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Abstract. Sustainable Supply Chain Management (SSCM) has assumed
a position of prominence for academics and industry over the last two
decades. The sustainability literature shows that typically manufactur-
ers aim to optimize their pricing and greening level decisions in a mixed
(green and brown) consumer market. In this work, we capture a manu-
facturer’s classic dilemma on the pricing of green and brown products,
and greening investments, while subject to budget constraint. We com-
pute and analyze the variations of optimal decisions over time. Our find-
ings underscore the importance of investing in greening technologies and
learning for the survival of green products. Furthermore, we show that
a manufacturer’s optimal pricing strategy is to enter the market with
a lower price for the green product and to increase it over time, even-
tually, surpassing the price for the brown product. Our analysis reveals
that the greening level attraction can nullify the effect of a high price on
the green product, resulting in higher green demand than brown. Higher
green product demand is a win-win situation for both the manufacturer
and the environment.
Keywords: Green products, Pricing, Greening level, Learning, Sustain-
ability, Optimal control.

1 Introduction

The global emphasis on sustainable environmental practises in the last two
decades has encouraged many manufacturers and retailers to envisage future
consumer behaviour to be progressively green. Consequently, these manufactur-
ers have invested in green practices and have been seeking to use green man-
ufacturing, products, services or processes as means of competitive advantage.
Manufacturing is one of the salient activities influencing the cost and environ-
mental impact on supply chains [15,14], yet there are many drivers and barriers
to green manufacturing practices. For example, [8] used a Delphi Survey method
to explore the various stimulus and obstacles. While it was found that elements
such as organizational commitment for Good Manufacturer Practice (GMP),
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eco-knowledge, society influences (green demand), financial incentives (govern-
ment support), and innovation are drivers of green initiatives, few barriers also
hinder them. Examples of such barriers are weak organizational structure to
support GMP, lack of GMP knowledge, weak market positions for GMP-based
products/processes, a society with low green attitudes, inadequate technology,
the existence of sunk costs in GMP which can cause organizations to incur losses,
inadequate supplier commitments towards GMP.

Greening of a product comes at a cost and, while greening the processes
is more achievable, the subsequent deeper dive into green practises is costlier
[18]. As a result, price of green products is usually much higher than the brown
counterpart. Many consumers may be environmentally conscious. However, due
to the price premium for green products, many consumers refrain from buying
green despite their intentions to do so [1]. Thus, for most of the consumer goods,
green products remain as a mere product line extension, while the brown coun-
terparts far exceed the demand for green products. Deloitte conducted a direct
study of more than 6,000 shopper experiences in 11 major retailers of varying
formats to investigate the characteristics of the green shopper and to examine
their shopping responses to sustainability issues. The survey revealed that while
95% of the respondents say they will buy green, only 22% have bought green,
and 75% know what a green product is. The 2013 survey “Consumer Trends in
sustainability”, by Solarcity [17], shows that consumers are becoming more en-
vironmentally conscious and aware, and they wish to buy sustainable products
and brands, but they are not always willing to pay more for the green products.
Thus, there is a conflict between willingness to pay and willingness to act.

Motivated by the necessity of objectively understanding the conditions that
potentiate the survival of green products, we propose an optimal control model
that accounts for a manufacturer producing both green and brown substitutable
products. The goal is to determine the optimal pricing and greening strategies
over time under the following assumptions: (i) the manufacturer benefits from
economies of scale; (ii) the manufacturer learning is increasing with green de-
mand and this reduces greening costs; (iii) the manufacturer cannot exceed an
investment budget. Through the determination of the model optimal outcomes,
we provide theoretical results and numerical experiments allowing to identify the
critical parameters for the success of the green product.

The rest of the paper is arranged in the following manner. In section 2, we
provide a literature review of the related papers. Section 3 develops the model
and section 4 provides the analytical results. In section 5, we present a compre-
hensive numerical study of different influential parameters of our model. Finally,
in section 6, we conclude with the implication of our findings and directions for
future research.

