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Sommaire

Cette these constitue une étape dans I'étude systématique des systémes superintégrables,
tant classiques que quantiques. Nous présentons les résultats de deux articles. Dans le
premier, nous considérons tous les hamiltoniens de ’espace euclidien de dimension deux qui
admettent une intégrale de deuxieme ordre et une de quatriéme ordre. La présence d’une
intégrale de deuxieme ordre rend les fonctions potentielles séparables. Nous classifions aussi
tous les potentiels quantiques qui sont des solutions d’EDO non linéaires et donnons les
intégrales correspondantes. Nous obtenons de nouveaux potentiels, exprimés en termes de
troisiemes et cinquiemes fonctions transcendantes de Painlevé.

Dans le second article, nous donnons de nouvelles constructions d’hamiltoniens superin-
tégrables en dimension deux, tant classiques que quantiques, et dont les potentiels sont
séparables en coordonnées cartésiennes. Nous construisons quatre types de systemes hamil-
toniens algébriques en dimension un. Nous étudions deux copies d’algebres d’opérateurs en
dimension un et les combinons pour former des systéemes superintégrables dans E5. Nous
prouvons que tous les systemes superintégrables d’ordre au plus cing qui sont séparables en

coordonnées cartésiennes, sont réductibles.

Mots-clés: superintégrabilité, séparation de variables, mécanique quantique, propriété de

Painlevé, fonctions transcendantes de Painlevé, opérateur d’échelle.






Summary

The purpose of this thesis is to continue a systematic research on classical and quantum
superintegrable systems. We present the results from two articles. In the first article, we
consider a general Hamiltonian in two-dimensional Euclidean space admitting a second order
and a fourth order integral of motion. The second order integral imposes the separation of
variable in the potentials. We present a complete classification of all quantum potentials
that are solutions of nonlinear ODEs and the corresponding integrals. New potentials
expressed in terms of the third and fifth Painlevé transcendents are obtained.

In the second article, we develop new constructions of two-dimensional classical and
quantum superintegrable Hamiltonians with separation of variables in Cartesian coordi-
nates. Here we construct four types of algebraic Hamiltonian systems in one dimension.
We study two copies of operator algebras in one dimension and combine these two
to form superintegrable systems in F;. We demonstrate that all quantum and classical

superintegrable systems separable in Cartesian coordinates up to order 5 are in fact reducible.

keywords: superintegrability, separation of variables, quantum mechanics, Painlevé property,

Painlevé transcendent, ladder operator.
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Introduction

In order to study behaviour of a physical system we can look at its mathematical model.
Quantum and classical systems are among the ones which their models are of special
interests. Solving ordinary and partial differential equations analytically or numerically
plays a role in studying these models. In the case we are able to solve the system with
explicit analytic expressions, and as a result predict the future behaviour, we call it classical
or quantum integrable Hamiltonian system. Moreover, when a system admits the maximum
possible symmetry, it can be solved algebraically as well as analytically. It is called a
superintegrable system.

In this thesis, we present recent results obtained in classical and quantum integrability
and superintegrability of a Hamiltonian system that allows the separation of variables in
coordinates in a two-dimensional Euclidean space. The results presented are in the form of
two articles. The first article has been published in the Journal of Physics A: Mathematical
and Theoretical [77]. The second one will be submitted soon in the same journal.

In the first chapter, we detail the formalism and definition of the integrable and superinte-
grable systems in classical and quantum mechanics.

In chapter 2, we present partial results on the classification of the superintegrable systems
in two-dimensional Cartesian coordinates with integrals of motion of order two, three and
four [40, 63, 47, 48, 91].

In chapters 3, we discuss superintegrability of order four. We consider a separable
Hamiltonian system in quantum mechanics that admits a fourth order integrals of motion.
Here we present the quantum systems written in terms of functions that do not satisfy any
linear equations. These functions are expressed in terms of elliptic functions or Painlevé
transcendents.

Finally, in chapter 4, we present different structures and algebraic methods. These are



necessary, since the direct approach of classifying superintegrable Hamiltonians based on
solving PDEs becomes more difficult as the dimension of the underlying space or the order
of the integrals increase. Here we point out how different types of construction can be

used to build two-dimensional superintegrable systems with higher order integrals of motion.



Chapitre 1

Preliminaries: Definitions and theorems

1.1. Classical Mechanics

1.1.1. Equations

A Hamiltonian system describes the dynamics of a physical system. A physical system
describing the position of a particle at the time ¢ involves n position coordinates ¢;(t), and
n momentum coordinates p;(t). The phase space of the system is the 2n dimensional space
with coordinates pi,...,pn;q1,...,¢, Where p;,g; € R. The simplest form of it is the total
energy of the system

H=T+V=F

where T' is the kinetic energy and V' the potential energy. The Hamiltonian we are going to
consider in this thesis is a function on the phase space of the form
1 n
H=5 > gl@ppe+Vi(a) (1.1.1)
k=1
where (q,p) € R*".
The dynamics of the system are given by Hamilton’s equations
dg; OH  dp; 0OH
SR N T (1.1.2)
dt 8pj dt 8q]~
A solution (q(t),p(t)) of Hamilton’s equations represents the trajectory of the particle sub-
mitted to the external force V.
Definition 1.1.1.
o A physical quantity X characterized by a differentiable function on the phase space,

X = X(q,p) , is called an integral or a constant of the motion if it remains



p(t)), which means it satisfies

);
n aX dq] L X dp;

constant along the trajectory ( (t

(1.1.3)

e An integral of motion is of order N if it is a polynomial of order N in the momenta.
Definition 1.1.2. The Poisson bracket of two functions X(q,p,t) and Y (q,p,t) on the

phase space is the function

" 9X Y  HX Y
XYpq) =S (220 2200 1.1.4
{X.Y}(p.q) jZ_:l( op, 00 a, apj) (1.1.4)

The Poisson bracket of the canonical coordinates (q,p) are

{gpi}t =ik, {a5.a} = {pjspx} = 0. (1.1.5)

where 9,5, is the Kronecker delta, i.e.

5p = 1 ifj=k
0 ifj#k
The Poisson bracket satisfies the following properties. Given X,Y,Z functions on the phase
space and a,b constants:
o {X\Y} =—{Y X}, (anti-symmetry)
o {X,aY +0bZ} =a{X.Y}+b{X,Z}, (bilinearity)
o {(XA{Y.Z}} +{Y{ZX}} +{Z{X,Y}} =0, (Jacobi identity)
o {XYZ} ={XY}Z+Y{X,Z}, (Leibniz rule)
o If {H ,G}(qo,po) = 0 for all G, then (qg,po) is a critical point of H, (non-degeneracy)
Definition 1.1.3. A Poisson algebra over R is a triple (A,-,{}), where (A,-) is an asso-
ciative R-algebra and (A,{}) is a real Lie algebra, such that the identity

(X-V,Z) =X -{Y,Z}+{X.Z}-Y

is satisfied for each X,Y,7Z € A.

In terms of Poisson bracket, we can rewrite Hamilton’s equations as

de d
— ={H,q; — ={H 1.2,... 1.1.6
dt { 7QJ}7 dt { 7pj} j ,Tl ( )

and the dynamics of any function X (q,p) along the motion is

dx
— = {H.X}. (1.1.7)



Thus if {H,X} =0, X(q,p) is a constant of motion.

Definition 1.1.4. Two functions X, and X5 are in involution if their Poisson bracket is
equal to zero.
Definition 1.1.5. LetF = {fi(q,p), ..., fn(q,p)} be a set of N functions defined and locally

analytic in some region of a 2n-dimensional phase space. We say that F is functionally

Of Of

9a. ,apk) has rank N through the region.
J

independent if the N x 2n Jacobian matriz (

1.1.2. Integrable and superintegrable Classical systems

Definition 1.1.6. In Classical mechanics an n-dimensional system with Hamiltonian H is
integrable if it admits n integrals of motion H, X1, ...,X,_1 that are well defined functions

on phase space, in involution
{H,X;} =0,{X;, X} =0, jk=1,...,n—1, (1.1.8)

and that are functionally independent, meaning that

O(H,X1, ... X0 1)
ran =n 1.1.9
ga(qh'”aqnaplv”'apn) ( )

By the non-degeneracy of the Poisson bracket, there can be at most n functionally inde-
pendent integrals of motion in involution [4].

The interest of integrable systems lies in Liouville’s theorem. It states that such systems are
integrable by quadratures and that motion is conditionally periodic, since the level sets of
the system are tori whenever they are compact [4, Section 49].

Theorem 1.1.7 (Liouville). Let Xy, ..., X, be functions satisfying (1.1.8) and (1.1.9) on a

2n dimension phase space. Considering a level set of the functions X; defined as
M.={q:Xi(q) =ci,i=1,....n}

Then
o M. is a smooth manifold, invariant under the phase flow with the Hamiltonian H.
o [f the manifold M. is compact and connected, then it is diffeomorphic to the n di-

menstonal torus

T" ={(¢1,...,0n)mod2m}



e The phase flow with Hamiltonian H determines a conditionally periodic motion on

M., i.e. in angular coordinates ¢ = (¢, . .. ,0n) we have

e The canonical equations with Hamiltonian H can be integrated by quadratures.

Remark 1.1.8.

e By conditionally periodic motion, we mean that there exists a dense subset of
initial conditions for which the trajectories are periodic.

e In action-angle coordinates, ¢ can be integrated to

¢(t) = ¢(0) + wt,

therefore motion is periodic whenever w € (Q/Z)", which is a dense subset of T".
In this thesis we focus on classical systems that are polynomial in the momenta.
Definition 1.1.9. An n-dimensional classical Hamiltonian system is superintegrable if it
admits more integrals of motion than degrees of freedom. more specifically, if it admits n+k

integrals of motion {H,X1,...,Xn_1,Y1,...,Yx} that are functionally independent and
{HX;} ={HY,}=0,7=1,...n, l=1,... k. (1.1.10)

It is minimally superintegrable if k = 1, and mazximally superintegrable if k =n — 1.

By non-degeneracy of the Poisson bracket, in a 2n-dimensional phase space, there can be at
most 2n — 1 functionally independent integrals of motions, including H.

The best known Superintegrable systems in 3-dimensional Euclidean space E3 the harmonic
oscillator V (r) = ar?, for r = \/z? + y?> + 22. and the Kepler-Coulomb potential V(r) = <.
Here is a theorem concerning these two systems.

Theorem 1.1.10 (Bertrand’s theorem). In 3-dimensional Euclidean space Es, the only
spherically symmetric potentials for which all bounded trajectories are closed are Kepler-
Coulomb potential and harmonic oscillator.

Lemma 1.1.11. Let H be a Hamiltonian. Then the set of integrals of H is a Poisson

sub-algebra of the Poisson algebra of smooth functions on phase space.



1.2. Quantum Mechanics

In this section, we give basic concepts and definitions in Quantum mechanics and adapt the

definitions of integrability and superintegrability from Classical mechanics.

1.2.1. Equations

In Quantum mechanics, physical states are represented as one dimensional subspaces in a
complex Hilbert space. The dynamics of any time dependent non-relativistic physical system
in Euclidean space is described by Schrodinger equation

H@@@:ﬁ@im@@ (1.2.1)

where 7 is the imaginary unit, A is the reduced Planck constant and W is the time-dependent
wave function.
When one is interested in stationary states (quantum states with all observables independent

of time) of a quantum system, (1.2.1) is reduced to the eigenvalue equation
HY(x) = EV(x)

E' is the eigenvalue of H and characterizes the energy spectrum of the Quantum system.
In analogy to classical Hamiltonian (1.1.1), we have the quantum Hamiltonian on n-

dimensional Euclidean space as
H : Ly(R",C) — Ly(R",C)

In this model ¢; — x;, p; — —ihd,; and

hQ n 82 h2
H=——Y — =——A, .
o 25 027 + V(x) - + V(x)

As in classical mechanics, we create most of our observables out of the quantities position
and momentum. However, in quantum mechanics these quantities correspond to self-adjoint
operators.

The Lie bracket of two operators X and Y is defined by [X,Y] = XY — Y X. The position

and momentum operators satisfy the commutation relations,



These relations define a Heisenberg algebra H,, in an n-dimensional space.

The expected value of an observable X in a state W(t) obeys the relation

d !
— (U, XVU) = —
<7 > h

il (0, [H.X]W) (1.2.3)

where (-,-) is the inner product (¥, ®) = [, ¥(x,t)P(x,t)dx.
This is in analogy with the classical relation (1.1.7). Here the Lie bracket plays the role of
the Poisson bracket.
Definition 1.2.1.
e An observable quantity X is called an integral of the motion if it does not depend
explicitly on time and commutes with H.
o An integral of motion is of order N if it is a hermitian operator of order N in the
momenta.
If [H, X] = 0, then we can choose a basis for the Hilbert space which is a set of simultaneous
eigenfunctions of X and H [83]. It is important to determine a complete set of com-

muting observables to specify the system. This idea leads naturally to quantum integrability.

1.2.2. Integrable and superintegrable Quantum systems

Definition 1.2.2. A quantum mechanical system in n dimensions is integrable if there
exist n integrals of motion (including H) that are Hermitian operators in the enveloping
algebra of the Heisenberg algebra with the basis {x;,p;, h}, 7 =1,2,... n, in involution w.r.t

the Lie bracket

(X0, X3 = XoXp — Xp X =0 where ab=1,...n

and algebraically independent in the sense that no Jordan polynomial formed entirely out
of anti-commutators in X, vanishes identically (i.e the operators are not zero set of any
polynomials).

Definition 1.2.3. A Quantum Hamiltonian system in n dimensions is superintegrable,
if it admits n + k with k = 1,2,... ,n — 1; algebraically independent integrals of motion
Yi=HYs,....,Y k.

Unlike in the case of classical superintegrability, there is no proof that 2n — 1 is indeed the

maximal number of possible algebraically independent symmetry operators however there



are no known counter examples.

The set of integrals for a quantum Hamiltonian H forms a Poisson sub-algebra of the algebra
of operators. In other words:

Lemma 1.2.4. Let H be a Hamiltonian with integrals of motion L,K, and «, 3 be scalars.
Then aL + K, LK and [L,K| are also integrals of motion.

For the 2n — 1 generators of a superintegrable system the Lie brackets cannot all vanish and
the symmetry algebra has a non-Abelian structure [83].

Tempesta, Turbiner and Winternitz in 2011 conjectured that all maximally superintegrable
systems are exactly solvable [98]. If this holds the bound state spectra can be calculated
algebraically, without solving the Schrodinger equation, and wave functions can be expressed
as polynomials in some appropriate variables. Another aspect of studying superintegrable
quantum systems is that the non-Abelian polynomial algebra of integrals of motion can be

used to calculate energy levels and gives information on wave functions.






Chapitre 2

Superintegrable systems in two dimensional Euclidean

space

Following the results obtained for the harmonic and Coulomb potentials, a systematic study
of integrable and superintegrable systems in a 2-dimensional and 3-dimensional Fuclidean
space was initiated in [40, 63]. These works study the classifications of superintegrable
systems that have particular integrals of motion. Following these results there have been
more studies and examples of superintegrable systems.

Here, our focus is on Hamiltonian systems in two dimensional Euclidean space. The Hamil-
tonian considered is

1
H = 5(pi+p) +V(y) (2.0.1)

where V is a real function on FE,.
If such a system admits an Nth order integral of motion X that is polynomial in momenta,

then X can be written as

N .
k=0

where p; = —ih0,, ps = —ihd, and {A,B} = AB + BA is the anti-commutator. In quantum
mechanics, the anti-commutator preserves the integral of motion as an Hermitian operator
and in classical mechanics it is reduced to 2fjp,;pr and therefore does not really have any
influence on the value of the integrals of motion.

In this section we present the known results on the quadratic and cubic superintegrable

systems in a 2D Euclidean space. In each cases, the integrals of motions are second and



third order polynomials in the momenta, respectively.

2.1. Second order integrability and superintegrability

In this section we present the results from [40, 63]. First we consider the case in which the
Hamiltonian (2.0.1) is integrable and it admits a second order integral of motion. Then we
consider the case when this system has two integrals of motion of order two.
Let us consider the most general form of integral of motion in (2.0.2) when N = 2. The condi-
tion [H,X] = 0 implies that even order terms and odd terms in X commute independently
with (2.0.1), so we will consider only the terms of even order in (2.0.2)

X = > {firpips} + g(zy) (2.1.1)

j+k=2

Further, the authors of [40, 63] found that the leading (second order) term in X lies in the
enveloping algebra of the group e(2). This group is generated by rotations and translations
of the plane.
All this leads to the following form for X,

X =aL}+b{Ls,p1} + c{Ls, po} + d(p} — p3) + 2epip2 + g(z,y), (2.1.2)

where a,b,c,d,e are arbitrary constants, and L3 = yp; — xpe. The function g(x,y) satisfies the

following determining equations
g: = 2(ay® + 2by + d)V, — 2(axy + bz — cy — €)V,,,
gy, = —2(azy + bz — cy — e)V, + 2(ax® — 2cx — d)V,, (2.1.3)
The compatibility condition g,, = gy, implies
(azy +bx — cy — €) (Vi — Vi) + (a(y? — 2°) + 2by + 2cx + 2d)V,,
+ 3(ay + b))V, — 3(ax — )V, =0 (2.1.4)

Since none of the equations (2.1.3) and (2.1.4) involve the Planck constant A, we get the
same results by considering classical Hamiltonian and integral of motion in (2.0.1 & 2.1.1).
Thus, for quadratic integrability and superintegrability the potential and integrals of motion
coincide in classical and quantum mechanics.

