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RESUME

stutdecetmﬁdaestdedémomrerwe,mémsilasohﬁondeMarxaupmblémdelamormaﬂon
peutetomtée.sescondusionsrastentvalabbs. Lanouveﬂesohﬁonqmestproposéoestm
surlaeontmimnduniamdeprommoyencomnmnauxdeuxespaeesdevdwelmmdsmo
nom&uqﬂastdétamﬁnésﬁnunanémemavaclesprk. Notre soiution diverge de celle de Duméni-
me-wmammm“dunmwwakemumséummmmw
la concurrence sur le marché du travai. Onneswposeplusqulesalalmwﬁxéparlamwd'un
panier de subsistance. Comonpemlemtawr.msoluﬁmdﬁémausdneﬁemdeeeﬁede
Morishima et des néo-ricardiens. Nokesoluﬁonestunea&emaﬂve&ceﬂedemmweﬂewwma
touslascomsotmainﬁentlesdeuxoonwnmmauomunmcénémldapromcomunwxdeux
espaces de valeur.

Mots clés: transformation, valeur, prix, plus value, profit, salaire, capital, travail

Classification JEL: B-14, B-24, D-33, D-46, D-57, E-11, P-16.

Abstract

The aim of this paper is to demonstrate that, even if Marx's solution to the transformation problem can
be moditied, his basic conclusions remain valid. The proposed altemative solution which is presented
heretsbasedonmeeonstraintofacommongeneralproﬁtmlehboﬂaspacasandamoneymehvd
wmmmabedemmmedshnulmmwstywnhmbes.ThIssommdwwgesﬁommDmmFday-
Lipietzso&utiononmasswnpuonowwmmywageratewmd\lsmumedhemasanendogenm
variable. Themoneywagelevelisdetemﬁnedbycompatiﬁononhel&ormmt it Is no more
assumdtobeﬁxedbythevalueolasubsistencebasket. ThislsalsomitediﬁerenﬂromheMorismna
ormsneo-ncardiansduﬁm.ThissoluﬁonlsmmbmaﬁvebmeMamsomuonbecauseRMly
transforms the cost of production and maintains the two macro constraints and a general profit rate
between the monetary and the social spaces.
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Introduction

The debate around the transformation problem is more than a century old and it continues to
fuel passionate discussions among marxian and neo-ricardian as well as mainstream
economists’ . The latter, like Samuelson (1971), view it as a good lllustration of the
redundancy of the old ricardian and mandan labor value theory while radical economists, who
still believe in the validity of an aitemative approach to marginal utility theory, periodically
attempt to give an adequate answer to valid objections formulated against Marx’s way of
establishing the comrespondence between labor values and prices. As was pointed out
accurately by L. Gill (1996, p.532) in quoting M. Desal ... “the debate does not seem to end
and is viewed as 8 rare example of a problem which continues to produce new solutions or
reformulation of old solutions in a new mathematical language.... [perhaps] there Is more than
a simple technical question.”

Marx's solution to the transformation problem® is based on the hypothesis of the non-
transformation of the cost of production (constant and variable costs). It is a simplifying
assumption which allows him to concentrate on the distribution of the surplus value and the
profit rate in the labor value Space and the monetary space. His main interest was to show
that, although the profit rate can be different from one sector to another in the value space, the
monetary profit rate in a competitive world must be the same in all sectors. The reason why
the profit rate varies from one sector to another in the value space Is caused by the differences
In organic composition of capital due to unequal development between industries. It is also
because some sectors do not produce any surplus value, such as the cCirculation sphere, in
particuler, the financial sector. Marx was well aware that the non transformation of the
production costs was a simplifying assumption and did not consider that his conclusion would
be substantially changed If that assumption were modified’ .

Fwamovmm.mhmmﬁm.BuudmdDochlor(iNS),Em,mmmwmm
(1987-90), GHl (1996), Laibman (1973), Mandel and F (1984), S, {1971), Steadmen (1981), Sweazy
(1949). The suthors who heve contrib d with new soluti hhm.mommnoeo.1m).soby(wez.1m.
Lipietz (1982,1983), Morishima and Seton (1961), Morishima (1973), Napies (1989), Seton (1957), Shaikh (1977), Sraffa
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His main conclusion Is twofold: on a micro basis, prices differ from values -and this is why a
labor value theory is relevant as an expianation- but on a macro basis, there are two macro
constraints which ought to be satisfied if the principle of value conservation is to be preserved.
The first constraint is that the sum of values must be equal to the sum of prices, lLe. the
aggregate Qgross production must be equal in both monetary and abstract labor spaces. The
second constraint is that the sum of profits must be equal to the sum of surplus values. Since
the transformation problem is a static analysis similar to a general calculable equilibrium
approach’ , the same amount of value must be preserved in both spaces when one chooses a
general equivalent form for measuring prices. There is more than one way of choosing that
price standard:

i) Choose 8 level of expenditure common to both spaces and one macro constraint. This is
the Marx solution with the hypothesis of no-cost transformation.

