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Résumé

Cette these aborde les facettes dynamiques des principes fondamentaux du probléme de
I'appariement stable plusieurs-a-un. Nous menons notre étude dans le contexte du choix de
I'école et de |'appariement entre les hopitaux et les résidents.

Dans la premiere étude, en utilisant le modéle résident-hdpital, nous étudions la complexité de
calcul de I'optimisation des variations de capacité des hopitaux afin de maximiser les résultats pour
les résidents, tout en respectant les contraintes de stabilité et de budget. Nos résultats révelent
que le probleme de décision est NP-complet et que le probleme d'optimisation est inapproximable,
méme dans le cas de préférences strictes et d'allocations de capacités disjointes. Ces résultats
posent des défis importants aux décideurs qui cherchent des solutions efficaces aux problemes
urgents du monde réel.

Dans la seconde étude, en utilisant le modéle du choix de |'école, nous explorons |'optimisation
conjointe de I'augmentation des capacités scolaires et de la réalisation d'appariements stables op-
timaux pour les étudiants au sein d'un marché élargi. Nous concevons une formulation innovante
de programmation mathématique qui modélise la stabilité et |'expansion des capacités, et nous
développons une méthode efficace de plan de coupe pour la résoudre. Des données réelles issues
du systéme chilien de choix d'école valident I'impact potentiel de la planification de la capacité
dans des conditions de stabilité.

Dans la troisieme étude, nous nous penchons sur la stabilité de |'appariement dans le cadre
de priorités dynamiques, en nous concentrant principalement sur le choix de I'école. Nous intro-
duisons un modele qui tient compte des priorités des freres et sceurs, ce qui nécessite de nouveaux
concepts de stabilité. Notre recherche identifie des scénarios ou des appariements stables exis-
tent, accompagnés de mécanismes en temps polynomial pour leur découverte. Cependant, dans
certains cas, nous prouvons également que la recherche d'un appariement stable de cardinalité
maximale est NP-difficile sous des priorités dynamiques, ce qui met en lumiere les défis liés a ces
problémes d'appariement.

Collectivement, cette recherche contribue a une meilleure compréhension des capacités et des
priorités dynamiques dans les scénarios d'appariement stable et ouvre de nouvelles questions et

de nouvelles voies pour relever les défis d'allocation complexes dans le monde réel.



Mots Clés : Appariement stable, expansion des capacités, programmation en nombres
entiers, préférences dynamiques, choix de I’école, complexité de calcul, familles



Abstract

This research addresses the dynamic facets in the fundamentals of the many-to-one stable match-
ing problem. We conduct our study in the context of school choice and hospital-resident matching.

In the first study, using the resident-hospital model, we investigate the computational com-
plexity of optimizing hospital capacity variations to maximize resident outcomes, while respecting
stability and budget constraints. Our findings reveal the NP-completeness of the decision problem
and the inapproximability of the optimization problem, even under strict preferences and disjoint
capacity allocations. These results pose significant challenges for policymakers seeking efficient
solutions to pressing real-world issues.

In the second study, using the school choice model, we explore the joint optimization of
increasing school capacities and achieving student-optimal stable matchings within an expanded
market. We devise an innovative mathematical programming formulation that models stability
and capacity expansion, and we develop an effective cutting-plane method to solve it. Real-world
data from the Chilean school choice system validates the potential impact of capacity planning
under stability conditions.

In the third study, we delve into stable matching under dynamic priorities, primarily focusing
on school choice. We introduce a model that accounts for sibling priorities, necessitating novel
stability concepts. Our research identifies scenarios where stable matchings exist, accompanied
by polynomial-time mechanisms for their discovery. However, in some cases, we also prove the
NP-hardness of finding a maximum cardinality stable matching under dynamic priorities, shedding
light on challenges related to these matching problems.

Collectively, this research contributes to a deeper understanding of dynamic capacities and
priorities within stable matching scenarios and opens new questions and new avenues for tackling

complex allocation challenges in real-world settings.

Keywords : Stable matching, capacity expansion, integer programming, dynamic pref-
erences, school choice, computational complexity, families
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Introduction

Education serves as a vital pillar in the development of society. Despite a notable rise in literacy
rates globally, significant challenges remain, as highlighted by recent studies showing that around
14% of the world's population still endures the hardships of illiteracy [130]. Moreover, policy-
makers are not only tasked with the expansion of the education system but also with ensuring
that this expansion is conducted fairly, accommodating diverse societal needs and expectations.
Modern mathematical tools have become integral in ensuring equitable school admissions.

While educational access has expanded, the quality of education often remains a secondary
concern. This problem is starkly evident in countries within the Organisation for Economic Co-
operation and Development, where studies indicate that median literacy levels are alarmingly near
the threshold of functional illiteracy [64]. This low literacy level has profound societal implications,
as it is strongly linked with higher incidences of crime and poverty [103]. Addressing this issue
is crucial, as improving the quality of education can lead to broader societal benefits, including
reduced crime rates and enhanced economic opportunities.

The dilemma facing contemporary policymakers is how to effectively balance the distribution
of resources between expanding educational infrastructure and enhancing the quality of education.
This includes not only improving the baseline standard of education but also channeling resources
towards supporting and nurturing talent and academic excellence. Policymakers must carefully
consider the implications of each decision, weighing the benefits of educational access against the
need for high-quality instruction. In this complex scenario, mathematical models are invaluable
for providing a framework to make informed, equitable decisions, guiding policy towards outcomes
that benefit the larger community.

Research Questions

Education can be improved from both a quantitative and qualitative perspective. In this
thesis, we develop analytical and computational tools that policymakers can use to improve the

education system.



Capacity Expansion

From a quantitative point of view, in 2015, the world average number of years that a student
dedicated to education was estimated at 9.2 [76], which is a number heavily dependent on the
amount of resources that every society dedicates to education. In this regard, it is estimated that
in 2020, the average percentage of the world budget dedicated to education was 4.3% [66]. The
main portion of the budget is often allocated to cover recurring expenses such as salaries, bills,
and facilities maintenance. As a consequence, only a small portion of the original budget can
be allocated to extend the pool of available seats for students, which can be done by increasing
the capacities of schools’ programs. Given the constrained budget on education, it is pivotal to
find the most efficient way of expanding the number of positions available to students so that
they could continue studying in their adolescence or later in life. The following question arises

naturally.

Given a budget, how should we allocate it to expand the
education system to benefit the students the most?

Formalizing this question in mathematical language requires the introduction of a model in
which all the elements in the question are present as fundamentals, variables or parameters of the
model. A classical approach is to provide a model as the one proposed in the seminal paper by
Gale and Shapley [67]. This model is built on a bipartite graph with two disjoint sets of vertices
and a set of edges that connect the vertices in the two sets. One set of vertices is interpreted as
the set of students, and the other is the set of schools; the edges that connect the students to the
schools represent the feasibility of an assignment, i.e., an edge between a student 7 and a school
J represents the availability of both ¢ and j to be matched together. It is usually assumed that
a student can be matched at most to one school, and that a school can be matched to as many
students up to its capacity. A matching is defined as a subset of the set of edges that respects
the capacity constraints of the schools and matches each student to at most one school. If we
could decide which matching should be picked, i.e. how should students be assigned to schools,
it seems reasonable to focus on matchings of maximum cardinality since they match the highest
number of students in the education system. In the real world, students have preferences over
the schools that may derive from tuition-fees, scholarships, location, et cetera. On the other side,
schools may have a ranking over the students which may be a function of past grades, family
income, neighborhood and other factors. Exactly because students and schools rank each other,
choosing a maximum cardinality matching may yield an assignment that makes both sides of the
market dissatisfied. If this may be the case, then pairs of student-school can override the matching

and achieve a better outcome. In order to avoid this scenario, a stable matching can be chosen,
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i.e., loosely speaking, a matching that respects the preferences of the agents in the market. In
this setting, the actions that the agents take are of two kinds: 1) reporting their ranking, and
2) reporting their capacities (only the schools). One of the main questions policymakers need to
address when building a mechanism, is how to incentivise agents to report their true preferences
and capacities. If it is not possible to guarantee that agents can achieve their best outcome by
reporting the truth, the mechanism is subject to manipulation from the agents. Ensuring that
a mechanism cannot be manipulated guarantees its long term success. Therefore, the concern
about manipulability in mechanisms brings us to the next critical question.

Is it possible to allocate extra capacities in a way that the

(2)

mechanism is not manipulable?

Since the beginning of the 21st century, the stable matching setting started to be used as a
mathematical model for the school admission problem. Redesigning of school admission processes
took place in Boston [5, 6], New York City [3], Hungary [34], Singapore [148], Chile [50] and
San Francisco [15], to cite a few. The main concern of primary education is to ensure that each
pupil could go to school; as mentioned earlier, there are still many countries around the world
where not every student has access to education. Therefore, once a budget of extra capacities
is destined to primary education, each of these extra capacities should be used to let a student
enter the matching. On the other side, it is often the case that philanthropic institutions provide
funding for education with the aim of supporting outstanding students. Therefore, there is a
trade-off between allocating extra capacities to target access to education or to target merit. In
light of the considerations regarding the fairness of the allocation of extra capacities in education,

we find ourselves confronted with the following crucial question.

Can we allocate extra capacities with the primary goal of
guaranteeing access? Can we allocate extra capacities on (3)
a merit basis?

Complexity

Providing a computation-time efficient algorithm is crucial for policymakers, since it allows
them to solve the problem at-hand with several configurations of parameters and choose the one
that fits the best their data-set and setting. Therefore, the emphasis on computational efficiency

in addressing capacity expansion issues underscores the significance of the ensuing question.
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What is the computational complexity of allocating opti-
mally a budget of capacities for the benefit of the students?

As some school districts face a spike in subscriptions, others need to address the problem of
managing under-demanded schools [65]. Finding a way to aggregate classes would benefit the
public budget, help improve the schedule of teachers and may enable students to interact more
with their peers. To summarize, this problem can be formulated through the following question.

How should we reduce capacities in the schools while ob-
taining the best possible matching for the students? And (5)
how difficult is it to solve this problem?

Another well-known application of the matching problem is the market of hospitals and res-
idents. When residents apply to hospitals, the hospitals that are under-subscribed in a stable
matching are under-subscribed in every stable matching. This phenomenon is called “Rural Hos-
pital Theorem” [132, 68, 134, 107] and it poses a serious threat for policymakers who need to
ensure that all hospitals can be run with a minimum number of residents. In order to limit the
demand for positions in Japanese urban areas, the centralized institution managing the hospital-
resident matching provides maximal regional quotas [85]. If the centralized institution has at its
disposal extra capacities in each region, the problem becomes how to impact the national market
the most. The challenge of impacting the national market from a regional standpoint leads us to
a series of pertinent questions.

How should we allocate extra regional capacities to ob-

tain a national maximum cardinality stable matching, and

a matching that benefits the most the students (or resi- (6)
dents)? Finally, how difficult is it to find the solutions to

the aforementioned problems?

Clearly, the previous questions can also be posed when capacities should be reduced.

Sibling Priorities

Recently, the stable matching setting has found even more domains of application that range

beyond the education system. Applications include refugee resettlement [52, 17, 14], healthcare

30



rationing [122, 25|, market for rabbis [41], and online dating [74]. A problem that refugee
resettlement and hospital-resident matching have in common is complementarities, i.e., the joint
application of candidates who would like to be matched to the same location. In the case of the
hospital-resident matching, allowing joint applications from couples was one of the main reasons
that led to the redesign of the mechanism in the U.S.A. [136]. This is a problem faced also by
families of refugees, who cannot be split and whose application should be taken in consideration
in an aggregated fashion. Considering the real-world practice of schools giving priority to students
with siblings already enrolled, it raises the following relevant question.

How should the priority of a student in a school change if

a sibling is enrolled in that school?

Addressing this question would give the foundations for understanding how to match fami-
lies in a market where preferences rather than being static, change depending on the tentative
assignment of relatives. Providing a matching that accounts for sibling priorities would certainly

improve qualitatively the outcome of families participating in the admission process.

Contributions

The results contained in this thesis span in the fields of computational complexity, mathe-
matical programming, matching theory and game theory. Chapters 3, 4 and 5 contain each a
paper whose common thread is the study of stable matching when its building blocks become
dynamic rather than being fixed. Specifically, in Chapter 3 we answer Question 4, thus yield-
ing the computational complexity backbone of Chapter 4; additionally, in this chapter, through
Questions 5 and 6 we formalize and present new problems for which policymakers have already
expressed interest in the real world. Chapter 4 addresses Questions 1-3, the main results being the
formulation of the capacity expansion problem, an efficient cutting-plane to solve it and experi-
mental results on real world data that provide evidence of our theoretical results; moreover, we
provide a thorough computational study on artificial data in which we put in comparison different
formulations and establish the advantage of our cutting-plane algorithm. Finally, in Chapter 5 we
present for the first time Question 7 and we study it from a modeling and algorithmic perspective.

We are currently working alongside the institution that manages the Chilean school admission

process to implement the results in Chapter 4 and Chapter 5 at a national level.
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First Paper

In Chapter 3 we investigate the two problems of capacity expansion and reduction from a
computational complexity standpoint. These two problems have a very similar structure, therefore
the proof of one’s intractability can be used for the other problem as well.

It may seem natural to think that the problem of optimally allocating a budget of extra
capacities for the benefit of the students is solvable in polynomial time: It may be sufficient
to allocate the extra capacities to the most popular schools. We provide a counter-example
that shows that allocating extra capacities to the most popular school may yield a sub-optimal
solution. Indeed, our goal is to prove that the capacity expansion problem is NP-hard. In order
to achieve this goal, we start by observing that finding a minimum cost (weakly) stable matching
when there are ties in the preference lists is NP-hard and not approximable within O(n'~¢) for
every € > 0, unless P=NP, where n is the number of schools. This result is particularly interesting
because it establishes a divide in the computation of a minimum cost stable matching as soon as
we assume preference lists may contain ties. Recall that if there are no ties, the problem can be
solved in polynomial time via the DA algorithm. Our reduction to the capacity expansion problem
will be from the problem of finding a minimum-cost (weakly) stable matching when there are
ties, and in order to do that, we introduce a new structure that we call village. In the end, we
prove that the problem of optimally expanding capacities with respect to the students’ benefit
is not approximable within O(n'/%=¢) for every € > 0, unless P=NP, where n is the number of
schools. This result implies that no polynomial time approximation algorithm can be provided
with a constant factor approximation guarantee. By exploiting the structural similarities between
the problem of expanding and reducing capacities, we show that also the latter problem is not
approximable within O(n'/6=%) for every ¢ > 0, unless P=NP.

In Chapter 3, we also study the capacity variation problem (i.e., expansion or reduction)
when the budget is partitioned in regions, i.e., sets of schools. We show that both the problem
of finding a minimum cost stable matching and that of finding a maximum cardinality one are
NP-hard, the former being also not approximable within a constant factor, unless P=NP.
Remark. In this paper, we use the language of the resident-hospital stable matching problem,
since the computational complexity literature has historically focused on this application. How-
ever, in the other papers, we change language; in the second and third paper, we refer to the
many-to-one stable matching problem as the School Choice problem, as this is the main motiva-

tion for these contributions.

Second Paper

In Chapter 4 of this dissertation, we prove that under stability constraints, optimizing the in-
dividual welfare of each student is equivalent to optimizing the social welfare of all the students.

This result is particularly important since it allows to obtain the best stable matching for each
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student (as in the Deferred Acceptance algorithm) by optimizing a mathematical programming
model that has the aggregated welfare of the students as its objective. This key result, allows
us to obtain the same outcome of the Deferred Acceptance (DA) algorithm via a mathemat-
ical programming model; there are several advantages of using a mathematical programming
formulation rather than an adaptation of the DA algorithm, as is often done in the literature.
Remarkably, a mathematical programming formulation is more flexible to adaptations than the
DA algorithm. As discussed earlier, the fundamentals of the stable matching setting are the
students, the schools, their capacities and the preferences of both schools and students. From a
practical perspective, it is often the case that capacities are not fixed, indeed, a centralized deci-
sion maker may have the power to vary capacities in order to optimize their objective function. In
Chapter 4, we introduce several mathematical programming formulations that model the problem
of capacity expansion. On one hand, running the DA algorithm would need an exponential search
in the space of all the possible allocations of extra capacities. On the other hand, solving a
mathematical programming formulation can be done with an off-the-shelf solver which exploits
the combinatorial structure of the problem. The first mathematical programming formulation,
which is quadratic, is an adaptation of the classical formulation for the stable matching problem
to the capacity expansion setting. Since the quadratic terms add extra non-convexities to the
formulations, in Chapter 4 we introduce a novel mixed-integer linear programming formulation
inspired by the work of Baiou and Balinski [26]; this formulation has a number of stability con-
straints exponential in the number of schools, which makes it impractical to solve in its entirety.
Hence, we propose a cutting-plane approach through which these constraints can be separated by
the algorithm proposed in [26]. Thanks to a series of key structural results that we provide, we
propose a novel separation algorithm that finds the most violated constraint; this algorithm can
be also applied to the original stable matching problem. Experimental results on artificial data
show that the resulting cutting-plane algorithm outperforms the generalizations of the current
state-of-the-art formulations for the stable matching problem.

We can enrich the objective function by adding a penalty for each unassigned student. When
we solve the problem of allocating optimally extra capacities in the Magallanes region of Chilel
with a high penalty for each unassigned student (e.g., the length of the preference list plus one),
we observe that the model tends to allocate the extra capacities to let previously unassigned
students enter the matching. From a theoretical standpoint, we prove that when the penalty
is sufficiently high (e.g., the square of the number of schools), the stable matching obtained
is a student-optimal maximum cardinality one. Experimentally, on the Chilean dataset, we also
observe that a low penalty (e.g., zero), induces the allocation of extra capacities to improve the
matching of students who would be matched anyway to a school. We also provide a general
theoretical result which states that for a negative penalty equal to the number of schools, the

matching obtained from the allocation of extra capacities is one of minimum cardinality. Thus,

IDataset from 2018, we focus on the Pre-K entry level.
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the extra capacities are allocated primarily to improve the students who would be already matched
in the education system. Finally, we show that the capacity expansion problem is not immune
to manipulations from both sides of the market. Nonetheless, we prove that it is practically

non-manipulable in a large market setting.

Third Paper

In Chapter 5, we address the problem of finding a stable matching under dynamic priorities, i.e.,
when priorities are updated based on the current assignment; we use school choice with siblings
as a motivating example. To accomplish this, we introduce a model where students belong to
(potentially different) grade levels and may have siblings applying to the system (potentially in
different levels). It is assumed that each family reports preferences over the assignment of their
members and, on the schools’ side, individual students are ranked according to a strict preference
list (tie-breaker).

Motivated by the Chilean school choice problem, two types of sibling priority are introduced:
(i) static, whereby students who have a sibling currently enrolled but not participating in the
admission process get prioritized; and (ii) dynamic, whereby students with a sibling who is also
participating in the admission process get prioritized. In both cases, the priorities of a student
are with respect to the school with a sibling. Notably, the term dynamic priorities is motivated
by its application to a proposed matching (just like justified envy). In simple terms, a matching
respects dynamic priorities if no student can be moved to a preferred school that is matched with
one of her siblings. Therefore, the concept of dynamic priorities introduces a series of challenges,
since they may even override the standard definition of justified envy.

To overcome these challenges, an order of priorities among groups of students must be estab-
lished. First, it must be established if a student with priorities can take the spot of any student
in the school or not: In the first case, priorities are absolute; on the other hand, if a student with
priority cannot take the spot of a student with a better ranking than the sibling providing the
priority, then priorities are partial. Second, in order to assess which students of two competing
families will enter the school, the notion of dependent/independent justified envy is introduced:
Dependent priority gives access to the students with the sibling with the highest ranking, while
independent priority gives access to students with the highest ranking. Based on these definitions,
several notions of stability are introduced, and we show that a stable matching may not exist even
under very simple assumptions. Nevertheless, we show that a stable matching under dynamic
priorities may exist if families strictly prefer their siblings being assigned together and either (i)
families have at most two members participating in the admission process or (ii) there is a single
grade level. Moreover, we introduce a new collection of mechanisms that find such a stable
matching with dynamic priorities. Finally, we discuss other properties of the mechanism, and we

show that finding a maximum cardinality stable matching under dynamic priorities is NP-hard.
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This work on dynamic priorities contributes to the literature in several ways. To the best
of our knowledge, this is the first work to formalize different types of siblings’ priorities and
also the first to introduce the idea of dynamic priorities. The main contribution of Chapter 5
is the introduction of a novel notion of stability under dynamic priorities, where priorities are
contingent on the matching. Moreover, we also provide complexity results for a stable matching
problem with complementarities and dynamic priorities. Although we focus on school choice as a
motivating example, these results and insights may prove to be helpful in the design of matching
mechanisms where priorities depend on the assignment of others, such as in daycare assignments,
college admissions, refugee resettlement, among others.

Organization

This manuscript is organized as follows. In Chapter 1, we present the essential background
information on computational complexity, matching theory, and mathematical optimization. This
foundational knowledge is crucial for a comprehensive understanding of the subsequent chapters.
Chapter 2 is devoted to the literature review, where we outline the scientific works over which our
contribution builds on and the papers related to our contributions. The first paper is presented
in Chapter 3, the second in Chapter 4 and, finally, the third one in Chapter 5. Finally, concluding
remarks and future research directions can be found in Chapter 6.
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Chapter 1

Background

In this chapter, we introduce the fundamental concepts necessary to present our results. We
begin by providing, in Section 1.1, an overview on the basics of computational complexity, the
study of the tractability of solving a mathematical problem. Section 1.2 is dedicated to the
introduction of matching theory, with a particular focus on stable matchings in bipartite graphs.
After introducing the main definitions, we present known fundamental structural results. From a
general perspective, researchers have focused their efforts in devising rules (mechanisms) capable
of outputting such matchings. Moreover, it is often desirable to optimize the mechanism's output
according with a predefined objective. Therefore, in Section 1.3, we introduce the classical
mathematical programming formulations of the stable matching problem.

1.1. Computational Complexity

An algorithm is a sequence of instructions that, given an input, produces an output. One of
the key questions regarding an algorithm is understanding its computational complexity, i.e., the
amount of resources needed to run it in terms of space and time. Specifically, for the latter, given
an algorithm, we want to know in how many elementary operations the output will be produced,
and we want to express this number as a function of the input size. The primary objective of
an algorithm is to address a specific problem. Therefore, within the domain of computational
complexity, our task is to assess the feasibility of finding an efficient algorithm capable of solving
the problem efficiently in both time and space.

We introduce the well-known knapsack problem to illustrate the concept of complexity class
of decision problems. An instance of the knapsack problem consists of a weight tolerance T', a
threshold value K and a set of objects {0;};c; such that each object o; has a value v; and a
weight w;. The question we want to address is if there is a set of objects whose total weight is
not greater than the weight tolerance T, and whose total value is greater or equal than K. The

knapsack problem just introduced is presented as a decision problem; a decision problem is a set



of input instances for which we pose a question whose answer is yes or no. In the following, we

provide a formal description of the knapsack decision problem.

Problem 1 (Knapsack).

INSTANCE: A positive integer weight tolerance T, a positive integer threshold value K, a family
of indices J, and triplets of object-value-weight {(0;,v;,w;)};es with v; and w; positive integers
for every j € J.

QUESTION: Is there a subset .J’ of .J such that djerw; <T and X vy > K7

There are many variants of the knapsack problem, we compare now the classical knapsack
problem stated above and its continuous version, where a fraction of an item can be taken. In the
continuous version, the objects of the knapsack problem are divisible, so a solution maximizing
the total value can be determined by simply selecting the objects by descending order of value per
unit of weight, until the tolerance T is reached; the object at which the tolerance is reached or
exceeded is fractionally selected. Since the main step needed to compute a solution of maximum
total value for the continuous knapsack is the sorting of the objects by their value per unit of
weight, clearly, this problem can be solved in polynomial time. We denote as P the class of
decision problems that can be solved in polynomial time.

Otherwise, for the classic knapsack problem, where the objects are not divisible (for example
they are cars, computers, et cetera), no polynomial time algorithm is known. NP is the class of
decision problems for which, given a proposed solution, one can verify in polynomial time whether
the solution is correct or not. In other words, a problem is in NP if it is efficiently verifiable
by a deterministic algorithm in polynomial time once a non-deterministic algorithm provides a
potential solution. For example, if we are given a combination of objects to put in the knapsack,
we can verify in polynomial time whether the chosen combination does not violate the weight
tolerance T' and if the total sum of the values is at least equal to K. Note that the class of
problems in P is included in the class NP, however it is widely believed that this inclusion is strict.

We introduced the knapsack problem as a decision problem, however, rather than finding
a set of objects that satisfies both the weight limit and the threshold value, we may want to
find the set of objects that maximises the overall value, subject to the weight constraint. More
broadly, an optimization problem, where the goal is to find a feasible solution optimizing a certain
objective, has associated a natural decision version. Given a target value b, the latter corresponds
to answering the question: Is there a feasible solution attaining an objective value better or as
good as b?

Given two classes of problems A and B, we say that we can reduce A to B, denoted as A<B,
when there is a polynomial time transformation from any instance of /4 € A into an instance of
Ip € B such that 1,4 is a yes instance of A if and only if g is a yes instance of B. We say that
a problem is NP-hard when all the problems in NP can be reduced to it. It is broadly assumed

that an NP-hard problem is an intractable problem. Moreover, if an NP-hard problem is also in
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NP, then we say that the problem is NP-complete. For example, the knapsack problem (with
indivisible objects) is an NP-complete problem [88].

1.1.1. Approximation Algorithms

In this thesis, we delve into optimization problems classified as NP-hard. Consequently, it
becomes pertinent to investigate their efficient resolution through approximation algorithms. In

what follows, we proceed to introduce the concept of polynomial time approximation algorithms.

Definition 1.1.1. Given an optimization problem A, an instance I of A, and a feasible solution
x of instance I, the performance ratio of the feasible solution value obj;(z) with respect to the
optimal solution opta(I) is

obj,(x)
Ra(lx) = ——=
all2) opt (1)
if the optimization is a minimization, and
opt(1)
Ra(l.x) =
al,2) obj,(x)

if the optimization is a maximization.

Moreover, we say that A can be approximated within an approximation factor c if there is a
polynomial time algorithm p such that for every instance I of the problem A, p outputs a feasible
solution x such that Ra(/,z) < c. If the approximation factor ¢ is a real number, then we say

that c is a constant approximation factor.

Note that when an optimization problem can be approximated within a constant factor 1,
then the problem can be solved in polynomial time. It is believed that it is not possible to find
such an approximation factor for an NP-hard optimization problem; however, for a given NP-hard
optimization problem we may find an approximation algorithm with an approximation factor of
1+4¢, for ¢ > 0. An optimization problem A is considered to possess a fully polynomial time
approximation scheme (FPTAS) when it is equipped with an approximation algorithm that takes
as input an instance [ and a constant € > 0 such that, within polynomial time, dependent on both
% and the size of I, this approximation algorithm produces a feasible solution that approximates
problem A with an approximation factor of 1 + . For example, the optimisation version of the
knapsack problem has an FPTAS [75]. When we relax the requirement on the approximation
algorithm in the FPTAS definition to the case that it runs in polynomial time only in the size of
the instance I, then we obtain the definition of polynomial time approximation scheme (PTAS).

Let us introduce the decision problem of finding a maximum cardinality independent set in a
planar graph.

Problem 2 (Independent set).
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INSTANCE: An integer K, and planar graph (V, E), where V is a set of vertices and E a set of
edges incident to vertices in V.
QUESTION: Is there a subset of vertices V' of cardinality at least K for which no two vertices in
V' are joined by an edge in E?

Interestingly, the optimization problem of finding a maximum cardinality independent set in
a planar graph has a PTAS but no FPTAS [28].

It may happen that some NP-hard optimization problems do not admit any approximation
algorithm with a constant factor. Typically, a proof of such a case is provided by a gap-introducing
reduction from an NP-complete problem. Let us give an example. A propositional formula in
conjunctive normal form (CNF) is a conjunction of clauses made of disjunctions of literals, where
a literal is a proposition variable or its negation; when each clause in a CNF formula has size at

most three, then we have a 3CNF formula.!

Problem 3 (3CNF).

INSTANCE: A 3CNF formula 6.

QUESTION: Is there an instantiation of the propositional variables in the formula 6 that satisfies
the formula?

The 3CNF decision problem is NP-complete [88]. Assume we have a decision version of a
minimization problem A with targe value b, to which 3CNF can be reduced in polynomial time;
specifically, there is a reduction function o that given a 3CNF formula it outputs an instance
of the problem A, with the additional following property: If for a given 3CNF formula 6 there
is no boolean assignment that satisfies it, then the optimal value of the A instance satisfies
opta(c(0)) > b; otherwise, opta(c(f)) < a, where a < b. If we could provide an approximation
algorithm for A with approximation guarantee at most 2 then, thanks to the reduction o, we
could determine whether a 3CNF formula is satisfiable in polynomial time, thus proving P=NP.
This method for proving that an optimization problem does not have an approximation algorithm
within a certain factor is known as the gap technique. We present the gap technique for a

minimization problem.

Theorem 1.1.2. Let A be an NP-hard decision problem, let B be a minimization problem, and
let o be a polynomial time reduction from the set of instances of A into the set of instances of
B that satisfies the following two conditions for fixed rationals a < b:
e Every YES-instance of A is mapped into an instance of B with optimal objective value at
most a.
e Every NO-instance of A is mapped into an instance of B with optimal objective value
greater than .

1An example of a 3CNF formula is 8 = (¢ V =2 V e3) A (¢4 V =g V c3) where ¢q, co, ¢3, ¢4 are booleans.
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Then problem B does not have a polynomial time a-approximation algorithm with worst case
ratio o < g unless P=NP. Especially, problem B does not have a PTAS unless P=NP.

1.2. Matching Theory

In this section we review the basic definitions and results in matching theory. In Section
1.2.1 we introduce the concept of matching on a graph and some fundamental results. Then, in
Section 1.2.2, we focus on stable matchings with preferences, and, in particular, on the property
of stability.

1.2.1. Matchings on Graphs

In this section we present the fundamental results on matching theory under preferences; for
further details we suggest consulting the textbooks [138, 107]. The fundamental structure in
which we will be developing our discussion is the graph. A graph (V| E) is a structure consisting
of a set of vertices (or nodes) V' and a set of edges E between pairs of vertices; we will be
interested in bipartite graphs. A bipartite graph is a graph (S,C, E') where the set of vertices is
composed of two sets, S, the vertices on the left, and C, the vertices on the right; the edges in £
connect vertices in S to vertices in C. The bipartite graph provides a simple graphical model to
represent many real life problems; for example, the allocation of resources (the vertices in C) to
agents (the vertices in S) is decided by choosing which subset of E are selected. One of the most
important concepts used to establish relations among vertices is called matching. A matching of
a graph (V, E) is a subset p of E in which there are no two edges incident with the same vertex.
If a vertex v € V is paired in a matching p, we say that v is matched (or assigned), otherwise
v is exposed (or unassigned or unmatched). If an edge {v,0'} € u then we denote the set of
vertices matched to v in p as u(v), in this case u(v) = {v'}; if v is an exposed vertex, then
w(v”) = 0. In general, we define u(V’) = {v: u(v") = {v} for v/ € V'} where V' C V. We are
often concerned with finding a matching which is maximum in cardinality among all the possible
matching of a given graph; such a matching is called maximum matching (note that a graph may
have several distinct maximum matchings). An alternating path in a graph G with respect to a
matching p is a path p in GG in which alternatively one edge is in ;v and the successive edge is not
in p. If an alternating path p with respect to i has both end-vertices exposed, then p is called
an augmenting path. This idea leads to the following fundamental theorem which characterizes

the maximum matchings in a given graph.

Theorem 1.2.1 ([33, 123]). Let (V, E) be a graph. Every matching in the graph is a maximum
matching if and only if it does not admit an augmenting path.
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A matching is perfect when all the vertices in the graph are matched. Concerning bipartite
graphs, the following result provides a sufficient and necessary condition for a perfect matching
to exist.

Theorem 1.2.2 ([73]). Let (S,C, E) be a bipartite graph. Let x be a matching in which all
vertices of S are matched if and only if |u(S’)| > |S’| for every 8" C S. Moreover, 1 is a perfect
matching if and only if |S| = |C| and |u(S")| > |S'| for every S’ C S.

Let us now introduce the state-of-the-art computational result for determining maximum

matchings in a general graph.

Theorem 1.2.3 ([60, 114, 151)). Let (V,E) be a graph where |E| = m and |[V| = n. A
maximum matching can be found in O(y/n - m) time.

1.2.2. Matchings Under Preferences

The bipartite graph framework serves as a suitable formalism for the modeling of many
mathematical and real-world scenarios, including but not limited to the assignment of students to
schools, graduate doctors to hospitals, families to public housing, matchmaking endeavors, online
advertisement distribution, and many other problems. All the aforementioned examples require
an additional superstructure to the graph in order to complete the description of the problem.
In fact, in each of these examples, some of the vertices of the bipartition represent agents that
have preferences over the vertices of the other side: Students (graduate doctors) have preferred
schools (hospitals), schools (hospitals) prefer to admit good students (doctors); families might
prefer to be assigned to certain neighborhoods. Usually, when preferences are expressed by the
agents on one side over the agents on the opposite side, we are in the framework of one-sided
matchings with preferences; when both sides of the bipartition have preferences, then we have
two-sided matchings with preferences. In this standard model, vertices represent agents, and the
action that the agents can take is to express their preferences and their capacities. In this thesis,
we focus our attention on two-sided matchings with preferences.

In general, the agents can express their preferences through orders via binary relations; in
this thesis, unless stated otherwise, we assume that preferences are expressed as preorders. The
Ranking Order List (ROL), or preference list, of an agent might include ties and can be incomplete
(i.e., not all the agents in the other side of the bipartition are ranked). A vertex ranks only the
vertices with which it is connected through an edge. This implies that whenever vertices v and v’
are linked through an edge, then they rank each other. Note that a weight function on a bipartite
graph, which provides a value to each edge incident to a vertex, yields ROLs. Given a vertex v,
we define the set of the acceptable vertices for vertex v as A(v) = {v' € V : {vv'} € E}. Next,
we introduce the concept of capacity function, which describes, for each vertex, the maximum

number of vertices with which it can be paired (e.g. how many students a school can enroll).
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Definition 1.2.4. Let (S,C, E) be a bipartite graph where V.= S U C. A capacity function
associated to (S,C, E) is a function q : V' — N that associates a capacity ¢(v) to vertex v; a
graph with an associated capacity function is said capacitated.

Given a subset 1 of F, we say that a vertex v is under-subscribed, full, over-subscribed if
|p(v)], i.e. the cardinality of wu(v), is less, equal or greater than q(v) respectively. A matching
(or assignment) p is a subset of E such that |u(v)| < q(v) for every vertex in the capacitated
graph, where q is the associated capacity function.

When the capacity function has value one for every vertex, then we have the one-to-one
matching problem. If, the capacity function has values greater or equal than one for a side, then

we have the many-to-one matching problem.

Now we have all the elements to define the School Choice (SC) problem, also known as
the College Admission (CA) problem or Hospital-Residents (HR) problem, which was defined by
Gale and Shapley in [67]; the School Choice problem will be the main subject of investigation
throughout this thesis.

The School Choice problem (SC) in a capacitated bipartite graph with ROLs (S,C, F,r,q)
is a many-to-one stable matching problem endowed with a profile of preference lists r = (7;);cv
where r; is the preference list of vertex i. We call students the vertices in S which have capacity
one; we call schools the vertices in C, which have capacity greater than or equal to one. The
one-to-one stable matching problem is usually called the Stable Marriage problem (SM), where
the students are called men and the schools are called women.?

The problem of finding a matching under the additional assumption that agents (vertices)
have preferences needs to be tackled through a more refined concept than just looking for a
maximum cardinality matching. In fact, we want to avoid the scenario in which, after a matching
is chosen, some agents could obtain a mutually better result by making a private arrangement.

This case holds when there is at least a pair of agents that blocks the matching.

Definition 1.2.5. Let I be an instance of SC in which the ROLs have strict preferences and let
i be a matching of SC. We say that a pair {s,u} € E'\ u is a blocking pair if the following two
conditions are satisfied:

e student s is unassigned or prefers school u over school p(s),

e school u is under-subscribed or prefers student s over at least one student in u(u).

The matching p is said to be stable if it does not admit a blocking pair.

The problem of finding a stable matching in an SC instance with strict and complete prefer-
ences was solved in the seminal paper by Gale and Shapley [67]. In Algorithm 1 we present their
algorithm to solve the stable matching problem in O(m), where m is the number of acceptable

pairs (edges) in the given instance. This method is known as the Deferred Acceptance (DA)

2Note that this is an old terminology.
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algorithm. Note that the correctness of the DA algorithm is a proof of existence of a stable

matching for every SC instance with strict and complete preference lists.

Algorithm 1 Deferred Acceptance algorithm

Input: An instance of SC (S,C, E,r,q).
Output: A stable matching pu.
1. Initialize: = (, label all students as unassigned
2: while there is an unassigned student s who has still a school to apply to do
3: u := the school most preferred by student s, to which s has not yet applied.

4: if u is under-subscribed then

5: the pair (s,u) is included in the matching u.

6: s is labeled matched.

7: else if there is s’ matched to u s.t. u prefers s to s’ then
8: the pair (s,u) is included in p.

9: the pair (s',u) is deleted from p.

10: s is labeled matched.

11: s’ is labeled unassigned.

12: return f.

The DA algorithm was initially formulated by Gale and Shapley for the one-to-one stable
matching problem. Here, we decided to directly provide the algorithm generalised for the SC
problem. It is important to note that the stable matching found by the algorithm is the optimal
stable matching for the students: For every student all the other stable matchings lead to same or
a worse assignment with respect to their preference lists. From a dual perspective, this formulation
of the algorithm provides the worst stable matching for the schools, i.e., each school is at least
better off in any other stable matching. The DA algorithm can be also formulated in a way to
provide the optimal stable matching for the schools (which is the worst stable matching for the
students). The key idea is that the set of vertices which proposes the match, is the one which

obtains the optimal stable matching. Let us see how these concepts apply in an example.

Example 1.2.6. Consider an instance of SC with a set of four students {s; : i = 1,2,3,4} and
a set of three schools, together with their capacities, {(u;,q(7)) : i = 1,2,3} where ¢ = ¢3 = 1
and ¢ = 2. We describe the preference lists of each agent in the following table. Note that the
preference lists are linear orders in which the leftmost element in the list is the most preferred
and the rightmost element in the list is the least preferred. For example, student s; prefers w4
over us and ug over usz. In this thesis we adopt two notations for representing preference lists; for
example, the preference list of student s; can be represented as uy, ug, us or as uy =g, us >, Us,

where the relation >, is the ranking of student s; over pairs of schools.
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Students’ ROLs Schools’ ROLs and capacities

S1 1 U1, U2,U3. Uy :  S1,52,83, 54 Q(l) =1
Sg 1 Ui, U2, U3. Uz ©  S1,83, 52, S4. 9(2) =2
83 1 Ui, U3, U2. Uzt 51,52, 53, S4- 9(3) =1

S4 0 Up,Us,Us.

The optimal stable matching for the students is {(s1,u1),(s2,u2),(83,u3),(S4,u2)}, and the op-
timal stable matching for the schools is {(s1,u1),(s3,u2),(s2,u3),(s4,u2)}. Note that the matching
{(s1,u2),(s3,u1),(S2,u3),(s4,u2)}, despite being a maximum matching, is not a stable matching;
in fact, the pair (si,u;) is a blocking pair because both agents s; and u; would prefer to be

matched to each other rather than to the agents with which they are currently matched. 0

Insightful results have been proved regarding the properties of the matched and unassigned
(under-subscribed) students (schools) in an SC problem with strict and complete ROLs.

Theorem 1.2.7 (Rural Hospital Theorem, [132, 68, 134, 107]). For a given instance of SC
with strict and complete preference lists, the following properties hold:

e The same students are assigned in all stable matchings;

e Each school is assigned the same number of students in all stable matchings;

e Every school that is under-subscribed in one stable matching is assigned exactly the same

set of students in all stable matchings.

We denote the SC problem where the preference lists are strict and incomplete as SCI. Within
the framework of the one-to-one matching problem, there is a bijection between the set of stable
matchings in an instance I of where ROLs are strict and complete and the set of stable matchings
in I when the ROLs are strict and incomplete [107].

Theorem 1.2.8 ([107]). Let I be an instance of one-to-one stable matching problem with n;
students and ny schools, where the preference lists are strict and complete. There exists an
instance I’ with strict and incomplete ROLs of the same problem when preferences are of size n,
where n = max{n,ny}, such that the stable matchings in I are in a bijective correspondence

with the stable matchings in I’

Often, in the real world, agents rank equally two vertices on the other side; therefore, we
need a more flexible representation of the preference lists in order to account for ties. A partially
ordered set (poset), is a set of elements with a reflexive, anti-symmetric and transitive order; a
linear order is a poset in which all elements are comparable. We call SCT the SC problem in
which the preferences are organized as a weak order. Since in the SCT problem it may happen

that two agents are ranked in the same position, we must reformulate the notion of stability.
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Definition 1.2.9. Let x be a matching in an instance of the SCT problem. Let (s;,u;) be a pair
in £\ M, we say that (s;,u;) blocks (or that it is a blocking pair of) A if one of the following
conditions is satisfied according to the required level of stability
e Weak stability:
(i) s; is unassigned or prefers u; to her assigned school in A/, and
(ii) u; is under-subscribed or prefers s; to its worst assigned student in M
e Strong stability: either
(1) s; is unassigned or prefers w; to her assigned school in A, and
(ii) w; is under-subscribed or prefers s; to its worst assigned student in M or is indifferent
between them:;
or
(i) s; is unassigned or prefers u; to her assigned school in A or is indifferent between
them, and
(ii) u; is under-subscribed or prefers s; to its worst assigned student in M
e Super stability
(i) s; is unassigned or prefers u; to her assigned school in M or is indifferent between
them, and
(ii) w; is under-subscribed or prefers s; to its worst assigned student in M or is indifferent

between them.

It is immediate to verify that a super stable matching in an instance of SCT is strongly stable
and that strong stability implies weak stability.

The last key notions that we present in this section regard some well-known metrics that have
been adopted to guide the search among the set of stable matchings. Note that the following

metrics are given for the one-to-one stable matching problem.

Definition 1.2.10. Let [ be an instance of the one-to-one stable matching problem and let p
be a stable matching, where S and C are the sets of students and schools in I, respectively.

Let s be an agent matched in p, we define the rank of ju(s), 7, (), for agent s as the position
of u(s) in the preference list of s. We define the regret of i as

regret(p) = MAX, Ty
nlp

where §,, and C,, are the students and schools matched in p, respectively. The stable matching p
is said to be a minimum regret stable matching if regret(i) is minimum over all stable matchings
in I.

The cost for the students relative to y is

cost® (1) = D T us)-
s€S,
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Similarly, we can define the cost for the schools cost®(u) relative to j. More generally, the cost
of a matching p is cost(u) = cost®(p) + cost® (). A stable matching 1 is an egalitarian stable
matching if cost(p) is minimum over all the stable matchings in 1.

