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RESUME

Nous développons un modéle & Anticipations Rationnelles Dépendantes Limitées (AR-DL)
dans lequel les bornes de la zone cible peuvent étre fixées pour de longues périodes,
tout en faisant l'objet de sauts occasionnsls. Ainsi, le comportement de la variable
endogéne est affecté par les anticipations des agents quant a la fréquence et I'amplitude
des sauts. Le probléme est résolu tant pour le cas ol la zone n'a qu'une seule borne que
pour celui ol elle en a deux. Il est montré que la solution comprend, comme cas
particuliers, ceux déja traités dans Ia litérature ol la variation des bornes est parfaitement
prévisible ou stochastique. Nous établissons les conditions dans lesquelles la solution
existe et est unique et démontrons que ces résultats restent valables méme lorsque la
probabilité d'un saut varie de maniére stochastique et que les termes d'erreur sont
conditionnellement héteroscédastiques. Un modéle de détermination du taux de change
dans une zone cible est estimé pour les données du taux de change franc/mark. Les
résultats empiriques soutiennent le modéle non lindaire o0 la probabilité du réalignement
" est variable et indiquent que les agents ont anticipé correctement la plupart des
changements observés dans la parité.

Mots-clés: modéles danticipations rationnelles dépendantes limitées, bornes
stochastiques, modéles de zone cible, crédibilité, probabilité de réalignement,
. taux de change franc/mark.

ABSTRACT

This paper develops a Limited-Dependent Rational Expectations (LD-RE) model where
the bounds can be fixed for an extended period, but are subject to occasional jumps. In
this case, the behaviour of the endogenous variable is affected by the agents’
expectations about both the occurrence and the size of the jump. The RE solution for the
one-sided and two-sided band are derived and shown to encompass the cases of
perfectly predictable and stochastically varying bounds examined by earlier literature. We
establish the conditions for the existence and uniqueness of the solution and demonstrate
that these results hoid even when the jump probability is stochastically varying and the
error terms are conditionally heteroscedastic. A mode! of exchange rate determination
in a target zone is estimated using data for the Franc/Mark exchange rate. Empirical
resuits provide support for the non-linear mode! with time-varying realignment probability
and indicate that the agents correctly anticipated most of the observed changes in the
central parity.

Key words: limited-dependent rational expectations models, stochastic bounds, target
zone models, credibility, realignment probability, Franc/Mark exchange rate.






I Introduction

This paper is concerned with the econometric issues that arise in the empirical analysis of markets
subject 1o government policy aimed at keeping the price movements within publicly announced lower and
upper bounds. Important economic examples are the exchange rate target zone mechanism, and the floor
and ceiling restrictions on the price movements of some primary commodities [see Ghosh (1987)]. Some
of the econometric issues involved in the analysis of such markets are addressed in the recent literature
on limited-dependent rational expectations (LD-RE) models. See, for example, Chanda and Maddala (1983,
1984), Shonkwiler and Maddala (1985), Holt and Johnson (1989), Pesaran and Samiei (1992, 1995),
Donald and Maddala (1992), and Lee (1994). This literature has focused on the rather restrictive case
where the bounds are assumed to be pre-determined and fully credible. However, in most applications
of interest the publicly announced bounds are not necessarily credible 1o the agents, and are often subject
in practice to sudden and unpredictable movements. In a recent paper, Pesaran and Ruge-Murcia (1993)
extend the analysis of the LD-RE models to the case of stochastic thresholds where the bounds vary
randomly in every period. Using Monte Carlo experiments the authors show that the assumption that the
band is perfectly predictable by the agents (when inappropriate) can seriously bias the estimates and the
inferences based on them,

In this paper, we consider the more general and relevant case where the bounds can remain fixed
over an extended period of time, but are subject to discrete, occasional jumps. The timing and size of
these changes in the bounds are assumed to be not fully predictable by the economic agents. This
extension is panticularly important for modelling (i) changes in short-term interest rates targets [see
Balduzzi et. al. (1993)], (if) central parity realignments in exchange rates target zones, and (i)
unpredictable changes in the floor price of commodity price support schemes. All these examples share
the feature that the adjustments to the bounds established by the authorities are implemented infrequently
and by finite amounts. In order 1o address this feature of the data, we model the occurrence of jumps in
the bounds by means of a two-stale Markov process with possibly time-varying transition probabilities

between states (namely, whether there is a change in the bound or not). Conditional on there being a



jump in the bound, the size of the adjustment is then specified as a {continuous) function of the model’s
forcing variables.

The LD-RE specification developed in this paper provides a flexible econometric framework for
the analysis of the various issues that arise in exchange rale determination within the target zone, and in
our view compares favourably with the continuous-time literature on target-zopes which have emerged
over the recent years following the seminal papers of Krugman (1991) and Flood and Garber (1991):

() Our proposed model permits a general specification of the fundamentals, and can accommodate
both stationary and non-stationary processes. This needs to be contrasted with the continuous-time
literature which assumes that the fundamentals follow either Brownian motion [as in Krugman (1991) and
Flood and Garber (1991)], or the less tractable Ommstein-Uhlenbeck process [as in Froot and Obstfeld
(1989) and Lindberg and Soderling (1991)}. ‘

(i) The model’s disturbances could be conditionally heteroscedastic and can possess any
probability distribution, provided that certain weak restrictions (e.g, continuity and differentiability) are
satisfied. To our knowledge none of the continuous-time versions of the target-zone model allow for this
important feature of the time series observations.

(iif) The specification allows for stochastic jumps in the bounds with a time-varying probability.
This is a signiﬁcam improvement over the continuous-time literature that considers changes in the central
parity under a number of special cases, while retaining the assumption that the fundamentals follow a
Brownian motion. Svensson (1991), for example, examines the situation when realignments of a constant
size take place with fixed probability and independently of the position of the exchange rate in the band;
Bertola and Svensson (1993) incorporate an exogenous, time-varying, stochastic devaluation risk that can
account for the observed positive correlation between the exchange rate and the interest rate differential;
Bertola and Caballero (1992) allow for deterministic changes in the central parity with a constant
probability when the exchange rate is at the upper edge of the band [see also Miller and Weller (1988,
1989)]; and Tristani (1994) examines the case of a constant realignment size occurring with a probability

which is a linear function of the fundamentals and symmetric with respect 10 the central parity.



The plan of the paper is as follows: Section Il provides a general formulation of the LD-RE
model with stochastic jumps. Sections II and III derive respectively the exact RE solution for the one-
sided and two-sided bounds and show that the solution encompasses the cases of perfectly predictable and
continuously and stochastically varying bounds already examined in the litf:ramré. (The mathematical
proofs are relegated to appendices). It is demonstrated that the solution for the one-sided band exists and
is unique when the coefficient of the expectational variable is less than one. In the case of a two-sided
band, it is shown that the RE solution exits for all the parameter values and is unique if the coefficient
of the expectational variable is less than or equal 10 one. Section V shows that these results hold even
when the jump probability is stochastically varying and the disturbance terms are conditionally
heteroscedastic. The log-likelihood function of the model is derived in Section VI. Finally, Section VII
applies the model 1o monthly observations on French Franc/Deutsche Mark bilateral exchange rate between
July 1979 and April 1993. During this period, the exchange rate was subject 10 a target-zone regime, with
six (stochastic) jumps taking place in the central parity. In this application, we consider a dynamic, sticky-
price exchange rate target-zone model, and show how the exchange rate equation predicted by the
theoretical mode! can be approximated by a simple LD-RE model with jumps. We then estimate four
models; the first being a benchmark linear RE model, with the remaining specifications taking account
of the effect of the target zone on the agents’ expectations, but differing in the way the probability of
realignment is modelled. The empirical results support the LD-RE model with 2 non-zero, time-varying
probability of realignment. We also found important asymmetries in the relationship between the
realignment probability and deviation of the exchange rate from the central parity. For plausible values
of the interest differential, probability of realignment was found to be close to zero when the exchange
rate was at the bottom of the band, and became significantly larger than zero (sometimes close to one)
when it was in the upper half of the band. Using this framework, we are also able to formally address
the issue of the credibility of the target zone regime. We conclude that although the target zone has
generally been a credible instrument of exchange rate management, in periods preceding parity

realignments the announcements by the government about the immutability of the bounds have not been



credible to the agents. This is an important shortcoming of the target-zone regime which makes it highly

vulnerable to serious bouts of currency speculation.

II. The LD-RE Model and Specification of the Bounds
Consider a variable y, whose process (in the absence of censoring) is described by the linear

rational expectations equation,
Y = YEQ ) +Bx,vu @n

where 7 is a non-zero scalar coefficient, B is a 1 x k vector of parameters, x, is a k x 1 vector of
predetermined variables including an intercept term and (possibly) laggedA values of y,, /,_; is the non-
decreasing set of information available to the agents at time -1, EQyM, ¢) is the conditional expectation
of y, and u, is a disturbance term. For the {x,} process, we adopt the following general linear

specification,
x =Tz @2

where T is a k x m matrix of coefficients, 2, is a m x 1 vector of predetermined variables (possibly
including lagged vatues of x, and y,), and 7, is a k % 1 vector of random disturbances. Notice that the
specification assumed for the x, proceés is quite general, in the sense that it encOmpasses vector
autoregressive schemes, does not rule out unit-roots in the process, and accommodates the case when x,
is first-difference stationary.

