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Observe that y(1) = 0. Moreover, y(-) is nondecreasing: for s=1,..,n-1,
s+ D -y = s((s + 1) - 29(s) + ¥(s - 1)), which is non-negative by virtue of (4).
We now construct a benefit function UO as follows. First we define the function at the

points y(s) by

UOG(S)) =V(s) fors=1,..,n

Then we exiend U0 1o the whole of R, by linear interpolation:
UO(AS;(s) +(A =Y+ 1) = 1U0(§(s)) +(1-3 Uo(')?(s + 1) fors=1,..,n-1
and Ae[0, 1}, and UOG(“) +2) = Uo(i(n)) + k z for all z 2 0, where k is any number in
(0, 1/n). To see that Uo meets the criteria for a benefit function, note first that
SX() =3(1)20. By convexity - as expressed in (3) -, U0(§(s)) SUOG(S + 1)) for
s=1,..,n~ 1 Since y is nondecreasing, it follows that UO is nondecreasing (on the

whole of !R+). It is also obviously continuous.

Next, define C 10 be the identty mapping on R . This functdon is continuous,
nondecreasing, and C(0) = 0. Moreover there exists y > 0 such that nUo(y) < C(y) for

all y > because k < 1/n. For each nonempty ScN, we have
s Uyt - CHE) = sV - (=D V) +5 (s - 1) = V()
To establish that (UO, v UO‘ C) generates v, it only remains to be checked that
s Uy - COEY 2 s U - Co) fors=1....m
for all y 20. Since Uo is piecewise linear, it suffices 1o prove the above inequality for

y = (1), where t =0, ..., n. Whent= 0, the inequality reduces 10 ¥(s) 2 s ¥(1), which
holds true by convexity. It remains to be shown that

) 2 (s-t+ DV - (s -0 Ja-1 (5)



fors=1,..,nand 1=1,..,n Clearly (5) holds whenever 1 St =5 <n. To show
that (5) holds true when 1 S1Ss<n, we proceed by induction. Suppose (5) holds for
all s, tsuch that 1 St=s-k<s<n Fix sstsuchthat 1St=s-k~1<s<n We
must prove that .

v(s) 2 (k+2)V(s—k—1)—(k+1)7(s—k-2).
Rewrite this iﬁcqualfty as
v(s) 2 {‘v’(s-k—1)-”v‘(s-k-2}}+[(k+1)V(s~k—1)—k7(s~k-2)].

By the induction hypothesis, the second bracket on the right-hand side is not greater
than Y(s - 1). Therefore we need only show that

V)~ V(s =1) 2 V(s -k - 1) - ¥(s - k - 2).
But this inequality holds true because of (3). We still have 10 check that (5) holds also
when 1$s5<t1<$n. For such values of S, 1, writing k =t - s allows us 10 rewrite (5
under the form

Vs +k - 1) - ¥(s) < k-DEE+k)-Vs+k-~1). (6)

Writing the left-hand side as [V(s + k - 1) - Vis+k =2+ .. +[Vs+1) - v(s)] and
using (3) shows that (6) is true. The proof is now complete. =

A second condition ensuring that a convex game is a public-good game is that
the number of agents does not exceed three:

Proposition 2. Suppose n< 3. Then a game is convex if and only if it is a public-good
game.

Proof. Since the result is obvious if n < 2, let us assume n = 3. As the "if" part needs
no proof, fix a convex game v. For all (not necessarily distinct) 1, jeN, define the
numbers 4@ =0, u((j1) = v(liD), wON}) = V) - vN(i)), and u(N) = vON).