The sex-equality measure of y, is defined as

(1) = leostS (1) — costC ()|

A stable matching p is said to be a sex-equal stable matching if d(u) is minimum over all the

stable matchings in I.

Consider an instance I of the one-to-one stable matching problem, and consider the student-
optimal stable matching p. Assume we introduce a new school ¢* in I, thus obtaining the
expanded instance I* where the preferences of the students are the same as in I with the inclusion
of school ¢* therein. Note that ¢* could also be a number of capacities to be added to a school in
I. How does it change the student-optimal stable matching p* with respect to 1?7 Observe that
the set of students & in [ is the same set of students in I*. It is known that every student in §
weakly prefers the matching u* to the matching p [89, 68]. This property is known as the entry
comparative static. Recently, Kominers has shown that a similar result holds in the many-to-one
stable matching problem.

Theorem 1.2.11 ([100]). Let I be an instance of the many-to-one stable matching problem and
I* the instance where the capacities of some schools in I are expanded. Let i and p* be the
student-optimal stable matchings of instance I and I*, respectively. Every student weakly prefers
their matching in p* to their matching in .

1.2.3. Strategy-proofness

So far, we discussed the problem of finding a stable matching in an instance of the SC problem.
Stability is a a desirable property for a matching since it ensures that student-school pairs of do
not get better off by circumventing the mechanism. However, stability alone is not enough to
guarantee that agents cannot manipulate the mechanism once they have enough information
about how the mechanism works and some information about other agents’ preferences and
capacities. In this section, we introduce some fundamental notions to analyze when a mechanism
is incentive compatible.

Every student in the SC problem is an agent that decides the preference list to present when
taking part to the matching market. Every school is an agent that decides not only its preference
list, but also how many capacities to report. Therefore, given a mechanism, i.e., a procedure for
the selection of a matching, there is a game played by the agents. In this game, each student

(school) chooses an action consisting of picking the preference list (and capacity) to be revealed
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to the market; the goal of each agent is to optimize their matching with respect to their true
preferences and capacities.

Designing a mechanism where the optimal action of each agent is reporting the true pref-
erences and capacities is a fundamental objective of policymakers. A mechanism that has this
property is called strategy-proof. The DA algorithm, which runs in polynomial time, can be
devised to produce the student-optimal stable matching or the school-optimal stable matching.
Once the DA is oriented in favor of the students, thus outputting the student-optimal stable
matching, the students cannot obtain a better stable matching than that achieved by reporting
their true preferences.

Theorem 1.2.12 ([131]). Consider the many-to-one stable matching problem. The student-
optimal stable matching is weakly Pareto optimal for the students in the set of all matchings.
That is, there can be no matching (even an unstable matching) that all students strictly prefer
to the student-optimal stable matching.

The previous result provides a key insight in the set of possible outcomes that the students

can achieve, hence providing the following guarantee of strategy-proofness for the students.

Theorem 1.2.13 ([56, 131]). Consider the many-to-one stable matching problem. In the game
induced by the student-oriented DA algorithm, in which each player states a preference list, it is

a dominant strategy for each student to state her true preferences.

Interestingly, a similar result does not hold for the schools when their capacities are greater
than one [56, 131]. The previous positive result is counter-balanced by the following, which
establishes an impossibility over the number of agents for which a mechanism can be strategy-

proof.

Theorem 1.2.14 ([131]). Consider the one-to-one stable matching problem. No mechanism
outputting a stable matching exists for which stating the true preferences is a dominant strategy

for every agent.

When we restrict ourselves to the one-to-one SC problem, it has been shown that the schools
can manipulate their preferences to turn the student-optimal stable matching into the school-
optimal stable matching. In the framework of the one-to-one stable matching problem, a winning
coalition is a set of agents that coordinate their preferences to manipulate the matching into
their-side-optimal stable matching. A minimum winning coalition is a minimum-size winning

coalition.

Theorem 1.2.15 ([115]). In any instance of the SC problem, the minimum winning coalition
has cardinality at most | 5] where n is the number of schools.
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Interestingly, schools can manipulate the matching not only by reporting false preferences,

but also by under-reporting the number of capacities.

Theorem 1.2.16. [144] Suppose there are at least two schools and three students. Then there
exists no matching mechanism that outputs a matching that is stable and non-manipulable via
capacities.

As shown by these results, providing a mechanism that is strategy-proof for at least one side
of the matching market is a crucial task that policymakers have to address.

In the context of capacity expansion, it becomes crucial assessing whether the entry com-
parative static is immune from manipulation. Let [ be an instance and ¢* a new school, the
mechanism that selects the student-optimal stable matching p* in the expanded instance I* is
strategy-proof for the students. However, as Question 2 tries to suggest, when the ranking of
school ¢* becomes a decision variable rather than being part of the input, it is not obvious any-
more whether the mechanism that selects the stable matching and the creation of the new school

is still strategy-proof.

1.3. Mathematical Programming

Mathematical programming (or mathematical optimization) is the field of mathematics that
develops algorithmic methods to solve decision problems aiming to optimize some criteria. To
define a mathematical programming problem, first we need to define the variables of the problem,
which indicate the actions controlled by the decision-maker. The variables may have a continuous
or discrete domain of existence. Once the decisions are established, we need to set the criteria
guiding our decision-making, i.e., we introduce an objective function. The goal of the optimization
can be to minimize or a maximize of the objective function. The domain of the variables can
be further restricted by introducing additional constraints. Once a problem is formulated as a
mathematical programming model, it can be solved with an off-the-shelves optimization solver,
such as the open source SCIP solver [12, 70].

In this section, we present some of the most important mathematical programming formula-

tions for bipartite matching problems under preferences.
1.3.1. One-to-one Stable Matching

The first known mathematical programming formulations of the one-to-one stable matching
problem were given by Gusfield and Irving [71] and Vande Vate [150]. Later on, Rothblum [139]
provided a characterization of the stable matchings as the extreme points of a polytope. The
relevance of these contributions is supported by the fact that the SC problem can be solved not
only with the DA algorithm in polynomial time, but also using a linear mathematical programming

formulation. Linear programming formulations offer the extra flexibility of introducing a linear
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objective function to be optimized, and importantly, they can be solved in polynomial time.
Therefore, a linear model of theone-to-one matching problem can also be addressed in polynomial
time through a mathematical programming formulation, which, in addition, provides greater
adaptability compared to the DA algorithm.

We introduce a mathematical programming formulation for the one-to-one stable matching
problem using the notation of the SC problem for ease of exposition; note that, at this point,
the only difference between the two problems lies in the fact that the capacities of all the agents
in theone-to-one matching problem are equal to one. Assume the set S of students and the set
C of schools are of the same size, and every agent can be matched to at most one agent on the
other side. Let £ C S x C denote the set of feasible pairs in an instance of the one-to-one stable
matching problem with strict and incomplete lists. Note that in the following general formulation
we aim at maximizing a general weight function associated with every feasible student-school
pair.

max Z W Tse (1.3.1a)
* (s,0)€E
s.t. > oz <1, VseS, (1.3.1b)
ceC:(s,c)EE
> xe. <1, Veel, (1.3.1c)
s€S:(s,c)EE
T+ Z T o + Z Ty >1, V(sc)el& (1.3.1d)
c-sc s'-cs
zs. € [0,1], V(s,c) €€ (1.3.1e)

where w; .. is the weight assigned to the edge (s,c). The vector of decision variables x decides the
matching between students and schools: z . is 1 if student s is matched to ¢, and 0 otherwise, for
every (s,c) € £. The optimization is a maximization of the objective function (1.3.1a). Note that
when w,,. = 1, we seek the maximum cardinality matching. Constraints (1.3.1b) and (1.3.1c)
establish the capacity constraints on the agents, while Constraints (1.3.1d) characterize the
stability condition. Finally, Constraints (1.3.1e) describe the original domain of existence of the
decision variables. Rothblum [139] proves that all the extreme points of the polytope defined
by the constraints of Formulation (1.3.1) are binary vectors; when a mathematical programming
formulation satisfies this property, it is said to be a perfect formulation. Hence, an optimal x is
always binary.

1.3.2. Many-to-one Stable Matching

We can extend Formulation (1.3.1) to the many-to-one stable matching problem. Note that

now every school ¢ has a capacity ¢(c) > 1.
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max Z Wse* Tse (1.3.2a)

(s,0)€€
s.t. > a,. <1, VseS, (1.3.2b)
ceC: (s,c)eE
Sz < qlo), VecelC, (1.3.2¢)
SE€S: (s,c)€E
q(Q)zset+qlc) D e+ > xee > qlc V (s,c) € E (1.3.2d)
c=sc s'~cs
zs. € {0,1}, V (s,c) € €. (1.3.2¢)

First of all, note that Constraints (1.3.2b) and (1.3.2c) are similar to Constraints (1.3.1b)
and (1.3.1c) as they ensure that the capacities of the students and schools are satisfied. Second,
it is worth mentioning that we should also take in consideration the capacities of the schools in
the stability Constraints (1.3.2d). Finally, since the formulation 1.3.2 is not a perfect formulation,
we need to include binary requirements on the variables (Constraints (1.3.2e)). In order to be
able to relax the binary constraints on the variables, we need to provide a new formulation of the
many-to-one stable matching problem. This problem is addressed in the next section.

1.3.2.1. Baiou-Balinski Formulation. Baiou and Balinski [26] provide a Linear Program-
ming formulation for the SC problem which is based on a graphical intuition of the concept of
stability. Given an instance of the SC problem graph (S,C, E,r,q) with linear preferences r, we
can represent it in a matrix form by assigning to each vertex in & a column and to each vertex in C
a row. The preferences of an agent are expressed through arrows: An horizontal (vertical) arrow
from column (row) i to column (row) j means that the school (student) in the corresponding
row (column) prefers student (school) j to student (school) i

Example 1.3.1. Consider the following example with two schools w1, us of capacities respectively
one and two, and three students s, s9, s3. All the students prefer school u; over school us; the
preference list of school u; is s1, s3, So, and the preference list of school us is s3, o, s1. In Figure
1, we assign a row to each school and a column to each student. Further, we represent horizontal
(vertical) preferences with blue (green) arrows. Specifically, the blue (green) arrows yield schools’
(students’) preferences, the red (black) vertices are the matched (unassigned) pairs, and the ¢(u;)

(i = 1,2) are the capacities of the schools. Note that the given matching is stable. U

Given the above graphical interpretation of the SC problem, Baiou and Balinski provide the
corresponding concept of stability as follows:

Lemma 1.3.2 ([26]). Let [ = (S,C, E,r,q) be an instance of the SC problem and let 1 be a

stable matching of 1. A pair (s;,u;) is unassigned in the corresponding graphical representation
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S1 59 S3

Fig. 1. Example of the Baiou and Balinski's formulation.

of the stable matching x if and only if it is followed (i.e., preferred) in row i by ¢(i) matched
pairs or it is followed in column j by one matched pair.

In Figure 2, we provide a graphical representation of the stability concept elaborated when
Lemma 1.3.2 is used. In order to provide the stability constraints for the LP model of SC, Baiou

and Balinski define the following graphical structures.

Definition 1.3.3. Let (S,C, E,r,q) be an instance of the SC problem. We define the set
I't = {(s,u) € £: (s,u) has at least g(u) — 1 successors in row u}. Given a pair (sj,u;), we
define the the set I'~ as the complementary set of I'*.
Let (s;,u;) be a pair in I't, we define the following structures:
e The shaft of (s;,u;), denoted S(s;,u;), is the set of all pairs that follow (s;,u;) in row ¢
including (s;,u;).
e The tooth of (s;,u;), denoted T'(s;,u;), is the set of all pairs that follow (s;,u;) in column
J including (s;,u;).
e A comb of (s;,u;), denoted C'(s;,u;), is the union of the shaft S(s;,u;), the tooth T'(s;,u;)
and the teeth of g(u;) — 1 successors of (s;,u;) in S(sj,u;). Note that for a given (s;,u;)
there might be multiple combs.
We define the set of the combs in a row u by C, = {C(s,u) : for every pair (s,u) €

['" that is in row u}, and we define the set of all combs by Combs = | C,.
uel

For example, in both graphs of Figure 2 the shaft of (sju;) is S(sju;)
{(sj,us), (Sj41,u;), (Sj1a,u;)} Instead, the tooth of (s;u;) is different in the two
graphs; in the first graph of Figure 2, T'(s;,u;) = {(s;,u;)}, and in the second graph
T(sj,u;) = {(s;,u;), (sj,ui—1)}. Finally, in the first graph of Figure 2 school w; has only one
comb, C(s;,u;) = {(s5,4), (Sj41,u:), (Sj1+2,u;)}; in the second graph school u; has two combs,
C(sj,ui)1 = S(s5,u;) UT(s5,u;) UT (sj41,u;) and C(sj,u;)2 = S(sj,u;) UT(s5,u;) UT(sj42,u;).
Additionally, in Figure 2, we provide two different examples of stable matchings corresponding to
the two cases of the stability condition for an unassigned pair (s;,u;). The blue (green) arrows

yield schools’ (students’) preferences, and the red (black) vertices are the matched (unassigned)
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pairs. A matching is stable if every unassigned pair is followed in the row of school u; by ¢(u;)

assigned pairs, or if it is followed in column s; by one assigned pair.

Sj Sj+1 Sjt2

The pair (s;,u;) is unassigned if: U .—).—). q(u;)) =1

Sj Sj+1 Sj+2

or if: U; .—).—). q(u;) =2

Fig. 2. Example of the Baiou and Balinski's definition of stability.

We can now present the linear polyhedron for the set of stable matchings of SC introduced

in [26].

max Z Wse* Tse (1.3.3a)
x (s,0)€E
s.t. Y zeu <1 VseS (1.3.3b)
u€C: (s,u)€€
Yo zew < qu) YueC (1.3.3¢)
SES: (s,u)€E
> zgu > qlu) Vu € C,VC € C, (1.3.3d)
(s,u)eC
Tgqy >0 V(su) € € (1.3.3¢)

where, Constraints (1.3.3b) impose that each student can be matched with at most one school,
Constraints (1.3.3c) yield a limit on the number of students matched to each school, and Con-
straints (1.3.3d) are the stability (comb) constraints. Finally, Constraints (1.3.3e) define the
non-negativity of each assignment. The following theorem establishes that the vertices of the
polytope described by Formulation (1.3.3) are the stable matchings of the SC problem.

Theorem 1.3.4 ([26]). The polyhedron described via constraints (1.3.3) corresponds to the
stable polytope of the SC problem.

Therefore, the extreme points of the polyhedron described by Constraints (1.3.3) are integer.
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Chapter 2

Literature Review

In this chapter, we provide a literature review in matching theory under preferences with a partic-
ular focus on the works related to our papers. The next three sections are dedicated to seminal
work on stable matching problems. In Section 2.1, we start by describing the historical context
in which matching markets under preferences became relevant, emphasizing their real-world ap-
plication. Then, in Section 2.2, we briefly review computational complexity results related to the
School Choice problem, since our work focuses on this type of matching markets. Section 2.3
focuses on the works using Mathematical Programming to tackle stable matching problems.
Finally, Section 2.4, briefly reviews the works related to quota expansion and matchings with
complementarities, enabling us to position the contribution of this thesis.

2.1. Historical Context

Since the publication of the seminal work by Gale and Shapley [67], researchers have focused
their attention on studying the properties of bipartite markets under preferences, such as the
design of strategy-proof mechanisms and the determination of equilibria for existing mechanisms,
e.g., [56, 89, 131]. The interest in this type of markets is not only theoretical. Indeed, it
has been observed that mechanisms in which stability is not taken into consideration are usually
not successful in the long term. A famous example is the labor market for medical interns and
residents, also known as the hospital-resident matching market. The hospital-resident matching
market has been running since the beginning of the 20th century, and is now managed by the
National Resident Matching Program (NRMP). From its inception, the decentralized matching
mechanism demonstrated significant inefficiency, adversely impacting both residents and hospitals
alike [132]. Following multiple unsuccessful attempts to rectify the issues in the hospital-resident
market through various countermeasures and rule changes, a new centralized mechanism was
introduced in 1951, which proved to be highly effective [138]. Ex-post, it was discovered that
the reason for the success of this mechanism was precisely the fact that it guaranteed stabil-

ity [132]. Interestingly, the algorithm used by the NRMP since 1951 was the same algorithm



that was independently introduced by Gale and Shapley [67], which is known as the Deferred
Acceptance (DA) algorithm (Algorithm 1). As the understanding of the properties of this mech-
anism advanced across decades, prospective residents started worrying about the manipulability
of the mechanism, i.e., whether it was a dominant action to report their true preferences rather
than strategizing in order to improve their matching. Specifically, as described in details in Sec-
tion 1.2.2, the DA algorithm can be tuned to provide the best stable matching for all the hospitals
or, dually, the best stable matching for all the residents. If, for instance, it is adopted the version
that favors the hospitals, then the residents could achieve a better matching by reporting a false
ranking of their favorite hospitals.! The property of a mechanism not being subject to manipula-
bility is crucial for guaranteeing that merit is the main factor that determines the matching of a
resident. In order to restore confidence into the system, the NRMP redesigned the mechanism to
provide a stable matching that favors the residents [136], and therefore avoids manipulation from
the residents’ side. Since the successful implementation of the NRMP, several hospital-resident
markets worldwide have taken cues from the NRMP's centralized matching approach, incorpo-
rating state-of-the-art insights from the field of matching theory. Examples of such adoption can
be seen in Japan [84, 87] and Canada [69].

Another rapidly growing field of application concerns the problem of assigning students to
schools, also known as the School Choice (SC) problem. Over the past few decades, many
educational systems around the world have been adopting mechanisms suggested by matching
theory to assign students at each level of education. Examples comprise the education system
in Hungary [34, 35], in Chile [50], in South Korea [23] and in China [155], daycare admis-
sion in Denmark [90], public school admission in Boston [5], in New Orleans [1] and in San
Francisco [15], university admission in Germany [44], in Spain [126] and in Turkey [27].

The list of current successful applications of matching mechanisms in bipartite markets under
preferences also include examples outside the education domain. For example, the matching
of rabbis [41], online dating [74, 82], labour market for lawyers in Germany [54], healthcare
rationing [122], refugee resettlement [52], systems to assign cadets [145, 106, 125, 154], for
studying stability in supply chains [119] and metal-only engineering change order synthesis [81].

2.2. Computational Complexity

The DA algorithm finds the student-optimal (or the school-optimal) stable matching in poly-
nomial time [67]. In general, the main focus of the literature has been on finding a maximum
cardinality stable matching, which can be easily obtained when there are incomplete and strict
preference lists; that is because the Rural Hospital Theorem (Theorem 1.2.7) guarantees that all

stable matchings have the same size. Similarly, when preference lists are complete and contain

INote that, the DA algorithm presented in Algorithm 1, we can replace schools by hospitals and students by
residents to fit the setting of the hospital-resident matching market.
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ties, then all weakly stable matchings have the same size; indeed, if ties are broken arbitrarily
and we find a stable matching with DA, then such a stable matching is complete and also weakly
stable in the original instance with ties.

Once we include simultaneously in SC both incomplete lists and ties, the problem of finding a
maximum cardinality stable matching becomes NP-hard even under very restrictive conditions [79,
108]. In terms of approximation ratios, the best known factor is 2 [110, 92, 120] and the best
lower bound is 23 [153]. When ties are only on one side, there exists a 22 approximation

17
algorithm [80].

2.3. Mathematical Optimization

Mathematical Optimization, also called Mathematical Programming, is the discipline that de-
velops mathematical methods of analysis to guide decision-making in a constrained environment.
Domains of application range from energy markets, to scheduling, resource allocation, and trans-
portation. In the context of matching problems, the use of mathematical programming dates
back to at least Dantzing [51], who studied the matching problem in the form of the optimal
assignment problem.

At the end of the 1980s, researchers started investigating mathematical programming formu-
lations of the stable matching problem; the first known formulations are given by Gusfield and
Irving [71] and Vande Vate [150]. Vande Vate [150] provides a linear description of the convex
hull of the characteristic vectors of one-to-one stable matchings showing that the vertices of the
polytope of stable matchings are integer tuples. This result is built upon the algorithm that finds
stable matchings through rotations by Irving et al. [77]. The result of Vande Vate is extended
to the case of one-to-one stable matching problem with incomplete lists by Rothblum [139].
Moreover, the author studies the polytope of stable matchings in the SC case. Roth et al. [137]
prove the same results in an alternative way, providing a new perspective on the subject.

Exploring in greater depth the relation between the Gale-Shapley algorithm and Mathematical
Programming, Abeledo and Rothblum [11] prove that the Gale-Shapley algorithm is an application
of the dual simplex method. Their result is shown for the version of the Gale-Shapley algorithm in
which the proposals of the agents are made successively. In the original version of the algorithm
the authors assume that the proposals are simultaneous, but it has been proven that the two
versions provide the same result [112].

In another paper, Abeledo et al. [10] prove that a fractional stable matching can be represented
through a convex combination of (integral) stable matchings and that such fractional stable
matchings yield a lattice structure (as proven in [137, 147]). In [30], Balinski and Ratier provide
instances of one-to-one stable matching that have an exponential number of stable matchings

(more precisely, as many stable matchings as the n-th Fibonacci number, where n is the number
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of agents in one side of the graph); this result showcases the importance of the selection of a
specific stable matching, specially in a context where it is required fair decision making.

Concerning the relation between the SC problem and Mathematical Programming, Baiou
and Balinski [26] characterize through linear inequalities the convex hull of its stable matchings,
obtaining the so-called admission polytope (recall Section 1.3.2). The authors prove that the
vertices of the admission polytope are integer valued (hence, we can drop the integrality con-
straints). We generalize their formulation of the SC problem in Chapter 4. Additionally, Baiou
and Balinski also provide a polynomial time separation algorithm.

Sethuraman et al. [140] expand the work by Baiou and Balinski [26] from a geometric
perspective. They further prove that a fractional stable matching can be decomposed as a
convex combination of (integral) stable matchings.

Mixed Integer Programming (MIP) approaches for SCTI matching are developed through
a series of papers that produce pre-processing heuristics [78] and exact methodologies [53] for
optimizing and speeding up the computation of the maximum cardinality stable matching. Recent
works providing MIP formulation for SCTI also include Agoston et al. [157].

Finally, Fleiner [63] provides a linear programming formulation of the many-to-many stable
matching problem and thus, a characterization of the convex polytope of stable matchings in this

case.

2.4. Related Problem Variants

In our research, we examine different versions of the School Choice problem, considering fac-
tors like changing school quotas and family preferences. To set the stage, we begin by discussing
the existing literature in this field.

The design of a stable mechanism when the number of participants of one side is increased
has already been investigated through the lens of game theory. In particular, for the one-to-one
stable matching problem, this is known as the entry comparative static; to illustrate, it is known
that when a new school (with capacity one, since we are in the one-to-one setting) is added to
the instance, all students are matched weakly better [89, 68, 138]. Recently, Kominers [100]
extends this result to the school choice problem. In [31], the authors show that the DA algorithm
is invariant with respect to improvements of the students’ position in the preference lists of the
schools. Within the existing body of literature, as elucidated in Section 1.2.3, there has been
a considerable focus on crafting matching mechanisms that encourage participants to express
their genuine preferences. For instance, Sonmez [144] proves that schools can manipulate the
mechanism in their favor by falsely reporting a reduced capacity. Moreover, Romm [127] proves
that manipulation is still possible even if the reported capacities are enforced during the admission
process; this is particularly interesting since it seems natural that by reducing a school capacity it

follows that the outcome for that school would be worse. In Chapters 4 and 3, our contributions
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are focused on the dynamics of school capacity adjustments. Diverging from the previously
mentioned literature, our research is dedicated to investigating the development of mechanisms
that guide the optimal expansion or reduction of school capacities, under the assumption that all
agents report their true preferences and capacities. We prove that this assumption is reasonable
given that our mechanism is strategy-proof in the large [24].

In the case of the hospital-resident matching problem, allowing applications from couples was
one of the main reasons that led to the redesign of the mechanism in the U.S.A. [136]. Thisis a
problem faced also by families of refugees, who cannot be split and whose application should be
taken in consideration in an aggregated fashion. These problems belong to the literature on stable
matchings with complementarities, for which a solution may fail to exist [132]. Indeed, Ronn
proves that given an instance of the SC problem with complementarities, establishing if there
is a stable matching is NP-complete [129]. To overcome this limitation, Klaus et al. [93, 95]
enrich the SC setting by assuming that preferences are weakly responsive; they show that this
assumption guarantees the existence of a stable assignment. Another noteworthy path to mitigate
the potential non-existence of a stable matching is providing an upper bound on the number of
extra capacities that must be assigned in the market to guarantee the existence of a stable
matching with complementarities [117]. All these approaches maintain the assumption that
preferences are static and not subject to change. In fact, what we observe in the real world is that
schools tend to admit first students that have siblings already enrolled in one of their programs,
host countries tend to receive families of refugees without splitting them and universities tend to
hire couples altogether. Even if the members in a couple are considered as an indivisible entity
rather than individuals, McDermid and Manlove [111] prove that the problem of deciding the
existence of a stable matching is still NP-complete. On a more positive light, Dur et al. [57]
prove existence when pairs of agents are indivisible and each member of the pair applies to a
different level; for instance, when siblings apply to different grades. Finally, in the context of
the hospital-resident problem, even in the presence of single tie-breaker (or master-list) for the
hospitals, Bird et al. [37] show that the problem of deciding the existence of a stable matching
is NP-complete when there are complementarities. Chapter 5 aligns with the field of stable
matchings involving complementarities. However, in the specific context of School Choice, our
approach differs from the existing literature. We treat families of students as divisible, but we
introduce dynamic priorities to capture the families’ desire for their siblings to be placed together
in the same school.
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Prologue: In this chapter, we address the problem of assessing the computational complexity of
expanding optimally capacities subject to a budget (Question 4); note that when the preferences
of the students are all the same, the problem is trivial since it suffices to allocate all the extra-
capacities to the school ranked first by all the students. Then, we also show that the same
proof can be used to show the problem of reducing capacities to impact the least the matching
for the students (Question 5); similarly, when all the students have the same preferences, it
suffices to reduce the capacities of the least preferred schools (starting from the last) until
all the budget is met. Finally, we investigate the previous two questions when the budget of
capacities is partitioned among subsets of schools. In this chapter, we also introduce and study

the aforementioned questions when the objective function is the maximization of the number of



matched students.
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as well as its first draft.
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RESUME. Le probléme de I'appariement stable plusieurs 3 un constitue I'abstraction fondamen-
tale de plusieurs marchés d'appariement réels tels que le choix de I'école et I'affectation des
résidents d'un hopital. Ces problémes impliquent deux groupes d'agents, souvent appelés rési-
dents et hopitaux. La configuration classique suppose que les agents classent le c6té opposé et
que les capacités des hopitaux sont fixes. On sait que I'augmentation de la capacité d'un seul hé-
pital améliore I'allocation finale des résidents. En revanche, la réduction de la capacité d'un seul
hopital détériore I'allocation des résidents. Dans ce travail, nous étudions la complexité de calcul
de la recherche de la variation optimale des capacités des hopitaux qui conduit au meilleur résul-
tat pour les résidents, sous réserve de stabilité et d'un budget de variation des capacités. Tout
d'abord, nous montrons que le probleme de décision consistant a trouver |'expansion optimale
de la capacité est NP-complet et que le probleme d'optimisation correspondant est inapproxi-
mable en n5¢, ol n est le nombre de résidents. Ce résultat est valable pour des préférences
strictes et complétes, et méme si nous allouons des capacités supplémentaires a des ensembles
disjoints d’hdpitaux. Deuxiémement, nous obtenons des résultats analogues d'inapproximabilité
pour le probleme de la réduction des capacités. Ces résultats de complexité sont cruciaux, car
ils empéchent le développement d'un algorithme d’'approximation a facteur constant en temps
polynomial pour s'attaquer a un probléme réel d'un grand intérét pour les décideurs politiques.
Mots clés : Appariement stable de plusieurs a un, probléme des résidents d'hdpitaux, expansion
des capacités, réduction des capacités, complexité de calcul
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ABSTRACT. The many-to-one stable matching problem provides the fundamental abstraction of
several real-world matching markets such as school choice and hospital-resident allocation. These
problems involve two sets of agents, often referred to as residents and hospitals. The classical
setup assumes that the agents rank the opposite side and that the capacities of the hospitals
are fixed. It is known that increasing the capacity of a single hospital improves the residents’
final allocation. On the other hand, reducing the capacity of a single hospital deteriorates the
residents’ allocation. In this work, we study the computational complexity of finding the optimal
variation of hospitals' capacities that leads to the best outcome for the residents, subject to
stability and a capacity variation budget. First, we show that the decision problem of finding
the optimal capacity expansion is NP-complete and the corresponding optimization problem is
inapproximable within ns~¢, where n is the number of residents. This result holds under strict
and complete preferences, and even if we allocate extra capacities to disjoint sets of hospitals.
Second, we obtain analogous computational inapproximability results for the problem of capacity
reduction. These complexity results are crucial, as they hinder the development of a polynomial
time constant-factor approximation algorithm for tackling a real-world problem of great interest
for policymakers.

Keywords: Many-to-one stable matching, hospital-resident problem, capacity expansion, capac-
ity reduction, computational complexity

3.1. Introduction

The stable matching problem in a bipartite graph is a classical problem that requires a few
key ingredients to be defined: Two disjoint sets of nodes, a set of edges connecting the nodes in
the two sets, a capacity function for each node and a weight function for each pair of edge-node.
The weight function is often interpreted as the ranking preferences of the node over the edges.
A matching is a collection of edges that respects the capacity of each node, and it is said to
be stable when such collection cannot be simultaneously improved (w.r.t. the weight function)
for two nodes of every connected pair in the graph. It has been shown that a stable matching
always exists via a polynomial-time algorithm [67], and that all the stable matchings have the
same cardinality even if the graph is not complete [132, 68, 134]. If we assume the graph to be
complete and we assume the weight function can assign the same value to multiple edges incident
to a common node, i.e., some edges are tied in the ranking of the node, then the problem of
finding a maximum cardinality stable matching remains polynomial. Nonetheless, as soon as we
relax also the assumption that the bipartite graph is complete, then the problem of finding a
stable matching of maximum cardinality becomes NP-hard [108].

Given the simplicity of the setting in which the problem is defined, the stable matching problem
has found multiple applications in the real-world. Perhaps, the education admission process is the
most famous application setting in many countries all over the world, such as daycare admission
in Denmark [90], school and hospital-resident allocation in the USA [5, 6, 3, 132, 136], school
and university admission in Hungary [34, 36] and Chile [105, 50], school admission in Singapore
[148], university admission in China [155], Germany [44] and Spain [126]. Moreover, in the last
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years, there has been a growing interest in the use of the stable matching problem to facilitate the
integration of refugees in hosting countries [52, 17, 14], or optimizing the rationing of healthcare
services such as ventilators during the pandemic [122, 25].

Most of these applications assume that one of the two sets of nodes can be matched more
than once, which is known as the many-to-one stable matching (HR) problem, where HR stands
for hospital-resident. Henceforth, we refer to one set of nodes in the graph as hospitals and
the other nodes as residents. In this setting, the weight function represents the preferences
of the residents over the hospitals, and vice versa. The HR problem and its multiple variants,
have been widely studied in the literature from different perspectives: From a polyhedral [26,
27] and algorithmic [67] perspective, to geometry [140], mathematical programming [150],
combinatorics [97], fixed-point methods [146] and graph theory [29].

In the standard version of HR, the capacity of each hospital is fixed and known in advance.
The decision-maker in charge of the selection of a matching (assignment) does not have control
over these quota. However, there are multiple real-life situations in which the variation of the size
of the market, expansion or reduction, could play a significant role. For example, the University of
Tsukuba recently restructured the course offering by allocating a budget of capacities to courses
starting from zero [101]. From a methodological standpoint, Bobbio et al. [38, 39] were the first
to provide an exact mathematical programming formulation to find the optimal matching and
allocation of capacities for the benefit of the residents. Policymakers are often required to produce
multiple possible scenarios before choosing how to allocate a budget. This requires the use of
algorithms that output multiple solutions within a short time-window. For instance, in the Chilean
school admission system, the centralized clearinghouse needs to produce several possible scenarios
before deciding how to allocate scholarships [50]. Moreover, if finding an optimal solution, i.e.,
a feasible assignment of hospital capacities and an associated stable matching accordingly with
a given objective, turns out to be time consuming, decision-makers may resort to polynomial-
time algorithms with constant-factor guarantees. In this paper, we address precisely the question
of how difficult it is to find such a solution, and whether it is possible to have approximation
guarantees when looking for sub-optimal solutions. Roughly speaking, for the expansion of the

market, we study the following question:

«Let B € Z, be a non-negative integer. Given that B extra capacities should
be added to the hospitals, which are the hospitals whose capacities should be
expanded to obtain the best stable matching for the residents? »

On the other hand, in certain cases one side could be under-demanded, i.e., as it has been
observed with schools [65], therefore a reduction in the spots may improve the finances of the
policymaker, while minimizing the impact on the education system for the residents. Indeed, in
the second part of this work, we focus our attention on the reduction of capacities in the market.

To put it simply, we study the following question:
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«Let B € Z, be a non-negative integer. Given that B capacities should be
reduced from the hospitals, which are the spots that should be reduced to
obtain the best stable matching for the residents? »

We primarily focus on a rank-based metric (the weight function) to choose the best matching
for the residents. We also study the variants of the problems above under a cardinality-based
metric, which has been widely studied in the literature [107].

3.1.1. Contributions and Organization

This paper is organized as follows. In Section 3.2, we introduce the formal notation, the
problem of expanding capacities (Problem 4), and the problem of reducing capacities (Problem 5).
Once we have established the notation and main definitions, in Section 3.3 our main focus is to
establish the complexity of Problem 4. To achieve this result, we first observe, in Corollary 3.3.2,
that determining the stable matching of minimum average rank for the residents in the presence
of ties is NP-hard and is not approximable within 72'1~¢, for any € > 0, where 7 is the number of
residents. This result is fundamental since it puts a boundary on the computability of the stable
matching of minimum average rank, which is well known to be polynomially solvable when there
are no ties via the DA algorithm.! Note that Corollary 3.3.2, which is a natural consequence of
Theorem 7 in [108], is the stepping stone needed to build our main proof. The remainder of
Section 3.3 is devoted to study the complexity of the capacity expansion problem. All our results
are proven in the special case in which the initial capacity of every hospital is one. Indeed, even
under very restrictive assumptions, finding the allocation of extra capacities to the hospitals that
lead to a minimum average rank stable matching is NP-hard, and for any ¢ > 0, it cannot be
approximated within a factor of (72)5 ¢ unless P=NP (Theorem 3.3.1). Our complexity proof is
based on a new structure that we call village. Each village is assigned some extra capacities, and
the preferences of the hospitals and residents in a village ensure that the extra capacities can be
optimally allocated only in a specific way. Then, in Section 3.4, we study the capacity reduction
problem. We prove that this problem is NP-hard, and for any € > 0, it cannot be approximated
within a factor of (72)5 ¢, unless P=NP (Theorem 3.4.1). The proof follows a similar reasoning
as in Theorem 3.3.1. We exploit again the structure of the village, with the caveat that every
hospital starts with a capacity of two seats. In Section 3.5, we study several variants of Problems
4 and 5. Specifically, we partition the set of hospitals and allocate (remove) a certain amount of
capacities to (from) each set of the partition. Theorem 3.5.2 shows that, even when we partition
the set of hospitals and we allocate to (remove from) each set at most one spot, finding the
optimal allocation is an NP-hard problem. Moreover, we prove that the optimization version of
the problem is not approximable within a factor of 7n'7¢, for any ¢ > 0 (Theorem 3.5.2). The
equivalent results for the reduction problem are shown in Theorem 3.5.4. We provide similar

INote that, as proven in [38, 39|, when preferences are strict, minimizing the average rank of the residents is
equivalent to find the resident-optimal stable matching.
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results to the variant of the problems that considers as an objective function the cardinality of
the matching, Theorems 3.5.3 and 3.5.5, respectively. Finally, concluding remarks can be found
in Section 3.6. A summary of our results and relevant results from the literature can be found in
Table 1. The first top three entries in the column of maximum cardinality problems are results
from: first, [132, 68, 134, 107], second, [107] and, third, [108]. The first top result from the
second column is shown in [67, 113, 56, 131].

DECISION VERSION OF THE PROBLEM
FRAMEWORK Maximum cardinality Average rank
HR/HRI Polynomial Polynomial
HRT Polynomial Inapprox. ([108] and Sec. 3.3)
HRTI NP-complete Inapprox. ([108] and Sec. 3.3)
HR capacity variation Trivial Inapprox. (Sec. 3.3 and 3.4)
HR cap. var. subsets Trivial Inapprox. (Sec. 3.5)
HRI cap. var. subsets | NP-complete (Sec. 3.5) Inapprox. (Sec. 3.5)

Table 1. Summary of our contributions and relevant computational complexity results from the
literature.

Note: HR corresponds to the many-to-one stable matching problem, the suffixes | and T stand
for incomplete preference lists and for preference lists with ties, respectively.

3.1.2. Related Work

General context. In their seminal paper, Gale and Shapley [67] introduce the stable matching
problem and provide a polynomial-time algorithm, known as the deferred acceptance (DA) algo-
rithm. The DA algorithm computes an assignment such that there is no pair of agents that would
simultaneously prefer to be paired to each other rather than being in their current assignment;
this is known as a stable matching. In practice, the DA mechanism has been extensively used to
improve admission processes, e.g., see [3, 34]. For further details on stable matching mechanisms,
see [138, 107]. In general, the main focus of the literature has been on finding the maximum
cardinality stable matching, which can be efficiently obtained when there are incomplete prefer-
ence lists? without ties or complete preference lists that include ties [107].> Once we assume
both, incomplete lists and ties, the problem of finding the maximum cardinality stable matching

becomes NP-hard, even under very restrictive conditions [108]. In terms of approximation ratios,

2Not all the agents are ranked. In the case of incomplete preference lists, the Rural Hospital Theorem holds [132,
68, 134, 107], which states that all the stable matchings have the same cardinality.

3Some agents in the preference list are ranked equally. In the case of preference lists with ties, all the weakly
stable matchings are complete (under the assumption that the cardinalities on the two sides of the bipartition are
equal). Weak stability means there is no pair of agents that strictly prefer to be matched to each other rather
than being in their current assignment.
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the best known factor is 2 [110, 92, 120] and the best lower bound is 33 [153]. In general, the
existence of a stable matching is not even guaranteed in some of the most important variations
of the HR problem, such as the HR problem with couples [129, 37].

Capacity variation. The design of a stable matching mechanism, when the number of partici-
pants of one side is increased, is known as the entry comparative static. In [89, 68, 138, 100],
the authors prove that when a new hospital is added to the instance (or some extra capacities
are added parametrically), all residents are matched weakly better. A substantial part of the lit-
erature has focused on strategy-proof matching mechanisms, i.e., on matching mechanisms that
incentivize participants to reveal their true preferences. Sénmez [144] proves that hospitals can
manipulate the stable matching in their favor by falsely reporting a reduced capacity. Moreover,
Romm [127] proves that the stable matching mechanism can still be manipulated even if the
reported capacities (which may be different from the actual ones) are used during the admission
process. Another problem related to ours is addressed by Yahiro and Yokoo [152], where the
authors consider a profile of “resources” that can be allocated to “projects” (hospitals) and fo-
cus on designing strategy-proof and efficient mechanisms. Nguyen and Vohra [117] study the
problem of ensuring stability in a matching market with couples, and find that by adding at most
4 extra capacities, the existence of a stable matching is guaranteed. Surpassing the approach of
considering extra capacities a parameter, as assumed in the entry comparative static, Bobbio et
al. [38, 39] consider for the first time the allocation of extra capacities to hospitals as a decision
variable rather than a parameter; in their paper, the authors propose mixed-integer programming
techniques to solve the problem of jointly allocating extra capacities while performing the match-
ing. Another heuristic solution methodology to optimize the outcome for the residents is devised
in [9]. Recently, also Dur and Van der Linden [58] study the problem of allocating capacities, the
authors propose a general framework to devise a mechanism and they study the game theoretic
properties of it. Finally, Kumano and Kurino [101] study the problem from both a theoretical and
practical perspective. Their work was used to guide the reallocation of quotas at the University
of Tsukuba in Japan. Our work focuses on providing the computational complexity landscape of
the problem tackled in [38, 39, 9, 58, 101], as well as its counterpart where existing hospital
spots are removed, and other variants. The main variant that we study is the allocation of extra
capacities on a regional level. This is motivated by problems where some regions receive more
residence applications than others. For instance, Kamada and Kojima [85] studies matching
mechanisms that impose regional quotas for the Japan Residency Matching Program. Our work
differs from theirs, since our goal is to optimize the quotas rather than imposing them. To the
best of our knowledge the problem of reducing capacities has not yet been studied in the stable

matching literature.
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3.2. Preliminaries and Problem Definition

The many-to-one stable matching problem consists of a set of residents S = {i1,. .. is|},
a set of hospitals C = {ji,...,jjc/} and a set of edges £ between S and C. A resident and a
hospital are linked by an edge in £ if they deem each other acceptable. In this work, we assume
(if not otherwise stated) that every resident-hospital pair is acceptable, ie., € = S x C. Each
hospital j € C has a non-negative integer capacity ¢; € Z, that represents the maximum number
of residents that hospital j can admit. In this setting, a matching M is a subset of £ in which
each hospital j appears in at most ¢; pairs and each resident appears in at most one pair. We
denote by M (i) and M (j) the hospital assigned to resident i and the subset of residents assigned
to hospital 7, respectively.

An instance ' of the HR problem corresponds to a tuple I' = (S,C, >, c), where ¢ € Zi
is the vector of capacities and > corresponds to the profile of preferences that residents have
over hospitals and vice-versa. Specifically, we assume that the preference list of each resident
is a linear order. We use the notation j >; j' to describe when resident ¢ prefers hospital j
over hospital j'. We assume that every agent is individually rational, i.e., every agent prefers the
proposed assignment than to be unmatched. Concerning the preference list of every hospital, we
assume it is a responsive linear order over the power-set of the residents [133].%If a preference list
is a responsive linear order, it can be fully described by the linear order over single residents. We
write i >; i’ to denote when hospital j prefers resident i over i. Whenever the context is clear,
we drop the subscript in >. We emphasize that in the HR problem, unless otherwise stated, the
preference lists are complete and strict (there are no ties). Under these assumptions, the length
of the preference list of each agent, hospital or resident, is exactly the size of the other side of
the bipartition. Therefore, preference lists can be interpreted in terms of rankings. Formally, for
each resident i € S and hospital j € C, we denote by r;; € {1,...,|C|} the rank of hospital j
in the list of resident ¢. According to this notation, for example, the most preferred hospital has
the lowest ranking. Analogously, we define r;; € {1,...,|S|} forall j €C, i € S.

