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Résumé

Nous étudions, dans un contexte d’équilibre général, I'ordre d’exploitation
de plusieurs gisements d’une ressource naturelle épuisable qui ne different

Mots clés: Ressources épuisables, ressources inépuisables, contrainte de
capacité, ordre d’exploitation.

Abstract

Consider a general equilibrium framework where the marginal cost of extrac-
tion from several deposits of an exhaustible resource is constant in terms of
an inexhaustible perfect substitute and differs between deposits. The ins-

one is depleted, as shown in Kemp and Long (1980), but it may be optimal
to begin using it strictly before the lower cost one is even put into use. Thus
the intuitive principle, derived from partial equilibrium analysis, that when
the rate of discount is positive natural resources should always be exploi-
ted in strictly increasing order of costs, not only does not hold in a general
equilibrium context, but may be totally reversed.

Keywords: Exhaustible resource, inexhaustible resource, capacity constraint,
order of exploitation.






1 Introduction

The intuitive principle that, with a positive rate of discount, natural resource
deposits should always be exploited in strictly increasing order of marginal
costs has been shown by Kemp and Long (1980) not to hold in a general
equilibrium framework!. They show that if the marginal cost of extraction
is constant in terms of a inexhaustible perfect substitute, then it may be
optimal to exploit both high and low cost exhaustible resource deposits si-
multaneously. Furthermore, they show that it may be optimal to begin using
the inexhaustible substitute before having completely drawn down the ex-
haustible resource, although its cost is higher than that of even the highest
cost exhaustible resource deposit. Their results therefore show that a strict
sequencing in order of cost is not a necessary condition for optimality. This
seems to leave intact a weaker formulation of the principle, which would be
that a high cost resource must never be put into use before the lower cost ones
have also been put into use. We show that this weaker version of the prin-
ciple also fails. In other words, it may be optimal, in some entirely plausible
situations, to begin using a high cost resource strictly before some lower cost
one, thus totally reversing the intuition obtained from partial equilibrium
analysis.

We show this by constructing an example of an optimal program where
the inexhaustible substitute is put into use strictly before some lower cost
deposit of the exhaustible resource. We make one fundamental change to
the model of Kemp and Long, which consists in assuming that the produc-
tive capacity of the inexhaustible resource is finite. This seems like a natural
assumption: an inexhaustible resource may be capable of indefinitely gene-
rating some output, but the rate of output will itself generally be limited by
some capacity constraint. To fix ideas, one may think of the exhaustible re-
source as oil, from which energy can be produced. The inexhaustible resource
may be thought of as a river that flows indefinitely and can be damned to also

!The first explicit statement of this principle in a partial equilibrium framework is due
to Herfindahl (1967). It was also developed more formally by Solow and Wan (1976). More
recently, Chakravorty and Krulce (1994) have shown that, in a partial equilibrium context,
if the resources drawn from two deposits of exhaustible resources are differentiated on the
demand side as well as on the cost side, then it may be optimal to exploit the two deposits
simultaneously over some interval of time. On the other hand, Lewis (1982) has shown that
in the general equilibrium model of Kemp and Long, if the resource can be converted into
capital which may either be consumed or stored for future consumption, and this capital
grows while stored, then the optimality of a strict sequencing of extraction is reestablished.
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produce energy. Our assumption is that the production capacity of the river
is fixed and finite. When this constraint is binding, there arises an incentive
to make intertemporal tranfers which may only be made by conserving some
of the exhaustible resource. We show that this incentive may lead to delaying
the opening of a deposit of the exhaustible resource to the point of beginning
the production from the more costly inexhaustible resource before that from
the deposit.

We present the details of the model in the next section. We will restrict
attention to the case of two deposits of an exhaustible resource and one in-
exhaustible resource, since this is sufficient to prove our point. It will be
clear to the reader that our result is easily extended to the case of more
than two exhaustible resource deposits. In section 3, we develop the method
of construction of the solution in the case where the economy has access
to only one deposit of the exhaustible resource, along with the higher cost
inexhaustible substitute. We then use the results of that section to show,
in section 4, that when the economy has access to (at least) two deposits
of the exhaustible resource, each of different extraction cost but each less
costly than the inexhaustible substitute, then there exists some nondegene-
rate configuration of initial stocks for which it is optimal to keep the more
costly of the two deposits intact until after the inexhaustible substitute has
been brought into use. We conclude in section 5 with a discussion of the
intuition behind this result.