2 Literature Review

A considerable part of the literature in Green Supply Chain management focus
on the pricing and green quality of these products. In a comprehensive literature
review, [11] shows that the recent articles on sustainability focus on different



dimensions like economical, social, environmental, ethical and temporal. Many
decision-support models are derived, leading to a myriad of solutions for sus-
tainable societies. In the same line, our work also articulates a decision problem
of pricing and quality, integrating the economic and environmental aspects. In
particular, the literature can be broadly classified into two categories: (i) re-
search on green products only (for example, [9,4,3,23]); (ii) research on both
green and brown products (for example, [19,20,21]). In the first category (green
products), these works investigate different directions such us the development
and introduction of green products [4], the competition between green products
[22,4,12,5] or chain to chain competition [13], green pricing and greening invest-
ment decisions under supply chain collaboration [9,10], government intervention
for green product developments or promotions [7,6,5,24,5], eco-labelling [3] and
diffusion of green products [16].

Our paper contributes in the second category - brown and green products.
Therefore, we detail the literature in this direction. Various research problems
have been explored in this area. In [21], it is investigated how a manufacturer’s
choice of green and brown products is determined in a market with environ-
mentally conscious customers. The authors also shed light on fraudulent green
attributes. Precisely, a manufacturer might have a strong inclination to behave
fraudulently leading to the enforcement of strict supervision for such behaviour.
Using a consumer utility based model, [19] shows that while extending a brown
product line with green products, manufacturers can strategically avoid product
cannibalization with a two-level pricing structure based on consumer segmenta-
tion. The static game theoretic model also incorporates learning and capacity
constraints. The green quality appeal can also downsize and eliminate the brown
demand under certain conditions. [20] considers the manufacturer strategies of
greening out or greening up. Based on market segmentation of consumers into
three different groups - the traditional segment, the fence sitter segment and
the green segment - the authors find that better economic and environmental
performance can persist together. Yenipazarli and Vakharia [23] consider a com-
petition between a green and a brown manufacturer where there are two groups
of consumers - brown consumers who are not willing to pay for green products
and green consumers who are willing to pay for the green products. The authors
highlight that the size of each consumer group can result in different findings.
For example, the manufacturers are in a loss-loss situation when the size of the
green customer group is larger. On the other hand, an increasing premium for
the green product may lead to a win-win situation for both manufacturers.

In this paper, we propose a novel model where the demand for green and
brown products is a dynamic function of both product prices and greening level.
There is a vast literature focusing in this area of pricing and greening level in-
vestments, and some studies treat this classic dilemma of a manufacturer (e.g.
[19,20,23]). However, to the best of our knowledge, our paper is one of the first
to simultaneously incorporate a market with green and brown products, pricing
and greening investments, budgets, learning of green practices and mutual inter-
actions among these elements. We account for time when analyzing the optimal



manufacturer decisions related to green and brown products. We emphasize the
appropriateness of a dynamic model since greening level and learning evolve with
time. Thus a dynamic model accurately enables an understanding and planing
of long term optimal decisions (strategies). Moreover, since we derive feedback
strategies, the manufacturer does not use static or pre-committed pricing and
greening policies. Instead, given that its decisions are a function of greening level
and learning, they enable the manufacturer to adjust them to improve its profit.

3 The Model

In this section, we present the manufacturer model within a monopolist con-
text selling both green and brown products. Contrary to most of the previous
literature, we consider a dynamic setup, i.e., the decisions to be taken by the
manufacturer and hence, the consumers’ demands and manufacturer’s budget
restrictions are all dynamic entities depending on time and on the evolving state
of the economy. In this context, the manufacturer sells a green and a brown
products which are substitutable (e.g., electric vehicles and conventional cars,
organic food and GMO food, thermal or renewable power source). The manu-
facturer has as decision variables pg(t) and pb(t) which represent the price of the
green and brown products, respectively, at time t, as well as, I(t) corresponding
to the investment efforts in green quality at time t. The state variables are S(t),
describing the greening level (or green quality), and λ(t), modeling the learning
of green practices. In the remainder of the paper, the subscript indices g and
b will be used to designate association with green and brown products, respec-
tively. Next, we devise and explain the manufacturer’s optimization model.
Demand. The demand for the products depends on their prices. In particular,
the demand functions for the green and brown products are:

Dg(t) = αg − βgpg(t) + γgpb(t) + ηS(t)

Db(t) = αb − βbpb(t) + γbpg(t)− δS(t).
(1)