The Hamiltonian (1.1.1) is form invariant under Euclidean transformations, so we can classify

12



the integrals X into equivalence classes under rotations, translations and linear combinations
with H. In [40] it is shown that we have four forms for integral (2.1.2). The family of

potentials for those integrals are the following;:

Vo=f()+9(y), Xc=pi—ps—2f(x)+29(y)

Vs = f(r)+ gﬁf), Xg=L3+4+29(0), (vy)= (rcosfrsind)
2 2 2 _ 2
Ve = cosilog)jciiil(ﬁ)’ (z,y) = (I cosh S cos ol sinh Ssin 5);1 > 0
Moo s By p oo 0) 4 sl (9)F(0) + (cos) = sin(e))o(3)

2 cos?(a) — cosh?(3)

(2.1.5)

Hence, as we see, second order integrability in F, implies separation of variables in either
Cartesian, polar, parabolic, or elliptic coordinates. A complete classification of systems
whose second-order operators commute with the Hamiltonian has been done in [63, 40].
They show that two independent integrals of motion exist if we have potentials separating
in at least two coordinate systems [40]. Four families of superintegrable potentials are as
follows:

Separation in Cartesian, polar and elliptic coordinates,

B

V:oz(x2+y2)+?+?. (2.1.6)
Separation in Cartesian and parabolic coordinates,
V = a4z’ +y?) —|—ﬁx+;2. (2.1.7)
Separation in polar and parabolic coordinates,
1. B gl
V= I ﬁ(cos2g i sin? g) 2

Separation in two mutually orthogonal parabolic systems,

v 1( 0 0 2a+\/2(6£+7n)' (2.19)

T+W Bcos§+’ysin§): e

A similar study was done in a 3-dimensional Euclidean space ([34, 36, 63]). In these works,

a maximally superintegrable Hamiltonian which has 5 functionally independent integrals

13



of motion is multiseparable, that is, separable in more than one coordinate system. More
specifically, there exist 11 coordinate systems in which the system is separable, by considering
different possibilities of quadratic integrals of motion.

Some work has linked superintegrability and exact solvability of a quantum system [53,
96, 98|. Everything leads to believe, of all known cases of superintegrable systems with
scalar potential, that the superintegrability implies the solvability of the system. The same
situation seems to occur in the case of non-scalar potentials [16, 78, 105, 106, 95], despite
the fact that in these cases the existence of an integral of second order does not induce the
separation of variables in the Hamiltonian.

In what follows, we will consider systems with integrals of motion order three. In this case,
the differences between classical and quantum integrability are significant. As opposed to
the quadratic integrability, cubic integrability does not impose separation of variables in the

Hamiltonian.

2.2. Third order Integrability and superintegrability

In 1935, Jules Drach studied Hamiltonian systems admitting third order integrals of motion
[30]. For further details we refer to the introduction section in our first article [77].

In this section we recall some results for superintegrable systems with third order integrals
of motion [66, 48]. We consider the Hamiltonian as in (2.0.1) and the integral of motion of
the form (2.0.2) for N = 3.

First, we characterize in a precise way the general form that an integral of motion must take
according to the parity of its order.

From ([48]), in quantum mechanics if we have
{£,0ins} " + i fopins} ™ = (RIf), pivs} +i{Imlf], pips},
the operator X in (2.0.2) can be written as the form
X=X"+iX".

where X* and X~ are self-adjoint operators. Since the Hamiltonian is self-adjoint and
[H,X] =0, then XT = X* —iX~. Therefore both X+, and X~ should commute with H.
Since H is a real differential operator, the real and imaginary parts of X must commute with

H separately [91]. This is summarized in the following proposition, from [48, proposition

14



3.1]).

Proposition 2.2.1. For each self-adjoint integral of motion of order N, there exists one

integral of order N with definite parity, i.e.,

[z

(3] N—2; '
X = Z Z {FN72j,k(xvy)7pﬁpéViQ]ik}?

=0 k=0

where F' is a real function.

By this proposition, it is sufficient to look for integrals of motion as

X = Z {fjk(x7y)7p{p§} + {gl(xay>7p1} + {92($7y)7p2}7
Jj+k=3

where f;;, are real functions.

(2.2.1)

(2.2.2)

This expression follows from the fact that the Hamiltonian and momentum operator are

respectively real and imaginary, so the even and odd terms of an integral of motion commute

separately with Hamiltonian. Thus, for any integral of order N in E,, when N is even (resp.

odd), lower order terms are also even (resp. odd). In the case of a classical integral, the

result remains valid [48].

Imposing the condition [H,X]| =0, (2.2.2) is reduced to

X = Z A]kl{Lg,plfpé} + {{h(l',y),pl} + {92(1',:9),]72},
J+k+1=3

for arbitrary real constants A;i. Also for ¢;,go and V' we get

2

h
gl‘/x + 92‘/7; :Z(flvxrm + f2‘/a:my + f3‘/myy + f4‘/yyy

+ 8As00(xVy, — yVa) + 2(A210Vs + A201‘/y))7
(91)e = 3f1(y) Ve + fo(z,y)V,

(92)y = f3(z,y)Va + 3fa(2)V,

(91)y + (92)a = 2(Fola:9) Vi + fa(w.) Vi)
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(2.2.4)

(2.2.5)



where the real functions f; are defined as

fl(y) = A300y3 - A2103/2 + A120y — Aoso
fz(-%y) = —3A3003:y2 + 2A9107y — A210y2 — Ao + A111y — Ao
f3(37,y) = 3143003?224 - AQloﬂS2 + 2As017y — A1 + Aioey — Aoz

fi(x) = = Asp0a® — Ago12” — Argaw — Agos (2.2.6)
From(2.2.5), we obtain the following third order linear equation for the potential

0=-— f3va::£:c + (_2f2 - 3f4)va7:vy + (_Sfl + 2f3>va:yy - fQV;/yy + 2(f2y - f3$)va::n
+ 2(_3f1y + f2z + f3y - 3f4a:)‘/my + 2(_f2y + f333)‘/yy + (_3f1yy + 2f2zy - f3zz)‘/z

+ (_f2yy + 2f3my - 3f4mt)‘/y (227)

The absence of the Planck constant £ in equations (2.2.5) implies that in the classical case,
one compatibility condition for the potential is (2.2.7). On the other hand, equation (2.2.4)
involves h , which by considering the lim 2 — 0 will reduce to g1V, + g2V, = 0. Also, we get
three more compatibility conditions for the potentials from equations (2.2.4 & 2.2.5), which
are nonlinear and difficult to solve. In any case, we see that when the right hand side of
(2.2.4) does not vanish, classical and quantum superintegrable systems with third and higher

order integrals can be very different as has been presented in [48].

2.2.1. Superintegrable systems with one third order and one first order integral

It has been shown that a potential V(x,y) in the Hamiltonian (2.0.1) allows an integral of
first order in momenta if and only if it is invariant under the rotations and translations [63].

The potential and first order integrals are as follows:

Viz,y) =V(r); r=y22+y? X =L,
and
V(vy)=V(z), X =pa.

In this section, we briefly recall the obtained results in both cases [48, 66].
For the system with a potential invariant under rotations in both classical and quantum me-

chanics, from (2.2.4 & 2.2.5), we have V(r) = ¢, and V(r) = ar?, the Coulomb potential and

the harmonic oscillator respectively. This has been explained as well by Bertrand theorem
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[6].
The third-order integrals of motion in the case with the Coulomb potential in F, can be
obtained by commutation of the two following second-order integrals

2a
Xl - {L37p1 - Ty7

200x
Xo = {Ls,p2} + o

(2.2.8)

Also, the harmonic oscillator potential allows two second order integrals of motion of the
form

1, 1
X1 =—=5pi + 5ps + aa® —ay’,

Xg = —pP1P2 + 2&563/

(2.2.9)

The Lie bracket (or Poisson bracket) of X; and X, gives the third-order integral.
In the case with the potential invariant under translations, setting V,, = 0 simplifies equations

(2.2.4 & 2.2.5). The solutions are

In classical mechanics, the Poisson bracket of the square of the first order and the second
order integrals of motion associated with these potentials will be the third-order integrals.
Thus, these systems are second order superintegrable.

a

In quantum mechanics, the third order integral of motion for the potential V' (z) = %5 is

2
Xi = {L3p2} + {275 1),

and by commuting X? with the first order integral X = p, there will be two more as

Xy ={Ls,p1p2} — a{2%,p2},

2
X3 =2pips + a{;,pz}-
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Setting A;j, = 0 for all A;j; figuring in the following equations
(Azlox2 + A111x + Ao12) Vize + 4(2A2107 + A111) Var + 124910V, = 0,

(3A3007° + 242017 + A102) Vae + 4(6A300 + 2A501) Vi + 364300V = 0.

The other potential is obtained by solving the following equation
PV (2)? =4V (2)* + oV (2)* + BV (z) + 7y =4V — a))(V — ao)(V — a3), (2.2.10)

where «, 3,7, are real integration constants, and ay, as, ag are either all real or one of them
is real and the other two are complex conjugates. Depending on these constants, where
a1 # ag # ag, and real, the finite and singular potentials are

Tuww)?
= (hw)?k?sn? k = 7( .
Vi = () ksn’(wa k) Vs sn?(ww,k)

If we have, e.g., a3 = a} and Say # 0, the obtained singular potential is

(fiw)®
2<cn2(wx,k) + 1) ‘

‘/3):

where sn(wz,k) and en(wz,k) are Jacobi elliptic functions, and 0 < k < 1.
If some of the roots a; coincide, e.g., k =1 in V] we get the soliton potential
_ ()
~ cosh?(wz)’
Also, for k =0 or k =1 in V5 we get a singular nonperiodic or a periodic potential in the
form:
(fw)? _ (hw)?

 sinh?(wx)  sin?(wz)’

The two algebraically independent integrals for all solutions of (2.2.10) are
Y =ps, X ={Lspi} +{(0c = 3V)ypi} + {~ow + 22V + / V(z)dz,ps}
with ¢ = ay + as + as.

2.2.2. Superintegrable systems with one third order and one second order inte-

gral

In this case, in the Hamiltonian H = $(p} + p3) + V(z,y), the potential V(z,y) allows the

separation of variables in Cartesian, polar, parabolic, or elliptic coordinates [63, 40].
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2.2.3. Third order superintegrable systems separable in Cartesian coordinates

The Hamiltonians that allow the separation of variables in Cartesian coordinates will be of

the form

1
H = 5(1?? +p3) + Vi(z) + Va(y).

In (2.2.4) and (2.2.5), if we set V = Vj(x) + Va(y), the determining equations will be the

following:

h2
91Vie + g2V = 1 (flvlmz + faVayyy + 8As00(xVay — yVia) + 2(A210Vis + A201V2y))

(91)2 = 3f1(y) Ve + f2(33ay)v2y
(92)3/ - f3(x7y)‘/1:c + 3f4(x>‘/2y

(91)y + (92)a = 2(fol:9)Via + Fo(w,y)Vay)

We have

1

X =501 = p) + Vilz) = Valy)

as the second order integral of motion. The classical potentials which do not admit enough

first or second order integrals to make them superintegrable are
V=a(92°+y?), V=cvVr+c/y, V=ay+b/r,

V=ay’+g(z), V=ay+fx)

where g(x) and f(x) satisfy
(99 — ax®)(g — ax*)® — 2d(3g + az®)(g — az®) — ca® — d* =0

and
(f = be)*f =d

with a, b, ¢, d, ¢1, co constants.

In the quantum case there are more such potentials. There are six potentials which are
expressed in terms of rational function, two by elliptic functions and five in terms of the
first, second and fourth Painlevé transcendents. The superintegrable potentials and their

third order integrals obtained by the above equations are presented in [47].
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2.3. Fourth order superintegrability

In 2011, S.Post and P.Winternitz published an article on superintegrable systems in 5 that
does not allow separation of variables neither in the quantum case nor in its classical limit
[91]. In this article, they consider a Hamiltonian with an integral of third order and an
integral of fourth order and construct a superintgerable nonseparable system.

Admitting a third order integral lead to the third order integral of the form (2.2.3) and the
determining equation in (2.2.4& 2.2.5 & 2.2.7). Since the potential does not allow separation
of variables the determining equations are difficult to solve. Here they make an Ansatz that
the potential is linear in y. In this case the potential and the third order integral in the

quantum case are

y 5h?
Viey) =aty - o0
(z.9) a$§ 7212
9 . 3ay  Hh?
X = 3pips + 2ps + {Eaxa‘,pl} + {—x% ~ i D2}, (2.3.1)

with a € R. The classical potential and integral are obtained in the limit A — 0.
Now we impose a fourth order integral to the system. Using the results of Proposition
(2.2.1) and considering that the leading term of the integral lies in the enveloping algebra of
Euclidean Lie algebra e(2) leads to the following form for integral [91, theorem3]
Akt (17 kg 1 2 2
Y = MZH4 = spipa} + S (o ()i} + {g2(@y) pape} + {gs(wy).p2}) + U y),

(2.3.2)

where Ay, are real constants and g;,i = 1,2,3,[ are real functions of (z,y).
The relation [H,Y] = 0 provides 7 determining equations that are given in Section 2 of our
first article [77].

The results for a nonseparable superintegrable system is presented in two Theorems [91,
Theorem1,Theorem2]. The system with the potential and the third order integral as in
(2.3.1) admits the fourth order integral of the form

(922 — 2y?) B S5ah?y 25h%

20y Hh* 1 9
- + {6’ pipa} — 2 + .
x% 3622 ’pl} { ar 7p1p2} “ gp% 91’% 129624

Y =pi+{ (2.3.3)
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The classical analog of this system would be as follows

1 Yy
H=(p} +p3) + a7,
2 T3
(§167
X = 3p%p2 + 2p§’ + 9043:%1)1 + 72yp2,
T3
4 day 1 2
Y =pi+ —p1 + 120235p1p2 — 20
T3

(922 — 2¢%)

The system in quantum case is the first known fourth order nonseparable superintegrable

system. However the classical case is already known.

It is a special case of

V = —(a+ by + c(42® + 3y?)).

&
o M

which belongs to the family of potentials obtained by Drach in 1935 [30] (the constant a

can be translated away for b # 0). For ¢ # 0 (2.3.5) does not allow a fourth-order integral,

though it still might be superintegrable.
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ABSTRACT. A study is presented of two-dimensional superintegrable systems separating in Cartesian
coordinates and allowing an integral of motion that is a fourth order polynomial in the momenta. All
quantum mechanical potentials that do not satisfy any linear differential equation are found. They do
however satisfy nonlinear ODEs. We show that these equations always have the Painlevé property and

integrate them in terms of known Painlevé transcendents or elliptic functions.

Keywords: Fourth order integral of motion, Painlevé transcendent, superintegrable system

3.1. Introduction

This article is part of a general program the aim of which is to derive, classify, and solve the
equations of motion of superintegrable systems with integrals of motion that are polynomials
of finite order N in the components of linear momentum. So far, we are concentrating on

superintegrable systems with Hamiltonians of the form

1
H =5t +p3) +V(ey), (3.1.1)

in two dimensional Euclidean space Fs. In classical mechanics, p; and p, are the canonical

momenta conjugate to the Cartesian coordinates z and y. In quantum mechanics, we have
p1 = —th0y, po = —ih0,, Ls=xps—yp:. (3.1.2)

The angular momentum L3 is introduced because it will be needed below.

We recall that a superintegrable system has more integrals of motion than degrees of freedom
(see [T9] for a recent review with an extensive list of references). More precisely, a classical
Hamiltonian system with n degrees of freedom is integrable if it allows n integrals of motion
{X1,Xs,...X,,} (including the Hamiltonian) that are in involution, are well defined functions
on the phase space and are functionally independent. It is superintegrable if further func-
tionally independent integrals exist, {Y7,Ys,....Yy} with 1 < k < n — 1. The value &k = 1
corresponds to "minimal superintegrability," & = n — 1 to "maximal superintegrability." In
quantum mechanics, the integrals are operators in the enveloping algebra of the Heisenberg

algebra (or in some generalization of the enveloping algebra). In this article we assume that
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all integrals are polynomials in the momenta of the order 1 < 57 < N, and at least one of
them is of order N. We require the integrals to be algebraically independent, i.e no Jordan
polynomial (completely symmetric) formed out of the n + k integrals of motion can vanish
identically.

In classical mechanics, all bounded trajectories in a maximally superintegrable system are
closed [82], and the motion is periodic. In quantum mechanics, it has been conjectured
by Tempesta, Turbiner and Winternitz [98] that all maximally superintegrable systems are
exactly solvable. This means that the bound states spectra can be calculated algebraically
and their wave functions expressed as polynomials in some appropriate variables (multiplied
by an overall gauge factor).

The best known superintegrable systems in E,, n > 2, correspond to the Kepler-Coulomb
potential V' = £ (see [39, 5]) and the isotropic harmonic oscillator V' = ar? (see [55, 81]).
A sizable recent literature on superintegrable systems has been published. It includes the-
oretical studies of such systems in Riemannian and pseudo-Riemannian spaces of arbitrary
dimensions and with integrals of arbitrary order. The potentials are either scalar ones, or
may involve vector potentials, or particles with spin [14, 13, 28, 51, 52, 86, 85, 94, 64,
99]. For recent applications of superintegrable systems in such diverse fields as particle
physics, general relativity, statistical physics and the theory of orthogonal polynomials see
(27, 37, 38, 44, 57, 62, 80, 89|.

According to Bertrand’s theorem, (see [6, 45]), the only spherically symmetric potentials
(in E3) for which all bounded trajectories are closed are precisely % and w?r?. Hence when
searching for further superintegrable systems, we must go beyond spherically symmetrical
potentials.

A systematic search for second order superintegrable systems in Fy was started by Fris,
Mandrosov, Smorodinsky, Uhlit and Winternitz [40] and in E3 by Makarov, Smorodinsky,
Valiev and Winternitz [63] , and Evans [34, 36]. A relation between second order super-
integrability and multiseparability of the Schrédinger or Hamilton-Jacobi equation was also
established in these articles.

Most of the subsequent work was devoted to second order superintegrability (X and Y polyno-
mials of order 2 in the momenta) and is reviewed in an article by Miller, Post and Winternitz

[79]. The study of third order superintegrability (X of order 1 or 2, Y of order 3) started in
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2002 by Gravel and Winternitz [48, 47], and new features were discovered. Third order in-
tegrals in classical mechanics in a complex plane were studied earlier by Drach and he found
10 such integrable systems [30]. The Drach systems were more recently studied by Ranada
(93] and Tsiganov [101] who showed that 7 of the 10 systems are actually reducible. These
7 systems are second order superintegrable and the third order integral is a commutator (or
Poisson commutator) of two second order ones.

