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Sommaire

L’objet dc cette thèse est le traitement de contextes d’application, en particulier dans le do
maine de l’économie financière, où le point de vue asymptotique traditionnel peut être trom—
peur. Chaque essai propose alors crue méthode potir alhner les approximations asymptotiques
en présence d’échantillons d’ohsers ations qtu, en pratique. sont tocmjocmrs finis.

Le premier essai se place dans la lignée de la littérature récente sur les instruments faibles.
Nous adaptons le contexte général de la méthode des moments généralisée (GMM) afin de
lier plus spécifiquement la faible identification acix instruments, c’est—à—dire atix conditions
de moment. Ainsi, contrastant avec la plupart des méthodes existantes, la partition d’intérêt
entre les paramètres structurels fortement et faiblement identifiés n’est pas spécifiée a priori
elle s’obtient plutôt après une rotation dans l’espace des paramètres. Par ailleurs, nous nous
concentrons ici scir le cas d’identification presqcme-faihle potir lequel la déficience de rang est
atteinte à la limite à un taux de conergence plus lent que l’usuel racine-i. Dans ce contexte,
les estimateurs GMM de tous les paramètres convergent, à des taux possiblement plus lents
que d’habitude. Cela nous permet de valider les approches de test standard comme Wald ou
GMM-LM. De plcms, nous identifions et estimons des directions dans l’espace des paramètres
pour lesquelles la convergence au taux racine—i est maintenue. Ces résultats sont d’un intérêt
direct pour les applications pratiques. et ce, sans que la connaissance ou l’estimation du taux
de convergence plus lent ne soit mequmise. Nous proposons des illustrations Monie—Carlo pour
dccix modèles économétriques le modèle dc régression linéaire avec variables instrLmmentales
à une équation et le modèle d’évaluation d’actifs CAPM avec consommation.

Le deuxième essai complète le premier en réalisant une éttide comparative de puissance pour
deux tests de ta littématumre GMM avec instruments (presque)—faibles: le test de score clas
sique, valide dans le cadre dti pi-emier essai, et le test de Kteihemgen oti score modifié. Plus



généralement, nous comparons deux approches: d’une part, à l’image du premier essai, spé

cifier les problèmes d’identification, via le comportement des conditions de moment, permet

d’appliquer les procédures de test standard: d’autre part, comme dans Kleihergen (2005), ne
pas préciser e cadre d’identification requiert une moditication de la statistique du score.

Dans le troisième essai, nous ptoposons une nouvelle méthode d’ inférence, la procédure
Modihed-Wald, afin de pallier au mauvais comportement (connu) des tests de Wald lorsque
l’identification n’est plus assurée à la fiontière de l’espace des paramètres. Nous nous concen—
trons ici stir le ratio de paramètres multidimensionnel lorsque le dénorninateurest proche de la
singularité. Notre méthode est basée stir la statistique de Wald : le contenu informationnel de
l’hypothèse nulle d’intérêt est intégré dans le calcul de sa métricfue. Cette correction préserve
la tractahilité dc la méthode et permet d’obtenir une région de confiance non bornée lorsque
nécessaire. La procédure de Wald standard produit habituellement une région de confiance
bornée: celle—ci est invalide pour toute taille d’échantillon donnée dans la mesure où sa pro
babilité de cou\erture est nulle. La seule manière de remédier à ce problème est d’obtenir des
régions de confiance non bornées avec une probabilité non nulle. Une simulation compare les
propriétés d’inférence des procédures Wald et Modified-Wald avec un ratio bidimensionnel.
Nous considérons ausst le modèle de régression linéaire avec variables instrumentales à une
équation lorsque les propriétés identifiantes des instruments varient.

Pour finit, contrastant avec les trois premiers essais qui restent dans le domaine de la théorie
statistique asymptotique. le quatrième essai adopte tin point de vue décisionnel dans le do
maine dii choix dc portefeuille. Un défi important associé à l’allocation de portefeuille se pro—
dtnt lorsque les caractéristiques (inconnues) de la distribution des rendements financiers sont
remplacés par des estimés. Cela introduit du risqtic dit d’estimation, crucial pour la gestion (le
portefeuille, au même titre qtie le risque financier traditionnel. Cet essai se concentre scir une
nouvelle inescue de perfbrmance par rapport à la littérature existante. Nous empruntons aux
praticiens et évaluons les différentes allocations de fonds à travers leur vraisemblance à battre
un niveau de référence donné. Ensuite, le portefeuille optimal. qui incorpore alors le risque
d’estimation, est connu explicitement et ne dépend d’aucun paramètre de nuisance. Une étude
de Monte—Carlo simple compare plusieurs stratégies d’investissement de la littérature.

Mots clés: GMM : variables instrumentales: identification fpresque)—faihle : test K: test du
score: ratio de paramètres: Wald : région de confiance non bornée: théorie du portefeuille:
risqcie d’estimation : performance de référence : efficacité moyenne-variance.
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Summary

The ehjectie cf this thesis is te stcidy designs. particularly in the Hcid e1 linancial ecenomics.
where the asymptotic peint cf view may be misleading. Each essay proposes a rnethod te re
une the asy mptetic approximations in die presence of samples which are. in practice. aRvays
dnite.

The lirst essay is in une with the recent literature en weak instruments. We propose te adapt
ihe general framework cf ihe Gcneralized Method cf Moments (GMM) in eider te specifi
cally relate weakness te the instrtlrnciits. that s the moment conditions. As a censequence.
n contrast with mest of the existing literature. the relevant partition hetween stronglyand

weakiy identified structurai pararneters is net specified a priori but rather achieved after a
well-suited rotation in the parameter space. In addition. we focus here on the case duhhed
ncarly-weaL identilication where the drifting DGP introduces a limit rank deticiency reachcd
at a rate siower than reet-T. This framewerk ensures that the GMM estimaters of ail parame
ters are consistent but at raies which may he slewer than usual. This altews us te veriIv the
validity e! the standard tesiing approiiches like Waid and GMM-LM tests. Mereover. we iden
tify and estirnate directions in the parameter space where reot-T convergence is rnaintained.
These resuits are ail directly relevant for practical applications without requiring knowledge
or estimation cf the slower rate et cenveigence. We provide Monte—Carie illustrations fer two
econometric medels: the single—equation I inear iV mode! and the consumpt ion hased CÀPM.

The second essay cempletes the first ene with a comparative study of the power o! iwo tests
proposed within the GMM literature when the ideniilication is (neariy)—weak: the standard
score test. valid in the framewerk of chaptcr I. and the K-test or modilied score test. in n
more general sense. we are cemparing two approaches with respect te ideoiihcation issues:
en one hand. as shown in the lirst essav. specifying identitication issues threugh moment
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conditions allows the application o! standard test procedures: on the other hand, as sho n hy
Kleibergen (2005). in thc absence of identitication issLie specification a modification ol the

score test statistic S reqttired.

In ihe third essay. we propose u new int’ercnce method, the Moditied-Wald procedure. to over

come some issues of the welt-documented pool hehavior of WaId tests when identilication
is Iost at the frontier of the parameter space. We focus here on the mtiltidimensional ratio of

parameters when the denominator is close to singularity. This method is hased on the Wald

statistic. The key idea consists of integrating the informational content of the nul! hypothesis

ot’ intetest n the computation of ils metric. This correction. while preserving thc computa—

tional tractahility o! the rnethod. alloss for unhounded confidence regions when nceded. A

standard Wuld test usually providesa bounded confidence region: this region is invalid for any

given sample size in the sense that its couerage probahilitv is zero. The only svay to stirmolint

this issue is to write conhdence regions with u non;em prohahility o! heing unhotinded. A

simulation exercise compares the nlerencc propcrlies of the Wald and Modified-Walcl pro

cedures with a hidimensional ratio. We also consider the single-equation linear IV model in

cases where the identifying properties of the instruments may vary.

Finalty. in contrasi to the first three essays which remain in the framework of statistical

asymptolic theory. the fourth essay adopts a decisional point of view in portlolio choice.

An important challenge in portfolio allocation arises ss lien the Ortie) characteristics o! re—
turns distrihution are replaced hy estimates. This introduces estimation risk. which is a cru

cial component oC porttolio management. just likc the traditional linancial risk. This essay

diUers hem existing literuture hy irlue o! ils fucus on a different measure of performance.

We borrow f’rom practitioners and evaluate the funds allocations hased on their likelihood

oC heatini u henchmark. Then, the optimal portfol 0 which accounts for estimation risk is

known in closed-form and dues not depcnd on an)’ nuisance parameter. This investment rule

corresponds tu a mean-variance in\estor with a corrected, sample-dependent risk aversion. A

simple Monte—Carlu sttidy involving ive risly assets is used tu compare several investment
stralegies.

[(ev Words: GMM: Instrumental ariables: (Nearly t—sseak identification: K—test: Score test:
Parameter t-atio: \Vald: Unhuunded confidence reoion: \Veaf instruments: Portfolio theor
Estimation risk: Benchmark performance: Mean-variance efhiciency.
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Introduction générale

Fournir de l’inférence de qualité sur les paramètres «intérêt a toujours été une question cen
trale en économétrie. Pour ce l’aire, l’approche fréqtientiste se hase sur deux réstiltats es
sentiels : la loi des ziands nombres et le théorème de la limite centrale (TLC). Ils assurent
respectiement que les vraies valeurs (inconnues) des paramètres sont connues asymptoli

cluement. c’est—à—dire cluand la taille de l’échantillon observé tend sers l’inlini, et approchées
par des estimateurs asymptotiquernent gaussiens. Sous des hypothèses de régularité standard.
il est communément adniis que les résultats précédents sont vérifiés. Dans ces conditions,
l’inl’érencc à partir d’une statistique de Wald est très prisée par tes praticiens: on calcule tin

estimateur de la quantité d’intérêt et son comportement asymptotique est fournit par le TLC

s’en suivent alors les tests et régions de confiance associés. Ces dernières sont construites.

par exemple. en inversant celte statistique de Wald : cela si2nilie simplement que les valeurs

des paramètres pottr lesquelles le test n’est pas signilïcatif sont collectées. De telles régions

sont généralement bornées.

Plus récemment, tin intérêt particulier s’est fait ressentir pocir lournir de l’inférence valide
lorsque l’identification des paramètres n’est pitis complètement asstu’ée. Deux situations

peuvent entraîner tme perte partielle ou totale de l’identification: soit, l’identification est
tout simplement perdue à la frontière de l’espace des paramètres soit, les conditions qui as—
surent l’identification dti modèle font défaut. Dans le premier cas, il est facile d’imaginer une
transformation des paramètres qtii ne serait valide que dans un sous-ensemble de l’espace des
paramètres d’origine: par exemple. tin ratio n’est défini que lorsque le dénominateur est non
nul. Dans le second cas. on peut pensera l’un des cheval de bataille de la recherche empirique
en économie, à savoir I’ instrumentation des ariahles exogènes. Plus précisément, un modèle
structurel tait généralement intervenir des variables explicatives endogènes, c’est-à-dire liées



au terme «cireur. Ceci invalide l’utilisation de la méthode rIes moindres carrés ordinaires et
l’on a recours à des variables instrumentales (IV) 011 instruments potir assurer l’identification
des paramètres du modèle et mener à bien l’inférence statistique. Les instruments sont des sa
riahles auxiliaires exogèncs, ou encore non corrélées avec le terme d’erreur, qui doivent être
suffisamment pertinentes c’est-à-dire suffisamment bien coiTélées avec les variables expli
catives endogènes. Lorsque cette corrélation est faible, l’identification des paramètres n’est
plus complètement assurée.

La perte partielle ou totale d’identitication peut entraîner des comportements asymptotiques
inhabitciels chez certaines statistiques de test. Plus généralement. les méthodes d’inférence
standard petivent être invalidées. Pltisicurs articles ont documenté la faible performance des
méthodes et approximations asymptotiques cisuclles : entre autres. Nelson et Startz (I
Bound. Jacger et Baker (I 91)5) et Staiger et Stock (1997). Plusieurs pistes (le recherche ont
alors été envisagées dans la littérature pour fournir des méthodes d’inférence (jables.

L’éconemètre peut d’abord envisager une ii odification du cadre de travail en changeant le
scénario asymptotique, afin de potivoirdéris er le comportement asymptotique des statistiques
de test considérées. En d’autres termes, les propriétés d’identification du modèle sont mainte
nant liées artificiellement à la taille de l’échantillon. Par exemple. dans le cadre d’un modèle
structurel linéaire à équations simultanées. Staiger et Stock ( 1997) modélisent la corrélation
entre les instruments et les s ariahles endogènes comme inversement proportionnelle à la taille
de l’échantillon à la ptussancc 1/2: cette situation est conntie sous le nom d’identification
faible, Plus récemment, Hahn et Kuersteincr (2002) considèrent différentes puissances de la
taille de l’échantillon qui caractérisent le degré d’identification: par exemple, l’identification
est presque-faible lorsque la puissance est strictement comprise entre O et 1/2.

Une atitre approche consiste à modifier directement les statistiques dc test existantes afin
de les rendre robustes aux différents cas d’identification. Par exemple, dans le cadre de la
méthode des moments généralisée (GMM). Kleibergcn (2005) propose le test K ou test du
scoire modifié: l’estmmameur cistmcl dci jacohien espéré est remplacé par un estimateur qin est
asymptotiquemcnt non corrélé avec la moyenne empirique des conditions de moment. Cette
modification rend le test robuste aux instruments faibles.

En(in. tine dernière voie majeure de recherche se concentre sur des méthodes d’inférence
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dites exactes. Elles ne s’appuient ni sur cine hypothèse d’identification, ni sur la normalité
asymptotiqtie des estimatetirs mais plutôt sur des statistiques pivotales robustes aux pro
blèmes d’identification. Citons la première d’entre elles, la statistique de Anderson et Robin
ou statistiqtte AR (Anderson et Ruhin (949)). Une démarche statistique classiqLte consiste
alors à dériver un système d’inférence à partir d’une statistique pivotaI e. Toute la difficulté
réside dans l’ohtention de tels pi ots.

Les quatre essais de cette thèse traitent de contextes d’application, en partictilier dans le do
maine de l’économie financière, où le point de vue asymptotlqtie traditionnel peut être trom—
pecir. ChaqLie essai propose alors une méthode pour affiner les approximations asymptotiqtics

en présence d’échantillons d’observations c{ui, en praticfue, sont toujours finis.

Le premier essai se concentre sur les problèmes d’identification liés à des instruments presqtle

faibles. Notre approche consiste à adapter le contexte général de la méthode des moments gé
néralisée IGMM) afin que la Faiblesse des instruments soit en lien direct avec les conditions
de moment. Plus précisément, ces dernières sont partitionnées suivant l’information statis—
tique qu’elles véhiculent t un groupe de conditions de moment standard associé au taux de

convergence hahittiel et cm groupe Faible associé à tin taux plus lent. Les paramètres strtictu

rels sont alors estimés de manière usuelle, mais à des taux de convergence possiblement plcis

lents. C’est le cas, en particulier, lorsque le paramètre d’intérêt représente une caractéristique

fine de la population qu n’est que faiblement identifiée par les observations à notre disposi
tion : par exemple. la caractérisation des événements rares, le prix des actifs contingents à de
tels événements ou encore le niveau des primes associées à des risques à peine prévisibles.

Le decixième essai complète le premier en réalisant une étcide comparative de puissance pour

dccix tests proposés dans la littérature GMM avec instruments (presqtie)-faihles : le test de
score classique, valide dans le cadre du premier essai, et le test de Kleihergen (2005) ou
score modifié.

L’approche développée dans le troisième essai est plus spécifiquement adaptée au cas où le
défaut d’ identification dti paramètre d’intérêt n’apparait qu’à la Frontière du domaine acuorisé
des paramètres. Elle considère des régions de confiance potentiellement non bornées dans
certaines c’onfigcirations des données d’ohservation, On ne des rait pas être surpris d’obtenir
des régions non bornées lorsqcie qu’un paramètre n’est pas ou peu identifié en effet, celles—
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ci doivent simplenient être interprétées comme tin manque d’information disponible dans

l’échantillon pour tournir de l’inférence précise sur ce paramètre.

Enfin, contrastant avec les trois premiers essais qui lestent dans le cadre de la théorie statis
tique asymptotique. le quatrième essai adopte plus explicitement tin point de vue décisionnel
dans le contexte dci choix de portefeuille. Le risque d’errettr statistique présent dans les mc)—
ments estimés est ici considéré simtiltanément avec le risque financier, provenant de l’aléa
des rendements : ceci. dans le htit de proposer une gestion intégrée de ces deux risques. Toci

tefois, notre solcition passe encore par une approche en termes de test statistique et peLit donc’
être reliée, en ce sens, à la problématique générale de la thèse.

La contribution détaillée de ces quatre essais est à présent développée.

Le premier essai est basé scir un article rédigé conjointement avec Éric Renault. Dans cet es
sai, nous ievisitons l’approche d’identification partielle développée par Phillips f1089). lotit
en maintenant l’identification complète de tocis les paramètres, mais à des tatix potentielle
ment plcis lents. Nocis conservons la normalité asymptotique des estimatetirs GMM, dédciite
de l’identification de premier ordre; cependant, le jacohien espéré petit disparaître lorsque la
taille de l’échantillon augmente. À cet égard, nous sommes dans la lïgnée de la littérature ré
cente sur les instruments faibles, qui. sui ant l’approche pionnière de Staiger et Stock t I 997)
et de Stock et Wright (2000), capture l’identification faible à partir de conditions de moment
empiriques. Toutefois, nous ne spécifions pas a priori le degré d’identification (fort ou faible)
des paramètres. Nous considérons que la faiblesse doit être liée plus spécifiqciement acix ins
trcirnents, c’est—à—dire atix conditions de moment qui lecir sont associées. Ainsi, la partition
fort/faible des paramètres structurels ne petit être atteinte qu’après une rotation adéquate dans
l’espace des paramètres.

Par ailleurs, lotit comme Caner (2005 t. nous nous concentrons sur l’identification presque—
faible dans laquelle la déficience de rang apparaît à la limite, à un taux picis lent que racine—T.
De cette facon, tous les paramètres sont estimés de manière convergente, mais à des tacix
pnssihlcment plcis lents qcie d’hahitcide. Il est à noter que la déficience de rang asymptotiqcie
considérée garantit toujours des taux de convergence au moins égaux à j’1 pour tous les
estimateurs GMM. C’est un contraste important avec l’approche de Stock et Wright (2000):



D

en considérant une déficience asymptotique de rang atteinte au taux racine—T, les estimateurs

GMM ne sont même pas convergents. Obtenir des estimateurs GMM convergents avec des

taux bien définis (même s’ils sont potentiellement plus lents qtie la normale) nous permet de
valider les approches de test standard comme Wald ou GMM-LM de Newey et West (1987).
Par rapport à Kleihergen (2005). nous n’avons pas besoin de modifier les formules standard

pour le test CM.

Il est évident qtic notre approche ne vise pas à capturer des cas sévères d’identification faible
qui se proiltiisent même lorsqcie la taille de l’échantillon est très grande (voir Angrist et Krcie
ger (1991)). Toutefois, elle ftcirnit au praticien tIcs procédures d’estimation et d’ inférence qtii

sont valides avec les formules standard, tout en l’avertissant que, dans certaines directions,
les tatix de convergence peuvent être plus lents que l’usciel racine—T. Ces résultats sont appli
qués à un modèle d’équilibre général basé sur le modèle d’évaluation d’actifs CAPM avec
consommation.

Le deuxième essai est basé sur un article rédigé conjointement avec Bric Renault. Il complète
le premier essai en réalisant une étude comparative de puissance pour dccix tests proposés
dans la littérature GMM avec instruments (presque)-faihles le test de score classique, valide
clans le cadre du premier essai, et le test de Kleibergen ou score modifié. Plcis généralement,
il s’agit aussi de comparer cIeux approches: d’une part. à t’image dci premier essai, la spécifi
cation des problèmes d’identification, ia le comportement des conditions de moment, offre
accès atix procédures de test standard: d’acore part, comme dans Kleihergen (2005), ne faire
aucune précision dci cadre d’identification requiert une modification de la statistique du score.

Dans le troisième essai, nous considérons le ratio de paramètres multidimensionnel lorsqtie
le dénominateur est proche de la singularité. Nous proposons une nouvelle méthode d’infé
rence, la procédcire Modifiecl-Wald. Cette méthode est basée scir la statistique de Wald: il
s’agit d’intégrer te contenu informationnel de l’hypothèse nulle d’intérêt dans le calcul de sa
métricfoc. Cette correction. toLit en préseiant la commodité des calculs, permet l’obtention
de régions de confiance ion bornées lorsque l’identification n’est plcts complètement assurée.
Le caractère borné des régions de confiance s’est révélé problématique depcus Dufour (1997).
Dans le contexte de la quasi—identification locale (local almost identification), Dufour (1997)
fournit des résultats sur la caractérisation des légions de confiance : socis certaines conditions
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de régularité, ces régions doivent être non bornées as CC une prohahilite non nulle. En parti—

culier. lorstltie l’identification fait défatit, la plupart des ensembles de confiance de type Wald
ont tin niveau tic conliance nul car ils sont presque sûrement bornés. En comparaison. notre
procédure Modihcd-Wald, aussi attractive dci point de vue computationnel. offre la possibilité

d’obtenir des egions de confiance non bornées si nécessaire.

Par aillecirs. lorsque l’identification fait défaut à la frontière de l’espace des paramètres

(dans l’esprit de Dufour (1997)). nous montrons que la probabilité d’obtenir tine région de

confiance non bornée atteint la borne stipérieure de Dtifour (1997). Lorsque les problèmes

d’identification sont (artificiellement) reliés à la taille de l’échantillon (dans l’esprit dti Pit—

man drift). cette probabilité dépend dti tatix de convergence vers la non—identification. Par
exemple. avec une identification faible (tatix égal à racine—T), cette probabilité est non-ntilie

mais pitis petite qtie la borne stipérietire précédente Un exercice de simulation confirme les
bonnes propriétés d’inférence de la procédure Modified-Wald par rappoit à Wald avec un ra

tio hidimensionnel.

Dans le contexte dii choix de pottefetiille. tin défi important intervient bisque les caiactéris—
tiques (inconnties) de la distribution des rendements financiers sont remplacées par des esti

més. Ce problème combine donc des difficultés d’ordre statistique à un problème d’économie

financière classiqtie consistant à choisir I allocation de fonds optimale. Dans le tluatrième es
sai. notis adoptons un point de vue décisionnel afin de développer une règle d’investissement

qui incorpore à la fois le risque financier traditionnel et le risque d’estimation. Ce dernier

provient directement dti fait que. en pratique. les échantillons sont toujours de taille finie

ainsi, les estimés sont-ils tottjoctrs différents de leurs vraies valeurs respectives.

Potir répondre à cette question. nous notis concentrons stir tine mesure de performance dif

férente de la littérattire. Nous empruntons atix praticiens et évaluons les différentes alloca
tions de fonds à travers leur vraisemblance à battre un niveati de référence. Notre objectif

est donc pltis conservateur qti’une maximisation directe de la performance espérée du porte
feuille t voir entre autres Markowitz f 1959). Kan et Zhou t2006)). Toutefois. il conesptmd à
l’intérêt direct de pltisietirs industries: par exemple. les fonds de pension se doivent de ga

rantir un niseau minimal de performance à leurs us estissetirs. Potir tin niseati de référence

donné, notis dédttisons une règle U ‘investissement explicite qui incorpore naturellement le
risqtic d’estimation de la moyenne et ne dépend d’auctin paramètre dc ntiisance. Ainsi, elle
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est directement applicable, sans recourir à aucune étape préalable sous-optimale.

Plus précisément. notre méthode de sélection de portefeuille se hase sur un test unilatéral

qui assure que la pertormance du portefeuille est au-dessus d’un niveau de référence donné

ensuite, l’allocation optimale s’obtient en maximisant la p-valeur associée à ce test. C’est

donc en combinant un outil statistique naturel et valide pour comparer des quantités aléatoires
(ici les performances estimées des portefeuilles) à une mestire de performance directement

construite à partir des intérêts des praticiens que nous proposons une règle d’investissement

explicite qui intègre directement I’ incertitude du prohlème.

Une étude Monte-Carlo simple. calibrée à partir de rendements mensuels des indices de stock

pour les pays dti G5. révèle le bon comportement de notre règle d’investissement en termes

de performance espérée hors-échantillon et de stabilité dans le temps par rapport à d’autres

règles de la littérature.



Chapitre I

Efficient GMM with Nearly-Weak
Identificationt

Ibis chapter s hasect on a papor co—authorecl with Eric Renault
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1 Introduction

Thc Corflcistofle of GMM estiniatiofl iS ii set ol population moment coiiditions, olten deduiced
Crofl a structural economctric mode!. The limit distributions oC GMtvf estiniators arc dcrived
under u central limit theorem (or the moment conditions and u full rank assuluption oC the
expectcd Jacohian. The latter assomption is not implied hy economic theory and many cir
cumstances where it is ailier unjustified have been docurnented in thc literature (sec Andre s

and Stock (2005) for u recent sttrxey).

Earlier work on the properties oC GMM—hased estimation and inferencc in the context of rank

condition failures includes Phillips (1989) and Sargan (1983). In the context of a classical

linear simultaneotts equations moUd. Phillips t 1989) considers the case oC a pcotia/lv identi—
/ied structural equation. He notes tuai, in case oC rank condition failtire. it is always possible
to rotate coordinates in order to isolate estimable linear combinations o) the structural pu—
rameters while the rernaining directions arc completely unidcntitied. Asymptotic theorv ot
standard IV estimators in this contexi is then developcd through the general framework of
lirnited mixed Gacissian farnily. Thisapproaeh oC par/iaflv ide,iuified models ditfers from
Sargan (I 983)/irst cmler iuider—ideuti/kaiio,i. While for the former there is nothing beRveen
estimable parameters with standard mot—i consistent estirnators and completely uidentified

parameters, the latter considcrs that asymptotic identification is stiil otiaranteed but ii onty’
comes rom higher order ternis in the Taylor expansion of lirst order optimality conditions of
GMM: higher order ternis hecome crucial when (irst order terms vanish. They arc rcsponsible
fur sloxer rates oC eonvcrtenee oC GMM estimators like Il and nav lead to non-normal
asymptotic distributions like a Cauchy distribution or a mixture of normal distributions.

Our contribution in this essay 15 to revisit an approaeh of partial identification à lu Phillips
(1989). whule maintaituin, I ike Sariaii (1983), the eomplete identification oC al parameters.
bLit al possibly siower rates. Morcover, we remain truc to asymptotic normality oC GMM esti
Inators deduced mm flrst order identi(ieation bio s itli an expected Jacohian that ma3 vanish
shen the sample size increases. In this respect. we are in the line oC the recent literature on
weak instruments. which. following the seminal approach oC Staigcr und Stock (1997) and
Stock and Wright (2000). capttires weak identilicafion hy drifting population moment condi
tions. With respect to the existing literattire. the contribtition of this essay is as Iollows.

First. in sharp contrast with most of the recent literature on weak instrtimcnts. we do not spee—
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ify a priori which parameters are strongly or wcaklv identiiied. Conforining to the common

isdom that eakncss should rather he assigned tu specihc instruments or more generally

tu some specilic moment conditions. we tollow Phillips (1989) to consider that the relevant

partition of ihe sel of structurai parameters between strongIy and weakly identii)cd ones can
oniy he achievcd after a weli—stiited rotation in thc parameter spacc. In nonlinear setiings. this

change ofhasis depends on unknown structural parameters and must itselfhe consistenliy es

timated.

Second. like Caner (2005) (sec also Hahn and Kuersteiner (2002) for the special case of lin-

car 2SLS). we fucus un thc case duhhed nearh-ncak identijicotio,i. where the driftioiz DGP

introduces a limit rank deliciency reached at a rate siower than root- T: this aIlo s consistent

estimation of ail parameters. but al rates possihiy siower than usuai. It is then ail ihe more
ïmportant to identify the dilfercnt directions in ihe parameter space endowed with the ciïfler—

col rates. We consistentiy esiimate these directions viihout assuming that the rates sioer

than root—T arc known. We oniy maintain the assomption that the moment conditions re—

sponsibie for approximate rank de[iciency have hecn detected. Practicatiy. this either may
he thanks tu prior economic knowledge (like market efiiciency responsibie for the weakness
of instrcments huiit frorn past returns in asset pricin modeis) or suggested hy a preliminary
study of thc iack oC steepncss uI thc GMM objective fonction around plausible values oC the
structurai parameiers. Noie ihat we oniv considcr asymptotic tank deflcienc stich that ail
the rates of convergence of GMM estimators. possihly siower than root-T. are at leasi larger

than T”’. The Cirst order under-identilication case oC Sargan (i983. producing GM1 esti
mators comerging at rates t’’1. can then he seen as a limit case ui our approach. This is in
sharp contras) ith the weak instrument case à la Stock anti Wri,lit (2000) where the asymp—
totic rank dehcicncy is reached at u rate as fast as root-T: GMM estimators are nui even
consistent. The fuet that ail the GMM estimators are consistent with well-delined rates oC
convergence. aiheit possihiy unknown and siower than root-T. ailows us tu val idate standard

asymptotic testing approaches like \Vald test or GMM-LM test ut Newey and West (19X7).
In contrast with Kieihergen (2005). se do not need tu modify the standard formulas ior the
LM test. Moreo\er. otir approach is more gencrai ihan Kieihergen (2005) since e expiicitiy

take into accotint the possible simuitaneous occurrence, in a gien set oC moment conditions.
ut heterogeneocis rates oC cons ergence.