2 The model

We pose the problem in a general equilibrium framework similar to that of
Kemp and Long. The economy has access to two deposits of an exhaustible
resource and a flow of some inexhaustible substitute. Labor is used either
to draw from the exhaustible resource deposits or from the flow of the inex-
haustible resource. Like Kemp and Long, we assume that the inexhaustible
substitute can indefinitely yield a continuous flow of output. Unlike them
we assume that this flow is bounded from above, which imposes a capacity
constraint to its instantaneous rate of production. The production capacity
of the inexhaustible resource is not storable. This means that whatever part
of it is not used at some instant of time is lost forever.

To extract one unit from deposit i requires j; units of labor. To produce
one unit from the flow of inexhaustible resource requires 7 units of labor. We
assume 7) > i > 1. We will denote by Y;(t) the stock remaining in deposit
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i at time ¢. The amount extracted from deposit i at instant ¢ will be denoted
by y:(¢) and that produced from the inexhaustible substitute by z(t) < z.
The amount Z is the production capacity of the inexhaustible substitute. If
c(t) denotes the total consumption and w(t) the amount of labor required to
produce it, then c(t) = z(t) + ¥'2, vi(t) and w(t) = nz(t) + ¥ wiyi(t). We
will assume that population is constant and normalized to one, so that c(t)
and w(t) also denote per capita quantities. Hence, w(t) € [0, 1].

Consumers are identical and their utility function is given by u(c(t), I(t)),
where {(t) = 1 - w(t) is leisure per capita®. The utility function is twice
continuously differentiable, strictly increasing in ¢ and [, strictly concave and
bounded from above. It also satisfies limy o w(c, {) = +00 and limgyg uc(c,l) =
+00. Note that these assumptions imply that the isocline curves, in the (c, )
plane are increasing: the locus I = {(c, Dlucle, ) /ui(c, 1) = o,0 > 0}
may be seen as the graph of some function (¢ : (0,4+00) — (0,1) such that
dl’ /dec > 0.

We will assume that the inexhaustible resource is scarce, in the sense that

’Uc(i', i) - nul(ix l_) > Ov

where [ = 1 — nZ. The stationary state which will prevail after exhaustion
of the exhaustible resource is constrained by the flow of the inexhaustible
resource. Let 7" be the date of exhaustion of the exhaustible resource and let
U(T) denote the present value of the stationary program (%,1) beginning at
T. Thus _

(1) = e"Tu(i’ J

where p > 0 is the rate of discount.
The problem of the planner who seeks to maximize total welfare can
therefore be stated as

T .
max / e P u(c(t), [(t))dt + U(T
T:{I(t),w(t),yz(t))fzo 0 ( ( ) ( )) ( )

subject to

2 2
c(t) =2(t) + 3" yi(t) and U(t) =1~ yu(e) + Zuiy,-(t) (1)

i=1

2Contrary to Kemp and Long, we do not restrict attention to the case of a perfectly
inelastic supply of labor. Hence it is clear that our result (as, for that matter, that of
Kemp and Long), does not depend on such a restrictive assumption.
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Yi(t) = —ui(t), 1=12 (2)

yi(t) >0 i=1,2 | (3)
Yi(0)=Y? >0 and Yi(t) 20, i=1,2 (4)
f—-z(t)>0 and z(t) 20 (5)

If we denote by )(t) the costate variable associated with the stock of the
exhaustible resource %, then the Lagrangian associated with the maximization
of the Hamiltonian at each instant ¢ may be written

2 2 2
L = e Pu(z(t) + Z; i(t),1 = nz(t) + D pivi(t)) = Z Xi(t)wi(t)

=1
2 2
+a(t)z(t) + @) (@ — (1) + 2 vlbylt) — S 8u(t)yi(t)
i=1 i=1

where the multipliers v;(t) and 8;(t) relate respectively to the nonnegativity
constraints on yi(t) and Y;(t) and the interpretation of the multipliers a(t)
and @(t) is self-evident.

