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RESUME

pluralité des équilibres & Ia pluralité des fonctions d'anticipation: I'absence de coordination au
niveau des anticipations rationnelles Se traduit par une muttiplicité de fonctions d'anticipation,

Slutsky et relie, en une seule équation, les conditions des théorémes d'impossibilité de
Sonnenschein-Mantel-Debrey ot de Polemarchakis.

Mots-clés:  fonction d‘anticipation, anticipations rationnelles, équilibre temporaire,
décomposition de Slutsky.

ABSTRACT

There are essentially two results in thig Paper. The first concems the representation of the
rational expectations hypothesis with the help of expectation functions & Ia Hicks-Grandmont.
If expectation functions are defined so as to fit uncertainty, such a reconciliation is possible and
more complate than expected. Indeed the eventual plurality of equilibria is then equivalent to
the plurality of expectation functions, The eventual coordination failure of the rational
expectations hypothesis (agents may choose different equilibria) is then transiated Into a plurality
of expactation functions {(agents can be endowed with differant expectation functions). The
second result applies the first: in order to characterize a temporary demand system, a rationai
expectations function ig substituted into it. We then compute the Slutsky decomposition and link,
in a single equation, the conditions of the Sonnenschein-Mantel-Debreu and Polemarchakis
impossibility theorems.

Keywords: expectation function, rational expectations, temporary equilibrium, Slutsky
dacomposition,






The purpose of this Paper is twofold: first, to study the possible links
between the expectation functions la Hicks-Grandmont (or their general-
izations) and the rational expectations hypothesis; second, to scrutinize the
rational expectations hypothesis itself in order to characterize, with the help
of the previous point, the excess demand function of a temporary equilibrium.

To do so, a two-period economy is considered, the second period involv-
ing S states of the world. An Arrow-Debreu equilibrium can be defined and,
under the conventions of Arrow (1953) and Malinvaud (1953), can be split-
ted into: a) a temporary equilibrium involving ng commodity markets and S
financial markets, b) a future contingent equilibrium involving *_ n,, mar-
kets (n = ng + 2. My, is the total number of commodities). Consequently,
the future of this economy can be conceived as a contingent equilibrium.

If each agent conceives the same contingent equilibrium by automatic
coordination or if these expectations are “strongly rational ” (Guesnerie
(1992a),(1992b)), the contingent equilibrium (which is parametrized on cur-
rent prices) is representable by an expectation function (perhaps a generalized
one) 1*, namely a rational expectations function.

A temporary equilibrium under rational expectations is then defined by
the substitution of ¥* in the part a) of the previous splitting. Such a con-
struction could be thought of as a standard static equilibrium. That this
intuition is false was shown recently by Balasko (1994) in a model similar
to ours. In this paper, we will explain why this intuition is false: even in
the pure case of the above construction, the rational expectations hypothe-
sis implies something new, namely a new dynamics in the variations of real
incomes.

To make explicit this residual dynamics, we shall characterize the local
structure of the temporary excess demand (or equivalently, the local structure
of the temporary demand system in the aggregate). We shall find, essentially,
that the total price effect decomposes into a) a pure substitution effect, b)
a current income effect, ¢) a spill-over in the present period of the expected
income effects. The importance of this point can be stressed as follows: if c)
vanishes, a necessary condition for the arbitrariness of the price-effect given
by the Sonnenschein-Mantel-Debreu impossibility theorem ((1972),(1974));
if b) vanishes the Sonnenschein-Mantel-Debreuy condition and the Polemar-
chakis condition (1983) are both necessary. Finally, when income effects are
identical across individuals, it is found that the aggregate current static de-
mand is recovered with all its usual properties. This Jast point implies that



the static formulas found in Barten (1967), Deaton and Muellbauer (1980),
Barten and Bettendorf (1989), and Hildenbrand (1994) can indeed be used
in a dynamic framework (a sequence of temporary equilibria, say).

The paper is divided in three sections. In the first, a model allowing us
to define generalized expectation functions is considered. The second section
is devoted to characterizing the rational expectations function. In the third
section the temporary demand system is developed and characterized.

1 The model

The preferences of a given consumer are representable by a utility function
u which is

a) defined on an open, convex and bounded from below subset X of R
(R~ is the commodity space and z € X is a physically possible consumption
plan).

b) of class Ck k22

c) strongly monotonic (>0

d)strongly quasi-concave (e %ﬁr( < 0 for any ¢ € ®*\ {0} such that
4'2! = 0).

hThese assumptions are standard (see, for instance, Mas Colell (1985)
and Balasko (1988))).

