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SOMMAIRE

Le but de cette these par articles est d’étudier certains aspects géométriques
des supervariétés associées aux systemes supersymétriques intégrables. Ce travail
a abouti en quatre articles publiés et un article présentement soumis dans des
revues internationales avec des comités de lecture. Dans le premier article, deux
extensions supersymétriques des équations de Gauss—Weingarten et de Gauss—
Codazzi pour des surfaces plongées dans des superespaces euclidiens ont été
construites. Cela a permis de fournir une caractérisation géométrique de telles
surfaces avec des vecteurs tangents linéairement indépendants orientés dans la
direction des déplacements infinitésimaux des dérivées fermioniques covariantes.
De plus, une étude des symétries des versions supersymétriques des équations de
Gauss—Codazzi a permis de construire des solutions invariantes au moyen de la
méthode de réduction par symétrie impliquant les variables bosoniques et fermio-
niques, ce qui a mené a des surfaces non triviales, par exemple des surfaces a
courbure de Gauss nulle. Dans le second article, I'extension aux cas supersymeé-
triques d'une conjecture énongant les conditions nécessaires pour qu'un systéme
soit intégrable au sens de la théorie des solitons a été formulée. Cela a été accompli
en introduisant un nouvel opérateur de projection et en comparant les symétries
du systeme original avec celles du probleme linéaire associé. Cette conjecture a été
appliquée a certains exemples et un parametre « spectral » fermionique a été in-
troduit dans un des systemes. Dans le troisieme article, deux versions supersymé-
triques de la formule de Fokas—Gel’fand pour I'immersion de surfaces solitoniques
dans une superalgebre de Lie ont été construites. La caractérisation géométrique
de la fonction d’immersion, présentée dans cet article, a permis d’investiguer les
comportements des surfaces associées. Ces considérations théoriques ont été ap-
pliquées a I’équation de sine-Gordon supersymétrique pour laquelle des surfaces a
courbure de Gauss constante et de type Weingarten non linéaire ont été obtenues.
Le quatrieme article est dévoué aux propriétés d’intégrabilité de 1’équation de

sine-Gordon supersymétrique et a la construction de solutions multisolitoniques
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explicites. Deux types de problemes linéaires spectraux, une version supersymeé-
trique d’un ensemble d’équations de Riccati couplées et la transformation d’auto-
Béacklund, tous équivalents a I’équation de sine-Gordon supersymétrique, ont été
étudiés. De plus, une analyse détaillée de la énieme transformation de Darboux
a permis de trouver des solutions multisolitoniques non triviales de I’équation de
sine-Gordon supersymétrique. Ces solutions ont été utilisées pour investiguer la
version supersymétrique bosonique de la formule d’immersion de Sym—Tafel. Dans
le cinquieme article, une nouvelle caractérisation géométrique de la formule d’im-
mersion de Fokas—Gel’'fand est présentée. Afin d’accomplir cela, trois différents
types de problemes linéaires spectraux sont étudiés, un impliquant les dérivées
fermioniques covariantes, un impliquant les dérivées par rapport aux variables
bosoniques et un impliquant les dérivées par rapport aux variables fermioniques.
Cette caractérisation géométrique implique huit coefficients linéairement indépen-
dants pour les premiere et deuxieme formes fondamentales, contrairement a trois
dans le troisieme article, ce qui meéne a une géométrie plus riche dans le sens ou
les supervariétés caractérisées de type unidimensionnel (« curve-like ») dans le

troisieme article sont de type multidimensionnel dans le cinquieme article.

Mots clefs : Systemes intégrables; Systemes supersymétriques; Supervarié-
tés; Surfaces conformément paramétrisées; Superalgebres de Lie; Equations de
Gauss—Weingarten et de Gauss—Codazzi ; Formules d’'immersion de Sym-—Tafel et
de Fokas—Gel’fand ; Equation de sine-Gordon supersymétrique ; Transformations

de Bécklund et de Darboux supersymétriques ; Réduction par symétrie.
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SUMMARY

The goal of this thesis consisting of articles is to study certain geometric as-
pects of supermanifolds associated with integrable suspersymmetric systems. This
work is contained in four published articles and one currently submitted article
in international peer-reviewed journals. In the first article, two supersymmetric
extensions of the Gauss—Weingarten and Gauss—Codazzi equations for surfaces
immersed in Euclidean superspaces were constructed. This allowed us to provide
a geometric characterization of such surfaces with linearly independent tangent
vectors oriented in the directions of the infinitesimal displacement of the fermionic
covariant derivatives. In addition, a study of the symmetries of the supersymme-
tric versions of the Gauss—Codazzi equations led to the construction of invariant
solutions, involving bosonic and fermionic variables, through the symmetry re-
duction method, which led to nontrivial surfaces, e.g. vanishing Gauss curvature
surfaces. In the second article, a conjecture stating the necessary conditions for
a system to be integrable in the sense of soliton theory was extended to the
supersymmetric cases. This was accomplished by introducing a new projection
operator and by comparing the symmetries of the original system to those of the
associated linear problem. This conjecture was applied to some examples and a
fermionic “spectral” parameter was introduced in one of the systems. In the third
article, two supersymmetric versions of the Fokas—Gel’fand formula for the im-
mersion of soliton surfaces in Lie superalgebras were constructed. The geometric
characterization of the immersion function presented in this article allowed us
to investigate the behavior of the associated surfaces. These theoretical consi-
derations were applied to the supersymmetric sine-Gordon equation, for which
constant Gaussian curvature surfaces and nonlinear-type surfaces were obtained.
The fourth article was devoted to integrability properties of the supersymmetric
sine-Gordon equation and to the construction of explicit multisoliton solutions.

Two types of linear spectral problems, a set of coupled super-Riccati equations
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and the auto-Backlund transformation, all equivalent to the supersymmetric sine-
Gordon equation, were studied. In addition, a detailed analysis of the nth Dar-
boux transformations allowed us to find nontrivial multisoliton solutions of the
supersymmetric sine-Gordon equation. These solutions were used to investigate
the bosonic supersymmetric version of the Sym-Tafel immersion formula. In the
fifth article, a new geometric characterization of the Fokas—Gel'fand immersion
formula was presented. In order to do this, three different types of linear spectral
problems were studied, one involving the covariant fermionic derivatives, one in-
volving the bosonic variable derivatives and one involving the fermionic variable
derivatives. This geometric characterization involves eight linearly independent
coefficients for both the first and second fundamental forms, in constrast with
three such coefficients in the third article, which leads to a richer geometry in the
sense that curve-like supermanifolds in the third article are of higher dimensions
in the fifth article.

Keywords : Integrable systems; Supersymmetric systems; Supermanifolds;
Conformally parametrized surfaces; Lie superalgebras; Gauss-Weingarten and
Gauss—Codazzi equations; Sym-Tafel and Fokas—Gel’fand immersion formulas
Supersymmetric sine-Gordon equation; Supersymetric Béacklund and Darboux

transformations ; Symmetry reduction.
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Chapitre 1

INTRODUCTION

1.1. MISE EN CONTEXTE

En physique, en chimie, en biologie et en mathématique, la résolution des
équations différentielles est d’une grande importance afin d’obtenir des modeéles
quantitatifs. Plusieurs techniques et théories ont été développées au fil des années.
Une méthode utile est I'utilisation de transformations laissant un systeme d’équa-
tions différentielles invariant, ¢’est-a-dire 'utilisation des symétries. En 1888, So-
phus Lie a commencé a développer une théorie faisant intervenir des transfor-
mations infinitésimales laissant invariant un systeme d’équations différentielles.
Cette théorie a été reprise et continuée par plusieurs chercheurs (voir [86,95] et
leurs références) et a mené a 1’étude des algebres de Lie et des groupes de Lie. Au
moyen des symétries qui peuvent étre représentées en termes d’algebres de Lie, il
est possible de réduire 'ordre d'un systeme d’équations différentielles ordinaires
ou, dans le cas d’'un systeme d’équations différentielles partielles, il est possible
de réduire le nombre de variables indépendantes. La méthode de réduction par
symétrie a été d’'un grand impact, surtout pour les équations différentielles non
linéaires. Une version détaillée de la théorie moderne des symétries peut étre trou-
vée dans le livre d’Olver [95]. Il est a noter que pour les équations différentielles
partielles, la réduction entraine une perte de généralité dans les solutions, dans le
sens ou les solutions réduites sont des solutions particulieres ne menant pas a la
solution générale contrairement aux équations différentielles ordinaires. En 1915,
Emmy Noether a établi le lien entre les symétries et les lois de conservation d'un
systeme d’équations différentielles [94]. Ce lien a eu de grands impacts en phy-
sique, entre autres du point de vue de l'interprétation des symétries. Par exemple,
la symétrie de translation temporelle est liée a la conservation de I'énergie, les
translations spatiales sont liées a la conservation de la quantité de mouvement et

les rotations sont liées a la conservation du moment cinétique.



Certains types de systémes possédant des propriétés de symétrie intéressantes
apparaissent fréquemment dans des modeles physiques. Par exemple, les systemes
d’équations différentielles ordinaires intégrables (au sens de Liouville) admettent
une représentation hamiltonienne, c’est-a-dire

dg; OH dp; o0H
E:api’ dt:_ﬁqi’

ou, en mécanique classique, H = H(q;, p;) représente '’hamiltonien, les variables

i=1,..,n, (1.1.1)

¢; sont associées a la position et les variables p; sont associées a I'impulsion dans
un espace de dimension n (et un espace de phase de dimension 2n). Pour que ce
type de systéme soit qualifié de completement intégrable (au sens de Liouville),
il doit exister n — 1 fonctions f;, j = 1,...,n — 1, linéairement indépendantes en
involution avec elles-mémes ainsi que I'hamiltonien (s’il est stationnaire) sous le
crochet de Poisson, c’est-a-dire qu’il existe n fonctions f;, i = 1,...,n (f, = H)

telles que

n (6]‘} e 0f; 6fk> i, k=1,..n (1.1.2)

0= {fj’ fk} B Zzzl Op; 0q; 9q; Op;

Les fonctions f; sont appelées des intégrales premieres du systeme. Récemment

(voir [92] et ses références), certains systémes hamiltoniens possédant un nombre

m > n d’intégrales premieres ont été étudiés. Ces systemes sont qualifiés de
superintégrables.

Pour le cas des systemes d’équations différentielles partielles, une représenta-

tion de la forme
D,V =UVY, DV =VV¥ (1.1.3)

est le point de départ pour les systemes intégrables au sens solitonique ou D,, D,
représentent les dérivées totales par rapport a z, y, respectivement. Cette théorie,
développée depuis 1968, énonce que les matrices potentielles U et V' doivent pou-

voir étre étendues de fagon non triviale a une famille a un parametre satisfaisant
D,UN) — D, V(A\) + [UN),V(N)] =0, (1.1.4)

qui est équivalent au systeme d’équations différentielles partielles original. Le
parametre A est appelé le parametre spectral associé au probleme linéaire spectral
. L’équation (|1.1.4)) est appelée la représentation de courbure nulle ou,
dans la théorie des solitons, la représentation de Lax ou de Zakharov—Shabat.
Historiquement, Lax [84] a introduit le concept de paire de Lax pour I’équation
de Korteweg—de Vries afin de construire des solutions exactes au moyen de la
méthode de diffusion inverse. En 1974, Zakharov et Shabat |123| ont montré que
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la méthode fonctionnait, entre autres, pour I’équation non linéaire de Schrédinger.
Par la suite, plusieurs autres systemes intégrables ont été découverts, notamment

I’équation de sine-Gordon,
0;0,0 = sin 6, (1.1.5)

qui apparait dans la géométrie différentielle pour les surfaces a courbure de Gauss
négative et constante [103]. Plusieurs méthodes d’investigation et de propriétés
associées aux systemes intégrables ont été étudiées. Par exemple, les transfor-
mations de Bécklund [5] et de Darboux [34] permettent d’obtenir des solutions
non triviales des modeles associés. Les formules d’immersion de Sym—Tafel [112],
de Cieslinski-Doliwa [26,/49] et de Fokas-Gel'fand [54,55|72] pour les surfaces
plongées dans une algebre de Lie permettent d’étudier la géométrie sous-jacente
associée a un modele intégrable.

Indépendamment, 'utilisation des symétries a mené a ’étude de nouveaux
champs d’intérét en physique. Par exemple, comme I’équation de Schrodinger
n’est pas invariante sous des boosts relativistes, Dirac [46] a cherché une équa-
tion d’évolution relativiste pour les systemes de particules de spin 1/2, ce qui a
mené a ’équation de Dirac. Par la suite, Goldfand et Likhtman [61] ainsi que
Gervais et Sakita [59] ont essayé d’étendre le groupe de Poincaré (translations
spatiales, rotations spatiales, et boosts relativistes) pour tenir compte d'un lien
entre les particules bosoniques et fermioniques. Le formalisme qui est a été pro-
duit utilise une algebre graduée faisant intervenir des variables de Grassmann.
Berezin [11] a essayé de formuler une description de la mécanique quantique a
la fois pour les particules bosoniques (spin entier) et les particules fermioniques
(spin demi-entier). La théorie de la supersymétrie commenga a voir le jour. De nos
jours, plusieurs systemes d’équations différentielles faisant intervenir des variables
bosoniques et fermioniques ont été étudiés, par exemple, la version supersymé-
trique de I’équation de Korteweg-de Vries [83],88,90] et 1’équation de sine-Gordon
supersymétrique [7,24,51,/60,/62,87,88.(106-108|,

D,D_¢ =ising, Dy = Og+ —i0F0,,, (1.1.6)

ot les variables 6% sont & caractére fermionique et les variables z. sont & caractere
bosonique. L’équation ((1.1.6)) est invariante sous les transformations supersymé-

triques

Ji = Op +i0%0,,, (1.1.7)
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qui sont générées par la superalgebre de Lie
0F = 0F + ict, By o= xy +iET0F. (1.1.8)

En somme, tres peu est connu sur les systemes supersymétriques intégrables com-
parativement aux systémes « classiques » intégrables. Cette these tentera de ré-
pondre a certaines questions et d’étudier certaines propriétés des systémes d’équa-
tions supersymétriques, particulierement pour les systemes intégrables au sens

solitonique.

1.2. METHODOLOGIE ET OBJECTIFS

L’objectif général de cette these est d’étudier les supervariétés associées avec
les systemes supersymétriques intégrables. Nous avons concentré notre étude sur
les équations structurelles de formules d’immersion de supervariétés dans diffé-
rents superespaces, leur résolution ainsi que les caractéristiques géométriques as-
sociées. Cette étude a abouti en cinq articles. Plus particulierement, nous avons
étudié les différents concepts ci-dessous :

— La construction des équations structurelles de versions supersymétriques
des équations de Gauss—Weingarten et de Gauss—Codazzi pour les surfaces
conformément paramétrisées.

— La formulation d’une caractérisation géométrique pour les surfaces décrites
par les versions supersymétriques des équations de Gauss-Weingarten et
de Gauss—Codazzi.

— L’étude des symétries des versions supersymétriques des équations de Gauss—
Codazzi et de Gauss—Weingarten.

— Larésolution des versions supersymétriques des équations de Gauss—Codazzi
par la méthode de réduction par symétrie pour obtenir des solutions inva-
riantes.

— Les conditions nécessaires pour qu'un systéme supersymétrique soit inté-
grable au sens solitonique.

— La construction de versions supersymétriques de la formule d’immersion de
Fokas—Gel’fand pour les surfaces et les supervariétés solitoniques associées
a un modele intégrable plongées dans une superalgebre de Lie.

— La caractérisation géométrique associée aux versions supersymétriques de
la formule d’immersion de Fokas—Gel’fand.

— L’étude des propriétés d’intégrabilité de I’équation de sine-Gordon super-
symétrique afin d’obtenir des solutions.

Une surface (ou variété) est dite intégrable lorsque les équations de Gauss—Codazzi

associées sont intégrables. En général, I’étude des liens entre les surfaces et les
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équations intégrables a mené a de nouvelles méthodes pour étudier leur géométrie,
leur construction ainsi que leur résolution, par exemple : les transformations de
Backlund et de Darboux ainsi que les principes de superposition non linéaires
(voir [103] et les références a l'intérieur).

Pour ce faire, nous utilisons le formalisme de l'algebre de Grassmann G qui
sert de base pour les modeles supersymétriques. Cette algebre est générée par un
ensemble d’éléments &;, i = 1,...,n, et le corps des réels R (ou des complexes C).

Les éléments fermioniques satisfont les propriétés

§i& +66 =0, 1-&=¢&-1=¢, i,j=1,...,n, (1.2.1)

ou 1 est 'unité dans le corps des réels R (ou des complexes C). Lorsque I'indice

7 = j, nous obtenons la propriété

(&)* =0, (1.2.2)

qui reproduit certaines propriétés des particules a spin demi-entier, d’ou I'appel-
lation fermionique. L’algebre de Grassmann peut étre décomposée en deux parties
(« body » et « soul »), c’est-a-dire qu’un élément a dans I'algebre de Grassmann

peut s’écrire
a4 = Gpody + Qsoul, (123)

ol Gpody appartient au corps R (ou C) et agoy fait intervenir au moins un gé-
nérateur §; de l'algebre de Grassmann dans chaque terme. Si la partie apoqy est
non nulle, alors il est possible de diviser par a. Il est aussi possible de décompo-
ser l'algebre de Grassmann en partie bosonique (paire) et fermionique (impaire),

c’est-a-dire, pour un élément a de l'algebre de Grassmann, nous pouvons écrire

4 = QAbosonique + Qfermionique- (124>

La partie bosonique possede la propriété qu’elle commute avec l'ensemble de
I’algebre de Grassmann G. Par exemple, pour quatre générateurs &;, i = 1,2, 3, 4,

un élément bosonique b prendra la forme

b= 0o + 01§18 + 026183 + 038184 + b4z + b5&als + be€384 + 0781828384,

2.5)
bj eC, j=0,..7.

A T'inverse, I'’ensemble des éléments fermioniques est I’ensemble complémentaire
de la partie bosonique. La partie fermionique commute avec les éléments boso-
niques et elle anticommute avec les éléments fermioniques. Lorsqu’un élément

possede uniquement une partie bosonique ou une partie fermionique, cet élément
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est décrit comme étant homogene. Les éléments homogenes possedent les proprié-
tés de multiplications similaires aux fonctions paires et impaires, c¢’est-a-dire
bosonique - bosonique = bosonique,
bosonique - fermionique = fermionique,

fermionique - fermionique = bosonique.

Le degré d'un élément homogene est défini comme étant

deg(a) = { 0 si a est bosonique, (1.2.6)

1 si a est fermionique.

Une matrice M de dimension (m + n) x (m + n), donnée par des sous-blocs,

Am m BTI’L n
M = . " (1.2.7)
Cnxm D’an

est appelée une supermatrice lorsque les éléments de la matrice sont tous homo-
genes et que les éléments de A, «.,, sont de méme degré que ceux de D, ,,, mais pas
de méme degré que B,,xn et C,xm. Une supermatrice est dite bosonique lorsque
les éléments de la sous-matrice A,,,, sont bosoniques et une supermatrice est
dite fermionique lorsque les éléments de A, x,, sont fermioniques. Similairement

mXm )

le degré d’une supermatrice est défini par

0 si M est une supermatrice bosonique,

deg(M) = { (1.2.8)

1 si M est une supermatrice fermionique.

Une superalgebre de Lie g est composée d’un superespace vectoriel et d'un

superbracket de Lie sous lequel g est fermée sous son action, c’est-a-dire
MMy — (—1)3e®)desMI NG Nf = My e g, VM, M, € g. (1.2.9)

A titre d’exemple, la superalgebre de Lie gl(m|n, G) est composée de I’ensemble
des supermatrices de dimension (m + n) X (m + n) et la superalgebre de Lie

sl(m|n, G) est la sous-algebre de gl(m|n,G) qui satisfait
str(M) =0, VM € sl(m|n,G). (1.2.10)
La supertrace est définie de la fagon suivante :
str(M) = tr (E4s0+ ) (1.2.11)

ou la matrice F prend la forme

E:(Imm 0 ) (1.2.12)
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et I est la matrice identité. Le superdéterminant d’une matrice M, telle que
définie a I’équation ((1.2.7)), est donné par

_det(A-BD™'C) det(A)
sdet(M) = ——30D)  ~ det(D = CAB)’

a condition que les inverses des déterminants de A et D soient bien définis. Le

(1.2.13)

supergroupe de Lie GL(m|n,G), associé a la superalgebre gl(m|n, G), est composé
de 'ensemble des supermatrices inversibles (bosoniques) de dimension (m +n) x
(m+n). Une présentation plus détaillée du formalisme de ’algebre de Grassmann
peut étre trouvée dans [11,133,43]56,118].

Dans le premier article [B1], nous avons étudié et construit des versions su-
persymétriques des équations de Gauss—Weingarten et de Gauss—Codazzi. Nous
considérons une fonction d’immersion F' pour une surface dans un superespace
euclidien. Nous considérons deux cas : la version bosonique ou F' est a valeur
bosonique et la version fermionique ot F' est a valeur fermionique. Dans les deux
cas, les vecteurs tangents a la surface sont considérés dans la direction des dérivées

covariantes fermioniques Dy, c’est-a-dire D F', ou
Dy = Ogs — i6*0,, . (1.2.14)

Les variables z. sont & valeur bosonique et les variables #* sont & valeur fermio-
nique. (La notation des indices + et — peut étre remplacée par 1 et 2, respecti-
vement, dans ce qui suit.) Avec le produit scalaire euclidien (-,-), nous pouvons

définir les éléments de la métrique g;; par
(D;F,D;F) = gi; f, (1.2.15)

ou f est une fonction de z. sans partie body dans la version bosonique et une
fonction bosonique arbitraire de x4 dans la version fermionique. Nous considérons

aussi un vecteur normal unitaire N satisfaisant
(D;F,N) =0, (N,N) = 1. (1.2.16)

De la, nous choisissons une paramétrisation conforme telle que les éléments de la
métrique sont donnés par
1
gii =0, J12 = §€¢, (1.2.17)
ol ¢ est un superchamp bosonique. Les coefficients de la deuxieme forme fonda-

mentale, définis par

(D,DiF,N) = b, . (1.2.18)
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sont donnés par
1
b = Q" be = Q7 bio = §€¢H, (1.2.19)
olt Q* sont associés au différentiel de Hopf (Qdz? dans le cas classique) et H

représente la courbure moyenne. A partir de I’hypothése
et d’une version supersymétrique du repere mobile,

D,F
Q= |D_F|, (1.2.21)
N

nous avons construit les versions bosonique et fermionique des équations de
Gauss—Weingarten et, par leur condition de compatibilité, de Gauss—Codazzi.

Par la suite, nous avons étudié les symétries des versions supersymétriques
des équations de Gauss—Codazzi que nous avons comparées a leur équivalent
classique. Nous avons décomposé les superalgebres de Lie en sommes directes et
semi-directes. De plus, nous avons classifié les sous-algebres unidimensionnelles
par classes de conjugaison en utilisant la formule de Baker-Campbell-Hausdorff

Xy —X 1

eYe :Y+[X,Y]+§[X, (X, Y]]+ ... (1.2.22)
et une adaptation de la méthode décrite dans |[120] faisant intervenir les variables
fermioniques. En particulier, pour les algebres décrites par des sommes directes,
nous considérons la méthode du twist de Goursat adaptée pour tenir compte des
variables fermioniques et bosoniques. Afin d’obtenir des solutions invariantes des
versions supersymétriques (bosonique et fermionique) des équations de Gauss—
Codazzi, nous utilisons la méthode de réduction par symétrie. Nous avons choisi
des représentants des classes de conjugaison et nous avons trouvé les invariants,
les orbites, les équations réduites ainsi qu’une solution invariante des équations
réduites.

Dans le deuxieme article [B2], nous avons étudié les conditions nécessaires
pour qu’un systéme (supersymétrique) soit intégrable au sens de la théorie des
solitons. Pour ce faire, nous avons précisé une conjecture déja existante présentée
dans [85] a I'aide d’un opérateur de projecteur et nous I'avons généralisée pour
tenir compte des variables aux valeurs fermioniques et bosoniques. Nous avons di
trouvé les symétries des systemes linéarisés en utilisant une adaptation du critére

de symétrie pour tenir compte des variables bosoniques et fermioniques. Pour
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plusieurs systémes, nous avons comparé les symétries du systéme non linéaire et
les symétries de leur systeme linéarisé.

Dans le troisieme article [B3], nous avons étudié deux versions supersymé-
triques de la formule d’immersion de Fokas—Gel’fand pour des surfaces plongées
dans une superalgebre de Lie. Nous considérons un systeme supersymétrique in-

tégrable et son probleme linéaire spectral associé de la forme

ou D; sont les dérivées covariantes telles que définies a I'équation (|1.2.14])), U; est
la supermatrice fermionique potentielle dans la superalgebre de Lie et U est la
fonction d’onde dans le supergroupe associé. Les deux versions sont séparées en
termes de déformations bosoniques et de déformations fermioniques. Dans le cas

bosonique, nous considérons des déformations de la forme
Uy =U;+ed;, U=U(+eF), (1.2.24)

ol € est un parametre bosonique infinitésimal ou nilpotent d’ordre 2. Dans le cas

fermionique, nous considérons des déformations de la forme
U;=U; +€eE4A;, U =V(I+eEF), (1.2.25)

ol € est un parametre fermionique et la matrice E est définie a ’équation .
Pour les deux versions supersymétriques, nous avons construit la caractérisation
géométrique a partir seulement des matrices de déformation des supermatrices
potentielles. Nous avons décrit les coefficients de la métrique a partir de la su-
performe de Killing basée sur la supertrace. Pour obtenir les coefficients de la
deuxieme forme fondamentale, nous avons donné une expression explicite pour
le vecteur normal unitaire qui prend la forme d’une supermatrice bosonique. A
partir de ces coefficients, nous pouvons calculer la courbure moyenne pour les
deux versions supersymétriques et la courbure de Gauss dans le cas bosonique
basées sur la caractérisation fournie dans le premier article. Ces considérations
théoriques seront utilisées pour étudier la version supersymétrique de 1’équation
de sine-Gordon. Il est a noter que les surfaces générées représentent en fait une
famille de surfaces a un parametre grace au parametre spectral. La présence du
parametre spectral est cruciale dans les diverses propriétés d’intégrabilité des
systemes intégrables.

Dans le quatrieme article [B4], nous étudions les diverses propriétés d’inté-
grabilité de la version supersymétrique de 1’équation de sine-Gordon dans le but
d’obtenir des solutions multisolitoniques permettant d’investiguer la version su-

persymétrique de la formule d’immersion de Sym—Tafel. Nous commencons par
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construire un probléme linéaire spectral faisant intervenir les dérivées covariantes
fermioniques, puis nous fournissons la transformation permettant d’obtenir un
second probléme linéaire spectral faisant intervenir les dérivées bosoniques. A
partir des problemes linéaires spectraux, nous investiguons les transformations
d’auto-Bécklund et de Darboux afin d’obtenir des solutions multisolitoniques non
triviales a partir d’une solution triviale. Les solutions trouvées sont alors utili-
sées pour étudier les surfaces solitoniques associées a une déformation spectrale,

c’est-a-dire que la formule d’immersion prend la forme
F =U"15(\)0yV. (1.2.26)

Dans le cinquieme article [B5|, nous étudions une nouvelle caractérisation
géométrique des versions supersymétriques de la formule d’immersion de Fokas—
Gel’fand pour les supervariétés dans une superalgebre de Lie. Contrairement au
troisiéme article [B3] ot nous considérons seulement le probléme linéaire spectral
faisant intervenir les dérivées covariantes, nous considérons trois types de pro-
blemes linéaires spectraux, c’est-a-dire faisant intervenir les dérivées covariantes

fermioniques, les dérivées bosoniques ou les dérivées fermioniques, respectivement
Di‘l’ == Ui\If, Dzi\If - Vi\IJ, Dgi‘l’ == Wi\If (1227)

Pour ce faire, nous établissons les liens entre les trois types et nous étudions
les conséquences sur les conditions de courbure nulle. De la, nous construisons
deux versions supersymétriques de la formule d’immersion de Fokas—Gel’fand, une
bosonique et une fermionique. Les déformations pour les deux versions prennent

la forme
U =U(I +eF),

- - . (1.2.28)
Up =Us + €Ay, Vi=Vi+e€eBy, Wi =Wy +eCy.

Alors, nous formulons une nouvelle caractérisation géométrique dans les direc-
tions des variables indépendantes bosoniques et fermioniques basée sur la forme
de Killing précédemment utilisée. Nous obtenons les coefficients de la premiere et
de la deuxieme formes fondamentales et, par conséquent, les courbures de Gauss et
moyenne lorsque définies. Nous appliquons ces considérations théoriques a I’équa-

tion de sine-Gordon supersymétrique.

1.3. PLAN DE LA THESE

Le corps de cette these est composé de cing chapitres, chacun composé d'un
article ayant été publié dans un journal international avec un comité de lecture
(Journal of Physics A : Mathematical and Theoretical, SIGMA and Journal of
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Physics : Conference Series). Chacun de ces articles est rédigé de fagon individuelle
et peut étre compris sans avoir a se référer aux autres articles. Ces cinq articles
composant le corps du texte sont présentés dans 'ordre qu’ils ont été rédigés.

Plus précisément, l'article [B1] du chapitre 2] intitulé Supersymmetric ver-
sions of the equations of conformally parametrized surfaces, a été publié dans
Journal of Physics A : Mathematical and Theoretical. La section de cet ar-
ticle comprend une introduction et une mise en contexte du probleme étudié. La
section résume 1’obtention des équations de Gauss—Weingarten et de Gauss—
Codazzi classiques et étudie les symétries associées. La section introduit des
notions de base de l'algebre de Grassmann qui seront utilisées dans cet article.
Dans la section , nous construisons les versions supersymétriques (bosonique et
fermionique) des équations de Gauss—Weingarten et de Gauss—Codazzi. Dans la
section [2.5] nous discutons de la caractérisation géométrique des surfaces étudiées.
La section [2.6|est consacrée a ’étude des symétries ponctuelles de Lie des versions
supersymétriques (bosonique et fermionique) des équations de Gauss—Weingarten
et de Gauss—Codazzi. La section présente une classification des sous-algebres
de Lie unidimensionnelles trouvées dans la section [2.6] Dans la section [2.8, nous
trouvons des solutions invariantes a 1’aide de la méthode de réduction par symétrie
et la section [2.9 présente les conclusions et les perspectives futures de cet article.
Les listes des sous-algebres de Lie unidimensionnelles classifiées par classe de
conjugaison pour les versions supersymétriques des équations de Gauss—Codazzi
sont présentées en annexe a la fin du chapitre.

L’article |B2| du chapitre , intitulé On the integrability of supersymmetric
versions of the structural equations for conformally parametrized surfaces, a été
publié dans le journal SIGMA pour I'édition spéciale On FEzxact Solvability and
Symmetry Avatars in Honour of Luc Vinet. La section [3.1] de cet article com-
prend une introduction et une mise en contexte des systemes supersymétriques
intégrables. Dans la section [3.2] nous discutons des symétries des équations de
Gauss—Weingarten et de Gauss—Codazzi classiques. Dans la section [3.3] nous in-
troduisons des notions de base utilisées sur les variables a valeur de Grassmann.
Dans la section , nous rappelons les résultats obtenus dans 'article [B1] du
chapitre |2 sur les versions supersymétriques des équations de Gauss—Weingarten
et de Gauss-Codazzi. Dans la section nous étendons la conjecture [85] aux
modeles supersymétriques et nous fournissons trois exemples ol nous avons eu a
trouver les symétries de leur probléme linéaire ; la version bosonique des équations
de Gauss-Codazzi, la version supersymétrique de 1’équation de sine-Gordon et la
version fermionique des équations de Gauss—Codazzi. La section |3.6| présente les

conclusions de cet article et certaines perspectives futures.



14

L’article [B3| du chapitre , intitulé Supersymmetric versions of the Fokas—
Gel’fand formula for immersion, a été publié dans Journal of Physics A : Mathe-
matical and Theoretical. La section [4.1] de cet article présente une introduction
sur les systemes supersymétriques intégrables et sur la formule d’immersion de
Fokas—Gel’'fand classique. Dans la section [£.2], nous résumons les résultats portant
sur la formule d’immersion de Fokas—Gel'fand classique. La section présente
les conventions et les notions de base liées aux algebres de Grassmann. Dans la
section 4.4} nous construisons et analysons les versions supersymétriques de la
formule d’immersion de Fokas—Gel’fand, pour 'immersion bosonique et I'immer-
sion fermionique dans des superalgebres de Lie. Dans la section [1.5, nous utili-
sons ces considérations théoriques pour investiguer la version supersymétrique de
I’équation de sine-Gordon. Nous considérons cing déformations : une déforma-
tion bosonique du parametre spectral, une déformation par une jauge prenant la
forme d’une supermatrice bosonique, une déformation bosonique liée a une sy-
métrie ponctuelle de Lie, une déformation par une jauge prenant la forme dune
supermatrice fermionique et une déformation fermionique liée a une symétrie
ponctuelle de Lie. Les conclusions et quelques perspectives futures de cet article
sont présentées dans la section [4.6]

L’article [B4] du chapitre , intitulé On integrability aspects of the supersym-
metric sine-Gordon equation, a été publié dans Journal of Physics A : Mathema-
tical and Theoretical. La section [5.1] présente une introduction sur les propriétés
des systeémes (supersymétriques) intégrables. Dans la section nous étudions
des propriétés de la version supersymétrique de ’équation de sine-Gordon : la
densité lagrangienne, la construction de deux problemes linéaires spectraux, une
version supersymétrique des équations de Riccati couplées équivalentes a la ver-
sion supersymétrique de sine-Gordon et les transformations d’auto-Bécklund et de
Darboux. Dans la section [5.3] nous utilisons la transformation de Darboux pour
obtenir des solutions multisolitoniques non triviales. Ces solutions permettent
d’étudier une version supersymétrique de la formule d’'immersion de Sym-Tafel.
La section [5.4] est dédiée aux conclusions et aux perspectives futures rattachées a
cet article.

L’article [B5] du chapitre |§|, intitulé On geometric aspects of the supersym-
metric Fokas—Gel’fand immersion formula, a été publié dans Journal of Physics
A : Mathematical and Theoretical. La section [6.1] est constituée d’une introduc-
tion sur les versions supersymétriques et classique de la formule d’immersion
de Fokas—Gel’fand. Dans la section [6.2] nous présentons un résumé de la formule
d’immersion de Fokas—Gel'fand classique et de sa caractérisation géométrique. La

section (6.3 établit les différentes conventions liées aux algebres de Grassmann et



15

décrit brievement les notions utilisées. La section [6.4] est séparée en trois parties.
Dans la premiere partie, nous construisons et étudions les liens entre trois types
de problemes linéaires spectraux et leur condition de courbure nulle. La seconde
partie, la section [6.4.1] est consacrée aux déformations bosoniques de la version
supersymétrique de la formule d’immersion de Fokas—Gel’'fand et la troisieme
partie, la section [6.4.2] est dédiée aux déformations fermioniques de la version
supersymétrique de la formule d’immersion de Fokas—Gel’fand. Dans la section
m, nous fournissons une caractérisation géométrique pour les versions bosonique
et fermionique de la formule d’immersion de Fokas—Gel’fand. Dans la section [6.6]
nous appliquons ces considérations théoriques a I’équation de sine-Gordon super-
symétrique pour cing cas similaires a ceux étudiés dans l'article [B3], dans la
section [£.5] Les conclusions et les perspectives futures de cet article sont présen-
tées dans la section [6.7]

De plus, le chapitre [7] fait état des conclusions générales de la recherche effec-
tuée dans le cadre de cette these et il met en lumiere les contributions originales.
Plusieurs perspectives futures sont également proposées. La bibliographie est pré-
sentée de fagon alphabétique, a I'exception des articles apparaissant dans cette
these qui sont présentés dans I'ordre d’apparition dans cette these et ot un B est
ajouté aux références. Additionnellement, trois articles sont présentés en annexe.
Le premier article présenté [B6] est un compte-rendu de conférence avec comité
de lecture dans le cadre de la XXIII International Conference on Integrable Sys-
tems and Quantum Symmetries (ISQS-23) tenu a Prague qui a été publié dans
Journal of Physics : Conferences Series. Les deux articles [B7, B8] ont été sou-
mis séparément au Journal of Physics A : Mathematical and Theoretical dans un
court délai et les examinateurs ont demandé de restructurer les deux articles en

un seul, ce qui a abouti en I'article [B1] du chapitre [2]






Chapitre 2

SUPERSYMMETRIC VERSIONS OF THE
EQUATIONS OF CONFORMALLY
PARAMETRIZED SURFACES

Auteurs : S. Bertrand, A. M. Grundland et A. J. Hariton
Référence : J. Phys. A : Math. Theor. 48 175208, 37 pages (2015)
Doi :110.1088/1751-8113/48 /17 /175208

ArXiv : 1504.08260

Résumé
L’objectif de cet article est de formuler deux extensions supersymétriques dis-
tinctes des équations de Gauss—Weingarten et de Gauss—Codazzi pour les sur-
faces conformément paramétrisées plongées dans un superespace de Grassmann;
une en termes d’un superchamp bosonique et I'autre en termes d’un superchamp
fermionique. Nous effectuons cette analyse en utilisant un formalisme de superes-
pace/superchamp et une version supersymétrique du repeére mobile sur une sur-
face. Contrairement au cas classique ou il y a trois équations de Gauss—Codazzi,
nous obtenons six équations dans le cas bosonique supersymétrique et quatre
équations dans le cas fermionique supersymétrique. Dans le cas fermionique, les
équations de Gauss—Codazzi ressemblent a la forme des équations de Gauss—
Codazzi classiques. Nous déterminons les algebres de Lie de symétrie des équa-
tions de Gauss—Codazzi classiques qui sont de dimension infinie et nous effectuons
une classification en sous-algebres unidimensionnelles de la sous-algeébre maximale
de dimension finie. Par la suite, nous calculons les superalgebres de Lie ponctuelles
de symétrie des équations de Gauss—Codazzi supersymétriques bosoniques et fer-
mioniques, puis nous classifions les sous-algebres unidimensionnelles par classes
de conjugaison. Nous utilisons la méthode de réduction par symétrie pour trou-

ver les invariants, les orbites et les systemes réduits pour deux sous-algebres du
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cas classique, pour deux sous-algebres du cas bosonique supersymétrique et pour
deux sous-algebres du cas fermionique supersymétrique. Nous trouvons des so-
lutions explicites a ces systemes réduits, ce qui correspond a différentes surfaces
plongées dans un superespace de Grassmann. Dans le cadre de ce travail, pour les
versions supersymétriques des équations de Gauss-Codazzi, une interprétation

géométrique des résultats est discutée.

Abstract
The objective of this paper is to formulate two distinct supersymmetric exten-
sions of the Gauss—Weingarten and Gauss—Codazzi equations for conformally
parametrized surfaces immersed in a Grassmann superspace, one in terms of a
bosonic superfield and the other in terms of a fermionic superfield. We perform
this analysis using a superspace-superfield formalism together with a supersym-
metric version of a moving frame on a surface. In constrast with the classical case,
where we have three Gauss-Codazzi equations, we obtain six such equations in
the bosonic supersymmetric case and four such equations in the fermionic super-
symmetric case. In the fermionic case the Gauss—Codazzi equations resemble the
form of the classical Gauss—Codazzi equations. We determine the Lie symmetry
algebra of the classical Gauss—Codazzi equations to be infinite-dimensional and
perform a subalgebra classification of the one-dimensional subalgebras of its lar-
gest finite-dimensional subalgebra. We then compute superalgebras of Lie point
symmetries of the bosonic and fermionic supersymmetric Gauss-Codazzi equa-
tions respectively, and classify the one-dimensional subalgebras of each superalge-
bra into conjugacy classes. We then use the symmetry reduction method to find
invariants, orbits and reduced systems for two one-dimensional subalgebras for
the classical case, two one-dimensional subalgebras for the bosonic supersymme-
tric case and two one-dimensional subalgebras for the fermionic supersymmetric
case. We find explicit solutions of these reduced supersymmetric systems, which
correspond to different surfaces immersed in a Grassmann superspace. Within
this framework for the supersymmetric versions of the Gauss—-Codazzi equations,

a geometrical interpretation of the results is discussed.

2.1. INTRODUCTION

In the last three decades, a number of supersymmetric (SUSY) extensions
of classical and quantum mechanical models, describing several physical pheno-
mena, have been developed and group-invariant solutions of these SUSY systems
have been found (e.g. [13}37,76,79]). Recently, this method was further ge-
neralized to encompass hydrodynamic-type systems (see e.g. [36,|50,(67,|74]).
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Their SUSY extensions were established and their group-invariant solutions were
constructed. SUSY versions of the Chaplygin gas in (141)- and (2+41)-dimensions
were formulated by R. Jackiw et al, derived from parametrizations of the action
for a superstring and a Nambu-Goto membrane respectively (see [78] and refe-
rences therein). It was suggested that a quark-gluon plasma may be described
by non-Abelian fluid mechanics [117]. In addition, SUSY extensions have been
formulated for a number of integrable equations , including among others the
Korteweg-de Vries equation [24,|83,88,(90], the Kadomtsev-Petviashvili equa-
tion [89], the Sawada-Kotera equation [116] and the sine-Gordon and sinh-
Gordon equations [3131],63,64./69,107,108/[121]. Various approaches have been
used to construct supersoliton solutions, such as the inverse scattering method,
Béacklund and Darboux transformations for odd and even superfields, Lax forma-
lism in a superspace and generalized versions of the symmetry reduction method
(SRM). A number of supersoliton and multi-supersoliton solutions were determi-
ned by a Crum-type transformation [64,91,107] and it was found that there exist
infinitely many local conserved quantities. A connection was established between
the super-Darboux transformations and super-Backlund transformations which
allow for the construction of supersoliton solutions [3}24,/63,69|88.,(108,116].
Despite the progress made in the investigation of nonlinear SUSY systems,
this area of mathematics does not yet have as solid a theoretical foundation as
the classical theory of differential equations. This is related primarily to the fact
that, due to the nature of Grassmann variables, the principle of superposition of
solutions obtained from the method of characteristics cannot be applied to nonli-
near SUSY systems. In most cases, analytic methods for solving quasilinear SUSY
systems of equations lead to the construction of classes of solutions that are more
restricted than the general solution. One can attempt to construct more restricted
classes of solutions which depend on some arbitrary functions and parameters by
requiring that the solutions be invariant under certain group transformations of
the original system. The main advantages of the group properties appear when
group analysis makes it possible to construct regular algorithms for finding certain
classes of solutions without referring to any additional considerations but procee-
ding directly from the given system of partial differential equations (PDEs). A
systematic computational method for constructing the group of symmetries of a
given system of PDEs has been developed by many authors (see e.g. G. W. Blu-
man and S. C. Anco [17], P. A. Clarkson and P. Winternitz [30], P. Olver [95],
and D. Sattinger and O. Weaver [105]) and a broad review of recent developments
in the SUSY theory can be found in several books (e.g. J. F. Cornwell [33], B.
DeWitt [43], D. S. Freed [56], V. Kac [80] and V. S. Varadarajan [118]). The
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methodological approach adopted in this paper is based on the use of the SRM
to find solutions of the PDEs which are invariant under subgroups of a Lie su-
pergroup of point transformations. By a symmetry supergroup of a SUSY system
of PDEs, we mean a local SUSY Lie supergroup G transforming both the inde-
pendent and dependent variables of the considered SUSY system of equations in
such a way that G transforms given solutions of the system to new solutions of the
same system. The Lie superalgebra of such a supergroup is represented by vector
fields and their prolongation structures. The standard algorithms for determining
the symmetry algebra of a system of equations and classifying its subalgebras
have been extended in order to deal with SUSY models (see e.g. [80,(100.120]).

Recent studies of the geometric properties of surfaces associated with holo-
morphic and non-holomorphic solutions of the SUSY bosonic Grassmann sigma
models have been performed [41,42]104,[122]. A gauge-invariant formulation of
these SUSY models in terms of orthogonal projectors allows one to obtain explicit
solutions and consequently to study the geometry of their associated surfaces. In
differential geometry, parametrized surfaces are described in terms of a moving
frame satisfying the Gauss—Weingarten (GW) equations, which are linear PDEs.
Their compatibility conditions are the Gauss—-Codazzi (GC) equations. A repre-
sentation of nonlinear equations in the form of the GC equations is the starting
point in the theory of integrable (soliton) surfaces arising from infinitesimal de-
formations of integrable differential equations and describing the behaviour of
soliton solutions. The construction and analysis of such surfaces associated with
integrable systems in several areas of mathematical physics provide new tools
for the investigation of nonlinear phenomena described by these systems. In this
setting, it is our objective to perform a systematic analysis of SUSY versions of
the GW and GC equations. The formulation of a SUSY extension of the GW
and GC equations has already been accomplished for the specific case of bosonic
Grassmann sigma models [41,/42]. It is of considerable interest to consider such
extensions for the general case of the GW and GC equations.

The purpose of this paper is to formulate two distinct SUSY extensions of
the GW and GC equations, one using a bosonic superfield and the other using
a fermionic superfield, for conformally parametrized surfaces in the superspace
R(In5) The SUSY versions of these equations are formulated through the use
of a superspace-superfield formalism. The considered surfaces are parametrized
by the vector field F and the normal vector field NV, which are replaced in the
SUSY version by their corresponding superfields F' and N in R(™/"s) This allows
us to formulate the SUSY extensions of the structural equations for the immer-

sion of conformally parametrized surfaces explicitly in matrix form. We establish
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explicit forms of the SUSY GW equations satisfied by the moving frame on these
surfaces. The result is independent of the parametrization. This allows us to exa-
mine various geometric properties of the studied immersions, such as the first and
second fundamental forms of the surfaces (and therefore the mean and Gaussian
curvatures).

The paper is organized as follows. The symmetry algebra of the classical GC
equations is determined and a subalgebra classification of its one-dimensional
subalgebras is performed in section In section [2.3] we introduce the basic
properties of Grassmann algebras and Grassmann variables and introduce the
notation that will be used in what follows. In section [2.4] we construct the boso-
nic and fermionic SUSY extensions of the GW and GC equations. In section [2.5]
we discuss certain geometric aspects of the conformally parametrized SUSY sur-
faces. We provide expressions for the first and second fundamental forms and the
Gaussian and mean curvatures, which are required for a geometrical interpretation
of the invariant solutions. In section [2.6], we determine Lie superalgebras of point
symmetries of the SUSY GC equations for both the bosonic and fermionic cases.
Section [2.7] involves a classification of the one-dimensional subalgebras of both
Lie superalgebras into conjugacy classes. In section [2.8] we provide examples of
invariant solutions of the supersymmetric Gauss-Codazzi equations obtained by
the SRM. Finally, in section [2.9] we present the conclusions and discuss possible

future developments in this field.

2.2. SYMMETRIES OF CONFORMALLY PARAMETRIZED SURFACES

The system of PDEs describing the moving frame Q = (0F,0F,N)” on a
smooth conformally parametrized surface in 3-dimensional Euclidean space satis-

fies the following GW equations
N =V, 0=V, (2.2.1)

where the matrices Vi and V5 are given by

ou 0 Q 0 0 1Het
Vi=| 0 0 tHe'|, Vo= 0 o Q |. (222
—H —2Qe™ 0 —2Qe™* —H 0

Here 0 and 0 are the partial derivatives with respect to the complex coordinates
z = x+ 1y and z = x — 1y, respectively. The conformal parametrization of a
surface is given by a vector-valued function F = (Fy, Fa, F3) : R — R? (where R

is a Riemann surface) which satisfies the following normalization for the tangent
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vectors OF and OF and the unit normal N

_ _ 1
(OF,0F) = (OF,0F) =0, (8]—",8]—")256“,

i (2.2.3)
(OF,N) = (0F,N) =0, (NN = 1.
We define the quantities
Q= (PF,N)ecC, H=2e"00FN)cR, (2.2.4)

where Qdz? and Qdz? are the Hopf differentials and H is the mean curvature
function. Here, the bracket (-, ) denotes the scalar product in 3-dimensional Eu-

clidean space R?
<CL, b> = a1b1 + a2b2 + 6L3b3. (225)

So, the GW equations for a moving frame €2 on a surface have to obey the following

system of equations
O*F = OudF +QN,  00F = ;He“./\/, O*F = OudF + QN
ON = —HOF — 2¢ “QOF, ON = —2e “*QOF — HOF.

(2.2.6)

The first and second fundamental forms are given by

rmman = () (0. ()= ((6) o) e

and

H:(dzfj\/>=< Q+Q+e"H i(Q— Q) dx da:> (2.2.8)
7 Q-Q) —(Q+Q)+eH)\dy) \dy)/

respectively. The principal curvatures k; and ko are the eigenvalues of the matrix
B [@FQFeH  i(Q-Q)
(R-Q) —-(Q@+Q)+e"H

We obtain the following expressions for the mean and Gaussian curvatures

(2.2.9)

1 1
K = kiky = det(B) = H* — 4QQe ™" (2.2.11)

Umbilic points on a surface take place when H? — K = 0 which implies that
|Q|*> = 0. The compatibility conditions of the GW equations (2.2.1]) are the GC
equations

OV — OV + [Vi, Va] = 0, (2.2.12)
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(the bracket [-, -] denotes the commutator) which reduce to the following three

differential equations for the quantities ), H and e"

_ 1 _
O0u + ~H?e" — 2QQe™" = 0, (the Gauss equation)
2
. o (2.2.13)
oQ — ieué?H =0, 0Q — 56“8[{ =0 (the Codazzi equations).

These equations are the necessary and sufficient conditions for the existence of
conformally parametrized surfaces in 3-dimensional Euclidean space R? with the
fundamental forms given by (2.2.7) and (2.2.8)). A review of systematic computa-
tional methods for constructing surfaces for a given moving frame can be found
in several books (e.g. [6,47,82,99.115]). Equations (2.2.1), (2.2.2) and (2.2.13)

allow us to formulate explicitly the structural equations for the immersion di-

rectly in matrix terms. However, it is non-trivial to identify those surfaces which
have an invariant geometrical characterization [19,/47,82./99,115]. The task of
finding an increasing number of solutions of the GW and GC equations is related
to the group properties of these systems of equations. The methodological ap-
proach adopted here is based on the SRM for PDEs invariant under a Lie group
G of point transformations. Using the Maple program, we find that the symmetry
group of the classical GC equations consists of conformal scaling trans-
formations. The corresponding symmetry algebra £; is spanned by the vector

fields
X(n) =n(2)0. +1'(2)(=2Qdq — Udy),

Y(¢) = ((2)0: + ¢'(2)(—2Q0g — Udy), (2.2.14)
eo = —HOy + Q0q + Qg + 2Udy,
where 7/(+) and (’(-) are the derivatives of n(-) and {(-) with respect to their

arguments and where we have used the notation e* = U. The commutation

relations are
(X (), X (12)] = (mny, — mn2)0= + (nin2 — mns ) (2Q0q + Udy),
Y(¢1), Y (¢)] = (Clgé - Ci@)&z + ( {/C2 — ClCQ)(QQ@Q + Udy), (2.2.15)
[(X(n),Y(Q)]=0,  [X(n),e =0,  [Y(C),e] =0.

Since the vector fields X (n), Y (¢) and eq form an Abelian algebra, they determine
that the algebra £, can be decomposed as a direct sum of two infinite-dimensional

Lie algebras together with a one-dimensional algebra generated by ey, i.e.

Ly ={X(n)} e {Y(O} & {eo} (2.2.16)

This algebra represents a direct sum of two copies of the Virasoro algebra together

with the one-dimensional subalgebra {ep}. Assuming that the functions n and ¢
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are analytic in some open subset D C C, we can develop n and ( as power series
with respect to their arguments and provide a basis for £;. The largest finite-

dimensional subalgebra L; of the algebra £, is spanned by the seven generators
ey = —H@H+Q8Q+Q0Q+2U0U, e; = 0, ey = Oz
es = 20, — 2Q0¢ — Udy, es = 220, — 42Q0q — 22U0y, (2.2.17)
es = 20; — 2Q05 — Udy, ee = 2°0; — 42Q05 — 22U 0y,
with non-zero commutation relations
le1, e3] = e, [e1, e5] = 2es, [es, e5] = e,
(2.2.18)
[ea, €4] = €3, [ea, 6] = 2€4, [es, €6] = €.
This seven-dimensional Lie subalgebra L; can be decomposed as a direct sum of

two simple subalgebras together with a one-dimensional algebra generated by ey,

Ly ={e1,e5,e5} ® {ea, .06} © {eo}- (2.2.19)

Therefore, the classification of the subalgebras of L; consists of two copies of a
3-dimensional Lie algebra together with the center {eg}. This 3-dimensional Lie
algebra corresponds to the algebra Asg in the classification of J. Patera and P.
Winternitz [97] which is isomorphic to su(1, 1). The resulting classification of the
subalgebras of L; into conjugacy classes, performed according to the methods

described in [120], is given by the following list of representative subalgebras L ;
Ly = {eo} Ly = {ei}, Ly = {es}, Ly = {e1 +es},
Lyg = {ea}, Lyis = {es}, Lig = {es + 6},
Ly 7 = {e; + eea}, Ly g = {e1 + €eq}, Lyg={ex+ e+ cer},
Ly10 = {es + eea}, Ly 11 = {es +aes}, Ly 19 = {es + €6 + aes},
Ly 13 = {e1 + e5 + €ea}, Ly14 = {e1 +e5 +aeq},

(2.2.20)

L1715 = {61 + e5 + &(62 + 66)},

where € = £1 and a # 0 are parameters. The center of Ly, {ep}, can be added to
any of the subalgebras given above, say Ly ; = { A}, to produce a twisted subalge-
bra of the form L) ; = { A+beg}, where b # 0. The symmetry reductions associated
with the subalgebras lead to systems of ordinary differential equations
(ODEs). These reduced systems were analyzed systematically as a single generic
symmetry reduction in [32], where the GC equations were reduced to the
most general Painlevé P6 form (containing two or three arbitrary parameters).
In the following sections, the symmetry properties of the classical GW and

GC equations are compared with their bosonic and fermionic SUSY counterparts.



25
2.3. PRELIMINARIES ON GRASSMANN ALGEBRAS

The mathematical background formalism is based on the theory of supermani-
folds as presented in [11}(16/,33.43|,45.56//80,114/118||119] and can be summa-
rized as follows. The starting point in our consideration is a complex Grassmann
algebra A involving a finite or infinite number of Grassmann generators (&1, o, ...).
The number of Grassmann generators of A is not essential provided that there is
a sufficient number of them to make any formula encountered meaningful. The

Grassmann algebra A can be decomposed into its even and odd parts
A = Agven + Aoad, (2.3.1)

where Agyven includes all terms involving a product of an even number of generators
Ep, 16 1,616,615, ..., while Ayqq includes all terms involving a product of an
odd number of generators &, i.e. &1,&9,&3, ..., £1&¢&3, ... The elements of A are
called supernumbers. The even supernumbers, variables, fields, etc are assumed
to be elements of the even part Aewen of the underlying abstract real (complex)
Grassmann ring A. The odd supernumbers, variables, fields, etc lie in its odd part
Acaq- In the context of supersymmetry, the spaces A and/or Age, replace the field

of complex numbers. The Grassmann algebra can also be decomposed as

A= Abody + Asoub (232>
where
Apody = A°[61, &0, ] = C, Au = D A°[&1, &, . (2.3.3)
k=1
Here A°[£y, &, ...] refers to all terms that do not involve any of the generators
&, while A*[€1,&,, ...] refers to all terms that involve products of k generators

(for instance, if we have 4 generators &1, &, &3, &4, then A2[€), &, &3, &4 refers to
all terms involving &€, &1&3, §1&4, 283, &4 or €3€4). The bodiless elements in
Agou are non-invertible because of the Zg-grading of the Grassmann algebra. If
the number of Grassmann generators K is finite, bodiless elements are nilpotent
of degree at most K. In this paper, we assume that K is arbitrarily large but
finite. Our analysis is based on the global theory of supermanifolds as described
in [12,101}/102].

Next, in our consideration, we use a Zy-graded complex vector space V' which
has even basis elements u;, ¢ = 1,2,...,N, and odd basis elements v,, p =
1,2,..., N, and construct W = A ®¢ V. We are interested in the even part of W

Weven = { Ez a;u; + Z,u Q#U“ a; € Aevemglu € Aodd } . (234>
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Clearly, Weyen is @ Aeyen module which can be identified with AXY x A% (consis-
ting of N copies of Aeyen and M copies of Aqq). We associate with the original

basis, consisting of w; and v, (although v, & Weyen), the corresponding functionals
Ej : Wevon — Aevcn : Ej (Z a;u; + ZO&uU#> = aj, (235)
i Iz

YT, : Weven — Aoaa : Yo (Z a;u; + Z%%) =q,, (2.3.6)
i 1

and view them as the coordinates (even and odd respectively) on Weye,. Any
topological manifold locally diffeomorphic to a suitable Wy, is called a super-
manifold.

The transitions to even and odd coordinates between different charts on the
supermanifold are assumed to be even- and odd-valued superanalytic or at least
G functions on Weyen. A comprehensive definition of the classes of supersmooth
functions G* and superanalytic functions G¥ can be found in [102], definition
2.5. We note that superanalytic functions are those that can be expanded into
a convergent power series in even and odd coordinates, whereas the definition
of the G*° function is a more involved analogue of functions on manifolds. Any
G*° function can be expanded into products of odd coordinates in a Taylor-like
expansion but the coefficients, being functions of even and odd coordinates, may
not necessarily be analytic (see e.g. [102]).

