* “ " 201 / /
ewo(w) = 5 [ EIF" ()] dy = 75 E[F () ~ F/(0)]
202 _[Fu+y)— F(u) F(0)— F(-y)
<% El ; - ; ] (2.8.75)
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By putting (2.8.75) in (2.8.72) and by using the mean convergence in Theorem 2.6.2, we
get, for all p € (0,1] and all u > 0 and y € (0, 0+ ),

, (a) 88 20% (flu+y)—f(u) f(0)— f(~y)
ISP g N = 5, B2 ( y - ) (2.8.76)

where f(u) = f¥"(8). From Lemma 2.9.10, there exists § = §(8,a,’,0, ) such that
f is differentiable on (—0,d). Therefore, take u — 0% and then y — 0" in the above
equation, the right-hand side goes to 0. The left-hand side does not depend on u or ¥, so
we conclude that for all p € (0,1], limy_o(a)/log N = 0.

Step 2 : For all p € (0,1], limy o % = 0.

Let F(u) = f}ép(ﬁ) as in (2.8.73) and, for u € (0,0;+), let
n(u) = | F(—u) = E[F(—w)] | + |F(0) = E[F(0)] | + [F(u) — E[F(u)] | (2.8.77)

Differentiation of the free energy gives

(b) = MCENJE’F’(O) _E[F(0)] ‘ (2.8.78)
From the convexity of F' (see Lemma 2.9.9),
7(0) -~ EF O] < W FO gip)
< |E[F<“)] ;E[F(O)] - ]E[F’(O)]‘ + 77(;) (2.8.79)
() - EF©O)] > TN gip)
> _ |E[F<O)] _uE[F(_“)] - IEI[F’(O)]| - "(u”) (2.8.80)
By taking the absolute value and the expectation, we get
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Recall that I’ and 7 are functions of N and p by definition. From Theorem 2.6.2, we know
that for all p € (0,1] and all u € (0, 04+),

lim E[n(u)] = 0. (2.8.82)

N—oo

Using (2.8.57) and (2.8.58) in (2.8.81), we get, for all p € (0,1] and all u € (0, 0+),

limsup{ a0 }g‘f(u)_f(o)—f’(O)‘Jr‘W—f’(O), (2.8.83)

Nooo | 204+ logN u

where f(u) = f¢"(5). Finally, take u — 0T in the last equation, the differentiability of f
at 0 (from Lemma 2.9.10) implies that for all p € (0, 1], limy_,o,(b)/log N = 0. This ends
the proof of Lemma 2.8.9. O

Finally, we can prove the approximate extended Ghirlanda-Guerra identities.

PROOF OF THEOREM 2.6.4. In addition to (2.6.16), assume that A\jx 1 < o < o < A\j»
for some i*. Also, let p € (0, \1). If we combine Lemma 2.8.9 and Proposition 2.8.8 with

the triangle inequality, we get

EGg N,p [t 1 (a,0)]
5(702(p1)10gN+CO) EgﬁNp[ (v )}

s VEGS | Js, Lrea @ atydr h()]
SEgﬁ s+1)[fs ]-{r<q (v s+l }d?“ h( )}

} < RHS(2.8.45) 4+ on(1),  (2.8.84)

where RHS means “right-hand side of”. Furthermore, from Proposition 2.8.8 in the special

case (s=1, k=1 h=1),

EGs N, ol 1 (,0)]
B(T,2(1)log N+Co)

]EQB N,p { fs ,1{r<qN(v’“7v’“)}dr}

,8 Np [ fs 1{r<qN(v1,v2)}dr}

< RHS (o1 4=1)(2.8.45). (2.8.85)

By combining the last two bounds with the triangle inequality, we find

Egﬂ X (s+1) {fSa,all{r<qN(vk’vs+l)}dr h(’U)}
lim sup { 1Egﬁ N,p [ fS A< @ }dr} Egﬁ Np[ (”)} } (2.8.86)

N—o0
+§Zf¢kEggjv,p[fs Lo dr h(v)]
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i Supy o0 BGHN | 17,5 (0)-c<0¥ 012,002}
<C- SUp [|ofloc - 4 Timsupyy_,o BG3 (7 o (o) e (v <7 (@) 23]
+0(p)
Using the triangle inequality, Proposition 2.8.5 and Corollary 2.8.6 in (2.8.86), it is easy
to show that inequality (2.8.86) is also true if G x,, is replaced everywhere by Gg . From
Theorem 2.6.3, condition (2.6.16) guarantees that J,2(a) and J,2(a’) are continuity points

of the limiting two-overlap distribution. Thus, after the replacement of the Gibbs measures

in (2.8.86), take p — 0 and then ¢ — 0 to deduce (2.6.17).

If we only assume (2.6.16), note that A\;_; <a < \; and A\y_; <o’ <\ for some 7,7’

By the above argument, we have (2.6.17) for each pair of scales
a < N ; A < )\i+1 T Airlo < X1 5 A1 < o (2887)

Add all the limits together and use the triangle inequality to conclude. U

2.9. Appendix
2.9.1. Covariance estimates

The Markov property of the GFF, which is a consequence of the strong Markov prop-
erty of the simple random walk (in the covariance function in (2.1.1)), implies that the
value of the field inside a neighborhood is independent of the field outside given the bound-
ary, see e.g. Dynkin (1980). In particular, for the neighborhood [v],, this implies

Pu(A) = E{% | fa[vhu[v}i} = E{% | fa[u]J- (2.9.1)
Define the branching scale between v and v' in Vy :
by (v,0') = max {\ € 0,1] : [u], N [v']x # 0}. (2.9.2)

This is the largest A for which the two neighborhoods [v], and [v'] intersect. We always
have by definition that ||v — v'||s is of order N'=®¥(*") " The branching scale plays the

same role as the branching time (normalized to lie in [0,1]) in branching random walk.
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Define
log 4
log N’

)

EN
For all v,v" € Viy (v # v'), this definition guarantees that for all N € N,

[y +en) N [V 1Ay +en) = 0
i (2.9.3)

[]py U [V )5y € [V]ovioy—en) N [V ]ovsy—en)-

To convince the reader, see Figure 2.9.4 below and note that N°~¥ = 4.

[U ]bN E’Nl—bN
. [v']bn
[U]bN | Ef'lebN [v]bN
J Cv(Nl—b)q *
. 1+-bn
CN s
le(bN‘FEN)
Nl—bN
N1-(bn—en)

FIGURE 2.9.4. Illustration of Equation (2.9.3).

If A< X and u < ¢/, a direct consequence of (2.9.3) and the Markov property of the
GFF is the fact that when

2 > bN(Uavl) +en,
v#V and  {or (2): A > by(v,0) +en > by(v,0) —en > 1,

o
=
—~
w
N~—
(=

Dby (v,0) —en 2 A > i e,
or
v=2v" and \>

then

®u(A, N') is independent of ¢y (, ). (2.9.4)
This is because the shell [v], N[v]§, does not intersect the shell [v'], N[v']f, in all cases, see
Figure 2.2 in Arguin and Ouimet (2016). The “spacing” ey is not optimal but sufficient

for our purpose. We stress that, in general, the field 1) does not have the Markov property.
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However, by working with increments of the field 1, the property analogous to (2.9.4) can
be proved. The following lemma is a refinement of Lemma A.1 in Arguin and Ouimet
(2016), where the error term ey is introduced to make the statement hold for all N, not

only N large enough.
Lemma 2.9.1. Let v,v" € Vy, A< N, p < p' and ey = (log4)/(log N). If

> by (v,v') +en,
2): A > bn(v, V) + ey > by(v,0) —eny >,

w
~
S

cby(v,0)) —en > A > +en,

then
Yo\, X)) is independent of 1y (u, 1), (2.9.5)
ProoF. Using the tower property of conditional expectations, we have the following de-
composition (see (A.4) in Arguin and Ouimet (2016)) :
wv()\, )\/) = Z ag; st()\ V )\Z’_l, /\/ N )\1) (296)
1<i<M:

A< 1< or A< <N
or \j_1 <A<\ <\

The conclusion follows directly from (2.9.4) above. O

The next lemma gives upper and lower bounds on the variance of the increments of

the field ¢ in Ay ,. Recall from (2.8.19) that

o . ; _ 1-
An, = {v €V min o=zl N ﬂ}, pe (0,1 (2.9.7)

Lemma 2.9.2. Let A\, <a<a <X\ for somei € {1,....,.M}, a # 0 and p € (0,q].
Then, for N large enough (dependent on «, but independent from p),

max
UEAN’p

E[wv(a, 0/)2} — (o' — a)a?log N’ < Co7?. (2.9.8)

PROOF. This is Lemma A.2 in Arguin and Ouimet (2016) with v € Ay, instead of v € V.
The proof is exactly the same and the constant C' is independent of o because p € (0, ]

implies that the boxes [v], are not cut off by dVy. O
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The next lemma shows that the upper bound on the variance of the increments in
(2.9.8) is in fact uniform on Vy. We extend the statement to include all combinations of

scales o < .

Lemma 2.9.3. There ezists a constant Cy = Co(a) > 0 such that for all scales 0 < a <

o <1 and N large enough (independent from o and o),

maXE{wv(a,(x’)Q} < JTo2(a, ') log N + Cy,. (2.9.9)

veVN

ProOF. This follows immediately from Lemma A.3 in Arguin and Ouimet (2016) and the

independence of the increments. U

In Section 2.8.3, estimates on the covariance of the increments are needed to bound
certain overlaps and adapt the Bovier-Kurkova technique. The next two lemmas take care

of this problem. To simplify the notation, define

¢o(A) = E[% | -Fa(AmVN)} : (2.9.10)
Go(A1, Az) = ¢u(As) — ¢u(Ar), (2.9.11)

for any sets A, Ay, Ay C Z2. With this notation, we can also mix sets and scales with the

obvious meaning. For example,
Po(A,A) = 9u(A) — du(A). (2.9.12)

For simplicity, we write by instead of by(v,v") in the remaining of this section.

Lemma 2.9.4. Let \; 1 <a<a' <)\; for somei € {1,...M}, a #0, p € (0,a/2], and
en = (log4)/(log N). All four equations below hold for N large enough (dependent on «
and o, but independent from p and v,v'). All the constants C;, 1 < i < 4, depend only
on (o,X). For allv,v' € Ay, such that 1 A (o/ +2en) < by <1,

’]E[@Z)v(a, o/)wv/} — (o' — a)o?log N’ < Chy/log N. (2.9.13)

For allv,v" € Ay, such that o/ —2ey < by < 1A (¢ + 2ey),

’]E[@Z)v(a, o/)wvl] — (o' — a)o?log N’ < Cyy/log N. (2.9.14)
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For all v,v" € Ay, such that o+ 2eny < by < o — 2¢ey,
B[y (ar, )b | = (by — @) 07 log N| < C3y/log N.
For all v,v' € Viy such that by < o + 2ey,

< Cyy/log N.

B[ (0, /)]

(2.9.15)

(2.9.16)

PROOF OF EQUATION (2.9.13). Let v,v" € Ay, be such that 1 A (o/ 4+ 2ey) < by < 1.

The case by =1 (i.e. v =1') is covered by Lemma 2.9.2. Therefore, assume

Oé/+2€N <by <1
From (1) — (3) in Lemma 2.9.1 :

(2): E[gu(a,a’)u (1A (by +ex),1)] =0,
(3): E[t(a,a)w(e +en,by —en)| =0,
(3): E[t(a, 0 )w(a —en)] =0,

Moreover, by the Cauchy-Schwarz inequality and Lemma 2.9.3,

B[, ") (b — v, LA (b +en)

B[ (0, 0 )pur (0 + en)] | < Cy/enlogN.

‘]E [wv(a, by (a0 — e, a)} ‘

From the last six equations, it thus suffices to prove

‘E[lpv(a,O/)l/}U/(Oé,a/)} — (o' — a)o?log N‘ < Cy/log N.

(2.9.17)

(2.9.18)

(2.9.19)

But, from Definition 2.1.1 and the tower property of conditional expectations, it is easily

shown (see (2.9.6)) that when \;_;1 < a< o/ <\,
¢U<a7 O/) - O-igbu(aa O/)7 u € VN'
Therefore, to show (2.9.19), it suffices to prove

B¢, a)w(a,0')] = (o — @) log N| < Cy/log N.
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Since by > o + 2ey by hypothesis, we have
[V]o UV ]a C [V]a—ey and  [v]o U [V ]o C [0]ar—cy- (2.9.22)
From (2.9.22) and Lemma A.5 in Arguin and Ouimet (2016), we deduce
E[¢u() a-cy)?] < C, forall ue {v,v'}, A € {a,a'}. (2.9.23)

By combining these four inequalities in (2.9.21) with the Cauchy-Schwarz inequality and

Lemma 2.9.3, it suffices to prove

E[du([Vlaen: [Plaren)bu([t]aey: [V]ar—2y)| = (@ —a)log N| < C. (2.9.24)

For u € {v,v'}, the Markov property (2.9.1) yields

E[¢u([v]a—aNa 1) |‘F8[U] 4

o’ —EN

| = Gul[Wlaens [Vlar—en)- (2.9.25)
Using (&) : E[E[X | F]E[Y | F]] = E[XY] - E[(X —E[X | F])(Y —E[Y'| F])] together
with (2.9.25), we can compute the covariance in (2.9.24) :

E @y ([t]a—cy: [Varey ) dvr ([V]a—cxs [V]ar—cx )]

(2.9.25
— ) E|:]E [¢U([v]a—6w7 ]') | -F[*)[v] ’

@ —EN

JE[gu([tla-exs 1| Foter ., ]|
Y E[gu([v]a-cns Dow([Wlacey D] = E[du([t]wr—ey Déur([tlar—en. D], (2.9.26)

But, it is well known that {¢,(B,1)}uep is a GFF on B when B C Z? is a finite box,
see e.g. Zeitouni (2017). Simply choose B = [v]x_cy, A = @, ¢/, in (2.9.26), then by the

covariance definition in (2.1.1),
(2.9.26) = Gy (v, ) = Gy, (0,0). (2.9.27)

Using standard estimates for the discrete Green function, we can now evaluate the last
expression. For every finite box B C Z?2 Proposition 1.6.3 of Lawler (1991) shows that

(keeping in mind our normalization by 7/2 in (2.1.1)) :

Gglz,y) = | Y. Pe(Wr,, =2)a(z —y)| —aly—z), =z,y€ B, (2.9.28)

z€0B
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where

afuw) = log(||w||2) + const. + O(||wl|3?), if w € Z*\{0}, (2.9.20)
0, if w=20,

and &, is the law of the simple random walk starting at = € Z?. Using (2.9.28), we can
rewrite the difference of Green functions in (2.9.27) as

P\ W, =z ]a(z — ')
> Po(Weyy, . =2 )al

2€0[v]a—cp

- 2, < e z)a(z —'). (2.9.30)

2€0v]yr ey

Since p < a/2 < o — ey <  — e by hypothesis, the boxes [v],_c, and [v],_c, are not
cut off by Vi for N large enough. Furthermore, o’ < by implies that |[v —v/||, < N'=,
so it is easily seen that N'™* < ||z — /||y < 4v/2N'" for all z € 9[v]y_., and X € {a, '}
Then, (2.9.24) follows immediately by using (2.9.29) in (2.9.30). This proves (2.9.13). O

PROOF OF EQUATION (2.9.14). Let v,v" € Ay, be such that
0/ — 281\7 S bN S 1A (O/ + 26]\[). (2931)

Define & = o — 4ey. For N large enough (independent from v,v" and p), we have

Aici Sa<d <o <\ and 1A (& 4 2ey) < by < 1. From Equation (2.9.13),

[E[tu(or, @) | — (o — & — den)o? log N| < Cyyflog N, (2.9.32)
and from the Cauchy-Schwarz inequality and Lemma 2.9.3,

(B[ (@, o) ]

< Cy/enlog N. (2.9.33)
This proves Equation (2.9.14). O

PROOF OF EQUATION (2.9.15). Let v,v" € Ay, be such that a + 2ey < by < o — 2ep.
From (1) — (3) in Lemma 2.9.1 :

(1) [wv(bN +en, o)y (by +en, 1) =0,

(2): E[t(a,by — en)tbw(by +en,1)] =0,
@:E%%+Wﬂwmmwﬁwza (2.9.34)
(2) : E[%(bN +en, o )y(a—ey)] =0,

(3): E[tn(a,by —en)tbw(a —en)| =0.
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Moreover, by the Cauchy-Schwarz inequality and Lemma 2.9.3,

E [ (by — ex, by + en)tbu (by + £n, 1))

E [ (@, o )thus (bx, by + £n)] |

E[thu(by, @)t (b — en, b)) | < Cy/enlogN. (2.9.35)
E[wv(b b+ en)tw(a, by — &) -

E [t (0, /)y (@ — en, 0|

E [t (by — ex, by +en)tbw (@ — en)]|

From the last eleven equations, it thus suffices to prove
‘E[wv(a, by )y (v, bN)} — (by — ) o log N‘ < Cy/log N. (2.9.36)

The conclusion follows from the exact same argument used after (2.9.19) in the proof of

Equation (2.9.13), with by replacing o/ everywhere. O

PROOF OF EQUATION (2.9.16). Let v,v" € Viy be such that by < a4 2eny < o — 2¢ey.
From (1) — (3) in Lemma 2.9.1 :

(1) : E[w(a+3en, o ) (a+3ex,1)] =0,
(1) : E[ty(a+3en, o)t (a A (by +en), )] =0, (2.9.37)
(2): E[t(a+3en, o )tuw(a A0V (by —en)))| = 0.
Moreover, by the Cauchy-Schwarz inequality and Lemma 2.9.3,
B[y (o + Be, o) (, 0+ Ben)] |
B[y (o + B2y, ') (a A (O V (by — en)),a A (by +en))]| ¢ < CvEnTlogN.
‘Ewu(a, o+ 3€N)77Z)v’]

The last six equations together yield Equation (2.9.16). O
We summarize the results of the previous lemma and extend the statement to include

all combinations of scales @ < o/ and all p € (0, 1].

Lemma 2.9.5. Let 0<a <o’ <1 andlet p € (0,1]. Then, for N large enough (dependent

on « and o/, but independent from p (except when o =10)),

max ’E[@Dn ! a)z[xv} T2(a ANby, o N by) logN’

v,v'€EAN

< Cs(o,A)/log N 4+ Cs(a, o', o, X) plog N. (2.9.38)
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PRrROOF. If a # 0 and p < /2, then write the decomposition from (2.9.6),

Yo(a, ) = > (Vg d AN, (2.9.39)
1<i<M:
a<);_1<a’ or a<);<a!
or A¢,1§a<a’§/\i

and apply Lemma 2.9.4 to each increment (Cs = 0). If @ # 0 and p > /2, orif « =0
and p > o//2, then simply choose Cg big enough (depending on « or o) that (2.9.38) is
satisfied. This is always possible since J,2(-, ) is bounded and since

‘E[%(% O/)%/]

< 294
vg}g‘)/(N lOgN _C, ( ) O)

by Lemma 2.9.3. Finally, if « = 0 and p < o//2, then define & = 2p and apply (2.9.38) in

the first case (0 # & < o and p < &/2), we have

max
v,v'€EAN

E[0(@, 0/ )] — T2 (@ A by, o/ Aby)log N| < Cs(or, A)yJlog N. (2.9.41)

On the other hand, if we “cut” the increments with small covariance contributions like we
did multiple times in the proof of the previous lemma (using Lemma 2.9.1, Lemma 2.9.3
and the Cauchy-Schwarz inequality), then

max ‘IE {wv(&)@bv/}

v, EVN

< max [E[vu(@ A by)w (@ Aby)]| + Cv/Er log N

v,v' €VN

< C(aNnby)logN + Cy+ Cy/enlog N

< Cplog N + Cy/log N. (2.9.42)
Combining (2.9.41) and (2.9.42) proves (2.9.38) in the last case. O

The following corollary gives estimates on the increments of overlaps. For convenience,

we recall their definition from (2.8.42) :

E [y (a, o' )by
J2(1)1log N + Cy’

ANCBE:S v,v" € Vi, (2.9.43)

where () is the constant introduced in Lemma 2.9.3. The estimates are crucial in Section

2.8.3 to adapt the Bovier-Kurkova technique and prove Proposition 2.8.8.
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Corollary 2.9.6. Let 0 < a < o <1 and let p € (0,1]. Then, for N large enough
(dependent on o and o/, but independent from p (except when o =0)),

- Cr:lo, A
Uﬁ%ﬁ}}(\hp‘qgal(v, V') = Tp2(a Aby, o’ A bN)‘ < \;l(og—N) + Cs(a,a’ o, N) p. (2.9.44)

2.9.2. Technical lemmas

Lemma 2.9.7. The function € : [0,7*] — R defined in (2.5.6) is in C1([0,7*]).

PROOF. The function & is clearly continuously differentiable at v € [0,7*]\{7'}1,. Fur-

thermore, for 0 < h < 1,

_EMh)—E0) . —h T R,
e e ANEY Ay A e (). (2:9.45)

Therefore, £ is continuously differentiable at v = 0 = ~° (from the right).

For v = v*, we can write

a )\m—17 1

V=" = Tors (A" + ‘72(0) (2.9.46)

where J,2(A™71 1) = 52 VA™. Thus, for 0 < h < V4™,

Ey=h)=E(y) . ] (G VA™ —h)2] =2
= - |VA" = =— 2.9.4
hlg(l}+ —h hlgg+ h VA a2 VAm Tom (2.9.47)
and B
-9 mo_ —9

lim &(7" — h) = lim —20mVA" =h) =2 (2.9.48)

h—0+ h—0+ a2 VAm Om

Therefore, £ is continuously differentiable at v = * (from the left).
For the remaining points v = 4!, fix [ € {1, ...,m — 1}. The critical level 4! from (2.5.5)

can be expressed in two ways :
+ 2(77)

V= Te (N1 = (2.9.49)
2(A 1
= Toaya(W) 4 T2 E—n ) (2.9.50)
Also, note that -1
£(7") #EY (1N — j”z(A,Q D) (2.9.51)
Y
l
(X, 1
= (1-XY I ((—:; ), (2.9.52)
l
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where the last equality follows from 7,2(A'=!, A) = 67VAL For 0 < h < min; V7,

_ E((2.9.49) — h) — £((2.9.49)) (2951) . +h -2 -2
i, s - T T (2959)
. E((2.9.50) + h) — £((2.9.50)) (2.9.52) . —h -2 -2
B h S T e e B
and Tai)
i gy (2949 & _ =
i €00 i s RS2 s
—2(%200 1 p) g
_ o (2.9.50) . 5, _ =
i £l o0 O iy SRS e
Hence, & is continuously differentiable at v = 4!, for all [ € {1,...,m — 1}. O
Lemma 2.9.8. Let 8 > 0. Define P3(y) = vy + E(7), and recall
min{l € {1,....m} : 8 < B.(0y) =2/a,}, if B<2/5,,,
lf), é { { } /B /B( l) / l} fﬁ / (2957)
m+ 1, otherwise,

from (2.6.14). Then,

5,00 = 5 {257 O -2 e AT

PRrROOF. We consider three cases :
(1) lﬁ =m+1; (2) lﬁ =1; (3) lﬁ S {2, ,m}
Since 1 > 03 > ... > 0, these three cases imply (respectively) :

(i) B> 2/a; for all j € {1,...,m};
(i) B <2/, for all j € {1,...,m};
(i) B € (2/6—lg—172/5-lﬁ].

Case (1) : For any v € (', 7']\{7*}, we have
(v = Tozsa(X'71))

P! =f3-2 2.9.
5(7) =B ANy (2.9.59)
Any solution to Pj(7) = 0 must satisfy
( 2( A1 9.
3= TN 4 D ga ¥ 1) 2 (i) 4 T D 00 (9 9 6p)
I
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which is impossible. Therefore, the maximum max, ¢+ P3(y) must be achieved at the

boundary of [0,7*]. We have

Ps(v") =By +0 = f} {2(2/55]-) } v Zosg0412 P5(0), (2.9.61)

which proves (2.9.58) when I3 = m + 1.

Case (2) : From (2.9.59), any solution v € (v'~',']\{7*} to P4(v) = 0 must satisfy

B

v = Tozis(A71) + §jgz()\l_1, 1) and =1, (2.9.62)

because [ > 2 and the restriction (ii) would otherwise imply v < 4/~1, from (2.9.50). In
other words, the maximum max, ¢+« P3(y) must be achieved at the boundary of [0, v*]

orat ¥ = £.7,2(1) € (0,7']. Since 8 > 0, we have

3 3 3
P3(7) = G (1) + 1= TTp(1) = 14+ - T52(1) > 1 = Py(0), (2.9.63)
and the identity 1 + 2? > 2z yields
m B2 ) m )
Py(5 {1 + }VAJ > { }VAJ — Py(~). 2.9.64
= 2 e VY 2 ey ) (884
This proves (2.9.58) when Iz = 1.
Case (3) : From (2.9.59), any solution v € (v=1, ']\ {7*} to P5(v) = 0 must satisfy
v = To2e(N71) + gj(,z(x—l, 1) and [=1ls. (2.9.65)

We must have the restriction [ = I since v € (7'",~'] and 3 € (2/6,-1,2/0,] from (iii)

imply
-1 2.9.50 (#dd) -1
Torga W) 4 2282 BL0 gt < ' 7y (N1 4 T2 0
1-1 7y (id) 2.9.49 -1
Torga(N1) + L2l Ty <t B 75 (1) o Lo
N ?1,3 <75171
01 < 0151
= {l=1s}, (2.9.66)

where the last implication holds because a1 > g9 > ... > 7,,.
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When we evaluate P at 7 = Jp2/5 (A1) + £7,2(A671, 1), we get

3 L
ST N1+ (L= A7) = (N )

ﬁ:jaz()\lﬁl, 1)}

Ps() = BTess(Ao7h) +

= BTz (A7) + {(1 — ATy ¢

S ) (587 £ {1+ o e

=1 j:lB

Z ) ™ S g v (2960

J=lg
The last equality holds because the pairs of brackets [-] on the second and third to last

line are equal to 1. Since 3 > 2/0y,_1 > 0 by (iii), we have

i {2} VN + i {1} VN > 1 = P(0), (2.9.68)

Jj=lg

and the identity 1 + 2% > 2z yields

Y Z{ 2/0])}wﬂ'zpﬂ(y*). (2.9.69)

=1
This proves (2.9.58) when I3 € {2,...,m}, and end the proof of Lemma 2.9.8. O
We recall the definition of the perturbed field ¥*. Let A\i» 1 < a < o’ < A\ for a given
i* € {l,...., M}, and let u > —oy«. Then,
P = udy(a, )+, vE Vy. (2.9.70)
Lemma 2.9.9. Let 5 > 0, p € (0,1] and let A1 < a < o < N« for some i*. Then,
u f}@?p(ﬁ) is almost-surely conver and u — E{f}f}up(ﬁ)} is convet.

PRrOOF. By definition, we have

P = 1500) = oaton 0000 0.1

N,p

where g(v) = exp(B¢,(a, ') and p(A) = 3 ,caexp(fe,) for any A C Vy. By standard
properties of logarithms, we see that u +— F(u) is convex almost-surely since, for all

A € [0,1] and all u,u > —oy+, we have
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FOw+ (1= M) < AF(u) + (1 — N F()

= [ (g()(g(v))" " dp(v)

AN,p

< ([ weram) ([ woram). e

N,p

and the last inequality is true by Holder’s inequality (p = 1/, ¢ = 1/(1 — \) and 1/p +
1/q = 1). The fact that u — E[F(u)] is also convex follows immediately from the linearity

and monotonicity of expectations. U

The parameters of ¥)" can be encoded simultaneously in the left-continuous step func-
tion
o(r), for all r € [0, 1]\ (e, @],
ou(r) = (r) 0, T\ ] (2.9.73)
o +u, forall re (a,d].
Since J,2(-) is an increasing polygonal line, there exists a unique non-increasing left-

continuous step function 7 — &,,(r) such that the concavification of J,2 can be expressed

as the integral of r — G2(r) :
To2(s) = T52(s) = / o2(r)dr for all s € (0,1]. (2.9.74)
0

As for the field 1,
® 7,;, 1 <j<m,, denote the heights of the steps of r — 7,(r),
e m, denotes the number of steps,

e )\ denote the scales at which r — 7,(r) jumps.

Recall lg from (2.9.57) and define the analogue for ¢* :

min{l € {1,....my} : B < Be(0ur) =2/0u1}, if B<2/0um,,
2 [ E ) 8 86w £ 2/}, B <25 -
m, + 1, otherwise.

The following lemma studies the differentiability of the limiting free energy of " with

respect to the perturbation parameter u.
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Lemma 2.9.10. Let 8 > 0 and let N 71 < Moy <a< o' < M\« < N for some i*, j*.
There exists 6 = §(B,a,a’,o,X) > 0 such that u — f¥"(B) is differentiable on (—4,9).

The derivative at uw = 0 is given by

(2.9.76)

ProoF. We separate the proof in two cases :
Case (i) : J,2(r) < Jy2(r) for all 7 € (M1 N");
Case (ii) : 3Ir € (W' 71, V") such that J,2(r) = T2 (r).

Case (i) : The function u +— ,(r) is continuous, uniformly in r € [0, 1]. Hence, we can
choose 0 = d(a, &/, o, A) > 0 small enough that for all u € (—¢,0) :

e 0,; =0; for all j # j*;

o M =N forall j€{l,..,my};

® m, =m.

Figure 2.9.5 below illustrates this point more clearly.

7 52 7 S 5w
When u € (—4,0) : it When u € (0,9) : s
S 51‘71 >5u,.7' >51' >6.7‘+1

Ojr—1> 0jx > Oy jx > Ojsq1

FIGURE 2.9.5. The dotted paths represent J52 and J52. The closed paths represent
J»2 and J,2. The paths containing a red part are the ones for the perturbed field ¥".
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Note that lgo = Iz and also 2/0;,_1 < 8 < 2/0y, (8 > 2/0,, when [z = m +1). We
can choose 6 = §(3, v, &, o, A) > 0 small enough that

when § # 2/0j«(= 1< j*<m), then gz, =l for all u € (—9,0), (2.9.77)

ls, if u € (=6, 0],

(2.9.78)
lﬁ +1, ifue (0, 5)

when 3 = 2/5j*(:> J =1g), thenls, = {

From (2.9.58),

*

6(5'%]'* - 5’j*)V/\j, if j* S lﬁ — 1 and lﬁ,u = lﬁ,

w 252'* yk . .
B = 2 (8) = {5%* -1+ 5 )}wﬂ, if j* =15 and lg, = lg + 1,

P52, — a2 )V, if j*> 15 and lg, =I5,

B ()52, VN = \[G2UN ) VUNT,  if j*<ls—1and g, =g,
=9 B(Gujr — ;) VN — (1= 85,2 VN if j* =15 and lg, =I5+ 1,

(1) p{@epiesel o) it <t~ 1and by, =1,

(2*) . 6 { (2ucri*—|2—7;?3(a’—a) + O(u2)}
_ : (2.9.79)

—(1 =552 VN if j*=lg and g0 =I5 + 1,

(3%) : %Q(QUO‘Z-* +u?) (o — ), if 7*> lg and Iz, = lg.

To get the last equality, we used

(62 .. — 6]2»*)V/\j* = (o3 +u)? — 02)(a — ). (2.9.80)

u?]

The function u — f¥"(f) is always differentiable on (—d,§)\{0}. Furthermore,

when > 2/, 20 p(5) L P =0 O piog (2.9.81)

Uj* 8u+

9 BPon(@ —a) @) D 0
5 = 55" (), (2.9.82)

I

when = 2/0;, ;z_fwo(ﬁ) (

0 0 * 2 ix F— * 0 0
when § < 2/3;0, 5" (8) @) flo (‘2)‘ @) @) 50 (2.9.83)

Thus, u — f¥"(8) is also differentiable at u = 0.
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Case (ii) : Here are all the possible subcases of Case (ii) :
(ii.1) o J,2(r) < Ts2(r) for all r € [/, NV7);
e Js € (M1 a] such that J,2(s) = J»(s);
(ii.2) o J,2(r) < T2(r) for all r € (M 71 al;
e Jt € [o/, M) such that J,2(t) = J52(t);
(ii.3) e Is € (M 71 a] such that J,2(s) = J»(s);
e Jt € [o/, M) such that J,2(t) = J»2(t).

Denote

s* = max {7" = [)\j*_l,a] s T2 (r) = ..7&2(7’)}7
t* = min{r € [0/, X' : To(r) = T (r) }.

(2.9.84)

(2.9.85)

Again, the function u +— 7,(r) is continuous, uniformly in r € [0, 1]. Hence, we can

choose § = d(a, @/, 0, A) > 0 small enough that for all u € (—4,9) :

Case u<0 u>0
. _ _Jo; forj<y* _ L
(ii.1) Uu’j_{0j1 for j > j* +2 Oy = 0; for j#j
N forj<jr—1
N =¢s forj=j* N =N for all j
N7t for j > +1
.. _ . _ _Jo; forj<j*—1
(ii.2) Oy =0; for j#j Ju’j_{0j1 for j > j* + 1
Ao oforj<jr—1
M = N for all j M=t forj=j*
N7t forj > +1
My =M m,=m+1
. _ _Jo; forj<y* _ _Jo; forj<j*—1
(it3) Uu’j_{0j1 for j > 5%+ 2 Gu’]_{ajl for j > 5% 41

s*  forj=7*
N7t for j >4 +1

m,=m+1

N forj< -1
N, =

M =3t forj=j*
Nl for j >4 +1

m,=m+1

{)\j for j < j*—1
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In other words, the parameter § is chosen small enough that, on (M =1, M), the field
Y™ has either one or two effective variance parameters (depending on the subcase) and
they remain strictly between o+ and o;+1;. If there is only one effective slope, then
M" = N". If there are two effective slopes, the segments meet at M~ € {s* t*}. Figure

2.9.6 on the next page (analogous to Figure 2.9.5) illustrates this point more clearly.

Case u <0 u >0
o =2
et O5a=0ugx | T+
_____ - ettt
_____ [ peett =52
—2 o
........ I . cenretn O
e L A 73
N e T | seent e Amentt i
(11‘1) ------ ! ! ! i RETTEIIEE I | :
r I I | 1 r ! ! |
| | | | | 1 | i
e N | L, A ' g ! " )\J.*
N S (e e? . N = o @ \J
- 71 u
2\ A'u/
u
=2 e 02=0
) e OO
....... ) =2 LT L2
....... 1 T R R
---------- I
ii.2) | et L T e L ! !
ii.2 T ! ! [ T L ! ! ! !
(A | | : et I I 1 l
| | | ; ! I I | [
J
| | 1y A ! ! 7 * A7
1 a « j =1 a « t ;
A A, A N A
u
_o o
LD g T3 =T
....... 1 —2 Lttt | =2
=2 T2 ., et e o%
...... | L Lo l [IPUPPPEELL]
S 1525 R IS S S
o A N Y e A L P T ! !
(11_3) _______ T X , | Lt | , | I
r ! I I I r ! ! ! !
| 1 | | . ! 1 1 | .
| | J ! J
NELost a o A A1 a o ot N
> ¢ 3 i
: 1 i* 1
A N A M,

FIGURE 2.9.6. General form of J52 and Jz on (M1 V], The effective slopes of
1 and YY" are the quantities 5? and 557j, respectively. The dotted paths containing a
red part are the ones for the perturbed field *.

Case (ii.1) : In this case, s* € (M 71 a]. We can choose § = §(5,a,a’, 0, ) > 0 small

enough that
lg+1, ifue(=6,0),
when > 2/0;.(= j*<l3—1), thenlg, = ’ ( ) (2.9.86)
lﬁ, if u e [0,5),

B ) lﬁ, ifue (—(5, O],
when = 2/0«(= j*=13), thenls, = (2.9.87)
lﬁ—l-L if u € (O,(S),

when f < 2/0;(=> j*>13), then lg, = lg for all u € (—0,9). (2.9.88)
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When u < 0,
F78) = £7(8)
ﬁ(a’u7j*+1 — 6']*)<)\‘7* — S*), if j* S ZIB — 1 and lﬁ’u = lﬁ + 1,

%2(6_757j*+1 — _?*)(Aj* — S*), if j* 2 lﬂ and l/&u = 15,

/8 (\/637j*+1(AJ* - 8*) - \/5-]2* ()\‘7* - S*>) \/ )\‘]* - S*,
= if j*<lg—1andlg, =1Ilz+1,

P52 oy — G2V — %), if 5* > g and lg,, = I,

(1) : 5{@“0“%‘“) +O(u2)}, if j*<lg—1andlg, =lg+1,

- 2 205t (2.9.89)
(27): 2 (2uop +u?) (o — @), if 7*> 1z and lg,, = lg.
To get the last equality, we used
9 ANV L 2 2N
(Oujorr — 03 ) (N = 8%) = ((00 +u)” —02)(a — ). (2.9.90)
When v > 0, it is the same as in (2.9.79) :
F78) = £7(8)
(1t): B {(2“%‘*;;?}(“"0‘) + O(u2)} L if 7 <ly—1andlg, = Iz
(2+): 8 {W n 0(u2)}
_ ) (2.9.91)
—(1-26;)2VN, if 7" =15 and lg, =I5 + 1,
31 2 (uoi +u?)(d — a), if 7*> 1 and lg, = ls.
4 B B, B
The function u — f¥"(5) is always differentiable on (—d,§)\{0}. Furthermore,
_ O L0, (17) Bo(d —a) aty O Ly
h 2/Gj, ——f" = = v 2.9.92
when > 2/, 20 (9) - 2 @), (29.92)
_ O L0, @) BPon(d —a) @ O L0
_9/5. 9 pu0ig) @ 2 ¥ 9.
when 8 =2/0;», (9u_f (B) 5 8u+f (8), (2.9.93)
_ O L0, @) BPon(d —a) 3ty O L0
0 gy (2 2 9 (5). 9.
when § < 2/a5e, 0= ¥ (9) ‘ 2 ) (29.94)

Thus, u — f¥"(B) is also differentiable at u = 0.
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Case (ii.2) : In this case, t* € [o/,M"). We can choose § = §(3,a,a’,0,A) > 0 small

enough that

g, if u € (=4,0],
when > 2/6«(= j"<lz—1), then lﬁ,u{ B if ue( ]

lg +1, ifue (0,5),

when 8 =2/0;(= j*=13), thenlg, =

lg, if u e (—(5, O],
lg +1, ifue (0,5),

when 8 < 2/0j«(=> j*>13), then lg, =l for all u € (—0,9).

When u < 0, it is the same as in (2.9.79) (without (2*)) :

F78) = £7(8)

(17): ﬂ{%ﬁj(aa+o< )}’ if]’*glﬁ_landlﬂyu:lﬁ’

(27) ¢ & (2u0p +u?)(0' — ), if j* = lg and Iy = l3.
When u > 0,

F7(8) = £7(8)

5 (\/537]-* (tx — N 1) \/U EPVIRY ) SN

—(1- ﬁ&j.*)Q (" — N1, if j*=1lg and lg, = lg + 1,

(02 e — 2 = V), it j* > Iy and Iy, = I,
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(O’uj — Oj* )( Y _1) ifj*glg—land l/g,u:lg—kl,
- [ﬁaw 47 Z)] (= N*1), i j = 1y and Lgy = [+ 1,
(02 ey — T2 = N, if j* > lg and Iz, = I,

if j*<lg—1andlg, =Ilzg+1,

(2.9.95)

(2.9.96)

(2.9.97)

(2.9.98)



17): g Quetidle=a) 4 oL p e <1y 1 and Iy, = lg + 1,
B B, g

20

(2) ¢ p{emegiesel o0

26 %

_ J (2.9.99)
—(1— ﬁ&j.*)Q (t — )\J'*—l), it j*=1g and lg,, =g+ 1,

(3%): %2(2uai* + u?) (o — ), if j*> g and I, = ls.
To get the last equality, we used

(02 — a2t =N = (o4 +u)* — 03) (0 — ). (2.9.100)

u?]

The function u — f¥"(f) is always differentiable on (—d,6)\{0}. Furthermore,

when 8 > 2/5;+, ai_fw”(ﬁ) L) 5"“(5‘:_ @) @) aiJW(ﬁ), (2.9.101)
J
_ 25 (o — + 0
when 3 = 2/5:, ai_fw‘)(ﬁ) @) Foi (g‘ @) @) 83# (B), (2.9.102)
_ 25 () — + 0
when 8 < 2/5;+, ai_fw“(ﬁ) D) Foi (g‘ @) @) aiﬂw (B). (2.9.103)

Thus, u — f¥"(B) is also differentiable at u = 0.

Case (ii.3) : In this case, s* € (M "l a] and t* € [o/,\"). We can choose § =

(B, a,, o, A) > 0 small enough that

3 ) lg—l—l, ifUE(—(S,O],
when > 2/6. (= j*<lz—1), thenls, = (2.9.104)
lg +1, ifue (0,5),
lg, if u € (—9,0],
when 8 =2/0;(= j*=13), thenlg, = g ( ] (2.9.105)
lﬁ +1, ifue (0,5),
when < 2/0;«(=> "> 1), then lg, =l for all u € (—9,0). (2.9.106)
When v < 0, it is the same as in (2.9.89) :
7 (8) = f4(8)
(1) : {@W;jj%‘“) + O(u2)} ,if*<ls—1and lg, =I5+ 1,
_ ) (2.9.107)

27): 5—22uai*—|—u2 o — ), if 7*> 1z and lg, = Is.
4 B B, B
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When u > 0, it is the same as in (2.9.99) :

F7(8) = £7(8)

(1) : ﬁ{@“”“‘)(a‘a) —|—O(u2)}, if *<lg—1andlg, =1Is+1,

20']~*

(27): p{epletel 4 O(u?)}

20 %

_ : ) (2.9.108)
—(1= 85,2 (¢ = NN, i 5= b and lg = g + 1,

(3%): %Q(szi* +u?) (o — @), if 7*> 1z and lg,, = lg.

