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Sommaire

Dans cette these, nous étudions le spectre du laplacien ainsi que celui d’autres opérateurs qui
lui sont associés. Sur une variété riemannienne compacte M fermée, ou possédant un bord et

munie de conditions frontieres auto-adjointes, le laplacien a un spectre réel, discret
MM = A (M) <... /o0

ne s’accumulant qu’a l'infini, ou les A;(M) sont les nombres réels pour lesquels il existe une
solution non-triviale a I'équation
Ap+Ap =0.
Nous nous sommes particulierement intéressé au comportement asymptotique de la fonction
de compte
NA; M) :=#{A;(M) < A}.
Hermann Weyl a démontré en 1911 [80] ce qui s’appelle aujourd’hui la loi de Weyl,

Wy

Vol(M)A4/2,
o ol(M)

N(A;M)~(

ou w, est le volume de la boune unité en dimension d. Nous cherchons a déterminer la taille
de

W4
2m)9
Dans les contextes que nous avons étudiés, nous avons traduit ce probleme dans les termes de

ROA; M) := N(\; M) — Vol(M)A4/2,

la géométrie des nombres, i.e. I'étude de 'interaction entre les points de réseaux, par exemple
7%, et les ensembles convexes. Dans le premier chapitre, nous décrivons précisément les pro-
blémes a’étude ainsi que les liens qu’ils possedent avec la géométrie des nombres, et décrivons
plus en détails les principales techniques utilisées.

Le second chapitre, intitulé On a generalised Gauss circle problem and integrated density of

states [54], est le fruit d'une collaboration avec Leonid Parnovski. Nous y étudions le spectre



du laplacien sur un produit d’un tore plat et de ’espace euclidien. Dans ce cas le spectre n’est
pas discret mais nous étudions une quantité, la densité intégrée des états, qui remplit le role
de la fonction de compte des valeurs propres et qui suit elle-méme une loi de Weyl. Nous ob-
tenons des bornes supérieures et inférieures sur R(1) dans ce contexte, qui dépendent des di-
mensions relatives du tore et de ’espace euclidien. Nous obtenons que lorsque la dimension
du tore est strictement inférieure a celle de I'’espace euclidien, nos bornes inférieures et supé-
rieures sont du méme ordre polynomial. Nous obtenons aussi un développement asymptotique
jusqu’a I'ordre constant pour la densité d’états intégrée de I'opérateur de Schrédinger magné-
tique avec potentiel constant.

Le troisieme chapitre, intitulé The Steklov spectrum of cuboids [26] provient d'une collabo-
ration avec Alexandre Girouard, losif Polterovich et Alessandro Savo. Nous y étudions le pro-
bleme aux valeurs propres de Steklov sur des cuboides en toute dimension. Cet opérateur a été
peu étudié sur des domaines dont la frontiere n’est pas lisse et nous utilisons le cuboide comme
premier modele d’'un tel cas. Le spectre reste discret et ne s’accumule qu’a 'infini, nous obte-
nons une loi de Weyl a deux termes ainsi qu'une inégalité isopérimétrique pour la premiere
valeur propre non triviale. Finalement, nous y obtenons aussi que certaines suites de fonctions
propres se concentrent asymptotiquement sur des ensembles de mesure nulle, un comporte-
ment qu’on appelle la cicatrisation.

Dans le dernier chapitre, intitulé Eigenvalue optimisation on flat tori and lattice points in
anisotropically expanding domains [53], nous étudions le spectre du laplacien sur des tores
plats. Nous obtenons des bornes pour R(A; M) dépendant du rayon d’injectivité. Nous utilisons
ensuite ces bornes pour démontrer que toute suite de tores plats T maximisant la k-ieme va-
leur propre du laplacien doit dégénérer lorsque la dimension est inférieure a 10. Pour ce faire,
nous avons ramené le probleme a celui de compter les points de Z¢ dans un domaine qui croit
de facon anisotrope, généralisant des résultats obtenus par Yuri Kordyukov et Andrei Yakovlev
(49].

Mots-clefs : GEométrie spectrale; asymptotique spectrale; géométrie des nombres; densité

d’états; probleme de Steklov; loi de Weyl; optimisation asymptotique
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Summary

In this thesis, we study the spectrum of the Laplacian and of other related operators. When
defined on either a closed compact Riemannian manifold, or a manifold with boundary and

self-adjoint boundary conditions, the Laplacian A has a real and discrete spectrum
MM) =AM <... /oo

accumulating only at co. The numbers A ;(M) are those for which there is a non-trivial solution
to the equation
Ap+Ap=0.

We are more specifically interested in the asymptotic behaviour of the counting function
NA; M) :=#{A;(M) < A}.

Hermann Weyl has shown in 1911 [80] what is now known as Weyl'’s law,

Wgq

5 )dVol(M))Ld’Z as A — oo,
T

NA; M) ~

where w, is the volume of the unit ball in dimension d. We want to determine the size of

Wq

ROA; M) := N(\; M) — 5 Vol(M)A4/2,

m)d
In the context at hand, we have translated this problem in terms of the geometry of numbers,
the study of the interaction between lattice points, e.g. Z¢ and convex sets. In the first chapter,
we make a precise description of the problems studied and how they can be linked to the ge-
ometry of numbers. Furthermore, we describe in more detail the main techniques that we have
used.

The second chapter, titled On a generalised Gauss circle problem and integrated density of
states [54], has been written in collaboration with Leonid Parnovski. There, we study the spec-

trum of the Laplacian on a product of a flat torus and Euclidean space. In this case, the spectrum

vii



is not discrete. However, we study the integrated density of states, which takes the role of the
eigenvalue counting function and also satisfies Weyl’s law. We obtain upper and lower bounds
on R(A) in this context, which depend on the relative dimensions of the flat torus and Euclidean
space. When the dimension of the torus is strictly smaller than that of the Euclidean space the
upper and lower bound share the same polynomial order. We also obtain an asymptotic expan-
sion up to constant order for the integrated density of states of a magnetic Schrodinger operator
with constant potential.

The third chapter, titled The Steklov spectrum of cuboids [26] has been written together with
Alexandre Girouard, losif Polterovich and Alessandro Savo. We study the Steklov spectrum, i.e.
the spectrum of the Dirichlet-to-Neumann operator on cuboids of any dimension. Eigenvalue
asymptotics for this operator had not been very much studied on domains whose boundaries
are not smooth and cuboids provide a first example of such domains. The spectrum is discrete
and only accumulates at infinity, and we obtain a two-term Weyl’s law for the Steklov spectrum.
We also obtain an isoperimetric inequality for the first non-trivial eigenvalue. Finally, we prove
that some sequence of eigenfunctions concentrates along edges, which are subsets of measure
zero, a phenomenon named scarring.

In the last chapter, titled Eigenvalue optimisation on flat tori and lattice points in anisotrop-
ically expanding domains [53], we turn our attenton to the spectrum of the Laplacian on flat
tori. We obtain bounds on R(A) depending on the injectivity radius. We then use those bounds
to obtain that any sequence of flat tori T, maximising the kth eigenvalue of the Laplacian must
degenerate when dimension is inferior or equal to 10. To do so, we have stated the problem at
hand in terms of counting points of Z¢ inside anisotropically expanding domains, generalising
results of Yuri Kordyukov and Andrei Yakovlev [49].

Keywords : Spectral geometry; spectral asymptotics; geometry of numbers; density of

states; Steklov problem; Weyl’s law; asymptotic optimisation
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Chapitre 1

Introduction et
résultats principaux






Introduction et résultats principaux

1.1. Lhistoire conjointe de la géométrie des nombres et de la théorie spec-

trale

La géométrie des nombres étudie les relations d’inclusions entre les points d'un treillis T,
par exemple Z¢, et les ensembles convexes de R?. La géométrie des nombres a pris son essor,
et son nom, apres I'apport de H. Minkowski au début du 20e siecle [57]. Toutefois, I'un des pro-
blemes les plus connus du domaine a été étudié par C. E Gauss au 19e siecle [24]. 1l s’agit du
probleme du cercle de Gauss ol1 on dénombre asymptotiquement et en moyenne le nombre de
facons dont un nombre peut étre représenté comme la somme de deux carrés. Géométrique-
ment, le nombre r, (1) de fagons d’écrire un nombre ¢ € N comme la somme de deux carrés est
le méme que le nombre de points de Z? situés sur un cercle de rayon ,/u. Calculer la moyenne
de r, pour des nombres inférieurs a p? revient plutot a compter le nombre de ces points a I'in-

térieur d'un disque de rayon p. On note cette moyenne'

na(p):= ) ra(p).

p<p?

Le probléme se généralise rapidement au nombre r;(u) de facons d’écrire u comme la somme
de d carrés, ot1 'on comptera plutot le nombre de points de Z¢ sur une sphére de rayon VH.
Dans ce cas, ng4(p) estla fonction de compte des points a I'intérieur d’'une boule de rayon p.

Déja, Gauss a utilisé une méthode géométrique pour estimer ny, et cette méthode s’ap-
plique aussi a ng. A chaque élément p := (uy,...,1q) dans 74, on associe le cube de coin petde
volume 1, (u1,u1 + 1] x ... x (Ug, g + 1]. On voit que le volume de I'ensemble des cubes associés
aux points a I'intérieur de la boule de rayon p est le méme que le nombre de ces points, et que

ce volume est approximativement égal au volume de la boule de rayon p, w;p%, oit

d
T2

a=—Z

T4 +1)
est le volume de la boule de rayon 1. On peut aussi borner I'erreur faite par cette approximation
en notant qu’elle est confinée au volume d’une bande de largeur v/d autour de la boule. On

IFormellement, pour obtenir la moyenne on diviserait cette quantité par p?, mais comme on s'intéresse au

comportement asymptotique en p cela ne change rien. La convention du domaine est préservée ici.



obtient donc que

nd(p):wdpd+o(pd‘1). 1.1.1)

FIGURE 1.1. Probleme du cercle, p =10.5

Un lecteur averti pourrait noter dans la figure 1.1 qu'on a sous-estimé en haut a droite et
surestimé en bas a gauche. On peut donc s’attendre a ce que le terme d’erreur dans I'équation
(1.1.1) soit dans les faits plus petit. C’est en effet le cas et 'exposant a rapidement été abaissé
a 2/3 pour ny par W. Sierpinski [68]. Plusieurs ont ensuite travaillé sur la question, notamment
J. G. van der Corput [20], G. H. Hardy [31], E. Landau [55], M. N. Huxley [37, 38, 39] puis fina-
lement J. Bourgain et N. Watt [11], lesquels ont obtenu la meilleure borne a ce jour : pour tout

€>0,0naque
ng(p):np2+0(p2711+6). (1.1.2)

D’un autre c6té, Hardy et Landau ont indépendemment démontré que I’exposant ne pouvait

pas étre 1/2, et ont conjecturé [32] que
_ 2 lie
ny(p)=mp +O(p2 ) (1.1.3)

pour tout € > 0. Comme 517/824 = 0.62743, la conjecture est loin d’étre réalisée, mais elle n’est

pas infirmée : la meilleure borne inférieure est due a K. Soundararajan qui démontre [73] qu’il



existe une suite py — co et une constante c telle que

pi/2(ogpi) " log, pr) 1?"*~1)

2
n —mpLl=c 1.1.4
| 2(Pk) pkl (lOgg,Ok)S/g ( )

Pour d = 5, 'exposant optimal est connu; E Gotze démontre [29] que
ng(p) :wdpd+0(pd_2) (1.1.5)

et que I'exposant d — 2 ne peut pas étre amélioré.

En 1905, Lord Rayleigh a fait le lien entre la géométrie des nombres et la théorie spectrale des
opérateurs différentiels elliptiques [66]. Ceux-ci permettent de modéliser plusieurs systémes
physiques, par exemple la vibration d'une membrane ou le ballotement de I’eau dans un conte-
nant. En théorie spectrale, on s'intéresse au spectre d'un opérateur H : C*°(Q) — C*(Q), i.e. a

I’ensemble
spec(H) :={A: (H- A)~! n'existe pas en tant qu’opérateur borné.}.

Le théoreme spectral dit, en bref, que comprendre spec(H) nous permet de connaitre le com-
portement de 'opérateur H. Sous certaines hypothéses sur H, son spectre est discret, borné
inférieurement, composé des valeurs propres de H et ne s'accumule qu’a I'infini. Dans ce cas,

plutét que d’étudier directement I'ensemble spec(H) on étudie plutot la fonction de compte
N(A; H) := #(spec(H) N (—oo,A)),

ol on compte « avec multiplicité » : si une valeur propre de H est répétée alors elle est comptée
plusieurs fois. Connaitre N(A; H) c’est connaitre spec(H) et vice versa; on s’intéresse au com-
portement asymptotique de la fonction de compte lorsque A — co.

En étudiant les fréquences de vibrations atomiques dans [66], Lord Rayleigh en est venu a
considérer le probléme aux valeurs propres suivant pour le laplacien sur le cube Q = [0,a] :

(A+AN)u=0 dansQ;
(1.1.6)

u=0 sur 0Q).

En utilisant la méthode de séparation des variables, il a pu décrire les valeurs propres comme

étant
7.[2
Aomn="—3 (> +m?+n®),  (£,mn)eN’. 1.1.7)



Compter les valeurs propres du laplacien sur Q) correspond au probléme du cercle de Gauss en
dimension 3, a la différence qu’on ne compte que les cas out chacun des ¢, m, n est strictement
positif. Cette subtilité a par ailleurs fait qu'une erreur de calcul s’est glissée dans les travaux
de Lord Rayleigh, qui a été corrigée par J. H. Jeans [44]. Si plutdt qu'un cube on considéere le
méme probléme aux valeurs propres sur un carré ou un hypercube de dimension d, on verrait
apparaitre la version en dimension d du probléme du cercle de Gauss.

Par le principe d’inclusion-exclusion, le nombre de points de N¢ dans une boule de rayon
2V A est 24 fois le nombre de points de Z¢ dans cette méme boule, moins les points situés sur
les hyperplans de coordonnées. En d’autre termes, on obtient que

Wq di2
Vol ; (A% 4 —
on) 0l4(€2)

wWg—1

d-1 d-1
Vol 1 (BQ)AZ +0(/1 z ) (1.1.8)

On peut observer que dans la derniére équation le volume et I'aire du cube apparaissent dans
I'expression asymptotique de la fonction de compte : la géométrie d'un objet et le spectre du
laplacien sur celui-ci sont reliés. La loi de Weyl a deux termes, conjecturée par H. Weyl [81] et
prouvée dans sa forme la plus forte par V. Ivrii [42], rend ce dernier énoncé précis : si Q est un
domaine a la frontiere lisse dont les trajectoires de billards périodiques ont mesure nulle, alors
I’équation asymptotique (1.1.8) est valide pour les valeurs propres de Dirichlet.

Dans cette these, trois articles qui cadrent avec la saveur de ces intersections entre la géo-
métrie des nombres et la théorie spectrale sont présentés. Dans le premier article, écrit conjoin-
tement avec L. Parnovski, nous avons étudié une généralisation du probleme du cercle de Gauss
ol nous tentions de trouver un exposant optimal similairement a ce qui est obtenu dans I’équa-
tion (1.1.1). Dans le second, écrit conjointement avec A. Girouard, 1. Polterovich et A. Savo, nous
avons étudié le probleme de Steklov, étroitement lié au laplacien, sur des cuboides de dimen-
sion arbitraire, et nous obtenons une asymptotique similaire a celle de ’équation (1.1.8). Fina-
lement, dans le troisieme article je reviens a I’équation (1.1.1), qu'on peut généraliser a d’autres
réseaux que Z¢ avec des idées similaires. La constante implicite dans (1.1.1) n’est pas uniforme
dans le choix du réseau. Nous cherchons donc une dépendence explicite du terme d’erreur en
terme des invariants du réseau.

Dans le reste de ce chapitre, j'exposerai brievement I'une des techniques principales utili-
sées a travers les trois articles : le passage a la transformée de Fourier pour le calcul de sommes
grace a la formule de sommation de Poisson. Ensuite, je vais exposer brievement les résultats

de chaque article, qui seront ensuite joints a la these.



1.2. La formule de sommation de Poisson

La formule de sommation de Poisson a été un outil utilisé crucialement a travers les trois
articles qui composent cette these. Cette formule a été découverte indépendemment par C. E
Gauss [25] et S. D. Poisson [63] en dimension 1. Elle relie la somme d’'une fonction évaluée sur

un réseau I, i.e. un sous-groupe discret de R?, 4 la somme de sa transformée de Fourier

(F1](©):= fR e p() (1.2.1)
évaluée sur le réseau dual
r:={y er’:y"-Tcz}. (1.2.2)

Une version moderne de la formule de sommation de Poisson peut-étre trouvée dans [72] et se
lit comme suit.
Théoreme (Formule de sommation de Poisson). Soit I' un réseau de déterminant |T'| et f : RY —
C une fonction de Schwartz. Alors, pour tout x € R?

1

T Y [Ff]l e, (1.2.3)

}’*EF*

> f&x+y) =

vel
Bien que ce ne soit pas nécessaire dans le contexte de I'utilisation de ce théoreme dans cette
these, il est possible de demander des contraintes plus faibles que f € .%(R%). En général, elle

est valide des qu'’il existe € > 0 tel que
|F |+ |[Zf] 0] < (@ +1x)™*, (1.2.4)

assurant que les deux sommes dans I'équation (1.2.3) convergent.

Lutilisation de la formule de sommation de Poisson pour calculer des développements
asymptotiques est basée sur I’heuristique de la proposition suivante, qui résume la facon dont
la formule a été utilisée dans plusieurs contextes e.g. [35, 65, 48] sans toutefois y avoir été énon-
cée ainsi.

Proposition 1.2.1. Soit f € L'(R%) une fonction a support compact dont la transformée de Fou-

rier respecte la borne |F ] (&) < (1+é)™N, avec N > d. Notons

E(f) :f fx)dx. (1.2.5)
R4

Alors

y f(%) - [El(Tfl)Ad +0(24N). (1.2.6)

yel



DEMONSTRATION. Par la formule de sommation de Poisson ainsi que les propriétés de la trans-

formée de Fourier, on a que

s r(E)=r

vel

Y [Frlayn. (1.2.7)

,y* Er*
Ecrivons I” =T* \ {0}. On a alors que

Y [FAMN=[Ff]O+ ) [FflAr"

y*er* y*el’
] ) (1.2.8)

:[E(f)+O(/1_N Y

N
y*el' |Y* |
Tant qu’'on aura choisi N > d la somme converge et on obtient la preuve de la proposition. [

Le probléme maintenant se situe quand la transformée de Fourier de f ne respecte pas la borne
demandée dans la proposition 1.2.1, empéchant la somme dans I'équation (1.2.8) de converger.
C’est le cas dans I'étude du probléme du cercle de Gauss ainsi que dans chacun des articles
inclus dans cette these. La solution consiste alors a lisser f. Pour une fonction p, positive, a
support dans la boule unité, lisse et de masse 1, on définit la famille de Dirac

0eX) = gidp (’E‘) (1.2.9)

La fonction f; = p, * [ est lisse et converge ponctuellement presque partout vers f lorsque
€ — 0. De ce fait, on peut s’attendre a approximer la somme de f par celle de f;; on introduit
toutefois alors une erreur qui ne nous permet pas d’obtenir des résultats aussi bons ou directs
que dans la proposition 1.2.1. Les détails de ces constructions précises sont dictés au cas par
cas et changent dans les trois articles présentés ici. On peut par ailleurs noter que la formule
de sommation de Poisson peut étre utilisée dans d’autres contextes en géomeétrie des nombres
pour obtenir des résultats qui ne sont pas de nature asymptotique, voir par exemple la preuve

de Siegel [71] du théoreme de Minkowski.

1.3. Problemes spectraux

Nous considérons dans cette these trois problémes spectraux. Dans cette section, nous les
décrivons et nous établissons aussi a quel probléeme de la géométrie des nombres ils corres-

pondent.



1.3.1. Lelaplacien sur un tore plat

Soit I' ¢ R un réseau et Tr = R?/T le tore plat qui est associé. On étudie le probléeme aux
valeurs propres

-Ap=A>Ag (1.3.1)
sur C*°(Tr). On peut indicer les fonctions propres ¢ par les éléments y* du réseau dual I'* :
@y (X) = exp(2miy” -X); Ay = 4 ly* \2. (1.3.2)
On obtient donc alors que le spectre du laplacien sur Tt est donné par
spec(—A; Tp) = {4%2 ly*|?:y er” } (1.3.3)

Dans [53], je me suis intéressé au nombre de valeurs propres de Tt inférieures a 1. En terme du

réseau dual I'*, cela correspond a la quantité
N(T;B(0,2m) ™)) =#{r*nB(0,2m) ")}, (1.3.4)

et jobtiens une formule asymptotique en terme du déterminant du réseau T', lequel est égal
au volume de Tr. Pour chaque k, on peut trouver un réseau? P; qui maximise le déterminant
parmi les réseaux posseédant k points a I'intérieur de B (O,(Zn)_l). En étudiant le comportement
asymptotique dans I'équation (1.3.4), j’ai pu déterminer le comportement de cet optimiseur a

mesure que k — oo en dimension inférieure a 10.

1.3.2. Opérateurs sur L2(R%)

Décomposons R4 = R¥ x R, k+ [ = d. Dans [54], nous nous sommes intéressés a deux opé-
rateurs. Pour k € [-7,7]%, on considére le laplacien —Ay agissant sur L?(R%) sous la condition de

périodicité tordue dans R* :
fx+ny) =e*fxy) (1.3.5)

pour n € 27Z*. Le second est 'hamiltonien de Landau

Hy=(Dy+x2)*+D5+...+ D3, (1.3.6)

ouD;= —iaixj. Dans les deux cas, le spectre est assez facile a décrire : on a que
ok L) = T2
spec(-AGRE xR = [k 00) (1.3.7)

2Ce réseau nest possiblement pas unique.



et que

spec(Hy) = [1,00). (1.3.8)

Dans les deux cas, on ne peut pas définir une fonction de compte des valeurs propres : le spectre
n’est pas discret. On définit toutefois une quantité qui remplit le méme role, la densité d’états
intégrée Nigs(A). Celle-ci est définie par le processus limite suivant. Soit Q" = [-L,L]™ un cube
de coté 2L centré a I'origine. Pour tout L, dénotons —Ay  le laplacien restreint aux fonctions a
support dans R x Qé muni de conditions a la frontiere qui le rendent autoadjoint, et H; ; I'ha-
miltonien de Landau restreint aux fonctions a support dans Qf toujours soumis a des condi-
tions a la frontiere qui le rendent autoadjoint. Les spectres de —Ay ; et de Hy ; sont discrets,

réels et bornés inférieurement et on définit

. N, Ak )
Nigs (A5 =0 i= Jlim —~=t= (1.3.9)
et
vy N Hgp)
Nigs(4; Hy) = Jim —= 2, (1.3.10)

Les propriétés de la densité d’états intégrée ainsi que son indépendence des conditions autoad-
jointes choisies a la frontiere de Q}"* sont exposées par M. Shubin dans [69] et [70].

Calculer la densité d’états intégrée peut aussi étre ramené a des considérations de la géo-
métrie des nombres. Considérons I'ensemble A; = ZF x R! c R?. Cet ensemble consiste en un
ensemble d’hyperplans affines paralléles les uns aux autres et disposés selon le réseau Z*. Dé-
finissons

S(p;k; d,k) := Vol; (Axn Bk; p)), (1.3.11)

ol B(k; p) est une boule de rayon p centrée en k. On aura alors que
Nias(h;—Ak) = @m) SV ks d, k). (1.3.12)
Pour la densité d’états intégrée de H; considérons le domaine parabolique donné par
P(p) = {(x0,x) R 0= xo < p - |¥'[*}, (1.3.13)

et définissons

P(p;d,k) =Vol; (2(p) N Ag). (1.3.14)

Nous avons démontré dans [54] que

- A-1
Nigs(A; Hq) :27dn1‘dP(T;d— 1,1). (1.3.15)
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Ainsi, pour calculer I'asymptotique de la densité d’états de —Ay ou de H; nous calculons plutot

I’asymptotique en p de S et de P.