The super-Minkowski space can be viewed as such a supermanifold globally
diffeomorphic to AX2  x AX} with even light-cone coordinates x,,z_ and odd

even

coordinates #7,0~. Here x, and z_ are linear combinations of terms involving

an even number of generators : 1,818z, 8183, 184, -5 §283, §28as o5 §1628384, ... On
the other hand, ™ and 6~ are linear combinations of terms involving an odd

number of generators : &1, &2, &3, &, -5 §16288, §16284, §1€384, £28384, ... The SUSY
transformation ([2.4.5)) and (2.4.6)) in the next section can be viewed as a particular

change of coordinates on R which transforms solutions of the SUSY GW

equations ([2.4.20) and SUSY GC equations, ([2.4.36|) respectively, into solutions

of the same systems in new coordinates. A smooth superfield is a G*° function

from R™I"5) to A (where n;, and n; are the numbers of bosonic and fermionic
coordinates, respectively). It can be expanded in powers of the odd coordinates

0" and 0~ giving a decomposition in terms of even superfields

2
Xeven - AX — Aeven:

even
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and odd superfields

. 2
Xodd * Aoven — Nodd-

even

In this paper, we use the convention that partial derivatives involving odd

variables satisfy the Leibniz rule
Bo+ (hg) = (Bp+h)g + (1) =" h(Dp= g), (2.3.7)
where the degree of a homogeneous supernumber is given by

0 if h is even,

o (2.3.8)
1if h is odd,

deg(h) = {
and we have used the notation

foro— = 0o (Op+ f) - (2.3.9)

The partial derivatives with respect to the odd coordinates satisfy 0p:67 = 5ij
where the indices i and j each stand for 4+ or — and 6,/ is the Kronecker delta func-
tion. The operators Jp+, J+ and DL, in equations ([2.4.3)) and change the
parity of a bosonic function to a fermionic function and vice versa. For example,
if ¢ is an even function, then Jy+¢ is an odd superfield while Oy+ - ¢ is an even

superfield and so on. The chain rule for a Grassmann-valued composite function
flg(zy)) is

o9f _ 99 9f
0xr, Oxy0g

The interchange of mixed derivatives (with proper respect to the ordering of

(2.3.10)

odd variables) is assumed throughout. For further details see e.g. the books by
Cornwell [33], DeWitt [43], Freed [56], Varadarajan [118] and references therein.

2.4. SUSY EXTENSIONS OF THE GW AND GC EQUATIONS

The purpose of this section is to establish two different SUSY extensions of
the GW and GC equations, one using a bosonic superfield representation and
the other using a fermionic superfield representation of a surface in a superspace
(RZ12) for the bosonic extension and R(!3) for the fermionic extension). Let
S be a smooth simply connected surface in a Minkowski superspace with the
bosonic light-cone coordinates z;. = £ (t+x) and z_ = (¢ — x) together with the

fermionic (anti-commuting) variables §* and 6~ such that

@) =0 =00 +060"=0. (2.4.1)



28

We assume that the surface S is conformally parametrized by a vector-valued
superfield F(z,,z_,0%,07) (bosonic in the case of the bosonic SUSY extension,
fermionic in the case of the fermionic SUSY extension,) which can be decomposed

as
F=Fy(rg,o-) + 0 pn(vg,x-)
(2.4.2)
+ 0 (v, 2 )+ 070" Gp(ry,2), m=1,23

For the bosonic SUSY extensions, the functions F, and G,, are bosonic (even
Grassmann)-valued, while the functions ¢, and 1, are fermionic (odd Grassmann)-
valued. Conversely, for the fermionic SUSY extension, the functions F,, and G,
are fermionic-valued, while the functions ¢,, and 1, are bosonic-valued. Here,
the fields Fi,, ©m, ¥m and G, are the four parts of the truncated power series
with respect to 87 and 6~ of the m'" component of the vector superfield F. Power

series with respect to 61 and 0~ are truncated since the fermionic variables 6 and
0~ satisfy (2.4.1)). Also, let D, and D_ be the covariant superspace derivatives

Dy = Ogx — i6*0,, . (2.4.3)

The covariant derivatives Dy have the property that they anticommute with the
differential SUSY operators

Jp = O+ +1i070,,, J_ = 0p- +1070,_, (2.4.4)
which generate the SUSY transformations
Ty = xy +in, 07, 0" — 0" +in (2.4.5)
and
T —ax_+in 07, 0" — 0 +in_, (2.4.6)

respectively. Here n N and n_ are odd-valued parameters. The four operators, D,

D_, J, and J_ satisfy the anticommutation relations
{Jn, Im} = 20010 0x,,, {Dm, Dn} = =200 0s,,
(2.4.7)
{Jm,Dn} =0, mn=1,2

where d;; is the Kronecker delta function and {-,-} denotes the anticommutator,
unless otherwise noted. Here, the values 1 and 2 of the indices m and n stand for

+ and —, respectively. Therefore we have the following relations

D} = —idy, Ji =i0s. (2.4.8)
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The conformal parametrization of the surface S in the superspace R/"s) is

assumed to give the following normalization of the superfield F

Here the values 1 and 2 of the indices 7 and j stand for + and —, respectively. The
scalar product (-,-) in is defined in the same way as in equation ([2.2.5)),
taking into account the property regarding the odd-valued variables " and
0, and taking values in the Grassmann algebra A. Hence the bosonic functions
gij of x, x_, 0% and 0~ are given by

_ _ L _ €0 _

g =0, 12 = 5", g1 = 3¢, ga2 =0, (2.4.10)
where ¢ = —1 in the bosonic case and € = 1 in the fermionic case. Therefore, in the
bosonic case, f is a bodiless bosonic function (i.e. f € Agow) of x4 and z_ which
is nilpotent of order k. In the fermionic case, f is a bosonic function which may
or may not be bodiless. In the bosonic case, the bodiless function f(x,x_) has
been introduced since the normalization (D, F, D_F) contains only terms with
products of generators &; and the exponential contains a term which involves no
generator. One should note that the equations are identically satisfied for
¢ = j in the bosonic extension, which is not the case in the fermionic extension.
Indeed, in the scalar product , we have the sum of the squares of each m*"
component of the tangent vector superfield D;F. Since the square of a fermionic

function vanishes, each of the terms in the scalar product is identically zero, i.e.
(D;F,D;F) = 0. (2.4.11)

In the case of the mixed scalar product, the normalization condition is
(D,F,D_F) = ;e¢f. (2.4.12)

It is interesting to note that, by construction, the metric coefficients g;; of the

bosonic extension are antisymmetric for ¢ # 7, i.e.
9ij = —9ji- (2.4.13)

This is in contrast with the fermionic case where the coefficients of the induced

metric g;; are symmetric in the indices ¢ and j, i.e.

9ij = Gji- (2.4.14)
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The superfield ¢ is assumed to be bosonic and can be decomposed as the

following power series in the fermionic variables 6 and 6~
Qb = u(x+7 JT_) + 0+7(l‘+7 l‘_) + 0_5($+, l‘—) + 0+0_?J(l'+, ZL'_), (2415)

where u and v are bosonic-valued functions, while v and ¢ are fermionic-valued

functions. Through a power expansion in % and #~ we find the exponential form
e =e“(1+0 Ty + 07546076 (v—n~9)),

(2.4.16)
e =1 =0Ty =060 (v+70)).

The tangent vector superfields D1 F' together with the normal bosonic super-
field N(xy,z_,6%,07), which can be decomposed as

N =Ny(zy,2_) + 0Ty (v, 2)

(2.4.17)
+0 B(ry, 2 )+ 070" Hy(vy, o), m=1,23

form a moving frame €2 on the surface S in the superspace. Here, the bosonic-
valued fields N,, and H,, and the fermionic-valued fields «,, and f,, are the
four parts of the truncated power series with respect to % and 6~ of the m®™
component of the vector superfield N. This normal superfield N has to satisfy
the conditions

(D;F,N)=0, (N,N)=1, i=1,2. (2.4.18)

We now derive the bosonic and fermionic SUSY versions of the GW and
GC equations. We assume that we can decompose the second-order covariant
derivatives of F' and first-order derivatives of NV in terms of the tangent vectors
D, F and D_F and the unit normal N,

D;D;F =T;"D,,F + b;; fN,

i j k=12 (2.4.19)
D;N = b*, Dy F + w;N,

where the coeflicients w; and I’ijk are fermionic functions. However, the functions
bi; and b¥, are bosonic-valued in the bosonic extension and are fermionic-valued
in the fermionic extension. The SUSY GW equations for the moving frame €2 on

a surface are given by
D, F
D, Q=A.Q, D _Q=AQ, Q=|D_F|, (2.4.20)
N
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where the 3 x 3 supermatrices A, and A_ are

Tyt Ty buf It T’ biof
A+ - F211 F212 b21f 5 A, — F221 F222 b22f . (2421)

The conformally parametrized surface S satisfies the normalization conditions
(2.4.9) and (2.4.18]) for the superfields F' and N, and we define the quantities
Q",Q and H to be

1 1

bu=Q", b= §e¢’H, by = —§e¢H, by = Q7 (2.4.22)
which gives the relations
(D>F,N)=Q"f, (D_D,F,N) = ;e‘f’H f, (D2F,N) = Q" f. (2.4.23)
The coefficients of the second fundamental form b;; have the property
bij = —bji, for i # 7. (2.4.24)
To obtain a relation between the functions b;; and bkj, we make use of the relation
(D;D;F,N) = D;j(D;F,N) —e(D;F,D;N) = —e(D,F, D;N), (2.4.25)
and by substituting D; N into its decomposition we get the relation
(gikbkj + Ebij) f=0. (2.4.26)
We can obtain the coefficients w; from the derivative of (N, N) =1, i.e.
0= D;(N,N)=(D;N,N)+ (N,D;N) = 2w;(N,N) = 2w, (2.4.27)
from which we obtain
w; = 0. (2.4.28)

Also, we can make use of the identities

1
Dy(=e*f) = Di(D.F,D_F) = (DyD.F,D_F) — (D,F, DyD_F
k<2 ) D+ ) = (DpDy ) — (D4 F, Dy, ) (2.4.20)
=T (DyF,D_F) +Ty*(D,F,D_F),
which lead to
Dif = (T + Ty — Dio) f. (2.4.30)

From equation ([2.4.30) we can compute the compatibility condition on the func-
tion f

{D+,D_}f = (D—Fnl + D—F212 + D+F121 + D+F222) f=0. (2.4.31)
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Hence we define the Christoffel symbols of the first kind I';;;, to be

Lijf = (DjD;F, Dy F). (2.4.32)
By construction, the Christoffel symbols of the first and second kind (I';;;, and

T k

ij
i.e.

respectively) are antisymmetric under permutation of the indices i and j,
Tijp =Ty, T, =-TIF% for i#j. (2.4.33)
The relations between the Christoffel symbols of first and second kind are given
by
Lijf = (DiD;F, Dy F) = Fijl(DlF, Dy F) (2.4.34)
or
(Tije — Tyl gu) f = 0. (2.4.35)
The compatibility conditions of the SUSY GW equations are the SUSY GC
equations, given by
{D.,D_}Q=D,(A_ Q)+ D_(A.Q),

Tyt -Ty? —ebnf
:D+A,Q + F121 F122 —6621f D+Q
—eb'y  —eb? 0
_F121 _F122 —ebia f
+D_AQ+ —F221 —F222 —eboo f | D_Q
:D+A_Q — EA_ED+Q + D_A+Q - EA+ED_Q

So we have
D+A_ + D_A+ - {EA_i_, EA_} — 07 (2436)

up to the addition of a non-zero matrix P such that P{) = 0, where FE is the

diagonal matrix

o O

(2.4.37)

|
Il
H
o o =
o~ o
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2.4.1. Bosonic extension

We now construct the SUSY GW and SUSY GC equations for the bosonic
extension. From the relations (2.4.26)), the coefficients bij are given by

V',=H, b =2°%Q7, b,=-27°Q, bL=0H, (2.4.38)

up to an additional bosonic bodiless function ¢; # 0 such that (; f = 0 and where
the bkj are the mixed coefficients of the second fundamental form. Therefore the

SUSY GW equations ([2.4.20)) take the form
D+Q - A+Q, _D_Q - A_Q,

F111 F112 Q+f

Ap = -Tpt -T2 —%e‘be ,
H 2e°Q7 0 (2.4.39)
Iy Ipy? %€¢Hf
A= Tyy! Ty? Q°f |,

—2e Q- H 0
where the matrices Ay are in the Bianchi form [15]. The compatibility condition
of the SUSY GW equations is

D+A_ + D_A+ — {EA+, EA_} — 0, (2440)

up to the addition of a non-zero matrix P such that P} = 0, where

1 0 O
E=+]01 0 [, (2.4.41)
00 -1

Using the subblock notation, the matrices AL can also be written as

Fnl 11112 Q+f At | TH
Ay =| —T,t -T2 | —1e?Hf :(Ij 81) (2.4.42)
H  27Q7| 0 b2
1j121 1ﬂ122 %e¢’Hf A= |1
—2e70Q~ H | 0 b2

where A} and A} are 2 x 2 matrices with fermionic entries, ;7 and I, are
two-component column vectors with bosonic entries, and ]g; and [, are two-
component row vectors with bosonic entries. Let us consider the moving frame

U = (¢, )" where 1) is a two-component fermionic vector and v, is a bosonic
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scalar. From the GW equations for the moving frame ¥, with the matrices given
by and , we obtain
D,V =A,V, D V=AUV (2.4.44)
The compatibility conditions for the 1y and 1 lead us to the four equations
Dy A7 + D_A7 + I, I, + I\ I, — {A}, A7} =0,
—A; L+ DLy, + Iynp — AfL, + D_I) + Iyn; =0, (2.4.45)
Dy I, + I, AT — 07 I + D_I + I AT —nf I, =0,
LY+ D_nf + I, I} + D.n; = 0.

The zero curvature condition (ZCC) corresponding to the equations is

an equivalent matrix form of ([2.4.40)).
The ZCC ([2.4.40)) leads us to the bosonic SUSY GC equations which consist

of the following six linearly independent equations for the matrix components
(4) D—(Fnl) + D+(F222> + D+(F121) - D—(F122) =0,
(i)  D_(Ty") =T Tyy' + Dy (Tyy') +T3,° "

1
+SH =207 Q e f =0,

1
(122) QJrrzz2 - F112Q7 +D Q" -Q"D_¢+ §€¢D+H =0,

1 244
(iv) QT =Ty Q" +D,Q" —Q D¢ — §€¢D—H =0, ( 0

(v)  D(T}%) =TT =TTy = Ty, Ty
+ D (T,") +2QTHf =0,
(vi)  Dy(Dyy') + T oyt = Top' Tyt + T Ty
—D_(T," ) +2Q Hf =0.
The Grassmann-valued PDEs ([2.4.46)) involve eleven dependent functions of the
independent variables x, z_, 7 and 6~ including the four bosonic functions
¢, H, QT and the six fermionic functions Fijk together with one dependent bo-
diless bosonic function f of x, and x_. It is interesting to note that the equa-

tion (2.4.46}1) is the compatibility condition of the function f given in equation
(2.4.31)). Under the above assumptions we obtain the following result.
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Proposition 2.4.1 (Structural bosonic SUSY equations).
For any wvector bosonic superfields F(x,,z_,0%,07) and N(xy,xz_,07,07) sa-
tisfying the normalization conditions (2.4.9), (2.4.10), (2.4.18)) and (2.4.23)), the

moving frame Q = (D, F, D_F,N)T on a smooth conformally parametrized sur-

face immersed in the superspace R*12) satisfies the bosonic SUSY GW equations

(2.4.39). The ZCC (2.4.40), which is the compatibility condition of the bosonic
SUSY GW equations (2.4.39) expressed in terms of the matrices Ay and A_, is
equivalent to the bosonic SUSY GC equations (|2.4.46|).

2.4.2. Fermionic extension

We now discuss a derivation of the SUSY GW and SUSY GC equations for
the fermionic extension. Conditions on the Christoffel symbols of the second kind
T,.* can be obtained by taking derivatives of (2.4.9), i.c.

v
2.4.47

Therefore we have
r.f=0 for j#i (2.4.48)

Je

and since the Christoffel symbols are antisymmetric under a permutation of in-

dices i and j (see equation ([2.4.33))), we get
r," =0, if i#k or j#k. (2.4.49)
Using the last result on equations (2.4.30) and ([2.4.31) we get
Dyf = (Fk(k)(k) — Do) f, {Dy,D_}f = (D+F222 + D7F111>f =0. (2.4.50)

Also the Christoffel symbols of the first kind are given by

1
[''ii =0, T'e= §€¢F111, o1 =0, 'y =0,
1 (2.4.51)
[ =0, T'y2=0, [y = §€¢F2227 ['320 = 0,

up to the addition of a fermionic function (, # 0 which has the property (o f = 0.

The fermionic quantities bij take the form
V',=H, b =-2°Q7, b,=-2°Q, bL,=-H (2452

up to the addition of a fermionic function (3 # 0 which has the property (3f = 0.
Therefore, the fermionic-valued matrices A4 in the SUSY GW equations (2.4.20))
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take the form

D.F I, 0 QFf D, F
D.|D_.F|=] 0 0 —3e?Hf | | D_F |,
N H —2e°Q* 0 N
(2.4.53)
D, F 0 0 3e?Hf\ (DyF
D_|D_F|= 0 2 Q°f D_F
N —2e7%Q~ —-H 0 N

The compatibility condition of the SUSY GW equations (2.4.53)) are given by
D+A_ —|_ D_A+ - {AJ’_, A_} — O7 (2454)

up to the addition of a non-zero matrix P such that P2 = 0. In component form

these equations are

(4) D—(Fnl) + 2€_¢Q+Q_f =0,

() [D.Q' 4 DU+ Q (Do) =0,
(i1i)  Dy(Ty2) +2e7°Q~Q* f =0,
(1v) -D+Q— — ;e‘z’D_H +Q (D¢ — P111)- =0 (2.4.55)

1
(v) D.Q" — §€¢D—H +Q (Dyo—Ty') =0,
(vi) D_Q" + ;e¢D+H + QY (D_¢ —T,,?) =0.

If the equations (2.4.55/vi) and ([2.4.55|v) hold, then equations ({2.4.55/ii) and
(2.4.55iv) are identically satisfied respectively. By adding ([2.4.55}i) and ([2.4.55}iii)

we obtain
Df(rnl) + D+(F222) =0, (2.4.56)

which is the compatibility condition for f, corresponding to (2.4.50)). Therefore
the SUSY GC equations are reduced to the four linearly independent equations
<Z> D+(F222) + D7<F111> =0,
(47) D_ (Fnl) + 26_¢Q+Q_f =0,
1 2.4.
(i) DeQ" — D H +Q(Dyé—Tyy') = 0, (2.457)
1
(iv) D_Qt + 5e¢D+H + QY (D_¢ —Ty,?) =0.

The Grassmann-valued PDEs ([2.4.57)) involve six dependent functions of the in-

dependent variables ., x_, #" and 6~ including one bosonic function ¢ and the
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five fermionic functions I'};!, T'y,?, H and Q% together with one bosonic function
fofx, and z_.

Proposition 2.4.2 (Structural fermionic SUSY equations).

For any vector fermionic superfield F(x,,x_,07,07) and bosonic superfield
N(zy,z_,0%,07) satisfying the normalization conditions (2.4.9), (2.4.10)), (2.4.18))

and (2.4.23)), the bosonic moving frame Q = (D, F, D_F, N)T on a smooth confor-
(1,113)

mally parametrized surface immersed in the superspace R satisfies the fermio-
nic SUSY GW equations (2.4.53)). The ZCC , which is the compatibility
condition of the fermionic SUSY GW equations (2.4.53)) expressed in terms of the
matrices Ay and A_, is equivalent to the fermionic SUSY GC equations .

If we consider the case where f is a bosonic constant in the fermionic extension,

then from equations ([2.4.50) we have that
11111 = D49, F222 =D_9¢, (2.4.58)

up to the addition of a function (4 # 0 with the property (4f = 0. Also the
compatibility condition on f is then identically satisfied. The SUSY GC equations

become

(4) D_Di¢+2e°QTQ f =0,
g 1
(i) D Q — 5e¢>D_H =0, (2.4.59)
1
(iii)  D_QT + 5e¢’D+H =0,

which resemble the classical GC equations taking into account that the
H? term vanishes. The equations contain terms whose signs differ from
those of the classical equations. We get an underdetermined system of three PDEs
for four dependent variables H, Q* and ¢. One should note that for this special
case the SUSY GW equations

D, F Dié6 0 Of \ (D.F
DD F|l=1| 0 0 —leemf| | DoF |,
N H —2°Qt 0 N
(2.4.60)
D+F 0 0 %€¢Hf D+F
D_|D F|= 0 Do OFf ||DF]|,
N 290~ —H 0 N

are also similar to the classical GW equations up to some sign differences and the

multiplication of some elements by the function f.



38

2.5. GEOMETRIC ASPECTS OF CONFORMALLY PARAMETRIZED SUSY
SURFACES
In this section, we discuss certain aspects of Grassmann variables in conjunc-

tion with differential geometry and SUSY analysis. Let us define the differential

fermionic operators
dy = dOF + idxy Oy, (2.5.1)

where d, and d_ are the infinitesimal displacements in the direction of D, and
D_, respectively. These operators are anticommuting, i.e. {dy,d_} = 0. In or-
der to compute the first and second fundamental forms, we have assumed that
(d07_10p:) = 0 for 4,5 = 1,2. For SUSY conformally parametrized surfaces, the

first fundamental form is given by

) (D+F.DyF) (DyF.D_F)
]_<(d+ d_),(d+ d—) (_<5+F,D+_F> (DtF,D—F>)>

:<<d+ d_).(dy d_)(g”f g”f)> (2.5.2)

—gi2f goof

=((d: d-).(a, d-)Rf)
= [ (2 gin +2dod_gis + d* g) = fdd_e?,

where the 2 x 2 bosonic-valued matrix R is given by

1,(0 1
R=| 9 92) - . (2.5.3)
—g12 g2 2 -1 0

The discriminant ¢ is defined to be

g = 911922 + (912)2 = e, (2.5.4)

Hence the covariant metric is given by
1m 12
j g11 912 g q 1 0
959" = ot g | = , (2.5.5)
921 g22) \9— g 01

g =¢* =0, g2 = eg™ = 2e77, (2.5.6)

such that
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where € = —1 in the bosonic case and € = 1 in the fermionic case. The second

fundamental form is

B (D3F,N)  (D_D,F,N)
H_<<d+ d-).( d-) (—(DD+F,N> (D*F,N) )>

o oy ) -
= ((d; da.).(d, d.)sf)

= f(d2biy +2dd_bis + d?bsn) = f (2QF + dyd_(e"H) + d>Q7),

where the matrix S is given by

+ 1.¢
I R ? 2 M) (2.5.8)
—b1a by —§€¢H Q

The diseriminant b is defined to be
1
b=byby + (b)) =QTQ + 1624’112. (2.5.9)

One should note that the term in H? vanishes in the fermionic case since H is
a fermionic-valued function. Making use of (2.5.4)) and (2.5.9)), the Gaussian and

mean curvatures are defined as
_ bi1bag + (512)2

K = det(SR™ =4e7Q Q™ + H?,
( ) 9119221+ (912)? (2.5.10)
H= 5tr(SR—l).

In the fermionic case, K is a bosonic bodiless function and the term H? vanishes.

Under the above assumptions on the SUSY versions of the GC equations
(2.4.46) or (2.4.57)) we can provide a SUSY analogue of the Bonnet theorem.

Proposition 2.5.1 (SUSY extension of the Bonnet theorem).

Given a SUSY conformal metric, M = fd,.d_e®, of a smooth conformally para-
metrized surface S, the Hopf differentials d3.Q* and a mean curvature function
H defined on a Riemann surface R satisfying the GC' equations ( for the
bosonic case, for the fermionic case), there exists a vector-valued immer-
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sion function, .
F* = (F), ) FY) i R — REI),

. 2.5.11
Ff = (F/,F,F)): R — R, ( )

(bosonic or fermionic, respectively) with the fundamental forms
I[=fdid e®, II=f(dQ"+dd (He®)+d>Q"), (2.5.12)

where R is the universal covering of the Riemann surface R and R™"1) s the
superspace. The immersion function F' is unique up to affine transformations in
the superspace.

The proof of this proposition is analogous to that given in [21]. Note that it
is straightforward to construct surfaces in the superspace related to integrable
equations. However, it is non-trivial to identify those surfaces which have an
invariant geometrical characterization. A list of such surfaces is known in the
classical case [19] but, to our knowledge, an identification of such surfaces is an

open problem in the case of surfaces immersed in the superspace.

2.6. SYMMETRIES OF THE SUSY GC EQUATIONS

By a symmetry supergroup G of a SUSY system, we mean a local supergroup
of transformations acting on the Cartesian product X x U of supermanifolds,
where X is the space of four independent variables (z,,z_,0%,07) and U is the
space of dependent superfields. For the bosonic case, U is the space of eleven
dependent superfields U = (¢, H,Q",Q~,R",R~,ST,S~, T, T, f), where we
have used the abbreviated notation for the Christoffel symbols of the second kind

R*=T,', R =TI,% St=Iy,, S =TI,
(2.6.1)

For the fermionic case, U is the space of seven dependent superfields
U= (p,H,Q",Q ,RT, T, f), where we have used the notation (2.6.1)) for the
non-zero Christoffel symbols of the second kind Fijk. Solutions of the SUSY GC

equations, (|2.4.46|) for the bosonic case or (2.4.57)) for the fermionic case, are map-
ped to solutions of equations (2.4.46)) or (2.4.57)), respectively by the action of the

supergroup G on the functions in &4. When we perform the symmetry reductions,
we need to take into consideration the fact that the bosonic function f introduced
in depends only on x, and z_ or is constant. If GG is a Lie supergroup as
described in [80] and [120], it can be associated with its Lie superalgebra whose

elements are infinitesimal symmetries of the SUSY GC equations. We have made
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use of the theory described in the book by Olver [95] in order to determine su-
peralgebras of infinitesimal symmetries for both the bosonic and fermionic SUSY
GC equations.

The bosonic SUSY GC equations (2.4.46|) are invariant under the Lie super-
algebra g generated by the following eight infinitesimal vector fields

Co=Hoy + Q" 0g+ + Q dg- — 210,
Ko=—Hoy + Q0o+ + Q™ 9g- + 20,
K} = —22.0,, — 0% 0p+ + R"Op+ + 2R Op- + S 0s-
—T*0r+ 4 2Q% Do+ + 0y,
KY= 200, —0 0p- — R Op- + St0s+ + 2T 0+
+T~8p- +2Q g + 0,
P =0,,, P.=0,,

Ji = Ogs +i070,. J_ =08, +if0, .

(2.6.2)

The generators P, and P_ represent translations in the bosonic variables z, and
r_ while K?, KS, Ky and Cj generate dilations on both even and odd variables.
In addition, we recover the SUSY operators J, and J_ which were identified pre-
viously in equation . The commutation (anticommutation in the case of two
fermionic operators) relations of the superalgebra g of the SUSY GC equations

([2.4.46)) are given in table 2.1] for the case D4 f # 0. The Lie superalgebra g can

TABLE 2.1. Commutation table for the Lie superalgebra g spanned
by the vector fields (2.6.2). In the case of two fermionic generators

Jy and/or J_ we have anticommutation rather than commutation.

Kb | P | Jo | KY | P | J |Ky|Gy
K[ 0 [2P,| J. | 0 | 0] 0 [0]oO
P.[—2P. | 0 | 0 0 (0] 0 |0]O
Jo | —J. ] 0 |2P,] 0 | 0] 0 |0]O
K¥[ 0 | 0] 0 0 (2P| J- |00
Pl 0 | 0] 0 |—=2P 0] 0 [0]O0
J| 0 [ 0] 0 |—J |0 [22P_ |00
Ko|] 0 | 0] 0 0 [ 0] 0 |00
Co| 0 [0 0 0 (0] 0 |0]O

be decomposed into the following combination of direct and semi-direct sums

g={{K}2 (P, [} e {{Kg)2 {P-, J-}} @ {Ko} & {Co}. (2.6.3)
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In equation ({2.6.3)) the brace bracket {-,-} denotes the set of all elements within.
It should be noted that Ky and C constitute the center of the Lie superalgebra
g.

The fermionic SUSY GC equations (2.4.57)) are invariant under the following

six bosonic symmetry generators

P+:81+, szam_y
Co = Hoy + Q0+ + Q0o — 210y,
Ko=—Hoy + Q" 0g+ + Q 0g- + 20, (2.6.4)

K{ = —22,0,, — 0105+ +2Q" 0o+ + R*0p+ + 0y,
K{ =200, —0 05 +2Q 0y +T 0p + 0y,
together with the three fermionic generators

J+ - 89+ + 20+8

Ty

J_=0p- +1i070,_, W = 9y. (265)

The symmetry generators W and P, represent a fermionic translation of H and
bosonic translations in the z direction respectively, J4 represent the SUSY trans-
formations and Cy, Ky, K { and Kg represent dilations. The commutation table
(anticommutation for two fermionic symmetries) for the generators of the super-
algebra § of equations is given in table [2.2] The decomposition of the

TABLE 2.2. Commutation table for the Lie superalgebra h spanned

by the vector fields (2.6.4) and (2.6.5)). In the case of two fermio-

nic generators J, and/or J_ and/or W we have anticommutation
rather than commutation.

Kl \po| g | K| P | g | Ky |Cy| W
K| o |2p. | J, 0 0| 0 0 |0| 0
P, [—2P. | 0 | 0 0 0 00 [0]O0
J, | —J, | 0 [2P, ] 0 0] 0] 0 [0]oO0
K| o 0] o 0 (2P| J_ | o0 0] o
P[0 0| 0 [—2P_| 0] 0] 0 0[O0
J [ 0 0| 0 | —J |0 2P| 0 [0 0
Ko| 0 0 | 0 0 0] 00 [0]W
Co| O 0 | 0 0 0] 0 | 0 [0]-W
W 0 0 | 0 0 0| 0 |[-W[W]|[ 0

superalgebra composed of (2.6.4)) and (2.6.5)) is given by
b= (KD (P 1)) & (KD (P 1)) & ({Ko G} (W)} (266)
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However, if we consider the case where D f = 0, the equations (2.4.59)) are
invariant under the five bosonic generators

P =0,, P =0,,
Ko =—Hop + Q0o+ + Q™ 0g- + 20,,
K{ = —22,0,, — 0105+ +2Q7 0o+ + 9y, (2.6
K{ =200, —0 0 +2Q g + 0y,
and the three fermionic generators given by
Ji = O+ +1i070,, , J_ = 0p- +1070,_, W = 0y. (2.6.8)

The commutation table for the generators of the superalgebra of equations ([2.4.59))
is given in table . The Lie superalgebra §, generated by (2.6.7) and (2.6.8)), can

TABLE 2.3. Commutation table for the Lie superalgebra 6 spanned

by the vector fields (2.6.7) and (2.6.8). In the case of two fermio-

nic generators J; and/or J_ and/or W we have anticommutation
rather than commutation.

Kl \po| g | K§ | P | U | Ky | W
K| o |2pn. | J; 0 0| 0 | 0|0
P, |—2P.| 0 | O 0 0] 0 [ 00
J. | =J. | 0 [2iP.| O 0] 0 | 00
K| o 0] o 0 |2 | J_ ] 0 |0
Pl 0 0 0 [—2P_[ 0] 0 00
J [ 0 0| 0 | —J | 0 [2P. | 0 |0
Ko| O 0 | 0 0 0] 0 | 0 |W
W1 0 0 | 0 0 0] 0 [-W][0

be decomposed into the following combination of direct and semi-direct sums
h={K}2 (P, )}y ({K)2 {P, J Yo {{Ko}2 (W}}.  (26.9)

In both the bosonic and fermionic cases, the one-dimensional subalgebras of
the respective superalgebra can be classified into conjugacy classes, as we proceed

to do in the next section.

2.7. ONE-DIMENSIONAL SUBALGEBRAS OF THE SYMMETRY SU-
PERALGEBRAS OF THE SUSY GC EQUATIONS
In this section, we perform a classification of the one-dimensional subalgebras

of the Lie superalgebras of infinitesimal transformations g and b into conjugacy

classes under the action of their respective supergroups, exp(g) generated by
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(2.6.2)), and exp(h) generated by (2.6.4) and (2.6.5). The significance of such

a classification resides in the fact that conjugate subgroups necessarily lead to
invariant solutions which are equivalent in the sense that they can be transformed
from one to the other by a suitable symmetry. Therefore, it is not necessary to
compute reductions with respect to algebras which are conjugate to each other.

When constructing a list of representative one-dimensional subalgebras, it
would be inconsistent to consider the R or C span of the generators or
and because we multiply the odd generators J,, J_ and (in the fer-
mionic case) W by the odd parameters i, n and ¢ respectively in the classifications
listed in section [2.10] Therefore, one is naturally led to consider a superalgebra
which is a supermanifold in the sense presented in section [2.3 This means that
g and b contain any sums of even combinations of the bosonic generators (i.e.
multiplied by even parameters including real or complex numbers) and odd com-
binations of fermionic generators (i.e. multiplied by odd parameters in Ayqq). At
the same time g and b are Agen Lie modules. This fact can lead to the following
complication. For a given X in g or b, the subalgebras X and X’ spanned by X
and X' = aX with a € Aeyen\C are not isomorphic in general, i.e. X' C X.

It should be noted that subalgebras obtained by multiplying other subalgebras
by bodiless elements of Agyen do not provide us with anything new for the purpose
of symmetry reduction. It is not particularly useful to consider a subalgebra of the
form e.g. { P, +n,n,P-}, since there is no limit to the number of odd parameters
n, that can be used to construct even coefficients. While such subalgebras may
allow for more freedom in the choice of invariants, we then encounter the problem
of non-standard invariants [68,/69]. Such non-standard invariants, which do not
lead to standard reductions or invariant solutions, are found for several other
SUSY hydrodynamic-type systems, e.g. in [66,/67].

In what follows, we will assume throughout the computation of the non-
isomorphic one-dimensional subalgebras that the non-zero bosonic parameters
are invertible (i.e. behave essentially like ordinary real or complex numbers.) In
order to classify the Lie superalgebras and and under the ac-
tion of their respective supergroups, we make use of the techniques for classifying
direct and semi-direct sums of algebras described in [120] and generalize them to
superalgebras involving both even and odd generators. In the case of direct sums,
we use the Goursat twist method generalized to the case of a superalgebra.

In the bosonic case, the superalgebra contains two isomorphic copies
of the 3-dimensional algebra g = {{K?}D {P,,J,}} (the other copy being
g® = {{K8% > {P_,J_}}) together with the one-dimensional algebras {K,} and
{Cy}, which constitute the center of the Lie superalgebra g. This fact allows us
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to adapt the classification for 3-dimensional algebras as described in [97]. So we
begin our classification by considering the twisted one-dimensional subalgebras

of g @ g®. Under the action of a one-parameter group generated by the vector
field

X =aK} + BP; +nJy +6K) + AP_ + pJ_, (2.7.1)
where o, 3,0, A € Aeven and 1, p € Agqq, the one-dimensional subalgebra
Y =P, +aP_, a € Neyen
transforms under the Baker-Campbell-Hausdorff formula
Y o Adeg)Y = Y + [X,Y] + 21![X, X, Y]] + 3i[x, X Y]] 4 (27.2)
to e 2P, + e ®aP_. Hence we get that {P, + aP_} is isomorphic to {P, +

62&—25 200—26

aP_}. By a suitable choice of « and ¢, the factor e a can be rescaled to

either 1 or —1. Hence, we obtain a twisted subalgebra g1y = {P, + eP_,e = +1}
given in table [2.4] in section [2.10]

As another example, consider a twisted subalgebra of the form { P, +aK?%, a #
0}, where a € Agyen. Through the Baker-Campbell-Hausdorff formula , the
vector field Y = K8+aP, transforms (through the vector field X given in (2.7.1]))
to
Ao as L s
g(e - 1P — g(e —1)pJ_. (2.7.3)
Through a suitable choice of A and p, the last two terms of can be elimi-

nated, so we obtain the twisted subalgebra g3 = { K3+ ¢P,, e = +1}. Continuing

Ye ™ = Kb+ e aPy —

the classification in an analogous way, we obtain the list of one-dimensional sub-
algebras given in table [2.4] in section [2.10]

In the fermionic case, the superalgebra contains two isomorphic co-
pies of the 3-dimensional algebra b = {{K{}> {P,,J,}}, the other copy
being h® = {{KJ}> {P_,J_}} together with the three-dimensional algebra
{{Ko,Co}® {W}}. Therefore, we begin our classification by considering the twis-
ted one-dimensional subalgebras of hY @@ . Under the action of a one-parameter
group generated by the vector field

X =aK{ + B8Py +nJ, + 6K + \P_+pJ_, (2.7.4)

where a, 3,0, € Aeven and 1, p € Agqq, the one-dimensional subalgebra Y =
P, 4+ aP_,a € Agen transforms under the Baker-Campbell-Hausdorff formula
[2.7.2) to e 22P, + e 2aP_. By an appropriate choice of o and ¢, the factor
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e?2=2g can be rescaled to either 1 or —1. Hence, we get a twisted subalgebra

h14 = {Py + eP_,e = 1} given in table in section [2.10]

As another example, consider a twisted algebra of the form {KJ + (W,
where ( is a fermionic parameter. Through the Baker-Campbell-Hausdorff formula
, the vector field Y = K { + (W transforms through

X =aK{ + 8Py +1Jy +vK{ +0P_ + AJ_+ pKo +0Co +1W,  (2.7.5)

(Where «, /37 s 57 p,0 € Aeven and n, A,I € Aodd) to

e vYe X = K + e’ (W — é(eza - 1)P; — l(e”‘ —1)nJ;. (2.7.6)

« Q@
Through a suitable choice of 3 and 7, the last two terms of the expression
can be eliminated, so we obtain the twisted subalgebra b3, = {K7 + (W} given in
table [2.5] in section 2.10} Continuing the classification in a similar way, involving
twisted and non-twisted subalgebras according to [120], we obtain the list of one-
dimensional subalgebras given in table in section [2.10] These representative
subalgebras allow us to determine invariant solutions of the bosonic and fermionic
SUSY GC equations, and respectively, using the SRM.

For the specific fermionic case where f is constant (i.e. the SUSY GC equa-
tions ), the one-dimensional subalgebras of the resulting Lie symmetry
superalgebra and can be found by taking the limit where the coef-
ficients of C tend to zero in the subalgebras listed in table and withdrawing

repeated subalgebras, while rescaling appropriately.

2.8. INVARIANT SOLUTIONS OF THE SUSY GC EQUATIONS

We now make use of the SRM in order to obtain invariant solutions of the bo-
sonic and fermionic SUSY GC equations. For each of the two SUSY GC systems
(bosonic and fermionic) we select two representative subalgebras from the corres-
ponding list of subalgebras (table and table , respectively) and construct
group invariant solutions. For each subalgebra, the invariants and corresponding
group orbits are calculated. Next, the unknown superfield functions in i/ are ex-
panded in terms of the fermionic symmetry variables n and o (involving 8% and
0, respectively) with coefficients depending on the bosonic symmetry variable .

Each component T of U is expressed in terms of invariants in the form

T = up(&) + nu'(§) + ou” (§) + noua(§). (2.8.1)

For the sake of simplicity, in what follows, we only consider the case where

ut = u~ = 0. Substituting these expanded forms of the superfields I/ into the
SUSY GC equations ([2.4.46) and (2.4.57)) we reduce these equations to many



47

possible differential subsystems involving even and odd functions. Solving these

subsystems, we determine the invariant solutions and provide some geometrical

interpretation of the associated surfaces.

For the bosonic SUSY GC equations, we present the following two examples.
Example 1. In the case of the subalgebra g9 = {P, + eP_ + aKy, € =
+1, a # 0}, the orbit of the group of the bosonic SUSY GC equations ([2.4.46]

can be parametrized as follows

H = e *+h(£,07,07),

Q" =e"rq(§,07,07), ST =s7(£07,07),
Q™ =g (§,07,07), ST =s7(£07,07),
Rt =7rT(£,607,67), TH=tT(£607,07),
R™=7r7(£07,07), T (£,07,07),

=1
o= 2ax++()0(£>9+797)7 f ZT/J(f),

(2.8.2)

where the functions H, Q*, R*, S*, T* and ¢ are expressed in terms of the bosonic

symmetry variable £ = x_ — ex, and the fermionic symmetry variables 6 and

0~. A corresponding invariant solution is given by
H = %+ [ho + 0+0—2uoef] :
Qf = e+ [loe2£ + 1yt
1.
+0+9_ <2265((lh0 + 6<h0)§) + loe%gpl + llefwl)] y

El()

ae — 1 (2.8.3)
+p— 1 6[0 (1—ae)¢
+6070 —526 (ho)g + ¥ + lye o1,
R_:blﬁa_a R+:b2§(—)’—a S+:§(—)’—a S_:ﬁ(—)’—a T_:b3I3_7
+:b4§8_7 ¢:2ax++£+9+9’g01, f:¢>
where hg, 1 and 1 are functions of the symmetry variable £ = x_ — ex, and

where Iy, 1,1l and by, by, bs, by are bosonic constants, while Sg, ¢, and ay, a, ay

are fermionic constants.
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The first and second fundamental forms of the surface S associated with
(2.8.3]) are given by

I — derd, [62ax++§ (1 + 9+9*901>} ’

1 = e {dyd_ e (ho+ 0707 (2loe* + hoy))|

1
+ di [loe25 + et + 6010 (2ie§(aho + €e(ho)e) + loe** 1 + llegwlﬂ (2840

+ d?

lo + lge(l_“6)5
ae — 1

1 [
+070~ (—Qieg(ho)s +—2 1P + 526(1616)6901)] } :

ae —
The Gaussian curvature takes the form
K = e+ [hg + 070" diholoet

Elo

+4(lpe* + 11€%)( 1 + 119X (1 — 0107 2¢)

ae —

Elo

. 1
+ 46707 (loe® + 1) (—2265(%)& t a1

o1+ lge(l““)%l) e (2.85)

4 ag+o-(—0

I,e(l—ae)é
ae—1 + e )

1
X (zieﬁ(ahg + €(ho)e) + loe® 1 + 1165%) 6_25] :

The subalgebra of the classical GC equation (2.2.13) analogous to gsg is L} ; =
{e1 + €es + aeg, e = £1,a # 0}, whose corresponding invariant solution is given

by

5 1 _
H(Z, 2) = kov<£>*1/2€a/2(zf3z)’ Q(Z, 2) — §k0v(£)1/26a/2(z+z)’
] 1 (2.8.6)
U(z, %) = e*v(€), Qz.2) = Shov(€)!/2e"/2+2),

where the symmetry variable is £ = z — ez and the function v of ¢ satisfies the
ODE
2
v
Vge = (ve)” + kave™. (2.8.7)

v
For this classical solution, the Gaussian curvature vanishes, in contrast to the
SUSY case.
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Example 2. For the subalgebra gre = {K} + (a — 3)Ko + 5Co, a # 3} we

obtain the following parametrization of the orbit of the group

H = (24)“2h(z_,1,07),

= (z) Pt (@, 07), ST =sT(zon,07),
(ZE+) a/2 ( —Jla@ )7 = ($+)_1/2S_(ZL‘_,77,0_),
(2.8.8)
($+> 1/ ( 77779 )’ T+ = ($+)1/2t+<£€,,7],97),
= (24) " (z,m,07), ==t (z_,n.07),
¢ = () "p(z_,n,07), f= () P0(a),

where the bosonic symmetry variable is z_ and the fermionic symmetry variables
are n = (z4)~"20% and 6. A corresponding invariant solution of the bosonic
SUSY GC equations ([2.4.46|) takes the form

H =2iB(z,)*22(p),_ 016",

Q" = BAw-)(w:) 2 14 (0.) 2070 Gla- )] pla-),

Q" = 2aB(l'+)a/2 [1 T (5’7+)7l/29+97G($7)} . RT=(x)7VPLRg, (289)

R = (v) bRy, St=T =T,, S =T"=0,

e = A(z_)(zy) (1 + (24) 71?0707 G(z)), f=(z)" (),
where B = LOE(J{ES Ty and [y, 1s,13 are bosonic constants, while [, Eg and T’y
are fermionic constants. Here, A, G, p and 1 are arbitrary bosonic functions of
the symmetry variable z_. The function A contains a part in Ayp.qy but ¢ is a

bodiless function.
The corresponding first and second fundamental forms for the surface S given

by (2.8.9) are
I'=vdpd_ [A(zy) D2 (14 (2,)720707G)] (2.8.10)

and
T = (dy)? [AB(z) "2 (14 (2,) 7120707 G)|
+2id,d_ [AB(x,)7'0%6 | (2.8.11)

() [am)aﬂ (1+ (x+)1/26+0G>} .

Consequently, the Gaussian curvature K and the mean curvature H of the asso-

ciated surface S are not constant. The Gaussian curvature is given by

_ 8B a—1 —1/2 -
K=" () p(1+ (z4)720707G). (2.8.12)
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Since H? = 0, it follows that the surface S admits umbilic points along the
curve defined by K = 0, which lies on the surface §. The subalgebra of the
Lie algebra for the classical GC equation (2.2.13)) analogous to subalgebra grg is
Lj 5 = {es + aep}. The corresponding invariant solution is given by

H(z,2) = lpeG+2) Q(z, 2) = koe®*+?),

—2k ) _ ) (2.8.13)
U(z,z) = T062a(z+z)7 Q(z,2) = ko1, ko, lo € R.
0

In contrast to the bosonic SUSY case (12.8.9)), the Gaussian curvature I vanishes
for the classical solution (2.8.13) associated with the subalgebra L) ,. In both
cases however, the mean curvature function H is non-zero.

For the fermionic SUSY GC equations ([2.4.57)), we present the following two

examples.

Example 3. In the case of the subalgebra b0y = {P, + eP_ + aKy,e =
+1,a # 0}, the orbit of the corresponding group of the fermionic SUSY GC
equations can be parametrized as follows

H = e +[he(&) + 010 h ()],  R* =r3(&)+6T07r (¢,

QF =e"tgg (§) +0707¢ (&), T =1y(§) +0T07r (€),

Q™ =gy (&) +0707q (O], ¢ =o(E) + 07071 (€) + 2axy,
f=v(),

where the fermionic functions H, Q*, RT and T~ are expressed in terms of the

(2.8.14)

bosonic symmetry variable £ = x, — ex_ and the fermionic symmetry variables
0F and 60—, while the bosonic functions ¢, 1 and v are expressed in terms of &

only. A corresponding invariant solution is given by
H = =2C5Cye ™ [ee™*my +i070™ (e *my))e| |
Q" = ="+ CyCy |mf +i6707((mg)e + camy))|
Q™ = e O Cy [my + 010 (camy + (mg)e)]
¢ =po(§) +i070 (po)e + 20z, RT=Cf, T =C5, [=v(),

where the fermionic functions mg, mg and the bosonic function ¢, of the sym-

(2.8.15)

metry variable ¢ satisfy the differential constraint
[e™%°(mg — emyf)]e + eamg e = 0. (2.8.16)

Here 1 is an arbitrary bosonic function of £, while Cf and Cj are arbitrary

fermionic constants.
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The first and second fundamental forms of the surface S associated with the

solution ([2.8.15)) are given by
=g dd_ 146707,
I =e"+CJCyvp [d3 (mg +i070 [(m)e + eamg |)

(2.8.17)
= 2dd_ (emg +i0%0" [(m)e — eigrmg — (po)emy |)
+d2 (mg +i070 [(mg)e + ecamg | )|
The Gaussian curvature takes the form
K=0. (2.8.18)

In particular when a = 0, which corresponds to the subalgebra b4 = {P, +
eP_}, the orbits of the group of the fermionic SUSY GC equations can
be parametrized in such a way that H, Q*, RT and T~ are fermionic functions of
the bosonic symmetry variable £ = x_ — ex,, and the fermionic coordinates 6
and 0~ while ¢ is a bosonic function of £, 0" and 6, and 1) is a bosonic function

of ¢ only. Under the assumption that the unknown functions take the form
H = ho(&) + 070" hu(§), RT =rg (&) + 070717 (S),
QT =gy (&) +0107 4 (8), =€) +0707pi(8), (2.8.19)
T™=t()+0707t(5),  f=v(E),
the corresponding invariant solution of the fermionic SUSY GC equations ([2.4.57)
is given by
H=20;Cil [/ Pt + i9+9_e_“"°} LC, e=1,
Qt = QEQMB“"O /e_‘podf _,_QaBarewo

+i0T0Cy

CiL (e (pole [ e e +1) + B e (o]

Q = Q;leeﬂao /e*%dg _i_QarBaewo (2-8-2())
+i070C |Cat (e(po)e [ e 0dg +1) + By (gule].
RJF = Qa—a T = Qaa
¢ = wo(§) +i0707 (wo(§))e; f=1(9),
where ¢y and ¢ are bosonic functions of the symmetry variable £ = x_ — x|

while Q(jf, C' and [ are arbitrary fermionic constants and BSE are bosonic constants
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satisfying the algebraic constraint
CiBy +Cy By =0. (2.8.21)

For the solution , the tangent vectors are linearly dependent, so the im-
mersion defines curves instead of surfaces.

Example 4. For the subalgebra hs; = {K{c + aKy + bCy,a # 0,b # 0}, we
obtain the following parametrization of the orbit of the corresponding supergroup

of the fermionic SUSY GC equations
H = (24) """ [ho(w-) + 00~ hi(2-))],
= (24) V2 [rg (22) + nf7rf (2],
= (w4) g (22) + b g (2-)],
T™ =ty (x-) + 00t (),

= (2) gy (w2) + 10 g5 (z-)],
2a+ 1

¢ = @o(r_) +n0"p1(x_) — Inz,,

f = (w+)b¢(x—)v
where the bosonic symmetry variable is z_ and the fermionic symmetry variables

are n = (z,)"/26% and 6~. A corresponding invariant solution of the fermionic
SUSY GC equations (2.4.57)) has the form

H = (x+)(a—b)/Qer(a—b)x_/QEo C
+i(xy )_1/20+0_(a —b+1)A, Q+6Aoz,/2]_«70} ’

QF = O (z,)(ato+2)/2 [E (2y) V20" 0 E1]

RE=Ci@y)™ T7=Cf, = (w) (), (2.8.22)

7

Q_ :AOQ3<x+)_(a+b)/2 {1+(ZL‘ ) 1/20+€—E
0

_ Ao 129+ 09— 2a+1
6= g lb—a= Do+ (0) 2070 g o) - 2

where the bosonic function ¢; of x_ satisfies the constraint

Inz,,

E1 ,(a — b) _
Chop, = =20t +i~——2 Qe Aor-/2E0 2.8.23
L ¥l E,Oio +1 AF, ce ) ( )

and where 1) is an arbitrary bosonic function of z_. Here Cg and C are arbitrary

fermionic constants while Ey, £ and Ay are arbitrary bosonic constants.
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The first and second fundamental forms of the surface S are given by
I =(z4) #7207 D/2 exp (ﬁ;o(b —a— 1):E_> Y
X dyd_ (14 (x4)V20707 @),
I =(2,)®2y [CF (24) 2 (Eo + (24) /20107 Ey)
+ AgCTd* (1 + (z1) Y2010 Fy /Ey)
+ (xy)2etom-2Rod d_(C
+ (z) Y2070 {iQ% +(a—b+ 1)A0QareA°z*/2E°D} :
The Gaussian curvature takes the form
K=0. (2.8.24)

Note that in our fermionic SUSY adaptation of the classical geometric interpre-
tation of surfaces in R3, the surfaces obtained in the two examples are composed

of parabolic points.

2.9. CONCLUSIONS

In this paper, we formulate bosonic and fermionic SUSY extensions of the
GW and GC equations for smooth conformally parametrized surfaces immersed

2112) for the bosonic extension and RMH) for the

in a Grassmann superspace (R(
fermionic extension). For both SUSY extensions, the GW equations are determi-
ned by a moving frame formalism. In the bosonic case, the potential matrices A
and A_ can be written in subblock form involving both bosonic and fermionic
components. In contrast, in the fermionic case, the matrices A, and A_ are ex-
pressed in terms of fermionic quantities only. In the bosonic case, the ZCC for the
SUSY GW equations lead to six linearly independent SUSY GC equations in five
bosonic functions and six fermionic functions. For the fermionic case, there are
four linearly independent SUSY GC equations in two bosonic functions and five
fermionic functions. It is interesting to note that, in the latter case, the SUSY
GW and SUSY GC equations resemble the form of the classical equations. In the
bosonic case, the ZCC involves a diagonal matrix F in addition to the potential
matrices A, and A_. This diagonal matrix becomes the identity matrix in the
fermionic case. In both cases, the induced metric involves a bosonic function f of
xy and x_. In the bosonic case, f is bodiless and nilpotent of order £, while in
the fermionic case the function f may or may not be bodiless.

For both SUSY GC systems we determine Lie superalgebras of infinitesimal

symmetries which generate Lie point symmetry transformations. For both SUSY
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extensions the symmetry superalgebras include translations in the bosonic inde-
pendent variables z; and z_, four dilations and the SUSY operators J, and J_.
The fermionic case contains an additional translation in the direction of the mean
curvature H. It should be noted that, in the classical case, the Lie point symmetry
algebra contains two copies of the Virasoro algebra, whereas such Virasoro alge-
bras do not appear for either the bosonic or the fermionic SUSY GC equations.
For both cases, a classification of all one-dimensional subalgebras of the symme-
try superalgebra into conjugacy classes is performed. It should be observed that
the symmetries of both the classical and the bosonic SUSY GC equations contain
a center, whereas the symmetries of the fermionic SUSY GC equations do not.
Consequently, the classification lists (by conjugacy classes under the action of the
associated supergroup) contain 99 one-dimensional subalgebras for the bosonic
case and 199 one-dimensional subalgebras for the fermionic case. For each of the
two SUSY extensions we construct two invariant solutions of the SUSY GC equa-
tions and compare them with solutions of the classical GC equations invariant
under similar one-dimensional subalgebras.

The first and second fundamental forms for conformally parametrized surfaces
in the superspace are established for both the bosonic and fermionic SUSY ex-
tensions of the GC equations. The determinants of the induced metric differs in
their signs from the classical case. Also, we establish an analogue of the Bonnet
theorem for the SUSY GC equations.

This research could be extended in several directions. It could be beneficial to
compute an exhaustive list of all symmetries of the SUSY GC equations and to
compare them to the classical case. The computation of such a list would require
the development of a computer Lie algebra application capable of handling both
even and odd Grassmann variables. Another open problem to be considered is
whether all integrable SUSY systems possess non-standard invariants. It could
also be worth attempting to establish a SUSY analogue of Noether’s theorem
in order to study the conservation laws of such SUSY models. Finally, it would
be interesting to investigate how integrable characteristics, such as Hamiltonian
structure and conserved quantities manifest themselves in surfaces for the SUSY

cases. These subjects will be investigated in our future work.
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2.10. ANNEXE. CLASSIFICATION OF THE ONE-DIMENSIONAL SUB-

ALGEBRAS OF THE LIE SUPERALGEBRAS (12.6.2) AND (2.6.4)
AND ([2.6.5))

TABLE 2.4. Classification of the one-dimensional subalgebras of
the symmetry superalgebra g of the bosonic SUSY GW equations
(2.4.46|) into conjugacy classes. Here ¢ = 41, the parameters a, b, m
are non-zero bosonic constants and p and v are non-zero fermionic

constants.
No. | Subalgebra No. | Subalgebra
g [ {K7} g2 | {4}
g | {pi} g1 [ {P +pdi}
gs | {K3} gs | {P-}
gr | {vJ_} gs |{P-+uvJ_}
go [ {7 +ak3} go | {K}+eP }
on | {KV+vJ } g2 | {KP+eP_ +vJ_}
g13 | {K3+ePy} gu | {Pr+eP}
g5 | {Pr+vJ_} g6 | {Pr+elP_+vJ_}
g7 | {K3+pdi} gis | {P-+pdi}
go | {pty +vJ } g20 | {P-+pJi+vJ }
gor | {K)+ePr+pdi} g2 | {Py+eP +pJi}
go3 [ {Py+pJi+vJ_} goa | {Py+eP_+pJ +vJ_}
g25 | {Ko} g2 | {K7 + aKo}
g2 | {Ko+ePy} gos | {Ko+pty}
920 | {Ko+elPr+pdi} gs0 | {3+ ako}
931 | {Ko+eP } g3 | {Kotv/ }
g3 | {Ko+eP_+vJ_} 931 | {K? +aK}+ bK,}
935 | {K?+aKy+eP_} g3 | {KV+aKy+vJ_}
gs7 | {KV+aKy+eP_+vJ } g3s | {K5 +aKy+eP}
O3 |{Ko+ &P+ 6P} ga0 | {Ko+ePy+vJ }
ga1 {K0+61P+ +€2P_ +ZJ_} [sPD) {KS—FCLKO +H<]+}
g13 | {Ko+eP +pti} gu | {Ko+pJy +vJ }
d45 {K0—|—EP_ +HJ+ +ZJ_} J46 {K§+CLKO+€P+ —f-HJ_;,_}
G47 {KO + €1P+ + EQP_ + HJ_;_} g4s8 {KQ + €P+ +HJ+ +ZJ_}
g [{Ko+aPr+eP +py +vJ )| gs0 | {Co}
gs1 | {K7 +aCo} gs2 | {Co+ePy}
g53 | {Co + pJi} g54 | 1Co +€ePL +pJy}
955 | {K3 +aCo} gs6 | {Co +eP_}
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TABLE 2.4. (Continued)

Subalgebra

957

{Co+vJ_}

058

{Co+eP_+vJ_}

959

{K? + aK} +bCy}

Je0

{K?+aCy+eP_}

J61

{K?+aCy+vJ }

62

{K?+aCy+eP_+vJ_ }

963

{K3 +aCy + Py }

64

{C() + €1P+ + GQP_}

65

{CO + €P+ +ZJ7}

Je6

{Co + €1P+ -+ EQP, +£J,}

67

{KY+aCy + pJ; }

J6s

{Co+eP_+pJi}

69

{Co+pJs +vJ_}

970

{Co+eP_+pd, +vJ_}

971

{K%+ aCy+ Py + puJ, }

g72

{Co+eaPr+eP +pdy}

973

{C() + EP+ +HJ+ ‘I—ZJ_}

974

{Co+ePp+e6P 4+ pJ, +vJ_}

g75

{KQ -+ mC()}

976

{I(i7 + CLK() + mC’o}

977

{KQ + mC() + €P+}

g78

{K(] + mCo + HJJF}

979

{Ko+mCo+ePy + puJ .}

980

{Kg + CLK() + mCO}

931

{KQ + mC’o + 6P,}

932

{KO + mC’o + QJ_}

gs3

{Ko+mCy+eP_+vJ_}

g4

{K? + aK3 + 0Ky + mCo}

985

{K?+ aKy+mCy + eP_}

986

{K?+ aKy+mCy+vJ_}

gs7

(K +aKy+mCy+eP_+vJ_}

gs8

{KS +aKy+mCy + €eP.}

gs9

{Ko+mCy+ e, P + e P_}

990

{Ko+mCy+ePp +vJ_}

o1

{K(] + mCo + 61P+ + EQP, +ZJ,}

92

{KY+ aKy+mCy+ pJy}

993

{Ko + mC() +eP_ + HJ_;_}

994

{KQ + mCo + H‘]-i- + ZJ_}

995

{Ko+mCy+eP_ +pJy +vJ_}

996

{KS +aKy+mCo+ePy + uJy}

o7

{Ko+mCy+ e Py +eP +pJi}

J98

{Kg —+ mCO + EP_|_ +HJ+ ‘I—ZJ_}

999

{Ko + mCo + 61P+ + EQP, + HJJF + EJ,}




TABLE 2.5. Classification of the one-dimensional subalgebras of
the symmetry superalgebra b of the equations (2.4.57)) into conju-
gacy classes. Here € = 41, the parameters a, b are non-zero bosonic
constants, pu,v,( are non-zero fermionic constants.