Let p be a strictly positive vector of prices, R a level of wealth (or in-
come). The budget constraint is written pz = R. The survival condition
(z|pz=R}NX # ® is assumed. Then, an optimum exists and is unique.
The Marshallian demand function £ such that z = ¢(p, R) exists, is continu-
ously differentiable, and characterized by a Slutsky local structure.

In order to study the economic content of the previous model, let us
consider an a priori really more complex one.

A consumer has to optimize over two periods. In period 0, he can purchase
a quantity vector To and a financial asset A, to be deliverable at the beginning
of period 1. His current budget constraint is

poTo + A1 = Ry M

where pyo is the vector of current prices, 8 is a discount factor (consequently
BA, can be seen as a bank deposit) (f can also be seen as the price of a



portfolio to be delivered in period 1 and fitting every state of the world)
and finally R, is his current income plus the balance of his previous financial
operations (3o that a real balance effect can be introduced).

of the Arrow type, that is, contingent elementary assets, his future budget

constraints are
2Ty =4 (2

ﬁlazlc ~Y = él.l (3)

where g, is a state price, y, is the amount of money the consumer will recejve
if state s obtains, P1, is the conditional price vector at date 1 (prices to be
paid only if state s obtains), z,, is the vector of consumption in the sth state
and Ry, is the consumer’s future income if state g obtains.

Of course, in this problem, §,, ,, and fil. have to be known or forecasted
for every state,

Such is the more complex problem. Now if the risky assets are uncon-
strained, equations (2) and (3) are clearly equivalent to

o —-A =R, : (4)

where 5, = (?1'11311,...,7,131,) (Arrow convention IHisa contingent price‘sys-
tem, z; = (zq,, e Z1s) a strategy against uncertainty, and R, = .9,k a
future income.

Finally, if bank operations are unrestricted, (1) and (4) can be written as

=R (5)

where p = (p,, P1) = (po, B7,) (Malinvaud convention) is an intertemporal
price system, R = Ro+ SR, alevel of wealth, and z = (z,, z,) a consumption
plan.

In other words, we have reverted to our initial problem so far as static
optimization is implied. Consequently, a solution exists and is unique (x
being determined, the risky assets follow from (3) and A, follows from (2)).



The main point here is that if markets for risky assets are complete,
(1),(2) and (3) can be reduced to (1) and (4). We assume this completeness
in order to focus on expectations.

Moreover, in order to study expectations, the decomposition of (5) into (1)
and (4) is “optimal”. On the one hand, equation (4) contains a contingent
price system and since financial markets are complete at period one, the
consumer can forecast as if contingent markets exist at period one; moreover,
in order to determine his present purchases of commodities and assets, the
expectations of B, and R, are sufficient. On the other hand, what is known
(namely po, B, R,) appears in (1) while what has to be forecasted (namely
7, and H,) appears in (4).

Under this decomposition, the demand system can be written

zo = €o(po, A1, Ro + BRy)

A= plfl(p(h ﬁﬁlvRO + ﬂﬁl) _Rl
2, = £1(po, AP, Ro + BRy)-

It contains current commodity demand, asset demand and planned com-
modity demand. Of course, its comparative statics will depend on the role
played by expectations.

2 The Rational Expectations Function

Let us consider a private ownership economy with m consumers each one
being indicated by an index i=12,...,m. Each consumer is characterized
by the axioms and conventions presented in the beginning of the preceding
section and the following convention on incomes:

Roi = powoi + Aoi

Ry =P

where Ag is the consumer’s initial credit position1 and we; and wy; are in-
dividual initial endowments. Consequently the total demands are defined

1The presence of the consumer’s initial credit position amounts to assuming that the
economy has a history.



Z To; = me(ﬁo,ﬁﬁmpowO.' + BPrwii + Agi) (6)
Z A = Zﬁ]ifli(}’uyﬂﬁlhpowo«‘ + ﬁf’u‘*’h’ + AOa) — Priwni (7)

Z-"l-’ = Z:-fu(Po, BPri» Powoi + BPywy; + Aoi). (8)

In these relations, P1; have to be specified in some way if at date 0 exist only
spot markets for goods and services (z0i) and a futures market to trade the
Ay’s. A first device amounts to endow each consumer j with an expectation
function (;) such that

b= 1/’i(P01 B, (AO:)) l1.7 =12,.m (9)

where (Ay;) = (Ao, ..., Aojy .- Aom) is the distribution over consumers of ini-
tial credit positions,

This first device can be attributed to Hicks ( 1946) and Grandmont (1983).
As a matter of fact, both authors used “point-expectations” in the above-

Grandmont (1977)) probabilistic interpretations were considered. Accord-
ingly, in this Paper, an expectation function, or a Hicks-Grandmont ex-
pectation function, is a collection of vector-valued functions ¥, such that
Vi = (Y1, .thsi, -+¥si). A consumer has to anticipate the vector of prices
within each state of the world.