1.3.3. Le probleme de Steklov sur des cuboides
Un cuboide de parametres ay,...,a; > 0 est'ensemble Q c R4 donné par
Q:=[-aj,a1] x...x[—ag,aq]. (1.3.16)
Le probléme de Steklov sur Q est le probleme aux valeurs propres

Au=0 dans Q,
(1.3.17)

On,u=ou suroQ,
ol 0, est la dérivée normale vers I'extérieur. Les valeurs o pour lesquelles il existe u € C*°(Q)
non-nulle et satisfaisant (1.3.17) sont les valeurs propres de l'opérateur Dirichlet-vers-

Neumann 2, qui associe

u € C®0Q) — 0, ()] 5 (1.3.18)

ol # est 'extension harmonique de u a Q. Une revue de littérature menée par A. Girouard et
L. Polterovich sur le probléme de Steklov peut étre trouvée dans [27]. Tant que la frontiere d'un
domaine dans R? est de classe C! par morceaux on a que le spectre de 2 est discret, et que la
suite de valeurs propres o ne s'accumule qu’a I'infini. On a alors une loi de Weyl pour 2 [1]

disant qu’il existe une constante Cq, telle que
N(0;92) ~ Cqo?™!. (1.3.19)

Lorsque la frontiere d'un domaine est lisse, & est un opérateur pseudodifférentiel elliptique

d’ordre 1 et on peut faire un estimé plus précis sur le terme d’erreur
— . a-1
R(o):=N(0;9) - Cqo

dansl’équation 1.3.19. Toutefois, la frontiere du cuboide n’est pas lisse ; on ne peut donc pas uti-
liser directement ces techniques car 2 n’est plus alors un opérateur pseudodifférentiel. Nous
nous servons du cuboide comme modele pour comprendre de maniere plus générale les do-
maines dont la frontiére n’est pas lisse.

Pour faire la description des fonctions propres de Steklov sur le cuboide, il faut introduire

un peu de notation. Soit (7¢,7;,72) une tripartition de S; = {1,...,d}. Nous avons démontré dans

11



[26] qu’il y a une base complete de fonctions propres de Steklov sur Q2 de la forme

u(xi,....xq) =[x [] Trig; (a;x;) [ Hypi(Brxi), (1.3.20)

i€T0 jET] kETz

ou Trig i€ {sin, cos} et Hyp,; € {sinh, cosh}. Le nombre de fonctions propres ol 7 # @ est fini, et

les coefficients a; et f; doivent respecter la condition d’harmonicité

Y ai=) B (1.3.21)

j€T1 keto

Définissons pour a > 0 et ¢ € {0,1} les fonctions

T xcot(ax) sif=0,
T, e(x)=xcot (ax +0—|=

—xtan(ax) sif=1,
et

xcoth(ax) sifé=0,
Hgo(x) =

xtanh(ax) sifé=1.
Soit ¢ : S; — {0,1} la fonction qui choisit les fonctions trigonométriques et hyperboliques pour
chaque facteur de I'’équation (1.3.20). Les coefficients a; et §; doivent aussi respecter les condi-

tions de compatibilité

-1 .
Cli pouri €7y,

0= Tg; e ;) pouri€Ty, (1.3.22)
Hgy, 0iy(Bi) pour i € 7.

La valeur commune o de ces équations est la valeur propre associée a la fonction propre en
question. Asymptotiquement, nous ne considérons pas les fonctions propres avec un facteur
linéaire car elles ne peuvent apparaitre qu'en nombre fini. En effet, la valeur propre qui est
associée a une fonction propre linéaire dans la variable x; est soit 0, auquel cas la fonction
. . _1 . 2 .
propre est constante dans toutes les variables, ou bien a i Comme les a; sont bornés loin
de zéro, il y a un nombre fini de valeurs propres plus petites ou égale a ajTl. Pour compter les
valeurs propres, nous avons donc considéré toutes les partitions 7 = (71,72) qui déterminent

quels facteurs sont trigonométriques et hyperboliques. Notons p = |1;], nous avons réduit le

12



probleme de compter les valeurs propres N(o;1) inférieures a o et correspondant a la partition

7 au probleme de géométrie des nombres
N;(0) =C;-#(NP N Eg), (1.3.23)

ou C; est une constante dépendant de 7 et explicitement calculable et ou1 E, est un ensemble
convexe tel que E, converge vers l'ellipsoide de semi-axes {a; : j € 7} lorsque 0 — co.

Avec la description précise des fonctions propres et des valeurs propres, nous avons aussi pu
répondre a des questions concernant la plus petite valeur propre non triviale et la distribution

des fonctions propres.

1.4. Asymptotiques spectrales

Nous avons obtenu dans les trois articles qui composent cette thése plusieurs théoréemes
concernant les asymptotiques des fonctions de compte de valeurs propres ou de la densité
d’états intégrée. Dans cette section, nous décrivons ces résultats a la fois en terme du spectre
ou des problemes correspondants en géométrie des nombres. Nous souléverons aussi plusieurs

questions et conjectures qui découlent de ces résultats.

1.4.1. Compte de valeurs propres
1.4.1.1. Formule asymptotique a deux termes pour le probleme de Steklov sur un cuboide

Le théoreme suivant concerne le comportement quand ¢ — oo de la fonction de compte
N(0;92) du probleme décrit a la section 1.3.3.
Théoréme 1 (A. Girouard, J. Lagacé, I. Polterovich, A. Savo [26]). Soit Q < R le cuboide de
parametres a,...,aq > 0. Pour d = 3, la fonction de compte des valeurs propres de Steklov de Q)

satisfait la formule asymptotique a deux termes
N(0) = C; Volyg_1 0™ + C, Voly_»(0*°Q) 0?2+ 0(0"), (1.4.1)

quand o — oo, oit 0°Q est I'union de toutes les faces de dimension (d—2) de Q. Lexposantn = 2/3

lorsqued =3 etn=d—-2- ﬁ lorsque d = 4. Les constantes C) et C, sont données par

_ Wa-1
1 (zﬂ)d—l
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et

d-2
_27wa2 2Gg-11  wg—
2 (zﬂ)d—z gd-1 2(2ﬂ)d_2 ’

w2 /2 d-2 d—2
Ga-1.1 :f f arccot| [ ] cscé; sin®(6;) d6 ... d6 .
0 0 j=1 k=1
d-2

Pour d = 2, la fonction de compte admet la formule asymptotique a un terme
N(o) =n""Vol;(0Q)0 + O(1).

Trouver une formule asymptotique pour un probleme spectral permet en général de trouver
des invariants spectraux, c’est-a-dire des quantités géométriques qu'on peut déterminer a par-
tir du spectre. Ce théoréme ne fait pas défaut, ici on démontre que dans la classe des cuboides,
le volume d — 1 dimensionnel de la frontiere est un invariant spectral du probleme de Steklov
grace au premier terme. Le second terme quant a lui nous permet de savoir que le volume d — 2
dimensionnel des facettes de codimension 2 est lui aussi un invariant spectral. Cela souléve
évidemment la question suivante.

Question 1. Est-ce que les volumes d — k dimensionnels des facettes de codimension k sont
des invariants spectraux du probléme de Steklov?

Les méthodes utilisées pour le calcul de I'équation 1.4.1 dans [26] nous indiquent que si on
arrivait a diminuer I'’exposant 1 a une valeur strictement plus petite que d — N, nous obtien-
drions en effet que les volumes d — k dimensionnels des facettes de codimension k seraient des
invariants spectraux pour k < N. Toutefois, bien que nous ne fassions aucune affirmation quant
al'optimalité de la valeur de 7, il est particulierement improbable que nous puissions la dimi-
nuer en bas de d — 3, méme en changeant nos techniques.® Toutefois, les invariants spectraux
ne viennent pas nécessairement que de la fonction de compte. La moyenne de Riesz d’ordre

Y = 0 des valeurs propres, définie par

Tr(@q-0) =) (0-or@)! (1.4.2)
k=0

3Heuristiquement, les bornes optimales obtenues dans [29] 'en empécherait. En effet, pour des ellipsoides de

dimension d — 1 = 5, 'exposant d — 3 dans le reste est optimal, on ne s’attend pas a obtenir mieux.
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est une version plus lisse de la fonction de compte pour y > 0 et correspond a la fonction de
compte lorsque y = 0. Il est plus probable de trouver un terme d’erreur plus petit dans une for-
mule équivalente a 1.4.1 pour la moyenne de Riesz, qui aurait 2 ce moment une formule asymp-
totique a plus de termes, nous permettant ainsi de déterminer plus d’information géométrique
a partir du spectre de Steklov. On peut voir [28] pour I'utilisation de la moyenne de Riesz dans
un autre contexte pour obtenir un terme d’erreur uniforme assez petit lors de 1’étude des pro-
blémes de Neumann et de Dirichlet sur des familles de cuboides.

Le cuboide représente aussi un premier modele pour I'étude du probleme de Steklov sur
des domaines dont la frontiére n’est pas lisse.

Question 2. Est-ce que des résultats similaire au théoréeme 1 tiennent pour des domaines plus
généraux dont la frontiére n’est pas lisse? Tiennent-ils pour des polyedres?

Dans une récente prépublication, V. Ivrii [43] donne une réponse au moins partielle a ce
type de question. Dans le cas ou d = 2, M. Levitin, L. Parnovski, 1. Polterovich et D. Sher [56]
se sont penchés sur cette question. On y obtient entre autre, du moins partiellement, que les
angles auxquels se rencontrent les arétes d'un polygone doivent apparaitre dans ’asymptotique

des valeurs propres.

1.4.1.2. Formule asymptotique pour les valeurs propres sur le tore

On peut interpréter le théoreme principal de [29] en termes de fonctions de compte de va-
leurs propres sur le tore. On vy lirait
Théoréme (E Gotze [29]). Soit Tt := R4/T un tore plat orthogonal pour d = 5. La fonction de

compte des valeurs propres du laplacien sur Tr a le comportement asymptotique

Wq

N(AZ;-I]—F) = (27’[)d

TA%+ 0 (AH) . (1.4.3)

Lexposant A%2 dans I’équation (1.4.3) est optimal, mais la constante implicite dépend du
tore. En effet, si on ne considere que des tores de volume 1 et qu’on laisse le rayon d’injectivité
du tore, i.e. la longueur de sa plus petite géodésique, tendre vers 0 cette constante tend vers
I'infini.

On peut renverser la formule asymptotique dans I’équation (1.4.3) pour obtenir

47

2/d
(Trwgza oW A

A() =
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mais une fois de plus la constante implicite dépend du tore. Si on cherche a trouver, asymp-
totiquement, le tore qui maximise A on ne peut donc pas a priori utiliser la formule (1.4.4).
Toutefois, au prix d’avoir un moins bon exposant on peut trouver une formule asymptotique-
ment valide pour une grande classe de tores.

Parce que compter les valeurs propres d'un tore revient a compter les points d'un réseau
dans une boule, le prochain résultat est énoncé en ces termes. Définissons les minima succes-

sifs d'un réseau par
pj (@) = inf(u : dim(span(I' N By)) = j). (1.4.5)
J’obtiens le résultat suivant.

Théoreme 2 (J. Lagacé [53]). Il existe o > 0 tel que pour tout 6 € (0,0¢) et M > 0, il existe C tel

que pour tout réseau T respectant |I'| <1 et
pa(@) < M|T[° (1.4.6)

onaque

4, 6(d-1)
<C|r| (1.4.7)

‘N(B .T) - 24
1 —
Tl

Ce résultat peut étre traduit pour les tores pour obtenir une loi de Weyl avec un exposant
valide méme lorsque le rayon d’injectivité tend vers 0, s’il ne le fait pas trop vite. Le résultat se
lit ainsi
Théoreme 3. Il existe O tel que pour tout 6 € (0,0¢) et ¢ > 0, il existe un nombre C tel que pour

tout A > 1 et pour tout tore plat Tt de volume 1 respectant
inj(Tr) = cA~1/2+0 (1.4.8)

onaque

N Tp) — —24_pdiz) < cp$-9%7 (1.4.9)
@2m)4

Les deux derniers résultats sont optimaux dans le sens suivant : je construis dans [53]
lorsque 6 = 0 une suite de tores qui ne respecteront pas les bornes de I’équation (1.4.7). De
plus, je démontre aussi que I'exposant sur le reste dans I’équation (1.4.9) doit tendre vers d/2
lorsque 6 — 0.

Ces résultats sont ensuite utilisés pour établir le comportement asymptotique de tores plats
maximisant la valeur propre A du laplacien. Il est donc naturel de se demander si on peut

trouver des bornes sur le terme d’erreur dans la loi de Weyl qui dépendent explicitement de la
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géométrie d'une variété. P. Buser obtient dans [14] une borne supérieure sur les valeurs propres
du laplacien dépendent de la courbure de Ricci et du rayon d’injectivité, alors que S. Y. Cheng
[17] et P. Buser [15] obtiennent des bornes supérieures dépendant de la courbure de Ricci et
du diametre. En observant les relations entre les valeurs propres et les quantités géométriques
dans ces inégalités, la question suivante est donc naturelle.

Question 3. Quel controle doit-on avoir sur le rayon d’injectivité, la courbure de Ricci et le
diametre d’'une variété Q) en fonction du parametre spectral A, pour qu'on puisse trouver 1 <

d/2, dépendant de ces quantités géométriques et tel que

Wd 42
NA,Q)—-——A < CA™M? 1.4.10
1;Q) o ( )

1.4.2. Densité d’états

Nous décrivons maintenant les résultats asymptotiques obtenus dans [54] pour les pro-
blemes décrits dans la section 1.3.2. En particulier, nous considérons I'asymptotique en p — oo
de la fonction S(p;k; d,k) de 'équation (1.3.11).

Théoréme 4 (J. Lagacé et L. Parnovski, [54]). On a la formule asymptotique
S(p;kd, k) :wdpd+R(p;k;d,k), (1.4.11)
ot le terme d’erreur R(p; ky; d, k) vérifie l'estimé asymptotique

O(p'4-1'2) sik<(d+1)/2,
R(p;ki;d,k) =4 0(p"V"2logp) sik=(d+1)/2, (1.4.12)
@) (pd_ 1_fz]i2k) sik>(d+1)/2

uniformément en k.

Par I’équivalence mentionnée dans la section 1.3.2, on obtient alors une formule asymp-
totique pour la densité d’états intégrée du laplacien soumis aux conditions de périodicité par-
tielles. Une fois qu’'on connait le comportement de I'opérateur libre, il est naturel de se deman-
der comment se comporte une perturbation de celui-ci.

Question 4. Soit H = —A + V un opérateur de Schrodinger dont le potentiel V est périodique.
Peut-on avoir un développement asymptotique pour Nigqs(A; H) ?
Lorsqu’on étudie H sur L?(R%) sans aucune condition supplémentaire, cette question a été

répondue par Parnovski et Shterenberg dans [59] et [60], ou ils ont obtenu un développement
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asymptotique complet pour Njqs(A; H). Il est toutefois irréaliste d’espérer une telle chose dans
ce cas : on ne pourra pas obtenir de terme plus précis que le terme d’erreur dans le cas de
I'opérateur libre.

Une autre question qu’on peut se poser est de savoir siles exposants donnés dans 1’équation
(1.4.12) sont optimaux. On sait que dans le cas ou k = d, la réponse est non et que I’exposant
optimal est d — 2 [29]. Lorsque k < (d + 1)/2, on peut toutefois répondre a cette question.
Théoréme 5 (J. Lagacé et L. Parnovski, [54]). Pour k > 1 et p suffisamment grand, il existe une

constante Cy i >0 et k; € T tels que

d-l-¢
Caxp 2 sid=1(mod4)
R(p;ky;d, k) = (1.4.13)

Caxp o sinon,
ou € > 0 est n'importe quel nombre réel strictement positif. Lorsque d # 1 (mod4), la borne infé-
rieure R(p;k;;d, k) = Cd,kp% tient aussi pour k = 1.

Cela nous indique donc que, au moins polynomialement, les exposants de 1'équation
(1.4.12) sont optimaux lorsque k < (d + 1)/2. Cela souleve naturellement la question suivante :
Question 5. Quel est’exposant optimal dans (1.4.12) pour k> (d +1)/2.

Finalement, nous avons aussi étudié 'asymptotique de Njqs(A; H;) et obtenu le résultat sui-
vant pour le probleme correspondant consistant a étudier I’asymptotique de P(p;d, k).

Théoreme 6 (J. Lagacé et L. Parnovski, [54]). Quand p — oo, P(p;d, k) admet le développement

asymptotique
P(p;d,1) = wd_lEL%J(p) +0(1), (1.4.14)
2041 d%-d+2
P(p;d,d) = +0 2d . 1.4.15
=222 o) e
Puis pourd > k > % nous avons
;(d_l_Zk_—Z)
P(p;d,k) = E i1 | (p) +O(p? 2k=d)), (1.4.16)
Finalement, sil < k < %,
a+
P(p;d,k) :E[%J(p)+0(p74(logp)5), (1.4.17)

ound=1sik= % et 0 sinon.
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1.5. Optimisation spectrale

Connaitre les domaines optimaux pour les valeurs propres d'un opérateur différentiel est
une question subtile. Par exemple, pour les valeurs propres du laplacien de Dirichlet on sait par
'inégalité de Faber-Krahn [23, 51] qu’a volume fixé, le domaine minimisant la premiere valeur
propre est la boule. On sait aussi par I'inégalité de Krahn-Szego [52] que le domaine minimi-
sant la deuxieme valeur propre du laplacien de Dirichlet est I'union de deux boules du méme
volume. Toutefois, pour les valeurs propres d’ordre supérieur du laplacien, nous ne savons pas
identifier le domaine maximisant, ni méme garantir que ce soit un ouvert. Dans cette section,

nous exposons les résultats d’optimisation obtenus dans cette théese.

1.5.1. Premieére valeur propre de Steklov sur les cuboides

Nous nous sommes intéressés dans [26] a la premieére valeur propre de Steklov non triviale
sur un cuboide, et a trouver I'optimiseur, s’il existe, pour o; dans cette classe. Loptimisation
des valeurs propres de Steklov reste un champ d’étude plutdt ouvert; on sait par exemple par
I'inégalité de Weinstock [79] que la premiere valeur propre de Steklov sur des domaines simple-
ment connexe en dimension 2 est maximisée par le disque, mais qu’en enlevant la condition
d’étre simplement connexe non seulement le disque n’est plus le maximiseur, mais on ne sait
meéme pas si un tel maximiseur existe.

En général, pour prouver des inégalités par rapport aux valeurs propres il faut d’abord sa-
voir quelle est la forme de la fonction propre. Nous avons donc d’abord identifié la premiere
fonction propre de Steklov sur un cuboide quelconque.

Théoreme 7 (A. Girouard, J. Lagacé, 1. Polterovich et A. Savo, [26]). Soit Q un cuboide de para-
metres a) < --- < ag. Alors, il existe = (B1,...,04-1) et ag =Pl < % tels que
d-1
u(xy,...,xqz) =sin(agx4) H cosh(Brxi)
k=1
est une fonction propre de Steklov sur Q) associée a la premiere valeur propre non triviale 0.

Nous avons utilisé ce résultat pour obtenir I'inégalité isopérimétrique suivante pour la pre-
miere valeur propre de Steklov sur les cuboides.

Théoreme 8 (A. Girouard, J. Lagacé, 1. Polterovich et A. Savo, [26]). Pour tout cuboide 2, déno-
tons par Q* le cube de méme volume et par QF le cube de méme aire. On aura alors que

e 01(Q*%) = 01(Q); l'égalité nest atteinte que si Q* = Q;
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e 01(QN=0,(Q); l'égalité n'est atteinte que si Qt=Q.
Ce dernier théoreme nous permet de déterminer en corollaire que le cube est déterminé par
son spectre de Steklov parmi tous les cuboides.
Corollaire 9 (A. Girouard, J. Lagacé, 1. Polterovich et A. Savo, [26]). Soit Q c R un cuboide
Steklov-isospectral au cube Q, < R dont les cotés sont de longueur 2a > 0. Alors on aura que

d=met Q=Q,.

1.5.2. Optimisation asymptotique des valeurs propres du laplacien sur des tores plats

Dans l'article [53], j’ai étudié le comportement asymptotique des optimiseurs de A, parmi
les tores plats et les bouteilles de Klein plates alors que k — oco. Des questions similaires pour les
valeurs propres de Dirichlet et de Neumann sur des cuboides ont été étudiées récemment par
entre autres Antunes, Freitas, Ariturk, Laugesen, van den Berg, Gittins, Bucur et Larson (2, 4, 8,
7, 28]. Dans ces articles, on démontre que I'optimiseur tend vers le cuboide le plus symétrique
possible, le cube.

Inspiré d'une construction de Kao, Lai et Osting [45], j'ai obtenu que le portrait pour les
bouteilles de Klein plates ainsi que pour les tores plats en dimension d < 10 est plutot différent
dans les deux théoremes suivants.

Théoreme 10 (J. Lagacé, [53]). Soit T une suite de tores plats de dimension d < 10 et de volume
1 maximisant la valeur propre Ay du laplacien parmi les tores plats. Alors, la suite T n'a pas de

point limite. De plus, pour tout 6 >0

_a-a? “lis
kT d <inj(Tp) <k a7°, (1.5.1)
La borne inférieure est valide en toute dimension d.
Théoreme 11 (J. Lagacé, [53]). Soit Kj une suite de bouteilles de Klein plates de volume 1 maxi-
misant la valeur propre Ay du laplacien parmi les bouteilles de Klein plates. Alors, la suite Kj

n'a pas de point limite. De plus, pour tout 6 >0
_1 o . l+5
k™2 < inj(Ky) < k2*°. (1.5.2)

Une question tres naturelle provient du premier de ces deux théorémes.
Question 6. En dimension d = 11, est-ce le cas qu'une suite de tores plats T maximisant A
dégénere? Est-elle confinée a un sous-ensemble compact des tores plats? Peut-on observer les

deux comportements?
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J’établis au moins dans [53] que la construction utilisée ne peut certainement pas étre gé-

néralisée aux dimensions supérieures a 11.

1.6. Distribution des fonctions propres

On peut associer a une fonction propre u d'un opérateur pseudodifférentiel une mesure
|u|? dx absolument continue par rapport a la mesure de Lebesgue. On s'intéresse généralement
au comportement asymptotique de la mesure |ux|? dx alors que k — oo; le théoréme ergodique
quantique de Snirel'man [77], Colin de Verdiére [19] et Zelditch [82] dit que sous des hypotheses
plutdt faibles, la suite |u|> dx posséde une sous-suite de densité 1 qui s'équidistribue sur le
domaine.

Dans le cas des fonctions propres de Steklov sur des cuboides, nous nous sommes intéres-
sés a des sous-suites exceptionnelles se concentrant sur des sous-ensembles de la frontiére de
mesure nulle. Ceci est illustré dans le théoreme suivant.

Théoreme 12 (A. Girouard, J. Lagacé, 1. Polterovich et A. Savo, [26]). Soit Q) c R4 un cuboide de

parametres ai,...,aq > 0. Soit p € {1,...,d — 1} et soit T € J,. Considérons l'ensemble
Xr ={x = X7,,Xr,) €0Q : Xj = £a;j pour j € T,}.

11 existe une suite de fonctions propres {u;} normalisées par leur norme L?(0Q) se concentrant
sur X; et s'‘équidistribuant sur X; au sens suivant : pour tout ensemble mesurable U c X; et tout

€ >0, soit 'ensemble
Ue = X = (X¢,,Xg,) €0Q:X;, € U et dist(x,U) < €}.

Alors, pour tout € >0,

Vol,, (U)
lim Iuk(x)lzdx =—r
k—oo Jy, VOlp(XT)

Considérant que les cuboides nous servent de modele pour des domaines dont la frontiere
n'est pas lisse, ce théoreme mene naturellement a la question suivante.
Question 7. Soit A c R? un domaine dont la frontiére posséde une aréte de codimension 2.
Est-il vrai qu'une sous-suite des fonctions propres de Steklov sur A se concentre pres de cette

aréte?
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Remarques quant au contenu des articles et a la notation qui y est utilisée

Lun des aléas de la rédaction d'une these par articles est que ceux-ci ont en général été
écrits sans attention a ce qu'’ils fassent partie d'un tout. De ce fait, la notation utilisée variera
parfois d’un article a I'autre, mais y sera redéfinie chaque fois. De plus, quelques erreurs typo-
graphiques ont été modifiées dans les articles déja publiés ou soumis; les résultats énoncés, la

méthode de preuve et leur structure sont toutefois conformes au document original.