No. | Subalgebra No. | Subalgebra

b, [{K]} ba | {P}

bs | {p/i} ba [ {Pr +pdi}

bs | {K]} be [{P-}

hr | {vJ_} bs | {P-+vJ_}

by | {K{ +aK]} b | {K{ +eP}

b | {K] +vJ} bio | {K{ +eP +vJ }

bis | {K] +ePy} b [ {Pr+eP }

bis [{P +uv/ } bie [{Pr +eP +vJ }

bir | {KJ +pJ.} bis [{P- +pJy}

bio | {pdy +vJ_} boo | {P-+pJs +vJ }

bay | {K{ +eP, +pdi} boo | {Py +eP_ + pJi}

bos | {Py+pJy+vJ_} bos |[{Pr+eP_+puJ+vJ_}
hos | {CW} bos | {Ko}

hor | {Co} hos | { Ko + aCy}

boo | {Ko + (W} hso | {Co + (W}

b1 | { Ko+ aCy + (W} h32 {K{ + W}

bas | {K] + aKo} bas | {K] 4+ aCp}

B35 {K{ + aKy + bCy} B36 {K{ + aly + (W'}

bar | {K{ +aCy+ (W} hss | {K{ +aKy+bCy+ (W}
bao | {P+ + (W} bao | {Ko + Py}

bar | {Co +ePy} bao | {Ko+aCy+eP,}

bhas | {Ko+ePp + (W} haa | {Co+€ePy + (W}

bis | {Ko+aCy+ePp + (W} ba | {pJr + W}

bar | { Ko+ pti} bas [ {Co +pJy}

bao | { Ko+ aCo+ pJy} bso | {£o + pJs + W}

b1 | {Co + pJy + W3 bso | {Ko +aCy+ pJ, +CW}
bss | {P+ +pJs + (W} bsa | {Ko+ el +pJi}

bss | {Co+ €Py + pJy } bse | {Ko+aCy+ePy + pJ,}
bsr | {Ko+ePy +pJy + (W} bss | {Co +ePy +pJy + (W}
bso | {Ko+aCo + ePy + pJy + (WY | oo | {KI + W}

ber | {K + aK,} bex | {K + aCy}

bes | {KJ + aKy + bCy} bes | {KJ + aKy + (W}

bes | {K3 +aCy+ (W} bes | (K + aky + bCo + (W}
bﬁ7 {P, +§W} bﬁg {K()‘FEP,}

heo | {Co +eP_} bro | {Ko +aCy+ eP_}

br | {Ko+eP_+ (W} bro | {Co+eP_ + (W}
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TABLE 2.5. (Continued)

No. | Subalgebra No. | Subalgebra
brs | {Ko +aCy+eP_+ (W} bra | {vJ_ + (W}
brs | {Ko+vJ_} brs | {Co+vJ_}
brr | {Ko+aCy+vJ_} brs | {Ko+vJ_ + (W}
bro | {Co+vJ_+ (W} bso | {Ko+aCy+vJ_ 4+ (W}
bs1 [ {P- +vJ_+ (W} bso | {Ko+eP- +vJ_}
bss | {Co+ eP_ +vJ_} bss | {Ko+aCo+eP_+vJ }
bss | {Ko+eP_+vJ_ + (W} bss | {Co+eP_+vJ_+ (W}
sy | {Ko+aCy+eP_+vJ_ + (W} | bss {K{+aKg + (W}
hso {KO‘FCLK{‘H)K{} Boo {CO+CLK{+ng}
bor | {Ko+ aCy + bKJ + cKJ} boo | {Ko + aK{ +bK] + (W}
hos | {Co + aK{ +bK{ + (W} bos | { Ko+ aCy +bK{ + cK{ 4+ (W}
Bos {K{+EP—+§W} bos | {Ko+aK{ +¢P_}
hor | {Co+ aK! + eP_} hos | {Ko + aCy + bKT + eP_}
hoo | {Ko+aK{ +eP_+ (W} bioo | {Co +aK{ +eP_ + (W}
bior | {Ko +aCo +bK{ +eP_ + W} | buoo | {K] +vJ_ + W}
bos | {Ko +aK{ +vJ } bioa | {Co + aK{ +vJ_}
bios | {Ko +aCo +bK{ +vJ } bios | { Ko+ aK{ +vJ_ + (W}
bior | {Co +aK{ +vJ_ + (W} bios | {Ko +aCo +bK{ +vJ_ + (W}
Bioo | {KT +eP_ +vJ_ + W} bi1o | {Ko+ aK{ +eP_ +vJ_}
b1 | {Co+ aK{ +eP_+vJ_} bire | {Ko +aCy + bK{ + eP_ +vJ_}
bus | {Ko+aK{ +eP +vJ + (W} | buy | {Co+aK{ +eP v + (W}
biis | {Ko + aCy + bK{ + eP_ bue | {K3 + Py + (W}
+vd_ + (W}
bur | {Ko+aK] + Py} buss | {Co + aK] + Py}
biio | {Ko + aCy + bK{ + P, } b2 | {Ko + aKj + Py + (W}
bio1 | {Co + aK] + Py + (W} bizs | {Ko + aCo + bKS + ePy + (W}
Bios | {Py +€eP_ + (W} Bioa | {Py + €P_ + aKy}
Bios | { Py + eP- +aCy} Bios | { Py + €P- + aKy+ bCo}
o7 | { Py + eP_ +aKy+ (W} Bros | { Py +€eP_ +aCy+ (W}
Biog | { P} + €P- + aKy + bCo(W'} biso | { Py +vJ_ + (W}
hiz1 | {Ko +€ePy +vJ } Hiz2 | {Co+ePr +vJ }
D133 | {Ko+aCo+€ePy +vJ_} Biga | {Ko+€Pp +vJ_+ (W}
Biss | {Co+€ePr +vJ_ + (W} Bise | {Ko +aCo+ePy +vJ_ + (W}
bir | {Py +eP_+v] + (W} buss | {Py +eP- +aly+uvl )
Biz9 | {Py +eP- +aCy+rvJ_} Bra0 | {Py +€P- + aKo+ bCo+vJ_}
b | {Py +€eP-+aKo+vJ_ + (W} | buo | {Py +€eP_+aCy+vJ_+ (W}
bus | {Ps + eP_ + aKy + bC braa | {KJ + pJ + (W}
+vd_ + (W}
buas | {Ko + aK{ + pJ.} biss | {Co+ aK + .}
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TABLE 2.5. (Continued)
No. | Subalgebra No. | Subalgebra
h147 {Ko—f—aoo—f-ng +HJ+} [’)148 {K[) +GK{+HJ+ —f—gW}
h149 {CO + GKJ + HJJr + QW} [)150 {KU + (LCO + ng + HJ+ + QW}
bisi [ { P+ pJy + (W} bis2 | {HKo+eP- +pdi}
Biss | {Co +eP +pJi} Bisa | {Ko+aCy+eP_+pJ,}
Biss | { Ko+ eP +puJy + (W} Bis6 | {Co +€eP_ + pJ, + W}
bisr | {Ko+aCo+eP_+pJy + W} [ hiss | {py + v+ (W}
Biso | { Ko+ pJ, +vJ_} Bico | {Co+ pJy +vJ_}
b1 | {Ko+aCo+ pJy +vJ_} o2 | {Ko +pJy +vJ_+ (W}
f)163 {Co +HJ+ —|—£J_ +§W} f)164 {K0+a00+HJ++ZJ_ +§W}
bies | 1P~ +pJy +vJ_ + (W} bies | { Ko +eP_ +pJy +vJ_}
D167 | {Co +€P_+pJy +vJ_} bies | {Ko +aCo+ eP_ + puJ, +vJ_}
bigo | {Ko+€eP-+puJy +vJ_+ (W} | birg | {Co+€eP- + pJy +vJ_+ (W}
bin | {Ko +aCo + P + pJy bira | {K] + ePy + pJy + (W}
+vJ_+ (W}
bizs | {Ko + aK{ + ePy + .} biza | {Co+ aK] + Py + .}
bizs | {Ko + aCo + K] + Py + pJy | bure | {Ko + aK3 + Py + pJy + (W}
bi77 | {Co+ aK] + ePy + pJy + W} | buzs | {Ko + aCo + bKJ + ePy
+uJy + W}
biro | {Pr +eP +pJy + (W} Biso | {Py +eP +aKo+pJy}
h181 {P++€P_+CLCO +HJ+} 6182 {P++€P_+CLKO+bOO +HJ+}
[’Jlgg {P++€P_+CLKO +HJ+ +§W} [’J184 {P++€P_+G,Co +HJ+ +§W}
h185 {P++€P, +CLKO+bCQ b186 {PJr +HJ+ +ZJ7+£W}
+uJy + W}
h187 {K0+€P+ +HJ+ +ZJ7} b188 {CO+€P++HJ++ZJ7}
Biso | { Ko +aCo+ePy + pJ, +vJ_} || bioo | { Ko + Py + pJ, +vJ_+ (W}
bior | {Co 4+ €Pp + pJy +vJ_ + WY | broo | {Ko+ aCo + Py +
+vJ_+ (W}
Biog | { Py +€eP_+puJy +vJ_+ (W} | bios | {Py +€eP_+aKo+pJ, +vJ_}
f)lgg, {P++€Pf +CLC() +HJ+ +£J,} h196 {P++€P,—|—CLK0—|—[)CQ
tpdy + v}
bio7r | {Py +eP- +aKo + pJy bios | {Pr +eP+aCy+ pJy
+vJ_ + (W} +vJ_ + (W}
Bigg | { Py + €P- + aKy + bCy

+udy +vJ_ 4+ (W}
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Résumé
Cet article présente les extensions supersymétriques bosonique et fermionique des
équations structurelles décrivant les surfaces conformément paramétrisées plon-
gées dans des superespaces de Grassmann, basées sur des résultats trouvés précé-
demment par les auteurs. Une analyse détaillée des propriétés de symétrie pour les
équations de Gauss—Weingarten classiques et de leurs versions supersymétriques
est effectuée. Une généralisation supersymétrique de la conjecture établissant les
conditions nécessaires pour qu’un systeme soit intégrable dans le sens de la théorie
des solitons est formulée et illustrée au moyen des exemples de la version super-

symétrique de ’équation de sine-Gordon et des équations de Gauss—Codazzi.

Abstract
The paper presents the bosonic and fermionic supersymmetric extensions of the
structural equations describing conformally parametrized surfaces immersed in a
Grasmann superspace, based on the authors’ earlier results. A detailed analysis of

the symmetry properties of both the classical and supersymmetric versions of the
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Gauss—Weingarten equations is performed. A supersymmetric generalization of
the conjecture establishing the necessary conditions for a system to be integrable
in the sense of soliton theory is formulated and illustrated by the examples of
supersymmetric versions of the sine-Gordon equation and the Gauss—Codazzi

equations.

3.1. INTRODUCTION

Over the last decades, the concept of supersymmetry has been used extensi-
vely in particle physics and string theory [9,16,37,45,/76,114,119] as well as
in hydrodynamic-type models [13}/36/,(50,/67,78|83.[89,/90]. Systems involving
even and odd Grassmann variables are interesting because even Grassmann va-
riables have properties similar to those of bosonic particles and odd Grassmann
variables have properties similar to those of fermionic particles. These particles
appear in the standard model, bosons as interaction particles and fermions as
matter particles. Supersymmetric (SUSY) extensions have been constructed, for
example, for the Korteweg—de Vries equation [83/90], the Chaplygin gas equation
in (1+1)- and (2+1)-dimensions (using parametrizations of the action for a super-
string and a Nambu—Goto supermembrane, respectively) [78], the scalar Born—
Infeld equation [74], and the sine-Gordon equation [24/31/,64,69/107,108,121].
Supersoliton solutions were obtained for a number of SUSY theories through
a connection between the super-Backlund and super-Darboux transformations
[3,241162./69,/88,108,116]. A Crum-type transformation was used to determine
a number of supersoliton and multisupersoliton solutions, and the existence of
infinitely many local conserved quantities was determined [64,91},107]. In many
cases, the integrability of supersymmetric systems has been demontrated by fin-
ding Lax pairs and conservation laws [83}90].

Superpositions of solutions of nonlinear SUSY systems are not as well un-
derstood as superpositions of solutions of nonlinear classical systems. As a result,
SUSY differential equations do not have as extensive a theoretical foundation as
classical differential equations. However, the method of prolongation of infinitesi-
mal vector fields for Lie symmetries, the methods for the classification of subal-
gebras and the symmetry reduction method can, to some extent, be adapted to
the case of Grassmann-valued systems of differential equations (see, e.g., [4,/69]).

A supersymmetric generalization of the structural equations (the Gauss, Co-
dazzi and Ricci equations), constructed through the use of the exterior geometry

formalism, was proposed in [8-10,109|. This generalization was used to study
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superstrings and different super-p-branes. It was shown [9], using the superembed-
ding approach, that these structural equations have their doubly supersymmetric
counterparts.

The subject of our investigation is conformally parametrized surfaces immer-
sed in a Grassmann superspace. This study is based on the methodology for
the construction of SUSY extensions of the Gauss—Weingarten (GW) and Gauss—
Codazzi (GC) equations developed in the authors’ previous work [B1]. It involves
the use of a moving frame formalism, leading to an explicit formulation of the
structural equations for surfaces immersed in a Grassmann superspace. These
equations constitute the SUSY extensions of the GW and GC equations. In [B1]
we constructed two distinct extensions (one in terms of a bosonic superfield and
the other in terms of a fermionic superfield) for each of these systems. For both
SUSY extensions of the GC equations, Lie symmetry superalgebras were deter-
mined and the one-dimensional subalgebras of these superalgebras were classified
into conjugacy classes under the action of their respective supergroups.

The main task undertaken in this paper is an analysis of the conditions for the
existence of soliton and multisoliton solutions of the supersymmetric versions of
differential equations. For this purpose we adapt the symmetry group approach to
the problem of integrability in the sense of soliton theory to the SUSY case. This
approach proved to be effective in the classical case when it was first proposed in
the form of a conjecture for point symmetries of the GW and GC equations by
D. Levi et al. [85] and next developed by J. Cieslinski [28[29]. It establishes a
spectral technique which enables us to explicitly construct one-parameter families
of surfaces associated with a given integrable system.

To formulate an analogue of the classical conjecture for the SUSY case we
had to determine the symmetries of the GW equations for the classical case as
well as for the bosonic and fermionic SUSY extensions and to compare them to
the symmetries of the associated GC equations. The conjecture states that, if
the set of symmetries of the GC equations is larger than the set of symmetries
of the GW equations, then we can introduce a spectral parameter into the GW
equations and obtain a Lax pair associated with the GC equations, provided that
the spectral parameter cannot be eliminated through a gauge transformation.
This introduction can be done through the use of vector fields that are symmetries
of the original system, but not symmetries of the associated linear system. We
provide an algorithmic procedure for this analysis, facilitating the determination
of the integrability of a system under consideration. We illustrate these results
with the examples of the SUSY versions of the sine-Gordon equation and the GC

equations.
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The paper is organized as follows. In section [3.2] we discuss the symmetry pro-
perties of the classical GW and GC equations, identify the Lie point symmetry
algebras. Section is devoted to a brief outline of the properties of Grassmann
variables and Grassmann algebras. In section [3.4] we analyze bosonic and fer-
mionic SUSY extensions of the GW and GC equations. In section [3.5] we adapt
the classical conjecture distinguishing integrable systems to the SUSY extensions
of the GW and GC equations. Finally, in section [3.6] we present possibilities for

future research.

3.2. SYMMETRIES OF THE STRUCTURAL EQUATIONS OF CONFOR-
MALLY PARAMETRIZED SURFACES

Consider a moving frame €) on a smooth orientable conformally parametrized

surface in 3-dimensional Euclidean space R? which satisfies the GW equations

OF ou 0 Q OF
dloF|=1| 0 0  iHev||OF|, 09=VQ,
N —H —27"Q 0 N
(3.2.1)
OF 0 0 1He\ (OF
o|0F | = 0 ou  Q oF |, o0 = 150,
N —2e*Q —H 0 N

where we define the space X = (z,2) of independent variables, where z = = +
iy and Z = x — 4y are complex variables, and the space U = (H,Q,Q,u) of
unknown functions. Here Q0 = (OF, OF, N)" is a moving frame of a conformally
parametrized surface with the vector-valued function F = (Fy, Fy, F3): R — R3
(where R is a Riemann surface) satisfying the following normalization for the

tangent vectors OF and OF and the unit normal N
(OF,0F) = (OF,0F) =0,  (OF,0F) = le*,
(OF,N) = (OF,N) =0, (N,N)=1,

where the induced metric of the surface satisfies I = e*dzdz with local z and Zz

coordinates on K. We have used the abbreviated notation
85@2%(&6—@'%), 558;2%(814—2’%),

for the partial derivatives with respect to the complex variables z and Zz, respec-

tively. The bracket (-,-) denotes the scalar product in 3-dimensional Euclidean
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space
3
(a,b) = a;b;, a,b e C> (3.2.2)
i=1

The quantities @, Q and H in equations (3.2.1)) involve the second derivatives of
the immersion function F' and are defined as follows

Q= (0F,N)ecC,  H=2"00F,N)c€R,

where the differentials Qdz? and Qdz? defined on the Riemann sphere R are
called Hopf differentials while H is the mean curvature function of the surface.
The Gauss—Codazzi equations, which are the zero curvature condition (ZCC)

for the potential matrices Vi and V; taking values in a Lie algebra, are
Vi — Vs + [Vi, Vo] =0,
which reduce to the following three linearly independent equations
d0u + %HQe“ —2QQe " =0, (the Gauss equation)

_ _ _ 3.2.3
0Q = 3e"0H, 0Q = 3e"0H. (the Codazzi equations) ( )

These equations guarantee the existence of conformally parametrized surfaces
in R®. A description of all infinitesimal symmetries of the GC equations was
investigated |[B1] for conformally parametrized surfaces and the results can be
summarized as follows.

In the case where the system of the GC equations has maximal rank over
M C X xU, it was found |[B1] that the set of all infinitesimal Lie point symmetries
of the system forms an infinite-dimensional Lie algebra £, spanned by the vector

fields

X(n) =n(2)0; +1'(2)(—2Q0q — Udy),
Y(¢) = ¢(2)0: + ¢'(2)(—2Qdg — Udy),
€y = —H8H + Q@Q + Q@Q + 2U8U,

where 1 and ( are arbitrary functions of z and z respectively, while 7’ and (' are the
derivatives of n and ( with respect to their arguments. Here and subsequently,
we use the notation U = e“. The generators X (n) and Y (¢) are two infinite-
dimensional families of conformal transformations, while ey is a dilation in the
dependent variables which constitutes the center of the algebra. The maximal
finite-dimensional subalgebra L; of the algebra £; was obtained by expanding n

and ( as power series with respect to their arguments. This algebra L; is spanned
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by the seven generators
o = —HOp + Qg + Qdg + 2Udy,
e = 0., es = 20, — 2Q0¢9 — U0y, es = 220, — 42Q0q — 22U0y,
ey = 0z es = 20; — 2Q05 — Udy, 6 = 2°0; — 42Q05 — 22U 0y
Let us now perform an analysis of the infinitesimal symmetries of the GW
equations . In the case where the system of GW equations has maximal

rank over M C X x U, the set of all infinitesimal symmetries of the system forms

an infinite-dimensional Lie algebra £, spanned by the vector fields
X(n) =n(2)0: = n'(2)(Udy +2Q0),
Y(0) = C(2)0: — C'(2) (U0, +2Q0,).
éo = —HOy + Qdq + Qg + 2U0y + FiOr,,
T, = O, D; = FiOp,, + N, 1=1,2,3,
Rij = (FiOp, — F0F,) + (NiOn; — N;0y;,), 1< j =23,
Sij = (FiOp, + F;0r,) + (N;On, + N;0n,).

(3.2.4)

Here, we have used the notation n/(z) = dn/dz and ('(z) = d(/dz, where n
and ( are arbitrary functions of z and z respectively. The generators in (3.2.4])
can be identified as follows : the T; generate translations in the F; directions res-
pectively, R;; represent rotations in the direction of the F; and N; variables, S;;
are local boost transformations and the vector fields ey, D; and Dy correspond
to scaling transformations. In addition, we obtain two infinite-dimensional fami-
lies of infinitesimal transformations generated by X(n) and Y (¢). The non-zero
commutation relations between the generators are

(X (m), X(m2)] = (mry = mim2)0: + (nimz — m) (Udy + 2Q0q),
[Y(C1), Y ()] = (Ci¢y — €1¢2)0= + (¢1'¢ — (16 (Udy + 2Q0g),
60, Ti] = =Ti,  [1,Dj] = 0555, [T Ryl = 03Tk — 0T,
[T, Sji] = 0i;T% + 6T}, Dy, Rjk] = 0:jSik — 6iSijs
Dy, Sji] = 0ijRix — dixRjs, [Rij, Ski] = 0651 + 055k — 0ikSji — 0uSik,
where 0, is the Kronecker delta function. The Lie algebra £y can be decomposed

into the direct sum
Ly = {X(U)} D {Y(C)} D {émTi, D;, Rz’ja Sij}a

which consists of two copies of the Virasoro algebra together with the 13-dimensional

algebra generated by &y, T}, D;, R;; and S;;. If the functions 7 and ¢ are analytic,
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they can be expanded as power series with respect to z and z respectively. The

maximal finite-dimensional subalgebra Lo of £ is spanned by the 19 generators
éo = —HOy + Q0q + Qp + 2Udy + FiO,,
er = 0., es = 20, — 2Q0g — U0y, es = 220, — 42Q0q — 22U0y,
ey = Os eq = 20; — 2Q05 — Udy, e = 2°0; — 42Q05 — 22U 0y,
T, = OF,, D; = FiOr,, + NiOn,,, i=1,2,3,
Ri; = (Fi0p, — F0r,) + (NiOn, — N;0N,),
Sij = (Fi0r, + F;0r,) + (N;On, + N;0n;,), i<j=2,3,

which have the non-zero commutation relations

le1, e3] = e, [e1, e5] = 2es, les, e5] = es,
(e, €4] = €3, [es, €6] = 2e4, les, 6] = e,
60, T3} = —T; T3, D;] = 65T, (T3, Rji] = 0i5T) — 6T},
(T;, Sik] = 04Tk + 0i T, [D;, Six] = dijRir, — 0 Rji,
Dy, Rjk] = 0:;Sik — 0iSij, [Rij, Ski] = 0kSu + 0,08k — 6iSji — 0iSjk-

The algebra Ly can be decomposed as follows
Ly = {e1,es,e5} @ {ea, eq, 66} {1}, D;, Rij, Si}D {éo}.

In the theory of solitons, there exists a conjecture [28,29] 85| to isolate in-
tegrable systems which states that this characterization can be performed by
comparing the sets of symmetries of the original system and of its associated li-
near system. In the case where the sets of symmetries of both the original system
and the non-parametric linear system (the GW system) are finite-dimensional,
we can compare the symmetries of the two systems by defining the differential

projection operator 7 as the following operator
m(Ly) = Low,  where w =20+ 20+ HOy + Q0 + Qg + Udy,

which involves all independent and dependent variables. Here, w is not necessarily
an element of Ly or Ly. The projection operator 7 has the property that 7" (Ls) =
7(Ls) for any positive integer n and every element of the algebra Lo. In fact, we
have

72(Ly) = m(Low) = Low? = Low = m(Ly).

Under the above assumptions, the conjecture concerning integrable systems
proposed in [28,29,85| can be formulated as follows.
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Conjecture 3.2.1.

(1) In the case where Ly = mw(Lsy), the original system is non-integrable in
the sense of soliton theory. In the case where there exist reductions of the
original system (whose set of symmetries is L)) and the non-parametric
linear system (whose set of symmetries is LY) such that L} # w(L}), the

reduced subsystem of the original system can be integrable.

(2) In the case where Ly C w(Lsy), the system is a candidate to be integrable (in
the sense of soliton theory) if it is possible to introduce a spectral parameter
into the linear GW system, which represents a Lax pair, provided that the

spectral parameter cannot be eliminated through a gauge transformation.

It should be noted that, under the above conjecture, the GC equations ({3.2.3))
do not form an integrable system since L; = 7(Ls).

3.3. CERTAIN ASPECTS OF GRASSMANN ALGEBRAS

We present a brief overview of the concepts related to Grassmann variables
and Grassmann algebras. The formalism is based on the theory of supermanifolds
as described, e.g., in 11,1216} 33}43,|56.(80,101,102,/118|. We consider a
complex Grassmann algebra I' involving an arbitrary large (but finite) number ¢
of Grassmann generators (&;,&s,...,&). The exact number of generators is not
essential as long as there is a sufficient number of them to make all considered
formulas meaningful. The Grassmann algebra A can be decomposed into its even

(bosonic) and odd (fermionic) parts
A= Aeven + Aodda

where Acven contains all terms involving a product of an even number of generators
&g, e, 1,68, &&3, ..., while Aygq contains all terms involving a product of an
odd number of generators &, i.e., &,&2,&3,...,£1&Es,... The space A and/or
Acven Teplaces the field of complex numbers in the context of supersymmetry. The
elements of Agen and Aggq are called even and odd supernumbers, respectively.

An alternative decomposition for the Grassmann algebra A is

A= Abody + Asoul;

where
Abody = AO[£17 527 s 753] = C? Asoul = Z Ak[fla 527 s 753]'
k>1
Here A°[&1, &, ..., &] is used to refer to all elements of A that do not involve any

of the generators &;, while A¥[&;, &, . .., &] refers to all elements of A that contain
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a product of k generators (for instance, if we have 5 generators &1, &3, €3, &4, &5 then
A?[&1, €9, €3, €4, &5] refers to all terms involving 16y, 13, §164, §15, §263, €264, §26s,
£3€4, E3&5 and €4&5). Because of the Zg-grading of the Grassmann algebra A, the
bodiless elements in Ay, are non-invertible. Since the number £ of Grassmann
generators is finite, it follows that the bodiless elements are nilpotent of degree
at most &.

In this paper, we use a Zs-graded complex vector space V' with even basis
elements u;, © = 1,2,..., N and odd basis elements v,, p = 1,2,..., M and
consider W = A ®¢ V. The even part of W

Weven = {Z a;U; + ZQMUN | a; € Aevem ay, € Aodd} )
i 1

is a Aeven module which can be identified with AXN x AXY (which consists of N
copies of Agven and M copies of Ayqq). To the original basis, consisting of the w;

and v, (although v, ¢ Ween), We associate the corresponding functionals
E;: Weyen = Aeven: Ej (Z a;u; + Z‘%%) = a;,
i 1

T,: Weven — Aodd: T, <Z a;u; + Z%ﬂ%) = 4y,
i 1

and view them as the coordinates (even and odd respectively) on Weye,. Any
topological manifold locally diffeomorphic to a suitable Weye, is called a super-

(1,1]2)

manifold [102]. Super-Minkowski space R is an example of such a super-

X2

X2 x AX}, with bosonic light-cone

manifold, being globally diffeomorphic to A
coordinates z, and x_, and fermionic coordinates 6+ and 6~. Therefore, x, and
x_ are linear combinations of terms containing an even number of generators : 1,

§1&2, &85, §1&a, .., &85, ok, .., E162€384, ... In contrast 6 and 6~ are linear

combinations of terms containing an odd number of generators : &1, &9, &3, &4, - . .,
£162€3, £162&4, 18384, £2€384, - .. Any fermionic (odd) variables 8 and 0~ satisfy

the relation
O =0 =00 +00"=0. (3.3.1)

The supersymmetry transformations (3.4.3]) presented in the next section can be
understood as changes in the coordinates of R('?) which transform solutions of
the SUSY GW equations and the SUSY GC equations, respectively, into solutions
of the same equations in new coordinates for both the bosonic and fermionic
SUSY extensions. A bosonic or fermionic smooth superfield is a supersmooth G*°
function from R(™ ") to A (the values ny, and ny of the superspace R /") stand

for the number of bosonic and fermionic Grassmann coordinates respectively).
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In this paper we use the convention that partial derivatives involving odd
variables obey the following Leibniz rule for the product of two Grassmann-valued

functions A and g
O (hg) = (Dp=h)g + (—1)9F M (B4 g),
where the degree of a homogeneous supernumber is given by

0 if h is even,

1 if A is odd.

deg(h) =

We use the following ordering notation for partial derivatives fy+o- = Oyp-Op+ f.
The partial derivatives with respect to the fermionic coordinates satisfy g6/ = (53 ,

where ¢/ is the Kronecker delta function and the indices 7 and j each stand for

+ or —. The fermionic operators 0=+, Jy and Dy in equations (3.4.1) and (3.4.4)

alter the parity of a bosonic function to a fermionic function and vice versa. For
instance, if ¢ is a bosonic function, then Jg+¢ is an odd superfield, while 9p+ - @
is an even superfield. For a Grassmann-valued composite function f(g(z,)), the
chain rule is ordered as follows

af dg Of

Ory — 0w, g’
The interchange of mixed derivatives (with proper respect to the ordering of odd
variables) is assumed throughout this paper. Additional details can be found in
the books by Cornwell [33], DeWitt [43], Freed [56], Kac [80], Varadarajan [118]

and references therein.

3.4. SUPERSYMMETRIC VERSIONS OF THE GAUSS-~WEINGARTEN
AND GAUSS—CODAZZI EQUATIONS

In a previous paper [B1], we constructed supersymmetric versions of the diffe-
rential equations which define surfaces in super-Minkowski space. These versions
consisted of supersymmetric extensions of the Gauss—Weingarten and Gauss—
Codazzi equations using bosonic and fermionic superfields. The purpose of construc-
ting such extensions was to construct surfaces immersed in a superspace (R(Q’”?)

for the bosonic extension and R(*:113

) for the fermionic extension). We use the va-
riables x4 = $(t & ) which are the bosonic light-cone coordinates, and §* which
are fermionic (anticommuting) variables satisfying . Below, we present the
outline of our procedure and its main results on which we base our further consi-

derations.
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Let § be a smooth orientable conformally parametrized surface immersed in

the superspace given by a vector-valued superfield F(x,,x_,0%,67) which, in
view of (3.3.1)), can be decomposed as

F=Fu(vyo )+ 0 oz, o)+ 0 Yoy, z-) + 070Gz, 22),
m=1,2,3.

In the bosonic case, the functions F},, and G,, are bosonic-valued, while the func-
tions ¢,, and 1, are fermionic-valued. Conversely, in the fermionic case, the
functions F),, and G, are fermionic-valued, while the functions ¢,, and ,, are

bosonic-valued. In both cases, we define the covariant superspace derivatives to
be

Dy = Ogx — i6*0,, . (3.4.1)

The conformal parametrization of the surface S gives the following normalization
on the superfield

(D;F,D;F) = fgi;, (D;F,Ny=0, (N,N)y=1, i,j=12 (342)

where Dy F' are the tangent vector superfields and N is a normal bosonic vector
field which can be decomposed in the form

N = Ny (v, 2-) + 0 (v, 22) + 0 Bn(wy,2-) + 0707 Hy (24, 22),
m=1,2,3,

where N,,, and H,, are bosonic functions, while «,,, and (3, are fermionic functions.
In the bosonic case the function f which appears in is a bodiless bosonic
function (i.e., f € Agou) of ;. and z_ which is a nilpotent function of some order
k. In the fermionic case the bosonic function f may be bodiless or not. The values
1 and 2 of the indices 7 and j stand for + and — respectively. The bracket (-, -)
denotes the scalar product for 3-dimensional Euclidean space, where we
use the property for any fermionic variables. This scalar product takes its
values in the Grassmann algebra A. The coefficients of the induced bosonic metric

function g;; on the surface S are given by

9i=0,  g=3e",  gn=1jee’, i=12,
where € = 1 in the fermionic case and € = —1 in the bosonic case. It should be

noted that the covariant metric tensor g;; is anti-symmetric in the indices ¢ and
7 in the bosonic case while it is symmetric in those indices in the fermionic case.

Here, the superfield ¢ is assumed to be bosonic and can be expanded in terms of
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the fermionic variables 8T and 6~ :

¢ = ¢0<x+7 x—) + 9+¢)1(ZE+,[E_) + 9_¢2($+, I_) + 0+9_¢3(I+’ :L‘—)a

where ¢y and ¢3 are bosonic functions while ¢; and ¢, are fermionic functions.

The exponential function can be expanded as follows in terms of 7 and 6~ :
e = FN (140701 £ 0 ¢a 070 ¢35 — 010 ¢16).

The SUSY extensions of the GW and GC equations are constructed in such a
way that they are invariant under the transformations

Ty — xy+ iﬂié’i, 0 — 6% + i, (3.4.3)
which are generated by the differential SUSY operators
Ji = Ops +1i6%0,,, (3.4.4)

respectively. Here 7, are fermionic-valued parameters. The SUSY operators Jy
satisfy the following anticommutation relations :

{J’m Jm} = 225mna;tm7 {Dna Dm} = _215mna:vma {Jm7 Dn} = 07
D3 = —i0y, Ji =0y, m,n=1,2,

where d,,,, is the Kronecker delta function and the brace brackets denote anticom-
mutation, unless otherwise specified. The values 1 and 2 of the indices m and n
stand for + and — respectively. Here and subsequently, summation over repeated
indices is understood.

In order to construct the SUSY version of the GW equations we assume
that the second-order covariant derivatives of F and the first-order covariant
derivatives of the normal unit vector N can be defined in terms of the moving
frame Q = (D, F,D_F,N)T on a surface S, i.e.,

D;DiF =T,*DiF + b fN,  DiN =b'DyF +wN, i, k=12,

where the coefficients I'..* and w; are fermionic functions. The functions b;; and bl-’f

ij
are bosonic-valued in the bosonic extension and are fermionic-valued in the fer-
mionic extension. Here, the values 1 and 2 of the indices ¢, 7 and k stand for +

and —, respectively. We define the coefficients b;; to be

biu=Q%, b= —by=3e’H,  bpn=Q" . (3.4.5)

In the bosonic extension, the moving frame {2 contains both bosonic and
fermionic components. Under the above assumptions, we obtained the following
results [B1]
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Proposition 3.4.1. For any bosonic vector superfields F(xy,x_,07,07) and

N(zy,z_,0%,07) satisfying the normalization conditions (3.4.2)) and (3.4.5), the

moving frame Q = (D, F, D_F,N)T on a smooth conformally parametrized sur-

face immersed in the superspace R®Y?) satisfies the SUSY GW equations
D, Q=A,9Q, D_Q=A_Q,

Flll F112 Q+f

A= | Tt Ty _%€¢Hf ,
H  2e7°QT" 0 (3.4.6)
L' Ipy? %€¢Hf
A= o' Ip? Q°f

—2e Q- H 0
The zero curvature condition
D+A, + D,A+ — {EA+, EA,} — 0, (347)

where

constitutes the GC' equations and corresponds to the following sixz linearly inde-
pendent equations

(i) D- (Ful) + Dy (F222) + Dy (le) - D (F122) =0,
(ii) D- (Fnl) —IyTy' + Dy (Ful) + 0 T, + ;H2€¢f —2Q%Q e ?f =0,

1
(i) Q*Tpy? ~T1Q" + D-Q* ~Q*D_g+ Je* Dy H =0, s
3.4.8
) _ _ _ 1
(iv) QT —Ty'Q"+DyQ™ —Q Di¢— ie‘z’D,H =0,

(v) D- (P112> — D' 1" =TTy = T1,'Ty,% + Dy (F122) +2Q"Hf =0,
(vi) Dy (F221> + T, Ty, = Do Tyt + 19Ty, — D (F121> +2Q " Hf =0.
In the fermionic extension, the moving frame ) contains only bosonic com-

ponents. The fermionic counterpart of proposition [3.4.1 can be summarized as

follows.
Proposition 3.4.2. For any fermionic vector superfield F(xy,x_,07,07) and

bosonic normal unit vector N(xy,x_,07,07) satisfying the normalization condi-

tions (3.4.2) and (3.4.5)), the bosonic moving frame Q@ = (D, F,D_F,N)T on

a smooth conformally parametrized surface immersed in the superspace R
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satisfies the SUSY GW equations

Dy |\D_F|=] 0 0 —%e‘f’Hf D_F|,
N H —2e0Q* 0 N
(3.4.9)
D+F O 0 %e(’be D+F
D_|D_F| = 0 2 Q°f D_F
N —2e7%°Q~ —-H 0 N
The GC' equations, which are equivalent to the ZCC
D+A_ + D_A+ - {A+7 A_} — 0,
reduce to the following four linearly independent equations
(i) D+ (F222) + D (Fnl) =0,
(i) D_(T))') +27°Q*Q f =0,
(3.4.10)

(i) D.Q — *D_H +Q (D6~ T1y') =0

(iv) D_Q* + ;e¢D+H 1O (D - Tu?) =0,

3.5. CONJECTURE ON SUPERSYMMETRIC INTEGRABLE SYSTEMS

In this section, we formulate a SUSY version of the conjecture [3.2.1] on inte-
grable systems described in section [3.2] A symmetry supergroup G of a SUSY
system of equations consists of a local supergroup of transformations acting on a
Cartesian product of supermanifolds X x U, where X is the space of four inde-
pendent variables (z,,z_,07,07) and U is the space of dependent superfields.

Let £; be a maximal finite-dimensional superalgebra of Lie point symmetries
associated with the system of nonlinear partial differential equations (NPDEs)
under consideration. Let L5 be a maximal finite-dimensional superalgebra of Lie
point symmetries of the linear system associated with the original system of
NPDEs. Let m be a projection operator acting on the subalgebra £, such that
m(Ly) = Low, where w is the differential operator

w = $+8x+ + lL@x_ + 9+89+ + 9_86* + uaaua + 30'88%[3

involving all independent bosonic and fermionic variables (x,z_, 6%, 67) and all
dependent bosonic and fermionic superfields, u® and . respectively, appearing
in the system of NPDEs. The common symmetries of the NPDEs and the linear
spectral problem (LSP), associated with the original system of NPDEs, are the
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vector fields which span the set
£3 :Ll ﬂﬂ'(ﬁg) 7é .

It should be noted that the set L3 is not necessarily an algebra. The prolongation
of one of these vector fields acting on the LSP has to vanish for all wavefunctions
of the LSP. In this case, the integrated form of a two-dimensional surface in a Lie
algebra is given by the Fokas—Gel’fand immersion formula [54}55,73], whenever
the tangent vectors on the surface are linearly independent. Let us consider the
set of vector fields defined by

Ly=LN\{LiN7(Ls)}

Here, £, consists of all symmetries of £, that are not symmetries of £,. Again,
L, is not necessarily an algebra. Under the above assumptions, an extension of
the conjecture to SUSY integrable systems can be formulated as follows.
Conjecture 3.5.1.

(1) If L1 = 7(Ls) then the system of NPDEs is not integrable.
(2) If the following conditions are satisfied
(a) ©(Lsy) is a proper subset of Ly, that is

El D) 7T(£2>.

A free parameter can be introduced into the linear system using a sym-

metry transformation generated by one of the vector fields appearing in
Ly.

(b) The transformation given in (a) acts in a nontivial way (i.e., cannot be
eliminated through an Lq-valued gauge matriz function).

Then the system of NPDEs is a candidate to be an integrable system.

The proposed conjecture is illustrated through the following examples.
Example 3.5.1. The bosonic extension of the GC' equations involves ele-
ven unknown functions U = (¢, H,Q*,Q~, R, R™, ST, S=, T, T, f), where ¢,
H,Q%, Q, f are bosonic functions while Rt, R—, ST, 8™, T+, T~ are fermionic

functions. In what follows we use the notation

Rt =Ty, R =17, St =Ty, ST =T

The action of the supergroup G on the superfields U of (x4, x_,0%,07) maps so-
lutions of the bosonic version of the SUSY GC equations (3.4.8)) to solutions of
(13.4.8). The bodiless bosonic function f depends only on xy and x_, in constrast
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with the other listed superfields in U which can depend on (xy,x_,07,07). As-
suming that G is a Lie supergroup as described in [80,/120], we found that its
associated Lie superalgebra g1, whose elements are infinitesimal symmetries of the
bosonic SUSY GC equations (3.4.8), was generated by the following eight vector
fields (B1]]
Co=Hoy + Q" 0g+ + Q 0g- — 2f0y,
Ko=—H0y + Q" 0g+ + Q 0g- + 20,
K} = —22,.0,, — 00+ + R"Op+ + 2R 0g-
+5 0g- — T O0p+ + 2Q+0Q+ + 0y,
Kg = —237,835_ — (9789— — R’@R— + S+as+
+2T " 0p+ + T~ 0p- +2Q Dg- + 04,
P+:ax+, P_:ax,,
Ji = O+ +1i07 0, , J_ = 0p- +1i00,_.

The generators Py and P_ correspond to translations in the bosonic variables

(3.5.1)

and x_ respectively. We also have four dilations, of which two, Cy and Ky, involve
only the bosonic dependent variables, while the other two, K® and K3, involve both
independent and dependent, and both bosonic and fermionic variables. Finally, we

also recover the two supersymmetry generators J. and J_ which were identified

previously in (3.4.4)).
The algebra g} of infinitesimal symmetries of the SUSY GW equations (3.4.6)

are spanned by the following vector fields
Ji = Ops +i6%0,,, Py =0,.,
Co= Hdy + Q"0+ + Q 0o~ — 2f0; + Nidy,,
Ko=—Hoy + Q9o+ + Q09— + 20, — Ni,,
K!=-22,0,, —0"0p+ + R Op+ + 2R Op- + S~ 0s-
—T"0r+ 4+ 2Q" 0o+ + 0, (3.5.2)
Kb= 200, —0 0y — R Op- + S 0g+ + 2T 0r+
+T70p- +2Q~ 0g- + 04,
G; = F;0p, + N;On,, B, = 0p,, for i=1,2,3,
Ry = Fi0p, — F;Or, + N;On, — N;0n;, i <j=2,3.
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Using the projection operator mw(g)) = giw involving all dependent and inde-
pendent variables of the SUSY GC' equations (3.4.8), where
w=x40;, + 70y + 00+ +0 0g- + ¢0y + HOpy + Q g+ + Q~ 0g- + fO;
+ R"0g+ + R0~ + ST0s+ + S 0s- + T 0r+ + T Op-,
and comparing the resulting vector fields with the gemerators of g, given by
(3.5.1)), we conclude that g; = 7(g}), which implies that the SUSY GC equations
are non-integrable as in the classical case.

Example 3.5.2. As another example, we apply the conjecture to the SUSY sine-
Gordon equation as formulated in [24)]

D,D_® =isin®, (3.5.3)
where ® is a bosonic superfield. Its Lie symmetry superalgebra gz is spanned by
the vector fields

P, =0,,, Ji = Op +i60%0,,,
(3.5.4)
K= 2x+8$+ - 21'_8337 + 0+89+ - 0_89—.

The non-parametric linear problem (the GW equations) associated with the SUSY
sine-Gordon equation (3.5.3|) is given by

Y Y fis
DV = B, WV, where W = |1y 1ha  fo3 |,
fs1 fs2 33
A (3.5.5)
] 0 0 ie'® 1D_® 0 —1
B, = 3 0 0 —ie |, B_ = 0 —1D_® 1
—eTi i 0 —1 1 0

Here the 1;; are bosonic superfields and the f;; are fermionic superfields, i,j =
1,2,3. The infinitesimal symmetry generators g of equations (3.5.5)) are spanned
by the vector fields

Py = &Ci, Ji = agi + iﬁi&ci, G| = 77/)11a¢u —+ 102181/}21 + f318f31,

Gy = 120y, + V220y,, + f3205;,, Gz = f1305, + f230p,5 + 1330y
(3.5.6)

Using the projection operator m defined as w(g5) = gyw, where

w=1240;, +T_0p + 0705+ +0 0p- + Do,

we obtain the relation g3 O 7(gh), which implies that the SUSY sine-Gordon

equation may be integrable, as in the classical case. The fact that the generator KC
in (3.5.4) does not appear in the symmetries of the linear problem (3.5.5)) of the
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SUSY sine-Gordon equations allows us to introduce a bosonic spectral pa-
rameter X through K. This is accomplished by introducing a one-parameter group
associated with the dilation IC through the transformation &, = \vy, T_ = A\ 'x_,
OF = \20% and 0 = \"Y207, X\ = +e, where 11 € Aoven, into the linear system
(13.5.5) which gives us

D,V =B,V, D_VU=PpB1V,

. 0 0 ie? iD-® 0  —ivA
B, = 5 0 0 —ie™|, B.=| 0 —iD.® i\ |,
—ei® i® 0 _\/X \/X 0

which coincide with the results found in [107]. The ZCC of equation takes
the form , where the matrices Ay and A_ are replaced by the matrices By
and B_, respectively. The connection between the super-Darboux transformations
and the super-Bdacklund transformations for the sine-Gordon equation al-
lows the construction of explicit multi-super-soliton solutions [24),64,/108].
Example 3.5.3. The fermionic extension of the GC equations (3.4.10)) involves
seven unknown functions U = (¢, H,Q+,Q~, R, T~ f) where ¢ and f are boso-
nic functions, while H, Q*, Q=, RT =T}, T~ = I'y,? are fermionic functions.
Proceeding in a similar manner as in the bosonic SUSY case, we obtain a Lie
symmetry superalgebra go consisting of the following six bosonic infinitesimal ge-
nerators [B1|]

P+:ax+, P—:axf7
Co=Hoy + Q" 0g+ + Q 0g- — 210y,
Ko = —HOy + Q" 0g+ + Q 0g- + 20, (3.5.7)

K{ = —22,0,, — 0105+ +2Q7 0o+ + R 0p+ + 0y,
K{ =210, —0 0 +2Q 0o +T dp + 0y,
together with the three fermionic generators
Ji = Op+ +1i670,, J_ = 0p- +1i0 0, _, W = 0y. (3.5.8)

The generators W and Py correspond to translations in the fermionic variable
H and the bosonic variables x respectively. We obtain two dilations Cy and K
involving only dependent variables, together with two additional dilations K{ and
Kg, which involve both dependent and independent variables. We also recover the

two supersymmetry generators Jy and J_.
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The Lie symmetry algebra gy of the SUSY GW equations (3.4.9) is spanned
by the vector fields

Py =0,,, Jo=0p +ib%0,,,
Co= Hoy + Q" 09+ + Q g — 205 + NiOy,,
Ko=—Hoy + Q9o+ + Q09— + 205 — N,
K{ = —22,0,, — 005 +2Q 0o+ + R 0+ + 0,
K =200, —0 0 +2Q 0g- +T 0p- + 0y,
G; = F;,0p, + N;On;, B; = 0p,, for 1,7=1,2,3,
Rij = Fiop, — Fi0p, + Nidy, — Njoy,, i <j=2,3.
By using the projector 7, defined as m(gh) = ghw, where
w=140,, +7_-0, + 070+ +0 0p- + Hoy + Q 0o+ + Q 0g-
+ @Dy + fOr + RTOp+ + T~ Op-,

we obtain that the set of symmetries of the SUSY GW equations is a
proper subset of the set of Lie symmetries of the SUSY GC equations (3.4.10)).
More specifically the translation in H generated by W is not a symmetry of the
SUSY GW equations. Therefore we can introduce a fermionic parameter \ in the
SUSY GW equations (3.4.9)) with the potential matrices

Rt 0 Q+f
Ay = 0 0 —se?(H+A)f |,
H+ ) —2e0Q% 0
0 0 e’ (H+A)f
A= 0 T Q" f
—2e7%Q~ —(H +)) 0

The parameter A cannot be eliminated through a gauge transformation. This sug-
gests that the fermionic version of the SUSY GC equations (3.4.10) may be inte-
grable.

3.6. CONCLUDING REMARKS AND OUTLOOK

The objective of this paper was to compare the symmetries of the SUSY GW
equations with those of the SUSY GC equations for both the bosonic and fermio-
nic extensions. This comparison allowed us to formulate a generalization of the
conjecture establishing the necessary conditions for a system to be integrable in

the sense of soliton theory. The symmetry analysis developed in this paper could
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be extended in several directions. First, it should be noted that the list of symme-
tries for the bosonic and fermionic SUSY structural equations found in this paper
is not necessarily exhaustive since the symmetry criterion has not been proven for
equations involving Grassmann variables. A comprehensive list of all symmetries
of the bosonic and fermionic SUSY Gauss—Weingarten and SUSY Gauss-Codazzi
equations could be compiled. This would require the development of a computer
Lie algebra symmetry package capable of handling both bosonic and fermionic
symmetries. Another possibility would be to extend the procedure to hypersur-
faces in higher dimensions. It could also be worth attempting to establish a SUSY
version of Noether’s theorem in order to determine conserved quantities, and to
derive a SUSY version of the Weierstrass—Enneper formula for the immersion of
surfaces in a multidimensional superspace. One could also investigate how cha-
racteristics associated with integrable models such as Hamiltonian structures and
conserved quantities manifest themselves in the SUSY case. Another worthwhile
subject is a variational problem of geometric functionals (e.g., Willmore func-
tionals), which can be interpreted as actions from which we can determine the
Euler-Lagrange equations for a given surface immersed in a superspace. Recur-
rence operators of generalized symmetries of the SUSY GC equations could be
used to obtain the recurrence relations for the surfaces. A complete invariant
geometrical characterization of these surfaces in the superspace remains to be
done. A singularity analysis of the SUSY system under consideration could be
performed in connection with Lie groups in order to verify the Painlevé property.
This would be motivated by the goal of obtaining explicit analytic solutions.
Such analytic solutions can be useful for observing the qualitative behaviour of
solutions which would otherwise be difficult to detect numerically. The existence
of different types of soliton solutions constitutes such an example. An essential
step in the further development of the theory of surfaces associated with SUSY
integrable systems would be a generalization of the known formulas for construc-
ting soliton surfaces immersed in Lie algebras, namely the Sym—Tafel [112/113]
and the Fokas—Gel'fand [55] formulas. Our procedure for introducing a spectral

parameter in the GW equations could make this task feasible.
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Résumé
Dans cet article, nous construisons et investiguons deux versions supersymétriques
de la formule de Fokas—Gel'fand pour I'immersion de surfaces bidimensionnelles
associées a un systeme supersymétrique intégrable. La premiere version implique
une déformation infinitésimale de la condition de courbure nulle et du probléme
linéaire spectral associé a ce systeme. Cette déformation mene a des surfaces re-
présentées en termes de supermatrices bosoniques plongées dans une superalgebre
de Lie. La seconde version supersymétrique est obtenue en utilisant un parametre
fermionique pour construire des surfaces exprimées en termes de supermatrices
fermioniques plongées dans une superalgebre de Lie. Pour les deux extensions,
nous fournissons une caractérisation supersymétrique des surfaces déformées en
utilisant la super forme de Killing, en tant que produit scalaire, et un forma-
lisme de super repere mobile. Ces résultats théoriques sont appliqués a 1’équation
supersymétrique de sine-Gordon dans le but de construire des surfaces supersoli-
toniques associées a cinq différentes symétries. Nous trouvons les formes intégrées
de ces surfaces qui représentent des surfaces a courbure de Gauss constante et

des surfaces de type Weingarten non linéaires.
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Abstract
In this paper, we construct and investigate two supersymmetric versions of the
Fokas—Gel’fand formula for the immersion of 2D surfaces associated with a su-
persymmetric integrable system. The first version involves an infinitesimal defor-
mation of the zero-curvature condition and the linear spectral problem associated
with this system. This deformation leads the surfaces to be represented in terms
of a bosonic supermatrix immersed in a Lie superalgebra. The second super-
symmetric version is obtained by using a fermionic parameter deformation to
construct surfaces expressed in terms of a fermionic supermatrix immersed in a
Lie superalgebra. For both extensions, we provide a geometrical characterization
of deformed surfaces using the super Killing form as an inner product and a super
moving frame formalism. The theoretical results are applied to the supersymme-
tric sine-Gordon equation in order to construct super soliton surfaces associated
with five different symmetries. We find integrated forms of these surfaces which
represent constant Gaussian curvature surfaces and nonlinear Weingarten-type

surfaces.

4.1. INTRODUCTION

In recent decades, an increasing number of supersymmetric (SUSY) extensions
for quantum and classical models have been investigated (see e.g. [13[37(76,79]).
In particular, super soliton solutions have been determined for SUSY extensions
of various integrable systems of partial differential equations (PDEs), such as the
SUSY sine-Gordon equation [3}24}31},/63,/64,/69,/121], the SUSY Korteweg—de
Vries equation [24}83,188],90|, the SUSY Schrodinger equations [22137,|76], the
SUSY Sawada—Kotera equations [116] and the SUSY Hirota—Satsuma equations
[35,98]. Super soliton solutions were obtained using the connection between the
super-Darboux transformations and the super-Bécklund transformations (see e.g.
[324,|63,/64/,69./88.,(91,108,|116] and references therein).

Supersymmetric versions of the equations of conformally parametrized sur-
faces provide rich classes of geometric objects [38,/40,B1, B2, B6|. In fact, until
very recently, the formulation of two distinct SUSY extensions of the Gauss—
Weingarten and Gauss—Codazzi (GC) equations for conformally parametrized
surfaces immersed in a Grassmann superspace, one in terms of a bosonic su-
perfield and the other in terms of a fermionic superfield, were the only known
examples |39, 77].

On the other hand, the subalgebras of Lie point symmetries of the bosonic
and fermionic SUSY GC equations were recently established in [B1,B2|. The

classification of the 1D subalgebras of each superalgebra into conjugacy classes
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has been performed. The symmetry reduction method was used to find invariants
and reduced systems associated with the SUSY GC extensions [B1,B2]. This ap-
proach allowed us to construct explicit solutions of these reduced SUSY systems,
which correspond to different classes of surfaces immersed in a Grassmann super-
space. These extensive results make conformally parametrized surfaces a rather
special and interesting object of study.

This paper is concerned with the investigation of different geometric aspects of
these surfaces obtained in connection with integrable systems. Our main objective
is to provide SUSY versions of immersion formulas for constructing large families
of surfaces in Lie superalgebras linked with integrable SUSY GC equations. In
order to achieve this goal we investigate certain features of point and generalized
symmetries of SUSY integrable systems. The construction of the SUSY versions
of the Fokas-Gel'fand (FG) formula for the immersion of 2D surfaces in Lie su-
peralgebras is presented in detail. We demonstrate that a SUSY generalization of
the classical main result on the immersion of 2D surfaces in a Lie algebra can be
constructed. We show for these SUSY extensions that if there exists a common
symmetry of the zero-curvature representation (ZCR) of an integrable system and
its linear spectral problem (LSP) then the FG immersion formula is applicable
in its original form. For this purpose, we write the SUSY version formula for
immersion functions of 2D surfaces in Lie superalgebras in terms of vector fields
and their prolongations rather than the notion of Fréchet derivatives [55]|72].
In the classical case, the possibility of using a ZCR and its LSP to represent a
moving frame on integrable surfaces has yielded many new results concerning the
intrinsic geometric properties of such surfaces (see e.g. [52,53,55]). The results
obtained for the classical case were so promising that it seemed to be worthwhile
to try to extend this method and check its effectiveness for the SUSY case.

One of the purposes of this paper is to formulate a SUSY extension of the FG
formula, which is obtained by applying a bosonic infinitesimal deformation to the
potential matrices and the wavefunction of the LSP associated with the initial
system in such a way that the deformed surface takes the form of a bosonic su-
permatrix. Next, another SUSY extension is derived using a fermionic parameter
deformation of the potential matrices and the wavefunction, which implies that
deformed surfaces take the form of a fermionic supermatrix. For both extensions,
we provide geometrical characterizations of the deformed surfaces using the su-
per Killing form as an inner product together with a SUSY version of the moving
frame on the surface. These theoretical considerations are applied to the SUSY
sine-Gordon equation. Surfaces associated with five different symmetries are in-

vestigated using the Sym-Tafel immersion formula, two gauge transformations
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and two Lie point symmetries. For each surface, we provide a geometric charac-
terization via the Gaussian and mean curvatures based on the SUSY versions of
the first and second fundamental forms. This is, in short, the aim of the paper.

The paper is organized as follows. In section a brief exposition of the
classical FG formula for the immersion of 2D surfaces in Lie algebras is presented
for integrable systems. Section [4.3| contains an overview of the Grassmann algebra
formalism and introduces the notation used in this paper. Section [£.4] is devoted
to the construction of two SUSY versions of the FG formula for the immersion of
2D surfaces in Lie superalgebras. More specifically, in section [4.4.1] we formulate
the bosonic immersion of super soliton surfaces, while section [£.4.2] describes the
fermionic immersion of super soliton surfaces. In section [4.5] surfaces associated
with five different symmetries of the SUSY sine-Gordon equation are constructed,
namely the Sym-Tafel immersion formula, a bosonic gauge transformation, a
bosonic symmetry deformation, a fermionic gauge transformation and a fermionic
symmetry deformation, respectively. The conclusions and some possible future
developments are presented in section [4.6]

4.2. IMMERSION FORMULA FOR SOLITON SURFACES
Consider an integrable system of PDEs
Alu] = 0, (4.2.1)

in two independent variables 1, 75 and the dependent variables u*(x1, z5), which

can be linearized by a matrix LSP given by

D, ®([u], ) = Uy([u], \)@([u], N), a=1,2. (4.2.2)
We use the abbreviated notation [u] = (1,72, u*,u%) of an element of the jet
space, where
ok
= J — n)js J - ) 7 - ]'7 2
v E)le...ﬁxjn 7 (jh ) ) | | " J

with the total derivatives
0
Da:8x+§uk —, a=12.
a - J,a au{q}

The compatibility conditions of (4.2.2)) are in the form of a zero-curvature condi-
tion (ZCC) which is assumed to be valid for all values of the spectral parameter

A € C. This requirement implies that
D2U1 - D1U2 + [Ul, UQ] - 0, (423)
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which is equivalent to the original PDEs (4.2.1)). It was shown [110,/112,/113]
that if a solution ®([u], A) of the LSP (4.2.2) is an element of a Lie group G and

Ua([u], A) are functions in the associated Lie algebra g, then the function
F([ul, A) = @7} ([u], ) (0x2([u], M), (4.2.4)

where 0, is the partial derivative with respect to the spectral parameter A, takes
values in the Lie algebra g. The function F' can be interpreted for a fixed value

of A as a surface in a Lie algebra g provided that the tangent vectors
D, F = o 1(0\U,)®, a=1,2

are linearly independent. Such a formula, which was first proposed by Sym [111]
and Tafel [113|, and subsequently used by many authors (see e.g. [19,/103]),
allowed the link between classical geometry and integrable systems to be establi-
shed, leading to the requirement that all 2D soliton solutions be represented by
a one-parameter family of surfaces parametrized by the spectral parameter |19].
Since then, the applicability of the Sym—Tafel formula for immersion to geome-
tric problems of 2D surfaces related to integrable equations has been extended.
In particular, new terms have been added to its original form . As proven
in [54], for any g-valued matrix functions A, ([u], \), @ = 1,2, which satisfy

D2A1 — DlAQ + [Al, UQ] ‘l— [Ul, AQ] — 0, (425)
there exists a g-valued immersion function F' with tangent vectors given by
D, F = ®71A,®, a=1,2.