An optimal program {z* (1), i (1), = 1,2}7 must satisfy, for all t €
[0, T*], the following first-order conditions®:

e [ue(c (t), 1°(1))) — mui(e’ (8), 1 ()] + alt) — a(t) =0 (6)

e~ [uc(c"(2), 1°(£))) — paw(e” (1), 1" ()] = Xu(t) + vi(t) =8ty =0 (7)
together with the complementary slackness conditions

a(t)z(t) =0 and a(t) =20 (8)
a(t)|g - z*(t)) =0 and a@(t) >0 9)
vi(t)yi(t) =0 and vi(t) 20 (10)
Si(8)Y (1) =0, —8i(t)y;(t) =0 and &(t) 20 (11
as well as )
Ai(t) =0 (12)

and, at T™, the transversality condition

2
T (e (T7), (1) = L Wi (T7) = dU(T")/dT. (13)

i=1

3 Along with (2), these conditions are also sufficient in the present context.
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For ease of exposition, we will denote in what follows by v™(z(t), y(t)) and
by v'(z(t),y(t)) the marginal net benefits of respectively the inexhaustible
resource and the exhaustible resource i, where ¥(t) = (y1(t), y2(t)). That is

V(2 (8), y() = uele(t), 1(t))) ~ qui(c(?), I(2))
vi(2(8), y(8) = uelet), U(2))) - Hiw(c(t), U(2)).

To investigate the properties of the optimal program and illustrate how the
solution can be constructed, we will consider first the case where only one
deposit (deposit 7) of the exhaustible resource is available. Consequently, in
that case we write, by a slight abuse of notation, v*(z(t), :(t)), h € {1,2,r},
instead of v*(x(t), (y(t), 0)).

To illustrate the properties of the optimal program, we will refer fre-
quently either to Figure 1 (in the case of one deposit of the exhaustible
resource), or to Figure 2 (in the case of two deposits). On these figures, the
straight line F; is the instantaneous production frontier in the (c,!) plane if
only deposit 7 is being exploited. Similarly, the line F. is the production fron-
tier when only the inexhaustible resource is being used. Assuming that the
inexhaustible resource is scarce means first that only the upper part of the
frontier F, (the segment [(0,1),(z,0)]) is relevant and, second, that at (z, [
the slope of the indifference curve Is greater in absolute value than the slope
of F,. For any isocline I, we denote by A7 = (¢f,I9), h e {1, 2,7}, the point
at which the isocline intersects the frontier F}. Finally, £, is the frontier when
the inexhaustible resource and deposit ¢ of the exhaustible resource are being
exploited simultaneously, with the inexhaustible resource being exploited at
full capacity. We denote by A7 = (¢4,12) the point at which the isocline 1
intersects F.

3 The case of one exhaustible resource deposit and one inexhaus-
tible resource

Consider the situation where only one deposit of the exhaustible resource
is available, along with the inexhaustible substitute, and begin by assuming
that only the exhaustible resource is exploited. From conditions (11) and
(12), we know that Ai(t) is a constant. Denote this constant A;. Then, from
(7), the first-order condition that determines y;(t) is

V10, (1)) = ePt),. (14)

b)
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Figure 1: One exhaustible resource deposit



For any X; € (0, (n - ti)w(c!,17)), define the interval [0, t2(\;)), where
t%(X;) is the solution of et ), = (n—p:)u(c?, 17) and let ¥ (t, A;) be the unique
solution of (14) on this interval. Hence att = t%(X;), we have u(c(t), 1(t)) /u(e(t,
1. A glance at Figure 1 could be useful. Note that along the F; frontier, from
Al to (0,1), the marginal rate of substitution between leisure and consump-
tion (u./w) increases from Hi t0 400, going through 7 at A}, where the iso-
cline I" crosses the straight line F,. Should Ai have been set to 0, we would
have had y2(t, \,) = ¢ for all ¢ 2 0. For any A, € (0, (n - piw(c], 1)), the
per capita leisure-consumption path, {1—may?(t, A, v2(e, A} ) moves up
over time along the frontier F,, starting from some point between A% and
A}, and attaining Al at time t = t2()\,).

Suppose now that both resources are exploited but that z(¢) < z. Then
the first-order conditions are '

V() p(t) =0 (15)

and
vz (t), yi(t)) = et (16)

Condition (15) implies that

wlelt) U0 _
w(e(®), 1) ="

In Figure 1, consider the curve segment [A7, A?]. This segment corresponds
to that part of the isocline I7 between the frontiers F; and F,. A point (c, )
interior to this Segment corresponds to a situation where the two resources
are being utilized in some uniquely defined proportion, with the inexhaustible
resource being utilized at less than full capacity. For example, point a in
Figure 1 is obtained by exploiting the quantity ¢ — ¢’ of the inexhaustible
resource and the quantity ¢’ of the exhaustible resource, the slope of the line
segment [a, a'] being equal to —.