Notation asymptotique

Les notations asymptotiques sont souvent utilisées au long des articles composant cette
thése sans nécessairement étre définies. Elles sont :
e f=0(g) ou f <« g :il existe une constante C telle que |f(x)| < C|g(x)| pour x suffi-
samment grand, I'utilisation d’un indice f = O, (g) indique que C peut dépendre de ¢.
Si le contexte est clair, ¢ca peut aussi étre pour x suffisamment pres de 0;
e fxg:onaalafois fxgetgxf;
e f~g:lim,_ f(x)/g(x) =1, sile contexte est clair la limite peut étre en x; plutot;

o f=0(g):limy_o f(x)/g(x) =0, si le contexte est clair la limite peut étre en xo plutot.
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A generalised Gauss circle problem
and integrated density of states

RESUME. Compter les points d"un treillis dans une boule de grand rayon dans I'espace euclidien
est un probléme classique en théorie analytique des nombres, remontant jusqu'a Gauss. Nous
proposons une variante de ce probleme : étudier 'asymptotique de la mesure de l'intersection
d’un treillis de plans affines et d’'une boule. Le terme principale est le volume de la boule; on
étudie la taille du reste. Alors que le probleme classique correspond a compter les valeurs propres
du laplacien sur le tore, notre variante correspond a la densité d’états intégrée du laplacien sur
le produit d'un tore et de I'espace euclidien. Les asymptotiques obtenues sont ensuite utilisées
pour calculer la densité d’état de I'opérateur de Schrodinger magnétique a champ constant.

Mots clés : Probleme du cercle; Densité d’états intégrée ; Opérateurs de Schrodinger périodiques.

ABSTRACT. Counting lattice points inside a ball of large radius in Euclidean space is a classical
problem in analytic number theory, dating back to Gauss. We propose a variation on this prob-
lem : studying the asymptotics of the measure of an integer lattice of affine planes inside a ball.
The first term is the volume of the ball; we study the size of the remainder term. While the clas-
sical problem is equivalent to counting eigenvalues of the Laplace operator on the torus, our
variation corresponds to the integrated density of states of the Laplace operator on the product
of a torus with Euclidean space. The asymptotics we obtain are then used to compute the density
of states of the magnetic Schrodinger operator.

Keywords: Circle problem; Integrated density of states; Periodic Schrédinger operators.

2.1. Introduction and Main results
The first problem we are considering in this paper has several equivalent formulations.

2.1.1. Number theoretic formulation

For p >0 and ke R?, let B (p; k) be the ball of radius p centered at k. Let S(p;k) be the num-
ber of integer points inside the disk B (p,k) = R?. The classical Gauss Circle Problem consists in

estimating the remainder term

R(p;0) = S(p;0) - mp? (2.1.1)
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Hardy and (Edmund) Landau have found lower bounds for this problem, while the current best
upper bound is given by Huxley in [39]. This problem has also been studied for balls of dimen-
sion higher than two, see e.g. [29], and it is well-known that averaging over the radius of the ball
improves regularity of the remainder.

In this paper, we consider a variation on this problem: we estimate the measure of the in-
tersection of affine planes sitting on integer coordinates with balls of large radius in R. More
precisely, put

Ay = ZF xRF o R? (2.1.2)

and let B4 (p,k) be a ball in R? of radius p centred at k := (kj k) € RF x R, where k + [ = d.
Denote by S(p; k;; d,k) the I-dimensional volume of the set B¢ (p,k; )N A A simple observation

shows that we have

S(pski;dk)=w; Y. (p*- IY—k1|2)l/2,
yeZk
ly-kil<p

(2.1.3)

where w, is the volume of the unit ball in R?. One can see that the integral of R (pk) over

k, € T! =R!/Z!, is the same as the remainder term
R:=S(p;ki;d k) —wap?, (2.1.4)

obtained from Equation (2.1.3). Our aim is to compute an estimate of R for large values of p.

Before discussing the results, we would like to describe different formulations of this problem.

2.1.2. First spectral theoretic formulation

Let

H=-A+V (2.1.5)

be a Schrédinger operator acting in R? with a smooth real-valued periodic potential V; for sim-
plicity we assume that the lattice of periodsis I := 2n2)%, with dual lattice I't = Z4 Denote the
integrated density of states (IDS) of H by N (1) := N (A; H). It can be defined by the formula

N T H
N H):= lim M,

Am = (2.1.6)

where H; is the restriction of H to the cube [0,L]% with appropriate self-adjoint boundary con-
ditions and N (A, H;) is the counting functions of the (discrete) eigenvalues of H;. Note that

this parameter A is related to the parameter p of the previous section by p = v'A. While this
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formulation of the IDS is important for Theorem 2.1.5, for periodic V we use a useful equivalent
definition.

Following [67], we express H as a direct integral
(5]
H :f H (k) dk, 2.1.7)
'ﬂ'd

where H(k) is H restricted to the space of functions such that f(x+ n) = e¥"¥" f(x) forall n e
Z% and x € R?. Then, one can express N (A; H) in terms of the counting functions of the fibre

operators H (k):
1
@m?
where N (4, H (k)) is the eigenvalue counting function of H (k). Remarkably, despite the fact that

NQ):=

AdN(A;H(k)) dk, (2.1.8)

the asymptotic behaviour of N (A, H (k)) for fixed k and A — oo is very irregular (so that even the

precise size of the remainder
RA;K) := N4, H (k) — CA%? (2.1.9)

is unknown), integration over all quasimomenta k € T% := R?/Z% makes things extremely reg-
ular, so that there exists a complete asymptotic expansion of N (1) in powers of A as 1 — oo,

[59, 60]. Here, we have denoted

_d_ (2.1.10)
d = y . .
@m)¢
where
n.d/Z
T 2.1.11
Yi= AT (2.1.11)

is the volume of the unit ball in R?. The question we want to study is what would happen if,
instead of integrating against all quasimomenta, we integrate over a subset of them, say over an
affine plane. We write k = (k;,k»), where k; € Tk, ks € T! and define the partial density of states

(PDS) as

1
(2m)?
Our aim is to investigate the asymptotic behaviour of the PDS as A — oco. Obviously, the

Ny (A k1) = Np (A kg d, k) =

le(/l,H(kl,kg)) dk;. (2.1.12)
T

regularity at infinity will be improving as / increases and so the larger [ is, the more asymptotic
terms we are likely to obtain. This asymptotic problem can be treated in two steps:
Step 1. Obtain the asymptotic behaviour of the PDS for unperturbed operator H? := —A.

More precisely, we want to obtain as good an estimate on

RNk d, k) := NY (Asky; d, k) — CgA?" (2.1.13)
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as possible (of course, superscript 0 refers to the fact that we are dealing with the case V' =0). A
simple calculation shows that if k = 0, then R (A;k;;d,0) =0, so this step is trivial when dealing
with the IDS. In the case of k > 0 this step becomes quite non-trivial and interesting. Once we
have performed this step, we can move to the next step.

Step 2. Compute (or estimate) the difference
N, (A;ki;d, k) — N) (A ki3 d, k), (2.1.14)

and try to obtain as many asymptotic terms of it as possible. It follows from a simple computa-

tion that

NS sk d, k) = (2n)—ds(\/1;k1;d,k), 2.1.15)

hence the main aim of this paper deals with the first step of this programme; we intend to

perform the second step in a separate publication.

2.1.3. Second spectral theoretic formulation

Consider the operator H = —A+ V acting on T x R¥ with a smooth potential V : T x R¥ — R,
We assume that, as a function on R¥, V is periodic with the lattice of periods (272)*. Then, we

have, from the definition of both the IDS and the PDS that

B 1
T emk

N(A; H) fw N H k) dke = (2m)' N, (4;0;d,k), (2.1.16)
that is to say that the integrated density of states equals the partial density of states up to a con-
stant. If we consider a more general (but also less natural) operator Hy,, the domain of which
consists of functions on T/ x R¥ which become periodic after multiplication by e’X1*1, then the
IDS of ﬁkl equals, again up to the same constant, Ny, (1;k;; d, k). We would also like to mention
that expression (2.1.3) appears in the study of integer points in anisotropically expanding do-
mains. This has applications in the study of the asymptotic behaviour of the eigenvalue of the

Laplace operator on the torus in the adiabatic limit, and was developed in [47].
2.1.4. Main results

Our first main result is as follows:
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Theorem 2.1.1. The error term R (p; ki; d, k) satisfies the asymptotic estimates

O(p'4-172) ifk<(d+1)/2,
R(p;ki;d k) = O(p(d_l)/zlogp) ifk=(d+1)/2, (2.1.17)

o(pd—%) ifk>(d+1)/2

uniformly in k;.
Remark 2.1.2. Recall that R (p;k;;d,0) = 0 for all values of p,k;,d.
We do not pretend that all of these estimates are optimal, but some of them are, as can be
seen from the following result.
Theorem 2.1.3. For k > 1 and p sufficiently large, there exists a positive constant Cg ;. and k; €

T* such that

d-1-¢
Caxp 2 ifd=1(mod4)
R(p;ky;d k) = (2.1.18)

d-1
Carp ? else,

where € >0 is arbitrary. When d # 1 (mod4), the lower bound R (p;kl;d,k) > Cd,kp% holds for
k=1.

In particular, this theorem means that for 1 < k < % and d # 1 (mod4), we cannot get im-
provements on the upper bounds found in Theorem 2.1.1. It also means that for d = 1 (mod 4),
k # 1, we cannot get improvements in the exponent.

Remark 2.1.4. It seems interesting that, after we have integrated N (1; H (k)) (d — 1) /2 times,
additional integrations do not improve the remainder estimate, until we perform the last (d-th)
integration, which makes the remainder equal zero.

Open problem. The results in [29] imply that for k = d, our upper bound is not optimal, but as
d — oo, our upper bound converges to the optimal one, in the sense that d — (d ~ #ﬁzk) — 2.

. . a+1
Hence we may ask what is the optimal upper bound for k = =-.
2.1.5. Operators with constant magnetic field

Another type of problems we consider in this paper is the asymptotic behaviour of the den-
sity of states of the (Lev) Landau Hamiltonian (Schrédinger operator with constant magnetic

field).
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Let Dj = —i aixj' Then we define the Landau Hamiltonian H as the operator acting in R%
whose action is given by:

Hy=(Dy+x2)*+D5+---+ D>

Of course, only operators H, and H3 make real physical sense, but for the sake of completeness
we will deal with all dimensions.

Let Q% p) for d = 2 be the parabolic domain in R given by
Q?(p) 1= {(xo,0) e R?:0 = xo < p— |2} (2.1.19)

Defining P (p; d,k) analogously to S (p;0;d, k), that s,

P(p;d,k) = Vol (24 (p) n Ax), (2.1.20)
one can see that
le] n
Po;dk)=Y S((p-7)"*0:d-1,k-1). (2.1.21)
=0

The IDS N (A; Hy) is related to P (p;d, k) by the following proposition.
Proposition 2.1.5. Let H; be the d-dimensional Landau Hamiltonian. Then, its integrated den-
sity of states is given by

NA; Hy) :27‘17:1“11)(%;61— 1,1) (2.1.22)

forp =1, and 0 otherwise.

We get an asymptotic expression for P (p;d, k), via the next theorem. Defining Ey(p) :=
Eo(p,d) = 25 pld+D/2 4 1 p@=D12 gng
n By T (T) dri-ak

En(p) = En(p,d) = Eo + ]; k) ¢ (d+32—4k)

we obtain the following theorem.

Theorem 2.1.6. As p — oo, P (p;d, k) admits the asymptotic expansions:

P(p;d,) :wd_lE{@J (p)+0(), (2.1.23)
4
2wg-1 d?-d+2
P(p;d,d) = i +O(p 2d ) (2.1.24)
Ifk > 22 we have
l[d_l_Zk_—Z]
P(p;d,k):E{%J (,0)+O(p2 2k=d ) (2.1.25)
4k-2
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Finally, if k < %,
da+
P(pid k) = Bt (0) + 0(p"" (10gp)’), (2.1.26)

where 6 =1 ifk = % and 0 otherwise.

Replacing the result in Proposition 2.1.5 with the asymptotics in Theorem 2.1.6, we imme-
diately deduce the following corollary.
Corollary 2.1.7. The integrated density of states of the Landau Hamiltonian on R3 admits the

asymptotic expansion

1
N Hy) =—A%2+0()
6712

for large enough A.

The rest of the paper is organised as follows: in Section 2 we formulate several results which
will be used in the proof of the main theorems, but we will postpone their proofs until Section
6. In Section 3 we prove the upper bounds in the Laplace case, and in Section 4 we obtain lower

bounds. Finally, in Section 5 we deal with the magnetic case.
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2.2. Auxiliary results

In order to prove Theorem 2.1.1, it will be useful to give an alternate expression for

S(p;ki;d, k). Let us define the function y : R¥ — R as

(1-1x)" if1xl <1,
X (x) = (2.2.1)

0 otherwise.
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We can then observe that

S(0;0;d,k) =w;p" Y x(nlp). 2.2.2)

nezk

We would like to use Poisson’s summation formula
Y fm=Y fum (2.2.3)
nezk mezk

with f = . This will allow us to get upper bounds for all k; € T¥, from the relation
[Ff (- —k)] () =e M [FZf] (), 2.2.4)

where % is the Fourier transform operator. For the rest of this section, we therefore consider

k; =0, and it will be seen in the proof of Lemma 2.2.2 that this assumption is made without loss

of generality. In order for Equation (2.2.3) to hold we need to smooth out y. To do so, we will

consider its convolution with Friedrichs’ mollifier ¥, defined in Section 2.6.1. Hence, setting
Xe = Ve * y we get that

1:©=Y:1©. (2.2.5)

Theorem 2.1.1 follows from two lemmas. The first one finds asymptotic upper and lower

bounds for S.

Lemma 2.2.1. Let y} and y, be defined on R by

1
Xe (0= ——1:(1F&)x). (2.2.6)
(1¥e)
Then, we have that

Xe (0 <y (x) < x7 (%) 2.2.7)

for all x € R*. Immediately, if we define
Se(p)=wi 3 1z (nlp), (2.2.8)

nezk
we get that

5z (0) = 5(p) = ¢ (p)- 229

The functions )(;—“ are smooth, hence we can use Poisson’s summation formula to compute
the asymptotic expansion of SI. As the Fourier transform of a radial function, 7 is radial as well

and the second lemma therefore gives the asymptotic expansion of ¥ (I¢]).
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Lemma 2.2.2. The Fourier transform of x satisfies

C d+1
O = e <08 (2n|f|—( y )”) +o(|5|‘(d+3)’2) 2.2.10)

for some C > 0 as |{| — oco. Furthermore, its derivative satisfies

d _ c dn _
@x(s‘):Ws1n(2n|é|—7)+o(|€| d+3)12) (2.2.11)

In particular, the asymptotic behaviour of both ¥ (¢) and its derivative does not depend on the
co-dimension k.

We will postpone the proof of these lemmas until Section 2.6.

2.3. Proof of Theorem 2.1.1

In this section, we prove Theorem 2.1.1 using both Lemmas 2.2.2 and 2.2.1. We have that

Se (p) =S(p) =S¢ (p). (2.3.1)

Let us therefore find asymptotic expansions on SZ. We shall split those computations in two

cases : whether k= (d+1)/2ork<(d+1)/2

2.3.1. Case 1

Here, we assume that k = (d + 1) /2. Let us find asymptotic expansions on Sgi. Since y is a

smooth compactly supported function of x, we may use Poisson’s summation formula (2.2.3) to

obtain
St =wap' 3 1z (nlp)=wap® 3 7 (om). (2.3.2)
nezk mezk
Since we have that
ot 1 o A( mp)
= = P —, 2.3.3
Te (mp) = - oa ¥ (eme) 7|1 (2.3.3)

we get, assuming € < 1/p, that

Sy=waq Y. (1+O(€))pd‘/{\’(€mp))f[mp)+0

mezk

33



which directly implies

S;—':wdpd+0(epd)+0 Y %% (emp) |7 (mp)]
mezk

[m|#0 (2.3.5)

+0[ Y emp®¥ (emp) |7’ (mp)|].

mezk

Observe that ¥ (¢) = O(I¢17) for any g € R whenever |¢| > 1 and bounded for || < 1. Recall

from Lemma 2.2.2 that ¥ (¢) = O(|¢|~@*1’2). Hence, choosing q = %, the third summand

in (2.3.5) can be split into two terms, becoming

1 1

olp“ vl Y — ) : (2.3.6)
(d+1)/2 2k+1-d)/2
mezk Iml mezk ( ) |7n|k+1
1=s|m|=<1/ep |m|>1/ep

The first sum can be estimated by

1 1/ep rk—l q
2 imi@nz = J @

mezk
1<|ml|=<1l/ep
2:3.7)
Of(ep) =) ifk>@+112,
O(logep) ifk=(d+1)/2.
The second sum can be estimated by
1
ek (gp)(Zk_d+1)/2 Imlk“
Imiz1/ep (2.3.8)
oo 1 rk-1 d+1-2k
~ dr=0|le 2.
»[l/é‘p (gp)(Zk_d+1)/2 rk+l (( p) )
As for the last summand, it is easy to see with the same computations and using ¥ (¢) =

a-2k-3
@) (IE | 2 ) that the extra power of €p exactly compensates the extra power of m, and we have

that the asymptotic behavior in €p is the same for all for summands whenever k > (d +1) /2.
Furthermore, when equality holds, the polynomial component is the same. Therefore, we have

to choose € = p~/ such that
a+1-2k

ep?=pl V2 (gp) 7 . (2.3.9)
This is achieved exactly when
= 2k (2.3.10)
=1 dv ok o
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This gives us the announced asymptotic estimates when k = (d + 1) /2, that is

wdpd +0 (pd_%) ifk>d+1)/2,
S(p) = (2.3.11)

wap?+ O(p% logp) ifk=(d+1)/2.
2.3.2. Case2

We now assume that k < (d + 1) /2. In this case, the first series in equation (2.3.5) converges

without any decay from ¥. Hence, the asymptotic expansion for S% simplifies to

_ 1 ep‘l’(emp)

+ _ d d (d-1)/2 (d 1)/2

st =wap?+0(ep?)+0|p Y ——=|+0 Y o |- @312
mezk Iml| mezk Iml|
i 0

If k < %, the last series in that previous display also converges. In that case, choosing € =

—(d+1)/2 gatisfies Theorem 2.1.1, and choosing € smaller does not improve the estimate. If k = %

o
or k=41 using ¥ (&) = O(I¢I™1) for m > (ep)_l yields the same result, finishing the proof.

Note that Equation (2.2.4) ensures that these estimates hold for all k; € T*.

2.4. Lower bounds

Let us first follow the argument given in [21] for d = k = 2. The beginning of the argument is
the same, which we add for completeness. Since R (p;k; ) is periodic in k; with respect to T', we

can compute its Fourier coefficients, obtaining

) k .
fnR(p;kl)e‘z”’kl'delzjv ( wap®+p' Y (Y 1) _znlkl'y) dia

yer p

k .
:f pZX( zl ) e T diy (2.4.1)

9 (d+ D)7 ~(d+3)/2
WCOS(Z”PIYI— 1 )+0(|PY| ) ,

from Lemma 2.2.2. Additionally, we have that

fT kR(p;kl) dk; =0. (2.4.2)

35



Hence, for all y € I' \ {0}, we have that

|, 1R (pita) 1k
Tk

zmax( fkR(p;kl) e—2m’k1-7’dk1 "fkR(p;kl) e—4nik1-?’dkl‘)
T T
d-1
7 d+1 1 d+1 (2.4.3)
> deil max( cos (27tp|)/| - ( )n) »— 7 |cos (4ﬂp|y| - ( )n) )
YT 4 2% 4
e
—-C 1
’}/ 2

for C,c positive constants whose value can change throughout. Whenever d # 1(mod4), we

have that

0< inf max(
xeR

( (d+1)n)
cos|x—

‘ ( (d+1)7t)
,|cos|2x —
4

), (2.4.4)

hence in that case, fixing y € I', we conclude that there exists p* such that for all p = p*

fk IR (p;k1) | dk; = CpT. (2.4.5)
N

We conclude that whenever d # 1 (mod4),

d-1
sup R(p;k1)=Cp 2
k1€-[|—k

(2.4.6)

The remaining case, that is when d = 1 (mod4) is more subtle. We use results found in

[61][Theorem 3.1, Lemma 3.3]. Indeed, from Equation (2.4.3), we have

d-1
) Z Ty _ P
ﬁrk|R(p,k1)|dk12C e cos(27rp|)/| 2)‘ c

Y 2 Y

Y
—

B

(2.4.7)

QU
DO

-1 °

I\’|

From Lemma 3.3 in [61], we know that, if k = 2, for all € > 0, there exists po > 0 and a € (0,1/2)
such that for all p > pg there exists y € I' such that |y| < (27rp)£ and the distance from 2p |7/| to

an integer is greater than a. Choosing such a y bounds cos (27ply| — 7/2) away from 0, and we

get that

a+1

fk IR (p;k)1dk; = Cp T € (2.4.8)
T

Since € > 0 is arbitrary, we get the desired result.
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2.5. An application to the Landau Hamiltonian

2.5.1. The Landau Hamiltonian
Decomposing H; = H, ® D;_,, we can first study the problem
Hyu= Au.

Consider the definition (2.1.6) for N (A; H;), with periodic boundary conditions for x; and
Dirichlet boundary conditions for x = (xy,...,x4).
For H,, we can write the solutions as u (x1,x2) = e%xl f (x2), which reduces the problem to

solving the eigenvalue problem
(€1+x2)° +D3) f (x2) = Af (x2).

This is a shifted quantum harmonic oscillator. We have that o (H,) = {2j +1: j € N}, each with

infinite multiplicity. It is a standard computation, see e.g. [58], that

1 |A-1
NA; Hp) = g {TJ ) (2.5.1)

for A = 1, and 0 otherwise. Extending the methods of [58] to higher dimensions, it is again a

simple computation to show that for A > 1,

A-1
Wd—2 {iJ(A—zn—l)‘H)’z (2.5.2)
2mt = ’ o

N Hg) = (
Thus, from the definition of P (p id ,k), we have indeed that
N (A, Hy) —2% gl-dp (%;d—l,l). (2.5.3)
2.5.2. Computations for general paraboloids

In this section we prove Theorem 2.1.6. Consider the expression

le] 12
P(psd k)= S((o-1)"*;0:d-1,k-1). (2.5.4)
=1

By Theorem 2.1.1, we have

o] |
Y S((p-1)"%0,d-1,k-1) =
j=0 j=0

]

e}

(041 (o= +0(x (6)),



where

f—
o) ks @e2) 2,
p@Dogp ifk=(d+2)/2,
X (p) =+ (2.5.5)
pld=2/4 ifl<k<(d+2)/2,

0 if k=1.

Comparing with the integral, we get that for all X as defined above,

Lo]

;}X(P) =0(pX(p)). (2.5.6)

For any d, we can use the Euler-Maclaurin formula :

b b
Zf(n):f f(x) d“w
a

n=a

p 2k-1
n Z BZk ( d f
Z e\ dx

e (2.5.7)

x=b dx

dzr f
dx?p

ol o)

for any integer p = 1, where By is the kth Bernoulli number. Note that for any integer a,

(a- j)(d—l)/Z _ i ja-vr, (2.5.8)

a
=0 ]:0

J

Hence, by the Euler-Maclaurin formula, we get that

. (d—l)/2
]
'_—0( )

~

(d-1)/2 F(—) (2.5.9)
a a\“” B 2 d+1-4k

:f t(d_l)/zdt+T+ 2k a%ﬂ)(a—m)_
0

Obviously, when d is odd, this last sum is actually finite and the error term vanishes.
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When p is not an integer, we write p = a+ 1, where 7 is the fractional part. In that case, using
the Euler-Maclaurin formula again, we get

a d-1/2 & d-1)/2
Y (a+1-j) =) (j+)
j=0 j=0

a 1
:fo (t+7)@-DI2 e+ (T(d—l)/2+p(d—1)/2)

(e

SZdT 2k|)r(d+3 4k)

(pw _Td+12—4k) L0

2

= (p(d+1)/2__[(d+1)/2) +%(T(d—1)/2+p(d—1)/2)
By F(%) d+1-4k d+1-4k
+k<zd_ (2k|)1—~(d+3 4k) (p P )+O(T)‘
- 4

Let us observe that

(d+1)/2 (d-1m/2
TP +X5(0— 1)

lim
p—o00 _p(d 1)/2
d+1)/2 d-1)/2 d-1)/2 d-3)/2
B l d+1T( +1) +T( ) +p( ) +O(p( ) )
= lim
pz
=1.

This is because 7 = O(1). Similarly, if we define Ey = 2 p@*V/2 + 3 p(@=1D/2 and

d+
|4t
E0+Z(2k')1“ (32 )) “F 4k,

we get that

. —Eat X (o j)eénre
lim

_ By (d 1)
p—oo pta-ni2-2n-1 Cnur+I\ 2 )

whenever (d —1) /2 -2n -1 > 0, after which point the contribution of the fractional remainder

7 gets more important than the denominator. Hence, we obtain the asymptotic expansion
Lo] 2 1

Z (o- (d n/2 _ (@+1/2 _p(d—l)/z
20 d+1 2

By F(%) d+1-4k
+ Zg(Zk!)F(M)p Z 4+0(1).
2

d—
k==

(2.5.10)
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When k = 1, we already have that X (p) = 0. Therefore, we have that

P(p,d,1) _ 2 (d+1)/2+1 (d-17/2

wWq-1 d+1p 2p

BZk T (d;-l) d+1-4k
p 2
1<k<d3 (2K r(%)

+

+0(1),

from which we recover a (quite sharp) asymptotic integrated density of states for the magnetic

Hamiltonian H;, .