Given a matching M, we say that a pair (¢,j) € £ is a blocking pair if the following two
conditions are satisfied: (1) resident i is unassigned or prefers hospital j over M(i), and (2)
|M(j)| < ¢; or hospital j prefers resident ¢ over at least one resident in M(j). The matching M
is said to be stable if it does not admit a blocking pair. Gale and Shapley [67] showed that every
instance of the HR problem admits a stable matching that can be found in polynomial-time by
the deferred acceptance method, also known simply as the Deferred Acceptance algorithm. In
particular, this algorithm can be designed to prioritize the residents in the following sense: Let

M and M’ be two different stable matchings, we say that a resident ¢ weakly prefers M over M’

4For any two subsets of residents S’,S”, we denote that hospital j prefers S’ over S” as &’ >; 8”. A preference
relation of a hospital is responsive if for every S’ C S with |S'| < ¢;, s € &' and s ¢ S’, we have that (i)
S = S U{s"}\{s'} if and only if {5’} =, {s”}, and (ii) &' =; "\ {s'} if and only if {5’} >, (). Therefore, a
responsive preference list can be obtained from the linear order over singletons.
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if M(i) >=; M'(i) or M(i) = M'(i). Then, the DA algorithm can be adapted to compute the
unique stable matching that is weakly preferred by all residents over all the other possible stable
matchings. Such unique stable matching is called resident-optimal.

Notation. To ease the exposition, we avoid using the symbol > when presenting a preference list,
instead we simply separate agents by “,” and use the convention that the leftmost agents are
the most preferred. For instance, we represent the preference list w > w' = w” as w,w’,w”.
Throughout this work, for a given integer & > 1, we use the shorthand [k] := {1,...,k}. Finally,

unless otherwise stated, we use indices ¢ for residents and j for hospitals.

3.2.1. Problem Definition

In this work, we focus on the stable matchings that minimize the average hospital rank (or
cost). Throughout the paper, we assume that the total capacity of the hospitals is at least the
total number of residents, i.e., >jecCi = |S|. If this assumption does not hold, we must define
the cost of an un-assigned resident [38, 39]. A natural option is to add an artificial hospital
with large capacity that is ranked last by every resident. Therefore, un-assigned residents will
be allocated to the artificial hospital whose rank is |C| + 1. Note that as a consequence of our
assumption, >-;ccc; > |S|, there may be hospitals that do not fill their quota. The average
hospital rank (for the residents) of a matching M is defined as

AvgRank(M) := > 7}, (3.2.1)
(i,5)eM
where, without loss of generality, we do not divide by the number of hospitals ranked by each
resident.> We consider Expression (3.2.1) as our objective function, since one can easily show
that a stable matching M is resident-optimal if, and only if, it is a stable matching of minimum
average hospital rank [38].

In our first problem, initially introduced in [38], we aim to improve the allocation of residents
by increasing the capacity of the hospitals. For a non-negative vector t € Z¢, we denote by
I'y = (S,C, = ,c+t) an instance of the HR problem in which the capacity of each hospital j € C
is ¢c; + t;. Observe that I'g corresponds to the original instance I with no capacity expansion.

Formally, we define the capacity expansion problem as follows.

5Note that our main results are given for complete preference lists, which is a special case of the incomplete
preference setting. Indeed, since we are assuming that the overall number of capacities is greater than the number
of residents, every resident will be matched to a school. Moreover, every resident ranks the same number of
hospitals (|C|), therefore, we would be dividing every addend by the same constant |C|.
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Problem 4 (MIN-AVGy, HR).
INSTANCE: A HR instance I' = (S,C, >, c), a non-negative integer

expansion budget B € Z, and a target value K € Z,..
QUESTION: Is there a non-negative vector t € Zi and a matching M,
such that

AvgRank(M;) < K,

where t satisfies >-;cct; = B and Mj is a stable matching in instance
[y?

Given parameters B and K, Problem 4 aims to determine the existence of an allocation of B
extra spots through vector t such that there is a stable matching with an average hospital rank
of at most K .°

In our second problem, we aim to find the reduction of the hospitals’ capacities such that the
final average hospital rank is the lowest possible, i.e., that has the least impact on the allocation
of residents. As before, for a non-negative vector t € Z¢, we denote by I'_y = (S,C, = ,c — t)
an instance of the HR problem in which the capacity of each hospital j € C is ¢; —¢;. Formally,
we define our second problem as follows.

Problem 5 (MIN-AVGgs, HR).
INSTANCE: A HR instance I' = (S,C, >, c), a non-negative integer
reduction budget B € Z, such that =B+ >"..cc; > |S| and a target

value K € Z,.
QUESTION: Is there a non-negative vector t € Z$ and a matching M,
such that

AvgRank(M,;) < K,
where t satisfies Yjecti=Bandc;—t; >0 for every j € C, and M,

is a stable matching in instance I' (7

Note that in Problem 5, we have the additional constraint that the capacity of every hospital
should remain non-negative after removing spots, ie., ¢; —t; > 0 for all 7 € C. We further
assume that the sum of the reduced hospitals’ capacities is greater than or equal to the number
of residents, i.e., =B+ 3";ccc; > |S|. As in Problem 4, if this assumption does not hold, we can
transform the instance by adding an artificial hospital with a large capacity (which is ranked last
in every resident’s list) and by only allowing the reduction of capacities to the original hospitals.

5Note that we can also require that Zjec t; < B; however, if we want to include a penalty for the unassigned
students as suggested in Chapter 4, then, it may be useful to enforce the allocation of extra capacities to avoid
choosing the optimal solution in which no capacities are distributed.
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3.3. The Capacity Expansion Problem

Our main result in this section establishes the computational complexity and inapproximability
of Problem 4. Denote by MIN-AVGyy, HR OPT the optimization version of Problem 4, i.e., the
problem of finding the allocation of extra spots and the stable matching in the expanded instance
that minimizes AvgRank. Formally, our main result is the following.

Theorem 3.3.1. MIN-AVGgxr HR is NP-complete. Moreover, unless P=NP, for any € > 0,
MIN-AVGgxp HR OPT cannot be approximated within a factor of ﬁ(%_a), where 7 is the number
of hospitals.

To provide insights on the difficulty of Problem 4, we present an example of how allocating
one extra capacity (B = 1) using intuitive approaches may yield a sub-optimal solution. In real
life instances, certain hospitals may be “more popular” than others, namely, some hospitals are
the most preferred according to well-known voting methods such as majority count or Borda
count [156, 43]. Thus, when B = 1, a natural approach is to assign the additional spot to the
hospital that is preferred by the majority count or by the Borda count. However, as the following
example shows, this is not necessarily optimal.

Counter example for the majority and for the Borda count. Let S = {iy,is,i3,i4,i5,76} and C =

{J1,J2,73,da}- What follows are the preference lists of the residents and of the hospitals.

i J2 = J1 > g3 > Ja Jlidy =y = e > g
g Jo = J3 > J1 > Ja Go iy g e > g
i3 03 = J2 = Ja > Jh J3 1dy =g e > g
g J1 > Ja > J3 > Je Ja iy =gy e g

U5 11 = Ja > J3 > Ja

i :J1 = Ja > J3 > Jo
Hospitals ji,j2 and j3 have each capacity 1, and hospital j; has capacity 3. The
resident-optimal stable matching is M = {(i1,72), (i2,73), (43,74), (34,71), (i5,74),(%6,74)} with
AvgRank(M) = 11. Now, consider Problem 4 with B = 1 and K = 9. For this instance, an
intuitive solution is allocating the extra spot to j;, which is the most preferred hospital according
to both Majority vote and Borda vote; the allocation of one extra capacity to j; is sub-optimal.
Indeed, if we expand the capacity ¢;, = 1 to ¢j;, = 2, then resident i5 would be assigned to
hospital 7;, which leaves an extra spot in hospital j;. This solution reduces the average hospital
rank by 1 unit and the resulting matching does not meet the target K = 9. Instead, if we
expand the capacity of j; to 2, then resident 75 is admitted by hospital js, leaving an empty spot
in hospital j3 that is filled by resident i3; the resulting matching has an average hospital rank of
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8. U

As the previous example shows, the allocation of one extra spot is not trivial when we try to
solve it by just looking at the residents’ preferences. However, we can still solve this problem,
where B = 1, in polynomial-time by doing an exhaustive search in combination with the DA
algorithm. To achieve this, we compute the resident-optimal stable matching using DA in the
instance I'y with t = 1; for each j € C, where 1, € {0,1}C is the indicator vector whose j-th
component is 1 and the rest is 0. Once we obtain the cost for each j € C, we output the
resident-optimal stable matching of minimum average hospital rank. Finally, we compare with
our target K to decide if such an allocation exists or not. Since the DA algorithm’s runtime
complexity is O(|S| - |C|) [67], then exhaustive search runs in O(|S|-|C|?). Whether this can be
improved remains an open question.

To prove Theorem 3.3.1, we first study a variant of the egalitarian stable marriage problem
[107]. Formally, the stable marriage (SM) problem corresponds to the HR problem where ¢; =
1 for all j € C. We use SMT to indicate the version of SM when ties are present in the
preference lists. A tie appears when an agent allocates in the same position of the list two
different participants of the opposite side. For example, if the preference list for resident i is
j4,[j1,j3],j2,7 then the rankings are 7, = 1, r,; = 2 for j € {j1,j3} and r;;, = 4. For the
SMT problem, stable matchings can be defined in several ways, but in this paper we consider
weak stability [107]. Formally, a matching M is weakly stable if there is no pair such that both
agents strictly prefer each other over their allocation in M. An egalitarian stable matching is a
stable matching that minimizes the total sum of the rankings, i.e., >; jyea[ri; + 7j.:]- Manlove
et al. [108] proved that the problem of finding an egalitarian stable matching for SMT is not
approximable within 7' ¢, for any € > 0, unless P = NP, where 7 is the number of hospitals. For
more details, we refer to Theorem 7 in [108].

Let us define the following variant of the egalitarian SMT problem.

Problem 6 (MiN-w SMT).
INSTANCE: An SMT instance I' = (S.C, >, c) with ¢; = 1 for all
j € C and a target value K € Z, .
QUESTION: Is there a weakly stable matching M such that
AvgRank(M) < K?

We use MIN-w SMT OPT to denote the optimization version of MIN-w SMT, i.e., the
problem of finding a weakly stable matching that minimizes AvgRank. Using the ideas in [108],
we can obtain the following result for MiIN-w SMT.

7Throughout this chapter, U brackets denote a tie.
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Lemma 3.3.2. MIN-w SMT is NP-complete. Moreover, for any € > 0, MIN-w SMT OPT is
not approximable within a factor of @!~¢, unless P = NP, where 7@ = |C|. This result holds even

if ties are only on residents’ side, there is at most one tie per list, and each tie is of length two.

For completeness, we provide the proof of this corollary in the Appendix. Let us now provide a
sketch of the steps to prove Theorem 3.3.1. Given an instance I' of MIN-w SMT, we construct
the following instance [ of MIN-AVGpy» HR: For every resident in I" that has ties in its preference
list, we create a village of residents and hospitals with different capacities and strict preferences.
Then, we create multiple copies of each of these villages. In Lemma 3.3.5, we prove that the
construction can be done in polynomial-time and it leads to an associated stable matching in
the new instance. Let M be the stable matching of minimum average hospital rank in MIN-W
SMT; in Lemma 3.3.6, we prove that the associated stable matching M in I is in fact the stable
matching of minimum average hospital rank in MIN-AVG.» HR.

3.3.1. Design of the Instance

First, we observe that MIN-w SMT is NP-complete even if ties occur only among the
preference lists of residents, in each preference list there is at most one tie of length 2, and it is
positioned at the head of the list. For more details, we refer to Remark 3.7.1 in the Appendix.
Throughout this section, we assume that an instance of SMT satisfies these properties. Now, we
introduce a polynomial transformation from such an instance of MIN-w SMT to an instance of
MIN-AvVGer HR.

Let I' = (S,C, >, c) be an instance of MIN-w SMT such that |S| =|C| =n. Let L <n
be the number of residents with ties in their preference list. The set of residents is partitioned
in two sets S = 8’ U S”, where &’ is the set of residents with a tie of length two at the head
of the preference list and S” is the set of residents with a strict preference list. Henceforth,
we fix an ordering of the residents in S and denote &’ = {iy,...,ir} and 8" = {ip11,...,in}.
Since preference lists are complete, observe that in any weakly stable matching every resident is
matched.®

In the following, we create an instance [ = <3,CA,§,6) of MIN-AvVGg» HR with a specific

target value and budget.
Hospitals and residents. First, we add n* copies of the residents in R”, R" = {if 1, ... ,i* }rcini,
and we introduce the set of residents A = {a;,...,a,s}. Moreover, we create n* copies of the
hospitals in C: C = {j{,...,j% }rene). We also introduce a set Z = {z1,...,z,6} of hospitals of
size n%, and a set X = {xy,...,z,7} of hospitals of size n'.

Recall that we index the residents in S as iy,...,iy. For every resident iy € S’ (¢ € [L]),
and k € [n] we introduce a structure Bf that we call village, which is composed of

8This follows from the hypothesis that preference lists are complete and that the total capacity of the hospitals
can accommodate all the residents.
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e A set of residents Wy = {w}, }ecin).
e A resident 3.

e Two sets of hospitals Vi = {v},}ecp and V]; = {0} Jecim- Two sets of residents
—k
uelg = {ulg,e}EE[n] and uf = {ufe}eE[n}
We denote as V = UL 1Uk VEY = UL UL 1V€, = UL Ui UF and U =

UL, UM, U,. We also denote by J := U£:1 Ut {yk}, and V& := UL, VE. In summary,
the new instance I" is made of a the set of residents

S=8"UWeiwremy UY UAUUUU,

and a set of hospitals
C=CUXUVUVUZ.

The sole purpose of the hospitals in X is to ensure that there are sufficient capacities for
matching all the residents. The set of hospitals Z is introduced to make costly certain allocations
of extra capacities. The sets V and V are used to leverage stability and ensure that multiple
allocations of extra spots yield sub-optimal solutions.

Capacity vector. Every hospital j € C has capacity one, i.e., ¢; = 1.
Preference lists. We now proceed to construct the preference lists in I.

Given a resident i, € R’ with ¢ € [L], let [jal,j@],j% ... be her ranking of the hospitals
in the original instance I" (recall that the [] parenthesis symbolizes the tie at the head of the
list). We provide the preference lists of the residents and hospitals in village B} with ¢ € [L] and
k € [n%], namely

w§1 3Uz1aVz \{Uu} VkH[ 7, jg( 1) Zres X

wpy vm,w \ (vl VT I + 1), 580, 2, X

wh UZG,V? \ {7 VI (0 = De+ 2], b, 2, X e€{3,...,n}
Ys Uy Vg1, Vhg, o Uy VT 2 X

UZ@ : u?,e’ "47 wZe’ {wﬁ,e}k/7ﬁk7 {WE }‘eyk \ {wzle}k/? s 7y €€ [n]

Ujo Ve, - e € [n]

Ty o, A WEN {wf byl AIWE Yo \ {wh e o Y\ {uf} e €n]

U :Dfe, .- e € [n]

where j, () is the hospital listed in position e by resident 4, and V¥ is the set of hospitals V
listed as follows: (V¥ ... V™" V1 .. V1) for k € [n]; note that when k > n* then we take
VE for k (mod n*). By V¥[n], we denote the first n elements of the ordered set V¥. The purpose
of positioning set V™" in the preference lists of the residents wf,, (¢ € [n]), is to ensure that

we can mimic 7y, ;, 7 € C, of the original instance while also ensuring that multiple allocation of
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extra capacities to the same hospital are sub-optimal. The symbol “..." means that the agents
on the other side of the bipartition not explicitly listed are ranked strictly and arbitrarily.

Now, we present the preference list of a hospital j* € C, which is a modification of the
preference list of hospital j. € C. We modify the original preference list of j. by substituting
every resident iy € R/, { € [L], with resident w}, where r is the position of hospital j. in the
preference list of resident i, (e.g., 7 = 2 if j. is the second hospital listed in the tie at the head
of the preference list of i,); at the head of the preference list of j*, we position .A. Concerning
the residents in R”, we substitute every i, € R”, ({ € {L +1,...,n}), with i§. Then, hospital
j¥ ranks arbitrarily a strict ordering of the remaining residents, and at the end ).

We introduce the preference list of a resident if € S’ by modifying the strict preference list
of the corresponding resident i, € S": jo(1),--.,Joem) in I'. The preference list of i¥ in our

new instance I' is

Vit n® + 2,55 ViFn® + 2,155 Vit n® +2,2],...
LoV R 2 =140 200X

where VI [b,c] is the set of n> — 1 hospitals from V¥ that is listed from index b+ (n?> — 1) - ¢
onward.’

The preference lists of residents and hospitals in A, Z are as follow for every p € [n°]
2p i Qpy ..
Qp : Zpy - ..

The preference lists of hospitals in X are arbitrary. Finally, it is worth noting that every
stable matching in I' will include the following pairs: {(ui?’e,vze), (EZHWZE)}gE[L]jee[n]jke[nq, and
{(ap,zp) }pems), as they rank each other in the first position.

Target value and budget. Consider an instance of MIN-w SMT with a given target K,
where L is the number of residents with a tie at the head of their preference list. We de-
fine the target K = n®- K +n%+4n°L+3n° —n*L and budget B = L-n® for MIN- AVGgy, HR.

Finally, note that S = 8" U {W}}rermpeny UY UAUUUU and C=CUX UV UV U Z.
Therefore, the instance I consists of ((n— L)n*+ L(n+1)n*+nb+2n°L)+ (n®+n7 +2n° L+n®)
= n" 4 2n% +n®(2 + 5L) residents and hospitals, which is O(n"); therefore the construction can

be done in polynomial-time.

Example 3.3.3. We present an example of an instance of MIN-w SMT and provide its reduced
instance to an instance of MIN-AVGy, HR. Consider an instance I with K = 3, C = {1, jo, j3}
and § = {iy,12,13}. Every agent has capacity 1, and the preference lists are as follows.

9Note that if we go over the limit, we consider again the modulo class.
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1 :[j17j2]7j3

Z-2 : [j37j2]7j1

13172, J1,J3

Ji 1,172,103
J2 i 12,11,13

j3 : i17i37i2

Let us now provide the reduced instance of MIN-AVGy HR. The residents are

=N .

S {is},  {VE}eermmepme {wiv, wiss wisheepapresy, ¥V = Ay henares,
A = {ar,... a9}, U = {uﬁhuﬁ27u;€,3}£€{1’2}’k€[81]’ u = {ﬁil’ﬁfz’553}56{1’2}7’“6[81}'
The hospitals are C = {jf,jg,jg}ke[gl}, X = {;Ul, c. ,I2187}, y = {Ulk,pvllfgaU{fg}fe{lﬂ},ke[Sl}y

V= {i{fl,@fz,@ﬁ3}ge{172}7;€6[81}, Z ={z1,...,2m29}. The budget of extra capacities is B = 486,
and the objective value is K = 2187 + 729 + 1944 + 729 — 162 = 5427. The preferences of the

agents in the new instance are as follows.

ap: z21,... 210 Qpy ...
Q729 * 2729 - - - 2729 ¢ Q7295 - - .
1+ ...
2187 + - - -
VEk e [81] :

23 . 7'2§ jl . w171, w272, 237 N
k., k k -k
Jo - w273, w1’2,23, C

k.o k o ko k
J3 T WY 3,03, Wy,

residents in BY hospitals in BY

residents in B5 hospitals in B5

where the preference list of if is 7 = TR T VA N 1 P TLA L A

k49 -
Lot gk Z o X
To illustrate, we present the preference lists of the residents in B and the preference lists of

the hospitals in Bf. Given k € [81], the preference lists of the residents in Bf are as follows.

koo k ok ok k+l k+3 .k
Wyq 1V 1,07 9,07 3,011 505 U1 3 VI, 2

X

*
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E ..k —k —k  k+1 ok
Wio tV19,V11,V13,V11 5---5V11 7]2)2

E .ok —k —k  k+1 RO ik
Wy3:0V13,V115,V1,2:V11 5+ 137]3,2

E .-k —k k+1
1/1-”12;“11771137‘/ 2, X

X
X

i
)

k .,k

k .,k
UL2 'U1,27 ...

k .k
ul 3 . Ul,g, o ..
-k .=k
ul 1 . 1}171’ LIS
—k .=k
u172 . vl 2’ LIS

kL k
Uyg 0y,

Given k € [81], the preference lists of the hospitals in BY are as follows.

Uf,l :U’f 1A, wlfla {wlfll}k’#h {Witer\ {wlfll}k’ RN
Uf,Q YU 27-'4 wy 2>{w12 k’séh{we }Ek\{wu Kyooos
Uf,:«z :U1 39 A, w1 3 {w1,3}k’7ﬁk7 {We Yor\ {w1,3}k’= N
@]f,l “uy, AW {wlf1} urs {Wl/}l Kk \ {wlf/l}k’;ék? SINARTS:
@llf,Q Uy 27~A Wi {w) 2h ur, IV }1 Kk \ {wy 2}k'7ﬁk, Y\ {ul}
@]f,B 3“1 39 A, Wl \ {w1,3}7 yla 4% }l,k’;ﬁk \ {wl,s}k’;éka A {yf}

For k € [81], the preference lists of the residents in B5 and the preference lists of the hospitals
in BY are similar, O

Remark 3.3.4. Note that if no extra spots are assigned in our new instance, the set of hospitals
X ensures that the residents are always matched.’® Matching the residents to the hospitals in X
leads to a higher average hospital rank. In the following section, we prove that it is optimal to
assign L - n® extra capacities to the hospitals in V), whose initial capacity is one.

3.3.2. Useful Lemmata

In this section we provide two insightful lemmata which will be useful to the proof of our
main result; recall that we are considering a budget B = L - n®°, where L = |S§’| is the number of
residents with a tie in their preference list.

10T his could be done also by adding a copy of themselves at the end of their list. Matching with oneself is another
usual way of representing unassigned residents.
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In the next lemma, we prove that the reduction previously introduced maps a weakly stable
matching of SMT into a stable matching of HR, where the average rank of the new matching is

proportional to the average rank of the one in SMT. The proof can be found in Appendix 3.7.2.

Lemma 3.3.5. For every weakly stable matching M in I" with AvgRank(M) = K, there is an
allocation t respecting the budget B = L - n® and a stable matching M in [y = (S’,é, =& +t)
with AvgRank (M) = nS - Ky 4 nS + 4n°L + 3n° — nL.

In the next result, we show that the allocation vector and the stable matching constructed in
the proof of Lemma 3.3.5 correspond to the solution with the minimum average hospital rank, as
long as the original matching of I' is of minimum average hospital rank. The proof can be found
in Appendix 3.7.3.

Lemma 3.3.6. Consider a weakly stable matching M in " of minimum average hospital rank.
Then, the allocation t and the stable matching M, constructed in Lemma 3.3.5 constitute a
solution of minimum average hospital rank for [' when B = L - n®.

Example 3.3.7. Given a weakly stable matching in the instance of MIN-w SMT from Exam-
ple 3.3.3, we find a stable matching in the reduced instance of MIN-AVG.y, HR.

We consider the weakly stable matching u = {(i1, 1), (42, j3), (43, j2) }, which has cost 3.
The reduction allocates one extra capacity to each school v} ,vf 4,0}, of village Bf, and
one extra capacity to each school v5,,v5,, 75, of village BS, for every k € [81]. Note that
a total of 486 extra capacities are allocated, thus exhausting the overall budget B. There-

fore, the matching induced by the reduction is made of the following pairs: {(a;, %) }ic[r29),

and, for every k € [81]1 {(w;C,Z?Ulk,Q)v(wl]f:S?Ul]f?))?(ylk=@?,1>}€€{172}' (wlf,lvjf)v <w§,17j§)' (Zg,jg),

{(ufp, vFn) (@, UF ) hiepners)- The overall cost of the matching just described is 729 + 81 -
(2-(1414+2)+13+13+12+2-3- (14 1)) = 5427, which is exactly equal to the objective
value K of the reduced instance. In Figure 1 we provide a graphic illustration of the matching
in the reduced instance, note that w{, (w5 ,) is the only resident of village B} (B}) that is not

matched with a school in their own village. O

As illustrated in Example 3.3.3 and 3.3.7, the role of the village is to reproduce the functioning
of ties in a stable matching where agents rank no ties. Indeed, for every resident ¢ that ranks a
tie in an instance of MIN-w SMT, we create a village in the new instance of MIN-AVGgy, HR:
The village contains n copies of resident ¢ and it contains other hospitals and residents. When
resident ¢ is matched to hospital j in the instance of MIN-Ww SMT, the overall structure of the
village allows to match exactly one copy of ¢ to a copy of j. In this way, we mimic the original
matching while adding a fixed cost of the village to the total cost of the matching. We display
this idea in Figure 2: Assume resident 7 ranks hospital j at position i and i has a preference list
that includes a tie; if 7 and j are matched in the instance MIN-w SMT, then, in the reduced
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residents BY \ w’f} hospitals BY

k
Wy 1

)

residents B \ w}, hospitals BY

Note: [ € [729] and k € [81].

Fig. 1. Example of stable matching in the reduced instance.

instance, we match the copy w}, to the hospital-copy j*; note that the rest of the village B} is
matched to itself. Remarkably, we can match the remaining residents of the village B to the

hospitals in the same village in a stable way. All the agents in the village BF are displayed in

colour red.
[ i J } MiN-w SMT
wi‘fh 7"
MIN-AVGexr HR
residents in B} \ {w}, } hospitals in B¥

Note: Resident ¢ ranks hospital j in position h, and resident ¢ has a tie in the preference list. If i is matched
with 7, then, in the reduced instance, we match wfh to jk and all the other residents of village Bf are matched
to the hospitals of BY.

Fig. 2. lllustration of the key idea of the village.
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3.3.3. NP-completeness of the capacity expansion problem

In the following, we prove the main result of this section, Theorem 3.3.1.

PROOF OF THEOREM 3.3.1. MIN-AVG., HR is clearly in NP since given t and a matching
M, in instance I, we can verify in polynomial-time whether M is stable, whether the budget
B is allocated and whether its objective value is less than the target value. We now show that
MIN-AVGgxp HR is NP-complete.

From Lemma 3.3.2, we know that MIN-w SMT is NP-complete. Consider the reduction
given in Section 3.3.1. In the constructed instance [ of MIN-AVGep HR, we set the budget to
B = L-n® and the target value to K = n%- K +n%+4n5L + 3n® — n'L, where K is the target
value of the instance of MIN-w SMT.

First, suppose that the answer to the instance of MIN-w SMT is NO, i.e., there is no weakly
stable matching M with an average hospital rank less or equal than K. Let M be a weakly stable
matching with minimum average hospital rank K,;; note that K,; > K. Next, we prove that
there is no allocation of extra positions and a stable matching in the respective instance [ of
MIN-AVGu» HR with an objective value less or equal than n® - K + n® 4+ 4n°L + 3n° — n*L.
Indeed, in Lemma 3.3.5, we show that there is an allocation t and a stable matching Mt with
AvgRank(My) = n® - Ky +nS + 4n°L + 3n® — n*L. In Lemma 3.3.6, we prove that this is a
minimum average hospital rank for [ since M is an optimal matching. Therefore, n% - K, +
nS +4n°L +3n° —n*L > nb - K +n% 4+ 4n°L + 3n® — n*L = K, which means that the answer
for the instance of MIN-AVGgx, HR is also NO.

On the other hand, consider a YES instance of MIN-w SMT. Then, there is a weakly stable
matching M with an average hospital rank of K,; < K. Therefore, the allocation t and the
stable matching Mt in ' constructed in Lemma 3.3.5 have an objective value of Kj; + nb +
APL+3n® —nL < nS K 4+nS+4n°L+3n° —n*L = K. Hence, the instance of MIN-AVG yp
HR has a YES answer.

Let us prove now that, for any ¢, MIN-AVG, HR OPT is not approximable within a factor
of (ﬁ)1/6_€, where 7 is the number of hospitals, unless P=NP. Consider an instance I' of MIN-
w SMT with n hospitals and n residents, where L > 1 of the residents have a tie in their
preference list. Let MY%* and M"™° be the stable matchings of minimum average hospital rank for
the cases in which the answer of the decision problem MiN-w SMT is YES and NO, respectively.
Lemma 3.3.2 implies that, for any € > 0, AvgRank(M"™°) > n'~¢-AvgRank(M¥**). Now, consider
the reduction presented in Section 3.3.1 from instance I" to an instance [ of MIN-AVG.y, HR.
Lemma 3.3.6 implies that there are allocations t and t, and matchings MY*® and M for the
respective YES and NO answers of MIN-AVGg» HR such that

AvgRank(MY**) = n® - AvgRank(MY*) + n® + 4n°L + 3n° — n'L,
AvgRank(M[°) = nS - AvgRank(M™) + n® + 4n°L + 3n° — n*L.
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Recall that the reduction in Section 3.3.1 constructs I’ with 7 := |C| < 2nS residents. Then, for
any € > 0, we have
AvgRank(M3°)  n®- AvgRank(M") + nb + 4n°L + 3n® — n'L .
AvgRank(NY®) — nS- AvgRank(Mves) +nS + 4nSL + 3n® — nL ~

AvgRank(M™) L. i\ o
>c- >c-n >c- ()
AvgRank(Mves) 2

for some constant ¢ > 0. This completes the proof.

3.4. The Capacity Reduction Problem

In this section, we focus on Problem 5 that looks for the reduction of capacities such that
the residents’ allocations are impacted the least. Our main result establishes the computational
complexity of this problem. Formally, our result is the following.

Theorem 3.4.1. MIN-AVGgs, HR is NP-complete. Moreover, for any ¢ > 0, MIN-AVGggp

HR OPT cannot be approximated within a factor of 75—, where 7 is the number of residents,
unless P=NP.

PROOF. First, recall that Problem 5 assumes that reducing the capacities of hospitals does not
leave any resident un-assigned.

Clearly MIN-AVGgrep, HR is in NP, since for a given vector t and a matching M;, we can
verify in polynomial-time whether t satisfies the constraint on the number of spots to be removed,
whether M is stable in I'_¢ and if the target value is attained. Now, we focus on showing that
the problem is NP-complete.

The rest of the proof follows the same reasoning exposed in the proof of Theorem 3.3.1. We
build a reduction from an instance T’ of MIN-w SMT into an instance I of MIN-AVGgs, HR.
We assume that I' satisfies |S| = |C| = n, ties occur only in residents’ lists, and each of their
preference list has at most one tie of length 2 positioned at the head of it. Recall also that we
denoted by S’ the set of residents with a tie in their preference list and by S” the set of residents
with strict preference lists. The corresponding [ is defined as in the reduction presented in the
proof of Theorem 3.3.1, with the following difference:

e There is no set X.
o For every village B} defined for i, € §" and k € [n']: Each hospital vy, for e € [n] has
capacity 2 and each hospital in VI; has capacity 2. All the remaining preferences and

capacities remain as in Section 3.3.1.

81



Given a weakly stable matching M in the instance I' with an average hospital rank K/, we
provide a reduction of the capacities t that respects the budget B = n°- L and we build a stable
matching Mt in ft with an average hospital rank K =nSKy +nb+4n°L + 3n° — n*L.

e Reduction of capacities. \We remove n spots from each village B} in the following way:
Assume that in M, we have the pair (i, j), where j is such that r = Ti,;- 1hen, we
reduce by 1 the capacities of vf, and of each hospital in Vi\ {w;,}.

e Matching. We build the matching M, as follows. For every pair (7yig) in M, if ¢ < L,
then we match (wy,. /%), (y§,7},), {(Wee, vj,)}err Where r = index;,(j) and k € [n'];
otherwise, ¢ > L, and we match (i}, j*), where k € [n*]. The remaining pairs are the
same as in the proof of Lemma 3.3.5.

The rest of the proof is analogous to the proofs of Lemma 3.3.5, Lemma 3.3.6, and Theo-
rem 3.3.1.
OJ

3.5. Extensions

In this section, we investigate the variants of Problems 4 and 5 where the decision-maker
has budgets for different subsets of hospitals. In the remainder of this section, we say that
P = {Ci,...C,} is a partition of the set of hospitals C if Uye)Ck = C and C,, N Cy = 0 for all
kK € [q] with k # k.

3.5.1. Allocating Extra Spots to a Partition of Hospitals

We generalize Problem 4 to the setting where the set of hospitals is partitioned and we seek
to find an allocation of extra spots such that each part has a specific budget. Formally, we study

the following problem.

Problem 7 (MIN-AvGI(S HR).
INSTANCE: A HR instance I' = (S,C, >,c), a partition P =
{Cy,...C,} of C, a budget for each part {B, € Z,: k € [¢]}, and
a non-negative integer target value K € Z, .

QUESTION: Is there a non-negative vector t € Z$ and a matching M,
such that

AvgRank(M,;) < K,
where t is such that 3°,cc, t; < By, for each k € [q] and M is a stable

matching in instance I'y?

The next result can be directly obtained by considering a single set of hospitals in the partition,
i,e., q=1and P = C, and by using Theorem 3.3.1.
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Corollary 3.5.1. MiN-AvGE® HR is NP-complete.

EXP

Denote by MIN-AVG;J? HR OPT the optimization version of MIN-AVG}Y® HR, i.e., the
problem of finding an allocation of extra capacities and a stable matching in the expanded instance
of minimum average hospital rank. In the following result, we show the approximation complexity

of MIN-AvGS”E HR OPT.

EXP

Theorem 3.5.2. For any ¢ > 0, MIN-AVG}? HR OPT is not approximable within a factor of
n'~¢, unless P=NP, where n is the number of residents. This result holds even if the partition
P ={Cy,...,C,} is such that each Cj contains at most two hospitals and B, € {0,1} for every
k€ lq].

Before proving Theorem 3.5.2, we need to introduce a variant of Problem 7, where the goal
is to find a stable matching whose size is at least a certain target. The problem of finding
the maximum cardinality stable matching is one of the main focus of the literature [107]. We
investigate it in relation with capacity expansion when there are incomplete preference lists. Recall
that a HR instance with incomplete preference lists means that there is at least one resident or
one hospital that does not rank completely the opposite side. Formally, we consider the following

problem.

Problem 8 (Max-CArD}}} HRI).
INSTANCE: A HR instance I = (S,C, -, ¢) with incomplete preference
lists, a partition P = {Cy,...,C,} of C, a budget for each part {B; €

Zy: k € [q]} and a non-negative integer target value K € Z, .

QUESTION: |s there a non-negative vector t € Zi and a matching M,
such that

|Mt| Z K7
where t is such that 3 .c, t; < By, for each k € [g] and M is a stable

matching in instance I';?

Recall that if we consider complete preference lists, the problem above becomes trivial since
all stable matchings have the same size. We prove the following result.

Theorem 3.5.3. MaX-CARDSY? HRI is NP-complete, even if the partition P = {Cy,...,C,}
is such that each C;, is of size at most two and By, € {0,1} for every k € [¢].

The proof of this result can be found in the Appendix. Let us now focus on the proof of
Theorem 3.5.2.

PROOF OF THEOREM 3.5.2. Let ¢ > 0 and define a = [(3/¢)]. We consider an instance I'
of MAX-CARD;}} HRI in which the set of hospitals is C, the set of residents is S (w.l.o.g., we
assume |C| = |S| = n), every Cy is of size at most two and By € {0,1} for every k € [q]. We
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denote by O; (resp. O;) the preference list of hospital j (resp. resident 7). We assume that the
target value K is equal to n.

We now build an instance I' of MIN-AVGSYS HR OPT. Let us define A = n!. In this
instance, the set of hospitals is (U;?:l Ch) UC® where Ch = {jI, ... "} is a copy of C for h € [A],
and C° = {;9,...,7%}. The set of residents is (Ule Sh) U S® where S = {i ... i"} is a
copy of S for h € [A], and 8 = {47, ...,:2.}. Now that the hospitals are introduced, we need to
establish how their set is partitioned; for every pair (Cy,By) in I, we establish the pair (C', B}) in
C" for k € [g] and h € [A]. The hospitals in C° have all capacity 1; concerning the capacities of
the other hospitals, those that are in a pair have each capacity one with an extra budget of one,
and those hospitals that are in a singleton, have capacity one and no extra budget. For j € C
and h € [A], we denote by O the preference list obtained by substituting in the preference list
O, the residents in S with the residents in S”. We define similarly O for every resident i in S"

where h € [A]. The preference lists of the hospitals and residents in I are as follows:

Jpan ... h € [n%]
g0t 80 s€n], h €A
(A L h € [n?]
it or,Co, ... s € [nl], h € [A],

where the dots in the preference lists mean that the remaining agents on the other side of
the bipartition are ranked strictly and arbitrarily.

Our MIN-AVG;S? SM instance comprises 2n® residents, so that n := 2n®; the target value
is K’ = |n%2/2|. The remainder of the proof follows the same reasoning as the proof of

Lemma 3.3.2, which can be found in the Appendix. 0

3.5.2. Removing Spots from a Partition of Hospitals

Similar to the problems presented in the previous section, we now study the generalization of
Problem 5 where the set of hospitals is partitioned in ¢ parts and each part has a budget for the

removal of spots. Specifically, we consider the following problem.
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Problem 9 (MiN-Avc® HR).
INSTANCE: A HR instance I' = (S,C, >,c), a partition P =
{Ci,...C,} of C, a budget for each part {By € Z.: k € [q]}, and

a non-negative integer target value K € Z,.

QUESTION: |s there a non-negative vector t € Zi and a matching M,
such that

AvgRank(M;) < K,
where t is such that > ,cc, t; > By and ¢; —t; > 0 for k € [¢], and

M; is a stable matching in instance I'y?

For Problem 9, we prove the following inapproximability result.

Theorem 3.5.4. For any ¢ > 0, MIN-AVG}"® HR OPT is not approximable within a factor of
n'=¢, unless P=NP, where n is the number of residents. This result holds even with a partition

in which each part Cj, contains at most two hospitals and By, € {0,1} for every k € [q].

To prove Theorem 3.5.4, we need to study the analogous version of Problem 8 for the capacity

reduction setting. Formally, we define the following problem.

Problem 10 (MAx-CARD{? HRI).
INSTANCE: A HR instance I' = (S,C, >, ¢) with incomplete preference
lists, a partition P = {Cy,...C,} of C, a budget for each part {B), €

Zy: k € [q]}, and a non-negative integer target value K € Z,.

QUESTION: Is there a non-negative vector t € Z$ and a matching M,
such that

|Mi| > K,
where t is such that 3°;., t; > By and ¢; —t; > 0 for k € [¢], and
M; is a stable matching in instance I'y?

In particular, we show the following result.

Theorem 3.5.5. MAX-CARD}"® HRI is NP-complete. This result holds even with a partition

RED

in which each part Cj, is of size at most two and By, € {0,1} for every k € [q].

PROOF. The proof is analogous to the proof of Theorem 3.5.3 with the difference that every
hospital in each part C; has capacity 1. 0

PrROOF OF THEOREM 3.5.4. The proof follows a similar reasoning as the proof of Theo-
rem 3.5.2 with the difference that every hospital in each part C; has capacity 1. U
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3.6. Conclusions

How should a centralized institution optimally manage a variation in the capacities of the
hospitals? The case in which capacities are increased while staying within a budget has gained
recent interest [38, 58, 101]. However, the computational complexity of solving its optimization
variant was an open question. Indeed, also the problem of reducing capacities optimally may have
a strong impact in the real-world [65]. Finally, in recent years, researchers attempted to address
the concentration of residents’ applications in urban areas by establishing quotas or by resource
redistribution on a regional level [83], for which there was not yet a clear understanding on the
computational limitations posed by this problem.

The novelty of our work is that we proceed in our investigation from two points of view:
Capacity expansion and capacity reduction. To the best of our knowledge, we are the first to pro-
pose the problem of reducing capacities in the framework of matching with stability. Remarkably,
we outline that the two problems of expanding and reducing capacities are deeply interconnected.
Moreover, we also investigate the case in which the variation of capacities may happen only on
a local level.

Our first result, establishes the approximation hardness of the problem of finding the resident-
optimal stable matching in the presence of ties. Our theorem defines a boundary on the complexity
of the resident-optimal stable matching, which is well known to be polynomial-time solvable when
there are no ties. We use this result as the first building block in the construction of the main proof
of the paper: The approximation hardness of the problem of allocating optimally extra capacities
to the hospitals to reduce the average hospital rank. Our proof introduces a crucial structure,
the village, that enables us to manage the subtleties of the allocation of extra capacities. The
problem of allocating extra resources is not easier when we restrict the distribution of capacities to
a partition of the hospitals. If the objective of the problem is the cardinality of the stable matching,
we prove that it is NP-complete when the problem has incomplete lists. If the objective is the
average hospital rank, the corresponding optimization problem cannot be approximated within a
meaningful factor.

The problem of reducing the capacities is equally interesting from both a practical and theo-
retical perspective. We show that the capacity reduction problem is NP-complete when the goal
is finding the maximum cardinality stable matching. Then, we also prove that as we partition
the set of hospitals from which we should reduce the capacities, and to each set we allocate a
number of seats to be removed, the problem remains hard to solve if we still want to obtain the
stable matching with the minimum cost for the students. For this latter problem, we prove that
its optimization version is also inapproximable.

We believe these results are significant because they emphasize the existence of an under-
lying structure in the stable matching problem which governs both the capacity expansion and

reduction. Unveiling the properties of this structure is certainly an open question worth being
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explored. We also believe that another interesting future direction of research is understanding

the role of meta-rotations in the capacity variation problem, see e.g., [71, 32, 49].

Appendix
3.7. Missing proofs

The following problem is useful for the proofs that we provide in this Appendix.

Problem 11 (MAx-CArD HRTI).
INSTANCE: An HRT/ instance I' = (S,C, >, c) with ¢; = 1 for all
j € C,|C| =|S| and a non-negative integer target value K € Z, .

QUESTION: s there a weakly stable matching M such that [M| > K7

Recall that HRTI corresponds to the problem with ties and incomplete preference lists.
Manlove et al. [108] proved that MAX-CARD HRTT is NP-complete. As the next remark
states, this result holds even if ties are at the head of the preference list, only on one side of it,

at most one tie per list, and each tie is of length 2.

Remark 3.7.1. After the proof of Lemma 1 in [108], the authors showed that the problem MaX-
CARD HRTT can be simplified to the case in which ties are only on one side of the bipartition
and are at the end of the preference list. Since the ties of the new instance created in Lemma 1
from [108] are of length at most two, we can use the same reasoning to assume instead, without
loss of generality, that in an instance of MAX-CARD HRTI and the corresponding MIN-wW

SMT instance of Lemma 3.3.2 ties occur only at the head of a preference list.
3.7.1. Proof of Lemma 3.3.2

In this section, we prove that MIN-w SMT is NP-complete and its optimization version
cannot be approximated within a constant factor. The proof is inspired by the proof of Theorem
7in [108]. The result in [108] is stated in the traditional notation of the stable marriage problem
where both sides are defined as women and men, instead of residents and hospitals, respectively.
To keep coherence with the previous work, for this proof we also denote both sides as women

and men.