For each nonempty ScN, define y(S) = ZieS ui(S) - v(8). For each ieN, let
Ui(y(S)) = ui(S) for each S and extend the function Ui 1o R by linear interpolation as in

the proof of Proposition 1. Let C be the identity mapping. It is a simple matter 10
check that (U, U, U3, C) indeed gencrates v. -

3. NECESSARY AND SUFFICIENT CONDITIONS

Let v be a game. Suppose that v is generated by a public-good economy u, O.
For each nonempty coaliion S, let y(S) denote the smallest maximizer of
zie s Ui(~) - C(-) over R* and set y(@) = 0. For each ieN and ScN, define the numbers

ui(S) = Ui(y(S)) and c(8) = C(y(S)), and define the preordering! < on " by

§<S = yS)<yS) @)

Notice that this preordering is compatible with the inclusion relation: for any
S, S'cN, ScS'» S < §'. Also, the following conditions hold:

v(iS)= L u(S)~-c(S) VScN,
jes !

v(Tyz L u(S) - c(8) VS, TcN, (8)
ieT '

c(S) € ¢(T) and u.‘(S) < u.‘('I') vieN, ¥$,TcNs.t. S <T.

Conversely, suppose there exist an inclusion-compatible preordering < on A and
numbers ui(S), o(S) satisfying (8). (Note that this implies c(@) = 0, ¢(S) 2 0 for ail ScN
and ui(S) > 0 for all ieN and ScN). Then it is straightforward to define a public-good

economy that generates v. Select for each ScN a number y(8) in any way compatible
with (7) and y(@) = 0. (Note that these numbers will be non-negative). For each agent
i, let U, assume the value u.l(S) at the production level y(8) and Jet the cost function C

assume the value c(S) at that level. Then extend these mappings to R by linear

i A preordering is a complete and transitive binary relation. The binary relations < and ~ are
defined from the preordering < in the usual way.
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interpolation as in the proof of Proposition 1. We conclude that v is a public-good
game if and only if there exist an inclusion-compatible preordering < on . and

numbers ui(S) and ¢(8) for all ieN and ScN thar satisfy (8).

We must now investigate under which conditions on v and < system (8) admits a
solution (u, ¢) = (ui(S). c(S))ieN' scn- In fact, such a solution exists if and only if there
exists a vector u = “’;‘5));m, s Satisfying

Z u(S)- L u(S) < v(T)- v(S) VS, TcN,
ieT ' jes !
u, (S) < ui(T) VieN, VS, TcN s.1. § <T.

9

Necessity is obvious. To check sufficiency, fix u satisfying (9) and define
c(S)=Zies ui(S)—v(S): it is then apparent that (u, ¢} satisfes (8. It will be

convenient 1o rewrite (9) in vector form. For any TcN, denote by e(T) the
n-dimensional vector defined by ci(T) =1ifieT and ei(T) = 0 if ieN\T. For any ScN

and any n-dimensional vector x, denote by xS the n2"—dimensional vector (XS(T))TCN

defined by xS(S) =X and xS(T)-—- Oif T#S. If S#T and x, y are n-dimensional
vectors, (xs, yT) denotes the n2"-dimensional vector such that (xs, yT) (8)=x,
(xS, x‘T)(T) =y, and (xs. yT)(R) =0 for R#S,T. Using these notations, (9) is
equivalent to

(e(T) ~ &) - u < WT) - w(S) V¥STCN.S=T.
(10)
e(lin®, ~e((iDTy - u < 0 VieN, VST s S<T,S#T.

Now, by a standard separation result (e.g., Rockafellar (1970), Theorem 22.1),
system (10) admits a solution u if and only if the following conditions are satisfied: for

ll vectors a=(ag) i g, ad f= Bistien: s1en: s <T.s=1 Of

non-negative numbers such that

§Zp, BsrleM = e + L Bpletiy’ - eiph = o, ~oany
S*T égi‘
#



we have

z aST(v(T) -v(S) 20. (12)
S, T:
ST

System (11) consists of n2" equations, each one corresponding to a pair G,S)in Nx A
The equation corresponding to a given pair (i, S) reads

L_ag e - e~ T B =0.