As far as technicai tools for asymplutic theory are coneemed. e horrow tc) three rccenl de
eiopments in ecunometric theory.



First. as stressed hy Stock and Wriizht (2000). (nearly)—weak identification in nonlinear set
tings makes as mptotic theory more invelved than in the linear case hecause the occurrence

of unknown parameters and observations in the moment conditions are flot additively sepa—
table. Lees (2004) minimum distance estimation with heteroizeneous rates ot convergence,

aiheit nonlinear. is also kept simple hy this kind ni additive separahility. By contrast, this

non—separahility makes. in general. necessary resorting 10 a lunctional central limit theorem
applied te the GMM objective function viewcd as-Cl empirical process indexed hy uitknown

parameters.

Second. our approach to Wald testing with heteregencous rates of convergence must he re
lated to the former contribution of Lee (2005). The ke issue is the folloine: when several
directions (te he tested in the parameter space are estimated at slow rates. while some linear

combinations of them may hc cstunated at fttstcr rates. a perverse asymptotic singularity is
imroduced and in’alidates the common delta theorem. This situation. rather similar in spirit
10 cointegration. leads Lee (2005) te maintain un additional assomption for Wald testing. We
are able to relax Lee’s (2005) condition und te confirrn that the common Wald test methodol

ugy always work. alheit with possihly nonstandard rates of convergence against sequences of
local alternatives. The trick is again te consider a convenient rotation in the paramcter space.
Note that this issue makes even moie important otir extension of Kleihcrgcn’s (2005) setting

to ullow ter dilïerent rates oC convergence simultaneously.

A ihird deht to acknowledge is with respect te Andrews (1994. 1995) MINPIN estiinators’

and te Gagliardini, Gouriérectx and Renault (2005) XMM (Extended Mcthod ot Moments)
estimators as %ell. Like them. we observe that GMM-like asymptotic variance formulas re

main valid for strongly identified directions hen slowly identihed directions are estimuted

al rates faster than jLt Rates even slewer than that would imply u perverse contamination
oC the estimators oC the standard directions hy poorly idcntified nuisance parameters. In this
respect. our approuch should rather he duhhed ncarlv-stmng identification. 0f course, by
doing se, we may renounce te capture severe wcak tdenti)ication cases arising even when the
sample size is vety large (sec e.g Angrist and Krtieger (1991)). Hewever, ottr appmach pie—
vides the empirical economist tth estimation and inference procedtttes that are valid with
the standard formulas, while warning her ahotit rates oC convergence in some specific direc
tions that may he slower than the standard root—T. Moreover. ihese directions (strong and

MtNPt esiim.ttors are ttetjned as MtNmizi,ie u urjicrion uncuon ttiai ,nght depend oit a Pretiini,ia,y

t iii n te dimens ional Nu ,sance paralluel er est matou.
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weak can he disentanlcd ancl consistently estitoateci ithottt modiiying the overall rates o
convergence of the implied linear combinations ot structural parameters.

The chapter is organixed as iollows. Section 2 precisely dehnes otir nearly-eak identilica

lion setting and proves consistency of hoth point GMM estimators of structural parameters t)

and set estimators. that arc equivalent b LM-tests of nuit hypotheses O =
O. With nearly

weak global identification, consistency of point estimation tests upon an empirical pmcess
approach or ihe moment conditions. vhereas set estimation l-ests upon nearly—weak local
identification. characieriied in terms of the expeeted Jacohian of the moment conditions.
Ont integrated fratuewoi-k restores ihe coherency hetween the two possible points ut view
about weak identification, global and local. In section 3. we shov how tu disentangle and
ic) estimate the directions with difterent rates oC convergence. We also prove the asymptotic
normality of well-scnted meut combinations of the structural parameters. The isstie oC Wald
testtn is addressed in section 1 while section 5 explicitly relates ont setting tu examples o
weaL ideniiiicatton well—stLiclied itt the literattire. Section 6 is devoted to a couple ot Monte—
Carlo illustrations or two toys tuodels: single—eqtiation meut IV model and CCÀPM.
Ail the proofs and figures ai-e gatbered in the appendix2.

2 Consistent point and set GMM estimators

Ibis section shows that a standard GM M approach wor(s hoth for consistent point and set

estimation. the latter thtoLigh u score type test statistic. Typically. ail the components of the

parameters oC interest are simultaneously estimated and iested without o priori knowiedge oC

their heterogenous putters oC identification.

2.1 Nearly-weak global identification

Lei t) he u p—dimensional paratueler vector with truc (nnknown) value oU, assumed in the in—
tcrior of the compact pararnetcr space The truc pararneter value satisfies the k equations.

E [1(oU)]
= t) (2.1)

Mo’.t ut the iheoretteal reults are Ibtaineci in a note general coniexi iii a teehnical compan(on paper
A iitoine anti Renault I 2007).
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with (.) some lnown functions. We have at mir disposaI a sample of size T, and we can
calculate :, (O) for any valtie of ihe parameler in —3 and for every t = Ï. T.

Standard GMM estimation dehncs its estimator 0- as follows:

Definition 2.1. Let Ç-j he o sequence of sv000et tic posture clefinite mocloin matrices 0/ suce
ii! ich coin’erges hi pmbcihilitv toirarcls u positit’e dejinite mcutrLv Ï. A GM,.i esthnator 0

oJ0° is dieu defined as:

or arg iidn (2r(O) teheir Qr(0)

iu’iih c1(O) = + ô1 t 0). tOc cnipii’ic’aI inca!? of tOc nioment i5’SltïCtiOIlS.

Standard GMM asymptotic theoiy assumes that. for 0 0°. o(0) converges in prohahility
to\vards Os nonzero expectecl value hecause ni some uniibrin law o) large ntimhers. \Ve
consider here a more general sittiation vhere )0) may converge towards cero even for
O 0° Ànd we show how this can he interpreted as identiheation ls5LleS.

More precisely. we imagine thai we have here two groups of moment restrictions: une stan
dard for which the empirical counterpart converges at the standard (usuat) rate of convergence
VI and a veaker une for which the empirical counterpart stiti converges but potentially at
a stower rate À1. At ihis siaoc. ii is essential to stress ihat identification is goin b he
rnaimained thut through higher order asymptotic developments). More formalty. we have A’
standard moment restrictions suich that

T [ô (0)
— ni tot] = Op( 1) (2.3)

and A’1 (= k — A’1) weaker moment restrictions such that

VI [2Io — n1(0)] = 01(Ï) svhere À1 = o(VI) and À1 L x (2.4)

with {p’(0) t/,((])] = U 0 = 0°.

À1 measures the dcgree of wealcness of the second group of moment restrictions. The corre
sponding component t is squeezed tu zct’o and Flint [ 1T)0)] = t) for ail 0 E e. Thus.
the prohahiiity limit of r)O) does not atiow 10 discriminate hetween 0’ and any t) E e. In
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such a conteXt. identification is a comhincd property of the fonctions (O) and ptO) and the
asymptotic hehavior oC \• The maintained identification assomption is the following:

Assumption I. Udentification)
(ï) p(.) so conriniiottsfoitc’lïoii fm,n o cotnpoct pfimnteler spclc’e C ii’ lolo lF’ sucli tOut

(Q) = t) Q 90

(ii) 19e cinpirical pmces.v t Ji r(O) obevs aflu cHonul cent rc7l Omit theore,n

— Pi t Q)
)OT(0)

— fl2(9)

l’(Q)

11901e ili(Q) is u Gotissicln St0C)tO.SliC pïOCc’SS (fi? iiliIi ineun :eto.

(iii) is u determù,istic sequence ofpositive reul nirnibers sndt tOut

À1
À1 x. cind Ititi — O

Followin Stock and Wright (2000), assomption I reinforces the standard central limit the
orcm written ftr moment conditions at the trtie value (0 00) hy maintaining a functional
central limit theorem on the whole paramctcr set (—j. Stock and Wright (2000) use this Crame
work b address the weak identification case corresponding to À = By contrast. as Hahn

and Kucrsteiner (2002) and Caner t2005), we focus here on ncarly-weak identification wherc

À5 ocs to tnfinitv albeit slower than v’T. Note that the standard stmng identification case
corresponds to À5 = VT. The ahove functional central limit theorem3 aIIo s us to get a
consistent GMM estimator. even in case of nearly-wcak identification1.

Theorem 2.1. (Co,tsisiencv of 0)

tI,ider usslonption 1, cmv GMM esli,oolor () like (2.2) is mm’euklv consistent.

Note thai ho asynipiol iv normmialiivassunmpimon ï. not necear ai ibis stars. mi gemierat. ii ni iht 0e replaccd

by some tmhmiiess assomption on mii(). See Antoine amid Renamitt 20071.
1A. siressed hy Stock amid Wriht ) 2000i tOc unitornuty iii (i providecl hy ihe I unetionat central I iinii iheoremmm

s criiciat mmi case of nont miicar imonsepaiahle iliOlilOlli eoiidiiioiis. itiat j bon tue occurrences ot (9 and tue
observai ions in the moment conditions arc nom aclctimively separabte. By conirasi. T—latin aitt Knersieincr 201)2)
t t inear case) anct Lee 2(104) separable case t do flot neect tu resomt 10 fi fumictional central t mii theorem.
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Besides the tact that ail the components of the parameter of intcrcst I) are consistently es
timated, it is worth stressine another di[’tirence with Stock and Wrktht t 2000). We do flot
assume the o priori knoIedge of a partition t) (n’ 3’)’. where ‘s is strongly identified and
.1 (nearly)-weakly idcntitied. By contrast. nearly-weak identification is produccd hy the rates
of eon ergence ol the moment conditions. More precisely. assumption I implies ihat. for the
lirst set of moment conclnions. we have tas or standard GMM).

= Ptis t1r(0)

hereas we only have Cor the second set of moment conditions

fIt-O) = Ptim TtO)

It wiIl he shovn that this frameork nesis Stock and Wright 12000). Hahn and Kuersteiner
t2002t and Caner t2005t. More precisely. a rotation in the parameter space tsill allow us
b identity some snongly identihed directions and some others. only nearly t-sseakly identi—
lied. Suhseetion 2.2 helow shows that the ahove rates of convemgence naturally induce rates
oC convergence for the Jacohian matrices. This enahies us to encompass tOc framework of
Kleihergen (2005).

2.2 Nearly-weak iocal identification

As alreadv explained. we simnuitaneotmsly consider tvo rates ni conergence to characterize
ihe asymptotic hehuior oC the sample moments 3(o) and 10e indciced singtmlarity issues
in the sample colmnterparis of the estimating functions p(O). In this respect. ve differ from
Sargan f 1083) since we maintain the first—order identification assumption:

Assuniption 2. (fies t—o rUer identification)

(î) p( - ) ix conidmiioitslv di/fere,mtiable (711 tue inlerior of(— denoted as dît) e—)).
(ii) O’ C iisf(E)).

(ni) 111e (1 X s)-inci!ri.v V)t’i O)/U0’] has lis?! cnhunn souk pfdr aU t) E O.
(ii’) [ ] = pi, { T) aT:s”î ]

T( a, o’’ 1(t)
— L-’p
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The identification issue is no) raiscd hy rank dchciencv et the moment conditions hic hy the
rates et convergence. In other words. the implicit assomption in Klcihergen t2005) (sec the
proot et his theorem I page 1122) that Jacohian matrices may have non-standard rates et
convergence is made explicit in our framework. Assomptions 2t iv) and (y) are the natural
extensions et assomption I en Jacobian matrices. Typically, Kleibergcn (2005) maintains as—
sumption 2(v) through ajoint asymptotic normality asstimption on _(O°) and [O7(Ou1 )/Oo’]
(sec his assumption I).

While global identification (assomption I) prov ides a consistent estimator ot f). local identi
fication tassumption 2) provides in asyrnptotically consistent confidence set at lecl t I fi)

or. equivalentlv. an asymptoticalte consistent test at level n Fr any simple hypothcsis

‘[u : O = 0. A score test appmach. as defined in Newey and West (1987). does net w-
soit te the asymptotic distributions cl the estirnators:

Theorem 2.2. (Score test)

J7ie score stauistic for testing [[ O = O ix de/ined as

/
— T )(2() ï)(O) -i T(U)

- Ï 30 T 30’

uhere T 15 o .vicoidatd consiule,I1 est jotatc),- o! tue Ion g—tenu ccit-oricmce matri.x6.

Under fI anti as.vlonptions 1 mol 2. L -frt Ou) lias o \ 2(p) Iioiit drviribttuion.

In sharp contrast with Klcihergen (2005). ‘se de net need te rnodity the standard score test
statistic tt) replace the Jacohian ot the moment conditions by their projections 017 the orthog
onal space ot the moment conditions. The reasen tor this rnaintained sirnplicity is that. in our
nearly-weakly identilied case.

5/T 2T)

À1 30’

fias a deterministic limit which does no introduce any perverse correlationu. By contrast. in
the weakly identificd case considered hy Kleihergen (2005) (or À1 = I). the teletaiit lin7it
ot the sequence et Jacohian niatrices is Gaussian. In this latter case. the limiting behavior

Nnte that in general O, niuhi be dit turent train the tille (tuikuowit) value o) Ne paranteter H’’.
‘Note tInt u co,liieltt e%tiinator •5— o! the tong—tetit, c,oariattce natri SH, ut ‘t’Oit cuit Ne huilt in tue

%Iandard way t sue in general HaIt (2005)) from a prel hit inary inetflcieiit HMM estintator (I r ot H. However.
ci tuer Ne nu Il. otie ma siinply chooe Hr 0u.
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of [Li1(0u)/d(ï] is flot indcpendent ot’ the limiting hehavior ot [(OU)] so the lirniting
distribution of the GMM score test statistic depends 00 flUSaflCC parameters (see Stock and

Wrfoht (2000)). 0f course. the advantage oC the K-statistic proposed hv Kleihergen (2005) s

b he rohusi in the iirnit case = 1 while. (or us. À1 must aiwuys converge towards inhnity
aiheit possibly very slowly.

h is essential to realize that although the standard score test statisttc lias the cornmon

distribution under Oie nul), it works rather differently. Basically.

(2.5)- T

is an asymptotically singtilar matrix sincc

-) it) Î L)/) ( 00)

= r.
(I

The proof o) theorem 2.2 shtnvs that the standard formula is actually recovered hy weli—suited
matricial scalings ol {OQr(00 )/O0’l and (2.5). The ultimate cancela0on of these scalings must
not conceal that testing parameter in GMM without assuming they are strongly identified
requires a spccilic theory. It is in particular important to real ice that hoth strong and (nearly)—
weak identthcation may show up together in a given set oC moment conditions. Note that this
is immaterial as far as practical formulas for score testing are concerned. Hov evei’. we show
helow that t has a dramatic impact on the power against local alternatives7.

Another difforence wiih Kleiheigen (2005) is that our score test is consisteni in ail directions.
Actually. ignoring the kmh case (À1 = 1) oC weak iclentilication aliows us 10 write down
consistent confidence sets and score tests. In ternis oC local alternatives. we get consisteucy
at least at rate \T thanks w the )ollmv ing result:

Theorem 2.3. (Raie of c’ometgem’e)

Cuider assuo,pons I ond 2(1) îo (iii), ne Iiciie:

— O0 = O ()
Kicihergen t 1t)t)5 coiiider u iinpler setting silice he does toi u) mw loi iwo diflereiti kiiicts o) ideittilica—

lion sirong anct sscuki iobe considered siiniiltaneoioly seC the prool oC bis theorein I t. In addition. u full tank
condition seeiiis o hc’ imptic-itlv maintaineci in Kleibcrgen’s pinot.
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In the ternaining of the essay, wc precisely OCCIS on the identification of directions ol local
alternatives where consistency is kept al the standard rate VI.

3 Rates of convergence and asymptotic normality

In this section. we start v 1h a kind of rotation n the parameter space which allows us b
disentangle the rates ol convergence. More precisely, sorne special linear combinalions oC
O are actually estimated at the standard rate of convergence VI. while some others are still
cstimated al the slower rate This is formalized by a central lirnit theorem which allows the
practitioner to apply the common GMM formula withottt knowing o priori the identification

pattern.

3.1 Separation of tue rates of convergence

We face the following situation:

(i) Only l equations (de[ined hy [‘t (.)) have a sample counterpart which converges at the
standard rate VI. These can he used in a standard way. Unlbitunately. we have in general
a reduced tank problem: p, O”)/ifl)’ is not full column rank. lis tank s is stnctly smaller

than p and the first set oC equations cannot identify O. Intuitivel>. it can only identify si

directions in the p-dirnensional space oC pararneters.

(ii) The /2 rernaining equations (dcfined by fl2(.) ) shoutd be used to identify the rernaining

2(= p —

s ) directions5. However thisadditional identification cornes al the slower rate .\.

We already have the intuition tliat the parameter space is going to he separated mb two sub—
spaces: the Iirst one tdetined through pif.)) collects si standard diiectionsand the second one
tdetined through fi,).)) gathers the rernaining (slow) directions. We mw make ihis separation
much more precise h defining a reparametrization. Each of the ahove suhspaces is acittally
characterizcd as the range of a full colurnn rank inttrix: respectively the (p s, )-rnatrix R
and the (p)) — sj )-rnalrix R).

tRecatl ihai. by assulupi oit. our soi oC moment conditions enables the iclemmi deal 10H or the eimtime vector o)
parameters h.



19

Since tt1t characterizes the set cii slov directions. it is natural to deline h via the 11011 space of
[O4 (O0) IdO]. or. in other words. es erythin that is not identilied in a standard way tthmugh

Pi ( )):
D1

R = 0 (3.))
DO, -

Then these (p — si) (slow) directions are completed with the definition ol the remaining s

directions as follows:

R = FR R and R,inI [R0] = p

Then R0 is a nonsingular (J’. p)—matrix that can lie uscd as a matrix of a change of basis in
‘. More prceisely. ssc dehne the new pararneter as , f R0]0. that is

O [I? (iii )1), i

We will sec in the next subsection that this reparametrication precisely isolates the two rates
oC convergence hy dcOnin two subsets ni directions. each oC them associated with a rate
ot convergence. The reparametrization also shows that. in gencral. there is no hope to get
standard asymptotic normality ot some components or the estirnator °r oC o°. The reason is
simple: arter a standard expansion oC the lirst-order conditions, 0 nowappears as asymptot
ically equivalent to some lincar transrorrnatitms or ijt() t ss hich are likely to mix up the two
rates. In other words. aIl components of might he contaminated hy the slow rate oC conver
gence. Hence the main advantage oC rhe reparametrizat ion is precisely k) separate these two
rates. In section 5f where we careftilly compare mir theory svith Stock iind Wright (2000),
we provide conditions under which some components or o are tby chance) converging at
die standard rate. And this is exactly what is assumed n priori hy Stock and Wright (2000)
when they separate the structural parameters into one staitdard-coni’erging group and cime
sloiier—co,nerç’ing one.

The reparametrization may not he Ceasible in practice since the natrix R° depends on the
truc unknossn value ol the parameler 0”. However, we can still dedtice a feasible inference
strategy.
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3.2 Efficient estimation

To be able to get an asymptotic normality resuit on the new set of parameters, we need some
technical assumptions and preliminaiy resuits. More details can be found in the technical
companion paper by Antoine and Renault (2007).

It is worth noting that, albeit with a mixture of different rates, the Jacobian matrix ofmoment
conditions has a consistent sample counterpart. Let us first define the following (p, p) block
diagonal scaling matrix AT, where Idr denotes the identity matrix of size r:

AT t vId51 O

O

As it cai be seen in the proof oftheorem 2.2, assumption 2 ensures that:

3(O0)
4 J0 with J° a:,°)Ro (3.2)

where J° is the (K, p) block diagonal matrix with its two blocks respectively defined as the
(k, s) matrices [i9p(°)/3O’ R?] for j = 1, 2. Note that the coexistence of two rates of
convergence ()T and v) implies zero north-east and south-west blocks for J°.

Moreover to derive the asymptotic distribution ofthe GMM estimator T (through well-suited
Taylor expansions ofthe first order conditions), the above convergence towards J° needs to
be fulfihled even when the true value 0 is replaced by some preliminaiy consistent estirnator
O. Hence, Taylor expansions must be robust to a )T-consistent estimator, the only rate
guaranteed by theorem 2.3. This situation is rather similar to the one studied in Andrews
(1994) for the so-called MINP1N estimator9. We do not want the slow convergence of some
directions to contaminate the standard convergence of the others (see theorem 3.1 below):
more precisely, we need to ensure that the slow rate ?‘T does not modify the relative orders
of magnitude ofthe different terms ofthe Taylor expansions. As Andrews (1995 p563) does
for nonparametric estimators, we basically need to assume that our nearly-weakly identified

9MINPIN estimators are estirnators defined as MiNimizing a criterion firnction that might depend on a Pre
Iiminary Infinite dimensional Nuisance parameter estimator. These nuisance parameters are estimated at siower
rates and one wants to prevent their distributions to contaminate the asymptotic distribution of the parameters
of interest.
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directions urc estimutcd O a rate (aster than (Ii 1)• In addition. wè \ant as usttal titorm
convergence ot sample Hessian matrices. This eads us tu rnaintain the ftiIIos ing asscunption:

Assumption 3. t 7itvlot evpcutsionx)

(I) uni [] =
x.

VI

(ii) (11(t)) ix twice co,ttiitimttslv difierenticit,le on the interior oJt—9 und ix suc?? ihat:

1T Â( \/i d1 .t°) je’ 1 < k kt fJ1( 0) ancl V I < h < k1 -- )t)()3’
— [‘21(0)

iottfrn,nR o,? (I in corne neiglibot-hoid cf (I futr seine t j’. p) ,ncttr,cial fiotctioit fi, k (0) for
9 = 1.2wzd < k <h,.

While common weak identihcition corresponds Le À = 1 md stwng identitication te
À1 \/7. our approach in the est of the essay is actually a raiher ,iearh-simn one sinec
we assume À strictly hctween T1 and v’T.’

[p te unusual rates et convergence, we gel n standard asymptotic normuuity resuit for thc
new parameler i:

Theoreni 3.1. (Asvinptotic Non,ttilitv)

(j) LIeder osstrntplietts 11e 3, tOc GiclAi estirnator (T defluietl 0v 2.2) ix surît tOut:

(Or — o) K (o. [I°QJ] ‘ J°’c)Q)Q5)Jl’ [J’G.J’] -‘)
tu) Under axsmnuplions 1 10 3, flic’ asvrnptolic taria,lce dlisplavec? in (i) iS ti’hen
the GjtvllVt estintcltor ix clefrned tiUh a ut’eighirng nuattiv tl7 t)euu a consistelil estùnator of

t) = [S(0’’)]

1[R’1 (t on) L (o. [.Jutf[S(Ou)] l/fl]

I)

wrvjo,e cietatis oit tlte lunl bctwceui Auiclicw (j 994. (995 t and titis ettine vigie also he Otuticl in Àntoiuie
and Renault t 2(107 t.

li s orth iem(nciuuig tltat die score test deriseci in section 2 ii val ici lor \ j arbitrarily close b the sveak
dent iii cal ion case.

‘Note litai e[hcueitc s niplucitly considereci here or the giscn set ol moment restrictions ,(). In section
33. ive sttidy lic conseljileluces o! reo rit lite the moment conclut ions.
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Note that ‘1?T = [R0]_1T can be interpreted as a consistent estimator ofr° = [R°1’O°. 0f
course it is not feasibie since R° is unknown. The issue ofplugging in a consistent estimator

of R° wiil be addressed in section 3.4. for the moment, our focus of interest are the implied
rates of convergence for inference about 0. Since

R?]Ï,T + R1?2,T

a linear combination a’OT ofthe estimated parameters ofinterest wilI be endowed with a v
rate of convergence of’!1,T if and only if a’R! = D, that is a belongs to the orthogonal space
of the range of Ri?. By virtue of equation (3.1) the latter property means that a is spanned by
the columns of the matrix [9p (0°)/90]. In other words, a’O is strongly identified if and only
if it is identified by the first set of moment conditions p’(O) = O.

As far as inference about 0 is concerned, several practical implications of theorem 3.1
are worth mentioning. Up to the unknown matrix R° and the unknown rate of conver
gence )p (which appears in ÀT), a consistent estimator of the asymptotic covariance matrix
(J0i [8(00)1_1 jo)_1 13

-1 0-1 19T(OT) _laT(ôT)

1

T AT[R 1 ae 5T ‘ (3.3)

where 8T is a standard consistent estimator of the long-term covanance matnx’4. from
theorem 3.1, for large T, ÀT[R0]_1(T — 00) behaves like a gaussian random variable with
mean zero and variance (3.3). One may be tempted to deduce that v”(T — 00) behaves like
a gaussian random variable with mean O and variance

8(Ô)
‘ T F)0’

(3.4)

And this would give the feeling that we are back to standard GMM formulas of Hansen
(1982). As far as practical purposes are concemed, this intuition is correct: note in particular
that the knowledge of R° is not necessary to perform inference. However, from a theoretical
point of view, this is a bit misleading. first since in general ail components of ‘j converge

t3This directly follows from lemma B in the appendix.
14Note that a consistent estimator of 5’ ofthe Iong-term covariance matrix S(0°) can 5e built in the standard

way (sec in general HaIl(2005)) from a preliminary inefficient GMM estimator 01 of 0.
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asymptolic ‘variance (3.4) s akin te refer te the inverse of an asymptotically singular matrix.
Second, ter the sanie reason. (3.4) is flot an estimator o)’ the standard population matrix

[) [S(0°)j ‘t]
- (3.5)

Te conclude, if inferencc about P is technically moie involved than one may helievc ut lirst
sight. it is actuallv ‘verv similar te standard GMM f ‘mulas [‘rom a pure practical point et
view. In other words. if a practitioncr s net aware of thc specific frarnework with moment
conditions associated with several rates of convergence (coming. say. from the use of instru
ments of diff’erent qtialities) then she can still provide reliable inference hy using standard
GMM formulas. In this respect. we generalize Klcihergcn’s (2005) result that inference can

he pcrfoi’med without ci priori knowledge of the identification sciting. However as already
mentioncd in section 2. e are more cneral that Kleiheiiien (2005) since we allow moment
conditions te display simultaneously dilf’erent identification patterns’5.

Finally. the standard score test dchned in theorem 2.2 may he complcted hy u classical ovcri
dentificat ion test:

Theorem 3.2. (J-lest)

UiuIer assionpilons 1 te 3, if Ç)r is u co,isislent estiinutor cf [SU)°)] then

-p

3.3 Orthogonalization of the moment restrictions

In this section. wc investigate the consequenccs of transforming the moment restrictions to
estimate the standard and slow directions. Since wc deal simultaneously with standard and
weaker moment conditions. wc cannot consider any linear comhination et the restrictions.
In partietilar. e can only consider transformations prescrving the central limit theorem in
Àssumption t. and thc liagilc information of thc iveaker moment restrictions. Any valid

O For suke o) notational suupl cliv. we oiilv cohlsicter in tliis esa (iflC peed or nearlv—weak iclcntiflcai ion .\-t.
The reader I meresiect in work inc w ih an urbit rary number oF di Herein speeds ni ighi use the geiieral trumen ork
nt Antoine und Renau Ii 20)7).
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transformation ofthe moment conditions, or transformation that does flot affect the tme mo
ment conditions fit.) and p2(.), can be wriften as follows:

— 1T(O°) + FIb9T(O°)
3 6

- 2T()

for some (k1, k2)- matrix H that may depend on the sample size T and the true unknown
parameter

A linear transformation of interest in the literature is the orthogonalization: the standard
moment conditions are replaced by the residuals of their regression on the set of weaker
moment conditions. The set of the empirical mean of the moment conditions [ÇT 2T]’ is
replaced by [4T 2TÏ defined as follows:

[:t:0)
Goy (1T(o° 2T(°)) [Var (2Tt0))]2T(o0)]

Note that we stili have the same central limit theorem, only the asymptotic variance is modi
fied:

[ 1T(0°)
- n(O°) ] i(O°)

2T(0 )—p2( )
where Ï’(0) is a Gaussian random variable with mean zero and block diagonal matrix ° with
respective blocks E — S2[S]—1S1 and = S.

The following theorem compares the asymptotic variances ofthe estimators associated to the
original set of moment conditions ‘r and to the orthogonalized one denoted as fiT:

Iheorem 3.3. (OrthogonaÏization)
Consider the new parameter ij = [R°] - 10 The two estimators obtained respectivelyfrom the
GMM estimator associated with the original set ojmoment conditions OT andfrom the GMIvI
estimator associated with the orthogonaÏized set ofmoment conditions (3.7,) T are such that:
i) The orthogonalization improves the estimation of the standard directions (in tenns of
asymp to tic variance matrix ie

AVar [fiT] » AVar [fiT]

it) The orthogonaÏization deteriorates the estimation of the slow directions (in tenns of
asymptotic variance rnatrix, ie

AVar [f2T] AVar [7721]
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iihe,r << anci >> deiioie the colnpcirisons heîiveen matrixes.