The determining equations for the existence of an Nth order integral of motion in two-
dimensional Euclidean space were derived by Post and Winternitz in [92]. The Planck
constant A enters explicitly in the quantum case. The classical determining equations are
obtained in the limit A~ — 0. The classical and quantum cases differ for N > 3 and in
the classical case the determining equations are much simpler. The determining equations
constitute a system of partial differential equations (PDE) for the potential V' (x,y) and for
the functions f,;(7,y) multiplying the monomials p¢p} in the integral of motion. If V(x,y)
is given, the PDEs for f,(x,y) are linear. If we are searching for potentials that allow an
integral of order N the set of PDEs is nonlinear. A linear compatibility condition for the
potential V' (z,y) alone was derived in [92]. It is an Nth order PDE with polynomial coeffi-
cients also of order up to N.

An interesting phenomenon was observed when studying third order superintegrable quan-
tum systems in F5. Namely, when the potential allows a third order integral and in addition
a second order one (that leads to separation of variables in either Cartesian or polar coordi-
nates) "exotic potentials' arise, (see [48, 47, 100]). These are potentials that do not satisfy
any linear differential equation but instead satisfy nonlinear ordinary differential equations
(ODEs). It turned out that all the ODEs obtained in the quantum case have the Painlevé
property. That means that the general solution of these equations has no movable critical
singularities (see [58, 87, 43, 19, 20]). It can hence be expanded into a Laurent series with
a finite number of negative powers. The separable potentials were then expressed in terms
of elliptic functions, or known (second order) Painlevé transcendents (i.e. the solutions of
the Painlevé equations [58, page 345]).

We conjecture that this is a general feature of quantum superintegrable systems in two-
dimensional Euclidean spaces. Namely, that if they allow an integral of motion of order

N > 3 and also allow the separation of variables in Cartesian or polar coordinates, they will
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involve potentials that are solutions of ordinary differential equations that have the Painlevé
property. All linear equations have this property by default, they have no movable singu-
larities at all. Exotic potentials, on the other hand, are solutions of a genuinely nonlinear
ODEs that have the Painlevé property.

The specific aim of this article is to test the above conjecture for superintegrable systems
allowing one fourth order integral of motion and one second order one that leads to the
separation of variables in Cartesian coordinates. We will determine all such exotic potentials
and obtain their explicit expressions.

In Section 2, we present the set of 6 determining equations for the fourth order integral Y7, as
well as a linear compatibility condition for 4 of these equations. This is a fourth order linear
PDE for the potential V(z,y). In Section 3, we impose the existence of an additional second
order "Cartesian' integral that restricts the form of the potential to V(z,y) = Vi(z) + Va(y).
The linear compatibility condition then reduces to two linear ODEs for Vi(x) and two for
Va(y). Section 4 is an auxiliary one. In it we review same basic facts about nonlinear equa-
tions with the Painlevé property that will be needed below (they come mainly from the
references [9, 10, 11, 12, 17, 15, 23, 25, 41]). The main original results of this paper
are contained in Section 5. We impose that the linear equation for at least one of the func-
tions V;(x) or Va(y) be satisfied trivially (otherwise the potential would not be exotic.) This
greatly simplifies the form of the integral Y (6 out of 10 free constants must vanish). The
remaining linear and nonlinear determining equations can be solved exactly and completely.
As expected, we find that the potentials satisfy nonlinear equations that pass the Painlevé
test introduced by Ablowitz, Ramani, and Segur [1] (see also Kowalevski [60] and Gambier
[43]). Using the results of [17, 12, 25, 23], we integrate these 4th order ODEs in terms of
the original 6 Painlevé transcendents, elliptic functions, or solutions of linear equations. In
Section 6, we study the classical analogs of exotic potentials. They satisfy first order ODEs
that are polynomials of second degree in the derivative. Section 7 is devoted to conclusions

and future outlook.
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3.2. Determining equations and linear compatibility condition for

a fourth order integral

The determining equations for fourth-order classical and quantum integrals of motion were
derived earlier by Post and Winternitz [91] and they are a special case of Nth order ones

given in [92]. In the quantum case, the integral is Y =Y :

A; ; 1
V= 5 SEUL e+ (o)t} + {oale) e} + {gs(e0) 8 + L),
jHk+i=4

(3.2.1)

where Aj; are real constants, the brackets {.,.} denote anti-commutators and the Hermit-
ian operators pj,p; and Lg are given in (3.1.2). The functions g;(z,y), g2(z,y), g3(x,y), and
I(z,y) are real and the operator Y is self adjoint. Equation (3.2.1) is also valid in classical
mechanics where py, py are the canonical momenta conjugate to = and y, respectively (and
the symmetrization becomes irrelevant).

The commutation relation [H,Y] = 0 with H in (3.1.1) provides the determining equations

e =4HVe + 2V (3.2.2a)
G20 + g1y = 3f2Va + 25V, (3.2.2b)
930+ G2y = 2f3Va + 3[4V, (3.2.2¢)
g3y = JaVo + 4[5V, (3.2.2d)
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and

2

gw :291‘/3: + 92‘/;,/ + Z((][é + f4>vxzy - 4(f1 - f5)‘/:13y1/ - (f? + f4)‘/;/yy

+ (3f27y - f5x)Vm - (13f1,y + f4,ac)vxy - 4(f2,y - f&a:)Vyy

— 2(6A4007” + 624400y + 3A3017 — 29 A310y + Az + 3A200) Vi

+ 2(56A4001’y - 13A310$ + 13A301y - 314211)‘/3/), (323&)

2

by =92V + 293V, + 1

<_ <f2 + f4>‘/;c:t:c +4<f1 - fS)‘/x:cy + (f? + f4)‘/xyy

+ 4<f1,y - f4,m)vm - (f2,y + 13f5,m)ny - (fl,y - 3f4,r>vyy

+ 2(56A400l’y — 13A310$ -+ 13A301y - 314211)‘/1

— 2(62A400$2 + 6A400y2 + 29143011’ — 3A310y + 914202 + 314220)%) . (323b)

The quantities f;, i = 1,2,..,5 are polynomials, obtained from the highest order term in the
condition [H,Y]| = 0, and explicitly we have

f1 = Asooy” — Az109” + Assoy® — Az0y + Aoao

fo = —4Agory® — As1y® + 343102y + Aon1y? — 2A007y — A1;y + A130T + Aga

f3 = 644002y + 3As0120y® — 3A3102°Y + Asgey® — 2A0117y + Asox® — Aoy + A1z + Aoao
f1 = —4Agoyr® + Az107° — 3A3012%y + Ao 7® — 240007y + Ao — Ajozy + Ao

f5 = Aoz + A3017° + Agpar® + Aro3z + Agoa.

(3.2.4)

For a known potential the determining equations (3.2.2) and (3.2.3) form a set of 6 linear
PDEs for the functions ¢1,92,93, and . If V' is not known, we have a system of 6 nonlinear
PDEs for g;,l and V. In any case the four equations (3.2.2) are a priori incompatible. The

compatibility equation is a fourth-order linear PDE for the potential V' (x,y) alone, namely

This is a special case of the Nth order linear compatibility equation obtained in [92]. We
see that the equation (3.2.5) does not contain the Planck constant and is hence the same

in quantum and classical mechanics (this is true for any N [92]). The difference between
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classical and quantum mechanics manifests itself in the two equations (3.2.3). They greatly
simplify in the classical limit A~ — 0. Further compatibility conditions on the potential
V(z,y) can be derived for the systems (3.2.2) and (3.2.3), they will however be nonlinear.
We will not go further into the problem of the fourth order integrability of the Hamiltonian

(3.1.1). Instead, we turn to the problem of superintegrability formulated in the Introduction.

3.3. Potentials separable in Cartesian coordinates

We shall now assume that the potential in the Hamiltonian (3.1.1) has the form
V(z,y) = Vi(x) + Va(y). (3.3.1)

This is equivalent to saying that a second order integral exists which can be taken in the

form

X = S0~ 1) + Vile) — Valy). (332

Equivalently, we have two one dimensional Hamiltonians

pi 3
Hy = 51+V1(x), Hy = §+Vz(y>- (3.3.3)

We are looking for a third integral of the form (3.2.1) satisfying the determining equations
(3.2.2) and (3.2.3). This means that we wish to find all potentials of the form (3.3.1) that
satisfy the linear compatibility condition (3.2.5). Once (3.3.1) is substituted, (3.2.5) is no
longer a PDE and will split into a set of ODEs which we will solve for V;(z) and V,(y).

The task thus is to determine and classify all potentials of the considered form that allow the
existence of at least one fourth order integral of motion. As in every classification we must
avoid triviality and redundancy. Since H; and Hj of (3.3.3) are integrals, we immediately
obtain 3 "trivial" fourth order integrals, namely H?, Hz, and H; H,. The fourth order integral
Y of equation (3.2.1) can be simplified by taking linear combination with polynomials in the

second order integrals H; and Hs of (3.3.3):
Y = Y' =Y +a H? + agHZ + asH Hy + by Hy + byHy + by,  a;,b; € R. (3.3.4)
Using the constants ay,as and ag we set

Agos = Aoso = Ag22 = 0, (3.3.5)
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in the integral Y we are searching for. At a later stage we will use the constants by,b; and
by to eliminate certain terms in ¢y, g3 and (.

Other trivial fourth order integrals are more difficult to identify. They arise whenever the
potential (3.3.1) is lower order superintegrable i.e. in addition to (3.3.2), allows another
second or third order integral. In such a case, the fourth order integral may be a commutator
(or Poisson commutator) of two lower order ones. Such cases must be weeded out a posteriori.
In our case this is actually quite simple. The exotic potentials separating in Cartesian
coordinates and allowing an additional third order integral are listed as Q16 — Q20 in [47].
For 4 of them the leading terms in the third order integral Y has the form ap? 4 bp3 or
ap? + bp?py. Hence commuting Y3 with a second order integral H, can not give rise to a
fourth order integral.

The remaining case is Q18 with

2a 2a
Vi) =) Hﬂﬂ J;x \3hieri \THPf(—g_LQx)), €= 1

(3.3.6)
and integral
V= {Lspi} + {az’y — 3yVi,pi} - 22{221/1“1 + (ax® — 3V1)Viz,pa}.
Commuting Y® with H, we obtain a fourth order integral
YW = 2pip, + ... (3.3.7)

Hence the potential (3.3.6) must appear (and does appear) in our present study, but the
existence of (3.3.7) is a "trivial" consequence of third order superintegrability. However, an
integral of the type (3.3.7) may appear for more general potentials than (3.3.6).

Two potentials will be considered equivalent if and only if they differ at most by translations
of x and y.

Substituting (3.3.1) into the compatibility condition (3.2.5), we obtain a linear condition,
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relating the functions Vi (z) and V5(y)

60A310 —+ 240?]14400)‘/11(%) + (-20/1211 —+ 603/14301 — 60513'14310 + 240%:(/14400)‘/1”(33‘)4-

5A112 + 10y Agge — 102 Agy; + 302y Asy, — 1527 Asyg + 6033'2yA400)‘/1(3)(5U)+

(_
(_
(— Aoz + yAios — vA1a + 20y Asgy — 22 Aoy + 327y Aszer — 2° Agio + 49539/4400)‘/1(4) (z)+
(—60A30; — 21402 A400) V5 (y) + (204211 — 60y Aser + 602 Az10 — 2402y Asn0)Vy (y)+
(=5A121 + +10y A1y — 102 Assg — 15y Azor + 30xyAsio — 60%1/214400)‘/2(3) (y)+

(Aos1 — yAiz1 + xA1g0 + Y7 Aony — 20y Assg — Y Agor + 3y® Asio — 45759314400)‘/2(4) (y) =0.

(3.3.8)

It should be stressed that this is no longer a PDE, since the unknown functions V;(z) and
Va(y) both depend on one variable only.

We differentiate (3.3.8) twice with respect to z and thus eliminate V;(y) from the equation.
The resulting equation for Vi (z) splits into two linear ODEs (since the coefficients contain

terms proportional to ¢°, and y'), namely

21014310‘/1(3) () + 42(Ag11 + 3A310I)V1(4) (x) + 7(A112 + 249117 + 314310952)‘/1(5)(90)
+ (Agis + A11om 4 Agp1 3 + Azoz)V9(2) = 0,
(3.3.9a)
840 A 100V (@) + (126 As01 + 504 As002) Vi (@) + 14(Azes + 345012 + 6A10022) Vi (2)
+ (A1gs + 249097 + 3430122 + 4A4002*) VO (2) = 0. (3.3.9b)

Similarly, differentiating (3.3.8) with respect to y we obtain two linear ODEs for V5(y),

2104301 V3™ (y) — 42(Aa11 — 3As0y) Vs (y) + T(Arzr — 24001y + BAs01y*) V2" ()
— (Aos1 — A1y + Aonry” — A30193)V2(6)(y) =0,

(3.3.10a)
8404400V () — (126 As10 — 504 As00y) Vi () + 14(Asz0 — 3As10y + 6 Asooy®) Vs (y)

— (A130 — 2A220y + 3A310y2 — 4A400y3)‘/2(6) (y) = O (3310b)
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The compatibility condition ¢,, = £,,, for (3.2.3a) and (3.2.3b) implies

— V' (2) + 92V5' (y) + (2919 — 920) VI (%) + (929 — 2032) V5 (y)+

2
4
+ (3fayy + 4 f1ze + 64211 — 26A301y + 26 Az107 — 112A4902y) VY’

<(f2 + Y = V) + (for — AF )V + (4fi(2) = 5 fay — fay)Va”

— (4 foyy + 3f1ze + 64211 — 264301y + 26 Ag102 — 112A4002y)Vy'

+ (84A310 — 36OA400y>‘/1/ -+ (8414310 -+ 36014400?})‘/2/) =0. (3311)

This equation, contrary to (3.3.9) and (3.3.10), is nonlinear since it still involves the
unknown functions ¢, g2, and g3, (in addition to Vj(z) and Va(y)).

Our next task is to solve equations (3.3.9) and (3.3.10) and ultimately also (3.3.11) and
the other determining equations. The starting point is given by the linear compatibility
conditions (3.3.9) and (3.3.10) for Vi(x) and Va(y). These are third order linear ODEs for
the functions Wi(z) = Vl(g)(x), and Ws(y) = Vz(?’)(y). They have polynomial coefficients
and are easy to solve. Once the potentials are known, the whole problem becomes linear.
However, the coefficients A;;; (in the integral (3.2.1) and in (3.3.9) and (3.3.10)) may be
such that the equations (3.3.9) or (3.3.10) vanish identically. Then the equations provide
no information. This may lead to exotic potentials not satisfying any linear equation at all.
In a previous study [48, 47] involving third order integrals, it was shown that all exotic
potentials can be expressed in terms of elliptic functions or Painlevé transcendents. Here

we will show that the same is true for integrals of order 4.

3.4. ODEs with the Painlevé property

In order to study exotic potentials V(z,y) = Vi(z) + V5(y), allowing fourth order integrals
of motion in quantum mechanics we must first recall some known results on Painlevé type

equations.
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3.4.1. The Painlevé property, Painlevé test, and the classification of Painlevé

type equations

An ODE has the Painlevé property if its general solution has no movable branch points, (i.e.
branch points whose location depends on one or more constants of integration). We shall
use the Painlevé test in the form introduced in [1]. For a review and further developments
see Conte, Fordy, and Pickering [18], Conte [19], Conte and Musette [20, 21], Grammaticos
and Ramani [46], Hone [56], Kruskal and Clarkson [61]. Passing the test is a necessary

condition for having the Painlevé property. We shall need it only for equations of the form

W = Fy, Ww' w” ... wr-b) (3.4.1)

where F' is polynomial in W, W’ W” ... W®™=1 and rational in y. The general solution must

have the form of a Laurent series with a finite number of negative power terms
W = 2 0di(y — yo)**?, do # 0, (3.4.2)

satisfying the requirements
(1) The constant p is a negative integer.

(2) The coefficients dj, satisfy a recursion relation of the form

P<k>dk = ¢k<y07d07d17"'7dk71)7

where P(k) is a polynomial that has n — 1 distinct nonnegative integer zeros. The
values of k; for which we have P(k;) = 0 are called resonances and the values of d
for k = k; are free parameters. Together with the position yy at the singularity we
thus have n free parameters in the general solution (3.4.2).

(3) A compatibility condition, also called the resonance condition:

or(Yo,do,d1,....dg—1) = 0,

must be satisfied identically in yy and in the values of dy; for all kj;j =1.2,...n — 1.
This test is a generalization of the Frobenius method used to study fixed singularities of linear
ODEs (for the Frobenius method see e.g. the book by Boyce and Diprima [7]). Passing the
Painlevé test is a necessary condition only. To make it sufficient one would have to prove that

the series (3.4.2) has a nonzero radius of convergence and that the n free parameters can be
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used to satisfy arbitrary initial conditions. A more practical procedure that we shall adopt
is the following. Once a nonlinear ODE passes the Painlevé test one can try to integrate it
explicitly. The Riccati equation is the only first order and first degree equation which has
the Painlevé property. A first order algebraic differential equation of degree n > 1 has the

form
Ag(Wa)W'™ + AWy )W .+ A,(Wy) =0, (3.4.3)

where A; are polynomials in W. When all solutions of such equation are free of movable
branch points, the degree of polynomials A; must satisfy deg(A;) < 2i for i = 0,1,2,...,n. The
necessary and sufficient conditions for such equation to have the Painlevé property is given
by the Fuchs’ theorem (Theorem1.1,[15, page 80],proof in [58, page 304-311]). Painlevé type
differential equations of the first order and nth degree have been studied in [41], [58, chapter
13]. All such equations are either reducible to linear equations or solvable in terms of elliptic

functions. Painlevé type second order first degree equation are of the from
W" = F(W' Wy),

where F' is a polynomial of degree at most 2 in W', with coefficients that are rational in
W, and analytic in y. They were classified by Painlevé and Gambier, (see [58, 26]). They
can be solved in terms of solutions of linear equations, elliptic functions or in terms of the 6
irreducible Painlevé transcendents P;, Ps,...,Fs.