For a point (¢,l) = (¢, I"(c)) on the segment [A7, A7), where, we recall,
{"(c) denotes per capita leisure as a function of per capita consumption along
the isocline I7, let us define z'(c) and y)(c) as the quantities consumed of
the inexhaustible and the exhaustible resource that are the unique solution
to

MRS(t) =

27(0) + 40(c) = ¢
1= 02"(c) + () = 1(c).
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The function z7(c) takes the value  when ¢ = ¢ and 0 when ¢ = ¢] and de-
creases monotically on that interval. The function y}(c) increases monotically
from & to ¢] on the same interval®.

For any i € (0,v'(,&] — %)), consider the time interval [£*(X:), (X)),

where
RO = { tr(\) if A< (n- ) wi(el, 1)
0 otherwise,

and tb();) is the solution of v(%,& — ) = e”X. On this interval, let
z®(t, A;) = z(c(t, \i)) and yb(t, M) = y7(c(t, As)), where c(¢, ;) is the unique
solution to vi(z*(c), y7(c)) = e*Ai. Therefore, over the interval [£(X:), t*(M)),
the per capita leisure-consumption path moves down the isocline I towards
A?, from either Al if M < (n— i) (¢}, L7), or some point between A! and
AT 5 A, > (0 — pul 6.

Suppose finally that both resources are being exploited, but that the
inexhaustible resource is exploited at full capacity, so that z(t) = Z. The first-
order condition determining the extraction rate of the exhaustible resource
then becomes

’Ui(ﬂ_,‘, yi(t)) = e”'/\i. (17)

For any A\ € (0,v'(%,0)), consider the time interval [B(N), t (M), where

PN A CH I PIRS v (Z,¢! — I)
(M) = { 0 otherwise,
and t°()\;) is the solution to vi(%,0) = e?t);. For any t in this time interval,
define y¢(t, Ai) as the solution to v (E, ui(t)) = €A Therefore the per capita
leisure-consumption path moves over time along F; from A] if \; < vi(Z,8 —
%), or some point between A? and (z,1) otherwise, attaining (z,1) at t =
().

Now for any A € (0,v'(%,0)), let

yf(t, ) ifte [U, fa(/\,-)) and t_a(/\,‘) >0
yi(t,Ai) = { yﬁ’(t, )\;) ift e [{a(/\,),t—b()\,)) and t-b(/\l) >0
ye(t, A if t € [P, 19(A))

and

0 if t € [0,#4()\)) and £°(A;) >0
ZL’(t, )\,) = { iL'ib(t, A,) ifte [t_a(A,),fb(/\,,)) and fb()\,) >0
z if t € [P(N), (M)

Sdyldc = —dz? [de = [n+ di"/dc)/ (n = pi) > 0-
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and let Y;()\,) = ff“‘) ¥i(t, A)dt. Thus Yi(A\i) denotes the initial size of the
exhaustible resource deposit which sustains the extraction path y;(z, Ai). The
value of \; at the optimum, A?, must be the solution to Yi(h) = Y. There
remains to verify that all the first-order conditions together with the com-
plementary slackness conditions are satisfied, and not only those conditions
already used to construct the different phases of the path.

A< (n- p)u(c]17) and t < t*(A{), then the per capita leisure-
consumption path follows some segment Ay, A7) of F}, with Ap € (AF, AD).
For any point (¢,1) on this segment, u./u; < 7 and hence U — yy < 0.
So let a(t) = —(uz(t) = my; (t)), where up(t) = we(y(t, A 1= (e, A,
k € {c1}, and a(t) = vi(t) = 6;(t) = 0. Then conditions (6) to (12) are
all satisfied. If Ar < VHZ, 8 - %) and ¢ € [2°(A5), (A1), then the first
order conditions (6) and (7) are satisfied by construction for a(t) = @(t) =
vi(t) = 4,(t) = 0. Finally, if Ar < v'(2,0) and t € [fb(/\:),tc(A:)), the per
capita leisure—consumption path is moving up over time along the frontier F,
between A7 and (z,0), so that uc/u; > 1 and hence Ue—7nw > 0. So let (t) =
0, a(t) = u(t) - nuj (t), where up(t) = w(Z +yi(t,N), 1 = nz + viyi(t, AY)),
ke {cl}, ut) = 9i(t) = 0. Then conditions (6) to (12) are all satisfied.
Also, since at ¢t = t(AD), YE(t A2) = 0. then c(t(A;)) = 7 and lte(an) =1
and the transversality condition (13) is satisfied.