We show that the orthoalization ol any valid set of moment restrictions (3.6) Ieads to thc

sarne set (3.7):

Proposition 3.4. Anv se! oJ taud moment conditions like (3.6) leads ta the saine ort?ioio,icil—

ied set ojinoiiwiii C’OJiCIUIOIJS (3.7).

Denote hy ij the (transformed) estiinator associatcd to the aboe moment conditions 3.6).
We now show that among ail the valid translormations. the orthogonalization is the best for
the standard directions and 11w worsc the slow ones.

Corollary 3.5. Considet Hie ,iew pommeler ij = FR11}- ‘H. flic lita estiniators ot)ta mcd me—
spectiiehfroin Hie GPvIM e,rtmuitor assocjated nitit Hie t,a,is/rnied set of montent conditions
(3.6) O( and /iv,n the GM1W est j,nator cissociaieci iiith the ortho,onoli:ecl set cii nioment con—

chiions (3. 7) t) cire sitch fiai:

t) flic’ oriliogonali:ation iS the best (taud) itcnisfonnciiion oJthe moment conthiions i tenns
ofihe efficiencv ofthe stancicirci directions je

.11 ne {i,Ç-] (1 ni

ii) flic orthogooalizotion is Hie oorst t icilici) trcnisformation o! tue montent co,iclitio,i.ç in
ternis of ihe c’Jjiciencv of the slow directions je

1) or [,/] «JVn, [îl

3.4 Estirnating the strongly-identified directions

In this subsection. we pmvide fcasihie way 10 estiniate the strongIy-identihed directions in
the pararneter space. Recail that these directions have heen identilied through the foliowing
reparametrization.

t tu0
[1?) f But
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wherc (.4U0) represent the s t standard directions while ( B’O) arc the weaker ones. In gencral.
ibis repararnetrization is unfeasible since il depends ou the unknown valtie of the parametcr
0D• To make this approach tèasible. the key lemma which allows us tu replace the ahove
directions hy iheir csiirnated counterparis is the following:

[ernma 3.6. (Esti,nafjni tOc rotation in tOc pommeler space)
Uncier asswnptions itt) 3. if die teclor

— 0u)

À1B ( ou)

is asvmptoticallv gaussian aud if i and B are Co,isisteilt estimalorS of .1 ami B sucli thai

then the ector
- o)

À1B ou)

iv asvmptoticallv gaissian.

In the proof al lemma 3.6. our nearlv-timngiv point of ‘ iew 15 the cssential key ta Leep thc
If convergence while relevant directions are only estimated ai the siower raie AT: that is À7-
s small in iront of If but large in Iront of [Tt u] u

4 Wald testing

In this section. ve tocus on tcsting n system of j restrictions about O. say the nuli hy pothesis
q(0) = t]. whcre !J( ) is a function trom tu P. coniinuouslv difierent inhie on the

interior off—).

First. workina under thc nuli may conduct us 10 dramatically rcvisit the rcparamctrization

o = [R’j— ‘O dcfined in section 3. Typically additional information may lead us to define

‘As alreacty mentioned. titis s ve,y similar in spirit 10 Mi NPIN estiniators of Ai,drews t 1991. I 995).
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differently the linear combinattons ut O estimated respcctivcly s ith standard and slow rates

ot convergence. To circumvent this difficulty, we do not consider any constraincd estimator

and we kcus on Wald testing. Caner (2005) ocrlooks this complication and derives the

standard asymptotic eqciivalence results for the trinity of tests. This is hecause 0e only treats
asymptotic testing when ail the parameters converge ai the same speed.

Second. as already explained. the main originality ut this essay is to allow lot the simultane—

cuis treatment ut dilïeretit idcntilication patterns. This more gencral point ut view comes at

a price uhen one wants tu test. More precisely. we may face singularity issues when some
tcstcd restrictions estimated at the slow rate ÀT can be tinearly comhined su as to 0e esti—
mated at the standard rate \/T. Lee (2005) puts lorward some high level assomptions tsee
his assomptions (R) and (G)) tu deal with the asymptotic singulanty prohiem. We show that
mir sctting allows us to perlorm a standard \Vald test cven without maintaining Lee’s (2005)

high-level assumptions.

From ont discussion in sections 2 ancl 3. we can guess that u Wald test statistic for H can
actually 0e written with u standard lormula:

Ûg(O) )o(Oi) i)t.O)

_____

çr = 7 g (0r)
dO’ do do’ go

O r)

Recall the standard rank assumption ensuring that the Wald test statistic is asvmptotically

chi-sqLlare with q degrees ot freedom:

dg(O
HinI = q (4.1)

for aIl O in the interior ut (—y. or at least in a neighhorhood ut O. As well known. this condi
tion is not really restrictive since ii is akin to say that. at least locally. (0e q restrictions under
test are liocarlv independent. Unkn-tunateiv. thc existence of dilÏercnt rates o) convergence

may introduce (asymptotically) somc perverse multicolinearit bctwecn the q estimatcd con—
straints.

The countercxample hclo\s points ont the key issue.

Example 4.1. (Cozinterectnq,te)

A,vsitnie ihat ii’e wc,,1t to test H5 q(O) = O iiith q(O) = [qj(O)ji<,.,1 coid ,iooe o/llie (J eCtOJs
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0g(0°)/80, j = 1,... , q belongs to Im[8p(0°)/80j’7. Then the extension ofthe standard
argumentfor Waid test would be to say that, under the null ÀTg(0T) behaves asymptoticaÏÏy
like 8g(0°)/80’\T(T — 00), that isfor large T, ,\Tg(OT) behaves like a gaussian

°° 8t0°)3(00_13T(0°) 8g’(O°)

80’ 80 “ ‘ 80’ 80

Imagine however that for some nonzero vector a,

,i3g(0°) — 8g(0°)

j=1

belongs to Irn[8p(0°)/30. Then (see comments afler theorem 3.1) under the nuit
#a’g t OT) is asymptotically gaussian and thus

P
ÀTag(OT) —vTag(0r) —0

In other words, even if the q consfraints are Ïocally linearÏy independent (je
Rank[8g(0°)/80’} tt)] does flot behave asymptoticaÏly like a gaussian with a
non-singular variance matrix. This is the reason why deriving an asymptoticaÏly x2 (q) dis
tributionjr the Wald test statistic is more invoÏved than usuaÏ.

Lee (2005) avoids this kind of perverse asymptotic singularity by maintaining the following
assumption:

Lee’s (2005) assumption:

There exists a sequence oJ(q, q) invertible matrices DT such thatfor any 0 E e
)

ri. r ) T)O[A i—1 r1-Lim LIT ‘ [‘TJ =
T—>oo

where 3 is a (q, p) deterministicfinite matrix offull row rank.

Lee’s (2005) assumption clearly implies the standard rank condition (4.1). However, the
converse is flot true as it can be shown from the counterexample above’8. And this is actually

‘7for any (n x m)-matrix, Irn[M] represents the subspace of R” generated by the column vectors of M. It
is also referred to as Cot[M] and Range{M].

‘8By contrast, in the case ofonly q = 1 constraint, Lee’s assumption is trivially fulfihïed.
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ahove assttmption implies that. uder the nt,ll. DT (Oi ) hehaves like D5dq(ti)/l]fP(01 11°
that s like B .\1[1?°J’ (O

— 0°). From theorem 3.1. we know that A 1[R°h’ (0 0°) nicely

hehaves as an asvrnptotic gaussian distribution. In other words. the matrix t) provides us
with the right scaling 10 get asymptotie normality of 1(0°)/dt}’(()i —

00). Howcver, we mn
prove that the standard practice of Waid testing is vaiid even without Lee’s assomption:

Theorem 4.1. (Wcild test)

(Jnder the clsslonplioos I to 3 coid if q).) is tuice co,,tini,ouslv iIiffi’rentkib/e. tue tVold test
.çtatistIc ( jet tesii,o H5 : q)O) = t) j.ç cisvniptetIcallv 2(q) under die nul!.

Whiie a detaiied prool oC theorem 4.! is providcd in the appendix. it is worth expiaining why
it works in spite oC the aloreinentioned singularity prohiem. The key intuition is sornewhat
reiated le the weli—known phenoinenon that the flnite sampie performance o the Waid test
depends on the sa the nul! hypothesis is formulated’°.

Let tis Crst irnaine a hctitious situation where the ranee ot L)[4 (0°)/d0] is known. Then
it s aiways possible to deline a (q. q) nonsingular matrix H and n q dimensiona) fonction
h (0) iIq(O) to ensure a genti me disenranglïog of the slrongiy identified and nearly—weakly
identilied directions to be tested. By genuine disentanling. we mean that for some q such
that I < q < tj:

- for) = 1. . q: [du1 t 0°)/)0] helongs 10 1m d,4 (0°)/30]

— for J = q1 ± 1. . . q: [dIi ,t0°)/dOl does net helong to liii [i),4 t 0°)/30 and no linear
combinations oC them do.

Then the perverse asymptotic singularity of example 4.1 is clearly avoided. 0f cotirse. ut o
deeper level, lie new restrictions li(0) = t) 10 he tested should he interpreted as a nonlinear
transtormution of the initial ones qtd) = f) (since the matrix J-1 depends on 0). 11 turns out

that. for ail practical purposes. hy fictitiously seeing H as known. the Wald test statistics
written with ht.) or q).) are ncimerically equal. The proof oC theorem 4.1 shos s that this is
the ke rcason why standard tVald test altays works (despite appearing invaiid al tirst sight).

As far as the sue oC the test is concemed. the existence of the two rates oC cons erizence does
not modity the standard WaId result. Ot course, the power of the test heavity depends on the

‘.oi1n e’pect. eur appreach et n ty—wat icteniificaueo cemptern u’ Oie htgher order e’ipan’.feii of
Phiti ip and tkirk t I 958).



30

strength of identification oC thc varions constraints tO test. More precisely. if. kw ihe sake of

notational siinpl icity. we consider only q = 1 restriction 10 test. we gel:

Theorem 4.2. t Lotal alternai iiCs)

Under assionpiions 110 3, the (ValU test ojH : q(0) = t) (with q(. ) one diniensional conii,io—

ouslv differentiable) 15 consisteni under the sequence o! Ioccil alternatives 1f11 g(O) =

if ami (),1lV (f either

311D)

E In, ami t(r = o()

or
Ùq(O’ ) 0f)’, OU)

1/11 . ((FUI Of
1)0

The proof of theorem 4.2 is raiher straiohtforward. In the une ot the comments follo’v ing ihe—
orem 3.! a nonlinear function q(.) of 0. interpreted as [q(Oo) + (0 —

00)]. is

al the standard rate /T if and only if

i)q(0°) 0,4 (00)
E loi

00’ 00

5 Examples

We no’v work oui seseral examples 10 illusirate the general theory of the preiotis sections as
well as to shed some lieht on hic link hetween our approach and Stock and Wriht (2000).

5.1 Single-equation linear IV model

As already meniioned. the major diflereoce het’v’vcen Stock and Wright’s 12000) frame’vork

and ours lies in considering the suhector of strongl identihcd parameters as known a priori.
Thecontext of the linear IV regression mode! sheds some light on the relationships linking the
two procedures. Consider the follo ing sinele—equation linear IV mode! with two structural

parameters. Iwo orthogonil instruments and no exogenous ‘variables for colwenience:
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y = Y O + u

I) (1,2) (2.1) (T.!)
1)

[X’ XI C +

(T.2) (T.2 (2,2) (1.2)

As commonly donc in the Iitcrature the matrix of coefficients C ‘ is art ificia!!y Iinked to the
sample suc T in order 10 introduce some tnearly)-cak identification issues. However. to
accommodate hoth interpretations oC ihc identification issues. the matrices C1 arc differcnt.
For our characteri2ation (directly through the moment conditions) and for Stock and Wright’s

characteriyation (through the parameters) we have respectively:

= “H “12
and C0 = “11 [2/1

(5.2)
c21/T c,/T2 wi 22/T2

Choosing C ° modifies thc explanatory power oC thc second instrument X only. As a
resuit. one standard moment condition natura!ly emergcs (associated with X,) and one ess
intormative tassociated with X). Intuitively. the standard restriction shoti!d identify one

standard direction in the parameter space, which is so far unknown. On the other hand.
choosing (‘“ is equiva(ent to modeling 02 as eaLIy identified. The price 10 pay for stich
an early kno1edee is the al teration oC the e\p(ana1or powers of hoth instruments. Typically
the moment conditions.

E [f — O)X,]

are respect ieIy written as:

f f(X, — 0) + Et,)wt1f0 — 0)

ftV E(X),)7r2,(0 — o,) + L(A,,),)0, — 01)

and

f E) .V)c,i(0 — ) + E)X,)c,2(0
— 02)

[V,)zr,(0 —0,) TV E).,),1(O —

or. in a more compact ay.

f plC)0[
mc! f u’(0,) + ii)0)

(53)
p’11(O,. 02) u(0,) + ‘u(02)
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for sorne real liinctions f)°(.). p.’(.). ,,r(.). r’(.). ,iî(.) and iii:(.).

We now introduce our repararnetrization oC section 2 tf) identify thc standard direction in the
parametcr space. The derivative oC the standard moment restriction is

= dU)
= ,X11) — E11)] = [—E(V1) — EtX )C12]

Hence the ntill space of .I is charactcrized hy the following vector:

R /1 where /1 E R*
zrti

It isthen complctcd into a legitirnate matrix oC change of basis RU in the pararncterspace R2:

II —7T1/t . — .,

R = sith tub) R / ur1 —lnr2
h T11/1

The new pararneter can now be deiined as foilows: I, [R”] — l() that is

f lii = 0 + t22]

02 =
—

+
I,(ui

The standard direction is cornpietely determined and not the wcaker one. The main reason
cornes from the fact that everything that is not standard is weaker: in tact. the weaker direc
tions contaminate the standard ones. when considering a linear combination of die two.

The ahove caiculation shows that. striciiy speaking. Stock and Wright (2000) and their iinear

reinterprctation oC Staigcr and Stock t 1097) arc not nested in our setting hecatise each oC their
moment condition contains a strong part (that onIy depcnds on a suhcctor oC parameter) and
a weak part. Note thai this setting (ihrough the dctinition oC the matrix (0 ) is conveniently

built so as to know o priori which subset oC the paramctcrs is strongiy identihed. Now, if we
pretend that we did not realize that the set of strongly identihed pararneter was known and

we stiil pcrforrn the change oC variahies. we get:

t)] hcnce R = ]0 p’ with i

and the chanoc oC hasis is delined as:

(I (t /1 URU = with f) =I) p —1f (1

As expectcd. we identity the strongiy identified direction as being parailel to 0. This is a
nice internai consistency resuit oC our procedure.
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5.2 Nou-linear IV model

As alrcady mentioned in the lincar case. ocir general setting cloes flot strictly ncst Stock and
Wright (2000). Howevcr. wc can sho that the two procedures are relatively close to each
other. Recul! irst the underlying assomptions on the moment restrictions:

,V€ uilq — 1) ciih E =

r — SInt’l E [otté))] mt(01) +
\/ 1

whcre O is the n priori assinuecl strongly idcntihed pararneter.

Let cis now derive the irst-ordcr conditions associated with our minimization prohiem whcn
the weightin matrix is chosen to be hlock diagonal such that Q, = Ç with Çtp
symmetric étuI rank li,. I, )—mutrix. H 1.2:

tuin (J iV PLot] (é)) +

The associatcd lirst ordcr conditions are

+ lD2(T) = O

The ahove tirst order condition cati he scen as the selection of linear combinations ot .-. It
only dcpcnds on 0 ihen. aftcr imposing

.-
1. our rcsulting meut combmnations ot ihe

moment restrictions correspond to thc ones ot Stock and Wright (2000).

Note also ihat ihe ntill spacc used tu rcparametrizc the problem can he detincd clirect)v Irouru
the ahove é)rst order conditions aticr realizing ihai:

3r(0r) ‘ d14 (00)

— do Dl

whcrc [d/é) )é)0 )/dé)’I dedncs the saune nuli spucc us [i[) (Q(l)/()O/j since Ç)01 s a Full rank

squared mairix.

5.3 Estimation of the rates of convergence

In some special convenicnt cases (as u Monte Carlo sttudy). it is possih!c tu estirnate tOc lute

ut concreence oC ocur cstimatfirs via u linear reorcssion. TOc idca is to sirnculutc thc model
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cor set eral sample sires: tor each sample size. the simulation is rcplicated 1f times to gel 11
draws of the esiimalor. hie Monte-Carlo distribution ot ihe estimale can then he dcduced and
iL variance calculated. Finally. the regrcssion ol Iogarithm of the variance on the constant
regressor and the ooarithm of the saruple size ïs perforiued:

lui( I nl(Or)) = (1 — .3 log F ± or (5.4)

vhere H j- 15 SOme error term . .3can he cstimated hy OLS and it ives an Cstimate ol the
square of the convergence rare.

Section ô helow ptovides some illustrations ol thc estimation of the rates of convergence.

6 Monte-Carlo Study

6.1 Single-Equation linear IV model

In our first Monte-Carlo study. our goal S 10 vcrity the mite sainple relevance of our asymp—
totic theory. In particular. e use the irnear regression technique developed in section 5.3 w
estirnate the rates oC convergence oc the transformed parameters as well as the ones oC the
original parameters. Recail lirst the linear model ofcxample I in section 3.2:

= Y f) + n

(T. I) (1.2) (2,1) (T. I

{X1 X2j c +
2.

(1.2) (T.2) (2,2) (1.2)

with C- ‘!1 12
and t) < < 1/2

7i-21/1

The ahove mode! s estimated for se eral sample sires as well as several degrees of ‘ eakness.
We protide the results kw p 1/5: it corresponds in a slow convergence rate equal to

as introduced in section 2. This is a stieng i,earlv—rr’eak identification case and

\r satislies assumption 3.

GeneratI speaking the resuits are pretiy good and contorm to the theory. The main findings
are listcd here: il The variance dccreases with tire sample sire f rr the tour estimators ô-.
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0r. ‘)tr and )2T. Mureover figure J. J plots the lug—ariance as a ftinctiun of the log—simple
sizc: for the ahovc estimators. it is a fairly straight decreasing une. This gives support to the
tact that the variance is propurtional tu the sample size raised at some power:

ii) Wc nuw compare the rates ut convergence amung the sets of parameters hy studying ratios

of paramcters. tir specihcally ?/r/qIr and t)/Oq_. Fiem heure 1.2. the ratio of the new set

ofparamcters increase with the sample size whereas the ratio of the original set ut parameters

is tairly tiat. This supports the tact that ‘)17- converges aster than ir. whereas 0r and di
converge ut a si mil ar rate:

iii) Finally. we present the results u the estimation of the rates of convergence with the

lincar regicssion technique descrihed in section 5.3. Sec tables 1.2 and 1.3. According tu our
asymptutic theory. we expect tu Ond u standard rate of T’’ for i,tr and a slow rate equal tu
Tuï for the three remaining parameters. Over thc entire sample. the standard rate is relatively

well estimated. On the uther hand. the slow rate is lcss precise and we cannot cunclude to the

equality of the rates ut convergence for °IT and O. However, when wc cunsider only

larger sample sizcs (>5000). we get doser tu the cxpected result. Since the convergence is
slower. more data aie expected tu hc needed tu cunelude.

6.2 CCAPM

In this section. we report sume Monte—Carlo evidence about the intertempurally separa—
hIe consumption capital asset pricing mudel tCCAPM) with constant relatie risk-aversion

tCRRA) preterences. The artiticial data are generated in order tu mimic the dy namic proper—
tics of the historical data. Hence. we can assess the crnpirical relevance of otir gcneral setting
in such a context.

l’1ometit conditions

The Euler ecluatiuns lead tu the tolluwing moment conditions:

E [Ii(O)II,] t) with Ji(O) = —

Our parameter of inteicst is then O -j’. with the discutint factor and the pieterence

parameter: t i, ) denote respectively u vector of asset eturns and the consomption growth
ut time t. Tu be able tu estimate this model. mir K instruments Z, I, include the constant



36

as we!! as sorne taooecl variables. We then retvrite the ahove moment conditions as

E1 Ht,r(t)] = (Q) Z111

Note that stress the potential weakness of the instruments (and as a resuit of the moment
fonction, sec section 2.!). we add the suhscript I.

Data Generation:

Our Monte—Carlo desien tollows Tauchen (1986). Kocherlakota t 1990). Hansen. Heaton and
Yaron t 996) and more recently Stock and Wright t 2000). Moie precise!y. the artilicial data
are gencrated hy the method discusscd in Tauchen and Hussey (1991). This method lits u 16
state Markov chain to the law of motion of the consomption and the dividend growths. so as
to approxinlate u beforehand calihrated gaussian VAR( I) mode! (sec Kocherlakota (1990)).
The CCAPM-CRRA mode! is then used to price the stocks and the risktree bond in euch lime
period. yielding a time series of asset rcturns.

It is important to stress that since the data are generated from a general eiuilihrium n-iode!.
even the econometric ian does not know whcther (.

- ) are tnearly)—eakly identifled or not.
In u similar study Stock and Wright (2000) impose a diflerent treatment for the parameters

and - typically. s taken as strongly identihed whereas - is not. We do not make such an
assomption. We are actuatly able. through a convenient repararnetrization. to identify some
directions of the parameter space ttiat are strongly identi[ied and some others that are not.

Strong and weak moment conditions:

We consider here three instruments: the constant, the centered laeszed asset return and the
centered lagged consomption growth. To he able to apply our nearly-weak GMM estimation.
we need to separate the instruments fand the associated moment conditions) according to

their sttenith. Typically. a moment restriction EH1 (O)j is (nearly)—weak when E[s)t(O)] is
close to zero for ail Q. This means that the restriction does not permit 10 t partiai)y) identify Q.
Hence. we decide to evaluate each moment restriction [or a grid of parameter values. If the
moment is uniform!y close to O then we conctude t)) ils weakness. Note that this sttidy cati
always he periormed and is not specilicuily related 10 the Monte—Carlo setting: the Monte
Carlo setting is simpiy convenient to get rid of the simulation noise b averaging over the
many simulated samples.

Figure 1.3 bas bec)) bout with u sample size of 100 and 250f) Monte—Carlo repiications. Note
that the conclusions are flot atfected when urger sample sizes are considered.
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The ahoe study clearly reveals tu groups of moment restrictions: I) with the constant
instrument. the associated restriction xaries quite suhstantially ‘s ith 11w parameter 0: ii) with
the Iagged instruments. hoth associatcd restrictions remain fairly small when O varv oer the
grid. The set ut instrtimefltS. afld accordingly ut moment conditions. is then separaied as
Iullows:

- — 1)

trt0) [::] )
Accord ingly.

= Z 0.rtO) with E[1(O)] ( TId2) ()
As emphusiced earlier. our Monte—Carlo study simulates a general equilibrium model. Su.

even the ecunometrician does nut know in advance which moment conditions ai-e weak and
the level of this veakness. Hence. \r and ,\2r must he chosen su as to fulOli ihe following
conditions. Àr = o( s). r = ‘\IT) and = o(À1.).

In their theuretical considcrations (section 4.1). Stock and Wright (2000) alsu tteat differently
the cosariances oC the moment cottditions. The strcneth ut the constant instrtimcnt is actually
tised tu provide some intuition on their identiticaiion assttmptiuns ht strungly identihed and
- eakly identihed). However. we maintain that if — is wcakly ideitti[ied. then it affects tlw
covariance hetween r, and , and hence the identiticaiion ut is altered bu. This aciually
matches some asymplutic resttlis ut Stock and Wright (2000) where tue weak pararneter
affects the strong one. h)’ preventing it tu converge tu a standai-d gaussian randum variable.

We nusv identitv 11w strong directions in the parameler space ia the reparametrixation intro
dctced in section 3.

Repararnetrization:

First, we define thc matrix oC the change ui hasis (or reparametrization), that enahles us tu
identify the standard directions in the parameter space. Recali that il is detincd through the
11111 space uf the lollowing matrix,

j(I = )i (0”)
‘ dO’
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Strai,ihtkwward caletilatiuns eaU tu:

3v,,(O) )*:t,t(O) Ot;1,(O) -1= = r,c : —t t

.J is ihcn upproimiited as i’o1lo s:

t) Yt I
d/t,(() ) I - -i—--— __)u

= : —

The nul! space oC ,j]t s dciincd via the (2.1 )-matrix 81 such that.

jt R = t) R1 = o

[ j ft)r any nonzcro real number t’

R2 s then eornpleted with I?, mb the matrix H so as to deflne a legitirnate repararnetrization.
In uther words. R is oC full rank. Su praetieally the only eunstraint 15 112e following.

(t -‘12sith —é—---—1) lt •]

We then gel.

Rt) = tt 011
and tpO] I

_____________________

l ii / L2

b Vit ,tt t!.]11 + 1)111) —lt t,

And the new set ut parainetcr s then obtaincd as.

t) = [R0] t ( ‘h
= ( J11 l-5f, (1 1 + it2)

‘h J jJj (—bt + a)

We can sec that the standard direction ‘li 5 eompIetely tletermined: that is the relative weights
on and —. are knosn. As a convention. we normalize alt vectors tu unity anti ‘se also ensurc
ihat 112e suhspaees dcfined respcctively hy the eoIumns ot 82 anti ni R1 aie orthogonal.

Asymptotic resuit:

Recali hrsl the adapted asymptotic convergence resait:

-\1it’IT — t) d
AttL (Jtt)0)I) ‘J0) I)

2T(t)2T — ti)
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\Vc 00W provide soflie details on Oie calccilation of the ahove asymptotie variance. .J
is

dciined as:

,j() 1?

0 f7_1i

The approximation of .I is casilv deduccd from what has been donc ahove.

By assomption S(OU) is hlock diagonal and delined as,

— I fit( IT11(’)) f)

t] )‘tir( v’ï(O))

and a usual sample estiniator is used.

Resuits:

We no’.’. pro’. ide the restiits ol OUt Monte—Carlo study. Aoain. we consider three instmmcnts.
the constant. the lagcd asset return and the laged consumption growth. and two sets of
parameter: set I (or niodel M la as in Stock and Wright (2000)) whcre 60 = [.97 131: set 2
(or model M 1h) where œ’ = [1.139 13.71. Model M lb has prcviously heen found to produce
non—normal CSti mator distributions.

First, as ttc have secn in the pret mus section. the matrix of reparametrization is not known
teven in our Montc—Carlo sciting) and ii is actually data dependent. We then investigate
the variahility of the truc new parameter )tJ• We found ihat even with small sample size

(T lUt)). the (estimatcd) truc net’. paiaincter s really stable ancl does flot depend much on
0e rcalization of the sample. For ont t\to models. tve md the ollowing truc ncw parameter:

Set I: = [—0.-1015 1 .5715[: [R°[’
= 62 —7782

: = [1.0321 — 1.2788]
.7782 .6281

Set 2: , = F— 1359X1 2017(i[: fl’]1
= .9612 —.9971)

: j]
= .89N1 — 13.97891

.9971) .06-12

b estimate mir inodels. oc use the 2-siep ncarly-weak GytM and wc producc the estimation
resuits also or Oie intenncdiate I —slep estimator.

Note also that the optimication resolution is not affcc-ted by thc rates of con’.ergcnce (A11 and
À21).
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Our findings are: i) Ail the estimators are consistent; ii) The variances ofthe estimators (for
both i and ÔT) decrease to O with the sampie size. The direct comparison between the
variances of the parameter is not much of interest, this is rather the ratio that cames some
information; iii) According to our asymptotic resuits, in case of nearly-weak identification,
the asymptotic variance of the new parameter ‘ifT should decrease (a lot) faster with the
sample size than the one of 7/2T. figure 1.4 investigates this feature by ploffing the evolution
ofthe ratio ofthe Monte-Carlo variance of2T and the Monte-Carlo variance of1T with the
sample size.

for set 1, the ratio of variances is fairly constant: this suggests that the variances of both
parameter 1T and ‘72T decrease at the same speed towards 0. This actually supports previous
findings that this model presents less severe case of nonstandard behaviors. However; this
does not support our study of the strength of the moments (see figure 1.3) and the presence
ofplateaus for two ofthem. for set 2, the ratio of7ï slightly decreases with the sample size,
while nothing like this can be observed for initial parameters. This provides some support to
our asymptotic approach even though the difference between the identification issues in the
two sets 1 and 2 is flot very compeffing from figure 1.4 or from the estimation of the rates
of convergence (tables 1.4 and 1.5). When studying the ratios, the siope is flot significantly
different from O for the new parameters and slightly positive for the original parameters.
Similarly, for set 2, aIl rates are also close to each other (0.48), slightly siower than for set 1

1/)and sigmficantly different from the usuai rate T -. The siope ofthe ratio ofnew parameters
is significantly positive whereas this is flot the case for the original parameters.