.+ L B
T=S Tes T TS<T BT
# #

Since the first sum in this expression is worth - I‘T;i Qg when ieS and ZTai Ogr

when ieN\S, we obtain:

Lemuna. A game v is & public~good game if and only if there exists an
inclusion—compatible preordering < on A such that

z as.r(v('l') ~-v(S)H 20 12)
S.T:
ST

for all non—negative veciors @, B sarisfying the conditions

- 3 .. if S>3t
VG, S)eNx 4, T B~ I Bgr= TS O (13)
' ’ T<S iTS T>S iST ) O‘ST if Sﬁi
~ Z Tai

Inequality (12) does not involve the numbers BiST' In order to obtain a clearer

characterization result, we shall now replace sysiem (13) by a system that does not
involve the numbers ﬁiST either. To do this, we must find conditions on the numbers

Xgp that are implied by (13) 2nd conversely imply the existence of non-negative

numbers ﬁiS‘r such that (13) holds.
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[Just choose S0 =@ in (14) and So = N in (15)].

amounts 1o assuming that different coalirions desire different |

Fix ieN and some SycN. Adding up over all coalitions § 25,

the equations in
(13) that correspond 10 i, we obtain

I X B=ZL Ioa.-I Ia_.
S28,TsS, 0 S35, Tsi o7 $>S, Tai T
# Sai Sai

Since each ﬁ”.s is non-negative and since both i and SO are arbitrary, we get the
conditions

z La.< I Iag VieN, ¥S cN.
$28,Tsi T 7 535, Tsi T 0

(14)
S3i Sai

In a similar manner, adding up the equations in (13) corresponding 10 i over all § < SO
yields

- I Ba=I Ta -F Ia.,
S<8,T28, BT scs Tai ST $<S, Tai T
: S3i S3i

whence the conditions

I Ia.s I Ia VieN, VS cN .
S<§, Toi T S<S, Tai T 0

15
Sai S3i

Having deriv.ed (14) and (15) from (13), let us consider the converse direction

Let a be a non-negative vector meeting conditions (14) and (15). Note that

I Za.= I % a._ VN (16)
S3iTai ST S8iTsi ST

In order to find a non-negative vector

B such that (@, B) satisfies (13), we will use the additional assumption that the
preordering < is in fact an ordering (i.e., S ~ §' implies § = SO,

In view of (7), this

evels of the public good.



More precisely. the srallest maximizer of Zies Ui(-) - C(-) differs from the smallest
maximizer of I o, Ui(-) - C(-) whenever §# 8. We call regular a public-good
economy satisfying this condition. If < is an ordering, we can assign 10 each coalition
anindexm=1,..,M=2" soma(Q=S‘<...<Sm<Sm“<...<SM=N. Define f3

as follows: for all ieN and m = 1,...M=-11let

B - £ Loa.- X Iag. an
S Sma | S<S_Tai 5T S<S_ Tai
s3i™ s3i™

and let B =0 for all remaining pairs (S, §). Ex ression (17) is non-negative
iss P P

because of (15). Morevoer, (16) allows us to write

B. = X Y a.- L T O a8)
SpSmer S35 Tai o' S35, T ST
S3i™ s3i™

Fixing 1 S m $ M, we get for each ieN

r B - ¥ B = B - B , (19)
T<S TS, TS is T IS Sm | SpSmal
a m A

where B, = f. .= 0. Using (18) to compute B, and (17) 1o compute
S51 Smimn Sm-1%m

ﬁis s , (19) becomes

m m+l

z L a..- L e~ L L Q..+ L L O
S8, Toi o' S8 Tai ST s<s Tai ' S<S_ Toi ST
S3i S3i s3i™ S&i™

If ieS_, this expression reduces 10

ZZaST-XZa-Za = - L O
Sai Tsi S3i Tsi i



while if i€S_ it equals
m

Z Za_+ Ia ~Zza=2a,
$8iT3i ST T3 ST 531 ST T3 Sm!

in accordance with (13). We have proved:

Theorem. A game v is 8enerated by a regular public-good economy if and only if
there exists an inclusion-comparible ordering < on A such thar

SE’I‘: aST(v(T) -v(§))20
S#T

Jor all non~negative veciors o sarisfying the conditions

I Za._s ¥ L a.. and I La.,.<s % I a
$>8, Tai ST $>S,Tsi T S<S, Tri T 7 s<s Tai ST

S3i S3i S3i $3i0

Jor all ieN and SOCN.