The parameters αg and αb are the market potentials, βg and βb are the
individual price sensitivities, γg and γb are the cross price sensitivities, and,
η and δ are the green and brown consumer’s attraction, respectively, towards
green products. We assume that the following relations hold: βk > γk, where
k ∈ {g, b}, i.e., the green product demand Dg(t) is more sensitive to its price
pg(t) than to the brown product price pb(t); similarly, for Db(t). Thus, this is
reasonable assumption in practice. As the demand functions (1) reflect, it is
considered that green customers are not restricted to buying green products
neither the reverse. Customers can indeed switch to brown products from green
if they are not satisfied by the green level obtained at a premium price rises
due to manufacturer’s constraints. Similarly, brown customers can be attracted
towards the green product due to green quality S(t). However, following some of
the existing literature (e.g.[19]), we assume that the influence of greening level on
green customers is superior to the negative influence of greening level on brown



customers, i.e., η > δ. The total instantaneous demand for the manufacturer is
D(t) = Dg(t) +Db(t).
Learning. We assume that the manufacturer can reduce the production cost
of green products by economies of scale. In other words, as demand increases,
learning from more production takes place. Consequently, learning is a state
variable of this model. We define learning by the following equation:

λ̇(t) = φDg(t)− ωλ(t) and λ(0) = 0, (2)

where φ and ω are non-negative numbers providing the rate of learning increase
due to green demand and decrease due to decay in learning. Let us further discuss
their interpretation. There are several factors influencing these parameters -
(i) a firm failing to adopt a new technology, resulting in learning decay, (ii)
improper development of business processes may result in learning loss, (iii)
information asymmetry or lack of information in a supply chain can cause a
higher decay (ω ) or a lower φ, (iv) stringent budget constraints may result in
learning decay and lastly, (v) efficiency of employees or technology being used can
also be determinant for the values of φ and ω. While the above list is insightful
it might not be exhaustive.

Learning will occur if λ(t) > 0. The complexity of our parametric space does
not allow a straightforward derivation of a condition for positive learning. How-
ever, we have numerically verified that for a set of parameter values providing
feasible equilibrium solutions, learning is always positive and increasing, as long
as the initial value of learning is non-negative.
Green Quality. The greening level is given by the following equation:

Ṡ(t) = k1I(t) + k2λ(t)− εS(t) and S(0) = 0, (3)

where k1, k2 and ε are non-negative numbers reflecting the rate of greening
level increase due to investments and learning, and decay in greening level. The
above evolution of greening quality shows that marginal greening is positively
influenced by the direct greening investments and by learning. One may ar-
gue that a higher price for the green product than for the brown one can lead
consumers to perceive the green product as of superior quality. Nevertheless, [2]
reveals that this is not significant and thus, we do not consider it in equation (3).
Green Product Budget. In the industry, manufacturers are always constrained
by budgets that limit investments and thus, the greening level. Therefore, we as-
sume that there is a budget constraint given by

0 ≤ I(t) ≤Mg(t). (4)

The above equation enforces a budget controlling the investment effort.
This captures the classic trade off between the economic and environmental

dimensions of sustainability. Since managers of manufacturers are aware that
learning reduces greening costs. Therefore, we assume that the budget Mg(t) is
not constant but reduces with learning increases with greening level. Therefore
we assume the following structure for the budget:

Mg(t) = ξsS(t)− ξλ(t). (5)



The non-negative parameter ξs is the initial constant budget for green quality
and green production. The rationale behind choosing such a function is that it
allows us to capture two important aspects of the greening budget: (i) if learning
is high management may decrease the budget, (ii) if greening quality is high,
the management my increase the budget to avoid to limit it.
Cost Structure. The cost of greening is quadratic in the investment efforts and
is given by:

µ

2
I2(t)− σλ(t), (6)

where the non-negative parameters µ and σ are the proportionality constant for
investment costs and cost reduction per unit learning. Given that the accumu-
lated learning at time t, λ(t), is increasing with the green demand, cost structure
signifies that with an increasing green demand, we have a reducing greening cost
due to learning. The higher the learning λ(t), the lower the cost (6). Here σ can
be interpreted as how efficiency of a manufacturer in leveraging the learning. If
a manufacturer is efficient, it can employ proper resources to reduce more the
cost (i.e., σ is high).
Model. Therefore, the manufacturer’s infinite horizon decision problem is given
by:

V (S(t), λ(t)) = Max
pg,pb,I

∫ ∞
0

e−rt[Dgpg +Dbpb −
(
µ

2
I2 − σλ

)
]dt,

Subject to (2), (3), (4)
pg ≥ 0, pb ≥ 0.