7 Conclusion

In a GMM context, this essay proposes a general framework to account for potentially weak
instruments. In contrast with existing literature, the weakness is directly related to the mo
ment conditions (through the instruments) and not to the parameters. More precisely, we
consider two groups of moment conditions: the standard one associated with the standard
rate of convergence \/ and the nearly-weak one associated with the siower rate ÀT. This
framework ensures that GMM estimators of aIl parameters are consistent, but at rates possi
bly slower than usual. We also characterize the validity of the standard testing approaches
like Wald and GMM-LM tests. Moreover, we identify and estimate some ‘If-consistent di-
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rections in the parameter space. Such tesults are practically relevant since the knowledge ni
the slower rate ui convergence is nul required.

For nutational anci expositional simpi icity, we have chosen here to ibcus on two groups ut
moment conditions only. The extension tu considerinz scveral dettees ut weakness (thin{ of
u practitioner using several instruments ut diflerent informational qualities) is quite natural.
Aubine and Renault (2007) specifically consider multiple groups ot moment conditions as—
sociated wtth specitic rates ut convcrnence (sshich may acttially he faster and/ur siower than
the standard rate Note however that they do not expiicitly consider any applications tu
identitication issues. but rather applications itt kernel. unit—rouI. extreme values or cutitinuuus
lime environments.
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Appendix

Proofs of the main resuits

Proof of Theorem 2.1 (Consistency):

The consistency of the minimum distance estimator 6T is a direct implication ofthe identifi
cation assumption 1 jointly with the following lemma:

Lemma A.

IPt0T)II = ° ()
Proof of Jemiua A: from (2.2), the objective function is written as follows

QT(O)
= [(O)

+ T
[i)

+ where AT
= [Idki

1dk2]

Since °T is the minimizer ofQ(.) we have in particular:

QT(4)

‘I’T(OT) AT “T(OT) AT W(O°) ‘I’T(°)+ 7fl( T) T + 7=p(OT) T

Denoting dT — qJ(O°)ÇlTI1(O°), we get:

T [ATP(ÔT)] + 2 [ATI)4)]’ 2T’T(OT) + UT O

Let T be the smallest eigenvalue of lT. The former inequality implies:

JLTIIATp(OT)I - 2IIATP(OT)II X IIT’T(0T)II + UT O

In other words, XT = II ATp(T) solves the inequality:

2 2QTIT(OT)II UT
XT

JLT PT

and thus with
c\ 1 1,1 \ 9 j

A tT’I’Tt7T) UT
LXT

—

IT
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wehave:
IIT’T(0T)I -

<X
< IT1T(0T)II +

ItT [LT

$incexT )‘TIIpT(T)I wewanttoshowthatxT Op(1)thatis

IIQT’T(OT)II
Op(1) and AT = Op(1)

which amounts to show that:

IQT’PT(0T)I
= Op(i) and = Op(i)

UT P’T

Note that since det(QT) - Uet() > (]no subsequence of qJ can converge in probability
towards zero and thus we can assume (for T sufficiently large) that IT remains lower bounded
away from zero with asymptotic probability one. Therefore, we just have to show that:

IIQT1T(0T)II = Op(1) and UT Op(1)

Since trace(T) - trace(Q) and the sequence trace(QT) is upper bounded in probability,
so are ail the eigenvalues of ÇIT. Therefore, the required boundedness in probability just
resuits from our assumption 1 (ii) ensuring that:

SUp II’Tt)II ep(i)
OcO

The proof of lemma A is completed. Let us then deduce the weak consistency of T by a
contradiction argument. IfT is flot consistent, there exists some positive such that:

P[wT_o0ll >]
does not converge to zero. Then we can define a subsequence ), such that, for soine
positive r:

p{IIOT,,_O0II>] forneN

Let us denote

= inf )p(O) > O by assumption 1(i)
II0_0°II>E

Then for ail n é N:

P [IIntôuiI
>

> t)
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\Vhen considerine ihe identilication assumption I (iii). ihis Iast inequality contradicts lemma
.1. This completes the proof of consisiency. •

Proof of Theorem 2.2 (Score lest):

The entire proof is written under the tnaintained nul! hypothesis that ( = O. The score
statistic cnn he wriuen as follows:

Ll1(t) T3(O)F’
)(U) st

-
2111 U

_12h(0 (f?), 1(U))
I T PU ‘ PU’

x
,

s;2 (s1’ 1j(p))

Fwm assomption lt ii) 5 11Jr(U) is asymptotically distrihuted as a gaussian proccss with
mean O and identity covariante manix. Tu he able tu conclude. we only need tu find an
invertihle matrix J)r and n full column rank matrix B such that

Pu1(U) p
D1 B

This vocild enscire that

1/2 0r(0n) P(o)u) -1

______

P(O,,) ,

PU’ PU ‘ PU’ PU’

s a lui! tank p idempoient Inatrix and this leads to the dcsired resuit. Using assomption 2t iid.
‘.‘e call

.
the rank of [Pp, (U)/PU’ and (p — ) ihe one of [Pp(U,) /PU’. Detine

[, J]

where D, and D are respectively (p. s,) and (p. p — ) ‘tiTI coluinn rank matrices such
that D’, 1J = t) and the range ot D1 is the ange of {Pp, (U )/PU’ï. This ensures that D1 is
invertihle for every lixed sample size T. We now have:

‘j” D1 ««« D,
I

h(l)D VT’N

o,)
p —p—D U

B which s oh Itiil column tank pU ‘D.,
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whcre the zero south—west and north-east hiocks of B are deduced respeetiveiy ‘rom assomp
tionS 2( iv) and t y). I

Proof of Theorem 2.3 (Raie of couic rgeiice):
From lemma A lp(0r)I Wn(0r) = I /,\) and hy application of the mean
aine theorem. for some lT hetwcen lir and 0a componeni hy component. we get:

rr)
(i) (*)

Note that. hy a common abuse ni notation. we omit tc) stress that 0r actuaiiy depcnds on the
component of p).). The key point s that since p(.) s continuously differentiahie and 0g’. as

converges in prohahiiity towards O. we hayc:

Op( Or) i’ 3p 0)

(30’ 30’

anti thtis:
Pp(0’’)

x ((& —

o)
=

with zTÎ = OI(i/\7). Since 31)(OU)/30/ is full coiumn rank. wc deduce that:

i)p’(O° (iptO)
-‘

3p’tOt’)
)0i ) — 30 30’ ïï ‘

also tuihiis:

. — =

. ()
Proof’ of Theorem 3.1 (/tsviopioik iVotociliri3:

First we nced u preliminary resuit vhich natuiatly c\tend the con\ergcnce toards .J’ in (3.2)
whcn thc truc value 0’ is replaced by some piehminaiy consistent estimator 0).

Lemma B. Under a.vsioipnons 110 3. ifO_ is such ihai )0 — 0° = C)p) I/\-r). tien

—3 (0)
-

y I C pU J° uhen j
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Proof of Lemma B:

first ilote that

8’1T°)R0 V1TtO)R0
‘TT)R0À_1 — 80’ 1 À 60’ 2

80’ T
— O’2Tt°)R0 \/02TtO)R0

80’ 1 >‘T 80’ 2

To get the resuits, we have to show the following:

— f 0
• 1T(0T) P 8PiO

-÷

60’ 60’

______

P 0p2(0°)

\T 80’ 60’

:((î)
80’ ‘1

iv)
Ç6,0Ro

i) From assumption 2(iv), we have: 8(6°) — 6pi(0°)
= op(1). The mean-value theorem

applies to the ktk componeffi of [61T/80’j for 1 < k k1. For some between 0° and
we have:

< tû* (t3O’, 2Z rUY1T,klUT) tY1Tk’ ‘
— ro 001 Y1T,k’T

—80’ 80’ — T — 8080’ — °

where the last equality follows from assumption 3(u) and the assumption on 0.

ii) From assumption 2(iv), we have:

DpitOo) v”62T(0°) 6p2(0°)vT
80’ — T

80’
= e(i)

60’ — 80’
op(1)

because ‘\T - oc. The mean-vaue theorem applies to the kth component of 842T/8O’ for
1 <k < k2. For some 9T between 00 and 0, we have:

f 6,k(0) 62T,k(00)
—

_______

80’ — 80’ ) — t T O ) 8068’
= op(1)

where the last equality follows from assumption 3(u) and the assumption on 0.

iii)
82Tt0) “T 89Tt0)

80’
X

60’
= op(1)
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because of(ii) and ‘\T o(v).

iv) Recail the mean-value theorem from i). for 1 < k < k1 and T between 00 and 0,
we have:

V3&T,k(0) \1T,k(0°) 0’

_______

80’ = 80’
+ ÀT 0T aoao’

The second member ofthe RHS is op(1) because ofassumptions 1(iii), 3(u) and 3(iii) and
the assumption on 0. Now we just need to show that the first member of the RHS is op(1).
Recail from assumption 2(v) that

r- 3(klT(0°) 8pi(0°) v’ 8(0°) 8pi(0°)J f Ï
V T

80’ 80’
= Op(1)

80’ — 80’ j
R °P

By definition R is such that R = f). Hence we get

\Q1T,k(0°) (, r ï
R2 Op = op(1)

\r 30

This concludes the proof of lemma B. We now remm to the proof of theorem 3.1. From the
optirnization problem (2.2), the first order conditions for T are written as:

8T(0T)()
= O

A mean-value expansion yields to:

kT(0T)Ç(00) +
x (ÔT - 00) =

where °T is between T and 00. Premultiplying the above equation by the non-singular mafrix
TÀR0F yields to an equivalent set ofequations:

î + JJ X AT{R°] ( - o°) = o
after defining:

JT
8’)

R°Â’ and JT
8T(OT) R°À’

from theorem 2.3 and lemma B, we can deduce that:

PtimJT = J° and PtirnJT = J°
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Heoce.

•is J1 —J nonsingtilar hy assumption

Recali nos that hy assomption Iii). ‘1’T(
OU)

= \T [ 1(O
)j coiïvergeS 10 U normal distrihLl—

lion with meiin O and variance 5(OU), We ihen cet the announced resuIi.

Proof of Theorem 3.2 (Ot’eridenti/’ing tes!):

A Taylor e’pansion ot order I oC the moment conditions givcs:

et r) = (0’) ± tt) —

O) + Op( Ï)

= t .JF\ih’1 ‘((r — O”) + p(i)

with ,I = V/T3r(0r)/301R’\t.

A Taylor e\pansion oC the FOC gives:

XT[R5] ‘(0F — O) =
— [(3rt0r)nJ_i)’ -i (t)f)]

X Ru1) t(Ou) + ()p(l)

with S1- a consistent estimator ot Oie asymptotic covariance matrix oC the process ‘1J(O).

Comhinine the 2 ahove resuits Ieads 10:

VTvr(Or) = \/ “T() Ji [.is ‘f1] -15 Tt(O”) + op( 1)

Use the previous resait to rewrite the criterion tunction:

=

= [\‘ito” — ir ‘J]
-

JSF’v’i (Ou)]

[vto
— Ii [is1’i] JF) s’(O”)] ± Op()

= [vT(o”)]’ ‘

_\()uJ F {i;s’.i]
-‘

J)5t\/(U)
+ p( I)

= \T)TtOU)S 1/2
[J \I - 1J oh Up)Ï)
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where
l/2

is such that ST
= 3,_Ï/2$1/2 and M = ST’JT [Js’JT]

-1
j1/2 which

is a projection mati-ix, hence idempotent and ofrank (K
—

p). The expected resuit follows.

Proof of Theorem 3.3 (OrthogonaÏization):
Recail the inverse formulae:

s—l
— [Sj—’(I + 5’2P’S1[S]’) —[S?j?9P—’
— —P’2i[?]1

r—1 r—1O rç’oi—i
‘ 121 2]

—
—[s95’1Q—’ S’(I + 51Q’5?9[b?]’)

with Q =
— i2 [1 1 Sy and P =

—

B [31 1
12•

Recail the block-diagonality ofthe mati-ix J° (see page 15):

6pj(6°) R°
Jo— 39’ 1

— ‘9i(O°) o
V 60’ ‘2

Recali

AVai-(1r) = and AVar(ir) =

We need to compare the north-west and the south-east blocks ofthe above matrices.

Straightforward calculations leaU to:

O
[JO![E0]_1JO]_l =

r 71
O t32’R2]

with A, for i = 1,2 and Q S1 — S12$1S21.

On the other end, we have:

— 4Ql —QSS
=

(A B
—

—SS21Q’i1 i [S’ + 3’S21QS12S’] ‘2 —
C D

with B’ = C.

i) Wehave AVar(rilT) = A’ ±A’B(D — CA’B)CA’ thatneeds tobe compared
toAVar(lT) =
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Note that i
= (‘o ‘)

‘.

Hence it isenouoh tosttidy .L’BD — C-1 ‘B) ‘CL’.
Recail that i ur(71T) = (D C’ ‘B) ‘, hence it is a positive detinite matrix (sec also
ii)). ÀIso wc have B = C’ and syrnrnctric. Then. we can deduce that .L’B) D
C V’ B)’(-V is positive scrni-dciinite.

Finally. WC can coflcludc:.il art i,r)

ii) We have il ,,( = t D — Ci B) that needs ta he comparcd to 1’,,r(,21)
(ks’’f2) ‘.

It is enough to compare D — C’A B with fÇS1

D — Ci ‘B = s;’ + ï I’S,Q’S,as2’

—‘7’S2tQ ‘i, [-‘ ,] -‘ ‘S,S’

The Iast 2 tcrms oC the RHS can he uewritten as ollows:

‘S21QS,2S, ‘R JS, t,Q t, [e-’,] ‘Q’S,S., ‘

= s2’s2i{Ï’_Q ‘1 ‘if’h’,2 ‘}s2s1

It is enough to sttidy he middle ,natrix that appears hetwccn thc bracLets:

Q ‘— c’ft, t’2-’1F’ ‘ï’

= Q 12’ {i_c) 12j, () 12F}ç1/1

=
11F {i — XtX’X)-’X’} Q Il

with ‘ Q ‘‘Q ‘* E Q- 2R, and 1I\- E ï— XtX’X)’X’.

Finally. we have:

D — (‘.V’B = ‘ + (
In)’

(12, ,)
» Is2 ‘if,

hecause hy definition is a projection matris. Hencc it is positive semi—detinite as eII as

f1tI\ 11 Cor any matrix H.
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We can then cencInde:_Ha,(,,r) ur(’r). •
Proof of Proposition 3.4:

We consider the following set of moment conditions.

f ()‘) f O) + ff,1(Ot’)
‘((}U) )

scieh that
)1[ J Q(I)

—
p’ -LI’ ‘ V Jj(U)

Çt 9u)
— I2

(0a

where ‘i’() is a Gaussian random variable with mean zero and variance

— P’ + IJ5[1’ ± 5H’ + H5 S. + IJS’
— S, ± SH’

The ahove set is orti oeonalized as Follows:

(Ofl) — (J3(O1) Vï4t0U)) [\(Lï (v/?,())] rt0”)
FI ((}L)) ) \\

j

wiih

f(U)
= + [Ï,r(OU)

— (S, + HS2)S’r(O”)
= «,1(0D)

± fb)1(0) S,,5. ‘(O’)
— I[1T(O)

= s,

I

Proof of Corollarv 3.5:

The proof directly lollows trom the tesuits ol Theorcrn 3.3 and Property 3.4. I

Proof of Lernina 3.6

In theorcm 3. I. we have cstahlished that the following vector is as) mptoticalI norrnally
disirihttted:

— o”)
ri (o — 0n)
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We now show that the above convergence resuit is not altered when matrices À and B are
replaced by some \T-consistent estimators, respectively A and B.

(i) Convergence of the nearly-weak directions:

TB (OT_0°) =T3 (oT-oj +T (Ê B) (êT -00)

(1) (2)

(1) Op(1). B is a )T-consistent estimator of B, so clearly (1) dominates (2): this is
denotedas (2) —< (1).

(ii) Convergence ofthe standard directions:

À (ê - 00) À (ê - 00) + Ç (Â - À) T (O
- o°)

Wehave(1) = Op(1)andT(Ô—0°) = Op(Ï). Hence,

(2)(1) Ç(Â_A)=oP(1)Â_A=oP()

By assumption — À = Op(—), so we get:

(2)(1)=o() =o()

which corresponds to assumption 3(i).•

Proofoflheorem 4.1 (Wald test):
The proofis divided into two steps:

- step 1: we define an algebraicafly equivalent formulation of H0 : g(0) = O as H0 : h(0) = O
such that its first components are strongly identified while the remaining ones are nearly
weakly identified without any linear combinations ofthe latter being strongly identified.
- step 2: we show that the Wald test statistic on H0 : h(0) = O asymptotically converges
to the proper -2(q) distribution and that it is numerically equal to the Wald test statistic on
H0 : g(0) = O.

- Step 1: The space of strongly identified directions to be tested is:

10(g) = [a(o0)]
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Dcnotc ,tD(q) the dimension oC f’’(q). Thcn, ainon dc q restrictions to he testcd. ,,U() arc
stromily idcntihcd and the (q — ti(q)) rci amine ones arc ncarly —weakl idcntiCicd.
Dehnc j vcctors oC “ dcnotcd as , (j = L . . . q) such ihat q(0t )‘dO x is a hsis
oC 1°(y) and [Og’(O°)/PO x tI]q,_ a hasis ni

[[Ut!))] n
dUU)]

We can thcn dciinc a ncw formulation oC thc nuli hypodcsis I[, q(O) = C) as: Jf : h(O) =

t) wherc Ii(P) = Hq(O) wtth II invcrtihle matrix such that II’ = [ft ]. The two
tormulations arc atchraicaliy equivaleni since )t(O) = t) q(O) = U. Moreos cr.

)CP
R” L\r] ] = B”

with D7 a (q. q) invcrtible diagonal matrix with its ftrst ,t’’(j) cociflcients cquat tt) “T and
the (p — n’’(q)) remaining oncs equal to \T and B’’ a (q. j’) mairix with full colurnn rank.

— Step 2: hrst wc show that the 2 induccd WaId test statisties arc numcrically equal.

g) = T!]’((r) { TT)] )‘() } jt)î)

= TH’q’(ti) { ffJ(°t) [/)r), t3ir)] - t
3(O }

-

=

Thcn we show (/,) - 2(q). First wc nccd a prcliminary rcsult hich naturally cxtcnds
thc ahovc convergence toards B” whcn O” is rcplaced hy a ,\1-consistcnt cstimator O-:

PI,,,,1 D1
/ = B

(J’)

Thc proof is vcry siinilar 10 lernrna B n dc proof of thcorctn 3.1 and is not rcproduccd herc.
Note that the fact that q(.) is twice eontinuously ditÏcrcntiahle is ncedcd Cor this proof.
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The WaId test statistie on itt.) can he \vrittcn as Ioliows:

(it) = 1 [i,ttt]’ { Dî]
[33i tT7)] ‘Oh

Dr} [DTItftT)]

= [Dïittti)]’ { D1,’ Rtt t [i t tR’’
/)it’1)

D } [fiI1)]

where ,jr di)
‘-T with ) jfl and ,}S.’Jr jOf [)(t)J I J)) =

Now iont the mean—value thcorcrn tindcr J!5 we deduce:

Dih(r) = DT (fT
— s) = [DiJRtÀ1t] []

_t
— 05)

wiih [DTi)) itt] B5 and Xr [R5]
t Q — 05)

‘
(t) Vt)

Finally wc gel

!(/t) [r[R)t] t(j — (itt)] B( PVB/)t P [tt t (J 05)] ÷ t I)

Followinti the proot ut theorem 3.2 we gel the expectcd resut. •



Table 1.1: Sinle—eqtiation linear IV mode!: Estimation resuits for tue variance of the Monte
Catin distributions oC thc new pararneters i- as wetl as the original one k)r various sample
sizes.

T Var(i,jr) Var(r) VurOtî) Var(f)11)

50 t).0534 0.0264 0.0233 t).00X 1

100 t).0236 0.01799 0.0154 0.0056

20t) 0.t) 33 0.0 I 03 t).f)0$2 f).0037
30f) 0.0093 0.008t) 0.0059 t).0030

400 0.0073 0.0058 t).004 I 0(024

500 0.0060 0.0049 0.003! f).002 I

600 0.005 I t).0044 t).0029 0.0019

700 0.0042 0.0042 0.0027 0.0018

SOt) 0.0035 0.0039 0.0026 0.00 17

900 t).003 I 0.0035 f).0023 0.0015

I 00(] 0.0t)28 f).0033 0.0022 0.00! 4

I 5t)0 t).0t) 19 0.0023 0.00! 5 0.t)() I t)

2000 t).00 14 t).t)020 t).00 12 0.0009

3000 t).0009 t).00 15 0.0009 0.0007

5000 0.0005 0.00! I 0.0006 0.0005

6000 0.0005 0.00! 0 0.0006 0.0005

700t) 0.0004 0.00f)9 O.t)005 O.t)004

$000 0.0003 0.0008 0.0005 t).0004

900f) 0.0f)03 0)0O$ 0.0004 0.0004

10000 0.0003 0.0(X)? t).0004 0.0003

1 1000 0.0002 0.0007 t).0004 0.0003

12000 00f )tt2 0.0006 0.0004 0.0003

1300f) 0.0002 0.0006 0.00t)3 0Mt)03



56

Entire specter ut sample sizes

4 95’% Conlidcnce Inters al Estirnated rate

‘)ir -0.9976 -1.01 I 1 -0.9842 0.4988

‘OT -t).6806 -t).695t) -0.6663 0.3403

tt -0.7577 -0.7808 -0.7345 0.3788

r -t).6 130 -0.622 t -0.6039 0.3065

Lanie sample sizes (>5000)

95% ConHdce Inters al Estimated rate
i1 -0.9903 - 1.0042 -0.9764 0.495

i)- -0.6267 -0.6692 -0.5841 0.3133

Or -0.6667 -0.7088 -0.6246 0.3333

Or -0.6046 -0.641 -0.5681 03023

Table 1.2: Single—equation lincar IV mode!: Estimation of the coetOcients in the linear
recression (5.4) and tOc rates ut eonergenee ot tOc sarianec series.

Entire specter of sample sues

Estimated slope 95(4 Confidence Interval

ILI( 1/21)/ Vor( ‘ir) f).3 I 7f) 0.2905 0.3435
ot(O,f)/ 4ir(O1)0.I447 t). 1209 0.1685

Large sample sizes (>5000

Estimated slope 95(4 Confidence tnterval
I 4ir(fi)/I 4i”(i/IT) 0.3636 0.31 14 0.4 158

I ut(O)/) ur(tir) 0.0621 0.0478 0.0764

Table 1.3: Single—equation linear IV moUd: Estimation ut the 3 coefficients for tOc ratio
series.
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Lanze sample sites t>) 00(X))

3 9% Slope 95% CI
OIT -0.9862 - 1.0069 -0.9654 0.493 I I a r) ‘)ir) -0.Ot) I I -0.0068 C).0046

oï -0.9872 -1.0071 -0.9674 0.1936

1T —0.9879 — 1.0072 —t].9686 0.4910 1 4 (Oiï (/1 t(r(i,T) 0.0006 0.0002 0.0010

12r -0.9885 - .0077 -t).%93 0.4942

Table 1.4: CCAPM Or set I i) Estimation of the 1 coelficients in the linear regresSion (5.4)
and Ihe rates o convergence of the variance scries: ii) Estimation of the 3 coefficient for the
ratio series

Large sample sizes (>10000)

.3 95’7 CI Rate Siope 5% CI
i0 -t).9674 —0.9872 -0.Q477 0.4837 1 tI?(r)/ I ur(ihi ) 1)001 $ 03)010 0.0027
921 -0.9656 -1)9854 -t).9458 0.4828

0IT -1)9633 -0.9831 -0.9436 0.4816 1 r(Or)/ Lit((h1) -0.0002 -0.0052 0.0048
n21 -1)963! -t).9828 -0.9135 0.48)5

Table l.5: CCAPM lbr set 2: i) Estimation of the 4 coefficient in the linear regression (5.4)
and the rates oC convergence oC the variance series; ii) Estimation ot the 3 coefficient for the
ratio series
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Chapitre II

Testing parameters in GMM without
assuming that they are identified: a
commentt

Ihis chapter is based on a paper co—atithorcd ith Erie Reiiaiilt
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1 Introduction

lii a recent paper published in Econometrica, Kleibergen (2005) proposes a GMM-LM based
statistic, the K statistic. It uses a modified estimator of the Jacobian, asymptotically uncor
related with the empirical mean ofthe moments. This property permits to relax the full rank
assumption on the Jacobian and even allows the application of the test in case ofweak instru
ments. In this chapter, we shed some light on power calculations for the K and LM (or score)
test statistics. These calculations are produced for several identification issues, from strong
to weak, and for some mixture cases of the former.

Kleibergen (2005) starts with ajoint central limit theorem on the moment conditions T(O°)

and their associated Jacobian [aT(0°)/3O’]:

Assumption 1. (Joint CLTfrom K1eibegen (2005))

[
[(o0)]

[t 0)]]
with J(0) E

[(o0)]

follows an asymptotic gaussian distribution with mean O and variance V.

The identification is strong when J(0°) is full-column rank and weak when there exists a
deterministic matrix C such that J(O°) -. To test H0 : O = O, Kleibergen proposes the
K-test, robust to any case where strong identification fails’. It is a modification ofthe standard
GMM score test: instead of computing the LM test as a nonn of t0)_1T],

[4o)] is

replaced by the residual of its regression on the moment conditions. More formalÏy, [0o)]

is replaced by

____

6(0)
- COI)

[O(Oo)
(0)] [Var (tOo))] ‘(0o)

It has been shown in the literature that this correction generally provides finite sample im
provement, without modifying the standard first-order asymptotics: see e.g. Antoine, Bonnal
and Renault (2007), Donald and Newey (2000) and Newey and $mith (2004).

1The precise identification pattem does flot need to be known for the test to 5e valid and performed. Note
also that we distinguish between the true value of the parameter (00) and its value under the nuli hypothesis
(0e).
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We want to investigate the power of the K-test and compare it to the power of the standard
score test. For this, we go one step further in the specification of the identification issues.

We think that rank deficiencies of the Jacobian must be more tightly related to the moment
conditions themselves. More precisely, we use the framework of chapter 1. Everything starts
at the moment conditions level: they are partitioned according to the information they carry,
say strong or nearly-weak. In this framework, the Jacobian naturally inherits a similar paffem,
which may explain the asymptotic rank deficiencies. Since the knowledge or the estimation
ofthe degree of weakness of each moment conditions is not required to perform inference,
we find that this framework is not much more involved than Kleibergen (2005). Moreover, it
helps clarifying power calculations as shown later.

The chapter is organized as follows. first, we quickly recail the framework of chapter 1.
Then, we present the power calculations ofthe LM and K test statistics against a sequence of
local alternatives. We also discuss testing subsets ofparameters. finally, we conclude.

Ail the proofs are gathered in the appendix.

2 Power against a sequence of local alternatives

2.1 Framework

li chapter 1, we proposed a framework where the moment conditions are partitioned in terms
ofthe information they carry. Let us consider here similarly two groups ofmoment conditions
and the associated central limit theorem assumption:

Assumption 2. (CLTfrom C’hapter 1)

[(:
— n(O°) ] (t), 5(00)) with O « T «

2Tt )—p2( )

The first group has k1 standard moment conditions whereas the second one has k2 weaker
moment conditions. -\T represents the degree of weakness of the second group of moment
conditions, or the speed at which the associated information disappears. This is a convenient
way to acknowledge that moment conditions may carry information ofheterogeneous quality.
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Weaker moment conditions contain fragile information that needs to be preserved because it
is still relevant. We will see that, with heterogeneous quality of information, the transforma
tion of Kleibergen may alter the asymptotic behavior ofthe test statistic. This is in contrast
with standard GMM.

The Jacobian matrix naturally inherits the above special design:

Assumption 3. (Assumption 2(1v) and 2(v,)frorn chapter 1)

9(•)
f8n(O°) 3jo°)

= Ptim
1T(0°) \32T(0°)

86 30 T—œ 30 T 36

/ iT(°) 3p(0°)
2(v) vT

—

0p(1)

2.2 Power ofthe K-test

We investigate the power of the LM and the K-test. Basically, if H0, say 0 = 0, is false, we
would like to know the probability that it will be rejected. Since we work with asymptotic
distributions, for any 0 Oo, the answer is 1 with a consistent test: this does flot lielp the
comparison. Hence, instead of looking at an infinite sample, we want to find an approxima
tion for the case of a finite (but reasonably large) sample. The classical solution is to assume
that the data-generating process is subject to a Pitman drifi. More precisely, the data in a
sample of size T are generated by the model element 0(T) 0 + with ‘y the direction and
6T the rate of local departure. This device ofusing a sequence of local alternatives will be the
basis ofthe following discussion ofpower properties ofthe LM and K-test. We consider the
following sequence of local alternatives:

H0:0=00 vs Hi1:0=0tT0o+

Twhere ‘y is a fixed determrnistic p-vector and T a determirnstic sequence such that T — O.