The necessary and sufficient conditions provided in the above Lemma and
Theorem are difficult 10 interpret. They do indicate, however, that a highly strucrured
pattern of differences beiween the worths of the various coalitions is characteristic of
the public-good games. This patiem must be compatible with the classical convexity
condition (as will be shown below) but it implies many more resmictions.

4. SOME NECESSARY CONDITIONS

This section extracts from our characterization results some fairly simple
properties of public~good games and regular public-good games. We start off by
deriving from the Lemma some "two-sided"” hecessary conditions.  These are
conditions obtained by choosing two coalitions S, 8 such that § < § and choosing the

non-negative vectors q, B in the Lemma such that

@r.=0 VTe(S, $'), VT 'cN, and ﬁi’IT‘:O VieN, Y(T, T") 2 (S, §).
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System (13) then reduces 10

Tgi agr = Biss = ’Tgi ag o ifie snS',

'Tﬁi agr = Biss Tl_;-i ag o if €NN(SUS, ™
~T§i agr = Bes = _Tii ag  ifie S'\S,
& Tga agr = Bss = T§i ag g ifiES\S'

Since & P are non-negative, it follows from this system that for alli, S, 8 and T,

ﬁiSS‘>0 s 1eS\S',
Ogr 50 3 (Sn8HY cT ¢ S, 21n
Cg.p >0a3 §' ¢ T ¢ (SUS").

For each B ¢ §\§, define agg = o5 o\ and agp = Og sup: Taking account of (21),

we obtain from the last condition in (20),

%2 agy = é: agp for all i€S\S'. 22)
i€eBcS\S ieBcS\S'

Applying the Lemma yields:

Corollary 1. If v is a public-good game, then there exisis an inclusion—compatible
preordering < on A such that

T aSB(v(S) -v(SB) s Z aS,B(v(S'UB) - v(S)) (23)
BcS\S' BcS\S

for all coalitions S, S suchthat S <§ and all non-negative Vectors dg = (GSB)BCN'
and ag. = (GS’B)BCS\S' satisfying (22).
A simple way 10 satisfy (22) is to fix a set BOCS\S' and let 3y = a =1 and
0

S'B0

agy = 3gp = 0 for all BcS\S', B # BO, This yields:



Corollary 2. If v is g public-good game, then there exisis an inclusion-comparible
preordering < on A such that vS) ~ v(.S\BO) < v(S‘uBO) ~vS)forall S, §" suck thar

S <58 and aIlBoc'.S\S".

Since < is a preordering, it is a complete binary relaton. Given any two
coalitions §, §', we may therefore assume that, say, § <§. Taking BO=S\S' and

applying Corollary 2 yields v(S) + v(8) < v(3nS") + v(SUS"). Thus we recover the
result mentioned in Section 2:

Corollary 3. Ifvisa public-good game, then it is convex.

Another way 10 satisfy (22) is as follows. Let 2 and 2' be two partitions of
$\S*.  For each BcS\S', set agp = 1if Be 2, acp = 0 otherwise, and 3y =1 if Be @',

agg = 0 otherwise. We get:

Corollary 4. If v is a public-good game, then there exists an inclusion-comparible
preordering < on & such thar

I (v(S)-vSB) 5 T (v(S'UB") - v(§")
Be 2 B'e .9

Jor all S, " such thar § < $" and all partitions B, B of \S'. In particular,

v(§) ~v(SnSy ¢ T (v(8V(i}) - w(S"), and
ieS\S'

L (v(S) - v(S\(i}) < v(SUS) - v(S")
ie S\’

whenever S < §’.