(7)

For sake of simplicity, we have dropped the dependence on the time in the
objective function of (7), and we will do it in the remaining of the paper, when-
ever this dependence is clear from the context. We stress that the consideration
of an infinite time horizon is suitable for the questions addressed in this work as
it enables a long-term analysis and thus, planning.

The above problem can be solved using the Hamilton-Jacobi-Bellman (HJB)
equations, in order to obtain the optimal feedback strategies:

rV (S, λ) = Max
pg,pb,I

(
Dbpb +Dgpg +

∂V

∂λ
(φDg − ωλ) +

∂V

∂S
(λk2 + k1I − εS)−

µI2

2
+ σλ

)
. (8)

The HJB equation (8) does not incorporate the budget constraint. However, we
consider the feasible solutions obtained by solving (8) which are characterised
by Lemma (2) established in section 4.

We conjecture that the value function is of the following form and later prove
it in Proposition (1):

V (S, λ) = A1S
2 +A2λ

2 +A3λS +A4S +A5λ+A6. (9)



4 Analytical Results

In this section, we present our analytical findings. First, we find the manufac-
turer’s optimal pricing of the green and brown products and the optimal invest-
ment for the green product. We show how the prices and investments vary with
time, the greening level and learning. Fundamental sensitivity analysis on the
effect of our model parameters is performed, namely, learning sensitivity, price
sensitivity and green level sensitivity on the pricing and investment strategies.
We have conjectured the structure of the value function in equation (9) and, in
Proposition 1, we will show how to solve for this value function. Before present-
ing Proposition 1, we provide the following technical lemma which is essential
for establishing the non-negativity of the optimal decision variables values.

Lemma 1 The following condition holds: 4βgβb − (γg + γb)
2 > 0.

Proof. According to our model assumptions, we have the relations βg > γg, γb
and βb > γb, γg. Note that 4βgβb− (γg + γb)

2 = (2βgβb− 2γbγg)+ (βgβb− γ2g)+
(βgβb − γ2b ), where each term in the brackets is positive.

Proposition 1 In the problem (7), the optimal prices of the green and brown
products and the greening investment decisions of the manufacturer are given by:

pg(t) =
1

4βbβg − (γb + γg) 2

(
2βb (−φβg (2A2λ+ A3S + A5) + αg + ηS) +

(γb + γg) (φγg (2A2λ+ A3S + A5) + αb + δ(−S))
)
, (10)

pb(t) =
βg (φ (2A2λ+ A3S + A5) (γg − γb) + 2αb − 2δS) + (γb + γg) (αg + ηS)

4βbβg − (γb + γg) 2
, (11)

I(t) =
k1 (A3λ+ 2A1S + A4)

µ
.

(12)

The value function of the manufacturer is given by

V (S, λ) = A1S
2 +A2λ

2 +A3λS +A4S +A5λ+A6 (13)

where Ais, i ∈ {1, 2, 3, 4, 5, 6} are constant coefficients of the state variable as-
sociated terms of the value function V (S, λ) given in equation (9).

Proof. The right hand side of the HJB equations (8) is given by
HJBRHS = Dbpb +Dgpg +

∂V
∂λ

(φDg − λω) + λσ + ∂V
∂S

(λk2 + k1Z − Sε)− µZ2

2
.

Next, as standard, we take the first order conditions:

∂(HJBRHS)

∂pg
= −φβg (2A2λ+ A3S + A5) + pbγg + γbpb + αg − 2βgpg + ηS = 0 (14)

∂(HJBRHS)

∂pb
= φγg (2A2λ+ A3S + A5) + αb + γbpg − 2βbpb + γgpg + δ(−S) = 0 (15)

∂(HJBRHS)

∂I
= k1 (A3λ+ 2A1S + A4)− µI = 0. (16)



The system of equations given by (14) and (15), leads to the solutions in equa-
tions (10) and (11) for pg and pb. Solving equation (16) for I, gives the expression
in equation (13).