Our approach follows, for instance, Davidson (2000, chapter 12.4)2. Note that under the

21n this paper, we do flot investigate the power properties of specification tests under a sequence of local
misspeciflcation alternatives, as done for instance in Newey (1985). Note again the distinction between the true
value of the parameter (0°) and its value under the nuil (0e). See also the discussion in Hall (2005, 5.3) about
the connection between a rejection of H0 and a misspecified mode!. These considerations are beyond the scope
ofthis paper.
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alternative, for each T, the true value ofthe pararneter 0(T) depends on the sample size.

Let us recail first the definitions of the two test statistics, where ST denotes a standard con
sistent estimator of the long-term covariance matrix S(0o):

Definîtion 2.1. To test H0 : 0 Oo, (I) the LM statistic is defined as,

LM(00) T(0o)”2AT(0o)”2T(0o)

• h A — —1/28T(0o) F0(9o)-i8T(0o)1’ 8(0o) —1/2’wtt T(O0)
— T

‘
8o T 6e’ j T

(ii) and the K statistic is defined as,

K(00) T(Oo)”2ÀT(Oo)’’2T(0o)

•

— 8TO) t(°o) -1 OT(0O)] ‘ 6(0o) q-1/2’Wit T°O) —
‘ T 80’ ao T g’ ] 80 T

The above definitions emphasize that the only difference between the two test statistics is
their weighting matrices, respectively AT(9o) and ÂT(Oo) for LM and K. The main result of
this section, theorem 2.5, compares the powers of the above test statistics against sequences
of local alternatives (when valying 6T and -y, respectively the rate and the direction of local
departure). To precisely understand when and how the LM and K behave differently, we
study first the asymptotic behavior of the key elements defining them: [v/h/12TtOo)],

the corrected Jacobian and the matrices AT(0o) and ÀT(0o). The following theorems collect
these resuits.

r —1/2Theorem 2.1. (Asymptotic behavtor ofv TST ‘kT(Oo))

Under H1T.

(i)If6T =

ST’Tt0o) At(U, I) + $‘2(0o)c where c’
= [i8fl(Oo) o]

(ii) ifT =

-Ify E
[aPoo] /1/2(0) O ()

- 1f7 E 1m [0] t “2T(0o) (O, I) — 8’/2(0o)c where c’ = [o i8PO)]
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Next, we show that the corrected Jacobian does flot behave in a standard way with nearly
weak identification.

Theorem 2.2. (Asymptotic behavior ofthe correctedJacobian,)
Under H1T:

(i)IfT =

iâ t ,96pitOu)
V)Tob0) j V I

80’ ,\ dp(Oo)
T i

(ii) IfT = )T and)» # (nearÏy-sfrong identification):

‘i (13 \ t /8P1(Oo)/UyT,U0) V I

‘ 30’ 3P2(Oo)
T

(iii) IfT —
)‘ and 4 « v (‘nearly-weak identification):

fd(T(O0)
(8(Oo)

T ,

where B(0, ) is the (k2 x p)-matrix with Jth column definedas
pi(Oo)

B1 = Goy (Oo)
T(0O)) S-’(0) ( 0 7) orj = 1,... ,p.

Theorem 2.3. (Asymptotic behavior ofthe mati-ix AT(0o))
AT (00) is asymptoticalÏy eqitivatent to thefollowingprojection (‘fiuÏÏ-column rank,) matrix

A(80)
=

çl/9(0 )d o) [8P’(0o)sl(o)8P(Oo)]
-‘ a:0)s_h/2/(oo)

Next, we show that the weighting matrix ÀT(0o) inherits the non-standard behavior of the
corrected Jacobian with nearly-weak identification, while it behaves as AT(0o) with (nearly)
strong identification.

Theorem 2.4. (Asymptotic behavior ofthe matrix ÀT(0o))
(j) IfT = \/, AT(Oo) is asymptoticaÏly equivalent to the projection mati-ix A(00).
(ii) If6T = ?‘T and4» V, AT(0o) is asymptoticatÏy equivatent to the projection mati-ix
A(00).
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(iit)If&r=\Tand)%« ..

- when N isfidÏ-coÏumn rank, ATt3o) is asyrnptoticaÏÏy equivalent to

AT(o) SI2(O0)N {N’s’(o0)N]1 N’$1/2’(00)

ap1 (6°)

with N ( ) and B(00, lias been defined in theorem 2.2

- when N is notfitll-coÏumn ranlç, AT(%) is flot asymptoticalÏy equivalent to aprojection
matrix ofrank p.

The question of interest is to detennine when the asymptotic equivalent matrix of ÀT(Oo) is
a projection matrix ofrank p and when it is not. In general, we cannot answer this question.
There is at least one case where we can conclude that ÀT(o) is flot asymptotically equivalent
to a projection matnx. This happens when is flot spanned by the colunni-space3 defined by
{ap(oo)/aO], that is when is not identified by the standard group of moment conditions.
More formally,

I apy(oo)
7 E 1m 7=0ao

8p1 (Go)

== N with Rank N <p

== [N’S—’(00)N] is not invertible

A(O) is flot asymptofically full-colunm rank, hence not

equivalent to a projection matrix of rank p.

We now state the main resuit ofthis chapter.

Theorem 2.5. (Power oJLM and K test statistics,)
(ï) With strong identification (onÏy standard moment conditions,), LM(00) and K(00) are
asymptoticaÏly equivalent. They have thefolÏowingpower against local alternatives HIT at
rate 6 =

K(00) LM(00)
- xt) (under HiT)

3RecaÎt from Chapter I that the column-space defined by a matnx M is denoted as Ini[Mj
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with = and o y7

(ii) With nearly-strong identification ( » LAI (Os) and K(Oo) are asymptotically
equivalent. They have thefoÏÏowingpower against local alternatives H1T:

- when T = V and7 e 1m [6p’1(Oo)/60]:

K(Oo) LM(Oo) - (under HIT)

with JL
[700)

O]S’(O)
[8P1o)/80’7]

and
ap1(00)

- when r = v’7 and7 E 1m [8p(Oo)/3O’, thepower is equal to the size:

LM(Oo) --* x under HjT

- when &r = )‘.r and7 E 1m [3p’i(Oo)/80]:

K(oo)LM(oo)OP() and K(00)>O (underHlT)

/ ]_
- when T = ?T and7 E 1m [8p1(00)/aO]

K(00) LM(&0) (under HIT)

with JL = [o !8f)(oo)]s_l(o)

[ap2(o/o’7]
and 8p2(Oo) o

(iii) With nearly-weak identification (4 < VÏ), LAI (°) and K(00) are flot asymptotically
equivalent. LAI (Oo) has the saine asymptotic behavior andpower as in case

- when 5T = v: saine as the sirnilar case in (ii,)
- when T = -\T and E 1m {3p’1 (Oo)/80]: we cannot conclude about the asymptotic

behavior ofÀT(Oo)
- when àT = ?T and E 1m [8p(Oo)/t9]’: AT(Oo) is flot asyrnptoticaÏlyfiul-column

rank, hence flot asymptotically equivalent to a projection matrix of rank p.

With strong identification, both tests have power against every direction ofthe local alterna
tives at the standard rate When strong identification fails, this is not the case anymore.
In particular, the framework of chapter I allows us to find standard directions (at rate
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against which the tests have oniy power equal to the size. We can also see that the tests have
some power against siower alternatives (at rate ÀT): power that may depend (again) on the
direction ofdeparture from the nuli hypothesis. Such a power study is oniy possible because
we decided to go one step further in the specification ofthe identification issues.

3 Tesfing hypotheses on subvectors

So far, we have focused on testing jointly the entire vector of the structural parameters 0.
We might also be interested in testing a subset of these parameters, say H = /o when
O = (a’ /Y)’. To do so, Kleibergen (2005) needs an additional assumption ensuring the full
rank ofthe partial expected Jacobian with respect to the free parameters:

Assumption 4. (full rank ofthe partial expectedJacobianfrom KÏeibegen (2005))

lim E [T] is a continuousfunction of O and hasfiuÏ rank at O = (a )‘.T-.œ

Checking the validity of the above assumpfion involves several difficulties. First, of course,
Oo is partially unknown under H. But, more generally, as mentioned p 1111 in Kleibergen
(2005), “it is flot aiways straightfonvard to determine the parameters for which the assump
tion is satisfied”.

However, in the ftarnework of chapter 1, we do not meet such difficulties. Afier the conve
nient reparametrization, assumption 4 naturally holds for each (new) subvector identified by
a group of moment conditions. Post-multiplying the initial Jacobian matrix by the matrix of
reparametrization allows us to reinteipret the new Jacobian matrix as in assumption 4:

E tT(0)1 o
— E f c)1bT(O) 8T(O)

= f 8p(O) 8p(0)
t 80’ ] — t 8

— t 8?] 87],

and each submatrix [8p(0o)/t3i] has full column rank. In other words, testing the entire
subvector ?y or the entire subvector )2 with the standard LM procedure works without any
additional hypothesis.

finally, note that, in general, an additional assumption is required when testing linear com
binations ofthe structural parameters. This is b avoid perverse asymptotic correlations hap
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pening because ofthe multiplicity of rates of convergence. See also section 4 in chapter 1 for
further details on WaJd testing any transfomation ofthe parameters.

4 Conclusion

In this chapter, we have perforrned a comparative power study between the standard GMM
LM test and its correction proposed by Kleibergen (2005).

We have shown that this correction does have asymptotic consequences, especially with
heterogeneous identification patterns. Hence, we recommend carefulness, especially when
instruments of heterogeneous quality are used. Moreover, we also recommend using the
framework of chapter 1. As shown in this chapter, it is flot much more involved in terms of
specifying the identification issues. In addition, flot only it enables the use of(valid) standard
test procedures (like GMM-LM and WaId), but also it helps identify the directions against
which the tests have power.

In terms of testing hypothesis on subvectors, the superiority of the framework ofchapter lis
clear. The reparametrization (see section 3 in chapter 1) precisely identifies the directions in
the parameter space for which the standard GMM-LM test can be performed. In particular,
no additional assumption on the free (remaining) parameters is required as for the K-test of
Kleibergen (2005). More generally, this framework also deals with (nonlinear) transforma
tions ofthe structural pararneters. This is beyond the scope of Kleibergen (2005) (see section
4 in chapter 1).
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Appendix

Proof of Theorem 2.1 (Behavior of’.,/
1/2 (9) (Oo)):

The application of the mean-value theorem gives:

T(0) = — 7/T) = QT(0(T)) + f(Oo
— 0fT))

= T(0(T))
kT7

with [] the Jacobian matrix evaluated at a vector with each component between Oo and
0(T) In addition, we have:

Var[fT(Oo)] Var (to(T))

= Var{T(OT)1 + Var

-2Gov (T(etT)),j)

Var[vT(9T)1

finafly,

= 1/2(9(T)) -

We can also deduce that under H1T4:

t v’6pi(9o)

RHS() N(f), I) and RHS(2) s’2(o0)

T ‘

(ï) ÔT =

t 8pi(0o),..

f(O, I) —

31/2(9) /

(ii) T =

t v’pi(Oo)

RH$(2) $1/2(9) t 2S°’ 7

\ D’ 7

4Note that the resuit for RHS(Ï) is a littie more involved because we now deal with an element of a
triangular array. See Davidson (2000) p298 for a similar discussion and appropriate regularity conditions.
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- If7 E 1m [0PÛo)] 1/2to) = 0(1) + 0 () = 07) ()
- If7 E 1m [8ifÛo)] t T112T(00) (o, I)

— s’/(o) t I
00’ 7)

Proof of Theorem 2.2 (Behavior oftÏie correctedJacobian):
At the beginning of this proof, we treat each component ofthe moment conditions separately:
therefore, the index i = 1,. K refers to the component and flot to the group of moment
conditions as in the main text. Recail first the definition of the corrected Jacobian:

iT(00) 6(00)
- BjjT(0o)

j (j

where Bj = Goy T(oo)) S’(0) fori = 1,... , K andj = 1,••• ,p.
The application of the mean-value theorem gives:

/iTt00) aT(otT)) 9 a
30’ dO T

where [.J denotes the Hessian evaluated at a vector whose components are between 0 and
0(T) Recali also (see proof of theorem 2.1):

“T(00) =

We deduce:

______

—
[iT] v’f — + 3iJ/—

Define first the block-diagonal matrix AT (as in the proof oflemma A in chapter 1),

= ( i O ) and [‘iT the rate of convergence associated to the jth component,O

I1iT = V’for1 <‘i <k1 andtT = Tforkl +1 <j <K.
- with assumption 2(iv) from chapter 1 (about the Plim of the weJl-scaled Jacobiai) we get:
RH$(1) iiT8I.

- with assumption 3(u) from chapter I (about the Plim of the well-scaled Hessian) we get:
RHS(2) ILTH- for some fixed matrix H. This is dominated by RH$( 1).
- RHS(3) ‘-• BijvPfATp(0(T)) and (0(T))

= O under HiT.
- RHS(4) BijAT0.
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finally,

/a5T(0O)
(0(T)) [ I6pi(0(T))

V 60’ ] 7
tiT + 62(0(T))DO, dO ÀT

Study ofthe terms ofthe RIIS:

- when jT = \/ (je the i-th component is strong):

/D(iT(Oo) = 8(otT))
y 7 (9iT(OO) Dpi(Oo)

B,.

[
16p1(o(T)) 7

+
DOj 190jT 60’ J

- when ji’ = ÀT (je the i-th component is nearly-weak):

DiT(OO) Dpj(O)
+ B

6pj(0(T))

c)9 [ À 60’

V ] 7
)T

*
=

______

DPi(Oo)

aoj

* if 5T = \T and» #/)T:

rDbiT(&O) pi(Oo)
DOj

* if cT = )T and «

‘-‘.B ‘T 60’ I
[ /T6pi(0o) 7

6P2(00) ] 7
3 60’

• Extension to treat ail components simu1taneousy: we are back to our regular formalism
where the indexes 1 and 2 refer to the groups of moment conditions.
The above calculafions lead to:

7 /6ni(Oo)
60’

T6° + BT(Oo, 7
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where BT(.) is the (k9 x p)-matrix with Jth column defined as
v’Ï pi (Oo)

_____

ao’ 7BT = Cov(°°, it0o))3_1t0o)
( )

forj=1,•..ÀT P2t0O)
99’ 7

To conclude:

(ï) T = or (ii) ‘5T = )T and 4» /:

_________

30’0T(0O)

( )
‘ 8P2(00)80’

30’

(iii) T = ÀT and 4 «

/Opt(Oo)
V

____

(B(0o,7))

Proof of Theorem 2.3 (Asymptotic behavior ojihe matrix AT(0o)):
Recall the mean-value theorem on the Jacobian:

**

____

= 8(O(T))
-

aoj

_____

_______
________

8 [] 7

_______

as defined in the proof oftheorern 2.2, is iiwertible for any sample size T. We deduce:

—1

AT(0o) = 1/2BT(Oo)A [AT8
(0e)

_18T(0o)AT] AT8TfO0h!2I
80 80’ 80

-1/2’ 8p(0o) t8p’(00)9_1 Dp(0o)1’

_____

5 0) » [ (0e)
, j

which is a projection matrix because by assumption [Op(Oo)/30’j is full colunm-rank. I
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Proof of Theorem 2.4 (Asymptotic behavior ofmatrix ÀT(0o)):
(i) cT =

Â o — 1/28T(0O) (0 o) 1OT(Oo) 80o)1/2’
T( o)

— T ao’ 00 T ) 00 T

tA O(Oo)_1dT(Oo)A A
8t0o)_1/2’

= T , T T
00 T , T) T

00 T

-1/2 (9fl(Oo) (Dp’(Oo) , 0p(0o)’ Op’(Oo) ‘-1/2’
‘‘ S (Oo) 5 (Oo) ) 5 (0e)

where AT is the invertiNe mafrix defined in the proof oftheorem 2.3. The last matrix is A(00),
aprojection matrix ofrankpbecause S—’/2(Oo)Op/60’ is full-columnrankby assumption.

(ii) T = )‘T and 4 » v”: similar to (j).

(iii) àT = ‘.T and 4 « we proceed as in the case (j). From theorem 2.2(iii), we have:

[ii \ T î n t Opi(Oo) \utPTc’O) s1 I ° = N
00’ 0 ÀT1dp_sl B(00,7) ) —

- When N is fulI-column rank, [N’S’(00)N] is full rank, hence invertible. We have:

AT(0o) 5’12(00)N [N’5’(00)N]’ N’5’/2’(00)

- When N is not full-coÏunm rank, N’S’(00)N] is not invertible. Then, ÀT(0o) is not
asymptofically equivalent to a projection matrix. I
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Proof of Iheorem 2.5 (Fower ofLMand K test statistics):
(i) From theorems 2.3 and 2.4(i): AT(00) ‘- À(Oo) A(00)

LM(Oo) K(00)

from theorem 2.1(i): vsh/2T(oo) f(O, f) — 1/2 (Oo)c where c’ =
We

get (afier applying Corollary B.3 from Gouriéroux and Monfort (1995)):

= c’S’2’(Oo)A(Oo)S’2(o)c =

(ii) From theorems 2.3 and 2.4(i) and (ii): A(Oo) ÀT(Oo) A(00) K(00) LM(o).
- ifT = Vï, from theorem 2.1(i): vS”2T(0o) I(O, I) — S’/2(Oo)c where c’ =
[7!Oo) o]. Then the calcuÏation is similarto (j).

Note also that: E 1m [a00)] o; and E 1m [6o)] 1

= o.
- 1fT = ÀT and -y E 1m ], from theorem 2.1(n):

O () LM() = O (f).
Also, LPVI(00) > O as a quadratic form with a positive definite weighting matrix A(00)
- ifT T and 1m [o)]I, from theorem 2.1(u):

V5TTtOO) = V(O, I) — S’2(O)c where c’ {o -yiOo)] iien the calculation is
similar to (i).

(iii) - From theorems 2.1 and 2.3, there is no distinction in the asymptotic behavior of
\/_1/2Tto) and AT(Oo) in cases where « vï or » Hence, LM(60)
behaves similarly in cases (ii) and (iii).
- if = v”Ï, from theorems 2.1(i), 2.2(i) and 2.4(i), there is no distinction in the asymptotic
behavior ofv ‘12T(Oo) and ÀT(Oo) in cases where % « or » Hence,
K(00) behaves similarly as in the similar case in (ii).
- if = ÀT and -y E 1m [aoo)] from theorem 2.4(iii) the asymptotic behavior ofÀr(Oo)
is not clear. So we cannot conclude.
- if T = XT and -y E 1m [P;oo)] , from theorem 2.4(iii) and the comment following
it, AT(Oo) is flot asymptotically full-column rank, hence flot asymptotically equivalent to a
projection matrix of rank p. U
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1 Introduction

Pic)viding reliahie infeiencc about the parameter of interesi has aiways heen a question ut

interest in econometrics. Confidence ieeions represent a con’cnicnt way 10 withdraw such
information. For instance. these regions are htiilt after inverting a Wald—type test statislic.

It simpiy means that one coliects ail the values ot the parameter for which the test is ont

significant. Under reguiiarity conditions and smooth parameter fonctions. stich confidence

regions are bounded: intervals in the unidimensional case. and. more gcnerally. eliipsoids.

Recently. interesi fias grown in providing (valid) inference tvhen the identification of the pa—

rameter is not fuliy ensurcd. in this essay. we focus on the Ioiio ing ratio ni pararneters
(i1 > 2). whcn the denoininator (l) is close to singuiarity. Wc propose n new inference

rnethod, the Modified-Waid procedure. This method is hased on the Waid statistic. The key

dea consists in integrating the ni ormationai content of the nuil hypothesis of intctest in the

comptitation of ils metric. This correction, while preserving the comptitationai tractahility

of the method. ailows for iotbotmded confidence rcions when needed. Boundcdness has

hecome an issue since Dufotir t 1997). In the contcxt of local ainiosi ioudenh,fi cation. Dufour

(1997) provides some resuits on the characterization of the confidence regions: tinder regu—

larity conditions. these regions should hc unhounded with non—zem prohahihty. in particular.

when identification fails. Inost Wald-type confidence sets have zero confidence level hecatise
they are aimost sureiy hounded. By contrast. inference methods hascd on the Likehhood

ratio tLR) statistic do not encounter stich problems.

One practical difticulty for appiying LR statisttcs is that their caiculations require both the

unconstrained and the constrained estimators. whereas Wald-type statistics oniy invoive the

unconstrained one. This mainiy explains the popciiarity of Wald—type inference rnethods.

despite somc weii-known and documented drawhacks. Our Modified-Wald procedure is

computationaliy friendiy. just like the classic Waid method, and corrects for its Iack of un

houndedness. Whcn idcntificatiott Failsat the fiontier oC the paramcter space. in the spirit
of Duifour (1997). we show that the prohahiiity of getting an unhotinded contidence region

caches the upper hound 0f Dufour t 1997). When identification issues are tartificiail) f tied
w the sample size. in the spirit oC the Piiozan dcli). this prohahulily dcpends on the rite ni
conserizence towards tinidentification. For instance. with weak identification and a rate equal
the square—mot of the sampie size. this pmhahility is non—zero but smaticr than the upper
hound. Two applications hclp ciarifv these resttfts: first. a simulation exercise is designed to
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compare the interence properties ot the Wald and Modilied-Wald procedures vith a bidimen—

sional ratio. v hen identilication ails at the frontier ot the parameter space: second. thc linear

sinle—cqtiation instrumental variables reression mode! is considercd. hen the identifing

properties o! the instruments may vaiy.

The remainder of this chapter s organizcd as tollows: section 2 introduces otir frameork; in
section 3. the Modilied-Wald mcthod is dchned and its main properties are stated: in section

4, these methods and rcsults are applied to two empirical econometric examples: a mode!

flee ratio of parameter and a single—equation linear 1V regression model: finally. section 5

coneludes.

AI! the proofs and the ligures are gathered in ihe appendix. We tise the fotlowmg notation

throughout the chapter: stands for the Kroneker product. P4 = .4( - l’-1) . V. and li, =

f, P., for a lu!! column ran t t. r)-matrix .1 (o r) and the (t, ii) dentity matrix f,,. L
indicates convergence in prohahility, and - cons cigence in distribution.

2 Framework

Consider ihc !ollo ne vector of paidmeters. O = t , where , is an ineriihle (t t)—

matrix and is a ,-—\ector. \Ve are interested in pros iding inference on 11w following ratio ol

parameters.
= .-t ‘<

(‘ I)
tri) (t. r) t’. 1) -.

delined for ail t) R —) is an open subset oER” such that e C {O “ / tin t ii) U]. with

j, r(r + 1).

The transiormation ti’( .) Forms a set of r functionaily independeni constraints with 1 r o.
dilterentiable al aIl interior points o! r—): the Jacohian (r. p)—rnatri x [Ûrtht/dti’Ï s assumed to

have full rank r. at least in an open neighhorhood of O,,.

‘11k open tor vent.) tranOornt e t,n.,fl—lt,air,x litto u iitIt)—ectoI. The Iormer is ohiainect cEler siauking ail
tue eolun,iïs ot lie i,tatrtx. or intaI,CC.

it .\I
‘

- tlii, r(t(l1)=!ItCt2Sj’
l\t) t
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More specilically. we are interested in building conlidence regions Cor the translormation &‘(.)
whcn is (potcnhially) close 10 singularity (lobe delined more precisely later). These regions

are defined as the set ol the values E R’ ftr which the nul! hypothesis i[U(i’) : (O) =

cannot he ejected al some chosen level of conhdcnce.

tnference is drawn [rom n ohserxations oC the random variable X: it comes from a distri—
hution T’, on some measurable space (ï. A) indexed hy the parameter O E t—’. The data
generating process (DGP) is i’epresented hy the point 0 which is assumed w he an inner
point ot’ the original parameter set.

Assumption 1. Gicen the ob.rert’ed data ,r = (r ,, )‘ 00 tue ranclom t’a i’iablt X, O,, ix an
asvmptotic’allv normal eslimator of 0, titi intertor /)Oiflt of e,

— :(O.

where the a.vvmp!otic’ t’a nonce of 0,,,
,

i.v supposed b be knott’n2.

The asyniptotic normal iiy of the estimator 0,, is the only assumption we require here. Con’i—
monly. conhdence regions are built alïer inverting a Wald-type statistic3. The associated

Wald-type con hdence region is then debned as:

C’Rn’(n)
= { &‘ /n c’T’,:’t) tr’(l,, ] < \(r)} (2.2>

where \(t) denotes ihe t 1 — n (-quantile of u Chi-square distrihution with t’ degrees oC
freedom and A0) s the estimated asymptotic variance of i’(O,,) ohtained hy ihe delta

method:
3. (0,) 3 “(0

= 30’
11 (2.3)

The Wald statistic is natui’al and easy b impleinent since il does not involve the estimation
of the consii’ained model. or estimation cuider the malI hypothesis 11,,. Hoxcver, it (otten)

Note lItaI lite toi lowiti theoi’v i flot aficciecl if , 9 ttitkitttwn but eau he cotisisteittiy est imated.
‘l’oic liai lie ong iiial Walci statist je t Waid 1919)) was detiiied for u paraluetric ,,iociei .\1 =

{/ i: 8)8 9 H) aiid using lie Max motu Likel iioocl estiinalot’. Wald—type siat sI les use any consistent anti
asy mplot cul i normai est liai or of 8.
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yietds to ellipsoidal conlidence regions which are symmetric and hounded. Boundcdness has

hecorne u real issue since Dufour (1997), who shows the following necessary condition:

Theorem 2.1. (Necessitv for Unboundedness front Dnfr,nn’ (1997))

When a locallv abnost intidentijieci parwnelric Jonction bas an nnboimded range, nnder reg—

i,Iaritv conditions, miv ivdid confidence set shoitld have iton:ero probahilitv of being in,—

boinided under anv dtstnbitiion compatible n’itli the ,,iodel.

A precise delinition of locallv abnost innclciitû cd is givcn in Dul’our (l997). The idea is to

consider series ol’ pararneters O,, such ihat i) O,, E E) V n; ii) i:’( O,,) = ‘u: iii) O,, converges 10

u (discontintuty) point at the frontier of the pararnetcr space. In such a case, note that a valid

confidence region CR,. with level (1 — n) should be ttnboundcd with prohahility as high as

(f — o):

11m lut [i’(O) E C’R Ï Ï ci

By contrast. the WaIcl-typc confidence region (2.2) does flot generally satisl’y the above nec

cssary condition. In gencral. (O,,) is a symmetric positive definite matrix and does not

depend on ru. In that case. C’ H,,(cc ) is u (hounded) ellipsoid. In particular. wc can show that

even though.

V O E f L’ofl [u ‘(O) E (‘R(ci )Ï ‘ I — n

we may have an invalid procedure in the sense ihat the infirnum of its coeragc prohability is

nul!.

V ii lof P [u’(O) E C’J?ic(n)j = t)
QCt

The nccd for unhoundedness (with nonzero probability) is fairly natural. Let considcr thc fol—

Iowing unidimensional ratio. r’ ).,/ ). The doser the trtie value of the denominator (J)

is 10 zei’o. the !ess informative the estimator (.,,. 31,,) is on the ratio u’; hence the lai’gcr the

associatcd confidence region should he. In the limit. when (3l()) isarhitrary close to zero. the

confidence region should even hecorne arhitrary large. Note that. inside the pau’ameter space

(—). there exists sorne parameter settings vith arhitrary small 3: allowing for unhounded

conlidence regions is the on!y way to prevent 12.4) to happen. More inttuitiely. tinhotinded

regions shou!d he perrnitted l’or settings where the denominator 3 is lot signiticant.
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3 The Modified-Wald procedure

3.1 Definition

Explaining ihe t’ailure oC WaId—(type) procedtircs is flot ohvious. However. one cou!d intu—

itively think that WaId stalistics do flot ful!y incorporate the inlormation availahie t’rom the

nul! hypoihesis. We do not mean ihat constrained estimation should he considered here: this

wotild actcta!!y kil! the computational advantage OC our procedure. This is rather related to

what is known under the nuli hypothesis and what is not. or privileged directions in the pa—

rameter space. More precisely, the metric oC the Wald statistic ‘(t)) (sec eqttation (23)) is

hxed with respect to the nul! hypothesis oC interest: it is a function 0f the entire parameter g

and not of the parameter of interest i’(O). Practical!y, if we were testing FI5 ‘(t) =

the metric would rernain numerically the saine for any «. In some sense. the metric oC the

Wald statistic is disconnected from the nul! hypothesis4. This motivates ILS tO incorporate the

information ot the nctll hypothesis in the calculation of this metric.

In general. 1(0) does not constitute a complete reparametrization 0f the prohlern (r p). So.

one cannot directly map O into some funciion t’. Hence, we hrst nced to coozpiete titis pa niai

repararnetrization. Define the new p-vector oC parameters as,

ï,, .

0’ I with fla,,i — (3.!
‘rc( ),) j 30’

s’(.) s a ,‘—vector representing the constrained directions (known under H5) and the (p — t’)—

vector if ‘r(O) can he interpreted as the free directions (unknown under U5). Basically. if we

were working in a parametric mode!. the initial mode! .\4 = {j’(rO)IO E g is now replaced

hy \4 = {f’(r O’ )IO’ C A) which s ohtained alter a legitimate change of parameter. Since

t) represents u legitimate repararnetrization oC the mode!. we now know that , (t]) can he

t’eexpressed asafunction of (P only.