The function u — f¥"(f) is always differentiable on (—d,§)\{0}. Furthermore,

when 8 > 2/61, aiﬂ(’(ﬁ) ) Bai*(c_f‘i_ @) @) ai+f¢0(ﬁ), (2.9.100)
when § = 2/5]'*, a(szo(ﬁ) (2;) ﬁQO'i*(g’ — Oé) (2;) aiJr f¢0(6), (2'9'110)
when 8 < 2/5;+, aiﬂ%ﬁ) ) 52"“(;‘/ — ) @) ai+ FY°(B). (2.9.111)

Thus, u — f¥"(3) is also differentiable at v = 0. This ends the proof of Lemma 2.9.10. [
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This article corrects my master’s thesis by specifying that the main result and its proof
(Theorem 3.1.3) are only valid under Restriction 3.1.2. The general strategy is explained in
Section 3.2.2, following an email correspondence with Bastien Mallein. I added the proofs
of the discrete Brownian bridge estimates (Lemma 3.2.4 and Lemma 3.2.5) by adapting
Bramson’s argument for the continuous version in Bramson (1978). The presentation of

the proof of Lemma 3.2.6 was reworked following a referee’s recommendation.


https://doi.org/10.1214/17-BJPS358

ABSTRACT. This article extends the results of Fang and Zeitouni (2012a) on branching
random walks (BRWs) with Gaussian increments in time inhomogeneous environments.
We treat the case where the variance of the increments changes a finite number of times at
different scales in [0, 1] under a slight restriction. We find the asymptotics of the maximum
up to an Op(1) error and show how the profile of the variance influences the leading order
and the logarithmic correction term. A more general result was independently obtained
by Mallein (2015a) when the law of the increments is not necessarily Gaussian. However,
the proof we present here generalizes the approach of Fang and Zeitouni (2012a) instead
of using the spinal decomposition of the BRW. As such, the proof is easier to understand
and more robust in the presence of an approximate branching structure.

Keywords: extreme value theory, branching random walks, time inhomogeneous envi-

ronments

3.1. Introduction

3.1.1. The model

The tree underlying the branching process we are interested in can be described as
follows. At time k = 0, there exists only one particle o, called the origin, and we set
Dy = {o}. At time k = 1, there are b = 2 particles and each of them is linked to o by an
edge. Denote by D the set of particles at time 1. At time k = 2, there are four particles,
two of which are linked to the first particle in ID; and the other two are linked to the
second particle in ID;. The set of particles at time 2 is denoted by D,. The tree is defined
iteratively in this manner up to time k& = n, where Dy denotes the set of all particles at

time k and |Dy| = 2*. Figure 3.1.1 illustrates the tree structure.

0+ time ]D)() Uo .Uo

5| . 'UZ

A . | u;' .
44 '_; Dy Ug o 0 2
54 o\ o\ Ds U o o v

FiGURE 3.1.1. The tree structure with a branching factor b = 2.
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For all v € I,,, we denote by v, the ancestor of v at time k, namely the unique particle
in D, that intersects the shortest path from o to v. The branching time p(u, v) is the latest

time at which u,v € D,, have the same ancestor. Formally,

p(u,v) = max{k € {0,1,...,n}:up = vi}.

In the standard branching random walk (BRW) setting, i.i.d. Gaussian random vari-
ables AN/(0,0?) are assigned to each branch of the tree structure and the field of interest
is {S, }vep, , where S, is the sum of the Gaussian variables along the shortest path from o
to v. In the time-inhomogeneous context, the variance of the Gaussian variables depends

on time. Fix M € N and consider the parameters

o= (01,09,...,00) € (0,00)M (variance parameters)
A= (A, A, ) € (0, 1M (scale parameters)
where 0 = A\g < A\; < ... < Apyy = 1. The parameters (o, A) can be encoded simultaneously

in the left-continuous step function

M
o(s) = o11q0y(s) + Zail(&iw\i](s), s € [0, 1].

i=1
The following definition and the results of this paper are easily extended to BRWs with
other branching factors b € N.

Definition 3.1.1. The (o, A)-BRW of length n is a collection of positively correlated
random walks {{S,(t)}1- tvep, defined by

M L)\ZnJ At

S, =y > 0iZ,, t€{0,1,...,n}, veD,, (3.1.1)

1=1 k= L)\Z_lnj—&—l

where { Zy, Yreqa,...n}wen, are i.i.d. N'(0,1) random variables and b = 2.

Remark 3.1.1. By convention, summations are zero when there are no indices. To avoid
writing trivial corrections in the proofs, always assume, without loss of generality, that
t; = \in € Ny for all i € {0,1,..., M}. Therefore, the floor functions can be dropped in
(3.1.1). For simplicity, we set S, = S,(n).
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3.1.2. Main result

First, we introduce some notations. For any positive measurable function f : [0,1] —

R, define the integral operators

()= [ 1ydr and Fysise) = [ ),

The first order of the maximum for the (o, A)-BRW is merely the solution to an optimiza-
tion problem involving the concave hull of J,2(-), which we denote by Jr2. We refer the
reader to Ouimet (2014) for a detailed heuristic and a rigorous proof, and to Arguin and
Ouimet (2016) for the same results in the context of the scale-inhomogeneous Gaussian
free field. By definition, the graph of T2 is an increasing and concave polygonal line, see

Figure 3.1.2 below for some examples.

4 a2 94 ;
__Jaz()\3) 3 ! 1 '.702()\2)
170200 N | 5
12 (X%) f ! 3 Lo
1T () | P
slope = 57 ! !
| "
N — i i N . ‘
0 XN A A A A A 1 s 0 XN X A YR A 1 s
N 1 A2 )\% 4 3 /\g i N 1 A2 )\‘f 4 6 i
A0 A A0 A2
1702(X2) a3 ) 1902 (X) 3 )
T | [ §
1Je(N) e 3 1Jo2(A) 3
i 7t i
ot : :
L. ! 3
+— +—4 + ‘ + + +—4 + ‘
0 DYEEP YD pYEDY X6 1 0 DY VIR CUD VD X6 1
e 1 A2 A3 4 /\? 6 i ¢ 1 A 3 A )\? 6 b
A A2 A A2

FIGURE 3.1.2. Examples of 7,2 (closed lines) and J,» (dotted lines).
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It is easy to see that there exists a unique non-increasing left-continuous step function

s+ a(s) such that
To2(s) = Tp2(s) = /8 a*(r)dr for all s € (0,1].
0

The scales in [0, 1] where ¢ jumps are denoted by
0=XN <A< .. <™=, (3.1.2)

where m < M. As we will see in Theorem 3.1.3, the effective scale parameters M and the
effective variance parameters (M) are the only parameters needed to fully determine the

first and second order of the maximum for inhomogeneous branching random walks.

To be consistent with previous notations, we set g; = (M) and #/ = Mn. We write
V; for the difference operator with respect to the index j. When the index variable is

obvious, we omit the subscript. For example, V#/ =t/ — /=1,

To simplify the presentation of the proof of the main theorem, we impose a restriction

on the variance parameters.

Restriction 3.1.2. If 7,2 and Jy coincide on a subinterval of [N =1, M| for some j, then

they must coincide everywhere on [M~1 M].

Remark 3.1.2. Note that J,> and Jy2 can still coincide at isolated points in (N1, \)
when they do not coincide everywhere in that interval. The union of all the scales N and
all the isolated points where J,2 and Jsz2 coincide form a subset of the scale parameters,

say { i, Yo<a<p, where m < p < M.

For example, in Figure 3.1.2, the two models at the top satisfy Restriction 3.1.2, but
the two models at the bottom do not. For the top models, the sets of scales described in

Remark 3.1.2 are respectively {Aog, A3, A5, A6, A7} and { Ao, Az, A5, A7}

The main result of this paper is the derivation of the second order of the maximum (up
to an Op(1) error) for the (o, \)-BRW of Definition 3.1.1, under Restriction 3.1.2. This

was an open problem in Fang and Zeitouni (2012a).
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Theorem 3.1.3. Let {S,}vep, be as in Definition 3.1.1, under Restriction 3.1.2. Let
g =+/2log2. For all e > 0, there exists K. > 0 such that for alln € N,

|

where §; = 1 when J,2 and Js2 coincide on [N~1, N], and §; = 0 otherwise.

max S, — Y {gathj — Wlog(th)” > Ks> <e

veD, =1

This theorem was proved in Fang and Zeitouni (2012a) for the case M =2 and Ay =1/2.
Note that Restriction 3.1.2 is always satisfied when M =2.

3.1.3. Related works

The first order of the maximum (without restriction),

lim P(
n—oo

was proved in Section 2 of Ouimet (2014) for the (o, A)-BRW and in Arguin and Ouimet

m

max S, — Z go;Vt!

’L)G]Dn ]:1

>en>:0, Ve > 0,

(2016) for the analogous model of scale-inhomogeneous Gaussian free field (GFF). The
proofs rely on an analysis of so-called “optimal paths” showing where the maximal particle
must be at all times with high probability. These paths were found by a first moment
heuristic and the resolution of a related optimisation problem (using the Karush-Kuhn-

Tucker theorem).

The more involved question of finding the second order of the maximum was first
solved by Fang and Zeitouni (2012a) for the case M = 2 and A\; = 1/2, and later by
Mallein (2015a), when the law of the increments changes a finite number of times but is
not necessarily Gaussian. In his proof, Mallein develops a time-inhomogeneous version of
the spinal decomposition for the BRW. The argument presented in this paper was first
developed, without the knowledge of Mallein’s results, in Section 2.4 of Ouimet (2014)
and instead generalizes the approach of Fang and Zeitouni (2012a). The proof rely on the

control of the increments of high points at every effective scale M.

One shortfall of the spinal decomposition is that it completely relies on the presence
of an ezact branching structure. Specifically, a crucial step in Mallein (2015a) is the proof

of a time-inhomogeneous version of the classical many-to-one lemma, which is a direct
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consequence of his comparison between the size-biased law of the BRW (the usual change
of measure) and a certain projection of a law on the set of planar rooted marked trees

with spine.

In contrast, our method can be adapted to a number of cases where the branching
structure is only approximate. For instance, although no explicit proof is written down,
it can be applied to prove the second order of the maximum for the scale-inhomogeneous
GFF of Arguin and Ouimet (2016). The model differs from the time-inhomogeneous BRW

in two ways :

(1) The branching structure is approzimate in the sense that increments of the field
that are below the branching scale are not perfectly correlated and they decorrelate
smoothly near the branching scale.

(2) At a given scale, the covariance of the increments of the field decays near the
boundary of the domain. In the context of BRWs, this means that at a given
time, the law of each point process would depend on the position of the associated

ancestors in the tree.

The recent developments in the study of

e cover times (see e.g. Abe (2014, 2018); Belius (2013); Belius and Kistler (2017);
Comets et al. (2013); Dembo et al. (2003, 2004, 2006); Ding (2012, 2014); Ding
et al. (2012); Ding and Zeitouni (2012));

e the extremes of the randomized Riemann zeta function on the critical line (see e.g.
Arguin et al. (2017b); Arguin and Ouimet (2019); Arguin and Tai (2018); Harper
(2013); Ouimet (2018); Saksman and Webb (2018));

e the maxima of the Riemann zeta function on random intervals of the critical line
(see e.g. Arguin et al. (2019); Najnudel (2018));

e the maxima of the characteristic polynomials of random unitary matrices (see e.g.
Arguin et al. (2017a); Chhaibi et al. (2018); Paquette and Zeitouni (2018));

e ctc.

show that approximate branching structures are present in a huge variety of models.

Hence, the approach of this paper might become relevant in applications beyond the

study of “pure” BRW.

For other recent and relevant results on branching processes in time-inhomogeneous

environments, the reader is referred to Bovier and Hartung (2014, 2015); Bovier and
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Kurkova (2004a,b); Chen (2018); Fang and Zeitouni (2012b); Maillard and Zeitouni (2016);
Mallein (201 :)b); Mallein and Piotr (2018); Ouimet (2017).

3.2. Proof of the main result
3.2.1. Preliminaries
For all v € D, and k,l € {1,..., M}, we can compute from Definition 3.1.1 :
V (S, () — Sy(tr_1) ZJ2V15 Toz(Me_1, A1) . (3.2.1)

The variance of the increments in (3.2.1) will be used repeatedly during the proofs in

conjunction with the following lemma.

Lemma 3.2.1 (Gaussian estimates, see e.g. Adler and Taylor (2007)). Suppose that

Z ~ N(0,0%) where o > 0, then for all z > 0,

o? o 22 o 22
l—— | —e 22 <P(L>2) < —=¢e 22,
( 22 ) \2rz sP(Zz2)< V212

The particle achieving the maximum of the BRW at time n act like a Brownian bridge
around the maximum level on all the intervals [t/~!, /] where J,2(-/n) and Jz2(-/n) co-
incide. The extra log terms in Theorem 3.1.3 (when §; = 1) compensate for the “cost”
of the Brownian bridge to stay below a certain logarithmic barrier. The sets A; below
identify the indices j of these intervals up to scale A'. The sets 7; consist of the effective
times t7, 1 < j <[, and the integer times in [/, #/], j € A;, where a Brownian bridge

estimate will be needed. More precisely, for all [ € {1,...,m},

A= el 6 =1 = e (10 Tl = Taslaa b
= Ao U 1 )

JjeEA
Let ¥, € {1,...,m} be the index such that t"*~!< k < t%. For all k€ {0,...,n}, the

concave hull of the optimal path for the mazximum is

izfv k/\tﬂ—tﬂ h

% og(Vt') (3.2.2)

gc‘ijtj —
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where g = v/2log 2, as in Theorem 3.1.3. We refer the reader to Ouimet (2014) or Arguin
and Ouimet (2016) for a first moment heuristic. Note that M* and the optimal path

coincide on Ty, see Figure 3.2.3 for an example of M* under Restriction 3.1.2.

MrY T+
M (t3) 1
M (%)

M) o e
I + ; I I
0 fl fg f3 t4 t5 f(; n t
to tl t2 t& ty
ItU t4

FIGURE 3.2.3. Example of the path M}, on the set 7,, (in bold),
the optimal path (thin line) and its concave hull M (dotted line).

For all k € T,,, define the logarithmic barrier as

0, if ke {t% ¢ ... tm},
bu(k) = 4 3%% log(k — t771), if ¥y € Ay, 1771 < k < (3.2.3)
3% log(t™ — k), if Uy € Ay, IS <k < P,

bno(k) = by(k) + and My (k) = M) (k) + bna(k).
Let us now define precisely what is meant by a Brownian bridge.

Definition 3.2.2 (Discrete Brownian bridge). Let 0 < A < X <1 be such that An,N'n €
No and 0 > 0. The discrete o-Brownian bridge on the interval [An,N'n] is a centered

Gaussian vector (By))y,, such that

(a) B)\n - B)\/'fl - 07

(b) Cov(By, By) = (kAk’f?;)_(i’)kaVk/)UQ, kEe{dn,n+1,... Nn}.
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Here are relevant examples of discrete Brownian bridges constructed from a discrete

random walk.

Lemma 3.2.3. Letv € D, and j € A,,. Then, the centered Gaussian vector

i—t1

Bl = 5,(i) = Su(P7h) - ——

VS,(#), #h<i<t, (3.2.4)

is independent of {S,(i') }irgwi—1 ) and defines a discrete o ;-Brownian bridge under Defi-
nition 3.2.2. Similarly, when | € A, and t'=' < k < ', the centered Gaussian vector

i — tl—l
f—

Byi = S,(i) — Sy(t1) — (Sy(k) — Su(t71)), ¢t <i<k, (3.2.5)

is independent of {Sy (') }ygw-1 k) and defines a discrete o;-Brownian bridge.

PROOF. We only prove (3.2.4) since the proof of (3.2.5) is totally analogous. Assume
j € Ay, meaning that o(s) = g; for all s € (AV~1, M]. Then, for all i’ € {0,1,...,# "1} U
{7 +1,...,n}, Cov(Bj S (z’)) is equal to

v,09 MU

. i — i1 .
V(S,(i A i) =V (S, AT)) — o0 ViV (St A )
V(S, (i) — V(S,(# 1) — 22V V(S,(H)) ift/ < <n
0— =220 if 0 <é <!

Vti
_9/. i i—ti—1 — e i .
2y | G =V — eV i s <n |
0 if 0 < <ti!

.....

vector together. For the second claim, we need to verify (a) and (b) in Definition 3.2.2 :
(a) We obviously have Bitj_l = Bitj =0;

(b) For all i,i’ € {#=, 77" +1,..., 7},
Cov(Bi,i,Biyi,) = COV(SU(i) — Sv(tj_l),Sv(i’) . Sv(tj_1)>

/L._ tj_l : ,/ '_1
T Cov(VSv(tj), Sy() = Sy (t ))
C T e (8u(i) — Su(H1), VS,
VY OV( (1) = Su(t'77), W(t ))

i— Y -t .
| (é;y >V(VSAﬂD
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G211y =2 (=t H{' =t _,
= (ni—ee; -2 Vii F
(=)@ =),
(Vi) oVt
_ AT =iV
N Vit i
This ends the proof of the lemma. 0

Finally, to estimate the probability that a discrete Brownian bridge stays below a
logarithmic barrier such as the one defined in (3.2.3), we adapt Proposition 1’ of Bramson

(1978).

Lemma 3.2.4 (Discrete Brownian bridge estimates). Let 0 < A < X' < 1 be such that
A, N'n € Ny and 0 > 0. Let (By)32,, be a discrete o-Brownian bridge on the interval

[An, N'n]. For any constant D = D(A\, X', o) > 0 and the logarithmic barrier

0, if ke {in,Nn},
b(k) ={ Dlog(k — An), if In <k < Antdn
Dlog(Nn — k), if w <k<Nn,

there exists a constant C' = C(D, o) >0 such that for all z>0 and all n €N,

(1+ 2)?

P(B < k<) <(—-—"—.
(B, < b(k) + =z, )\n_k’_)\n)_C(X_)\)n

In order to prove Lemma 3.2.4, we first need to prove that a random walk with Gauss-
ian increments stays below the first part of the logarithmic barrier b(-)+ z with probability
O(n~'/?). This is achieved through the following lemma, which is the analogue of Propo-

sition 1 in Bramson (1978).
Lemma 3.2.5. Let 0 > 0 and let (Sk),_, be a discrete random walk with N'(0,0?%) incre-

ments and Sy = 0. For any constant D = D(A\, N, o) > 0 and the logarithmic barrier

~ 0, f k=0,
k) — v
Dlogk, if 0<k<t,
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there exists a constant C = C(D, o) >0 such that for all z >0 and all t € N,

(1+ 2)
t1/2

P(Sk <b(k)+2 0<k<t)<C

Remark 3.2.1. Throughout the proofs of this article, c,C, C, etc., will denote positive
constants whose value can change from line to line and can depend on the parameters
(o, N). For simplicity, equations are always implicitly stated to hold for n large enough

when needed.

PRrROOF. Let z > 0 and ¢t € N. When ¢t = 1, the statement is trivially satisfied with C' > 1.
Therefore, assume C' > 1 and ¢ > 2 for the rest of the proof. Let ¢, = | Dlogt| and for all
x>0, let 7, =inf{k > 1: S, > x}. Then,

P(Sk<b(k)+2 0<k<t)

" le/P| < 7,0 <t and
< .
< IP’(()IQ% Sk < Z) +2 Pl S, <z+i+1 and : (3.2.6)
- = =0
maXTz+i§k§t(Sk - STz+i) < 1
We bound the first probability in (3.2.6) using a standard gambler’s ruin estimate. Indeed,
from Theorem 5.1.7 in Lawler and Limic (2010), there exists a constant C' = C'(c) > 0

such that for all z > 0 and all t € N,

z+1
t1/2

P(max Sk < z) < (3.2.7)

0<k<t

We proceed to the individual summands in (3.2.6). The strong Markov property for the

random walk implies

Lei/DJ <7, <t and
Pl S.,,<z+4+i+1 and
maXTZ“Skgt(Sk - STz+i) <1

t
= Z P(TZ_H':j, STz+i<Z—|—i+1)-P< max Sk<1>

, 0<k<t—j
j=1ei/P) -

1t/2] t

= > + > (3.2.8)

J=e/PINA+[t/2])  g=[e/PIv(+(t/2))
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Now, for the first summation in (3.2.8), we have

1t/2)
> P(ryi=j, Se<z+i+l) -P(Or%ax Sy < 1)
j=1e/P A1+ (t/2]) 7

1
IP’( max Sk<z+z’+1>-P< max Sk<1><CZ+hL€—Z/(2D)

0<k<|ei/D| 0<k<t—|t/2]

(3.2.9)

We applied the estimate (3.2.7) to both terms on the second line and we used the fact
that (z+i+2)/(z +i+ 1) <2 for all (z,7) € (0,00) x N to obtain the last inequality.

For the second summation in (3.2.8), we can use an estimate closely related to the
first hitting time distribution in the gambler’s ruin problem. Indeed, from Lemma 3 in
Mogul’skii (2009), there exists a constant C” = C"(0) > 0 such that for all x > 0 and all
JeN,

(3.2.10)

P(r, =7, S;,<x+1) SP(SJ €z, + ]and) SC’”?;Z |
J

Sj = MaXg<k<j Sk

Using successively (3.2.10), the gambler’s ruin estimate (3.2.7), the change of variable

j' =t — j and the fact that s — s~1/2 is decreasing, we have

t
3 I@(Tzﬂ-:j, STZH<2+¢+1)-]P>( max Sk<1>

j=Le/Pv(1+t/2]) 0<k<t—j

t 1
< Z C”% ~]P( max Si < 1)
j=le/P|v(1+[t/2])) J 0<k<t—j

DE

t/2]
<23/2(J”Z+’+1 {1+ZC/ & }

32zt { / } titl
< 20" 1+ 5 1/2d3 o (3.2.11)
From (3.2.8), (3.2.9) and (3.2.11), we deduce
le/P| < 7., <t and i
z+i
Pl S.,,<z+i+1 and <O e ~/(2D) (3.2.12)
maXTz+i§k§t(Sk - STz+i) < 1

for a certain constant C* = C*(a) > 0, since t~4/2 < e7"/(2P) for all i < ¢;.

Note that (z4+i+1) < (24 1)(i+ 1) for all i > 0. Therefore, by applying (3.2.12) and
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(3.2.7) in (3.2.6), we get

~ z+ 1 +1& /@D
P(Sk <b(k)+2 0<k<t) <O~y tm ZH ).
The conclusion holds since 35°,(i + 1)e™ 2P < oo. O

Now, the proof of Lemma 3.2.4 is exactly the same (except in discrete time) as the
proof of Proposition 1" in Bramson (1978) for the case sy = t. We give the details for

completeness.

PrOOF OF LEMMA 3.2.4. Without loss of generality, assume that A = 0, M’ = 1 and
n/3 € N. Let (Bg)y_, be a discrete o-Brownian bridge and let (Si)i_, be a discrete
random walk with NV (0, %) increments and Sy = 0. Denote by B,,, B, and B, the sets
of discrete paths in {0, 1,...,n} lying below the barrier b(-) 4+ z on the sets {0,...,n/3},
{n/3,...,2n/3} and {2n/3,...,n} respectively. Using the Markov property of B and S,

(x) =P(Br, <b(k)+ 2z, 0<k<n)

(n/3)+ (2n/3)+2
_/ / IP’(B € Pb1|Bn/3 = 961) an/s( 1)

X P(B € Pb2|BQn/3 = Tg, Bz = 951) f32n/3|Bn/3(I2|I1)
x P(B € Pyy|Banjs = 1) dwyday

JUITE [P (S € By, |Shys = 31) s, (71)

1
- Fs.(0) X]P)(S € Py, |Sanss = @2, 03 = x1) fsgn/3\sn/3(x2|x1)
X]P)(S - Pb3|Sn = O, Sgn/3 = l‘g) f5n|52n/3 (0|x2) dlEldIg

But, we have IP’(S € Py, |Sonsz = T2, 803 = xl) <1, and fszn/3|sn/3(132\331) < fsn/s(O), and

fs,,,(0)/ fs,(0) = V3, so

fg;/?’)ﬂ P(S S Pbl ’Sn/g, == LL’l) fgn/s(l’l)dl’l
(*x) <V3 S, =0,
x P2 P LS € B, Fsu5ans (0]22) s
2n/3 = T2

By the symmetry of b(-) around n/2, both integrals are exactly the same. Thus, the
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right-hand side is equal to
- 2
\/§<]P’(Sk <bk)+z 0<k< n/B)) .

The conclusion follows directly from Lemma 3.2.5. 0

3.2.2. Why Restriction 3.1.2 ?

Let 7; € {0,1,..., M} denote the indice such that A, = M. When the continuous and
piecewise linear functions J,2 and J;2 coincide on a subinterval of [N ™!, \], they either
coincide

(1) everywhere on [M ™1 \];

(2) everywhere on the left and right end, meaning on [NM~', A\; _ 1] and [Ar,_q, V]
respectively, but not somewhere in ()\,rjflﬂ, )\ﬂj,l);

(3) everywhere on the left end, but not on the right end,;
(4) everywhere on the right end, but not on the left end.

Imposing Restriction 3.1.2 means that we only deal with the first case. The only reason we
do this is to avoid overburdening the notation in the proof of Theorem 3.1.3 by dividing

each interval [t/=! #/], j € A,,, in three parts like we did in the proof of Lemma 3.2.4.

From Lemma 3.2.5, the probability that the left (resp. right) end of a Brownian bridge
stays below the left (resp. right) end of the logarithmic barrier b(-) + z is O(n~'/?). The
probability that the middle part of the Brownian bridge stays below the middle part of the
logarithmic barrier is O(1). Thus, it should now be obvious how to modify the statement

of Theorem 3.1.3 when there is no restriction. Simply replace 2 - §; by 61" 4 (5§ight, where

slft = 1, when J,2 and Jz2 coincide on [N~ Ar 4],
left =

0, otherwise,
st = 1, when 7,2 and Jz2 coincide on [Ar,_1, M],
’ 0, otherwise.

For confirmation, the reader is referred to Theorem 1.4 in Mallein (2015a), where a more

general statement is given.
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3.2.3. Second order of the maximum and tension

Theorem 3.1.3 is a direct consequence of Lemma 3.2.6, which proves the exponential
decay of the probability that the recentered maximum is above a certain level, and Lemma

3.2.8, which shows the corresponding lower bound.

Lemma 3.2.6 (Upper bound). Let {S,},ep, be the (o7, \)-BRW at time n of Definition
3.1.1, under Restriction 3.1.2. Recall the definition of M} from (3.2.2). There exists a
constant C' = C(o,X) > 0 such that for all z > 0,

’UG]D)n

P <max Sy > M (n) + x) <C( +$)2 PRSI

for n large enough, where 6; = Lyjca,.)-

The proof of Lemma 3.2.6 is separated in two parts with a technical lemma in between

them (Lemma 3.2.7).

PROOF OF LEMMA 3.2.6 (FIRST PART). Define the set of particles that are above the

path M} . at time k :

Hine = {v €Dy : Sy(k) > M;,x(k:)}, keT,.

The idea of the proof is to split the probability that at least one particle at time n exceeds
M .(n) by looking at the first time k € 7T, when the set Hj ., is non-empty. Using
sub-additivity, we have the following upper bound on the probability of the lemma :

P(|Hpnael >1) < Y P

k€Tm

|Hk,n,a:| > 1 and |Hi,n,x| =0
Vi € T, such that 1 < k

Su(k) 2 M (k)
< > 2" max P| and S,(i) < M, (i) : (3.2.13)
v k )
WETm Vi € T, such that i < k

We only discuss the case k& > t! from hereon. The case k < t! is easier (there is no
conditioning in (3.2.14)), so we omit the details. Fix € {2,...,m} and /"' < k < ¢ for

the remaining of the proof. By conditioning on the event

B, = {(Sy(tY), ..., So(t™Y) = (a1, ..., 211) = @),
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the probability in the maximum in (3.2.13) is equal to

L -1 S”(k) = Mr):m(k)
My LY My () ,
[ P| and $,()) < M2, () | B| ful@) de, (3.2.14)
Vi € 7, such that ¢ < k

= (%)
where f, is the density function of (S, (¢!),...,S,(t1)).

Now, make the convenient change of variables
Y;),j = st<t]) - VM;(t])a j € {17 SRR l— 1}

By the independence of the increments, the density of the vector (S, (¢’ ))5;11 is the product

of the densities of the Y, ;’s, namely

fv(.’B) = fv<x17 s :xlfl) = qu,1 (yl) Tl va,lfl (ylfl) .

Since V(Y,;) = V(VS,(#)) = 63 Vt/, we can bound each density :

(yrvamgen)’

- 1425 .
25']2.Vtﬂ ( +2 i) log(Vt7)

e <o VE T T uid gV (V)0 o Wiz

va,j(yj) = \/%W Vi

We deduce that the integral in (3.2.14) is smaller than

-1

o2t /_ ‘; /_ :yf. /_ :Zéjw(&) JLVE) 7 dy. (3.2.15)

=1

From Lemma 3.2.3, we know that for all j € A;_;, the process

i—tt

Bg,i = Sv(l) - Sv(tj_l) - Viti

VS, (#), 71 <i<¥, (3.2.16)

is independent of {S,(¢')};¢ui-1,45) and defines a discrete ¢;-Brownian bridge. Similarly,

when [ € A4,,, the process

i — 2fl—l

Bv,i = Sv@) - Sv(tlil) - ke — -1

(Sy(k) — S,(t1), 71 <i <k, (3.2.17)

is independent of {9, (') };r¢(u-1 k) and defines a discrete ;-Brownian bridge.
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Using the independence of S, (k) — S, (¢'~") with respect to (S, (#))"Z} and the processes
in (3.2.16) and (3.2.17), we get

() < P(Su(k) = Su(t'™) 2 M, (k) = 211)

i . o i—1
% H P Blj),z < Mrt,x(l) — Lj-1 — %vxj
jeA,, \ for all i such that /! <i<¢/

1{lEAm}

Byi < (M 1(i) = wim1) = 50 (M, (k) = 211)

k—t—1
for all 4 such that t~' <i<k

= (1) x [[(2); % (3). (3.2.18)

JEAI—1

We bound (1) using a Gaussian estimate, and (2); and (3) using the Brownian bridge
estimates of Lemma 3.2.4. We pause the proof of Lemma 3.2.6 to state and prove these

bounds in Lemma 3.2.7. ]

Lemma 3.2.7. Letl € {2,...,m} and t"=! < k < t'. Asin (3.2.14), we make the change

of variables
Y,; =VS,t) - VM), je{l,....;1—1}. (3.2.19)

In (3.2.18), there exist constants C, D > 0, only depending on (o, A), such that for n large

enough,
1_23;11 Yj
(1) < 02~ F Dy (k) (k — 171 Hieam and (1Lt j2<ksily g o 1o (3.2.20)
where
(k—t=1)732 whenl € A, and '™ < k < W,
h(k) = (# = k)52 whenl € A, and "3 <k <t
1, when k = t,
and - ,
1+ D+22 -2 "y — vy, ,
(2); < C( o5 r=1 ¥ =) . JE A, (3.2.21)
and
(14+D+2z—2 Zl.,_f yi—y-1)? . 1—1 4l
C e leAyand =5 < k<t
(3) < k—t! ? Zf € A an 2 -’ (3222)

1, otherwise.
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PROOF OF INEQUALITY (3.2.20). Since V(Sv(k:) - Sv(tl‘l)) = (k —t""1o? when k € Ty,

a Gaussian estimate yields

(1) = P(Sy(k) = Su(t') > M (k) — z11)

(k — t+-1)52 MR )= Mf (DM (1 )

2=ty : 3.2.23
V(M () — 1) | -

<

Use successively z;_y < My (') from (3.2.14), the definition of M} in (3.2.2), the fact

that b, . (k) > = and = — (log z)/x is decreasing for x > e, to show

M?:,I(k) — L1 2> Mn*,x<k) - M:L(,x(tlil)

(1 +2- 51)6’[ (k — tl_l)

=g(k — tl_l)c_fl — log(th) + by (k) —x

2g Vi
> gk —t"Ho — (H;‘W log(e V (k —t'71)). (3.2.24)
g

Plugging inequality (3.2.24) in (3.2.23) and using the definition of b,, , from (3.2.3) and the
fact that M} (#) — 2y = 2 — 22;11 y;, we have

(142-8;) -1 bn,z(k)—z
s U Y o e

(g1 —
(USOQ (k=t""%) m e 915

-1
_ . ReYyEt}
< C27FD (k) (k — #71) Maeam wa @ity sk T ooy

where
(k—t=1)732  whenl € A, and '™t < k < #,

h(k) =S (= k)52, whenl € A, and L < k< ¢,
1, when k = #.

Note that the last inequality is an equality with C = C whenever k — =1 > e¢. When
k— 1= e {1,2}, taking C' = ¢*/?2 . C is sufficient to “absorb” the terms that do not cancel
out exactly. O

PROOF OF INEQUALITY (3.2.21). Let j € A;_; and define

zig = My, (i) =20 — —5—
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We have

, . i— it th—i
Zi,j = bn’z(l) -+ Mn(’l) —+ 7.1'];1 + Wl'j — l’j,1 — l’j

t— i . i— i1

Vit

ﬂm@ﬂ]—<%>r—wm@f5)

t—q
Vi

i— 1 fail
o @ - M)

(0 = MEED (o = ()
Now, bound the braces using (z;—; — M}(#~1)) V (z; — M}(#')) < z from the integration
limits of z;_; and z; in (3.2.14). The quantity between the brackets is zero because M} is

affine on [t/~!, #/]. Consequently,

Zig < baa(i) o — (2o = M) — (25 — My(t7))

(3.2.19) -1 J
T R |
Since (2); = P(B]; < 2, t/"1 < i < #J), where BJ is a discrete &;-Brownian bridge on

[t7=1, 7], the conclusion follows from Lemma 3.2.4 and (3.2.25). O

PROOF OF INEQUALITY (3.2.22). Assume | € A,, and (7! +#!)/2 < k < t!. The other
cases are trivial because (3) is a probability. Now, define

i — tl_l

zi = (M (i) — m-1) — T

(M* (k) —x,), t7'<i<k.

Similarly to the proof of (3.2.21), the path M* is affine on [t'=1 /] D [¢!"1 k] and 2, —
M*(t'71) < z from the integration limits of z;_; in (3.2.14), so

i—tt k—i

2 = boa(i) = - bna (k) = 5 (
k—i i—t!

*(4l—1 *
L — -1 Mn(t ) - L — -1 Mn(k>]

P (1 _ Z—f"l> v

w1 — My ()

+ | M}(i) —

fe— 1 fe— 1

i—t1
ey = M) = (s — M)
) i — tl_l -1

=1
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In order to use Lemma 3.2.4, it remains to show that the first two terms in (3.2.26) are
bounded by an appropriate logarithmic barrier. Assume for now that & # ¢\. There are

three cases to consider.

Case 1: Allisuch that /71 <i < (1 + k)2 < (1 + )2 <k <t

Clearly,

. i— 1 . (3.2.3) D0y ) _

Case 2: Allisuch that #©71 < ((71 + k)2 <i < (1 + )2 <k < t!

Observe that i — 71 < # —jand #! — k < k — "% and 2 — (logz)/x is decreasing for
x > e. Also, we have (t' —i) = (t' — k) + (k — 1) < 2(t' — k)(k — i) because a + b < 2ab for
a,b > 1. Using all this (in that order), we get

. i— ¢t (3.2.3) D 0y i— ¢t k—1
bn<Z) — mbn(k) = 5* lOg tl — kj + k _ tl—l log(tl — I{J)

g
o by :
< gg {log (; - k) +log(e V (k — z))}
< ;(Z{logQ—i—Qlog(e\/ (k—1))}. (3.2.28)

Case 3: Allisuch that ¢! < (¢ + ) /2 <i <k < ¢

By the same reasoning as in Case 2 (without i — t/=1 < ! — i), we get

. i— ¢t (3.2.3) D 0y th—1 k—1
bn (i) — an(k) = 55 log T + AT log(tl — k)

2?{10g2+210g(e\/ (k—i)}. (3.2.29)

Finally, when k = t!, the inequalities (3.2.27), (3.2.28) and (3.2.29) are trivial because
b,(k) = 0. Therefore, applying all three inequalities in (3.2.26), there exist appropriate
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constants D, D > 0, depending only on (o, A), for which

L Dlog(i —t=1) + D+ — Xt gy, if ¢! < i < 4k

Dlog(k—i)+D+z— X2y, if 5 < i<k,

Dlog(i — 1) + D+ 22— 2502 gy —yy, if 81 < < Lk

IN

Dlog(k —i)+D+2x — 2552 yp —yy, i S5 < <k

We used 23-7221 y; < x from the integration limits of y;_» in (3.2.15) to get the last inequality.
When ! € A,,, recall that (3) = P(B,; < z;, t"'<i<k), where B, is a discrete 5;-Brownian

bridge on [t!~1, k]. Applying Lemma 3.2.4 yields the conclusion. O

PROOF OF LEMMA 3.2.6 (LAST PART). Byapplying Lemma 3.2.71in (3.2.18), the integral
n (3.2.15) is smaller than

-2
2" khl —x—/ / / Jl 1+D+21’—22y]/—yl 1).6l
j'=1

-1
|9 _g

Jj=1

(3.2.30)

X [ H (1+D+2x—22yjz—yj)

JEAI—1 Jj'=1

for an appropriate constant D = D(o,A) > 0. To obtain (3.2.30), the terms (V#’/) in
(3.2.15) canceled with the factors 1/(V#) in (3.2.21), for all j € A;_;. Similarly, the term
(k — #71) in (3.2.20) canceled with the factor 1/(k — t'=1) in (3.2.22), when [ € A,, and
(1 +t)/2 <k <t

To bound the integral in (3.2.30), it is crucial to observe that the brackets in the expo-
nentials are always strictly positive because o1 > 79 > ... > 7, by definition. Denote these
brackets by 3;;, 1 < j <1 —1. We evaluate the integral iteratively. Note that ZJ 1Y <
and Zl _1y; < x from the integration limits of y;_5 and y,_3 in (3.2.30). By integrating by
parts, it is easy to show that the first integral (from the interior) have the property

TSIt 2
/ A D420 -2 gy — ) e gy

— 00 =1

(a + 1)' =3 (172172 8
< ——F—1+D+22-2 v —y2)t e g=1 Y=L
(LA Biyy)ot ( j/z_l Yir — Yi-2)
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for any exponent a € Ny. Therefore, iterating this reasoning in (3.2.30) gives
=~ g l _ -1 5
(3.2.30) < C27 % hy(k)e 7 - (14 D + x)? 2519582 iy Big
=~ g l )
= C2 F hy(k)e ™7 - (14 D +2)* 21",

Applying this bound in (3.2.13) yields the conclusion since

m

Z Z hl(k’) < Q.
I=1 k€Tn
tt<k<tt
This ends the proof of Lemma 3.2.6. U

Lemma 3.2.8 (Lower bound). Let {S,}yep, be the (o, X)-BRW at time n of Definition
3.1.1, under Restriction 3.1.2. Recall the definition of M} from (3.2.2). For all ¢ > 0,
there exists K. > 0 such that for all n € N,

P(max Sy < M7 (n) — KE> <e.

’UG]D)n

PROOF. Let S% = max,ep, Sy,. From Theorem 1 of Fang (2012), we know that the family

{5* —Med(S?) }nen is tight, that is for all ¢ > 0, there exists K. > 0 such that for all n € N,
P(]S; — Med(S5)| > K.) <e. (3.2.31)
We claim that there exist ¢, C' > 0 and ng, ng € N such that

P(S* > M*(n) — C) > Med(S?) > M*(n) — C — K,
(82 Mim = C) =] [Med(s3) = M) 2
for all n > ng for all n > ng

Otherwise, by (3.2.31), for each choice of ¢, C' > 0, there would exist a subsequence {n;};en

such that
¢ <P(S5 > My (n) — C) <P(S5, > Med(S;) + K.) <,

which is impossible. If the left side of (3.2.32) was satisfied for some constants ¢, C' > 0, we
could define K. = K. + C + f(/c, and (3.2.31) would give

P(S; < Mj(n) — K.) <P(S; < Med(S;) - K.) <&, n >,

and the proof of the lemma would be over.
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To conclude, it remains to show the left side of (3.2.32). We now use Restriction 3.1.2.
Recall from Remark 3.1.2 that {\;, }o<a<, is the union of all the scales A7 and all the isolated
points where J,2 and J52 coincide. By independence of the increments, the left side of
(3.2.32) is satisfied if there exist constants ¢, C' > 0 such that

P(max Sl > N7, M*(t;,) — (C’/p)) > /P 1<d<p, (3.2.33)

UGDthid
where each field { S}, consists of the end points of an inhomogeneous BRW on the time in-
Aiy)-
It suffices to show (3.2.33) for the subinterval(s) [t;, ,,t:,] € [0,¢'] since we did not

terval [0, Vyt;,] with variance parameters given by the step function s — o(s) on (\;,_,,
assume anything on the other intervals [t/=!,#/]. When 1 € A,,, that is when there is
only one variance parameter o; = a1 on (0, \'], then (3.2.33) follows from Theorem 3 of
Addario-Berry and Reed (2009) by choosing C' > 0 large enough and ¢ > 0 small enough.
Since M(-) is linear on [0, t'] and the argument presented below could be applied for each
subinterval of the partition (independently of d), we can assume, without loss of generality,

that ¢;, = t', namely that

2 lies strictly below its concave hull 75
T2 li rictly w1 ncave hull 752 (3.2.34)

everywhere on (0, t1).