If the initial stock of the exhaustible resource is sufficiently high, that is if
YO > Yi((n- w)w(c], 1)), then the optimal per capita leisure-consumption
path is constituted of four phases: the three phases just described, followed by
a stationary phase [t°(A}), +00), that begins when the exhaustible resource
is depleted and during which ¢(¢) = # and {t) =1~nz. If Yi(v'(z, & -
) <Y <Yi((n- mi)w(c] 7)), then the first phase, during which only the
exhaustible resource is exploited is dropped. Finally, if Y? <Yi(vi(z, e ~I)),
then the initial stock of the exhaustible resource is sufficiently low that the
inexhaustible resource is exploited at full capacity from the start.

It is worth noting two characteristics of the optimal program. The first
is that although the unitary labor cost of the inexhaustible resource is hi-
gher than that of the exhaustible resource, the exploitation phases always

all points along the optimal path. Their case therefore corresponds to one
where circumstances dictate that £2(\;) = 0. This is clearly not required for
an overlap to occur. In fact an overlap will always occur if the inexhaustible



resource is exploited at all. This is not due to the assumption that the pro-
ductive capacity of the inexhaustible resource is limited, but to the necessity
of smoothing consumption along the optimal path.

The second characteristic is that whereas consumption is always decrea-
sing before attaining its stationary level, leisure may fluctuate along its op-
timal path. If the initial stock Y is sufficiently large, leisure first increases,
then decreases and finally increases again up to its stationary level. It is
only if Y2 is relatively small that leisure will increase monotically along the
optimal path.

4 The case of two exhaustible resource deposits and one inex-
haustible resource

Suppose now that the two deposits of the exhaustible resource are available,
along with the flow of the inexhaustible resource. We show in this section
that for a nondegenerate vector Y = (Y2,YQ) of initial stocks in the two
deposits, we may have the following sequence of six phases along the optimal
paths (see Figure 2), a sequence which involves the inexhaustible resource
being put into use before the less costly deposit 2. Recall that 7 > pa > 1

During a first phase, only the least costly deposit 1 of the exhaustible
resource is exploited, at a decreasing rate. Starting from a point Ao between
A" and A7 on the frontier £, the per capita leisure-consumption path moves
over time along F} to attain A.

During the second phase, the leisure-consumption path moves along the
isocline I from A7 to A]. Deposit 1 is still being exploited, deposit 2 is not,
and the inexhaustible resource flow is brought into use. The rate of extrac-
tion from deposit 1 is decreasing while usage of the inexhaustible resource is
increasing. At the end of the phase, the rate of exploitation of the inexhaus-
tible resource is maximal (z(t) = ) and the rate of extraction from deposit 1
is strictly positive.

During phase three, deposit 1 continues to be exploited at a decreasing
rate, while the inexhaustible resource continues to be exploited at full ca-
pacity. Deposit 2 is still not being exploited, even though it is less costly
than the inexhaustible resource. The per capita leisure-consumption path is
moving up along Fy, from A7 to A7, where A7 is the point where the frontier
F, is crossed by some isocline I such that n < 0 < & = uc(Z, ) /w(Z, D).

During the fourth phase, the rate of extraction from deposit 1 is still po-
sitive but decreasing to attain zero at the end of the phase, at which point

10



Figure 2: Two exhaustible resource deposits
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deposit 1 is exhausted. Extraction from deposit 2 starts at the beginning of
the phase, at a rate which is increasing throughout the phase. The inexhaus-
tible resource is still being exploited at full capacity. The leisure-consumption
path moves over time along the isocline 17, from AZ to A, where A3 is the
crossing point of isocline /7 and the frontier F.

During the fifth phase, the rate of extraction from deposit 2 gradually
decreases to zero and the deposit is exhausted at the end of the phase. The
inexhaustible resource is still being exploited at full capacity. The leisure-
consumption path is moving up along the frontier £y, from A3 to (Z,1).