A second device amounts to assume that agents have uniform expecta-
tions (By; = 7,,i = 1,2,..m) and know or can reconstitute the conditions of

a future equilibrium
Y bul) =y BT

where w; = (wu,...uu,..u,s) is a vector of future initial endowments (of



Arrow (1953) and Radner (1972) which can be seen as a special case of a more
general concept (Green (1973), Lucas (1972), Radaer (1979), Laffont (1991))
and whose logical foundations were explicited in Guesnerie ((1992a),(1992b)).
These two devices are often seen as antagonist. A first element of recon-
ciliation between both representations is immediate. Suppose that for any
(Do, B, (Aoj)), equation (10) admits one and only one solution P, (assuming
either an automatic coordination of agents or that the future equilibrium is,
in fact, a strongly rational equilibrium, see Guesnerie (1992a), (1992b)).
Then, by definition, there exists a function ¥* such that, for any i,

Py =P =¥ (p0, B (Aoj))-

Consequently if ¥; = ¥* in equation (9), both representations give the
same result. This first element is refined in the proposition 1.

Proposition 1 If the conditions of a future equilibrium
2 €ai(po, APr Powos + BPwi + Ac) = w1 (11)

a) are defined on an open sct Vo x 2 x V; where (Do, B, (Aoj)) € Vo,
((woi), (i) € Q, (B1) € VA
b) admit one and only one solution for any
(Po, By (Aoj)s (wai), (W) € Vo x &
c) have their functions £y sufficiently differentiable
then the rational ezpectations hypothesis is representable by a Hicks-Grandmont
ezpectation function (a rational ezpectations function ¥*) such that
a) " is defined on an open set Vo x
b) p, = ¥°() is an equilibrium price vector
¢c) ¥~ € C*~! almost everywhere on Vo % §1.

Proof:

Because the sum of the intertemporal Slutsky matrices has a full rank
south-east block ( the substitution effects associated to %—;’-), the Jacobian
matrix of equation (11) has full rank in P;. By transversality this implies
that the matrix of gross substitution effects

R = S 204 T T (12)



(where R; = Powoi + BPwy; + Ag;) has full rank almost everywhere if &)
is sufficiently differentiable (see Mas Colell (1985) p.320). Consequently the
implicit function theorem can be applied: " exists and is of class C*-1 .
most everywhere. Q.E.D.

Now, what happens if the rational expectations representatjon admits
many equilibria. (Because 22 & is regular in P, each one is locally unique.)
For each given ¢ = (Po, B, (Ao;)) there exists at least one equilibrium but it
can also happen that many equilibria exist. Because the total future demand
i isstill a regular mapping, we can still express locally 3, as a function
of o but now we have many expectation functions, let us say, B, = ¥3(.),
Py = ¥;(.), and 5, = ¥2(.) each of them being defined on an open neigh-

into a plurality of expectation functions (agents can be endowed with differ-
ent expectation functions). Conversely, the harmonization problem can be
attacked from both fronts,

We shall now characterize the local structure of the rational expectations
function ¥* in order to scrutinize the rational expectations hypothesis itself
in its strong form.

Proposition 2 Under the assumptions of Proposition 1, the effects of a vari-
ation in current prices and initial credit positions on expected future prices
are the image (by K5l ) of their intertemporal effects:

a)

- 1. .
% = 5 Ki ko (13)
b)
. 1. . - 1
- ~gRa il = -3, (14)
¢
Ea%,- = -% 'g‘% i=12..,m. (15)



Consequently the rational ezpectations function ¥* is homogeneous of de-
gree one in py and (Ao;) and homogencous of degree zero in (po, B, (Aoj))-

In order to translate the previous characterization in terms of pure subati-
tution effects a lemma is needed to characterize the indirect utility function.

Lemma 1 Let Vi be an intertemporal indirect utility function and v; its coun-
terpart when rational ezpectations functions are substituted into it. One has

Vi(PO-) ﬁ: (AOJ)) = V-(Por 'B'l’;’ PoWoi + ﬂ'ﬁ;""l' + AOI)

and then, B
‘3—; = —Ailzh: — 21K Kol
Ov;
Fr i 0
a"i . ’ '-1?_5_11'
aAo‘ - ’\'[1 + zliKll aR‘]
v _ g%
FA; = hiziKn 3R,
vhere X; = Zft, Zoi = Toi — Woi, 218 = Tui T Wi
Proof: One has
v, OV, OV 8¢ OV av; 0"

o =%y G e TOR O OB om

By Roy identities, this can be written
B — i NeB T + i + NEG
and, by equation (13),
%‘i = el — 2kt Kool

The other relations are derived accordingly. Q.E.D.