The usual trick to prove a lower bound in the BRW setting is the Paley-Zygmund
inequality. If we naively try to apply the Paley-Zygmund inequality to the number of
particles that stay above the optimal path, the method will not work because the correlations
of the BRW inflate the second moment too much, see (3.2.36). Instead, we need to add a
barrier condition that eliminates the overly large number of particles that are too far off the
optimal path during their lifetime. For simplicity, we omit the superscript i; for S in the

remaining of the proof. Define S, = S, (t!) and let
I, = [My(t'), My(t') + 1],

Ik,n(x) = [Skm(x) - fk,na Sk,n(aj) + fk,n]a

N, Z#{veDyu: S, €1,,5,(k) € I ,(S,) YO<k <t}

where s, (2) is a path leading to z € R and fj, is a concave barrier. The definition we
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give to sy, could seem strange at first, but is actually quite natural. It is argued in Arguin
and Ouimet (2016) and proved in Appendix A of Ouimet (2014) that the log-number of
particles that are above the path

Skn(T) = m$7 0<k<t,

during their lifetime is asymptotically the same as the log-number of particles above x at
time ¢t!. In particular, for particles reaching x = M*(t!) at time !, this path is optimal (for

the first order). The barrier is

Cy (T2 (k/n)n)?3, if0 <k <ty

fk,n =
Ci (T2 (k/n, NX)n)2/3,ifty) < k <t

(3.2.35)

where the constant C; > 0 will be chosen large enough later in the proof. The exponent 2/3
is not essential here (any exponent in (1/2,1) works), but this definition is useful for the

Gaussian estimates.

Under assumption (3.2.34), the Paley-Zygmund inequality yields that the probability
in (3.2.33) (when d = 1) is bounded from below by

P(max Sy > M;(t1)> > PN, >1) > (3.2.36)

veED,1

To conclude, we show E[N,] > ¢, and E[(NV,,)?] < (E[N,])? + (1 + C,)E[N,] for some

constants c,, C, > 0.

Lower bound on the first moment
By the linearity of expectation, we have the lower bound
E[N,] = 2"P(S, € I, Su(k) € Lin(Sy) YO <k <)

= 2"P(S, € L) P(Su(k) € Iin(Sy) YO <k <t') >c, (3.2.37)

provided that there exist constants cq, co > 0 such that
(1) S, is independent of {S, (k) — Sk,n(Sv)}i;l:o,
(2) 2'P(S, € I,) > ¢,
(3) P(S,(k) € I1n(S,) YO <k <t')>cy.
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To show (1), observe that V(S,(k)) = J,2(k/n)n and V(S,) = J,2(A')n from (3.2.1),
so the independence between S, (k) and S, — S, (k) gives

Cov(5,.8,(8) = 51a(50)) = V(S,(0) — TV (S,) =0,

Toshow (2), note that M (t') = go1t'—3% log(t'), under assumption (3.2.34), and V(S,) =

a2tt. Therefore,

22

Mj(t)+1 ¢ 25241 _peh+)?

P(S, € I, :/ —dz>1-——e ' >¢ 2t
SEDZ e a2V 1
To show (3), note that Cov(sk,(Sy), Su(k) — Skn(Sy)) = 0, by the independence in (1), and

thus
V(Sv(k) - Sk,n(Sv)) = COV(Sv(k)7 Sv(k:) - Sk,n(Sv))

= Uz(k/n)n [1 - j02()\1)

Then, sub-additivity followed by Gaussian estimates yield

p (Sv(k> S Ik,”(sv)) >1— Qtil]P’(Sv(k) - Sk,n(sv) > .fk:,n)
VO < k<t

> 1 2tlz_:1 Cexp ! (fin)”
>1-— xp [ —= — |
k=1 2 J2(k/n)n [1 — ‘?:2((]6/\/1))}

By considering the cases 0 < k < t; and t; < k < t! separately, the last sum is bounded
from above by

b 12 2/3,1/3 t =1 12 2/3 0,1 1/3

Z Ce 2% 1k + Z Cle~ 3G Mitieq,3,..m1} 7 (t'—k) ‘

k=1 k=t1+1

For C; large enough, this is strictly smaller than 1/2, independently of n, which proves (3).

Upper bound on the second moment

To estimate the second moment, we split E[(N,)?] according to the branching time

p(u,v) = max{r € {0,1,...,t'} : u, = v,} of each pair of particles :

Sus Sy € I, and Sy (k) € I n(Su),
Sy(k) € Lyn(S,) forall 0 < k < ¢1)

11
E(N)]=Y > P
r=0 u,vE]D)tl
p(u,v)=r
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When p(u,v) = 0, the processes {S,(k)}r and {S,(k)}x are independent. Therefore, in the
case r = 0, the second sum above is bounded by (E[V,,])? by adding the missing terms. In
the case r = t!, the second sum is equal to E[N,,] because u and v coincide. In the remaining
cases 0 < r < t!, the increment S, — S, (r) is independent of {S, (k) }«, and S, (k) = S, (k)
for all k < r. Therefore, E[(NV,,)?] is bounded from above by

BN + BN, + tlz—:l S p S, € I, and S, (k) € I;,(S.)

r=1 uweb, \ forall 0 < k < ¢!

puv)=r
- max ]P’(Sv — Sy(r) ez — [r7n(1:)> .

{L‘GIn

(3.2.38)

There are at most 2" 2" =" pairs (u,v) € D?% with branching time equal to 7, so the double

sum in (3.2.38) is bounded from above by

t1—1
E[N,] x Z gt —r me%x P ( S, — S,(r) e x— Ir,n(a:)> . (3.2.39)
r=1 UIG]D):;

(#)r
It remains to estimate the probabilities (#), in (3.2.39). From (3.2.1), we know that
V (S, — Su(r)) = Tp2(r/n, A)n for all v € Dy.
In the case 0 < 7 < t;, we have f,,, = C; (02r)?/3. Thus, for x € I,,,

1 22 _ 1 MY —srn (MR ()~ frin)
e 2J0_2(r/n,)\1)n e 2 Ja_g(r/n,)\l)n
(#) = / dz < 2fnn
w—1Ipn(z) \/27n702(7“/n, Ahn T2 (r/n, A)n
J ('r/n,/\l)
T a(r/nab! e%%bg(tl) O (021213
<Cr¥32 20D e ol (3.2.40)
Ts2(r/n, Al)n
_(+1_ n2/3
< C Y3 gm(Emmn) O (3.2.41)

To obtain the last bound, we use two crucial observations. Since the function x — (logz)/x
is decreasing for # > e, the ratio of the exponential over the square root in (3.2.40) is
bounded by a constant independent of » and n. Also, under assumption (3.2.34) and for

O<r < tl,
1 1
M = r/nj(ﬂ(r/n)r — ¢ — LQ(MT = ¢l —mr

VATPO IE ATY arJo2(A)

where 77 < 1 independently of r and n. See Figure 3.2.4 below for an example.
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FIGURE 3.2.4. Example of 7; and n, under assumption (3.2.34).
The thin line represents 7.

Similarly, in the case t; < r < t', we have f,,, = C (J,2(r/n, \')n)?3. Thus, for z € I,,

1 22 ; -1 (M} (1) —sp n(M*(lt )= Frn)?
2 Jo_z(r/n,)\ n J 2(T/n/\ mn
(®), = / < dz < 2fn-
@—Ipn(z) \/2ﬂj02(r/n, Ahn T2 (r/n, A )n
(r/n.21)
_ Tg2lr/mAbel %% 8(tY) (g pr/malym?/?
T 2(\) 15
<C2 e T (3.2.42)
< € 27 (T (1 /n, AD)n)/3 -2 (3.2.43)

Again, to obtain the last bound, we use two crucial observations. The first exponential in
(3.2.42) is bounded by C(J,2(r/n, \})n)'/?, where C' is independent of r and n, using the
fact that = — (logx)/x is decreasing for x > e. Also, under assumption (3.2.34) and for

o <r<th
T (r/n, M 5127 T2 (r/n, A
gi?)@) : =2 / L 7.2(\1) (' —r) = na(t' —r)
o )\1 g

where 7 is the minimum of the last ratio with respect to r € {t;,...,t' — 1}. Note that

12 > 1 independently of r and n, see Figure 3.2.4 above.
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By combining the bounds on (#), in (3.2.41) and (3.2.43), the sum in (3.2.39) is bounded

from above by
tt—1

t
o 21:2—(1—771)T+0(7’)+ Y om0 | < o)

r=1 r=t1+1

where 71 < 1 and 75 > 1 independently of r and n. By applying this bound in (3.2.39) and
back in (3.2.38), we have

E[(N,)? 1+ C, (3-2<-37) 1+ C,

—— <1+ < 1+ . 3.2.44

BN~ EN . (3:2.44)
Using (3.2.44) in (3.2.36) yields (3.2.33) when d = 1, under assumption (3.2.34). This ends
the proof of Lemma 3.2.8. 0
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ABSTRACT. In Arguin and Tai (2018), the authors prove the convergence of the two-
overlap distribution at low temperature for a randomized Riemann zeta function on the
critical line. We extend their results to prove the Ghirlanda-Guerra identities. As a
consequence, we find the joint law of the overlaps under the limiting mean Gibbs measure
in terms of Poisson-Dirichlet variables. It is expected that we can adapt the approach to
prove the same result for the Riemann zeta function itself.

Keywords: extreme value theory, Riemann zeta function, Ghirlanda-Guerra identities,

Gibbs measure, Poisson-Dirichlet variable, ultrametricity, spin glasses

4.1. Introduction

Following recent conjectures of Fyodorov et al. (2012) and Fyodorov and Keating (2014)
about the limiting law of the Gibbs measure and the limiting law of the maximum for the
Riemann zeta function on bounded random intervals of the critical line, progress have been
made in the mathematics literature. If 7 is sampled uniformly in [T, 27 for some large T,
then it is expected that the limiting law of the Gibbs measure (see (4.2.6)) at low temperature
for the field (log |¢(3 +i(T+h))|, h € [0,1]) is a one-level Ruelle probability cascade (see e.g.
Ruelle (1987)) and the law of the maximum is asymptotic to log log T"— % log loglog T+ M
where (Mp,T > 2) is a sequence of random variables converging in distribution. For
a randomized version of the Riemann zeta function (see (4.2.1)), the first order of the
maximum was proved in Harper (2013), the second order of the maximum was proved in
Arguin et al. (2017), and the limiting two-overlap distribution was found in Arguin and Tai
(2018) (see Theorem 4.3.1 below). The tightness of the recentered maximum is still open
(see Arguin and Ouimet (2019)). In this short paper, we complete the analysis of Arguin
and Tai (2018) by proving the Ghirlanda-Guerra (GG) identities in the limit 7' — oo
(see Theorem 4.5.8). As is well known in the spin glass literature (see e.g. Chapter 2 in
Panchenko (2013Dh)), the limiting law of the two-overlap distribution, with a finite support,
together with the GG identities allow a complete description of the limiting law of the Gibbs
measure as a Ruelle probability cascade with finitely many levels (a random measure with
a tree structure and Poisson-Dirichlet weights at each level). Our main result (Theorem
4.3.2) describes the joint law of the overlaps under the limiting mean Gibbs measure in

terms of Poisson-Dirichlet weights. It is expected that the approach presented here, which
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mostly stems from the work of Arguin and Zindy (2014), Bovier and Kurkova (2004a) and
Panchenko (2013b) on other models, can be adapted to prove the same result for the (true)
Riemann zeta function on bounded random intervals of the critical line. At present, for the
(true) Riemann zeta function, the first order of the maximum is proved conditionally on the

¢

Riemann hypothesis in Najnudel (2018) and unconditionally in Arguin et al. (2019).

The paper is organised as follows. In Section 4.2, we give a few definitions. In Section
4.3, the main result is stated and shown to be a consequence of the GG identities and the
main result from Arguin and Tai (2018) about the limiting two-overlap distribution. In
Section 4.4, we state known results from Arguin and Tai (2018) that we will use to prove
the GG identities. The GG identities are proven in Section 4.5 along with other preliminary
results, see the structure of the proof in Figure 4.5.1. For an explanation of the consequences
of the GG identities and their conjectured universality for mean field spin glass models, we

refer the reader to Jagannath (2017), Panchenko (2013b) and Talagrand (2011).

4.2. Some definitions

Let (U, p primes) be an i.i.d. sequence of uniform random variables on the unit circle

in C. The random field of interest is

Xn =2 Wy(h) =3

p<T p<T

Re(Uppiih)

Y h e [0,1]. (4.2.1)

This is a good model for the large values of (log |((5 + (T + h))|, h € [0,1]) for the following
reason. Proposition 1 in Harper (2013) proves that, assuming the Riemann hypothesis, and
for T large enough, there exists a set B C [T, T+ 1], of Lebesgue measure at least 0.99, such
that

L 1 log(T/p
log|§(§ +it)| = Re (;PUH# 1(5g1< )) +0(1), teB. (4.2.2)
VIS

If we ignore the smoothing term log(7'/p)/log T and note that the process (p~*7, p primes),
where 7 is sampled uniformly in [T, 2T, converges (in the sense of convergence of its finite-
dimensional distributions), as 7' — oo, to a sequence of independent random variables
distributed uniformly on the unit circle (by computing the moments), then the model (4.2.1)

follows. For more information, see Section 1.1 in Arguin et al. (2017).
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For simplicity, the dependence in T" will be implicit everywhere for X. Summations over
p’s and ¢’s always mean that we sum over primes. For a € [0, 1], we denote truncated sums

of X as follows :
Xh(a) = Z Wp<h)7 h e [07 1]7 (423)

p<exp((logT)*)
where Yy = 0. Define the overlap between two points of the field by

E[X,Xw]

) e

h, B € [0,1]. (4.2.4)

For any a € [0, 1] and any 8 > 0, define the (normalized) free energy of the perturbed model

by ] .
faﬁ,T(U) = W log/o eﬁ(uxh(a)+xh)dh, u > —1. (425)

The parameter u is there to allow perturbations in the correlation structure of the model.

When u = 0, we recover the free energy. Finally, for any Borel set A € B([0, 1]), define the

Gibbs measure by BX
e h

The parameter [ is called the inverse temperature in statistical mechanics.

4.3. Main result

The main result of this article is to present a complete description of the joint law of the

overlaps for the model (4.2.1), under the limiting mean Gibbs measure

lim EG%. (4.3.1)

T—o0

We will show that, when 5 > . = 2, this measure is the expectation £ of a random measure
s sampling orthonormal vectors in an infinite-dimensional separable Hilbert space, where

the probability weights follow a
Poisson-Dirichlet distribution of parameter 5.//.

This is done through what is called the Ghirlanda-Guerra identities. These identities
first appeared in Ghirlanda and Guerra (1998) and, 15 years later, it was proved in a

celebrated work of Panchenko Panchenko (2013a) (a simple proof is given in Panchenko
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(2011) when Eug has a finite support) that if a random measure on the unit ball of a separable
Hilbert space satisfies an extended version of the Ghirlanda-Guerra identities, then we must
have ultrametricity (a tree-like structure) of the overlaps under the mean of this random
measure. This was an important step because it was well-known following the publication
of Ghirlanda and Guerra (1998) that the Ghirlanda-Guerra identities and ultrametricity
together completely determine the joint law of the overlaps, up to the distribution of one
overlap. See e.g., Theorem 6.1 in Baffioni and Rosati (2000), Section 1.2 in Talagrand (2003)
(in the context of the REM model from Derrida (1980)) and Theorem 1.13 in Bovier and
Kurkova (2004a) (in the context of the GREM model from Derrida (1985)).

Thus, from the work of Panchenko, proving the (extended) Ghirlanda-Guerra identi-
ties under (4.3.1) implies ultrametricity and, consequently, determines the joint law of the

overlaps, up to the limiting two-overlap distribution
%EI;OEG;,ZT[]‘{M’IJZ')G'}]? (432)
which Arguin and Tai (2018) already determined for the model (4.2.1).

Theorem 4.3.1 (Theorem 1 in Arguin and Tai (2018)). For any 6 > B. = 2 and any

Borel set A € B([0,1]),

. y 2 2
lim G35 [Lgpnmen] = 5La(0) + (1 - ﬁ) 14(1). (4.3.3)

Remark 4.3.1. The limiting two-overlap distribution in (4.3.3) can be interpreted as a

measure of relative distance between the extremes of the model.

To state our main result, recall the definition of a Poisson-Dirichlet variable. For 0 <
0 < 1,let n = (7;)ien+ be the atoms of a Poisson random measure on (0, o) with intensity
measure 0z~ %"'dz. A Poisson-Dirichlet variable ¢ of parameter @ is a random variable on

the space of decreasing weights

. 1>z >290>...20
{(xl,xg, L) efo, = } (4.3.4)
and >0, x;, =1
which has the same law as
¢l ( S ieN*) : (4.3.5)
=11 !

where | stands for the decreasing rearrangement.
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Here is the main result.
Theorem 4.3.2 (Main result). Let 8 > . = 2 and let § = (& )ren+ be a Poisson-
Dirichlet variable of parameter B./3. Denote by E the expectation with respect to . For

any continuous function ¢ : [0,1]°671/2 5 R of the overlaps of s points,

Jim EG37r [¢((P(hz, hz')) 1<u/<5>}

Z Ehy - 'gks(b((1{kl:kl’})1gl,l/§s>

ki,...,ks€N

(4.3.6)
_E ]

Remark 4.3.2. The domain of ¢ is [0, 1]*¢=1/2 here because the matriz (p(hy, hir))1<iir<s

is symmetric and has 1°s on the diagonal.

Remark 4.3.3. The proof of Theorem 4.3.2 is given in Section /.6. As mentioned earlier,
it is a consequence of Theorem 4.3.1, Theorem 4.5.8 and the ultrametric structure of
the overlaps under the limiting mean Gibbs measure. To prove the extended Ghirlanda-
Guerra identities in Section 4.5, we will use the strategqy developed in Bovier and Kurkova
(2004a,b) and used in Arguin and Zindy (2014) and Arguin and Tai (2018) (see Remark
4.8.4). For an alternative strategy (which requires a stronger control on the path of the

mazximal particle in the tree structure), see Jagannath (2016).

Remark 4.3.4. In this paper, we state most of our results above the critical inverse
temperature (i.e. at low temperature), namely when B > (. = 2, because that’s the only
interesting case. The description of the joint law of the overlaps under the limiting mean

Gibbs measure turns out to be trivial when B < B.. Here’s why.

When 8 > ., the Gibbs measure gives a lot of weight to the “particles” h that are
near the mazimum’s height in the tree structure underlying the model (4.2.1). The result
of Theorem 4.3.1 simply says that if you sample two particles under the Gibbs measure,
then, in the limit and on average, either the particles branched off “at the last moment”
in the tree structure (there are clusters of points reaching near the level of the mazimum)

or they branched off in the beginning. They cannot branch at intermediate scales.

When [ < B., the weights in the Gibbs measure are more spread out so that most
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contributions to the free energy actually come from particles reaching heights that are well
below the level of the mazimum in the tree structure. Hence, when two particles are selected
from this larger pool of contributors that are not clustering, it can be shown that, in the
limit and on average, the particles necessarily branched off in the beginning of the tree.
The proof would follow the exact same strategy used in Arquin and Tai (2018) :

— find the free energy of the perturbed model as a function of the perturbation param-
eter u,

— link the expectation of the derivative of the perturbed free energy at uw = 0 with the
two-overlap distribution by using an approximate integration by parts argument and
the convexity of the free energy.

(We refer to this strateqy as the Bovier-Kurkova technique since it is adapted from the
strategy introduced in Bovier and Kurkova (200/a,b) for the GREM model.) The compu-

tations would actually be easier in this case. One would find that
Ilgrolo EGE?T |:]-{p(h,h’)€A}j| = 1A(O). (437)

In other words, when 8 < 3., the limiting mean Gibbs measure only samples points that are
uncorrelated (and thus far from each other) in the limiting tree structure. More generally,
our main result (Theorem 4.3.2), which describes the joint law of the overlaps under the
limiting mean Gibbs measure, would say that for any continuous function ¢ : [0, 1]52 —-R

of the overlaps of s points,

tim B35 [0 (ot ), )] = () (133)

T—o0

where I, denotes the identity matriz of order s. In the critical case = (., we obtain

(4.3.7) and (4.3.8) with the same techniques.

4.4. Known results

In this section, we gather the results from Arguin and Tai (2018) that we will use in
Section 4.5 to prove the extended Ghirlanda-Guerra identities. The two propositions below
are known convergence results for f, g1 and its derivative (with respect to u). We slightly

reformulate them for later use.
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Proposition 4.4.1 (Proposition 3 in Arguin and Tai (2018)). Let f > . = 2 and 0 <
a < 1. Then,
5 E[f2(0)] = [ BG Lty +or(1). (4.4.1)
Since fl, 57(0) = B(loglog T) G r[Xn(a)], we can also write (4.4.1) as
; : E?fo;[l)(f;(?)] =a— EGE?T[/OQ Liy<pnpydy] +or(1). (4.4.2)

Proposition 4.4.2 (Equation 13, Proposition 4 and Lemma 14 in Arguin and Tai (2018)).
Let 6>0.=2,0<a<1andu> —1. Then,

2 .
5V ifu<0,2<B<2/\/Vau,
i fogr(u) = fas(w) = 8\/Vau =1, ifu<0, §>2/\/Vau, (4.4.3)

Blaw+1)—1, ifu>0, §> 2,

where the limit holds in L*, and where V., = (1 + u)*a + (1 — a).

4.5. Proof of the extended Ghirlanda-Guerra identities

This section is dedicated to the proof of the extended Ghirlanda-Guerra identities (The-
orem 4.5.8). We adopt a “bottom-up” style of presentation, where Theorem 4.5.8 is the end

goal. Here is the structure of the proof :

Prime number N Iéemlma siclth
th verlaps of the
corem truncated field ~~
Prop. 5.4
Bovier-Kurkova
ken;g:(?nitze Lemma 5.3 / technique
inIt)p ration ——| Bovier-Kurkova
cgratio technique (preliminary)
by parts :
Thm. 5.7
Arguin-Tai Prop. 5.6 Approximate
/ Concentration extended
Prop. 4.1 / T GG identities
Prop. 4.2 — Lemma 5.5
' 5(0)=...
a,fB
Thm. 5.8
Dovbysh-Sudakov Extended
representation theorem GG identities
in the limit

FIGURE 4.5.1. Structure of the proof
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We start by relating the overlaps of the field X to the overlaps of the truncated field
X(a).
Lemma 4.5.1 (Overlaps of the truncated field). Let 0 < « < 1. Then, for all h, ' € [0, 1],

E[Xn(a)Xu(a)] _ {p(h, h')+ O((loglog T)™Y), if p(h, 1) < v, (45.1)

3 loglog T a+ O((loglogT)™), if p(h, W) > a.
In both cases, the O((loglogT)™') term is uniform in a.
PROOF. Since Re(z) = (2+7%)/2, E[U?] = E[(U,)?] = 0 and E[U,U,] = 1, it is easily shown
from (4.2.1) that, for any prime p,
E[W, (h)W, (1] = ;pcos(\h _W|logp), h K €0,1]. (4.5.2)
Thus, from the independence of the U,’s and (4.2.3),

1
E[Xh(a) X (a)] = > —cos(|h — h'|logp), h,h' €0,1]. (4.5.3)
p<exp((logT)*)
Sums like the one on the right-hand side of (4.5.3) were estimated on page 20 of Appendix

A in Harper (2013) by using the prime number theorem. In particular,

Llog ((log T) A |h — h'| 1)

h,h') = O((loglogT)~" 4.5.4
p( ) ) %IOgIOgT + ((Og og ) )7 ( )
and
o _p1—1 _ . _ o
E[Xu ()X ()] | “heier +O((loglogT)™"), if 1< |h—1/|™! < (log T)",
- -
zloglogT a+ O((loglog T)™Y) if [h— 1|7t > (log T)?,
(4.5.5)
where the O((loglogT)™!) terms are all uniform in a. By comparing (4.5.4) and (4.5.5),
we get
E[Xp(a) Xp(a)] p(h, 1)+ O((loglogT)™1), if p(h,h') — O((loglogT)™') < «,
- -
zloglog T a+ O((loglogT)™1), if p(h, 1) — O((loglog T)™') > a,
p(h, ') + O((loglog T) '), if p(h, ') < o,
_ (4.5.6)
a+ O((loglogT)™), if p(h, h') > «a.
This ends the proof. U
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The next lemma is an approximate integration by parts result. It is a straightforward

generalization of Lemma 9 in Arguin and Tai (2018).

Lemma 4.5.2 (Approximate integration by parts). Let s € N* and let € = (&1,&2, ..., &)
be a random vector taking values in C*, such that E[|&;]?] < oo and E[§;] = 0 for all
Jj € {1,...,s}, and such that E[§&;] = 0 for alll,5 € {1,...,s}. Let FF: C° — C be a

twice continuously differentiable function such that, for some M > 0,

max {1102 Flloo V 02 Flloc V 102,05 F lloo V 10502, Flloo } < M,

1<5<s

where || flloo = sup,ecs | f(2,Z)|. Then, for any k € {1,...,s},

Bl6F (6 6] - S El6E) EosF€ 8| < M max BIGF, (457
BEFE D) - S EES] BO, FE D] < M max I, (455)

where f(-) < g(-) means that |f(-)| < Cyg(-) for some universal constant C > 0 (the

Vinogradov notation).

ProoF. Fix k € {1,...,s}. We only prove (4.5.7) because the proof of (4.5.8) is almost
identical. Since E[¢§;] = 0 and E[§,€;] = 0forall j € {1,..., s}, the left-hand side of (4.5.7)
can be written as
2[a(F(€.8) - F(0.0) - Y60, F(0.0) - Y §0:F(0,0) )]
= = (4.5.9)
- E[6|E|95r(6.8) - 055(0.0)]
=

By Taylor’s theorem in several variables and the assumptions, the following estimates hold

P8~ F(0.0) = Y- £0,7(0,0) - Y- £07(0,0)

Jj=1 J=1

S 2 S
< M(Z \gl|> < MsY |4l (4.5.10)
=1 =1

O=F(€,€) — 0 (0, 0)’ < Mzs: &| forall j € {l,...,s}. (4.5.11)
=1

Therefore,
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S

(45.9)] < MZ (sl 16] + SB[l - o] E[])

Jj=1

< 'y (sEfjr] e[

=1

+3oEfi6l] Bl e ] ")
j=1

2 13
< 25°M max E[|§]"], (4.5.12)
where we used Holder’s inequality to obtain the second inequality. 0

Here is a generalization of Proposition 10 in Arguin and Tai (2018). It could be seen as
a generalization of (4.4.2) if (4.4.2) was applied to (W, (h), h € [0, 1]) instead of (X (), h €
[0, 1)).

Lemma 4.5.3 (Bovier-Kurkova technique - preliminary version). Let 5 > 0 and p < T.
For any s € N*, any k € {1,...,s}, and any bounded mesurable function ¢ : [0,1]° — R,

we have
[EG 5 (W, ()6 (R)]
. {z EG i [EIW, (i) Wy ()] 6(h)] } S, (45.13)
—sEG ;5 [BIW, (hi) Wy(has1)] 6(R)]

where b = (hi, hy, ..., hs), K = s2CB3?||¢||s, and C > 0 is a universal constant.
Proor. Write for short

wp(h) = —p ™2 and  Y,(h) =8 W,(h). (4.5.14)
q<T
q#p

Sioe o)) T exp ( By () + Zip ) + Vo))
Fy(z,7) = . (45.15)
S Tl exp ( Bz (he) + Ziy () + Yy () ) d

EG3 7 Wo(he)o(h)] = E[U, - 1, (U, Up)] + E[U, - F,(Up, Uy, (4.5.16)

where U, = (U,, Up, ..., U,). Since the U,’s are i.i.d. uniform random variables on the unit

circle in C, we have E[|U,[*] < oo, E[U,U,] = 1 and E[U}] = E[U,] = 0. If we apply (4.5.7)
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with ' = F, and £ = U,, and (4.5.8) with F' = F,, and & = U, we get, as T — 00,

S

B33 (o)) = 3 {Elos P, T)] + B[o, 70, 0]}
N (4.5.17)

+520( max {102 oo v 122 Fy 1} )
For any bounded mesurable function H : [0,1] — C, define
S HB) exp ( Bz (1) + 2y () + Yy (h) )

Joo.yexp (5 (zwp(h) + Zwy(h)) + Yp(h)>dh

(H) (o5 = (H(h))(2) = . (4.5.18)

and for any bounded mesurable function H : [0, 1]* — C, define

Sionge HOS) Ty exp (3(rp(n) + 7y () + V() )

S Tl exp (B, (h) + Zi () + Yy () )

(4.5.19)
Differentiation of the above yields
82<H>((bz,z) = 5{<pr(hj)>((i,z) - <H>((bz,z) <Wp<hs+1)>(2j,7j)}a
(4.5.20)

0., <H>((i)z,z) = 5{ <pr(hj)>((i)z,z) - <H>?z,z) (wp(hst1)) (z.2) }
The partial derivatives in (4.5.20) can be used to expand the summands on the right-hand
side of (4.5.17). Indeed, by using the relation F,(z,%z) = (wp(hk»((sz) with z = U,

E {%FP(UP, ﬁp)] + E[ﬁzfp(Upa Up)}

— E|05(nh)y, o] +E|0 (w0, o

(Up.Up)

4320 s [(wp(hk)a%(/m>f,]pm) = (o (h) i, 7 <“’p(h8+1)>wpﬂp>]

BTN, g~ o 5 e )

E {<2Re (cwp () (By) ) >TUP,U7)

~E {2Re ((wp(hk»?Up,Up) (wp(hss1) (Up,Up)>

(4.5.21)

244



Since, by definition,
{ '>?Up,uj> =G5 o(h)], (4.5.22)

and

2Re ((wp(hk»fUp’Up) (wp(hs+1)>(Up,Up))

f[071} f[o,1]s wp () wp(hsi1)o(h) Hf;l exp <5 D op<T Wp(hl)> dh dhs

= 2Re
S o T ex0 (8 Sper Wyl )b diss

= G35V [2Re (wy(hi)wp () ) 6 (R)] (4.5.23)

and
—_ 1 (4.5.2)

2 Re(wp(h)wy(h')) = on cos(|h — h'|log p) E[W,(h)W,(R")], (4.5.24)

we can rewrite (4.5.21) as
E[0=F, (U, U,)| +E[0. F,(U,.U,)|
| { EG 55 [EIW, (hi) W, (b)) 6(h)] } (4.5.25)
—EG35 ) [EIW, () Wy (hys1)(R)]
From (4.5.17) and (4.5.25), we conclude (4.5.13), as long as, for all j € {1,..., s},

102, Flloo V |02 F oo < CA*||6]locp™?, (4.5.26)

where C' > 0 is a universal constant. To verify this last point, note that, by differentiating

in (4.5.20),

T { O-, (Hup () 2) = (02, (). ) (wp o)) e, 5 }
J ’ _<H>((bz,z) (0 (wp(Pst1)) (2 75))
<HW§(hj)>((éz,Z) - <pr(hj>>?z,z) <wp(h8+1)>(zj:7j)
=29 - <<pr(hj)>((ﬁz7z) - <H>((]§z,f) <wp(hs+1)>(zjvzj)> (wp(Ps+1)) (25.2)

~(Hm (B ) ) = (ol 2 )
(4.5.27)
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Using the relation F,(z,%) = (wp(hk)> z)» (4.5.27), and the triangle inequality, we obtain

(wp(hi)ew (1)),

~2(wp (i) (1)) . z) (o)) e 2
+2(p (hi)) ) (Wpl )2, =

— (o)) ) (WE (Rat)) 2, 5)

(e ()| - lwp(hy) )2,

2w ()| - e () )2 5y e (o) s, 5
+2([wp (i) ) (o5 wn (R ) )2, =)

+H{wp () D) (o) 2 sy,

02 Fo(2,2)] = 5

(4.5.28)

Since |w,(h)| = 2p~/2, (1), z) = 1 and (1 )W' < ||¢|s0, we deduce from (4.5.28) that
6 _
02 Fp(z,2)] < 557 [16]loop i (4.5.29)
We obtain the bound on [|02.F, || in the same manner. O

The next proposition is a consequence of the two previous lemmas. It generalizes (4.4.2),
which corresponds to the special case (k = 1,s = 1,¢ = 1). The idea for the statement
originates from Bovier and Kurkova (2004a), and the idea behind the proof generalizes the
special-case application in Arguin and Zindy (2014). See Arguin and Zindy (2015); Ouimet

(2017) for an application in the context of the Gaussian free field.

Proposition 4.5.4 (Bovier-Kurkova technique). Let 5 > 0 and 0 < « < 1. For any
seN* any k € {1,...,s}, and any bounded mesurable function ¢ : [0,1]* — R, we have

1 EG)5 [ Xn, (a)(h)]
8 sloglog T

(4.5.30)

Y EGH| [ 1 qydy o(h
B =1 H)[ 0 Hy<p(hi,hi)} ( )] _ O((loglogT)_l) :
—S EGB [foa 1{y<p(hk,hs+1)}dy ¢(h’>}

where h = (hy, ha, ... hg).
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PrOOF. Forany ! € {1,...,s+ 1},

EG3r" [/0 Liy<pitne i@y $(R)] = EGE T [p(a ) Lipny.my<ay (h)] (4.5.31)
+EGEE [0 Lo nsa) 0(R)).

On the other hand, if we sum (4.5.13) over the set {p prime : p < exp((log 7)*)} and divide
by glog log T', we obtain

1 EG37[Xp, (2)p(h)]

B +loglog T
s s | E[Xh, ()X, (« 5
S BG | oh)| (45.32)
a X (s+1) IE[)Z(;L (@) Xn. ()] =0 ((108? log T>71) .
—° EG67T gloglogs;l ¢(h>:|

Now, one by one, take the difference in absolute value between each of the s+ 1 expectations
inside the braces in (4.5.32) and the corresponding expectation on the left-hand side of

(4.5.31). We obtain the bound (4.5.30) by using Lemma 4.5.1. O

Our goal now is to combine Proposition 4.5.4 with a concentration result (Proposition
4.5.6) in order to prove an approximate version of the GG identities (Theorem 4.5.7). We will
then show that the identities must hold exactly in the limit 7" — oo (Theorem 4.5.8). Before
stating and proving the concentration result, we show that f, g(), the limiting perturbed

free energy, is differentiable in an open interval around 0.

Lemma 4.5.5. Let f > . =2 and 0 < o < 1. There ezists 6 = d(a, ) > 0 small enough
that fop(-) from Proposition 4.4.2 is differentiable on (—0,0). Also, we have f,, 5(0) = Ba.

PRrROOF. Since § > 2 and lim,_,o V,,, = 1, there exists § = §(a, ) > 0 small enough that,
for all u € (=4, 9),
By/Vauw—1, ifu<0,
Jop(u) = . (4.5.33)
Blau+1)—1, ifu>0.
The differentiability of f, s(-) on (—d,)\{0} is obvious. Also,

fap(w) = fas(0) _ 5@ ifu <0, (4.5.34)

u Ba, if u > 0.

Take both the left and right limits at 0 to conclude. U
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Here is the concentration result. It is analogous to Theorem 3.8 in Panchenko (2013h),

which was proved for the mixed p-spin model. We give the proof for completeness.

Proposition 4.5.6 (Concentration). Let > . =2 and 0 < a < 1. For any s € N,

any k € {1,...,s}, and any bounded mesurable function ¢ : [0,1]° — R, we have

EG57[Xn (@)d(h)]  EGsr[X, ()]
B,T k BTy, s
- E =or(1 45.
‘ loglog T loglog T Ghrle(h)]| = or(1), (4.5.35)
where h = (hy, ha, ..., hg).

PROOF. By applying Jensen’s inequality to the expectation EG 3% -], followed by the tri-

angle inequality,
[EG35[Xn, (@) p(R)] — EGs 7 X, ()JEG ;5 [6(h))]

< EGp 1| X, (@) = EG3 [ X, ()] - 18]l

< {]EGﬂ,Tth(Oé) - GB,T[th(Of)]‘ } ol

| +E|Gs (X0, ()] — EGpr[ X, ()]

= {(@+®)f 16l
Below, we show that (a) and (b) are o(loglogT") in Step 1 and Step 2, respectively.
Step 1. Note that
B,

| (@) = X)) oo

(@) = Xy ()] (4.5.36)

(CL) == EG@T dhg

<]EG

For u > 0, we define a perturbed version of the last quantity, where the Gibbs measure

Gp . is now defined with respect to the field (uXp(a) + Xp,, h € [0,1]) :
Do pr(u) = EG3F,| Xn (@) = Xp, (). (4.5.37)

We can easily verify that

D/a,ﬁ,T( ) = BEG,BTy

X (@) = Xny(@)] - (Xiny (@) + Xiy() — 2Xh3(04))]. (4.5.38)

If we separate the expectation in (4.5.38) in two parts and apply the Cauchy-Schwarz
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inequality to each one of them, followed by an application of the elementary inequality

(c+d)? < 2¢® + 2d?, we find, for y > 0,

G| X (@) = Xy ()| X0, () = Xy () }

‘Da,BT )‘ < B : {
+EG,BTy‘Xh1 a _Xh2<a)HXh2(a> _th(a/)‘

< B 2EG;7,[(Xn (@) = Xny(@))’]

< 8- 8EGs2,[(Xn(0) = Gay[Xn(a)]) ). (4.5.39)

Note that 37*(loglog T) fi 5. 1(y) = G@T’y[(Xh(a) - GgTy[Xh(a)])Q] and apply inequality
(4.5.39) in the identity uDqa,57(0) = [5' Dasr(y)dy — [o' Jo D4 pr(y)dyds. We obtain, for

u > 0,
a,BT / Da/o’T dy—'_/ ‘Da,BT

U 1/2
<2( ["5(toglog T)E[fc/:,g,T(y)]dy>
+88 [ 87 (10glog TIELf2 5 (y)]dy. (45.40)

In order to bound % [¢" Dy g7 (y)dy, we separated Do g 7(y) in two parts (with the triangle
inequality) and we applied the Cauchy-Schwarz inequality to the two resulting expectations
L [ EGsryl-]dy. Now, on the right-hand side of (4.5.40), use the convexity of fo57(-)
and the mean convergence of f,57(2), z > —1, from Proposition 4.4.2. We get, for all

u>0andally € (0,1),

((l) (4.5.36) . Da 8 T(O)
I @) Ty ZoP A
12:851) loglog T — lirfljolip loglog T
(4.53.40) 2 ‘ (fw(u ty) = fap(u) _ fap(0) - faﬂ(_”) . (4.5.41)
y Y

From Lemma 4.5.5, there exists 0 = §(a, §) > 0 such that f, 5(-) is differentiable on (-9, §).

Therefore, take u — 0% and then y — 0% in the above equation to conclude Step 1.
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Step 2. For all u € (0, 1), let

N2 () = | faopz(—10) = Elfop.r(—)]| + | fa0(0) — Elfap2(0)]|
(4.5.42)
+ | fapr(u) = Bl fasr(w)].

Differentiation of the free energy gives f, 3 1(0) = 3(loglog T)~'G3r[Xp, ()]. Then, from
the convexity of f, s7(-),

: log(llggT =K fc/y,g,T(O) - E[féBT(O)]‘
< |E[faﬁT(u)] - ]E[fa,,@,T(O)] . E[f&BT(O)]‘
n ‘E[fa,g,T(O)] —uE[fa,ﬁ,T(—U>] _ E[f&,@:r(o)]‘ 4 W (4.5,43)

Using the L' convergence of f,sr(z), 2 > —1, from Proposition 4.4.2, and the mean
convergence of f;, 5(0) from Proposition 4.4.1 (the limit is f} 5(0) by Lemma 4.5.5, the
convexity of E[fa 57(-)] and f, 5(-), and by Theorem 25.7 in Rockafellar (1970)), we deduce
that for all u € (0,1),

fa, (u)_fa, (0)
- (b) || et g (0)]
lim sup W S E . >
T—oo 10g10g + fa,ﬁ(o)_fa,ﬁ(_u) . clv,ﬂ(o)‘

Take u — 07 in the last equation, the differentiability of f, 5(-) at 0 (from Lemma 4.5.5)

concludes Step 2. U

Theorem 4.5.7 (Approximate extended Ghirlanda-Guerra identities). Let § > . = 2
and 0 < a < 1. For any s € N*, any k € {1,...,s}, and any bounded mesurable function
¢ :[0,1)° = R, we have
s+1 @
’EGE; ){/0 1{y<P(hk,hs+1)}dy Qﬁ(h)}
LEGE [ J5 V<t dy| B 0(R) " (45.44)
- = Oor )
LS BGET | S5 Liyeptnnnydy 6(h)]

where h = (hy, ha, ..., hy).
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PRrROOF. From Proposition 4.5.4, Proposition 4.5.6 and the triangle inequality, we get

1 EGsr[Xn,(a)]
6] % loglog T

EG57[¢(h)]

i o T o (4.5.45)
2= EGE,T[IO Liy<p(hi.in)y Y Cb(h)} — or(1)
_ = or(1).
—sEGE5 [ 5 Ly<ptone i dy o(h)]
Furthermore, from Proposition 4.5.4 in the special case (s = 1,k =1,¢ = 1),
1 EGgr[Xp,(a)]
6] %log log T’
(4.5.46)
EGET| Jo' Yy<p(hphi)y 4y
_ ﬁ,TE El) {y<p(hi,hi)} ] _ O((loglogT)_l).
X (s 6%
—EGpr [fo 1{y<p(h1:h2)}dy}
By combining (4.5.45) and (4.5.46), we get the conclusion. O

By the representation theorem of Dovbysh and Sudakov Dovbysh and Sudakov (1982)
(for an accessible proof, see Panchenko (2010)), we can show (see e.g. the reasoning on
page 1459 of Arguin and Zindy (2014) or page 101 of Panchenko (2013b)) that there exists
a subsequence {7}, } men+ converging to +o0o such that for any s € N* and any continuous

function ¢ : [0, 1]*¢~V/2 = R, we have

lim EG35, [6((p(h, ho)h<iv<s)| = Bz [o((Riiciv<s)|, (4.5.47)

m— 00

where R is a random element of some probability space with measure P (and expectation

E), generated by the random matrix of scalar products

(Rip)irens = ((Pl; Pl’)?—[) (4.5.48)

LI’eN*’

where (p;)1en+ is an i.i.d. sample from some random measure ug concentrated a.s. on the

unit sphere of a separable Hilbert space H. In particular, from Theorem 4.3.1, we have

B [Lpsaen] = ;1A(o) + (1 - ;) 14(1), A€ B(0,1)). (4.5.49)

Next, we show the consequence of taking the limit (4.5.47) in the statement of Theorem
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4.5.7. Note that a function ¢ : {0,1}*¢~Y/2 — R can always be embedded in a continuous

function defined on [0, 1]**~Y/2, Here is the main result of this section.