Let us combine equations (2.5.5) and (2.5.10). When k = d, we get that the error term from

X is greater than %, and as such,

When k > 3= d+2 , we get that

P(p;dk) 2 an
Wdi-1 - d+1

Finally, when k < 22, we get that

P(p;d,k) _ de_lp% N lp%
wd—l d+ ]. 2
d+1
sz (T) d+1-4j
i 2 +0 1 (lo
1<t (2))! (d+3—4])p (P (logp) )

whered =1if k= d+2 and 0 otherwise.

2.6. Proofs of auxiliary results

2.6.1. Smoothing of the cut-off function

Let us define a smooth, even bump function y in C° (R), supported in [-1,1], such that the

integral

o0 1
(r) r*¥tdr=
fo v Vie-1

(2.6.1)

where Vj._, is the area of the unit sphere in RE.
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Using this function, we can define the radial bump function ¥, on R¥, of total mass 1 to be
given by

v, () =~y (X 26.2

e(x)—g—kilf?- (2.6.2)

Let ¥ :=V¥; and y. (x) = W, (x) * y (x). Its Fourier transform is given by

T (&) =T (DT E). (2.6.3)

Let y! and y; be defined on R* by

! ) Xe(1FE)x). (2.6.4)

+ —
Ye (9 (1Fe)!

We can now proceed with the proof of Lemma 2.2.1.

PROOF. To show that y; (x) < y (x) < x7, the idea is to obtain )(;—“ (x) by averaging y (x) on a ball

of radius 0 < € < x about each x. To do so, first notice that

Xe (x) <sup(y(x— t))f[Rk W, (x) dx

|t|<e
1 if x| <e, (2.6.5)
= l
(I-(xl-&)?)? ife<|x|<1+e.
If we show that
xe@=1+8'y (i) (2.6.6)
1+e
we get the desired lower bound. Indeed, taking y = 13- in the preceding equation yields
1
>——1: 1+ y)=x: V). (2.6.7)
x () (Hg)lxs( y)=x:(¥)

Therefore, it only remains to show that (2.6.6) holds for all x € R¥. First note that if |x| = 1 +¢,
both sides are 0. We shall split the remaining casesin |x| <€ and e < |x| <1 +e€.

Restricting ourselves to the first case, if | x| = €, we get that

2

(1+g)lx(i):(1+e)l(1— _
1+¢ (1+¢)

1
=1 +2¢)> 2.6.8)

>1

= Xe (1)
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Since y (ﬁ) is a decreasing function of | x|, we conclude that (2.6.6) holds for 0 < |x| < €.

In the case where € < |x| = 1 + €, we need to show that

i 1 x> \?
(1—(|x|—g)2) <(1+¢) (1—(“_5)2 ) (2.6.9)

It is equivalent to show that 1 — (|x| — £)® < (1 + £)® — |x|2. This is the case if

1-|x]?+2|xle—€®<1+2e+€*—|x|?
o 2lxle<2e(l+¢) (2.6.10)

S |x|<1+e.

Since the last line is true by hypothesis, we can conclude that the left-hand side inequality of
(2.2.7) is true.
In order to get an upper bound on y (x), we proceed in a similar fashion, averaging y. (x) on

a ball of radius € around x, which yields
Xe(x) = inf y (x—1)
|t|l<e

!
(1-(xl+8?3)? iflxI<1-¢ (2.6.11)

=

0 otherwise.

As we did before, it suffices to show that

xe@=(1-e'y (%) (2.6.12)

Notice that the left hand side of that equation is 0 whenever |x| = 1 — €. Like before, we see that

el

is equivalent to | x| < 1 — €. This concludes the proof. OJ

L
2

(1 (Ix] +e)2)% >(1-¢) (2.6.13)

2.6.2. Fourier transform of y

PROOE. Let us compute ¥ (). We will split the cases k=1, k=2, and k> 2. If k =1, then
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1 o
)f(f):f (1—x2)(d_1)/2(3_’2’sz dx

-1

C
= gz arz @D (2.6.14)

. C
= |€|(d—+1)/2 COS 27T|(f| -
using [30][Eq.3.387 and 8.451], which is the desired result.

(d+1)7n (d+3)/2
y )+ o(jg @72,

We also obtain that, following [30][Eq. 3.621]

70) = 2‘113(dJrl d+l) (2.6.15)
X > > | .6.
Using identities of the Gamma function, we get that
g (d+1 d+1 nd/?
w;2B , = =wy, (2.6.16)
2 2 T (% + 1)
which is the desired value.
If k = 2, then the Fourier transform is given by
7 = f ) e 2T gy, (2.6.17)
R
Working in polar coordinates, we get that
27
&= f f — r2)( @RI griznridicosd gg gy
:f r(1=r2) 22 jy @mlélr dr
0 (2.6.18)

C
ld/zfd/z (27]¢1)

cos(2n|£| _ +41)7T) N O(|5|(d+3)/2)’

which is the desired result. [30][Eq. 8.411, 6.567 and 8.451] were used respectively for an integral

e

= \£]@+ D72

formula for the Bessel function, its integral, and its asymptotic expansion.

We also obtain that

. 27

x0)=—. (2.6.19)
d
Using identities of the Gamma function, we get that
2m g2

wl_:—:wd! (2.6.20)

d r (% + 1)
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which is the desired value. Finally, if k > 2, then, working in spherical coordinates, we get that

the Fourier transform of y is, for some constant C,

T 2\l2 . k-2 g ,—i2mr|é|cosO
5{(5)=Cff rF 1 (1—r?)"“sin* "2 g 2miclcost qg g r

0o Jo

C

1
— /2 ) 112
B |§|(k—2)/2f0 r e (1=17)"" Ju—oy2 @mlElr) dr

B C
- |€|(k—2)/2 |€|(l+2)/2

Ja2 2r|&l)

d+1)n)
4

cos (2n|§| . +0(jg@+972).

using [30][Eq. 8.411] in the first line, which is the desired result.

= HGRE

Additionnally, we have that

1
Y(O):Vol(sk—l)f rk—l(l_rz)(d—k)/z dr
0

Zk2p (g,d—mz)

ol

Using identities of the Gamma function, we get that

10 wsi-k=wg4

which is once again the desired value.

(2.6.21)

(2.6.22)

(2.6.23)

One can note that in each of those cases, we ignored the trigonometric term to get an up-

per bound, considering it to be 1. Hence, since translation by k; is simply multiplication by a

complex exponential in Equation (2.2.3), it can be ignored in just the same fashion.

Finally, we get the result for the derivative using the identity /|, = %( Jv-1—Jv+1) and basic

trigonometric identities. This completes the proof of Lemma 2.2.2.
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The Steklov spectrum of cuboids

RESUME. Dans cet article, nous étudions le probléme aux valeurs propres de Steklov sur des cu-
boides de n'importe quelle dimension. Nous prouvons une formule asymptotique a deux termes
pour la fonction de compte des valeurs propres de Steklov d'un cuboide en dimension d = 3. En
plus du terme de Weyl standard, nous calculons explicitement le second terme dans I'asympto-
tique, capturant ainsi la contribution des facettes de dimension d — 2. Notre approche est basée
sur des méthodes utilisées pour le compte des points d'un réseau dans un domaine convexe.
Bien que cette stratégie soit similaire a celle utilisée pour les valeurs propres du laplacien de
Dirichlet, le cas du probléme de Steklov comporte des complications additionnelles. En parti-
culier, il n’est pas clair a priori que I'ensemble des fonctions propres admettant une séparation
des variables forment une base compléte. Nous démontrons cette complétude grace a une fa-
mille de problémes de Robin auxilliaires. De plus, la correspondance entre les valeurs propres de
Steklov et les points d'un réseau n’est pas exacte, il nous font donc procéder a une analyse plus
délicate pour obtenir les asymptotiques spectrales. Quelques autres résultats sont aussi présen-
tés, comme une inégalité isopérimétrique pour la premiere valeur propre de Steklov , certaines
propriétés de concentration des fonctions propres de Steklov a haute fréquence, ainsi que I'iden-
tification d’'un cube parmi les cuboides grace a son spectre de Steklov.

Mots clés : Probleme de Steklov; cuboides; asymptotiques spectrales; compte de points de ré-

seau.

ABSTRACT. The paper is concerned with the Steklov eigenvalue problem on cuboids of arbitrary
dimension. We prove a two-term asymptotic formula for the counting function of Steklov eigen-
values on cuboids in dimension d = 3. Apart from the standard Weyl term, we calculate explicitly
the second term in the asymptotics, capturing the contribution of the (d —2)-dimensional facets
of a cuboid. Our approach is based on lattice counting techniques. While this strategy is similar
to the one used for the Dirichlet Laplacian, the Steklov case carries additional complications. In
particular, it is not clear how to establish directly the completeness of the system of Steklov eigen-
functions admitting separation of variables. We prove this result using a family of auxiliary Robin
boundary value problems. Moreover, the correspondence between the Steklov eigenvalues and
lattice points is not exact, hence more delicate analysis is required to obtain spectral asymptotics.
Some other related results are presented, such as an isoperimetric inequality for the first Steklov
eigenvalue, a concentration property of high frequency Steklov eigenfunctions and applications
to spectral determination of cuboids.

Keywords: Steklov problem; cuboids; spectral asymptotics; lattice counting.
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3.1. Introduction and main results

3.1.1. Asymptotics of the Steklov spectrum

The Steklov eigenvalues of a bounded Euclidean domain Q < R are the real numbers o €
R for which there exists a nonzero harmonic function u : Q — R such that 0,,u = ocu on the
boundary 0€2. Here 0,, denotes the outward normal derivative, which exists almost everywhere
provided the boundary 0Q is Lipschitz. Under this assumption, it is known that for d = 2 the
Steklov spectrum is discrete (see [1]) and is given by the increasing sequence of eigenvalues
0=00p<0] <02 =<.../ 00, where each eigenvalue is repeated according to its multiplicity.
The counting function N : R — N is then defined by N(o) := #{j € N : ¢ < 0}. For domains
with smooth boundary, one can show using pseudodifferential techniques that the counting

function satisfies Weyl’s law

N@©) = 291 vol, 1 0Q)0% + 00?2 aso / +oo, 3.1.1)

(Zﬂ)d_l

where w,4_; is the measure of the unit ball B; (0) € R"!. The remainder estimate in (3.1.1) is
sharp and attained on a round ball. Moreover, a two-term asymptotic formula for the counting
function holds under a non-periodicity condition of the geodesic flow on 0Q (see [64, formula
(5.1.8)]).

Understanding precise asymptotics for Steklov eigenvalues on domains with singularities,
such as corners and edges, is significantly more challenging, since pseudodifferential tech-
niques do not work in this case (see [27, Section 3] for a discussion). Using variational methods,
one can prove a one-term Weyl asymptotic formula that holds for any piecewise C! Euclidean

domain (see [1]):

Wd-1

(0) = Vol 10 0% ' +00% ") aso / +oo. (3.1.2)
(zﬂ)d—l

However, in order to get sharper asymptotics, one needs to understand the contribution of
singularities to the counting function. In two dimensions, some results in this direction have
been recently obtained in [56]. In the present paper we aim to explore the most basic higher-

dimensional example: the Euclidean cuboids.
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3.1.2. Main result

Given d € N, the cuboid' with parameters ay,...,ag > 0 is defined as a product of the inter-

vals

Q= (—ay,a1) x (~a,a9) x ... x (~aq,aq) < R%.
If ay = ap = --- = ag we say that Q is a cube. The main result of this paper is the following
theorem.

Theorem 3.1.1. Let Q < R? be the cuboid with parameters ay,...,aq > 0. For d = 3, the counting

function of Steklov eigenvalues satisfies a two-term asymptotic formula as 0 — oo:
N(0) = C; Voly_1 0™ + C, Voly_2(0*°Q) 0?2+ 0(0"), (3.1.3)

where 0°Q denotes the union of all the (d — 2)-dimensional facets of Q. Here n=2/3 ford =3
and n=d-2- ﬁ ford = 4. The constants C, and C, are given by

Wd-1
C, =
1 (Zﬂ)d—l
and
d-2
C, = 22 wag—2 2Gg11  wWa—
2 (zn)d—Z nd—l z(zn)d—Z
where

nl2 w2 d-2 d-2
Ga-11 :f f arccot H cscl; H sink(ek) do;...do,_,.
0 0 j=1 k=1
d-2

For d = 2, the counting function admits a one-term asymptotics
N(o)=7""Vol;(0Q)o +0(1).

Remark 3.1.2. It can be shown that C, > 0 for all d = 3, see Appendix 3.B. The constants G4 ;
are special cases of constants G, ; which will be introduced in Section 3.3. The constants G,

and G3, can be computed explicitly as
1
G2,1 = 5 (—1 + \/E)Tl'
1
G3’1 = 5 (—2+m)m.

Remark 3.1.3. For d = 2, the above asymptotics also follows from [56, Corollary 1.6.1].

ICuboids are also often referred to as boxes, d-orthotopes or hyperrectangles. The term “cuboids” appears to

be more common in recent literature on spectral geometry (see [28, 8]).
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Figure 3.1. Y2-C V"lz(“;);,g Vol 0T ¢ & < 750.

Remark 3.1.4. For d = 3, Theorem 3.1.1 predicts that

N(o) — C;Vol,(0Q) g% — C, Vol (0°Q) o

%(0) = 523

is a bounded function of o. In order to validate the expression for the constant C, obtained
in Theorem 3.1.1, we have checked numerically that this claim holds, using the approximate
eigenvalues introduced in Section 3.3 on a cube with side lengths 2. Figure 3.1 shows that

|Z(0)| < 3 for o < 750 which corresponds to approximately a million eigenvalues.

3.1.3. Outline of the proof

The proof of Theorem 3.1.1 is given in Section 3.3. The outline of the argument is as fol-
lows. First, we show that the Steklov eigenvalue problem on a cuboid admits separation of vari-
ables, see Lemma 3.2.1 below. Separation of variables yields eigenfunctions that are products of
trigonometric, hyperbolic and possibly linear factors. One can check that the number of eigen-
values corresponding to eigenfunctions containing linear terms is at most finite, see Theorem
3.2.6. The same theorem also shows that the eigenvalue counting problem can be reduced to
a family of approximate lattice counting problems. More specifically, given 1 < p < d, we con-
sider the counting function N, of eigenvalues corresponding to eigenfunctions with exactly p
trigonometric factors. It turns out that for each p > 1, the counting function N, satisfies a two-
term asymptotic formula, see Proposition 3.3.1. The functions Ny, forp=d—-1and p = d -2 are
the dominant ones. In particular, the main term in (3.1.3) corresponds to the main term in the

asymptotics for N;_;. The second term in (3.1.3) is obtained as as a sum of the main term in the
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asymptotics of N;_, and the second term in N;_;. The latter also splits into two parts: one is the
standard contribution of overcounted lattice points (see Lemma 3.3.17), and the other has to do
with the geometry of the domain E,; defined by (3.3.16) arising in the lattice counting problem.
While this domain E; converges to a ball as 0 — oo, the approximation produces an error that
contributes to the second term of (3.1.3). This explains why the coefficient C, is represented by
a sum of three constants. Note that while two of these constants are negative, the coefficient C,

is always positive, see Appendix 3.B.

3.1.4. Discussion

The second term in Weyl asymptotics (3.1.3) for cuboids could be compared with the cor-
responding term in the asymptotic expression [64, formula (5.1.8)] mentioned earlier, which
holds on smooth manifolds with boundary, satisfying a non-periodicity condition. Recall that
in the smooth case, the second term is proportional to the integral of the mean curvature of the
boundary. A similar interpretation could be given to the second term in (3.1.3), if an analogue
of the mean curvature for cuboids is thought of as a §-function supported on the union of the
(d — 2)-dimensional facets.

It would be very interesting to establish an analogue of Theorem 3.1.1 for arbitrary Eu-
clidean polyhedra and, more generally, for Riemannian manifolds with edges, satisfying certain
non-periodicity assumptions. While the present paper was in the final stages of preparation,
V. Ivrii [41] informed us on his work in progress in this direction. We believe that a two-term
Weyl asymptotic formula (3.1.3) holds for any polyhedron in dimension d = 3, with the coeffi-
cients C; and C, depending on the dimension and the angles between the (d — 1)-dimensional
facets of a polyhedron.

Another promising direction of further research in the subject is to explore the asymptotic
expansion for the Steklov heat trace on Euclidean polyhedra, as well as on arbitrary Riemann-
ian manifolds with edges. In particular, one could ask whether the Steklov spectral asymptotics
contains information on the lower-dimensional facets of polyhedra. While the Weyl asymp-
totics does not appear to be accurate enough for that purpose, the Steklov heat trace asymp-

totics is likely to give a positive answer to this question. We intend to explore it elsewhere.
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Remark 3.1.5. The existence of a two-term asymptotic formula for the counting function of
Steklov eigenvalues on a cube was claimed earlier in [62]. However, the proof of this claim con-
tained a miscalculation invalidating the argument. Indeed, in the beginning of [62, Section 3],
the authors write down the boundary condition at x; = 0 in case ; < 0 and get c1+/1Bi] = Ac,
while it should be —¢; \/W = Acy, since the normal derivative at x; = 0 is —d;. Due to this miss-
ing minus sign, the authors obtain the equation sin(y/f;) = 0 leading to an exact correspon-
dence between Steklov eigenvalues and lattice points. However, in reality this correspondence
is only approximate (see subsection 3.2.3), and therefore counting eigenvalues is a significantly
more difficult task. Note also that the completeness of eigenfunctions admitting separation of

variables was not justified in [62].

3.1.5. Anisoperimetric inequality for the first Steklov eigenvalue

Given a cuboid Q c R? with parameters aj, ...,ay >0, let Q* and Qf be the cubes such that
Vol;_; 0Q™ =Vol,_,0Q and Vol Qf = Vol Q.

Theorem 3.1.6. For any cuboid ,
e 01(Q*%) = 01(Q), with equality if and only if Q* = Q;
e 01(QY = 01(Q), with equality ifand only if Q! = Q.

The proof of the theorem is presented in Section 3.4.3. In a way, it is not surprising that the
cube, being the most symmetric of all cuboids, maximizes o; under both volume and surface
area restrictions. Theorem 3.1.6 could be compared with the well-known Weinstock’s inequality
[79] stating that the disk is a unique maximizer for o; among planar simply connected domains
with a given perimeter (see also a recent generalization of this result for convex domains in
higher dimensions obtained in [13]), as well as with Brock’s result [12] which states that balls
are unique maximizers among Euclidean domains Q ¢ R with prescribed d-volume.

It follows from Theorem 3.1.6 that any cube is spectrally determined among all cuboids.
Corollary 3.1.7. Let Q c R? be a cuboid which is isospectral to the cube Q, c R™ with side
lengths2a>0. Thend = m and Q =Q,.

PRrROOF. It follows from Theorem 3.1.1 that d = m and Vol;_;(0Q2) = Vol;_1(0Q,). Moreover,
since 01(Q) = 01(Q,), the conclusion follows from the uniqueness of the maximizer in Theorem

3.1.6. U

52



Note that a similar corollary with an almost identical proof holds for planar simply-
connected domains, among which the disk is spectrally determined, using the case of equality
in Weinstock’s theorem [79].

Is still unknown whether there exist nonisometric Steklov isospectral Euclidean domains.
Our results imply that if two rectangles are Steklov isospectral, they are isometric.

Corollary 3.1.8. The Steklov spectrum of a rectangle uniquely determines its side lengths.

The proof of this corollary is presented in Section 3.4.4. Let us conclude the introduction

with the following conjecture:

Conjecture 3.1.9. Any two Steklov isospectral cuboids are isometric.

Plan of the paper

In Section 2, we explore the structure of Steklov eigenvalues and eigenfunctions on cuboids.
In particular, in subsection 3.2.1 we describe separation of variables and prove that it yields a
complete system of Steklov eigenfunctions. In subsection 3.2.2 a classification of eigenfunc-
tions is presented based on the number of linear, trigonometric and hyperbolic terms, which
is later used in subsection 3.2.3 to reduce the problem of counting eigenvalues to counting ap-
proximate lattice points. Theorem 3.1.1 is proved in Section 3.3. This is the most technicallly
involved part of the paper, involving tools from analytic number theory and Fourier analysis.
Other results of the paper are proved in Section 3.4. In particular, a somewhat surprising obser-
vation that Steklov eigenfunctions may concentrate on lower dimensional facets of cuboids is
presented in subsection 3.4.1. Subsections 3.4.3 and 3.4.4 provide the proofs of Theorem 3.1.6
and Corollary 3.1.8. Appendix 3.A contains the proof of an auxiliary Lemma 3.A.1 used in sub-
section 3.3.4. In Appendix 3.B we justify the positivity of the constant C, as stated in Remark
3.1.2.
Remark 3.1.10. Right before submitting our paper on the archive, we learned of the preprint
[76] which discusses Steklov eigenvalues of rectangles and cuboids of dimension 3. Note that

[76, Conjecture 3.1] immediately follows from our Proposition 3.4.2.
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3.2. Eigenfunctions and separation of variables

3.2.1. Separation of variables

The following lemma shows that the method of separation of variables is applicable to the
computation of the Steklov spectrum of a product of compact manifolds with boundary. In
particular, we justify completeness of the system of Steklov eigenfunctions admitting separation
of variables.

Lemma 3.2.1. Let M, and M, be smooth compact Riemannian manifolds with boundary. Let
o = 0 be a Steklov eigenvalue of the product manifold M = M x M, with eigenspace F,;  L*(M).

There exists a basis (uV, ..., u™) of F; such that each ud: My x Mo — R is separable:

u(]) (X1,xz) = ui']) (xl)ué]) (xZ)y 1< ] =m,

where uij) :M; — R and uéj) M, —R.
PrROOF. Consider the Robin problem with parameter o = 0 on M

Au+Au=0 in M,

opu=0ou on oM.

It is well known that the Robin problem on M admits separation of variables. Indeed, it
follows from the fact that L?(M) = L?(M;) ® L?>(M,) is a product space, see e.g. [74, Section 11.5].
The number o = 0 is a Steklov eigenvalue of M if and only if 0 is an eigenvalue of the Robin
problem with parameter o, and the corresponding eigenspace is the same for both problems.
Since one can find a separated eigenbasis for F,; by virtue of it being a Robin eigenspace on M,

it then suffices to use the same basis for F,; when we consider it as a Steklov eigenspace. U

Remark 3.2.2. It is not easy to show directly that the traces of all separable Steklov eigenfunc-
tions form a basis in L2(0 M), since the boundary 0 M of a product manifold is not itself a product

manifold.
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Remark 3.2.3. Lemma 3.2.1 yields completeness of the system of separable Steklov eigenfunc-
tions on cuboids. Surprisingly, a complete proof of this result has not appeared in the literature
even in the case of rectangles. Note that the completeness argument for the square presented in
[27, Section 3] does not extend to arbitrary rectangles, contrary to the claim made in [5, Section
4] and in [76]. Indeed, the proof given in [27] uses in a crucial way the diagonal symmetries of
the square, which allow to use a connection to the vibrating beam problem via mixed Steklov-
Neumann-Dirichlet problems on an isosceles right triangle.

Let d € N and consider the cuboid Q) with parameters ay,...,a; > 0. Because Q is a product

of compact intervals, it follows from Lemma 3.2.1 that there exists a complete set {u;} of

Jj€Ng
separated Steklov eigenfunctions on Q. Consider a function u : Q — R given by the product

u(x) = uy(x1)...uq(xq), where u; : [-aj,a;] — R. Requiring u to be a Steklov eigenfunction with
eigenvalue o = 0 leads to numbers Ay,A,,...,44 € R such that
u;.’—}-/ljuj =0 on (-ajaj),
u;.(aj) =ouj(aj), (3.2.1)
—ui(-aj) =ouj(-ay),
subject to the harmonicity condition

d
Y A;=0. (3.2.2)
j=1

The following lemma describes the eigenvalues and eigenfunctions of the auxiliary one-
dimensional Steklov spectral problem (3.2.1) with a parameter 1 € R.
Lemma 3.2.4. Let A € R. The non-zero solutions ¢ : [—a,a] — R of the differential equation ¢" +

A =0 subject to the boundary conditions
¢ (a)=oc@p(a) and -¢'(—a)=ocp(-a)

for some constant o = 0, are constant multiples of one the following functions:

(i) ForA=0,¢9(t)=1ando=0or¢(t)=tando =a .