Thereafter, these expressions of pg, pb and I are placed in the right-hand-side
of the HJB equation. Finally, we compare the coefficients of the state variables
or its associations from the two sides of the equation:

r × (A1S
2 +A2λ

2 +A3λS +A4S +A5λ+A6) =

Dbpb +Dgpg +
∂V

∂λ
(φDg − λω) + λσ +

∂V

∂S
(λk2 + k1Z − Sε)−

µZ2

2
(17)

to obtain a set of six non-linear equations which are solved to get the coefficients
Ai. We used Mathematica software (version 12) to solve the equations as these
are not solvable manually1.

Remark: For our model, the complexity of the parametric space is such that we
are able to solve the value function only numerically. We have assumed suitable
numerical values (given in the GitHub code) of the parameters which are well
articulated to our model assumptions and the reality. Therefore, we confidently
assert that our numerical results are quite robust. Moreover, the coefficients
of the state variables (Ais) in our value function have multiple solutions and
therefore, the value function is not unique. Hence, we have chosen the most
suitable solution in which all Ais are positive. All other solutions result in a
negative investment or pricing decision which is infeasible.

The above are the feedback pricing and green investment decisions of the
manufacturer. One can note that the optimal prices and investment decisions
are linear in the state variables, greening level S and learning λ. Therefore, an
important question is: how do the optimal decisions vary with the state variables
and other model parameters? Another, is on the comparison between the green
and brown demands under the optimal policies. Nevertheless, before answering
to these questions in the next sections, it remains to ensure that the optimal
investment decision satisfies the budget constraint (4).

The parameters ξs and ξ in the budget constraint are known ex-ante by the
manufacturer. In addition, the optimal decisions are also known to the manufac-
turer. Therefore, for a green product to exist in the market, the values of ξs and
ξ must be suitable to design an admissible investment strategy. The following
lemma shows the conditions feasible for producing green products.

Lemma 2 The manufacturer will produce green products only if the following
relationship between greening level and learning holds

S(t) ≥
(
ξs +

A3

µ

)
λ(t) + A4k1

µ

(ξ − 2A1k1
µ )

. (18)

1 The code used in this paper for solving the HJB equations and for the sensitiv-
ity analysis of section 5 is publicly available on GitHub: https://github.com/
arkamukherjee80/RagingSun.

https://github.com/arkamukherjee80/RagingSun
https://github.com/arkamukherjee80/RagingSun


Proof. We know that the green investment constraint is given by 0 ≤ I(t) ≤
Mg(t) = ξsS(t)−ξλ(t). From Proposition (1) we note that I(t) = k1(A3λ+2A1S+A4)

µ .

Therefore, for the the budget constraint to be satisfied, we must have k1(A3λ+2A1S+A4)
µ ≤

Mg(t). Rearranging the terms, we get the inequality (18).

In inequality (18), ξs represents the manufacturer’s (or management’s) en-
thusiasm to invest in green quality and ξ represents the management’s anticipa-
tion of how demand learning will decrease the budget for green investment. The
above relation, therefore, signifies that given any values of ξs and ξ an admissible
investment policy I(t) might not exist at any given point of time.

4.1 Qualitative Analysis of Optimal Policies

In this section, we investigate how the decisions of the manufacturers vary with
the state variables, greening level and learning, and the different model param-
eters. While we provide a comprehensive analysis of the optimal decisions, it
is often more tractable to consider symmetry of the system parameters (e.g.,
βg = βb = β and γg = γb= γ) without compromising the quality of the insights
obtained. We carry out such simplifications in some cases.

Lemma 3 The price of the green product is:

(i) increasing with the greening level S(t) if and only if βg < 1
A3

(
γg +

η−δA3

φ

)
,

and decreasing otherwise,
(ii) always decreasing in the learning λ(t),
(iii) always increasing with η and decreasing with δ

where A3 is the coefficient of the term λS of the value function given in equation
(9).

Proof. The lemma follows from the first order condition of the pricing decision
pg as given in Proposition (1).
∂pg

∂S
=

2βb (η − A3φβg) + (γb + γg) (A3φγg − δ)
4βbβg − (γb + γg) 2

> 0,
∂pg

∂λ
=

2A2φγg (γb + γg)− 4A2φβbβg

4βbβg − (γb + γg) 2
< 0

∂pg

∂η
=

2Sβb

4βbβg − (γb + γg) 2
> 0,

∂pg

∂δ
= −

S (γb + γg)

4βbβg − (γb + γg) 2
< 0.