Whenever the matrix functions A; and A, are linearly independent, F' is an
immersion function for a 2D surface in the Lie algebra g. As proven in [55}|72],
three linearly independent terms which satisfy (4.2.5)) are given by

Ay = B(AN)OWUq + (DoS + [S,Uy]) + prwrUs, € g, a=1,2

where () is an arbitrary scalar function of A, S([u], A) is an arbitrary g-valued

function of [u] and A, and
wr = R*[u]0x

is the vector field, written in evolutionary form, of the generalized symmetry of
the integrable PDEs (4.2.1]), while

prwr = wp + DJRkaukI
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is the prolongation of vector field wg. Furthermore, it has been proven in [55,72]

that the g-valued function F' can be explicitly integrated as
F = BN H0\®) + 'SP + & (prwyp®) (4.2.6)

as long as wg is a generalized symmetry of the integrable PDEs and its
LSP (4.2.2)). The three terms in correspond to conformal transformations of
the spectral parameter A (the Sym—Tafel formula for immersion [110,112,/113]),
a gauge symmetry of the LSP (due to Cieslinski and Doliwa [26,49]) and a
generalized common symmetry of the ZCC and the LSP (4.2.2) (proposed
by Fokas and Gel’'fand [54] and further developed in [5572]).

The second term in , associated with the gauge symmetry of the LSP
(4.2.2))), can be integrated explicitly as

FS =7 1S([u), \)® € g,
which is consistent with the tangent vectors
Do F® = ® HD,S +[S,U))®. a=1,2

For F' to be an immersion function of a 2D surface, we require that the tangent
vectors be linearly independent. Note that any surface P € g can be expressed
as P = ®1S® = F° and hence F° represents a completely arbitrary surface
immersed in a Lie algebra g. So we can interpret the surface F'° as an arbitrary
surface immersed in the Lie algebra g written in the frame defined by conjugation
by the wavefunction ®, an element of the Lie group G.

The third term in corresponds to the FG formula for immersion, which
is applicable in its original form under the condition that the vector field 25 is a
common symmetry of both the original system and its LSP (4.2.2) [65].
In this case the matrices

A, = prwrl, (4.2.7)

identically satisfy the determining equation (4.2.5)). In the derivation of (4.2.7)) we
have used the fact that the total derivatives D, commute with the prolongation

of a vector field wg written in evolutionary form [95], that is
[D,, prwg] =0, a=1,2.
Thus, there exists a g-valued immersion function F' with tangent vectors

D, F = & (prwrU,)®.
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Further, the immersion function F' can be integrated as
F = & ' (prwg®) € g,

if and only if the vector field wg, is also a generalized symmetry of the LSP (4.2.2)).
In section and section the three terms in the immersion formula
(4.2.6)) will be used to construct two SUSY versions of the FG formula for the

immersion of 2D surfaces in Lie superalgebras.

4.3. PRELIMINARIES ON GRASSMANN ALGEBRAS

In this section, we present an overview of the definitions and formalism used
throughout this paper. A more detailed description of Grassmann algebra can be
found in [11}16,133,43,45./56,80|,114,(118|/119] and the references therein.

The complex Grassmann algebra G (denoted CBy, in [33]) is a commutative
associative algebra generated by a set of odd elements &; together with the unit

1, where

§i&k +&kE =0 and 1¢; =¢;.
Therefore any odd generator (or any odd element) of G satisfies the property
£& =0 (no summation).

An odd element of G is composed of a linear combinaison of odd products of
generators (e.g. & + £1&2€3), while an even element of G is composed of a linear
combinaison of even products of generators (e.g. 1 + £1&2). The number of ge-
nerators for each case is not specified, but we consider that there is a sufficient
number of them to make all considered formulas meaningful. The degree of a

homogeneous element a € G is defined to be

deg(a) 0 for an even element,
e =
& 1 for an odd element.

One can also define the concept of a (p+ ¢) x (r + s) supermatrix

M:<A 3)7
C D

where the submatrices A, B, C' and D are of dimensions p X r, ¢ X 7, p X s and
q X s, respectively. The matrix M is said to be an even supermatrix (or an even
element of the Lie superalgebra gl(p|q,G) if r = p and ¢ = s) if the submatrices
A and D take their values in the even elements of G and if B and C' take their

values in the odd elements of G. Conversely, the matrix M is said to be an odd



90

supermatrix (or an odd element of the Lie superalgebra gl(p|q, G) if r = p and
q = s) if the the submatrices A and D take their values in the odd elements of
G and if B and C' take their values in the even elements of G. The degree of a

supermatrix is defined similarly to the degree of an element of G, which is

deg(M) 0 if M is an even supermatrix,
e =
& 1 if M is an odd supermatrix.

The set of square (p+ q) x (p + q) supermatrices with complex entries forms the
Lie superalgebra gl(p|q, G) and any Lie superalgebra g has to satisfy the Lie super
bracket

M, My — (_1)deg(M1)deg(Mz)M2M1 =M;eg

for any My, M, € g. The Lie super bracket will be denoted by the commutator

and anticommutator,
[My, My) = My My — My M, and {My, My} = My My + My M,

respectively, depending on the degree of M; and Ms. The associated Lie super-
group GL(p|q, G) is composed of all (even) supermatrices of dimension (p + ¢q) X
(p + ¢) that are invertible.

In this paper, we use the convention that partial derivatives involving odd

variables satisfy the Leibniz rule
Bpi (hg) = (Bosh)g + (1) 1y,
and

f9291 - 691 (ang) = —892 (aglf) - —f9192.

The partial derivatives with respect to odd coordinates change the parity of an
even function to an odd function and vice versa.
In this paper, we do not follow the implicit notation for the odd derivative of

a supermatrix (or multiplication by an odd scalar) used in 33|, e.g.
0pi A 0piB
O M = | ") 7.
—0psC —0pi D

Therefore, we introduce the matrix E such that

EyM — O0pi A 0piB 7 7o I, 0 7
—0piC° —0pi D 0 -1

where [, is the p X p identity matrix. One should note that in this paper the terms

even and odd are equivalent to bosonic and fermionic, respectively.
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By considering the super Killing form B : gl(p|q, G) x gl(p|q, G) — G defined

using the supertrace [33],

I
(M,N) = a str(MN) = atr(BesMNVHA N B = (5” O] ) ;o (4.3.1)
T g

where « is a nonzero real constant (e.g. in the examples of section a=1/2)
and M, N are supermatrices in gl(p|q, G), we can introduce an inner product (-, -,

which has the following properties :
(1) Left linearity,

(M + N,P)=(M,P)+ (N, P).
(2) Right linearity,
(M,N + P)=(M,N)+ (M, P).
(3) Inner permutation,
(MN, P) = (M, NP).
(4) Outer permutation,
(M, N) = (—1)des®DdesN) (N 7).,
(5) Invariance under group conjugation,
(ST'MS,S'NS) = (M, N),
for S € GL(plq, G).

(6) Supercommutator,
<M7 [NvPD = <[M7N]’P>
<M7{N7P}> = <{M,N},P>,

depending on the degree of M, N and P for deg(M) = deg(N) = deg(P).

One should note from property @ that the commutator /anticommutator acts as

the vector product for the purpose of obtaining an orthogonal vector, e.g.

(M,[M,N]) = (M, M],N) = 0.

4.4. SUSY VERSIONS OF THE FOKAS-GEL'FAND FORMULA

Let Afu] = 0 be an integrable system of PDEs in terms of the bosonic inde-

pendent variables z; and x5, the fermionic independent variables 6! and 62, and
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the SUSY dependent variables «* and their derivatives. Also, let us assume that

there exists an associated LSP of the form
QM [u]) = Dy [u) = Uy )OO0 [u)) =0, j=1,2  (441)

where V(A [u]) € GL(plq,G), U;j(A, [u]) are fermionic supermatrices in gl(p|q, G),

A is a spectral parameter and the covariant derivatives
Dj = 0y — i6’ 0y, j=1,2
satisfy the properties
{Dy, Dy} =0, D3 = —id,,.

The compatibility conditions of the LSP (4.4.1) (i.e. the ZCC) are given by

I, O
D1U2 + D2U1 - {EUl,EUQ} = O, where E= (é) I ) R (442)
g

which, for any value of A, is equivalent to the original system of PDEs Afu] = 0.
One should note that the fermionic derivatives
Jp = Opp +10%0,,, k=12 (4.4.3)

anticommute with the differential generators D; and generate the SUSY trans-

formations
Ty — x) + 0", 6F — 6% + iy, k=1,2
where 7 is a odd-valued parameter.

4.4.1. SUSY version of the Fokas—Gel’fand formula for bosonic im-

mersion

We now consider an infinitesimal transformation on the potential superma-
trices Uj,

Ul = U1 -+ €A1, [72 = U2 + GAQ, (444)

where the matrices A;(\, [u]) are fermionic supermatrices in gl(p|¢, G) and € is an
infinitesimal bosonic parameter such that € is negligeable. We also consider the

infinitesimal transformation on the wavefunction ¥ given by
U = U( 4 ¢F). (4.4.5)
Assuming that these infinitesimal transformations preserve the LSP,

DV =00, j=1,2 (4.4.6)
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we obtain a deformed surface F'(A,[u]) expressed in terms of bosonic superma-
trices of the Lie superalgebra gl(p|¢, G) under the condition that the tangent
vectors are linearly independent. One can determine that the tangent vectors
ED;(F) are

ED;(F)=V"'EA;V. (4.4.7)

Moreover, the compatibility conditions of the tangent vectors (4.4.7) are equiva-
lent to the infinitesimal transformation of the ZCC (4.4.2), which is

D1A2 + DQAl - {EAl, EUQ} - {EAQ, EUl} = 0 (448)

Let us consider the deformed surface (an analogue of the classical case, see equa-
tion (4.2.6)))

F =078\ (0\0) + V' ESU + U~ (prwb). (4.4.9)

We use the spectral symmetry generator 5(\)0y, where S(A) is an arbitrary func-
tion such that deg(/3) = deg(\) (i.e. if A is bosonic, then S()) is bosonic and if A
is fermionic, then 5(\) is fermionic). The gauge S(A, [u]) is an even supermatrix
in gl(p|q, G) and the bosonic generator w spans a symmetry transformation for
both the ZCC Afu] = 0 and the LSP Q(A, [u]) = 0. Then, the supermatrices A;
take the form

A; = BNOAU; + E (D;S + [ES, EUj]) + (prwU; + ([D;, prw]®) ¥71) | (4.4.10)

which satisfy equation .

Proposition 4.4.1. Let us assume that there exists an LSP of the form
associated with a SUSY integrable system of PDEs Alu] = 0 such that the ZCC
is equivalent to Alu] = 0. If we consider the bosonic infinitesimal deforma-
tions (4.4.4) and that preserve both the LSP and the ZCC, i.e. Ay, Ay and
F must satisfy equations —, then there exists an immersion bosonic
supermatriz F' which defines a 2D surface provided that its tangent vectors (4.4.7))
are linearly independent.

Corollary 4.4.1. If one considers a deformed surface F', as defined in propo-

sition of the form (4.4.9)), then the linearly independent supermatrices A;
and Ay appearing in the tangent vectors (4.4.7)) take the form (4.4.10).

A geometric characterization of the deformed surface F' can lead us to a better
understanding of the PDEs under investigation. However, an explicit solution for
the wavefunction ¥ can, in some cases, be a task harder to accomplish than to
solve the initial PDEs. Therefore, by choosing an inner product which is invariant

under the automorphism g — ¥~ 'gW¥, we can eliminate the wavefunction ¥
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and obtain a pseudo-Riemannian immersion formula. Throughout this paper, we
consider the super Killing form defined in equation (4.3.1)).
Using the super Killing form, we can define the coefficients of the first funda-

mental form to be
9i; = (EDi(F), ED;(F)) = (EA;, EA;j),

which are bosonic quantities. However, this inner product requires that the co-
efficients ¢;; be zero. In order to lift the degeneracy of this inner product, it is

convenient to use the alternative definition
gii = <EA1‘, Aj>, J12 = —0g21 = <EA17 EA2>7 (4-4-11)

which we use throughout the rest of the paper for the bosonic immersion. For

both definitions, the first fundamental form is given by

I = (dy)?g11 + 2d1dagra + (d2)*ga,

where the d; are fermionic differential forms which are the infinitesimal displace-

ment in the direction of D; and satisfy the relation
{di,ds} = 0.
These operators are defined as |B1]
d; = d0” +idr;0p.  j=1,2 (4.4.12)

In order to construct the second fundamental form, we introduce a unit normal

vector N in terms of a bosonic supermatrix which has the properties
(N,N) =1, (ED;F,N) =0, j=1,2.

A unit normal vector can be given by

{EDy(F), EDy(F)}

N = ((ED\(F), ED:(F)}. (ED\(F), EDy (F)}) /2

or equivalently

UHEA, EA}U
({EA, EAz}, {EA), BA})V2

Therefore, the coefficients of the second fundamental form are given by the bosonic

N = (4.4.13)

quantities

bij = (D;D;F,N) = (D;A; — {EA;, EU;}, UNU ™), (4.4.14)



95
which have the property bjs = —bs;. The second fundamental form is
I = (dy)?byy + 2dydabys + (do)?bos.

The Gaussian and mean curvatures are given, respectively, by

b11b9o — by1ab bi11b bio)?
K — 11022 12021 _ b 22+( 12)27 (4'4'15>
G11922 — G12921 G162z + (G12)
_ b11g22 + baagi1 — b12g21 — b21G12 _ bi1g22 + baagi1 + 2b12g12
2(g11922 — G12921) 2(g11922 + (912)?)

where both curvatures are bosonic quantities. One should note that the coeffi-

H . (4.4.16)

cients g;; and b;; are explicitly given using the supermatrices U;, A; and N.

4.4.2. SUSY version of the Fokas—Gel’fand formula for fermionic

immersion

We now consider a transformation on the potential supermatrices Uj;,
Ul = U1 -+ EEAl, UQ = U2 -+ GEAQ, (4417)

where € is a fermionic parameter, the matrices A;(\, [u]) are bosonic supermatrices

in gl(p|q, G), together with the transformation on the wavefunction ¥,
U = U(I +eEF), (4.4.18)

such that the LSP remains invariant under these transformations, i.e.
DU =00,  j=12 (4.4.19)

We obtain a deformed surface F'(), [u]) expressed in terms of fermionic superma-
trices in the Lie superalgebra gl(p|q, G) assuming that the tangent vectors are

linearly independent. The tangent vectors ED;(F) are given by
ED;(F)=—-V"'EA;V, (4.4.20)

up to the addition of a bosonic supermatrix R such that e R = 0. The compatibility
conditions of the tangent vectors (4.4.20)) are equivalent to the deformation of the

ZCC ([#.4.2), which is given by
Dy As + Dy Ay + [EA,, EUs) + [EAs, EUy| = 0. (4.4.21)
If one considers the deformed surface, one obtains
F=U"EBN)(0\0) + U'ESY + U E(prw?). (4.4.22)

We use the spectral symmetry generator S(\)dy, where 5(A) is an arbitrary func-
tion such that deg(f) = deg(A) + 1 mod 2 (i.e. if A is bosonic, then S(\) is
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fermionic and if A is fermionic, then 3()\) is bosonic). The gauge S(A, [u]) is a fer-
mionic supermatrix in gl(p|q, G) and the fermionic generator w spans a symmetry
transformation for both the ZCC Afu] = 0 and the LSP Q(A, [u]) = 0. Then, the

supermatrices A; take the form
A; = EB(NO\U; — E(D;S —{ES, EU,})

4.4.23
+FE (perj — ({Dj, prw}Vv) \I/_l) , ( )

which satisfy equation (4.4.21]).
Proposition 4.4.2. Let us assume that there exists an LSP of the form (4.4.1)

associated with a SUSY integrable system of PDEs A[u] = 0 such that the ZCC
(4.4.2)) is equivalent to Alu] = 0. If we consider the fermionic parameter deforma-

tions (4.4.17) and (4.4.18|) that preserve both the LSP and the ZCC, i.e. Ay, As

and F must satisfy equations (4.4.19)-(4.4.21)), then there exists an immersion

fermionic supermatriz F which defines a 2D surface provided that its tangent
vectors (4.4.20) are linearly independent.

Corollary 4.4.2. If one considers a deformed surface F', as defined in proposi-

tion of the form (4.4.22)), then the linearly independent supermatrices A,

and Ay appearing in the tangent vectors (4.4.20)) take the form (4.4.23)).
Using the inner product (4.3.1)), we define the coefficients of the first funda-

mental form to be the bosonic quantities
gi; = (ED;(F),ED,(F)) = (EA;, EA;), (4.4.24)
with the property g12 = g21. The first fundamental form is given by
I = (d1)’g11 + 2d1d2g12 + (d2)*goa,

where the d; are fermionic differential forms which represent the infinitesimal

displacement in the direction of D; and satisfy the relation
{di,ds} = 0.

These operators are defined as in (4.4.12)). In order to construct the second fun-
damental form, we must find a unit normal vector N in terms of a bosonic super-

matrix which has the properties
(N,N) =1, (ED;F,N) =0, j=1,2.

A unit normal vector is
[ED(F), EDy(F)]

N = {[ED,(F). EDy(F)L.|ED\(F), EDy(F)) 2"
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or equivalently

U~EA, EA)U
([BAL BAJ [BA;, EA])V?

whenever the division is possible. Therefore, the coefficients of the second funda-

N = (4.4.25)

mental form are given by
bij = (D;DiF, N} = (=(D; A + [EA;, EUS)), UNW™), (4.4.26)

which have the property bjs = —by; and are fermionic quantities. The second

fundamental form is
II = (dy)?byy + 2d1dabia + (d2)?bas.

The Gaussian and mean curvatures are given, respectively, by

bi1bag — b12bay _ b11b2a + (b12)?
g11922 — d12921 911922 — (912)2’
b b —b —b b b
77— 1922 + 02011 = biagn — bagrz - buge + 229112 7 (4.4.28)
2(g11922 — g12921) 2(g11922 — (912)?)

where K is a bosonic quantity and H is a fermionic one and such that they can

K = (4.4.27)

be computed only using the supermatrices U;, A; and N.

4.5. EXAMPLE : THE SUSY SINE-GORDON EQUATION

In this section, we apply the theory described in the previous sections to the
SUSY sine-Gordon equation. The SUSY sine-Gordon equation takes the form
[24]/63.|64]

DQDlgb = 7sin qb, (451)

where ¢ is a bosonic superfunction of x;, x5, #' and 62, which can be decomposed

as the truncated series

¢ = do(x1,22) + d1(x1,22)0" + 221, 22)0° + Pra(w1, 22)60'67,

where ¢ and ¢15 are bosonic functions of z1,x, and ¢; and ¢, are fermionic
functions of xy, xo. The associated LSP [108,B2]
D;¥ =U;V¥, j=1,2
. 0 0 el iDsp 0 —iv/\
U1 = m 0 0 —ie‘id’ > U2 = 0 —ZD2¢ Z\/X s
—e7 i 0 SVSNEERVAN 0

(4.5.2)
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with the bosonic spectral parameter A for which the ZCC satisfies

10 0
D1U2+D2U1 —{EUl,EUQ}:O, E: 0 1 O
00 -1

is equivalent to the SUSY sine-Gordon equation (4.5.1)) for any value of .
One way to indroduce the spectral parameter in the potential supermatrices

Uy and U, is to consider the linear problem
DU =00, j=1,2 (4.5.3)

where the matrices Uj take the form

(00 ieid iDyp 0 —i
U==| 0o 0 —ie®|, Uo=| 0 —iDyp i

2 o
—e P ei? 0 —1 1 0

From there, one should note that the vector field
W = 2210y, — 20905, + 010y — 00y, (4.5.4)

is a symmetry generator of the SUSY sine-Gordon equation, but not of the linear
problem (4.5.3). This vector field (4.5.4) generates the transformations

Fyo=Ary, a_=Xlz_, 0t =)\%0T G =X120", A= +te"

where p is a bosonic-valued parameter. By imposing these transformations on
the supermatrices U, and U, we obtain, after some computation, the potential
supermatrices defined in (4.5.2))). Therefore, the parameter A can play the role of
the spectral parameter [B2].

In the following three examples we apply the theory from section to the
SUSY sine-Gordon equation and we derive the bosonic immersion of surfaces. In
the remaining two examples, we consider the fermionic immersion described in
section

4.5.1. Sym—Tafel formula for a bosonic immersion

In this case, we consider the deformed surface that takes the form of the

bosonic supermatrix
F=U"18(\)0\V € sl(2|1,G), (4.5.5)
with tangent vectors given by

ED;F = U EB(\)O\U; ¥ = U EA; U
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for a bosonic arbitrary function [(A). Explicitly, the matrices A; are linearly

independent and take the form

0 0 e 0 0 —i
&:&% 0 ()4W¢:Xﬁ, &:gi

and from equations (4.4.11]) we determine the coefficients of the first fundamental

form
_w?
=(FA|, A) = ——
g1 = (EAL Ar) N3
)
7
g12 = —g21 = <EA17EA2> = —47)\2 COS @,
iﬁz
=(FAy As) = —
922 < 2, 2> o)\’
such that

9 = 911922 — G12921 = 672 sin? ¢.
16\
In order to obtain the coefficients of the second fundamental form and the Gaus-

sian and mean curvatures, we first need to compute a unit normal vector N in

matrix form, as given by equation (4.4.13]),

-1 0 0
N=Uv't[0 1 0|0
0 0 0

Therefore, we obtain that from equation (4.4.14) the coefficients of the second

fundamental form are given by

b1 =0, bia = £ sin ¢, by = 0,

2\
and consequently the Gaussian and mean curvatures are given by
4)? —2iA
K=—, and H= ! cot ¢,
5 g

which we obtain from equations (4.4.15)) and (4.4.16)), respectively. It should be
noted that the Gaussian curvature is constant as for the classical case [23], but

the sign of the Gaussian curvature differs. By analogy with the classical geometry,

if we look for umbilic points using the formula
2

62

0=H?>-K = csc?
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we observe that umbilic points do not exist on this surface. Moreover, if we consi-

der a SUSY version of the Euler-Poincaré character

1
v=5 [ | ddig K,
2w J Ja

and since soliton solutions of the SUSY sine-Gordon equation rapidly decay to

zero, the Euler-Poincaré character vanishes,

v=5 [ dismo=" [ d [ di(DDig) =0,

In analogy with the lemma 3.5 in [23] for soliton solutions of the classical sine-
Gordon equation, this demonstrates that the SUSY version of this lemma is still
valid. If the soliton solutions of the SUSY sine-Gordon equation satisfy the
conditions that the function ¢ and its derivatives tend to zero as the independent
variables go to infinity, then we have

/OO di/gK =0.  i=1,2

In comparison with the classical geometry, if the deformed surface (4.5.5)) is com-
pact and connected, then it is homeomorphic to a torus since the Euler-Poincaré

character vanishes [48].

4.5.2. Bosonic gauge transformation

Using the bosonic gauge supermatrix

0 0 —3
S=UDyp=VADyp| 0 0 i | esl(21,G)
-1 1 0
for the deformed surface
F=0"1ESV € sl(2]1,G) (4.5.6)

consistent with the linearly independent tangent vectors
ED;F =V 'EA;V,
where
—icospDap i€ Dy —V/Asin ¢
A= | ie7®Dyp —icosdDsdp  VAsing :
—iVAsing 1V Asing  —2icos @Dy
0 0 —i
Ay =—ivVAo,,0 |0 0 d |,
1 -1 0
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we get the metric coefficients

g11 = 2iAsin? ¢, g2 = 0, 922 = 2N (0:,0)*.

A unit normal vector N is given by

10 0
N=v1'{o1 0|V
00 —1

The coefficients of the second fundamental form reduce, after some straightfoward

computation, to
b11 = 2sin ¢(iD1¢p D + cos ¢), bia = —2cos p0,, 0, bay = 0.

Therefore, we get the non-trivial Gaussian and mean curvatures

—cot? ¢ and o iDyd D1 — cos ¢
Az 2\ sin ¢ '

This surface represents a nonlinear Weingarten surface since there exists a second-

K —

order polynomial relation in H with coefficients depending on K,
FUK, H) = H? — %\/?H 42K = 0.

4.5.3. Fokas—Gel’fand formula for bosonic immersion

If we consider the bosonic supermatrix
F =9 (prw?) € sl(2[1,G), (4.5.7)

with a bosonic symmetry generator of both the SUSY sine-Gordon equation and
its LSP given by 0,, (which generates a translation in the x; direction) [B2], then

we obtain the tangent vectors given by

ED;F =V 'EQ, U,V =V 'EA;U,

where
o 6 0 0 —e 1 0 0
Al:;;X 0 0 —e @], Ay =10, Dy |0 —1 0
ie” e 0 0 0 0

It is interesting to note that the metric coefficients degenerate to a curve-like

metric, i.e.

—1
g11 = ﬁ(axﬁﬂ g2 =0, 922 = —(01, D2¢p)* = 0.



102
A unit normal vector N is given by
N=U"'EU,
which leads to the following coefficients of the second fundamental form
b1 = b1z = ba1 =0, bag = 2(prwr Do) Dag.

It is also interesting to consider the isotropic normal vector N of the form

0 0 —e
- 2
N = w—l_“gﬂ;@ 0 0 e |0,
—ie” jel® 0
so that we get a non-trivial second fundamental form

=0y, D 20,,D
6D16 | 4 1 V30 Dt
2T\ ViX

Consequently, we find the curvatures

1 (A Do
K=l ™4 f= (2) 0t

Such an example of an isotropic normal vector has been obtained and investigated

II = (d,)?

for the classical FG immersion formula |71]. Note that for both cases the tangent
vectors are linearly independent. So the immersion (4.5.7)) defines a surface instead

of a curve.

4.5.4. Fermionic gauge transformation

We consider the fermionic gauge supermatrix

—iDyp 0 VA
S = 0 iDyp —ivVA| €sl(2]1,G)
VA VA0

for the deformed surface
F=9"1ESV €5l(2]1,G), (4.5.8)
which is consistent with the tangent vectors
ED;F = -V 'EA;V =V "Y(D;S — {ES, EU,;})V,

where the linearly independent matrices A; take the form
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—je —jet? ¢ Dy /2v/ X
A = —je i —iet® e ®Dyp/2V/\ |,
ie"®Dyp/2V N i€ Dy /2/ N 2icos ¢

s 0 —2vADyo
A2 = 0 _8x2¢ _2\/XD2¢ ’
0 0 0

such that the tangent vector ED;F is isotropic. The first fundamental form co-

efficients are computed from equation (4.4.24))) which give
gn = (FA;, EA;) =0, go2 = (EAy, EAy) = (0,,0)?,
g12 = (BA, EAy) = —isin ¢0,,¢

and the unit normal vector N from equation (4.4.25)) is given by

. g . 677,47 eid)
0 ie' 2Dyp(—1 )\ax%:b — 8@)
—1 -} . et et
N=U —ie™" 0 2D2¢(—2\/X812¢ +<5) |
—ie" Dy /AN i€ Dy /4N 0
Therefore, the coefficients of the second fundamental form are given by (|4.4.26))
. D
b1 = —iD1¢p — tiﬁ cos ¢ + Z@;z sin ¢
2iD D
(;x:; sin ¢ cos 2¢ + 3t @:i sin 2¢ cos ¢,

1
b12 = —Z_Dggb(l + cos 2§b + 5 Sin2 gb), b22 - 07

which leads us to the Gaussian and mean curvatures of the fermionic immersion,
b1y
sin® ¢’

This surface admits parabolic points and is a nonlinear Weingarten surface since

K=0  H=

H is fermionic and such a relation holds
f(K,H) = H? + oK = 0,

where « is an arbitrary bosonic constant.

4.5.5. Fokas—Gel’fand formula for fermionic immersion

We investigate the deformed surface F' generated by the fermionic differential

operator

wi = Jy, = O +10%0,,, k=1,2



104

where J; is defined in equation (4.4.3) and is a symmetry of both the SUSY
sine-Gordon equation and its LSP [B2|. The deformed surface

F = V' E(prw,P) € sl(2]1,G) (4.5.9)
has tangent vectors of the form

ED;F = -V 'EA;V,

rw i
L= p2\/kX 0 0 —e 9 , Ay = iprka2¢ 0 -1 01,
_je—it it 0 0 0 O

which are linearly independent. One should note that the matrix A; is an isotropic

vector. The metric coefficients are curve-like, i.e.

g1 =0, g2 = 0, 922 = —(prwk(ngﬁ))z.

A unit normal vector N is given by

1 10
N=U1t|[{-1 10|V
0 0 1

and the coeflicients of the second fundamental form are

1= prvRg cos 2¢, b1z = ba1 = bay = 0.
2\
We can also use the isotropic normal vector N given by
] 0 0 e’
N=U"'—1 0 0 —e |0,

V2i

ie  —jel 0
and the coefficients of the second fundamental form do not degenerate to a curve-

like form with the coefficients
— D1 ¢(prwg ) b —iprwy(D2¢)

by = , == bay = 0,
11 N 12 NG 22
such that
rwi (D 2
b = buibyy — busbyy — — PRD20)
21\

For the surface (4.5.9), the tangent vectors are linearly independent, so that the

immersion defines a surface in s((2|1, G).
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4.6. CONCLUSIONS

In this paper, we have constructed two SUSY versions of the FG formula
for the immersion of 2D surfaces in Lie superalgebras. The first (bosonic) SUSY
extension is considered for the immersion of a bosonic supermatrix F' in the Lie
superalgebra gl(p|q, G) using a bosonic infinitesimal deformation of the LSP and,
therefore, of the ZCC. We have provided the form of the tangent vector based
on three different deformations, i.e. transformations of the spectral parameter,
invariances under gauge transformations of the wavefunction ¥ and symmetries
of both the LSP and the ZCC. From the tangent vectors, we have been able to
describe the metric using the super Killing form and to find a unit normal vector
N which allows us to describe the coefficients of the second fundamental form in
terms only of the potential matrices U; and their deformations A;. The Gaussian
and mean curvatures were determined. The second (fermionic) SUSY version of
the FG formula for immersion uses an odd-valued parameter instead of the bosonic
infinitesimal parameter. This leads to a fermionic supermatrix F immersed in
the Lie superalgebra gl(p|¢, G). Using similar deformations as those described in
section for the bosonic formula for immersion, we have determined the form
of the tangent vectors together with a unit normal vector. The two fundamental
forms and the two curvatures have also been given explicitly in terms of the
potential matrices U; and their deformations A; via the super Killing form.

The integrable SUSY sine-Gordon equation and its Lax pair have been em-
ployed in order to apply the two SUSY versions of the FG formula for immersion.
Among these examples, we have considered a bosonic deformation of the spectral
parameter for which the Gaussian and mean curvatures resemble the classical
case. Moreover, the Gaussian curvature is constant and positive. We have also
considered separately the bosonic and fermionic gauge transformations and pro-
vided their associated geometric characterizations. Both surfaces are nonlinear
Weingarten-type surfaces. The bosonic variable translations and the SUSY trans-
formation symmetries have also been investigated.

This research could be extended in several directions. It would be interesting
to investigate other examples of integrable SUSY systems like the SUSY Schro-
dinger equations or the SUSY Korteweg—de Vries equation and the associated
soliton surfaces. Also, the use of different norms and inner products could be
applied to get a different approach depending on the physical interpretation of

the considered models. Moreover, it would be interesting to explicitly solve the
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wavefunction ¥ so that we can provide a visual image of the surface. As an addi-
tional future perspective, we could investigate how the conserved quantities, such

as the Hamiltonian structure, manifest themselves on the surface.
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Résumé
Dans cet article, nous étudions certaines propriétés d’intégrabilité de 1’équation
de sine-Gordon supersymétrique. Nous construisons des paires de Lax avec des re-
présentations de courbure nulle qui sont équivalentes a 1’équation de sine-Gordon
supersymétrique. A partir du probléme linéaire spectral fermionique, nous déri-
vons un systeme couplé d’équations de super Riccati et la transformation d’auto-
Bécklund de ’équation de sine-Gordon supersymétrique. De plus, une description
détaillée des transformations de Darboux associées est présentée et des solutions
super-multisolitoniques non triviales sont construites. Ces propriétés d’intégrabi-
lité nous permettent de produire une nouvelle caractérisation géométrique expli-
cite de la version bosonique supersymétrique de la formule de Sym—Tafel pour
I'immersion de surfaces dans une superalgebre de Lie. Cette caractérisation est
exprimée seulement en termes des variables indépendantes bosoniques et fermio-

niques.

Abstract
In this paper we study certain integrability properties of the supersymmetric sine-
Gordon equation. We construct Lax pairs with their zero-curvature representa-

tions which are equivalent to the supersymmetric sine-Gordon equation. From the
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fermionic linear spectral problem, we derive coupled sets of super Riccati equa-
tions and the auto-Bécklund transformation of the supersymmetric sine-Gordon
equation. In addition, a detailed description of the associated Darboux transfor-
mation is presented and non-trivial super multisoliton solutions are constructed.
These integrability properties allow us to provide new explicit geometric cha-
racterizations of the bosonic supersymmetric version of the Sym-Tafel formula
for the immersion of surfaces in a Lie superalgebra. These characterizations are

expressed only in terms of the independent bosonic and fermionic variables.

5.1. INTRODUCTION

Over the past four decades, supersymmetric (SUSY) integrable models have
generated a great deal of interest in the literature of mathematical physics (see
e.g. [1,7,13,14,22,37,76.79,83//90,98,116] and references therein). Their special
properties, such as the existence of a linear spectral problem (LSP), the Backlund
and Darboux transformations and infinite sets of conserved currents, have allo-
wed the construction of analytical supersoliton solutions (e.g. [7,/44,/64,69,87,88,
108]). Some of these integrability properties have been investigated for the case of
the SUSY sine-Gordon equation, see e.g. [7,24/51./60,63,87,/88,106-108|. The
approach proposed in this paper goes deeper into certain integrability proper-
ties of the SUSY sine-Gordon equation than [107,/108], especially the Darboux
transformation of the SUSY sine-Gordon equation, which will later enable us to
obtain new results for the bosonic SUSY version of the Sym—Tafel formula for the
immersion of surfaces in Lie superalgebras. One should note that n-order Dar-
boux transformations were investigated in [87,/88] using Pfaffian solutions. The
associated linear system uses 2 X 2 matrices which are more compact than our
3 x 3 potential supermatrices. However, the linear system used in these articles is
not convenient for the bosonic SUSY version of the Sym—Tafel immersion formula
since this system uses differential matrix operators instead of supermatrices, as
used in our approach. In this paper, we discuss the links between different integra-
bility properties associated with the SUSY sine-Gordon equation. Furthermore,
we provide explicit solutions for the SUSY sine-Gordon equation and its LSP
which allow us to investigate examples of the bosonic SUSY version of the Sym-—
Tafel immersion formula through their geometric characterization.

This paper is organized as follows. In section [5.2] we present some of the
integrability properties of the SUSY sine-Gordon equation. We derive a fermio-
nic LSP and we link it to different integrability properties, such as a bosonic
version of the LSP, equivalent coupled sets of super Riccati equations and the

auto-Bécklund transformations of the SUSY sine-Gordon equation. Moreover, we
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provide a detailed description of the Darboux transformations associated with the
SUSY sine-Gordon equation. In section [5.3] we investigate two examples of the
bosonic SUSY version of the Sym—Tafel formula for immersion associated with
the SUSY sine-Gordon equation. These examples are obtained using the first ite-
ration of the Darboux transformation and are exclusively written in terms of the
bosonic and fermionic independent variables. A characterization of the geometry

of each surface is provided.

5.2. INTEGRABILITY ASPECTS OF THE SUPERSYMMETRIC SINE-
(GORDON EQUATION
Throughout this paper, we follow the notation introduced in section 3 of the
paper [B3|. A more detailed presentation of the theory of Grassmann algebras
can be found in the books [33]|43,56,118] and references therein. In what follows

we do not use the implicit notation for the fermionic derivatives of a (m|n)-

supermatrix M [33], e.g.
A B
oM = [ XA DB
—0gC  —0yD

Instead, we introduce a matrix £ such that

A B I,
Bopu = 04 B °.
—0yC' —0yD 0 -1,

where the square submatrices I,,, and I, represent the identity matrices of dimen-
sion m and n, respectively. The chain rule is assumed to be

d df du

o (u) = Judy’
According to [31], the SUSY sine-Gordon equation (SSGE),

D.D_s =isins, (5.2.1)
is considered for a bosonic superfield s = s(07,07, x,,x_) with the covariant
derivatives

0 0
Dy=_———if"— 5.2.2

where 6* are fermonic independent variables and z are bosonic light-cone coor-

dinates. The fermionic derivatives D4 have the properties

D3 = —id,,, {D,,D_} =0, (5.2.3)
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where {-,-} stands for the anticommutator. The SSGE ([5.2.1) can be obtained

through the super Euler-Lagrange equation,

0 0 0
—L+ D, | =——— D (——L]=0 5.2.4
gs~ T (5’(D+5)£> * (8(D_5)£> ’ (5.24)

with the Lagrangian density
L =coss — %D+5D,s. (5.2.5)

The SSGE is known to be integrable in the sense of soliton theory |7,
24/51//60,107,108]. One can provide an infinite set of locally conserved quantities
and a LSP under the form of a differential linear matrix representation. One way
to obtain a linearization of the SSGE (5.2.1) is to consider the following problem

for the wavefunction @ :
D@ = (Je* +Ke ™)@,  D_®=(MD_s+N), (5.2.6)

where J,KC, M, N are complex-valued matrices and then take the compatibility
conditions of ® to be equivalent to the SSGE (j5.2.1)). The resulting algebraic

constraints are
1
i7=M.J) K= M, (NP =—{EN) M= (KN
(5.2.7)

One solution to these constraints, which takes its values in the sl(3, C) Lie algebra,

is

] 0 0 ¢ . 0 0 O
j: 5 0 0 0 5 IC: § 0 0 —2 y
0 0 -1 0 O
(5.2.8)
0 0 0 0 —
M=10 —i 0], N=]0 0 i
0 0 0 -1 1 0

To introduce the spectral parameter A in equations (5.2.6]), as proposed in [B2],
we apply the Lie point symmetry transformation of the SSGE (/5.2.1]),

Fy=Meg, Z_=Xlz_, OT=A%F 07 =X\, N=xe' (5209)

to the linear system, where p is any bosonic constant in the Grassmann algebra.

One should note that this scaling transformation does not leave the linear system

(5.2.6)) invariant. Hence, the LSP of the SSGE (j5.2.1]) takes the form
Di®(A,s) = Us(A, s)P(N, s) (5.2.10)
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where )\ is the bosonic spectral parameter and Uy are fermionic supermatrices

taking values in the s[(2|1, G) superalgebra, given by [108§]

. 0 0 e iD_s 0 —iv\
Uy, = NG 0 0 —ie ™|, U.=| 0 —iD_s iV
_e—z's eis 0 _\/X \/X 0
(5.2.11)

The wavefunction ® is a (2|1)-supervector
(G
d=10¢]|, (_1)deg(¢) - (_1)deg(¢) — (_1)deg(x)+1, (5.2.12)
X

such that either 1, ¢ are bosonic superfields and x is a fermionic superfield, or
1, ¢ are fermionic superfields and y is a bosonic superfield.
The LSP can also be defined using an invertible wavefunction W in the GL(2|1, G)

supergroup,

DLV (A, s) =Ux(A, s)U(A, s). (5.2.13)
The compatibility condition of both LSPs (5.2.10)) and (5.2.13)), i.e.
10 0
D,.U_+D .U, —{FEU,,EU_} =0, E=(0o 1 0|, (5.2.14)
00 -1

are equivalent to the SSGE (j5.2.1]).

Moreover, a LSP can be described using the light-cone coordinate derivatives
0,... From the property , we write the bosonic version of the LSP exclusively
in terms of the wavefunction ¥ and the potential matrices U, from the fermionic

version of the LSP, i.e.
0.,V =i(D Uy — (BUL)*)Y = VLU, (5.2.15)

where the bosonic supermatrices V. take the forms

) % | %em %ei‘fDJrs
V, = 3 %6‘7215 % e “Dis| €sl(21,G),
AP D ’ (5.2.16)
10, 8 — A A —ivVAD_s -
V.= A —i0,_ s — X —iv/AD_s | € sl(2]1,G).

VD_s VAD_s -2\
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The compatibility conditions of the LSP ([5.2.15)) correspond to the “classical”
version of the zero-curvature conditions, i.e.

0y, V. — 8, Vi +[V_,Vi] =0, (5.2.17)

xy V—

which is satisfied whenever the SSGE ((5.2.1)) is satisfied.
To obtain coupled sets of super Riccati equations [51,[107], we consider the

quantities
p=— q=—, (5.2.18)

where we take 1, ¢ to be bosonic superfields and y to be a fermionic superfield.
By differentiating them, we get

—t s

7 .
Dip=—=e"q— —=¢c"pq,
VAN 2v/A (5.2.19)
D_p=—2i(D_s)p+ivVA(1+p)g,

together with

’LS_|_

Dra= 2\/_ 2\F€ P (5.2.20)
D_q=+Ap—1)—i(D_s)q,

from which one can obtain an infinite set of locally conserved currents [51]. The
compatibility conditions of both sets of equations are satisfied whenever s is a
solution of the SSGE (5.2.1)). Moreover, by setting

p— e i+, q_>f€—%'(5+5)7 (5.2.21)

where f is a fermionic superfield, we obtain the auto-Backlund transformations
of the SSGE [63,,107]

D+(S+§):\;Xcos <8;§),

D_ (3—3)—2\/_fcos(8_58>

? 5s—5
D, f=—sin ( ) ,
+f \/X 92
D_f = —2iv/Asin (S —; S)
The compatibility conditions of these equations are satisfied whenever s and §
are solutions of the SSGE ([5.2.1). One should note that the auto-Bécklund trans-

formation ([5.2.22)) of the SSGE requires an additional fermionic function f due
to the oddness of the derivatives D.

(5.2.22)
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It is possible to construct n soliton solutions of the SSGE from the
Darboux transformation using one (trivial) solution of the SSGE together with
n solutions of the associated LSP for n fixed spectral parameters \;,
7 =0,1,...,n — 1. One should note that Darboux transformations do not ensure
that the newly constructed solutions are linearly independent of the previously

constructed solutions. The first iteration of the Darboux transformation for the
SSGE (b.2.1)) [87,/88,(108| (similarly to the classical case [2,91]) is given by

s[l]=s—iln (?) , (5.2.23)
0
1/}][1] —>\0% )\j —1 /\0)\]'% ¢j
am={on =] & e v o] G2
Xl MoAige VAN —(Ro+A) ) \XG

where s is a solution of the SSGE (5.2.1)), v, ¢; are bosonic solutions and y; is

a fermionic solution of the LSP (|5.2.10f) for the solution s and the fixed spectral
parameter A = \;. The new solution ®,[1] of the LSP is given for the system

Did;[1] = AL (N, s[1)®[1). j=1,2,3,... (5.2.25)

One should note that the solution of the LSP (5.2.25)) with the fixed parameter
Ao has been used in order to construct the new solution. The index 5 = 0 for the
first (or higher) iteration transformation correspond to the trivial solution ® = 0.
Therefore, the solution for the LSP with A = \g cannot be used to obtain other
new solutions.

In order to construct a higher iteration solution of the SSGE ([5.2.1]), we must
“drop” other solutions of the LSP associated with s and A; for the lowest indices
j. As an example, let us say that we know a solution s of the SSGE and three
solutions &y, ®; and ®, of the LSP associated with the fixed-valued spectral
parameters A\g, A\; and Ao, respectively. Hence, from ®; and ®,, and dropping ®,
we get respectively ®4[1] and ®,[1]. To iterate once more, we can drop ®[1] to
obtain ®,[2]. Moreover, from @y, ®;[1] and P,[2], we can construct three new
solutions s[1], s[2] and s[3], respectively. The procedure can be applied n times
using n fixed solutions of the LSP and the associated solution of the SSGE ([5.2.1))
as described in fig. 5.1]

The second Darboux Transformation of the a solution s of the SSGE ([5.2.1))

is given by

Ao — Md19o + v/ Ao A1 XoX1
A1 — Mo1 + v AoAi XoX1

s[2] =s—iln (5.2.26)
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o, - d, s
N
Q,[1] - Dy[1] s[1]
®,12] - Dy2] s[2]
O, [n—2] - D, 9n—2] sln — 2]
N
®,[n — 1] ®,,_1[n—1] sln — 1]
/\
O [n] s[n]
sln + 1]

FIGURE 5.1. Diagram describing how to obtain the (n+1)-iterated
solution generated by Darboux transformations using one solution

s of the SSGE (5.2.1) and n + 1 solutions ®; of the LSP ([5.2.10)

associated with the solution s for the fixed spectral parameters \;,
7=0,1,...,n

By repeating the Darboux transformation n times (n > 2), we obtain by

induction the solution s[n] which takes the form

when n is odd,  (5.2.27)

m

[ Gy P, Ak )AL X,
s[n]:s—zln n+1

@y P(\, 5 A, )AL, X,

[P Oy Mo ) AR, X, + S PNy A, ) S

sln] =s—1iln n/2 —~ . n/2 - =

o ()™ P (Nrys A, )AL Xk, + Xzt P(Aigi Ar,) m'

)
)

Xk,
Xk,

when n is even,

where k; represents the set of n — 2m ordered indices and k, represents the set of

2m ordered indices not in k;. The quantities Al Xave.. and P(Ag, Ap, -5 Aey Age-t)

abe...
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are given by

2 2 2
Al =det | e Aot Acbe o)
)\agba /\b¢b )\cqbc
¢a 1/}12 ¢c
2 2 2 o e e
A2, = det | Na% NP Ao : (5.2.28)
)\a,@ba )\bwb )\cwc
¢a ¢b ¢c

Xabcd... =V /\aAb/\c)\d'-'XaXchXd-"a

PAas Moy o3 A Agen) = (1) g + Ae) Na + Aa)ooc (N + ) (Ao + Ag).o,

where P(...;...) has the following definition when it has no argument )\, on one
side or the other of the semicolon

P()\kj,@) =1= P(@;)\ku), (5.2.29)

and « is the binary function

0 if ab...cd... are equivalent to an even number
of cyclic permutations of the ordered indices,
a= (5.2.30)
] if ab...cd... are equivalent to an odd number
of cyclic permutations of the ordered indices.

In addition, we define Ay = 0.

As examples, we provide the first four Darboux transformations of a known

solution s of the SSGE (5.2.1]) :
Al
s[ll]=s—1iln <A§> :

AI —|—7;X01
N =g—jlpn|=0L 70
S[] S Zn( (2)1 iXo1 )

8[3] =s—1iln {(A(l)m + ZP()\(), )\1, )\Q)A(l)Xlg
+iP(A2; Aoy M)A Xo1 + i P (A1 Ao, )\2)A%X02)
/ (D315 + 1P (ho; A, A2)AFX 12 + 1P (Ag; o, M) A3 Xo1 +iP(M1; Ao, A2) AT X )|
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s[4] = s —iln [(Afias + 1P(Ao, Agi At Aa) Al X1z + iP(Ao, Aoj Aty Aa) Ay X 13

+iP(Xo, A; Az, A3)AG Xos + i P(A1, As; Ao, o) Al Xoo
+iP (A1, Aas Aoy A3) AL Xoz + 1P (A, A Aoy A )AL Xo:

—(P(Ao, A1; A2, A3) + P(Ao, A2; A1, Az) + P(Ao, As; A1, A2)) Xoias)

/ (D315 + iP(N0, As; A, Aa) A X1 + 1P (Ao, Ao Ar, As) A% X s

+iP (Ao, At; Agy A3) A2 Xog + iP(A1, A Aoy A2)AZ, Xoo
+iP (A1, Aa; Aoy As) A2, X3 + P (g, Ag; Aoy A ) A2 Xy

—(P(Ao, A1; A2, A3) + P(Ao, A2; A1, Az) + P(Ao, As; At, A2)) Xoi2s)] -

5.3. EXPLICIT SOLUTIONS USED FOR THE BOSONIC SUPERSYMME-
TRIC SYM—TAFEL FORMULA FOR IMMERSION

By considering the trivial solution of the SSGE ([5.2.1)),
s = 2k, kelZ (5.3.1)

the solution ® of the LSP for any invertible value of A\; € G is given by

—b; ia; a4 . j
+(2\//\—j 2Aj0 +z\/)\7a9+ )e”

e
01| = o= (5 — st it + 0t Jen | (532)
)er

( J9+—b0 +ia;016

for j=0,1,2,... , where

n; = 2)\ —2)\x_ (5.3.3)

is a bosonic linear function of z; and z_, a; is an arbitrary fermionic constant and
b;, c; are arbitrary bosonic constants. Since the solution satisfies the LSP
m ) for any value of )\;, it is possible to compute a hlgh number of solutions
using the Darboux transformations from equation (5.2.27)).

In the further examples, we will only consider two non-trivial solutions using
the first iteration of the Darboux transformations for the geometric characteriza-
tion of the bosonic SUSY version of the Sym-Tafel formula for immersion.

According to [B3], we now present the bosonic SUSY Sym—Tafel formula for

the immersion of solitonic surfaces in Lie superalgebras.
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Proposition 5.3.1. Let us assume that there exists a LSP of the form
associated with a SUSY integrable systems of partial differential equations 2 = 0,
where the fermionic potential matrices Uy take values in the gl(m|n) Lie su-
peralgebra and the wavefunction V takes value in the GL(m|n) Lie supergroup.

Consider the bosonic infinitesimal deformations
U =Us +eB(N)0xUs € gl(m|n), U=V +¢eF) e GL(m|n), (5.3.4)
that preserve both the LSP (5.2.13)) and the zero-curvature condition (5.2.14)) for

an arbitrary bosonic function B(A\) of X, where Oy is the derivative with respect to
A and € is a bosonic infinitesimal parameter whose quadratic terms are neglected.

Then, there exists an immersion bosonic supermatriz F given by

F = B\)U 10\ € gl(m|n) (5.3.5)
which defines a two-dimensional surface in a Lie superalgebra whenever its tangent
vectors

. I, O
ED.F =AY E0\ULY, E = 0 Ik (5.3.6)

are linearly independent, where I,,, and I, are the identity matrices of dimension
m and n, respectively.

Using the super Killing form defined by the supertrace,
(A, B) = ;str(AB) _ ;tr(Edeg(AB)“AB), (5.3.7)
we obtain that the metric coefficients are given by the relations [B3|
gii = (BN EOUy, B(N\)OrUy),
gi2 = —ga1 = (BN EOUy, B(N)EOU-),
where ¢ = 1,2 and 1, 2 stand for 4+, — respectively, such that the first fundamental

(5.3.8)

form is given by
I = (dy)? g1y + 2dod_gia + (d_)*gas. (5.3.9)

According to [B1], the fermionic differential forms dy anticommute with each
other,

{d,,d_} =0, (5.3.10)

and represent the infinitesimal displacement in the direction of Dy. The discri-
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minant g of the metric is given by
g = 911922 — g12921 = 11922 + (g12)°. (5.3.11)
The unit normal vector N satisfies the relations
(N,N) =1, (EDLF,N) = 0. (5.3.12)

The vector N can be written only in terms of the tangent vectors,

{ED,F,ED_F}
({ED,F,ED_F}.{ED,F,ED_F})1/*'

assuming that the norm,

N =

(5.3.13)

{ED+F,ED_F}|| = {ED.F,ED_F},{ED.F, ED,F})l/Q, (5.3.14)
is invertible. The coefficients of the second fundamental form are given by

where i, 5 = 1,2. The indices 1,2 stand for +, — respectively. The second funda-

mental form is
IT = (dy)?byy + 2dd_byy + (d_)?bo. (5.3.16)

The Gaussian and mean curvatures are written respectively as

~ biiboy + (b12)?
 gnge + (g12)?
bi1ga2 + baagi1 + 2012912
2(911922 + (912)?)
A first solution s1[1] of the SSGE (5.2.1]) is constructed using the first Darboux

transformation (5.2.23) for the solutions (5.3.1)) and (5.3.2]), where the constant

bo is sent to zero. The solution s;[1] takes the form

tage™ o 4 214/ A0a06n09_> '
CoV )\0 Co

The associated solution ®; of the LSP for A = \; is obtained from the 1-Darboux

(5.3.17)

H =

s1[1] = 2km —iln (1 - (5.3.18)
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transformations ((5.2.24)),
1
1={(A1 — A — —1/ A motm
¢1H [( 1 0)01 . 0N1&4pa; €

1 . C
_27\/>\—1<)\1 + )\O)Qlenl — Z\/)\ioc(l)aoeno‘| 9+

i/ O+ Ag)age™ + 20082 g e
—i—_ \/>(1+ 0)a;e™ + 2i Coae

+

-

200 4 ) 2 e”ﬁm] 0+,
)\1 Co

(5.3.19)

Co

1
¢1[1] = [()\1 - )\0)01 - )\0)\1Q0Q1€77°+m

+ ()\1 + Ao)ae™ + @\/A»Claoe”‘)] oF

2\/_ Co
+ \/)\70\1 + Ao)a,e™ — 22)\3/2 “a 6"0} 0~

Co

A
+ [/ 22+ ) e’?ﬁm} 070",
)\1 Co

all] = [—(/\0 + A )age’ 42 )\0)\121@06"(’] (146707,
0

The associated pseudo-Riemannian geometry taken from the bosonic SUSY ver-
sion of the Sym—Tafel immersion formula gives the following coefficients for the
metric

—1
o\
where the arbitrary function 5(\) is taken to be 5 = 2A. The coeflicients b;; of

the second fundamental form are given by

a -1
by = by = 0, by = —by, = ;T())eno <\//\_0Q+ + 2\/)\709_> ) (5.3.21)

g1 = g12 = —go1 = —1, Go2 = 21\, (5.3.20)

The Gaussian curvature K = 1 implies that the surface can be classified as a
constant positive Gaussian curvature one, which would implies that it would be
a sphere in comparison with the classical geometry. However, the mean curvature
cannot be computed since the discriminant g = g11¢22 — g12g21 vanishes.

A second 1-Darboux transformation solution ss[1] is considered using the
constraint a; = 0 on solution and , which leads to the particular
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solution

So[l] = 2km —iln

-1

bo
70 _ 70
(Co+2 —e¢ ) (co 5 T\oe )

-2 .
Zbo
2 no

+2¢9 (CO+2\/— ) NN

The associated solution ®, of the LSP for A = )\, is given by

v )\lbl m
e
2

o) o) o)

by bo iV obo
] — 76771 Co — 76”0 6770
2v/ M 2v/ 0 2

bo by —iy/Aiby
-\ e’ _ 710 m
° (CO " 2\/_ ) (CO SNoYS ) 2v/ A1 2

b1 bo Zbo\/_ _
e’ _ 71 _ 70 e'o 6)+9
+ <CO+ 2\/_ > <01 2\//\_16 ) (co 2\//\_06 ) 5 ] ,

(5.3.22)

e”°9+9_] )

n[1] = [/\101 +

+

\/A1b
(/51[1] = [/\101 . 21 1em
bo by bo -
_)\ _ 2 Mo s om _ Y .no
0(00 2\/)\_06><Cl+2\/)\_16><60+2\/)\_06> ]

b b by
Y D o _ 9 m
( m—oe ) ( 2o ) 2
-1 . .
771) ( bo no) tv )‘Oboeno + (Y Albl e

e

2V 2
-2
%) (01 + \b/l_e’71> ( 30_ "o) “/_b” "0] A
2v/ A 2 2

b1€ /\1 9 b(2)62n0 1 b0b16770+771
1] = |—=(A A “ppe - 07 ) et
xi[1] ( 0+ A1) N + Mo 0€ (Co g CoC1 oo

b2€2770 -1 bnb 6770+771
o+ A)bre™ — 20/ Aghibge™ (2 — 20— 2 ) e,
+ ( o+ 1) 1€ \/? 0€ (CO Ihg ) <cocl 4\/m

The first fundamental form’s coefficients g;; for the associated pseudo-Riemannian

geometry of the bosonic SUSY version of the Sym—Tafel immersion formula with
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B(A) = 2\ are given by

—1

g11 Zﬁy go2 = 20,
g12 = — go1 = —1 COS(52[1])
b3 - b (5.3.23)
_ . 2 0 2 ' J.
= z(co 4)\06 ) ( +4)\06 )
b2 2n0 262
N - S Ul 2070 gmog+p—
(CO 1o ) N
and the coefficients b;; of the second fundamental form are
b1y =byy = 0,
big = — by = sin(82[1])
b b
—i A2 20 2n0 0Y0 no (5.3.24)
) (co 4)\06 ) \/)\_Oe

b2 -2 b cobo
2= 062710) ( 4+ 0 2170) el
( 0 4 4o Vo

Both discriminants g = ¢g11g22 — g12921 and b = by1bes — b1obe; are equal to

b2 -2 2b2
Sin2(82 [1]) = — C?) _ 7062770 062170
4o Ao
3 (5.3.25)
2i -2 _
R Conby el B C e /\0
The Gaussian curvature K is equal to 1 and the mean curvature takes the non-

trivial form

H = — icot(sy[1]),
—— @e—ﬂo (CS _ ﬁg ) 2 ( s — b(Q) 62770) cobo 00 cmogtp—
0 0

B2 - B oo\ Vo
2 70 210 o210 0 e Moo,
+ (CO 4)\06 ) ( “ W 4)\0 ) Cobo

in terms of the bosonic quantities Ay, 74, z_ and #760~. By considering the case
where by = 2v/\gcg, we obtain that the body part of the mean curvature is simply
given by

Hy, = sinhn. (5.3.27)
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5.4. CONCLUSIONS

In this paper, we study the links between some of the integrability properties
associated with the SSGE. First, we derive fermionic potential supermatrices in
s[(2|1,G) which provide a LSP whose zero-curvature condition corresponds to
the SSGE. Using this LSP, we construct an equivalent LSP in terms of bosonic
derivatives instead of fermionic derivatives, which require that the potential ma-
trices be bosonic supermatrices in sl(2[1, G). Moreover, we provide links between
the fermionic LSP, coupled sets of super Riccati equations whose compatibility
condition is equivalent to the SSGE, and the associated auto-Béacklund trans-
formation. Furthermore, we provide a comprehensive description of the Darboux
transformation associated with the SSGE. This Darboux transformation allows
us to provide non-trivial multisoliton solutions of the SSGE.