i) Choose a level of wage common to bomspacesandonemacroconstram This is the
Dumenil-Foley-Lipietz solution (1980, 1982, 1982) of the money wage determined
exogeneously and fixed to the nominal wage in the value space.

iii) Choose a level of real wage common to both spaces and one macro constraint. This is
the Morishima solution (1973) of money wages determined simultaneously with prices. tis
also the neo-ricardian solution based on Sraffa’s composite commodity (1960) as a
standard of value® .

Only the Marx solution preserves the same general profit rate between the two spaces and
satisfies the two macro constraints, although only one constraint is effective. The other two
solutions generate a monetary profit rate which is not equal to the general profit rate in the
abstract space. Worse still, the other two solutions cannot satisfy the two macro constraints so

‘ ThodynuﬂcapproachpmmardbyM.Napm(1989)lsmkw0smgawoachwmchsmdbep\nuodAﬂaraﬂ.
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dear to Marx and his followers, This implies that, even if the macro constraint of value
conservation is preserved, some monetary surpius value would be created or lost during the
transformation process, an awkward situation, since the core of the labor theory of expioitation
is to explain how the monetary surplus value is created in the value space. Samuelson's sharp
crmcismofMarx’smemyoflaborvaluewould still remain valid since he pretends that there is
mbgicalmenbeMeenmeMospaces:memmfyvmwouwbeMapendamd
the labor values and, hence, there is no point in having two value spaces to explain what is
going on in the real world.

Theaimofthlspaperistodemnstmtemat. evenlfMarx‘ssoluﬁoncanbemodiﬁed, his basic
conclusions remain valid. It will be shown in particular by the three following points:

1) Manx's solution requires the specification of one macro constraint despite that his results
satisfy the two macro equalities and a common general profit rate. This conclusion is
already well known in the literature, but needs to be restated since it is a very crucial point.

i)y The Dumenil-Foley-Lipietz solution requires one macro constraint and satisfies the two
macro equalities if the value added is chosen, although the general profit rate is different
between the two spaces. The result is not valid anymore if the gross value is chosen as
the macro constraint. The Morishima solution yields a similar result, even with the value
added.

iii) The new altermnative solution which is presented here is based on the constraint of a
common general profit rate in both Spaces and a money wage level which will be
determined simultaneously with prices and will produce results which satisfy the two macro
constraints. This solution contradicts the neo-ricardian approach based on a composite
commodity as a standard of value, since neo-ricardians argue that there exists a linear
relation between profit and wage and, once one of them is specified, the other is
automatically determined.



Definition of a two sector economy

In order to illustrate the various solutions, a two sector economy will be chosen as an example.
One assumes the following value table measured into the abstract value space, l.e. one unit is
one hour of social or abstract labor® .

Table 1
constant verisbie
sactor capitnd [ capital v .m': [ fotal exX
1 3240 2160 1080 6 480
" 2760 1380 2070 6210
Total 6000 3540 3150 12690
It is assumed that the tumover of capital is unity for all types of capital, that the exchange rate

between one doflar and one unit of sociat labor is unity, that sector | produces 4000 units of
consumption goods and sector Il 2000 units of production goods. It is also assumed that
output of sector Il is chosen as an input for both sectors and that output of sector | is chosen
as an input of that sector in the proportion of 1/5. By inspecting the figures contained in the

table, the following results can easily be deducted.

Table 2
sactor quanty C B Bl B - k3
X e . Y r ®
] 4000 162 0S5 15 020 667
] 2000 3105 15 20 0.50 40

: This example was part of a final xam given fo my students In Winter 1996,
mmmamumm»mmumdw. reel(y+1).