Bureau initiated a study of ODEs of the form
AW W)W + BW' Wy )W" +C(W' W) =0,

where A, B and C are polynomials in W, and W’ with coefficients analytic in y, [12]. This
work was continued by Cosgrove and Scoufis [25] who constructed all Painlevé type ODEs

of the form
W/12 — F(W,7Wy),

where F' is rational in W’ and W and analytic in y. They also succeeded in integrating all
of these equations in terms of known functions (including the six original Painlevé transcen-
dents).

We will need to integrate equations of the form (3.4.1) for n = 3. Chazy in [17] studied the
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Painlevé type third order differential equations in the polynomial class and proved that they

have the form

W" = aWW" bW 4-cW2W'+dW*+ A(y)W"+B(y)WW' +C(y)W'+D(y ) W3+ E(y ) W24+ F () W +G(y),
(3.4.4)

where a,b,c, and d are certain rational or algebraic numbers, and the remaining coefficients

are locally analytic functions of y.

Chazy and Bureau have determined all cases for the reduced equation, obtained by using

the a-test, (y,W) — (yo + &y,%) when o« — 0, [17]. Chazy classified the reduced equations

into 13 classes, denoted by Chazy class I-XIII. The list of these equations is in [23, page

181]. Each Chazy class is a conjugacy class of differential equations under transformations

of the form

UY)=AyW +puly), Y = é(y).

In Section 5, we will encounter some fourth order differential equations, but we always
succeed in integrating them to third order ones. We then transform to a Chazy-I equation.

Cosgrove in [23] introduces the canonical form for Chazy-I equation as

m __ f,<y) "
o7 R ToN

+ ha(W)? + 2ksy(yW' — W) + ko(2yW' = W) + 2k W' + sy + ko),

(Bkry(yW’ = W) + ka(y W' — W) (ByW' — W) + ks W' (3yW’ — 2I7)

(3.4.5)

where f(y) = ki1y® + koy? + ksy + ky; Equation (3.4.5) admits the first integral,
4

P

+ kW (YW = W) + ks (W) + ks (yW' — W) + koW’ + ko),

(W"? = (kl (YW = W)3 + koW (yW' — W) + ks(W)2(yW' — W) + ka(W')? + ks (yW' — W)?

(3.4.6)

where kjp is the constant of integration. In [25], Cosgrove and Scoufis give a complete
classification of Painlevé type equations of second order and second degree. There are six
classes of them, denoted by SD-I, SD-II,...,SD-VI. The equation (3.4.6), which is introduced
as SD-I equation, splits into six canonical subcases (SD-Ia, SD-Ib, SD-Ic, SD-Id, SD-Ie, and

SD-If). The solution of SD-Ia is expressed in terms of the sixth Painlevé transcendent. Here,
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we do not get any equation of this form. The solutions for the SD-Ib is expressed in terms
of either the third or fifth Painlevé transcendent. The solutions of SD-1c, SD-Id, SD-Ie, and
SD-If are, respectively, expressed in terms of Py, Py, P; and elliptic function [25, page 66].

These equations and their solutions appear in Section 5.

3.5. Search for exotic potentials in the quantum case

3.5.1. General comments

Let us first investigate the cases that may lead to "exotic potentials', that is potentials which
do not satisfy any linear differential equations. That means that either (3.3.9) or (3.3.10)(or
both) must be satisfied trivially. The linear ODEs (3.3.9) are satisfied identically if we have

Ayoo = Aszio = Azor = Az = Azpz = A1z = Aroz = Agi3 = 0. (3.5.1)
The linear ODEs (3.3.10) are satisfied identically if we have
Agoo = Az = Azor = Az = Azgo = Arz1 = Arzo = Aoz = 0. (3.5.2)

If (3.5.1) and (3.5.2) both hold then the only fourth order integrals are the trivial ones
H? H? and H;H,. Their existence does not assure superintegrability, it is simply a
consequence of second order integrability. In other words, no fourth order superintegrable
systems, satisfying (3.5.1) and (3.5.2) simultaneously, exist. This means that at most one

of the functions Vi (x) or V5(y) can be "exotic". The other one will be a solution of a linear

ODE. For third order integrals both V;(x) and V(y) could be exotic [47].

3.5.2. Linear equations for V;(y) satisfied trivially
3.5.2.1. General setting and the three possible forms of Vi(x)

In this case, (3.5.2) is valid and (3.5.1) not. The leading-order term for the nontrivial fourth

order integral has the form

Yy, = Agge{L3, 05} + Ar12{ L3, p1p3} + Aros{Ls, p3} + 24013105 (3.5.3)

37



Let us classify the integrals (3.5.3) under translations. The three classes are:
I Agge # 0, A11g = Aoz = 0.
I Aggy =0, A3}, + Algs # 0, Agiz = 0,
Ila.Ajpz # 0,
I1b.Ajp3 =0, A2 # 0.

ITI. Ayge = Aq12 = Aoz = 0, Ap1s # 0.

(3.5.4)
The functions f; in (3.2.4) reduce to
Ji=/ =0,
f3(y) = Asoay® — Array,
fa(z.y) = —2As02xy + Ari2x — Arozy + Ao,
fa(x) = Ager® + Az (3.5.5)

Let us now extract all possible consequences from the determining equations (3.2.2). Using

separability (3.3.1) we obtain

g1(z,y) =G1(y),

g2(x,y) =( = G4 (y) + 2(Ay” — Anay)V3 () )z + Ga(y),

05(2.9) =2(Asay? — Apay)Vi(z) + ;:L’(—IOAQOQxy 541150 — 6Ar0sy + 6A0s) Vi (y)
—2(Ana — Ans) Vi (0) + 32°G1(w) — 2Gh(y) + Caly). (3.5.6)

The functions that remain to be determined are Vi(x),V5(y),G1(y),G2(y),G3(y), and I(z,y).
So far we have no information on V5(y), since equations (3.3.10) are satisfied trivially. The
potential V;(z) must satisfy (3.3.9a) and (3.3.9b).

Let us substitute (3.5.5) and (3.5.6) into (3.2.2d). We obtain

(4A902y — 2A119) Vi + (2A9002y — Ar122 + Aro3y — Aorz) VY — (9Aa0ez® + TA1037)Vy
7
— (TAgpz’y — 51411#2 + 341037y — 3A0137)Vy — (Ager®y® — A112x2y)V2(3)

/ 1 1
+ G3(y) — 2Ga(y) + §x2G§3) (y) = 0. (3.5.7)
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Differentiating (3.5.7) three times with respect to x and requiring that terms proportional

to y and independent of y vanish separately, we obtain two equations for V;(z) namely

514112‘/1(3) (ZL’) + (A013 + AHQZL’)‘/lM) (ZE) = O, (358&)

1014202‘/1(3) (I) + <A103 + 2A202ZE)‘/1(4) (ZL’) =0. (35813)

They replace equations (3.3.9)). These two equations imply Vi® = V% = 0 unless we have
1 1

A112A103 - 2A202A013 — O (359)

If (3.5.9) is not satisfied, the only solution of (3.5.8) is Vi (x) = ¢+ ¢z + coz®. We can always
put ¢g = 0. If co # 0 we can translate x to set ¢; = 0. Thus, with no loss of generality we

can in this case put
Vi (z) = e+ e2% cicz = 0. (3.5.10)

This case will be investigated separately below in the section (3.5.2.3).

Now let us assume that (3.5.9) is satisfied and consider the 3 cases in (3.5.4) separately.

L. Aggy # 0, Ania = Args = 0, YL = Asoa{L3,p3}.
The condition (3.5.9) implies Ag13 = 0 and from (3.5.8) we obtain

C_2
2

Vi (2) = =2 + e + oz ey £ 0. (3.5.11)

For c_5 =0, Vl(b) reduces to the case Vl(a) of (3.5.10) .

II. Agpp = 0, A3}y + Afgs # 0, Apiz = 0.

The condition (3.5.9) implies A12A4103 = 0, so we have 2 subcases

Ia. Az # 0, A1z = 0, Y = Asos{Ls,p3}.
The solution for (3.5.8) is
Vi (z) = c1z + coa® + c52?,

however (3.5.7) implies ¢; = 0. So in this case V;* is reduced to V;.

IIb. Ajp3 = Agis = 0, Ao # 0,Y7, = Avip{Ls,p1p3 }.
The potential Vi(z) = V;*)(z) and satisfies (3.5.11).
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ITL. Agge = Az = Aioz = 0, Aoz # 0, Yz = 2A013p115-
The potential is V4 (z) = V\(x) of (3.5.10).
Let us now return to the determining equations (3.2.3) and their compatibility condition

(3.3.11). We substitute (3.5.5) and (3.5.6) into (3.3.11) and obtain

3G (y)VY + 3(Gh(y) — 2G(y)Vs + 6(Ar12y — Asey®)V{V;
+ (2Gi(y) — Ga(y)) (V] = V3') + 6(— A1z + Arosy — 241120 + 4As002y) (V3)?

+ 22(A112y — Asoay”)Va V" + 8(Asgoay® — Apiazy)Vy V'
h2
* 4 <(5A112 — 10142029)‘/1(3) + (5A103 + 1014202175)‘/2(3)

+ (2A202Iy — AHQJ] -+ Alggy — A013)(‘/2(4) — ‘/1(4))> = 0 (3512)

So far we have identified possible forms of the potential V;(z) in the case when the linear
equations (3.3.10) for V,(y) are satisfied trivially. Now we shall consider the two classes of
potentials V¢, and V}? separately and obtain nonlinear ODEs for V5(y). Our main tool for
solving these nonlinear ODEs will be singularity analysis. More precisely, we will show that
these equations always pass the Painlevé test. The same was true in the case of third order
integrals of motion. It was shown that the ODEs actually have the Painlevé property and
they were solved in terms of known Painlevé transcendents, or elliptic functions [47, 48].
We will now show that the same is true in this case.

We define the function

W(y) = /vgczy, (3.5.13)

and derive ODEs for W (y). Since the potential V,(y) is defined up to a constant, two
integrals Wi (y) and W5(y) will be considered equivalent if they satisfy

Waly) =Wily) +ay+ B; a, B €R (3.5.14)

The ODEs for W(y) will a priori be fourth order nonlinear ones but we will always be able

to integrate them once.
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3.5.2.2. The potential Vl(b)(x) = 0;22 + 1+ cr? e g #0
T

The potential Vl(b) provides interesting results. It occurs in cases I, and IIb of (3.5.4). Solving

(3.5.7) and (3.5.12) and using (3.3.4) we obtain
2 4
Gy (y) =2y(yA202 - A112)W/ + (QyA202 - A112)W - 50214202,04 + §C2A112y3 + a2’y2 + a1y,
(3.5.15)

where W (y) is defined in (3.5.13) and moreover we obtain ¢; = Ga(y) = Gs(y) = 0. The

function W (y) satisfies the ODE

)
(
1
152(2A202y — Apg)WW 1 212 A0, WS — 3(2 4000y — Apyo)W'W”

8
- 2A202WW” + (50214202,@3 - 402A112?/2 — 2a2y — al)Wﬂ - 8/4202“/12

+ 4(402A202y2 — 4degAvioy — GQ)WI + 8¢2(2A202y — A112)W

16 32
— §C§A202y4 -+ §C§A112y3 + 8@202y2 -+ 8a1C2y -+ k= 0, (3516)

where k is an integration constant.
C&SG I. A202 7£ 0, A112 = 0, YL = AQOQ{L%,p%}.
Let Ayge = 1. From (3.5.16) and (3.5.14) we obtain

1 8

§h2yw(4) + 2B2W ) — 6y W' W — 2WW" + gCQySW” — 8W"? + 16¢,° W'

+ 16coyW — 5 Y + k1 =0, (3.5.17)
integrating once we get

16 32
R2y* WS 4 2R2yW" — 62 W' — dyWW' + (§c2y4 —2BHW' + 22 + §c2y3w

16
— §C§y6 + k1y2 + k?g = 0.

(3.5.18)

The equation (3.5.18) passes the Painlevé test. Substituting the Laurent series (3.4.2) into
(3.5.18), we find p = —1. The resonances are r = 1, and r = 6, and we obtain dy = —h%. The
constants d; and dg are arbitrary, as they should be. We now proceed to integrate (3.5.18).
By the following transformation

1

4 JRS—
T

C2

Yy
Y=y, UY)=—-5W(y) + on2

2h?
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we transform (3.5.18) to

Y2U® = U (3YU — 2U) — %Y(YU’ —U) + kY + k) — YU, (3.5.19)
where k3 = _2’“%27%30252, ky = 3_212%1 The equation (3.5.19) is a special case of the Chazy class

I equation. It admits the first integral

C2

2712 2 - .
VI = —AUP(YU' = U) = o

YU —~U? + k(YU —U) + kU +ks),  (3.5.20)

where ks is the integration constant. The equation is the canonical form SD-Lb in [25, page

65-73]. When ¢y and k3 are both nonzero the solution is

1.1, YP 9 9 Ps—1 Ps+1 Y2Pps
=—(— —P5)"— (1 —V2a)(Ps—1)—2 Y 26
YAy b ) (B =) =285 =+ W=7+ (P5—1)2>’
Y Ps(Ps—1) 8 Ps—1 1 P
/:_7PI_ /272_7 — 28V =
UertmmopB VeV vy 2 mo1 1"
(3.5.21)
where P; = P5(Y); Y = y?, satisfies the fifth Painlevé equation
1 1 1 (Ps —1)? I5; Ps Ps(Ps+ 1)
P/I — (_— Pl2 o 7P/ \to ) P s o 57
Sy D S C R T A S
with
9 1.1, 9 1 1 9
CQZ—h (5, k3:—1<1’7 +2ﬁ5—5(1— \/20&) ),k4:—1<5’}/+§’7(1— \/20&) ),
1
ks = —5 (7 (1 = V30)? — 26)  5((1 — V3a)* +26)?).
The solution for the potential up to a constant is
V(z,y) - SR (2 + ) + hz(L + i(P5 —DH(V2a+a(2Ps— 1) + 4 )
’ 22 P5 —1 y2 P5
P2 (2Ps — 1) P! 3h2
222 4 6p;) 2 — 5 2V2aP) + .
G OB e e T B « 5)+8y2
(3.5.22)
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And we have

9
gi(zy) =20°W' + 2yW + §ﬁ25y4, g2(x,y) = —x(6yW' + 2W + §h25y3),

2
g3(z,y) = 42°W' + 2R*62*y* + 20,2%,

1
l(zy) = h2x2(1yW(4) + W) — 22 3yW + W)W — ( h25x2y3 + 32 y)w"
4
+ (452 = B2y — 3 W 44 ( — R20a)W + 3" 2 1126
x
2
- 2h25$2(§h25y4 — B%) — 2R*6y”.
(3.5.23)
The solution of (3.5.20) when ¢y = 0 is
1 1
Y P — P)? _7p2_, 2y/a)P —Y §Y?),
1
I _ = Pl o P2 P
U 4\/5 gy (@f” +BP),
1 1 1 )
(3.5.24)
where P(Y) = yPs(y), and Pj satisfies the third Painlevé equation
J I BPZ4+~ &
P”—i—f—i— PS 37_}_7'
’ Py Y Y Py
The solution for the potential is
e, S P S Y L S SR s N
V = P+ —aP; — . 3.5.25
(z.9) W_ Tt Im TS, Tapy T oyp tap) B9%)

And we have

qi(zy) =20° W' + 2yW, go(2,y) = —6zyW’' — 2zW,

y2

gs(x,y) = 4*W' + 2c_9—,
T

1 3 i )
() = B> (GyW @ + W) — 2 ByW + W)W = SRyW" + (4= 7y = 3R + 4 Jy WV,

(3.5.26)
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Case IIb. A202 = 0, A112 7£ O, YL = A112{L37p1p%}'
Let Aj12 = 1. In this case,
4
n(zy) =—2yW' =W + 5623/3 + asy’, ga(,y) = 3aW' — degay® — 2a,my,
g3(z,y) = 20077y + apx® — 20—2%,
1 3 3
l(zy) = —§h2x2W(4) + §x2W’W” — (2c7%Y* + ap2’y — ZFLQ)W” — 2(20_2% + 2comy )W’
T
C—2 2 94 5 3 2 co, 4 4 2 2
— 2(— + )W + 227(563y° + ascoy”) + 2—(5c2y° + agy”) — 2c2h7y.
T2 3 % '3
(3.5.27)

Integrating the equation (3.5.16) we get

32 32
hQW(3)_6W/2+8(202y2+a2y)W’+8(4cgy—|—a2)W—§c§y4—302a2y3+k1y+k2 =0. (3.5.28)

The equation (3.5.28) passes the Painlevé test. Substituting the Laurent series (3.4.2) into
(3.5.28), we obtain p = —1. The resonances are r = 1, and r = 6, and dy = —h?. The

constants d; and dg are arbitrary. By an appropriate linear transformation of the form
Y =XMy+ X, UY) =2W(y) + ny),

we transform the equation (3.5.28) into a special case of the canonical form for the Chazy

class I. The general form of the equation is
U = 23U 4+ 2k3Y (YU' — U) + ky(2YU' = U) + 2ksU’ + kY + k), (3.5.29)

Depending on the choice of A\j,\9, A3 and p, the parameters ks,k4,ks,kg, and k; get different
values, and the first integral of the equation (3.5.29) with respect to Y corresponds to one
of the four canonical subcases, listed below.

For cg #£ 0,k3 = —1,ky = k5 = kg = 0, we get equation SD — [.c:

U = —4(U® - (YU —U)? + kU + k),

(3.5.30)
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where kg is the integration constant. The solution for the equation SD — [.c is

1 1 1 1 3
U=t opzr tp lype Lga P+t —(a—e)Y + —
gp, 4 g4 gt 5 at P+ (a—¢ tap
1 1 1
U/:—§€Pi—§P42—YP4+§(Oé_€)> (3.5.31)

where

e=*1k; = —;(a —€)? —2B, kg = zi(oz —€)(B+ 3(04 —e)?),

o 8 . . ’ . .
and Py = Py(—\/5%y — ; %/2203_52)7 satisfies the fourth Painlevé equation (for arbitrary o and

B)

P? 3 s
P4 AY P2 42V — )P+ =

op, Tl T w4+ 2( a)4+P4

"o
P4_

Therefore, the solution for potential is

_ P,
V(x,y) =20y + ca(a? + 4y?) + Cx—j \/_a\j\_r L 4@V Ry Py + V2esh(e P, + P2).
(3.5.32)
For ay #0,¢c0 = ks = ks = ke = k; = 0,ky = % we obtain equation SD — I.d:
U = —4U" - 2U'(YU' - U) + ks.
(3.5.33)
The solution for the equation SD — I.d is
EE TV TS S 1
U —2(P2) 2(P2 + 2Y) — (a+ 26)P2,
1 1
U =— 5(6132' + Py + 5Y), (3.5.34)

where ks = (o + 3¢)?, and Py(Y) = Py(—2¢/ %y — 3k1 ), satisfies the second Painlevé

equation

P} =2P} +YP, +a.