The bosonic SUSY version of the Sym—Tafel formula for immersion is investi-
gated through examples for the SSGE. Using 1-Darboux transformation solutions,
we are able to compute two new examples of geometric characterizations of the as-
sociated surfaces immersed in the Lie superalgebra gl(2|1, G) exclusively in terms
of the fermionic and bosonic independent variables. These two surfaces are linked
with spheres in analogy with the classical differential geometry since they have a
positive constant Gaussian curvature, K = 1.

The subjects addressed in this paper can be extended in many directions.
Among them, we can study other SUSY integrable systems based on their in-
tegrability properties and evaluate some examples of immersed surfaces in Lie
superalgebras. Moreover, it would be interesting to find an invertible wavefunc-
tion ¥ so that we could explicitly compute the deformed surfaces F', which are
written in terms of the wavefunction W. From these surfaces, it should be possible
to graphically show the shape of the surfaces and see how their characteristics,

such as the metric and curvatures, manifest themselves.
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Résumé
Dans cet article, nous développons une nouvelle caractérisation géométrique pour
les versions supersymétriques de la formule d’immersion de Fokas—Gel’fand pour
plonger des supervariétés solitoniques a deux variables indépendantes bosoniques
et deux variables indépendantes fermioniques dans des superalgebres de Lie. L’ap-
proche utilisée considere trois types de problemes linéaires spectraux : un premier
utilisant les dérivées covariantes, un deuxieéme utilisant les dérivés par rapport
aux variables bosoniques et un troisieme utilisant les dérivées par rapport aux
variables fermioniques. Nous démontrons que les deuxieme et troisieme types de
problémes linéaires spectraux peuvent étre obtenus a partir du premier type grace
a des relations spécifiques. Cela nous permet d’investiguer, au moyen des premiere
et deuxieme formes fondamentales, la géométrie des supervariétés plongées dans
des superalgebres de Lie. Lorsque cela est possible, les courbures moyenne et de
Gauss sont calculées. Ces considérations théoriques sont appliquées a 1’équation

supersymétrique de sine-Gordon, qui est un systéme supersymétrique intégrable.
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Abstract
In this paper, we develop a new geometric characterization for the supersym-
metric versions of the Fokas—Gel'fand formula for the immersion of soliton su-
permanifolds with two bosonic and two fermionic independent variables into Lie
superalgebras. The approach used considers three types of linear spectral pro-
blems : the first using covariant derivatives, the second using bosonic variable
derivatives and the third using fermionic variable derivatives. We demonstrate
that the second and third types of linear spectral problems can be obtained from
the first type via a specific relation. This allows us to investigate, through the
first and second fundamental forms, the geometry of the supermanifolds immersed
in Lie superalgebras. Whenever possible, the mean and Gaussian curvatures of
the supermanifolds are calculated. These theoretical considerations are applied to
the supersymmetric sine-Gordon equation, which is a supersymmetric integrable

system.

6.1. INTRODUCTION

The Fokas—Gel’fand formula for the immersion of surfaces into Lie algebra
has been at the intersection of several branches of mathematics, such as diffe-
rential geometry, Lie groups and Lie algebras, complex variables, global analy-
sis, mathematical physics, integrable systems and spectral theory. The Fokas—
Gel'fand immersion formula (FGIF) provides rich classes of geometric objects
(see e.g. |26,149,/54,55/70,72,112]). The continuous deformations of manifolds
which are much better understood in the classical case than in their supersym-
metric (SUSY) versions for which only few examples are known. Recently, ge-
neralizations of the FGIF were constructed to consider bosonic and fermionic
deformations associated with SUSY integrable systems |B3]. Since soliton su-
permanifolds associated with SUSY integrable models behave rather differently
than the classical smooth manifolds, the rich character of the SUSY versions of
the FGIF makes a rather special and interesting object of study. This paper is
devoted to the differential geometric apsects of the SUSY FGIF. Our main goal
is to provide a self-contained, comprehensive approach to this subject.

The present paper is a follow-up of the investigation performed in |[B3| concer-
ning the SUSY extensions of the FGIF. In particular, we develop a new geome-
tric characterization of deformation supermanifolds associated with SUSY inte-
grable systems in two bosonic and two fermionic independent variables admitting
three types of linear spectral problems (LSPs). This characterization is achieved
through the construction of structural equations associated with these supermani-

folds. We determine their first and second fundamental forms. We find the explicit
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expressions, whenever possible, for the mean and Gaussian curvatures, which are
expressed solely in terms of the potential matrices of the LSP and a normal unit
vector. To perform this analysis, the inner product used is the nondegenerate su-
per Killing form on Lie superalgebras based on the supertrace. Furthermore, we
provide links between these three types of LSPs and consequently we find specific
relations between their associated zero-curvature conditions (ZCCs). These theo-
retical considerations are illustrated by the SUSY sine-Gordon equation (SSGE)
for which we obtain richer classes of geometric objects for different deformations
than the ones obtained in [B3].

The paper is organized as follows. In section [6.2] we provide an overview of
the classical Fokas—Gel’fand formula for the immersion of surfaces in Lie alge-
bras and its corresponding pseudo-Riemannian geometry. Section |6.3| consists of
a summary of the Grassmann algebras and the conventions used in this paper.
Section is separated into three parts. In the first part, we state the assump-
tions made on the SUSY integrable system under consideration and we provide a
link between the three different types of LSPs used in this paper. In section [6.4.1],
we construct the bosonic version of the FGIF through deformation supermatrices
and a bosonic deformation parameter. In section [6.4.2] we construct the fermionic
version of the FGIF using a fermionic deformation parameter and some deforma-
tion supermatrices. Section is devoted to the geometric characterization of
both the bosonic and fermionic SUSY versions of the FGIF. In section we
apply these theoretical considerations to a SUSY integrable system, namely the
SSGE, in order to obtain a geometric characterization of the deformation surfaces
associated with different symmetries of the LSPs. Some conclusions and future

perspectives are discussed in section [6.7]

6.2. THE CLASSICAL FOKAS-GEL'’FAND IMMERSION FORMULA
Let us consider an integrable system of partial differential equations (PDEs)
Alu] =0, (6.2.1)

where we use the jet space notation [u] = (z1, z9,u', ..., u", 0, ut, ...), which de-
pends on two independent real (or complex) variables x1 and x5, n dependent real
(or complex) variables u', ..., u™ and some derivatives of the dependent variables

up to order k. Let us assume that there exists a LSP
D,V =V,U, 1=1,2, (6.2.2)

where D,, is the total derivative with respect to z;, the potential matrices V; =

Vi([u], A) take their values in a Lie subalgebra g of gl(m,C), the wavefunction
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U = W([u],A) takes its values in the corresponding Lie subgroup G in GL(m,C)
and A is a spectral parameter taking values in a subset of C. The compatibility

condition of the LSP (6.2.2)) forms a ZCC,
Dy Va — Dy, Vi + [Va, V3] = 0, (6.2.3)

which is assumed to be equivalent to the original integrable system ((6.2.1)) for
any value of the spectral parameter .
To construct the FGIF, we consider an infinitesimal deformation of the po-

tential matrices V;,
Vi=Vi+eBeg, i=1.2, (6.2.4)

where B; = B;([u], \) are g-valued matrices and e is a real infinitesimal parameter
(so that we neglect any terms involving €2 or higher order in €), together with the

infinitesimal deformation of the wavefunction ¥,
U =U(I+eF) €, (6.2.5)

where F' = F([u], \) is the deformation surface taking its values in the associated

Lie algebra g. We assume that these infinitesimal deformations preserve the LSP

622, ic.

D, U=V, i=1,2, (6.2.6)
and that the tangent vectors
D, F=U"'BV, i=1,2 (6.2.7)

are linearly independent. If the tangent vectors are not linearly independent, then
the surface degenerates to a curve. In order to leave the ZCC (/6.2.3) invariant,
the deformation matrices B; must satisfy the relation

Dy, Bi — Dy, By + [By, Va] + [Vi, By] = 0, (6.2.8)

which is obtained by the compatibility condition of equations whenever the
ZCC is satisfied. The relation (6.2.8]) also coincides with the infinitesimal
deformation of the ZCC (6.2.3).

Solutions of equations and for the matrices B; and F' of the
FGIF can be decomposed into three types of deformations : the spectral defor-
mation [112], the common (generalized) symmetry deformation [54155,72] and
the gauge symmetry deformation [26}/49]. The spectral deformation is associated

with the Sym-Tafel immersion formula, i.e. the deformation surface F' is given
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by
F =9"'5(\)0yY, (6.2.9)
where 5(A) is an arbitrary function of the spectral parameter A and 0, is the

derivative with respect to A. The tangent vectors of the surface ' immersed in

the Lie algebra g take the form
D, F =013\, ¥, i=1,2. (6.2.10)

The deformations associated with generalized symmetries of the original sys-

tem (6.2.1) and its LSP (6.2.2) were introduced by Fokas and Gel’fand [54] and
then investigated by many authors (see e.g. [55|70./72,B3|). The associated de-

formation surface F' takes the form
F =0 'pr(wgp)V¥, (6.2.11)

where wg is a vector field which generates a (generalized) Lie symmetry trans-
formation that is common to both the original system (6.2.1]) and its LSP (6.2.2)
and pr(wg) stands for the prolongation of the vector field wg in the extended jet
space as described in [95]. In the classical case, a vector field wg can always be

written in the evolutionary form,
wr = R[u|0,, (6.2.12)

which possesses the convenient property that it commutes with the total deriva-

tives with respect to the independent variables, i.e.
[pr(wr), Ds,] =0 (6.2.13)

(see Proposition 5.12 in [95]). Using this evolutionary form of wg, the tangent

vectors of F' are given by
D, F = U pr(wg) ViV, i=1,2. (6.2.14)

The gauge deformations were introduced by Cieslinski and Doliwa [26,49] in

such a way that
F =019V, (6.2.15)

where S = S([u],A) is a gauge taking its values in the associated Lie algebra
g. The gauge deformation can be seen as the generator of a left-transformation
gauge e of the wavefunction ¥, i.e.

lim (W) = (I +eS)¥ = WU (I +eS)¥ = W(I + ¥~ SV)

=0 (6.2.16)
= V(] +€F).
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The tangent vectors of the surface F' in (6.2.15)) take the form
D, F=9"YD,S+[S V]V, i=1,2. (6.2.17)

The FGIF is therefore given by the superposition of all three types of defor-
mations in equations (6.2.9)), (6.2.11)) and (6.2.15)), that is

F =98N0\ + ¥ 'pr(wg)¥ + U 1SV, (6.2.18)
with the tangent vectors given by
D, F =01 (B(NO\V; + pr(wgr)V; + D, S + [S, Vi]) ¥, i=1,2. (6.2.19)

The spectral deformation and the (generalized) Lie symmetry deformation are
not equivalent since it is possible to introduce the spectral parameter A in the
LSP (6.2.2) via a symmetry which leaves the original system invariant but
does not leave its LSP (6.2.2)) invariant [B2]. Hence, the condition for the surface
F in that wr has to be a symmetry of both the original system ((6.2.1))
and its LSP (6.2.2)) is not satisfied. However, it is possible to choose a gauge S
which provides a deformation equivalent to either the spectral deformation or the

Lie symmetry deformation,
S = BN)TT or S =pr(wg)¥V (6.2.20)

respectively [70]. In addition, the gauge deformation contains some additional
symmetries of the wavefunction W which leaves the ZCC (/6.2.3)) invariant.
Even if we do not have an explicit solution for the wavefunction W, it is still

possible to extract some informations about the surface F'. Using the Killing form
(M,N) = atr(MN), M,N e€g (6.2.21)

(up to a normalization factor «), it is possible to geometrically characterize the
pseudo-Riemannian surface F' since the Killing form is invariant under group

conjugation of its argument, i.e.
(UMY, U INU) = (M, N), M,N € g, UeQq. (6.2.22)
The metric coefficients are given by
9ij = (Do, F, Dy, F) = (B;, By), 1,7 =1,2 (6.2.23)
and the first fundamental form is given by

I = guda} + 2g19dwiday + gradas. (6.2.24)



129

We introduce a normal unit vector N defined by

\Ijil[Bl Bg]\ll
N=——""¢€g, (6.2.25)
|[B1, Bl
which has the properties
(N,N) =1, (D,,F,N) =0, 1=1,2. (6.2.26)

From this normal unit vector N, we can compute the coefficients of the second

fundamental form,
bij = (Dy,; Dy, F, N), 1,7 =1,2, (6.2.27)
hence
IT = by das + 2bigdzidag + bayodrs. (6.2.28)
If we consider the matrices
g= (g“ g”) , b= (b“ b”) , (6.2.29)
gar G2 ba1 a2

then the mean and Gaussian curvatures respectively take the forms

1
H = §tr(bg_1)

_ b11gas + baagi1 — 2b12g12
a 2(911922 — 9i2)
o det(h)  buby — b,

det(g) 911922 — 912

Y

(6.2.30)

6.3. PRELIMINARIES ON GRASSMANN ALGEBRAS

In this section, we provide some basic notions concerning the Grassmann al-
gebra formalism which are used throughout this paper. A more comprehensive
presentation on Grassmann algebras can be found in [33}43] 56/ 118 and refe-
rences therein.

The (complex) Grassmann algebra G is an associative graded algebra genera-
ted by a set of odd elements §;, j = 1,2, ..., ¢, together with a unit 1, which have
the properties

€j£k+£k€j :()7 15] :£j7 jak: 17277€ (631>
From the first property in equation (6.3.1)), for j = k, we obtain that any odd

element squared vanishes,

(&)*=0. (6.3.2)
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We do not specify the number ¢ of generators {; of the Grassmann algebra G,
but we assume that there is a sufficient number of them to make all formulas
meaningful.

All elements in the Grassmann algebra G can be decomposed into the sum
of two homogeneous parts, one even which commutes with all elements of G and
the other one odd which is the complement set of the even set in the Grass-
mann algebra G. Homogeneous (even or odd) elements satisfy the multiplication

properties
even - even = even,
even - odd = odd, (6.3.3)
odd - odd = even.

The degree of a homogeneous element a in G is defined as

(6.3.4)

deg(a) 0 if a is an even element of G,
e g
& 1 if a is an odd element of G.

Throughout this paper, one can substitute the words bosonic and fermionic for
even and odd, respectively, without distinctions.
A square (m +n) x (m + n) supermatrix M is defined by block submatrices

of homogeneous elements in G as

M = [Aemam Bonsn : (6.3.5)
C(nXm) D(nxn)

where the degree of the elements in A is the same as those in D, but is not the
same as those in B and C'. When the degree of the elements in A is even, the
supermatrix M is said to be even and when the degree of the elements in A is odd,
the supermatrix M is said to be odd. Supermatrices also satisfy the properties in
equations . The degree of a supermatrix M is defined similarly to that of
homogeneous elements as given in equation , ie.

0 if M is an even supermatrix, (6.3.6)
1 if M is an od supermatrix. o

deg(M) = {

A Lie superalgebra g is composed of a super vector space together with a Lie

super bracket for which g is closed under its action, i.e.

MMy — (—1)dee@desM) pp Np = My e g, VM, M, € g. (6.3.7)
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In this paper, the Lie super bracket is denoted explicitly by the commutator and
anticommutator,

[My, Ms] = My My — My M, {My, My} = MMy + MyM,, (6.3.8)

respectively, depending on the degrees of M; and Ms. The gl(m|n, G) Lie super-
algebra is the set of all (m 4+ n) x (m + n) supermatrices and the sl(m|n,G) Lie
superalgebra involves the subset of all (m + n) x (m + n) supermatrices M with

the property that their supertrace vanishes, i.e.
str(M) = tr(BIeMF A = 0, (6.3.9)

where
Limscm 0
E= | : (6.3.10)
0 _I(nxn)

and Jinxm) (and I(,xy) is the identity matrix of dimension m (and n).
The superdeterminant is defined for an even supermatrix M as
A—BD™! A
sdet(M) det( ) _ det(A) ’
det(D) det(D — CA-1B)
whenever det(A)~! and det(D)™! are well-defined. The GL(m|n,G) Lie super-

group is composed of all invertible (even) (m + n) x (m + n) supermatrices.

(6.3.11)

In this paper, we use the following convenient notation for derivatives with
respect to an odd variable # and multiplication by an odd scalar a with a super-
matrix M (of the form given in (6.3.5))) :

gor = | P4 BB e eB ) (6.3.12)
—690 —89D —QC —QD

respectively. Moreover, the associated Leibniz rule for derivatives with respect to
an odd variable 6 takes the form

d9(hg) = Oghg + (—1)%eWhdyg, (6.3.13)

if h and g are scalar functions or supermatrices of #. One should note that the
derivatives with respect to an odd variable change the degree of a (scalar or
supermatrix) function. Commutation between a supermatrix M and an odd scalar

« is given by

aM = (—1)%e) g, (6.3.14)
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6.4. THE SUPERSYMMETRIC FOKAS—GEL'FAND IMMERSION FOR-
MULA

Let us consider a SUSY integrable system of PDEs
Alu] =0, [u] = (zy, 2, 07,07 ut, ... uF O, ut, Op=udt, ..) (6.4.1)

written in terms of the bosonic light-cone coordinates x, x_, the fermionic inde-
pendent variables 67,07, the G-valued dependent variables u* (a =1, ..., k), and
some derivatives of u®.

Let us assume that there exists a fermionic linear spectral problem (FLSP)
DV =ULV, (6.4.2)

where the wavefunction ¥ = W ([u], ) takes value in a subgroup G of the GL(m|n, G)
Lie supergroup and the potential fermionic supermatrices Uy = Uy ([u], \) take
values in the associated Lie superalgebra g, which is a subalgebra of the gl(m|n, G)
Lie superalgebra. The constant A is the spectral parameter taking its values in a

subset of G. The covariant derivatives D, D_ are given by
Dy = Dy+ —i0*D,,, (6.4.3)

where Dy+ and D, stand for the total derivatives with respect to 6* and x4,

respectively. These fermionic derivatives satisfy the properties
Di = —iD,,, {D,,D_} =0, (6.4.4)
where {-, -} stands for the anticommutator. The compatibility condition of equa-
tions (6.4.2]) imposed by {D,, D_}W¥ = 0 is given by the relation
Q=D U_+D .U, —{Uy,U_} =0, (6.4.5)
called the ZCC, which is assumed to be equivalent to the original system (6.4.1])
for any possible value of the spectral parameter .
From the FLSP (6.4.2) and the property ((6.4.4h), we can construct another
LSP which involves the bosonic light-cone coordinate derivatives D, instead of

the covariant derivatives Dy. This LSP (which, in what follows, is called the
x4-LSP) takes the form

D, U = ViU, (6.4.6)

where the bosonic potential supermatrices Vi = Vi ([u], A) take values in the Lie

superalgebra g and can be written in terms of the potential supermatrices U, as

Vi=i (DiUi — Ui) . (6.4.7)
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The bosonic potential supermatrices Vo satisfy the relation (similar to the clas-

sical ZCC (6.2.3)))
D, V. — D, Vi +[V_,Vs] =0, (6.4.8)

Ty V—

which is the compatibility condition of the x-LSP (6.4.6)). The relation ((6.4.8))
is satisfied whenever the set of variables u® is a solution of the original system
and of the ZCC (6.4.5)). However, one should note that equation (6.4.8)) is
not necessarily equivalent to the original system , but it is always equivalent
at least to certain differential consequences of the original system , ie.

Dy (Alu]) =0, or D.D_(AJu]) =0. (6.4.9)

Explicitly, equation (6.4.8)) is given in terms of the ZCC €, from equation (6.4.5)),
by
D.D_Q+{D,QU_} —{D_QU.}+[D_U, Q] ( )
6.4.10
+UQU, -UQU_+ QU U_-U_U.Q=0.

We can also construct a third LSP, which involves the fermionic derivatives

Dy+, from the FLSP (6.4.2)) and the z-LSP ([6.4.6). That LSP takes the form
Dyl = W, 0, (6.4.11)

which, in what follows, is denoted the §*-LSP. The fermionic supermatrices W, =
Wi ([u], ) take values in the Lie superalgebra g and can be written in terms of

the potential supermatrices Uy and Vi as
Wy =Us +i0*V,. (6.4.12)
The ZCC associated with equation (6.4.11]) is given by
Do+ W_ + Dg-W, —{W,, W_} =0 (6.4.13)
and can be written in terms of the supermatrices Uy and Vi as
(DLU-+ DUy = {U,, U_}) +i0" (D, U- = D_Vi +[U_, V,])
+i0~ (Dy Uy = DLV + [U, VL)) (6.4.14)
+0707 (Dp Vi = Dy Vo + [V, Vo)) =0,

The second and third sets of terms in equation ([6.4.14)) represent the mixed
compatibility conditions of the FLSP (6.4.2)) and the z.-LSP (6.4.6)), i.e.

0= [Dy,, D5|¥ = (Dy,Us — D2V + [Us, Vi) 0. (6.4.15)
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These compatibility conditions are equivalent to the relation
0=Di0+[Q, U], (6.4.16)

which is in the form of a Lax equation [75].

6.4.1. The bosonic supersymmetric Fokas—Gel’fand immersion for-
mula

Let us consider a deformation of the three LSPs ([6.4.2)), (6.4.6) and (6.4.11))

which preserves their forms, i.e.
Di\il - Ui\if, Dxi\il - Viqj, Dgi\if - Wi\il, (6417)

for which their compatibility conditions are equivalent to the original system
(6.4.1) for any value of the spectral parameter A and such that the deformed

potential supermatrices are given by
Ui =Us + €Ay, Vi =Vi+ eV, Wi =Wi+eCyLeg (6.4.18)

together with the deformed wavefunction ¥ written in terms of a deformed su-
permanifold F' = F([u], \) as

U =0(I+eF)ed. (6.4.19)

The deformation fermionic supermatrices Ay = Ay ([u], A),Cy = Cx([u], A) and
bosonic supermatrices By = By ([u], A), F' take their values in the Lie superalge-
bra g and the bosonic deformation parameter € is assumed to vanish for quadratic
terms, i.e. €2 = 0. Hence, the bosonic parameter e is either very small or nilpotent
of order 2. The compatibility conditions of the deformed LSPs impose

conditions on the supermatrices Ay, B+ and CL given by the relations
DA+ D_Ay —{A, U} —{A_U:} =0,
_DerB_ - Dz7 B+ + [B_, V+] + [V_, B+] - O, (6420)
D9+C_ + D@*C_A'_ - {C+, W_} - {C_,W+} — 0,
which are equivalent to the deformation of the three ZCCs (6.4.5)), (6.4.8) and
(6.4.13)), respectively, up to the addition of supermatrices at least of first order
in e.
From equations (6.4.2), (6.4.17h), (6.4.18n) and (6.4.19), we can compute the

covariant derivatives of the deformed surface F', which are given by

D.F=U"1A,0 (6.4.21)
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up to the addition of fermionic supermatrices which are at least of first order in
e. Similarly, we can compute the tangent vectors of the deformed surfaces F' in

the z,- and #*-directions, which take the forms
D, ,F=VU"'B.V, Dps F = U 1CL 0 (6.4.22)

up to the addition of supermatrices which are at least of first order in e.
Furthermore, from equations (6.4.21)), it is possible to determine the super-
matrices By and C4 explicitly in terms of AL and the potential supermatrices

Ui, ie.
Bi - Z (DiAi - {Ui, Ai}) 5 Ci - Ai + ieiBi, (6423)

which are equivalent to the deformations of equations (6.4.7)) and (6.4.12]), res-
pectively.

A SUSY analogue of the classical Fokas—Gel’fand theorem containing the main
results on the immersion of surfaces in Lie algebras can be formulated. The su-

permanifold F' consists of the superposition of three terms, i.e.
F = B\)U 0\ + U pr(wp)¥ + U150, (6.4.24)

The first term refers to the Sym—Tafel immersion formula, which represents a
deformation in the spectral parameter A generated by the vector field S(A)dy,
where [(\) is an arbitrary function of A with the constraint deg(5) = deg(\).
The second term represents a Lie symmetry deformation generated by the bosonic
vector field wg, which is common to both the original system ((6.4.1]) (and the ZCC
(6.4.5)) and the FSLP (6.4.2). The last term represents a left-transformation
of the wavefunction ¥ by a Lie supergroup gauge generated by the conjugated
supermatrix S taking its value in the bosonic part of the Lie superalgebra g. The

associated supermatrices A4, By and C4 take the forms
Ay = BN + (pr(wr)Us + [Ds, pr(wg)| W)
+ (DS +[S,Uy]),
By = B(A)o\Vi + (PY(WR)Vi + [Dxiapr(WR)]\I’\Iﬁl)
+ (Deu S +[S, Va),
Cy = BA)IAWx + (PT(WR)Wi + [Dox, PI"(WR)]\I“I’_l)
+ (Dg=S + [S, We]) .

(6.4.25)

Under these assumptions, we have the following statements :
Proposition 6.4.1. If we consider the bosonic deformations (6.4.18) and (6.4.19)

which preserve the LSPs (6.4.2)), (6.4.6) and (6.4.11)) and their ZCCs (i.e. satisfy
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equations (6.4.17) and (6.4.20)) ) where F', By are bosonic supermatrices and A,

CL are fermionic supermatrices in the Lie superalgebra g and € is a bosonic pa-
rameter such that € vanishes, then there exists an immersion superfield F' which
defines (2|1 + 1)-dimensional supermanifolds immersed in the Lie superalgebra g
provided that its tangent vectors (6.4.22)) are linearly independent.

Corollary 6.4.1. If we consider the deformed supermanifold F, as defined in
Proposz'tz’on in the form where B(N) is an arbitrary function of the
spectral parameter X\ with the constraint deg(f) = deg(\), pr(wg) is the prolon-

gation of a bosonic supervector field wg which is associated with a common (ge-

neralized) symmetry of the original system (6.4.1) and the LSPs (6.4.2), (6.4.6))

and (6.4.11f), then F' is a solution of the equations ((6.4.20) and (6.4.21)) for which
the supermatrices Ay, By and C take the form (6.4.25)).

6.4.2. The fermionic supersymmetric Fokas—Gel’fand immersion for-

mula

Let us consider a deformation of the three LSPs ((6.4.2)), (6.4.6) and (6.4.11))

which leaves these LSPs invariant, i.e.
DV =00, D, U=Vol,  Dpl =W.0, (6.4.26)

and whose compatibility conditions are equivalent to the original system (6.4.1])
for any value of the spectral parameter A\. The deformed potential supermatrices
are given by

ﬁi =Us + €Ay, ‘N/i =V, +eB4, Wi =Wi+eCy, €g (6.4.27)

and the deformed wavefunction W is written in terms of a deformed super-

manifold F = F([u], \),
U =0(I+eF) €. (6.4.28)

The bosonic deformation supermatrices AL = Ay ([u], \), Cx = Cx([u], \) and the
fermionic deformation supermatrices By = B.([u], \), F' take their values in the
Lie superalgebra g and € is a fermionic deformation parameter. The compatibility
conditions of the deformed LSPs (6.4.26]) impose conditions on the supermatrices
AL, By and C4 given by the relations

D+A— + D—A-‘r + [A+7 U—] + [A—v U+] =0,

Dx_‘_B_ — D:C_ B+ + [V_, B+] + [B_, V+] - 0, (6429)

Dg-&-cf + D970+ + [Cf, W+] + [C+, W,] = 0,
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up to the addition of supermatrices which are at least of first order in €. Equations
are equivalent to the deformation of the three ZCCs , and
(6.4.13)).

From equations (6.4.2)), (6.4.26h), (6.4.27h) and (6.4.28), one can compute the

covariant derivatives of the deformed surface F', which is given by

D F =—U 14,0 (6.4.30)

Similarly, we can compute the tangent vectors of the deformed surface F' in the

24~ and fF-directions, which take the forms
D, F=U"'B.V, Dy F = -0~ 1CL U (6.4.31)

up to the addition of supermatrices which are at least of first order in e.
Furthermore, from equation (6.4.30)), it is possible to determine the superma-

trices By and C4 explicitly in terms of A4 and the potential supermatrices UL,
By = —i(DsAy + AL, UL]),  Cy= Ay — i By, (6.4.32)

which are equivalent to the deformations of equations (6.4.7)) and (6.4.12), res-
pectively.
Similarly to the bosonic and classical case, the supermanifold F' consists of

the superposition of three terms, i.e
F = BA\)U10\U + U pr(wp)¥ + U 1S, (6.4.33)

The first term refers to the Sym—Tafel immersion formula, which represents a de-
formation in the spectral parameter A generated by the vector field 5(\)0,, where
B(A) is an arbitrary function of A with the constraint deg(/5) # deg(A). The second
term represents a Lie symmetry deformation generated by the fermionic vector
field wg, which is common to both the original system ([6.4.1) (and the ZCC
(6.4.5)) and the FLSP (6.4.2]). The last term represents a left-transformation of
the wavefunction ¥ by a Lie supergroup gauge generated by the conjugated super-

matrix S taking its values in the fermionic part of the gl(m|n, G) Lie superalgebra.
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The associated supermatrices Ay, By and Cs take the forms
Ax = B(A)oaUs + (pf(WR)Ui - {Di7pr(wR)}‘I"I’_l)
+ (=D+S+{5,U+}),
By = BAVz + (pr(wn)Ve — [Day, pr(ws)| W)
+ (Day S + 1S, V4])
Ci = BA)OAW + (pr(WR>Wi — {De-, pr(wR)}‘I"I’fl)
+ (—Dp=S + {5, W}).

(6.4.34)

Under these assumptions, we have the following statements :

Proposition 6.4.2. If we consider the fermionic deformations (6.4.27)) and (6.4.28))

which preserve the LSPs (6.4.2)), (6.4.6) and (6.4.11)) and their ZCCs, i.e. satisfy
equations (6.4.26) and (6.4.29)), where F, BL are fermionic supermatrices and

Ay, Cy are bosonic supermatrices taking values in the Lie superalgebra g and € is
a fermionic parameter, then there exists an immersion superfield F' which defines
(2|14 1)-dimensional supermanifolds immersed in the Lie superalgebra g provided
that its tangent vectors (6.4.31)) are linearly independent.

Corollary 6.4.2. If we consider the deformed supermanifold F, as defined in
Proposition in the form (6.4.33), where B(\) is an arbitrary function of
the spectral parameter X\ with the constraint deg(p) # deg(\), pr(wg) is the pro-

longation of a fermionic vector superfield wg which is associated with a common

(generalized) symmetry of the original system (6.4.1)) and the LSPs (6.4.2)), (6.4.6)
and (6.4.11)), then F' is a solution of equations (6.4.29)) and (6.4.30|) such that the
supermatrices Ay, B+ and Cy take the form (6.4.34).

6.5. THE GEOMETRIC CHARACTERIZATION OF SUPERMANIFOLDS
IMMERSED IN LIE SUPERALGEBRAS

Different geometrical approaches and forms can be used depending on the
interpretation of the physical model or system under investigation [33]. In this
paper, we focus our study on a SUSY version of the Killing form on Lie superal-
gebras. This super Killing form is defined using the supertrace,

1 1
(M, N) = ~str(MN) = _tr (B9 N)
2 2 (6.5.1)
M,N € g C gl(m|n,G),
which provides a pseudo-Riemannian description of the associated geometry whe-

never it is nondegenerated. The factor % has been selected for convenience from
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the sl(2|1,G) Lie superalgebra in the example of the next section. This form
possesses the following properties for any L, M, N € g :

(1) Left linearity,
(L+ M,N)=(L,N)+ (M, N). (6.5.2)
(2) Scalar multiplication,
(aL, M) =a(L, M), (6.5.3)
where « is a bosonic or fermionic scalar in G.
(3) Inner permutation,
(LM, N) = (L, MN). (6.5.4)
(4) Outer permutation,
(L, M) = (—1)desE)des) (py 1) (6.5.5)
(5) Invariance under (super)group conjugation,
(h*Lh,h"'Mh) = (L, M), (6.5.6)
for h € GL(m|n,G).
(6) Supercommutator,
(L,[M,N]) = ([L, M], N), (6.5.7)
or
(L,{M,N}) = ({L,M},N), (6.5.8)
depending on the degree of L, M and N for deg(L) = deg(M) = deg(N).

The super Killing form possesses the property of being invariant under a Lie

supergroup conjugation of its arguments, which is of great advantage in our case

since the tangent vectors (6.4.22) or (6.4.31)) of the deformed surfaces F' are

conjugated by the wavefunction ¥, an a priori unknown Lie supergroup-valued
function. In addition, from the property (6), the commutator/anticommutator
can be seen as a vector product, which provides an orthogonal vector.

Throughout this section, we use the abbreviated notation for the indices as-
sociated with the independent bosonic and fermionic variables x4 and 6% given
by

ZE+—)1, Der:Dl, 49+—>3, Dg+:D37

(6.5.9)
r_ —2, D, =Dy, 60" —4, Dy = Djy.
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6.5.1. The geometric characterization associated with the bosonic

Fokas—Gel’fand immersion formula
The metric coefficients associated with the bosonic SUSY FGIF are given by
gi; = (D;F,D;F),  i,j,=1,234. (6.5.10)
The 16 coefficients can be written in terms of the supermatrices B4+ and C. as

g1 = (By, By), G12=ga1 = (By,B_), ga2=(B_,B_),
g13 = g31 = (B4, ), g1a = ga1 = (B4, C_), g33 = gas =0,
923 = gs2 = (B_, (), Goa = ga2 = (B_,C_),

gsa = —gaz = (Cy,C_).

(6.5.11)

The metric coefficients can be represented by a bosonic gl(2|2, G)-valued super-

matrix,
g11 G12| 913 G14
g12 G22| 923 Gg24
913 923 0 g34
Jua Goa | —gsa O

which depends on a maximum of 8 linearly independent coefficients. The first

fundamental form is defined to be

4
I=" gijdid; = g1 (day)? + 2g1adadr_ + gao(da_)* + 2g34d0™dO~
= (6.5.13)
+ 2 (glgdx+d9+ -+ gl4dI+d9_ —+ gggdﬂf_d8+ + gg4d$_d¢9_) .
Using equations ((6.4.23]), we can eliminate the supermatrices C+ in the metric
coefficients (6.5.11) and reduce some coefficients in terms of the supermatrices
AL, By, which are given by
gi3 =1(Dy A, AL) +i07 gy, g1a = (B4, A_) +i0 g1,
923 = (B_, A}) + 0" gro, goa = 1(D_A_, A_) 4+ i0" gpo, (6.5.14)
gsq4 = <A+, A_> + i9+g14 — ’L"97923 + 6+¢97g12.
In order to construct the second fundamental form, we consider a normal

unit vector N taking the form of a bosonic g-valued supermatrix which has the

properties

(N,NY=1, (D;F,N)=0, i=1,234. (6.5.15)
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The second fundamental form’s coefficients are defined by
by =(D;D;F\N), 1,7 =1,234 (6.5.16)

and they can be represented in the same form as equation ((6.5.12)) with a maxi-

mum of 8 linearly independent coefficients,

bir b2 | bz b

b= [by] = b1z Doz | b b | (6.5.17)
big bz | 0 b
big bay | —bzs O

The second fundamental form then takes the form
IT =byy(dxy)? + 2biadz do_ + byy(dx_)? + 2b34dfTdO~

(6.5.18)
+2 (bisdadft + buadatd0™ + basdw_df" + byudz_do™) .
Eliminating the supermatrices W, and C4 in (6.5.16|), we obtain
b1z = (D3 F,N) +i0%byy, bia = i(D3D_F,N) + i by,
bys = i(D_D2F,N) + i b, boy = i(D? F, N) + i by, (6.5.19)

b34 = <D—D+F, N> - i9+bl4 + i9_b23 — (9+(9_b12.

Whenever the bosonic supermatrix g in equation (6.5.12)) is invertible, we can

compute the mean curvature given by

H = istr(bg_l) (6.5.20)
and if b is also invertible, then the Gaussian curvature can be computed as

K = sdet(bg™). (6.5.21)

6.5.2. The geometric characterization associated with the fermionic

Fokas—Gel’fand immersion formula

The metric coefficients associated with the fermionic SUSY FGIF are given
by

9ij = (DiF,D;F),  i,j=1,2,34. (6.5.22)
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The 16 coefficients can be written in terms of the supermatrices B+ and C4 as

g11 = g22 = 0, g12 = —go1 = (B4, B_),
g13 =g31 = —(B1,C4), guu=gu=—(By,C),
Ga3 = gs2 = —(B_,C4), Goa = gao = —(B_,C_), (6.5.23)
g33 = (C4, C4), gaa = gaz = (C4,C_),
Gaq = <C—a O—>
The metric coefficients can be represented by a bosonic gl(2]2, G)-valued super-
matrix,
0 912 | 913 G14
—g12 0 | g23 g
g = lgij] = , (6.5.24)
913 g23 | 933 g34
g14  G24 | G3a  Gasa

which depends on a maximum of 8 linearly independent coefficients. The first
fundamental form is defined to be
4
I= 3" gijdid,
ij=1 (6.5.25)
=2 (gusdr 0" + gradz 6™ + gasdr_dO" + goudu_do™) .
Using equation ((6.4.32)), we can eliminate the supermatrices C't in some of the

coeficients of the metric and reduce them in terms of the supermatrices A4 and

B4, which are given by

g13 = —<B+,A+>, g14 = _<B+7 A*) — 6" g1z,
923 = —(B_, Ay) +i0" gua, g = —(B_,A_), (6.5.26)
g3 = (A4, Ay) + 2007 gis, Gaa = (A_, A) + 200" gou, -

gza = (A4, ALY + 107 gra + 07 gog — 0707 gpo.

In order to construct the second fundamental form, we consider a normal unit
vector N which takes the form of a bosonic g-valued supermatrix and has the

following properties :
(N,NY=1, (D;F,N)=0, i=17234. (6.5.27)
The second fundamental form’s coefficients are defined by

by = (D;D;F,N),  i,j=1,2,34 (6.5.28)
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and they can be represented in the same form as equation (6.5.17) but as a

fermionic supermatrix with a maximum of 8 linearly independent coefficients,

bii bia| biz  bu

b= [by] = b2 Yoz | bas bus (6.5.29)
big bz | 0 by
bia bos | —bzs O

By eliminating the supermatrices W, and C. in (6.5.28)), we obtain, similarly to

the bosonic case,
b1z = i(D2F,N) +i0% by, biy = i(D3D_F,N) + i by,
bys = i{D_D2F,N) +i0"bys, boy = i(D?> F, N) + i0 by, (6.5.30)
bss = (D_D,F,N) —i0 by + 10 boz — 070 bys.

Whenever the bosonic supermatrix ¢ is invertible, we can compute the mean

curvature,
1
H = 1str(lagfl). (6.5.31)

However, the Gaussian curvature K is not defined since b is a fermionic super-

matrix.

6.6. EXAMPLE : THE SUPERSYMMETRIC SINE-GORDON EQUA-
TION

Let us consider the SSGE
D.D_¢ =ising, (6.6.1)

(where ¢ = ¢(z4,z_,0%,07) is a bosonic G-valued function,) which can be ob-

tained through the super Euler-Lagrange equation

0 0 0

—L+D, | =——=L|+D_| =——=L| =0 6.6.2

99 ! <@(D+¢) ) (3(D—¢) ) 062
with the Lagrangian density

L=cosd— %D+¢D_¢. (6.6.3)
The associated FLSP can be constructed from the linear problem |24, B4]
DW= (Je + Ke )W, DW= (D_¢M+N)U, (6.6.4)

where J, K, M and N are complex-valued matrices. By considering the compa-

tibility condition of equation (6.6.4)) and using the SSGE (6.6.1)), we obtain the
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algebraic constraints

iJ =[M,J], iK=[K, M|,
1 (6.6.5)
{JN}=—{K,N}, M={KN}

for which the compatibility condition of equation (6.6.4)) is equivalent to the SSGE
(6.6.1]). One solution to the constraints (6.6.5)) is given by

] 0 0 1 1 0 0 O
J:* K =— —q
5 0 0 0f, 7 00 —if,
010 10 0
(6.6.6)
1 0 0 0 0 —2
M=10 —i 0f, N=|0 0 =1
0 0 O -1 1 0

which takes its values in the sl(3,C) Lie algebra. We can introduce a spectral
parameter in the linear problem (6.6.4)) using the method proposed in [B2|. The-
refore, by applying the Lie point transformation, which is a symmetry of the

SSGE (/6.6.1]) but not of the linear problem (6.6.4)),
Fe= Moy, 0T =2F20E N =+, (6.6.7)

where 1 is an arbitrary bosonic parameter in the Grassmann algebra G, to the
linear problem (|6.6.4), we obtain that the potential matrices Uy in the FLSP

(6.4.2)) take the form [108,B4]

. 0 0 e iD_¢ 0 —ivVA
U, = 5 0 0 —ie®|, U.=| 0 —iD_¢ /X |, (6638)
—eT ei? 0 —V VA 0

which take their values in the s[(2|1, G) Lie superalgebra. The associated z4-LSP
(6.4.6) is composed of the sl(2|1, G)-valued bosonic supermatrices

. —1/2) e¥?/2N  —iD, ¢e /A
Vi=—| e %9/2) —1/2X  —iDy¢e /2|,
Dige® /A Dige' VA —1/A (6.6.9)
i0p &+ A )\ —ivVAD_¢ o
V. = A —i0, 6+ X —ivV/AD_¢ |,

—VAD_¢ —AD_¢ 2\
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and the sl(2|1, G)-valued fermionic supermatrices W in the 6*-LSP (6.4.11) take
the forms

. —ift /2 0¥ /2 iV (1 — 0 0pr @)
We =23 ihFe %% /2 —i0t /2 =iV e (1 +i010p ) |
VA1 4001 0pe ) VAP (1 — i0 D1 ¢) it
iN~ +i0p- ¢ —iN0~ —ivV A1 4 i079y- )
W_ = —iNO~ iNT —i0p-p iA1= i 0y )
VA1 —i0705-¢) VA1 400y ¢) —if~

6.6.1. The bosonic Sym—Tafel immersion formula

Let us consider the deformation generated by a translation of the spectral
parameter A, i.e.

B =1, F=U"19,0. (6.6.10)
The deformation supermatrices A. and By take the forms

0 0 e
~1 . 1

A+ = W 0 . O —’ie_Z(b = 5U+,
—e 1 eo 0
0 0 —i
A="1o 0 i
T2V ’
VA 11 0
, , (6.6.11)
) 1 —e2i® iV D pe'®
Bi=1g| —e 1 iVAD pe ™ |,
—VAD.¢e® —\/\D,pe'® 2
1 —1 —iD_¢/2V/\
B_ = —1 1 —iD_¢/2V\ | .

—D_¢/2V N —D_¢/2V/\ 2
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The metric coefficients g;; are given by
g11 = g22 = 13 = 931 = g24 = Ga2 = G33 = Gaa = 0,

1 .
92 =90 = 33 (cos2¢ —iDpD_¢cos @),

1 e ,
g1 =90 = 5 (D+q§ sin ¢ 4 10~ (cos 2¢ — 1D, - ¢ cos ¢)) ;

4 (6.6.12)
933 =922 = 5 (—D_(b sin ¢ + 0™ (cos 2¢ — 19+ pD_ ¢ cos gb)) ,

1 . _
g34 = —@ga3 = W(cos ¢+ sin ¢ (9*89+q5 + 0 0g- d))
+ 10707 (cos 2¢ — 10+ pDp- ¢ cos P))
and the metric

0 g2 0 g14
0 0

g= | 923 (6.6.13)
0 go3 0 g34

guu 0 —gsa O
takes its values in the GL(2|2,G) Lie supergroup. Hence, g is invertible.

A normal unit vector is given by

1 0 0
N=v"'1lo -1 0|V (6.6.14)
0 0 0

and the coefficients of the second fundamental form are given by

bll = b12 = 621 = b22 = b13 = b31 = b24 = b42 = b33 = b44 = 07

. 1 , 1
biay = by = _2D+¢ﬁ CcOoSs ¢, baz = b3y = ZD*¢5 COs ¢7 (6615)
1 /. n _
byy = —by3 = o (smqb — Cos ¢ (9 Op+p + 0 89—¢))
such that

0 O 0 b
0 0 by O
0 bas 0Obsy

bigy 0 —=bsy O

(6.6.16)



147

The mean curvature depends linearly on the spectral parameter A\ and is given
by
H = 4)\sin ¢ (—D+¢D_gb tan® ¢ sec2¢ — i (9+3¢9+¢ + 607 0y- gb) tan ¢ sec ¢
+0707 cos 2¢sec? ¢ + 0T Oyt PO~ Oy dsec p(2tan® ¢ + 1))

and the Gaussian curvature K is not defined since b is not invertible.

6.6.2. The translation in r4 symmetry deformation

Let us consider the bosonic vector field

wp=0,,, F=V"'D,V (6.6.17)

which generates the translation in the direction of x4. This deformation is equi-
valent to a bosonic gauge deformation given by S = V.. The deformation super-
matrices Ay and B, are given by

9,6 0 0 —e
Ay = ;\;X 0 0 —e |,
ie 1 el 0

1 0 0
A_=i0,,D_¢|0 -1 0],
0 0 0
. 0
B+ — 27 —i@ziqbe*%qs
\/Xe_w(_iaxi D¢+ 05, Dy 9)
10y, pe® VA 0y, ¢D 4 — 10y, Do)
0 Ve (0, ¢D ¢ +i0,,. D1 9) |
\/Xei(b(iami ¢D+¢ + axi D+¢) 0
10y, O 0 —ivV A0y, D_¢
B_ = 0 —i0,, 00 ¢ —iV A, D_¢

~VA0p.D_¢ —/ N0y, D_¢ 0
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The metric coefficients g;; are given by

1
= W(a$i¢)27 922 = _(8$j:aﬂ?7¢)27

G12 = g21 = (—i sin ¢y, 9D ¢ + i cos 9O, D+¢) 0y, D_0,

933 = gas = 0, g1

1 1.
569% ¢D 0y, & + 4—)\2@#(8% b)?,

Jua =gy =10 g0 =0~ (sin $0y. @D — cos PO, D+¢> Or,. O,

g13 = g31 =

923 = 932 = O, 90p, D_¢pcos ¢ (6.6.18)
+ 07 (sin ¢0p+ ¢ — 08¢0, 0+ §) D, D,
921 = gaz = =02, D_¢0:, 0y — 107 (82, 0n_0)”
g3a = —ga3 = —i6" goz = —i0" Op . 90y, Dp- P cOs @
+i6160™ (sin 0+ ¢ — €08 0y, Dy ) Dr. g ¢
An sl(2|1, G)-valued bosonic normal unit vector is given by
t 0 0
N=v"'l0 i 0]W. (6.6.19)
0 0
Therefore, the second fundamental form’s coefficients are given by
b1z = bay = b1y = byy = bag = b3y = b3z = b3y = bz = by =0,
by = ;8“ D.¢D, ¢, by = 200, D_¢pD_¢, 6,620
s = bar = 35 (00.0D16 = 070103 000+0)

such that
b1 0 by O
b 10b
p= |0 b= U i (6.6.21)
b1z 0 0 0
0 Z'gszg 0 0

The mean and Gaussian curvatures are not defined since g is not invertible.
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6.6.3. A bosonic gauge deformation

Let us consider the bosonic sl(2[1, G)-valued gauge

0 0 —
S=D_¢U_=vVAD_¢| 0 0 i (6.6.22)
-1 1 0
with the associated deformation supermatrices
D_¢ 0 VA 0 0 -1
A, =sing| 0 —D_¢ —VA|, A_=Vrd, ¢|l0 0 1 [,
—ivVA /A0 i —i 0
1Dy ¢D_¢cos ¢ 0
B, = 0 —1D, ¢D_¢cos ¢

Lil(e 0 — 1) = VAcos Do Do2(e 1) + Vhcos 6D

4V
Z:f\;;(l _ €2z‘¢>.) + @‘\/Xcos ¢D+¢
—zD7¢(1 — e %9) — v/ Acos oD, o |,

4v/X
0
0 0 —i0y, D_¢p— 8, _¢D_¢
B_ =V 0 0 i0y D_¢— 0y dD_¢
Oy D_¢p+i0, ¢D_¢ —0y D_¢+i0, dD_¢ 0

The metric coefficients g;; take the form
G22 = Goa = a2 = g33 = Gaa = 0, g1 = 2iD ¢ D_¢ cos ¢sin® @,
912 = g1 = 4iD_¢0,_D_¢sin® ¢,
G153 = gz1 = —sin® ¢D_¢ — 207 0p+ ¢D_ ¢ cos ¢ sin® ¢,
911 = g = —sin® (0, ¢D_¢ + 4070y~ 9, _Dp-), (6.6.23)
923 = g32 = 10" g12 = —40" D_¢p9,_D_¢sin® p,
gss = —Gaz = 107 gu
= —if" sin? p0,_ ¢D_¢p — 4i0T070y- 0, _0y- P sin’ ¢.
A normal unit vector N is given by the bosonic s[(2|1, G)-valued supermatrix

0 0
0|® (6.6.24)

i
N=v1tl0 4
00 2
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and the second fundamental form’s coefficients are

b12 = 621 = b22 = b23 = b32 = 624 = b42 = b33 = b44 = 07

i :
b = 5D+¢D7¢ sin ¢,

b14 = b41 = —2)\cos ¢D+¢, (6625)
—1

b13 = b31 = i0+b11 = §0+69+¢D_¢ sin gb,

b34 = —b43 = —22)\(Sln¢ - (9+89+¢ COS §Z§>

The curvatures are not defined since g is not an element of the GL(2|2,G) Lie

supergroup.

6.6.4. The supersymmetric transformation deformation

Let us consider the SUSY transformation generators
Ji = gty +i6070,,, (6.6.26)
which generate the associated transformations
Ty — xge —i0TES, 0T = 0F i (6.6.27)

where §i are arbitrary fermonic parameters. The differential operators J satisfy

the properties
Ji =0, , {J,,J_} =0, {Js, D} =0, {Ji, D} =0. (6.6.28)
We can construct a deformed surface F' using this common symmetry as
F =9'pr(Jo)w. (6.6.29)
The associated deformation supermatrices are given by

0 0 —e'? 1 0 0
0 0 —e |, A_=ipr(JL)D_¢ [0 —1 0,
ie” e 0 0 0 0

_ pr(Ji)¢
+ 2\/}
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1 ' 0 ‘ \%Pr(t@[)(ﬁ@m
B, = W ﬁpr(Ji)gbe_Q“ﬁ 0
(pr(Je)D+¢ + iDygpr(J)g)e™  (pr(Je) Dy — iDydpr(Ji)e)e’®
(ipr(J:) Dy + Digpr(Ji)d)e’
(ipr(J1) D¢ — Dogpr(Ji)p)e™ |,

0

ipr(Jy)0,_ ¢ 0 —i\/Xpr(Ji)D,qﬁ

B = 0 —ipr(J1)0,_¢  —iv/Apr(Jx)D_¢
VApr(Jy)D_¢  VApr(Jy)D_¢ 0

The metric coefficients are

g11 = G22 = G13 = g31 = g33 = 0,

G12 = —gn = —ipr(Ji) Dy ¢(cos ¢pr(J)D_¢ + sin D ¢pr(J1)9),

g14a = gau = =10~ g1z = =07 pr(Jx) D, d(cos ¢pr(Jx) D_¢ + sin gD ¢pr(J+)e),

923 = g3z = pr(Js)¢pr(J+) D_¢cos ¢ + 0 pr(J1) Dy p(cos gppr(J)D_¢

+sin 6D, épr(J)o),

Goa = gaz = pr(J+)D_¢pr(J1)0,_ o,

gaa = —(pr(J1)D_¢)* + 2i0 pr(J)D_¢pr(Js)0,_o,

931 = gaz = 10" pr(J1)¢pr(Ji)D_¢cos ¢

— 0707 pr(Jx) Dy ¢(cos ¢pr(Jx) D_¢ 4 sin D dpr(Jx)d)

and g does not take its value in the GL(2|2,G) Lie supergroup.

A normal unit vector is given by
i 0 0
N=Uv"1l0 i 0|V (6.6.30)
0 0 2

and the second fundamental form coeflicients are

bio = ba1 = b1y = by1 = boz = b3p = b3z = b3y = byz = byy = 0,

-1
b = ﬁpr(J:t)D+¢D+¢7 b2 = 2Apr(J1)D_¢D_¢,

. (6.6.31)

31 10
bis = bsr = 5y Pr(J2)9 D+ — 5 pr(Je) Dip Dy o,

b24 = b42 == ig_bgg == 21)\€_pr(Ji)D_¢D_<;5,

such that
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b= (6.6.32)
b13 0 0 0
0 407 by O 0
The mean curvature is not defined since g is not invertible.
6.6.5. A fermionic gauge deformation
Let us consider the fermionic s[(2|1, G)-valued gauge
1 00
S=D_®|0 1 0f, (6.6.33)
0 0 2
which is associated with the deformation supermatrices
—isin ¢ 0 ;él\)ﬁ\'ﬁ el
AL = 0 —isin ¢ %e‘i‘z’ ,
?—\}%e‘w %ﬁ’bei‘f’ —2isin ¢
10y ¢ 0 iVAD_¢
A= 0 i0, ¢ —ivVAD_¢ |,
VAD_¢ —/AD_¢  2i0, ¢
4 ‘ (6.6.34)
—singpD ¢ 0 %DJr(bD, pe'?
B, = 0 —sin¢D ¢ %DJr(;ﬁD,d)e_i‘b ,
Dg‘fg“z’e_i‘z’ 7Dg‘fg‘¢ei¢ 2sin¢pD ¢
100
B_-=0,D_¢|0 1 0
0 0 2
The metric coefficients are given by
g11 = ga2 = 0, G12 = —g21 = sin D ¢0,_D_¢,
913 = gs1 = isin’ 9D ¢,
914 = gn = —isin D ¢(0; ¢ + 070, 0p-9),
Go3 = g3o = —isin ¢p0,_D_p(1 — 07 0+ 9),
(6.6.35)

G24 = Gag = 10, D_¢0, ¢,
gs3 =sin?@(1 — 2010+ 0),  gau = Op_d(0y_dp — 2070, _0p- ),
g34 = g43

= SinG(—0y ¢+ 0Dy O+ 00y Op-p + 01070, Oy 3+ &)
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The induced metric on the surface is not invertible since g;; = g9o = 0 and g;2 is
nilpotent.

A normal unit vector is given by

1 0 0
N=v1l0 -1 0|V (6.6.36)
0 0 0

and the second fundamental form coefficients are given by
b1 = b1 = bay = bag = b1g = byy =0,

boz = b3y = bog = bag = bg3 = bys = 0, (6.6.37)
—1 1 _
§D+¢D—¢7 bzs = —byz = §D—¢Sln 9.

The mean curvature is not defined since ¢ is not invertible.

bl3 = b31 =

6.7. CONCLUSIONS

In this paper, we have constructed bosonic and fermionic versions of the
Fokas—Gel’fand formula for the immersion of supermanifolds in Lie superalgebras.
We use three different types of LSPs : the FLSP, the z4-LSP and the §*-LSP,
instead of only the FLSP as presented in [B3]. We provide a link between these
three types of LSP so that the x.-LSP and #*-LSP can be computed using only
the FLSP. The use of these three types of LSPs provides a more complete geome-
tric characterization of the supermanifolds under investigation. Using the super
Killing form on the four g-valued tangent vectors D;F', j = 1,2, 3,4, we compute
the 16 metric coefficients g;; (instead of the 4 coefficients given in [B3]). In addi-
tion, for a given normal unit vector N, we compute the 16 coefficients b;; of the
second fundamental form and if the supermatrix g = [g;;] (in equations
or ) is invertible, then we can compute the mean curvature H and also
the Gaussian curvature K in the bosonic immersion formula. As an example, we
apply these theoretical considerations to the SSGE. As deformations, we consi-
der the translation in the spectral parameter, the translation in the z,-direction,
the SUSY transformations generated by J1 and two gauge deformations, one bo-
sonic and one fermonic. In each case, we obtain a non-trivial geometry. In the
paper [B3|, the authors obtain curve-like metrics in certain cases even if the
tangent vectors are linearly independent. In comparable cases, we obtain more

complex structures for the metric and the second fundamental form.
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This research can be extended in many directions. One of these directions
could be to investigate other SUSY integrable systems, such as the SUSY Korteweg—
de Vries (KdV) equation. This particular example would be of great interest since
the SUSY KdV equation reduces to the classical KdV equation and the SSGE
does not reduce to its classical counterpart unless we impose an additional condi-
tion on the bosonic superfield ¢. It would also be interesting to investigate if the
(SUSY) FGIF is complete in the sense that there are no additional deformations
which can be added to the spectral deformations, the common generalized sym-
metry deformations and the gauge deformations. Finally, it would be interesting
to provide a complete list of geometric classes associated with SUSY integrable

systems.

Acknowledgements

The author was supported by a doctoral fellowship provided by the Faculté des
Etudes Supérieures et Postdoctorales of the Université de Montréal and wishes
to thank Professor A. M. Grundland (Centre de Recherches Mathématiques, Uni-

versité de Montréal) for his useful discussions and support.



Chapitre 7

CONCLUSIONS ET PERSPECTIVES
FUTURES

7.1. CONCLUSIONS

Dans cette these, les supervariétés plongées dans des superespaces sont étu-
diées afin d’obtenir leurs équations structurelles, puis leur résolution. Ces équa-
tions permettent de décrire et d’obtenir une caractérisation géométrique des su-
pervariétés étudiées. Cette recherche examine les supervariétés associées aux ex-
tensions supersymétriques de systemes intégrables et ces résultats sont appliqués
entre autres au moyen de ’équation de sine-Gordon supersymétrique. En résumé,
nous investiguons deux extensions supersymétriques des équations de Gauss—
Weingarten et de Gauss—Codazzi pour les surfaces plongées dans un superespace
euclidien R x G. De plus, nous proposons I'extension d'une conjecture [85]
permettant de savoir si un systéme (supersymétrique) est intégrable au sens so-
litonique au moyen des symétries non communes du systéme et de son probléeme
linéaire. Additionnellement, nous construisons des versions supersymétriques de
la formule d’immersion de Fokas—Gel’fand ainsi que leur caractérisation géomé-
trique associée pour les supervariétés solitoniques plongées dans une superalgebre
de Lie. De surcroit, nous concentrons notre étude sur les propriétés de I’équation
de sine-Gordon supersymétrique afin d’obtenir des solutions explicites. Dans ce
qui suit, nous précisons les éléments neufs qui ont été apportés dans le cadre de
ces études doctorales.