(ii) For A= a® >0, one of
@(t) =sin(at) witho =acot(aa),
@(t) =cos(at) witho=—-atan(aa).

In other words, for each ¢ € {0,1}, 0 = a cot (aa + !72—’) is an eigenvalue.
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(iii) For A =—p? <0, one of

@(t) =sinh(ft) witho = Bcoth(Ba)

@(t) =cosh(ft) witho = ftanh(fa).

In other words, for each j € {-1,1}, 0 = ,Btanh(ﬁa)j is an eigenvalue.
It will be useful to introduce a uniform notation for these eigenvalues. Given a > 0 and
¢ €{0,1}, let

T xcot(ax) for¢ =0,
T40(x) = xcot (ax +0—| =

—xtan(ax) forf=1,

and

xcoth(ax) for¢ =0,
Hgo(x) =

xtanh(ax) for¢=1.
It follows from Lemma 3.2.4 that separable eigenfunctions are products of linear factors,
trigonometric factors (the function sin for £ = 0, and cos for ¢ = 1) and hyperbolic factors (the

function sinh for ¢ = 0, and cosh for ¢ = 1). A careful accounting of these will be presented.

3.2.2. Classification of eigenfunctions

It follows from the previous paragraph that there is a complete set of Steklov eigenfunctions
which are given by products of linear, trigonometric and hyperbolic factors. They are of the
form

wxy,...,.xg) = [ xi [T Trig;(ejxj) [T Hypg(Brxi) (3.2.3)
i€ty jem ket,
where 1,71,72 are disjoint subsets of S; := {1,2,...,d} such that T UT; UT, = Sy, and each
Trig i€ {sin, cos} and Hyp,. € {sinh, cosh}. In order for this function to be a Steklov eigenfunction
corresponding to the eigenvalue o > 0, the function # must be harmonic. This amounts to the
following restatement of condition (3.2.2) in terms of the constants a; and fj:
Yoai=) B (3.2.4)
jet ket,
This equation will be called the harmonicity condition. Moreover, the spectral parameter o has

to be the same on each face of the cuboid. By Lemma 3.2.4 this translates into the following
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equations, called the compatibility conditions:

ai_l for i € 19,

0= T eiiy(@i) forier, (3.2.5)

Hg eiy(Bi)  foriers.

Here the function ¢ : S; — {0,1} is used to specify which trigonometric and hyperbolic functions
are used, according to the convention introduced in Lemma 3.2.4. The corresponding eigen-
function (3.2.3) is then given precisely by the product of the factors u; : [-a;,a;] — R which are

specified by

Trig, ;) (aix;) forierT,
ui(xi) = { Hyp,;,(Bix;) foriem,, (3.2.6)

X; otherwise,

where Trig, = sin, Trig, = cos, Hyp, = sinh and Hyp, = cosh.

Note that any separated eigenfunction that has a linear factor u;(x;) = x; contributes the
eigenvalue o = a]TI to the spectrum. Since the multiplicity of each eigenvalue is finite, this
can occur at most a finite number of times. We summarize the above mentioned facts in the
following theorem.

Theorem 3.2.5. Letp € {1,...,d — 1}, and let T, be the set of all ordered bipartitionst = (1,72)
of {1,...,d} in the sets of cardinality p and q = d — p. Foreacht € I, and any ¢ : 11 U1 — {0,1},
let S; ¢ be the set of all numbers o > 0 for which there exist positive numbers «; fori € Ty and §;,

for j € T2, which solve

0 = Ta,00)(@i) = Haj0()(B) VieT),jET?

subject to the constraint

2 _ 2
Z a; = Z p Iz
i€T) j€T2
Denote also by Sy the collection of Steklov eigenvalues corresponding to separated eigenfunctions

having a linear factor. Then the Steklov spectrum of a cuboid ) is given by the union of So which

contains at most finitely many elements, and the families S;; for all possible choices of T and ¢.
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3.2.3. Reduction to approximate lattice counting

We will now give a more precise description of the spectrum by constructing a correspon-
dence between the Steklov eigenvalues of cuboids and the vertices of certain lattices.

Let Q be a cuboid with parameters a,,...,a5. Let p € {1,...,d — 1} represent the number
of trigonometric factors of a separated eigenfunction without linear factors. Each bipartition
7 = (11,72) € 9 then corresponds to a separated eigenfunction of the form

uxy, ..., xq) = [ Trig;(a;x;) [] Hypg(Bexi). 3.2.7)
JjeTy ket

LetNp = {0,1,2,...} be the set of nonnegtive integers. Given n € I\Ig , let

RP.

In=Inp::=[]

(nin (nj+1)nm
i€T]

2a; 2a;

The boxes I, are fundamental domains of a lattice. The following theorem shows that each
box gives rise to a cluster of at most 29 eigenvalues and, moreover, the boxes I, with n € N” and
In| large enough correspond to precisely 29 eigenvalues.

Theorem 3.2.6. Given p € {l,...,d -1}, and q = d — p, let T € T, specify the position of trigono-

metric and hyperbolic factors of eigenfunctions of the form (3.2.7). The following assertions hold:

(i) Eigenfunctions of the form (3.2.7) form a complete system of Steklov eigenfunctions on a cuboid

up to a finite number of eigenfunctions containing linear factors.
(ii) For eachn € NP, there exist at most 29 eigenfunctions of the form (3.2.7) with @ € Iy,.

(iii) There exists a number N € N, such that for every n € NP with |n| > N, there are exactly

29 eigenfunctions of the form (3.2.7) with a € I,. The corresponding eigenvalues aﬁ,k), with

ke{l,...,29}, satisfy
ol = 1@l +O(|n|™>® (3.2.8)
n \/27 ( )

for some ay, € I, where f(x) = O(x~°°) means that for every N, there is xy and C such that for

x> X |f(x)| <Cx™N,

(iv) There exist only finitely many eigenfunctions of the form (3.2.7) such thatn € I\I(’)’ \NP”. For
eachne I\I(’)j \NP”, there are at most 29 eigenfunctions of the form (3.2.7) with @ € Iy,.

Assertions (ii) and (iii) essentially say that up to a finite number of boxes, there is always
exactly 29 solutions in the box I,, while assertion (iv) says that while some boxes touching the

coordinate hyperplanes {x; = 0} might contain solutions, this will only happen a finite number
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of times. This means that while all the three cases are needed to fully describe the spectrum,

asymptotically we can only count eigenvalues described by (iii), up to a O(1) error.

PROOF OF THEOREM 3.2.6. Assertion (i) is a direct consequence of Lemmas 3.2.1 and 3.2.4. In
order to prove assertion (ii), for each ¢ : S; — {0,1} and n € NP we will show that there exists
at most one eigenfunction. Up to a small error, the corresponding eigenvalue will be equal to
the norm of a point which is located in the box Iop+m,p,r, Where m € {0,1}” is determined by the
restriction of £ to 7;. Together with the choice of ¢ on 7, this will account for clusters of at most

249 eigenvalues corresponding to each of the boxes Iy,.

Construction of an eigenfunction.

For each i € 7,, the function ; — Hg, ¢;)(B;), is increasing and positive for §; > 0. It satisfies

Hg, 0 (Bi) = Bi + O(B;™°) as f; — co and

. L ife@) =0,
Hm Ha, e (Bi) =4
pi= 0 ifea)=1.
This implies that the equations
He, 00 (Bi) = Haj,e()(B)) Vi, jeT, (3.2.9)

define a connected curve Cy = Cp,p,; © RY (the index H stands for “hyperbolic”) which behaves

like the diagonal
{peR?: B;=p;foreachi,je1,}

to infinite order as || — co. The common value given by equation (3.2.9) increases monoton-
ically from some c¢ = 0 to infinity along the curve Cy as it moves away from the origin. In fact,

this non-negative constant is
co=max{0,a; ' :i€7,,¢(i) =0},

On the other hand, for each i € 7; the restricted function

nin C)n nin (L) +1Dn
+ , +

— [0,00), 3.2.10
a; 2a; a 2a; [ ) ( )

Ta 00 (

is decreasing and surjective. Hence, for each point ff € Cy < R, there exist unique numbers

nim C)n mim (P(0)+1Dn
+ , +

a; 2a;  ay 2a;

a;(p) E(

] (foreachie ;)
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Figure 3.2. Various Cr curves in the situation where d =3, p =2 and 7, = {1,2}.

such that
Tayeip(@i) = Hajop(Bj)  VieT), jeT). (3.2.11)

This defines an image curve Cr < R” given by
Cr={a;(p):ict,peCpyl.

In other words, we have defined a continuous map « : Cy — Cr between these two curves. It
follows from (3.2.10) that the curve C7 is contained in the box Irp+m, Where m € {0,1}” is deter-
mined by the restriction of ¢ to 7;. In particular, as the value of | §] increases from its minimal

value to +oo along the curve Cy, the value of |&(B)| is contained in the compact interval

inf |x|, sup [x|| < (0,00).

X€lon+m XE rp+m

Hence, if infy, [x| > ¢, there will be a point ff € Cy such that & = a(p) satisfy |a| = |Bl. This

€lon+m
amounts to saying that any of the common values given by (3.2.11) is a Steklov eigenvalue of
the cuboid. It follows from monotonicity of each factors in Equation (3.2.11) that this solution

(a,P) is unique.
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Figure 3.3. The curve Cy corresponding to ¢(3) = 1 and ¢(4) = 0: x3 tanh(x3) = x4 coth(xy).

Remark 3.2.7. Letd =4, ay =a, =azs =as =1, p=2and 7, = (1,2). In this case, Figure 3.2
shows the intersections of the four different curves Cy with the boxes Irpim < R? for n = (12,2)
and m € {0,1}. The corresponding curve Cy for the particular choice of the hyperbolic factor
given by £(3) = 1 and ¢(4) = 0, is shown on Figure 3.3. On each of these curves, the marked point
corresponds to the solution of the compatibility equations. Note that the curves Cr intersect
two of the boxes, and the functions T, ;) defined on them are positive in one box and negative
in the other. The solutions of the compatibility equations lie on the positive side.

We now turn to assertion (iii). Observe first that there is a uniform bound on ¢, hence there
isa N such thatif |n| > N then

inf |x] > ¢;.
xely

From the previous discussion this ensures that there are exactly 27 solutions in the box I,. We
proceed in two steps for the more quantitative part of the statement. First, we prove that eigen-

values do take the form (3.2.8), and then we show that for all k € {1,2 ...24 } the same «,, works.

Localisation

Fix the restriction ¢ : 7, — {0,1}7 for the moment. The various choices of trigonometric
factors (represented by the choice of ¢ : 77 — {0,1}) gives rises to exactly one solution @sp+m in

each of the of the 2” boxes I>,+m, Where m runs over all choices of m € {0,1}”. For each of these
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m, the corresponding eigenvalue is given by any of the functions appearing in Equation (3.2.11)
evaluated on any of the coordinates of (@2n+m,Bon.m) € RP x RY. It follows that for each j € 75,

and n e N9

Bul®= 3 Byi=aBy,;+0(n™).

i€Ty
Hence for each j € 75,

1B, -
ﬂn,j=%+o(|n| ).

The corresponding eigenvalue is therefore given, for any j € 75, by

1Bal

o 0(m) = 1%l L 6 (1n),

Va

On=Hgj,0(j)(Pn,j) =
as was announced.
Clustering
If¢,¢':S; — {0,1} agree on 711, it follows from
Haj,00) (%) = Hapor(y () = O (x7)
that the corresponding eigenvalues satisfy
On,e —One =0 (In|™>).
The various choices of the restriction ¢ : 7, — {0,1} therefore lead to 29 eigenvalues satisfying
Uﬁ:@+0(|n|_°°) fork=1,...,29.
q
Exceptional eigenvalues

Forne I\Ig \N?” we have that n; = 0 for atleast one i € 7;. On the interval (O,Ziai] , the function
T, 0 is positive while T, ; is negative, hence an eigenvalue can only correspond to /(i) = 0. In
this case, the range of Ty, ¢ is [O,ai—l). A corresponding eigenvalue is therefore bounded above
by al._l. There is only a finite number of these, proving assertion (iv).

This concludes the proof of Theorem 3.2.6. U

In the next section we will take up the task of understanding the asymptotic behavior of the

counting function N (o).
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3.3. Eigenvalue asymptotics

The goal of Section 3.3 is to prove Theorem 3.1.1. The plan is to represent the counting
function N(o) as a sum of auxiliary counting functions corresponding to different families of
eigenvalues provided by Theorem 3.2.6. Each of those counting functions will be then investi-

gated using lattice counting techniques.

3.3.1. A hierarchy of counting functions

Letpe{l2,...,d—1}. Given T = (11,72) € I and ¢ : S; — {0,1}, define the counting function
N™!:R — N by

NM(U):#{jeN :0j€S;pand o <o}

Recall that the bipartition 7 defines the location 7, of the trigonometric factors, and the location
7, of the hyperbolic factors, whereas the function ¢ distinguishes between sin and cos trigono-

metric factors, and sinh and cosh hyperbolic factors. We also introduce

N'@):= Y N"%0) and Ny(0):= ) N'(0). (3.3.1)
4:54—10,1} €T,

Since there is only a finite number of eigenfunctions with linear factors, one has

d-1
N(o)= ) Nyo)+0().
p=1
Set g = d — p and let 07Q) denote the union of p-dimensional facets of a cuboid Q. Our goal is

to prove the following asymptotics for Ny (o).

Proposition 3.3.1. Foreachp=1,....,d -1, we have:

\/qP
Np(o) = #w,,\/olp(a" Q)o? +cp Vol 107 Qa? ™! + 0 (a), (3.3.2)

where cy, are some explicitly computable constants and

1 2/3 l'fPZZ,
Np=max(p—-1-—p-2+——-|=
p p+1 p—1-1/p otherwise.

We prove Proposition 3.3.1 in subsection 3.3.5.
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3.3.2. Quasi-eigenvalues

In this section, we observe that the clustering of eigenvalues in Theorem 3.2.6 allows us
to simplify the eigenvalue counting problem. Essentially, we will count every cluster as one

eigenvalue with a weight equal to the number of eigenvalues in the cluster.

Definition 3.3.2. Given p€ Sy, g =d—-p, 1€ Jp, £ : S5 — {0,1} and n € NP, the number %
defined in (3.2.8) is called a quasi-eigenvalue of multiplicity 29.
Itis clear from Theorem 3.2.6 that
-l |y
N(@)=) 29#ineN’: —= <o+ 0(1). (3.3.3)
p=1 \/ﬁ

The factor 29 accounts for the clustering of eigenvalues around the corresponding quasi-
eigenvalue. Note that the O (1) error can be absorbed in the error term in (3.1.3). Therefore,
in view of (3.3.3), for our purposes there is no need to distinguish between counting eigenval-

ues and quasi-eigenvalues.

3.3.3. Eigenfunctions with a single trigonometric factor

Consider first the case p = 1.The choice of sin or cos for the trigonometric factor and the
choice of the coordinate corresponding to the trigonometric factor yields 2d families of eigen-
functions, each having 2d-1 possibilities for the choice of the hyperbolic factor. As follows from

Theorem 3.2.6, each of the 2d families contributes clusters of 24!

eigenvalues which corre-
spond to the same quasi-eigenvalue. Therefore, as was mentioned earlier, this cluster can be
counted for our purposes as a single quasi-eigenvalue of multiplicity 2¢~!. The compatibility

equations
Ha06)(Bi) = Hajoy(Bj) Vi, jeT? (3.3.4)

define a connected curve in R?~! which goes to infinity along the diagonal while its value in-

creases to +oo. Equating (3.3.4) to Ty, ¢(k), k € T; amounts to solving the following equations:

a o ,
akcot(akak):\/%+0(ak ) if¢(k)=0,
and
ag _ .
—aitan(aray) = +0(a;™) if (k) =1.
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This yields eigenvalues of the form

nj 1 _1\—1/2 +—00 : _
o) v T avas arceot((d =17 + O(j~=) ife(k) =0,
nj 1 _1y-1/2 :—00) 3 _
akm+akmarctan((d DY +0(j) iflk)=1,
each with quasi-multiplicity 2¢~!. Given that arccot and arctan are bounded functions, and
q plicity
since
d
Vol; (077'Q) =24y a;,
j=1

we have that

Ni(o) = Vol; 047 'Q)o+0(1).

w1V d-1
27
This concludes the proof of Theorem 3.1.1 for d = 2, since p = 1 is the only possibility in this

case. Observe that for d = 2, this is indeed the expected first term of Weyl'’s law (3.1.2).

3.3.4. Eigenfunctions with many trigonometric factors

In this subsection, we count the number of eigenvalues associated with eigenfunctions with
more than one trigonometric factor. The idea is to write the eigenvalues as the norms of points
a € R that are close to some lattice points. The main difficulty is that the compatibility equa-
tions are transcendental, making it impossible to explicitly find «. We will therefore approxi-
mate the eigenvalues in a controlled way, and we will show that this approximation results in a
small enough error that could be absorbed in the remainder in the two-term asymptotics for the
eigenvalue counting function. Finally, we will use the lattice point counting techniques going

back to [36, 65], and more recently used in [54].

3.3.4.1. Approximate eigenvalues

Supposethatd >3 and p€ {2,...,d - 1}. Let 1€ 9 and £ : S5 — {0,1} be given.

Given n € NP, it follows from Theorem 3.2.6 and the compatibility equations (3.2.5), that the
corresponding solution @ = a, € I, satisfies the following for each i,j € 1;
(i)m L(j)m ) _ laal

2 )G +0(In|™>).

Hence, for each i € 7, we have, choosing the principal branch of arccot, a family of solutions

a,—cot(a,-a,-+ ):ajcot(ajaj+

indexed by n € N”

1/2

(i) 1 —0o
a;ia; = | ni+—- 7 + arccot| — +0(In|™®).

va

a.
1+ ) (—])
jier; \ @i
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ni+40\n
Since a; = % + O(1), we can rewrite the previous equation as follows

(ni + @) T
@ =
l
. 1/2
(my+ 2 2 (3.3.5)
1 1 — tla; (n)
+—arccot| — [1+ ) L +0(InI™),
a; q ]?fl (l’li+@]ﬂ
S+ Iy;(m)

where the functions ¢, ; are bounded. Since (i) ranges over {0,1}, the solution set to the previ-

ous equation is the same as the one to

i e m)2]
nit 1 1 2a; "t
@; = — + — arccot | — 1+Z na]]T—J +0(In™). (3.3.6)
2a; a; va iZi\ 2g; T ta;()
Lemma 3.3.3. Define @; as
971/2
a;= + —arccot|— |1+ . (3.3.7)
2a; aj jFi\ajn;
Then,
@ =a;+0(n™") (3.3.8)

PROOF. In Lemma 3.A.1 in the Appendix, take x; = %” and ¥; = t,,;. Then, one readily sees that
x| = [n],
where f = g means that f = O(g) and g = O(f). The lemma then follows. O

Note that the right hand side of equation (3.3.7) does not depend on «; anymore, which makes
it easier to analyse.

We now have eigenvalues indexed by n € N” given by

On =, = Y az+o(m™). (3.3.9)
q i€T)

On=,|= ) @& (3.3.10)

Definition 3.3.4. The numbers

are called the approximate eigenvalues.
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Remark 3.3.5. Up until now, eigenvalues, quasi-eigenvalues and approximate eigenvalues were
indexed by n € N”. In the following two theorems it is convenient to use n € N to index them in
an ascending order.

The following lemma allows us to estimate the error induced by counting approximate
eigenvalues instead of eigenvalues.
Lemma 3.3.6. Let (ay), (by,) be two sequences of positive numbers which tend to infinity. Suppose

there exists a number s > —1 such that a,, = b, + O (b},®). Let
N,A) =#{n:a, <A} and Np(A) =#{n: b, < A}.
Suppose that there exists a number K such that

K
N, =Y AP F+0(1),
k=0

withr < p—K. Then,

K
Ny =Y APk 4 O(A”) (3.3.11)
k=0

wherer' = max(r,p—1-5s).
Remark 3.3.7. Note thatif 7’ > p—K, some of the terms in the sum in (3.3.11) might be absorbed

in the error term.

PROOE. Indeed, the assumption on the sequences a, and b, implies that there exists ¢ > 0 such

that
c c
Na(/l+ ﬁ) < Ny(A) sNa(A—F).
A direct computation of N, (A + cA™°) completes the proof of the lemma. 0

Recall now the definition of N7 (o) given by (3.3.1). We will write N7 for the counting func-
tion of the corresponding approximate eigenvalues.
Lemma 3.3.8. We have:
|N"(@) - N"(0)| = O(aP171'P).

PROOE. Both the eigenvalues and the approximate eigenvalues are, up to a bounded error,

p b5
i=12a;\/q
{lyl:yer} ,, the sequence of norms of the points of the lattice I' arranged in ascending order. It

the norms of the points of the lattice I' = @ N, repeated 27 times. Denote by [, :=

is well known that there is a constant C such that

Nj(0) = Co? +0(cP7Y),
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where C depends on I' and N; denotes the counting function of the sequence [, as in Lemma

3.3.6. Applying Lemma 3.3.6 with s = 0 yields
N'(0)=29Co” +O(aP™).

Reversing this expression tells us that
n )1/ p

- lp
i) O (n''P). (3.3.12)

o=
From equations (3.3.10) and (3.3.12) we have that
Gn=0,+0(nVP).
Therefore, applying once again Lemma 3.3.6, but this time with s = 1/p, yields
N'(0)=N"(0)+O(a”17VP). (3.3.13)

O

3.3.4.2. Another representation of the counting function

For every 1, let us now define a family of sets E, < RP with the property that
~ n
No= Y 2% (=) +ow), (3.3.14)
neNP o
where y := y is the indicator function of E;. Let us define elliptic polar coordinates in R” with

the convention that 6, =0:

ey (),

i€T) zai\/ﬁ
20,\/G (3.3.15)
Xj=r / qcos(ej)Hsin(Hi).
7I i<j
We define the family of sets
2 1 H(@O
Eg::{(r,G)ERP:r2+_r Y _gj(0)+¥<1}, (3.3.16)
o T aj o
with
) 2 1/2
gi(@):=cos0; sinH—arccot(— [1+ (—l) ), (3.3.17)
j ]H] i NG ;} o
and

1/2y2
: 2 )
jer1 %j

1+) (ﬁ)z

1 1
H=H@®)=)_ —arccot(—
i#j\Xj
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From equation (3.3.10), we can observe that the evaluation of y at o~ 'n in coordinates (3.3.15)
is 1 ifand only if 6, < ¢. If In| > N as in Theorem 3.2.6, there are 29 solutions close to any order
to on. This achieves our stated goal of equation (3.3.14). Let us now prove a few properties of
the set E, that will be required in the sequel.

Lemma 3.3.9. There exists o such that for o > o the set E; is strictly convex and the princi-
pal curvatures of 0E, are positive and uniformly bounded away from 0. Furthermore, all the

derivatives of the principal curvatures tend to 0 as o — oo.

PROOF. From equation (3.3.16) 0E; is the level set of a function F satisfying

F(r®)=r*+0(c7"),

Xi

o -1
VFl = ﬁ+0(0 ), (3.3.18)
b4
Hess F = dia ( ) +0(c7! ,
g ai\/ﬁ €T ( )

with the error estimates uniform in 0E,. This yields that for o large enough, the second fun-
damental form of 9E; is positive, with its smallest eigenvalue uniformly bounded away from 0.
This implies the claim on the principal curvatures, which in turn implies strict convexity.

As for the derivatives of the principal curvatures, they are the derivatives of the eigenvalues
of Hess F. Observe that rg; and H are smooth away from the origin, hence all their derivatives
are bounded on 0E,;. This implies that the derivatives of Hess F are O (0‘1), hence the deriva-

tives of its eigenvalues as well and they go to 0 as o — co. U

This argument also yields the following corollary.
Corollary 3.3.10. The product of the principal curvatures of 0E, is uniformly bounded away

from zero for o large enough.