Algebraic manipulations of the above inequalities together with the assumption
βi > γi for i ∈ {g, b} yield the inequalities above.

From the Lemma (3), we conclude that the price of the green product is not
necessarily always increasing in the greening level. This is apparently a counter-
intuitive finding. The condition for a higher price premium for a higher greening
level is a complex interrelationship among the price sensitivities, efficiency of
demand learning φ, A3 (the coefficient of λS in the profit (9)), η and δ. Learning
helps in reducing the greening costs. The direct effect of this is a price reduction
with a higher learning. Lastly, while the “green appeal”, η, increases the green
product price, the attraction of brown consumers, δ can reduce the same.



Lemma 4 The price of the brown product is:

(i) decreasing with the greening level S(t) if and only if βg >
η(γg + γb)

2δ − φA3(γg − γb)
(ii) increasing in the learning λ(t) if and only if γg > γb
(iii) increasing with η and decreasing with δ.

Proof. The proof of this lemma is similar to the proof of Lemma (3).

The price of a brown product decreases if the price sensitivity of the green
productivity is greater than a certain threshold which depends on γg and γb.
We can interpret γg as the increase in demand for the green product per unit
increase in the brown product price and γb as the increase in demand for the
brown product per unit increase in price of the green product. Surprisingly the
equilibrium price of a brown product increases with the green preference level
(η) of green consumers and decreases with a brown consumers’ attraction (δ)
towards green products.

The manufacturer’s pricing strategies for brown and green products seems
similar with respect to η and δ. In our model, though we consider a single manu-
facturer, there is a competitive environment between the green and brown prod-
ucts. Therefore, with an increase in greening level and subsequent green product
price enhancement, the price of brown product rises because the manufacturer
wants to reduce product differentiation by bridging the gap between the brown
and green prices. Secondly, when brown consumers’ attraction (δ) towards the
green product is high, the approach for the manufacturer is more of retaining
consumer loyalty by lowering brown product’s price.

4.2 Comparative Analysis of Equilibrium Price and Demand

Typically, the green products are priced higher than the brown products [19,7].
However, under our model assumption of learning and budget constraints, we
address the following questions:
(i) Is it possible to have a higher green demand?
(ii) Is there any situation in which a manufacturer may charge lower prices for
the green product?
To answer the above questions we assume symmetry of the model parameters
(i.e., βg = βb = β; γg = γb = γ). Examining and simplifying the condition
Dg > Db, we obtain:

φ(β + γ) (2A2λ+A3S +A5)− αb + αg + S(δ + η) > 0

=⇒ αg > αb − φ(β + γ) (2A2λ+A3S +A5)− S(δ + η). (19)

All the terms in the RHS of equation (19) are positive. Therefore, if the market
potential for the green product is high enough, the demand for green product
can be higher than that of the brown product at any point of time. However,
in most industries brown consumption far surpasses the green consumption. We



may conclude here that if the green market potential is higher, the green demand
is higher.

Similarly for pb > pg, we have:

φ(β + γ) (2A2λ+A3S +A5) + αb − αg − S(δ + η) > 0

αg < αb + φ(β + γ) (2A2λ+A3S +A5) + αb − αg + S(δ + η). (20)

From equations (19) and (20), we note that the marketing potential αg and αb
have an important role to play in determining green product price and demand.
The finding implies that the manufacturer should strategically focus on increas-
ing the marketing potential which in turn will enhance the green demand (e.g.
by advertising, eco labelling, promotions, etc.).

Lemma 5 The manufacturer’s greening investments are increasing in the green-
ing level and learning.

Proof. Recall that I(t) =
k1 (A3λ+ 2A1S +A4)

µ
. Therefore, ∂I

∂S = k12A1

µ > 0

and ∂I
∂λ = k1A3

µ > 0. The positivity follows from Ai > 0. Numerically, it was
found that a feasible solution for the HJB equation requires Ai > 0.