Theorem 4.5.8 (Extended Ghirlanda-Guerra identities in the limit). Let § > (. = 2.
Also, let pg be a subsequential limit of {Ggr}r>2 in the sense of (4.5.47). For any s € N*,
any k € {1,...,s}, and any functions 1 : {0,1} — R and ¢ : {0,1}3C~Y/2 5 R, we have

Epg ™V [(Rear))((Riihi<ii<s) | = EEMEQW&MENES{‘ﬁ((Ri:i’)lSi’i’ﬁs)}
(4.5.50)

+ = ZEM [ Rklgb((Ri,i’)lSi,i’gs)}-
5 1k

Remark 4.5.1. The functions 1 and ¢ have {0,1} and {0,1}*¢=Y/2 as their domain, re-
spectively, because Ry € {0,1} EM;2—alm03t—surely by (4.5.49) and the matriz (R )1<ir<s

is symmetric and its diagonal elements are equal to 1 Epjg®-almost-surely by (4.5.48).

PROOF OF THEOREM 4.5.8. From (4.5.47) and Theorem 4.5.7 (in the particular case

where ¢ is a function of the overlaps), we deduce

E,u (o+D) / 1{y<R;C s+1}dy ¢(( i, )1<z Z’<S)}
1 S
:*EMEQ / Lyeroydy| Bps® [¢(Ris)i<ives)] (4.5.51)

+ < ZEU /0 1{y<Rk,l}d3/¢((Ri,i')1§i,i'§s)}-

S 14k
From (4.5.49), we know that 1g,cg, ,} is Epj*-as. constant in y on [—1,0) and [0,1)
respectively. Therefore, for any 2 € {—1,0},

E,u(s+l) {1{x<Rk’S+1}¢((Rz’,i’)lﬁi,z”ésﬂ

= lEug2 [1{$<R1,2}} E“ES {05((31;,@")19,@@5)} (4.5.52)

+ - ZE% |:1{:E<Rkl}¢(( )19’,2‘/35)]-
S 17k

But, any function ¢ : {0,1} — R can be written as a linear combination of the indicator

functions 1(o<.y and 1{_1<.}, so we get the conclusion by the linearity of (4.5.52). O
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4.6. Proof of Theorem 4.3.2

Once we have Theorem 4.3.1 and the Ghirlanda-Guerra identities from Theorem 4.5.8,
the proof follows exactly the same steps as in the proof of Theorem 1.5 in Arguin and Zindy
(2014). We can show that any subsequential limit ;15 of {G 3 r}r>2 in the sense of (4.5.47)

must satisfy

ps = > &be,, P —aus., (4.6.1)
keN*

where 0 is the Dirac measure, (ex)ren+ 18 a sequence of orthonormal vectors in H and & is
a Poisson-Dirichlet variable of parameter /3./3. Since the space of probability measures on
[0, 1]N"N" (the space of overlap matrices) is a metric space under the weak topology, the
limit in (4.5.47) must hold for the original sequence. Then, (4.3.6) is a direct consequence

of (4.6.1).
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ABSTRACT. In this paper, we study the random field

.\ Re(Upp~™)
X(h)zzpf#a he[oal]a
p<T

where (U,, p primes) is an i.i.d. sequence of uniform random variables on the unit circle
in C. Harper (2013) showed that (X(h), h € (0,1)) is a good model for the large values
of (log (3 +i(T+h))|, h € [0,1]) when T is large, if we assume the Riemann hypothesis.

The asymptotics of the maximum were found in Arguin et al. (2017) up to the second
order, but the tightness of the recentered maximum is still an open problem. As a
first step, we provide large deviation estimates and continuity estimates for the field’s

derivative X’(h). The main result shows that, with probability arbitrarily close to 1,

max X(h) —max X (h) = O(1),

where S a discrete set containing O(log Tv/loglogT') points.

Keywords: extreme value theory, large deviations, Riemann zeta function, estimates

5.1. Introduction

In Fyodorov et al. (2012) and Fyodorov and Keating (2014), it was conjectured that
if 7 is sampled uniformly in [T, 2T] for some large T, then the law of the maximum of
(log |C(% + (7 + h))|,h € [0,1]), where ¢ denotes the Riemann zeta function, should be
asymptotic to loglog T — % logloglog T'+ My where (Myp, T > 2) is a sequence of random
variables converging in distribution. At present, the first order of the maximum is proved
conditionally on the Riemann hypothesis in Najnudel (2018) and unconditionally in Arguin

et al. (2019).

In order to study this hard problem originally, a randomized version of the Riemann
zeta function was introduced in Harper (2013), see (5.2.1). The first order of the maximum
was proved in Harper (2013), the second order of the maximum was proved in Arguin et al.
(2017), and a related study of the Gibbs measure can be found in Arguin and Tai (2018)

and Ouimet (2018). The tightness of the recentered maximum is still open.

As a first step, our main result (Theorem 5.3.3) shows that the tightness of the “con-
tinuous” maximum maxpcp,1) X (h) (once recentered) can be reduced to the tightness of a

“discrete” maximum maxpes X (h) (once recentered) where S is a discrete set containing
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O(log T'\/loglog T') points. In order to prove Theorem 5.3.3, we will need continuity esti-
mates and large deviation estimates for the field’s derivative X'(h), which can be found in

Proposition 5.3.1 and Proposition 5.3.2, respectively.

The paper is organised as follows. In Section 5.2, we introduce the model X (h). In
Section 5.3, the main result is stated and proven. Proposition 5.3.1 and Proposition 5.3.2

are stated in Section 5.3 and proven in Section 5.4.

5.2. The model

Let (U,, p primes) be an i.i.d. sequence of uniform random variables on the unit circle

in C. The random field of interest is

I{e(lﬁﬁpgih)
S ’

X(h) = 3 Wy(h) = 3

p<T p<T

he[0,1). (5.2.1)

(A sum over the variable p always denotes a sum over primes.) This is a good model for
the large values of (log [((3 + (T + h))|,h € [0,1]) for the following reason. Proposition 1
in Harper (2013) proves that, assuming the Riemann hypothesis, and for T" large enough,

there exists a set B C [T, T + 1], of Lebesgue measure at least 0.99, such that

L 1 log(T/p
log|§(§ +it)] = Re (;Tpl/”” lo(g; )) +0(1), teB. (5.2.2)
p<

If we ignore the smoothing term log(7T'/p)/log T and note that the process (p~*, p primes),
where 7 is sampled uniformly in [T, 2T, converges, as T' — oo (in the sense of convergence
of its finite-dimensional distributions), to a sequence of independent random variables dis-
tributed uniformly on the unit circle (by computing the moments), then the model (5.2.1)

follows. For more information, see Section 1.1 in Arguin et al. (2017).

More generally, for —1 < r < k, denote the increments of the field by

. Re(U, p~™")
Xop(h) = ) #, h € [0,1]. (5.2.3)
27 <log p<2k
Differentiation of (5.2.3) yields
Im(U, p~i) log p
X hy="> wWihy= > P 7z . (5.2.4)
2r <log p<2k 27 <log p<2¥k p
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5.3. Main result

Throughout the paper, we will write ¢, ¢, ¢/, and ¢”, for generic positive constants whose

value may change at different occurrences. Here are the main side results of this paper.

Proposition 5.3.1 (Continuity estimates). Let C' > 0. For any —1 <r <k, 0 <z <
C(2%k — 22, 2<a <2% — 2 and h € R,
22
P(m:h/—l}?gg%l X, (W) > 2 +4a,X] (k) < x) < cexp <_222k—227” — Ea3/2> , (5.3.1)

where the constants ¢ and ¢ only depend on C'.

Proposition 5.3.2 (Large deviation estimates). Let C' > 0. For any —1 < r < k,
0<x<C(2%% —2%) and h € R,

b —h|<2-3k—1

22
IF’( max X, (W) > x) < cexp <_222’“—22’“> ) (5.3.2)
where the constant ¢ only depends on C'.

From the last proposition, we obtain the following theorem.
Theorem 5.3.3 (Main result). Let —1 < r < k. For all L > 0, let S, be a set
of equidistant points in [0,1] such that |S,pr| = [LvV2% —227\/kTog2] and |W — h| >
S, k0|7t for different hy W' € S, k. Then, for any K > 0, there exists L = L(K) > 0
large enough that

d

Remark 5.3.1. When r = —1 and 2 = logT, X, x(h) is just the original model X (h).

—K)2L2

(5.3.3)

max X, ,(h) — max Xnk(h)‘ > K) < o hl-e

he[O,l] ’ he‘sr,k,L

In that case, (5.3.3) shows that, with probability as close to 1 as we want, there exists a

discrete set S C [0, 1] such that

max X (h) —max X (h) = O(1), (5.3.4)

helo,1] hesS
where |S| = O(log T'\/loglog T').

We prove Theorem 5.3.3 right away and we will prove Proposition 5.3.1 and Proposition

5.3.2 in Section 5.4.
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PROOF OF THEOREM 5.3.3. For M > 0, define the event

E = {max} | X) i (h)] > My/22F — 2% [k log 2} : (5.3.5)

hel0,1

Let Hy = 273*Z and note that [H; N [0, 1]| = 23 + 1. By a union bound, the symmetry of
X, x(Rh)’s distribution, and Proposition 5.3.2, we obtain

P(E)< > 2. IP’( max X, (W) > MyJ2% — 227\ [ log 2)

AT —3k—1
heHpn0,1] h':|h' —h|<2

(5.3.6)
S (23k + 1) . 02_2kM2,

For every realisation w of the field {X,.x(h)}rep,1], let h*(w) be a point where the maxi-
mum is attained. When w € E°, the mean value theorem yields that, for any h(w) € S,k 1

such that |h*(w) — h(w)| < 2/|S, k.|, we have

e Xk (W) _ Xk (h(w)) — X;’k@(w))eXr,k(&(w))(h*(w> — h(w)) < %eXr,k(h*(w)) (5.3.7)

e — Y

for some £(w) lying between h(w) and h*(w). By taking L = L(K) = 2M/(1 — e %), we

deduce eXr#(M@)) > ¢=KeXrk(h"(@)) Thig reasoning shows that, on the event £°,

> _
pax X, k(h) > max X, k(h) — K. (5.3.8)
The conclusion follows from (5.3.8) and (5.3.6) with M = 1(1 — ¢ *)L. O

5.4. Proof of Proposition 5.3.1 and Proposition 5.3.2

We start by controlling the tail probabilities for a single point of the field’s derivative.

Lemma 5.4.1. Let C > 0. Forany —1<r <k, 0<xz < C(2%* —2%) and h € R,

2
P(X,’,,k(h) > :c) < cexp (—222km_2%> : (5.4.1)

where the constant ¢ only depends on C.

PRrROOF. Using Chernoft’s inequality, the independence of the U,’s and translation invari-

ance, we have that, for all A > 0,

P(*X;,k(h) > IE) < e_AmE[e’\X;»k(h)] =M H E{ekwﬁ(o)}. (5.4.2)

2r <log p< 2k
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Note that

, 1 g2 Alogp . Alogp
AW/(0)] —
E|:€ p( ):| 2—A exp (1/2 SlIl(Q)) df = I() ( 1/2 s (543)

(Abramowitz and Stegun, 1964, 9.6.16, p.376), where Iy denotes the modified Bessel function
of the first kind. The function Iy has the following series representation : Io(u) = 1 + “TQ +
Z—z + O(u®), v € R. In turn,

2 U4

log(Ip(u)) = “Z — S +0W), ue(-11), (5.4.4)

because log(1 +y) = y — % + O(y?) for y € (—1,1), and |Io(u) — 1] < 1 for u € (—1,1).
Choose A = 4z /(2%¢ — 227). By applying (5.4.4) in (5.4.3), the right-hand side of (5.4.2) is

bounded from above by

ce M exp ( > L(logp)Q +c Y A6(10§p)6) . (5.4.5)
27 <log p<2¥ p or<logp<2k P
For the finite number of primes p for which we cannot apply (5.4.4) in (5.4.3) (note that
Alog p < p'/2 holds for p large enough since A < 4C' by the assumption on z), the correction
terms needed for (5.4.5) to hold are absorbed in the constant ¢ in front of the first exponential
in (5.4.5). The second sum in the big exponential is bounded by a constant independent
from r and k since A < 4C and Y, (log p)°p~ < oco. By applying Lemma 5.5.1 with m = 2,
log P = 2" and log ) = 2, the first sum in the big exponential is bounded by 222 /(22F — 227)

up to an additive constant that only depends on C'. The conclusion of the lemma follows. []

In the next lemma, we complement Lemma 5.4.1 by proving a large deviation estimate

for X7 ,.(0) and the difference X, (ho) — X/, (h1) jointly, where |hy — hy| < 273,

Lemma 5.4.2. Let C' > 0. Forany -1 <r <k, 0<z < 0(2% . 227«)} 0<y<2% and
any distinct hy, ho € R such that =273t < hy, hy < 273k—1

P(X;«,k(o) >, Xrl‘,k(h2> - X;",k(hl) > Z/)

) 72 Gyl (5.4.6)
> Cexp _22% _ o2 7y — hy| 23 )

where the constants ¢ and ¢ only depend on C'.
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PROOF. Assume that y > C |he — h1|23k for a large constant C > 1 because otherwise
(5.4.6) follows from (5.4.1). Since |hy — hy|2%% < 1, note that this assumption also implies
y'/2 > C'V2%|hy — hy|2%%. For all A, Ay > 0, the left-hand side of (5.4.6) is bounded from

above (using Chernoff’s inequality) by
E [exp(M X7 (0) + Aa(X] 4 (ha) = X/ (h)))] exp(=Aiz — Aay). (5.4.7)
We will show that if 0 < A\; < 4C and 0 < Ay < |hy — hy| 7}, then
E [exp(MX/4(0) + (X7 (h2) = X[ ()]

2 ) | (5.4.8)

A
S C exp (81<22k — 22r) + C)\2|h2 - hl‘ 23k + 02)\3’}@ — h1|2 24k

The result (5.4.6) follows by choosing \; = 4x/(2% — 22") Ay = y'/%|hy — hy|71 273 and
C' large enough (with respect to ¢) in (5.4.7) and (5.4.8). The assumptions on z, ¥, hy
and hy ensure that 0 < \; < 4C and 0 < Xy < |hy — hy|™'. We now prove (5.4.8). For
2" < logp < 2%, the quantity

E [exp(\ W) (0) + Ao (W (ha) — Wy ()] (5.4.9)

(recall W) (h) from (5.2.4)) can be written as

1 2= 1
— / exp ng{)\l sin 6 + Aa(sin(6 — hologp) — sin(6 — hy logp))} de. (5.4.10)
27 Jo pl/?

Since sin(0 — n) = sin(#) cos(n) — cos(f) sin(n) and

1 2
2—/ exp(acos @ + bsin0)df = Iy(vVa? + b?), (5.4.11)
7 Jo

(Abramowitz and Stegun, 1964, 9.6.16, p.376), then (5.4.9) is equal to

I (log p)? ()\1 + Ag(cos(hg log p) — cos(hy logz;)))2 (5.4.12)
p +()\2(sin(h1 log p) — sin(hs logp)))
From (5.4.4), note that
log(Io(v/u)) = % — gi +0W?), wue(-1,1). (5.4.13)
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Also, note that
sin(hy logp) — sin(hse log p) = O(|hy — hy|logp),

(5.4.14)
cos(hg log p) — cos(hy log p) = O(|he — hy|logp).

If we put (5.4.9), (5.4.12), (5.4.13) and (5.4.14) together, we get, for p large enough,

logp)? 2 2 ¢
log (5.4.9) < oz p) {(/\1 + ¢ Aolhy — M| logp) + (C)\2|h2 — hy 1ogp)) } + P
< 41(ogpp) + e olfn — I in) c Xy — mPUBEL L C (55

To obtain the last inequality, we used the fact that Ay < 4C. After summing (5.4.15) over

2" < logp < 2% and using Lemma 5.5.1, we deduce

log E [exp(M X/, (0) + Ao (X/  (ha) = X[ (1))

S+ T2 =27) + edalhs = ha| 2% + MG [hy — M 2%,
where the constants ¢ and ¢ only depend on C. This is exactly (5.4.8). O

We are now ready to prove Proposition 5.3.1. For k € Ny, recall that H;, = 27%Z, so
that Hg C H, C ... C H C ... C Ris a nested sequence of sets of equidistant points and
|H, N [0,1)] = 23k,

PrROOF OF PROPOSITION 5.3.1. Without loss of generality, we may assume h = 0. We
can also round x up to the nearest larger integer and decrease a so that we may assume that
x € Ny and a > 1. To see why this is possible, define the new values of x and a by 7 = [z]
and @ = a — I + x, respectively. Since r + a = ¥ + a and x < 7, and assuming that we can
show (5.3.1) with Z and @, we would have

IP’( max X, (W) > x4 a, X] 4 (h) < :B)

h:|h —h|<2-3k=1 T

h':|h —h|<2-3k—1

< 1@( max X! (h) > T +a X.,(h) < f) (5.4.17)

T ~~3/2 a? 1 3/2
Scexp —2m—ca/ SC/eXp —2m—cla/ s

where the constants ¢’ and ¢ only depend on C.
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It remains to show (5.3.1) when x € Ny and @ > 1. We choose to adapt the chaining

argument found in (Arguin et al.; 2017, Proposition 2.5). Define the events

B, = {X;,(0) <0}
and

B, ={X/,(0) ez —qg—1,x—q]}, qc{0,1,...,2—1}. (5.4.18)

Note that the left-hand side of (5.3.1) is at most

5P (B0 { max X000 = X/} 2 a+a} ). (5.4.19)
q=0
where A = [—273%=1 2731 Tet (h;,i € Ny) be a sequence such that hy = 0, h; €

Hk—i—i N A, hmz_wo hZ = I/ and |hi+1 - hl| S {O, %273(k+i), %273(k+i), %273(k+i), %273(k+i)} for
all i. Because the map h + X, (h) is almost-surely continuous,

oo

Xp(h') = X70(0) = (X7 p(higa) = X7 (Ra))- (5.4.20)
i=0
Since Y ;2 m < 1, we have the inclusion of events,
{XAM—X%@>@+@CG X! (hia) = X (h) > 9 L (54.01)
T, T, — — e T, T, — 2(Z + 1)2

This implies that {max/eca X; ,(h') — X],(0) > a + ¢} is included in

° a
U U {X;,k(hQ) — Xix(h1) = 24_;12} ; (5.4.22)
=0 hi€HpinA (i+1)

|ha—hq |=Z2-30k+D

for some j€{1,2,3,4}

where we have ignored the case hy = hy since the event

{x@mg—meﬂzjxik}

is the empty set. Because |Hiy; N A| < ¢2% the g-th summand in (5.4.19) is at most

c 2% su P(B,N<{X , (hy)— X' (hy) > —— ) 5.4.93
D2t s ( : { ! (a) = X0 ( 1>—2<@+1>2}> (5.4.23)
|h27h1|:%2—3(k+i)
for some j€{1,2,3,4}

Note that a + ¢ < a + 2 < 2 by assumption. Lemma 5.4.2 can thus be applied to get that
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(5.4.23) is at most

i (r—q=1 _ 5la+q*? ~2G2 1R Hatg)??
(22w (‘2M Skt oy T CR R
Since e~(a+0)*? < g—ea®?=cq®? (5 4 19) is at most

(z—q=1)2 g

x ~

~ 3/2

J e—ca3/2 Z 6_2 22k 221 /
q=0

_i_ z ~ 3/9
< e @ TN eAC(a+1)—cg®

9=0 (5.4.25)

2 ~
2z 3/2
/) — mi—s— —ca
< ce 22k _ 921 ,

where we used the assumption z < C(2% — 227) to obtain the first inequality in (5.4.25).
This proves (5.3.1). O

PROOF OF PROPOSITION 5.3.2. The left-hand side of (5.3.2) is at most
P(X/,(h) >z —2)

p MaXp, p_pj<2-sk-1 X, 1 (M) > (2 —2) + 2, (5.4.26)
+ — s
X p(h) <a—2

The conclusion follows from Lemma 5.4.1 and Proposition 5.3.1 with z — 2 in place of  and
a=2. U
5.5. Appendix : Technical lemma

Lemma 5.5.1. Let m > 1 and 1 < P < @, then

5 (logp)™ ((ng)’" B (10?;P)m> ‘ <D, (5.5.1)

P<p<@ p m m

where D > 0 s a constant that only depends on m.

Proor. Without loss of generality, assume that P > 2. We use a standard form of the

prime number theorem (Montgomery and Vaughan, 2007, Theorem 6.9) which states that

1
log u

#Hpprime :p<a} = [ —du+ R() (5.5.2)

where R(r) = O(xe¢V1°8%) uniformly for # > 2. Using (5.5.2) and integration by parts,
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we have

1

3 (logp)™ _ /PQ (log u)™"

p<p<@ P u

du + /P os )™ ) k)

u

(log Q)™ (logP)™  (log@)™ (log P)
g RQ -5 R(P) (5.5.3)
B / logu log u)™ IR(u)du.

By making the change of variable z = ¢y/log u on the right-hand side of (5.5.3), note that

1

/Q (m — log u)(logu)™" R(u)du

u?

< E/ P2ty = DT(2m + 2), (5.5.4)
0

where D > 0 is a constant that only depends on m. This ends the proof. O
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ABSTRACT. We show that as T — oo, for all ¢ € [T,2T] outside of a set of measure
o(T),

loge T
/ IC(& +it +ih)|Pdh = (log T) e (D) +o),
—log? T

for some explicit exponent fy(3), where § > —1 and 8 > 0. This proves an extended
version of a conjecture of Fyodorov and Keating (2014). In particular, it shows that, for
all # > —1, the moments exhibit a phase transition at a critical exponent S.(6), below
which fy(8) is quadratic and above which fy(3) is linear. The form of the exponent fy
also differs between mesoscopic intervals (—1 < ¢ < 0) and macroscopic intervals (6 > 0),
a phenomenon that stems from an approximate tree structure for the correlations of zeta.

We also prove that, for all ¢ € [T, 2T outside a set of measure o(T),

max |C(% + it +ih)| = (log T)m(@)+o(1)7
|h|<log? T

for some explicit m(#). This generalizes earlier results of Najnudel (2018) and Arguin
et al. (2019) for # = 0. The proofs are unconditional, except for the upper bounds when
0 > 3, where the Riemann hypothesis is assumed.

Keywords: Extreme value theory, Riemann zeta function, maximum, moments

6.1. Introduction

6.1.1. Maxima and moments over large intervals

Understanding the growth of the Riemann zeta function ((s) on the critical line Re s = %
is a central problem in number theory due, among other things, to its relationship with the
distribution of the zeros of ((s), see e.g. Theorem 9.3 in Titchmarsh (1986), and the more
general subconvexity problem, see e.g. Michel and Venkatesh (2010); Venkatesh (2010), and

see [waniec and Sarnak (2000) for a general discussion.

The Lindelsf hypothesis predicts that, for any e > 0 and all ¢ € R, we have [((3 +it)| =
O((1 + |t])¢), whereas it follows from the Riemann hypothesis that

C(5 +it)| =0 (exp <(IO§2 + 0(1)) 1(;;%)) ; (6.1.1)

as t — 0o; see Chandee and Soundararajan (2011).
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Unfortunately, there is a large gap between these conditional results and the best
unconditional upper bounds, such as Bourgain (2017), which shows that [((5 + it)| =
@) ((1 + [¢])1¥/ 84+5) for any given ¢ > 0 and all ¢ € R. Currently, the best unconditional

lower bound,

log T'log loglog T’
> 1.
max [0(3 +t)| = exp ((ﬂ+ 0(1))¢ gl T ) (6.1.2)

as T — o0, is established in de la Breteche and Tenenbaum (2019) building on a method

from Bondarenko and Seip (2018).

The true order of the maximum of |((3 + it)| remains a subject of dispute to this day.
A conjecture that we find plausible is stated in Farmer et al. (2007), where it is conjectured

based on probabilistic models that

max |((5 + it)] = exp ((\}5 + o(l)) \/logT : loglogT> , asT — oo. (6.1.3)

te[0,T]

Another set of central objects in the theory of the Riemann zeta function are the moments
T/ Lyit)fdt, B>0. (6.1.4)

Their importance comes from their relationship to the size and zero-distribution of ((s).
However, unlike the problem of understanding the size of the global maximum of |¢(5 +1t)|,
we are in possession of widely believed conjectures as to the behavior of moments. Following

the work Keating and Snaith (2000), it is expected that, for all 5 > 0,
= / Ly it)Pdt ~ Ca(log T)P 1, (6.1.5)

as T" — 00, and that the constant Cs > 0 factors into a product of two constants: one is
computed from the moments of the characteristic polynomial of random unitary matrices,

and the other is an arithmetic factor coming from the small primes.

There are a few results supporting (6.1.5). First, the conjecture (6.1.5) is known for § = 2
and 8 = 4 following the classical work of Hardy-Littlewood and Ingham. Upper bounds
of the correct order of magnitude are established in Heap et al. (2019) for 0 < g < 4.
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Meanwhile, lower bounds of the correct order of magnitude have been established for all
[ > 2in Radziwitt and Soundararajan (2013). Conditionally on the Riemann hypothesis,
the correct order of magnitude of (6.1.5) is known for all 5 > 0 (see Soundararajan (2009);
Harper (2013Db) for the upper bounds and Heath-Brown (1981) for the lower bounds).

6.1.2. Maxima and moments over short intervals

Motivated by the problem of understanding the global maximum, Fyodorov et al. (2012);
Fyodorov and Keating (2014) initiated the question of understanding the true size of the
local mazimum of ( + it) by establishing a connection with log-correlated processes. If
7 is sampled uniformly on [T, 27| under P, they conjectured that for any 0 < § < 1, there
exists C' = C(d) > 0 large enough and independent of 7', such that with P-probability 1 — 4,

3
1 ; i _ _Z _
hg[l?i{u log [((5 + T +ih)| (loglogT 1 log log logT) e [-C,C]. (6.1.6)

They also conjectured the type of fluctuations around the recentering term.

The leading order loglogT was proved in Najnudel (2018) (conditionally on the Rie-
mann hypothesis for the lower bound) and in Arguin et al. (2019) unconditionally. Around
Equation (14) in Fyodorov et al. (2012), it is also argued that the moments in a short interval
undergo a freezing phase transition, that is, as T' — o0, the event,

(log T)F*/4+oM if 3 < 2,
|1 i in)Pan = (6.1.7)

L] (log 7)1+ if B > 2,
has probability 1 — o(1) as T — oo. Fyodorov and Keating (2014) state corresponding
conjectures for mesoscopic intervals of length log? T when 6 € (—=1,0), as well as finer

asymptotics for the moments.

In view of Equations (6.1.5) and (6.1.7), an obvious question is to determine up to which
interval size the freezing phase transition persists. In this paper, we establish that freezing
transitions occur exactly for interval sizes of order log? T' with # > —1, including large

intervals with § > 0. We also obtain the corresponding results for local maxima over such
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intervals. The following functions will be crucial to our analysis :

B(1+6)+06, if 5<8.0)=2,
0<0:  m(f):=1+86, fo(B) =

Bm(0) —1, it 8> B.(6),
(6.1.8)

2y, if 8 < B.(0) =2v1+0,
Bm(6) —1, if 8> B.(6).

6 > 0: m(f) == +v1+86, fo(B) =

Theorem 6.1.1 (Moments). Let § > —1, 5 > 0 and € > 0 be given. Let T be a random
variable uniformly distributed on [T, 2T under the probability measure P. Then, as T —

oo, we have .
og
P( [ 160+ ir+ i) dh < (log 7)) = o(1). (6.1.9)

—log?T

Moreover, if 0 < 3 or if the Riemann hypothesis holds, then as T — oo,

log9 T

IP’(/ L 1¢(5 + i +ih)|Pdh > (log T)f9<5>+6> = o(1). (6.1.10)
—log” T

PRrROOF. For the upper bound, see Section 6.2.3, and for the lower bound, see Proposition

6.3.2. 0

When 5 > (.(6), the moments exhibit freezing, i.e. they are dominated by just one large
value corresponding to the local maximum of (3 + i7 + ih)|, |h| < log’ T Theorem 6.1.1
also suggests that freezing does not occur for intervals larger than any fixed power of log T,

since f3.(0) — oo as  — 0.

Theorem 6.1.2 (Local maximum). Let § > —1 and € > 0 be given. Let T be a random
variable uniformly distributed on [T, 2T under the probability measure P. Then, as T —

oo, we have
IED( max |C(L+ir +ih)| < (1ogT)m<9>—f> — o(1). (6.1.11)
|h|<log? T

Moreover, if 0 < 3 or if the Riemann hypothesis holds, then as T — oo,

IP’( max [((3 + T + ih)| > (log T)m(9)+5) =o(1). (6.1.12)

|h|<log? T
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PROOF. For the upper bound, see Section 6.2.3, and for the lower bound, see Proposition
6.3.1. 0

It is instructive to put these results in the context of two well-known facts on (. First,
Selberg’s central limit theorem, see for example Radziwitt and Soundararajan (2017), states

that, for any given a < b,

1 1 b p—u?/2
p(loellG £l () T%‘%/ ‘ __ du (6.1.13)
\/%loglogT a 2T

In other words, a typical value of log|((5 + i7)| is a Gaussian random variable of variance

%log logT. This is consistent with the moment conjecture (6.1.5) which gives a precise
expression for the Laplace transform of log [¢(3 +i7)|. Second, since ((5 +it) with T < ¢ <
2T varies on the scale of (log T') ™!, the statistics of extreme values of log |( (5 +i7+1h)|, [h| <
log? T, should be similar to the ones of (log T)'*? Gaussian random variables of variance
% loglogT'. If the random variables were independent, this is the so-called Random Energy
Model (REM) in statistical mechanics introduced in Derrida (1981). For § > 0, it is not
hard to check, using basic Gaussian tail estimates, that the expression (6.1.8) corresponds
to the free energy of the model, and the results of Theorem 6.1.2, to the maximum of the
REM. For more on this, we refer to Kistler (2015), where many techniques from REM were

introduced to analyze log-correlated processes.

The REM heuristic is of course limited as the values of log | (% +i7 +ih)|, |h| < log” T,
are correlated. In fact, they are log-correlated as first noticed Bourgade (2010). This is
explained in Section 6.1.4. For 6 < 0, the correct model is a branching random walk which
accurately predicts the changes in m(6) and fy(3). For 8 > 0, our results show that the
correlations do not affect large values at leading order (though the proofs must take them
into account). As argued in Section 6.1.4, we believe that the correct probabilistic model
for large values in this case is log? T independent branching random walks. One implication
is that, unlike the case § < 0, the REM heuristic should persist to subleading order (but
fail at the level of fluctuations). In view of this, we believe that conjecture (6.1.6) needs to

be expanded as follows to include large intervals:

274



Conjecture 6.1.3. Let 0 > —1 be given and let m(0) be as in (6.1.8). Let T be sampled
uniformly on [T, 2T) under P. For any 0 < 0 < 1, there exists C = C(§) > 0 large enough
and independent of T', such that with probability 1 — 6,

max log [C(% + T + ih)| — (m(&) loglog T — r(0) log log log T) €[-C,C], (6.1.14)

|h|<log? T 2

where

r(f) = i if 0 <0 and r(0) = if 0 > 0.

6.1.3. Relations to other models

When —1 < 6 < 0, Conjecture 6.1.3 is based on modelling ¢ by the characteristic
polynomial of a random unitary matrix (CUE). More precisely, if My is a random matrix

sampled from the Haar measure on the unitary group U(N), one can consider the moments

T

1 2 . k
EKQ/ |det(]1—e’hMN)\25dh> ] k>0, 6> 0. (6.1.15)
0

These can be computed in the limit N — oo, at least heuristically, using Selberg integrals
and the Fisher-Hartwig formula, cf. Fyodorov and Keating (2014). Exact expressions were
recently obtained in Bailey and Keating (2019) in the regime k, 5 € N. The statistics of
log J¢™ | det(I — e~ My)[**dh and of maxyc(2q | det(I — e~ My)| in the limit N — oo
can be inferred from the asymptotics of the moments by comparison with log-correlated
processes, cf. Fyodorov et al. (2018) for a numerical study. In the CUE setting, the freezing
analogue of (6.1.7) and the leading order as in (6.1.6) were proved in Arguin et al. (2017a).
The subleading order of the maximum was proved in Paquette and Zeitouni (2018); and up

to constant C'in Chhaibi et al. (2018).

In the subcritical regime g < %, it is expected from the analysis of log-correlated pro-
cesses, cf. Fyodorov and Bouchaud (2008), that the fluctuations of the maximum can be

captured by a sum of two Gumbel variables. This was proved in Rémy (2018) for a specific

1
452

related to the theory of Gaussian multiplicative chaos, cf. Rhodes and Vargas (2014). In

log-correlated model by computing the moments in the range k < of a random measure

the CUE setting, this measure is the limit of
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| det(I — e~ My)|? dh
E[| det(T — e~ My )|?5] 2

(6.1.16)

The limit of the above was shown to be non-degenerate for 5 < 1 in Webb (2015); Nikula
et al. (2018). Such a random measure can also be considered in the context of the Riemann
zeta function for mesoscopic intervals of length log” T, —1 < § < 0, with [((3 + it + ih)|
in place of |det(I — e~ My)|. (There does not seem to be any obvious equivalent for
macroscopic intervals, @ > 0, in the CUE model.) A step in this direction was made in
Saksman and Webb (2018) where (3 +i7 + ih), h € R, was shown to converge as T' — oo

when considered as a random variable on the space of tempered distributions.

Another model for the large values of log |((3 + i + ih)|, h € [—1,1], is to consider
a random Dirichlet polynomial X; = Re 3,<r pil/Q*ihUp, where (U,, p primes) are i.i.d.
uniform random variables on the unit circle, cf. Harper (2013a); Arguin et al. (2017b);
Arguin and Ouimet (2019). The analogue of conjecture (6.1.6) for this model was proved
up to second-order corrections in Arguin et al. (2017h), and large deviations and continuity
estimates for the derivative were found in Arguin and Ouimet (2019). The limit of the
corresponding multiplicative chaos measure was obtained in Saksman and Webb (2018). A
proof of the freezing phase transition was given in Arguin and Tai (2018). In the latter, the
limit of the Gibbs measure exp(8X},)dh is also studied in the supercritical regime 5 > 2,
showing that it is supported on h’s that are at a relative distance of order one or order
(log T)~" of each other. This result was used in Ouimet (2018) to prove that the normalized

Gibbs weights converge to a Poisson-Dirichlet distribution.

Notation. Throughout the article, the notation 7 will denote a random variable uniformly
distributed on [T, 27 under P. Expectations under P are denoted by E. We write f(7) =
o(g(T)) if |f(T)/g(T)| tends to 0 as T — oo when the parameters 6, 5 and ¢ are fixed.
Similarly, we write f(T") = O(g(T)) iflimsup | f(T")/g(T)| is bounded for 0, 5 and ¢ fixed. We
will sometimes write for conciseness f(T') < g(T) if f(T) = O(g(T)), and also f(T) < g(T)
if both f(T) < ¢(T) and ¢g(T') < f(T') hold. Finally, in some of the proofs, we use the
common convention in analytic number theory that € denotes an arbitrarily small positive

quantity that may vary from line to line.
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6.1.4. Outline of the proof

For 6 > 0, the upper bound part of Theorem 6.1.1 and Theorem 6.1.2 follows from the

moment estimates

EDC(; +in)l] < (log T)P/4+, (6.1.17)

and from a discretization result which roughly shows that for a Dirichlet polynomial D that

approximates zeta, and for g > 1, we have

. . . 2\ |8
max |D(i+ir+ih))’ < Y ’D(% + 4T + f’”éi)‘ : (6.1.18)
|n|<log? T 146 %
|k|<log'*®T

Equation (6.1.18) tells us that the process (¢(3 +i7+1h), |h| < log? T) varies on a (log T) ™!
scale, so that the maximum and moments on an interval of length O(log? T') behave as those
of O(log1+9 T) i.i.d. Gaussian random variables of variance %log logT'. The limitation to
6 < 3 comes from the fact that the upper bounds (6.1.17) are not known unconditionally
for 5 > 4.

When 6 < 0, the upper bounds in Theorem 6.1.1 and Theorem 6.1.2 are a bit more

delicate. We follow essentially the same strategy, but we apply it to the function
1
(¢-e7Pe)(3 +ir), where Pa(s) = >

—,
log p<log® T p

(6.1.19)

instead of ((3 + 7). As discussed in more detail below, the reason for this is that when
0 < 0, the contribution of the primes up to scale |0] is negligible with high probability,
namely, with probability 1 — o(1),

max ‘73|9|(% +iT + zh)’ = o(loglogT). (6.1.20)

|h|<log? T

When 7 is restricted to a specific event A(T") on which (6.1.19) can be discretized as in
(6.1.18), we can show that

E“(( e Py (1 4+ z‘r)ﬂ < (log T)(F*/4)-(1+0)+= (6.1.21)
for 3 < 2. This explains the additional factor (3%/4)8 in fy(3) when —1 < § < 0 and 3 < 2.

We then turn to the lower bound part of Theorem 6.1.1 and Theorem 6.1.2. The lower

277



bounds in Theorem 6.1.2 follow directly from Theorem 6.1.1 (see (6.3.74)), so it is enough

to discuss Theorem 6.1.1.

The problem is first reduced to obtaining lower bounds for moments off the critical line.

In particular, it is shown, uniformly in % <o< % + (log T)0=3¢

and for any given £ > 0,
that with probability 1 — o(1),
2log?

log? T
/ |Q(a+i7+ih)|ﬁdh<</

—log?T

T
I¢(3 + it + ih)|Pdh + (6.1.22)
T

(log )™

2log?

This is accomplished by using a result of Gabriel (1927) for subharmonic functions, and the
construction of an explicit entire function which is a good approximation to the indicator
function of the rectangle R = {o + iu : |u| < (logT)?, 3 < 0 < 5+ (logT)?*} in the
whole strip % < Res. The fact that the interval can be very small when 8 < 0 makes this
part rather technical. We believe that this result might be useful in other applications as

well.

The problem is therefore reduced to obtaining a good lower bound for

1

Tog T (6.1.23)

log? T 1
/ C(00 + i7 + ih)|Pdh, with op = = +
—log? T 2

for some sufficiently small § > 0. We adapt mollification results from Arguin et al. (2019)
to show that, outside of an event of probability o(1), the problem can be reduced to under-

standing og? T
/ .. CXp (5 Re P1_s(o0 +iT + ih))dh. (6.1.24)

—log” T

The proof of the lower bound is now restricted to the problem of understanding the
correlation structure of the process

(Re Py_s(0g + it + ih), |h| < log"T). (6.1.25)

The remaining part of the argument is done in Section 6.3.4 by a multiscale second moment

method introduced in Kistler (2015). The covariance of the process (6.1.25) can be computed
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using Lemma 6.4.3 with a(p) = p~? (p~*" + p~*'):

E Re Pl_(s(go + 1T —+ Zh) . Re ,Pl—(S(O'O + 1T + lh,)

cos(|h — h'| log p) (6.1.26)

+0(1).

-3 ¥

p20'0
log p<(log T)1 =9

The cosine factor implies that primes smaller than exp(|h — h/|7!) are almost perfectly
correlated, whereas primes greater than exp(|h — I/|~!) decorrelate quickly. In fact, the
covariance can be evaluated precisely using the prime number theorem and equals % log |h —
R'|7' + O(1). This shows that the process is approximatively a log-correlated Gaussian
process. (This is also true for ¢ in the sense of finite-dimensional distributions as shown in

Bourgade (2010).)

The identification with a log-correlated process is useful as it suggests that the Dirichlet

polynomials have an underlying tree structure. To see this, consider the increments

1
Pk(h) = Z Re W’ 1 S k S log IOgT (6127)

eh—1<log p<ek
The range of primes is chosen so that each P, has variance % + o(1). In this framework, the
Dirichlet polynomial at i can be seen as a random walk with independent and identically
distributed increments. However, the random walks for different h’s are not independent by
(6.1.26). In fact, the walks are almost perfectly correlated until they branch out around the
prime p ~ exp(|h — I/|7!), corresponding to the increment k(h, ') = log|h — I/|~!. Since
k goes to essentially loglog T, the analysis can be restricted to h’s at a distance (logT) ™!
of each other. Furthermore, the A’s in an interval of size (log 7)™ for 0 < o < 1 will share

the same increments up to k ~ aloglogT'.

The above observations have important consequences for the probabilistic analysis. For
6 = 0, this means that the process (6.1.25) on an interval of order one is well approximated by
a Gaussian process indexed by a tree of average degree e = 2.718 . .. | where the independent
increments Py (h) are identified with the edges of the tree. Note that the number of leaves on

the interval [—1, 1] is then ~ e!°¢!°¢T = log T'. Equivalently, the walks ", Py(h), h € [—1,1],
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can be seen as a branching random walk on a Galton-Watson tree with an average number

of offspring e, cf. Figure 6.1.1.

E=k(h W) A4
loglog T 7=1 ‘ y Y h ’ W 1 of width 2(log T)° i
k=0
loglog T I 1 of width 1 I 1 of width 1 I 1 of width 1
7(10g T)G nterval of widt nterval of widt nterval of width (logT)e

FIGURE 6.1.1. (Top) An illustration of the branching random walk >, Py
for the interval I with @ = 0. The one for a subinterval with § < 0is depicted in
blue. (Bottom) An illustration of the independent branching random walks
S, P: for disjoint intervals of width 1 inside I of length 21log? T" with 6 > 0.