Following Gleicher's idea of labor Specialization (Gleicher, 1989), a specific rate of exploitation
for each industry is assumed here and, therefore, a specific wage rate in the social labor
space. The necessary time to feproduce specialized labor differs from one sector 10 another.
This can also be justified by historical conditions of unequal development of productivity
between industrial branches. Moreover, one hour of direct or living labor In sach sector can be
dacomposedmoafraatonofnecessaryﬁme(p)andaframnofnon necessary time for
reproduction of specialized labor (1-4). Henca, the specific exploitation rate to each sector is
e=(1-p)p. Therefore, # =1/(1+e).

The real wage for each sector can therefore be calculated by dividing the wage rate by the
value of the consumption goods 6,=1.62. Hence, the real wage in the value space is
1/0,=.4115 for sector | and 1/8,=.2469 for sector ll. The value figures contained in table 1 are
generated by the following value equations:

Ox,=c +v, +pl

X =c,+v,+ pl,.
The transposition of these value equations into Leontief equations is;

e|x| =a1la‘x| +az|e3xl + llx‘
0% =88 +a0,x, +1x,

The identification of each component is based on the definition of gross value = value of
constant capital + value added:
C,=a,0,x +a,0x, = 3240
c,=a,8x +a,0x =2760
v, +pl, =1x, = 3240
Vv, +pl, = Lx, = 3450,

Therefore,
I, = 3240/4000 = 0.81
I, = 3450/2000 = 1.725



In order to calculate the value of the technical coefficient a,, one has to remember the a priori
hypothesis, L.e. the quantity of input of sector | which enters the production of one unit of
output of sector f is 1/5. Hence, a,,= 0.20. On the other hand, since the input of sector | does
not enter into the output of sector il, a, = 0. Hence,

a,, =[ 3240 - .20(1.62)4000 J/(3.105)4000 = 0.1565
a,= 2760/(3.105)2000 = 0.4348

In order to calculate and write the monetary values, one has to write the corresponding price
equations, based on Marx's assumption of an equal profit rate r for both sectors.

px, = (1+0(20px,+ .1565px, + Biwx,)
px=(1+ r)(.4348p,x, + 1.725wW,%,)
The analogue of the price equations in marxian components is

pixl = c" + v“ + l‘l

PX=C, VR,

The identification term by term is
¢, =.20px, + .1565p.%,
¢, =.4348px,
v, = .8Iwx,
v, = 1725w,
x, = 1{.20p.x, + .1565px, * 8iwx)
x, = 1(.4348p,x, + 1.725W,%,).



Marx's solution

Marx's solution is based on the hypothesis of the non transformation of costs and on the macro
constraint that the gross value in the social space must equal the gross value in the monetary
space. Translating these hypotheses in the mathematical model, the implication is:

¢,=¢\=3240, v,=v, =2160
C,=C, = 2760, v,= v, = 1380

PX, +pX, =0, +6,x, = 12690

It is immediately observed that Marx's second macro constraint, -the sum of profits is equal to
the sum of surplus values- is already implied by the previous constraints. Indeed,

4 ' -
c,+v"+n,+c,+v',+n,—c‘+v,+pl,+c2+v2+plz.

Hence,
7, +n,=pl +pl,=3150

Therefore, Marx's solution does not imply two Independent macro constraints, but only one. In
that respect, his solution Is not different from the other "algebraic" solutions proposed by neo-
ricardians, Morishima or by Dumenil-Foley-Lipletz.

What is interesting, however, is that Marx's particular choice of assumption, -the non-
transformation of costs- yields two remarkable results:

) the sum of profits equals the sum of surplus values;

ii) the general or average rate of profit is the same in both Spaces, although it is different on a
sectoral basis in the social labor space.



This last result is easily deducted from the definition of the general profit rate in both spaces:

value space monetary space
r=Ipl/ Z(c,+v) r=Im/E(C, +V')

Since, by hypothesis, (e, + v, ) S I(C + V') and, by deduction, Ip}, = Ix, it follows thatr=r.

The monetary value table associated to Marx's solution Is easily calculated after solving a
system of three simultaneous equations:

(1) px, = (1 + 1)(c, + v) = (1 + 13400

(2 p,=(1+ e +v)=(1+ 14140

(3) p.X, * PX = 12690

Replacing the quantities by their respective number and solving,
(1+1)=6.345/477 = 1.3302

p, = 1.35(1.3302) =1.7958

p, = 2.07(1.3302) =2.7535

Using these results, the table of monetary values can be constructed’

®  px, = 1.7958(4000) = 7183
PX, * 2.7535(2000) = 5507
PiX, + PX2 = 12690
%, = PX, - (6,+v,) = 7163 - 5400 = 1783
x, ® PX, - (C;+v,) = 5607 - 4140 = 1367
x, + %, % 3150