Le chapitre [2| est dévoué aux extensions supersymétriques des équations de
Gauss—Weingarten et de Gauss—Codazzi pour une fonction d’immersion F' de sur-

faces conformément paramétrisées plongées dans un superespace euclidien R1-112) x
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G. A cette fin, pour les cas bosonique et fermionique, nous avons défini les élé-

ments de la métrique g;; a partir des relations
(DF, DyF) = e?f, (D;F,D;F) =0, i=1,2, (7.1.1)
ou

Dy =D} —i0™D Dy =Dy —if~D,_ (7.1.2)

Ty

sont les dérivées covariantes fermioniques, D, F' représentent les vecteurs tangents
a la surface et f est une fonction nilpotente (c’est-a-dire une fonction sans partie
body) dans le cas bosonique qui a dii étre introduite pour tenir compte du produit
de deux éléments fermioniques, alors que la fonction bosonique e? est toujours
inversible. De plus, en considérant un vecteur bosonique, normal et unitaire N,

et I’hypothese
D;D;F =T;"DyF +b;fN,  D;N=0b/D,F, ijk=12  (7.13)

nous obtenons certaines contraintes et certains liens entre les différentes quantités
ainsi que les équations de Gauss—Weingarten. Explicitement, pour 'extension
bosonique (ot F' est a valeur bosonique), les équations de Gauss—Weingarten

sont données par

N H  2e72Q7 0 N
1 (7.1.4)
Dy | DoF | = o' Iy Q°f DyF |,
N —2e*Q- H 0 N

ot H est la courbure moyenne, Q sont associés aux différentiels de Hopf ((d4)?Q%)
et Fijk représentent les symboles de Christoffel du second type. En prenant la

condition de compatibilité des équations de Gauss—Weingarten, nous obtenons
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les équations de Gauss—Codazzi,
(@) D2(F111) + DI(F222) + DI(F121) - D2(F122> =0,
(i) Da(Tyy") =T °To' + Di(T5") + T°T !

1
+ §H26¢f —2QTQ e ?f =0,

1
(i) Q'Ty" =T1,"Q7 + DoQ" = Q' Drgp+ e’ DiH =0,

1 7.1.5
(iv) QT =Tp'Q" + DiQ™ = Q D1 — e’ DoH =0, (7.1.5)

(U) D2(F112> - F12111112 - F112F222 - F111F122
+ DI(F122) + 2Q+Hf = 07

(Ui) DI(P221> + F122F221 - F221F111 + F222F121
— Dy(l,') +2Q Hf = 0.

Similairement pour 'extension fermionique (ou F' est a valeur fermionique), nous

obtenons les équations de Gauss—Weingarten,

Dy | DyF | = 0 0 —%e‘be DyF |,
N H —2e72Q7 0 N
(7.1.6)
D F 0 0 %e‘z’Hf D F
N —2e7%°Q~ —-H 0 N
et de Gauss—Codazzi
(Z) D1<F222) + D2(F111) =0,
(i) Dy(Ty,") +2e7°Q7Q™ f =0,
(7.1.7)

_ 1 _
(4i7) D.Q™ — §€¢D2H +Q (D1 —Ty,'") =0,

. 1
(iv) D@+ §e¢D1H + QT (D2¢ — I'y,*) = 0.
Il est a noter que, dans I'extension fermionique pour le cas ot f est une constante

bosonique, nous obtenons un cas similaire au cas classique a quelques signes pres,
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c’est-a-dire que les équations de Gauss—Weingarten sont données par

D F Di¢ 0 Qrf D F
D1 DQF = 0 0 —%e‘i’Hf DQF s
N H —2eQ7 0 N
(7.1.8)
DlF 0 0 %e(ﬁHf DlF
DQ DQF — 0 Dggb Q_f DQF P
N —2e Q- —H 0 N
et les équations de Gauss—Codazzi sont données par
(1) DyDy¢ +2¢°Q7 Q™ f =0,
. _ 1
(i4) DiQ™ — 56¢D2H =0, (7.1.9)

1
(iii)  Dy,Q" + 5e¢Dl H=0.

Comparativement, les équations de Gauss—Weingarten et de Gauss—Codazzi clas-

siques sont données respectivement par

OF ou 0 Q OF
d|oF| =1 0 0 1He" | | OF |,
N —H —2Qe™™ 0 N
(7.1.10)
OF 0 0 L1Hev\ (0F
O|0F | = 0 o Q OF |,
N —2Qe —H 0 N
d0u + ;HQe“ —2QQe " =0,
(7.1.11)

1 |

Pour les deux extensions supersymétriques, nous avons spécifié la caractérisa-
tion géométrique de telles surfaces au moyen des premiere et deuxieme formes
fondamentales et, conséquemment, les courbures moyenne et de Gauss. Afin
d’obtenir des solutions aux extensions supersymétriques des équations de Gauss—
Weingarten et de Gauss—Codazzi, nous avons trouvé, a I’aide d’'une adaptation
du critere de symétrie classique aux cas supersymétriques, des générateurs de sy-
métrie (voir les équations et (2.6.4)-(2.6.5)) que nous avons classifiés en
classes de conjugaison d’une fagon analogue a la méthode classique ou nous avons
tenu compte des variables bosoniques et fermioniques. Nous avons obtenu 99
sous-algebres unidimensionnelles dans le cas bosonique et 199 sous-algebres uni-

dimensionnelles dans le cas fermionique. Les listes des sous-algebres se retrouvent
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dans les tables et [2.5], respectivement. De plus, nous avons trouvé des symé-
tries non standards n’admettant pas de réduction parmi ces sous-algebres comme
dans les articles [68,/69]. Pour les équations de Gauss—Codazzi classiques, nous
avons trouvé deux sous-algebres de Lie de dimension infinie de type Virasoro qui
ne se retrouvent pas dans les versions supersymétriques. Nous avons classifié ces
algebres par classes de conjugaison pour la sous-algebre maximale de dimension
finie ou nous avons obtenu 16 sous-algebres unidimensionnelles qui sont énumé-
rées a I’équation ([2.2.20]). En utilisant la méthode de réduction par symétrie pour
les superalgebres de Lie gsg, @76, 124 €t h35, nous avons trouvé des solutions
explicites qui permettent d’obtenir une caractérisation géométrique non triviale.

Dans le chapitre [3| nous avons étudié le lien entre les symétries d'un sys-
teme d’équations différentielles non linéaires et celles de son probleme linéaire
associé, ce qui nous a permis de préciser une conjecture déja existante (voir la ré-
férence [85]) concernant l'intégrabilité au sens solitonique et de 'étendre aux mo-
deles supersymétriques. Afin d’étendre cette conjecture, entre autres, nous avons
trouvé des algebres de Lie de symétries ponctuelles des équations de Gauss—
Weingarten classiques. Nous obtenons, comme pour les équations de Gauss—
Codazzi classiques, une algebre avec deux sous-algebres de dimension infinie de
type Virasoro ainsi qu'une sous-algebre de dimension finie faisant aussi inter-
venir les composantes matricielles de la fonction d’onde (voir I’équation (3.2.4))).
Pour I'extension bosonique des équations de Gauss—Weingarten, nous trouvons un
ensemble de générateurs de symétries faisant aussi intervenir les composantes ma-
tricielles de la fonction d’onde (voir I’équation (3.5.2))) ou, pour chaque symétrie
de la version bosonique des équations de Gauss—Codazzi, il y a un analogue dans
I’ensemble associé a la version bosonique des équations de Gauss—Weingarten.
Pour I'extension fermionique, nous avons trouvé les générateurs de symétries de

la version fermionique des équations de Gauss—Weingarten tels que donnés aux

équations (3.5.7)) et (3.5.8)) et en les comparant avec ceux de la version fermionique

des équations de Gauss—Codazzi, nous observons que la translation de la courbure
moyenne H n’apparait pas comme symétrie du probleme linéaire. Nous trouvons

aussi des symétries pour 1’équation de sine-Gordon supersymétrique et pour son

probleme linéaire associé (voir les équations (3.5.4) et (3.5.6) respectivement).

Une symétrie de changement d’échelle (I’algebre K), présente pour I’équation de
sine-Gordon supersymétrique, n’apparait pas pour son probléme linéaire. Afin de
comparer les symétries d'un systeme et de son probleme linéaire, nous introdui-
sons un projecteur s’appliquant par la droite sur les générateurs de symétries du
probleme linéaire. Ce projecteur prend la forme d’un générateur de changement

d’échelle impliquant toutes les variables du systeme d’équations différentielles non
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linéaires. Par exemple, pour une équation ou ¢ est la variable dépendante et x,y

sont les variables indépendantes, le projecteur prend la forme
w =20y + Y0y + $0,. (7.1.12)

Une fois le projecteur appliqué sur 'ensemble des générateurs de symétries du
probleme linéaire et en ne tenant pas compte des dérivées secondes et des symé-
tries nulles, nous pouvons comparer les symétries du systéme original et de son
probleme linéaire afin d’évaluer I'intégrabilité du systeme au sens solitonique. La
conjecture énoncant les conditions nécessaires est la suivante :

Conjecture 7.1.1.

(1) Si l’ensemble de symétries du systeme original est équivalent d [’ensemble
de symétries du probleme linéaire projeté, alors le systéme non linéaire

n’est pas intégrable au sens solitonique.
(2) Si les conditions suivantes sont satisfaites :

(a) Si Uensemble de symétries du probléme linéaire projeté est un sous-
ensemble des symétries du systeme original, alors il est possible d’in-
troduire un paramétre dans le probléme linéaire au moyen de la symétrie

non commune.

(b) La transformation en (a) doit agir de maniére non triviale, c¢’est-a-dire

que le parametre ne peut pas étre éliminé par une jauge.

alors le systéeme non linéaire est un candidat pour étre un systéme inté-

grable.

En appliquant cette conjecture aux exemples ci-dessus, nous obtenons que le
cas classique et 'extension bosonique des équations de Gauss—Codazzi ne sont pas
intégrables. Par contre, I’extension fermionique des équations de Gauss—Codazzi
et ’équation de sine-Gordon supersymétrique sont des candidats a 'intégrabilité.
Il est a noter que, dans 'extension fermionique, un parametre fermionique est
généré, ce qui n’avait pas été observé dans la littérature.

Le chapitre |4 constitue une premiere étude des versions supersymétriques de
la formule d’immersion de Fokas—Gel’fand pour les surfaces plongées dans une su-
peralgebre de Lie associées aux systémes intégrables supersymétriques. Ces deux
versions prennent en considération les déformations bosonique et fermionique,
individuellement. Dans les deux cas, les déformations peuvent représenter une
déformation spectrale, une déformation générée par les symétries communes au
systeme original et son probleme linéaire spectral ou une déformation par trans-

formation de jauge. Plus précisément, dans le cas d’une déformation bosonique,
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nous considérons une déformation du probleme linéaire spectral,
D;¥ =U;V¥, J=1,2, (7.1.13)
de la forme
U =U(l+eF) eq, U =U+eA;jcg, j=12 (7.1.14)

oll € est un parametre bosonique infinitésimal ou nilpotent d’ordre 2 (¢2 = 0). De

la, nous obtenons les vecteurs tangents a la surface F,
ED;F =V 'EA;V, j=1,2 (7.1.15)
avec la condition de compatibilité
D1 As + Dy Ay — {E Ay, EUy} — {E Ay, EU } = 0. (7.1.16)
Une solution de I'équation ([7.1.16)) pour la déformation A; est donnée par
A; =B(N)o\U; + E(D;S + [ES, EU,|)
+ (erUj + ([D;, prw]¥) \Il’l) €g

et il est possible d’intégrer (7.1.15) pour obtenir la formule d’immersion de la
surface

(7.1.17)

F=U"'8\)(0\0) + U 'ESY + U} (prw¥) € g (7.1.18)

plongée dans la superalgebre de Lie g. Afin de fournir la caractérisation géomé-
trique de cette surface, nous définissons les éléments de la métrique induite a
I’équation , ce qui nous permet d’établir la premiere forme fondamentale.
De plus, nous déterminons une formule pour obtenir le vecteur normal unitaire
N (voir I'équation (4.4.13) afin de calculer les coefficients de la deuxiéme forme
fondamentale (voir I’équation ) A partir des premiére et deuxiéme formes

fondamentales, nous pouvons calculer les courbures de Gauss et moyenne (voir

les équations (4.4.15)) et (4.4.16]) respectivement). De fagon similaire pour les dé-

formations fermioniques, nous considérons une déformation du probleme linéaire

spectral ([7.1.13)) sous la forme
U = U(I +€EF) € G, U =U;+eEA;€g, j=12 (7.1.19)

ol € est un parametre fermionique. De la, nous obtenons les vecteurs tangents a

la surface F,

ED;F = -V 'EAV,  j=1,2 (7.1.20)
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avec la condition de compatibilité
D1 As + Dy Ay + [EAy, EUs| + [EA,, EUy| = 0. (7.1.21)
Une solution de 1’équation pour la déformation A; est donnée par
A; =EB(N)o\U; — E(D;S —{ES, EU,})
+E (perj — ({D;, prw}Vv) \I/_1> €g

et il est possible d’intégrer (7.1.20) pour obtenir la formule d’immersion de la
surface

(7.1.22)

F=U"EB\)(0\T) + U'EST + V' E(prw?¥) € g (7.1.23)

plongée dans la superalgebre de Lie g. La caractérisation géométrique associée est
formulée de fagon analogue. Les éléments de la premiére forme fondamentale sont
décrits par 1’équation . Les éléments de la deuxieme forme fondamentale
sont décrits par I’équation (4.4.26]) avec un vecteur normal unitaire exprimé en
termes des vecteurs tangents a 1’équation . Ceci nous permet de calculer

les courbures de Gauss et moyenne, voir les équations (4.4.27) et (4.4.28]) respecti-

vement. Ces considérations théoriques ont été appliquées au moyen de 1’équation
de sine-Gordon supersymétrique, un systeéme intégrable dont le probleme linéaire
spectral est connu [107,108|. Parmi ces applications, nous avons obtenu des sur-
faces a courbures de Gauss constantes et des surfaces de type Weingarten non
linéaire.

Le chapitre |5| est dédié a I’équation de sine-Gordon supersymétrique. Dans la
premiere partie, nous concentrons notre étude sur les propriétés de type intégrable
de cette équation afin de construire des solutions solitoniques qui nous serviront
a obtenir une caractérisation géométrique pour la version supersymétrique de la
formule d’immersion de Sym—Tafel, ¢’est-a-dire

F =018()\)0\o. (7.1.24)

Nous commencons par construire un probléme linéaire spectral équivalent a celui

trouvé dans [107,108] (voir les équations (5.2.10) et (5.2.11))) en termes des

dérivées fermioniques covariantes
Dy = Ogs — i0*0,, . (7.1.25)

De plus, nous établissons le lien entre cette paire de Lax et celle utilisant les déri-

vées bosoniques (voir les équations (5.2.15)) et (5.2.16))). A partir du premier type

de probleme linéaire spectral, nous construisons une version supersymétrique d’'un

ensemble d’équations de Riccati couplées (voir les équations ((5.2.19) et ((5.2.20))
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et les transformations d’auto-Bécklund (voir Péquation (5.2.22)) associées. Ega-
lement, nous fournissons une description détaillée de la énieme transformation de
Darboux de I’équation de sine-Gordon supersymétrique, voir les équations
a (5.2.30), en termes de déterminants de solutions. Une version classique a déja
été fournie par Matveev et Salle [91], une premieére version supersymétrique a
été fournie par Liu et Manas [87,[88] avec des matrices potentielles utilisant des
opérateurs différentiels qui ne pouvaient étre utilisés pour la formule d’immersion
de Sym—Tafel et nous avons approfondi la version de Siddiq et coll [108|. A partir
de la transformation de Darboux et de la solution triviale s = 2kw, k € Z, nous
trouvons des solutions multisolitoniques non triviales seulement en termes des
variables indépendantes bosoniques et fermioniques, ce qui nous permet d’étu-
dier deux cas de la formule d’immersion supersymétrique de Fokas—Gel’fand pour
une transformation bosonique de changement d’échelle du parametre spectral.
Dans ces deux cas, nous obtenons des surfaces a courbure de Gauss constante
(K = 1), ce qui laisse sous-entendre qu’il s’agit de sphére en analogie avec le cas
classique. Pour une solution, nous trouvons une courbure moyenne non triviale
(voir I'équation (5.3.26))).

Finalement, dans le chapitre [0, nous continuons 'étude des versions super-
symétriques de la forme d’immersion de Fokas—Gel'fand pour les supervariétés
solitoniques plongées dans une superalgebre de Lie. Cette deuxieme étude consi-
dere les supervariétés avec des vecteurs tangents linéairement indépendants dans
les directions des quatre variables indépendantes (deux bosoniques x+ et deux
fermioniques 0F) plutot que dans les directions des dérivées covariantes fermio-
niques Dy = Dy« — 0D, , telle qu’effectuée dans le chapitre . Afin d’entamer
I’étude de ce sujet, a partir de I'existence d’un probleme linéaire spectral utilisant
les dérivées covariantes fermioniques D, nous établissons les relations entre les

trois types de problemes linéaires spectraux,

DV =U,V, D, ¥ =V_0U, Dgr ¥ =W, U, (7.1.26)
qui sont données par

Ve=i(D:Us—U2) €9, Wi=Us+i6*Vecg. (7.1.27)

Par la suite, nous étudions les conséquences différentielles sur les conditions de
courbure nulle de chaque probléme linéaire spectral (voir les équations (6.4.10))

et (6.4.14)). Ensuite, nous abordons la formule d’immersion ou nous considérons
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les déformations de la forme

Ui:Ui—f—GAiEg, ‘Zt:Vi—FEBiGg,
. - (7.1.28)
Wi:Wi—i-eC’iEg, \I/:\I/(I+€F)EG,

ou € est un parametre bosonique infinitésimal ou nilpotent d’ordre 2 dans le
cas bosonique ou un parametre fermionique dans le cas fermionique. Pour le cas
bosonique, les supermatrices A1, B4 et C sont sujettes aux contraintes
et elles sont reliées de la fagon suivante :

By =i(DiAy —{Us, As}),  Ci=A: +i6FB.. (7.1.29)
Il est possible d’intégrer les vecteurs tangents,
D, . F=V"'B.V, Dy F =V 1CL0, (7.1.30)
pour obtenir la fonction d’immersion de la supervariété
F = BNU 10\ + U pr(wg)¥ + U 1SU € g (7.1.31)

et les supermatrices Ay, By et Cy données par I'équation (6.4.25]). Similaire-
ment, pour le cas fermionique, les supermatrices Ay, B1 et C'y sont sujettes aux
contraintes (|6.4.29)) et elles sont reliées de la fagon suivante :

By = —i(DiAy — [Ug, Ay)), Cy= Ay — i B.. (7.1.32)
Il est possible d’intégrer les vecteurs tangents,
D, ,F=V"'B,V, Dy F = -0 'CL0, (7.1.33)
pour obtenir la fonction d’immersion de la supervariété
F = BM\U 10\ + U pr(wg) ¥ + U 1SU € g (7.1.34)

et les supermatrices Ay, By et Cy données par I'équation ((6.4.34). Dans les
deux cas, les déformations sont basées sur trois types distincts de symétries : les
transformations spectrales, les transformations associées aux symétries communes
des problemes linéaires spectraux et de leur condition de courbure nulle ainsi que
les transformations de jauges de la fonction d’onde. De plus, une méthode de
caractérisation géométrique a été formulée a 'aide de la superforme de Killing (en
termes de la supertrace) en tant que produit scalaire. Dans cette caractérisation,
nous avons défini les coefficients des premiere et deuxieme formes fondamentales,

respectivement,

gij = (D;F,D;F), by =(D;D;F,N), ij=17234 (7.1.35)
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Il est a noter que les éléments faisant intervenir les indices 3 et 4 dépendent

partiellement d’autres éléments (voir les équations ((6.5.14]) et (6.5.19)) pour le cas

bosonique ainsi que les équations ((6.5.26|) et (6.5.30) pour le cas fermionique). A

partir de ces coefficients, il est possible de calculer la courbure moyenne a 'aide

de la supertrace
1 _
H = 7 str(bg D, gu =gl iy = [y, (7.1.36)

a condition que la métrique g soit une supermatrice invertible. Egalement, dans
le cas bosonique seulement, nous pouvons définir la courbure de Gauss a l'aide

du superdéterminant,
K = sdet(bg™), (7.1.37)

si les supermatrices ¢ et b sont invertibles. A titre d’exemple, I’équation de sine-
Gordon supersymétrique a été utilisée pour des déformations similaires a celles
utilisées dans le chapitre [l Pour les différentes supervariétés construites, nous
obtenons une géométrie plus riche que dans le chapitre |4 dans le sens ot nous
considérons huit coefficients pour chaque forme fondamentale a priori linéaire-
ment indépendants dans chaque forme fondamentale contrairement a trois co-
efficients. Il est a noter que la version bosonique de la formule d’immersion de
Fokas—Gel’fand (ainsi que sa caractérisation géométrique une fois adaptée) peut
étre réduite a sa version classique a condition que le systéeme supersymétrique
intégrable et a condition que son probléme linéaire spectral utilisant les dérivées
bosoniques puissent étre réduits aux versions classiques associées lorsque nous

considérons la limite ou les éléments fermioniques tendent vers zéro.

7.2. PERSPECTIVES FUTURES

L’étude effectuée dans cette these peut étre étendue dans plusieurs directions,
que ce soit par rapport a la caractérisation géométrique, aux symétries ou dans
I’application a différents systemes intégrables.

Dans la géométrie différentielle classique, une classification des surfaces as-
sociées aux systemes intégrables a été proposée par Bobenko [19] en termes des
courbures de Gauss K et moyenne H. Cette classification est composée de huit

cas :
(1) Les surfaces minimales (H = 0),
(2) Les surfaces a courbure moyenne constante (H = constante),

(3) Les surfaces a courbure de Gauss positive et constante (K = constante
> 0),
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(4) Les surfaces a courbure de Gauss négative et constante (K = constante
< 0),

(5) Les surfaces de Bonnet, ¢’est-a-dire les surfaces possédant des familles non

triviales d’isométrie préservant les courbures principales,

(6) Les surfaces a courbure moyenne de type harmonique inverse (0.0:(1/H) =

0, ou z est une variable conforme de la premiére forme fondamentale),

(7) Les surfaces de Bianchi (9,0,(v—K) = 0, ot « et y sont les coordonnées

asymptotiques),

(8) Les surfaces de Bianchi a courbure positive (9,0:(vK) = 0, ol z est une

coordonnée conforme de la deuxieme forme fondamentale).

Il serait intéressant d’adapter ou d’étendre cette classification aux cas supersy-
métriques. On peut se demander s’il existe de nouvelles classes de surfaces n’ap-
paraissant pas dans le cas classique. Additionnellement, ’étude des courbures de
Gauss K et moyenne H a permis de connaitre le comportement et certaines pro-
priétés des surfaces étudiées. Par exemple, les surfaces a courbure moyenne nulle
(H = 0) et les surfaces a courbure moyenne constante (H = constante) ont été
étudiées dans plusieurs articles, voir par exemple [27,38,/93]. Egalement, il est
possible de classifier des (régions de) surfaces au moyen de la courbure de Gauss
K, c’est-a-dire qu’il est possible de connaitre le comportement d’une surface en
connaissant sa courbure de Gauss (c’est-a~dire des points hyperboliques K < 0,
paraboliques K = 0 ou elliptiques K > 0). Compte tenu de cela, il serait intéres-
sant d’étudier des surfaces possedant ces propriétés dans le cas supersymétrique.
On peut se demander s’il existe de telles surfaces. Est-ce que ces propriétés ont
les mémes implications ?

Dans le chapitre , nous avons considéré un superespace euclidien R1+12) x G.
Il serait intéressant d’investiguer les versions supersymétriques des équations de
Gauss—Weingarten et de Gauss—Codazzi pour d’autres types de superespaces, par
exemple un superespace hyperbolique ou sphérique. Dans le cas classique [20],

ces deux types d’immersion sont représentés par le produit scalaire
3
<CL, b> = GCLQbO + Z aibi, (721)
j=1
oll € = —1 dans l'espace hyperbolique H? C R*! et ¢ = 1 dans ’espace sphérique

S3 C R*, tel que les vecteurs satisfont

(a,a) =, (b,b) = e. (7.2.2)
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En considérant une paramétrisation conforme d’une fonction d’immersion F

c’est-a-dire
(OF,0F) = 0, (OF,0F) = ;e“, (7.2.3)
et le vecteur normal unitaire N satisfaisant
(OF, N) = (OF,N) = (F,N) =0, (N,N) =1, (7.2.4)

nous obtenons les équations de Gauss—Weingarten

OF ou 0 Q 0 oF
OF 1e"H —Se'| |OF
5 0 _ 0 0 5€ 5€ 0 | (7.2.5)
N —H —2¢7%Q 0 0 N
F 1 0 0 0 F
OF 0 0 %e“H —5et oF
_|oF 3) ) F
5 OF | _ 0 o Q 0 ) | (7.2.6)
N —2¢7%Q —H 0 0 N
F 0 1 0 0 F
(7.2.7)

ot les différentielles de Hopf Qdz? et la courbure moyenne H sont définis par les

coefficients de la deuxiéme forme fondamentale,

Q= (0°F,N),  H=2e"(00F,N). (7.2.8)

La condition de compatibilité de Gauss—Weingarten est donnée par
d0u + ;(m +e)e" —2|Q’e™ =0, (7.2.9)
0Q = ;e“(‘?H, (7.2.10)

qui sont les équations de Gauss—Codazzi. Afin de faire ’extension supersymétrique
dans de tels superespaces, il faudra considérer des vecteurs tangents faisant inter-
venir les variables bosoniques et fermioniques ainsi qu’adapter le produit scalaire
afin que les surfaces (ou supervariétés) soient plongées dans une version supersy-
métrique de S® ou H3.

Au début du XX siecle, une classification des équations différentielles or-
dinaires du premier ordre (Fuchs [57]) et du deuxiéme ordre (Painlevé |96] et
Gambier [58]) ont été formulées. Dans le cas supersymétrique, une telle classi-
fication, incluant les variables fermioniques, n’a pas été effectuée et une version
des équations de Painlevé faisant intervenir les variables fermioniques n’a pas été

trouvée jusqu’a présent. Il serait intéressant d’étendre cette classification afin de
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trouver de possibles nouvelles classes d’équations et de voir si des équations de
Painlevé supersymétriques existent. De plus, dans le cas classique [32], il existe
une réduction par symétrie des équations de Gauss—Codazzi qui mene a I’équation
de Painlevé P6. Dans le chapitre [2| nous avons produit une liste de sous-algebres
de Lie unidimensionnelles classifiées par classes de conjugaison pour les versions
supersymétriques des équations de Gauss—Codazzi. Parmi nos exemples de réduc-
tion par symétrie, nous n’avons pas trouvé des équations similaires aux équations
de Painlevé faisant intervenir les variables fermioniques. Il vaudrait la peine de
trouver une réduction par symétrie analogue au cas classique pour essayer d’ob-
tenir une version supersymétrique de I’équation de Painlevé P6. Egalement, il est
connu [25] que I’équation de sine-Gordon (classique) peut étre réduite a ’équa-
tion P3. On peut donc se demander s’il est possible d’en faire autant pour le cas
de I’équation de sine-Gordon supersymétrique. Est-ce que cette forme de I’équa-
tion de Painlevé P3 (si elle existe) fera intervenir les variables fermioniques?
Est-ce qu’une extension supersymétrique des transcendants de Painlevé restera
une solution pour ces types d’équations ?

Le critéere de symétrie n’a pas été étendu ni démontré pour les systemes su-
persymétriques, seulement adapté. On peut se demander si le critere de symétrie
classique, adapté pour tenir compte des variables fermioniques, représente les
conditions nécessaires et suffisantes. De plus, il existe des superalgebres de Lie
non standards telles que trouvées dans [68],69,[B1/B2]. Il pourrait valoir la peine
d’étudier leurs implications. On peut d’autant plus se demander si chaque sys-
téme supersymétrique (intégrable) en possede. Avec la présence des symétries non
standards, est-ce que le (premier) théoreme de Noether, reliant les symétries aux
lois de conservation, peut étre étendu aux modeles supersymétriques ?

Afin d’étudier I'intégrabilité au sens de la théorie des solitons dans le chapitre
[B] et par la suite dans les chapitres [4] [5] et [6] nous avons étudié et observé les
symétries non communes entre un systeme supersymétrique intégrable et ses pro-
blemes linéaires spectraux. Dans tous les cas, nous avons observé la présence de
seulement une symétrie non commune pour chaque systeme intégrable. On peut
se demander s’il existe plus d’une symétrie non commune par systeme intégrable.
Est-ce que le parametre fermionique généré par une symétrie non commune dans
la version fermionique des équations de Gauss—Codazzi peut étre utilisé comme
un parametre spectral 7 Si oui, est-ce qu’il existe d’autres systémes avec un pa-
rametre spectral fermionique ? Peut-on construire des solutions multisolitoniques
a partir d’'un parametre spectral fermionique ? Dans la formule d’immersion de
Fokas—Gel’'fand, est-il possible d’établir un lien entre la déformation spectrale et

les déformations liées aux symétries généralisées ? De plus, comme le critere de
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symétrie n’a pas été démontré pour les systémes supersymétriques, on peut se
demander si les versions supersymétriques de la formule d’immersion de Fokas—
Gel’fand sont completes dans le sens ol nous avons les conditions nécessaires et
suffisantes. Egalement, la formule d’immersion de Fokas—Gel'fand permet de plon-
ger des surfaces solitoniques dans une (super)algebre de Lie. Par contre, il existe
une formule d’immersion [54] permettant de plonger des surfaces solitoniques
dans un groupe de Lie. Il pourrait étre intéressant d’adapter cette formule au cas
supersymétrique afin d’obtenir les équations structurelles et d’étudier la géomé-
trie sous-jacente et la comparer a la formule d’immersion dans la superalgebre
associée. Il est a noter que les surfaces solitoniques associées au probléme linéaire
spectral constituent une famille de surfaces paramétrisées par le parameétre spec-
tral [19,112]. Dans le cas supersymétrique, un tel phénomene est aussi présent.

Dans le cas du chapitre [5] il serait intéressant d’étudier les différentes ca-
ractéristiques et d’utiliser des méthodes d’investigation (comme la formule d’im-
mersion de Fokas—Gel’'fand) pour d’autres systémes supersymétriques intégrables.
Par exemple, nous pouvons étudier les transformations de Darboux et Bécklund,
les symétries et les lois de conservation, la densité lagrangienne, les problemes li-
néaires spectraux, etc. Des exemples de différents systemes incluent les équations
non linéaires de Schrodinger, ’équation de Korteweg—de Vries, les équations de

Sawada—Kotera, etc.
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Résumé

Le but principal de cet article comprend deux parties. L'une d’elles est la construc-
tion de versions supersymétriques (bosonique et fermionique) des équations struc-
turelles pour les surfaces conformément paramétrisées. L’autre est d’investiguer
I'intégrabilité au sens de la théorie des solitons au moyen d’une comparaison des
symétries des systemes d’équations différentielles et celles de leur probleme li-
néaire associé. Cet article consiste d’un survol des résultats obtenus dans deux
études antécédentes [B1,/B2].

Abstract
The main aim of this paper is twofold. One is the construction and analysis of
supersymmetric (bosonic and fermionic) versions of the structural equations for
conformally parametrized surfaces. The other is the investigation of integrability
in the sense of soliton theory via a comparison of the symmetries of the system
of differential equations and those of the associated linear problem. This paper

consists of an overview of the results obtained in two previous works [B1,/B2].
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A.1. INTRODUCTION

Over the last decades, applications of supersymmetry have expanded from
particle physic to a large number of domains (see e.g. [118] and references the-
rein). A number of supersymmetric (SUSY) extensions of classical and quan-
tum physical models have been investigated, such as the Chaplygin gas mo-
del [78] (and references therein), the Born-Infled model [74], the Korteweg—de
Vries equation (e.g. for waves in shallow water in (1+1)-dimensions) |83),88,90],
the Kadomtsev—Petviashvili equation (e.g. for waves in shallow water in (2+1)-
dimensions) [89] and the sine/sinh-Gordon equation (e.g. for crystal disloca-
tion) [31,/64,69./107,108,121].

In differential geometry, parametrized surfaces are described in terms of a
moving frame satisfying the Gauss—Weingarten (GW) equations and their com-
patibility conditions are the Gauss—Codazzi (GC) equations. The construction
and analysis of such surfaces associated with integrable systems in several areas
of mathematical physics provided new tools for the investigation of nonlinear phe-
nomena described by these systems. The analysis of such SUSY versions of the
structural equations for conformally parametrized surfaces are one of the main
goals of this paper and have been studied in [B1].

Methods to solve SUSY differential equations are not as well established as
in the classical case. In order to establish new methods and obtain solutions, one
can investigate special types of differential equations which are easier to solve in
general, like integrable systems (in the sense of the inverse scattering method).
In order to solve such equations, we can use the group theory approach, e.g.
given in |95, and adapt it for Grassmann-valued coordinates and functions. This
lead to the second objective of this paper, which is to formulate a conjecture that
states that by comparing the symmetries of the (SUSY) differential equations with
those of its associated linear problem, it is possible to know if the system is a
candidate for integrability. This conjecture, first proposed for classical differential
equations 28,29 85], can be extended to SUSY differential equations as stated
in [B2].

The paper is organized as follow. At the end of this section, an outline of the
classical Gauss—Codazzi (CGC) and classical Gauss—Weingarten (CGW) equa-
tions for conformally parametrized surfaces is given. In section a conjecture
states that the integrability can be determinated by comparing the symmetries of
a system of equations and those of the associated linear problem. This conjecture
can be extented to SUSY equations and is applied to the CGC equations and to
the SUSY sinh-Gordon equation in this section as examples. In section [A.3] the
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bosonic conformal parametrization of a surface is studied and its integrability is
investigated via the conjecture of section [A.2] In section [A.4] it is the fermionic
conformal parametrization of a surface which is studied and its integrability is
also investigated. More details on this work can be found in the papers [B1,B2|.

A.1.1. Classical conformally parametrized surfaces

Let us consider a smooth orientable surface & immersed in the 3-dimensional
Euclidean space R3 which is conformally parametrized by the function F =
(Fy, Fy, F3) : R — R3. The normalization is given by

(OF,0F) = (OF,0F) =0,  (0F,0F) = 1e“,
) 2 (A.1.1)
(OF,N) = (9F,N) =0,  (N,N)=1,

where N is the normal unit vector and 9, 0 are the partial derivatives with respect
to the complex variables z, z (z = z +1iy). Here and subsequently, the form (-|-) is
the traditionnal inner product in R3. Introducing the notion of the moving frame
Q = (OF,0F, N)" and assuming that the derivatives of each component of the
moving frame can be written as linear combinations of F, F and N, we get
the CGW equations

OF ou 0 Q OF
d|oF| =1 0 0  iHe'||oF|, 0Q=WQ,
N —H —27"Q 0 N
(A1.2)
OF 0 0 L1He*\ (OF
o|oF | = 0 o Q orF |,  09=1,9,
N —2e7Q —H 0 N

where ) (which is associated with the Hopf differential Qdz?) and the mean

curvature H are defined by
Q= (0*F,N),  H=2e"(00F,N). (A.1.3)
From the compatibility condition of the CGW equations, we obtain the CGC

equations,

_ 1 _
00u+ —H?* —2QQe =0 (, the Gauss equation),
2
g ) ] (A.1.4)
0Q = 56“8[{, 0Q = 56”8[’] (, the Codazzi equations).
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A.2. INVESTIGATING INTEGRABILITY VIA A COMPARISON OF SYM-
METRIES

The conjecture stated further in this section was first proposed by Levy et
al. [85] and then by Cieslinski [28,29] for classical differential equations. The
formulation proposed in this paper uses a new projection operator and is extended
to SUSY differential equations. In order to formulate this conjecture, let us define
some notation.

Let L be the set of all vector fields associated with the Lie point symmetries
of the original PDEs A = 0. Let Ly be the set of all vector fields associated with
the Lie point symmetries of the linear problem (LP) A = 0. Let 7, be a projection

operator acting on a set L of vector fields w such that
7,(L) = {o/]f = wp}, (A2.1)

where p is in the form of a dilation generator (e.g. p = 10,4, + 2204, + Y0y).

Here and in what follows, in order to compare the sets L; and Lo, we will
consider a p involving all independent and dependent variables of the PDEs A =
0. This choice of p implies that 7, acts as an identity on the set Ly, i.e. m,(L;) =
Ly. The common symmetries of the PDEs A = 0 and LP A = 0 are the vector
fields which span the set

L3 = Ll N TI‘p(Lg) 7é @ (A22)

One should note that the set Lj is not necessarily an algebra. Also, let L4 be the
set of all vector fields that generate a symmetry of the PDEs A = 0 but do not
generate a symmetry of the LP A = 0. The set L, is define as

This set does not form necessarily an algebra.

Conjecture A.2.1.
(1) If Ly = w(Ly) then the PDEs A =0 are not integrable.

(2) If the following conditions are satisfied

(a) w(Ls) is a proper subset of Ly, that is
Ly D w(Ly). (A.2.4)
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A free parameter can be introduced into the linear system using a sym-
metry transformation generated by one of the vector fields appearing in
Ly.

(b) The transformation given in (a) acts in a nontivial way (i.e. cannot be

eliminated through an Ly-valued gauge matriz function).

Then the system of PDEs A = 0 is a candidate to be an integrable one.

In order to apply this conjecture to the CGC equations, we must compare the

symmetry Lie algebra of these PDEs,
X(n) =n(2)0: +1'(2)(—2Q0q — Udy),
Y (¢) = ¢(2)0: + ¢'(2)(—2Qdg — Udy), (A.2.5)
eo = —HOy + Q0q + Qg + 2Udy,
with the symmetry Lie algebra of the CGW equations,
X(n) =n(2)0: — ' (2)(Udy + 2Q0q),
Y(¢) = ¢(2)0: = {'(2)(Udy +2Q0y),
o = —HOy + Qdg + Q05 + 2Udy + Fi0F,,

T, =0p,  Di=Fdp, + Ny, i=123 (429
Rij = (FiOp, — F;0F,) + (NiOn; — N;0;,), 1<7=2,3
Sij = (Fi0p, + Fj0r,) + (N;On, + N;0n,).
By comparing these algebras with p of the form
p =20, + 20+ Qg + Qdg + HO + ud,, (A.2.7)
we get that
Ly = m,(Ly). (A.2.8)
Hence the classical CGC equations are not integrable.
As a second example, we consider the SUSY sinh-Gordon,
D,D_® =1isind, (A.2.9)

where the derivatives D, are given by

Dy = Op= — i60*0,,, (A.2.10)
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6* being the fermionic independent variables and x4 being the bosonic inde-

pendent variables. The associate LP is given by

Ui Y2 fi3
DyV = BV, where W = |19 o faz |,
fa1 fa2 33
] 0 0 ie'® 1D_® 0 —1
B, = 5 0 0 —ie ], B_ = 0 —D_® 3
—e71 gi® 0 —1 1 0

One should note that ¥ is an even-supermatrix and By are odd-supermatrices.
The symmetries of the SUSY sinh-Gordon equation and its associated LP are

given respectively by

P, =0,,, Jizagi—i—i@iazi,

K =210, — 220, +0 0+ —0 0p-, (A-211)
and by
Pr=0,,, Ji=0p+i070,,, Gi=v110yp, + 210y, + [310,,, (A213
Go = Y120y, + Y220y, + [320p,,, Gz = f1301, + f230p5 + 330y,
Using conjecture with p of the form
p=a40y, +2_0, + 00+ + 0 0p- + POy, (A.2.13)

we get that Ly D m,(Ls2). So using the symmetry generator K € L4, we can

introduce a free parameter \ in such a way :

D,V =B,¥, D V=R,

. 0 0 ic® iD_® 0 VN
B, = VG 0 0 —ie ™|, B_.=| 0 —iD.® W/ |,
—eT1® (i® 0 V) VoY 0

where A does not act trivially on the new linear spectral problem. Hence, the
SUSY sinh-Gordon equation is a candidate to be integrable.
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A.3. BOSONIC CONFORMAL PARAMETRIZATION OF A SURFACE

Let the surface S be smooth, orientable and immersed in the superspace
RZ12) We assume that the surface S is conformally parametrized by a boso-

nic superfield F(z,,x_,67,07) with the normalization conditions

1 1
(DoF,DiF) =0, (DyF,D_F)=ce’f,  (D-F,DyF)=—ce’f
(A.3.1)

where D, are defined as in equation ({A.2.10), ¢ is a bosonic-valued function
of xp,x_,0",07, and f is a bodiless bosonic-valued function of z,,z_. We can

introduce a bosonic superfield N which acts as the classical normal unit vector
(DLF,N) =0, (N,N) =1. (A.3.2)

The tangent vectors D F together with the normal superfield N form the SUSY
moving frame Q = (D, F, D_F, N)T. Assuming that the first derivatives of {2 can
be written as linear combinations of the elements of 2 and with some calculation
we get the bosonic case of the supersymmetric Gauss—Weingarten (bSUSYGW)

equations

D+Q - A+Q, D_Q - A_Q,

F111 F112 Q+f

A= | -Tpt —Ty7 —%e(f’Hf ,
H  2e72Q7 0 (A.3.3)
I I'yy? %€¢Hf
A= Ty Iy’ Q°f

—2e Q- H 0

jk are the Christoffel symbols of second kind and

where the Q% and the mean curvature H are defined by

(D+D F,N)=Q"f, ~ (D_-D_F,N)=Q"f,

where the fermionic functions I',

1 (A.3.4)
(D_D,F,N)=—(D,D_F,N) = 5e¢Hf.

The zero curvature condition of the bSUSYGW equations

D+A_ + D_A+ — {EA+, EA_} — 0, (ASE))
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where

0
E=+ 0, (A.3.6)

—1

o O =
S = O

constitutes the bosonic case of the supersymmetric Gauss—Codazzi (bSUSYGC)

equations and corresponds to the following six linearly independent equations
() D-(I'y') + Dy (") + Dy (T'yy') — D-(T'y,%) =0,
(i) D_(Tyy") =TTy’ + Dy(Ty,!) + 17T

1
S H2Of = 2Q7 Qe =0,

1
(i) Q'Ty’ —T°Q" +D_Q" —Q*D_¢ + §€¢D+H =0,

1 A37
() QT -TRQ 4 D.Q QDo retp =0, AT

(v) D—(FHQ) - F121F112 - F112F222 - F1111—‘122
+ D, (T,%) +2QTHf =0,
(vi)  Dy(Tap') + T Tyy! = Doy Tyt + Ty Tyt
—D_(T," ) +2Q Hf =0.
We will now determine whether or not the bSUSYGC equations form an

integrable system. In order to lighthen the Christoffel symbols’s notation, we

write them as

R = Fnla R™ = 1—‘1127 ST = F121>
A.3.8
ST =Ty° T'=T,", T =TIy, ( )

The vector fields of the Lie point symmetries of the bSUSYGC equations are
given by
Co=Hoy + Q" 0g+ + Q 0g- — 210,
Ko=—Hoy + Q" 0o+ + Q™ 9g- + 205,
K} = —23.0,, — 0% 0p+ + R*0p+ + 2R 0p- + S~ 0s-
—T" 0+ +2Q" 0o+ + 0,
Ky= 200, —0 0p- — R Op- + ST 0s+ + 2T 0p+
+T70p- +2Q 0g- + Oy,
Py =0,,, Po=0.,

Ty = Op +1i070,, J_ =08 +i0 0, .

(A.3.9)
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and the symmetries of the bSUSYGW equations are spanned by
Py =0,,,
Ji = Opt +i6%0,,,
Co= Hoy + Q" 09+ + Qg — 2f0; + NiOy,,
Ko=—Hoy + Q0o+ + Q09— + 205 — Nidn;,,
K!=-22,0,, — 0" 0p+ + R"Op+ + 2R Op- + S~ 0s-
—T"0r+ 4+ 2Q" 0o+ + 0,
KY= 200, —070p — R Op + S 0g+ + 2T 0r+
+170p- +2Q 0g- + 04,
G; = F;Op, + N;On,, B; = 0p,, fori=1,2,3
Ry = Fi0p, — F;Orp, + N;On;, — N;0n,, i<j=2,3.

(A.3.10)

Using conjecture with p involving all independent and dependent variables
of the bSUSYGC equations, we see that Ly = m,(Ly). Hence the bSUSYGC
equations are not integrable.

A.4. FERMIONIC CONFORMAL PARAMETRIZATION OF A SURFACE

Let the surface & be smooth, orientable and immersed in the superspace
RL1B) We assume that the surface S is conformally parametrized by a fermionic

superfield F(z,,z_,0%,07) with the normalization conditions
1
(DLF,D.F) =0, (DLF,D+F) = §e¢ f, (A4.1)

where ¢ is a bosonic-valued function of z,,z_,0%, 6~ and the bosonic-valued
function f(xy,z_) may be bodiless depending on the structure of F'. The norma-

lization on the bosonic superfield N is given by
(DLF,N) =0, (N,N) =1. (A.4.2)

The tangent vectors D F' together with the normal superfield N form the SUSY
moving frame Q = (D, F, D_F, N)T. Assuming that the first derivatives of the
moving frame () can be written as linear combinations of the elements of {2 and

with some calculation we get the fermionic case of the supersymemtric Gauss—

Weingarten (fSUSYGW) equations
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D.Q=A.Q, D_Q=A_Q,

Dy |\D_F|=] 0 0 —%e‘be D_F[,
N H —2e°Q" 0 N (A.4.3)
D.F 0 0 1e®Hf\ (DyF

D_|D_F|= 0 Iy? Qf | |D_F
N —2e%Q~ —H 0 N

The fermionic case of the supersymmetric Gauss—Codazzi (fSUSYGC) equations,

which are equivalent to the ZCC
DA _+D_A, —{A;,A_} =0, (A.4.4)
reduce to the following four linearly independent equations
(i) Dy(Dy?)+D_(T,') =0,
(i) D-(Ty') +2e7°QTQ™f =0,

(i) D, Q™ — ;ed)DH +Q (Digp— F111) —0, (A.4.5)

(iv) D_Q + ;ed’DJrH + QY (D_¢ —T,,?) =0.

Using the abbreviated notation (A.3.8) and conjecture we seek to know
if the fSUSYGC equations are integrable. The symmetries of the fSUSYGC equa-
tions are spanned by

Ji = O+ + 1070, , J_ = 0yp- +1070,_, W =0y
P+:(9m+, P—:amfv
Co=HOpy + Q" 0g+ + Q 0g- — 210,
Ko=—HOy + Q" 0o+ + Q~ 0g- + 20,
K{ = —22,0,, — 0105+ +2Q" 0o+ + R 0p+ + 0y,

Kg =—2x_0, —0 0p- + QQ_an +T 0p- + 8¢a

(A.4.6)
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and the set of vector fields which generates symmetries of the fSUSYGW equa-
tions is given by

Py =0,,,  Ji=0p+i070,,,
Co= Hoy +Q 09+ + Q g — 2f0; + NiOy,,
Ko = —Hoy + Q09+ + Q 0o + 205 — NiO,,
K{ = —22,0,, — 0705 +2Q 0o+ + R 0+ + 0, (A4.7)
K =200, —0 0 +2Q 0g- +T 0p- + 0y,
G; = F;,0p, + N;Op;,, B; = 0p,, fori,j =1,2,3
Ri; = FiOp, — F;OF, + NiOn; — N;On,, 1< j=2,3.
Comparing these sets of generators, we see that the symmetry spanned by the
vector field W is not common to both the fSUSYGC equations and the fSUSYGW
equations. We can use this symmetry to incorporate a free fermionic parameter

A which cannot be eliminated through a gauge transformation. The potential

matrices Ay take the form

r,' 0 QFf
Ay = 0 0 —%e¢(H+ N
H+ ) —2e°Q" 0
(A.4.8)
0 0 se?(H+\)f
A= 0 [yy? Q° f
_2e0Q~ —H — ) 0

Therefore, the system of the fSUSYGC equation is a candidate to be integrable.

A.5. CONCLUSION

In this paper we have presented supersymmetric conformal parametrizations
of surfaces, one for the bosonic case and another for the ferminonic case. Both
the Gauss—Codazzi and Gauss—Weingarten equations have been given for the bo-
sonic and fermionic cases. Moreover, a conjecture on the integrability of systems
of differential equations in the sense of soliton theory has been presented. This
conjecture allows us to know if a system of differential equations can be integrable
by comparing the symmetries of the system with the symmetries of its linear pro-
blem. In this paper, examples of this conjecture have been applied to the classical
Gauss—Codazzi equations, the supersymmetric sinh-Gordon equation, the bosonic
case of the supersymmetric Gauss—Codazzi equations and the fermionic case of

the supersymmetric Gauss—Codazzi equations.
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Résumé
Dans cet article, nous formulons une extension supersymétrique des équations de
Gauss—Weingarten et de Gauss—Codazzi pour les surfaces conformément paramé-
trisées plongées dans un superespace de Grassmann. Nous effectuons cette analyse
en utilisant un formalisme de superespace/superchamp et une version supersymé-
trique du repere mobile sur une surface. Contrairement au cas classique ot nous
avons trois équations de Gauss—Codazzi, nous obtenons six équations dans le cas
supersymétrique. Nous déterminons 1’algebre de Lie des symétries des équations
classiques de Gauss—Codazzi qui est de dimension infinie et nous effectuons une
classification des sous-algebres unidimensionnelles de la sous-algebre maximale de
dimension finie. Par la suite, nous calculons la superalgebre de Lie des symétries
ponctuelle des équations de Gauss—Codazzi supersymétriques et nous classifions
les sous-algebres en classes de conjugaison de cette superalgebre. Puis, nous utili-
sons la méthode de réduction par symétrie pour trouver les invariants, les orbites
et les systémes réduits pour deux sous-algebres unidimensionnelles dans le cas
classique et pour trois sous-algebres unidimensionnelles dans le cas supersymé-

trique. Par les solutions de ces systemes réduits, nous obtenons des solutions
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explicites et des surfaces des équations de Gauss—Codazzi classique et supersy-

métrique. Nous fournissons une interprétation géométrique des résultats.

Abstract
In this paper, we formulate a supersymmetric extension of the Gauss—Weingarten
and Gauss—Codazzi equations for conformally parametrized surfaces immersed in
a Grassmann superspace. We perform this analysis using a superspace-superfield
formalism together with a supersymmetric version of a moving frame on a sur-
face. In constrast to the classical case, where we have three Gauss—Codazzi equa-
tions, we obtain six such equations in the supersymmetric case. We determine
the Lie symmetry algebra of the classical Gauss—Codazzi equations to be infinite-
dimensional and perform a subalgebra classification of the one-dimensional sub-
algebras of its largest finite-dimensional subalgebra. We then compute a super-
algebra of Lie point symmetries of the supersymmetric Gauss—Codazzi equations
and classify the one-dimensional subalgebras of this superalgebra into conjugacy
classes. We then use the symmetry reduction method to find invariants, orbits
and reduced systems for two one-dimensional subalgebras in the classical case
and three one-dimensional subalgebras in the supersymmetric case. Through the
solutions of these reduced systems, we obtain explicit solutions and surfaces of the
classical and supersymmetric Gauss—Codazzi equations. We provide a geometrical

interpretation of the results.

B.1. INTRODUCTION

The theory of supersymmetry has been studied extensively over the past de-
cades and has generated a great deal of interest and activity in several areas of
mathematics and physics. Applications have been numerous in the field of par-
ticle physics (see e.g. [16},[37,/45,76,114,/119]) but it has also been applied to
classical fluid dynamics ( [36,50,|67],78,83,(89,90]). Various approaches have
been used to construct supersoliton solutions, such as the inverse scattering me-
thod, Backlund and Darboux transformations for odd and even superfields, Lax
formalism in a superspace and generalized versions of the symmetry reduction
method. A number of soliton and super multi-soliton solutions were determined
by a Crum-type transformation [64,/91,/107] and it was found that there exist
infinitely many local conserved quantities. A connection was established between
the super-Darboux transformations and super-Bécklund transformations which
allow for the construction of supersoliton solutions [3.24,/63|,69,88.(108|,116].

In differential geometry, parametrized surfaces are described in terms of mo-

ving frames satisfying the Gauss—Weingarten (GW) equations, which are linear
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differential equations. Their compatibility conditions are the Gauss—Codazzi (GC)
equations. A representation of nonlinear equations in the form of the GC equa-
tions is the starting point in the theory of integrable (soliton) surfaces arising
from infinitesimal deformations of integrable differential equations and descri-
bing the behaviour of soliton solutions. The construction and analysis of such
surfaces associated with integrable systems in several areas of mathematical phy-
sics provides new tools for the investigation of nonlinear phenomena described by
these systems. In this setting, it is our objective to perform a systematic analysis
of a supersymmetric (SUSY) version of the GC equations. The formulation of a
SUSY extension of the GW and GC equations has already been accomplished for
the specific case of bosonic Grassmann sigma models [41}42,104/122]. Tt would
be of considerable interest to consider such an extension for general case of the
GW and GC equations.

The purpose of this paper is to formulate a SUSY extension of the GW and
GC equations for the case of conformally parametrized surfaces in R3. The SUSY
version of these equations is formulated through the use of a superspace-superfield
formalism. The considered surfaces are parametrized by the vector field F and
the normal vector field A, which are replaced in the SUSY version by their
corresponding bosonic vector superfields F' and N in a superspace R(2!?) This
allows us to formulate the SUSY extension of the structural equations for the
immersion of conformally parametrized surfaces explicitly in matrix form. We
establish an explicit form of the SUSY GW equations satisfied by the moving
frame on these surfaces. The result is independent of the parametrization. This
allows us to examine various geometric properties of the studied immersions, such
as the first and second fundamental forms of the surfaces (and therefore the mean
and Gaussian curvatures).

Once we have established the SUSY extension of the GW and GC equations,
we compute a Lie symmetry superalgebra and classify its one-dimensional subal-
gebras into conjugacy classes. We then use a generalized version of the symmetry
reduction method to determine invariant solutions of our SUSY model. Some
geometrical aspects of the obtained results are explored. We demonstrate that
the SUSY GW equations for the superframe on the surface resemble the linear
system which appears in the soliton theory of the immersion of surfaces in Lie
algebras.

The paper is organized as follows. The symmetry algebra of the classical GC
equations is determined and a subalgebra classification of its one-dimensional
subalgebras is performed in section [B.2] Section we recall the basic proper-

ties of Grassmann algebras and Grassmann variables and introduce the notation
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that will be used in what follows. In section [B.4] we construct the supersymme-
tric extensions of the Gauss—Weingarten and Gauss—Codazzi equations. In section
[B.5] we discuss certain geometric aspects of the conformally parametrized super-
symmetric surface. We provide expressions for the first and second fundamental
forms and the Gaussian and mean curvatures, which are required for a geome-
trical interpretation of the invariant solutions. In section we determine a
Lie superalgebra of symmetries of the supersymmetric Gauss—Codazzi equations.
Section involves a classification of the one-dimensional subalgebras of the Lie
superalgebra into conjugacy classes. In section [B.§ we provide examples of inva-
riant solutions of the supersymmetric Gauss—Codazzi equations obtained by the
symmetry reduction method. Finally, in section [B.9] we present the conclusions

and discuss possible future developments in this field.

B.2. SYMMETRIES OF CONFORMALLY PARAMETRIZED SURFACES

The system of partial differential equations (PDEs) describing the moving
frame Q = (0F,0F, N)T on a conformally parametrized surface in 3-dimensional

Euclidean space satisfies the following GW equations
N =V,  00=V0Q, (B.2.1)

where the matrices V; and V5 are given by

ou 0 Q 0 0 1Hev
Vi=| 0 0 1He" |, Vy = 0 o Q |. (B22)
—H —2Qe™ 0 —2Qe™ —H 0

Here 0 and 9 are the partial derivatives with respect to the complex coordinates
z = x+1y and z = x—1y, respectively. The conformal parametrization of a surface
is given by a vector-valued function F = (Fy, Fo, F3)7 : R — R?® (where R is
a Riemann surface) which satisfies the following normalization for the tangent

vectors OF and OF and the unit normal N
(OF,0F) = (0F,0F) =0,  (0F,0F) = ;eu7
(0F.N) = (0FN) =0, (NN =1,

and we define the quantities

(B.2.3)

Q= (PF.N)eC, H=2"(00F N)eR. (B.2.4)
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Here the bracket (-,-) denotes the scalar product in 3-dimensional Euclidean

space R3
<CL, b) = a1b1 + a2b2 + a3b3. (B25)

So, the GW equations for a moving frame €2 on a surface have to obey the following

system of equations
OPF =0udF +QN,  90F = ;He“/\/', O*F = OudF + QN
ON = —HOF —2¢7"QO0F,  ON =—2¢""QOF — HOF.