For 6 < 0, the tree structure suggests that the primes up to exp(log‘@| T') do not contribute
to large values, since they should be essentially the same for all A’s in the interval . Therefore
these primes can be cutoff at a low cost, cf. Corollary 6.2.11. This is equivalent to restricting
to asubtree of the one on [—1, 1] with (14-6) log log T increments and log* ™ T'leaves, yielding
a maximum at leading order of (1 + 6) loglog T by the REM heuristic.

The case 6 > 0 stands out as the analogy with branching random walks fails. This
is because the random walks for h and b’ are essentially independent for |h — h/| > 1.
Therefore the right probabilistic model seems to consist of log? T' independent branching
random walks corresponding to different intervals of order one, see Figure 6.1.1. A large
class of similar models (called CREM’s for Continuous Random Energy Models) have been
studied in Bovier and Kurkova (2004), see Bovier (2006, 2017) for a review. It turns out that
the large values at leading order correspond to the ones of a REM with log'™ 7' variables
with variance %log log T. This yields a maximum of v/1 + floglog T at leading order. In
fact, in view of the extreme value statistics of CREM’s, we expect that the REM heuristic

holds for subleading corrections. This is the motivation for Conjecture 6.1.3.
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2. Upper bounds

6.2.1. Moment estimates

We will need a number of moment estimates which we state below.

Proposition 6.2.1. Assume the Riemann hypothesis. Let 3 > 0 and ¢ > 0 be given.

Then,
E[|C(2 +im)|?] < (log T)7*/4+. (6.2.1)

PROOF. See Corollary A in Soundararajan (2009). O
Proposition 6.2.2. Let 0 < 8 < 4 be given. Then,
E[|¢(3 +i7)|"] < (log )"/, (6.2.2)

PROOF. See Theorem 1 in Heap et al. (2019). O

The proof of Proposition 6.2.1 is based on the following deterministic upper bound for

¢: Suppose that T'is large. Let T' < t < 2T, and let 2 < o < T?. Then, as T — oo, we have

1 1 loe T
1og|<( +it)) <Re 3 — og(x/p) | log

O(logloglog T 6.2.3
e p? sz Tt logx log x + Ologloglog T, ( )

see Proposition and Lemma 2 in Soundararajan (2009). On the Riemann hypothesis, the
upper bounds to Theorems 6.1.1 and 6.1.2 could be proved in a simpler way by using this
deterministic bound, and by proving the corresponding results for the Dirichlet polynomials.
For unconditional results, such a deterministic upper bound is not available. We need to

work on average to discard the contribution of large primes. This is the purpose of Lemmas

6.2.3, 6.2.4, 6.2.5 and Proposition 6.2.6 below.

Everywhere in Section 6.2, we will denote, for « > 0 and s € C,

Pals)= >  p (6.2.4)

log p<log® T

To compute the moments of ¢ - e=71!, we will need to express e 719 as a finite Dirichlet

polynomial. To this aim, notice that if |2| < /10 for some v/, we have |e*—3"_ 2/ /j!’ <e.
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Consider more generally e*”(®) with A € C and P(s) = ¥ ,<x a(p)p~* for some bounded
multiplicative function a. We have by the above, assuming |[A\P(s)| < v/10, and by the

multinomial formula, that

vk A a(n)g(n)

k
- (55 |- = et 629
k=0 k! p<X p’ Q(n)<v n’
pln=p<X

where 2(n) is the number of prime factors of n with multiplicity. Here, g is the multiplicative

function defined by g(p*) = 1/k! for all integers k and primes p.

The relevant multiplicative function a for e="19 will be of the following form: Given

a,B € Rand 6 > —1, let §,30(n) denote a completely multiplicative function such that

a, if logp < log'e| T,

Sas0(p) = e (6.2.6)
g, if 10g| T < log p.

In the next three lemmas, we control various terms with the aim of proving the moment

estimate in Proposition 6.2.6, which we will need in the case of short intervals.

Lemma 6.2.3. Let -1 <60 <0, >0 and e > 0 be given. Then,
d

PROOF. Notice that the Dirichlet polynomial in (6.2.7) has length < T? for any fixed § > 0.

Z 30,ﬁ/2,9(”)9(”)

nl/2+ir

2
1 < (log T)»(+0)/4 (6.2.7)
Q(n)<100|loglog T
pln = logp<log! = T

In particular, by the mean-value formula (Lemma 6.4.2),
2

Dropping the restriction over 2(n) and expressing the sum as an Euler product yield

3 To,8/2,0(n)g(n)

nl/2+ir

2 2
2 So,6/20(n) g(n)
< > :
Q(n)<100|loglog T'| Q(n)<100]|loglog T'| n
pln = log p<log!~¢ T pln = logp<log!~¢ T

3 So,5/26(n)%g(n)? _ I (1 + M + O(p_2)>. (6.2.8)

n
pln = logp<log!=¢ T logp<log!—¢ T p

The logarithm of the right-hand side is easily evaluated using the prime number theorem

(see Lemma 6.4.1) and is (3%(1+6)/4) loglog T+ O(1). This proves the claimed bound. [J
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Lemma 6.2.4. Let -1 <60 <0,0<p <2 ande >0 be given. Then,

Z %Ll,ﬁ/Zfl,G(n)g(n)

Bl +in)P-

2
] < (log T)P0+0)/44=  (6.2.9)
Q(n)<100|loglogT'|
pln = logp<log! ¢ T

PRrROOF. By Theorem 1 in Bettin et al. (2017), the left-hand side of (6.2.9) is

- Z S-1,8/2-1,0(nm)g(n)g(m)
. n.m]

(n)<100|loglog T'|

Q(m)<100|loglog T'|

p|ln = log p<log!—¢ T 1 t(n, m)2 t _
o o —e : T/R(log( it ) +29)@()dt+0(T),  (62.10)

where ® is a smooth non-negative function such that ®(z) > 1for 1 <z < 2, and (n,m) and

[n, m] stand for the greatest common divisor and the least common multiple, respectively.

We first note that if n, m are square-free then [n,m| is the product over the distinct
prime factors of n and m. This means that if a(n) and b(m) are two bounded multiplicative
functions, we have

s ambim) _ oy <1+a(p) L bp) | alp) - b(p) +O(p_2)>' (6.2.11)

[n,m] o p p p

pln = p<X
plm = p<X

This holds simply by enumerating the ordered pairs of integers in terms of the prime factors
considering the four possibilities: p does not divide n nor m, p divides n, p divides m and p

divides both n and m.

Using Chernoff’s bound, we can get rid of the restriction Q(n) < 100|loglogT| in
(6.2.10). It suffices to notice that the contribution of the sum over n with Q(n) >
100[loglog T'| is

< logT Z [§-1.8/2-10(nm)]| 2(n)~1001loglog T
pln => p<T [n,m]
plm = p<T

1 _ _ S _ 2
< (log 7)™ [ <1+( +€)|F-1,8/2-1,0(P)| . 1T-1,8/2-1,0(p)| )
p<T p p

< (logT)™ - (log T)*2¢ = o(1), (6.2.12)
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where we used (6.2.11) and the fact that |F_1 5/2-10(p)| < 1for 0 < 8 < 2. The contribution

of the sum over m with Q(m) > 100|loglog T'| can be removed in the same manner.

Considering the sums in (6.2.10) without the restriction on Q(n) and Q(m), we get by
(6.2.11) and Lemma 6.4.1,

3 S-1,8/2—1,6(nm)g(n)g(m) 1 (1+ 231,5/21,9(p)+31,ﬁ/21,9(1?)2)

[n, m] B p

pln = logp<log! = T log p<log'—¢T

plm = log p<log'—¢T

= (log T)~V!. (log T)(#*/4-1) (140~<)
< (log T)P*(1+0)/4=1+4e (62.13)
To evaluate the remaining part of the sum, write

2 1 2\ z
log <(m,n)> = 7% <(m,n) ) . % (6.2.14)
mn 270 J|z|=1/logT \  mMmn 22

Then, we end up having to evaluate

1]{Z|1/1OgT Z §-1,8/2-16(mn)g(m)g(n) ' ((m»”>2>z ) % (6.2.15)

2mi [m, n] mn 22

pln = logp<log!=¢ T
plm = log p<log'~¢T

As above, the sum over m and n factors into an Euler product which is

_ 11 (1 N 28 _1,8/2-1,6(p) n F-18/2-10(p) n O(p_2+2|z)). (6.2.16)

142z
log p<log!—¢T p p

For |z| = 1/log T, note that a Taylor expansion yields

3 3_1,5;12;:,9(1?) _ > §-1,8/2-1,0(P) n O( 1 > logp>7

log p<log' ™= T log p<log' =T p log T logp<log==T P

and since the above error term is o(1) by Lemma 6.4.1, the Euler product in (6.2.16) is

2% B o B 2
- H (1+ 8{ 1,8/2 179(p)+3{ 1,8/2 179(p) )<< (logT)182(1+9)/471+5. (6217)

log p<log'—¢T p

Therefore, by putting this back in the contour integral and using a trivial bound on 22,

(6.2.15) is < (log T)P*(1+0)/4+¢ a5 required. O
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Lemma 6.2.5. Let ¢ > 0 be given. For { = 50[loglogT'|, we have

7)1_5(% + iT)

E S| 2zete TR
100loglog T’

C(5 +im)l”

20
1 < (logT)™ 2, (6.2.18)

and
’,Pl—a(é + ZT)
100loglog T

%] < (logT)2". (6.2.19)

PROOF. For (6.2.18), we apply the Cauchy-Schwarz inequality, a fourth moment bound on
zeta, and a moment estimate (Lemma 6.4.4) followed by a prime number theorem estimate

(Lemma 6.4.1) on the remaining term to conclude that the expectation is

] TQ-IE‘2 log T)? - (log T)~°. 6.2.20
< tog 1 B || Bt g )2 10 (6:2:20)
The proof of (6.2.19) is even more straightforward. O

The last three lemmas show a moment bound of the right order for ¢ - e~ 7l

Proposition 6.2.6. Let —1 <0 <0,0< <2 ande > 0 be given. Then, asT — o0,
EU(C e Per) (3 +i7)‘ﬁ1A(T)} < (log T)P*(1+0)/4+e (6.2.21)

with the event
A(T) = {[Pi(} +i7)| < 2loglog T'}. (6.2.22)

PROOF. Let 0 < 8 < 2. By Young’s inequality with p = 2/ and ¢ = 2/(2 — f3),

i) < L¢P e HRP e L BRePc i)
=2 ¢k +im)- (—(2-BRePL_(3+ir) | =) PRePLc(5+iT) (6:2.23)
Note that (6.2.23) holds trivially for 5 = 2. Hence, for 0 < 8 < 2,
(¢-ePo(h +ir)|| < IS +im) - oG PR PR Pi (5
(6.2.24)

+

1 . 1. .
2—f eﬁReP1fg(§+m-)—6ReP|9| (5—1—27—)
= .
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On the event A(T) N {|Py_.(3 + i7)| < 100loglog T}, we get by (6.2.5) that

2
e*(27ﬁ)Re,Plfg(%+iT)*ﬁRe'P|9| (%‘FiT) <<

Z gfl,ﬁ/271,9(n)g(n)

nl/2+ir

(6.2.25)
Q(n)<100|loglogT'|
pln = logp<log! ¢ T

where Fo5.0(n) is the completely multiplicative function defined in (6.2.6). Likewise, on the

same event, we have

eﬁRePl,g(%ﬂf)fﬁRemﬂ(%ﬂT)<<

Z So,ﬁ/z,e(n)g(n) ’

nl/2+ir

(6.2.26)

Q(n)<100|loglog T|
pln = logp<log!=¢ T

Finally, on the event A(T) N {|Py_(5 + iT)| > 1001loglog T'}, we get, for any £ > 1,

20

Prc(z +i7) (6.2.27)

‘(g.e—”“)(%ﬂr)fg (log T)* - (1 + [C(3 +7)[*) - 0ol T

since for B < 2, |¢|? is bounded by (1 + [¢|?) and e #R°Pl is bounded by (logT)* on
A(T). We choose ¢ = 50|loglog T'|. Now, take the expectation with 7 restricted to A(T") in
(6.2.24), then split the terms on the right-hand side over the associated events in (6.2.25),
(6.2.26) and (6.2.27). We use Lemmas 6.2.3, 6.2.4 and 6.2.5 to bound the expectations. [

6.2.2. Discretization

The analysis of the maximum of zeta on an interval can often be reduced to the analysis
on a discrete set of points at a distance of roughly (logT)~! of each other. This can be
proved for the maximum using the functional equation for zeta, see for example Lemma
2.2 in Farmer et al. (2007). We will need a more elaborate variant for general Dirichlet

polynomials.

Proposition 6.2.7. Let § > —1, § > 1, and € > 0 be given. Let D be a Dirichlet
polynomial of length TY*¢. Then, for all A >0, T <t <2T, and o > 1/2,

sup  |D(o + it +ih)|® <4 > ’D<U+it+ m%)‘ﬁ

|n|<log? T 146 3€)log T
=10 |k|<21log!tl T 6.2.98
+ Z ’ (04—1 + (2+3€)logT)‘ ) 1+ |k|A‘
|k|>21log™t? T
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PROOF. Let V be a smooth compactly supported function with V(z) = 1for0 <z <1+¢

and compactly supported in [—¢&, 1 + 2¢]. We show

ID(0 + it + ih)|* < k%jD(aﬂ't Tt |V (g — Mo, (6.2.29)
€

Taking a supremum over |h| < log? T, and using the rapid decay of V, we get (6.2.28).

Let G(x) = V(2rz/logT), so that G(%logn) =1for 1 < n < T'. We have
G(z) =1L . V(xlogT). By the Paley-Wiener theorem (see for example Theorem IX.11 in

2w 2w
Reed and Simon (1972)), uniformly in T < ¢ < 27T and |h| < log? T, we have

|D(o + it + ih + iz)G(z)| < exp((2 + 3¢)logT - |z|), € C. (6.2.30)

Now, consider

k% D(a 4t + (2+§§;{“ogT)é((2+§;;’§0gT ~ h). (6.2.31)
S

By the Poisson summation formula, the above is equal to

> [ Do+ it + 27) G itgr — h)e " da. (6.2.32)
S

By a change of variable, this is equal to

log T _ .
(2 + 3¢) - 0; > /R D(a + it + ix)G(m — h)ee(2H3e)loe T gy (6.2.33)
LeZ

Using (6.2.30), all the terms with ¢ # 0 in (6.2.33) are equal to zero. The term ¢ = 0 is
equal to D(o + it 4 ih) since G(5=logn) = 1for 1 <n < T, It follows that

D(o + it +ih) = > D(o +it + Gz )V (5 — M), (6.2.34)

2+ 3¢ ez

Taking absolute values and applying Holder’s inequality with 5 > 1, we obtain

, ~ 1/8
Dt = (gt TIP(o i+ )17t 7))

< (5 j 5 2 |V(a - “;’,%T)Dl_w- (6.2.35)

keZ
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This proves (6.2.29) using the rapid decay of V. O

Proposition 6.2.7 implies five important corollaries to tackle the maximum of ¢ and of

Dirichlet polynomials. We first observe that the discretization applies to (.

Corollary 6.2.8. Let 0 > —1, 5 > 1 and € > 0 be given. Then, for any A, B > 0 and all
T <t<2T,

max |((3 + it +ih)|°

|h|<log? T
< 1y 2mik |°
AB |k|§2120;1+9T‘C<2 t (2+3€)10gT)’ (6.2.36)
q T B 1 _
+ Z ‘C(% +at + (2+§s)llcogT>’ ’ 1+ ’]{3|A +T B.

|k[>21log! 0T

PROOF. From Proposition 2 in Bombieri and Friedlander (1995), we have, for any A > 0,

1 n\4
——— (1= =) =<} +it) +0a(T?). 6.2.37
> (1-2) =G +it)+ 0aT ) (6.2.37)
We apply Proposition 6.2.7 to conclude. U

As a consequence, we get a suboptimal upper bound using the second moment.

Corollary 6.2.9. For any A > 0,

1
P it +ih)| > 24(1 T2+A) — .27 6.2.38
(jmax 1CG+im +im)] > 24 1og 1)) < o (62:33)

ProOF. Using the integral representation for ¢ on the critical strip, we certainly know that
C(5 +1it) = O(1+ [¢]) for all ¢ (see for example (2.12.2) in Titchmarsh (1986)), which means
that (6.2.38) is trivially satisfied when A > logT'/loglog T'. Therefore, assume

A <logT/loglogT.

By applying Chebyshev’s inequality and Corollary 6.2.8, the probability in (6.2.38) is
bounded above by
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272A<10g T) —4—-2A E

max [((3 + T + ih)ﬂ

|h|<log* T
24 424 : ik 2
< 2 (log T) Z E UC(; 4+ + W)‘ } (6239)
|k|<2log*tA T
24 —4-24 1, omik 2 1 —101
+ 27 (logT) Z EUC<2+”+ (2+3€)logT>’ } ’ 1 + [k[100 T,
|k|>21og!tA T

for any fixed € > 0. The first expectation is < logT by using a standard second moment
bound. We bound the second expectation by enlarging the integration to |t| < T'|k| and

then applying the second moment bound, i.e.

. i 2 1 2
E[]g(;ﬂwmge)’;ﬂ)\ ] < |k|-m o (3 +it)| dt < |k| - log(T1k]). (6.2.40)

We conclude that the right-hand side of (6.2.39) is, by the assumption on A,

< 27 M (logT) 7 < 274, (6.2.41)

log T’ .
O

A similar reasoning using Markov’s inequality can be applied to get a suboptimal upper

bound for the maximum of P,, 0 < a < 1.

Corollary 6.2.10. For any 0 > —1,e >0 and o0 > 1/2,

]P( Polo +iT +ih)| > 1460)+¢)logl T): 1). 6.2.42
s [Palo+im 4 )] > (a(l+0) +9)loglosT) =o(1). (6242
PROOF. Apply Markov’s inequality with exponent 2k, discretize as in (6.2.39) using Propo-
sition 6.2.7, and then use Lemma 6.4.4 with & = [ (1 + ) loglog T'| to bound the expecta-

tions. ]

The same bound holds trivially for the maximum of Re P, since |Re P,| < |P,|. This is
sharp for §# > 0. For < 0 and o > |6, this bound (and the bound for {) needs to be refined

by discarding the contribution of small primes. The result below directly implies that for

0 < 0 and o > |0|, the sharp upper bound for Re P, is \/(Oz + 6)(1 + 0)loglog T since the

effective variance is @ loglogT.
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Corollary 6.2.11. Let —1 <0 <0 ando >1/2. Forany0<e < C andV =V(T) that
satisfies eloglogT <V < C'loglogT, we have
IP’( max ‘77\9\(0 + 4T + zh)‘ > V) <e Y, (6.2.43)

|h|<log? T

for some constant ¢ = c¢(e,C) > 0.

PROOF. For a lighter notation, write S(h) = Pjg(c + it + ih). (We keep the dependence
on 7 implicit, consistent with the probabilistic notation for random variables.) We have
11»( max |S(h)| > v) < ]p( max |S(h) — S(0)] > V/z)

|h|<log? T |h|<log? T

(6.2.44)
+P(|S(0)] > V/2).

Let ¢ denote a generic natural integer. By Chebyshev’s inequality, a moment estimate

(Lemma 6.4.4) and a prime number theorem estimate (Lemma 6.4.1), we have

b5 > vi2) < O] (ZP> (W

¢
V2 (V2P 2 (log log T)?) - (6245

With the choice ¢ = L% loglogT'|, this probability is < exp(—aV’) for some constant
a=a(C)>0.

It remains to control the first probability on the right-hand side of (6.2.44). Let ¢ denote

another natural integer to be chosen later. By applying Proposition 6.2.7, we get

E| max |5(h)—5(0)|%] < log™* T -E[|S(h) - S(0)*] (6.2.46)

|h|<log? T
A short calculation, using moment estimates (Lemma 6.4.4) followed by prime number

theorem estimates (Lemma 6.4.1), gives, for all |h| < log’ T,

2 — 2cos(|h|logp)
p

¢
E[|S(h) - S(O)Ff] < 0! ( > ) < (Le), (6.2.47)

logpglog‘g‘ T

for some constant ¢ > 0 (to obtain the last inequality, note that || - log? T < 1).

290



Then, by Chebyshev’s inequality and the choice ¢ = Lg loglog T'|, we deduce

e\’
P max [S(h) - SO > V/2) < (15 ) <™, (6.2.48)
|h|<log® T V2
for some constant b = b(e, C') > 0. O

As before the maximum of ¢ - e=7¥I can be discretized by truncating the exponential.

Corollary 6.2.12. Let 0 > 60 > —1 and € > 0 be given. Then, the event

2

max [(¢-e ") (L +ir +ih)
|h|<log? T
L (6.2.49)
< X e (5 +ir+ g | + o)
|k|<2log™te T
has probability 1 — o(1).
PROOF. Define the event
A(T) = { max ’77|9|(% +4T + Zh)’ < 210glogT}. (6.2.50)
|h|<log® T
By Corollary 6.2.11, we have P(A(T)) = 1 — o(1). By (6.2.5), for all 7 € A(T),
(—1)Q(n)9(n) o (i rin) 20
> L/ 2+ir+ih ’ = ‘6 S - O((logT) )
Q(n)<20|loglog T'|
p|n = log p<log!®! T
= |e P riren] (6.2.51)
Combining this with (6.2.37), we conclude that, for all 7 € A(T),
(¢ e Py (& +ir +ih)| < [D(} + it + ih)| + o(1), (6.2.52)

with D a Dirichlet polynomial of length < T'*¢ for every fixed ¢ > 0. Proposition 6.2.7

implies
max D +ir+in)) < Y ‘D( +@T+(2+§:72ﬁ)ﬂ>’ +o(1 (6.2.53)
|h|§10g T |k’\§210g1+0T
Together with (6.2.52), this concludes the proof. O
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6.2.3. Proofs of the upper bounds

6.2.3.1. The case of 0 > 0

PROOF OF THEOREM 6.1.2 FOR 6 > 0. By Markov’s inequality, for any 5 > 0, we have

IP’( max |((5 +iT + ih)| > (log T)m(9)+8>
|h|<log? T

(6.2.54)

< (log T')~Pm®)=Fe . ]E[|h|r£1§g)%T 1¢(5 + it + ih)]ﬁ] :

For 5 > 1, we get, by picking A large enough in Corollary 6.2.8, that the right-hand side of

the above equation is
< (log T)Pm®O-f=+1+0 | {|g<; + mﬂ . (6.2.55)

(The sum on large k’s is handled as in (6.2.40).) By applying Proposition 6.2.2 if § < 3
and Proposition 6.2.1 if > 3, the expectation is bounded by (log T)52/4+ﬁ5/2. The optimal
bound is at = 2m(f) > 1. Therefore, the claim follows. O

PROOF OF THEOREM 6.1.1 FOR 6 > 0. For all § > 0, Markov’s inequality yields the

bound
P(/ |C(% +17 + z’h)|5dt > (logT)fa(ﬁ)+s)
|h|<log® T
(6.2.56)
< (log 7)1~ log" T - E[\C(é + w)ﬂ.

When 3 < 2¢/1+6, we have fo(3) = (%/4 + 6, so the right-hand side of (6.2.56) is
< (log T)~%/? by Proposition 6.2.2 for # < 3 and by Proposition 6.2.1 for § > 3.

It remains to sharpen the bound in the case 8 > 2v/1 + 6. We use the Lebesgue measure

of high points. Let a,b > 0. Two successive applications of Markov’s inequality yield

P(Leb{\h\ < log’ T : [((5 + iT +ih)| > (logT)“} > (logT)a2+9+5>
(6.2.57)
< (log )"~ - (log 7)™ - E[|C(} +in)]"]

Again, the optimal bound is at b = 2a. Using Proposition 6.2.2 for < 3 and Proposition
6.2.1 for @ > 3 and choosing b = 2a, we conclude that this is < (log 7')~*/2 for 0 < a < m(6).
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We now partition the integral according to the value of the integrand. Let M > 1 be an
integer and 0 < j < M. Theorem 6.1.2 and the above imply that, with probability 1 —o(1),

/ G tir+ih)|Pdh <Y (log T)PGENAIMEO). (1o T)~GAMMO 0% (6.2, 58)
|h|<log" T 0<j<M

For f > 2v/1+ 6 > 2m(0), the last term j = M dominates and, in particular, the above is

bounded by .
< (10g T)ﬁm(@)—m(@) +0+2e _ (log T)Bm(@)—l-l—QE’ (6259)

provided that M is chosen sufficiently large. U

6.2.3.2. The case of 0 <0

PRrROOF OF THEOREM 6.1.2 FOR 8 < 0. We notice that

IP’( max |((5 + iT + ih)| > (log T)m(9)+5)

|h|<log? T

§]P>< max \(4-6—7’0)(;+w+m)\>(1ogT)m<9>+€/2> (6.2.60)
|h|<log® T

1. .
+]P>< max ‘6P|9|(§+27—+2h)
|h|<log? T

> (log T)E/2>.
By Corollary 6.2.11, the last term is o(1) as T" — oo. As in (6.2.50), let

A(T) = { max ’79|9|(% + 4T + zh)‘ < 210glogT}. (6.2.61)

|h|<log? T

By Corollary 6.2.11 again, the probability of A(T) is 1 — o(1). We let Ay(T") denote the
subset of A(T) for which the conclusion of Corollary 6.2.12 holds. The probability of Ay (T)
is 1 — o(1). Then, by Chebyshev’s inequality, we have

P({ max ‘(C ce P (L 4 i+ zh)‘ > (log T)m(9)+€/2} N AO(T))

s 6.2.62
2 (6:2:62)
< (log T)~2m(0)==. E{ max ‘(( ce Py (L 4ir + zh)‘ 1401 |-
|h|<log? T
By Corollary 6.2.12, and since m(6) = 1 + 0, this is
2
< (logT)~(+0)==. ]EU(C e Py (L4 w)\ 1X(T)} (6.2.63)
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By Proposition 6.2.6, this is
< (log T)~UH9=¢ . (1og T)1+9+</2 « (log T)~%/?, (6.2.64)
as needed. O

PROOF OF THEOREM 6.1.1 FOR @ < 0. Similarly to (6.2.60), we can restrict to ¢ - e~ 7|

as follows

P(/ I¢(3 + it + ih)|°dh > (log T)fa(ﬁ)+s)
|h|<log? T

(6.2.65)
< ]P’(/ (¢ - e PO +ir + ih)|"dh > (log T)f9(5)+5/2> +o(1).
|h|<log? T
Asin (6.2.61), P(A(T)) = 1 — o(1), and by Markov’s inequality, we have
1@({ / (- e )& +ir + i) "dh > (log T)fe<ﬁ>+8/2} N j(T))
|h|<log? T
(6.2.66)
. _ NT:
< (log 7)o ®)=2/2 1og T EU(C e Py (1 4+ 27’)‘ 1X(T)]'
By Proposition 6.2.6, the above is
< (log T)f(52/4)(1+9)f€/2 - (log T)(ﬁ2/4)-(1+9)+e/4 < (log T)f€/4. (6.2.67)

This bound proves the claim for § < 2.

It remains to refine the bound for the case S > 2. This proceeds in the same way as in
the proof of Theorem 6.1.1 in the case of # > 0, with ¢ replaced by ¢ - e~ 71l restricted on
the event A(T). Namely, we have, for 0 < a < m(f),

]P’({Leb{|h| <log! T+ |(C- e Pw)(4 +ir + ih)| > (logT)"} > (log T)—a2+9+a} n ft(T))
< (log T~ - (log 7)™ - E[|(¢ - ") (1 + ir)|’ 1 ;(T)} (6.2.68)

This is o(1) by Proposition 6.2.6 with the optimal choice b = 2a/(1+6) < 2. The remainder
is done exactly as in the proof of Theorem 6.1.1 in the case of § > 0, by partitioning the

integral over values of the integrand on the range [0, m(0) + €. O
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6.3. Lower bounds

In this section, we prove:

Proposition 6.3.1. Let 0 > —1 and € > 0 be given. Then,

]P’( max |((1/2 + i1 +ih)| > (log T)m<9)_5> =1—o(1). (6.3.1)
|h|<log? T

Proposition 6.3.2. Let 0 > —1, 3 >0 and € > 0 be given. Then,

P(/_lf;TT IC(1/2 + it + ih)|Pdh > (log T)f9<5>€> —1—o(1). (6.3.2)

The lower bound for the maximum will be an easy consequence of the lower bound for
the moments. The idea is to approximate zeta by an appropriate Dirichlet polynomial. This
can be done with good precision off-axis, cf. Section 6.3.1. The approximation to a Dirichlet
polynomial is then shown in Section 6.3.2. The lower bound for the moments of the Dirichlet
polynomials is proved in Section 6.3.3 using Kistler’'s multiscale second moment method.

Finally, the two propositions above are proved in Section 6.3.4.

6.3.1. Reduction off-axis

In Arguin et al. (2019), the maximum on a short interval of the critical line was compared
to the one on a short interval away from the critical line by exploiting the analyticity of ¢
away from its pole. More precisely, a value off-axis can be seen as an average of zeta over
the critical line weighed by the corresponding Poisson kernel. This approach could also be
used in the case of the moments by using the subharmonicity of the function z + |z|?. We
choose to apply a different method based on the following convexity theorem of Gabriel,

which handles error terms more efficiently.

Proposition 6.3.3 (Theorem 2 of Gabriel (1927) in the special case a = b = 1). Let F be
a complex valued function which is reqular in the strip o < Rez < (. Suppose that |F(z)|
tends to zero as |lm z| — oo, uniformly for « < Rez < . Then, for any v € [a, 5] and

any fized k > 0,
I(y) < [<a)(ﬂw)/(ﬁfa) . [(ﬁ)ﬁw)/(ﬁw) (6.3.3)
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where

(o) = /IR |F(o + it)|Fdt. (6.3.4)

This theorem has the following useful consequence.

Corollary 6.3.4. Let F' be a complex valued function which is reqular in the strip % < Rez.
Suppose that |F(z)| tends to zero uniformly as |Imz| — oco. Suppose that I(c) — 0 as

o — oo. Then, for any o > % and any fived k > 0,

I(o) < I(%) (6.3.5)
PROOF. Let ¢* be such that
I(c*) = sup I(0). (6.3.6)
0>1/2

Note that because of the assumption that /(c) — 0 as ¢ — oo, the above ¢* has a finite

value. Let € > 0 be given. If 0* = =, then we are done. If o* # %, then by Proposition 6.3.3

1
27
applied with v = 0*, a = % and 8 = o* + ¢, we get
I(o*) < I(3)* - I(o* + ), (6.3.7)
for some appropriate A, u > 0 that satisfy A + u = 1.
Therefore, by definition of o* in (6.3.6),

I(o*) < I(3)* - I(a*), (6.3.8)

and hence I(c*)* < I(3)*. Since A > 0, we get I(¢*) < I(3). By (6.3.6), the claim
follows. U

We now construct a special analytic approximation for the indicator function of a rec-
tangle.

Lemma 6.3.5. Let 0 < A < L and € > 0 be given. There exists an entire function

Da 1(2) such that, for z = o +iv with o > % and v € R,
(1) For K > 1+¢ and |v| > KL, uniformly in o > 3, ®a 1(z) <a (K — 1)A)~.

(2) For any |[v| < (1 —¢e)L, |Pan(z)| =14 Oa(A™4) + O((o — 5)A?/L).
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(8) Forany (1 —e)L < |[v| < (1+¢)L, |Par(z)] < 14 (0 — 35)A%/L.

(4) ®a.(2) = 0 uniformly in v as o — oo.

PROOF. Let V' beasmooth function, compactly supported in [0, 00) and such that V(1) = 1.
Given a parameter n > 0 and given z € C with Rez > % and u € R, consider the following

function :

0y(2) = 77/0<>O e 2mema)w. V(nx) dx. (6.3.9)

Then 6,(z) defines an entire function of exponential type. By integration by parts, we see

that
6y(2) <a (L+ ]2 — 2 H™4, (6.3.10)

for any A > 0 and uniformly in Re z > 1. Therefore, we may think of §,(z) as localizing to

z = 3 4+ O(n). Furthermore, notice that if z = 1 4 7v and u € R, then
Sz — i) = V(n (v — u)), (6.3.11)
and for z = o 4 v, we have by a Taylor expansion of the exponential,
Oy(z —iu) = 77/ g 2m(o—gHilv-u)z V(nx)dx
0
_ > —2mi(v—u)z | 14+0 _ 1y,-1 > .V d
77/0 € ( (e=3m™"))-V(nw)da
=V ' w-u)+0((c— ") (6.3.12)

Finally, for z = o + i with o > 3, we have from (6.3.10) that

1
L+ (n~Hu — o))t

10, (2 — iu)| <4 (6.3.13)

The candidate function is
A L '
D (2) = f/ e AL 51 A (2 — du)du. (6.3.14)
L

We will now describe some of the features of this function. Write z = o + v with o > %

Using the bound (6.3.13), we see that, if [v| > KL with K > 1+ ¢ and ¢ > 1, then
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A L 1
® 7/
ar(z)<<a7 [ T

du <4 (K —1)"4A4, (6.3.15)
(- lu—w])?
This gives the first claim.
If |v| < (1+¢)L, then by (6.3.14) and (6.3.12), we have
A L —2miu(A/L) {7 (A 1\A2
D f(2) = z/_Le ‘V(f~(v—u))du+0((a—§)A /L) (6.3.16)

In particular, it follows that if % <o and |[v| < (1 —¢)L, then due to the rapid decay of v,

) vA/L+A ) R
—2miv(A/L iU
B p(z) = e 2B >/UA/L_A eV (u)du + O((0 — 1)A%/L)

— e 2miv(A/L) | OA(A_A) + O((U _ %)AQ/L>’ (6.3.17)

by Fourier inversion and the assumption that V(1) = 1. This proves the second claim. If

1 <o < land Jv] < (14 ¢)L, then we have the bound

Das(2)] < /]R V(w)ldu+O((0 — $)A%/L), (6.3.18)

which proves the third claim. Finally, notice that d;/a(z —iu) — 0 uniformly as o — oo by

(6.3.10), which implies the last claim that ® 1(z) — 0 uniformly inv € Raso — co. O

The following proposition relates the moments off and on axis.

Proposition 6.3.6. Let § > —1, 3 > 0, e > 0, T > 10°. Then, for all 3 < o <
2+ (log T)77%, the event

log? T 2log? T
[0, o +ir+iu)ldu<ope [ 7 1C(+ir + i) du+
—log” T —2log”" T

1
3.1
(log T)" (6.3.19)
has probability 1 — o(1).

PROOF. Let

Dlotir) =Y — -(1—”)A,

o+t
nor 1 T

(6.3.20)

with A > 100 fixed. From Proposition 2 in Bombieri and Friedlander (1995), we have, for
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T <7 <2T and % <og< % + (logT)9_35,
((0 +1i7) = D(o +i1) + OA(T3). (6.3.21)
Consider
I(0) = /R 1D(0 + i+ iu)|? - |®a (0 + i)|Pdu, (6.3.22)
with A = log® T and L = 2log? T. Then, by Lemma 6.3.5 and Corollary 6.3.4, we have

/ ID(0 + it + )| - |®a (0 + iu)|Pdu
K (6.3.23)
< /R D + i+ iu)|? - [ Da (L + i) du.

Now, it remains to unsmooth the expression. By Lemma 6.3.5, provided that ¢ — % <

2
(log T')%73¢ we have

log? T
/ 6 |D(a+z’7‘+iu)|5du<</ ID(0 + i+ iu)|? - |®a (0 +iu)Pdu.  (6.3.24)
—log”" T R

On the other hand, by Lemma 6.3.5, we have

/R ID(L + i+ iw))? - [Da s (L + iu)Pdu

2log? T 1 ) ) P
< 7210g6T’D(§+2T+Zu>’ du (6.3.25)

+ > [ DG+ ir+ i)’ (s (L +iu)du,
A=0"Ua

where Uy = {2(log T)?+4 < |u| < 2(log T)?+4+1}. By Corollary 6.2.9, the approximation

in (6.3.21), and a union bound, the event

_ 1 . . < A 2+A} . 2
S(T) { R MISI}?;gT |D(5 + i1 +iu)| < 2%(logT) (6.3.26)

has probability 1 — o(1). Moreover, by Lemma 6.3.5, for all 2(log )%+ < |u|, we have

|Da (3 +iu)| <gpe (log T)~HA0FE) . (1og T)~(1OITHIO)(HHL/B), (6.3.27)
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Therefore, on the event S(7"), and for each A > 0,

/M DR +ir +iu)|® - [ (L + iu)Pdu

A

ope (log T)ETDUIIHATS) 948 (100 T)=(B+1)-(10]61+44+10)

g, (log T)~PHIAFTD), (6.3.28)

Thus, on S(T'), the contribution of the sum on the right-hand side of (6.3.25) is negligible.
By combining (6.3.23), (6.3.24) and (6.3.25), the claim follows. O

6.3.2. Mollification

This step is an adaptation of Section 4.2 of Arguin et al. (2019), which is itself based
on the work of Radziwitl and Soundararajan (2017). The treatment is slightly different
as the width of the interval needs to be taken into account. Also, we choose to use the
discretization in Proposition 6.2.7 to obtain a uniform control on the interval as opposed to

a Sobolev inequality:.

The main idea is to define a mollifier for the zeta function
M(s) = 3 Hatn) (6.3.29)

Here 4 denotes the Mobius function p(n) = (—1)“™ if n is square-free, where w(n) is the
number of distinct prime factors, and p(n) = 0 if n is non-square free. The term a(n) equals

1 if all prime factors of n are smaller than
X =exp((logT)" 57", K >2, (6.3.30)

and if
Q(n) < 100Ke” loglog T =: vy, (6.3.31)

with a(n) = 0 otherwise. The estimate will be done slightly off-axis:

1 (log T)%/K)
=+ 3.32
%= 5+ T (6.3.32)

The parameter K will eventually be assumed to be large enough depending on @, 5 and ¢.
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The goal of this section is to prove that M is an approximate inverse of (:

Lemma 6.3.7. Let 0 > —1 and € > 0 be given. Then,

IP’( max |(¢-M)(oo+i(T+h)) —1] >5> =o(1). (6.3.33)
|h|<log? T

This was proved in the case § = 0 in Lemma 4.2 of Arguin et al. (2019). In particular,
it also holds verbatim for —1 < 6 < 0 since the interval is just smaller. The proof of Lemma
6.3.7 also holds in the case # > 0 with slight modifications that we highlight. The key idea

is the following L?-control:
Lemma 6.3.8. Let 6 > —1 be given. Then,

E“(g - M)(og +i7) — 1}2] < (log T)~100¢". (6.3.34)

PrROOF. We only have to prove the case # > 0. The proof is exactly as in Arguin et al.
(2019) with a new error term due to the choice of . (The manipulations are very similar to
the ones in Lemma 6.2.4.) The error appears after Equation (4.10) in Arguin et al. (2019)

and is given by
(logT)e™ [ (1+7p7H). (6.3.35)

p<X

The Euler product is bounded by < (logT)" using Lemma 6.4.1. Using this and the
definition of vy in (6.3.31) yields

(logT)e ™ J[ (1+7p ") < (logT)® - (log T)~100K<". (6.3.36)
p<X

Since K > 2, this gives the correct estimate. Note that the expression ). x log(1— p2o0)~1

entering in the remainder of the proof of Lemma 4.2 is

< 3 p2 « X002 = exp(—(log T)7F) < (log T) 10", (6.3.37)
p>X
This ends the proof. U

PROOF OF LEMMA 6.3.7. By (6.2.37), ¢ is well approximated by a Dirichlet polynomial
of length T'. Moreover, M is a Dirichlet polynomial of length less than 7° for any fixed
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0 > 0. Therefore, an application of Chebyshev’s inequality and Proposition 6.2.7 yield that
the probability is
2
< log"*?T - ]EU(Q - M) (g + i) — 1 } (6.3.38)

The conclusion follows from Lemma 6.3.8. O

6.3.3. Bounds for Dirichlet polynomials

We now approximate the mollifier M by the exponential of a Dirichlet polynomial. We
first note that, on the region of absolute convergence, we have the following exact identity
by expanding the log

znju(n)"_s = €xp <log ];[(1 - p‘8)> = exp ( _ Zp:p—s Y'Y p:S

k>2 p

). (6.3.39)

Write
1

kpks :

Pig-1(s) = >

pP<X

(6.3.40)

Note that exp(—P;_x-1(s)) corresponds to a Dirichlet polynomial with coefficients (n)

supported on integers n such that all the prime factors of n are < X.
Lemma 6.3.9. Let 6 > —1 be given. Then, for any K > 2, we have

]P’( max

|h|<log? T

Moo + it + ih) — e Pr-x=1 (gg + i + z‘h))‘ > (log T)-m) =o0(1). (6.3.41)

PROOF. Proceeding as in (6.2.42), it follows that for any € > 0,

]P’( max | P,_g-1(0q + it + ih)| > 1/9) =o(1). (6.3.42)

|h|<log? T 10
This is done by noticing that the sum for k£ > 2 is of order one, and that the sum for k = 2

is of negligible order:

IP>< max

|h|<log? T

p2<X

where we use Lemma 6.4.4. This is o(1) for the choice A = /vy and ¢ = (1 +0)loglog T'].
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Equations (6.3.42), (6.2.5) and (6.3.39) imply that, on a set of probability 1—o(1), the Dirich-
let polynomial exp(—P;_-1(s)) is well approximated (with an error e™ < (log T') %)
by a Dirichlet polynomial with the same coefficients as M on the set of integers with at
most vy prime factors. Denote this truncation by M. In particular, Proposition 6.2.7 and

Lemma 6.4.2 yield

E{ max |M — M|*(oq +iT + zh)} <log™T- Y (6.3.44)
|h|<log? T pln = p<X
Q(n)>vy

The right-hand side is < (logT)~'% since

log't? T - Y ol log't?T . e > e?™n! < (log T) ™. (6.3.45)
plg(=)> p<X pln = p<X
n)>vy

The result follows by Chebyshev’s inequality. U

6.3.4. Proofs of the lower bounds
Consider, for 0 < 57 < K — 2, the Dirichlet polynomials

1 j i
Pi(h) =Re 3 s Jj = (exp((log T) ¥, exp((log T) %) (6.3.46)
pEJj
We choose a probabilistic notation for the increments P;’s seen as random variable, omitting

the dependence on the random 7. We first prove a lower bound for the moments of Dirichlet

polynomials.