The solutions to (22) studied so far all share the property that agp and a5 are

either zero or one for all BcS\S', This is by no means necessary. Indeed, (22) is met
whenever ag = (aSB)BcS\S' and ag. = (aS'B)BCS\S’ are two collections of balanced



weights (in the Bondareva-Shapley sense) for S\S'. As is well known, this does not
imply that all coordinates of ag and ag, are either zero or one.

1t should be clear that all of the above corollaries remain true if the phrase
"public~good game” is replaced with “regular public-good game” and the term
"preordcring" is replaced with "ordering”. Thus, for instance,

Corollary 1'. If v is @ regular public-good  game, then there exists an
inclusion-compatible ordering < on A such that (23) holds for all coalitions $ <5

and all non-negative veciors ag , Gq satisfying (22).

The question arises whether the two-sided necessary conditions of Corollary 1
are sufficient to ensurc that a game is generated by a regular public-good economy.
As we shall now see, this is unfortunately not the case. The argument may be adapted
10 show that the conditons of Corollary 1, do not suffice 1o guarantee that a game is a
public-good game. Fix three coalidons S < §' < $" and choose the vector & in the

Theorem such that

a.rr.=0 vTe(S, S, S"), VT 'eN. (249)

Define I =S\SUS™, ¥'= SA(SUS™), L' = S"™\(SUS), T = (SASS”, EX" = (SAS"N\S',
T = (NSNS, LT = 5nS'nS”, and 20 = N\(SuS'WS™). Note that the sets just

defined partition N.

Under (24), conditions (14) and (15) on a reduce to the following system:

I« < L d..et L Qe
Tsi ST T T S Tai S

Y Q..+ L Ceur S I «o
T ST s ST T

for all i€Z,
ST



a.,
Tsi 5T Tyi ST
for all jex,

Z.a S Xa

Tai

+ I «

T>; ST ST

for all jeZ",

for all ie XX,

Toi ST 7 1y Tai ST

Za_+ I a e £ X

Toi ST 1ap ST SO

La.. < 0 . "
Ta; S°T for all ieZX",
Z' Qa < I a

. .S
Tai Tai for all ieX's",
I <0
Tai ST
Zoa._ + X Qoo+ T oa.,.. <0 forallieZZ‘Z",
Tai ST 1 ST ;%1

IA

0 for all ieZO,
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which in turn is equivalent t0 the following conditions:

xgr > 0 » (87SNSMcTCS, (25)
Og > 0 s (SNSMcTc (5usY, (26)
Oge T 02 8'cTc (SUS'US™), (ex))
T};i o 1 = Tgi Oge for all ieX, 2%
T§i agr = T§i Qg g for all ieZZ", 29
T§i Qor = T§i (as. 1 G- T) for all ieZ, | G0
T§i (aST + O ,r) = TE% Ogn for all ieZX. 3n

We shall limit ourselves to two solutions 10 sysiem (24) - (31) that yield
nontivial properties of regular public-good games. The first solution is as follows:
define

T, = S\L¥",

1 = (SVILMH\IZ,

T, = S"ULY,

and set as.ro = 0g T, = &g T, =1, Q.= 0if (T, THe {(S. Ty . T 5", T2)}~

Check that o satisfies (24) t© (31). Applying the Theorem yields the following
necessary condition for v to be generated by a regular public~good economy:

[v(8) - v(S\EZM) + (v(8) - v((SVIZZIN £} € v(S™WEL) - v(S").



Defining TO = 5\Z, T’ =(SUD\ I, 'I‘2 = S"UL" and defining a as before yields another

necessary condition, namely:
[v(8) - v(S\)] + vV(S) - v((SUD\ I} < v(S"ULE) - v(S™).

It is not difficult 10 see that neither of these "three - sided" conditions is implied by the
two-sided conditions of Corollary 1.
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