(B.2.6)

The first and second fundamental forms are given by

= (1) () () - ((6)-(2)) oo

and

2 _ Q+Q+e"H i(Q— Q) dz dx
H—(d]:,/\f)—<( Q- 0) —(Q+Q)+6“H) (dy),(dy)>, (B.2.8)

respectively. The principal curvatures k; and ko are the eigenvalues of the matrix
B [@FQFeH  i(Q-Q)
Q-Q) —(Q@+Q)+e"H

We obtain the following expressions for the mean and Gaussian curvatures

(B.2.9)

1 1
K = kiky = det(B) = H* — 4QQe™". (B.2.11)

Umbilic points on a surface take place when H? — K = 0 which implies that
|Q*> = 0. The compatibility conditions of the GW equations (B.2.1)) are the GC

equations
Vi — OVa + [V, Vo] = 0, (B.2.12)

(the bracket [-, -] denotes the commutator) which reduce to the following three

differential equations for the quantities (), H and e*

_ 1 _
O0u + ~H?e" — 2QQe ™" = 0, (the Gauss equation)
2
. o (B.2.13)
oQ — ieuaH =0, 0Q — 56“8[{ =0. (the Codazzi equations)

These equations are the necessary and sufficient conditions for the existence of

conformally parametrized surfaces in 3-dimensional Euclidean space R? with the
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fundamental forms given by (B.2.7) and (B.2.8). A review of systematic com-
putational methods for constructing surfaces for a given moving frame can be

found in several books (e.g. [6,47}/82,/99,[115]). Equations (B.2.1)), and
(B.2.13) allow us to formulate explicitly the structural equations for the immer-
sion directly in matrix terms. However, it is nontrivial to identify those surfaces
which have an invariant geometrical characterization |[19,47]. The task of finding
an increasing number of solutions of the GW and GC equations is related to the
group properties of these systems of equations. Their main advantages appear
when group analysis makes it possible to construct regular algorithms for finding
certain classes of solutions (describing diverse types of surfaces) without referring
to any additional considerations, but proceeding only from the given system of
equations. A broad review of recent developments in this subject can be found
in several books (see e.g. P. Olver [95], D. Sattinger and O. Weaver [105], and
G. Bluman and S. Kumai [18]). The methodological approach adopted here is
based on the symmetry reduction method for PDEs invariant under a Lie group
G of point transformations. Using the Maple program, we find that the sym-
metry group of the classical GC equations consists of conformal scaling
transformations. The corresponding symmetry algebra L is spanned by the vector
fields

X(n) =n(2)0: +1'(2)(=2Q0q — Udy),
Y(Q) = (2)9: + {'(2)(—2Qd5 — Udy), (B.2.14)
eo = —HOy + Q0q + Qg + 2Udy,
where 7/(-) and (’(-) are the derivatives of n(-) and ((-) with respect to their

arguments respectively and where we have used the notation e* = U. The com-

mutation relations are
= (2 = mnp)0: + (nine — mny)(2Q0q + Udy),
V(€)Y (@) = (GG — GG)0: + ((G — GG (2Q05 + Udy), (B.2.15)
[(X(n), Y (Ol =0, [X(n),e] =0,  [Y((), €] = 0.

Since the vector fields X (n), Y (¢) and ey form an Abelian algebra, they determine
that the algebra £ can be decomposed as a direct sum of two infinite-dimensional

Lie algebras together with a one-dimensional algebra generated by ey, i.e.

L={Xn}@{Y (O} & {eo}- (B.2.16)

This algebra represents a direct sum of two copies of the Virasoro algebra together
with the one-dimensional subalgebra {ep}. Assuming that the functions n and ¢

are analytic in some open subset D C C, we can develop 1 and ( as power series



B-vii

with respect to their arguments and provide a basis for £. The largest finite-
dimensional subalgebra L of the algebra L is spanned by seven generators
€y = —H@H + Q@Q + Q@Q + 2U8U,
€1 = 82, €3 — z@z — QQOQ — U@U,

_ (B.2.17)
62:85 642285—2Q8Q—U8U,
es = 220, — 42Q0q — 22Udy, eg = 2205 — 42Q8Q —2zU0y,
with nonzero commutation relations
[61, 63] = €1, [61765] = —2es, [63765] = €5,
(B.2.18)
2, e4] = €2, 2, e6) = —2e, leq, €6] = €.

This 7-dimensional Lie subalgebra L can be decomposed as a direct sum of two

simple subalgebras together with a one-dimensional algebra generated by ey,
L ={e,e3,e5} ®{es,e4,66} ® {eo}. (B.2.19)

Therefore, the classification of the subalgebras of L consists of two copies of a
3-dimensional Lie algebra together with the center {eg}. This 3-dimensional Lie
algebra corresponds to the algebra Asgs in the classification of J. Patera and P.
Winternitz |97] which is isomorphic to su(l,1). The resulting classification of
the subalgebras of L into conjugacy classes, performed according to the methods

described in [120], is given by the following list of representative subalgebras L ;
L= {60}7 Ly = {61}, Lo = {63}7 Lz = {61 + 65},
Lig = {ea2}, Lyis = {es}, Lig = {ex + €6},
Ly 7 = {e1 + ees}, Lig = {e1 + €eq},
Lig={ex+ e+ €er}, Ly 10 = {es + eea}, (B.2.20)
Ly11 = {es + aey}, Ly19 = {es + €6 + aes},
Ly = {e1 +e5 +eea}, Ly1y = {e1 +e5+aeqt,
Ly15 ={e1 +es+alex+es)},

where € = £1 and a # 0 are parameters. The center of L, {ep}, can be added
to any of the subalgebras given above, say L;; = {A}, to produce a twisted
subalgebra of the form L} ; = {A + beg}, where b # 0. The symmetry reductions
associated with the subalgebras lead to systems of ordinary differen-
tial equations (ODESs). These reduced systems were analyzed systematically as a
single generic symmetry reduction in [32], where the GC equations were
reduced to the most general Painlevé P6 form (containing two or three arbitrary

parameters).
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B.3. PRELIMINARIES ON (GRASSMANN ALGEBRAS

The mathematical background formalism is based on the theory of superma-
nifolds as presented in [11,33]43,/56,118] and can be summarized as follows.
The starting point in our consideration is a complex Grassmann algebra A invol-
ving a finite or infinite number of Grassmann generators ({1, &, ...). The number
of Grassmann generators of A is not essential provided that there is a sufficient
number of them to make any formula encountered meaningful. The Grassmann

algebra A can be decomposed into its even and odd parts
A = Agven + Aoda- (B.3.1)

In the context of supersymmetry, the spaces A and/or Aee, replace the field of
complex numbers. The elements of A are called supernumbers while elements
of its even or odd parts are called even or odd supernumbers respectively. The

Grassmann algebra can also be decomposed as

A= Abody + Asoula (B32)
where
Avody = Alé1, 62,1 = C, A =Y AF[&1, 6, ... (B.3.3)
k>1
Here A%[¢), &, ...] refers to all terms that do not involve any of the generators
&, while A¥[€),&,, ...] refers to all terms that involve products of k generators

(for instance, if we have 4 generators &1, s, &3, &y, then A%[€), &, &3, &4] refers to
all terms involving & &, &1€3, §1&4, £2€3, €& or &3€4). The bodiless elements in
Agou are non-invertible because of the ZJ-grading of the Grassmann algebra. If
the number of Grassmann generators R is finite, bodiless elements are nilpotent
of degree at most K. In this paper, we assume that K is arbitrarily large but
finite. Our analysis is based on the global theory of supermanifolds as described
in [12,101,102].

Next, in our consideration, we use a Zs-graded complex vector space V' which
has even basis elements u;, 7+ = 1,2,..., N, and odd basis elements v,, p =
1,2,..., N, and construct W = A ®¢ V. We are interested in the even part of W

Weven = {Z a;U; + Z@HU;AG"L' S Aevenvgﬂ € Aodd} . <B34)
i o

Clearly, Weyen i & Aeyen module which can be identified with AXY x AXY (consis-

ting of N copies of Aeyen and M copies of Ayqq). We associate with the original
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basis, consisting of u; and v,, (although v,, € Weyen), the corresponding functionals
Ej : Weven — Aeven : Ej (Z a;u; + ZO&NUH> = ay, (B35>
i H

T, : Weven — Noad : Yo (Z a;u; + Za“v#> =, (B.3.6)
i 1

and view them as the coordinates (even and odd respectively) on Weyen. Any
topological manifold locally diffeomorphic to a suitable Wiy, is called a super-
manifold.

The transitions to even and odd coordinates between different charts on the
supermanifold are assumed to be even- and odd-valued superanalytic or at least
G functions on Weyen. A comprehensive definition of the classes of supersmooth
functions G and superanalytic functions G* can be found in [102], definition
2.5. We note that superanalytic functions are those that can be expanded into
a convergent power series in even and odd coordinates, whereas the definition
of the G*° function is a more involved analogue of functions on manifolds. Any
G* function can be expanded into products of odd coordinates in a Taylor-like
expansion but the coefficients, being functions of even and odd coordinates, may
not necessarily be analytic (see e.g. [102]).

The super-Minkowski space R1112) can be viewed as such a supermanifold glo-
bally diffeomorphic to AX2 x A3, with even light-cone coordinates x,,z_ and

even

odd coordinates 67,07, Here z, and x_ are linear combinations of terms invol-

ving an even number of generators : 1,£182, 183, 8184, -+, §283, §284, -5 §1628360, -
On the other hand, " and 6~ are linear combinations of terms involving an odd

number of generators : 1,82, 83,84, .-, §18283, §18284, §18384, §28384, .. The super-
symmetry transformation (B.4.12)) and (B.4.13]) in the next section can be vie-

wed as a particular change of coordinates on R!?) which transforms solutions of

the SUSY GW equations (B.4.16)) and GC equations, (B.4.41)) respectively, into

solutions of the same equation in new coordinates. A bosonic smooth superfield

1,1)2

is a G* function from RMY2) to Agyen. It can be expanded in powers of the odd

coordinates 61 and 6~ giving a decomposition in terms of even superfields
Xeven : A;VQGH —> Aevena
and odd superfields

A X2
Xodd - Aeven — Aodd-
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In this paper, we use the convention that partial derivatives involving odd
variables satisfy the Leibniz rule

Op= (hg) = (Og=h)g + (—1)*B M h(Dps g), (B.3.7)
where
0 if h is even
deg(h) = ’ B.3.8
es(h) { 1if h is odd, ( )
and the notation
foro- = 0 (Op+ ) - (B.3.9)

The partial derivatives with respect to the odd coordinates satisfy 0pif? = (SZ
where the indices ¢ and j each stand for + or —. The operators O+, Ji and
D, in equations and change the parity of a bosonic function
to a fermionic function and vice versa. For example, if ¢ is a bosonic function,
then 0p+¢ is an odd superfield while Oy+Jp-¢@ is an even superfield and so on.
For further details see e.g. the books by Cornwell [33], DeWitt [43], Freed [56],
Varadarajan [118] and references therein. The chain rule for a Grassmann-valued
composite function f(g(z)) is

of _ 9g 0f

Or, 0w, g’

The interchange of mixed derivatives (with proper respect to the ordering of odd

(B.3.10)

variables) is assumed throughout. The even supernumbers, variables, fields, etc.
are assumed to be elements of the even part Ag.e, of the underlying abstract real
(complex) Grassmann ring A. The odd supernumbers, variables, fields, etc. lie in
its odd part Aggq.

B.4. SUPERSYMMETRIC EXTENSION OF THE GAUSS-WEINGARTEN
AND GAUSS-CODAZZI EQUATIONS

In this section, we derive the main elements allowing us to construct surfaces in
the superspace R Let us consider a SUSY version of the differential equations
which define surfaces in two-dimensional Minkowski space with the bosonic light-
cone coordinates z; = 1(¢t + z) and z_ = (¢t — z) and the fermionic (anti-

commuting) variables 7 and 6~ such that
O =0 =00 +06"=0. (B.4.1)

(2,12

Let S be a smooth simply connected surface in the superspace R which we

assume is conformally parametrized in the sense that the surface § is given by
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a vector-valued bosonic superfield F(xy,x_,0", 67) satisfying conditions (B.4.5])

specified below. Such a superfield can be decomposed in the form
F = Fm(x+7 x—) + ‘9+90m(m+7 x—) + 9_1/Jm($+, $_)

(B.4.2)
+010 Gy, 2), m=1,2,3

Here, the odd-valued fields ¢,, and 1, and the even-valued fields F,, and G,, are
the four parts of the power series with respect to 8% and 6~ of the m* component

of the vector superfield F'. Let D, and D_ be the covariant superspace derivatives
Dy = Ogs — i6*0,, . (B.4.3)

Then the conformal parametrization of the surface S in the superspace R(>'?) ig

assumed to give the following normalization of the superfield F’

where f is a bodiless bosonic function (i.e. f € Agy) of 1 and x_ which is
nilpotent of order k. Here the values 1 and 2 of the indices ¢ and j stand for +
and —, respectively. The scalar product (-,-) in is defined in the same
way as in equation , taking into account the property regarding
the odd-valued variables ™ and #~, and taking values in the Grassmann algebra

A. Hence the bosonic functions g;; of x4, x_, 7 and §~ are given by

1

1
g1 =0, gi2 = §€¢, go1 = —§€¢> go2 = 0. (B.4.5)

For the superfield F', given by , the equations are identically sa-
tisfied for ¢ = j. Indeed, in the scalar product we have the sum of the
squares of each m*" component of the vector superfield D,F. Since the square
of a fermionic function vanishes, each of the terms in the scalar product is iden-
tically zero, i.e. (D;F, D;F) = 0. In the case of the mixed scalar product, the
normalization imposes the condition (D, F,D_F) = 1e?f. It should be noted
that in equation , the product (D;F, D;F') necessarily contains only terms
involving some of the generators &1, &5, &3, ..., &, ... For this reason we include the
bodiless function f(z;,z_) in the normalization (B.4.4). It is interesting to note
that, by construction, the metric coefficients g;; satisfy the property

9ij = —Yji- (B.4.6)

The superfield ¢ is assumed to be bosonic and can be decomposed as the following

power series in the odd variables 1 and 6~

¢=u(@p, v )+ 0 y(ry,x_) + 0 6(zy,x_) + 070 v(4, ). (B.4.7)
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Through a power expansion in ™ and 6~ we find the exponential form
e =e"(14+0 Ty 4+ 076 +670"(v—~0d)),

(B.4.8)

e =e(1 =0Ty —070—00 (v+9)).

The tangent vector superfields D, F and D_F together with the normal bo-

sonic superfield N(z,,z_,6%,67), which can be decomposed as
N=Ny(zvy, 2 )+ 0 (v, 2 )+ 0 Bulry,z)

(B.4.9)
+0Y0 H,(zy,2_), m=1,23

form a moving frame Q on the surface S in the superspace R>'?). Here, the
even-valued fields N,, and H,, and the odd-valued fields «,, and (,, are the four
parts of the power series with respect to 8+ and 6~ of the m™* component of the

vector superfield N. This normal superfield N has to satisfy the conditions
(D;F,N) =0, (N,N) =1, 1=1,2. (B.4.10)
For any non-bodiless bosonic function C', one can find its inverse
C=Co+0TCL+0 Cy+610"Cs,

1 Gt G (20102 03>
2 Y

=G e U ot Gy

where C} is non-bodiless. So if each NN, is a non-bodiless bosonic function, we

can always normalize N to 1 due to the fact that

h :\}g (Now + 07t + 0B+ 0707 H,,)

1 Qm 76m — 2am5m Hm
X(zvm‘%‘e Nz 00 ( N3 *N%))’

for m = 1,2,3, where (N, N) = 1 holds. The covariant derivatives D, and D_

have the property that they anticommute with the differential supersymmetry

operators
Jp = O+ +1i070,,, J_ = 0g- +1070,_, (B.4.11)
which generate the SUSY transformations
T — xy +in, 07, 0" — 0" +in,, (B.4.12)

and

t—=a_+in,0", 0" — 0" +in,, (B.4.13)
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respectively. Here ) and 7, are odd-valued parameters. The four operators, D,
D_, J, and J_ satisfy the anticommutation relations
{Jns Im} = 206, 0x,,,, {Dm, Dp} = =200, 0,
(B.4.14)
{Jm, Dn} =0, m,n=1,2

where 6;; is the Kronecker delta function and {-,-} denotes the anticommutator,
unless otherwise noted. Here, the values 1 and 2 of the indices m and n stand for

+ and —, respectively. Therefore we have the following relations
D3 = —idy, Ji =i0y. (B.4.15)

We now derive the SUSY version of the GW equations. Due to the norma-

lization (B.4.4) and (B.4.10]), the moving frame on a surface in the superspace
satisfies the following GW equations

D+Q - A+Q7 _D_Q - A_Q, <B416>
where the moving frame 2 is denoted by

D.F
Q= |D_F|. (B.4.17)
N

Here, the first two components of €2, D, F and D_F, are fermionic functions
while the third component, N, is a bosonic function. In order to derive the SUSY
GW equations, we assume that we can decompose the second-order covariant
derivatives of F' and first-order derivatives of N in terms of the tangent vectors

D, F and D_F and the unit normal N,
D;D;F =T;"D,.F +b; N,
1,7, k=1,2 (B.4.18)
D;N = V"D, F 4 w;N,

where the coefficients w; and Fijk are fermionic functions, while b;; and bki are
bosonic functions. Here, the values 1 and 2 of the indices ¢, 7 and k stand for +

and —, respectively. We make use of the identities

1
Di(5¢°f) = D{{DLF, D_F) = (DuD,F,D_F) ~ (D,F.DeD_F) (B.4.10)
= F1k1<D+F7 D—F> + F2k2<D+F7 D—F>7

from which we obtain

w; =0, Dkf = (Flkl + F2k2 - Dk¢)f7 (B420)
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and the compatibility condition for the bodiless bosonic function f in equation
(B.4.20)) is

{Dy,D_}f = (D—Pnl + D—F212 + D+F121 + D+F222> f=0. (B.4.21)

The conformally parametrized surface S satisfies the normalization conditions

(B.4.4) and (B.4.10) for the superfields F' and N, and we define the bosonic
quantities QT, Q™ and H to be

1 1
b1 = Q7, bz = §6¢H7 by = _§€¢H, by = Q" (B.4.22)

which gives the relations
(DIF,N)=Q"f, (D_D,F,N) = ;e¢Hf, (D*F,N) =Q f. (B.4.23)
Here the b;; have the property
bij = —bji, for 1# 7, (B.4.24)

and are the coefficients of the second fundamental form. To obtain the bosonic

functions bkj, we make use of the relation
(D;D;F,N) = D;(D;F,N) + (D;F,D;N) = (D;F,D;N), (B.4.25)
and by substituting D;/N into its decomposition we get the relation
(gab®; = bij) £ = 0. (B.4.26)
Hence the functions bkj take the form
b, =H, V2, =2e7Q", b, = —2e7°Q", v, = H, (B.4.27)

up to an additional bosonic bodiless function [ # 0 such that [f = 0 and where the
bkj are the mixed coefficients of the second fundamental form. By construction,

the Christoffel symbols of the second kind Fijk have the property
DF=—D.F  forij. (B.4.28)

iJ ji
Hence we define the Christoffel symbols of the first kind I';j; to be
Lijuf = (D;DiF, Dy), (B.4.29)

so that the relations between the Christoffel symbols of the first and second kinds

are

(Tije — Fz’jlglk>f =0, (B.4.30)
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or
Tije = Tyl au, (B.4.31)

up to an additional fermionic function ¢ # 0 such that (f = 0. Therefore, the
Christoffel symbols of the first kind satisfy the property

Pijk = _sz'kn for ¢ 7é j (B432)
The matrices A, and A_ of the SUSY GW equation (B.4.16) are in the
Bianchi form [15]

Iyt Ty buf
A =Tyt T,2 baf |, 1=1,2, (B.4.33)
b, v 0
and therefore the GW equations (B.4.16)) take the form
D+Q - A+Q, _D_Q - A_Q,

R* R~ QTf
Ay =|-st -5 —leemfl|,
H 2e9QF 0 (B.4.34)
St ST fe?Hf
A= ™ T Qf |

—2e Q- H 0
where we define the fermionic functions RT™ = Ty}, R~ = T},2, ST = T'},l,
ST =T,% TT =Ty and T~ = I'y?. The compatibility condition of the GW
equations (B.4.34)) is
(D, D)0 =D, (A_0) + D_(4,9)
Rt _R- QFf
D AQ+| s 5 —leHf| Do
H 2e2Q7 0
-5t =S5 1efHf
+D_AQ+| -7t -1 @ f |D.Q
—2e Q- H 0
—D,A Q- EA_ED,Q+D_A,Q— EA,ED_Q.

So we have

D+A_ + D_A+ — {EA_;’_, EA_} — 0, (B435)
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where
1 0 0
E=4+(01 0]. (B.4.36)
0 0 -1

The matrices A, and A_ of the GW equations can also be written in the Bianchi

form using matrix subblock notation

R* R Q+f .
A, =| —st 5 | leemy | = ( ]{ 8 ) , (B.4.37)
H 2e7°Q7| 0 b2
St S~ %e‘be - -
A_ = T+ T-| Qf |= ( S | b ) : (B.4.38)
—2e0Q~ H| 0 by |0

where A}“ and A, are 2 x 2 matrices with fermionic entries, ]gg and [ are
two-component column vectors with bosonic entries, and Ig; and [, are two-
component row vectors with bosonic entries.

Indeed, let us consider a moving frame W = (1f, 1) where 9y is a two-

component fermionic vector and 1, is a bosonic scalar. From the GW equation

for the moving frame €2, with the matrices given by (B.4.37) and (B.4.3§), we

obtain
D.U=A¥, D U=ATV. (B.4.39)
The compatibility conditions for ¢y and 1, lead us to the four equations
D A7 + D_A} + I, I, + I} I, — {A}, A7} =0,
— A7 L+ DIy, + Iny — AfL, + D_I) + Iyn; =0,
Dyl + I AT — o7 I + D_I) + ) AT —nf I, =0,
YL+ D_nf + I, I} + Doy = 0.

(B.4.40)

The ZCC corresponding to the equations (B.4.40|) is an equivalent matrix form

of (B.4.35).
The zero curvature condition (B.4.35|) leads us to the SUSY GC equations

which consist of the following six linearly independent equations for the matrix
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components

(4) D_R*+ DT~ +D,ST—D_S =0,
1
(i4) D_R*— R T+ D,ST+ S 5"+ §H26¢’f
—2Q%Q e ?f =0,
1
(iii) QYT —R Q +D Q" —Q'D_¢+ §e¢D+H =0, (B.4.41)

(iv) QR —T"Q "+ D,Q  —Q D,¢— ;e@_H =0,
(v) D R —STRT —R T —R'S"+D,S +2Q"Hf =0,
(vi) D\ T*+S TH—T"R"+T St —D_ST+2Q Hf =0.
The Grassmann-valued partial differential equations involve eleven de-

pendent functions of the independent variables x, z_, 87 and 6~ including the
four bosonic functions ¢, H, Q and the six fermionic functions R*, S* | T+
together with one dependent bodiless bosonic function f of xz, and z_. It is in-
teresting to note that the equation (B.4.41}i) is the compatibility condition of the
function f given in equation . Under the above assumptions we obtain
the following result.

Proposition B.4.1 (Structural SUSY equations for a moving frame on a sur-
face). For any bosonic superfields F(xy,x_,07,07) and N(xy,z_,07,07) satis-
fying the normalization conditions (B.4.4), (B.4.5), (B.4.10) and (B.4.23)), the
moving frame Q@ = (D, F,D_F,N)T on a surface immersed in the superspace
R satisfies the SUSY GW equations (B.4.34). The ZCC (B.4.35), which is
the compatibility condition of the SUSY GW equations (B.4.34) expressed in terms
of the matrices A, and A_, is equivalent to the SUSY GC equations (B.4.41)).

B.5. GEOMETRIC ASPECTS OF CONFORMALLY PARAMETRIZED SU-
PERSYMMETRIC SURFACES

In this section, we discuss certain aspects of Grassmann variables in conjunc-
tion with differential geometry and supersymmetry analysis. We begin by defining

the following differential superspace fermionic operators
1
ds = (A6 + idz0p+ |, (B.5.1)

where d, and d_ are the infinitesimal displacements in the direction of D, and

D_, respectively. These operators are anticommuting, i.e. {dy,d_} = 0. For SUSY
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conformally parametrized surfaces, the first fundamental form is given by

B (D,F,D,F) (D_F,D,F)
1_<(d+ d_),(dy d-) <<D+F7D_F> <D_F’D_F>)>. (B.5.2)

Making use of the normalization of the tangent vectors D.F given by (B.4.4)),

we have
_1lr¢
]_<(d+ d—)v(d-i- d—) (1;“)e¢ 2({6 )>

1 1 B.5.3
= - ifd—d+€¢ + 5fd+d_€¢ ( )
:fd+d—€¢ = 2fdyd_go.
In this SUSY case, the discriminant is defined to be
1
9 = 911922 — Y12921 = 162‘#. (B.5.4)

The elements of the inverse metric form defined as
11 .21
j g11 921 g g 1 0
gljg]k = 557 12 29 = ) (B55)
gi12  g22 g g 01

gll — g22 — 07 912 — _g21 — _2€—¢>. (B56)

are

The SUSY version of the second fundamental form is

B (D*F,N) (D,D_F,N)
ﬂ_<(d+ d_),(d; d) <<D_D+F7N> (D7 ) >> (B.5.7)

By virtue of the normalization of the tangent vectors D, F and the unit normal

N, given by (B.4.4) and (B.4.10|) respectively, we have
QFf —LiHef
H:<d+ d_), (ds d_( >
( ) ( ) %Hgbf Q f

= f(2Q" - ;d_dJr(Hed’) + ;d+d_(He¢) +d>Q7)
= f(d2Q" +dyd_(He?) + d> Q™) = f (3 by + 2d,d by + d>by) . (B.5.8)

In order to compute the first and second fundamental forms, we have assumed
that (d67 1 9p:i) = 0, for i,5 = 1,2. In the SUSY case, the discriminant is defined
to be

1
b= bllbgg — blgbgl = Q+Q_ + 1H262¢. (B59)
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From the first and second fundamental forms, we can determine the SUSY version

of the Gaussian curvature K and the mean curvature H as follows
b 1

K=det(SR™) == =4Q"Q e >+ H?*  H= 5tr(sz-rl), (B.5.10)
g
where the matrices R and S are similar to the matrices in equations (B.5.3|) and
(B.5.8]) respectively (without the function f) and can be written as

1 0 —1 by b + o —1lHed
R— g1 921 et 5= 1 021} _ 1Q¢ 2_6 ‘
d12 g22 2 10 bia Do se’H Q
The determinant is well-defined for R and S since both R and S are bosonic-
valued matrices. Based on the SUSY version of the GC equations (B.4.41)) we can
provide a SUSY analogue of the Bonnet Theorem.

Proposition B.5.1 (Supersymmetric extension of the Bonnet theorem). Given

a SUSY conformal metric
M = fd.d_e® (B.5.11)

of a conformally parametrized surface S, the Hopf differentials d:.Q* and a mean

curvature function H defined on a Riemann surface R satisfying the GC' equations

, there exists a vector-valued bosonic immersion function
F = (F, Fy, F) : R — R&1), (B.5.12)
with the fundamental forms
I = fd.d_e?, I =f(d2Q" +d.d_(He®) +d>Q"), (B.5.13)

where R is the universal covering of the Riemann surface R and RZ12) gs the
superspace. The immersion function F is unique up to affine transformations in
the superspace R112).

The proof of this proposition is analogous to that given in [21]. Note that
it is straightforward to construct surfaces on the superspace RZ1?) related to
integrable equations. However, it is nontrivial to identify those surfaces which
have an invariant geometrical characterization. A list of such surfaces is known
in the classical case [19] but, to our knowledge, an identification of such surfaces

is an open problem in the case of surfaces immersed in the superspace.

B.6. SYMMETRIES OF THE SUPERSYMMETRIC GAUSS-CODAZZI EQUA-
TIONS

A symmetry supergroup G of a SUSY system is a (local) supergroup of trans-

formations acting on a Cartesian product of supermanifolds X x U, where X is



B-xx

the space of four independent variables (xy,z_,0",07) and U is the space of ele-
ven dependent superfields (¢, H,QT,Q~, Rt, R~ 7,57, T, T, f). The action of
the group G on the functions ¢, H, Q*, Q~, R*, R~, ST, S=, T", T~ and f of

(xy,z_,0%,07) maps solutions of (B.4.41)) into solution of (B.4.41)). Strictly spea-
king, the bodiless bosonic function f introduced in (B.4.4) depends only on =

and z_, which has to be taken into consideration when we perform the symmetry
reductions. If we assume that G is a Lie supergroup as described in [30,80,120],

one can associate it with its Lie superalgebra g whose elements are infinitesimal

symmetries of (B.4.41)). The SUSY GC equations (B.4.41) are invariant under
the Lie superalgebra g generated by the following eight infinitesimal vector fields

Co = Hdy + Q g+ +Q 0y — 210,
Ko=—H0y + Q" 0o+ + Q 0g- + 20,,

Ky = —22,0,, — 0" 0p+ + R"0p+ + 2R Op- + S~ 0s-
—T0r+ +2Q" 0o+ + 0y,
Ky=-22_0, —0 0p- — R Op- +ST0g+ + 2T 0p+
+T 0 +2Q Do + 0y,

Py =0,,, P =0, ,

Jy = Ope +i070,,, J_ = 0p +i070,_.

(B.6.1)

The generators P, and P_ represent translations in the bosonic variables z and
x_ while Ky, Ky, Ky and Cjy generate dilations on both even and odd variables.
In addition, we recover the supersymmetry transformations J,; and J_ which
were identified previously in . In order to determine this superalgebra of
infinitesimal symmetries, we have made use of the theory described in the book
by P. Olver [95].

The commutation (anticommutation in the case of two fermionic operators)
relations of the superalgebra g of the SUSY GC equations are given in
table for the case Dy f # 0.

The Lie superalgebra g can be decomposed into the following combination of

direct and semi-direct sums

g={{Ki}p{P., i}t {{Kx}p {P_,J_}} ®{Ko} ®{Co}. (B.6.2)

In equation (B.6.2) the braces {-,...,-} denote the set of generators listed in
(B.6.1). It should be noted that K, and Cj constitute the center of the Lie su-
peralgebra g.
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TABLE B.1. Commutation table for the Lie superalgebra g span-
ned by the vector fields (B.6.1)). In the case of two fermionic gene-

rator J, and/or J_ we have anticommutation rather than commu-

tation.

K P, Jy Ky P J_ | Ky | Cy
K 0 2P, | Jy 0 0 0 010
P | —-2P,| O 0 0 0 0 010
Jyp | —Jy 0 | 2Py 0 0 0 010
K, 0 0 0 0 2P| J_ 010
P_ 0 0 0 —2P_| 0 0 010
J_ 0 0 0 —J_ 0O |2P_| 0] 0
K, 0 0 0 0 0 0 010
Co 0 0 0 0 0 0 010

B.7. ONE-DIMENSIONAL SUBALGEBRAS OF THE SYMMETRY SU-
PERALGEBRA OF THE SUPERSYMMETRIC (GAUSS-CODAZZI EQUA-
TIONS

In this section, we perform a classification of the one-dimensional subalge-
bras of the Lie superalgebra of infinitesimal transformations g into conjugacy
classes under the action of the Lie supergroup exp(g) generated by (B.6.1]). The
significance of such a classification resides in the fact that conjugate subgroups
necessarily lead to invariant solutions which are equivalent in the sense that they
can be transformed from one to the other by a suitable symmetry. Therefore, it is
not necessary to compute reductions with respect to algebras which are conjugate
to each other.

The significance of the algebra g resides in the following facts. It would be
inconsistent to consider the R or C span of the generators because we
multiply the odd generators J, and J_ by the odd parameters p and 7 respecti-
vely in equation . Therefore, one is naturally led to consider g which is a
supermanifold in the sense presented in section This means that g contains
sums of any even combinations of P, P_, Ky, Ky, Ky and Cy (i.e. multiplied by
even parameters in g including real or complex numbers) and odd combinations
of J; and J_ (i.e. multiplied by odd parameters in Ayqq). At the same time g is
a Agven Lie module. This fact can lead to the following complication. For a given
X € g, the subalgebras X and X’ spanned by X and X’ = aX with a € Agyen\C
are not isomorphic in general, i.e. X' C X.

Note that the subalgebras obtained from other ones through multiplication by
bodiless elements of Agen do not provide us with anything new for the purpose

of symmetry reduction. These subalgebras may allow for more freedom in the
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choice of invariants, but we then encounter the problem of non-standard invariants
[67-69] which are discussed at the end of this section. Note also that it does
not appear to be particularly useful to consider a subalgebra of the form e.g.
{Py +nn,P-}.

In what follows, we will assume throughout the computation of the non-
isomorphic one-dimensional subalgebras that the nonzero bosonic parameters are
invertible (i.e. behave essentially like ordinary real or complex numbers.) In or-
der to classify the Lie superalgebra under the action of the supergroup
generated by g, we make use of the techniques for classifying direct and semi-
direct sums of algebras described in [120] and generalize them to superalgebras
involving both even and odd generators. In the case of direct sums, we use the
Goursat twist method generalized to the case of a superalgebra. Here the su-
peralgebra (B.6.2) contains two isomorphic copies of the 3-dimensional algebra
g1 = {{K1}® {P.,J;:}} (the other copy being go = {{K2}® {P-,J_}}) to-
gether with the one-dimensional algebras {K,} and {Cy} which constitute the
center of the Lie superalgebra g. This fact allows us to adapt the classification
for 3-dimensional algebras as described in [97]. So we begin our classification by
considering the twisted one-dimensional subalgebras of g; @ go. Under the action

of a one-parameter group generated by the vector field
X = a4 Py +nJy + 0Ky + AP_ + pJ_, (B.7.1)
where «, 3,0, A € Aeven and 7, p € Agqq, the one-dimensional subalgebra
Y =P, +aP_, a € Aeven
transforms under the Baker-Campbell-Hausdorff formula
Y = Adugon¥ = Y 4 (X Y]+ 2 X, XV + 2K XX Y]+ (B72)
to e 22P, + e ¥aP_. Hence we get that {P, + aP_} is isomorphic to {P, +

2026 2a=20 can be re-scaled to

aP_}. By a suitable choice of a and 4, the factor e
either 1 or —1. Hence, we obtain a twisted subalgebra Ly = {P, +€eP_,e = £1}.

As another example, consider a twisted subalgebra of the form { P, +aK5, a #
0}, where a € Agyen. Through the Baker-Campbell-Hausdorff formula , the
vector field Y = Ky+aP, transforms (through the vector field X given in (B.7.1])
to

A
5(6_25 — 1P — (e’ = 1)pJ_. (B.7.3)
Through a suitable choice of A and p, the last two terms of (B.7.3) can be

eliminated, so we obtain the twisted subalgebra L3 = {Kj + eP,,e = £1}.

eAYe X = Ky + e P, —
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Continuing the classification in an analogous way, we obtain the following list of

one-dimensional subalgebras

Ly ={Ki},

Ly ={P:},

Ly ={pJs},

Ly =A{Ps + pJy},
Ly = {K2}7

Lg = {P_},

Ly ={vJ_},

Ly ={P-+vJ_},

Ly = {K; + aK,},

Ly ={K;, +€P_},

Ly ={K,+vJ_},

Ly ={Ki+eP_+vJ_},
Lz ={Ky+€P,},

Ly ={Py +eP_},

Lis ={Py +vJ_},
Lig={Py +eP_+vJ_},
Lip = {Ky + pJi},

Lig = {P- + pJ.},

Lig = {pJy +vJ_},

Loy = {P_ + pJy +vJ_},
Loy = {Ky+ €Py + pJy},
Loy ={P; +eP_+pJ.},
Loz = {Py + pJy +vJ_},

L24 = {P++EP, +HJ++ZJ,},

Log = { K1 + aKo},

Ly7 = {Ko + €Py },

Log = {Ko + pJ.},

Log = {Ko+ €P + pJy},

L3y = {Ks + aKo},

L3 = {Ko+eP_},

Lo = {Ky+vJ_},

Lys ={Ko+eP_+vJ_},

Lsy = {K; + aKy + bK,},

Lss = {K; + aKy+ eP_},

Las = {K) + aKo +vJ_},

Ls; = {K; +aKo+€eP_+vJ_},
Las = {Ko + aKy + €Py ), (B.7.4)
Lsg = {Ko+ €1 Py + 2P},

Ly ={Ko+e€Py +vJ_},

Ly ={Ko+ e Py +eP_+vJ_},
Ly = {Ky + aKo + pJ, },

Lig ={Ko+eP_+pJi},

Ly ={Ko+ pJy +vJ_},

Lys ={Ko+eP_ +pJ, +vJ_},
Lys = {K2 + aKo + Py + pJi },
Ly; = {Ko+ e Py + eP_ + pJ.},
Lis = {Ko+ ePy + pJy +vJ_},

Los = { Ky}, Lyg ={Ko+ e Py +eP_+puJ +vJ_},

where € is either 1, the parameters a and b are non-zero bosonic constants and

4 and v are fermionic constants. In addition to these 49 subalgebras, we also have

the subalgebras obtained when, for each of the subalgebras from Los to Lyg, the
vector field K is replaced by the vector field Cy and/or by the vector Ko+ mCj
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for an arbitrary non-zero bosonic constant m. For each subalgebra Lj; (where
25 < k < 49) involving K, the equivalent subalgebra where K| is replaced by Cj
is labelled L}, and the equivalent subalgebra where Ky is replaced by Ky + mCy
is labelled L}. Since this would lengthen our list considerably we do not list them
here. These representative subalgebras allow us to determine invariant solutions
of the SUSY GC equations using the symmetry reduction method.

In addition, we note that for certain one-dimensional subalgebras (e.g. Los,
L. and L), the invariants have a non-standard form in the sense that they
do not lead to standard reductions or invariant solutions. Such non-standard
invariants were found by the authors for several other SUSY hydrodynamic-type
systems, including the SUSY polytropic gas dynamics [67], the SUSY sine-Gordon
equation |69] and SUSY Klein-Gordon polynomial equations [68].

B.8. INVARIANT SOLUTIONS OF THE SUPERSYMMETRIC GC EQUA-
TIONS

We now make use of the symmetry reduction method (SRM) in order to ob-
tain invariant solutions of the GC equations . For each subalgebra, the
superfields U = (¢, H,Q+,Q~,R*,R~,7 ,S™,T*, T, f) are expanded in terms
of the various invariants. The dependence of the components of & on each odd
variable 07 or #~ must be at most linear as the odd variables satisfy . Sub-
stituting this decomposition into the GC equations , we obtain reduced
partial differential equations for the superfields ¢ which in turn lead to systems
of differential constraints between their component even and odd functions. For
instance, if the invariants are given by the bosonic symmetry variable ¢ and the
fermionic symmetry variables  and o (which are expressed in terms of #* and

0, respectively), then U can be decomposed into the form

Q" =qy (&) +nay (&) + 0g5 (&) +nogz (),

RE =1 (&) +mri(€) + ory (&) + nori (6),
S* = s5(&) + st (&) + 055 (€) + nos3 (£),
T =t5(&) + 0t (§) + ot5 () + noti (©), (B.8.1)

H = ho(§) +nhi(§) + aha(§) + nohs(§),
¢ = ¢o(§) +n9P1(§) + 0h2(§) + nods(§),
f=¥(),

where g5, g5, 1, 175, 55, 55, 65, ta, ho, hs, ¢o, @3 and 1) are even-valued functions of

¢ while ¢f, ¢, 7,75, 55, 55, tE, tE, hy, ha, ¢1 and ¢, are odd-valued functions of &.
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We now present the following three examples in order to illustrate the geometrical

considerations.
1. For the subalgebra L3g = {P, + eP_ + aKy, € = +1, a # 0}, the orbit of
the group of the SUSY GC equations ({B.4.41)) can be parametrized as follows

H = =%+ h(¢,0%,07),

Q-l- — eax+q+(§,9+’9—)’ S-i- 8+(€,0+,9_)
Q =e"rg(§,07,07), S”=s57(£07,07)
R = (,0%,07), T+ = 7(€,0%,07),
R =r(&,0%,07), T= =t (€,0%,07)
¢ =2axy +¢(&,0%,07),  f=1v(&),

where the functions H, Q*, R*, ST, T* and ¢ are expressed in terms of the bosonic

Y

’

(B.8.2)

Y

symmetry variable £ = x_ — ex, and the fermionic symmetry variables " and

0~. A corresponding invariant solution is given by
H =" [hg + 00" 2ilpe| |
Qt =™+ [lge2§ + et

1
+076~ <2z'ef (aho + e(ho)e) + loe* o1 + zleﬁgol)} ;

Q~ =™t [ cho + lgeltae)t
ae—1 (B.8.3)

1 [
+676~ (—Qieé(ho)g + 6_0 [Pt lze“af)fgolﬂ ;

ae
R~ =bSy, R™=bS;, St=55, 5 =55, T =bT{,
TH =byS§, ¢=2ax,+E4+0707¢1, [ =1,

ZO :Qoﬁar’ ll = QQSBLa l? = QQS(;La hO = 20§g7
where hg, ¢ and 9 are functions of the symmetry variable £ = x_ — ex, and

where [y, 11,1l and by, by, b3, by are bosonic constants, while S, ¢, and ag, as, a,

are fermionic constants.
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The first and second fundamental forms of the surface S associated with

are given by
i [ (1000,
1 =pe {dd_ [e* (ho + 007 (2iloe + hopy))]

1
+ di loe® + lie* + 6070 (zieg(aho + €e(ho)e) + loe* 1 + lleégolﬂ

(B.8.4)

+ d?

elo + 126(1_‘“)5
ae —1

1 [
+016~ (—2i€€(ho)g 4 =0 %1 + 526(1(16)5901)] } :

ae —
The Gaussian curvature takes the form
K =e727+ [hg + 070" diholoet

El()

+ 4(lpe* + 11e%)( 1 + 119X (1 — 4707 2¢y)

ae —

el
_0 (Pt 126(1_“)5901) e % (B.8.5)

1
+ 40707 (lpe™ + 11€°) (—2265 (ho)e + -

6[0

+ 4070 (

loe(l—ae)€
ae —1 +hae )

1
X (22'65(@]10 + €(ho)e) + loe™ 1 + lleggol) 6_25] :

The subalgebra of the classical GC equation (B.2.13)) analogous to Lsg is L} ; =
{e1 + ees + aeg, e = £1,a # 0}, whose corresponding invariant solution is given
by

1

H(z,z) = kov(g)fl/zea/z(zfsz)7@(27 Z) = §kov(£)l/2€a/2(z+2),
_ 1 (B.8.6)
U(Z, 5) = 62azv(§)7 Q(Z, 2) _ Ekov(f)l/zea/2(z+2),

where the symmetry variable is £ = z — ez and the function v of ¢ satisfies the
ODE
2
v
Vge = (ve)” + kave™. (B.8.7)

v
For this classical solution, the Gaussian curvature vanishes, in contrast to the
SUSY case.
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2. For the subalgebra L), = {Cy + €P;, € = £1} we obtain the following
orbits of the group

H = e h(x_,07,07),
QF = erqt(z_,07,07),8 st 07)
Q™ =g (x-,07,07),8 07),
Rt =rf(x_,07,07), T% T ,07,07),
R =7 (xz_,07,07), T =t (z_, 9+ 07)
¢ =p(z_,07,07), f=e (),
where the symmetry variables are x_,0" and 6~. An invariant solution of the
SUSY GC equations is given by
H = e [ho(x_) + hi(z_)0707],
Q" = e [BY + B 070 | v(a),

xT_

Y

(B.8.8)

(
s (x .0
t(

Y

Q= e [By + Byot0 | va), (B.8.9)
R"=0, R =0, St=5, S =aS§, T+=0,
T~ =0, ¢=ewolz_)+pi(z_)0%07,  f=e>y(z),

where S{ is a fermionic constant while a, By and Bi" are bosonic constants. The

bosonic functions Ay and h; obey the relations
ho = 2ie(Bf — By p1)e %0, hy = 2ieBy e 0. (B.8.10)

The bosonic function ¢; is given by

o1 = (B+) 5(By B — By By )z + ko, (B.8.11)
where kg is a bosonic constant and the function ¢y obeys the ODE
eBy
wx_ = (BE + 900@_) wv (B812)
0

where ) is a bodiless bosonic function of order 3 of x_.

The first and second fundamental forms for this surface S are given by
I =dpd_ [e772 (14 :10%607) ¥,
I =d [*e" (Bf + B{6"07)]
+dyd_ [pero " (ho + (hogr + h1) 0767 )]
+d? [ (By + Broto7)] .

(B.8.13)
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Consequently, the Gaussian curvature and mean curvature are not constant. The
Gaussian curvature is given by
2 (Bf By + (By By + By B ) 0+67)
€20 (14 2p,10%67) (B.8.14)
+ (hg + 2hoh10707)] .

K = 62€l'+

The umbilic points of the surface S occur when ¢?>Bg By = 0 and
V*(By By + By Bff) = 0. (B.8.15)

3. For the subalgebra Ly; = {Kj + (a — 1)Ko + 3Co, a # 1} we obtain the
following parametrization of the orbit of the group
H = (21) " V2h(z_,n,07),
a+2 /2 +( 7777797)7S+ :S+(x7777707)7

= (a4) "

Ty a/2 T_,m, 7 - = (24 —1/2 - T .n.607),
= (24)" "¢ (x—,n,07), 8™ = () (x-,n,07) (B5.16)
(z4)”

= (z4)"

Prt(eo,m,07), T = (a) P (e, 07),
vy) (e, 07), T =t (x-,n,07),
e = (x4) %(x-,m,07), f= () Pe(en),
where the bosonic symmetry variable is x_ and the fermionic symmetry variables

are 1 = (v, )"/20% and 6. A corresponding invariant solution of the SUSY GC
equations (B.4.41|) takes the form

H = 2iB(z,)“2%(p), 676",
Q" = BA(w_)(w) R [14 (2) 720007 Gla) | pla),

@ =22 [+ )Gl

R* = ($+)_1/2l133—7 R™ = (l'-&-)_llQEa’ St=T"= Iy,
S =T"=0,  f=(2)" (),
& = Ale () (1 + (22) 2076 Gla)),

Tt

(B.8.17)

where B = loR{ Ry Ty and [y, 15,15 are bosonic constants, while I, RZ and T
are fermionic constants. Here, A, GG, p and v are arbitrary bosonic functions of
the symmetry variable x_. However, the function A contains a part in Apeqy, but

1) 18 a bodiless function.
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The corresponding first and second fundamental forms for the surface S given

by are
I'=vdyd_ [A(z,)"® D2 (14 (2,)720707G)] (B.8.18)
and
T =(dy)? [AB(z) "2 (14 (2,) 7120707 G)|
+2id,d_[AB(xy) 076 (B.8.19)
+ (d-)? FB

Zlw) (14 @) 070G
Consequently, the Gaussian curvature K and the mean curvature H of the asso-

ciated surface S are not constant. The Gaussian curvature is given by

K = ii(ma—lp (14 (24)7126%0°G). (B.8.20)
Since H? = 0, it follows that the surface S admits umbilic points along the
curve defined by I = 0, which lies on the surface S. The subalgebra of the Lie
algebra for the classical GC equation (B.2.13|) analogous to subalgebra L, is

L} 5 = {e3 + aep}. The corresponding invariant solution is given by

H(z,z) = loe_a(””%), Q(z,2) = k‘oea(”g),

ok i _ ) (B.8.21)
Uz, z) = T(Je?a(zﬂ)’ Q(z, ) = ke, ko, lo € R.

In contrast to the SUSY case (B.8.17)), the Gaussian curvature K vanishes for
the classical solution (B.8.21)) associated with the subalgebra L ,. In both cases

however, the mean curvature H is non-zero.

B.9. CONCLUSIONS

The objective of this paper was to construct a supersymmetric extension of the
Gauss—Weingarten equations and the Gauss—Codazzi equations (B.4.41]
through a superspace and superfield formalism. The analysis included conformally
parametrized surfaces immersed in a Grassmann superspace R(>'?)| This analysis
allowed us to determine a Lie superalgebra of infinitesimal symmetries which ge-
nerate Lie point symmetries of the SUSY GC equations . In addition, we
also computed the Lie symmetry algebra of the classical GC equations
and classified the one-dimensional subalgebras of its largest finite-dimensional
subalgebra into conjugacy classes. Comparing the symmetries of the SUSY GC

equations ([B.4.41]) with those of the classical GC equations (B.2.13)), we observe
an additional dilation in the SUSY case. More specifically, K7 and K, in (B.6.1]
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are supersymmetrized versions of the fields e3 and ey in (B.2.17)) respectively. The
generators Ky and Cj in play the role of center in the SUSY case in the
same way that ey does in the classical case and we did not find any Virasoro alge-
bras in the SUSY case. Next, we performed a group-theoretical analysis in order
to classify all of the one-dimensional subalgebras of the obtained superalgebra
into conjugacy classes. Through the use of a generalized version of the
symmetry reduction method we demonstrated for three subalgebras in (B.7.4]
how to find exact invariant solutions of the SUSY model. A systematic use of
the structure of the invariance supergroup of the SUSY GC equations
allowed us to generate (bosonic and/or fermionic) symmetry variables. For cer-
tain subalgebras, the invariants had a non-standard structure and therefore did
not lead to invariant solutions. This phenomenon of non-standard invariants has
also been observed in the analysis of symmetries of SUSY hydrodynamic-type
equations. The SRM enabled us to reduce, after some transformations, the basic
system of PDEs to many possible reduced PDE systems. We also explored certain
geometrical properties of invariant solutions of the SUSY GC equations .

This research could be extended in several other directions. One possibility
would be to compute an exhaustive list of all symmetries of the SUSY GC equa-
tions and compare them to the classical case and also to apply the above SUSY
extension methods to the SUSY GC system in higher dimensions. Due to the
complexity of the computations involved, this would require the development of a
computer algebra Lie symmetry package capable of handling odd and even Grass-
mann variables. To the best of our knowledge such a package does not presently
exist. Conservation laws are well-established for the construction of the classi-
cal parametrized surfaces based on the generalized Weierstrass-Enneper formula
for immersion [81], but it has been observed that, for the GC equations, such
conservation laws are broken in their corresponding SUSY extensions. The pro-
blem of determining which quantities Q*, R*, S*, T+, H, K, ¢, f are conserved
by the SUSY model still remains an open question for the GC equations. Ano-
ther open problem is to determine whether all integrable SUSY systems possess

non-standard invariants. These topics will be investigated in our future work.
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Résumé
Une extension supersymétrique fermionique est établie pour les équations de
Gauss—Weingarten et de Gauss—Codazzi décrivant les surfaces conformément pa-
ramétrisées plongées dans un superespace de Grassmann. Une analyse de cette
extension est effectuée en utilisant un formalisme de superespace/superchamp et
une version supersymétrique du repere mobile sur une surface. Contrairement a
I’extension supersymétrique bosonique, les équations de Gauss—Codazzi du mo-
dele fermionique supersymétrique ressemblent a la forme classique des équations
de Gauss—Codazzi. Par la suite, une superalgebre de Lie des symétries ponc-
tuelles de ces équations est déterminée et une classification des sous-algebres
unidimensionnelles en classes de conjugaison de cette superalgebre est présentée.
La méthode de réduction par symétrie est utilisée pour obtenir les invariants de
groupe, les orbites et les systemes réduits pour trois sous-algebres unidimension-
nelles choisies. Les solutions explicites de ces systemes réduits correspondent a
différentes surfaces plongées dans un superespace de Grassmann. Dans le cadre
de cette étude, pour la version supersymétrique des équations de Gauss—Codazzi,

une interprétation géométrique des résultats est discutée.
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Abstract

A fermionic supersymmetric extension is established for the Gauss—Weingarten
and Gauss—Codazzi equations describing conformally parametrized surfaces im-
mersed in a Grassmann superspace. An analysis of this extension is performed
using a superspace-superfield formalism together with a supersymmetric version
of a moving frame on a surface. In contrast with the bosonic supersymmetric
extension, the equations of the fermionic supersymmetric Gauss—Codazzi mo-
del resemble the form of the classical equations. Next, a superalgebra of Lie
point symmetries of these equations is determined and a classification of the one-
dimensional subalgebras of this superalgebra into conjugacy classes is presented.
The symmetry reduction method is used to obtain group-invariants, orbits and
reduced systems for three chosen one-dimensional subalgebras. The explicit so-
lutions of these reduced systems correspond to different surfaces immersed in a
Grassmann superspace. Within this framework for the supersymmetric version of
the Gauss—Codazzi equations a geometrical interpretation of the results is discus-
sed.

C.1. INTRODUCTION

In the last three decades, a number of supersymmetric (SUSY) extensions of
classical and quantum mechanical models, describing several physical phenomena,
have been developed and group-invariant solutions of these SUSY systems have
been found (e.g. [13,[37,76,/79]). Recently, this method was further generalized
to encompass hydrodynamic-type systems (see e.g. [36,50./67]). Their SUSY ex-
tensions were established and their group-invariant solutions were constructed.
Supersymmetric versions of the Chaplygin gas in (141)- and (2+1)-dimensions
were formulated by R. Jackiw et al., derived from parametrizations of the ac-
tion for a superstring and a Nambu-Goto membrane, respectively (see [78] and
references therein). It was suggested that a quark-gluon plasma may be descri-
bed by non-Abelian fluid mechanics [117]. In addition, SUSY extensions have
been formulated for a number of soliton equations [24], including among others
the Korteweg—de Vries equation [83,/88,/90|, the Kadomtsev—Petviashvili equa-
tion [89], the Sawada—Kotera equation [116] and the sine-Gordon and sinh-
Gordon equations [3,,63/64.[107|,108].

Despite the progress made in the investigation of nonlinear SUSY systems,
this area of mathematics does not yet have as solid a theoretical foundation as
the classical theory of differential equations. This is related primarily to the fact
that, due to the nature of Grassmann variables, the principle of superposition

of solutions obtained from the method of characteristics cannot be applied to
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nonlinear SUSY systems. In most cases, analytic methods for solving quasilinear
SUSY systems of equations lead to the construction of classes of solutions that
are more restricted than the general solution. One can attempt to construct more
restricted classes of solutions which depend on some arbitrary functions and para-
meters by requiring that the solutions be invariant under certain group properties
of the original system. The main advantages of the group properties appear when
group analysis makes it possible to construct regular algorithms for finding certain
classes of solutions without referring to any additional considerations but procee-
ding directly from the given system of partial differential equations (PDEs). A
systematic computational method for constructing the group of symmetries of a
given system of PDEs has been developed by many authors (see e.g. [30/95]) and
a broad review of recent developments in the SUSY case can be found in several
books (e.g. J. F. Cornwell [33], D. S. Freed [56], V. Kac [80], V. S. Varadara-
jan |118] and B. De Witt [43]). The methodological approach adopted in this
paper is based on the symmetry reduction method (SRM) of PDEs invariant un-
der a SUSY Lie group of point transformations. By a symmetry group of a SUSY
system of PDEs; we mean a local SUSY Lie group G transforming both the inde-
pendent and dependent variables of the considered SUSY system of equations in
such a way that a Lie supergroup transforms given solutions of the system to new
solutions. The Lie superalgebra of such a group is represented by vector fields
and their prolongation structures. The standard algorithms for determining the
symmetry algebra of a system of equations and classifying its subalgebras have
been extended in order to deal with our SUSY models (see e.g. [80,(100.120]).
Recent studies of the geometric properties of surfaces associated with holo-
morphic and nonholomorphic solutions of the SUSY bosonic Grassmann sigma
models have been performed [41,/42,104,(122]. A gauge invariant formulation of
these SUSY models in terms of orthogonal projectors allows one to obtain expli-
cit solutions and consequently to study the geometry of their associated surfaces.
To pursue this research further, it is convenient to formulate a fermionic SUSY
extension of the Gauss-Weingarten (GW) and Gauss—Codazzi (GC) equations
for conformally parametrized surfaces immersed in a Grassmann superspace. A
similar analysis of surfaces was performed |[B7] using a formalism of a superspace
and bosonic vector superfields together with a supersymmetric version of a mo-
ving frame on a surface. The bosonic SUSY extension of the GC equations was
given by six equations and this formulation allowed us to discuss in detail a geo-
metric characterization of surfaces, including their fundamental forms and their
Gaussian and mean curvatures, and consequently to establish a SUSY version of

the Bonnet theorem for surfaces immersed in the superspace R The results
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obtained for the SUSY systems were so promising that it seemed worthwhile to
try to apply the above geometric approach, already used for a SUSY extension
of the GW and GC equations involving bosonic superfields [B7], to a similar ex-
tension of the SUSY GC equations built in terms of fermionic superfields. This
is, in short, the aim of this paper.

The paper is organized as follows. In section [C.2] we present certain basic
notions and properties of Grassmann algebras and Grassmann variables and in-
troduce the notation that will be used throughout this paper. In section we
review relevant points from Lie’s theory of symmetry groups for the GW and GC
equations and apply an algorithm to isolate integrable systems and their associa-
ted surfaces. In section we construct and investigate the SUSY extension of
the GW and GC equations. We show that, in contrast with the previously conside-
red bosonic SUSY extension of the GC equations [B7], the femionic SUSY exten-
sion closely resembles the form of the classical GW and GC equations for moving
frames on surfaces appearing in differential geometry. In section [C.5] we examine
some geometric aspects of conformally parametrized SUSY surfaces. In section
[C.6] a Lie superalgebra of symmetries of the SUSY GC equations is determined.
In section [C.7] a systematic classification of the one-dimensional subalgebras of
the Lie superalgebra into conjugacy classes is performed. Section contains
three examples of invariant solutions of the SUSY GC equations obtained by the
SRM. Finally, in section we present some conclusions and possibilities for

future research.