ProOOF OF LEMMA 3.3.2. Clearly, MIN-w SMT is in NP. Given € > 0, let a = [(3/¢)]. From
Theorem 2 in [108], we know that, when ties occur on the women's side only, and each tie
has length two, MAX-CARD HRTT is NP-complete. Consider an instance of Problem 11 with
C={mqy,ma,...,my} and S = {wy,ws, ..., w,}. We assume that the target value K is equal

to n, since it was shown that even for this target value the problem is NP-complete. Let O
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(resp. Rj) denote the preference list of man my, (resp. woman wy,) for h € [n]. Next, we build
an instance of MIN-w SMT. Let C' := n®!, then

e the set of men is C' = C° U (nglch) with C° = {m® m9,...,ml.} and C" =
{m}f,mg, . ,mﬁ} for h € [C];

e the set of women is &’ = §° U (Uhe[c] Sh) with SO = {w{ wl, ... wl} and S" =
{w{l,wg, e ,wﬁ} for h € [C];

e for each h € [n] and s € [C], let O; be the preference list obtained from O, by replacing
woman wy, in Oy, by the corresponding woman wy;, for every k € [n]. We refer to the
women in Oj as the proper women for mj. Similarly, we define R; and the proper men
for w;. The preference lists for C' and S’ are

miw ... h € [n“]
mi 05,8 .. h e n], s € |[C]
wh) cm ... h € [n%
wi : RECY.L L h € [n], s€[C]

”

where the dots “..." in the preference lists mean that the remaining agents on the other
side of the bipartition are ranked strictly and arbitrarily, and the sets mean that the agents
within are ranked according to their indices;
e the target value is K’ = [ (n®"2)/2].

Our MIN-w SMT instance comprises 2n® men and 2n® women, so that n := 2n“. Note also
that the only ties in MIN-w SMT occur in the preference lists of women wj for h € [n], s € [C].
Moreover, there is at most one tie per list, and each tie has length 2.

Suppose that we have a YES instance for MAX-CARD HRTI, i.e., there is a stable matching
M with |M| = n. We create a matching M’ in MIN-w SMT as follows: For every h € [n?],
we add the pair (m),w)) to M’, and for each s € [n], we add the pair (mﬁ,wﬁ) to M’ for all
¢ € [C], where (mg,wy) € M. Note that M’ is stable for our MIN-w SMT instance. We also
have that

2
since, without loss of generality, we may choose n > 3. Therefore, the objective value in MIN-w
SMT satisfies the target of K'.
On the other side, let us suppose that we have a NO instance for MAX-CARD HRTI, i.e.,

a+2
AvgRank (M) < n® +n*"'n? < {n J = K,

it does not have a stable matching of cardinality n. Then, in any stable matching M’ of MIN-w
SMT, it holds that, for every s € [C], there is some h € [n] for which w} is not matched to
one of her proper men. Nonetheless, in M’ m) and w{ must be partners, for every h € [n?].
Therefore, there is some h € [n] such that 7, ar(s > n. Hence, AvgRank (M') > n**~" > K’
for any stable matching of our MiIN-w SMT instance.
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Therefore, the existence of a polynomial-time approximation algorithm for MiN-w SMT opT
whose approximation ratio is as good as (2n%*71) /n®*2 = 2n%=3 would give a polynomial-time
algorithm for determining whether MAX-CARD HRTTT has a stable matching in which everybody
is matched (i.e., K = n). To conclude, we note that 2n®™? = (2/21*3/“) pi=3a > pl=d/e >
n'~¢, which ends the proof. O

3.7.2. Proof of Lemma 3.3.5

PROOF. Let M be a (complete) weakly stable matching in I'. Recall that &' = {i1,...,i} is
the set of residents in I' with a single tie at the head of the list. Let index;,(j) be the index
of hospital j in resident i, preference list, i.e., index;,(j) is equal to 1 or 2 if j is ranked first,
otherwise is equal to the rank of j. Define the following set of indices in M:

Idx(M) ={(¢,r) : r=index;,(j), (ie,j) € M N (S xC)}.

The set Idx(M) contains the information of the pairs &’ x C that are matched in M. Given
M and Idx, we now define the following sets that will be helpful in this proof. For every k € [n?],
we define the set of residents

Wi ={wj, e W: ({r) € Idx(M)},
and define the sets of hospitals
Vi ={tf, €V (£r) € 1dx(M)},
Vh = {Uze eV: ({r)e€Ildx(M), e € [n]\{r}}.

We now provide an allocation of extra spots t with a total budget B = L - n® and a stable
matching Mt in ft.

e Allocation of extra spots. For every k € [n'], we assign n extra positions to each hospital
in V@ U V]’f/[. For the rest of the hospitals, we assign no extra capacities. Formally, for
k € [n%], we have

. {1 UEV?WUV]’E[
! 0 otherwise
Since L = |&§'|, all of the extra positions B = L - n” are used.

e Matching. For each ({,r) € Idx(M) with j such that r = index;, (j) in I', we match the
following pairs in M: (w§g®), (W, v%,), and (wi,,vf,) for e € [n] \ {r} and k € [n*].
Note that if j is ranked first by i,, the hospital is listed first or second in the tie. If j is
listed first, then 7 = 1 and we match the pairs {(wy;,j") }rejnt), otherwise, r = 2 and we
match the pairs {(w},,j")}reme). For each (i,5) € M with i € §”, we match the pairs
{(*,5%) Y repna) in M, where j* is a copy of j in C; recall that S is the set of residents
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with a strict preference list. Formally, matching M is as follows:
My ={(i* j*) . (i,j) € M N (S" xC) and k € [n']}
U {(w§,.j*) : r=index;,(j), (ir,j) € M N (S xC) and k € [n"]}
U {(yf,@’jﬂ,) : (0r) € 1dx(M) and k € [n']}
U{(wf k) (6r) € 1dx(M), e € [n]\ {r} and k € [n*]}

U {(u]Ze?UZe)? (EIZWU]Z@)}KG[LLBE[n],kG[n‘l]
U {(ap,2p) }pens)-

The only hospitals that are matched to two residents are those that receive one extra capacity
according to vector t. All the other hospitals are matched at most to one resident. Therefore, M
is a matching. Let us verify that M, is a stable matching in I'.. First, note that residents i* € S”
and hospitals j* € C cannot create blocking pairs because of their stability in M. Now, let us
check the stability of the pairs in each village B, where iy € S’ with ¢ € [L], and k € [n?] . The
pairs matched in village Bf are (wf,.j%), (wi,,vf.), (y;,05,) and {(uf,,vf,), (@, U5 ,) }pein
where e € [n] \ {r}.

e The agents in the pair (wfﬂn,jk) are not part of any blocking pair; in fact, wf’,, cannot be
matched to any of the hospitals in {vf,} U V]Z \ {7}, } because they have capacity one
and they are all matched to their most favorite resident in 2/ UU. Also j* cannot be part
of a blocking pair. Indeed, all the residents wj; ., ranked in its preference list before wy,,
are matched to hospitals of the form vy ., that they rank first or to another hospital ;"
they prefer over j* (due to the stability of M in I').

e For e € [n] \ {r}, wj, ranks vj, first, and vf, has capacity two and ranks wy, second.
Hence the n — 1 pairs (wg., v}f’e) do not include any agent who may be part of a blocking
pair.

o If = 2, then y; ranks vy, first, and T}, cannot be matched to any of the residents in
WEN\ {wzr} because of the previous point. Moreover, @ZT has capacity two and is also
matched to @f,.. Therefore, the agents in the pair (y;,7},) do not take part in a blocking
pair when r = 2. If r # 2, then yj ranks U}, second or more, and y; cannot be matched
to v}, for ¢ € {2,1,3,...,r —1}: Each 7} has capacity one and it is already matched to
ﬂZq' On the other hand, as we mentioned before, @ZT cannot create a blocking pair with
any of the residents in WF \ {wf’r} because these residents are matched to their most
preferred hospitals. Therefore, the agents in the pair (yf,@’zT) do not create blocking
pairs when r # 2.

e The pairs {(u},, v},), (@, UF,) }pem do not involve any agent who could be part of a

Lp ) P
blocking pair. First, each of these listed pairs matches two agents that rank each other
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first. Second, for those hospitals that have capacity two, from the previous points, we
conclude that there are no residents with which they could create a blocking pair.
Therefore, Mt is a stable matching in ft.

Next, we compute the average hospital rank in M and Mt. In M, we can distinguish whether
a resident is in S” or &’ and we can distinguish if a resident is matched to a hospital ranked first
or not. Let G” be the average hospital rank of residents in S”, K| be the average hospital rank
of the residents in S’ that are matched to a hospital in their ties, and K be the average hospital
rank of the residents in S’ that are matched to a hospital they rank third or more. Note that
K] is also the number of residents from &’ matched to a hospital they rank first. The average
hospital rank of M is Ky = G" + K, + K_.

We now prove that, given k € [n*] and (¢,r) € Idx(M), the average rank of the residents in
village B} is: (n+n?-r+3)+ (n—1)+ (2n). The first term comes from the residents matched
in the two pairs (wy,,j") and (y§,7;,): if r =1 then wj, ranks j* at position n +n* + 1 and
y; ranks T}, at position 2, thus totaling n + n® + 3; if r = 2 then wf, ranks j* at position
n+n?+2 and yj ranks v}, at position 1, thus totaling n + n* 4 3; if r > 2 then wyf, ranks j*
at position n + (n* — 1)r + 2+ 1 and y; ranks oy, at position r, thus totaling n 4+ n?+ 3. The
second term comes from the (n — 1) residents matched in the pairs {(wf,, v},)}eem\(r}- The
third term comes from the 2n residents matched in the pairs {(uj,, v;,), (@} ,, U;,)}. Note that
(n+n?-r+3)+(n—1)+(2n) =n?-r+3+ (4n —1). On the other hand, each resident i¥ for
¢e{L+1,... n}is matched to a hospital j*, and w.l.o.g. j is ranked 7 by i, in I'; therefore, i¥
ranks j* at position (n?+2) + 1+ (r—1)-(n?> — 1)+ (r — 1) = n? - r + 3, where the first term
comes from the cardinality of the first set ranked by i}, the second term comes from the first j
ranked by i,, the third term comes from the number of sets of the form V% [n? + 2,¢] (each of
cardinality n? — 1) positioned before j*, and the last term is the number of hospitals j’* ranked
before j*.

Therefore, the residents in copy k have an average rank of [n? - G” 4+ 3(n — L)] +n*- (K] +
K)+[B3+(@n—1)]-(L)=n*>-Ky+3n—L+ L)+ (4n—1)L=n* Ky +4nL +3n— L,
where the first term comes from the residents i for £ € {L +1,...,n} (note that when we sum
the contribution of each such resident, we have the sum > e/ n? - ry, + 3, where 7, is
index;, (M (i¢))), the second term comes from the residents {wf,, y;} for (¢,r) € Idx(M),"" and
the third term comes from the remaining residents in the villages indexed with k£ and the constant
3 multiplied by the number of students in villages matched to a hospital j*. Since k € [n'], then
AvgRank(My) is n*- (n?- Ky +4nL+3n— L) +n®, where the last term comes from the residents
in A. Hence AvgRank(M;) = nS - Ky 4+ nS 4+ 4n°L + 3n° — nL.

O

HNote that when we sum the contribution of each resident in every village that is not matched to a hospital véfe,

7777
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3.7.3. Proof of Lemma 3.3.6

PROOF. Let M be a stable matching in I of minimum average hospital rank. Recall the instance

[' constructed in Section 3.3.1, the allocation
b {1 ve Vi, uVk,
0 otherwise,
and the matching
M, = {(i*3"): ke nY, (i,j) e MN(S" xC)}

U{(we,d"): k€ '], r=ri g, (ieg) € MN(S' xC)}

U{(y;,o5,): k€ n'], (6r) € Tax(M)}
U {(me 26): ke nt, (br) € 1ax(M), e € [n]\ {r}}
U{(ufevie)s(@esTre): k€ [n'], e € [n]}
U{(apz): p e},
constructed in Lemma 3.3.5. Denote by K = n®- Kj; 4+ n% +4n°L + 3n® — n*L, which is the
average rank of My in I'. Now, we will prove that any other feasible allocation t with total budget

B = L - n® and any stable matching Mg in the expanded instance f‘g have Angank(Mg) > K.

Given allocation t, we start by observing that it is not optimal to move one extra capacity

v

from a hospital v, or T}, to a hospital in X U Z. Indeed, X already has n” positions available,
but since it is at the end of the preference list of every resident, it would be sub-optimal to match
a resident to a hospital in it. Similarly, it would be sub-optimal to allocate an extra-capacity to
Z, since all the residents are already matched to a hospital they prefer to any hospital in Z.

Regarding the hospitals in C, let us assume we move a capacity from 7}, to a hospital j* € C
with [ € [L], e € [n], k, K’ € [n*]. First, note that, in the best case, the extra allocation of one
capacity to j* will improve the matching of all the residents in copy &’ from n?- Ky, +4nL+3n—L
to n? + 4nL + 3n — L if every wf; and every i}’ is matched to the jk/ ranked first by i, for
¢ € [n]. Since y} was matched to Df, then yf will be necessarily matched after V{*!, which has
cardinality O(n® - L). Therefore, the improvement in the cost (O(n? - Ky — n?) < O(n%)) is
smaller than the cost of rematching yéf (O(n®- L)). Similarly, if the extra capacity is taken from
some vZe, then the corresponding wze that was matched to it, will take the place of y} in vlgr,
thus re-matching y¥ after V™. As before, we would have an additional cost that is greater than
any possible benefit.

Given the fact above, we only have to focus on feasible allocations to hospitals that belong
to V. In the following, we analyze why a different allocation of extra capacities in ) does not
lead to a stable matching with a lower average hospital rank. First, we prove that re-arranging

one extra capacity differently within a village does not yield a stable matching with a lower cost;

92



we denote by M™* the stable matching obtained as a consequence of the re-organization of extra
capacities in a village Bf. Note that there are n extra capacities to allocate in village B} and n+1
residents that could benefit of the re-allocation. It is evident that it is sub-optimal to not allocate
one extra capacity to a hospital @’g’r, to match y¥; in fact, otherwise, y¥ would be matched after
Vf“ with an additional cost of O(n® - L). Therefore, the only possibility is to allocate one extra
capacity so that a certain UZT, does not receive one extra capacity. Assume wfm, is the resident
of village BJ that is not matched to vy, in M*, and assume that ji , . is the hospital to which
resident wy, is matched in M. Therefore, we move one extra capacity from g, to vf,.. As a
consequence, (wéﬁw v,’ZT) are matched and wf”w is matched to @ZT, leaving y¥ to be matched after
Vﬁ“, making the re-allocation of one extra capacity within the village sub-optimal. At this point,
the only re-allocation of one extra capacity that may improve the objective is that obtained by
transferring one extra capacity from one village to another village.

Consider iy, iy € S’. We now analyze the effects of moving one extra capacity from village
B to village Bé?/. The reason why we are analyzing these transfers of extra capacities is because
the corresponding residents are not necessarily matched with their top choice so their ranking

and the overall average ranking may improve.

e From 7, to vé‘i’»r/. In the best case, the reallocation of extra capacities in k' improves the
matching by O(n*). Nonetheless, y¥, who was previously matched to @ZT, is matched
after V_’ﬁ“, thus increasing the average rank by at least O(L - n®). Note that 3} cannot
be matched to Uéﬁ:,,, since there are at least n residents in copy k' — 1 who would rather
be matched to v}, than to a j¥'.

e From 7}, to @’;,'7,,,. As mentioned earlier, the allocation of one extra capacity to copy &’
may improve the matching by at most O(n*), but the additional cost of re-matching y¥
after Vith is of O(L - nP).

e From v}, to ¥}, or to vj .. In both cases copy k' improves at most by O(n?) and wy,

takes the spot of y§ at ¥} ,, thus re-matching y} after VETL with an additional cost of

O(L - nP).

Now, let us prove that it is sub-optimal to re-allocate multiple extra capacities among VU V.
Note that since the hospitals in Z U H are always ranked by the residents after at least O(n?)
hospitals in YV UV, it will follow that it would also be sub-optimal to re-allocate multiple extra
capacities to hospitals in Z U H; finally, it would also hold that it is sub-optimal to re-allocate
extra capacities to hospitals in Z U H UV UV, thus terminating the proof.

First, assume that as a consequence of reallocating extra capacities, some villages may have
less than n - L assigned extra capacities and others more than n - L extra capacities. Let B} be
a village with m’ < n — 1 extra capacities, and define m = n —m’ > 1 the number of “missing”
extra capacities. In the best case, each of the m extra capacities will ameliorate the matching in a

different copy k', with an overall improvement in the cost of O(m-n4); note that allocating more

93



than one extra capacity to the same copy k&’ could not improve the average rank in k' by more
than O(n? - Kj;) < O(n*). Given that in village B} there are less than n — 1 extra capacities,
it follows that at least two distinct residents wZe and wéf,f are not matched to Uﬁe and vZf, thus
taking the priority to be matched to V? if one of the hospitals there has an extra capacity; this
implies that y} must not be matched to V?. Therefore, yf may be matched to a hospital v}, .
in V! or may be matched after Vi*'. The resident y§ can be matched to a hospital v}, only
if at least n + 2 extra capacities are allocated to v}y .. Indeed, before yf, vf, ., prefers

(1) n residents {wéf,l,l,;,,l,,,'if:’l}gmewv€{L+1,m,n}ﬂaule[n] from copy (k" —1) mod n* which are

matched to n hospitals j*~! they rank worst than v .., and

1
(2) w?‘//,r//.
. . 1 .
Therefore, in order to match y¥ to a hospital v%, ., in V¥, we would need to allocate at
Yy o +

/

least n + 2 extra capacities to véf,l,m,,; these n + 2 would come from at least two villages, hence
matching at least two residents yfw after V. Hence, w.l.o.g. we can assume that 3 is matched
after V¥, contributing with an additional cost of O(n® - L). Note that at least m — 1 residents
wéﬁe from village B are not matched to their most preferred hospitals Uéﬁe nor to any hospital in
Vi. Therefore, these m — 1 residents wf, may be matched to some hospital v;%' in Vi™'[n?].

For a wf_ to be matched to v}/, hospital v} {;' must receive at least two extra capacities, one

for matching wf:;l and the other for matching wZe. Hence, the extra capacity that was originally

allocated to wZe would be given to UZJE’,I, and rather than improving the average rank of copy
k + 1 (which is un-affected), the allocation would match worst wze. Therefore, everyone of the
m — 1 residents wf, should be matched not to a hospital in VA 3] If wy, is matched to a
hospital j*, then the resident i* who was previously matched to it, would be matched after Z
with an additional cost of O(n®). Therefore, w.l.o.g., each of the m — 1 residents wy, will be
matched after Z (if they are matched to Z, then one extra capacity should be allocated to Z)
with an additional average cost of O((m — 1)-n®), which is greater than the benefit of O(m-n?).

Second, many extra capacities may be allocated differently than suggested by the reduction of
Lemma 3.3.5, with the condition that every village receives n extra capacities. Note that in every
village B} at least one extra capacity should be allocated to V?, this must be the case because
otherwise y would be matched after V™ with an additional cost of O(n® - L), which is greater
than any gain that may be achieved by re-allocating differently the L - n extra capacities in copy
k (recall that the average cost of copy k is O(n?- Kj;). Then, note that it is also sub-optimal to
allocate more than one extra capacity to V’;, because at least one resident wﬁe would be matched
to it; hence, it would be more convenient to match wéﬁe to vZe by allocating one extra capacity
to hospital vﬁe. Hence, in every village there will be a resident wéﬁe who is not matched to vée
because this hospital did not receive any extra capacity. Such wﬁe cannot be matched to any

k+1

of the hospitals in Vi [n?], unless we would provide at least two extra capacities to it (thus

matching a y§ after Vi ™ with an extra cost of O(n® - L)). Therefore, wf, can be matched to

hospital jfj(&e), or after Z (with an extra cost of O(n®). So, for a fixed copy k, we would have
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that one resident in every of the L villages in copy k, may be matched at best to a hospital j*;
on the other hand, also the residents {z”;}ge{LH’_,_,n} are matched at best to a hospital j*. This
implies that when each village receives n extra capacities, the best way of allocating them is by
having a resident in each village matched to a hospital j* (recall that each of these hospitals has
capacity one). Hence, at best, n residents in copy k (at most one from each village) are matched
to the n hospitals j*, thus projecting a matching M’ in the original instance I'. M’ must be
a weakly stable matching of I' since the preferences of the hospitals in H rank the residents in
copy k according to the original preferences in I'. Note that since M was a minimal average rank
matching, then AvgRank(M) < AvgRank(M’), which implies that

n* - AvgRank(M) + 4nL + 3n — L < n* - AvgRank(M") + 4nL + 3n — L, (3.7.1)

where the left-hand side of equation 3.7.1 is the average rank of copy k according to the reduction
as per Lemma 3.3.5, while the term on the right-hand side is the average rank of copy k obtained
following the reasoning above.
Therefore, there is no allocation t # t and a stable matching ]\7[{ with an objective value
strictly lower than K.
O

3.7.4. Proof of Theorem 3.5.3

In this section, we prove that MAX-CARD;} HRI is NP-complete.

PrROOF OF THEOREM 3.5.3. We build a polynomial reduction from an instance of MAX-CARD
HRTTI with target value K, where ties are only on the hospital side, they are at the head of the
preference list and are of length two. Let C and S be the set of hospitals and residents in T,
respectively; C = C' UC”, where C' is the set of hospitals with a tie at the head of the preference
list and C” is the set of hospitals with a strict preference list.
We build an instance ' = (S,C,&, &) of MAX-CARD' HRI as follows:
e The set of residents is composed of a copy of S that we denote by S and two sets of
residents U = {u;: Vj € C'} and U = {u;: Vj € C'}, each of size |C'];
e The set of hospitals C consists of a copy of C” and theset C = {j': j € C'}U{j": j €
C'}, ie., we make two copies per hospital in C’'. Each hospital in C has capacity 1 and
each hospital in C” has capacity 1;
e For each resident in S, we keep the preference list that she has in the original instance
', with the exception that each j € C’ in her preference list is replaced by j’ if she does
not appear in the tie. If she is the first resident listed in the tie of j € C’, then we replace
the hospital j in the preference list by j’; otherwise, if the resident is listed second in the
tie of j € C’, then we replace the hospital j in the preference list by j”;

e Every resident u; only ranks hospital j’, and every resident %; only ranks hospital j”;

95



e For the hospitals in C”, we maintain their preference lists of I' over the residents in S.
For a hospital j € C’ with a preference list (iy,,%0,),l05, - - - ,io,, the preference list of j’
becomes w;/,iy, igy 0, - - - io, and that of ;7 becomes ;i iz, .0, ing, - - - oy

e For each hospital j € C”, we create a set C; = {j} with B; = 0. For every hospital
j € C', we create a set C; = {j’, 5"} with B; = 1. Clearly, the sets C; induce a partition
of the set of hospitals C.

e The target value is K + 2L, where L = |C'|.

First of all, note that for every j € C’, the pairs (u;:, j') and (@;~, j”) will always be matched
in every stable matching of instance r.

Let M be a weakly stable matching of the MAX-CARD HRTT instance. We will show that
there is a feasible allocation of the capacities t and a stable matching M; in [ with cardinality
|M| + 2L, and thus, establishing the problems’ equivalence. For every pair (i,7) in M, we have
to distinguish whether j € C' or j € C". If j € C”, then we add the corresponding pair (i,j) to
My; recall that for a hospital j € C”, B; = 0. Otherwise, j € C'. If i # i,,, then we allocate the
extra capacity of part C; to j' and we match the pair (i,j). If, instead, ¢ = i,,, then we match
the pair (7,5”) by assigning the extra capacity of part C; to j”. If there is a hospital j € C’ that
has not been assigned to any resident, then we allocate the extra capacity of part C; to j'.

Note that M; is stable indeed. If not, there must be a blocking pair (7,5). Note that j must
be in some Cj, given that those subsets form a partition of C. Indeed, in each set ), exactly one
hospital has one extra capacity 1, and for k = j, j is exactly such hospital. If |C;| = 1, then
j € C" and, thus, it has exactly the same preference list that it has in the instance I'; therefore
the corresponding pair (¢,7) in M is a blocking pair, which yields a contradiction. If |C;| = 2,
then we have to distinguish whether ;7 = 7' or j = j”. If j = j/, then we find that (7,j) is a
blocking pair in M. Otherwise, if j = j”, then (i,7) is a blocking pair if and only if i = i,
since it is the only resident ranking j” in I. The pair (4,j") could be a blocking pair only if j”
has capacity 2; the extra capacity B; = 1 was assigned to j” in accordance with the reduction.
Therefore (i,j") is already matched in My and (,5”) cannot be a blocking pair.

Note that the reduction is injective. Moreover, given a weakly stable matching M in instance
I’ of cardinality greater than or equal to K, it immediately follows that the reduction finds a
stable matching of cardinality at least K + 2L.

On the other hand, assume there is no weakly stable matching of cardinality greater than
K. Let us assume, by contradiction that there is an allocation ¢ of extra capacities and a stable
matching M; in ['; of cardinality at least K + 2L. Without loss of generality, if for a hospital
J € C', both corresponding hospitals ;' and j” are not matched to any other resident than u;
and @;» in Mg, then we assume that the extra capacity is allocated to j'. Let M’ be the matching
that we build in instance I' copying from M;: Every hospital j € C” is matched as in My, and
every hospital j € C' is matched to the same resident i € R to which the copy of j in [ that

receive the extra spot is matched to (if the hospital is matched to two residents). Note that the
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matching M’ has cardinality at least K, next we prove that it is also weakly stable. Indeed, if it
would not be stable, then there would be a blocking pair (i,7). If j € C”, then the pair (i,5) is
also a blocking pair in [, which is not possible. Otherwise, j € C’ and it may be that j is not
matched or that j is matched to another resident 7 that j ranks worst than 7. In the first case,
note that the extra capacity in I, is allocated to 5/, which is matched only to ujr, therefore (3, j')
is also a blocking pair of M, contradicting the assumption of stability. Finally, (7,5) is a blocking
pair of M, where j is matched to 7 and j strictly prefers i over i. Without loss of generality,
assume the extra capacity is assigned to j’, therefore (j’,%) are matched together in M;. Let us
denote by i,,,i,, the two residents ranked first in the tie of hospital j. If ¢ is neither i,, nor i,,,
then (i,5') is a blocking pair of M too since i is also more preferred than 7 by j'. Otherwise, i is
one of the two residents i,, or i,,. If i =i,,, then also j’ ranks i better than 7 (recall that j is
also matched to u;: that is ranked first), therefore (7,5') is also a blocking pair in M. Otherwise,
i =1i,,, and (i,7) could be a blocking pair of M’ only if 7 is ranked third or worst, which means
that 7 is ranked fourth or worst by j’, thus making (i,j') a blocking pair of M; too, which is
absurd.

To conclude, note that the created instance introduces a polynomial number of hospitals,
residents, preferences and pairs {(C;, B;)}jec in the input. Moreover, it can be verified in
polynomial-time that: (1) the vector of allocation t satisfies the corresponding constraints and (2)

the constructed stable matching has a cardinality greater than or equal to the target value. [
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RESUME. Nous introduisons le probléme de I'augmentation conjointe des capacités des écoles
et de la recherche d'une affectation optimale des étudiants sur le marché élargi. En raison de
I'impossibilité de résoudre efficacement le probléme avec les méthodes classiques, nous générali-
sons les formulations existantes de programmation mathématique des contraintes de stabilité a
notre cadre, dont la plupart aboutissent a des programmes a contraintes quadratiques entiéres.
En outre, nous proposons une nouvelle formulation de programmation linéaire en nombres en-
tiers mixtes qui est exponentiellement grande sur la taille du probleme. Nous montrons que ses
contraintes de stabilité peuvent étre séparées en exploitant la fonction objective, ce qui conduit
a un algorithme efficace de plan de coupe. Nous concluons I'analyse théorique du probléme en
discutant de certaines propriétés du mécanisme. Sur le plan algorithmique, nous évaluons les
performances de nos approches dans une étude détaillée, et nous constatons que notre méthode
de plan de coupe est plus performante que notre généralisation des approches mixtes en nombres
existantes. Nous proposons également deux heuristiques qui sont efficaces pour les grandes ins-
tances du probléme. Enfin, nous utilisons les données du systéme chilien de choix des écoles
pour démontrer |'impact de la planification de la capacité dans des conditions de stabilité. Nos
résultats montrent que chaque place supplémentaire peut bénéficier a plusieurs éléves et qu'il est
possible de cibler efficacement I'affectation d'éléves précédemment non affectés ou d'améliorer
I'affectation de plusieurs éléves grace a des chaines d’amélioration. Ces résultats permettent au
décideur d'ajuster I'algorithme d'appariement afin de fournir une application équitable.

Mots clés : Appariement stable, planification des capacités, choix de I'école, programmation

en nombres entiers

ABSTRACT. We introduce the problem of jointly increasing school capacities and finding a
student-optimal assignment in the expanded market. Due to the impossibility of efficiently
solving the problem with classical methods, we generalize existent mathematical programming
formulations of stability constraints to our setting, most of which result in integer quadratically-
constrained programs. In addition, we propose a novel mixed-integer linear programming for-
mulation that is exponentially large on the problem size. We show that its stability constraints
can be separated by exploiting the objective function, leading to an effective cutting-plane al-
gorithm. We conclude the theoretical analysis of the problem by discussing some mechanism
properties. On the computational side, we evaluate the performance of our approaches in a
detailed study, and we find that our cutting-plane method outperforms our generalization of
existing mixed-integer approaches. We also propose two heuristics that are effective for large
instances of the problem. Finally, we use the Chilean school choice system data to demonstrate
the impact of capacity planning under stability conditions. Our results show that each additional
seat can benefit multiple students and that we can effectively target the assignment of previously
unassigned students or improve the assignment of several students through improvement chains.
These insights empower the decision-maker in tuning the matching algorithm to provide a fair
application-oriented solution.

Keywords: Stable matching, capacity planning, school choice, integer programming
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4.1. Introduction

Centralized mechanisms are becoming the standard approach to solve several assignment
problems. Examples include the allocation of students to schools, high-school graduates to
colleges, residents to hospitals and refugees to cities. In most of these markets, a desirable
property of the assignment is stability, which guarantees that no pair of agents has incentive to
circumvent the matching. As discussed in [138] and [135], finding a stable matching is crucial
for the clearinghouse's success, long-term sustainability and also ensures some notion of fairness
as it eliminates so-called justified-envy.

A common assumption in these markets is that capacities are fixed and known. However,
capacities are only a proxy of how many agents can be accommodated, and there might be
some flexibility to modify them in many settings. For instance, in some college admissions
systems, colleges may increase their capacities to admit all tied students competing for the last
seat [124]. Moreover, in several colleges/universities, the number of seats offered in a given
course or program is adjusted based on their popularity among students.> In school choice,
school districts may experience overcrowding, where some schools serve more students than
their designed capacity.® In response, school districts often explore alternative strategies to
accommodate the excess demand, such as utilizing portable classrooms, implementing multi-track
or staggered schedules, or adopting other temporary measures, and use students’ preferences as
input to make these decisions. In addition, school administrators often report how many open
seats they have in each grade based on their current enrollment and the size of their classrooms.
However, they could switch classrooms of different sizes to modify the seats offered on each level.
Finally, in both school choice and college admissions, affirmative action policies include special
seats for under-represented groups (such as lower-income students, women in STEM programs,
etc.) that are allocated based on students’ preferences and chances of succeeding.

As the previous discussion illustrates, capacities may be flexible, and it may be natural to
incorporate them as a decision to further improve the assignment process. By jointly deciding
capacities and the allocation, the clearinghouse can leverage the knowledge about agents’ prefer-
ences to achieve different goals. On the one hand, one possible goal is to maximize access, i.e.,
to choose an allocation of capacities that maximizes the total number of agents being assigned.

1See [128] for a discussion on the differences between stability and no justified-envy.

2Examples include the School of Engineering at the University of Chile, where all students who want to study
any of its programs must take a shared set of courses in the first two years and then must apply to a specific
program (e.g., Civil Engineering, Industrial Engineering, etc.) based on their GPA, without knowing the number
of seats available in each of them. Similarly, in many schools that use course allocation systems such as Course
Match [45], over-subscribed courses often increase their capacities, while under-subscribed ones are merged or
canceled.

3According to the results of a nationwide survey, 22% of schools in the US experienced some degree of overcrowd-
ing, and 8% had enrollments that exceeded their capacity by more than 25% [65].
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This objective is especially relevant in some settings, such as school choice, where the clearing-
house aims to ensure that each student is assigned to some school. On the other hand, the
clearinghouse may wish to prioritize improvement, i.e., to enhance the assignment of high-priority
students. This objective is common in merit-based settings such as college admissions and the
hospital-resident problem. Note that this trade-off between access and improvement does not
arise in the standard version of the problem, as there is a unique student-optimal stable matching
when capacities are fixed.

We refer to the capacity planning problem as the problem of allocating capacities while
at the same time choosing a matching. While the computation of a student-optimal stable
matching can be done in polynomial time using the well-known Deferred Acceptance (DA) algo-
rithm [67], the computation of a student-optimal matching under capacity planning is theoretically
intractable (Theorem 3.3.1 of Chapter 3, [40]). Therefore, we face two important challenges:
(i) devising a framework that takes into account students’ preferences when making capacity
decisions; and (ii) designing an algorithm that efficiently computes exact solutions of large-scale
instances of the problem. The latter is particularly relevant for a policymaker that aims to test
and balance access vs. improvement, since different settings and input parameters can lead to
extremely different outcomes. Therefore, expanding modeling capabilities (such as the inclusion
of capacity expansion) and the methodologies for solving them are crucial to amplify the flexibility

of future matching mechanisms.

4.1.1. Contributions and Paper Organization

Our work combines a variety of methodologies and makes several contributions that we now
describe in detail.

Model and mechanism analysis. To capture the problem described above, we introduce
a novel stylized model of a many-to-one matching market in which the clearinghouse can
make capacity planning decisions while simultaneously finding a student-optimal stable
matching, generalizing the standard model by Gale and Shapley [67]. We show that the
clearinghouse can prioritize different goals by changing the penalty values of unassigned
students. Namely, it can obtain the minimum or the maximum cardinality student-optimal
stable matchings and, thus, prioritize improvements and access, respectively. In addition, we
study other properties of interest, including agents’ incentives and the mechanism’s monotonicity.

Exact solution methods. First, we formulate our problem as an integer quadratically-
constrained program by extending existing approaches. We provide two different linearizations
to improve the computational efficiency and show that one has a better linear relaxation. This

is particularly important as tighter relaxations generally indicate faster running times when
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using commercial solvers. Preliminary computational results motivated us to devise a novel
formulation of the problem and, subsequently, design a cutting-plane method to solve larger
instances exactly. Specifically, we introduce a mixed-integer extended formulation where the
extra capacity allocations are determined by binary variables and the assignment variables are
relaxed. This formulation is of exponential size and, consequently, we solve it by a cutting-plane
method that uses as a starting point the relaxation of the extended formulation without stability
constraints. In each iteration, such a cutting-plane method relies on two stable matchings, one
fractional and one integral. The first one is the current optimal assignment solution, while the
second matching is obtained by applying the DA algorithm on the expanded market defined by
the current optimal integral capacity allocation. These two stable matchings serve as proxies to
guide the secondary process of finding violated constraints. The search for the most violated
constraints focuses on a considerably smaller subset of them by exploiting structural properties
of the problem.

We emphasize that this separation method does not contradict the hardness result presented
in Chapter 3 (Theorem 3.3.1), since this algorithm relies on the solution of a mixed-integer
formulation. Our separation algorithm somewhat resembles the method proposed by Baiou and
Balinski [26] for the standard setting of the stable matching problem with no capacity expansion.
However, the search space in our setting is significantly larger as we have an exponential family
of constraints defined over a pseudopolynomial-sized space. Our efficient algorithm relies on
two main aspects: The stable matchings that are used as proxies and a series of new structural
results. The sum of all these technical enhancements ensures that our cutting-plane method
outperforms the benchmarks obtained by adapting the formulations in the existing literature to

the capacity planning setting, and solved by state-of-the-art solvers.

Heuristic solution methods. As shown in Chapter 3 (Theorem 3.3.1), the problem is
NP-hard and cannot be approximated within a (’)(n(%‘f)) factor, where n is the number
of students, unless P=NP. Moreover, from our collaborations with the Chilean agencies, we
realized that many real-life instances could not be solved in a reasonable time, even using
our cutting plane algorithm. This motivated us to study efficient heuristics that possibly
provide near-optimal solutions. In particular, we focus on two heuristics: First, we consider
the standard Greedy algorithm for set functions that sequentially adds one extra seat in each
iteration to the school that leads to the largest marginal improvement in the objective function.
Our second heuristic, called LPH, proceeds in two steps: (i) solves the problem without
stability constraints to find the allocation of extra seats, and (ii) finds the student-optimal
stable matching conditional on the capacities defined in the first step. Our computational
experiments show that both heuristics significantly reduce the time to find a close-to-optimal
solution with LPH being the fastest. Moreover, LPH outperforms Greedy in terms of opti-

mality gap when the budget of extra seats increases and does that in a negligible amount of
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time. Hence, LPH could be a good approach to quickly solve large-scale instances of the problem.

Practical insights and societal impact. To illustrate the benefits of embedding capacity de-
cisions, we use data from the Chilean school choice system and we adapt our framework to solve
the problem including all the specific features described by Correa et al. [50]. First, we show that
each additional seat can benefit multiple students. Second, in line with our theoretical results,
we find that access and improvement can be prioritized depending on how unassigned students
are penalized in the objective. Our results show that the students’ matching is improved even
if we upper bound the total number of additional seats per school. Finally, we show that our
model can be extended in several interesting directions, including the addition of costs to expand
capacities, the addition of secured enrollment, the planning of classroom assignment to different
grades, etc.

Given these positive results, we are currently collaborating with the institutions in charge of
implementing the Chilean school choice and college admissions systems to test our framework
in the field. The computational time reduction enabled by our method(s) has been critical
to evaluate both the assignment of extra seats to schools and the rules of affirmative action
policies in college admissions, as assessing the impact of these policies requires thousands of
simulations to understand their effects under different scenarios. Moreover, our model can be
easily adapted to tackle other policy-relevant questions. For instance, it can be used to optimally
decide how to decrease capacities, as some school districts are experiencing large drops in their
enroliments [149]. Our model could also be used to optimally allocate tuition waivers under
budget constraints, as in the case of Hungary's college admissions system. Finally, our method-
ology could also be used in other markets, such as refugee resettlement [52, 17, 14]—where
local authorities define how many refugees they are willing to receive, but they could increase
their capacity given proper incentives—or healthcare rationing [122, 25]—where policymakers
can make additional investments to expand the resources available. These examples further
illustrate the importance of jointly optimizing stable assignments and capacity decisions since it

can answer crucial questions in numerous settings.

Organization of the paper. The remainder of the paper is organized as follows. In Section 4.2,
we provide a literature review. In Section 4.3, we formalize the stable matching problem within
the framework of capacity planning; then, we present our methodologies to solve the problem,
including the compact formulations and their linearizations, our novel non-compact formulation
and our cutting-plane algorithm; and we conclude this section by discussing some properties of our
mechanism. In Section 4.4, we provide a detailed computational study on a synthetic dataset. In
Section 4.5, we evaluate our framework using Chilean school choice data. Finally, in Section 4.6,
we draw some concluding remarks. All the proofs, examples, extensions and additional discussions

can be found in the Appendix.
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4.2. Related Work

Gale and Shapley [67] introduced the well-known Deferred Acceptance algorithm, which finds
a stable matching in polynomial time for any instance of the problem. Since then, the literature
on stable matchings has extensively grown and has focused on multiple variants of the problem.
For this reason, we focus on the most closely related work, and we refer the interested reader
to [107] for a broader literature review.

Mathematical programming formulations. The first mathematical programming formulations
of the stable matching problem were studied in [71, 150, 139] and [137]. Baiou and Balinski [26]
provided thereafter an exponential-size linear programming formulation describing the convex
hull of the set of feasible stable matchings. Moreover, they gave a polynomial-time separation
algorithm. Kwanashie and Manlove [104] presented an integer formulation of the problem when
there are ties in the preference lists (i.e., when agents are indifferent between two or more
options). Kojima et al. [99] introduced a way to represent preferences and constraints to guarantee
strategy-proofness. Agoston et al. [13] proposed an integer model that incorporates upper and
lower quotas. Delorme et al. [53] devised new mixed-integer programming formulations and
pre-processing procedures. More recently, Agoston et al. [157] proposed similar mathematical
programs and used them to compare different policies to deal with ties. In our computational
experiments, we consider the adaptation of these formulations to capacity planning which then

form the baselines of our approach.

Capacity expansion. Our paper is the first to introduce the problem of optimal capacity planning
in the context of stable matching. After this manuscript's preliminary version was released,
there has been subsequent work in the same setting. Bobbio et al. [40] (Chapter 3) studied
the capacity planning problem’s complexity and other variations. The authors showed that the
decision version of the problem is NP-complete and inapproximable within a O (n(%_a)) factor,
unless P=NP, where n is the number of students. Abe et al. [9] studied a heuristic method to
solve the capacity planning problem that relies on the Upper Confidence Tree (a Monte Carlo tree
search method) searching over the space of capacity expansions. Dur and Van der Linden [58],
in an independent work, also analyzed the problem of allocating additional seats across schools
in response to students’ preferences. The authors introduced an algorithm that characterizes the
set of efficient matchings among those who respect preferences and priorities and analyzed its
incentives' properties. Their work is complementary to ours in several ways. First, they discuss
different applications where capacity decisions are made in response to students’ preferences.
These include some school districts in French-speaking Belgium, where close to 1% of seats
are consistently reported after students submit their preferences, and certain college admissions

systems, such as in India, where the Ministry of Education plans to increase capacities by up to
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50%. Second, their proposed approach can potentially recover any Pareto efficient allocation,
including the ones returned by our mechanism. However, their algorithm cannot be generalized to
achieve a specific outcome. Our methodology is flexible enough to enable policymakers to target
a particular goal when deciding how to allocate the extra seats, including access, improvement,
or any other objective beyond student optimality. Finally, Dur and Van der Linden [58] showed
that their mechanism is strategy-proof when schools share the same preferences, but it is not
in the general case. In this work, we also discuss incentive properties and expand the analysis
to study other relevant properties of the assignment mechanism, such as strategy-proofness in
the large and monotonicity. Another related capacity expansion model is considered in Kumano
and Kurino [101], where the authors study and implement the reallocation of capacities among
programs within a restructuring process at the University of Tsukuba. Their capacity allocation

constraints could be readily added to our model while maintaining the validity of our methodology.

School choice. Starting with Abdulkadiroglu et al. [8], a large body of literature has studied
different elements of the school choice problem, including the use of different mechanisms such
as DA, Boston, and Top Trading Cycles [5, 121, 2]; the use of different tie-breaking rules [4,
18, 20J; the handling of multiple and potentially overlapping quotas [102, 143]; the addition
of affirmative action policies [61, 72]; and the implementation in many school districts and
countries [5, 46, 50, 16]. Within this literature, the closest papers to ours are those that
combine the optimization of different objectives with finding a stable assignment. Caro et al. [47]
introduced an integer programming model to make school redistricting decisions. Shi [141]
proposed a convex optimization model to decide the assortment of schools to offer to each student
to maximize the sum of utilities. Ashlagi and Shi [22] presented an optimization framework that
allowed them to find an assignment pursuing (the combination of) different objectives, such as
average and min-max welfare. Bodoh-Creed [42] presented an optimization model to find the
best stable and incentive-compatible match that maximizes any combination of welfare, diversity,
and prioritizes the allocation of students to their neighborhood school. Finally, Feigenbaum et
al. [62] introduced a novel mechanism to efficiently reassign vacant seats after an initial round of
a centralized assignment and used data from the NYC high school admissions system to showcase
its benefits.