Proposition 6.3.10. Let 0§ > —1 and € > 0 be given. Then,

—log? T

P(/loggT exp (B prj(h))dh > (log T)f9<ﬁ>—€> —1—o(1). (6.3.47)

The polynomial Py _5 is not included in the sum to ensure that the variances of the P;’s

are almost equal. Indeed, for all || < log’ T'and j < K — 3, an application of (6.4.6) yields

2 — E[P,(h)2] = — loglog T + O((log T)~7%), (6.3.48)

J 2K
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since oy — l = (log T)~'*+3/(2K)  The polynomial P, is ignored to ensure that the polynomials
ZK ? P;(h) are almost independent for h’s that are far apart, which will be crucial for the

second-moment method to go through; see below (6.3.65) in the proof of Proposition 6.3.10.

PROOF OF PROPOSITION 6.3.10. This is similar to the upper bound proof of Theorem
6.1.1. We first relate the moments to the measure of high points. Let ¢ > 0 and M € N,

and set

0 — 25, if6<0,
Eo(7) = o (6.3.49)

0—~2  if0>0.

Consider v; = ﬁm(@) +efor 1 <57 < M, and the good event

K-3
Pj(h ) (log T')~ }2(1ogT)5e<m>e/2}

— ﬁ {Leb{|h| <log’ T : exp (

Jj=1

ﬂ{ max exp(Kz_: )§ (log T')™®)+< } (6.3.50)

|h|<log? T

We will show below that P(E) is 1 — o(1). First, we prove the lower bound on the moments
on the event . We have

log % 1 exp (B 5°15% Py(h)) dh
log log T > max {5751+ &(1-1)} — /2. (6.3.51)

By the continuity of the function v — (v + Ey(7), Equation (6.3.51) implies that, on the
event F and for M large enough with respect to € and /3,

log? T K—3
log [Z) 0 7 ejig(ligZT 3 Py(h))dh . 50+ a) = 6552
When 0 < 5 <2m(0)/(1+ (6 A0)), take € > 0 small enough so that g > 2¢/(1 + (6 A 0)).
The maximum is attained at v = 2(1+ (6 A0)), in which case the right-hand side of (6.3.52)
is equal to 2- (1 +(0AN0))+0—c. When 5> 2m(0)/(1+ (6 A0O)), the maximum is attained
at v = m(6), in which case the right-hand side of (6.3.52) is equal to (8m(0) — 1) —e. Thus,
on the event F and for M large enough, the lower bound in (6.3.47) is satisfied.
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To conclude the proof of the proposition, it remains to show that P(E) — 1 as T' — oc.
By the upper bound on the maximum of >-75% P;(h) in (6.2.42) (and the remark below it
for 6 < 0), it is sufficient to prove that, for all n > 0 and all 0 < v < m(#), the event

K-3
{Leb{|h| <log’T: Y Pi(h) > ~yloglog T} > (log T)gm)‘”} (6.3.53)
=1

has probability 1 — o(1).

Consider

1, if 6 >0,
T(0) = (6.3.54)
|K|0]] +1, if6 <0,

For 6 < 0, Corollary 6.2.11 ensures that the primes up to exp(log'e| T) only make a very

small contribution, namely the event

{ ‘ A Pj(h)‘ < gty loglog T } (6.3.55)
has probability 1 — o(1). We consider the random variable
N = Leb{yhy <log’T: Py(h) > z;, for () < j < K — 3}, (6.3.56)
where

- 100 g
= (1+(1+(9A0))K)'(1+(9A0))K

loglog T. (6.3.57)

By summing the z;’s, it is not hard to check that the intersection of the events {N >
(log T)%™=7} and the one in (6.3.55) is included in the event in (6.3.53). Therefore, the

proof of the proposition is reduced to show
P(N > (log T)%™=7) =1 —o(1). (6.3.58)
This is established by the Paley-Zygmund inequality.

To this aim, we shall need one-point and two-point large deviation estimates for the

event

A(h) = {Pj(h) > 2y, for J(0) < j < K — 3}. (6.3.59)

The next two propositions are stated as Propositions 5.4 and 5.5 in Arguin et al. (2019).

They are consequences of the Gaussian moments in Lemma 6.4.3.
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Proposition 6.3.11 (One-point large deviation estimates). Let § > —1 be given, and let
h € [—loge T, log’ T). For any choices of 0 < z; < loglogT', where 1 < j < K — 3, we

have

o e —y?/2 K3 4. 2 /(942
P(A(R)) = (1 + o(1 H / al= 1l 55 gai/es)), (6.3.60)
73/%3 j=7(0) i

In the case of two points h, h’, the primes are essentially correlated up to exp(|h — h/|™1)
and quickly decorrelate afterwards. For @ > 0, this means that the P;’s are essentially
independent whenever |h — h'| > (logT )’ﬁ, since j = 0 is excluded. For # < 0, we must
exclude the j’s up to J(#) — 1. Therefore, the P;’s are essentially independent whenever

|h— 1| > (logT)?~2x . We get:

Proposition 6.3.12 (Two-point large deviation estimates). Let 6 > —1 be given, and let
h, W € [—log’ T,log” T| be such that |h — '] > (logT)~ T tar Then,

P(A(h) NA(R)) = (1+ (1)) P(A(h)) P(A(K)). (6.3.61)

If |[h— 1| <1, let 0 < ¢ < K — 3 denote the largest integer in this range with |h — h'| <
(log T)~*/%. Then, for any choices of \/IoglogT < x; <loglogT, we have

P(A(h)ﬂA(h’))<<exp<— > 232 oy ;2) (6.3.62)
j=J0) 7 j

Now, in order to prove (6.3.58), we start by finding a lower bound on E[A]. By (6.3.60),
the z;’s in (6.3.57) and the s,’s in (6.3.48), we have

log? T K-3 .
E[N] = / P(A(h))dh > 1o’ T [ 22 -e/@5) > (log T)& =13 (6.3.63)

RPN .
log" T J=T(0) .T]

assuming that K is large enough with respect to #, v and n. By the Paley-Zygmund

inequality, this implies

IP’(N > (log T)Ee(v)—’?) > ]P’(./\/ > (log T)_n/SE[M)

> (1= (log T)™"/*) (EIN])*/E[N?]. (6.3.64)
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It remains to show E[N?] = (1 + o(1))(E[N])2. With I = [—log? T',log? T}, linearity yields
EIN?] = / P(A(h) N A(R)) dhdh'. (6.3.65)
IxI

The integral can be divided into (K — J(0) + 1) parts:

NAG)

B={(hK):|h—H|> (logT) “x Tax};

I

_J®

Bo = {(h, 1Y) : (log T)~ %" < |h — /| < (log T)~ ¥+
By = {(h, 1) : log T)" V% < |h — | < (log T)~%}, fort=7(0),.... K = 3;

Br_s = {(h, k) : |h = N| < (log T)~K-2/KY,
(6.3.66)
The dominant term will be the one on B. Note that Leb(B) = Leb(I)?(1 + o(1)). Hence,
by (6.3.61), we have

/B P(A(h) N A('))dhdl' = (1 + o(1))(EN])% (6.3.67)

By (6.3.62) and the estimate (6.3.63), the integral on By is

K-3 2
< (log T)(’_%G)Jrﬁ exp ( > —i;)
J=J(0) J
< (log T)~ 0 3x (E[N])?, (6.3.68)

assuming that K is large enough with respect to 6 and v. For £ = J(0),..., K — 3, the
integral on By is, by (6.3.62) and the estimate (6.3.63),

) 02 K-3 ;.2
< (logT)? WKexp(— > 2—;2 - > S;)
j=700) “%5i  j=t+1 5
0t/ K .z 20 =
= (logT)~%% exp( > 2;2> (logT) exp<— Sg)
J=J0) =7J J=J(0) “J
2

assuming again that K is large enough with respect to 6, v and 7. Since 72 < m(6)? =
(14+6)(1+(0A0)), the right-hand side of (6.3.69) is 0((1@[/\/])2) if we fix n > 0 small enough
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with respect to . Similarly, by (6.3.60) and the estimate (6.3.63), the integral on By is

< P(A(h))dhdh' < (log T)~"~ /K13 BIN] = o((E[N])?). (6.3.70)

Bi_2

This concludes the proof of Proposition 6.3.10. 0

Putting all the work of Section 3 together, we can prove the lower bound in Theorem

6.1.1.

PROOF OF PROPOSITION 6.3.2. By Proposition 6.3.6, the probability in (6.3.2) is

3log”T SPANY: fo(B)—
> IED(/ (00 + i7 + ih)|°dh > (log T)% ) —o(1). (6.3.71)

7% log? T

By Lemma 6.3.7 and Lemma 6.3.9, the above is

> IP’( / 2T (BReP1_g-1(h))dh > (log T)f"(’”‘s) —o(1). (6.3.72)

1 0
—5log” T

By Equation (6.3.43), P,_ -1 can be replaced by P;_ -1 with an error less than log® T'. By
(6.2.42), we may discard the terms with j = 0 and j = K — 2 with a similar error. For K
large enough with respect to €, § and 6, the probability in (6.3.72) is therefore

1log?T K-3
> P( [0 e (85 Pyh)dh > (log T)f*g(m—f) —o(1). (6.3.73)
f%log T j=1
Finally, the probability in (6.3.73) tends to 1 as T'— oo by Proposition 6.3.10. O

We now prove the lower bound in Theorem 6.1.2.

PROOF OF PROPOSITION 6.3.1. From (6.1.8), we have that fy(8) = pm(0) — 1 when
B > Be(0) = 2,/14+ (0 N0). Thus, on the event in the statement of Proposition 6.3.2
(which has probability 1 — o(1)), and for 5 large enough with respect to € and 6, we have

1 1 log? T . 5 1/8
max.|C(z + i +ih)| 2 / L+ir+ih)|°dh
|h|§10g9T|C(2 )| B (210g9T flogeTK“<2 )| )

(1+e+06)

> (log 7)™ ~—5 > (log T)™®~=, (6.3.74)

This ends the proof. O
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6.4. Useful estimates

The prime number theorem yields estimates on the sum of primes with a good error.

Lemma 6.4.1. Let 1 < P < Q, then

(log@)™ _ (log P)™ .
s~ (ogp)” _ )7 = e+ OnD) dm=t (6.4.1)
P<p<@ P loglog Q — loglog P + O(e=Vos Py = if m = 0.

Also, for [nlog Q| <1,

Z cos(nlogp)

P<p<@

= loglog @ — loglog P + O(1). (6.4.2)

PROOF. For (6.4.1), see Lemma A.1 of Arguin and Ouimet (2019) and Lemma 2.1 of Arguin
et al. (2017b). For (6.4.2), see p.20 in Harper (2013a). O

The next three results yield moment estimates for Dirichlet polynomials. The first one
is an elementary bound. The second ensures that moments of Dirichlet polynomials that

are not too high are Gaussian.

Lemma 6.4.2 (Lemma 3.3 in Arguin et al. (2019)). For any complex numbers a(n) and

b(n), and for N <T, we have

E[(mgNa(m)m_”>( 3 b(n)n”)]

n<N

Nlog N
o( °

(6.4.3)
= > a(n)b(n) +

n<N

Exmmf+wmm)

n<N

Lemma 6.4.3 (Lemma 3.4 in Arguin et al. (2019)). Let x € [2,00), and suppose that for
primes p < x, a(p) € C such that |a(p)| < 1. Then, for any k € N,

2k

> + OGT)’ (6.4.4)

| (5 e+ o) | = (T a(yaloia0)2))

p<x p<z

z=0

where Io(z) = 3,50 22"/ (22" (n!)?) denotes the modified Bessel function of the first kind.
In particular, the expression is O (x% /T) for odd k.
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The relations with Gaussian moments in the case where a(p) = p~2~%" is obtained by

expanding the product to get

I 6llatl) = Fle) oo (55 ) (649

p<z p<lzx

where F'(z) is analytic in a neighborhood of 0 with F'(0) = 1 and its derivatives uniformly
bounded by >, p~1°. In particular, this implies that, for & > 1/2 and & small enough so
that 22% /T = o(1),

E [( 3" Re p“”‘h) %] — (1+0(1)) 2<sz| (; 5 p2‘7> | (6.4.6)

p<zx p<z

The above also holds if a(p) = 0 for p < y (say) with the sum over primes restricted to
y < p < z. In particular, the error >, p~17 can be made o(1) by taking y large. We

note that the moments yield a Gaussian tail

IP’( > Rep 7 m=ih > V) < exp(=V?/(20%)), (6.4.7)

p<z

by picking the moment k = [V?/20?] with 0? = 1> ., p~2, for V not too large.

Finally the third estimate is a cruder version of the Gaussian moment estimates that

yields quick upper bounds on moments.

Lemma 6.4.4 (Lemma 3 in Soundararajan (2009)). Let T be large, and let 2 < = < T.
Let k be a natural number such that 2% < T/logT. For any complex numbers a(p), we
have
IE[ 3 pf‘/@” ] < k! (Z lalp ) (6.4.8)
p<z p<z
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ABSTRACT. Let d € Nand let v; € [0,00), z; € (0,1) be such that Edjll vi=M € (0,00)
and Y.z, = 1. We prove that
d+1
= dE(1aM = ﬁ "

[Ii5 Tlayi +1) i
is completely monotonic on (0, 00). This result generalizes the one found by Alzer (2018)
for binomial probabilities (d = 1). As a consequence of the log-convexity, we obtain
some combinatorial inequalities for multinomial coefficients. We also show how the main
result can be used to derive asymptotic formulas for quantities of interest in the context
of statistical density estimation based on Bernstein polynomials on the d-dimensional
simplex.
Keywords: multinomial probability, complete monotonicity, Gamma function, combi-

natorial inequalities, Bernstein polynomials, simplex

7.1. Introduction

For any d € N, let [d] = {1,2,...,d}. For any v = (v1,vs,...,v4) € R write ||v]| =

¢ | |v;|. Denote the d-dimensional simplex and its interior by
S={zecl0,1): o <1} and Int(S)={z € (0,1)": |z <1}.

Given a random sample y,, ¥y, ..., ¥y, on S from some unknown distribution £, define the
Bernstein estimator on the simplex

Fpn(®)= Y Fuk/m)Pun(z), €S8, (7.1.1)

keNg:||k||<m

where m,n € N, F,(y) = % i Liy<y,) is the empirical cumulative distribution function,

Tay1 = 1 = ||zf|, kg1 =m — k||, and
d+1

Piom () = HdTl [T = (7.1.2)
l =1

Our first goal is to prove that a — Pk m () is completely monotonic on (0, 00), see
Definition 7.1.1 below. In fact, we prove a slightly more general statement in Theorem
7.2.1. From the log-convexity, we deduce some combinatorial inequalities for multinomial
coefficients in Section 7.3. The proof of the theorem and the combinatorial inequalities

follow very closely, and generalize, the work of Alzer (2018). In Section 7.4, we show how
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Theorem 7.2.1 can be used to prove asymptotic formulas for quantities of interest related
to (7.1.1). To our knowledge, the statistical properties (bias, variance, mean integrated
squared error, etc.) of the estimator in (7.1.1) (and the associated density estimator, see
e.g. Babu and Chaubey (2006); Leblanc (2010)) have never been studied when d > 1,
except for the pointwise mean squared error of the density estimator in Tenbusch (1994)

when d = 2. This was our motivation for this article.

Definition 7.1.1 (Complete monotonicity). A non-constant function a — g(a) is said to

be completely monotonic on (0,00), if g has derivatives of all orders and satisfies

(—1)ng(n)(a) >0, foralln €Ny, a€ (0,00). (7.1.3)

Remark 7.1.1. Inequality (7.1.3) is usually not strict when defining complete mono-
tonicity, but non-constant functions that satisfy the non-strict version of (7.1.3) automat-
ically satisfy the strict version, see (Dubourdieu, 1959, p.98) for the original proof or (van
Haeringen, 1996, p.395) for a simpler proof.

We will need the two following lemmas during the proof of Theorem 7.2.1.

Lemma 7.1.2. Let g : (0,00) — (0,1). If (—logg)’ is completely monotonic on (0,00),

then g is completely monotonic on (0, 00).

Proor. Take f : (0,00) — (0,1) : y — e ¥ and h : (0,00) = (0,00) : x — —logg(z).
Since h is positive and ' = (—log g)’ is completely monotonic by hypothesis, then g = foh
is completely monotonic by Theorem 2 in Miller and Samko (2001). 0

Lemma 7.1.3. If u = (uy,ug, ... ,uq) € Int(S), ugr1 =1 —|jul| >0 and y > 1, then

1 d+1 1
July) = —— — —— > 0. 7.1.4

PROOF. Lemma 1 in Alzer (2018) proves (7.1.4) in the case d = 1. Fix d > 2 and assume

that (7.1.4) is true for any smaller integer. Let y > 1. By Lemma 1 in Alzer (2018),

! : ! 0 7.15
y—1 Ul —1 gy —1 (7.15)
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Therefore, (7.1.4) will follow if we can show that

71 3 71 0 7.1.6
yl/nun_l_l;yl/ui_1> - (7.1.6)
Simply define z = y'/Il and v; = u;/||ul|, then (7.1.6) is equivalent to
1 b1
— — >0 7.1.7
z—1 ; /v — 1 ’ ( )
which is true by the induction hypothesis. 0

7.2. Main result

Below is a generalization of the theorem in Alzer (2018).

Theorem 7.2.1. For any d € N, M € (0,00), ® € Inl(S), 441 =1 — ||z|| > 0, and any
~ € [0,00)? such that ||v|| < M and v411 = M — ||| > 0, the function

d+1
L(aM +1) [T == (7.2.1)

I T(ays +1) i

o

9(a)
is completely monotonic on (0,00).

Remark 7.2.1. In the proof of Theorem 7.2.1, we will show that (—logg)’ is completely

monotonic on (0,00), which is a stronger statement by Lemma 7.1.2.

Remark 7.2.2. Soon after the first version of the present paper was posted on arXiv.org,
Qi et al. (2018) gave an alternative proof of the complete monotonicity of (—logg) and

rewrote the combinatorial inequalities of Section 7.3 in terms of multivariate beta functions.

PROOF. Let M € (0,00), € Int(S) and a > 0. The theorem in Alzer (2018) proves our
statement in the case d = 1 (when the components of -« are integers, but the adjustment is
trivial). Therefore, fix d > 2 and assume that the theorem is true for any smaller integer.
If there exists i € [d + 1] such that v; = 0, the theorem reduces to proving that (7.2.1) is
completely monotonic for a d that is smaller then the one that we previously fixed, which is

true by the induction hypothesis. Thus, assume for the remainder of the proof that

v >0, forallie[d+1]. (7.2.2)
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Define

d+1 d+1
ha) = —logg(a) = —logT(aM + 1) + > log[(avy; + 1) —a ) v;log ;. (7.2.3)
i=1 i=1
Then,
dt1 dt1
R (a) = —My(aM + 1)+ > yblay; + 1) = Y v logay, (7.2.4)
i=1 i=1

where 1) = (logI')’ = I""/I". Using the integral representation
/ e, 0 725
= —dt > 2.
V) = [Tt 2>, (7.25)
see (Abramowitz and Stegun, 1964, p.260), we obtain (take t = s/M and t = s/7;)

d+1
R"(a) = —M*)'(aM + 1 +Z% (avy; +1)

oo ¢ —aMt d+1 oo ¢t —avy;t
——m [T 2 1dt+Z%/ ¢
0

et — et — 1

= _/0 se= I (M) ds, (7.2.6)

where J,(y) is defined in (7.1.4). Applying Lemma 7.1.3 gives
(=1)"n" V) (a) = / s"e™ T (e™M)ds >0, neN, a>0. (7.2.7)
0

If we show that A/(a) > 0 for a > 0, then A’ will be completely monotonic under Definition
7.1.1 and we will be able to conclude that g is completely monotonic by Lemma 7.1.2. Since
h' is decreasing (see (7.2.7) when n = 1), we show that lim, ., #'(a) > 0 to conclude the

proof.

If we apply the recurrence formula
1
v(z+1)=vY(2)+ o 2> 0, (7.2.8)

see (Abramowitz and Stegun, 1964, p.258), we obtain from (7.2.4) the representation

d d+1 dt1 M
h'(a) = P MR(aM)+ Y vR(av:) + > vilog (74 ) : (7.2.9)
i=1 i=1 ¢

where R(z) = ¢(z) — log z.
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Using the asymptotic formula

P(z) Nlogz—;z—... (as z — 00) (7.2.10)

see (Abramowitz and Stegun, 1964, p.259), we conclude from (7.2.9) and Jensen’s inequality

(for the convex function — log(+) and the probability weights P; = ~;/M and Q; = x;) that

d+1 M d+1
Tim A(a) = M; %bg (vé ) > _Mlog (; x) ~ 0. (7.2.11)
This ends the proof. 0

Remark 7.2.3. Interestingly, the sum on the left-end side of the inequality in (7.2.11) is
the Kullback-Leibler divergence Dgr(P||Q). It is well defined because of (7.2.2) and the
fact that © € Int(S) by hypothesis (which implies 0 < x; < 1 for alli € [d + 1]).

7.3. Some combinatorial inequalities

In the context of Theorem 7.2.1, define

F(aM +1)

Cla) = ,
@) = I Ty + 1)

a € (0,00). (7.3.1)

Below are three simple combinatorial inequalities for the multinomial coefficients in (7.3.1).

They generalize the ones proved in Alzer (2018) for binomial coefficients.

Corollary 7.3.1. Let k € N and let a; € (0,00), A\; € (0,1), j € {1,2,...,k}, be such
that Zle Aj = 1. The following inequalities hold :

(a) C(Zle Ajaj) < Hle C(a;), where equality holds if and only if all the a;’s are the
same.

(b) I5=1 Clay) < C(Zj ay).

(c¢) If a1 < as, then C(ay + a2)C(az) < C(a1)C(as + a3), where equality holds if and only
if ay = as.

PROOF. By (7.2.7) in the case n = 1, we know that g in the statement of Theorem 7.2.1 is

strictly log-convex, which implies (a) by definition. Point (b) follows from Lemma 3 in Alzer

(2018) because g is differentiable on [0, 00), g(0) = 1 and g is (strictly) positive, (strictly)
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decreasing and strictly log-convex on (0, c0). Point (c¢) follows from a trivial adaptation of

the proof of Corollary 3 in Alzer (2018) using (7.2.7). O

7.4. Application to Bernstein estimators on the simplex

In recent years, there has been a sustained interest in the study of statistical proper-
ties of Bernstein estimators on the unit hypercube, whether we talk about the cumulative

distribution function (cdf) estimators

d

Fon(®)= > F,(k/m) H( ) —x)k, oz e|0,1]% (7.4.1)
keNdn[o,m]d =1

where F,, denotes the empirical cdf (given a random sample ¥4, y,, . . ., ¥,, from an unknown

cdf F), or the density estimators

Fon(@) =m® > Pn<<kk+1]) ﬁ(mk_ 1):5?(1—:1:1-)’%, x € [0,1]%, (7.4.2)

mm .
keNgn[0,m—1]¢ =1

where PP, denotes the empirical measure. For more information, the reader is referred to
Babu et al. (2002), Babu and Chaubey (2006), Belalia (2016), Belalia et al. (2017), Ghosal
(2001), Igarashi and Kakizawa (2014), Kakizawa (2011), Janssen et al. (2012, 2014, 2017),
Leblanc and Johnson (2007), Leblanc (2009, 2010, 2012b,a), Lu (2015), Petrone (1999),
Prakasa Rao (2005), Tenbusch (1994) and Vitale (1975).

One clear advantage of Bernstein estimators over kernel estimators (for example) is
that they generally perform better near the boundary, see e.g. Leblanc (2012a). To our
knowledge, the statistical properties of Bernstein estimators on the simplex (see (7.1.1)),
and the associated density estimators, have never been studied in the literature, except
in the univariate case where they coincide with (7.4.1) and (7.4.2) above, and except for
the pointwise mean squared error of the density estimator in Tenbusch (1994) when d =
2. This subject is worth investigating because there are instances in practice where the
distribution that we would like to estimate lives naturally on the d-dimensional simplex. One
such example is the Dirichlet distribution, which is the conjugate prior of the multinomial
distribution in Bayesian estimation, see e.g. Lange (1995) for an application in the context

of allele frequency estimation in genetics. In those instances, we would expect that the esti-
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mators defined on the simplex perform better than the ones defined on the unit hypercube,

especially near the boundary ||z| = 1.

Following Leblanc and Johnson (2007) and Leblanc (2010), define
Sr,s,m(m) = Z Prk,rm(m)PSk,sm(m)a S S,
keNd:||k||<m
for r; s, m € N. This family of polynomials would arise in the context of statistical density

estimation based on the Bernstein estimators in (7.1.1) (see e.g. the appendix in Leblanc

(2010)). Theorem 7.2.1 will be used to prove Proposition 7.4.2 below.

The following lemma generalizes Theorem 1.1 (iii) in Leblanc and Johnson (2007), and

Lemma 3 (i7) and (v) in Leblanc (2010) when j = 0.

Lemma 7.4.1. Let d,r,s,m € N, © € Int(S), and define the covariance matriz

> = rs(r + s)(diag(x) — xx?). (7.4.3)
We have
md/2sr,s,m(m) = (br,s(w) + Oz(1>7 as m — 00,
where ;
o (ged(r,s))
Ors(T) = )2 (det(2) )17 (7.4.4)

PRrOOF. Let Uy,...,U,, and V1,...,V,, be two (independent) sequences of independent
random vectors such that U; ~ Multinomial(r, ) and V; ~ Multinomial(s, ) for each
i € [d]. Now, let H = gcd(r,s)I, where I, is the d x d identity matrix, and define
W, = sU; — rV; so that the j-th component of W has a lattice distribution with span
Hj; = ged(r, s). Note that W} = H™'W, has span 1 in all d directions. The covariance
matrix of W is given by ¥ in (7.4.3). We can write S, ,,,(x) in terms of the W’s as

S’r,s,m(a‘f) :P<ZSU1:ZTVZ> :]P(ZW::O>
=1 i=1 i=1
Therefore, using Theorem 3.1 of Athreya and Janicki (2016) (a local central limit theorem

for random vectors with lattice distributions), det(H) = (ged(r, s))¢ and the fact that the

covariance matrix of W7 is equal to H 'S H ', we obtain the conclusion. U
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The following proposition generalizes Lemma 4 in Leblanc (2010) when 7 = 0.

Proposition 7.4.2. Let r,s,m € N and let h : § — R be any bounded measurable

function. As m — oo,
() M2 [5 Sy sm(@)d = 12 + Om™) = [s brs(@)da + O(m~Y),
(b) [sh(x)(m¥2S, s m(2) — ¢rs(x))dx = 0o(1).

PRroOOF. Assume for now that r = s = 1. We have

T(m+1) o
/85'1,1,m lk%m/ (Preym (2 ”k%m <Hd+1r ) /Hx dx
_ ( D(m + 1) > [1% T(2k; + 1)
em \IIE D(k +1) ) T@2m+d+1)
I'(m+1)) d+1
_F((2£7T+d+ sz Hl< 1) (7.4.5)

To obtain the third equality, we used the normalization constant for the Dirichlet distribu-

tion. Note that

I () - 2 (i) -oo 2 ()
_( 4)m<—(d+ 1)/2)
_ (m J;nd21>4m, (7.4.6)

where the last three equalities follow, respectively, from (5.37), the Chu-Vandermonde con-

volution (p.248), and (5.14) in Graham et al. (1994). By applying (7.4.6) and the duplication

o 2VTl(2y)
L(y)T(y +1/2)’

see (Abramowitz and Stegun, 1964, p.256), in (7.4.5), we get

formula

€ (0,00), (7.4.7)

/ Sy 1om(@)de = (P(m+1))* T(m+d/2+1/2)
s bbm T I@m+d+1) Tim+ D)I(d/2+ 1/2)
2/rT(m+1) T(m+d/24+1/2)T(m +d/2+1)
T(d/2 +1/2)T(m + d/2 + 1) 2 /7l (2m+d+ 1)

m
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B 27 (m+1) gm

N [(d/24+1/2)L(m+d/2+1) " gmtd/2+1/2
_ 274/rT(m+1)

T T(d/2+ 1/2)0(m +d/2+ 1)

B % 12 (m +4)1, if d is even,
- F(j;gijfm T2 m 4+ d/2+ 1= i) 0 if dis odd.
Using the fact that
—~ /EéTmTi =1t 871n L Oo(m™?), (7.4.8)
see (Abramowitz and Stegun, 1964, p.257), we obtain
ma/? /s Siam(x)de = I‘(d2/2d—|\—/?/2) +O0(m™). (7.4.9)

In the case 7 = s = 1, the expression for ¥ in (7.4.3) is equal to 2(diag(z) — z=xT).
Using the square-root-free symbolic Cholesky decomposition for covariance matrices of
multinomial distributions (see Theorem 1 in Tanabe and Sagae (1992)), we deduce that
det(X) = 2¢det(diag(x) — xx”) = 2¢[[¢*] 2;. Therefore,

d+1 d+1
/3 (27r)d/2(d1et(2))1/2 da = zd;dﬂ /s 1}1 o e = Qd;d/Q ' r<<rd(/12/ 2+))1 /2)

__2iE
- T(d/2+1/2)

(7.4.10)

Together with (7.4.9) and (7.4.4), this proves (a) for r = s = 1.

Now, the almost-everywhere convergence from Lemma 7.4.1 and the mean convergence
from (a) imply that {511, () }men is uniformly integrable, see (Shiryacv, 1996, p.189). By
Theorem 7.2.1, a — Py am is decreasing on (0, 00), so

Srsm(x) < Z (Prm(z))? = S11.m(), (7.4.11)

lkll<m

which implies that {S; s (-) }men is also uniformly integrable. Hence, by Lemma 7.4.1, we
must have (a) in the general case r,s € N. Finally, the almost-everywhere convergence
and the uniform integrability imply the L' convergence, so (b) follows immediately from

Jensen’s inequality and the fact that A is bounded. U

326



Acknowledgements

I would like to thank Alexandre Leblanc for promptly giving me access to Leblanc (20006).
This work is supported by a NSERC Doctoral Program Alexander Graham Bell scholarship
(CGS D3).

Bibliography

M. Abramowitz and 1. A. Stegun. Handbook of mathematical functions with formulas,
graphs, and mathematical tables, volume 55 of National Bureau of Standards Applied
Mathematics Series. For sale by the Superintendent of Documents, U.S. Government
Printing Office, Washington, D.C., 1964. MR0167642.

H. Alzer. Complete monotonicity of a function related to the binomial probability. J. Math.
Anal. Appl., 459(1):10-15, 2018. MR3730425.

K. B. Athreya and R. Janicki. Asymptotics of powers of binomial and multinomial proba-
bilities. Statist. Probab. Lett., 112:58-62, 2016. MR3475488.

G. J.Babuand Y. P. Chaubey. Smooth estimation of a distribution and density function on
a hypercube using Bernstein polynomials for dependent random vectors. Statist. Probab.
Lett., 76(9):959-969, 2006. MR2270097.

G. J. Babu, A. J. Canty, and Y. P. Chaubey. Application of Bernstein polynomials for
smooth estimation of a distribution and density function. J. Statist. Plann. Inference,
105(2):377-392, 2002. MR1910059.

M. Belalia. On the asymptotic properties of the Bernstein estimator of the multivariate
distribution function. Statist. Probab. Lett., 110:249-256, 2016. MR3474765.

M. Belalia, T. Bouezmarni, and A. Leblanc. Smooth conditional distribution estimators us-
ing Bernstein polynomials. Comput. Statist. Data Anal., 111:166-182, 2017. MR3630225.

M. J. Dubourdieu. Sur un théoréme de M. S. Bernstein relatif a la transformation de
Laplace-Stieltjes. Compositio Math., 7:96-111, 1939. MR0000436.

S. Ghosal. Convergence rates for density estimation with Bernstein polynomials. Ann.
Statist., 29(5):1264-1280, 2001. MR1873330.

R. L. Graham, D. E. Knuth, and O. Patashnik. Concrete mathematics. Addison-Wesley
Publishing Company, Reading, MA, second edition, 1994. MR1397498.

327


http://www.ams.org/mathscinet-getitem?mr=MR0167642
http://www.ams.org/mathscinet-getitem?mr=MR3730425
http://www.ams.org/mathscinet-getitem?mr=MR3475488
http://www.ams.org/mathscinet-getitem?mr=MR2270097
http://www.ams.org/mathscinet-getitem?mr=MR1910059
http://www.ams.org/mathscinet-getitem?mr=MR3474765
http://www.ams.org/mathscinet-getitem?mr=MR3630225
http://www.ams.org/mathscinet-getitem?mr=MR0000436
http://www.ams.org/mathscinet-getitem?mr=MR1873330
http://www.ams.org/mathscinet-getitem?mr=MR1397498

G. Igarashi and Y. Kakizawa. On improving convergence rate of Bernstein polynomial
density estimator. J. Nonparametr. Stat., 26(1):61-84, 2014. MR3174309.

P. Janssen, J. Swanepoel, and N. Veraverbeke. Large sample behavior of the Bernstein
copula estimator. J. Statist. Plann. Inference, 142(5):1189-1197, 2012. MR2879763.

P. Janssen, J. Swanepoel, and N. Veraverbeke. A note on the asymptotic behavior of the
Bernstein estimator of the copula density. J. Multivariate Anal., 124:480-487, 2014.
MR3147339.

P. Janssen, J. Swanepoel, and N. Veraverbeke. Smooth copula-based estimation of the
conditional density function with a single covariate. J. Multivariate Anal., 159:39-48,
2017. MR3668546.

Y. Kakizawa. A note on generalized Bernstein polynomial density estimators. Stat.
Methodol., 8(2):136-153, 2011. MR2769276.

K. Lange. Applications of the Dirichlet distribution to forensic match probabilities. Genet-
ica, 96(1-2):107-117, 1995. doi:10.1007/BF01441156.

A. Leblanc. A Bias-Corrected Approach to Density Estimation Using Bernstein Polynomi-
als. Technical Report, pages 1-24, 2006. University of Manitoba, Dept. of Statistics.

A. Leblanc. Chung-Smirnov property for Bernstein estimators of distribution functions. J.
Nonparametr. Stat., 21(2):133-142, 2009. MR2488150.

A. Leblanc. A bias-reduced approach to density estimation using Bernstein polynomials.
J. Nonparametr. Stat., 22(3-4):459-475, 2010. MR2662607.

A. Leblanc. On the boundary properties of Bernstein polynomial estimators of density
and distribution functions. J. Statist. Plann. Inference, 142(10):2762-2778, 2012a.
MR2925964.

A. Leblanc. On estimating distribution functions using Bernstein polynomials. Ann. Inst.
Statist. Math., 64(5):919-943, 2012b. MR2960952.

A. Leblanc and B. C. Johnson. On a uniformly integrable family of polynomials defined
on the unit interval. JIPAM. J. Inequal. Pure Appl. Math., 8(3): Article 67, 5pp., 2007.
MR2345922.

L. Lu. On the uniform consistency of the Bernstein density estimator. Statist. Probab. Lett.,

107:52-61, 2015. MR3412755.

328


http://www.ams.org/mathscinet-getitem?mr=MR3174309
http://www.ams.org/mathscinet-getitem?mr=MR2879763
http://www.ams.org/mathscinet-getitem?mr=MR3147339
http://www.ams.org/mathscinet-getitem?mr=MR3668546
http://www.ams.org/mathscinet-getitem?mr=MR2769276
https://doi.org/10.1007/BF01441156
http://www.ams.org/mathscinet-getitem?mr=MR2488150
http://www.ams.org/mathscinet-getitem?mr=MR2662607
http://www.ams.org/mathscinet-getitem?mr=MR2925964
http://www.ams.org/mathscinet-getitem?mr=MR2960952
http://www.ams.org/mathscinet-getitem?mr=MR2345922
http://www.ams.org/mathscinet-getitem?mr=MR3412755

K. S. Miller and S. G. Samko. Completely monotonic functions. Integral Transform. Spec.
Funct., 12(4):389-402, 2001. MR1872377.

S. Petrone. Bayesian density estimation using Bernstein polynomials. Canad. J. Statist.,
27(1):105-126, 1999. MR1703623.

B. L. S. Prakasa Rao. Estimation of distribution and density functions by generalized
Bernstein polynomials. Indian J. Pure Appl. Math., 36(2):63-88, 2005. MR2153833.

F. Qi, D.-W. Niu, D. Lim, and B.-N. Guo. Some logarithmically completely monotonic
functions and inequalities for multinomial coefficients and multivariate beta functions.
Preprint, HAL archives-ouvertes, pages 1-13, 2018. hal-01769288.

A. N. Shiryaev. Probability, volume 95 of Graduate Texts in Mathematics. Springer-Verlag,
New York, second edition, 1996. MR1368405.

K. Tanabe and M. Sagae. An exact Cholesky decomposition and the generalized inverse
of the variance-covariance matrix of the multinomial distribution, with applications. J.
Roy. Statist. Soc. Ser. B, 54(1):211-219, 1992. MR1157720.

A. Tenbusch. Two-dimensional Bernstein polynomial density estimators. Metrika, 41(3-4):
233-253, 1994. MR1293514.

H. van Haeringen. Completely monotonic and related functions. J. Math. Anal. Appl., 204
(2):389-408, 1996. MR1421454.

R. A. Vitale. Bernstein polynomial approach to density function estimation. In Statistical
Inference and Related Topics (Proc. Summer Res. Inst. Statist. Inference for Stochastic
Processes, Indiana Univ., Bloomington, Ind., 1974, Vol. 2; dedicated to Z. W. Birn-
baum ), pages 87-99. Academic Press, New York, 1975. MR0397977.

329


http://www.ams.org/mathscinet-getitem?mr=MR1872377
http://www.ams.org/mathscinet-getitem?mr=MR1703623
http://www.ams.org/mathscinet-getitem?mr=MR2153833
https://hal.archives-ouvertes.fr/hal-01769288
http://www.ams.org/mathscinet-getitem?mr=MR1368405
http://www.ams.org/mathscinet-getitem?mr=MR1157720
http://www.ams.org/mathscinet-getitem?mr=MR1293514
http://www.ams.org/mathscinet-getitem?mr=MR1421454
http://www.ams.org/mathscinet-getitem?mr=MR0397977




Article 8

A uniform L' law of large numbers for
functions of i.i.d. random variables that

are translated by a consistent estimator
by

Pierre Lafaye de Micheaux! and Frédéric Ouimet?

() UNSW Sydney, Sydney (Kensington), NSW 2052 Australia.
(3)  Université de Montréal, Montréal, QC H3T 1J4, Canada.

Here is the complete citation :

Lafaye de Micheaux, P. and Ouimet, F. (2018). A uniform L' law of large numbers for
functions of i.i.d. random variables that are translated by a consistent estimator. Statist.

Probab. Lett. 142, 109-117. https://doi.org/10.1016/j.spl.2018.06.006.

Contributions
I wrote the article and the proofs alone. Pierre helped me refine the introduction. Pierre

was the one to originally raise the question about the convergence of

1 & _
- > 11X, £Median(x)} l0g | X; — Median(X)|
i=1
when the X;’s are i.i.d. random variables with Laplace(u) distribution. It was the motivation

behind the article.


https://doi.org/10.1016/j.spl.2018.06.006

ABSTRACT. We develop a new L' law of large numbers where the i-th summand is given
by a function h(-) evaluated at X;—0,,, and where 8,, = 0,,(X1, Xa, ..., X,,) is an estimator
converging in probability to some parameter # € R. Under broad technical conditions,
the convergence is shown to hold uniformly in the set of estimators interpolating between
0 and another consistent estimator #5. Our main contribution is the treatment of the
case where |h| blows up at 0, which is not covered by standard uniform laws of large
numbers.

Keywords: uniform law of large numbers, Taylor expansion, M-estimators, score func-

tion

8.1. Introduction

Let X1, X5, X3,... be a sequence of i.i.d. random variables and consider the statistic
T, (6%) where the random variable T,,(0) = T,,(X1, Xs, ..., X,,;0) : @ — R depends on an
unknown parameter § € R for which we have a consistent sequence of estimators 6 =

0% (X1, Xo,...,X,). Assume further that the following first-order Taylor expansion is valid
1

T,(6%) = T (6) + (6% — 0) / T (8 + v(0" — 6))dv, (8.1.1)
0

where
1 n
T,(t) = - > Lxh(X; —t), (8.1.2)
i=1

and where h : R\{0} — R is a measurable function (possibly nonlinear). In statistics,
one is often interested in knowing if estimating a parameter (6 here) has an impact on the
asymptotic law of a given statistic. See for example the interesting results of de Wet and
Randles (1987) in the context of limiting x* U and V statistics. Equations (8.1.1) and (8.1.2)
provide a natural setting for studying the question of whether or not 7,,(6%) — 7,,(6) — 0

whenever 0% — 0, as n — oo.