C.2. PRELIMINARIES ON CERTAIN ASPECTS OF GRASSMANN AL-
GEBRAS

The basic notions and definitions used in this section, such as the properties
of Grassmann algebras and Grassmann variables, together with the introduced
notation, will be used subsequently in what follows. A more complete description
can be found in severals references (see e.g. [11,/12}/16,33,|43,45,56//80,/101,
102,/114,118,]119]). For a brief review, we refer the reader to [B7], section 3. In
this paper we make use of a complex Grassmann algebra A involving a number of
Grassmann generators ({1, &2, &3, ...). The actual number of Grassmann generators
of A does not matter as long as there are enough of them to make all formulas
encountered meaningful. Any fermionic (odd) variables 87 and 6~ satisfy the

relation

02 =(07)> =070 +60" =0. (C.2.1)



The Grassmann algebra A can be decomposed into the form
A= Aeven + A0dd7 (022)

where Aeyen includes all terms involving a product of an even number of generators
Epy e 1,689, &&3, ..., while Ayqq includes all terms involving a product of an odd
number of generators &, i.e. &,&s,&s, ..., £162€3, ... Also, the Grassmann algebra

A can be decomposed as
A= Abody + Asoul, (023)

where Apoqy includes all terms that do not include any of the generators &, i.e
Apody is isomorphic to C, while Ay, includes all terms that include at least one
generator &. If h and g are Grassmann quantities, then the partial derivatives

involving odd variables, 1 and 6, satisfy the following Leibniz rule
D+ (hg) = (Dg=h)g + (—1)28Mh(y g), (C.2.4)
where

0 if h is even,

] ] (C.2.5)
1 if A is odd.

deg(h) = {
If f is a function involving the variables #* and 6~ then we use the notation

foro- = Opg—(Op+ f). (C.2.6)

The partial derivatives with respect to the odd Grassmann variables 67 and 6~
satisfy

Dpi0F = 6%, C.2.7
J

where (5}“ is the Kronecker delta function, and the values 1 and 2 of the indices j
and k stand for + and —, respectively. If 6 is a fermionic-valued Grassmann va-
riable, then the derivative 9y will have the following effect on Grassmann-valued
functions. If f is a bosonic function, then 0y f is fermionic. Similarly, if f is a fer-
mionic function, then 0y f is bosonic. The interchangeability of mixed derivatives

(with proper respect to the ordering of odd variables) is assumed throughout.
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C.3. SYMMETRIES OF THE GAUSS—WEINGARTEN EQUATIONS COM-
PARED WITH SYMMETRIES OF THE GAUSS—CODAZZI EQUA-
TIONS

Consider the GC equations for conformally parametrized surfaces immersed

in 3-dimensional Euclidean space R? for the unknown functions H, @ and e

_
O0u + —H?e" —2|Qle ™ =0, (the Gauss equation)

2
Sy (C.3.1)
Q) = 56“8]‘[, Q) = §e“aH, (the Codazzi equations)

whose zero curvature condition (ZCC), with potential matrices V; and V5 taking

values in a Lie algebra, takes the form
Vi — OV + [V, Va] = 0, (C.3.2)

where we have used

1 = 1
0=0, = 5(81, —1i0y), 0=0;= E(Ox +10,), (C.3.3)
which are the partial derivatives with respect to the complex variables z = z + iy
and zZ = z — 1y, respectively. The bracket [-,-] denotes the commutator. Here,
summation over repeated indices (i = 1,2,3) is understood and is used in what
follows unless otherwise specified (by the use of a parenthesis). The conformally
parametrized surface with the vector-valued function F' = (Fy, Fy, F5)T : R —
R? (where R is a Riemann surface) satisfies the following normalization for the
tangent vectors OF and OF, and the unit normal N
= = = 1
(OF,0F) = (OF,0F) = 0, (OF,0F) = —e",
) 2 (C.3.4)
(OF,N) = (OF,N) =0, (N,N) =1.
The coefficients Q, Q and H of the GC equations (C.3.1)) involving the second
derivatives of F' are defined as

Q= (*F,N)ecC, Q= (*F,N)eC, H=2"00F,N)ecR. (C.3.5)
The bracket (-,-) denotes the scalar product in Euclidean space R?
{a,b) = a'b;. (C.3.6)

The matrix representation ((C.3.2)) is the compatibility condition of a matrix dif-

ferential linear system for the wavefunction ® taking values in the corresponding
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Lie group GL(3,C)

00 = V19, 00 = 1,9,
1 1 u
Ou 0 2@ 0 0 oxfe (C.3.7)
Vi=| 0 0 SHe" |, Vo= 0 ou Q|
—\H —%e‘“Q 0 —2Xe7"(Q) —%H 0
where A € C is a unitary constant, |[A\| = 1. Note that we have inserted a free

parameter A into this linear system. The linear equations ((C.3.7) describing the
kinematics of the moving frame ® = (OF, 9F, N)" associated with a surface when
A = 1 are known as the GW equations and are identified as the non-parametric

linear problem in differential geometry

OF ou 0 Q OF
oloF|=1| 0 0 1Hev | |OF |,
N —H —2e7"Q 0 N
(C.3.8)
OF 0 0 1He\ (OF
oloF | = 0 ou Q oF
N —2e7"Q —H 0 N

The GC equations are the necessary and sufficient conditions for the
existence of conformally parametrized surfaces in R?® and, according to the Bonnet
theorem [21], the immersion function F is unique up to Euclidean motions in R3.
The symmetry algebra £ of the GW equations is spanned by the following

vector fields
X(n) =n(2)0. —n'(2)(Udy +2Q0g),
Y(¢) = ¢(2)0: = ('(2)(Udy + 2Q05),
eo = —Hoy + Q@Q + Q@Q +2U0y + Fiapi,
T, = Op,, 1=1,2,3 (C.3.9)
Di = F’iaF(i) + NiaN(i)7
Rij = (Fiapj — Fj@FZ) + (Ni(?Nj — Nj(?Ni), 1< g = 2,3
Sij = (FiOF, + F;0F,) + (N;iOn, + N;0;,),
where we have used the notation U = €%, 1/(2) = dn/dz and ('(z) = d(/dz. Here
n and ( are arbitrary functions of z and z, respectively.
The symmetry algebra £ spanned by the infinitesimal generators given in
(C.3.9)) include two infinite-dimensional subalgebras generated by X (1) and Y ().
The vector fields ey, D; and D, correspond to three types of dilations, the T;

generate translations in the F; directions respectively, R;; is the rotation in the
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F; and N; variables and S;; is a local boost transformation. The symmetry algebra
L' of the linear system (C.3.7)) is spanned by the generators X (n) and Y () of
equation ((C.3.9)) together with a modified version of the generator ey, given by

eo = —HOy + Qdg + Q05 + 2Udy. (C.3.10)

It should be noted that the parameter A does not appear in the latter symmetry

algebra £’. The commutation relations of the algebra L are
(X (m), X (m2)] = (mim2 — mmz) 0= + (nim2 — mnz)(Udy + 2Q0q),
[Y(¢1), Y ()] = (€162 — €165) 0= + (¢ — €163 (Udy + QQ(?Q),

[(X(n), Y ()] =0, [X(n),e] =0, [Y(C),eo] =0,
[(X(n), ] =0, [Y(C).,T.]=0, [e,Ti] =T,
X(n),D;| =0, Y((),D;| =0, ley,D;] =0,
%XEZ;R]] 0, {Ygg Rij] ~0, Lo, sz] 0, (C3.11)
[X(n), Si] =0, [Y'(C), 53] =0, [eo, Si] =0,
[T;, Rji] = 65T — i1}, [T;, Six] = 04Tk + 0i T,
[Di, Rjk] = 5ijsik - 5ikSija [Dz‘, Sjk] = 5z‘ij'k - 5ikRjia

T3, Ds] = 6;; T3, [Rij, Ski] = 00 + 6;0Sin — 0arSii — 0 S
Since the vector fields X () and Y (¢) form an Abelian algebra, the vector fields
(C.3.9) determine that the algebra £ can be decomposed as a direct sum of

two infinite-dimensional Lie algebras together with a 13-dimensional subalgebra

generated by eg, T;, D;, R;; and S;;, i.e.
L={X}e{Y (O} {eo, Ti, Di, Rij, Sij}- (C.3.12)

This algebra represents a direct sum of two copies of the Virasoro algebra together
with the 13-dimensional algebra generated by eo, T;, D;, R;; and S;;. Assuming
that the functions 1 and ( are analytic in some open subset D C C, we can
develop 1 and ( as power series with respect to z and z, and the results provide
a basis for £. The largest finite-dimensional subalgebra L of the algebra L is
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spanned by the following 19 generators
éo = —HOy + Qdq + Qg + 2Udy + FiOp,,
e1 =20, e3=20,—2Q09—Udy, e5= 220, — 42Q0q — 22U0y,
er =0;, e4=20;—2Q0; —Udy, eg=2"0;—42Q05 — 2zUdy,
T, = Op,, 1=1,2,3 (C.3.13)
D; = EaF(i) + NiaN(i)v
Rij = (FiOp, — F;0F,) + (N;On, — N;0,), 1<7=2,3
Sij = (Fi0r, + F;0r,) + (N;On, + N;0n,),
with nonzero commutation relations

[er,e3] =e1,  [er,e5] = —2e3, e, e5] = es,
[ea,eq] = €2, [ea,e6] = —2e4, e, 6] = e,
leo, Ti] = =To, [T3, Dy] = 05T, [T, Rjx] = 65Tk — 0T,

[Ti, Sjr] = 6Ty + 0T},
[Di, Rjk| = ;S — 0irSij, [D;, Sik] = 6i;Rir — 0 Rji,
[Rij, Sk] = 01:Su + 005 — diSji — 0uSi.

(C.3.14)

On the other hand the maximal finite-dimensional Lie algebra A of the GC equa-
tions ((C.3.1)) is spanned by the seven generators [B7|
eo = —HOy + Qdq + Qg + 2Udy,
e1 =0, e3=20,—2Q09—-Udy, e5= 220, — 42Q0¢ — 22U0y, (C.3.15)
€y = 65 €4 = 265 — 2@8@ - U@U, €g — 2285 — 45@8@ - 22U8U,
with nonzero commutation relations
[61, 63] = €1, [617 65] = —2ez, [@37 65] = 6s,
(C.3.16)
[627 64] = €3, [627 66] = _2647 [647 66] = €.

This 7-dimensional Lie subalgebra A can be decomposed as a direct sum of two

simple subalgebras together with a one-dimensional algebra generated by e :
A= {61, €3, 65} @D {62, €4, 66} @D {60}. (C317)

Therefore the classification of the subalgebras of A into conjugacy classes involves
two copies of a 3-dimensional Lie algebra together with the center {eg}. This
classification was performed in [B7].

The conjecture on an integrable class of differential equations in the sense of

the soliton theory proposed in [29|[85], states that the set of Lie point symmetries
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of the non-parametric linear problem is a subset of the set of Lie point symme-
tries of the original system. If the original system is non-integrable (in the sense
of soliton theory), then the sets of symmetries are equal. If the original system is
integrable, then there exists at least one symmetry of the original system which is
not a symmetry of the non-parametric linear problem. These additional symme-
tries can be used to introduce a spectral parameter into the linear problem which
cannot be eliminated by a gauge transformation. Note that the insertion condi-
tion is necessary for one to introduce a spectral parameter in the linear system.
In order to compare the Lie point symmetries of the original system and those
of the non-parametric linear problem, in the case where both sets of symmetries
are finite-dimensional, we define the differential projector operator 7 in the form

of a dilation operator involving all independent and dependent variables
m(L) = L(20 + 20 + HOy + Q0q + Qdg + Udy), (C.3.18)

where all the elements of the algebra L are applied on the operator w = 20+ 20 +
HOouy+Q0g +Q(?Q +U0dy. Note that w is not necessarily an element of the algebra
L under consideration. This projector m has the property that 7™(L) = 7(L) for
any finite integer n € Z*. In view of the above conjecture, we can characterize
the integrability of the original system as follows. We denote by L; and L, the
sets of Lie point symmetries of the original system and its non-parametric linear
problem, respectively. If L; = m(Ls), then the original system is non-integrable
(in the sense of the soliton theory). If there exist reductions of the original system
(whose set of symmetries is L)) and of the non-parametric linear problem (whose
set of symmetries is L)) such that L] # w(L}), then the reduced subsystem of the
original system can be integrable. In view of the above statements, we observe
that the ZCC for the GC equations is not an integrable system, since the
algebra m(L) and A are equal

A=7(L)={e1,e3,e5} B {ea,e4,66} ®{eo} (C.3.19)

It seems worthwhile to try to extend the conjecture proposed for the classical
system to the case of a SUSY version of the GC equations and their reduced
SUSY systems. This conjecture can be illustrated with the example of the SUSY

sine-Gordon equation [107]
D.D_® =isin®, Dy = Oy — 10 0y, (C.3.20)

where ® is a real bosonic superfield and Dy are covariant derivatives. Here,
and z_ are even Grassmann variables which constitute the orthogonal light-cone

coordinates z1 = (¢ + ), while 6" and 6~ are odd Grassmann variables. The
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symmetries which leave the SUSY equation (C.3.20) invariant are generated by
the infinitesimal vector fields

P+:6x+, szax_,
Ty =0 +i070,,,  J.=0p +i00, , (C.3.21)

R=2x,0, + 0T 0pr —2x_0, — 0 Op-.

The non-parametric linear system corresponding to the SUSY sine-Gordon equa-
tion ((C.3.20)) is given by

D,V =A,"T, D V=AY, (C.3.22)
where
. 0 0 e iD_® 0 —i
A, = 5 0 0 —ie ™|, A_ = 0 —D_® ¢ |. (C.3.23)
—e 71 i 0 -1 1 0

The mixed derivatives of U are
DD V=D (AV)=(D_A )V - EA,E(D_VY)
— (D_A_;’_)\I, _— EA+EA_q],

(C.3.24)
D. DV =D,(A V)= (DA )V —-FEA_FE(D.V)
where
10 0
E=+(01 0 (C.3.25)
00 -1
Hence, the ZCC of equation ((C.3.22)) is given by
D A . +D,A —{FEA,,FA_} =0, (C.3.26)

whenever equation holds. The brackets {-, -} denote the anticommutator,
unless otherwise indicated. The ZCC is equivalent to the SUSY sine-
Gordon equation ((C.3.20]). The non-parametric linear system ((C.3.22)) is invariant
under the transformation associated with the vector fields P. and Ji but is
not invariant with respect to the dilation R. This fact allows us to introduce a
one parameter group associated with the dilation R through the transformation
Gy = e, i =e 2y 0f = ettt and 6~ = e 0, 1 € R, into the linear

system (|C.3.22)) which gives us
D,V =A,V, D V=AU, (C.3.27)
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where

—e 0
i (C.3.28)
WD_Q A 0 —1
A=V 0 —5D & i
1 1 0

This result coincides with the one established for the SUSY Lax pair found
in [107]. Here, A = e* plays the role of a spectral parameter. The connection
between the super-Darboux transformations and the super-Backlund transforma-
tions allows the construction of n explicit supersoliton solutions [108]. The results
obtained for the SUSY sine-Gordon equations were so promising, that it
seemed to be wothwhile to try to extend this approach and check its effectiveness

for the case of a fermionic SUSY extension of the GC equations.

C.4. FERMIONIC SUPERSYMMETRIC EXTENSION OF THE (GAUSS—
WEINGARTEN AND GAUSS—CODAZZI EQUATIONS

The purpose of this section is to establish a SUSY version of the GW and GC
equations using a fermionic superfield representation of a surface in the superspace
RM13) Consider a SUSY version of the differential equations which define surfaces
in two-dimensional Minkowski space with the bosonic coordinates =, and z_,
and the fermionic (anti-commuting) variables #7 and 6~. Let S be a smooth

simply connected surface in the superspace R(113)

which we assume is conformally
parametrized in the sense that the surface S is given by a vector-valued fermionic
superfield F(x,,x_,07, 67) satisfying the normalization conditions of function F

(C.4.9) specified below. Such a fermionic superfield can be decomposed as
Floy,z_,07,07)=F(zy, 2 ) +0 gz, 2 )+ 0 (a2 ) (©41)
+010Gy(xy,2), o

where F; and G, are odd-valued fields, while ¢; and 1), are even-valued fields (for
[ =1,2,3). In what follows we use the same notation for the fermionic immersion

function F' as in the classical case. Also let D4 be two covariant derivatives given
by

Dy = Op+ —i6*0,, . (C.4.2)
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The covariant derivatives D, and D_ have the property that they anticommute
with the differential supersymmetry operators
Jy = Og+ +1i6070, J_ = 0p- +1i0"0,_, (C.4.3)
which generate the SUSY transformations
T — x4 in,07, 0" — 0" +1in,, (C.4.4)
and
t—t 40, 0" — 0 +in,, (C.4.5)

respectively. Here ) and 7, are odd-valued parameters. The four operators, D,
D_, J, and J_ satisfy the following anticommutation relations
{Jma Jn} = 226mnazm7 {Dmy Dn} = _2i5mn0xma
(C.4.6)
{Jn;Dpn} =0, mn=1,2

where 9,,, is the Kronecker delta function. Therefore we have the following rela-

tions
D3 = —idy, Ji =i0y. (C.4.7)
The conformal parametrization of the surface in the superspace R(:13) is assumed
to give the following normalization of F
(D;F,D;F) = g;;f, 1,7 =1,2 (C.4.8)

where the indices 1,2 stand for 4, — respectively and f is a bosonic function of

x4 and z_. The bosonic metric functions g;; are given by

g1 = g22 =0, G12 = g1 = ;Gd), (C.4.9)
which represent the metric coefficients and are symmetric, in contrast to the case
in [B7]. We have introduced the function f which allows for the possibility that
the inner product may be bodiless. This in turn allows us to consider
larger types of surfaces.

Let the bosonic function ¢ be decomposed through an expansion in the fer-

mionic variables §T and 6~ as

¢ = 9250 + 9+(Z§1 —+ 97¢2 + 0+67§b3, (C410)
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where ¢q and ¢3 are bosonic functions and ¢; and ¢, are fermionic functions. The
exponential of ¢ is given by
¢ = e? (L + 0761 + 0762 + 0707 (93 — 6102)),
e =e"(1—0%¢1 — 0 o — 010 (¢35 + d16h2)),
The tangent vectors D, F' and D_F', together with the normal bosonic superfield

(C.4.11)

N, form a bosonic moving frame Q on the surface in the superspace R(13) . The

normal vector N can be decomposed as
N=N,(zy, 2 )+ 0 an(v, v )+ 0 Bunlry,x)
(C.4.12)
+0Y0 H,(zy,v_), m=1,23

where N,, and H,, are even-valued fields and «,, and ,, are odd-valued fields

and have to satisfy the normalization
(D;F,NY=0, (N,N)=1, i=1,2 (C.4.13)

We assume that the second-order covariant derivatives of F' and the first-order

covariant derivatives of N are spanned by Dy F and N in such a way that
D;D;F =T;*DyF +b;fN,  D;N =0b"D,F +w,N, (C.4.14)

where I';;", b, ¥, and w; are all fermionic functions.

The GW equations for the moving frame {2 on a surface are given by
D, F
D, Q=A.Q, D _Q=A1Q, Q=|D_F|, (C.4.15)
N

where the 3 x 3 fermionic-valued matrices A, and A_ are

I‘111 I‘112 bll-f 1—‘121 1—‘122 b12f
Ay =Tyt Ty? baf|, A_ =Tyl Ty? boof |- (C.4.16)

We can obtain the conditions on b;;, bij and w; from the derivatives of
0=D;(N,N)=(D;N,N)+ (N,D;N) =2(D;N, N)
= 2w;(N, N),
0=Dy(D,;F,N)=(D;D;F,N)+ (D;F,D;N)
= bjif(N, N) +b"(D;F, Dy F),

(C.4.17)

which imply

w; = 0, f(bji + gj1b",) =0, i,j=1,2. (C.4.18)
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The conditions on Fijk can be obtained by taking the derivatives of equations

(C.4.8). We get
0 = D;(D;F, D;F) = (D;D;F, D;F) + (D;F, D;D,F)

L (C.4.19)
Therefore we have
k .

I, =0, for  j#Ek (C.4.20)
and by construction we have that I' jik is antisymmetric under a permutation of ¢
and j, i.e.

This implies that
k . . .
I, =0, if i#korj#k. (C.4.22)

Differentiating by the covariant derivatives D; we get
;Di(e‘ﬁf) =D{(D.F,D_F)=(D;D.F,D_F)+ (D,F,D;D_F)
=T, (DyF,D_F)+T,*(D,F,D_F), (C.4.23)
;e¢ D¢+ ;e¢Di f= ;em; f+ ;e¢r2f f.
which implies
Dif = (T};' +Ty,% — Do) f. (C.4.24)

However, using equation ((C.4.22)), we get

Dif = (T, = Dig)f,  i=12 (C.4.25)

where we do not sum over the index i. It is interesting to note that if D;f = 0,

then we have
11111 =Dyo, F222 =D_9¢, (C.4.26)

which is similar to the classical case. Also, one can compute the compatibility

condition on f which is given by
{D,,D_}f=(DTy>+D_T,,")f=0. (C.4.27)
The Christoffel symbols of the first kind are defined as
Uijf = (D;D;F, Dy F), (C.4.28)
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and using equation ((C.4.14)) we get the following relation between the Christoffel
symbols of the first and second kinds

Tijnf = (D;D;F, DyF) = T,(DiF, DyF) =T} gu.f, (C.4.29)
that is
F@ir —Ti'gw) = 0. (C.4.30)
So we obtain
1
I'ii=0, T'e= §€¢T111, I'o1 =0, 'y =0,
1 (C.4.31)
[92 =0, I'y2=0, [y = §€¢F222, ['320 = 0,

up to the addition of a fermionic function ¢ # 0 which has the property (f = 0.

We define the fermionic quantities b;; to be
by =Q7, big = —byy = ;éf’H, boo = Q7 (C.4.32)
which give the relations
(DIF,N)=Q"f, (D_D,F,N) = ;eff’Hf, (D*F,N)=Q f. (C.4.33)
Hence, this implies that the fermionic quantities bij are
V',=H, b =-2°Q7, by=-27Q, V,=-H (C4.34)

up to the addition of a fermionic function ¢ # 0 such that /f = 0. The Gauss-

Weingarten equations take the Bianchi form [15]

D.F Rt 0 Otf \ [D.F
D, |D.F|=]0 0 —letry||D_F|,
N H —2e%Q+ 0 N
(C.4.35)
D+F 0 0 %ed)Hf D+F
D |D.F|= 0 B of ||p.F|,
N 200~ —H 0 N
where we define R* = I';;! and R~ = TI'y,%. The GC equations are the compati-

bility conditions of the GW equations. The ZCC for equations (C.4.35]) in matrix

form is

D+A, + D,A+ — {A+’ Af} — 0, (C436>
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where
Iyt Ty? buf Rt 0 Q*f
Ay = F211 F212 barf =10 0 —%e¢Hf )
btV w H —2e°Q7" 0
(C.4.37)
Tt T® biof 0 0 %e¢Hf
A_ =Tyl Ty? baf]| = 0 R~ Q°f
b, 0%, wo —2e7%Q~ —-H 0
In component form the equations are
(i) D-R*+2e7°Q*Q"f =0,
) 1 .
(i1) |D_Q" + 5e¢’D+H +QT(D_¢—R7)| f=0,
(1) Dy R~ +2e7°Q~ QT f =0,
I 1 1 4.
(i) [DoQ™ — Se?D_H + (Do~ BY)] f =0, (C.4.38)

(1) DiQ™ — 3¢ D_H +Q(Dy6— RY) =0,
(vi) D_Q* + ;e¢D+H + QY (D ¢—R) =0

If the equations (C.4.38|vi) and (C.4.38v) hold, then equations (C.4.38}ii) and
(C.4.38\iv) are identically satisfied respectively. By adding ((C.4.38i) and ((C.4.38}iii)

we obtain
D_R*"+D,R =0, (C.4.39)

which is the compatibility condition for f, i.e. (C.4.27]). Therefore the Gauss-
Codazzi equations are reduced to the four linearly independent equations

(i) DR~ +D_R" =0,

(1) D_R" +2e°Q Q" f =0,

1 4.4
(ZZZ>D+Q7 — §€¢D7H + Qi(D+¢ — R+) = 0, (C O)
1

(iv) D_QT + 5e¢D+H +QY(D_¢—R)=0.

The Grassmann-valued PDEs ((C.4.40f) involve six dependent functions of the
independent variables x,, x_, 7 and 6~ including one bosonic function ¢ and
the five fermionic functions H, Q* and RT together with one bosonic function

f of x; and x_. Hence, if we restrict ourselves to the case where f is a bosonic
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constant, then from the Gauss-Codazzi equations become
(i) D-Dip+2e7°Q7Q f =0,
(i1) DLQ~ — ;ed’D_H =0, (C.4.41)
(43)D_QT + ;e¢D+H =0,

which resemble the classical GC equations taking into account that the
H? term vanishes. The equations have some terms whose signs differ
from those of the classical equations. We get an underdetermined system of three
PDEs for four dependent variables H, Q* and ¢.

Under the above assumptions we obtain the following result.
Proposition C.4.1 (Structural SUSY equations for a moving frame on a sur-
face). For any fermionic superfield F(x,,x_,07,07) and bosonic superfield
N(zy,x_,0%,07) satisfying the normalization conditions (C.4.8)), (C.4.9), (C.4.13)
and , the bosonic moving frame Q = (D, F,D_F, N)T on a surface im-
mersed in the superspace R satisfies the SUSY GW equations (C.4.35). The
ZCC , which is the compatibility condition of the SUSY GW equations
(C.4.35) expressed in terms of the matrices A, and A_, is equivalent to the SUSY
GC equations ((C.4.40)).

C.5. GEOMETRIC ASPECTS OF THE SUPERSYMETRIC FERMIONIC
CONFORMALLY PARAMETRIZED SURFACES

In this section, we discuss certain aspects of Grassmann variables in conjunc-
tion with differential geometry and supersymmetry analysis. Let us define dy =
dOF + idry 0y to be the infinitesimal displacement in the direction of D. The

first fundamental form is given by

) (DyF,DyF)  (DyF,D_F)
[_<(d+ d_)>(d+ d—) (_<5+F,D_F) <D—F7D—F>)>

:<(d+ d_). (d; d_)(g“f guf)> (C.5.1)

—g12f  g2f
(e a0 ) m)
= f(d%gn + 2dyd_giz + d> gao) = fdd_e?,
and the discriminant ¢ is defined to be

1
9= gugn +gh = ¢ (C.5.2)
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Hence the covariant metric is given by
121
j g1 g1 g 9 Lo
9ii9"" = 6y, 1o oo | = , (C.5.3)
g12 922 g~ 9 0 1

such that

The second fundamental form is

B (D2F,N)  (D_D,F,N)
ﬂ<(d+ d).(d &) (—(DD+F,N> (D*>F,N) )>

(e )0 0) (_b;f f Z§)> ©55)
= {(dy d.).(d; d_)Sf)

= f(d2byy +2dyd_bis + d? by) = f (BQY + dyd_(e"H) + d> Q)

and the discriminant is defined to be
b = bllbgg + b%Q - bllbgg == QJrQi. (C56)

In order to compute the first and second fundamental forms, we have assumed

that (d67_1 9p) = 0 for 4,7 = 1,2. Making use of (C.5.2) and (C.5.6), the

Gaussian curvature is defined as
_ b11b9g + (512)2
g11922 + (912)2

which is a bosonic bodiless function, where

R— g1 g12 :}qu 0 1 g — bu  bi2 _ QF %ed)H
—g12 g2 2 \-1 0/’ —b1a b2 —ie?H Q)7

while the mean curvature H is a fermionic function satisfying

K =det(SR™) =4e72QTQ, (C.5.7)

H = ;tr(SR‘l). (C.5.8)

Under the above assumptions on the SUSY version of the GC equations
(C.4.40) we can provide a SUSY analogue of the Bonnet Theorem.
Proposition C.5.1 (Fermionic supersymmetric extension of the Bonnet theo-
rem). Given a SUSY conformal metric, M = fd,.d_e®, of a conformally parame-
trized surface S, the Hopf differentials d2Q* and a mean curvature function H
defined on a Riemann surface R satisfying the GC' equation , there exists
a vector-valued fermionic immersion function, F = (Fy, Fy, F3) : R — RO1B),
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with the fundamental forms
I = fd.d_e?, I =f(d3iQ" +d.d_(He®)+d>Q"), (C.5.9)

where R is the universal covering of the Riemann surface R and RO1P) s the
superspace. The immersion function F' is unique up to affine transformations in
the superspace RU-113)

The proof of this proposition is analogous to that given in [21]. Note that
it is straightforward to construct surfaces on the superspace R related to
integrable equations using a SUSY version of the Sym-Tafel formula for immersion
[112,(113]. However, it is nontrivial to identify those surfaces which have an
invariant geometrical characterization. A list of such surfaces is known in the
classical case [19] but, to our knowledge, an identification of such surfaces is an

open problem in the case of surfaces immersed in a superspace.

C.6. SYMMETRIES OF THE FERMIONIC SUPERSYMMETRIC (GAUSS—
CODAZZI EQUATIONS

By a symmetry supergroup G of a SUSY system, we mean a local supergroup
of transformations acting on the Cartesian product X x U of supermanifolds,
where X is the space of four independent variables (z,,x_,6%,07) and U is the
space of seven dependent superfields (¢, H,Q*,Q~, R*, R™, f). Solutions of the
GC equations are mapped to solutions of by the action of the
group G on the functions ¢, H,Q",Q~, Rt R~ and f of (xy,z_,0",07). When
we perform the symmetry reductions, we need to take into consideration the
fact that the bosonic function f introduced in depends only on z, and
x_ or is constant. If G is a Lie supergroup as described in [80] and [120], it
can be associated with its Lie superalgebra g whose elements are infinitesimal
symmetries of equations . We have made use of the theory described
in the book by Olver [95] in order to determine a superalgebra of infinitesimal
symmetries. The SUSY GC equations are invariant under the following

six bosonic symmetry generators

P+:am+, P_:am77
Co = HOy + Q"0+ + Q09— — 20y,
Ko=—H0y + Q" 0g+ + Q 0g- + 20, (C.6.1)

K= 22,0, — 005 +2Q%0g+ + R 0p+ + 0y,
Ky=—-21_0, —0 05 +2Q 0g- + R 0p- + 05,
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together with the three fermionic generators
Jp = O+ +1i6070, J_ = 0p- +1i070,_, W = 0g. (C.6.2)

The symmetry generators W and P, represent a fermionic translation of H and
bosonic translations in the x. direction respectively, J. represent SUSY trans-
formations and Cy, Ky, K; and K5 represent dilations. The commutation table

(anticommutation for two fermionic symmetries) for the generators of the super-

algebra of equations (C.4.40) is given in table [C.1] The decomposition of the

TABLE C.1. Commutation table for the Lie superalgebra g span-

ned by the vector fields (C.6.1) and (C.6.2). In the case of two

fermionic generators J, and/or J_ and/or W we have anticommu-
tation rather than commutation.

K | P | Jo | Ko |P.| J | K |G| W
Ki| 0 |[2P.] J, | 0 | 0] 00/ 0] O
P.|—2P,| 0 | 0 0O 0] 0000
Jo| —=J. | 0 [2P,] 0 | 0] 0] 0 0] O
Kyl 0 | 0] 0 0 [2P_| J_ | 0 0] O
P 0 | 0] 0 2P0 0000
J| 0 | 0] 0 |—J |0 2P| 0 0] O
Ko| 0 | 0] 0 0O 0] 0 0]0|W
Co| 0 | 0] 0 0 [ 0] 00 0|-W
Wl 0 [ 0] 0 0 [ 0] 0 |-W[W]| 0

superalgebra is given by
g={K2{P i} {Ka {P-, J_}} & {{Ko, Co}2 {W}}.  (C.6.3)

In equation (C.6.3) the braces {-, -} denote the set of generators listed in (C.6.2))

and (C.6.2)).
However, if we consider the case where Dy f = 0, the equations (C.4.41|) are

invariant under the five bosonic generators

Pp=0,, P.=0,,
Ko=—HOy +Q 0o+ + Q 0o- + 20,,
K, = —22.0,, — 9+§9+ + 2Q+639Q+ + ;;, (C64)
Ky = =220, —0 0p- +2Q 0g- + 0y,
and the three fermionic generators
Jp = O+ + 1070, , J_ = 0p- +1i0"0,_, W = 0g. (C.6.5)

The commutation table for the generators of the superalgebra of equations (C.4.41])
is given in table[C.2] This Lie superalgebra g can be decomposed into the following
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TABLE C.2. Commutation table for the Lie superalgebra g span-

ned by the vector fields (C.6.4) and (C.6.5)). In the case of two

fermionic generators J; and/or J_ and/or W we have anticommu-
tation rather than commutation.

K | P | J. | Ky | P | J | Ky |W
Ki| 0 [2P.| J, | 0 [ 0] 000
P.|—2P.| 0 | 0 0O [ 0] 0010
Jo| =J. | 0 |2l 0 | 0] 0 | 00
K,] 0 | 0] 0 0 [2P.[ J_ | 0 |0
P| 0 [ 0] 0 |[—2P| 0] 010710
J| 0 | 0] 0 | =J |0 2P| 0]o0
Ko| 0 | 0] 0 0 [0 00 |W
Wl 0 [ 0] 0 0 [ 0] 0 |[-W][O0

combination of direct and semi-direct sums

g={K}2 {P, oo ({53 (P, o ({Kop2 (W (C.6.6)

In equation (C.6.6) the braces {-,...,-} denote the set of generators listed in
(C.6.4) and (C.6.5)). The one-dimensional subalgebras of this superalgebra can be

classified into conjugacy classes.

C.7. ONE-DIMENSIONAL SUBALGEBRAS OF THE SYMMETRY SU-
PERALGEBRA ¢

When constructing a list of representative one-dimensional subalgebras of the
superalgebra g, it would be inadequate to consider the R or C span of the genera-
tors and because the odd generators J,,J_ and W are multiplied
by odd parameters in the list of subalgebras presented in appendix One is
therefore led to consider a g which is a supermanifold. That is, g contains sums
of any even combinations of P*, P~ Cy, Ky, K; and K, (multiplied by even pa-
rameters in Agen) and odd combinations of J,,J_ and W (multiplied by odd
parameters in Ayqq). Therefore g is an even Lie module. This leads to the follo-
wing consideration. For a given X € g, the subalgebras X and X’ spanned by X
and X’ = aX with a € Ayen, \C are not isomorphic in general, i.e. X' C X.

It should be noted that subalgebras obtained by multiplying other subalgebras
by bodiless elements of A.,., do not provide us with anything new for the purpose
of symmetry reduction. It is not particularly useful to consider a subalgebra of the
form e.g. { Py +n,n,P-}, since there is no limit to the number of odd parameters

7, that can be used to construct even coefficients. While such subalgebras may
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allow for more freedom in the choice of invariants, we then encounter the pro-
blem of non-standard invariants [68]69,B7]. Such non-standard invariants, which
do not lead to standard reductions or invariant solutions, are found for several
other SUSY hydrodynamic-type systems [66,/67]. For the SUSY GC equations
, the one-dimensional subalgebras g3, g7, 919, 925, 946, 974 and g5 listed in
appendix have such non-standard invariants.

Subgroups within the same conjugacy class lead to invariant solutions that are
equivalent in the sense that a suitable symmetry can transform one to the other.
It is therefore unnecessary to consider reductions with respect to algebras which
are conjugate to each other. We make use of the methods for classifying direct
and semi-direct sums of algebras as described in [120] in order to classify the Lie
superalgebra ((C.6.3) under the action of the supergroup generated by g. More
specifically, we generalize these methods to the case of a superalgebra involving
both even and odd generators. Specifically, the Goursat twist method is used
for the case of direct sums of algebras. Here the superalgebra contains
two isomorphic copies of the 3-dimensional algebra g, = {{K1}® {Py, J.}}, the
other copy being go = {{K3}® {P_, J_}} together with the three-dimensional
algebra {{Ky,Co}P {W}} . This allows us to adapt the classification for 3-
dimensional algebras as described in [97] to the SUSY case. We therefore begin our
classification by considering the twisted one-dimensional subalgebras of g, & gs.

Under the action of a one-parameter group generated by the vector field
X =aK|+ BPy+nJy + 0Ky +AP_+pJ_, (C.7.1)

where a, 8,0, A € Acyen and 1, p € Agqq, the one-dimensional subalgebra Y =
P, +aP_,a € Agyen, transforms under the Baker—Campbell-Hausdorff formula
1 1
XYe X =Y +[X,Y]+ 5[X, (X, Y]]+ g[X, (X, [X, Y]] + ... (C.7.2)
to e 2*P, + e~2qP_. By an appropriate choice of o and 4, the factor e**~%q

can be rescaled to either 1 or —1. Hence, we get a twisted subalgebra g4 =
{P; +€eP_,e =+1}.

As another example, consider a twisted algebra of the form {K; + (W},
where ( is a fermionic parameter. Through the Baker-Campbell-Hausdorff for-
mula (C.7.2)), the vector field Y = K; 4+ (W transforms through

X =aK, + Py +nJy +vKy +0P_ + AJ_ + pKo + 0Cy + W, (C.7.3)

(where a, 3,7,0,p,0 € Aeven and 0, A, T € Aoaa) to

1
eXYe ™ = Ky + e’ (W — 5(62@ —1)P, — &( > —1)nJ;. (C.7.4)
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Through a suitable choice of 3 and 7, the last two terms of the expression ((C.7.4])
can be eliminated, so we obtain the twisted subalgebra gz, = { K7 + (W}. Conti-
nuing the classification in a similar way, involving twisted and non-twisted sub-
algebras according to [120], we obtain the list of one-dimensional subalgebras
given in appendix in the Appendix. These representative subalgebras allow
us to determine invariant solutions of the SUSY GC equations using
the SRM. For the specific case where f is constant (i.e. the SUSY GC equa-
tions ), the one-dimensional subalgebras of the resulting Lie symmetry
superalgebra can be found by taking the limit where the coefficients of C
tend to zero in the subalgebra listed in appendix [C.9] and withdrawing repeated

subalgebras, while rescaling appropiately.

C.8. INVARIANT SOLUTIONS OF THE FERMIONIC SUPERSYM-
METRIC GC EQUATIONS

The SRM allows us to obtain invariant solutions of the GC equations .
We proceed as follows. For each one-dimensional subalgebra listed in appendix[C.9]
(admitting standard invariants) we can find the orbit of the corresponding SUSY
subgroup, which can be parametrized in terms of a bosonic symmetry variable &
and two fermionic symmetry variables, say 1 and ¢, which in turn are expressed in
terms of 67 and 67, respectively. The superfields Y = (H,Q*,Q~,R", R, ¢, f)
are expanded in terms of the fermionic invariants n and o with some coefficients
expressed in terms of a bosonic symmetry variable £. Substituting these expanded
forms of the superfields U into the GC equations we reduce these equa-
tions to many possible differential subsystems involving even and odd functions.
Solving these subsystems, we determine the invariant solutions and provide some
geometrical interpretation of the associated surfaces. To illustrate this approach,
we present three examples.

1. For the subalgebra gio4 = { Py +€¢P_+aKy, ¢ = £1,a # 0}, the orbit of the
corresponding group of the SUSY GC equations can be parametrized as
follows

H=e " [ho(§) + 070 m(E)],  R"=r5(&) +0707r (¢,
QF=e"gy (&) +0707 ¢/ (§)], R =1y (&) +0707r (6,
Q™ =" gy (&) +0707qr ()], ¢ =o(&) + 07071 (E) + 2axy,
f=1(5),

where the fermionic functions H, Q* and R* are expressed in terms of the bosonic

(C.8.1)

symmetry variable £ = x, — ex_ and the fermionic symmetry variables " and
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60—, while the bosonic functions g, 1 and ¢ are expressed in terms of £ only. A

corresponding invariant solution is given by
H=-20fCye *+ [ee”omg +i07T0~ (e’“"omz{)g} ,
QF = =" CCy [mi +i0707((m)e + eamy)]
Q™ = e O Cy [my + 010 (camy + (myg)e)]
¢ =po(§) +i070 (po)e + 20z, R'=C§, R =Cp, f=v(9),

where the fermionic functions mg, mg and the bosonic function ¢y of the sym-

(C.8.2)

metry variable £ satisfy the differential constraint
[e™%(my — emy))]e + eamge™ = 0. (C.8.3)

Here 1 is an arbitrary bosonic function of ¢, while O and C are arbitrary
fermionic constants.

The first and second fundamental forms of the surface S associated with the

solution ((C.8.2)) are given by
I =pe e d d_[1+ 040",
T =e"+C5Cyp |d% (md + 076" [(mg))e + camy )

(C.8.4)
—2dyd_ (emd +i070 |(myf)e — eipimy — (po)emy |)
+d* (ma A {(ma)g + mmaD} :
The Gaussian curvature takes the form
K =0. (C.8.5)

In particular when a = 0, which corresponds to the subalgebra g4 = {P; +
eP_}, the orbits of the group of the SUSY GC equations can be para-
metrized in such a way that H, QF and R* are fermionic functions of the bosonic
symmetry variable £ = x_ — ex,, and the fermionic coordinates 6+ and 6~ while
¢ is a bosonic function of £,6" and 6~, and v is a bosonic function of £ only.

Under the assumption that the unknown functions take the form
H =ho(&) + 070" n(E), R =ry(§) +0707r7 (),

) ) (C.8.6)
Q =gy () + 0707 (€),0 = wo() +070701(8),  f=10(9),
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the corresponding invariant solution of the SUSY GC equations ((C.4.40)) is given
by

I
\.H

H =205 CiHl { / e dg + i0+9—e-w0] Lo,

Q+ ZQSQMG% /e_%dﬁ +Q0_Bar€%

+1i070-C, |Cgl (6‘”0(900)5/6_‘”(15 + 1) + 38_6900((,00)4 :
Q™ =CiCilen [e#dg + Cf By e (C87)
+i0T0-CF | Oyl (e*"0(<p0)5 / e~ dE + 1) + By e‘”(%)s} :
R"=Cy, R =Cy,
¢ =po(&) + 1070 (¢o(&))e; f=4(8),
where ¢y and ¢ are bosonic functions of the symmetry variable £ = z_ — x,

while Q(jf, C' and [ are arbitrary fermionic constants and Boi are bosonic constants

satisfying the algebraic constraint
CiBy +Cy By =0. (C.8.8)

For the solution , the tangent vectors are linearly dependent, so the im-
mersion defines curves instead of surfaces.

2. For the subalgebra g4; = {Co+e€Py, e = 1}, the orbit of the corresponding
group of the SUSY GC equations can be parametrized as follows

H = et [ho(x_) + 670" hy(z_)],
QF =gy (2-) + 0707 qi (x-))],
R =ry(x)+ 070 ri(z_),
¢=go(r_) + 070 pi(2-), f=er(a),
where the bosonic symmetry variable is _ and the fermionic symmetry variables

are 7 and 6~. An invariant solution of the SUSY GC equations (C.4.40) takes

the form

(C.8.9)

Y

H = 2jee+7%0 QOJrEl — ELQS(A()EH — AlEo)I_ + 9+0_A0Q0+
0

QF = G e (By+ 0707 Ey), Q= Cie™ (Ay + 076 A),
R = Q3_7 R~ = Qa_a
¢ = QDo(iU_) + 9+0—901(x—)a f = 6—25x+w(x_)’

(C.8.10)
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where the bosonic functions g and ¢ satisfy the conditions

EOQ3¢0 = Q — €A0QO+ZL'_7 Qg(pl = %QSF(A()E& - AlEo)ZL‘_, (0811)
0
respectively. Here 1) is an arbitrary bosonic function of z_ and Ay, A1, Fy and E;
are arbitrary bosonic constants, while Ci and C are arbitrary fermionic constants.
The first and second fundamental forms of the surface S (C.8.10|) are given
by
I =eP 2 hd, d_(1+070 ),

IT = Cfe™ " |2 (Eo + 0707 Ey) + d> (Ag + 076~ Ay)

+ 2i€d+d_ <E1 — EL(AOEI — AlE())[E_) (C812>
0
+2i€d+d_ (9+0_ |:A[)CO+ + E'lgol — Ei(AOEl — AlEo)l'_gOl])} .
0
The Gaussian curvature (C.5.7)) takes the form
K = 0. (C.8.13)

3. For the subalgebra gs5 = {K; + aKy + bCy,a # 0,b # 0}, we obtain the
following parametrization of the orbit of the corresponding group of the SUSY

GC equations ((C.4.40))

H = (23) " 2 [ho(2_) + 00~ hi(x_)], RY = (x) Y [rf (x2) + 0o rf ()],
QF = (z) IRl (L) + 00 gl (22)], R =rg(x) + 00y (x),
Q™ = (23) gy (x2) + 10 gy (x-)],
2a + 1

¢ =o(x_) +nl p1(r_) — 5 Inz,, f=(z)(x_),

where the bosonic symmetry variable is z_ and the fermionic symmetry variables

are n = (z4)""/267 and #~. A corresponding invariant solution of the SUSY GC

equations ((C.4.40)) has the form
H = <x+>(a—b)/26Ao(a—b)x,/2E0 {Q“‘ i(x+)_1/20+9_(a — b+ l)AOQSreAOm,/QEO} :
QF = Qa-(x+>*(a+b+2)/2 {EO + (1’+)71/29+(97E1} . Rt = Q[—)i-(er)fl/Q’

Q™ = ApCf (xy) @02 [1+ (@) 200 2] f = (o)),

Eo

A
RO =Cf, 6=gpb—a=Dr +(@) 00 p) -

20+ 1

Inz,,

(C.8.14)
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where the bosonic function ¢, of x_ satisfies the constraint

El ,((Z — b) — Aoz
Cipn = EOQJH 5 C Aoz—/2B0 (C.8.15)

and where 1 is an arbitrary bosonic function x_. Here QaL and C are arbitrary
fermionic constants while Ey, ] and Ag are arbitrary bosonic constants.
The first and second fundamental forms of the surface S (C.8.14]) are given
by
(2b—2a—1)/2 Ao
I =(z,) exp|=—=(b—-—a—1)z_ |9
2F,
X dyd (14 (zy) 720707 1),

I =() = [Cf (w4) 7 (Bo + (24) V20707 By)
+ AgCHd® (1 + (z) V2010~ B,/ Ey)
+ (zy) M2eM0n=/2E0g q_(C
+(x4) 20707 [iCp1 + (a — b+ 1) AgC e/ ] )]
The Gaussian curvature takes the form
K =0. (C.8.16)

Note that in our SUSY adaption of the classical geometric interpretation of sur-
faces in R3, the surfaces obtained in the three examples are composed of planar

points or parabolic points.

C.9. CONCLUSIONS

In this paper, we have formulated a fermionic SUSY extension of the GW and

GC equation ((C.4.35) and ((C.4.40)) respectively) for conformally parametrized

surfaces immersed in a Grassmann superspace R(:H3) | Tt is interesting and signi-
ficant to note that the obtained SUSY GW equations and GC equations
for a SUSY version of a moving frame resemble the form of the classi-
cal equations and , respectively. The SUSY extension of the GW
equations is obtained in the Bianchi form. The zero curvature condition
for the fermionic SUSY GC equations with the bosonic constant
f differs from its classical counterpart in that it involves an anticommuta-
tor instead of a commutator. In addition, the signs of the last two terms change.
The form of the zero-curvature condition for the fermionic SUSY GC
equations differs from that for the previously established bosonic SUSY
extension of the GC equations, as well as from the bosonic ZCC for the SUSY

sine-Gordon equation ((C.3.20)). It should be noted that equation (C.4.36]) does not
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involve the matrix F given by ((C.3.25]). The SUSY sine-Gordon equation (|C.3.20))

does not determine a conformal parametrization of a surface. Hence, the surfaces
associated with the SUSY sine-Gordon equation and the link between
the SUSY sine-Gordon model and the SUSY GW and GC equations require a
separate investigation similar to the one performed in this paper.

The symmetries found for the obtained SUSY GC equation include
four bosonic dilations Cy, Ky, K1 and K5, two bosonic translations P, and P_,
and one fermionic shift W together with the supersymmetry operators J, and
J_. This is in contrast with the symmetry algebra of the classical case, which
is infinite-dimensional, and whose largest finite-dimensional subalgebra
contains three dilations eg, e3 and e4, two translations e; and es, and two conformal
transformations es and eg. Also, the classical Lie symmetry algebra A contains a
center ey, while its SUSY counterpart does not. The classification list (by conju-
gacy classes) of the one-dimensional subalgebras of the Lie symmetry algebra g
for the fermionic SUSY extension of the GC equations includes 199 sub-
algebras, which is different from both the equivalent classification for the classical
model (which has 16 subalgebras) and that for the bosonic SUSY extension of
this model (which has 99 subalgebras) [B7].

The first and second fundamental forms for SUSY conformally parametrized

surfaces were established for the fermionic SUSY extension of the GC equations

(C.4.40)). These fundamental forms (C.5.1)) and (C.5.5) differ in their signs from

the classical case (equations (B.2.7) and (B.2.8) in [B7]). Also, we have esta-
blished an analogue of the Bonnet Theorem for the fermionic SUSY GC equa-

tions . Three examples of solutions of the fermionic SUSY GC equations
(C.4.40) are presented. For all three case, we found that the Gaussian curvature
K vanishes. However, the mean curvature H is not zero. The relation K < H?,
present in the classical case, loses its meaning in the fermionic SUSY case.

This research could be extended in several directions. It could be beneficial
to compute an exhaustive list of all symmetries of the fermionic SUSY GC equa-
tions and to compare them to the classical case. The computation of
such a list would require the development of a computer algebra Lie symmetry
application capable of handling both even and odd Grassmann variables. Another
open problem to be considered is whether all integrable SUSY systems possess
non-standard invariants. It would be worthwhile to verify whether the conjecture
proposed in [29]85] extends to all integrable SUSY models. It could also be worth
attempting to establish a SUSY analogue of Noether’s Theorem in order to study
the conservation laws of such SUSY models. Finally, it would be interesting to

investigate how the integrable characteristics, such as Hamiltonian structure and
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conserved quantities manifest themselves in surfaces for the SUSY case. These

subjects will be investigated in our future work.
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ANNEXE. CLASSIFICATION OF THE ONE-DIMENSIONNAL SUBAL-
GEBRAS OF THE LIE SUPERALGEBRA ((C.6.3)).

TABLE C.3. Classification of the one-dimensional subalgebras of
the symmetry superalgebra g of the equations into conju-
gacy classes. Here ¢ = £1, the parameters a, b, ¢ are non-zero bo-
sonic constants, u,v,( are non-zero fermionic constants.

No | Subalgebra No | Subalgebra

o | (K} g | {Pi}

gs | {uti} gs | {Pr+pdi}

g5 {Kg} g | {P-}

gr | {vJ_} gs | {P-+rv)}

g0 | {K{ +aK]} oo | {K{ +eP_}

ou | {K] +vJ_} g2 | {K] +eP_ +vJ }
g3 | {KJ +€Py} g | {Py +eP}

g5 | {Pr +vJ_} g6 | {Pr +eP_+vJ_}
o7 | {KL +pdy} gis | {P-+pti}

gio | {pwJ+ +vJ_} goo | {P- +pJy + v/}

g1 | {KS + Py +pdi} | goo [ {Py + P+ pJ,}
dos {P++HJ++ZJ,} J24 {P++€P,+HJ++ZJ,}

925 {QW} 926 | { Ko}

go7 | {Co} g2s | {Ko+aCy}
g29 | {Ko+ (W} gs0 | {Co + (W}
931 | { Ko+ aCo + W} || g3 {K{ + W}
gss | {K{ + aKo} g4 | {K{ + aCo}

935 {K{+CZK0+500} 936 {K{+GK0+§W}

937 {K{+QCO + W} || gss {K{‘i‘GKO‘i‘bCo + (W}
939 | {4 +CW} gao | { Ko+ Py}

gn | {Co+ePy} 042 | {Ko+aCy+ €ePy }

ga3 | {Ko+eP + W} [ gaa | {Co+ el + (W}
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TABLE C.3. (Continued)
No. | Subalgebra No. | Subalgebra
915 | {Ko+aCo+eP + (W} ga6 | {pds + W}
gar | {Ko+pdi} gus | {Co + pJi}
gao | { Ko +aCo+ pJy} 950 | 1Ko + pJy + W}
g51 | {Co+pJy + (W3 gs2 | {Ko+aCo+ pJy + (W}
953 | {Pr +ps +CWE O50 | {Ko+ePy +pJi}
gss | 1Co+ePy +pudy} 956 | 150 +aCo +ePy +pJy}
957 | {Ko+€ePy 4+ pJ, + (W} gss | {Co+ ePy + pJy + (W}
gs0 | {Ko+aCo+ ePy + pJe +CW} | geo | {K3 + (W)
d61 {Kg + CLK()} Jd62 {Kg -+ CLC()}
g3 | {KJ + aKy+bCy} gos | {KJ 4+ aKy+ (W}
ges | {KI +aCy+ (W} gos | {K +aKy+bCy+ (W}
g7 | {P- + W} ges | {Ko+eP_}
d69 {Co + GP,} d7o {Ko + G/CO + EP,}
gr1 | {Ko+eP_+ (W} g2 | {Co+€eP_ 4+ (W}
g3 | {Ko+aCy+eP_+ (W} gra | {vJ_+ (W}
g5 | {Ko+vJ_} gre | {Co+vJ_}
g7 | {Ko+aCy+vJ_} grs | {Ko+vJ_ + (W}
g9 |{Co+vJ_+ (W} gs0 | {Ko+aCy+vJ_ + (W}
gs1 {P_+ZJ_+§W} gs2 {Ko—FEP_—FZJ_}
gs3 {Co +eP_ + QJ,} Js4 {Ko +aCy+eP_ + QJ,}
gss | {Ko+eP-+vJ_ + (W} gss | 1Co+eP-+vJ_ + (W}
gsr | {Ko+aCo+eP +v] + (W} | gss | {K{ +aK]+ (W}
gso | {Ko + aK{ +bK]} goo | {Co+ aK{ +bK]}
go1 | {Ko + aCy + bK] + cKk]} goo | {Ko+aK{ +bK] + (W}
gos | {Co + aK{ +bK] + (W} gos | {Ko+aCy+bK{ + cK{ + (W}
gos | {K{ +eP_+ (W} go6 | {Ko+aKJ +eP_}
gor | {Co+ak] +eP_} gos | {Ko+aCy+bK] +€eP_}
oo | {Ko + aK{ +eP_ + (W} 100 | {Co + aK{ +eP_ + (W}
gio1 | { Ko+ aCy+bK{ +eP_+ (W} | guoo | {K{ + v+ (W}
g103 | {Ko + aK{ + vJ_} gioa | {Co + oK + vJ_}
g10s | {Ko + aCo + bK] +vJ_} gi0s | {Ko +aK{ +vJ_ + (W}
g107 {Co+aK{ +vJ_+ (W} gios | { Ko + aCy +bK{+£J_ + (W}
G100 | {K{ +€P_+vJ + (W} 9110 | {Ko +aK] +eP_ +vJ_}
g1l {Co+aK{ +eP_+vJ } g1z | {Ko + aCy +bK{ + eP_ +vJ_}
gus | {Ko+aK{ +eP_+vJ + W} | g | {Co+aK{ +eP_ v + (W}
di115 {KO + GCO + bK{ + EP_ di116 {Kg + €P.|_ + QW}

+vJ_+ (W}




C-xxxii

TABLE C.3. (Continued)
No. | Subalgebra No. | Subalgebra
d117 {Koﬂ-CLKg—f—EP_,_} di1s {Co+(lK{+€P+}
gi1o | {Ko +aCy + bK] 4+ €P,} gi20 | {Ko +aKJ + P, + (W}
gi21 | {Co + oK + ePy + (W} g2z | {Ko + aCo + bK{ + ePy + (W}
g123 | 1Py +eP- + (W} g124 | { Py +eP_+aKp}
g125 {P+ +eP_+ CLC()} d126 {P+ +eP_+ (IK(] + bCo}
g127 {P++EP,+CLKO+£W} g128 {P++€P,+CLCO+£W}
g129 {P+ +eP_ + (IKO + bCoQW} g130 {P+ +vJ_+ QW}
gi31 | {Ko+ePy +vJ_} g132 | {Co+€ePy +vJ_}
o133 | {Ko+aCo+ePy +vJ_} gi3a | {Ko +ePy +vJ + (W}
g135 {Co+€P+ +vJ_ +£W} 9136 {K0+CLCQ +eP, +vd_ —|—§W}
gi37 | { Py +eP_+vJ_ + (W} Oi3s | { Py +€eP_+aKy+vJ_}
d139 {P++€P_+a00 —I—gJ_} d140 {P++€P_+(IKU+bCO —I—gJ_}
g | { Py +eP_+aKo+vJ_ + (W} | g | {Py +eP-+aCy+vJ_+ (W}
0143 | {Py + €P_ + akKy + bCy guaa | {KI 4+ pJy +CWY
+vJ_+ (W}
guss | {Ko + aK] +pdy } gus | {Co + aK] +pdi}
guar | {Ko + aCy + bK{ + pJ,} gus | { Ko+ aK{ + pJ, + (W}
gug | {Co + aK{ + pJs + (W} g1s0 | {Ko +aCy + bKJ + pJ, + (W}
gis1 | {P- +pty + W} gi52 | {Ko+eP- +pti}
gis3 | {Co+€eP-+ puJ.} gisa | {Ko+aCo+eP_ + pJy}
0155 | { Ko+ eP_ +pJ, + (W} 9156 | {Co + P+ pJ, + (W}
gis7 | 1Ko +aCo +eP_+pJy + W} | guss | {pdy +vJ_+ (W}
g1s9 | { Ko+ pJy +vJ_} g160 | {Co + pJ +vJ_}
gi61 | {Ko+aCo+ pJy +vJ_} g6z | { Ko+ pJy +vJ_+ (W}
gi63 | {Co +pJ +vJ_+ (W} 0164 | { Ko+ aCo + pJ +vJ_+ (W}
gies | 1P~ +pJy +vJ_+ (W} G166 | 1Ko +eP-+pJ +vJ_}
d167 {C0+€P_ +HJ+ +ZJ_} d168 {K0+CLCQ+€P_ +HJ+ —FZJ_}
g6 | 1Ko+ eP_+pJy +vJ_ + W} | giro | {Co+ P+ pdy +vJ_ + (W}
gin1 | {Ko+aCy+eP_+ gira | {KJ 4+ €Py + pJy + (W)
+vJ_ + (W}
girs | {Ko + aK] +ePy + pdy} gira | {Co + aK{ + eP, + pdy}
girs | {Ko+aCo + bKf + ePy + i} | girs | {Ko + aK] +eP, + pty + W}
d177 {C() + (lK{ + €P+ + HJ+ + QW} di7s {KO + CLC@ + bK{ + €P+
+udy + W}
d179 {P++€P_+HJ++§W} d1s0 {P++€P_+(IKU+HJ+}
gis1 | {Pr +eP_+aCy+ pJi} gis2 | { Py +€eP_ +aKy+ bCo + pJ,}
o183 | { Py +eP_+ako+pJ + (W | giss | { P +eP_+aCo + pJ, + (W}
O1s5 | { Py +€P_ + aKy+ bCh gise | 1Py + pJy + v+ (W}




TABLE C.3.
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(Continued)

Subalgebra

No.

Subalgebra

g187

{Ko+eP +pJy +vJ_}

g188

{Co+eP +pdi+vJ_}

g189

{K{) + CLCO + EPJr + HJJF + ZJ,}

8190

{K0+EP+ +HJ+ +£J7 "’QW}

9191

{Co+ePr+pJy +vJ_ + (W}

192

{K() + CLC() + €P+ +HJ+
+vJ_+ (W}

9193

{P. +eP_ +pJ, +vJ_+ (W}

194

{P. +eP_+aKo+puJ, +vJ_}

9195

{Py +eP_+aCy + pJ; +vJ_}

9196

{P; +€eP_+ aKy+ bCy
+udy +vJ_}

g197

{Py +eP.+aKo+ puJy
+vJ_+ (W}

g198

{Py +eP_+aCo+ pJy
+vJ_+ (W}

9199

{P; +€eP_+ aKy+ bCy
e+ v+ W3
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