3.3.4.3. Poisson Summation Formula

In this section, we use the general scheme of the proof of [54, Theorem 1.1]. Recall that

n
N'(o) = 29y |=]+0qQ
=3 1(>)row

o (3.3.19)
=200 ¥ X(E) +Re(0)+0(1),

nezp
where R;(0) is the error term induced by the overcounting of points on hyperplanes with one

vanishing coordinate.
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Our goal is now to compute the terms appearing in equation (3.3.19) using the Poisson sum-

mation formula which states, under sufficient smoothness assumptions that

Y f= Y fm) (3.3.20)

neZpP meZP

where the Fourier transform is given by

& ::f fx)e 2"x8 dx.
RP

However, y is not regular enough for us to use the Poisson summation formula, hence we
need to mollify it. Let us introduce a nonnegative function ¥ € C°(R) supported in [-1,1] and

such that

©0 1
N rPtdr= —,
fO w Vp—l

with V),_; being the volume of the p — 1 dimensional unit sphere in R”. We then define a family

Y. :RP — R of radial bump functions of total mass 1 by

v 1 x|
e(x)—e_p'(//( )

€
Set W := ¥, Consider the smooth function y. = W, * y. Note that

P& =P(ed)

We now prove the following lemma.

Lemma3.3.11. Let [, x- : RP — R be defined by
Xe ®) = xe (1 -n.)x)

Xe ®) = xe (Q+n-€)x)

forsomen_,n+ >0. One can choosen_,n . in such a way that for all o large enough
Ye ®) <y X < s x)
for all xe RP and all € >0 small enough.
PROOE. For the first inequality, observe that
Xe((L+n-€)x) = pr ¥WWe((1+n-€)x-y)dy
:f ¥WW¥e((1+n-€)x—-y)dy
Bi+n_ex(€)
< sup (.

B(1+n_e)x(€)
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Hence, to show that y.((1 +n-€)x) < y(x) for all x, by convexity of E, it is sufficient to show that
for all x € 0E,, there exists 11—, independent of o such that the following holds for each € > 0
small enough

Bain_ex(€)NE; =9.

Note that for all x € 0E,, we have that
dist((1 + )%,0E,) = (x- g, X))t +O(£%), (3.3.21)

where Ajg, is the Gauss map of the boundary. To see this, denote by Tx0E, the tangent hy-
perplane of 0E; at x, and by Py the orthogonal projection on that hyperplane. We have by the

triangle inequality that
|dist((1 + £)x,0E,) — dist((1 + £)x, Tx0E,)| < dist(Px((1 + 1)x),0E,).

We observe that dist((1 + 1)x, Tx0E,) = (x- A5E, (X)) t. Let F, as before, be the function in R” such

that the set F = 1 coincides with 0E,;. Taking the Taylor expansion of F around x, we have that
dist(Px((1 + )x),0E,) < || Hess F(X) lloo| Px((1 + X)|* = O (£),

where we used that || Hess F(X) [l is bounded uniformly for 0 > 0y and x € 0E,;. Note that the
strict convexity of 0E; and equation (3.3.18) imply that x- A3g, (x) is bounded away from zero
uniformly for o > 0. This implies that we can choose 7_ large enough and independent in o
such that indeed

B(1+n_€)x(€) N Eo' = @.

For the second inequality, we have
Xe((1 —n4€)X) = fw ¥WWe((1-n1e)x-y)dy
:f XYYl -n4€)x—y)dy
B(l—n+e)x(€

> inf x(y).

B(l—n+€)x(€)
Hence, to show that y(x) < y.((1 —n4)x), it is sufficient to show that for all x € 0E,;, there exists
1+ independent of o such that

B(1-5,)x(€) € E;.

Using once again equation (3.3.21) and arguing exactly as above yields the desired number 7.

O
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The following is an immediate corollary of the previous lemma:

Corollary 3.3.12. We have that

Y= X a(g)= X (3

nezp 07 pezp nezp

We will now apply the Poisson summation formula (3.3.20) to =, which are smooth func-

tions. This yields, using the basic properties of the Fourier transform,

n A
2 Xf(—)ZUp > Xelom)
nezp o meZP
om |\ [ €emo
=0’ 1+0(@)y V7
mezzr’( ())X(Wnie) (Hnie)
=" Vol(E,) + O (ea”) (3.3.22)
om |\ [ €mo
+ 0 UPA( )\Ij( ) )
m;Zp * 1¥n.€ 1¥n.e€
m#0

Note that for this expression to hold, we will need to later choose € = 0 (1). Since V¥ is a Schwartz
function, its Fourier transform is also Schwartz, hence to find estimates on the asymptotic be-
haviour of equation (3.3.22), we only need to find bounds on Y. This is done in the following
Lemma.

Lemma 3.3.13. For o large enough, the Fourier transform of yx satisfies the upper bound

7§ =0(1&"%). (3.3.23)

PRrOOE. For o large enough, the set E;; is strictly convex and has smooth boundary. Therefore,

following [40, Theorem 2.29] we have that for any function f € C*°(RP) such that f # 0 on 0Ej,
| rwemxtax=ofig),
Eq

where the implicit constants depend on the product of the principal curvatures of 0E; and stay
bounded as long as the principal curvatures are bounded away from 0. Hence, by equation
(3.3.18), these constants will be uniformly bounded for o large enough. Applying this result

with f(x) =1 yields the desired result. U
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Remark 3.3.14. Note that the estimates and the error terms obtained in [40, Theorem 2.29] de-
pend on the bounds on the derivatives of the principal curvatures. By Lemma 3.3.9 the deriva-
tives of the principal curvatures of 0E,; tend to zero as 0 — oo, and therefore they could be
bounded uniformly for o > 0.

We now find the dependence on € of the third summand in (3.3.22). We will choose the op-
timal value of € such that the second and the third terms are both as small as possible. Splitting
the third summand into two terms we use equation (3.3.23) and the fact that ¥ is a Schwartz

function to obtain

p-1 [7_+1
mo \.[ emo 02 (1Fni€) 2
ol > apf( — )‘I’( — ) =0 ( rzf)
me}; 1¥n.e€ 1¥n.e 0<|m|<(eo)~! m| 7z
m

p-1 PN
1_ 2
Ly o7 (1F7n4€) ’

el
mi>eo)t  |m|z NV(ge)V

for an arbitrary N > 0 which will be fixed below. Assuming that € is small and and taking into
account that the summands on the right hand side are decreasing in |m|, we may estimate the

first of those sums by

dr

o7 (1Fn€) 7 pa f(w)_l rp-1
1

0<|m|<(e0)~! lm| 2

The second of those sums can be estimated, for N large enough that the integral converges, by

p+1

p-1 £
07 (1Fn.€) 2 N foo rp-1
(

=0 7 (ge)™N dr

] !
mi>eo)-!  m|z TN(ge)N eo)”! pz tN

=o(c?).

1,
The optimal € to make both o”¢ and €7 assmall as possible is

yielding that

> xe (g) :UPVOI(EU)+O(OP—2+%). (3.3.24)

neZP

We now compute the volume of Ej.
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Lemma 3.3.15. Let = = SP~' nRY. We have:

op p 22p PG
Vol (Egy) = #wp I] a;- ‘/_ Y PN [Tai+0(07?), (3.3.25)
4 Jjer jerii#j
where
Gp,q:j;gj(()) de, (3.3.26)

for any of the functions g; defined by equation (3.3.17).

Remark 3.3.16. Note that G, ; does not depend on j by the symmetry of the construction of
8j-

PROOF. By symmetry, we have that

22p saP p(0)
Vol(Ey) = \/_ ff rP ' T a;drde

]€T1

where p(0) is the unique positive root (in r) of the equation

2 (0 H
P+l Y 8i )+—2—1:0.
O e, 4 o
One can observe that
g;j0) _
p(0)-1——z L +0(67?).
]€T1 a]

Thus, we get that
8j @)

+0(07?) de.

Vol(E,) = 1’[ S Z

]ETl P O jeq,
Integrating and replacing in the previous equation the definition of G, 4 in equation (3.3.26)

yields

Vol(Ey) = w,, I1ai- 2 % Y [lai+0(o (3.3.27)
jer nPo i iz

O

Finally, we have to take into account the points that we have overcounted with coefficient 1/2
on the hyperplanes {x; = 0}. This is given in the following lemma.
Lemma 3.3.17. The number of overcounted points on the hyperplanes {x; = 0} is

VaP2Pw,_joP !

Fel0) =

Y [lai+0(c”?). (3.3.28)

j€T1 l;'f]
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PROOF. One can observe that R; is given by
1
Ri(0)== Y #{o " 'N’'nEyn{x;=0}}
2 ieT
1
Since E,; is convex, rough lattice point counting estimates due to Gauss tell us that
1
Ri(0)==0P™1 Y Vol, 1 (E;n{x; =0} +O0(c”7?).
2 i€T]
Computing the volumes in the same way as in the proof of the previous lemma yields the desired

result. O

3.3.5. Proof of Proposition 3.3.1.

Recall that Np is given by

Ny(o)= ). N'(0).

=

Observe that
Y. 2P*9 I aj =Vol,@7(Q))

1€9) JET1
and that

Yo Y T]2P"%ai=(g+12P* > ] a;

€T, et it] T€Tp-1 jJET1 (3.3.29)
= (q + I)VOIp—] (aq+1Q))

Combining these two formulas with equations (3.3.19), (3.3.24) and Lemmas 3.3.15, 3.3.17,

yields
N (o) = Y9 1.4 p L 39 Q) oP-! p-2+55
Np(0) = X=—w,Vol,07(@)a” + ¢, Vol, 107 Q)aP ™ + 0(o" 27 77T).
2m)P
Using equation (3.3.29), we have that ¢, = c;, + CZ, where
I _ _(q+ ]') \% qup>q
Cp= 7

comes from the second term in equation (3.3.25) and

o (g+1)+\/qPwp-—
p 42m)P-1

is obtained from the principal term in equation (3.3.28).
We then have from equation (3.3.13) that
p

V4 -
Np(o) = Wprolp(dq(Q))ap +c¢pVol,_1 (071 Q)oP !t + 0 (™),
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where

2
= ~1-1/p,p-2+—
'I]p max|p p,p p+1

2/3 if p=2,
p—1-1/p otherwise.

This completes the proof of Proposition 3.3.1.

3.3.6. Proof of Theorem 3.1.1.

Recall now that
d-1
N(o)=)_ Np(0)+0(1).
p=1

Hence, applying the previous results we get

N(0) = Nj_1(0) + Ng_2(0) + O(a"4-1)

- Wwd—l\fold_lta(m)od—l +cg_1 Voly_»(02Q)or?2
-2

d
22
+
(Zn)d—z
= CyVolg_1 ()™ + G Voly_» (o ? 2 + 0 (n4-1).

w42 Volg_»(@*( Q)% + O (0"1)

d-2
22 wg-p

. . e o "
We can write explicitly C; = ¢, _; +¢;_, + oma-2

to get indeed that

d-2
272 wg—2 2Ga11  Wa—
(zn)d—z n-d—l Z(Zn)d—z

Cy =

when d = 3 and that

N©) = 2L vol, (0Q)0 + 0 (1)
27

when d = 2.

We can now give explicit expressions for the constants Gy, 4:

= [ [

/2 /2
:f f arccot( H csch; ) []sin k6 do .. .dfp_1.
0 0

i>j k=1
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12\ o
1+ Zcot 0; [ csc?6; ] )Hsink(ek)del...
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In particular, calculating the integrals for g =1,p=2and g =1, p = 3, we get:
1
G2,1 = E (—1 + \/5)7'[

1
G3’1 = g (-24+mm

This concludes the proof of Theorem 3.1.1.

3.4. Further results

3.4.1. Concentration of eigenfunctions

In this section, we discuss the behaviour of the eigenfunctions, more precisely how they scar
on the lower-dimensional facets of a cuboid. This is made precise in the following theorem,
where we will slightly abuse notation and denote by u; both a Steklov eigenfunction and its
boundary trace.

Theorem 3.4.1. Let Q c R? be the cuboid with parameters a, ...,a; > 0. Let pe{1,...,d — 1} and

lett € . Consider the set
X; ={x = (X7,,X7,) €0Q : xj = £a; for j € T5}.

Then, there exists a sequence of L?(0Q)) -normalised eigenfunctions {uy} concentrating on X, and
getting equidistributed around X; in the following sense: for each measurable U c X; and every

€ >0, consider the set
U, = {x = (X7,,X7,) €0Q:X;, € U and dist(x,U) <e€}.

Then, for everye >0,

) ) Vol, (U)
lim lupX)|“dx = —————.
k—ooJu, VOlp(XT)

For example, on a cuboid of dimension 3, the set X; is a union of four parallel edges in case

p =1, while for p = 2 it is a union of two opposite faces.

PROOE. Without loss of generality, we will suppose that U is a subset of one of the connected
components of X;, say the one where x; = a; forall j € 7,. For ke N, letk = (k,...,k) € R” and

consider the pair (@®, %) satisfying the compatibility and harmonicity conditions

(k) (k) _ pk) (k) : H
a; cot(ai ai)—ﬁj tanh(ﬁj aj) Vietr,,jet,

Y (o) = X ()

i€T] j€T2
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with a® e L. Note that this corresponds to choosing ¢(i) = 0 for all i € 7y and ¢(j) = 1 for all

J € T2. Since
A

~

[z () =z ()

i1€T €T i

1/2
+0(1)=Ak+0()

we have that for all j € 75,

A
(k) _
,6]. = —\/ﬁk+0(1).

Let vy (x) be the associated eigenfunction, and observe that

vi®)? = [] sin (ai.k)x,-) H cosh? (,Bg.k)xj)
jeta

i€T)

1
=— 1—cos Za( ) x H cosh? ,B(k)x
-l o )
=— 1-cos —+O(1) X; Hcosh —k+0M)|x;|.
2P i€ty JET2 va
Defining the normalised eigenfunction
Uk
Uy = ———,
g ||Uk||L2(aQ)

we estimate both || vi|1? := || vill? and [y, v (x)? dx. For |l vil?, we have that

L2(0Q)

lvel® = — H 1 cos((—k+ O(l))xl) dx; [] cosh2 (Bjxj) dx;

zerl jero Y —aj (3.4.1)
(Vol Xo)+oM) [] f cosh? (Bjx;) dx;
]€T2
from the Riemann-Lebesgue lemma and the fact that
aj
Vol(Xy) =29]] |  dx;.
ieT Y —ai
Furthermore, for all j € 7, we have that
a;: 1 a; A X _9(_ A .
f " cosh? (Bjx;)dx; = Zf j ez(ﬁk+o(l)]x’ te 2(fylrom)x, +2dx;
Y \/__“f (3.4.2)
24 kaj
1+o0(1
YT ( (1).
Setting C = }l/;, equations (3.4.1) and (3.4.2) yield together that
c1
lvell? = Vol,(X) | [] e 27655 | (14 0(1)) (3.4.3)
2d k4 jers
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We now also compute the integral of vi on U, where we get, in a similar fashion to (3.4.1)

that
f v (x)? dx=— (Vol () +0(D) Hf cosh® (B;x;) dx; (3.4.4)
€ JET2
We also have that
aj 2 C 24Aka
f cosh” (B;x;) dxj= eVl (1+o(1), (3.4.5)
aj—e

where once again C = ‘/_ . Together, equations (3.4.4) and (3.4.5) yield

f Ve(x) dx = Cl Vol (U)(H e f’“‘f)(1+o(1)) (3.4.6)

JET2

Finally, putting equations (3.4.3) and (3.4.6) together yields indeed that

2 Vol, (U)
hm uk(x) dx = 11 vk(x)z X = P ,
Ue U, ” vk” VOlp(XT)

concluding the proof.

3.4.2. The first eigenfunction

In this section, we investigate the lowest nonzero eigenvalue o on the cuboid. Let us first
find the form of an eigenfunction u associated with 0. By Courant’s nodal theorem u has ex-
actly 2 nodal domains. Thus, one of the factors u; will have 2 nodal domains on the interval
[~aj,a;] and all the other factors only one nodal domain. In other words there is one odd fac-
tor, and all the others are positive even functions. We show the following proposition.
Proposition 3.4.2. Suppose thata, < ... < ag. Then thereis = (f1,...,8a-1) and ag = || < %

such that
d-1
U(xi,...,xq) = sin(agxa) [ | cosh(Brxp)
k=1

is an eigenfunction with eigenvalue 0.

PrOOF. We will fist show that u is a product of one sine factor and d — 1 hyperbolic cosine fac-
tors. Suppose that one of the trigonometric factors was a cosine. Let us study the number of
nodal domains of cos(ax;) on the interval [-a;,a;]. By the Steklov boundary condition we have

that

cos(aaj) = —oasin(aa;),
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There are three possible cases, whether sin(aa;) is equal to, greater than or smaller than 0.
Since the eigenvalue oy = 0 is simple, if sin(aa;) = 0 it would imply that cos(aa;) = 0, which is
impossible.

If sin(aja;) > 0, we have that cos(aa;) is negative. This would imply that the function
cos(ax) has changed sign on [0,4;] and since it is even it will have at least two zeroes on
[—aj,a;j], thatis at least three nodal domains, in contradiction with Courant’s nodal theorem.

Finally, if sin(aa;) < 0, this implies that aa; > 7, meaning that cos(ax;) has changed sign
at least once on [0,a;]. This implies once again that there are at least three nodal domains,
completing the proof that no factor is cosine.

Since there can only be one odd factor, if one is linear all the other factors are a combina-
tion of cosine and hyperbolic cosine. We just proved that none of the factors are cosine, and it
is impossible for a product of linear functions with only hyperbolic cosines to respect the har-
monicity condition (3.2.2). We therefore deduce that the only odd factor of u is a sine, and by
the above discussion all of the other factors are hyperbolic cosine. This implies that there exists
somel<j<d, ajand f, k# jsuch that

u(x,...,xq) = sin(a;x;) 1}_[ cosh(Brxy),
#J

and aja; < m/2. The compatibility equations (3.2.5) hence become

ajcot(aja;j) = Prtanh(Brayi)

ai=1B* =3 B,

k#j
and o is any member of the first equality. We show that o is smallest when a; is the largest
side, i.e. aj = a4. Suppose not. Then, there is 1 < k < d — 1 such that an eigenvalue associated

with

v(x1,...,xq) = sin(ly|x;) [ ] cosh(y;x;).
k#j

is smaller than the one associated with
u(xi,...,xq) = sin(|plxg) [ cosh(Bix).
k#d

The compatibility equations imply that for all k # j and k # d,

Y tanh(yrax) < Brtanh(Bray).
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Since xtanh(ax) is an increasing function, we deduce that y; < B for all such k. However, we

also have that
lylcot(lylax) < |Blcot(|Blas)

and since x cot(ax) is decreasing on its first period and ay < ay, this implies that |y| > |B]. From

this, we therefore have that

Bit Y Ba<vi+t X ve

k#j,d k#j,d
Since for all k # j,d we have that y; < i, we therefore deduce that §; < y;. However, once

again using the compatibility conditions, we have that
yatanh(yqag) < Bjtanh(B;a;).

Since a4 > aj, by monotonicity of xtanh(ax) we deduce that y; < §;, a contradiction. Hence,

we have that the first eigenfunction is, taking into account that a4 = |f|,

d-1
u(xy,...,xq) = sin(|flxq) H cosh(f;x;),
j=1

concluding the proof of the proposition.

3.4.3. Proof of Theorem 3.1.6

The first eigenvalue is given by the following min-max principle :

. o JolVul?
01 Q)= inf Rqlu]l= inf 5
ueC™(Q) ueC®Q) [hou
Joq u=0 Joqu=0

Denote by Qg the cube [—1,1]%. Then, for any cuboid Q = [-ay,a1] x ... x [-ag,a4] we have that

d
ff(x)dx:f flarx,...,aqxq) [ | aidx
Q Qo i=1

and

d
dx = d
fan(X) X Z f(x)dx

]’:1 an{xj:iaj}
(3.4.7)

d
= Zf flaixy,...,aqxq) [ | aidx.
j=1 6Qoﬂ{x]'=il} i#]
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This allows us to consider integration only on Qg for Rg. Observe that the eigenspace of o1 (Qy)

has dimension d, and that a basis for it is given by

uj(x1,...,xq) = sin(|flxa) [ | cosh(B;x;).
i#]
The eigenfunctions u; are orthogonal to constants in the scalar product given by the rescaled
integral (3.4.7). Indeed, on all faces where the sin factor is not constant, the integral vanishes
since it is an odd function. On the pair of faces where the sin factor is constant, we have that
uj(xy,...,aj,...,xq) = —uj(xy,...,— aj,...,xg) hence the integrals cancel out on these two faces.

Consider the eigenfunction
d
u=>_ uj.
j=1

It is easy to see that the integral of u? on any face of Q is identical, and we have that Rq,[u] =

01(Qp). We now compute

d 2
1 _ Zj:l Hl#] ai faﬂoﬁ{x]':il} u dx
Rqlu] H;?:lajfgo [Vul?2dx
1 vd
1 gXj=illizjai

~ Ro,lul 19, a;

Fix the volume Vol ;(Q2) = Vol;(Qg), hence [] jaj=1. Then, from the inequality of arithmetic

and geometric means,

with equality if and only if for all j,k, [1;; a; = [1;xx @i, which is true if and only if a; = ay for all
Jj,k, which implies in turn that 0 (Q) < 01 (Qp), with equality if and only if Q is a cube.
On the other hand, fix the area, Vol (Q2) = Volg-1(€o), hence }_;[1;x; a; = d. Then,

d(-d)

d 1d %
E(EZHai) =1,

j=1i]

%: (Ha,-)_l= (ﬁ []ai

j j=li#]

with equality in the same case as before. Once again, this implies that 0,(Q) < 01(Qy), with

equality if and only if Q is a cube.
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3.4.4. Proof of Corollary 3.1.8

We want to show that among all rectangles, the Steklov spectrum determines the lengths
ay,a, of its sides. From spectral asymptotics, the perimeter of the rectangle is obtained, giving
L = a; + ay, supposing without loss of generality that a; < a,. On the other hand, we have o,

and we know that it is the smallest root of
01 =acot(aa;) = atanh(aa,).

Rewriting these to yield a; as a function of a, L and o, gives

_ _ 1 (o8]
a = f(a) = p arctanh(;) (3.4.8)
and
_ _ 1 01
ar=gla)=L- p arccot(;) . (3.4.9)

Given o, and L, the intersection of these curves yield possible values a, for a. We now show that
they intersect at only one point. Equation (3.4.8) is defined for a > 0, and taking the derivative

yields

tanh (£
Fllay= -2 ) —, (3.4.10)

2
< a-g)

which is always negative for @ > o1, hence f is decreasing. We now show that g is increasing on

[01,00). We have that
arccot (Z) o1
g = " ¢ - —.

Thus, g’ is positive if
Ul 1
aarccot(;) (1 + —) —01=0.

However, we have that

o ol n mod
aarccot(—) 1+—2 —012—a+—— -0
a a 4 41 a
401a

hence we need to have that a? — + 0% > 0. This quantity is positive at @« = 0 since 2 > 4/n

/4

and it is increasing since

40,
2a > —
b/

for @ = 0,. We conclude that g is increasing. This implies that f and g have exactly one inter-

section point, say at ap. We have that a, = f(ag) = g(ap) and a; = L — a,. Note that since the

83



square maximises o and since the eigenvalues are continuous functions of the side lengths of
arectangle this means that among all rectangles with given area or perimeter, o is a decreasing

function of a,.

3.A. Auxiliary result

Lemma 3.A.1. Let

1/2)

for some ¢ > 0 and where by convention arccot(oo) = 0, and let v : RP — R” be a bounded func-

g

fi(x) = arccot (c
jEiNK

tion. Then,

|ix+y®) - fix]=0(xI"). (A.1)

PROOF. We have that
| fi®) = f;(x0)| = O(Ix— %0l IV fX0)1) -
Consider spherical coordinates (r,04,...,0-1)
r=Ix|,

xj=rcos@;) []sin®y),

i<j
where by convention 6, = 0.
Denote x = (1,0) and x + ¥ (x) = (ry,0). It is clear that since y is bounded we have that
0-0,1=0(r"").

Indeed, from planar geometry we get that

tan(|f — 8, |) < 2 Pxerr VX0 v
yh = —

One can observe that the functions in Equation (A.1) depend only on 68, and 6. Hence,
showing that the gradient is bounded in 8 implies that | f; x + ¥ (x)) — f;®)| = O (r~1).
By symmetry, we can suppose without loss of generality that i = p in Equation (A.1). Then,

using repeatedly the identity 1 + cot? 8 = csc® 6 we have that

p-1
fr® = arccot(c I csch).
j=1
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Now, we have that
P!
cotb); IT,_, cscOy

-1 *
1+ c2T17_, csc? Oy

g, fp(x) =c

This is bounded since when 6; — nrn, the singularities are of the same order on the numerator
and denominator while when it is any other 8; — nn, the singularities are of order 1 in the

numerator and 2 in the denominator. This concludes the proof. 0

3.B. Positivity of the constant C,

We can rewrite C, as
da
2% - 2rwa_r -2 Gy )
22m)d-1

Cy =

)

and we need to show that C, > 0 for d = 3. This will be done by showing that

a+2
272 =2)twg-»

> 1. (B.1)
2d+1Gd—1,1

Let us first observe that the integrand in G,4_; ; is positive and that for any 0 € [0,/ 2142 we

have that
d-2
arccot| [ ] csc8; | < arccot(1) < 1.
j=1
Hence,

Ga-1.1 —f f arccot(l_[ csch; ) [] sin*©@1)d6;...d04—,

< H smk(Gk) do;
22—dn%d
r(4)

The last equality is true for d = 3, and is seen to be true for all d = 3 by induction using the

identity [30, 3.621 (1)]

/2 1 1
f sin(0)do = 2%~ lB(k+ kL)
0 2 2

and the Gamma function duplication identity

T(WT (u+1/2) =2""24/7T 2w,
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Using the fact that

/U

)

a+2 a+2
272 =2)twg_» - 272 =-2)n
2d+1Gd—1,1 - 8
for all d = 3, concluding the proof that C, > 0.