Consider the situation when an exogenously given lower bound is imposed on the variable y,.
That is, y, is prevented (for example, through government intervention) from taking values below the
lower limit denoted by y;, In this case, y, is 2 censored variable and the observed dependent variable is

given by,

e = Max{yE(y, [;-1) +Bx, "“x-)’u}’

or equivalendly,



YEQ,11,.1) +Bx, +u,, it YEQ, (1) +Bx, +u, >y, 23

Y =
Yu otherwise.

The special case when the bound y;, is constant and/or perfectly forecastable by the agents has been
examined by a number of researchers [e.g., Chanda and Maddala (1983, 1984), Shonkwiler and Maddala
(1985), Holt and Johnson (1989), Pesaran and Samiei (1992, 1995), Donald and Maddala (1992), and Lee
(1994)]. Pesaran and Ruge-Murcia (1993) consider the more general case when the bound is changing
stochastically in every period and, consequently, the future value of ¥1. 18 no longer perfecy predictable
by the agents.

This paper generalizes the model examined by Pesaran and Ruge-Murcia (1993) by considering
a stochastic specification of the bound in which ¥y, can be fixed for more than one period but is subject
1o discrete, occasional jumps. In this case, the behaviour of the endogenous variable is affected by the
agents’ expectations about both the likely occurrence and the size of the jump. More specifically, we

assume that the stochastic process of the threshold, Y1, is given by,

Yo = Yp-r * 58 +v), 2.4)

where y; ,_; is the level of the bound in effect in the previous period, s, is a discrete state variable whose
value depends on whether an adjustment in the bound takes place at time ¢ (s, = 1) or oot (s, = 0). The
term 8, + v, decomposes the size of the change in the bound that would occur at time rif 5, = 1, into a
forecastable component §,, and a random, non-predictable part v, The predictable part, §,, is modelled
by,
& =Taz0y, @35

where T, is a 1 x ¢ vector of fixed coefficients and Z,4.1 35 2 ¢ x 1 vector of predetermined variables
contained in 1,

Under the process in (2.4), the lower bound follows a random walk on random time-steps.
Examples of such variables include the targeted Federal Fund Rate used by the monetary authorities in



the United States [see Balduzzi et. al. (1993)] and the exchange rate target bands in the EMS, Figure 1
presents monthly observations of the French Franc/Deutsche Mark exchange rate between April 1979 and
April 1993. Notice that throughout the sample period six adjustments in the band were implemented by
the monetary authorities.! 1n the model developed in this paper, the government affects the endogenous
variable, y,, not only through market intervention but also by means of changes in the bounds. Moreover,
in an economy in which agents are rational, agents will consider both the stochastic nature of the band
as well as the effect of government intervention when constructing their expectations about the future
values of the endogenous variable. Thus, the agents’ perception that the bound is not immutable, but that
instead is subject to unannounced movements, is allowed to have an effect on the path of the variable the
government seeks to control.

It is assumed that at time r-1, the state s, is observed by the agents. However, agents need 0
construct a forecast of s, as part of forming expectations of y, We postulate that the current state, s,
depends only on s, through a Markov-chain with a (possibly time-variant) matrix of transition

probabilities given by,

: Pyt Pyt
oy | P Fa®) 26
Py P

where P;i(1) = Pr(s; =jis,; = i), for i, j = 0,1, and by construction P (1) + P () =1 for i = 0, 1. This
specification allows additional restrictions 10 be imposed on the elements of P(r) and/or the
parameterisation of the transition probabilities in terms of predetermined variables. Thus, P, {0 could be
written as P‘-J(:) = ¥(z3,.), where ¥(+):R - [0,1], and z3 , , designates a set of predetermined variables
contained in the agents’ information set at time -1, possibly including lagged values of y, and x,, but

excluding E(y\l, ;). Finally, to complete the specification of the model, it is assumed that conditional on

1 The realignments on the Fft/DM parity took place in September 1979, October 1981, June 1982,
March 1983, April 1986, and January 1987.



x, and I, ,, the disturbance terms u,, v,, and 7, are identically and independently distributed (i.i.d) with

zero means and constant variance-covariance matrix given by?

u, Cu 0 I 0]3(!
Cov|¥ =] O o8 1 O @7
M) [ O Opq | Q

where 0y, denotes a 1 x ¢ vector of zeros and Q is the k x k variance-covariance matrix of n,.

In what follows, it also proves convenient to define the composite and scaled random variables,

w, =y, +Pn, with Var(w) = 62 = o2 + POP’,
€ =u+Pn-v, with Var(e,) = 62 = o2 + PP’ + o2,
v, = 0/0,, and E, =¢fo,.

As shown below, the rational expectations solution depend on the cumulative distributions function of v,

and §, which are respectively denoted by F(*) and H(-). Other key variables entering the solution are,

Cl yl - 'E(y 1 —Bx [e} 2.8
1 [ -1 l‘ l-l) 1 ]/ @ ? ( )
and

c2, = [y“-l +& ~YEW,11,) - Bx,'}/ct , 2.9)

where %2 = Ex I, ).

With the above notation, the process for ¥, can be written compactly as

2 The case when the error terms are conditionally heteroscedastic will be examined in Section V.,

7



'3 . [}
YE, |1,.) +Bx, v, if v>ecp,

2.10
y, = .10
YLi-1° otherwise,
when no adjustment in the lower bound takes place at time 7 (that is, when s, = 0) and,
1
YE, ) +Bx, o, if §>¢p,
an
=
Vo1 *8+ v otherwise ,

when a jump in the bound occurs at time 1 (s, = 1). Thus, the proposed LD-RE model with discrete
changes in the bounds encompass the cases when the bound is (/) fixed (or perfectly forecastable), and
(if) changes stochastically in every period and, consequently, is not perfectly predictable [Pesaran and
Ruge-Murcia (1993)]. The present more general specification allows a formal treatment of a wide variety
of economic problems where the realignments 1o the bound are made infrequently and at discrete time
intervals, and where the agents’ uncertainty about both the occurrence and the size of the adjustment in

the band affect the evolution of the endogenous variable.

1L Solution for the One-Sided Case

On the assumption that the state 5,y = i, for i = 0, 1 is observed by the agent at time 1-1, the

conditional expectation of y, can be writien as’

3 Swrictly speaking, E(y,1/,.;) should be writien as E(y, |} 5.1 = 1) to highlight the dependence of
the expectations of y, on whether a realignment has taken place at time -1 or not. But to simplify the
notation we have subsumed this dependence implicitly in the information set /, ,, which contains the value
ofs ,=iasa sub-set.



EQy i) = EQyl o085, =0) X Pig(t) + Eyy | I,_ys,= 1) x Poy(0), (€3))

for i = 0, 1, where the values of Py(f) and P;;(s) are given by the #th row of the matrix P,, and satisfy
the restriction P;o(f) + P;;(9) = 1. From (2.10) and (2.11), it can readily be seen that the conditional
expectations on the right hand side of (3.1) can be written as the following weighted averages of the

conditional expectations for the case when y, is above the bound and when it is at the bound,

EQ,[11-105,=0) = EQ, |1y vp>c) Prvsep) + EQy g vscl) Privisel), B2

and

EQ;ll-y08,=1) = EQ |4, ,§,>C£,) P"@P"'If:) *E(y,]l_,,&,SC,_l,) P’@lsclzl)' 33

Using the appropriate expressions for the expectations of ¥, conditional on the information set
available to agents at time -1, the state 5, and the position of y, with respect to the band [see Lee (1994),

and Pesaran and Ruge-Murcia (1993)], and substituting (3.2) and (3.3) into (3.1) we have:

EWli_) = {[750’:'1:-1) +Bx/f +0,EV, |1, ,v,>cf,)][l -H(c,?,)] +yL.,_lH(c£,)}

x oo+ {[YEG, 1) + B + 0,y /111 ~Fie)) G4

*OLim +6!)F(CZI)} x P,

for i = 0, 1, where we have made use of the relations Pr(v, > 62,) =1- H(cg,), Pr(y, < cg,) = H(cg,), Pr€,
> ¢l)=1- F(c],) and Pr§, < c})) = F(c),). The particular form of (3.4) in the case when the
disturbance terms are normally distributed is presented in Appendix A. The rational expectations solution
for the casé of a one-sided band with occasional jumps is given by the value of E(y, |/, ,) that solves the

implicit equation (3.4).4 Below we present the conditions under which this solution exists and is unique.

* Note that ¢, and c}, (defined by (2.8) and (2.9)) are also functions of EG, ).