Table 3 (monetary values)

%hum (-4 m v profit = total
i 3240 2160 1783 7183
H 2760 1380 1367 5507
Total 6000 3540 3150 12 690

The other algebraic solutions

The rejection of the non transformation of costs assumption was Judged by some marxists as a
betrayal of Marx's insistence on the principle of conservation of value and that no monetary
surplus value can be created or destroyed in the transformation process as long as it is
analysed in a static framework. The demonstration that the simultaneous solution put forward
by the other aigebraic transformers would require only one macro constraint did not please at
all Marx's disciples since it lead to the rejection of one important constraint. For instance, if the
Dumenil-Foley-Lipietz solution is calculated by standardizing with respect to the gross value
instead of the value added, the sum of profits is no more equal to the sum of surplus values
and their solution is not qualitatively different from Morishima's solution or from other neo-
ricardian solutions. We can easily show that by choosing the value added constraint, the non-
transformation of one component will impose equality on the other component between the two
spaces. Indeed, the definition of value added is
abstract space

va=v +pl+v,+pl,

monetary space

=y
vasv +m +v,+m,

The non transformation of variable capital implies v, = v', and v, = v, Hence, pl, + pl, == + 7,
In the Leontief form, these macro constraints are written as

vasix +lx=wlix +x + WLX, + 7,

Hence,
X, = WX, + 1, - wlx, = LIS W



Since p, = w, by assumption,

(1'“1)I1x| + (1 'P'z)lzxz =n,+n,
or

pl,+pl, =%+,

Therefore, the assumption of equality of value added between the two spaces Is identical 10
the assumption of equality between the sum of surplus values and the sum of profits. It follows
that if the gross value is chosen as the macro constraint between the two spaces, the sum of
surplus values is not equal anymore to the sum of profits. Indeed,

abstract space monetary space

gv = C v +pl+C,+v,*pl; gV = C 4V Am 4C PV b,
Assuming that v, = V', and v, = V', the macro constraint is reduced to
c, +C,+pl, +pl,=C, +C, T+ R,

Unless (c,+c,) is assumed equal to (¢',+C'), (Pl +pl) will be different from (r,+x,). It necessarily
follows that the measurement of the average monetary profit rate will diverge from the general
profit rate calculated in the social space, because both the numerator and the denominator of
the money profit rate will be different from those already established in the social space. But
what would be the effect of imposing the same general profit rate on the now familiar algebraic
solutions? This will be the topic of the next section.

The general profit rate constraint

Let us first determine the Dumenil-Foley-Lipietz solution with the macro constraint of equalizing

the gross value between the two spaces. The price equations are
p, = (1 +)(.20p, + .1565p, + 81w,)
p, = (1+1)(4348p, + 1.725w,).

10



Since it is assumed that wages are exogeneously determined and fixed at the same level as in
the abstract space, w, = .667 and w, = .40. Hence,

P, = (1 +1)(20p, + .1565p, + .54)
P, = (1+1)(4348p, + 69)° .

The macro constraint of gross value is
P,(4000) + p,(2000) = 12690
or
2p, +p,=6.345,
The solution of this non-homogeneous system of three equations is
p, = 1.89 p,=2.57 r= 426"

It can be checked that the sum of profits diverges from the sum of surplus values®® .

The introduction of a general profit constraint in both spaces -by imposing r=.3302- would
reduce the system to two equations only. The macro constraint would become redundant!

P, = 1.3302(.20p, + .1565p, + .54)
P, = 1.3302(.4348p, + .69).

The solution to this system is
p, = 1.596 p,=2.177.

:o A quick check of this is v, = .54(4000) = 2160 and v, = .69(2000) = 1380,
nmuwwmmmmm-umuuwymm*' figures b of 9 off errors.

u memwmmm;=.426(312042180)-&50mdx,=‘48(m501380)-1540,hum.x.¢:,-
3790 which is different from pl, +pi, = 3150,

1



It can be checked that this system does not satisfy any macro constraint'* . In order to make
effective the two macro constraints, the assumption about exogeneous wages has to be
modified. Wages will be assumed to be determined in a competitive world as prices and,
again, the theory of tabor value will be relevant in explaining the divergence between the
moneysphereandthesodalsphere. Therefore, in the monetary space, the price of both
fackorservices(eapimlandhbm)wﬂbemumtoboﬁasectorsumnenmyaredmmmm
social space.