While high green investment will enhance green quality, one may compre-
hend that green investments should decrease with learning. However, learning λ
indirectly affects the investments in two opposite ways: (i) by decreasing green-
ing costs through the expression µ

2 I
2−σλ in equation (7) and (ii) by enhancing

greening level and, consequently, raising greening through the term k2λ(t) in the
state evolution equation (3). At optimality, the “incremental force” of learning
influences the investments more significantly.

Using the method of equating the coefficients of two equivalent polynomials,
we found that each coefficient has four solutions. We want to reiterate that the
only feasible solution is the one where all the coefficients are positive. Clearly,
the state variables, learning and greening level, as well as their multiplicative
association have a positive effect on the value function.

5 Sensitivity Analysis

Our model has many parameters each of which influences the behaviour of the
decisions and the state variables. We identify φ, σ, βg, βb,γg, γb, k1 and k2, as the
most important parameters of the model which enables us to answer our salient
research questions.

In the numerical analysis, the parameter values were fixed or their variation
was restricted as follows: αg = αb = 10, k1 = k2 = 1, µ = 10, r = 0.05, ε =
0.1, ω = 0.1, φ ∈ {0.001, 0.005}, δ ∈ {0.03, 0.04}, σ ∈ (0, 3), β = βg = βb ∈
{1.8, 2.2, 2.6}, λ = λg = λb ∈ {1.8, 2.2, 2.6}.

Efficiency of Demand Learning. The demand learning efficiency φ can
be interpreted as the manufacturer’s ability to capitalize economies of scale. A



manufacturer may be a highly efficient learner due to, e.g., technology innovation
or the skills of its employees. On the other hand, a manufacturer can be a slow
learner when it lacks such technology or skills. Succinctly, a higher φ represents
a quick learner.

It is straightforward that learning and greening level will increase with φ. As
per our model, learning has a positive impact on greening level. Therefore, the
greening level also increases with the learning efficiency as shown in Figure (1).
Less direct, it is the impact of φ in the optimal decisions. Recall that the opti-
mal greening investment is k1(A3λ+2A1S+A4)

µ . Therefore, the investment increases
with λ and S given that A3 and A1 are positive. Since learning λ and greening
level S increase with φ, then, by a transitive relationship, the investment also
increases with φ; see Figure 3 for an illustration. A counter intuitive result is that
the investment and the price of green product is increasing with the efficiency φ.
One may apprehend that an efficient learning may decrease price while keeping
the greening level high. This, in turn, increases the greening level, the learning
and the corresponding green product price. A high greening level ensures more
green demand. In this particular case, the attractiveness of a high greening level
outplays the negative effect of the higher price on demand. On the other hand,
the price of the brown counterpart decreases, although the effect of φ is much
less marked for this decision variable. As the learning level increases, the firm
makes more profit by enhancing the price difference rather than by bridging the
gap. These intricate relations are illustrated in Figures 2 and 4.

Fig. 1: Variation of Green Level and
Learning with φ

Fig. 2: Price Variation with φ

Fig. 3: Variation of Investment with φ Fig. 4: Price Difference with φ



Green Level Appeal for Brown Consumers. The parameter δ in our model
is the brown consumer’s attraction towards green products. In Figure 5, we ob-
serve that the greening level and learning both drop as this attraction increases2.
If the brown consumers are considerably attracted by the green quality, the man-
ufacturer looses motivation to increase the greening level. The greening invest-
ment therefore also decreases as δ becomes higher (Figure 7). A higher value of
δ also means more brown consumers are opting against brown products and in-
creasing the demand for green products. This results in a price drop for the green
product. The price of the brown product also decreases as a reaction to drop in
green product price (Figure 6). A higher efficiency of demand learning results in
a higher price difference between green and brown products with pg(t) > pb(t)
for most of the life cycle of the product (Figure 8).

Fig. 5: Variation of Green Level and
Learning with δ

Fig. 6: Price Variation with δ

Fig. 7: Variation of Investment with δ Fig. 8: Price Difference with δ

The Cost Efficiency of Learning. The parameter σ, the cost efficiency of
learning, represents how responsive a company’s cost savings are to the learning
level λ. In Figure 9, we observe that the greening level slowly increases with σ.
This is not surprising, because at a given point of time, a manufacturer would
achieve higher greening level if costs are lesser (the other parameters are fixed).
A high cost efficiency can lead to a lower cost of green product than the brown
product and the investments in greening level increase with the cost efficiency

2 Due to the scale difference of greening level and learning it is not obvious from the
figure that the learning curve for δ = .04 is below the learning curve for δ = .03.
However, this is true.