9



The relationship of this model with the ones previously considered in the literature is apparent
from (3.4). The case in which no adjustment in the band ever takes place or all adjustments are perfectly
forecastable corresponds to the situation when P;;(7) = 0, and Pty = 1 for all i and 1. Thus, the second
term in the right hand side of (3.4) drops out and the solution reduces 1o one presented by Lee (1994) for
a fully predictable, one-sided band. On the other hand, if unpredictable adjustments in the bound take
place in every period (i.e., Py (D) = 1 and Py() = 0, for all § and 1), then the first term in the right hand
side of (2.4) vanishes and the rational expectation solution corresponds 10 the one established in Pesaran
and Ruge-Murcia (1993). The rational expectation solution (3.4) is a weighted average of the solutions
obtained in these two polar cases, with the weights given by the transition probabilities in P()). The
weights are time-varying because the particular values of P;o(1) and P;,(f) depend on the state i which is
in effect at the time the agents form their expectations and could be specified to be a function of
predetermined variables.

The following proposition establishes the sufficient conditions for the existence and uniqueness
of the rational expectations solution in the case of a one-sided band with occasional jumps in the bound.
Proposition 1. If Y < 1, and F(+) and H(+) are cbntinuous and first-order dx'ﬂ’eremiablé distribution
functions, then the rational expectations solution for the one;sided band with occasional jumps exists and
is unique.

Proof. See Appendix B. M

Iv. Solution for the Two-Sided Case

The specification presented above can easily be extended to the case where both a Jower and an
upper bound are imposed on the variable y,. A simple example of a two-sided band is when y, is allowed
1o vary around a central value or "parity” (say yc) within a band of fixed width of size 8.5 The upper
and Tower values of y, are then given by yy, = Yo, + 8/2 and yp, = y¢r - 072, respectively. The process

for yc, is assumed to be described by

5 We also considered the case when the width of the band is stochastic, but were unable to find a
tractable, closed-form solution.
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Yer = Yo *8L8,+v), “.1)

where ¥, 11 is the central parity in the preceding period, and all the other variables are defined as before.
It the follows that,

Vit = Vi +548, +v,), for i=U,L. 4.2)

Defining the variables,

e = [y.;,-; =YEQ, |12 -Bxf]/aw, for i=U,L, “@3)

and

it = [yi.:-l +8 = YEQ |,y "Bxle]/ Oy, for i=U,L, @9

the observed process for y, can be written as

. 0
YU,1-1» if v 2 ¢y,
. 0 0 4.5)
Yr = | YEQ 1) +Bx/ +,, if ¢ < v <y,
0
YLi-1r if v scp

when no adjustment in the central parity take place at time f (that is, when s, = 0) and,

. 1
YU +82v, if & 2cy,
e 1 ) (4.6)
Yo = VYEQ ) +Bx +w,, if ¢, < & <y,
. 1
YL -1+, if & <¢p.

when the central parity is displaced by §, + v, at time 1 (that is, when s, = 1).

As in the previous section, we assume that 5.1 Is included in the agents’ information set at time

1-1 and write the expectation of y, conditional on 1, as,

11



EQ, ) = EQ M. 5,=0) X Pio()) + EQllq s, 1) x Py @.n

Once again the conditional expectations in the right hand side of (4.7) can be writien as the weighted

averages of the expectations conditional on y, being inside the band or at the upper/lower thresholds:
0 0
EQl;1.5,=0) = EQll;q. V2 cyy) Privizey,)
4E(y,|l,,,.c£,<v,<c3,) P’(Cl?t<vl<c8:) @8

0 0
+ By, M1 Vi Scp) PriviSer)

1 1
Eylly.5=1 = EQ, .8 2ey) Pr§,2cyp)
*E(y,]l,_,,cz,<§,< c(],‘)Pr(c,f,<§,<c(l,,) 4.9
1, 1
+ By, &S e ) Pri§scy)
Substituting these results in (4.7) and using the appropriate expressions for the conditional expectations
that enter these relations,
0
B0, = uald =BG+ B0l B “i0)
0 0
v 0 B,y ¢y < V< cgH(c,) = HEL) *¥ei H(c,‘_’,)}
x P;(0) ‘{()’U,n-t ’51)“ - F(C(l[,)] * ”E()';ll =) R Bx:

+ O EE 1, ’c£l<§l<cl}l)] [F(cllh) 'F(C:f:)l +0Ls *5«)"(62:)} x Py(0).

As in the one-sided band, the special case when no realignments ever takes place [Lee (1994) and Donald
and Maddala (1993)] can be obtained by setting P;;(r) = 0 for all i and 1, and Py(f) = 1 for all 1, while
the solution for a continuously changing band [Pesaran and Ruge-Murcia (1993)] corresponds to Py;(1)

= 1forall f,and Py(f) =0 forall iand 1. Therefore, the solution (4.10) can also be interpreted as a time-

12



varying, convex combination of the solutions obtained for fixed and continuously varying bands.
Appendix A presents the solution for the case of a two-sided band when the error terms are assumed to

be normally distributed.

Proposition 2. For any Y € R. and assuming that H(*) and F(*) are continuous and Jfirst-order
differentiable probability distribution functions, then the rational expectations solution for the two-sided
band with occasional jumps in the central parity exits. If Y S 1, then the solution is also unique.

Proof. See Appendix B. B

In order to illustrate the extent to which the rational expectations solution of the LD-RE model
with jumps varies with the probability of realignments, we computed the RE solution of the following

model under three different realignment scenarios:

Y= 08E( M, )+ x, + u,, u, ~ ii.d. N(0,0.4%), (4.11a)
x,=09x,; + 1, n, ~ iid N(0,0.2?), (4.11b)
Yer =Ye, 11 + 548+ v,), v, ~ iid. N(0,1.5%), (4.11¢)

where yo , | =0, 8 = 4, and 5;.1 = 0 (that is, no jump in the central parity has taken place at time #-1),
For the realignment probabilities we considered the cases:

(i) when the realignment probability is zero and the band is perfectly credible.

(i) when the realignment probability is fixed and set at Py (D = 0.25.

(i) when the probability of realignment is assumed 10 increase monotonically in x,

according to a logistic function, namely Py (1) = exp(5x, )1 + exp(5x,.1)).

The fundamentals are simulated numerically by iterating successively on (4.11b) using as starting values
%o = Mg = 0. For each simulated value of x,, the conditional expectations, ¥, are calculated as 0.9x, ;.
Taking the additional parameters as given, the rational expectations solution associated with each value
of x{ is obtained by solving numerically equation (4.10) for EQ i, .

The RE solutions are displayed in Figures 2 and 3, for =0, and § = 1.5, respectively. The case

8 = 0 is interesting as it represents the situation where the uncertainty about the band is solely

13



characterized by ©,, which measures the degree of volatility in the band. In contrast, Figure 3 gives the
RE solutions when both the volatility of the band and the expectations of a positive realignment are
allowed to impact the agent’s expectations. As can be seen from these Figures, in all cases the RE
solution is a non-linear function of the fundamentals, x,, and have the distinctive S-shape now familiar
from the continuous-lime target-zone literature [see, for example, Krugman (1991)]. However, only in
cases where the bounds are perfectly forecastable, is the RE solution a symmetric function of the
fundamentals. The degree of asymmetry and non-linearity of the solution crucially depends on the
probability of realignment and the predictable component of the size of the jump in the central parity.
Not surprisingly, the higher is the probability of realignment, the less non-linear is the solution. For
example, in the case when the realignment probability is postulated to rise with the fundamentals, the
degree of non-linearity of the solution declines steadily as the values of x, are allowed to increase from -

1.01w0 1.5,

V. Extension to the Case of Heteroscedastic Disturbances

In this section we propose a number of time-varying specifications for the variance of the error
terms and argue that the results derived above regarding the existence and uniqueness of the RE solution
still hold in the more general case when the disturbance terms are heteroscedastic. In particular, we
consider (i) state-dependent variances, (i) ARCH and GARCH specifications, and (i) other

parameterisations of the conditional variance as a function of lagged endogenous of €xogenous variables.

A. State-dependent Variance

The variance of the error terms in the model could easily be specified as a function of the state
variable 5,. An interesting example would be when the variance of disturbance term to the process of the
endogenous variable, namely u,, is allowed to depend on whether a realignment has taken place at ime
1 or not. Hence, of, could take either of two possible values and the variance of the standardized error
terms @, and €, would be further distinguished by the heteroscedasticity of the disturbance term u,. The

association between the state variable, 5,, and the variance of y,, along with the change in parity itself,
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would help to econometrically account for the observed jumps in the endogenous variable when a
realignment takes place. Another possibility would be to model the variance of the fundamentals (ora
subset of them) as a function of the state variable. Notice that the specification with a constant (i.e., non-
State-contingent) variance is nested in the more general model where the variance differs across states.
Thus, it is possible to employ standard tests 1o verify if the assumption that the variance is the same for

all possible values of s, is in effect supported by the data.