The sixth and final phase is the stationary state (Z, D).

This sequence of exploitation is, as we shall see, the optimal sequence
provided that the initial stock in deposit 1 is sufficiently large and that in
deposit 2 sufficiently small. In order to show this, we proceed to show that
there exists values of A; and Ag such that a path of the type just described
satisfies all the first-order conditions, along with all the complementary slack-
ness conditions and the transversality condition. These values imply definite
extraction paths for both deposits. Therefore, if the vector of initial stocks
Y sustains these extraction paths, the values of these );’s are the optimal
values and the paths are the optimal paths.

In order to generate an optimal path of the type just described, we first
choose A, € (0, (n — p)w(c], 1)) Then, set ta(A1, Az) equal to t*(A:) for
i = 1, as defined in section 3. The value of A, will be chosen later (see (18)
and (19) below). Since Ay < (n — w)w(c], 1), then ta(A1, A2) > 0. For any
t € [0,ta( M, A2)), set y1(t, A1, Az) equal to y{ (2, \) fori =1, again as defined
in section 3, and set ya(t, A1, Ag) and z(t, A1, A2) both equal to O.

Similarly, let ty(A1, A2) = t*(\,) and for any t € [ta(A1, A2), to( A1, Az)) let
n(t, M, M) = Wt M), ya(t, A1y A2) = 0 and x(t, M, A2) = zt(t, M), where
(), ¥2(t, A1) and z'°(t, A1) are the functions t*(As), ¥ (¢, A;) and T (t, \i)
defined in the previous section, with i = 1.

Next, choose some g € (1, ), where @ is the absolute value of the slope of
the indifference curve through (Z, 1), and, for the interval [ts( A1, A2)s te(A, A2)),
let ’yl(t, )\1, AQ) = yf(t,/\l), yg(t,/\l,)\g) = 0 and CL’(t,Al,/\z) = TI. The upper
bound of the time interval, te(A1, A2), is the time at which y$(2, ), ) satisfies

T+t M) =

where & is the consumption coordinate of A7 = (¢7,19), the point at which
the isocline I° crosses the frontier Fy.
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Whenever both deposits of the exhaustible resource and the inexhaus-
tible resource are al] being exploited simultaneously, with the inexhaustible
resource being exploited at full capacity, the first-order conditions determi-
ning y(t) and y,(t) are

VH(E, y1(t), 1o () = e, i=1,2 (18)

From conditions (18) it follows that

/\2 = 7= MQ)\P (19)
g —

Given the value initially chosen for A1, we choose A, to satisfy (19).

Note that any point a between A7 = (&,17) and A3 = (¢3,15) on the
isocline I° determines a unique combination of the per capita exploitation
rates of deposits 1 and 2, given that the inexhaustible resource is being
exploited at full capacity. Hence, for any ¢ € (¢3,¢]) we may define two
functions y¢(c), 1 = 1,2, such that

2
T+ yle)=c
=1

)
L=z + 3w (e) = °(c)
=]
Then function y{(c) is increasing from 0, at ¢ = ¢, to ¢ —T,atc =&,
whereas the function yg(c) is decreasing from ¢ ~ £ to 0 over the same
interval®.

Consider the time interval tc(/\l,/\g).td(/\l,/\g)) where t4(A;, \;) is the
solution to v!(z,0,y3(¢3)) = v!(z. 0.¢3 — ) = e”A;. For all ¢ in this in-
terval, define y;(t, A\, \,), for i = 1,2, as ¥ (e(t, A1, A2)), where c(t, Ar, Ag)
is given indifferently, because of the choice of X, either by the solution of
v'(Z,37(c), ¥3(c)) = "), or the solution of v*(Z,y{(c), y(c)) = e A,

Finally, consider the time interva] [ta(A1, A2), te( Ay, A2)) where ¢,(),, A2) is
the solution to v3(%,0,0) = e?*Ay. For all ¢ in this interval, set z(¢, \;, Ag) = I,
Y1(t, A1, A) = 0 and Ya(t, A, Ag) = ys5(t, A2), where y5(t, A2) is the function
y2(t, \;) defined in the previous section, with i = 2,