Proposition 3 Under the assumptions of Proposition 1, the effects of a vari-
ation in current prices and initial credit position on ezpected future prices can
be written in terms of their pure substitution effects

a)
Sy 1 9& 1 dy;
% = ’B‘Kul[]{m'i-z;a—]_i/\—‘a (16)
b
’ o1, an
a8~ gh
7 lig's a v,
L= lpasn 061 oy
m - ﬂKﬂ - a.R‘ /\iaAOj (18)
where
Ky = E[ﬂ + Zié:z;;] =Ku + Z‘Z‘%z{.
Ky = Z['g% + g—f;—"za.] = Ko+ Z%Z&

represent pure substitution effects.

Proof: One has a
Kn=[I+3Y 'a%zijkﬁl]ku
J ¢l
and o
Ki' = K3\ I+ Zﬁz{jl{;,l .
7 08

Therefore (13) can be written

oy ) 061 , ~_. -
o = "'EKuI[I‘*'Zillz'jKul]Kw
i

dpo or;
W Lz 1 0, ...
7,'-:; = -EKanxo - EKul Za_%’;iKHIKW
J

31#‘ — 1 -1 1 ~1 afli l -1 8{1,' fr -1 1
e = ﬂKu Kxo+ﬂKxx ;mzfu ﬂKu Jza“&zfr"'u Ko



and, by Lemma 1,

a¢' _ 1 -1 1 -1 661,- 1 Bv.-
3o = ~pK K0~ K5 2, T, o
This is (16). The other relations are derived accordingly. Q.E.D.

3 THE TEMPORARY DEMAND SYSTEM

The results of the two previous sections can now be utilized in order to char-
acterize the complete system of current demands under rational expectations.

Let us consider equations (6) and (7). After substituting the rational
expectations function ¥*, we differentiate with respect to po. One has

gi;'g = Koo + ﬁKox%% (19)

where the price effects on the current total quantities (zo = 2; z¢) involve
a spill-over effect from the future. :

Using Proposition 2, this can be written in terms of gross substitution
effects:

dz0 P

-6'-5; = Koo - KmKn‘Km. (20)
Using Proposition 3, it can also be written in terms of pure substitution

effects:

_3_:5:3 - av,-

. 1
B _Km+)jjj Ajkjapo

. - - 9€o0: —1 8¢5
wh.ere Km = KOO - KOIKIIIKIO and kj = s%f -_— KOlKul'g%J;_~

This last relation is interesting for two reasons. First, Kgo and kj can
be seen respectively as constrained (or conditional) substitution effects and

income effects.? Both effects are additive as poKg =0 and ppkj =1 and the

3That these substitution effects are constrained (or conditional) is not really surprising
as the perception of a given wy and of a future equilibrium amounts to internalize some
kind of rationing. This internalization appears in Kgo where intertemporal substitution
effects if 10 are transformed into intratemporal subatitution effects via the spill-over effects
KaKjy -

10



matrix Ky, is symmetric and negative semidefinjte ( this last Property is not
asserted at the individual level). Second, it looks Iike the aggregate standard .
Slutsky decomposition but is not. Indeed, using Lemma 1, the income effect
itself can be decomposed into a current part and an expected one:
Oz, . . s oy
E) 2

(The first income effect being associated to the Sonnenschein-Mantel-
Debreu arbitrariness, the second one defines a new kind of arbitrariness.)

These considerations are formally represented in

Proposition 4 The current total price effects admit the Sollowing decompo-
sitions

Ozq 1, 0v;
— =Ko+ — Y 21
Opo " ® ; A; 7 9po &
Oz . sf_r =1
Bpe = Koo =~ T Klaty ~ Rt o) (22)
J
al‘o - - ! -_J '—l 7
—a;; == Km - ijzoj + ZszIJKU KIO- (23)
7 F

In these relations, the matriz Ky s symmetric, additive and negative
semidefinite: .