B. Autoregressive Conditionally Heteroscedasticity

Other time-varying configurations for the variance of the disturbance terms are the Autoregressive
Conditional Heteroscedasticity (ARCH) proposed by Engle (1982) and the Generalized Autoregressive
Conditional Heteroscedasticity or GARCH [Bollerslev (1986)]. These specifications are of special interest
when the procedure developed in this paper is applied, for example, to high frequency data on commodity
prices, exchange rates, interest rates, or other financial data. The representation for the disturbance term
in the {x,} process is easily generalized as 7 Moy~ iid (0, Q,), where the conditionally time-varying
matrix €2, could be specified as a function of lagged squared values of the elements of Nn,and Q. In
particular, consider the following multivariate GARCH 4 99) speci)ﬁcan'on [see Engle and Kroner
(1995)],

Q0= WM ] i g MMy PR e 0, QP (5)

where v, y; for i = l,2.....q,.andpjforj= 1,2, ..., ¢, denote k x k matrices of parameters. A
multivariate ARCH(q,) process for 0, can be trivially obtained from (5.1) by restricting the elements of
pjforj=1,2,... ¢, to be zero.

For the error term u,, notice that the limited-dependent nature of the endogenous variable y, makes
the exact calculation of the residuals for the censored observations infeasible. The difficulty arises because
for the case of observations at the bound, the exact values of the residuals are not observed by the
econometrician. Thus, it does not seem viable to implement ARCH or GARCH speciﬁcarjons for the
variance of the stochastic disturbance u,. ‘This limitation might not be specially significant in the

situations where the heteroscedasticity of the endogenous variable can be modeled as arising directly from
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the heteroscedasticity of the fundamentals, x,. In addition, as we argue below, other parameterisations
of the conditional variance of u, in terms of (observable) lagged endogenous or exogenous variables are

feasible and straightforward to implement.

C. Other Specifications for the Conditional Variance

In view of the difficulties associated with the use of ARCH type specifications in the context of
the limited-dependent variable models, one could employ other parameterizations of the conditional
variance of u, (or of n,), that do not involve lagged residuals. In the case of the target-zone application
discussed below, it is, for example, reasonable 10 model the conditional variance of u, as a function of
the lagged squared deviation of the exchange rate from the central parity. This specification seeks to
account for the observed increase in the volatility of the exchange rate as it approaches the lower/upper

bound [see Bertola and Caballero (1992, p. 5271

D. Existence and Uniqueness of the Solution in the Case of Heteroscedastic Disturbances

Recall that the RE solution of the model was derived by taking expectations conditional on the
agent's information for all possible states of the system. Also notice that the lagged values of 7, £, and
all the variables are assumed to be contained in 7, ;. Thus, for the more general case when the variance
is state-dependent, or the conditional variance is assumed to follow an ARCH/GARCH process or other
parameterisation in terms of lagged variables, the RE solution would still be given by (3.4) and (4.10) for
the one-sided and two-sided bands, respectively, with the conditional variances of the composite errors
w, and €, varying over time. The existence and uniqueness of the solution in the case of conditionally
heteroscedastic disturbances is insured under the conditions set out in Propositions 1 and 2, because o2,
and Q, are functions of lagged, and not current values of E(yl,.;). Thus, results in Appendix B hold for

these more general specifications of the error terms.

V1.  Derivation of the Likelihood Function
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Consider first the case of a one-sided band, and suppose that T observations are available on the
various variables that enter the LD-RE model characterized by equations (2.2) to (2.5). Let w, = {x, 5,
Y1r ¥} und notice that since w,, Wy, .. . W, are contained in /; (the agent’s information set at time 1), we

can write,

Priwy, wy, =, Wy, =, wp) = Priw,) Pr(w, Hy)~Pr(w [1,_)) = Priwpllr_ ), 6.1)

where
Priw |l =Pr(x,|I,_,) Pris, %0, Pr(yp Is,.x,.1,_)) Pr(y, IyL,,s,.x,.I,_,). (6.2)
However, under the assumptions set out in Section II and V, we have:

Prix|l,.) = Q)2 |0,| % exp[- 4 &, =Ty2y ) Q,—x(x‘ -Tyzy 00, (6.3)
where €2, denotes the (possibly time-varying) conditional variance matrix of the disturbance termm,. Also
since s, and 1, are assumed to be distributed independently,

Prisx, 1) = Pr(sf,_)). (6.4)
To derive Pr(y, Is,, x,, 1, ,) first note that

Priyp,ls, = 0,x,.0,) = 1, (6.5)
because in this case y;, = ¥L,i-1 and

- 2 3
Priypls, = 1,5, 1,.1) = 2n0) % exp|- (Ay,, - Tzzz.,-,)zﬂc\,], 6.6)

where we have used the assumption that v, is independently distributed from n), and 5,. Finally, consider
the last term in (6.2) and note that Pr(y,ly,, s, x,, 1)) = Pr(yly,» x,, 1, ), because observing y;, and
Yr, ;.1 (the latter being contained in / 1.1) I8 sufficient to infer s, (i.e., whether there has been an adjustment
in the band at time 1 or not.) The converse, clearly, does not hold: observations on s;and yy , 4 do not
necessarily deliver the value of ¥,- Having conditioned on x, and y, ,, the process for y, is simply given
by
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YE(J,‘I‘-])‘&,*I“; if l‘l > yu“yE(y'l!,_.])’BX‘. (6.7)

n YL otherwise.

The density function of (6.7) is akin to the density that appears in the standard Tobit model. Assuming

that the k,'s are normally distributed, for observations lying exactly at the (lower) boundary we have:
Pr(ylype X 11 = ey, (6.8)
where @ is the cumulative distribution function of the standard normal variable, and
e = O -YEQ ;) - Bx Vo, (6.9)
while for observation above the boundary

2 - 2 .
Priylyp X i) = (2ra,,) %exp -0, - YEQ ) - ﬁx,)z/‘zcm . (6.10)

In what follows it will be convenient to represent the unknown parameters in the sets, {I', €,),
{P,}, (T o2}, and {v. B. o2}, by the parameter vectors Py, Pa. Py Pas respectively; and let p =
PP, UPsLp,. Also denote by Ey the observations of y, at the lower band and by E, the observations
above the band, and define E = EgUE,;. Finally, denote the set of observations at which no realignments
has taken place (that is, s, = 0) by 7o, and the remaining set (i.e., the data points for which 5, = 1) by 1;.
Collecting the various expressions given above in (6.1), the log likelihood function in this case is given

by
LUp) = Ly(p) + L) +L, 09 *L, 0. ©11)

where L, L, L, and L, denote, respectively, the contributions of x,, 5, ¥, and y, 10 the overall log
likelihood function. The component log-likelihood functions L, L, L, , and L, are given by
L, = - (kT12)log(2m) - (T12)log|€|

T (6.12)
S0 MR FE f o) -T2

=]
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L, = logPr(s) +1ogPr(s; |1)) + ~ + log Pr(sy_, Mrg) +log Pris,| Ir.;) (6.13)

Ly, = - X 10g2rc)) - (17265 T (Ay, Tz, 2, (6.14)
B4 +
- re te T,

and finally,

L, = ¥ log®cy) - (%) ¥ log(2ro? )
1€ 5, 1€,

(6.15)
—(%GZI) E b EGL) -ﬁxllz ,

1€E,
where ¢, is already defined by (6.10) and differs from ¢ , and ¢/ , that enter the RE solution.® The
conditional expectations, E(y,l1,_,), are given by the solution 10 the implicit function (3.4). Notice that
the above specification of the log-likelihood function includes the €ross equation restrictions that are
implicit in the dependence of E(yMl,_,) on the parameters of the process of x, and the changes in the band.
For the case of a symmetric two-sided band (where Ay, = Ay, ), the log likelihood function can
be obtained in a similar fashion and is given by (6.11), except for Ly which is now generalized to

L = 2 logd(c,) - (%) Y log(27r03,)

1€ 5y 1€,

S0 T 01E0 ) - B+ T logll—tey)
IE-“Q

1€E,

where ¢y, = (yy, - YEG,.,) - fix,/o,,,, and E, denotes the set of observations of ¥, on the upper bound.

VIl.  Application to Exchange Rate Target Zones
In this section, we apply the LD-RE model with jumps 1o the problem of exchange rate
determination in a target-zone regime. Earlier researches on this topic have primmarily considered

continuous-time models in which the fundamentals are postulated 1o follow a Browniz@n motion process

6 Notice that in (6.14), for the observation in the set with no realignments, namel ¥ Tg. we have log
Prils, = 0, x, 1,.1) = 0.
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and the band is assumed t0 be fully credible [e.g., Krugman (1991) and Flood and Garber (1991)]. The
possibility of adjustments in the bands has been examined by Svensson (1991), Bertola and Caballero
{1992), Bertola and Svensson (1993), and Tristani (1954) for 2 number of special cases and retaining the
assumption of Brownian motion for the fundamentals. Svensson considers the case when realignments
of constant size take place with fixed probability and independendy of the position of the exchﬁnge rate
in the band. Beriola and Svensson incorporate an €xogenous, time-varying, stochastic devaluation risk;
Bertola and Caballero allow for deterministic changes in the central parity with a constant probability
when the exchange rate is at the upper edge of the band {see also Miller and Weller (1988, 1989)]; and
Tristani examines the case of a constant realignment size occurring with a probability which is 3 linear
function of the fundamentals and symmetric with respect to the central parity. Unfortunately, the solution
of the continuous-time models loses much of its analytical tractability when the fundamentals do not
follow a simple Brownian motion [see for example, Miller and Weller (1989) and Lindberg and Soderling
(1991)}.