4.3. Model

We formalize the stable matching problem using school choice as an illustrating example. Let
S = {s1,...,8,} be the set of n students, and let C = {ci,..., ¢, } be the set of m schools.®
Each student s € S reports a strict preference order >, over the elements in C U {()}. Note that

we allow for () =, ¢ for some ¢ € C, so students may not include all schools in their preference list.

4To facilitate the exposition, we assume that all students belong to the same grade, e.g., pre-kindergarten.
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In a slight abuse of notation, we use || to represent the number of schools to which student
s applies and prefers compared to being unassigned, and we use ¢’ =, ¢ to represent that either
c =, cor that ¢ = ¢. On the other side of the market, each school ¢ € C ranks the set of
students that applied to it according to a strict order .. Moreover, we assume that each school
c € C has a capacity of ¢. € Z, seats, and we assume that ) has a sufficiently large capacity.

Let EC S x (C U {@}) be the set of feasible pairs, with (s,c) € £ meaning that s includes
school ¢ in their preference list.> A matching is an assignment ;1 C & such that each student
is assigned to one school in C U {(}}, and each school ¢ receives at most g. students. We
use u(s) € CU {0} to represent the school of student s in the assignment pu, with u(s) = 0
representing that s is unassigned in p. Similarly, we use i(c) C S to represent the set of students
assigned to ¢ in u. A matching p is stable if it has no blocking pairs, i.e., there is no pair
(s,c) € &€ that would prefer to be assigned to each other compared to their current assignment
in . Formally, we say that (s,c) is a blocking pair if the following two conditions are satisfied:
(1) student s prefers school ¢ over pu(s) € CU {0}, and (2) |u(c)| < g. or there exists s" € u(c)
such that s =, ¢, i.e., ¢ prefers s over s'.

For any instance I' = (S,C, >, q), the DA algorithm [67] can find in polynomial time the
unique stable matching that is weakly preferred by every student, also known as the student-
optimal stable matching. Moreover, DA can be adapted to find the school-optimal stable match-
ing, i.e., the unique stable-matching that is weakly preferred by all schools. In Appendix 4.9.1,
we formally describe the DA version that finds the student-optimal stable matching.

Let 7. be the position (rank) of school ¢ € C in the preference list of student s € S,
and let 7,9 be a parameter that represents a penalty for having student s unassigned.® In
Lemma 4.3.1 we show that, for any instance I' = (S,C, >, q), we can find the student-optimal
stable assignment by solving an integer linear program whose objective is to minimize the sum of
students’ preference of assignment and penalties for having unassigned students. The proof can
be found in Appendix 4.7.1.

Lemma 4.3.1. Given an instance ' = (S,C, -, q), finding the student-optimal stable matching
is equivalent to solving the following integer program:

min Z Tsc* Tsc (4.3.1a)
x (s,0)€E
s.t. > oz =1, VseS, (4.3.1b)
c:(s,c)€E
Z Zse < qe, VecelCl, (4.3.1c)
si(s,c)e€

5To ease notation, we assume that students include (} at the bottom of their preference list, and we assume that
any school ¢ € C not included in the preference list is such that §§ =, c.

5Note that the penalty 74y may be different from the ranking of () in student s preference list. As such, the
penalty does not directly affect the stability condition.
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Qesc+ Qe Z T + Z Tge>qey, YV (sc)EE 50 (4.3.1d)

c=sc 8'—cs

x5 € {0,1}, V (s,c) € E. (4.3.1e)

Note that Formulation (4.3.1) can be solved in polynomial time using the reformulation and
the separation algorithm proposed by Baiou and Balinski [26].”
Notation. In the remainder of the paper, we use bold to write vectors and italic for one-
dimensional variables; for instance, t = (t1,...,tn).

4.3.1. Capacity Expansion

In Formulation (4.3.1), the goal is to find a student-optimal stable matching. In this section,
we adapt this problem to incorporate capacity expansion decisions. Let t = {t.} ., € Zi be the
vector of additional seats allocated to each school ¢ € C, and let T'y = (S,C, > ,q + t) be the
instance of the problem in which the capacity of each school ¢ is ¢. + t..2 For a non-negative
integer B, the capacity expansion problem consists in finding an allocation t that does not violate
the budget B and a stable matching y in I'y that minimizes the sum of preferences of assignment
for the students and penalties for having unassigned students. Given budget B € Z,, this can

be formalized as

Htlbn{ > 1ot t€ZS, Y t. < B, uis a stable matching in instance Ft}. (4.3.2)
(s,c)Ep ceC

In other words, an optimal allocation of extra seats in Formulation (4.3.2) leads to a student-
optimal stable matching whose objective value is the best among all feasible capacity expansions.
Remarks. First, note that Formulation (4.3.2) is equivalent to Formulation (4.3.1) when B = 0.
Second, Formulation (4.3.2) may have multiple optimal assignments (see Appendix 4.8.1). Third,
observe that an optimal allocation may not necessarily use the entire budget since the objective
value may no longer improve, e.g., if we assign every student to their top preference. Finally, it
is important to highlight that students’ preferences are an input of the problem; thus, capacity
decisions are made in response. This assumption is suitable when the planner can implement
these capacity decisions in a shorter timescale, such as decisions on adding additional seats in
a course/grade/program, merging neighboring schools, or re-organizing classroom assignments
to different courses/grades depending on their popularity. Nevertheless, our framework can also
help evaluate longer-term policies, especially when the number of applicants and their preferences
are consistent over time. Moreover, our framework is flexible enough to accommodate any

other objective beyond student optimality, such as minimizing implementation costs (e.g., adding

[104] and subsequent papers name Formulation (4.3.1) as MAX-HRT. Although in some cases the objective
function may differ and they may consider ties or other extensions, the set of constraints they study capture the
same requirements as our constraints.

8Note that I'g corresponds to the original instance I' with no capacity expansion.

109



teachers, portable classrooms, etc.), transportation costs, students' estimated welfare, or any
combination of goals. As discussed in Section 4.5.3, our framework can be used to decide the
optimal number of reserved seats to offer to under-represented groups or determine the minimum
requirements that schools should meet regarding these affirmative action policies.

Motivated by the theoretical complexity of our problem and the absence of constant factor
approximation algorithms (in Appendix 4.7.5 we show that also sub-modularity is not a viable

way), we now concentrate on mathematical programming approaches to solve Formulation 4.3.2.

4.3.2. Compact Formulation

Recall that t denotes the vector of extra seats allocated to the schools and that B € Z, is
the total budget of additional seats. Let

P = {(x,t) € [0,1°x[0,B]°: Y ., =1VseS, Y w.<qtt.Veel, > t.< B},
c:(s,0)e€ s:(s,c)e€ ceC

be the set of fractional (potentially non-stable) matchings with capacity expansion. Note that
the first condition states that each student must be fully assigned to a school in C U {0}. The
second condition ensures that updated capacities (including the extra seats) are respected, and
the last condition guarantees that the budget is not exceeded.

Let Pz be the integer points of P, i.e., Pz = PN ({0,1}‘9 x{0,..., B}C). Then, we model
our problem by generalizing Formulation (4.3.1) to incorporate the decision vector t. As a result,
we obtain the following integer quadratically constrained program:

min - Y e T (4.3.3a)

,t
* (s,0)€E

st (te+q.)- (1 - > %,d) <Y T, V(s,c)e& e, 0 (4.3.3b)

c=sc s'-cs

(x,t) € Pz. (4.3.3¢)

Constraint (4.3.3b) guarantees that the matching is stable. Note that when (x,t) is allowed to
be fractional, this contraint is quadratic and non-convex, which adds an extra layer of complexity
on top of the integrality requirements (4.3.3c).

To address the challenge introduced by the quadratic constraints, we linearize them with
McCormick envelopes (see Appendix 4.9.2 for a brief background). The quadratic term ¢, -
Y s Tser in constraint (4.3.3b) can be linearized in at least two ways. Specifically, we call

e Aggregated Linearization, when for each (s,c) € £, we define a;, ==t - doemae Tl
e Non-Aggregated Linearization, when for each (s,c) € € and ¢ >, ¢, we define (. =

le- Tl
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The mixed-integer programming formulation of the McCormick envelope for the aggregated lin-

earization reads as

gltlg Z Tsc* T (4.3.4a)
(s,0)€€

st te—Qsetqe- (1 - > xs,c/) <> wg, V(s,c) €& c=s 0 (4.3.4b)

c=sc §'>-cs
—aset+te+B- Y z,0 < B, V(s,c) e e, 0 (4.3.4¢)
crsc
A c <., A (S,C) c 5, C s 0 (434d)
e < B- ) o, V (s,0) €& ¢4 ) (4.3.4¢)
c'rsc

(x,t) € Pz,a > 0. (4.3.4f)

Constraints (4.3.4c), (4.3.4d), (4.3.4e) and the non-negativity constraints for o . form the Mc-
Cormick envelope. The other constraints and the objective function remain the same.

It is well known that whenever at least one of the variables involved in the linearization is
binary, the McCormick envelope leads to an equivalent formulation. This is the case for the
aggregated linearization since ", .25~ € {0,1} due to the constraints in Py.

Corollary 4.3.2. The projection of the feasible region given by constraints (4.3.4b)-(4.3.4f) in
the variables t and x coincides with the region given by constraints (4.3.3b) and (4.3.3c).

We now discuss the mixed-integer programming formulation of the McCormick envelope for

the non-aggregated linearization. Formally, we have the following

intlrﬁl Z Ts.c* Tse (4.3.5a)
(s,0)€€
st. t.— Z Bsce T+ |1 — Z Tse | < Z Ty e V (s,c) € E,c =50 (4.3.5b)
c=sc c'rsc 8'—cs
— Bseer +te + B 250 < B, V (s,¢c) €ENV =se=4 0, (4.3.5c

(
eENI =sc=s0, (4.3.5d

)

65,0,0’ S tc, Y (S,C )
v 4.3.5e)

)

Bs,c,c’ S B - T,y
(x,t) € Pz, 3 > 0.

)
(s,0) €EN =5 ¢ =40,

(
(4.3.5f
Constraints (4.3.5¢), (4.3.5d), (4.3.5e) and the non-negativity constraints for [, .. form the
McCormick envelope. Similar to the case of Corollary 4.3.2, we know that this is an exact

formulation since x5 € {0,1}.

Corollary 4.3.3. The projection of the feasible region given by constraints (4.3.5b)-(4.3.5f) in
the variables t and x coincides with the region given by constraints (4.3.3b) and (4.3.3c).
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Therefore, Formulation (4.3.4) and (4.3.5) yield the same set of feasible solutions. Inter-
estingly, the feasible region of the relaxed aggregated linearization, i.e., when (x,t) € Pz in
constraint (4.3.4f) is changed to (x,t) € P, is contained in the feasible region of the relaxed

non-aggregated linearization.

Theorem 4.3.4. The feasible region of the relaxed aggregated linearization model is contained

in the feasible region of the relaxed non-aggregated linearization model.

The proof of Theorem 4.3.4 can be found in Appendix 4.7.2. Theorem 4.3.4 implies that
the optimal value of the relaxed aggregated linearized model is greater than or equal to the
optimal value of the relaxed non-aggregated linearized model. In Appendix 4.8.3, we provide an
example that shows that the inclusion in Theorem 4.3.4 is strict. Since solution approaches to
mixed-integer programming formulations are based on the quality of their continuous relaxation,
we conclude that the aggregated linearization dominates the non-aggregated one, and thus we
expect it to perform better in practice.

As discussed in Section 4.2, there are other variants of Formulation (4.3.1) in the literature.
In Appendix 4.10, we generalize the state-of-the-art formulations to the case where B > 0, and
we note that all of them involve quadratic constraints. Although linearizations similar to the
ones applied to Formulation (4.3.3) are possible, they result in a larger number of variables,
Big-M constraints, and therefore, in potentially weak relaxations. Hence, in the next section, we
provide an alternative mixed-integer programming (MIP) formulation that is non-compact, and

we introduce a cutting-plane method to solve it efficiently.

4.3.3. Non-compact Formulation

For any instance I', Baiou and Balinski [26] describe the polytope of stable matchings (for the
standard setting without extra capacities) through an exponential family of inequalities, called
comb constraints, and provide a polynomial time algorithm to separate them. Inspired by their
results, we propose a novel non-compact formulation to incorporate capacity decisions. One of
the main challenges is that the formulation proposed by Baiou and Balinski [26] does not directly
generalize to the capacity planning setting since the comb constraints depend on the capacity of
each school, which can be modified in our setting. To address this, we appropriately generalize
the definition of a comb and define the family of constraints by using additional decision variables.
Generalized comb definition. A tooth T'(s,c) with base (s,c) € £ consists of (s,c) and all pairs
(s,c) such that ¢ >4 c. For k € Z and ¢ € C, let £ (k) be the set of pairs (s,c) € € such that
c prefers at least g. + k — 1 students over s. For (s,c) € £F(k), a shaft with base (s,c) where
school ¢ has expansion k is denoted by S*(s,c) and consists of (s,c) and all pairs (s',c) such that

s’ . s. For (s,c) € £F(k), a comb with base (s,c) where school ¢ has expansion k is denoted by
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C*(s,c) and consists of the union between S*(s,c) and exactly q. + k teeth of (s',c) € S*(s,c),
including T'(s,c). Finally, C.(k) is the family of combs for school ¢ € C with expansion k.
Given these definitions, we can model the capacity expansion problem using the following

mixed-integer programming formulation:

min Z Tse® Tse (4.3.6a)
x (s,0)€€
st Y wge >qet+kyl, VeeC,Vk=0,...,B,YC¢cC.k), (4.3.6b)
(s,c)eC
(x.y) € Pg =P ({0,1} x {0,130 10-5)) (4.3.6¢)
where

Pt = {(X,y) € [0,1]° x [0,0Br N g =1V sES,

C'(s c)eE

Z xsc<qc+2k yc Veel, Vk=0,...,B,

5(5665

ZZk y" < B, Zyc—1VCEC}

ceC k=0
In Formulation (4.3.6), the decision vector y is simply the pseudopolynomial description (or unary
expansion) of t, i.e., t. = 22 k- y*. Indeed, note that there is a one-to-one correspondence
between the elements of P$* and Pz. Hence, the novelty of Formulation (4.3.6) is on the
modeling of stability through the generalized comb constraints (4.3.6b). If B = 0, we obtain
the comb formulation of Baiou and Balinski [26]. Otherwise, when B > 0, for each school we
need to activate these constraints only for the capacity expansion assigned to it. For instance, if
school ¢ € C has capacity ¢q. + k, we must only enforce the constraints for the combs in C.(k).
This motivates the use of the binary vector y. In Theorem 4.3.5, we show the correctness of our
new formulation. The proof can be found in Appendix 4.7.3.

Theorem 4.3.5. Formulation (4.3.6), even with the integrality of x relaxed, is a valid formulation
of Formulation (4.3.2).

Let P25 be Pg with the binary requirement for x relaxed. Motivated by Theorem 4.3.5, we
define the formulation BB-CcAP as Formulation (4.3.6) with P$** replaced by P%:

IE,iyn Z Tse® Tse (4.3.7a)
(s,0)€€

st Y wee >qet+kyl, VeeC,Vk=0,...,B.,YCeC.k), (4.3.7b)
(s,c)eC
(x,y) € P25 =P 1 ([0,1]F x {0,1}¢10-F1) (4.3.7¢)
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One limitation of BB-CAP is that it is non-compact. For each school ¢ € C and £k =0,...,B,
the family of combs C.(k) can have exponential size, and there is a pseudopolynomial (in the
size of the input) number of these families. Hence, to cope with the size of BB-CAP, we present
a cutting-plane algorithm and its associated (polynomial-time) separation method.® Algorithm 2
describes our cutting-plane approach. The idea is to start by solving a mixed-integer problem (in
Steps 2 and 3) that only considers a subset of the comb constraints (selected in Step 1), i.e., a
relaxation of BB-CAP. If the solution to this problem is not stable, then our separation algorithm
(in Step 4) allows us to find the most violated comb constraints for each school ¢, namely

B
C* € argmin { > al,:CeC(ty) where t; =Y k- yf*}, (4.3.8)
(s,c)eC k=0

and these constraints are added to the main problem, which is solved again. This process repeats
until no additional comb constraint is added to the main problem, guaranteeing that the solution
is stable and optimal (due to Theorem 4.3.5). Note that since the set of stability constraints
is finite, Algorithm 2 terminates in a finite number of steps. In the next section, we detail our

polynomial time algorithm to solve the separation problem (4.3.8).

Algorithm 2 Cutting-plane method

Input: An instance I' = (S,C, >,q) and a budget B.
Output: The student-optimal stable matching x* and the optimal vector of additional seats t*.
1: J < subset of comb constraints (4.3.7b)

2: MP < build the main program min Y TserTse
(xY)EPZLNT (s,c)e€

(x*,y*) < solve MP
J' < subset of constraints (4.3.7b) violated by (x*,y*) > Apply Algorithm 3
if J' # () then
MP <« add to MP the constraints 7’ and go to Step 3
return x* and t* where t% < 2P k- y*" for every c € C

N R w

4.3.3.1. Separation Algorithm. A separation algorithm is a method that, given a point and
a polyhedron, produces a valid inequality that is violated (if any) by that point. This is our goal
in Step 4 of Algorithm 2. In fact, given an infeasible (x*,y*) to BB-cAP, we aim to find the
constraint (4.3.7b) that is the most violated by it for each school.

Since capacities may change, we cannot use the cutting plane procedure by Baiou and Balin-
ski [26]: This is why we propose Algorithm 2. However, we could use their separation algorithm,

since in this step the capacities are fixed (recall Problem (4.3.8)).2° Nevertheless, with the aim to

9Note that in BB-CAP, the decision vector y is binary. Therefore, our separation method works for x fractional
and y binary. Nonetheless, the fact that the separation runs in polynomial-time does not guarantee that the
cutting-plane method runs in polynomial time.

10The separation by Baiou and Balinski [26] runs in O(m - n?), where m is the number of schools and n is the
number of students, and is valid to separate fractional solutions when capacities are fixed (i.e., y* is binary).
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speed up computations, we introduce a novel separation algorithm that relies on new structural
results that guarantee to find the most violated comb constraint.

To formalize these results, we introduce additional notation. Given an optimal solution
(x*,y*) obtained from Step 3 in Algorithm 2, let t* be the projection of y* in the original
problem, i.e., t& = Zszok . y(’f* for all ¢ € C. In addition, let p*(t*) be the student-optimal
stable matching for instance T'.'* To simplify the notation, we assume that y* (and thus t*) is
fixed, and we use p* to represent p*(t*). We say that a school ¢ € C is fully-subscribed in x* if
Y si(s,c)e€ Tse = Qe + U7, otherwise, we say that school ¢ is under-subscribed. Moreover, given a
school ¢, let

exceeding(c) = {s € S : 2}, >0 and p, =0}
be the set of exceeding students, i.e., the set of students assigned (possibly fractionally) to school
¢ in X* that are not assigned to c in p*, and let

block(x*) = {c €eC: > ai.= > pi.=qc+t;, exceeding(c) # (D}

s:(s,c)€E s:(s,c)€E

be the set of fully-subscribed schools in both x* and p* that have a non-empty set of exceeding
students. Finally, a student-school pair (s,c) is called a fractional blocking pair for x* if the
following two conditions hold: (i) there is a school ¢’ such that 2, > 0 and ¢ =, ¢, and (ii) ¢
is not fully-subscribed or there is a student s’ such that 2%, > 0 and s -, .12

In our first structural result, formalized in Lemma 4.3.6, we show that we can restrict the
search for the most violated combs to the schools that are fully-subscribed, reducing significantly
the number of schools that we need to check at every iteration of the separation algorithm. All

the proofs in this subsection can be found in Appendix 4.7.3.2.

Lemma 4.3.6. Let (x*,y*) be the optimal solution obtained at Step 3 in some iteration of
Algorithm 2, and suppose that there is a fractional blocking pair (s,c). Then, c is fully-subscribed

in xX*.

In Appendix 4.8.4, we present an example that shows that the set of fully-subscribed schools
is not necessarily the same for x* and p*, and, thus, illustrates the potential of using p* to also
guide the search for violated comb constraints.

Lemma 4.3.7. Let (x*,y*) be the optimal solution obtained at Step 3 in some iteration of

Algorithm 2 and p* the student-optimal stable matching in instance 'y, where t* is the allocation

\We can obtain this by applying DA on the expanded instance I'y«.

12K esten and Unver [91] introduce the notion of ex-ante justified envy, which, in the case of a fully-subscribed
school, is equivalent to our definition of fractional stability. Kesten and Unver [91] define ex-ante justified envy
of student s towards student s’ if both x5 Ty . > 0 with ¢ = ¢ and s =, s’. Note that the definition of

fractional blocking pair implies that x5 . < 1. Moreover, a blocking pair is also a fractional blocking pair.
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defined by y*. If J contains all the comb constraints of every fully-subscribed school in p*, then

both matchings x* and p* coincide.

As we mentioned earlier, the family of comb constraints is exponentially large, so we need to
further reduce the scope of our search. Our next structural result, formalized in Lemma 4.3.8,
accomplishes this by restricting the search of violated combs only among those schools that are
in block(x*).

Lemma 4.3.8. If x* has a fractional blocking pair, then there is at least one student-school
pair (s,c), where ¢ is in block(x*), such that: (i) c prefers s over the least preferred student in

exceeding(c), and (ii) the value of the tooth T'(s,c) is smaller than 1, i.e., > 2, <Ll
(s,c)ET (s,c) ’

Algorithm 3 Separation method

Input: An instance I' = (S,C, >, q + t*) and a (fractional) matching x*.
Output: A non-empty set J' of constraints (4.3.7b) violated by (x*,y*), if it exists.

L J <+ 0 > (empty set of constraints)
2: for ¢ € block(x*) do
3: T+ 0 > (empty list of teeths)
4: s < least preferred student in ¢ such that z7 . > 0 > (last student in excess)
5: . [s] < preference list of ¢ until s
6: for s’ € >, [s] do > (in order following >)
7 Vst e = Deve Ty o > (value of T (s/,c))
8: if |7] < q.+t; then
9: T« {s'} > (s" enters T in descending order according to v .)
10: if |7|=q.+ 1t then
11: C + {(S,C) 15 € T} U User Tf(s,c) > (initial comb, made of shaft and selected
teeths)
12: else
13: s* < first student in T > (student s € T such that T~ (s,c) has the highest value)
14: if vy . < v then
15: C" = 5%(5',¢) UUsem sy T (8,0) UT (5 ,0)
16: if > (s mec Ton < Xismec Tip then
17: T\ {s*} > (s* is removed from T
18: T+ {5} > (s" enters T in descending order according to v )
19: C+C
20: if > necTin < g+ t; then
21: J <+ J u{C}

22: return J’

In Algorithm 3, we present our separation method. The algorithm begins by initializing the
set of violated combs 7’ equal to (). Based on Lemmas 4.3.6, 4.3.7 and 4.3.8, we focus only
on the schools in block(x*). Therefore, at Step 2, we iterate to find the most violated (i.e.,

least valued) comb of every school in block(x*). To do so, we first initialize as empty the list
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of teeth 7 (Step 3). The list 7 will be updated to store the set of students whose teeth are
part of the least valued comb. At Step 4, we look for the least preferred exceeding student s in
school ¢ €block(x*), and, finally, we introduce the preference list of school ¢ that terminates with
student s. As previously mentioned, the key idea is to recursively update 7 so that it contains
the students whose teeth form the least valued comb. To accomplish this, we iterate over the
set of students following the preference list =, going up to s.'> At Step 6 we select the student
s' and we find the value vy . of T (s',c) :=T(s',¢) \ {(5',c)} in x* (Step 7). If the list T does
not contain a sufficient number of students to build a comb (i.e., ¢. + %), we introduce s’ in
the list 7 while respecting a descending ordering of the elements of 7" according to v . (step 8).
Moreover, if we have obtained a set 7 of cardinality equal to the capacity of school ¢ then, we
create the first comb C at Step 11. Once we have obtained the first comb, at Step 13 we define
s* as the student in 7 with the highest value T~ (s*,c) At Step 14, we compare the value of
T~ (s',c) with the value of T~ (s*,c). If the former value is smaller, then it is worth pursuing the
search for a comb valued less than C' with a tooth based in (s',c); we build such a comb C’ at
Step 15. If the value of C’ is smaller than the value of C', then we update 7 to include s’ at the
place of s* (Step 17 and Step 18) and we update C' as C” (Step 19). At the end of the inner for
cycle, we obtain the least valued comb C' of school c. If C' has a value in x* smaller than ¢.+ 1.,
then the stability condition is violated for school c¢. Hence, at Step 21, we add the violated comb
C to the set J'. In Appendix 4.8.5, we exemplify the application of Algorithm 3.

Note that Algorithm 3 resembles the one introduced in [26]. However, there are two key
differences: (i) we use fractional and integer stable matchings as proxies to reduce the search
space to block(x*), and (ii) we begin the search of the most violated comb at the head of the
preference list of the school rather than at the tail (as in [26]), which guarantees that our method
finds the most violated comb constraint.'*

Theorem 4.3.9. Algorithm 3 finds the combs solving Formulation (4.3.8) for every school in
block(x*) in O(m - n - q) time, where n is the number of students, m is the number of schools

and ¢ = glnéf(( ){qc + t*}. Moreover, Algorithm 3 returns a set of combs such that the
cEblock(x*

corresponding constraints (4.3.7b) are violated by (x*,y*), if x* is not stable for I'¢s.

Remark 4.3.10. Algorithm 3 can be easily adapted to separate the comb constraints with any
linear objective function. Indeed, it is sufficient to remove Steps 4 and 5, and iterate over the

whole preference list >, at Step 6.

BNote that, since school c is fully-subscribed, we know that there are . + ¢} students s’ =, s assigned to ¢, and
thus the comb constraint is always satisfied.
Yn Appendix 4.8.6 we show that the separation algorithm by [26] may not find the most violated constraint.
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4.3.4. Properties of the Mechanism

Now that we have devised a framework to solve the problem, we briefly discuss some properties
of the mechanism'® and the underlying optimal solutions. We provide a thorough discussion of
these properties in Appendix 4.7.4

Cardinality. In the standard setting with no capacity decisions, we know from the Rural Hospital
theorem [134] that the set of students assigned in any stable matching is the same. This result no
longer holds when we add capacity decisions, as the cardinality of the matching largely depends
on the penalty values 7,y of unassigned students. In Appendix 4.7.4.1, we show that if these
values are sufficiently small, then there exists an optimal solution of Formulation 4.3.2 whose
allocation of capacities yields a student-optimal stable matching of minimum cardinality among
all the possible student-optimal stable matchings (Theorem 4.7.3).1° In contrast, if the penalty
values are sufficiently high, we show that the optimal solution of the problem corresponds to a
student-optimal stable matching of maximum cardinality (Theorem 4.7.4).

Note that this result is not surprising in hindsight, as the objective function in Formula-
tion (4.3.2) is the weighted sum of the students’ preference of assignment and the value of
unassigned students. Nevertheless, Theorems 4.7.3 and 4.7.4 are valuable from a policy stand-
point, as they provide policymakers a tool to obtain an entire spectrum of stable assignments
controlled by capacity planning where two extreme solutions stand out: (i) the solution that
maximizes the number of assigned students (access), and (ii) the solution that allocates the extra
seats to benefit the preferences of the students in the initial assignment (improvement). The
former is a common goal in school choice settings, where the clearinghouse must guarantee a
spot to each student that applies to the system, while the latter is common in college admissions,
where merit plays a more critical role. Independent of the goal (or any intermediate point), our
framework allows policymakers to achieve it by simply modifying the models’ parameters resulting
in a solution approach that is flexible and easy to communicate and interpret.

Incentives. A property that is commonly sought after in any mechanism is strategy-proofness,
i.e., that students have no incentive to misreport their preferences in order to improve their
allocation. Roth [131] and Dubins and Freedman [56] show that the student-proposing version
of DA is strategy-proof for students in the case with no capacity decisions. Unfortunately, this
is not the case when students know that there exists a budget of extra seats to be allocated,
as we formally show in Appendix 4.7.4.2 (see Proposition 4.7.5). Nevertheless, we also show
that our mechanism is strategy-proof in the large [24], which guarantees that it is approximately

15Mechanism in this case stands for the optimal method that solves Problem (4.3.2).
16|nterestingly, the minimum cardinality student-optimal stable matching is not necessarily the most preferred by
the set of students initially assigned when B = 0 (see Example 4.8.2 in Appendix 4.8).
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optimal for students to report their true preferences for any i.i.d. distribution of students’ reports.
As Azevedo and Budish [24] argue, this is a more appropriate notion of manipulability in large
markets, as students are generally unaware of other students’ realized preferences and priorities.

Thus, the lack of strategy-proofness is not a major concern in our setting."’

Monotonicity. Another commonly desired property in any mechanism is student-monotonicity,
which guarantees that any improvement in students’ priorities (in school choice) or scores (in
college admissions) cannot harm their assignment. [31] and [27] show that this property holds
for the student-proposing Deferred Acceptance algorithm in the standard setting. However, in
Appendix 4.7.4.3, we show that students can be harmed when adding extra seats if their rank
improves in a given school. Nevertheless, we can adapt our framework by incorporating additional

constraints that would rule out non-monotone allocations if this is a concern for policymakers.

4.4. Evaluation of Methods on Random Instances

In this section, we empirically evaluate the performance of our methods to assess which
formulations and heuristics work better. To perform this analysis, we assume that students have
complete preference lists and that the sum of schools’ capacities equals the number of students.
Since the number of variables and constraints increases with |£|, considering complete preference
lists increases the dimension of the problem and, thus, makes it harder to solve, providing a
“worst-case scenario” in terms of computing time.!8
Experimental Setup. We consider a fixed number of students |S| = 1000, and we create
100 instances for each combination of the following parameters: |C| € {5,10,15,20}, B €
{0,1,5,10,20,30}. Specifically, for each instance, we generate preference lists and capacities at
random, ensuring that the total number of seats is equal to the number of students and that no
school has zero capacity.®® Our methods were coded in Python 3.7.3, with optimization problems
solved by Gurobi 9.1.2 restricted to a single CPU thread and one hour time limit. The scripts
were run on an Intel(R) Xeon(R) Gold 6226 CPU on 2.70GHz, running Linux 7.9.%
Benchmarks. We compare the performance of the following exact methods:*!

(1) QUAD, which corresponds to the quadratic programming model in Formulation (4.3.3).

"Note that Dur and Van der Linden [58] independently show that their mechanism is also manipulable, and
in the special case of schools having the same preference list, they provide a mechanism that is efficient and
strategy-proof.

18\We ran experiments considering shorter preference lists and including correlations between students’ preferences.
The key insights remain unchanged.

195pecifica|ly, we generate preferences uniformly at random, and we generate capacities by first allocating one
seat to each school, and then we divide the remaining |S| — |C| seats using a multinomial distribution.

20The code and the synthetic instances are available upon request.

2lWe also implemented the linearized versions of MAXHRT-CAP and MINCUT-CAP, and the generalization to
B > 0 of models available in the literature (e.g., MINBINCUT [157]). We do not report the results of these
comparisons because they are dominated by MAXHRT-CAP and MINCUT-CAP.
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(2) Aca-LiN, which corresponds to the aggregated linearization in Formulation (4.3.4).

(3) CpwMm, which corresponds to our cutting-plane method described in Algorithm 2. Appen-
dix 4.11 discusses Step 1 of Algorithm 2.

(4) MAXHRT-CAP, which corresponds to the formulation introduced in [53] and adapted
to the capacity expansion setting. We provide the detailed description of this model in
Formulation (4.10.1) (Appendix 4.10).

(5) MINCuT-CAP, which corresponds to the formulation introduced in [157] and adapted
to the capacity expansion setting. We provide the detailed description of this model in
Formulation (4.10.17) (Appendix 4.10).

For each simulated instance, we also solve the problem with two natural heuristics, called Greedy
and LPH, described in Appendix 4.12.*> To our knowledge, when B = 0 (classic School Choice
problem), MAXHRT-CAP and MINCUT-CAP are the state-of-the-art mathematical program-
ming formulations for general linear objectives, and thus the most relevant benchmarks for our
methods.?

Results. In Table 2, we report the results obtained for the exact methods considered.

First, we observe that QUAD and AGG-LIN take significantly more time to solve the problem
compared to the other exact methods. Moreover, QUAD and AGG-LIN were not able to find the
optimal solution within one hour in 38.04% and 16.58% of the instances, respectively. This result
suggests that our aggregated linearization helps towards having a better formulation, but still is
not enough to solve the problem effectively. Second, we observe that, in general, execution times
increase with the number of schools and decrease with the budget (after reaching a spike). Finally,
and more interestingly, we find that our cutting-plane method (CPM) consistently outperforms
the other benchmarks when the number of schools increases, while remaining competitive for
|C| = 5. These results suggest that our cutting-plane method is the most effective approach to
solve larger instances of the problem.

To analyze the performance of our heuristics, in Figures 1 and 2 we report the average
optimality gap and run time obtained for each heuristic, including 95% confidence intervals.?*
On the one hand, from Figure 1, we observe that both heuristics find near-optimal solutions,
as their optimality gap is always below 3%. Second, we observe that Greedy performs better in
terms of optimality gap for low values of B. However, for larger budgets, we observe that LPH

outperforms Greedy both in running time and optimality gap. On the other hand, from Figure 2

2\e emphasize that in Chapter 3, we show that the problem cannot be approximated within a multiplicative factor
of O (n(%_s)) for every € > 0, unless P=NP; therefore, these heuristics do not achieve meaningful worst-case
approximation guarantees.

23Note that, when B = 0, using the Deferred Acceptance algorithm is the fastest of all methods. However, when
B > 0, we focus on mathematical programming formulations because the DA algorithm cannot be adapted to
find the optimal capacity allocation in polynomial time, otherwise P = NP.

24Optimality gap corresponds to (HEUR — OPT)/OPT, where HEUR is the objective value obtained by the
heuristic and OPT is the optimal value obtained with our exact formulation.
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Table 2. Comparison of formulations with respect to solving time.

S| = 1000
IC] B QUAD AcG-LIN  MINCUT-CAP MAXHRT-CAP CpM
5 0 14.15 20.1 1.43 0.47 0.74
(4.99)11000  (5.04)[100] (0.48)[100] (0.08)[100] (0.58)100]
5 1 21.63 54.86 1.78 1.35 0.74
(9.31)1z00]  (43.15)[100] (0.53)[100] (0.62)[100] (0.49)1100]
5 5 12.58 34.08 2.59 2.67 1.55
(3.09)1z001  (13.22)[100] (1.1)200] (2.68)[100] (1.15)[200]
5 10 13.23 36.74 2.7 3.11 2.6
(5.42)[1000  (18.55)[100] (1.34)(100] (3.83)[200] (2-3)2001
5 20 10.36 29.83 1.76 1.27 2.02
(3.08)11000  (12.0)1200] (0.93)[100] (1.69)[100] (2.2)1200)
5 30 8.91 26.66 1.44 0.76 2.09
(2.93)[z00]  (13.11)[100] (0.89)[100] (1.31)200] (2.62)[100]
10 0 815.66 266.99 8.47 2.65 1.11
(649.47)[881  (165.54)[09] (0.97)1100] (1.25)[100] (0.09)1200]
10 1 742.09 511.71 10.9 27.6 1.89
(697.51)[05]  (258.3)[100] (2.64)[100] (15.9)[100] (0.71)1200]
10 5 377.12 635.38 19.98 64.21 8.14
(193.11)[100] (381.81)[100]  (8.04)i100] (63.01)1200] (7.41)1100]
10 10 344.9 525.25 18.89 128.86 13.17
(211.02)[100] (358.91)[r00]  (6.56)i100] (201.44)1100  (10.67)[100]
10 20 440.22 303.36 15.41 63.77 6.88
(336.24)[100] (248.32)[100] (7.3)1200] (124.25)[100] (7.1)1200]
10 30 636.55 203.8 12.01 31.28 6.33
(619.27)[100] (155.09)[100]  (6.68)i100] (75.07)1200] (7.19)1200]
|C| B QUAD AcG-LIN - MINCuT-CAP MAXHRT-CAP CpM
15 0 2534.88 729.08 18.34 7.2 1.69
(638.83)[211 (552.15)(86]  (1.85)[100] (4.8)[200] (0.1) (2007
15 1 1858.86 1704.91 43.94 98.07 3.27
(808.95)130] (681.47)[93] (23.44)98] (70.53)[98] (1.17)p97)
15 5 2063.47 1967.68 101.54 785.1 20.58
(776.7)821  (864.77)7a1  (54.77)[100] (850.25)[s8] (18.31)[100]
15 10 2221.03 1610.95 107.96 1076.85 3L.77
(812.56)163] (874.57)(73] (70.0)199] (932.88)[80] (32.8)199]
15 20 2253.21 1126.02 59.82 584.74 20.93
(858.44)(621 (780.03)196]  (36.34)i100] (624.36)[08] (26.79)[100]
15 30 1853.41 762.15 51.73 395.75 23.79
(943.74)1a0] (691.37)10s]  (36.76)[100] (635.21)[09] (32.39)[100]
20 O - 2283.18 36.03 11.96 2.45
-[0] (917.36) 23] (3.73)1200] (6.03)[200] (0.16)100]
20 1 - 2639.4 112.0 185.32 4.61
-[0] (640.23)a31  (82.99)[100] (113.22)[100] (1.47)1100]
20 5 - 2289.12 352.56 1646.98 34.31
-[0] (860.57)[25]  (174.11)[100] (983.62)49] (37.58)[100]
20 10 - 1720.38 324.23 1690.8 47.29
-[0] (844.15)a21  (193.93)[100] (1063.63)1491  (50.86)[100]
20 20 2783.57 1316.49 200.46 1219.15 71.89
(371.67)121  (817.33)[611  (162.72)[100] (1020.87)68]  (153.08)[100]
20 30 2105.92 1050.01 94.04 727.63 50.31

(264.53)14q  (712.37)[021  (78.16)[100] (844.63)06]  (186.93)[100]

Note: The time is in seconds, with 1h time limit. We report (in square brackets) the number of instances (out
of 100) solved by each method within one hour. The average time (in seconds) and standard deviation (in
parenthesis) of the computing times are computed considering these instances.

we observe that the execution time of Greedy is increasing in the budget, while LPH is almost

invariant and takes almost no time.
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Fig. 1. Optimality Gap for the Heuristics

Overall, our simulation results suggest that CPM is the best approach to solve larger instances
of the problem and that LPH is the best heuristic for even larger instances. This heuristic is very
relevant in terms of practical use as it is simple to describe, extremely efficient, and capable of
achieving good quality solutions.

4.5. Application to School Choice in Chile

To illustrate the potential benefits of capacity expansion, we adapt our framework to the
Chilean school choice system. This system, introduced in 2016 in the southernmost region of the
country (Magallanes), was fully implemented in 2020 and serves close to half a million students
and more than eight thousand schools each year.

The Chilean school choice system is a good application for our methodology for multiple
reasons. First, the system uses a variant of the student-proposing Deferred Acceptance algorithm,
which incorporates priorities and overlapping quotas. Our framework can include all the features
of the Chilean system, including the block application, the dynamic siblings’ priority, etc. We
refer to Correa et al. [50] for a detailed description of the Chilean school choice system and
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Fig. 2. Running Time for the Heuristics

the algorithm used to perform the allocation. Second, the Ministry of Education manages all
schools that participate in the system and thus can ask them to modify their vacancies within a
reasonable range. Finally, the system is currently being redesigned, and we are collaborating with
the authorities to include some of the ideas introduced in our work.

4.5.1. Data and Simulation Setting

We consider data from the admission process in 2018.% Specifically, we focus on the south-
ernmost region of the country as it is the region where all policy changes are first evaluated.
Moreover, we restrict the analysis to Pre-K for two reasons: (i) it is the level with the highest
number of applicants, as it is the first entry level in the system, and (ii) to speed up the compu-
tation. In Table 3, we report summary statistics about the instance, and we compare it with the
values nationwide for the same year.?®

Al the data is publicly available and can be downloaded from this website.

2%In our simulations, we consider a total of 1395 students and 49 schools. The difference in the number of
students is due to students that are not from the Magallanes region but only apply to schools in that region.
The difference in the number of schools is due to some schools offering morning and afternoon seats, whose
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Table 3. Details of the instance of the Chilean dataset.

Region Students Schools Applications
Magallanes Pre-K 1389 43 4483
Overall Pre-K 84626 3465 256120
Overall (all levels) 274990 6421 874565

We perform our simulations varying the budget B € {0,1,...,30} and the penalty for unas-
signed students 7, . For the latter, we consider two cases: (i) rs9 = |C|+ 1 for all s € S, and
(i) rsp = |>s| + 1 for all s € S. Notice that the two values for 75y cover two extreme cases.
When 7,9 = |C| + 1 (or any large number), the model will use the extra vacancies to ensure
that a student that was previously unassigned gets assigned. In contrast, when 759 = || + 1,
the model will (most likely) assign the extra seat to the school that leads to the largest chain
of improvements. Hence, from a practical standpoint, which penalty to use is a policy-relevant

decision that must balance access and improvement.

4.5.2. Results

We report our main simulation results in Figure 3. We produced the plots by solving AGG-
LiIN, given its simplicity and running times below 1 hour for each instance. For each budget,
we plot the number of students who (1) enter the system, i.e., who are not initially assigned
(with B = 0), but are assigned to one of their preferences when capacities are expanded; (2)
improve, i.e., students who are initially assigned to some preference but improve their preference of
assignment when capacities are expanded; and (3) overall, which is the total number of students
who benefit relative to the baseline and is equal to the sum of the number of students who enter
and improve.?’

First, we confirm that all initially assigned students (with B = 0) get a school at least as
preferred when we expand capacities. Second, increasing capacities with a high penalty primarily
benefits initially unassigned students. In contrast, students who improve their assignments are
the ones who most benefit when the penalty is low. Third, we observe that the total number
of students who benefit (in green) is considerably larger than the number of additional seats
(dashed). The reason is that an extra seat can lead to a chain of improvements that ends
either on a student that enters the system or in a school that is under-demanded. Finally, we
observe that the total number of students who gain from the additional seats is not strictly
increasing in the budget. Indeed, the number may decrease if the extra seat allows a student
to dramatically enhance their assignment (e.g., moving from being unassigned to being assigned
admissions are separate. Hence, 43 is the total number of unique schools, while 49 is the number of “schools”
with independent admissions processes.