Koo = [K], Kgopo =0, G Koolo < 0foro # 0po, 0 € R. (24)
The vectors kJ‘- are additive;
p{,k; =1, 7=12,..m. (25)

In equation (23) a current price effect decomposes into a pure substitution
effect, a current wealth (or real balance) eﬁ'ect‘and_an ezpected real wealth ef-
fect. The ezpected real wealth effect (T; k32, K Koo ) is adding 3 a new kind
of arbitrariness to the Sonnenscbein-Mantel—Debmu arbitrariness associated

with the current wealth effect (T; k}z;).
30f course this addition of a new term does not necessarily imply that arbitrariness

is increasing. On the contrary, in a compensated equilibrium (see Bronsard and Salvas-
Bronsard (1988)), each one of these effects is just the additive inverse of the other one.

11



The links with the standard neoclassical results can be studied with the
help of the three following corollaries.

Corollary 1 If the ezpected future contingent equilibrium is a no-trade equi-
librium (that is, if 2y =0 for any i ) then, in the aggregate, the price decom-
posilion behaves as usual:

o Kgo— 2 Kjz0;- (26)

i
Consequently, the price effect is arbitrary only if the Sonnenschein-Mantel-
Debreu condition, m > ng, 18 fulfilled (m being the number of consumers and

‘no the number of current commodities).

Corollary 2 If the current temporary equilibrium is a no-trade equilibrium
(that is, if zoi =0 for any i), then, in the aggregate, the price decomposition
is written

920

dpo

and, consequently, the price effect is arbitrary only if a) the Sonnenschein-
Mantel-Debreu condition is fulfilled and b) the Polemarchakis condition, ny >

no, is fulfilled.

= K+ S K, KR Ko (21
i

Corollary 3 Suppose that the constrained income effects are identical across .
individuals (that is, there ezists k* such that kj = k* for any j ) then, in
the aggregate, the price decomposition behaves as the usual individual price
decomposition:

an _

dpo

and consequently the econometric structural forms based on standard static
results can be rationalized in a temporary contezt.(Such structural forms can
be found in Barten (1967), Barten and Bettendorf (1989), Deaton and Muell-
bauer (1980) and, more recently, in Hildenbrand ( 1994))

K-k S 2 = Ko — k20 (28)
i

The general meaning of Proposition 4 and of its three Corollaries implies
that even if the future can be conceived as a contingent equilibrium, the

12



4 and cannot easily be ignored as seen in Corollaries 1,2 and 3.
In order to complete the above characterization of the temporary demand
system, (6) is differentiated relative to Ag; leading to

Oz, _ 0 5 Oy _ 0 - . -10&
94y ~ oR, * Ploga- = ap - Ruk;; 3%,
and, using Proposition 3,
8::0 1 61),‘
=) —kr—1 29
aAO] - '\i 'BAO] ( )

From this equation, the initial wealth effect appears as a generalization of
the traditional income effect.
In the same way, it is easy to prove that the discount factor has no effect
on current demand* :
ato

—a'E = 0. (30)
Finally, and in summary, considering (21), (29) and (30), we have
k
dao = Kipdpo + 3 Ly, (31)
i A

expectations hypothesis and the private ownership convention. This is a
restatement of the dichotomy between financial and real elements.

*The macroeconomic intertemporal substitution effects of the discount factor vanish.

are “killed” by their perfect integration into the present through K3, which includes

the spill-over effects Koy K;'.Grandmont (1983) can be interpreted as the negation of such
a perfect integration.



4 Conclusion

As a conclusion, let us remark that Proposition 4 and its three Corollaries
define a new gap between the microeconomic representation and the macroe-
conomic one. This gap can be summarized as follows.

At the individual level, as seen in Lemma 1, the Roy identities are gen-
eralized so as to incorporate the relevant spill-over effects,

1 an ! -

% Bpo = ~[z — 2K Kol
1 30.' — ¢ -l_a_‘s_l_';
N oAw [L+2:Kn aR;]

l 3‘0, 1 '-16611

These spill-over effects vanish at the aggregate level and “Roy-like iden-
tities” do appear

1 8y
Zgyﬁ?‘zé

1 Ow _
I Dhw yivial

In words: at the aggregate level, things behave as usual but at the indi-
vidual level the sign patterns of the indirect utility function is not necessarily
the opposite of the individual excess demand function. This gap has to be
further examined but such a project is beyond the scope of this paper. For
the moment we shall only illustrate how it completes the theory.

In a recent paper, Balasko (1994) has studied the expectational stabil-
ity of Walrasian equilibria and found ( by way of numerical examples) that
expectational stability is different from tatonnement and Hicksian stability.
This is in conformity with the result presented here. Studying expectational
stability amounts to study equation (20). Because equation (20) cannot in
general be reduced to equation (26), it is clear that expectational stability
involves new elements not appearing in the tatonnement and Hicksian stabil-
ity. Expressed in the light of the gap just mentioned above, this also means
that a Hahn process cannot be defined as usual.

14
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