Koedijk, Stork, and de Vries (1993) examine 2 discrete-time version of the Krugman model and
show that the S-shape property of the solution is maintained under less restrictive distributional
assumptions, Pesaran and Samiei (19923, 1992b) developa LD-RE specification with current expectations
and perfectly credible bounds whose solution is also characterized by an S-shape relationship between the
exchange rate and the fundamentals. Pesaran and Samiei (1995) consider a LD-RE model with future
expectations and demonstrate that when the forcing variable is serially independent, the exact analytical
solution of the model can be calculated by backward recursion. In addition, the authors show that for the
case of a serially correlated forcing variable, it is not feasible to estimate the exact solution of the model
and an approximation procedure is required.7

“The models of exchange rate determination that employ the assumption of UIP usually yield an
specification in which the exchange rate is a function of the agents’ expectations about its future value

{for example, see Dornbusch (1976), Frenkel (1976), and Mussa (1976)]. However, 2as shown in the

7 In particular, Pesaran and Samiei (1995) adopt as an approximation E(z;, i, dlisi) = E(Zy, 0810
where (in their notation) z, is an "intervention” variable which insures that the endogenous variable
remains inside the band.
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Appendix C, the process implied by the saddle-path stable solution of a linear future expectations model
(with and without a lagged e;xdogenous variable) is mathematically equivalent to the one obtained using
the solution of a current expectations model with certain parameter restrictions and a suitable
transformation of the forcing variables. For the case of the pon-linear RE models in the exchange rate
target-zone literature, the appropriately formulated current expectations model might be regarded as an

approximation to the standard future expectations model.

A. Model of Exchange Rate Determination
We consider a dynamic, sticky-price exchange rate model [see Dornbusch (1976)] consisting of

the following equations:®

E@y -yl =1 + &, a.1)
Yo Ye1 =60, - ¥ 0<¢<1, (7.2)
Y= 0+ yr, - 057, + om, + i, 04,0, 03 > 0 (1.3)

Equation (7.1) is the Uncovered Interest Parity condition where ¥, is 100 times the logarithm of the
exchange rate, {, is a time-varying risk premium, and r, denotes the interest rate differential berween the
home and foreign countries (measured as 100 times the logarithm of the ratio of domestic to foreign
interest rates). Equation (7.2) describes the adjustment process of the exchange rate towards its
equilibrium level (designated by ¥.). Finally, (7.3) determines the (long-run) equilibrium level of the
exchange rate and corresponds to the one obtained in the standard monetarist model with a Cagan money
demand equation and the assumption of Purchasing Power Parity [see Frenkel (1976), Kouri ( 1976), and
Mussa (1976)]. Thus, y, is a function of the interest rate differential, r,, the differences in outputs, z,,
and money supplies, m,, between the home and foreign country. The variables z, and m, are measured as
100 times the logarithms of the ratio of domestic to foreign outputs and money supplies respectively. The
parameters o, o, and o are positive and u, denotes a stochastic disturbance term that is assumed to be

serially uncorrelated and normally distributed with mean zero and a time-dependent variance, oﬁ, [the

® Miller and Weller (1990) also examine a continuous-time model of exchange rate target-zones with
price inertia.
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specification for af,, will be presented below). Notice that the above model encompasses the flexible price
model as a special case when ¢ = 1. Eliminating r, from (7.1) and (7.3), and solving for y, in terms of

the fundamentals we obtain:

¥ = YEO, H)+Ay+w, (1.4)
where
o : -
Y = __i_.’_. 0<y<l1, l-__l_..?;., O<Aix<l,
1‘¢al l*@a‘
and

w, = {‘-1—_;%&—;)(“0"'%4’2:*0'3 ¢’"l’°"l¢cr"¢i‘_t)-

As shown in Appendix C, the saddle-path solution of a linear rational expectations model with future
expectations is mathematically equivalent to 2 rational expectations model with current expectations, once
the model’s forcing variables are appropriately augmented with their lagged changes. In the present
application where due to the target zone regime being in effect the model is non-linear, the current
expectations version of the model is best regarded as an approximation to the future expectations model,

(7.4). Applying Proposition 4 in Appendix C yields
Yo = YEQ ) + €y (1 =y, +Bxy vy (1.3)

where ¢, is the root of the quadratic equation Ac + yc“ = 1, that falls inside the unit circle.” The
augmented set of forcing variables in (7.5) are now m,, z,, their lagged changes and the determinants of
the risk premium §,, and their lagged changes. Inthe empirical applications we proxied the determinants

of the risk premium by the lagged interest rate differential, r, y, and the lagged deviations of the exchange

9 Notice that denoting the roots of this equation by ¢, and ¢, we have (1 - ¢))(cy - D) = wia-a-
v) = &/(1 - $) > 0, and hence one of the roots must always lie inside the unit circle.
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rate from its central parity, y,.; - y¢,,.; and used Am, ;, Am, 5, Az, |, Az, 5, Ar,,, and ADg - Y2 B8
lagged changes of the forcing variables 1o control for the error involved in estimating the model with
current instead of the future expectations of the exchange rate. Therefore, for X, we choose the 11 x 1
vector of explanatory variables, x, = (1, m,, z,, Am, ;, Am, 5, Az, 4, Az g Ty, Yy - Yoy Brg, A, -
YoV

We estimate (7.5) as a two-sided LD-RE model with jumps using 166 monthly observations on
the French Franc/Deutsche Mark bilateral exchange rate between July 1979 and April 1993.1° During
this period, the exchange rate was allowed to fluctuate + 2.25% around an agreed central parity with six
changes in the parity taking place on 24 September 1979, S October 1981, 14 June 1982, 21 March 1983,
7 April 1986, and 12 January 1987."! The data on output was proxied by the index of industrial
production for which monthly observations are available. The money supply is measured by seasonally
unadjusted M1 and the interest rate corresponds to the end-of-period, nominal interest rate per month.
The time series data on all the variables were obtained from the OECD Main Economic Indicators, except
for the central parities that were kindly provided to us by Casper de Vries. The upper and lower bounds
were calculated using the fixed maximum deviation from the central rate (i.e., 2.25 percent).

We now specify the process of the fundamentals of the exchange rate, namely the relative money
supplies and output between France and Germany. The money supply differential variable is modeled as

an autoregressive, first-difference stationary process,
am, = ag+04Am,_) +0pAm, o +oAm 1, 4Ty, (7.6)

where 1, is a random disturbance term assumed serially uncorrelated and normally distributed with mean

zero and variance of The output differential variable is postulated to follow a stationary process in levels,

' 1n practice our sample period starts in July 1978, but the first twelve observations are employed
10 construct the lags of the explanatory variables.

! Afier 2 August 1993, the exchange rate was allowed to fluctuate by +15% around the central parity.
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= ot P12y * P2 412 * N2so an

where Ty, i an error term assumed N(0,03) and serially uncorrelated. For the estimation of the model,
the disturbance terms 7y, and Ty, are allowed 10 be contemporaneously correlated. The twelfth-order
lagged variables have been included in (7.6) and (7.7) in order to capture the seasonal component that may
be present in the data.

The realignment process is specified as
Ycr = Yein1 +5,(8+v,), 1.8

where yc, is the central parity at time 7 and 3 is the (constant) forecastable part of the realignment.

Finally, the matrix of transition probabilities is given by

P P
PQ) = [ odlt) Por(® } a9
1 0

where P, (1) represents the probability of a realignment at time ¢ and P,,(?) has been constrained 1o be
zero since realignments in two successive periods are not encountered in the sample under consideration.

In order to model the increase volatility of the exchange rate as it approaches the uppet/lower
bounds [see Bertola and Caballero (1992, p. 527)}. the variance of the disturbance term to the exchange
rate equation (namely u,) was parameterised to be 2 function of the lagged square deviation of the central

parity. Formally,

2 2
0l = a b0y ~yeu ) (7.10)

where a and b are two non-negative scalar coefficients. For the estimation of the models, we assume
homoscedastic conditional variances for the random errors in the processes for the fundamentals given by

(7.6) and (7.7). We tested for neglected ARCH effects in the disturbances of these processes, but could
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not reject the hypothesis that disturbances to the money growth and output differential equations are
conditionally homoscedastic.1?