Therefore, the solution for potential is

V(z.y) :% + 2v/a3h?(ePy + P3). (3.5.35)
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Forco=ays=ks=ky=ks =k; =0,kg = %, we get equation SD — [.e:

U/12 — _4U/3 - 2<YU/ . U)

(3.5.36)
The solution for the equation SD — I.e is
1 /\2 3 !
U= §<P1) —2Py-YP, U =-P.
The function P;(Y) = Py(—{/ %y — i/%)’ satisfies the first Painlevé equation
P =6P +Y,
and we have
c_
V(zy) :?22 + Jk3R2P;. (3.5.37)
For ¢y = as = k3 = ky = ks = k¢ = 0, we obtain equation SD — I.f:
U = —4(U” + kU + kg).
(3.5.38)

The solution for the equation SD — I.f is
U=-— /udy + a1, u=p(y— ay, —4k;4ks)
where oy, as are integration constants, and g is the Weierstrass elliptic function. Thus

Vi(zy) = % + hp. (3.5.39)
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3.5.2.3. The potential Vl(a)(x) = 1o+ 2% ciep =0
We again define W (y) as in (3.5.13). From (3.5.7) and (3.3.4) we obtain

2 4
Gi(y) = 2(142023/2 — A112y)W' + (2A200y — A112)W — §C2A202y4 + §C2A112y3 + az:y2 + a1y,

1 3
Gz(?/) = —3(A103y - A013)W/ — AjpsW — C1A202y3 + 50214103?43 - 501A112y2 - 0214013?/2 + b1y + bo,

G3(y) = _Cly<;A103y - A013)-
(3.5.40)
Substituting G,G2,G3 in (3.5.12) and integrating it with respect to y, we get
Kix+ Ky =0,
where
K1 = h*(A112 — 2A000y)WW — 812 Asgo WP + 1224500y — A1) W' W + 8 Age WIW”
- 4(§02A202y3 — ey Aviay® — 2a0y — a1)W” + 32420 W" — 16(4c2 Asgoy® — deaAiiay — az) W'
64 128

§c§A202y4 - ?cgz‘luzy?’ — 32a539° — 32a102y + ki,

Ky = h*(Aois — Arosy) WD — 412 A10s WS 4 12(Aj3y — Agis) W W + 44,0 WW”

— 32¢2(2A202y — A112)W +

4
— (401A202y3 + §C2A103Z/3 — 601 A112y° — deaAgizy® + dbry + 4bo)W" + 16A;03W"

— 8(3011420292 + 02A103Z/2 — 209 An13y — 31 Aray + b)) W'
2

8
30§A103y4 — —c5Anzy® + 4eaby?

- 4(6C1A202y + 202A103y — 314112 — 262A013)W + 3

— 12a201y2 + SCQboy - 12alcly + k27

(3.5.41)

and we must have K; = 0, Ky = 0. In general the two ODEs in (3.5.41) are not compatible

and we will analyze their compatibility conditions. A crucial role is played by the matrix

A202 A112
A103 AOIS

A:

For the integral (3.5.3) to exist the rank of A must be 1, or 2. Let us analyze different

possibilities.
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1. rank(A) =1, Aj19 = Agpe = 0. In this case K7 = 0 reduces to a linear second order ODE
for W(y);

k
(ay + 2asy)W" + 4asW' — 8ascay® — 8aicay + Zl = 0. (3.5.42)

For (ag,a1) # (0,0), equation (3.5.42) together with Ky = 0 leads to the elementary potentials
that allow second order integrals of motion. They were already discussed in [40]. Of more
interest is the case when we also have a; = as = 0, so (3.5.42) is satisfied identically, and
K5 = 0 reduces to
1

R (Aps — yA103)W(4) — AR Ay W@ + 4(A103W — 502y3A103 + oy Ao — by — bo) W'+
12(y A1z — Aors) W'W" + 16A13W"* — 8(cay” A1os — 2c2y Aotz + b1) W' + 8ca(Agrs — yAios) W+

2 8
4b1C2y2 -+ 81)0023/ + *C§y4A103 — *ngSA()lg + kg = 0.

3 3
(3.5.43)

Thus, we have one 4th order nonlinear ODE to solve and we must distinguish two cases,
according to (3.5.4).

Case Ila. Ajg3 # 0, Aoz = Aj1a = Agiz = 0; Yy, = Ajos{Ls.,p3}.

Setting Aj93 = 1, we obtain

1 1
91(5E,y) =0, 92(937?4) = —3?JW, -W+ 502?/37 93(957?/) = daW' — 0256?/2 - 50192,

1 1 1
l(z,y) :ZFLQ:C(yW(A‘) + AW ®)) — 3pyW"? — cWW' + gCQxy?)W” — W' —eyW — 57’120295.

(3.5.44)
From (3.5.43) we have

4 2
R2yW® 4 AW S — 12y W'W" — AWW" + gCQy?’W” — 16W" + 8coy®? W' + 8coyW — gcgy‘* +k=0.

(3.5.45)

This equation is the same type of equation as (3.5.17), (with slightly different parameters,

and ¢, in (3.5.17) is replaced by %), and has solutions expressed in terms of the fifth and
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third Painlevé transcendents. For ¢y # 0, we have

).

1
V() = — 602422 + %) + W2 + —(Ps(y%) — 1)(V2a + a(2P5(y?) — 1) +
(z.) (2 +9") + (G =7 + 5 (B0Y) — 1 @R -+ o)
Py (y?) (2P5(y*) — 1) Pi(y ) 30
+ 92 (=2 + 6 P5(y? — 2V2aP! ,
Yan TP (R S T R - 00) + 52

(3.5.46)

and for ¢y = 0,

3 J BPs(y) g Py) | PP
V(z,y) = a1z + —(VaPi(y) + Sa(Ps(y))? + - - —
(@) = ( W30 BWF Gmy oy T o) T ayRy) T AP

(3.5.47)

Case IILI. Agpy = Aj1o = Ajp3 = 0, Agi3 # 0; Y, = 214013]0119%-

We set A013 =1.

g1(xy) =0, ga(,y) = 3W' — coy® + bry, gs(x,y) = 20wy + c1y — b
1 1
l(zy) =— ZFLQQEW(A‘) + 3xW'W" + (byay — cozy® )W + 2cyW' + ;W + §b101y2.

(3.5.48)

Integrating (3.5.43), we get

2 4
AW = 6™ + 4eay” = biy) W' + (8cay — db)W = 23y + Sbicay” + koy + by = 0,

(3.5.49)

which is the same type of equation as (3.5.28), (with slightly different parameters, and ¢, in
(3.5.28) is replaced by % ) and can be solved in terms of the fourth, second and first Painlevé
transcendents and elliptic functions. Depending on the values of the parameters in (3.5.49)
and following the procedure after (3.5.29), we obtain the following potentials.

When ¢y # 0, ¢; = 0, and the potential is

bivhP
V(ry) =— by + (2 + ) — 1V hE, — \/8c3h2y Py + \/7h eP, + P?),

N

(3.5.50)

where € = £1, and Py = Py(—, 2c2y +
When ¢y = 0, b; # 0, the solutions are

) satisfies the fourth Painlevé equation.

V(zy) =crz + /20302 (ePy + P5), (3.5.51)
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where P, = Po({/ %y + ; %/3%), satisfies the second Painlevé equation.
For cg = by = 0, ks # 0, the potential is

V(z,y) =c1x + \ k3h? Py, (3.5.52)

for P, = Pi(—¢ ’g—iy — %/I;%‘_ff‘% satisfying the first Painlevé equation. and finally, for ¢y =

b1 = ke = 0, we are left with
V(zy) =ciz + Rp, (3.5.53)

where g is the Weierstrass elliptic function.

2. rank(A) = 1, Ags = Az = 0. In this case Ky = 0 reduces to a linear second

order ODE

(401A202y3 — 601A112y2 + 4b1y + 4b0)W// + 8(301142023/2 — 361A112y + bl)W, + 4(601A202y — 3C1A112)W
— deobiy? + 12a0c1y® — Scoboy + 12a1¢1y — ko = 0.

(3.5.54)

Since at least one of Ajj5 and Agpy must be nonvanishing, (3.5.54) leads to elementary poten-
tials (unless it satisfied trivially). Equation (3.5.54) is satisfied trivially if ¢; = by = by = 0.
We are left with one fourth order nonlinear ODE, K; = 0. In view of (3.5.4) two cases must

be considered.

Case 1. A202 7& O,AHQ = A103 = A013 = 07 YL - A202{L§7p%}'

In this case, we have

9 8
gi(zy) =2¢°W' + 2yW — g@y“, g2(z,y) = —6zyW’' — 22W + 5621'1/3, g3(z,y) = ®W' — 2c02%y?,

1 4 h?
l(a:,y) _ h2$2(1yw(4) + W(3)) _ x2(3yW’ + W)W// + (§C2$2y3 o ?)QQ)W” + (4621‘21/2 _ 3h2>W/

4 1
+ deox®yW — cg(gch + 1)3/4 + 2coR% (y? — 2?).
(3.5.55)
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and

16 32
B2yW® 4 ARPWS) — 12yW'W" — AWW" + §c2y3w” — 16W" + 32¢oy* W' + 32¢yW — Ecggf +k=0,

(3.5.56)

which is exactly the same equation as (3.5.17) and hence has the same solutions expressed
in terms of the fifth and third Painlevé transcendents.

Case ITb. Aj1p # 0, Aoy = Ajg3 = Agiz = 0; Yy, = A119{ L3,p1p3}.

4
g1 (z,y) = —2yW' — W + gcw?’ + agy?, go(w,y) = 3xW' — degzy® — 2a02y, g3(z,y) = 2c00%y + aga?,

1 3 3h? 8
l(xy) =— gthQW(4) + ixQW’W” + (—2co2%y® + T)Wﬂ — deo®yW' — 2c2° W + gc%nyS — 2coh%y.
(3.5.57)
Integrating K; = 0 once we obtain
2117(3) 2 2 / 32 5 4 32 3
W —6W"*48(2c0y”+asy) W +8(402y—|—a2)W—§czy —?cwgy +ksy+ks =0, (3.5.58)

which is the same equation as (3.5.28) and is solved in terms of the fourth, second and first
Painlevé transcendents and elliptic function.

3. rank(A) = 2. Both K; =0, and K, = 0, are satisfied nontrivially.

Case . Aggp # 0, Agiz # 0; A1z = A3 = 0;Y = Azoz{[%,p%} + 214013]9129%-

Let us set Agge = 1, Agi3 = «, with @ # 0. In this case, both equations in (3.5.41) can be

integrated once and we obtain two third order equations

16
R2y2 WO L oR2yW" — 64> W' + (%y4 — dayy® — 2a1y — 2h* — dyW)HW' + 2?2

32¢ 16 16 k
+ (26L1 + szg)w - (30394 - 4a262y2 - §a102y + Zl)?f + k3 =0,

(3.5.59)

al?W® — 6aW"? — 4(c1y® — acoy® + bry + bo) W' — 4(3c1y? — 2c00 + b)) W
2 1
- gcgagf + 4(50261 — c1a2)y”® — 2(3cray — 2¢obo)y? + koy + ky = 0,
(3.5.60)
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where k3 and k; are integration constants. Eliminating third order derivatives between

(3.5.59) and (3.5.60), we obtain a second order ODE. This equation admits a first integral,

2 1 1
al* W' — aW? — (aa; — 2(by — aag)y — 2byy* — ga02y3 — 20y W — §acgy6 + 6(3@01 —bicy)y®

2 4 k 1 k
+ (g(OéGQCQ — boCQ) + a161>y4 -+ (g&alcg — 12) 3 g(akl -+ 4k4)y2 -+ ]{5y — 0453 = 0,

(3.5.61)

where k; is an integration constant. Equation (3.5.61) is a Riccati equation and can be

linearized by a Cole-Hopf transformation. Setting W = —h2YZ" we get the following linear

U7
ODE
drrn 2 4, 2 3 2 / L oo azci  bica, 5
ah*U"(y) + h*(2c1y” + 30c2Y + 2b1y” — 2cagy + 2bgy — aay)U'(y) + (§a02y — (T — T)y
2 2bgc 4 k 1 k ak
- (gO{CLQCQ + a1c1 — g 2)y4 - (gaalcg — Z2>Q3 + §(4/{33 + ozk:l)yz + Q—;y + 73)U(y) =0.
(3.5.62)

Consequently, in this case we do not obtain any exotic potential.
Case IL. Agpp = 0, A1z # 0, Ayos # 0: Y = Avo{ Ls,p1p3} + Aros{Ls,p3}-
Same as the previous case, we can again integrate the equations in (3.5.41), and if we apply

the same procedure we generate another Riccati equation

22 19 4 1
al* W' — aW? + (2by + 2(b1 — aar)y — (3¢, + 4aay)y? — ga@y?’)W + 1—8ac§y6 + (gO{(lQCQ + 50102)y5
8 1 1 2 1 1
+ (gaalcQ — gblcg + 5&261)y4 —+ (a101 — gbng — Zak:l)y‘g — (ZkQ + k’g)y2 —+ k}4 = 0,
(3.5.63)

where k3, and k4 are constants of integration. Again it can be linearized by a Cole-Hopf

transformation.

3.5.3. Linear equations for V) satisfied trivially

In this case, (3.5.2) are valid, and (3.5.1) not. The leading-order term for the nontrivial

fourth order integral has the form

Yy, = Agoo{ L3, 7} + Awso{ Ls,pi} + Avar{Ls,pip2} + 203107 p2- (3.5.64)
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Let us classify the integrals (3.5.64) under translations. The three classes are

(1)Ag20 # 0, Aja1 = Ay30 = 0.
(i1) Azag = 0, Ay, + Afyy # 0, Agz1 = 0.

(ZlZ)AQQO = A121 = A130 = 0, A031 7é 0. (3565)

Since we can just adapt the results from the section 4.2 to this case, we will not consider

it separately. The results are obtained by interchanging = <> v, (Aaog,A112,4103,4013) <
(A2207A1217A1307A031>~

3.6. Classical analogs of the quantum exotic potentials

In the classical case, we are dealing with the classical limit (A — 0) of the determining
equations (3.2.2) and (3.2.3) and therefore the compatibility condition (3.2.5) and (3.3.11).
The equations (3.2.2) and (3.2.5) are actually the same in the classical and quantum case.
We continue our investigation for the classical potentials followed by the classifications of
the integrals in (3.5.4). Here we present the results briefly for each cases.

Integrating the classical analog of the equations (3.5.17), (3.5.45) and (3.5.56), we get

2 4 1
3yYPW? + (2yW — gAy‘*)W/ — W2 — M\PW + 1—A2y6 + k4 ky =0,

3 8
(3.6.1)
where \ = ¢y,4¢, respectively for Yz = Lzp3, and Y7, = L2p2.
The classical analog of the equations (3.5.28), (3.5.49), and (3.5.58) is
12 2 ! 2 1 2 4 2 3
W™ + gy(k’l — /\y)W + g(k‘l — 2)\y)W + §>\ Yy — §Ak1y + k’gy + k’g = O,
(3.6.2)

where \ = ¢y,4¢, respectively for Yz = p1p3, and Y, = Lspip3.

Equations (3.6.1) and (3.6.2) are special cases of equation (3.4.3). They do not satisfy the
conditions in the Fuchs’ theorem, (Theorem1.1, [15, page 80], proof in [58, page 304-311]),
hence do not have the Painlevé property. They will be further investigated in Part II of this

project.
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3.7. Summary of results and future outlook

3.7.1. Quantum potentials

The list of exotic superintegrable quantum potentials in quantum case that admit one
second order and one fourth order integral is given below. We also give their fourth order
integrals by listing the leading terms Y, and the functions ¢;(z,y);7 = 1,2,3; and [(z,y).
Each of the exotic potentials has a non-exotic part that comes from Vj(z). By construction
Va(y) is exotic, however in 4 cases a non-exotic part proportional to y* splits off from V5 (y)
and can be combined with an x? term in V;(x). We order the final list below in such a
manner that the first two potentials are isotropic harmonic oscillators (possibly with an
additional 9012 term) with an added exotic part. The next two are 2 : 1 anisotropic harmonic
oscillators, plus an exotic part (in y).

Based on previous experience (see Marquette [67, 68, 66]) we expect these harmonic terms
to determine the bound state spectrum. The remaining 8 cases have either % or c1x as
their non-exotic terms and we expect the energy spectrum to be continuous.

I. Isotropic harmonic oscillator:

Q1 :
Viwg) = — 01 +37) + %+ B (= + (P — )(VIa+ (2P — 1) + 1)
P5 P5
Py (2P5 ) P 312
+ 0P ——5 __22aP!
+y(2P5 5)(P5 1)2 P5_1 ) y
YL - {L 7p2}
1 4
g1(xy) = 2y(yW' + W + §h25y3), ga(,y) = —2z(3yW' + W + §h26y3),

2a
gs(z,y) = 2*(4AW' + 21h%6y%) + pf,

a

1 4
Way) =h2a?(QyW + W) —22@yW' + W)W — hy(S oy + ;’)W” + AL 2622y

12

a 4a 2
A& R2522 25,4 _ 012822225yt — B2) — 2hASu2.
+ y(m2 R oz )W +3x2h oy h*ox (Sh dy* — h*) — 2h%0y
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W, 1, YP ) 5 — 1 P+1
= (= (+—2 =P - (1 —-V2a)*(Ps—1) -2 Y
W) == 5 (e~ ) (1= V2 (B = 1) = 28— — + 9V
Rl
8 377

QF :

2c
V(zy) = a2 +y7) — /8cih2y Py( \/; h (ePi(—y 77;9) + Pl 7z

Yy, = 2pip3,
g1 (%,y) = 07 gQ(Iay) =3V — 62(31’2 + y2)7 g3<l’,y) = QCny7

1
l(xy) = —Zﬁzx‘/;yy +32VV, — 023:(3$2 + yQ)Vy.