4This observation s relatcd ti) the work ni Critchley. Marriott and Saimon t 1996 t in clittejential geoifletry.

They note that the WaId statistic’ s flot a gens ire geoinetrical ohject: t s iietther 6e sqtiared Ieiith 0! n vector

in n tangent space t since ‘(O t ciocs flot belong to the tangent space t. nor the squared distance hetween tWO

points in a maiiitold tsince it tises a tixeci seine. whereas the metniC shoulci in general vary with t t. l’or ait

introcluetioti 10 these concepts Critchiey et al. t I 596 t ancl ‘or a noie compiete treatment sec Aman t t 990),



$2

The estimator 0,; of the vector 0 naturally v rites:

‘f c(, 1f,,)

and its asymptotic variance is

d 0’ / (*) (tP)
Z0.(0) = = I “

-

j (3.2)
d(P dO Z 12(0,,)’ Z1 (0,,)

with Z,:V))
=

____ _____

(O’)
dIte) dr’).j,,)

1
,,

\
— dt(O)

_______

— do’
°

do

Al this stage. it is important to stress that the completion of r’( O) is not unique. For instance.

we cotild decide to impose the tirst r (constant) components evaluated at O,, to be orthoizonal

to the (p — r) remainimi ones with respect b the metric Z0. As in Wald (1949). we cotild get

a hlock diagonal matrix tor Z0. with Z12 = U. Such a choice is always availahie. at least in a

neighhorhood of 01). However. this is one choice arnong many and in the specihc case oC the

ratio. it seerns natural and more convenient to choose the reparametrization (3.!).

Now recail that. in a WaId statistic. a consistent estimator of the meule (or asymptotic vari

ance) is only needed under H0. We now exploit the information oC the nuil hypothesis to

replace e’,, hy I:’ in the estimation oC the metric:

Z,,(?,,. ,,) is replaced hy Z,(vo. ;,,)

Definition 3.1. (Modi/ïed- lVaId)

10e 7lIodifted- fVcilcl stc,tis tic is defined asJoIIoIl’s:

= n — 0]’ Z,:t(.t,, •) [ii, —

lIhere

Z,(cmn. I,,) = ) (H i 0 I,.)Z0 ([—r’1 lj 0 f,)’(.))’ (3.3)
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Sec the appendix for detailed calculat ions ol

The Modilied-WaId statistic )Il (c’a) can actually he reexpressed as

= n
—
)‘ [([_e’ i] I,.) (H’( 11 [r)’] —

(3.4)

To conclude. our convenient repararnetrization enables us to separate the parameter space

mb Iwo stihspaces: the lirst onc contains the î directionsJLved under the nuli hypothesis and

the second one collects the remaining free directions. This permits to naturally Incorporate

the inbormational content oC the nul! hypothesis in the estimation oC the weighting matrix

and hence reduces the dimension ot the nuisance pararneters when calculatini the metric.

Moreover. the Modihed-Wald statistic 3.4) does not depend directly on the ratio. This will

lead b a valid test whatever the chosen asymptotic scenario. Sec section 4 Cor some illus

trations. Finally, thc Modilied-WaId procedure keeps the computational appeat ot a classic

Watd procedtire in the sense that constrained estimation is avoided.

3.2 Properties

This section collcets the main theoretical results of the essay. In particular, we show the

asymptotic eqcuvalence hetween the Modihed-Wald statistic and the Wald statistic. First. we

iecal I some dehnitions:

Definition 3.2. (Poii’erfiuiction anci Consistencv)

Consider Hie fiolloiving lest, H0 t) é é)(&’0) vs FI1 : O é f—)/e( ‘) u’ith et ‘) = E

e / r’(O) =
i) The poivetftinction of the lest i,v the probabititv ihat tOc test correctiv rejects tOc nuil 0v-

i,othesis H11 o’he,i the alternative IJ is truc’.

ii) ((14.2) iii van der Vaart (1998)) A seqiience oJtests iii!?, poiver fonction r,, (O) is asvmptot—

icaliv consistent al ievei (î againsl tOc alternative r’ if tOc lliV properties below are salLsjied:

(1) ,,(O)
‘

1 éO E

(2) liiti sup sup ?r(O) < cs
•X

Theorem 3.1. (Asvinptotic Eqitieciience betiveen Modifieci—VVaid and Waid)

i) Uncler 1[, the Modifier]— (Vair] statistic and tOc (Vair] statislic are asvinploticallv ecjuiv—

aient.
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ii,) Under a sequence of local alternatives HiT O E C7Q/)o) with e(,b0) {O E

e / (O) = Oo + ‘y/&} where y is afixed deterministic r-vector and , a deterministic

sequence such that oo, the Modfied- Wald statistic and the Wald statistïc are asymptot

ically equivalent.

iii) Both associated tests are consistent.

from the above resuits, we can naturally define the Modified-Wald confidence region.

Corollary 3.2. (Confidence Region)

Under H0 : i/(O) = i/’o, MW71(0) is distributedas a Chi-square with r degrees offreedom

and the associated confidence region with level (1 — a) is defined as.

CR(a) = {i0 / MW7(0) <(r)}

where (r) denotes the (1 — a)-quantile ofthe Chi-square distribution with r degrees of

fteedom.

We also show the validity ofthe Modified-Wald procedure.

Theorem 3.3. (J4ilidity ofModfied-Wald)

oT€fePoo [ib(O) E CR,j >0

The above resuit demonstrates the validity of the Modified-Wald procedure because, for

any true value of the parameter Oo E C, the coverage probability is strictly positive. This is

especially true in a specific selling where the denominator gets arbitraiy close to singularity.

The confidence region CR,(a) defined in Corollaiy 3.2 can be expressed as follows:

CR) = W / (n — /1n0) [(H/) 11 ® ‘r) o ([ 1] ® i)’]’

x (/2 - 1n0) x(r)} (3.5)

The above expression (3.5) can be reinterpreted as the confidence region that would have

been obtained after inverting a classic Wald statistic, if performed on a linear equivalent

reformulation of the nuli hypothesis H
— 0. This is actually known as the
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FieÏler princtple. This has been pointed out earlier by Gregoiy and Veau (1985): Wald

stafistics are likely to be poorly approximated by standard asymptotic distributions if the

constraint function is nonlinear and flot consfructed in the best way. Our context provides

a good illustration: performing Wald on H0 gives poor resuits whereas performing Wald on

H works just fine. Note that the Modified-Wald procedure is reliable in both cases.

The confidence region (3.5) is not a typical quadric region as obtained from a classic Wald

procedure. In general, it will not be possible to characterize the potential shapes of these

regions. The unidimensional case (r = 1) is treated analytically below and the bidimensional

(r 2) is studied with Monte Carlo simulations in section 4.

1n the unidimensional case, the above confidence region (3.5) can be rewritten as,

CR(a)
= { / [ —

x(i)]
— 20B + C < o} (3.6)

where B =
— J12x(1)/n, C = — J22X(1)/n and Z = [crjjl j is the (known)

asymptotic variance of [tain /27]’. In the unidimensional case, the confidence region is simply

a quadratic region. Hence, we can exhaustively describe its potential shapes:

i) an interval;

ii) the entire real une;

iii) an empty set;

iv) a disjoint union oftwo semi-intervaïs.

We can also calculate the probability ofhaving an unbounded region. Recail that a quadratic

region like (3.6) is unbounded whenever the coefficient ofb is negative.

Proposition 3.4. (FrobabiÏity ofan UnboundedRegion)

P (CR(a) unbounded) = P n <(1) i —

when the frite (unknown) value of /E? is arbitrarily close to O, that is when we consider se

quences oJfrue parameters converging to O.

The region (3.5) is unbounded whenever we cannot reject the hypothesis / = O. The above

probability converges to the upper bound of the necessary condition of Dufour (1997). Fi

nally, note that the region (3.5) corresponds to the confidence region derived by Dufour
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3.3 An alternative interpretation

In this suhscction. wc attcmpt te rclntcrpret the rather imprecise siatement ehen Ils arbitra,

close 10 :ero [rom equation (3.4). Se far, in thc spirit of Dufour (1997). we have considercd

identification issues happening at the frontier of the pararneter space. And wc were able

te dehne a valid inference pmccdttre, the Modified WaId test. associated with (potentially

unhounded) confidence reions. Now. we conncct thc ahove (concrctc) identification issue te

anothcr (wcIl—known) scenano wherc the paramctcr value is artificially Iinked te the sample

sue (sec for instance Staigcr and Stock (1997)). Following Antoine and Renault (2007). our

sctup is rcinterpreted as follows:

Assumption 2. (Reinlerpietailon ofAssuniption 1)

( ) jv’o. ,) n’ith 0< (0) < 1/2 cind for sonle fixed ,nc,ttLv Ii,,

This scttlp pcrrnits te recover a couple ef intcrprctations ofthe literaturc on weak instruments:

i) whcn infÀ(0) = 1/2. we have uec,k identification, as in Stock and Wrieht (2000): ii) when

t) < iiif,\(O) < 1/2. wc have ,iearlv-u’ecik identification, as in Hahn and Kucrstcincr (2002):

iii) and when inf,\(O) = 0. wc have standard identification.

The confidence region is thc same as (3.6): only the interpretation of thc hchavior of the

parametcr isaltcrcd. Let us now caleulate the prohahility of gctting an unbounded conhdencc

reglon:

<

= [ ( — + ,,1/2-ÀtO <

Since

\/ = O(l).

wc gct:

- Strong and Ncarly-wcak cases: t) < hif < 1/2 P(CR/n) ,,,dnnlodHl) -÷ 0

- Wcak case: itif = 1/2 P(CR(n) ,inbot,ntkd) - Ï — n

Te conclude. in tcrms of unhoundeci confidence region. the (artificial) weak identification

case rcpticates the hehavior of the more concrclc siination where wc gct arhitrary close te
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the frontier of the non-identification subset. To our knowlede, this is the first lime such a

parallel is made.

4 (Nearly)-Weak Identification Applications

In this section. we apply the previous rnethods and results to two econometric settings. First.

a simulation exercise is designed tO compare the WaId and Modihed-Wald procedtires in

the hidimensional setting of section 3.2. The second application focuses on the wefl-known

linear singte-eqtiation instrumental ariahles regression model.

4.1 Ratio of parameters

In the mtiltidimensional case (r > 1). the possible shapes of the confidence region (3.5)

are hard 10 list since h does flot helong to any known class oC regions. We then pertorm a

simulation exercise in the hidimensional case (r = 2) to compare the Wald and Moditied

Wald procedures thmugh ai’eraged confidence regions (10 he delined) and pov er Cunctions.

We consider the following random vector. as in assiimption I

(r c[.1 2,,] — rct[:31t :11U]) V(. Z,1)

ft)r some known positive—dehnite nonsingular matrix Z, and i’t[.l ,] = [b 0 t) 1 1 iJ’.
where b is a real ntimher that depends on hotv close b singtilarity the matrix (:t,) is. Typi

cally we consider three cases of interest: b = 1; (t. t: 0.01.

Practically. we simulate a random sample of size n for the (6.1 )—random vector i’t:( 3) and

we use the sample mean as a mot ii consistent estimator. We then tise a hidimensional grid b

htuld a confidence rcgion ft)r the (2.1) ratio oC parameter. =
. l. Comparing Ibis region

to ihe one ohtained hy inverting the Wald—type statistic would he the restift ot one random

sample only. 1-lence. even thotigh it would provide an easy way 10 compare visuatly the Iwo

procedures. it might he the case that another sample leads 10 a differcnt region (dificient

shape and/or dit tetent properties). This is tlie reason why sse decicle to produce averaged

confidence regions. or ACR. These regions are hased on (ï (usual) confidence regions. each

oC them huilt for 31 difierent samples: tue ACR collects the points that appear in al least t]%
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of the .1! confidence regions. for somc chosen q. ACR may have irrcgular shape but thcy

rcflcct more accuratcly what the pmccdure docs. hence pcrmitting 10 compare rcliahly hoth

proccdures. We consider hcrc u sampic of sizc 200 and 1000 rcplications. In addition, wc also

provide sonic results 011 0WCt tunctions, which are as well ohtaincd thmuih many different

samplcs.

First. we consider u hcnchmark case \vittlout idciltilication issues whcrc 6 1. The Wald

and Modified—Wald proccdurcs perform prctty similarly. Sec figure (III. I ) for 111e 85%—ACR

and figures (111.6) and (111.7) for the powcr curves. respcctively thc Modified-Wafd and WaId

proccdcircs. Thc avcragcd confidence rcgions arc houndcd cllipsoid. relativcly narrow and

roughly centered amund the truc parameter = (1. 1). Thc powcr curvcs show u wcll

around thc trcie parameter. svllere 111e power 10 reject the nuli fulls below 10%. Evcrywhcrc

cIsc. hoth mcthods have a power very close 10 100%.

Second. we consjder a case with 111i1d identification issues whcrc h = .1. Thc Wald and

Moditicd—Wald proccdurcs do 001 yield anymore 10 similar conclusions. As for the ACR,

the Modified-Wald proccdurc stili proposes a hounded cltipsoid but a lot larger than in the

prcvious case. Sec thc 85Ç1-ACR figure (111.2). Notice that Wald %5%-ACR is cmpty. In fact,

wc have logo as low as q 16% to get a non-cmpty rcgion. Sec tigtirc (111.3) fur the 15%-

ACR. The Wald procedurc is prctty unstable since ils ocilput varies u lot from OI1C samptc

10 anothcr. Morcovcr the seules of 111e rcgions are vcry diftercnt: thc Wald proccdcire stiil

proposes sone relatively tlarrow region while 111e Modiflcd-Wald rcgion has hccome prctty

large: this can hc intcrprctcd as a lack of information. As for 111e pocr curvcs, 111e WaId

proccdurc clcarly ovcr-rcjects: its power ducs lot go hclow 85%. This is of course directly

linked to the above avcragcd confidence rcgion. 111 comparison. ihe Moditicd-Wald proccdure

pcrforms fairly well: it still presents tllc wcll—shapc aroulld the truc value of 111e paramclcr.

with a power dccrcasing hclow 20%. Note that there is power i11 cvery direction. with a power

incrcasing ahovc 90%. 11 is slightly asyrnmctric. with lcss powcr towards large values of 111e

hrst componcnt of and low values of thc second component of r. Sec figures (111.8) and

(111.9).

Finally. we considcr u case with more serious identification issues whcre h = t) I. Many of 111e

fuels pointed out in the rnild case of weak identificalioll are now exaggeratcd. Thc Modified

Wald procedure proposes an tinhoundcd confidence region: the outsidc of an hypcrholoid

which stili contains 111e truc value of the paramctcr. The unhoundcdncss of thc confidence
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region atlows us te cenclude that the sample utermatien is flot sutficient te provide sharp

inference en the parameter et interest. See figure (111.4) ter the 75%-ACR. As expected afier

the aheve case with rnild identification issues. the WaId 75%-ACR is cmpty. Wc have te go

as Iew as q = 2 te get a non-ernpty WaId ACR. Sec figure (111.5) for 11w I %-ACR. As

fer the power curves. again the Wald procedure cannet discriminate rnuch: the pewer does

net go hclow 97%. The Modihcd-Wafd procedure proposes a hutterfly-shape pewer, which

is natural after the hyperbolic unheunded confidence region: the pewer is close te 100%

eutside the hyperhela thuttcrfiy-shape) and it fails helow 15% inside. Again. the shape cf the

pewer onction should he undcrsteed as a lack cf sample infermatien te discrirninatc ameng

different suhsets et parameter values. See figures (111.10) and (111.11).

4.2 Application to the Single-equation IV model

Censider the fellowing just—idcntified strcictural nïnedel:

‘j = Y o’ + ii

(n. 1) (u. ï) (r. Ï) (n, Ï)
(4.!)

Y = x n + V

(n. r) (n. r) (ï. r) (u. ï)

whcre Y s an endegenecis variable. X n strictiy exogenecis (instrumentai) variable, an

unknewn ceethcients vccter and 11 an unknewn coefficients matrix and [u V[’ n matrix of

hornescedastic errors.

We are interested in providing inference en the strcicturai parameter r. which is identifiable

if and eniy if thc rank of the matrix FI is toit (RnnC H = ï). A case cf interesi appears ohen

II is (petentiaify) close te singuiarity. In the spirit cf Staiger and Steck (1997). and more

recently 1-lahn and Ktiersteincr (2002). the matrix H is (aiiiticialiy) finked te the sample size

ii as fellows:

FI
=

wherc C isa fixed deterministic mairix cf rank r and O < < 1/2.

This trarncwork has heen reterred te as ïvilid instriwlenls when ,\ = t) t H is a foll—rank

dctcrministic matrix), te ,iear/v—iieak lus! rtoueitts when O < ) < 1/2. te ueak ï,istrïw?en!s

when \ 1/2 and te i,iïalid instnuue,iis when Ii = t). Hence. this sctting considers a
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sequence of nodels in which the nmrnent condition Et u, Z1) depcnds on the sample sise

n. t-Iowcver. this is just a convenient (artiticial) device. This is ielated to the concept 0!

clrifting DGP tised 10 study the local asymptotic power of tests (sec for instance Davidson

and MacKinnon (1993)).

The classical hypothesis associated to the sttidy of the mode! (4.1) are presented next.

Assumption 3.

I p O n-1
1) — [u t t H —.

u’ith
=

stuonet tic and positive definite
î? n-? J

-‘ - p
ii) —.\ X — C) svntiiietric auJ positive clefinite

iii) .V’[ti )j = R’tu LX?] ivhere vrc[c’x r’xiJ V)t].®Q)

The wel!—known two—step lcast squares (2—SLS) estimalor of t’ (in ourjust—identilied case) is

delined as: i/,, = (X’Y)- 1\7; We now recal! a useful resuli from Hahn and Kuersteiner

(2002). h justifies that the general setting of section 3 applies and, in particular. that Assurnp

tion I is satished.

Proposition 4.1. (Hohn anci Kuersteiner (2002))

i) Fort) <A < 1/2,

n 1/2 L — ] X(0. )

= n-,, x [P1110 (-2) (11h11 —--) ‘(P11111 2_)]

ii) Fhr A = 1/2,

rit- [] _/+ ,ç (ire [OC OCr,t] . l( t’5))

t n-, n-v +n-L i’ N
ni etc = I I 0 Q

n-,0- + t’[1n-1- n-,, + t’(,n-1n-,, + 2n-,,Vl,, j

iii) Witli inilid i,zs!rto,,euts, tue aboie resu?! reozoins truc rfler ispiocing C ht the nid?

,natriv.
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Definition 4.3. (Modtfied- Wald)

In the c’ontevt ojmodel (4. 1), the Modij,ed—lUa/d statistic urites:

= n —

L
[&‘a ru]

n’irh
, .(‘) = (q

—

lr)(j — ‘) x [X(X’X)’X’Y]

Ve can new state the main restiit et this section:

Theorem 4.2. (Modified-Wald)

Under H0 cuid sonie regularitv conditions, f111 ,( I, ) 15 asv,nptolicallv distribuited os n Clii—

square iiith r degrees offre edoiji.

it is important te note that the statistic _lI1 t ‘) eau he rewritten as fellows,

(ti — t0 \‘X)’X’( —
Yt0)

_f11 ,,(t’0) = ii -

(y — rNg — I

The aheve expression does net depend on (V’I)- . This implies that the Modified-WaId pie

cedure is wetl dclined for any asymptotic scenario. stmng. nearly—weak or weak instruments.

This is another sharp contrast with the WaId procedure.

The confidence regien is then delined as:

(RLtO) = {1 / n [
— ]‘f) [a,, —

<

where \(r) denotes the (Ï n)-quantile et a Chi-square distrihLition with r degrees et

treedem. The toi Iowing usef’uI reformulation et the confidence region.

C’R(n) = {r / t I”*IY&’0 — 2tJy+ y’r1j < fl with -f = —

emphasizes ii is a (classic) ciuadric confidence region. As the multidimensional extension

et the quadratic case, the regien (‘8(n) is unhounded if and only if the matrix f .ll is

negati\e definite. Hence. we haves:

PtCR(n) iiiiboii,itl (‘( = P [t fv — \/n I) «t)]

Recal I that foi loi any 2 t r.r)—matrices and t t-. we ha e:

itI >> tT 1ff u’tIi, < aU-i, lot any r-ecior ii



Other nethods have yielded tu a similar structtire ut the confidence region but with a ditïerent

matrix .1. Here are some exampies:

Method Matrix A

Modihcd Wald —

Anderson—Rtihin Pv — lf\ t r)/(ii —
î)

Wano and Zivot (GMMO) PvY(Y’PvY)’Y’Pv I,(î)/ii

\Vanu and Zivot (LR-LIML) I, I(Lt.)IL) exp[\(r)/nÏ.)tv

h is difficuit tu precisely compare their associated confidence regions. However, the

Modihed—WaId confidence region altows tur somc natural and intuitive additiunal resuits:

Proposition 4.3. (Unbouncled Confidence Region in ihe Unidiinensional case)

In the tuzidm,ens,nnal case (t = I), ne have:

i) For t) < \ < [/2: P(CR (u) ,,nhoundt tI) ‘ t)

ii) For,\ = 1/2: PR,(o) iiiibtr,iitlctl) — Ï — n n’uh >

iii) Wit/, ,uzidentification: P(CR (n) n,,hn,,,nh J) ‘ 1 — ii

With strong identification, the confidence region is airnost surety hounded. In the opposite

scenarlu. with unidentification. the prohahility of an unhuundcd confidence regiun converges

towards the upper hound derived hy Dufour (1997) in his necessary condition (sec also sec

tiOn 2). Nuw. in the intermediate case of weak identification. this pruhahutity tends tu sume

i-cal number hetween O and the tipper hound. which depends un the asymptotic val tic uf

V 7/7. Sec alsu appendix fur furthcr details. It is alsu interesting tu point ont that. in this

case. nearly—weak identification hehaves simitarly tu strong identification: in some sense.

nearty-weaL identification is not weak enoiigh tu tead tu unhuunded confidence rcgiuns. This

rcsuft eau actuafly be extended tu the muttidimensional case:

Proposition 4.1. (Unho,uidecl Confidence Region i,î Hie Miiltidimensional case)

ForO < 1/2: P (CRcî) tiitbotiîuttd) ‘ O

The difference between the strong and the nearty-weak identification cases is the rate uf

the ahove convergence: with strong instruments. the rate corresponds tu the fastest available

une, (1/,, (: with nearly—wcak instruments, this rate is unly t 1/n’2) and decreases with

weaker instruments.
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Finally, we might alsu he intcrested in pro iding inference on a subvectur ot the structural

parameter . Without Iuss ut gcnerality. we suppose that inference is provided ahotit the lirst

iii components oC r denoted as ,,i. The classical inaintaincd assomption in the literattire is

tu suppose that the rernainine components (the ones nul invulved in H0 anti denoted as i:)

are strongly identihed. In such a context. we eau show that ail the previous resuits remain

valid when ,_,r’ aie simply replaced hy their respective consistent estimators.

5 Conclusion

In this chapter, we proposed a new infercncc method. the Mudified-WaId prucedtire. tu pro-

vide reliahic inference about a multidimensiunai ratio of paramctcrs. This new method is

hased on the WaId statistic and shows the same cumpLitational tractahility. In addition, it

pruvides unhoundcd confidence regiuns when the identification huis, as suggested hy Dufour

(1997). The kcy idca cunsists in integrating the infurmational content ut the nuli hyputhesis

oC intcrcst tu compute ils metric.

Wc have shown that the Mudihed-Waid statistic is asymptuticaily equivalcnt to thc Wald

statistic. The associated confidence regiun with level o is unhuunded with a prohability as

high as (I—n), the upper hutind suggested in Dufour (1997). These rcsults were applicd tu

two exampies. In the first une, a simulation exercise is dcsigned tu compare the properties

ut the Waid and Mudified—Wald prucedures with a hidirnensiunal ratio. Generaliy speaking.

the Modified—Waid hehaves prctty welI. When there is nu identification issue. the confidence

regiun is as naiTow as the Wald une (recail that Wald is perfectly vaiid in such a case). And.

when thcre is a scrious case ut identification issues. the Modified-Waid confidence reiun

is unhuundcd, contrary tu thc (invalid) Wald une which remains narruw and hounded. Ocir

method is then able tu detect insuffnicient sample intormatiun tu provide sharp inference.

The second application tueuses un the tveli—known linear single-equatiun instrumental van

ables reeressiun mudel. In this cuntext, the identification issties are modelcd af ter artificially

Iinking thc parameter value tu the sample size. We can distinguish hetween three cases ut

intcrest depending un huw tast identification is lust: i) with strung and ncarly—scak identifi

cation. the confidence region is almost sureiy huunded: ii) with unidentificatiun, it is asymp—

tuticaily unhoundcd with a probability equai tu the upper huund: iii) with weak identification.

il is asymptoticaliy unhounded with a srnalier prohahiiity.
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These iesults are pmmising hecatise they htiild up a connection hetwcen the identification Ioss

al the Irontier ol the pararneter space and its tartilicial) econometric modelization through the

sample size device.
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Appendix

Proofs of the main resuits

Proof of Equafion (3.3) (Asymptotic Variance ofthe Ratio):

from equation (2.3),
&4b(0) &,b’(0)

E1,(0,)
= 60’ 60

So we only need to calculate:

____

— &4b(0) — 8’(0) 6(0)
60’ — 6vec[/i /2Ï’ — 8vec(/31)’ 8/

It is well known that:
6(0)

—

—,6

To derive the second part ofthe calculation, we first recali some useful formulae6:

• 6vec(’)
— -li

3vec(/i)’
— ) ®

= —/3’ where t is a scalar

iii) /1’/2 = Iv/i’/2 = vec(Ir’2) (6 ® I)vec(’)

We cari then derive:

_____

— 6vec(/1’/32) — , 6vec(/’)
—

— tt32®1T)r8vec(/3i)’ 6uec(3i)’ dvec(,61)’

= _

® Ir)(()’ ® /‘)

= -tt1)’®1_1)

= -(,‘®1_1)

Hence,
0vec[4, 2j’

= [—m’ ® ‘, ‘j = [—rn’ ® ‘, i ® 11 = i ®

The commas emphasize the partitioned structure of the matrix. This leads to the expected

resuit. I

6See for instance Abadir and Magnus (2005) chapter 13.
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Proof of Theorem 3.1 (Asymptotic Equivalence between Modfied-Wald and Wald,):

j) and ii) Recali the following,

w = (n — t10)’ A(i7) (2îi — 1n0)

MW7, = n (27
— 10)’A_1(0) (27 —

with A() = ([—Y 1] ® I) E ({—‘ 1] ® Iv)’. Since — /in0) = o(i), it is

enough to show that:

- A’(0) O A’() [A(0) - A(7)] A1(0) o

([(o -) O ® Ir) E0 ([() Oj ® Ir)’ O

— ‘çb) f)] — f) srnce E9 positive defirnte

The last convergence resuit is true both under H0 and a sequence of local alternatives.

iii) The test H0 t ib(O) = vs can be rewritten as, Ho(i/’o) t O E e(4b0) vs O E

e/e(0) where e(b0) = {& E e / i/(O) = ibo}. We need to verify the two statements of

definition 3.2ii).

- Proofof(1) (from definition 3.2 ii)):

V O e e - O() (O) = Po (n( 0)’E(0, in)(n - o)

Note that:

- ‘)‘E1( - o) = n(i - (O))1(
/i)( -)) } ta)

+ 2n((O) - o)’Eo, in)(n - (0))
(b)

+ n((O) — 0)’E(i0, in)((O) — o)

(a) = - ‘EQ0, - (O)) Z’S’Z

where under the data generating process with parameter O (denoted as DGP(O)), Z
.Af(O, E,/,) and E,(i/’o, ti) - E,(i/’o, /9i,o) = S a symmetric positive definite matrix.

(b) = n((O) - o)’E(o, /in)(u - i/)(O) + - io)

= (‘(O) - - (O) + -
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and under DGP(O)

‘(o, 4in) -

(O) + -
S’ [z + ((O)

-

and v (‘(&) — ‘)o)’
î1+OO +oo

Hence we deduce that, ir(O) 1

- Proofof(2) (from definition 3.2 ii)):

vo e e(0) andfixedn, ir(O) = P (MW71(J)(O)) > x(r))

Since under H0, MW?/’(O)) -÷ C(r) (where C(r) denotes the Chi-square distribution with

r degrees of freedom) and using the continuity of x —* P0(MW(’(O)) < x) at ail x, we

deduce that ir7(O) c.•

Proof of Theorem 3.3 (VaÏidity ofMochfied-WaÏd):

Recali the following,

P00 (‘b(O) e CR))

= Bo (fl[2n — [([P’ 1] ® ‘r)ot[—’ 1] ® Ir)] [2n — i] xtr))

with [vec(i, — ,o)’ (2n 2,0)’]’ N(O, Z0).

Define the followingmatrix V = [([—‘/ 1] ® 11.)Z0([—’4b’ 11 0 I)’j’. We deduce that:

— — tin] NC (T, )

where NC(r, )) denotes the noncentral Chi-square distribution with r degrees of freedom

andnoncentrality parameter ?. Here, = 1L02,o — i,oIIv.