Given some regularity conditions on the behavior of h(-) around the origin and in its
tails, proving the convergence to E[h(X; —0)], in probability say, of the integral on the right-
hand side of (8.1.1) is often possible under weak assumptions by adapting standard uniform
laws of large numbers. For instance, one can use (Ferguson, 1996, Theorem 16 (a)), which

was introduced by LeCam (1953) and Rubin (1956). One can also use entropy conditions:
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see, e.g., (van de Geer, 2000, Chapter 3) and (van der Vaart and Wellner, 1996, Section
2.4). Some of these theorems go back to or evolved from the works of Blum (1955), Dehardt
(1971), Vapnik and Cervonenkis (1971); Vapnik and Chervonenkis (1981), Giné and Zinn
(1984), Pollard (1984) and Talagrand (1987). For extensive notes on the origins of the
entropy conditions, we refer the interested reader to (van de Geer, 2000, Section 3.8) and

(Pollard, 1984, pp. 36-38).

However, when |h| blows up at 0, namely when limsup,_,, |h(z)| = oo, these results
are not applicable because the enveloppe function h**P(z) = supy.;_g <5 Lizze|h(z — t)| is
infinite in any small enough neighborhood of # and, in particular, ~*"?(.X;) is not integrable

for the outer measure.

We faced such a problem when analysing the convergence of score functions in the
context of testing the goodness-of-fit of the Laplace distribution with unknown location and
scale parameters (u, o). If the family of alternatives is taken to be the asymmetric power
distribution (IKomunjer, 2007) or the skewness exponential power distribution (Fernandez
et al., 1995), a score function evaluated at the maximum likelihood estimator (p, o) can
be used, in the spirit of (Desgagné et al., 2013; Desgagné and Lafaye de Micheaux, 2018).
If the score function is expanded around (u, o), then a multivariate version of (8.1.1) is
obtained. One of the integrals in the expansion will have an integrand (8.1.2) where h(-)
contains a logarithmic term. Standard uniform laws of large numbers cannot be applied
to show the convergence of such integrals because the enveloppe function of the class of
functions {log(- — ) }41—u<s is infinite in any small enough neighborhood of . In section
8.3, we show how the main result of this paper (Theorem 8.2.4) can be used to prove a

crucial part of the problem described above.

More generally, the main result is that, under broad conditions, one obtains

1 n
lim sup B|> 3 Lix o050y h(Xi — 0 — (6} — 0)) — E[h(X, - 9)}| =0. (8.1.3)

"Twel0,] NS

From (8.1.3) and the setting above, one can conclude that 7,,(6%) —T,,(¢) — 0 in probability

as n — oQ.
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8.2. A new uniform L' law of large numbers

Throughout the paper, the labels (X.k), (H.k) and (E.k) denote, respectively, assump-
tions that we will make on X7, h(:) and 6,,. Figure 8.2.1 at the end of the current section
illustrates the logical structure of these assumptions and their implications. We start by

proving a non-uniform version of Theorem 8.2.4.
Proposition 8.2.1. Let 0 € R and let X1, X5, X3,... be a sequence of i.i.d. random
variables such that
(X.1): P(X; =6)=0.
Let h : R\{0} — R be a mesurable function that satisfies
(H.1): P(X, — 0 € D)) = 0, where Dy, is the set of discontinuity points of h(-),
(H.2): E|h(X; —0)| < 0.
Let 0, = 0,,(X1, Xo, ..., X,) be an estimator that satisfies
(E.1): 6, — 6,
(E.2): Foralln € Nand alli € {1,2,....n}, (Xi— 0,0, X; —0) "2 (X, — 0, X, — 0),

(E.3): There exists Ny € N such that {1{X1¢9n}h(X1 — 9”)}n>zv is uniformly inte-

Z4NVO

grable.

Then, -
E| -3 Lixoah(Xi = 6a) - E[h(X; - 0)] ‘ — 0. (8.2.1)
=1

Remark 8.2.1. Condition (E.2) is satisfied for any estimator that is symmetric with re-
spect to its n variables. For example, this is the case for any mazimum likelihood estimator

that is based on i.i.d. observations.

PROOF OF PROPOSITION 8.2.1. From (X.1) and (E.1), we know that 1;x,—g,} =5 0.

Indeed, for any € > 0,

o take § = 0. > 0 such that P(|X; — 0] <) < e/2, and
e take N = Nj. such that for all n > N, we have P(|0,, — 0| > §) < ¢/2.

We get, for alln > N,
P(X) = 0,) < B(X, = 0,10, — 0] < 6) + (|6, — 0] 2 6) < c.
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In particular, this shows 1y ,—g,}|h(X;1 — 0)] %5 0. Since this sequence is uniformly
integrable by (H.2), we also have the L' convergence. By using Jensen’s inequality and

(E.2), we deduce

1 n
E |n > Lo,y h(Xi = 0)| < E[1x,20,3[h(X1 = 0)]] — 0. (8.2.2)
=1

By (H.2) and the law of large numbers in L' (see, e.g., Theorem 1.2.6 in Stroock (2011)),
we also know that

E znj h(X; = 0) — E[h(X, — 9)]' — 0. (8.2.3)

i=1

By combining (8.2.2) and (8.2.3), we have shown

SENS

1 n
E ’n > Loy h(Xi = 0) — E[h(X) - 6)] ‘ — 0. (8.2.4)
i=1
To conclude the proof, we show that
° 1 n 1 n Ll
Y, = " Z 1{Xﬁé6n}h<Xi —0,) — n Z l{X#@n}h<Xi —0) —0.
i=1 i=1

From Jensen’s inequality and (F.2), we have

EJYo| < E|1x,20, [B(X1 — 60) = h(X0 = )| (8.2.5)

The sequence {1(x,20,}|P( X1 — 0n) — M(X: — 0)|}nen converges to 0 in probability by
(H.1), (E.1) and the continuous mapping theorem (van der Vaart, 1998, Theorem 2.3).
Furthermore, the sequence is uniformly integrable for n > Ny by (H.2), (E.3) and the
fact that the sums of random variables coming (respectively) from two uniformly integrable

sequences form a uniformly integrable sequence. Hence, Y,, — 0 in L. U

Since the distribution of X; — 6, is rarely known, condition (£.3) in Proposition 8.2.1

is impractical to verify. The next lemma fix this problem.

Lemma 8.2.2. Let § € R. Let X1, X5, X3,... be a sequence of i.i.d. random variables.
Let h : R\{0} — R be a mesurable function. Let 0,, = 0,,(X;1, X2, ..., X,) be an estimator
that satisfies

(E.4): If limsup,_,,|h(z)| < oo, we impose no condition. Otherwise, assume that

there exist N1 € N, ag > 0 and a constant C,, > 0 such that
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sup sup
n>N1 A€Bso([—ao,ao])  Lebesgque(A)

< Oy < 00,

where B=o([—ao, ap]) denotes the Borel sets of positive Lebesgue measure on the

interval [—ay, ayp).

(E.5): There exist Ny > 2, C,v,p > 0 and 5y > = such that, for P(X; — 0 € -)-
almost-all x € R, we have

— For allu > (x4 )V By and for all n > N,

PO, —0<z—u|X,—0=ux)<Celo"
— For allu < (z —7) A (=) and for all n > Ns,

PO, —0>x—u|X, —0=ux)<Celo",

(E.6): There exists N3 € N such that for all n > Ns, there ezists A, € B(R)
such that P(X; — 0 € A,) = 1 and, for all x € A,, the conditional measure
P(x—(0,—0) € - | X1 —0 = x), when restricted to {u € R : |u| > By, |x —u| > ~},

s absolutely continuous with respect to the Lebesgue measure.
Assume that h(-) satisfies
(H.3): For all zy € R\{0}, limsup,_,, |h(z)| < oo,
(H.4): [fyj<00 [P(u)|du < oo,
(H.5): (1): h(-) is absolutely continuous on bounded sub-intervals of (—oo, —y)U

(607 +OO)7

(2): There exists an integrable random variable M such that

SUDJy < |h( X1 =0 = )| L{x,—0—t1>80} < M P-almost-surely;

(3): limygyo0 [R(B)|e7 A" = 0 for P(X1 — 0 € -)-almost-all x € R, and
{‘h(ﬁ)|€_‘X1_9_B|p}|ngo is uniformly integrable;

(4): fiui=s0 ]E[W(u)] e"Xl_@_“V)}du < 005
(5): For almost-all |u| > By, we have —sign(u)sign(h(u))h'(u) < 0.

Then, (E.3) from Proposition 8.2.1 is satisfied, namely {1{X1¢9n}h(X1 — Qn)} Ly, s uni-

Z4VO0

formly integrable, where Nog = N1V No V Nj.
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Remark 8.2.2. If X — 0, has a density for n large enough and, in a neighborhood of
0, those densities are uniformly bounded from above by the same positive constant, then
(E.4) is satisfied. In general, when 6, is even only slightly non-trivial, we rarely know the
distribution of X1 — 0,,. Howewver, if 8,, concentrates more and more around 6 as n — oo
(like most maximum likelihood estimators for instance), then we expect the weight of the
distribution of X1 around 0 to dominate the weight of the distribution of X1 —0,, around 0.
In that case, we can expect (E.4) to be satisfied when X has a reqular enough distribution
around 0. Condition (E.5) is a way to control the tail behavior of 0,,’s distribution for the
above heuristic to work. Since the lemma is intended to be used when |h| blows up at 0,

condition (E.4) is there to control the distribution of X1 — 6, around 0.
ProoF. We want to prove that for Ny = Ny V Ny V N3, we have

Jim SSJI@OEUMXI —0,), 1{X1¢on}m{|h(x1—en>|zK}} = 0.

By (H.3), h(-) is uniformly bounded on compact subsets of R\{0}. It is therefore sufficient
to show both

lim sup Eﬂh<X1 - en)‘ 1{X1¢9n}m{xlenga}} =0, (8.2.6)
a—0 nZNO
Jim SBEOEUh(Xl —0,)| 1{X1—en|zm} =0. (8.2.7)

When limsup,_,,|h(x)| < oo, then (8.2.6) is trivially satisfied because h(-) is uniformly
bounded on compact subsets of R by (H.3). When limsup,_,, |h(z)| = oo, then (8.2.6)
follows directly from (E.4), (H.4) and the dominated convergence theorem (DCT).

Assume for the remaining of the proof that
n> Ny and > >,
where v and [y are fixed in (E£.5). Separate the expectation in (8.2.7) in two parts :
(a) + (b) = Eﬂh(Xl — 0,)| 1{|X19n25}ﬂ{|9n9§7}}
+ ]E[]h(Xl — 6,) 1{X1—en|25}m{en—6|>w}]‘

By (H.5).2 and the DCT, we have (a) — 0 as f — oo, uniformly in n. For the term (b),
condition on the value of X; — 6, integrate by parts (see (E£.6) and (H.5).1) and then use
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(E.5) and (H.5).5. We obtain

() = / ()| (X1 — 0, X1 — ) € d(u,))
{(u,z) : |u|>B, |[z—u|>~}

:/m (/ h(w)| Pz — (6n — 0) € du| X, —9:33)) P(X, — 0 € da)
—oo {u:|u|2B, lz—ul[>~}

-B

e [ [ BO)IBO, 0 < 2 —u| Xy - 0= )]
/ u=aty P(X; — 0 € dx)

+ [0 sign(h(u) B (u) P(6, — 0 <z — u| X1 — 0 = x) du

— 00

[~ )P0, 0 <z —u| X, 0= )|

u=(z+7)V8
oo —i—f(t“_v)vﬁ sign(h(w)) ' (W)PO, —0 <z —u|X; —0=2x)du
—|—/ lim P(X, — 0 € dx)
A (2=7)A(=B)
n [\h(u)HP’(Gn—H >z —u| X, —azx)]
u=-—t

_ ff"’i*’Y)/\(*ﬁ) Sign(h(u)) h’(u) P(gn —0>z—u | X, —0= 1;) du

z—y

[|h(u)|ﬁ»(en—9zx—u|xl—ezx)}

o0
.
B+ T—y

s

u=p P(X; — 0 € dz)
sign(h(u)) V' (w)P(0, —0 > 2 —u|X; — 0 =x)du

< /_(Bﬂ) {Ih@+ ) +0 }P(x1 — 0 € do)

c/ {'h )V B) el (VA 22 | () el du
_|_

P(X, — 0 € dx)
Ih((z =) A (=B))] e~ le=(@=nA(= ﬂmp+f_i|h’(u)|e—lw—u|pdu

+/B+’Y{|h(x )|+0} P(Xy — 6 € dx)

< ]Eﬂh(Xl —0+ ’7)|1{\X1—6+'y|25}} + E[\h(ﬂ)l e"Xl‘e‘B'p} + /OO E[|h’(u)| e—lxl—e—uqdu

B

+E[‘h(X1 —9—7)|1{\X1704|26}} + E[Ih(—ﬁ)le")‘l‘“ﬂ‘p} + / BE{|h’(u)|e—|X1—9—“\p}du,

— 00

where y < zmeans y < (1V C)z. As 8 — o0, the first and fourth terms go to 0 by (H.5).2
and the DCT, the second and fifth terms go to 0 by (H.5).3 and the DCT, the third and
sixth terms go to 0 by (H.5).4 and the DCT. None of the terms depended on n, so the

convergence is uniform in n > Nj. O
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If {07 } hen is a sequence of M-estimators, then the next lemma proposes an easy-to-verify
condition on the tail probabilities of 6% for (E.5) in Lemma 8.2.2 to hold uniformly in the

set of estimators
Enpg = {0 +v(0; —0)}oep,, for some d € R. (8.2.8)

Lemma 8.2.3. Let § € R and let X1, X5, X3,... be a sequence of i.i.d. random variables.

Let {0 }en be a sequence of estimators satisfying
DX —0;) =0, (8.2.9)

where ¥ : R — R is measurable, non-decreasing and (0) = 0. Assume that there exist

N >1 and C,~,p >0 such that
sup P(|07 — 0] > [t]) < Ce ™", for all [t] > 7. (8.2.10)
n>N

Then, condition (E.5) from Lemma 8.2.2 is satisfied uniformly on &, 9, namely :

(E.5.unif): There exist No > 2, C,~v,p > 0 and By > v such that, for P(X; -0 € -)-
almost-all x € R, we have

e Forallu> (x4 )V By and for all n > Ny,

sup ]P(Qn -0 S r—Uu | X1 —0 = 1}) S Ce_‘x_ulp.
Qneﬁnﬂ

o Forallu < (x —~) A (—po) and for all n > No,

sup PO, —0>a—u|X, —0=2x) < Celoul,
enegn,ﬁ

PRrOOF. Foralln > 2, let 05, = 05 (X5, X3,...,X,) be an estimator that satisfies
Zw — 05 )=0 and 6, 20, (8.2.11)
Since 1) is non-decreasing and ¢ (0) = 0,
o 0P<X, = P(X;—0)>0

= Zw —oy <0 Yo <on <X, (8.2.12)
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(8.2.11)

C29 S X, —67) >0 05, > 05 > X1. (8.213)
1=2

Let 6, € &, for all n € N. In order to prove (8.2.14) (respectively (8.2.15)) below, we
use the following facts in succession : 6, — 0 < 0 = 6% — 0 < 0, — 0 (respectively
0,—0>0 = 0:—60>0,—0),(8.2.12) (respectively (8.2.13)), the independence between
X; and 63, (8.2.11), and (8.2.10).

2:n»

e Forallu > (z+7) V By > 0 (note that x —u < —y < 0) and for alln > N + 1,
PO, —0<z—u|Xi—0=2)<PlO;—0<z—u|X;—0=x)
<P, —0<x—u)
=P, ,—0<x—u)
< Celzmul” (8.2.14)
e Forallu < (z —7) A (—f) <0 (note that v —u >~ > 0) and for alln > N + 1,
PO,—0>x—u|X;i—0=2)<PlO;—0>zr—u|X,—0=ux)
<P, —0>x—u)
=P ,—0>x—u)
< Celeul” (8.2.15)
Simply choose Ny = N + 1 in (E.5.unif). This ends the proof. O

We can now state the main result. The structure of the assumptions is illustrated in

Figure 8.2.1.

Theorem 8.2.4. Let 6 € R and let X1, X5, X3,... be a sequence of i.i.d. random variables
satisfying

(X.1): P(X;=0) =0.
Let {05} nen be a sequence of estimators satisfying (E.5.unif) directly or the conditions in

Lemma 8.2.3. Denote £, 9 = {0 +v(0; — 0)}oepo), and assume that
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(E.1.unif): 05 — 0;

(E.2.unif): Foralln €N, alli € {1,2,...,n} and all 6, € Eng, (Xi— b0y, X;—0) &
(X1 —0,, X1 —0);

(E.4.unif): If limsup,_,, |h(z)|] < oo, we impose no condition. Otherwise, assume

that there exist Ny € N, ag > 0 and a constant C,, > 0 such that

P(X; -6, € A)
sup sup sup

< (O, < oo.
n>Ni On€En.g AcBoo([—a0a0]) Lebesgue(A) 0

(E.6.unif): There exists N5 € N such that for all n > N3 and for all 0, € &,
there exists Ay g, € B(R) such that P(X; — 0 € A,p,) =1 and, for all x € A,,,,
the measure P(x — (0, — 0) € - | X1 — 0 = x), when restricted to {u € R : |u] >

Bo, |x — u| > 7}, is absolutely continuous with respect to the Lebesque measure.
Finally, assume
(H.1), (H.2): from Proposition 8.2.1,
(H.3), (H.4), (H.5): from Lemma 8.2.2.

Then, the conclusion in Proposition 8.2.1 holds uniformly for 0, € &, 9, namely

1 n
lim sup E - > Lix,z0.h(X; — 6,) — E[h(Xl — 9)]‘ = 0. (8.2.16)
i=1

N0 e'n egn,@

PrOOF. We know that (FE.5.unif) holds, either directly or via the conditions in Lemma
8.2.3. By combining (E.4.unif) to (E.6.unif) and (H.3) to (H.5), a proof along the lines of

Lemma 8.2.2 shows

(E.3.unif):

lim sup sup E[‘h(Xl — Hn)‘ 1{X1§£0n}m{|h(Xl_9n)ZK}‘| =0.

K—00 >Ny 6,6, 0

By (E.3.unif), the identity |Un + anl{lUn-l—VnIZQK} < 2|Un|1{|Un|2K} + 2’Vn‘1{|VR‘ZK}, and
(H.2), we deduce

lim sup sup E||h(X;—06,)— h(X;—0)|1 0V —h(X+— =0.
R Sup enesg,g l| (X1 ) — (X1 — O)[Lix, 20,30 {h(X1—00)—h(X: e)>1<}1
(8.2.17)
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To conclude, we rerun the proof of Proposition 8.2.1 with our new assumptions. By
(X.1), (H.2), (E.1.unif) and (£.2.unif), the convergence in (8.2.2) is valid for supy, ¢, , of
the expectation. This implies that the convergence in (8.2.4) is also valid for supy, . £, OF
the expectation. Furthermore, by (H.1), (E.1.unif) and the continuous mapping theorem,
we have, for all € > 0,

lim  sup 1P><1{X17,59n}’h()<1 —0,) — h(X, — 0)] > 5> — 0. (8.2.18)

n—o0 977, egn,@

By combining (8.2.17) and (8.2.18), the supy, c¢, , of the expectation on the right-hand side
of (8.2.5) converges to 0. In summary, we have shown that sup, . £, o Of the expectations
in (8.2.2), (8.2.4) and (8.2.5) all converge (respectively) to 0. Hence, the conclusion of
Proposition 8.2.1 holds for sup, Eng of the expectation, which is exactly the claim made in

(8.2.16). O

Remark 8.2.3. By following the proof of Theorem 8.2.4, we see that (X.1), (H.1), (H.2),
(E.1.unif), (E.2.unif) and (E.3.unif) alone imply the conclusion in (8.2.16). The other

assumptions in the statement of the theorem are simply there to give a more practical way

to verify (E.3.unif).

(E.4) (X.1)
(E.5) (H.1)
(E.6) (H.2) Proposition 2.1 .| Foquation
(H.3) (E.1) (2.1)
(H.4) (E.2)
(H.5)
— . (E.4.unif) (X.1)
CE:SIS;’“;;“ temma 25 L[ 5 unif) (H.1)
(E.6.unif) (H.2) Theorem 2.6 | Boquation
(H.3) (E.1.unif) (2.16)
(H.4) (E.2.unif)
(H.5) == (E.3.unif)

F1GURE 8.2.1. Logical structure of the assumptions and their implications.
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8.3. Example

We now give an application of the previous theorem. The context of the problem is

described at the end of Section 8.1.

Lemma 8.3.1. Let Xy, X5, X3,... be a sequence of i.i.d. random variables with density
function
° 1 ,1|u’
fx,(x)=—e 2171, x€R,
4o

where ;1 € R and 0 > 0. Define h: R\{0} — R by

h(y) = sign(y) log |y|.
Let
X((n+1)/2)7 an 18 Odd,

o = median( Xy, Xo, ..., X,) = (83.1)
%(X(nﬂ) + X(n/2+1)), if n is even.

Forv € [0,1], define py , = p+v(uy, — p), and let £, 0 = {7, Yoepo,y)- Then,

. J N

lim sup B |- S Lo A — p5) ~ B[R — )] =0, (8.32)
"Tvel0] |15 ’

Proor. Without loss of generality, assume that 4 = 0. Below, we verify the conditions of

Theorem 8.2.4.

(X.1): P(X; =0) = 0. This is obvious.

(Conditions in Lemma 8.2.3): We show that the conditions are satisfied with
¥ (y) = sign(y) and 1(0) = 0. Indeed, by (8.3.1), we know that Y1 | (X;—uk) = 0.
Furthermore, for N € N and v > 0 both large enough (depending on o), we have,
foralln > N and all t > ~,

Pucz0s 3 (1) ponzopa < o
kefny2] \K

< (= Taf2D)- () POY 2 07

[n/2]

B
3
s

< [n/2]

IA
[\)
3
r.bl
®©
]
[
®©
q
IA

" 1 e\ [/2l
) et (8.33)

.gﬁ.(Q

[\
N —
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To obtain the third inequality, we use Stirling’s formula and assume that N is large
enough. To obtain the last inequality, assume that N > 80 and 7 > 8c. This proves
(8.2.10) with C' =1 and p = 1.

(E.1.unif): % — 0. This is explained in Example 5.11 of van der Vaart (1998).
(E.2.unif): For any v € [0, 1], the estimator y}, , = vy, is symmetric with respect to
its n variables because the median, y%, is symmetric with respect to its n variables.

Since the X;’s are i.i.d., the condition is satisfied.

(E.4.unif): We have limsup,_,, |h(z)| = oo, so we need to verify the condition. For
any n > 2 and any v € [0, 1], note that X; — vu’ has a density function. It suffices
to show that the densities are bounded, uniformly in n and v, by a positive constant.
Since the density u + fx, —yuz (u) is symmetric around 0, we will assume, without
loss of generality, that « > 0. For v € (0, 1], denote z = (z — u)/v and notice that

z <.

When v € (0,1] and n > 3 is odd, we have

Sxi—op (w) = /O:O Ixi o1, (u| @) fx, (@) do = /O:O ifumxl(zfx)fxl (z)dx

= <1(i n N2 £ ()1 = Fy, (N2 £y (2)da
/_M(WQJ)%( NP/ f (21— F ()7 f (@)

< O||fX1||oo /_Oo 1fu;72(2)d1‘

oo U

=1

= Cllfxllee < 00

In the inequality above, we took C' = sup,,>3 (Ln% J) / (L(n’i;? 12 J)’ which is finite by
Stirling’s formula. When v € (0,1] and n > 4 is even, we can apply a similar
argument and also obtain a uniform bound. Finally, when v = 0 and n € N,
Sxi—ops (u) = fx, (u) <1/(40).

In summary, fx, v (u) is uniformly bounded in v € R, n > 3 and v € [0, 1], which

proves (E.4.unif) with any ap > 0 and any N; > 3.

(E.6.unif): In our case, this is trivial because the conditional density fx, s |x, (- | )

exists for all z € R, all n > 2 and all v € (0, 1].

344



(H.1): The function h is continuous on R\{0}, so D}, = () and thus P(X; € D;) = 0.

(H.2): E[h(X1)| < Jic1 [log [2]| da + [l51 2] fx, (2)dn < 2 + 20 < 0.

(H.3): For all zp € R\{0}, limsup,_,,, |h(z)| < co. This is obvious.

(H.4): [i,<q |10g u||du < oo is true for any ag > 0 since [, <; [log ul[du = 2.

(H.5): (1) This is obviously true for any Sy > 0 (use the fundamental theorem of
calculus).

(2) For any v > 0 and any 3y > 7, the supremum supy, <, [A(X1 —#)|1{x, >p,) 18
attained at the boundary with probability 1 (not necessarily the same end of
the boundary for different w’s). Therefore, take M = |h(X1 —7)|1{x,-v|>80} +
|R( X1 4 7)|1{1x, 44250}~ It is easy to show that E[M] < oo because |log |z|| <
|| for |z > 1 and [, 1vg,) 17| fx, 44 (2)d2 < 00.

(3) We need to verify this condition for p = 1 since this is the p that we used above
to verify the conditions of Lemma 8.2.3. First, limg o0 |h(8)]e”*#" = 0 is
true for all z € R and all p > 0 (true in particular for p = 1). For the second
part, assume that § > 1. We have

1

Eje-1¥1-81] = / o—le=8l . L~ el gy
(=00,0)U(0,8)U(8,50) 4o
<1 f\m/ et 4 11 ‘5’ —angis L - 20|5|/ o8l g
- 00 20 4o
\ﬂ_/
=1 =1
|5| ( ) (1AL
1v Bl 8.3.4
2 % : (8:34)

By the symmetry of fx,, we also have (8.3.4) for 5 < —1. Hence, for any

BOZla
< 00,

sup E [(\h(@ne-)ﬁ—ﬁ)z

|8]>Bo

which is a well-known sufficient condition for the uniform integrability of

{Ih(B) e X1} 515 4,

see e.g. (Klenke, 2014, Corollary 6.21).
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(4) Take any o > 1, then (8.3.4) implies
1
B[4 (u)]e”X 4| du < —/ Ele =4 du < oo.
/lulzﬁo U (vl } = Bo Jlulzpo [ }
(5) Take any By > 1, then, for all |u| > fy,

—sign(u) - sign(h(u)) - A'(u) = —sign(u) - sign(u) - |111| <0.

This ends the proof. U
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ABSTRACT. For an i.i.d. sample of observations, we study a modified score statistic that
tests the goodness-of-fit of a given exponential power distribution against a family of
alternatives, called the asymmetric power distribution. The family of alternatives was
introduced in Komunjer (2007) and is a reparametrization of the skewed exponential
power distribution from Ferndndez et al. (1995) and Kotz et al. (2001). The score is
modified in the sense that the location and scale parameters (assumed to be unknown)
are replaced by their maximum likelihood estimators. We find the asymptotic law of the
modified score statistic under the null hypothesis (Hp) and under local alternatives, using
the notion of contiguity. Our work generalizes and extends the findings of Desgagné and
Lafaye de Micheaux (2018), where the data points were normally distributed under Hy.
The special case where each data point has a Laplace distribution under Hy is the hardest
to treat and requires a recent result from Lafaye de Micheaux and Ouimet (2018) on a
uniform law of large numbers for summands that blow up.

Keywords: asymptotic statistics, exponential power distribution, asymmetric power
distribution, skewed exponential power distribution, Lagrange multiplier test, score test,

uniform law of large numbers

9.1. The asymmetric power distribution (APD)

The asymmetric power distribution (APD), proposed by Komunjer (2007), can be viewed
as a generalization of the exponential power distribution (EPD) — also known as the gen-
eralized error distribution or the generalized normal distribution (Nadarajah (2005)) — to
a broader family that includes asymmetric densities. The APD family combines the large
range of exponential tail behaviors provided by the EPD family with various levels of asym-
metry. The probability density function f(u) of the standard APD is defined in Section
2 of Komunjer (2007). In order to relate it more easily to the skewed exponential power
distribution of Fernandez et al. (1995) and Kotz et al. (2001) (see Remark 9.1.1 below), we

modify its scaling with the change of variable © = 271/%2y and we obtain

fylo) = o 00 1% ), yer (9.L.1)
IO = o0 (1 1 1/6,) TP\ 24(p)" )0 YD -
where 8 = (6,,0,)7, 6, € (0,1), 05 € (0,0),
o 2(9?2(1 — (91)62 o . 02
8g = and  Ag(y) = [1/2 + sign(y)(1/2 — 61)] . (9.1.2)

0% + (1 — 6,)°2
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More generally, we can add location and scale parameters (u, o) € R x (0,00). We define

g(z|0,Kk) = f<x;M‘0>, zr € R, (9.1.3)
where

k= (u,0)". (9.1.4)

When X has density (9.1.3), we denote X ~ APD(0, k).

Remark 9.1.1. In Equation (8) of Fernandez et al. (1995) and page 271 of Kotz et al.
(2001), the skewed exponential power distribution (where the location and scale parameters

m and s are added as p and o were added in (9.1.3)) is defined by the density function

cvqsexp( ‘M‘q), if v < m,

S

g(@[v,q,m,s) = (9.1.5)

M’q), if t >m,

Cy, exp ( s

where v, q € (0,00) and ¢, = 29T (1 +1/q)(y+ 1/v). The reader can verify that (9.1.3)

is a reparametrization of (9.1.5) where

0, =1/(1+~%), 6=¢q, u=m and 0—51/92(7+1/7)s. (9.1.6)

Remark 9.1.2. One interesting property of the parametrization (9.1.3) is that 6, repre-
sents the proportion of the density that is left of the mode . It can be useful for modelling

purposes.

9.2. Preliminaries

T is unknown. Additionally, fix a

Throughout this paper, we assume that kK = (u,0)
constant A > 1 and let @y = (1/2,\)". For an i.i.d. sample X1, Xs, ..., X,,, we want to test

the hypotheses
Hy: X; ~ APD(0y, K);

(9.2.1)
H,: X; ~APD(0,k), 0 # 0,.
If k were known, this could be achieved with the score statistic
1 " 8
=—> —logg(X;|0 . 9.2.2
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Indeed, we can show (see Proposition 9.3.1 below) that, under Hy, 7, (k) Jog Tn(K) ~ X2,
where Jgg denotes the asymptotic covariance matrix of r,(k). Since we assumed that K is
unknown, we propose to test (9.2.1) by replacing & in (9.2.2) by its maximum likelihood

estimator

A

Fon = (fin, 00) " (9.2.3)
We are thus interested in determining the asymptotic law of the modified score statistic

1 n
= Z log g(X; | 6o, Kr,). (9.2.4)

T n:
Remark 9.2.1. Our first main result (Theorem 9.3.4) gives the asymptotic law of r,,(Ry,)
under Hy, and our second main result (Theorem 9.5.8) gives it under local alternatives
(which are defined in (9.3.13)). Fulk et al. (2008) did a similar study in the context of

Pareto distributions.

Remark 9.2.2. Two special cases are of particular interest in (9.2.1). When \ =

the X;’s have a Laplace distribution under Hy, and when X = 2, the X;’s are normally
distributed under Hy. The case A = 2 was previously treated in Desqagné and Lafaye de
Micheauz (2018), but not under local alternatives. In this paper, we treat all the cases
A > 1 under Hy and under local alternatives. The case A = 1 is the hardest to handle and
will require a recent result from Lafaye de Micheaur and Ouimet (2018) on a uniform law

of large numbers for summands that blow up (see the proof of Proposition 9.3.2).

Below, we introduce some notations (see also the Notation section at the end of the

paper). Define

0 0
1 1 2.
do(y) = 54 logg(z] 00, k) iy 088 fy160), (9-2.5)
9 &y log £ (4| 6o)
di(y) = rm log g(z |09, K) N = . (9.2.6)
r=utey \ =1 —yLlog f(y|60)
We can easily verify (using Wolfram Mathematica) that
doio) = Aly|sign(y) i 3lyl*'sign(y),
o\Y) = y w\Y) = )
—3{ly loglyl — F[log2+ v (1+1/N)]} Syl -
2 \2 21Y

(9.2.7)

352



where 1(z) = L]ogT'(z) is the digamma function and I'(z) = [§°t*~Le~'dt is the gamma

function. Using the notation in (9.2.5), we can write the score statistic (9.2.2) as
> dy(Y;), where Y; =0 N (X, — p). (9.2.8)

Under the null hypothesis, X; ~ APD(0, k), we find the maximum likelihood estimator

A

Ky = (fin,6,)" by solving

n A
(:ana 6-71) S argmaXHERX(O,OO) Z {2 ‘ - IOg ’%2}7 (929)
=1

or equivalently, by finding the values who jointly satisfy the equations

idu< - “") —0 and 3d, (X “"):o. (9.2.10)

n i=1 n

We obtain the estimators

median(Xy, Xo, ..., X,), it A\=1,

fln = 230 X, if A =2,

the unique solution to 37, | X; — fi,|* tsign(X; — f,) =0, if A > 1, (9.2.11)
n 1/A
. I &= A .
On = < Z |X Mn|)\> .
= 1

Remark 9.2.3. When X & {1,2}, fi, doesn’t have an explicit expression.

Remark 9.2.4. The median is not well-defined when n is even. If the values in the
sample are all different, then any real number inside the interval (X 2), X(n/2+1)), where
X(r) denotes the k-th smallest value of the sample, satisfies the definition of a median with
respect to the empirical distribution. To avoid ambiguity, assume for the remainder of this
article that the median is uniquely defined by

X((n+1)/2), an 18 Odd,

median( Xy, Xo, ..., X,) = (9.2.12)

1 Xwy2) + Xma1)), if nis even.

Below, we state a small adaptation of a well-known uniform law of large numbers due

to Lucien Le Cam. We will use it several times in this article. The proof, which is deferred
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to Section 9.4.1, follows the strategy described in Section 16 of Ferguson (1996). A small

adaptation is needed to treat the case where the parameter space is not compact.

Lemma 9.2.1. Let X1, X5, X3,... be a sequence of i.i.d. random variables, and let én =
én<X1,X2, ..., X,) be an estimator such that én 25 e e R Ford >0, let Bslg] = {t €
RY: ||t —&|lo <0} Assume that U : R x RY — R is a measurable function and there exists

0 > 0 such that
(A.1): Forallz € R, t — U(x,t) is continuous on Bs[€];

(A.2): There exists K : R — R such that |U(x,t)| < K(z) for all (x,t) € R x Bs[€]
and ]E“K(Xl)” < 00.

If po = ||€, — €| and U(t) = E[U(X,, )], then
12 —
P(limsup sup ’ZU(Xi,t) - U({)' > 0) = 0. (9.2.13)
n—o0 teBPn [ﬂ n =1

By combining Lemma 9.2.1 and a result of from Rubin and Rukhin (1983) on the conver-
gence rates of M-estimators, we can show (see Section 9.4.1) that the maximum likelihood

estimators in (9.2.11) are strongly consistent.

Lemma 9.2.2. Under Hy and under Hy,

A o /:\Ln a.s. M o
nn:< >—><>:&, as n — 0o. (9.2.14)

9.3. Asymptotic law of the modified score statistic

Using the notation in (9.2.5), we can write the modified score statistic (9.2.4) as
> do(Z;), where Z; = 6, (X; — fin). (9.3.1)

Below, we establish the asymptotic law of 7, (&, ) under the null hypothesis (Section 9.3.1)
and under local alternatives (Section 9.3.2). The proofs are deferred to Section 9.4.2 and

Section 9.4.3, respectively.
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9.3.1. Under the null hypothesis (H,)
The strategy consists first in determining the asymptotic law of the vector

n [ ds(Y;)

1
— 9.3.2
Vi &\ a0 o

under Hy. The second step consists in writing nt/ 2rn(l%n) as a linear combination of the
components of this vector plus a negligible term (via a first-order Taylor expansion). We
will then be able to deduce the asymptotic distribution of n'/?r,, (&, ) under Hy. Recall that
Hjy means that for all i € N, X; ~ APD(0,, k), or equivalently,

Y; = o0 (X; — p) ~ APD(6,, (0,1)"). (9.3.3)

The following proposition is a direct application of the central limit theorem. The com-

putations for the entries of the asymptotic covariance matrix J are given in Section 9.4.2.

Proposition 9.3.1. We have

n [ de(Y; Joo Jox
1y o(¥:) o log= 77 T, (9.3.4)
Vﬁ%izl dn(}g) an Jﬁn

where dg and d,; are given in (9.2.7), and

1-1/A
41+ ) 0 -2 0
oo Mesvm-1 0 % 9.5
911y 0 AT (3-5) 0 o
L'(B) 22/2T(B)
0 ~¢ 0 A

where ¢ =1 +1log2+ ¥(B), B =14 1/ and ¢ denotes the digamma function.

In the next proposition, we use a first-order Taylor expansion with the aim of writing
nt/ 2r,,(R,) as a linear combination of the components of the vector on the left-hand side of

(9.3.4), plus a negligible term.

Proposition 9.3.2. Let 1, = (1,1)T. We have

nl/zrn(f%n) = n1/2rn(n) + 7 (k) n1/2(f%n —K)+ OIPHO<1>]_2. (9.3.6)
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Now, we study the term 7/ (k) n'/2(k,, — k) and rewrite (9.3.6).

Proposition 9.3.3. Recall Jg,, and Jy, from Proposition 9.3.1. Then,

(k) = =0 ok + 08y (1) 13, (9.3.7)

W2 Ry — k) = 0 Zd ) + 0py, (1)12, (9.3.8)
\/_
where Iy is the identity matriz of size 2. Furthermore,

n [ ds(Y;)

n!2ra(fn) = (2 —Jo ““>f = (¥3)

+ 0py, (1)1, (9.3.9)

By combining Proposition 9.3.1 and Proposition 9.3.3, we obtain the asymptotic distri-
bution of n'/2r, (&, ) under the null hypothesis H.

Theorem 9.3.4 (First main result). We have

P
n2r, (fn) ~ N3(0,%),  asn — oo, (9.3.10)
where
414N = sabrm 0
Y= Jog — J 1 T2 = ( )~ s , . (9.3.11)
0 B (5)-1
A3
In particular,
P
nrn(Ry) ' D7 e, (Rn) ~S X2, as n — oo. (9.3.12)

Remark 9.3.1. In Desgagné and Lafaye de Micheaur (2018), the case A = 2 was treated.

9.3.2. Under local alternatives (H;,,)
The local alternatives are defined by

&
Hi,: X;~APD(0,,K), 6,=0y+ ﬁ(l +o(1)), (9.3.13)

where § € R?\{0} is fixed. The vector § indicates the direction of the alternative.

The following proposition will be a crucial tool to prove the weak convergence of our
modified score statistic under local alternatives. It is a consequence of the concept of

contiguity, see e.g. Section 6.2 in van der Vaart (1998).
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Proposition 9.3.5. For any statistics T, = T(X1, Xa, ..., X,; k) taking values in R?,
ig
T, =80 ifand only if T, il —3 0, (9.3.14)
as n — oo.

As an immediate consequence, we obtain the same decomposition under H ,, that we

found for the modified score statistic under Hy in Proposition 9.3.3.

Corollary 9.3.6. Let 6 € R?\{0}. Then, as n — oo,

z”: dG(Yi)
VIS d,(v)

W2 () = (I —JonTl) — +op,, (1)1, (9.3.15)

We now use Le Cam’s third lemma to prove the analogue of Proposition 9.3.1 under

H; ,,. Our aim is to obtain the asymptotic distribution of the right-hand side of (9.3.15).

Proposition 9.3.7. Let § € R*\{0}. Then, as n — oo,

n [ de(Y;) \ Py, Jood Joo  Jox
Z XN g2 : (9.3.16)
ii(Y;) Jené Jen Jmc

where J is given in (9.3.5).