II. Anisotropic harmonic oscillator:

@

+ 20

a 4/
V(I’,y) = CQ(x2 + 4y2) + ? -4 2C%h2yp4 + ZCQh(EPQ -+ P42), e = +1.

Y, = {L3 ,P1P§}>

4
g(zy) = =29W' — W + —co®, go(,y) = 32W' — degmy?, g3(,y) = 2c00%y — QaE,

3
lzy) =— L@ + S 2w - (2c22%y° — §h?)w" — 2(2a-L + 2e0ay) W' —
) 8 9 2 4 .1:2 2

8 a
+ §C2y3(62$2 + ?) — 202h2y.

%)

2%

Y

V2P
)

(P — 1)?

+ o )W



For

1 1 1 1 1 8\ de
_a 6(_ L~ p2_tp3_type Lo Lo Py 23
W(y) = /8csh <8P4P4 Pl Y P = (Y2 —at Pt ga— Y + 4P4) + 50
where Py = Py(Y);Y = —(‘/iﬁy.
Q3 :
1
V(z,y) = — 0h*(42* + y*) + h? (L + =(Ps— 1) (V2a+a2P5—1) + ﬁ)
P—-1 y? b5
Jete 2P —1) P! 312
2/15 5 5 /
0P, — — 2V 2aP. —.
T Gp PO T T B “ 5)+8y2
Vi, = {Ls,ps},
4
i(,y) =0, go(wy) = =3yW' = W — 2?0y, gs(w,y) = deW' + 4h*dzy’,
1 4
l(zy) = Zh2x(yW(4) +4W ) = 3xyW"? — 2WW' — §h25a§y3W” + 2h%0z.
For
;1 YP P —1 P +1 Y?2P,
W(y)=——(=(=—2 — P)?>— (1 = V2a)*(P5 — 1) — 23> Y22 20—
W) =5, (F(poy B - V2P (B - 1) - 2= YV 7 + T
& 3 Y
where P5 = P5(Y); Y = ¢%
III. Potentials with no confining (harmonic oscillator) term:
Q3 :
a R 3 4] BP; v P P2
V — o Pl — P 2 _ 3 3 .
() =5 + 5 (VoPy+ jo(P)" + P2 2y Toyps  2yps P2

Y, = {Lg,,]?g},

g1(x,y) = 2° W' + 2yW, gy () = —6xyW’ — 22W, gs(a,y) = 42°W' 4 2a

y2

o
$2
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1 3
Uay) = W2 (yW + W) — 2By + W)W — SRy W + (4%@2 —3R2)W' + 4 % ni

For
W = — — | — 73_12_7 2P2—7 2 P e 2 v
() 2y(4(yP3 ) 16ay 3 8(5+ \/a)y 3+8P3y+16p32y>—|—8y
a3
a b2h?
Viey) =5+ (b + P2); €=+l
Yy = {Ls,pip3}.
b3h? b312 P3H2
gl($7y) = —QZJW/ - W — TyQ, 92($,y) = gl'W/ + Tmy’ gg(aj’y) — —TxQ _ 2(1%’
) = —I2PWD 4 D2 4 (%ﬁy 2Ry — aa L — 2% — Y
’ 8 2 8 4 2 72 dz2
For
b

Wly) = —o- (P — (P + 20)? — 20+ )Ps) —

2 2

where Py = P (by).
Q3 :

Vzy) = % + R P,.

Y, = {Lg,pg >
Y

gi(xyy) = =2yW' =W, go(,y) = 3xW’, gs(,y) = —2a,

1 3 3
l(&:,’y) = _§h2x2w(4) + §$2W/W// + Zh2W” - 4G%W/ — Q%W
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For
1
W(y) = —bI2(5(P)? — 2P} — byP),

where P, = Py(by).

Q3
a 2
V(z,y) = = + hp.
Y, = {Lg,Pz
gi(wy) = =2W' = W, ga(y) = 3aW', go(ar.y) = —2a,
Lo o 3 5 3 9 Y a
I(zy) = —3h Ww®W 4 57 Ww” + i w" — 4a?W’ —2 W
For
W(y) = hz/udy, u=p(y).
Q3
3 0 BPs(y) gl Pi(y)
V(zy) =1z + — Pi(y) + —a(P. 2 4 + + —
(&) = (f sW) B iy Y ey TR T k)
Y., = {L3,p§},
1
gi1(z,y) =0, ga(w,y) = =3yW' = W, gs(a,y) = daW’ — icuf,
1
(zy) = Zh%(yww + AW — 3y W' — 2WW' — c1y*W' — cryW.

For

R: 1, P} 1 B =

W(y) =——(-(y==2 —1)2 — — 2P2—f 2 P+ — 2) 4

() 2y(4<yP3 ) = gov B — g (B+2va)y 3+8P 16P32y)+8y
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272
V(z,y) =z + T(GPZ/ + P}); e=41.

Y, = 2]?1]737
b3h? b3h?
gi(zy) =0, go(z,y) = 3W' + Tya g3(xy) = a1y — Tﬂf,

1 2 (4) s b*h? " / b*h? 2
l(x,y) = _Zh eW 4+ 3xW'W" + TmyW + 201yW + W+ 7@1y .

For

_—bh?
92

N2 [ p2 92_ € _57322
<(P2) <P2+2?J) 2(a+2)P2) hoy”,

Wi(y) 3

where Py = Py(by).
@i

V(zy) = ciz + h*b*Py.
Y, = 2]?1]9%,

1
an (l‘,y) = 07 gQ(xay) = 3W/7 g3(xay) = Y, l(&?,y) = _Zh2xw(4) + 3$W’W” + chyw/ + 01W

For
1
W(y) = ~bI2(; (P))? — 2P} — byP).

where P; = Py(by).
@

V(zy) =cz+ h2p.
Y, = 2p1p§’,

1
g1 (I‘,y) = 07 92(x7y) = 3W/7 gg(ﬂf,y> = ay, l(.ﬁlﬁ,y) = _1h2xw(4) + 3eW'W” + QClyW/ + C1W
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For

W) =1 [udy, u=p(y).

The potentials Q?, QS and QI are in the list of quantum potentials obtained by Gravel [47,
(Q18,Q19, Q21)]. Among the integrals of motion we have {L3,p3} and {L3,p3}. These can
not be obtained by commuting a third and a second order integral.

As mentioned in the Introduction, it has been conjectured [98] that all maximally superin-
tegrable systems are exactly solvable. This has also been confirmed for the case of potentials
allowing third order integrals of motion, in particular exotic ones. In the papers [67, 68],
Marquette considered a superintegrable system with one second order and one third order
integral of motion. He presented the polynomial algebra generated by these integrals of
motion, and he showed how their representations yield the energy spectra. The ground
state wave functions were also obtained by using the tools of suspersymmetric quantum
mechanics. Marquette in [72] obtained a potential in terms of fifth Painlevé transcendent
for a system admitting fourth order ladder operators which allowed a characterisation of the
spectrum and wave functions in a recursive way from the zero modes and build integrals for

families of 2D models.

3.7.2. Future outlook

Part II of this article will follow shortly and will be devoted to a complete analysis of the
nonexotic potentials. They are obtained when the linear compatibility conditions (3.3.9)
and (3.3.10) are not satisfied identically. They must then be solved as ODEs. We also hope
to establish that all obtained superintegrable systems are exactly solvable, as in the case of
third order integrals.

We are also currently studying whether some or possibly all exotic potentials can be generated
from one-dimensional Hamiltonians using algebras of differential operators depending on one

variable only.
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Mes contribution et le réle des coauteurs: Le sujet et les méthodes de la recherche a été
suggérée par lan Marquette. J’ai effectué les calculs nécessaires liés aux résultats obtenus.

La rédaction se fait a parts égales entre les coauteurs.

ABSTRACT. In this paper, we develop new constructions of 2D classical and quantum superintegrable
Hamiltonians allowing separation of variables in Cartesian coordinates. In classical mechanics we start from
two functions on a one-dimensional phase space, a natural Hamiltonian H and a polynomial of order N in
the momentum p. We assume that their Poisson bracket {H,K} vanishes, is a constant, a constant times
H, or a constant times K. In the quantum case H and K are operators and their Lie bracket has one of
the above properties. We use two copies of such (H,K) pairs to generate two-dimensional superintegrable
systems in the Euclidean space Fs, allowing the separation of variables in Cartesian coordinates. All known
separable superintegrable systems in F5 can be obtained in this manner and we obtain new ones for N = 4.

Keywords: superintegrable systems, Painlevé transcendents, ladder operators

4.1. Introduction

This article is part of a general study of superintegrable systems in quantum and classical
mechanics. In a nutshell a superintgerable system with n degrees of freedom is a Hamiltonian
system with n integrals of motion Xj,....X,, (including the Hamiltonian H) in involution
and k further integrals Y3, 1 < k < 2n — 1. The additional integrals Y} commute (or Poisson
commute) with the Hamiltonian, but not necessarily with each other, nor with the integrals
X;. All the integrals are assumed to be well defined functionally independent functions on
phase space in classical mechanics. In quantum mechanics they are Hermitian operators
in the enveloping algebra of the Heisenberg algebra H, (or some generalization of the
enveloping algebra) and are polynomially independent. For reviews we refer to [59, 79].

The best known superintegrable systems (in n dimensions) are the Kepler-Coulomb system
5, 39, 88] and the Harmonic oscillator [55, 81] with the potentials ¢ and wr?, respectively.
A systematic search for superintegrable systems in FEuclidean spaces F, was started
in 1965 [40, 63]. The integrals of motion were postulated to be second order polyno-
mials in the momenta with coefficients that were smooth functions of the coordinates.
Second order integrals were shown to be related to multiseparation of variables in
the Schrodinger or Hamilton-Jacobi equation. Integrable and superintegrable systems
with integrals that are higher order polynomials in the momenta were considered in

2, 31, 32, 33, 47, 48, 64, 65, 67, 68, 69, 77, 84, 90, 91, 92, 93, 97, 100].
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A subset of the articles quoted above was devoted to a search for superintegrable systems in
E5 with 2 integrals of order 2 and one of order N with 3 < N < 5. The order 2 ones were the
Hamiltonian H, the second order one X was chosen so as to ensure separation of variables
in Cartesian or polar coordinates, respectively. The third integral Y was of order N > 3. It
turned out that the complexity of the calculations rapidly increased as N increased and that
the obvious systematic and straight forward method became impractical for N > 5. On the
other hand for N > 3 it turned out that quantum integrable and superintegrable systems
could have different potentials than classical ones. In particular quantum superintegrable
systems allowed the existence of "exotic potentials" expressed in terms of elliptic functions ,
Painlevé transcendents and general functions having the Painlevé property.

The purpose of this paper is to further develop and apply a different method of constructing
superintegrable systems in two and more dimensions. Namely, we shall study two copies of
operator algebras in one dimension, expressed in terms of the coordinates x and y, respec-
tively and combine these two to form superintegrable systems in Es. The generalization to
n copies and to superintegrable systems in F, is immediate.

The article is organized as follows. In Section 2 we formulate the problem and show how
algebras of operators or functions in one dimension can be used to construct superintegrable
systems in two dimensions. This is done both for quantum and classical mechanics. Sections
3 is devoted to the classification of operator algebras in one dimension for operator K of
order 1 < M < 5. The same problem in classical mechanics, where H and K are functions
on a two dimensional phase space is solved in Section 4. The superintegrable classical and
quantum systems in Fy are presented in Section 5. Section 6 is devoted to conclusion and a

summary of results.

4.2. The general method

Let us consider a Hamiltonian in a one dimensional Euclidean space F;

_ Py (4.2.1)

H, 5

where x is a space coordinate. In classical mechanics p, is the momentum canonically

conjugate to x and in quantum mechanics we have p, = —ih0,.
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Let us also consider the polynomial
M -
K=Y f(@)ph, (1.2.2)
5=0

where fy(z) # 0, and f;(x) are smooth functions.

Both in quantum and in classical mechanics we can consider the Lie algebra
[Hl,Kl] :OéKl‘i‘BHl—i—’}/l, [Hl,l] = [Kl,l] :0, (423)

where [.,.] is the Lie bracket , or the Poisson bracket, respectively and «, 8 and ~ are con-
stants. By change of basis we can reduce the algebra (4.2.3) into one of the 4 following forms

fora=0=7=0,a=0=07y#0; a=v=0,0# 0; and o # 0, respectively

[H1,K1] =0, (4.2.4a)

[H1, 0] = on, (4.2.4b)
[H1, K1 = ayHy, (4.2.4c)
[H,K1] = —an Ky, g € R\0O (4.2.4d)

where ag # 0 is a constant. We shall refer to these relations as Abelian type (a), Heisenberg
type (b), conformal type (c), and ladder type (d), respectively.

We shall call the systems {H;,K;} in one dimension "algebraic Hamiltonian systems'. The
classical case (d) of ladder and the corresponding Hamiltonian and functions K; that are
polynomials of order 3 and 4 in momentum have been studied in the references [71, 73|.
The case of order 3 of these relations has been discussed in [42]. Some of these cases have
been investigated e.g. in the case (¢) [29] and case (b) [51]. The quantum case (d) has
been studied for particular examples related with fourth and fifth Painlevé transcendents
(70, 68, 72, 104, 3, 13]. Superintegrable deformations of the harmonic oscillator and the
singular oscillator and many types of ladder operators have been studied [74, 75, 76]. The
Heisenberg type relations have been investigated in a recent paper [51]. The Abelian type (a)
has been studied by Hietarinta for third order operators and was refered to as pure quantum
integrability [53, 54]. Furthermore, for the case (a) some interesting algebraic relations have
been discussed [102, 103].

The existence of such operators K; will impose constraints on the potential V(z) and on

the coefficients f;(x) in the polynomial K;. We shall construct such systems proceeding by
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order M in the following sections, both in quantum and classical physics.
We consider a second copy of E; with the corresponding Hamiltonian Hs and operator K,

satisfying one of the relations (a),(b),(c),(d) with

N
K =3 0], (4.2.5)
5=0
Now let us consider the two-dimensional Euclidean space Ey with the Hamiltonian
1
H = Hy + Hy, = 5(p; +p,) + Vi(2) + Va(y). (4.2.6)

This Hamiltonian is obviously integrable because it allows the separation of variables in

Cartesian coordinates, i.e. it allows an independent second order integral
A - K1 - KQ, (427)

where K7 and K5 are second order Abelian type operators.

We will use operators Ky, Ky of (4.2.2) and (4.2.5) to generate integrals of motion K in
E,. We denote (.,.) where u,v = a,b,c,d and refer that in z axis 1D Hamiltonian allow
operator type u and in the y axis the 1D Hamiltonian allow operator of type v. The possible
combinations are

I.(a,a):

Obviously, any linear combination
K = ClKl + C2K2 (428)

satisfies [H,K] = 0 and is hence an integral of motion. The interesting point is that in
the case (a) , Hy and K; in E; can not be polynomially independent, however in Fj the
operators H, and K can be. The case of (4.2.6) and (4.2.7) is a trivial example. For higher
order operators we shall produce nontrivial examples below.
I1.(b,b):
The operator

K=K — o1 Ky (4.2.9)

will commute with H.

I1.(¢,b):

An integral of motion is K = as K| — a1 H1 K.
IV.(d,d):
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The case (d) is somewhat more complicated. We change notations slightly and introduce an
operator KlT adjoint to K.
K =Ky, Kl = (K7)T. (4.2.10)

We now have
[HlyKl_] = —Olel_

[H K] = au K]
ka
KK =Y a,H} (4.2.11)
n=0
The fact that K I K7 is a polynomial in H; follows from the commutation relation
[H) K{K7] =0 [8].

The same relations are introduced for Hy, K5 and K; In E5 we have
[Hy + Hy, (K})"(K3)"] = (may — naw)(K])" (K5 )" (4.2.12)

To obtain an integral of motion we impose a rationality constraint on «; and as, namely

aq n

@ = (4.2.13)
With this constraint
K = (K)"(K3)" = (K™ (K3)" (4.2.14)
are all integrals of motion and K is the lowest order polynomial amongst them.
V.(c,c):
The integral of motion in this case is
K =ayHy Ky — ay H Ky (4.2.15)

Other possible combinations are
VI.(a,d):
An integral of motion is K; + Ky Kg . However since K;KQ_ is a polynomial in Hy, this

integral is trivial ( a polynomial in Hy and Hs).
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Case | Type | Integral type K Order of K

1 (a,a) | polynomial K+ K, max(ky,ks)

2 (b,b) | polynomial oKy — o1 Ky max(ky,ks)

3 (c,b) | polynomial as K — a1 H1 Ko max(ky,ks + 2)

4 (d,d) | polynomial (KDY™(K5)" — (K7)™(KD™ | (mky +nky — 1)

5 (c,c) | polynomial aoHo Ky — o H K, max (ki + 2,ky + 2)
6 (a,d) | polynomial K, — Ky K} max(ky,2ks)

7 (b,d) | non polynomial gla K1 Ky -

8 (c,d) | non polynomial elm K1 K -

Tab. 4.1. Integrals of motion in Fy

In Table 1, ky = order(K;) and ky = order(K3). For the operator of type (d), setting
K, = Ky, we have [H,K{] = +a,K;". Also in the case 4, ma; = nas = \.