Then, inf P00 ((O) e GR(a)) = illf P00 (NC(r, II/2,o — /i,oII2) <x2(r)) > O
o0e o0e

because I/2,o — /i,o’/’jI,’ = II/i,oIIa X II/’o — ‘II?/ isbounded. I

Proof of Proposition 3.4 (Frobabiïity ojan UnboundedRegion):

Directly foilows from the asymptotic normality of1. I

Proof of Theorem 4.2 (Modfied-Wald):

j) Consider the case O ) < 1/2, using proposition 4.1, we only need to prove that Z()
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Now we have:

= nL 2t!J j— Y&)[y/x(x/x) X’] -1

—
(y— )‘(y— Y’1) (Y’X (X’X’ (X’Y

— ) HI_À)

We now recali a useftil lemma (rom Hahn and Ktierseiner (2002):

Lemnia A. (Hah,î cind K,ersieioer (2002))

ForO < ,\ < 1/2,

\X=QC+ ,I_A’V QC+Op
(ii-’)

For \ = 1/2.

QC’ + = QC+ O(1)

From this lemma. X’) 7n’ QC’ + Op( i/u /2
‘)• By hypothcsis. X’X/ii

- Q.
Hence:

() (vv) (\‘Y)

o,, can he consistently estirnatcd tinder f[ hy ii( t’{))’u( 5’) /n where i( r’) = —

r’. So

), (r’) is a consistent estimator of ,, cinder ff.

ii) Consider the case 1 = 1/2: we can directly applied the general theory of Modifled-Wald

statistic, hy noting that the variance is:

= (r’n. i,,) = ,,(r’) x

where ,, = X’) 7i with ‘7i’, ( ,,
—

Ar(t). -

Also.
(y )&) t!] Yr’)

n, ( ‘ ) = and C) =
î? Ii
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The Modificd-WaId statistic can then he rewrittcn as:

)111(e) = ii
— ]t()

= H [(x’)’x’9 t]
[‘-‘v’ [(xr’x— /]

u( t)))X( X’V) - ‘V’u (t )
=

u,( )‘u( t )- %Z. Chi-squarc(r)

with Z, = t

Proof of Propositions 4.3 ancl 4.4 t Unboiuided Confidence Region):

P(CRti) ttttl)ott,,d(d) = P(Y’fl «O) = P (V’V(X’X) ‘X’Y « /(r)Y’) )
i) Consider the case t) < ,\ < 1/2.

P(CR-(n) flflbnttHdCd) = P [(L\ () ‘) «

As mentioned in the prcvious proof. the LHS coiwerges in pmbahility towards soine sym

metric positive definite matrix C’QC. The RHS:

l’Y I tAC’ ‘tXC -
,j+1

1 V’V Ï ,X’V 1 1 ‘C 1 1 ‘1 -
= —C C+ ,,%/2AC + ,/2C+

= () + O
(:t’-) + ()

-I- P - -‘- 1/-’ -‘- P
hecatise hy assiimption we have X X/it — Q.X 1/it - = L\ O(t). t t /tt t) and

t) < ,\ < 1/2.

ii) Consider,\ = 1/2:

-1 — r)) t l’P

l’X /X’X\ ‘ X’Y Y’Y

Ii J \/;7 n
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Recail that we have:
d -

(QC,uQ)

and (X’X)/n -* Q symmetric positive definite.

Note that we also have:

-,
d E c’+]

because again j —* (0. v 0 Q) and so À V/n — 0.

In the unidimensional case, we have:

P(C’R) t1lbotfl(Ïe(i) =

- p (rcf(1 6) <(i))

=

where 6 represents the noncentrality parameter: its explicit formula is flot needed here. The

last eqtiality cornes from the comparison of a non-central Chi-square distribution with a (cen

tral) Chi-square quantile. The non-centrality parameter which shifts the distribution towards

the right is dtie to X’Y/ (QC, uQ).

iii) Consider the invalid instruments case: in the unidimensional case, we can produce a

similar analysis,

P (CR(n) Inbo?Inded) = p
(()2

x x , <ti))

P (C’(i)

= I—t

where the last equality cornes from the legitimate comparison of a (central) Chi-square distri

bution with a (central) Chi-square quantile. The non-centrality pararneter disappears because

we have X’Y/ \/T - \t(O u:Q).
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103 104 1.05

figure 111.1: 85%-Averaged Confidence Region when b1 using Modified-Wald (+) and Wald
(o) procedures. Both regions are really similar and the 2 symbols cannot really be differenti
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figure 111.2: 85%-Averaged Confidence Region when b=. 1 using Modified-Wald (+). The
ACR is empty for Wald.
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Figure 111.3: 15%-Averaged Confidence Region when b=. 1 using Modified-Wald and Wald
procedures. The black area (including the white spots) represents the ACR for Modified
Wald. The white spots (inside the black area) represent the ACR for Wald.
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Figure 111.4: 75%-Averaged Confidence Region when b=.01 using Modifled-Wald (+). The
ACR is empty for Wald.
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Figure 111.5: 1%-Averaged Confidence Region when b=.01 using Modified-Wald and Wald
procedures. The black area (including the white spots) represents the ACR for Modified
Wald. The white spots (inside the black area) represent the ACR for Wald.
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Figure 111.6: Power fonction when b= I using Modi6ed-Wald procedure.

Figure 111.7: Power fonction when h I using WaId—type procedure.
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Figurc 111.8: Powcr function whcn b=. I using Modi0cd-Wald procedure.

Figure 111.9: Pocr lunction when h. I using WaId—type procedure.
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j
Figure 111.10: Power fonction when h=.0l using Modified—WaId proeedure.

Figure III. Il: Power liinetion hen h=.0 I using WaId-type procedure.



Chapitre IV

Portfolio Selection with Estimation Risk:

a Test Based Approach
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1 Introduction

An optimal portlolio is the best allocation of fcmdsac ross available assets’. 0f course. what

hcst means depends on 11w pertormance measure we use. Markowitz (1959) offers the classic

delinition of portfolio efticiency: a portfolio is efficient it it has the largest expected retum ft)r

a given level of risk. Fora given level of risk-aversion, this mean-variance etiiciency provides

u cOnvenient smgle—period ftarnevork and remains among the tlmst important henchmark

moUds used hy practitioners nowadays (sec Meucci (2005)). In practice. however. itsassoci

ated optimal investment rule depends on tlnknm4n parameters. the mean and the variance of

rettlrns distrihution. To get u feasihlc version of this optimal rcile. Markowitz (1959) simply

replaces the unknown pararneters hy sorne cstirnates. Applying such u plug-in rnethod gives

risc to several issues. First the estimation risk is overlooked: in practice samples are tinite,

hence eslimates are different from their respective truc values. This new source of risk even

appears in well-specilied pararnetric moUds and adds to the traditional linancial risL2. Sec

ond. is this feasible rule optimal’? A (suhoptimal) two—step approach can only he motivated

when one helieves that the estimated raie is no! too Jir from the truc optimal one.

In sharp contrast with existing literature. we foctis on u different measure of performance. We

hormw from practitioners and evaluate different fLinUs allocations through their likelihood of

heatinu a henchmarL. Several industries are actually intercstcd in such a goal: for instance.

instittitional money managers, and among others the defined benefits pension plans and the

cndowment plans arc dcvotcd to guarantcc the (chosen) minimal performance. For a given

henchmark. we deduce a closed—form and workablc optimal investmcnt rule which natually

incorporatcs thc estimation risk of the mean, and does not depend on any nuisance parameter.

Hence it is directly applicable without requiring anyadditional (suhoptimal) plug—in step.

More preciscly. our portfol io selection mcthod is hased on a one-sided test ensuring that

the portfolio perlormance is ahove a given threshold: then we ohtain the optimal allocation

from the maximization of the associated p—value. The specitic design of the p—value selection

method has thrcc advantages. First. thc test is a natural and valid statistical tool to compare

random quantifies (here thc cstimated portfolio perkrmancc). Hence the unccrtainty of the

problem is directly accounted for: we will sec that this is crucial to get an exact optimal

l3rand (2004) provide a t)rOaCt surey 00 general OSUOS relatecl o portlolio choice.
Kan and Zhou 2006) provide an exteiiive study o) die tinanciat consequence oi ignOting etiniatioIi tisk.
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investment rcile. Second. maximizing the p—value increases the likelihood o( oir objective ot

interest (here 10 heat the chosen benchmark). Finally the optimal investment rule helongs 10

the class ot two-fund investment rules. simitar to the (feasible) optimal mean-variance rule:

investing in the (sample) tangency portfolio and in the riskless asset3. This investment rule

corresponds to a mean-variance investor with a corrected. sample-dependent risk-avcrsion

parameter. While existing literattire recommends to increase the risk-aversion parameter 10

account for estimation risk, we advocate more tiexibility: we may indeed decrease 10e risk

aversion parameter depending on the realized sample.

Otir work relates tu the literature as follows. First. estimation risk in portiolio allocation

has heen known for a while. One o( the earliest and mayhe most natural solution appears

to he Bayesian. TOc Bayesian approach is hased on the predictive distribution introduced

hy Zeltner and Chetty (1965) under which expectations ai-e now considered. It provides a

general framework where estimation risk is naturally accotinted for when considering the

pararneters as random variables: the posterior distribution captures their possible otitcomes

and is comhined tu a prior model 10 derive the predictive distrihcition. The study hy Bawa,

Brown and Klein (1979) surveys the early literature. and is then followed by many others. Il is

nul always clear how the prior model can he chosen. even thocigh it is hased on the Investor’s

knowledge and experience: different priors may lead to contrastive investment strategies. We

only consider non—informative prior models.

More recently. some authors decided tu directly tocus on the expected tinancial loss when

10e optimal investment mIe is replaced hy some feasihle one. Due tu the complexity of the

pioblem. ter Horst, de Roon and Werker (2006) and Kan and Zhou (2006) testrict their atten

tion to the class of two—t’und investment mIes tsimilar 10 tlie feasihie optimal mean-variance

rule). While ter Horst et al. (2006) ionore the estimation risk of 10e variance. Kan and Khou

(2006) (under the normality asstlmption of the relurns) provide a closed—form solution b the

simplified problem. However, the optimal rule depends on ntusance parameters. So. in order

tu triplement this optimal strategy. one needs to add a stihoptimal plug—in step1. The mean—

3Fhis specilie class oC luvestiuciit rules bas already heeu consiclerecl iii the literature: sec ter Horst. de Roon

ancl Werker 2006 anct Kan anci Zhou 20(16). However. here ii clirectly fol Iow s Croni our portlolin selection

ireihocl (jusi like 16e mean—variance pioceduic ) and 1101 fr0111 a siinplif1 11g assilmpiioli.

k)) course. hy construction. Kan and Zhou 2006 theoretical two—hind tIlle oiitperlorms any p—value ins esi—

ment mie. However noih ing is guaraiiteed when one coiisiders its feasible version as silowu iii mir sinitilat 011

exerelse.
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variance hamework scems 10 be hmited. As shown hy Kan and Zhou (2006). who werc ahie

to exhihit the optimal two—ftind cule while accounhing tor estimation risk. the otitcome is flot

complelcly satisfactory as the optimal cule is unfeasible. Ibis more gencral issue arises when

one maximizes sorne expected qclantity. This motivates our approach: we take sorne distance

with the traditionai minimization of an cxpected financial loss function and maximite the

likehhood ot some desirable event5.

Finally. previous shudies have already fucused on defeating a benchmark: sec for instance

Stutzer (2003) and references therein. However. 10 otir knowledge, this has not yet heen

related b estimation risk. Moreover. these studies work in a continuous lime hamework: this

s de[initely not our interest here.

To conclude. u simple Monte-Carlo study involvine [ive risky assets (cahbrated [rom nonthly

unhedged returns oC stock indices for the G5 countries) is uscd ho compare eleven investment

sirategies. These are compared with respect 10 their out-o[-samplc expected performances as

well as with respect to their maintenance costs and stahihty over some investment horizon.

The p-valtie selection method perforrns surprisingly wetl considering il is flot specilically

designcd 10 maximize the inean-variance pertorinance. Moreover. il avoids extreme positions

in the assets and remains relatively stable over lime.

The remainder of the chapter is organized as lollows. Section 2 solves the classical mean—

variance problem. The p—value selection method is inlroduced in section 3. Section 4 reviews

some compehing investment strategies. Section 5 presents the rescilts oC a simple simulation

sttidy calibrated from real data. Section 6 conctudes.

The details of the calculations are gathered in the appendix.

2 Classical Mean-Variance problem

This section discusses the mean-variance prohlem and introduces estimation risk. Consider

an investor who chooses a pocilolio among ,V linancial risky assels and the riskless assel. At

()ihers have ako cleparted rom the classicat mean-variance approach: Gartappi. Uppai anci Wann (2006)
plopose a sequenlial rax—inin t etltod where the worst performance t when Ihe unkHown parameters lait lolo a

conlictetice inlervatt s maxirnzed wth respeci to the portt000 weights: Karvey. Liechty. Liechty anci Moiter

t 2004 t adopt a Bayetan .ettlng noUer tue assumpt ion that the returns foltoss a skew—norinal clistribtition.
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tirne t. denote rcspectively hy R (tt vY and R1 the rates of returns on the N risky

assets and the riskless asset. The vector o excess returns is deiined as Ri whcre

is the contormable vector ot ones. The [ollowing standard assomption is rnaintained on the

prohability distribution of excess returns

Assuinption 1. The vectot of evces.r retitrns t?, ïs i,idependent aiul ideotica/lv distribiited

mer time. In addition, R, i.v normalE chstrihitted ,vith ioeai fi,, and variance r,,.

At tirne t. the portfolio is huilt after investing a vector h into the risLy assets and t t — (ïi ) in

the riskless asset. The portlblio excess teturn s r[’(O) h’i,. and its associated mean and

variance are then rcspectively.

((p = &i,, and o, =

The vector of weights O defines the investrnent ride which maxirnizes the tollowing mean

variance objective fonction:

nx { E [,[(o)] i’, [[‘o] } tix {O’fi h1Y0O}

where is ihe coefficient o relative risk—aversion. This leads ta the following optimal vector

ni weights:

=
(// (2.1)

In practice. the parameters fi,, and are unknown: therefore the optimal mean—variance

investrnent rule O, is u,i/’cisible and cannot be calculated in practice. Markowitz (1959)

simply replaces the unknown parameters hy some estimates. This easily providesajeasible

version of the above optimal rule. More precisely, for some estirnates and of the unknown

parameters fi,, and Z,,, one detines the feasible (random) investment ruic and its associated

(random) performance as:

= and Q(O,,) = (2.2)
1) 29

where and ) are. for instance. the maximum likelihood estimators.

= and = U?, —)(Ï?,
—

(2.3)
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Applying ibis plitg-io method comes ut u price. First. estimation risk is overlooked. In prac

tice, the sample size is only Î (Imite). hence / and t are different hom their respective trtie

values. Second, precisely hecause the feasible rtile is numerically different trom the

truc optimal one. its optimaliiy cannot he guaranteed. In the next section. we propose a port-

folio selection method that incorporates estimation risk and does not require any additional

(suhoptimal) step.

3 Maximization of the p-value

This section introduces the p-value selection method and dcrivcs the assoctated optimal in—

vestment riile for a given henchmark . In a second step. the question of the existence of an

optimal henchmark is raiscd.

3.1 Definition and Optimal investment mie

As emphasized earlier, this chaptcr takes some distance with the classical mean-variance

framework and the common idca of minimizing some (expected) tinanciai risk funciion.

More preciseiy, in sharp contrast with existing literature, we do not maximize any usual mea—

suit-e of porttolio performance. We rathcr compare availahlc fonds allocations through their

likelihood of hcating the chosen henchmark. 0f course. otir portfolio selection method cru—

ciaily depends on the hcnchmark. Reasonuble henchmark choices yicid to more coosenalite

objective fonctions than the classic maximi.”ation of the (mean—variance) performance. Our

investor is more conservativc in the sense that she is not interested in achieving the maximal

performance ut every period: she rather selects the invcstmenl mie that maximices the iike

lihood ol defeating thc bcnchmark. This selection method directiy accotints for thc random

nature of the pmhiem while heing ol primary concern for several industries. like institutional

moncy managers.

Our porttoiio selection method is hased on u one-sided test that the chosen measure of port

lolio performance is ahove the given thrcshoid. Ohviously. two unknowns remain here: firsi

the choice of the performance measore and second the threshoid. As pointed oui earlier.

Markowitz’s mean-variance efficiency s u convenient framework privileged hy practitioners.
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Accordingly. we consider the following measure ol porttolio perlbrrnance:

Q(pp. ) /iï,
— (3.1)

where (/ip. u) ai-e respcctively the first two moments of the prohahility distribution of the

porttol io. This measure of performance has mainly heen chosen [or companson purposes:

our p-value selection rnethod works with any other measure (2f. ). Not only the test is the

natural statistical tool to compare random quantities and incorporate estimation risk. but also

it directly focuses on the well—defined objective tor a portfolio manager. to heat the perlor—

mance ot a henchrnark index.

Formally. the nuli hypothesis of interest is stated as follows:

H5: Q(i’r’, ) > c (3.2)

where r is the (deterministic) performance ol the (e hosen) benchrnark index. Tu construct the

associated test statistic. some assumptions are needed on the probability distribution oC the

returns. Consider an investor at time T who bas ohserved the N risky asset returns from timc

t = ] tu T.

Assumption 2. l7ie t’ectors of the N Ji,iancial excess ,etnni,ç of interest o! 11111e t, R1

[tt - - r\t]’Jor ! 110 T, are fclentjca//v disrrihuted and seriallv indepenclent. More fiirnia 11v,

Ï) fi’, F(/1,,. r,,) V t Ï - . -T ichere Fis sonie smooth distrihtitio,t/ii,iction

iiIiose Jurt 11,0 moments evist

2) R, uud R, are imidependent V (t. t’) E { 1.2. --- - T / t t’

We consider from now on the portfolio excess return t[’(tl) = &‘f?,. Note that this only

shifts the deterministic henchmark r: only strictly positive benchmarks (are now considered.

A nuli benchmark corresponds to the minimal acceptable performance. gLiarantecd when

aiways investing in thc riskless asset. The measure oC portlol io performance is then written

as:

Qp(O) = E[(O) — ur([(O))

6Any performance nicasure works uncler minor assnlnpt ion I ike assomption 2. In particulai. ,ve coulct tliink

ot ilicorporating lucher I505tenls to accouES tsr eltects ol skew,iess. kurtosis... This oiity atfecis the tiactahil iiy

of ihe optimal inscstnient rote when ose wants to accotim for tue associated estimation risk. Ihis k iimdeed

related 10 thc I asyltiptotic) distribution of ihe estimnated poritolio performance tthat may neecl iobe simulated!)
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and is estirnated by7:

(p(0) = t’/ — 0’0 (3.3)

ith . = and (1t —)( —Y (3.4)

The application of the vectorial central limit theorem yields the asymptotic distribution ot the

estimated perflirmance: /T (((o) — Qr(0)] is asymptotically normally distrihuted with

mean t) and variance ‘tu(Ô(0)). Then, for an eslimalor Sot its standard deviation. the test

statistic and associated p-value are defined as follows:

Ô (0) — site)

51(0)
=

and p-value(0)
= /

with [r Oie density function of a student random variable with (T — 1) degrees ot treedom.

Hence the maxirnization problem is hnally stated as:

tuai [p—value( 0)1 tuai [51(0)1

The p-valtue selection rnethod can he linked to the well-known hnancial risk measure, the

Value-at-Risk (VaR hereafter). Briefly the VaR at level n represents an estirnate of the level

of loss on a portfolio tvhich is expected to he equaled or exceeded with the given, small

prohahility n: risk rcgtulations usually dictates the choice of this level ot conhdence. Our

selection rnethod rather guarantees the chosen niinimal level of performance with the highest

level ol contidence. We think that choosing the henchmark is more inline with institutional

money managers concerns. Sec the appendix for an extended discussion.

Ohviously, estimation risk is related to the estimation of hoth the mean and Oie variance of

the porttolio. 1f it is commonly accepted that the estimation error on the sample mean is

rnuch larger than on the sample variance, recent studies suggest that it might not always be

the case: sec e.g. Cho (2003) and Kan and Zhou t2006). The latter atuthors conclude that

this is only acceptable when ,V/T is small: in particular there s an interactive effect hetween

hoth estimation errors. Here. to simplify the problem tand get an interpretable closed—form

investment rule). we ignore the estimation risk of the varianceK. The sirnplihed maximization

77Iie procecture remains situtular lorauuy otherset ofconsistetut estiunates. We could even think et the selection

probleun as starting right lieue. usith a set of estintates giveit by a practitlofler.

5Noue tltat. in our simtilatiout study in sectiOn 5. the ratio N/T s kept small.
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problem is now:
- (71/2)(O’ÊO) -

O(c) = arg max
(OEO)h/2/v

where and Ê have been defined in equation (3.4).

Definilion 31. Let and Ê respectively be estimators oftheflrst two moments ofthe distri

bution ofthe excess retttrns as in (3.4). Then, for a given (deterministic) benchmark c, the

optimalp-value investment rule is defined as:

O(c) = /7)cÊ_1 (35)
V

Several comments are worth mentioning. First, the optimal p-value rule O(c) is random and

depends on the (chosen) estirnates ofthe mean and variance ofthe excess retums distribution.

However, this random rule (3.5) is the genuine rule that solves our optimization problem.

In other words, our workable rule does flot corne frorn an additional (suboptirnai) plug-in

step (see also section 4). The deep reason for this exactness lies in the definition of our

p-value selection method: the randomness of the problem precisely defines our selection

procedure. Without uncertainty, there would flot be any purpose to run a test and therefore

no p-value maximization. Second, the mIe (3.5) is a two-fund investrnent rule, just like the

(feasibie) mean-variance optirnization problem MV (see equation (2.2)): both mies yield

to the same repartition of weaith arnong the different financial risky assets. This allows us

to reinterpret the p-value investor in terms of mean-variance behavior with a corrected risk

aversion parameter in section 4. finaliy, note that the optimal p-value investment mIe works

for a given c. The next section naturally asks whether there exists an optimal benchmark or

not.

3.2 An optimal choice for the benchmark?

The above selection method depends on the choice of the benchmark e: it represents the min

imal level ofportfolio performance the investor wants to guarantee with the highest possible

level of confidence. In some sense, this benchmark is not a choice variable and we cannot

reaiiy talk about its optimality. However, it is helpful to exhibit the optimal benchmark for

comparison purposes.
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We maximize the expected performance of the portfolio associated with the optimal p-value

rule for a oiven henchmark:

niix E [Qr(9;,tc))1
Thc oplinuti henchmark reads:

E

where (3.6)
2i

tE
(iè__i)]

The optimal henchmark « is clearly unfeasible since it depends on the unknown paranleters

j) and Interestingly. withoLlt estimation risk (or assuming we know and we can
check that the associated investment rtile is numerically equal W the truc mean-variance mie.
hich is also the optimal mie in absence ol estimation risk. Sec also section 4.3.

4 Theoretical comparison with existing literature

This section is dedicated W the companson ot competing investment strategies a0er introduc—

ino the useful concept of conected risk—avcrsion parameter. already considered in ter Fiorst

et cii. (2006).

4.1 Overview of sorne competing selection rnethods

This subsection hmicfly introduces some of the existing investrnent mies. in particular, we

emphasize the diffèrent methodologies to account for estimation risk’°.

. Mean—variance (Markowitz (I 059)) (sec section 2): this mIe selects thc portiolio with
the maximal mean—variance perlormance. The optimal allocation is unfeasible: it depends on
the lirst two ttnknown moments of the excess returns distribution. A simple variation, y heme

some estimates (sec equation (2.3)) of the unknowns are piugged into the formula, hecomes

feasihie. The estimation risk is then ignored. This mule is given hy:

=

I)

This 1% flot really surprttllg lllce We ittaxituize the expected performance for a given .

See al so Kan ami Zhou OOô I.
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• Bayesian (Bawa. Brown and Klein t 1979)): the Bayesian approach maximizes the cx

pected performance ot the porttolio where the expectation is computed according to the pre

dictive distribution of the market. In tum. this preclictivc distriht,tion is ht,ilt from a combina—

tion of historical observations and the prior. Estimation risk is made expiicit hy considenng

the tinknown parameters as random variables. descrihed hy the posterior distribution. FIow

ever. it is not aiways clear how the prior can be chosen. Under the standard assomption ot

diffuse priors on hoth ihe mean anti the variance of the excess returns, it can he shown that

the Bayesian optimal porttolio wcights are:

1 /Î— .V—2’
1y R

ii 1+1 J

• ter Horst. de Roon and Werker 12006): the portfolio weights are chosen to minimize

the risk fonction hased on the loss of replacing the truc (unknown) mean of the portfolio hy

its sample estimate. They restrict their altenlion to the class oC two-fund rules and ignore the

estimation risk of the variance:

= t ,, ,
with = /t)() ‘00

ii

The resulting optimal rule 0IjR is unfeasihie: H is then replaced hy its sanple counterpart

= ïi ‘ti. Again, optiinality is not guaranteed.

• Kan and Zhou 12006): they extend the previotis selection method tu incorporate the

estimation risk of the variance:

1 ((1 — N — -l)(T — N —1)

_______

— I X
I) T(T — 2) + A/T)

Just like tîjRo-. the resulting optimal rtite 0a-z is unfeasihie: sec appenclix B for its feasible

version. They also explore 0w class of three-fund investrnent rciles hy considering the sample

global mean—variance porttblio. The associated optimal riile 0j, z, is unfeasible as well: sec

also appendix B for additional details.

• Garlappi. Uppal and Wang (2006): they consider a model that allows for moIti priors

and whe,e the investor is averse to amhiguity. The standard mean—variance framework is

modificd hy adding a preliminary minimization step. A constraint restricts the expected

,etun tu fall into a conhdence interval arotind its estimated value and recognizes the
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existence ut estimation risk. The minimication over the possible cxpected returns scihject tu

this constraint reflccts the imestors aversion lu amhiguity. While this approach has a solid

axiomalic loundation. ils sequentiality cannol be directly liked 10 an optimal ty crilerion.

The optimal rule 0(a-o- is defined in appendix B.

The l’ollowing theoretical rankings have hcen derived by Kan and Zhou (2006):

0izs » 0iez » Ou >> iiv 0KZ2 » 0nriw and 0kY » 0t.rW

where >> stands for “outpertorrns in tcrms ut mean-variance performance”. We argue that

ibis rankiniz mhaht not be guarantecd in practice (even in simple simulation framesorks whcre

the returns arc normally distrihuted) when turm . 0icz and arc replaced hy their tea—

sible counlerparis. Kan and Zhou (2006) alre,idy mentioned this issue when comparing their

feasiblet optimal twu—tund rule tc) ihe une ut Garlappi ci aL. Sec also section 5.

4.2 Corrected risk-aversion parameter

Despite thcir ditterences. most ut the selection rncthods descrihed ahove yicld an optimal

rule within ihe class of two-fund rules. jusi like ihe tfeasihle Markowitz’s mean—ariance

approachl I

According tu thcse raIes. the samc repartition ut wealth among the ditterent nsky tinancial

assets is iecommended: thcir differences lie in thc share ut wealth investcd in risky assets

relative tu the risklcss asset. The (teasible) mcan-variance rule eau he reinterprctcd as a

fonction ut thc risk-aversion parameter I,:

t}(i1)
I?

Note ihat [ 1] detines huw wealth is allocaicd among risky assets while weights ihe

share ut calth assigned tu the risky assets: the greater
.

the luwer the (global) share lu the

risky assets.

‘Thu ‘ epeciilIy .ilrprising toi- cuir p—aIiie c’lcction iiicihod since it doc’, loi LOIOC Ironi ails simplitying

as’,uInpi ion t is Ior a,, / md O n , -
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We can ihen \vrite each tvo—fund mie as a mean-variance mie with a rorrected risk aversion

parameter. In tact. any two-tund raie vector ol weights O. can be rewritten as follows:

O. = O (i) Cor sorne i > u (4. I)

Thereftre. the hehavior ot any two-Cund investor can he characterized in ternis oC a mean

variance associatcd tc) a new (colTected) risk-aversion parameter i. The toliowing corrected

risL-aversion parametcrs can be deduced for the two- fond rtiles disctissedahove’2:

2 + .V/T
)urttt_ = I)

—

- + .V/T T(T —2)
)îZ2

- (T — iV — 1)(T — ,V — Ï)

1+1

=

/ i
= )\t 2tc

4.3 Comparison of the reinterpreted investment rules

Our original mean-variance investor aiways hecomes more risk-averse when applying any oC

the compet mg mies wc consider here. 1-lowever. this is not trtie when she appiies the p-value

rciIes: her risk-aversion parameter does not aiways increase.

On one hand. the investors respectively associated with the three competing mies O, 0jjmt

and (]I-z2 are aiways more risk-averse than the mean-variance investor. Moreover the foIiow

ing ranking can even he ohserved:

‘/[cZ2 > ?/j[[?H > tj and 013 > O

Recail that (Ïh-, s nothing but where the additionai estimation risk coming Itom the

variance is accounted for. So one cotiid he tempted tu conclude that increasing the risk—

aversion pararneter is a sensible way tu account or estimation risk.