I\>|

w4 _71'
_z_r(

(NJISH

and replacing in Equation (B.1) we have that

>1
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Eigenvalue optimisation on flat tori and lattice
points in anisotropically expanding domains

RESUME. Dans cet article, nous nous sommes intéressés a la maximisation de la k-ieme valeur
propre du laplacien parmi les tores plats de volume 1 en dimension d alors que k tend vers I'in-
fini. Nous montrons qu’en toute dimension, un tore maximal existe pour chaque k, mais que
n'importe quelle suite de maximiseurs dégénere lorsque k tend vers I'infini des que la dimension
est inférieure a 10. De plus, nous obtenons des bornes supérieures et inférieures pour le rayon
d’injectivité d'une suite de tores maximisants. Nous montrons que le méme taux de dégeneres-
cence peut étre observé pour une suite de bouteilles de Klein plates maximisant la k-iéme valeur
propre du laplacien. Ces résultats contrastent avec ceux qui ont été récemment obtenus par Git-
tins et Larson, qui montrent que des suites de cuboides optimaux, pour les conditions frontiéres
de Dirichlet ou de Neumann, convergent vers le cube, peu importe la dimension. Nous obtenons
nos résultats grace a des asymptotiques de Weyl explicites qui tiennent tant et aussi longtemps
que le rayon d’injectivité tend vers zéro suffisemment lentement en termes du parametre spec-
tral. Nous réduisons le probléeme a celui du compte de points d'un réseau dans des domaines
étirés de maniere anisotropique, wet nous généralisons les méthodes de Yu. Kordyukov et de A.
Yakovlev en considérant des domaines qui sont étirés a des vitesses différentes dans différentes
directions.

Mots clés : Optimisation asymptotique; asymptotique spectrale; compte de points de treillis.

ABSTRACT. This paper is concerned with the maximisation of the kth eigenvalue of the Laplacian
amongst flat tori of unit volume in dimension d as k goes to infinity. We show that in any dimen-
sion maximisers exist for any given k, but that any sequence of maximisers degenerates as k goes
to infinity when the dimension is at most 10. Furthermore, we obtain specific upper and lower
bounds for the injectivity radius of any sequence of maximisers. We show that the same rate of
degeneracy is also exhibited by sequences of flat Klein bottles maximising the kth eigenvalue of
the Laplacian. These results contrast with those obtained recently by Gittins and Larson, stating
that sequences of optimal cuboids for either Dirichlet or Neumann boundary conditions con-
verge to the cube no matter the dimension. We obtain these results via explicit Weyl asymptotics
that hold as long as the injectivity radius goes to zero slowly enough in terms of to the spectral
parameter. We reduce the problem at hand to counting lattice points inside anisotropically ex-
panding domains, where we generalise methods of Yu. Kordyukov and A. Yakovlev by considering
domains that expand at different rates in various directions.

Keywords: Asymptotic optimisation; spectral asyptotics; lattice counting.

89



4.1. Introduction and main results

Let (M,g) be a smooth closed Riemannian manifold of dimension d we study the Laplace

eigenvalue problem

Au+Au=0.

The eigenvalues of the Laplacian form a discrete, nondecreasing sequence, repeating every

eigenvalue according to multiplicity,
0=2M,g) =h(Mg<=<.../ 00

accumulating only at infinity.

4.1.1. Asymptotic eigenvalue optimisation
In this paper, we study the maximisation problem
A’,:(‘g) :=supAx(M,g) := supVolg(M)Z/d/lk(M,g), (4.1.1)
gc% gc%

where ¢ is some class of metrics on M. This problem has been studied extensively for k = 1
in many settings: closed manifolds, manifolds with Neumann boundary conditions, and mani-
folds with Dirichlet boundary conditions in which case one minimises A. Note that for closed
manifolds it only makes sense to maximise Ay. Indeed, for any k one can find a sequence of
metrics g, of unit volume such that Ax(M,g,) — 0 as n — oo by considering a sequence of met-
rics that degenerate to a disjoint union of k + 1 closed manifolds touching at a point.

An interesting feature is that the extremisers for low eigenvalues are in general very sym-
metric. Indeed, the Faber-Krahn inequality [23, 51, 52] and the Szeg6-Weinberger inequality
[75, 78] imply that the ball is the extremiser for A; with Dirichlet or Neumann, respectively,
boundary conditions in any dimension. In the case of closed manifolds, Hersch has shown [34]
that the round sphere is the maximiser for A; amongst two-dimensional spheres.

For higher eigenvalues on domains, one does not expect those symmetries to appear. In-
deed, A. Berger has shown [9] that disks or union of disks can minimise Ay on domains in the
plane with Dirichlet boundary conditions only finitely many times. Furthermore, numerical
experiments of Antunes and Freitas [3] suggest that optimal domains in R? may not exhibit
many symmetries for k = 5. However, the same authors investigated in [2] the behaviour of

optimal domains as k goes to infinity. More specifically, they showed that amongst rectangles
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with Dirichlet boundary condition, the sequence of rectangles minimising Ay converges to the
square in the Hausdorff metric. This has led to a series of papers [7, 8, 28] culminating in a proof
by Gittins and Larson, who show that in any dimension and with either Neumann or Dirichlet
boundary conditions the sequence of optimal cuboids converges to the cube.

For closed manifolds, without any restriction on the metric one does not even have a max-
imiser. Indeed, Colbois and Dodziuk have shown in [18] that amongst all metrics of fixed vol-
ume on a manifold, one can make A, as large as possible. For metrics on closed surfaces, one
does not necessarily expect the sequence of maximising metrics to converge to a smooth met-
ric. For instance, Karpukhin, Nadirashvili, Penskoi and Polterovich [46] obtained in a recent
preprint that the maximising metric on the two-dimensional sphere for the kth Laplace eigen-
value degenerates to a union of k kissing round spheres.

We study the maximisation problem (4.1.1) for metrics on two classes of closed manifold.
The first one is the class ./ of flat metrics on tori in dimension d. Let &£ = GL;(R)/GL;(Z) be

the set of lattices in R? equipped with the quotient topology. We identify .# with £ since
a={Tr=RT:Te 2},

As such, convergence in .4 will be identified with convergence in £. We study the properties of
maximisers to (4.1.1) in %, the subset of all lattices with unit determinant, which corresponds
to subset .4, of flat tori with unit volume.

The second class that we study is the set & of flat metrics on Klein bottles. Flat Klein bottles
are quotients of two-dimensional flat rectangular tori and as such are described by the two-

parameters family
&= {K(a,b) = (Rd/(aZ ® bZ)) | ~:(a,b) e Ri},

where ~ is the relation (x,y) ~ (x+a/2,b—y). Once again, we study the properties of maximisers

of (4.1.1) in the class & of Klein bottles with unit volume, i.e. the family K(a,b) where ab = 2.
Before discussing asymptotic properties of maximisers to the problem (4.1.1), we start by

proving that such maximisers do exist.

Theorem 4.1.1. For all k € N, there exist Tz € My and K,’C* € &y maximising the variational

problems

A (M) = sup Ag(Tp).
Tred
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and

A% (&) = sup Ar(K).
Keé&

The behaviour of maximisers for tori and Klein bottles contrasts both with the results ob-
tained for cuboids where the optimal cuboid converges to the cube and with the degeneracy
results of [18] and [46]. Indeed, we show that for tori of dimension 2 < d < 10, the sequence of
optimisers has no limit points. However, we also show that this degeneracy can happen without
changing the curvature as in [46], or in [18].

Furthermore, we obtain a rate of degeneracy in terms of the injectivity radius. This is similar
to the results in [28] where the rate of convergence to the cube is given. The range 2 < d < 10
are the dimensions for which the volume of the unit ball w,; is larger than w;, = 2. In higher
dimensions, the same type of result may hold, but the degeneracy certainly doesn’t happen in
the same way.

Theorem 4.1.2. In dimension 2 < d < 10, no flat torus is a limit point of a sequence {T;} For all

0 > 0, we have that the injectivity radius of TZ respects
U < inj(Th) < k890, (4.1.2)

The lower bound is valid for all dimensions d € N.
Remark 4.1.3. In dimension 2, the lower bound and the upper bound are, at least to polynomial
order, the same. The discrepancy in higher dimension between the upper and lower bounds is
due to the fact that we find lower bounds on both the first and last successive minima of the
associated dual lattice I'*, defined in equation (4.1.11). The lower bound on the last successive
minima of I'* gives directly an upper bound on the first successive minima of I" via Banaszczyk’s
transference theorem, and this quantity corresponds to the injectivity radius of Tt. The lower
bound on the first successive minimum of I'*, does not give a lower bound on the injectivity
radius so directly. Indeed, the lower bound on the first successive minimum of I'* yields an
upper bound on the last successive minimum of I', which in turns provides trivial upper bounds
on the last d — 1 successive minima of I', which are necessary to use Minkowski’s Theorem. The
need for these trivial upper bounds reduces the strength of the estimation.

Our methods also allow us to study sequences of optimisers in the moduli space & of flat
Klein bottles. Indeed, we also have degeneracy in this case, and we can also describe the rate of

degeneracy.
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Theorem 4.1.4. No flat Klein bottle is a limit point of a sequence {K ,j} Furthermore, forall 6 >0,

we have that the injectivity radius of K;° respects
k™2 < inj(K}) < k7270, (4.1.3)
4.1.2. Explicit exponent for the remainder in Weyl’s law

In the papers [2, 7, 8, 28] on optimal cuboids a prominent feature consisted in finding uni-

form bounds on the eigenvalue counting function
N, M) =#{A(M) < A},

Weyl’s law states that for any fixed (M, g) the counting function N(A; M) enjoys the asymptotics

wq
2m)d

N: M) = A% + RO M),

where R(A; M) = o (,1%’) and wy is the volume of a unit ball in dimension d. Under the hy-
pothesis that periodic geodesics have measure 0 in the cosphere bundle of M, Duistermaat and
Guillemin [22] have shown that the remainder in equation (4.1.2) satisfies

d-1

R(AL; M) =o(ﬂt z ) (4.1.4)

Note that the size of R(1; M) depends on the geometry of M in a non trivial way. Indeed, for
any fixed A one can find a sequence g, of metrics on M such that N(1; (M, g,)) — coas n — oo
for the same reason one can make A arbitrarily small. However, one can still ask under what
geometric conditions on M does there exists a function R(A) such that

Wq

N M) = A7 +RA) 4.1.5)

m)d
with R(1) = O (A") independent of M, with 7 < d/2. The search for this type of uniform bounds
was a prominent feature in the above mentioned papers [2, 7, 8, 28]. The presence of the bound-
ary allowed them to derive a two-term Weyl type bound; closed manifolds do not exhibit this
behaviour.

In [14, Theorem 6.2], Buser has obtained bounds on the eigenvalue A of a closed manifolds,
valid when k was large enough in terms of the injectivity radius, see also [33, equation 1.2.5]
where this result is reformulated in terms of the counting function. The following theorem
states that we can find explicit bounds on the exponent in (4.1.5) depending on the injectivity

radius.
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Theorem 4.1.5. There is 6 such that for all 6 € (0,6¢) and c > 0, there is a constant C such that

forall A > 1 and all flat tori Tt € 4 respecting
inj(Tp) = cA~ /20

we have that

Wd_,dr 4541
NA;Tr) - ——=A%"| = CAz7%a, 4.1.6
(A Tr) o (4.1.6)

Moreover, for d =2 and any flat Klein bottle K (a,b) € &y respecting
inj(K(a,b)) = cA~1/2+0

we have that

1
N K(a,b)) — —A| < CAL7S.
41

We make the following two remarks as to the sharpness of those results.
Remark 4.1.6. The condition on the injectivity radius in the previous theorem is sharp. Indeed,
as part of the proof of Theorem 4.1.2 we will construct an explicit sequence of flat tori Ty € .4

such that

. Ao (Ty)~1/2
inj(Ty) = A2k\ k)

21
whose eigenvalue counting functions satisfy
w
'N(ﬂzk(ﬂ); Ti) - dd Aoie(T) 42| > 2472,
2m)
In fact, one will be able to compute explicitly
: d drz| _
‘N(AZk(Tk),Tk)— d/lgk(Tk) =2d-1,
(2m)

and w1 # wg.
Remark 4.1.7. It is impossible to find an exponent in the remainder in equation (4.1.6) that
does not go to d/2 as 6 — 0. In the appendix, explicit sequences will be constructed that will

depend on ¢ such that the remainder has exponent arbitrarily close to d/2.
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4.1.3. Lattice points inside domains

We translate the problem at hand in the language of lattice point counting. The spectrum of

the Laplacian on a flat torus is given by

o) ={an?|y"*:y" €17}, (4.1.7)
where I'* is the lattice dual to " defined by

r={y ert: ", ncz}.

Similarly, the spectrum of the Laplacian on a flat Klein bottle is giveni in [10] to be

2

n ):(m,n)EZXNo,(m,n);é(2€+1,0)}. (4.1.8)

2
o(K(a,b) := {47;2 (%+ "

A classical problem in the geometry of numbers consists in counting the number of points of
an isotropically shrinking lattice I'y := A7'T inside a domain Q containing the origin as A — co.
This dates back to the Gauss circle problem and has been studied in great details for various

type of domains over the years. Denote
|Q=Vol;(©Q) and |T'| =det(Ar),

where Ar is any matrix such that ArZ¢ =T In general, one aims for asymptotics of the form

Q
N(Q;m::#(ﬂmm):Hﬂm;ﬂ;r), 4.1.9)
A
where
R, =0(IT1™) (4.1.10)

with 7 < 1 The implicit constant in the righthand side of equation (4.1.10) depends on the ge-
ometry of Q, the geometry of its boundary, and on I'. In general, given non compact families
of lattices or domains, the implicit constant is not uniform and therefore the formula (4.1.9)
cannot be used directly to find extremisers to N(€;T"y) for large A. Note that maximising this
counting function does not makes sense, even while keeping the lattice determinant and the
volume of the domain fixed. Indeed, for a fixed Q2 containing the origin and € small enough the
lattice £'Z ® e71Z2%! has arbitrarily many points in Q and determinant 1.

We formulate the results of the two previous sections in terms of lattices. From the fact that

#{z?n At By} =#{Aarzin B},
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the following two questions are equivalent.

» What's the largest lattice determinant of a lattice with at least k points in B;?

« What's the smallest area of an ellipsoid enclosing at least k points of the lattice Z%?
Symmetry of ellipsoids or lattices with respect to the transformation x — —x means that no
generality is lost by asking these questions for only even (or odd) k. Let us order elements of
any lattice as

I ={yk:keNp}
by yo =0 and y <y if |y| < |yl, and if their norms are equal by lexicographic order. The scaling

invariance of the problem is made explicit by studying maximisers to the functional
A =07V lyel-

We obtain the following restatement of Theorem 4.1.1 in terms of lattices.

Theorem 4.1.8 (Lattice version of Theorem 4.1.1). For every k € N, there exists F; € £ maximis-

ing A.

Remark 4.1.9. The maximiser in the previous theorem is not unique, in particular if I' is a max-

imiser, then ul is also one. We will, depending on what is pertinent at the right moment, either

normalise them by determinant or by |)/k | Note that even within %) unicity is not guaranteed.
We now study properties of the maximisers I';. The degeneracy of a sequence I'} is given in

terms of their successive minima, the lattice invariants u;(I') defined for 1 < j < d by
() =inf{p: dim(span(I N B,)) = j}. (4.1.11)

We prove the following restatement of Theorem 4.1.2.
Theorem 4.1.10 (Lattice version of Theorem 4.1.2). Let {FZ} c %o be a sequence of maximisers
of A normalised by |F;| =1, indimension d < 10. Then, the following holds.

(1) The sequence FZ has no limit points.

(2) The successive minima of the sequence T}, satisfy the asymptotic bounds
i (1) > k'

and
wa (TF) > ka2,
forany 6 >0.

This will be proved thanks to the following restatement of Theorem 4.1.5 in terms of lattices.
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Theorem 4.1.11 (Lattice version of Theorem 4.1.5). There is 6y > 0 such that for all 6 € (0,0¢)

and M > 0, there exists C such that for any lattice T respecting |I'| <1 and

pa(@) < M|T|° (4.1.12)
we have that
Wy —1+9¢@-1
N(Bl;r)_m <C|I| 2d® (4.1.13)

4.1.4. Plan of the paper and sketch of the proofs

We start in Section 4.2 by exposing general facts about lattices that will be used in the sequel.
More specifically, we describe the relevant lattice invariants and state theorems of Minkowski
and Banaszczyk that are important later, for ease of reference.

In Section 4.3, we prove Theorems 4.1.8 and 4.1.10. Inspired by a construction of Kao, Lai
and Osting [45] in dimension 2, we produce in Section 4.3.2 in any dimension a sequence of

lattices ©, such that

2k 1/d
) . (4.1.14)

102511 =102k | = (—
w1

However, Theorem 4.1.11 implies that for any lattice I' of unit determinant whose successive

minima satisfy the bounds (4.1.12) and (4.1.13) then there is a constant C such that

2k 1/d
ly2k-1| = |v2e| = (w—d) +Ck*

with 7 < 1/d and w4 the volume of the unit ball. One can see that while the sequence w4 con-
verges to 0 as d — oo, it is initially increasing. Indeed, for all 2 < d < 10, we have that w; > w;.

In Section 4.4, we will show that the spectral theoretic versions of Theorems 4.1.1, 4.1.2 and
4.1.5 are implied by Theorems 4.1.8, 4.1.10 and 4.1.11 using Banaszczyk’s transference theorem
4.2.2 and Minkowski’s successive minima theorem 4.2.1.

In Section 4.5, we switch gears and describe Theorem 4.1.11 in terms of points of 74 sit-
ting inside anisotropically expanding domains. These were studied by Yu. Kordyukov and A.
Yakovlev in a series of papers [47, 48, 49, 50] and we generalise their results and methods to our
setting.

In Section 4.6, we prove two propositions about the number of points of a lattice sitting in-
side anisotropically expanding domains using the Poisson summation formula method under
some conditions on the way the lattice and the domain expansion interact. One of the propo-

sitions yields asymptotics uniform in the rates of expansion but not in the directions, the other

97



yields uniform bounds in the directions of expansion but not in the rates, it has, however, an
explicit dependence on those rates. In the classical version of this problem, one uses global
estimates on the Fourier transform of the indicator of a convex set to obtain bounds on the
counting function of lattice points inside an expanding domain. It is, however, not possible to
make this kind of computations uniformly when the expansion is anisotropic. The main idea,
inspired by [49] is to only use Fourier transform estimates along the subspace where the expan-
sion is the fastest and to use trivial L* estimates in the orthogonal complement.

Finally in Appendix 4.A we discuss the sharpness of the exponents obtained for the remain-

ders in Theorems 4.1.11 and 4.1.5.
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4.2. Some facts about lattices in R?

For most standard results on lattices, one can see [16]. The set of all full-rank lattices in R%
can be realised as £ = GL;(R)/GL4(Z), equipped with the quotient topology. A lattice I' € &
is identified with its generator matrix Ar, i.e. the matrix such that ArZ% = I'. Every lattice
determines uniquely a flat torus Tr = R4/T.

Two relevant lattice invariants that are of interest in this paper are the determinant (or vol-

ume) and the successive minima. The determinant is defined as
IT'| := det Ar = Vol (Tr).

By convention, we assign to the trivial lattice a volume of 1. The successive minima p;(I') are

definedfor1<j<d as
(D) == inf{p: dim(span(I' N By)) = j}.

Note that y; is always attained, i.e. there is always y € I such that y;(I') = |y|. Furthermore, the

first successive minimum gives the injectivity radius of the associated torus, i.e.

pr () = inj(Tr).
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The successive minima of a lattice and the determinant are related through a theorem of
Minkowski.
Theorem 4.2.1 (Minkowski’s sucessive minima theorem). Lefu;,... 1 be the successive minima
of a latticeT'. Then, there exists constants c¢,C > 0 such that
d
clll < [Juj=CIIl.
j=1

To any lattice I" we associate the dual lattice
r={y er!: "N cz}.

The operation * is a continuous involution on Z; hence a set £ < £ is compact if and only if
A * is. Let Ar be the generating matrix for I', then Ar« = (Al”i)_l; from this we infer that |T'*| =
T~

The following theorem from Banaszczyk [6] is also useful in the sequel and relates the suc-
cessive minima of I and those of I'*.
Theorem 4.2.2 (Banaszczyk’s transference theorem). Forany 1 < j < d, the following inequali-

ties hold between the successive minimas of the latticesT andT'* :
1<puiDpg-j ") <d.

The lattice invariants can be used to characterise compactness in £, by Mahler’s selction
theorem [16][Theorems 5.3, 5.4 and Lemma 8.3]. This theorem states that a set £ < £ is com-
pact if and only if the determinant is bounded and the first minimum g, is bounded away from
zero on £ . Equivalently, it is compact if and only if the determinant is bounded away from
zero and p4 is bounded on £ . Compactness in the moduli space of all flat tori is obtained by
identifying a torus with its lattice.

Definition 4.2.3. A sequence of lattices {I';} is said to degenerateif either |I'y| — coorif yu; (I'x) —

0. In other words, it degenerates if it is not contained in some compact set in Z.

4.3. Optimal lattices

In this section, we prove Theorems 4.1.8 and 4.1.10 assuming Theorem 4.1.11. Order ele-
ments of a lattice I' with respect to their norms and by lexicographic order whenever the norms

are equal. We write I’ = {yy : k € Np}. We study sequences of lattices maximising the functionals

Ae@) =017 Y9yl
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Note that for any lattice I' and m = 1 we have that Aopm—1(T) = Ay (D); we will therefore only

consider maximisers for even k.

4.3.1. Proof of Theorem 4.1.8

Consider a maximising sequence {I',,} for A;. Without loss of generality from the definition
of A we may suppose that |T',| = 1 for all n. Suppose that y; (I',) — 0. Then, for some n we have
that y; (I',) < 1/k. Let y € ', be a lattice point realising p; (I'y,). Then, 1 > |ky| > |Yk| However,
the kth element of Z% has norm greater than 1, contradicting that {I',,;} was a maximising se-
quence. By Mahler’s selection theorem, {I',;} has a convergent subsequence, and by continuity

of the norm and the determinant, it converges to a maximiser for A k-

O

4.3.2. Lattices with large A

In this section we study a specific sequence of lattices that we will use as a measuring stick
for other sequences of lattices. Note that we make no claim of these lattices being the optimis-

ers. Consider the lattices
1 1
Oy =k Fazekazd !,

Then, we have

102111 = 10x] = K4

and

|@2r] = 1.

In particular, we have that
Aok(@p) = kM

which will be the quantity to beat. Observe that the sequence ©,; degenerates and that
1a(©s1) = kM9

4.3.3. Proof of Theorem 4.1.10

Fix 6 > 0. Denote by {I'x} ¢ % a sequence of lattices such that p; (') < K749 We will

show that under such conditions, 'y cannot be a maximiser for Ay infinitely often. We show
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that for large k and any fixed ¢ >0,

#(Bia_, Nap) > 2k,

implying that
N 1/d N
Ao (Top) < k677 =1 < App(Ogp).
We have that
1
#(Bklld_t N ng) =#|B1 N mrzk ,
that
-6
Ha (mrzk) < k7°,
and that
1 _7.-1 “17a\"4
Tra T2k =k (l—tk ) :

We therefore satisfy the hypotheses of Theorem 4.1.11 and therefore get
#(Brara_, NTax) = wa(1 -tk Dk + O (k7)
for some 7 < 1. For 2 < d < 10, we have that w; > w; = 2. Hence, there is K such that for k > K
#(Bjra_, NTax) <2k,

proving that there is a finite number of maximisers in the sequence {I'x}. This implies that for
any & > 0, any sequence of normalised maximisers respect 4 (I'y) > k479, also implying that
the sequence degenerates.