B. Empirical Results
We estimated four different exchange rate models. The first model (referred to as M) is a
benchmark linear RE model which does not take into account the effect of the band on expectations. The
remaining specifications (models M, to M) explicitly allow for the effect of the target zone on the agents’
expectations of the exchange rate, but‘diffet in the way the probability of realignment is modelled.
Specifically, model M, assumes that the band is fully credible and, consequently, the probability of
adjustments in the band is set equal to zero [as in Pesaran and Samiei (1992b)}; model M allows for a
constant, but a non-zero, probability of realignment; and model M, postulates a time-varying realignment
probability, where Py, (t) is specified 1o be a logistic function of the exchange rate deviations from the
central parity, the interest rate, money supply, and output differentials between France and Germany. The
parameter estimates for these models, computed by the ML method, are presented in Table 1,13
Notice that for the linear model, the point estimates of the coefficients on the money supply and
-output differential have the opposite sign to the one predicied by economic theory. That is, an increase
in the French money supply relative to the money supply in Germany would imply an exchange rate
appreciation. Similarly, a reduction in output in France vis a vis Germany would generate an appreciation

of the exchange rate. For this model, none of the estimated coefficients, except for the coefficients of the

12 Tne statistics obtained from the product of the number of observations and the uncentered R? of
the OLS regression of ﬂf ; on a constant and four of its lags for { = 1, 2 were 6.012 for the money growth
differential and 5.513 for the output differential. Under the null hypothesis of no ARCH effects these
statistics are asymptotically distributed as chi-squared variates with 4 degrees of freedom.

13 As can be seen in Figure 1, there is a small number of observations of the e xchange rate that lie
outside the target zone. In particular, the data points for October 1980 and March 1993 are below the
lower bound while for October 1988 and December 1990 are above the upper bound. For the estimation
of the limited-dependent variable models these observations are treated as censored at their numerical
value rather than at the upper/lower limit. Given (i) the small number of observations outside the band
(4 out of 166) and (if) their numerically small deviation from the bounds, it seems unkikely that the results
presented below could be significantly affected by the way we have treated these four observations.
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expectational variable, 1, is different from zero at conventional levels of significance. In contrast, under
the non-linear models, all the estimated coefficients have the expected signs, and in the case of models
with non-zero realignment probabilities, ¥ is found to be significantly different from both 0 and 1. Under
model M,, the coefficient of the lagged exchange rale and interest-rate differential variable are also
significant at the 5 and 10 per cent level respectively. Notice that none of the other estimated coefficients
is statistically significant; suggesting that even in the case of the non-linear models the deviation from the
random walk model might be small,

The RE solution of the model was found under the assumption of saddle path stability. In
particular, the root ¢; was postulated 10 lie inside the unit circle. Using the estimated parameter values
it is possible to verify whether this conjecture is indeed satisfied by the data. From (C.9) the coefficient
on the lagged endogenous variable was given by c(1-7). Inthe empirical specification of the model [see
Table 1], the coefficient on the lagged endogenous variable is obtained as the sum of coefficients ony, ;
and on y,.y - ¥, ,,,.” Solving for ¢, in the above relationship and using the estimates in Table 1, yield
the estimates 0.997, 1.047, 1.090, and 0.889 for ¢, in the case of the models My, My, M3, and M,
respectively. ‘Thus, except for the model that explicily allows for a time-varying probability of
realignment (i.e. model M,), the point estimates of ¢, suggest either explosive or near explosive processes
for the exchange rate.

The estimates of the time-dependent variance of u, are presented in Table 2. Notice that in an'
cases the coefficient on the lagged square deviation of the exchange rate from the central parity are
significantly different from zero at conventional levels of significance. This results supports the view that
the variability of the exchange rate increases as it approaches the upper/lower limit of the band and
provides econometric evidence against one of the implications of the continuous-time, fully credible
models of exchange rate target zones that predict a Jow-exchange rate variability in the neighbourhood of

the upper and lower bounds [see Bertola and Caballero (1992, p. 526)].

14 Notice that the coefficient on the central parity deviation is also (by definition) a coefficient on the
lagged endogenous variable, albeit subject to the linear constraint that its numerical value be the same that

on yC.I-]‘
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Since there are 6 realignments of the central parity during the 166 months in the sample, an
unconstrained estimate of the probability of realignment (i.e., an estimate not subject to the cross equation
restrictions of the RE solution) would have been 6/166 = 0.0361. The estimate of the realignment
probability in the model with a non-zero, but constant probability is 0.0392 (0.0154). The bracketed fi gure
is the asymptotic standard error of the estimate. The estimates for the time-varying probability of
realignment model, M,, are presented in Table 3. Note that all the explanatory variables, except for the
output differentials, are significantly different from zero and have the expected signs. Thus, a rise in the
interest rate differential, a higher rate of money prowth in France than in Germany, and a larger deviation
of the exchange rate from the central parity increase the probability of a realignment,

Figure 4 examines the relationship between the probability of realignment and the interest rate
differential and the deviation from the central parity. In constructing this graph, we have fixed the money
supply and output differential between France and Germany 1o their average levels during the sample
period. From this figure, it is apparent that for certain values of the interest rate differential, the probability
of realignment can increase quite rapidly with the exchange rate deviation from the central parity. For
example, for a difference in the rate of interest of 0.5 percent per month between France and Germany,
the probability of realignment can increase from almost zero at the lower end, to 0.026 at the central
parity, and to 0.754 at the upper end of the band. These results indicate a strong asymmetry in the
empirical relationship between deviation of the exchange rate from the central parity and the probability
of realignment. Thus, for plausible values of the interest rate differential, the probability of realignment
is zero or close 10 zero when the exchange rate is at the bottom of the band and significantly larger than
zero (sometimes close to one) when it is in the upper half of the band. This empirical result would seem
to undermine the assumption of a symmetry in realignments imposed by some of the researchers in the
continuous-time literature [see, e.g., Tristani (1994)].

The graph of the time-varying realignment probability is presented in Figure 5. Notice that the
probability rises significantly prior 1q the realignments in October 1981, June 1982, and January 1987,
The probability associated with the adjustments in September 1979 and April 1986 are, however, much

smaller. 1t is interesting to note that the two largest values estimated for the probabilities of the
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realignment correspond to what turned out to be the largest devaluations in the sample. The realignments
on § October 1981 and 14 June 1982 were approximately of 8.4 and 10.1 percent respectively compared
with 2.0, 7.9, 6.0 and 3.0 percent (approximaiely) for the devaluations on 24 September 1979, 21 March
1983, 7 April 1986, and 12 January 1987. Similar results are obtained by Koedijk, Stork, and de Vries
(1993) that use a linearised, discrete-time, exchange rate model with a GARCH(1,]) disturbance term 10
calculate the probability of realignment (defined in their analysis as the probability that the exchange rate
in the incoming period falls outside the target zone).

The importance of allowing for variations in the probability of realignments can be formally
evaluated by testing model M; (that assumes a fixed realignment probability) against model M, (that -
postulate a time-varying probability of realignment). Specifically, we test whether the restrictions imposed
by M; of a fixed, non-zero realignment probability is supported by the data against the alternative that
lagged interest rate, money supply, output differentials, and lagged deviations from the central parity have
significant explanatory power over the probability of realignment. Using the maximized log-likelihood
values in Table 4, the relevant chi-squared statistic for such a test is given by 2(955.973 - 943.921) =
24.104 which is well above the 1 per cent critical value of the chi-squared distribution with 4 degrees of
freedom. Thus the restriction of a constant probability of realignment is decisively rejected by the data.

In principle, it is also possible to devise formal statistical tests of the importance of allowing for
the bands in the analysis of the exchange rates. There are, however, a number of technical difficulties that
need to be resolved, which arise because (i) the linear model M, and the three non-linear models are non-
nested, (if) the parameters of the matrix of transition probabilities would not be identified under the null
hypothesis of linearity, and the testing problem will be subject o the so-cailed Davies' problem [Davies
(1977)]. A satisfactory treatment of this problem is beyond the scope of the present paper, but a casual
examination of the values of the log-likelihood function and the mean squared forecast errors in Table 4,
do seem to support the non-linear specification, M,, with time-varying realignment probability, as

compared to the other three specifications considered in the paper.
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C. The Credibility of the Target Zone

We now turn to the question of the credibility of the target zone regime. In what follows we¢
focus on model M,. Svensson (1993) defines the target zone as credible if the expected future exchange
rate is inside the current band. Since under the assumption of UIP and in the absence of a risk premium,
the interest rate differential would measure the agents’ expectations of devaluation, Svensson uses the spot
rale and the interest rate differential in order to construct a series of future expected exchange rate.
Subsequent work by Rose and Svensson (1994) and Rose (1993) have focused more precisely on the
agents’ expectations of changes in the parity. In particular, they distinguish between devaluation within
the band and realignment expectations. Total expectations are measured by the interest differential, while
devaluation within the band is postulated to be a function of various economic variables. By subtracting
the latter from the former, these researchers obtain an empirical.estimate of the agents’ expectations of
a realignment [see also Koedijk, Stork, and de Vries (1993)).