Finally, by combining Corollary 9.3.6 and Proposition 9.3.7, we obtain the asymptotic

distribution of n'/?r,, (&, ) under the local alternatives Hj,,.
Theorem 9.3.8 (Second main result). Let & € R*\{0}. Then,
n2r, (Ky) Py No(X6;X), asn — oo, (9.3.17)
where ¥ is given in (9.3.11). In particular,
N ()T S r(Re) S \2(8TES),  as n — oo, (9.3.18)

where 8 '8 represents the noncentrality parameter of the X3 distribution.
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9.4. Proofs
9.4.1. Proof of the results stated in Section 9.2

Proof of Lemma 9.2.1. Fix § > 0 to a value for which (A.1) and (A.2) hold. By the
triangle inequality, and since p, == 0 by hypothesis, we have

P(limsup sup ‘1§:U(Xi,t)—U(£)‘>0>

n—0o0 teB,,[¢] 11 ;51

§P<hmsup sup ‘ S U(X;,t) — ()’>0>

noeo teBy, [ 1T =y

+ P(lim sup sup ‘U(t) — U(S)’ > O) (9.4.1)

o0 teB), [¢]

§]P’<limsup sup '1§:U(Xi,t)—U(t)‘ >0>

n—oo  teBsl¢] 1T ;2]

+ P(lim sup sup [U(t) — U (€)| > o).

nTre0 teBp, (€]

By applying a uniform law of large numbers on the compact set Bs[£] (Theorem 16 (a) in
Ferguson (1996) with our assumptions (A.1) and (A.2)), the first probability on the right-
hand side of (9.4.1) is zero. By (A.1), (A.2) and the dominated convergence theorem, we
know that U(t) = E[U(X,t)] is continuous on Bs[¢]. Since p, == 0 by hypothesis, the
second probability on the right-hand side of (9.4.1) is also zero. O

Proof of Lemma 9.2.2. By (9.2.10), the estimator /i, is determined by the equation
> w(X;, fin) =0,  where w(z, p) = |z — p* 'sign(z — p). (9.4.2)
i=1

For any z € R, w(z,-) is non-increasing when A\ > 1. From Theorem 2 and Remark 1 in
Rubin and Rukhin (1983) (the proof is a simple application of Chernoft’s theorem), we get
that, for any ¢ > 0, the probabilities P(|f, — p| > ) decay exponentially fast in n (using
the fact that E[w(Xy, u + ¢)] < 0 and E[w(Xy, u — €)] > 0 both hold under H, and under
Hy). In particular, for any € > 0, the probabilities are summable in n. Hence, by the

Borel-Cantelli lemma, we have fi,, — p a.s.
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Also, from (9.2.11), we have

n

25 = SNTUX — 9.4.3
S = 1N — (943)

=1

If we denote U(x,t) = |z —t|* and U(t) = E[U(Xl,t)}, then it is easily verified that
U(p) = (2/M\)o?. From Lemma 9.2.1, we deduce

P(Jg& :LG: U(X,, fin) — U(u)’ - 0) — 1. (9.4.4)

This implies 6,, — o a.s. O

9.4.2. Proof of the results stated in Section 9.3.1

Proof of Proposition 9.3.1. The proposition is a direct application of the central limit
theorem. Let X ~ APD(0y, k) and Y = ¢~ }(X — ). Below, we show the computations
for the covariances between dy, (Y'), dg,(Y'), d,(Y') and d,(Y"). Before that, we gather some
facts. The density of YV is

—3ly*
e 2
1/2,\) = . 9.4.5
Recall the definition of the gamma and digamma functions (where x > 0):
[ee} d 1—\/
[(x) = /0 t"le7tdt, and (x) = . logT'(z) = F((xx))’ (9.4.6)

and some well-known properties they satisfy (see, e.g., (Abramowitz and Stegun, 1964,

Chapter 6)):

(1 +xz) =al(z), (9.4.7)
Y(1+z) =) + ; (9.4.8)
(1 +) = (z) - ;2 (9.4.9)
/ooo " (log t)e™"dt =T (x)i)(x), (9.4.10)
| e o et = T(@) (0 (@) + v2(a). (9.4.11)

The computations below are valid for all A > 0, except for J,,,,, which only exists when

A > 1/2. Since we assume A > 1 in this article, there are no limitations.
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By the symmetry of the density f and the anti-symmetry of the integrands, we have

J9192 = J01U = JGg,u = J;w = @ (9412)

Here are the other cases:

2.7
Jno, = Eldg, (V)ds, (V)] 27 NE[Y P

2 . 2
(0.45) 2\ .92 / <1y*> e~2" dy
AL+ 1) “ o \2

— AN / T et {2(215)1”—1} dt (withtzlyA)
2UAT(1+ 1/A) Jo A 2
(9.4.6) 4\
= T(241/\
Tty G

L0+ 1)), (9.4.13)

©9.2.7) —\2 _
Jou = Eldo, (Y)d,(Y)] "= 7E[|Y|2* ]

~ QAT 1 1/ o \2” Y

L9l e 9 1
- = —1/A -t | < 1/2-1 . _ 2,
F(1_1_1//\)/0 t e {)\(275) }dt (with ¢ 5Y )

©.46)| —2171/AN
= | — 9.4.14
T(L11/0) | (0.4.14)

T = Eld,(Y)d, (V)] (9'2:~7>ZE“Y|2A_2]

~ AT+ 1)) o \2” Y

A2 00 2 1
23T (1 + 1/)\)/0 e a3 (wi 2Y)

©a6)| AI'(2—1/X)
T 22AT(+ 1/ | (8415)

Denote v = log2 + (1 + 1/X). We have

(9.2.7)

Joso, = Eldg,(Y)dg,(Y)] = ZQE[{]Y’Hog]Y]—;U}Z]
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(9.4.5)

2—1

,\2V

92 oo
2HIAD(1+ 1/A) ﬁ/ <

C2UIAT(I 4+ 1/A) A

1

2v

1

NT(1+1/))

M1 41/

2v

1
2

[ () s

2
2 2 —t |4 1/2-1
Ql/wp(l“m/o t* (log 2 + logt)“e {A(Qt) }dt

o 2
— t (log2 + logt)e™" | =(2¢)Y/*~ 1]
21/AA3F<1+1/A)/0 (log 2+ log t)e™* [A< )

{ (10g2)°T(2 + 1/A) +

(log2)I'(1 + 1/X)
+0(1+ 1/ A1+ 1/X)

by (9.4.6), (9.4.10) and (9.4.11),

(A+1){
(>\+1){

(log2)? + (2log 2)¥(2 + 1/N)
+' (24 1/N) + 32+ 1/)N)

(21og2>A+1 F (24 1/N)
+(%+1) + 21+ 1/N)

i4 200+ (A + D' (1+1/A) + 2]

2
yA) (log y)%e 2" " dy

1
“2dy 4 — 1

(2log2)I'(24+ 1/M)Y(2+ 1/X)
+T(2+ 1/ N) @' (2+ 1/N) + %2+ 1/)N))

= |55 @+ )+ L+ /N (L +1/)
Jooo = E[d92 (Y)d (Y)]
(9.27) TEUY’% log|Y|} [
(9.4.5) —A
CO2ZAT(1 4 1/)) )\ <
T OEIAT (1 £ 1/ 2/0
N 1

—1

2HIAL(1+1/A) Ao

o0 2
2 -t |2 1/A—1
QWF(HW)/O t* (log 2 + logt)e {)\(Qt) ]dt
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}——+ E[|Y|Alog|Y|}
LAY -3y
5 ) ogy*e 2 dy

<2yk> (logy)e 7" dy

g

1
(with ¢ = §y’\)

(9.4.16)



+

v . 4[2 1/,\—1] a— 2
21/AAP(1+1/A)/0 te [A(Zt) 22

1 o0 ) 1
t(log2 + log t)e ™ { ot 1/“} dt itht = —¢
QUAAT(1 + 1//\)/0 (log 2 +log t)e™ | 3(21) (wi 2Y")

+

Am_jm) {tog2)r@ +1/%) + T+ 1NeE + 1A

* >\1“(11+1/>\)
by (9.4.6) and (9.4.10),
047 —(A+D(log2 +P(2+1/N) | v 0as) —A—=(A+Dv+v
N A2 A2 A2
= [~ +v)/A| (9.4.17)

{(log AT(1 +1/A) + (1 +1/N)(1 + 1/)\)}

Joo = Elde(Y)ds(Y)]

(0.27) N 2\ A

2 ZIE[|Y| | = AE[YP] +1
U (N +2) — AB[|YP]
(9.4.5) A © /1 W\ 1,

= O+ =S '2/0 <2y )e Wy

2\ %0 2 1
A+2) =S+ 1/)\)/0 te 3@ dy - (wd 2¥)
CL9TX] (9.4.18)
This ends the proof. O

Proof of Proposition 9.3.2. Assume H, throughout this proof. Use the fundamental

theorem of calculus to expand 7, (&,) around k:

ro(fin) = 7o() + /0 () do (R — ), (9.4.19)

where k7, = K + (R, — K).

From (9.2.8) and (9.2.7), we know that for all ¢ € R x (0, 00),

5 i Ui(Xa ) 30, Ua(XG 1)

v (t) = (9.4.20)
LY Us(Xiyt) 2370 Us(Xi, t)

n
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where y = (z — t1)/t2 and

A2 a2
“lyMh Us(z,t) = ;ylylA L

le(xut)é
. 1 1. . 1
Us(x,t) = %IylA 'sign (y) {Mog ly| + 1};  Us(z,t) = %Iy!A {Alog|y| +1}.

By the triangle inequality and Lemma 9.2.1, we can verify that for all (k, \) € {1,2,3,4} x

[1,00)\{(3, )},

P(llmsup sup ZUk Xi K y) — Uk(Xi,n)‘ > 0) = 0. (9.4.21)

n—0o  pef01] 17

Since we already know from Proposition 9.3.3 that
Fn — k= Op(n~Y?)1,, (9.4.22)

we deduce from (9.4.19), (9.4.20), (9.4.21) and (9.4.22) that, for all (k,\) € {1,2,3,4} x
[1,00)\{(3, 1)},
To(Ry) = To(K) + 7 (K)(Ry — K) + 0p(n~?)1,, (9.4.23)

which is the statement we wanted to prove.

When (k,\) = (3,1), we have to be a bit more careful. Indeed, Lemma 9.2.1 can-
not be applied to Us in this case because the log term implies that, for any 6 > 0,
SUDe ) [Us(,t)| = oo for all z € Bj[u], and thus (A.2) cannot be satisfied. Instead,
we use the result from 9.5, which is a consequence of a uniform law of large numbers de-
veloped in Lafaye de Micheaux and Ouimet (2018) for summands that blow up. By using
successively Jensen’s inequality, Fubini’s theorem, the triangle inequality and Lemma 9.5.1,

we have

1 n
/1ZU3X1,/@ dv—/ ZUSXZ,n)d

<)

<2 sup E
ve[0,1]

n

ZUg XKL — TllZUg(Xi,ﬁz)

=1

dv (9.4.24)

n—oo

1 n
=3 Us(Xo, K5,) — E[Us(X0, w)] | =5 0.

ni5
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By Markov’s inequality, this yields, for A = 1,

11 11
/ ! V(X o = [ = 3" Us(Xi, w)dv| 0. (9.4.25)
0 Mz

Combining (9.4.22) and (9.4.25) into (9.4.19) proves the statement of the proposition when
(k,A) =(3,1). O

Proof of Proposition 9.3.3. Let X ~ APD(0y,k) and Y = (X — p)/o. By the weak

law of large numbers, the chain rule and integration by parts,

(k) = IEadeg(Y)]—l-OP(l)lz
= E[ gm&a’? +op(1)12
= (o5 % rtw100)]|” 9,426
_ _C:dg( );; (% (y|00)}dy+0w(1)12
U2V 0] — E[de (V)0 du(Y)T] + 0p(1)1
(9-3.4)

= —0'_1(]9,{ + Op(l)IQ.
This proves (9.3.7). Now, we show the asymptotics of n'/?(&,, — ). From (9.2.6), note that

(9(1 log (X | 8¢, k) = o d.(Y). (9.4.27)

A direct application of Theorem 5.23 in van der Vaart (1998) with my(x) = |(z — k1) /k2|* —

log ko (by definition, &, € argmax, g (0,00) 2oie1 M (Xi), recall (9.2.9)), combined with the

almost-sure convergence K, — Kk from Lemma 9.2.2, yields

n'2(ky — k) = Elodu(Y)o dl } f:a—ld Y;) + op(1)1,
(9.4.28)

(93.)

J,;K\/_Zd ) +op(1)1s.

This proves (9.3.8). Finally, since % >, de(Y;) is Op(1) by Proposition 9.3.1, Equation
(9.3.9) follows directly from Proposition 9.3.2, (9.3.7) and (9.3.8). O
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Proof of Theorem 9.3.4. The asymptotic normality of n'/?r, (&, ) follows directly from
Proposition 9.3.3 and Proposition 9.3.1. The asymptotic covariance matrix > is given by

(note that Jy,, and J, are diagonal):

Joo  Jox I
Y = ([2; —Jg,QJ,;,D = Jog — J T
JH& Jm{ 1']9n
22/>\F 22—2/X )2
s (41X 0 - 01 [ @@ © (9.4.29)
0 $*+BY' (8)—1 1 0o £
\o Y \2
A\
I G P Al v v
0 =
This ends the proof. 0

9.4.3. Proof of the results stated in Section 9.3.2

In order to establish our results under the local alternatives H, ,,, we use Le Cam’s first
and third lemma (see Lemma 6.4 and Example 6.7 in van der Vaart (1998)). The proof
structure in this section is inspired by the one presented in Falk et al. (2008).

Lemma 9.4.1 (Le Cam’s first lemma). Let (P,,n € N) and (Q,,n € N) be sequences of
probability measures on the measurable spaces (2, A,). Then, the following statements

are equivalent:

(i) Qn < P, i.e. (Qn,n €N) is contiguous with respect to (P,,n € N).
(it) If 55 dP” U along a subsequence, then P(U > 0) = 1.
(i) If Z%: BV along a subsequence, then E[V] =1.
(iv) For any statistics T,, : Q, — R*: If T, Loy 0, then T, Ln .

Lemma 9.4.2 (Le Cam’s third lemma). Let (P,,n € N) and (Q,,n € N) be sequences
of probability measures on the measurable spaces (,,Ay), and let W, : Q, — R* be a

sequence of random vectors. Suppose that @, < P, and

Wn P m M T
VA , , (9.4.30)
log Z%’Z —1s 1§

then W, %5 Ni(m + 7, M).
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Proof of Proposition 9.3.5. To prove this result, we use Le Cam’s first lemma. Assume

that our vector of observations is the identity function
X = (X1, Xg, .., X)) =1d: (2, =R A, = L(R"),\) — (R", B(R"), \), (9.4.31)

where L£(R™) denotes the completion of the Borel o-algebra B(R"), and where A denotes the
Lebesgue measure. On (2, .A,,), define the probability measures

Py, . (A /H W) 60, k) dA(w), A€ A,
= (9.4.32)

Py, . (A /Hg W) 0., k) dA\w), A€ A,,

where 6,, = 0y + (1 + o(1))n~'/28. By construction, the law of X under Py,  corresponds
to the null hypothesis Hy and the law X under Py, , corresponds the alternative hypothesis
H, . Since g is positive on R, the measures Py, ., Py, , and A are equivalent on (£2,, Ay).

From (9.4.32), we deduce that

Py, APy, JdN  TIL, 9(Xi (80 k) _ TIL, F(Yi]6)
d}P’HO,n d]P)Ho,n/dA H:‘L:l Q(Xz' | 0o, "5) H?:l f(Y;‘ | 90) ’

(9.4.33)

where V; = (X; — p)/o.

Using a second-order Taylor expansion around 6y, we have, under Hy : X; ~

APD(@(), I"i),

dP "
og () = Dot 03516,) 1o 3 60)
HO,n =1

= (1+ o Z do(Y; (9.4.34)

(I+o(1 5T long thuw)dudvd,
8 2

where t,,,, = 69 + wv(0, — 6y). From the convergence of the first two components in

(9.3.4), we know that, as n — oo,

(1+o(1)) 5T\;ﬁ§;d9(n B N(0,6 g 6). (9.4.35)

366



For the second term on the right-hand side of (9.4.34), we want to apply a standard uniform
law of large numbers (Lemma 9.2.1). From the expression of f(y|t)in (9.1.1), we see that

for each (j, k) € {1,2}?, the function U x(y,t) = log f(y | t) satisfies:

90;00;, 89

N

)
(A.2): There exists a finite polynomial K : R — R such that |U;x(y, t)| < K(|y|) for
all (y,t) € R x C (which implies that K (|y|) is integrable under f(y|8¢)dy).

(A.1): Forally € R, t — U, x(y,t) is continuous on the compact C = [%, %] X [%,

Take N € N large enough that 8,, € C for all n > N. By Jensen’s inequality and Lemma
9.2.1 (under Hy), we deduce that

11 1
jk Yi, nuv)dUdU_/ / U*ZUng(Oo)dud?}
0 JO n:

1 1 _
< / / UgZ’Ujvk(Yi,tmuw)—UjJ,C(OO)‘dudv (9.4.36)
0 J0 i=1
1 IP)HO,n
<= sup —Z’U]k Y, t) — Ujk(Go)‘ — 0.

2 t€Bjj,,—0,||; [00] TV

By definition of the matrix J in (9.3.4), note that U;(0) = —Jp,g, (this can be seen by
integrating by parts). Hence, (9.4.36) shows that the second term on the right-hand side of
(9.4.34) is equal to —36 " Jgg & + opy, (1). We deduce that

dPP Pry 1
log Him Ij'g; ./\/’<—*(5TJ09 6, 6TJ09 6) (9437)
dPg,,, 2

P
Define a random variable V > 0 such that log(V) ~" N (—36"Jp9 8,8 Jgg ). The con-

tinuous mapping theorem implies that

(9.4.38)

By the definition of V', we have Ep,,[V] = 1. This shows (i) in Lemma 9.4.1 with
P, =Py, and Q, = Py, ,, which implies Py, , <l Pp, , by (i). Define U = V and note that
Py, (U > 0) = 1 by definition of V. This shows (i) in Lemma 9.4.1 where the roles of P,
and @), have been interchanged, which implies Py, , <t Py, , by (¢). We conclude that the
sequences (Pg, .,n € N) and (Pg, ,,n € N) are mutually contiguous, which we denote by

Py,,, < >Pg, . The conclusion follows from (iv). U
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Proof of Proposition 9.3.7. From the expressions that we found for the two terms on

the right-hand side of (9.4.34) in the proof of Proposition 9.3.5, we have

ﬁ Z?:l dO(Yi) 02 ﬁ Z?:l d0<Yi)
ﬁ Z?:l dn(Y;‘) = 02 + ﬁ Z?:l dn(Yi) )
dpP 1. n
tog (=) )\ 6T dn06+0m,y, (0) \ (14 0(1))67 2 50, o)

where 0, = (0,0)". By the central limit theorem (see the definition of J in Proposition

9.3.1), we obtain that, under Hy,

ﬁ >t do(Y)) 02 Joo Jor Joo0
P
Tl d(Y)) | NG 0 |i| Jox e JowO
dP
log (d]P’Z;Z> —%6TJ99 0 (STJQQ 5TJ9,<L (5TJ99(5

Then, by Le Cam’s third lemma,

77 Zim de(Yi) | By, "y Jog0 Joo  Jox

~ 4 )

ﬁ Z?:l dn(Y;) Jen(s JO:@ Jmc

This ends the proof. O

9.5. Appendix

Lemma 9.5.1. Let X1, X5, X3,... be a sequence of i.i.d. random variables such that X, ~

APD(0y, k), where A =1, p € R and o > 0, i.e. the density of X, is given by

1 1 xfu’
)

fa(e) = —em2lel, zeR. (9.5.1)
Define H : R\{0} — R by
H(y) = sign(y)(log |y + 1). (9.5.2)

Let {jin}nen and {6, nen be the sequences of mazximum likelihood estimators found in

(9.2.11) for A =1:
1 &1
fin = median(X1, X, ..., X,) and 6,=-> §|XZ — fn]. (9.5.3)
n

i=1
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The median is defined in (9.2.12). For v € [0,1], let uy , = p + v(fin — p) and o}, =
o+ v(6, — o). Then,

1 & X -, X, -
lim sup E|— > ]l{X#%W}H<O*'u’> — ElH( ! M)} ‘ = 0. (9.5.4)
=1 n,v

N0 uel0,] | = o

Proor. Without loss of generality, assume that © = 0. Since ¢ > 0 and 6, > 0 a.s., we
have o7, > 0 a.s. for any v € [0, 1], which implies that the factors o}, , and o in the sign
function of H are irrelevant. Also, fy, is symmetric, so E[sign(X;)] = 0. Combining these
facts together, the supremum in (9.5.4) is bounded from above by

(¢)+(d) = sup E

ve(0,1]

12 .
. Z ]l{XHéMZ,v}h(Xi - /“Ln,v) - ]E[h(Xl)} ‘
=1

n.—

(9.5.5)

+ sup E‘(l - loga;w) : 711

n
v€E[0,1] =

Ly psign(Xs — g, )
1

Y
3

where h(y) = sign(y) log |y|. By Lemma 3.1 in Lafaye de Micheaux and Ouimet (2018), we

have (¢) — 0.

It remains to prove that (d) — 01in (9.5.5). By the Cauchy-Schwarz inequality,

1 n 2
(d)2 < E[ sup (1 — log 0%)21 E[ sup ( Z ﬂ{Xﬁé%v}Sign(Xi — H;,J) ] ( )
i=1 956

ve(0,1] ve[0,1] \TV ;=

= (d.1) - (d.2).

We show that (d.1) is bounded and (d.2) tends to zero as n — co. We start with (d.2). For

every w € 2, the function
1 _ X
v 3 s @) sign(Xi(w) — 7, (@) (9.5.7)
i=1

is monotone and equal to 0 at v = 1 (by definition of /i, recall (9.2.10)). Therefore, for each

w € €, the supremum of the square in (d.2) is always attained at v = 0. We deduce that

1 2
(d.2) = E[( 3 ]I{Xi;,,go}sign(Xi)) ] 40, n— oo, (9.5.8)
=1
by law of large numbers in L? (E[1;y,z0sign(X1)] = 0 and the sequence of averages is

uniformly bounded).
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Now we show that (d.1) is bounded. By successively using the inequality (o — 3)? <
20% 4 232, the fact that z — (log 2)? always maximizes at one of the two end points on any

closed sub-interval of (0, 00), and the inequality max{a,b} < a + b for a,b > 0, we have

(d.1) <E| sup 2+2(logoy,)*| <2+2(logo)® + QE{(log 6n)2}. (9.5.9)
ve(0,1]

It remains to show that E[(log,)?] < co. Since 6, is a mean of integrable terms (see
(9.5.3)), we expect, at least heuristically (because of large deviations), that, as n — oo, its
density concentrates more and more around o and decays exponentially faster and faster in
the right tail. The specific form of the density of 6, is given in Equation (32) of Karst and
Polowy (1963) and confirms the intuition. For N € N large enough (depending on o), there

exists A\, > 0 small enough that, for all n > N,

E|(logé,)? :/ log )2 - f5. (s)ds
[ ’ (o,a—/z)u(o/z,(%/z)vnu((sg/z)w,m)( ) (5)
/2 (30/2)V1 ~
< / (1Og(s))2 -1ds +M0-/ f&n (S)dS + g - e—Agst
0 a/2 (30/2)V1
< 00 1 =
=0 (9.5.10)

where aVb = max{a, b} and M, = maxe(,/2,30/2)v1](10g 5)* < oo. This ends the proof. O

Notation
= A definition or an equality that holds by definition
1,4 The d-dimensional vector (1,1,...,1)"
1, The identity matrix of order d
Na(-+,-) A d-dimensional normal distribution
& Convergence in law under the measure P
£, Convergence in probability under the measure P
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Py, Measure P conditional on the hypothesis H

Py, Measure P conditional on the hypothesis H;

X2 Chi-square distribution with 2 degrees of freedom

xa(7) x4 distribution with noncentrality parameter v € R
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10.1. Conjectures

Here is a partial list of conjectures that could be reachable with some effort. It should be
possible to prove (or disprove) them by following /extending some of the strategies presented

in this thesis and/or the references on which it is based.

Conjecture 10.1.1 (Limiting two-overlap distribution for the Riemann zeta function).

Let 6 > —1 be given. For h,h' € I = [—1log’ T,log” T|, define the overlaps by

{logK( + it +ih)| log[¢ (3 +”+2h/>|}

p(h,h') = , (10.1.1)
\/E[aog (L + i + i) )?] \/IE [(tog [¢(L + i + i) )?]
where T ~ Uniform(T,2T) under P. For > 0, define the Gibbs measure by
]C(l + i1 +ih)|?
A) = dh, AeB(I 10.1.2
Gpr(4) = /AfI‘C( Lir i) |[Fdh € BU), ( )

where B(I) denotes the Borel o-algebra on I. For
2, if6 <0,
Be(0) = o= (10.1.3)
WI+0, if0>0,

and any Borel set A € B(R), we have

i 5653 [1giamen] = TISEO 01
g{)lo B,T | {p(h,h)EA} -
! ,, P4+ (1= 22)A), i B> 500)

To state the second conjecture, recall the definition of a Poisson-Dirichlet variable. For
any A € (0,1), let n = (mk)ken denote the atoms of a Poisson point process on (0, c0) with
intensity ¢ — A\t~*~1. A Poisson-Dirichlet variable £ = (£;)ren of parameter X is a random

variable on the space of decreasing weights,

{(xl,xQ,...)E[O,l]N c1>x>29>--->0 and Zxk_l} (10.1.5)
k=1
which has the same law as
Nk
= , ke N) , (10.1.6)
<Zj:1 Tj 1

where | stands for the decreasing rearrangement.
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Conjecture 10.1.2 (Limiting joint distribution of the overlaps for the Riemann zeta func-
tion). Let 6 > —1 and 8 > 0 be given, and let & = ({k)ken be a Poisson-Dirichlet variable
of parameter 3.(0)/5. Denote by E the expectation with respect to . Then, for anyn € N

and any continuous function 1 : [|0 A 0], 1]""=V/2 & R of the overlaps of n points,
Tim EGR [0 ((phe, her)1<e<n) |

Y(10A 01T, + (1= [0 A6])Id,), if < B.(0),
E[zkl ..... knem...gw((mwuu—|oA9|>1{kg:kg,})1<u,<n)} if B> B.(0),

where J,, denotes the n x n matrix of 1’s and 1d,, denotes the n x n identity matrix.

When 6 < 0, the field (log|((5 + i7 + ih)|, |h| < log” T) behaves approximately like

a BRW with log"™ 7" Gaussian r.v.s of variance loglog T, attached to each branch.

146
2
When 6 > 0, the field behaves approximately like a collection of log? T' nearly independent
Gaussian BRWs where each r.v. has variance % loglog T, or equivalently, as an appropriately

scaled 2-levels IBRW where o1 = 0. The following conjecture should hold.

Conjecture 10.1.3 (Second order of the maximum for the Riemann zeta function). Using

the notation from Article 6 and the definition of B.(6) from (10.1.3),

3 .

_256(9)7 Zf9 S O,
1 .

~ 5.0 if >0,

iy AN <lon? T log [¢(3 + 7 + ih)| — m(0) loglog T B
0 logloglog T N
where T ~ Uniform(T,2T) under P and the convergence holds in P-probability.

The following is analogous to the tightness of the recentered maximum that Chhaibi

et al. (2018) proved in the context of log-characteristic polynomials of the CUE field.

Conjecture 10.1.4 (Tightness of the recentered maximum for the randomized Riemann

zeta function). Using the notation from Article 5, for any e > 0, there exists K = K(g) > 0

|

large enough that

max X (h) — (loglogT — 310glogT)’ > K) <e, (10.1.7)
hel0,1] 4

forall T > 2.
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10.2.

List of open problems

In this section, I give a partial list of (reasonable) open problems of interest for which I

do not have a precise mathematical statement.

(1)

(5)

(6)

Can we find a good model for the large values of ¢ — < log [((3 + it)| in the sense of
Proposition 1 in Harper (2013) ? If so, can the results from Arguin et al. (2017h),
Arguin and Tai (2018) and Articles 4 - 6 be extended to this random model 7 What

about the logarithmic derivatives of higher order ?

Are the large values of log [((3 + i7)| and 2 log [¢(3 + it)”t, approximately inde-

pendent in some sense under P 7 Can we split the joint characteristic function ?

Find the asymptotic properties (bias, variance, mean squared error, integrated mean
squared error, asymptotic normality) of the Bernstein estimator of the density func-
tion and the c.d.f. (respectively) on the d-dimensional simplex.

Hint : Partial answers can be found in Tenbusch (1994) for the two-dimensional
simplex. Also, reading Belalia (2016) may be useful since the Bernstein estimator
of the c.d.f. on the general hypercube is treated. An idea that might be fruitful is
to generalize the continuity correction result of Cressie (1978) to multinomial dis-
tributions (this alone is worth investigating) and generalize some of the calculations

in the appendix of Leblanc (2012) to the d-dimensional simplex.

If we look at the product of Gibbs measures sampling at different temperatures as
in Kurkova (2003) and Pain and Zindy (2018), how does the mean overlap of the
GREM compares with the mean overlap of the variable speed BBM of Bovier and
Hartung (2014, 2015, 2019) or the mean overlap of the IGFF from Articles 1 -2 7

Can we find an explicit expression for the mean overlap of the REM or the GREM 7

What can we say about the complex moments of the Riemann zeta function ? Can

we prove the analogue of Theorem 1.2 in Hartung and Klimovsky (2018) 7

Can the results of Arguin et al. (2019¢) (Article 6) be used in any way to make

progress towards Karatsuba’s conjectures listed in Feng (2004) ?
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10.3. Errata for the published articles

e Ouimet, F. (2017). Geometry of the Gibbs measure for the discrete 2D Gaussian free
field with scale-dependent variance. ALEA, Lat. Am. J. Probab. Math. Stat. 14,
no. 2, 851-902.

The corrections are (they all stem from the first point) :

— On the second line of (B.35) and the second line of (B.55), replace

_ _ _ B252,
B(Uu,j* - %732'*) by [0 — (1 +— )

— The previous correction implies that on the second and third line of (B.35), the
second line of (B.47), the third and fourth line of (B.55), and the second line of
(B.64), we should replace 85+ (1 — 25;+) by —(1 — 25,+)%.

— The previous correction then implies that the left and right derivatives coincide

in (B.38), (B.49), (B.58) and (B.66), since the right derivatives are equal to

%ﬁ‘:—a) instead of 4+ oo.

J

— Lemma B.4 : As a consequence of the corrections above, the left and right
derivatives coincide for all § > 0 and thus Lemma B.4 is valid for all 5 > 0.
— Remark 6.3 : As a consequence of Lemma B.4 being valid for all 5 > 0, all the

results of the article are valid for all § > 0. Remark 6.3 can thus be removed.

e QOuimet, F. (2018). Poisson-Dirichlet statistics for the extremes of a randomized

Riemann zeta function. Electron. Commun. Probab. 23, no. 46, 1-15.

The corrections are :
— (3.1) : Gj7 instead of Ggr;
— (3.2) : Gj7% instead of G r;
— Lemma 5.2 : The condition should be

masti<j<s {102 Flloo V 105F loc V 1105, 05 Flloo V 1050, F o } < M
— (5.20), (5.27) and (5.28) : wy,(h;) instead of w(h;) in some places;
— (5.29) : (z,%Z) instead of (z,%).

— p.13 line -8: The condition 0 < @ < 1 should be removed.
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Appendix






11.1. Two useful lemmas

We present here two well-known lemmas that we use in the Introduction (Part 0) and

in some of the articles in Part 1 and Part 2.

The first lemma bounds the probability that a Gaussian r.v. is larger than a fixed ¢ > 0.

The estimates are precise when ¢ is large.

Lemma 11.1.1 (Gaussian tail estimates, see e.g. page 9 in Adler and Taylor (2007)). Let

&~ N(0,0%) where o > 0. Then, for all t > 0,

(D)o reznsiold).

where ¢ denotes the standard Gaussian density function.

PRrROOF. After making the change of variable z = ﬁ, it suffices to prove that, for all z > 0,
1(1—1) ()<\IJ()<—1() (11.1.2)
p(z z p(z 1.
z 22 B Tz ’

where Z = § ~ N(0,1) and ¥(z) = P(Z > z). By integrating by parts,

w1 1 1
o</ —o(y)dy = - /f’ d
</ yzw(y)y o)+ | yw(y)y

1

(11.1.3)
= —p(2) = ¥(z),
z
since ig@’(y) = —(y). This shows the upper bound in (11.1.2). Similarly,
> 3 1 o 1
0 S/ aey)dy = —e(2) +/ —¢'(y)dy
12' Y 1 =Y (11.1.4)

= o) = S9(2) + U(2),

from (11.1.3) and the fact that %¢'(y) = — 5 (y). This shows the lower bound in (11.1.2).
y y
This ends the proof. O

The second lemma is derived from the Cauchy-Schwarz inequality. Its purpose is to find
lower bounds on the probability that a non-negative r.v. is larger than its expectation by a
multiplicative factor 8 between 0 and 1. The inequality is recurrent in the applications of

second-moment methods, and also complements nicely Chebyshev’s inequality.
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Lemma 11.1.2 (Paley-Zygmund inequality, see Paley and Zygmund (1932)). Let X be a
non-negative r.v. that satisfies P(X > 0) > 0 and E[X?] < oco. Then, for all 6 € [0,1],

> > (1 —0)? 1.
P(X > 0E[X]) > (1 —6) B[] (11.1.5)
PROOF. Since E[X1(x<pmxyy| < OE[X], then
(1 - OE[X] <E[X] - E[XLixcomxy] = E[XLxsomxy| - (11.1.6)

By taking the square on each side of the inequality and by applying the Cauchy-Schwarz
inequality on the right-hand side, we find

(1 -0 E[X))? < (E[XLixsomxpy]) < E[X?]P(X > 0E[X]). (11.1.7)
This ends the proof. O

11.2. Codes for the simulations

In this section, the reader can find the codes that I wrote to simulate the log-correlated

random fields presented in Section 0.3.3 of the Introduction.

11.2.1. Matlab

T 1ot o To T To To o To To o To o foTo o To o To To o To o o To o Fo o To Fo o To Fo o To Fo o Jo To Fo o To To o To To o Jo o fo o To Fo o To Fo o o o fo o To fo o To Fo o To o o Fo o o
% REM simulation %
To ot to To T To To o To To o To o foTa o To o To To o To o o Jo o FoFa o Fo o To Fo o To o fo Jo To Fo o To Fo o o Fo o Fo o foJo o Fo o To Fo o to o fo o To fo o To Fo o Jo o o Jo o o

n==6; N=27n;
M = vertcat(zeros(1,N),cumsum(normrnd(0,1,n,N)));
h = figure;

plot((0:n)’,M);
saveas(h,’REM’, ’ jpg’);

To1oToo To T To To o To To oo o foTo o To o To To o To Fo o To o fo o To fo o To Fo o To Fo o Jo To Fo o To Fo o To Fo o Jo Fo fo o To Fo o To Fo o to o fo o To fo o To To o Jo o o to o o
% GREM simulation %
To ot to To T To To o Vo To o To o fo T o To o To To o To o foJo o Fo o o Fo o To Fo o To Fo o Jo To Fo o To To o o o o Jo o fo o To Fo o To Fo o o o fo o To fo o To Fo o To o o Jo o o

= 3; N1 = 27n1;
n==6; N=2"n;
sigmal = 1; sigma2 = 10;
M1 = cumsum(normrnd(0,sigmal,nl,N));
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M = vertcat(zeros(1,N),M1,Ml+cumsum(normrnd(0,sigma2,n-n1,N)));
for k = 1:N1

M(2: (n1+1), (1+((k-1)*N/N1)) : (k*N/N1)) =

repmat (M(2: (n1+1) ,k*N/N1),1,N/N1);

end
h = figure;
plot((0:n)’,M);
saveas(h,’GREM’,’ jpg’);

Tololoto oottt T To oo to oo ot totototoToToto o oo oo to o to ToTo o To o o ot to o to to To To o o o o o oo toto o Jo To o o o o o oo fo to to fo To To o o
% BRW simulation %
ToloTo oo to Tttt To oo o oo oo tototoToTo oo o To o oo tototo ToTo o To o o oo toto Jo to To To o o To o o oo toto to To To o To o To o o o Fo to to To To To o o

n==6; N=27n;
M = zeros(n+1,N);
for i=1:n
= 271,
g = normrnd(0,1,1,Ni);
for k=1:Ni
M(@i+1, (1+(k-1)*N/Ni) : (k*N/Ni)) =
M(i, (1+(k-1)*N/Ni) : (k*N/Ni)) + repmat(g(k),1,N/Ni);
end
end
h = figure;

plot((0:n)’,M);
saveas (h, ’BRW’,’ jpg’);

To ot to To T To To o Vo oo To o fo T o To o o To o To o o Jo o Fo o To To o To To o Jo o fo Jo To Fo o To To o o o o Jo o fo Jo o Fo o To Fo o to o oo To fo o To To o To o o Jo o o
% IBRW simulation %
ToTo o1 Voo To o T Toto To o Jo Yoo To o To To o To fo o Jo To To fo o Jo To To fo o Jo To To fo o Jo To To fo o o To o fo oo To To fo o o To o fo oo To To fo o fo To fo To o fo To To o o

n==6; N=2"n;
M = zeros(n+1,N);
sigmal = 1; sigma2 = 10;

for i=1:n
sigma = sigmal*(i <= n/2) + sigma2*(i > n/2);
i = 271,
g = normrnd(0,sigma,1,Ni);
for k=1:Ni

M(i+1, (1+(k-1)*N/Ni) : (k*N/Ni)) =
M(i, (1+(k-1)*N/Ni) : (k*N/Ni)) + repmat(g(k),1,N/Ni);
end
end
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h = figure;
plot((0:n)’,M);
saveas(h, ’IBRW’,’jpg’);

To1oToTo oo To o To o ToTo o o o ToToTo o o To o o o Jo ToTo o o ToTo o o o To o o o Jo To o o o To T o o o To o o o o To o o o To T o o o To o o o Jo T o o o To o o
% BBM simulation (conditioned on having 64 leaves) yA

ToTo oo ToTo To o Jo o Jo o Jo o Jo o fo o fo o oo oo oo oo o o o o o o o o o o o o o o o Jo o To o o o Jo o Fo o Fo o Fo o Fo o Fo o Jo o Jo o Fo o Jo o fo o fo o o
verif = 0;

while(verif == 0)
T = 6;
n = T*1000;
pas = T/n;
num = 1;
time = 0;
B = zeros(n+1,64);
count = 1;

while(count < n + 1)
E = exprnd(1/(log(2)*num),1,1);
time_old = time;
while((time < time_old + E) && (count < n + 1))
for j = 1:num
B(count + 1,j) = B(count,j) + normrnd(0,sqrt(pas),1,1);
end
count = count + 1;
time = time + pas;
end
r = randi([1,num],1,1);
num = num + 1;
if (num > 64)
break;
end
B(:,num) = B(:,r);
end
if (num == 64)
verif = 1;
end
end

h = figure;

plot((0:pas:T)’,B(:,1:num));
saveas(h,’BBM’, ’ jpg’);
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To1oTo o Too 1o To o To ToTo o o ToTo o Jo o o JoTo o o ToTo o ToTo o JoTo o Jo To o o ToTo o To T o Jo To o o To 1o o To o o Jo o o Jo To o o To o o Jo o o Jo T o o To 1o o o
% VSBBM simulation (conditioned on having 64 leaves) yA

Too o 1o o oo o To o Jo o o To o o Jo o Jo o foJo o Jo o o To o Jo o o o o Jo o o Jo o o o o To o o o o Jo o o o o To o o Jo o Jo o o Jo o Jo o o o o Jo o o o o Jo o o
verif = O;

while(verif == 0)
T = 6;
= T*1000;
pas = T/n;
num = 1;
time = 0;
B = zeros(n+1,64);
count = 1;
sigmal = 1; sigma2 = 10;

while(count < n + 1)
E = exprnd(1/(log(2)*num),1,1);
time old = time;
while((time < time_old + E) && (count < n + 1))
sigma = sigmal*(count <= n/2) + sigma2+*(count > n/2);
for j = 1:num
B(count + 1,j) = ...
B(count,j) + normrnd(0,sigma*sqrt(pas),1,1);
end
count = count + 1;
time = time + pas;
end
r = randi([1,num],1,1);
num = num + 1;
if (num > 64)
break;
end
B(:,num) = B(:,r);
end
if (num == 64)
verif = 1;
end
end

h = figure;

plot((0:pas:T)’,B(:,1:num));
saveas (h, ’VSBBM’, ’ jpg’) ;
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11.2.2. Mathematica

(*GFF and IGFF simulationx)

sim = 1000; n = 32;
sigmal = 40; sigma2 = 1;
F = Re[Fourier[Table[(InverseErf[2 Random[] - 1]
+ I InverseErf[2 Random[] - 1])*
If[j + k == 2, 0, 1/Sqrt[(8in[(j - 1)*Pi/n]"2
+ Sin[(k - 1*Pi/n]1"2)1]1, {j, n}, {k, n}l1]1];
G = ConstantArray[0, {n, n}];
For[k = 1, k <= n, k++,
For[l =1, 1 <= n, 1++,
val = ConstantArray[0, sim];
For[m = 1, m <= sim, m++,
pos = {k, 1};
While[(pos[[11] !'= 1) && (pos[[1]1] !'= n)
&& (pos([[2]] !'= 1) && (pos[[2]] '= n),
pos = pos + Flatten[
RandomSample[{{1,0}, {-1,0}, {0,1}, {0,-1}}, 111;

1;
val[[m]]

= Fl[pos[[1]], pos[[2]111];
1;
G[[k, 1]] = Mean[vall;
1;
1;

GFF = F - G; ListPlot3D[GFF]

dist = 4;

GFF1 = ConstantArray[0, {n, n}];

For[k = 1, k <= n, k++,
For[l =1, 1 <= n, 1++,
val = ConstantArray[0, sim];
For[m = 1, m <= sim, m++,
pos = {k, 1};
While[(pos[[1]] !'= Max[1,k-dist]) && (pos[[1]] != Min[n,k+dist])
&% (pos[[2]] !'= Max[1,1-dist]) && (pos[[2]] != Min[n,l+dist]),
pos = pos + Flatten[
RandomSample [{{1,0}, {-1,0}, {0,1}, {0,-1}}, 11]1;

1;
val[[m]] = GFF[[pos[[1]], pos[[2]111];
1;
GFF1[[k, 111 = Meanl[vall;
1;
1;
IGFF = sigma2*(GFF - GFF1) + sigmal*GFF1; ListPlot3D[IGFF]
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(*MM simulation*)
n = 128;
F = Re[Fourier[Table[(InverseErf[2 Random[] - 1]
+ I InverseErf[2 Random[] - 1])*
If[j + k == 2, 0, 1/(Sin[(j - 1)*Pi/n]"2
+ Sin[(k - 1)*Pi/n]"2)], {j, n}, {k, n}ll];
ListPlot3D[F]

(*RLM-RZF simulationx)

PT = 100000;

list = Prime[Range[PT]];

unif = RandomReal [{0, 2%Pi}, PT];

Plot [Sum[Re[E~(I*(unif [[k]] - h*Logl[list[[k]]]))/Sqrt[1list[[k]]11],
{k,1,PT}], {h,0,2%xPi}, PlotRange -> {-6,6}, AxesOrigin -> {0,-61}]

(*LM-RZF simulatiomn*)

T = 100000;

Plot[Re[Log[Zeta[1/2 + Ix(RandomReal [{T,2T}] + h)]]1], {h,0,2%Pi},
PlotRange -> {-6,6}, AxesOrigin -> {0,-6}]

(*LCP-CUE simulation)
n=2"10;
CUE = RandomVariate[CircularUnitaryMatrixDistribution[n]];
IT = IdentityMatrix[n];
Plot[Re[Log[Det [E~(I*h)*II - CUE]]], {h,0,2%Pi},
PlotRange -> {-6,6}, AxesOrigin -> {0,-6}]
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