For the lower bound on u;(I'x), any sequence I'y normalised by determinants such that

1 (Tap) < k=114 has that

Aok (Tap) < Ky (Tor) < Aok (©2z),

hence this is not a sequence of maximisers.
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4.4. From lattices to tori

In this section we prove the spectral theoretic versions of Theorems 4.1.1, 4.1.2 and 4.1.5, as
well as Theorem 4.1.4. For any lattice I' we denote by y;. the kth ordered element of the dual

lattice T'*. Since A4 (Ty) = 472 |y,’2|2 and Vol(Ty) = [T*|!, we have that
Ax(Tr) = (27AkT)°.

Since these quantities are positive the problem of maximising Ay on flat tori is the same as the

problem of maximising A on the dual lattices of those tori.

4.4.1. Proof of Theorem 4.1.1

By Theorem 4.1.8 there exists a lattice F’,; maximising A . The torus with lattice I' = (FZ)* is
therefore a maximiser for Ay.

For flat Klein bottles, we have from equation (4.1.8) that the eigenvalues of K(a,b) are con-
tinuous in the parameters a and b. Normalising by ab = 2, it is easy to see that for any k,
Ak (K(a,b)) goes to 0 when either a or b goes to zero. Hence for any fixed k we can restrict
ourselves to a compact subset of the parameters a,b and the maximiser exists.

O

4.4.2. Proof of Theorem 4.1.2

Denote by I'; a sequence of optimal lattices with unit determinant for Ay and denote by
1]",: the corresponding optimal torus T ,;* = [Rd/(l“;)*. Since compactness of a set £ c % is
equivalent to compactness of the set of duals .# *, we have that the sequence of optimal tori
degenerates.

We now turn to the geometric constraints. Recall that inj(T}) = p1((I';)*). By Banaszczyk’s

transference theorem, we have that

TOHRE

pa(Ty)

Hence, from the lower bound for y4(T'}) in Theorem 4.1.10 we have that for any & > 0,

inj(TF) = (TH*) < k™14,
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On the other hand, by Minkowski’s successive minima theorem, there is a constant C such that

pa@C <cury'™

a-a?
<k a .

Once again, Banaszczyk’s transference theorem yields

—d)2
inj(T}) > k™4,

finishing the proof.

4.4.3. Proof of Theorem 4.1.4
For flat Klein bottles, observe that the injectivity radius of K(a,b) is given by
inj(K(a,b)) = min(a,b/2).

Let I'(a,b) be the lattice defined by

27 27
I'la,b):=—Z7Z&—7
a b

It is not hard to see that I'(a,b) has the property
1
N K(a,b) = Z#(T(@b) N B, 7) + O(1).

Indeed, let Z(a,b) be the set
Z(a,b) = (Z—HZ ® 2—]TNO) \ {2—ﬂ(2€+ 1,0): ¢ € Z}.
a b a
Then, the spectrum of K(a,b) is the same as the square of the norm elements of Z(a,b). How-
ever, it is easy to see that if we take the union of Z(a,b) and —Z(a,b), we recover I'(a,b) except
for points of the form (WT“)”,O), but we added twice the elements of the form (%, O). Hence,

we have that

|#(T'(a,b) N B ;) —#(2(a,b) N B 7) —#(-Z(a,b) N B ;)| <3.

Now, for rectangular lattices we have that u,(I'(a,b) = 2n min(a~Y,b™1) and w2 (L(a,b)) =
2nmax(a"t,b~1). The rest of the analysis is performed exactly in the same way as for flat tori.

O
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4.4.4. Proof of Theorem 4.1.5
Fix6 >0, c>0and A =27. Let Tt be any flat torus of unit volume such that
inj(Tr) = cA~/2+0,
We have from equation (4.1.7) that
NA; Tr) = # (27471 0 By)
Denote by I'} the rescaled lattice 2mA~Y2T* . By Banaszczyk’s transference theorem and scaling

properties of lattice invariants we have that

dr~1/2 25/d
Ha (r;t .

* -6 *
) < o injTr) <A%< |17

The lattice Fz therefore satisfies the hypotheses of Theorem 4.1.11, hence we have that

NQ; Tp) = |‘£’—d| +0
A

d(d-1)
oy
Plugging into the previous equation the determinant

@m)4

|TZ|ZW

yields the desired asymptotic in Theorem 4.1.5.

4.5. Anisotropically expanding domains

We now ground the statement of Theorem 4.1.11 in terms of the counting of lattice points
sitting inside anisotropically expanding domains developped by Yu. Kordyukov and A. Yakovlev
in [47, 48, 49, 50]. Consider the decomposition of R% as

m
RY:=E=PV;=VieV,
Jj=1

with dim(V;) = dj and d; +... + dp, = d. We will use E to refer to a specific decomposition for

R?. For € = (¢1,...,&,,) consider the linear transformation 7 given by

m
— ol
Te = lej Xj
]:
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with x; € V;. Without loss of generality we suppose that £ <... < &,,. We say that the transfor-
mation T is anisotropic if not all £; are equal. We denote the set of all such transformations
JE, and by 9 the union of all such transformations over decompositions E.

For Q2 a bounded subset of Euclidean space and I' € £, denote
ne(Q;Ty) :=#(Tn (TeQ+y)) =#(T, ' T -y)nQ).

Kordyukov and Yakovlev have studied asymptotics for n. in the specific case where a sub-
space V of R? is fixed, and Q is stretched along its orthogonal complement. In our notation,
this corresponds to E=V; @ V, withe; — 0and €2 = 1.

In our case, the expansion is happening at different rates along different subspaces. We split
the remainder of this section in three parts. First, we describe asymptotics for n, of two types
: uniform in the ¢; but not the decomposition E; then uniform in the decomposition but with
an explicit dependence on the £;. Then, we show that from the perspective of the counting
function, we can describe any lattice using the transformations T,. Finally, we derive Theorem

4.1.11 from Proposition 4.5.3.

4.5.1. Lattice points inside anisotropically expanding domains

The results we obtain hinge on the two following conditions. The first one is a generic con-
dition on the relation between the dual lattice I'* and the decomposition E.

Condition A. The lattice I'* is in general position with respect to V', that is
r*nv’ ={0}.

The second condition is a normalisation condition. Indeed, we are interested in asymptotics
given in terms of the volume of the expanded domain, and in how the ratios ¢;/¢; influence the
asymptotics.

Condition B. We assume that € = (¢%1,...,e%m), with a; =...a,, and
m
) ajdj=d,
j=1

which implies in particular a; = 1. We say that the condition is satisfied weakly if a, is allowed
to be zero. We say that the condition is satisfied J-strongly for some 6 > 0 if it is required that

Ay =0.
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Remark 4.5.1. The previous condition implies that the volume of the expanded domain T.Q is
given by

IT.Ql = Qe 4.

We obtain asymptotics on the counting function n,, with and without appealing to Condi-
tion A. We obtain the two following propositions.
Proposition 4.5.2. Let Q be a strictly convex open subset of R®. Suppose thatT respects Condi-

tion A and that € respects Condition B weakly. Then,

Q
ne(Q;T;y) = Hs'd +0(e™) (4.5.1)

withn<d- % and the constants uniformind;, a; andy.
Proposition 4.5.3. Let Q be a strictly convex open subset of R%. Suppose that € satisfies Condition
B & -strongly for some d > 0. Then,
ooy = [ g —d+6 Ll
ng(Q,F,y) = ﬁg +O(€ 2d )
with the implicit constants depending only on 6.

Remark 4.5.4. Condition B is a normalisation. In Propositions 4.5.2 and Lemma 4.5.3, if

m d

i @ jdj = ¢ making the change of variable ¢ — ¢ /¢ will yield the right normalisation and

allow us to deduce the asymptotics

Q] _.

ne(;Thy) = mg +0(e7)
withn,<c- ﬁ from Proposition 4.5.2 and
[ L] oy fedl
HE(Q)F)Y)—mg +O(£ d 2 )

from Proposition 4.5.3.

4.5.2. From J to lattices

We start by showing that we can restrict ourselves to lattices of the form T, 'Z¢ in our inves-
tigation of Theorem 4.1.11.

Lemma 4.5.5. Foreveryl € £, there exists a decomposition

m

Rd:E:@Vj

j=1
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and T, € I such that
N(T;By) = n, (Bl;Zd;O). (4.5.2)
For every T, € I, there exists I', unique up to orthogonal transformation, such that equation

(4.5.2) holds.

PROOE. Let Ar € GL;(R) be such that ArZ% =T. Then,

> 1, (r) = 2 Lary (AF'Y)

vel yvel

=) las) @)

nez4

Observe now that since B; = {x€ R : x*x < 1}, then
Ar(By) = {xe R :x* (A1) Ar'x <1},
Since (ArAl”i)_1 is symmetric definite positive, it can be diagonalised as
(ArAD ™' = U*pY2plizy

with U orthogonal. Let & = diag(D'/?) and V; be eigenspaces of (ArA;)~!. Since N(I;By) is

invariant under orthogonal transformations of I', we have that
N(T[;1) = N(UT; 1) = #{A;'UT 0 A7 By} = ne(By).

On the other hand, this process can be inverted : given T, we take I' to be the lattice with
generating matrix T, . Unicity up to orthogonal transformation is obtained from the fact that

a Gram matrix uniquely determines a basis up to orthogonal transformation. U

The previous lemma allows us to consider only the lattices of the form T' = T;1Z%. The
following proposition relates the lattice invariants to the associated transformation 7.
Lemma 4.5.6. Let I be a lattice in &£. Then, for any Te € I such that T = T, 'UZ% for some
orthogonal transformation U we have that

_ B P/
IT| =det(T; ") _]1:[15]. .

and that the following bounds hold for the successive minima i, (I') and p4(T) :

1= @) =pg@) < ép.
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Furthermore, one can choose T such thatT = T;'UZ% and

5/2 2
i) =< Tgl and pa(@) = ng.

PROOE. Without loss of generality, since the determinant and successive minima are invariant
under orthogonal transformations we suppose that U = I. The assertion on determinants holds

by definition. Let n be any non-zero element of 7%, and writen = n;+...+n,, withn; € V;. Then,

m
7 0= 3 g

Since n # 0, we have that u;(I') = €,. For the upper bound on 4, observe that any T, sends

bases of R% to bases of R%. As such, from the definition of 1aq we have that

| T¢ '
ual) < sup ,
nezd\jo; 1Ml
< Em-

We now obtain the lower bound on 4 for a specific T,. There is a basis of I whose elements

dpg(I)
2

all have norm smaller than (16, Lemma V.8]. Let T, % be the square root of the diago-

nalised Gram matrix Gr associated to that basis. By Cauchy-Schwartz, the entries of the Gram

2 2
matrices Gr all bounded by d”#. Let v4(Gr) be the largest eigenvalue of Gr. It satisfies the

d3uy()?
va (Gr) = /tr(GEGp) < ”%().

Note that the eigenvalues of Gr are the same as those of T I%, hence we have that

bound

3/2
Em < ——Hd @),
yielding the desired result. For the upper bound on p;, observe that a generating matrix for I'*

is Te. Hence, by the previous argument we have that

-1

,Ltd(r*) = Wal .

From Banaszczyk’s transference theorem, we can then infer that

5/2
p (D) < dpgT) ™' < — €
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finishing the proof.

4.5.3. Proof of Theorem 4.1.11

Fix 8 > 0 and M > 0 and let " be any lattice such that |[I'| < 1 and uy(I) < MIT|®. From

Lemmas 4.5.5, one can find a decomposition E of R4 and a transformation Te € 9 such that

N(I;B)) = ne(By; 2%;0).

d

Furthermore, normalising det(T;!) = ¢ %, we have by Lemma 4.5.6 that one can choose T in

such a way that
dS/ 2 M d?)/ 2

Em = T/J,d(r) <

&

QUS>

We therefore satisfy the hypotheses of Proposition 4.5.3 and we deduce that

6(d-1)
pvaxBl):cude‘d4-o(e‘d+ ml).

Plugging in |T'| = £ gives the desired asymptotics.

4.6. Asymptotic estimates

In this section, we prove Propositions 4.5.2 and 4.5.3 using the Poisson summation formula.
The first two steps of the proof of both theorems are exactly the same, we will differentiate
the proofs in the third step. We follow the structure set out by the author and Parnovski in
[54]. The first thing we have to do is a mollification of 1 so that it is smooth enough for the
Poisson summation formula to be used, and we will get estimates from above and below using

the mollified functions.

4.6.1. Mollification

Let p e C° (R%) be a non-negative bump function supported in the unit ball and such that

f px)dx=1.
R4

We also leth = (hy,...,h;) be a set of parameters to be fixed later, and we set

1
Ph(X) = ————p(Th (x)). (4.6.1)
hfl ---hg{”
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Note that py, is supported in the ellipsoid
B, ={xeV:|Thxl <11.
For any function f:R% — Rlet f® be the mollification of f by py, that is

fP @) =[f*pn] ®) = fw fx=y)pn(y) dy.
Let us now approximate 1g by smooth functions. For any set B define the sets

By=|J)x+E) and B_h:Rd\(Rd\B)h.

XeEB

The following lemma will be needed about these sets.

Lemma 4.6.1. Let eh= (e hy,...,e,h,) and Bc V. Then,

Te(B)+h = Te(Bien)-

PRrOOF. It follows simply from linearity of 7, and the fact that T, E}, = Egp,. U

We now prove that 1" provides a good approximation to 1 .

Lemma 4.6.2. Let Q c R and x € R%. Then,

1P, @10 <1P, ®. (4.6.2)

PROOF. For any set B we have that
0<1M<1.

Hence, to show the right most inequality in (4.6.2) it suffices to show that for any x € T (Q2) we

have that 1(11‘?(9)11 (x) = 1. By definition x + Ep, < T(Q), hence

1, 0= ontiay=1.

To prove the left-most inequality in (4.6.2), it suffices to show that for any x € E\ T, (Q) we

have that 1

1o, ¥ = 0. We have that

X+ Ep € R\ Te(Q)p,
and 1(r,(q) , is supported in the complement of that set. Hence,
l(h)

T ® = fEh 17,)_, X—y)pn(y) dy

=0,

110



finishing the proof. 0

The following corollary follows directly from the previous lemma.

Corollary 4.6.3. Defining
ng (@)= 170,
yel -
the inequalities

n; (Q) < ne(Q) < n} (Q)
hold for all €.

4.6.2. Fourier transform estimates

Let V be a subspace of R? and write x = xy + X’ for any x € R, We define the V-Fourier

transform of a sufficiently rapidly decaying function f as
[F @)= | e oy x)dxy.
1%

When V = R%, we will write [Ff] := [Fraf]. We obtain estimates for the decay of [Ff] (x) in
terms of [Fy f]. Observe that

M

11 @)= |[ e rmax

)

:f e‘znix"‘f,f e_znixv"fvf(X)dew(/
vt 1%

(4.6.3)

— Ll e—Znix'.ff [gvf] (Ev,x/) dxl‘ ,

< fvl |[Fv ] €y.x)|dx.

From this we get the following lemma.
Lemma 4.6.4. Let Q) be a bounded domain, and V be a subspace of dimension dy such that the

intersection QA NV is strictly convex. Then,

_dy+l
[F1al (§) = o(|zl| 2 )

PROOE. Standard results about the Fourier transform of the indicator of a strictly convex set (see
e.g. [40, Theorem 2.29]) tell us that

dy+1

[Fvlal (€, x)=00DX1|&| 2 .
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From equation (4.6.3), we have that

[EANGIE fv (1P Lo €y )| dx.

Since [Fv1q] (&,,X/) is compactly supported in x/, we obtain the desired result, finishing the

proof. 0
4.6.3. Poisson summation formula

Let us apply the Poisson summation formula to the smoothed sums n§ (Q;T;y). Denote

I =T*\{0} to obtain

1
+ .0) — Z (h) _ Z z (h) *y.
ng (Q;Y» 0) - lT (Q)+h+y ) - |1_,| [ lT (Q)+h+y (Y )!
yel' y*er*

(4.6.4)
(h)
=1 [91 P Qunry| @ +Z(Ehy)
Observe that
[91 O sy | @ =¥ [91 O rsy| © [Fon] € -y, (4.6.5)

Since we will only find bounds using the absolute values of the terms in the previous equation,

and since

(h)
[gl Te(Q)4nty

= [g 1 (Tl:)(mih] ©

we suppose without loss of generality thaty = 0.

We first turn our attention to [37 1 H

To(Q), ] (0). Using properties of the Fourier transform, we

have from Condition B and Lemma 4.6.1 that

[Flr,0.,] ©) = [Flg, ] (Te&)

and from equation (4.6.1) that
(Fon] €) = [Fo] (1, ). (4.6.6)

Hence, the first term in equation (4.6.4) is given by
-d

ITI
-d

£
= ﬁVOI(Qﬂ:h)

[ 1™ ] 0) =

Te(Q)1n [glﬂgh] (T¢(0)) [gp] (Th (0))
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As long as all the € h; remain bounded, we have that there exists a constant C such that
m
Vol(Qen \Q) < C| ) €jh;],
j=1
and

Vol(Q\Q_gp) < C

m
> Ejhj),
j=1
hence, writing Qgp = QU (Qep \ Q) and Q = Q_p U (Q\ Q_gp) we have

E_d

(h) _c
(710, | © = o Vol@+0

m
Y E}C_dkhk I £;dj).

k=1 j#k

Let us now study X(¢g,h,0) in equation (4.6.4). Using equations (4.6.5) and (4.6.6) we deduce that

2Eeh0) =" Y [Flo, ] (Te0r") [Fo] (T, o).
,Y*el"/

We have that [Zpy,]| is a Schwartz function, i.e. for any N
[Zon] @) =0(+1§)7"),

hence we have that

2(g,h,0) = g_d Z [glﬂsh] (TE(Y*)) .
)L Y*el"l (1+(h1 |x1|)N+"'+(hm|Xm|)N)

From here, the proof of Propositions 4.5.2 and 4.5.3 splits.

4.6.4. Proof of Proposition 4.5.2

Due to Condition A, for all y* € I we have that y: # 0. From Lemma 4.6.4 with V = V1, we

obtain the bound

d1+1
2
&

Z(eh0) <e? ) v
YerlyiTz (14 (I |YT|)N+---+ (hm \YM)N)

d1+1
_di-tmo o b <IN (4.6.7)
<g, 2 e’ dx o
1 ]UZ I Jrd (14 (hy 1% DN + ..+ (B [ DY)

_d-1 M —d;
< (e1th)™ 77 [](ejhj)™4.
j=2
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(h)

Combining with the estimate on [9 1 T.(Q).

h] (0), we have that

+ e - 1-d ~d;
ng (Q) = —Vol(Q) + O Zek “he []e;™
ITl k=1 j#k !

+0

dy-1 M
(erh) ™ T H(sjh,-)‘df).
j=2

We now need to find the values hy,...,h, that make the remainders in the last equation small.

This will be done by making both

_ —d;
ellc d’“hknej 'o1<k<sm
j#k
and
_d-1 M —d:
(e1h)™ 2z [](ejh))™%
j=2

as small as possible. From Condition B we have that ¢ = €** and we look for & of the form
hi. = Px for some By = 0. This gives us the following linear optimisation problem: maximise the
minimum 7 of the functions

m
ak+,6k—2ajdj l1<k=m (4.6.8)
=1

and
1-d;

(a1+ﬁ1)( )—Z(a,-+ﬁj)d,-. (4.6.9)
j=2

under the constraints fx = 0. The unconstrained problem is solved when all the quantities in
displays (4.6.8) and (4.6.9) are made equal. This yields ay + Bx = a; + B, for all k,I, so let us
denote this quantity by o. By hypothesis, we have that

m m
Zajdj:Zdj:d,
j=1 j=1

hence making (4.6.9) equal to (4.6.8) gives

1+d
a—d:a( Zl—d),

that is
2d

o=——"F7—.
1+2d—-d;
Taking B = 0 — a will hence solve the constrained problem if @ < 0. In such a case, we obtain

that the value 7 in equation (4.5.1) will be

n=d-o<d-1,
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hence can be bounded away from d uniformly in a; and dj.

We now deal with the case where a; > 0. We choose S in the following way:

1+d; 1+d;
> when aj < >

Bi =

0 otherwise.

Then, the quantities in display (4.6.8) can be bounded for 1 < k < m as

n 1+d
ak+ﬁk—2ajdj2 i 1—d,
i 2d
1
=-d+—.
d
Finally, the quantity in display (4.6.9) can be bounded as
1-d du a1(1+dp) 1+d
(a1+ﬁ1)( 1)—Z(a,-+ﬁj)d,~z;—d—(d—dl) !
2 = 2
d
> _da+ 1(1+dy)
2d
1
-d+ -,
d

where we used the fact that a@; > 0 = 1. Takingn=d — %, this finishes the proof of Proposition

4.5.2.
U

4.6.5. Proof of Propositon 4.5.3

This time, we use Lemma 4.6.4 with V = R? to obtain

Ty >

2(&,h,0) <@ .
S (L |y DN+t (i |y DY)

1d _ 1d
Since € satisfies Condition B §-strongly, we have that | T,y*| 2 < &° & |y*| 2 . This yields the

bounds
L=
lr*]

d,
S(e,h,0) < ¢~ 4+0T

f x'z"
St dizmm (L+ (g [N + o+ (g [x5 )Y

S5 ﬁ .)—dj.

d-1
< g 0%
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(h)

Combining once more with the estimate on [g L @

] (0), we have that

—-d

£
ng Q)= ﬁVOI(Q)+O

Ze,lc “hi [1e; )

k=1 Jj#k

5d-1 U —d;
E 2 H(gjhj) 7.

J=1

+0

This time, the linear optimisation problem consists of minimising the quantities
ar+Pr—d l<k<m (4.6.10)

and

d-1

67 —d- Z Brdr. (4.6.11)
j=

Choosing

d-1 d-1
IB B 67 lfaksaﬁ,
k_

0 else,
we obtain on display (4.6.10) the bound

d-1
(Xk+,6k d=-— d+5—d

On the other hand, observe that whenever § < 1, we have that a; > 5 . This implies that the

65— _—d- di.=—-d+0
5 ]Z_l,Bk k=—d+ >d

d-1
=—d+6——.
2d

This yields the desired exponent in Proposition 4.5.3, finishing the proof. U

4.A. Sharpness of the constraints in Theorem 4.1.11 and 4.1.5

Let e — 0 be a sequence to be determined later. Consider the sequence of lattices

_ od-1—7d-1 )
I'pi=e7 eeLLl.
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For the sequel we need to distinguish the dimension of balls, let us denote by Bg the ball of

radius p in dimension d. We can rewrite the counting function N (I'y; Bfl) as

Z #{(Eijeaeg_ﬁzd_l) mel}

-1=£ j<1

N('y; BY

y #{g%zd—l mng_l}

~1=ef j=<1

2 . .
where px =/1- (82 j)~. For &; small enough, we have that the terms in the sum can be esti-

mated to yield
25
-1=ef j=<1
2\ %
- . 4
= 2 wd—lgkd+6 (1 - (52]) ) + O(gk ”d)

~1=efj=<1

where 74 = %. The quantity in equation (4.A) was studied in [54]. Observe that for all d = 2,

the quantity being summed is regular enough that sum over it’s Fourier transform will converge

without mollification. Hence we have directly from the Poisson summation formula that

o 5\dl2
NTg1) = waey+0 (E_dﬂd) +2e71% (8]—’“) Jarz (Znsi(sf) )
=1

. o .. 14d
For €} small enough, the terms in the last sum are bounded above by those of a series in j p

d

When d = 3, the first term is larger than the rest of the sum, hence choosing the sequence &}

-0 : / .
such that 2ze, ° is a zero of J;, yields that

5\4d/2

—d v | €k Y —d+6ld

2674 [ ]d/z(ZT[Ek ]) > ¢ z,
j=1\J

For d = 2, we write
3
]1(|f|) = C|§|—1/2 CcOS (|€| — Zn) + O(|E|—3/2) )

This means that one needs to choose ¢} such that cos (2718;5 j- ?’Tﬂ) is greater than v/2/2 for

j=1and j =2, which can be done infinitely often as £ — 0.

Note that pg(T'y) = [T%’4, and that

Wq

‘N(rk;Bl) — > Ty 14024
Tl

)
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implying that it is indeed impossible in Theorem 4.1.11 to have an exponent in the remainder
that doesn’t converge to —1 as § — 0. This in turns implies as well that it is impossible in Theo-

rem 4.1.5 to have an exponent in the remainder that doesn’t converge to d/2 as § — 0.
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