In our preferred specification, M,, the rational expectations solution provides a close form
representation of the agent’s expected future value of the exchange rate. Consequently, as in Svensson
(1993), it is possible to assess the credibility of the band by examining whether the expected future of the
Ffr/DM rate is inside or outside the band. Only for 7 of the 156 observations in the sample, does the
expected exchange rate exceeds the upper limit of the target zone. In most cases, this event is associated
with the agent’s correctly anticipating an incoming realignment of the central parity. Specifically, the
expected exchange rate rises above the upper bound in the months of June, August and September 1981
(Just before the parity realignment of October 1981), April and May 1982 (prior to the realignment in June
1982), December 1986 (prior to the realignment of January 1987) and finally in October 1988,

In light of the above results, one could conclude that although the target zone has been generally
a credible instrument of exchange rate management (as captured by the effect of the band on expectations),
in the periods preceding parity realignment the announcements by the government about the stability of
the system have not been credible to the agents and that the agents have cormrectly anticipated most of the
changes in the central parity that have taken place over the period between July 1979 and April 1993.
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Table 1
Parameter Estimates under Alternative Exchange Rate Models

Explanatory Linear Model Py(n=0 Py, () = constant Py =fix)
Variables (M) My) (M3) My
Intercept 0.162 -0.139 0212 -0.247
(0.399) 0.923) (0.400) 0.291)
EQ M, 13817 0.424 0.424" 0.684"""
(0.640) (0.515) (0.278) (0.129)
Yer -0.378 0.575 0.574 0317
(0.637) (0.515) (0279) (0.128)
m, -0.158 0.367 0.283 0.225
(0.386) (0.858) (0.344) (0.242)
z, 0.435 -0.488 0374 -0.280
(0.732) (0.695) (0.413) (0.281)
am, -0.644 1.319 1.072 0.380
(1.287) (1.969) (0.964) (0.670)
am, -0.637 0.746 0.629 0.668
(1.331) (1347 (0.846) (0.625)
Az, , -0.131 -0.021 0.012 0.109
(0.344) (0.179) 0.107) - (0.254)
Az, , -0.219 0.118 0.089 0.150
(0.431) (0.528) (0.313) (0.263)
i -0.235 -0.203 -0.174 -0.429"
(0.430) (0.485) (0.302) (0.273)
Yo Yo -0.002 0.028 0.054 -0.036
(0.038) (0.073) (0.055) (0.045)
Ar,, 0.147 0.339 0.306 -0.048
(0.564) 0914) (0.745) (0.309)
AQYe 12 -0.0004 -0.011 -0.005 -0.008
(0.040) (0.125) (0.050) (0.032)

Notes: The dependent variable, y,, is 100 times the log of the exchange rate (in French Francs per

Deutsche Marks), m, is 100 times log of the relative money supplies, z, is 100 times log of relative

outputs (proxied by indices of industrial production), r, is 100 times the log of the relative nominal

interest rates, y,-yc, is the exchange rate deviation from the central parity. Asymptotic standa_rd‘grmrs

are presented in parenthesis. Specification of Py;(?) = fx) is givenin Table 3. The superscripts , ,and
respectively indicate statistical significance at the 10, 5 and 1 percent levels.
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Table 2
Estimates of the Conditiona! Variance of #, Under Alternative Models

Explanatory Linear Model P =0 Py(n = constant Poy(n) = fix))
Variables M) (My) (My) M)
Intercept 0.791°"" 0.385""" 0.381""° 0.420"°
(0.123) (0.085) (0.082) (0.085)
Or1vei)? 0.147° 0.377""" 0.377°"" 0271
(0.081) (0.117) (0.107) (0.092)

Notes: Asymptotic standard errors are presented in parentheses. For further details also see the notes to
Table 1.

Table 3
Estimates of the Probability of Realignment

Explanatory . Py, () = constant Po (D = fix)
Variable M3) MY
Intercept term 0.039°"* -8.709"°
(0.015) (1.804)
i - 10.172°"
(2.990)
Y1 -Ye 1 - 2.107°"*
(0.563)
am, -Am, , - 16.135"
(8.510)
249 - -3.669
(3.691)
L -25.593 -19.192

Notes: Py, (1) is the probability of realignment (conditional on not having had a realignment in the current
period), and is assumed to be a logistic function of x, = (1, Top Ye1 = Yerp Amyy - Ampy, 20)
Asympiotic standard errors are presented in parentheses. L, is the maximized value of the log-likelihood
function associated with changes in the central parity. See relation (6.13) in text. For further details see
the notes to Table 1.
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Table 4
Comparison of the Alternative Exchange Rate Models

Criteria Linear Model Po (=0 Py, (1) = constant Py = fix))
M) (My) (M3) MY

Mean of Squared 0.999 1.044 1.044 0.925

Forecast Errors

L, -80.675 -62.505 -62.173 -56.407

L+L,+1L, + L, - - 943.921 955.973

6 oo 4.50 4.50 4.50

Notes: Py, is the probability of realignment (conditional on not having had a realignment in the current
period).  is the assumed value of the band width. L, L, Ly, and L are the maximized values of the
log-likelihood functions defined in Section V1L
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Figure 4. Probabilily of Realignment
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Appendix A: RE Solution in the Case of Normally Distributed Disturbances
For the econometric estimation of the model, it is ofien convenient to assume that the disturbance
terms are normally distributed. In this case, the standardized variables E, and v, are iid. N(0,1), with
their distribution and density functions, denoted by ®(+) and &(*), respectively. The One-Sided Case
Using the well-known results for censored normal variables [see Maddala (1983, pp. 367)] wrile,
B, 1, vp¢)) = $c )1-(c ), (A1)
and
BN, §pct) = o M1-0(e] ). (A2)
Substituting (A.1) and (A.2) into (3.4),
B, = (YEGU, HBEI-OCL)] + 3Dl + O 8L} X Piglt)+
(VB HBEN-O(CL)] + O, +8)cl) + S LD} X Py, (AD)
which implicitly determines the rational expectation solution E(yM,.,). Since the conditions stated in
Proposition 1 hold, a value for coefficient of the expectational variable ¥ < 1, insures that the solution of
(A.3) exists and is unique.
The Two-Sided Case
Using the results [Maddala (1983, pp. 366)),
ol 1, c<v<cd) = (0L )-efch) - Helo) (A4)
and
B, chi<tzch) = [0l -Vl S (AS)
into (4.8), the RE solution can be written as,
EO,) = {HEG, D+BEAPEd -0l + yy il 1)) (A6)
4+ 31,19 + O B0 ) % Piol0)
+ {[YEQ BN )-Ole )]
+ Oyt 8)1-Oeh ) + O, +8)KeL,) + 0Ly X Pir(d:
Since the normal distribution function is continuous and differentiable, Proposition 2 insures that the

solution of the implicit function (A.6) exists for any value of ¥ and is unique if ¥< 1.
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Appendix B: Existence and Uniqueness of the Rational Expectations Solution
Below we will establish the conditions for the existence and uniqueness of the rational
expectations solution under a general specification for the probability distribution of the error terms for
the one-sided and two-sided band.
The One-Sided Case
Using the definitions (2.8) and (2.9), ¢{, can be written in terms of ¢, as ¢f, = ac{, + b,, where
a = 6,/c,, and b, = §J0,. Note that a is positive and b, is assumed to be finite. Employing the
definition of ¢{,, the rational expectations solution (3.4) is rewritten as
ofy = ¥ [1-H(c )P, o(0)-Flacd +b,)P; (0]
- WDEEM, ), E>ac) +b)(1-F (OCZ,*'D,)]P,-;(O B.1)
- YEQOU, 1, ] 1-HCDIP;o(1) - (Wa)by Flacd +b)P;, () - d,,
where d, = {(l-yyctjlﬁxﬁl(l-y)-y,_,_ll, and we have used Pi(D+P;1(1) = 1. Now define the function,
Glef) = ¢, - ¥l [1-H(] )Pio(0)-Flacd +b)P; (0]
+ (YDEE ], ,, Epac) +b)[1-Flacd+b)1P; (1)
+ YEQOM, 1. 9, > fII1 - H(cE)IPio(D) + (Wa)by Flacl +b )P, + d,,
In order to prove that the rational expectations solution exits, we need to show that the function G(cg,)
has a fixed point.’® Consider first the following result: ’
Lemma 1. Assume E(ujI .1) exists, then we have
Lime0 _seE(OM, 1, vpc] )[1-Hc])] = 0, (B.1)
and '
Lime0 . ccE(OM, 1, V<c] JH(c],) = 0. (B.2)
Proof. See Pesaran and Ruge-Murcia (1993). B

Using Lemma 1, the existence and uniqueness of the rational expectations solution can be established.