Sdyf /de = (uy + dI° Jdc)/ (up - 1) > 0 and dyg /de = —(u; + dI° /de) [ (ug — m) <0,
where I9(c) is per capita leisure as a function of per capita consumption along the isocline
I°.
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Having described a path that has the desired characteristics, there re-
mains to show that it satisfies all the first-order conditions, the comple-
mentary slackness conditions and the transversality condition. Concerning
conditions (6), (8) and (9), that relate to z(t, M1, A2), the proof runs exactly
as in the case examined in the previous section. This is because, as in the
case where there is only one deposit of the exhaustible resource, on the first
time interval, [0,%4(A1, A2)), we have MRS(t) < n and z(t, Ay, A2) =0, on
the second time interval, [ta(/\\,Az),tb(/\h)\g)), we have MRS(t) = n and
0<z(t, A\, \2) <Z and from ty();, A2) onwards, we have MRS(t) > n and
z(t, A1, A2) = Z. Thus we are left with the conditions relating to yit, A1, A2),
i = 1,2, for the time intervals on which one of these extraction rates is equal
to 0.

For t € [0,tc(A1, A2)), we must have

v (z(t, A, A2), yi(ts A, A2), 0) = e\ (20)

(8, A de) it A Ae), 0) < €77 (21)

Conditions (20) and (21), and the choice of Az (equation (19)), imply
MRS(t) — p2 < A2 _O
MRS(t)—m ~ M o0—m

Since the left-hand side of (22) increases with MRS(t), and since MRS(t) <
o on that time interval, we can conclude that (22) is satisfied on the interval.
Therefore, if we set vo(t) = €™ A2 — vH(z(t, A M), yi (B Ars A2), 0)s v (t) =0,
8,(t) = 82(t) = 0, all the necessary conditions are met on the time interval

[0, tc(A1, A2))-
For t € [ta(M, A2), te(A1, A2)), we must have

vl(jv 07 y?(tv A17/\2)) S e—ptAl (23)
v*(Z,0,y2(t, A, A2)) = e X (24)

In this case, conditions (23) and (24), and the choice of A (equation (19)),
imply

(22)

MRS(t) —pa _ A2 _ 0~ H2
MRS(t)—m — M To-m
Since the left-hand side of (25) increases with M RS(t), and since MRS(t) >
o on that time interval, it is clear that (25) is satisfied on the interval. There-
fOI'E, if we set l/l(t) = e‘”'/\l - Ux(i‘, 0, yz(t, AL, /\2)), Uz(t) =0, (51(t) - 62(t) =
0, all the necessary conditions are met on the time interval [ta(A1, A2), te(A1, A2))-

(25)
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Finally, let Y;(A,, A,) = f‘f‘(”\"’\z)yi(t,/\l,/\g)dt, i =1,2. (A, Ay) there-
fore denotes the initia] size of deposit i of the exhaustible resource nece:
to sustain the extraction paths y;(¢, A, A2) on the interval [0, te(A1, A7) At
the optimum, (A1, A2) must satisfy Yi(A, Ag) = Y0 i=12 Cal these va-
lues (A3, A3). Then since I(t(A5,03)), c(te(A, A3)) = (1, Z), it is clear that the
transversality condition (13) is satisfied at 7~ = te(A], N3).

Note that the Sequencing of the phases along the optimal paths is left
unchanged by slight perturbations of the parameters. Hence this order of

constant marginal labor cost. This 1s because per capita leisure is lower, and
hence the instantaneous marginal labor cost in terms of utility higher, at the



end of phase two than during all of phases four and five (see Figure 2). Ho-
wever, when there is a binding capacity constraint on the rate of exploitation
from the inexhaustible resource, as is the case beginning with phase three
of the program described in section 4, the increase in the production from
this resource required to carry out such a welfare increasing intertemporal
arbitrage is not possible.

To delay the exploitation of a higher cost exhaustible resource deposit can
in fact be an optimal way of carrying out a welfare improving intertemporal
transfer in the presence of a scarce inexhaustible resource. For whenever
the capacity constraint on the inexhaustible resource is going to bind at
some point along the optimal program, thus making it scarce, there is an
underlying incentive to store some of the unused flow of the resource during
a phase when it is not exploited at full capacity, in order to alleviate the effect
of the constraint at some future date. Storage of the inexhaustible resource
is however not possible. The next best thing, as we have shown, may be to
store some of the more costly exhaustible resource by delaying the start of its
exploitation until after the inexhaustible resource has already been put into
use. As we have already pointed out. this completely reverses the ordering
which would appear optimal from partial equilibrium analysis.
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