2TFor all simulations, we consider a MipGap tolerance of 0.0% and we solve them using the AGG-LIN formulation.
By construction, the results are the same if we use any of the other exact methods discussed in Section 4.4.
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to their top preference). This effect on the objective could be larger than that of a chain of
minor improvements involving several students, and thus the number of students who benefit

may decrease.
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Fig. 3. Effect for Students

In Figure 4, we analyze the impact of expanding capacities on the number of schools with
increased capacity and the maximum number of additional seats per school. We observe that
the number of schools with extra seats remains relatively stable as we increase the budget. In
addition, we observe that the maximum number of additional seats in a given school increases
with the budget. This is because students’ preferences are highly correlated (i.e., students have
similar preferences) and, thus, a few over-demanded schools concentrate the extra seats added
to the system. Finally, the latter effect is more prominent when the penalty is lower.
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4.5.2.1. Practical Implementation. A valid concern from policymakers is that our approach
would assign most extra seats to a few over-demanded schools if preferences are highly correlated
and the penalty of having unassigned students is small. As a result, our solution would not be
feasible in practice. To rule out this concern, we adapt our model and include the new set of
constraints
t.<b.,, Vecel,

where b, is the maximum number of additional seats that can be allocated to school c.

In Figure 5, we compare the gap between the optimal (unconstrained) solution and the values
obtained when considering b. € {2,5,10} for all c € C and ry9 = ||+ 1 for all s € S. First, we
observe that the gap increases for b, € {2,5} as we increase the budget, while it does not change
for b, = 10. This result suggests that the problem has many optimal solutions and, thus, we
can select one that does not over-expand some schools. Second, we observe that the overall gap
is relatively low (max of 0.8%), which suggests that we can include the practical limitations for
schools without major losses of performance. In Appendix 4.13, we discuss some model extensions

to incorporate other relevant aspects from a practical standpoint.

0 5 10 15 20 25 30
Budget (B)

— b=2 — b;=5 — b.=10

Fig. 5. Effect of Bounds on Expansion

4.5.2.2. Heuristics. For each value of the budget, in Figure 6, we report the gap obtained
relative to the optimal policy.?® Consistent with the results in Section 4.4, Greedy performs better
than LPH for low values of the budget, but this reverses as the budget increases. Hence, we
conclude that LPH can be an effective approach for large instances and large values of B. This
could be particularly relevant when applying our framework to other more populated regions, such
as the Metropolitan region, where close to 250,000 students apply each year.

28We consider the problem with penalty 759 = |>=s| + 1. The results are similar if we consider r, o = |C| + 1
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Fig. 6. Heuristics: Optimality Gap

4.5.3. Further Insights: An Application to the Chilean College Admission
System

Since early 2023, we have collaborated with the Ministry of Education of Chile (MINEDUC)
and the “Sistema Unico de Admisién” (SUA; the Chilean college board) in several applications
of our framework. Specifically, we have been working on two main projects: (i) evaluating which
schools should be overcrowded in order to downsize under-demanded schools, and (ii) evaluating
minimum requirements regarding seats to offer to under-represented groups. The former problem
can be addressed by adapting what we discussed in the previous section, so we focus on the latter.

The centralized part of the Chilean college admissions system includes an affirmative action
policy (called “Programa PACE"), which consists of reserved seats for under-represented students
(over 10,000 students each year) and special funds for the institutions where these students enroll.
To be eligible to participate in this affirmative action policy (and potentially receive these funds),
education institutions must commit to reserving a specified number of seats following specific
guidelines defined by MINEDUC, e.g., a minimum number of reserved seats per program and a
minimum total number of reserved seats across all their programs. Conditional on satisfying these
requirements, universities can independently decide how many seats to reserve. Many universities
meet these requirements by fulfilling the minimum requirement (of one reserved seat) per program
and then devoting the additional required seats to under-demanded programs. As a result, only
18% of the reserved seats were used in the admissions process of 2022-2023.

To tackle this issue, we have been collaborating with MINEDUC to evaluate the effects of
potential changes to these requirements. Since we do not know what the objective function of
each university is (and, thus, how they allocate these reserved seats), MINEDUC asked us to
evaluate different combinations of requirements (e.g., a minimum number of seats for the most
popular programs, changes to the way to define the total number of reserved seats to offer, etc.)
and objective functions (e.g., minimize the preferences of assignment, maximize the utilization of

the reserved seats, maximize the cutoffs, maximize the average scores in Math and Verbal of the
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admitted students, among others) to obtain a wide range of possible outcomes that could result
from each set of requirements.

For each of these combinations (of requirements, objectives, and other specific parameters),
we adapted the framework described in this work and performed simulations considering the data
from the admissions process of 2022-2023. Using current data to evaluate the implementation of
these requirements in future years is without major loss, since students’ preferences are relatively
stable over time and, thus, the reported preferences of one year are the best predictor of those
in the coming years. Finally, note that having a methodology to solve the problem relatively fast
was instrumental in performing this analysis, as it required hundreds of simulations in a fairly
large instance.

This application showcases the flexibility of our methodology to answer different questions

and stresses the need to solve these problems in a reasonable time.

4.6. Conclusions

We study how centralized clearinghouses can jointly decide the allocation of additional seats
and find a stable matching. To accomplish this, we introduce the stable matching problem under
capacity planning and devise integer programming formulations for it. We show that all natural
formulations involve quadratic constraints and provide linearizations for them. Then, we develop
a non-compact mixed-integer linear program (BB-CAP) and prove that it correctly models our
problem. Building on this key result, we introduce a cutting-plane algorithm to solve BB-cAP. At
the core of our cutting-plane algorithm is a new separation method, which finds the most violated
comb constraint for each school in polynomial time and, when the objective is the student-optimal
stable matching, prunes the set of schools for which violated comb constraints may exist. Finally,
we show and discuss several properties of our mechanism, including how the cardinality of the
allocation varies with the penalty (and how this can be used to prioritize different goals), some
incentive properties and also the mechanism'’s monotonicity.

Through an extensive numerical study, we find that our cutting-plane algorithm significantly
outperforms all the state-of-the-art formulations in the literature. In addition, we find that one
of the two heuristics that we propose (LPH) consistently finds near-optimal solutions in few
seconds. These results suggest that our cutting-plane method and the LPH heuristic can be
practical approaches depending on the size of the problem. Moreover, we adapted our framework
to solve an instance of the Chilean school choice problem. Our results show that each additional
seat can benefit multiple students. However, depending on how we penalize having unassigned
students in the objective, the set of students who benefit from the extra seats changes. Indeed,
we have theoretically shown that if we consider a large penalty, the optimal solution prioritizes
access, i.e., assigning students that were previously unassigned. In contrast, if that penalty is low,

we proved that the optimal solution prioritizes improvement, i.e., benefiting students’ preference
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of assignment as much as possible. Hence, which penalty to consider is a policy-relevant decision
that depends on the objective of the clearinghouse.

Overall, our results showcase how to extend the classic stable matching problem to incorporate
capacity decisions and how to solve the problem effectively. Our methodology is flexible to ac-
commodate different settings, such as capacity reductions, allocations of tuition waivers, quotas,
secured enrollment, and arbitrary constraints on the extra seats per school (see Appendix 4.13
for more details). Moreover, we can adapt our framework to other stable matching settings, such
as the allocation of budgets to accommodate refugees, the assignment of scholarships or tuition
waivers in college admissions, and the rationing of scarce medical resources. All of these are

exciting new areas of research in which our results can be used.

Appendix

4.7. Missing Proofs and Other Results
4.7.1. Proof of Lemma 4.3.1.

We begin by observing that Baiou and Balinski [26] show that the feasible region of MAX-
HRT corresponds to the set of stable matchings. Therefore, in the following proof, we only
need to focus on proving the equivalence between the student-optimal matching and a matching
minimizing the sum of the students’ rank over the set of stable matchings.

If: In a student-optimal stable matching, each student is assigned to the best school they
could achieve in any stable matching [67]. Thus, each unassigned student is unassigned in
every stable matching. Moreover, by the Rural Hospital Theorem [131, 132, 68, 134], the
same students are assigned in all stable matchings. Suppose that i is the student-optimal stable
matching but its corresponding binary encoding is not optimal to MAX-HRT. Let z’ be an optimal
solution MAX-HRT and let i = {(s,c) € £ : 2} . = 1} be the associated matching. Hence, the
following inequality holds: 37 ;e Tse > 2(s.)cu Tse-  This means that there is at least one
student s’ who prefers the stable matching p to the stable matching u, which is a contradiction.
Only if: Let i be a (stable) matching corresponding to an optimal solution of MAX-HRT. As
before, by the Rural Hospital Theorem, we observe that the set of students unassigned in y is the
same set of students unassigned in every stable matching. Hence, the set of assigned students in
14, is the same set for every stable matching. Let us suppose, again by contradiction, that x is not
a student-optimal stable matching. Let 1/ be a student-optimal stable matching. Denote by S’
the set of students whose assignment to schools differs in the two matchings. By construction,
the objective value of MAX-HRT for S\ S’ is the same in both x and p':

Z TS’C = Z TS’C'

(s,c)ep: seS\S’ (s,0)ep’: s€S\S’
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Furthermore, S’ is the disjoint union of the following two sets of students: S7, the set of assigned
students who prefer their school in i/, and S5, the set of assigned students who prefer their school
in . By Gale and Shapley [67], 1/ is a stable matching in which all students are assigned the
best school they could achieve in any stable matching. Therefore, the set S} is empty. Hence,
S’ = S, and by hypothesis

Y re < S e

(s,c)ep: s€S] (s,c)ep’: s€S]

However, from the definition of S}, r, /sy < 75 ,(s) for every s € S, which leads to a contradic-

tion.

4.7.2. Proof of Theorem 4.3.4

The constraints that do not involve the linearization terms «; . or 3, . are trivially satisfied by
a feasible solution in both formulations. Therefore, we will restrict our analysis to the remaining
constraints. Let (x,t,a) be a feasible solution of the relaxed aggregated linearized program. It
is easy to verify that by defining Bs,c,c/ = Q4. Tso for every s € S, c € C and ¢ =4 ¢, the

constraints of the relaxed non-aggregated linearization are all met.
4.7.3. Missing Proofs in Section 4.3.3

4.7.3.1. Proof of Theorem 4.3.5. Before proving Theorem 4.3.5, we show a couple of lemmata.
In the following lemma, we show that if a capacity variable is set to 1, then all the comb constraints

determined by supersets are satisfied.

Lemma 4.7.1. Let x € {0,1}° be a stable matching for some vector of extra seats y €
{0,1}6>40-B} |f gk = 1 then all constraints (4.3.6b) for the combs in C.(k + ) with o > 0

are satisfied.

PROOF. When 3% = 1, the right-hand-side of constraints (4.3.6b) for combs in C.(k + «) is ..
Thus, we need to show that the left-hand-side of these constraints is guaranteed to be greater
than or equal to ¢.. By the definition of comb, for all C' € C.(k + a) there is C' € C,(k) such
that C' C C. Hence,

Z :i‘&c/ Z Z :ES»C/ Z qc + k Z ge,
(s,d)eC (s,¢)eC

where the second inequality follows from the hypothesis that x is stable for y.
OJ

We now prove the analogous of the previous lemma, but for comb constraints defined by

subsets.
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Lemma 4.7.2. Let x € {0,1} be a stable matching for some vector of extra seats y €
{0,1}¢40--B}Y I gk = 1, then all constraints (4.3.6b) for combs in C.(k — ) with a < k
are satisfied.

PROOF. When 3* = 1, the right-hand-side of constraint (4.3.6b) for each comb C € C.(k — «)
is ¢.. Thus, we need to show that the left-hand-side of this constraint is guaranteed to be greater
than or equal to ¢g.. Let (s,c) be the base of the comb C.

First, we show the result when there is C' € C,(k) such that C' C C'. By the definition of
generalized comb (see Subsection 4.3.3), C' contains the shaft S**(s,c). Consequently, since C
contains C, if (s',c) is the base of C, then S*~*(s,c) C S*(5c).

Let 7§, for r =1,...,q. + k be the set of teeth for comb C' which (obviously) contains the

teeth of comb C'. Therefore,
Gtk

C = U Ts, U S*(s0).
r=1
Let T C {1,...,q. + k} be the set of indices corresponding to the teeth of C; thence, |T| =
gc + k — a. There are two cases:

o If there is r € T such that

Z ,fl_jsr7j = 07

(s'mj)ETsr
then student s, is matched with a school that they prefer less than school ¢. Under the

stable matching X, this is only possible if school ¢ is matched with exactly g.+ k students
that school ¢ prefers more than student s,

Z Tie=¢qc+ k.

(i,c)eSk—(s,c)
Since S*(s,c) C C, then
Z Tij > qe+k > qe.
(i,9)eC
o If 3o, jer, Ts.j = 1forallr €T, then
Z Z ‘%ST’J:|T|:qC+k_OéZQC

reT (57‘ 7j)€T§r

Since U,er T, C C the results holds.
Second, we prove the lemma when no comb of C.(k) contains C. Then, such situation can

only occur if it is not possible to find a shaft S*(s',c) where s’ = s or s =, .

This means
that the number of seats ¢. + k is greater than the number of students that the school ranks.
Consequently, the set C.(k) is empty and there is nothing to prove.

O

We now prove our main result in this section.
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PROOF. Proof of Theorem 4.3.5. The preceding lemmas lead us to conclude the statement when
the integrality of x is imposed: for each fixed y, only the comb constraints (4.3.6b) associated
to the overall capacity of each school are enforced; the remaining are redundant. When the
integrality of x is relaxed, the statement follows directly from Baiou and Balinski [26]: when
y is fixed, the comb inequalities for the associated capacities provide the convex hull of stable
matchings for I'y where t. = Z;?:o yff for all ¢ € C. Thus, as long as the number of seats for each
school is integer, constraints (4.3.6b) contain the comb constraints from Baiou and Balinski [26)]
for I';.

O

4.7.3.2. Missing Proofs in Section 4.3.3.1.

PROOF. Proof of Lemma 4.3.6. We prove that ¢ is fully-subscribed in x* by contradiction. Let
(s,c) be a fractional blocking pair for x*, where ¢ is an under-subscribed school in x*. Let s be
such that 7 , > 0 and ¢ =, . So s prefers c over ¢’. Moreover, ¢ has some available capacity
which would allow to increase z7 . by decreasing z7 .. Clearly, such modification would decrease

the objective value of the main program. This contradicts the optimality of x*. 0

PROOF. Proof of Lemma 4.3.7. Let C’ be the set of fully-subscribed schools in 1* and S’ be the
set of students matched to the schools C’' in p*. We denote by C” and S” the complementary
sets of C' and S’ respectively. Let us analyze the matches in §’. First, note that for every student
s € 8" we have thu*(s) x;c =1, i.e., student s must be matched in x* to some school that she
prefers at least as much as p*(s) € C’. This is because J contains all the comb constraints of
the schools in C’. Second, every student s € S’ must be matched in x* to a school that is in
C'ie, Yo x;c = 1. This is because, otherwise, s would create a blocking pair in ©* with a
under-subscribed school in C” due to our first argument. As a consequence of the second point,
we cannot have %, > 0 for a student s € §” and a school ¢ € C'. This is because we proved
above that all students in &’ are matched in C’' and schools in C’ are fully-subscribed. All the
above imply that we can consider &’ and C’ as a sub-instance of the problem and the integrality
of x* is given by the comb constraints. Because of optimality, ;* and x* must coincide in &’ and
C’. Let us now analyze the assignments of the students in S”. First, note that the integrality of
x* in the sub-instance defined by S” and C” is given by the integrality of the matching polytope
without stability constraints. Now, we will show that the assignments coincide in both p* and

X*

By contradiction, assume that the students in 8" are matched differently in x* and in pu*.
First, if there is a student s € S” that prefers a school ¢ over p*(s), then (s,c) would be a
blocking pair in y* because ¢ is under-subscribed in p*, which is not possible. Therefore, every
student s € S” weakly prefers *(s) over their assignment in x*, and, by the hypothesis in our
contradiction argument, there is at least one student s that strictly prefers p*(s) over their match

in x* (i.e., the two schools are different). Given that S” and C” form a separate sub-instance, we
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can rearrange the matching x* of every student in S” by matching the student to her matching
in ;*. This new matching would have a lower objective than the one of x*, which would violate

its optimality. Therefore, both p* and x* also coincide in §” and C”.
O

PROOF. Proof of Lemma 4.3.8. Suppose that the statement is false. Then, for every school
¢ in block(x*), and for every student s more preferred by ¢ to the least preferred student in
exceeding(c), s has the tooth evaluated to 1. By Lemma 4.3.6, we know that the fractional
blocking pairs must all involve a school that is fully-subscribed in x*. Among these schools, it is
sufficient to focus our attention on the schools ¢ € C' such that there exists s € S with z7 . > 0
and student s is not matched to c in u*. Therefore, for these schools the set of exceeding students
is non-empty.

We now observe that, by hypothesis, every school ¢ in block(x*), has the property that all
the teeth are evaluated to 1 until the least preferred exceeding student. This implies that all
the combs in C.(t%) are not violated since such combs are composed by ¢. + t* teeth. Hence,
X* is a stable matching with a better objective for the students than the student-optimal stable

matching.
O

PROOF. Proof of Theorem 4.3.9.

We start this proof by showing that for each school ¢ € block(x*), Steps 3-19 of Algorithm 3
provide the comb solving Formulation (4.3.8) in O(n - q).

First, let us observe that the search for the least valued comb in C.(t}) terminates in a finite
number of steps because the preference list . is finite. At the beginning of every cycle in Step 6,
we select a student s’. By the end of the (q.+ t%)-th iteration, the comb C'is the smallest valued
comb in C,(t%) with a base preferred at least as s’ (i.e., the student at the base of the comb
is ranked equal or less than s’). If we prove this statement, we prove that the algorithm solves
Formulation (4.3.8) for c.

Base: At the (q. + t})-th iteration, we create comb C' at Step 11. The base of comb C'is
the student s’ that is ranked ¢. + t; by ¢, and the bases of the other ¢. + t; — 1 teeth are the
students preferred more than s’. Since this comb is the only possible that we can create with a
base preferred more or equal than &', it is also the least valued comb possible.

Inductive step: The inductive hypothesis states that at the end of iteration [ > ¢.+t7, after
selecting student s’, the selected comb C' is the comb with the lowest value among all combs
with a base student preferred equal to or more than s’. We want to prove that at the end of step
[ + 1, the algorithm selects the comb with lowest value among all combs with a base student
ranked less or equal than (I + 1). Let s’ be the student ranked [ + 1 and let s* be the student
in 7 with the highest valued T~. We need to verify if adding 7~ (s’,c) to 7 may produce a
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comb of smaller value than the one recorded. If T~ (s',c) > T~ (s*,c), then adding s’ in 7 would
produce a comb with equal or higher value. Otherwise, T~ (s',c) < T~ (s*,c), and adding 's in T
may provide a better comb. If T~ (s',c) < T~ (s*,c), then we create a new comb C’ with base in
(s',c) and teeth in T \ {s*}. Any other choice of teeth is sub-optimal for the base (s',c) since
they are the least valued g. + t; teeth among those in the first [ 4 1 positions. If the new comb
C’ has value smaller than the comb C', then we have found the best comb among those with
base ranked at most [ + 1.

If s’ is the least preferred exceeding student, then all the combs with base s’ are valued at
least g.+ 17 since c is a fully subscribed school. Hence, any comb that may be selected with such
a base would not be violated, and we can terminate our search.

To establish the correctness of Algorithm 3, it remains to show that it determines the violated
combs (if any) that eliminate the input solution. First, the algorithm terminates in a finite number
of steps because |block(x*)| < |C| = m and | >=. | < |S| = n. Second, by Lemma 4.3.8 we
only need to focus our attention on the fully-subscribed schools in block(x*). Thus, Algorithm 3
returns the most violated comb constraint for those schools.

Running-time analysis. The procedure for finding s takes at most n operations. The inner for
loop (Step 6) takes at most n rounds and the most expensive computation within it is placing
s" in T to maintain the list 7 is descending order according to the values vs.. Note that this
task can be performed by comparing s’ with at most each element in 7T, i.e., in a number of
operations equal to |T| = ¢. + t5. Hence, the number of elementary operations for finding the
most violated comb of school ¢ is at most O(n - (g. + t7)). To conclude, we observe that, in
Algorithm 3, the computation of block(x*) at Step 2 can take at most O(m - n) time, i.e., the
running time of the Deferred Acceptance algorithm. Moreover, as proved above, finding the least
valued comb of a school in block(x*) can take at most O(n - (g.+t})) time. Hence, Algorithm 3

can take at most O(m - n - q) time, where ¢ = I ){qc + 5}
ceblock(x*

O

4.7.4. Properties of the Mechanism

4.7.4.1. Cardinality. A crucial aspect of the solutions of Formulation 4.3.2 is that they largely
depend on the value of 7, i.e., the penalty for having unassigned students. \We emphasize that
rsg does not indicate the position of () in the ranking of s over schools, but a penalty value
for being unassigned. One could expect that for larger penalty values, the optimal solution will
prioritize access by matching initially unassigned students and increasing the cardinality of the
match. In contrast, for smaller penalty values, the focus will be on the improvement of previously
assigned students by prioritizing chains of improvement that result in multiple students obtaining a
better assignment than the initial matching with no extra capacities. In Theorems 4.7.3 and 4.7.4

we formalize this intuition.
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Theorem 4.7.3. There is a sufficiently small and finite r, 4 for all s € S such that the optimal

solution of Formulation (4.3.2) returns a minimum cardinality student-optimal stable matching.

PROOF. Let u° be the student-optimal assignment when there is no budget, and let M (u) =
{s € S : u(s) € C} be the set of students assigned in match p. In addition, let r,9 = ry =
|S|- (1 —&), where £ = maxses {|>s|} is the maximum length of a list of preferences among all
students.

Let p* be the optimal allocation implied by the optimal solution of the problem (x*,t*)
considering a budget B and the aforementioned penalties. To find a contradiction, suppose that
there exists an alternative match ' that uses the entire budget B and that satisfies |M (u*)| >
|M(1/)]. Without loss of generality, suppose that |M(u*)| = |M(p')| + 1. We know that
M(p®) € M(p*) and M(u®) € M ('), since no student who was initially assigned can result
unassigned when capacities are expanded. Then, the difference in objective function between y*
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and 4/ can be written as:

A= Z Ts,ec — Z Ts.c

(s,c)ep* (s,c)en!

since both terms are negative as |M(u

= Yo Teur(s) ~ Taw(s)
s€(M ()M ()
Y Teu) T Tt D Tep = Teu(s)
sEM (p*)\M (u') sEM (W)\M (p*)
+ Z Ts,0 —Ts0
SeS\(M(m)UM (1))
= Yo Teurs) — Ts(s)
S€(M ()M ()
) Teue) — Tt DL Tep = Teu(s)
sEM (p*)\M (1) sEM (' )\ M (u*)
> > (T—1~1,)
s€(M(p*)NM (u'))
+ Z 1— Ts,0 + Z Tsp — |>_s|
SEM(ENM () SEM(INM (1*)
> [(M(p") "M ()] - (1 =€)
+ M (") \ M ()] - (1 =) 4+ [M (') \ M(p*)] - (rg — &)
= [(M ()N M) - (1= &) 4+ (|M(p')\ M(p)|+1) - (1 —rp)
+ M (') \ M ()| - (g — &)
> (M=) M) - (1 =)+ (M) \ Mp)])-(1—=&) =79
= (IM (") N M) + M (p') \ M(p")]) - (1 =&) =7y
= (IM(p") "M ') 4 IM(p")\ M(p)]) - (1= &) = [S]- (1 =§)
= (IM () N M) + M (') \ M(p")| = |S]) - (1 =€)
>0

)M+ M (') \ M (p

(4.7.1)

Il < [S[and 1 < €.

Hence, we obtain that A > 0, which implies that the objective function evaluated at y/ is strictly

less than the objective function evaluated at p*, which contradicts the optimality of x*. Finally,

note that this derivation holds for any set of penalties such that 7,y < 7y, and it also holds for the

case when the clearinghouse can decide not to allocate all the budget (as long as this condition

applies for both p* and 1), so we conclude.

O

Note that the penalty used in the proof is negative. A negative penalty can be interpreted

as the policymaker willingness to allocate extra capacities to improve the assignment of students

already in the system, for example, when merit scholarships are awarded to students who already

have a secured position.
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By the stability constraints, every student that is initially assigned (i.e., when B = 0) should
be weakly better off when capacities are expanded. Hence, one may think that the minimum
cardinality student-optimal stable matching is the one that is optimal for this subset of students.
However, as we show in the Example 4.8.2 in Appendix 4.8, this is not the case.

On the other hand, in Theorem 4.7.4, we show that if the penalty values are sufficiently large,

then the optimal solution will prioritize access by obtaining a student-optimal stable matching of
maximum cardinality.

Theorem 4.7.4. There is a sufficiently large and finite 7, for all s € S such that the optimal

solution of Formulation (4.3.2) returns a maximum cardinality student-optimal stable-matching.

PROOF. Let u* be the stable-matching corresponding to the solution (x*,t*). To find a con-
tradiction, suppose there exists another stable matching ' that has a higher cardinality, i.e.,
seS : py(s)=0] <|se€S : p*(s) =10|; we also assume that r;p = 7 for all s € S, where
T > > .cs|>s|- By optimality of (x*,t*), we know that

D Taur(e) < D Tag(s):

seS seS

On the other hand, we know that

Do Tours) T X Tsw(s) = D Tswrs) ™ D, Tswt D, Tsp— D, Tsg

s€S seS s€S:u*(s)eC se8:u/(s)eC SES:p*(s)=0 SES:p/ (s)=0
= D Tew® T 2L Tawl
s€S:u*(s)eC seS:u/ (s)eC

+r-(lseS : u(s)=00—|seS : p(s) =10
> =3 =g+ 7-[|lse€S @i (s)=0|—|seS : p(s) =10
seS
> 0.
(4.7.2)

The first equality follows from 7,9 = 7 for all s € §. The first inequality follows from the fact
that, given a student s that is assigned, the maximum improvement is to move from their last
preference, |>-,|, to their top preference, and therefore 7 (s — rouw(s) > 1 — |>=s| > —[>].
Then, we have that 3 cs. .« (s)ec Tspur(s) = Losesiu(s)ec Tsar(s) = — 2oses |=s|.- Finally, the last
inequality follows from the fact that

s€S : p(s) =0 —[s€S : p(s)=0[=>1
and that 7 is arbitrarily large. As a result, we obtain that

D Tour(s) = D Tsu(s) > 0,

seS seS

which contradicts the optimality of (x*,t*). O
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4.7.4.2. Incentives. It is direct from [144] that our mechanism is not strategy-proof for
schools. In Proposition 4.7.5, we show that if the budget is positive and students know about it,
then the mechanism that assigns students to schools and jointly allocates extra capacities is not
strategy-proof for students.

Proposition 4.7.5. The mechanism is not strategy-proof for students.

ProOF. Consider an instance with five students and five schools, each with capacity one. In
addition, suppose that B = 1 and that the preferences and priorities are:

S1:€C = ... Cl: 81 >~83 ...
Sg i Cy > ... Co:S9g > 83 7™ ...
S3:1C1 = Cy > C3 > ... C3:83 7~ ...
spid— . R
Sy i€y Cy Cht Sy ...
where the “..."represent an arbitrary completion of the preferences. If agents are truthful, the

optimal allocation is to assign the extra seat to school ¢;, which will admit student s3; thus, the
final matching would be {(s1,¢1), (s2,¢2), (s3,¢1), (87, ¢}), (85, ch)}. If student s, misreports her
preferences by reporting

Sy 1l 0 = cy >y = s,

the extra seat would be allocated to ¢} and s, would get her favorite school. U

Despite this negative result, in the next proposition we show that our mechanism is strategy-
proof in the large.

Proposition 4.7.6. The mechanism is strategy-proof in the large.

PROOF. In an extension of their Theorem 1, [24] show that a sufficient condition for a semi-
anonymous mechanism to be strategy-proof in the large is envy-freeness but for ties (EF-TB),
which requires that no student envies another student with a strictly worse lottery number. Hence,
it is enough to show that our mechanism satisfies these two properties, i.e., semi-anonymity and
EF-TB.

Semi-anonimity. As defined in [24], a mechanism is semi-anonymous if the set of students can
be partitioned in a set of groups G'. Within each group g € GG, each student belongs to a type ¢;
we denote by T}, the finite set of types that limits the actions of the students to the space A,. In
our school choice setting, the groups are the set of students belonging to the same priority group
(e.g., students with siblings, students with parents working at the school, etc.), the types are
defined by the students’ preferences ., and the actions are the lists of preferences that students

can submit. Then, two students s and s’ that belong to the same group g and share the same
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type t € T, have exactly the same preferences and priorities and differ only their specific position
in the schools’ lists, which can be captured through their lottery numbers I,, 1, € [0,1].% Note
that G is finite because the number of priority groups is finite in most applications.3® Moreover,
since the number of schools is finite, we know that the number of possible preference lists >, is
finite and, thus, the number of types within each group is finite. Hence, we conclude that our
mechanism is semi-anonymous.

EF-TB. Given a market with n students, a direct mechanism is a function ®" : 7™ — A(CU{0})"
that receives a vector of types T' (the application list of each student) and returns a (potentially
randomized) feasible allocation. In addition, let u;(¢) be the utility that a student with type
t € Ty, g € G gets from the lottery over assignments ¢ € A(C'U{0}) (note that, by assumption,
two students belonging to the same type have exactly the same preferences and, thus, get the
same utility in each school ¢ € C U {0}). Then, a semi-anonymous mechanism is envy-free but
for tie-breaking if for each n there exists a function 2™ : (T x [0,1])™ — A(C U {0})" such that

(I)ﬂ(t) :/ JE"(t,I),dI
1€[0,1]™
and, for all 4,7,n,t and I with [; > [;, and if ¢; and t; belong to the same type, then
uy, [z ()] > [x’;(t,l)} )

In words, to show that our mechanism is EF-TB we need to show that whenever two students
belong to the same group and one of them has a higher lottery, then the assignment of the latter
cannot be worse that that of the former. This follows directly from the stability constraints, since
for any budget allocation, we know that the resulting assignment must be stable. As a result,
for any budget allocation, we know that given two students s,s’ that belong to the same type,
the resulting assignment p satisfies p(s) =5 u(s’) if s =. s’ for all ¢ € C. Then, it is direct
that we, [27(t )] > uy, [27(t,1)], for whatever function z that captures our mechanism. Thus, we
conclude that our mechanism is semi-anonymous and EF-TB, and therefore it is strategy-proof
in the large. U

4.7.4.3. Monotonicity. Suppose there are n students and n schools, each with capacity ¢. = 1,
and a total budget B = 1. For each student s, with £ € {5,...,n}, we assume that their
preferences are given by c¢;_1 >, cx =5, 0, and we assume that the priorities at school ¢, are
S4 ¢y, -+ e, Sn e, O for all k > 4. In addition, we assume that the preferences and priorities

of the other agents are:
s1:¢1>=c3>10 c1: 81530

29| other words, any ordering of students =, in a given school ¢ can be captured by s =, s’ < [, > [, for any
two students s,s” belonging to the same group g € G. Note that, for simplicity, we are implicitly assuming that
ties within a group are broken using a single tie-breaker; this argument can be extended to multiple tie-breaking.
30| the Chilean school choice setting, there are 5 priority groups: Students with siblings, students with working
parents at the school, students who are former students, regular students and disadvantaged students.
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S9 iy >=c3 >0 Cy: 89530
S3:01 > Cy >0 c3: 81> 89 >0

S4ZC4>‘®

It is easy to see that (when B = 0) u® = {(s1,¢1), (s2,2), (83,0), (84,¢4),- -, (Sn,cn)}. In
addition, if the penalty for having student s is sufficiently high (specifically, rs, 9 > n —5), then
the optimal budget allocation is to add one seat to school ¢;, so that the resulting match is
= {(s1,c1), (s2,¢2), (83,¢1), (84,¢4)5 - - -, (Sn,cn)}. As a result, student s3 is now assigned to
their top preference.

Next, suppose that student s3 improves her lottery/score in school ¢y, so that
now cy's priorities are ¢, : s3 = sy = (. As a result, the initial assignment is
p® = {(s1,c1),(s2,¢3),(83,¢2), (S4,¢4)s -, (Sn,cn)}.  In addition, note that (omitted
allocations are clearly dominated):

o If ., = 1, then both sy and s3 improve their assignment, and thus the change in the
objective function is —2 (both students move from their second to their top preference).

o If t., =1, then only sy improves their assignment, and thus the change in the objective
function is —1.

e If t., = 1, then a chain of improvements going from student s; to s, starts, with each
of these students getting assigned to their top preference. As a result, the change in the
objective function is —(n — 4).

As a result, if n > 6, it would be optimal to assign the extra seat to school ¢4, and the resulting
assignment would be p!t = {(s1,¢1), (89, ¢3), (83,¢2), (84,¢4), (85,¢4), .-, (Sn,cn_1)}. Note that
student s3 is worse off in u!! than in p!, since she is now assigned to her second preference
compared to the top one when her priority in school ¢y was lower.

4.7.5. Complexity

In Chapter 3, we analyze the complexity of Problem (4.3.2) and we prove that it is NP-hard
even when the preference lists of the students are complete, i.e., when students apply to all the
schools. In this context, a possible approach is to design an approximation algorithm for this
problem. Note that for a fixed t € Zfr, the value

ft) = mﬂm{ > 7Tyt pis a stable matching in instance Ft} (4.7.4)

(s,0)€n
can be computed in polynomial time by using the DA algorithm on instance I'y. Therefore, one
might be tempted to show that f is a lattice submodular function due to the existence of known
approximation algorithms (see, e.g., [142]). As we show in the following result, f is neither

lattice submodular nor supermodular.
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Proposition 4.7.7. The function f(t) defined in Expression (4.7.4) is neither lattice submodular

nor supermodular.

PROOF. Let us recall the definition of lattice submodularity. A function f : Z& — R, is said
to be lattice submodular if f(t vV t') + f(t At/) < f(t) + f(t') for any t.t' € ZS, where
t VvVt := max{t,t'} and t At’ := min{t,t'} component-wise. Function f is lattice supermodular

if, and only if, —f is lattice submodular. Now, let us recall Expression (4.7.4)

flt) = min{ Z Tsc: [t is a stable matching in instance Ft} )
(s,0)ep

First, we show that f is not lattice submodular. Consider a set S = {s1, 9, $3, 54} of students

and a set C = {cy, 9, 3, ¢4, 5} of schools. The preference lists are as follows

S1:CL=Cy > ... Cl1:81 =82 ...
SgiCy > C3 7 ... Co:So > 83 > ...
S3:Cy = C5 = Cq > ... C3:S9 7> 81~ ...
S4:C5 > ... Cqy:83 7 Sq4 7 ...

C5:84 7> 837 ...

School ¢; has capacity 0 and the other schools have capacity 1. We choose the following two
allocations: t = (1,0,0,0,0) and t’ = (0,1,0,0,0). Therefore, we obtain

fevt)+ fient’) = £(1,1,0,0,0) + £(0,0,0,0,0) =4 >3=2+1= f(t) + f(t).

Second, we show that f is not lattice supermodular. Consider a set S = {s1, s9, 53} of

students and a set C = {c1, ¢o, c3, ¢4, ¢5} of schools. The preference lists are as follows
S1:C1 = C3 ... Chi81 >S9 > ... for all h € {1,2,3}.
SgiCy > Cy ...
S3:C3 5 Cy = C5 > ...
SyicCs ...

Schools ¢; and ¢y have capacity 0 and the other schools have capacity 1. We choose the
following two allocations: t = (1,0,0,0,0) and t’ = (0,1,0,0,0). Therefore, we obtain

FEVE)+ FEAY) = £(1,1,0,0,0) + £(0,0,0,0,0) =4 <5 =342 = f(t) + f(t).
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4.8. Missing Examples
4.8.1. Multiple Optimal Solutions

Consider an instance with three schools C = {¢y, ¢2, c3}, four students S = {sy, S9, S3, 54},
and capacities ¢, = ¢, = 1, ¢, = 2. In addition, consider preferences given by:

C 181> Sg > 83> 84, VcEC
S1:C = Cy > C3
Sg i Cy > C1 > C3
83 :C1 > C3 >~ C2
Sq4 1 Co > C3 > C1.

Notice that, with no capacity expansion, the student-optimal stable matching is

= {(s1,¢1), (52, 2), (83, 3), (51, ¢3)}

which leads to a value of 6. On the other hand, if we have a budget B = 1, note that we can
allocate it to either ¢; and obtain the matching 1/ = {(s1,¢1), (S2,¢2), (83,¢1), (S4,¢3)}, or to
school ¢, and obtain the matching 1" = {(s1,¢1), (82, ¢2), (83, ¢3), (84,¢2)}. In both cases, one
student moves from their second choice to their top choice, and thus in both cases the sum of
preferences of assignment is 5. Hence, we conclude that this problem has more than one optimal

solution.

4.8.2. Minimum cardinality matching

Suppose there are n+2 students and n schools, each with capacity g. = 1, and a total budget
B = 2. For each student s; with k € {4,... ,n}, we assume that their preferences are given by
¢k >s, 0 >, ..., and we assume that the priorities at school ¢; are si, >, 0 >, ..., where the
>~ ... represent an arbitrary ordering of the missing agents after (). In addition, we assume that
the preferences and priorities of the other agents are:

spiep =0 ... CL: 81> Sy =8y =0 ...
Spici=cg=Co= 0= ... Coi Sg > So =830 ...
Sgicz=ca=0 ... C3: S3> S5 S3 =0 ...

SoiCp .= Cymcp =0

Syiez =0 = ...

In this case, the only option is to allocate the budget between schools ¢; and c3, since allocating
the budget to the other schools (¢y or ¢, for k > 4) would have no effect. If B = 0, then the
student-optimal stable matching is u® = {(s1,¢1), (82,¢2), (83,¢3), (55,0), (s5,0)} U {(sk,ck) } -
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Note that the optimal allocation for the set of students initially matched (when B = 0) is to
allocate the two extra seats to school ¢;.

o If t., = 2, then both students s, and s/, get assigned to c¢;, and thus the change among
initially assigned students is —2 (as student s, moves from their third to their top pref-
erence).

o If t., =t., = 1, then student s}, and s, get assigned to ¢; and c3, respectively. Hence,
the change among initially assigned students is —1 (as student sy moves from their third
to their second preference).

o If t., = 2, then s, and s get assigned to c3. Hence, the change among initially assigned
students is —1 (as student s, moves from their third to their second preference).

Finally, if 759 = O for every student s, it is easy to see that an optimal solution is to assign both
additional seats to school c3, as the change in the objective function would be 0; in the other
two cases analysed above (i.e., at least one extra capacity is allocated to ¢;), the change in the
objective function would be at least n—2 as student s/, would be assigned to ¢; (c; is the n—2-th
preferred school of student s5). Hence, the optimal assignment is not the one that benefits the
most those students initially assigned in ;. Note that another optimal solution is to simply not
assign any of the additional seats, but this case is not interesting as it would lead to no gains
from the budget.

4.8.3. Inverse Inclusion in Theorem 4.3.4

The following example shows that the inverse inclusion of the statement in Theorem 4.3.4
does not necessarily hold. Let us consider the set of students S = {s1,52,53,54,55, S¢} and the

set of schools C = {¢y, 9, ¢3, ¢4 }. The rankings of the students are as follows:

S1:C3 > Cq 7 CL > C2 Cl1:81 7> S3 > S > S5 > Sg »~— S4
Sg i Co > Cl ™ Cq > C3 Co .84 7> S1 > Sg >~ S5 ™= So > S3
831 Co >~ C1L > Cq > C3 C3:S89 7> 81 > S5 > Sg ™~ S3 = S4
S4:ClL »=C3 = Co > Cy Cq:8¢ ™= S3 ™= Sg =S4 > S5 51

S5 1 C3 >~ CL ™ Cq > Co

Sg 1 C1 = C3 ™ Cq4 ™ Co.
Finally, schools’ capacities are ¢., = ¢, = 1 and ¢., = ¢q., = 2. Given that we have to
allocate optimally one extra position, the optimal solution for the relaxed aggregated linearization

IS Tsyes = 1, Tgpey = 1, Tgge; = 0.16, 2550, = 0.66, 25,0, = 0.5, T, = 0.16, 25,0, = 0.16, 25,0, =
0.83, Zsse, = 0.5, 54¢, = 0.33 and t = (0.16,0.83,0,0) with the cost equal to 1.33.
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On the other hand, the optimal solution for the relaxed non-aggregated linearization is x,., =
0.83,25,c, = 0.08,Z5,0, = 1,Z55¢, = 0.11, 25,0, = 0.66,24,., = 0.02,25,,, = 0.66, 25,0, =
0.16, Tgyey = 1, Ts4e, = 0.52, 2540, = 0.30 and t = (0.30,0.66, 0,0.03) with cost equal to 1.03.

4.8.4. Difference in the Sets of Fully-subscribed Schools

Let S = {s1, 52,53} be the set of students and let C = {cy, ¢, c3,c4} be set of schools;
every school has capacity 1. The preferences of the students are s; : ¢; = ¢4 = c3 = C3;
Sg 1€l = Cyg = C3 = C4q;, S3 . C4 = C1 = Co = c3, and the preferences of the schools are
C1:8S9 > S1 > 83, Cy: 8y > 81 > S3; C3: 81 > Sg > S3; C4 : S3 > S1 > Sg. |he optimal matching
with no stability constraints (i.e., 7 = 0)) and budget B =0, is«} . =1, 2}, ., =1, 25, . =1

and all other entries equal to zero. On the other side, the student-optimal stable matching is u* =

{(s2,¢1), (s1,¢3), (s3,c4)}. Note that the set of fully-subscribed schools is mutually not-inclusive.

4.8.5. Separation Algorithm: Example

Let T' = (S,C, >, q) be the instance of the school choice problem with & = {s1, $2, s3, 84, S5}
as the set of students and C = {¢y, 9, ¢3, ¢4, C5, ¢ } as the set of schools; every school has capacity
1. The preferences are

S1:1C1 > C4 = C3 > Co > ... Cl:89 > 8183 ...
SgiC1 = Cy=C3>=Cq > ... Co .89 = S1 > S8S3 ...
S3:Cq > C1 > C5 = Cg > ... C3:8] > S > 83> ...
S4:C5 = CL ™ Cq>=Cg ... Cqy:83 7> S4 7> S5 ...
S5 Cy = C5 = Cg = C1 ™ ... C5:84 7> 83> S5 > ...
Ce . S5 7™ ...
The “..." at the end of a preference list represent any possible strict ranking of the remaining

agents on the other side of the bipartition. The optimal solution of the main program with no

stability constraints (i.e., J = () and budget B = 1, is (x*,t*) with 2} . =1, 2}, ., = 1,
Toe = L a5, ., = 1, 25, .. =1, 15 = 1 and all other entries equal to zero. We take the

instance [y« (with the expanded capacities in accordance to t*) and the matching x* as the
input for Algorithm 3. At Step 1 we initialize the set of violated comb constraints 7’ to (. In
order to proceed, we need to compute the set block(x*). First, note that the student-optimal
stable matching of T'y« is u = {(s2,¢1), (51,¢3), (83,¢4), (85,¢4), (S4,¢5)}. Therefore, the set of
schools that are fully subscribed in both 1 and x* is {c1,c4,c5}. The only school that is fully
subscribed in both 1 and x* that has an exceeding student is ¢;. Hence, at Step 2, we select ¢;.