** Note that cJ, is a linear function of E(y,\/,.,). Thus, establishing that G(c?)) has a (unique) fixed
point implies that there exists a (unique) value of E(y,ll, ;) which satisfies (3.4).
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Proposition 1. Ify<1, and F() and H(*) are continuous and first-order differentiable distribution
functions, then the rational expectations solution for the one-sided band with occasional jumps exists and
is unique.
Proof. Notice that G(c?_,) is a continuous on c{, for any continuous distribution functions F(*) and H(),
and consider Limcg‘_,,.,G(cg,). Note that d, is bounded,

Limd, eV Flac] b )Py () = (Wadb Py (1),

Lim@ _yuuBOOM 1, VPCEI-HELNPiol) = O,
by Lemma 1, and

Limg® oM, 1. §pacL b 1-Flact +b )IP:y (8 = 0,
by Lemma 1.
Since the functions F(s) and H(+) are bounded between 0 and 1, and Pyo(N+P;(1) = 1, then

Limg0 _yeucil1 - Y1-H( )P ot)-Flac) +b )Py (D1} = ==.
Therefore, Lim, u__,,,G(cL,) = e, Now consider Limcu__,,‘,,G(cL,). Notice that

Limg, —-(¥a)b (Flacd +b,)P;,(1) exists and is bounded,

Limc0 N 2 (137 upcf_,)[l-H(cg,)]Pm(t) = EQull, P;o(D),
and

Limc0 _s. B &M, 1. E>ac] +b)1-Flac) #b )Py () = BG M, )Py (1),
because Limc0, —oH ) =0, Umcg,__,_,,,F(ac,‘fﬁb,) =0, and as ¢{—-o, the conditions v, > cf, and
&, > ac],+b, do not impose any restrictions on v, and &, Also

LimCu___,_“cg,{l - WI1-H( )P o()-Flac) +b )P (0]} = ==,
as long as y < 1, because the functions F(+) and H(+) are bounded between 0 and 1, and Pyo()+P;; () =
1. Thus, Limc0, —3.0s0(c],) = —o=. Since Umcgl__)“G(cZ,) = oo, Umcg‘_*_wé(cg,)s-w, and G(cJ,) is a
continuous function of ¢J,, then is must be the case that G(c7,) crosses the axis G(cd,) = 0 at least once.
This establishes the existence of the rational expectations solution.

For the second part of the proof, it will suffice 10 show that the function G(cﬁ,) is monotonically

increasing. Take the derivative of G(c{,) with respect 10 &,
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Gl = 1 - N1-HCL)Poltr-Flacd +b)P1 ()
Notice that since the functions F(+) and H(+) are bounded between zero and one and Pp(0+P; (1) = 1, the
linear combination of F(») and H(+) is also bounded between 0 and 1. Therefore the condition y < 1

implies that G'(c),) > O for all cf,.

The Two-Sided Case
We write ¢y, = cf v, cf, = acd+b,, and cl), = acl +ay+b,, where y = 6/0,, > 0, and a and
b, are defined as before. Rewrite the RE solution in terms of cﬁ, and define the function,
Glels) = cf, - ted (H ) HDIPio(D) + Yed [Flacd +ay+b )-Flacd +b,)1Pyf)
+ YEU, 1, cf < <cd +HE] +w)-HE )
+ ] 1-H(c +W)Pio(0)-Facd +ay+b )Py (1)
+ (Wa)BE L, , ac) +b <t <ac] +ay+b ) Flac +ay+b,)-Flac,+b,)]
+ (Ya)b,[1-Flac] +ay+b, )+ Flacd +b )P,y (1) + d,,
where d, defined as before. In order to prove that the rational expectations solution exits, we need to
show that the function G(c?,) has a fixed point cf,. Consider first the following result,
Lemma 2. Assuming E(vl, ,) exists and y is finite, then we have
Lime0 oo B0, ¢f j<v,<cd ry)H() +y)-H(cd)) = 0 (B.3)
and
Limcd _, Bl y, of <t <cd +WIHE +y)-HE ) = 0. (B.4)
Proof. See Pesaran and Ruge-Murcia (1993). M
The conditions for existence and uniqueness of the rational expectations solution is now established in the
following proposition:
Proposition 2. For any Y € R, and assuming that H(*) and F(*) are continuous and first-order
differentiable probability distribution Sunctions, then the rational expectations solution Jor the two-sided

band with occasional jumps in the ceniral pariry exits. If Y< 1, then the solution is also unique.
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Proof. Notice that G(c},) is continuous on ¢§, for any continuous distribution functions F(*) and H(*),
and consider Limc0 __,,.G(cu) Note that

lec ___,“M1-H(cu+V)P,O(t)-F(acL,-l-a\y-l»b,)P,l(t)]

U”'c —yoa(Ya)][1- F(acL,+a\v+b,)+F(acu+b )IP; (1) exists and is bounded by Lemma 2,

Lbncg‘__,,,E(o,U,_,. cL,<§,<cu+\y)[H(cL,+v)oH(c,_,)] =
and

Lim0 _yooE &M, 1 ac{,+b,<§,<acﬁ,+aw+b,)(F(ac{,mwb,)-F(ac,‘{,w,)] =0
Finally,

Limeg _youtpl1 - - YHS AYIHEIIP i) - YiFlac +aw+b,) - Flac +b)IP; (0} = =,
because F(+) and H(+) are bounded between 0 and 1 and P(+P; (1) = 1. Hence, Lzmc ,_,)”G(CL,) =
os. Now consider l,imclo"_,,,,G(cg,). Note that

Lim, L'__,_,;N[l-H(cg,+w)P,-o(t)-F(acg,+aw+b,)P,~,(t)] =1,

Lim g _,,,.,(y/a)b,(1-F(acg,+aw+b,)+r(ac2,+b,)1p,-,(r) = (Ya)b,.

By Lemma 2 and using the fact that y and b, are finite,

Limed _y. BN, 1 €0, <E<cd WIH( +W)-He])) =
and

Limcd _y &M, acd +b <k <acl +ay+b M Flac] +awsb )-Flacl+b)) =
Finally,

Lm0 5.1 1- AHE +)-Hc] IP ol D- A{Facd +ay+b,)-Flac] #b)IPiy () = - =
for any value of 7, because F(*) and H(*) are bounded between 0 and 1. Thus Lunc ._,_o.,G(cL,) = -o0,
Therefore, since Umcg __,,mG(cf‘,) = oo, Umcg _,,,G(CL,) = oo, and G(c,_,) is a continuous function of
cL,. then it must be the case that G(cL,) crosses the axis G(cu) 0 at least once, regardiess of the value
of the parameter y. This establishes the existence of the rational expectations solution in the case of a
two-sided band.

For the second part of the proof, it will suffice to show that the function G(cg,) is monotonically

increasing in ¢{,. Take the derivative of G(c7,) with respect to ¢§, and simplify to obtain,
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G = 1 - A{(HC +w)-HEI)IPo(0) + (Flac) +ay+b,)-Flac] +b,)1P; (1)}
Since w > 0 and both F(+) and H(*) are 2 non-decreasing function bounded between zero and one, the
condition y < 1 implies that G'(c{,) > O for all ¢{,. W
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Appendix C: On the Equivalence of Future and Current Linear RE Models
The following propositions establish the equivalence of the general future LRE model and a

current LRE Model with and without lagged dependent variables.

Proposition 3. The process of the variable y, implied by the future LRE Model
Yo = 1EQ ) + We (€.
w, = “'(L)np (C.2)

with W < 1, is mathematically equivalent 10 the process generated by the Current LRE Model

Yo = YEO, |1,y + {18 ‘“‘L)}Aw, Wy, k)

(L)
where h(L) = [LodLy-YepV(L-Y), and w, is defined as in (C.2).
Proof. 1n order to prove the Proposition, we will prove that the RE solution of (C.1) and (C.3) are
identical. First, note that under the assumption Wi < 1, the unique linear stationary solution of (C.1) is
given by [see Pesaran ( 1989), pp. 921,
= KLm,. (C4)

Second, use (C.2) to rewrite (C.3) as

¥, = YEQMy) + HDM, - (D)D), (€.3)
Taking conditional expectations in both sides of (C.5) and solving for E(y,\/,_,) obtain,

E(y ML) = [ML)»-hoinJ(1-7) + [h(L)-o()In,_/(1-Y). (C.6)
Plugging (C.6) into (C.5) and using h(L)-hg = [K(L)-o(L))L/y yields, y, = h(L)m,, which corresponds

exactly to the solution of future LRE in (C4). R
Proposition 4. The process of the variable y, implied by the future LRE Model

"= 7E(y(+lul) + )'y:.] + Wy, (%))
w, = odlm,, .
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where the roots of the equation 1 = ‘yc'l + Ac, are real and satisfy leyl < 1, de,l > 1, is mathematically

equivalent to the process generated by the current LRE Model

Yo = YEQ 1) +c,(1 =Yy, + h(L;;L?(L)}Aw, .w,, (C.9)

where h(L) = [Lof LY-yoDW(L-Y), and w, is defined as in (C.8).
Proof. Under the assumptions about ¢; and c,, the unique linear stationary solution of (C.7) is given by,

Y=Y,y + AL, (C.10)
Use (C.8) to rewrite (C.9) as

Yo = YEQM,) + ¢ (1Y, + hLm, - (h(Lr-o(Dn,.,. ()
Take conditional expectations of both sides of (C.11) and solve for E(y,l; ;) to obtain,

EQll,.q) = €13, + [KD)-hoIn J(1-y) + [(L)-o( D)), /(1-9). (C.12)
Substituting (C.12) into (C.11) and using h(L)-hy = [A(L)-o(L)]L}Y yields,

¥y =€y + ML)n,, (C.13)

which corresponds exactly to the solution of the future LRE in Cnm
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