We coud aRo consider O: as u tss o—[uiid mie with a corrected risLasersioii paraliieter that can he

j diii te with iton—cero prohab I ity.
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On the other hand. the p—valtie corrected risk—aversion linearly depends on the original risk—

aversion parameter: hence. the p-value investor might he characterized as a mean-variance

investor cither hy increasing or decreasing the risk-aversion i. The corrected risk-aversion

parameter can acwally be rewritten as lollows:

- /Q(iv)
= ij

where Q( 0 -) is the performance associated to the feasible rnean—variance invcstment rule

(sec equation (2.2)). Depending on ihe choice ot the henchmark t. one huis into one of the

tollowing cases:

fi) ite = Q(ttjv) then , = q

(ii) If > Q(9i-) then ï11, < q

(iii) if u < Q(t) then i)> i

Intuitively. this additional llexihility might he prolitable. especially hecause it can he iinked

tu the actual sample realitations. Consider an investor who chooses a moderate henchrnark

t. Assume now that. bu’ chance. she laces a good [mandai environment (or a sample associ—

ated to a relativcly high performance): likely t < Q(( ) and so I),, > q. Overall. the part

invested in the risky assets is going 10 he lo\Ver. The profitable financial conditions offer addi

tional safety to the p-value investor: it is more likcly 10 heat the target. On the contrary, with

a un! VO gooti Onancial environment, one may cxpect the investor 10 hecome less risk-aversc.

stili hoping 10 defeat the henchmark. lntuitively it makcs sense to incorporate the sample

information mb the decision process. TOc p-value seleciion method might aiso overcome tOc

wetl—known problem of tOc mean—variance invcstmcnt mIe which takes extreme positions.

TOc next section further investigates this.

5 Monte-Carlo study

This section presents tOc restults of a simple Monte-Carlo sttidy. TOc simulation exercise

involves Ove risky assets and tOc risklcss assct. TOc risky rctums lbllow a muitivariatc normal

distrihcution and tOc ircie model parameters are calihrated from monthly unhedged returns of

stock indices for the G5 coLlntncs over tOc pcriod January 1974 to Dccemhcr 1998. Thc G5



121

stock indices are the MSCI indices for France. Gerrnany. Japan. the UK and the US as donc.

for instance, in ter Korst et al. (2006). Table IV.! contains the summary statistics.

A hnancial stratcgy is considered over an investment horizon T,,. More precisely. al lime

t = I investors have access 10 T (past) histoncal observations of the financial returns. These

are used to estimate the unknown parameters (typically /I, and ) requircd to evaluate their

investment strategy. The incluced portfol 10 iS hold for one period until / 2, whereas the

investrnent strateoy is reevaluated using again the T inost recent observations 10 httild the

estimators. A new portfolio is constrticted, and so on until 1),.

We compare eleven investrnenl stralegies around two objects of interest for portfolio man

agers. First. we compare their respective performance over the iiwestrnent horizon. The per

formance is cvaluated thmugh the expected (one-period) mean-variance performance. Sec

ond, we compare the stability of the investment rules as measured hy the transaction cosls

incurred b reallocate the portlolio at each period.

We consider the following investment mIes: f I) the mean-variance optimal mule in absence ot

uncertainty Ot; (Il’) the feasible counterpart of( I) : (2) the optimal two-fund mule 0KZ

(2f) the lasihle countelpart of (2) é1Kzt (3) the optimal two-tund rule when the variance is

known 0ejnw; (3f) the feasihie counterpart of (3) Ojjrnt: (4) the Bayesian rtmle with diffuse

prior 0; (5) the sequential min—max mie 6: (6) the optimal three—fund nue O,zt: (6f)

the feasible cotmnterpart of (6) (7) the p—value mie for four difTerent henchmarks. In

this convenieni Monte—Carlo setup, the henchrnarks can be evalcmated directly with respect

to the maximal performance (2(O,,). Typically. we consider here t, = .1 (2(0,jt): =

(t = .9Q(Oj,): and c* the optimal henchmark (aceording b section 3.2) whieh

is evaiuated hy simulation for each size of the rolling window (sec table IV.2). In practice.

one can think of al least two ways 10 get a convenient henchmark: t mighl he a ntunerieal

targel that bas heen decided by the board of directoms: e can also he based on the historical

performance of some henchmark index.

We choose 10 set the risk-aversion parameler tj equal 10 5. For each portfolio rule r. dehned

hy the vector of weights O,.. the associated (one-period) expected perftrrnance is evaluated as

fol low I3

E Q(O,.)j = E (O.l) — E (O.ZOJ (5.1)

Note that w simptif the notations se do nom make explicim ils ctependence to the ctame oC the investment
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where the true moments and are known (but only at this stage!) in our convenient

Monte—Carlo framework: this hclps solate the etfects ol eStimatiOn nsL.

Mosi ot the ahove rules Icad tu a random vector of weights O,.. Hence. ibis is flot aiways

possible to obtain a closed-form solution for the expected performance. 1f so. the performance

is evaIiated hy averaging over rnany repiications ut the experiment. This is the case fur the

mIes (2f). (31). (5). tfifl and (7). For the remaining mies. expected re tormaily

provided in appendix B.

Table IV.3 provides the cxpected performances (in percentages per month) associated with

every rule for several sampic sites ot the toliing window used tu caicutate the estimators.

Generaily speaking. things get hetter when the sampie site increases: i) ihe perfwmance of

each investment ride gets doser tu the trtie optimal onc Q(O.iii-): ii) the fcasihle tiiles get

doser to their theoretical cuunterparts — sec also table tV.4; iii) tinally, the estimation risk

coming from thc variance matters less when T increases. Thete isan additional loss of I 5%

per rnonth whcn using tJjRtt instead of Oz for T 120 and it drops to less than 1% hcn

T 2-10.

Figure IV. I provides a visual comparison of the performances of ail the feasihic mies, as a

function of the rulhng window site. The dominance of the feasible three—fund mIe is ohvious.

Hence, diversification appears 10 matter quite a bit whcn accounting for estimation risk. Thc

p—value with a medium hcnchmark performs fairly well.

Figure IV.2 provides the saine information fur the p—value rules compared tu thcir associated

target. Note Iirst that ihe rank of the expectcd performances is piescrved: a luw target is asso

ciatcd to a lower expected perfurmance. Then. except fur the highest target (chosen as 90%

of the maximal theoretical performance), the minimal target is always ensured and indeed

outperformcd.

The perfurrnance of the p-value investrnent rtile is positively surprising. Recail that dom

parcd tu must of its cumpetitors, it dues flot maximize the mean—variatice performance. 0f

course, its perfurmanec crucialiy depends on the henchmaik’4. However. for qtlite a wide

range uf potential henchmarks (Il = .035 tu ( = .315 percentages per munth) the p—value

pertorms quite well: the medium henchmark even outperforms Ô- when T = fit). It clearly

outpertorms the mean—variance. the Bayesian and thc min—max seqcicntial investment mules.

We nuw compare the stabihty of the purtlolio rules via the transaction costs incurred tu real—

‘4SiintiIation w 1h lIn ,CUNO,ulhlc targets. both ver low and high. conhim this. [bey are 1101 reporled bern.
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locate the portlolio at each period. This cost is the avcraged amount (in arhitrary units) paycd

hy the investor to modify her positions. The arhitrary cost is the same for each risky asse).

More precisely. for each rtile t deiined hy the vector of weights U. at date t, the maintenance

cost iS delincd as lollows:

‘h t W 1h t

C,. = E [ t — o — (5.2)

where t = [Ï Ï •. lj, and M is the number of replications.

Table lV.5 coltects the averat1e transaction costs (or each mIe, uver an investrncnt huri,on

Ut) with several molling window sizes and .) t = OOOt) replications. Even though the

transaction costs are calctilated in (5.2) in a relatively basicS cuide way. several cumments

are worth mentioning.

First, enerally speaking, the transaction costs decrease whcn the size of the rolling window

increases: the estimators naturally hecorne more acclimate and stable when the samplc sue

increases, so do the Unancial positions. Only the most ecunoinical mule (Oc;ttt) dues not

satisfy this. The rcason cornes (rom its definition. Contrary tu any other investment rote,

°GÏ1V has a nunzero pruhability ut entirely investing in the riskfree asset: this mechanically

lowers its maintenance cust. Note that when the sample increases taud hence the estimators

can he tmsted more). the GUW-investor bas hbaher transaction custs, meaning that she invests

more in the risky assets.

The truc (unfeasible) rides ((}[z1, °Fimt , and 0--) tend tu he more economical than theim

associated feasihle countcrparts. Whcn the sample size increases. these rttles. as well as

must of the rernaining unes. get doser tu each others: this has already heen noticed with the

expected performance.

The p—value mIes are naturally ranked as a fonction of their associated benchmark. More

precisely. the Iuwest target yieldsa mure ecunomical mIe 0t(’I ). In order tu fulfill ber

objective, this investur dues nut need tu invest as much in the risky assets.

Finally the feasible mctles eau be ranked from the must econumical as fulluws (he ranking

dues tut depend un the size of the sample used tu produce the estimaturs):

0crii » 0tt) » 0t,(2) 0izt » az2 > Op(’t) (HRtt » tt » tIt

where >> stands fur more economical” and — for “econumically equivalent”.
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6 Conclusion

In this ebapter we propose a nes’. way to accotint toc estimation nsk when selecting the op

ti mai port loi o. In sharp contrast with existing I ilerattire. the optimal port toi o is flot dch ned

as ihe one inaxlmi7ing some mean-vanalice perlbrrnance: we consider Ocre a more conser

vative cletinition of optimaltty which Iocuses on gclaranteeing some minimal pertiumance.

Moie piccisely, oiir portfoiio seicetion method is based on a one-sided test ensuring that the

porttolio performance is above a given threshotd. The optimal weights are then ohtaitied

from the maximization of tOc p—value associated to the ahovc test. The test provides an jute—

rated mcthod 10 account for estimation risk. Moreover, aller neclectiti the estimation risk

of the sample variance. it leads 10 a closed—form investment cule which can 0e tised wtthout

reqtiiring any aciditional (suhoptimal) step.

01 course ihe performance of the p—value invesiment rote (whieh s not designed or meant

b aehieve tOc maximal pcrlbrmancc) depencis on tOc chosen henchmark . Howc’. er. is il—

iustrated in our simple Monte—Carlo simulation study s’. Ocre ‘.sie consider a wide range ot

beochmarks. the overail performance is quite satisfactory. In particLilar. h performs pi’etty

well for relatively small samples (we helieve mainly hecause ii does not require an addi—

tional suhoptimal plug—in step) and omperforms rcasonable choices of targeis. We lind these

preliminaiy results really encouraging.

The great ad aniage of the simple framework ‘.‘.e consider here consists in providing closed

foim optimal investment -tues. inierpretable un lerms of mean—variance hehavior. Compared

to competing two—Ftund oies e.g. Kan and Zhotu (2006) and ter Horst, de Roon and Werker

(2006)), we hate shown that this is not always an increase of tOc original risk-avcrsion pa

rameter that works 10 accotunt for estimation risk.

For fcutuue research. several directions might Oc worth examining. First. one coulci extend our

selection method to random targets. This ‘.‘.ould permit 10 track the performance of hench

mark indices ratlier than ntumhers that may flot always 0e inline with the tinancial environ—

ment. Second. considering that wc generally do hetter than 10e feasihle optimal two-tund

cule and tOc very good restuits of tOc feasihie ihrce-fund utile, ‘.‘.‘e may wonder how tOc p-

value selection method. adapted 10 consider three—fund investment cules, would perforun: as

stuggested hy Kan and Zhotu (2006). esen more than thrce assets may help. Finally. recent

papers hase considcred tOc relaied issue of model uncertainly. In parluctular. Cavadini. Shitelz
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ami ‘flojani (2001) extend 1k study of ter Horst & Roon and Wedccr (2006)10 incorpomte
model Ht they use mbust infrrence methods à la Huber. or local devinions 101k chosen
initial distribution. 0f course. 1k interpœtability ofthe invcstment mies is libly 1k price W

pay w consider these extensions.
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Appendix

Analogy with the Vaiue-at-Risk

The Value—at-Risl (VaR) is a wcll—known Onancial risk mcasure summariiing the worst cx—

pcctcd loss the investor is ready tu accept. More precisely. the choice oC a leel of confidencC

1 u) S associated to an n —quantilc or n t?(n). When V represents the linancial return oC

interest assumed normally distrihuted with mean // and variance a. we have:

- .
/.V — p — nR,,

—

P(\ <—) aRa) = Cl P I I = Q
n. )

/ —\n1?,, —
-- (F[ l=n

j )

whcre 0(.) is the cumulative distribution lunction ot a standard gaussian random variable.

So.

P(.V < —) n[?) = n
in —

= ‘(n)

—inR = /i ±

Reasonable values of n arc srnall (and [or stire < 0.5). 50 P .I() < 0.

Additional resuits on other investment fuies

These calctilations wcrc derived in Kan and Zhou (2006).

• Two-ttind nie oC Kan and Zhoti:

1 4(T_.V_i)(T_.V_l) { -

!Z2 —
— ) ) 2 .V/T)

with = Kan and Zhou (2006) recommend the folloing lasihle mie where
- is replaced hy

— (T — .V — — 2()7(1 + 2)_(T2)2

— T TB/(1.p(.V/2. (T — .V)/2)
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with 2
= and Ir(. b) is the incomplete heta fonction

Br(ti. h)
= f L — I

• Three—fund rule of Kan and Zhou:

, / ,,2 r .v/r
=

+ .,ir) +
2 ± ./T)

1” 1

with

1’

= i’Z
(TV—-l tT— N— Ï

=

T—2
2

= (II — /II)’ (ii — /J1)

Kan and Zhoti (2006) recommend the following feasibie rtiie ),cz where p,, and 2
are

respectively replaced by:

= ,‘
t,

— (T—N—l)t’2—(X— 1) 2(2)-)/2(l +/2)t7 2)/2

T TB,/(12)((N 1)/2. (T — N + I)/2)

• Sequentiai min—max oC Gariappi. Uppal and Wang:

=

where /
= {

(2)I/2

î)

with e = F(p)/(T — .V)

where s the inverse ni’ the cumulative distribution function oC a centrai F—distribution

with (N. T — N) degrees oC freedorn and ‘ is a probahiiity. We use p = .99 as suggesied in

Garlappi et al. (2006).

• Expected performances of the inxestment ruies considered in section 5. Sec also Kan

and Zhoti (2006) lot additionai details.
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t I) Parancter certainty optimal: E1 = — 2/(21,).

I 1) Feasihie counterpart of (I):

AT(T 2)
LI] =

— 2,j(T 1)(T — A — 2)(Ï — 1)

/ T T(T—2)
ith l

T—V—2)
2

(T—A—Ï)(T—.V—-i)

(2) Opt2mal 2—fund mie:

- (T—.V—-l)(T—.V—1)

______

x
- 2îj (T — 2)(T — X — 2) - + :V/T

(2f) Feasihic countcrpart of (2): E2 must be cvaluatcd by simulation.

(3) Optimal 2—tond mie ith known variance:

- T (T+X)(T—2)
z - 2—

2?) -- + A /1 T — A —2 (T — A — I)(T — A — 1)

(3f) Ecasible counterpart ot (3): E:1 mtist he cvaluated hy simulation.

(4) Bayesian with ciitIuse priors:

E —k
NT(T—2)(T—X—2)

-I —

— 2i(T± ï)2(T — X — i)(T — X —1)

T i’(i—2)(T—X—2)
with h = 2—

- T+l (1+ 1)(T—X— l)(T—X—1)

(5) Uncertainty aversion mie: E5 must he evaiuaicd hy simulation.

(6) Optimal 3-fund mule:

— (T — X — 1)(T — X — 4)

___________

-s
(T-2)(T-X-2) 2+() (+)

(6f) Feasible counterpart oC (6): E,,, must be evaluated by simtilation.

(7) P-value maxirniration given r: ET(() must he evaluated hy simulation.
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Proofs of the main resuits

Proofofequation (3.5) O(c):

The first order conditions can be reinterpreted as a ftrnction of the (feasible) vector of the

mean-variance weights MV defined in equation (2.2) as follows:

O’-(r1/2)(6’Ê6 )-c

— 7)2O — Z71, + = o

TJ JL—C
p ZO=O

2

n
— —

— p O
2

______

77
> 77 X °MV

= OJÇÊOJ)
+ O (A.1)

Now for a given threshold c, we can aiways define a constant real number Ic such that:

O’ L — C
k x r = (A.2)

p P

Then, substituting (A.2) into (A.1) yields to:

7JX OMU = (k+) < =

k+1/2
(A.3)

If I consider OMV as a function of î such that 0MV
= (Êh])/77 and O as a funefion of r

(where O, is the weighting vector maximizing the p-value of the test with a parameter 7] of

risk-aversion), then I get:

= 0MV () with = x (k + ) (A.4)

The interpretation of as a corrected parameter of risk aversion is valid if and only if k +

Ï/2 > O. This resuit may appear a bit ad hoc at first because k depends on the unknown
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vector of weights O. Bcit troin equalion (A.2). we are acttially ahie to dcduee ils explicit

expression as a lunction ni known quantities only:

([.2) O — r OO,, x X I)

Then aftcr replacing O, hy its expression (A.3). we get:

Ï f. Ï t.j

_____

r:
r

/
k + 1/2 (k, ± 1/2)2 2ij(/. + [/2)2

(kf: + 1/2) ><

Proof of equation (3.6) r

Q(01,(r)) = O,(r)() — O,(r)ZpO;,(r)
=

— tt

where = j’
)j. We then maximize il y. 11h respect to f:

max f Qr (Os, (r) )Ï

The associated [frst order conditions are:

E
(Pu)

= E
(tt11) =

_________

The associated optimal vector ut weights is the loi iowing:

O))

E()

E
j_) 1/

Note in particular that if p and < were known. we would get O1,(r ) = O, which corre

sponds tu the hest poiltolio rtilc in ahsence ut estimation risk.
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Mean Standard dcv ation

France t).014 0.069

Germany 0.0! 3 0.059

Japan 0.0! I 0.067

UK 0.015 0.073

USA t).0!2 0.044

and p [
590 .39)) 5 ii . 156

I .3:4 -121 .347

I .312 .221

1 .506

Table IV. I Summary statistics and matrix ni correlations or the MSC! of G5 countries ovcr

the period January 1974 b December 199$.

Sue of the ro!ling window I

120 180 240 300

Optima! hcnchmark c 0.0765 0.1415 0.1840 0.2124 t).2325

Table IV.2: Optimal henchmark (* fin percentages per month) For severa! sample sues oi

16e rolling window tised to calculate the estimators of the Iirst two moments of ihe portlolio

distribution. « bas heen eva!uated hy simulation with 51 .50000 replications.

60
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Rule SÏLC ofthc rolling window Î

60 120 180 24f) 300

( 1) 0 0.3503 t).3503 0.3503 0.3503 0.3503

(I t) O -0.8977 -0. 1667 0.0256 0. t 146 0. 1648

(2) 0z2 0.0929 0. 15! 8 0.1888 0.2141 0.2326

(2I) Oj, —0.0046 0.1033 0. 1510 0. 1832 0.2067

(3) 0.074! t). 141$ 0. 1816 t).20$4 0.2279 Ï
(31) -0.2577 0.051$ 0.1371 t).1813 t).2090

(4) 01? 0.002$ 0.t)() 14 00f) If) 0.0007 0.0006

(5) 0Ui? f).0036 0.0! 2 t 0.0223 f).0356 f).05 t I

(6) 0is Z3 t).2$27 t).3007 t).3074 t).3 I 13 0.3 I 4f)

(6fl: [7? 0.0266 0.1770 0.2274 t).2530 0.2683

t7Y 0) 0.0835 0.1 167 f). 1333 0. 1439 0.1509

(7 O(c.) 0.0690 0.1545 0.1949 0.2204 f).2374
(7)* O,t) —0.0050 0.! 19t) t). 1761 0.2! 17 0.2352

(7) O(c) 0.0933 0.1564 0.1950 0.2223 f).24!7

Table IV.3: Expccted performances t in percentages per month) for scveral sainple sues of

the rolling window used to calcutate the required estirnators of the tirst 1w?) moments of

the portfotio distribution. A star ( t identifies a rcile whose expected performance has heen

evaluatcd through a simulation with 31 = 5Ut)t)t) replicalions. For Op- and fijz WC tOIlC)W

the recommcndations ot Kan and Zhou (2006); for Q-;- we [ollow Garlappi et al. (2006).

The henchmarks are chosen as t = 03503. t2 175 f and t. = .3153; for the optimal c.

sec table tV.2.
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T 60 120 180 24() 300

6’tz 105.0 (101.3) 32.0 (70.5) 20.)) (56.9) 14.4 (47.7) I 1.1 (410f

447.8 (173.6) 63.5 (85.2) 24.5 (60.9) 13.0 (48.2) 8.3 (40.3)

iz 9t).6 (92.4) 41.1 (49.5) 26.0 (35.1) 18.7 (27.8) 14.5 (23.41

Table IV.4: Expected performance tosses (in perccntages per month) when using ihe Feasible

mie instead of its theoreticai counterpart. For convenience. we also report in parentheses thc

Ioss o) tising the feasible rote instead o( thc trtle optimal one O.

Rule Size of the roliine window t

60 120 180 240 300

(I) 9- 0 0 0 0 0

t IF) t 27.9694 12.6632 8.1790 6.0430 4.7878

(2) 0571 6.5508 5.1686 4.2363 3.5860 3.1047

(2F) 9IZ1 11.3447 6.5516 4.8417 3.9102 3.3040

(3) Onmi 8.2777 5.7838 4.561$ 3.7894 3.2443

(3f) Ô110 18.5680 8.8222 5.0800 4.5882 3.7469

(4) 6 24.3013 11.8256 7.8175 5.8424 4.6606

(5) 0.5518 0.5340 0.6264 0.6942 0.7478

(6) o.’-z 3.8310 2.0374 1.4739 1.2097 1.0583

(6F) 0[7i 2.7672 6.1304 4.3444 3.3113 2.681$

(7) 01,(ci) 4.684! 2.7357 1.9583 1.5330 1.2595

(7) O(c,) 10.4739 6.1 172 4.3789 3.427$ 2.8162

(7) OpF):) 14.0521 8.207! 5.8749 459X9 3.7784

(7) 01(c) 6.022(] 5.4983 4.488! 3.7747 3.2447

Table IV.5: Averaie transaction costs over an investment horizon T, = 60. We consider

severai roilino window sizes (tu evaitiate the estimators of thc brst two moment o! the distri—

butions of the reicims) and M = 5000t) replications.
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Conclusion générale

Dans cette thèse, nous avons étudié des contextes d’application, en particulier dans le do

maine de l’économie financière, où le point de vue asymptotique traditionnel pouvait être

trompeur. Chacun des quatre essai a alors proposé une méthode pour affiner les approxima

tions asymptotiques en présence d’échantillons d’observations, toujours finis en pratique.

Dans le premier essai, nous avons proposé un cadre de travail général, dans un contexte

GMM, afin de tenir compte d’instruments potentiellement faibles. En contraste avec la litté

rature existante, la faiblesse a directement été mise en relation avec les conditions de moment

(à travers les instruments) et plus seulement avec les paramètres. Plus précisément, nous

avons considéré deux groupes de conditions de moment: le groupe standard, associé au taux

de convergence usuel v” et le groupe faible, associé à un taux de convergence plus lent )‘T.

Ce cadre garantit la convergence des esfimateurs GMM de tous les paramètres, mais à des

taux possiblement plus lents que d’habitude. De plus, nous avons identifié et estimé des di

rections dans l’espace des paramètres, qui convergent à la vitesse standard v. Par ailleurs,

nous avons également caractérisé la validité des approches de test standard, comme les tests

de Wald et GMM-LM. De tels résultats sont d’un intérêt pratique certain, puisque la connais

sance du taux de convergence lent n’est pas requise.

La simulation d’un modèle d’équilibre général CCAPM a révélé que les estimateurs GMM

convergeaient tous. De plus, dans certaines configurations des valeurs des paramètres, leurs

taux de convergence apparaissaient plus lents que le traditionnel v’, tandis qu’une combi

naison linéaire des paramètres structurels était estimée au taux standard. Dans les modèles

plus sophistiqués que le CCAPM (par exemple, les modèles avec préférence Epstein-Zin, for

mation d’habitude ou encore évaluation d’options), la distinction entre directions fortement



142

identifiées dans l’espace des paramètres et directions faiblement identifiées peut également

compléter notre interprétation économique du modèle.

Afin de simplifier les notations et l’exposition, nous avons choisi de nous concentrer ici sur

deux groupes de conditions de moment, seulement. L’extension vers de multiples groupes,

et donc différents degrés de faiblesse, est naturelle: pensons, par exemple, à un praticien qui

utiliserait des instruments de différentes qualités informationnelles. Un autre document de

travail (Antoine et Renault (2007)), en préparation, considère ce problème pius spécifique

ment. Toutefois, aucune application reliée à des problèmes d’identification n’y est envisagée;

ce point de vue est spécifique à cet essai.

Dans le deuxième essai, nous avons réalisé une étude comparative de puissance entre le test

standard GMM-LM et sa correction proposée par Kleibergen (2005). Nous avons montré

que cette correction avait des conséquences asymptotiques en présence de problèmes d’iden

tification: en particulier lorsque des instruments de qualité hétérogène sont utilisés. Nous

recommandons donc l’utilisation du cadre de travail développé dans le chapitre 1. 11 n’a

pas beaucoup de conséquences en termes de spécification des problèmes d’identification. De

plus, non seulement, il donne accès aux procédures de test standard, mais il permet aussi

d’identifier les directions dans l’espace des paramètres contre lesquelles les tests ont de la

puissance.

En ce qui concerne les tests sur des sous-vecteurs des paramètres, la supériorité du cadre

de travail du chapitre 1 est claire. En particulier, la reparamétrisation permet d’identifier les

directions pour lesquelles le test GMM-LM standard s’applique directement. Aucune hy

pothèse supplémentaire sur les paramètres non-testés n’est nécessaire. Pour finir, des trans

formations (non-linéaires) générales des paramètres peuvent également être testées dans ce

contexte. Ceci n’est pas évoqué dans Kleibergen (2005).

Dans le troisième essai, nous avons proposé une nouvelle méthode d’inférence, la procé

dure Modified-Wald, afin de fournir de l’inférence fiable sur un ratio de paramètres multi

dimensionnel. Cette nouvelle méthode est basée sur la statistique de Wald et démontre la

même commodité computationnelle. En plus, elle est associée à des régions de confiance

non bornées lorsque l’identification fait défaut, comme suggéré par Dufour (1997). Notre
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idée consiste à intégrer le contenu informationnel de l’hypothèse nulle dans le calcul de sa

métrique.

Nous avons montré que la statistique Modified-Wald est asymptotiquement équivalente à la

statistique de Wald. Sa région de confiance, au niveau c, est non bornée avec une probabilité

aussi élevée que (1-a), la borne supérieure déduite dans Dufour (1997). Ces résultats ont été

appliqués à deux cas d’étude. L’exercice de simulation associé à un ratio bidimensionnel a

révélé que la procédure Modified-Wald était capable de détecter une situation dans laquelle

l’information échantillonnale n’était pas suffisante pour fournir de l’inférence précise. La se

conde application, sur le modèle de régression linéaire avec variables instrumentales, nous

a permis de construire un pont entre la perte d’identification à la frontière de l’espace des

paramètres et sa modélisation économétrique (artificielle) à travers la taille de l’échantillon.

Dans le quatrième essai, nous avons proposé une nouvelle façon de tenir compte du risque

d’estimation en sélectionnant le portefeuille optimal. En contraste avec la littérature existante,

le portefeuille optimal est défini de manière plus conservative, en cherchant (seulement) à

garantir une performance minimale, et plus à maximiser la performance directement. Plus

précisément, notre méthode de sélection repose sur un test unilatéral qui assure que la per

formance du portefeuille est au-dessus d’un seuil donné. Les poids optimaux respectifs des

actifs financiers sont alors obtenus à partir de la maximisation de la p-valeur associée à ce

test. Ce test nous a permis de définir une méthode qui intègre directement le risque d’esti

mation. De plus, en négligeant le risque d’estimation de la variance, nous avons obtenu une

règle d’investissement explicite directement applicable.

Nos simulations ont montré que, pour des choix de référence raisonnables, la performance du

portefeuille associé à la règle d’investissement p-valeur était très satisfaisante, surtout avec de

petits échantillons; de plus, les coûts de maintenance associés étaient généralement faibles,

ce qui témoigne de la stabilité de la règle à travers le temps.

Pour finir, plusieurs voies de recherche peuvent être envisagées. On peut tout d’abord penser à

introduire des performances de référence aléatoires: cela permettrait de traquer directement

la performance de certains indices financiers d’intérêt. On peut aussi chercher à introduire

le risque de modèle dans le choix du portefeuille optimal, à l’image de Cavadini, Sbuelz et

Trojani (2001).