144



We initialize the empty list 7, and we select the least preferred student enrolled in ¢q, which is
s = s1. Note that ., [s1] = [s2,51]. The inner loop selects s, as the most preferred student.
At Step 7 we compute the value of T~ (s3,¢;), which is 0 (we set to 0 the value of an empty
T7). Then, at Step 9, we include s; in the teeth list, i.e., T = {s2}, which is composed of
only one student because 1 is the capacity of school ¢; in I'y«. Therefore, we can find the comb
C' with base (sg,c1) at Step 11.At the next iteration, we have that s’ = s; and we find that
s* is necessarily sy. The initial comb C' built at the previous iteration is composed only by the
tooth of (sg,¢1), i.e., C = T(s2,¢1) = {(s2,¢1)}. The value of C' in x* is 0. Since the value
of T~ (s1,¢1) is 0, the condition at Step 14 is false, meaning that it is not worth pursuing a
comb built with basis (s1,¢1). Therefore, the algorithm jumps to Step 20, where it finds that the
condition is satisfied since the value of C'is 0 and the capacity of ¢; is 1. Hence, at Step 21, we
add C' to the set of cuts to be added to the main program. Note that at this point Algorithm 3
terminates and returns to the main program the set of cuts 7' containing only the comb based
in (s2,c1). Interestingly, the next optimal solution of the main program is the optimal solution of

the problem.

4.8.6. Separation Algorithm: Counterexample for Baiou and Balinski

(2000)

In this counterexample, we show that Algorithm 4, the separation algorithm provided in [26],
does not find the most violated comb constraint as claimed in their Theorem 5.

Let T = (S,C, >,q) be the instance of the school choice problem with
S = {s1, 592,83, S4, S5, S¢, S7, 53 as the set of students and C = {cy,¢0,¢3,¢4,¢5,¢6,} as
the set of schools; schools ¢y, cg have capacity 2, while the others have capacity 1.

The preferences and priorities are given by:

81,82 1 Cg > C1 = Co = C3 > C4 ™ Cy C1:81 > 8y = 83> 84> S5 > Sg = Sy > Sg
83,84 :Cg > Co = C3 > C4q > C5 > C1 Co: 85> 8Sg ™= Sy =88 > 81 > So > 83 > S4
S5 :Cy > C3 7>~ Cqg > C5 > C1 > Cg C3:8¢ >~ S5 >~ S7 > 83> 81~ Sg > 83 > 54
Sg 1 C3 > Co >~ Cqg > C5 > C1 > Cg Cy:S7 7> 8Sg > S5 > Sg = S1 >~ Sg > S3 > S4
S7:1Cq4 ™ Co = C3 = C5 > C1 ™ Cg C5: 877> 8Sg ™ S5 > 83>~ 81 = Sg > S3 > S4
88 :C5 ™= Cy = C3 > Cq ™ C1 > Cg Ce:S1 > Sg ™= S3 > S84 > S5 > Sg = S7 > Sg

Let us consider the following optimal matching x* of the main program with no stability

constraints (i.e., J = () and budget B = 0: 2}, . =1, 2}, =1, 25, =1, 2%, . = 1,
Ty =1 T =1 2., =12, . =1 Notethatn =8 m=6, ¢=2.
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Algorithm 4 Separation algorithm from [26]

Input: An instance I' = (S,C, >, q), and a matching x*.
Output: A violated comb.
i+ 1 > index of the school
2: Q< 0 > The students that will make the comb
3: Assign ¢; — 1 elements of S to Q such that x*((Uy (¢}, 5))) < x*(Uery e, (¢, 87)), for
every s € Q, " € S\ Q
U+ S\ Q, and let s be ¢; least preferred applicant
If rank.,(s) < gq.,, go to Step 17 > rank.,(s) is the rank of s for ¢;
if s € Q then
§ = argmin s//GU{X*(ch>-S//ci(c;'a SH))}
U<+ U\{s}
Q« (Q\{shu{s}
10: else
11 U<« U\/{s}
12: C + S%ci,s) UT(c,8) U (UgreoT(ci,8"))
13: if x(C) < ¢; then
14: Return C'
15: else
16: Replace s by its immediate successor in ¢;'s preference list and go to Step 5
17: 1+ 1+1
18: if ¢ <|C| then
19: Go to Step 2
20: else
21: Return ()

© o Nk

If we use the separation algorithm provided by Baiou and Balinski [26], we search for a violated
comb from school ¢; to ¢5 and we find none. Finally, we check for violated combs in school cg,
and we find the comb C® with base (s3,c6) and teeth bases (s3,c5) and (s2,c6). Note that comb
C" has value 1 in x*. It took O(m - n?) operations to find it.

However, if we use our Algorithm 3, we have that the only school in block(x*) is c¢g. We
find the comb C' with base in (s3,c¢) and the other tooth in (s1,c6). Note that C has value 0 in
x* and it took O(m - n) operations to find it, which is the number of operations needed to find
block(x*).

Therefore, if we use the separation algorithm of Baiou and Balinski [26], we find a comb

which is not the most violated one.

4.9. Additional Background
4.9.1. The Deferred Acceptance Algorithm

In this section, we recall the Deferred Acceptance algorithm introduced in [67].
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INPUT: An instance I' = (S.C, >~,q).

OuTtpUT: Student-optimal matching.

Step 1: Each student starts by applying to her most preferred school.
Schools temporarily accept the most preferred applications
and reject the less preferred applications which exceed their
capacity.

Step 2: Each student s who has been rejected, proposes to her most
preferred school to which she has not applied yet; if she has
proposed to all schools, then she does not apply. If the capac-
ity of the school is not met, then her application is temporarily
accepted. Otherwise, if the school prefers her application to
one of a student s’ who was temporarily enrolled, s is tem-
porarily accepted and s’ is rejected. Vice-versa, if the school
prefers all the students temporarily enrolled to s, then s is
rejected.

Step 3: If all students are enrolled or have applied to all the schools
they rank, return the current matching. Otherwise, go to Step
2.

4.9.2. McCormick Linearization

In this section we describe the McCormick convex envelope used to obtain a linear relaxation
for bi-linear terms [109]; if one of the terms is binary, the linearization provides an equivalent
formulation. Consider a bi-linear term of the form z; - z; with the following bounds for the
variables x; and z;: I; < x; < w; and [; < x; < u;. Let us define y = x; - xj, m; = (x; — ;),
m; = (z; —1;), n; = (v; — x;) and n; = (u; — z;). Note that m; -m; > 0, from which we derive
the under-estimator y > x; - [; + x; - [; — [; - ;. Similarly, it holds that n; - n; > 0, from which
we derive the under-estimator y > x; - u; + x; - u; — u; - u;. Analogously, over-estimators of y
can be defined. Make o; = (u; — x;), 0; = (z; — ;), p; = (z; — ;) and p; = (u; — x;). From
0; - 0; > 0 we obtain the over-estimator y < x; - l; + x; - w; — u; - lj, and from p; - p; > 0 we
obtain the over-estimator y < x; - l; + x; - u; — u; - ;. The four inequalities provided by the over

and under estimators of y, define the McCormick convex (relaxation) envelope of z; - z;.

4.10. Other Formulations of the Capacity Expansion Prob-
lem

In this section we present the generalizations to Formulation (4.3.2) of two models of the

classic School Choice problem.
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The first model that we generalize was proposed in [53]. Let g¢(s) be the number of ranks

for student s € S,* ¢"(c) be the number of acceptable students for school ¢ € C and y?, a

binary variable that takes value 1 if student s is assigned to a school of rank at most &, and ",

an integer variable indicating how many students of rank at most k are assigned to school ¢, and

Z, a binary variable taking value 1 if school ¢ is fully-subscribed to students that rank at most

k — 1 and 0 otherwise:

Z Ts,c " Ts,e

(s,0)€E

min
x,t,y,z
h
s.t. ycgh(c) S qc —+ tc;
(ge +te)(1 — Z/gk) < Z/ng(c),

Z Lsec = ygh

ceEHT (s)

d _ .4
Z Ls,c + ys,kfl = Ysk>
ceH (s)

Z Lse = y?p

s€ST(c)

h _ . h
Z Ls,c + yc,kfl = Yek>
s€Sg (c)

Tse < 1= Zen(e)s

Zek 2 Zek—1,

1=z <yl

(Ge + 1) Zegh ()41 < ?/ggh(c)’

> < B,

ceC
heZ
Yek € +>

zs. € {0,1},
y;ik S {071}7
Zek € {0,1},

VeeC
Vse S k=1,...,9%5),c€ H(s)
Vse S

Vs €S, k=2,...,9%5)
VeeC

YeeCk=2,...,9"(c)

V(s,c) € €

VeeCok=2,...,g"(c)+1
VeeCk=2,...,9"(c)+ 1,5 € Si_(c)
VeelC

VeeCk=1,...,9"(c)
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(4.10.1)

(4.10.2)
(4.10.3)
(4.10.4)

(4.10.5)
(4.10.6)
(4.10.7)

(4.10.8)
(4.10.9)
(4.10.10)
(4.10.11)
(4.10.12)

4.10.13
4.10.14
4.10.15

(
(
(
(4.10.16

)
)
)
)

where 7. is the rank of student s for school ¢, H; (s) is the set of schools acceptable

for student s with rank k& and S (c) is the set of students acceptable for school ¢ with rank

k. Constraints (4.10.2) ensure that each school does not have assigned more students than its

capacity. Constraints (4.10.3) ensure that if student s is assigned to a school with rank superior
to k, then it must be because school ¢ has its quota satisfied. Constraints (4.10.4)- (4.10.7)

31 d

9%(s) is the cardinality of the set of schools that student s deems acceptable.
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establish the meaning of the y variables. In [53], it is discussed that it is not worth to merge
constraints (4.10.13) if there are no ties on the schools’ side, i.e., |H; (s)] = 1, in order to
improve the models’ relaxation.

The second model that we generalize was introduced by Agoston et al. [157]. The authors
propose a binary and continuous cutoff score formulations which they claim to be similar to the
integer programs in [53].

Let z. be a non-negative variable denoting the cutoff score of school ¢. The next formulation
is based on the fact that a student-optimal envy-free matching is equivalent to a student-optimal
stable matching:

xrilifrlz Z Tsc® Tse (4.10.17)
Y (s,0)€€
st ze < (1—xse) (|S]+1) + wse, V (s,c) € € (4.10.18)
Wse + € < 2.+ ( > :cs,k) ~(IS]+1), V(s,c) € € (4.10.19)
k:k>sc
ferlgett) < Y e VeeC (4.10.20)
s€S8:(s,c)EE
2 < LS|+ 1), VeecC (4.10.21)
Y re=1, VseS (4.10.22)
c:(s,c)€E
> wge < qo+te, Veel (4.10.23)
seS
> te<B, (4.10.24)
ceC
T le € Ly, Vs e §S,VeeC (4.10.25)
2. >0 Veel (4.10.26)
fo € {0,1} Veel. (4.10.27)

Constraints (4.10.18) imply that if a student s is matched with school ¢, then her score has
reached the cutoff score; we can establish wy, = |S| — r.s where r. is the rank of student s in
the list of school ¢. Constraints (4.10.19) ensure the envy-freeness, i.e., if student s is admitted
to school ¢ or to any better according to her preference, then it must be the case that she has not
reached the cutoff at school c. To complete the notion of stability it is needed to include non-
wastefulness (no blocking with empty seats); they do so in constraints (4.10.20) and (4.10.21),
where the authors include a binary variable f, indicating whether school ¢ rejects any student in

the solution. A binary cutoff score formulation is also provided in their paper.
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4.11. Initialization Details of the Cutting-plane Method

In Algorithm 2, the initialization of 7 at Step 1 affects critically the gap at the root node of
the Branch-and-Bound algorithm. There are several ways in which we can improve the Algorithm
at this step.

In our formulation, we improve the root node gap by adding the two following kinds of

constraints:

e The comb constraints (4.3.7b) for the capacity vector t = 0. Since the allocation of
extra capacities weakly improves the matching for every student, it is valid to add stability
constraints for the zero expansion. The main problem can be initialized with any subset of
comb constraints 7. For this numerical study, we define J as the set of comb constraints
derived from the student-optimal stable matching obtained when B = 0, which can be
efficiently obtained using DA. Specifically, let ;¥ be the student-optimal stable matching
when B = 0, and let ;%(c) be the lowest priority student admitted to school ¢ (according
to =.). Then, for each school ¢ such that |°(c)| = g., we add to J the comb constraint
involving Ce. = S,0(¢).c U Ugp0(6)=¢ T o

e The relaxed stability constraints of Formulation (4.10.1).

4.12. Heuristics

In this section, we present two natural methods: (i) a greedy approach (Grdy), and (ii) an
LP-based heuristic (LPH). These two heuristics rely on the computation of a student-optimal
stable matching, which can be done in polynomial time using the DA algorithm. The description
of DA in Appendix 4.9.1.

Greedy Approach. In Grdy, we explore the fact that the objective function is decreasing in t and
iteratively assign an extra seat to the school leading to the greatest reduction in the objective.
More precisely, Grdy performs B sequential iterations. At each iteration, we evaluate the objective
function for each possible allocation of one extra seat using DA. Then, the school leading to the
lowest objective receives that extra seat. At the end of this procedure, B extra seats are allocated.

In Algorithm 5, we formalize our Greedy heuristic.

Algorithm 5 Grdy

Input: An instance I' = (S,C, ,q) and a budget B.
Output: A feasible allocation t and a stable matching p in the expanded instance I'y.
1: Initialize t <~ 0
2: while Y .-t. < B do
3: ¢ €argmin{f(t+1.): c€C}, where f is defined as in Expression (4.7.4)
4
5

t«+—t+ 10*
c return t and p
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In the algorithm above, 1, € {0,1}¢ denotes the indicator vector whose value is 1 in compo-
nent ¢ € C and 0 otherwise. Recall that, for a given t, f(-) can be evaluated in polynomial time
using the DA algorithm.

LP-based Heuristic. If we relax the stability constraints, Formulation 4.3.2 can be formulated as
a minimum-cost flow problem whose polytope has integer vertices. Once we enrich this problem
with the expansion of capacities, the integrality of the vertices is preserved. Hence, LPH starts
by solving the linear program that minimizes Objective (4.3.3a), restricted to the set P. As a
result, we obtain an allocation of extra seats and an assignment that is not necessarily stable —
recall that P is the space of fractional (potentially non-stable) matchings. Then, using the DA
algorithm, we compute the student-optimal stable matching in the new instance that considers
the capacity expansion obtained by the linear program. In Algorithm 6, we formalize the LPH

heuristic.

Algorithm 6 LPH

Input: Aninstance I' = (S,C, >, q) and a B.

Output: A feasible allocation t and a stable matching p in the expanded instance T'y.
1. Obtain (x*,t*) € argmin {Z(&C)eg Tse Tse: (Xt) € 73}
2: Compute stable matching p in instance 'y« using the DA algorithm
3: return t* and p

4.13. Model Extensions

Our model can be easily extended to capture several relevant variants of the problem. In what
follows we name some direct extensions:

e Adding budget: If there is a unit-cost p. of increasing the capacity of school ¢, we can
add an additional budget constraint of the form

D tepe < B

ceC
keeping all the other elements of the model unchanged. This extension could be used to
allocate tuition waivers or other sort of scholarships that are school dependent.

e Different levels of granularity: Schools may not be free to expand their capacities by
any value in {1,..., B}. This limitation can be easily incorporated into our model by
considering the unary expansion of the variables t. for ¢ € C, as we did in BB-cAP.
Specifically, let 4* = 1 if the capacity of school ¢ is expanded in k seats, and y* = 0
otherwise. Then, we know that ZE:O k - y’g’ = t,, and we must add the constraint that
S P ,y¥ =1 for each c € C. If the capacity of school ¢ can only be expanded by values in
a subset B’ C B, we can enforce this by adding the constraints y* = 0 for all k € B\ B’.

This could also be captured using knapsack constraints.
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e Adding secured enrollment: The Chilean system guarantees that students that are cur-
rently enrolled and apply to switch will be assigned to their current school if they are not
assigned to a more preferred one. This can be easily captured in our setting by introduc-
ing a parameter m, ., which is equal to 1 if student s is currently enrolled in school c,
and 0 otherwise, and defining M = {s € S : m;. = 1 for some ¢ € C}. Then, we would
only have to update a couple of constraints:

sz,c'(l_ms,C)SQC'}_tca \V/CGC,

SES

(4.13.1)
szyczl, VseM.

ceC
The first constraint ensures that students currently enrolled do not count towards the
capacity of the school they are currently enrolled. The second constraint ensures that
all students that are currently enrolled are assigned to some schools (potentially, to the
same school they are currently enrolled).

e Room assignment: Schools report the number of vacancies they have for each level.
This decision depends on the classrooms they have and their capacity. However, schools
decide (before the assignment) what level goes in each classroom, and this determines
the number of reported vacancies for that level. This may introduce some inefficiencies,
since some levels may be more demanded, and thus assigning a larger classroom may
benefit both students in that school but also in others.

e Quota assignment: Many school choice systems have different quotas to serve under-
represented students or special groups. For instance, in Chile there are quotas for low-
income students (15% of total seats), for students with disabilities or special needs, and for
students with high-academic performance. Moreover, some of these quotas may overlap,
i.e., some students may be eligible for multiple quotas, and in most cases students count
in only one of them. The number of seats available for each quota are pre-defined by
each school, and schools have some freedom to define these quotas. Hence, our problem
could be adapted to help schools define what is the best allocation of seats to quotas in
order to improve students’ welfare.
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Prologue: Often, in the real world, when a group of siblings applies for school admission, their
priorities are updated as part of a pre-processing routine before these new priorities are included
in the input of the matching mechanism. In this chapter, we address the problem of updating
dynamically the priorities of siblings inside the mechanism, with the goal of matching them to

the same school (Question 7).
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RESUME. Nous étudions le probléeme de la recherche d'un appariement stable dans le cadre
de priorités dynamiques, ol la chambre de compensation donne la priorité a certains agents en
fonction de I'allocation d'autres agents, et nous utilisons le choix de I'école comme exemple
motivant. Pour ce faire, nous introduisons un modeéle stylisé de marché d’appariement biparti
avec priorité aux familles. Nous soutenons que la notion standard de stabilité ne s'applique pas
en présence de priorités dynamiques. Pour ce faire, et motivés par la pratique, nous définissons
plusieurs hypotheses sur les préférences des familles et les priorités, nous introduisons différentes
notions de stabilité en présence de priorités dynamiques et nous montrons qu'un appariement
stable dans ces conditions peut ne pas exister. Du c6té positif, nous montrons que de tels
appariements existent si les familles préférent strictement que leurs membres restent ensemble
dans deux situations importantes : (i) lorsque les familles sont au maximum de deux personnes, et
(i) lorsqu'il n'y a qu'un seul niveau scolaire. En outre, nous concevons un mécanisme permettant
de trouver de telles affectations stables en temps polynomial. Enfin, nous montrons que le
probleme de la recherche d'un appariement stable sous des priorités dynamiques de cardinalité
maximale est NP-difficile.

Mots clés : Appariement stable, choix de I'école, familles, priorités dynamiques

ABSTRACT. We study the problem of finding a stable matching under dynamic priorities,
whereby the clearinghouse prioritizes some agents based on the allocation of others, and we use
school choice as a motivating example. To accomplish this, we introduce a stylized model of a
two-sided matching market with siblings' priority. We argue that the standard notion of stability
does not apply in the presence of dynamic priorities. To address this, and motivated by practice,
we define several assumptions on families' preferences and siblings’ priorities, introduce different
notions of stability under dynamic priorities, and show that a stable matching under these settings
may not exist. On the positive side, we show that such matchings exist if families strictly prefer
their members to remain together in two important settings: (i) when families are of size at
most two, and (ii) when there is a single grade level. In addition, we devise a mechanism to find
such stable assignments in polynomial time. Finally, we show that the problem of finding the
stable matching under dynamic priorities of maximum cardinality is NP-hard.

Keywords: Stable matching, school choice, families, dynamic priorities

5.1. Introduction

The theory of two-sided many-to-one matching markets, introduced by Gale and Shapley [67],

provides a framework for solving many large-scale real-life assignment problems. Examples include
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entry-level labor markets for doctors and teachers, education markets from daycare, school choice
and college admissions, and other applications such as refugee resettlement. A common feature in
many of these markets is the use of mechanisms that find a stable assignment, as this guarantees
that no coalition of agents has incentives to circumvent the match.

In many of these markets, the clearinghouse may be interested in finding a stable allocation,
while individual agents may care about their assignment and that of other agents. For instance,
in the hospital-resident problem, couples jointly participate and must coordinate to find two
positions that complement each other. In school choice, students may prefer to be assigned with
their siblings or neighbors. In refugee resettlement, agencies may prioritize allocating families
with similar backgrounds (e.g., from the same region or speaking the same language) to the
same cities.

One approach to accommodate these joint preferences is to provide priorities contingent on
the assignment. For instance, many school choice systems (including NYC, New Haven, Denver,
Chile, etc.) consider sibling priorities, by which students get prioritized in schools where they
have a sibling currently assigned or enrolled. Similarly, in refugee resettlement, families may get
higher priority in localities where they have relatives based on family reunification. However, most
clearinghouses assume that priorities are fixed and known before the assignment process and, thus,
cannot accommodate settings in which priorities depend on the current assignment. Similarly,
most definitions of stability and justified-envy assume that priorities are fixed and known, and
thus, also fail to capture the aforementioned setting.

In this paper, we study the problem of finding a stable matching under dynamic priorities,
i.e., when priorities are updated based on the current assignment, and we use school choice
with siblings as a motivating example. To accomplish this, we first introduce a stylized model
where students belong to (potentially different) grade levels and may have siblings applying to
the system (potentially in different levels). On the one hand, each family reports preferences
over the assignment of their members while, on the other hand, schools prioritize students with
siblings already enrolled or currently assigned, and break ties among students in the same priority
group (with or without siblings) using a random tie-breaker.

Motivated by the Chilean school choice system, we distinguish two types of sibling priority:
(i) static, whereby students who have a sibling currently enrolled but not participating in the
admission process get prioritized; and (ii) dynamic, whereby students with a sibling who is also
participating in the admission process and is currently assigned get prioritized. Notably, dynamic
priorities depend on the current assignment and, thus, must be granted and updated simultane-
ously while solving the allocation task. This simultaneity introduces a series of challenges, and
the standard notion of justified envy no longer applies.

To overcome these challenges, we start by simplifying the space of families’ preferences and
introducing several assumptions that limit how dynamic priorities work. Specifically, we present

the concepts of absolute/partial and dependent/independent justified envy to break ties across
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and within priority groups. Based on these definitions, we introduce several notions of stability
and show that a stable matching may not exist. Nevertheless, we show that a stable matching
under dynamic priorities exists if families strictly prefer that their siblings are assigned together
and either (i) families have at most two members participating in the admission process or (ii)
there is a single grade level. Moreover, we introduce a new family of mechanisms that find such a
stable matching. Finally, we discuss other properties of the mechanism, and we show that finding
a maximum cardinality stable matching under dynamic priorities is NP-hard.

Our work contributes to the literature in several ways. To the best of our knowledge, this is
the first work to formalize different types of siblings’ priorities and also the first to introduce the
idea of dynamic priorities. Consequently, we introduce a novel notion of stability under dynamic
priorities, where these are contingent on the matching. We also provide the first complexity results
for a stable matching problem with dynamic priorities. Although we focus on school choice as
a motivating example, our results and insights may deem helpful in the design of matching
mechanisms where priorities depend on the assignment of others, such as in daycare assignments,

college admissions, refugee resettlement, among others.
5.1.1. Organization

The remainder of this chapter is organized as follows. In Section 5.2, we discuss the relevant
literature. In Section 5.3, we introduce our model. In Section 5.4, we study the existence of a
stable assignment under dynamic priorities. In Section 5.5, we study the complexity of finding
a maximum cardinality stable matching under dynamic priorities. Finally, in Section 5.6 we

conclude.

5.2. Literature Review

Our paper draws from various threads of existing literature. In Section 5.2.1, we delve into
the primary stream of research within the stable matching with complementarities field. Follow-
ing that, in Section 5.2.2, we outline the placement of our contribution within this academic
landscape.

5.2.1. General Context

Matching with families. A recent strand of the literature has extended the classic school choice
model [8] to incorporate families. Dur et al. [57] consider a setting where siblings report the
same preferences, and assignments are feasible if and only if all family members are assigned to
the same school (or all of them are unassigned). The authors argue that justified envy is not an
adequate criterion for the problem. Thus, they propose a new solution concept (suitability), show
that a suitable matching always exists, and introduce a new family of strategy-proof mechanisms

that finds a suitable matching. Correa et al. [50] also consider a model with siblings applying to
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potentially different grades, but assume that each sibling submits their own (potentially different)
preference list. In addition, the authors assume that the clearinghouse aims to prioritize the
joint assignment of siblings, but they model it as a soft requirement, i.e., an assignment may be
feasible even if siblings are not assigned to the same school. To prioritize the joint assignment
of siblings, Correa et al. [50] introduce (i) the use of lotteries at the family level; (ii) a heuristic
that processes grades sequentially in decreasing order, updating priorities in each step to capture
siblings’ priorities that result from the assignment of higher grades; and (jii) the option for families
to report that they prefer their siblings to be assigned to the same school rather than following
their individual reported preferences. This last feature, called family application, prioritizes the
joint assignment of siblings by updating the preferences of younger siblings by adding the school of
assignment of their older siblings. The authors show that all these features significantly increase
the probability that families get assigned together.

Matching with couples. Our paper is also related to the matching with couples literature,
which is commonly motivated by labor markets such as the matching for medical residents. In
this setting, couples wish to be matched to the same hospital (or at least to the same region)
and hence, they report a joint preference list of pairs of hospitals. For an extension of the
stability concept with couples, Roth [132] shows that a stable matching may not exist if couples
participate. To overcome this limitation, Klaus et al. [93, 95] introduce the property of weak
responsive preferences and show that this guarantees the existence of a stable assignment. Kojima
et al. [98] provide conditions under which a stable matching exists with high probability in large
markets, and introduce an algorithm that finds a stable matching with high probability which is
approximately strategy-proof. Ashlagi et al. [19] find a similar result, as they show that a stable
matching exists with high probability if the number of couples grows slower than the size of the
market. However, the authors also show that a stable matching may not exist if the number
of couples grows linearly. Finally, Nguyen and Vohra [117] show that the existence of a stable
matching is guaranteed if the capacity of the market is expanded by at most a fixed number of
spots to the schools.

Matching with complementarities. Beyond families and couples, the matching literature has
studied other settings with complementarities. For instance, Ashlagi et al. [21] show that using
correlated lotteries can increase community cohesion by increasing the probability of neighbors
being assigned to the same schools. Dur and Wiseman [59] also study the school choice problem
with neighbors and show that a stable matching may not exist if students have preferences over
joint assignment with their neighbors. Moreover, the authors show that the student-proposing
deferred acceptance algorithm is not strategy-proof and propose a new algorithm to address this
issue. Kamada and Kojima [86] study matching markets where the clearinghouse cares about
the composition of the match and thus imposes distributional constraints. The authors show
that existing mechanisms suffer from inefficiency and instability and propose a mechanism that

addresses these issues while respecting the distributional constraints. Nguyen and Vohra [118]
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also study the problem with distributional concerns but consider these constraints as soft bounds
and provide ex-post guarantees on how close the constraints are satisfied while preserving stability.
Nguyen et al. [116] introduce a new model of many-to-one matching where agents with multi-unit
demand maximize a cardinal linear objective subject to multidimensional knapsack constraints,
capturing settings such as refugee resettlement, day-care matching, and school choice/college
admissions with diversity concerns. The authors show that a pairwise stable matching may not
exist and provide a new algorithm that finds a group-stable matching that approximately satisfies
all the multidimensional knapsack constraints. Another example in which agents care about other
agents’ assignment is the affiliate stable matching problem, where, for instance, a college is not
only interested in hiring good academic candidates, but also wishes that its graduates find good

jobs [55, 96].

5.2.2. Our Contributions and the Literature

The problem of guaranteeing the existence of a stable matching in a many-to-one stable
matching problem with complementarities is known to be intractable under general assumptions.
This problem emerged when the National Resident Matching Program noticed a decrease in the
participation of couples in the hospital-resident matching market. In this regard, Roth [132] finds
an instance of a matching market with couples where there is no stable matching. It is evident
that the non-existence of a stable matching with complementarities is due to a combination of
the following factors: (i) the way the preferences of the agents are represented, and (ii) the way
blocking coalitions are defined (i.e., the definition of stability).

The first step towards a systematization of the preferences’ representation was given with the
introduction of responsive preferences [133]. Ronn [129] was the first to prove that deciding
whether an instance of the hospital-resident problem with couples has a stable matching is NP-
complete; he proved this result even when all the hospitals have capacity one and there are
no single students. Then, other negative complexity results followed using other preference
representations and/or definitions of stability. However, the strength of this result lies in the fact
that for any definition of blocking coalition that does not encompass any particular requirement
on the preference list of the couples, there is no hope of having existence guarantees for a stable
matching. A breakthrough came with the introduction of weakly responsive prefereneces [93, 95|
which proved to be a sufficient property on the ordering of couple’s preference lists to guarantee
the existence of a stable matching. The key intuition behind this result is that when there are
no negative externalities among the members of a couple in the assignment, then we can treat
each member as an individual; e.g., if the couple only ranks the jobs in the same metropolitan
area, then each of the partners can be considered as a single agent expressing their individual
preferences. All the results mentioned consider a representation of couple preferences that allow

two partners to be matched to different locations. McDermid and Manlove [111] prove that under
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consistent preference lists and for the classic notion of stability (members of a couple are treated
as individuals) derived from [71], the problem of deciding the existence of a stable matching is
still NP-complete. Under restrictive conditions on the stability definition, the authors are able to
provide a polynomial-time algorithm that outputs a stable matching or report that none exists.
This result highlights that as a consequence of further modifications on the stability condition
(point (ii)), then existence can be guaranteed.

On the other side of the spectrum, if members in a couple are considered as an indivisible
entity rather than individuals, we find the hospital-resident problem with sizes (HRS), which is a
many-to-many matching market problem. McDermid and Manlove [111] provide a polynomial-
time algorithm that outputs a stable matching under restrictive conditions on the preference lists
and capacities, otherwise the problem remains NP-hard. Another example in which existence is
ensured when couples are indivisible, is the case in which the members of a pair apply to the
same schools but at different levels (point (i)); for example, in the case of siblings applying to
different education grades [57].

To summarize, the literature, which has been mainly focused on the case of couples (families
of size two) has been able to obtain existence of a stable matching when 1) the preferences of the
families can be considered in a fashion similar to individual preferences for each family member,
or 2) the family is treated as an indivisible block. On one side, we would like to have a flexible
representation of the preference lists such as in the weak responsive assumption, which allows
us to match family members to different schools. On the other side, given that weak responsive
preferences require a complete ranking of all the possible combinations of acceptable locations,
we would like to have a practical representation of the family preference lists such as in the
indivisible family /couple case. The advantage of the flexibility of the former model of preference
lists comes with the price that justified envy must be defined and checked among all comparable
subsets of family members of cardinality 2; on the other side, the practicality of the indivisible
representation comes at the cost of lacking the expressivity to describe the envy of a member in
a family who prefers to go to another location as a single individual.

One may hope that by further restricting the domain of preference lists, it would be possible
to guarantee the existence of a stable matching. One such way, related to many applications
in the real world, is the case in which residents (or students) are ranked by all the hospitals
(schools) according to a single tie-breaker (or master-list). However, Bir et al. [37] show that
even if both the residents in a couple and the hospitals have their preference lists derived from a
single tie-breaker, then the problem of the existence of a stable matching is NP-complete.

In this work, we opt for a practical representation of the preference lists of each member in a
family, and we provide a notion of stability that is flexible enough to express envy also as a function
of the assignment of an individual’s family member. The key insight that allows us to achieve
this result is that we let the ranking of a student depend also on the matching of their family

members, thus providing a notion of justified envy that relies on dynamic priorities. The idea of
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establishing justified envy on a dynamic notion of priority differs from the existing literature; in
fact, justified envy has previously always been defined on the basis of a static representation of

preference lists and priorities.

5.3. Model

In this section, we introduce a two-sided matching market model that includes a priority
system. To facilitate the exposition, we use school choice with sibling priorities as a concrete
application of the model.

Let S be a finite set of students and F C 25 be a partition of S where f € F is called a
family and its size is denoted as |f|. For f € F with |f| > 2, we say that students s and s’ are
siblings if s,s' € f. If f € F is such that f = {s}, then we say that s has no siblings. With
a slight abuse of notation, we define function f : & — F to map a student into their specific
family, i.e., each student s € S belongs to family f(s) € F. Note that students s and s’ are
siblings if f(s) = f(s') and a student s has no siblings when f(s) = {s}.

Let C be a finite set of schools and G be the set of grade levels. We define a function
g : S — G that maps a student s € S into the grade level g(s) to which they are applying to.
With a slight abuse of notation, we denote by S C S the set of students applying to grade level
g € G. We assume that each school ¢ € C offers ¢ € Z, seats on grade level g € G, where
q? = 0 means that school ¢ does not offer grade g.

Let £ C S x {CU{D}} be the set of feasible pairs, i.e., (s,c) € £ implies that student s and
school ¢ deem each other acceptable and ¢9(*) > 0; ) represents being unassigned. A matching
is an assignment pu C & such that (i) each student is assigned to at most one school in C, and
(i) each school is assigned at most its capacity in each grade level. Formally, for © C &, let
p(s) € CU{D} be the school that student s was assigned to, u(f) C C be the subset of schools
where the students of family f were assigned to, i.e., u(f) = {u(s) : s € f}, and pu(c) C S
be the set of students assigned to school ¢. Given a grade g, we denote by p9(c) the set of
students assigned to school ¢ at grade g. Then, a matching satisfies that (i) u(s) € C U {0} for
all students s € S and (ii) |u9(c)| < ¢7 for all schools ¢ € C and grade levels g € G.!

Each family f = {sy,...,5,} € F has a strict preference order >/ over tuples in (C'U {0})",
which means that (cy,...,c0) >f (c},...,¢;) implies that family f prefers that its members
S1,...,S¢ g0 to schools ¢y, ...,c, over ¢,..., ¢, respectively; notice that we implicitly assume
that students in a family are sorted, thus making the comparison of tuples of schools unambiguous.
On the other hand, each school ¢ € C has a strict preference order >, over feasible subsets of S
which means that for subsets S,S" C S that satisfy grade level capacities, S . S’ denotes that
school ¢ prefers students in S over students in S’.

INotice that the model captures other single-level applications such as refugee resettlement, college admissions
and the hospital-resident problem.
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As Roth [135] discusses, a desired property of any matching is stability, i.e., that there is no
group of agents that prefer to circumvent their current match and be matched to each other.
Given a matching ;1 C &, we say that student s has justified envy towards another student s’
assigned to school ¢ if (i) g(s) = g(s'), (ii) (c, u(f \{s})) = pu(f), and (iii) (u(c) U {s})\
{s'} = p(c). In words, the first condition states that both students belong to the same grade
level; the second condition implies that the family prefers that s € f is assigned to c rather
than w(s), given the assignment of their siblings; and the third condition states that school ¢
prefers the set of student that replaces s’ with s. In addition, we say that a matching u is
non-wasteful if there is no student s € S and school ¢ such that (¢, (f \ {s})) = u(f) and
{s" € u(c) : g(s') = g(s)}| < ¢?. Finally, we say that a matching is stable if no student has
Justified envy and it is non-wasteful.

To account for sibling priorities, we aim to reshape the space of preferences of the schools.
Sibling priorities can happen in two forms:

(1) Static priority: A family f € F has static priority in school ¢ if one or more students in f
are applying to ¢ and have a sibling who is currently enrolled in ¢ and is not participating
in the admission process.? Therefore, school ¢ prefers each student in f over students in
S with no sibling priority.

(2) Dynamic priority: A family f € F has dynamic priority in school ¢ if two or more students
in f are simultaneously applying to c. Therefore, school ¢ prefers those students in f
over students in S with no sibling priority. This type of priority is called dynamic because
students get prioritized only if another sibling is assigned to the school, i.e., priorities
adapt to the current matching.

Throughout the paper, we often shorten sibling priority as priority. Under static (resp. dy-
namic) priorities, we say that student s provides sibling priority in school ¢ if s is currently enrolled
(resp. assigned) in ¢, and we say that the siblings of s receive sibling priority in school c¢. Note
that a student may receive static and dynamic priority in different schools or both types of priority
in the same one. For instance, suppose that a family f = {s,s'} is applying to schools ¢ and ¢,
and that s and s’ have a sibling s” ¢ S currently enrolled in ¢ and not applying to the system.
If s, who receives static priority from s” in school ¢, gets assigned to school ¢ in the current
matching,® then s’ would receive static priority in ¢ and dynamic priority in ¢. In contrast, if s
gets assigned to ¢, then s’ receives both static and dynamic priority in ¢. Therefore, we assume
that static priority overrules dynamic priority, i.e., a student with potentially both priorities in a
given school can only benefit from the static priority.* In other words, students are not addition-
ally prioritized if they have siblings enrolled and also siblings currently matched. We borrow this

2This means that this sibling is not part of the input S.

3This could happen if the family prefers s to be assigned in school ¢/, or it could happen if school ¢ is over-
demanded and all the seats are filled with students with static sibling priority.

*In the example above, s’ would only have static priority.
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assumption from practice, as in certain school districts (e.g., in Chile), the clearinghouse prefers
to assign students with static priority because their probability of enrollment is higher compared
to students without siblings currently enrolled.

Given the above, in practice, these priorities define three disjoint groups of applicants in each
school: (i) students with static priority, (ii) students with dynamic priority, and (iii) students with
no priority. Within each group, all students are equally preferred by the school, and thus the
clearinghouse breaks ties using a random tie-breaker. Note that if there are only students with no
priority and families with static priorities, then the random tie-breaker defines a strict order over
the whole set of students S in each school, as the group with siblings will be always prioritized
over the group with no siblings. Thus, in this case, for any school ¢ € C, >, would be as if no
student had siblings, but with the group of students with sibling priority placed first in the list

and then the rest.> This implies the following immediate proposition.

Proposition 5.3.1 ([67]). If there are no students who can receive dynamic priority, then a stable
matching exists.

Given this positive result, we focus our attention on dynamic priorities where the existence
may not be guaranteed. Henceforth, we consider the following assumption.

Assumption 5.3.2. No student has static priority in any school. Thus, in each school, the set of
students are composed by two disjoint groups of applicants: (i) students with (dynamic) sibling
priority, and (ii) students with no priority.

In the remainder of the paper, we use sibling priority and dynamic priority interchangeably. In
addition, we assume that schools break ties within each group with a random tie-breaker and we
denote by p, . € R, the value of the random tie-breaker of student s for school c. As opposed
to static priorities, the combination of dynamic priorities and random tie-breakers do not define a
unique order among any two pair of students for each school, as this pair may change from one
priority class to the other depending on the current match of their siblings. In fact, the existence
of a stable matching is not guaranteed as shown in [50] (see their Proposition 1).

The key insight with dynamic priorities is the dependency of the priorities on the current
matching. To illustrate, consider a family f = {s,s'} and a matching mechanism that, at some
step, matches student s to school ¢ and student s’ to some school ¢ € C U {0} \ {c} such that
(c,c) = (c,c'). Since s and s’ are siblings, we say that s’ receives dynamic priority in ¢ from s;
given this priority, the mechanism would attempt the assignment of s’ to ¢ in grade level g(s'),
potentially displacing another student s” ¢ f without priority applying to the same grade g(s').
Given that multiple families are simultaneously applying to different schools and grade levels, a
stable matching may not exist as we previously mentioned. To address this simultaneity challenge,
school districts have either (i) defined an order to process grades, and the clearinghouse updates

SIn other words, the static priority and the random tie-breaking rule define a unique set ordering >. which
translates in a linear preference order.
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dynamic priorities before moving to the next grade [50]; or (ii) do not consider dynamic priorities.
As we discuss in Appendix 5.7, different processing orders of grade levels may lead to different
outcomes.

The design of dynamic sibling priorities opens four immediate important questions. First,
what is an appropriate notion of stability to capture dynamic priorities? Second, under which
assumptions can we guarantee the existence of a stable matching? Third, if such assumptions
exist, can we find a stable matching under dynamic priorities efficiently? And finally, what are
the properties of these stable matchings? Our goal in the next section is to simplify the space
of preferences and formalize how siblings' priorities affect schools’ ordering of students, so as to

properly define a new notion of stability that considers dynamic priorities.

5.3.1. Simplifying the space of preferences and priorities

The definition of justified envy in the previous section assumes that schools have preferences
over sets of students, and that families have joint preferences over tuples of schools. However, in
most clearinghouses, preferences are not as complex. In practice, they involve students declaring
linear preferences over schools, and schools’ linear preferences are determined by a combination
of random tie-breakers and priority groups. For this reason, in the remainder of the paper, we
assume a simplified structure of preferences, as formalized in the following Assumption 5.3.3.
Assumption 5.3.3. We assume the following structure for preferences and tie-breaking rules:

(1) On the students’ side, we assume that each family reports a strict preference order over
CU{0} and that each family member s follows the same preference order as their family
among the schools that offer grade g(s).

(2) On the schools’ side, we assume that every school has sibling priority and uses a random
tie-breaker to break ties between students across applicant groups (i.e., students with or
without sibling priority).

Although Assumption 5.3.3 simplifies the reporting of preferences, the sibling priority needs

some limitations to ensure the fairness of the assignment, as the following example illustrates.

Example 5.3.4. Consider an instance with a single grade level, a set of students & =
{a1, as, a3, 1,892, 8,55} where f = {s1,s2} and f' = {s)|,s,} are siblings, and a single
school ¢ with capacity 4. Moreover, suppose the random-tie breakers of school ¢ are p,, . >
Pase > DPage > Dsie > Dsse > Psie > DPspe Then, one possible matching is u =
{(a1,¢), (a2, ¢), (as,c), (s1,c¢), (s2,0), (s1,0), (s5,0)}, which is also the student-optimal stable
matching (with the classical notion of stability). However, the alternative matchings

:u, = {(ah (Z))v <a27 (Z))v (a?n Q))v (‘917 C)? (8270)7 (5/17 C>7 (5/276>}
and

:u” = {(ala C)v (aQ’ C)v (a?n @), (517 C), (3270)’ (3,17 ®)7 (3,27@)}
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are also feasible in terms of capacity (not in terms of the classical notion of stability); depending on
how siblings are prioritized over students with no siblings, one matching would be more desirable
than the other. U

Consider Example 5.3.4, note that in matching ' neither s} nor s, would be admitted in
school ¢ without dynamic priority; s gives priority to s, and vice-versa, thus creating a priority
cycle; arguably, such a cycle of priorities is not desirable. This differs from the case of family f,
because there is a matching p that only accounts for random-tie breakers (and no sibling priority)
in which s; is matched to ¢ and, if sy was not matched to ¢, could provide dynamic priority
to so. To rule out this issue, we restrict our attention to matchings that satisfy the following
assumption.

Assumption 5.3.5. A student cannot simultaneously provide and receive sibling priority in a
given school.

Note that the assignment 1" in Example 5.3.4 satisfies Assumption 5.3.5 and thus is a feasible
matching with sibling priority. On the other hand, ' does not satisfy this assumption, because
neither | nor s; would be assigned in p’ if the other is not part of S.