Let us consider A as the second order integral of motion introduced in (4.2.7) and B as
the Mth order one. In the classical case, the polynomial Poisson algebra P,,, generated by

functions A and B has Poisson bracket given by

{A,B}, = C,{A,C}, = R(A,B,H),{B,C}, = S(A.B,H). (4.2.16)

The polynomial Lie algebra, £j;, which is the Mth order analogue of the classical Poisson

algebra P,;, has bracket operation given by

with further constraints on parameters from the Jacobi identity. Further information on the
algebra is given in Table 2.
In this article we pursue the case where B is a polynomial. The cases 7 and 8 of table 1 will

be treated in a separate article.
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Case | Type | R(A,B,H) | S(A,B,H) R(A,B,H) | S(A,B,H)

1 (a,a) | 0O 0 0 0

2 (b,b) | 0 0 0 0

3 (c,b) |0 K(H 4 A) 0 k(H + A)
4 (d,d) | —4N’B T(AH) 4N’B T(AH)

5 (c,e) |0 SA(H? - A%) |0 SA(H? — A%)
6 (a,d) | O 0 0 0

7 (b,d) | —4a2B |0 - -

8 (c,d) | —4auB |0 - ]

Tab. 4.2. Polynomial algebra

In Table 2, kK = a2a? and

1(aH) = wp( Ay ey (e E A p A (A PR,
_—QHQ [; 1;1_<m—@)041)ﬁ5([2{—;1+ja2)

with KlJrKf = P<Hl)7 and {KfaKf} = Q(Hl)

4.3. Classification of quantum algebraic systems in one dimension

We consider the one dimensional Hamiltonian (4.2.1) and the Mth order operator K; (4.2.2)
and their Lie bracket [H;,K7].
Once [H;,K7] is chosen to be equal to 0, vy, ay Hy or —a K as in (4.2.4) this will provide us
with determining equations for the potential V' (z) and the coeflicients f;(z), 0 < j < M in
the operator K.
Using p, = —thd, = —ihD we obtain the following operator of order M + 1.

B2 M M

-1
[H, K| = —— Z YD+ 2f/ DY) = Y (=) £ > Clv I D (4.3.1)
=1 7=0
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where C’f are the Newton binomial coefficients.
In order to obtain the determining equations for arbitrary M we must reorder the double

summation in the second term in (4.3.1). We obtain

M+1
(H\, K\ =Y Z D' (4.3.2)
1=0
with
Iner = (—iR)MT2f, (4.3.3a)
h2
Iy = —5(—i7i)M_1(2f§\4_1 —ihfyp), (4.3.3b)
Z——E—hblz’—h”-M —ih) f;,CIVUTD 1<l < M~ 1 4.3.3
1= 2(2)<fl71 ihf") ;(Z)fjl y LS ES ) (4.3.3¢)
j=lt1
h2 M ) ]
ZF:PE”—§]—myﬁwﬁ (4.3.3d)
j=1
The determining equations for arbitrary M > 1 are as follows.
Case(a):
We have

Z,=0,0<1<M+1.

In particular equations (4.3.3a) and (4.3.3b) imply fi, = 0, fi,_; = 0. Equations (4.3.3c)
provide expressions for f;" in terms of the potential V' (z) and its derivatives for = 0,...,M —1.
Substituting f; into (4.3.3d) we obtain a nonlinear ODE for the potential V' (z),

Case(b):

The determining equations are

Zo=a1, 2, =0,1<1<M+1. (4.3.4)

Hence the functions f;, 0 < I < M are the same as in case (a) but the equation for the
potential V(z) is modified.
Case(c):

This case arises for M > 2. The determining equations are

Z,=0,1#0,2 (4.3.5)

h
ZO = 041V(l')7 ZQ == —0415.
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Again, equation (4.3.3d) provides an ODE for V(x).
Case(d):

The determining equations are

ZM+1 = O, Zl = Oélfl, 0 S l S M. (436)

In this article we concentrate on the cases 1 < M < 5 but it is clear that one can proceed
iteratively for any given M.
Let us now solve the determining equations for 1 < M < 5.

The notation used below is V.  where v = a,b,c,d refers to the four different cases in

™M

equation (4.2.4) and M = 1,2,...,5 refers to the order of K as a differential operator.
We note that in all cases the determining equations (4.3.3a) imply f,, = k a constant and
we can normalize fy; = 1. We also note that in all cases we can add arbitrary powers of H

to the operator K. We shall omit case when V'(z) is constant ( e.g. V,,).

I. Operator of type (a):
Vo, =V, (4.3.7)
Koy = p; + Bpe +2V.
Vo, = W20, fo = B, f1 = 3R%p, (4.3.8)
Koy = p + Bp; + 3 ops + 28h%p — giﬁ?’@’-
where p(z) is the Weierstrass elliptic function. In the case fo = 0 the solution for V, is
Vi) = =2+ O, (439

22’ x
Vo, = R, (4.3.10)
Kuy = ph o+ 93 + AV + BBV — 4ifV)p2 + (—SihBV’ — 8V7)
Vas =V, (4.3.11)

15 25 15
Kas = pi + 5Pi + 5Vpi + (—?@hv/ + 4ﬁV)pi + (_thvl/ . 41571‘// + ?VQ)px

1 1
+ 85@'713\/(3) — 28RV — ;ihVV’ +45V2,
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V satisfies in

RAVW 202V V" — 10R2V"? 4 40V3 = 0 (4.3.12)
Setting V = h?U, we get
UW —20U0U" — 10U 4 40U° = 0 (4.3.13)

This equation is a special autonomous case of the equation F-V, in [22, p42]. It has the
Painlevé property and it is solvable in terms of hyperelliptic functions. The solution can be

written as

1

where u;(x) and uy(x) are defined by inversion of the hyperelliptic integrals

dt
= (4.3.15)

/u1($) dt +/u2($) —
o L JP{t) e JP@)

ui(®) ¢ dt u2(z) ¢ dt
/ + / =r+ k’4,
> t) e yP()

with P(t) = t° + 32kt + ks, where ki and ky are constants of integration.

3

The functions u; and us are not meromorphic separately, each having movable quadratic

branch points, however the solution U is globally meromorphic.

II. Operator of type (b):

Vi, = 2 (4.3.16)
h
Kbl =p. + 0.
o)
Vo, = —B—%x, (4.3.17)
Ky, = p; + Bps +2V.
Vi, =V, f2=10, (4.3.18)
3
Ky, = 1 + (i + 3Vpe + 261V — SV,
where V' satisfies in the following first Painlevé equation
6 2 4061
V"= ﬁv T (4.3.19)
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and thus

o/4
V(z) = RPwiPr(wiz), w = hal. (4.3.20)
Vo, =V, (4.3.21)
3
Ky, = pi + PP +4VDL + 36V — 4RV — 20V — ChpV! 4 4V,
where V' satisfies the first Painlevé equation
6 4&1
V' = V —
+ h?’ﬁ
with the solution
4
V(z) = hPwiPr(wir), wy = ¢ hgﬁl' (4.3.22)
Vi, =V, (4.3.23)
5 4 3 15 . ! 2 25 2y/1 / 15 2
Ky, = p, + Bp, +5Vp, + (—?th + 48V )p; + (_Zh V" — 48RV + V )Pz
15 .. 15
+§mwhmww—5mV+ww.
The potential V' satisfies
16
HV@ —20R2VV" — 102V + 40V + ?xzu (4.3.24)
Setting V = h?U, we get
16
U@ — 2000 — 10U + 40U + —% = 0 (4.3.25)

BT
This equation is also a special case of the equation F-V in [22, p42]. The exact solution of
it is not known and it is possible that its solution cannot be expressed in terms of classical

transcendents nor one of the original Painlevé transcendents.

ITI. Operator of type (c):

g
_p2 ﬂ
KCQ - pm + 2h$pz +
V., =V, (4.3.27)

1
Koy =D+ Bpo+ BV + —x

3
28V — —hV".
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Qg

Setting V = h?U — %x, U(x) is the solution of the following equation

2h
U® = 1200" — 4%33U’ . 2;;1
It admits the following first integral
V" — U™ — 8U° + 4%xU2 =k

where k is the integration constant. For k = 0, by the change of variables

1 1
xzxX,U:)\2W2, )\:E\S/O{_l,

we get a special case of the second Painlevé equation
W" —2W?3 — XW =0

Therefore, the solution for V' (z) is

V(z) = —af P} — %$'

with P2 = PQ(% V Oéll').

For k # 0, by the following transformation
B3
r=AX, U=V—-kNW; \= Sﬁ
1

we transform (4.3.28) to

1
— ANV —ENW? — XW — —
gy TANVRA 2W

12
"

w

which is Ince-XXXIV (Ince, p.340) with the solution
1
20V —kXN2W = Py + Py + §X
where P, satisfies the second Painlevé equation

1
P} = 2P} + X Py — 20>V —k\2 — 3

The solution for V is
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(4.3.28)

(4.3.29)

(4.3.30)



for P2 PQ({;/ 201 )

Ve =V, (4.3.31)
K., = pl+ Bp +4Vp? + (—4hV' + 38V + %w) — 2RV — 5hV’ +4V2,
For 8 =0,V = % and for 8 # 0, setting V = r?U — a0, U(z) is the solution of the
following equation
2
U@ — 12007 4+ 1207 4 22 gp 4 29

Bh3 35%h0
which is again a special case of equation F-I [24]. Its solution can be expressed in terms of

the second Painlevé transcendent.

Vo, =V, (4.3.32)
15 . / 2 25 2y 1 ! 15 2
K., =p>+ Bpt+5VpE + (- ?mv +48V)pi + (_Zh V" — 4RV + V 2h )Py
15
+ h3 — 2BR*V" — hVV’ +48V2.
The potential V' satisfies
RV — 2BV VS — 40P V'V 4+ 1200V 2V + 8ay 2V’ 4 1604V = 0 (4.3.33)
Setting V = hPU(X), X = h%z, we get
80(1X 160&1
5 3 2 _
U® — 200U + 120020 — 40U'U" + oE U+ 5 U =0 (4.3.34)

This equation is Fif-III in [22, p25,eq 2.71] and it has the Painlevé property. A first integral
of it is
2uu” —u? —8Uu + k=0

where u = U" — 6U? ?‘{‘;X
When k = 0, a particular solution of (4.3.34) can be obtained by setting v = 0. This solution
is U = Py, where Pr(X) satisfies the Painlevé first equation

P/ =6P? + 4ﬁx (4.3.35)

IV. Operator of type (d):
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‘/dl = 27712 )
a
Kd1 Pz glx
ar” o 5
Va g2t + 2
2
Kd2_px_€ x—ﬁx +ﬁ
Vds = V(l’),
2 3
aq o h 3h 5 aq
Ky =p° — —ap> + 3V — 2%, + (V) — ZVV' — (Ch— —a?
Setting V = h*U(z) + %5a% — 2 U is the solution of
4o, 8ar 2 8oy
4) _ 1 7 1 r 1 N 1 2
U® =120U0" + 12U = xU = U T
which is a special case of equation F-I [24]. The solution for V' (z) is
202 a? a;  R?
V(x) = e Py + ?;(Pf +aPy) + 2—7;291:2 + (e — 1)3 — Ekl’
where € = +1 and Py satisfies the fourth Painlevé equation
(P)?  6af 5 8af ., 207 , ks

ki and ko are integration constants.

2.2
— 4V —
pPet 2h?

K, :pi— )p?g+f1px+f0-

setting u(z) = [ Vdz, we get

)

(4.3.36)

(4.3.37)

(4.3.38)

V’Jroﬁa:

2h )

(4.3.39)

(4.3.40)

(4.3.41)

(4.3.42)

£ = _xoz% a3 _au 3zaqu’ At
YTo2n T 6B h ’
i ol o2 o2 3
fo= —277;2562 + 24;14I4 - h—;xu + (az — hf;aﬁ)u' + 4u? — ialxu” — 2h%u".

thus u(z) is the solution of the following equation
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33zt afx®  4a22?

—) _
0 o s S T 3

u + 2u? — 2R%u — 6oz’ (4.3.43)

202!
3h?

+ u’—4xuu'—6x2 l2+2h2ZL’UN+FL2 2 u™

By the following transformation

o,z 3R —9a1ha® + afa?
A= U= ot 481
we transform (4.3.43) to
o2
X2U®) = —o(U'(3XU’ — 2U) — h4X(XU’ U) + kX + k) — XU, (4.3.44)

7a? —4k—3q; h2
1 kQ — 1

where ky = —5z57, 12874

. The equation (4.3.44) is a special case of the Chazy class
I equation. It admits the first integral

Oé2

16A4

XU = —4(U*(XU' - U) — (XU = U’ + k(XU = U) + koU' + k3)  (4.3.45)

where k3 is the integration constant. The equation is the canonical form SD-I.b. The solution

is

11, XP, ) 1 P+ 1 X?2P;
=—(— —FB) = (1—=V2\)(Ps—1)—2 X 20
iy p B =)~ 257 Ps TRt (P5—1)2)’
X P(Po—1), B P—1 1. P 1
I P/ o /2 2 - X =
u APy (Ps — 1)( 5 A e 5 N TR LA i
(4.3.46)
where P; = Ps(2?), satisfies the fifth Painlevé equation
1 1 1 (P — 1)? 3 Ps  _Py(Ps+1)
P! = PP — —p 4+ 2 (\P — + 00— 4.3.47
5 (2P5+P5_1>5 XS X ( 5+P5)+7X+ P5—1 ) ( )
with
9 4 1,1 VN2 1 1 VN
oy = =8h°0, k1 = — 4(47 +280 —0(1 — V2A) )ak2=—1(57+§7(1— 2X0)7),
1
by = — (31~ VIX ~28) ~ 8((1 — VIV + 28)°).
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The solution for the potential is

; (P — 1)(V2X 4+ A(2Ps — 1) + Jf)

5

o
|
—_

|

P2 a2 (2P—1) P 312

245 1 5 5 /
~2ip - —2VINPL) + S

i Bt B )+ i

(4.3.48)

We could also choose the values of k;,i = 1,2,3 in a way to have (4.3.47) with the following

parameter values:

BQ
A:—B:§,7:0,5:2A27A0.
we can then reduce the fifth Painlevé equation with such parameters to a third Painlevé

equation [49, Thm 34.3(p.170),Thm 41.2(p.208), Thm 41.5(p.210)]. Hence in this case we

can obtain a solution in terms of third Painlevé transcendent.

Vi =V, (4.3.49)

2
« «
Ty + (=5 t® + 5V + fopd + fipe + o

Koy = pz - 2h2

setting u(z) = [ Vdz, we get

2 3
of ay 5 o 4oy, 15,
_ _ 4 L = = _ 7h
A = Ky 2 iy L SLL
adr? o a? 3a? 15 25
fi=— 21?12 24%4x4 — h—;xu + aqu’ — Zfi; 22 + ?ua — doqzu” — Zh2u(3),
1
fo (—3h%u® + 1140y Bu™ + 60RSu®u’ + 1208w — 62h 2 u® + 482K zu'® — 9602 K"

- 480&1h3
— 648 Atu'u" — 360R*Mu*u” + 84 hPa*u” 4 48aihrun” + 960c hiru + T2ai A a*u/u” + 240 P
+ 36ath’r — 2afz*u” — 4ad2?).

(4.3.50)
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and
910 (zul® — u®) + 1875z (—107121/ + ajzr? — 4a1h2) u®
+ 1® (—360R%2u” + 180K’ + 1260327 + 7201 h2) ul®) + 90K u"™
+ (1080A°zu’ + 8640 Kz’ — 21603 K 2™y’ — 1440ih'au + 6aih?a” — 14403h'a® + 28807 h0z)
— 360h°%u" — 4320 A% — 46802 h*2*u? — 144aih*zun’ — 28802 hou’ — 43208t/
+ 420 Rt 4 7203 h*? + 48tk rPu — 90a i hte? + 36a0R% 2t — al2® =0
(4.3.51)

This equation passes the Painlevé test. Substituting the Laurent series
U= Z di(x — xo)HPa do # 0,
k=0
in (4.3.51), we find p = —1. The resonances are r = 1,2,5,6,8 and we obtain dy = —h?. The
constants dy, ds, ds, dg and dg are arbitrary, as they should be.

4.4. Classification of classical algebraic systems in one dimension

We consider the Hamiltonian (4.2.1) and polynomial K; (4.2.2) in classical mechanics and
require that they satisfy one of the equations (4.2.4) where [H,K;| = {H,K,}pp is now a
Poisson bracket.

Instead of (4.3.2) we now have

M+1

{H\,Ki}ps = > Zi(x)p, (4.4.1)
=0

with
Zo=HV, Zi=(0+1)fi V' = fi )1 <I<M—=1,Zy =—fy_1, Zyus1 = —fry- (44.2)

For all the algebras in (4.2.4) we obtain f); = k a constant, so we can set fj; = 1.

I. Polynomial of type (a):

We have 7, = 0,0 < [ < M and the result is trivial. In the case that K is of order 1,3
and 5 we get a constant potential. For K; of order 2 and 4, the only function of  and p,
that Poisson commutes with the Hamiltonian is a function of H; itself. In particular the
polynomial K is any polynomial in H. For all M we find that either V' is constant or K is

a polynomial in H.
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Notice that this is quite different from the quantum case (4.3.7,...,4.3.15) where we obtain
potentials expressed in terms of nonlinear special functions having the Painlevé property.
The types (b), (c) and (d) are more interesting and provide specific potentials that will
generate superintegrable systems in Fs.

II. Polynomial of type (b):

The determining equations in this case are
flV' =, f]/\/lfl = O, (443)
I+0)finV'—fl,=01<1<M-1,

The determining equations in this case were already solved by Giingér et al [51]. For

completeness we reproduce some of their results in our notations.

Vo, = g, (4.4.4)
Kb1 = Pz + B

«
Viy = Fla: (4.4.5)

Kb2 = 2H1 —|— Bpx

2
Viy = q/%x; e==+1; (4.4.6)

2
Vi, = €4/ ;gx; e = =1, (4.4.7)

Kb4 = 4[—[12 + 25pr1 + 5Vp:c

2
Vi, = f/%x, (4.4.8)

3

IT1. Polynomial of type (c):
The determining equations are

flvl — OZlV, 3f3V/ _ f{ — %7 f]/W—l — 07 M # 2’ (449)

2
I+ 1) fraV' — fi =0,1<I<M—1,14#2.
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The case when K is a first order polynomial does not exist. The solutions for 2 < M <5

are

Vo = 5.
K., =2H, — %xpx.