(Figure 11). Obviously, a higher σ implies a lower cost of greening. When the cost
efficiency increases, the greening investments increase. We posit that a higher
cost efficiency (higher σ) has an overall positive impact on the manufacturer’s
profit. Therefore, the manufacturer can afford and is motivated to make higher
greening investments when σ is high. The importance of the parameter is strate-
gic. A manufacturer may strategically save more costs given a certain learning
level. Judicious resource allocation, optimization of operational techniques and
so on are examples of such strategies. 3

While in modern business in most industries we usually see that the prices
of green products are higher, we show theoretically it is possible to reduce green
product price below the brown price when cost efficiency of learning is high
enough (Figure 10). The significance of this result is that manufacturers can
adopt strategies to increase cost efficiency of learning. This will help them in
reducing the price of green products and, in the long term, the green and brown
products can have similar prices resulting in increasing demand for green prod-
ucts and, consequently, environmental benefits.
Price Sensitivity and Decisions. The price sensitivity, here assumed β =
βg = βb, has a vital role in pricing decisions. From Figures 13, 14, 15 and
16, we observe that higher price sensitivities of green and brown products (i)
reduce greening level and learning, (ii) reduce price of both green and brown
products, (iii) reduce the price difference between green and brown products
and (iv) reduce the optimal greening investments. From the Figures 2, 6, 10
and 14, we can see a trend for all optimal decisions. For the manufacturers
offering both green and brown products from the start of the planning horizon,
it is the equilibrium policy to start with a lower price for the green product
and then increase the green product price, while simultaneously decreasing the
brown product price. In general, the green investments should also increase with
time. Finally, in what concerns the profits, from equation (13), we see that all
the state variables positively influence the profit function since the coefficients
of the states are positive. We also see from the above Figures 1, 5, 9 and 13 that
the state variables are increasing with time. Therefore, the profit function will
also increase with time.

6 Conclusion

The urge to benefit the environment by enhancing green demand while operating
under a strict budget often places a manufacturer in a strategic dilemma. A
number of decisions encompassing quantity of brown and green products to be
produced, the optimal product prices and the optimal greening investments, have
been widely explored in the extant literature, but mostly under a static setting or
3 In regards to the observations, Mathematica software was not able to solve the value
function without exact parametric values like φ = .001 and δ = .03 However, for σ,
we were able to obtain parametric solutions of the value function coefficients in terms
of σ. Consequently, we are able to depict the variation of S(t), λ(t), pg(t), pb(t), I(t)
for the the entire range ([0, 10] in this case) of values of σ.



Fig. 9: Green Level and Learning with σ

Fig. 10: Price variation with σ

Fig. 11: Investments vs σ
Fig. 12: Price difference with σ

not accounting simultaneously for all thosw elements. In our study, we explored
the optimal pricing and investment decisions of a firm, selling both green and
brown products. We contributed incrementally by considering dynamic decisions.
We have also considered demand learning, investment budget and cost efficiency
parameters to be some of the determinants of the optimal decisions. These give
us several insights, both surprising and confirming empirical evidence.

Shortly, the most fundamental findings of our study are the following:

– Under the assumption that green and brown products have the same market
potential (αg = αb), the optimal pricing policy of a firm is to enter the
market with a lower price of for the green product and then increase the
same over time. At steady state, the green prices are higher than the brown
product prices. Market potentials, αg and αb, of unequal values can change
our findings.



– A fast learning firm can profit more by charging a higher price premium for
a greener “product” rather than bridging the gap between the brown and
green product price.

– If the cost efficiency of learning σ is very high, theoretically, the firm can
afford to have a lower green product price than the brown product’s price.
From a managerial perspective, this highlights the importance of firms in-
vesting in technology or strategies to reduce greening costs in order to ensure
the successful stay of such products in the market.

Future research can extend our work by introducing multiple players of a
supply chain, considering competition in a dynamic setting and by incorporat-
ing cooperative strategies such as contracts establishing the sharing of greening
costs. Moreover, an analysis of consumer surplus or a possible government’s in-
tervention in our model will be of utmost interest for the cases where market
potential αg is not sufficiently high.
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