Given Assumption 5.3.5, the key question is which matchings the clearinghouse prefers. As
we saw in Example 5.3.4, sibling priority in " leads to s, displacing another students previously
assigned in c. Before focusing on which matchings are preferred, we ask ourselves the following:
Is a student with sibling priority “allowed” to displace any other student without priority? This
question leads us to define two notions of priorities: (1) Absolute priority, in which a prioritized
student s in school ¢ can displace any other student with no priority, regardless of their random
tie-breaker; and (2) partial priority, in which a prioritized student s in school ¢ can displace only
certain students with no priority.®

Both notions of sibling priority have implications in terms of justified-envy and, consequently,
for the stability of the matching. Therefore, we formalize the concepts of absolute and partial
justified-envy in Definition 5.3.6. For this, let P,(s,c) = max,cf(s)\(s} {Pac : H(a) =¢, a>c s}
be the function that returns the highest random tie-breaker among the siblings of student s
currently assigned to c. If the student s does not have a sibling currently assigned to ¢, then we

define P,(s,c) = ps..

Definition 5.3.6 (Absolute and partial justified-envy). Consider a matching 1 C &.
e A student with sibling priority s has absolute justified-envy towards another student s’
without sibling priority assigned to school ¢ if (i) g(s) = g(s'), (i) ¢ =5 wu(s), (iii)
f(s") ={s'}, and (iv) there exists a sibling 5 € f(s) \ {s} such that pu(s) = c.

6A common approach used in practice is to assume that a prioritized student moves up in the order of the school
until they meet their (highest ranked) siblings, displacing students with a random tie-breaker lower than the sibling
who provided them with their priority.
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e A student with sibling priority s has partial justified-envy towards another student s’
without sibling priority assigned to school ¢ if (i) g(s) = g(¢), (i) ¢ =5 p(s), (iii)
f(S/) = {S/}v and (iV) PAL(S7C) > Pst e

Note that condition (iii) of both definitions requires that student s’ has no siblings; this must
be the case since absolute and partial priority describe how the competition between a family and
an individual with no siblings ensues. If no students have siblings applying to the system, then
both definitions of partial and absolute justified-envy are null and everything is reduced to the
standard notion of justified-envy. The concepts of absolute and partial justified-envy allow us to
compare students from different applicant groups: students with sibling priority vs. students with
no priority. Hence, it remains to describe how to compare students within the same applicant
group. Among students with no priority, the schools compare their random tie-breaker and
justified-envy is defined as usual. Among students with sibling priority, we define two approaches:
(1) the Dependent rule where two students s and s’ that belong to different families and they
have sibling priority in the same school ¢, then school ¢ compares the tie-breaker of their highest-
ranked sibling already matched to ¢; (2) the independent rule where two students s and s’ belong
to different families and they have sibling priority in the same school ¢, then school ¢ compares
the tie-breaker of each competing student.

In Example 5.3.7 we illustrate the dependent and independent rules.

Example 5.3.7. Consider a single school ¢ with capacity 3, and two families, f = {s1,s2}, f' =
{s},s5}, with all students applying to the same grade. Moreover, tie-breakers are such that
Psie > Dsic > Dshe > Psger SUppose that pu(sy) = ¢ and p(sy) = c. As a result, both s, and
s, get sibling priority, but there is only one seat left. If the dependent rule is in place, then
p(s2) = c and p(sy) = 0, since ps, . > py .. On the other hand, if the independent rule is in
place, (s2) = 0 and pu(sh) = c, since py o > Poyc-

Note that the dependent and the independent rules are used in practice. On the one hand,
the dependent rule is used in Chile [50], where the clearinghouse breaks ties at the family level
first, and then breaks ties within each family. On the other hand, the independent rule is used in
NYC to break ties among students with sibling priority.

Based on the dependent and the independent rule, we define two notions of justified-envy:
(i) dependent-justified envy and (ii) independent-justified envy.

Definition 5.3.8 (Dependent and independent justified-envy). Consider a matching u C €.
e A student with sibling priority s has dependent justified-envy toward another student
with sibling priority s’ from another family assigned to a school c if (i) g(s) = g(s'), (ii)
¢ =5 p(s), and (iii) P,(s,c) > P,(sc).
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e A student with sibling priority s has independent justified-envy toward another student
s’ with sibling priority from another family assigned to a school ¢ if (i) g(s) = g(s), (ii)

¢ =5 u(s), and (i) pse > py e
Among students with sibling priority and from the same family, the school compares their

random tie-breaker and justified-envy is defined as usual. In summary, given two students s and

s' from two different families, we have:

Student s Student ¢’ Justified-envy of s toward s’
No dynamic priority | No dynamic priority Standard
Dynamic priority | No dynamic priority Absolute or partial
No dynamic priority | Dynamic priority Absolute or partial
Dynamic priority Dynamic priority Dependent or independent

Given Definitions 5.3.6 and 5.3.8, we can provide four notions of stability, as we formalize in
Definition 5.3.9.

Definition 5.3.9. We say that a matching © C & is partial-dependent stable if it is non-
wasteful, and if no student has partial and dependent justified-envy. Similarly, we define
absolute-independent stable, absolute-dependent stability, partial-independent stability and
partial-dependent stability.

5.4. Existence

As discussed in [135], stability is a desirable property since it correlates with the long-term
success of the matching process. Unfortunately, as we show in Propositions 5.4.1 and 5.4.2, a
stable matching under any combination of dynamic priorities, according to Definition 5.3.9, may
not exist.

Proposition 5.4.1. An absolute-(in)dependent stable matching may not exist, even if families

are of size at most two.

PROOF. There are four schools, ¢, ¢y, c3, and ¢4, and one single level. The schools ¢; and c¢3
have one seat, and both the other schools have two seats. There are five families of students,
fo =Aar, a2}, fo =A{z}, f, = {y}, fa = {di,dz2}, fr = {h}. The preferences of the families
(and of each student) are the following, f, : ¢35 > ca; fo t oy fy : 2 fa: 1 > c2 > cs;
fn : ca > c1. Every school has the same tie-breaker, i.e., the following student ordering p;, . >
Pdi,c > Px,c 2 Py,ec = Pdae = Pai,c = Paze-

Note there is only one stable matching without sibling priority:

n= {(al,c4),(a2, w)’(:p?C?)v(yvC?)v(dlacl)7(d27c3)7(hac4)}'
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Clearly, every other matching different from p in which two siblings are not matched together, is
not stable. Notice that the only matchings that may be stable according to sibling priority are
those that would match ay, ay in school ¢4 (a; providing priority to as) or dy, ds in school ¢y (dy
providing priority to ds).

First, assume we have a matching where a; provides priority to as in ¢4. aq,as both prefer c3
over ¢4, so c3 must be full. But f; is the only other family that finds c3 acceptable. Suppose d;
(for i = 1,2) is in ¢3. Then, the other sibling in f; cannot be unmatched, otherwise both d;,d,
would prefer ¢, over their current assignment, and ¢, with two seats, ranks d; second (and h
does not rank ¢;). Additionally, the other sibling d; (j # i) cannot be matched in ¢, otherwise
it would provide a priority to d;, who would prefer to be matched to ¢, rather than c3. Therefore,
d; must be matched to ¢, but then h has justified envy towards d; at c;.

Now assume that d; and dy are matched together in ¢;. They both prefer ¢;, so ¢; must
be full. Thus, h must be matched with ¢;. Since h prefers ¢4 and has highest priority at ¢y, it
must be the case that both a; and ay are matched with ¢4. But this is then wasteful as c¢;3 is

unmatched and is the first choice of family f,.
O

Proposition 5.4.2. A partial-(in)dependent stable matching may not exist, even if families are

of size at most two and there at most two grade levels.

PROOF. There are four schools, ¢y, o, c3, and ¢4, and two levels g; and go. At level g;, schools
c1 and c3 have one seat, and all the other schools have two seats. At level go, ¢; has one seat,
and all the other schools have zero seats. There are five families of students, f, = {a1, a2},
fo =A{x} f, = {y}, fa = {di.d2}, f = {h1,ho}. All the students, except for hy, apply to
level g;. The preferences of the students (which are the same for both levels) are the following,
faics = ca; foico fyico faicl = co = c3 fnica > c1. The random tie-breakers are
the same for all schools and lead to the following student ordering pp, ¢ > Pd,.c > Pac > Dyc >
Pdy,c = Pai,e = Phie = Pag,c-
Note there is only one stable matching without sibling priority:

H= {(al704)v(a27®)’<x702)7(y702)7(d1701)7(d27c3)7(h1vc4)’<h27 cl)}'

Clearly, every other matching different from p in which two siblings are not matched together,
is not stable. Notice that the only matchings that may be stable according to sibling priority are
those that would match ay, ay in school ¢4 (a; providing priority to ay) or dy, ds in school ¢y (dy
providing priority to ds) or hq, hy in school ¢; (hy providing priority to hy).

First, assume we have a matching where a; provides priority to as in ¢4. Note that ay,a, both
prefer c3 over ¢4, so c3 must be full. But f; is the only other family that finds c3 acceptable.
Suppose d; (for i = 1,2) is in c3. Then, the other sibling in f; cannot be unmatched, otherwise
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both d;,dy would prefer ¢, over their current assignment, and co, with two seats, ranks d; second
(and hy does not rank c;). Additionally, the other sibling d; (j # i) cannot be matched in c,,
otherwise it would provide a priority to d;, who would prefer to be matched to ¢, rather than cs.
Therefore, d; must be matched to ¢;, but then h; has justified envy towards d; at ¢; since it
receives priority from hs.

Now assume that d; and ds are matched together at c,. They both prefer ¢1, so ¢; must be
full. Thus, h; must be matched with ¢;. Since hy prefers ¢4 and has higher priority at ¢4 than
ay (there are only three students that rank ¢4 at level g;: hy,a1,a2), it must be the case that
both a; and a, are matched with ¢;. But this is then wasteful as ¢3 is unmatched and is the first
choice of family f,.

Finally, assume that h; and hy are matched together at c¢;. hs can only be matched at ¢y,
while hy would prefer to be matched with ¢4. Therefore, ¢, must be matched with aq,a;. But
this is then wasteful as c3 is unmatched and is the first choice of family f,.

O

One important factor for the non-existence of a partial-(in)dependent stable matching is that
priorities across different grade levels can go in any possible direction, i.e., there may be families
where the provider of sibling priority is at a lower level and others where the provider is at a higher
level. In order to mitigate this, some clearinghouses may impose additional rules, such as the one
used in Chile, where there is a specified order (e.g., decreasing) in which grade levels are processed
and, consequently, sibling priorities can only move according to that order (e.g., providers are in
higher grades and receivers in lower ones). However, as we show in Proposition 5.4.3, the non-

existence results hold even if we define an order in which priorities move across grade levels.

Proposition 5.4.3. A partial-(in)dependent stable matching may not exist, even if families are
of size at most two and there is a fixed order in which siblings provide priorities between grade
levels, and there is a single tie-breaker, i.e., ps . = ps for all ¢ € C. This non-existence result also
holds for absolute-(in)dependent stability.

PROOF. Let I' be the instance provided in the proof of Proposition 5.4.2 with the two levels ¢,
and g>. We create another instance I which is a copy of I" where the families and the schools
have different names. Moreover, the names of the two levels are switched and the agents of I" do
not rank those of I and vice-versa. When we juxtapose I" and I to create a new instance I, we
find that for any priority ordering between grade levels g; and g5 there is no partial-(in)dependent

stable matching. 0
5.4.1. Guaranteed Existence under Refined Family Preferences

An alternative explanation for the non-existence results described in the previous section is

that, although students may benefit from the sibling priority, they still aim to be allocated in
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their most preferred school, regardless of the matching of their siblings. However, in many cases,
the primary goal of the families is to get their siblings assigned to the same school. Indeed,
some school districts may define as infeasible matchings where siblings are separated [59]. In
other cases, the clearinghouse may explicitly elicit whether the family wants to prioritize the joint
assignment of their siblings over their individual preferences. For instance, the Chilean school
choice system allows families to submit a family application, whereby the family states that they
prefer their siblings to be assigned to the same school over any assignment where this does not
happen, even if the siblings end up being assigned together in a lower preferred school (see [50]
for more details).

To capture these settings, we assume that families lexicographically prefer that their members
are assigned to the same school over any other assignment where they are separated. For instance,
if family f includes first school ¢ and then ¢ in their list, then the actual preferences of each
member of s € f can be written as (c,c) =5 (¢/,) =5 ¢ =5 ¢/, where the tuples represent that
student s prefers to be assigned with at least one sibling and the non-tuples refer to individual
preferences. We formalize this in Assumption 5.4.4.

Assumption 5.4.4. Students preferences are lexicographic, so that they first prefer to be assigned
with at least one of their siblings, and then to be individually assigned to the schools reported in

the family list.

Algorithm 7 Direct matching mechanism
1: Initialize: H =S8, p =1
2: while H # () do
3: Find: s* = argmax .y {ps}, [* = f(s*) N H = {s*,5°}, g* = g(s") > Note:
SOZQ@JC*:{S*}

4: Initialize: ¢ =0

5: for c €4+ do > In decreasing order of pref.
6: if ’ug*(c)’ < ¢¢" then

7: if c =0 then

8: Update: ¢ < ¢

9: if s° =0 then

10: Update: < {(s*,¢)}, H < H\ {s*}

11: break

12: if s°+£ () and ’pﬂ(so)(c)’ < ¢9%) then

13: Update: p < {(s*,¢),(s%¢)}, H<+ H\ f*
14: break

15: if s* € H then

16: Update: u <« {(s*,¢)}, H < H\ {s*}

17: return p.

Note that this assumption only restricts the space of families’ preferences and, thus, does not

affect the different definitions of stability under dynamic priorities stated in Definition 5.3.6.
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This assumption turns to be crucial for establishing the existence of a matching with dynamic
priorities. Before we present the theoretical result, we present the mechanism that finds such
a matching. This mechanism, outlined in Algorithm 7, extends the Random Serial Dictatorship
(RSD) algorithm [7] to jointly assign siblings if there is enough capacity to accommodate them.
Specifically, the algorithm iterates over students in decreasing order of their random tie-breaker
(Step 3). If a student s has no siblings (Step 9), the algorithm matches s to their most preferred
school among those with seats left (Step 10). If a student s has a sibling (Step 12), then the
algorithm stores (in ¢) s's most preferred school with seats left in g(s) and then tries to jointly
assign the family f(s) in order of their preferences: If school ¢ has seats left in both grades,
then both siblings are assigned to ¢ (Step 13); in contrast, if no such school exists, student s is
assigned to ¢ (Step 16).

As we show in Theorem 5.4.5, if families’ preferences follow Assumption 5.4.4 and families

are of size at most two, then a partial-dependent stable matching exists.

Theorem 5.4.5. A partial-dependent stable matching exists when families are of size at most
two, their preferences satisfy Assumption 5.4.4 and there is a single tie-breaker, i.e., p; . = p, for
all ¢ € C. Moreover, such a matching can be found using Algorithm 7 in O(|S|?log |S|+|S]-|C|).

PROOF. Since the number of agents is finite and at least one student is removed from H in each
iteration, we know that Algorithm 7 finishes. Our proof consists in demonstrating the following
statement by induction: At the end of every while iteration, the matching p is such that no
student in S\ H has partial-dependent justified envy.

Basis. At the end of the first iteration, one of the following three cases holds: (i) p(s*) = 0,
(i) pu(s*) # 0 and p(s’) =0 for all ' € S\ {s*}, or (iii) p(s*) = u(s®) # 0. In the first case,
it means that there is no school listed by s* that has an open seat in grade ¢g* and, thus, s* has
no justified-envy as no school has seats open. In the second case, s* is matched to their most
preferred school with seats left in ¢g*; if s° = (), then s* has no justified envy because there are
no schools that s* prefers and that have open seats. If s° # (), then it means that there is no
school with seats open in g(s°) and, thus, the family cannot have dependent justified envy. In the
last case, family f* = {s*, s°} is matched to their most preferred school that can accommodate
both siblings at their respective grades. Note that the students in f* cannot have justified-envy
because the schools they prefer do not have enough seats to accommodate both siblings, and
they prefer to be matched together over being separated.

Inductive step. Suppose that after n iterations of the while loop, no student in S\ H has
partial-dependent justified envy. We need to show that this is also true at the end of the n + 1
iteration. If H = (), then this holds by inductive hypothesis. Otherwise, let s* be the student
in H with the highest random tie-breaker. Then, we start searching for the acceptable schools

starting from the most preferred. As soon as we find a school ¢ with an open seat in grade g*
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(if any), we record it. If none of the schools listed by family f* have an open seat for grade g*,
then s* remains unassigned and has no justified envy towards any other matched student since
they all have higher tie-breaker. Hence, we assume ¢ # (). If s* has no siblings, then we simply
add (s*,c) to p. Since all the other students previously assigned have a higher random tie-breaker
than s* and c is the most preferred school by s* among those with seats left, then s* cannot have
justified-envy. Finally, if s* has a sibling and school ¢ cannot accommodate both siblings, we
continue to the next preference of the family. If there is no school that can accommodate both
siblings in f*, then we match s* to ¢ while s° remains unassigned (recall that, by construction,
s € H and, thus, ps« > pso). As before, f* cannot have partial justified envy because there is
no school that can accommodate both {s*, s°} and all students previously assigned have a higher
random tie-breaker than both siblings. Otherwise, if there is a school ¢ <+ ¢ with two open
seats for the siblings in f*, then the algorithm matches both students to ¢. By Assumption 5.4.4,
we know that student s* prefers being assigned with their sibling in ¢ over being separated from
their sibling and being assigned to ¢, and we also know that s° prefers to be matched with s*
over being separated. Finally, since there is no school they prefer that can accommodate both
of them and all previously assigned students have a higher random tie-breaker, we conclude that
family f* cannot have partial-dependent justified envy.

So far, we have shown that at the end of the while loop we obtain a partial-dependent justify
envy free matching p. To show that this matching is stable, it remains to show that y is non-
wasteful. To find a contradiction, suppose it is not. Then, there exists a pair (s,c) such that
s =0, ¢ =5 u(s), and ‘,ug(s)(c)‘ < @2, If s has no siblings, then we know that c had seats
open in grade g(s) in the iteration where s was assigned (because ’/ﬂ(s)(c)’ is non-decreasing in
the iterations), so this leads to a contradiction as the algorithm would have assigned s to c. If
s has a sibling &', there are two cases. If u(s) # u(s’), then it means that there was no school
in the family’s list that could accommodate both siblings, and thus they were separated. In that
case, the algorithm would assign student s to school ¢, i.e., their most preferred school with
open seats. Since ¢ had opened seats in that iteration, it means that ¢ =, ¢ > u(s), and thus
s should have been assigned to ¢. Finally, if u(s) = pu(s’) # 0, then s prefers being assigned
to ¢ over p(s) only if s can get assigned there with s’. However, this did not happen because,
when processing student s, school ¢ had no seats left in grade g(s’) (otherwise, we would have
wu(s) = p(s’) = ¢) and, thus, given Assumption 5.4.4, it would not be true that s prefers to be
assigned in ¢ over their current assignment p(s).

To conclude, note that in the worst case every student has no siblings and needs to apply
to every school. Recall that a set of size |S| can be sorted in O(|S| - log |S|). Steps 2-17 will
be done at most |S| times. Step 3 takes at most O(|S] - log|S|) and Steps 5-14 O(|C|). Thus,
O(IS| - (IS] - log S| +[C)) = O(|S[* log |S| + [S] - |C]).- [
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Note that the proof of Theorem 5.4.5 is constructive, as it provides a mechanism that allows
finding a stable matching under dynamic preferences. If there are families of size larger than two,
a partial-dependent stable matching may not exist, as Proposition 5.4.6 illustrates. Nevertheless,
considering that the vast majority of families that participate in these systems involve at most
two siblings,” and that families generally prefer that their members go to the same school, this

result is of high practical value.

Proposition 5.4.6. A partial-(in)dependent stable matching may not exist, even if families are
of size at most three, there are at most two grades, student preferences satisfy Assumption 5.4.4,

and there is a single tie-breaker, i.e., ps. = ps for all c € C.

PRroOF. Consider an instance of the problem with five schools, ¢y, ¢o, 3, ¢4, and ¢5, and two grade
levels {g1,92}. In g1, ¢1, ¢3 and ¢5 have capacity one, and all the other schools have capacity two.
In g2, c3 has capacity one, and all the other schools have capacity zero. In addition, suppose there
are five families of students, f, = {a}, f, = {b1, 0}, b2}, fo = {e}, fa ={d1,d}}, fn ={h}. All
the students, except for by, apply to level g;. The preferences of the students (which are the same
for both levels) are the following, f, : ¢1 = co; fo 1 Co = ¢35 fe:ca 15 fa: 5> ca; fn:cg = ¢y,
and the random tie-breakers are such that py, > pr > pa, > Pe > Do > Db, > Py, > Dd, -

Note there is only one stable matching without sibling priority, namely p = {(a,c;), (b1,c2),
(b},¢2), (ba,c3), (e,c4), (di,ca), (d),c5), (hycs)}. If we then try to sequentially adjust u following
the preferences and stability assumptions of Theorem 5.4.5, we return to p. Moreover, any other
possible matching with sibling priority is not partial-dependent stable since the only two families
that have siblings are f;, and f;. Family f;, can have siblings matched together only in schools
co and c3, while family f; can have siblings matched together only in school ¢,. Both cases are
covered in the dynamics that begins from matching . Note that this example still holds if we

consider adaptive stability under partial independent justified-envy. 0

As we formalize in Theorem 5.4.7, another case in which we can guarantee existence is when
there is a single grade level. This case is also of practical relevance, since it would allow us to
account for dynamic priorities in the presence of twins, and it would also capture other relevant
settings such as daycare and refugee resettlement, which could be thought as having a single

grade level.

Proposition 5.4.7. A partial-dependent stable matching exists when there is a single grade level,
families preferences satisfy Assumption 5.4.4 regardless of the family sizes, and there is a single
S|*log |S[+[S]-[C]).

tie-breaker, i.e., ps . = ps for all ¢ € C. Such a matching can be found in O(

In Chile, less than 5% of families involve more than two siblings simultaneously participating in the assignment
process.
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PROOF. The proof follows a similar reasoning as the one of Theorem 5.4.5, provided that Algo-
rithm 7 is updated as follows. First, in Step 3, the set f* may have more than two members.
In Step 13, the algorithm may try to match as many of the siblings as possible to school c,
provided that it has open seats in the corresponding grade levels. This operation can be done
safely because there is a single tie-breaker, siblings have the same preferences, and we use the
dependent rule to break ties among students with sibling priority. Therefore, the algorithm does
not cycle, which indeed may happen in the case of families of size three on multiple levels. [

5.5. Complexity Analysis: Maximum Cardinality

In this section, we analyze the computational complexity of finding a partial-dependent stable
matching that is of maximum cardinality, when preferences satisfy Assumption 5.4.4. In this
setting, there may be partial-dependent stable matchings of different cardinalities, as we show in
the following example.

Example 5.5.1. Suppose that there is one grade level, two schools ¢; and ¢y, with capacities
three and two, respectively, and four families f, = {a}, f, = {b}, fa = {d}, fe = {e1,e2}. The
preferences of the families are f, : ¢o = ¢, fo : c1, fa : c1, fe : ¢1 = 9, while the random
tie-breakers are as follows: for c; we have pyc, > Dbey > Detyer > Pder > Pesey and for co we
have pe, ey > Deses > Dacs (fo and fy do not apply to o, so we do not need tie-breakers for

them). Note that we can find two partial-dependent stable matchings of different cardinality:
p' = {(a,c1), (b,cr), (dc1), (€1, ¢2), (€2, 2)} and p" = {(a1,¢2), (b,er), (d,0), (e, ¢1), (e, c1)}.

As the previous example illustrates, the Rural Hospital Theorem [132, 134] does not hold in

our framework. Therefore, it is essential to understand the complexity of finding the maximum
cardinality partial-dependent stable matching. We now formalize the problem of finding such a
matching.
Problem 12. Let ' = (S,C.F, >, ¢, {psc}ses.cec) be an instance of the school choice problem
with families, incomplete preference lists for the families, and let K € Z, be a non-negative
integer target value. Is there a matching p such that |u| > K, and pu is a partial-dependent
stable matching in I'?

We denote this problem as MAX-CARDyy;.

In Theorem 5.5.2, we show that Problem 12 is NP-complete, and we defer the proof to
Appendix 5.8. Note that this result also holds if we restrict attention to partial-independent
stable matchings.

Theorem 5.5.2. Problem 12 is NP-complete, even if there are families of size at most three and

two grade levels.
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5.6. Conclusions

Motivated by the context of school choice with sibling priorities, we study the problem of
finding a stable matching under dynamic priorities, i.e., students get prioritized if they have
siblings participating in the process and who are currently assigned. We start by introducing
a model of a matching market where siblings may apply together to potentially different grade
levels. We argue that the standard notion of stability may not work if we allow priorities to
(adapt) be a function of the matching. As a result, we define a series of assumptions on families’
preferences and school priorities tailored to follow existent practices, and we introduce several
novel notions of stability under dynamic priorities. Although we show that a stable matching may
not exist in general, such a matching exists if families strictly prefer that their members remain
together over being separated and that families are of size at most two. Moreover, we show that
a stable matching also exists when there is a single grade level for any family size. Finally, we
show that finding a maximum cardinality stable matching under dynamic priorities is NP-hard.

Our results show that dynamic priorities must be carefully designed to ensure the existence
of a stable assignment. Moreover, several design choices have relevant implications, namely, how
to break ties within and across priority groups and how families prioritize the joint assignment of
their members. Hence, the insights derived from our work may help design these policies, either
in the context of school choice or in other contexts, such as daycare assignments, and refugee
resettlement, among others.

Our work opens several directions for future research. First, we are working on extending our
existence and complexity results to the other notions of stability introduced in our work. Second,
we are working on how to efficiently solve the problem of finding a stable matching under dynamic
priorities using mathematical programming tools. Finally, we are collaborating with the Ministry
of Education of Chile to showcase the potential benefits of considering dynamic priorities when

solving the assignment of students to schools.

Appendix

5.7. Extra discussion on how to process grade levels and
others

As proposed in [50], one option to handle dynamic priorities is to define an order in which
grades are processed and sequentially solve the assignment of each grade level using the student-
optimal variant of DA. More specifically, the algorithm in [50] starts processing the highest grade
(i.e., 12th grade). Then, before moving to the next grade, the sibling priorities are updated,
considering the assignment of the grade levels already processed. After processing the final grade
level (i.e., Pre-K), this procedure finishes. Notice that this heuristic obtains a stable assignment

if the preferences of families satisfy higher-first, i.e., each family prioritizes the assignment of
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their oldest member (see Proposition 2 in [50]). However, this is not the case if some families’
preferences do not satisfy this condition. In addition, as Example 5.7.1 illustrates, the order in

which grades are processed matters.

Example 5.7.1. Consider an instance with two grades g; < ¢, two schools ¢; and ¢y with one
seat in each grade, one family f = {f1,f2}, and two additional students, a; and ay. Students f;
and ay apply to grade g;, and f and as apply to grade gs. Finally, the preferences and priorities
are:

(c2,c1) =y (cr,e1) =5 (c2,02) = (c1,c2)

Co >ay C1

€1 >ay C2 (5.7.1)
Parer > Prer 0 Pay ey > Py e

Pares > Pfie A Pagey > Pfyes-

Since the preferences >; are responsive, we can easily derive the related individual pref-
erences > and g, which are ¢o > ¢ and ¢; >y, 2 [94, 93]. We observe that,
if grades are processed in decreasing order (as in Chile), we obtain the matching p =
{(f1,¢2), (a1,¢1), (fa,c2), (a2, c1)}.  In contrast, if we process grades in increasing order, we
obtain the matching 1/ = {(f1, 1), (a1, c2), (f2, 1), (az,c2)}. O

5.8. Missing Proofs in Section 5.5

Our reduction is done from the problem of finding a maximum cardinality stable matching in
a market where schools are partitioned in sets and each set of schools receives some extra seats
that should be allocated optimally. Note that a similar proof can be given for partial-independent
priorities.
Problem 13. Let ' = (S,C.F, >, ¢, {ps.c}ses.cec) be an instance of the school choice problem
with families, incomplete preference lists for the families, a partition P = {Ci,....,C,} of C,
budget for each part {B, € Z,: k € [q]}, and let K € Z, be a non-negative integer target
value. Is there a non-negative allocation vector t € Zi and a matching ¢ such that |u| > K,
where t is such that 3 cc, t; < By, for each k € [g] and 1 is a stable matching in the expanded
instance I';7

We denote this problem as MAX-CARD{}®> HRI.

PROOF OF THEOREM 5.5.2. We provide a reduction from MAX-CARD;> HRI [40], the prob-
lem of finding a maximum cardinality stable matching in a instance where preferences may be
incomplete, schools are partitioned into subsets and every such set has a budget to expand
schools’ capacities. From the proof of Theorem 5.2 in [40], we deduce the following assumptions

on the generic instance of MAX-CARD}> HRI.
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e The partition of schools P = {C,...,C,} is made of subsets of size at most two and
for each such (', there is an extra budget B, <1 for k < [.

e Every school that is partitioned as a singleton has capacity one and an extra capacity
zero. We denote by C* the set of these schools.

e Every school that is partitioned in a subset of cardinality two (C}), has capacity zero; the
budget of extra capacities allocated to such pair of schools is one, By, = 1. We denote by
C** the set of schools with capacity zero; for simplicity we assume that C; with ¢ <t we
have the schools with capacity zero. Every school with capacity zero has a preference list
of length one, i.e., it ranks only one student; moreover, we make the crucial assumption
that one of the two students ranked by the pair of schools is ranked only once by a pair
of schools.?

The objective in instance I is to find a stable matching of cardinality at least K. Given an
instance I" of Problem 12, we build an instance IV of MAX-CARDy,, with two grades, g1, ga,
and families of size at most three. First of all, we create a copy of S in I. For every school ¢
in C* we create a copy of ¢ in IV with the same preference list and the same capacity at level

/ /!

g1. For a school ¢ in C*, let C,. = {c]., ¢’} be the subset of the partition P to which ¢ belongs.

YT
"
re

Assume the preference lists of ¢, ¢ respectively. In I we create two

H /.ol /1.
wc.inlarec, s and ¢ : s
new schools ¢, and ¢ (note that we make no copies of .. and ¢//) and three new students v/,

1 !/ / "
v, and w,. In 1", students s/, s

TYEr)

w, and y.. apply to level g1, while 3 applies to level g,. All the
other students in I" that are not ranked by a school in C**, apply in I to grade g;. On the other
hand, school ¢ has only one capacity at level g; and one capacity at level go; school ¢, has two
capacities at level g; and no seats at level go. We assume s’ is the student that is only ranked
once by a pair of schools in I', and we create the family f,. = {s”, ¢/, 4"} in I''. The preferences
of these agents in I are as follows.

"
P

®C iy - S w8 -y

o chiw, =yl =yl > sl

o w,: ¢ > cf.

e In the original preference list of s/’ we substitute ¢, with ¢;" > ¢,. Therefore, the preference
list of f, is the same as s”. All the schools ranked by f, that are not {cf,¢.}, they rank
y! and y last.

e In the original preference list of s/ we substitute ¢ with ¢,.

8In [40],the authors prove that Max-CARDSY® HRI is NP-hard by proving a reduction from the problem of
finding the maximum cadinality stable matching with ties and incomplete lists [108]. The assumption that we
made (the fact that each school in a pair lists only one student), follows from the fact that in the proof of
Theorem 2 in [108], the preference list of z; , is only made by a tie of length two. The second assumption (the
fact that one of the two students ranked by the pair is only listed by one pair) follows from the fact that w; , is
only ranked by ;. in the proof of Theorem 2 in [108].
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From the assumption that s is ranked only once by a pair in I', it follows that s has only
two siblings, which are exactly y.. and y”. Note that ¢ and y” will always be matched together.
Let [ be the number of paired sets from P in I' (i.e., half the number of schools in C**).

Let M be a stable matching in I' of cardinality at least K. Our goal is to find a corresponding
partial-dependent stable matching M’ in I that has a cardinality at least K +3-[. Let (¢,s) be a
pair in M. If ¢ is in C*, then we match (c,s) in M’. Otherwise, ¢ is part of a pair C, = {c,, !
If ¢ = ¢, then we match (¢,,s.), (¢, w,), (¢, y”) and y.. with a school ranked at least as ;. On
the other hand, if ¢ = ¢, then we match (¢,,s”), (¢, y.), (¢, w,), and (¢, y”). Finally, it may
happen that some schools in C** may be under-subscribed in T'; in this case, we match (c,, w,),
(¢, y”), and 3. with a school ranked at least as ¢;'. We need to prove that the matching M’
that we just built is partial-dependent stable in I". First, the pairs involving schools in C* directly
inherit the stability from M. Note that the set of students {y”, 4.} will always be matched: As
mentioned earlier, y will always be matched to ¢, while y. will be matched to a school that
is ranked at least as ¢,. Indeed, y. can be matched to ¢, ¢, or a school more preferred than
these, which is under-subscribed in matching I'. Similarly, also student w, is always matched
to the set of schools {c,, ¢ }. Clearly, y” cannot have partial-dependent justified envy because
it is assigned to the only acceptable school with a spot in go. If s/ is matched to ¢,, then s’
cannot have partial-dependent justified envy because it is matched or to a better school than ¢,,
or because it does not receive priority from y/. (which, in this case, is matched to ¢ - recall that
Y, =+ 5.). If, instead, s is matched to ¢,, then s;,w, cannot have partial-dependent justified
envy because s’ uses the priority obtained by y/.. Also 3. cannot have partial-dependent justified
envy: ¢! is matched to its preferred student (w,«) and all the schools more preferred than c,,
prefer s to y.. Finally, note that if neither s nor s are matched to ¢,, then none of the students
in the pairs (¢, w,), (¢, y”), and (y.,¢) (where ¢ is a school ranked at least as ¢,") may have
partial-dependent justified envy. Therefore, we have built a partial-dependent stable matching in
I'. Note that for every pair of schools in C**, we have introduced three new students that are
always matched. Hence, we obtained a matching M’ of cardinality K + 3 - 1.

Let M’ be a partial-dependent stable matching in I'"” of cardinality K’. Given r < [, w, will
always be matched to a school in {¢,, ¢}, 3/ will always be matched to ¢, and ¥/ to a school
ranked at least as ¢,. Therefore, 3 -1 students will always be matched in M’. Our goal is to find
a corresponding stable matching M in I" of cardinality at least X' = K’ — 3-1. For every student
s matched to a school ¢ in C* in I/, we match (s,c) in I". On the other hand, if a student s is
matched to a school ¢, for a certain r < [, then, if s = s/, in I" we match (s.,c.) by allocating one
extra capacity to c,.; otherwise, if s = s, in I' we match (s, T) by allocating one extra capacity

to . If some ¢, does not match any student of the form s/ then both students are matched

T ’f"

to a school they rank better; hence, in I', we can allocate the extra spot arbitrarily to ¢, and

. We now prove the following statement: If some ¢, does not match any student of the form

!/
(a T"

S then both students are matched to a school they rank better. If the previous statement
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is true, then the matching M in T is stable since it mimics the stability of M’ without needing
the students of the form {y.,y/, w,}.<; which only make sure we can do the other inclusion;
hence, we can obtain M as a restriction of matching M’ in I without considering the students
{y., 9!, w,}r<;. To prove the statement, let us assume that there is r < [ for which s/ and s/
are not matched to ¢, and at least one of the two students is matched to a school ranked worst.
Assume s;, is matched to ¢ such that ¢, >, ¢. Then, (s, ¢,) is a blocking pair in I since ¢, has
capacity two and s/, is ranked second by ¢,. Therefore, s/ is matched to a school more preferred
than ¢,. Now let us assume that s is matched to ¢ such that ¢, >,/ ¢ Then, (s),¢,) is a
blocking pair in I” for one of the following two reasons: 1) ¥/ is matched to ¢, and s” can use
sibling priority, 2) there is one empty capacity in ¢, therefore the condition of non-wastefulness
is not met. Finally, note that the students matched in I that are not of the form {y., v, w, },<
are exactly K, which is the number of students that we matched in M.

Note that the proof holds even if we set K = n, i.e., we are looking for a perfect stable
matching.

To build our new instance, we have introduced 3 - [ new students, and we have substituted [

schools with 2 - I new schools. Since [ < |S|, the reduction that we built is polynomial.
0]
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Chapter 6

Conclusions and Future Work

To establish a matching market, we require several essential components: The ensemble of par-
ticipating agents, the permissible pairings between them, their capacities (limiting their engage-
ments), and the rankings reflecting each agent'’s pairing preferences. These fundamental elements
form the very essence of defining a matching market. These components collectively form the
essential framework for understanding and modeling matching markets, allowing us to analyze
and optimize allocation processes (matching mechanisms) in various real-world scenarios. In the
realm of education admission systems, numerous pertinent real-world challenges remain elusive
within the confines of existing matching market formalisms. As a compelling illustration, consider
the impending scenario projected for the year 2029, where an unprecedented surge in student
applications to the higher education institutions of Québec is anticipated [48]. Alas, a disheart-
ening predicament looms: The grim prospect that approximately 40,000 aspiring scholars may
find themselves without the coveted opportunity for enrollment, a predicament that underscores
the urgency for novel methodologies and solutions within the domain of education admission.

In this thesis, we formulate and address the following questions. How should scarce resources
be allocated to expand in the most impactful way the higher education system? There are also
cases in which school redistricting is necessary for a reduction in the application rate. How should
a policymaker reduce the education budget or incorporate several schools while affecting the least
the education system? In general, how can we allow the highest number of students to access
education? And, how should we promote academic merit? Siblings often apply together; how
can we match family members to the same school for the benefit of families?

In the conventional approach of the stable matching problem, capacities and priorities are
typically regarded as input parameters. In this thesis, we depart from this conventional perspec-
tive and offer fresh, conceptually sound paradigms that can inform policymaking strategies for
education systems. The theme of this thesis revolves around the examination of many-to-one
matching scenarios wherein capacities and priorities play an integral role in determining a stable
matching. Dynamic capacities and dynamic priorities herald an innovative and simple approach



for addressing the aforementioned inquiries with promising practical benefits. Our algorithmic
contribution is based on a thorough theoretical understanding of the problems we introduce. Our

methods, which are effective and exact, empower decision makers.

6.1. Dynamic Capacities

In our first two works, Chapters 3 and 4, we consider the many-to-one stable matching
problem, where capacities vary and are allocated subject to a budget. Using the terminology of
the many-to-one School Choice model, we introduce the problem of allocating optimally extra
capacities to the schools for the benefit of the students, while also deciding the matching between
them (schools and students). Allocating extra capacities to the most popular school based solely
on popularity may result in a sub-optimal solution. Indeed, we prove that this optimization
problem cannot be approximated within O(n%_f), where n is the number of schools. This strong
theoretical limitation, motivated us to focus on mathematical programming tools that could
effectively solve the problem in practice. We introduce a new mixed-integer linear formulation
with a pseudo-polynomial number of stability constraints in the input of the problem. Despite the
exponential number of constraints, we devise a separation algorithm that exploits the structure of
the problem and yields a state-of-the-art cutting plane method. Indeed, our cutting plane method
outperforms the direct resolution of the generalization of known mathematical programming
formulations in a synthetic data-set. Moreover, our methodology is effective in solving instances
based on data from the Chilean school choice system. Solving these cases in a short time-frame
is of practical interest, as it enables policymakers to analyze different scenarios such as budget
values. In this direction, future work could focus on speeding up our methodology, in particular
by investigating improvements to our formulation and separation step.

From the modeling perspective, we observe that the introduction of penalties for unassigned
students allows the policymaker to tune the model according to their necessities: Do they need
to prioritize access of new students in the system or the improvement on the basis of merit? We
show that our formulation captures this trade-off between access and improvement by both a
theoretical and experimental perspective on real-world data from the Chilean school admission
system. We are currently collaborating with the Chilean institutions to embed our framework in
their system.

A crucial remark is that as soon as capacities are treated as a variable, there may be multiple
optimal solutions when the objective is the minimization of the students’ cost. This entails that
two different optimal allocations of capacities can benefit different sets of schools and different

sets of students. In this regard, a relevant open question is the following.
Which measures should a policymaker adopt to break ties between optimal solutions?

For instance, should a policymaker choose the allocation of capacities that assigns extra

capacities to a disadvantaged neighborhood or the allocation that expands the capacities of a
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popular school? Furthermore, if the policymaker needs to target disadvantaged students with
a certain profile, which optimal solution is the one more adherent to their policy? These are
some of the questions that a policymaker needs to address when considering the improvement of
a community, or, more simply, when it needs to impact the education of students via targeted

scholarships.

6.2. Dynamic Priorities

In real-world education admission systems, schools policies often give priority to matching
siblings to the same school by assigning additional scores to students with siblings. As a result,
these priorities are typically incorporated into the students’ rankings before the matching process
occurs.

In this thesis, we study many-to-one matching markets in which priorities are part of the deci-
sion process rather than being given as an input. We embed this idea in the framework of stable
matching with complementarities, which is one of the most challenging problems in matching
under preferences. In the realm of matching theory with complementarities, the literature has
been rife with negative outcomes over the past four decades. However, it is noteworthy that a
few scholarly contributions have successfully delineated the specific conditions under which the
existence of a stable matching can be assured within this intricate context. In this thesis, which
focuses on the context of the school choice admission process, we successfully identify definitions
of sibling priority that ensure the existence of a stable matching and those that do not; moreover,
we provide mechanisms that find such stable matchings. Our next steps involve two key aspects:
First, we aim to determine the conditions under which the Rural Hospital Theorem holds, en-
suring that all stable matchings have the same size. Second, we want to assess whether our
proposed mechanisms are strategyproof. Additionally, existing literature has demonstrated that
by introducing a fixed number of extra capacities, it becomes possible to guarantee the existence
of a stable matching in markets with complementarities. This observation prompts a question in

scenarios involving priorities:

Can we establish the minimum number of extra capacities required to ensure the existence of a
stable matching when sibling priorities are considered, regardless of the specific priority

definition?

Sibling priority seems to be a natural notion to embed in a school choice system involving
elementary school to high school students. However, it may be more difficult to justify this type of
family priority for college education or for the hospital-resident problem with couples; indeed, both
of these settings usually involve a stronger component of merit in their admission process, while
the current definition of sibling priority may violate some standard notions of merit by allowing
siblings to take the spots of students with a higher ranking. Moreover, in the hospital-resident

setting, it would be more natural to talk about partner priority, in line with the original literature

181



of stable matching with complementarities. An intriguing question for future research could be

as follows.
How should we formulate partner priority in a merit-based setting?

In conclusion, this thesis has embarked upon a comprehensive exploration of matching markets,
shedding light on their intricate dynamics when incorporating capacities and priorities. By shifting
the traditional paradigm and introducing innovative concepts like dynamic capacities and dynamic
priorities, we have not only extended the theoretical boundaries of matching theory but also
provided valuable insights with practical implications, particularly in the context of education
systems. Our findings underscore the necessity for reevaluating and reformulating existing policies
to meet the evolving demands of modern society.
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