Vo, =V, (anx — 2V)*V = ¢,

Ko, = pi + Bpl + (3V — %w)px +28V.

Vo, =V (ax —2BV)?*V =¢,

K., = ph+ Bpl + 4Vp2 + (38V — %x)p:c AV,

Vo, =V (ayx —3V?)*V =,

15 anq

Key = pb 4 Bps + 5Vp2 + 48Vp2 + (= V? — —a)p, + 48V2

2 2

IV. Polynomial of type (d):

In this case we define polynomial ladder operators as
M
Ki =3 fil,
1=0
where f; = cg;, with

Fi forl even
CcC =

1 forlodd
and they satisfy the algebraic relations
{H, K} = +ia KT
The determining equations are
V' = argo, ghry = (=DM g,

I+ 1D)gV' —g = —a1g, 1 <I<M-—1.
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(4.4.12)

(4.4.13)

(4.4.14)

(4.4.15)
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Their solutions are

Va, = , (4.4.17)

Kdl = Pz + a1T.

2
1T
Vis = "o+ % (4.4.18)

2

Q
Ky, = pi —a1xp, + 2V — ?11'2.

Va, =V, (4.4.19)
2 2,2 %
Kg, = pj + onzp} + (3V — &552)20::: - (le-
2 20[1
The potential V' satisfies
24xVV' — 4aiz® V' — 12V — 12a72*V + ajz* + 4d = 0. (4.4.20)

It admits the following first integral

8

15 3
oVt — 14a22°V? 4 (— 5 ajrt —6d)V? — 20zfx2(40/11 t )V +( L8 4 da 1zt +d*) =0.

16
(4.4.21)
Vi, =V, (4.4.22)
o o3 o3
Ky, = pt — aqgap® + (4u’ — ?1x2)p,2C + (le?’ — oqu — 3aqau)p, + (les —u — 3zu’)u”
where u(z) = [ Vdx and u satisfies
212 Lgasr o 293 aja’

3zu" + 2zuu’ — FUTU — U~ goTy + = + ki + ko =0. (4.4.23)
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Also using (4.2.11) we find that V' (z) satisfies the following 5th order algebraic equation

0= —32022%V° + (128d + 17atzH)V* 4.4.24
1 1

7a82° W

256¢*  256¢d 4 4 1lafa®
+ (—40d* + 352¢ + ot T a2y + 32caiaz® + 3dajxt + 5 &
+ (—16¢d — 128¢d? _ 512ce 256¢*  64d®  256de B aiomm)v
afx? ajrt  adx? afr? ala? 64
16d*  128d*e  256e*  64cd*>  256ce
64¢” + 4d”> — 112d -
s et afrt  ajxt afrt  alx?  afa?
3 17 1 1212
— 8cdaizr® + d2a1x + ?eo/ffl — 40@%6 + @doz8 ® a410£3):6 .
1 1
fa=—aix, fo = (—§a%x2 +4V), f1 = (16d + afx* +8fy — 16022*V — 32V?),
a1 T
fo=(V—16e + 16¢V — 16dV2 + 16V4).
Va, =V, (4.4.25)
r_ Cﬁ 1 3

Ky = pfc + alxpi + (bu lxz)pi + (dagau’ + ayu — 6a1x3)p§

1
24(1801/2 36032y’ — 24aizu + afrt)p,

+ (afz* — 24a3zu — 36027’ + 180u?)u”

24@1

where u(x) = [ Vdzr and u satisfies

(afzt — 24a3zu — 36air*u’ + 180u)zu” — 60U — 782 x*u? — 24airun’ + Tatz

(4.4.26)

1
+ 1202u® + 8afziu — éalxﬁ =0

We could also use (4.2.11) to get an algebraic equation for V', but it is not very illuminating.

The solutions for Hy, and Hy, are presented in [71, 73].
The list of Hamiltonians reduces to Hy,, = H,,, Hq,, He,, Hy,, Hoy = H,,, Hy, = Hy,,
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HC HC47 Hd37 Hd47 Ha5; Hb57 HC57 Hd5'

3 prm—

4.5. Classification of superintegrable systems up to fifth order in-

tegrals:quantum and classical systems

In Section 3 we classified all quantum algebraic systems in one dimension with M satisfying
1 < M < 5. Here we shall use 2 copies of these algebras Hy, K1 and Hy, K5 to construct two
dimensional superintegrable systems as described in Section 2 and Table 1.

In table 2, column 1 gives the order of the operator K in the two dimensional systems. In
column 2 all entries have the form (z;,w;). The letters z and w run through the type a,b,c,d
as in (4.2.4) with z referring to the x variable and w to the y. The indices ¢ and j correspond

to the orders of the corresponding operators K; and K, and run between 1 and 5.
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ordor of | type | (enon) order of |type | (aq,a0)
integrals
integrals
o (az,as)
1 (blabl) (041;042) (a a)
(d17d1> (O[,Oé)
(b17b5) (0517062)
2 (dl,d1> (OC,QCK)
(b3,b5) (0417042)
(d17d2> (Oé,CY)
5 19 (b5,b5) (0417042)
3 (ag,ag) (h,h)
(03,03) (0417042)
(53,173) (041,042)
(02a03> (aly&Q)
(51,53) (041,042)
(CQab?)) (alv&Q)
(027b1) (061,042)
(c3,b3) | (Q1,00)
(637b1> (Oél,OéQ)
(05,51) (04170@)
(dy,d3) | (a,)
(05,53) (041,042)
(dl,d2> (047204)
(d5ad1) (04705)
(d27d2> (Oé,Oé)
(d4>d2) (@704)
(dl,dl> (a,Sa)
(d3,d3) | (o)
4 (d1,dv) | (ov,)
(d2,d2) | (ov,20v)
(d3,dz) | (o)
(dl,d4) (Oé,20[)
(dl,dg> (047204)
(dl,dg) (06,304)
(d17d2> (Oé,?)()&)&(20[704)
(dladQ) (06,404)&((1,0[)
(dladl) (&7404)&(2@730[)
(dlydl) (0675(1/)&(0[,2(){)&(06760

Tab. 4.3. Classification of superintegrable systems

These systems can however admit lower order integrals of motion as this construction
does not necessarily provide integrals of the lowest order. As an example for one of the
Smorodinsky-Winternitz potential the ladder operators lead to an integral of order 3 that is
in fact the commutation of two integrals of order 2. The same phenomena occurs for some
of the Gravel potentials.

The potential (Q.10) in Gravel’s list can be obtained by (dz,d2) construction of 8th order
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integral with (aj,a0) = (a,3a). The potentials Q1,Q3,Q3 and Qi in [77] are the cases
(dy,d3),(co,c3),(c2,b3) and (as,as) respectively.

Thus all Smorodinsky-Winternitz, Gravel, fourth and fifth order ones are reducible, i.e.
they can be constructed from one-dimensional algebraic Hamiltonian systems.

Let us present the list of obtained quantum superintegrable systems.

Quantum superintegrable system:

Jauch.Hill potentials:

These anisotropic harmonic oscillator potentials have the form V = w?(na? + my?) where n

and m are two mutually prime positive integers [55].

(dl,dl) .

2
8]
ﬁ(lﬂ + 4y?),

K = (K](Ky) = (K0)P(KD) = (ype — 2o

Vv

252
K = (K] (Ky) = (K7)Y(K3) = (apy — ypa )3

<
I

(z* + 9y°)

1
V= ﬁ(aif + ozij),
(on,00) = (vda) : K = (KK ) — (K7 (K3) = (xpy — ypa)p5-

(o1,02) = (20,30) © K = (K])*(K7)? — (K7)*(K3)? = (apy — yps)D2py-

(an,00) = (@v,0) © K = (K])*(K3)® — (K7)*(K3)® = (ap, — yp.)p2p2.
(an,02) = (@,20) © K = (K])"(K5)? — (K7)"(K3)? = (2py — yp.)py-
(a1,00) = (a,5a) © K = (K])*(Ky) — (K7)*(K3) = (xp, — ypa)p}.

All values of n and m can be obtained in this manner. The £ in the denominator of V' has

no meaning since we can have a? = nh?, a3 = mh?.

Smorodinsky-Winternitz potentials:
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The original multiseparable potentials in Ey were

20,2 2 p Y
Viwy) = (@ +y) + 5 + 7 (4.5.1)
that is separable in Cartesian, polar and elliptic coordinates, and
Y
V(ey) = +45) + (45.2)

that is separable in Cartesian and parabolic coordinates.

Both allow second order integrals of motion [40, 63]. These, plus two further ones, not allow-
ing separation in Cartesian coordinates, were later called Smorodinsky-Winternitz potentials
(34, 35, 36, 50]. For w = 0 "degenerate" form of the Smorodinsky-Winternitz potentials

exist, such as

B v

Vi(xy) = ay + ol " (4.5.3)

In the present approach the potentials (4.5.1) and (4.5.2) are built into infinite sets of po-
tentials generalizing the Smorodinsky-Winternitz potentials both in classical and quantum

mechanics. They occur when we consider the cases (dy,ds) and (dg,ds).

V =w?(n’2® + m*y?) + % + 12, (4.5.4)
z2 y
K = (K)™(Ky)" — (K;)™(K})" (4.5.5)

Taking m =n > 1, w # 0, 8 # 0 and v # 0, we obtain the potential (4.5.1) separable in
polar coordinates. Taking m = 2n, 5 = 0 we obtain (4.5.2). The pair (d;,ds) provides (4.5.4)
with 8 = 0. The degenerate one (4.5.3) is obtained as (c2,b1).

Elliptic and hyperelliptic function potentials:

(as,a3) :

V =1 (p(x) + p(y)),

K=K, + K,.

(as,as):

V =nRp(z)+Rg(y), K = K + K,
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(as,as):

V =R (f(z) +g(v)), K = K1 + K>

where f(z) and g(y) are hyperelliptic functions satisfying equation (4.3.13) and are defined
in (4.3.14).

Potentials in terms of the first Painlevé transcendent:

(b3,b3) :
V = 0*(wiPr + w3 Pr),
K =ay K| — a1 Ks.
(b1,b3) :
V= %az + R (W2Py),
K =aK; — a1 K.
(€o,b3):

V= fQ + hQWSP]((Ugy), Wo =

\5/ 41'()42

7 y K= OCQKl — OélHlKQ.

Potentials in terms of the second Painlevé transcendent:

(Cg,bl) .
2 o Q 1
V=—ajP?— Q—%x + #y, P = Pg(ﬁ /o)
and
FLQ 2 (0%} 3 201
VZE(EPQ/‘FPQ)"‘%y,PQ:PQ( FZE),
3 Q1 o
K = oKy — a1 Hi Ky = agp), — ?pxpy-
(cs,c3):

1
V= R(f(x) + g(y) - Th(alx +agy), K = agHy Ky — an Hi Ky = (0aps — aapy)pip;.
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(co,c3):

g

2

a
Vv + 1*g(y) — 2727% K = ayHy Ky — a1 Hi K.

(Cg,bg)l

\5/ 4i0&2

V = f(2) + R Prlay), wy =

K =K — o1 H Ky

where f(z) and g(y) satisfy equation (4.3.28).

Potentials in terms of the fourth Painlevé transcendent:

(dl,d?,)i
o’ 5 207, N/ 7— -
V= 5@ +97) +eali+ S (PE+ Py, K = (K)(Ky) = (K7)(K),
(dg,dg)i
2 2
a 2 2 6 204 2
V= @(435 +y°) + " +eaP; + F(P‘l + xPy),
K = (K{)(Ky) = (K7 )(K)) = (ap, — yp.)o2p,-
(dl,dg)Z
o’ 2 2 , , 8a? 2 N2/ — N2/ -t 2
o’ 2 2 / 18a? 2 N3/ — —\3/ -1 2.2
V= QT‘L2($ +9y )+ Sealy + B2 (P4 +yP4), K= (Kl) (KQ ) - (K1 ) (Kz) = (Ipy - ypz)pmpy
(d37d3):

V = f2) +g(y). K = (K)(Ky) — (K7)(K) = (29, — ypa)0ip;

where f(x) and g(y) are given in (4.3.39) and oy = ap = av.

Potentials in terms of the fifth Painlevé transcendent:
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(d4,d1)2

V= 2( +4 )+3h2+h2( 7 1(P—1)(\/_+A(2P—1) 5)
8h2 YT g2 P12\ 5 2
P2 o (2P5—1) P ,
+ 7 5p, g’ (Ps—12 P;—1 -~ 2V2F),
K = (K{)(K5) = (K7)(KY) = (2p, — yp.)p}
(d47d2):
2
_ 9 2 on” ﬁ 2 1 _ - B
V=g +y)—|—8 +y2+h(P5_1 — (P —1)(V2A+ \2P; — 1) + P5>
P2 o (2Ps—1) P
215 % 5 N 5 /
TUGE T m o T B 2VIAF),
K =(K)(Ky) = (K7 )(K3) = (xpy — ypa)pipy-
(dy,dy):
o? 3R, 1 B
Ve=gm@ +v)+ gz th (P5—1 S =DV AR = 1) + 5
P2 o2 _ (2Ps—1) P
2/°5 = 5 . 5 /
G a1 T B 2V/2)0F)

K =(K{)*(Ky) — (K7)*(K3) = (2py — yps)papl.

Potentials satisfying higher order nonlinear equations passing the Painlevé test:

(bl,b5>1
&3]
V= Ew +9(y), K = asK; — a1 Ko,
(63,65)2
N
V = th%PI(wlw) +9(y), wy = . L

K= Cygl{i — Ckll(é.
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(bs,bs5):

V = f(CC) + g(y), K= OégKl — OélKQ.

where f(z) and g(y) satisfy equation (4.3.24).
(ds,d1):

2
a _ -
V= @)+ it K = (D) — (7)) =
where F(x) = [ fdx satisfies equation (4.3.51).

(05,61)1

V= th(h2$) + %f, K = OégKl — OélHlKg

(C5,b3)1

\5/ 4@2

V= hﬁf(th) + hzwgPI(wgy), Wy = -

y K = OéQKl — OélHlKQ

where f(X) satisfies equation (4.3.34).
Classical superintegrable system:
The systems constructed by (dy,dy), (d1,d2) and (ds,dy) are the same as in the quantum case.
Those related to (a;,a;) have no classical analog. In the approach of this article we generate

the following potentials and integrals.

(bg,bg) .

2@1 20[2

V = ¢( 3x+\/3y); e==+1,

K= O./QKl — (1/1K2.

2
V:ozlzzH—E\/gT,

K= OZQKl — OélKQ.

(bl,bg) .
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(€o,b3):

(05,61)1

V=f(z)+my, K=0K —aHi K,

(C5,b3)l

[2
V = f(l') + € % ,K: OéQKl —OlelKg

where f(x) satisfies equation

(ux —3f%)*f =c

(C3ab1) :

o

V = g(x) + any, K = ap Ky — a1 Hi Ky = asgp? — ?lpipy-
(63a63):
V =g(x)+9(y), K = asHo Ky — a1 H1 Ky = (0vaps — aapy ) p3ps;.
(ca,c3):
B
V= 22 +9(y), K = asHo Ky — o H1 K.
(C3ab3):
2&2
V =yg(x)+e 3 Y K =ayKy — a1 Hi K,

where g(x) satisfies equation

(a1r —29)%g = c
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(dy,d3) :

V= St + h(y)an = o, K = (K (K7) = (K7) (k)

(dg,dg) .
2
V = h(z) + %gﬁ + 52
K = (K)(K5) — (K7)(KY) = (ap, — ypa)p2p,.
(d1>d3) :
2
\/=E%m2+h@%az=2af¥=(KD%KE)—(KIVU@)=(ma—wmwnwi
2
V= T’ + h(y), oo = 3a, K = (K] (Ky) = (K7 (K) = (ap, — ypo)pip,
(dg,dg)l

V = h(z) + hly), K = (K{)(K5) = (K7)(K3) = (2p, — yp.)pap;

where h satisfies equations given in (4.4.20) and (4.4.21).

(dady)

V=) + O

K = (K{)(Ky) = (K7)(K3) = (wp, — ypa)pi.
(da,da):

V =k(x) + O;:gﬁ + 52

K =(K))(K5) = (K7)(K3) = (2py — yp.)pipy.
(dydy):

o2
Vv :?ﬁ + k(y), ay = 20,

K :<KD2(K2_) - (K;)Z(Kg) = (xpy - ypx)p;tpj
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where k satisfies equations (4.4.23) and (4.4.24).

(b1,bs5):
5f 20
V= ox + ?y, K = OéQKl — OélKQ,
(b3,b5)1
2051 3 2@2
V=¢l22 —
€ 3 T+ 5 Y
K= OégKl — OélKg.
(65,65)2
2 2
V= B%x—l— 3%%}(:0@[(1—041[(2.
(d5,d1)2

V= @)+ S i = (KD = (K7D =

where F(x) = [ fdx satisfies equation (4.4.26).

4.6. Conclusion

Our main conclusion is that the systematic use of quantum or classical algebraic systems
in one dimension is an efficient method of generating superintegrable systems in a two-
dimensional Euclidean space. By construction, all systems thus obtained allow the separa-
tion of variables in the Schrédinger and the Hamilton-Jacobi equation, respectively. The
algebraic systems consist of a pair (Hy,K;) where H; is a natural Hamiltonian as in (4.2.1)
and K a polynomial as in (4.2.2). The four types of algebras considered are as in (4.2.4)
and all of them should be constructed in x and y spaces independently.

Let us again run through all combinations of the type (z;,w;) where z is in z-space and w

in y-space. The subscripts give the order of the corresponding polynomial K;, [ = 1,2.
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The pair (dy,d;) with (ay, as) = w?(n,m) yields the Jauch and Hill potentials.

The pair (ds, dy) gives an infinite set of generalizations of the Smorodinsky-Winternitz po-
tentials.

Pairs of the type (a;,a;) in quantum mechanics give potentials in terms of elliptic or hyper-
elliptic functions. In classical mechanics their limit is free motion (V' = constant).

All other pairs lead to "exotic potentials" expressed in terms of Painlevé transcendents or
their generalizations that are solutions of higher order ODEs. This is true for all examples

so far considered and we conjecture that this is true for all values of 7 and j.
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