One now needs to specify 8 non homogeneous system of three equations. The first two
equations will be the price equations and the last will be the equality of the gross vaiue
petween the two spaces. We do not need to specify the other macro constraint because it is
already implicitly contained in the equality of the general profit rate between the two spaces.
Indeed,

abstract space monetary space
r=IpiEEOX -pl) = ¢ =EIR/Z(PX-T)
Ur =Xex/Epl, = 1r= Ipx/Ix,

If, by hypothesis, Z8x, = IpX, then Zpl, = Ix, Therefore, the general profit rate constraint,
combined with one of the two macro constraints, gives an analogous result 10 Marx's no cost
transformation assumption. Moreover, it is seen that a unique solution requires the same
monetary wage level for all sectors, although in the abstract space, there are different wage
levels, as it is the case for the profit rate. Itis as if in the monetary space there is a unique
exploitation rate for all sectors.

Applying this new set of constraints to the chosen example, there is a set of three
simultaneous equations to be solved:

(1) p, = 1.3302(.20p, + .1565p, + .81w)
(2) p, = 1.3302(.4348p, + 1.725w)

12 Eor instance, the gross value is 1.586(4000) + 2.177(2000) = 10738 which Is far below 12690, Similarty for profits:
u.'.3302(2640¢2160)=1585md|,‘.3302(1693¢1300)31061A The sum is 2666 whih is again far below 3150.
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(3) 2p, + p, = 6.345

Rearranging,

(1) .7340p, - .2082p, - 1.0775w = 0

(2) .4216p, - 2.2946w =0

(3) 2p, +p,=6.345

The solution of this non-homogeneous system Is*’
p, = 1.667 p,=3.012 w =553

Let us now construct the monetary value table and test for the two macro constraints* .

Table 4 (monetary values)

constant variable
sactor oapital c capital v profit = fotsl px
1 azng 1793 1655 86867
L} 2619 1909 1495 6023
Total 5838 3702 3150 12600

it is verified that the sum of prices is equal to the sum of social values 12690 and that the sum
of profits is equal to the sum of surplus values 3150. The general profit rate is the same in
both spaces and equal to .3302. Money prices and wagesv differ from their values on a
sectorial basis:

' From (2): p, = 5.4426w. Substituting this result into (3): p, = 3.9725 - 2 7213w, Substituting these two results into (1):
10 232852 1.9074w + 1.1331w + 1.0775w. Hence, w = 2.3286/4.2081 = 5534,

Here is the detailed caiculus for the various entries of the table:

<, = [.20(1.667) + .1565(3.012)}4000 = 3219

¢, = [.4348(3.012)]2000 = 2619

V', = .81(5534)4000 = 1793

V', = 1.725(.5534)2000 = 1909

x, = .3302(3219 + 1793) = 1855

x, % .3302(2619 + 1909) = 1495

13



abstract value monetary value

o, = 1.620 p, = 1.667
0, = 3.105 p, = 3.012
W, = 667 w, = 5563
[T 40 Wy = 553.

Conciusion

memmmmmammmmhwmmonmnmm
dmﬂmwmmmnmmmammm. The money wage
level is determined by competition on the labor market. it is no more assumed to be fixed by the
mm;mmam.mnwmmmmmww.
mw.mmmbmwmmedhmwddmmd.m.hexogmusmm
monetary space.

Thlssdmbnabodvemeshommmhrna’ssduﬁon(ormm»umons) in other aspects.

i) Moﬂshlma'soomtmintontheroalwaoolstephcodbymoxgemousproﬂt rate equal to the
profﬂrataaheadydetemmdlnmsoda!som. This result is fully compatible with the
FrobeNus-Pmmnme«emwhldmmmm&auu\queprdnmeassodatedwimm
mm&mdamwmwammwam
system®®,

18 Wwammmmemm|Mwﬂyw cted in he 1}
space with a unique profit rate for all sectors. hmhm“lenm:mthmm
wmmmmmmhmnmmmm

14



#) Themoneywagelevel.aswellaslhenmeyprmme.isumqneforalmum«m
competitive hypothesis, afﬁwughhheabshactspaoe.meseratasmaybodﬂbmmbemn
the sectors. mear.ﬁwnmwywaqebvolbconpa&bwtﬂmaﬂexbedemof

ThlssokmonlsmanemaﬁvemmeMamsoMﬁonbecauseRMyvansiomﬁnmoﬂ
producﬂonandmaimamsmemmaaooonsualntsandaoemmlprommtebemlhe
monetary and the soclal spaces.
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